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SMALL DATA SCATTERING AND SOLITON STABILITY IN H~1/¢ FOR THE
QUARTIC KDV EQUATION

HERBERT KOCH AND JEREMY L. MARZUOLA

We prove scattering for perturbations of solitons in the scaling space appropriate for the quartic non-
linearity, namely H~'/°. The article relies strongly on refined estimates for a KdV equation linearized
at the soliton. In contrast to the work of Tao, we are able to work purely in the scaling space without
additional regularity assumptions, allowing us to construct wave operators and a weak version of inverse
wave operators.

1. Introduction and statement of results

The generalized Korteweg—de Vries (KdV) equation

{atw+ax(a§¢+w):o for t,x e R, (w1
¥ (0, x) = Yo(x)
has an explicit soliton solution
Ve, 1) = Q) c.rrixg (@) 1= PV 0 (clx — (x0 +¢71)))
with ¢ > 0, xp € R and
0 _ <pT+1>1/<p—1)SeCh2/(p—1) (PT_IX)' (12)

Well-posedness of the generalized KdV equation was established by Kenig, Ponce and Vega [Kenig
et al. 1993] in H® for some s depending on p. The case p =4 (quartic KdV) is particularly interesting
as it is the only subcritical power nonlinearity that does not lead to a completely integrable system. The
critical space for the quartic KdV equation is H~'/6. Griinrock [2005] obtained local wellposedness in
H* for s > —1/6 and the endpoint H~'/® was reached by Tao [2007]. Though wellposedness is not
the main focus of this note, we will return to this question in Section 7 and use spaces of bounded p
variation and their predual (see the appendix and [Hadac et al. 2009]) to simplify and strengthen Tao’s
wellposedness result in the critical space.

The solutions Q. , are called traveling waves or solitons. These are minimizers of the constrained
variational problem

min{E(w) :w € H', w2 = un > 0}, (1-3)
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E(u) = /(%ui - ﬁu”Jrl) dx.

Minimizers also are extremals of the Lagrangian

where

S(u):E(u)—i—%/uzdx, (1-4)

where A is a Lagrangian multiplier. Existence of the minimizer has been shown by Berestycki and Lions
[1983] using the constrained minimization problem

min{7 (w) : w € H', V(w)= i},
where
T (w) =/w§dx and V(w)= %/wzdx—ﬁ/wpﬁ dx.
The function Q in (1-2) is the unique positive even solution to the Euler-Lagrange equation
—Q0x—07"+0=0 (1-5)

to (1-4) with A = 1. It is a critical point of S(u) again with A = 1, a minimizer of E with constraint
llull;2 = u, where

p+1
- , (P I\YeDT(ES) VT
w =10, = <T> T3) (1-6)
r
2(p—1)
and hence the quadratic form
K@) := / %w’z +iw?—1p0P'w?dx >0 for (w, Q) =0 (1-7)

is nonnegative on the tangent space that is, the functions orthogonal to Q.

The stability of solitons for generic KAV equations has been studied in several seminal works. Orbital
stability was first effectively established in the work of Weinstein [1985]. Then asymptotic stability of
solitons for KdV was first observed by Pego and Weinstein [1994], who proved that solitons for KdV
are stable under perturbations in exponentially weighted spaces. Later, Martel and Merle [2001a; 2005;
2001b] and Martel [2006] refined this result to observe that solitons for generalized KdV equations are
indeed stable under perturbations in the energy space, but measured within a moving reference frame. As
mentioned above, for the case p = 4, building on the multilinear estimates of Griinrock [2005] and the
work of Martel and Merle, Tao [2007] assumes smallness in H' N H~1/® and obtains scattering in H™/o,
We will give a more thorough introduction to previous stability results including rigorous definitions of
stability in Section 2.

In the sequel we will focus on the case p = 4 and omit p in the notation. It seems that any further

progress is tied to an understanding of the linearization, or more precisely of the linear equation

u; + 0, fu =0 (1-8)
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and its adjoint
v +£0,v =0, (1-9)

which have the explicit solutions (with Q =¢0:0¢le=1)
u=a(Q+2t0)+bQ" and v=c0Q,

where

~

d 20— 2
0= -7V 0, (cx) = Q,+x0',, (1-10)

usually evaluated at ¢ = 1.

Thus both equations (1-8) and (1-9) have linearly growing solutions. It is one of the first contributions
of this paper that both equations are uniformly L? bounded once we take into account these modes, and,
moreover, there are local energy estimates global in time once we remove these modes. In particular the
assumption of Pego and Weinstein on the absence of embedded eigenvalues holds.

Our goal is to build on the arguments of Weinstein [1985] and Martel and Merle [2001a; 2005] to
establish some type of asymptotic soliton stability for generalized KdV equations by a direct analysis
of the equation itself. We apply a variant of Weinstein’s and Martel and Merle’s arguments to the linear
equations (1-8) and (1-9) and their relatives with variable scale and velocity, and control nonlinear terms
through estimates for linear equations.

Specifically, we define projection operators related to the spectrum of &£:

(V. 0") ., 5 (¥, Q) ~
——0, Py=y— — 0. 1-11
(0. Q") ¢ V= (0, 0) ¢ (b

We obtain the main linear estimates, which in their simplest form can be written as follows.

Py =y —

Theorem 1. Let S be the solution operator for (1-8) and S* the solution operator for (1-9). Then, we
have

supl|S(t) P*uoll 12 + [Isech(x)d, PG5 S(1) P*uoll 2 ey S lluoll 2, (1-12)
t

supl|S* (1) PG v(0) [l 12 + llsech(x)d, PS*(1) P || 12 ey < llvoll 2 (1-13)
t

The linear estimates presented in the sequel may be generalized to any subcritical power p < 5. We
provide variants of Theorem 1 for linearization at solitons with variable scale and velocity as well as
estimates in scales of Banach spaces similar to estimates for the Airy equation.

Even near the trivial solution dominating the nonlinear part globally by the linear parts requires to work
in a scale invariant space similar to H~!/%. On the positive side it will lead to scattering for perturbations

of a soliton in H /6

, without the smallness condition of Tao in the energy space (2-4). The study of the
linear equation will lead to a fairly precise understanding of its properties, which seems to be new — we
hope that it will provide a model for many other questions on the stability of solitons.

As is standard in the study of stability, we take

Ux, 1) = Qcry(x —y(@®) +w(x, 1).
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Then, we have
dw+ 3, (32w +4Q2w) = —¢(8.0) (x — ) +3(QL)(x — y)
— 3,820 — 20+ 0H — A (QL(x —y))
— 3 (602 (x — Y)W +40.(x —y)w’ +wh). (1-14)

The standard choice of ¢ and y ensures orthogonality conditions for w. Due to low time regularity we
are forced to relax the orthogonality conditions to

£(0e, 0 = (w, Qo). (1-15)
(h = eNQ;, ) = —r(w, 00), (1-16)

where « > 1.

From an implicit function theorem argument similar to that in the proof of [Martel and Merle 2001b,
Proposition 1], there exist unique ¢(0) and y(0) so that w( -, 0) is orthogonal to Q) (- — y(0)) and
Q’C(O)( - — ¥(0)) provided the distance of i to the set of solitons is small in a suitable norm.

We consider the equations above as ordinary differential equations for ¢ and y, coupled with the partial
differential equation.

Using the decomposition and linear estimates, in Sections 8.2 and 8.3 we can prove (referring to later

= —1/6,2

sections for the definition of the function spaces, with By, slightly larger than H~1/%) the following

global result:

Theorem 2. There exists € > 0 and ¢ > 0 such that given (1-1) with initial data of the form
min||yo — Qe,(x — yo)ll g-1/62 <€,
€0,Y0 o0

there exist unique functions c and y with

(w(0), Qc0)) = (w(0), Qr)) =0, ¢€ L'nc®, y—c?elLl’nc”,

o —1/6

and a function w(x,t) € X'~ such that

V(x, 1) = Qcw),yn(x) +wlx, 1)
satisfies the quartic KdV equation, and w, ¢ and y satisfy (1-15), (1-16) and (1-14). Moreover,
¢l zinco + 11y — C2||L2mc0 + ”w”)'(;'/(’ = C||w0||go—ol/6,2c
In addition, there exists a function z € Bo_ol/ %2 Such that

t

3
lw(t) —e™ 8'”Z0||Iarl/6,z -0
o0

and

—. 93
lw(-)—e XZO”XC;I/G((LOO)) -0 ast— o

if w(0) is in the closure of C§°.
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In fact, we prove a far stronger result than this, though Theorem 2 captures the main ideas. Finally, in
Section 8.4 we show for a function v, there exists a quantity J(v) defined in (8-8) such that we have the
following:

Theorem 3. Let v be in the closure of C3° in 3501/6’2, let coo > 0, and let yg € R. Let v be the solution

to the linear homogeneous KdV equation. Assume that
J() <8 forsome §= 5(”1}0”371/6,2).

Then there exists a solution W to the quartic KdV equation, a function y € C'([0, 00)), a function
ceC! ([0, 00), (0, 00)) such that w =WV — Q. y, where ¢ and y satisfy equations (1-15), (1-16), (1-14),
and

(w(0), Qe (- — ¥(0))) = (w(0), Q) (- — ¥(0))) =0,

c(t) > ¢, YO0)=yo, w()—v@)—>0 in Bo_ol/(”z ast— oo.
Moreover, if in addition vy € L?, then ¥ € C(R, L*(R)) and

2 2
lvoll72 + 11 Qex.0llz2 = IV (@) I 2.
There exists € > 0 such that the assumptions are satisfied if ||v|| 5162 S €
o0

Remark 1.1. The conclusions in Theorems 2 and 3 hold as well in the spaces B;ol/ 2nNHSNH®
for any —1 < s < 0 and o > 0, allowing one to prove uniform bounds in higher Sobolev norms; see
3P NH N H 7, J small will imply stability and

Section 7.1. In particular, given initial data in B,
32N SN HC. Specifically, we note one can prove boundedness and scattering in the
1/6,2

scattering in By
energy space H' intersected with B

To motivate the construction of our nonlinear iteration spaces, in Section 3 we first derive some refined
estimates for the linear KdV equation

{Btu+8;’u=f, (1-17)

u(0, x) =ug(x).

Then, in Section 4 we discuss the spectral and mapping properties of the operator & and derive linear
estimates for the systems (1-8) and (1-9) and their relatives

Up 4+ tyxx + (Qc(t) (x—=x)u)y = f.

In Section 5, we combine local smoothing estimates as for (1-17), where we treat the Q terms as error
terms with the virial identity and energy conservation for (1-8) to prove uniform bounds for a projection
of the solution v assuming orthogonality of the initial data to Q’.

With this first result at hand we pursue a standard though nontrivial path and employ pseudodifferential
techniques and duality to derive similar estimates in a full scale of function spaces. The Littlewood—Paley
decomposition at low frequencies is severely affected by the term containing Q. This is done in Section 6
with main result Proposition 6.7.
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Theorems 2 and 3 are proven in the final two sections by combining the wellposedness arguments and
the linear estimates.

2. Review of previous soliton stability results

To begin, we consider the linearized operator

Sy =—y"—pOP Ty +y

associated to the Euler—Lagrange equation (1-5) of (1-4) with A =1, respectively the constraint variational
problem (1-3) with Lagrange multiplier 1. It is one of the remarkable operators for which almost every-
thing is known about the spectrum and scattering; see [Lamb 1980, Section 2.4 and 2.5], and [Titchmarsh
1962, Section 4.19]. The operator

Puy = — Yy — Msech® (x) ¥

has the continuous spectrum [0, co) and the ground state vy (x) = sech®(x) with eigenvalue o? provided
M = a(x + 1), with @ > 0. The other eigenvalues are (@ — j)? for 1 < j < « together with the
eigenfunctions can be obtained as follows: Let vy » be the ground state with the constant M. Then,

J
Vi @+j)atj+n)(x) = H(% —(a+1) tanh(x))sech“ (x)

is the j eigenfunction to the potential with M = (o + j) (e + j + 1). We consider this information useful,
and we will use these results, even if the arguments could easily be adapted to a much larger class of
nonlinearities.

Clearly £Q’ = 0 and a short calculation or a comparison with the results above shows that QP+1/2
is the ground state with eigenvalue 1 — (p + 1)?/4. There is no other eigenvalue if p > 3, but there
are other eigenvalues in (0, 1) if p < 3. As an immediate consequence K () > ||1ﬁ||i2 if (v, Q') =
(W, Q(p+l)/2> =0.

We recall that K is positive definite on the orthogonal complement of Q. We follow [Weinstein 1985]
and use this bound to establish a lower bound on a different codimension 2 subspace if p < 5. There
exists § > 0 such that

K@) = 8yl forall y with (y, 071 Q") = (¥, Q) =0. 2-1)

It suffices to verify this statement independently for odd and even functions. For odd functions the quad-
ratic form is nonnegative, with a null space spanned by Q’. Positivity follows from (Q’, Q” 10" #0.
The argument for even functions is harder, but again the quadratic form is nonnegative since Q is a local
minimizer of the constraint variational problem.

Let ; be a minimizing sequence with |||l ;1 = 1. Suppose that the left hand side of (2-1) con-
verges to 0. The sequence maximizes | QP—‘w_]? dx. There exists a weakly converging subsequence
which convergences against a nontrivial even limit ¥ since ¥ — [ 07 "2 dx > 0 is weakly lower
semicontinuous. Moreover (¥, Q) =0 and ||| 71 < 1. Rescaling if necessary we see that ||| g1 = 1.
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We want to show that K () > 0 and argue by contradiction. Suppose that K (y) = 0. Then by (1-7)
Y is a minimizer of K under the sole constraint (Q, ¥) = 0 and hence it satisfies the Euler—Lagrange
equations

Py = 10.

