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ON THE SCHRODINGER EQUATION OUTSIDE
STRICTLY CONVEX OBSTACLES

OANA IVANOVICI

We prove sharp Strichartz estimates for the semiclassical Schrodinger equation on a compact Riemannian
manifold with a smooth, strictly geodesically concave boundary. We deduce classical Strichartz estimates
for the Schrodinger equation outside a strictly convex obstacle, local existence for the H'-critical (quintic)
Schrodinger equation, and scattering for the subcritical Schrédinger equation in three dimensions.

1. Introduction

Let (M, g) be a Riemannian manifold of dimension n > 2. Strichartz estimates are a family of dispersive
estimates on solutions u(x, ) : M x [T, T] — C to the Schrédinger equation

iou+Aqu=0, u(x,0)=uyx), (1-1)

where A, denotes the Laplace—Beltrami operator on (M, g). In their most general form, local Strichartz
estimates state that

Nl La—7,71,L7 (1)) < Clluoll a5 (arys (1-2)
where H* (M) denotes the Sobolev space over M and 2 < ¢, r < oo satisty (g, r, n) # (2, 00, 2) (for the
case g = 2 see [Keel and Tao 1998]) and are given by the scaling admissibility condition

2 n n

4=z (1-3)

qg r 2
In R" and for g;; = d;;, Strichartz estimates in the context of the wave and Schrodinger equations have a
long history, beginning with the pioneering work [Strichartz 1977], where the particular case g = r for
the wave and (classical) Schrodinger equations was proved. This was later generalized to mixed L{ L"
norms by Ginibre and Velo [1985] for Schrodinger equations, where (g, ) is sharp admissible and g > 2;
the wave estimates were obtained independently by the same authors [1995] and by Lindblad and Sogge
[1995], following [Kapitanskii 1989]. The remaining endpoints for both equations were finally settled by
Keel and Tao [1998]. In that case s = 0 and T = oo; see also [Kato 1987; Cazenave and Weissler 1990].
Estimates for the flat 2-torus were shown by Bourgain [2003] to hold for ¢ =r =4 and any s > 0.

In the variable coefficients case, even without boundaries, the situation is much more complicated: we
simply recall the pioneering work of Staffilani and Tataru [2002], dealing with compact, nontrapping
perturbations of the flat metric, the works by Hassell et al. [2006], Robbiano and Zuily [2005], and
Bouclet and Tzvetkov [2008] which considerably weakens the decay of the perturbation (retaining the
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nontrapping character at spatial infinity). On compact manifolds without boundaries, Burq et al. [2004b]
established Strichartz estimates with s = 1/p, hence with a loss of derivatives when compared to the case
of flat geometries. Recently, Blair et al. [2008] improved on the current results for compact (M, g) where
either oM # @&, or oM = & and g Lipschitz, by showing that Strichartz estimates hold with a loss of
s = 4/3p derivatives. This appears to be the natural analog of the estimates of Burq et al. for the general
boundaryless case.

In this paper we prove that Strichartz estimates for the semiclassical Schrédinger equation also hold
on Riemannian manifolds with smooth, strictly geodesically concave boundaries. By the last condition
we understand that the second fundamental form on the boundary of the manifold is strictly positive
definite. moreover the manifold to be flat at infinity; i.e., the metric coincides with the Euclidean one
outside a compact set (though presumably one may use [Bouclet and Tzvetkov 2008] result to combine
both situations). We have two main examples of such manifolds in mind: first, we consider the case of a
compact manifold with strictly concave boundary, which we shall denote S in the rest of the paper. The
second example is the exterior of the strictly convex obstacle in R”, which will be denoted by Q.

Assumption 1.1. Let (S, g) be a smooth n-dimensional compact Riemannian manifold with C* boundary.
Assume 0S8 is strictly geodesically concave. Let Ag be the Laplace—Beltrami operator associated to g.

Let0 <ag < %, 2 < o, ¥ € C°(R\ {0}) be compactly supported in the interval (o, fo). We introduce
the operator ¥ (—h?A ¢) using the Dynkin—Helffer-Sjostrand formula [Davies 1995] and refer to [Nier
1993], [Davies 1995], or [Ivanovici and Planchon 2008] for a complete overview of its properties. See
also [Burq et al. 2004b] for compact manifolds without boundaries.

Definition 1.2. Given ¥ € C{°(R), we have
1 _ .
vera) =~ [ BP@E+IRa) dLE).
C

where d L(z) denotes the Lebesque measure on C and ‘P is an almost analytic extension of P, for example,
with (z) = (14 z)/?, N > 0,

- al 0"¥(Rez)(i Imz)™ Imz
'P(Z)Z(Z m! )T((Rez))’

m=0

where 7 is a nonnegative C function such that t(s) = 1if |s| <1 and 7(s) =0 if |s| > 2.
Our main result is this:

Theorem 1.3. Under Assumption 1.1, given (q, r) satisfying the scaling condition (1-3), ¢ > 2, and T > 0
sufficiently small, there exists a constant C = C(T) > 0 such that the solution v(x, t) of the semiclassical
Schrodinger equation on S x R with Dirichlet boundary conditions

ihdw +h*Ago =0 onS xR,
v(x,0) = lI’(—thg)vo(x), (1-4)
vlos =0

satisfies
-1 2
ol Laqr,1),L75) < Ch™V ¥ (=h Ag)vo 1 s)- (1-5)
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Remark 1.4. An example of a compact manifold with smooth, strictly concave boundary is given by the
Sinai billiard (defined as the complementary of a strictly convex obstacle on a cube of R"” with periodic
boundary conditions).

We deduce from Theorem 1.3 and [Ivanovici and Planchon 2008, Theorem 1.1] (see also Lemma 3.7),
as in [Burq et al. 2004b], the following Strichartz estimates with derivative loss:

Corollary 1.5. Under Assumption 1.1, given (q, r) satisfying the scaling condition (1-3), g > 2, and I
any finite time interval, there exists a constant C = C(I) > 0 such that the solution u(x, t) of the (classical)
Schrodinger equation on S x R with Dirichlet boundary conditions

[i@,u+Agu=0 on S x R, (1-6)
ux,0) =uo(x), ulops=0
satisfies

Nl az,r sy < CU)Nuoll givas)y- (1-7)

The proof of Theorem 1.3 is based on the finite speed of propagation of the semiclassical flow [Lebeau
1992] and the energy conservation which allow us to use the arguments of Smith and Sogge [1995] for
the wave equation: using the Melrose and Taylor parametrix [1985; 1986] for the stationary wave (see
also [Zworski 1990]) we obtain, by Fourier transform in time, a parametrix for the Schrédinger operator
near a “glancing” point. Since in the elliptic and hyperbolic regions the solution of (1-8) will clearly
satisfy the same Strichartz estimates as on a manifold without boundary (in which case we refer to [Burq
et al. 2004b]), we need to restrict our attention only on the glancing region.

As an application of Theorem 1.3 we prove classical, global Strichartz estimates for the Schrodinger
equation outside a strictly convex domain in R”.

Assumption 1.6. Let Q = R"\ O, where O is a compact with smooth boundary. Assume that n > 2 and
that 6€) is strictly geodesically concave throughout. Let Ap = Z;; 1 812. denote the Dirichlet Laplace
operator (with constant coefficients) on L.

Theorem 1.7. Under Assumption 1.6, given (q,r) satisfying the scaling condition (1-3), g > 2 and
ug € L*(Q), there exists a constant C > 0 such that the solution u(x, t) of the Schrédinger equation on
Q x R with Dirichlet boundary conditions

ioou+Apu=0 onQxR,

u(x,0) =up(x), (1-8)
uloa =0

satisfies
lullLe®,r @) < Clluoll2q)- (1-9)

The proof of Theorem 1.7 combines several arguments. First, we perform a time rescaling, first used by
Lebeau [1992] in the context of control theory, which transforms the equation into a semiclassical problem
for which we can use the time-local semiclassical Strichartz estimates proved in Theorem 1.3. Second, we
adapt a result of Burq [2002], which provides Strichartz estimates without loss for a nontrapping problem,
with a metric that equals the identity outside a compact set. The proof relies on a local smoothing effect for
the free evolution exp (it A p), first observed independently by Constantin and Saut [1989], Sj6lin [1987],
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and Vega [1988] in the flat case, and then by Doi [1996] on nontrapping manifolds and by Burq et al.
[2004a] on exterior domains. Following a strategy suggested by Staffilani and Tataru [2002], we prove
that away from the obstacle the free evolution enjoys the Strichartz estimates exactly as for the free space.

We give two applications of Theorem 1.7. The first is a local existence result for the quintic Schrédinger
equation in three dimensions, while the second is a scattering result for the subcritical (subquintic)
Schrédinger equation in three-dimensional domains.

Theorem 1.8 (local existence for the quintic Schrodinger equation). Let Q be a three dimensional
Riemannian manifold satisfying Assumption 1.6. Let T > 0 and uq € HO1 (Q). Then there exists a unique
solution u € C([O, T], HO1 (Q)) nL’ ((0, 7], wh30/11 (Q)) of the quintic nonlinear equation

iou—+ Apu=xlul*uon Q xR, uli—o = ug on Q, ulpo = 0. (1-10)

Moreover, for any T > 0, the flow uy — u is Lipschitz continuous from any bounded set of HO1 Q) to
C([—T, T), H& (Q)). If the initial data ug has sufficiently small H' norm, then the solution is global in
time.

Theorem 1.9 (scattering for subcritical Schrodinger equation). Let Q be a three dimensional Riemannian
manifold satisfying Assumption 1.6. Let 1 + % <p<5Sanduge HO1 (Q). Then the time-global solution of
the defocusing Schrodinger equation

i@,u—i—ADu:luI”_]u, Uli—o = up on ulpa =0 (1I-11)

scatters in HOl (Q). If p =5 and the gradient Vuy of the initial data has sufficiently small L*> norm, then
the global solution of the critical Schrodinger equation scatters in H(; (Q).

Results for the Cauchy problem associated to the critical wave equation outside a strictly convex obstacle
were obtained by Smith and Sogge [1995]. Their result was a consequence of the fact that the Strichartz
estimates for the Euclidean wave equation also hold on Riemannian manifolds with smooth, compact,
and strictly concave boundaries.

