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A REMARK ON BARELY H*®’-SUPERCRITICAL WAVE EQUATIONS

TRISTAN ROY

We prove that a good H*» critical theory for the 3D wave equation d,u — Au = —|u|”~'u can be
extended to prove global well-posedness of smooth solutions of at least one 3D barely H*»-supercritical
wave equation d,,u — Au = —|u|P~'ug(|u]), with g growing slowly to infinity, provided that a Kenig-
Merle type condition is satisfied. This result is related to those obtained by Tao and the author for the
particular case s, = 1, showing global regularity for g growing logarithmically with radial data and for

g growing doubly logarithmically with general data.

1. Introduction

For fixed p > 3, let H? := H>(R) N H*(R%) and H' := H'(R*) N H*»~'(R?), where s, :=

We consider the wave equation
Ot — Au = —|”|p_1”g(|’4|),
u(0) :=ug € H?,
du0) :=u € H',

p—1

[NSFRON)

1-1)

where u : R x R* — C is a complex-valued scalar field and g is a smooth, real-valued positive function

defined on the set of nonnegative numbers and satisfying
1
0<g() <~
X

This condition says that g grows more slowly than any positive power of u.

(1-2)

We shall see that (1-1) has many connections with the defocusing power-type wave equation

e — Au = —|u|Pu,

u(0) :=ug € H (R%),

du(0) :=u; € H» ' (R%).
It is known that if u satisfies (1-3), then u, defined by

) 1 t x
Mk(t, -x) = )\‘2/(1)_1)” (Xs X) )

satisfies the same equation, but with data

1 X 1
M}L(O, X) = muo <x> and 8,1“(0, X) =
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Notice that (1-3) is H*» (R?) critical, which means that the H*» (R3) x H*»~1(R3)-norm of («(0), 3,u(0))
is invariant under the scaling defined above.

We recall the local existence theory. From [Ginibre and Velo 1989; Lindblad and Sogge 1995], we
know that there exists a positive constant § := 8(||(u0, wi) |l gsp R x I_’pr—l(R3)) > (0 and a time of local
existence 7; > 0 such that if

sin (1 D)

tD
cos (tD)ug + D

< (1-5)

L7V L3P0, 111 R3)

then there exists a unique solution (u, d;u) in
€ ([0. 771, A ®))NL7P~VL2P=D([0, T x RN DI~ LILA([0, Ti x RY) x 6 ([0, i1, H* ' (R?))
of (1-3)! in the integral equation sense, i.e., u satisfies the Duhamel formula

sin (1 D) /‘t sin(t —t")D
u [e— —
1 A D

u(t) := cos (t D)ug + (lulP~'u) (') ar'. (1-6)

It follows that we can define a maximal time interval of existence Iy.x = (—7—, T+). Moreover,
_1
||M||L?(p—l>L§(p—l>(J) <oo, |[D% 2”||L;‘L§(j) <oo, and |(u, 8tu)||L[°01-'1prL§>°HSp*1(J) <X

for any compact subinterval J C Ijn,x. See [Kenig and Merle 2006] or [Tao 2006a] for more explanations.
Now we turn to the global well-posedness theory of “(1-3)”. In view of the local well-posedness
theory, one can prove (see [Kenig and Merle 2011] and references), after some effort, that it is enough

to find a finite upper bound of | u|| 120-D) [ 2-1) on arbitrary long time intervals 7, and, if this is the
t X

(IxR3)
case, then the solution scatters to a solution of the linear wave equation. No blow-up has been observed

for (1-3). Therefore it is believed that the following scattering conjecture is true:

Conjecture 1.1 (scattering conjecture). Assume that u is the solution of (1-3) with data (ug, u;) €
Hsr (R3) x Hsr—! (R3). Then u exists for all time t and there exists Cy := C; (|| (uo, uy) ||H.r1,(R3)Xpr_| (R3))
such that

leell 20— 200 g g3y < C1- (1-7)
The case s, = 1 (equivalently, p = 5) is particular. Indeed the solution
(u, du) € 6([0, T;1, H'(R)) x 6([0, T], L*(RY))

satisfies the conservation of the energy E(¢) defined by

1 1 1
E(t) ::—/ |8tu(t,x)|2dx+—/ |Vu(t,x)|2dx+—f lul®(z, x) dx. (1-8)
2 R3 2 R3 6 R3

IThe Ltz(‘"_l)Li(p_l)(R x R3)-norm of u is invariant under the scaling (1-4). The choice of the space L,z(p_l)L)ZC(p_l)

in which we place the solution u is not unique. There exists an infinite number of spaces of the form L? L', scale invariant in
which we can establish a local well-posedness theory.
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In other words, E(t) = E(0). This is why this equation is often called energy-critical: the exponent
sp = 1 corresponds precisely to the minimal regularity required for (1-8) to be defined. The global well-
posedness of (1-8) in the energy class and in higher regularity spaces is now understood. Rauch [1981]
proved the global existence of smooth solutions of this equation with small data. Struwe [1988] showed
that the result still holds for large data but with the additional assumption of spherical symmetry of the
data. The general case (large data, no symmetry assumption) was finally settled by Grillakis [1990; 1992].
Shatah and Struwe [1994] and independently Kapitanski [1994] proved global existence of solutions in
the energy class. Bahouri and Gérard [1999] reproved this result by using a compactness method and
results from Bahouri and Shatah [1998]. In particular, they showed that the L,Z(S_I)L)ZC(S_I) (R x R3)-norm
of the solution is bounded by an unspecified finite quantity. Lately Tao [2006b] found an exponential
tower type bound of this norm. All these proofs of global existence of solutions of the energy-critical
wave equation have as a common key point the conservation of energy, which leads, in particular, to the
control of the H' x L?-norm of the solution Qu(t), u(t)).

