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THE LINEAR PROFILE DECOMPOSITION FOR THE AIRY EQUATION
AND THE EXISTENCE OF MAXIMIZERS FOR
THE AIRY STRICHARTZ INEQUALITY

SHUANGLIN SHAO

We establish the linear profile decomposition for the Airy equation with complex or real initial data in
L?. As an application, we obtain a dichotomy result on the existence of maximizers for the symmetric
Airy Strichartz inequality.

1. Introduction

In this paper, we consider the problem of the linear profile decomposition for the Airy equation with the
L? initial data

du+addu=0,1eR, x R, "

u(0, x) = ug(x) € L?,
where u : R x R — R or C. Roughly speaking, the profile decomposition is to investigate the general
structure of a sequence of solutions to the Airy equation with bounded initial data in L?. We expect
that it can be expressed, up to a subsequence, as a sum of a superposition of concentrating waves —
profiles— and a reminder term. The profiles are “almost orthogonal” in the Strichartz space and in L?
while the remainder term is small in the same Strichartz norm and can be negligible in practice. The
profile decomposition is also referred to as the bubble decomposition in the literature; see [Killip and
Visan 2008b, p.35] for an interesting historical discussion.

The same problem in the context of the wave or Schrodinger equations has been intensively studied
recently. For the wave equations, Bahouri and Gérard [1999] established a linear profile decomposition
for the energy critical wave equation in R* (their argument can be generalized to higher dimensions).
Following [Bahouri and Gérard 1999], Keraani [2001] obtained a linear profile decomposition for en-
ergy critical Schrodinger equations; see also [Shao 2009]. For the mass critical Schrédinger equations,
when d = 2, Merle and Vega [1998] established a linear profile decomposition, similar in spirit to that
in [Bourgain 1998]; Carles and Keraani [2007] treated the d = 1 case, while the higher-dimensional
analogue was obtained by Bégout and Vargas [2007]. In general, a nonlinear profile decomposition
can be achieved from the linear case via a perturbation argument. The first ingredient of the proof of
linear profile decompositions is to start with some refined inequality: the refined Sobolev embedding
or the refined Strichartz inequality. Usually establishing such refinements needs some nontrivial work.
For instance, in the Schrodinger case, the two-dimensional improvement is due to Moyua et al. [1999]
involving the X% spaces; the one-dimensional improvement due to Carles and Keraani [2007] using the
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Hausdorff-Young inequality and the weighted Fefferman—Phong inequality [Fefferman 1983], which
Kenig et al. [2000] first introduced to prove their refined Strichartz inequality (5) for the Airy equation;
the higher-dimensional refinement is due to Bégout and Vargas [2007] based on a new bilinear restriction
estimate for paraboloids by Tao [2003]. Another important ingredient of the arguments is the idea of
the concentration-compactness principle which aims to compensate for the defect of compactness of the
Strichartz inequality, and was exploited in [Bahouri and Gérard 1999; Merle and Vega 1998; Carles and
Keraani 2007; Bégout and Vargas 2007]; also see [Schindler and Tintarev 2001] for an abstract version
of this principle in the Hilbert space. The profile decompositions turn out to be quite useful in nonlinear
dispersive equations. For instance, they can be used to analyze the mass concentration phenomena near
the blow up time for the mass critical Schrodinger equation; see [Merle and Vega 1998; Carles and
Keraani 2007; Bégout and Vargas 2007]. They were also used to show the existence of minimal mass
or energy blow-up solutions for the Schrodinger or wave equations at critical regularity, which is an
important step in establishing the global well-posedness and scattering results for such equations; see
[Kenig and Merle 2006; 2007; Killip et al. 2007; Tao et al. 2007; Killip and Visan 2008a. Shao [2009]
used it to establish the existence of maximizers for the nonendpoint Strichartz and Sobolev—Strichartz
inequalities for the Schrodinger equation.

The discussion above motivates the question of profile decompositions for the Airy equation, which
is the free form of the mass critical generalized Korteweg—de Vries (gKdV) equation

8,u+8£u:tu46xu:0,teR, x eR,

u(0, x) = uo(x). (2)

This is one of the (generalized) KdV equations [Tao 2006b] and is the natural analogy to the mass critical
nonlinear Schrodinger equation in one spatial dimension. The KdV equations arise from describing the
waves on shallow water surfaces, and turn out to have connections to many other physical problems.
As is well known, the class of solutions to (1) enjoys a number of symmetries that preserve the mass
J |u|>dx. We will employ the notations from [Killip et al. 2007] and first discuss the symmetries at the
initial time ¢t = 0.

Definition 1.1 (Mass-preserving symmetry group). For any phase 8 € R/2x Z, position x9 € R and
scaling parameter /o > 0, we define the unitary transform gy, 1, : L> — L? by the formula
I o . x—X0
[gO,xo,hof](x) = h(l)/zel ( ho )

We let G be the collection of such transformations. It is easy to see that G is a group.

Unlike the free Schrodinger equation

3)

iou—Au=0,teR, x eRY,
u(0, x) = up(x),

two important symmetries are missing for (1), namely, the Galilean symmetry

u(t, x) — eixéﬁmfo‘zu(t, x +2tp),
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and the pseudo-conformal symmetry
u(t, x) > |72 ED (1 /e x /1),

This lack of symmetries causes difficulties if we try to mimic the existing argument of profile decompo-
sitions for the Schrodinger equations. In this paper, we will show how to compensate for the lack of the
Galilean symmetry when developing the analogous version of linear profile decompositions for the Airy
Equation (1).

Like Schrodinger equations, an important family of inequalities, the Airy Strichartz inequality [Kenig
et al. 1991, Theorem 2.1], is associated with the Airy equation (1). It is invariant under the symmetry
group and asserts that

33
IDe™ % uollpar: < lluollz2, “4)

if and only if —a+3/g+1/r=1/2and —1/2 <a < 1/q, where e_’aguo and D“ are defined in Section
2. When g =r =6 and a = 1/6, we also have the following refined Strichartz estimate due to Kenig—
Ponce—Vega, which is the key to establishing the profile decomposition results for the Airy equation in
this paper.

Lemma 1.2 (KPV’s refined Strichartz [Kenig et al. 2000]). Let p > 1. Then

1 2
| DVoe % gy < Csuplzl* ¥ l@llLo) ol )
) T

where © denotes an interval of the real line with length |t |.

In Section 3, we will present a new proof suggested by Terence Tao by using the Whitney decomposition.

As in the Schrodinger case, the Airy Strichartz inequality (4) cannot guarantee the solution map from
the L? space to the Strichartz space to be compact, namely, every L?-bounded sequence will produce a
convergent subsequence of solutions in the Strichartz space. The particular Strichartz space we are inter-
ested in is equipped with the norm | DVou| L6 - The failure of compactness can be seen explicitly from
creating counter-examples by considering the symmetries in L2 such as the space and time translations,
or scaling symmetry or frequency modulation. Indeed, given xg € R, 7y € R and kg € (0, 00), we denote
by 7,, Su, and R;, the operators defined by

fb () = $x—x0). S (x) = #‘ﬁ(;@%)’ Ry (x) = e % ().

Let (x,)n>1, (t1)n>1 be sequences both going to infinity, and (4,),> be a sequence going to zero as n
goes to infinity. Then for any nontrivial ¢ € &, (7, @)n>1, (Sh,P)n>1 and (R;,¢),>1 weakly converge to
zero in L. However, their Strichartz norms are all equal to || D!/ 6e‘ta»x3¢|| L8> which is nonzero. Hence
these sequences are not relatively compact in the Strichartz spaces. Moreover, the frequency modulation
also exhibits the defect of compactness: for {y € R, we define Mg, via

Mz (x) = €™ (x).

Choosing (&,),>1 to be a sequence going to infinity as n goes to infinity, we see that (Mg, ¢),>1 converges
weakly to zero. However, from Remark 1.7, ||D1/6e_’ag (ei(')f'lqﬁ)HLts converges to 3_1/6||e_"’a3¢||L? ,
which is not zero. This shows that the modulation operator M, is not compact either.



86 SHUANGLIN SHAO

It will be clear from the statements of Theorem 1.5 and Theorem 1.6 that these four symmetries
in L? above are the only obstructions to the compactness of the solution map. Hence the parameter
(ho, o, x0, tp) plays a special role in characterizing this defect of compactness; moreover, a sequence of
such parameters needs to satisfy some orthogonality constraint (the term is used in the sense of Lemma
5.2).

Definition 1.3 (Orthogonality). For j # k, two sequences
F’Jl = (h,qu y{sxy{atr{)nzl and rk (h ér]lc’ Xno n)n>1

in (0, 00) x R? are orthogonal if one of the following holds:

. hn hy i
. llmn_wo(E + ﬁ + hy & _fn |) =
o (h), &) = (hk, &) and
(|t,i‘ — a1, 31— )& | | — k43 —t5>(fr{)2|) _
(hi)? (h))? i

lim

n—oo
Remark 1.4. For any ri = (h,’;, f,{, x,{, t,{)nzl, it is clear that, up to a subsequence, lim,_ |h£f,{| is
either finite or infinite. For the former, we can reduce to f,{ = 0 for all n by changing profiles; see
Remark 3.6. For the latter, the corresponding profiles exhibit a Schrodinger behavior in some sense; see
Remark 1.7. In view of this, we will group the decompositions accordingly in the statements of our main
theorems below.