Burq et al. [2008] proved that the defocusing quintic wave equation with Dirichlet boundary conditions
is globally wellposed on H'(M) x L*(M) for any smooth, compact domain M C R3. Their proof relies
on L? estimates for the spectral projector obtained by Smith and Sogge [2007]. A similar result for
the defocusing critical wave equation with Neumann boundary conditions was obtained in [Burq and
Planchon 2009].

In the case of Schrodinger equation in R? x R,, Colliander et al. [2008] established global well-
posedness and scattering for energy-class solutions to the quintic defocusing Schrédinger equation (1-10),
which is energy-critical. When the domain is the complementary of an obstacle in R3, nontrapping but
not convex, the counterexamples constructed in [Ivanovici 2010] for the wave equation suggest that losses
are likely to occur in the Strichartz estimates for the Schrodinger equation too. In this case Burq et al.
[2004a] proved global existence for subcubic defocusing nonlinearities while Anton [2008] proved it
for the cubic case. Recently, Planchon and Vega [2009] improved the local well-posedness theory to
H!'-subcritical (subquintic) nonlinearities for n = 3. Theorem 1.9 is proved in [Planchon and Vega 2009]
in the case of the exterior of a star-shaped domain for the particular case p = 3, using the estimate

4

3
1+, S ol l1Vuoll 2

[Juell



ON THE SCHRODINGER EQUATION OUTSIDE STRICTLY CONVEX OBSTACLES 265

on the solution to the linear problem, but with no control of the L;‘Lff’ norm one has to use local smoothing
estimates close to the boundary, and Strichartz estimates for the usual Laplacian on R? away from it.
Here we give a simpler proof on the exterior of a strictly convex obstacle and for every 1+ % <p<5
using the Strichartz estimates (1-9).

2. Estimates for the semiclassical Schrodinger equation in a compact domain
with strictly concave boundary

In this section we prove Theorem 1.3. In what follows Assumption 1.1 are supposed to hold. We may
assume that the metric g is extended smoothly across the boundary, so that S is a geodesically concave
subset of a complete, compact Riemannian manifold S. By the free semiclassical Schrodinger equation
we mean the semiclassical Schrodinger equation on S, where the data v has been extended to S by an
extension operator preserving the Sobolev spaces. By a broken geodesic in § we mean a geodesic that is
allowed to reflect off 0. according to the reflection law for the metric g.

Restriction in a small neighborhood of the boundary: Elliptic and hyperbolic regions. We consider
0 > 0 a small positive number and for 7 > 0 small enough we set

S0, T):={(x,1) € S x [T, T]:dist(x, 8S) < 6}.

On the complement of S(d, T') in § x [—T, T], the solution v (x, t) equals, in the semiclassical regime and
modulo O;2(h°) errors, the solution of the semiclassical Schrodinger equation on a manifold without
boundary for which sharp semiclassical Strichartz estimates follow by the work of Burq et al. [2004b],
thus it suffices to establish Strichartz estimates for the norm of v over S(d, T).

We show that in order to prove Theorem 1.3 it will be sufficient to consider only data vy supported
outside a small neighborhood of the boundary. Recall that Lebeau [1992] proved that if ¥ is supported in
an interval [ao, fo] and if ¢ € C{°(R) is equal to 1 near the interval [— /Sy, —ao], then for ¢ in a bounded
set (and for D, =i~ '6,) one has

VN>1, 3Cy>0 [(1—0)(hD;)exp(ithAy,)¥(—h*Ag)vo| < Cyh". (2-1)

For J and T sufficiently small, let y (x, t) € C;° be compactly supported and be equal to 1 on S(J, T).
Let tp > 0 be such that T =1y/4 and let A € C*°(R"), A =0 near 65, A = 1 outside a neighborhood of
the boundary be such that every broken bicharacteristic y starting at + = 0 from the support of y (x, )
and for —7 € [0, fo] (Where t denotes the dual time variable), satisfies

dist(y 1), supp(l—A)) >0 forall r € [—2ty, —1p]. (2-2)
Let w € C*(R), w(t) =0fort < —21y, w(t) =1 for t > —t( and set

w(x, 1) = w(t)exp (ithAy) ¥ (—h*Ag)vo.

Then w satisfies
ihd,w +h? Agw =ihy' ()2 ¥ (—h*Ag)vo,

w|6$xR=Oa w|t§—2t0 =Oa
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and writing Duhamel’s formula we have
t
w(x, 1) = / e =M Be ! (5)elSh AP (— 2 A g Yoo ds.
—2t9
Notice that w(x, 1) =v(x,t) if t > —1y, hence for ¢t € [—1y, T'] we can write
- 0 . .
o(x, 1) = / e =M Ae ! ()M AP (—h% A g )vg ds. (2-3)

210

In particular, fort € [-T,T], T =t9/4, v(x,t) = w(x,t) is given by (2-3). We want to estimate the
L{L" norms of v(x, t) for (x, ) on S(J, T) where v = yv. Let

_to . .
vo(x,1) =/ PAGRRLEY t//’(s)Q(x)e”hAg‘I’(—h2Ag)vo ds, where Q €{A,1—A}.

2to

Then v =v4 +v1_4, Where v1_4 solves
[ihalvl_A +h?Agvi—a = ihy'(£)(1 — A)e! 2 ¥ (—h A g)vo,
vi—alosxr =0,  v1-alr<—2 =0.

We apply Proposition A.8 from Appendix A with Q =1 — A, y = y’ to deduce that if py € WF},(v1_,)
then the broken bicharacteristic starting from py must intersect the wave front set

WF,((1 = Ay) N{r € [219, —1o]}.

Since we are interested in estimating the norm of v on S(d, T) it is enough to consider only pg €
WF,(yxv1—4). Thus, if y is a broken bicharacteristic starting at t = O from pg, —7 € [0, fo], then
Proposition A.8 implies that for some ¢ € [—2¢g, —to], y () must intersect WF,((1 — A)p). On the other
hand from (2-2) this implies (see Definition A.2) that for every ¢ > 0

VN>0 3Cy>0 |lxvi—allzesxry < Cyh". (2-4)

We are thus reduced to estimating v (x, t) for initial data supported outside a small neighborhood of the
boundary. Indeed, suppose that the estimates (1-5) hold true for any initial data compactly supported
where A # 0. It follows from (2-3) and (2-4) that

ish 2
xvallar.my.ersn < W/ () A (=1 Ag)vo|| 11 s —am—my.L250)

([, oras) el g

210

= [¥ (1> Ag)vo 12 s,

where we used the fact that the semiclassical Schrodinger flow exp (ihs A g)‘P(—th ¢)» Which maps data
at time O to data at time s, is an isomorphism on H (S) for every ¢ > 0.

Remark 2.1. When dealing with the wave equation, since the speed of propagation is exact, one can take
w (t) = l4=—4, for some small 7y > 0 and reduce the problem to proving Strichartz estimates for the flow
exp ((h(to+.)A g)‘P(—th ¢) and initial data compactly supported outside a small neighborhood of 05§.
This was precisely the strategy followed by Smith and Sogge [1995].
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Let A denote the Laplacian on S coming from extending the metric g smoothly across the boundary
0S. We let Jl denote the outgoing solution to the Dirichlet problem for the semiclassical Schrodinger
operator on S x R. Thus, if g is a function on 6 x R which vanishes for ¢ < —21y, then Jlg is the solution
on § xR to

{ih&,/l/tg—i-thng/Lg =0, 2.5)
Mglosxr = &-
Then, for ¢t € [—#y, T] and data f supported outside a small neighborhood of the boundary and localized
at frequency 1/ (that is, such that f = ‘P(—thg)f), we have

t() . .
poaGet) = [ Iy ) A f s

—2ty

—ty .
ZX/ et([S)hAOW/(S)A(x)etshAofds_M(X/

2ty

0

ei(tfs)hAO l///(S)A(X)eiShAOde|anR) )

21

The cotangent bundle of 05 x R is divided into three disjoint sets: the hyperbolic and elliptic regions,
where the Dirichlet problem is respectively hyperbolic and elliptic, and the glancing region, which is the
boundary between the two.

Let local coordinates be chosen such that § = {(x/ , Xp) D Xy > 0} and Ay = 6)%'1 —r(x, Dy). A point
(x',t,%',7) € T*(0S x R) is classified as one of three distinct types. It is said to be hyperbolic if
—7+7r(x',0,7) > 0, so that there are two distinct nonzero real solutions 7, to t — r(x’,0, #') = n.
These two solutions yield two distinct bicharacteristics, one of which enters S as ¢ increases (the incoming
ray) and one which exits S as 7 increases (the outgoing ray). The point is elliptic if —t +r(x’,0, %) <0,
so there are no real solutions 7, to ¢ — r(x’, 0, ') = n2. In the remaining case —7 +r(x’,0, ') =0,
there is a unique solution which yields a glancing ray, and the point is said to be a glancing point. We
decompose the identity operator into

Id(x, 1) = / WM =YIHE=IT (0 4y + eV 1, T) difd,

Qrh)"

where at (y’, 7/, ) we have

Xh = 1{—r+r(y’,0,;7’)zc}v Xe = 1{—r+r(y/,0,11’)5—c}a XNgl = 1{—r+r(y’,0,;7’)e[—c,c]}s

for some ¢ > 0 sufficiently small. The corresponding operators with symbols yy, x., denoted I1, 11,
respectively, are pseudodifferential cutoffs essentially supported inside the hyperbolic and elliptic regions,
while the operator with symbol y;, denoted I, is essentially supported in a small set around the
glancing region. Thus, on S(J, T) we can write yv4 as the sum of four terms:

_to . .
X/ el(l—s)hAg W/(S)A(x)elshAgfds — X/

2t

0 . .
el([—s)hAO V//(S)A(X)elShAOde
2to

_to . .
- > A/LH(X/ e R0 7 () A(x)e™ "™ £ ds |6SX[R). (2-6)
(M, I, Ty —2f

Remark 2.2. For the first term in the right, y f__zt?o e =980y, (6) A (x)e’20 £ ds, the desired estimates
follow as in the boundaryless case by the results of Staffilani and Tataru [2002] (since we considered the
extension of the metric g across the boundary to be smooth).
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Elliptic region. From Proposition A.3 in Appendix A there follows the inclusion

_0 . .
WFb (X/ el(l‘—s)hAo l///(S)A(x)elShAode

210

6S><R) C U,

where # and <9 denote the hyperbolic and the glancing regions, respectively. Together with the compactness
argument from the proof of Proposition A.7, this implies that the elliptic part satisfies, for all ¢ > 0,

_to . ) -
MHe(x / e IR0y () A(x)e! "0 f ds \am) = O(h™®)|| fllue(s)-

2to

For the definition and properties of the b-wave front set see Appendix A.

