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DYNAMICS OF VORTICES FOR THE COMPLEX
GINZBURG-LANDAU EQUATION

EVELYNE MIOT

We study a complex Ginzburg—Landau equation in the plane, which has the form of a Gross—Pitaevskii
equation with some dissipation added. We focus on the regime corresponding to well-prepared unitary
vortices and derive their asymptotic motion law.

1. Introduction

We study the dynamics of vortices for a complex Ginzburg-Landau equation on the plane, namely

Oy + aidpu, = Au, + iug(l — lugl?), (CGL),
llog ¢| g2

where u, : R, x R?> — R? is a complex-valued map. Here d, a, and ¢ denote positive real parameters,
and we will mainly focus on the asymptotics as ¢ tends to zero while J and a are kept fixed. Up to a
change of scale, we may further assume that a = 1, and we set k. = J/|log ¢|. The complex Ginzburg—
Landau equation (CGL), reduces to the Gross—Pitaevskii equation when 6 = 0 and to the parabolic
Ginzburg-Landau equation when a = 0. Both the Gross—Pitaevskii and the Ginzburg—Landau equations
have been widely investigated in the regime we will consider (see, for example, [Colliander and Jerrard
1998; Lin and Xin 1999; Jerrard and Spirn 2008; Bethuel et al. 2008] for the Gross—Pitaevskii equation
and [Jerrard and Soner 1998; Serfaty 2007; Bethuel et al. 2007] and references therein for the parabolic
Ginzburg-Landau equation). Typical functions u, in this regime are given explicitly by
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where the points a; € R2, d; = £1, and the functions fia Rt — [0, 1], which satisfy f1.4,(0) =0,
f1,4,(+00) =1, are in some sense optimal profiles. The points a; are called the vortices of the fields
u} and the d; their degrees. This class of functions u} is, of course, not invariant by any of the flows
corresponding to these equations, but it is not far from it (see the notion of well-preparedness in Definition
1.2). In particular, it is possible to define notions of point vortices for solutions of (CGL),, at least in
an asymptotic way as ¢ — 0, and to study their dynamics. This dynamics is eventually governed by a
system of ordinary differential equations, at least before collisions.

MSC2000: 35B20, 35B40, 35Q40, 82D55.
Keywords: complex Ginzburg-Landau equation, vortex dynamics.

This work was partly supported by the grant JC05-51279 of the Agence Nationale de la Recherche.

159



160 EVELYNE MIOT

Two relevant quantities in the study of vortex dynamics are the Ginzburg—Landau energy

Vul* (1= |u]?)?
Eg(u)z/Rzeg(u)dx=/R2 > + 1.2 dx

through its energy density e, (u), and the Jacobian
Ju= %curl(u x Vu)

through its primitive j(#) = u x Vu. In the regime we will consider, one has

e.(ug)

log el

l !
dx —« Zéai and Ju.dx — =« Zdi5a1
i=1 i=1
as ¢ — 0, which describes asymptotically the positions and degrees of the vortices. The quantity e, (u.)
has been especially used in the study of the parabolic Ginzburg-Landau equation, while j () has been
used in the study of the Gross—Pitaevskii equation. Here, we will rely on both of them.

In the case of the domain being the entire plane R?, which we consider here, the reference fields
u?(a;, d;) have infinite Ginzburg-Landau energy E. whenever d = > d; # 0. In [Bethuel and Smets
2007], a notion of renormalized energy for such data— not to be confused with the one in [Bethuel et al.
1994] — was introduced to solve the Cauchy problem for the Gross—Pitaevskii equation. This notion was
later used in [Bethuel et al. 2008] to study the dynamics of vortices for the Gross—Pitaevskii equation in
the plane. Our definition of well-prepared data below and part of the subsequent analysis is borrowed
from this last reference.

The complex Ginzburg-Landau equation (CGL),, either in the plane or on the real line, has been
widely considered in the literature, especially as a model for amplitude oscillation in weakly nonlinear
systems undergoing a Hopf bifurcation (see [Aranson and Kramer 2002] for a survey). The mathemat-
ical analysis of vortices for (CGL), was initiated in [Lin and Xin 1999], where it was presented as an
alternative approach (a regularized version) for the study of the Gross—Pitaevskii equation. We believe,
however, that the conclusion regarding the dynamics of vortices for (CGL), in [Lin and Xin 1999] is
erroneous, and that Theorem 1.3 represents the correct version.

After the completion of this work we were informed that Kurzke, Melcher, Moser, and Spirn [Kurzke
et al. 2008] independently obtained similar results concerning the dynamics of vortices for (CGL), in
bounded and simply connected domains.

Renormalized energy and the Cauchy problem. As mentioned, for d =Y d; # 0 the Ginzburg-Landau
energy of u}(a;, d;) is infinite. It can actually be computed that
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whereas as |z| & 400,
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The renormalized energy introduced in [Bethuel and Smets 2007] is obtained by subtracting the divergent
part of the gradient at infinity. More precisely, given a smooth map U, such that

||

d
Uy = (i) on R\ B(0, 1),

we have as |z| > +oo
Vg (ai, di) > ~ [VUqI?
and one may define
€0, () (@i, d)) ;= lim (ec (u(ai, d;)) — 51VUal?) < +o0. (1-1)
R—+o00 B(R)

This definition extends to a larger class of functions, and is a useful ingredient in solving the Cauchy
problem. Following Bethuel and Smets, we define

V={UeL®R*C):V*U e L* forall k > 2, (1 — |U[*) e L?, V|U| € L*}.

In particular, the space 9" contains all the maps u} as well as the reference maps Uy. Our first result,
which we prove in the Appendix, establishes global well-posedness in the class ¥ + H'! (R?). (In passing,
we mention that Ginibre and Velo [1997] investigated the Cauchy problem in local spaces for a more
general class of complex Ginzburg-Landau equations.)

Theorem 1.1. Let ug=U+wq be inV+H' ([RZ). There exists a unique global solution u to (CGL), such
that u € CO({U Y+ H'(R?)). If we write u(t) = U +w(t), then w is the unique solution in CO(Ry., H' (R?))
to

{(kg+i)atw:Aw+fU(w)a (1-2)

w(0) = wo,
where
fow) =AU +e72(U +w)(1 = U + ).
In addition, w satisfies
w € Lo (R, H*R)) NLL (RE, LY [R?), ow e Li (Ry, LA(RY), w e C (R, C®(R?)).
Finally, the functional E, iy (u) := E, y(w) defined by

Vuw|? 1— U +wl?)?
R2 2 R2 R2 de

satisfies
d
—E.yu)= —kg/ |6, w|* dx forallt > 0.
dt R2
As a matter of fact, it follows from integration by parts that if u € {U}+ H'(R?) is as in Theorem 1.1

and if U satisfies in addition |VU (x)| < C/+/|x], then

Eeo®) =Eo@®)= lim_ | = (e:w®)=3IVUF)dx.

The functions u}(a;, d;) are not H I perturbations of one another, even for fixed d = > d;, unless
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algebraic relations connect the a; and d;. To handle a class of functions containing all the u, it is useful
to introduce on the set V" the equivalence relation defined, for U, U’ € V', by

U~U'" < deg (U)=deg, (U and |VU|* - |VU'|* € L'(R?).

Denoting by [U] the corresponding equivalence class of U, we observe that u} (a;, d;) € [U4] for any con-
figuration (a;, d;) such that >_ d; = d. Therefore the space [Us]+ H ! ([R{z) contains all H' perturbations
of reference maps u of degree d at infinity.