But then v is a multiple of Q since
0 =-2Q

is the unique symmetric function with this property. However (Q, Q) # 0 if p # 5, and hence ¢ = 0,
which contradicts our construction and thus implies the existence of § > 0 with

K@) =5lYlm-

Observe that here the subcriticality condition p < 5 enters crucially.
Given  we define the parameters ¢y and xg by the variational problem

1V = Qeouxollzpn = inflly — Qe
Following Weinstein [1985] we claim

1V — Qeypxollzp < c(E() — E(Q0)), (2-2)

provided the left hand side is sufficiently small. This is a consequence of the lower bound for the quadratic
form (2-1).
Lyapunov stability of solitons has been shown in the seminal work of Weinstein.

Theorem [Weinstein 1985, Theorem 4]. Let € > 0. There exists 6 > O such that
ig)flli/f(t) —O1x —x))llgr =€ i IYo— Qillgr <34.

This is a direct consequence of the conservation of the L? norm and the energy, plus (2-2).

The study of asymptotic stability began with Pego and Weinstein [1994] in spaces with growing
exponential weights. The effect of the weight is twofold. First, there is not much the soliton could
interact with on its path to the right. Secondly, small solitons that are slow and prevent asymptotic
stability in L? carry a weight that makes them exponentially decreasing in time. A key assumption is
the absence of embedded eigenvalues of 3,%, other than 0 with eigenfunction Q" and the generalized
eigenfunction Q. Pego and Weinstein verify this assumption for p =2 and p = 3 and show that it fails at
at most a finite number of values for p between 2 and 5. It is a consequence of the virial identity below
that there are no nonzero purely imaginary eigenvalues of 0, %.

The exponential weight pushes the continuous spectrum of 9, to the left, makes the problem more
parabolic, and allows the use of techniques from smooth dynamical systems, in particular of a center
manifold reduction that is a restriction of the flow to a two dimensional manifold.
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Martel and Merle [2001a; 2005] and Martel [2006] introduced a virial identity or monotonicity formula
for the adjoint problem (1-9) as well as for nonlinear problems. Let
p—1

10 1
_p+ 0 Pt tanh X

n(x) = p—la_ > 3

and suppose that v satisfies the Equation (1-9). By direct computation we have

— | mPdx =(GE+ [(p+ 1P = PV, 0PI y), 2:3)

where the quadratic form is nonnegative and it has by the spectral theory of Schrddinger operators
with sech?(x) potentials a one-dimensional null space spanned by Q. There are two consequences: the
quantity on the left hand side is monotonically decreasing, and the right hand side controls the H! norm
of QP=D/2y provided v is orthogonal to a vector Q with (Q, Q) # 0. Hence, if v(0) is orthogonal to
Q' and O, which is preserved under the evolution,

0P~V 2y|| g1 < e supllv(@®)] 2.
t

The left hand side is controlled provided we obtain a bound on sup, ||v(?)|| 2. Martel and Merle [2001a;
2005] use this and related observations together with the a priori control on the deviation of the solution
to the set of solitons in ingenious ways for indirect arguments: The existence of a solution H' close
to solitons, but not asymptotically converging to the soliton “on the right” leads to the existence of
impossible objects.

Later, Cote [2006] constructed solutions with specific asymptotic conditions including many soliton
solutions for positive time. This shows that L? convergence to a soliton will not be true without restricting
the set where convergence is studied.

Already L? conservation precludes asymptotic stability of the trivial solution. The relevant notion
instead of asymptotic stability is for unitary problems the notion of scattering. Suppose that 1 (0) is
close to a soliton. We seek a function w satisfying the Airy equation as well as c(¢) and y(¢) and a
Banach space X such that ||y — Q¢ (x —y(t)) —w(t)||x — 0 as t — oo. Tao [2007] verifies scattering
in the following sense: Suppose that

1¥(0) = QO 1 + 1Y (0) = Qll -1 K 1. (2-4)

Then scattering holds with X = H~'/6. Tao relies on the work of Martel and Merle, and in particular on
Weinstein’s a priori estimate of the difference to the soliton.

3. The Airy equation

For purposes of understanding and motivating dispersive estimates for the linearized KdV equation, here
we study and collect results for the Airy equation

{Ut + Vxxx =0,

v(x, 0) = vo(x). (3-1
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The solution operator defines a unitary group S(¢) with the kernel

K@, x)=1t""3Ai(xt™173),

—x3

1/4e

where as x — oo the Airy function is roughly x ™ /2, and as x — —oo the Airy function is roughly

Re(x~Y 4e“"‘3/2). Strichartz estimates for solutions,
-1
lullLrra < DI Pugll 2 (3-2)

where L? L7 is the standard space time norm such that the L? norm in time of the L¢ norm in space and
2 1 1

p q 2
follow as an immediate consequence. Of particular interest for this work are the homogeneous Strichartz
pair (p, g) = (6, 6) as well as the endpoint Strichartz pair (p, g) = (4, 00). For an overview of Airy
function asymptotics, see [Fedoryuk 1993].
Local smoothing estimates for (3-1) go back to [Kato 1983]. Here we are interested in a more general
version of them. Let y (¢, x) > 1 be a smooth bounded increasing function. We calculate

% yu’ dx = f (i +y® =3y'u? dx (3-3)

and search for conditions ensuring that the right hand side is nonpositive. We assume
8y < =30y (3-4)

with the easiest case being y (¢, x) = yo(x — t), for which we assume

v <2y (3-5)
We get
%/yuzdx—l—/y/(ui—i—%uz)dx <0. (3-6)
Let us fix a particular example,
X
oo =1+ [ @+ Py, (37)
—00

It satisfies the criteria and, provided ¢ is sufficiently small, a straightforward calculation gives (3-5).
Next, it is instructive to consider a scaling. For u > 0 and y; as above we define

Yty x) = yo(u™ " (x — n21)).

Then,

d 2 2 1
E/Vu” dx+/)/l;(ux+3—'u2u )dx < 0. (3-8)

2

One may easily generalize this inequality by choosing ¢t — y(¢) with y > % u~ -, and setting y (¢, x) =

Yo(u™'(x — y(1))). In the sequel we will always restrict ourselves to u = 1.
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The virial identity clearly generalizes to functions spaces with different regularity. To see this, we first
define the space H (and similarly L7) by the norm

lulfy, = [P uPpo) dr < o

where p > 0 with uniformly bounded derivatives of order up to k£ for some k > |s| and (D)* is defined

s/2

through the Fourier multiplication (1 + | |2)s/2. Similarly we define p H® where u € p H® if and only if

u=pf for feH® and ||M||0HS:ui:nEf”f”HS-

The function p will often depend on 7. Given a Banach space X, we denote the space of X-valued L?
functions by L’X, and give the obvious meaning to L>pH® and L*H - Such spaces will be explored
further in Section 4.

Remark 3.1. We note that pH* = H -1, if p is nonnegative, up to equivalent norms. However as we
wish to highlight the use of duality throughout the linear analysis and construction of iteration spaces,
we adopt the p H® convention.

If y satisfies the assumptions above and

Uy — Uyxy = f, where [ € Lza/y/H_l, (3-9)
u(0, x) = up(x), where ug € L2,
we obtain by an obvious modification of the argument above
hellzope - lllzp < e (1Ol 1 li2yzri) (3-10)
YV

We turn to a useful technical result.

Lemma 3.1. Let m € C*®(R) satisfy |m"Y) (€)| <c;(&)*~/ for j > 1 and let m(D) be the Fourier multiplier
defined by m. Suppose that y € C*,

ly D) Syx) forj=>0, and
1—y@)/yDM| Se(x =yl +1x—ylY) forsome N.

For any a € R we have

ly =“Im(D), y*UD)' ™ fll 2 + [lm(D), y“ Iy~ (DY = fliz2 < cyall fll2

and
(DY =5 [m(D), y“ly = fll2 + KDY~y ~“[m(D), y“1fll 12 < cs.all Fll 12

The most important example of m is the Fourier multiplier (D)® defined by the function (1 + |& |2)s/2.

Proof. We begin with the estimate of the first term in the first inequality, the second term being similar.
We decompose m (D) = mo(D) +m (D), where the convolution kernel mg(x) of mq(D) is supported in
|x| <2, and the one for m (D) is supported in |x| > 1. The convolution kernel m (x) together with its
derivatives decays exponentially.
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The integral kernel of y ~¢[m (D), y?] is

Ki(x,y) = mi(x —y)(l - (y(x))a).
()

The kernel and its derivatives decay like (x — y)~", which implies

ly = Imi(D), y“1f llgy < enll fllg-»

for all N > 0 by Schur’s lemma. It remains to prove

ly ~Imo(D), y“UD)' ™ fll 2 < cs.all fll 2

We decompose (D)* = Dg + D;. The bound for y ~4[mg(D), y*]Dy follows from standard pseudo-
differential calculus. The bound for the term with D; follows from

ly ~“Imo(D), y“1fllL2 < enll fllgn,

which again follows easily by standard pseudodifferential calculus. U

Lemma 3.2. Suppose that

{u,—{—uxxx:f, where f e /Yy H™!, G-11)
u(0, x) =uo(x), whereuye H®.
Then
llell oo s + IIMIILzH% < (lu@as + 12 yyrm-1) - (3-12)
Moreover, if
{u, Fitoer = (sech®(x —x(1)) f)x + dxg, (3-13)
u(0, x) = uop(x),
with x > 6, then
el oo -1 + ”””L2H3/7 S MOl g1+ 1 I 2a-1 + 118l L2 (3-14)

Proof. We set v = (D)*u, where u satisfies (3-11); hence
UVt + Upxx = <D>Sf,

and

lullooms + Nl p2gser = Nvllpeerz + vl 2y < cUvO@ligz +1(D)° fllz2, 5-1),
LH' L®L LH! L L2y H

where the first term is equal to ||« (0)|| zs and
KDY fll 2 yzrm—1 = (D)~ () 2(DY fll2ge
< fll2 gz + KDY, () 2UDY fllp2pe
< fll2ygrms—r + 1) HDY 72 fll 2g2.
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The last inequality follows from Lemma 3.1 applied with y’ for y, a = 1/2, and —1 for s. This implies
the desired estimate (3-12). Now suppose that u satisfies (3-13) and let v be the antiderivative of u with
respect to x. It satisfies

Ut + Uy = sech®(x —x (1)) f + g, (3.15)
v(0, x) = vo(x);
hence
Nl oo gg—1 + el 2o <cligllprz + 1 fll2m—- O
e

4. Properties of the Schrodinger operator

We briefly recall notions from the introduction. Given p > 1, solitons of the form Q ,(x —1) satisty (1-5)
and it is not hard to verify that all bounded solutions are translates of &0, in Equation (1-2). Similarly
Ope= ¢/ (=1 0, (cx) satisfies

02(Qp)e = H(Qp)e +(Qp)? =0. @-1)

We will focus on p =4 and omit again p from the notation. Let * denote differentiation with respect to
x and -~ differentiation with respect to time. We recall the definition of O from (1-10) and O, = ¢d, Q.
respectively @. =cd.co. Q., the corresponding differentiation at c. There are many explicit calculations,
and we collect some of them here. Using the properties of Q.(x) = ¢*3Q(cx), it follows that

10l =c"CQ1ll2s  (De, Oc) = 5cdcl QcllZa = L1 QeI (4-2)

where the L? norm is given by (1-6), and

100N z2 = 011 O} Il 2 (4-3)
In addition,
3 Qc=c"Q'(cx) and cd.Qc= (30, +x0Q.) = 0c=c**0(cx).
The operator &, is defined by
Lo = —Uyy +cPu— 4Q§u, (4-4)

where we mostly omit y and c if ¢ = 1. We recall that virtually everything is known about the spectrum
of &; see [Andrews et al. 1999; Lamb 1980; Titchmarsh 1962]. We summarize the findings below. We
also refer to [Martel 2006; Weinstein 1985] and the references therein for extensive discussions of these
properties for more general operators of type similar to .

By direct differentiation in x of (1-5), we see Q' = 0. Hence, the null space of & consists at least
of the space o Q’ for all « € R. Similarly, by differentiation in ¢ of (4-1), we see P(0) =—-20, 50 &L
has at least a 2-dimensional generalized null space. Also, since Q" = 0 only at x = 0, we know from
the Sturm oscillation theorem that there exists some Ag > 0 and 2y > 0 such that 2y = —1¢2y, the
unique negative eigenstate of . Note, because & is a sech? potential perturbation of the Laplacian, it is
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possible to exactly construct 29 = Q°/? and Ao = 21/4 using standard techniques. The analysis above
summarizes the entire discrete spectral decomposition for &£.
Following the analysis in [Weinstein 1985, Propositions 2.7 and 2.9], if

(@, 0)=0 and (i, Q)=
then there exists kg > O such that
(ii, Lit) > kolli|7. (4-5)
Here ko depends only on the power p =4 in (1-1).
We will consider p = e” with v e C1I*! with

WD) <e (4-6)

for 0 < j < |s| 4+ 1 and a small constant ¢ to be chosen later. Clearly we may regularize v and hence
p = e without changing the spaces. Then

ueH, < pucH <uep 'H.
It is quite obvious that the dual space of Hj is o H ™ with isometric norms, and this statement does not

depend on the regularity of p. We recall the definition of the projectors (1-11).

Lemma 4.1. For all s € R, there exists C > 0 such that
1 1 1
IPgullpyse < ClliEullns,  N1Pgull e < Cllull o, 1 Poullgye < CllEul .

