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A REMARK ON BARELY H*’-SUPERCRITICAL WAVE EQUATIONS

TRISTAN ROY

We prove that a good H’» critical theory for the 3D wave equation d;,u — Au = —|u|"~'u can be
extended to prove global well-posedness of smooth solutions of at least one 3D barely H Sr-supercritical
wave equation 9,4 — Au = —|u|""'ug(jul), with g growing slowly to infinity, provided that a Kenig-
Merle type condition is satisfied. This result is related to those obtained by Tao and the author for the
particular case s, = 1, showing global regularity for g growing logarithmically with radial data and for
g growing doubly logarithmically with general data.

1. Introduction

For fixed p > 3, let H? = Hz([F\R3) N HS» (R3) and H!':= Hl([R{3) N HSP_I([RR3), where s, :=

2
. . p—1
We consider the wave equation

\SJROA}

pput — Due = —|ulP~ ug(|ul),
u(0) :=up € H?, (1-1)
du©):=u, € H',
where u : R x R? — C is a complex-valued scalar field and g is a smooth, real-valued positive function
defined on the set of nonnegative numbers and satisfying

1
0<g'(x) <~ (1-2)
X
This condition says that g grows more slowly than any positive power of u.

We shall see that (1-1) has many connections with the defocusing power-type wave equation

e — Au = —|u|Pu,
u(0) :=ug € H (R%), (1-3)
du(0) :=u; € H» 1 (R?).

It is known that if u satisfies (1-3), then u; defined by

1 t x
u(t,x) = mu <X’ x) , (1-4)

satisfies the same equation, but with data
0. x) — 1 X d 8 (0. 1) = 1 X
u; (0, x) = PR <x> an 3.0, x) = Pl <X> .

MSC2000: 35Q55.
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Notice that (1-3) is HSr (R3) critical, which means that the Hr (R3) x Hr1 (R*)-norm of (u(0), 3,u(0))
is invariant under the scaling defined above.

We recall the local existence theory. From [Ginibre and Velo 1989; Lindblad and Sogge 1995], we
know that there exists a positive constant § := 8(||(u0, ul)||HSP(R3)XHSP_1(R3)) > 0 and a time of local
existence 7; > O such that if

sin (1 D)

tD
cos (tD)ug + D

<$ (1-5)

L?(P*I)L)%(P*I)([O’TI]XR_%)

then there exists a unique solution (u, d;u) in
6 ([0, 731, B ®))NL7P ™V LAP=D([0, T x RN D= LILI(0, Ti1x RY) x 6 ([0, i1, H*~(R%))
of (1-3)! in the integral equation sense, i.e., u satisfies the Duhamel formula

"sin(t —1t)D

. D sin (1 D)
u(t) :=cos (¢ )uo—i-Tul —/0 D

(lulP~'u) (¢ ar'. (1-6)
It follows that we can define a maximal time interval of existence I .x = (—7-, T+). Moreover,
_1
||M||L[2(’)71)L)2C(’)71)(.1) < OO, ||DSF ZM”L?L;‘(J) < OO, and ”(u, al”)”Lf’OI-'ISPxL}’OHSP’I(J) < 0

for any compact subinterval J C Ijn,x. See [Kenig and Merle 2006] or [Tao 2006a] for more explanations.
Now we turn to the global well-posedness theory of “(1-3)”. In view of the local well-posedness
theory, one can prove (see [Kenig and Merle 2011] and references), after some effort, that it is enough

to find a finite upper bound of | u/| 126D 2 on arbitrary long time intervals 7, and, if this is the
1 X

(p—1) 3
(IxR3)
case, then the solution scatters to a solution of the linear wave equation. No blow-up has been observed

for (1-3). Therefore it is believed that the following scattering conjecture is true:

Conjecture 1.1 (scattering conjecture). Assume that u is the solution of (1-3) with data (ug,u;) €
H* (R?) x H»~'(R3). Then u exists for all time t and there exists Cy := C, (|| (o, Wl frsp w3y g1 (R3))
such that

””||L,2("‘”L§(‘"”(R><R3) <C. (1-7)
The case s, = 1 (equivalently, p = 5) is particular. Indeed the solution
(u, ) €6([0, Ty], H'(R)) x 6([0, Ti], L*RY)

satisfies the conservation of the energy E(t) defined by

1 1 1
E() :=-/ |8,u(t,x)|2dx+—/ |Vu(t,x)|2dx+—/ lul®(z, x) dx. (1-8)
2 R3 2 R3 6 R3

I The Ltz(p_l)L,zc(p_l)(R x R3)-norm of u is invariant under the scaling (1-4). The choice of the space L,z(‘”_l)Li(‘”_l)
in which we place the solution u is not unique. There exists an infinite number of spaces of the form L?

which we can establish a local well-posedness theory.

L', scale invariant in
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In other words, E(t) = E(0). This is why this equation is often called energy-critical: the exponent
sp =1 corresponds precisely to the minimal regularity required for (1-8) to be defined. The global well-
posedness of (1-8) in the energy class and in higher regularity spaces is now understood. Rauch [1981]
proved the global existence of smooth solutions of this equation with small data. Struwe [1988] showed
that the result still holds for large data but with the additional assumption of spherical symmetry of the
data. The general case (large data, no symmetry assumption) was finally settled by Grillakis [1990; 1992].
Shatah and Struwe [1994] and independently Kapitanski [1994] proved global existence of solutions in
the energy class. Bahouri and Gérard [1999] reproved this result by using a compactness method and
results from Bahouri and Shatah [1998]. In particular, they showed that the Ltz(s_l)Li(s_l) (R x R3)-norm
of the solution is bounded by an unspecified finite quantity. Lately Tao [2006b] found an exponential
tower type bound of this norm. All these proofs of global existence of solutions of the energy-critical
wave equation have as a common key point the conservation of energy, which leads, in particular, to the
control of the H' x L2-norm of the solution Qu(t), u(t)).