For a map u in [U;] + H'(R?), we may now define

e v () == REIEOO B(R) (ee(”) - %|VUd|2)>

which is a finite quantity. Moreover, for any solution u € CO({U} + H'(R?)) with U € [U4], we infer
from Theorem 1.1 that

dt dt

which means that the renormalized energy has the same dissipation rate as the Ginzburg—Landau energy
in the finite energy case d = 0.

d d
_%8,[Ud](u) = _%S,U(u) = —k; /2 |at14|2a
R

Statement of the main result. In the sequel, A, denotes the annulus B(2"t1)\ B(2") for n € N, so that
R? = B(2") U (U,2p, An)-

n=ng

Definition 1.2. Letay, ..., a; be [ distinct points in R%2, d;e{—1,+1}fori=1,...,l and setd = > d;.
Let (u;)0<s<1 be a family of maps in [Uy] + H'(R?). We say that (u;)o<s<1 is well-prepared with
respect to the configuration (a;, d;) if there exist R = 2™ > max |g;| and a constant Ky > 0 such that,
with E.(u, B) = f 5 €:(u), the following conditions are satisfied:

I
fim | Jute =7 32 did gy =0 (WP))
sup E.(u., A;) < Ko forall n > no, (WP»)
O<e<l
gi_%(%g,wd](us) — € v (uy (ai, dp))) = 0. (WP3)

Theorem 1.3. Let (u8)0<£<1 in[Ug]+H! (Rz) be a family of well-prepared initial data with respect to the
configuration (a?, d;) withd; = 1, and let (uz(t))o<e<1 in C(Ry, [Ug]+ H! ([Riz)) be the corresponding
solution of (CGL),. Let {a;(t)}{i=1,...,1y denote the solution of the ordinary differential equation

,,,,,

1 () = C; (0d;l, — J,)V, W, X
[”() (0dily = 02) Ve i=1.....1, (1-5)

a;(0) = a;,

where C; = —d; /(1+6%), 1, = ((1) (1)), Jy = ((1) _é ), and W is the Kirchhoff-Onsager functional defined by
W(a;,d;) = —=n zi#j didjlog|a; — a;j|. Denote by [0, T*) its maximal interval of existence. Then, for
every t € [0, T*), the family (u.(t))o<c <1 is well-prepared with respect to the configuration (a;(t), d;).
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2. Evolution formula for u,

We now recall or derive a number of evolution formulae involving quantities related to u, which we
introduce now.

+ —ix under the standard identification

Notation. For x = (x1, x2) e R?, we set x - =Jox = (—x2, x1), or x
of R? with C. For z and 7’ € C, we denote by z-z' =Re(zZ7’) the scalar product and zx 7’ =z -z’ = —Im(zZ’)
the exterior product of z and 7z’ in R%. For a : R> — R?, we define curl(a) = d1a; — 2ay. If u : R — C,
we denote by

jw)=uxVu=iu-Vu=u"-Vu
the linear momentum and by
J (1) = 01u x 6hu = det(Vu)

the Jacobian of u. For u € Hli)c([Rz), it can be checked that J(u) = % curlj (1) in the distribution sense.
On the set where u does not vanish, we have fork =1, 2

u iuiu
Ox = Oph - — — - — —.
|ua] ful lua] Jul
This yields
1
oyt = Ay lu| 1 4 UL @1
|~ ful Jul
hence ) )
@w@u=@M@WH¢§%§@, (2-2)
u
and it follows that
Wm-qvu|+”ﬁy. 2-3)
The Hopf differential of u is defined as
o) = |01u)? — |62u|* — 2i6\u - dru = 40.udzu.
It follows from (2-2) that w(#) may be rewritten in terms of the components of V|u| and j(u) as
2 2 5 [ 2 o
w(u) = 01|ul” — O2|ul” — 2i01|u| &2|ul + W(h () — j3 (u) = 2ij1 () jo(w)). (2-4)

We recall that the Ginzburg—Landau energy density is defined by

IVul2 (—[ul)?® _ |Vul?

e.(u) = 452 ) + V),
and we set
oty = <.
loge|
In view of (2-3), we then have
|j ()[?

e() = e (Jul) + (2-5)
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Finally, we write the right-hand side in (CGL), as
1
VE(u)=VE(u) = Au+ —u(l —|ul’).
€

Evolution formulae involving the Jacobian and the energy density. For a smooth map u in space-time,
direct computations by integration by parts yield for the energy

d
—/ e.()pdx = —/ oru-VEu)pdx —/ Vo - (6;u-Vu)dx (2-6)
dt R2 R2 R2
and for the Jacobian
d
— J(u)ydx = —/ Viy (Qut-Vu)dx, 2-7)
dt R2 R2

where y, p € D(R?).
At the same time, the Pohozaev identity (see [Bethuel et al. 2005], for example) yields, for any vector
field X € 9(R?, C),
- oX -
/ X-(VE(u)-Vu)dx = —/ Re(a)(u)—_) dz —I—/ VW)V -Xdx.
R2 R2 aZ R2

2 2

- 0 - 0
In particular, the choice of X = Vg, for which ¢;: X = 28—_(;), or X =V+ x, for which 0; X = 21'6—_)2(,
leads to < <
82¢)
Vo -(VEu) -Vu)dx=-2 | Relwu)— )dz+ | Vw)Apdx
R2 R2 812 R2
and
1 0% x
V=x-(VE)-Vu)dx =2 | Im|w(u)—=)dz. (2-8)
R2 R2 072

We next consider a solution u of (CGL),, which is smooth in view of Theorem 1.1. In this case,
VE(u) and &;u are related by

O = aiw:(u) = B,VE(u), (2-9)

0
where o, = T | +i =k, +i. Using (2-9) in (2-6) and (2-7), we obtain
oge

d
4 / e, 0 dx = —k, / Gl dx — / Vo (B VE()- Vu)dx,
dt Jp R2 R2

d

— J(u))(dxz—/ Viy  (iB:VE®)- Vu)dx.

dt R2 R2

To get rid of the terms of the form / X (iVE(u) - Vu), we compute
R2

d
E/Rz[bJ(u)x —aeg(u)p],
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where . = a +ib. This yields
d
o [ I00x—ae.wip
t RZ
= (b2+a2)/ VLX-(VE-W)Jrakg/ |8,u|2dx+/ (Vo—V1y)-(a(a+ib)VE-Vu). (2-10)
R2 R2 R2

Since a = k. / (kZ +1andb=-1/ (k? + 1), we finally infer from this relation and (2-8) the following:
Proposition 2.1. Let u solve (CGL),. Then for all ¢, y € B(R?),

d 62
& [+ keor = [ ke -2 [ im(0w5E)+ R0z,
dt R2 R2 R2 0z

where the remainder R is defined by either of the equivalent relations

Rott.o, 70 =~k [ (Vo= V") (B.VEw@- V)

Rult, 0, o) = —kg/ (Vo — V) - G- V),
RZ

Proposition 2.1 allows us to derive formally the motion law for the vortices. Indeed, assume that we
have

! l
Jug(t)ﬁﬂZdiéai(t), ﬂg(”g)(f)%ﬂZéai([),
i=1 i=1

and u, () is close in some sense to u; (a;(t), d;) and therefore to u™(a; (t), d;), where

l d;
* 1—4a;
u (ai,di)=H(|Z_a.|) .

i=1

We use Proposition 2.1 with u formally replaced by u*(a;(¢), d;) and with choices of test functions ¢
and y which are localized and affine near each point a;(¢) and satisfy Vg = V-1 there, so that both
terms kf fRZ |6tu|2¢ and R.(t, ¢, x, u;) vanish in the limit &¢ — 0. Using the formula

Z/RZIm(( (a,,d) )_2n2dd ' V)((al)

J#
from [Bethuel et al. 2005, (7.2)], we then obtain that for each i

1
. . a;—aj
mdia; (t) -V y (a;) + 0mai(t) - Volai) = =2 ) didj('a’._—a{)'z -V (@)

Jii#i o

Taking into account that Vo (a;) = V= y (a;), we infer that
(a; —a;)*
7 (dii (1) — 06 (1)) - Vy (ar) = =2 > did; " ],IZ -V (a),

J#

which yields the ODE (1-5).
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In Sections 4 and 5, in order to give a rigorous meaning to the previous computations, we will
prove the convergence of the Jacobians and of the energy densities to the weighted sums of Dirac
masses mentioned above, and then show that both the energy dissipation kg fRZ |6,u,|* and the remainder
R.(t, 0, x,u,) vanish when ¢ tends to zero. In Section 6, we will establish some asymptotic control of
o(u;) —owu*(a;), d;) away from the vortices in terms of the excess energy €. jv,](u:) — €. (v, (s (a;)),
and finally prove that this excess energy converges to zero by mean of a Gronwall inequality.