Proof. The first inequality is an immediate consequence of the nature of the spectrum described above
along with ellipticity. The second and the third statement are equivalent because H, = o~ H*, with
equivalent norms.
Fix u =1— (p+1)?/4, where p = 4. For A = Ag+iX; in the complex half plane left of 11, we obtain
the resolvent estimate
A —plllullg2 = 1CE—Mullz:

and also for some 1 > « > 0, we have

Re [ (@7 dx = =l + (2~ o)

> L —mullul?, + w25 4 (1= )L — pwu, u)
(§|A—u|+K<1—m—4x||Q||ioo)||u||iz

| — Aol
LHPNTE

1
> Sl = Aollul2, +minf S0
: L 810132

by the obvious choice of «.
We obtain the estimate for A with real part at most u:

I = Alllull 22 + min{|A — |, DHluxllz2 < CRe((E£ = Mu, u) < CI{(EL = Vullg-1llull g
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These estimates imply that the resolvent (£ — A)~! defines a continuous uniformly bounded map (for
Re A < Ay < ) from H~! to H'. Moreover,

1 8[QllL=

1 _ 2
Tarwnl | (CASEALI %

e < 13— s Sl e and a3 < 14—l ™ max]
We turn to the weighted estimates and calculate formally
e (E—1e " =L —r— V[P + 3 + VD,
and hence, since d,v" + 1’9, is antisymmetric,
Re [ue'@=Reu dx =Re [ ul@=Dudx ~ Wl = $iho - wllul.

if e < {/|Xo — 1|/2, which we assume in the sequel. As above we obtain with an explicit constant C
lullgr < Clle" (& —1e " ull g1 47

It follows from these estimates that given § > O there is a single resolvent family (for ReA < p —§)
mapping pH ™' — pH" and from Hp_1 — H ;, provided ¢ is sufficiently small.

Recall that &£ has a zero eigenvalue with eigenfunction Q' and a single negative eigenvalue —Ag
with a ground state 92¢. Let P be the orthogonal projection to the orthogonal complement of these two
eigenfunctions. The remaining spectrum is contained in [p, 00), where p > 0 is either 1 (if p > 3), or the
next positive eigenvalue, which can be easily be calculated. Moreover, & is selfadjoint. The resolvent
R(M) = (£—1)"!is a holomorphic map in C\ (1, oo) with simple poles in 1, 0, and possibly some other
eigenvalues in (0, 1). In addition, Ry(1) = R(A) P has a continuous and hence holomorphic extension to
A =0 and A = —Ag, which is uniformly bounded in each half plane strictly left of p.

By Equation (4-7) the resolvent is uniformly bounded on the weighted spaces if X is in the half plane
left of —u. Decreasing ¢ if necessary (so that the orthogonal projection Pé, along Q’ is bounded in the
weighted space), we obtain the same statement for Ry(A). Now complex interpolation implies

1L~ P£llgy < CUPS Il

This implies the desired estimates for s = —1.
Standard elliptic theory extends this estimate to

lull g2 < CNE = Mullag, (4-8)
lull sz < CIE = Dull o e (4-9)

first to all s > —1, and then, by duality, to all s € R. The first estimate is the special situation when v is
constant.

We conclude with the trivial observation that we may replace (4-6) by lim,_, coo v/ = 0, which holds
for p(x) = (1 + |x|*)¢ for all real numbers a, since in that case we may choose an equivalent norm that
satisfies (4-6). U
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5. Energy methods for the linearized equation

We turn to a study of what we call the linear u-problem

{ut = ax(igu)’ (5_1)

u(0, x) = uo,
where
Pu = (—9; +1—-40%)u = (—d; + 1 — 10sech*(3x))u.
We note here that & is the operator that results from linearization of the KdV equation about Q when

we work in a moving reference frame or in other words make the change of variables x — x —¢. Indeed,
setting ¥ (x, 1) = Q(x —t) +u(x —t, t) and plugging into (1-1), we get

du=—8,(%u —u+(Q+u)?—0*+920 - 0+ 0" = 8, (Pu) — 8,(60*u* +4Qu> +u*).

For reasons that will become clear in the sequel, we also consider the linear v-problem

{vz = L(0yv), (5-2)

v(0, x) = vp.

The two equations (5-2) and (5-1) are related in many ways.

(1) They are dual to each other.
(2) If u satisfies the u equation, then v = d,u satisfies the v equation.

(3) If v satisfies the v equation, then u = Fv satisfies the u equation.

We observe that u = Q' is a solution to the u equation, and hence (v, Q) is preserved by the flow
for v. In particular orthogonality is preserved by the evolution. Similarly, v = Q is a solution to the
v equation and (u, Q) is preserved by the u flow. Moreover, u = aQ’" + b( 0 + 2t Q') satisfies the u
equation for all coefficients a and b. As a consequence both equations admit solutions that grow linearly
with time. Moreover, if v satisfies the v equation, then

d ~ AN
4o, 0)+ 2100, @) =0
and v is orthogonal to O and Q' provided it is initially.
Inspired by a set of ideas collected from [Martel and Merle 2008] and the references therein, let us
look at a virial identity for (5-2), namely

Lw == [ neax,
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where 1 (x) will be defined in the sequel. We have
d
_Eln(v) ==2 | n(x)v(Lvy)dx
=—2/n(x)v((—a§+1—4Q3)vx)dx
:2/n083vdx—2/nv8xvdx+8/nQ3vaxvdx
=—2/n’v&fvdx—an&wB?vdx—i—/nxvzdx
3.2 2.3 2
—4/n’Q v dx—4fn8x(sech (Ex))v dx
:3/n/v§dx+2/n”vf)xvdx+/n/v2dx—4/n/QSUzdx—12/17Q2Q/v2dx.
As in [Martel 2006], we take
50
1 =-35 = 2 tanh(3x), (5-3)

which is similar to x near 0 and bounded at co. Note, the sign convention here is chosen to match that
of [Martel and Merle 2008]. By direct computation we have

n'(x) = Q0 (x), (Q*n) =-50°+30°,
';,((j)) =9(1-10°), P =(3)’(1-20'w),
Vi 2
(ij;) —9(1-20%w).  Inl<i.

Proposition 5.1. If v satisfies the v-KdV equation and v is orthogonal to Q and Q', then there exists
some C > 0 such that given n as in (5-3), we have

%In(v) + Cllsech(3x)v]|3,, <O0.

Proof of Proposition 5.1. Following the formalism presented above, we see

—%IW(U) = —2/$(8xv)vndx = 3/(8xv)2n’dx+/v2(—n’”+n’—4(Q3n)’) dx.
Selecting
w(t, x) =v(t, x)y/n'(x)

we sec

—%In(v):3/(8xﬁ))2dx+/A(x)ﬂ)2dx,
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where

Ax) =1+

"\ 2 3.8/
n (Q°n)" 175 3
(7) 572

ENJOS}

7,)///
o

| =

Hence,

—%In(v) =31, o) + % / @ dx).

Since £9, Q = 0, we know that given v = Q, we have
d
_Eln(v) =0.

However, v = Q corresponds directly to w = Q°/2, which is the ground state or &£, which has exact
eigenvalue —21/4. Then, since (Q, Q) # 0, our orthogonality condition v L Q is enough to guarantee
that there exists C > 0 such that

B, ) > Clw2,: = Cllyn'vl3,
which is the desired result. O

We note in the case of more general weight functions 7, virial identity methods are still applicable
even if perhaps analytic proofs of the virial identities are more challenging.
By choosing the multiplier y (v — vyx,) With y = yp(x —¢t) for yp as in (3-7), we see

% (vz—l—vﬁ)dx=—3fy’v§dx+/y(3)v2dx—/y’vzdx

+ 4/y/Q3v2dx+12ny2Q/v2dx
_ /(3y/v§x+y/v§—y<3>v§)dx+ f4y’Q3v§dx, (5-4)

which consists of a number of negative semidefinite terms. All nonnegative semidefinite terms are easily

2
1
H sech(3x/2)

Finally, note that by direct computation

dominated by a multiple of ||v|| , the term in Proposition 5.1.

(L v, v) =0. (5-5)

Now, let us define an energy for the solution v of (5-2) to be

E(v)=/y(x)(v2+vf)dx+)»E/n(x)v2dx+AE(§Blv,v), (5-6)

where n(x) is chosen as in (5-3).
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Proposition 5.2. Let us assume v satisfies the v-KdV equation and v is orthogonal to Q and Q'. There
exist \g, Ag, 8§ > O such that

E@) ~ [vll3, (5-7)
d 2 )
TEW) +a||v||% <0. (5-8)

Proof. From (5-4) and the proof of Proposition 5.1, we see easily one may choose a A g that depends only
on é and C so that (5-8) holds for all A, > 0. We choose A g large to achieve E(v) > C//||U||§,1- There
exists some constant C’ such that E(v) < C/||v||?11. Thus the estimate follows given the orthogonality
conditions on v. [l

The assertions of Proposition 5.2 are robust under suitable perturbations. We turn to the analysis of
the time dependent problem

v — (=97 =400 ) y) 90 = () Qe yt) + B Qi) 1) (5-9)
where
) @/, Oy y) + G- A, Ol vy | 5-10)
(Qe).y)s Qen).y))
s = Otyw) + 0= T y)) 51
(Qetyir Loy
Here, ~
Octy.yi) = %Qcm,y(z) +XQQ(1>,W) = ()3 D),y (0)- (5-12)

For simplicity of exposition, in the sequel we suppress the ¢ and y dependence and instead write simply
Oc),y(t) = Q¢ unless we want to stress the dependence on y(¢) and 7. Similarly we recall

Lev =L yv =~ + v —40] (0. (5-13)

The terms on the right hand side ensure that (v(0), Q:,(O),y(o)) = 0 implies (v(¢), QZ‘(Z),y(t)> =0, and,
in addition, (v(0), Oc(0).y(0)) = 0 implies (v(t), Oc(r).y(r)) = 0. We choose y (x, 1) = yo(x — y(t)) and
we prove the following:

Proposition 5.3. There exists a §, ., A > 0 such that the following is true: Suppose that
(@) = 1+ ¢+ 13 (1) — @) < 8 (5-14)
for all t > 0 and define
E(v) = / y (2, D +v3) dx + X / N1y DV dx + AL v, ), (5-15)
where we suppress the dependence of E and v on t. Then

E@) ~ |vli3, (5-16)
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forall t > 0 provided
(v, 07) = (v, Oc) = 0. (5-17)

Moreover, if v satisfies the system consisting of (5-9), (5-10) and (5-11) and v( -, 0) is orthogonal to
Qc(O), y(0) and QQ(O), 3(0) (which implies the orthogonality for all t) we have

4a 2 ]
th<v)+8||v||H%§0. (5-18)

Proof. Since (v(t), Qé(t)’y(t)) =0, we have
(Lot vt V) = Clol

for some C > 0, as seen in (4-5). Here and in the remaining part of this section we use the Moore—Penrose
inverse, which is by an abuse of notation given by the orthogonal projection to the complement of Q’,
followed by an inversion of & on this orthogonal subspace. Let us look at a slightly different quantity
(where we replace ¢ by 1) given by (f.Bily(t)v, v). Then, since (v, Q..) = (v, 0.) =0, for |c — 1| small
enough we have

~1 1 2 2 2 2
ELiyov v 2 2CIPy, il = 2C vl — C'le = Ul = Cllvll -

for some constants C, C’ > 0 and § < C/C’. The properties are similar to the previous proposition,
but the calculations are more tedious. We consider them to be important for the understanding of the
linearization. We recall that we suppress the dependence of Q and & on y in the notation below. Then
we have

d, _ . - - . (v, 0Y) 1
—(F7 v, v) =2(v, £ N0) = 12900701 8 v, Py + 25— (0 |, £ v)
d[ 1 t 1 1 1 1 1 (Q/l, Q1> l,y 1
=21 — 121, + 215,

where I, originates from the differentiation of the inverse and I3 from the dependence of the implicit
projection on time. We have

I = (Led,0, £710) — A(@ev, £7M0) +a(QL, £7M0) + B(Qe, 1),

(Lediv, L1710) = (Fe = L0, £y 1) = (@ = DA, L7710) +4(QF — 0D, £ 'v),
(27", 0] = =27 [%1, 0097 =129, 010 21! + L1 [0x, Por 1+ [0, Po 17,
(v, Q1) (v, 07) 0
(01, 0p " (Qnop "
(B0, £7'v) = 3 (0, (77, 3clv) = 6007 Q1 F; v, £ 1),
(v, Q1) = (v, 0} — Q)

by the orthogonality conditions and

[3. P, Jv=— 01 +

(7, 0y =(F, 0L -0 and (7', Qo) = (M, (T = 27H )
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because of the orthogonality conditions and since 58;] Q.= 0..
Altogether, and applying Lemma 4.1, we have

d .. _ . .
E e, 0) | <02 =11+ 13 = 1 +1EDIvI> e
dt H

/V/

(5-19)

which we will control by the virial identity below.
We now look at virial weights of the form

50 (x—y()
301 —y(0)

which has properties similar to those of 7(x) with appropriate changes for the unit scaling.
We have defined v such that

n(x, 1) =— = 2 tanh(3 (x — y(1))),

v(x,1) L Ocyyoy and  v(x,1) L QL forallz>0.
Following the formalism presented above and in [Martel 2006], select

w(t, x) =v(t, x)/n'(x).

Then,
_%I,](v) _ 3[(8xﬁ))2dx+/A(x)ﬁ)2dx _2f Ny <,3(t)Q’C’y +a(¢)Qc,y) vdx
+ %cz()} — c2) / sechz(%c(x — y(t)))v2 dx + %C4 / sechz(%c(x — y(t)))v2 dx,

where
" N 3\
A(x,t):l-i—ln——g(n—) L@ 75
n' n’ 4

_ 3
2y 4 120°.

