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RAYLEIGH-TYPE SURFACE QUASIMODES IN GENERAL LINEAR ELASTICITY

SONKE HANSEN

Rayleigh-type surface waves correspond to the characteristic variety, in the elliptic boundary region,
of the displacement-to-traction map. In this paper, surface quasimodes are constructed for the reduced
elastic wave equation, anisotropic in general, with traction-free boundary. Assuming a global variant of
a condition of Barnett and Lothe, the construction is reduced to an eigenvalue problem for a selfadjoint
scalar first order pseudodifferential operator on the boundary. The principal and the subprincipal symbol
of this operator are computed. The formula for the subprincipal symbol seems to be new even in the
isotropic case.

1. Introduction

Rayleigh [1887] discovered the existence of surface waves which propagate along a traction-free flat
boundary of an isotropic elastic body and which decay exponentially into the interior. The propagation
speed of the surface wave is strictly less than that of body waves. Barnett and Lothe [1976] showed that
Rayleigh-type surface waves can also exist at flat boundaries of anisotropic elastic media.

The goal of this paper is to construct, for elastic media which are not necessarily isotropic, Rayleigh-
type surface quasimodes which are asymptotic to eigenvalues or resonances. We use a geometric version
of semiclassical microlocal analysis.

The Rayleigh wave phenomenon of isotropic elastodynamics was explained by Taylor [1979] as prop-
agation of singularities, over the elliptic boundary region, for the Neumann (displacement-to-traction)
operator. Nakamura [1991] generalized this to anisotropic media, using the theory of Barnett and Lothe.
Assuming isotropy of the elastic medium, Cardoso and Popov [1992] and Stefanov [2000] constructed
Rayleigh quasimodes.

Let (M, g) be an oriented Riemannian manifold with nonempty compact smooth boundary X. The
(infinitesimal) displacement of an elastic medium occupying M is a vector field # on M. The Lie
derivative of the metric tensor is a symmetric tensor field, Def u = £, g /2, called the deformation (strain)
tensor caused by the displacement u. The elastic properties are defined by the elasticity (stiffness) tensor.
This is a real fourth order tensor field C € C*°(M ; End(T%2?M)), e — Ce, which maps into symmetric
tensors and vanishes on antisymmetric tensors. We assume positive definiteness of C, i.e., (e | /)¢ =
(Ce | f) defines an inner product on the space of symmetric tensors e and /. Here (-|-) denotes the
inner product on tensors induced from g. This assumption is often called the strong convexity condition.
If coordinates are given, then the components of C satisfy symmetries, C*/ kt — cjikt — Cktij  anqg
Clikte, ieke > 01if e;; is a nonzero symmetric tensor. (We use the summation convention.) Denote the
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Riemannian volume elements on M and X by dVjs and dVy, respectively. The elasticity operator L
and the traction 7 are defined, on compactly supported vector fields, by

/ (Defu | Defv)c dVas = / (Lu|v)dVys —}—/ (Tu|v)dVy. (1)
M M X

A positive mass density p € C° (M) and the elasticity tensor C define the material properties of the
elastic medium. If the surface X is traction-free, then vibrations of the medium are solutions of the
following eigenvalue problem: Lu = A?pu in M, Tu = 0 at X. See [Marsden and Hughes 1983] for
linear elasticity in the language of Riemannian geometry.

The principal symbol of L, and of the /-differential operator 42 L, equals the acoustic tensor, ¢(£) =
c(£,£) €End(CTx M), E e T,y M; see (31). Here the associated acoustical tensor ¢(£, ) € End(CTx M),
g.ne Ty M, is defined as follows:

(cEmulw)=@wen|lweE),. (2)

(Using g, we identify vectors with covectors.) The ik-th covariant component of ¢ (£,7) equals C1/*¢g e

The existence of Rayleigh waves depends on the characteristic variety, %, of the surface impedance
tensor, z. To define z, we first recall the definition of the elliptic boundary region, ¢ C T*X. Let v
denote the unit exterior conormal field of the boundary X . Identify T*X =v1 C T 'y M . By definition,
& € € if and only if c(§ + sv) — pId is positive definite for real s. From the factorization theory of
selfadjoint matrix polynomials one gets ¢(§) € End(CTx M), & € €N T} X, such that

c(E+sv)—pld = (sId—g*(€))c(v)(sId—¢(§)). 3)

s € C. Moreover, the spectrum of ¢ (&) lies in the lower half-plane, spec ¢ (&) C C_, and these properties
determine ¢ (&) uniquely. The surface impedance tensor z is defined as follows:

z(§) =ic(v)q) +ic(v,§), &€ 4)

The significance of z results from the fact, proved in Lemma 18, that z is the principal symbol of a
parametrix of the displacement-to-traction operator. In physics, the meaning of z is that it relates the
amplitudes of displacements to the amplitudes of tractions (forces) needed to sustain these.

The surface impedance tensor is Hermitian, and positive definite for large |£| [Barnett and Lothe 1985,
Theorem 6]. If dim M = 3, then

z(§), & € €, has at most one nonpositive eigenvalue. )

This property expresses the uniqueness of Rayleigh-type surface waves [Barnett and Lothe 1985, Theo-
rem 8]. In case dim X # 3, we shall assume (U) as a hypothesis. The characteristic variety of z,

Y ={§e€ detz(§) =0j,

is a smooth hypersurface, transversal to the radial directions of the fibers of 7*X. Compare [Barnett
and Lothe 1985, Theorem 7]. Rayleigh waves exist only if X is not empty. We shall make the stronger
assumption that ¥ intersects every radial line:

SNRLE£D if £€T*X\O0. (E1)
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Compare [Barnett and Lothe 1985, Theorem 12], [Nakamura 1991, Theorem 2.2], [Kawashita and
Nakamura 2000, (ERW)]. Assuming (U) and (E1), there exists a unique p € C*®°(T*X \ 0), p > 0,
homogeneous of degree 1, such that

S=p7'(1). (5)
See Proposition 6. Furthermore, the kernel of z defines a line bundle, ker z — 3, over the compact base
3. We shall require that its first Chern class vanishes:

ker z — X is a trivial line bundle. (E2)

In particular, the bundle is assumed to possess a unit section. Property (E2) is stable with respect to
homotopies in the material properties; see Corollary 7. In the case of isotropic elasticity with positive
Lamé parameters, (U), (E1), and (E2) hold. Moreover,

T={clfl=1 Cé={cls]> 1} p) =crlE].

Here ¢, is the propagation speed of the Rayleigh surface wave which is strictly less than the speeds of
the body waves, 0 < ¢, < ¢g < ¢p. See Example 8.

Next we state the central result of this paper: The traction-free surface eigenvalue problem can be
intertwined with a selfadjoint eigenvalue problem on the boundary. We employ a semiclassical pseudo-
differential calculus, with distributions and operators depending on a small parameter, 0 < 7 < 1. We
write Ay = By, if and only if the Schwartz kernel of A; — By, belongs to C'°° with seminorms satisfying
Ocoo (h™).

Theorem 1. Assume dim M = 3, or (U). Assume (E1), (E2). Given a unit section v of kerz — X, there
exists a selfadjoint, elliptic operator P € W!(X; Q 172y, independent of h, and operators,

By: L*(X;CTyM)— L*(M:CTM), |By|=0h"?),
Jps Ty € WX QY2 CTy M), J}FJy, elliptic at S,

such that
(W*L—p)By=0, TByJy=Jy(P—h"),

and By|x = 1d in a neighborhood of X. The principal symbol of P equals p of (5). Furthermore, there
is a formula, (50), for the subprincipal symbol pey of P. If v is changed to another unit section, ¢*%v,
then the subprincipal symbol changes to psw, + {p, ¢}, where { p, ¢} denotes the Poisson bracket.

This result is known in the isotropic case [Cardoso and Popov 1992; Stefanov 2000], except for the
assertions about the subprincipal symbol.

The operator By is a parametrix of the Dirichlet problem near ¥; see Proposition 17. Its range
consists of functions which are smooth in the interior of M, supported in a preassigned neighborhood
of the boundary, and which decay like e =891t /% into the interior.

Ignoring finitely many eigenvalues the spectrum of P consists of a sequence of positive eigenval-
ues (; T oo. Applying Theorem 1 to an associated orthonormal system of eigenvectors we obtain, in
Proposition 21, a sequence of quasimode states: Lu; — ;sz puj = Ocoo (hJ?O) with boundary tractions
equal to zero. Moreover, the quasimode states are well-separated. The construction also works when
starting with a sequence of almost orthogonal quasimode states of P.
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Let D = {u € C® ; Tu = 0}. The unbounded operator D — L2(M;CTM; pdVys), u+> p~ ' Lu, is
symmetric and nonnegative. The associated quadratic form is given by the left-hand side of (1). Denote
by L7 the Friedrichs extension of this operator. For a selfadjoint operator A with spectrum consisting
of a sequence of eigenvalues accumulating at +o00, denote by N 4(2) the usual counting function for the
eigenvalues of A. The following lower bound on Ny ,.(4) is an example application of our results.

Corollary 2. Assume M compact, dim M = 3, and (E1), (E2). Let P be the selfadjoint operator given
in Theorem 1. For everym > 1, Np.(A) — Np(A —A™"™) is bounded from below.

Rayleigh waves have been studied in several papers with the emphasis of getting information about
resonances in scattering theory [Stefanov and Vodev 1994; 1995; 1996; Sjostrand and Vodev 1997; Vodev
1997; Stefanov 2000], and, for anisotropic media, [Kawashita and Nakamura 2000]. Stefanov [2000]
uses Rayleigh quasimodes to derive lower bounds on the number of resonances. See the remark at the
end of Section 9 about going from quasimodes to resonances.

The subprincipal symbol pgy, affects the eigenvalue asymptotics of P [Duistermaat and Guillemin
1975], and it enters quasimode constructions [Cardoso and Popov 1992]. The subprincipal symbol occurs
in the final formulas via integrals, such as f s+ x Psub and fy Psub, Where ¥ is a closed bicharacteristic.
We point out that these integrals do not depend on the choice of the unit section v in Theorem 1, although
Psub itself does. An important aim of the present work is to give explicit formulas for the subprincipal
symbol of P. These seem to be new even in the isotropic case which is dealt with in more detail in
Proposition 25. The main difficulty comes from the fact that an invariant notion of subprincipal symbol
has only been available for scalar operators. To overcome this obstacle we adapt and systematically
use the geometric pseudodifferential calculus of Sharafutdinov [2004; 2005] which assumes given a
differential geometric structure. The principal and subprincipal symbol levels are contained in the leading
symbol of a (pseudo-)differential operator.

The paper is organized as follows. In Section 2 the surface impedance tensor is studied; in particular,
a selfcontained treatment of Barnett—Lothe theory is given. The leading geometric symbols of some
differential operators are computed in Section 3. In Section 4 we geometrically decompose the elasticity
operator near the boundary into normal and tangential operators, keeping track of leading geometric
symbols. Section 5 gives, microlocally at the elliptic region €, a factorization of 42 L — p into a product
of first order operators. Using the factorization, we construct in Section 6 a parametrix for the Dirich-
let problem microlocally at €. The displacement-to-traction operator Z is defined in Section 7, and
its leading geometric symbol is determined. In Section 8 we derive a diagonalization of Z, and we
prove Theorem 1. In Section 9 we construct localized traction-free surface quasimodes, and we prove
Corollary 2. In Section 10 we calculate, for an isotropic elastic medium, the subprincipal symbol of P.
The Appendix contains a detailed exposition of Sharafutdinov’s geometric pseudodifferential calculus in
a semiclassical setting.

2. The surface impedance tensor

First we collect some well-known facts about spectral factorizations of selfadjoint matrix polynomials.
Refer to [Gohberg et al. 1982, Chapter 11]. Let V' be a finite-dimensional complex Hilbert space, and
f(s) = as* + bs +c € End(V) a quadratic polynomial in the complex variable s. The spectrum of f is
the set of s € C such that ker f(s) # 0. Assume that the leading coefficient of f, a, is nonsingular. Then
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the spectrum is finite. Assume that f is selfadjoint, f(s)* = f(5), and that, in addition f'(s) is positive
definite for real 5. The spectrum of f is a disjoint union o+ Uo_, where 0+ and o_ are contained in the
upper and lower half-planes, respectively. There is a unique ¢ € End(V') such that f(s) = (s—¢*)a(s—q),
and the spectrum of ¢ equals o—. If y is a closed Jordan curve which contains o_ in its interior and o
in its exterior, then

a gﬁy F(s)Mds = g§y S/ ()" ds. ©)

The integral on the left is nonsingular. Jordan—Keldysh chains are a means to compute ¢. In particular,
one has gv = sv if f(s)v = 0 and Im s < 0. Moreover, the solvency equation f(g) = 0 holds.

