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In this paper we present a method to study global regularity properties of solutions of large-data critical
Schrodinger equations on certain noncompact Riemannian manifolds. We rely on concentration compact-
ness arguments and a global Morawetz inequality adapted to the geometry of the manifold (in other words
we adapt the method of Kenig and Merle to the variable coefficient case), and a good understanding of the
corresponding Euclidean problem (a theorem of Colliander, Keel, Staffilani, Takaoka and Tao).

As an application we prove global well-posedness and scattering in H! for the energy-critical defocus-
ing initial-value problem
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on hyperbolic space H3.
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1. Introduction

The goal of this paper is to present a somewhat general method to prove global well-posedness of critical!
nonlinear Schrédinger initial-value problems of the form

((0: +Ag)u=N(u), u(0)=¢, (1-1)

on certain noncompact Riemannian manifolds (M, g). Here Ag = 2 (9; i — Fikj dy) is the (negative)
Laplace—Beltrami operator of (M, g). In Euclidean spaces, the subcritical theory of such nonlinear
Schrodinger equations is well established; see for example the books [Cazenave 2003; Tao 2006] for
many references. Many of the subcritical methods extend also to the study of critical equations with small
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data. The case of large-data critical Schrodinger equations is more delicate, and was first considered in
[Bourgain 1999] and [Grillakis 2000] for defocusing Schrodinger equations with pure power nonlinearities
and spherically symmetric data. The spherical symmetry assumption was removed in dimension d = 3
in [Colliander et al. 2008]; global well-posedness was then extended to higher dimensions d > 4 in
[Ryckman and Visan 2007; Visan 2007].

A key development in the theory of large-data critical dispersive problems was the article [Kenig and
Merle 2006], on spherically symmetric solutions of the energy-critical focusing NLS in R®. The methods
developed in this paper found applications in many other large-data critical dispersive problems, leading
to complete solutions or partial results. We adapt this point of view in our variable coefficient setting as
well.

To keep things as simple as possible on a technical level, in this paper we consider only the energy-
critical defocusing Schrédinger equation

(i0: + Ag)u = ulul* (1-2)

in hyperbolic space H3. Suitable solutions of (1-2) on the time interval (7, T,) satisfy mass and energy
conservation, in the sense that the functions

1 1
B = [ 0P du. E'wo =5 [ Ve dut g [ wwtde  a-3)
H3 2 H3 6 H3
are constant on the interval (77, 75). Our main theorem concerns global well-posedness and scattering in
H'(H?) for the initial-value problem associated to (1-2).

Theorem 1.1. (a) (Global well-posedness.) If ¢ € H'(H3)? then there exists a unique global solution
u € C(R: H' (H?)) of the initial-value problem

(i0; + Ag)u = ulul*, u(0)=¢. (1-4)

In addition, the mapping ¢ — u is a continuous mapping from H'(H*) to C(R: H'(H?)), and the
quantities E®(u) and E'(u) defined in (1-3) are conserved.

(b) (Scattering.) We have the bound
lull Lrog3xry = CUPN 1 3))- (1-5)
As a consequence, there exist unique u+ € H'(H?) such that
||u(t)—e”Agui||H1(H3) =0ast— too. (1-6)

It was observed by Banica [2007] that hyperbolic geometry cooperates well with the dispersive nature
of Schrodinger equations, at least in the case of subcritical problems. In fact the long time dispersion of
solutions is stronger in hyperbolic geometry than in Euclidean geometry. Intuitively, this is due to the
fact that the volume of a ball of radius R + 1 in hyperbolic spaces is about twice as large as the volume

2Unlike in Euclidean spaces, in hyperbolic spaces H¥ one has the uniform inequality [y | f1>du < S |V f|? du for any
fe C(‘)X’(IHId). In other words H ! (I]-[]d) L Lz([]-l]d).
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of a ball of radius R, if R > 1; therefore, as outgoing waves advance one unit in the geodesic direction
they have about twice as much volume to disperse into. This heuristic can be made precise; see [Anker
and Pierfelice 2009; Banica 2007; Banica et al. 2008; 2009; Banica and Duyckaerts 2007; Bouclet 2011;
Christianson and Marzuola 2010; Ionescu and Staffilani 2009; Pierfelice 2008] for theorems concerning
subcritical nonlinear Schrédinger equations in hyperbolic spaces (or other spaces that interpolate between
Euclidean and hyperbolic spaces). The theorems proved in these papers are stronger than the corresponding
theorems in Euclidean spaces, in the sense that one obtains better scattering and dispersive properties of
the nonlinear solutions.

We remark, however, that the global geometry of the manifold cannot bring any improvements in the
case of critical problems. To see this, consider only the case of data of the form

PN (x) = N2y (N O (x)), (1-7)

where ¥ € C§° (R3?) and ¥ : R? — H? is a suitable local system of coordinates. Assuming that v is fixed
and letting N — oo, the functions ¢ € C5° (H3) have uniformly bounded H! norm. For any 7 > 0 and
Y fixed, one can prove that the nonlinear solution of (1-4) corresponding to data ¢ is well approximated
by

NY2y(NO~(x), N?)

on the time interval (=T N ~2, TN =2), for N sufficiently large (depending on 7" and V), where v is the
solution on the time interval (—7, T') of the Euclidean nonlinear Schrodinger equation

(id; + Av =v[v]*, v(0)=1. (1-8)

See Section 4 for precise statements. In other words, the solution of the hyperbolic NLS (1-4) with data
¢n can be regular on the time interval (—T'N ~2, TN ~2) only if the solution of the Euclidean NLS (1-8)
is regular on the interval (—7', 7). This shows that understanding the Euclidean scale invariant problem
is a prerequisite for understanding the problem on any other manifold. Fortunately, we are able to use the
main theorem of Colliander et al. [2008] as a black box (see the proof of Lemma 4.2).

The previous heuristic shows that understanding the scaling limit problem (1-8) is part of understanding
the full nonlinear evolution (1-4), at least if one is looking for uniform control on all solutions below
a certain energy level. This approach was already used in the study of elliptic equations, first in the
subcritical case (where the scaling limits are easier) by Gidas and Spruck [1981] and also in the H 1
critical setting, see for example Druet, Hebey and Robert [Druet et al. 2004], Hebey and Vaugon [1995],
Schoen [1989] and (many) references therein. Note however that in the dispersive case, we have to
contend with the fact that we are looking at perturbations of a linear operator 9, + Ag whose kernel is
infinite dimensional.

Other critical dispersive models, such as large-data critical wave equations or the Klein—Gordon
equation have also been studied extensively, both in the case of the Minkowski space and in other Lorentz
manifolds. See, for example, [Bahouri and Gérard 1999; Bahouri and Shatah 1998; Burq et al. 2008;
Burq and Planchon 2009; Grillakis 1990; 1992; Ibrahim and Majdoub 2003; Ibrahim et al. 2009; 2011;
Kapitanski 1994; Kenig and Merle 2008; Killip et al. 2012; Laurent 2011; Shatah and Struwe 1993; 1994;
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Struwe 1988; Tao 2006] for further discussion and references. In the case of the wave equation, passing
to the variable coefficient setting is somewhat easier due the finite speed of propagation of solutions.

Nonlinear Schroédinger equations such as (1-1) have also been considered in the setting of compact
Riemannian manifolds (M, g); see [Bourgain 1993a; 1993b; Burq et al. 2004; 2005; Colliander et al.
2010; Gérard and Pierfelice 2010]. In this case the conclusions are generally weaker than in Euclidean
spaces: there is no scattering to linear solutions, or some other type of asymptotic control of the nonlinear
evolution as ¢t — oo. We note however the recent result of Herr, Tataru and Tzvetkov [Herr et al. 2011]
on the global well-posedness of the energy critical NLS with small initial data in H!(T?).

To simplify the exposition, we use some of the structure of hyperbolic spaces; in particular we exploit
the existence of a large group of isometries that acts transitively on H<. However the main ingredients in
the proof are more basic, and can probably be extended to more general settings®. These main ingredients
are:

(1) a dispersive estimate such as (2-24), which gives a good large-data local well-posedness/stability
theory (Propositions 3.1 and 3.2);

(2) a good Morawetz-type inequality (Proposition 3.3) to exploit the global defocusing character of the
equation;

(3) a good understanding of the Euclidean problem, provided in this case by a result of Colliander, Keel,
Staffilani, Takaoka and Tao [Colliander et al. 2008, Theorem 4.1];

(4) some uniform control of the geometry of the manifold at infinity.

The rest of the paper is organized as follows: in Section 2 we set up the notations, and record the main
dispersive estimates on the linear Schrodinger flow on hyperbolic spaces. We prove also several lemmas
that are used later.

In Section 3 we collect all the necessary ingredients described above, and outline the proof of the main
theorem. The only component of the proof that is not known is Proposition 3.4 on the existence of a
suitable minimal energy blow-up solution.

In Section 4 we consider nonlinear solutions of (1-4) corresponding to data that contract at a point,
as in (1-7). Using the main theorem in [Colliander et al. 2008] we prove that such nonlinear solutions
extend globally in time and satisfy suitable dispersive bounds.

In Section 5 we prove our main profile decomposition of H!-bounded sequences of functions in
hyperbolic spaces. This is the analogue of Keraani’s theorem [2001] in Euclidean spaces. In hyperbolic
spaces we have to distinguish between two types of profiles: Euclidean profiles which may contract at a
point, after time and space translations, and hyperbolic profiles which live essentially at frequency* N = 1.
Hyperbolic geometry guarantees that profiles of low frequency N < 1 can be treated as perturbations.

3Two of the authors have applied a similar strategy to prove global regularity of the defocusing energy-critical NLS in other
settings, such as T3 [Tonescu and Pausader 2012a] and R x T3 [Tonescu and Pausader 2012b], where other issues arise due to the
presence of trapped geodesics or the lower power in the nonlinearity.

“4Here we define the notion of frequency through the heat kernel, see (2-28).
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Finally, in Section 6 we use our profile decomposition and orthogonality arguments to complete the proof
of Proposition 3.4.

2. Preliminaries

In this subsection we review some aspects of the harmonic analysis and the geometry of hyperbolic spaces,
and summarize our notations. For simplicity, we will use the conventions in [Bray 1994], but one should
keep in mind that hyperbolic spaces are the simplest examples of symmetric spaces of the noncompact
type, and most of the analysis on hyperbolic spaces can be generalized to this setting (see, for example,
[Helgason 1994]).

Hyperbolic spaces: Riemannian structure and isometries. For integers d > 2 we consider the Minkowski
space R4+ with the standard Minkowski metric —(dx®)2 + (dx!)2+. ..+ (dx?)? and define the bilinear
form on R9+1 x [R{d“,
[X,y] :xoyo_xlyl —"'—Xdyd.
Hyperbolic space H is defined as
HY = {x e R+ . [x,x] =1 and x° > 0}.

Let 0 = (1,0,...,0) denote the origin of H¥. The Minkowski metric on R?*+! induces a Riemannian
metric g on H?, with covariant derivative D and induced measure dy.