Hence,

_d NI PV ) 2 2 e 2 2
dtln(v)>3((££w,w)+ A /w dx)+©(|1 Al+1y—c |)||v||L2f.

Y

5/2

From above, we know that 3((£w, W)+ [ %2 dx) =0 for v= Q1 y(. This corresponds to % = Vs

which is the ground state or &1 (). Hence, v = Q is the ground state of the quadratic form

3((:5@, )+ 2 / dex).
From Lemma 4.1, our orthogonality condition v L Q) y(¢) is enough to guarantee there exists § > 0

such that
d

2
G+l <0

v

provided |c> — 12| + |y — ¢?| is small for all t > 0, which follows from our assumptions on the initial
perturbation.
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The time-dependent version of

d 2, .2
7 y(x, ) (v"+v))dx

is done in full generality in the analysis of (3-13) in Section 3 for the Airy equation. The terms that we
have to control are the same as for constant ¢ and y, plus the terms coming from the right hand side.
Those are easy to control. Namely,

2| [ [@Q+50)y — 0@ +pOM] vdx| S (el + 15 =D

for y as in Section 3. [l
Note, above we have always assumed the proper orthogonality conditions, but without them we easily
obtain the following estimate for solutions of the v equation:

IlvllLaoHlmLzH% < C(>Ilv Ol +supl{v(-, 1), Q1 s+ 1 1), Oy l2o00).  (5-20)
t

v
6. Function spaces and projection operators

In this section we construct the function spaces for our nonlinear analysis using properties of the linear
evolution we studied in Sections 3-5. Based on the energy functional (5-6) for the v-equation, it seems
natural to look at

1 _ yooggl 2772
veX =1L HﬂLHW,

where y = yp(x) is as in (3-5), and again by convention we set L” X to be the L” norm in time of the X
norm in space.
Then, as follows naturally from the equation, we define Y' = L'H' 4+ L%, /yL>.
Generically, we define
XSILOOHSHLZH\S;;»} and YS:LIHS+L2 /V/HS—I’

where we note (Y*)* = X5,

6.1. The scale of energy spaces. Let us study the v-equation

{(3z—§53x)v=f0+«/7f1=f, 1)
v(0, x) = vo,
where fy e L'H*, fi € L>L*~! and vy € H*. We assume that the orthogonality conditions
wlQ, wl0 (6-2)
and
fo+VY' L0, (fo+vy'fyLQ foralls (6-3)

hold.
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Proposition 6.1. There exists a unique solution v € X° that satisfies

lvllxs < cUlvollas + 1 fo+ v fillys).
Moreover, v(t) is orthogonal to Q' and Q.
Note, Theorem 1 is an immediate consequence.

Proof. We begin by considering the case s = 1. The previous section implies the estimate

lvllxs < clvollas + Il foll L1 as))-

if f1 =0 by a variation of constants argument. We retrace the steps and its modifications needed for f;.
Using the multipliers from the energy inequalities, we need the obvious estimates

[ sovw=vidxar+| [ o ar| +] [ o v avar| < o 1ol

and, using Lemma 4.1,
\/Wﬁ(y(v—vm)dxdt\+(fﬁfmvdxdt]+\/\/Vflsff“vdxdt\ el fill ol
Y

It is not hard to see that v(¢) remains orthogonal to Q' and O so that we can close the argument as in
the previous section. We obtain the desired estimate for s = 1:

lollxr < cllvoll gt + o+ /7 fillyr).

We denote the solution operator for the inhomogeneous v-problem (u-problem) by S, (S,) and we write

I1Sv fllxr < cll fllyr. (6-4)

The role of the two orthogonality conditions are different: The equation is invariant under the addition
of a multiple of Q to v, and orthogonality to Q’ is conserved. Orthogonality to O was needed for the
virial identity of Martel and Merle, whereas orthogonality of v and Q' entered the control of the H~!
norm by the Moore—Penrose inverse of &£. Without orthogonality one still obtains (5-20).

Suppose now that v satisfies

{vt—ifaxv:f, 6-5)

v(x, 0) = vg.

Let ¢ be a small constant. We apply (1 + £2D?)©¢~D/2 to both sides of the equation and denote
v = (14 &2D?)6=D/2y. 1t satisfies

Uf _gaxvs — (1 +82D2)(S—1)/2f + [(1 +82D2)(S_1)/2, 4Q3]axv-
Hence, applying (5-20)

vllxs < cillv’llx

<o (I(1+&>D? D2 fllpi +I[(1+e2 DM D2 40318, y1 +supl(v*, Q) +1(v*, D)l 12).
t
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and we turn to the commutator term.
Lemma 6.2. Let ¢ € C®(R) satisfy |¢| + |¢'| < Ce ™. Let k(x, y) be the kernel of the operator
[(1+&2D*)%, ¢1(1 +2D*) /2.

Then,

lk(x, y)| < ce|s|e” FIHIID/A=lx=yl/(e)

We postpone its proof. By Lemma 6.2 (with ¢ =403 and s — 1) and Schur’s Lemma
Il +e>DH V2, 40710,y < ()72 +e2D?) ™D, 40711+ D1 200 12

<cell ()20 | 2. o
and by Lemma 3.1, after rescaling, as for the constant coefficient equation, we have
11+ &2 D) ™02 fllyn < cll fllys.
For all Schwartz functions,
[+ 1xPHV (1 +&°D*) ¢ — )|, < Ce.
If (v, 0) = (v, Q') =0, then
', D) = (v, O) = (v, @ — (1 + 2D 73 Q)| < Celly’ "I 2, (6-7)
(0, Q) =|(v, @) = (v, @' = (1+°D*) 72 Q)| < Celv*| . (6-8)
Suppose that (f, Q') = (f, O) = 0. Then we obtain for all s € R from (6-6), (6-7) and (6-8)
IV lxs < el fllys +ellv’llxs)
and hence
lvllxs S I1fIlys, (6-9)

which again implies for solutions v to v, — £9d,v = Py f, given by the variation of constants formula,
the bound ||I5*v||Xs < C|| f|lys or equivalently (recall (1-11))

IP*SyPgllys—xs S 1. (6-10)

Using spacetime duality, we consider

{(81 —hLu =g,
u(0,x)=0.

The estimate adjoint to (6-10) is
1P SuPllysmxs S 1. (6-11)

which completes the proof. U
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Proof. We turn to the proof of Lemma 6.2.
Let ¢ be the Fourier transform of ¢, which, because of the exponential decay extends to a holomorphic
function ¢ in the strip {z : [Im z| < 1}. Moreover there exists C such that

n . . 1
/|¢>(§+lo)|d§ <C if |o]| <3.
This estimate in turn implies exponential decay. Let k(x, y) be the integral kernel of
[(1+2D%)72, ¢](1 +€2D*) /2,

We claim
k(x, y)| < cyelsle oD =dlx=yl/e (6-12)

which implies Lemma 6.2.
The symplectic Fourier transform

e = 5 [ ek, ) drdy

A | 4 262\ 5/2 X
k@,n):((riziz) —1)¢<s—n>.

satisfies

Weseta =¢(§ +n)/2 and b = (§ —n)/2. Then IG(S, n) = g(a, b), where

R (1 Eb+a) T .
san=((Fgap) ~1)pe
and

k(x,y) = 2m) ! / FOE B (o6 4 ) /2, (€ — m)/2)) dE dn
=2e27)"! / e CT a4 by da db =: 2eg((x — v) /e, x + ).

The function g expands to a holomorphic function in a to the strip {z : [Imz| < 1/2} if ¢| Im b| < 1/2.
Clearly,

1+ (a +&b)? 4(gb)? a—z¢bh
LA 4eb )
It@—eb? T1x@—ebr2 T 5 @—eb)y

and hence we define the error term % by the right hand side of

(1 +(8b+a)2)s/2

_¢b
eh ) = a=e
ED — A

m + h(eb, a).

It satisfies
\h(eb, a)| < cs*e?|b|>(1 + |eb—a|)™ if |eImb+a| < 1/2.

Hence,
| / T p(eb, a)p(2b) da db| < csPe?em (WD
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by the extension of @ and b to a suitable complex strip. The leading term contributing to g can be
calculated:

. —¢&b ~
go(v, w) = 27)~! / eltavtbw 70 48oby dadb

14 (a —eb)?
— lﬁe—lvl / e/ Ot pg (2b) db = ﬁziﬁe—'"'cp’((w +£v)/2)).

The leading term for & is

ko(x, y) = ﬁZielx;y'e_lx_quﬁ’(x). O
x—y

6.2. U and V space estimates. In this section, we generalize and improve Theorem 1 using the U? and
VP spaces as defined in [Hadac et al. 2009] and in the appendix. For notational simplicity, let us define

UP=Ug,, and VP =V[,.
We begin with a number of estimates that we will use often in the sequel.
Let ¢, y € C! satisfy (5-14) and let ¥ (x, 1) = yo(x — y(¢)). Then,
lla Q/C(z),y(;) +béc(t),y(t) lyo Sllallz2yepr + 1Dl L2y prs

hence
||PQ%Pf||DUz+LzWH—1 Sy + 1 O lpert + 10 O Iy p-

‘We consider
Wy + Wyye = f,  with w(0) = uy.

Then,
lwlly2 S lluoll2 + 11 f 1l po2

: 2 271
and, since U C L“H N

lw, Q)2 + Il (w, Q)2 S I f Ipue + lluoll 2.

Hence, with v = f’PLw, we have

IIUIILijW S I fllpyz + luoll 22

We calculate

<w7 Q) ~ (wv Q/> é (wa Q) ~ . <w’ Q/>
(0 + 2—@33)( =0+ = />=— L0+ —cAH—=LQ"
e 0.0° 0.0%) " 0.6° " V0.5)°

where & and B are the time derivatives of the coefficients of 0 and Q' and

~

0=@x-y)0'+30.
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Hence, assuming that u( satisfies the orthogonality conditions, that w and v are as above, and with g
defined through the previous calculations,

0,v + v, — 0L yU = aQ+p0 +g+f, with v(0) = uo, (6-13)
where we collect the properties of v and g in the following.

Lemma 6.3. Assuming (5-14), we have (v(t), Q) = (v(t), Q') =0 and
IIvllvansz+ gl z2yru—1 S luoll2 + 11 f Il pw2 + 1 QM lagrr + (S @V lp2gr (6-14)
Y

Proof. We claim that

lollpipz2 + 1Bl 22 < cllwollz2 + 11l pw2),

the proof of which we postpone. Assuming its validity we put the term 49, Qv in (6-13) on the right
hand side. We bound ||v||y2 in terms of |jwy|| ;> and the right hand side in DV?2. Since DU?> C DV? and
L%>/y’"H™' € DV?, we can control all terms on the right hand side.

The only missing piece is the L? + L' bound for & and B. There are two different arguments: Either
we can follow the calculation above and calculate & and ,3 above, or we can test by Q and Q' and use
orthogonality to obtain the standard equations for & and 8. We use the first approach and recall the
calculations after (1-10). Then

4w, )= (. Q)+ 3w, )+ S (w. 0.

d P 5 (6-15)
27w, Q) ={f, @)+ y{w, 0) + —(w, 0").

There is one more term entering the coefficient of Q' coming from applying the linear operator to O,
which gives
5 W, g)
(0, 0)

All these terms are easily controlled. U

20

We return to the analysis of the time dependent v-problem

v+ CZCx — £ v =al(t) Qc(t),y(t) + B(1) Q:»(,),y(;) + f, (6-16)
where
i) = — (/) v, Deqnyn) + o= AW i) (0, /) 6-17)
(Qc),y)> Qer),y)) (0, 0)
. , N/‘ + (v — 2 , N/./ , ,
(1) = _(C/C)(U Qc(l),y(t)> y—c)Hv QL([),)(I)> _ (9, ) (6-18)

(v Loy (0, Q')

with the initial data v(x, 0) = vg(x) orthogonal to Q and Q’. Then also v(¢) satisfies these orthogonality
conditions. We combine the arguments of the previous subsection with those of Proposition 5.3:
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Lemma 6.4. Suppose that (5-14) holds. There exists a unique solution v to (6-16) and (6-17) and (6-18)
that satisfies

(DY vl xony2 < c(lvolls + (D)’ fllyospy2)-
Moreover v(t) is orthogonal to Q' and Q.

Proof. We begin with s = 0. We write f = fy + fy with fy € DU? and fy € Y°. Let ¥ be defined with
f = fu as in Lemma 6.3. It satisfies

[Vllv2nxe < CUl fullpyz + lluollz2).
Let us take v = v + w, where w satisfies
w4+ w, —,Sw=aQ+pO + fr+g, with w(0) =0,
with g as in Lemma 6.3 and by Lemma 6.4

lwllxo S I fyllyo +1gliyo S I pu2gyo + luoll 2.

We put the term 49, (Qw) to the right hand side, which we easily control in Y° as well as & and 8 and
we arrive at

lvllyanxe < C(lvollz2 + 1L f lyospuz + I(F Q) llp2grr + 1(F QI z2qrr)- (6-19)
The case of general s follows by the same arguments as above. ([

Our main interest will be in similar estimates for the u problem below.
We consider the u equations

4ty — 3 (Feyu) =aQ + B0 + f, (6-20)

with initial data u(0) = ug that satisfies (g, Q) = (1o, Q') = 0, together with the modal equations

ey = GO 0) + (.0 620
(0, 0)
) 1 . N/ 4
(1) = =), 0N + (/o) u, O) 4 (u, £O0x) + ([, O )’ (6:22)

(0, Q)
which again ensures the orthogonality of u(¢) with Q and Q.
We obtain first the analog of Lemma 6.4.