The following representation of the factor ¢ by integrals is important. We shall also apply it later to
establish symbol properties. Denote by i = +/—1 the imaginary unit.

Lemma 3. Let f and g be as above. Then
aqfo=-—mild+ f1, (7)

where fo = ffooo f(s)~ds is selfadjoint and positive definite, and

Si= /| <1 saf(s)~'ds +/ sTH(s%a— f(9) f(9) 7 ds.

[s|>1
The integrals converge absolutely in End(V).

Proof. Let yg be the negatively oriented closed contour composed of the semicircle {|s| = R,Ims < 0}
and the interval [ R, R]. The integral representation (6) holds with y = yg if R is sufficiently large.
We have f(s)~! =s72a7! +0(|s|73) as |s| = oo. It follows that

lim f(s) lds = /00 f(s)"tds

R—>o0 YR

and
R

lim 95 saf(s)"'ds = —mild+ lim saf(s)”lds.
YR R—o0

R—>o0 —R

Using s2af(s)~! —Id = (s%?a— f(s)) f(s)~! we obtain
[ saf(s)”'ds :/ s~ (s%a— f(s)) f(s)""ds.
1<|s|<R 1<|s|<R

This proves the formulas. The remaining assertions follow from these and the positive definiteness
of f(s). O

Let £ € T X, and denote by v € T¥ M the unit exterior normal. Set a = ¢(v), a;(§) = c(v, £), and
a»(&) = ¢(§). Note that a1 (§)* = ¢(&, v). The polynomial

f(s) =c(E+sv)—p=as’+(a; +a})s+ay—p, (8)

f(s) = f(s,£), has values in End(CTx M). It is selfadjoint with real coefficients. By definition, £ € €
if and only if f(s) is positive definite for s € R.

Lemma 4. The elliptic region € is an open subset of T* X with compact complement. Moreover, € is
symmetric and star shaped with respect to infinity, i.e., t& € € whenever £ € € and t real, |t| > 1.
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Proof. By positive definiteness of C, there exists § > 0 such that g(v, c(n)v) > 8|v ® n + n ® v|? for
(co-)vectors v, . The symmetrization of a nonzero real elementary tensor is nonzero. Therefore, with a
new & > 0, in the sense of selfadjoint maps,

c(n) = 8Jn|*1d. ©)
Since |& 4 sv|? = |€|? + 52 the first assertions follow. The symmetry and the star-shapedness follow
from c(tn) = t%c(n). |

If & € €, then (7) holds with ¢ = ¢(§), f; = fj(£). The spectral factor ¢ solves (3); using current
notation:
as®> +(ay +a¥)s+ay—p= (s —q*)als —q). (10)
The spectrum of ¢ lies in the lower half-plane, and ¢ is uniquely determined by these properties. Notice
that ¢ is a smooth section of the bundle 7* End(CTx M) — €, where n : € C T*X — X denotes the
canonical projection.
The surface impedance tensor, defined in (4), equals z = i (aq + a@1). Lemma 3 implies

zfo = Id+i(f1 + a1 fo). (11)

Since the f;’s are real, this gives the decomposition of z into real and imaginary parts. Following [Mielke
and Fu 2004], we shall use the Riccati-type equation

(z+iaa Y(z—iay) =as—p (12)
to deduce properties of z. Equation (12) follows upon insertion of ¢ = —a~'(iz +a;) into the solvency
equation associated with (10),

ag* +(a; +a})g+ay—p=0. (13)
A consequence of (12) is

(iq)*z' +2'(iq) = aY'q +¢*d) + (ar— p) +¢*d'q, (14)

where the prime denotes the derivative with respect to some chosen parameter. The spectra of ¢ and ¢*
are disjoint. Therefore, the Sylvester equation (i¢)*x + x(i¢g) =i (xqg —¢™*x) = y has a unique solution
x for given y. The solution is, in fact, given by an integral, x = ffoo exp(irq)*yexp(irq)dr. It follows
that x is positive definite if y is.

Proposition 5. The impedance tensor z(§), &€ € €, has the following properties.
(1) z(&) is selfadjoint.

(i) z(&) is positive definite if || is sufficiently large.

(iii) Rez(§) is positive definite.

@iv) z(&) has at least two positive eigenvalues if dim M > 3.

(V) (d/dt)|;=1t7'z(t€) = z — z is positive definite.

(vi) The complex conjugate z(§) = z(—§).

We call z(§) = (d/dt)|;=1z(t€) the radial derivative of z at £. Tt follows from (v) that Z is positive
definite on the kernel of z, ker z.
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Proof. To prove (i) we follow the arguments in [Mielke and Fu 2004, Theorem 2.2]. First note that
(12) remains true if z is replaced by z*. Subtracting the two equations we get the Sylvester equation
(iq)*(z—z*) 4+ (z—z%)(ig) =0, implying z — z* = 0.

It follows from (11) that Rez = x fo_l. This proves (iii).

Suppose dim M > 3. Aiming at an indirect proof of (iv), assume that z(£), & € 7 X, has at most
one positive eigenvalue. Then there exists w € CTx M such that z(§) is negative semidefinite on the
orthogonal complement w--. Choose a real vector v # 0 which is orthogonal to both Re w and Im w.
Then v € wt, and (Rez(§)v | v) = (z(§)v | v) <0, contradicting the positive definiteness of Re z.

Next we prove (v) following the method of [Mielke and Fu 2004, Theorem 2.3]. Since a; (&) is
homogeneous of degree j in &, (12) implies

(128 +iay (©))a” (T 2(18) —iar(§)) = a2 (§) — 12 p.

Taking the derivative with respectto z at t = 1, we get

(iq)*(—2)+(—2)(ig) =2p.

By the remarks following (14), we see that z — z is positive definite.

We now prove (vi). Note f(s,—§) = f(—s.§), fi(=§) = (—1)jfj($), and a;(—£§) = —a(§). Using
(11) we derive z(=£) fo(§) = z(&) fo(§). Since fy is real and nonsingular the formula follows.

It remains to prove (ii). Let n € Tx X, || = 1. It suffices to show that zo, = lim;4 t~1z(tn) exists
and is positive definite. Set ¢, =t~ !¢(tn), t > 1 large. From (10) deduce

2

as® +(a () +afm)s +ax() =172 p= (s —¢qf)als —q1), seR.

Using (7) and dominated convergence in the integrals giving f; we infer that oo = lim; 4 ¢ exists. In
particular, ! z(¢1) converges to Zoo =i (@qoo +a1(n)) as t 1 co. Let y € Ty M such that (zo0y | ) <0.
We must show y =0. Set w(r) =exp(irgoo)y, r < 0. The solvency Equation (13) holds with ¢ replaced
by ¢oo, p = 0. Therefore, anw + (a1 +a)Dyw + azw = 0 holds, where we use the abbreviation
aj = aj(n). Take the inner product in CTx M with w and integrate. An integration by parts gives

0
/ (aDyw+ayw| Dyw)+ (Drw | ayw)+ (@w |w)dr =i(aD,w+aiw | w)}o_oo =(zeoy | y) 0.
—00

Set W(r)=w(r)®n+ D, w(r)®v € End(CTxM). Recall a = c(v), a; =c(v,n), ay = c(n), and (2).
We have shown:

0
/_ (W) | W(r))edr <0.

Recall that C is real, and that (-|-)¢ is an inner product on symmetric 2-tensors. It follows that the
symmetrization of W(r) vanishes for all » < 0. In particular,

(wr)®n+Drw(r)Qv|[{@v+vRL)=0 (15)

for € CTy M, r <0. Recall (n|v) =0. Setting { = v, we derive D, (w(r) | v) = (D,w(r) | v) =0.
Since w(r) — 0 as r — —o0, we obtain (w(r) | v) = 0. Now, (15) simplifies to (D, w(r) | {) = 0. Since
¢ is arbitrary, this implies, successively, D, w =0, w =0, y = 0. O



468 SONKE HANSEN

If dim M = 3 then (U) holds. This follows from (iv).

Proposition 6. Assume (U). Then the characteristic variety of z, & = {detz(§) = 0}, is a smooth hy-
persurface in €. Each radial line R+& C T*X intersects X in at most one point, and the intersection
is transversal. The kernel of z|x defines a line bundle ker z — 3. Assume, in addition, (E1). There is a
unique p € C®(T*X \ 0), homogeneous of degree one, such that ¥ = p~1(1). Moreover, p > 0, and
p(=§) = p().

Proof. From the assumption and (v) of Proposition 5 it follows that (d/dt) detz(t&) > 0iftE € X, ¢ > 0.
In particular, zero is a regular value of detz. Hence X is a codimension one submanifold transversal to
the radial field. Since R4 & N € is connected, a given radial line R4 £ intersects X in at most one point.
Because of (U) and the selfadjointness of z, zero is simple eigenvalue of z. It follows that kerz — ¥ is
a line bundle. Now assume also (E1). Then each radial line intersects X in a unique point. Define p as
follows. For 0 # & € T*X set p(§) = 1/t if t§ € X, t > 0. Smoothness of p follows from the implicit
function theorem. The evenness of p is a consequence of (vi). The other properties of p are obvious.
Clearly, the homogeneity and p|s, = | determine p uniquely. O

Corollary 7. Let p; and C; be homotopies of the mass densities and the elasticity tensors, 0 <t < 1.
Assume that the associated surface impedance tensors z; and their characteristic varieties %, satisfy (U)
and (E1) for every t. The line bundles ker zy — ¥ and ker z; — X1 are isomorphic.

Proof. The factorization (3) and the definition of the impedance tensor imply that z; depends continuously
on the homotopy parameter ¢. It follows from Proposition 6 that the characteristic varieties are canonically
diffeomorphic to the sphere bundle SX. We deduce that the Chern classes of the bundles kerz; — SX
do not depend on ¢. The assertion follows from this. O

Example 8. We consider, as special case, an isotropic elastic medium. We shall verify (U), (E1), and
(E2). The elasticity tensor reads, in component notation,

Cijké — )»gijgke +,u(gikgj( _i_giegjk)’ (16)
where A, u denote the Lamé parameters. Equivalently,

cEmM=rQn+un®&+pugE.nld. (17)
Positive definiteness of C is equivalent to i > 0, A dim M + 2 > 0. We make the stronger assumption
A,pu>0.Let & € TFX. We list the eigenvalues s € C and the eigenvectors v € CTx M of the quadratic
polynomial ¢ (& 4 sv) — p:
@ A+2m) (&P +s*) —p=0andv=£+sv,
() p(l§1* +5%) —p=0and v =s&—[¢*v,
(c) n(|€]*> + %) —p =0 and v is orthogonal to £ and v.

Introduce ¢, = /(A +2u)/p and ¢s = / 1t/ p, the speeds of pressure and of shear waves, respectively.
Assume that £ € €. This is equivalent to ¢s|&| > 1. The above eigenvalues and eigenvectors diagonalize

¢, q(§)v = sv if Ims < 0. Denote by V the subbundle of 7*(CTy M) — ¢ spanned by v and &, and
V4 its orthogonal bundle. Fix the orthonormal frame v,é‘ = £/|&| of V, and choose an orthonormal
frame of VL. In block decompositions of matrices we let the indices 1 and 2 correspond to V and
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VL, respectively. We denote by (e); j the block i of the matrix which represents the endomorphism e.
Observe that ¢ leaves V and V= invariant, (¢);2 = 0 = (¢)2;. A simple computation gives
€] { utN1—t —i(b—ut) }

(g =77 i(b—t) tJ1—ut (18)

Here 1 = (¢5|€])72, u = (¢s/cp)? = u/(A+21), b = 1 —+/1—ut~/1—t. Moreover, (iq)22 equals
|€|+/1—1 times the unit matrix. The maps a = ¢(v) and @ = ¢(v, £) also leave V and V- invariant. We

compute
gl | tv1=t —i(2b—1)

and (2)22 = p(iq)25. The determinant of z equals (u|€]+/1—¢)d4m Y times

det(z)11 = p?E12D71 (4 (1=0)(1—ur) = (2—1)?). (20)

Given u €10, 1/2[, the unique zero ¢ € ]0, 1[ is found as the solution of Rayleigh’s cubic equation [1887,
(24)], namely 0 = ((r—2)*—16(1—¢)(1—ut))/t. Define the Rayleigh wave speed ¢, = cs/t € C®(X).
Set p(&) = ¢, |&|. The characteristic variety X equals {p(&) = 1}. Thus (U) and (E1) hold. Obviously,
iRb—t)v+t/1 —té ekerz(§), £ € 3. Observe that

22b—1)=1(2—1) on 3. 1)

Thus

iQ—1)w+2V1—1E ekerz, t=(cr/cs)?, (22)
is a nowhere vanishing section of the kernel bundle. Hence also (E2) holds. This example is of course
well-known.