If s, < 1, or equivalently, p < 5, we are in the energy-subcritical equation. The scattering conjecture
is an open problem. Nevertheless, some partial results are known if we consider the same problem (1-3),
but with data (ug, u;) € HS x H*~!, s p < 5. More precisely, it is proved in [Kenig et al. 2000; Gallagher
and Planchon 2003; Bahouri and Chemin 2006; Roy 2007; Roy 2009a] that there exists sg := so(p) such
that s, < so < 1 and such that (1-3) is globally well-posed in H® x H s=1 for s > sp.

If s, > 1, or, equivalently, p > 5, we are in the energy-supercritical regime. The global behavior of
the solution is, in this regime, very poorly understood. Indeed, following the theory of the energy-critical
wave equation, the first step would be to prove that the H*» x H*»~!-norm of the solution is bounded for
all time by a finite quantity depending only on the H*» x H*»~'-norm of the initial data. Unfortunately,
the control of this norm is a very challenging problem, since there are no known conservation laws in
high regularity Sobolev spaces. Kenig and Merle [2011] recently proved, at least for radial data, that this
step would be the last, by using their concentration compactness/rigidity theorem method [Kenig and

Merle 2006]. More precisely, they showed that if sup,¢; [(u(t), du(O)l gop g3y frsr-1 @3y < 00, then

Conjecture 1.1 is true. -

As mentioned before, the energy supercritical regime is almost ferra incognita. Nevertheless, Tao
[2007] observed that the technology used to prove global well-posedness of smooth solutions of (1-3)
can be extended, after some effort, to some equations of the type (1-1), with p =5 and radial data. More
precisely, he proved global regularity of (1-1) with g(x) := log (2 + x2). This phenomenon, in fact, does
not depend on the symmetry of the data: it was proved in [Roy 2009b] that there exists a unique global
smooth solution of (1-1) with g(x) :=1log® log (10+x* and0 < ¢ < %.

Equations of the type (1-1) are called barely H*r-supercritical wave equations. Indeed, the condition
(1-2) basically says that for every € > 0, there exist two constants c¢; := c;(p) and ¢, := c2(p, €) such
that

c1(p) < g(lul) < ca(p, €)lu|®  for |u| large. (1-9)

Since the critical exponent of the equation d;,u — Au = —|u|P~F€u is s p+e =S+ O(¢€), the nonlinearity
of (1-1) is barely H*»-supercritical.
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The goal of this paper is to check that this phenomenon, observed for s, = 1, still holds for other values
of s,,. The standard local well-posedness theory shows us that it is enough to control the pointwise-in-
time H2 x H'-norm of the solution. In this paper, we will use an alternative local well-posedness theory.
We shall prove:

Proposition 1.2 (local existence for barely H°r-supercritical wave equation). Assume that g satisfies
(1-2) and

1
g'x)=0 (;) : (1-10)

Let M be such that || (uo, u1)|l g2, g1 < M. Then there exists § := 5(M) > 0 small such that, if T; satisfies

sintD
cos (tD)ug +

ui

<3, (1-11)
L7 VLD (0, 11 xR3)

then there exists a unique (u, o;u) in
6(10, Til, A2)NL{P~VL2P=D((0, 71)N D~ LILA([0, Ti)ND22LEL ([0, T1]) x6([0, Ty, A')

that solves (1-1) in the integral equation sense; i.e., u satisfies the Duhamel formula

sintD /’ sin(t —t')D
u— | ————
0

u(t) :=cos (tD)ug+ D

(lu@)1P  u g (lu@))) dt'. (1-12)

Notice the many similarities between Proposition 1.2 and the local well-posedness theory for (1-3).
This allows us to define a maximum time interval of existence Inax ¢ = [—7- ¢, Ty ¢] such that, for
any compact subinterval J C Ijax, g, the quantities

1 21
”””L,z(”_”Lf(’"”(J)’ | D 2”||L;‘L§(J)» D 2M||L;‘L;4C(J)a ||(”,at”)HL;wﬁZ(J)XL?OﬁI(])

are all finite. Again, see [Kenig and Merle 2006] or [Tao 2006a] for more explanations.

Now we set up the problem. In view of the comments above for 5, = 1, we need to make two assump-
tions. First we will work with a “good” H*» (R3) theory: therefore we will assume that Conjecture 1.1
is true. Then, we also would like to work with H Sp(R3) x Hsr~1 (R?) bounded solutions (u(z), 3u(t));
more precisely, we will assume this:

Condition 1.3 (of Kenig—Merle type). Let g be a function that satisfies (1-2) and that is constant for x
large. Then there exists Cy := C2(||(uo, ull g2y s g) such that

sup || (®), 31e()) Il on oy oo 2y < Co- (1-13)

tEImax,g

Remark 1.4. In the particular case s, = 1, it is not difficult to see that Condition 1.3 is satisfied. Indeed,
u satisfies the energy conservation law

Ep(1) ::%/W(atu(z,x))de+%fw |Vu(z,x)|2dx+/wF(u(z,x),zz(z,x))dx, (1-14)
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with

1 1
F(z,7) =|z]> ™! / 1 Re (g(t)z])) dt = |z f 2 g(tlz])dt. (1-15)
0 0

Since g is bounded, we have |F(z,2)| < |z°. By using the Sobolev embeddings ||u0||Lg S lluoll 52
and [Ju(?)| e S llu(®) |l g2, we easily conclude that Condition 1.3 holds. The energy conservation law
was often in [Tao 2007; Roy 2009b].

Here is the main result of this paper:
Theorem 1.5. Let p be fixed.
(1) There exists a function g satisfying (1-2) and
Jlim g(x) = oo (1-16)

and such that the solution of (1-1) (with g := g) exists for all time, provided that the scattering
conjecture and Condition 1.3 are satisfied.