If s, < 1, or equivalently, p < 5, we are in the energy-subcritical equation. The scattering conjecture
is an open problem. Nevertheless, some partial results are known if we consider the same problem (1-3),
but with data (ug, uy) € HS x H*~!, s » <. More precisely, it is proved in [Kenig et al. 2000; Gallagher
and Planchon 2003; Bahouri and Chemin 2006; Roy 2007; Roy 2009a] that there exists sg := so(p) such
that s, < so < I and such that (1-3) is globally well-posed in H* x H*™!, for s > 5.

If s, > 1, or, equivalently, p > 5, we are in the energy-supercritical regime. The global behavior of
the solution is, in this regime, very poorly understood. Indeed, following the theory of the energy-critical
wave equation, the first step would be to prove that the H*» x H*»~!-norm of the solution is bounded for
all time by a finite quantity depending only on the H*» x H*»~!-norm of the initial data. Unfortunately,
the control of this norm is a very challenging problem, since there are no known conservation laws in
high regularity Sobolev spaces. Kenig and Merle [2011] recently proved, at least for radial data, that this
step would be the last, by using their concentration compactness/rigidity theorem method [Kenig and

Merle 2006]. More precisely, they showed that if sup,.; [[(u(?), a,u(t))||HSP(R3)XHX,,71(R3) < 00, then

Conjecture 1.1 is true. "

As mentioned before, the energy supercritical regime is almost terra incognita. Nevertheless, Tao
[2007] observed that the technology used to prove global well-posedness of smooth solutions of (1-3)
can be extended, after some effort, to some equations of the type (1-1), with p =5 and radial data. More
precisely, he proved global regularity of (1-1) with g(x) :=log (2 + x?). This phenomenon, in fact, does
not depend on the symmetry of the data: it was proved in [Roy 2009b] that there exists a unique global
smooth solution of (1-1) with g(x) :=log®log (10 +x2) and 0 < ¢ < %

Equations of the type (1-1) are called barely H*r-supercritical wave equations. Indeed, the condition
(1-2) basically says that for every € > 0, there exist two constants c; := c{(p) and ¢, := c2(p, €) such

that
c1(p) < g(lul) < ca(p, €)lul®  for |ul large. (1-9)

Since the critical exponent of the equation d,,u — Au = —|u [P+ is s p+e =S+ O(€), the nonlinearity
of (1-1) is barely H*»-supercritical.
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The goal of this paper is to check that this phenomenon, observed for s, =1, still holds for other values
of s,. The standard local well-posedness theory shows us that it is enough to control the pointwise-in-
time H2 x H'-norm of the solution. In this paper, we will use an alternative local well-posedness theory.
We shall prove:

Proposition 1.2 (local existence for barely H Sr-supercritical wave equation). Assume that g satisfies
(1-2) and

1
§'x)=0 (—2) : (1-10)
X
Let M be such that || (uo, u1)ll g2, g1 < M. Then there exists § := §(M) > 0 small such that, if T; satisfies
sintD
cos (tD)ug + uy <, (1-11)
L2070 207D (0, 77 B3

then there exists a unique (u, o;u) in
©([0, 751, A2)NL;P"VL2PD(j0, T)ND S LILA([0, Ti)NDI2LILA([0, Ti]) x6((0. 1), A')

that solves (1-1) in the integral equation sense; i.e., u satisfies the Duhamel formula

sintD /" sin(t —t")D
u — —
1 ; D

u(r) == cos (tD)ug + (lu@) 1P~ u)g(lu@))) ar'. (1-12)

Notice the many similarities between Proposition 1.2 and the local well-posedness theory for (1-3).
This allows us to define a maximum time interval of existence Inax,¢ = [—7- ¢, T4 ] such that, for
any compact subinterval J C Inax, ¢, the quantities

_1 21
”M”L?(P*UL%(P*I)(J), ”DSp zu”L?Li(])’ ”D zu”L;‘Li(‘])’ ||(M’8[M)||L,OOI‘~12(])><L?OI‘}](J)

are all finite. Again, see [Kenig and Merle 2006] or [Tao 2006a] for more explanations.

Now we set up the problem. In view of the comments above for 5, = 1, we need to make two assump-
tions. First we will work with a “good” H*»(R3) theory: therefore we will assume that Conjecture 1.1
is true. Then, we also would like to work with H*» (R?) x H sr~1(R3) bounded solutions (u(t), d,u(t));
more precisely, we will assume this:

Condition 1.3 (of Kenig—Merle type). Let g be a function that satisfies (1-2) and that is constant for x
large. Then there exists Cy .= Cz(ll(uo, ull oy s g) such that

sup || (), (D)) Il zor oy oo @y < Ca- (1-13)

t€Imax, g

Remark 1.4. In the particular case s, = 1, it is not difficult to see that Condition 1.3 is satisfied. Indeed,
u satisfies the energy conservation law

Ey(t) = % /W(atu(t, x))2 dx + % /R3 IVu(r, x)|* dx —i—/R3 Fu(t,x),u(t,x))dx, (1-14)
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with
1 1
F(z,Z)=|z|5+1/ t° Re (g(t]z])) dt=|z|5+1f 1 g(tlz]) dt. (1-15)
0 0
Since g is bounded, we have |F(z, 2)| < |z]. By using the Sobolev embeddings ||M0||Lg S lluoll 52

and |[u(t)|| L S llu(®)|l g2, we easily conclude that Condition 1.3 holds. The energy conservation law
was often in [Tao 2007; Roy 2009b].

Here is the main result of this paper:
Theorem 1.5. Let p be fixed.
(1) There exists a function g satisfying (1-2) and
Jlim g(x) = o0 (1-16)

and such that the solution of (1-1) (with g := g) exists for all time, provided that the scattering
conjecture and Condition 1.3 are satisfied.