3. Some results on the renormalized energy

Degree and energy at infinity. In this paragraph, we collect some results from [Bethuel et al. 2008]
related to the energy at infinity, which require the notion of degree at infinity.
Let A be the annulus B(2) \ B(1). We define

T, = {u € H'(A) : some B C B(u) satisfies |B| > % and deg(u, 0B(r)) =d forall r € B},

where B(u) is the set of radii r € [1, 2] such that the restriction u,5g(-) is continuous and does not vanish,
and we define the sublevel sets

EMN={ue H'(A): E.(u, A) < A}.
The topological sector of degree d is then defined as
S, =ENNT,.
Theorem 3.1 [Almeida 1999]. Forall A > 0, there exists e > 0 such that for every 0 < & < e, we have
E} =[] s,
deZ
The map deg : Eé{\ —Z,u € S;,\é > d is continuous.

For the rest of this section, we fix A > Ay = 2w d? log 2 and we set
_ oA
Sd = Sd,8A Py

so in particular the map U, belongs to Sy, since |Uy| =1 on A and fA %|VU01|2 =rd?log?2.

One easily infers from Theorem 3.1 that if u € [U;] + H'(R?), then for any sufficiently large k the
map u(2*-) belongs to some Sa)- In fact, one can find a radius from which d (k) = d, that is, u has well
defined and constant degree d at infinity.

Proposition 3.2 [Bethuel et al. 2008]. Letd € Z, A > Ay and u € [Ug1+ H' (R?). There exists an integer
n € N* such that for any k > n, the map uy : z € A — u(2z) belongs to the topological sector S;. We
denote by n(u) the smallest integer with this property.

For maps u € [U;] + H'(R?) satisfying in addition a uniform energy bound on large annuli one can
characterize n(u) as follows (see, for example, the proof of Lemma 7.1 in [Bethuel et al. 2008]).

Lemma 3.3. Let A > Ay be givenand 0 < e <éep. Letu € [Ujl+ H 1 ([Riz) and assume that there exists
some ng € N* such that E.(u, A,) < A forall n > ng. Then n(u) < ny.

The next lemma provides a lower bound for the energy on large annuli.
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Lemma 3.4 [Bethuel et al. 2008]. Letd € Z and u € [U4] + H' (R?). Then, for any k > n(u), we have
forQ <& <ep

/ (ex(u) — SIVU,I*) = —C27 &%,
A

One can then derive from Lemma 3.4 an upper bound for E;(u, B) — E.(u}, B) on large balls B in
terms of the excess energy €. (v,(u) — €., v, (u}). We will therefore be able to rely on properties of the
Ginzburg-Landau energy on bounded domains in the course of the proof of Theorem 1.3.

Lemma 3.5 [Bethuel et al. 2008]. Letd € Z, u € [Us1+ H' (R?), ai,...,aq; e R? and d, ..., d) € 7*
such thatd = d;. Let k > 1+ max{log, |ai|, ..., log, |a|, n(u)} and R = 2*. Then, we have

C
/ [ec(u) — ec(ui(ai, di)] < € W) — €, W} (@i, di) + —.,
B(R) R

where C depends only on | and d.

Explicit identities for the reference map u}. We present here an account of some classical identities for
the energy of u}, borrowed from [Bethuel et al. 2008].

We consider a configuration (a;, d;) with d; € Z* and we set d = >_ d;. We begin with an explicit
expansion near each vortex a;.

Lemma 3.6. For je{l,...,l}and0 <e <1,
2 2
/ eg(u:(a,-,di))zndflog(i)+y(|dj|)+0(i) +o(§),
B(aj,r) & Vg r

where y(|d;|) is some universal constant.

On the other hand, u} (a;, d;) behaves as u*(a;, d;) away from the vortices, so its energy on Qg , =
B(R) \ Ulj:1 B(aj,r) is close to the energy of u*(a;,d;) on Qg , which we can compute explicitly
[Bethuel et al. 1994]. Combining the previous expansions, we obtain:

Proposition 3.7. Let
ro=gminfla; —a;l}, R, =max{|a;]}.
i#j

Then for R > R, + 1, we have as ¢ — 0
! i R
/ e (ui(ai, di)) =7 > d}|loge|+ W(a;, di)+ > y(ldi|) + md* log R + 0(7") +0:(1).
B(R) i=1 i=1

Observe that 7d? log R = %lVUd 2. This yields an expansion for the renormalized energy:
B(R)\B(1)

Corollary 3.8. When ¢ — 0,

l l 2
IVU,|
CounWiai, di)) =m D" dllogel+ Wai, i)+ D 7(Id;]) —/( 5 o).
i=1 B(1)

i=1

Concerning the energy on annuli, we finally quote the following:
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Lemma 3.9. For R > R,, we have
R
/ oo (@i, di)) = wdlog 2 + 0(—“)
BQR)\B(R) R

or, in view of the properties of Uy at infinity,

vU, |2 R
/ ec(ul(ar ) = | Yo%),
B(2R)\B(R) B(2R)\B(R) 2 R

4. Coercivity for the renormalized energy

In this section, we supplement some results from [Bethuel et al. 2008] and [Jerrard and Spirn 2007] with
estimates to be used later. These results establish precise estimates in various norms for maps # being
close to u}(a;, d;) in terms of the excess energy with respect to the configuration (a;, d;). For a map
uelUs)+H' ([R{Z) and a given configuration (a;, d;) with d; = £1, we define this excess energy X, as

.= X (ai, di) =€ w0 W) — €. v, (ai, d;)).

We also set

1 .
razgrir;él;l“ai_aj“a Ra=,H}aXl{|ai|}.
=

Theorem 4.1. Let r <r, and let 2" = Ry > R, be such that Uf’:1 B(a;, r) C B(Ry). There exist ¢y and
no, depending only on l, r, rq, Ry, and Ry, such that for all u € [U;] + H'(R?) satisfying
1

n=1Ju—7 D" didelyperye <M and 2" < Ro, @-1)
i=1
we have
1)) 2 1
/ eo(u)+5 |50 — jw @ d)| = To+C(n0 o) foresen (4D
B(R0)\UB(a;,r) 81 lul Ro

where C is a continuous function on R> that vanishes at the origin. Furthermore, there exist points
b; € B(a;, r/2) such that, for some continuous functions f on R? and g on R*, we have

l
“Ju —x > diy
i=1

Hug(u)—niabi
i=1

Proof. Except for the energy concentration (4-4), each of the statements is proved in [Bethuel et al. 2008,
Theorem 6.1]. We first infer from (4-1) that

< f(Rg, Z:)ell , 4-3
Wiy = | (Ro> Zedellogel (4-3)

< g(RO,r,ra, Z&‘)

1 < (4-4)
Wy > (B(Ro))* log &|

|Ju—md;dg, ||W01,oo(8(ai’r))* <o foralli.

If %9 is small enough with respect to r this gives in view of [Jerrard and Spirn 2007, Theorem 3] that K 6 >
C(r), where Ké is the local excess energy near the vortex i defined by Ké =/ B(a;.r) € (u) —x log (r / 8).
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It follows that

/ eg(u)f/ e.(u)—m( —1)|loge| — C(r).
B(a;,r) B(Ro)

At the same time, since n(u) < ng, we have according to Lemma 3.5 and Proposition 3.7
. C
e.(u) < ea(ug(ai’di))+26+_fﬂl|10g3|+zs+c-
B(Ro) B(Ry) Ro

This first implies that Ké < C+ Z,. Also, replacing r by 3r/4 we see that

C+3,
lloge| ’

u) <

/ ﬂe(
B(Rop)\UB(a;,3r/4)

where C only depends on Ry, r, 74, R,.

Now, according to [Jerrard and Spirn 2007, Theorem 2], the energy density u.(u) on B(a;,r) is
concentrated at the point b; € B(a;, r/2) where J(u) concentrates. From [Colliander and Jerrard 1999,
Theorem 3.2.1] and the estimate for K 6 it follows that

f(Z, O)
”1“8(”) - I(Sbi || WOI’OO(B(a,-,r))* S W
Combining this and the upper bound for the energy density outside the vortex balls yields (4-4). 0

5. Convergence to Lipschitz vortex paths

In this section, we establish compactness for the Jacobians and the energy densities in a more general
situation, replacing assumption (WP3) in Theorem 1.3 by a uniform bound on the initial excess energy.