Now we are able to state the main theorems. When the initial data to Equation (1) is complex, the
following theorem on the linear Airy profile decomposition is proven in Section 5.

Theorem 1.5 (Complex version). Let (u,),>1 be a sequence of complex-valued functions satisfying
lunllz2 < 1. Then up to a subsequence, there exists a sequence of L? functions (¢j)1>1 R— Canda
Sfamily of pair-wise orthogonal sequences T = (h}, é‘n , X, 1) € (0, 00) x R3 such that, for any | > 1,
there exists an L* function wfl : R — C satisfying

3 J
U, = Z tn5 v gl [et()h fn¢1]+w (6)
1<j<l,&=0
or |h)&] |- o0
where g,{ =80 pl € G and
lim lim | D% % wl|,o =0. (7)
t,x

[— 00 n—00

Moreover, for everyl > 1,

nlggo(mnny (Z 17132 + 11w ||Lz)) =0. ®)

When the initial sequence is of real-value, we analogously obtain the following real-version profile
decomposition. Note that we can restrict the frequency parameter & to be nonnegative.
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Theorem 1.6 (Real version). Let (u,),>1 be a sequence of real-valued functions satisfying |\uy| 2 < 1.
Then up to a subsequence there exists a sequence of L* functions, (¢7) j=1: R — C, and a family of
orthogonal sequences F,{ = (h,J;, f,{ , x,{ , t,{ ) € (0, 00) x [0, 00) x R? such that, for any | > 1, there exists
an L? function wi: R — R satisfying

i3 N
U, = Z el g [Re(e’( Yanéi ¢J)] + wfl’ (9)

1<j<l,&=0

or |h',’,g“,{|—>oo
where g; = 8o 1) € G and
. . _ 73
lim lim | D% ™"%w}(x)| s =0. (10)
t,x

[—o00n—00
Moreover, for everyl > 1,

. N
lim (uunuiz—( > HRe(e'”h"f"qﬁf)HLz+||w£,||iz))=o. an

1<j<l,&=0
or [hpél|—o00

When lim,,_; 5o |h{;§,{ | = oo for some 1 < j <[, the profile will exhibit asymptotic “Schrodinger” behavior.
For simplicity, we just look at the complex case.

Remark 1.7 (Asymptotic Schrodinger behavior). Without loss of generality, we assume ¢/ € ¥ with the
compact Fourier support [—1, 1]. Then

A3 ir i I NS A R -
D1/6€ (t tn)axgé[ez()hnfngsj](x):/et(x X))EHi(t—17)¢ |§|1/6(hé)1/2¢/(h£(f—f,{))df

= (hd) V2| |16l )G i) &)’

TN
1+ 7 ¢l (n)dn.
néfn

P +3<rj—t,{ G o (tj_—t,i) n 3712(t7t,{ s
x | e by ()3 ()2

Yo A3 —m@E? 3= t)é

Setx’:= . .
hs, (hy)?

. Then the dominated convergence theorem yields

2 it' '73
Pyl oy i
/ P n+it'y e 3l

—1/6) ,—it'd? 4 j
nmo0 37Ol NP s

n V6~
¢ldn

hi&l

”D1/6e—(t—t,{)03gé’[ei(~)h£fy{¢j]||Lt6x —3-1/6 14

LS,

t/ x

ia2 . . .
where e~/!% denotes the Schrédinger evolution operator defined via

e_ita)%f(X) ::/ eix§+it|§\2f(¢r) dé.
R

3

IV}
. .o I —
/3””7 g 3,

Indeed,
1/6 o
@ldn— e %P (x))  ae.,

n
hiE]

1+




88 SHUANGLIN SHAO

and by using [Stein 1993, Corollary, p. 334] or integration by parts,

’ 1]’;
/ ix 11+1t;7 it ahel 1+ — 1/6¢Jdi] < C¢]B(f X)
h f’

nsn

for n large enough but still uniform in n. Here

(11D~ < LA+ DA +1eD] ™ for x| < 6],
(', x) =

A+ Dt <ClA+1DA+1D] 2 for x| > 6]7'].

It is easy to observe that B € Lf, s

In the next three paragraphs, we outline the proof of Theorem 1.5 in three steps; Theorem 1.6 follows
similarly. Given an L2-bounded sequence (,,),>1, at the first step, we use the refined Strichartz inequality
(5) and an iteration argument to obtain a preliminary decomposition for (u,),>1: up to a subsequence

N
Z fl+ay,

where £,/ is supported on an interval (& — pil, & + pi) and | £/| < C(pi)~/2, and "% ¢V is small in
the Strichartz norm. Then we impose the orthogonality condition on (p;), &!): for j #k,

lim (p i +|§” ]§k|)

nee pi P

to regroup the decomposition.

At the second step, for each j € [1, N], we will perform a further decomposition to f,,j to extract
the space and time parameters. For simplicity, we suppress all the superscripts j and rescale (f;,),>1 to
obtain P = (P,),>1 by setting

P ) _pl/an (pn("i‘pn_lfn)) >

from which we can infer that each P, is bounded and supported on a finite interval centered at the origin.
We apply the concentration-compactness argument to (P,),>1 to extract (y;, s7): forany A > 1, up to
a subsequence,

A
Pn (x) — Z e—ixﬂ,rlf;y esf.lag [ei(')p,71§;1¢0( ()](X _ yflt) + PnA (x) (12)

a=1

More precisely, we will investigate the set of weak limits,

W(P) = {u) lim e~ €1 p=5n0; [ O ap, ()](x—i—y,,) inL?: (Vn» ) € R }

n—oo

where the notion w-lim,_, » f, denotes, up to a subsequence, the weak limit of (f;),>1 in L?. Note that
due to the lack of Galilean transform and the additional multiplier weight in the current Strichartz norm,
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it is a slight but necessary modification to the Schrodinger case [Carles and Keraani 2007], where W (P)
is the set

{w-lim e % P, (x +y,) in L (3, 5,) € %),

In (12), we impose the orthogonality condition on (y/, s%): for a # f,

. 3 =G| 360 =804
B _ a n n/J\5n n n/5n B _ ) =
"IEI;O( T Ty Pn Hlow =] ) = e (4
The error term P4 := (PA),> is small in the weak sense that
lim x(P?):= lim sup{||}ll;2: ¢ € W(P*)}=0. (14)
A—o0 A—o0

Since f,,(x) = /pne’ " Py(pux),

A
a a3

fn(X) = Z \/p_nesn & [ei(-)pn’lfnqsa (')](pnx - yrolz) + pneiXCn Pr:‘(pnx)-

a=1

Let e := . /pne™* PA(p,x). Now the major task is to upgrading this weak convergence in (14) to

. . _+73
lim lim ||D'/% ta*e,fllLs =0.
A— 00 n—00 1,x

To achieve this, we will interpolate Lix between L, and LS, for some 4 < g < 6. The L?,x norm
is controlled by some localized restriction estimates and the Lg% norm is expected to be controlled
by u(P#). Unlike the Schrodinger case, we will distinguish the case lim,_ o |p, '&| = +oo from
lim, . |p, 1&,] < 400 due to the additional multiplier weight in the current Strichartz norm.

The final decomposition is obtained by setting
(B & xids ) o= (o)~ & o) ™o (o) s,
and showing two orthogonality results for the profiles.