(2) There exists a function f depending on T and ||(uo, u1) || g2, 1 such that
”u”L?QI:IZ([—T,T]) + ”atu”L?ogl([_T,T]) = f(Ts Il (uo, M1||)gzxg1). (1-17)

Theorem 1.5 shows that a “good” H S (R3) theory for (1-3) can be extended, at least, to one barely
H*» (R3)-supercritical equation, with § going to infinity.
Remark 1.6. Apart from its dependence on p, the function g is universal: it does not depend on an

upper bound of the initial data. Moreover, g is unbounded: it goes to infinity with as x.

Remark 1.7. In fact, Theorem 1.5 holds for a weaker version of Condition 1.3: there exists a function
C such that for all subinterval I C Iyax,g

sup | (@), 3t () | gop sy v 1 @3y < C20 (1-18)
tel

with C; := Co(I|(uo, u)ll g25 1+ & |I1). See the proof of Theorem 1.5 and, in particular, (5-21), (5-33)
and (5-48).

We recall some basic properties and estimates. If 79 € [#1, 1], if F' € L? Li([tl, 1)) and if (u, o;u) €
C([t1. ], H™(R3))xC([t1, ], H" 1 (RY)) satisfy

sintD /’ sin(t —t")D
u— | ———
Iy

D F("dr, (1-19)

u(t): cos(D)ug+

with data (u(zp), d,u(ty)) € H m(R3) x H™! (R3), then we have the Strichartz estimates [Ginibre and
Velo 1995; Lindblad and Sogge 1995]

Neell 2 1y 001y + Nl oo ey 1y, 17y + 100t Lo Frm1 w3y 114, )
S (o), 3u(to)) Il gm gy x frm—1 w3y + ||F||L5§L§_([,l’,2])- (1-20)



204 TRISTAN ROY

Here (g, r) is m-wave admissible, i.e.,

(g,r) € (2,00] x [2,00] and l+§=§—m; (1-21)
qg r 2
moreover,
1 3 1 3
—F+-=<-+--2 (1-22)
q r q T

We set some notation that will appear throughout the paper.

We write A < B if there exists a universal nonnegative constant C’ > 0 such that A < C’'B. The
notation A = O(B) means A < B. More generally, we write A <,,. 4, B if there exists a nonnegative
constant C' = C(ay, ..., a,) such that A < C’B. We say that C” is the constant determined by < in
A Zq,....a, B if C” is the smallest possible C’ such that A < C'B. We write A <, .4, B if there exists
a universal small nonnegative constant c =c(ay, ..., a,) such that A < ¢B. Following [Kenig and Merle

2011], we define, on an interval /,

lullsay := Null 200 2004y, Mullway = Nullggraay  Nullyg) = IIMIIL[ng%U) (1-23)
We also define the quantity
Q. u) = 1 D 2ullway + 1D 2ullway + el o gy + 12l o 1 (1-24)
Let X be a Banach space and r > 0. Then

BX,r):={feX:|flx=r} (1-25)

We recall also the well-known Sobolev embeddings. We have
1l Lo sy S IR 2 (1-26)
Ihllsa) S ”DSP_;hHLg@1>sz(§_5) " (1-27)

We shall combine (1-27) with the Strichartz estimates, since (2( p—1), 62(£ :;)) is %— wave admissible.

We also recall some Leibnitz rules [Christ and Weinstein 1991; Kenig et al. 1993]. We have

1 D% F@)ll o101y S NE @)l g 1 gy 1 D¥ull o2 2. (1-28)
with « > 0, r, ry, rp lying in [1, 00], é: qil—i—q—lf and % :%—1—%.

The Leibnitz rule for products is

||Da(uv)||L;1L§([) S ”Dal't”L;“L;' (])”U”L;UL;Z(]) + ||Dau||L;13L;3(1)||U||L;14L;4(1), (1'29)
: o 1_ 1,1 1_ 1,1 1_ 1,1 ,ql_ 1,1
with « > 0, r, ry, rp lying in [1, 00], = —|—q2, 1= % +q4’ F = —i—rz,and y =1 +r4.

If F € C?, we can write

1
F(x)—F(y):f F/(tx—i-(l—t)y)(x—y)dt. (1-30)
0
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By using (1-28) and (1-29) the Leibnitz rule for differences can be formulated as
||D(¥(F(u) - F(U))”LfL;(I) g sup ”F/(tu +(1—- t)v)”L;’lL;l ) ”Da(u - v)”L?ZL?(I)

+ sup ||F”<m+<1—t)v)|| Ly (||D°’

v D g o Wu—=vll oo, (1-31)
1€0.1] L?ZLEU)) LAL3)

’
”Li’zLﬁ(l)

. . 1,1 1_ 1, 1,1 . 21_1,1,1

witha >0, r1, ra, 1, r, 3 lying in [1, 0], c= 4, =45, = tgtpands=gti4o
We shall apply these formulas to several formulas of F (), and, in particular, to F () := |u|? " ug(|u|).

Notice that, by (1-2) and (1-10), we have F’(x) ~ |x|?~!g(|x]) and F”(x) ~ |x|?~2g(|x|). Notice also

that, by (1-2) again, we have, for ¢ € [0, 1],

g (Itx + (1 —0y)) < g @max (x|, [y)) < g(max (|x], [y]) +1log2) < g(Ix) +g(yD- (1-32)

This will allow us to estimate easily

sup || F'(tu+ (1 — DV)llngng, and  sup |F"(tu+ (1 — DO o 71 -
1€[0,1] 1€[0,1]
Now we explain the main ideas of this paper. We shall prove, in Section 3, that very many values
functions g, a special property for the solution of (1-1) holds.