Theorem 5.1. Let (a?, d;) with d; = £1 be a configuration of vortices. Let R = 2" and (u2)0<g<1 in
(U] + H'(R?) such that

I
I H 0_ : - WP
| R ,,Zl‘,dzéa,o Wo ™ (B(R))" (WP
=
sup Eg(ug, Ay) <Ko foralln > ny, (WPy)
O<e<l
sup (€ w,1 () — € wai(a), di))) < K. (WP3)
O<e<l

Then there exist R" = 2" and T > 0 depending only on K, R,r,0 and Ry, a sequence & — 0 and
[ Lipschitz paths b; : [0, T]1 — R? starting from a? such that

[
su H]u ) =7 didy, 0, k- 400, (5-1)
te[O,pT] o ) ; §9: () W(;’°°(B(R/))*
!
su ( () ()~ 7> O, 50, k- +oo. (5-2)
te[O,pT] a1tz ) (1) ; b WLoo(B(R)))*
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Moreover, there exist a constant Cy > 0 depending only on r0, R, K| and K¢y and a constant C; > 0
depending on r,, R and K| such that for all t € [0, T] and k € N, we have

Eg (ug (1), Ay) <Co foralln >ny, (5-3)
o U1 (e (1)) — gy U (uy, (bi (1), di)) < Cr. (5-4)

Proof. The proof is very similar to that of [Bethuel et al. 2008, Theorem 4]. In the sequel, C will be a
constant depending only on r,0, R, R,0, and K;. To simplify the notations further we will set r, = r 0
and R, = Ryo.

We first consider A > max(Ky, Ay). Thanks to Lemma 3.3 and (WP,), there exists €5 > 0 such that
n(ug) <ngforall 0 <e <ep. We fix such a A and from now on only consider 0 < ¢ < ¢x.

We next introduce the smallest integer n; > ng such that 2" > max(R, R,+r,) and define R’ =2"1.
In the remainder of the proof, we write || - || instead of | - || WIS (B(RY)* Our aim is to apply Theorem 4.1
to each u,(¢) for the choice r =r, and Ry = R’. Let 79 and & be the constants provided by Theorem 4.1
for this choice. First, thanks to (WP;) and (WP5/), the convergence in (WP) still holds on the larger ball
B(R’) (see the proof of Lemma 7.3 in [Bethuel et al. 2008]). Therefore, since 7 — Ju,(t) € L' (B(R"))
is continuous for each ¢, there exists a time 7, > 0 such that

I
Hlug(s) -7 Zdi5a9 < 7o, Vs € [0, T,).
i=1
We take T, as the maximum time smaller than 7* having this property, where T* is as in Theorem 1.3.

Meanwhile, since ¢t — E.(u.(t), A,) is uniformly continuous with respect to n and A > Ky, we infer
from (WP;) that there exists 7, > 0 such that for s € [0, 7/]

E.(u.(s),Ay) <A foralln=>n,

so according to Lemma 3.3 we have n(u,(s)) < n; for s € [0, T/]. We take T, < T* maximal with this
property.

We claim that there exists a constant D depending on K, r,, R, and Ky such that for all s €
[0, min(T, T))),

E.(u.(s),A,) <D foralln>n. (5-5)

Consequently, if we assume from the beginning that A > max(Ky, Ay, D), then T/ > T, and it follows
from Lemma 3.3 that n(u.(s)) <n; on [0, T].
Proof of (5-5). As in [Bethuel et al. 2008], we decompose each E, (u.(s), Ay) — E.(u} (a?, d;), A,), for
n=>=nip,as

+oo

D (Ecui@), di), Ag) — Ec(u (1), Ay)

k=n,

L +E.(u}(a), di), B(R) = Ec(us(s), B(R)) + 64,01 (us () — €, jun(u @f, di)).

We first handle each term of the sum in the right. In view of Lemmas 3.4 and 3.9, we have for k > n

vVU,|?
Eo(us(s), Ag) = —Ce22% + /A % > E,(u*(al, di), Ad) — C(R)2™F — Ce227%,
k
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so we deduce that
—+00

D (Ee(ui(al, di), A) = Ec(us(s), A) < C.

k=ny

k#n
Next, we infer from the definition of 7 and [Jerrard and Spirn 2007, Theorem 3] that

/ e.(u.(s)) >mlloge| —C.
B(a?,ra)

Observe that R’ is chosen so that UB(a?, rq) C B(R’), so this leads to
E.(u(s), B(R") = mllloge| — C.
Using Proposition 3.7, we thus find
E.(u}(a],d;), B(R")) — Ec(u:(s), B(R")) < C. (5-6)

Finally, we define £0(s) := €, [0, (5)) — € v, i (a?, d;)). Since €, v,)(u.(t)) is nonincreasing,
(WPy) yields £2(s) < €. 10,1 (0) — .. (v, (i (@, d;)) < K1, and (5-5) follows. O

We can now apply Theorem 4.1 to each u, () on [0, T;]. This provides points b (s) € B (a?, ra/ 2) for
0<s <T,. Since ZS(S) < K, the estimate (4-2) turns into

. 2
/ e: (s () + & M—j(u*(a?,dﬂ) <C,

! ra 8 |uf‘(s)|

where Qg ., = B(R)\ U B(a?, rqa). Also, we have by (2-4) and (2-5)

/ eolus(s)) < C (5-7)
Qrt r,

and
lo e (D21, < C (5-8)
where C = C(R, ry4, K1). For convenience, we will now write u, instead of u,(u;).
Given any configuration (a;, d;), we denote by #(a;) the set of functions y, ¢ € %(R?) such that

l l
X:Z)Cia (/’:Z(ﬂi,
i=1 i=1

where for all i
3r, 1
Xia¢i€gb(B(aia 2 ))7 V¢l=v Xl' OnB(aiara)a

and y; (hence ¢;) is affine on B(a;, ;) with |V y;(a;)] = |Vei(a;)| < 1.
By definition of r, such functions y and ¢ always exist, and we can moreover estimate their L
norms by
[1D@lloos 1D lloe < —, D@ llocs 1D X lloo < —-
Fq r:
We next control the remainder terms appearing in Proposition 2.1.
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Lemma 5.2. There exists a constant C = C(ry, R, K1, T™) such that

// |Orute |? C
R2 Ilogel2 IlogSI

//(VL _ Gtug Vugds - C
x llog & ~ |loge|V/?

Proof. To prove the first inequality, we use Theorem 1.1 and obtain

and forall y,p € ?f(a?)

T,
|10g8| /O R2 |atug|2 - %8’[[]‘1](”2) - %g’[Ud](ug(Tg)) = Kl +%£,[Ud](u:(a?9 dl)) - %g,[Ud](Me(Ta))‘

Since n(u.(T,)) < n; we have by Lemma 3.5

ES * C
e qu W (@, di)) — € v, (U (T,)) < / e (ui(a), d;)) —/ e.(uy(T)) + e
B(R)) B(R))

which is bounded in view of (5-6). It then suffices to divide all terms by |log &].
For the second assertion, we set ¢ = V4 y — Vg, which has compact support in A = | J A;, where
A; = B(a? ,3rqa/2)\ B (a? , a), and we apply the Cauchy—Schwarz inequality. We obtain

T, , T,
([ oemon S ([ 52 ([ )
0o Jr2 [log &l r2 |log el 0o Ja

Since A C Q' ,, and sup T, < T*, we infer from (5-7) that

O<e<l

T: T:
/ /|wg|2|5|25||f||§,0/ /|VM6|2§CT*||5||§O,
0 A 0 A

and the conclusion finally follows from the first part of the proof. 0
Lemma 5.3. There exists T = T (ry, Ry, R, K1) > 0 such that

liminf 7T, > T.

e—0

Proof. We first show that for (y, ¢) € %(a?), fors,t€[0,T,]andi =1,...,] we have

| (i Tt (8) = Ty (5)) + 0, 1o(1) = 1o (5))| < Cle = s+ (5-9)

