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We continue the development, by reduction to a first-order system for the conormal gradient, of L?
a priori estimates and solvability for boundary value problems of Dirichlet, regularity, Neumann type for
divergence-form second-order complex elliptic systems. We work here on the unit ball and more generally
its bi-Lipschitz images, assuming a Carleson condition as introduced by Dahlberg which measures the
discrepancy of the coefficients to their boundary trace near the boundary. We sharpen our estimates by
proving a general result concerning a priori almost everywhere nontangential convergence at the boundary.
Also, compactness of the boundary yields more solvability results using Fredholm theory. Comparison
between classes of solutions and uniqueness issues are discussed. As a consequence, we are able to solve
a long standing regularity problem for real equations, which may not be true on the upper half-space,
justifying a posteriori a separate work on bounded domains.
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1. Introduction and main results

This study was initiated in [Auscher and Axelsson 2011] — henceforth referred to as [Part I] — where
the reader will find a comprehensive historical account of the theory of boundary value problems for
second-order equations of divergence form. Before we come to our work here, let us connect more
deeply to even earlier references going back to the seminal work of Stein and Weiss [1960] that paved
the way for the development of Hardy spaces H? on the Euclidean space in several dimensions. Their
key discovery was to look at the system of differential equations in the upper half-space satisfied by the
gradient F' = (d;u, V,u) of a harmonic function « on the upper half-space, to which they gave the name
of conjugate system or M. Riesz system. The system of differential equations is in fact a generalized
Cauchy—Riemann system which can be put into a vector-valued ODE form. They did not exploit this
ODE structure but used instead subharmonicity properties of |F|? for p > % to define the (harmonic)
Hardy spaces H? as the space of those conjugate systems satisfying

sup |F(t,x)|” dx < o0
t>0 JR”

and to prove that the elements in this space have boundary values
F(t,x)— F(,x)

in the L? norm and almost everywhere nontangentially. Further, they proved that elements in H” can be
obtained as Poisson integrals of their boundary traces. In other words, there is a one-to-one correspondence
between H? and its trace space #P. By using Riesz transforms, the trace space #?” is in one-to-one
correspondence with the space defined by taking the first component of trace elements. As they pointed
out, it was nothing new for p > 1 as we get L?, but for p <1 it gave a new space. Over the years, this last
space turned out to have many characterizations, including the ones with Littlewood—Paley functionals of
[Fefferman and Stein 1972] and the atomic ones of [Coifman 1974] and [Latter 1978], and is now part of
a rich and well understood family of spaces.

In our earlier work with Mclntosh [Auscher et al. 2010b], and in [Part I], we wrote down the Cauchy—
Riemann equations corresponding to the second-order equation and the key point was a further algebraic
transformation that transformed this system to a vector-valued ODE. In some sense, we were going back
in time since elliptic equations with nonsmooth coefficients have been developed by other methods since
then (see [Kenig 1994]). In this respect, it is no surprise in view of the above discussion that we denote our
trace spaces by 7. They are in a sense generalized Hardy spaces, and this notation was used as well in our
earlier work with Hofmann [Auscher et al. 2008]. We shall use again such notation and terminology here.
What today allows the methods of Hardy spaces to be applicable in the case of nonsmooth coefficients,
are the quadratic estimates related to the solution of the Kato conjecture for square roots. These are a
starting point of the analysis. Indeed, the quadratic estimates are equivalent to the fact that two Hardy
spaces split the function space topologically, as it is the case for the classical upper and lower Hardy
spaces in complex analysis, essentially from the F. and M. Riesz theorem on the boundedness of the
Hilbert transform. So in a sense everything looks like the case of harmonic functions (for p =2 at this
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time). But this is not the case. The difference is in the last step, taking only one component of the trace
of a conjugate system. This may or may not be a one-to-one correspondence, which translates to well- or
ill-posedness for the boundary value problems of the original second-order equation.

See also [Axelsson et al. 2009] for a different generalization of Stein—Weiss conjugate systems of
harmonic functions. There conjugate differential forms on Lipschitz domains were constructed by inverting
a generalized double layer potential equation on the boundary.

Let us introduce some notation in order to state our results. Our system of equations is of the form

n m
divy AVyu(x) = ( > Zai(A;f’fajuﬁ)(x)) =0, xeqQ, (1)
i,j=0 =1 a=L,...m
where 9; = 387 0 <i < n, and the matrix of coefficients is A = (A?f’jﬁ (x))ff’f:ofjj."';lm € Loo(S2; L(CUAMmYy,
n,m > 1. We emphasize that the methods used here work equally well for systems (m > 2) as for
equations (m = 1). For the time being, @ = O'*" := {x € R'*" ; |x| < 1} for the unit ball in R'*" (see
the end of the introduction for more general Lipschitz domains). The coefficient matrix A is assumed to
satisfy the strict accretivity condition

/ Re(A(rx)Veu(rx), Vou(rx))dx > « |qu(rx)|2 dx )
n g
for some « > 0, uniformly for a.e. r € (0,1) and u € C L@, C™) where we use polar coordinates
x=rx,r>0,x €S, and dx is the standard (nonnormalized) surface measure on S” = d0'™". The
optimal « is denoted k4. This ellipticity condition is natural when viewing A as a perturbation of its
boundary trace. See below.