Proposition 1.8 (control of S(/)-norm and of norm of initial data imply control of L{® H 2(I) % L?OI:I (D
norm). Let I be a compact subinterval of Inax g (so ||ullsiy < 00) and assume that 0 € I. Assume that g

satisfies (1-2), (1-10) and®
o0
1
f dy = oo. (1-33)
1

yg*(y)
Let A > 0 such that || (uo, u1) || g2, g1 < A. Let u be the solution of (1-1). There exists a constant C > 0
such that

G, B0 oo oy e i 1y < RON A, (1-34)
with N := N(I), such that
/(2C)NA 2o
dy > |lul| : (1-35)
wca Y8E(Y) S(l)

Moreover we shall give a criterion of global well-posedness (proved in Section 4):

Proposition 1.9 (criterion of global well-posedness). Assume that |Inax, ¢| < 00. Assume that g satisfies
(1-2), (1-10) and (1-33). Then
611 S (fypa.o) = O©- (1-36)

The first step is to prove global well-posedness of (1-1), with g := g; a nondecreasing function that is
constant for x large (say x > C{, with C| to be determined). By Proposition 1.9, it is enough to find an
upper bound of the S([—7, T])-norm of the solution u[ for T" arbitrarily large. This can indeed be done,
by proving that g; can be considered as a subcritical perturbation of the nonlinearity. In other words,
g1 (Ju])|u|?~ u will play the same role as that of |u|?~'u(1—|u|~%) for some « > 0. Once we have noticed

2Condition (1-33) basically says that g grows slowly on average.
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that this comparison is possible, we shall estimate the relevant norms (in particular, |lu;||sq—r,77))) using
perturbation theory, Conjecture 1.1 and Condition 1.3, in the spirit of [Zhang 2006]. We expect to find
a bound of the form

lumllsq—7.7p < C3(I1 o, u)ll g2y s T), (1-37)

with C3 increasing as T or |[(uo, u1)ll g2, g1 grows. Notice that if we restrict [T, T'] to the interval
[—1, 1] and if the H? x H'-norm of the initial data (ug, u1) is bounded by 1, then we can prove, using
(1-37), (1-26) and Proposition 1.8, that the Ly°L°([—T, T])-norm of the solution u[;) is bounded by
a constant (denoted by C;) on [—1, 1]. Therefore, if 4 is a smooth extension of g; outside [0, C],
and if u is the solution of (1-1) (with g := h), we expect to prove that u = upj on [—1, 1] and for data
| (o, u1)ll g2, g1 < 1. This implies in particular, by (1-37), that we have a finite upper bound ||u||s(—1,1))-

We are not done yet. There are two problems. First, g; does not go to infinity. Second, we only
control [ullsq—1,17) for data |[(uo, u1)ll g2, 51 < 1: we would like to control ||u| s, for arbitrary data.
In order to overcome these difficulties we iterate the procedure described above. More precisely, given a
function g;_; that is constant for x > C;_; and such that u[; 1}, a solution of (1-1) with g = g;_1, satisfies
||l/t[l',1]||S([,(l',1),,'71]) < 00, we construct a function g; that

« is an extension of g;_; outside [0, C;_;], and

e is increasing and constant (say equal to i 4+ 1) for x > C;, with C; to be determined.

Again, we shall prove that the g; may be regarded as a subcritical perturbation of the nonlinearity
(i+1)|u|P~'u. This allow us to control ||u;| s(—i.i})» by using perturbation theory, Conjecture 1.1, and
Condition 1.3. Using Proposition 1.8 and (1-26), we can find a finite upper bound for [|u;)|| Lo L0 ([ —i,i1)-
We assign the value of this upper bound to C;. To conclude the argument we let g = lim;_, » g;. Given
T >0, wecan find a j such that [T, T] C [—j, j] and || (uo, u1)|l g2, g1 < j. We prove that u = U on
[—J, j], where u is a solution of (1-1) with g := g. Since we have a finite upper bound of ””L/’] lsa—j.i1n»
we also control [|u||sq—;, ;1 and |[ullsq—7,77)- Theorem 1.5 follows from Proposition 1.9.

2. Proof of Proposition 1.2

In this section we prove Proposition 1.2 for barely H*»(R?)-supercritical wave equations (1-1). The
proof is based upon standard arguments. Here we have chosen to modify an argument in [Kenig and
Merle 2011].

For §, T;, C, M to be chosen and such that (1-11) holds we define

By == B(%([0, T, H>) N D>~ W([0, ;) N D>>W ([0, Ti]), 2C M),
B, := B(S([0, T;]), 26), -1
B :=B(%([0, 7,1, H"),2CM),

and
X :={(u,0u):ue€ B NBy, duehB}. (2-2)
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Let

cos (¢ Dyug + D) / w ()P~ g (D)) d
W (u, oiu) := 0 t . (2-3)

—Dsin (tD)ug + cos (tD)u; — / cos (t—t")D (lu()P  u)g(u ")) dt’
0

W maps X to X. Indeed, in view of (1-11), (1-20), and the fractional Leibnitz rule (1-28) applied to
aels,—1 2—1}and

F(u) = lul”~ ug(u))
and by applying the multipliers D2 and D*~2 to the Strichartz estimates with m = %, we have

o([0, 71])
S ” (uo, ”l)HH2(R3)xHI(R3) + H DS')_%(|”|p_l”g(|u|))”W([O,T,]) + ‘\Dz_%(|”|p_1”g(|”|)) ”W([O,T,])

< CM+C(ID* 2 ullwqo.my + 1 D> 2ullwao.n) el 50, 7y & el 232 0. 1)
<CM+ Q8P 'ccM)g2CM) (2-4)
for some C > 0 and
lullsonn — 8 < [ D~ (11"~ ug (D) | 0.1,
S ullfgo 7 1D 2 ullwao 1 gl Lo ) S R8P RCM)IGRCM).  (2-5)

Choosing § = §(M) > 0 small enough we see that W(X) C X.