We define G := SO(d, 1) = SO, (d, 1) as the connected Lie group of (d + 1) x (d + 1) matrices that
leave the form [-, -] invariant. Clearly, X € SO(d, 1) if and only if

CX Ty -X =1z, detX =1 Xgo>0,

where 7 ; is the diagonal matrix diag[—1,1,..., 1] (since [x, y] = —"x -1, -y). Let K = SO(d) denote
the subgroup of SO(d, 1) that fixes the origin 0. Clearly, SO(d) is the compact rotation group acting on

the variables (x!, ..., x9). We define also the commutative subgroup A of G,
chs shs 0
A:=<a;=| shs chs 0 seRy, (2-1)
0 0 Iy,

and recall the Cartan decomposition
G=KALK, Aj:={as:5€l0,00)}. (2-2)

The semisimple Lie group G acts transitively on H and hyperbolic space H¥ can be identified
with the homogeneous space G/IK = SO(d, 1)/ SO(d). Moreover, for any 4 € SO(d, 1) the mapping
Ly :H? — H?, Lj(x) = h-x, defines an isometry of H?. Therefore, for any & € G, we define the
isometries

wp L2HY) — LX), m(f)(x) = f(h7"-x). (2-3)
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We fix normalized coordinate charts which allow us to pass in a suitable way between functions defined
on hyperbolic spaces and functions defined on Euclidean spaces. More precisely, for any & € SO(d, 1)
we define the diffeomorphism

U, RESHY, w0 v =k (VI Rl vY). (2-4)
Using these diffeomorphisms we define, for any % € G,
T CRY) — CHY),  F()(x) = [(¥," (X)) (2-5)

We will use the diffeomorphism Wy as a global coordinate chart on H4, where I is the identity element
of G. We record the integration formula

/ £00) du(x) = / SOOI + o) dv (2-6)
H4 R4

for any f € Co(H?).

The Fourier transform on hyperbolic spaces. The Fourier transform (as defined by Helgason [1965] in
the more general setting of symmetric spaces) takes suitable functions defined on H9 to functions defined
on Rx S, Forw € S ' and A € C, let b(w) = (1, w) € R4 and

hyw HY = C,  hy o(x) =[x, b(@)]**,

where
p=(d-1)/2.

It is known that
Aghyw ==+ p*)h) 0. (2-7)

where Ag is the Laplace—Beltrami operator on H¥. The Fourier transform of f € Co(H?) is defined by
the formula

Fonor= [ Feardn= [ @l b@] du 9)
This transformation admits a Fourier inversion formula: if /€ Cg° (H?) then
= [ [ o b@r Pl ddo. 29)
where, for a suitable constant C, 6%
i
c(A)=C Totin

is the Harish-Chandra c-function corresponding to H¥, and the invariant measure of S¢~! is normalized
to 1. It follows from (2-7) that

Agf(h.w) ==+ p) [ (L. o). (2-10)
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We record also the nontrivial identity
/ f(k, w)[x, b(a))]—ik—pdw — [ f(—k,co)[x, b(w)]ix—pdw
sd—1 sd—1

for any f € C(;’o([H]d), L eC,and x € HY.
According to the Plancherel theorem, the Fourier transform f — f extends to an isometry of L2 (HY)
onto L2(Ry x S~ |¢(A)|"2d A dw); moreover

- 1 ~ —_—
[, h@R@ =5 [ Ao el dido. @1
He RxS4—1

for any f1, f» € L2(H?). As a consequence, any bounded multiplier m : Ry — C defines a bounded
operator T}, on L?(H?) by the formula

Tu(/) M, @) =mQ) - f(h, w). (2-12)

The question of L? boundedness of operators defined by multipliers as in (2-12) is more delicate if
p # 2. A necessary condition for boundedness on L? (I]-I]d ) of the operator Ty, is that the multiplier m
extends to an even analytic function in the interior of the region 9, = {A € C: |IJA| < |2/p —1|p} [Clerc
and Stein 1974]. Conversely, if p € (1, 00) and m : 9, — C is an even analytic function which satisfies
the symbol-type bounds

10%m()] < C(1+|A)™® foranya €[0,d +2]NZ and A € T, (2-13)

then T}, extends to a bounded operator on L?(H?) [Stanton and Tomas 1978].

As in Euclidean spaces, there is a connection between convolution operators in hyperbolic spaces and
multiplication operators in the Fourier space. To state this connection precisely, we normalize first the
Haar measures on I and G such that f; 1dk =1 and

[ rewag=[ e
G H4
for any f € Co(H?). Given two functions fi, f> € Co(G) we define the convolution

(s £ = [ it fale™ i) de. (-14)
A function K : G — C is called K-biinvariant if
K(kigk,) = K(g) foranykq,k, e K. (2-15)
Similarly, a function K : H? — C is called K-invariant (or radial) if
K(k-x)= K(x) foranyk €K and x € HY. (2-16)

If f,K ey (I]-I]d ) and K is K-invariant then we define (compare to (2-14))

(f % K)(x) = [S Flg-0K(g™" -x) dg. 2-17)
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If K is K-invariant then the Fourier transform formula (2-8) becomes

K\, 0)=KO) = /H K)o dp. (2-18)

where

S O (2-19)
gd—1
is the elementary spherical function. The Fourier inversion formula (2-9) becomes
o0
KW= [ Rl di. -20)
0

for any [K-invariant function K € Cg° (H9). With the convolution defined as in (2-17), we have the
important identity

(f *K)(A,0) = f(h,w)- K(X) (2-21)

for any f, K € Co(H?), provided that K is K-invariant’.

We define now the inhomogeneous Sobolev spaces on H?. There are two possible definitions: using
the Riemannian structure g or using the Fourier transform. These two definitions agree. In view of (2-10),
for s € C we define the operator (—A)/2 as given by the Fourier multiplier A — (A% + p2)*/2. For
p € (1,00) and s € R we define the Sobolev space W 25 (H?) as the closure of Cge (H9) under the norm

1/ s eeay = 1272 £l Lo aay-

For s € R let H® = W2, This definition is equivalent to the usual definition of the Sobolev spaces
on Riemannian manifolds (this is a consequence of the fact that the operator (—Ag)* /2 is bounded on
LP?(H?) for any s € C, Rs < 0, since its symbol satisfies the differential inequalities (2-13)). In particular,
fors =1 and p € (1, 00),

1
1/ Wity = 1=2)2 F | Loaay ~ ( /. Inglde) v 2-22)
where
Ve /1:= D Do f|"2.
We record also the Sobolev embedding theorem
WP 9 ifl<p<g<ooand s=d/p—d/q. (2-23)

Dispersive estimates. Most of our perturbative analysis in the paper is based on the Strichartz estimates
for the linear Schrédinger flow. For any ¢ € H* (H?), s € R, let eitbep e C(R: HS (H?)) denote the
solution of the free Schrodinger evolution with data ¢, i.e.,

182 w) = (k. w) e,

3Unlike in Euclidean Fourier analysis, there is no simple identity of this type without the assumption that K is lK-invariant.
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The main inequality we need is the dispersive estimate® (see [Anker and Pierfelice 2009; Banica 2007;
Banica et al. 2008; Ionescu and Staffilani 2009; Pierfelice 2008])

itAg Lrapy S |t|—d(1/P—1/2)’ pe2d/(d+2).2]. p'=p/(p—1), (2-24)

le

for any t € R\ {0}. The Strichartz estimates below then follow from a general theorem from [Keel and
Tao 1998].

Proposition 2.1 (Strichartz estimates). Assume that d > 3 and I = (a, b) C R is a bounded open interval.

() If ¢ € L2(H?) then
1€ 2Dl (oo 22 20702 gaa ey S 19112 (2-25)
(i) If F e (L'L2 + L2272y (1 x T) then

t
‘/ e =98 F(5) ds
a

To exploit these estimates in dimension d = 3, for any interval / C R and f € C({ : H™1(H?)) we
define

< ”F”(L}L§+L%L§d/(d+2’)(n-udx1)- (2-26)

(LSPLANL2L2Y =2y (Hd xT)

171 zay =15 z10 gxrys
1/ sty = N=DY" Fll poop2nr2 o)y, K €[0,00), 2-27)
1A vk = 1A Fll 122185y Kk €10.00).

We use the S! norms to estimate solutions of linear and nonlinear Schrédinger equations. Nonlinearities
are estimated using the N'! norms. The L!° norm is the “scattering” norm, which controls the existence
of strong solutions of the nonlinear Schrédinger equation, see Proposition 3.1 and Proposition 3.2 below.

Some lemmas. In this subsection we collect and prove several lemmas that will be used later in the paper.
For N > 0 we define the operator Py : L2(H3) — L2(H?),

_ —2
Py = N"2AgelN Az,

. a - (2-28)
PnfOvw)=—=N"202+1)e N O HD 7 w).

One should think of Py as a substitute for the usual Littlewood—Paley projection operator in Euclidean
spaces that restricts to frequencies of size &2 N; this substitution is necessary in order to have a suitable L?
theory for these operators, since only real-analytic multipliers can define bounded operators on L? (H?)
[Clerc and Stein 1974]. In view of the Fourier inversion formula we have

Paf ) = [ FO) PN, 3) da()

61n fact this estimate can be improved if |z] > 1, see [Tonescu and Staffilani 2009, Lemma 3.3]. This leads to better control
of the longtime behavior of solutions of subcritical Schrodinger equations in hyperbolic spaces, compared to the behavior of
solutions of the same equations in Euclidean spaces (see [Banica 2007; Banica et al. 2008; Ionescu and Staffilani 2009; Anker
and Pierfelice 2009)).
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where
|Pn(r)| SN3(1+Nr)2e . (2-29)

The estimates in the following lemma will be used in Section 5.
Lemma 2.2. (i) Given € € (0, 1] there is Re > 1 such that for any x e H*, N > 1, and f € H'(H?),
|Pn SIS N2 S g, o) llzsess) + €l f o)
where B(x,r) denotes the ball B(x,r) ={y e H3 :d(x, y) <r}
(ii) Forany f € H'(H?),

X ) _ . 2/3
I s S 1V S Wy sup [N21PN 70T,
>
xeH?
Proof. (i) The inequality follows directly from (2-29):
| PN f(x)] 5/ WAGD] IPN(d(x,y))IdM(y)-F/ SO PN (d(x, y)|dp(y)
(x,ReN—1) ¢B(x,ReN—1)

SIS g v llo@s)y - An,o,6/5 + I1f lL6@sy - AN, Re,6/55
where, for R € [0,00), N €[1,00) and p € [1,2]

1/p 00 5 1/p
Ay gy = ( / | Py (d(Q, y))l”du(y)) < ( / Py ()P (shr) dr)
d(O,y)ZRN—l RN-1

oo 1/p
5N3(/ (1+Nr)_5pr2dr) <N373/Pa+ RN
RN-!