Remark. The identity (11) goes back to Barnett and Lothe; compare [Lothe and Barnett 1976, (3.18)].
It is key to proving, in dimension three, the uniqueness of subsonic traction-free surface waves [Barnett
and Lothe 1985, Theorem 8]. The second assumption in Proposition 6 is needed to prove the existence of
Rayleigh surface waves. Compare with Theorem 12 of the same reference, where existence criteria are
given in terms of the so-called limiting velocity which corresponds to the boundary of the elliptic region.
See [Nakamura 1991, Theorem 2.2] for the Barnett—Lothe condition in a microlocal setting, and the real
principal type property of the Lopatinski matrix it entails. See [Tanuma 2007] for a recent exposition of
Barnett-Lothe theory, and for a treatment of isotropic and transversely isotropic media.

3. Connections and geometric symbols

The elasticity operator is defined in terms of the Levi-Civita connection and of the elasticity tensor. We
use the geometric pseudodifferential calculus of the Appendix to define and compute the leading symbol
of the elasticity operator. The leading symbol includes the principal and the subprincipal level. The
calculus depends on the choice of connections.

Equip M with the Levi-Civita connection of g. Let exp denote its exponential map. If x, y € M, then
denote by [y < x] the shortest geodesic segment from x to y, assuming its interior does not intersect the
boundary, and that it is unique.
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Let E — M be a (complex) vector bundle with connection VZ. Denote by rf € End(Eyx, E)) the
parallel transport map along a given curve y in M from x to y, e.g., ‘([5<_x]. The connection can be
recovered from its parallel transport maps:

d
VEs(x) = a}tzor[gbexpxw]s(expx 1v). (23)

Denote by n*E — T*M the pullback of E to the cotangent bundle 7 : T*M — M. Leta be a
smooth section of 7* E — T* M . Following [Sharafutdinov 2004; 2005], we introduce the vertical and
the horizontal covariant derivative of a. The vertical derivative

Va(x,§) € Ex @ Tx M,

at £ € Ty M, is the derivative of the map Ty M — Ex, £ — a(x,£). The definition of the verti-
cal derivative depends only on the linear structure of the fibers of 7*M. The horizontal derivative
hVa(x,é) € Ex ® T} M is the derivative at v =0 of amap Txy M — E,

d *
hVa(x,£) = %‘vzor[g%xpx 0] (eXpy v, T[Z;xp])\:[wx]g)' (24)

The horizontal derivative depends on the Riemannian structure and on the connection VE. In the scalar
case, £ = C, in local coordinates,

"Va(x,€) = (9x;a(x.&) + TK ()€ dg a(x, £)) dx,

where I’ikj denote the Christoffel symbols of the Levi-Civita connection. Writing a local section of 7* E
as a sum of products a; (x, £)a,(x) where a; is scalar and a, a section of E one readily derives local
formulas for the horizontal derivative in terms of connection coefficients. The vertical and the horizontal
derivative extend to first order differential operators, *V and #V, which map sections of 7*(E @ T" M)
to sections of 7*(E ® T" 15 M) and of 7*(E ® TS+ M), respectively. The operators *V and *V
commute. It suffices to prove this when E is the trivial line bundle, £ = C. In this case the assertion is
easily checked in normal coordinates.

Let F — M be another vector bundle. Let A : C*°(M; E) — C°(M; F) be a differential operator
of order m. We introduce a small parameter, 0 < /# < 1, and we replace 4 by the /A-differential operator
h™A. Then A € W"™%(M; E, F) as a semiclassical (pseudo-)differential operator. Refer to the Appendix
for an exposition of Sharafutdinov’s geometric pseudodifferential calculus in a semiclassical setting. The
formula (67) for the geometric symbol, o,(A4) € S™°, simplifies to

op(A)(x,§)s = 4, (ei(s’e"pzl y)/hr[E

yex]s) ‘y=x’ (25)

where £ €e Ty M, s € Ex,and i = v/—1. The geometric symbol extends by continuity to the boundary
of M. In symbol computations we track the leading geometric symbol, defined before Proposition 27.
In the following, the symbol of an operator is always its geometric symbol.

For the Laplace—Beltrami operator one has oj,(—h2A)(x, &) = |€|?. This is readily checked using
normal coordinates.

From (25) and (23) deduce

on(—ihVE)Ee=e @t € Ex@TIM. (26)
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As before, to ease notation, we usually do not write the base point x into the arguments of tensors and
symbols.

If E — M is a Hermitian vector bundle then we define, using the volume element dVj,, the Hilbert
space L2(E). Assume E and F are Hermitian vector bundles having metric connections. The leading
symbol of the formal adjoint A* of A4 is given by

on(A*) = o (A)* —ihtr (YV Vo, (4)*). (27)

See Proposition 27.

Equip the bundle £ ® T* M with the induced Hermitian structure and the induced connection. The
connection is metric. Observe that the horizontal derivative of oj,(—ihV¥)* vanishes. Therefore, (27)
and (26) imply

on((=ihVEY ) E)e®n) =gE.me. §neTIM.ec Ex. (28)
By Proposition 28 the leading symbol of a composition is given as follows:
on(AB) = oy (A)oy(B) —ihtr (*Voy(4)." Vo, (B)). (29)

The trace is the contraction of the TM ® T*M factor which is produced by a pair of vertical and
horizontal derivatives. Note: In (29) and below, the dot terminates a differentiated expression, serving
as a closing bracket.

Let C €e C®°(M;End(E®T™*M)). View C as an operator acting by multiplication on sections of the
bundle EQT*M — M. Let V denote the connection on the bundle End(E ® T* M) — M induced from
the Levi-Civita connection and from V. Define sections ¢, div ¢ of 7* End(E) — T*M as follows:

c@e=(£n"Cle®$)), (dive)Ele= (1, (1*Vy, C)(e ®E)),
where the angular brackets denote contractions on covectors, using g. Furthermore, (v;) and (/) are
any dual frames of 7M and T*M .

Lemma 9. on(=h2VE* o C o VE) = ¢ —ihdive + 0(h?).
Proof. Observe that 0,(C) = 7*C, and #Vz*C = 7*VC. The symbol (28) is linear in &. Its vertical
derivative is obvious. Using (29), the symbol a of —ihVE *o C is found to be

a@)e®@n) = (7" Cle®n) —ih Y ;{n, 7*Vy, Cle @1)).

Here (vj) and (n/) are as in the definition of div ¢. The horizontal derivative of the symbol of —ihVE
vanishes. Therefore,

on(~h*VE"0 C o VE)(E)e = a®)o(=ihV ) (E)e = a§) (e ®F).
where we used (29). O
Now assume E = CTM and C the elasticity tensor. Identify
End(CT%?M) = End(CTM @ CT*M).

Let L the elasticity operator defined in (1). Recall from Riemannian geometry the following relation
between the Levi-Civita connection and the Lie derivative:

(£Lug) (v, w) = g(Vyu,w) + g(v, Vyu), (30)



472 SONKE HANSEN

for (real) vector fields u, v, w. Using the symmetries of the elasticity tensor we get
L =Def*oCoDef = (—iV)*oCo(-iV).
We obtain the following corollary to Lemma 9:
op(h®>L —p) = ¢ — pld—ihdiv e + O(h?). (31)
If the C/k¢ represent C with respect to some given local coordinates, then (31) reads
on(BPL—p) (&) = CM g, — psi* — V=TT &, 1+ 0(h?).

The vertical bar followed by j means covariant differentiation with respect to the j-th coordinate. If the
elastic medium is isotropic, the leading symbol becomes

on(h*L — p)(&)
= p(eplEl* = D PE) + p(cZ|E]* = DA =P () —ih(VARE+ (Vi ®E)* + (€. Vi) Id), (32)

where P(§) = é ®§ denotes the orthogonal projection to the propagation direction é =&/

4. The elasticity operator in a boundary collar

In a boundary collar, |—¢, 0] x X C M, we write the elasticity operator L in terms differential operators
on X having coefficients which depend on r € I, the negative distance to X .
Let N(x) € Tx M denote the unit exterior normal at x € X. There exists ¢ > 0 such that, if we

set I =]—¢,0], the exponential map of the Levi-Civita connection defines a diffeomorphism onto a
neighborhood of X in M:

IxX—>M, (rx)—y=exp(rN(x)).

Essentially without losing generality, we assume that this map is onto M . The inverse map is y — (7, x),
where —r = d(y, X) is the distance from y to X, and x = p(y) is the unique point in X closest to y.
The distance function r satisfies the (eikonal) equation |Vr| =1 in M. Extend N to M by N = Vr.
Also introduce the unit conormal field v = dr. The level hypersurfaces

M, ={yeM; r+d(y,X)=0}

are diffeomorphic to X' = M. The shape operator S = VNN is a field of symmetric endomorphisms
of TM, g(Su,v) = g(u, Sv). The second fundamental forms of the level hypersurfaces M, assign
(u,v) = —g(Su,v) (Weingarten equation). The dependence of the metric tensor on r is given by the
formula (£xg) (v, w) = 2g(Sv, w). This formula follows from (30). Introduce J € C*° (I, x X), the
solution of 9, log J =tr S, J|,=o = 1. Then we have the following formula for the volume form of M :

/ £0)dVar(y) = / / Fexp(rN () I (r.x) dVi (x) dr. (33)
M I1JX

J €CZ°(M). See [Petersen 1998, Chapter 2] for the geometry of hypersurfaces using distance functions.
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Let E — M be a vector bundle with connection VE. Denote by E, — M, the bundles induced by the
inclusions M, CM,rel. Set Ex = Eq. Letu € C°°(M; E) be a section of E. Using parallel transport
in E along the geodesics which intersect the boundary orthogonally, define 4 : I — C*°(X; Ex) by

H(r)(x) =ii(r,x) = _u(y) if y =exp(rN(x)).
The map
C®(M;E)—>C®(,C®(X;Ex)), umu, (34)
is an isomorphism of Fréchet spaces. The isomorphism commutes with bundle operations such as tensor
products and contractions.
The covariant derivative in normal direction is transformed into d, under the above isomorphism:

VEu(r)=0,i(r), rel. (35)

To see this, consider the geodesic I — M, r — y(r) = exp(rN(x)). The tangent vectors are y(r) =
N(y(r)). Using (23), it follows that

d d
E E E -
(VNG = —<| Ty o ) = Ty o= T80 %).

This implies (35). We have Vy N = SN = 0. Tt follows that 9, N =0, and 9,7 = 0. Abusing notation,
we write d, to denote Vﬁ.

Define eye = e ® v and 1, (e ® n) = (n, v)e. Notice that €, and ¢, commute with d,.

Let F — M be a another vector bundle with a connection. Let B : C*®°(M; E) - C*®(M; F) be a
differential operator. Assume that B is tangential. This means, by definition, that B commutes with the
distance function r, [B,r] = 0. Then, for every r € I, B restricts to an operator B, : C°*°(M,; E;) —
C®(My; Fy), B,U = (Bu)|p,, where u is a section of £ — M which extends a given section U
of E, - M,. The assumption [B,r] = 0 implies that B, is well-defined. Parallel transport along the
geodesics orthogonal to X defines bundle isomorphisms £, = E'y and F, = Fx. Viathese isomorphisms
the B,’s induce differential operators B(r): C*°(X; Ex) — C®°(X; Fy), called associated with B, such
that EZt(r) = B(r)u(r), r € I. Each B(r) is a differential operator having coefficients which are C*° with
respect to r. Conversely, an operator B is tangential if it is given in this way by a family of differential
operators { B(r) ; r € I} with coefficients depending smoothly on r.

