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BLOW-UP SOLUTIONS ON A SPHERE FOR THE 3D QUINTIC NLS IN THE
ENERGY SPACE

JUSTIN HOLMER AND SVETLANA ROUDENKO

We prove that if u(¢) is a log-log blow-up solution, of the type studied by Merle and Raphaél, to the
L? critical focusing NLS equation id;u + Au + |u|*?u = 0 with initial data uy € H'(R?) in the cases
d = 1,2, then u(#) remains bounded in H' away from the blow-up point. This is obtained without
assuming that the initial data u has any regularity beyond H'(R?). As an application of the d = 1
result, we construct an open subset of initial data in the radial energy space H_.,(R?) with corresponding
solutions that blow up on a sphere at positive radius for the 3D quintic (H'-critical) focusing NLS
equation id,u + Au + |u|*u = 0. This improves the results of Raphaél and Szeftel [2009], where an open
subset in Héd([R3 ) is obtained. The method of proof can be summarized as follows: On the whole space,

high frequencies above the blow-up scale are controlled by the bilinear Strichartz estimates. On the other
hand, outside the blow-up core, low frequencies are controlled by finite speed of propagation.

1. Introduction
Consider the L? critical focusing nonlinear Schrodinger equation (NLS)
idu—+ Au+uu=0, (1-1)

where u = u(x, t) € C and x € R, in dimensions d = 1 and d = 2. It is locally well-posed in H'(RY)
and its solutions satisfy conservation of mass M (u), momentum P (u), and energy E(u):

i 1
M) = ul?,, P =Im/uVudx, E@) = 1IVul?, - 4/d+2||u||‘£ﬁ‘f;§; (1-2)

see [Tao 2006, Chapter 3] and [Cazenave 2003, Chapter 4] for exposition and references. The Galilean
identity (see [Tao 2006, Exercise 2.5]) transforms any solution to one with zero momentum, so there is
no loss in considering only solutions u(¢) such that P(u) = 0.

The unique (up to translation) minimal mass H' solution of

—Q+AQ+101Y"Q =0, with 0 =0(), (1-3)

is called the ground state. It is smooth, radial, real-valued and positive, and exponentially decaying; see
[Tao 2006, Appendix B]. In the case d = 1, we have explicitly

0 (x) =34 sech!/?(x). (1-4)
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Weinstein [1982] proved that solutions to (1-1) with M (1) < M(Q) necessarily satisfy E(u#) > 0 and
remain bounded in H'! globally in time (that is, they do not blow up in finite time).

Building upon the earlier heuristic and numerical result of Landman, Papanicolaou, Sulem and Sulem
[Landman et al. 1988] and the first analytical result of Perelman [2001], Merle and Raphaél in a series
of papers (see [Merle and Raphagl 2005] and references therein) studied H' solutions to (1-1) such that

E(w) <0, Pu)=0, M(Q)<Mwu)<M(Q)+o* (1-5)

for some small absolute constant o™ > 0. They showed that any such solution blows up in finite time at
the log-log rate — more precisely, they proved that there exists a threshold time Ty(uo) > 0 and a blow-up
time T (ug) > To(up) such that

log|log(T — 1)

12
forTy <t <T, 1-6
S s (1-6)

IVuois ~ (

where the implicit constant in (1-6) is universal. Also, with scale parameter A(¢) = |V Q|| ;2/IVu (@) 2,
there exist parameters of position x (t) € R? and phase y(¢) € R such that if we define the blow-up core

Re x —x(t)
ucore(x,t)=)t(t)d/2Q< A1) )7 (1-7)

and remainder i = u — Ucore, then ||z ;2 < «, and

1/2
Vi % (g =rea=n ) (1-8)
for some C > 1. There is, in addition, a well-defined blow-up point xo := lim; »7 x(¢). We refer to
the region of space {x € R? | |x — xo| > R}, for any fixed R > 0, as the external region. While the
Merle-Raphaél analysis accurately describes the activity of the solution in the blow-up core, the only
information it directly yields about the external region is the bound (1-8).

However, it is a consequence of the analysis in [Raphaél 2006] that in the case d = 1, H' solutions
in the class (1-5) have bounded H'/? norm in the external region all the way up to the blow-up time 7.
In [Holmer and Roudenko 2011], we extended this result to the case d = 2. Raphaél and Szeftel [2009]
established for d = 1 that solutions with regularity H” for N > 3 satisfying (1-5) remain bounded in the
H®™=D/2 norm in the external region, and Zwiers [2011] extended this result to the case d = 2. These
results leave open the possibility that there is a loss of roughly half the regularity in passing from the
initial data to the solution in the external region at blow-up time. The first main result of this paper is that
such a loss does not occur. Specifically, we prove that H' solutions in the class (1-5) remain bounded in
the H' norm in the external region all the way up to the blow-up time, resolving an open problem posed
in [Raphaél and Szeftel 2009, Comment 1 on page 976].

Theorem 1.1. Consider dimension d = 1 or d = 2. Suppose that u(t) is an H' solution to (1-1) in the
Merle—Raphaél class (1-5) (no higher regularity is assumed). Let T > 0 be the blow-up time and xo € R?
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the blow-up point. Then for any R > 0,

T [x—xg|=R

||Vu(t)||L[o§ 12 < C, whereC depends on R, To(ugp), and ||Vu0||Lz.l

We remark that H', the energy space, is a natural space in which to study the equation (1-1) since
the conservation laws (1-2) are defined and Lyapunov—Hamiltonian type methods, such as those used by
Merle and Raphaél in their blow-up theory, naturally yield coercivity on H' quantities.

The retention of regularity in the external region has applications to the construction of new blow-
up solutions, with special geometry, for L? supercritical NLS equations. Using their partial regularity
methods, Raphaél [2006] and Raphaél and Szeftel [2009] constructed spherically symmetric finite-time
blow-up solutions to the quintic NLS

idu—+ Au+lul*u=0 (1-9)

in dimension d > 2 that contract toward a sphere |x| = ry ~ 1 following the one-dimensional quintic
blow-up dynamics (1-6)(1-7) in the radial variable near r = rg. Specifically, they showed there exists
an open subset of initial data in some radial function class with corresponding solutions adhering to the
blow-up dynamics described above. In [Rapha&l 2006], for d = 2, an open subset of initial data in the
radial energy space Hrgd([Rz) was obtained. For d = 3, in which case (1-9) is H' critical, Raphaél and
Szeftel [2009] obtained an open subset of initial data in a comparably “thin” subset Hr3ad([R{3) of the radial
energy space Hrlad([R3).

As an application of the techniques used to prove Theorem 1.1, we prove, for d = 3, the existence of
an open subset of initial data in the full radial energy space Hrgd([I@). For the statement, take Q to be the
solution to (1-3) in the case d = 1, explicitly given by (1-4). The following theorem follows the motif
of the d = 3 case of [Raphaél and Szeftel 2009, Theorem 1] except that %, the initial data, is an open
subset of Hrgd([@) rather than Héd(l]%3).

Theorem 1.2. There exists an open subset P C Hrlad(R3) such that the following holds true. Let ug € %
and let u(t) denote the corresponding solution to (1-9) in the case d = 3. Then there exist a blow-up time
0 < T < +o00 and parameters of scale L(t) > 0, radial position r(t) > 0, and phase y(t) € R such that if
we take

Ucore(t, 1) := 11/2 Q(r ;(’;)(t)>ei)’(1)

and the remainder u(t) := u(t) — ucore (), then the following hold:
(1) The remainder converges in L*: ii(t) — u* in L>(R¥) ast /' T.
(2) The position of the singular sphere converges: r(t) —>ro>0ast /' T.
I'We did not see in the Merle—Raphaél papers the threshold time T (uq) or the blow-up time 7 () estimated quantitatively

in terms of properties of the initial data (|| Vug|l; 2, E (ug), etc.). If such dependence could be quantified, then the constant C in
Theorem 1.1 could be quantified.
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(3) The solution contracts toward the sphere at the log-log rate:

_ 1/2
A(t)(w> — v/an ast /' T.

T—t 1912

(4) The solution remains H'-small away from the singular sphere: For each R > 0,

[ ()l

< €.
r-rnyizr @) =

The 3D quintic NLS equation (1-9) is energy-critical, and the global well-posedness and scattering
problem is one of several critical regularity problems that has received a lot of attention in the last decade
[Bourgain 1999; Colliander et al. 2008; Kenig and Merle 2006]. The global well-posedness for small
data in H' is classical and follows from the Strichartz estimates. Our Theorem 1.2 takes a large, but
special “prefabricated” approximate blow-up solution, and installs it near radius » = 1 on top of a small
global H' background. The main difficulty, of course, is showing that the two different components —
the blow-up portion on the one hand, and the evolution of the small H' background on the other — have
limited interaction and can effectively evolve separately. Thus, it is not surprising that the techniques to
prove Theorem 1.1 are relevant to this analysis.

We now outline the method used to prove Theorem 1.1. We start with a given blow-up solution u(t)
in the Merle—Raphaél class, and by scaling and shifting this solution, it suffices to assume that the blow-
up point is xo = 0 and the blow-up time is 7 = 1, and moreover, (1-6) holds over times 0 < ¢ < 1.
Since (1-1) is L? critical, the size of the L? norm is highly relevant. By mass conservation, we know
that || Pyu(t)|| L2 < 1 for all N and all 0 < ¢ < 1, where Py denotes the Littlewood—Paley frequency
projection. However, (1-6) shows that for N > (1—1)~1%9/2 we have || Pyu(z) || L2 < N1 —p)~U+9/2,
which is a better estimate for these large frequencies N. In Section 3, we show that this smallness of
high frequencies reinforces itself and ultimately proves that for N > (1 — ¢)~(*9/2_ the solution is
H' bounded. This is achieved using dispersive estimates typically employed in local well-posedness
arguments — the Strichartz and Bourgain’s bilinear Strichartz estimates — after the equation has been
restricted to high frequencies. We note that this improvement of regularity at high frequencies is proved
globally in space.

