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BLOW-UP SOLUTIONS ON A SPHERE FOR THE 3D QUINTIC NLS IN THE
ENERGY SPACE

JUSTIN HOLMER AND SVETLANA ROUDENKO

We prove that if u(¢) is a log-log blow-up solution, of the type studied by Merle and Raphaél, to the
L? critical focusing NLS equation id,u 4+ Au + |u|*?u = 0 with initial data uy € H'(R?) in the cases
d = 1,2, then u(t) remains bounded in H' away from the blow-up point. This is obtained without
assuming that the initial data uo has any regularity beyond H'(R?). As an application of the d = 1
result, we construct an open subset of initial data in the radial energy space Hrgd([RP) with corresponding
solutions that blow up on a sphere at positive radius for the 3D quintic (H'-critical) focusing NLS
equation i d,u + Au + |u|*u = 0. This improves the results of Raphaél and Szeftel [2009], where an open
subset in Hr*zd(ﬂ@) is obtained. The method of proof can be summarized as follows: On the whole space,
high frequencies above the blow-up scale are controlled by the bilinear Strichartz estimates. On the other
hand, outside the blow-up core, low frequencies are controlled by finite speed of propagation.

1. Introduction
Consider the L? critical focusing nonlinear Schrodinger equation (NLS)
iu + Au+ |uu =0, (1-1)

where u = u(x, 1) € C and x € R?, in dimensions d = 1 and d = 2. It is locally well-posed in HY(RY)
and its solutions satisfy conservation of mass M (u), momentum P (u), and energy E (u):

- 1
M) = [|u))?.. P(u>=1m/uwx, E(u)=%uwniz—mnuniﬁiﬁ; (1-2)

see [Tao 2006, Chapter 3] and [Cazenave 2003, Chapter 4] for exposition and references. The Galilean
identity (see [Tao 2006, Exercise 2.5]) transforms any solution to one with zero momentum, so there is
no loss in considering only solutions «(¢) such that P(u) = 0.

The unique (up to translation) minimal mass H' solution of

—0+AQ+|01Y'Q =0, with Q=0Q(x), (1-3)

is called the ground state. It is smooth, radial, real-valued and positive, and exponentially decaying; see
[Tao 2006, Appendix B]. In the case d = 1, we have explicitly

0(x) =34 sech'?(x). (1-4)
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Weinstein [1982] proved that solutions to (1-1) with M (1) < M (Q) necessarily satisfy E(u#) > 0 and
remain bounded in H' globally in time (that is, they do not blow up in finite time).

Building upon the earlier heuristic and numerical result of Landman, Papanicolaou, Sulem and Sulem
[Landman et al. 1988] and the first analytical result of Perelman [2001], Merle and Raphaél in a series
of papers (see [Merle and Raphaél 2005] and references therein) studied H ! solutions to (1-1) such that

E(u) <0, Pu)=0, MQ)<Mu)<MQ) +ao* (1-5)

for some small absolute constant ™ > 0. They showed that any such solution blows up in finite time at
the log-log rate — more precisely, they proved that there exists a threshold time Ty(uo) > 0 and a blow-up
time T (ug) > To(ug) such that

log|log(T —t)|

172
forTo <t <T, 1-6
T —t ) 0="= (1-6)

vz ~

where the implicit constant in (1-6) is universal. Also, with scale parameter A(¢) = |V Q| 12/IIVu(®)| 12,
there exist parameters of position x(¢) € R? and phase y(¢) € R such that if we define the blow-up core

€70 x —x(1) |
ucore(x,t)—k(t)d/2Q< A1) >a (1-7)

and remainder i = u — Ucore, then ||it||;2 <, and

) 1 1/2
Vi % (g =ea=n) (19
for some C > 1. There is, in addition, a well-defined blow-up point xo := lim; -7 x(¢t). We refer to
the region of space {x € R? | |x — xo| > R}, for any fixed R > 0, as the external region. While the
Merle-Raphaél analysis accurately describes the activity of the solution in the blow-up core, the only
information it directly yields about the external region is the bound (1-8).

However, it is a consequence of the analysis in [Raphaé€l 2006] that in the case d =1, H I solutions
in the class (1-5) have bounded H'/? norm in the external region all the way up to the blow-up time 7.
In [Holmer and Roudenko 2011], we extended this result to the case d = 2. Raphaél and Szeftel [2009]
established for d = 1 that solutions with regularity H” for N > 3 satisfying (1-5) remain bounded in the
H®™=D/2 norm in the external region, and Zwiers [2011] extended this result to the case d = 2. These
results leave open the possibility that there is a loss of roughly half the regularity in passing from the
initial data to the solution in the external region at blow-up time. The first main result of this paper is that
such a loss does not occur. Specifically, we prove that H! solutions in the class (1-5) remain bounded in
the H' norm in the external region all the way up to the blow-up time, resolving an open problem posed
in [Raphaél and Szeftel 2009, Comment 1 on page 976].

Theorem 1.1. Consider dimension d = 1 or d = 2. Suppose that u(t) is an H' solution to (1-1) in the
Merle—Raphaél class (1-5) (no higher regularity is assumed). Let T > 0 be the blow-up time and xq € R?
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the blow-up point. Then for any R > 0,

[x—xg|=R

”V“(t)”Lng]LZ < C, where C depends on R, Ty(ug), and ||V140||Lz.l

We remark that H!, the energy space, is a natural space in which to study the equation (1-1) since
the conservation laws (1-2) are defined and Lyapunov—Hamiltonian type methods, such as those used by
Merle and Raphagl in their blow-up theory, naturally yield coercivity on H' quantities.

The retention of regularity in the external region has applications to the construction of new blow-
up solutions, with special geometry, for L? supercritical NLS equations. Using their partial regularity
methods, Raphaél [2006] and Raphaél and Szeftel [2009] constructed spherically symmetric finite-time
blow-up solutions to the quintic NLS

i+ Au+ ul*u=0 (1-9)

in dimension d > 2 that contract toward a sphere |x| = ry ~ 1 following the one-dimensional quintic
blow-up dynamics (1-6)(1-7) in the radial variable near r = ry. Specifically, they showed there exists
an open subset of initial data in some radial function class with corresponding solutions adhering to the
blow-up dynamics described above. In [Raphaél 2006], for d = 2, an open subset of initial data in the
radial energy space Hrlad(R2) was obtained. For d = 3, in which case (1-9) is H! critical, Raphaé&l and
Szeftel [2009] obtained an open subset of initial data in a comparably “thin” subset Hfdd([R3) of the radial
energy space Hrlad([R{3).

As an application of the techniques used to prove Theorem 1.1, we prove, for d = 3, the existence of
an open subset of initial data in the full radial energy space Hrgd(lRS). For the statement, take Q to be the
solution to (1-3) in the case d = 1, explicitly given by (1-4). The following theorem follows the motif
of the d = 3 case of [Raphaél and Szeftel 2009, Theorem 1] except that %, the initial data, is an open
subset of H!,(R3) rather than H3 (R?).

Theorem 1.2. There exists an open subset P C Hrgd(ﬂ@) such that the following holds true. Let ug € %P
and let u(t) denote the corresponding solution to (1-9) in the case d = 3. Then there exist a blow-up time
0 < T < +o00 and parameters of scale A(t) > 0, radial position r(t) > 0, and phase y(t) € R such that if
we take

1 r_r(t) iv(t
wett.) = 50 )

and the remainder u(t) := u(t) — ucore (1), then the following hold.
(1) The remainder converges in L*: ii(t) — u* in L>(R*) ast /' T.
(2) The position of the singular sphere converges: r(t) - ro>0ast /' T.
IWe did not see in the Merle—Raphaél papers the threshold time Tq(xq) or the blow-up time 7 (u¢) estimated quantitatively

in terms of properties of the initial data (|[Vug|l; 2, E (ug), etc.). If such dependence could be quantified, then the constant C in
Theorem 1.1 could be quantified.
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(3) The solution contracts toward the sphere at the log-log rate:

_ 1/2
A(t)(w> — van ast /' T.

T—t Q12

(4) The solution remains H'-small away from the singular sphere: For each R > 0,

<
el e €

The 3D quintic NLS equation (1-9) is energy-critical, and the global well-posedness and scattering
problem is one of several critical regularity problems that has received a lot of attention in the last decade
[Bourgain 1999; Colliander et al. 2008; Kenig and Merle 2006]. The global well-posedness for small
data in H' is classical and follows from the Strichartz estimates. Our Theorem 1.2 takes a large, but
special “prefabricated” approximate blow-up solution, and installs it near radius » = 1 on top of a small
global H' background. The main difficulty, of course, is showing that the two different components —
the blow-up portion on the one hand, and the evolution of the small H' background on the other — have
limited interaction and can effectively evolve separately. Thus, it is not surprising that the techniques to
prove Theorem 1.1 are relevant to this analysis.

We now outline the method used to prove Theorem 1.1. We start with a given blow-up solution u(#)
in the Merle—Raphaél class, and by scaling and shifting this solution, it suffices to assume that the blow-
up point is xg = 0 and the blow-up time is 7 = 1, and moreover, (1-6) holds over times 0 <t < 1.
Since (1-1) is L? critical, the size of the L? norm is highly relevant. By mass conservation, we know
that || Pyu(t)|| L2 < 1 for all N and all 0 <t < 1, where Py denotes the Littlewood—Paley frequency
projection. However, (1-6) shows that for N >> (1—1)~(1%9/2 we have || Pyu(z) Iz SN —1)~1+9/2
which is a better estimate for these large frequencies N. In Section 3, we show that this smallness of
high frequencies reinforces itself and ultimately proves that for N > (1 — ¢)~U+%/2 the solution is
H' bounded. This is achieved using dispersive estimates typically employed in local well-posedness
arguments — the Strichartz and Bourgain’s bilinear Strichartz estimates — after the equation has been
restricted to high frequencies. We note that this improvement of regularity at high frequencies is proved
globally in space.