Lemma 6.5. Suppose that (5-14) holds. There exists a unique solution u to (6-20), (6-21) and (6-22)
that satisfies

llull xonw2 < c(lluoli2 + 11 fllyospy2)-

Moreover, u(t) is orthogonal to Q' and Q.
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It is not difficult to construct solutions; however we are interested in global estimates. Moreover we
may restrict to a finite time interval and assume that all the data as well as u are smooth and decay at
infinity.

We set v = Fu. It satisfies the orthogonality conditions

(v, Q) =0=(u, Q) =(£"'v, Q) = (v, 0).
Moreover, v satisfies
v 4 vy — L0 v = =22 Q + 120%((¢ /) O+ (3 — A QN u+ L f
and we may apply Lemma 6.4 with s = —2:
Illx-2 S 1Lu@ll g2+ 1L f ly-=2+ /el +1y — CZI)IIMIILz(H:/%)-
We apply Lemma 4.1 several times to get

luellxo S 1Lvllx—2 S lluoll 2 + 11 f llyo + sup(é /el + 15 — D llullx-1-
t

To complete the proof we observe that by (5-14) we may subtract the last term on the right hand side
from both sides to arrive at the desired estimate. The inclusion of V2 and DU? works now exactly as
for the v equation.

We collect the results for the case s = 0, which is the only estimate we will need later on.

Proposition 6.6. Suppose that (5-14) holds. There exists a unique solution v to (6-16), (6-17) and (6-18)
that satisfies

lvllvanxo < clvolle2 + I fll pyzyyo)-

Moreover, v(t) is orthogonal to Q' and 0. Similarly there is a unique solution u to (6-20), (6-21) and
(6-22) that satisfies

lullvanyo < clluoll2 + Il fll py2yo)-

Moreover, u(t) is orthogonal to Q' and Q.

6.3. Littlewood—Paley decomposition. We consider functions ¢ and y satisfying (5-14) We set A € Ag =
1.01N and let P, be the Littlewood—Paley decomposition with Fourier multipliers supported in the set
{£:1.017'A < |€| < 1.01A}if A > 1 and {& : |&€] < 1} if A = 0. Then, we denote

u, = P)Ll/t.
The Besov spaces are defined as the set of all tempered distributions for which the norm
ol gz = 1A% lvallze lle ag)

is finite. Here s e R and 1 < p,q < oo. Similarly we define the homogeneous spaces B;’p with the
summation over A = 1.017, where the frequency A = 1 plays no special role. There is an ambiguity
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about the meaning of vy, which differs depending on whether we consider B;’p or the homogeneous
space By’
We define the spaces X7 and YJ  using the norms

lullxs, = sup A [lusllvenxo  and || fllys, = sup A°[l fall pyzyo-
LA reA

The homogeneous spaces XAOO and YO‘o are defined in the same way as the homogeneous Besov space
B;’p with A = 1.017, though with a slight modification for s < 0 in the Y spaces due to the p multiplier.
Namely, we take
lull s, = sup (A"l lly2nxo) .
AEA

(6-23)

IFlly = inf (sup Al fillpue+ sup 2°lgallyo),
* F=f+8\ien reho

where there is a slight abuse of notation since the operators in fy and go are taking on two different

meanings, the homogeneous projection for fy and the inhomogeneous projection for go.
We study

:u,+ux+ax55u=aQ+ﬁQx+f+ax<pg>, 620

u(x,0)=0,

where « is given by (6-21) and 8 by (6-22). As a first step we obtain a weighted L bound for u in (6-25)
below.
Let f = f*+ f~ and g=g " +g~ be a decomposition into high (|&| > 1) and low (|&| < 1) frequencies.
‘We define
vty — Loy =a O+ B0 + O T+ pg™),
v(x,0) =0,
where _
(Q, Q)ay = (=), 0") = (/o) (v, O) = (3, f T+ pgt, O,
(0. 0)Bs = (=) (v, Q") — (/) v, O) + (T +x(pg™), Q)

ensure ﬁ*Pé,v = 0. Then by Proposition 6.6

-1
lllxo S N8 f +pg " lpw2vo SIFFllyy SIF Ny,

where the second inequality holds for all s > —1.
As a simple consequence, we obtain

1Po:dxvllz2z2 S I1F Nlys
and compute similar to arguments above

(8 — 20, + 0, L) (P d,v)
:( d (v, Q") (v, Q") (v, Q") ¢

/ v 2 " C ~,
_d ) .0 ¢ .
=i on) @t (Bt 15 gy 0= D)@+ 1 gy &+ Ft betog)
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We make the ansatz u = Py/0,v +u_ and observe that (d,v, Q) = 0 by construction. Then,
A+ o u_ — 9, Fu_
=aQ+B0'+ f +0:(pg)+ (

¢ (0,0)  (fT+acegh), Q)) o 20 ¢
c(Q', Q) (0. Q) (0,0
where o and S ensure orthogonality. Later we will need the obvious identity (integrate by parts in the
second term)

T4+ 0, (pg™),
<f_ +0,(pg_) — (<f o Q>)Q”, Q> ~(F, 0).
Then, u = 9, Pé,v +u_ and hence with F™ = f* +9,pg™ we have
lullzozz S WF Iy + I1(F, Q)llz24rr + IGF™, Q)2 pi- (6-25)
By (6-21) we see
leellr S Wéllzznzoo (NF llys + I(F, @)l z24p1) + IKF, Q)i (6-26)
and, using (5-14)
el SHFlys + II(F, @)l (6-27)
and by (6-22)
1Bl S NENys +I(F, Q)2 (6-28)

We turn to the frequency localized equation

{(uk)t + () xxx = _Pkax(4Q3u) +OlPAQ +BP.0x+ P f + Pi0x(pg),
u*(x,0)=0.

Observe that by using first the boundedness of Fourier multipliers on U2, DV? and the dual of the
embedding U? C Lszl, we have

1P (4Q%w) | py2 S M Q% ullpy2 S MIQ%ull 22 SAIFNlys + IKF, Q) 2411)-

If A > 1, then by Lemma 3.1

3
ILP.8x, O Tull 212 N el 22

Repeating these estimates for the term containing g and using the estimates of the previous section we
obtain for A < 1,

luallyznzey S IPflpue +2(1F llvs + 1CF, Qg + ICFF, Q)laepn) + 212l

since

lee Ol oz < el
and, for A > 1,

lupllvanczay S W fllpwz +gallz + IF s + 1(F, Q)2+ IKF T, Q)2+ I(F. Q) L2 pt-
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As a result, we arrive at the following key fact.
Proposition 6.7. Suppose (5-14) holds for some small §, that —1/2 < s <0, F € Y* and
{u, +itxex +40:(Q°u) = Q0+ BOx + F,
u(x,0)=0,
where a and B are defined in (6-21) and (6-22). Then,

lall s, SUFNys 4+ I1CF, Qg +ICF, Q0 I 2qrr + I(F, Q)2

This result will play a large role in the nonlinear analysis required to prove asymptotic stability.
For future use, we denote by Lf , Xgolf,

;O{/Té for I = (0, T'). All previous constructions carry over to finite time intervals.

etc. the function spaces on the space time set / x R, and
specifically we set L2, X

7. Local wellposedness for the quartic KAV equation

In this section we study local wellposedness for the quartic generalized KdV equation

{a,w — ¥ — (YD =0, D
¥ (0, x) = Yo(x).
Let v be the solution to the Airy equation with the same initial data, that is,
{Ut + Uyxx =0, (7-2)
v(0, x) = Yo(x).
The main local wellposedness is the next result.
Theorem 4. Let ry > 0. There exist €y, 5o > 0 such that, if 0 < T < o0,
1ol g-162 < 1o (7-3)
and
supllvall zsqo,71,r) =< 0. (7-4)
A

then there is a unique solution ¥ = v +w with |[w| ,-1/6 < €o. Moreover, the function w (and hence V)
oo, T
depends analytically on the initial data.

By the Strichartz estimates for linear KdV (see also (7-5) and (7-6) below), given v as in (7-2) we
have

supllvillzs < kollvll4-1ss,
A oo, T

and by the definition of the spaces
Il g-1s = k1 (1Y Ol j-ve2 + 190 + axxxvllyo—of4o)-

Hence, we obtain global existence from Theorem 4 for (7-1) if

s(1) }

" (kok1)

W11 -ve2 < min{1
o0
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where §(1) is the § (which depends on rg) evaluated at rg = 1.

In any case, if condition (7-4) is satisfied for T = oo, then, since i, € V2, the function e%xx Y, is of
bounded 2-variation with values in L? (see the appendix), and hence it has a limit in L? as f — oo. This
implies that ) _, lim; o ' dvxx Y =: S(Yo) exists and is the scattering state. If in addition g is in the

% 6’2, then we may exchange the summation and limit.

closure of C{® in B
Under the same assumptions we can solve the initial value problem with initial data v (T) = e~ %y,
which, by an easy limit as 7 — oo, gives the inverse of the map S. We will later see similar constructions
for perturbation of the soliton.
Itis not hard to see that if ¥ is in the closure of C° in Bo_ol/ 6.2

choosing 7" small. This implies local existence with smooth dependence on initial data. Moreover, since

, then we can achieve condition (7-4) by

we obtain smooth dependence on the initial data, if we have any global solution 1 (¢) in the closure of

C;° and perturb the initial data by an amount &, we obtain a solution at least with a life span 7' = —cIne¢

by easy perturbation arguments. In particular, if the initial datum lies in an ¢ neighborhood of a soliton,

then the solution exists at least until time ~ |In ¢| and remains in a small neighborhood until that time.
Before turning to the proof we remark that in this section we work with the weaker norms

~1/6 —1/6
lull -1/ = sup A~ luzlly2 and || fly-vs = sup A~ fill pyr2-
A A

On the other hand, since the results remain trivially true for the original definition of the spaces we keep
the notation.

Proof. First, we recall some estimates for u € U12<dV' Letm(&,&)=m(&,& —&;). Then

lull zors S 11D~ Y%u (02 (LS Strichartz estimate), (7-5)
| [ mee. e - & - 02 i - s s,
R L=(R?)
2
< sup Im &, &0 =1 (0) [ 22 |u2(0) || 2 (bilinear estimate). (7-6)

|67 — (€ — €122
The bilinear estimate is a variant of standard estimates as in [Griinrock 2005]. The most important
choice is m = |7 — (€ — &)?|"/2.
Let m(&, &) be a function that satisfies m(&, &€ — &) =m(&, &1). Then,

2
L2

“ / m(&, &) ETEEI N0, £ (0, £ — &) dE)

= f m(E, Eym(E, )X E I G &) (8 — ED i (E — n)iy (1) dt dE dny dE

B Im (&, m1)|?
= E—m)
Im(§, &)
&2 — (& — &2

|t ()1 luz (& — n1)1> dE dmy

22 22
<sup lurl| L~ (luzll L
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since
P(E) =EE7 —E2 —EnT +EM =EE —n)E +m — &)

vanishes if £, =n; or §, =& — n; and

¢'(n)=ECm -8 =Em —E—n)) and @' —n) =& —m) —&.
These results immediately imply (see the appendix for more information) for A > 1.1x the estimates
el g S A~ lullyz, (7-7)
el S 27 Hwallz gl gz (7-8)
By interpolating the bilinear estimate and the Strichartz estimate, if 2 < p <3,
lesaaellp < 271G ORY Y CP=OP ug | o a2 (7-9)
and, if p <K 1~ A,
)l S22~ Pl lugllz - (7-10)
Interpolating once again, we have
) oll e S A7Y2p7 20N 2 CPZOP s ol (7-11)
We proceed with a standard fixed point argument, which requires bounds on the nonlinearity. The

solution ¥ = v 4 w is constructed by studying

{w,+wxxx+(v+w)i =0, (7-12)

w(0) =0,
where again
{Ut + Vyxx =0,
v(0) = vo.

Then, the key estimate is contained in the following.

Lemma 7.1. There exists r > 0 independent of T such that given vy € X;OI/T(’ fork=1,2,3,4 we have
4
18: wrvavsva)ly-ys < r [ Tlluill g, (7-13)
k=1

and, with v and w defined by (7-2) and (7-12), respectively,

3 2
19x ( w)lly -1y < 7 suplloallpellYoll-rs2 lwll y-1e. (7-14)
oo, T A 00 oo, T

We apply these estimates to v* 4+ 4v3w + 6v>w? + 4vw> + w*. Either we may choose to estimate one
factor v in L or the dependence on w is at least quadratic. Suppose that [|w| ;-1/6 < u. We obtain
oo, T

18, (v + w)*ll g0 < 6r (k7815 + kP Spurg +kirgp® + o’ + ).
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If u < k119, then the right hand side is bounded by
20r(/<138r3 + Kfuzrg).

Suppose that
0

and §<——.
} 4OrK4 3

. 1
n< mln{/qro, —
4OrK12r§

If w solves
{wl + Wyxx + (v+ W)i =

w(0) =

and ||W||X e = < u, then w exists and satisfies ||w||X /o < < u.
Standard arguments then allow one to construct a umque solution satisfying the contraction assump-
tion, possibly after decreasing u by an absolute multiplicative factor. U

It remains to prove Lemma 7.1. By duality, it suffices to verify that

4
k‘/ V1 V203 V4U; dX dt‘ < CAYO)u, 2 1_[||Uk||;'(1/6
oo, T

k=1

and
3 1/6 —1/6 2
A| [ vt dx dr| < €AV vz suplivle (sup ™ vl ) Tl g e
© ® T
where u; € V? is frequency localized at frequency A.
By summation, the statement of the lemma holds provided we can prove the following.
Lemma 7.2. We have for Ay <Ay ~A3~Xtg~Asande >0
1/3
/\5/1)1 U205 V3,05 V40, V5 05 dX dt S mm/ < mdx) 1_[||vk e llv2 (7-15)
InlIl

and

)\min 176 )hmax ¢
)\maX/vakvaukas dx dt § ( > < )
)\max )\min

2
xsupnvunm(supu‘”f’uvmmz) I, lv2 lwislly2,  (7-16)
2 2

where Amax and Amin respectively are the maximal and minimal A ;.