Hyperbolic region. If local coordinates are chosen such that S = {(x’ ,Xp) DXy > O}, on the essential
support of IIj the forward Dirichlet problem can be solved locally, modulo smoothing kernels, on an
open set in § x R around 85. Precisely, microlocally near a hyperbolic point, the solution v to (1-4) can
be decomposed modulo smoothing operators into an incoming part v_ and an outgoing part v, where

vax, 1) = / Tt (¢ 1, & ) dE,

Q2 h)4
where the phases ¢ satisfy the eikonal equations

{&(ﬂi +(dop+,do+)g =0,
Orlos =¢—las,  Ox,0+los = —0x,0—los,

where (-, - ), denotes the inner product induced by the metric g. The symbols are asymptotic expansions
in h and write o (-, h) = Zk>0 hkai,k, where o solves the linear transport equation

050+,0+ (Agp+)o40+ (do+,doy o) =0,
while for k > 1, o4 x satisfies the nonhomogeneous transport equations
050+ + (Agpr)ot j + (dp+,dotj)g =iAgos j_1.

A direct computation shows that

2 s
+

Each component v is a solution of linear Schrodinger equation (without boundary) and consequently

satisfies the usual Strichartz estimates [Burq et al. 2004b].
Note that > v+ contains the contribution from

2

= E ||Uﬂ:||Hrr(S><R) = ||U||Hrf(5><|]qg) = ||U||L00(R)Ha(5)-
H7 (SxR) +

—tfo .
MTT, (;{/_ e’(t_s)hA"l///(s)A(x)e”hA"‘I’(—hzAg)z)o ds |anR)

2to

and a contribution from ){f__ztfo el =MDy (5) A(x)ehA0P (—h2 A g)vg ds.
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Glancing region. Near a diffractive point we use the Melrose and Taylor construction for the wave
equation in order to write, following Zworski [1990], the solution to the wave equation as a finite sum of
pseudodifferential cutoffs, each essentially supported in a suitably small neighborhood of a glancing ray.
Using the Fourier transform in time we obtain a parametrix for the semiclassical Schrodinger equation
(1-4) microlocally near a glancing direction and modulo smoothing operators.

Preliminaries: Parametrix for the wave equation near the glancing region. We start by recalling the
results by Melrose and Taylor [1985; 1986] and Zworski [1990, Proposition 4.1] for the wave equation
near the glancing region. Let w solve the (semiclassical) wave equation on S with Dirichlet boundary
conditions

[h203w+h2Agw=o, SxR, wlssxr =0, 2-7)

U)(X,O)Zf()C), D[U)()C,O):g(X),

where f, g are compactly supported in S and localized at spatial frequency 1/ 4, and where D, =i~'5,.

Proposition 2.3. Microlocally near a glancing direction the solution to (2-7) can be written, modulo
smoothing operators, as

_ i/ 1)O.E)+it) _ M)
v = s [ e Lateoe/m(A-cnerm - as gy
A_ h —
O R N R e ey | BRI (A RENER)

where the symbols a, b, and the phases 0, { have the following properties: a and b are symbols of type
(1, 0) and order % and —%, respectively, both of which are supported in a small conic neighborhood of
the &) axis, and the phases 6 and  are real, smooth and homogeneous of degree 1 and %, respectively.
Further, K is a classical Fourier integral operator of order 0 in f and order —1 in g, compactly supported
on both sides. The A are defined by A+(z) = Ai(e¥>*1/37), where Ai denotes the Airy function.

Remark 2.4. If local coordinates are chosen so that € is given by x, > 0, the phase functions 6, ¢ satisfy
the eikonal equations

E—(d0,dO)+(ds,d; ) =0,

(d0,d()g =0, (2-9)
(', 0,8) =) = =& 4,
in the region ¢ < 0. Here x’ = (x1,...,x,-1) and (-, -) ¢ denotes the inner product given by the metric

g. The phases also satisfy the eikonal equations (2-9) to infinite order at x,, = 0 in the region ¢ > 0.

Remark 2.5. One can think of A_(¢) (at least away from the boundary x, = 0) as the incoming
contribution and of A (¢)A_(C0)/A+(o) as the outgoing one. From [Zworski 1990, Section 2] we have

_ein/3+ O(Z—OO)’ 7 — 00,

A_
—(@) =~ . .
A+( ) ¢l4/3) (=) Y0 BizR > —oo,
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where the part z — oo corresponds to the free wave, while the oscillatory one to the billiard ball map
shift corresponding to reflection. Using Ai(¢) = €™/ A, (¢) 4+ e~ "3 A_((), we write

_ Ai
A-©) = A7 =P (i) - 0 ).

Parametrix for the solution to the semiclassical Schrodinger equation near the glancing region. Let
v(x, t) be the solution of the semiclassical Schrodinger equation (1-4) where the initial data vy € L?(S)
is spectrally localized at spatial frequency 1/ h; that is, vo(x) = ¥ (—h?A¢)vo(x). From the discussion at
the beginning of this section we see that it will be enough to consider vy compactly supported outside
some small neighborhood of 85. Under this assumption ¥ (—h2 A ¢)Vo is a well-defined pseudodifferential
operator for which the results of [Burq et al. 2004b, Section 2] apply.

Let (e;(x));>0 be the eigenbasis of L?(S) consisting in eigenfunctions of —A ¢ associated to the
eigenvalues (12), so that —Age) = 22e;. We write

Y= Aguo) = D ¥R )ze(x), (2-10)
h?3%€lao, fol
and hence
P (R A op(x) = D (AT y e, (x). @2-11)
h222€lag, fol

If 6 denotes the Dirac function, the Fourier transform of v (x, ) can be written as

. T
v(x, z):h S WEADSemiipier). (2-12)
h?22€lag, Bo]

For t € R we can define (since 0 has compact support away from 0)

1 o[>, o’ | 1 T
w(x,t) = — e””/hﬁ(x,——) do = ——— e”ﬁ/h—ﬁ(x,—) dt
2mh h 4mch -t h
1 (I
:—5 z ql(h2/12)(g\/_oo ltﬁ/h\/—_é{ = h2)2}dT)1)/1€,1(X)
h232€lag, fol
_ 1 1 292\ ith,
=-3 > W (2 22)e vse:(x). (2-13)
h?22€laq, fol

Then w(x, t) solves the wave equation

{thtzw+h2Agw:0 on S xR, w|ssxr=0, (2-14)
w(xa O)th(x)a Dlw(xao):gh(x)z
where the initial data are given by
1
fi==3 X PR, 215)
h222€lag,Bol
1 1
g =—om X WRvies(x) = =W (=R Ag)oo(x). (2-16)

h222€[ao, fo]
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From (2-15) and (2-16) it follows that
hlignlzzs) = I fill 2y = [P (=2 Ag)vo | 2 5)- (2-17)

where by a >~  we mean that there is C > 0 such that C~'a < f < Ca.
Indeed, to prove (2-17) notice that w defined by (2-13) satisfies

(hD; — hy/=Ag)w =0

and (since A, and D; commute) we have

fir=wlimo = [(/=2)7' D] | _ = (/=87 (Dwlim0) = (/=B s

Due to the spectral localization and since g, = —(1/2h)¥(—h*A ¢)o we deduce (2-17).
By the L? continuity of the (classical) Fourier integral operator K introduced in Proposition 2.3 we
deduce

| K (fis 8] 125y = C U1 fillzgs) +Rlgnllias) = [ (=h*Ag)vo] s (2-18)
The solution v (x, t) of (1-4) can be written as
1 OO —itc ) hn A a’ 1 X el —ise
v(x,t)=— e 200(x, ——)do = — e ' 20 e 'nw(x,s)dsdo. (2-19)
2 h J h 2rh Jo seR

The next step is to use (2-7) to obtain a representation of v (x, t) near the glancing region: notice that the
glancing part of the stationary wave w(x, o/ h) is given by

. o N o’ ~ T
Loz pr0m)el—c.ep® (x , y) = Loz r (e 0m)el—c.en¥ (x , —7> = l—rtr(e.0.m)el-c.e? (x ; ,—l), (2-20)

with 7 = —¢2 and where ¢ > 0 is sufficiently small. The equality in (2-20) follows from (2-13) and from
the fact that 0 is essentially supported for the second variable in the interval [—f, —ap]. Consequently
we can apply Equation (2-7) and determine a representation for v near the glancing region (for the
Schrodinger equation) as

e | A&/ 1)
— @/ h)(O(x,&)—1<p) _ Vel T
o) = G @ 261 ot/ (A /m) = A g o)
Al h —
o,/ (A2 - AL e rmy oo LD kG (5) 4. e-2n

where a, b and K are those defined in Proposition 2.3 and f,, g, are given by (2-15) and (2-16). The
initial data f,, g, are both supported, like vy, away from 05, so their H (S) norms for a < n/2 will
be comparable to the norms of the nonhomogeneous Sobolev space H? (R"). For this reason we shall
henceforth work with the latter norms on the data f,, g;.