For the Schrodinger equation, frequencies of size N propagate at speed N, and thus, travel a distance
O(1) over a time N~!'. Therefore, at time ¢ < 1, a component of the solution in the blow-up core at
frequency N will effectively only make it out of the blow-up core and into the external region before
the blow-up time, provided N > (1 —r)~!'. Thus, we expect that the blow-up action, which is taking
place at frequency ~ (1 —1)~'/?log|log(l — )| < (1 — )™, will not be able to exit the blow-up core
before blow-up time. This is the philosophy behind the analysis in Section 4. Recall that in Section 3,
we have controlled the solution at frequencies above (1 — ¢)~(+9/2 In Section 4, we apply a spatial
localization to the external region, and then look to control the remaining low frequencies, i.e., those
frequencies below (1 —7)~(79/2 We examine the equation solved by P_(_,-3su(t), where ¥ is a
spatial restriction to the external region. In estimating the inhomogeneous terms, we can make use of the
frequency restriction to exchange a-spatial derivatives for a time factor (1 —#)73¢/4, This enables us to
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prove a low-frequency recurrence: The H*® size of the solution in the external region is bounded by the
H*~1/8 size of the solution in a slightly larger external region. Iteration gives the H' boundedness.

The structure of the paper is as follows. Preliminaries on the Strichartz and bilinear Strichartz estimates
appear in Section 2. The proof of Theorem 1.1 is carried out in Sections Section 3 and 4. The proof of
Theorem 1.2 is carried out in Section 5.

2. Standard estimates

All of the estimates outlined in this section are now classical and well known. Let Py, P<y, and P>y
denote the Littlewood—Paley frequency projections.
We say that (g, p) is an admissible pair if 2 < p < oo and

2 .d _d

_+_:_7

9 p 2
excluding the case d =2, g =2, and p = o0.

Lemma 2.1 (Strichartz estimate). If (g, p) is an admissible pair, then

itA
le" @liporr SNl

Proof. See [Strichartz 1977] and [Keel and Tao 1998]. ]
Lemma 2.2 (Bourgain bilinear Strichartz estimate). Suppose that Ni << N,. Then
. . d—1\1/2
12301 P gallz0 5 (Sh=)  Wonllzlenles, @-1)
p— a1y
12w 01 P alz0: < (Sh=)  Wonllzenl. (2-2)

Proof. For the 2D estimate (2-1), see [Bourgain 1998, Lemma 111]; the 1D case appears in [Colliander
et al. 2001, Lemma 7.1]; another nice proof is given in [Koch and Tataru 2007, Proposition 3.5], the
other dimensions are analogous. We review the 1D proof to show that the second estimate (2-2) holds
as well.

Denote u = e/ (Py,¢1) and v = e'2(Py,¢>). Then in the 1D case,

M 1) = /S é S%(&)@(&)8@—@%is%))dsl 2-3)
1+6=

1 L —
S S 2 : 2.4
gL @ B P P2l 2-4)

where g(&1, &) =1 — (512 :l:é}zz), thus, |gé1| =2|&; £ &|. To estimate the L27r norm of uv, we square the
expression above and integrate in t and &£. Changing variables (7, &) to (&1, &) with T = 512 + 522 and
& =& + &, we obtain dtdé = J d&1d&, with the Jacobian J = 2|&; £&;|, which is of size N, (note that
=+ does not matter here, since N > Nj). Bringing the square inside, we get

, d§1d& < 1

paraisb o LA Gl O

luv]?, sf 161 (&) 2|2 (£2)]
* [&11~N1,]82]|~N>
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Now we introduce the Fourier restriction norms. For i € $(R!*%),
/2
s = [P0 eye 0o = ([ [ 0P @ (e 416" dg e

If I C R is an open subinterval and u € %'(I x R?), define
letllx, iy = infllit]x, .

where the infimum is taken over all distributions & € ' (R'*¢) such that ii|; = u.

Lemma 2.3. If 0 is a function such that supp 6 C I, then forall 0 < b < 1,

10ullx,, < (161l + 1D >P0 | ) ullx, ,on)- (2-5)

s,b ~

If0<b< % and xj is the (sharp) characteristic function of the time interval I, then

Ixrullx,, ~ lullx,, - (2-6)

Proof. 1t suffices to take s = 0. The inequality (2-5) follows from the fractional Leibniz rule. To
address (2-6), we note that Jerison and Kenig [1995] prove that ||X(0,+00)f||H,1’ < ”f”H,b for —% <b< %
Consequently, || x7 f || HY <IfI HP for any time interval /. Let i be an extension of u (meaning it|; = u)
so that ||| x,, < 2|lullx,,)- Then

b —itA, =
Ixrulixo, = KD e S xritll 122

itA —itA

:””Xle ””Hb”LzN””e ””HbHLz

= llitllx,, < 2llullxy,1)-
On the other hand, the inequality [u|lx,,) S Il xrullx,, is trivial, since x;u is an extension of u|;. [
Lemma 2.4. Ifid,u + Au = f on a time interval I = (ay, ap) with |I| = O(1), then

(D) For% <b<1,taking I' = (a1 —w, ap + w), 0 < w < 1, we have

lu(t) — e "% uan)lxy ) S @ Fllxo, 111 (2-7)

(2) For0<b <3,
() = V2@ g0y S I lgsr2- (2-8)

Moreover, for all b,
i(t—ap)A
le' =2l x01) S bl 2

Proof. Without loss, we take a; = 0. First we consider (2-7). Since, for ¢ € I,

By 1) = 1(0) — i6(F) f TGN F(- L)l
0
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where 6 is a cutoff function such that 6(¢) = 1 on I and supp 6 C I, the estimate reduces to the space-
independent estimate

He(r) / hdr’
0

" S Al g1 for ;<b<l (2-9)

by (2-5). Now we prove estimate (2-9). Divide & = P<1h + P>1h and use that
t

f P 1h(t)) = % f (sgn(t —t') +sgn(t") P> 1h(t) dt’
0

to obtain the decomposition

9(t)/ h(t')dt' = Hy (1) + Hy(1) + H3(1),
0
where t
Hl(t)ze(r)/ P_1h(t" dt',
0

Hy(t) = 30(t)[sgn* P~ h](1) dt’,

400
H;(t) = %e(z) / sgn(t")P1h(t')dt'.

We begin by addressing term H;. By Sobolev embedding (recall % <b<1)andthe L?” — L? boundedness
of the Hilbert transform for 1 < p < oo,

Iy S W2 + 110l 262
Using that [I| = O(1) and || P<ih|lz> S ”]’L”sz—l, we thus conclude
IH e S (1012 + 161l 2020 + ||9’||L3/3—2h) 172l gy
Next we address the term H;. By the fractional Leibniz rule,

Il gp S (DO 2 lIsgn s Poihll g 4+ 101 e (D) (sgn s P 1 )| 2.

However,
IsgnsPshll e < ||(T)_1fl(f)||L1 S Al gt
On the other hand,
1{D)? sgn*Poihll 2 S IO ()T A@ 2 S Il o
Consequently,

I H2ll gy < (II(Dt>”9|IL,2 a VDN LA
For term H3, we have

| Hal g < 1611

+00
f sgn(t')P>1h(t') dt’

00
—o0 Ly



482 JUSTIN HOLMER AND SVETLANA ROUDENKO

However, the second term is handled via Parseval’s identity

/sgn(t/)leh(t/)dt/zf th(r) dr,
t/

Ir]=1
from which the appropriate bounds follow again by Cauchy—Schwarz. Collecting our estimates for Hj,
H>, and Hs, we have

< Collhll e,
HP

t
He(t) / h(thdt
0

where
Co = 116112 + 16" ll 2r3-20 + (D) 0l 12 + 161] 21520 + 10 13 S 07"

This completes the proof of (2-7). Next, we prove (2-8). We have
t
e Ay, 1) = u(0) —i/ e A F( 1 ar,
0

and thus, (2-8) reduces, by (2-6), to

t
Hx;/ g dr’
0

" Slglyy, for 0<b <3 (2-10)
To prove (2-10), note that t

Xz(t)/o gt dt' = x1(®Oxr * (gxD1@).
Hence,

t
||X1f g)dt'lyr < ||<D)bX1||L,2||g||L}-
0

The Fourier transform of x; is smooth and decays like |7|~! as || — oo, and hence, || (D)bxl||er < o0
for0<b < 1. O

Lemma 2.5 (Strichartz estimate). If (g, r) is an admissible pair, then we have the embedding

”u”L‘I]Lf Sj ”u”X()‘]/z_Hg(I)-

Proof. We reproduce the well-known argument. Replace u by an extension to 7 € R such that [ul|x,,, , <
2||ull x.1/045(1)- Write

u(x, 1) = /g / T (g, T) dT dE.
T
Change variables T — 7 — |£|? and apply Fubini to obtain
u(x,r) = / el /g e‘itlélzei"";ﬁ(é, T — |€]%) dE dx.
T
Define f;(x) by fr (€) = (€, T — |€|?). Then the above reads

u(x,t):/eitreitAfr(x)dr,
T
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and hence,

lu(x, )] < f|e"’Aff<x>|dr.

Apply the Strichartz norm, the Minkowski integral inequality, appeal to Lemma 2.1, and invoke Plan-
cherel to obtain

lulligag S [ 17z dr.
T

The argument is completed using Cauchy—Schwarz in 7 (note that we need b > %, since fR (t)7%" dt has
to be finite). O

Lemma 2.6 (Bourgain bilinear Strichartz estimate). Let N| << N;,. Then
d—1

12
1
120 Ptz lizrs S (=) b s Bzl s

d—1

12
D 1
12w Poialzez S (=) Tl o il s

Proof. We reproduce the well-known argument. As in the proof of Lemma 2.5, taking f; ; (x) defined
by fi.c(§) =i1(§, T — |€[*), we have

uj(x,t)= / el ei’Afj,,(x) dr.
T
Plug these into the expression || Py,u1 Py,u2l;2;2, and then estimate using Lemma 2.2. |

‘We need to take b = % — & in some places. In those situations, we use this:

Lemma 2.7 (interpolated Strichartz). Take d = 1 or d = 2 and suppose that 0 < b < % and2 <p<oo
and 2 < g < oo satisfy

g-i-i>g+(1—2b), (2-11)
qg p 2
2 1 1 .
—— =<z in the case d =1 only (2-12)
qg p~2
(see Figure I). Then
lull a2 < leelxo - (2-13)

with implicit constant dependent upon the size of the gap from equality in (2-11).

Proof. Let

1/2 a4 d
a;:—<—+————(1—2b)) > 0. (2-14)
2\qg p 2

Using 0 < 6 <1 as an interpolation parameter, we aim to deduce (2-13) by interpolation between

el a7 S el 0 (2-15)
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Figure 1. The enclosed triangular region gives the values of (1/¢g, 1/p) meeting the
hypotheses of Lemma 2.7. The top frame is the case d = 1 and the bottom frame is the
case d = 2. The proof of Lemma 2.7 involves interpolating between a point on the line
2/q +d/p =d/2 and the point (1/2, 1/2).



