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LOCAL WKB CONSTRUCTION FOR WITTEN LAPLACIANS ON MANIFOLDS
WITH BOUNDARY

DORIAN LE PEUTREC

WKB p-forms are constructed as approximate solutions to boundary value problems associated with
semiclassical Witten Laplacians. Naturally distorted Neumann or Dirichlet boundary conditions are
considered.

1. Introduction
Motivation. In order to compute accurately the small eigenvalues, that is, of order 0(e~€/") with C >0,
of a self-adjoint Witten Laplacian acting on 0-forms,

(0)
Afh =

as the small parameter /# > 0 tends to 0, we need Wentzel-Kramers—Brillouin (WKB) approximations of

—I*A+|Vf(x)]? —hAf(x),

the 1-eigenforms associated with the small eigenvalues of A} ;)l, the self-adjoint Witten Laplacian acting
on 1-forms. The function f is assumed to be a Morse function on some bounded domain Q with or
without boundary.

In [Helffer et al. 2004], which improves the previous works [Bovier et al. 2004; 2005] done in a
probabilistic point of view, the authors compute accurately the small eigenvalues of A}?})l in the case of a
manifold without boundary. In this case, the WKB approximations of 1-eigenforms are the one provided
in the work by Helffer and Sjostrand [1985], where the analysis is done for general p-forms.

In the case without boundary, it is moreover well known, since the article by Witten [1982], that the
dimension of the spectral subspace associated with the small eigenvalues (i.e., smaller than /) of A](f;l) ,
the self-adjoint Witten Laplacian acting on p-forms, is m,(f'), the number of critical points of f* with
index p. Furthermore, the corresponding eigenvectors are concentrated around these critical points (see
also [Helffer and Sjostrand 1985; Helffer et al. 2004; Helffer 1988]).

According to [Chang and Liu 1995; Helffer and Nier 2006; Koldan et al. 2009; Le Peutrec 2008], in the
case of a compact manifold with boundary, these last statements require the introduction of generallzed
critical points of f with index p (see Definition 2.6). For a self-adjoint Witten Laplacian N% Th ) with
Neumann or Dirichlet type boundary conditions, AP Fh (P) admits m p(f) eigenvalues, where m,( f) is the
number of generalized critical points of f with index p. Moreover, the corresponding p-eigenforms
are concentrated around these generalized critical points, which can belong to the boundary. The proper
definition of generalized critical point of f relies on the additional assumption that f* has no critical point
on the boundary 02 and that f|yq is also a Morse function (see Assumption 2.5). This definition is
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different for Neumann or Dirichlet type boundary conditions, but, in both cases, the interior generalized
critical points of f with index p are the usual critical points with index p (see again Definition 2.6).

Hence, in the case of a manifold with boundary, some WKB approximations of 1-eigenforms have
to be constructed near some generalized critical points which lie on the boundary. This was done in
[Helffer and Nier 2006] for Dirichlet type boundary conditions. Nevertheless, the construction there
relies on some specific trick which cannot be extended to the construction of local WKB 1-forms in the
Neumann case. In order to treat this last case (see [Le Peutrec 2008]), a finer treatment of the three
geometries involved in the boundary problem (boundary, metric, Morse function) is carried out.

It happens that the Neumann case for 1-forms contains all the technical obstructions for a general
WKB ansatz for p-eigenforms. Moreover, this construction can be extended to the Dirichlet case, for
general p-forms, using “dual” computations.

Therefore we show in this paper how to construct local WKB p-forms localized near the boundary in
both Neumann and Dirichlet cases. However, only the construction of local WKB p-forms is considered
here and the comparison with the corresponding p-eigenforms has only be treated in the case p = 1, in
[Helffer and Nier 2006; Le Peutrec 2008].

Main results. Before enunciating our results, let us introduce some notation used in their statements.
We refer in particular the reader to Definition 2.3 and connected material behind.

The operators n and ¢ denote the normal and tangential components, and j* the canonical pull-back
associated with the embedding j : 9Q — Q. They are defined in the next section.

The function @ is the degenerate Agmon distance to the generalized critical point U associated with
the function f. This is the only nonnegative solution to |V®|? = |V f|? around U (Sections 4A and 4D).

Recall also that for a p-form by, the notation by, = O(h°°) means that, for each N in N, we have
by, = O(hN) in the sense that ||by|| < Cyh™N for some Cy > 0. Here ||-|| is the L2-norm over the
p-forms inherited from the Riemannian structure.

Lastly, for 4 € £(T}Q), x € Q (T} Q denoting the cotangential space at x), and a p-form w; A- - “Awp,
AP (g A=A wp)(x) denotes the following p-form (see also Definition B.1):

(Awi A= ANwp) + -+ + (W1 A+ N Awp).

Theorem 1.1 (Neumann case). Let U be a generalized critical point of f with index p on the boundary,
for Neumann type boundary conditions. There exists locally, in a neighborhood of U, a €*° solution

uWKB to
p
AP = =@ o), (-1
nuy)*® =0 ondQ, (1-2)
ndgpu)*® =0 ondQ, (1-3)
where u;VKB has the form
MZVKB _ ahe_q)/h,

with ap, ~ 3 a*h*, a®(U) = ta®(U) # 0, and

k
a®(U) € Ker(2(Hess(f |ae) (U)j*)® —Tr(Hess(f |aq — @lag)(U))).
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When restricted to tangential p-forms, 2(Hess(f]3q)(U)j*)®) — Tr(Hess(f |sq — Plsq)(U)) has a
one-dimensional kernel. The tangential form a° is then unique up to multiplication by a constant.

Theorem 1.2 (Dirichlet case). Let U be a generalized critical point of f with index p on the boundary,
for Dirichlet type boundary conditions. There exists locally, in a neighborhood of U, a €°° solution

wWEKB 1
p
APIYVKE = o=/ R (h>0) (1-4)
tuy B =0 o0n 09 (1-5)
tdf*thVKB =00n0Q, (1-6)
where u;VKB has the form
MZVKB — ape= %",

with ap, ~ Y akh¥*, a®(U) = na®(U) # 0, and
a®(U) € Ker(2(Hess(f |3@)(U)j*) P — Tr(Hess(f lan — @lan) (U))).

When restricted to normal p-forms, 2(Hess(f |3)(U) j*)®) — Tr(Hess( f |sq — ®|ag)(U)) has a one-
dimensional kernel. The normal form a® is then unique up to multiplication by a constant.

Remark 1.3. When B € £(T}9Q), x € 3Q, note that Bj* = Bj*t € L(TFQ; T}0Q) C L(TFQ) and
(Bj*)P) £ (B)(P) j* For example, if 7i is the outgoing normal at the boundary and 7* its dual for the
Riemannian scalar product, then for w A 71* with w = tw,

(Bj*)P(w Aii*) = (Bj*)P Vo) nii* (= (BPD(j*w)) Aii*).

To prove these results and make some explicit computations, we are going to work in local coordinates.
To carry out properly the analysis, we need to choose suitably these local coordinates with respect to the
geometry of the problem. Some “adapted coordinates” will then be defined in Section 3A. They will be
more finely specified in Sections 4A and 4D; see (4-6) and (4-30). The last statements of Theorems 1.1
and 1.2 simply specify the polarization of a®(U) which is imposed, while solving degenerate transport
equations (see Sections 4C and 4F). Again, this is more explicit later, choosing the suitable coordinate
system. In particular, with the coordinate formulation, the fact that a®(U) lies in a given one-dimensional
space appears clearly in (4-25) after Proposition 4.1 for the Neumann case and in (4-49) after Proposition
4.4 for the Dirichlet case. These theorems are respectively proved in Sections 4C and 4F.

When the metric is Euclidean, g = Y 7, (dx")?, the manifold Q is locally R” = R"~! x (—o0, 0),
the boundary 92 is locally 02 = {x" = 0}, and the function f is of the form

) = =x" = leh? = = 3 AP o 3Rt [P o S A 712
in the Neumann case, or
J@) = 42" = 3| (cD? = = 312 [P + 3 A [P T2 + 3 A [(x" )

in the Dirichlet case, the “adapted coordinates” are simply (x!,...,x™). The general case is more
involved because the three geometries of the boundary, of the metric (curvature), and of the level sets of
the function f do not match.
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Our goal consists in reducing the analysis to a problem on the boundary, hence to a problem in a
manifold without boundary. Once this is done, we will be able to apply the results of [Helffer and
Sjostrand 1985], obtained in the case of a manifold without boundary, to this reduced problem.

2. Generalities about Witten Laplacians

On both manifolds with or without boundary. Let  be a €® connected compact oriented Riemannian
manifold with dimension n € N*. We will denote by g¢ the given Riemannian metric on Q; Q and 92
will denote respectively its interior and its boundary.

The cotangent and tangent bundles on 2 are denoted by 7*Q and T2, respectively, and the cor-
responding exterior fiber bundles by AT*Q = @) _(APT*Q and ATQ = @,_(APTQ. The fiber
bundles AT 92 = @Z;})APT(‘)Q and AT*0Q2 = @;;tAP T*9S2 are defined similarly. The space of
€, 65°, L2, HS, etc. sections in any of these fiber bundles, E, on O = Q or O = 92, will be denoted
respectively by €°°(0; E), €5°(0: E), L?*(O;E), HS(O; E), etc.