For the Schrodinger equation, frequencies of size N propagate at speed N, and thus, travel a distance
O(1) over a time N~!. Therefore, at time ¢ < 1, a component of the solution in the blow-up core at
frequency N will effectively only make it out of the blow-up core and into the external region before
the blow-up time, provided N > (1 —¢)~!. Thus, we expect that the blow-up action, which is taking
place at frequency ~ (1 —1)~!/?log|log(1 — )| <« (1 —¢)~', will not be able to exit the blow-up core
before blow-up time. This is the philosophy behind the analysis in Section 4. Recall that in Section 3,
we have controlled the solution at frequencies above (1 — ¢)~(1%9/2_ In Section 4, we apply a spatial
localization to the external region, and then look to control the remaining low frequencies, i.e., those
frequencies below (1 — ¢)~(179/2 We examine the equation solved by P_i_p-34Pu(t), where ¢ is a
spatial restriction to the external region. In estimating the inhomogeneous terms, we can make use of the
frequency restriction to exchange a-spatial derivatives for a time factor (1 —#)~3%/4, This enables us to
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prove a low-frequency recurrence: The H*® size of the solution in the external region is bounded by the
H*~1/8 size of the solution in a slightly larger external region. Iteration gives the H' boundedness.

The structure of the paper is as follows. Preliminaries on the Strichartz and bilinear Strichartz estimates
appear in Section 2. The proof of Theorem 1.1 is carried out in Sections Section 3 and 4. The proof of
Theorem 1.2 is carried out in Section 5.

2. Standard estimates

All of the estimates outlined in this section are now classical and well known. Let Py, P<y, and P>y
denote the Littlewood—Paley frequency projections.
We say that (g, p) is an admissible pair if 2 < p < oo and

2.,.d_d

g p 2
excluding the case d =2, g =2, and p = o0.

Lemma 2.1 (Strichartz estimate). If (¢, p) is an admissible pair, then

itA
le" @l arr S llllL2-
t X X

Proof. See [Strichartz 1977] and [Keel and Tao 1998]. O
Lemma 2.2 (Bourgain bilinear Strichartz estimate). Suppose that Ny < N,. Then
itA itA 1d T\
123 €01 P gall 31 5 (Sh—)  Wnlizlenle, @1)
N — d=1\1/2
|| Py, e’ 1Py Aol 20 S < N, ) @1l 2 llg2ll L2 (2-2)

Proof. For the 2D estimate (2-1), see [Bourgain 1998, Lemma 111]; the 1D case appears in [Colliander
et al. 2001, Lemma 7.1]; another nice proof is given in [Koch and Tataru 2007, Proposition 3.5], the
other dimensions are analogous. We review the 1D proof to show that the second estimate (2-2) holds
as well.

Denote u = e/'*(Py,¢1) and v = e='2(Py,¢,). Then in the 1D case,

M, 1) = /E E 5W(&)@(&)au—(s%iszz))dsl (2-3)
1+&62=
1
=P P 2-4
PACHD AR -4

where g(§1,6) =1 — (512 :I:SZZ), thus, |gé1 | =2|& £&;|. To estimate the Léf norm of uv, we square the
expression above and integrate in t and £. Changing variables (7, &) to (&1, &) with T = 512 + 522 and
& =& 4 &), we obtain dtd& = J d&,d&, with the Jacobian J = 2|&| & &;|, which is of size N, (note that
=+ does not matter here, since N, >> Nj). Bringing the square inside, we get

dends _ 1o
< — . O
e S 1o e

luvl?, < / 161 ED 2 ¢2(82) 7
* [&1|~N1,]&2|~N>
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Now we introduce the Fourier restriction norms. For i € $(R!*%),
~ —itA~ -~ 172
il = [P DL e i )y = ([ [ 0P (e + 1671 d )
tx g Jr
If I C R is an open subinterval and u € %' (I x R%), define

lullx, ) = infllallx, ,,
u

where the infimum is taken over all distributions i € ¥'(R'*?) such that it|; = u.

Lemma 2.3. If0 is a function such that supp 6 C I, then forall0 < b < 1,

1/2,b
loullx,, < (101~ + 1D D01 ) ullx, o) (2-5)

s,b ~

Ifo<b< % and x; is the (sharp) characteristic function of the time interval I, then

lxrullx,, ~ llullx,,u)- (2-6)

Proof. Tt suffices to take s = 0. The inequality (2-5) follows from the fractional Leibniz rule. To
address (2-6), we note that Jerison and Kenig [1995] prove that ||X(0’+oo)f||th < ||f”H[b for —% <b< %
Consequently, || x7 fl HY Ny Al HY for any time interval /. Let & be an extension of u (meaning it|; = u)
so that [|i| x,, < 2llullx,,)- Then

be—ttA

xrullx,, = II{Dr) xrillp2p2

= [ lxre™" 2l 0

|Lg < e 2l | L2

= |lutllx,, < 2llullxy,m)-
On the other hand, the inequality |lulx,,) S Il x7ullx,, is trivial, since x;u is an extension of u|;. [
Lemma 2.4. Ifio,u + Au = f on a time interval I = (ay, ay) with |1| = O(1), then

() Foré <b<1,taking ' = (a1 —w,a, + ), 0 < w < 1, we have

lu() — eV u@) | xo,m) S @272 xopr - (2-7)

(2) For0<b < 1,
(@) = &'V Ru@n) xory S NNz (2-8)

Moreover, for all b,

i(t—ap)A
le" "2l xgp0) S Nl 2

Proof. Without loss, we take a; = 0. First we consider (2-7). Since, fort € I,

e—il‘Au( . t) — M(O) _ 19(1‘) / e_it/AQ(lJ)f( ., t/) dl’/’
0
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where 6 is a cutoff function such that 6(¢) =1 on I and supp & C I’, the estimate reduces to the space-
independent estimate

”G(t) / hydr!
0

” S Al for 3 <b<1 (2-9)

by (2-5). Now we prove estimate (2-9). Divide h = P<jh + P>;h and use that
t

/ P-1h(t') = % / (sgn(t —1") +sgn(t") P=1h(¢") dt’
0

to obtain the decomposition

t
0(1) f h(t") di' = H\(t) + Ha(1) + H3(1),
0
where )
Hi(t) = 6(1) / Pty dt,
0

Hy(t) = 10(t)[sgn* P~ h](t) dt’,

+00
Hs(t) = 360(1) / sgn(t) P=1h(t') dt'.

We begin by addressing term H;. By Sobolev embedding (recall % <b<1)andthe L? — L? boundedness
of the Hilbert transform for 1 < p < oo,

IH gy S WH 2 118, H 2620
Using that || = O(1) and || P<ihl > < ||h||th_1, we thus conclude
I e S (101122 + 101 22 + 161 23-2) 1Al o
Next we address the term H;. By the fractional Leibniz rule,

Il S (DA 6 2 llsgn s Poihll Lz + 101l oo (D) (sgn s P 1) || 2.

However,
Isgn#Parhllze S 1) AL S Al ot
On the other hand,
I(D:)” sgn*P=1hll 2 S 10 (@) h@ll2 S 1l ot
Consequently,

I Hall g S (II(Dr)"QIIL,2 s VEN (PR
For term H3, we have

400
Il 100 [ sen Py ar

—00

Lo
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However, the second term is handled via Parseval’s identity

/sgn(t/)leh(t/)dt'=/ t'h(r) dr,
t/

Ir[=1
from which the appropriate bounds follow again by Cauchy—Schwarz. Collecting our estimates for Hj,
H,, and H3, we have

S Collhll -1,
Hlb

He(t) / h(thdt'
0

where
Co = 119112 + 161l 21020 + (D) 01l 2 + 1] 210-20 + 0] 30 S 0!/

This completes the proof of (2-7). Next, we prove (2-8). We have

e"fAu(-,t):u(O)—i/ e A 1t

0
and thus, (2-8) reduces, by (2-6), to

t
H X1 / gt dt’
0

H”SHg”L}’ for 0§b<%. (2-10)

To prove (2-10), note that
t
Xz(t)/o g dt' = x;1(Ox1 * (gxD1@).
Hence,

t
I / g(@ydr'll g < 1D x1 1 2118 -
0

The Fourier transform of x; is smooth and decays like |7|~! as |t| — oo, and hence, ||(D>bXI||L,2 < 00
for0 <b < 1. O

Lemma 2.5 (Strichartz estimate). If (¢, r) is an admissible pair, then we have the embedding

”””L‘,’Lf 5 ||u||Xo,1/2+a(1)'

Proof. We reproduce the well-known argument. Replace u by an extension to # € R such that [|u||x,, ,,, <
2|ulxq, 245 (1)~ Write

u(x, 1) = / / TS (E, T) dt dE.
EJr
Change variables T — 7 — |£|? and apply Fubini to obtain
u(x, 1) = / e / eTE I E (6, T — £ ) dE d.
T &
Define f;(x) by ﬂ(é) =ul, t— |§|2). Then the above reads

u(x, 1) =/ei’teimfr(x)dr,
T
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and hence,

ux, 0] < /IeitAft(x)|dr.

Apply the Strichartz norm, the Minkowski integral inequality, appeal to Lemma 2.1, and invoke Plan-
cherel to obtain

el zgep S f | fe®llz dr.
T
The argument is completed using Cauchy—Schwarz in 7 (note that we need b > %, since fR ()7l dt has
to be finite). O

Lemma 2.6 (Bourgain bilinear Strichartz estimate). Let Ny < N». Then

d—1.1/2
1
IBwnn Prtallzes 5 (=) Tl s el s

d—1.1/2

D 1

||PN1u1PN2u2||L%L%5( L ) et e s st 120211 0 e
’ 2

Proof. We reproduce the well-known argument. As in the proof of Lemma 2.5, taking f; . (x) defined
by fj-(§) =i1(§, T —|€|*), we have

uj(x,t)= / i e"mfj,t(x) dr.
T
Plug these into the expression || Py,u1 Py,u2|| L2125 and then estimate using Lemma 2.2. O

We need to take b = % — & in some places. In those situations, we use this:

Lemma 2.7 (interpolated Strichartz). Take d = 1 or d = 2 and suppose that 0 < b < % and2 < p <oo
and 2 < q < oo satisfy

g-1-£>L—l-i-(l—2b), (2-11)
qg p 2
2 1 1 .
- —==<= in the case d =1 only (2-12)
qg p~2
(see Figure 1). Then
el pa e S Mellxop(r)- (2-13)

with implicit constant dependent upon the size of the gap from equality in (2-11).