(2) There exists a function f depending on T and ||(uo, u1) || g2, 51 such that
”M”L;wfﬂ([_rj]) + ”a’u”Lﬁ’OI:]l([—T,T]) = f(T7 Il (o, uy ”)ﬁzxgl)- (1-17)

Theorem 1.5 shows that a “good” H*r (R3) theory for (1-3) can be extended, at least, to one barely
H*» (R3)-supercritical equation, with § going to infinity.

Remark 1.6. Apart from its dependence on p, the function g is universal: it does not depend on an
upper bound of the initial data. Moreover, g is unbounded: it goes to infinity with as x.

Remark 1.7. In fact, Theorem 1.5 holds for a weaker version of Condition 1.3: there exists a function
C such that for all subinterval I C Iyax, g

sup | (), 31 (0) | gsp sy frsr1 @y < C20 (1-18)
tel
with C; := C (Il (uo, u) |l g2, 71+ & 11). See the proof of Theorem 1.5 and, in particular, (5-21), (5-33)
and (5-48).

We recall some basic properties and estimates. If #y € [#1, £,], if F € L?Li([tl, 1)) and if (u, o;u) €
C([t1. ], H™(R))xC([t1, 1], H™ ' (R?)) satisfy

intD "sin(t—1")D
u(t) : cos(zD)u0+SmD ul_f %F(g)dﬁ (1-19)

to
with data (u(1g), o;u(tg)) € H m(R3) x H m=1(R3), then we have the Strichartz estimates [Ginibre and
Velo 1995; Lindblad and Sogge 1995]
Neell 9 Lr ey, 11y F 12l oo g oy 1oy, 121y + 10021 Lo m—1 @3y (111, 121
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Here (g, r) is m-wave admissible, i.e.,

(g,r) €(2,00] x[2,00] and l+§=§—m; (1-21)
q r 2
moreover,
1 3 1 3
—+-==+=-2 (1-22)
g r q T

We set some notation that will appear throughout the paper.

We write A < B if there exists a universal nonnegative constant C’ > 0 such that A < C'B. The
notation A = O(B) means A S B. More generally, we write A <,
constant C' = C(ay, ..., a,) such that A < C’'B. We say that C” is the constant determined by < in
AZa,.., a, B if there exists
a universal small nonnegative constant c =c(ay, ..., a,) such that A < ¢B. Following [Kenig and Merle

a, B if there exists a nonnegative

.....

2011], we define, on an interval I,

lellsay == Nl 2002004y Mullway = Nullggragy  Nullyg, = ||u||LtgL§([) (1-23)
We also define the quantity
QL u) := 1D 2ullway + 1D 2ullway + el g gy + 1302l o (1-24)
Let X be a Banach space and r > 0. Then

BX,r):={feX:|flx=r} (1-25)

We recall also the well-known Sobolev embeddings. We have
1720l ooy S 121 g2, (1-26)
Vilsir SID™HAI L s -

We shall combine (1-27) with the Strichartz estimates, since (2( p—1), 62(Z :;)) is %— wave admissible.

We also recall some Leibnitz rules [Christ and Weinstein 1991; Kenig et al. 1993]. We have

”DaF(u)”L?LK_(I) 5 ”F/(u)”LflL;l(])“Dau”L?ZL;Z(])v (1-28)
. . 11,1 11,1
with @ > 0, r, rq, rp lying in [1, oo], .= a—i—q—z, and L= E+E‘
The Leibnitz rule for products is
”Da(uv)”LfL;([) 5 ”Dau”L;“L;l(l)”v”L;fZL;Z([) + ”Dau”L;“L?(])”U”L;ML)’}(]), (1‘29)

i ing i t_t,41 1_ 1,1 1_ 1,1 11,1
with o > 0, r, rq, rp lying in [1, oo], ot a=ata ; _r1+r2,andr_r3+r4.

If F € C?%, we can write

1
F(x)—F(y) :/ F'(tx 4+ (1 —1)y)(x —y) dr. (1-30)
0
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By using (1-28) and (1-29) the Leibnitz rule for differences can be formulated as
| D¥(F (u) — F(v))”L;’LQ(I) S, sup ”F/(tl/l +(1— t)v)”L;’l L (1)||Da(“ - v)”L;UL;Z(])
1€[0,1]

+ sup [|[F"(tu+ (1 -0l

c o (1D D o v Mu—=vll o o . (1-31
ref0,1] L;“Lxl(l)(” ”L§’2L2<I>+” ”szu(z))” ”Li’%ﬁ(l) (1-31)

i " 3+ 1vine i 1_ 1,1 1_1,1 1_1,1,1 I_1,1,1
witha >0, ry, r2, 1y, 1y, r3 lyingin [1, oo], = +q2, y = +r2, 1= q +qé+q§, and r=q +r§+r§'
We shall apply these formulas to several formulas of F (i), and, in particular, to F () := |u|” " ug(Ju).

Notice that, by (1-2) and (1-10), we have F'(x) ~ |x|?~'g(|x]) and F”(x) ~ |x|?~>g(|x|). Notice also
that, by (1-2) again, we have, for ¢ € [0, 1],

g (Itx+ (1 =0yl < g @max (Ix], [y) < g(max (Ix[, [y]) +1log2) < g(Ix) +g(yD- (1-32)

This will allow us to estimate easily

sup ||F/(tlzt+(1—t)U>||L;11L;1(I) and  sup ||F//(tu+(1—I)U)||L;11L;1(I).
te[0,1] ’ te[0.1] ’

Now we explain the main ideas of this paper. We shall prove, in Section 3, that very many values
functions g, a special property for the solution of (1-1) holds.