When no confusion is possible we will simply use the short notation A?%6>, AP%63°, APL? and
APHS for E=APT*Q or E = APT*0Q.

Note that the L? spaces are those associated with the unit volume form for the Riemannian structure
on £ or 92 (2 and 02 are oriented).

The notation €*°(Q2; E) is used for the set of € sections up to the boundary.

Let d be the exterior differential on €3°(2; AT*),

dP) :€P(QAPT*Q) - € (Q APTIT*Q),

and d* its formal adjoint with respect to the L?-scalar product inherited from the Riemannian structure,
dP* @ (Q APTIT*Q) - € (Q APT*Q).

Remark 2.1. Note that d and d* are both well defined on € (Q; AT*Q).

For a function f € €®°(2;R) and & > 0, we introduce distorted operators defined on € (Q; AT*Q):

dep = e~ S/ h (hd) PRAC | d}:h — oS/ R (hd*) e~ /R

The Witten Laplacian is the differential operator defined on €*°(Q; AT*Q) by
App=dipdsn +dady, =(df,h+d;jh)2. (2-1)
The last equality follows from the property dd = d*d* = 0 which implies
drpdrp :d}:hd}'jh = 0. (2-2)
This means, by restriction to the p-forms in €%°(Q2; AP T*Q), that

(») (»).* ;(p) (p—1) ;(p—1),*

We next give some uselful relations involving exterior and interior products (denoted respectively by
A and i), gradients (denoted by V) and Lie derivatives (denoted by &£):
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df N =iy (in L*(Q;APT*Q)), (2-3)

dpp = hd +df A, (2-4)
dfy=hd* +ivy, (2-5)

doixy +ixyod =%y, (2-6)
App =12 d +d*V +|Vf P +h(@ys +£5/), (2-7)

where X denotes a vector field on  or Q.

Remark 2.2. The operators introduced depend on the Riemannian metric gog but we omit this dependence
for conciseness.

On manifolds with boundary.

Definition 2.3. We denote by 7i, the outgoing normal at o € 92 and by 7 the 1-form dual to 7y for
the Riemannian scalar product.

For any w € €*°(Q; APT*Q), the form tw is the element of € (d2; AP T*Q) defined by
(to)s(X1.....Xp) =ws(X] ..., X]) forallo €0,

with the decomposition into the tangential and normal components to 2 at o; i.e., X; = X l.T @ xl.J-ﬁg.
Moreover,

The projected form ¢w, which depends on the choice of 7, (hence on g¢), can be compared with the
canonical pull-back j*w associated with the embedding j : 9Q — Q. Actually, the exact relationship is
o= j*(tw).
The normal part of w on d<2 is defined by
nw=wlgg—to cCCOUAPT*Q).
In the sequel, the form w € €*°(Q; AP T*Q) will be said tangential or normal if ® =t or @ = nw,
respectively, at any point of the boundary.

Definition 2.4. We denote by %(0) or d, f (0) the normal derivative of f ato:

0 -
U (0) = 10 f(0) 1= (V1 (o) ).

Assumption 2.5. The functions f € €*°(Q2, R) and f|5q € €% (32, R) are Morse functions. Moreover,
the function f has no critical point on 9€2.

The Neumann realization of the Witten Laplacian, denoted by A}V 5o 18 the self-adjoint realization of
Ay whose domain is

D(AY,) = {w € AH*(Q) :nw =0, ndypo =0}
An analogous statement holds for the Dirichlet realization A }) ,,» the domain now being

D(A]lf’)h) = {a) € AHZ(Q) tw =0, td;:hw — O}.
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See [Chang and Liu 1995; Helffer and Nier 2006; Le Peutrec 2008] for these results.

Definition 2.6. A point U € Q is called a generalized critical point of f with index p if either U € Q
and U is a critical point of f with index p, or U € 02 and

e in the Neumann case, U is a critical point with index p of f|jq such that d, f(U) < 0;
e in the Dirichlet case, U is a critical point with index p — 1 of f|3q such that d, f(U) > 0.

Remark 2.7. This convention implies that the index p of a generalized critical point U on the boundary
satisfies p € {0,...,n — 1} in the Neumann case and p € {1, ..., n} in the Dirichlet case.

We end this section by giving the statement extending to the case of a manifold with boundary the
analysis done by Witten [1982]; see [Chang and Liu 1995; Helffer and Nier 2006; Le Peutrec 2008].

Theorem 2.8. Under Assumption 2.5, there exists hg > 0 such that A}Vh and A})h have, for h € (0, hy],
the following property: For any p € {0, ..., n}, the spectral subspaces

Ran1[05h3/2)(A2’;l(p)) or Ranl[o’h3/2)(A€il(p))

have rank my(f'), the number of generalized critical points of f with index p in the respective cases
(Neumann or Dirichlet).

The proofs in [Helffer and Nier 2006; Le Peutrec 2008] in fact show that the corresponding eigenvec-
tors are concentrated around these critical points.

3. Preliminaries, coordinate systems

Since more than two geometries overlap around a generalized critical point of f with index p on the
boundary and since systems of PDE are considered, the choice of the proper coordinate systems is a
crucial point for making the analysis possible.

3A. Existence of an adapted local coordinate system.

Definition 3.1. Let ¢ be a point on the boundary d€2. An adapted local coordinate system around o is
a local coordinate system (x!,...,x") = (x’, x") centered at o satisfying the following properties:

(i) dx!,...,dx™ is an orthonormal positively oriented basis of 7,*(2), the cotangent space at 0.
(ii) The boundary 0€2 corresponds locally to x” = 0 and the interior 2 to x” < 0.

(iii) (3/0x™)|3q = n, the outgoing normal at the boundary. Moreover, (d/dx") is unitary and normal to
{x™ = Constant}.

Such a coordinate system is more specific than the one provided by the collar theorem in [Schwarz
1995; Duff 1952; Duff and Spencer 1952]. Moreover, owing to the analysis done in [Petersen 1998,
117-122], it can be proven that such a system always exists. This is the aim of the next result.

Proposition 3.2. A local coordinate system satisfying Definition 3.1 always exists.

Proof. As in [Petersen 1998, 119-120], we look at
TIQt ={(veTy,Q:0€dQ,ve (T,IN)t CT,QL
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where (Tgaﬂ)l is the orthogonal complement of 79 in Ty Q (so T,Q = T,0Q &1 (T,9Q)L for
each 0 € dQ). Then, the map exp~ introduced in [Petersen 1998] is a diffeomorphism from an open
neighborhood of the zero section in 79Q1 onto its image in Q. It means, choosing a point ¢ near the
boundary 0€2, that there exists an unique geodesic v joining ¢ to a point 03 on the boundary which
satisfies 1(0p) € TOQL. It is equivalent to say that there exists an unique geodesic v joining o to o
with v(0p) = fig,.

Now let —x" be the geodesic distance to d$2 and take x’ such that x’| g is a coordinate system on the
boundary and x’ is constant along the geodesics parametrized by x”. The second point of the definition
is then satisfied and d/dx™ is unitary. Moreover, the choice of x’|3q is arbitrary and we can choose it
centered at U such that dx!, ..., dx" is an orthonormal basis of T (Q) positively oriented. Then the
first point of the definition is also satisfied.

We now verify that the third point of the definition is fulfilled. Write
0 ( 0

axm\9x"

i) _ Jd | d 0 i _ 0 J

W>a N <V3/3x" dx™ | 9xi )o + (8x” Vajaun dx! >a =0+ <8x” Vayaxn dx! >a

_ [0 d\ _ 197913\ _

- <8x" Vajoxi dx™ >0 N 28xi<8x" ax" >o =0
where we used the fact that V is the Levi-Civita connection and V, Jaxn d/0x™ = 0 since x" is a geodesic
curve. Hence,

Jd | 0 ] a ] s |0\ _
<8x_" W>(r o <8x" Ox! >ab o <n0” Ox! >crb =0

which gives the third point of the definition. O

Remark 3.3. In an adapted local coordinate system (x’, x") around o, remark that the metric g¢ can be
written as

go(x) = (dx")?+ Y gij(x)dx"dx’.

1<i,j<n

Moreover, it can be convenient to work with matrices and we write Go(x) = (gi;(x))ij» Gy l(x) =
(g (x))ij. Remember that g;; = ((d/dx") | (9/0x7)), g = (dx' | dx’), and dx'(3/9x7) = §;;.
Hence, in the (x’, x™) coordinate system, Gg“(x) has the form

0

+1/ .
GE(x) = Gy (x) Ol with GE1(0) = 1d, .