C
lloge|!/2

Indeed, we fix i and we invoke Proposition 2.1 for u = u, and the choice of test functions (y;, @;).
Integrating the formula in that proposition over [s, #] yields

|tis Jue(t) = Jug(s)) + 5pi, (1) — p(s))|

<2 [ ffmlorZ2)| [ ]

where 0% y; /672 has support in C; C Qg,,, and it finally suffices to use (5-8) and Lemma 5.2.

|6u, |2 Ot - Vi
i+ (Vi — Vi) ———L1,
|log ¢| |loge|
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I
In a second step, we take advantage of the equality ” Ju.(T,)—x Z did | = no. We set
i=1
BT —ad ’
Vie =di — 00> i=1,...,1
|bi'(Te) —4a; |
and we define y; ., ¢; . so that for x € B(a?, Ta),
Xi,e(x)zvi,e'X, (oi,s(x)zvi{_g'x'

We require additionally that y =" y; . and ¢ = >’ ¢; . belong to %(a?); we can moreover choose ¢; .
and y; . so that their norms in C?(B(R)) remain bounded uniformly in ¢. Since bi(T,) B(a? ,ra/2),
we have |d; ||bf (T,) —a? | = d; x (b5 (T,) — a?) + 6¢ (b (T;) — a}), so

= <7r idi (5bf(T£) — 5“?)’ )() +5<7T i(ébf(Tg) — 5%9)’ (ﬂ>.
i=1

i=1

1
H 7 D di(Og(r,) — 8,0
i=1

On the other hand, we have

I I I
H Ju(T;) —m Zdiéa? < H Jue(Ty) —m > didyer,) H + Hﬂ > diGir,) - 940)
i=1 i=1 i=1

The second term in the right-hand side may be rewritten as

1 l

(7 > i@y — 3, 1)+ 6{ D @recny = 00 ) = A+ B+C,
i=1 i=1

where

! !
A= <7T 2 didpe(1,) — Jug(Ty), X> +5<7T 2 Opiry) — te(Te), (0>
i= i=1

)

l
+5Hﬂs(T£) - z 5bf(Tc)
i=1

< C(H Jue(T;) — ;Zldiébf(n)
B = (Ju (T;) — Juz(0), )+ 6(uc(T;) — 1:(0), p),
C= <Ju2 —7 é:l did,0, )(>+5<,ug(ug) —7 é:l 9,05 (o>
)

In view of the bound provided by (5-9) for B, estimates (4-3)—(4-4) and the fact that Zg(s) < K for
0 <s < T, this implies

l
< C(HJMQ — 3 didy
i=1 !

+9]

1
e () = 3 9y

< C(elloge| + |loge| ™" + [loge| %) + CT,,

I
no = HJMS(Ta) -z Zdi5a?
i=1

and letting ¢ — 0 yields the conclusion. Lemma 5.3 is proved. O
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Conclusion of the proof of Theorem 5.1. We consider ¢, s € [0, T]. Arguing as in the proof of Lemma
5.3 (with T, and O replaced by ¢ and s), we find that for all y, ¢ belonging to %(a?),

l
> i1 BF ) — 2 GE )] + [ BE (1)) - qo(bf(S))]‘
i=1

! I
<C sup (”J’/te(r)_zdiébf(r) +5Hﬂe(f)—z5b;(z)
i=1 i=1

7€[0,T]

)

| (e 0 = T 9), )+ 0luae (0 = e 9), o)

which is bounded by o, (1) + c|t — 5| because of (4-3), (4-4) and (5-9). Considering successively y (x) =
e;-x and y(x) =e-x on each B(a?, rq), wWe obtain

b (1) — bi (s)] < clt — s[4+ 0:(1). (5-10)

Next, using that b} € B(a?, r,) and a standard diagonal argument, we may construct a sequence
(ex) — 0 and paths b; (¢) such that bf" (t) converges to b;(¢) for all t € QN [0, T]. We infer then from
(4-3)—(4-4) that the convergence statements (5-1)—(5-2) in Theorem 5.1 hold for these times. Moreover,
in view of (5-10) these paths are Lipschitz on [0, T] N @, so that they can be extended in a unique
way to Lipschitz paths (still denoted by b;(¢)) on the whole of [0, T]. We can finally establish that the
convergence (5-1)—(5-2) holds uniformly with respect to # € [0, T'] by again using (5-10) and (4-3)—(4-4).

Finally, we already know from (5-5) that the estimate (5-3) holds for the full family (u#;).<.,. To
show (5-4), we now recall the uniform bound €, [y, (u.()) —%gg[yd](uj(a?, d;)) < K1, and observe also
that Corollary 3.8 gives

€ wa (@), ) — &, i (i (1), di)) = W(al, di) = W(bi (1), di) < C,
since the b; are continuous and remain separated on [0, 7']. This yields the bound (5-4) and concludes
the proof of Theorem 5.1. O

As mentioned early in the proof of Theorem 5.1, the convergence of the initial data in (WP1) actually
holds on every large ball B(L), L =2" > R, so we find the same conclusions replacing R by L.

Lemma 5.4 [Bethuel et al. 2008, Lemma 7.3]. There exists a subsequence, still denoted by ¢y, such that
forall L > 2",

— 0, k — +o0.

= sup HjugA t)—nx Zd Ob: (1)

[0,7] Wy (B(L))*

For t € [0, T'] and sufficiently large k € N, we may therefore apply Theorem 4.1 to u,, (t) with respect
to the configuration (b; (t), d;) and with the choice Ry = L = 2" for each n > n|. We are led to introduce
the excess energy at time ¢ with respect to the configuration (b; (¢), d;) by

2o ()= %&'k,Ud (MSk () — %gkaUd (u:k (bi (1), dp)),

which is uniformly bounded on [0, T'] in view of (5-4). Letting first k, then n tend to 400, we can get
rid of the dependence on R in (4-2).
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Lemma 5.5. Forallr <r,/2 and K > 2", we have for sufficiently large k and t, t;, t, € [0, T']

1] (g (1)) ?

1
<3 ) +Clew, mi, —).
8 |u8k(t)| = k( )+ (Sk Nk K)

ee, (lue, (1) + — jW* (i (1), d;))

/B(K)\UB(bi ().r)

Therefore, we have as k — 400

2 th
<lim sup/ g (1),
1

k— 400

15 .
. 1 ](ua )(t -
hmsup/ / e (g, (D]) + 3 J i) (1) — JW*(bi (1), d;))
k—-+oo Ju JBK)\UB®G:(1),r) g, (1)]

Thus, the distance between u,, () and u*(b; (t), d;) can be asymptotically controlled by lim sup X, (¢).
We now define the trajectory set
T={@bi(1), 1€[0,T], i=1,....1}
and its complement
G=10,T] x R*\ 7.

Thanks to the uniform bounds in L2 (%) provided by Lemma 5.5, we establish:

loc

Proposition 5.6. There exists a subsequence, still denoted ey, such that

(e :

L) (), )
|ty |

weakly in LIZOC(CQ) as k — +o0.

Proof. Let B be any bounded subset of R2. According to Lemma 5.4,

!
curl(j(ug,)) =2Ju,, — 2x Zdia‘b,.(.) = curl(j (u*(b:(+),d;))) inD'([0,T]x B). (5-11)

i=1
At the same time, we have
div(j (ug)) = 0=div(j w*(bi(-).d;))) in D' ([0, T]x B). (5-12)
Indeed, since u,, solves (CGL)., we obtain by considering the exterior product
keythe, X Othey, + gy - Oy, = Ug, X Aty = div(j(ug,)),

so we are led to

o L d (lug?—1
le(] (ué‘k)) = kskusk X atugk + Egk_ - |- (5‘13)
dt Ek
Now, applying Lemma 3.5 to u,,, we find
sup Eg, (uy (2), B) <ml|loge|+ 2 (t) + C < rml|loger| + C, (5-14)

[0,77]

where the second inequality is itself a consequence of (5-4). This implies that |u,, | — 1 in L?([0, T] x B).
Moreover, we infer that the second term on the right-hand side of (5-13) converges to zero in the distri-
bution sense on [0, 7] x B. For the first one, it suffices to use the Cauchy—Schwarz inequality combined

with the L? bound provided by Lemma 5.2 and the already mentioned uniform bounds of |u,,| in L120c~



176 EVELYNE MIOT

We then infer from Lemma 5.4 and (5-14) that j (u,,) is uniformly bounded in L? ([0, T] x R?) for

loc
all p < 2. This is a consequence of, for example, [Colliander and Jerrard 1999, Theorem 3.2.1 and

subsequent remarks]. We deduce from (5-11) and (5-12) that up to a subsequence, we have
Jlug) — j1=j@*®i(-),d))+H (5-15)
weakly in L? ([0, T] x R?), where H is harmonic in x on [0, T] x R.

loc

On the other hand, it follows from the first part of Lemma 5.5 that there exists j, such that, taking

subsequences if necessary, j(uz,)/|us | — j» weakly in leoc((g).