The boundary value problems we consider are to find u € @'(0'*"; C™) solving (1) in distribution
sense, with appropriate interior estimates of V,u and Dirichlet data in L;, or Neumann data in L,, or
regular Dirichlet data with gradient in L,. Note that since we shall impose distributional V,u € LIZOC, u

can be identified with a function u € W21

loc@l+n_©m) .., with a weak solution. In order to study these
boundary value problems, our task, and this is the first main core of the work, is to obtain L? a priori
estimates.

As in [Part I], where we worked in the upper half-space [Rif", we reduce (1) to a first-order system
with the conormal gradient as unknown function, so the strategy and the scale-invariant estimates are
similar. See [Part I, Road Map] for an overview. Some changes will arise in the algebraic setup and in
the analysis though. Here, the curvature of the boundary (the sphere) will play a role in the algebraic
setup, making the unit circle slightly different from the higher dimensional spheres. In addition, owing
to the fact that the boundary is compact, we may use Fredholm theory to obtain representations and
solvability by only making assumptions on the coefficients near the boundary. We shall focus on this
part here and give full details. We also mention that the whole story relies on a quadratic estimate for
a first-order bisectorial operator acting on the boundary function space. On the upper half-space, this
estimate was already available from [Axelsson et al. 2006b] as a consequence of the strategy to prove the
Kato conjecture on R”. We shall need to prove it on the sphere, essentially by localization and reduction
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to [Axelsson et al. 2006a], where such estimates were proved for first-order operators with boundary
conditions. An implication of independent interest is the solution to the Kato square root on Lipschitz
manifolds. This is explained in Section 8.

As is known already for real equations (m = 1) from work of Caffarelli, Fabes and Kenig [Caffarelli
et al. 1981], solvability requires a Dini square regularity condition on the coefficients in the transverse
direction to the boundary. So it is natural to work under a condition of this type. We use the discrepancy
function and the Carleson condition introduced in [Dahlberg 1986]. For a measurable function f on
O set

J @) = esssup [ f()], 3)

yeWwe(x)

where W?(x) denotes a Whitney region around x € O'*" and

1 d 12
I flic:= sup <— // f*x)? ad ) for some fixed ¢ < 1, 4)
r@)<c \1Ql JJe—r@ 10 1 — x|

where the supremum is over all geodesic balls Q C S” of radius r(Q) < ¢. We make the standing

assumption on A throughout that there exists A; a measurable coefficient matrix on S”, identified with
radially independent coefficients in O'*7, such that €(y) := A(y) — A1(y), y = y/|y|, satisfies the large
Carleson condition

I€]lc < oo. (5

The choice of ¢ is irrelevant. Note that this means in particular that €* vanishes on S” in a certain sense
and so A;(y) = A(y/|y|). In fact, it can be shown as in [Part I] that if there is one such Ay, it is uniquely
defined, ||Alloo < |Allco and x4, > k4. So we call A; the boundary trace of A. It turns out that this is a
very natural assumption with our method, implying a wealth of a priori information about weak solutions
as stated in Theorem 1.1. Such a result applies in particular to all systems with radially independent
coefficients since € = 0 in that case.

For a function f defined in @!*", its truncated modified nontangential maximal function is defined as
in [Kenig and Pipher 1993] by

1—t<r<l

N 12
N2(f)(x):= sup (|W"<rx>|—1 /W » )If(y)lzdy> , xes", (©6)

for some fixed T < 1. Note that changing the value of t will not affect the results. We shall use the
notation f.(x):= f(rx) for0 <r <1, x € §”. Our main result is the following.

Theorem 1.1 (a priori representations and estimates; existence of a trace; Fatou-type convergence).
Consider coefficients A € Loo(O'"; L(CUTM™Y) which are strictly accretive in the sense of (2) and satisfy
(5) with boundary trace Ay. Consider u € Wzl’loc(®l+”; C™) which satisfies (1) in O distributional
sense.

(1) Suppose ||ﬁ:(qu)||L2(Sn) < 00. Then:
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(a) Vyu has limit

) 1
lim
r>11—r

/ |Veu(x) — g1(x)[*dx =0
r<lx|<(l4r)/2

for some gy € Ly(S™; CHH™) with || g1l 1, (sn.casmmy S NS (Vi) ||y (sm)-

(b) ¥ > u, belongs to C(0, 1; Lo(S8™; C™)) and has L, limit u; at the boundary with
lur —urllLysmemy S 1—r,
andu, € WZI(S”; c™.