Proposition 1.8 (control of S(I)-norm and of norm of initial data imply control of L™ H>(I) x L H'(I)
norm). Let I be a compact subinterval of Inax ¢ (5o |[ullsy < 00) and assume that O € 1. Assume that g

satisfies (1-2), (1-10) and®
o0
1
——dy=o0. (1-33)
/1 y&*(y)

Let A > 0 such that || (uo, u1)|l g2, g1 < A. Let u be the solution of (1-1). There exists a constant C > 0
such that

”(”a atu)”L?CFIZ(I)xL?OI:Il(I) = (2C)NA, (1'34)
with N := N(I), such that
Qo)NA 2p—1)
dy > |lulsfy (1-35)
/zCA yg2(y) St

Moreover we shall give a criterion of global well-posedness (proved in Section 4):

Proposition 1.9 (criterion of global well-posedness). Assume that |Inax ¢l < 00. Assume that g satisfies
(1-2), (1-10) and (1-33). Then
N 1]'S Ly, c) = OO- (1-36)

The first step is to prove global well-posedness of (1-1), with g := g; a nondecreasing function that is
constant for x large (say x > C{, with C| to be determined). By Proposition 1.9, it is enough to find an
upper bound of the S([—7, T])-norm of the solution uy for T arbitrarily large. This can indeed be done,
by proving that g; can be considered as a subcritical perturbation of the nonlinearity. In other words,
g1(Ju])|u|P~'u will play the same role as that of |u|”~'u(1—|u|~%) for some a > 0. Once we have noticed

2Condition (1-33) basically says that g grows slowly on average.
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that this comparison is possible, we shall estimate the relevant norms (in particular, ||u||sq—r.77))) using
perturbation theory, Conjecture 1.1 and Condition 1.3, in the spirit of [Zhang 2006]. We expect to find
a bound of the form

lupllsq—7.71 < C3(Ilo, uD |l ga s T), (1-37)

with C3 increasing as T or ||(uo, u1)|l g2, 51 grows. Notice that if we restrict [—T, T'] to the interval
[—1, 1] and if the H? x H'-norm of the initial data (up, u1) is bounded by 1, then we can prove, using
(1-37), (1-26) and Proposition 1.8, that the Ly°L°([—T, T'])-norm of the solution u[j; is bounded by
a constant (denoted by C;) on [—1, 1]. Therefore, if 4 is a smooth extension of g; outside [0, C],
and if u is the solution of (1-1) (with g := h), we expect to prove that u = uj on [—1, 1] and for data
| (uo, u)ll g2, g1 < 1. This implies in particular, by (1-37), that we have a finite upper bound |[|u||s(—1,1})-

We are not done yet. There are two problems. First, g; does not go to infinity. Second, we only
control ||ul|sq—1,17) for data ||(xo, u1)ll 2, 51 < 1: we would like to control |lu| s, for arbitrary data.
In order to overcome these difficulties we iterate the procedure described above. More precisely, given a
function g;_; that is constant for x > C;_; and such that u; _7, a solution of (1-1) with g = g;_1, satisfies

||I/t[,‘_1]||S([_(,‘_1)’,'_1]) < 00, we construct a function g; that

e is an extension of g;_; outside [0, C;_;], and

» is increasing and constant (say equal to i + 1) for x > C/, with C; to be determined.

Again, we shall prove that the g; may be regarded as a subcritical perturbation of the nonlinearity
(i+1)|u|?~'u. This allow us to control llee(i1 | s(—i.i7)» by using perturbation theory, Conjecture 1.1, and
Condition 1.3. Using Proposition 1.8 and (1-26), we can find a finite upper bound for ||uf;)|| 2L (i, i1)-
We assign the value of this upper bound to C;. To conclude the argument we let ¢ = lim;_, » g;. Given
T >0, we can find a j such that [T, T] C [—j, j] and || (uo, u1) || g2, g1 < j. We prove that u = upj on
[—J, j], where u is a solution of (1-1) with g := g. Since we have a finite upper bound of ||u[j] lsa—j. s
we also control |lu||sq—;, ;1 and ||u|lsq—7,71)- Theorem 1.5 follows from Proposition 1.9.

2. Proof of Proposition 1.2

In this section we prove Proposition 1.2 for barely H*»(R?)-supercritical wave equations (1-1). The
proof is based upon standard arguments. Here we have chosen to modify an argument in [Kenig and
Merle 2011].

For 6, T;, C, M to be chosen and such that (1-11) holds we define

By := B(€([0, Ty, HH N D>~ W([0, Ti) N D >W ([0, T;]), 2C M),
By := B(S([0, T1]), 28), (2-1)
B':= B(%([0, T}], H'),2CM),

and
X :={(u,0u):ue€ B NB,, duehB}. (2-2)
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Let
cos (tDyug + D), / w (1u@)1P~ u)g(u D) dr
W (u, ou) := o . (2-3)
—Dsin (tD)ug + cos (tD)uy —/ cos (t—t')D (|u(t’)|p_1u(t/)g(|u(t’)|)) dr’
0

W maps X to X. Indeed, in view of (1-11), (1-20), and the fractional Leibnitz rule (1-28) applied to
ae{s,—% 2—1}and
Fu) = |ul”~ ug(|jul)

and by applying the multipliers D22 and D*~? to the Strichartz estimates with m = %, we have

oo, 7D
s —1 —1 2-1 -1
S H(MO’ MI)HI-NIZ(R3)XI-]1([R{3)+ ”DY” 2(|”|p ”g(|”|))”vi/([o,m)+ HD 2(|”|p ”g(|”|))”vi/([o,m)
_1 _1 -1
<CM+C(ID*2ullwqo.ziy + 1D~ 2 ullwo.zin) l1ull 0. 77y 8 el Low Lo g0.70)
<CM+ Q8P 'cecM)gCcM) (2-4)
for some C > 0 and
;1 —
leellsqo.mip =8 < [ D72 (lul P~ ug (uD) | 0.7,
_ _1 _
S lull§gonp 12 2ullwqonin gl Lo, mn) S (28)7' 2CM)ZQ2CM).  (2-5)
Choosing § = §(M) > 0 small enough we see that W(X) C X.