BLOW-UP SOLUTIONS ON A SPHERE FOR THE 3D QUINTIC NLS IN THE ENERGY SPACE 485

with weight 6, for some Strichartz admissible pair (g, p), and the trivial estimate (equality, in fact)

lull 222 S Nellxo o (2-16)
with weight 1 — 6. The interpolation conditions read

10,126 g L_0 126 (2-17)
a q9 2 p P2
Multiplying the first of these relations by 2 and adding d times the second, and using the Strichartz
admissibility condition for (g, p), we obtain
2,4 _d iy
9 p 2

Combining this relation with (2-14), we get 6§ = 2b —2«. We can then solve for g and p using (2-17). [J

Lemma 2.8 (interpolated bilinear Strichartz). Letd =1 ord =2 and Ny < Nj. Then
d-1)/2

1
1 Pyyur Pryunlipze S WH”] x0,10-s(0) U2l X012 5 (1)
2

Proof. First, observe that
| Pnyuey PN2M2||L§L§ S My ”L‘,‘Lj ||u2||L‘I‘L§- (2-18)
In the case d = 1, L‘I‘Li interpolates between L?Lg and L%Li, and thus ||u; ”L‘}Lf. Slluj | Xo.3/845(1) DY
Lemma 2.7. We conclude that
I Pnyur Pryuall g2z S Nuillxo sy (o 2l xo s a0
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 1.
In the case d = 2, we still begin with (2-18). Fix € > 0 small. By Sobolev embedding,
|| Ple/tj ”L‘}Lfg S N; || PN/.MJ‘ ||L4;Li/<l+2e) .
By Lemma 2.7, we have
IPnjujll 4 a0 S llujlix,,

for any b > 1(1 — €). Plugging into (2-18), we obtain

1Pxy 1 Pyuallp2re S N3Sllunllxg, luallx,, forany b > 3(1—e).
Interpolating this with the result of Lemma 2.6 completes the proof in the case d = 2. O

Remark 2.9. After this section we will adopt new notation: Instead of X 1,215 we will simply write
X, 1/2+- If an expression has two different Bourgain spaces, it will mean that the delta’s will be different.
Similarly, if an expression involves § in the estimate on the right side, it will mean that this § will be
different from the one that would be chosen for spaces such as X 14 or L.

The following is a simple consequence of the pseudodifferential calculus; see [Stein 1993, Theorem1
on page 234 and Theorem 2 on page 237]; see also [Evans and Zworski 2003].
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Lemma 2.10. Suppose that ¢ is a smooth function on R such that |03 ¢ ||~ < co for all @ > 0. Then

IP=n(¢8) —pP=nglli2 SN 'lgl2 for N>1.

Proof. Let x (£) be a smooth function that is 1 for |£] > 1 and is O for |£] < % P- y is a pseudodifferential
operator with symbol x (N~'£) and My, the operator of multiplication by ¢, is a pseudodifferential
operator with symbol ¢ (x). The commutator [Py, My] has symbol with top-order asymptotic term

~Ix"(N~'£)¢’(x). The result then follows from the L?> — L? boundedness of 0-order operators. [J

3. Additional high-frequency regularity

In this section, we begin the proof of Theorem 1.1 by showing improved regularity at high frequencies,
above the blow-up scale, with no restriction in space — this appears as Proposition 3.4 below. In Section 4
below, we will complete the proof of Theorem 1.1 by appealing to a finite-speed of propagation argument
for lower frequencies after we have restricted in space to outside the blow-up core.

Consider a solution u(¢) to (1-1) in the Merle—Raphaél class (1-5); let Ty > O be the threshold time,
T > Ty the blow-up time and x( the blow-up point, as described in the introduction. Our analysis
focuses on the time interval [T, 7)) on which the log-log asymptotics (1-6) kick in. Apply a space-time
(rescaling) shift, in which x = xq is sent to x = 0 and the time interval [Ty, T) is sent to [0, 1), to obtain
a transformed solution that we henceforth still denote by u(¢). Now the blow-up time is 7 = 1, the

blow-up point is x = 0, and (1-6) becomes?”

(3-1)

log|log(1 — r)|)1/2
1—¢ ’

IVu@)llg2 ~ (
which is now valid for all 0 < ¢ < 1. Note that now, however, the time t = 0 “initial data”, which we
henceforth denote u(, does not correspond to the original initial data u( in Theorem 1.1. We remark that
the estimate (1-8) on the remainder i(¢) becomes

1

S =D Pjlog(1—0)|" >-2)

IVa@®llz <

In our analysis, the norm L‘,’OLi for an interval I = [0, T'], T’ < T, will be replaced by the norm
Xo,1/2+(I). While we have, from Lemma 2.5, the bound

lullzoorz S Nullxoop s

the reverse bound does not in general hold. Nevertheless, (3-1) indicates that the solution is blowing

-1/2

up close to the scale rate (1 — t) . Thus, the local theory combined with (3-1) implies a bound on

lullx, 5. (1) Where log[log(1 — T7)] is weakened to (1 — )79,

2 The rescaling is the following. If we take u(x, t) in the original frame (for T <t < T'), and let

i/

u(x, 1) = p?o(uix = xo), 1t = Tp))

with u = (T — Ty)™ 172 then v(y, s) is defined in the modified frame (for 0 < s < 1). Moreover, we have ||Vv(s)||L2 ~
(log|log ,ufz(l —5) |)]/2(l s)” ]/2 so now the implicit constant of comparability in (3-1) depends on 7' — Tj.
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Lemma 3.1. For I =[0, T\ withT' < T, for0 <s <1, we have

lullx , ) < es(W=THUD20 with e 7 400 as s N\ 0.
52

The fact that ¢y diverges as s \ O results from the fact that (1-1) is L?-critical, and thus, the local
theory estimates break down at s = 0. At the technical level, some slack is needed in applying the
Strichartz and bilinear Strichartz estimates; hence, we need to take b = 1/2 —§ in place of b =1/2 4.

Proof. We just carry out the argument for s = 1. Let A(f) = || Vu(¢) ||221. Let sy be the increasing sequence
of times® such that A(s;) =27, so that | Vu(r) |2 doubles over [sk, Sg+1]. From (3-1), we compute that
sp=1—272% log k. Note that sg] — s & 272 log k. Hence, we can rescale the cutoff solution u(#) on
the time interval [sg, sg41] to a solution u” on the time interval [0, log k] so that ||u/|| LS g HY ™ 1. We
invoke the local theory over ~ log k time intervals J each of unit size to obtain [|u'| x, , ,, (s) ~ 1, which
are square summed to obtain ||u’|| X1.1/24(0,logk) ~ (log k)12, Returning to the original frame of reference,
we conclude that

k(146
el x4 o Gsnosirn) S2 (S

where a §-loss is incurred in part from the (log k)'/? factor but also from the b = % + & weight in the X

norm. Thus,
K-1

1/2
2k(1468 K(1+68
||”||X1<1/z+<o,sk>=<22 <+>) k(148 -
k=1

Now suppose that u(¢) satisfies (3-1). Let tx =1 — 2% and Iy = [0, #]. Then from (3-1) and mass
conservation, we have
PRA+8/2 =1 for N > 2k(1+0)/2,
1 for N < 2k(1+0)/2,

To refine (3-3), we will work with local-theory estimates and thus use the analogous bound on the

IP=yu®lLzerz S { (3-3)

Bourgain norm X /24 (I;). From Lemma 3.1 we obtain
1PNl s () S N T IPonullx, 1oy ) < €N 75280+, (3-4)

We obtain from (3-4) that

KAHD/2N =1 for N > 2k(1+0)/2,

IP=nwllxo 10 ) S {Zka’ for N < 2k(1+8)/2. (3-5)

The next step is to run local-theory estimates to improve (3-5) at high frequencies. Frequencies
N < X~ =n)"on I effectively do not make it out of the blow-up core before blow-up time due
to the finite speed of propagation for such frequencies.* Hence, these low frequencies can be controlled
by spatial location, which we address in Section 4. On the other hand, (3-5) shows that the solution at

30ne of the conclusions of the Merle—Raphagl analysis is the almost monotonicity of the scale parameter A(z) = || Vu(?)|| 221 :
A(tp) < 2X(tp) forall rp > 1.

4Recall that for the Schrodinger equation, frequencies of size N propagate at speed N and thus travel a distance O(1) in
time N~ L.
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frequencies N > 2k(1+9)/2 j5 small. Thus, for these high frequencies, dispersive estimates might be able,
upon iteration, to show that the solution is even smaller at these high frequencies.

To chose an intermediate dividing point between the high frequencies that are capable of exiting the
blow-up core before blow-up time (N > 2¥) and the frequency scale at which the blow-up is taking place
(N ~ 2K/2(logk)'/?), we consider frequencies > 2°*/% to be high frequencies and frequencies < 23%/4
to be low frequencies. The goal of this section is Proposition 3.4 below, which shows that the high
frequencies are bounded in H!. In Section 4 below, we will localize in space to the external region and
then control the low frequencies.

We first address the dimension d =1 case.

Lemma 3.2 (high frequency recurrence in one dimension). Taked = 1. Letty =1 — 2 % and I, = [0, #].
Let u(t) be a solution such that (3-1) holds, and define

a(k, N) = [ P>nullxy, (1) (3-6)
Then there exists an absolute constant 0 < u < 1 such that for N > 2k(1+8)/2
1P — € % uo) 1 xy oy 1) S XNk 41, uN) + 20k + 1, uNY2. (3-T)
In particular, by Lemma 2.4,
alk, N) S | P=yuoll 2 + 2PN oq(k 4+ 1, uN) + 2%k + 1, uN)*. (3-8)
Proof. By (2-7) of Lemma 2.4 with w =27%"! and I = I,
1 Po (= €% o) g 0) S 25 Por (1 10) 1o s i)

In the rest of the proof, we estimate the right side of the estimate above, and we will just write [ instead
of I;4 for convenience. By duality,

4 4
1Pan ()l o= sup // Pon(lu*u) wdx di
Wlixg =11k JxeR

,1

Fix w with [[w(lx,,/,_ 1) =1 and let

J::// Poy(Jul*u) wdx dt.
Iy JxeR

Then J can be decomposed into a finite sum of terms J, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

173
Jo = / / PzN(u1u2u3u4u5) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 5) falls into exactly one of the following two
categories.’

SIndeed, decompose each u; as uj = uj 1o+ uj med + U hi» Where u ;1o = P<nN/1604 > U j med = PN/160<- <N /20, and
ujhi = P>nyo0uj. Then in the expansion of ujuyusuqus, at least one term must be “hi”; without loss take this to be us.