0 - 01

3B. Separating the x"-variable.
Lemma 3.4. (1) Let f belong to (2, R) and let U € 0 be a critical point of fi|aq such that

D)y #o. G3-1)
n

Assume also that o € (32, R) is a local solution to |Vra|* = |V1 f1|* around U.
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Then there exists a neighborhood V' of U in Q such that the eikonal equation
VoL = V1| (3-2)
with boundary conditions

i

)] =«a, 0,P =4
+laqnv nP+|aQnv o laqnr

admits a unique local smooth real-valued solution. (On the boundary, (3-2) is to be interpreted as
saying that |[V®|? = |3, ®x|? 4 | V7 D+ |?; see details in the proof.)
(2) There exist local coordinates (x',...,x") = (X', X") in a neighborhood of U in Q with
(', x")(U)=0
where the function ®1 and the metric go have the form
n—1
Oi=F"+aF) and go=gnn(¥) ([@T")+ ) gij(X)dF'di/.
ij=1
Moreover; the boundary 0S2 is locally defined by {x™ = 0} and Q2 corresponds to

a
{sgn(i(U)) >0 } (3-3)
on
Proof. (1) Take an adapted local coordinate system (x’, x”) around U in order to write (3-2) as

|00 @ |* + V7 @4 > = |9 /1 + VT /1|

(see Appendix A for the exact meaning of V7 in the interior).
In particular, we obtain on the boundary

0, @4 | + V7 Ds|? =90 f1|* + | V7l

The first point is then a direct consequence of the Hamilton—Jacobi theorem, due to the condition

P #o.
n

(2) As in [Helffer and Sjostrand 1985], set
fi=®4-®P_ and f =04 +D_,

and note the relations

O_=—3fi+5/, Pr=3/r+3/, (3-4)
Vi, -Vf_ =0, (3-5)

Srlaanr =0, f_laqnr =2, (3-6)

Ul Wy Ly A (3-7)

on laenv — ~ 9n laenr on lagny
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Let (x!,...,x""1) =X’ denote a set of coordinates on 92 in a neighborhood of U (then contained in /)
and such that ¥/ (U) = 0. We extend them to a neighborhood of U in € as constant along the integral
curve of the vector field Vf, . Then we take X" = —% S (x) for the last coordinate.
In these coordinates, the functions ®1 and the metric g¢ have the forms announced in the lemma.
Further, by (3-6), (3-7), and (3-1), the boundary 9<2 is locally defined by {x" = 0} and 2 corresponds
to the set in (3-3). O

In the sequel, we will apply part (1) of this lemma in the Neumann and Dirichlet cases in order to
specify the Agmon distance, associated with the function f, to a generalized critical point U with index
p on the boundary.

Then, using part (2) of the lemma and Proposition 3.2.11 of [Le Peutrec 2008] (in the Neumann case)
or Proposition 3.3.9 of [Helffer and Nier 2006] (in the Dirichlet case), we view A}p )N and Aj(,ph) D
locally in " around U € d€2 as the restrictions to V' of &d(p ) and &Q(p ). the latter being the self-adjoint
Witten Laplacian operators on R” = R"~! x (—o0, 0) (p0551b1y after choosmg —Xx" instead of X") whose

domains are
D(sdn) = {w € AH?*RY) :nw = ndgpo =0},  D(sp) = {w € AH*R”) : to = td},0 = 0}
(see also [Koldan et al. 2009]), and which satisfy

dimKerst? =1, o () \ {0} C [Ch/3, +00), (3-8)
dimKer P =1, o () \ {0} C [ChS/5, +00). (3-9)
4. WKB construction near the boundary for A ?i). , with p in {0,...,n}
4A. Local WKB construction in the Neumann case. Let U be a generalized critical point of f with
index p in the Neumann case, that is, a critical point with index p € {0,...,n — 1} of f|jq satisfying

%(U ) <0, and take an adapted local coordinate system (x’, x™) around U.

Let ® and ¢ be respectively the Agmon distance to U associated with the function f and its restriction
to the boundary. The Agmon distance associated with £, that is, with the metric |V £ (x)|? dx?, is denoted
by dag: ®(x) = dag(x,U). Recall that, locally,

IV/I?=IVoP

and that ® is smooth near U; see [Helffer and Sjostrand 1984]. Moreover, ¢ is nothing but the Agmon
distance to U on the boundary and satisfies locally, on the boundary,

IVrf? = Vel

We now use Lemma 3.4(1) with f; = f and o = ¢. The function @ of the lemma is consequently &
and we have locally

0,®@|% + |Vr @ = |VO|* = |Vf]?, 4-1)
Dlyq =0, (4-2)

d
3n e = L (4-3)

an lag”
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Moreover,
030 xn (f = @)(0) = 87, (f = ®)(0) = 0. (4-4)
Indeed, we can write in the coordinates (x’, x™), for the metric go,

|00 @> + [V @2, = |0xf 1> + V7 f 2, .

where |VT<I>|§0 =0(|x|?) and |V7~f|§0 = 0(|x]?) because 0 is a critical point of f|yq in the coordinates
(x’, x™) (see for example Appendix A). Then apply dyn to the last equation:

O |90 | + O(|x]) = dn [9xn f|* +O(|x]),
that is, using (4-3),
2030 e (f = @)enf = O(|x]).
which yields the result. According to [Helffer and Sjostrand 1985, 279-280], there exist local coordinates

(x', X™) centered at U, where X’ = (x!,..., X"~!) are Morse coordinates for f|yq around U, such that
dx!',...,dx"1, dx" is orthonormal at U, and

FE0)=I0ED + - + M Y2+ £(U),
o(X) = LIMIEDZ + -+ L |2,

with A; <O fori e {l,...,p}and A; >0 fori € {p+1,...,n—1}. Furthermore, the coordinates
(x’, x™) can be chosen such that dx!, ..., dx""landdx!,...,dx" ! coincide at U, and even such that
X'|aq = X'|pq since x’|yq can be chosen freely.

(4-5)

Specification of the coordinate system for Theorem 1.1. In the rest of the paper we are going to work
in an adapted local coordinate system x = (x’, x™) around U such that

dx' =dx' atU forallie{l,....n—1}. (4-6)

4B. First boundary conditions in the Neumann case. We first write out the function aj(x) = a(x, h)
in our coordinate system:

a(x.h) = ar(x.hydx' =Y ap(x.hydx"" + > ag,(x.hydx"n, 47
Iey I'ey’ I,€9,
where
$i={(i1.....ip) €{l.....n}P i1 <+ <ip},
9= {(in o ip) €41 my? i <o <ip <},
9, = {(il,...,l'p)E{l,...,n}p, i1 <-..<ip=l’l}a
and dxp) = dxt A ... A dx'r. We will use in the sequel the Einstein summation convention to

write (4-7) without the summation symbols:
a(x,h) =ay(x,h) dx! =ap(x,h) dx!’ + ar, (x,h) dx'.
The first boundary condition (1-2) simply says that

ar,(x',0).h) ~ "af (x'.0h* =0 forall I, € 9, (4-8)
k
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which is equivalent to
ak (x'.0)=0 forallk eNand I, € 9. (4-9)

The rest of this subsection specifies some consequence of these conditions. These consequences will
be used in the next subsection to prove Theorem 1.1.

Proposition 4.1. In the notation of Appendices A and B, the following relations are satisfied for every
tangential p-form b(x) = by (x) dx!, that is, every p-form b(x) satisfying by, (x",0)=0forall I, € $,:

/ 0P
1(2%ve +R1)b) = 2Lyg ® 1A+ RL)brdx! + 2 —iajaxndb,
oby, 0P
ax" ax™
where the {1, are €°°(02)-linear combinations of the by (for 1" in ') that do not depend on the by,

(for I, in $,,) and QRIz;eu is an order-zero differential operator given on the boundary, in the coordinates
(x’, x™), by the matrix

n((2Fve +R1)b) = 2( 7, (<,0)) dx7,

(p)

T’ :
R 0) = | PNea(X) s e

0 0B

where
B(0)=0. y(0)="Tr(Hess(flao—¢)(0)). and RT.,(0)=2Hess(f]yn)(0).
In particular, this is true for ak for k in N when (4-9) is fulfilled.

The following elementary result is important to notice here and also while verifying the final compat-
ibility conditions (see pages 242-244).

Lemma 4.2. Let b(x) be a tangential p-form. The p-form
i;(db)

is then tangential and the equivalence

i;(db)=0 <= ndb=0
is locally valid on the boundary 092. In particular, this is true for ak for k in N when (4-9) is fulfilled.
Proof. On the boundary d$2, we have, in the coordinate system (x’, x"),
ig/0xn (db) =igsann db+iygent db=igsgmndb+0=i5.n(db)r, dxIn = (=1)P(db)y, dxIn\t",
which leads to the result. O

Lemma 4.3. For every tangential p-form b(x), we have

od .
t(Eve —Lyg)b) =t(Evro —Fyg)h) = W’Z’/ax”db’
ob; 9D
ax”" dxm

n(Fve — Lyz)b) =( + i, (x/,O)) dx™n,
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where the 571,1 are €% (02)-linear combinations of the by (for 1" in $') that do not depend on the by,
(for I, in $5).