Proof. Let

12 4 d
a:=—<—+————(1—2b)>>0. (2-14)
2\g p 2

Using 0 < 0 <1 as an interpolation parameter, we aim to deduce (2-13) by interpolation between

”M ”L?Lf S ”u ”X(),b/(Z(b—a)) , (2-15)
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Figure 1. The enclosed triangular region gives the values of (1/¢g, 1/p) meeting the
hypotheses of Lemma 2.7. The top frame is the case d = 1 and the bottom frame is the
case d = 2. The proof of Lemma 2.7 involves interpolating between a point on the line
2/q+d/p =d/2 and the point (1/2, 1/2).
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with weight 8, for some Strichartz admissible pair (g, p), and the trivial estimate (equality, in fact)

el 22 S Tl xo o0 (2-16)
with weight 1 — 6. The interpolation conditions read

g q 2 2

Multiplying the first of these relations by 2 and adding d times the second, and using the Strichartz

1-6

ST

admissibility condition for (g, p), we obtain
2,4 _d iy,
9 p 2

Combining this relation with (2-14), we get 8 =2b — 2. We can then solve for ¢ and p using (2-17). U
Lemma 2.8 (interpolated bilinear Strichartz). Letd =1 ord =2 and Ny < N;. Then
(d-1)/2

1
IPyur Pryuallpape S Wllul||X0,1,2,5(1>||M2||X0,1/2,5(1)-
2

Proof. First, observe that

| Pnyui PN2“2||L§L§ S llu ”L‘,‘Lﬁ ||M2||L‘}Lf\%- (2-18)
In the case d =1, L‘}Li interpolates between L?Lg and L%Lﬁ, and thus ||”f”L‘}Li < el x03/805 1) DY
Lemma 2.7. We conclude that
1Pyt Pyyuallpare S luillxo sy 12l xo s/sps0)-
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 1.
In the case d = 2, we still begin with (2-18). Fix € > 0 small. By Sobolev embedding,
IPyyujllpaps S N5 Pyuj IILz;Li/(Hze).
By Lemma 2.7, we have
1PNl g e S Huillx ,

for any b > 3(1 — €). Plugging into (2-18), we obtain

| Py, Pryteal 22 S N3Nl luallx,, forany b> 1(1—e).
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 2. U

Remark 2.9. After this section we will adopt new notation: Instead of X, 1,245 we will simply write
X172+ If an expression has two different Bourgain spaces, it will mean that the delta’s will be different.
Similarly, if an expression involves § in the estimate on the right side, it will mean that this § will be
different from the one that would be chosen for spaces such as X 1,54 or LP™.

The following is a simple consequence of the pseudodifferential calculus; see [Stein 1993, Theorem1
on page 234 and Theorem 2 on page 237]; see also [Evans and Zworski 2003].
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Lemma 2.10. Suppose that ¢ is a smooth function on R such that |03 |1~ < ¢y for all a > 0. Then

IP=n(¢g) —dP-ngli2 SN 'lgl for N> 1.

Proof. Let x (§) be a smooth function thatis 1 for |§| > 1 and is O for |§| < % P y 1s a pseudodifferential
operator with symbol x (N~'£) and My, the operator of multiplication by ¢, is a pseudodifferential
operator with symbol ¢ (x). The commutator [Py, My] has symbol with top-order asymptotic term

“Iy/(N~1€)¢' (x). The result then follows from the L? — L? boundedness of 0-order operators. [J

3. Additional high-frequency regularity

In this section, we begin the proof of Theorem 1.1 by showing improved regularity at high frequencies,
above the blow-up scale, with no restriction in space — this appears as Proposition 3.4 below. In Section 4
below, we will complete the proof of Theorem 1.1 by appealing to a finite-speed of propagation argument
for lower frequencies after we have restricted in space to outside the blow-up core.

Consider a solution u(t) to (1-1) in the Merle-Raphaél class (1-5); let Ty > 0 be the threshold time,
T > Ty the blow-up time and xo the blow-up point, as described in the introduction. Our analysis
focuses on the time interval [Ty, T) on which the log-log asymptotics (1-6) kick in. Apply a space-time
(rescaling) shift, in which x = x is sent to x = 0 and the time interval [Ty, T) is sent to [0, 1), to obtain
a transformed solution that we henceforth still denote by u(¢#). Now the blow-up time is 7 = 1, the

blow-up point is x = 0, and (1-6) becomes?

_ 172
oglog 1) Eo)

Vu(t)||2 ~

V)]l ( T
which is now valid for all 0 < ¢ < 1. Note that now, however, the time ¢ = 0 “initial data”, which we
henceforth denote 1, does not correspond to the original initial data u in Theorem 1.1. We remark that

the estimate (1-8) on the remainder it (f) becomes

1
~ (1-0)!2log(1-1)|’

IVa@lz: S (3-2)
In our analysis, the norm L‘;"Lﬁ for an interval I = [0, T'], T’ < T, will be replaced by the norm
X0,1/2+(I). While we have, from Lemma 2.5, the bound

lullpeors S lllxo o 1)

the reverse bound does not in general hold. Nevertheless, (3-1) indicates that the solution is blowing
up close to the scale rate (1 — £)~1/2. Thus, the local theory combined with (3-1) implies a bound on
lullx, 5. (1) Where log[log(1 — T7)] is weakened to (1 — )78,

2 The rescaling is the following. If we take u(x, t) in the original frame (for 7o <t < T), and let

d)2

u(x, 1) = pd2v(uix = x0), 1t — Tp))

with u = (T — Ty)™ 172 then v(y, s) is defined in the modified frame (for 0 < s < 1). Moreover, we have ||Vv(s)||Lz ~
(log|log Mfz( 1—y)]) 1/ 2( 1—5)" 172 , so now the implicit constant of comparability in (3-1) depends on T — T.
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Lemma 3.1. For = [0, T\ withT' < T, for0 <s < 1, we have

lluell x 1 () =S cs(1=THSUED2  ith ey 7 400 as s \ 0.
52

The fact that ¢, diverges as s N\ O results from the fact that (1-1) is L?-critical, and thus, the local
theory estimates break down at s = 0. At the technical level, some slack is needed in applying the
Strichartz and bilinear Strichartz estimates; hence, we need to take b =1/2 —§ in place of b=1/2+4’.

Proof. We just carry out the argument for s = 1. Let A(t) = || Vu(?) ||Z21. Let s; be the increasing sequence
of times> such that A(s;) =27, so that || Vu(t) |72 doubles over [sk, Sg+1]. From (3-1), we compute that
sp=1—2"2% log k. Note that sg1 — sx & 22k log k. Hence, we can rescale the cutoff solution u(¢) on
the time interval [sy, sx11] to a solution u’ on the time interval [0, log k] so that ||u'|| L% e Bl ™ 1. We
invoke the local theory over ~ log k time intervals J each of unit size to obtain [lu'||x, ,,,, sy ~ 1, which
are square summed to obtain ||u’| x, , 124 (0.logk) ~ (log k)12, Returning to the original frame of reference,

we conclude that

k(146
||u||X1,l/2+(SksSk+l) S2 ( )v

where a §-loss is incurred in part from the (log k)!/? factor but also from the b = % + & weight in the X

norm. Thus,
K-1

1/2
§ : 2k(146 K145
||Lt||x]‘l/2+(0’s[() = ( 2 (I+ )> ~72 (I+ ) O
k=1

Now suppose that u(¢) satisfies (3-1). Let tpz =1 — 2% and I = [0, tx]. Then from (3-1) and mass
conservation, we have

2k(+8)/2 -1 for N > 2k(1+8)/2’

1 for N < 2k(1+8)/2, (3-3)

IP=nu®llzerz S {

To refine (3-3), we will work with local-theory estimates and thus use the analogous bound on the
Bourgain norm X 2+ (I;). From Lemma 3.1 we obtain

1Pt X o 1) S NN Panttllx, o 1) < €N 75280/, (3-4)

We obtain from (3-4) that

KAFD/2N =1 for N > 2k(1+0)/2,

1PN ull X100 (1) S {zka/ for N < 2k(1+8)/2 (3-5)

The next step is to run local-theory estimates to improve (3-5) at high frequencies. Frequencies
N < 2K~ (1 —1)7! on I effectively do not make it out of the blow-up core before blow-up time due
to the finite speed of propagation for such frequencies.* Hence, these low frequencies can be controlled
by spatial location, which we address in Section 4. On the other hand, (3-5) shows that the solution at

30ne of the conclusions of the Merle—Raphaél analysis is the almost monotonicity of the scale parameter A(¢) = || Vu(z) ||22] :
A(tr) < 2)1(tp) forall tp > 1.

4Recall that for the Schrodinger equation, frequencies of size N propagate at speed N and thus travel a distance O (1) in
time N1,
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frequencies N > 2k(1+9)/2 i5 small. Thus, for these high frequencies, dispersive estimates might be able,
upon iteration, to show that the solution is even smaller at these high frequencies.

To chose an intermediate dividing point between the high frequencies that are capable of exiting the
blow-up core before blow-up time (N > 2¥) and the frequency scale at which the blow-up is taking place
(N ~ 2%2(logk)'/?), we consider frequencies > 23*/4 to be high frequencies and frequencies < 23/4
to be low frequencies. The goal of this section is Proposition 3.4 below, which shows that the high
frequencies are bounded in H'. In Section 4 below, we will localize in space to the external region and
then control the low frequencies.

We first address the dimension d = 1 case.

Lemma 3.2 (high frequency recurrence in one dimension). Take d = 1. Let ty = 1 —27% and I, = [0, ;.
Let u(t) be a solution such that (3-1) holds, and define

a(k, N) = | P>nullxo, . 1)- (3-6)
Then there exists an absolute constant 0 < u < 1 such that for N > 2k(1+8)/2
1Py (= €% ug)lxg, ) S 2PNk 41, uN) + 2%k + 1, uNY?. (3-7)
In particular, by Lemma 2.4,
alk, N) S| P=yuoll g2 + 2PN o0k + 1, uN) + 2%k + 1, uN)>. (3-8)
Proof. By (2-7) of Lemma 2.4 with o =2"%"!and I = I,
1P (= €% o) oo 10y S 25N Py (e 1) 1 o ) -

In the rest of the proof, we estimate the right side of the estimate above, and we will just write I instead
of I;41 for convenience. By duality,

4 4
P il = sp [ [ Pev(uito waar
lelxo /2—(1k):1 Ik xeR

,1

Fix w with |wllx,,,, ) =1 and let

J:=// Pon(Jul*u) wdx dt.
Iy xeR

Then J can be decomposed into a finite sum of terms J,,, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

Ix
Jo = / / P>y (uiuausugus) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 5) falls into exactly one of the following two

categories.’