Proof. We claim that

)/ V1 V2050305 Va0, U505 dX dt | < CAplllon s o2 vz, Loz llvs s e lvasg s lvsaslls— (7-17)

provided
A1 — A2l = 5 hmax- (7-18)
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This estimate is a consequence of Holder’s inequality and the bilinear estimate (7-6). We recall that
loallze £ A7 Nvallys A0 lvallye.

To obtain a nontrivial integral there have to be elements in the support of the Fourier transforms that
add up to zero. Unless there is at least one pair of (A, A¢) satisfying (7-18), the integral is zero. Hence,
we would obtain (7-15) if we were allowed to replace the V2 norms there by U2 norms for the first two
factors. Observe that we may reorganize the factors as we wish.

Let us assume A1 < A2 S A3 S Ag S As. We consider first the case when A4 < 1.05X. Then, if there are
elements in the support of the truncations on the Fourier side adding up to zero — otherwise the integral
vanishes — either

A A A A
Q&ffklstllhglzf m‘06§§A1§M§11M§14§.

In this case we can replace the U2 norms by V2 norms as follows. We decompose into low and high
modulation as

_ a0 h
Vjiry = Vi, T Vo

where vﬂ. is defined by the Fourier multiplier projecting to |t — &3] < kg /1000. Then, we have

3
! h h 2
105, lve + 105, llve < llvjagllve and Qg llze S As P Hlvja,llve.

We refer to the appendix and [Hadac et al. 2009] for more information.

We expand the product. The integral over the product of the five véﬁ ,, vanishes because of the support
of the Fourier transforms. Hence at least one term has high modulation. We estimate it in L2, put another
term into L*° and the others into L using Holder’s inequality. We estimate the L> norm through energy
and Bernstein’s inequality.

Hence

5
-3/2
)/ U3 V2,3, V3,35 V4,2, U5 05 AX df‘ a5 [ T1via lve. (7-19)
Jj=1

which implies the desired estimate.

It remains to study A < Ay S A3 < Aq < As, Ag > 1.054;. The most difficult case is A5 < 1.021,
since otherwise we apply two stronger bilinear estimates. For simplicity we consider A; < A where
A2 = A5 = A. We have to bound

/ £:=0 1_[ ﬁj'}”/' (SJ) dSZ dSS dt

with & = — Z?:z £;. We may restrict the integration to Z?:z £; ~ A1 and §; ~ A. By symmetry it
suffices to consider

/Zs 0 XlI&s|=1&201~1 ]_[ 0, (&)) d& dés dt.

J
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We choose ¢ > 0 small, p,g sothat1/p=(1—¢)/24+¢/3,1/qg=¢/2+(1—¢)/3. By Holder’s inequality

— —-1/6 — -1/2 1/2\1—g4 —1/6
| / 01 (V203 ViU dx di | S 27 ORI RGO e T T s,
J

_ —-2/3
SPGBy [ Thvsa, s,
J

For the second part we would like to put one v term into L°, and up to two into UZ2. This can be easily
be done if there are two frequencies of v that differ by a small constant times Apn,x. If not it is not hard
to see that in the argument above we can put one term into LS. U

7.1. Variants and extensions of wellposedness for the quartic KdV equation. The arguments of the
last sections have implications for wellposedness questions in other function spaces. Given 1 < p < oo,
w e C((0, 00), (0, 00)) and T € (0, oo], we define the function space X ;T as the set of all distributions
for which the norm

lullo =D @) lully2)?. (7-20)
A
with obvious modifications if p = oo is finite. We will always assume that
sup|w’|/w < 00, (7-21)
info'/o > —1. (7-22)
This is a Banach space provided for some C > 0 we have

liminfo(M)A? > C; (7-23)
A—0

otherwise we obtain a Banach space of equivalence classes of functions. Similarly, we define the Banach
space

1£1150, = D (@@ fillpp)"- (7-24)
A
The definition of B;') P follows the same pattern. It is not hard to see that

fufdxdtS lulixe N fllyo-r and [ fll,-1 < sup /Mfdxdt-
P\ T

/
T ullyo <I
lullyy <

Moreover, we may expand the inner product into dyadic pieces and apply uniformly elliptic pseudo-
differential operators to the pieces. In particular, we may replace differentiation by multiplication on the
dyadic pieces and vice versa.

Proposition 7.3. The following estimate holds:

o0

4 2
10 @) llye, < CSI}{p””A“LGHMHX— /Tellullx;;j.
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Proof. Givenv € X ;’_ ]T, we expand [ 9, (u*)v dx dt into dyadic pieces, to which we apply the arguments
and estimate (7-16) from the previous section. By symmetry

E Ks)/”m”m”x;“mvxs dx d" N E Ks‘/”m”xzumumvxs dxdt|.
Aj M=ZA=A3=A4,As

If A5 ~ X4 we obtain

Z )»5’/M)L1M)\2M}L3M}L4U)L5 dxdt‘

A ZA2<A3=<A4~As
2 As
_ 1 —1/6
§Sup||uM||Le<sup/L 1/6||uM||U2) xS aasY (M) ety 2 lvas llv2,
n w

A=A =A3<A4~As

which is bounded by

2
—1/6
supllay o (sup =yl ) el 0] ot
n % ' p.T

The other extreme is

Z )\5)/uklu,\2u,\3u,\4vks dxdt‘

A5SAISA<A3~A4

_ 2 _1{ Aa°
fsupllu,LHLa(supu 1/6||u,L|IUz) X Z )»5)»41<)L—5> lws, vz llvas vz,
3 w

As<AI<A2<A3~A4

which satisfies the same estimate provided ), < Ao (2) < nw,. However, this is ensured by (7-22).
The remaining cases are similar and the result follows. ]

From Proposition 7.3, we can prove the following corollary to Theorem 4.
Corollary 7.4. Suppose that w satisfies (7-21), (7-22) and (7-23). If ¥o € B B;‘)*z is the initial
data for a solution of (7-1) and v satisfies (7-4), then the solution ¥ of Theorem 4 is in X Cll;,T and satisfies

~1/6.2

In addition:

Corollary 7.5. Suppose that Vg lies in the closure of C$° in B . Then, it follows that

(t — ¥(t) e C(0,T], B—l/ﬁ’z).

1/6

If T = o0, then e' mllf converges to the scattering data as t — 00 in B . If in addition vy € L?, then

(t = ¥(1) € C(I0, T], L?)

and e mw converges also in L.

1/6

There exists w satisfying the assumptions above, with w (A)A™/® — co as A — oo and A — 0 and

Yol go2 < 0o. By Corollary 7.4 the X &’T is controlled by the initial data. Hence

A7V vl py2nyo — Oas A — 0o or A — 0.
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By the previous argument the deviation of the solution to the linear solution tends to zero as the considered
interval shrinks to zero. This implies continuity. Continuity at infinity always holds in V7.

The second part requires an obvious specialization of Corollary 7.4 to the case w = 1, plus a repetition
of the argument for scattering.

Particular examples for w are (1)* for s > —1/6 and A* +A? for —1/2 <s < —1/6 <o. It is not hard
to see that we can replace the homogeneous spaces by inhomogeneous ones if we restrict to finite 7 and
allow the constants to depend on 7.

8. Stability and scattering for perturbations of the soliton
8.1. Setup and main result. We return now to the full nonlinear problem (7-1). Let us take

Y(x, 1) = Qe (x — y(1)) +w(x, 1).
Then, we have
dw + 3, (37w +407w) = —¢ (0. Q) (x — Y) + (O (x —y) — (37 Qc — * Qe + QD) — *(QL(x — y))
— 3:(602(x — Y)w? +40c(x — y)w’ +uw).
Hence,
w4 0, (97, w +4Q0w) = —(¢/c) Oclx —y) + (7 — ) QL(x — y)
— 0 (60%(x — Y)w? +4Q.(x — yw’ +wh). (8-1)
To use the dispersive estimates proved in Section 6, we wish to have
wlQ(x—y) and wl QL(x—y). (8-2)

To get more regularity for y and ¢, we ask for (8-2) only asymptotically and hence take as in (1-15)
and (1-16) the modal equations

(/) Qe, Oc) = (w, Q) (8-3)
(¢ — Q.. QL) = —k(w, OL), (8-4)

where « > 0 is taken to be large.
We calculate

%«u, Q) = (wy, Q) +y(w, Q') + (¢/c)(w, O)
= (w, LQ") = (¢/)(Q, )+ (6Q*w* +4Qw* + w*, Q) + (h — A)(w, Q') + (¢/c)(w, O)
and
d

27w, 0 = (w,, 0) + 3w, Q")+ (¢/e)(w, O')

= (w, 20") + (5 — 0O/, Q') + (6Q*w? + 40w’ + w*, Q")
+ (G —Aw, Q") + (/) (w, 0.
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Hence,

d _ (w’ Q/>2 <w’ Q)(w’ Q) 2 2 3 4 /

EW}’ Q) +(w, Q)——K(Q/, 0" 0.0) +(60"w" +40w” +w”", Q) (8-5)
and
d

(w, Q") +x(w, Q") — (w, £Q")
o {w, 0w, Q") | (w, O){w, Q')
—K + =
(0, 0 (0, 0)

The right hand sides are at least quadratic in w, and, as we shall see, small compared to ||wy]|| in a suitable

dt

+(60%w? +40w? +w?, 0"). (8-6)

sense. As a consequence the orthogonality conditions are approximately satisfied for large 7. In addition,
¢ and y — ¢? are small and continuous.
We study the initial value problem w(0) = wy. Let again v be the solution to the linear problem. We

will prove scattering for small perturbations of the soliton in B;ol/ 6.2

. It will be important for the reverse
problem that we will achieve something slightly stronger.
Using the notation

I'={yeC(0,00):y(0)=0,y—1| < 55}, (8-7)

we define for any interval / the quantity
I10) = sup(unll g + 24l g supn 0 [y = @0+ @rvydxdr). (89)
A yell Rx1

S —1/6,2

Proposition 8.1. Let v be a solution of (3-1) with initial data vy € B '~ *. Then,

J10.00) (V) S llvoll z-176.2.

S . n—1/6,2
Moreover, if vy is in the closure of C§° in B /

, then
lim Ji; o0y (v) = 0.
t— 00

Proof. The first statement is an immediate consequence of the Strichartz estimate and local smoothing.
For the second statement we fix ¢ > 0. There are at most finitely many vy ; of norm larger than ¢/c.
Hence it suffices to verify the statement for a single A. Since v; € L°L® and L*L>, we have

tl_i)lgo”UkHL(’(Rx(t,oo)) = tl_i)nolollvxlly[tm)po =0.
Let I be a bounded interval. Then the map

r— ,\—1/6/ Yo — y(0)) (v + (8,v1)?) dx dt
Rx1

is continuous with respect to uniform convergence, hence it assumes its maximum. Given j > 1, let
yj 27, 2/+17 — R be the path for which this quantity is maximal. We choose two paths y, and y, with
y(0) = 0 and the difference between 1 and the derivative at most 0.2, one which coincides with y; for j



184 HERBERT KOCH AND JEREMY L. MARZUOLA

even on the corresponding intervals, and one which does so for j odd. For both paths we have the local
smoothing estimate. But this implies the claim. (I

Let y € I'. The function spaces X oo:7 and Y ~:7 depend on y but not on c. This dependence is not
reflected in the notation. In addition, let ¢ € C!([0, 00)). We assume (5-14), ¢ € L? and y — ¢*> € L? in
this section, which we have to verify for the solutions we study, and turn to a study of a priori estimates
for solutions to (8-1), (8-3) and (8-4), and we recall (8-5) and (8-6). Because of translation and scaling
invariance we may restrict ourselves to a study for y(0) = 0 and ¢(0) = 1. Moreover, we may and do
assume that the orthogonality conditions hold at time 0, that is,

{wo, Q) = (wy, Q) = 0.
The main result is the following sharpened version of Theorem 2.

Proposition 8.2. Let C > 0. There exist ¢ > 0 and K > 0 such that for |wo|l z-1162 < C and Jjo,1)(v) <&
and for v a solution of (3-1) with initial data wy, the solution w in the system of equations (1-15)—(1-14)
satisfies (5-14),

1/2
lwllg-ve < K Jig'r (v).

with K depending on C but not on time. Moreover, if Jo,c0) (V) <&, then there exists a unique 1 € '0_01/6’2

such that

0

. 3
lim e'%ww; (t) = ny,
r—>00

with convergence in L?. In addition
lim [w(@)[ 316 = W] g-176.2.
t—>00 oo, T S

Remark 8.1. Variants in the spirit of Corollary 7.4 can be easily obtained by including the arguments
there, which will establish Theorems 2 and 3 with higher Sobolev regularity as stated in Remark 1.1.

The proof consists of three step,s a preliminary part consisting of an important initialization, multi-
linear estimates that are less critical variants of those of the last section, and a priori estimates for the
nonlinear equation using the multilinear estimates and the linearized equation.