1.8. The second part of this paper is devoted to applying the linear profile decomposition result to the
problem of the existence of maximizers for the Airy Strichartz inequality. As a corollary of Theorems
1.5 and 1.6, we will establish a dichotomy result. Denote
_+73
Sgry = sup{HDl/ﬁe @uoHLrﬁx luoll 2 =1}, (15)
when ug is complex-valued; similarly we define Sfffry for real-valued initial data. We are interested in
determining whether there exists a maximizing function ug with ||ug||;2 = 1 for which

1/6 —to]
| D / e tx”O”Lf’J :Sairy”uO”Lza

where S, represents either S&_ or S® . The analogous question to the Schrddinger Strichartz inequal-
y T€p airy airy g q g q

ities was studied by Kunze [2003], Foschi [2007], Hundertmark and Zharnitsky [2006], Carneiro [2008],
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Bennett et al. [2008] and Shao [2009]. We set

S;Cchr = SUPH|"_”A”0“L2X(RXW) Hluoll 2 ey = 1}' (16)

The fact S;Ehr < 00 is due to Strichartz [1977] which in turn had precursors in [Tomas 1975]. For the
problem of existence of such optimal Si?:hr and explicitly characterizing the maximizers, Kunze [2003]
treated the d = 1 case and showed that maximizers exist by an elaborate concentration-compactness
method. Foschi [2007] explicitly determined the best constants when d = 1, 2, and showed that the
only maximizers are Gaussians up to the natural symmetries associated to the Strichartz inequality by
using the sharp Cauchy—Schwarz inequality and the space-time Fourier transform. Hundertmark and
Zharnitsky [2006] independently obtained this result by an interesting representation formula of the
Strichartz inequalities in lower dimensions. Recently, Carneiro [2008] proved a sharp Strichartz-type
inequality by following the arguments in [Hundertmark and Zharnitsky 2006] and found its maximizers,
which derives the same results in [Hundertmark and Zharnitsky 2006] as a corollary when d =1, 2. Very
recently, Bennett et al. [2008] offered a new proof to determine the best constants by using the method
of heat-flow. Shao [2009] showed that a maximizer exists for all nonendpoint Strichartz inequalities
and in all dimensions by relying on the recent linear profile decomposition results for the Schrodinger
equations. We will continue this approach for (15). Additionally, we will use a simple but beautiful idea
of asymptotic embedding of a NLS solution to an approximate gKdV solution, which was previously
exploited in [Christ et al. 2003; Tao 2007]. This gives that in the complex case, ST, < 31/05C while

schr = airy
in the real case, S, < 21/231/6S§ry.
Theorem 1.9. We have the following dichotomy on the existence of maximizers for (15) with the complex-
or real-valued initial data, respectively:

o In the complex case, either a maximizer is attained for (15), or there exists ¢ of complex value
satisfying
schr —

C —i1d?
lplla=1 and SS=lle "% pl,s .

and a sequence (a,),>1 satisfying lim,_, o |a, | = 0o such that

lim HDl/ee—zaﬁ [ei(-)an¢]”L6 —sC §C _31/64C

. = C
N 00 airy schr airy

o In the real case, a similar statement holds; more precisely, either a maximizer is attained for (15),
or there exists ¢ of complex value satisfying

—ite2

o lle il
el gl

and a positive sequence (ap),>1 satisfying lim,_, o a, = 00 and lim,_, || Re(ei(')”"gé) |72 =1 such

that

. 1/6 —183 i (ay, _ R C _ »l/271/6 ¢R
nli)n;o ||D / e 't Re(el()a ¢)||Lt6’x - Sairy’ Sschr =2 / 3 / Sairy'
Remark 1.10. Note that when S;CChr =31/ 6S;Eryor S;CChr =21/23V/ 6S§ry, the explicit ¢ had been uniquely

determined by Foschi [2007] and Hundertmark and Zharnitsky [2006] independently: they are Gaussians
up to the natural symmetries enjoyed by the Strichartz inequality for the Schrodinger equation.
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This paper is organized as follows: in Section 2 we establish some notation. In Section 3, we make
a preliminary decomposition for an L2-bounded sequence (u,),>1 of complex value. In Section 4, we
obtain similar results for a real sequence. In Section 5, we prove Theorems 1.5 and 1.6. In Section 6,
we prove Theorem 1.9.

2. Notation

Weuse X <Y,Y 2 X,or X = 0(Y) to denote the estimate |X| < CY for some constant 0 < C < oo,

which might depend on the dimension but not on the functions. If X <Y and ¥ < X we will write

X ~ Y. If the constant C depends on a special parameter, we shall denote it explicitly by subscripts.
We define the space-time norm L] L” of f on R x R by

IfLe L @xr) = (/R(/R |f(f,x)|rdx)q/rdt)l/q,

with the usual modifications when ¢ or r are equal to infinity, or when the domain R x R is replaced by
a small space-time region. When g = r, we abbreviate it by L?, .- Unless specified, all the space-time
integrations are taken over R x R, and all the spatial integrations over R.

We fix the notation that lim,_, o, should be understood as lim sup,,_, ., throughout this paper.

The spatial Fourier transform is defined via

(&) = / g (x) di;
R

the space-time Fourier transform is defined analogously.
The Airy evolution operator e’ % is defined via

() = [ PR de,
The spatial derivative 8};, for k a positive integer, is defined via the Fourier transform
K& = (&),
The fractional differentiation operator D%, a € R, is defined via
D)= [ I de

The inner product (-, -);2 in the Hilbert space L? is defined via

(gl = [ FE()dx,

where g denotes the usual complex conjugate of g in the complex plane C.

3. Preliminary decomposition: complex version

To begin proving Theorems 1.5 and 1.6, we present a new proof of the refined Strichartz inequality (5)
based on the Whitney decomposition. The following notation is taken from [Killip and Visan 2008b].
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Definition 3.1. Given j € Z, we denote by 9; the set of all dyadic intervals in R of length 2/:
D= {2k, k+1):k €Z}.

We also write 9 :=U;c7%;. Given I € 9%, we define f; by ﬁ = fl, where 1; denotes the indicator
function of 1.

Then the Whitney decomposition we need is as follows: Given two distinct £, &’ € R, there is a unique
maximal pair of dyadic intervals I € % and I’ € 9 such that

1] = |1'], dist(Z, I') > 4]1], a7)

where dist(Z, I’) denotes the distance between I and ', and |/| denotes the length of the dyadic interval
I. Let & denote all such pairs as & # &’ varies over R x R. Then we have

> LO1E) =1, forae. &&)eRxR. (18)

(1,1 eF

Since I and I’ are maximal, dist(Z, ") < 10|I|. This shows that for a given I € 9%, there exists a bounded
number of I’ so that (I, I') € %, that is,

HI': (1,1 eF) <1 forall I €. (19)

Proof of Lemma 1.2. Given p > 1, we normalize sup, . |T|1/2_1/p||ﬂ|Lp(T) = 1. Then for all dyadic
intervals I € 9,

/1 \FiPde <17, 20)

We square the left side of (5) and reduce to proving

H/ / XCTMHIEC )2 V6 £ &) F () d dy

SIAI. 1)
L"é

We change variables a := & — 7 and b := &3 — 5> and use the Hausdorff—Young inequality in both 7 and
x, we need to show

/4 702 Fim)13/2 —~
[ o

By symmetries of this expression, it is sufficient to work in the region {(&, #) : £ > 0, # > 0}. In this
case, |En|'/* < &4 5|'/?; so we reduce to proving

F&F P> -
J[ L2 —acan< [ 17rae 3)
1< =7l
In view of (23), we assume fz 0 from now on. Then we apply the Whitney decomposition to obtain
FOFm= > @ fr@), fora e & neRxR, (24)
(I,1eF
and

forall (&, ) e I x I' with (I, I') € F, |& — | ~ |1]. (25)
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If we choose a slightly larger dyadic interval containing both I and I’ but still of length comparable to
1, still denoted by I, we reduce to proving

D (17 as) / 7. (26)

| I | 1/2
1€9
To prove (26) we will make a further decomposition to f; =, ez Jn,1: for any n € Z, define f, ; via

Ini = Fligmn-ie<fo -1y

By the Cauchy—Schwarz inequality, for any ¢ > 0,
~3/2 ,.\? —3/2 ,.\? —3/2 ,.\2
(f777ae) = (X [ FrtPac) s 32 ( [ 7 Pae) @)
neZ neZ
Now (26) is an easy consequence of the following claim:

(J 7o Pae) _
Z VIV <2 / f 2d¢, for some & > 0. (28)

1€9

By the Cauchy—Schwarz inequality,

— 2 — —
(| 7ora) < [ Foac [ Foaae. 9)

On the one hand, when n > 0, by the Chebyshev’s inequality and (20),

/fn 1 dé 2TV E e 1 (&) =217

n| |—1/2 flf f
2np|[|~p/2

< 2n(1*p)|]|*1/2|[|P/2|1|1*P/2

:2—|n\(p—1)|[|1/2’
for any p > 1. On the other hand, when n < 0,
/711,\161552”|1|_1/2|1|=2_"'|1|1/2-

Combining these estimates, there exists an ¢ > 0 such that

Z (ffrllllll/z ) < nlel @/f df. (30)

1€9
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Interchanging the summation order, we have
S [Fla=3% [ FPrpemic=[ ¥ Fas |7 oo
19 JEL 1€%; f ~on—j/2

Then the claim (28) follows from (30) and (31). Hence the proof of Lemma 1.2 is complete. O

By using this refined Airy Strichartz inequality (5), we extract the scaling and frequency parameters p,{
and &/ following the approach in [Carles and Keraani 2007].

Lemma 3.2 (Complex version: extraction of p,{ and f,{ ). Let (up)n>1 be a sequence of complex valued
Junctions with |[u,|| ;> < 1. Then up to a subsequence, for any o > 0, there exists N := N(J), a family
(pn> &) 1<j<N € (0, 00) x R and a family (f;]) 1<,<N of L?-bounded sequences such that, if j # k,

>1 >1

J k
lim (p—’;+ L & 15 ') o0, (32)
Pn

n—oo pn pn

forevery 1 < j < N, there exists a compact K in R such that

Pl i (pIE +ED| = Cs1k (&), (33)
and
N .
un = fi+ay, (34)
j=1
which satisfies
|Dse g Y|, <0, (35)
and
N .
lim (nunuiz — (1A + g ||iz)) =0, (36)
j=1

Proof. For y, = (pn, &) € (0, 00) x R, we define G, : L — L? by setting

G (&) = /puf (pné +S0).