SIndeed, decompose each uj as uj = uj 1o + U j med + U j hi> Where uj 10 = P<n;160Uj, U jmed = PN/160<. <N /20, and
ujhi = P>ny20uj. Then in the expansion of ujupuzugus, at least one term must be “hi”; without loss take this to be us.
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Note that w is frequency supported in |§] = N.

Case 1 (exactly one high). Each u; for 1 < j <4 is frequency supported in |§| < uN and us is frequency
supported in |£] > 8uN. In this case, we estimate as

ol < llurllgeree luallgeres lususlizs gz lluawlipz 1z- (3-9)

For j =1, 2, Gagliardo—Nirenberg and (3-1) implies

1/2 1/2
ajllegee S il o 0115, S 2494, (3-10)
kX ko
The bilinear Strichartz estimate (Lemma 2.6) yields
lususllcz 12 S N7 2 u3lx o 0 sl xo o S N 7220 (K, ). (3-11)

The interpolated bilinear Strichartz estimate (Lemma 2.8) yields
luawllzz 13 SN2 allxo oo 0l oo S N7V, (3-12)
Substituting (3-10), (3-11), and (3-12) into (3-9), we obtain
[ Jo| S2XOFRPNT ok, uN).

Case 2 (at least two high). Both u4 and us are frequency supported in |§| > uN (no restrictions on u;
for 1 < j < 3). Then we estimate as

el < el pesslluallg e lluslsg e luslzg pelluslzg ol g o (3-13)
For 2 < j <3 we invoke the Strichartz estimate (Lemma 2.5) and (3-5) to obtain
hjllag o S Nl < 2% (3-14)
For 4 < j <5 we invoke the Strichartz estimate (Lemma 2.5) and (3-6) to obtain
””j”L?kLg S lujllxg, . <ok, uN). (3-15)
For j =1, by Sobolev embedding, the Strichartz estimate (Lemma 2.5), and (3-5),
il poe SUDlLg 1o S Nl o S 2 (3-16)
By the interpolated Strichartz estimate (Lemma 2.7), we have
lwllpsre- S Nwlixoo- o = 1. (3-17)

Using (3-14)—(3-17) in (3-13),
1ol S 2Pa(k, uN)?. O

In the 2D case, we will just go ahead and assume that N > 23%/4 to reduce confusion with deltas.

Case 1 corresponds to i1 142, 1043, 1044, o5, hi and Case 2 corresponds to everything else (at least one u; for 1 < j < 4 must
be “med” or “hi”. Hence, we can take u = 1/160.
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Lemma 3.3 (high frequency recurrence, 2D). Take d =2. Let t, =1 — 2 % and I, = [0, t;). Let u(t) be
a solution such that (3-1) holds and define

a(k, N) = |P>nullxg, . 1)- (3-18)
Then there exists an absolute constant 0 < . < 1 such that for N 2 23%/4,
1P (= €2 u) xS 2PNk + 1, uN). (3-19)
In particular, by Lemma 2.4,
alk, N) S [IPoyullp2 + 29 N™VPa(k + 1, uN). (3-20)
Proof. By Lemma 2.4 (2-7) with I = I} and w = 27%"1,
1P (e — o)1 x0, 00 1) S 2 N Pon (i) L0 o ()

In the remainder of the proof, we estimate the right side, and for convenience take I to be I;. By
duality,

2 2
I P>y (ulu)llxy i) =  SUp f / Poy(|ul?u) wdx dt.
lwlix, f-p=1J I xeR

\1

Fix w with |w|lx,,,,_) =1 and let

J:=// Poy (lu|*u) w dx dt.
Iy xeR

Then J can be decomposed into a finite sum of terms J,,, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

143
Jo = / / P>y (uiuauz) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 3) falls into exactly one of the following two
categories.® Note that w is frequency supported in |£] > N.

Case 1’ (exactly one high). Both u; and u» are frequency supported in |£] < N>/® and uj is frequency
supported in |£| > N /12. In this case, we estimate as

[ 5 ”MIU)”L% 12 ||u2u3||Lz 12-
k X Ik X
By the interpolated bilinear Strichartz estimate (Lemma 2.8),

5/6N1/2 A7—1/2+6 —1/12+8~ks
lnwly 2 S VYOVENTZ R g Wl S NP2,

6
Indeed, decompose u j =u j 104U j med +4 j,hi, Where u j 1o = P_ st j,jmed = Pys/e<. <N/12> and uj hi = P>nNy12u.
Then at least one term must be “hi”; take it to be u3. Case 1’ corresponds to u7 102, 1043 hi and Case 2’ corresponds to all other
possibilities. Hence, we can take u = 1/12.
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and by Lemma 2.6 directly,
luausllyz 12 € (NNl oo sl s 0 S NP0k, u).

Combining yields
[Jal S N7k, uN).

Case 2’ (at least two high). Here we suppose that u is frequency supported in |£] > N>/® and u3 is
frequency supported in |§| > wN; we make no assumptions about u;. Then we estimate as

< _
ol S IIM1||L§kL§+sIluzlly;kLiIlusllLA;kLiIlele;kL;& 5.
For u;, we use Sobolev embedding and (3-5) to obtain

kS
1 Ik)§2 .

5
||u1||y;ky;+fS < ||DxM1||L4;kL1 S lunllx, )«

[Nl

Since N > 23/ we have N>/6 > 23k/8 5 2k(14+0)/2 "and thus by Lemma 2.5 and (3-5),

”u2||L‘}k Li 5 2k(1+8)/2N—5/6 S (2k(1+8)N—2/3)N—1/6

<okeN=1/6  since N > 23/4,
For u3, we use Lemma 2.5 and (3-18) to obtain
lusll g o3 S @k, uN).
Combining, we obtain (changing deltas)
|y <28 N—Yoaq(k, uN). O

The main result of this section is the following. It states that high frequencies (those strictly above
23k/4y are H' bounded on I;. Moreover, if we subtract the linear flow, we obtain H*3~% boundedness

3k/4

for frequencies above in the case d = 1 and H7/%~% boundedness for frequencies above 23*/4 in the

case d =2.7

Proposition 3.4. Let ty = 1 —27%, I, = [0, 1,1, and let u(t) be a solution to (1-1) such that (3-1) holds.
Then we have

||P223k/4u(t)”Lc;;H; S.; ||P223k/4u(t)||X|,1/2+(lk) ,S 1

Moreover, we have the following regularity above H' after the linear flow of the initial data is removed:
Forany (0 <s 5%—8 in the case d = 1 and for any 0 < s 5%—8 in the case d =2, we have

U)X,y st S 1 (3-21)

it A
1 Poosws (u(t) — € uo) Ly my S | Pogsvss (u(t) — e

7 In fact, the threshold > 23k/ 4, to obtain H! boundedness (but not (3-21)), can be replaced by 2k(1+8)/2 for any § > 0; in
the d = 1 case, one can appeal to Lemma 3.2 with a strictly smaller choice of § in order to obtain a nontrivial gain upon each
application of Lemma 3.2. The number of applications of Lemma 3.2 is still finite number but §-dependent. In the 2D case,
Lemma 3.3 would first need to be rewritten. We have stated the proposition with threshold > 23k/4 pecause this is all that is
needed in Section 4, and it allows us to avoid confusion with multiple small parameters.
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Proof. We carry out the d =1 case in full, which is a consequence of Lemma 3.2. The d =2 case follows
from Lemma 3.3 in a similar way.
By (3-5), we start with the knowledge that o (k, N) < 2KU+)/2N~1 for N > 2K1+9/2 Note

I P=yuollz SN~ Vuoll 2 SN
By (3-8) in Lemma 3.2,
a(k, Ny SN 4 2kUE02 =140 (k 41, uN). (3-22)

Application of (3-22) m times gives
m—1
a(k, N) < N—I(Z(Zk(l+8)/2N—l+8)j) QRN =Y (k4 N,
j=0
Since N > 23/4 we have 2¢/2N—! < N~1/3, Taking m = 7 we obtain a(k, N) < N~!. Substituting this
into (3-7) of Lemma 3.2, we obtain

a2 B )
1PN (u() = et 10) |1 x0,1/24 (1) S pkAH0)/2 =24 SN 43+, g

4. Finite speed of propagation

Recall that the main result of the last section was Proposition 3.4, which showed that the solution at
frequencies > 2%/ is H'! bounded on I;. This was achieved without applying any restriction in space.
In this section, we apply a spatial restriction to |x| > R (outside the blow-up core), and study the low
frequencies < 23%/4 on I;.. Since frequencies of size N propagate at speed N, and thus travel a distance
O(1) over a time N~!, we expect that frequencies of size < 2* involved in the blow-up dynamics will
be incapable of exiting the blow-up core |x| < R before blow-up time.

Since I = [0, #] and 1 = 1 — 27, restricting to frequencies < 23k/% on I, for each k is effectively
equivalent to inserting a time-dependent spatial frequency projection P(;_,)-34. The main technical
Lemma 4.3 below shows that, for 0 < r; < r, < 0o, the H? size of the solution in the external region
|x| > r, is bounded by the H*~!/8 size of the solution in the slightly larger external region |x| > ry.
This lemma is proved by studying the equation solved by P(;_;)-34%u, where v is a spatial cutoff.
In estimating the inhomogeneous terms of this equation, we use that the presence of the P__;-34
projection enables an exchange of « spatial derivatives for a factor of (1 —¢)73%/#. This is the manner in
which finite speed of propagation is implemented. Lemma 4.3 is the main recurrence device for proving
Proposition 4.4, giving the H! boundedness of the solution in the external region, completing the proof
of Theorem 1.1.

Before getting to Lemma 4.3, we begin by using the method of Raphaél [2006], based on the use of
local smoothing and (3-2), to achieve a small gain of regularity.®

8In the d = 1 case, we obtain a gain of 2/5 derivatives in this first step, but in fact the proof could be rewritten to achieve a
gain of s < 1/2 derivatives. The reason s = 1/2 derivatives cannot be achieved in one step is the failure of the H 172, oo
embedding needed to estimate the nonlinear term. One could achieve 1/2 derivatives by running the same argument twice, but
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Lemma 4.1 (a little regularity, d = 1 case). Suppose d = 1. Suppose that u(t) solving (1-1) with H'
initial data satisfies (3-1). Fix R > 0. Then

(D) Yrrull

<1
[O.I)L)zc ~

where Yr(x) = ¥ (x/R) and ¥ (x) is a smooth cutoff with ¥ (x) = 1 for |x| > 1/2 and ¥ (x) = 0 for
x| < 1/4.