The inequality follows if Re = 1/e.
(ii) Such improved Sobolev embeddings in various settings have been used before, for example, in

[Bahouri and Gérard 1999; Keraani 2001]. For any f € H!(H?) we have the identity

o0
f=c N~'PyN(f)dN. (2-30)
N=0
Thus, with 4 := supy>q ||N_1/2PNf||Loo(H3)

dN dN,
6 1 6
du < P -...-|P — ... —d
/ﬂ-ﬂ3|f| MN/W /05N15...5N6| /| P /] Ny Ns #

dNs dNg
sA“/ / N2| Py f1|Prf] 2 26 g
e JosNs<Ne °* " Ns Ng

o0
< 44 / / N|Py fI? dNdp.
H3 Jo

where the last inequality follows by Schur’s lemma. The claim follows since

o0
/H/O NPy 1 dNdp = e (=) £12 45,
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as a consequence of the Plancherel theorem and the definition of the operators Py, and, for any N € [0, 1),

INTY2Py fll Loy S 1 P2f Il oo gasy- (2-31)
O

We will also need the following technical estimate:
Lemma 2.3. Assume € H'(H?) satisfies
1Vl <10 sup K7V2|Pgel™@ey ()] <8, (2-32)

for some § € (0, 1]. Then, for any R > 0 there is C(R) > 1 such that

N2 Vge! Beyr| s 15y < C(R)§1/20 (2-33)
14 X

(B(x0,RN—1)x(to— R2N 2,19+ R2ZN~2))

forany N > 1, any ty € R, and any xo € H3.

Proof. We may assume R =1, xog =0, g = 0. It follows from (2-32) that for any K > 0 and t € R
| Pxe 2| poousy S SKY2, || Pge’ ey poqesy S 1

therefore, by interpolation,
||PK€”Ag1/’||L12(H3) <s12g1/4,

Thus, for any K > 0 and ¢ € R,
Ve (Pre 5 )| izgasy < 82K 4(K +1),
which shows that, for any K > 0 and N > 1,
NY2 Vg (Pre™ 0 111575 (g n—1yw(_n—2.5-2y) S8 KK+ DN T, (2-34)
We will prove below that, forany N > 1and K > N,
Vg (Pge'tBs ‘/’)||L)2m(B((),N—l)x(—N_Z,N_z)) < (NK)~'/2. (2-35)
Assuming this and using the energy estimate
Vg (Pge'"®s WllLee 2 3xmy S 1
we have, by interpolation,
| Vg (Pge'™Ae W Ls2BoON-Y)x(-N-2,N-2)) S (NK)™'/>,
Therefore, forany N > 1and K > N
A _
NI/ZHVg(PKe” gW)”L?L)lcs/s(B(O,N_l)X(—N—Z,N—Z)) < NI/SK 1/5- (2-36)

The desired bound (2-33) follows from (2-34), (2-36), and the identity (2-30).
It remains to prove the local smoothing bound (2-35). Many such estimates are known in more general
settings; see, for example, [Doi 1996]. We provide below a simple self-contained proof specialized to
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our case. Assuming N > 1 fixed, we will construct a real-valued functiona = ay € C % (H3) with the
properties

|D%Dyal <1 in H?,
|Ag(Aga)| S N? in H?, (2-37)
X*Xq Nlgg -1y S X*XPDyDga  in H? for any vector-field X € T'(t1°).

Assuming such a function is constructed, we define the Morawetz action
M,(t) = 2%/ D%a(x)-it(x)Dgu(x) du(x),
H3

where u := Pge'’®21. A formal computation (see [lonescu and Staffilani 2009, Proposition 4.1] for a
complete justification) shows that

3 My(1) = 49%/ D*DPa-DyuDygi du—/ Ag(Aga)-|ul?dpu.
H3 H3
Therefore, by integrating on the time interval [-N ~2, N 2] and using the first two properties in (2-37),

N—2
4/ R(D*DPa- DyuDgin)du dt
_N—Z H3

N—2
<2 sup |Ma(t)|+/ / |Ag(Aga)|-|ul* du dt
—N—2 JH3

[t|I<N—2

N—2
< sup u@) 2l gy + N / @) 2 sy d2 < K1+ NK2,
lt|<N—2 -N—2

The desired bound (2-35) follows, in view of the inequality in the last line of (2-37) and the assumption
K > N since a is real valued.

Finally, it remains to construct a real-valued function a € C®(H?) satisfying (2-37). We are looking
for a function of the form

a(x):=a(chr(x)), r=d(0,x), acC®(l,00)). (2-38)

To prove the inequalities in (2-37) it is convenient to use coordinates induced by the Iwasawa decomposition
of the group G: we define the global diffeomorphism

O:REZxR—H>, ! v?s)="(chs+e*|v[?/2,shs+e5|v|?/2, e vl e 5 v?),
and fix the global orthonormal frame
e3:=105, e;:=e'd,, ey:=¢e"0,.
With respect to this frame, the covariant derivatives are

D, eg =8qpes, Deyes =—eq, Deyeq = Dejez =0 fora,f=1,2.



WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER EQUATIONS IN CURVED SPACES 717

See [lonescu and Staffilani 2009, Section 2] for these calculations. In this system of coordinates we have
chr =chs+e 5|v|?/2. (2-39)

Therefore, for a as in (2-38), we have

Dsa = (shs—e*v|?/2)-d'(chr), Dja=v'-d(chr), D,a=v*-d(chr).
Using the formula

DyDga = ey(eg(a)) — (Deyep)a), a,p=1,2,3,

we compute the Hessian:

D Dya= (v")?d"(chr)+chrd'(chr), D,Dya= (v*)?a"(chr)+chrad'(chr),
DiDya=DyDia=v'v?d"(chr), D;3Ds f = (shs—e*|v|?>/2)%a"(chr) +chrd'(chr),
D Dsa=D3Dia=v'(shs—e*|v|?/2)d"(chr),

D,Dsa = D3Dya = v*(shs —e 5|v|?/2)d" (chr).

Therefore, using again (2-39),
D%aDgya = (shr)?(@ (chr))?, Aga = ((ch )2 —1)a’(chr) 4+ 3(chr)d (chr), (2-40)
and
X*XPDyDga=chrd (chr)| X >+ (chr)(X ! + X20% + X3(shs —e|v]2/2))2.  (2-41)
We fix now a such that
()= =1+ N2 yelloo).

The first identity in (2-37) follows easily from (2-40). To prove the second identity in (2-37), we use
again (2-40) to derive

Aga =b(chr), where b(y) = 3y(y? —1+ N_Z)_l/2 —y0*P=1D0O* -1+ N_z)_3/2.
Using (2-40) again, it follows that
[Ag(Aga)| < P2 -1+ N72)73/2 Wwhere y =chr,
which proves the second inequality in (2-37). Finally, using (2-41),

X*XBDyDga > chrd (chr)|X|* —((chr)? = 1)|@" (chr)| | X |?
= N72chr((chr)®> =1+ N"2)73/2|x 2,

which proves the last inequality in (2-37). This completes the proof of the lemma. O
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3. Proof of the main theorem

In this section we outline the proof of Theorem 1.1. The main ingredients are a local well-posedness and
stability theory for the initial-value problem, which in our case relies only on the Strichartz estimates in
Proposition 2.1, a global Morawetz inequality, which exploits the defocusing nature of the problem, and a
compactness argument, which depends on the Euclidean analogue of Theorem 1.1 proved in [Colliander
et al. 2008].

We start with the local well-posedness theory. Let

® ={(I,u): I CRis anopen interval and u € C(I : H' (H%))}
with the natural partial order
(I,u)<({I',u') ifandonlyif I CI'andu'(t) =u(t)foranyzel.
Proposition 3.1 (local well-posedness). Assume ¢ € H'(H3). Then there is a unique maximal solution
(I,u) = U(¢),u(p)) € P, 0 € I, of the initial-value problem
(i8t+Ag)u:u|u|4, u(0) =¢ (3-1)

on H3 x I. The mass E°(u) and the energy E'(u) defined in (1-3) are constant on I, and lullg1cy <o0

for any compact interval J C 1. In addition,
lullzyy) =00 if I+ := I N[0, 00) is bounded,
3-2
lull za_y =00 if I-:= 1N (—o0,0]is bounded. (3-2)

In other words, local-in-time solutions of the equation exist and extend as strong solutions as long as
their spacetime L }C?, norm does not blow up. We complement this with a stability result.

Proposition 3.2 (stability). Assume I is an open interval, p € [-1,1], and it € C(I : H' (H?)) satisfies

the approximate Schrodinger equation
(i0: + Ag)it = pitlii|* +e  onH> x I.
Assume in addition that

Il 0, s + 590 1O 1) = M. (3-3)
’ te

for some M €[1,00). Assume ty € I and u(ty) € H'(H3) is such that the smallness condition

llu(to) — (o) | 13y + lelivrry < € (3-4)

holds for some 0 < € < €1, where €1 < 1 is a small constant €, = €; (M) > 0.
Then there exists a solution u € C(I : H' (H3)) of the Schridinger equation

({0 +Ag)u = pulu|* on H® x I,

and
lullstsxry + lallstgexny = C(M),  |lu—illgrgpxry = C(M)e. (3-5)
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Both Proposition 3.1 and Proposition 3.2 are standard consequences of the Strichartz estimates and
Sobolev embedding theorem (2-23); see, for example, [Colliander et al. 2008, Section 3]. We will use
Proposition 3.2 with p = 0 and with p =1 to estimate linear and nonlinear solutions on hyperbolic spaces.

We next state the global Morawetz estimate:

Proposition 3.3 [Ionescu and Staffilani 2009, Proposition 4.1]. Assume that I C R is an open interval,
and u € C(I : H'(H?)) is a solution of the equation

({0 +Ag)u = ulu|* on H® x I.
Then, for any t,t, € I,
Bl s ey S S0P 1Ol 25y 1O 1 . (3-6)
tefty,2]

Next, recall the conserved energy E!(u) defined in (1-3). For any E € [0, o0) let S(E) be defined by
S(E) = sup{|lull zcy, E' () < E},

where the supremum is taken over all solutions € C(1 : H'(H?)) defined on an interval I and of energy
less than E. We also define
Enax = sup{E, S(E) < oo}.

Using Proposition 3.2 with it =0,e =0, I =R, M =1, € < 1, one checks that E,,x > 0. It follows
from Proposition 3.1 that if u is a solution of (1-2) and E (1) < Emnax, then u can be extended to a globally
defined solution which scatters.

If Emax = 400, then Theorem 1.1 is proved, as a consequence of Propositions 3.1 and 3.2. If we
assume that E,x < 400, then, there exists a sequence of solutions satisfying the hypothesis of the
following key proposition, to be proved later.

Proposition 3.4. Let uy € C((—Ty, T*) : H'(H3)), k = 1,2, ..., be a sequence of nonlinear solutions
of the equation
(i0; + Ag)u = ulul*,

defined on open intervals (—Ty, T*) such that E(ug) — Emax. Let ty € (=T, T*) be a sequence of
times with

lim |lugllz 1y, = Hm ugll 2, .75y = +00. (3-7)
k—o00 k—o00
Then there exists wy € H'(H?) and a sequence of isometries hy € G such that, up to passing to a
subsequence, uy (ty, h,:l - x) = wo(x) € H! strongly.
Using these propositions we can now prove our main theorem.

Proof of Theorem 1.1. Assume for contradiction that E,x < +o0o. Then, we first claim that there exists a
solution u € C((—Tx, T*) : H') of (1-2) such that

Ew) = Enax and  |ullz71,,0) = llull z(o,7+) = +00. (3-8)
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Indeed, by hypothesis, there exists a sequence of solutions uy, defined on intervals I = (=T, T%)
satisfying E(uy) < Enax and

lurll zcr,) — +oo.