W is a contraction. Indeed we have

W () — W )|x
<102 Gl uguel) — 117~ 0g () [ o,y + 1032 Qael? g ael) = 1017 08 (WD) o,
< (g Ulull e reeqo.nn) + &IVl L qo.1))

) ((”MII‘;’(‘[&ED + 10150 7)) (12572 e = ) lwego.7iy + 110772 (= v) lwto. )
(g 71y + 101 50 7p) 1 = vllso.n)
X(lIDS"%MllW([o,Tl]) + ||D27%M||W([O,T1]) + ||Ds”7%v||w<[o,m) + IIDZ;UHW([O,T[])))
< (sCM)(28)P 7 + (28)P7*2C M) [lu — v]|x. (2-6)

2— }and

In these computations, we applied the Leibnitz rule for differences to o € {s p— %,
F () = |ul"" ug (|ul).

Therefore, if § = §(M) > 0 is small enough, WV is a contraction.
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3. Proof of Proposition 1.8
To show Proposition 1.8, it is enough to prove that Q (/) < co. Without loss of generality we can assume
that A > 1. Then we divide [ into subintervals (/;)1<;<y such that

n
g!/r=h(2C) A)

Nullsay = (3-1)

for some C 2 1 and n > 0 constants to be chosen later, except maybe the last one. Notice that such a
partition always exists since by (1-33) we get, for N := N (/) large enough,

N QCO)NA

N
S L Zf 1 de/
g2((20)A) 7 Ji g2((20)*A) w0 ¥&A(Y)

i=1

2(p—1
dy > |lulgh " (3-2)

We get, by a similar reasoning as used in Section 2

_1 _ _1 _
O, w) S Nl os )|l gy sy + 10772 (el ug (uD) |y g,y + 10772 (ul?™ ug Qud) |1,
o1 _1 -1
SA+(ID% 2ullw,) + | D? 2”||W(11))”M||§(1])g(||”||L,°°L§°(11))
—1
S A+ ull§g,, QU1 w)g(Q(I, u). (3-3)

We choose C to be equal to the constant determined by < in (3-3). Without loss of generality we can
assume that C > 1. By a continuity argument, iteration on i, we get, for n < 1, (1-34).

4. Proof of Proposition 1.9

To prove Proposition 1.9, we argue as follows: by time reversal symmetry it is enough to prove that
Ty g <00, If [|ull sty < 00 then we have Q([0, Ty ¢], u) < oo: this follows by slightly adapting
the proof of Proposition 1.8. Consequently, by the dominated convergence theorem, there would exist a
sequence f, — T4 ¢ such that [|u||s(q,.7, 1) < 6 and ||DSP*%u||W([tmT+,g]) < 6 if n is large enough, with
8 defined in Proposition 1.2. But, by (1-19) and (1-20),

umua—mDmm»+95%¥QQ

—1 _1
S ullsn. o + lellSq,, 7 1P 2ullwe,. 7, 8(QUO, Th g ul)) K8, (4-1)

ULl S({t,. Ty D)

and consequently, by continuity, there would exist T > T, , such that

sin (t —t,)D
cos ((t —t,)D)u(t,) + Tatu(tn) <$é

S(ta, T1)

: (4-2)

which would contradict the definition of 77 ,.

Remark 4.1. Notice that if we have the stronger bound |[u || s/, ) < C With C :=C (|[(uo, u1) | oy 1) <
00, then not only Iyax,¢ = (—00, +00) but also u scatters as + — Fo00. Indeed, by Proposition 1.9,
I'max,g =R. Then by time reversal symmetry it is enough to assume that  — oo. Let v(z) := (u(z), 0,u(1)).
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We are looking for vy o := (u+’0, u+’1) such that

|v@) = K@©)va o] gogi — 0 4-3)
as t — 00. Here
L costD (sintD)/D i
K@) = (—D sintD  costD > 44

We have

~1,,,_ [ costD —(sintD)/D i
K (t)_(DsintD costD )~ (4-5)

Notice that K ~'(¢) and K (¢) are bounded in H? x H'. Therefore it is enough to prove that K “LH)v(r)
has a limit as r — oo. But since K~ (1)v(r) = (ug, u1) — K=" (¢) (uni(t), d,un(t)) — where

tsin(f — D
un(t) = — fo DL ey g ) di

denotes the nonlinear part of the solution (1-12) — it suffices to prove that K =1 (¢) (un(¢), 8;un(¢)) has
a limit. But

IK~ tD)um(t) — K @um (@) || g2 1
S [ Gann, By | L& A2t x L A ([11.121)
_1 _ _1 _
S (D=2 (Al g (D) gy oy + 1072 el ag (D) | 1, 1)) (46
-1

S (10 2ullwan o + 107720y o) el 8 (Il @)-

It remains to prove that Q (R) < oo in order to conclude that the Cauchy criterion is satisfied, which would
imply scattering. This follows from ||u|| sr) < 0o and a slight modification of the proof of Proposition 1.8.

5. Construction of the function g

In this section we prove Theorem 1.5. Let

Up(i) = {(T, (o, un)): O < T <i, [[(uo, un)ll o, jn <i) (5-1)

As i ranges over {1, 2, ...} we construct, for each set Up(i), a function g; satisfying (1-2) and (1-10).
Moreover it is constant for large values of |x|. The function g;;; depends on g;; the construction of g;
is made by induction on i. More precisely:

Lemma 5.1. Let A > 1. There exist two sequences of numbers {C;}i>o, {le}l.ZO and a sequence of
Sunctions {g;}i>o such that, for all (T, (ug, u1)) € Up(i), we have

e go:=1,Cp:=0, C(/):O;
e {Ci}is0 and {Cf}izo are positive, nondecreasing, and satisfy

AC,',I < Cl/ < ACZ' (5-2)
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fori>1and

Ci>1i; (5-3)
e g; is smooth, nondecreasing, and satisfies (1-2), (1-10),
(o 1
/ s—dt — 00 asi— oo, (5-4)
1 tg,' (t)
and "
i—1(lx]) if x| < ACi—y,
gillx) = 1% . (5-5)
i+1 if |x| = Cj;
e the solution uy;) of the wave equation
Apeugiy — Augiy = —lugy P~ g gi (lug D),
u[i](O) =Ug € Hz, (5-6)