Lemma 10. Let E — M be a real vector bundle with connection VE. Then
VE :Evar +B, (36)

where B is tangential. Moreover, B(0) = VEx .

Here E ® T*M carries the induced connection. The lemma extends, by decomposition into real
and imaginary parts, to complexifications of real bundles with connections. In particular, it holds for
complexified tensor bundles with the Levi-Civita connection.

Proof. Let PL, Pl € C%(M;End(TM)) denote the orthogonal projectors onto the span of N and
onto its orthogonal complement, N1, respectively. Identify £ ® T*M with Hom(TM, E). Let u €
C°°(M; E). We have the following decomposition in C*°(M ; Hom(T M, E)):

VEu = (VEu) Pt + (VEw) P! = (VEW) ® v + Bu.
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This defines B, and implies (36). Note that B is tangential. We have
B(0)i(0) = Bulx = (VFu) Pl)[x = (V¥ (ulx)) (P x).
This proves the asserted formula for B(0). |

Assume £ — M a Hermitian bundle with a metric connection. Using (33), and the fact that parallel
transport preserves inner products, we have

/(u|U)EdVM=//(L7|mEXJdVXdr, (37)
M I1JX

if u,v € C°(M; E). Formal adjoints of differential operators on M are taken with respect to these
inner products. The inner product of sections u and v of Ex — X is . v (u | v) gy dVx. Formal adjoints
of operators A(r) associated with a tangential operator A are defined with respect to this inner product.

Next we prove a formula expressing the elasticity operator L as a quadratic polynomial in D, = —id,
with tangential coefficients. Now assume £ = CT M, and let B as in (36). Define tangential operators

A():chev, A] :_lLvCB, A2:B*CB.
The order of A; is j. Moreover, AT = iB*Ce,.

Proposition 11. The elasticity and traction operators defined in (1) are as follows:
L=(D,—itrS)(AoD; + A1) + ATDy + Ay, —iT = A¢(0)D, + A;(0).
Furthermore, AT(0) = A1(0)*.

Proof. Let u,v € C°(M;CTM). It follows from (30) and the symmetry properties of the elasticity
tensor that

/ (Defu | Defv) . dVas :[ (CVu | Vv)dVyy.
M M
Inserting (36) and using the definition of A4, the right-hand side equals
/ (tyCVu | d,v)dVpy +/ (B*CVu |v)dVy
M M
=/ (Agd,u+iAju|d,v)dVyy —|—/ (—iA70ru + Aqu | v)dVpy.
M M
We integrate by parts, using (37), and get
/ (w | 9,v)dVay
M
= / / (@ | 9,0)J dVxdr =/ (w(0) | v(0)) dVX—// (0, log J)@ + 9, W | v)J dVx dr.
1JX X 1JX
Summing up we have
/ (Defu | Defv) . dVy = [ (Dy —itr S)(Ao Dy + Ay)u + AYDyu + Azu | v) dViy
M M
+ [ (A00)0,)(0)+ 11 0)u(0) [ v0) V.

Comparing with (1) the formulas for L and 7" follow. The last assertion follows because J =1 at X. [J
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Next we compute the leading symbols of the operators (associated with) A;. The symbols are r-
dependent sections of 7* End(CTx M) - T* X . Dropping tildes, the symbol of Ay equals

op(Ag) =a=c(v) e C®U,C®°(T*X;n*End(CTy M)).
Introduce the divergence of the acoustic tensor restricted to X as follows:
(divy )Qv =) 1% (" Vo, O) v ® ),

if¢eTiM,veTyM, x € X. Here (vy) and (n%) are any dual frames of 7X and T*X. If local
coordinates are chosen such that r is one coordinate and the other coordinates are constant along the
geodesics orthogonal to X, then (divy ¢)(¢)* = C "“ke‘aé ¢. Here the summation convention is used
with Latin indices referring to all coordinates, and Greek referring to all coordinates except . We also
need the contraction (C,S) € C*°(M;End(TM)) of the elasticity tensor with the shape operator, in
coordinates,

(C,8)* =ClkLs;,),  Sip=v;p.
(Because VS = 0 one can also write Greek indices instead of j and £.)

Lemma 12. Let a; and a, denote the principal symbols of the h-differential operators hA, and h*> A,
respectively. Atr = 0: a1(§) = c(v,§&), and a(§) = c(&). On the leading symbol level, op,(hA1) = aq,
op(hAY) =ai —iha,_, and on(h*A,) = ay —ihay_ +O0(h?), where, at r =0,

ar— = (divy )(v) +75(C, S), ar—(§) = (divx ¢)(§).
Proof. By Lemma 10 we have
hA;(0) =1,C o (—ihV), h*A45(0) = (—=ihV)* o C o(—ihV),

where V. = VTX is the Levi-Civita connection of the boundary. We compute the leading symbol of
hA1(0) using the composition formula (29). Recall (26). The vertical derivative of the symbol of ¢, C

vanishes, Hence
op(hA1)(0)(E) = 04(hA1(0)(§) = c(v,§), E€TyM.

The formula for oy, (12 A5 (0)) follows from Lemma 9. In view of (27), a;_ =tr 'V hVa’l". Since a7} (§) =
c(€,v) = (§,1*(Ce,)) is linear in &, its vertical derivative is immediate. Hence

tr 'V "Vat = Zam“, ¥V, (Cey)).
Now, V,(Ce,) equals (V,C)e, plus a contraction of C with V,v = Sv, proving the formula fora;_. O
If the elastic medium is isotropic, (16), then a straightforward computation shows that, at r = 0,

(divy )(§) = (VA® O +(Vu )™ + (¢, Vu) 1d,
(C,S) =M+ pn)S + (utrS)Id.

Here VA,V € TX C Tx M are the gradients of the Lamé parameters restricted to X.
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5. Microlocal factorization

We factorize, microlocally in the elliptic region, the A-differential operator 42 L — p into a product with
right factor 2D, — Q, where Q is a tangential s#-pseudodifferential operator such that the spectrum of its
principal symbol is contained in the lower half-plane, C_.

As in the previous section we identify M with a boundary collar I x X, and sections of CTM — M
with r-dependent sections of CTx M — X . Operators are polynomials in D,/ = h D, with tangential h—
(pseudo-)differential operators as coefficients. The latter are quantizations (64), By, = Opy,(by) € Vi,
of tangential symbols,

tang 4

by € Spmk = C%(1, ™ (T* X; n* End(CTx M))).

By Proposition 11 the principal symbol f (s, &) = c(& +sv)—p of h2L —p at £ +sv is a second order
polynomial in s. View s as the symbol of D, ;. The coefficients are s-independent tangential symbols.
By (9), there exists a constant § > 0 such that

f(s.6) =81+ |s)>+ &) d, seR, (38)

holds if £ is sufficiently large. If F C € is closed and R > 0, then F\ {|¢| > R} is compact. Hence there
exist 0 < &, § such that (38) holds uniformly for (r, &) € [—¢’, 0] x F. We say that a property holds at the
elliptic region € if it is true in every open subset of I x € where (38) holds uniformly.

Recall from Section 2 that we have a unique spectral factorization (10) at €.

Lemma 13. Let g = q(§), & € €, the unique solution of the spectral factorization f(s,&) = (s —
q(€)*)als —q(£)), specq(§) C C—. Then g € Sy, at €.

Proof. By Lemma 3 we have a ¢ = —ni fo_ + fi fo_1 with integrals f; = fj(§) defined there. Using
(38), we can estimate fo(£) = [ f(s,£)"'ds as follows:

o0
@1 [ 57 15 +1eR)ds = /5,
—OoQ

(&) = (1 +|&/*)V/2. The integrand f (s, &)~ remains integrable after applying 9,, #V, and *V finitely

many times. Therefore these derivatives can be interchanged with the integral. In view of the symbol

propertles of f, we deduce, using estimates as above, fy € Stang at €. Using an upper bound f(s, &) <
§71(|s|? + (£)?)1d, we derive fy(£) > §(£)~!1d, again in the sense of selfadjoint maps. Therefore fq

is an elliptic symbol, and fo eS! at€.

tang

Write fi = fi0 + f11, Where fm(g) — f|s|§1 saf(s.£)"ds,
fir®) = [| T e f6.9) 6.9

Recall that s2a — f(s) = —s(a; + aj) — (a2 — p). Reasoning as in the proof of fy € Sg,,, we see that
the integrand of /11 and its derivatives are integrable. Moreover, we deduce f; € St

that f10 S St

tang’
ang- 1L 18 easy to see

Therefore, at €, f1 € St The lemma follows. O

ang* ang*
For an i-tempered family (1) € h~°°C ~°°(X) one defines the semiclassical wavefront set WF, (u,) C

T*X US*X [Gérard 1988; Sjostrand and Zworski 2002]. Below we deal with operators associated to
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symbols which are not defined on all of 7* X but only at ‘€. These operators are defined microlocally in
€ by letting them operate on the subspace of distributions (u) which satisfy WF, (11;,) C €, modulo the
space h*°C°.

Lemma 14. Let g be as in Lemma 13. Microlocally at ‘€,
h*L—p= (D4 — 0" Ag(Dr/— Q) (39)
where Q, Q¥ € lI/tang, such that Q —Op,(q), o# —Op,(¢%) € \11&;1;1. Here Ag is as in Proposition 11.
Proof. Initially we set Q = Op,(¢) and Q% = Op,(¢*). At €,
W*L—p= Dy~ 0" Ao(Dyyn— Q) + Ri+ Ro Dy, (40)

where R; € W/~1 Here we used the formula for L given in Proposition 11. Observe that, if 4 € \Iftang ,

tan
then the commutgator [D,/n, A] belongs to lIJt'an I Aiming at an inductive construction, we assume that
(40) holds for some positive integer k such that R; € \Ilé;fgl_k’_k. The spectra of ¢ and g* are disjoint.
It follows that the equation sq —g*s = r has, at €, for every symbol r € S a unique solution s € S m=1
Applying this constructlon to the pr1n01pal symbols of the R;’s, we find operators S; € ‘I/t]ang such

that S; Q0 — o Sj — R; lies in \IJtJangk k=1 get
Q1= 0—A45(So0+51), 0% = 0¥ +(0¥So + S1) 45"

Then

(Dyyh— 0 Ao(Dyyn—01) = (Dyyi— OH Ao(Dy 1 — 0) + (So 0 — 0¥ So) D1 + (S1 0 — 0FS))
D,/ SoQ + S1]—(QFSo + S1) 451 (SoQ + S1).

Replace QO and Qﬂ by Q; and Qﬁ, respectively. By the symbol calculus, (40) holds with smaller errors,
R; e/~

fang . The proof is completed using asymptotic summation. O

It follows from the foregoing construction that the symbol of Q is classical.

6. A Dirichlet parametrix

Microlocally at €, we solve, constructing a parametrix, Bf = u, the Dirichlet problem h*Lu— pu =0,
u|xy = f. We adapt the method of [Taylor 1996, 7.12] to our setting.
Denote by

S™M. c C%([=1,0], C®°(T*X; 7* End(CTy M)))

p01s

the space of symbols b(s,n), —1 <s <0, n € T*X, that satisfy the estimates
95V (") b(s.m)| = Coje )™+

for all nonnegative integers 7, j, and £. Let S ¥ denote the corresponding space of /-dependent symbols
by. Observe that g(s(n)) € SO if g(1) = |t|]e€’ ¢ > 0, j a nonnegative integer.

pois
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We continue to work in a collar I x X C M. Choose a cutoff x¢ as in (64). Let § > 0. Given
by € S™: introduce the operator By, = Opj 5 (by(r/ h)) by setting

pois

Bt (o) = @iy [ [ e sr g vy /M S (e v)dudn, 4
T Ty

for r € I, n = dim X. We call By, a Poisson operator with symbol b; and (exponential) decay §. The
arguments in [Taylor 1996, Chapter 7, Proposition 12.4] apply to give By, : L?>(X) — H, h_ m+1/ 2(I x X)
with norm 0(h—k+1/2)_(The Sobolev spaces H ; are defined using /D instead of D.) If 0 < 8’ < § and
j €N, then
I’th S Op5/,h S;le] k= j

Moreover, By, f € C® inr <0, and By, f(r) decays together with its derivatives as e , uniformly if
f ranges in a bounded subset of L2(X). We call #-dependent operators negligible if they have Schwartz
kernels which are smooth and Oceo(prxx)(h°°). We write A = B if and only if A — B is negligible.
Note that By in (41) is negligible if there exists € > 0 such that by (s, n) =0 if —e <5 <0.