Remark 2.6. It is enough to prove semiclassical Strichartz estimates only for the “outgoing” piece
corresponding to the oscillatory term A, (¢) Ai(¢p)/ A+ (o), since the direct term, corresponding to Ai(¢),
has already been dealt with (see Remark 2.2).
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We deduce from (2-18) and (2-21) that, to finish the proof of Theorem 1.3, we need only show that the
operator A, defined, for f supported away from 0§ and spectrally localized at the frequency 1/ A (that is,
such that f = W(—h*A,) f), by

1 /
Anft) = s [ 26 (ate &AL (Ee. /1) + b WAL (/1)
O ACo(E/R)) A&
@i/ )0 (x,8)—1&) S)\d 222
| e Ay ()4 0
satisfies
1A fll oo, 1@y < Ch™Y £l L2y (2-23)

Remark 2.7. We introduce a cutoff function y; € C;°(R") equal to 1 on the support of f and to 0 near
0S. Since y; is supported away from the boundary it follows from [Burq et al. 2004b, Proposition 2.1]
(which applies here in its adjoint form) that ¥ (—h2A ¢)x1f is a pseudodifferential operator and can be
written in local coordinates as

Y (—h*Ag)y1 f =d(x, hDy) o f + Op2(5)(h™), (2-24)

where x> € Cg°(R") is equal to 1 on the support of 1 and where d(x, Dy) is defined for x in the suitable
coordinate patch using the usual pseudodifferential quantization rule,

d(x, D) f(x) =

ixé ; %)
G [ @awaf@as aecy,

with symbol d compactly supported for |¢ |§ == (¢, &) g € [ao, Pol, which follows by the condition of the
support of . Since the principal part of the Laplace operator A, is uniformly elliptic, we can introduce

a smooth radial function y € Cg° ( = 1/ 2 , 0B, 1/ 2 ) for some d > 1 such that y (|&]|)d = d everywhere. In
what follows we shall prove (2-23) Where instead of f we shall write w (|£]) f, keeping in mind that f is
supported away from the boundary and localized at spatial frequency 1/ A.

The proof of Theorem 1.3 will be completed once we prove (2-23). To do that, we split the operator A,
into two parts, namely a main term and a diffractive term. To this end, let y (s) be a smooth function
satisfying

supp x C (—o0, —1], supp(l — x) C [-2, 00).

We write this operator as a sum A, = M), + Dy, by decomposing

A+(C(x, ) = (rAD(C(x, ) + (0 =0 A4) (¢ (x, ©)),

and by letting the “main term” be defined for f, as in Remark 2.7, by

th(-xat) =

L 261 (e /MG AD (o 10) + b MG A /1)

RODICERSEES Ai((o(E/ h))
A+(Co(f/h))

Qrh)"
w(EDF(5)de. @25)
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The diffractive term is then defined for f as before by

Dy f(x,1) = 26 (aCx, &/ (1= ) AL) (C (e, &/ ) +b(x, &/ ) (L= ) AL) (C(x, &/ h))
Rn

i A/ 1)
AL (Go(&/h))

We analyze these operators separately following the ideas of [Smith and Sogge 1995].

1
Qmh)?
w(EDF(S)ae. @26)

The main term M. To estimate the main term M), we first use the fact that
Ai(s)
Ap(s )

Consequently, since the term Ai(¢p)/A+((o) acts like a multiplier, as does &;, which by virtue of (2-1) is
localized in the interval [ag, o], the estimates for M; will follow from showing that the operator

2, forseR. (2-27)

f—

[ (6 ermeAn (e /m) + b, /MG AL (/1)

Qrh)y
x /MOy (2)) f(2) de - 2-28)

satisfies the same bounds as in (2-23) for f spectrally localized at frequency 1/ 4. Following [Zworski
1990, Lemma 4.1], we write y A and (y A+)’ in terms of their Fourier transform to express the phase
function of this operator

P(t,x, &) = —1E +0(x, &) — 2(=0)(x, ), (2-29)

which satisfies the eikonal equation (2-9). Let its symbol be ¢, (x, £/ h), with ¢, (x, ) € Efg 3.1/3 (R" xR™)
and we also denote the operator defined in (2-28) by W,”, thus

[ e, e mypenf(5) dé

Wy fx, 1) = an iy

Proposition 2.8. Let (g, r) be an admissible pair with g > 2, let T > 0 be sufficiently small and for
f=dx, D)2 f + Op2q)(h™) as in Remark 2.7 let

1 ¢
— WM — i/ M (t,x,8) s
Wif (0= Wil f (6,0 = oo /e e, &/ My (ED (%) dé.
Then the following estimates hold:

IWh £l Lo 0,71, @y < Ch™ Y9 £l L2 (2-30)

The proof occupies the rest of this section. The first step is a TT* argument. Explicitly,

Wi (5) = [ M9 . syen (o TR dy ds,
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and if we set

(ThF)(X,t) = (WhW;:F)(X, t)

1

- T / TNGCRIPCIe () &) Ryam G ETR WA (ENF (v, ) dE ds dy, (2-31)

then inequality (2-30) is equivalent to
1w Fllzsqo. 11, @y < CH N F g .71, ey (2-32)

where ¢’ and r’ satisfy 1/g+1/q’ =1and 1/r+1/r" = 1. To see, for instance, that (2-32) implies (2-30),
notice that the dual version of (2-30) is

Wy Fll 2@y < Chil/q”F”L‘I’((O,T],Lf’(R"))’
and we have

||W]TF||iZ(R11) =/ WhW;FF dtdx = ||ThF||L‘i((0,T],L"(R”))||F||Lq’((0,T]7Lr’(Rn))- (2‘33)

Therefore we only need to prove (2-32). Since the symbols are of type (%, %) and not of type (1, 0),
before starting the proof of (2-32) for the operator 7, we need to make a further decomposition: Let
p € Ci°(R) satisfy p(s) =1 near 0 and p(s) =0if [s| > 1. Let

T,F =T, F + T} F,

where

T} F(x,1) = / Ki(t, %, 5, ) F (v, 5) ds dy (2-34)
and

1 . ey _
Kl x50 = o /e<z/h)(¢<r,x,¢) P3O (1 p (Pt - s1)
X e (X, E/ h)em (v, E/ M)W (IE) dE,  (2-35)

while

T/ Fr, 1) = / K/ (t,x, 5, )F (v, 5)ds dy, (2-36)
and
K/ (t,x,5,y) = e /e(i/h)(qﬁ(t,x,‘é)—qﬁ(s,y,é))p(h—1/3|[ _

x cm (X, &/ ) em (v, E/ M)W (IE]) dE. (2-37)

Remark 2.9. The two pieces will be handled differently. The kernel of Thf s supported in a suitable
small set and it will be estimated by “freezing” the coefficients. To estimate 7, we shall use the stationary
phase method for type (1, 0) symbols. For type (_%, %) symbols, these stationary phase arguments break
down if |t — s| is smaller than 4'/3, which motivates the decomposition. We use here the same arguments

found in [Smith and Sogge 1995].
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e The “stationary phase admissible” term 7
Proposition 2.10. There is a constant 1 < Cy < o0 such that the kernel K of T, satisfies

|t —s|

lx — ¥

K3 (t, x,5, )| < CyhY  forall N if ¢1C;", Col. (2-38)

Moreover, there is a function &.(t, x, s, y) which is smooth in the variables (t, s), uniformly over (x, y),
S0 thatifCo_l <t —s|/lx —y| < Co, then

|t — sl
h

Proof. We shall use the stationary phase lemma to evaluate the kernel K of 7;}. The critical points occur
when |t — s| >~ |x — y|. For some constant Cy and for |£| € supp v, & in a small neighborhood of 1, we
have

5 —n /2 1/3
K3 (1, %, 5, )| < h (1+ ) for |t —s| > h'/3. (2-39)

V@05, 8= 9y I =l —sl+lr =y =i =g (G Gl

Since c € Sg /3,1/3> an integration by parts leads to (2-38). If |t —s| >~ |x — y| we introduce a cutoff function
K(Ix —y|/|lt — s|), with x € Cg°(R\ {0}). The phase function can be written as
¢([’x’é)_¢(sayaé):(t_s)®(t’x,saya§) for |t_s|:|x_)’|2hl/3-

We want to apply the stationary phase method with parameter |t —s|/h > h~2/3 > 1 to estimate K ;- For
x,y,t,s fixed we must show that the critical points of ® are nondegenerate.

Lemma 2.11. If T is sufficiently small, the phase function @ (t, x, s, v, &) admits a unique, nondegenerate
critical point .. Moreover, for 0 <t,s < T, the function &.(t, x, s, y) solving V:O(t, x,s,y,{) =01s
smooth in t and s, with uniform bounds on derivatives as x and y vary, and we have

100,07 Ec(t, x, 8, V)| < Coy kT3 if |x —y| > B3, (2-40)

t,s7Xx,y

Proof. The phase O(t, x, s, y, &) has the form

O, %,5,3,8) =&+ ——($(0,%,8) —$(0,7,))
=512+%Z(xj—yj)ax,¢(0, ey € (2-41)
j=1

for some z, , close to x, y (if T' is sufficiently small then | —s| 2 |x — y| is small), and using the eikonal
equations (2-9) we can write

n
1
O 1, x,5,5,8) = (Vath, Ve (0, 2,3, &) = == D (6 =y )0, P (0, 21,3, ).
j=1
Write (Vi¢, Vi) = Zj’k gj’kéquﬁaxkgzﬁ. We compute V0 explicitly: for each/ € {1, ..., n} we have

n n ) X;i—y;
0501, %,5.9,8) = D 8% $(0, 2,1, &) (2 > g7 (2x,y) 0, b0, 21y, &) — u) (2-42)

t—s
j=1 k=1
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Thus

Lk _M=n
Z%g (Zx,y)ﬁxkfp(ov Zx,ys $) (t—s)

VeO(t, x,5,9,8) = VI, $(0, 2y y, &) : (2-43)

n,k —XnTVn
2%8 (2x,y) 00, P (0, zx.y, €) (r—s)

where Vg’ = (ag%, xjgb)l, jell,...,n) 18 the matrix n X n whose elements are the second derivatives of ¢ with
respect to ¢ and x. We need the following lemma:
Lemma 2.12 [Smith and Sogge 1994, Lemma 3.9]. For ¢ in a conic neighborhood of the &, axis the
mapping

x = Ve (0x,8) = 3(=0"(x, )
is a diffeomorphism on the complement of the hypersurface ¢ = 0, with uniform bounds on the Jacobian

of the inverse mapping.