We recall that v satisfies v; + v, = 0 with initial data v(0) = wy. We want to control the difference
between v and the solution v to v; 4+ ¢29,v — 3, £v = a O + BQ’ with initial data v(0) = wo with & and
B ensuring (v, Q) = (v, Q') = 0, which we assume to hold initially. We recall that (5-14) is a standing
assumption.

For simplicity, let us define J = Jjo,o0)(v). The following result is the first step of the proof.

Lemma 8.3. Suppose that wy € Bo_ol/ 6.2 satisfies the orthogonality conditions. Then
Il < llwoll -2

and
v = PPgvllgus + el + 1Bl S J. (8-9)
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Proof. The first bound on v is an immediate consequence of Proposition 6.7. The second statement is
more delicate. As a first step we consider u = P PLv. It satisfies

sup(llee ll s + 27wl oo + 270Nl 2my) S U, (8-10)
A

since |[(v, Q) .2nzs + 11{v, Ol 2nrs < J. We calculate

du+cuy — 3 FLeyu=G,  with u(0) = w, (8-11)
where
d WO\~ (d (v.0Q)
oo (4 )0 (4 %o
@0-(2100)2 (Grio-07)°
D 2o 00— L) 6,4 20— 0,900

(Q.0) (0, Q')

We consider the terms separately. Any derivative falling on (Q, Q) or (Q’, Q') can be computed using
(4-2) and (4-3), yielding a factor ¢/c. Next,

L v, Q) = B+, 0)+(E = v, Q)+, ) = (04, v+ =) v, Q)+ (/) v, O)
and
%(v, Q') = (04, Q)+ (=) (v, Q")+ (E/c) (v, Q')
=—(,.20") —4HQ’ Q" v) + (> = )(v, Q") + (¢/c)(v. Q).
Moreover, -
0+ %0, — . D0 = (¢/0)Q + (> =) Q' +2c*Q/,
@+ 0 — 0L Q' = (¢/0) 0 + (> =) Q"
We write G = a QO + BQ’ + g, where, using again (4-2) and (4-3),
(Q. Q)a =—(¢/c)(v, Q) — (> =) (v, Q) +5(E/c) (v, Q)+ (v, (Q)y),
(Q'. Q")B=—(¢/c)(v, Q)= (P =) (v, Q")+ (¢/O) (v, @)V +4(v, Q7 Q")+ (v. £.Q))—2c* (v, ),

_ 3 (v, Q) . ~ 2 N ’ / / ¢ ~/ 2 . "
g = —40:(Q v)—@((C/C)QJr(C -»N0)—(v, 0)/{(Q, Q))(;Q +(c=y0).

’

By Lemma 6.3, we have ||g||yo < J. The difference w = v — u satisfies (abusing the notation slightly by
denoting by o and 8 new quantities)

Wy +C2wx — 0, Fw =a@+ﬂQ/_g
with initial data w(0) = 0, and again by Lemma 6.3

lwll xony2 f, llgllyo 5 J.
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We rewrite the equation for v as
Vit Ve = —0:(4Qv) +a 0 + Q' = F.

Decompose v = u + w. We recall that

(Q. Q) =—(¢/c)(v, Q); (8-12)
hence
leell e +1F M y-us S (llé/ell2 + 11 — ).
The L? bound for B is simpler. The estimates for the linear equation imply now (8-9). (I

As it will be used in the sequel, we note the following simple consequence of Lemma 8.3. Namely,
we have

Jey () S J (), (8-13)

where we denote by J. , the quantity analogous to J, but for the given path dictated by the ¢ and y mod-
ulation parameters. After this nontrivial preliminary step, we continue with the proof of Proposition 8.2.
The strategy is to write the equation in terms of

u=\V—=0Qcwymn—v
and expand the nonlinearity. In the next step we study multilinear estimates, which in the last step are

combined with Proposition 6.7 to obtain the a priori estimates.

8.2. Multilinear estimates. We proceed as for the initial value problem and bound multilinear expres-
sions. In this section we collect nonlinear estimates in terms of the V2 spaces to prove Proposition 8.2.

Lemma 8.4. Let u be a tempered distribution and u,, its frequency localization. Let ¢ be a Schwartz

function. Then,
crq1/2—8 4 —1
Ipusllzz < min{A ">~ Ay (luall 2y + N0cuallz26))-

Here ¢ is the constant of (3-7).

Proof. We begin with the case A > 1, in which case we prove the stronger estimate where we replace ¢
by y’ as defined in Section 3. Let x € C§° be supported in {£ : % < |&| < 2}. Then,

1 (9 _ q\' [0
V= (5 Jaan =3 () (3 Yo

A

() () (5 (2 2

where (0, / )" x (0 /M) 1s an L? bounded Fourier multiplier. As a result,

(AN () S
[(5) 25 vl

<\~

1
N luall 2y
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We estimate the second term on the right hand side using the adjoint of Lemma 3.1 witha =1 and s =0:

B 8 —1 8 _ —
o (7 () () o, 5

A
We turn to A < 1. Clearly,
lpusll> < Id ()™ 22 IV y uall e

Let x = sin(x)/x, which is the inverse Fourier transform (up to a constant factor) of the characteristic
function of the interval [—1, 1]. Let xg € R. We define

gr(x) = u;. (x) x (A(x — x0)/100).

Then, g, satisfies roughly the same frequency localization as v,, and it coincides with u;, at xo. Thus,
by Bernstein’s inequalities,

Sy y (A(x — 100
V7 oy (x0)] < A2y ro)llgall 2 < ex V2 sup XY GCO)X% o )”W“*”“'

Now the elementary estimate

sup mli(l(x ;/x((;))/IOO)| <cea

completes the proof. O
We proceed to prove the necessary multilinear estimates.

Lemma 8.5. Let ¢, y satisfy (5-14), u € X;ol/6 and let v and Q be as in Proposition 8.2. Then, the

following estimates hold:

3
19 23 Q) lly—vs S T [llaejll g, (8-14)

j=1

2
10 (12 Q) - S T Tllaell g v, (8-15)

j=1
10: P @) llyve S T2V gl - (8-16)

X )2 6 5 Xo_o] /6 Xool/e
1/2

13 v @)y < T2V sl . (8-17)

Proof. We begin with the dual Strichartz estimate

—1/4
I fillpye S ATYH full s

By construction, spatial Fourier multipliers in V?, U?, DU? and DV? are bounded by the supremum
of the multiplier; hence

2 3/4 2
P32 (Qu1.3,u2.0) puz S A Q%ur szl 4
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”Q ltl,)\, uz, || x _< ||Qul,}\4 ||1212”Qu2, 2” 2 2/2 “2, 2 /Oclz
1 )‘2 L3 A L°L A L

. — . —1/2,,1/6,1/6
Smin{l, A7 ymin(1, A7 0000 sl e,

This is summable for A; € I' and we obtain the desired estimate for A < 1. Assume now that A > 1.
Then, using Holder and Bernstein and |Q'| < Q

—1/6 2 —-1/6 1/2 1/2 1/2 1/2
ATV P8, Q%u o Nl 2y ot S ATYONQui s 12 1 Quia i Il 21 Qua i, 1211 Qui s 1

— 5/12 . —1/2,,5/12 . —1/2
S ATV min1, A7 213 ming1, A2l I s ez | g,

which can easily be summed over A; and A, if A > 1. This implies (8-15) and also (8-17).

We approach estimate (8-14) similarly: We expand u ; and observe that the expressions are symmetric;
hence it suffices to sum over A} <X <A3. If &1 <1 we argue as above and estimate u ;, in L*°, followed
by Bernstein’s inequality. So we restrict to the case A1 > 1.

Then, using that Q is integrable,

3 3
Py Qui sy sy 3 sl e S A [ Tty spse S A4 anana) ™2 T Tl ll y-ss.
' oo, T
j=1 j=1
which is easily summable if & <1 < Aq, Ap, Az. If A > 1, we argue differently. To simplify the argument
we assume that the Fourier transform of Q is supported in [—1, 1]—handling the tail is straightforward
but technical. Instead of bounding A|| Py Qu1 j,u2 3,3 3|l py2, we employ duality and study

I = ‘/ Quy 3 U2, U3 0514 5, AX dt)

assuming that 1 < A < Ay < A3. Then, we have

3
—-5/6,—1/6
1< 1Qus iyl ol ol allze S A57°a3 0 T Tl ll g-eluea s llve.
Jj=1 ’
The factor k; 3/ 6Ai/ ® is summable for fixed Agover 1 <Ap <Ay <Az, 1 <Ay < A3—this suffices since

I =0 if A4 is much larger than A3. As a result, we have proven estimate (8-14) and, after checking the
proof, (8-16). O

We turn to bounds for inner products occurring as inner products of the right hand side of (8-1) with
Q and Q’, and at the right hand side of (8-5) and (8-6).

Lemma 8.6. Let u € XO_O]/6, and let v and Q be as in Proposition 8.2. In addition, let yo(t) be a
one parameter family of Schwartz functions parametrized by t with uniformly bounded seminorms and
Yx,t) =vYo(t, x —y()). Then forall 1 < p <3/2

4

1@ (uruauzua), ¥ er S T Tl (8-18)
j=1
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where we consider the LP norm with respect to time and

10 W), ) e S T I ellull e (8-19)
Forall 1 < p <2, we have
3
1@ (123 @), ) llw S T Tl gove, (8-20)
j=1
10 uQ), ¥)llLe S Tl g vsllull y-e. (8-21)
Forall 1 < p <3, we have
2
102 12Q%), ¥)llr S T Tl e, (8-22)
j=1
1(0x 0u @), ) lLr < T llull g vs. (8-23)

Proof. We expand the terms in (8-18) and we consider

Iy = 1 (uy g w2 0, u3,55u45,, V) llLe.

By symmetry it suffices to look at the case A} < Ap < Az < A4. If p = 1 we bound the terms using
Holder’s and Bernstein’s inequalities as above:

12 1/2
I S Nl s g oo 191 2us a2 1191 2ua 4l 2

4
2/3,2/3 . 1/6 —5/6 . 1/6 ,-5/6
<3703 minga/®, 4770y mingay/%, 4] /}]_[||uj||X;ol/6,
j=1

which is easily summable. We obtain by Holder’s inequality
4 4
By S g e S T Tluillgovs,
j=1 j=1
which we use if 1 < A; < A4. If A} < 1, we estimate the corresponding term in L, apply Bernstein’s
inequality, and argue as in the next case. Interpolation with the L' estimate yields a summable expression

as long as p <3/2.
We turn to estimate (8-20), denote again the p-norms by /,, and expand again

2/3 . 1/6 ,=5/6 . 1/6 ,=5/6
I Sl gy el Qua o 2 @ ues s N2 S A7 minay®, 2™ mingay®, A7) Tl ll e,

which again is easily summable over A; < X, < A3. Also

3 3
LSy les ST Jluja, (e
j=1 j=1

which is almost summable, and by interpolation we obtain the bounds for any p < 2.
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The estimate (8-22) with p = 1 follows by the same arguments as above. It is even simpler. Again we
may restrict ourselves to Ay < 2. For p =3 we put estimate u; ;; into L% and again the full statement
follows by interpolation. A simple check of the proof reveals that the arguments above imply (8-23),
(8-21) and (8-19). O

The right hand sides of (8-5) and (8-6) are functions of ¢, for which we have bounds in L? for
1 < p < 3/2 in terms of ||w||;'(;o{/rﬁ. In the second equation, (8-6), the term (w, £Q.,) plays a special
role: Itis in L7 for 2 < g < 0o, but not in L? for any p < 2 in general. In particular we cannot control
the deviation of y from the linear movement.

Equation (8-5) and (8-6) can be considered as scalar linear ordinary differential equations for (w, Q)
and (w, Q). The kernel for the fundamental solution is uniformly bounded in L? in the first case for all
p, and in the second case it is bounded in L' by 1/k, whereas the L> norm is 1.

We collect the consequences as follows.

Lemma 8.7. Suppose that w solves (8-1) with (w(0), Q) = (w(0), Q') = 0 and w = v + u, where v
solves (7-2) with initial data w(0). Then,

supl(w(®), Q)| S (J + lluell y16)> (1 + [[w]] g-176)°, (8-24)
t
supl(w(6), @) S (J + lluell g17)* (- 1wl gv6)* + 72wl -1y (8-25)
t 0,
Moreover, if 1 < p <3/2, then

| 2w, 01, S @+ el + ol

LP(0,
We may write %(w(t), 0'Y = y1 + v, such that
Ivillr.00) S (J + IIMIIX;Ol/e)Z(l + IIwII,'(D—Cl/é)2 and  V2ll120,00) S (J + llull g-176).-
Finally, it follows that
SUp(je(t) — 11+ 16+ 1€l 1 S (7l g0 (1 ol )
SUPLS — 11 5 (-l g0 (1 a0l g ) 420+ Dl o).
19y =iz S U+ Nl goo) (L [wll o). (8-26)

Proof. This is an immediate consequence of Lemma 8.5 and basic properties of the simple ordinary
differential equations. O

The estimates of this subsection remain true if we consider a time integral instead of (0, co).

8.3. Global bounds and scattering near the soliton. We now complete the proof of Proposition 8.2.

Proof. By the local existence result there exists a local solution in a neighborhood of the soliton.
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The decomposition ¥ = Q.(),y() + w together with the modal equations (8-3) and (8-4) implies
existence of C! functions ¢(7) and y(t) that satisfy (8-1), (8-3) and (8-4) up to fixed time. We recall that
after rescaling and shifting, (wg, Q) = (wp, Q') =0, ¢(0) =1 and y(0) = 0.

As in the first step we denote the solution to the linear equation with initial data w(0) by v. It satisfies
the estimates of Lemma 8.3 and (8-13) provided (5-14) is satisfied.