Proof. On the boundary d€2, we have the decomposition
(Eve —Ly3)b = Lo oxn)d/9xm)b + (Lvre — Lyg)b. (4-10)
Thanks to Cartan’s formula (2-6), we can rewrite (4-10) as
(fﬁvqp—ifvé)b = i(8¢/8x")(3/3x")db+d(i(8¢/8x")(3/8x")b)+i(VTq>_vci>)db+d(i(vT¢._v<§)b)~ 4-11)
Using Lemma 4.2, the first term on the right side of (4-11) is tangential:

. 0P .
l(8<I>/8x”)(8/8x") db = (%C—nla/axn db.

Moreover, since V77® = V® on the boundary (see Appendix A), the term i (VT<1>—V<i>)d b of the right
side equals 0 on d2. Hence, we can write on 02

(Eve —Lgg)b = ia/oxm)0/9x)db + d(i(a/axm)/0xm)P) + A (g, o_vg)h)-  (4-12)
Let us study in a first time the term d (i (30/9x7)(3/9x7)b). Writing
b= b[dxl = b]/dxl/ + b1ndx1" s

we deduce (in 2) that
. ] _ 0P
i(0)0xm)(3/3xm)P = D1, i (9@ axmy@/0xmdX"" = (=1)P by, P

and, applying d to this last relation, we obtain on 92 (remembering that b7, = 0 on 9€2)

dx I\,

n
d oo .
] — -1 _ In\{n}
d(ipa/axn)d/9xm)b) = (=1)P ,E=1 o (bl,, Bx”) dx' A dxin\W?

abln 8@ n In\{n} _ 8b[n 8(1) I,
8x_nax_ndx /\dx +O—ax—nax—ndx .

Now recall that $ 5 I = (i1, ...,ip) with I <iy <--- <i, <n, and denote by ind(ix) the integer k.
Looking at the third term of the right side of (4-12), we write

= (17! (4-13)

i, o_vebr dx’ =brdx! (Vr @ —V®) =b; Y (=)D (Vr - V), dx\V
jel
= by Z(—l)ind(j)+laj dxl\{j},
jel

where, due to (A-2) and (A-3), for all j in {1, ..., n},

. L Bl
aj=(Vr®—Vd); =) gV (W(x) - Q(X’»O))-

i=1
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Moreover, due to the block diagonal form of G 1 forall jin{l,...,n}, a ; satisfies, again by (A-2)
and (A-3),
ap(x)=0 and  o;(x,00=0 forallje{l,...,n—1},

Hence, we obtain on 052

n
: Civap O .
d(iy, o_yabrdx)(x,00=> "% (—1)md(1)+1W(b[(xj)(x/,O) dx' A dxT\U3
I=1j€l
o 9 .
=0+ Z(—1)md<f>+18—n(b,a,-)(x/,0) dx" A dxT\V3
X
jel
s d Ny
=) DM (b (', 0) dx" A dxTE
X
~
Jj€ n Z (_l)ind(j)+1i
n
jeln\in} o
U 0 T
=y (—1)md<1)+1a—n(b,/a,-)(x’,0) dx"n dxT\U3,
X
JjeI’

(b, ;) (x",0) dx" A dxIn\U}

where we used o (x’,0) = 0 at the second line and «, (x) = 0 at the second to last line. Using again
o (x’,0) = 0 allows us to write on 02

. H 7 aO[ ’ .
d(l(VTCID—Vé)bI dxl)(x/,()) = by Z(_l)md(J)-Hax_il(x/’O) dx A dy T\
jeI’
o o o
= by Z(-l)‘nd(f)”a%(x/,O) dxT\Y A gy
jel’
=: 01, (x',0) dx"", (4-14)

where the £ 1, are €°°(92)-linear combinations of the ;s (for I’ in $’) that do not depend on the by,
(for I, in $,). Combining (4-12), (4-13), and (4-14) leads to the result announced in Lemma 4.3. [

Proof of Proposition 4.1. From Section B2 we have
Eva —$>€¢ +%vs +§£;f =2%ve + Ry,

where R is an order-zero differential operator. Writing R; = 97%{ + RN we deduce from (B-1), since
brdx! = by dx! on the boundary, that

t@R1(by dx’)) = bp (x", 0)RT (dx!),

n(@®1(br dx’)) = by (x', )R (dx'") = ¥} (x'.0)dx",
where the f’ln are €°°(92)-linear combinations of the by/ (for 1" in $’) that do not depend on the by,
(for I, in $,).

Moreover, from (4-1)—(4-4), f — ® satisfies the assumptions of Corollary B.5; thus QRIT is given on
the boundary, in the coordinates (x’, x"), by
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(»)

T/ .
T (x',0) = Ry (x) 5 —y(X)1d,

0 - 0 B(x)

where 8 and y are €°° functions that satisfy
B(0) =0, y(0)="Tr(Hess(f|ag—¢)(0)), and %] (0) =2Hess(f|sq —¢)(0).
Having in mind Lemma 4.3, we now look at the term 2.§BV&) + R 1. From Proposition B.3, we write
2‘$V<i> = Zivé ®Id +9i3,

where R3 = 9]{_2; + %év is an order-zero differential operator such that, since ® satisfies the assumptions
of Corollary B.5,

tR3(by dx')) = bp (x", 0)RT (dxT"),
n(@3(by dx')) = by (x', 0)RY (dx!") = ] (x'.0)dx™,

where the Z’I’ are 6°°(0Q2)-linear combinations of the by (for I’ in $’) that do not depend on the by, ,
and 97%; is given on the boundary, in the coordinates (x’, x™), by

0 (»)

al(.0)=| % &)
0

0O --- 00

with
R 1" (0) = 2 Hess(®|5q)(0) = 2 Hess(¢)(0).
Note that, according to Remark B 4, the (n, n)-entry of the matrix is indeed 0 since 92®/(dx™)% = 0.
Set RNew = R1 + R3 and K = E’ E” for I,, in $,. Then Ry, is an order-zero differential

operator satisfying

2895 +R1 =28y 5 ® Id +RNeu (4-15)
and
t @Pxea(brdx!)) = by (x', 0)R L, (dxT),
n(@ea(brdx")) = by (', ORY. (dx") = 1P (', 0) dxc™n, @10
where the 6(3) are €°°(02)-linear combinations of the by (for I” in $’) that do not depend on the by,

(for I, in .?n). Moreover, Qilz;eu is given on the boundary, in the coordinates (x’, x™), by

0 (»)

T/ T/ :
REL (X, 0) = R (x",0)+R3 (x7,0) 0 — y(x")1d,
0 0 B(x')
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where
B(0)=0, y(0)=Tr(Hess(flag—¢)(0), and %] (0)+R] (0) = 2Hess(f|se)(0).
Now look at the term 2%,z ® Id. By Cartan’s formula (2-6), we have
2%y @ 1d)b = dby (V®) dx!’ + dby, (V®) dx™,

and, using the boundary condition satisfied by the by, (for I, in $,) and the fact that Vdisa tangential
vector field, we obtain
n—1
oby
2Ly ®Id)b =) oxi

i=1

(V®); dx!’ = 2%y 5 ® Id)byr dx!’. (4-17)

Set {;, = Zln + %fg) for I, in $,. Writing
(2Fvo +T1)b = 2(Eye — Lyg)b + 2Lgg + )b
and using (4-15)—(4-17), we obtain Proposition 4.1 after the application of Lemma 4.3. O
4C. Proof of Theorem 1.1. We shall first consider a WKB-approximation for
(AL — Em)u)¥® = e=®/ho(h>0) (4-18)

with E(h) = O(h?) and the boundary conditions (1-2) and (1-3) and then check E(h) = O(h®).
Writing
depe™®Mak)y = e ® M (hda* + d(f — @) AaF) forallk e N,

where, due to (1-2) and (4-3), a* and d (f — @) are tangential forms, the second boundary condition
(1-3) corresponds to
n(dak) =0 forallk eN. 4-19)

We now recall a relation that will be very useful; see [Helffer and Sjostrand 1985] for a complete proof:
e M Appe” M = h2(d +d*) + |Vf)2 = VO + h($ve — Lye + Lvs + Lo y)
=h*(d +d*)? + h(Eve —Lye + Lvs + Ly ). (4-20)
We then write, in the notation of Section B2,
FIvo—Lye +Lvy +§£§*‘7f =2%ve +R1 =2%ve @ Id +R,

where ® and R are order-zero differential operators defined in Section B2.
By looking for E(h) ~ Y e hk+1E,, the interior equation (4-18) reads

e®M(Afy — E(h)e™ " = n2((d +d*)? = h2E(h)) + h Q%ve @1d +R) .