BLOW-UP SOLUTIONS ON A SPHERE FOR THE 3D QUINTIC NLS IN THE ENERGY SPACE 489

Note that w is frequency supported in |£] = N.

Case 1 (exactly one high). Each u; for 1 < j <4 is frequency supported in |§| < uN and us is frequency
supported in |£] > 8uN. In this case, we estimate as

ol = llurllgeres luallgere lususlizs 2 lluawlipz 2. (3-9)

For j =1, 2, Gagliardo—Nirenberg and (3-1) implies

1/2 1/2
i jllzgense S gl g Nau 1 2 S 250494, (3-10)
k X k X
The bilinear Strichartz estimate (Lemma 2.6) yields
lususlliz 2 S N7 23l o 0 lsllxo o0 S N722% (K, 1), (3-11)

The interpolated bilinear Strichartz estimate (Lemma 2.8) yields
luawllzs 2 < N7 Nallx n o 1wl oo S N7H2H2E (3-12)
Substituting (3-10), (3-11), and (3-12) into (3-9), we obtain
|J0{| S 2k(1+6)/2N_1+5a(k, //LN)

Case 2 (at least two high). Both u4 and us are frequency supported in |§| > uN (no restrictions on u
for 1 < j < 3). Then we estimate as

el = Wt pevaleallg polusll g g lualyg ollusllyg pellwlyg pov. (3-13)
For 2 < j < 3 we invoke the Strichartz estimate (Lemma 2.5) and (3-5) to obtain
il e S et lx o0 < 2% (3-14)
For 4 < j <5 we invoke the Strichartz estimate (Lemma 2.5) and (3-6) to obtain
IIMjIILgkLg S llujllxg e < alk, uN). (3-15)
For j =1, by Sobolev embedding, the Strichartz estimate (Lemma 2.5), and (3-5),
el poe S DR g pg S Nl e S 2°- (3-16)
By the interpolated Strichartz estimate (Lemma 2.7), we have
lwll o6~ S Nwllxo o =1 (3-17)

Using (3-14)—(3-17) in (3-13),
o] < 2P0k, uN)>2. O

In the 2D case, we will just go ahead and assume that N > 23%/4 to reduce confusion with deltas.

Case 1 corresponds to uy 1oU2 1043, 1044, 105, hi and Case 2 corresponds to everything else (at least one u; for 1 < j < 4 must
be “med” or “hi”. Hence, we can take u = 1/160.



490 JUSTIN HOLMER AND SVETLANA ROUDENKO

Lemma 3.3 (high frequency recurrence, 2D). Take d =2. Let t; =1 — 2% and I, = [0, t;). Let u(t) be
a solution such that (3-1) holds and define

a(k, N) = |P=nullxg, . 1)- (3-18)
Then there exists an absolute constant 0 < 1 < 1 such that for N > 23%/4,
I Pon (= €2 uo) I x0, o 1) S 2PNk + 1, uN). (3-19)
In particular, by Lemma 2.4,
alk, N) S IIPoyull 2 + 29Nk 4 1, uN). (3-20)
Proof. By Lemma 2.4 (2-7) with I = I} and v = 2—k-1
| P>y (u — e uqp) I X0.1/04 (1) S 290 Py (Jul?u) | Xo—1 /04 (Tisr) -

In the remainder of the proof, we estimate the right side, and for convenience take I;y; to be I;. By
duality,

2 2
1Pon (Pl oy = sUp / / Pon(u2u) wdx d.
lwllxg o =17 I Jx€R

Fix w with [[w(lx,,/,_) =1 and let

J:=/f Poy (lu?u) wdx dt.
Iy xeR

Then J can be decomposed into a finite sum of terms J, each of the form (we have dropped complex
conjugates, since they are unimportant in the analysis)

173
Ju :=/ / Psy(uiuausz) wdx dt
0 xeR

such that each term (after a relabeling of the u; for 1 < j < 3) falls into exactly one of the following two
categories.® Note that w is frequency supported in |£] > N.

Case 1’ (exactly one high). Both u; and u, are frequency supported in |£| < N/® and u3 is frequency
supported in |§| > N /12. In this case, we estimate as

[ o S ||ulw||L§ L2||u2u3||L2 12
K X I ~x
By the interpolated bilinear Strichartz estimate (Lemma 2.8),

5/6N\1/2 a7—1/2+6 —1/124+8~k$
lurwilzz 2 S (NN Nl il i S N2,

6
Indeed, decompose u j =u j 1o+ j med + j,hi, Where u j 1o = P§N5/6uj’ Ujmed= PNj/()S L<N/12> and uj hi = P> n/12u -
Then at least one term must be “hi”; take it to be u3. Case 1’ corresponds to i jou2 013 hi and Case 2’ corresponds to all other
possibilities. Hence, we can take . = 1/12.
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and by Lemma 2.6 directly,
lususllz 12 S NOVENTV 2 a3l xos o S N7VE020atk, wN).

Combining yields
[Jal S NTVOP020a(k, uN).

Case 2’ (at least two high). Here we suppose that u» is frequency supported in |£] > N>/® and u3 is
frequency supported in |§| > pN; we make no assumptions about u#;. Then we estimate as

< _
ol S IlulIIL§kL¢+a||u2IIL§kL§||u3IIL4;kL§IIwIIL§kL;t 5.
For u, we use Sobolev embedding and (3-5) to obtain
s ks
luerl g povs S 0D% g pg < il | S 2

Since N 2 2%/, we have N°/© 2 29¢/8 5 2HIF9)/2 and thus by Lemma 2.5 and (3-5),
||u2||L41* L4 S pk(1+8)/2 pr=5/6 < (2k(1+8)N—2/3)N_1/6

k X
5 2kaN_l/6, since N Z 23/{/4.

For u3, we use Lemma 2.5 and (3-18) to obtain
lusll g 1y S @k, uN).
Combining, we obtain (changing deltas)
|y <28 N~Yoaq(k, uN). O

The main result of this section is the following. It states that high frequencies (those strictly above
23k/ 4) are H! bounded on I;. Moreover, if we subtract the linear flow, we obtain H*3~% boundedness
for frequencies above 23/4 in the case d = 1 and H”/~% boundedness for frequencies above 23*/# in the
cased =2."

Proposition 3.4. Let ty =1 —27%, I, = [0, 1,1, and let u(t) be a solution to (1-1) such that (3-1) holds.
Then we have

||P223k/4u(t)||L§IfHXl g ”P223k/4u(t)”X1‘1/2+(lk) S 1.

Moreover, we have the following regularity above H' after the linear flow of the initial data is removed:

Forany (0 <s < % — 3 inthe case d =1 and for any 0 <s < % — § in the case d = 2, we have
1 Posess (u(®) = " uo)l| ooy S | Posvsa (u(t) = "2 1u0) x4 215010 S 1. (3-21)

7 In fact, the threshold > 23k/ 4, to obtain H! boundedness (but not (3-21)), can be replaced by 2k(148)/2 fop any 6 > 0; in
the d = 1 case, one can appeal to Lemma 3.2 with a strictly smaller choice of § in order to obtain a nontrivial gain upon each
application of Lemma 3.2. The number of applications of Lemma 3.2 is still finite number but §-dependent. In the 2D case,
Lemma 3.3 would first need to be rewritten. We have stated the proposition with threshold > 23k/4 pecause this is all that is
needed in Section 4, and it allows us to avoid confusion with multiple small parameters.
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Proof. We carry out the d = 1 case in full, which is a consequence of Lemma 3.2. The d =2 case follows
from Lemma 3.3 in a similar way.
By (3-5), we start with the knowledge that a(k, N) < 2K1+9)/2N~1 for N > 2K(1+9)/2 Note

I1P=yuollzz S N~ Vuollz SN
By (3-8) in Lemma 3.2,
ak, N) S N4 2kAF02 =188 (k 1, uN). (3-22)

Application of (3-22) m times gives
m—1
alk, Ny < N~ (Z(zk(1+a)/2N—1+s)j) 4 QKAHO2 N=T48yme (k4o M N,
j=0
Since N > 2%/4 we have 2*/?N—! < N~1/3, Taking m = 7 we obtain a(k, N) < N~!. Substituting this
into (3-7) of Lemma 3.2, we obtain

- . )
1Py ((®) = €% uo)lxy 1oy 1y S 2N THE S N, O

4. Finite speed of propagation

Recall that the main result of the last section was Proposition 3.4, which showed that the solution at
frequencies > 23%*/4 is H'! bounded on I;. This was achieved without applying any restriction in space.
In this section, we apply a spatial restriction to |x| > R (outside the blow-up core), and study the low
frequencies < 23%/4 on I;. Since frequencies of size N propagate at speed N, and thus travel a distance
O(1) over a time N~!, we expect that frequencies of size < 2% involved in the blow-up dynamics will
be incapable of exiting the blow-up core |x| < R before blow-up time.

Since Iy = [0, ] and 1 = 1 — 27, restricting to frequencies < 23k/% on I, for each k is effectively
equivalent to inserting a time-dependent spatial frequency projection P—(j_;-34. The main technical
Lemma 4.3 below shows that, for 0 < r| < r, < oo, the H? size of the solution in the external region
|x| > ry is bounded by the H*~!/® size of the solution in the slightly larger external region |x| > ry.
This lemma is proved by studying the equation solved by P_j_;-34%u, where v is a spatial cutoff.
In estimating the inhomogeneous terms of this equation, we use that the presence of the P__;-34
projection enables an exchange of « spatial derivatives for a factor of (1 —¢)~3%/4 This is the manner in
which finite speed of propagation is implemented. Lemma 4.3 is the main recurrence device for proving
Proposition 4.4, giving the H! boundedness of the solution in the external region, completing the proof
of Theorem 1.1.

Before getting to Lemma 4.3, we begin by using the method of Raphaél [2006], based on the use of
local smoothing and (3-2), to achieve a small gain of regularity.®

8In the d = 1 case, we obtain a gain of 2/5 derivatives in this first step, but in fact the proof could be rewritten to achieve a
gain of s < 1/2 derivatives. The reason s = 1/2 derivatives cannot be achieved in one step is the failure of the H /2y o
embedding needed to estimate the nonlinear term. One could achieve 1/2 derivatives by running the same argument twice, but
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Lemma 4.1 (a little regularity, d = 1 case). Suppose d = 1. Suppose that u(t) solving (1-1) with H'
initial data satisfies (3-1). Fix R > 0. Then

(D) Yrgu o

<1
[0,1)L§ ~

where Yr(x) = ¥ (x/R) and ¥ (x) is a smooth cutoff with ¥ (x) = 1 for |x| > 1/2 and ¥ (x) = 0 for
x| < 1/4.