We suppose that (¥, ¢, y) is a solution up to time T, such that u = ¥ — Q (), y() — v satisfies for some
ki, k> to be chosen later the conditions

1Pyl y-vs <2k J'? and  lull 416 < 2kp T /2. (8-27)
oo, T oo, T
We shall see that there exist §, k1 and & such that if in addition J < §, then
Lo 1/2 o 1/2 -
”PQ’MHXOOI,/TG <kJ and ||u||Xool,/T() <kyJ'“. (8-28)

This implies the estimate conditionally depending on (8-27). Observe that by Lemma 8.7 control of
the norms implies validity of (5-14) if ¢ is sufficiently small. In particular, the estimates on the linear
equations hold.

On the other hand, if we fix C and § we can apply a continuity argument with the initial data Twy.
The estimate clearly holds for small v and the norms depend (for finite time) continuously on 7. This
implies the a priori estimate uniformly for all 7. The scattering statement is an immediate consequence:
Combine the fact that functions in V2 are left-continuous at infinity with a frequency envelope argument
as above. It remains to derive (8-28) from (8-27) for suitably chosen ki, k> and §.

We formulate the crucial estimate in the following.

Lemma 8.8. Let C be given and let v and Q be as in Proposition 8.2. There exist ki, ky and § such that,
if (8-27) holds, and ||w0||371/6.z < C and J,1y(v) <8 hold, then

1/2 3/2
| Pl o < es (Ml + T 7y @) 1woll 2oz + Jio.my ().

We postpone the proof of Lemma 8.8. Clearly («, Q") = (w, Q') and the same is true for its derivatives.
By Lemma 8.7 and simple properties of ODEs, we have with implicit constants depending on the size
of the initial data that

d
Jw |+ G @] S et T+ . @
and
1w, 0"z < v @)z + (PG, @)z
Hence,

s @z + [, @)

< 2 Lo
L2 ™~ ”u”}'(gol/ﬁ +J+ ||PQ/u||Xocl/o.

The crucial point is that the right hand side only contains the projection of u, not u itself. We obtain
easily
11 (9, + 8;)V(I)Q/|IYO—0146 Syl + 1y lipgee.
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As a result, using estimates similar to those in Lemma 8.7 we have

_1,6 = (IIMII (e +J+ Pt Ul g 1/6) (8-29)

2o
By Lemma 8.8 and (8-27),
I Pgull e = el o + I3 0+ ) < @G+ DI+
using, as we may, [lu|l ;-6 < 1 and, by the estimate (8-29) and (8-27), we have
00, T

lull g < ka(J + 38K + 1) () + 37 1/%).
We choose first k1, then k, and finally § small to complete the proof. (|
Proof of Lemma 8.8. We write the equation for u = w — v, with u; + cu, — 0L yu =: G. We have
= (¢/c+anQ+ (= +B)Q — 8:(607(u+v)* +4Q,(u+v)° + (u+)*),
where o and B ensure the orthogonality conditions for v, that is, (8-12). We recall that they satisfy
el S ez and el +1Bill2 S U

To apply Proposition 6.7 we have to project u. This leads to a calculation similar to Lemma 8.3. Let
n= P ,Pu and p; + 23 — 9. L =: H. Then, using (u, Q) = (w, Q) and (u, Q') = (w, Q'),

(w, Q) d (w, 0",
H=G- —
<dt<Q Q))Q <dt<Q’ Q’))Q

(w, Q)( o X /) (w, Q) N
_w e 2
0.0 Q+(C -0 +20 0. 0" ((/)Q +(c? y)Q)
=aQ+BQ0 +g,
where
—g =0, (60%(u+v)? + 40+ v)> + (u+v)*) + EZ gi gé
W Q) , w0\ wQ) ,
+(<Q,Q> ‘ y)+<Q/,Q'>c)Q+<Q/,Q/>(C ne-

By construction u#(0) = 0. We apply Proposition 6.7 to get
lulizs, , S Nglly-s + (g, Q)1 + g™, DIz +IKg, QDI
By Lemma 7.1, Lemma 8.5 and Lemma 8.6, we get
gy S Nl + I lwoll yve,
and by Lemma 8.7

3/2
g, Izt + (g™, Q)2 +1I(g, Q)2 < luell’ —1/6+J1/2”w0“ /_1/62-
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Together, we have

5 3/2
P Prullo-ie < |lul*_ T2 woll”’% . O
[ IIXOC{/;NII IIXW{¢+ [ oIIBO_O./f,,z

Proposition 8.2 generalizes straightforwardly to smaller function spaces in the style of Section 7.1.

8.4. An almost inverse wave operator result. In this section we will construct solutions with given
asymptotic behavior, proving Theorem 3. This is a partial converse statement to Proposition 8.2.

Remark 8.2. Theorem 3 is quite satisfactory in several respects. It shows which asymptotic properties
may characterize a solution. The main missing piece is uniqueness of the solution W. It implies existence
of a solution for small scattering data, and, for arbitrary scattering states, existence of a solution with
given scattering data for large 7.

Proof. We turn to the time-reversed equation
dow + 3, (07w +4Q%w) = (h — ) (w, Qux) + (/) {w, 0) +(6Q°w? +40w* +w?, 01x)  (8-30)

with
(¢/c){Qe, Oc) =—(w, Qc) and (3 — QL. QL) =k (w, Q).

Let v be the solution to the Airy equation with initial data vg. We may and do assume that yo = 0. By
Proposition 8.1 we know that lim; . o Jj7.00)(v) = 0. Given S > 0 and y* satisfying |y (S) — 2, S| <5,
we solve the backwards initial value problem

W(S) = v(S) + Oc.ys-

We choose 133> 8 > § to ensure that |y —c™®| < § for the solutions under consideration. The arguments
of the previous section allow one to do that down to a largest time ¢5Y * for which

S, yS 2 .8,yS 2.8,yS
ly(@>7) —c5 ™ | =617,

We want to show that the infimum of the 75" as a function of y*S is attained for some y® and it is equal to
zero if § is sufficiently small. Suppose not, and denote the infimum by 7 > 0. By continuous dependence
on y3, given & > 0, there exists an interval [a, b] such that the solution exists down to a time smaller
than (14 &), and y5¢((1 4+ &)7) = (2, — 8)(1 + &)t and ySb((1+&)7) = (2, + 8)(1 +&)7. Hence,
there exists y5-¢ with

Y81 +e)t) =2 (1 +e)t.

But then, if § is sufficiently small, we see that a positive infimum is not possible, and moreover this
construction gives a limit that is a solution denoted again by (WS, yS) with y35(0) = 0.

We consider the limit S — co. Since 35 — ¢2_ and ¢S are small there exists a converging subsequence
ySi, c5i, S ; — oo that converges to ¢ and y. There are corresponding solutions W;, u; and w; of the
corresponding equation. We extend w; beyond S; by v. By the stability result, given § > 0 we find 7' > 0
such that

w; — V| y-1/6 < 4.
|w; ”Xoo,fr,oo)—
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Using a frequency envelope there exists A such that

ATV W lveroe S8
whenever A > A or A~! > A.
In particular,
[(wj —w) @l g-1162 <8

for r > T'() and j and [ sufficiently big. Again, using J small we are able to deduce that (w;) is a
Cauchy sequence in X T /¢ and the limit is the desired solution. O
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Appendix: Setup and properties of the U?, V7 spaces for the linear KdV equation

To define the function spaces U 2 V2 we summarize [Hadac et al. 2009, Section 2], where we suggest
the reader look for further details. Let % be the set of finite partitions —co < fgp <t < ... < tg = 0Q.
In the following, we consider functions taking values in L? := L?>(R?; C), but in the general part of this
section L? may be replaced by an arbitrary Hilbert space.

Definition A.1. Let 1 < p < co. For {t}X_ ) € % and {¢x}e ' € L? with > 1 ¢cll?, = 1 we call the
function a : R — L? given by

K
a= Z X[tk,l,l‘k)d)kfl
k=1

a UP-atom, where x; is the standard cutoff function to interval /. Furthermore, we define the atomic

space
o0 x
Ur .= {u :ZAjaj ‘aj a UP-atom,, A; € C such that Z|kj| < oo}
j=1 j=1
with norm
o0 o0
lullyr :=inf{Z|xj| ) u=Y ija;, 1 €C, a;a UP-atom}. (A-1)
j=1 j=1

Atoms are bounded in the supremum norm, and hence every convergence here implies uniform con-
vergence.

Proposition A.2. Let1 < p < g < 0.

(1) The expression || - ||yr is a norm. The space U? is complete and hence a Banach space.

(2) The embeddings UP? C U9 have norm 1.
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(3) For u € U?, all one sided limits exist, including at £00, u is continuous from the right, and the
limit at —o0 is zero.
(4) The subspace of continuous functions UL is closed.

Definition A.3. Let 1 < p < co. We define V? as the normed space of all functions v : R — L? for
which the norm

K 1/p
ollve = swp (hv) =il (A-2)

{0 €% Ne=1

is finite. Here we understand v(co) as zero. Let V' denote the subspace of all right-continuous functions
with limit 0 at —oo.

Taking the partition {z, oo}, one sees that the supremum norm is not larger than the V? norm.
Proposition A4. Let1 < p < g < 0.

(1) The expression || - ||yr is a norm and V? is complete.

(2) Forv € VP, all one sided limits including at 00 exist.

(3) The subspace V! is closed.

(4) The embedding UP? C V? is continuous and ||ully» < 2V/P|ju| y».
(5) The embeddings VP C V1 are continuous and ||v||yqs < ||v]v»r.

From the proof of [Hadac et al. 2009, Proposition 2.17], we have the following:

Lemma A.5. Let f € V', with q > p. Then, given § > 0 and m > 1, there exist fi € UP and f> € U1
such that f = f1 + f» and

-1 )
m” | fillur + €Il fallva SN fllve.

The following corollary is obvious.
Corollary A.6. The space V" is continuously embedded in U4 for q > p.

There is a bilinear map, B, which for 1/p+1/g =1 and 1 < p, g < oo can formally be written as

B(f, g) = —/ﬁgdt, for fe VP gelU1.
It satisfies |B(f, g)| < |l fllvrllgllus, which is natural if we replace g by an atom. The map
VP> f— (g — B(f,8) e UN"
is an isometric bijection. Moreover,
lullyr = sup{B(u, v) : v € C(R), [[vllyr =1}

If v e V?, then
lvllve =sup{B(u, v) :u € C(R), lullyr =1}.
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If the distributional derivative of u is in L' and v € V7, then
B(u,v)=— f u;vdt.

If felL' then F(t) = fioo fds € VP for all p > 1, and hence F € U?. Moreover, || f|pyr :=
WFllgr < |Ifllz1- We denote by DUP the metric completion of L' in the norm given by the duality
pairing. Similarly we define DV4.

There is a close relation to Besov spaces, namely

1/p,
B/PP curcvrcBlrr (A-3)

with continuous embeddings. These embeddings clarify the relation to X** spaces below.

We claim that the convolution with an L' function n defines a bounded operator on U” and V? with
norm < |5, 1. Because of the duality statement it suffices to verify boundedness on U”. We approximate
the characteristic function by a sum of Dirac measures. The convolution with an atom clearly has norm
at most 1. Convergence in U! to the convolution with the characteristic function is immediate. The full
statement is an immediate consequence, as well as the boundedness of the convolution by a Schwarz
function on U? and V?. In particular smooth projections on high and low frequencies are bounded.

Following Bourgain’s strategy for the Fourier restriction spaces, we define the adapted function spaces

Uk =S(=0U? and VI, =S(-0)V?

and similarly DU? and DV?.
Again, we define a bilinear map Bk gy such that for u € V,’g qvandv el Z 4v» We have for a function
u with (8, +32)u € L'L?

Brav(u,v) = — /((8; + 83)14, v)dt.

Note, this bilinear map is well defined and gives a duality relation. Hence,

“””DV/&V = sup /uf dxdt and ”u”DUﬁdv = sup fuf dxdt.
I fllye =<1 Irlye =<1
Kdv Kdv
Moreover, we may restrict f to suitable subspaces. More details on how the construction of such atomic
spaces allows us to put u, in the dual space are included in [Hadac et al. 2009].
By the construction of our spaces, we obtain for a solution u of the linear KdV equation

”t+”xxx=f7 (A-4)
u(0, x) = up(x),
the estimates
lullyz S luollze + 1 F vz, - (A-5)
lullgz, S Muollzz + 1/ pz,, - (A-6)

which follow trivially from the construction of the VI% v DVI% 4v and UIZ{ av DU%{ 4y spaces.
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Spatial Fourier multipliers act on U?, V4, DUP, DV in the obvious way and their operator norm is
bounded by the supremum of the multiplier.
Let (p, q) be a Strichartz pair. Then,

—1
lullrre <D™ Pully»

and the dual estimate
—1
Il pyr <clIDI™YP Fll L o

hold. The first estimate is not hard to check on atoms. Since convergence in U” and in L? L9 both imply
pointwise convergence for subsequences we obtain the full estimate. The second estimate follows by
duality.

Similarly the local smoothing estimates carry over to U? spaces and to DV4. Let ¢(¢) and y(t) satisfy
(5-14). Then

||M||L2Hi/7) =cllully> and [[fllpy2 <cllflli2m-1-

In the same fashion the bilinear estimates for solutions to the free equation imply bilinear estimates for
functions in U2.

The smooth decomposition into high and low modulation (that is, the smooth projection of the fre-
quencies to T — &3 large and respectively small) is bounded in U? and V2, and the L? norm of the high
modulation part gains the inverse of square root of the truncation as a factor by the embeddings (A-3).
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