But this is exactly the hypothesis of Proposition 3.4, for suitable points #; € (—7%, T%). Hence, up to
a subsequence, we get that there exists a sequence of isometries /1 € G such that 7, (1 (tx)) — wo
strongly in H'. Now, let u € C((—=Tx, T*) : H'(H?)) be the maximal solution of (3-1) with initial
data wo, in the sense of Proposition 3.1. By the stability theory Proposition 3.2, if ||u|| z(o,7+) < +00,
then 7" = +o0 and |[u|l z, +o00) < C(lu]l z(0,400)) Which is impossible. Similarly, we see that
lull z(~T,,0) = +00, which completes the proof of (3-8).

We now claim that the solution # obtained in the previous step can be extended to a global solution.
Indeed, using Proposition 3.1, it suffices to see that there exists § > 0 such that, for all times ¢ € (—Tx, T™),

lull z(—5,t+8)n(~Tw, 7)) = 1.

If this were not true, there would exist a sequence §; — 0 and a sequence of times # € (—T% + 68k, T*—5%)
such that

e ll Z (1= tic+81) = 1- (3-9)

Applying Proposition 3.4 with u; = u, we see that, up to a subsequence, 7y, (ux (1)) — w strongly in
H' for some translations /5, € G. We consider z the maximal nonlinear solution with initial data w, then
by the local theory Proposition 3.1, there exists § > 0 such that

1
1zl z(—s,8) < 3-

Proposition 3.2 gives that |u| z(;, —5,4,+8) < 1/2 + 0x (1), which again contradicts our hypothesis (3-9).
In other words, we proved that if Ep,x < oo then there is a global solution v € C(R: H 1) of (1-2) such
that

E(u) = Emax and ||““Z(—oo,0) = ””“Z(O,oo) = +o0.
We claim now that there exists § > 0 such that for all times,
lu(t)||pe = 8. (3-10)

Indeed, otherwise, we can find a sequence of times # € (0, 00) such that u(#;) — 0 in L®. Applying
again Proposition 3.4 to this sequence, we see that, up to a subsequence, there exist /1 € G such that
oy, (u(tx)) — win H ! with w = 0. But this contradicts conservation of energy.

But now we have a contradiction with the Morawetz estimate (3-6), which shows that E,,x = +00 as
desired. O

Propositions 3.1 and 3.2 are standard consequences of the Strichartz estimates, while Proposition 3.3
was proved in [Ionescu and Staffilani 2009]. Therefore it only remains to prove Proposition 3.4. We collect
the main ingredients in the next two sections and complete the proof of Proposition 3.4 in Section 6.
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4. Euclidean approximations

In this section we prove precise estimates showing how to compare Euclidean and hyperbolic solutions of
both linear and nonlinear Schrédinger equations. Since the global Euclidean geometry and the global
hyperbolic geometry are quite different, such a comparison is meaningful only in the case of rescaled
data that concentrate at a point.

We fix a spherically symmetric function n € Cg° (R?) supported in the ball of radius 2 and equal to 1
in the ball of radius 1. Given ¢ € H! (R?) and a real number N > 1 we define

Ong € CPRY), (ON$)(x) = n(x/N?)- (AN g)(x),
on € CP(RY), PN (x) = N2(Qne)(Nx), (4-1)
fn € CE(H?), NG =on (@7 (),

where Wy is defined in (2-4). Thus Q y¢ is a regularized, compactly supported’ modification of the
profile ¢, ¢ is an H'-invariant rescaling of Qn¢, and f is the function obtained by transferring ¢
to a neighborhood of 0 in H3. We define also

1 1
El(p) == | |Vo|*d —/ 6 dx.
w@ =3 [ VePdx+g [ plfax
We will use the main theorem of [Colliander et al. 2008], in the following form.

Theorem 4.1. Assume ¥ € H'(R?). Then there is a unique global solution v € C(R : H' (R?)) of the
initial-value problem

(id; + A =v[v]*, v(0) =1, (4-2)

and
Vol oo 12022 Lo @axmy = € (Egs (¥)). (4-3)

This solution scatters in the sense that there exists = € H! (R3) such that
lv(6) =" AP g1 sy = 0 (4-4)
ast — too. If Y € H*(R?), then v € C(R: H>(R*)) and sup ||[v(1) || g5 @m3) S lys s |
teR
The main result in this section is the following lemma:
Lemma 4.2. Assume ¢ € HY(R3), Ty € (0, 00), and p €140, 1} are given, and define fn as in (4-1).

(1) There is Ng = No(¢, Ty) sufficiently large such that for any N > Ny there is a unique solution
Un € C((=TyN~2, TyN~2) : H(H?)) of the initial-value problem

(i0; + Ag)Un = pUn|Un|*, Un(0) = fi. (4-5)

7This modification is useful to avoid the contribution of ¢ coming from the Euclidean infinity, in a uniform way depending
on the scale N.
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Moreover, for any N > Ny,
||UN||S1(_TON—2,TON—2) §E£@3(¢) 1. (4-6)

(ii) Assume €1 € (0, 1] is sufficiently small (depending only on Eu}@ (@), and let ¢' € H>(R?) satisfy
o — ¢/”H1(R3) <ey. Let v' € C(R : H?) denote the solution of the initial-value problem

(i9; + A = pv' |V [+, V(0)=¢ .

For R, N > 1 we define

VR(x,1) = n(x/R) (x.1), (x,1) € R* x (=T, Ty),
Ve n (1) = N2 (Nx, N21),  (x.1) e R3x (—ToN "2, ToN~2), (4-7)
VRN 1) = Vi (¥ (0).0) (r.1) €M x (=ToN 2, TyN?).

Then there is Ro > 1 (depending on Ty and ¢’ and &) such that, for any R > Ry,

lim sup || UN - VR’N ”Sl(—ToN_z,ToN_z) §El3 ) £1. (4-8)
N—o0 R

Proof. All of the constants in this proof are allowed to depend on E nlv (¢); for simplicity of notation we

will not track this dependence explicitly. Using Theorem 4.1 we have

IVl rznrzioy@m S 1 S IVOllas @) S16/ s, 1 (4-9)

We will prove that for any Ry sufficiently large there is No such that Vg, n is an almost-solution of
(4-5), for any N > Ny. We will then apply Proposition 3.2 to upgrade this to an exact solution of the
initial-value problem (4-5) and prove the lemma.

Let

er(r.1) = (3, + A — pull) v.0) = p(n( %) = (%) o/ .0/ (. )
3

+ R_zv/(x,t)(An)(%) +2R7Y ajv’(x,z)a,-n(%).
j=1

Since |v/(x, 1)] SNl s s, 1 s€€ (4-9), it follows that

3
> |8k8jv'(x,t)|).

3 3
D 10ker (.01 Sl s, Lr2RIIXD - (Iv'(x,t)l + ) 13V (x| +
k=1

k=1 Pl
Therefore
ngnoo [1Verl HL%L%(Wx(—To,To)) =0. (4-10)
Letting

er,N(x.1) 1= (({0; + Mg y — pv N IVR N I*)(x.0) = N32ep(Nx, N1,
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it follows from (4-10) that there is Ry > 1 such that, for any R > Ry and N > 1,
H |VeR,N| HL}L%(R3x(—TON72,TON72))§ €1. “4-11)

With Ve N (1.1) = Vp A (W71 (). 1) as in (4-7), let

EgRn(p.t):=(0: + Ag)VRN — pVRNIVR.NIY) (1. 1)

. , . 4-12)
:eR,N(‘I/I (J/)»t)+AgVR,N(yst)_(AUR,N)(\I’1 »).0).

To estimate the difference in the formula above, let d;, j = 1, 2, 3, denote the standard vector-fields on
R3 and 0 i := (W1)+(0j) and induced vector-fields on H3. Using the definition (2-4) we compute

Vi Vj

_W’ y=V¥r(v).

gij () 1= gy(0i,9j) = bij
Using the standard formula for the Laplace-Beltrami operator in local coordinates
Agf=lgI7"?0: (181257 8; /)
we derive the pointwise bound
3
IV (Ag f() = A(f oUW )| < D 1w I VR £ ().
k=1

for any C? function f : H* — C supported in the ball of radius 1 around 0, where, by definition, for
k=1,2,3

VEnpl= S [ ERTE ).
ki+ko+ks=k

Therefore the identity (4-12) gives the pointwise bound

3
~ _ — —11qk1 qk2 ok —
IVIER N(y.0)| S [Ver |7 (0).0) + E E |W7 g0k 1‘311322333U/IQ,N(‘I’1 I(J/)J)‘
k=1 ki+kr+ks=k

_ k1 ako ak —
< |Vern|(W7 ' (3),1) + R3N3/? Y |07 052033 VR (N (W (1), 1)].
ki+ky+kse{1,2,3}

Using also (4-11), it follows that for any R, sufficiently large there is Ny such that for any N > Ny

H Vg ERy,N| HL}L%(H-” x(—ToN—2,ToN—2)) = 2ey. (4-13)
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To verify the hypothesis (3-3) of Proposition 3.2, we use (4-9) and the integral formula (2-6) to estimate,
for N large enough,

IVRo.N ”leot (H3x(~ToN—2,ToN-2)) T sup VRN (O 1 13
- te(—ToN—2,TyN—2)

S ”leo,N”Li,ot(R3X(—T()N_2,T()N_2)) + sup ||VU/RO,N(I)||L2(R3)
' rE(-ToN=2,TyN=2) (4-14)

= ||V 11710 (m3s(_ +  sup |V (D23
Ro 'Ly’ (R3x(—T0,To)) e ToTo) R (R3)

<1

Finally, to verify the inequality on the first term in (3-4) we estimate, for Rg, N large enough,
1/ = VRoN 155y < 198 — Vg v Ol 1 sy = 1 Q8 — 'y O 71 sy
<1ON® Bl i1 a5+ 16— 8 g1y + 16— Vi, O 1 < 361

The conclusion of the lemma follows from Proposition 3.2, provided that ¢; is fixed sufficiently small
depending on E ﬂ£{3 (0). |

(4-15)

As a consequence, we have:

Corollary 4.3. Assume ¥ € H'(R?), & > 0, I C R is an interval, and
NV E 20 r Lo gsx) <& (4-16)
where 2/p+3/q =3/2,q € (2,6]. For N > 1 we define, as before,
(@NY)(x) = (/N2 @ Ny)(x), Y (x) = NN (VX), v () = yv (T ().
Then there is Ny = N1 (¥, ) such that, for any N > Ny,
Ve @2 )| p g sn-21y Sa & @-17)

Proof. As before, the implicit constants may depend on Eu:@ (¥). We may assume that » € Cg° (R3).
Using the dispersive estimate (2-24), for any ¢ # 0,

I(=8g) 2 Byl L sy S 1IN0 2UN Lo sy S 1P 2IVUN L )
51# |t|3/q_3/2N3/q_3/2.
Thus, for 77 > 0,
itAg 7. —1/p
[1Ve Sy 1 g s v-—2,0 -2 Sw T1 7
Therefore we can fix 77 = T (), ) such that, for any N > 1,
itAg 7
H Ve (e e yn)l ”L;’LZ(H3x[R\(—T1N—2,T1N—2)]) Sq &

The desired bound on the remaining interval N 21N (=Ty N2, T; N~2?) follows from Lemma 4.2(ii)
with p = 0. O
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5. Profile decomposition in hyperbolic spaces

In this section we show that given a bounded sequence of functions f; € H'!(H?) we can construct certain
profiles and express the functions f; in terms of these profiles. In other words, we prove the analogue of
Keraani’s theorem [2001] in hyperbolic geometry.

