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PERIODIC SOLUTIONS OF NONLINEAR SCHRODINGER EQUATIONS:
A PARADIFFERENTIAL APPROACH

JEAN-MARC DELORT

This paper is devoted to the construction of periodic solutions of nonlinear Schrédinger equations on the
torus, for a large set of frequencies. Usual proofs of such results rely on the use of Nash—-Moser methods.
Our approach avoids this, exploiting the possibility of reducing, through paradifferential conjugation, the
equation under study to an equivalent form for which periodic solutions may be constructed by a classical
iteration scheme.

Introduction

This paper is devoted to the existence of families of periodic solutions of Hamiltonian nonlinear
Schrédinger equations on the torus T4. Our goal is to show that such results may be proved without
using Nash—Moser methods, replacing them by a technically simpler conjugation idea.

We consider equations of type

oF
(—id;— A+ pu = ey(a)t,x, u, i, €)+ef(wt, x),
u

where £ € R, x € T, F is a smooth function, vanishing at order 3 at (u, @) = 0, f is a smooth function
on Rx T4, 2m-periodic in time, w a frequency parameter, (4 a real parameter and € > 0 a small number.
One wants to show that for € small and @ in a Cantor set whose complement has small measure, the
equation has time periodic solutions.

Let us recall known results for that type of problems. The first periodic solutions for nonlinear wave
or Schrodinger equations were constructed in [Kuksin 1993; Wayne 1990], which deal with one space di-
mension, with x staying in a compact interval, and imposing on the extremities of this interval convenient
boundary conditions. Later on, Craig and Wayne [1993; 1994] treated the same problem for time-periodic
solutions defined on R x S!. Periodic solutions of nonlinear wave equations in higher space dimensions
(on R x T , d > 2) were obtained in [Bourgain 1994]. These results concern nonlinearities which are
analytic. More recently, some work has been devoted to the same problem when the nonlinearity is a
smooth function: Berti and Bolle [2010] have proved in this setting existence of time-periodic solutions
for the nonlinear wave equation on R x TZ. We refer also to the paper of Berti, Bolle and Procesi [Berti
et al. 2010], where the case of equations on Zoll manifolds is treated. Very recently, Berti and Procesi
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[2011] have studied the same problem, for wave or Schrodinger equations, on a homogeneous space. We
refer also to [Craig 2000; Kuksin 2000] for more references.

The proofs of all these results rely on the use of the Nash—-Moser theorem, to overcome unavoidable
losses of derivatives coming from the small divisors appearing when inverting the linear part of the
equation. Our goal here is to show that one may construct periodic solutions of nonlinear Schrodinger
equations (for large sets of frequencies), using just a standard iterative scheme instead of the quadratic
scheme of the Nash—Moser method. This approach allows one to separate on the one hand the treatment
of losses of derivatives coming from small divisors, and on the other hand the question of convergence
of the sequence of approximations, while in a Nash—-Moser scheme, both problems have to be treated at
the same time. The basic idea is inspired by our work in [Delort 2010] concerning linear Schrodinger
equations with smooth time dependent potential. It is shown in that paper that a linear equation of type
(ids— A+ V(t, x))u = 0 may be reduced by conjugation to an equation of type (id; — A + Vp)v = R,
where R is a smoothing operator and Vp a block diagonal operator of order zero. We aim at applying a
similar method when the linear potential V' is replaced by a nonlinear one, so that, in the reduced equation,
the block-diagonal operator Vp, depends on v itself, and R sends essentially H* to H?$~¢ (where a is a
fixed constant, and H* the Sobolev scale). It is pretty clear that such a reduced equation will be solvable
by a standard iterative scheme, even if the inversion of i d; — A 4+ Vp loses derivatives because of small
divisors, since such losses are recovered by the smoothing properties of R on the right side.

Before describing the different sections of the paper, let us give some more references and add some
comments. There are actually a few results concerning existence of periodic solutions which do not
appeal to Nash—-Moser theorem. Bambusi and Paleari [2001; 2002] constructed such solutions without
making use of Nash—Moser or KAM methods, but only for a family of frequency parameters of measure
zero (instead of a set of parameters whose complement has small measure). Related results, concerning
the case of rational frequencies, may be found in [Berti 2007, Chapter 5]. Recently, Gentile and Procesi
[2009] found, for analytic nonlinearities, an alternative approach to Nash—Moser using expansions in
terms of Lindsted series.

Let us also mention that we restrict in this paper to one of the many variants that may be considered
when constructing periodic solutions. Most of the known results we cited so far concern the case of
periodic solutions of the nonlinear equation, whose frequency is close to the frequency of a periodic
solution of the linear equation obtained for € = 0. The problem may be written, using a Liapunov—
Schmidt decomposition, as a coupling between a non-resonant equation (the ( P) equation) and a resonant
one (the (Q) equation). In most works, the resonant equation is a finite-dimensional equation, while (P)
is infinite-dimensional. One uses Nash—Moser to solve ( P), getting a solution depending on finitely many
parameters. Plugging this solution in (Q), one gets for these finitely many parameters an equation in
closed form, that may be solved using implicit functions-like theorems. Actually, Berti and Bolle [2006]
have shown that such a strategy may be also adapted to the case when (Q) is completely resonant, i.e.,
infinite-dimensional.

Since our objective here is to show that one may avoid the use of Nash—Moser theorems, we lim-
ited ourselves to the forced oscillations equation written at the beginning of the introduction, which
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corresponds to a (P) equation for which there is no associated (Q) equation. Berti and Bolle [2010]
have studied similar forced oscillations for the wave equation. It is very likely that our method could
be adapted to recover as well known results for resonant periodic Schrodinger equations, even if one
would have to write a detailed proof. In the same way, since the results in [Delort 2010] concerning the
Schrédinger equation hold not only on T, but also on Zoll manifolds or on some surfaces of revolution,
we conjecture that the analogue of the main theorem of this paper extends to this setting, or even to the
case of a product of several Zoll manifolds.

Organization of the paper. Section 1 states the main theorem and introduces notation.

Section 2 is devoted to the paralinearization of the equation. After defining convenient classes of
paradifferential operators, we perform a first reduction, localizing the unknown of the problem close to
the characteristic variety of the linear Schrodinger operator. This is done using the standard implicit
function theorem. Next, we paralinearize the equation, reducing it to

(—iwds—A+V)v=R)v+ef

where V is a paradifferential operator of order zero, depending on v, and R(v) is a smoothing operator
(Actually, we shall have to consider a system in (v, v) instead of a scalar equation). A consequence of
the fact that our starting equation is Hamiltonian will be that V' is self-adjoint.

Section 3 is the heart of the paper. We construct a paradifferential conjugation of the preceding
equation to transform it into

(—iwds— A+ Vp(w))w = R(w)w +€f

where R(w) is still a smoothing operator, and Vp is block diagonal relatively to an orthogonal decom-
position of L*(T4) in a sum of finite-dimensional subspaces introduced in [Bourgain 1999].

Section 4 is devoted to the construction of the solution to the block diagonal equation by a standard
iteration scheme. We first show that on each block —iwd; — A + Vp(w) is invertible for w outside a
convenient small subset. This is done by the usual argument, exploiting that the w-derivative of the
eigenvalues of —iwd; — A is large. In order that the set of excluded parameters remain small, we have
to allow small divisors when inverting —iwd; — A + Vp(w). As the right-hand side of the equation
involves a smoothing operator R(w), we may compensate the losses of derivatives coming from such
small divisors, and construct a sequence of approximations of the solution.

Let us conclude this introduction with a few words concerning the limitations of our method. First,
it does not seem that it could be adapted to find periodic solutions of nonlinear wave equations, as the
construction of Section 3 relies on a specific separation property for the eigenvalues of —A on T¢. On
the other hand, it might be applied to equations where one has a nice separation of eigenvalues, like
KdV or one-dimensional water wave equations with surface tension. Second, we do not know if our
method could be modified to construct quasi-periodic solutions. Recall that such solutions have been
obtained for the equation set on an interval [Kuksin 1993; Kuksin 2000; Kuksin and Péschel 1996]. The
case of solutions on S! has been treated in [Bourgain 1994]. In higher dimensions, Bourgain [1998]
constructed such periodic solutions on T2. The case of general T4 has been treated in [Bourgain 2005;
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Eliasson and Kuksin 2010]. One of the difficulties of the quasi-periodic case versus the periodic one
lies in the fact that, even close to the characteristic variety, time frequencies might be much larger than
space frequencies. In our proof below, the fact that these frequencies are of the same magnitude plays
an important role. We do not know whether the multiscale methods of Bourgain, Eliasson, and Kuksin
could be combined to the arguments we use in the periodic case to construct quasi-periodic solutions
without making appeal to a Newton scheme.

1. Periodic solutions of semi-linear Schrodinger equations

1.1. Statement of the main theorem. Let T% (d > 1) be the standard torus, S' the unit circle. Consider

a C* function
F:(t x,uue)—> F(t,x,u,u,¢)

(1.1.1)
RxTY x C2 x[0,1] > R

which is 27r-periodic in 7, and satisfies 97 . F (¢, x,0,0,€) = 0 for |a| < 2. We study the equation

oF
(D,—A—l—u)u=EF(wt,x,u,ﬁ,e)+ef(wt,x) (1.1.2)
i

19
idt’
RxT9, 2m-periodic in ¢, with values in C, and where we look for 2?”—periodic solutions of the equation

where A is the Laplace operator on Td, D; = €€l0,1], neR, we [R{i, £ is a smooth function on

when € is small. Changing ¢ to 1/, we have to find solutions on S! x T to the equivalent equation

oF
(th—A—i-u)uzey(t,x,u,ﬁ,e)—i-ef(z,x) (1.1.3)
i

for small enough € and for w outside a subset of small measure. To fix ideas, we shall take w inside a
fixed compact subinterval of |0, +o0[, say w € [1, 2].
Let us define the Sobolev space in which we shall look for solutions. If # € %'(S! x T4), we set for
(j.n)eZx7?
1

“(],n)=m

/ e HITInX y(t x) dt dx.
SixTd

For s € R, define 5 (S! x T4; C) to be the space of those u € %'(S' x T?) such that

def . N
||U||;~€s = E E (L+1j1+ 1?2, n)]* < +oc. (1.1.4)
J€Z nezd

We shall use the similar notation % (S' xT9: C?), 5 (S! x T?; R?) for C2 or R2-valued functions.
Let us state our main theorem.

Theorem 1.1.1. Let 4 € R—7Z_. There are sg > 0, > 0 and for any s > sqg, any qo > 0, there are
constants 8o € 10,1], B > 0 and for any [ € #*1E(S! x T4; C) with I f lgis+2 < qo. there is a subset
0 C[1,2]x]0, 1] such that:
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o Forany § €10,80] and € € [0, §]
meas{w € [1,2]: (w,¢€) € 0} < BS. (1.1.5)

o For any 8 €0, 8¢], any € € [0,8%], and any w € [1,2] such that (v, €) & 0, (1.1.3) has a solution
ue %S(Sl x T4: C) satisfying llullgs < Be§™ 1.

Remark. As mentioned in the introduction, this theorem is a version, for Schrédinger equations, of
[Berti and Bolle 2010, Theorem 1.1], which concerns wave equations. Our point will be to give a proof
that does not appeal to Nash—-Moser methods.

1.2. Spaces of functions and notations. Forne7%,uc% (T9), we denote by IT,, the spectral projector

- . ein-x B inex dx ein-x 121
nu—u(n)W— Trde u(x) om) 72 )il (1.2.1)

When u(z, x) is in @/(S! x T9), we use the same notation, considering ¢ as a parameter. We shall make
use of the following “separation property” result attributed by Bourgain to Granville and Spencer (see
[Bourgain 1999, Lemma 8.1]; for the proof see also [Bourgain 2005, Lemma 19.10]).

Lemma 1.2.1. For any 8 € 10, %[, there are p €0, B[, 6 > 0 and a partition (Qg)aes of Z% such that

|n—n'| + ||n|2—|n'|2{ <O+ nP forall a e, neQy, n €, (122)
ln—n'|+||n]*> =0 )?| > |n|P forall a,0/ € A (x#a), n€Qqy, n' €Qu. o

For each o € «, we choose some n(a) € Q4. There is a constant ®g > 0 such that, if we set
(n) = (1 + |n|?)Y/2 for n € 7%, then

0, Hn(@)) < (n) < Og(n(a)) (1.2.3)

for any o € o, any n € Q. It also follows from (1.2.2) that, for some uniform constant ®; > 0,

#Qq < O (n(a))??. (1.2.4)
For any o € o, we set
My =Y I, (1.2.5)
neQqy

We define a closed subspace #°(S! x T4:C) of es (S' xT4; C) by

955 (S! xT?;C) = m {ue 55(S' xT4:C) :ii(j,n) =0 for all n € Qg and all j such that
e 1j1 > Ko(n(a))* or |j| < Ky (n(@))?}, (1.2.6)
where Ko = Ko(u) will be chosen later on.