Corollary 2.13. If T is small enough and |x — y| >~ |t —s| < 2T then

det(VZ  #)(0, zxy, &) #0. (2-44)

We now complete the proof of Lemma 2.11. A critical point for © satisfies Ve@(t, x, s, y, ) = 0 and
from (2-43) and (2-44) this translates into
X—y

(8" @) (Vi) (0, 20y, ) = ——. (2-43)

Since (g/*) j.k 1s invertible and using again (2-44) we can apply the implicit function’s theorem to obtain
(for T small enough) a critical point &, = &.(¢, x, s, y) for ®. To show that &, is nondegenerate we
compute

8@18@@([, X,8,Y, f) == Z 6§q,51’xj¢(0, Zx,y’ f) (2zg‘/’k(1x,y)ax1<¢(0’ Zxay, é) - ()Z ::)j))
k=1

j=1

+2 Z 6§’x_,¢(0, x,y> <) (Z gj’k(zx,y)aé’x,((ﬁ(oa x,y> é)) (2-46)
j=1 k=1

Consequently at the critical point & = &, the hessian matrix V§ £ © is given by

vg,é‘@(t’ )C, S’ ya gL) = z(vé?,x¢) (glj (Zx,y))i,j (vg,x¢) |(0’ZX,)"§L‘),
and therefore for 7" small enough, the critical point . is nondegenerate by (2-44). 0

On the support of « it follows that the kernel K} has the form

Kp(t, x,s,y)
1
~ Quh)

/ U/MISIOELE Sy 2 (1)) (1= p(h ™' Pt = s1)) X cm(x, &/ en(y, ETR) dE,  (2-4T)
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where, if w = |t —s|/h and {; ~ 1, the symbol satisfies

0050 (1, x5, 3, 0 /11 = 1) | < Cagh ™/ (1t — 5132 /1) 7,

t,sYw

where we have set

on(t,x,s,y,08/|t —sl) = (1= p(™'Pt —s]))cm(x, @Z/1t = s|)em (v, @&/ |t — s1).

. 0 _
Indeed, since ¢, € S, /3.1/3° for & = 0 one has

l8konl < IE11e = 5175 |(@Fcm) (¢, x, @& /1t = s1)| < Coxlt —s1 ™ (@/It = s1) 7> = Coult — s|7*n*7.
We conclude using the next lemma with w = |t —s|/h and 0 = |t — s|/> > h'/? > h.

Lemma 2.14. Suppose that ©(z, &) € CP(R*™HD x R is real, V0 (z, E(2)) =0, VeO(2, &) #0 if

¢ #&e(2), and
|det V20| > co >0 if|¢] < 1.

Suppose also that
0000 (z,&) < Caph™  forall a, p.

In addition, suppose that the symbol oj,(z, £, @) vanishes when || > 1 and satisfies

020} 8k on(z, &, )| < Croay h™1HIVB @G/ )43 for all k, a, y,
where on the support of o, we have w > h™%/3 and 5 > 0. Then we can write
/ 00y (2, 8, ) dE = w2 0Dy (2, w),
where by, satisfies

10K 0%bi(z, @)| < Croh™1%13(5/ ) /3

and where each of the constants depend only on co and the size of finitely many of the constants C, g and
Ck,a,y above. In particular, the constants are uniform in 0 if 1 > 6 > h.

This lemma, used in [Smith and Sogge 1995, Lemma 2.6] and also in Grieser’s thesis [1992], follows
easily from the proof of the standard stationary phase lemma [Sogge 1993, page 45]. Its application
concludes the proof of Proposition 2.10. U

For each ¢, s, let T;'(z, s) be the “frozen” operator defined by
71,980 = [ Kt x5 0800 dy,
From Proposition 2.10 we deduce
1T (2, $)gll ooy < € max (k™" (hlt —s) ") gl 11 - (2-48)

Lemma 2.15. If T is small enough then for t, s fixed the frozen operators T; (t, s), Thf (z, s) are bounded
on L*(R"); that is, for all g € L*(R") we have

1T (2, )8l 2@y < Cllgll L2y (2-49)
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Proof. If f € L>(R") then

1 . . -
2 — @/ ) (p(t,x,)—p(t,x,1))
Wi Dy = G /,,/e 2D, (x, &/ h)em (%, 7/ h)

x w0l £(5) 7 (%) dracan. @-50)

From Lemma 2.12 it follows that the mapping

1
X = (x—> —f(fl+’71,0,---,0)+/ V§¢(O,X,(1—w)§+w’7)dw)
0

is a diffeomorphism away from the hypersurface ¢ = 0 with uniform bounds on the Jacobian of y~!.

This change of variables reduces the problem to the L>-continuity of semiclassical pseudodifferential
operators with symbols of type (%, % . O

Interpolation between (2-48) and (2-49) with weights 1 —2/r and 2/r respectively yields
‘ o |t—S| —n(1/2—1/r)
1T (¢, 9)gllr @y < Ch"! 2/”(1 +— gl @ (251
and hence

1T} Fll oo, r).Lr @y < Ch"/20=2/0)

T
/1 [t—s]| It _S|_n/2(1_2/r)||F(-as)”Lr’(Rn) ds
L5

L9'((0,T1) .

Since n (% — %) = % < 1 the application |¢|~2/4 : LY — L4 is bounded and by Hardy—Littlewood—Sobolev

inequality we deduce
1T Fllzaqo,r1,r @y < CRT2 NNl 0,701 oy (2-52)

e The “frozen” term Thf :

To estimate Thf it suffices to obtain bounds for its kernel K }{ with both the variables (¢, x) and (s, y)
restricted to lie in a cube of R"*! of side length comparable to #!/3. Let us decompose S7 into disjoint
cubes Q = Q, x Q; of side length h'/3. We then have

q/r

T
f _ f _ f
75 Fllza g0, 77,L7 ey —/ ( > lxeT; F”rL’(Qx)) dt =D lxoT Fllfaqo,ryir @)
0 No=0,x0, 0

where by yo we denoted the characteristic function of the cube Q. In fact, by the definition, the integral
kernel K/ (1, x,s, y) of T,/ vanishes if |r —s| > h'/3. If |t —s| < h'/3 and |x — y| > Coh'/3, then the
phase

P(t,x,8) —P(s, ¥, )

has no critical points with respect to £; (on the support of ), so that
K]/ (t,x,5,y)| <CyhY forall N if [x —y| = Coh'/3.

It therefore suffices to estimate ||y o Thf xo+*Fllraqo, 71,7 ®r)), Where Q* is the dilate of Q by some fixed
factor independent of h. Since ¢ > 2 > ¢/, r > 2 > r/, where ¢/, r’ are such that 1/q + 1/¢’ =1,
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1/r +1/r' =1, we shall obtain

f q q q
2o T ko Fllfaqo.ry ey = C1 210 Fl oy 1y = CNF N oy 1y 253
Q Q

To prove (2-53) we shall use the following proposition:
Proposition 2.16. Let b(&) € L*®(R") be elliptic near & ~ 1, by (&) :=b(E/ h), then for h < |t —s| <h'/3,
h < |x — y| < h'/3 the operator defined by

Buf () = o [ My ey (5 ) dé (2-54)

Qrh)"
satisfies
I1Bi fllLao,71, @y < CH™Y9| £l 2 gany- (2-55)

Proof. We use again the TT* argument. Since b(&) acts as an L? multiplier we can apply the stationary
phase theorem in the integral

/ o1/ DGCX =963 (1)) dE

to obtain
B4 B Flloo.r1.Lr @) S h U F | L 0,707 @eyy-
Notice that we haven’t used the special properties of the phase function at ¢ = 0. O

Let now Q be a fixed cube in R"*! of side length £!/3. Let
bu(t, x,5,y,&) = p(h™'Plt = sew(x, &/ Mew(y, €/ h),

and write

t
bh(r,x,s,y,é)=bh(o,o,s,y,é)+/ S (0,5, v, &) dr
0

1 Xn
++// at"'axnbh(r,zl,---aZnaS,y,f)drdZ- (2-56)
0 0

If the symbol c¢ is independent of ¢ and x, the estimates (2-30) follow from Proposition 2.16. We use this,
for instance, to deduce

||XQTthQ*F”L‘i((o,T],Lr(Rn)) < Ch—/2(1/2=1/r) 057
: (H/ / UIMEE=BE2 )y (1€)by (0, 0, 5, y, &) F (v, 5) dE ds dy
h1/3 h
I /
0 0

/ drdz ).
L2(Rm)

Each derivative of by (¢, x, s, y, ¢) loses a factor of h=173, but this is compensated by the integral over
(r, z), so that it suffices to establish uniform estimates for fixed (r, z). By duality, we have to establish
the estimate

[ emessayqenmo.os. .0 (5) ae

Lz(R")
1/3

/ / WMCEIEI NG oy (ENbA(r, 2,5, v, O F (v, ) dE ds dy

< Cllfllz2@nys
L4((0,T1,L"(R"))
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which follows by using the same argument of freezing the variables (s, y) together with Proposition 2.16.

The diffractive term Dj,. To estimate the diffractive term we shall proceed again as in [Smith and Sogge
1995, Section 2].

Lemma 2.17. For x, > 0 and for & in a small conic neighborhood of the positive &| axis, the symbol g of
Sp can be written in the form

Ai(fo(£))

q(x, &)= (ale, E)((1 = AN (x, ) +b(x, (1= 0)A4) (%, ) A4 (¢0(9)

= p(x, ¢, ¢(x,9)),

where, for some ¢ > 0

020180k p(x, & £, )| = Cajpuc!/ TP emen el

¢ Ox' O P

Proof. Since
P32

\ak(u — A < Cree® 3T forall e > 0

and a and b belong to S1 0 , the result will follow by showing that —((0(5)) =px, &, ¢(x,&)) in the

region ((x, &) > =2, where, if &' = (&), ..., &—1), At
|0g0] 000k px. &, 0)] < Cujpiedy P emen ama-aur”, (2-58)

¢ % O

At x, =0, one has ¢ = (p, 0x,¢ < 0. It follows that for some ¢ > 0

C0(x, &) = ¢(x, &) + exél

By the asymptotic behavior of the Airy function we have, in the region ¢ (x, &) > —2

i\ (k) 3/2, 1
‘(%) (Co)‘ < Cpee™ o GmUA=0KEOP?, (2-59)
We introduce a new variable 7 (x, &) = l/ 3{ (x,&). At x, =0 one has T = —¢&,, so that we can write

&=0(x,&, 1), where o is homogeneous of degree 1 in (&', 7). We set
- -1/3
P&, o) = —( & Pox, &, ).