Given ([ 9, ho) € L*(H?) x R x G we define

Mg o /() = (71085 f)(hg' ) = (e~ "0%% [)(x). (5-1)
As in Section 4 —see (4-1) —given ¢ € H! (R3) and N > 1, we define
Tng(x):= NN (x).  where ¢(y):= (/N - Ng)(»), (5-2)
and observe that
Ty : H'(R?) — H'(H?) is a bounded linear operator with TNl 13y S ||¢”H1(R3) . (5-3)

Definition 5.1. (1) We define a frame to be a sequence Oy = (Ng, t, hi) €[1, 0) xRx G, k=1,2,...,
where Nj > 1 is a scale, 73 € R is a time, and /i, € G is a translation element. We also assume that
either Ny =1 for all k& (in which case we call {O }x>; a hyperbolic frame) or that Ny " oo (in
which case we call {Oy };>; a Euclidean frame). Let %, denote the set of Euclidean frames,

Fe={0={(Ng.tk. hi)}kz1: N €[1,00), tx € R, hy € G, N /" o0},
and let &j denote the set of hyperbolic frames,
Fp={0={(1, tx, hi) k=1 : tx € R, Iy € G}.
(2) We say that two frames {(Ni, t, hi)}k=>1 and {(N; ., t;, 1} )} k=1 are orthogonal if

klim [ In(Ny/Ni)| + NZ |t —t;| + Ngd (g -0, h), - 0)] = +o0. (5-4)
—00
Two frames that are not orthogonal are called equivalent.
(3) Given ¢ € H!(R?) and a Euclidean frame 0 = {Ox}k>1 = {(Nk,tx, hg) k=1 € Fe, we define the
Euclidean profile associated with (¢, O) as the sequence ¢g, , where
$oi = Moy iy (T, 9, (5-5)
The operators I1 and T are defined in (5-1) and (5-2).
(4) Given ¢ € H!(H?) and a hyperbolic frame 0= {6k}k21 = {(1, tg, hi)}k>1 € Fp we define the

hyperbolic profile associated with (¥, 6) as the sequence w@, where

Jﬁk = Htk,hk W (5'6)
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Definition 5.2. We say a sequence ( f; ) bounded in H!(H?) is absent from a frame O = {( Ny, tx, hy)
if its localization to O converges weakly to 0, i.e., if for all profiles ¢, associated to O, we have

lim { fic. o, ) gt @) = 0- (5-7)
k—o00

Remark 5.3. (i) If 0 = (1, t, hy ) is a hyperbolic frame, this is equivalent to saying that
H_tk’h;lfk -0
as k — oo in H!(H?).
(i) If O is a Euclidean frame, this is equivalent to saying that for all R > 0
g @) = /RN (T, 1 fi) (W1 (v/Ni) = 0
as k — oo in H'(R3).
We prove first some basic properties of profiles associated to equivalent/orthogonal frames.

Lemma 5.4. (i) Assume {Of}r>1 = {(Ng, tk, hi) k=1 and {0} }k=1 = {N 1, W) )} k=1 are two
equivalent Euclidean frames (or hyperbolic frames), and ¢ € H (R?) (or ¢ € H' (H?)). Then
there is ¢’ € HY(R3) (or ¢’ € H'(H?)) such that, up to a subsequence,

Jim 1o = Be; a1 sy =0, (5-8)
where ‘;@k , 55(’@/ are as in Definition 5.1.
k
(ii) Assume {Op}p>1 = {( N, tre, i) Ye=1 and {0 31 = (N}, t;., 1)) }i=1 are two orthogonal frames

(either Euclidean or hyperbolic) and ¢, , W@}{ are associated profiles. Then

lim (5-9)

k—o00

s Daqj@k Dalﬂ@;{ dﬂ' + kll>ncl>o H¢@k W@;( L3W3) = 0.

(iii) If gggk and J@k are two Euclidean profiles associated to the same frame, then

(Vedo,, VeVo,) L2xr2u3) = klim D% po, Do, du

lim
k—o00 —o00 JH3

= [ V600 VT = (V9. V¥ 2sraeny

Proof. (i) The proof follows from the definitions if {O }x>1, {0} }x> are hyperbolic frames: by passing
to a subsequence we may assume limy _, o, —#; +# =7 and limy h;c_lh & = h, and define

¢/ = Hf,};d’-

To prove the claim if {Of }x>, {@;c }k>1 are equivalent Euclidean frames, we decompose first, using
the Cartan decomposition (2-2)

h;c_lhk = myas, ng, Mg, ng €K, si €[0,00). (5-10)
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Therefore, using the compactness of the subgroup [K and the definition (5-4), after passing to a subsequence,
we may assume that

lim Ny /N, =N, lim N (tx —t;) =1, lim mgp=m, limng=n, lim Ngsp=35. (5-11
k—o0 k/ k k—o0 k(k k) k—o00 k k—o00 k k—o0 k2k ( )

We observe that forany N > 1, ¥ € H'(R?),1 € R, g € G, and ¢q € K
Migq(Tn V) = Tig(TnVg).  where q(x) = (g~ ).
Therefore, in (5-10) we may assume that
my =ny =1, h}c_lhk = a, .
With x = (5,0, 0), we define
¢'(x):= N2 T8 (Nx %), ¢'e H' (),
and define @', %\% and 56;( as in (5-5). The identity (5-8) is equivalent to
dim (| Ty ¢ =y, -1y, /T8 (T, §)] 1y = 0. (5-12)

To prove (5-12) we may assume that ¢" € C§° (R?), ¢ € H>(R?), and apply Lemma 4.2(ii) with p = 0.

Let v(x, 1) = (e!2¢)(x) and, for R > 1,

VR(X. 1) = n(x/ R)(x. 1), vR N (. 1) = Ny PoR(Nix, NZO - VRon (0, 0) = vR,n (971 (7)),
It follows from Lemma 4.2(ii) that for any ¢ > 0 sufficiently small there is Ry sufficiently large such that,
for any R > Ry,

limsup | e’ =10 (T, ¢) — Vg n, (6, — 12) | Hap) S € (5-13)

k—o0

Therefore, to prove (5-12) it suffices to show that, for R large enough,

lim sup”nhk—lh;( (TN,§¢,) — VRN, (tllc — k) HHI(H3) SE

k—o0

which, after examining the definitions and recalling that ¢ € C§° (R3), is equivalent to

. 1/2 — —1 1/2 —
hmsupHN]é / ¢,(N]éqj]1(h;¢ hk'y))_Nk/ UR(Nk\DII(y)’ Nkz(t]/c_tk))HHJ}(H3) Se.

k—o00

After changing variables y = Wy (x) this is equivalent to

. 1/2 — —1
lim sup|| N} /2’ (N{ Wy (k) hk-\p,(x)))—N,j/%R(ka,N,f(z,;—zk))u,ﬂ(mse.

k—o0
Since, by definition, ¢’(z) = N /2v(Nz — X, —1), this follows provided that
lim N ;! (h;c_lhk Wy (x/Ng))—x=X% forany x € R,
k—o00

This last claim follows by explicit computations using (5-11) and the definition (2-4).
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(i1) It suffices to prove that one can extract a subsequence such that (5-9) holds. We analyze three cases:

Case 1: 0,0" € Fj,. We may assume that ¢, € C§° (H?) and select a subsequence such that either

lim |t —1;| =00 (5-14)
k—o0
or
lim 4 —tp =7 €R,  lim d(hy-0,h}-0) = oc. (5-15)
k—o00 k—o00

Using (2-24) it follows that

1T pll Loy + 1T en(Agd)ll Loy Se (1+ 11D~
1T | Loy + 1T e n(Ag W)l Loy Sy (141D
for any f € R and /1 € G. Thus

H 5@/( J@;{

) = Maene@lliLo@sy 1Ty ¥llLo@s)y S, (14 [P CER A (5-16)

and

/IH]‘ Da(;@kDoc{/;@;{ d/f“ = ‘/ﬂ-ﬂ‘ Aga@k {/76;( dp

= e i) A (A Y. U d

‘/W Ty i€ (Ag) -y dp

<y, 1, e TR (A g )| Loy |W | Lorsasy Spp (14 [tk — 24D
~ R T Ry gPINLOM3) NV ILY/S(H3) ~.¥ k

The claim (5-9) follows if the selected subsequence satisfies (5-14).
If the selected subsequence satisfies (5-15) then, as before,

[ DDl i

S NAgVlLoqe)-lle™™eg—e T BT G| Loy + /H T |y Agr| dp.

The first limit in (5-9) follows. Using the bound (5-16), the second limit in (5-9) also follows, up to a
subsequence, if lim supy _, o, |tk | = oo. Otherwise, we may assume that limg_, o0 1% = T, limg 00 t,’{ =
T’ = T —1 and estimate
”‘»b@k WG;( HL3([H]3) = ”e_itkAg ﬂhk¢ : e_ilkAg ﬂh;{w ||L3(I]-I]3)
S e Bep—eT TR 1603
+leT By — TRy Lousy + e T TR Gy (7Y L3 sy
The second limit in (5-9) follows in this case as well.

Case 2: 0 € ¥y, 0’ € F,. We may assume that ¢ € C(‘)’O(I]-I]3) and ¥ € C(§’°(IR3). We estimate

~ = _— -1
/H2 D%¢g, DoV, du‘ = ‘/W My (Dg®) - Ty gy (T W) di| S 1Ty ¥l L2y <o N
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and

H‘;@k{/;@’ L3(H3 = ||Htk,hk¢||L°°(|]-[l3) Hnt',,h’ (TN W)”L% M3
k (t3) oM K (%)

~1/2
S Agdllr2 s | (—Ag)l/‘l(TN,;‘ﬂ)”LZ(Hz) Sew N 2

The limits in (5-9) follow.

Case 3: 0,0’ € F,. We may assume that ¢, ¥ € Co° (R?) and select a subsequence such that either

lim Ni/N[ =0, (5-17)
k—>o0
or
lim Nig/N/ =N €(0,00), lim NZ|tx —t;] = oo, (5-18)
k—o0 k—o0
or

lim Ny/Nj=Ne€(0,00), lim N2(x—t;)=7€R, lim Nid(hg-0,h,-0)=o0c. (5-19)
k—o00 k—o00 k—o00

Assuming (5-17) we estimate, as in Case 2,

/[H]3 Daaﬂﬁk Da&@}( dﬂ

=‘/ My i (Mg (T ) - Tl e (T 9)
H3
7—1

S A (TN L2 @) | Ty ¥l 23y Sgu NNy
and

H a@k {;@;{

L3(H3) = H Htk,hk (TNk ®) HL9(IHI3) : ” Htl’(,h;{ (TN,:, W) ”L9/2(H3)
< H(_Ag)7/12(TNk¢) HLZ(H3) ) H (_Ag)s/lz(TN,QVf)HLz(Hz) 54),1// Nkl/éN/é_lm.