In other words, non vanishing modes (j,n) of an element u of ¥*(S' x T4:C) have to satisfy
Kyt n(a))* < |j| < Ko(n(e))? if n € Qq. This shows that the restriction to % of the ¢S -norm
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given by (1.1.4) is equivalent to the square root of

DO mFaG.n? (1.2.7)

J€Z nezd
and to the square root of

Y @) 1 Tauel} 2g1,pa - (1.2.8)

a€A

We use similar notation for spaces %*(S! x T¢; C?), #*(S! x T¢;[R?), and so on.

2. Paralinearization of the equation

The goal of this section is to rewrite (1.1.3) as a paradifferential equation in the sense of [Bony 1981],
on spaces of form (1.2.6). We first define the classes of operators we shall use.

2.1. Spaces of operators. We fix from now on some real number oy > % + 1. If s € R, g > 0, we denote
by B, (%) the open ball with center 0, radius ¢ in #°(S! x T4; C), %°(S' x T¢; C?),...

Definition 2.1.1. LetmeR, ¢ >0, NN, 0 R, 0 > 0¢9+2N +d + 1. One denotes by ¥ (N, g, q)
the space of maps U — a(U) defined on the open ball of center 0, radius ¢ in #°(S' x T¢; C2), with
values in the space of linear maps from C OO(SI X Td; C)to 9’ (Sl xTTd; C), such that, for any n,n’ € Zd,
the map U — I1,a(U)I1,, is smooth with values in £(%°(S! x T9;C)) and satisfies for any M €N
withd +1 <M <o —09—2N, any U € By(%°), any j € N, any Wy,..., W; € #°(S! x T4;C?),
any n,n’ € 74,
1T (3g,a(U) - (Wi, ..., W) T [| g0y ;
S C(l + |}’l| + |n/|)m (I’l _n/)_Mﬂln—n’lsﬁ(lnHln’l) 1_[ ”W[ ||%0'0+2N+M . (211)
{=1
Remarks. ¢ In (2.1.1), the decay (n — n')™™ reflects the available x-smoothness of the symbol of
a pseudo-differential or paradifferential operator. This smoothness is controlled by the upper bound
0 —0o—2N that we assume for M . The cut-off |n —n'| < %
paradifferential operators. The integer N measures some loss of smoothness, relatively to the index o,

(|n] + |n’|) means that we are considering

that will appear in some expansions of operators.

e Definition 2.1.1 implies that if a € V" (N, 0, ¢), then d;[a(U)] belongs to ¥ (N + 1, 0, q). Actually,
d;a(U) =0dya(U)-0,U, so (2.1.1) allows us to estimate

| 11,82, (0 [a(U)]) - (Wh, ..., W) Ty

L(50)

from (|8, U [|yo0+2n-+30 [T4_, | Wellsgoo+2n-+ar, and by the definition (1.2.6) of %,
10:U llgeop+2n+a1 = Ko[|U [lg00+2v+n+m = Ko ||U || 50

if we assume M <o —2(N + 1) —0yp.

The definition implies boundedness properties for the operators.
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Lemma 2.1.2. Let 0,m, N, q be as in the definition. Assume that 0 > 6o + 2N + d + 1. Then for any
U € By(%°), for any s € R, a(U) is a bounded operator from (S x T4, C) 10 %5~™(S! x T4; C).
Moreover, U — a(U) is a smooth map from Bg(#°) to the space L(3°, #°~™), and for any j € N,
there is C > 0, such that, for any U € Bg(%°) and any Wy, ..., Wj € #°(S! x T4 ),

) J
l07,a(U) - (Wy,....W))| (ot go—m) = C ]_[ | Wellgo0+2n-+d+1- (2.1.2)
£=1

Proof. One has just to apply (2.1.1) with M = d + 1 and use the fact that, by (1.2.7), ||v ||§€S is equivalent
0>, ezd (n)* ||an||22- O

We define a class of smoothing operators as well.

Definition 2.1.3. Letc € R, N e N,andv e N, witho > g9 +2N +d +1, ¢ >0, r € R4+. One
denotes by R (N, 0, q) the space of smooth maps U — R(U) defined on B, (#?), with values in
L (ST xT9;C), 9517 (S x T9; C)) for any s > o + v, such that there is for any j, any s > oo + v,
a constant C' > 0 with

J
[0y RW)- Wi Wi | oo stry < € T [I1Wellaeo 2.1.3)
{=1
forany U € By (%), Wy,..., W; € #°.

Remark. Lemma 2.1.2 shows thatif » > 0 and 0 > 09 +2N +d + 1, the space V™" (N, g, q) is contained
in Ry (N, 0,q).

Proposition 2.1.4. (i) Leto > 09 +2N +d + 1,a € V"(N,0,q). Then a* € ¥ (N, 0, q).
(ii) Let mqy,my € R. Assume 0 > o9+ 2N +d + 1+ (mq +my) 4. Set

r=0—09—2N —(d+1)—(my +my) > 0. (2.1.4)

Ifa € V" (N,o,q) and b € V"2(N, 0,q), there are c € V"1 T"2(N o, q) and R € Ro(N,0,q)
such that

a(U)ob(U)=c(U)+ RU). (2.1.5)
Proof. Part (i) follows immediately from the definition. For (ii), define

cU) =) MylaU)o DU L), < I () 1w

To check that (2.1.1) is satisfied by ¢ when j = 0 we write

1T ()T gy < 3 I (U) g oy ITBU) T g
k
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for n,n’ with [n—n’| < 11—0(|n| + |n’]). Applying 2.1.1)to a,b withd +1 <M <o —09—2N, we get
the bound

C(L+ In|+|n' D™ 72N " (n—k) ™Mk —n'y™ < C(1 + |n| + |0 )™ T2 (n = ') =M.
k

One estimates 8{10(U ) in the same way.
The remainder R(U) = a(U) o b(U) — ¢(U) will satisfy by definition of c:

||HnR(U)Hn’||§£(‘;7€0) = Z ”Hna(U)Hk||§£(%0) ”Hkb(U)Hn’||$(%0)]l|n_n/|>%(|n|+|n/|)7
k

and so will be bounded using (2.1.1) for a, b by

+ -M -M
C(+lnl+nh™ mz%”_k) (k=n") "M L i<k () D<o (141K Linmn (5 (7D

for any M between d + 1 and 0 — 09 —2N. Since on the summation, either |n — k| > %|n —n'| or
|n' —k| > %ln —n/|,and [n—n'| < %(|n| + |n’|), we get the bound

1T ROy g0y = CCL+ [l 41 D™ 270 gy

for any M between d + 1 and 0 — 09 — 2N . Reasoning as in the proof of Lemma 2.1.2, we obtain that
R(U) sends % to #5*" for any s and r given by (2.1.4). The estimates of 8{]R(U) (Wi, ..., W) are
obtained in the same way. O

In the rest of this paper, we shall use several variants of these classes. We shall denote by W' (N, 0, q)
the subspace of U™ (N, g, ¢) made of those operators a(U) sending real-valued functions to real-valued
functions, i.e., satisfying a(U) = a(U). We define R, g(N,0,q) from R}(N,0,q) analogously. We
denote by

U"™(N,0,q) @ Ma(R) and R (N,0,q) Q My(R)

the space of 2 x 2 matrices with entries in ¥ (N, o, ¢) and in R} (N, 0, q) respectively. We use similar
notation for Wg'(N, 0, ¢) and R (N, 0,g).

Finally, we shall consider operators a(U, w, €), R(U, w, €) depending on (w, €) staying in a bounded
domain of R?. We say a(U, w, €) is C! in (v, €) if (», €) = M,a(U, w, €)1, is C! in (w, €) with values
in £(9°) and if (2.1.1) is satisfied also by d,a, dca. Likewise, R(U, w, €) is C if (w,€) = R(U, w, €)
is C1in (w, €) with values in L(%*, #* ") and if (2.1.3) is satisfied by 9, R, 0¢ R.

2.2. Equivalent formulation of the equation. The goal of this subsection is to reduce (1.1.3) to an
equivalent equation for a new unknown belonging to the space #° defined by (1.2.6) instead of 5.
Recall that we fixed some o¢ > % + 1.

For o € R, we consider the space #° (S! xT4; R?) C %° (S' xT9; R?) and denote by F°(S!xT%; R?)
the orthogonal complement of the first space in the second one.
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Definition 2.2.1. Let 0 > 0p. Denote by 7, % any of the preceding spaces. Let X be an open subset
of 37, k € Z. One denotes by Pk (X, %g_k) the space of C*° maps G : X — %g_k such that, for
any s > o and u € X NJ:

e Gu) e 957k,

e The linear map DG (u) € (3, ?ﬁg_k ) extends as an element of £(%, %‘2’/_" ) for any o’ € [—s, s].
Moreover, v — DG(v) is smooth from X N 3 to the preceding space.

e The bilinear map DG (u) € £, (HJ xHJ; %g_k ) extends as an element of &£, (#]" x %72; %, _k)
for any triple {0}, 02,03} = {0/, —0’, max(0y,0”’)} with o’ € [0,s]. Moreover, v — D?G(v) is
smooth from X" N3 to the preceding space.

Let us give an example of an element of ®°°-°(5°, 5°). Consider F : S! x T x R? — R2, a smooth
function satisfying F(¢,x,0) = 0, 9, F(¢,x,0) = 0. By Lemma A.l of the appendix, for o > % +1
and u € #°(S! x T; R?), we have F(-,u) € #°(S' x T?; R?), and by Corollary A.2, u — F(-,u) is
smooth. If we define G(u) = F(-,u), then DG(u)-h = 3, F(-,u)h, which, by Lemma A.3, extends
as a linear map from %’ to itself for any o’ € [—s,s], when u € 3 and s > % + 1. In the same
way, D2G(u) - (hy, hy) = 02 F(-,u) - (hy, hy) extends from Jo1 x Ho2 to O3 for 01,05, 03 as in the
statement of the definition, by Lemma A.3.

Definition 2.2.2. Let 0 > 0, X an open subset of %, k € Z. One denotes by C°* (X ;R) the space
of C! functions ® : X — R, such that for any s > o and u € X N 3], we have VO(u) € %i_k and
u — V®(u) belongs to (X, %(I’_k).

If F:S!xT¢ xR? — R is a smooth function, with F(z, x,0) =0, 3, F(t,x,0) =0, 32 F(t,x,0) =0,
and if ®(u) = [q1,ya F(t.x,u(t,x))dt dx, then VOu) = 3, F(-,u) € #* if u € %* and s > £ + 1
(see Lemma A.1), and the example following Definition 2.2.1 shows that ® € C °°=0(37€“, R) for o > 0y.
Remark. In the sequel we shall have to consider elements G (u, w, €), ®(u, w, €) of the preceding spaces
depending on the real parameters (w,€). We shall say that G, ® are C! in (w, €) if the conditions of
Definition 2.2.1 (resp. Definition 2.2.2) are satisfied by G, 0, G, G (resp. @, d, D, I D).

Lemma 2.2.3. Let 0 > 0g, k €N, X an open subset of #¢, G € @oo—k (X, 3‘6‘27+k), Y an open subset
of?(fg"'k containing G(X), ® € C®*(Y,R). Then ® o G € C®(X,R).

Proof. The assumption on G implies that for v € X N %5, s > o and for ¢’ with |o/| <,
DG(v) € L3, %3 ) c £33, %3). (2.2.1)

Moreover, since V& € dX:k (Y, ¥3), we have G(v) € Y N %s2+k forv e X N¥7, so VO(G(v)) € %
and for any o” with |0”| < s +k, (D(V®))(G(v)) is in L2, %‘2’”_"). In particular, for any ¢’ with
0’| <,

D(V®)(G(v) € L(#S +F %9). (2.2.2)

We deduce from (2.2.1) that V(® o G)(v) ='DG(v)-(V®)(G(v)) belongs to ¥ when v e X N7 Let
us check that V(® o G) belongs to ®>-0( X, #9). fue XN (s>=0)and h € ‘?f’{f‘l’/ with o’ € [—s, 5],
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we write
DIV(®oG)(v)]-h ="DG(v)- (DVP)(G(v))- DG(v)-h) + (D('DG)(v)-h)- V(G (v)). (2.2.3)

By (2.2.1) and (2.2.2), the first term on the right belongs to ¢ ". To check that the last term in 2.2.3)
belongs to the same space, we integrate it against 4’ € %1_"/. We get

/ [(DCDG)(v)-h) - VO(G)]H dt dx = / (VO)(G(v)) D*G(v) - (h, i) dt dx. (2.2.4)

By Definition 2.2.1,
D2G(v)- (h. ) € 36, ™00 Fk g max(e0.),

Since VO(G(v)) € 35 C %Iznax(ao’a/) , this shows that the right side of (2.2.4) defines a continuous linear
formin /' € %1_"/
We now study D?[V(® o G)(v)]- (hy.hs), with (hy, h) € 57" x 372 To prove that

D[V(@ 0 G)(v)]- (h1.hy) € %%,
we compute, for h3 € #7°,

D2/V(<I>0G)(v)h3dt dx = D2/[(V@)(G(v))][DG(v)-h3]dt dx.