Proof. Let w = Ygru and g = Ygou. Then w solves the equation
10w+ 02w = —|q*w + 28, (W u) — Ypu= Fy + F> + F3.
Apply (D)?/°, and estimate with I = [T}, 1) using the (dual) local smoothing estimate for the F» term:
D> Pwll o2 S 1D w(TD 2 + (D) Fill
+ (D)D) 2 Fall 12 + D) Fal 2
We begin by estimating term Fj. By the fractional Leibniz rule,
1D Fill g2 S Mgl e 1D wllpens + IDF1g 1l s lwll e o-
< (Mgl e + 1D21a 1y 52 1D wil ez
By Sobolev/Gagliardo—Nirenberg embedding and (3-2),
lg*le + 1D a1l 52 S N l72 18:q172 S (1 =07 (og(1 = n~H 72
Applying the L} time norm, we obtain a bound by (log(1 — 7T;)~!)~!. Hence,
(D) Fill1z2 S (og(1 = T1) ™) D) wll o2
Next, we address term F,. We have
— 1/10 9/10
DD Fall 212 S DD g 202 S gl g 1@l 2.
From (3-2), we have [|9,¢ll,2 < (T —1)~'/?log(1 —)|~" and hence
(D> (Dx) " 2 Fall 22 S (1 =TV
Term F3 is comparatively straightforward. Indeed, we obtain
3/5 2/5
D Fal g2 S Ml o 10 Y3511 S (1= T2,
X I “x X
Collecting the estimates above, we obtain

(DY Pwl peer2 S (DY Pw (Tl 2 + Gog(1 — T)) ™) (D) Pwll o2 + (1 = TV,

this is unnecessary since we only need a small gain of s > 0 to complete the proof of our main new Lemma 4.3/Proposition 4.4
below, which enables us to reach the full s = 1 gain. One cannot achieve a gain of s > 1/2 by the method employed in the proof
of Lemma 4.1 alone due to the term 0y (w;? u).
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By taking T sufficiently close to 1 so that (log(1 — 7))~ ") ~! beats out the (absolute) implicit constants
furnished by the estimates, we obtain
(D) Pwll o2 S DY Pw (T 2 + (1 =TV

O
Lemma 4.2 (a little regularity, d = 2 case). Suppose d = 2. Suppose that u(t) solving (1-1) with H'
initial data satisfies (3-1). Fix R > 0. Then

(D) Prull e 12 S 1,
where Ygr(x) =¥ (x/R) and ¥ (x) is a smooth cutoff with ¥ (x) = 1 for |x| > % and ¥ (x) =0 for |x| < }‘.
Proof. Let w = Ygu and g = g ou, and take ¥ = Vg and $ = A, Y. Then w solves the equation
idw+ Aw=—|g/*w+2V, - (Fu)—Fu=F +F,+ F.

Apply (D) 172 and estimate with I = [T}, 1) using the (dual) local smoothing estimate for the term F5:
D) w2 + 1(Dx) Pwll 4,4

S D) Pwoll 2 + (D) 2 Fill 33 4 + 1 Fall 212 + 1(D2) V2 F3ll 12

Before we begin treating term F7, let us note that by (3-2), ||Vg ||L§ <(- 1)~1/? (log(1— 1~ H~!and

hence |V |l ;2;2 < (log(1— T1)~!)~!/2. By the fractional Leibniz rule and Sobolev/Gagliardo-Nirenberg
embedding,

1/2
1DY1gPll2 S 1D gl aligls < ligl

3/2
21Vl

L2
Hence,

1/2 3/2 —1N—
1D21g1 7,2 < gl 2,2 1V gl oy, < (og =Ty~ =4,
Also, we have

(4-1)
1/2 1/2
lalles SID gl S llgl 1Vl
and hence
19176 S lallzzez Vel 2 < (og(l = Ti)~H 12 (4-2)

Now we proceed with the estimates for term F). By the fractional Leibniz rule (in x),

(D) 2 Fill 32 50 S D) 21 Pl o 2wl gens + g Pl 22 1{Dx) Pl o
By (4-1) and (4-2), we obtain

(D) 2 Fill 3 9 S Qog(1 =T ™) TV2AND) Pwllers + (D) 2wl 10).

Next, we treat the F; term. Again since ||Vq||L§ <({1- t)_l/z(log(l S

1F2ll 20 S (og(1—=T1)™H 7
The F3 term is comparatively straightforward.
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Collecting the estimates above, we have
KD 2wl o2 + (D) 2wl a0
S D) 2w ()l 2 + (log(1 = T)~H ™!
+ (log(1 = T)™H 72D Pwll g2 + (D) 2wl 410).

By taking T sufficiently close to 1, we obtain

(D) Pwll o2 S (D) 2w (T2 + Qog(1 = T1)™H ™" O
Lemma 4.3 (low frequency recurrence). Letd =1ord =2, 0 < R <ry <rp and % <s <1 Let ¥ (x)
and Yy (x) be smooth radial cutoff functions such that

0 onlx| <1(ri+r),

1 on|x|>r.

0 onlx|=r,
1
L on|x|=5(r1+r)

Y (x) = { and  Y(x) = {

Then
1D aull g, 12 S 1+ (D) ™ Pl e p2.

[0.1)

Proof. Let x(p) be a smooth function such that x (o) = 1 for |p| < 1 for x(p) = 0 for |p| > 2. Let
P_ = P_r_;)-3 be the time-dependent multiplier operator defined by 137 (&) = x((T —)¥*E)) f &)
(where the Fourier transform is in space only). Note that the Fourier support of P at time #; = 1 — 2k
is < 23%/% We further have that

WP_f=3i(1—1)""* QD f + PO, f,
where Q = Qj_;-34 is the time-dependent multiplier
OF (&) = x"(1 =g f (®).

Note that the Fourier support of Q at time 7y = 1 — 27 is ~ 23¥/4. Note also that if g = g(x) is any
function, then
IPDggl2 < (=) gl 2. (4-3)

Let w = P_vou. Taking P2 = Vi and §2 = A, we have
iw+Aw=—i(1—0""7*Q -V, w—P_yolu"u+2P_V, [Fru]l — P_Tru
=F+Fh+ F3+ Fa.
By the energy method,
1 4
IID;wHif&DLg < ||D;w(0)||iz +/O (D} Fi(s), Dyw(s)) 2| ds + 102;||D;Fj||i[10<1)%.
i

For term F, we argue as follows. Let QObea projection onto frequencies of size (1 —¢)~>/4. Then

1 1
[ 10 R©. D lds S [ a7 HIDY Qo)1 ds.
0 0 *
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Applying (4-3) with ¢ = %, we can control the above by
1
| =10 Qv as.
0 X

Dividing the time interval [0, 1) = U,fil[tk, tx+1), we bound the above by

too Tk+1 too

k 2 2
32 f 105 P2 ds S 3 IDS Poostou P o,
= I X =1 [t gy 1) ™%

where Py is the projection onto frequencies of size ~ 2%/4 (and not < 23%/4). However, writing
u(t) = e'"®ug + (u(t) — e'"®ug), the above is controlled by (taking s = 1, the worst case)

[ee] —+00

2 itA N2
E ||VxPz3k/4u0||L§+§ [ Ve Poaisa (u(t) — €' uo)llza-
k=1 k=1

By (3-21) of Proposition 3.4,
+00
IVxuoll7 > + DOERAPSY
k=1

In conclusion, for term F; we obtain

1
[ 102, D las 1.
0

We next address term F>. Insert wzl//f/ arl _ Yo, then apply (4-3) with & = s to obtain (in the worst

case s = 1),

—3/4 4/d —3/4 4/d+1
ID3Fallpy o2 SN =07 yofu®ullyy o SIA =07yl Sl -

We consider the cases d = 1 and d = 2 separately. Whend =1,
IY1ull g0 S IDY Yull2 S 1,
by Lemma 4.1. Consequently,
—3/4
1D} Fallpy, 2 SN =07l ST

On the other hand, when d = 2, we have

2/3 1/3 _
Ivulizy S 1DY Vaullz S 1D Yrull s IVayul 5 S (=07 °

by Lemma 4.2 and (3-2). Consequently,

1Dy Fallpy, 2 SHA =070 =700 <1

0,1 ™

Next, we address term F3. By (4-3) with @ = 9/8,

s < _\=27/32 s—1/8 N
1D} Fllgy, 2 S U =072 1D B @ ol 1o
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Since || (1 — t)_27/32||L[10 i 1 and the support of ¥, is contained in the set where v; = 1, we have

‘ s—1/8
||D;F3||L['o|>L§ SIKDL) 3 yull o L2

[0,1)

Finally, we consider F4. We have

s < <1 — =374 <
IDYEsll gy, 12 S WV Pl e SHA =07l g, 12 S 1

by (4-3) with @ = 1. O
Proposition 4.4. Suppose that u(t) solving (1-1) with H' initial data satisfies (3-1). Fix R > 0. Then

<
||u||L[°§1)H|§|ZR S

Proof. Tterate Lemma 4.3 eight times on successively larger external regions. O

Proposition 4.4 completes the proof of Theorem 1.1.

5. Application to 3D standing sphere blow-up

We now outline the proof of Theorem 1.2 utilizing the techniques of Section 3 and 4. Theorem 1.2
pertains to radial solutions of (1-9). We define the initial data set % as in’ Raphaél and Szeftel [2009,
Definition 1, page 980-1], except that condition (v) is replaced by |[lioll g1 (jr—1)>1/10) < €. The goal
then becomes to complete the proof of the bootstrap Proposition 1 on page 982, where the “improved
regularity estimates” (35)—(37) are effectively replaced with

<e€

@l at s
Let us formulate a more precise statement:

Proposition 5.1 (partial bootstrap argument). Let Q be the 1D ground state given by (1-4), and let € > 0,
T > 0 be fixed with T < €*®. Suppose that u(t) is a radial 3D solution to

i+ Au+|ul*u=0
on an interval [0, T'] C [0, T) such that the following “bootstrap inputs” hold:
(1) There exist parameters A(t) > 0, y(t) € R, and |r(t) — 1| < 1/10, such that if we define

- _ 1 r—r(1)
u(r,t)—u(r,t)—k(t)1/2Q< 0 ), 5-1)

then, for0 <t <T’,

_ 1/2
log|log(T t)|> ’ (5-2)

VUl = 20~ ~ (PEE

and

IVl S . (5-3)

~ log(T =T —)!/>

9We are considering the case dimension d = 3 (in their notation N = 3).
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(2) Interior Strichartz control: |[(V)u(t)|| s
0.7

/11 < E.