The limits in (5-9) follow in this case.
To prove the limit (5-9) assuming (5-18), we estimate first, using (2-24),

1T 3 (T Dl oy Sp (1+ N2 [e)™" (5-20)
foranyr e R, h € G, N €[0,00),and f € C(§’°([R€3). Thus

H (};@k &@;(

L3 = 1 Miene TN oy [T g, Ty ) | ooy
o L+ NG A+ N gD~

and

/ D“dj@kDa%;( dli‘ = ‘/ 5@ 'Aglz@;( dp
H3 H3

= /u—uS T, _1hke—i(tk—t,2)Ag (T ®) - Ag (T V) die

k

SIE i€ TR (TN D) | Losy [ Ae (T ) | ors

Sep L+ N2t —t; )"
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The claim (5-9) follows if the selected subsequence verifies (5-18).

Finally, it remains to prove the limit (5-9) if the selected subsequence verifies (5-19). For this we will
use the following claim: if (gx, My)x>1 € G x[1, 00), limg_, oo My = 00, limg o0 My d (g -0,0) = oo,
and f, g € H'(R?) then
lim ' /H T (A A (o ) (= D) (Tag, ©) dit| + g (Tag ) (Taay &) 3 ) = 0 (5-21)

k—o0

Assuming this, we can complete the proof of (5-9). It follows from (5-12) that if f € H'(R?) and
{Sk}x>1 is a sequence with the property that limy_, oo N kzsk = s € R then

lim [le™%%% (T, )~ Tny f'll g1 13y = 0. (5-22)
k—o00 k

where f/(x) = N/2(e755A £)(N x). We estimate

[ D90, D | = [-800 27, 1y 8 (T 0)- AT 0
H3 A H3 k

N

/H (S8 Py 1 (T @) - (—A0) V2 (T ¥) du‘

. —i(tx—t,)A
+||¢||H1(R3)'H7Th;€*1hke 1k k) g(TNk¢)_nh;cflhk(TN;i»¢/)HH1(ﬂ-|]3)'

In view of (5-21) and (5-22), both terms in the expression above converge to 0 as k — oo, as desired. If
limy o0 NV k2|tk| = oo then, using (5-20), we estimate

o Vo L33y = 1Ty i (T ®) | Lo sy I Ty g (T )l Loy Spop (1+ NE D™

which converges to 0 as £k — oco. Otherwise, up to a subsequence, we may assume that limy_, o V. kztk =
T € R, limj_, o, and write

H(;@k ‘;@;{ L3H3) — ””h;(—lhke_itk A (TNk (lj)) ’ e_it;{ A (TNIQ 1#) ”L3(H-I]3)'

This converges to 0 as k — oo, using (5-21) and (5-22), as desired.

It remains to prove the claim (5-21). In view of the H'(R?) — H'(H?) boundedness of the operators
Txn, we may assume that f, g € C(§’°([R3) and replace Ty, / and Ty, g by Mkl/zf(Mk‘IJI_1 (x)) and
M kl / 2g(M & \I—’I_l (x)) respectively, up to small errors. Then we notice that the supports of these functions

become disjoint for & sufficiently large (due to the assumption limy _, oo My d(gy -0,0) = 00). The limit
(5-21) follows.

(iii) By the boundedness of T, it suffices to consider the case when ¢, ¢ € C® (R?). In this case, we
have

1/2 -
| Ve (T, ¢ — Nk/ (N7 ') HLZ(H3) —0
as k — oo. Hence, by the unitarity of IT;, z, , it suffices to compute

Jim Ni(Ve (¢(Ne W), Ve (W (N YT 1)) 2y 2y = /R Vo) - VY (x)dx,

which follows after a change of variables and use of the dominated convergence theorem. O
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Our main result in this section is the following.

Proposition 5.5. Assume that (fi)x>1 is a bounded sequence in H'(H3). Then there are sequences
of pairs (¢p*,0*) € Hl([RE3) X F, and (1//”,6") € Hl([H]3) X Fp, w,v = 1,2,..., such that, up to a
subsequence, forany J > 1,
TV J _
1=su=sJ 1=v=J

where Eﬁ@ and W~ are the associated profiles in Definition 5.1, and®

lim limsup sup N~ 1/2|P1\/e”Ang|(x) =0. (5-24)
J—=0 k00 N21

teR

xeH3

Moreover the frames {0}, > and {6‘”},,21 are pairwise orthogonal. Finally, the decomposition is
asymptotically orthogonal in the sense that

E'fo— D E'@g)— Y E'0g)-E'0)|=0. (525

1=u=<J 1=v=J

hm lim sup
=X koo

where E is the energy defined in (1-3).
The profile decomposition in Proposition 5.5 is a consequence of the following finitary decomposition.

Lemma 5.6. Let ( fi)x>1 be a bounded sequence of functions in H'(H?) and let § € (0, 8] be sufficiently
small. Up to passing to a subsequence, the sequence ( fi)r>1 can be decomposed into 2J +1 = O(§72)
terms

Yoo+ Y. Jl’}é—l—rk, (5-26)

k
1=u<J 1<v<J

where ¢ and W~ are Euclidean and hyperbolic profiles, respectively, associated to the sequences
(p*, OH) E H! ([R{3) X Fe and (Y, 0Y) € H'(H?) x F}, as in Definition 5.1.
Moreover the remainder ry, is absent from all the frames O*, @", l<uwu,v=Jand
limsup sup N_1/2|e”Ag Pyrp|(x) <6. (5-27)
k—oco N=1

teR
xeH?

In addition, the frames O* and 0¥ are pairwise orthogonal, and the decomposition is asymptotically
orthogonal in the sense that
Ve fill72= ) IIVg¢ ||L2 + D Ve, ||iz + I Vereli72 + ok (1) (5-28)
1<p<J 1<v<J

where oy (1) — 0 as k — oo.

8]t is convenient to use the critical norm | N~ 1/2 PNe”A'g f ||L°o ., to measure smallness of the remainder in (5-24), as it
already selects the parameters of the frames. Other critical norms have been used as well; see, for example, [Keraani 2001] and
[Laurent 2011]. In any case, by Sobolev and Strichartz estimates, one obtains full control of the Z norm of the remainders, see
(6-1).
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We show first how to prove Proposition 5.5 assuming the finitary decomposition of Lemma 5.6.

Proof of Proposition 5.5. We apply Lemma 5.6 repeatedly for § =27/, / = 1,2, ... and we obtain the
result except for (5-25). To prove this, it suffices from (5-28) to prove the addition of the L%-norms. But
from Lemma 2.2 and (5-24), we see that

lim sup lim sup ||r,‘! sy =0
J—oo k—oo

so that
tim sup lim sup (|1l — 1l fie = 7 18] + 17 186) = 0. (5-29)

J—>o0 k—>oo

Now, for fixed J, we see that

lh=rl = X - T 17
l=p=J 1=v=J
ST DR A D DA 17 DR (AL A RS AN
1<a#B<J k 1<a#B<J 1<p,v<J
so that
[ ST SR LA B o VT
1=u<J 1<v<J o,B

where the summation ranges over all pairs (f, fkﬂ ) of profiles such that /¥ # fkﬂ and where we have
used the fact that the L% norm of each profile is bounded uniformly. From Lemma 5.4(ii), we see that
this converges to 0 as k — oco. The identity (5-25) follows using also (5-29). o

Proof of Lemma 5.6. For (g1); a bounded sequence in H'(H?3), we let

8((gx)x) = limsup sup N~ ‘PN(e”Aggk(h -0))]. (5-30)
k—oo N=1
1€R
heG

If 6((fx)x) <6, then we let J =0 and f; = r; and Lemma 5.6 follows. Otherwise, we use inductively
the following:

Claim. Assume (gy)y is a bounded sequence in H'(H3) which is absent from a family of frames (0%)q <4
and such that 5((gx) ) = 8. Then, after passing to a subsequence, there exists a new frame 0’ which is
orthogonal to 0% for all @ < A and a profile (,25@;( of free energy

lim [[Vgd l2 28 (5-31)
k—o0

such that gy, — Eﬁ@; is absent from the frames 0" and 0%, o < A.
g

Once we have proved the claim, Lemma 5.6 follows by applying repeatedly the above procedure.
Indeed, we let (f;*) be defined as follows: ( f}(o)k = (/i) and if $((f¥)k) = 8, then apply the above
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claim to (f;¥) to get a new sequence
a+l _ ra 7
J; k T ¢@Z¢+1 .

By induction, (f;¥)x is absent from all the frames 0P, B < «. This procedure stops after a finite number
(O(872)) of steps. Indeed, since Je = f,f‘_l — 5@4;5 is absent from 0%, we get from (5-7) that

Ve 8772 = Ve fE 172 + I Vedegll7 2 + 20/ bog) it )
= Vg fZ 172 + Vg o 7 2 + 0 (1)

and therefore by induction,

Ve filz2= D" [IVedoall7o + IV S 172 + 0x (D).

1<a<A4

Since each profile has a free energy = &, this is a finite process and Lemma 5.6 follows.

Now we prove the claim. By hypothesis, there exists a sequence 6‘k = (Nk, tx, hi) such that the
lim supy _, o, in (5-30) is greater than §/2. If lim supy_, oo N = oo, then, up to passing to a subsequence,
we may assume that {6k}k21 = 0’ is a Euclidean frame. Otherwise, up to passing to a subsequence, we
may assume that Ny — N > 1 and we let 0" = {(1, &, hx)x }x>1 be a hyperbolic frame. In all cases, we
get a frame 0" = {( My, ty, hi )k }x>1 such that

_1 . _1
5/2= lim Ny 2| P ("B ) g i | (g - 0) = (T, 18k Ny 2 PR B0)) 22| (5-32)

lim !
k—o00
for some sequence Nj comparable to M.

Now, we claim that there exists a profile f@;( associated to the frame 0’ such that

lim sup ||Vg]%;,||L2 <1
k—o0 *
and

5
3 —3 N72A
H_tk’hl:lf@;c — N, Zek 22 (5)) > 0

strongly in ' (H?3). Indeed, if 0’ is a hyperbolic frame, then f := N=3eN?A¢ 8. If Ni — oo, we let
f(x):= (471)_%6_“"2/4 = ¢2§,. By the unitarity of T it suffices to see that

_5 —2
IN, 2Nk 228y — Ty, £l sy — O (5-33)

which follows by inspection of the explicit formula

1 2
(7D 89)(P) = R
(47z)2 sinh r

for r =dg(0, P).
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Since gy, is absent from the frames 0%, @ < A, and we have a nonzero scalar product in (5-32), we see
from the discussion after Definition 5.2 that 0’ is orthogonal to these frames.