We now verify that it is possible to construct a solution M;VKB to (4-18) in 2 which can be extended to
Q and satisfying the boundary conditions (1-2) and (1-3). The construction of an interior WKB solution
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in Q is standard as an inductive Cauchy problem, once the a* are known on 92; see [Dimassi and
Sjostrand 1999; Helffer 1988]. Actually the noncharacteristic Cauchy problems

k
Q%ve ®Id+R)a* = —(d +d*)2a" '+ Ewd*™t inQ 4-21)
{=1
are solved by induction, with the convention a_; = 0.
Hence the problem is reduced to the solving of the system made of the boundary conditions (4-9),
(4-19) and of the compatibility equation on the boundary (see Section B2 for the meaning of the notation):

k
Q%ve +R1)a" =—(d +d*)?a*"" + )" E@d* ™t onoq. (4-22)
{=1
Owing to Proposition 4.1 (with the notation of Section 4B) and to (4-3), the system (4-22), (4-9),
(4-19) is equivalent to the following differential system on 0€2:

k
—t(d + 4"+ Y Eatt = 09 @ 1 +R T, )k dx! 42 38){; i35 da”.
=1

dak
Cn(d + d*2a N =20y (7, 0) doln =29 Tn gt
an Jxn

alfn|3950 and n(dak)=0 for all k e N,

where the {;, are €°°(0€2)-linear combinations of the aé‘, (for I’ in ') that do not depend on the a’fn
(for I, in $,). Note also, owing to Lemma 4.2, that the first line of this system simply reads

k
—t(d +d*)?d" 1+ Epd Tt = 0%y @ 1d+R L, )af dx'. (4-23)
=1

Moreover, since dx! = dx' fori € {1,...,n—1} at the point U, it follows from Corollary B.5, (4-5),
and the results in [Helffer and Sjostrand 1985, 271-275] that %geu (0) restricted to tangential forms is
symmetric with the one-dimensional kernel Rdx! A--- A dx?.

Since a’f,dxl "is tangential and 2%,z ® Id only differentiates the a’f, tangentially, because

/ a / ~ /
2%yg ®Id)af, dx’’ =" ain (VO); dx!’,
i=1

it turns out that (4-23) can be rewritten as a tangential system that can be solved according to the analysis
of the boundaryless case done in [Helffer and Sjostrand 1985]. Here are the details: thanks to Lemma
4.2, the complete system (4-21), (4-22), (4-9) and (4-19) becomes equivalent to the system

/ k—1
Q%ye®Id +RT,)akdx!" = —t(d +d*)2a* '+ Y E@ad**+ Ea® ondQ,
1

(=

: - g
Q2Lve@Id+R)a* = —(d +d*)2a* 1+ Y Epa** on . (FNew)
(=1

ar,log =0 for I, € $,,.
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The first line is a degenerate matrix transport equation, which can be solved following [Helffer and
Sjostrand 1985, page 275] and [Helffer 1988, pages 13-14]: for k = 0, the homogeneous boundary
equation

2%ys ®1d +RL)ad dx! =0
admits some solution if and only if

a%,(0) dx’" € Ker(®%, (0)), (4-25)

and the solution is unique once a?, (0) dx! " has been chosen. This shows the uniqueness of a° up to
multiplication by a constant. Note also that the formulation of Theorem 1.1 is a coordinate-free rewriting
of this condition for a®(U). Indeed, it has already been mentioned that, when restricted to tangential
p-forms, the kernel of %geu (0) is one-dimensional. Recall moreover that, in our coordinate system (see
Proposition 4.1), at U = 0,

0 ()

RILU) =2 Hess(fla@)(U) : | — Tr(Hess(f|aq — Plaa)(U))

0 0
=2A4P) —Tr (Hess(f [sq — Plag)(U)),
and that, for a tangential p-form dx!" = dx™ A--- Adx'r,
AP Gx! = (Adx" Y Adx2 Ao AdXP 4o 4+ dXT A AdXPT A (AdXP),
where, for £ € {1, ..., p},
Adx't = (Hess(f130)(U)) dx'® +0.dx" = (Hess(fs0)(U)j*) dxc'.

Lastly, note that in the previous equation, we wrote (Hess( f|30)(U)) dx'¢ with a slight abuse of no-
tation, since Hess(f [3)(U) € £(T;02) and dx(U) e T;ﬁ. Indeed, the proper notation would be
(Hess( f |a)(U)j*) dx'¢, where

(Hess(fa@)(U)j*) dx't € R(THQ; THaQ) C LTHQ: THRQ).
Now take a®(0) = dx!A---AdxP € Ker(@igeu (0)). For k = 1, we have to solve the boundary equation
2%ys ®Id+RE akdx!" = —t(d + d*)%a® + Era.
Choose then E; such that
—t(d +d*)*a°(0) + E1a°(0) € Ran(@],(0)) = (Ker(®%,(0)))",

where the last equality follows from both the symmetry of %geu (0) and G¢(0) = Id,,. This is equivalent
to choosing E; such that
{t(d +d*)*a®(0) | a®(0))gy(0)

0 2
12012, )

E, =

’
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and this is indeed possible since Ker(@ilz;eu (0)) = Ra®(0) # {0}. Next take all,(O) dx!’ such that
R (0) (@} (0) dxT"y = —t(d + d*)?a°(0) + E1a°(0).

Then, for each k > 2, choose E} such that the compatibility condition

k—1
—t(d +d*)?a* "1 (0) + ) Ea*H(0) + Exa®(0) € (Ker(@L,,(0))™
{=1

is satisfied, or, more precisely, such that

(t(d +d*)2a*=1(0) — Y51 E¢a®=4(0) | a®(0)) go 0

0 2
1a%O)12, )

Ep =

and take aII‘,_l(O) dx!"in

k-1
OO (~t(d +d*2a* 0 + Y Eed" ™ (0) + Exa®(0)).
=1

Thus, at every step k € N, the first and third lines of the system (¥ney) fully determine the Cauchy data
ak (x’,0) and the number Ej,. The first line fully determines the restrictions of the a;- to 2. The second
line solves the interior problem with these Cauchy data and contains, with the two other lines, thanks to

Lemma 4.2, the second trace condition (4-19).

We now check that E(h) = 0(h°°). We prove this by comparing with the half-space problem, for
which we know by (3-8) that the first eigenvalue is 0 with multiplicity one and that the second one is
larger than C ho/5. Take a cut-off function y € <6(°)°(§) satisfying y = 1 in a neighborhood of U and

dy/on|sq = 0. Then set x
uf = )(e_q’/h Zakhk = Xe_q’/hA{f.
k=0
From dy/dn|yq = 0 and

drn(xAKY = (hd + df N YAK = hdy A AKX + ydspAK,

the form “5 e AVH?(R") belongs to the domain of &Q%’) and the approximations uf and EX(h) =

S K | Eph* T satisty
(&qg\e) . EK(h))uII)( — hK+2pK€_q>/h _ hz[A’ X]ulg{ = @(hK+2) in @,
nl,{lg< =0 on Rn_l X {0},

ndﬁhuf =0 on R"™1 x {0},

for some €* 1-form pX defined in a neighborhood of U and independent of /. From a direct Laplace

method we obtain
K 1)/4
|| ~ chtr /4,
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and the spectral theorem then implies that there exists an eigenvalue A (%) of &ﬁ%’) such that
|EX(h) = A(h)| = 0K +2- 0D/
Choosing the integer K large enough, we deduce from the inclusion
o (AD)\ {0} C [ChO!3, +o00)

combined with the estimate EX (1) = 0(h?) that A(h) = 0. The number K being arbitrary, the construc-
tion of the previous quasimode is then possible only if E; = 0 for all k € N*. O

4D. Local WKB construction in the Dirichlet case. Let U be a generalized critical point of f with
index p in the Dirichlet case, i.e., a critical point of index p — 1, with p € {1,...,n}, of f|yq satisfying
(df/0n)(U) > 0, and again take an adapted local coordinate system (x’, x™) around U, as in Section 4A.

Let ¢ be the Agmon distance to U on the boundary and use Lemma 3.4(1) with f; = f and « = ¢.
Denoting by @ the function ®_ of the lemma, @ is then the Agmon distance to U and we have locally

0,®@* + |Vr @ = |VO* = |Vf]?, (4-26)
Pl = ¢, (4-27)

0
In®laq = —% . (4-28)

Moreover, the following relation is satisfied (see the proof of (4-4) and replace 0, P|yq = 9 f oo by
InPlag = —0n flag):

O (f +@)(0) = 35, (f + ®)(0) =0. (4-29)

As in Section 4A, there exist other local coordinates (X', ) centered at U, with X’ = (x!,..., X" 1)

anddx!,...,dx"" !, dx" orthonormal at U, such that (4-5) is satisfied with A; <0 fori e {1,..., p—1}

and A; > 0 fori € {p,...,n — 1}. Furthermore, the coordinates (x’, x™) can be chosen in such a way
that dx!,...,dx" 'and dx!,...,dx" ! coincide at U and even such that x’|3q = X'|5q.

Specification of the coordinate system for Theorem 1.2. In the rest of this section, we are again going
to work in an adapted local coordinate system x = (x’, x) around U such that

dx' =dx' atU  forallie{l,...,n—1}. (4-30)

The proof is quite close to the one for the Neumann case, but here it turns out to be more natural to
make “dual computations”. In particular, we will work with d* where we worked with d in the Neumann
case. This leads to somewhat more complicated computations.