(c) Fatou-type results: For almost every x € §",

1im|W0<rx>|—1/ u(y)dy = ur(x),
r—1 We(rx)

lim | W)~ / du(y) dy = (g1, (x),
r—1 We(rx)

lim [ W )]~ / (AVeu),(0)dy = (Argn), (x),
r—1 We (rx)

and if m = 1 (equations) or n = 1 (unit disk) we also have

lim W)~ / Veu(y)dy = g1(x),
r—1 Wo(rx)

fim W0l [ avamdy = (g
r— We(rx

(1) Suppose f@1+n |Veu|>(1 —|x|) dx < oco. Then:
(a) r — u, belongs to C(0, 1; Lo(S™; C™)) and has L, limit

lim Jlu, —uillL,(sm0m =0
r—1

for some uy € Lp(S™; C™).
(b) We have a priori estimates

2

’

1NN, 5y S / Ve = e dx +
@ n

f ui(x)dx
2
/ ui(x)dx

1im|W”<rx>|—1/ u(y)dy = 1 (x).
}’*)1 W”(rx)

2 —(n—1 2
e 12, smem S 7" )/. IVeul*(1— |x]) dx +
@+n

(¢c) Fatou-type results: For almost every x € §",

, re(0,1).
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The definition of the normal component (- ), and tangential part (- ), of a vector field will be given
later. Not stated here are representation formulas giving ansatzes to find solutions as they use a formalism
defined later. In particular, we introduce a notion of a pair of conjugate systems associated to a solution.
We note that the nontangential maximal estimate (8) was already proved in the IRLJF" setting of [Part IJ.
Again, this is an a priori estimate showing that, under the assumption ||€||¢ < oo, the class of weak
solutions with square function estimate f®1+n |Veu|?(1 — |x]) dx < oo is contained in the class of weak
solutions with nontangential maximal estimate ||ﬁf (u)|l2 < oco. The almost everywhere convergences of
Whitney averages are new. They apply as well to the setup in [Part I].

Theorem 1.1 enables us to make the following rigorous definition of well-posedness of the BVPs.

Definition 1.2. Consider coefficients A € Lo, (O!'*"; £(C!*"™)) which are strictly accretive in the sense
of (2).

» By the Neumann problem with coefficients A being well-posed, we mean that given ¢ € L,(S"; C™)
with [, ¢(x) dx =0, there is a function u € Wzl’loc(([])”"; C™) with estimates || N2 (Vi) Il L, (sm) < 00,
unique modulo constants, solving (1) and having trace g = lim,_, | (Vyu), in the sense of (7) such
that (A181). = ¢.

o Well-posedness of the regularity problem is defined in the same way, but replacing the boundary
condition (A1g1), = ¢ by (g1), = ¢, for a given ¢ € R(Vg) C Lo(S"; C").

By the Dirichlet problem with coefficients A being well-posed, we mean that given ¢ € L, (S"; C"),
there is a unique function u € Wzl’loc(@)””; C™) with estimates ;. IVeu|>(1 — |x|)dx < oo,
solving (1) and having trace lim,_,| u, = ¢ in the sense of almost everywhere convergence of
Whitney averages.

For the Neumann and regularity problem when ||€||c < oo, for equations (m = 1) or in the unit disk
(n = 1) or any system for which A is strictly accretive in pointwise sense, the trace can also be defined in
the sense of almost everywhere convergence of Whitney averages of V,u and the same for the conormal
derivative (AV,u),. The operator Vg denotes the tangential gradient. See Section 3.

For the Dirichlet problem, the trace is defined for the almost everywhere convergence of Whitney
averages. When ||€||¢ < 0o, Theorem 1.1 shows that it is the same as the trace in L, sense. We remark
that we modified the meaning of the boundary trace in the definition of the Dirichlet problem compared
to [Part I]. This modification can be made there as well and the same results hold.

We now come to our general results on these BVPs. A small Carleson condition, but only near the
boundary, is further imposed to obtain invertibility of some operators. The second result is on the precise
relation between Dirichlet and regularity problems. The first and third are perturbations results for radially
dependent and independent perturbations respectively. The last is a well-posedness result for three classes
of radially independent coefficients.

Theorem 1.3. Consider coefficients A € Loo(O'F; L(CUTM™Y) which are strictly accretive in the sense
of (2). There exists € > 0 such that, if A satisfies the small Carleson condition

rh—>rnl ||Xr<r<1(A_Al)||C <€ (10)



MAXIMAL REGULARITY FOR ELLIPTIC SYSTEMS, II 989

and the Neumann problem with coefficients A\ is well-posed, then the Neumann problem is well-posed
with coefficients A.
The corresponding perturbation result for the regularity and Dirichlet problems also holds. For the

Neumann and regularity problems, the solution u for datum ¢ has estimates
2 v 2 o 2
/ [Veul"dx SN (Vaw) |3 = llell3.
|x|<1/2

For the Dirichlet problem, the solution u for datum ¢ has estimates
2

R~ sup i~ [ wara-tsax+| [ ocodr| ~ 1o
Ol+n sn

1/2<r<l1

An ingredient of the proof is the following relation between Dirichlet and regularity problems, in the
spirit of [Kenig and Pipher 1993, Theorem 5.4].