U is a contraction. Indeed we have

1 () — ¥ ()llx
<052 QulP g ul) = 1P 0g (WD) o,y + 1072 Qael? g ael) = 1017 08 (D) | 0.1
S (gUlullereqo.nn) + 8NVl rqo.m1))

x ((Ilullfé&&m) + 0l50.7) (12572 @ = ) lwao.my + 10272 (@ = v) lwao, )
(el 21y + 10150 7)) 14 — Vs,
x(1D°~2ullwqo.n + 1D* 2ullwqo.np + 1D~ 2vllwo.np + ||D2%v||w<[o,m>))
< (8CM)(28)P7" 4+ (28)P7*2C M) [lu — v]|x. (2-6)

In these computations, we applied the Leibnitz rule for differences to « € {s p— %, %} and

Fu) = ul”  ug(lul).

Therefore, if § = §(M) > 0 is small enough, W is a contraction.
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3. Proof of Proposition 1.8
To show Proposition 1.8, it is enough to prove that Q (/) < co. Without loss of generality we can assume
that A > 1. Then we divide I into subintervals (/;)1<;<y such that

n
g!/r=(2C) A)

lullscy = (3-1)

for some C 2 1 and n > 0 constants to be chosen later, except maybe the last one. Notice that such a
partition always exists since by (1-33) we get, for N := N (/) large enough,

N

N )N A
Z;>/ ;dx>f dy > [lul 28, (3-2)
P 8220 A) — )i gXHRO)*A) T~ Jaca  ygEY) S

We get, by a similar reasoning as used in Section 2

_1 — _1 —
QU1, u) S o, )l sy sy + | 072 (ul? ™ ug (D) |y g,y + 10772 (ul? ™ ug (D) |y 1,
_1 _1 —1
S A+ (1D 2ullway + 10> 2 ullway) lull§ e, g Uluell oo )
-1
S A+l U, wg(Qh, u)). (3-3)

We choose C to be equal to the constant determined by < in (3-3). Without loss of generality we can
assume that C > 1. By a continuity argument, iteration on i, we get, for n < 1, (1-34).

4. Proof of Proposition 1.9

To prove Proposition 1.9, we argue as follows: by time reversal symmetry it is enough to prove that
Ty g <00, If [|ull sty < 00 then we have Q([0, Ty ¢], u) < oo: this follows by slightly adapting
the proof of Proposition 1.8. Consequently, by the dominated convergence theorem, there would exist a
sequence f, — T4 ¢ such that [lullsy,.7, ) < & and ||D“1’_%u||W([tn,T+.g]) & § if n is large enough, with
8 defined in Proposition 1.2. But, by (1-19) and (1-20),

sin (t —t,) D

| cos ((t — 1) D)u(t,) + B — st 7 )

-1 _1
S Mullsqn.zop + leells gy, 7o 1P 2ullws, 7, 8 (QUO, T g uD)) K8, (4-1)
and consequently, by continuity, there would exist T > T, , such that

sin (t —t,)D
cos ((t—tn)D)u(tn)+T8,u(tn) <$é

S(ta, TD

) (4-2)

which would contradict the definition of 77 .

Remark 4.1. Notice that if we have the stronger bound || u | 5(1,,,, ,) < C WithC:=C (|| (o, up) |l 52 xﬁl) <
00, then not only Inax,¢ = (—00, +00) but also u scatters as + — Fo00. Indeed, by Proposition 1.9,
Imax,g =R. Then by time reversal symmetry it is enough to assume that  — 0o. Let v(7) := (u(¢), 0,u(t)).
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We are looking for vy o := (u+,o, u+,1) such that

[v@®) = K®)vro] g2y g1 — 0 4-3)

as t — oo. Here |
k)= (-oc ip  coerh D) (4-4)

We have |
= (gt oD

Notice that K ~'(¢) and K (¢) are bounded in H? x H'. Therefore it is enough to prove that K “THv()
has a limit as r — oo. But since K ~!(#)v(t) = (uo, u1) — K~1(t) (uni(t), d,un(t)) — where

to — "D
i (1) = — /0 % (1) 1P~ u () g (u()HD) di’

denotes the nonlinear part of the solution (1-12) — it suffices to prove that K~ (¢) (un(¢), ;uni(t)) has
a limit. But

|K = tDumt) — K ()um () | 72, 1
< |l un, Byum) ”L,°°1-12([t1,tz])><L§’°1:11([tl,tz])
< (D=2 (el ug ()l gy 1y + 1072 (el g () | gy ) (4-6)
S (10 2ullwann + 107720y o el & (el @)-

It remains to prove that Q (R) < oo in order to conclude that the Cauchy criterion is satisfied, which would

imply scattering. This follows from || || s(r) < 00 and a slight modification of the proof of Proposition 1.8.

5. Construction of the function g

In this section we prove Theorem 1.5. Let
Up(i) :={(T, (o, u1)): 0=<T <i, l(uo, u)ll o i1 <1i} (5-1)

As i ranges over {1, 2, ...} we construct, for each set Up(i), a function g; satisfying (1-2) and (1-10).
Moreover it is constant for large values of |x|. The function g; | depends on g;; the construction of g;
is made by induction on i. More precisely:

Lemma 5.1. Let A >> 1. There exist two sequences of numbers {C;};>o, {C }izo and a sequence of
Sunctions {g;}i>o such that, for all (T, (ug, u1)) € Up(i), we have

e 80:=1,Co:=0,C)=0;
e {Ci}is0 and {Cl.’}izo are positive, nondecreasing, and satisfy

ACl‘,1 < Cl/ < AC,’ (5-2)
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fori>1and

Ci>i; (5-3)
e g; is smooth, nondecreasing, and satisfies (1-2), (1-10),
C; 1

/ ———dt > 00 asi— 00, (5-4)