8;1/![,‘](0) =uj e 1:11
satisfies

max ([lugillsq—iip- || (epiy Orugi) HL?OFIZ([_T’T])XL?O[_}I([_T7T])) <Ci. (5-7)
We postpone the proof until page 212. Assume the lemma is true and let ¢ = lim;_, », g;. Clearly
g is smooth; it satisfies (1-2) and (1-10). It also goes to infinity. Moreover let u be the solution of
(1-1) with g := g. We want to prove that the solution u exists for all time. Let Ty > 0 be a fixed time.
Let j := j(To, lluoll 52, llu1ll 1) > O be the smallest positive integer such that [T, To] C [—/, j] and

(o, u)l g2, g1 < j. We claim that

Gt B e 27y ropyx e it =10, 750 = €5 and - Nullsq-n.mon = C;-

Indeed, let

Fji={t €10, j1: G, 30l o g2r iy roein -y < Cj and lullsq-r.y < Cj}. - (5-8)
We must show that F; coincides with [0, j]. Certainly F; is nonempty, since it contains 0; see (5-3).
F; is closed. Indeed, let 7 € F ;. There exists a sequence (t,),>1 in [0, j] such that t, — 7, ulls(—r,.1}) <
C;, and ||(u, a,u)||Ltooﬁ2([7tmtn])xmoﬁl([4"’[”]) < C;. It is enough to prove that |lu| g(_;7 7 is finite and
then apply dominated convergence. There are two cases:

o If card{t, : t, <1} < oo, there exists ng large enough such that t,, > f for n > ng and

Nl g7, < Nl sq—s,.4,1) < 00 (5-9)

o If card{t, : 1, <1} = 00, we can assume by passing to a subsequence that , <7. Let no > 1 be fixed.
Since

sin (¢ —t,,) D

Cos (t — tyy) Du(ty,) + O u(tyy) < | @tng), duta)) || goy gt S Cjo - (5-10)
S(ltng .71)

we conclude from the dominated convergence theorem that there is n; := n;(ng) large enough that

sin (¢t — t,,) D

| cos (t —t,,) Du(ty,) + D

3tu(fn0)||5([tnl,f]) <4, (5-11)
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with § :=§(C) defined in Proposition 1.2. Therefore, by Proposition 1.2, we have ||ul| S(lta, 1) < OO

Similarly, ||u|| S(—F,—ty, 1) < OO Combining these inequalities with [|u| s, 1, 1) = C;, we eventually

atlll
get |lullg—7.) < 00, as desired.

F; is open. Indeed, let 7 € F;. By Proposition 1.2 there exists « > 0 such that if 7 € (f—c, t+a)N[0, j] then
[—2, 2] C Imax,z and |lullLooroe s,y S ||u||L?oﬁ2([_t’t]) S Cj. Also, by (5-7), [, 1] C Imax.g;- In view of
these remarks, we conclude, after slightly adapting the proof of Proposition 1.8, that Q([—¢, ], u) S; 1
and Q([—t, 1], “[j]) <Sj 1. We divide [—¢, ¢] into a finite number of subintervals (1;);<x = ([a;, bi])1<i<k
that satisfy, for n << 1 to be defined later, the following properties:
. _1 _1 _1
() 1<i <k: llugyllsay < lullsay <0, 1D 2ug lway <0, 1D 2ullway <0, 1D* 2ullway <0,
1
and || D> 2up;lway < n-
. _1 _1
@ 1<i <k luglisay =1 or lullsay = n or 1D Zugllway = 1 or 1D Zullway = n or
_1 _1
ID* 2ullwy = n, or D> 2ug;llwy = n-

Notice that, by (1-2), we have
g el = g gDl rsoaay S u = wgyllznssay < = ugyll oo (5-12)

Consider w = u — u; i Applying the Leibnitz rules (1-28), (1-31), and (1-29), together with (5-12), we
have

o, w)
< D2l @ — ) Q) gy + 10772 Al (@ = ) Q) | 1,

1 1 -1 2-1 -1 -1
+HDS’ 2(Jul? ”_|”[j]|p M[j])gj(|”|)HW(11)+HD 2(Jul? ”_|u[j]|p u[j])gj(|u|)HW(11)

1

) D5 a7 g g e = 5 Qaegy DD |y 10272 Quagg 1P~ gy 85 Qe =85 Qaagy D) |
<@ = g Ul g oy ) (1D~ 2wy + 1D 2ullwary )l

7 (Nl o) (g N5z, + el (NP3 wllwiy + 1D* Fwllwar, )

+ (g 150 + lellse) wllse
X (1D 2 ullw i+ 1D 2ullwary +1D% Sugllway +10 2ugglwan))

18 QD e zoe oy (1D~ 2uellwiay + 1D 2ullwary) (el + gl lwllsan

[l ) = &gy D e ey 1D 21zl waay gy 5

g 8 e o (101 e gy (1D~ 2ullwary + 1D 2ugyllwan) + 10 2 wllwa,)
S g (Cpm? QU w) + 0P QUL w) + 0P QU w) + Cin” ' (nQ Uy, w) + QU w)),  (5-13)

since, by choosing A large enough and by the construction of g, we have

& — 8l o agy,y) = 0- (5-14)
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We conclude via a continuity argument that Q (11, w) =0,sou = U on I,. In particular, u(b;) = U (by).
By iteration on i, it is not difficult to see that u = upj; on [—t,t]. Hence (f —a,f +a) N[0, j] C F;, by
(5-7). Thus Fj is open.

The upshot is that F; = [0, j], so [lu|ls-7,,7,1) < C;. This proves global well-posedness. Moreover,
since j depends on Ty and || (uo, u1) || g2, g1, we get (1-17).

Proof of Lemma 5.1. The proof extends to the end of the paper. We must establish a priori bounds.

Step I: Construction of g;.