Now, in the case 0’ is a hyperbolic frame, we let ¥ € H!(H?3) be any weak limit of o, 18k Then,
passing to a subsequence, we may assume that for any ¢ € H'(H3),

(vg (H—tk,hljlgk -¥), Vg(P)szLz = (vg (gk — Htk,hk V), Vg Htk,hk‘/’)szLz — 0,

so that g;C = gk — Iy, p, ¥ is absent from O'. In particular, we see from (5-32) that
. _5. N2
§/2 < }kli)l'lgo(n_tk’hzlgk, AgN~z(eN AgSo))szLz}

= Hw, AgN_%(eN_ZAg(SO))LZXl}‘ S ||VgW||L2(H-|]3)

so that (5-31) holds. Finally, to prove that g}( is also absent from the frames 0%, 1 <« < A4 it suffices by
hypothesis to prove this for w@;(, but this follows from Lemma 5.4(ii).

In the case N — oo, we first choose R > 0 and we define

OF (V) = 100/ RN, (T, 412 (V1 0/ Np)). (5-34)

where 7 is a smooth cut-off function as in (4-1). This sequence satisfies

limsup | Vo | L2rs) < limsup | Vg gl 2 )
k—o00 k—o0

and therefore has a subsequence which is bounded in H 1(R?) uniformly in R > 0. Passing to a
subsequence, we can find a weak limit ok e H! (R?). Since the bound is uniform in R > 0, we can let
R — 00 and find a weak limit ¢ such that

¢*—~¢
in Hl})C and ¢ € H'(R3). Now, for ¢ € Cgo([R{3), we have
|70 = NE o7 ) gy — 0
as k — oo and with Lemma 5.4(iii), we compute that
(g Aga@;{)szLz(Hﬂ = (H—zk,hglgk’ Ag TN, #) L2xL213)
= (H—tk,h;lgk’ AgNk%(p(NklIJI_l'))LZXLZ(W) +ox(1)

= (¢, Ap) r2xr2w3) T 0k (1)

= —(¢0;. - o, 1 cm1@s) + ok (D).

(5-35)

In particular, g}( =gy — a@;( is absent from 0" and from (5-32), we see that (5-31) holds. Finally, from
Lemma 5.4(ii) again, g;C is absent from all the previous frames.
This finishes the proof of the claim and hence the proof of the finitary statement.
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6. Proof of Proposition 3.4
In this section, we first give the proof of Proposition 3.4 assuming a few lemmas that we prove at the end.

Proof of Proposition 3.4. Using the time translation symmetry, we may assume that ¢z = 0 for all k£ > 1.
We apply Proposition 5.5 to the sequence (i (0))x which is bounded in H!(H?) and we get sequences of
pairs (¢p*,0") € H'(R3) x %, and (W",@”) € H'(H®) x %y, u,v =1,2,..., such that the conclusion
of Proposition 5.5 holds. Up to using Lemma 5.4(i), we may assume that for all u, either t,’: =0 for all k
or (N,é/“)2|l,’;| — 00 and similarly, for all v, either 7 = 0 for all k& or |¢}/| — oo.

Case I: all profiles are trivial, ¢#* = 0, ¥ = 0 for all , v. In this case, we get from Strichartz estimates,
(5-24) and Lemma 2.2(ii) that uy (0) = rkJ satisfies

||eitAg (ur Ol zmy < ||eitAg (uk(o))” L5118 ”eltAg (uk(o))”LooLG
4 (6-1)

< % itAg 15
IV 3( sup N 7Hel s Pl O) )
>1,t,x

as k — oo. Applying Lemma 6.1, we see that
lukll zey = e B ug (O)ll 1o a3 sy + Ntk — €24 ug () g1y — 0
as k — oo, which contradicts (3-7).

Now, for every linear profile ¢ (resp. W~ ), define the ass001ated nonlinear proﬁle U © (tesp. U }‘l’ ©)
as the maximal solution of (1-2) w1th initial data U (0) = K. (resp. U h i (0) = 6“ ). We may write
’ k
U ]Z if we do not want to discriminate between Euchdean and hyperbolic profiles.
We can give a more precise description of each nonlinear profile.

(1) If O* € %, is a Euclidean frame, this is given in Lemma 6.2.

(2) If ¢ = 0, letting (/”, W) be the maximal solution of (1-2) with initial data W"(0) = ¥¥, we see
that for any interval J € I,

1Up () =iy W5 =) g1y = 0 (6-2)

as k — oo (indeed, this is identically 0 in this case).

(3) If #§ — +o00, then we define (17, W) to be the maximal solution of (1-2) satisfying®
WY (@) =" 2y || g1 sy — 0

as t — —oo. Then, applying Proposition 3.2, we see that on any interval J = (—o0, T) € IV, we
have (6-2). Using the time reversal symmetry u(z, x) — u(—t, x), we obtain a similar description
when 7} — —oo.

9Note that (IV, W) exists by Strichartz estimates and Lemma 6.1.



736 ALEXANDRU D. IONESCU, BENOIT PAUSADER AND GIGLIOLA STAFFILANI

Case Ila: there is only one Euclidean profile, i.e., there exists p such that uz (0) = qﬁ“ +or (1) in H1(H3).

Applying Lemma 6.2, we see that Ue is global with uniformly bounded S'! —norm for k large enough.
Then, using the stability Proposition 3.2 with & = Ue > We see that for all k large enough,

lurll z(r) SE 1
which contradicts (3-7).

Case 11b: there is only one hyperbolic profile, i.e., there is v such that 1y (0) = ~é’v +or (1) in H'(H3).
If 7 — +o0, then, using Strichartz estimates, we see that g

A A
IVge' gnt,‘j,h}g‘ﬂ | = [Vge'' e y”|| —0

70
LIOL L3 (H3%x(—00,0)) L“’L 3([H]3><( 00,—1}))

as k — oo, which implies that ||e/Ae Uk (0)]| z(=00,0) = 0 as k — oo. Using again Lemma 6.1, we see
that, for k large enough, uy is defined on (—o0, 0) and [[ug || z(—c0,0) — 0 as k — oo, which contradicts
(3-7). Similarly, #;/ — —oo yields a contradiction. Finally, if 7 = 0, we get that

mary-1uk (0) = ¥¥
converges strongly in H!(H?3), which is the desired conclusion of the proposition.
Case III: there exists p or v and n > 0 such that
21 < limsup E! (¢ ) limsup E! (w ) < Emax —21n. (6-3)
k—o0 k—o00

Taking k sufficiently large and maybe replacing n by n/2, we may assume that (6-3) holds for all k. In
this case, we claim that, for J sufficiently large,

aPP Z Z Uh f —{—eltAgl’k Uprofk —I—eltAgl’j!
1=u=<J 1=v=J
is a global approximate solution with bounded Z norm for all & sufficiently large.
First, by Lemma 6.2, all the Euclidean profiles are global. Using (5-25), we see that for all v and all &
sufficiently large, E'(Uy ) < Emax — 1. By (6-2), this implies that E' (W) < Emax — 1 so that by the
definition of Ey.x, WV is global and by Proposition 3.2, U ,;’ X is global for k£ large enough and

1Up 1 (O) = 70, WPt =)l g1y = 0 (6-4)
as k — oco.
Now we claim that :
limsup VU™ | poop2 < 4Efux (6-5)
k—>o0

is bounded uniformly in J. Indeed, we first observe using (5-25) that
Ve U, app”LOOLZ =[IVgU rofk||L°°L2 + ”Vgrk ”LZ
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Using Lemma 6.3, we get that for fixed ¢ and J,

||Vg rotk(t)” 2 = ||ngy|| o0 2+2 <VgU1:(t)ang1? (Z))LZXLZ
L% Ly

1<y=<2J y#y’
<2 Z EI(UIg/)—FOk(l)EzEmax+0k(1)v
1<y=<2J

where 0y (1) — 0 as k — oo for fixed J.

We also have

. app < §
limsup || Vg U, ”L”’L% SEpuon | (6-6)
—00 t RY

is bounded uniformly in J. Indeed, from (6-3) and (5-25), we see that for all  and all k sufficiently large
(depending maybe on J), £ 1 U ,g’ ) < Emax — 1 and from the definition of Ey,x, we conclude that

sup [|U) | z®y SEpaen -
y

Using Proposition 3.2, we see that this implies that

maxa”

sup||VgUY |l 19 Sk
14 L,

WX

Besides, using Lemma 6.1, we obtain that
Ve UVIIZ S E ")
I x
if E1 (U,g’ ) < §g is sufficiently small. Hence there exists a constant C = C(FEnax, 17) such that, for all y,

and all & large enough (depending on y),

||VgUV||ZTo CE'(UY) S Epu 1

max 7]

><

(6-7)

< CE'(U}) SEpum 1.

=

maxsn

2
||Uy||L10 ~||VgUy|| ;
lop 1

X

w\

the second inequality following from Holder’s 1nequa1ity between the first and the trivial bound
Y L1y
||Vg Uk ||L$°L§ <2E (Uk )-

Now, using (6-7) and Lemma 6.3, we see that

10
3

7
Ve Uslor i | o Y IVeURll STO < > IVeURIVUL L
Lic 1<a<2J Ll 1<a#B<2t
St 2 NUOVRULI 5 S En k(D).
1<a#pB=<2J L7y
Consequently,

i ¥
Ve profk” 10 = Z IVg Ul * 10 + 0k (1)

t.3x 1=a=<2J z3

SE‘maxa’? c Z El (U];x) + Ok(l) ~ Emaxsn 1
I=a=<2J
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and using Holder’s inequality and (6-5), we get (6-6).

Using (6-5) and (6-6) we can apply Proposition 3.2 to get 6 > 0 such that the conclusion of Proposition 3.2
holds.

Now, for F(x) = |x|*x, we have

= (10 + Ag) U —UPIUM 1 = N (0 + AUE = FUM) + Y F(U)— F(UL™).
1<a=<2J 1=a=<2J

The first term is identically 0, while using Lemma 6.4, we see that taking J large enough, we can ensure
that the second is smaller than § given above in L2H -norm for all k£ large enough. Then, since
up(0) = ]:pp (0), Sobolev’s inequality and the conclusion of Proposition 3.2 imply that for all & large,
and all interval J

lurll zry S lukllsiry < luge = U sty + 11U st @) S Emen |

where we have used (6-6). Then, we see that uy, is global for all k large enough and that u; has uniformly
bounded Z-norm, which contradicts (3-7). This ends the proof.

Criterion for linear evolution.
Lemma 6.1. For any M > 0, there exists § > 0 such that for any interval J C R, if
IVeollz2qey <M and |e"®¢¢| 25y <8,
then for any ty € J, the maximal solution (I, u) of (1-2) satisfying u(ty) = e'022 ¢ satisfies J C I and

N 3
lu—e"" el g1y <87,

lulls1ry = C(M,3).

(6-8)

Besides, if J = (—o0, T'), then there exists a unique maximal solution (I,u), J C I of (1-2) such that
: itA _
im [V (u(0) — 5% 9) | 2z = 0 (6-9)

and (6-8) holds in this case too. The same statement holds in the Euclidean case when (H?, g) is replaced
by (R*, 8;)).