We get the following contributions (up to symmetries) for the action on (41, i) € %c{l X %(1’2:

/ [(VO)(GW)][D>G(v) - (hy. hy. h3)]dt dx, (2.2.50)
/ [D((VO)(G(v)) - h1][D>G(v) - (ha, h3)] dt dx. (2.2.5b)
f [(DV®)(G(v))- D>G(v) - (hy.hy)][DG(v) - hs)dt dx, (2.2.5¢)
/[(D2V<I>)(G(v)) A(DG(v)-hy, DG(v)-hy)|[DG(v) - h3)dt dx. (2.2.5d)

In (2.2.5a), we may assume for instance /1 € % hy €970 hy € %max(a"’a ) Since u — D2G(u)
is Cl on X N %mdx(ao ) with values in %, (% X %_" % _max("‘) o )+k ), the second factor in the
integrand belongs to €, max(0o,0")+k , SO may be 1ntegrated against VO(G(v)) € #5 C %max(‘m ) for
s>0'>0ands >o.

In (2.2.5b), D*G(v)- (hy, h3) € 9, *k On the other hand D((V®)(G(v)))-/; is in %3' by (2.2.1)
and (2.2.2), which allows one to integrate the product of the two factors.

In (2.2.5¢), DG (v) - hs lies in %aﬁk The other factor is given by the action of (DV®)(G(v)) on
D2G(v)-(hy.hy) € %_U3+k whence again the wanted duality in the integral, using (2.2.2).

Finally, in (2.2.5d), we integrate DG (v)-h3 € %03 +k against the action of (D2V®)(G(v)) on a couple
belonging to %5 a1tk o %aﬁk C 93" x %32, Since thlS vector is in ¥, ” by definition of C** (Y, R),

we get the conclusmn. O
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Let us write an equivalent form of (1.1.3) using the classes of functions above. Since the Hamiltonian
F in (1.1.2) is real-valued, we may write (1.1.3) as a 2 x 2 system

oF
(wD; — A+ pwu=¢f(t,x)+ éa—_(l,x, u,u,€),
u

oF (2.2.6)
(—wD;— A+ p)ii=ef(t,x)+ ea—(t,x, u,i,€).
u
We identify ¥ = vy +iv, with v = [’,j;] and f = f1 +if; with f = [2] If we set
__[9F/dv;
VEQ©) = |:8F/8v2:|
and
_[A—-p —wi;
Ly = |: 03, A —M] , 2.2.7)
Equation (2.2.6) is equivalent to
Lyv=—cf —€eVyF(t, x,v). (2.2.8)
Define, for v € %S(Sl xT4: R?),
1
D(v, fiw,€) = —/ (Lyv)vdt dx—l—e/ f(t, x)v(t, x)dt dx (2.2.9)
2 Jsixrd SixTd
and
D, (v, €) =/ F(t,x,v(t,x),e)dt dx. (2.2.10)
SixTd

Then V&, (v)=Leyv+ef, so ®€C2(HxHC, R) if o> 0y, since, by the definition of #° (S! xT4; R?),
Ly, is bounded from #° to 72, By the statement following Definition 2.2.2, ®, € C°°’°(§€” ,R)
(0 = 09p). Moreover (2.2.8) may be written

Vo @1 (v, f,w,€) + €Dy (v,€)] =0. (2.2.11)

Using the notation introduced at the bottom of page 646, we decompose any v € F (S! x T, R?) as
v = v’ +v” on the decomposition

Fs (' x T4 R?) = 9#°(S' x T R?) @ F°(S' x TY: R?).

We denote for ¢ > 0 by By, (), B4 (#°), By(F*) the ball of center 0 and radius ¢ in these spaces. By
(1.2.6), if v € F5(S! x T4 R2), (j,n) € Zx Qe CZ x 7% and 0(j,n) # 0, then |j| > Ko(n(x))?
or |j| < Kal(n(oz))z. Moreover, since u € R—7_, ||n|*> + ,u| > c(u)(n(a))? when n € Qq, for
some constant ¢(u) > 0. If we fix K large enough, and use that w stays in [1, 2], we conclude that the

eigenvalues of L, satisfy the bounds

) + I+ | = e(j1 + (n(@)?) for j €Z. ne Q. a €d.
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This shows that the restriction of L, to %#*12 is an invertible operator from #*2 to %° (uniformly in
w €[1,2).
Let us reduce (2.2.11) to an equation on the space %5 (S! x T¢; R?).

Proposition 2.2.4. Let 0 > 0¢.q > 0, ' € By(#°). There are y, €10, 1],

o an element (v, f") — Y2V, f", w, €) of C®O(W,;R), where W, = By (%°(S! x T4;R?)) x
B (F°(S! x T9; R2)), with C' dependence in (w, €) € [1,2] x [0, yol, and

o an element (V', f) — GV, [, w,€) of @ 2(W,, F+2), with C! dependence in (v, €),
such that, for any given subset A C [1,2] x [0, yo], the following two conditions are equivalent:
(i) The functionv = (V',G(V', f”, w, €)) satisfies for any (v, €) € A
Lov+ef +eVy®y(v,€) =0, (2.2.12)
where [ = f'+ f".
(i1) The function V' satisfies for any (w,€) € A

LoV +ef’ + eV (v, 17, w,€) =0. (2.2.13)
Proof. Write (2.2.12) as
LoV +ef’ +eVy®,(v', 0", €) =0, (2.2.14a)
LoV +ef” +eVyrd,(v,v",€) =0. (2.2.14b)
We are looking for a solution of the second equation under the form v”" = —eL ;! /" + ew”. The new
unknown w” satisfies
w” = —L 'V @y, —eL,' [+ ew”, €). (2.2.15)

Let go > 0 be such that || L'V @5V, h, €)|go+2 < go/2 for any (v, h) € By(#7) x B4(F7), any
€ €0, 1], any w €1, 2]. The fixed point theorem with parameters shows that there is yq € ]0, 1] such that
for any (v, /") € Wy, any € € [0, y,], Equation (2.2.15) has a unique solution w” € By, (F°12). We
denote this solution by G(v', f”, w, €). This is a smooth function of (v', /") € W, with C ! dependence
in (», €). If moreover (v/, /") € #* for some s > o, it follows from (2.2.15) that w” € #* 12 (using that
L' gains two derivatives in the &* scale). Let us show that G belongs to <I>°°’_2(Wq, F912). By the
definition of G

DyGW, " w,e) = —L;I(Id—EM”(v', 7w, E)L;l)_lM/(v,, " w,e), 2o 16

DG, [ w,€) =eL'Ad—eM" (W, [ 0, e) L)Y ' M"(V, [, 0,€)L,", (2210
with

M'(V, f" w,€) = (Dy Vy @) (v, —eL ' [+ €G,e),

e 1 / —1 1 (2.2.17)
M"(V', 7, w,€) = —=(Dy'Vyr®y)(v',—€L," [" +€G,€).

Since ®, € C°°’0(Wq, R), when (v', /") € W, N %3 for some s > o, one can extend MW, ", w,€)
into an element of L(%F° , F°') for any o’ € [—s, s]; similarly, M'(v', f”, ®, €) extends as an element
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of L(%°,F°"). We choose y, small enough that for € € [0, yol, €| M" (v, ", w,€)L! | (o 5oy is
smaller than % Let us check that G satisfies the first condition in Definition 2.1.1. We may write the
first equation in (2.2.16) as

Dy GO, [, w,e€)
2N—1
=— Y LMeM"L Y Ym' — LN (eM LYY (1d—eM" L) N eM"LHYY MY, (2.2.18)
k=0
and a similar formula holds for Dg»G. If N is chosen large enough relatively to s, and ¢’ € [—s, 5],
(eM”L;")YN M’ sends #° to F°, over which (Id —eM”L;")~! is bounded. Consequently, the last
contribution in (2.2.18) is in %2 C %°+2. The sum on the right side being bounded from % to
Fo'+2 for any o’ € [—s, 5], we get the same property for D,yG. We argue in the same way for Ds»G.
To check the second condition in Definition 2.1.1, we compute from (2.2.16), for (hy, hy) € ! x F°2

DyGW', f" w.€)-(hy, hy) ==Ly (1d—eM” L) [(Dy M’ - hy) - hy)
—L ' Md—eM" LYY YeDy M L, - hy)(Id—eM" LY M - hy.

If {01,0,,03} = {0o’,—0’, max (09, 0’)}, the assumption on ®, implies that D,y M’ sends H°! x 2
to %3, and Dy M sends #°! x F°2 to F~93. Using expansions as in (2.2.18), we conclude that if
(h1,hy) € 91 x 5€°2, D2,G(V', f", w,€)-(hy,hy) € F~?32. One studies Dy Dy»G and D},,G in the
same way. It is clear that DG, D?G are smooth in (v/, /") € W, N % and have a C'! dependence in
(w, €); hence G € ®*~2(W,, F712).

Let us obtain the equivalent form (2.2.13) of (2.2.12) or (2.2.11). By (2.2.9), (2.2.10)

O,V vV, w,€) +edy(V, 0V, €) = %/(va/)v’ dt dx +e/f/v’ dt dx
+%/(La,v”)v"dl dx—l—e/f”v”dl dx +eD,(V', 0", €).

We plug into this expression the solution v/ = —e L' /" + €G(v/, [, w, €) of (2.2.14b). We get after
simplification the function

1 2
v, [ w, €)= 5/(va’)v/dt dx+e/f/v/dl dx—% /(L;lf”)f”dz dx +ey,(V, [, w,€),
where

VoV, [ w,€) = g/G(LwG) dt dx + ®,(v',—eL' " +€G . €). (2.2.19)

The integral in (2.2.19) is the composition of the function defined on % by w” — [ w”(L,w”) dt dx,
which is an element of C°2(%°, R), with the map
(U,, f//) — G(U/,f.”,a),é),
%0’ — 9;0’4‘2

which is an element of ®~2(W,, °12). By Lemma 2.2.3, we conclude that ¥, € C®%(W,, R).
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Since G is defined as the critical point (up to an affine change of variables) of the map
V' = (P +€Dr)(V, V", w,€),

and since W is the corresponding critical value, v’ solves (2.2.14a) if and only of Vi, ¥ (v/, f”, w,€) = 0.
This gives (2.2.13). O

We finish this subsection with a lemma that will be useful in the sequel. Let X be an open subset of
%°0(S! x T¢;R2), ¥ an element of C%%(X;R). Forve X N#1®, w;, w, € #1°°, we set

L(v;wy, wy) = D>y (v) - (wy, wy). (2.2.20)

This is a continuous bilinear form in (w1, w,) € #° x #°, by the definition of C>°-°(X; R). By the Riesz
theorem, we write it

L(v: wy, wa) = / (W()w))ws di dx
gl Td

X

for some symmetric %¢°-bounded operator W (v). Since Definition 2.2.2 implies that v — D%y (v) is
a smooth map on X with values in the space of continuous bilinear forms on %° x #°, we know that
v — W(v) is smooth with values in £L(#°, %°). Thus we may write, for j =1,...,d,

L(v; 0x;wy, wa) + L(viwy, 0x; w2) = —/]
S

= _(8UL)(v;w1’w2)'(an U), (2221)

((axj W(U))wl)wz dt dx
T4

X

forany v € X N#H T and wy, w, € T,

We denote by C[Xy; o € Nd] the space of polynomials in indeterminates X,,, indexed by elements of
N9, If Xolfll -~-Xo]ff is a monomial, its weight will be defined as kq|o1| 4 - -+ + k¢|og|. The weight of
any polynomial is then defined in the natural way.