—t0

o . | . . .
We will induct on the Strichartz norm. If || Dée B || 5, =< 0, then there is nothing to prove. Otherwise,

up to a subsequence, we have
1 3
= _ta.
|Dse Xlztn”LtG’X > 0.

On the one hand, applying Lemma 1.2 with p = 4/3, we see that there exists a family of intervals
=[& —pl, &+ pl such that

~ 1
/] 1@ 147de = Cot o))

n
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where C; only depends on C, the constant in Lemma 1.2; note that we used | u,||;2 < 1 here. On the
other hand, for any A > 0,

—~ 4/3 _2~ 02 _2
/ @dE < A3 a2 < A
II0{lit,|> A}

Let Cjs:= (C,/2)3/2675. Then from the two considerations above, we have

- Ci
/ @ e = St (o),
L1 <Ca(p)) 112} 2

From the Holder inequality, we have

y RNT
/ mita = S A
Lin{lin|=Cs(pi)=1/%) Lin{lin|<Cs(pt) ="/}

/ @ PdE = ',
II0{|i | <Cs(p))~1/2)

where C’ > 0 is some constant depending only on Cy and C,. Define v and yn by

This yields

o~

01 = Mnlllm {litn|<Cs(p}))~1/2}> (pn,f )-
Then ||v,ll 72 > (C/)l/ 253. Also by the definition of G, we have
G D] = 1(o)" 20} (s +EDI = Cali-11©).
Moreover, since the supports are disjoint on the Fourier side, we have
letnll 72 = lltw = vy 172+ 0y 172

We repeat the same argument with u, — v, in place of u,. At each step, the L?-norm decreases by at
least (C")!/26°. Hence after N := N (J) steps, we obtain (Ut{)lsjsN and (y,‘l’)lstN, SO

N N
2 112 N2
Z +at,  MualFa =D 05+ g 17

Jj=1
where the latter equality is due to the disjoint Fourier supports. We have the error term estimate
L —133 N
||D6€ ! an ||L16,x 5 5,

which gives (35). The properties we obtain now are almost the case except for the first point of this
lemma (32). To obtain it, we will reorganize the decomposition. We impose the following condition on
(pn,fn) ya and y X are orthogonal if

k
lim ( 2y Pn by 5 =<l ')
=Py pa i

Then we define fn1 to be a sum of those v,{ whose ynj are not orthogonal to ynl. Then taking the least
jo € [2, N1 such that y, is orthogonal to y,!, we can define f? to be a sum of those v; whose 7,/ are
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orthogonal to ynl but not to ynjo. Repeating this argument a finite number of times, we obtain (34). This
decomposition automatically gives (32). Since the supports of the functions are disjoint on the Fourier
side, we also have (36). Finally we want to make sure that, up to a subsequence (33) holds.

By construction, those v; kept in the definition of f, I are such that the y,/ are not orthogonal to yn ,
that is, for those j, we have

J_ =1
lim &+p—".<oo fim for =l _ o (37)
n—oo p. ,0;4 n—o00 pé

o~

To show (33), it is sufficient to show that, up to a subsequence, G,ll (v,{) is bounded by a compactly
supported and bounded function, which will imply (33) with j = 1. On the one hand, by construction,

(U N < Csli—1,11.
On the other hand, we observe that
1) L in-1 i) 1 iy—1 P of Pa f_érﬂ
Glwi)=GLG)'Glwh). GG &) = —';.f( Preyon=on )
Pin

i il

which yields the desired estimate for G,L (v,{ ) by (37). Inductively we obtain (32). Hence the proof of
Lemma 3.2 is complete. U

The following lemma is useful in upgrading the weak convergence of error terms to the strong con-
vergence in the Strichartz norm in Lemma 3.5.

Lemma 3.3. We have the following two localized restriction estimates: for 9/2 < g < 6 and G e
L*(B(0, R)) for some R > 0,

| DY G 1y < CyrllGliLx. (38)
For the same G,4 <q < 6 and |&| > 10R,
—td3 /(- — =~
[ (%G5 = Cq.rlol ™Gl (39)

Proof. Let us start with the proof of (38). Let ¢ = 2r with 9/4 < r < 3. After squaring, we are reduced
to proving

Lets;:=¢& —& and sy := 513 — 523 and denote the resulting image of B(0, R) x B(0, R) by Q under this
change of variables. Then by using the Hausdorff—Young inequality since r > 2, we see that the left side
of the inequality above is bounded by

(/)|§§|1/6G|§1)G(§2)’ dsds )

[ g )06 ) G e dé déy
B(0,R) J B(0,R)

=2
< Cg,rIIG 7 (B(0,r))-
Ly,

1
w7
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Then if we change variables back, we obtain

c( / Ger® |6(51>6(52)|f’d51d52)’ .
BO.R)xBO.R) 1&1 + &7 — &7t

As in the proof of Lemma 1.2, we may assume that &, & > 0. So we have |§1§2|% < |&1 + &|, which
leads to (£15)/0 < (& +&)"/3 and thus

r'/6
St
IS1+ &I S — &l IE =& |G+ &2

Then since |é‘|_%’ur2 is locally integrable when 3/2 < r’ < 9/5 and G € L™, we obtain (38).
The proof of (39) is similar. Setting ¢ =2r with 2 <r < 3 and following the same procedure as above,
we have

||e_t63(ei(')fOG)||iq — He_ta)?(ei(')ﬁoG)e_tag (ei(~)§0G)

r
Lix

— H/ eix(f—ﬂ)+it[(5+éfo)3—('7+fo)3]a(é) E(”) dédn

r
Lr,x

GO IGmI )””
< déd
“( ol e+t 281

IGOIIGmI )W
< déd
N( TR

—14+1/r A2 -2 12
< Cy &I NG < CprlE0l Gl s

where we have used |& + 5+ 2&| ~ || since &, # € B(0, R) and |&y| > 10R. Il

In Lemma 3.2, we have determined the scaling and frequency parameters. Recall that from Section 1,
we are left with extracting the space and time translation parameters. For this purpose, we will apply
the concentration—compactness argument. For simplicity, we present the following lemma of this kind
adapted to Airy evolution but not involving the frequency and scaling parameters. The general case is
similar and will be done in the next lemma.

Lemma 3.4 (Concentration—compactness). Suppose P := (P,),>1 with || Py|;2 < 1. Then up to a sub-
sequence, there exists a sequence (¢*)y>1 € L* and a family (y%,s®) € R? such that they satisfy the

n
following constraints: for a % f3,

Tim (Iyg = y7 1+ st = s71) = oo, (40)

and for A > 1, there exists PnA € L? so that

A
Pu(x) =D %% (x — y&) + P (), (41)

a=1
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and
lim u(P*) =0
A— 00
where u(P*?) is defined in the argument below; moreover we have the following almost orthogonality
identity: for any A > 1,

A

lim (IIP 12— (3o i3 + ||P,:‘||iz)) =0. “2)

a=1

Proof. Let W' (P) be the set of weak limits of subsequences of P in L? after the space and time transla-
tions:
W(P) := {w-lime ™% Py (x + y,) in L2 : (yn, 5n) € RD)).
n—oo

We set w(P) :=sup{||@|l;2: ¢ € W(P)}. Clearly we have
u(P) < lim || Pyllg2.
n—oo

If u(P) =0, then there is nothing to prove. Otherwise u(P) > 0, then up to a subsequence, there exists
a ¢! € L? and a sequence (y,, s}),>1 € R? such that

P (x) = Lg;hogle—“ﬁ@? P.(x+y))in L?, (43)
and [|¢']l,2 > %,u(P). We set P! := P, — e xgb (x — yl). Then since e™'% is an unitary operator on
L2, we have

1P 172 = (Py, P))p2
= (Py— "% (x —y), Py — e (v = ) 12
= (e (P — "l (x = y)), 7% (P — e (x — y)) 2
= (P = (x =y, e P =4 (=312
= (P (x4 ) = ¢ (), e E P+ yy) — ' ()2
= (P, P2+ (8, 1) 12 = (€ Py 4 3,), e — (81, €70 Py (x ) 2
Taking n — oo and using (43), we see that

. —slp3 .
Tim (IPal7> = (' 17 + 1P 172)) =0, e™%P/(x+y,) — 0, weakly in L2,

We replace P, with Pn1 and repeat the same process: if u#(P') > 0, we obtain ¢? and (y,%, s,%)nzl so that
162112 = 34(P") and
P> (x) = w-lime™ 2P (x +y2) in L2,

Moreover, (yn, sn)n>1 and (yn, n)”l>1 satisfy (40). Otherwise, up to a subsequence, we may assume that

lim s2—51 =50, hm yn —yn = y0,

n—oo
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where (so, yo) € R2. Then for any ¢ € &,

1\A3 —s500°
lim [le= =% (x + (07 = 3) =% b+ y0) | o =0.

n—oo
That is to say,
_(2_1\A3
(8 (s Sn)ax¢(x + ()’2 - y;))>nzl

converges strongly in L2. On the other hand, we rewrite,

Nl —slod pl 1 2 1
PP (x4 y2) = e O (e Pl (x4 ) (x + (62— y))).