Proof. Let w = Ygu and g = ¥gou. Then w solves the equation
idw+ 32w = —|q[*w + 20, (Y u) — Ypu= F + F> + F;.
Apply (D,)?/3, and estimate with I = [T, 1) using the (dual) local smoothing estimate for the F, term:
(D w2 S D) w (T2 + (D) Fill 112
+ D) (D)2 Fall 212 + (Dx) P Fsll 12
We begin by estimating term F;. By the fractional Leibniz rule,
1D Fill gz < Mgl 1D wllagerz + 10271910y s lwll oo,
< (Mgl e + 1D 1q 1y s IDY P wll e 2.
By Sobolev/Gagliardo—Nirenberg embedding and (3-2),
g ¥l + 1D 1a1*l 52 S llgl72lloxq N7z S (1 =D~ dog(l =n~H 72
Applying the L! time norm, we obtain a bound by (log(1 — 77)~!)~!. Hence,
(D> Fillpy e S (og(1 = T ™)™ D) Pwll ez
Next, we address term F». We have
D)D) Fall 22 S D" 202 S llall ey 111 2.
From (3-2), we have [|9,¢ll;2 < (T —1)~'/?|log(1 — )| =" and hence
(D) (Dx) " 2Pl 2 S (1 =TV
Term F3 is comparatively straightforward. Indeed, we obtain
KD Fsll gz S Nl o 11400 Yaull 5y S (1= T,
Collecting the estimates above, we obtain

(DY Pwl ooz S 1D w(T) 2 + Qog(1 — T1) ™)~ (D) Pwll e 2 + (1 = T1) V1.

this is unnecessary since we only need a small gain of s > 0 to complete the proof of our main new Lemma 4.3/Proposition 4.4
below, which enables us to reach the full s = 1 gain. One cannot achieve a gain of s > 1/2 by the method employed in the proof
of Lemma 4.1 alone due to the term 9y (lp;e u).
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By taking T} sufficiently close to 1 so that (log(1 — T1)~")~! beats out the (absolute) implicit constants
furnished by the estimates, we obtain

(D) Pwll ez S D w(T)l 2 + (1 =T, -

Lemma 4.2 (a little regularity, d = 2 case). Suppose d = 2. Suppose that u(t) solving (1-1) with H'!
initial data satisfies (3-1). Fix R > 0. Then

(D) Prulle, 12 S 1,
where Vg (x) =¥ (x/R) and ¥ (x) is a smooth cutoff with r (x) = 1 for |x| > % and Y (x) =0 for |x| < le'
Proof. Let w = Ygu and ¢ = Ygou, and take ¥ = V, g and $ = A,y¥g. Then w solves the equation
idw+ Aw=—|glPw+2V, - (Fu)—Fu=F +F,+ Fs.
Apply (D,)!/?, and estimate with I = [T, 1) using the (dual) local smoothing estimate for the term F,:
(D) 2wl oo 2 + 1{Dx) 2w
< D) Pwoll 2 + D) il s + 1 F2ll 212 + 1D2) 2 Fs 12

Before we begin treating term F7, let us note that by (3-2), ||Vgq ||L§ <(1- t)_l/Z(log(l —1)"H~land
hence [|Vq|l;2,2 < (log(1— T1)~1)~1/2. By the fractional Leibniz rule and Sobolev/Gagliardo—Nirenberg

embedding,
1D}21g Pl S 1D qlsllgl s S lall 1V a1l
Hence,
||D;/2|QI2||L§/3L§ < ||q||1L/(;L%||Vq||3L/%2L% < (log(1 — T7)~")™3/4, 4-1)

Also, we have
1/2 1/2
lglls S 1D ql: S llgll 21Vl

and hence
1917ss S Nqlleger2 Vel 32 S Qog(d = T)~™H 712 (4-2)

Now we proceed with the estimates for term F;. By the fractional Leibniz rule (in x),
(D) 2 Fill 3 S 1D 1g P oz lwllagers + g 1212 14D) Pwl o -
By (4-1) and (4-2), we obtain
(D)2 Fil a9 S Qog(1 = T1) ™)™ (D) P wll e + (D) Pl 10).
Next, we treat the F; term. Again since ||Vq||L§ <d- t)_l/z(log(l .
1F2ll 2,2 < Qog(1 = T1)™H™"

The F3 term is comparatively straightforward.
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Collecting the estimates above, we have
(D) 2wl o2 + I(Dx) 2wl a4
S D) w (Tl 2 + (og(1 = T)™H ™!
+(log(1 =)™ )™ 2UD) 2wl o2 + (D) Pwll ).

By taking T} sufficiently close to 1, we obtain

(D 2wl o2 S D w (T2 + (og(1 —T)™H 7 O
Lemma 4.3 (low frequency recurrence). Letd =10ord =2, 0 < R <r| <rp and % <s <1 Let yr;(x)
and Y, (x) be smooth radial cutoff functions such that

0 onlx| < 11 +r),

1 on|x|>r.

0 on|x[=<r,
1
L on|x|=3(r1+nr2)

Y (x) = { and  o(x) = {

Then
IDSYoull oo 12 S 1+ (D) 3 ul| o

2.
[0,1)=x [O,I)LX

Proof. Let x(p) be a smooth function such that x(p) = 1 for |p| < 1 for x(p) = 0 for |p| > 2. Let
P_ = P_y_;-34 be the time-dependent multiplier operator defined by f’? (&) = x (T —1)3*g)) f &)
(where the Fourier transform is in space only). Note that the Fourier support of P attime 7, = 1 — 2k
is < 23%/4 We further have that

oP_f=3i(1=0"""QD. f + P8, .
where Q = Qj_;-34 is the time-dependent multiplier
OF (&)= x'(L =0’ *|ED £ &).

Note that the Fourier support of Q at time 7y = 1 —27% is ~ 23¥/4_ Note also that if g = g(x) is any
function, then
IPDYgll2 < (=07 gl 2. (4-3)

Let w = P_vyru. Taking ¥, = V, v, and @2 = Ay, we have
w4+ Aw=—i(1—1)"Y*Q -V, w— P_volu|u+2P_V, - [Fou] — P_Tru
=FM+E+FB+F
By the energy method,
1 4
”Diw”iﬁ;l)Lg < ||D;w(0)||§§ +/0 (D Fi(s), Dyw(s)) 2| ds +10 2;||Dij||iFOJ)L%.
i

For term F, we argue as follows. Let Obea projection onto frequencies of size (1 —¢)~>/4. Then

1 1
[ UDiF©. DweNzlds < [ 1= DY Gyl s
0 0 *
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Applying (4-3) with ¢ = %, we can control the above by

1 ~
| =97 1D w13, s

Dividing the time interval [0, 1) = U,fi [, tk+1), we bound the above by

+00 tet1 +00
> ok / | D3 Pyssspou()1I7 ds S D ID Pyl o
k=1 L

[t tep1) ™%
k=1 kolke+1

where Py is the projection onto frequencies of size ~ 2°%/4 (and not < 23%/4). However, writing
u(t) = e""®ug + (u(t) — e'"®ug), the above is controlled by (taking s = 1, the worst case)

o] +00
2 it A 2
D IV Pywsuoli s + Y IV Pywss (u(@) = €A uo) 7.
k=1 k=1

By (3-21) of Proposition 3.4,
+o0
IVauollz +) 27 S 1.
k=1

In conclusion, for term F; we obtain

1
/I(DiFl(S),Diw(S))LgldSS1-
) .

We next address term F». Insert wf/ arl _ Yo, then apply (4-3) with o = s to obtain (in the worst

case s = 1),

—3/4 4/d —3/4 4/d+1
1Dy ol 2 S I =07 a2 U =07 iynull e Iy, -

We consider the cases d = 1 and d = 2 separately. Whend =1,

IWiullgo SIDY Yl S 1,
by Lemma 4.1. Consequently,

1D Fally, 2 SN =07 <1

0.y~
On the other hand, when d = 2, we have
2/3 3 _
IWillg S ND Waullz S 1D Yl 5 1Vl S (A =0)7V0
by Lemma 4.2 and (3-2). Consequently,
”D;Fz”l‘[l().l)l‘% ,-S ”(1 o t)73/4(1 - t)71/6||l‘[10.l) SJ 1
Next, we address term F3. By (4-3) with @ = 9/8,

s < _\=27/32 s—1/8
ID3Fsllgy, 2 U =722 1D A @l 1o
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Since ||(1 —1)727/32|| Ly ™ 1 and the support of ¥, is contained in the set where | = 1, we have

s 1/8
1D} Fsllpy 12 S D)™ P ynullgy 1o

[0.1)

Finally, we consider F4. We have

1Dy Fally 2 S IV Py 2 SHA =07 ullgs 12 $1

.k (Ty.1) 0.1 &
by (4-3) with o = 1. O
Proposition 4.4. Suppose that u(t) solving (1-1) with H' initial data satisfies (3-1). Fix R > 0. Then

lull oo n

[0.1) m>R ~

Proof. Iterate Lemma 4.3 eight times on successively larger external regions. U

Proposition 4.4 completes the proof of Theorem 1.1.

5. Application to 3D standing sphere blow-up

We now outline the proof of Theorem 1.2 utilizing the techniques of Section 3 and 4. Theorem 1.2
pertains to radial solutions of (1-9). We define the initial data set % as in° Rapha¢l and Szeftel [2009,
Definition 1, page 980-1], except that condition (v) is replaced by [luollg1(r—1>1/10) = €. The goal
then becomes to complete the proof of the bootstrap Proposition 1 on page 982, where the “improved
regularity estimates” (35)—(37) are effectively replaced with

@l g, <e.

|x|<1/2
Let us formulate a more precise statement:

Proposition 5.1 (partial bootstrap argument). Let Q be the 1D ground state given by (1-4), and let € > 0,
T > 0 be fixed with T < €*®. Suppose that u(t) is a radial 3D solution to

i+ Au+ul*u=0
on an interval [0, T'] C [0, T) such that the following “bootstrap inputs” hold:

(1) There exist parameters L(t) > 0, y(t) € R, and |r(¢t) — 1] < 1/10, such that if we define

i 1) =u(r,t)— A(t§1/2Q(r ;(gt)), (5-1)

then, forO <t <T’,

. 12
log|log(T z)|) | 52)

Va2 = 2~ ~ ( =

and
1

”V”t(t)”L2 ~ |1 g(T [)|1+(T—[)1/2

(5-3)

IWe are considering the case dimension d = 3 (in their notation N = 3).
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(2) Interior Strichartz control. ||(V)u(t)||L5 Lo <€
0.