Proof of Lemma 6.1. The first part is a direct consequence of Proposition 3.2. Indeed, let v = e?/22 ¢,
Then clearly (3-3) is satisfied while using Strichartz estimates,

_||v||“zu)||vge"mg¢|| w0 S Ms,

[Vevlvf*|
2L L1OL 13 (J xH3)

(J xH

thus we get (3-4). Then we can apply Proposition 3.2 with p = 1 to conclude. The second claim is
classical and follows from a fixed point argument. O
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Description of a Euclidean nonlinear profile. Let

Fo = {(Nk,tk,hk)k € Fe 1ty =0 forall k or klim Nkz|zk| = oo},
—00
Fp = { (1, tg, i)k € Fp it =0forall k or lim || = oo}
k—o0

Lemma 6.2. Assume ¢ € H'(R3) and (Ni, tx, hi)x € Fe. Let Uy be the solution of (1-2) such that
Uk (0) = Htk,hk (TNA¢)
(i) For k large enough, Uy € C(R: H") is globally defined, and

Ukl z@y = 2C (Egs(9)). (6-10)
(ii) There exists a Euclidean solution u € C(R : H'(R?)) of
(G0 4+ A)yu = ulul* (6-11)

with scattering data ¢i°° defined as in (4-4) such that the following holds, up to a subsequence: for
any ¢ > 0, there exists T (¢, €) such that for all T > T (¢, €) there exists R(¢, e, T') such that for all
R > R(¢p,¢,T), we have

Uk — ak”Sl(|t—tk|§TNk_2) =e, (6-12)
for k large enough, where
(1) (. %) = NN W7 (0)/ Ru (N W (), N2 = 13).
In addition, up to a subsequence,

<e (6-13)

[ Ukl 1010 =
LIH, 3nL3 Hy 3 (H3{NZ|t—t;|=T})

30
L13
X

and for any £(t —ty) > TN 2,
Ve (Uk(6) = Mgy T %)l 2 < e, (6-14)

for k large enough (depending on ¢, e, T, R).

Proof. We may assume that /s = I for any k.

If 4 = 0 for any k then the lemma follows from Lemma 4.2 and Corollary 4.3: we let u be the
nonlinear Euclidean solution of (6-11) with #(0) = ¢ and notice that for any § > 0 there is T (¢, §) such
that

||Vu ||L)1((?/3([R3x{|t|ZT(¢,5)}) =4

The bound (6-12) follows for any fixed T > T (¢, §) from Lemma 4.2. Assuming § is sufficiently small
and T is sufficiently large (both depending on ¢ and ¢), the bounds (6-13) and (6-14) then follow from
Corollary 4.3 (which guarantees smallness of 14 (7)-e/!22 Uk(:I:Nk_ZT(q), 4)) in L,lo/3H;’10/3 (H? xR))
and Lemma 6.1.
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Otherwise, if limy_, oo N, kz|tk| = 00, we may assume by symmetry that N, kztk — +00. Then we let u
be the solution of (6-11) such that

[ V@@ —e"2$)| 23y = 0

as t - —oo (thus ¢~ = ¢). We let g{; = u(0) and apply the conclusions of the lemma to the frame
(N, 0, hp )i € Fe and Vi (s), the solution of (1-2) with initial data Vj (0) = p, T, ¢. In particular, we
see from the fact that N, kztk — 400 and (6-14) that

Ve (=t1) = W ny TN bl g1 3y — O

as k — oo. Then, using Proposition 3.2, we see that

Uk = Ve (- —ti) | s1 ) = 0

as k — oo, and we can conclude by inspecting the behavior of Vj. This ends the proof. O

Noninteraction of nonlinear profiles.

Lemma 6.3. Let a@k and {/;@;{ be two profiles associated to orthogonal frames O and 0 in Fe U gjph. Let
Uy and Ulé be the solutions of the nonlinear equation (1-2) such that Uy (0) = ¢g, and U]é 0) = w@;{.
Suppose also that E1(¢o,,) < Emax — 1 (resp. E1 (w@;() < Enax — 1) if 0 € Fy, (resp. 0' € F},). Then

sup | (Vg Ur(T). Vg Up (T)) 25 233y |+ 11Uk Vg U | X +1(VeUr) Ve Upll 5
TeR L;L R)

L} (H3xR)
—0 (6-15)

15
B H3x

as k — oo.

Proof. It suffices to prove (6-15) up to extracting a subsequence, and fix ¢ > 0 sufficiently small.

We only provide the proof that the second norm in (6-15) decays; the other two claims are similar.
Applying Lemma 6.2 if Uy, is a profile associated to a Euclidean frame (respectively (6-4) if Uy is a
profile associated to a hyperbolic frame), we see that

1Uklls1 + U lls1 < M < 400

and that there exist R and § such that

<g’

Vg Uk||L}0L)360/130L)1€(’>t/3((ngR)\gR n) + [|Uk ||L;9t((stﬂ)\yﬁwk.hk <

Nyt

- (6-16)
zug [IIVg Uk ||L}0Li0/l3mL§c(:)t/3(guISVk!S!h) + | Uk ||L)1c(,)t (EP?vk,s,h)] =&

where
Nra =) € H> xR :dg(h™' -x,0)<aN 'and |t —T| <a®*N?}. (6-17)

A similar claim holds for U ,é with the same values of R, §.



WELL-POSEDNESS OF ENERGY-CRITICAL SCHRODINGER EQUATIONS IN CURVED SPACES 741

If Ni./N. ,é — 00, then for k large enough we estimate

IUkVe Ul 30 < Uk Ve ULl + Uk Vg Uy, ||
kLﬂa kldLm(M”AM k M«WXMWMrkm)
= ”Uk”L}&vaUk”Llong(g )+ “Uk”L}‘}((H&R)\yﬁ " )||Vg k“ 1
N/t hk ’ x

<M E
The case when N, ,é / Nj — oo is similar.
Otherwise, we can assume that C~! < Ny /N, + < C for all k, and then find & sufficiently large that

S Nt VTN gy = @ Using (6-16) it follows as before that

”Ukng]i”l; 30 SM E.

><.—

Hence, in all cases,
limsup || Uy Vg Uk” 15 <M &

k—o0

The convergence to 0 of the second term in (6-15) follows. O

Control of the error term.

Lemma 6.4. With the notations in the proof of Proposition 3.4,

((FWM = Y. FUp)

1=a=<2J

o =0. (6-18)
L7LZ

lim limsup |V
J =00 k500

Proof. Fix gy > 0. For fixed J, we let
- 4
Utk = 2 Uex® 2. Uie= 2. U
1<p<J 1<v<J 1<y<2J

be the sum of the profiles. Then we separate

6

H Ve (F(UM) — Z F(UY))

1<a<2J L7LR
Ve (FU) = FUSe )| s ‘ e(FWUpi)— D FWUO)| o
L?2L3 L?L3
tx 1<a=<2J tx
We first claim that, for fixed J,
hmsup‘V (FUSe)— Y, FUY) e =0, (6-19)
L7L3

1<a<2J
Indeed, using that

‘Vg(F( > U,S‘)— > F(U,?))‘s 3l Plugve U,

1<a<2J 1<a<2J a#B,y
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15 .

o< 21U I ||UngU‘*|| i
LILY  opy L

we see that

Vg (F( prof, k) Z F(U/g)) ‘

1=a=2J

Therefore (6-19) follows from (6-15) since the sum is over a finite set and each profile is bounded in L

by (6-7).
Now we prove that, for any given g¢ > 0,
lim sup lim sup ” \Y% (F(Uapp) FU mf k)) H < &g. (6-20)
J—o00 k—o0 Lx
L
has bounded LIOH 3.

prof k

This would complete the proof of (6-18). We first remark that, from (6-6), U
norm, uniformly in J for k sufficiently large. We also let jo, = jo(go) independent of J be such that!®

(6-21)

sup limsup ||UZ ||L1o < &g.
a>jo k—oo

Now we compute
5 1
itAg . J\ _ PltAlep 5—j
IV (F (Ut €000 = FUpaDl 0 = 20 L IVEE B4 Ve ™ W™
[ j = =0
; . 1,3 . . . .
Since both Up of and ¢//A¢ rkJ are bounded in L ;OHX '3 uniformly in J, if there is at least one term
eltBey’ ry, with no derivative, we can bound the norm in the expression above by
P itA JJIP 5—j itAg ,J
[ V8 @21y V™ (Uslor ) ”L;LE S 167415 M 10,

uniformly in J, so that taking the limit £ — oo and then J — 0o, we get 0. Hence we need only consider

the term
4 itA
H U prof, k) vg (e ”

Expanding further (U Jr of k)4 and using Lemma 6.3 and (6-7), we see that
lim sup ||(Up{0f,k)4Vg (e”AgrkJ)H ¢ = limsup Z 1(U) Vg(e”AgrkJ)H .
k—o00 LtL k—o00 1<0l<.] L
Stimsup 3 U710 NUE Vg B rDI | s
k—o0 1<a<J tLX
SEpan limsup Y ENUDUE Vg (e o1 My,
T 1=asjo Lx

+limsup Y EYUDIUE o, ||vg(e”Agr,{)|| Lo

k—o0 jo<a<J

U\

70
13
Ly

10The fact that jg exists follows from (5-25) and (6-7)
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where jo is chosen in (6-21). Consequently, using the summation formula for the energies (5-25), we get

hm sup”( rofk) Vg(e”AgrkJ)H § SEpgn €0+ sup lim supH U Vg (e”Ang)” 15.
7L} 1<a<jo k—o0 LiLy
Finally, we obtain from Lemma 2.3 that for any profile U2,
Jlim Tim sup || UV elthert =0. (6-22)
PIUEVE el g

—X k—oo

This would imply (6-20) and hence complete the proof of Lemma 6.4. To prove (6-22), fix ¢ > 0. For UZ
7. 88 defined in (6-17). For R large enough we have, using (6-16),

given, we consider the sets %,
Ag . J
UV i)l s
LILE (@B3xR\IR )
itAg . J
S NN, @ssmne Ve 4O 10, 3 S Emaon &
X

Now in the case of a hyperbolic profile U , , we know that W as in (6-2) satisfies W € L1% (H? xR)

We choose W € CX(H? x R) such that
”WV _ WV,/”L;(’)[(H3XR) <

Using (6-4) we see that there exists a constant C), . such that
Ag . J
102 Vele™sr)| s = U =7 W C =)V @Bl s
L L (ka tk.hk) L (yNI\ e hk)
+ Wl [ Vg (e e r] i,
o LE @R )
Nie ot he

By €+ Coel Vg (@ BerDIl s :
L (gN]\ e hk)
In the case of a Euclidean profile, we choose v € C°(R? x R) such that
lu =vllL10 @sxm) =
for u given in Lemma 6.2. Then, using (6-12), we estimate as before
S B &+ Cue (NI [ Vg (e 2er])| s :
LILS 0%, om)

U} Ve (e”Agr’>|| L
(y)NI\ tg-hy
Therefore, we conclude that in all cases
IUE Vg (e Ber) My, 5 S By €+ Coos (N 2| Vg (¢85 7] My, 5
Ryt Nty
Finally we use Lemma 2.3 and (5-24) to conclude that
hm limsup ||UY Vg (¢! Pey J)|| SEpan €
L 8 (y ) max»s
Nic i hi

J—=00 koo
Since ¢ was arbitrary, we obtain (6-22) and hence finish the proof
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