1 1g; (1)

and
—1(x])  if|x| < AC;_q,
gi(lxly = {1 (KD Tl = ACi (5-5)
1+ 1 lf|X| > Ci;

o the solution u; of the wave equation
i) — Dugiy = —lug 1P g gi (g ),
ugi(0) = ug € H?, (5-6)
3;14[,‘](0) =Ujc I‘I1

satisfies

max (J|ug | sq—iip || i 9rugin) ||LIOCFIZ([_T’T])XL?OI_}I([_T,T])) <Ci. (5-7)

We postpone the proof until page 212. Assume the lemma is true and let ¢ = lim;_, o, g;. Clearly
g is smooth; it satisfies (1-2) and (1-10). It also goes to infinity. Moreover let u be the solution of
(1-1) with g := g. We want to prove that the solution u exists for all time. Let 7y > 0 be a fixed time.
Let j := j(To, lluoll 52, llu1ll 1) > O be the smallest positive integer such that [Ty, To] C [—/, j] and

| (uo, u)ll g2y g1 < j. We claim that

G, 3l Lo o1y oy x Lo A1 (-5 75 = €5 and - ullsq-r. 7 = €

Indeed, let

Fj:= {t €0, j1: I(u, 8fu)”L?OI:IZ([—t,t])xL?OI-NII([—t,t]) < Cjand |lullsq-r.m < Cj}- (5-8)
We must show that F; coincides with [0, j]. Certainly F; is nonempty, since it contains 0; see (5-3).

F; is closed. Indeed, let 7 € F ;. There exists a sequence (t,),>1 in [0, j] such thatt, — 7, ||u||s(—1, 1)) <
Cj» and [[(u, 3i1) |l oo -, 1y x 1 (-1, = Cj- It is enough to prove that [|u|s_7.7 is finite and
then apply dominated convergence. There are two cases:

o If card{t, : t, <1} < oo, there exists ng large enough such that ¢, > f for n > ng and

lullsq—z.m < lullsq—t,.0,1) < 0. (5-9)
o If card{t, : t, <1} = 0o, we can assume by passing to a subsequence that 7, <7. Let no > 1 be fixed.
Since

sin (t—t,,) D
() < | @ltng), Baeta)) | oy g S Cjo (5-10)
S [ty 1)

we conclude from the dominated convergence theorem that there is n := n(ng) large enough that

cos (t —t,,) Du(ty,) +

sin (¢t — ;)

D
| cos (¢t — tny) Du(tn,) + D 3tu(fn0)||s([;,,l,f]) <3, (5-11)
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with § :=§(C ) defined in Proposition 1.2. Therefore, by Proposition 1.2, we have ||u/| S({t, 1) < OO

Similarly, ||u|| S(=F,—tn, 1) < OO Combining these inequalities with [|u| s+, 1, 1) < C;, we eventually

Iy
get |lull 7.7 < 00, as desired.

F; is open. Indeed, let 7 € F;. By Proposition 1.2 there exists o > 0 such that if t € (f—a, t+a)N[0, j] then
[—1, 1] C Imax,g and |lull Lo pooq—r,) S ||u||LocH2([ S S Cj. Also, by (5-7), [—t,t] C Imax,g;- In view of
these remarks, we conclude, after slightly adapting the proof of Proposition 1.8, that Q([—¢, ], u) S; 1
and Q([—¢, 1], u[j]) <j 1. We divide [—1, ¢] into a finite number of subintervals (1;);<x = ([a;, bi])1<i<k
that satisfy, for n < 1 to be defined later, the following properties:

. _1 _1 _1
(D) 1<i <k lluggllsan <0 lullsay <0, 1D 2uggllway <0 1D 2ullwey <0, 1D*2ullway <0,
_1
and || D> 2up; lway < 0.
. _1 _1
@) 1 <i <k Nugllsay =nor llullsay = n or D 2uyllway = n or |D* 2ullway = n or
_1 _1
ID* Zullwey = n, or ID* 2upyllwy) = n-

Notice that, by (1-2), we have

llg;(lul) — gj(|”[1]|)||L°°L°°(1) S llu _”[j]”L?"L,?O(I,-) S llu _”[j]”Lf"FIZ(I,-)' (5-12)

Consider w = u — - Applying the Leibnitz rules (1-28), (1-31), and (1-29), together with (5-12), we
have

oI, w)
<072 ul? @ — ) QD) | gy + 1027l @ = ) D) |y

_1 _ _ _1 _ _
[ D72 (el = gy 1P g QD || gy + 1 D772 Qul?™ et = g7~ g Qb gy

_1 _ _1 _
[ D2 (a7 gy (8 QD =8 Qg D) [y gy 1 D72 ey |7 g (g Qe = Qg D) [

S@- gj)(||u||L5>ogz(11))(||DS”_%MHW(II) + ||D2_%u||W(1.))||M||§(;ll)
o5l o ) (g0, + el ) D 2wy + 1022 wlhwary)
+ (g5 + lellso) lwllse
><(llDS”_quW(ll)-i-llDz_%ullwul)+||DS"_%M[]-]||W(11)+||D2_%”[j]||W(11)))
+ ||g;'(|u|)||L,°°L};C(11)(||Dsp7%u”W(11) + ||D27%M||W(I]))(||M||S(11) + ||”U]||5(112))”w||S(11)
+ [l el = &5 Ut D | oo poe sy 1D 22 lwary laagy 5

p—1 Sp—4% sp—+ s,—1
+ ”uL/']”S(Il) ||u[j]||L5>0[-12([1)(”w”L[OO[f[Z([l)(”D r 2M”W(Il) + ”D r 2“U]||W(11)) + ||D ! 2w||W(11))
S/ (CpmP~r o, wy + P71, w) + 0P QL w) + Cin? T (@, w) + QUL w)),  (5-13)

since, by choosing A large enough and by the construction of g, we have

(& — 8 Ulull oo g2 ,)) =0 (5-14)
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We conclude via a continuity argument that Q (I, w) =0, sou = upj; on I,. In particular, u(b;) = upj (by).
By iteration on i, it is not difficult to see that u = upj on [—t,t]. Hence (t —a,f +a) N[0, j]1 C F;, by
(5-7). Thus F; is open.