We need to handle the composition of a Poisson operator with a tangential operator. The following
lemma deals with this when the symbols are classical, i.e., possess asymptotic expansions in powers of /.

Lemma 15. Let 0 <8’ < 8. Let A = Opj a(r) and B = Opy j, b(r/ h), where a = a(r,n) € S}
b(s,n) € S™. are h-independent symbols. Then

pois
AB = Opg pc(r/h),

8'r/h

ang @

where c =cy, € S;Z: ™ has an asymptotic expansion ¢ ~ ZJ>0 hi ¢j, cj € S;Z:l I The principal term

equals
co(s, ) = a(0, n)b(s, n)e®=3)sm,

Proof. Using Taylor expansions, a(r,n) = > ;_n rlaj(n) + rNa;v(r, 1), and the properties of r/ B
noted above, we may assume without loss of generality that a does not depend on r. Arguing as in the
proof of Proposition 28 we can write, at least formally, A B = Opy ;, ¢(r/ h), where

doxd=@um > [ e G SN, e O M (e v, 0) v .0),

T xTExTyxTx
¢ as in (72). We use the standard arguments in handling compositions of symbols: dyadic decompositions
and the method of (non-)stationary phase. We infer that there exist € > 0 and d; € S;Z::l J ,do(s,n) =
a(n)b(s, n), such that for every N,

o= (2 Wy )0+ dy e

j<3N

where d Ni €S 'ZIJSF I=N.=N " Observe that (£)/(n) is uniformly bounded from below if £ and 5 range

in the same dyadlc shell. Above we have chosen ¢ less than é times this bound. Define ¢ (s, n) as
the product of an asymptotic sum > ;o 4/ d; (s n) with the symbol (=875} ¢ Spo 0... It follows that
AB —Opg j, c(r/ h) belongs to Op, SMHI=N=N g0 every N. Thus AB = Opy c(r/h) O

pois
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Let ¢ and Q be as in Lemma 14. If n € € ranges in a set having a positive distance to the complement
of the elliptic region, then there exist positive constants o and M such that

|esiq(0,7l)| < MeS8°<"), 5 <0. 42)

This follows from the fact that the spectrum of ¢ (0, 1)/(n) is contained in a compact subset of the lower
half-plane then. We shall solve (D,;, — Q)B =0, B|,—¢ = Id, microlocally at €. On the symbol level
we have to solve linear ordinary differential equations with constant coefficient matrices. The following
assertions are true microlocally in ‘€ where (42) holds.

Lemma 16. Ler 0 < § < 8y. Let r € S!T™ and v € S™. Let b(s, n) be the solution of the initial value

pois
problem
3sb(s’77):(16](0’77)—507))17(5’ 77)+”(S’77)» —1 <S§0’ (43)
and b(0,n) = v(n). Then b(s,n) € Sg'(’ns

Proof. Note that the coefficient matrix of (43) does not depend on s. Representing b by Duhamel’s
formula and using (42) we derive the estimate

0
|b(s, m)| < M|v(n)| +M / e@o=0s(m | (s, )| ds < M [v(n)| + sup |7 (s, )|/ (n).

M
80— 6 s<o

Moreover, we can estimate dsb (s, 77) by estimating the right-hand side of (43). Differentiating (43) we
derive linear ordinary differential equations for 9% (*V)/ ("V)tb(s,n). These equations are of the same
structure as (43) with the same coefficient matrix. The asserted symbol estimates are obtained recursively.

o

Proposition 17. Let 0 <& <o, and € > 0. There exists B € Ops j, S wzth Schwartz kernel supported in
—e <5 =0, such that, microlocally at ‘€, (D,;,— Q) B =0 and B|, o = 1d. Moreover, (h*L —p)B = 0.

Proof. 1t follows from Lemma 15 that, for a classical symbol b € S{fnf, 0 < § < 8, modulo negligible
operators, the composition

(Dyr/n— Q) Ops p b(r/ h)

1,k . . k—1
S;ZIJSF . Moreover, ¢ is classical, and, modulo S;';ls ,

equals Opg/ , c(r/ h), ¢ €

c(s,m) = (—idsh(s,m) —i8(n)b(s,n) —q(0, n)b(s, n))e®=3Istm,

Fix a sequence (8j), 6 <dj+1 <48j. Using Lemmas 15 and 16 we recursively find /-independent symbols
bj € s! bily=0 =1d, bj|,=¢ = 0if j > 1, such that B; = h/~! Ops; 1 bj(r/ h) satisfy

po1s >

(Dy/h—Q)(By +---+ Bj) € Opg j Soor

p019 ’

§jt1 <8 <.

Now B is constructed using asymptotic summation. The last assertion follows from the factorization (39).
O
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7. The displacement-to-traction operator

In this section we deal with operators on the boundary X. Therefore, in the following, operators and
symbols are, as a rule, evaluated at r = 0.

Let B denote the Dirichlet parametrix given in Proposition 17 and 7" the traction defined in (1). The
operator Z = hTB is called the semiclassical displacement-to-traction operator, or Neumann operator,
at €. By Propositions 11 and 17 we have, if WF;,(f) C €,

Zf =(iAoDynBf +ihA1Bf)|x =iA40(0)0(0)f +ihA1(0)f.

Therefore, Z =iAgQ +ihAy, and Z is, microlocally in €, a pseudodifferential operator of class W!-0,
The symbol of Z is classical since the symbols of 4; and Q are.

Lemma 18. The displacement-to-traction operator Z is, in €, up to a negligible operator, formally
selfadjoint. The principal symbol of Z equals the surface impedance tensor

z=i(aqg+a,) € S' (& n*End(CTy M)). (44)
The leading symbol of Z is z + hz_, where z_ € S°,
z_q—q*z_=itw(S)z+id,z—ay_—aj—q+tr (”Vq*.ath). 45)
Proof. Let f1, f> € L3(X;CTx M), WF,(f;) Cé, and set uj = Bf;. By (1),

/(Zfl |f2)de—/ (S11Zf2)dVx Ih_I/ (u1 | h*Luy — puz) — (h* Luy — puy | uz) dVy.
X X M

It follows from Proposition 17 that the right-hand side is 0(/£°°), uniformly if the f;’s range in a bounded
set and have h-wavefronts contained in a common closed subset of €. Thus Z* = Z in €. Recalling
Z =iA¢gQ +ihA,, we infer from the symbol calculus that z = i (ag 4 a) is the principal symbol.

It remains to prove the formula for z_. Write the leading symbols of Q and O* as ¢ + hg_ and
q* + hqt?, respectively. It is easy to see that z_ = iag_. Recall the formula for L in Proposition 11.
The factorization (39) is equivalent to

(Dpyn—ihte(S)h Ay + (hAT —ihte(S)Ao) Dyyp +h* Ay —p =D,y AgQ — O Ao D,y + 0% 40 0.
This in turn is equivalent to the following two equations of tangential operators:
hAy +hAT —ihte(S)Ag + AgQ + 0" 4y =0,
[Dy/n, AgQ + hA;]—ihte(S)hA; +h* Ay —p— Q%400 = 0.

On the principal symbol level these equations become a; +a} +aq +¢g*a =0 and a; — p—q*aq = 0.
These equations agree with (10). On the leading symbol level the equations become, after division by #,

—ia——it(S)a+aq—+qta—itr (”Vq*.hVa) =0,
—dyz—itr(S)ay —iar— —q*aqg— —qtag+itr (”Vq*.hVaq) =0.
Elimination of g% from these equations gives

(ag-)q —q*(aq-) =ia;_q +u(S)z + 3,z +iay_ —itr ("Vg*.a"vy).



RAYLEIGH-TYPE SURFACE QUASIMODES IN GENERAL LINEAR ELASTICITY 481

Formula (45) for z_— = iaq— follows. o

In principle z_ is found as the unique solution of the linear Equation (45). The right-hand side of
the equation consists of known quantities and their first order derivatives. Refer to Section 10 for an
algorithm computing z_ if the elastic medium is isotropic.

8. Diagonalization of Z

Assume (U) and (E1). By Proposition 6 the kernel ker z defines a line bundle over the characteristic
variety ¥ = p~!(1) of the surface impedance tensor z. Since zero is a simple eigenvalue of z at X, there
exist € > 0 and an open neighborhood K C ¢ of X such that z(§), £ € K, has exactly one eigenvalue
Ao (&) of modulus < €. (In the following, K is to be replaced by a smaller neighborhood when necessary.)
The line bundle £y = ker(z — Ag) — K is a subbundle of n*CTy M = Hom(C,n*CTyM). The
orthoprojector onto this bundle is given by a contour integral, 1o = (277)~! g% A=c (A —z)~1dA. Denote
by uy = 1d —u¢ the orthoprojector onto the orthogonal bundle, E.

Assume also (E2). Choose a unit section v of kerz — X, |v| = 1. Using uq, extend v to a unit section
of Eq— K. Call this section also v. Clearly, uo = v®v*. If R € U denotes the inverse of a square root
of the scalar operator Opy,(v)* Opy,(v), then V = Op,,(v) R satisfies V*V =1d, i.e., V is an isometry.

Lemma 19. Choose V € WOO(K;C,CTy M), with principal symbol v, such that V*V = Id. Set
Uy=VV* Uy =1d—U,. There exist Be W~1"2(X;CTx M), B* =B, and Re V=71 (X;CTxy M),
R* + R =0, such that, microlocally in K,

(Id—R*)Z(1d—R) = Uy(Z + B)Uy + U (Z + B)Uj. (46)
In particular,
(Id—R*Z(Ad—R)V =VV*(Z + B)V. 47
The leading symbol of the scalar operator V*(Z + B)V € W0 equals
Ao+ h(z—v |v)—ihtr (v* vyz. by + ”Vv*.tho.v). (48)
Here, as in Lemma 18, z + hz_ denotes the leading symbol of Z.

Proof. To prove (46) we adopt ideas from [Stefanov 2000]. The operators Uy and U; are orthogonal
projectors, U = Uj = sz, and U Uy = 0. Write

Z =UyZUy+ U, ZU; + B,

where B = UgZU; + U ZUy. Since ujz = zuj and ujug = 0 we have B € W= Tet hb, with
b = b* € S°, denote the principal symbol of B. Define the section z; = z| E; of End(Ej). The spectra
of z¢ and z; are disjoint. Therefore the Sylvester equation szg — z15 = u1bug has a unique solution s
which is a section of Hom(Eg, E1). We extend s to a section of End(z*CTyx M) by s = uysug. Then
sz—zs =ubug, and s € S~!. Define S = Opy,(hs) and R = UyS*U; —U; SUy. Then, R* = —R and
B = UyBU, + U BUy = R*Z + ZR modulo ¥~!>"2, Therefore, with a different B € U~ N+1L.=N,
N =2,and Zy = Z; = Z, we have

(Id—R*)Z(1d —R) = Uy ZoUo + U, Z,U; + B. (49)
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If N > 2 then, using the same construction as before, we find R; € \IJ_N’_N, R’f = —R; such that
UoBU; +U{BUy = RTZ + ZR{ modulo W~N:"N—1 Hence we get (49) with R and Z; replaced by
R+ Ry and Z; + B, respectively. The new error B belongs to W—N.=N=1 Jterating this construction
and using asymptotic summation (46) follows. Since Uy V = V, (46) implies (47).

Observe that the leading symbols of V*(Z + B)V and V*ZV are equal. The principal symbol
equals (v | zv) = Ay because |v| = 1. We write the leading symbol of V as (1 4+ hy)v + hw, where
v*w = (w | v) = 0. Note that (v | zw) = 0. A straightforward symbol computation, using (68) and (71),
gives

on(V*ZV) = ko + h(z—v | v) + h(y + 7)ho —ihtr (v* P Vz." V0 4PV 1Vu* 20 4-2V* 1V 20)

modulo O(A?). From V*V = 1 it follows that the leading symbol of V*V equals unity. Since |v|?> = 1
is the principal symbol, this implies

h(y +7) —ihte (PVVv*0 4+ PVo* 1vy) = 0.
Therefore the expression for the symbol of V*Z V simplifies to
on(V*ZV)=ho+h(z—v | v) +ihtr (kovVv*.th VRV —vVv*.thv)
modulo O(42). Using #Vzv = Ao Vv +"Viy.v we deduce (48). |

Denote by \Dgflg the class of /-independent pseudodifferential operators 4 with polyhomogeneous
symbols, a ~ > j<m4j, aj homogeneous of degree j. When regarded as an h-dependent operator,
A € U™ has the classical symbol ;. h™J a;. In the next lemma, following [Popov and Vodev 1999]
and [Stefanov 2000], we use this relation to conjugate the scalar operator constructed in Lemma 19 into
hP —1, where P is h-independent.