4E. First boundary conditions in the Dirichlet case. Writing
ap(x) =a(x.h) = ar(x,.h) dx’ = ap(x,h)ydx!" +ay, (x, h) dx'",
the first boundary condition (1-5) is equivalent to
a%(x’,0)=0 forallk eNand '€’ 4-31)

The rest of this subsection specifies some consequences of these conditions, in the same spirit as those
specified in the Section 4B concerning the Neumann case.
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4E1. About & + £*. The relation
Eve —Lye +Lvs + Iy, = 2950 + Lv(s+9) T LY (1 1o)
is obviously satisfied, and using again Proposition B.3, we can write

LY(r+a) T LV +o) = Ras
where R4 is an order-zero differential operator.
Writing R4 = 97{3; + R, we deduce from (B-2), since a’; dx! = a’I‘n dxIn on the boundary, that
t(Ra@fdxy) = ak (', 0ORY (dxTm) = 1;,(x',0) dxT,
n(Rq(ak dxly) = a’fn (", O)RT (dx™),
where the 57’1, are €°°(0€2)-linear combinations of the a];n (for I, in $,) that do not depend on the a’;,
(for I’ in $").

Moreover, by (4-26)—(4-29), here f + @ satisfies the assumptions of Corollary B.5; thus QRZ is given
on the boundary, in the coordinates (x’, x"), by

(p)

T’ :
ol 0)=| P4 &) ; — k() 1d,
0 -+ 048x)
where 8, k are €°° functions which satisfy

8(0) =0, (0) =Tr(Hess(f|ag +¢)(0)), R (0) =2Hess(f|aq +)(0).

4E2. Expression of the codifferential d*. As already mentioned, to make a study similar to the one done
in Section 4B for the Neumann case, we need to work with d*, so we must have a handy expression for
this operator.

For a differential form w we set, in the coordinate system (x’, x™),

* i .
Vi=V,, aqo=dx' Ao, aov=iyo.

Then d and d* have the following form (see [Cycon et al. 1987, pages 238-247]):

n n
d=> aVi==Y (Vi)*a]. (4-32)
i=1 i=1
n
d* :—Za,-V,-. (4‘33)

i=1
Recall also the characteristic relations

* ok * ko i o * ok 0] s
a;aj +a;a; =0, aja;+aja; =0, ajaj+aja; =g, foralli,jel{l,...,n}.
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Denoting by d; the operator defined by components with differentiation in a fixed coordinate system,

9
i (ordx") = 55 o1 —d,

V; becomes (see again [Cycon et al. 1987, pages 238—247])

Vi=0; — Z r/ lgjmal am, (4-34)
J,l,m

where the Fi'/.l are the Christoffel symbols. Then d* becomes

Za,a + Z Fllg]ma alam

i,j,l,m
——Za,a + Z legfm aiaj +aja;)an — Z I’ijlgjma}"aiam
i,j,l,m i,j,l,m
—Zala + Z Fllgjmg Lay — Z I/ gimajaian. (4-35)
i,j,l,m i,j,l,m

4E3. Results.

Proposition 4.4. In the notation of Appendix A and Section 4E1, the following relations are satisfied
for every normal p-form b(x) = by (x) dx! (that is, every p-form b(x) satisfying by:(x’,0) = 0 for all
I'e 9.

dobyr 00 I
(25 + 000 =2 (502 4 1:(4.0)) dx

n((—2%% o + Ra)b) = 2Ly @ Id +RE, )by, dxTn —

8<I>
8

where the Ly are €°°(02)-linear combinations of the by, (for I, in $,) that do not depend on the by
(for 1" in 9') and %gir is an order-zero differential operator given in the coordinates (x', x™), on the

dx"Ad*b,

boundary by the following matrix, by
()

T/ .
R (x',0) = Rpir (X)) ; — a(x) 1d,
0 - 048x)
where
8(0)=0,  ka(0) =Tr(Hess(flsg —9)(0)),  Rb;(0) = 2Hess(f130)(0).
In particular, this is true for a* for k in N, when (4-31) is fulfilled.
Lemma 4.5. Let b(x) be a normal p-form. The p-form n* A d*b is then normal and the following
equivalence is locally valid on the boundary 092:

n*Ad*h=0 < td*h =0.

In particular, this is true for ak for k in N, when (4-31) is fulfilled.
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Proof. On the boundary 02, we can write, in the coordinate system (x’, x"),
dx"Ad*b = dx" And*b+dx" Atd*b =0+ dx" Atd*h = dx" A (d*b)pdxT’
= (=P d*b)pdx" Adx".
Since dx™ = n*, this leads to the result. O

Lemma 4.6. For every tangential p-form b(x)

n(Eye— )b) dx Ad*b,

abI/ ad
dxn dxn
where the 571/ are €*°(0Q2)-linear combinations of the by, (for I, in $,) that do not depend on the by
(for I in ).

{( P —L5s)b) = ( F(x, 0)) dx!’

Proof. Owing to (2-3) and to Cartan’s formula (2-6), we write, in the coordinates (x’, x™),
(L~ Lo5)b
= d*(dCID/\b)—l—dQD/\d*b—}—d*(di/\b)—kd&)/\d*b

od o - -
= d*( dx”/\b) +—dx"ANd*b+d* (A7 ®—d P)AD)+(dT P—d D)Ad*b, (4-36)
dxn axn

where the function ® is defined in Appendix A.
The second summand on the last line of (4-36) is normal by Lemma 4.5. Moreover, since d7® = d ®
on the boundary, the last summand also equals 0 on d2. Hence, on 0€2,

S dx" Adb+d (W

We study first the second summand on the right-hand side. Writing

(£ye —L55)b = dx"Ab) +d*(dr®—d®) AD). (4-37)

b= b[dxl = b[/dxl/ + b[nde”,

we deduce that, in €,
0o
ox” Gr " b = ox”
Applying d* to this last relation (see (4-35)) and recalling that by, = 0 on 92, we obtain on 92

d*(;x;i;dx"/\b) Zal ( b[/dx A dx! )+ Z leglmg am(;?x;(;bl/dxn/\dxl/)

b[/dx A dx

i,j,l,m
/ 8@ ’
-y Fi]lgjma;‘aiam(ax—nbp dx" A dx!")
i,j,l,m
—Za, ( bpdx A dx! )
a® dby / oD dby/ /
= —iyyn Daxn ndx!’ = ——— L gx!”, (4-38)

xn Jxn T 9xM Oxn
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We used on the last line the fact that G 1is block diagonal with g"" = 1.
Now look at the third term of the right-hand side of (4-37) and write, in view of (A-5),

=00 0 =
dr®—d®) Abrdx! = —(x) = ——(x',0) ) brdx’ ndxT =: brdx’ Adx!,
(dr ) Abrdx ;(axlm o (x ))IxAx ;allmx
where, o; = a—q).(x)—a—q).(x/,O) fori in {1,...,n —1}. Hence we have
ax! ax!
o;j(x',0)=0 forall je{l,....,n—1}.

Taking (4-35) again into account, we therefore obtain, on 9€2,

d*((dp®—d®) AbrdxT)(x',0)

n—1
=— Zaiai Zozjbldxj/\dxl
i

j=1 n—1
. ’ . . s
+( Z Fl.jlgjmg’ am — Z Fijlgjma;‘aiam) Zajbldx//\dx
i,j,l,m i,j,l,m Jj=1

n—1

n—1
. 9 .
=—Y a;i0; Yy ajbrdx/ ndx" =—a, Yy  —(a;by) dx! ndx",
I-allj_lajIX/\ X aanIaxn(aJ 1)dx’ Ndx

where we used «; (x’,0) = 0 twice on the last line. Now, since gt =g"=0foriin{l,....,n—1},
we can write, for all I’ € 9/,

’ . ’

a,dx! :lvxndxl =0.

This implies
n—1 n—1

~ 0 .
d*((dr®—d®) Abydx’)(x'.0) = —an Y —(ajby)dx/ ndx" =—a, )
j=1 j=1

(ajbr,) dx’/ Adx™

axn ax"

n—1

=(-pPH Y aan (ajby,) dx/ AdxTn\n
X
=1

n—1
oo .
= (=P by, (! 0) dad A dx TN
X
j=1

= 0p(x',0)dx!", (4-39)

where the £ 1’ are €°°(0€2)-linear combinations of the by, (for I, in $,) that do not depend on the by
(for I’ in 9).
Combining (4-37), (4-38), and (4-39) leads to the result announced in Lemma 4.6. O

Proof of Proposition 4.4. Having in mind Lemma 4.6, we now look at the term _2‘§B*V&> +R4. Again by
Proposition B.3, we can write

—235% =29y +Rs =2%y5 ®1d +Rs + Re,
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where Rs5 = QRST +97tév and Re = QRE +97tév are order-zero differential operators satisfying, for i € {5, 6}
(since bydx! =b I, dx™n on the boundary),

t(@R;(by dxT)) = by, (x", 0)RY (dx!m) = {1, (x", 0) dx!’,

n(®; (by dx')) = by, (x', 0)RT (dxm).
Here the E’I,(x 0) are €°°(0<2)-linear combinations of the by, (for I, in $,) that do not depend on the

by (for I’ in $'). Moreover, since ® satisfies the assumptions of Corollary B.5, QRT and Q{T are given
on the boundary, in the coordinates (x’, x"), by

0\ 0 \®
T’ : T/ :

Rl = Rs 5 —¢(x)Id and AT = Re sl
0 00 0 00

where
£(0) =—2 Tr(Hess(®|30)(0)) =—2 Tr(Hess(p)(0)), I’ (0)=—4Hess(p)(0), RE (0)=2Hess(9)(0).