Basically, g; is a nonnegative function that increases and is equal to 2 for x large. Recall that [—T, T] C
[—1, 1] and ||(ug, u1)||1_~12xﬁ1 <l.LetlIC[-T,T].

Observe that the point (co—, 3+) := (36i 34 e) with e < 11is %—wave admissible.

We would like to chop I (satisfying || - || .73 (;) < 00) into subintervals /; such that || - || zep3(z,) 1S as
small as wanted. Unfortunately this is impossible because the L;°-norm is pathological. Instead we will
apply this process to || - || Lo L3 This creates slight variations almost everywhere in the process of the
construction of g;. Details with respect to these slight perturbations have been omitted for the sake of
readability: they are left to the reader, who should ignore the 4+ and — signs at the first reading.

We define

X():= D%—SﬂLfO—L§+(1) ND2"S"W ()N SI) N LH*»(I) x L H 1 (I). (5-15)

Let g; be a smooth function, defined on the set of nonnegative real numbers, nondecreasing, and such
that 4| := g; — 2 satisfies the following properties: 7;(0) = —1, & is nondecreasing, and /&;(x) = 0 if
|x| > 1. It is not difficult to see that (1-2) and (1-10) are satisfied.

Observe that

|h ()] S —5 (5-16)
lx| 27~
and |
h ()] S~ (5-17)
x| 27~
Let upy) and vpy) be solutions to the equations
deupy — Aupy = —lum P umegr (upm ),
u(0) = up € H?, (5-18)
a,u[l](O) =U| € I:II
and ool
Aoy — Avpy = =2 o |[" vy,
v (0) = uo, (5-19)

8;1)[]](0) =Uuj.
Step 1a. We claim that vyl x®) < oo. Indeed, since we assumed that Conjecture 1.1 is true, we can
divide R into subintervals (/; = [#;, #j4+1])1<j< such that

lvullsay =n and  |lvgllsa) <,
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with n < 1. Then

1
-1 -1
lomlix ., S | @), dvm @) | 4 ®)x B @) T | D*» =2 (Jopy )P~ o) ”W(I,-m

S ” (U[l] (tj)’ 8;1)[1] (tj)) H HP (R3)><1-.1S1”1 (R3) + H DS];—% ) ” W) || v || g(_ljl_H)

S lvmlixay + 0"~ v lxa,,o- (5-20)
Notice that / < 1: this follows from Conjecture 1.1, Condition 1.3 and the inequality

Il (o, u1)||[~']317(R3)><H3P*1(R3) < sup |[[(u(?), alu(t))||[~.]5P(|R3)><[—.]°'l7’1(R3) = CZ(”(“O, Ml)”[-}zxﬁl)
1€ 1max,g,

<1, (5-21)

~

following from Condition 1.3 and the assumption || (uo, u1)|l 2, 51 < 1. (At this stage, we only need
to know that ||(ug, ul)llHA'p(R3)XHs,;71(R3) < ll(uo, u) |l g2, g1 < 1 and apply Conjecture 1.1. Therefore
the introduction of SUD/ € o [ (u(t), 8tu(t))||HSP(R3)XHXP71(R3) in (5-21) is redundant. This is done on
purpose. Indeed, we will use Condition 1.3 in other parts of the argument: see (5-33).)

Now by a standard continuity argument and iteration on j we have

lvmllxme S1 (5-22)

Step 1b. We control [lup — vy llx_7.7p)> for 7 < 1 to be chosen later. By time reversal symmetry it is
enough to control |[up; — vyl x o.77)- To this end we consider wyy) := uyy) — vpy. We get

dwpy — Awpy = —|wpy + vy P~ oy + wip g1 (v + wiy) + 2lv 1P op.

Let n’ < 1. By (5-22), we can divide [0, 7] into subintervals (J = [£;, tes1D1<k<m that satisfy

_1 _1
1D 2 vl oo 130 gy =1 08 IDP 2 omllwesy =1’ for1 <k <m, (5-23)
r=Sumllwe <’ and [|[D 2ug |l e 3e, - <7’ for 1 <k <m. 5-24)
D 2o llwey <1 Il pee- 3+ =1
‘We have
”w[l]”X(JkJr]) 5 H (w[l](tli)a alw[l](t]i)) HH:p(RS)XHA‘pfl(RS) + Al +A2’
where

A= 1D 2 (2vora P Lom — 2 p—1 ]
1=l Cloml?~ o = 2lv + w ™ g+ wm) ., - (5:25)
_1 _ B
Az = [|D* 72 (hy (Jopy + wig D v + win P~ o +w) | 3 .
LiL{ (Jkt1)
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By the fractional Leibnitz rule applied to g (x) := |x|? ~Ixh(x), (5-16), (5-17), Sobolev embedding and
Holder in time we have

A2 S 1o + wil = ||L1+L§ e ID™ =2 oy + wp) | L L3 (i)

LJ 1
2 Sp—7x
LT —3“’;”* | D72 @+ wun | e 2
L? L <Jk+.>

fHD ? 2(v[l] + w[l])”

S vy +wll

Lo Lz+(J <im)'T ++IHDS” “”U]”Loo L3 (Jisn)

ptl

TN 25 S ey
SE) T T+ lwmlxy,,)- (5-26)

For A; we follow [Kenig and Merle 2011, p. 9]:

p—1 p—1 sp—1
ALS (||v[1]||5(1k+1) + Hw[HHS(JkH))”DY] 2w llw e
51 s 1
(” U[l]”S(JHl) + llwp ”sukﬂ))(HD "o ||W(Jk+1) + ”D "R HW(Jk+1))||w[l]||s(-]k+l)
-1 -2 2 -1
S P Nwillx e + lwmll ., + P lwmlix g, + 1 Twnli o, (5-27)