Theorem 1.4. Consider coefficients A € Loo(OM"; 2(CATM™Y) which are strictly accretive in the sense
of (2). There exists € > 0 such that, if A satisfies the small Carleson condition (10), then the regularity
problem with coefficients A is well-posed if and only if the Dirichlet problem with coefficients A* is
well-posed.

Theorem 1.5. Consider radially independent coefficients A; € Loo(S™; L(C1HD™M)) which are strictly
accretive in the sense of (2). If the Neumann problem with coefficients A1 is well-posed, then there exists
€ > 0 such that the Neumann problem with coefficients A} € Loo(S"; L(CIHMmY) is well-posed whenever
A1 — Al llo < €. The corresponding perturbation results for the regularity and Dirichlet problems also

hold.

Theorem 1.6. Consider radially independent coefficients A; € Loo(S™; L(C1HD™M)) which are strictly
accretive in the sense of (2). The Neumann, regularity and Dirichlet problems with coefficients A are
well-posed if

(1) either Ay is Hermitian, i.e., A} = Ay,

(2) or Ay has block form, i.e., (A1), = 0 = (A}),. in the normal/tangential splitting of CU+mm (see
Section 3),

(3) or Ay has Holder regularity CS(S™; L(CUTMmy) s > %

Proof of Theorems 1.1, 1.3, 1.5 and 1.6. For Theorem 1.1, the L,-limits and L,-estimates of solutions
follow from Theorem 12.4 and Corollary 12.8 respectively. The nontangential maximal estimate (8) is in
Theorem 14.1. Almost everywhere convergence of averages follows from Theorems 15.2 and 15.5.
The well-posedness results in Theorem 1.6 are in Propositions 17.16, 17.15 and 17.17. The radially
independent perturbation result in Theorem 1.5 is in Theorem 17.13. The well-posedness result for
radially dependent coefficients with good boundary trace in Theorem 1.3 is in Theorem 17.14. (Il

Our next result is the following semigroup representation, analogous to the result in [Auscher 2009] in
the upper half-space. It is interesting to note that for harmonic functions u, it gives a direct proof (without
passing through nontangential maximal function or sup — L, estimates) that f@)m |Veu|?(1—|x])dx < oo
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implies a representation by Poisson kernel from its trace (also shown to exist). We have not seen this
argument in the literature. Another interesting feature is that it points out the importance of well-posedness
of the Dirichlet problem when dealing with more general coefficients.

Theorem 1.7. Consider radially independent coefficients A| € Loo(S"; L(CUTM™Y) which are strictly
accretive in the sense of (2). Assume that the Dirichlet problem with coefficients A1 is well-posed. Then
the mapping

@r . Lz(Sn; G:m) — Lz(Sn; Cm) UL Uy,

where u is the solution to the Dirichlet problem with datum u1, defines a bounded operator for each
r € (0, 1]. The family (P,),<(0.1] is a multiplicative Co-semigroup (i.e., P, P, =P, and P, — I strongly
in Ly when r — 1) whose infinitesimal generator s (i.e., P, = ") has domain D(sd) contained in
W21 (8"™; C™). Moreover, D(A) = W2] (8"; C™) if and only if the Dirichlet problem with coefficients A7 is
well-posed.

As mentioned above two classes of weak solutions compare: the one with square function estimates is
contained in the one with nontangential maximal control. It is thus interesting to examine this further.
Does the opposite containment holds? How do well-posedness in the two classes compare? Clearly
uniqueness in the larger class implies uniqueness in the smaller, and conversely for existence. As we
shall see, positive answers come a posteriori to solvability.

Definition 1.8. The Dirichlet problem with coefficients A is said to be well-posed in the sense of Dahlberg
if, given ¢ € L,(S"; C™), there is a unique weak solution u € Wzl’loc(@)”"; C™) to divy AV,u =0 with
estimates ||ﬁ J(u)|l2 < oo and convergence of Whitney averages to ¢, almost everywhere with respect to
surface measure on S”.

This definition has the merit to be natural not only for equations but for systems as well. For real
equations, this is equivalent to the usual one as ﬁ: can be replaced by the usual pointwise nontangential
maximal operator by the De Giorgi—-Nash—Moser estimates on weak solutions. Even in this case, observe
that the control ||ﬁ: (u)|l2 < oo does not enforce the almost everywhere convergence property. Thus
existence of the limit is part of the hypothesis in Definition 1.8, as compared to Definition 1.2. A first
result is the following.