Recall that 2!/2 — X denotes the bundle of half-densities.

Lemma 20. There is a selfadjoint operator P € \Ilphg(X Q1 2) with principal symbol p, and an operator
A € WO from half-density sections to scalar functions, elliptic near X, such that A*V*(Z + B)VA =

h P —1 in a neighborhood of . The subprincipal symbol of P equals, on 3,
Psub = (v | 1) (Re(z—v | v) + Imtr(v* P Vz. " V) + Im tr("Vp. " Vv* v). (50)

Here = denotes the radial derivative of z. If instead of v another unit section v = e'®v of ker z — X is used
to define V, and thus P, then the principal symbol of P remains unchanged, whereas the subprincipal
changes to Py = psub + {p, ¢} on X. Here {p, ¢} denotes the Poisson bracket.

Obviously, P is elliptic and bounded from below.

Proof. The radial derivatives of p and of Ag = (zv | v) are, at X, equal to 1 and (zv | v) > 0, respectively.
Therefore, near X, az)»o = p—1forsome ag € C®, ag>0. Set Z = AZV*(Z+B)VAy, Ao = Opyl(ao).
Choose P1 € W10 (formally) selfadjoint with leadmg symbol p — ihtr(*VVp)/2. The selfadjoint
operators Z and P — 1 have the same principal symbol, p — 1. Therefore, the imaginary parts of their
leading symbols are equal It follows that the principal symbol go of Qo =7Z—(P;—1) e w0 equals,
on X, ao (2v | v)~! times the real part of the coefficient of / in (48).
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Define po € C*°(T* X\ 0), homogeneous of degree 0, and r_; € S™! such that gg = po+2(p—1)r_;
holds in a neighborhood of ¥. Then

(1—hOp,(r—))*)Z(1 —hOp,(r_1)) = Py +hPy—1+h0_;,

where Py is selfadjoint with principal symbol py. Proceeding inductively, we obtain selfadjoint operators
Pj e W/-0 with classical symbols such that, for N < 1,

(1-hRAW)Z(A—hRy)=h Y. W Pj—1+hNQy,
N<j<1

where Q N € WNO Ry e W10, Therefore, there is an /4-independent operator P € \Iflhg such that
(1—hR*)Z(1—hR) = hP —1 near =. Moreover, P = Py + h Py modulo ¥~1-2, The symbol of P
equals p —i tr(*V*#Vp)/2 + po modulo S~!. It follows from Corollary 29, or rather its analogue for
h-independent operators, that p is the principal symbol of P and pg, = py its subprincipal symbol. By
construction py = ¢go on X. Formula (50) follows from the formula for ¢o mentioned earlier.

Note that {p, ¢} = tr (”Vp.tho —th.”Vgo). The last assertion of the lemma follows from (50),
using v*?Vz.v = YVA,. O

Proof of Theorem 1. The following assertions hold microlocally in a neighborhood of X. It follows from
Lemmas 19 and 20 that

(Id—R*)Z(Ad—R)VA=VA *(hP—1),
where A~* denotes a parametrix of A*. Define J;, = (Id —R)VA and J;, = (Id —R*)~ ! VA~*. We have
Jp. Jp € W00, Jy—J; € W™ Moreover, J;* Jy is elliptic. By definition of Z, TBy,Jj = Jy(P—h™"),
where By, is the Dirichlet parametrix given in Proposition 17. Combining the results in Section 6 with
Lemmas 19 and 20, the theorem follows. O

9. Construction of quasimodes

Given P of Theorem 1 we associate to the sequence of positive eigenvalues of P a sequence of quasi-
modes of L7. We follow [Stefanov 2000, Section 4], differing in some details, however.

Let P, By, and J, as in Theorem 1. Assume given a sequence of quasimodes, (u;), with almost
orthogonal quasimodes states:

Pfi—wj fi =0coo(h7?), (fi | fi)=8jx =0((hj +hg)*), (51)

fi € C®¥(X;QY2),0 < pj < pjr = 00, hj = it
We define quasimode states for the traction-free boundary problem. By Theorem 1 the traction 7; =
TBy; Jn; fj = Ocoo(h3°). Choose u} = Ocoe (h7°) satistying AO(O)B,u}|X +1t =0 and u}|X = 0.
Define uj € C°(M;CTM),
-1/2
uj = h; "2 (By, Iy, fi + 1)) (52)
By Theorem 1,
Luj — i} puj = Ocoo (h3°),  Tuj =0, (53)
and ||uj||z 2 = O(1). We can assume that the «; are supported in a given neighborhood of X . Using the
ellipticity of L, we deduce ||u;| g2 = @(hj_z).
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To go from quasimodes to eigenvalues or, in scattering theory, to resonances, it is desirable to be able
to decompose the quasimodes into well-separated clusters. In addition, the quasimode states of each
cluster should be linearly independent, and remain so after applying small perturbations.

Proposition 21. Let the assumptions of Theorem I hold. Assume given quasimodes (1j = hj_l >0of P
as in (51), and define uj as in (52). Then (53) holds. Let m > dim X. There exist § > 0 and a covering
of {ij} by a sequence of intervals [ay, by] C Ry, such that

b +28b" X <apyy, b —ap < b
Let wj € H*(M;CTM) be such that, for some N >0,
lwjllg> = 0> ~N). wj—uj = Opa (] XN,
Then, for large k, {wj}a, <y, <b,. is linearly independent.

Proof. Property (53) is clear by the arguments already given.

It is well-known that a quasimode sequence (51) is asymptotic to a subsequence of the sequence of
eigenvalues of P. The latter satisfies the Weyl asymptotics. Hence we have a Weyl estimate j < CpdimX
It follows that every interval [a, b], 1 < b, of length > L has a subinterval of length > Lp~4mX /C
containing no quasimode ;. The existence of intervals [ay, bi] having the stated properties follows
from this observation. Compare [Stefanov 1999, Proof of Theorem 2]. Define the set of indices of the
k-th cluster: Iy ={j ; uj € lak, bil}.

Choose a left inverse K, € UO(X; CTy M, Q'/2) of J;, K;J, =1d at X. Since J;* Jj, is elliptic at
Y, K}, is readily found.

Denote by y : v — v|x the trace map. By (52), &
WF;,J. Jj C X. Therefore,

2yuj = Jy, f; + yul. From (51) it follows that
1/2
hj/ Kpyyuj = fj +©Coo(//l})o).
By the remark after Lemma 26 we can assume that there exists a constant C such that for all j, ¢ € Iy,
keN,
| Kn, — Kn;llL2 2 < Cbglhg —hj].

Using by |hy — hj| < bka;2|ug —uj| =< a;Zb;mH, it follows that

BN, = Knvujllpz = 0™, j.Le I,

if k is sufficiently large. The assumptions on w; imply |[w;j —uj|g1 = @(h}erimX ). Here we use
the estimate ||v||§{1 =< C||v|z2|lv]|g=2. Applying the trace theorem, |[yw; — yu;li 2 = @(h}+dimX).
Summarizing the estimates, we have shown that, for some ¢ > 0,

1/2 . )
11} Ky yws — fillp2 = 0™ ), je .

Because of almost orthogonality of the f; and the Weyl estimate, we can apply [Stefanov 1999, Lemma
4]. We obtain, for every £ € Iy, the linear independence of { K}, yw;j}jecy, When k is sufficiently large.
Since Ky, y is linear, also {wj };cy, is linearly independent. |
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Proof of Corollary 2. We apply Proposition 21 with ;1 oo the sequence of positive eigenvalues of P,
counted with multiplicities, and { fj} a corresponding orthonormal system of eigenvectors. Fix m >
dim X. Let [ag, br] be the intervals, clustering {i;}, given in the proposition. The quasimode states
defined in (52) belong to the domain of the selfadjoint operator L. Let ;. denote the spectral projector
for L1 of the interval [a), b} ], where a) = a; — 5b;m_dimX, b, = by + (Sb,:m_dimX. The intervals
[a),. b, ] are pairwise disjoint. Set w; = mgu; if j1; € [ag, bg]. A well-known argument, using the spectral
theorem, gives
82b 22X |y |12, < |(Ly — uup |2, = O™

if uj € [ak.bg]. Since Lt is elliptic, we have ||w;| g2 = @(MJZ-). Now Proposition 21, with N = 0,
implies that, for k sufficiently large, the rank of mx equals #f{j ; u; € [ax, br]}. Hence an increase by n
of Np over [ay, by] leads to an increase > n of Ny, over [a}, b} ]. Taking into account the widths of the
intervals, the corollary follows. O

Remark. The foregoing arguments also apply to give lower bounds for the counting function of reso-
nances. In this case, 7y is the projector onto the space of resonant states which correspond to resonances
in rectangles [ay, bg] + [0, sx]. To satisfy the assumptions in Proposition 21 for w; = miu;, one es-
tablishes resolvent estimates. See [Stefanov and Vodev 1996; Tang and Zworski 1998; Stefanov 1999;
Stefanov 2000] for ways from quasimodes to resonances. The clustering method was developed in this
context [Stefanov 1999] to handle multiplicities appropriately. Resolvent estimates for anisotropic elastic
systems are given in [Kawashita and Nakamura 2000].

10. The isotropic subprincipal symbol

In this section we assume that the elastic medium is isotropic. We evaluate the subprincipal symbol of
P, pgu, starting from the general formula (50).

We continue with Example 8, referring to the notation introduced there. The kernel bundle ker z is
a line subbundle of V, the subbundle of CTx M spanned by v, é = £/|&|. Abbreviate (19) and (18) as

follows: . .
@11 = [ ‘1 it ] (i) = [ i T :|

i5y &3 ka1 K22
It will be convenient to use the velocities relative to the Rayleigh wave speed, oy = ¢, /c¢s and 0 = ¢ /).

Thent = 02, ut = O'I% on X = {c¢,|&| = 1}. Moreover, we set 7y = (1 —032)1/2, =1 —05)1/2,

We first show how to evaluate (z_v | v), v € ker z, z_ as in (45).

Lemma 22. Set K = (iq)11. Define Y; by (55), (56), and (58) below. Let X = (xji) the selfadjoint
2 x 2 matrix which is the unique solution of

XK+ K*X = —2Y, — Y, — Y} + Y3 + Y7 (54)
Letv=vv+ vzé e kerz. Then
2Re(z—v | v) = x11|v1]* + x22|v2]* + 2Re X127 v;.

Proof. Set x = z_ + z*. Then 2Re(z—v | v) = (xv | v). By (45), x satisfies the uniquely solvable
Sylvester equation x(iq) + (iq)*x =iy + (iy)*, where y equals the right-hand side of (45). Since ¢
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leaves V and V+ invariant, X = (x);; = (xjk) is the unique solution of (54) provided the right-hand
side of the equation equals (iy + (iy)*)11. The latter holds if

Yi = (S)z+3,2)11. Ya=(ai—ig)y, Y3=(itr"V(ig)*.a"Vig),,.

Observe that the a,_ term of (45) drops out because of the skewness of (ia;—)1;. In the following we
derive formulas for Y.
The basis vectors v and £ do not depend on r. Therefore, (0,z)11 = d,(z)11. We obtain

_ 1 —id 081 —i0,82
o[ 8T ] .

Using Lemma 12 and the remark following it we obtain a formula for (¢1-)1;. Clearly, (¢1-iq)11 =
(Cll_)l 1 (lq)l 1- We derive

Y2:|: pr s (€. Vi) o j||:.K11 —l'Klz]‘ (56)
(. VA) pnuS+@A+wp)(E, SE) |Likan K22

It remains to determine Y3. Fix an orthonormal frame (1;) of Ty M, ny = v, ny = é To compute the
contraction we use the frame (1;);>» of 7* X, and the dual frame. We compute derivatives of
ig=[EV1—1((d—v@v—E®E)  +rkiv@v—iknv®E+ikE®v+imnieE.
Set sjx = (Snj.nk). A calculation using hyy = S and hVé = 0 gives
("Vjiq)y, = Vil +sjl6167 M. j =2,

where

_ 0 (ut —b)~/1—t

B |:(ut—b)«/1 —t  i(ut—1) ] '
Regard the coefficients k; as functions of c;, ¢, |§|. Then th(iq)ll = (nj, Veg)Ks + (nj, Vep) Kp,
where K and K, denote the partial derivatives of (ig);; with respect to ¢ and ¢, respectively. In
particular,

("Vaiq),, = (E.Ves) Ky + (E,Vep) Kp + 522 |E|b™ M.