Now the strong convergence and weak convergence together yield ¢? = 0, hence u(P'!) =0, a contra-
diction. Hence (40) holds.
Iterating this argument, a diagonal process produces a family of pairwise orthogonal sequences

(y,‘f, S,?)azl and (¢a)azl

satisfying (41) and (42). From (42), >, [l¢* ||Fi2 is convergent and hence lim,_, o ||¢%||;2 = 0. This
gives

Jim w2 =0
since y(PA) < 2||<;5A |72 by construction. Il
We are ready to extract the space and time parameters of the profiles.

Lemma 3.5 (Complex version: extraction of x,{’a and s,{’a). Suppose an L*-bounded sequence (f;)n>1
satisfies

VPl Fa(pa € + (p) 7' EN) < F(©),

with F € L*°(K) for some compact set K in R independent of n. Then up to a subsequence, there exists
a family (y*, s*) € R x R and a sequence (¢*)q>1 of L* functions such that, if o # f,

3 B_ 2 3 B s
lim ( =i+ (s S”g(f”) ‘ (s = S ) +|sf — s \) 00, (44)
n—00 (pn) Pn
and for every A > 1, there exists efl‘ e L2,
fulx) = Z~/—e [e/OP"5 0% ()] (pux — y2) + el (x), (45)
a=1
and
lim lim |[Dse "% el s, =0, (46)

A—o00n—>o0

and for any A > 1,

lim (nfnan (ZII¢“IIL2+H€ Ile))= . (47)
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Proof. Setting P := (Py)y=1 With Py (&) := /P fu(pn (& + (pn)~'&r)). Then
ﬁn € L*(K).
Let W (P) be the set of weak limits in L? defined by
W(P) = {w—lim ¢ i%i n g ndy [ei(')p;lé" Pn(-)](x +yp)in L2 : (yp, 8p) € [F\RZ},
n—oo
and u(P) as in the previous lemma. Then a similar concentration-compactness argument shows that, up

to a subsequence, there exists a family (y;, s;) a>1 and (¢%)g>1 € L? such that (44) holds, and

A

P,(x) = Zefixlon " s aas[ i(.)p;1§n¢a O] —yH+ PA(x).

a=1
As weak limits, each gb“ has the same support as P, so does PA Furthermore, we may assume that
gba PA € L°(K). Setting P4 := (P*),>1. Then the sequence (P*),> satisfies
lim u(P*) =0. (48)
A—o00

For any A > 1, we also have

A
Jim (||P 12— (32 + ||P,;*||iz)) =0.

a=1

Since f,(x) = ./ pneixf" P, (pux), the decomposition (45) of f,, follows after setting
e;?(x) = Vpneixél Pf(pnx)-

What remains to show is that

lim lim ||D6e ! ?[ e PnA(p,,y)]”L?’x =0,

A—o00n—00

which will follow from (48) and the restriction estimates in Lemma 3.3 by an interpolation argument.
Indeed, by scaling, it is equivalent to showing that
lim lim || D'/6o—10 [e! ()an PnA] || 6 =0, (49)
A—00 n—>00 tx

where a,, := (p,,)_lfn. Up to a subsequence, we split into two cases according to whether lim,,_, » |a,| =
o0 or not.

Case 1. lim,_  |a,| = co. By using the Hormander—Mikhlin multiplier theorem [Tao 2006a,
Theorem 4.4], for sufficiently large n, we have

[DYSe o0 Py S el e R

We will show that, after taking limits in n, the right hand side is bounded by C, u(P4)1=4/6 for some
4 < q < 6. Then limy_, o, #(P4) = 0 yields the result. We choose a cut-off y,(z, x) := X1 () yn2(x)
satisfying

ixa,

In2(xX) == p2(x)e” ", e,



THE LINEAR PROFILE DECOMPOSITION FOR THE AIRY EQUATION 101

where > is compactly supported and x>(¢) := 1 on the common support K of P,, and

Ini(E+a)?) =0, ned,

where 71(&%) := 1 on Supp 7>. Let % denote space-time convolution; then
In * t0 (el()anPA)] _ e—t@ (el()anP ) (50)

Indeed, the space-time Fourier transform of y,, is equal to
7o) = [ €T 1) dr dx = 7€~ ) 0.

On the support of the space-time Fourier transform of e /% (¢/()% PA), we see that

(&) =1.

This gives (50). Then by the Holder inequality and the restriction estimate (39) in Lemma 3.3, for
sufficiently large #,

e @O P g = e @O P .
< s [ @O PO o [ @O mY]
S lanl VO F 1L [ @O P2,
for some 4 < g < 6. There exists (f,, y)n=1 such that

—td3 /(- —ta3 (-
[ e @O PO ~ [ e @O P, )|

We expand the right side out,

—t33c —t.03/ (-
‘// A1 (=D gn2(—x)e ™ % [e 7% (e O PAY (- + y,)1(x) dx dt|.
Setting p,,(x) = e~ 10 (€' PAY(x + y,), then it equals

‘ / / PO Za e dn e p, (x) dx

= ’ / 22(=x) ¢ p, (x) x|

Taking n — oo, and using the definition of W (P4) followed by the Cauchy-Schwarz inequality, we
obtain

. 493 i(.
lim | % [e "% ('O PO oo S 22l 2 (PY) S rau(PY).
n—oo t,x

Hence the claim (49) follows.
Case 2. lim,,_, » |a,| < co. From the Holder inequality, we have the Lf,x norm in (49) is bounded by

||D1/6e*ta,g[ei(')anpf]||‘Z£6 ||D1/687t63[el()a,1PA]”1 q/6
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for some 4 < g < 6. On the one hand, since lim,_,  |a,| is finite and I/J,? € L*(K), there exists a large
R > 0 so that
Supp F[e'V PA]  B(0, R),

where %( f) denotes the spatial Fourier transform of f. Then from (38) in Lemma 3.3, we see that
| DVoe % [ OmPAY| < Cy gl FllLe,
which is independent of n. On the other hand, from the Bernstein inequality, we have

| DVee B[ Om P < Cqrlle™ @ O" P

Then a similar argument as in Case 1 shows that ||e”" & [/ )tn PnA] e is bounded by w(P4)¢ for some
¢ > 0. Hence (49) follows and the proof of Lemma 3.5 is complete. 0

Remark 3.6. In view of the previous lemma, we will make a very useful reduction when lim,,_, o, p,; le =
a is finite: we will take &, =0. Indeed, we first replace ¢/ )P lf"gb“ with ¢/()¢¢* by putting the difference
into the error term; then we can reduce it further by regarding ') as a new ¢“.

Next we will show that the profiles obtained in (45) are strongly decoupled under the orthogonality
condition (44); more general version is in Lemma 5.2. Abusing notation, we define

—~ an3 AY S 1
82PN (x) := /pne™ S [ P ()] (pux — ¥,
where &, = 0 when lim,,_,» p,; &, is finite.

Corollary 3.7. Under (44), for any o. # 5, we have

Jim ({256, &1 @) ] =0 51
and forany 1 <o < A,
Jim [{g7 (@), )] = 0. (52)

Proof. Without loss of generality, we assume that ¢ and ¢” are Schwartz functions with compact Fourier
support. We first prove (51). By changing variables, we have

(@), 88 @)y ] = |(Bre 2 [l )] (o = 32, e [0% P O] pux =) |

— ‘<e—(x,/,’—s,?)af [ei(-)p;lén¢a O]+ yE—y®), el’Xﬂ;lén¢ﬁ(x)>

B a2 P _sans
<<|/ & (et yll —y 3 S ) 43 (off ) 4372 i)
< e Pn

(&) déE

L2

B
| ‘>L2'
Hence if (44) holds, by using [Stein 1993, Corollary, p. 334] or integration by parts combined with the
dominated convergence theorem, we conclude that this expression goes to zero as n goes to infinity.

To prove (52), we write
B

ed= > al@")+eb,

B=A+1
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for any B > A. Recall
sy -1
ef — /pn (el()pn n PnB)(pnx)

Then
B ~
~ ~ Civn—lr  _can3 oy o —1
(€@, ezl = D (G, gl @) 2| + [, e e R @O P 4y
B=A+1

When n goes to infinity, the first term goes to zero because of (51). The second term is less than
l¢%1l 24 (PB) by the definitions of W (P?) and u(P?), and the Cauchy—Schwarz inequality; so it can
be made arbitrarily small if taking B large enough. Hence (52) is obtained by taking B — oc. U

4. Preliminary decomposition: real version

To prove Theorem 1.6, we need the corresponding real version of lemmas in the previous section, es-
pecially of Lemmas 3.2 and 3.5. To develop the real analogue of Lemma 3.2, we recall the following
lemma due to Kenig et al. [2000].