T Ix1<1/2

(3) Initial data remainder control: ||<V)ﬁ0|IL% <e.

Then we have the following “bootstrap output”:

||<V>”(t)||L[°00 30/11 565. (5-4)

Ix|=1/2

T’]L|2x|51/2 T ” <V>M(l‘)”L[50.T’]L
The goal of this section is to prove Proposition 5.1, which shows that the bootstrap input (2) is rein-
forced. Proposition 5.1 is, however, an incomplete bootstrap and by itself does not establish Theorem 1.2.
The analysis which uses (5-4) to reinforce the bootstrap assumption (1) is rather elaborate but will be
omitted here as it follows the arguments in [Rapha&l 2006] and [Raphaél and Szeftel 2009]. Moreover,
these papers demonstrate how the assertions in Theorem 1.2 follow.
The proof of Proposition 5.1 follows the methods developed in Section 3—4 used to prove Theorem 1.1.

We do not, however, rescale the solution so that 7 = 1 as was done in Section 3.

Remark 5.2. Let us list some notational conventions for the rest of the section. We take 1y = T — 2%
and denote I, = [0, #]. Let v(r, t) = ru(r, t), and consider v as a 1D function in r extended to r < O as
an odd function. Note that v solves

i0v+0%v = —r*|*v.

The frequency projection Py will always refer to the 1D frequency projection in the r-variable. The
Bourgain norm ||v||x,, refers to the 1D norm in the r-variable.

Let Ayp = A(0) and take kg € N such that 2_k0/2(log ko)~1/2 ~ xg. We then have T ~ 27X The
assumption 7' < €40 equates to 2-k0/8 < ¢35 Note that A (1) = 2_k/2(10g k)12,

Lemma 5.3 (smallness of initial data). Under the assumption (3) in Proposition 5.1 on the initial data,
and with vy = rug, we have
1P o048, v0ll 2 + 18 v0ll 2, | S €.

<12 ™~

Proof. Let vy = riig. Since 9,09 = g + rd, o, we have by Hardy’s inequality
~ —1~ ~ ~ 5
18,50l 2 S Nl dioll 2 + I Viioll 2 S I Viioll 2 S €.

Recalling the definition of ity = u(0) in (5-1) (with = 0), we have

The result then follows from the exponential localization and smoothness of Q. U

Lemma 5.4 (radial Strichartz). Suppose that u(t) is a 3D radial solution to
i0ju + Au = f.

Letv(r,t) =ru(r,t) and g(r,t) =rf(r, t) and consider v as a 1D function in r (extended to be odd), so
that
i0v+ Brzv =g.
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Then for (q, r) and (g, 7') satisfying the 3D admissibility condition,

2/p-1 < A0l
- vilgepr S llvollzz + i g”L?’Lrp :

Proof. The left side is equivalent to ||Vu/|| LIy and the right side is equivalent to |Jug| 2+ LA

it is just a restatement of the 3D Strichartz estimates.

.
q 7P
LiL?
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SO

Lemma 5.5 (3D to 1D conversion). Suppose that u(x) is a 3D radial function, and write u(r) = u(x).

Let v(r) =ru(r). Then for 1 < p <3, we have
PP~ 9wl p S I Vaull -

Also for % < p < 400, we have
2/p—1
IVeull e S PP~ 00] .

Consequently, for 3D admissible pairs (q, p) such that 2 < p < 3, we have
IVullgage ~ 1r*P~ 0, vll oy
We remark that g =5 and p = % falls within the range of validity for (5-7).

Proof. The proof of (5-5) and (5-6) is a standard application of the Hardy inequality.
First, we prove (5-5). Using v =ru,

PPy 0 = 2P 4 Py,

and thus,
) 1 2 2 1
|~ /p— 3rv||L£’ <|Ir /Pa,unL; + |Ir /p M||L£’-

We have, for r > 0,

+00 d +00
u(r) =—(w(+oo) —u(r)) = / %(u(sr)) ds = / u'(sr)rds.

=1 s=1
By the Minkowski integral inequality,

+0o0

2/p—1 ) < / 2/p
127l < [l s

1

Changing variable r — s~ 'r, we obtain that the right-hand side is bounded by

T 2p,
s ds |\\r"Pu’|| »
s=1 r>0
and the s integral is finite provided p < 3.

Next, we prove (5-6). We have

PP = rPo,.(r ') = — 2P 2y 4 2P 1,0,

and hence,
2 2/p—=2 2/p—1
172/ P8ull p < 1P~ 20l + 1722 9,0l o

(5-5)

(5-6)

(5-7)
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We have

1 1

4 (o(sr))ds = / o (sryr ds.
ds 0

v(r)=v({r)—v0) = /

s=0
By the Minkowski integral inequality,

1
2/p—2 2/p—1
12720, < / 1 (5P P o ds.
s=0

Changing variable r — s~!r in the right side, we obtain

1
||r2/p_2U||Lrp < </ s—3/]7+1ds>”v/(r)r2/l7—l ”L,p
=0

5=
and the s integral is finite provided p > % O

The replacement for Lemma 3.1 is Lemma 5.6 below. The difference is that in Lemma 5.6, we only
use b < % when working at H' regularity.

Lemma 5.6. Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold. Then for % —§<
b < %,
18-Vl x40, S 24 (log )" *172 = (T — 1) (log|log(T — )"/, (5-8)

Also,for%—é <b< %4—8,
Il 0 S5 2% = (T —1)™°. (5-9)

Proof. We will only carry out the proof of (5-8), which stems from (5-2).10

The proof of (5-9) is similar,
and stems from the bound on ||u(¢)|| ys obtained from interpolation between (5-2) and mass conservation.
In the proof below, T has no relation to the T representing blow-up time in the rest of the article.

Let A = A(ty) =27%2(logk)™'/%. Let r = AR, x =AX, and t = A>T + t;. Define the functions
V(R,T) =A20(AR, AT + 1) = 2 20(r, 1),
UX,T)=2"2u0X, \>T + 1) = A %u(x, ).
Note that the identity v(r) = ru(r) corresponds to V(R) = ARU (R).
We study V(R,T) on T € [0, log k], which corresponds to ¢ € [#x, tx4+1]. We have ||V||L§e = ||v||Lg ~
O (1) (by mass conservation) and ||8RV||L3e = Al|d,v||z2. Hence, ||8RV||L[OS] yld = O(1). The equation
r log
satisfied by V is
i0rV 402V = A" R7HV|*V.

Let J = [a, b] be a unit-sized time interval in [0, log k]. Then by Lemma 2.4,

1RV llx0505) S N8RV @22 + 19rAT*RTHVIFV) 1 1.

10The need to take b < 1/2 comes from Lemma 2.4, (2-7) versus (2-8); when working at H 1 regularity near the origin, we
cannot suffer any loss of derivatives. The fact that [0, v| x, ,(z,) for b < 1/2is only a H 1 subcritical quantity is of no harm as
the only application of (5-8) in the subsequent arguments is to control the solution for » > 1/2, where the equation is effectively
L2 critical.
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Let x1(r) = 1 for r < § and supp x; C B(0, ). Let x = 1 — x1. Let g1 = g A *R~* 1 AR)|V[*V)
and g = dg(A"*R™*x2(AR)|V|*V), so that the above becomes

108V llx050) S 108V @Iz + lgill 2 + l1gall 112 (5-10)

We begin with estimating || g2||; 112 We have

g2l iz S IVl 2 + 1V @RV L 13- (5-11)
We now treat the first term in (5-11). Of course, ||V5||L11L%e = V||25L10. By Sobolev embedding ”V”L}?O <
J™R

2/5 o
| Dy V”L?e and by Holder,
2/5
IVilzs o S TOUDEE Vo2 S1TY UV 02 + 1RV Il og2)
< IOQI OVl 12 + 10V 10,2)-
Using that ||V||L30L%e ~ 1, that |J| ~ 1 and Lemma 2.7, provided % <b< %, we have
Vg5 S IO+ 110V lx,)- (5-12)
We now treat the second term in (5-11), similarly estimating the term || V|| L1 We have
[ V48RV”L}L§ < |J|7/20||V”ilJoL}eouaRVHL‘}L}?
S+ 10-V I 1022) 18RV Il 4 L10-
J ~R J™R
Appealing to Lemma 2.7, provided % <b< %, we obtain
VARV Iy 2 S 1200+ 110V l1x,,)°. (5-13)
Combining (5-12) and (5-13), we have
g2l 2 S 1720+ 1108 VIIx,,)°- (5-14)

Next we estimate || g ”Lleﬁ' By rescaling,

_ —4) 4
”glllLle%e = Allo-Gar v v)”L[lfk,ka]L%'

1

Let w = x1u, where x; =1 on supp x; but supp x; C B(0, %). Replacing u =r~" v, we obtain o, (ru’) =

d,(r x1w?), and hence,
lgtllzz, S Awliy o + lrw*dywll2) S AAx ™ w0 + [wVwl2). (5-15)
By Hardy’s inequality and 3D Sobolev embedding,
1x1~ P wligo S 1D wllp S IVwll o
By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwlzz < lwlizaollVwl zon S IV 30
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Returning to (5-15) and invoking (2) of Proposition 5.1,

gl 2 SMVWIE s som S he. (5-16)
kT I, Hx

k

By putting (5-14) and (5-16) into (5-10), we obtain
19&VI1xo 505y S N0RV @22 + [T 17220 + 108V 1x0,)° + A€

From this, we conclude that we can take |J| sufficiently small (but still “unit-sized”!") so that it follows
that

1RV I x, () < O(1).

Square summing over unit-sized intervals J filling [0, log k],

18R V Il xo 510, 10g kD) < (log k)2,

This estimate scales back to
”arU”Xo.b([tk,tkH]) 5 (log k)l/zk(tk)_Zb — 2kb(10g k)h+1/2,

Now square sum over k from k =0 to k = K to obtain a bound of 2X? (log K)?*+1/2 over the time interval
I, which is the claimed estimate (5-8). Il

The analogue of Lemma 3.2 will be Lemma 5.7 below. We note that as a consequence of Lemma 5.6,
the hypothesis of Lemma 5.7 below is satisfied with at(k, N) =27*2N~1,

Lemma 5.7 (high-frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold,
/12

and le
Bk, N) := | P>N0,vllxg, 1)
Then there exists an absolute constant 0 < u < 1 such that for N > 2k(+9)/2 e have
Blk, N+ r/ P Pondrvll g 1
SN PN voll g2 + 28PN Bk, uN) + N 020 Bk, uN)Y? +27% + & (5-17)
for all 3D admissible (q, p).