The upshot is that F; = [0, j], so [|ullsq-7, 7)) < C;. This proves global well-posedness. Moreover,
since j depends on T and || (ug, u1)|l g2, g1, we get (1-17).

Proof of Lemma 5.1. The proof extends to the end of the paper. We must establish a priori bounds.

Step 1: Construction of g;.

Basically, g; is a nonnegative function that increases and is equal to 2 for x large. Recall that [T, T] C
[—1,1] and |[(uo, u) |l g2, gn < 1. Let I C [T, T].

Observe that the point (co—, 34) 1= (%Ei 3+¢€) with € < 1 is 1-wave admissible.

We would like to chop I (satisfying || - [[ 13 (;) < 00) into subintervals I; such that || - |73 (s;) 1s as
small as wanted. Unfortunately this is impossible because the L°-norm is pathological. Instead we will
apply this process to || - || Lo L3 This creates slight variations almost everywhere in the process of the
construction of g;. Details with respect to these slight perturbations have been omitted for the sake of
readability: they are left to the reader, who should ignore the + and — signs at the first reading.

We define

X{):= D%—Svao—ij(l) ND2~SPW ()N SI) N LXH*(I) x L H ' (I). (5-15)

Let g; be a smooth function, defined on the set of nonnegative real numbers, nondecreasing, and such
that i; := g1 — 2 satisfies the following properties: #;(0) = —1, & is nondecreasing, and i (x) = 0 if
|x| > 1. It is not difficult to see that (1-2) and (1-10) are satisfied.

Observe that

I OIS —= (5-16)
x|~
and
R} () S —5 (5-17)
x| ="~
Let u;) and vyj) be solutions to the equations
Ayt — Aupy = —up 1P~ ugr (up ),
M[l](O) =Uug € Hz, (5—18)

8;14[1](0) =Ul € [‘}l

and
Bvpy — Aoy = =2 [opy|” ™ vy,
vy (0) = uyo, (5-19)
8[1)[1] (0) =Uuj.
Step 1a. We claim that [lvy|lx®) < oo. Indeed, since we assumed that Conjecture 1.1 is true, we can
divide R into subintervals (/; = [#;, tj41])1<j< such that

lvmllsa;y =n and  llvyllsa) <.
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with n < 1. Then

1
- -1
o llx e S 1 @mE). vm) | o @)oo @) + 12772 Qoml? o) |,

+1)
< [ m @), dvm @) | - + || D | o 1%,
S m @), v || gsp sy x oot w3) Vw1 NV S (1)

Sl llxay + 07 vwllx - (5-20)
Notice that I < 1: this follows from Conjecture 1.1, Condition 1.3 and the inequality

Il (uo, U1)||HSp(R3)X1-'1Sp*1(R3) < sup |[(u(1), atu(t))||HSp(R3)X1-'1Sp*1(R3) = Cz(ll(uo, ul)”]fﬂxﬁl)
t€lmax, g,

S (5-21)
following from Condition 1.3 and the assumption || (uo, u1)ll g2, 51 < 1. (At this stage, we only need
to know that ||(uo, u1) |l gsp ey x fror—1 w3 < (@0, )l g2, 1 < 1 and apply Conjecture 1.1. Therefore
the introduction of sup,.;

max,

" | (ut), O ()|l gsp (R3)x F°» 1 (R3) in (5-21) is redundant. This is done on
purpose. Indeed, we will use Condition 1.3 in other parts of the argument: see (5-33).)
Now by a standard continuity argument and iteration on j we have

lvmllxw S1 (5-22)

~

Step 1b. We control [luy — vy llx_7.77)> for 7 < 1 to be chosen later. By time reversal symmetry it is
enough to control |[u) — vyl x 0.7y~ To this end we consider wyy) := up; — vy We get

—1 —1
Orwin — Awp = —|wpy +vl?™ (v + wpy) g1 (v + wiy) + 2|17 v

Let n’ < 1. By (5-22), we can divide [0, 7] into subintervals (Jx = [t} ; +1D1<k<m that satisfy

1D 2 vl 3y =1 o 1D Zomllwesy =0 for I <k <m, (5-23)
1D Svpllwey < ' and D 2oyll ooy 3v gy <0 for 1 <k <m., 624
We have
lwillx e S | (win @), dwpy ) | Froe @y et gy T AL T Az,
where

1 - -

Ay = D72 2l P oy = 2lvp + win P @+ wim) L, (5-25)
_1 - _
Ay = D72 (hy (o + wi Doy +wi 1P~ o+ wi)) |3 '
LIL? (Js1)
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By the fractional Leibnitz rule applied to g (x) := lx|P~1xh(x), (5-16), (5-17), Sobolev embedding and
Holder in time we have

—1
Ay < | vy 4wl | L | D~ (ugy + wiy) | L L ()

p—1
ey _1
S v +wpl zp;u e D2 A wn) | e 3
L, ? (/k+1)
prl

U 2(v[l]+wm)HLoc Ly ST T DY Juy ”Lw LY (i)

ptl

- Pl ~ Hy
St T+ ey, - (5-26)

For A; we follow [Kenig and Merle 2011, p. 9]:

p—1 p—1 g —1
AL S (”U[l]”suk D + ”w[l]”S(Jk 1))”DYP 2wl w )
+ +
5L o1
(”U[U” SUn T llwi | S(]Hl))(”D[ Zup | W T | D%~ 2wy ”W(Jk+1))||w[1]||5(fk+l>
-1 -2 2 -1
S P wmllx e + lwmllg g, + P lwmlix g, + 1 lwnl o, (5-27)

This follows from (1-31) and (1-27). Therefore we have

N Bt
lwimllx e S lwmllxao + @) 2 "1+ tllwllix,, )