Theorem 1.9. Consider radially independent coefficients A; € Loo(S"; L(CUTM™Y) which are strictly
accretive in the sense of (2). Assume that the Dirichlet and regularity problems with coefficients A| are
well-posed in the sense of Definition 1.2. Then, all weak solutions to divy A1Vyeu =0 with ||ﬁjf w2 < o0
are given by the semigroup of Theorem 1.7. In particular, the Dirichlet problem with coefficients Ay is
well-posed in the sense of Dahlberg.

Theorem 1.4 implies the same conclusion for the coefficients A}. The next results are only for real
equations where the theory based on elliptic measure brings more information. For (complex) equations,
the strict accretivity in the sense of (2) is equivalent to the usual pointwise accretivity, which is the same
as the strict ellipticity for real coefficients.
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Theorem 1.10. Consider an equation with real coefficients A € Loo (0" L(R'T™)), which are strictly
elliptic. Assume further that the small Carleson condition (10) holds. Then the following statements are
equivalent.

(1) The Dirichlet problems with coefficients A and A* are well-posed in the sense of Dahlberg.
(ii) The Dirichlet problems with coefficients A and A* are well-posed in the sense of Definition 1.2.
Moreover, in this case the solutions for coefficients A (resp. A*) from a same datum are the same.

Note that, by Theorem 1.4, we can replace (ii) by (ii’): the regularity problems with coefficients A and
A* are well-posed. When A = A*, all the problems in (i) and (ii") are well-posed by [Kenig and Pipher
1993] so there is nothing to prove. For (even nonsymmetric) real coefficients A alone, the direction from
(ii") to (i) was known from [Kenig and Pipher 1993] (without assuming the Carleson condition) and the
converse is unknown. It seems that making the statement invariant under taking adjoints solves the issue.
We mention the equivalence in [Kilty and Shen 2011] concerning L, versions of this statement for self-
adjoint constant coefficient systems on Lipschitz domains (in this case, the L, result is known and used).

Our last result is well-posedness of the regularity problem under a transversal square Dini condition on
the coefficients, analogous to the result obtained by Fabes, Jerison and Kenig [Fabes et al. 1984] for the
Dirichlet problem with real and symmetric A. This partly answers Problem 3.3.13 in [Kenig 1994].

Theorem 1.11. Consider an equation with coefficients A € Lo (QF"; L(CHM)), which are strictly
accretive in the pointwise sense. There exists € > 0 such that, if A satisfies the small Carleson condition
(10) and its boundary trace A\ is real and continuous, then the Dirichlet problem with coefficients A
is well-posed in the sense of Definition 1.2 and in the sense of Dahlberg, and the regularity problem

with coefficients A is well-posed. In particular, this holds if A is real, continuous in Q1" and the Dini
square condition fo wi (t)dt—t < o0 holds, where w4 (t) = sup{|A(rx) — Ax)|;x € §", 1 —r < t}. The
corresponding results hold in ©? for the Neumann problem with coefficients A.

Proofs of Theorems 1.7 and 1.9 are in Sections 18 and proofs of Theorems 1.10 and 1.11 are in
Section 19.

We end this introduction with a remark on the Lipschitz invariance of the above results. Let @ C R!*" be
a domain which is Lipschitz diffeomorphic to O'*" and let p : O'*" — Q be the Lipschitz diffeomorphism.
Denote the boundary by X := 92 and the restricted boundary Lipschitz diffeomorphism by pg : $" — X.

Given a function 7 : Q@ — C™, we pull it back to u := @i o p : O'*" — C™. By the chain rule, we
have V,u = p*(V,u), where the pullback of an m-tuple of vector fields f, is defined as p*(f)(x)* :=
Bt (x) f*(p(x)), with B’ denoting the transpose of Jacobian matrix p. If u satisfies div,, Avyﬂ =0
in Q, with coefficients A € Lo (Q; L(CIH™M)), then u will satisfy divy AV,u = 0 in Q'+, where
A € Lo (07 L(CU+M™M)) are the “pulled back” coefficients defined as

Ax) = T (@) @) ApEN (P E), x0T (11)

Here J(p) is the Jacobian determinant of p.
The Carleson condition, nontangential maximal functions and square functions on 2 correspond to
ones on S" under pullback, so that 1 — |x| becomes §(y) the distance to X. In particular, the condition
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for A amounts to I€]lc < oo with € defined from A. We remark that pullbacks allow to replace normal
directions by oblique (but transverse) ones to the sphere in the Carleson condition on the coefficients:
take p : O'*" — Q!*" to be a suitable Lipschitz diffeomorphism.

The boundary conditions on # on X translate in the following way to boundary conditions on u on S”".

o The Dirichlet condition &t = ¢ on X is equivalent to u = ¢ on §", where ¢ := @ o pg € L, (S"; C™).