Lemma 4.1. Let ug € L? be a real-valued function with luollz2 = 1. Then for any J > 0, there exists a
positive integer N = N (0), real-valued functions f Lo, N and eV, intervals ty, ..., ty, and a positive
constant Cs such that

=<

; - - - ~12
Fi@=rfi(=¢), SuppfiCrju(=t)),ltjl=p;, |1fi1<Cop;'",
and N

ug= > fi+e",
j=1
with N 3
luolzo =D I+ 32, [ DV/oe % eN|
j=l1
The proof of this lemma is similar to that of the previous Lemma 3.2 with the help that, for real function

fs f = f(—g“). For our purpose, we will do a little more on the decomposition above. Indeed, from the
proof in [Kenig et al. 2000] we know that f/ (&) = I 1/2}@(5) and 7; C (0, 00). We

can decompose f/ further by setting

< 0.
LS,

et;U(—1)): @] <Csp

fl=frr4 i,
/-"\_;'_ o o~
IPT = Ners imiscapy 0
R I
f : l{ 1/2}u().

se—t;: ligl<Csp;

Since u is real, we have izo(&) = ip(—¢), which yields
fIH@ =f=(=¢), and [P =fit

Hence
f/=2Re f/T.
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Now we return to prove Theorem 1.6. We repeat the process above for each real-valued u, to obtain
1

ol, ..., 0l and real-valued ¢! such that
N
un = > 2Re(v)) +ep (53)
j=1
with
p,{lv,{ (pl&+EN| < Cslg(€), with &/ > 0, for some compact K, (54)
and
J i II2 2
lunl7. =D 4| Re@h |2+ ey |2 (55)
j=1

Still we define the real version of the orthogonality condition on the sequence (p,j,' , f,{ In>1 € (0, —I—oo)2
as before: for j £k,

J k
lim (p—’;+ g ') 0. (56)
n—0o\ py pn pé

Based on (53) and (54), the basic idea of obtaining the real version is to apply the procedure in the
previous section to v;, and then take the real part. The only issue here is to show that the error term

is still small in the Strichartz norm, and the almost orthogonality in L? norm still holds. We omit the
details.

Lemma 4.2 (Real version: extraction of p,{ and f,{ ). Let (u,),>1 be a sequence of real-valued functions

with ||u, |l 2 < 1. Then up to a subsequence, for any 6 > 0, there exists N = N (9), an orthogonal family

(pn, &h I=j=n € (0, 00)? satisfying (56) and a sequence (f,, ) I=j=N € L? such that, for every 1 < j <N,
>1

there is a compact set K in R such that

Pl (piE +ED] < Co1x @), (57)

and for any N > 1, there exists a real-valued q,iv € L? such that

N
un =2 Re(f)+4q,, (58)
j=1
with
| D3 g |6 <, (59)
and forany N > 1,
Tim ( lunll?> — (Z4||Re(ff)||Lz +ay ||Lz)) =0. (60)

Then we focus on decomposing f,{ further as in Lemma 3.5. Taking real parts automatically produces a
decomposition for Re(f;}). We will be sketchy on how to resolve issues of the convergence of the error
term and the almost L? orthogonality.
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Lemma 4.3 (Real version: extraction of x,{’“ and s,{’a). Let (fu)n>1 € L? be a sequence of real-valued
functions satisfying || full;2 <1 and

VP | Fa(pn € + (o) 'EN| < F(©),

with F € L™ (K) for some compact set K and &, > 0. Then up to a subsequence, there exists a family
(e, 57) € R x R and a sequence of complex-valued functions (¢*)y>1 € L? such that, if o # B,

ﬁ_ oy (£ \2 ﬂ_ a
nlgfgo(yf—yﬁ L (ps,;z(én) | ‘3<sn psn)z:n

and for each A > 1, there exists el € L? of complex-value such that

+ |s,[f —s,‘f|) = 00, (61)

A
F2(¥) =D g4(¢™)(x) +Re(ef) (x), (62)
a=1

where
EH (M) (¥) = /pue’ % [Re(e! P )| (pux — ),

with &, =0 when p,; le converges to some finite limit, and

lim lim | D6e™" Re(e;)| o =0, (63)

A— 00 n—>00

and forany A > 1,

A
i (171 = (D JRe(e g+ [Re(e]) ) =0 (©9
a=1

Moreover, for any o. # J3,

Tim [(g7"), gh @) 2] =0, (65)
and forany 1 <a < A,
lim [(g7(¢"), Re(e;)) 12| = 0. (66)

Proof. We briefly describe how to obtain these identities. Equations (61), (62) follow along similar lines
as in Lemma 3.5. Equation (63) follows from (46) and the pointwise inequality

|D%e_ta5? Re(e,’?)(x)| = |Re(Dée_t6«§eﬁ)(x)| < |D%e_msefl‘(x)|.
Equation (64) follows from (65) and (66), which are proven similarly as in Corollary 3.7. O

5. Final decomposition: proof of Theorems 1.5 and 1.6

In this section, we will only prove the complex version Theorem 1.5 by following the approach in [Ker-
aani 2001]; the real version Theorem 1.6 can be obtained similarly. We go back to the decompositions
(34), (45) and set

(s &l 17 = (o)™ &l (oD ™90 (o) s,
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Then we use Remark 3.6 and put all the error terms together,

U, = Z Z t,, j a l()hjf,l ¢j a] wIIIV,Al ..... AN, (67)

1<j<N, &=0 =1
or |hy &l |—00

where g =g, o € G and

N
wrll\/,Al ..... Ay _ Ze’j{Aj _i_q’iV (68)
j=1
We enumerate the pairs (j, o) by w satisfying
w(j,a) <owk,p)if j+a<k+pforj+a=k+pandj <k. (69)

After relabeling, Equation (67) can be further rewritten as

U, = Z xg [ (& ¢]] l’ (70)

1<j<l, f,{z
or|hy,&l | =00

! N,Aq,...,

where w),, = w;,

to investigate.

AV with [ = Zj-v:l A . To establish Theorem 1.5, we are thus left with three points

(1) The family F£ = (hf; F t,l R x,,) is pairwise orthogonal, that is, it satisfies Definition 1.3. In fact,
we have two possibilities:

(a) The two pairs are in the form I'j = (hi, & 1@ xi-#) and Tk = (b, &m 1P | xiPy with i £ m.

I’l’l’l’l’l

In this case, the orthogonality follows from

hi hm
lim (—”+ +hi | — f’"l) =

n— 00 h;zn h’

which is (32) in Lemma 3.2.
(b) The two pairs are in form I';, = (h;, ,ll th%, x%) and Fk (h tn ,xnﬁ) with o # . In

>'n I’l
):OO’

this case, the orthogonality follows from

.’ﬂ [ .5ﬂ [ [
lim |t ft};“|+3|t,i —_t;;"‘llé‘,;lJr
n—00 (h;t)3 (h;l)2

= xb 1307 - o) (@)’
h,

which is (44) in Lemma 3.5.
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(i) The almost orthogonality identity (8) is satisfied. In fact, combining (36) and (47), we obtain that
for any N > 1,

N ,Aj
. ',A.
lunll}2 = Z(Z 171172 + llen f||iz) +llgN 17, + on (1)

Z(Z ||¢f“||Lz) + g A0 AN, + 0, (1) —Z 171172 + lwh 1172 + 0 (1),

=1 j=

where lim,,_, o 0, (1) = 0. Note that we have used the fact that

N
N,A1,...., AN 1|2 7452 N2
w122 = llwp A2 17, = > ller ™ 122 + llg) 13
j=1
which is due to the disjoint supports on the Fourier side.

(iii) The remainder e~ % wr At Ay converges to zero in the Strichartz norm. In view of the adapted

enumeration, we have to prove that

lim HDl/6 15} AL ANHL6 — 0, as 11nf {N,j+A;}— oc0. (71)

n—oo

Let 0 > 0 be an arbitrarily small number. Take Ny such that, for every N > Nj,
3
lim | D% gV« <0/3. (72)
n—oo t,x
For every N > Ny, there exists By such that, whenever A; > By,
lim || DY/~ %e™ | o =< /3N. (73)
n—oo

N,Aq,..., Ay

The remainder w;,, can be rewritten in the form

N,Ai,...,A N Z JsAjVBN N,Ai,..,A
wn 1 N — qn + wl’l + Sn 1 N’

1<j<N
where A; VvV By :=max{A;, By} and
N,Aq,..., Aj i, B
S, Z (w —w)N),
1<j<N
Aj<BN

that is,

Srzlv LAl Z Z a[ t()hncn¢1a

I<j<N Aj<a<By
A/'<BN

with & = 0 when lim,_ o0 |15&] | < co. From (72) and (73), it follows that

lim ”D1/6 10} N JAL . AN HL <26/3+ hm ”Dl/6 a'ESrZLV’Al 7777 Ax

n—oo

(74)
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Now we need the following almost-orthogonality result:

Lemma 5.1. Let F,j,' = (h,]l', f,{, x,{, t,{) be a family of orthogonal sequences. Then for everyl > 1,

l )

: 1/6 ,—(t=11)33 o j1,i OVl 4 j _ 1/6 ,—(t=1)33 o j1,i V&l 4 j _

lggo(HZlD e gl g, ZIHD e gl [ Ol g1 sz)—o, (75)
J= J=

with & = 0 when limy,_ oo |hiE] | < 0.