This follows from (1-31) and (1-27). Therefore we have

NEy s 2y
lwillx e S lwpmllx oo + @) 2 "1+ llwllyy,,

— — -1
+ P Mwmllx e + 1wl g, + @2 lwmlly g, + 7 llwml g, (5-28)
Let C be the constant determined by (5-28). By induction, we have
lwmllxay < RO, (5-29)
provided that for 1 <k <m — 1 we have
Cn)'T T < CQOM,
~ k LHJ,— k=
Ci (20)7) * " <« (201,
CHP 1O « C20) i,

(5-30)
C (RO < CcO),
C)P 2 (QOYT)’ < COM,
" (RO « co)k,
These inequalities are satisfied if " < 1 and
i<l (5-31)

since k <m — 1 and, by (5-22), m < 1. We conclude that

lwllx o, S 1- (5-32)
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Step 1c. We control |lupllxq—7,77)- By time reversal symmetry, it is enough to control |lu;llxqo.77)-
Recall that 7 < 1. We chop T < 1 into subintervals (Jy' = [ax', bi'])1<x'<p such that | Jy | =7 for 1 <k’ <’
and |Jy| <. Notice that, by Condition 1.3, we have

I (ue(axr), 3tu(ak/))||HSP([R§3)XHSP—1(R3) =< ?up Il (u(2), atu(t))||H517(R3)><Hf17—1(R3)
te max, g

< Cy (o, ull o ) S 1 (5-33)

taking advantage of the assumption ||(uo, u1) || 52, 51 < 1. For each k' let vy; 41 be the solution of

devire) — Avp ey = — v 1P~ e,
vk (a) = up(ar ), (5-34)
drvn k) (ax) = dpupy(ar);
in particular, vy 1 = vyy;. By slightly modifying the proof of Step 1b and letting vy &} play the role of
vy, this leads, by (5-33), to
lvnllxm S1 (5-35)
and
lwi s llxoy ST, (5-36)

with wyy k) := upyy — vp1,x. Therefore |lupyllx(y,) S 1, and summing over Ji» we have

lum llx o, S 1- (5-37)

Step 1d. We control || (uy, 8,um)||Ltooﬁ2([_1’l])eroog]([_1’1]) and |Jup|lsq—1.17). We get from (5-37)

lumllsq-1.1y S 1. (5-38)

To conclude Step 1: By Proposition 1.8 and (5-38) we have

Il ey, atu[l])“Lt°0[:12([_1’1J)><Lt°°1-11([_1,1]) S L (5-39)
Therefore
max ([lullsq=1,1p, I, atu[l])”LIOO[.}Z([_L1])XL1001.~11([_1’1D) <. (5-40)

We let C| in the statement of Lemma 5.1 be equal to 1. We can assume without the loss of generality
that the constant implicit in < in (5-40) is larger than 1; let C; in the statement of Lemma 5.1 be this
constant. Then Ci and C; satisfy (5-2) and (5-3).

Step 2: Construction of g; from g;_.

Recall that [T, T] C [—i, i] and ||(uo, u1)|l g2, 51 < i. In view of (5-5) it is enough to construct g;
for |x| > AC;_;. Itis clear that, by choosing C; large enough, we can construct find a function g; defined
on [AC;_i, C/] such that g;, defined by

gi—1(x) 1if [x| < AC;_,
gi(x):=18ix) if C! > |x| > AC;_y, (5-41)
i+1  if|x|>C
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is smooth and slowly increasing; also it satisfies (1-2), (1-10), and

Ci 1
dy >i. (5-42)
/Ac,-l yer(y)

It remains to determine C; in the statement of Lemma 5.1. To do that we slightly modify the reasoning

in Step 1.
We sketch the argument. Let 4; (x) := g;(x) — (i+1). Then h; (x) = 0if |x| > C]. It is not difficult to
see that

—_

i | Si —=7 (5-43)
x| 2"
/ < 1
1hi O Si —7 (5-44)
x| 2"
Let u[;1 and vy;) be the solutions of the equations
ety — Dugiy = —lug| P~ ugingi (ugy)),
M[,'](O) =uo, (5-45)

atu[,-](O) =ui
and
vy — Avpy = — (@ + Dyl P~ oy,

1 v1i1(0) := uo, (5-46)
8;1)[,'](0) = U

Step 2a. We have
ol xw) Si 1, (5-47)

by adapting the proof of Step la. Notice, in particular, that we can use Conjecture 1.1 and control
lvii s since wy;y = (@ + l)ﬁv[;] satisfies 3wy — Awgy = —|wp [P~ wp.

Step 2b. We have [lu;) — viipllxjo.7) <i 1 for 7 <; 1, by adapting the proof of Step 1b. The dependance
on i basically comes from (5-43), (5-44) and (5-46).

Step 2c. We prove that |upllx(—7,77) Si,p 1. By time reversal symmetry, it is enough to control
lueriyll x (o, 77)- Recall that T < i. We chop [0, T'] into subintervals (Ji = [ax, bi'])1<k'<r such that
|Jp| =17 for 1 <k’ <!’ and |Jy| <t (with f defined in Step 2b). By Condition 1.3 and the assumption
l(uo, u) |l g2, g1 <1, we have

Il iy @) Bruegiy (@) || op oy proo—t ey < SUP- | gig (0, By (1)) | 1. (5-48)

. g,
Hr (R3)x HP—1(R3) ~J1
te max, g;

We introduce
Vi) — Aviie) = — (G 4+ Do e ? g e,
vk (ar) = upy(ar), (5-49)
0rvyi ) (ax) = Orupiy(ar)
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and, by using (5-48), we can prove that
N lsq—iin Si 1. (5-50)

Step 2d. By using Proposition 1.8 and (5-50) we get

max (llugillsq—i.ips 11, Sl g g ipxre i qiin) Si 1 (5-51)

We can assume without loss of generality that the constant implicit in < is larger than i and C;. Let C;
be this constant; (5-2) and (5-3) are satisfied.
This concludes Step 2, and the proof of Lemma 5.1. ]
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