Proof. Note that v solves

10,0+ 0% = —rlul*u = —r~*v|*v.

Let x;(r) be a smooth function such that x(r) = 1 for |r| < % and x; is supported in |r| < %. Let
x2=1—x1. Apply P>y0, to obtain

(i + ) P=nd,v = g1 + g2,

1]Meaning: with size independent of any small parameters like € or A
12Note the inclusion of one derivative in the definition of B, in contrast to the choice of definition for « in Proposition 3.4.
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where

gj(r)=—P-nd, (xjr*v|*v) for j=1,2.
Then by Lemma 2.4!3 and Lemma 5.4,
| P> 0rvllxo,1o- 1) + ||r2/"*1PzN8rvlngkL,v S IIP=n0rvollz2 + I8 ey 22 +N82lzy r2-

The term || g2 || Lr? is controlled in a manner similar to the analysis in the proof of Lemma 3.2. For this
term, x» r~*and 9, (x> r ~*) are smooth bounded functions, with all derivatives bounded. By Lemma 2.10,

lg2llzz S Py (@) 2 + N7 (00 [ 2 (5-18)
By an analysis similar to the proof of Lemma 3.2, utilizing the bounds in Lemma 5.6, we obtain
I Pon (@)% 1 12 S 2CFENTI Bk, uN) + NTHO20 Bk, N, (5-19)
Also by the Strichartz estimates, as in the proof of Lemma 5.6 above,
14007l 12 S ID I, 0RVIx,, S 26072, (5-20)
Inserting (5-19) and (5-20) into (5-18), we obtain

||g2||L} 12 5 2k(]+8)/2N_1+8,3(k, ,LLN) +N_]+82k8,8(k, MN)2+N_12k(1+8)/2. (5_21)
T

The last term, N ~12k049/2 gjves the contribution 2% in (5-17) due to the restriction N > 2k(1+9)/2
(different deltas).
Next we address || g; IIL; ;2. We estimate away Psy by
k" -

||81||L;kLg S ||§1||L;kLg, (5-22)

where (ignoring complex conjugates)
g1=0,(r"*x1v°).

1

Let w = xju, where x; = 1 on supp x; but supp x1 C B(0, %). Replacing u = r~"v, we obtain g; =

8, (rx1u’) = 9, (r xw>), and hence,
&2 S Iwll o+ llrw*d,wliz S Hxl ™ PwliF o + lw vl
v Ll ; Ll F:
By Hardy’s inequality and 3D Sobolev embedding,
™ Pwligo S 1D wllzwo S IVwll .
By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwlizz < lwllpoIVwll o S IVwl -

13We were able to obtain the L}k L% right side (without § loss), because we took b < 1/2 in the Bourgain norm.



504 JUSTIN HOLMER AND SVETLANA ROUDENKO
Hence, ||g; ||L% < ||Vw||i30/”. Returning to (5-22) and invoking (2) of Proposition 5.1,
X

5 5
”glllL}kL% S vauL‘;kLiO/“ 5 €. g

The analogue of Proposition 3.4 is this:

Proposition 5.8 (high-frequency control). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then for any 3D Strichartz admissible pair (q, p), we have

2/p—1 5
I Pgoussdr 0l -ty + PP Pogisadrvll g 1p S €.

Proof. Several applications of Lemma 5.7, just as Proposition 3.4 is deduced from Lemma 3.2. O

Due to the H! criticality of the problem, we do not have improved regularity of v(f) — ei’% vy as was
the case in Proposition 3.4. As a substitute, we can use the methods of Lemma 5.7 to obtain the following
lemma:

Lemma 5.9 (additional high-frequency control). Suppose that the assumptions of Proposition 5.1 and
Remark 5.2 hold. Then
+00 1/2
(Z | Pawssdpvllger ]L%> <6, (5-23)
k—ko k—1:1k
Proof. 1t suffices to prove the estimate with the sum terminating at k = K, provided we obtain a bound
independent of K. For each k in kg < k < K, write the integral equation on ;. For r € [t;_1, #]
t
(1) = e vy — i f % 1yt (t)) d
0

Apply P,3/40, to obtain
!
Pyadpv(t) = P23k/4€lt8’28rv() —1i / el(t_t/)a’2 Py3i/4 0, (r_4|v|4v(t’)) dt’.
0

Estimate

| Pysisad,vll oo g2 < || Posesadrvoll 2 + [| Posksadr (r ol *0) |l 11 42
[t —1.15 17T r I =r

By the inequality (a + b)*> < 2a* 4 2b?, this implies

2

2 2 —4,. .4
| Ppaadrvllice 1o S NP0 v0ll72 + 11 Posesa0r (r [0 0) 171 o
[tg—1.1517T r Iy =r

1

Let x1(r) be a smooth function such that y;(r) = 1 for |r| < % and x; is supported in |r| < %. Let
x2=1—x1. Letg; = P23k/4ar(Xjr_4|U|4U) for j =1,2.
Recall that in the proof of Lemma 5.7, we showed that

||P2NarX2r—4|U|4v”L}kL% 5 2k(]+8)/2N_1+8}3(k, I,LN) +N_1+82k8,8(k, MN)2+N_12k(1+8)/2,
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and Proposition 5.8 showed that B(k, 23/%) < 1. Combining gives || g2 || L2 S 27k/8 and hence,
k r

K 1/2
2 —ko/8 5
(§:||82||L1 Lz) S8 <€,
I ~r
k=ko

Now we address g;. Let w = xju. For each k, lengthen I to I := I to obtain
K
2 —4 4 2

anlan < WPyt (g lwl*w)ligy o
k=ko

By the Minkowski inequality, for any space-time function F', we have
||P23k/4F||[%L}Lg = ||P23k/4F||L}z]§Lg S ||F||L}L%

Hence,

K

2 < —4,. 14 2
kaugl 173 12 S 10Gar~ lw*w)lg, .
=Ko

At this point we proceed as in Lemma 5.7 to obtain a bound by €°.

505

O

Now we begin to insert spatial cutoffs away from the blow-up core and obtain the missing low fre-
quency bounds. The first step is to obtain a little regularity above L2, since it is needed in the proof of

Lemma 5.11.

Lemma 5.10 (small regularity gain). Suppose that the assumptions of Proposition 5.1 and Remark 5.2

3

hold. Let v3,4(r) be a smooth function such that y3/4(r) =1 for |r| < 3 and ¥3/4(r) = 0 for |r| =

Then
D) T3 vl o

< 5
[O,T)L% ~S €.

Proof. Taking ¥ = 3,4, let w = yv. Then
10w+ 07w =Y (@id +8>)v+28,(Y'v) —y'v
= —r~ 4y v[*v +20,(¥'v) —¥"v = F| + F> + F3.
Local smoothing and energy estimates provide the estimate

3/7
1D w|

2
o Lr

7

3

SID Twoll 2 1D il 12+ 107 2D Bl o + 1D Fsllpy 2. (5-24)

We begin with the F; estimate. Let ¥ be a smooth function such that

0 ifr<i,
Fry=41 ify<r=<ig,
0 ifr>2.

Let ¢ = r~'v. By writing 1 = (1 — ¥*) + ¥*, we obtain
Fi=—1=§Hyr v —jqlw.
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Note that (1 — 1%4)1# is supported in |r| < % and iﬁ4w is supported in ‘—1‘ <|r| < %—5
For the term (1 — F*)yr~*|v|*v, we appeal to the bootstrap hypothesis (2) in the same way we did in
the proof of Lemma 5.7 to obtain a bound by €. As for the term |g|*w, by the fractional Leibniz rule,

3/7
L 1D Tl g

||D3/7(|C[| w)”L' L2< ||D3/7|q| || L7/3|| Il 7.0 L14+|||‘]| ”L

[0,T) Lr [0.7) [0.7)

By Sobolev embedding and Gagliardo—Nirenberg,
1D g1l 7 + a1l S gl l0,q17,  and wlige S 1D w2,
Hence,
107 (al* w12 Sllallpee 1200l 1D Wil 12

[0.T)

By (5-3), 10,qll.2 , 12 < (Jlog T)~! < (loge~")~!. Consequently, we obtain

~ [0,7)

1D} Fillyy, 12 S €+ (oge )™ ID w12
As for F», we start by bounding

IID_1/2D3/7F2||L2 Lz<||D13/‘4(w Iz, -

[0.7)

On the support of ¥, we have v = rg. Noting that on the support of 1" we have r ~ 1 and using the
interpolation, we get

1D W r)lc; < allez + gl 2 Noq ™.
By (5-3),
Mgl e, STV S
Consequently,

~1/2n3/7 1/2 1/28 <« 5
| D V2D3/ Pl 12 ST 24Tl <6,
Finally, for the term F3, we estimate
3/7 1/2 <« 5
DY Fillgy 12 Slallyy,, 2+ 10rlly, , 12 STHT2 S €
Collecting the above estimates and inserting into (5-24), we obtain

1D wllze 2 SIDY T woll2 + Goge ™) ID TwllLe 12 +€,

[0,7) [0,7)
and the result follows (by bootstrap assumption (3), || Dr3 z wo| L2 < e). Il

We will need to apply the following lemma eight times in the proof of Proposition 5.12 below. As in
Section 4, the use of the frequency projection P<(r_;)-3+ and the process of exchanging derivatives for
time factors via (5-25) is essentially an appeal to the finite speed of propagation for low frequencies.
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Lemma 5.11 (low frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Let % <ri<m< % and % <s < 1. Let ¥\ (r) and Yr»(r) be smooth cutoff functions such that

1 onlr| <r, 1 on |r|§l(r1—|—r2),
Yi(r) = | and Yp(r) = 2
0 on|rl=35(r1+r2) 0 onlr|>nr.
Then
1D} o)l 2 SUD TP (Wav) i, 12 + €.