Lemma 2.2.5. For any N € N and £ € N, there is a polynomial va € C[Xy:a € N¥), of weight less
or equal to N, and for any g > 0 a constant C > 0 such that, for any v € Bg(#°°) N ¥+t N X, any
hy,....hgin %+ anyn,n’ € 74

|05 W) - (hy,... )Ty

P(H0)

L
<Clh-n)"N > 05 (19%v]e0)e) [ [ e llyootne . (22.22)
No+++N¢=N =1

Proof. Since ‘T, = I1_,, we may write, for any wy, wy € getoo,
(1 =1}) [ (W@ L1z di dx = (ny =) L (v: Ty, TLgara)

= i[L(v; 0x; [Tywy, M—pwz) + L(v; My wy, dx; T—pw)]
= —i(dy L) (v; T wy, M—pw3) - (3x; v),
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by (2.2.21). Iterating the computation, we get for
(n—n"\N ‘/(H,,W(v)l'[,,/wl)wz dt dx

an estimate in terms of quantities

|(85L)(v; Mywy, T_ywy) - (0%v,...,0%v)

’

with |aq| + -+ |ap| < N. By the properties of L, this is bounded from above by

p
ClI Ty wi 2 IT—pwall 2 [T 1% vllse0
p'=1
when v stays in a fixed #°°-ball. This implies (2.2.22) for £ = 0. The proof for general £ is similar, up
to notation. O

2.3. Reduction to a paradifferential equation. We want to construct, under the conditions of the state-
ment of Theorem 1.1.1, periodic solutions to (2.2.6). We have rewritten this equation under the real
form (2.2.8) (or (2.2.11)). By Proposition 2.2.4, if we find a periodic solution v’ for (2.2.13), we get a
periodic solution v for (2.2.12), which is a rewriting of (2.2.11). We are thus reduced to finding a solution
v € #°(S! x T4; R?) to (2.2.13). Since the force term f = f’ + f” will be fixed, we no longer write
the /" dependence in the function v/, defined in Proposition 2.2.4. Moreover, since, in the rest of the
paper, we will study only the equivalent formulation (2.2.13) of our initial problem, we drop the primes;
that is, we study

Lyv+ef +eVyyr(v,w,€) =0, (2.3.1)

where v € By (#° (S! xT9:R2)), f e %#5(S! xT4: R?), y, is in C>%(B,(%°), R) for some o € [0y, 5],
g > 0 and for € € [0, yp], with Yo € ]0, 1] small enough. We shall use the equivalent norms (1.2.7) and
(1.2.8) on the spaces we consider.

Our objective in this subsection is to rewrite the nonlinearity in (2.3.1) using paradifferential operators.

Proposition 2.3.1. Let ¢ > 0,0 > 09 + d + 1 be given. Set
r=o0—o09—d—1. (2.3.2)

There is a symmetric element Ve ‘Il[%(O, 0,q) ® My (R) and an element Re Ro.r(0,0,9) @ M2 (R), with
C! dependence in (v, €), such that, for any v € By (#°), € €[0, y0], and w €1, 2],

Voo (v, w,€) = V(v,a),e)v—{—ﬁ(v,w,e)v. (2.3.3)

Let us comment about the interest of this decomposition of V1. It allows us to express the nonlin-
earity in (2.3.1) as the sum of a remainder and of the action of the paradifferential potential 17(1), w,€)
on v. In that way, the main contribution to the nonlinearity is expressed in terms of a class of operators
enjoying a nice calculus. This will be exploited below to perform a block diagonalization.
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We introduce some notation for the proof. For p € N, v € #°(S! x T, R?), we set

Agv = ITgv, Apv = Z IT,v for p>1,
nezq
2p—l<|p|<2P
p—1 (2.3.4)
Sov =0, Spv = Z Apv = Z IT,v for p=>1.
p’'=0 nezq
[n|<2p~1

We also consider the frequency cut-offs defined for n,n’ € 74 by

S(n,n') = > . (2.3.5)
|n”|<2(1+min(|n|,|n’]))
Lemma 2.3.2. Leto >00+d+1,q>0. Thereis amap (v,w,€) = W(v, w, €) defined for v e By (#°),
e €[0, yol, w €[1, 2], with values in the space of bounded symmetric operators on #°(S' xT%; R?), which
is C® in v and has C' dependence in (v, €), such that for any (v, ®, €)

Yo (v, w, €) :/ W, w, e)v]vdt dx (2.3.6)
SixTd

and such that the following estimate holds: For (£, N) e NxN, there are polynomials va eC[Xy; ax eN],
of weight at most N, and there is for any M € N and £ € N a constant C, depending only on £,q, M ,
such that for any v € Bg(¥#7), any € € [0, yol, any o € [1,2], any (ag,a;) € N> with ag +ay < 1, any
(hy,.... hy) € (K, and any n,n' € 7,

| T1,99099 DEW (v, @, €) - (B, ... hg) T

L(%9)
£

<Cln—n)™M 37 O, (IS Yvllsewo)a) [T IS nVherllyogtny . (23.7)
No+++Ng=M =1

Proof. We do not write w, €, which play the role of parameters. Since V¥, vanishes at order 3 at v = 0,
and S,v — v in #° when p — 400, we write

+o0 400 1
V20 = 3 WSy = ¥aSp) = 3 [ @U2)(Spv+ ridn 0 dn- By
p1=0 p1=0""°
Repeating the process, we get
+oo +oo 1 01
0= 5 3 [ 0@ 1,0 dra (Ba(Spy + 118 0. Ay )
p1=0p2=0

where Q,, p, (71, T2) = ]_[ﬁz1 (Sp,+1¢Ap,). By the discussion before Lemma 2.2.5, there is a symmetric
operator W (v) satisfying (2.2.22), such that

Y2 (v) - (wy, wp) = /[W(v)wl]wz dt dx.
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We set

1 1 pl _
W(v):EZZ/(; /0 Ap, (W (Qp,.py (T1, T2)0) A p, (Sp, + 11 Ap,)]dT1dTs

p1 D2

1,1
1 o~
+§E E /0/0APZ(SPI—|—rlApl)[W(Qpl,pz(rl,rz)v)Apl]drldrz. (2.3.8)
P11 D2

This is a symmetric operator. We apply (2.2.22) to W. Because of the cut-offs in the argument of W
in (2.3.8), we may write IT, W(v)I1,, = I1,W(S(n,n")v)I1, . Consequently, (2.2.22) implies (2.3.7).
Note that since 0 > 0¢ + d + 1, we may take some integer M > d, such that 09 + M < g, so that for
v, hyr in %%, the right side of (2.3.7) is bounded from above by C (n —n’)™™ . This shows that W(v) is
indeed bounded on %€°. O

Proof of Proposition 2.3.1. Let h; be in %¢7°°(S! x T%; R?) and write

DWz(U,a),E)'hl = 2/

d(W(v,a),e)v)hl dt dx +/ (DW(,w,€)-hy)v)vdtdx. (2.3.9)
SIxT

SixTd
Define
V=2 Ly iy T W @0 0, ) T

n,n’
In (2.3.7), we can bound [[0%S(n, n")v| 500 by C|lv|%e when |a| < M < o — 0p, and we can control
1S (n, n") g/ || g00+ny BY Cllhgr || o9+ . We obtain that V satisfies (2.1.1), and is thus an element of
\IJO(O, 0, q). We show that the remaining terms in (2.3.9) give contributions to the last term in (2.3.3). Set

Ri(v,w,e) =2 Z Z W o, E)H”’ﬂln—n’|>%(ln\+ln’l)'
n n’
We estimate

|T1,390991 95 Ry (v, . €) - (1, ..., hg) Ty (2.3.10)

2L(9)

using (2.3.7) with M > o — ag. Since || S(n, " )w||yo+s < C(1 + inf(|n|, |n’[)) BT~ + w30, we
get for (2.3.10) the upper bound

L
C(1+ |n| + [2'D~™ (1 +inf(|n, |0/ )M +0= TT lhe oo
=1

Taking M large enough, we deduce the boundedness of R; (v, w,€) and of its derivatives from #* to
ges+(@=00=d=1) ‘for any s > 0¢; thus R; € Ror(0,0,9).
We treat next the last contribution to (2.3.9), defining an operator R, (v, w, €) by

/[(DW(v,a), €)-hvlwdtdx = /[Rz(v,a), e)wlh dt dx (2.3.11)
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for any i, w € #T°°. On the left side, we decompose the last v as Y_,, I1,yv and w as Y, TT,w. We
bound the modulus of (2.3.11) by

Y M. DW (.. €)-hTl,y

n n

20 TVl 1T 0. (23.12)

To show that R, (v, w, €) is bounded from % to %", we bound ||TT,w|y0 < ¢y {n)~5|lwllss, for a
0?-sequence (c), and take 1 € %57, We use (2.3.7) with £ = 1. We have the bound

O, (19 S, 7")0ll00 ) 1S (1, nVhl| g ny < C(1+inf([n], [ )M F+7+90 | ges—r
since v is bounded in #°. Consequently, the general term of (2.3.12) is smaller than
C(n—n")"M (1 +inf(|nl, [n' )M 790 ()" ey lw lses | hllse=s—r (0') = cpr |00 (2.3.13)

for some £2-sequence (c; ). Taking M = d + 1, and using the value (2.3.2) of r and s > 0, 0 > 0,
one checks that the sum in 7, n’ of (2.3.13) converges. This shows the boundedness of R, (v, w, €) from
%5 to H5F7. One treats in the same way 95202' 8¢ R2 (v, w, €). Consequently R; € R4.5(0,0,¢). This
concludes the proof of the proposition. O

Let us conclude this section writing in complex coordinates the equation we are interested in. By
Proposition 2.3.1, Equation (2.3.1) may be written
va+ef+el7(v,a),e)v+e§(v,a),e)v:0. (2.3.14)

We write v = [y | € R and setu = vy +iv,, U =[4], I'=[} _9].

Corollary 2.3.3. Let g > 0, 0 > 09 +d + 1, r given by (2.3.2). There is an element V(U,w,¢€) in
U020, 0,q) ® MMy (R) with V(U,w, €)* = V(U,w,€), there is R(U,w, €) in R5(0,0,q) ® M2(R) such
that (2.3.14) is equivalent to

[(wI'Di + (A + ) +eV(U,w,€)]lU =eR(U,w,e)U +€f (2.3.15)

(where, abusing notation, we write [ for [1}11 t;}{; ]).

Proof. Write V(v,w.€) = (V;,j (v.®.€))1<i,j<2. R(v.w.€) = (R; j(v.0.,€))1<i <2 and note that
(2.3.14) implies
(wDy — A+ pyu
=e(fi+ifs)—eVi1(U w,e)u—eVi(Uw,€)ii +eR1(U,w,€)u+€Ry2(U,w, €)u, (2.3.16)

where we have set

Vi1 = —%[1711 + Vo +i(Var = Vi)l Via= —%[‘711 — Vo +i(Va1 + V2)]

Riy = 3[Ri1 + Ryp +i(Ry1 — Ri2)l, Riz = 3[Rii— Raa +i(Ray + Rp)l.
We define V1 = V12, Vay = Vi1, Ra1 = Riz. Raa = Ry, V = (Vij)i<i,j<2, R=(Rij)1<i,j<2- Since

7 =V and V = V, we see that V* = V and (2.3.16), (2.3.17) imply (2.3.15). This concludes the proof.
O

(2.3.17)
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3. Diagonalization of the problem

The goal of this section is to deduce from (2.3.15) a new equation where, up to remainders, V (U, w, €)
will be replaced by a block diagonal operator relatively to the decomposition #° = D, Range(ﬁa)
coming from (1.2.5). This is the key point that will allow us to avoid using Nash—-Moser methods in the
construction of the solution performed in Section 4.

3.1. Spaces of diagonal and non diagonal operators.
Definition 3.1.1. Letc e R, NeN, 6 >g9g+d+14+2N, meR, ¢ > 0.

(i) One denotes by X (N, g, gq) the space ¥"*(N,0,q) ® M;(R). Abusing notation, we also write
RL(N,o0,q) for RU(N, 0,q) ® Mz (R).

(ii) One denotes by XJ'(N, 0, q) the subspace of X" (N, 0,q) consisting of elements A(U,w,€) =
(A4;j(U,w,€))1<i,j<2 such that A1, = A1 = 0 and, for any o, o’ € o with o # o/,

oA (U,w, )l =0, HaAdyp(U,w,e)lly =0. (3.1.1)

(iii) One denotes by X{,(N, 0, ¢) the subspace of ™ (N, 0, ¢) made up of elements A(U, w, €) such
that, for any o € o,

oA (U, w,6)llg =0, TgArn(U, o, )l =0. (3.1.2)
Clearly, we get a direct sum decomposition X"(N, 0,q) = ZJ(N,0,q9) ® X{H(N,0,9).
Definition 3.1.2. Let p €10, 1].

(i) £7'(N,0,q) denotes the subspace of ™ P(N, 0, q) consisting of elements (4;; (U, w, €))1<i,j<2
that satisfy
Ai1, A2 € V"P(N,0,q), A1z, A2 € V"2 (N,0,9). (3.1.3)

(i) £,™(N,0,q) denotes the subspace of " ?(N, 0, ¢) consisting of elements (4;; (U, w, €))1<i,j<2
that satisfy (3.1.3) and

AT, =—An, Ay, =—Axn, A}, =A. (3.1.4)

Remark. It follows from the definition and from Proposition 2.1.4(ii) that, if 4 € 58:,"1 (N,o,q), B €
58?2(N, 0,q) witho > 09+ 2N +d + 1+ (m; +my —2p)4, then AB is the sum of an element of
582“ +m2_p(N, 0,¢) and an element of R (N, 0, ) with

r=0—o09g—(d+1)—m;—my+2p—2N.