The estimates (2-58) will follow by showing that

T7x" X,

ajaﬂak _( 5—1/30()6,5’ T))‘ < Ca’j’ﬁ’k’eégl—\al—j+2k/3efcx3/2§1*(4/37e)|r|3/2§171/2‘ (2-60)
For k = 0, the estimates (2-60) follow from (2-59), together with the fact that

afaﬂ—( &0, )| = Cap(adt 487 ),

which, in turn, holds by homogeneity, together with the fact that o (x, ¢, 7) =0if x, =7 =0. If k > 0,
the estimate (2-60) follows by observing that the effect of differentiating in x,, is similar to multiplying
by a symbol of order 2/3. This concludes the proof of Lemma 2.17. O
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Lemma 2.18. The Schwartz kernel of the diffractive term Dy, can be written in the form

[ Dy mina . e
= [ e 0Dy e e ) do dE. @61
where (-, - ) denotes the scalar product and where

1 /2—lal—2i 3/2 _
|oF ol P ok ca(x,&,0) < Cy jpiné 1/2-1a1=2)/3+2k/3 p—cx Q1 +¢ 4/302)71\’/2 forall N.

o x'Yxy

Proof. The symbol ¢, of the Schwartz kernel of Dj, can be expressed as a product of two symbols

ca(x, & 0)=c1(x, & 08 ea(x, &, ¢ (x, 8)),

where

2/3 2/3 2/3

a1, & 08 =W o) (alx, ) + 0 Pb(x, 8)) € S 47 (R REDD
comes from the Fourier transform of A (here W is a symbol of order 0) and where ¢, satisfies for all

N >0 (for 626 + ¢ (x, &) =

—4/3 —2j/3 —2/3j e—la|42k/3 —cxl? —4/3 2\ _
|0g0i0l 0k er(x, &, =028 )| < Cujpanéy 1o 2P 1 PR emena (g 4 g M2 N2,
(2-62)
3/2
which follows from (2-58). We use the exponential factor e‘cx"/ <1 to deduce from (2-62) that
0k ea(x, &, =02 )| = Can (all ) e e @i 2RED (| L g7 N2 foral N. O

From now on we proceed as for the main term and we reduce the problem to considering the operator

Wipeea = o [y, g oy N7 (5)

Qahy
h J Ak 2(k—j)/3 mpn—1 n
where x; 0} cq € S5 13.1/3 (R x RE ) uniformly over x, and where we have set
¢(t’xa E, 0-):: _té:l +0(X, Z.s:)—i_o-é:l C(xa é)—}_gflo- ) (2-63)

obtained after the changes of Variables'a — o0&, £ > &/ h in (2-61). Using the freezing arguments
behind the proof of the estimates for Thf and Minkowski inequality we have

/ LD ey (0,06, o) (€D f () do de

IW, oo, 11,Lr @) < H

+h23 /
0

Q7 h)" La((0.T),L" (R"))

2/3
h 1

i | €SO et e b w0 F (5) do de

dr
2m h)"

La((0,T1,L" (R*=1))

1 t,x,¢,0 / A
7 | Grhy / BRSO 2820, g r &b o)y (1D (%) do de

L4((0,T], L’(R”“)).

Since cy(x',0, &, o) and K23 (1 +h~4/3 2)Gxncd(x r, &, o) are symbols of order 0 and type (3 , 3) with
uniform estimates over r, the estimates for the diffractive term also follow from Proposition 2.8. Indeed,
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the term on the second line loses a factor 2~2/3, but this is compensated by the integral over r < h%/3.
The term on the last line can be bounded by above by

h2/3/ dr 1
rop2/3 1

Gniy / UIMICxE) (n=23,20 cy(x', 1, &/, o))y (1E]) f (%) do dé

L4((0,T],L" (R"))

[ w2 o e D F (5) do de

= |y |
|| @z h)r L3((0,T1,L" (R™))
We conclude by using the same arguments as in the proof of Proposition 2.8, where now W}, is replaced by
operators with symbols ¢, (x’, 0, £, o), However, for this term we can’t directly apply Lemma 2.11, since
the expansion of the Airy function giving the phase function (2-29) is available only for ¢(x,<¢/h) < —1.
Writing the phase function of (2-61) in the form qz(t, x,¢,0)—(y, <), we notice that at + = 0 this phase
is homogeneous of degree 1 in ¢ and the proof of the nondegeneracy of the critical points in the TT*
argument of Lemma 2.11 reduces to checking that the Jacobian J of the mapping

(& 0) = (VO &) +0(x, ), 0 (x, &) +a?) (2-64)

does not vanish at the critical point of the phase of (2-61). Hence we will obtain a phase function
(¢, x, &) which will satisfy V2 . (0, x, &) # 0 and this will hold also for small || < T and we can
use the same argument as in Lemma 2.11. To prove that the Jacobian of the application (2-64) doesn’t
vanish we use [Smith and Sogge 1994, Lemma A.2]. Precisely, at this (critical) point 0 = ¢ (x, &) =0,
y=0,and V¢ (x,¢) =0. Since ,,¢(x, &) # 0 and ¢, ¢ (x, &) # 0 at this point, the result follows by
the nonvanishing of |V, V#0(x, £)|. In fact we have

VﬂVg/@ foéxne ng
det 55)1 vV, 0 agn 0xn 0 85” 4 #£ 0.
VX/C axnC 20 o2=—r=0
3. Strichartz estimates for the classical Schrodinger equation
outside a strictly convex obstacle in R”

In this section we prove Theorem 1.7 under Assumption 1.6. We shall work with the Laplace operator
with constant coefficients Ap = Z?:l aj. acting on L?(Q) to avoid technicalities, where Q is the exterior
in R" of a strictly convex domain ©.

In the proof of Theorem 1.7 we distinguish two main steps. We start by performing a time rescaling
which transforms the Equation (1-8) into a semiclassical problem. Due to the finite speed of propagation
(proved by Lebeau [1992]), we can use the (local) semiclassical result of Theorem 1.3 together with the
smoothing effect (following Staffilani and Tataru [2002] and Burq [2002]) to obtain classical Strichartz
estimates near the boundary. Outside a fixed neighborhood of 6€Q2 we use a method suggested by Staffilani
and Tataru [2002] which considers the Schrodinger flow as a solution of a problem in the whole space
R”", for which the Strichartz estimates are known.

We start by proving that using Theorem 1.3 on a compact manifold with strictly concave boundary we
can deduce sharp Strichartz estimates for the semiclassical Schrodinger flow on Q. More precisely, we
prove the following result, and then show how it can be used to prove Theorem 1.7.
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Proposition 3.1. Given (q, r) satisfying the scaling condition (1-3) with q > 2 there exists a constant
C > 0 such that the (classical) Schrodinger flow on Q x R with Dirichlet boundary condition and spectrally
localized initial data ¥ (—h* A p)ug, where P € Cy°(R\ 0), satisfies

[0 (1> Ap)uo] oy = CI¥ (=1 ApJuo] 2 g, -1

Proof. We use a method similar to the one given in our recent paper [Ivanovici and Planchon 2009] in
collaboration with F. Planchon. Let ¥ € C;°(R\ {0}) be such that ¥ = 1 on the support of ¥, hence

W(—h?Ap)¥Y(—h?Ap) =V (—=h>Ap).

Following [Burq 2002; Ivanovici and Planchon 2009], we split ¢//22¥ (—h? A p)uo(x) as a sum of two
terms,
P (=h*Ap) ¥ (=h* Ap)e'" P ug + ¥ (=h* Ap)(1 — 1) (—=h*Ap)e'*Puq,
where y € C°(R") equals 1 in a neighborhood of 0Q.
o Study of ¥(—h2Ap)(1 — )P (—h%Ap)e' 2oy
Set wy(x, 1) = (1 — x)¥P(—=h*Ap)e'' Puy(x). Then wy, satisfies

{iatwh + Apwy = —[Ap, x1¥(~h>Ap)e*Pug, 32

whli=o = (1 — x)¥(—h*Ap)ug.

Since y is equal to 1 near the boundary 02, the solution to (3-2) also solves a problem in the whole
space R". Consequently, the Duhamel formula gives

t
wp(t, x) =" (1 — )Y (=h*Ap)ug — / I Ap, y 1P (—h*Ap)e Pug(s) ds, (3-3)
0

where A denotes the free Laplacian on R” and therefore the contribution of ¢/’ (1 — y)¥(—h%A p)ug
satisfies the usual Strichartz estimates. For the second term on the right in (3-3) we use the next lemma:

Lemma 3.2 [Christ and Kiselev 2001]. Consider a bounded operator
T:LY (R, B)) > LY(R, By)

given by a locally integrable kernel K (t, s) with values in bounded operators from B\ to By, where B
and B, are Banach spaces. Suppose that q' < q. Then the operator

10 = [ Keoreds
s<t
is bounded from LY (R, By) to L4(R, B,) and

= —(1/g—1/g")\—1
||T||Ltl’([Ra,Bl)—>Lq(|Re,132)Sc(l—2 (1 /q)) ||T||Lq’(R,Bl)—>Lq(R,Bz)~

Since g > 2, this lemma allows us to replace the study of the second term in the right-hand side of
(3-3) by that of

o
/ I A D, x 1P (=h*Ap)e ™ Pug(s)(s) ds =: UpUg f(x, 1),
0
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where Uy = ¢/’ is bounded from L?(R") to L4(R, L"(R")) and U is bounded from L*(R, Hcf,rln/pz) to
L?(R") and where we set f :=[Ap, y]¥(—=h?Ap)e''2Puy which belongs to LZHCEIIT{S(Q) by Burq et al.
[2004a, Proposition 2.7]. The estimates for w,, follow as in [Burq et al. 2004a] and we find

lwnll oo @) < CI(1=2)¥ (=h* Apuoll 2oy +ITA D, 1P (=h* Ap)e 2P ull 2 oty (B-4)
The last term in (3-4) can be estimated using [Burq et al. 2004a, Proposition 2.7] by

C|¥(=h*Ap)e''ar < CII¥(—h*Ap)uoll 12 (- (3-5)

woll 12 12, )
Finally, we conclude this part using [Ivanovici and Planchon 2008, Theorem 1.1] which gives
I¥ (=h* A p)whllr @) < llwnllzr@)- (3-6)

o Study of ¥ (—h2Ap)y ¥ (—h2Ap)e''2ouy:
Let 9 € C;°((—1,2)) equal to 1 on [0, 1]. For / € Z set

ong = (t/h—1)y¥(=h>Ap)e" *Pu, (3-7)
Vi = (9t/h=DIAp, 1] +iWX)‘P(—h2AD)€”A”MO- (3-8)
The quantity in (3-7) is a solution to
<i6tvh,1 + Apopg = Vi, (3-9)
Onile<hi—n =0, opili>ni+2n = 0.