» The Dirichlet regularity condition Vst = ¢ on X (Vy denoting the tangential gradient on X) is
equivalent to Vsu = ¢ on §", where ¢ := p;(¢) € R(Vg) C Lp(S"; C™™).

o The Neumann condition (v, AVyIZ) = @ on X (v being the outward unit normal vector field on
%) with [5 ¢(y)dy =0 is equivalent to (i1, AV,u) = ¢ on §" with [, ¢(x) dx =0, where ¢ :=
[J(po)|@ o po € Lo(S"; C™).

In this way the Dirichlet/regularity/Neumann problem with coefficients A in the Lipschitz domain €2 is
equivalent to the Dirichlet/regularity/Neumann problem with coefficients A in the unit ball O'*", and it
is straightforward to extend the results on @'*” above to Lipschitz domains 2.

The plan of the paper is as follows. In Section 2, we transform the second-order equation (1) into a
system of Cauchy—Riemann type equations. In Section 3, the Cauchy—Riemann equations are integrated
to a vector-valued ODE for the conormal gradient of # and a second ODE is introduced to construct
a vector potential. The infinitesimal generators Dy and Dy for these ODE with radially independent
coefficients are studied in Sections 4 and 6, and it is shown in Section 7 that Dy and 50 have bounded
holomorphic functional calculi. Section 5 treats special features of elliptic systems in the unit disk. In
Section 9 we define the natural function spaces &° and ¥ for the BVPs and we describe in Section 10
how to construct solutions from the semigroups generated by

|Do| =/D3 and |Do| =,/D}.

In Section 11, the ODE with radially dependent coefficients for the conormal gradient from Section 4 is
reformulated as an integral equation involving an operator S 4, which is shown to be bounded on the natural
function spaces for the BVPs. In Section 12, we obtain representation for &°- and ¥Y°-solutions. These
representations are further developed in Section 13 where we introduce the notion of a pair of conjugate
systems for (1), allowing to prove in Sections 14 and 15 nontangential maximal estimates and Fatou-type
results. Crucial for the solvability of (1) is the invertibility of / — S4. In Section 16, we apply Fredholm
theory to show that / — Sy4 is invertible on the natural spaces whenever the small Carleson condition (10)
holds, which proves that it suffices to assume transversal regularity of A near the boundary only. (For
BVPs on the unbounded half-space studied in [Part I], the needed compactness was not available.) We
then study well-posedness in Section 17: this is where we prove the perturbation results, the equivalence
Dirichlet/regularity up to taking adjoints and obtain classes of radially independent coefficients for which
well-posedness holds. The Section 18 deals with uniqueness issues, on comparisons of different classes of
solutions upon some well-posedness assumptions. We conclude the article in Section 19 with a discussion
in the special case of real equations (m = 1) for which we obtain further results.
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2. Generalized Cauchy-Riemann system

Following [Auscher et al. 2008; 2010b] and [Part I], the starting point of our analysis is that solving for
u the divergence form system (1) amounts to solving for its gradient g a system of Cauchy—Riemann
equations.

Proposition 2.1. Consider coefficients A € Loo(Q'1"; L(CUHD™Y)) If u is a weak solution to the
equation divy AVyu = 0in Q'™ then g := Vyu € LY@ CUHMm) is g solution of the generalized

Cauchy—Riemann system

{divx(Ag) =0, (12)

curl, g =0,

in @117\ {0} distribution sense. Conversely, if g € LY°(Q'*"; CU+M™M) s a solution to (12) in O\ {0}
distribution sense, then there exists a weak solution u to divy AVyu = 0 in O such that g=Vyuin
O distribution sense.

Proof. If u is given, then g := V,u has the desired properties and the equation is even satisfied in @'+
distribution sense. Conversely, assume g is given and satisfies (12) in O'*7\ {0} distribution sense. Then
the next lemma applied to both operators div, and curl, implies that O is a removable singularity and that
(12) holds in O!*" distribution sense. Thus one can define a distribution u in @'*” such that g = V,u,
hence divy AV,u =0 in O'*”. That u is a weak solution follows from g € L12°°(®1+”; cU+mmy, O

Lemma 2.2. Let X be a homogeneous first-order partial differential operator on R'" mapping C*-valued
distributions to Ct-valued distributions, k, ¢ € Zy. Ifh e leOC (@' C*) and Xh = 0 in distributional
sense on O\ {0}, then Xh = 0 in O'*"-distributional sense.

Proof. Let ¢ € C°(0'™; C*). We need to show that [;,1,(X*¢, h) dx = 0. To this end, let 7. be a
smooth radial function with n. =0 on {|x| < €}, ne =1 on {2¢€ < |x| < 1} and ||V7¢|loo < €', Then

f UAWWWNkz/i(XWm@ﬁﬂh—/ (X1, h) dx
@H—n @H—n @H—n

=—f (X*n0). b dx.
Ql+n

As € — 0, the left hand side converges to f®1+n (X*¢, h) dx, whereas

1 1/2
< - / |hldx < e=D/2 (/ |h|2dx> — 0.
€ Je<|x|<2e e<|x|<2e

This proves the lemma. O

f (X*ne)p, h) dx
Ql+n

3. The divergence form equation as an ODE

We introduce a convenient framework to transform the Cauchy—Riemann system into an ODE.