Proposition 3.1.3. Let A(U, w, €) be a self-adjoint element of X{{,(N, 0,q). There exist B(U,w,€) in
55;,'” (N,0,q9)and R(U,w, €) in Q{S(G’N)_m (N,o,q9),withr(o, N) = p(c —og—2N —d — 1), such that

BU,w,6)*(A—u)+ (A—p)B(U,w,€) = A(U,w,€) + R(U,w, €) (3.1.5)

(where p is given by Lemma 1.2.1, for a given B € )0, 11—0[). Moreover [A, Bl is in 2™ (N, o, q).
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Proof. By assumption, we may write

AU 0. €) = [a(U,a),e) b(U,a),e)] ’

b(U,w,e)* c¢(U,w,e)
with a* = a, ¢* = ¢, and Tlgally =0 = Myclly if o, o’ € o with @ #a’. Write a = a’ + a”, with
d = Z Vnew|<c(nl+n)e Mnally, a" = Z Ln—n'|>c(ln|+n'ye Ina Iy,
n,n n,n

where c¢ is a small positive constant. Applying (2.1.1) with M =0 —09—2N —d — 1, we get
IT1,87,a" (U)(Wh, ... W) Ty [l g 30,

J
< CA A+l + a7 M =) gy T ]I Wellser
{=1
which implies a bound of type (2.1.3) for any s > o, with r replaced by (o, N) —m. Consequently, a”
gives a contribution to R in (3.1.5) and, changing notation, we may assume that « = «’. We do the same

for the c-contribution, so that we reduce ourselves to a, ¢ verifying that

Myally =0 and Iucll,y =0 if [n—n'| > c(n| + |n'])". (3.1.6)
We look for
a (U, w,e) bi(U,w,¢)
B =
U..¢) [bl(U,a),6)* aUw.e)]’
for some ay,by, ¢y satisfying a = —ay, ¢ = —c; such that A(U, w, €) equals the left side of (3.1.5).
The latter may be written as
[ [A,a4] (A—w)b; +b1(A—M)} (3.1.7)
bF(A—p)+(A— )b} (A1)

Consequently, we have to solve the equations
[A,ail=a, (A—wby+b1(A—p)=>b, [A,cq]=c. (3.1.8)
The first of these is equivalent to
(7’| = |n|*) a0,y = Mall, for any n,n’ € Z9. (3.1.9)

Since A € X (N, 0, q), Definition 3.1.1(ii) implies that the right side in (3.1.9) vanishes if n, n’ belong
to a same 24 of the partition of Lemma 1.2.1. Consequently, we may define

aiUwe= Y 3 > (0P~ MuaU.0. )My (3.1.10)
a,0/ €ANEQy n'EQ
aFa’

If we use the second lower bound in (1.2.2), Definition 2.1.1, and (3.1.6) with a small enough ¢ > 0, we
see that @ satisfies (2.1.1) with m replaced by m — p. Thus a; € V"~P(N, g, q), and by (3.1.10) and
the fact that * = a, we get a] = —ay. The last equation (3.1.8) is solved in the same way.
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We are left with finding by (U, w, €). The equation giving it is equivalent to
—(n|* + |n'|? + 2p) b I,y = T1,b10,,. (3.1.11)

Since p € Z_ by assumption, we may always define b, by division. Coming back to Definition 2.1.1, we
see that we get an element of U ~2(N, 0, ¢), which is moreover self-adjoint. This concludes the proof
since (3.1.7) shows that by construction [A, a1],[A, ¢1] belong to ¥ (N, o, q), and since Aby, b; A and
their adjoints are in W™ (N, g, q). O

3.2. Diagonalization theorem. The main result of this subsection is the following one, which gives a
reduction for the left side of (2.3.15).

Proposition 3.2.1. Let r be a given positive number and fix an integer N such that (N + 1)p > r + 2.
Let 0 € R satisfy

0>004+2(N+1)+d+1+r/p. (3.2.1)

Let g > 0 be given. One may find elements Q;(U,w,€) in SNP;jp(j,o*, q), 0 < j < N, elements
Vp,j(U,w,€)in Egjp(j, 0,9),0=<j <N —1,and an element R{(U,w,¢€) in %Q(N +1,0,q), with C!
dependence in (w, €), such that if one denotes

N N-1
, 1o
QU.w.€)=> Qj(U.w.¢). WwlU.w.e)= Y Vpj(U.w.e). I'= [0 _J, (3.22)

j=0 j=0
one gets, for any U € B,I(%"(S1 x T4: C2)),
(Id+eQU,w,€)* (wI'Ds + (—A + ) +eV(U,w,€))(1d +€Q (U, w, €))
=wl'Di+ (—A+ ) +eVp(U,w,€) —eR1(U,w,€). (3.2.3)

We shall prove Proposition 3.2.1 by constructing recursively Q;, 0 =< j < N so that Q; may be written
Qj = Q;+ 0} with

Qi €L, P(j.oq).  [A.Qj1eSTIP(j o), j=0.....N,

0f e £7UtVP(jo.q), [A,0)1exUtDP(j0.q), j=0.....N—1, (3.2.4)
4

"=0.

We compute first the left side of (3.2.3).

Proposition 3.2.2. Let r,0, N satisfy (N + )p>r+2ando > o9 +2(N +1)+d+1+r. Let
OU,w,e) = ZJN:O Q;(U,w,€) be given, with Q; = Q} + Q}/ satisfying (3.2.4).

o There are elements
Sj(U.w,€) e 2,07 (j,0.q), 0<j<N—1, (3.2.5)

with[A, Sj1e S=U+DP(j 0, ¢), and S; depending only on Q,(0=<t=<j)and Q/(0<L=j—1).
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o There are elements
Vi(U,w,€) € 277P(j,0.q), 0<j<N
with (V;)* = V;, V; depending only on Qg (£ < j —1).

e There is an element R € R%(N + 1,0, q) such that, if we set

N N—-1
VNU.w.6) =) ViU w.e), SNUw.e)=) SjUw.e),
j=0 j=0

0'= i Q;. Q"= i 0. Lo=0wI'Di+(-A+pl.
j=0 Jj=0
then
1+ €0 [Lo+ VI +e0) = Lo+ VY + e[(SV)* Lo + Lo(SM)]
+elQ™ (~A+ 1) + (A + 1) Q1+ €[0" Lo+ LoQ"] +€R. (326)

Before starting the proof, we compute some commutators.

Lemma 3.2.3. (i) One can find Aj € Y7IP(j —1,0,q) (1 < j < N)depending onlyon Qy (£ < j—1)
and satisfying A;‘ = Aj, one can find B; € $;(]+l)p(j,0,q) (0 < j = N —1) depending only
on Q) (L < j)and QY (£ < j — 1) and satisfying [A, Bj] € »=U+De(; 0,q), and one can find

R e R, (N +1,0,q), such that, if one sets A = ij.vzl Aj, B = Zj-vz_ol Bj, then

[0*. L]0 + O*[Le, Ol= A+ B*Ly+ Lo B + R. (3.2.7)

(ii) One can find Aj as above (1 < j < N), one can find Bj € 58;(j+1)p(j,a,q) O=<j=<N-1),
satisfying [A, Bj] € »=U+De(j 0, q) and depending only on Q) =< j)yand Q) (L < j—1),and
one can find R € R5(N + 1,0, q) such that, with the same notation as in (i),

0*L,0=A+B*Ly,+LoB+R. (3.2.8)
Proof. (i) Write

[Lo. Q]=—[A. Q]+ w[I'D;. Q] = —[A, Q]+ 0I'[D;. Q1+ w[I', Q1D;
=—[A. Q1+ wl'[Dy, Q1 +[I'. QU (A—p) +[I'. Q1I' L.
The left side of (3.2.7) may be written

—Q*[A, Ql+wQ*I'[Ds, Q1+ O*[I', Q]I (A—p)—[Q*, A]Q+w[Q*, DI’ O+(A—p) I'[Q*, I']0
+Q*[I',Q'Ly + Lo I'[Q*,110. (3.2.9)
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Denote by A the first line of (3.2.9). Then A is self-adjoint and may be written as ZzN +2 A , Where

A; j 18 the sum of the following terms:

> (-1Q5,.810, - 03,4, 0))) (j =D, (3.2.10)

Jit+j2=j—1
0<j1,j2=N

o Y. (03I'D:i.05,]+10},. DAI'0))) (j =2, (3.2.11)

J1t+Jj2=j-2
0=<j1,j2=N

Yo QLI QL (A= + (A= I'Q5,. 110),) (=) (32.12)
Jitja=j—1
0=<j1,j2=N
Let us check that we may write A; = 4; 4+ Ry j with 4; in Z~/#(min(N + 1, j — 1),0,¢) and R; ; in
Rr(min(N + 1, j —1),0.¢). Since £,”(j.0.q) C T=UetDP(jy 0, q), it follows from (3.2.4) and
from (ii) of Proposition 2.1.4 that the general term in (3.2.10) may be written as a contribution to A4;
plus a remainder belonging to 9]{61 (min(N, j —1),0,q) with

r=0—09g—2N—-d+1)+(i1+j+Dp>r.

Moreover these contributions depend only on Qy (£ < j —1).

Consider the general term of (3.2.11). The second remark following Definition 2.1.1 implies that
[D:, Qj,] € »~(G2+DP(j, 4+ 1,0, q). Consequently, using again (ii) of Proposition 2.1.4, we may write
(3.2.11) as a contribution to 4;, plus a remainder belonging to %8‘ (min(N + 1, j — 1), 0, ¢q), depending
onlyon Q; ({ < j—2).

Finally, consider (3.2. 12) If C = (Cij(U, @, €))1=i,j<2 is an element of 17 (N, 0, ), it follows from
(3.1.3) that [I",C] = [ Dy 2612] belongs to X "2(N, 0, q). Hence, the first term in the sum (3.2.12)
is given by the composition of an element in X~U1+DP(j, &, ¢) and of an element in £77/2°(j,, 0, q).
By applying Proposition 2.1.4 once more, we may write this as a contribution to 4; plus a remainder in
R (min(N, j —1),0,¢), depending only on Qy (£ < j —1). The second term in the argument of the sum
(3.2.12) is treated in the same way. This shows that the sum of the first two lines in (3.2.9) contributes
to A + R on the right side of (3.2.7), since for j > N + 1, A; is in E_(N+1)p(N + 1,0, ¢), hence in
Ro(N + 1,0, q) by the inequality (N + 1)p > r and the remark after the statement of Definition 2.1.3.
Let us show that the last line in (3.2.9) contributes to B* L, + L, B + R in (3.2.7). We have seen above
that the fact that Q’ e Jp(] o, q) implies [Q". s I'l = [ 02 el] with e, € U=/P=2(j, 0, q); similarly,

e

Q” e¥, (JH)'O(] o0, q) implies [Q’ I’] = 02 V] with eg € W™ G+DP=2(j 5, q)). We set

e

Bi= Y IQ;r110),+ Z rqosr 1oy, +105x. 10+ > I'Qj*. 10
Jit+j2=j Jitja=j—1 Jitj2=j—2
0<j1,j2=N 0=<j1,j2=N 0=<j1,j2=N
Applying Proposition 2.1.4, we again have a decomposition lg’j = Bj + Rj, where Bj belongs to the
class 2;(1+1)p(min(N,j),a,q) (actually, B; is in Z~U+DP=2(min(N, j),0,¢)) and R; belongs to
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97{(’)+2(min(j, N), 0, q) because of (3.2.1). Moreover, B; depends only on Q) (£ < j)and Qj (£ < j—1),
and by construction, [A, Bj] € Z~U+DP(min(N, j),0,q). For j < N — 1, we get contributions to B
and R in (3.2.8), noting that R; L, L, R; are in %; (N,o,q). For j > N, B; as well as R; contribute
to the remainder in (3.2.7) since (N + 1)p > r. This concludes the proof of (i).

(i) We write

~ ~ ~ 1 ~ ~
0"LoQ =13[0"0Lo + Lo Q" 0]+ 5[0 [Lw. 01 +10". Lu] Q)

By (i), the last term may be written as a contribution to the right side of (3.2.8). Let us write the first
term on the right side under the form B*L,, + L, B + R. We write Q*Q as the sum in j of

D %0+ D (905 + 05705+ Z Q”*

J1+j2=] Jitj2=j—1 J1tj2=
0=<j1,j2=N 0<j1,j2=N 0=j1, ]2<N

By (3.2.4) and the remark following Definition 3.1.2, this expression may be written as B; + R, where
B; < 3;(1+1)p(min(N, J),0,¢) depends only on Q) (¢ < j)and Qj (¢ < j—1), [B;, A] belongs to
2=U+DP(min(N, j),0,¢), and R; belongs to Rg2(min(N, ), 0,q), with

rp=0—00—(d+1)+(+2)p—2min(j,N) =r +2.