+ D" wimllx e + ol g, + 0P lwmllF g, + 7 el g, - (5-28)
Let C be the constant determined by (5-28). By induction, we have
lwmllx ey < RO, (5-29)
provided that for 1 <k <m — 1 we have
PN L k7
C(n) = i« CROT,
N Pt N
Ci(QOM) 7 " < O,
CHP 1O « C20) T,

(5-30)
C (2O’ <« cof,
C)P2 (RO’ « COM,
7 (RO < ceoyk.
These inequalities are satisfied if n’ < 1 and
i<l (5-31)

since k <m — 1 and, by (5-22), m < 1. We conclude that

lwllx o7y S 1- (5-32)



A REMARK ON BARELY H*P-SUPERCRITICAL WAVE EQUATIONS 215

Step 1c. We control |[ujy||x(-r,77)- By time reversal symmetry, it is enough to control |[uyll xo,77)-
Recall that T < 1. We chop T < 1 into subintervals (Ji = [ay', bi'])1<x'<p such that | Jy| =7 for 1 <k’ <!’
and |Jy| <. Notice that, by Condition 1.3, we have

I (u(ax), atu(ak/))||[~.]5P([R3)><HSI’*1([R3) =< fup [ (u(t), atu(t))||HSp([Ra3)><HSp*'(R3)
te max,g|

< Co (I1uo, uD) | oy 1) S 1. (5-33)

taking advantage of the assumption ||(uo, u1)|| 32, 51 < 1. For each k' let vy; x| be the solution of

vpiky — Avpey = —lvpa P o e,
vk (ak) = upn(ar), (5-34)
0rvp1 ke (ak) = drupy(ar);
in particular, v[j x; = vyi;. By slightly modifying the proof of Step 1b and letting vj; 4] play the role of
vy, this leads, by (5-33), to
lvpallxw S1 (5-35)
and
lwi s llxoy ST, (5-36)

with wyy k) = upy — vp1xq. Therefore [lupyllx ) S 1, and summing over Jir we have
lupllxqo,rpy S 1. (5-37)
Step 1d. We control || (uy, atu[l])||L?oﬁz([_lJDXL?OI;,I([_MD and ||upllsq—1.17). We get from (5-37)
lumllsq-1,1p S 1- (5-38)

To conclude Step 1: By Proposition 1.8 and (5-38) we have

Il Gy alu[l])||L,°°I-12([71,1])><L,°°ﬁ‘([71,l]) S1 (5-39)
Therefore
max ([lumllsq=1,1p, e, at”m)||L;>°F12([—1,1])XL;>°1511([_1,1])) <. (5-40)

We let C| in the statement of Lemma 5.1 be equal to 1. We can assume without the loss of generality
that the constant implicit in < in (5-40) is larger than 1; let C; in the statement of Lemma 5.1 be this
constant. Then Ci and C| satisfy (5-2) and (5-3).

Step 2: Construction of g; from g;_;.

Recall that [-T, T] C [—i, i] and |[(uo, u1)|l g2, 51 < i. In view of (5-5) it is enough to construct g;
for [x| > AC;_;. Itis clear that, by choosing C; large enough, we can construct find a function g; defined
on [AC;_;, C[] such that g;, defined by

gi—1(x) if x| < AC;_y,
gi(x):=q18x) ifC/>|x|>ACi_, (5-41)
i+1  iffx|>C
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is smooth and slowly increasing; also it satisfies (1-2), (1-10), and

[
dy > i. (5-42)
AC_, Y&H(Y)

It remains to determine C; in the statement of Lemma 5.1. To do that we slightly modify the reasoning

in Step 1.
We sketch the argument. Let 4; (x) := g;(x) — (i+1). Then h;(x) = 0 if |x| > C]. It is not difficult to
see that

—_—

|hi (O] Si —=—» (5-43)
x| = F
, 1
e P — (5-44)
x| = F
Let u[;1 and vy;) be the solutions of the equations
iy — Dy = —lug| P~ ugingi (ug ),
u[,-](O) = uy, (5—45)

Orupi1(0) == uy
and
dvpiy — Avgy = — (@ + Dl P~ oy,
vyi1(0) == uo, (5-46)
9 v;1(0) :=uy
Step 2a. We have
v llx® Si 1, (5-47)

by adapting the proof of Step la. Notice, in particular, that we can use Conjecture 1.1 and control
lviiyll sw) since wy;y == (i + l)ﬁv[i] satisfies 9y, wyi) — Awyy = —|wi [P~ wp.

Step 2b. We have |lug;) — vyijllx 0.7y Si 1 for 7 < 1, by adapting the proof of Step 1b. The dependance
on i basically comes from (5-43), (5-44) and (5-46).

Step 2c. We prove that [lupllx(—7,7)) Sip 1. By time reversal symmetry, it is enough to control
llueiill x qo,77. Recall that T < i. We chop [0, T'] into subintervals (Jy = [ax, bi'])1<k'< such that
|Jw| =1 for 1 <k’ <!’ and |Jy| <1 (with f defined in Step 2b). By Condition 1.3 and the assumption
| wo, u)ll g2, g1 <1, we have

Il Gy (arr), Bruegiy (@) | gop oy w o1y < SUP- || iy (@), af”[i](t))HHSp(W)fop*l(R»*) Silo (5-48)

te max, g;

We introduce
e vii k) — Aviik) = — (i + D P~ g,
vk (ar) = up(ar), (5-49)
0rvpi k1 (ar) = Opuy(ax’)



A REMARK ON BARELY H*P-SUPERCRITICAL WAVE EQUATIONS 217

and, by using (5-48), we can prove that
Nwiillsq—iip Si 1. (5-50)

Step 2d. By using Proposition 1.8 and (5-50) we get

max (llugils—r,ips 1, Sl Lo o ipwre i qoiin) Si 1 (5-51)

We can assume without loss of generality that the constant implicit in < is larger than i and C;. Let C;
be this constant; (5-2) and (5-3) are satisfied.
This concludes Step 2, and the proof of Lemma 5.1. O
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