Taking into account the strong convergence |u, | — 1 in L%OC([O, T]x [Riz), we obtain j; = j, € leoc ).

The second part of Lemma 5.5 combined with (5-15) then yields

J(ueg) _
|uak|

J ™ (bi, d;)) =CT,

L120C ((g)

H ;2 < liminf
1Hll13 ) < limint

where C depends only on K, R, and ry, so finally || H |12, 71xr2) < CT. Since H is harmonic in x, we
find that H (¢, - ) is bounded on R? for almost every ¢ and therefore is identically zero. We end up with
ji=Jj2=jw*b;(-),d;)) in 4, and the conclusion follows. OJ

6. Proof of Theorem 1.3

Let {;(¢)} be the [ Lipschitz paths on [0, T'] provided by Theorem 5.1, and {a;(¢)} the unique maximal
solution defined on I = [0, T*) to (1-5) with initial conditions aio. Our aim is to show that a; () = b; (¢)
on /. We prove this first on [0, 7']. By Rademacher’s Theorem, the time derivatives b; () exist and are
bounded almost everywhere on [0, T]. Without loss of generality, we may assume 7 < T*, so

lai ()| < C, |bi(r)| <C  ae.on|0,T]. (6-1)

Moreover, we may assume, possibly after decreasing T, that |a; (1) — b; ()| < r,/2 for all i. Hence, the
trajectories a; (t) remain in B(a?, rq) on [0, T]. We introduce

I ; I
h(t) = Z/O i (s) = bi()]ds, o) =D |ai@®) = bi(1)].
i=1 i=1

Then £ is Lipschitz on [0, T'] and for almost every ¢ € [0, T] we have h'(r) = Zé:l |di (r)— bi (t)\. Note
that since o is absolutely continuous and ¢ (0) = 0, we have for all ¢ € [0, T']

t
a(t) :/ o'(s)ds < h(t).
0
Therefore it suffices to show that 4 is identically zero on [0, T']. This will be done by means of Gronwall’s
Lemma.
Lemma 6.1. Forallty,t,t € [0, T], we have
t 4]
limsup 2., (t) < Ch(t) and lim sup/ X (s)ds < C/ h(s)ds,
k— 400 k—+4o00 J1 t

where C only depends on r,, Ky, and R,,.
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Proof. For t € [0, T], we decompose Z,, () as

Eek (t) = %Sk,[Ud](usk (t)) - %gk,[Ud](ugk) + Zé‘k (0) + %Sk,[Ud](u:k (Cl?, dl)) - %Sk,[Ud](M:k (bl (t)v dl))

Appealing to Corollary 3.8 and Theorem 1.1, we obtain

t 2
Zsk(t) = —5/(; /R2 |atu8k| + Z{;k(O) + W(alo, d;) — W(b,‘(l‘), d;) +08k(1)'

[log & |

Using that W is Lipschitz away from zero, we estimate the difference on the right by

W), d))— W(bi(t), di) = W(a), di) — W(ai(t), di) + W(a; (1), d;) — W(bi (t), d;)

t l
—/ > ai(s) - Vo, W(s)ds +Co (1),
0 =1
Since the a; solve the Cauchy problem (1-5), an explicit computation gives

0
i (s) - Vo, W(s) = —Cid; |V, WI* = =07 |a; ()%,
T

SO

t ! t
0
zgk<r)5zgk(0>+5n/ S |ai(s)|2ds—5// 9015 0 (1) 4 00,1,
0= 0 Jre |log &kl

For the energy dissipation on the right-hand side, we need a lower bound as ¢, tends to zero. In view of
the convergence of the Jacobians (5-1) and the upper bound for the energy

sup Eek(usk(t)a B(R/)) =< nlllog ekl +C
t€l0,T]

stated in (5-14), Proposition 3 in [Jerrard 1999] (see also Corollary 7 in [Sandier and Serfaty 2004])
provides the lower mobility bound

.. |atu€k| /
1 f E -2
klin—&go/ /Rz |10g 8k| |b (t)| ds. (6 )

Now, thanks to (6-1), we have

1 t ) t
> [ (a6 -16:6)7) = ¢ X [ i) = buto)] ds = che
i=1 i=l
whereas X, (0) — 0 by assumption; hence we get

limsup X, (t) < C (o (t) + h(1)).

k——+o00
Applying Fatou’s Lemma in (6-2) yields the corresponding integral version as well. We conclude by
using that ¢ < h. O

As suggested in the introduction, the map u*(a; (¢), d;) solves the evolution formula provided by Propo-
sition 2.1 in the asymptotic limit where ¢ — 0.
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Lemma 6.2. Fort €[0,T]and y,¢ € %(a?),

[

d a2
T ;[dix(ai (1)) + g (ai(1))] = 2 /R Im (w(u*(a,- ), di))a—;zf).
Proof. We use the following formula, proved in [Bethuel et al. 2005] and valid for any configuration
(a;, d;) and any test function y that is affine near the point vortices:

. 0% x (ai(1) —a; ()"
—z/Rzlm(a)(u (ai(t),di))a—zz) —2r de POETOE -V (a;i(1)).

We also compute

d ) l l
— Z [di x (@) +0p(a)] =D [diVx (@) -ai(t) +6Vp(al)-a;i ()] = D diV x (@) (a; (1) —odidi- (1)),
i=1 i=l1

i=1

.

where the second equality follows from the relation V¢ (a?) =Viy (a?). Next, we deduce from (1-5)
7 (ai(t) — odia;i- (1)) = —C; (1 +0°dH)Vy W = d; Vg W

and we obtain

I
d —aj)t
7 > ldix(a) +p(a] Z Vi(a)-VaW=—=2z > d, dj_—’|2 Vi (a),
i=1 i#j
which yields the conclusion. O

Lemma 6.3. Set A = Ule B(a?, 2ry) \ B(a?, rq) and let ty, 1, € [0, T]. Forall p € B(A), we have

lim sup
k—+00

15}
<Cloll [ hG)ds.

141

/ ’ /A [ (12, (5)) — 0 (Bi ), )]

Proof. We apply the pointwise equality (2-4) to u = u, (1) and u* = u*(b;(7), d;) for all 7. Since
lu*(bi (1), d;)| = 1, this gives

2

o) o)=Y (ak,lazlulaklul +bk,1[jk(u) s jk(u*)jz(u*)]),

] lul - ful

where ay 1, by € C. We rewrite the terms involving the components of j as

Je@) ji(u) )i )_(Jk(”) I )) (Jl() jz(u*))

|l ul |ue]

e )((—l) - j,(u*>) + jl(u*)(% - jkw*)).
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We multiply the previous equality by ¢, integrate on [#1, #,] X A and let £ go to +00. Using the weak
convergence in L2 of j(ug,)/|ug,| to j(u*(b;i(.),d;)) on [0, T] x A C G, we deduce that

lim sup
k— 400

/ 2 /A [w(ugk(s))—w(u*(bxs),di))]w‘
n 2
<C||<o||oohmiup//(|w S+ ’|( “') Jj(u*(bi, d; )

The conclusion finally follows from Lemmas 5.5 and 6.1. O

We are now in a position to complete the proof of Theorem 1.3. We consider arbitrary y, ¢ belonging
to %(a?), we fix 0 <s <t < T and we integrate the evolution formula given by Proposition 2.1 on [s, ¢].