Define wy = [(ut —b)~/1—,—i(b—ut)]. The row k > 2 in ("V;iq),, equals s;xb™!|£|w;.
The vertical derivative of a function k which, when restricted to a fiber depends only on |£], is given
by its radial derivative:

Wk = |E]7EL ). (57)
A calculation using Vv = 0 and ”Vé = &7 1d —é ® é) gives

(*Vjiq),, = "Vilig) = €] '62;K, j =2,

. K11 —IKq
K=" 1_1 - 12 ‘
IK21 K22

Define wy =[i (b —1), v/1—ut —~/1—1]. The row k > 2 in (Vjiq),, equals 8;xb w,.

where we have set



RAYLEIGH-TYPE SURFACE QUASIMODES IN GENERAL LINEAR ELASTICITY 487

Set A = (a);1 = diag[A + 2u, u]. Note that (a),, equals p times the unit matrix. Summing over
J = 2 we derive

Y =i K*A(I§171(§. Veo) Ky + |17 E. Vep) Kp +522b™" M) +ipb ™ [€](ur(S) —sp2)w; @ wi. (58)

evaluated at X. O
Denote by v the unique unit section of ker(z — A) satisfying (é | v) >0, so0
v=y"Hitv + (& —Ao)é),

y > 0 such that |[v| = 1. We compute the v-dependent terms in the right-hand side of (50).
Lemma 23. On X we have Imtr th. YWv*.v =0, and
1672 Im tr(v* ¥ Vz." V)

=mPu 208 (4—02)2—02) (21583 — 2—02)82)s22 +2m3 e, a8 (2~ 02 (502 —d—aH ' S, (59)
where tt' S = tr S — 522, 522 = (€, SE), and m = p|€|/b.
Proof. Set y; = {>/y and y2 = ({1 — Ao)/y. We continue to use the frame (7;). For j > 2 we have

PVt = =i V0t UV 8 4 (67 (1= 62))van]
"o =i "y v + 1V E+iy Sh;.

Note that *V;v*.v is real. Hence Imtr hyp."Vu*.v = 0. We need the vertical derivative of z. To
compute it we proceed in the same way as we did when computing the derivatives of i¢. Recall that z
equals ¢+ 1d on VL, where ¢+ = 11|€|+/1 —t. We obtain (”ij)11 = YVj(2)11. Moreover, the column

k >2in (*V;z)1, equals 8jk|§|_1 times the transpose of the row vector [—i {5, {3 — {1]. We get
Imv* ”ij.thv =y, Rev*'V;z.8n;
=11 (12 "V — 11 VY852 + vilElT (263 = ¢5) = v182)sji (1= 82).
Summing over j > 2 we obtain
2 Imtr(v* *Vz."Vv) = {14, Vil — & "Vggba +erfa (66— ¢ —3) u'(9).
The first term on the right equals
m?[§[" 5222 = 1) (V1 =183 = (20~ 1))
Moreover, using the definition of b, we calculate
b3 =t =m(V1—ur —vV1-1).
Using (21), 4b = t(4 —t), we derive (59). O

The restriction to X of the radial derivative of the eigenvalue Ao = (zv | v) = a0_2 (p — 1) equals
ro=(v|v) = ao_2 because p =1 on X.
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Lemma 24. Let m = pul&|/b. On X, we have
y2ho =m0l (4 — o)ty (tp/ts + est5/cptp + 02 —2),

Proof. The section w =iV + §1§ equals yv on X. Therefore y21¢ = (zw | w) = ¢; det(z);; to second
order on X. Inserting (20),

yiho =mbtv1—t(4y/(1—1)(1 —ut) — (2 —1)?).
Recall that p = ¢, |§| = o5t~ V/2, = = {t = o2}. The rule of de I'Hospital gives

i 4/0=0)(1—ut)—2—1)? _

PR ost~1/2 -1

402 (tp/Ts + csTs/CpTp + 0L —2).

Summarizing, the formula for yz)».o = y2ko/(p—1) follows. O

Inserting the formulas of the lemmas of this section into the general formula (50) for the subprincipal
symbol of P we obtain a formula for the subprincipal symbol in the isotropic case.

Proposition 25. Denote by X = (x;i) the 2 x 2 matrix solving (54). Set
N = t5(1p /75 + CsT5/CpTp + 07 —2).

Let P be the operator of Lemma 20 determined by the unit section v of ker z having positive é component.
The subprincipal symbol of P is given as follows.

L6Npgub = (¢ /20 (x11(2 — ) +4x22(1 —0)* + 4Im x1,(2 — 07)5)
F 2 (2-02) (21583 — (2= 02)8) (SE,E) +2¢,(4—02) T (2—02) (502 —4—0 ) (t(S) — (SE, £)).

Proof. On X, w = yv = (mt/2)(i(2 —1)v + 241 —1£). Using Lemmas 22 and 24 we calculate
16N Re(z_w | w)/y%Xo. The result is the first term on the right-hand side of the claimed formula.
Similarly, we obtain the other terms combining the Lemmas 23 and 24. O

The constituents of the above formula for pg,, are curvature and velocities (Lamé parameters), as-
sumed known. It seems difficult to analyze the formula further unless it is specialized to particular cases.
However, it should be noted that the formula allows explicit numerical evaluation of pg,,. Therefore it
can be used when solving transport equations for Rayleigh wave amplitudes numerically with a (seismic)
ray tracing program, say. Formulas for the amplitudes of Rayleigh waves were given by in [Babich and
Kirpichnikova 2004].

Appendix: Geometric pseudodifferential calculus

Pseudodifferential operators on manifolds are usually introduced by reducing to the euclidean case via
partitions of unity, [H6rmander 1985, 18.1; Zworski 2011]. The principal symbol of a pseudodifferential
operator is invariantly defined. If the operator acts on sections of the line bundle of half-densities then
there also is an invariantly defined subprincipal symbol [Hormander 1985, Theorem 18.1.33; Sjostrand
and Zworski 2002, Appendix].
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In the body of the paper we explicitly track, down to the subprincipal level, symbols of operators
acting between vector bundles. To achieve this we use Sharafutdinov’s geometric pseudodifferential
calculus [Sharafutdinov 2004; 2005]. The purpose of this appendix is to recall this calculus, presenting
a semiclassical variant. Since we have to refer, in the main part of the present paper, to proofs of the
calculus, we give a rather detailed presentation. The calculus depends on a symmetric connection of
the manifold and on metric connections of the (Hermitian) bundles. We make the stronger assumption
that the manifold is Riemannian and that the symmetric connection is the Levi-Civita connection. The
important features of the calculus are a symbol isomorphism modulo order minus infinity, and complete
symbol expansions for products and adjoints given solely in terms of geometric data. Using connections
to develop a pseudodifferential calculus and to prove the existence of a complete symbol isomorphism
was done earlier in [Widom 1980]. This was further developed by Pflaum [1998], who gave a conve-
nient quantization map from symbols to operators. Sharafutdinov gave symbol expansions in terms of
geometric data.

Let X a compact Riemannian manifold without boundary, dim X' = n. The exponential map, exp, of
the Levi-Civita connection defines a diffeomorphism, (x,v) — (x, y) = (x, exp, v), between a neigh-
borhood of the zero-section of the tangent bundle 7 = T'X and a neighborhood of the diagonal in X 2.
In the proofs of the propositions below we need the following properties of exp. In local coordinates the
exponential map satisfies

(expy v)' = x" + 0! =TL ()l v* 72+ 0(vP), (60)

where F; « denotes the Christoffel symbols. Normal coordinates centered at x satisfy (expy v) = v,
There exist 0 < r < R < inj(x), the injectivity radius of X, such that the equation

expexpx vZ = CXpPy, W (61)

defines, for every v € Ty = Tx X, |v| < R, a diffeomorphism w — z = z(x, v, w) from an open
neighborhood of the origin, contained in {|{w| < R} C Ty, onto the ball {|z| <r} C T}, y = exp, v.
This map is used below to change variables of integration. Obviously, z(x,0, w) = w. A computation
in normal coordinates centered at x shows that

(Z{U)_IZ:w—v+@((|v|+|w|)3) as v, w — 0. (62)
Recall, from Section 3, the notation for segments and for parallel transport maps. In local coordinates,

(ifX qw) =w' =T w/ vk +0(v?). (63)

Xpx VeX]

Let £ —» X and F — X be Hermitian vector bundles with metric connections. Recall from Section 3
the definition (24) of horizontal derivatives and the definition of vertical derivatives. A C° section a of
the bundle 7* Hom(E, F) — T*X is called a Hom(E, F)-valued symbol of order m € R, a € S™ =
S™(T*X;n*Hom(E, F)), if and only if for all nonnegative integers j and ¢,

sug(l +1EDTT VY (") a(x, §)] < oo

These are the usual type (1,0) symbol estimates. The symbol space S™ is a Fréchet space. The space
Smk — smk(T* X 7* Hom(E, F)) of h-dependent symbols of order m and degree k is the Fréchet



490 SONKE HANSEN

space of families aj, € S™ such that {h¥ay, ; 0 < h <1} is bounded in S™. We call a € S™k classical if
there exists an asymptotic expansion a ~ ) j hi=*q i with #-independent symbols a; € S m=J,

In the following lemma we define, in a semiclassical setting, the quantization of symbols according to
Sharafutdinov’s geometric pseudodifferential calculus. We relate this definition of /-pseudodifferential
operators to the definition in the euclidean situation. For semiclassical analysis, in particular, for the class
gk = Op, S™k of h-pseudodifferential operators, including mapping properties, and for frequency
sets (h-wavefront sets), refer to [Gérard 1988; Ivrii 1998; Dimassi and Sjostrand 1999; Sjostrand and
Zworski 2002; Zworski 2011]. The class of negligible operators, ™%~ consists of /-dependent
operators whose Schwartz kernels are C*° with 0(/4°°) seminorms.

Fix xo € C*°(T X), real-valued, |v| <r on the support of x¢(x, v), such that yo = 1 in a neighborhood
of the zero-section in 7X.

Lemma 26. Let aj, € S™K be a Hom(E, F)-valued symbol. Then
Apup(x) = Q2mh)™ / / eTHmM hy (e v) - ay (x, n)r[i_exp JJun(expy v)dudn,  (64)
Ty JTx *

defines an h-pseudodifferential operator Ay, € pmk (X; E, F). Given a point x there exists a geodesic
ball U centered at x, and a symbol a}(lj € S™K such that, for uy, compactly supported in U,

Apun() = @iy [ [ SOl 3 0yl o) dwds,

where y = exp, v and y' = exp,, w. Moreover, at x, a; = ay modulo Sm=2.k=2, Every h-pseudo-
differential operator is, modulo negligible operators, of the form (64).

U _
h

The measures in (64) are the normalized Lebesgue measures of the euclidean spaces T and 7.

Proof. We shall drop the subscript /1 from the notation. Fix x € X. Let U denote a geodesic ball with
center x and radius < R. In the following we assume that the support of u is a compact subset of U. In
(64) we replace the variables x, v, n by y, z, {. Next we change variables in the integral Au(y) such that
the domain of integration does not depend on y. Set y = exp,, v. Define z = z(x, v, w) by (61). Using
the symplectic map (w, ?) — (z,¢), { =(z],) 19, we get

Au(y) =/T K(v,w)rﬁ(_expx w)H(expy w) dw,

where the kernel K is given by

K(v.w) = 2h)™" / o (v, Da(r. £) do,

3k
X

with ¢ = (¢, z) = (8, (z},) "' z). Since z = 0 if and only if v = w, we have ¢(v, w, ¥) = (¥ (v, w)¥, w—v).
Here ¢ = Id +0(|v|?> 4+ |w|?) by (62). Decreasing the radius of U and making the linear change of
variables 6 = vy (v, w)?, we get

K(ow) = @iy [0y, a0, 0010, 0) 06,
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with J1 (v, w) = 14+0(Jv|? +|w|?). It follows that A restricted to U is an h-pseudodifferential operator of
class UK As it stands the symbol depends on v, 8, w. Using the standard symbol reduction procedure
we obtain a¥ (exp,, v, 8). Moreover, the asymptotic expansion implies that, as v — 0, a¥ —a € S m—2,k=2

Note that Au(y) = 0 if the distance between y and supp u is > r. Using a partition of unity, we infer
that the class of operators given by (64) equals the class of /-pseudodifferential operators with Schwartz
kernels supported in small neighborhoods of the diagonal. O

Standard arguments show that up to a negligible operator A4, = Opy(ay) does not depend on the
choice of the cutoff xq. The space

k(X E, F) = Op;, ™k 4 w—o—,
is the space /i-pseudodifferential order m and degree k. We denote the geometric symbol by aj,(Ay) =ay,.