Livi<ip2

(3) Initial data remainder control: || (V)b70||L§ <eé.

Then we have the following “bootstrap output”:

(V) u @)l oo

2
[0,T’1L\X\sl/2

V@Ol s o S (5-4)
[0,T

ntixis1/2

The goal of this section is to prove Proposition 5.1, which shows that the bootstrap input (2) is rein-
forced. Proposition 5.1 is, however, an incomplete bootstrap and by itself does not establish Theorem 1.2.
The analysis which uses (5-4) to reinforce the bootstrap assumption (1) is rather elaborate but will be
omitted here as it follows the arguments in [Rapha&l 2006] and [Raphaé&l and Szeftel 2009]. Moreover,
these papers demonstrate how the assertions in Theorem 1.2 follow.

The proof of Proposition 5.1 follows the methods developed in Section 3—4 used to prove Theorem 1.1.
We do not, however, rescale the solution so that 7 = 1 as was done in Section 3.

Remark 5.2. Let us list some notational conventions for the rest of the section. We take #, = T — 2%
and denote I;, = [0, #]. Let v(r, t) = ru(r, t), and consider v as a 1D function in r extended to r < 0 as
an odd function. Note that v solves

id;v+ Brzv = —r_4|v|4v.

The frequency projection Py will always refer to the 1D frequency projection in the r-variable. The
Bourgain norm |[|v||x, , refers to the 1D norm in the r-variable.

Let Ap = A(0) and take ky € N such that 2_k°/2(10g ko)~'/2 ~ Xo. We then have T ~ 27%_ The
assumption T < e*0 equates to 27k0/8 < €5 Note that A(fx) = 2_"/2(10g k)~1/2.

Lemma 5.3 (smallness of initial data). Under the assumption (3) in Proposition 5.1 on the initial data,
and with vy = rug, we have
5
| Poysondrvollz + 19vol2, | S €

Proof. Let vy = ruy. Since 9,09 = itg + rd,ttp, we have by Hardy’s inequality
~ -1~ ~ ~ 5
19, Vollz2 < lx1™ dollz2 + I Vitoll 2 S IVidoll2 S €.

Recalling the definition of itg = u(0) in (5-1) (with = 0), we have
r—rg -
Vo = 1L/2Q(—> + vo.

The result then follows from the exponential localization and smoothness of Q. U

Lemma 5.4 (radial Strichartz). Suppose that u(t) is a 3D radial solution to
iiu+ Au= f.

Letv(r,t) =ru(r,t) and g(r,t) =rf(r, t) and consider v as a 1D function in r (extended to be odd), so
that
idv+d*v=g.
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Then for (g, r) and (g, ) satisfying the 3D admissibility condition,

2/p—1 2/p'=1
1P ol gy S lvollez + 1027 gl g

Proof. The left side is equivalent to || Vu|| ooy and the right side is equivalent to ||ug]| 2+ ISl

it is just a restatement of the 3D Strichartz estimates.

o=
q rpP
LéL?
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SO

Lemma 5.5 (3D to 1D conversion). Suppose that u(x) is a 3D radial function, and write u(r) = u(x).

Let v(r) =ru(r). Then for 1 < p < 3, we have
PP~ 9 vl p S IVl -

Alsofor% < p < +00, we have
2/p—1
IVeullr S r*P~ 0 0] 0

Consequently, for 3D admissible pairs (q, p) such that2 < p < 3, we have
IVl gape ~ I1r*P= 8,0 oy
LiL? LIL
We remark that g =5 and p = % falls within the range of validity for (5-7).

Proof. The proof of (5-5) and (5-6) is a standard application of the Hardy inequality.
First, we prove (5-5). Using v =ru,

rY P90 = PP + PPy,

and thus,
1727~ 8,0l

IA

2 2/p—1
172/ PBull Lp 4 11F2 P~ |

‘We have, for r > 0,

+oo +00
u(r)=—(u(+oo0) —u(r)) = / %(u(sr)) ds = / u'(sr)rds.

=1 s=1
By the Minkowski integral inequality,
2/p—1 oo 2
< [ Wy ds.
S:l >

1

Changing variable r — s~ 'r, we obtain that the right-hand side is bounded by

—+00
<f s73/P ds)llrz/pu’HLp .
S=1 r>

and the s integral is finite provided p < 3.
Next, we prove (5-6). We have

r2Po.u = rz/par(r_]v) = — P2y 4 201G 0,

and hence,
2 2/p—2 2/p—1
172/ P0ull p < P2 P~ 2vllr + 17227 B0l 1

(5-5)

(5-6)

(5-7)
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We have

1 1

i(v(sr)) ds:f V' (sr)rds.
ds s=0

v(r)=v@)—v(0) = f

s=0

By the Minkowski integral inequality,
1
2720l < [y as
s=0
Changing variable r — s~'r in the right side, we obtain

1

2/p—2 -3 1 2/p—1

- /p vlpr < (/ g3/t dS)||v/(r)r /p Il e
s=0

and the s integral is finite provided p > % (I

The replacement for Lemma 3.1 is Lemma 5.6 below. The difference is that in Lemma 5.6, we only
use b < % when working at H' regularity.

Lemma 5.6. Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold. Then for % -5 <

b<l
2 b
18Vl x50 S 2 (Qog )P /% = (T — 1)~ (loglog(T — 1)) */2. (5-8)
Also,for%—S <b< %—I—(S,
vl xo (0 S5 2% = (T —0)7°. (5-9)
Proof. We will only carry out the proof of (5-8), which stems from (5-2).!° The proof of (5-9) is similar,

and stems from the bound on ||u(¢)|| s obtained from interpolation between (5-2) and mass conservation.
In the proof below, T has no relation to the T representing blow-up time in the rest of the article.
Let A =A(y) = 2_k/2(log k)72 Letr = AR, x =X, and t = A>T + t;. Define the functions

V(R,T)=A"20(AR, AT + 1) = A 20(r, 1),
UX,T)=2"2u(X, A>T + 1) = 2 u(x, ).
Note that the identity v(r) = ru(r) corresponds to V(R) = ARU (R).
We study V(R, T) on T € [0, logk], which corresponds to ¢ € [t, fx+1]. We have ”V”L%e = llvllzz ~
O (1) (by mass conservation) and ||8RV||L2R = A||9;v||z2. Hence, ||3RV||Lf§, oLd = O(1). The equation
r ,log
satisfied by V is
iorV + 02V =—-A"*R™HV|*vV.
Let J = [a, b] be a unit-sized time interval in [0, log k]. Then by Lemma 2.4,

1RV x40, S HORV @22 + 13RO R™HVIFV) 1 12

10The need to take b < 1/2 comes from Lemma 2.4, (2-7) versus (2-8); when working at H! regularity near the origin, we
cannot suffer any loss of derivatives. The fact that |0, v||x, , (1) for b < 1/2is only a H ! subcritical quantity is of no harm as
the only application of (5-8) in the subsequent arguments is to control the solution for » > 1/2, where the equation is effectively
LZ critical.
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Let x1(r) = 1 for r < § and supp x; C B(0, ). Let xo = 1 — x1. Let g1 = A *R~*x; AR)|V[*V)
and g, = Jg (A*R™*x2(AR)|V|*V), so that the above becomes

10rV I x0,) S N0V (@)l 2 + 1181 ez + g2l 22 (5-10)

We begin with estimating ||g2|l, 12 We have

lg2llLy g, S UV Iy + V@RV Ly L3, (5-11)
We now treat the first term in (5-11). Of course, || V2 ”Llefe = V”iSL‘O‘ By Sobolev embedding || V”L}eo <
J™R

1DVl and by Holder,

2/5
IVilzs o S T OUDE Vo2 S1TY V02 + 198 VIl o,2)
< [IOQI OV o2 + 108 VIl 10,2)-
Using that || V”L;OL%Q ~ 1, that |J| ~ 1 and Lemma 2.7, provided % <b< % we have
Vs S O+ 119V l1x,,)- (5-12)
We now treat the second term in (5-11), similarly estimating the term || V|| Lo We have
VARVl S 12UV 0,0010RV 811
S0+ 19-V I g0r2) 108 V5 10
Appealing to Lemma 2.7, provided 29—0 <b< %, we obtain
IV VIl 2 S T2+ 1RV l1x,,)° (5-13)
Combining (5-12) and (5-13), we have
g2l a2 S T2+ 119V l1x,,)° (5-14)
Next we estimate || g1 || L2 By rescaling,

_ —4 14
lgullzy g = Mo Gar vl 2

1

Let w = x1u, where y; =1 on supp x; but supp x1; C B(0, %). Replacing u =r~"v, we obtain 0, (rx1u’) =

9, (r xw>), and hence,
gt S Awl o + lrwdywllz2) < AANx ™ Pwif o + [wVwlz2). (5-15)
By Hardy’s inequality and 3D Sobolev embedding,
x1 = Pwllpo SIDwllzo S IVwll o
By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwll 2 < lwllzsllVwll o S ”vw”LiO/ll-
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Returning to (5-15) and invoking (2) of Proposition 5.1,
lgilley 12 < xnwnii o S A€ (5-16)
By putting (5-14) and (5-16) into (5-10), we obtain
198 VIlx0,0) S 18RV @2 + 1172 L+ 18RV l1x0,0))° + 1€,

From this, we conclude that we can take |J| sufficiently small (but still “unit-sized”!") so that it follows
that

10rV llx0, ) < O(1).

Square summing over unit-sized intervals J filling [0, log k],
18RV Il x0 510,10z k1) < (log k)2,
This estimate scales back to
19Vl x0, 111511 S (og k)2 (1) 2 = 25 (log k)" 172,

Now square sum over k from k =0 to k = K to obtain a bound of 2X?(log K)**1/? over the time interval
Ik, which is the claimed estimate (5-8). U

The analogue of Lemma 3.2 will be Lemma 5.7 below. We note that as a consequence of Lemma 5.6,
the hypothesis of Lemma 5.7 below is satisfied with at(k, N) =27%/2N~1,

Lemma 5.7 (high-frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold,
12
t

and le
Bk, N) :=[IP>N03rvilxy, - ()-
Then there exists an absolute constant 0 < (1 < 1 such that for N > 2K1+9/2 ype have
Bk, N)+1r*/" = Poy vl g 1
SIP=ndrvollz +2°FIENTIOB (ke uN) + NTIH2O Bk, uN)? +27 € (5-17)
for all 3D admissible (q, p).