We obtain
t d t t
|5 [uarss [ wa@o= [ do+ [ g,
s T JR? R2 s s

011, %y
g;(f):—é/ t#—i_RSk(Ta X9, ué‘k)a glz(r):_z Im w(uak(T))Tz .
R R2 0z

2 |logak|2

where

We decompose the latter as
=2 [ m([ot) - o6 an] 54 ) -2 [ (o e - o6 @.an) 55
2
— 2/Rz Im(w(u*(ai, di))%) = Ar(t) + Br(z) + Ci (7).

We next substitute the expression given in Lemma 6.2 for Cy in the previous equalities. Setting

!
Jez0(7) = /R Jug (D) +0 /R s (D)p =7 Y Jdiy(@i(D)) +dp(ai (1)),
i=1

t ' t
fk,)(,(p(t)_fk,){,(p(s)=/ g}i+/ Ak+/ By.

Lemma 5.2 with 7, = T first gives |f: gé(r)df\ < Cllog ex|~1/? for all k. Moreover, it follows from
Lemma 6.3 and inclusion supp 62y /87%> C A that

‘[Auﬂm

Finally, the regularity of w(u*) away from the vortices gives

we obtain

lim sup
k—+00

5czﬁum1

[ |Br(z)|dt < C/ta(r)dr < C/th(r)dr.
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Letting k go to +00, we deduce from the convergence statements in Theorem 5.1 that for 0 <s <¢ < T,

o = frp@) < C / h(e)de, (6-3)

where the constant C depends only on y, ¢ and the initial conditions, and f, , is defined by

I
Fro=1 > [di(x (i) — x(@)) +(pbi) — p(a)].
i=1

We now fix a time ¢ € [0, T'] at which all the vortices b; have a time derivative. Since the a; are C!,
it follows that f, , is differentiable at  with time derivative given by

!
frp®= Z iV (@) + 0V y (@) - (bi(1) — @i (0).
Dividing by ¢ — s in (6-3) and letting s — ¢ then gives

l
7 D (diVx(a))+0Vtyx(a))) - (bi(t) — i (1)) | < Ch(),

i=1

So, considering in particular y, ¢ € %(a?) such that y and ¢ vanish near each point a? except for one,
we obtain foralli =1, ...,/

7 (&Y 2 @) + 0V g @) - (bi(0) — s (1)) | = C ho).

Choosing then successively y(x) = x; and y(x) = x; near a? we end up with |b; (t) — a; (t)| < Ch(r),
and it follows by summation that 4’(z) < Ch(t) for a.e. t € [0, T']. Since i(0) = 0, this implies that 7 =0
on [0, T], and hence ¢ = 0 on [0, T]. Applying Lemma 6.1, we infer that limsup, , ., X, (t) < 0.
Besides, Lemma 3.5 yields for all L > 2™

C C
liminf 2., () > lim 1nf/ [egk (ue, (1)) — ez, (uy, (@i (1), di))] -7 >——
B(L)

k—> 400 k——4-00 L’

where the second inequality follows from the convergence of Jacobians on B(L) stated in Lemma 5.4; see
[Jerrard and Spirn 2007; Lin and Xin 1999]. Letting L tend to +00, we obtain liminf;_, y o Z,, (1) >0,
so we deduce from (5-3) that (u, (¢))ken is well-prepared with respect to the configuration (a;(¢), d;).
By the uniqueness of the limit, this holds for the full family (u,(¢))g<z<1 on [0, T'].

In conclusion, we observe that in our definition 7 only depends on K, r, and max(R, R,+r,), so we
can extend our results to the whole of [0, T*) by repeating the previous arguments.

Appendix: The Cauchy problem for (CGL),

We present here the proof of Theorem 1.1. We omit the dependence on ¢ and rewrite (1-2) in the form

{@w = (a+ib)(Aw + fy,(w)),

w(0) = wy € H'(R?), (c6L)
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where a is positive, b is real and
fuy(w) = AUy + (Uo +w)(1 = [Up + wl?).

We denote by S = S(z, x) the semigroup operator associated to the corresponding homogeneous linear
equation. Every solution w € C 0([O, T], H! ([R{Z)) to (CGL) satisfies the Duhamel formula

w(t,-):S(t,-)*wo+/ S(t—s,-)*xgy,(w(s),-)ds, sel0,T],
0

where gy, = (a +ib) fy,. The kernel S is explicitly given by

~ P
SO0 = @ tiby eX13(4(61 n ib)t)‘

Since a is positive, S decays at infinity like the standard heat kernel; therefore (CGL) enjoys the same
smoothing properties as the parabolic Ginzburg—Landau equation. In particular, we have for all > 0
and forall 1 <r <400

Ca,b
HS(t’ ')HL;'(RZ) = tl——l/r (A_l)
and concerning the space derivatives of S(z),
C
k a,b
|DS(,-) L@y = SR +I—1/r " (A-2)

We will often use Young’s inequality, which states that, if 1+ % = % + é and f € L?(R?), g € L1(R?),

then
If*gllor@wey < 1 f lr@wey 181l a2
We first state a local well-posedness result for (CGL).

Proposition A.4. Let wg € H'(R?). There exists a positive time T* depending on |\wo|| 1 and a unique
solution w € C°([0, T*), H'(R?)) to (CGL).

Proof. We intend to apply the fixed point theorem to the map y : w € H'(R?) — y (w), where

t
w(w)() = S(t) * wo —I—/ St —s)* gy, (w(s))ds.
0
To this aim, we introduce R = ||wol| ;1 g2y and for T > 0
B(T,R)={w e L®([0,T], H'(R?) : |wll =@y < 2Cap + DR},

where C, 5 is the constant appearing in (A-1)—(A-2). We next show that we can choose T = T (R) so
that w maps B(T (R), R) into itself and is a contraction on this ball.
For T > 0, we let w € B(T, R) and expand fy,(w). Using that H'(R?) is continuously embedded in

LP(R?) for all 2 < p < 400 and that U belongs to V', it can be shown that
|| fU() || LOO([O,T],LZ) S C(UOa R) (A_3)

(see [Bethuel and Smets 2007, Lemma 1]), and that for w;, wy € B(T, R)

Il fuo(w1) — fuy (W2l oo, 71,22) < CWo, R) w1 — w2l Lo, 71,11 (A-4)
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We next apply Young’s inequality to obtain

ly @)Dl < Iy (@) (O]l 2 + IV (@)D 12

t
<2IS@ N L1 llwoll a1 +/ 1St =)+ VS@E —$)lLillgu, ()l 2 ds
0

t
<2Cu pllwolly +C /0 (14t = 5)) g () 112 ds.

where the last inequality is a consequence of (A-1) and (A-2) with the choice » = 1. This yields, by
(A-3) and (A-4),

sup [y (w)(O)|l g1 < 2Capllwoll g1 + C(Uo, R)(T +T)
te[0,T]

and similarly,

sup [ly (w1)(®) — w (W) (Ol g1 < C'Uo, AT +~NT) sup [lwi(£) — wa(t) | g1
t€l0,T] 1€[0,T]

The conclusion follows by choosing T = T'(R) sufficiently small so that C(Uy, R)(T ++/T) < R and
C'(Uo, R)(T +~/T) < 1. O
We next show additional regularity for a solution to (CGL).
Lemma A.5. Let w € CO([O, T1, HI(RZ)) be a solution to (CGL). Then w belongs to
Lio. (10, T1, H*(R*)) N C°((0, T1, H*(R?)),
and therefore to Llloc([O, T], L“(Rz)).