Remark. Let A, = Opy(ay) € W09 Then Ay is L? bounded, uniformly in /. Assume, in addition,
that a;, depends differentiably on /4 with d;a, € S%°. Changing variables in (64) from 1 to £ = n/ h,
we obtain Ay, — Ay, = f,flol h=1 Opy,(by,) dh, where by, € SO°, by, (x, 1) = hdpap(x,n) +°Vyap(x, n).
This implies the following useful Lipschitz estimate:

IAn, — AplliL2p2 < Chy'lhy —ho| if ho < hy,

where || Opy,(bp)| 12— 12 < C < co. The assumption holds if aj, is classical and given as a Borel sum.

In the following, we often suppress from writing the 4-dependence of symbols, operators and distri-
butions. Moreover, when dealing with integrals like (64), we move, without explicitly writing this, the
x-dependence from the domain of integration into the integrand using arguments as in the proof of the
lemma.

Lebesgue measure dv on 7, X and Riemannian volume are related by

/ F0)dVy () = f F(expy v)Jo(x. v) du,

where y = exp,, v and Jj is the Jacobian, satisfying Jo = 1 +0(|v|?) at v =0. Let A = A}, be as in (64).
The Schwartz kernel K4 of A4,

Au(x) = /X KaCe.»)u()dVy ().  Kalx.y) € Hom(Ey. Fy).

equals in a neighborhood of the diagonal a partial Fourier transform of the symbol,

_ itn.exp=]
KaGr.) = by [ e ens hage o an v ie ey, (65)

X

Here ¥ (x,y) = xo(x,v)/Jo(x,v), y = exp, v. The symbol a is recovered via the inverse Fourier
transform:

a(x,§) E/T e &V (50 J0) (x, V) K 4(x, expy U)T[g(px vex] 4V (66)
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modulo $7°7%°, The correspondence between an operator A = Opy,(«) and its full symbol a, named
the geometric symbol of A4, defines the complete symbol isomorphism

k(X E, F)) W% =~ ™Kk (T* X Hom(n* E, n* F))/S ™™
The geometric symbol can also be computed by applying the operator to suitable testing functions:

I ]
a(x, £)s = Ay (" &P Iy (x expy! 1 g9) ly=x- (67)

Here A, means that A acts on functions of the variable y. In particular, in case £ = C, the geometric
symbol is obtained at the center of normal coordinates x/ when A4 is applied to ei&*' I and evaluated
at x/ = 0.

We derive symbol properties and expansions using the method of stationary phase:

(det(H/2mih))"/? / e @D/ g (x) dx = exp (~tinH ~19,8)) (e a(x))| _y

_y @Y g 8,0)7 (" ha(x))| __, +06(hN),

vzj
J<3N

Here ¢ € C is real-valued, ¢’(x) = 0 if and only if x =0, H = ¢”(0) is nonsingular, and ¢(0) = 0. The
remainder p(x) = ¢(x)— (Hx, x)/2 vanishes to third order at x = 0. The expansion has the advantage,
when compared to that obtained using the Morse lemma, of giving an efficient algorithm for computing
the asymptotic series.

See [Asada and Fujiwara 1978, Lemma 3.2] and [Hormander 1990, Theorem 7.7.5], where the ex-
pansion is arranged in powers of w~! = h.

We are mainly interested in the leading symbols of operators. We define the leading symbol of an
operator Opy,(a) € Wk a5 the residue of ¢ in Sk / §M=2:k=2 The principal symbol is, of course, the
residue in S™k /§m—1.k=1

Proposition 27. Let A = Opy,(a) as in (64) with geometric symbol a € S mk_ The formal adjoint
A* € ymk (X; F, E) has the geometric symbol

b=a*—ihtr °V"Va* mod S"2k-2, (68)

If a is classical then so is b.

Notice that YV #Va* is a section of 7*(Hom(F, E) ® T ® T*). The trace is taken of the T ® T*
part.

Proof. The formal adjoint of A is defined by
| 0| Aux0) V) = [ (4510209 1 029) g Vi (9.

The Schwartz kernel satisfies K4+ (x, y) = K4(y,x)*. Recall that parallel transport preserves inner
products. It follows from (65) that

K (eoy) = Qe [ s I0E oty an v (v,

T
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and K 4+(x, y) = 0 if the distance between x and y is > r. Set y =exp, v. Define z € T), by exp,, z = x.
After a linear change variables from n € 7)) to { =" (exp).(v))n € Ty we have

Kge(x, ) = Qmh)™" /T el Al a(n)*ds y (p.x) /T (x, ),

with Jacobian J; (x,v) = 1 + 0(|v|?). Define

b(x,€) = f e EO A (0. 00) (x, V) K (x. p) s _yd.
Tx
Inserting K 4+ we have

b(x,&) = Qrh)™" / / e'ha g de dv, (69)
Ty JT3

where

(§.v) 4+ (n.2) = =({ =& v) + ({, D),

~ Hom(F,E
a =l e iy g =g Pab”,

J = xo(x,v)Jo(x, V)Y (¥, x)/J1 (x,v) = 1 +O(|v]?),

%

and ® = ®(x,v) = expl (v)_lz + v. A computation in normal coordinates centered at x shows that
® =0(v]*) as v — 0. If (pé = 0 then z = 0, hence v = 0. It follows that the critical points of ¢ are
definedby v=10,¢ =¢&.

Apply the method of stationary phase to (69) and deduce that b € S™-k  Moreover, the following
asymptotic expansion holds:

ih)/ .o, 5
b~ E ( ') (—8;,81,)’(6’(5’@)”’(1)‘
7 !

; 0.t (70)

Differentiation of the exponential factor brings out a nonzero factor only if it consumes at least three
derivatives with respect to v and at most one derivative with respect to . It follows that the sum is
asymptotic. Moreover, b is determined modulo S m=2,k—2 by the terms in the asymptotic sum with
J <2,b=a*—ih(d¢, dy)a. Observe that

oexpl (v) = Idr, +0(Jv]?) asv— 0.

T
Tlxexpy v]

It follows that 81,51‘1):0 = "Va*(x,¢). Hence b = a* —ihtr "V Va*. The Schwartz kernels of Opy,(h)
and A* are equal in a neighborhood of the diagonal. Therefore A* — B € W™, O

Proposition 28. Ler A € W™aka(X: F G) and B € W™BkB(X; E, F) with geometric symbols a and
b, respectively. Setk =k + kg, m =my +mp. Then AB € W™ (X E, G) with geometric symbol

CEab—ihtr(”Va.th) (71)
modulo SM~2:k=2, If a and b are classical then so is c.

Again the trace is taken of the 7 ® T* part, and the dot terminates differentiated expressions.
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Proof. Setting y = exp,, v, the operator C = A B is given by
Cu(x)=
Quh)™?" //// et EN hy(x py. ‘C[I;(_y] (b(y, {‘)f[i_expy 4(expy, z)) dz d¢ dv dn.
T xT¥xTyxTyf

Here and in the following we do not write the cutoff factors. Let z = z(x, v, w) be the solution of
expy, z = exp, w. The symplectic change of variables (w,?) — (z,{), { = (z!,)~ 19, preserves the
volume form. We get Cu(x) = fo Kc(x,exp, w)u(exp, w)Jo(x, w)dw, with Schwartz kernel

K (x, expy ) Jo(x, w) = (2h) " / e~ IO heod (@, v,m) T oy
TEXTxTy
co = al(x, n)r[ilc(fly(f’F)b(y, OM(x,w,v). Here M (x,w,v) € GL(E,) denotes the parallel transport in
E along the geodesic triangle x — exp,, w — exp,, v — x. It follows that the symbol of C equals

c(x,&) = Quh)y~" / ei‘p/hcod(v, nw, %), (72)
Ty XTxxTyXTy

= (&, w)—(n,v) — (¢, z). We introduce w — v as a new variable, w. Then (72) holds with

p=——§&v)—(@—-§w)+ (J, D),
co=a(x. e by OM(x. w+v,v),

Here ® = w— (), (x, v, w+7v)) " 'z(x,v,w+v) € TF. By (62), ® vanishes to third order at v = w = 0.
Clearly, v = 0 = z at a critical point of ¢. It follows that v = w = 0 and n = ¥ = & define the critical
points.

Now apply the method of stationary phase to (72) and deduce that ¢ €
moreover, has an asymptotic expansion

i h
c~Z( ) (09, 0u) + (0 0) (O he) o 7

S™:k is a symbol which,

Using that ® does not depend on 1 and ¥, and vanishes to third order at v = w = 0, we infer that the
summands with j > 1 belong to .S m=2,k=2 Tt follows that

ab —ih(dya, dyb M) —iha(dy, dyw)bM,

m(E,F ~
[choﬂf] )b(y, ). We have 0,0 =0

at v = w = 0. This follows from ¢}, = 0 which is a corollary of z =w at v = 0. The derivatives of M
with respect to v and w vanish at v = w = 0. Using 7. =Idr, +0(|v|?) at w = 0, we derive

evaluated at the critical point, is the leading symbol of C. Here b=t

[x—expy v] °

om(E,F —
dub = 0y O™ EF)pexp v, 1(z)719) = Vb (x, D),

v [x —expy V]

at v = w = 0. Summarizing the computations, (71) follows. O
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Remark. The proofs of Propositions 27 and 28 follow those in [Sharafutdinov 2004; 2005] closely with
only minor modifications. Our derivation of the asymptotic expansions of the symbols of adjoints and
products may be somewhat shorter, however. We differ in defining the adjoint with respect to the volume
element rather than using half-densities. Notice that the symbol expansions (70) and (73) depend only on
the given symbols and on the geometry. In the formulas (68) and (71), we extracted the leading symbols.

For the purposes of the present paper it suffices to assume X compact. A symbol calculus on general
(complete) Riemannian manifolds needs to take the injectivity radius into account and handle mapping
properties more explicitly.

It is well-known that a pseudodifferential operator acting on half-densities has an invariantly defined
subprincipal symbol; see [Sjostrand and Zworski 2002, Appendix] for a proof in the semiclassical case.
We relate the subprincipal symbol to the leading geometric symbol. Equip the half-density bundle €2 172,
X with the inner product (u | v) =u-v/ dVx, where the operations on the right are in the sense of densities.

. . /2 . L .
The connection given by ve! dV)}/ % = 0 is metric with respect to the Hermitian structure of Q1/2.

Corollary 29. Let A € ymk (X;Q 1/ 2). The leading symbol of A equals that of the corresponding scalar
operator A € W™K(X) which is given by Au = dVX_l/ZA(u dV)}/z). If the geometric symbol a of A is
classical, a ~ ijo hj_kaj, aj € S™=J then h™*ay is the principal symbol of A, and

asa = h' K (ay +i°Vay."Vay/2)

is its subprincipal symbol.

Proof. Consider the multiplication operator dV)}/ 2 e wo0(X:C,QY2). The Hom(C, Q2'/?)-valued
symbol 7 * dVAl/ 2 is the leading symbol of this operator. Note that its horizontal and vertical derivatives
vanish. The equality of the leading symbols of A and 4 now follows from Proposition 28.

Let a¥ denote the local symbol of A in a geodesic coordinate chart U centered at a given point x.
We use normal coordinates centered at x. Assume a classical, #Xa = ag + ha; + O0(h?). Then aY is
classical, and #XaV = aqy + O(h). Moreover, it follows from Lemma 26 that #/5aV = ag + hay + 0(h?)
at x. The subprincipal symbol equals, by definition, A' =% (ay +271 > 02ag/dx;0&;). The horizontal
derivative in the j-th coordinate direction equals, at x, the partial derivative with respect to x;. The
formula for the subprincipal symbol follows. O
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