Proof. Let x(§) =1for |§] < 1 and x (§) =0 for || > 2 be a smooth function. Let P = P_y_; -3+ be the
time-dependent multiplier operator defined by 13? (&) = x (T —1)3/%¢) f (¢) (where Fourier transform is
in space only). Note that the Fourier support of P at time T —t = 2% is < 23 /4 We further have that

W Pf=3i(T —1)""*Qd, f + P, f,
where Q = Q 7_;)-3 is the time-dependent multiplier

Oh(&) = x'(T = )3 *€) h(®).

Note that the Fourier support of Q at time t = T — 2% is ~ 23k/4 Note also that if g = g(r) is any
function, then

IPDEgll2 < (T =7 *|Igll 2. (5-25)
Let ¥ be a smooth function such that

0 if|r|<1i,
Fr)y= 11 if 3 <|r[ <301 +r),
0 if|r|=nr.

Let w = P_(r_;)-3+ D; (¥1v). By Proposition 5.8, it suffices to show that

s—1/8
lwilee, 2 SUDFTEW20)

5
2 .
0,7)Er 0.7 L7 +e

Note that w solves

idw+ 37w =—3(T —1)""/* 09, Di(Y1v) — PD(Y1r*|v|*v) +2P3, D (Y{v) — PDE(y{'v)
=FM+E+FB+F

By the energy method, we obtain

T 4
2 2 2
lwl2ey, < ||w0||L;+/ (Fiow) gzl + 10 IR 2,
0 o 0.7 %7
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We estimate F) using Lemma 5.9 as follows.'* Let Q be a projection onto frequencies of size ~
(T —t)~3/* (importantly, not < (T —t)~3/%). Then

T T
/0|<F1,w>L;|5f0 (T =0~ QD> (yiw)li7.

It suffices to take s = 1, the worst case. The presence of Q allows for the exchange Dr1 2~ (T — )38,

which gives

T T
/0 [(F1, w2 sfo (T =0~ 108, (W1v)II7.

By decomposing [0, T) = U,fiko [#, tx+1], and using that (T — 1)~ =2k on [#, tr+11, we have

/ (T =07 108, v, = Z f M) Py, (g10) 2.
arasy| "
Since |[#, tx+1]] =2~ —kthe above is controlled by Zk —ko | Pa3k/40y Y1012
which is bounded by €’ (by Lemma 5.9). etk
For the nonlinear term F», by writing 1 = 1 — * + ¥*, we have

12 the square root of

Fy=—PD}(r (1 = FHyv*o) — PD gty vl o) = Fay + Foo.
The support of (1 — ip4)l//1 is contained in |r| < % and we can use the bootstrap hypothesis (2) to obtain

5
”FZ]”LI <€ )

0.nL
as was done in the proof of Lemma 5.7 (for any s < 1). For Fpy, taking v = Ypv and noting that
Y1 Y2 = Y1, we have Fy = PDS(r ~*§*y|0]*D). By (5-25) with o =

1Pl 02 < “(T—t)_3/32IIDf_1/8(r_4fﬁ4w1|17| Dez

Since ¥ is supported in % < |r| < ry, the function F*y;r—* is smooth and compactly supported. By the
fractional Leibniz rule,

_ _ ~1 4~ ~ — ~ ~,7/2 1/2 —2
1D B T B9 e S IIE 1D 5502 S IDYTHI2 18,1, 14D) 55112

Using the bound ||0, vlle < (T —1)~/2 from (5-3) and the bound on ||D v||Loo L2 from Lemma 5.10,
we obtain

2 ST =0T =07y WD) T e, 12 SEND) ™ o0l 2

| F22l 11 - oo 0 L2

[0,7)

To bound F3, we use (5-25) with o = % to obtain

—27/32 1/8
1Pl 2 SN =072 1D ol o,

[0,7)™r

141t seems that the energy method is needed here, since it furnishes fOT [{F1, w);2|; we cannot see a way to estimate
| F1 ||L1 L Indeed, by pursuing the method here, one ends up with a bound || F ||L1 RS Zk —ko | Py3k/a 1//1v||L2 which

is not controlled by Lemma 5.9, since it is not a square sum.
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The F4 term is more straightforward than F3, since there is one fewer derivative. O
The H' control will complete part of the bootstrap estimate (5-4) in Proposition 5.1:

Proposition 5.12 (H' control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then

< 5
19: v||LF5T>L\2r|<5/8 €

Proof. Letry = % + é(k —1). Apply Lemma 5.11 on [rg, r¢41] for k =1, ..., 8 to obtain collectively
by Lemma 5.10 that

5
18,0l SE+vlla_ <é 0

[0,7) \ I=5/8 Iri<3/4

Proposition 5.13 (local smoothing control). Let the assumptions of Proposition 5.1 and Remark 5.2
hold. Let vr9/16 be a smooth function such that Y916(r) = 1 for |r| < 1¢ and Yo/16(r) =0 for |r| = §.

Then
IDY2Wonev)ll 2 12 S €.

[0, T)

Proof. Let x(§) =1 for |£| < 1 and x(£) = 0 for |£] > 2 be a smooth function. Let y_ = x and
¥+ = 1 — x. Let P_ be the Fourier multiplier with symbol x_((T — )*>/*£) and P, be the Fourier
multiplier with symbol x ((T —¢)3/4€). Then I = P_ + P, for each ¢, and P_ projects onto frequencies
< (T —t)~%4, while P, projects onto frequencies > (T —t)~>/*. Letting Q be the Fourier multiplier
with symbol 3 x'((T —1)*/4€), we have 8, Py f = +i(T —1)~1/4Q8, f + P9, f. Note that Q has Fourier

support in |&| ~ (T — )34,

First, we can discard low frequencies. From Proposition 5.12 and (5-25) with o = %,

1D} P_ypopievlsa | 12 S IT =07 0 popevlla 12 S TVE N0 Wos6vlI5s, 12 S €

[0,7)

For the high-frequency portion, Df 2 Py r9/16v, we first need to dispose of the spatial cutoff. We have

D2 Pyiropi6 = o16D;/* Py + DY Py, o6

The leading order term in the symbol of the commutator [D3/ 2 Py, Y9161, by the pseudodifferential
calculus, is £'/2 x4 (6(T — )Y/ (r) + E/2(T — 1)>*x L. (E(T — 1)**)¥’'(r). Hence, we obtain the
bound

LD} Py, Yropnel (D)™l 1212 S 1,

independently of 7. Thus, ||[D;’ P+ 1//9/16]v|| 12,12 1s easily bounded by Proposition 5.12.

It remains to show that ||y /16D P+v I 13, < €7, the estimate for the high-frequency portion with
no spatial cutoff to the right of the frequency cut off. To obtain local smoothing via the energy method,
we need to introduce the pseudodifferential operator A of order 0 with symbol exp(—(sgng)(tan_1 r)),
where sgn & is a smoothed signum function. Note that by the sharp Gérding inequality, A is positive.
The key property of A is

Af=A02f —2i(1+r>)"'D,Af + BY,
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where B is an order 0 pseudodifferential operator. The first-order term i (1 4+ r%)~' D, Af will generate
the local smoothing estimate.
Let w = AP;v. By the sharp Girding inequality,
o602 Pavllzz 12 SN +r%)7 ”2D3/2w||Lszz

3,2

and it suffices to prove that ||(1 +72)~1/2D;“w|| 2 Lz 3. The equation satisfied by w is

w4+ 3w+ 2i(1+r) 'Dyw= (T —1)"V*A08,v— AP r *v|*v+ Bv=F + F, + F3,

where B is a order O operator (satisfying bounds independent of ). By applying 9, and pairing this
equation with d,w (energy method), we obtain, upon time integration,

T
2 2—=1/2103/2,. 112 2 2
10wl 2+ N+ 20wl s fo (00 Frow) | 1003, Fallyy o + 1000 F3l,

The F3 term is easily controlled using Proposition 5.12.

The F; term is controlled as in the proof of Lemma 5.11 (a similar first term). For the F, term, let ¥
be a smooth function such that ¥ (r) = 1 for |r| < 1 and ¥ (r) =0 for |r| < 1. Writing 1 = >+ (1 — "),
we have

= AP W r Hulfv+ APL(1 — ) r*u*v = Fay + Fa.

We estimate || 9, F71 || Ll L2 ASWE did in the proof of Lemma 5.7. For the term F»», take v = (1—y°>)r 4,
and note that v is smooth and well localized. In the proof of Lemma 5.7 (see (5-18) and (5-21)), we
showed that

I PZNar‘/’+|”|4U||L}kL% < KUFD2ZNSB (K, uNY + NT1 02K Bk, uN)? + N~12K0+72,
Furthermore, Proposition 5.8 showed that g8 (k, 23k/4) < 1. Combining with the above gives
”P223k/48r1//+|vl4v||L}kL% < k8,

Thus,

o0 [e.¢]
4 4 —ko/8 5
10: Faallpy, 12 S D N Pogwsdeps 00l 12 S Y I Psosssdpralvlollyy 2 S270F S O
k=ko k=ko

Proposition 5.14 (Strichartz control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2
hold. Then

2/p— < 5
Ir?/P="5, vllze e, S €

Proof. Let ¢ be a smooth function such that v (r) =1 for |r| < 5 ! and Y(ry=0for|r|> . Letw=1vv.
Then w solves

idw+ 07w = —yr v +20,(Y'v) — ¢y v=F + F, + F;.
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By the Strichartz estimate and dual local smoothing estimate, we obtain
2/p—1 < ~1/2
I hrwllpe rr SNOrwollz +10,Fillpy ra + 1D, 70 Fallpz o + 110, 3l pa-

Let ¥ be a smooth function such that ¥ (r) = 1 for |r| < }1 and ¥ (r) = 0 for |r| > % By writing
1 =9+ (1 — ), we have

=y r )t — v (1 = F)r oty = Fiy + Fro.

Since the support of ¥ is contained in |r| 5 , we can estimate the term |9, Fi1|| Ll L2 by €’ using
bootstrap assumption (2) as in the proof of Lemma 5.7. Since (1 — )Wr_4 is a bounded and smooth
function,

o, F , < v <T v < e,
19 Fially 2 SN0V Ny 2 STHOIG (2 S

Also, by Proposition 5.13,

1D} Falle 2 S 1D Popievll 2

[0, T) [0, T)
Finally,
< <éd
10 Faly 2 STNOI e 12 Se
by Proposition 5.12. Collecting the estimates above, we obtain the claimed bound. O

This completes the proof of Proposition 5.1 (via Lemma 5.5).
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