Proof. We first differentiate fy,(w) and use [Bethuel and Smets 2007, Lemma 2] which states by means
of various Sobolev embeddings, Holder and Gagliardo—Nirenberg inequalities that

01 fuy(w) = g1(w) + g2(w) € L¥([0, T1, L*(R%)) + L2([0, T1, L' (R?))
forall 1 <r < 2. Moreover, we have supse[O,T](||g1(w)(s)||Lz(Rz)+ ||g2(w)(s)||Lr(Rz)) <C(Uy, A(T),r),

where A(T) = SUP,e(0.77] [[w(s)]| H1(®2)- Next, differentiating twice, Duhamel’s formula gives

t
8ijw(t):ajS(Z)*aiU)0+/ ajS(t—S)*al’fUO(S)dS,
0

so taking into account the decomposition ¢; fy, = g1 + g2 we get

t t
16w @)z < IVS@ N L1 I Vwoll 2 +/O IVSE—$)lltligi(s)llz2 ds +/0 IVS(E—9)lLallg2(s) Mz ds,

where « is chosen so that 1 + % = é + % This finally yields, in view of (A-2),

4 1 1 1
16;jw (@)l 2 < Ct™ 2 lwoll g1 + C(Uo, A(T), r)/ (t—5)"2+@—s5)"2""Ta) ds.
0

1 1 |

Since % +1— =< 1, the right-hand side is finite, so ¢;jw € L} ([0, T1, L*(R?)). O
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Lemma A.5 enables us to show that the renormalized energy is nonincreasing and hence to control
lw ()]l g1 m2)- For (CGL), this energy is given by

Vw|? 1 —|Uy + w]?)?
EUO(u))(t):/I '—/ AUo-w+/( Vot wl)”
R2 2 R2 R2 4

It is well-defined and continuous in time for w € CO(H!(R?)).

Lemma A.6. Let w € CO([O, T), H! (IRZ)) be a solution to (CGL). Then for all t € (0, T) we have

%EUO(U))(” =< 0.

Moreover, there exists Cy,.,, depending only on Uy and ||wol| g1 such that
lw@) | g1 < Cuy.w, €Xp(Cuy.wt) forallt €[0,T). (A-5)

Proof. We infer from (CGL) and Lemma A.5 that d,w belongs to Lf(fc((O, T1, LZ([Rz)), SO we can
compute

d
L () = /

dt R

- : __ (- -4 2
= /RZ orw (Aw+fUO(w))— /[RZ Orw (a-i—ibatw) T 21 /[RQ [0;w]” < 0.

We now turn to (A-5). We compute, for ¢ € (0, T),

Vw-Vé,w— AUy - 8w — 8w - (Ug + w)(1 — |Up + w]?)
2

1d
30O ey = [ weow= [ wl@+ibyswi+ [ w-la+ i) w)
t R2 R2 R2

:—a/Rz|Vw|2+/sz-(a—|—ib)AUo+/sz-[(a+ib)(Uo—|—w)(1—|Uo+w|2)].

We then split the last term in the previous equality as

/w-[(a—l—ib)(Uo—l—w)(l—|Uo—|—u)|2)]:/ w-[(a—Hb)UO(l—|Uo+w|2)]+a/ lw]*(1—|Uy+wl|?).
R2 R2 R2

2

The last term on the right is clearly bounded by a||w(?)|| L2®)"

for the first term, we obtain

Using the Cauchy—Schwarz inequality

[+ )W+ )1 = U+ wP)] = COM®lV )+ alw) -,
where V (t) = fRZ(l — |Ug + w(t)|?)?. We are led to
d
OOy = CW (0O + 14V 0). (A6)

On the other hand, Cauchy—Schwarz inequality gives

Vw|
2

V(1)

2
dx — C(Up)lw(t)|l 2+ R

Euy()0)= [
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which yields, since Ey,(w) is nonincreasing,

4 2
We infer from (A-6) and (A-7)

1% Vw|?
ﬁ+/Rz' O Ey (o) + C (U0 (@) 2. (A7)

lw@®llz2 = (A + llwoll 1) exp(Cr)
and finally deduce (A-5) by using (A-7) once more. Il
Lemma A.6 provides global well-posedness for (CGL).

Proposition A.7. Let wo € H'(R?). Then there exists a unique and global solution w € C° ([RL., H! (Rz))
to (CGL).

Proof. Let w € C°([0, T*), H'(R?)) be the unique maximal solution with initial condition wq. If 7* is
finite, we have according to (A-5)

lim sup ||w(t)||Hl(R2) = C(UO’ T*a U)()) < +OO,
t—T*
so that we can extend w to a solution w on [0, T* 4] for some positive J. This yields a contradiction. [
We conclude this section with the following
Proposition A.8. Ler w € C° (R+, H' ([Rz)) be the solution to (CGL). Then w € C*® (R*Jr, COO([RZ)).

Proof. Step 1. Let p > 2 and v € HP(R?). We show that D* fy, (v) € L?(R?) + L*/3(R?) for all |k| < p.
We may assume in view of the proof of Lemma A.5 that |k| > 2. We decompose fi,(v) as fy,(v) =
AUy + hy,(v), where
hyy(©) = Up +0)(1 = [Uo + o).
Since Uy € ¥, it suffices to show that D¥hy, (v) € L*(R?) + L*3(R?). Applying Leibniz’s formula to
hy,(v), we obtain

Drhy, ) =D (5) D" (Uo +0)D™ (1 = [Up+ 0

m<k
= DF(Uo+0)— D () (2) D" (Uo +v)D" (U +0) - D™ " (Up +v).
m<k

Since 2 < |k| < p, v € HP(R?) and Uy € ¥, we clearly have D¥(Uy +v) € L*(R?).
For the second term in the right-hand side, we write each product inside the sum as

D*(Uy +v) D" (Up +0) - D(Uy +v)

with |a| 4 |b| + |c| = |k| > 2, and we examine all cases. We observe that D (v + Up) belongs to H!(R?)
whenever 1 < |a| < p— 1 and hence to L*(R?), whereas D*(v + Uy) belongs to L?(R?) for 2 < |a| < p.
Since U + v € L, we finally obtain

DUy +0)DP Uy +v) - D(Up +0) € L*(R*) + L**(R?),

which yields the conclusion.
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Step 2: regularity in space for a solution to (CGL). Let w € C° ([RQ+, H 1(IR%Z)) be the solution to (CGL).

We show that w € CO(R* , H?(R?)) for all p > 1.
We proceed by induction on p. The case p =2 has already been treated in Lemma A.5, so we assume

w € CO(R%, HP(R?)) for some p > 2. For |k| < p + 1, we differentiate w(r) and we find

D*w(t) = D¥(S(1) * wo) + D* /l S(t —5) * gy, (s) ds
0

which we rewrite as

t

t/2
D*w(r) = D*S(t) * wy —i—/ (D*S(r —5)) * gy, (s) ds —I—/ D"S(t —s) % Dk_mgUO(s) ds,
0 1/2

where m is a multiindex such that [m| = 1.
It follows from (A-2) that 1 — D*S(1)*wo € CO(R% , L*(R?)). Next, arguing that gy,€ C° (R4, L*(R?))
and using (A-2) with r = 1, we find

<C < ‘
[ /0 (t —s)kl/2 = ¢(kl/2)-1

Also, since [k—m| = |k|—1< p and w(s) € H? (R?) by assumption, Step 1 provides the decomposition

%)
H/ (DkS(t —5)) * gy, (s)ds
0

D Mgy, (s) = d'(s) +d>(s),

where d'! belongs to CO(R*, L?(R?)) and d* to C°(R%, L*3(R?)). It follows from (A-2) that

t t
H //ZDmS(t—s)*D"—mgUO(s)ds E / (VS =)l 1d ()2 + 1V S — )1 Id2(5)l] o) ds
t L t/2

<co) [ (=92 +G—s)2 ) s,
12

where r satisfies 1 + % = } + %. The last term is finite since % +1- % =3 < 1, so we infer that

a
w e CO(R:, HPT1(R?)), as we wanted.

Step 3. Let w € C(Ry, H'(R?)) be the solution to (CGL). We show that w € C*(R?, C'(R?)) for all
k,l eN.

Fix k,! € N. we show by induction on 0 < j < k that w € C/(R*, C'*?*=2/(R?)). This holds for
j =0 according to Step 2 and since H” is embedded in C!*2* for large enough p. We next assume that
weCl (Ri, CH2=2j (IRZ)) for some 0 < j <k — 1, and it follows that

Aw, fy,(w) € C/ (R, C'T*212(R?)).
Going back to Equation (CGL), we obtain
w e CIT! (Ri» Cl+2k—2j—2(R2))‘

This concludes the proof of Proposition A.8. g
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