Set Rpir = Ry +Rs +Re and 853,) = E’ +05, 445, for I in 9'. Then Rp;, is an order-zero differential
operator satisfying
—ngé + Ry = 2$V&> ® Id +Rpj; (4-40)

and
t @pic(brdx’)) = by, (x', )R Y, (dx'm) = 1P (', 0) dx!”,

(4-41)
n(Rpic(brdx’)) = by, (x', 0)RL. (dx'm),

where the K}, are 6°°(9€2)-linear combinations of the by, (for I, in $,) that do not depend on the by
(for I’ in $'). Moreover, @igir is given on the boundary, in the coordinates (x’, x™), by

0 ()
R (x',.0) = Ry (x', 0) 0 — Kka(x")1d,
0 0 8(x)
where
8(0) =

k2(0) = «k(0) + £(0) = Tr (Hess(f |3 + ¢)(0)) —2 Tr (Hess(¢)(0)) = Tr (Hess( f [ao — ¢)(0)),
Rl (0) = RI'(0) + RI"(0) + RI'(0) = 2 Hess(f|aq + ¢)(0) — 2 Hess(¢)(0) = 2 Hess(f |30)(0).

We now look at the term 2%y g ® Id. By Cartan’s formula (2-6),

2%y ®1d)b = dby (V®) dx'' + dby, (V) dx'",
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and, using the boundary conditions satisfied by the by (for / in $) and the fact that Vdisa tangential
vector field, we obtain

n—1

2%Lyg®Id)b ="

i=1

by -
; x’; (VO); dxln = 28,5 ®1dby, dx'n. (4-42)

Set U7 = —Zp + %59) and write
Using (4-40)—(4-42), Proposition 4.4 is then a direct consequence of Lemma 4.6. O

4F. Proof of Theorem 1.2. Although the calculations are different, the scheme of the proof is the same
as for Theorem 1.1. Consider first a WKB-approximation for

(A — E(m)u)<® = =2/ ho(h), (4-43)

with E(h) = O(h?) and the boundary conditions (1-5) and (1-6).
From
df*h(e_q’/hak) = e_q’/h(hd*ak + iv(f+q>)ak) for all k € N,

where, due to (1-5) and (4-28), a* is a normal form and V( f + ®) is a tangential vector field, the second
boundary condition (1-6) corresponds to

t(d*a¥)=0 forallk €N, (4-44)
We now recall that, in the notation of Section B2 and Section 4E1,
e M ALpe™® M = h2(d + d*)? + h(2%ve @ 1A +R) = h2(d + d*)* + h(—2%L% e + Ra).
By looking for E(h) ~ Y e, hk+1E &, the interior equation (4-43) reads, as in Section 4C,
e® M (Apy — Eh)e " = h2((d +d*)?* —h 2E(h)) + h(Q%ve @ 1d +R).

Hence, as in Section 4C, the construction of an interior WKB solution in €2 is standard as an inductive
Cauchy problem, once the a* are known on 92, since the noncharacteristic Cauchy problems

k
(2%ve ® Id+R)a* = —(d +d*)%a* '+ E@d*™t inQ (4-45)
=1

are solved by induction with the convention a_; = 0.
The problem is then reduced to solving the system made of the boundary conditions (4-31) and (4-44)
and of the compatibility equation

k
(2% +Ra) a* = —(d +d*)?a" 1+ Ed* =t ondQ (4-46)
{=1
(see Section 4E1 for the notation).
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Owing to Proposition 4.4 (with the notation of Section 4E3) and to (4-28), the system (4-46), (4-31),
(4-44) is equivalent to the following differential system on 0€2:

k
ad
—n(d +d*)%a* " + Z Epa*t = (2%ye®1d + R I yak dx 4 23_fn dx" A d*a*,
n X
(=1
: af dak, .
—t(d +d*)2d* " —20p(x",0)dxT = — 3/ 9a dx’’,
on dx"

a’f/lagz =0 and t(d*a*¥)=0 forallk €N,

where the {7/ are €°°(02)-linear combinations of the a’fn (for I, in $,) which do not depend on the a]I‘,
(for I’ in $'). Note also, according to Lemma 4.5, that the first line of the last system reads

k
—n(d +d*)?a* 7 + 3" Ed* Tt = 28y 5 @ 1d+R)af dxTr. (4-47)
=1

Moreover, since dx! = dx' fori € {1,...,n—1} at the point U, it follows from Corollary B.5, (4-5),
and the results in [Helffer and Sjostrand 1985, pages 271-275] that %gir(O) restricted to normal forms
is symmetric with the one-dimensional kernel Rdx! A--- A dxP~1 A dx".

Since a’I‘n dx!n is normal and 2% 4 ® Id only differentiates the a ];n tangentially, because

n—1 q k
a ~
285 ®1d)ak dxln =Y L (vd);dxl,
2%y ®1d)at, ;ax,( )i
it turns out (4-47) can be rewritten as a tangential system that can be solved according to the analysis of

the boundaryless case done in [Helffer and Sjostrand 1985]. Here are the details: thanks to Lemma 4.5,
the complete system becomes equivalent to

k-1
(2£gg®Id +g{1§ir)alzc” dxIn = —n(d +d*)?a* 1 + > Epad**+ Era®on 092,
(=1
k B g
QLve@ld+R)a* = —(d+d*)2a* '+ Y Epa** on . ($pir)
(=1
arlag =0 forall I' € 9.

The first line is again a homogeneous degenerate matrix transport equation which can be solved following
[Helffer and Sjostrand 1985; Helffer 1988]: for k = 0, take

a®(0) = dx' A--- AdxPT! A dx™ € Ker(RE,(0)). (4-49)

The formulation of Theorem 1.2 is just a coordinate-free rewriting of this condition for a®(U). Recall
that, in our coordinate system (see Proposition 4.4), at U = 0,
0 ()

Rh(U) =2 Hess(flaq)(U) © | — Tr(Hess(f|aq — Plag) (V)

0 0
= 24P — Tr(Hess(f|aq — Plse)(U)).
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and that, for a normal p-form dxn = dx"V A+ Adxir=1 A dx™,
AP gxTn = (Adx"YAdx2 - Adx" 4 -+ dxT A+ A(AdxP1) AdXT +0,
where, for £ € {1,..., p—1},
Adx™ = (Hess(f|pq)(U)) dx' +0.dx" = (Hess(f|aq)(U),j*) dx'.

Finally, as in the analogous part of the proof in the Neumann case, the writing (Hess( f |3)(U)) dx'¢ is
a slight abuse of notation, the proper one being (Hess( f |3)(U)j*) dx't.
Then, for k > 0, choose E} such that the compatibility condition

k—1
—n(d +d*?a"1(0) + Y Ega*4(0) + Exa®(0) € (Ker(@5,(0)))"
(=1

is satisfied and take a’fn (0)dx'n in

k—1
@5 0) 7! (=n(d +d*)2a* 71 0) + Y Ed* ™ 0) + Era®(0)).
{=1

Thus, at every step k € N, the first and the third line of (¥pj,) fully determine the Cauchy data ak(x’,0) and
the number Ej. The second line solves the interior problem with these Cauchy data and contains, with
the two other lines, thanks to Lemma 4.5, the second trace condition (4-44). Checking E(h) = O(h®°) is
then identical to the end of the proof of Theorem 1.1 done in Section 4C after choosing a cut-off function
x which satisfies V y = V7 y on the boundary 0€2. O

Appendices: Computations in adapted local coordinate systems
In the two appendices below we work in an adapted local coordinate system (x’, x) around U € 02 so
as to be able to apply the results both to the Neumann and Dirichlet cases.