We obtain contributions to the right side of (3.2.8) when j < N —1, and to the remainder R when j > N
since (N + 1)p = r 4 2. This concludes the proof. |

Proof of Proposition 3.2.2. We write the left side of (3.2.6) as

Lo+eV(Uw.€)+e[Q*(—A+ )+ (—A+ )01+ €[Q"* Ly + Ly 0"
+e[Q*I'wD; + wI' D; Q'+ €*Q* Ly Q + 2[Q*V + VO] + 3 0*VQ.  (3.2.13)

The term V in (3.2.13) contributes to the V, component of V" on the right side of (3.2.6). The first
two brackets in (3.2.13) give rise to the last two in (3.2.6). To study the contribution of Q*ZwQ, we
use (3.2.8). The B; component of B on the right side of (3.2.8) contributes to the S; component of
S¥ in (3.2.6). Let us study the third bracket in (3.2.13). By (3.2.4) and Definition 3.1.2, we may write

}_1 =[b* ]Wltha ceVWIP(j—1,0,q), be U"U=Dr2(; _1 06,q), a* = —a, and ¢* = —c.
This implies that

/% Dr. Dib
Q;_ 1 I'Dy+ I DtQ] 1= HD,,ZL] —%Dhc]]]

is a self-adjoint operator belonging to X~/°(j,0,¢), 1 < j < N, by the second remark at the bottom of
page 644. We thus get a contribution to Vj in (3.2.6).

Finally, let us check that the last two terms in (3.2.13) may be written as contributions to V'V and to
R on the right side of (3.2.6). Actually, we may write Q*V + VQ + e Q*VQ as the sum in j of

Q; TV +VO,_ + 0] ;V+VOi_

te Y 0iFVQ), +e Z (7 V), + Q;F VOl ) +e > OV}, (32.14)

J1t+j2=j—2 J1t+j2=j-3 Jit+j2=j—4
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Using that Q} e =U+De(j g,¢q), Q}/ e =UtDe(j 6,q), V € £°0,0,q), we write (3.2.14) as
Vj+R;, where V; depends only on Q) (£ < j—1)and Q ({ < j—2)and is in S/P(min(N, j —1),0,q)
and R; € Ry (N, 0,q). This concludes the proof. |

Proof of Proposition 3.2.1. Let us construct recursively Q} (0<j <N)and Q}/ (0<j<N-1so
that the right side of (3.2.6) may be written as the right side of (3.2.3). Assume that Qy, ..., Q;j_1 have
been already determined in such a way that the right side of (3.2.6) may be written

— N
Lo+e) Vojte ) [SiLo+LoSil+e Y [Q5F(—A+p)+ (—A+ )0}/
Jj'=0 j'=J j'=j
N-—1
+e Y [0 Lo+ Lu0)]+e Z Vir+€R. (3.2.15)
J'=j 7=

Write V; = [Z* lc’] with a,b,c € ¥7IP(j,0,q), a* = a, ¢* = c, and define

Voj = Ta[80]Ma. Vap, =V — Vb,
o€
Then Vp,;j € E_jp(j 0,q), (Vp,j)* = Vp,j and Vnp,;j is in E_jp(j 0.9), Vxp,j)* = Vap,j. Moreover
Vnp,j depends only on Q¢ (£ < j —1). We apply Proposition 3.1.3 to find Q/ € EB/ —JiP(j,0,q) and
Rj € QRr(GJH]p(] 0,¢q) such that Q/*( A+ p)+ (—A+ ,u)Q = Vap,j + Rj and (A, Q ] is in
I /p( J,0,q). The assumption (3.2.1) on o shows that R; contrlbutes to R; in (3.2.3). Moreover
condition (3.2.4) is satisfied by Q’;, so that we have eliminated the j-th component in the fourth and
sixth terms of (3.2.15). To eliminate the j-th component of the third and fifth terms, we set Q}’ =-S5,
J =N —1, Q% = 0. Then condition (3.2.4) is satisfied by Q7. and the definition is consistent since S;
depends only on Q) (¢ < j) and Q (¢ < j —1). This concludes the proof. O

4. Iterative scheme

This section will be devoted to the proof of Theorem 1.1.1. We shall construct a solution to (2.3.15) —
which is equivalent to (1.1.3) — writing this equation under an equivalent form involving the right side
of (3.2.3). The first subsection will be devoted to the study of the restriction of the operator Zw +
€Vp(U, w, €) to the range of one of the projectors [Ig. We shall show that, for (w, €) outside a subset of
small measure, this restriction is invertible. As usual in these problems, the inverse we construct loses
derivatives. This will not cause much trouble, since Proposition 3.2.1 allows us to write the equation
essentially under the form (Zw +eVp(U,w,€))W =€R{(U,w, €)W for a new unknown W. Since R
is smoothing, it gains enough derivatives to compensate the losses coming from (Zw +€eVp)~!. Because
of that, we may construct the solution using a standard iterative scheme.

4.1. Lower bounds for eigenvalues. Let yy €]0,1],0 e R, N € N, ¢ € R4 such that

02%+%+MN+D+d+L
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We denote by €° (¢) the space of functions from S x T4 x [1, 2] x [0, yo] to C2,
t,x,w, ) —U(t,x,w,¢€), 4.1.1)

which are continuous functions of @ with values in %° (S! x T%; C2) and C! functions of @ with values
in %°¢72(S! x T%; C?), uniformly in € € [0, yo]. We set

1Ullo @) = sup IU(-, @, €)llser + sup 10,U(-. . €)|lgo—c—2.  (4.1.2)
(w,G)G[l,Z]X[O,VO] (a),é)E[l,Z]X[O,}/()]
If I, is the projector of #° given by (1.2.5), we set Fyy = Range(ﬁa), Dy = dim F,. By (1.2.4) and
(1.2.6), Dy < Cy{n(c))P?+2 for some C; > 0. We define for U € €°(¢), w €[1,2], € € [0, o]
Ag(@; U, €) = Mg(Ly + €Vp(U, w, €),. (4.1.3)

This is a self-adjoint operator on Fy, with C! dependence in w, since it follows from the expression
(3.2.2) of Vp, condition (2.1.1) in the definition of W™ (N, g, ¢), the fact that d,U € 9%° %2 and the
assumption made on o, that v — ﬁa WwU(t, x,w,€),w, e)ﬁa is C!. The main result of this subsection
is the following:

Proposition 4.1.1. Forany u € R—7Z_ and g > 0, there are yy € 10, 1], Cy > 0, Ao C A a finite subset,
and for any U € €% (§) with U ||l¢o ¢y < q, any € €0, yol, any o € s, the eigenvalues of Ay form a finite
family of C' real valued functions of w, depending on (U, €),

o = A (w;U,€), 1 <L =< Dy (4.1.4)
satisfying the following properties:

(i) Foranya € A, any U, U’ € #° with |U||yo <q, ||U"||l5c <q,any L€ {1,..., Dy}, any € € [0, yo,
and any w € [1, 2], there is £’ € {1, ..., Dy} such that

A (w; U, €) — A (0: U’ €)| < Coe|U —U'||50. 4.1.5)
(ii) Forany a € A — slg, any U € €° () with ||U ||¢o ) < g, any € € [0, yo], and any £ € {1, ..., Dy},
either
—1 ) 2 ~
Cy (n(a))” = a—(a); U,e) < Co{n(a)) forany w in[1, 2] (4.1.6)
1)
or
) —1 2
—Co{n(a))” < a—(w; Ue) <—-Cy (n(a))~ foranywinll,?2]. 4.1.7)
o)

(iii) For$ €]0,1], € €[0, yo], @ € s, and U € €° (§) with ||U||¢o(¢) < ¢, set
I(a,U,e,8) ={we[l,2]: VL e{l,..., Do}, 1A (0; U, €)| = §(n(a)) %Y. (4.1.8)

Then there is a constant Eg, depending only on the dimension, such that for any w € I(a, U, €, §),
Ag(w; U, €) is invertible and

| Aa@: U, &) oy < Eob™ (@), 100 Aa(@: U, ) 0y < Eod 2 n(@)**2. (4.1.9)
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Proof. The proof of this result is quite classical, and may be found in the references given in the intro-
duction. For completeness, we give it in detail.

(i) By construction, A4 is a self-adjoint operator, acting on a space of finite dimension D,. Moreover,
Ag is a C! function of @ if U € €%(¢). By a theorem of Rellich (see [Kato 1976, Theorem 6.8], for
instance), we know that we may index the eigenvalues of that matrix so that they are C'! functions of w:
A (w; U, ¢€), for 1 <€ < Dy. Moreover, if B and B’ are self-adjoint matrices of the same dimension, for
any eigenvalue Ay (B) of B there is an eigenvalue Ay (B’) of B’ such that |A;(B)—Ay(B')| <| B—B’'|.
Combining this with the fact that U — Ag(w; U, €) is lipschitz with values in £(#°), with lipschitz
constant Ce, we get (4.1.5).

(i1) Set
Al(@)={Fjo+n*+u:jeNneQq Ky (n(@)? < j < Koln(a))},

so that the spectrum of oLy My is A?Ir (o) U A% (). The difference between an eigenvalue in Ai (o),
parametrized by (j,n), and an eigenvalue in A° («), parametrized by (j’,n’) (j >0, j’ < 0) is bounded
from below by

o(j = Jj)+ In] =0’ 2 2K5 (n(@)) = 6 — C (n(@))”,

by the first estimate (1.2.2), for some C > 0,8 € |0, %[. If we take the subset sy large enough, we
get that when o € o — o, the difference between two such eigenvalues is bounded from below by
Ky H(n(a))?. Consequently, if 0 < € < y, small enough, the spectrum of 4, may be split in two subsets
A4+ () U A_(«) whose distance is bounded from below by %Ka Y(n(a))?. Let ' be a contour in the
complex plane turning once around A(j_(a), of length O({n(x))?), such that the distance between I" and
the spectrum of ZZ‘) = Mg L, g is bounded from below by ¢(n(a))?, and such that A° () is outside T".
If yo is small enough, this contour satisfies the same conditions with Ag:(a) replaced by A («) and
Z‘j‘o replaced by Ay. The spectral projectors ﬁ;f (w) and ﬁ;’ 0 associated to the eigenvalues A 4+ (o) and

Ai(a) of Ay and Zg, respectively, are given by

~ 1 ~ 1 ~
I} (@) = — [ ((1d—44)7 1 dg, n+a°=—/ Id— L%~ 'de. 4.1.10
f) =5 [@a—agan fipe= oo [ u-Tg)tag @.1.10)
Note that the second projector is just the orthogonal projector on
Vect {! V1% - e Q, Kyl (n(@)? < j < Ko(n(a))?},

so it is independent of w. Write
- - 1 - -
i)~ 150 = 5 [ (1= 4™ (Ao = LE)@1a - L8)" d. @111
1T Jr

Using (4.1.3) and the definition of Z‘C’f) we get

1Ag — L2\l o(r) + 100 (Ae — L) 9k < Ces 1w Aallscr,) + 1100 L2 ok, < C(n(@))?.



666 JEAN-MARC DELORT

Consequently (4.1.11) implies
1T (@) — IOl < Cefn(e) 2,
190 T (@) |27y = 100 (TTF (@) = TTF0) ) < Cenie) ™.
Writing
13 (@) 4o 11 (0) = (T (©) - T 0) Ao 11 (@) + T (4o — L) T (0)
HIFOLY (T () — T13 %) + T OL T 0
we obtain

06 [T1 (@) Ao T (@) = TIF O LETIF )| g,y < Ce. (4.1.12)

Let I be an interval contained in [1,2] over which one of the eigenvalues A7 (w; U, €) of the matrix
ﬁ&" (w)Ag(w; U, e)ﬁ&" (w) has constant multiplicity m, and denote by P(w) the associated spectral
projector. Then P(w) is C! in w € I and satisfies P(w)? = P(w), whence P(w)P’(w)P(w) = 0. We
get therefore for

A% (w; U, €) = n%tr[P(w)ﬁ;r(w)Aa(w; U, e)I1} (w) P(w)]

the equality
doA%(0; U, €) = %tr[P(a))Bw(ﬁ;r(w)Aa(w; U, )1} (0)) P(w)].

By (4.1.12), we obtain
o, .. _i 7+.07a7+,0
oAy (w; U, €) = —t[P(w)0e (T, Ly I1, ") P(w)] + Ofe). (4.1.13)
m

Since ﬁ;"’igﬁ;"’ is by definition of Z% a diagonal matrix with entries jw + |n|> + u, n € Qq,
KO_1 (n(@))? < j < Ko(n(a))?, we see that (4.1.13) stays between KO_1 (n(a))? —Ce and Ko (n(a))? +
Ce. This implies (4.1.6) if € € [0, yo] with yo small enough. The case of eigenvalues corresponding to
A_ (o) is treated in a similar way, and gives (4.1.7).