We systematically use boldface letters x, y, ... to denote variables in R!*" and indicate the variable
for differential operators in R'*": for example, V, .... We denote points on S” by x, y, ... and the
standard (nonnormalized) surface measure on S” by dx. Polar coordinates are written x = rx, with r > 0
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and x € S". For a function f defined in @'+, we write f,(x) := f(rx), x € §"*, for the restriction to the
sphere with radius 0 < r < 1, parametrized by S”.

The radial unit vector field we denote by 7 = 71(x) := x/|x|. Vectors v € R!*", we split v = v, 7 + v,
where v, := (v, n) is the normal component and v := v —v, 11 is the angular or tangential part of v, which
is a vector orthogonal to 7. Note that v, is a scalar, but v, is a vector. In the plane, i.e., when n = 1, we
denote the counter clockwise angular unit vector field by 7, and we have v =v, 7+ (v, T)T. For an m-tuple
of vectors v = (v*)1<¢<m, We define its normal components and tangential parts componentwise as

W)* =", ()" =%,

The tangential gradient, divergence and curl on the unit sphere are denoted by Vg, divg and curlg
respectively. The gradient acts component-wise on tuples of scalar functions, whereas the divergence and
curl act vector-wise on tuples of vector fields. In polar coordinates, the R'*" differential operators are

Vyeu = 0pu)i+r~'Vsu,,
divy £ =r""0,(r"(f).) +r " divs(f),
curly f=r"'aA (8, (r(f)) — Vs(f).) +r " curls(f),.

We use the boundary function space L,(S"; V"), writing the norm || - ||, of L sections of the complex

Py— Cm
V= [(TCS"W]

over S", where C™ is identified with the trivial vector bundle and 7¢S" denotes the complexified tangent

vector bundle

bundle of S”. The elements of this bundle are written in vector form f = [Z] = [a /8][, and we write

fiL:=u«a, f, := B for the normal component and tangential part. Note that V" is isomorphic to the trivial
vector bundle C1""  when identifying scalar, i.e., C"™-valued, functions and m-tuples of radial vector
fields. More precisely, the isomorphism is V" > [a ,B]t > an+p e CUHMM for o € C" and B € (TcS™)™.

The differential operators on S” can be seen as unbounded operators. We use D(A), R(A), N(A) for
the domain, range and null space respectively of unbounded operators. Then

Vs : L*(S"; C™) — Ly(S"; (TeS™)™)

and its adjoint
—divg : Ly(S™: (TeS™M™) — L*(S™; C™),

with domains D(Vyg) = W21 (§7; C™) and D(divs) = {g € L»(S"; (TcS™H)™) ; divs g € L?(S™; C™)}, are
closed unbounded operators with closed range. The condition g € R(divg) =N (V)1 is that f o &(x)dx=0
so R(divy) is of codimension m in L2(S"; C™). Also when n > 2, R(Vy) = N(curlg), and when n = 1,
g € R(Vy) if and only if fsl(g(x), 7)dx = 0. Thus R(Vy) is of codimension m in L>(S'; C™) when
n = 1, and infinite codimension when n > 2.
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Definition 3.1. In L,(S"; V'), we define operators

L 0 —diVS L —10
D'_[Vs 0 ] and N.—|:O I]’

D(Vs)

where D(D) := |:D(diV5)

]. Write NTf := (I +N) f = [?
Il

A basic observation is that the two operators D and N anticommute, i.e.,

i|and N f=30I-N)f= [{;]

ND = —DN.

Of fundamental importance in this paper are the closed orthogonal subspaces

N(Vs)
N(divg) |

R(divg)

% :=R(D) = [ R(VS)

] and %l::N(D):[

We consistently denote by Py the orthogonal projection onto #. We remark that

N+%J‘:{|:?i|;diVSf|=0} and N_%J'ZH:(C)};CECIM},
Il

constants being identified to constant functions. It can be checked that (2) is equivalent to A is strictly
accretive on

¥, 1= {g € Lo(S"; c1+mmy . g € R(Vg)}, (13)

uniformly for a.e. r € (0, 1). More precisely, the accretivity assumption on A rewrites

n m n m
> / Re(A7 (ro)g) (0)gf () dx = Y ) / 87 (o) dx, (14)
i,j=0a,p=1"%" i=0 a=1Y%"
for all g € ¥, a.e. r € (0, 1). In fact, as we shall see in Lemma 5.1 this is equivalent to pointwise
strict accretivity when n = 1 (unit disk), but this is in general not the case when n > 2 except if m = 1
(equations).
Using the notation above, we can identify #; with
[Lz(S"; C’”)]
R(Vs)
and see that 7€ is a subspace of codimension m in #;.
On identifying CU+"™ with %, the space of coefficients Loo(Q!*"; £(C!1*+"™)) identifies with
Loo (017 L(9)), so that we can split any coefficients A as