Suppose this lemma were proven, we show how to conclude the proof of (71). From Lemma 5.1, it
follows that

. —t83 6 . LN g iOVE gl 6
hn;OHDl/Ge 107 gN AL AN O Z Z lim || DV/6e= (% ghap Omdigia)|  (76)
n— t,x n—oo t,x
15j§NAj<(X§BN
Aj<BN
The Strichartz inequality gives
IS I LD P D S S T
1<j<N Aj<a<By " 1SJZN Aj<a<By
Aj<BN Aj<BN
o6
N (77)
J,o

On the other hand, 3°; , [ ||i2 is convergent; hence the right side of (77) is finite. This shows that

( 3 H D/6g= =112 gl O] o
Jsa

a>Aj

6 \1/6
LSX) <9/3 (78)

t,

provided that inf|<;<y{N, j + A;} is large enough. Combining (74), (76) and (78), we obtain

nli)ngOHD1/6e_[a~3w,11v’A1"“’AN ”Lf’,x =0 (79)

provided that infi<;<y{N, j + A} is large enough. Hence the proof of (71) is complete.

Proof of Lemma 5.1. By using the Holder inequality, we need to show that for j # k, as n goes to infinity,

HDl/ﬁe—(t—t,{)afgr]l' [ei(‘)h{;f,{(ﬁj]Dl/6e—(t—t,’j)63g£ [ei(.)/1§§5¢k] H s =0, (80)
By the pigeonhole principle, we can assume that & and &k are of the same sign if they are not zero;
moreover by a density argument, we also assume that ¢/ and ¢* are Schwartz functions with compact
Fourier supports. Evidence in favor of (80) is that, if lim,_, » |#,&,| = 00, DV/6e=t=1)3] gn [ (')h"5"¢]
is somehow a Schrodinger wave in the sense of Remark 1.7. For the pairwise orthogonal Schrédinger
waves, however, the analogous result to (80) is true; see [Merle and Vega 1998; Carles and Keraani 2007,
Bégout and Vargas 2007].
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To prove (80) we will have two possibilities. First, the two pairs are in the form 1“,{ =(hi, Lt xha

n>*n >7'n
and Tk = (b, &m ¢™F 7Py with i £ m. In this case, the orthogonality is given by
. h;’l hm i i m
Y SIS
So we have two subcases. We begin with the case where lim,,_, o hj; |§,’; —¢"| = 00; moreover, we may
assume that k! = h™ for all n (when both limits are infinity, the reasoning is similar, using the argument
below). By changing variables, we see that the left side of (80) equals

l(l "l/f ) N i,p

7 81)

L3

t,x

The integrand above equals

o r(E i i i oMY T (i #i3 i zmy3 P i
// IO GO HCAR GV + OGN | =y i #111/6 ) 4 pi e 1/6
o HILEM (e =i i (R M i =" /(1) g P (E)pm- ﬂ(,]) dé dy.

Applying the change of variables a := (& + hi &) + (7 + hLEM) and b := (& + A ED3 + (7 + A Em)3,
followed by the Hausdorff—Young inequality, we see that (81) is bounded by

(// EEmEN S In mE G OFIWER )2/3
EHRGHn+ E T IE = g+ R G =g

We consider two subcases according to the limits of |h! &l | and [A7E™|. Note that limy,—, o AL |EF —EM| =
00, then either both are infinity or only one is.

« In the former case, since £, and ¢ are of the same sign, we have

A Rl B A KA 44
EFn+R,GHENIT G +E 2

Then (81) is further bounded by Cgia gn.s (h; |§,§ = N~1/3, which goes to zero as n goes to infinity.
« In the latter case, say lim,_ |hf1§,’;| = 0o, we will have " = 0. Then
& RS I+ by
E+nth G+ eI

Then (81) is further bounded by Cia gms|h5EH /2, which goes to zero as n goes to infinity.

s
S|REE 4,

Under the first possibility, we still need to consider the case when

(| hy
Iim { —+4+ —/— ) =o00.
n— 00 hnm hz

We may assume that lim,,_, o |hf1§,i — h M| < oo. It follows that lim,—, o |hf1§,i| and lim,,, o |A)' )|
are finite or infinite simultaneously. We will consider the case where they are both infinite since the other
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follows similarly. Under this consideration, we deduce that
hm é:m
hl éf i
for sufficiently large n. To prove (80), we will use the idea of regarding the profile term as a Schrédinger
wave as in Remark 1.7. We recall that

pL/6,~(=11)o] gl [ef Ohnci i1 = (hiy~V2E 1/6 pidy (x—xy )+ (G)* (1=1;%)
16

| Fage,

hyé,

) (hi)?

1+

i,o
x| X=Xy 21= tn 3=ty tn 2zi 1= tn
W43 +i +3
x/elf[ o 6 @ ] ST

Similarly for D'/6e=(~ ’k)avg [efC )hﬁfrfgék]. For any R > 0, we set

; t—the x —xlb¢ R
br=1(t,x) eRxR: (3 n_ 4 3(EN2—" | <RY,
A {( ) e R ‘f A T ]
m,B m,f m,f
m._ Nagm? T In X — Xp mal =
AR._{(t,x)e[REx[RR.‘E»é e + e +3(EM) ~ ‘51&]

By the Holder inequality, the Strichartz inequality and Remark 1.7, we only need to show, for a large
R >0,

lim HD1/6 —(—t! )a’g [ez()h’f’¢]]Dl/6 —(t—t™) xgn[ez()hmfmqsk]‘ (82)

n—o0

L3 (ARnAT)

Indeed, R? \ (A’ NA%) C (R%\ A} ?) U (R?\ A'R); here we only consider the integration over the region
RZ\ A since the other case is similar. By the Holder inequality and the Strichartz inequality,

1/6 ,—(t—t))o} hié 1/6 p= (=10} i(YRmEm Lk
||D /6p=(1=1y) J[el() ¢’1D / 1—ty") x gk kret©) ¢ ]”L?,X(W\A"R)

< “DI/G —(t—t)o xgn' l()hlflqs] ||L6 |D1/6ef(z o3 k[e,()h'7’§;"¢k]||L6

Px(R2\A%)

L 4iNA3 i i(miE
g I|¢kI|L2 ||D1/6€ (t tn)axg}{[el()hncjngbj]||L$’X([R2\A’VR)'

Let . . | . |
ot —xbe 4 3(@)%; — %) od £ 3¢ (1 - i)
h’n (hz)Z

Then a change of variables and similar computations as in Remark 1.7 show that

¢
hil

—it'A 4i,
- ”e 1 ¢l a“L?, x,(lt’|+|x/|ZR) —> 0,

1/6

¢i,a

& [

(VA3 i icapiEi s IS+ ED)+i
HDl/ﬁe G ln)a‘xgé[el()hngngé]]HL,ﬁ,X(Rz\AiR) 5 H/ 3nh el

LY, (' +Ix'|=R)

as n — oo followed by R — oc. Returning to (82), using L°°-bounds for the integrands, we see that it
is bounded by
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1/6 o3 I 1/6 —(—1™)o3 hmEm Lk 1/3 1/3
C”D/ —(t— [")*gn[el()zégzﬁ ” HD/ (t—1; )Xgn[el()n{ ¢]HL m1n{|A |/ |A | / }

< Crogi g (M2 1E & VO min{[(RL)3 101713, [ 1E0 113

[ ki3 e VO s | g |
<Crowmin () |2 - G e T
n I’lil’l n nfn

Hence (80) holds when lim,_, o (h, /A2 + hn’"/hi) =
Secondly, the two pairs are in form I';, = (h; ’, t,’l‘", v %) and Fk (hn, ., tn , Xn ﬁ) with a #£ £.
In this case, the orthogonality is given by

o —apel 3" —aelg] | b’ — g 4367 - 9EDT _
(1)} (h})? ,

lim
n—>oo

We assume lim,,_, o |hf1g“,’;| = oo since the other case is similar. We expand the left-hand side of (80) out,
which is equal to

B
.4 i ’rln 83 CoNpi i X _xn /))
3 h n P L o nSn > [ —
iy | DVse o )z x[ez()h ¢ ¢la]( )Dl/é T el Ohih pm ﬁ]( )
n
W T,
i|l/3 T 30—h ) | Be—h®) | 3Pe—ih%é 1/6
|§ | /el[ h + AR é ] n (Zi,\a(n)d;y
hl hi é—’i
n
ip i 2 ip ip 1/6
n(x—x," 43—t )(C,,) /i (l tn ) 3)7 (r— /n )C,,
+ + oy
x [ e [ h, () k)2 ] 1+ L oLE(n)dn
h &y L}
, 3t—tﬂg" x —xP 3¢ — Py
Through the change of variables ¢’ = ((h’—rsz)’ x' = - }E’ /) , this reduces to
n
: LB dayxiy2 i LB day i
. .x,, —x +%(t —ty (&) . 1 1, . 7 3@ =t7)
CH/@W[JCUr e J+in [n<h'>§ +3h'f']+”72[t+ A2 *]
1/6 s 1/6
n / 500 (1) d ix'n+it'n? ”ﬂ,ﬁﬁ n / 5B () d
hi i ¢’ (7/) n e e sen hi i (ﬁ’ (’7) n
nfn nc-'zl’l L?/ x/

Using the Holder inequality followed by the principle of the stationary phase or integration by parts, we
see that (80) holds. O

Similarly, we can obtain the following generalization of Corollary 3.7 about the orthogonality of profiles
in L? space. Its proof will be omitted.