(iii) The first estimate in (4.1.9) follows from the fact that the eigenvalues k%‘(a); U, €) of Ay satisty the
lower bound given by the definition of (4.1.8). The second estimate is a consequence of the first one and
of the fact that [|dg Ag(@; U, €)[| g0y = C (n(«))? by definition of Ag. This concludes the proof. [

4.2. Iterative scheme. This subsection will be devoted to the proof of Theorem 1.1.1, constructing the

solution as the limit of an iterative scheme. We fix indices s, g, N, ¢, r, § satisfying the inequalities:
o>00+2(N+1)+d+1+r/p, r=¢, @420
(N+D)p>r+2, s>o++2, §€]0,8] o

where §p > 0 will be chosen small enough. We also assume that the parameter p is in R —Z_. We
shall solve (2.3.15) when its force term f is given in %¢1¢(S! x T¢;C2). To achieve this goal, the
main task will be to construct a sequence (G, Ok, Vi, U, Wi), k > 0, where Gy, Oy will be subsets of
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[1,2] x [0, 82], ¥ will be a real valued function defined on [1,2] x [0, §2], Uy, Wy will be functions of
(1, x,w,€) € S' x T? x[1,2] x [0, §2] with values in C2. At order k = 0, we define
Ug=Wy=0,
¢ 4.2.2)
Op = {(w.€) €[1,2] %[0, yo] : Jor € Ao, € {1, ..., Dy} with | Ay (w; 0, €)| < 28},

using the notation of Proposition 4.1.1. For any € € [0, y,], we denote by Oy ¢ the e-section of O¢ and set

Go={(©.0) €l1.2x[0.10) 0. R~ 00,0 = ¢ |
8C,
where Cj > 0 is a constant such that [0,A§ (w;0,€)| < Cg for any o € sdo, any £ € {1,..., Dy}, and
any (w, €) €[1,2]x[0, yo]. Then Oy is an open subset of [1, 2] x [0, yo] and for any € € [0, Y], Go¢ is a
closed subset of [1, 2], contained in the open subset Og . By Urysohn’s lemma, we may for each fixed
€ construct a C'! function @ — ¥o(w, €), compactly supported in Oo,¢, equal to one on Gy ¢, such that
for any @ and € with 0 < ¥o(w,€) < 1, we have |y ¥o(w,€)| < C;8~! for some uniform constant C,
depending only on Cj.
We set
Se= Y Mo k=1 (4.2.3)

€A
(n())<2*

Proposition 4.2.1. There are 8y € 10, /o], positive constants Cy, By, By and, for any k > 1 and § €
10, 60, a 5-uple (G, Ok, Vi, Ui, W) satisfying the following conditions:
doed—dAg and L €{l,..., Dy} such that

. o= {(“”E) S 2X08T: st <2k, il Up . )] < 252K }

(4.2.4)
8
Gy = {(a),e) e[1,2]x[0,6%]: d(w, R — 0 ¢) > E2—’6(“2)},
0

where Cy is the constant in (4.1.6), (4.1.7);

o Vi 1 [1,2] %[0, 8%] — [0, 1] is supported in Oy, equal to 1 on Gy,
C
C'inw, and satisfies |0o Vi (0, €)| < ?12"(“2) forall (w,€); (4.2.5)
o forany € €[0, §2], the function (¢, x,w) — Wi (t,x,w, €) is a continuous function of w with values in
95 (S! x T4 C2), which is a C function of w with values in #5~5~2(S! x T%; C?) satisfying
€

IWee (.. )l + 81190 Wic(+. @, ) llges—c—2 = B1

(4.2.6)

moreover, for any (w,€) €[1,2] x [0, 8%] — Ullz’=0 Oy, Wy satisfies
(Lo + Vo (Up—1. 0. )Wy = €5, (Id + € Q(U—1. . €))* R(Up—1. ©, €) U1
+ €Sk[R1 (Up—1, 0, )Wi_1] + €S (Id + € QO (U1, w, €)* f,  (4.2.7)

where R is defined by (2.3.15) and Q, Vp, Ry are defined in (3.2.2), (3.2.3);
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o the function U}, is defined from Wi, by
Ur(t,x,w,€) = (Id+ € Q(Up_1,w,€)) Wy 4.2.8)
and it satisfies
1Uk = U—t s < szgz—kf, Uk (- 0. )lses + 81100 Uk (- 0., ) lyo—c-2 < Bz§§ 4.2.9)

moreover,

€ __
Wi = Wie—1 |30 < By 32 ke, (4.2.10)

Remark. Since we assume € < §2, the second inequality in (4.2.9) implies, with the notation introduced
in (4.1.2), the uniform bound
Uk lleo ) <9q (4.2.11)

for some q.

Let us write the equation for Uy following from (4.2.8) and (4.2.7). Because of the uniform estimate
(4.2.11) for Up_q, if 0 < § < 8o with §¢ small enough, (Id + € Q(Uy_,w,€))* is invertible for any
(w,€) €[1,2] %[0, 82]. If we write

(Lo +€V(Up-1.0.)Ug = (Lo + €V (U1, 0. ) (1d +€Q(Ug—1. 0. €)) Wi
and use (3.2.3) multiplied on the left by (Id + € Q(Uy_;, w,€)*)~! and (4.2.7), we get

(Lo+eV(Ug_1,0.€)) Uy =e(d+€ Q(Ug_1,,€)*) T[Sk (d+€ O (U1, @.€)*) R(Ug_1, 0, €)Ug_;
+ Sk R (U1, 0, ) Wiy + Sp(1d + € Q(Up_1,0,6)*) f — Ry (U1, 0,€)Wy]  (4.2.12)

for any (w, €) €[1,2]x [0, §%] — Ui':o Ok, § €0, 8o

Proof of Proposition 4.2.1. We assume that (G, Oy, ¥y, Ui, Wi) have been constructed satisfying
(4.2.4) to (4.2.9), and shall construct these data at rank k& + 1, if § is small enough and the constants
Cy, By, B, are large enough.

The sets Og 41, G4 are defined by (4.2.4) at rank k& 4 1 as soon as Uy is given. Then for fixed
€, Gk 41,¢ 1s a compact subset of the open set Oyt ¢, whose distance to the complement of Oy 4 ¢ is
bounded from below by 8‘%02_("“)@ 2 we may construct by Urysohn’s lemma a function 44
satisfying (4.2.5) at rank k + 1. Let us construct Wy 1 for (w,€) € [1,2] x [0, §2] — Ui?;lo Gy. Since
Vo (Ug, w, €) is by construction a block-diagonal operator, we may write (4.2.7) at rank k£ + 1 as the
system of equations

(Lo + Vo Uy, 0, N g Wi t1 = €llgSi11(Ad + € Q(Ug, ., €)*)R(Ug, w, €) Uy
+ e Sit1 R (Uk, 0, )Wy + €My Si 11 (1d+ € Q(Uy, w,€)*) [ (4.2.13)

for any o € sl If (n(a)) > 2K+1 | the right side of (4.2.13) vanishes by definition of §k+1’ so that we may
set in this case [Ty Wi 41 = 0 by definition. Let us solve (4.2.13) for those « satisfying (n(«)) < 2k+1,
We shall apply Proposition 4.1.1, using the following lemma:
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Lemma 4.2.2. There is §y € |0, 1], depending only on the constants By, By, such that for any k > 0, any
k' e{l,....k+1},any§ €[0,80], any € € [0, 82], and any o € s — sdg with 2" < (n(«)) < 2K'+1,

[1,2] = Gpr e CI(at,Ug,¢€,9), 4.2.14)
where I(-) is defined by (4.1.8). The same conclusion holds when k' = 0, o € s.

Proof. Consider first the case kK’ # 0. Let w € [1,2] — O/ . Take £ € {1,..., Dg}. By (i) of
Proposition 4.1.1 applied to (U, U") = (Uy, Uy/—1), there is £’ € {1, ..., Dy} such that
k' 62 2_k/§
MG (@: Uk, €)| = |Af (@ Upr—y. €)| — Co€l|Ug — Upr—y [l9e = 2627 §—2C032?1 = (4.2.15)

where the second lower bound follows from the definition (4.2.4) of Oy, and from (4.2.9). Since € < § 2,

we obtain the lower bound

3,
Ay (0; Uy, €)| = 582"‘ ¢ (4.2.16)

if w €[1,2] -0y ¢ and § € [0, §o] with 6o small enough. If w € Oy  — Gy ¢, we take @ € [1,2] — Oy ¢
with [ —&| < §&-27 2. By (4.1.6), (4.1.7), we know that for any U € €° (¢) with | U [0 () < g,
any @ € A — g, any £ € {1,..., Dy},

sup [0pA% (@' U, €)] < Co(n(a))?.
w’€[1,2]

Enlarging Cy, we may assume that this inequality is also valid when « € ${y. By condition (4.2.11), we
may apply it when U = Uj. Using (4.2.16), we get since 22K < (n())?* < 22(k'+1)

A% (w; Uy, €)] = A% (@; Uy, €)] — Co (n(@)) |0 — | = 62788 > §(n(a)) 5.

When k' = 0, we argue in the same way, taking in (4.2.15) Uy,_; = 0. This shows that w belongs to
(o, Up,€,0). |

To solve (4.2.13), we shall need, in addition to the preceding lemma, estimates for its right side. Set
H 11 (Ug. W) = Si41(d + € Q(Ug, 0, €)*) R(Ug. . €) Uy
+ k41 R1 (U, 0. Wi + S (1d + € Q(Up. 0. €)) /. (42.17)

Lemma 4.2.3. There is a constant C > 0, depending on ¢ in (4.2.11) but independent of k, such that for
any o €[1,2], any € €[0,8?], and any § €10, 8],

I Hje 11Uk, Willges+e = ClIUR (. 0. ) laes + [|Wi (. 0, ) laes] + (L + COl fllggs+e, (4.2.18)

10 Hie 1 (Ug, Wi)llges—2 = ClIIUk (-, @, ) llses + 100 Ui (-, @, €)[|5s—c—2
+ 1IWi (- @, ) lses + 100 Wi (-, @, €)lges—c—2 + €] [ llzes—2].  (4.2.19)

| Hig 41 (U, Wi) — Hi (Ug—1, W—1) lyeo+¢ < Cl|Uk — Ug—1 l|5e0 + | Wk — Wi—1 |l5¢o]
+27RC (| Ug o+ + 1 Wllgeo+¢) 4 (1 + CE f lgpot2e]. (4.2.20)
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Proof. The operators R and Ry belong to R} (N + 1,0, ¢) with r = {. By Definition 2.1.3, and because
of the assumption (4.2.1) on the indices, they are bounded from % to %5+¢. Moreover, Q (U, w, €)*
is in WO(N, 0, ¢) ® M, (R), so is bounded on any #°-space by Lemma 2.1.2. This gives (4.2.18).

To obtain (4.2.19), one has to study the boundedness properties of

aw[Q(Uk’ w, 6)] = aU Q( » W, E) : (awUk) + an(Uk’ w, E)’ (42213)
0u[R(Ug,w,€)]= 0y R(+,w,€) - (0oUx) + 0 R(Uy, w, €), (4.2.21b)
0w[R1(Ug,w,€6)]| =0y R1(+,w,€) - (0oUx) + 0 R1 (Ug, w, €). (4.2.21¢)

By (2.1.2), the inequalities in (4.2.1), and the fact that, by (4.2.11), d, U is uniformly bounded in
95—6=2 C %, we see that the operator in (4.2.21a) is bounded on any space #* . By (2.1.3), and the
assumption s > o + ¢ + 2 in (4.2.1), we see in the same way that (4.2.21b) and (4.2.21c¢) give bounded
operators from #* —8-2 {0 %52 and from % to 9¢51%. This gives estimate (4.2.19).

To prove (4.2.20), let us write the difference Hy 11 (Uy, Wi) — Hx (Ug—1, Wi—1) from the quantities

(Sk+1— Sp)Ud+ € Q(Uk, 0, €)*) R(Ug, w, €)Ug,
(Sk+1 —Sk)Rl(Uk,a),E)Wk, (4.2.22)
(Sk+1—Sk)Id+ € Q(Ug, w,€)™) f,

) eSkQUk, w,€)* = Q(Ug—1, @, €)*]R(Uy, w, €) Uy,
Sk(Id + 6Q((Jk—lvw’ 6)*)[R(Uk’ w, 6) - R(Uk—l , W, 6)]Uk’

~ (4.2.23)
Sk[Rl (Uk’ w, 6) - Rl (Uk—l , W, 6)]Wk7
GSk[Q(Uk, w, 6)* - Q(Uk—h w, E)*]f’
Sc(1d+€QUp—1,0, ") R(U—1, 0, €) (Ui = Ug-1), (4224
Sk R (U, w, €)(Wy — Wi_y).

By (4.2.6) and (4.2.9), Uy, and W, stay in a bounded subset of %° and R, R; act from Hot8 o HOH2E,
Using the cut-off §k+1 — §k, we see that the %% norm of (4.2.22) is bounded from above by the last
term in the right side of (4.2.20).

By (2.1.3), the £(%°, %°+%) operator norm of R(Uy,w,€) — R(Uy_1,w, €) and of Ry (Uy, w, €) —
Ri(Ug_;, w, €) is bounded from above by C ||Uy — Uy _1 ||5. By (2.1.2), the L(3°+%, 9% +%)-norm of
O(U,w,€)* — Q(Ug_1,w,€)* is bounded by the same quantity. This shows that the 9+ norm of
(4.2.23) is bounded from above by the right side of (4.2.20).