Proof. Note that v solves

00+ 0% = —rlul*u = —r~*v|*v.

Let x;(r) be a smooth function such that y;(r) = 1 for |r| < le and x; is supported in |r| < %. Let
x2=1—x1. Apply P>n0, to obtain

(i + 9P P=nd,v = g1 + g2,

11Meaning: with size independent of any small parameters like € or A
12Note the inclusion of one derivative in the definition of 3, in contrast to the choice of definition for « in Proposition 3.4.
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where
g;i(r)=—Pond, (xjr*|v|*v) for j=1,2.
Then by Lemma 2.4'3 and Lemma 5.4,
||P3N3rv||x0‘1/2_(1k) + ||i’2/p71PzNarU”L7kL£’ S ||P2N3rUO||L§ + 1lg1 ”L}kLg + ||82||L}kL3-

The term || g2 || LI is controlled in a manner similar to the analysis in the proof of Lemma 3.2. For this
term, x» r~*and 9, (x» r—*) are smooth bounded functions, with all derivatives bounded. By Lemma 2.10,

lg2llz2 S PN (@) N2 + N0 |12 (5-18)
By an analysis similar to the proof of Lemma 3.2, utilizing the bounds in Lemma 5.6, we obtain
| Pon (@007 1y 12 S 2XFVENTIR Bk, uN) + NTHO20 Bk, N, (5-19)
Also by the Strichartz estimates, as in the proof of Lemma 5.6 above,
1407y 12 S D 0%, 10RV ], S 25072, (5-20)
Inserting (5-19) and (5-20) into (5-18), we obtain

||g2||L} 12 S 2k(1+8)/2N_1+8ﬂ(k, MN) +N—1+32k5[3(k’ MN)2+N_12k(1+8)/2. (5_21)
k

7

The last term, N ~'2k0+8)/2gives the contribution 27%% in (5-17) due to the restriction N > 2k(1+8)/2
(different deltas).
Next we address ||g; ||L} 2. We estimate away P-y by
K -

lgilizr 12 S N8l L2 (5-22)
k r ]\' r
where (ignoring complex conjugates)

g1 =9, x1v°).

1

Let w = x1u, where yx; = 1 on supp x; but supp x; C B(0, %). Replacing u = r~'v, we obtain g; =

8, (r x1u°) = 8, (r xyw?), and hence,

~ 5 4 —1/5
1811122 S Nwliz o + lrwd,wil 2 < x| /

w710+ [V 2.
By Hardy’s inequality and 3D Sobolev embedding,
Hx1~ w0 SIDPwlpo S IVwll o

By Holder’s inequality and 3D Sobolev embedding,

4 4 5
lw*Vwlzz < lwlizolIVwl o S IV -

13We were able to obtain the L}k L% right side (without § loss), because we took b < 1/2 in the Bourgain norm.
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Hence, || g; ||L3 < ||Vw||i30/“. Returning to (5-22) and invoking (2) of Proposition 5.1,
X

< 5 <€
llg ”L}kLg ~ ”VU)”LZ{L?/” S € ]

The analogue of Proposition 3.4 is this:

Proposition 5.8 (high-frequency control). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then for any 3D Strichartz admissible pair (q, p), we have

2/p—1 5
| Pogstsadrvll o, o 1) + 17777 Pysdrvlpg 1y S €.

Proof. Several applications of Lemma 5.7, just as Proposition 3.4 is deduced from Lemma 3.2. (]

Due to the H! criticality of the problem, we do not have improved regularity of v(z) — e’ 07 Vg as was

the case in Proposition 3.4. As a substitute, we can use the methods of Lemma 5.7 to obtain the following
lemma:

Lemma 5.9 (additional high-frequency control). Suppose that the assumptions of Proposition 5.1 and
Remark 5.2 hold. Then

1/2
Lz) <e. (5-23)

+0o0
(Z | Pyussdr ol 7

k—1:%k]
k=ko

Proof. 1t suffices to prove the estimate with the sum terminating at k = K, provided we obtain a bound
independent of K. For each k in kg < k < K, write the integral equation on I;. For ¢ € [f;_1, t]

'
U(t) — 6”8’21)0 —i / el(t—t )8'2(7'_4|U|4U(t/)) dt'.
0
Apply Pssi/40, to obtain
t
P30, v(t) = P23k/4eltarzarvo —1 / et )9} Pzak/48r(r74|v|4v(t’)) dt'.
0

Estimate

| Postad,vll oo g2 < | Poswsadyvollp2 + || Posiss 8- (r o *0) 1 11 12
[te_1.11°7 r I=r
By the inequality (a 4 b)* < 2a® + 2b?, this implies
2 2 -4, 4 2
[ Ppstsadrvllice 1o S N Ppka0rv0lly2 + 11 Posesadr (r [0 0) 14 o
[tp—1:117r r I =r

Let x;(r) be a smooth function such that y;(r) = 1 for |r| < JT and x; is supported in |r| < %. Let
x2=1—x1. Let g; = Pywsd, (x;r *|v[*v) for j =1,2.
Recall that in the proof of Lemma 5.7, we showed that

||P2N3rX2”_4|U|4U||L}kL; < KO N=IH gk 1 N+ NIF2K B (k) wN)2  N~12k(14)/2
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and Proposition 5.8 showed that B(k, 23*/%) < 1. Combining gives | g2l L 12 < 27k/8 and hence,
k r
K 1/2
(legzlli} Lg) SR <&,
k=ko k

Now we address g;. Let w = yju. For each k, lengthen [ to I := Ix to obtain

K
2 < -4 4 2
;||g1 17 2 S IProsdr ol )l o
=K0

By the Minkowski inequality, for any space-time function F, we have
||P23k/4F||Z£L}LE < ||P23"/4F”L}Z%L% < ”F“L}LE

Hence,

K

2 < —4,. 14 2
l;uglnL}kL; < o GarHwl*w)l7y,»
=Ko

At this point we proceed as in Lemma 5.7 to obtain a bound by ¢€°.

505

O

Now we begin to insert spatial cutoffs away from the blow-up core and obtain the missing low fre-
quency bounds. The first step is to obtain a little regularity above L2, since it is needed in the proof of

Lemma 5.11.

Lemma 5.10 (small regularity gain). Suppose that the assumptions of Proposition 5.1 and Remark 5.2

3

hold. Let r3,4(r) be a smooth function such that y3/4(r) = 1 for |r| < 7 and ¥3,4(r) = 0 for |r| = %.

Then

3/7 5
D s avll e 12 S €.

Proof. Taking ¥ = V3,4, let w = yrv. Then
0w+ 07w =y (@id +87)v+28,('v) —yv
=—r Y v[*fv+20,W'v) =y v=F + F,+ F;.

Local smoothing and energy estimates provide the estimate

3/7
1D 7wl

2
[O,T)Lr

3/7 3/7 —-1/2 n3/7 3/7
SAID wollz + 1D Filly, 12+ 107 2D Bl 2+ 1D sl o,

We begin with the F; estimate. Let ¥ be a smooth function such that

0 ifr<1,
Fry=11 ify<r=<1,
0 ifr>7.

Let ¢ = r~'{v. By writing 1 = (1 — ¥*) + ¥*, we obtain

Fi == —=FHyr ' — |g/*w.

(5-24)
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Note that (1 — )y is supported in |r| < % and P*y is supported in Alf <|r| < }—g
For the term (1 — *)yr—*|v|*v, we appeal to the bootstrap hypothesis (2) in the same way we did in
the proof of Lemma 5.7 to obtain a bound by €>. As for the term |¢|*w, by the fractional Leibniz rule,

[0,T) [0,T)

107 gt wlpy iz SOy, pmlwliegs e+ Mg 1y, o 1D Tl o
By Sobolev embedding and Gagliardo—Nirenberg,
1D lq 1l 7+ Mal* e S gz l0,q17,  and  Jwlige S 1DY Twll 2.

Hence,

3/7 < 2 2 3/1
1D gl )y, o2 S gl 1210ralge o107 Twliss, 1o

By (5-3), ||8rq||L[z0 L2 < (log T))~" < (loge~!)~!. Consequently, we obtain

1D} Rl 12 S €+ Qoge HTID Twllg 1.

~ [0,T)

As for F», we start by bounding

1D7 2D TRl 2 Lz<||D”“4<w V)ll,2

[0, T)

On the support of ', we have v = rg. Noting that on the support of ¥/" we have r ~ 1 and using the
interpolation, we get

DM W r)lz S lallz + gl o o™
By (5-3),
Irqll Y e, STV S
Consequently,

”D;I/ZDEHFZ”L%;)L% STV LTS < S,
Finally, for the term F3, we estimate
DY Fslly, 12 Slalley, 2 +18qly 2 STHTVZ S
Collecting the above estimates and inserting into (5-24), we obtain
1D wilz 12 S 1D Twollzz + Goge™ )™M ID w12 + €,
and the result follows (by bootstrap assumption (3), ||Dr3 x wol L2 < e). O

We will need to apply the following lemma eight times in the proof of Proposition 5.12 below. As in
Section 4, the use of the frequency projection P<(r_;)-34 and the process of exchanging derivatives for
time factors via (5-25) is essentially an appeal to the finite speed of propagation for low frequencies.
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Lemma 5.11 (low frequency recurrence). Let the assumptions of Proposition 5.1 and Remark 5.2 hold.
Let % <ri<mn< % and % <s < 1. Let Y\ (r) and > (r) be smooth cutoff functions such that

1 onlr| <3(ri+r),

0 onl|r|>r.

1 oni|r|<r,
0 onlr|=31(ri+r)

Yi(r) = { and  a(r) = {

Then

ID; (Y1)l oo

[0.7)

—1/8 5
12 SIDT V@) e 12 4€.

[0.7)

Proof. Let x(§) =1 for [§] < 1 and x (§) =0 for || > 2 be a smooth function. Let P = P_y_; -3 be the
time-dependent multiplier operator defined by f’? (&) = x (T —1)3/%¢) f (¢) (where Fourier transform is
in space only). Note that the Fourier support of P at time 7 — ¢ = 2% is < 23/4 We further have that

W Pf=3i(T —1)""*Qd, f + Pd, f,
where Q = Q y_;)-3+ is the time-dependent multiplier

Oh(€) = x'(T =€) h(®).
Note that the Fourier support of Q at time t = T — 27 is ~ 23*/4_ Note also that if g = g(r) is any
function, then

IPDgll2 < (T —D7*gll 2. (5-25)

Let ¥ be a smooth function such that

0 if|r|<1i,
Fr)y= {1 if 5 <|r| <501 +r2),
0 if|r|>nr.