Appendix A. A modified Agmon distance

Define ® around U in the coordinates (x/, x™) by
O(x', x") = d(x',0) forall x = (x', x"), (A-1)

and note the following relation satisfied for all x around U, in the coordinates (x’, x™), due to the form
of Gatl (see Remark 3.3):

R
axn
Vo) = Vrda) + 22 (1)L = vrd)

ax™ axn )

d®(x) = dr®(x) + — (x)dx" = dr D(x),
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X1
For a vector (or a vector field) X = Z?:l Xi 9 with the identification X = ( : ), the tangential

l' 9
and normal parts of X are defined as 0x XN

X1 0
Xr=\|_+ |, Xn=|°
0 Xn

Similarly, for a (n,n)-matrix A(x) = (a;;(x));,;, define A7(x) and An (x) by

0 A1n

Ar = A |, An= 0]

0 An—1n

0 -+ 0 aun dp1 *** dnn—1 0

Recall moreover that, for a vector (or a vector field) X and a 6°° function v, the identification
(VY | X) g, = dy(X) leads to

o/ ox!
V=G|
ayr/ax"
Hence, due to the form of G 1 (see Remark 3.3), the following relations are satisfied:
dy/ox! 0
_ a1 : _ 0y 9 _ . :
VWr=vro=G'f | 0N =gaga =G|
0 ayr/ax™

In the Neumann case, we will compare £v¢ and £,5 and the following relations can sometimes be
convenient:

o R
W(X) - 8x_1(x,’ 0) \
Vo-vd=6;"| 50 dd , (A-2)
| @ - g 60
0d
\ )
a0 L)
W(x)_ax_l(xl’o)
- :
oxn—1 (x) - oxn—1 (x ’0)

\ 0
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We will compare &34 and 3;&) in the Dirichlet case and the following relations are also convenient:

n—1
. 9 9D 9D
d>—-dd=3" (W(x) — 0)) dx 4+ 2= (x) dx”, (A-4)
i=1
n—1
. 9 9D .
drd—dd=3" (W(x) - 0)) dx’. (A-5)

1=

Appendix B. About & + &¥*

B1. For a general €°° function h. Here we give similar results to those found in [Helffer and Sjostrand
1985, Appendix Al.
Let /1 be a €* function from  to R and write

n
d
Vh = Z(Vh)i Fe
i=1
Following [Helffer and Sjostrand 1985], we make the following algebraic definition:

Definition B.1. For a Euclidean space (E, (-|-)) and A € £(E), A® and T'P)(4) denote respectively
the linear application A?) € (AP E) and the application TP (A) = A ®---® A:

AP (o, A Awp) = (Ao1 A Awp) + -+ (w1 A= AN Awp),
TP (A) (w1 A Awp) = (Aw1) A+ A (Awp),
with the obvious convention A© =0 and I'®(4) = 1.

Remark B.2. Under the canonical identification A1 E = E, note that A1) = A. Moreover, if A* denotes
the adjoint of 4 according to the scalar product on E, the adjoint of A‘?) is simply (A®)* = (4*)(P) =:
AP)* Recall that AP E is a Euclidean space with the scalar product (- | -) p

(@1 A Awp [ A A pp)p = det ({05 | 1)), -
We also remark that for a p-form a’;dxl = a]I‘,de "+ a];n dx!n we have, in the notation of Appendix A,
— 4 ()
AP = AP + AT

and
(AP (@¥dxT)) = a¥, (', 0) AL (dx!") + a¥ (x",0) A (dxT),

n(AP @k dx")) = af (', 0)AP (dxT") + af (x',0) A (axT").

For any order-zero differential operator s{ = AP) 4y 1d, where ¥ is a €*° function, we define the
order-zero differential operators

AT =AY 1 y1d and stV = 49,
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(If ¥ = 0 then AT coincides with A(p ) and &QN with A%’).) Our aim is to work with tangential forms
in the Neumann case (i.e., a’; dx! =a I,dx on 0€2) and with normal forms in the Dirichlet case (i.e.,
a’f dx! = a’l‘n dxTn on 9Q). Hence, for any tangential form in the Neumann case we write

t(sd(akdxT)) = ak, (x',0) AP (ax"") + y (', 0)ak, (&, 0) dx!” = (s (aKdxT)),

, (B-1)
n(A(akdx")) = af, (v, 0) A (dx!") = n(sa" @k dxT)),
and for any normal form in the Dirichlet case, we write
t(st(akdxT)) = af (/.04 (dx!") = t (N (akdxT)). ®2)

n(st(@¥dxl)) = a¥ (x',0) AP (dx'n) + y (', 0)a¥ (x',0) dx!n = n(T (¥ dxT)).

Proposition B.3. In the coordinates (x', x"), we have $vj, = Ly,  Id +Ry, and

. . 2. (3(Vh dIndet G " AGTH\ ()
Py +35w1=97ih+%—(2( Vi | (Vh)l—o) Id—Z(Vh)i(Go (Go )) ,
i=1

= ox! dx!

where (Lyy, ®Id)a11‘dx1 = (Lvp (a’;)) dx!, Ry, is the order-zero differential operator given by the matrix

(V)@
) = (5),, =AY
. -1 _
and (m) and Go a(GO. ) are viewed as endomorphisms of Ty Q. Further, the matrix of R} is
axt Ji,j dx! h

Ry = AP = (G Gy P,

Remark B.4. According to the computations in Appendix A, (Vh), = 0h/dx". Moreover, due to the
form of Gg:l, note that
Gy 1])(p)

Ry + RS — Z(Vh) (GO o

i=1
is given by the matrix

Y (p)
Y Gy '] 3%h A(Vh);
A+ Gy G -ty G (55 ) e (M)

WVh;\ (P o1 52h
x" )y axmax’ ), ; 0 (dx™)2

Corollary B.5. In the coordinates (x', x™), assume that the function h admits a critical point at 0, that
Oh/3x™ =0 on the boundary 92, and that ((0%h)/(3x™)?)(0) = 0. Then the following relations are true:

(»)

0
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and
(Lvi + L5,)(0) = 2R;,(0) — Tr(Hess(h]32)(0)) Id .

Proof. Since (x’, x™) are adapted local coordinates around U == 0 and 0 is a critical point of 4, note first
that, for all i in {1,...,n},

n
- 0h oh
- g ot _ 9 2
(Vi =2 8" 5.7 = g T 0P,
This implies
d(Vh)i\(p)
) = (1) (hess (i) + o(lx).
ox? )
At 0, in particular, since 9h/0x" = 0 on the boundary and ((3%%)/(9x™)?)(0) = 0, we have
0 (P
R, (0) = Hess(h|32)(0) :
0 0

Moreover, we deduce from Goj:1 (0) = Id, and the symmetry of Hess(%|yq)(0),

R}, (0) = Ry (0).

. 0%h .
At last, we obtain from (@x1)2 (0) =0 that
n
d(Vh);
—(Z (a i)’ ) Id = — Tr (Hess(h|350)(0))  at 0,
X
i=1

which leads to the end of the proof, using that, for all i in {1, ..., n},

oh

(Vh)i(0) = 5=(0) =0. O
X

Proof of Proposition B.3. The first equality is proved in [Helffer and Sjostrand 1985, pages 334-336].
There is also a proof of the second equality in the same paper, but we need to be more precise here. From
the first equality, let us deduce

Fop = Evn QID)* + Ry
Remarking that the scalar product of two p-forms w and 7 is given by
(@[ 1)go = (@ | TP (G5 Hn)e.
where g, is the Euclidean metric Y 7_, (dx")?, we obtain
Ry, = TP (Go)(Ap) PTGy = (Godn Gy ).

Now look at the term (Lyj, ® Id)*. Take first two p-forms aw and Bn where o, B are €5°(2, R)
functions, and w, 1 are two p-forms dx! and dx’. Denoting by Vgo(dx) the normalized volume form,
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Vg, (dx) satisfies
Veo(dx) = (det Go(x))/2dx' A--- Adx" =:v(x)dx' A--- Adx™.

Hence we deduce
(o | (Lyr ®10)*Bn) g, = (Lyn(@w | 1)g / (Lvn(@)B(@ | 1) gow)(det Go(x))'*dx.

Using Cartan’s formula (2-6), £y, (a) = da(Vh) =7, W"‘,»(Vh)i and we obtain

o
[ on@Bo 1) oo @et GotV2dx = [(30 3% (VhB) @ [ megcov dx
i=1

=0
_/azﬁ((w)jﬁ(w | M) gotyV) .
i=1

Now write

9
/a Z o ((Vh)i Bl | n)go(xyv) dx

0 ‘g
/ Z (Vh) 5’) | n)go(x)v dx / Z (Vh)l 8131 <a) | ﬂ)go(x)v) dx

av
f Z (Vh)f o ,(<w|n>g0(x>)v Jax- [ a Z (VR | Mg ) dx

8 h,
——[a Z S w|n>go(x>v)dx— [ aEon@n o 1) dx
v
/ Z (V) By (0 [ 1)) dx— [ Z (VB | 1) gocer3 7 )

Noting that, for all i in {1, ...,n},

0 _ Gy _ Gyt
ﬁr(p)(G()l):(az ®G,'® - ®Gy >+-~-+<G01®---®G01 8)2 )
_ G\
—_ 1 1 7o |
rP(G5"(Go—2=) "
we deduce that, for all i in {1,...,n},
0 Gy '\ @
— = Go———— .
dx! @ Mgot <a) ‘ ( 0 oxi ) n>g0(x)
Consequently,

(Pvp @1d)* = —Pyy, ®Id_(z(8(Vﬁ)z . (Vh); dv )) o Z(Vh)z (GOB[G ])(p)’

‘ dx! v Oxi
i=1
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which leads to the second result of Proposition B.3. O
B2. Application to Ly ¢ — §£;¢ +%vy + igf. Let us first write

Pye— Lo+ Lvy + Lo =29v0 + Ly(r-0) + Lo /g

By Proposition B.3, we deduce
LI(r—a) T Ev(r-0) = R,
where R is an order-zero differential operator.
Next, using the first equality of Proposition B.3, we get

28ve =2%ve ® Id+Ro2,

where R, is an order-zero differential operator too.
Consequently, setting R = R + R,, we obtain

Fvo—Lye +Lvr +§£;f =2%ve @ Id +R,

where R is an order-zero differential operator.
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