Finally, (4.2.24) is trivially estimated. This concludes the proof. O

We continue with the proof of Proposition 4.2.1. We have seen that ﬁa Wi 41 is a solution to (4.2.13).
Let k' € {1,....k + 1} and o € sd — s such that 2K < (n(a)) < 2K+ or k' = 0,0 € dg. Let

w €[1,2]— Gy . By Lemma 4.2.2 and Proposition 4.1.1, the operator Ay (w; U, €) is invertible, ant its
inverse satisfies estimates (4.1.9). For such w, we may write (4.2.13) as

Mo Wis1 = €Aa(@: Uk, €)™ Ty Hiy 1 (Uk. We). (4.2.25)
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Applying (4.1.9) we obtain, for any k’ € {1,... k+1}, any a € sl —sdo with 2K < (n(«)) < 2¥'*+1, and
any (w,€) €[1,2]x[0,8%] — Gy (and also any « € s and (w, €) € [1,2] x[0, §2] — Gy), the bound

~ € ~
e Wit (0. Ollses < Eos I a His (U W) (2 .€) e (4.2.26)
In the same way, one gets the estimate

ITTq 00 W1 (-, @, €)]ls—c—2
€ ~ € ~
= EoITado Hicr1 (Ui, W) (- 0, )l + Eo g5 [ o Hie 1 (U, Wi (- 0, e (42.27)

We define Wy, (¢, x, w, €) for any value of (w, €) in [1,2] x [0, §2] from (4.2.25) by setting

k+1

W16, x,0,€) = ) Yo (=Y. )T Wiy (1. x. 0. €)

k'=1 aesﬂ—&do

K’ K41 =
2K <(n(e))<2 + Z (1—=vo)(w, ) IgWiy1(t,x, w,€). (4.2.28)

a€dg

Note that the right side is well defined since (4.2.25) determines Mg Wi41(+,w, €) on the support of
1 — Y5» when (a, k') satisfy the conditions in the summation.
We combine (4.2.28), (4.2.26) and (4.2.18). Taking into account (4.2.6) and (4.2.9), we get

Wi (-, Ol = Eo(C(B1 + B2)S + /e (1 4 CO)). (4229)

To bound the d,,-derivative, we use that by (4.2.5)
- Cy ~
100 ¥ Tla W41 [l ges—¢—2 = THHO‘ Wi t1ll9es

when 2% < (n(a)) <2 *1, o € d— sl if k’ # 0, and when « € sl if k& = 0. We apply this inequality
together with (4.2.28), (4.2.27), (4.2.18), (4.2.19) and the uniform bounds (4.2.6), (4.2.9), to get

190 Wict1 (. €)ly-e-2 = Eos (C(By + Ba) 5+ Cell -2
+Eors (C(B1+ B) 5+ (14+CO /e ) + EaCr 55 (C(Bi + B+ (14 CO f e ). 4:230)

In (4.2.29) and (4.2.30), C depends on the a priori bound given by (4.2.11), while Ey, Cy are uniform
constants. Consequently, if we take B large enough relatively to || f [|5s+¢, Eo, C; and then € <§2 <§2,
with §o small enough, we deduce from (4.2.29) and (4.2.30) that (4.2.6) holds at rank k& + 1. The second
estimate in (4.2.9) at rank k + 1 follows, with for instance B, = 2By, if 8¢ is small enough. We are left
with establishing the first estimate in (4.2.9) at rank k + 1 and (4.2.10).

First let us bound Wy 4 { — Wj. By (4.2.25), for any k" € {1,...,k}, any (w, €) €[1,2] x[0, §%] - Gy,
a € d— sy, and any 2% < (n(a)) < 2K'*1 (or any (w, €) €[1,2] x [0, 2] — Go and « € sy), we have

(Lo + €V (Uy, @, €) g Wy 41 = elly Hy 41 (Uy, Wi),
(Lo 4+ €Vo(Up—1. 0, ) g Wy = elly Hy (Ug—1, Wi—1).
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whence the equation
(Lo + €V (Uy, @, ) Ta(Wi g1 — Wi) = €lo[Vo(Ug—1, 0, €) — Vo (Ug, w, €)]Wj
+ eMMo[Hy 41 (U, W) — Hy (Ug—y, Wi—1)].  (4.2.31)

We make act sl (@; Ug, €)~! on both sides as in (4.2.25). Applying inequality (4.1.9) we get
~ Ene. ~
| e (W1 = Wi lso < =2~ [Tl Vo (Uk—1. . €) = Vo (U . €)]Wllyeo+¢
+ | Mo Hi11 Uk W) = Hi(Ug—1, Wi—Dlllggo+¢ ] (4.2.32)

This estimate holds outside G when k’ # 0, a € sl — s, 28" < (n(«)) < 2 +1, and outside Gy when
o € Ag. By (4.2.28), we may write

Wit =Wt x, 0,6) = Y (1= Y0) o (Wr g1 — W)

a€dg
k
+3 Y W —Wo+ Y (V) TaWirr. (4233
k'=1 acd—so a€d—sdg
2K <(n(a))<2k'+1 2kt <(p(a))<2k+2

The %° norm of the last term is bounded by C>2 %6~ [ Wi [l3s < C2 B §27¥679) by (4.2.6), for
some universal constant Cy. The % -norm of the k’-sum in (4.2.33) may be estimated using (4.2.32),
(4.2.20) and the bound

I(VD(Ug—1. @, €) = Vo (Uk. @, €)) W llyeo+¢ = C [ Ui = Up—1 llsee || Wie [l 3¢5
which follows from (2.1.2), and where we used s > o + {. Using the induction hypothesis (4.2.9),
(4.2.10), we get
[Wiet1 — Wicllseo

< Eoz (CBi%

, 823222—“ +3632§2—k§+cz—k§(31 +Bz)§ +( +Ce)||f||%g+z¢2—kf)

+C2B1§2_k(s“’). (4.2.34)

Since s > 0 4§, we may take B large enough relatively to Ey, || f|ss+¢, and B, large enough relatively
to Cy, By, and €/§ < § < §o small enough, so that (4.2.34) is smaller than 32(6/5)2_(k+1)§, whence
(4.2.10) at rank k + 1. Writing

Uk41—Ur = 1d+€QUy, 0, €)) (W1 — Wi) + €(QUg, w,€) = QUg 1, w, €)) W,

we deduce from that the first inequality in (4.2.9) at rank k& + 1, for small enough €. This concludes the
proof of the proposition. O

Proof of Theorem 1.1.1. By (4.2.9), the series > (U — Uy _1) converges in #° (S! xT4; C?) and its sum
U satisfies U € #5(S! x T?; C?) with
€

IUC. @) +8[0oU( 0. €)lgs—c—2 = Bas
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We have to check that U gives a solution to our problem outside a set of parameters of small measure.
Let

(w.€) €[1,2]x[0,8%]— [’j Ok
k’=0

and 6 €]0,80]. Then (4.2.12) is satisfied for any k. We make k — +o0. Since we have uniform #°
bounds for Uy, Wy, and #° convergence for these quantities, the limit U satisfies

(Zw +eV(U,w,e))U =eR(U,w,e)U + €f,

which is (2.3.15). We have seen that this equation is equivalent to (2.3.14), which is, by Proposition 2.3.1,
the same as (2.2.13). Since Proposition 2.2.4 shows that, up to a change of notation, this equation
is equivalent to the formulation (2.2.6) of (1.1.3), we obtain a solution satisfying the requirements of
Theorem 1.1.1. We still have to check that (1.1.5) holds with 0 = UZ?:O Ops. According to (4.2.2), the
set O is included in the set of those (), €) such that there are (j,#) in a given finite subset of Z? such
that ‘ja) + |n|? + /L} < 26. The w-measure of this set is O(§), § — 0 (Note that since u & Z_, we may
always assume j # 0). For k¥’ > 0, Oy is the union for o € si — sdy with 28"~1 < (n(«)) < 2% and
Le{l,..., Dy} of the set of those (w), €) satisfying

M (w: Up—_y, €)| < 2827K¢,
By (4.1.6), (4.1.7) the w-measure of each of these sets in bounded by C (n(e))~2527K'¢ < c2~K'+2)¢5,
Since Dy < C;2K'(Bd+2) by (1.2.4), (1.2.6), we obtain for the measure of the e-section of O the bound
+o00
C Z 2—(k’+2)§+k’(ﬂd+2)+k’d5'
k’'=0
If we take ¢ > (B8 + 1)d + 2, we obtain the wanted O(8) bound. This concludes the proof. |
Appendix
We gather here some elementary results used throughout the paper.

Lemma A.l. Let s > % + 1. Then %(S! x T?;C) C L. Moreover, if F is a smooth function on
S! x T9 x C, satisfying F(t,x,0) = 0, there is some continuous function T — C(t) such that, for any
ue §€s, we have F(-,u) € %5 with the estimate
[FCw)llges = Clllulloo) llullgzs -
Proof. Let ¢ € C§°(]0,+00[), ¢ = 0, ¢ =1 on [1,2] be such that Zz';'ioo e ) =1for A e R%,
and define ¥ (A) = ZO_OO @(27t)). Consider, for (j,n) € Zx 74,
Ok (o) =72+ DY), k= 1,

2 4\1/2 (A.1)
Do(j,n) =Y ((%+|n")/?).
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Define for u € %#° and k € N,

ei(tj+k~n) 1 .
= / 1(j —_— - - . (tj+k-n)
Agu = Z O (j,m)u(j,n) (m) @z’ Ki(t,x) = (2r)d Zcbk(],n)e . (A2
Jn I
Then, for any N € N,
|Ki (1, x)] < Cn22K0+d/2) (1 4 22K it _ 1| 4 2K |eix 1)~V A3)

and u € %5 if and only if kS| Agul|p2)x is in €2

The first statement of the lemma follows from the inequality ||Agu|lpec < C2KU+4/2 | ALyl 2,
which is a consequence of (A.3) (for the kernel corresponding to an enlarged ®;). To get the second
statement, we consider first the case of a function F that does not depend on (z,x). We set Sy =
Y kr<k—1 Ak when k > 1, So = 0 and write

+o00 oo
F(u) =Y (F(Sgy1u) — F(Spu)) = Y my(u) Aju
k=0 k=0

where my (u) = fol F'(Spu + tAgu) dz. Tt follows from the definition of Sy that this operator is given
by a convolution kernel obeying the same estimates as in (A.3). Consequently, for any («, ) € Nx N4,

8% 88 my () || Loo < C22kFKIBI (A.4)

with a constant depending only on ||u| zcc. One writes for some Ny € N to be chosen

Jj—1—Np +o00
AN[F@] = Y Ajflme@)Adgul+ D Ajlmy)Agul. (A5)
k=0 k=j—Ny

The L2-norm of the second sum is bounded by Cc;27/5||u ||5s for some sequence (c;); in the unit ball
of £2, and some C depending only on |ju|zcc. If Np is fixed large enough, because of the support
properties of the Fourier transforms,

Ajlmp () Agu] = A;[[(1d = Sj—ng)mg (W) Agu]
when k < j —1 — Ny. We estimate the L2-norm of this quantity by
[Ad = Sj—no)micll Lo | Agull L2 (A.6)

and use that, for any N, we have ||(Id—S; - N, )k || Lo <Cn2™ N || PNimy || Loo where P =032+ A% +1.
It follows from (A.4) that (A.6) is bounded from above by Cy2 *U=RN||A 4| 12, from which we
deduce that the L2-norm of the first sum in (A.5) is also smaller than C27/%¢; [|[ul5s. This concludes
the proof for functions F independent of (z, x). In the general case, we note that since « is bounded, we
may always assume that F' is compactly supported, and we write

1
F(t,x,u) = E/RFl(u,G)b(z,x,Q) de,
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where Fi (1, 0) = e'? —1 and b(z, x, 0) is the Fourier transform of « — F(t, x, u). Then it follows from
the preceding proof that Fy (u, 6) is in %° with a bound || Fy (u, Nlgs <C (0)NG) for some exponent
N (s). Moreover, for any N, ||b(-,0)|5s < C N (8)™. We get the conclusion by superposition. O

Corollary A.2. Let F : S' x T x C — C be a smooth function with F(t,x,0) = 0. Then u — F(-,u)
is a smooth map from %° 1o itself, for any o > % + 1.

Proof. We write
1 p1
F(t,x,u+h)—F(t,x,u) — 3, F(t, x,u)h = / / (D?F)(t,x,u+1102h)ty -h? dvydr,
0JoO

and we apply the lemma to D2 F(t, x,u) — D> F(t, x,0). O
Lemma A.3. o Lets > % + 1. Ifu € #* and v € H°' for some o’ € [—s, 5], then uv € #°.

e Forany o € R and oy > % + 1, %° - %0 C ¢ max(0.00),
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