Let w = P_r_;)-34 D; (¥1v). By Proposition 5.8, it suffices to show that

lwlle

s—1/8 5
o 12 SIDT (W)l 12+ €

07
Note that w solves
idw+ o w=—2(T —1)""/*08, D} (Y1v) — PDi(Y1r*|v|*v) + 2P, D} (¥{v) — P DS (Y]v)
=F+ P+ F3+ Fa.
By the energy method, we obtain

T 4
2 2 2
lwll7ee 2 = ||w0||Lg+/ [{(F1, w)p2|+10 E ||Fj||L10TLz-
0 = [0.7) %
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We estimate F; using Lemma 5.9 as follows.!* Let Q be a projection onto frequencies of size ~
(T —1t)~3/* (importantly, not < (T —t)~3/%). Then

T T
f0|<Fl,w>L;|5/0 (T =~ 10D (y1v)17,.

It suffices to take s = 1, the worst case. The presence of Q allows for the exchange Dr1 2 (T —1)~3/8,

which gives

T T
/0|<F1,w>L,z_|,§/0 (T =07 108, (W17

By decomposing [0, T) = U,fiko [#, tx+11, and using that (T — 1)~ =2k on [z, tx+1], we have

/ (T =0~ 108, (1w = Z / 2411 Pysssd, (Y10) 17
(7,11
Since |[#, tx+1]1] = 27X, the above is controlled by Zk —ko || Pa3is4 0y W12
which is bounded by €3 (by Lemma 5.9). .
For the nonlinear term F», by writing 1 = 1 — * + {/*, we have

L the square root of
k+1]

F=—PD}r (1 = FH¥[v[*v) — PD} -y fvf*o) = Far + Fao.
The support of (1 — iﬁ“)z/fl is contained in |r| < 1 and we can use the bootstrap hypothesis (2) to obtain

< 5
||F21 ”LIOT) €,

as was done in the proof of Lemma 5.7 (for any s < 1). For Fp, taking ¥ = v and noting that
Y1 ¥2 = Y1, we have Fpp = P DS (r =4y |9]*0). By (5-25) with o = g,

—3/32\ 1 ns—1/8,,.—4 74 ~14~
1Pl 0z < | =07 R F o Dz |,

Since ¥ is supported in % < |r| < ra, the function ¥ *yr;r—* is smooth and compactly supported. By the
fractional Leibniz rule,

_ _ ~ 4~ ~ 7/2 1/2 _ 1.
103734 T 159 2 SIBIT=I(D 502 S 1078115 18,5155 1(Dy) 53l -

Using the bound ||8,17||L)z_ < (T —1)~"/? from (5-3) and the bound on || Dfﬂf) ||L[°5’T)L3 from Lemma 5.10,
we obtain

1Pl 2 ST =07 =07 gy, MDYz, 12 S € WD bl 1z

10.7)r ~ 0.7)
To bound F3, we use (5-25) with a = % to obtain

—27/32 1/8
P30, 2 ST —=1) / ey, |~ Ul 2

141¢ seems that the energy method is needed here, since it furnishes fOT [(F1, w)2]; we cannot see a way to estimate
r
[ Fq ||L1 )LZ Indeed, by pursuing the method here, one ends up with a bound || F; ”Ll LE < Z/fo:ko | Py3esa vlng, which

is not controlled by Lemma 5.9, since it is not a square sum.
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The Fy term is more straightforward than F3, since there is one fewer derivative. |
The H' control will complete part of the bootstrap estimate (5-4) in Proposition 5.1:

Proposition 5.12 (H' control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2 hold.
Then

5
10, vl 700 < e,

[0.7) | |<5/8 ~

Proof. Let ry, = % + 61—4(k —1). Apply Lemma 5.11 on [r, r¢y1] for k=1, ..., 8 to obtain collectively
by Lemma 5.10 that

5
|0, v||L <€ + v,z <e. ]

[0.T) | |<5/8 ™ Irl<3/4 —

Proposition 5.13 (local smoothing control). Let the assumptions of Proposition 5.1 and Remark 5. 2
hold. Let V9,16 be a smooth function such that yr916(r) = 1 for |r| < 1¢ and Yo/16(r) =0 for |r| > —.
Then

1D} (Wropi60)ll2 12 S €

[0,7)

Proof. Let x(§) =1 for |§] < 1 and x(§) = O for |£] > 2 be a smooth function. Let x_ = x and
X+ = 1 — x. Let P_ be the Fourier multiplier with symbol y_((T — 1)3/4€) and P, be the Fourier
multiplier with symbol x4 ((T — 1)3/4g). Then I = P_+ P, for each ¢, and P_ projects onto frequencies
< (T —t)~%/4, while P, projects onto frequencies > (T —t)~>/%. Letting Q be the Fourier multiplier
with symbol 3 x'((T —1)*/4¢), we have 8, Py f = £i(T —1)~1/*Q0, f + P9, f. Note that Q has Fourier
support in |£] ~ (T —1)73/4,

First, we can discard low frequencies. From Proposition 5.12 and (5-25) with o = %,

”Dr3/2P—w9/16U”L%O,T)LE ST =07, Yonevlle 12 ST Y0, w160l 12 S €

[0,17)™=r

For the high-frequency portion, Df 2 P v9/16v, we first need to dispose of the spatial cutoff. We have

D} P16 = o160 D7 Py + D)2 Py, o6l

The leading order term in the symbol of the commutator [D3/ 2P+, Y9/16], by the pseudodifferential
caleulus, is 2y, (E(T — )Y/ (r) + /2T — 0)¥*x/.(E(T — 1)>*)¥/(r). Hence, we obtain the
bound

I[D}? Py, wop161(Dy) "/ 22 S 1,

independently of . Thus, ||[D;/* Py, V9,161 Ulle s 1s easily bounded by Proposition 5.12.

It remains to show that [|v/9,16 D; 3/2 Pio| 13, < >, the estimate for the high-frequency portion with
no spatial cutoff to the right of the frequency cut off. To obtain local smoothing via the energy method,
we need to introduce the pseudodifferential operator A of order 0 with symbol exp(—(sgn&)(tan~! r)),
where sgn& is a smoothed signum function. Note that by the sharp Girding inequality, A is positive.
The key property of A is

OAf =A02f —2i(1+r>)~'D,Af + BY,
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where B is an order 0 pseudodifferential operator. The first-order term i (1 +72)~!' D, Af will generate
the local smoothing estimate.
Let w = A P,v. By the sharp Gérding inequality,

o602 Pevll 12 SNA+r)™ 2D 2wl 2 o

[0.T)

3/2

and it suffices to prove that || (1 +72)~"/2D; wIIL%O L2 < €. The equation satisfied by w is

idw+ 3w+ 2i(1+r) " 'Dow= (T —-1)"Y*A08,v— AP r *v|*v+ Bv=F + F, + F3,

where B is a order 0 operator (satisfying bounds independent of 7). By applying 9, and pairing this
equation with 9, w (energy method), we obtain, upon time integration,

T
3, wl|% s 14+ 72~ 12D3 22 < o, F 10]10, F» ||? 10]16, F3 > .
|| w”L[O,T)L)z" + ||( + r ) r w”L[z(),T)L% ~ 0 |< 1, w)l + ” 2||L[IO,T)L% + ” 3 ||L[10,T)L%

The F3 term is easily controlled using Proposition 5.12.
The F) term is controlled as in the proof of Lemma 5.11 (a similar first term). For the F; term, let i
be a smooth function such that ¢ (r) =1 for |r| < and Y (r)y=0for|r| <s. Writing L=y +(1—y?),
we have

Fy= AP r*ol*v+ AP (1= v)r Y ul*v = Foy + Fao.

We estimate ||9, Fa1 || L, 12 88 We did in the proof of Lemma 5.7. For the term F»5, take ¥ = (1—1°)r 4,
and note that v is smooth and well localized. In the proof of Lemma 5.7 (see (5-18) and (5-21)), we
showed that

”P>Na w+|v| U”L] 2k(1+5)/2N5ﬂ(k MN) +N_]+82k8,8(k /“LN) +N 12k(1+8)/2
Furthermore, Proposition 5.8 showed that B (k, 2°*/4) < 1. Combining with the above gives
| Pogsissdy i vl vl 2 S275

Thus,

[e.¢] 0
4 4 —ko/8 5
”a’FZZHLEo,T)L%’S E | Psosk/adr iy || U||L}kL; S E | P=p3t/a 0y |0 U||L}kLg,§2 MBS O
k=ko k=ko

Proposition 5.14 (Strichartz control). Suppose that the assumptions of Proposition 5.1 and Remark 5.2
hold. Then

|r¥/ P~ 1o, vll g <eé.
[0,T) m<1/2

Proof. Let ¢ be a smooth function such that ¢ (r) =1 for [r| < 5 L and Y(r)y=0for |r|> =. Let w=yrv.
Then w solves

i,w+ 87w = —yrYu[*v +28,(Y'v) — v = F| + F» + F;.
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By the Strichartz estimate and dual local smoothing estimate, we obtain

12 B wl e or S UOwollz + 19 Filly 12 +ID7 20 Fall a2+ 18, Falpy | ro-

[0.7)

Let ¥ be a smooth function such that ¥ (r) = 1 for |r| < 21; and ¥ (r) = 0 for |r| > % By writing
1 =9+ (1 —17), we have

Y r oty — v =) )t = Fiy + Fro.

Since the support of wﬂis is contained in |r| < 5, we can estimate the term ||8 Fi Ll L2 by e using
bootstrap assumption (2) as in the proof of Lemma 5.7. Since (1 — WS )1/fr is a bounded and smooth
function,

< < < 3
”arFlZ”L['O,T)Lg S o )0’ ||LEUT>LE,|<s/s S T(or )UIILE,(;JT)LWS/8 Se€.

Also, by Proposition 5.13,

12 3/2 5
1D, " Fallz2 12 S D) “Yopievllz | p2 S €

Finally,
< <
10 Fally, 2 STIO Iy, 12 Se
by Proposition 5.12. Collecting the estimates above, we obtain the claimed bound. U

This completes the proof of Proposition 5.1 (via Lemma 5.5).
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