Lemma 5.2. Assume F,{ = (h{; = tn , x,,) and Fk (h &Ktk xX) are pairwise orthogonal. Then

’n’n

ka3 k =k
lim (¢/17F g] /15 1), 1% gkl Ot 61)) , =, (83)

n—oo
and for1 < j <lI,
hm( i ng[el()hnfn ¢J] w ) =0, (84)

n—oo

with & = 0 when lim,_ oo |HiE] | < 0.
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6. The existence of maximizers for the symmetric Airy Strichartz inequality

This section is devoted to establishing Theorem 1.9, a dichotomy result on the existence of maximizers
for the symmetric Airy Strichartz inequality. First, we will exploit the idea of asymptotically embedding
a Schrodinger solution into an approximate Airy solution. We will show that the best constant for the
Airy Schrodinger Strichartz bounds that for the symmetric Schrodinger Strichartz inequality up to a
constant. We will follow the approach in [Tao 2007], in which Tao shows that any qualitative scattering
result on the mass critical gKdV equation d,u + 8314 + |u|*0,u = 0 automatically implies an analogous
scattering result for the mass critical nonlinear Schrédinger equation id;u + Eﬁu + u|*u = 0.

Lemma 6.1 (Asymptotic embedding of Schrodinger into Airy). Corresponding to Theorems 1.5 and 1.6,
we have, respectively,

Seenr <30Sy (85)
S;Cchr = 21/231/65"E1R;ry‘ (86)

Proof. We first prove (86). Let u( to a maximizer to (16). Since d=1, from the work in [Foschi 2007], we
can assume that u is a standard Gaussian; hence it is even and its Fourier transform is another Gaussian.
Denote

1 .
uy (0, x) ;= W Re(e’XNuo(\/;C_)).

Let un (¢, x) solve the Airy Equation (1) with initial data u (0, x). From the Airy Strichartz inequality,

| D oun| L8, = Sy || un (0, 0 2. &7)

airy

On the one hand, a computation shows that
1 A13/2
lun (0, X)117> = 5/ o (x) > + Re (V3N 2 (1)) dix. (88)

From the Riemann-Lebesgue lemma, we know the second term above rapidly goes to zero as N — oo.
On the other hand,

(3N)1/4

in(0,¢) = (0 (V3N (& — N)) + (V3N (& + N))),

which yields
DYouy(r, x) = / IS 21O (0, £) dE

B (3N)1/4
2

[ S @ ANG N + BN N) d

2131/4N1/12€ixN+itN3/ei[77((3N)1/2x+\/§N3/21)+”72+l(3N)3/2’73]

n 1/6
o

NTAN iwo(n) + iio(n +2N~/3N)) d.

x‘l—i—
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Changing variables x’ = (3N)~"/2x 4+ /3N3/?¢ and ' =1, we obtain

[ DY un e, ) s,

—p-l3-1/6

(89)

1., , _ 1/6
oiLx RGN 3/2”3]x‘1+ i ‘ ito(n) + io(n+2N~/3N)) d
/ N3N (o + ot )

Comparing (87), (88), (89) and letting N — oo, as in Remark 1.7, we obtain,

6
L//,x/

airy

2—13—1/6”/eix’,?—i-it’”ZﬁB(r])dr]HL6 SZ_I/ZSR ”uO“LZ- (90)

By the choice of ug, we have
~12—-1/6 ¢C —1/2 ¢R
27137 legE < 07l2g

airy»

that is, SC, < 21/231/6gR

schr — airy”

Hence (86) follows. To show (85), we choose

. 1 ixN X
dn(x) = —(3N)1/4e uo( TN).
Then

lon Lz = lluoll 2,

—itd? _ oC
e ¢NHL,6,X(R><IR) - SSChr””O”LZ‘

Also an easy computation shows that
1/6 —103 —1/6| —itd?
D5 gy~ 37 e o] a5 N — o
From the Airy Strichartz inequality,
1/6 ,—t03 C C
| Do gl s < Sqylin e = Sgiyluoll .2,
we conclude that (85) follows. Il

Now we are ready to prove Theorem 1.9.

Proof of Theorem 1.9. We only prove the complex version by using Theorem 1.5. For the real version,
we use Theorem 1.6 instead but its proof is similar.

We choose a maximizing sequence (u,),>1 With ||u,| ;> = 1, and decompose it into the linear profiles
as in Theorem 1.5 to obtain

FS BTV Y
U, = Z etna\-grjl [ef Ohnda N+ wfl 1)
1<j<l, &=0
or |hnéi | =00
Then from the asymptotically vanishing Strichartz norm (7) and the triangle inequality, we obtain that,
up to a subsequence, for any given ¢ > 0, there exists ng, for all [ > ng and n > ny,

1
1/6 ,—(t—1)33 | j[ i (& 1 j C
HZD/e =) g,],[el() §¢J]‘L6 ZSairy_ga

j=1 1,x
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with é,{ = 0 when lim,,_, |h{;§,{ | < 0o. On the other hand, Lemma 5.1 yields,

HZDl/é —(t— t,,)83 [ l()hn§n¢)] +0,(1). (92)

1

l
. 6
ZHDl/ﬁ (=12} g [0 @W]‘Lﬁ

Then up to a subsequence, there exists n; such that, for large n > n| and [ > n;,

HD1/6 —(t—1))e xg'[ z()hngnw]‘
1

2 Z > (Sginy)® — 2¢. (93)
j=
Choosing jj such that
DL/6,— (113} g [l & o)
has the biggest Strichartz norm among 1 < j </, we see that, by Strichartz and the almost orthogonal
identity (8),

( alry)ﬁ_zgf HD1/6 —(t—1)0 xgjo[ i(0E] ¢]o

" ZHD% — (=)0} ;[ezoh”W]

l

> (SGyl671122)°
t X ]:1

5 HD1/667(Z*Z‘,,JO)6_§gjo[ l()hn Li’l ¢JO]

C n 3 0 n
Sairy)2“D1/6 ~(=1)2} g [ &0 ¢m]

L,
This yields,

_ Joy A3 . -0 Jo =Jo . 1/4
HD1/6e (t i )a,\ g/O[ l()hn & ¢J0] ((Salry) [( alry)6 —28]) > S;Ery c. (94)

Moreover, (8) implies that there exists J > 0 such that
7|2 <1/100 forall j > J.
This, together with (94) and the Strichartz inequality

HDI/s —(-1")0} gi[e i 1]

c .
Lo = Sl P,
t,x

shows that, for ¢ small enough, jjy is between 1 and J; otherwise Sgry /2 < alry /100, a contradiction.
Hence jy does not depend on [/, n and €. So we can freely take ¢ to zero without changing jy. Now we
consider two cases:

Case . When hi°&l —s &0 ¢ R, we can take & = 0. Then

“ DU/6,~=1)3} , j 8n°(¢1")

_ H Dl/6,—10} 2 o

6 "
L7y
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Then we take & — 0 in (94) to obtain
||¢j0||L2 =1, dlry — ||D1/6 —10} ¢]0 “
This shows that ¢/° is a maximizer for (15).

Case II. When |h*E°| — 0o, we take n — oo in (94) and use Remark 1.7,

sC _ ¢ < lim ”D1/6 —(t—1]%)33 gjo[ i(~)h£°§»{°¢1‘0]”L?X

arry n— 00

= lim | D" za*[ z()h’°¢z°¢10]||

n—oo
=375 e ph ], <37 ”6Sgchrn¢f°nu
<SS lg7 2.

Taking ¢ — O forces all the inequality signs to be equal. Hence we obtain

gl =1, S =371/65C

airy schr
and
Sty = lim | D0 R[S ]|, =37
This shows that S, = ||e*”5x¢f° | 16 hence ¢/ is a maximizer for (16). Set a, := A&, Then the
proof of Theorem 1.9 is complete. (|
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