Let O C R" be an open cube sufficiently large such that 0€ is contained in the interior of Q. We
denote by § the punctured torus obtained from removing the obstacle ® (recall that Q = R" \ ©) in
the compact manifold obtained from Q with periodic boundary conditions on Q. Notice that S, when
defined in this way, coincides with the Sinai billiard. Let Ag := Z?:l 812. denote the Laplace operator on
the compact domain S.

On S, we may define a spectral localization operator using eigenvalues 1; and eigenvectors e¢; of Ag:

if f =72 ckex, then
W(=h*Ag)f =D W(=h*I)crer. (3-10)
k

Remark 3.3. In a neighborhood of the boundary, the domains of Ay and A p coincide, thus if y € C5°(R")
is supported near 0Q then Asy = Apy.

Now let y € C3°(R") be equal to 1 on the support of y and be supported in a neighborhood of 6Q
such that, on its support, the operator —A p coincides with —A g. From their respective definitions, we
know that v, ; = yvs, and Vi, ; = y Vi1 consequently vy, ; will also solve, on the compact domain S, the
equation

10vp,1+ Asons = Vi,

G3-11)
Onile<ni—122 =0,  vnilisna+1)z =0.
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Writing the Duhamel formula for the last equation in (3-11) on S, applying ¥(—42A p), and using
that )?Uh,l =0p1, )?Vh,l = Vh,l and writing
V(= Ap) g = ¥ (= A g + (1= )V (=h*Ap) 7 + 1 (¥ (=h*Ap) = ¥(=h*Ag)) 7 (3-12)

for some y; € C3°(R") equal to 1 on the support of ), we obtain

t
P (—h*Ap)op(x, 1) =X1/ ISP (—h2 Ag) Vi (x, 5) ds
hi—1
t

+(1 =) P (—h*Ap)e' D25V, 1(x, 5) ds
hl—I1

+01(¥(=h*Ap) =¥ (=h*Ag))ons. (3-13)

Denote by v, the first term of (3-13), by vy, ¢ the second one, and by vj ;s the last one. We deal with
them separately. To estimate the L] L" () norm of vy, ;.  we notice that it is supported away from the
boundary and therefore the estimates will follow as in the previous part of this section. Indeed, notice
that since v, ; also solves (3-7) on Q, we can use the Duhamel formula on Q so that in the integral we
can define v,y to have Ap instead of Ag. We then estimate the LIL"(Q) norm of vy, ¢ by applying
the Minkowski inequality and using the sharp Strichartz estimates for (1 — y1) ¥ (=h2A p)e! (=920 Vi
deduced in the first part of the proof of Proposition 3.1 and obtain, denoting Ilh =[hl —h, hl +2h],

”Uh,l,f||Lt1(1]h,Lr(Q)) = C// ||Vh,l(X, S)HLZ(Q) ds. (3-14)
Il’

For the last term vy, ; s we use the following lemma, which will be proved in Appendix B:

Lemma 3.4. Let | € C°(R") be equal to 1 on a fixed neighborhood of the support of y. Then we have

N
lontsll Lo Lr @y < CnAT 1 Vi (x, S)IILZ(I/I,H(,), D4, forall N € N. (3-15)

To estimate the main contribution vj; ,, we use the Minkowski inequality, which yields
”Uh,l,m”Lq(]lh,Lr(g)) = ||Uh,l,m||Lq(llh,Lr(s)) <C [h ”ei(t_s)AS\ij(—thS)Vh,l(x, S)HLQ(IIh,L’(S)) ds. (3-16)
1

Applying Theorem 1.3 for the linear semiclassical Schrodinger flow on S, the term to integrate in (3-16)
is bounded by C ||‘i‘(—h2A $)Vhi(x,s)|| 12(s)- Using [Ivanovici and Planchon 2008, Theorem 1.1] and
the fact that y Vj, ; = V},; (so that taking the norm over Q or S makes no difference) we obtain

om sl op iy = € / Vi, )l 2 ds. (3-17)
111

After applying the Cauchy—Schwartz inequality in Equations (3-14) and (3-17) it remains to estimate the
L*(I', H° (€2)) norm of V;, where o € {O, n(% — %) — %} We do this using the precise form (3-8) and
obtain

2 itA
1Vaill 2t me @y < Clo(e/ = DIAD, x1¥ (=h* Ap)e™ Puo 120 1o @)
+Ch™ o't/ h =D ¥ (=h* Ap)e P uo| 12 o)y (3-18)
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Since the operator [Ap, X]‘I’(—hZAD) is bounded from H’*! to H?, we deduce from (3-13), (3-14),
(3-18), (3-19), and Lemma 3.4 the following bound (the last two lines differing only in the superscript of
H())Z

¥ (=5 Ap)onill Loqp 1y < Ch2 |6/ h=DF¥ (=02 Ap)e" * uo|| 2 1) (3-19)

+Ch™ |GG/ h =D ¥ (=hAp)e P uo || 2 12,

N+1/2| ~ CNow(_12 itAp
+ Cnh |6(t/h—Dg¥(—h*Ap)e ”0||L2(1,11,Hg(%*%)*%<g))

+CvhN V2| Gt/ = DY (—=h* Ap)e AP ug | |

n(2-1)-1

1y-1 >
L2 Hy N T @)
where ¢ € C;°(R) is chosen equal to 1 on the support of . Since g > 2 we estimate

| (=h2Ap) ¥ (=h* Ap)e ™ P uo ], 1o

o0
<C Z H\P(_thD)Uh’l”i‘l(llh,L’(Q))

l=—00

o q/2
. B ; 2
<cn 2( D lae/n- Z)N(—thD)e”A””o“Lzuﬁﬂ&@»)

[=—00
o , a/2 (3-20)
— ~ ~ 2
+Ch ‘1/2( > qu(t/h—l)X‘I‘(—hZAD)e”ADMO||L2(1,h,L2(n)>)
[=—00

00 ) q/2

+C hq<N+1/2>( 5(t/h—D7¥(—=h*Ap)e*Pu w(3-1)+1 )

N Zoo”(p(/ e
00 ‘ ) q/2
+cth<N—”2’(Z |6t/ h=DF ¥ 1> Ap)e" *Puol” 11y ) :

= L2(1[I1’H0 2T Z(Q))

The almost-orthogonality of the supports of ¢ (- —/) in time allows us to estimate the term on the third
line of (3-20) by

Ch12 [ 7% (=h? Ap)e" *Puo| [ g 1 ) (3-21)

the one on the fourth line by

Ch—q/2 H )?\P(_hZAD)eiZADMO ” (zz(R,LZ(Q)) H (3_22)

the term on the fifth line by

Cth(N+1/2) “)?l}l(_thD)eitADu()Hq ,1(l_l)+l , (3_23)
LXR,Hy > 77 2 (Q)
and the one on the last line of (3-20) by
CyhIN V2| 79 (=h? Ap)e' *Pug |? (3-24)

LZ(R,H:(E VI) ;(Q))

We need the following smoothing effect on a nontrapping domain:
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Proposition 3.5 [Burq et al. 2004a, Proposition 2.7]. Assume that Q = R" \ O, where O # & is a compact
nontrapping obstacle. For every y € Ci°(R"), n > 2,0 € [-1/2, 1], one has

||55\P(—h2AD)e”ADuoHLZ(R,Hgﬂ/z < CI¥(=h*Ap)uol e - (3-25)

(@)
Remark 3.6. This is proved in [Burq et al. 2004a] for ¢ € [0, 1], but for spectrally localized data the
result also follows using the estimates (2.15) of [Burq et al. 2004a, Proposition 2.7].

We apply Proposition 3.5 with ¢ = 2 in (3-21), witho = —5 L in (3-22) and with & _”(E_ ;) = e [0, 1]

in (3-23). In (3-24) we use that n(— - %) - % < 1 to estlmate the L? (R H"(T?)T(Q)) norm by the

L?*(R, H'/?(Q)) norm and use Proposition 3.5 w1th o = 0. This yields

| (=h*Ap) 2 ¥ (=h*Ap)e™ P ug | 14 5 1y < CIY (> Ap)uoll 12c)- (3-26)

Here we used the spectral localization ¥ to estimate ||‘I’(—h2AD)uo||Ha(g) by h=? ||‘{‘(—h2AD)u0||Lz(Q).
This achieves the proof of Proposition 3.1. O

In the rest of this section we show how Proposition 3.1 implies Theorem 1.7.
Lemma 3.7 [Ivanovici and Planchon 2008, Theorem 1.1]. Let ¥y € C°(R), ¥ € C;°((1/2, 2)) satisfy

Yo+ D WQH) =1, forallleR.

i>1
Then for all r € [2, 00) we have '
o] 1/2
£l @ < cr(||tPo(—AD)f||y(g) - (Z ||kP<—2—2fAD)f||ir(Q)) ) (3-27)

Jj=1

Applying Lemma 3.7 to f = e/"*?Pu( and taking the L7 norm in time yields

1/2
le" 2 ull Lo, zr @y < | [l€" P Po(=Ap)uo] o) + (Z||eitAD‘I’(—2_2jAD)”0 |ir(g>) ®
j=1 L4

which, by the Minkowski inequality, leads to ||/’ 22 u| Li®R,L7(©) < Clluollz2(q)- The proof of Theorem
1.7 is complete.

4. Applications

In this section we sketch the proofs of Theorem 1.8 and Theorem 1.9.
We start with Theorem 1.8. From Theorem 1.7 we have an estimate of the linear flow of the Schrédinger
equation
le™ 22wl 15,230 @y < Clluoll 2 4-1)
One may shift the regularity by 1 and obtain

“e ”ADMOHLS(R Wi 30/11(9)) C””O”H LQ)- (4-2)

Hence for small T > O the left-hand side of (4-1) and (4-2) will be small; for such T let Xy :=
L3 ((O, T], w30/ (Q)). One may then set up the usual fixed point argument in X7, as if u € X7 then
u? e L'([0, T1, H'(Q)).
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Let us proceed with Theorem 1.9. From [Planchon and Vega 2009], one has a time-global control on
the solution u, at the level of H i regularity:

u € L*((0, +00), L*(Q)).

By interpolation with either mass or energy conservation, combined with the local existence theory, one
may bootstrap this time-global control into

u € LP71((0, +00), L*(Q)),

from which scattering in HOl (Q) follows immediately.

Appendices

A. Finite speed of propagation for the semiclassical equation. In this appendix we recall some proper-
ties of the semiclassical Schrodinger flow. For further discussion and proofs, see [Lebeau 1992].
Let S be a compact manifold with smooth boundary 0S.

Definition A.1. We say that a symbol ¢ (y, ) € S/’)”’(j is of type (p, d) and of order m if, for any a and S,
there exists C,, s > 0 such that
10004 q(y, m)| < Cap(1+ [y Ple+AL
For g € S}y we let Opy, (¢) = Q(y, hD, h) be the h-pseudodifferential operator defined by
1 . -
I8} - W/mO=D1g(y. n, h) F(5)d5.
pr(q) f(y) Gy /e q(y,n,h) f(3)dy

We set y = (x,1) € S x R and denote = (£, 7) the dual variable of y. Near a point xy € 65 we can
choose a system of local coordinates such that S is given by S = {x =, xp) 1 xp > 0}. We define the
tangential operators

OPhang(@) f (y) = / WM = gy ol 1) f (7, x0, 1) dF iy

1
2w h)n—1
where y = (X', x,, 1), v = (x',1), y = (X', 1), n = (&', &, 1), ' = (&', 1), and where the symbol

q(y, 7', h) lies in S?fo,tang; in other words, for any o and S, there exists C, s > 0 such that

|533§CI()’, n',h)| < Cop(1+ |;7/|)m_|ﬂ|‘

Let g be a Riemannian metric on S such that 8§ is strictly concave and (S, g) satisfies Assumption 1.1.
Let v9 € L*(S) be compactly supported outside a small neighborhood of the boundary, take ¥ €
Cy° (a0, o)), and let v (x, 1) = e A (—p? A¢)vg denote the linear semiclassical Schrodinger flow with
initial data at time # = 0 equal to W (—h*A)vg and such that [|¥ (=A% A)voll12(5) S 1.

Let 7 : T*(S x R) = T*(0S x R)UT*(S x R) be the canonical projection, defined by

7|7+ (sxr) = Id, T (y, 1) = (v, Nlr@sxr)  for (v, ) € T*(S x R)|ssxr.

Writing y = (x, t) and 5 = (&, t), we introduce the characteristic set

Sp=a{(y. ) in=(1), 1+ =0, —fo <7 < —ag},
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where |& |§, =({, )= f,% +r(x, ¢’) denotes the inner product given by the metric g and where, due to
the strict concavity of the boundary we have 6,,r(x’, 0, ') <O0.

Definition A.2. We say that a point py = (yo, 770) € T, (0S x R) :=T*(0S x R) UT*(S x R) does not
belong to the b-wave front set WF,(v) of v if there exists a h-pseudodifferential operator of symbol
q(y,n, h) [orqg(y, n,h)if pp € T*(0S x R)] with compact support in (v, #), elliptic at py, and a smooth
function ¢ € C;° equal to 1 near yj, such that for every ¢ > 0 and N > 0 there exists Cy > 0 such that

10ph(@)poll e (sxm) < Chh™.
We then write py ¢ WF;(v).

Proposition A.3 (elliptic regularity [Lebeau 1992, Theorem 3.1]). Let g(y, n) a symbol such that ¢ =0
on a neighborhood of Zp. Then for every ¢ > 0 and N > 0 there exists Cy > 0 such that

10pn(q)oll 1o (sy < Cnh".

This is proved in [Lebeau 1992] for eigenfunctions of the Laplace operator, but the same arguments
apply in this setting. From Proposition A.3 and [Lebeau 1992, Sections 2, 3] we have:

Corollary A.4. There exists a constant D > 0 such that
WF,(v) C £ N {—7 € [ao, Bol, I{]g < D}.

Corollary A.5 [Lebeau 1992, Chapter 3]. Let ¢ € C°(R) be equal to 1 near the interval [—fo, —ao].
Then for any bounded interval I and any N > 1 there exists Cy > 0 such that

|(1—p)(hDy)v| < CyhY  forallt e 1. (A-1)

Corollary A.6 (elliptic regularity at “o0”). Let ¥ € C;°(R") be equal to 1 on {|{|g < D}. Then, for all
N > 1, there exists Cy > 0 such that

|(1 =9)(hDy)o| < Cyh". (A-2)

Proposition A.7. Let yo ¢ pr,(WF;,(v)), where by pr, we mean the projection on the variable y = (x, 1).
Then there exists ¢ € C3° with ¢ = 1 near yo and such that for every ¢ > 0 and N > 0, there exists Cy > 0
such that

gl e (s) < Cnh™.
Proof. Let ¢, ¥ be as defined in Corollaries A.5 and A.6. Using Proposition A.3 again, we get
v(x, 1) = (D)9 (hD)v + O (h™). (A-3)

Now let yo = (xo, #o) & pr,(WF,(v)). It follows that for every 1 # 0, (yo, #7) € WF(v) and in particular
for every 59 € supp?) x supp ¢ there exists a symbols go(y, 77, #) with compact support in (y, #) near
(o, 70) and elliptic at (o, 770), and there exists ¢p € C;° equal to 1 in a neighborhood Uy of yo such that
for every ¢ > 0 and every N > 0, there exists Cy > 0 such that

10pw(qo)dvllme(sy < Cnh™.



290 OANA IVANOVICI

After shrinking Uy if necessary, suppose that g is elliptic on Uy x Wy, where W is an open neighborhood
of #9. Then it follows that on Uy, for every ¢ > 0 and N > 0, there exists Cy > 0 such that

ol e wy) < Cyh™.

Since the set supp ¥ x supp ¢ is compact there exist #*, a € {1, ..., N} for some fixed N > 1 and for
each #* there exist symbols g, elliptic on some neighborhoods U, x W, of (y9, #*) and smooth functions
¢o € Cy° equal to 1 on the neighborhoods U, of yg, such that supp ) x supp ¢y C Ui-v:l W,. Suppose
that ¢ € C° is equal to 1 in an open neighborhood of yy strictly included in the intersection N 2/: 1 Ua
(which has nonempty interior) and supported in the compact set () (zx\/: | supp ¢@. Considering a partition

of unity associated to (U, x W), and using (A-3) we deduce that ¢ satisfies Proposition A.7. U

Proposition A.8 [Burq 1993, Lemma B.7]. Let v(x, t) = e'"2« W (—h?A)vg as before, vy € L*(S) and
let Q be a h-pseudodifferential operator of order 0, to > 0 and y € Co°((—2ty, —t9)). Let w denote the

solution to _
(ihd, +h*Aw =ihy(t)Q() on S xR, (Ad)
wlos =0, wlr<—2, =0.

If po € WFy(w) then the broken bicharacteristic starting from po has a nonempty intersection with
WF,(v) N{t € supp v }.

B. Proof of Lemma 3.4. In this section (M, Ay) denotes either (S, Ag) or (Q, Ap), respectively. This
notation will be used to refer both domains at the same time. Let y € Cg°(R") be such that Apy = Agy.
Let pg € C*(R) be supported in the interval [—4, 4] and ¢ € C*°(R) be supported in [—4, —1]U[1, 4]
such that for all £ € R
po(O)+ D p27F) =1.

k>1
If ¥ denotes the Fourier transform of ¥, we write it using the preceding sum as

P& =%© (qoo(é) +>° ¢(2‘ké))

k>1

and denote by ¢ € ¥(R) the functions such that ¢y (&) = ¥ (&)po(&), (&) = ¥ (&) (275&). We denote
by ¥(R) the Schwartz space of rapidly decreasing functions. Hence we have

() =D ¢i(D), where [IgillLx =[P (©pQ )~ <Cy2* forall NeN.  (B-5)
keN

For k € N, write

. 1 P e eI
P/ =Am)Fons=— [ MGy ¢ (E) dE. (B-6)
T J supp ¢x
On the support of ¢?k (&), |&] ~ 2% and for k < %logz(l / h), for example, we see, by the finite speed
of propagation of the wave operator, that on a time interval of size 24 < h!/? we remain in a fixed
neighborhood of the boundary of Q where A p coincides with A g, therefore we can introduce y; equal to 1
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on a fixed neighborhood of the support of y (independent of k, /) such that, for every k < % log,(1/h),

2Pk (/= Ag) yons = x1¢e(hy/ —AQ) X 0n1- (B-7)
Since vy = Y1 (‘i’(—thD) — ‘i‘(—thS))uh,l and vy, = y vy, we obtain, using (B-7)

Vhls = X1 ( Z (¢ (hv/—Aq) — ¢ (hy —As))))?vh,l- (B-8)

k>4 logy(1/h)

To estimate the L9(/ hoLr (€2)) norm of v, ¢ it will be enough to estimate separately the norms of

X190 (h/—Apr) yop, for k > %logz(l/h) where (M, Ay) € {(Q, Ap), (S, AS)}. Using the Cauchy—
Schwartz inequality and the Sobolev embeddings gives

1201k (/=) Zon il aip 1@y < CH (= Au) Zonill ot 1y
< Ch"1|| y1¢puc(hv A Inll (1) @) (B-9)
I

< CyhV 927 N 70, 1 for all N € N,

= " (77 @)

where in the last line we used (B-5). We estimate the last term in (B-9) writing the Duhamel formula for
vy, only on Q using the Equation (3-7), since in this case the smoothing effect yields (see [Staffilani and
Tataru 2002], [Burq et al. 2004a], or the dual estimates of (3-25) in Proposition 3.5)

X onll 11 = ClVall (B-10)

Lol 1"(77) (@) "G 1 @)’

Since we consider here only large values k > % log,(1/ 1), each 27% is bounded by h!/4, therefore, after
summing over k we obtain

ont,s Lo e @y < CvRFN AV Ly forall Nen. (B-11)
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