A (rx) ALH (rx)]

A= [Au(rx) Ay (rx)

with A, (rx) € L(C™; C™), Ay, (rx) € LT, S")™,C™), AL(rx) € L(C", (T, S")™) and A (rx) €
LT S™™, (T, S™)™). Note also that A, (rx) = (A(rx)n, n).
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With our accretivity assumption (14), the component A, (r -) seen as a multiplication operator is
invertible on L, (S"; C™), thus as a matrix function it is invertible in L, (S"; C™). This is the reason why
strict accretivity on # is needed, and not only on 7, so that the transformed coefficient matrix A below
can be formed in the next result. We make the above identification for coefficients A without mention.

We can now state the two results on which our analysis stands. Proposition 3.3 reformulates this
Cauchy-Riemann system (12) further, by solving for the r-derivatives, as the vector-valued ODE (17) for
the conormal gradient f defined below. This formulation is well suited for the Neumann and regularity
problems. For the Dirichlet problem, we use instead a similar first-order system formulation of the
equation; see Proposition 3.5. As explained in [Part I, Section 3], the vector-valued potential v appearing
there should be thought of as containing some generalized conjugate functions as tangential part. In
the case of the unit disk, we make this rigorous in Section 5 and come back to this in Section 13. The
fundamental object is the following.

Definition 3.2. The conormal gradient of a weak solution u to divy AVyu =0 in O is the section
f Rt x 8" — ¥ defined by

_ —(+D)/2 (Agrh] |
fi=e [(gn. ’ (2

where r = ¢~ and g = V,u. The map g, > f; is called the gradient-to-conormal gradient map.

Proposition 3.3. The pointwise transformation

- AT! —A7lA
A A= J_J_i 11 iH ]
|:AILA¢L1 AHH - AHLAL IALH

ul

is a self-inverse bijective transformation of the set of bounded matrices which are strictly accretive on ;.

For a pair of coefficients A € Lo (01", L(CUH+M™mY) and B € Loo(Ry x §™; L(V)) which are strictly
accretive on %, and such that B = A, the gradient-to-conormal gradient map gives a one-to-one
correspondence, with inverse the conormal gradient-to-gradient map

fir> g =17 (Bf) .7 + (£, (16)

where t =1In(1/r), between solutions g € L12°C (@7, CcU+mMmy 1o the Cauchy—Riemann system (12) in
O\ {0} distribution sense, and solutions f € leoc([RJr; ), with floo Il fe ||% dt < 00, to the equation

Wf+DB+"5IN)f =0, (17)
in Ry x 8" distributional sense.

Recall that the Ricci curvature of S” is n — 1, so the constant % is related to curvature. On the other
hand, the exponent % appearing in the correspondence g, <> f; is the only exponent for which no
powers of r remain in (17). It turns out that this also makes the gradient-to-conormal gradient map an L,

1 0
/ |g|2dx%/ ||gr||%r"dr~/ T (18)
@H—n 0 0

isomorphism, since
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Proof. The stated properties of the matrix transformation are straightforward to verify, using the observation
that e +1? Re(B; fi, fi) =Re(A,g,, g-). See [Part I, Proposition 4.1] for details.

(i) Assume first that the equations (12) hold on @!*"\ {0}. In polar coordinates x = rx, the equations
divy (Ag) =0, curl,(g) =0 give

{”ﬂar(r”(Ag)L) +r1divs(Ag), =0,
9r(rg)) — Vsg. =0.

Next we pull back the equations to Ry x S”. Write (Ag), =r~"*D/2f and (Ag), = A, .g. + A8
Then g, = r="+D2ATI(f, — AL f) and g, = r~"TD/2 £, and the equations further become

{r_”ar(r(”_l)/zﬂ) +r= "2 divg (B, f. + By f) =0,
O (r=m2 £y —p= D2y (B f + By, f;) = 0.

Using product rule for 9, and the chain rule —rd, = 9,, this yields the equation (17).

It remains to check that f; € 7 for almost every ¢ > 0. This is equivalent to (A, g,), € R(divg) and
(gr); € R(Vy) forae. r € (0, 1). Tosee (A,g,). € R(divs) amounts to seeing that fsn (Arg-) . dx =0. We
apply Gauss’s theorem as follows. For any radial function ¢ € C{° (O'*"; C™), the divergence equation
gives f®1+n (Ag, V¢)dx = 0. Taking, for a.e. r € (0, 1), the limit as ¢ approaches the characteristic
gn(Ag)1dx = 0. To check (g,); € R(Vs) we distinguish first
n=1. In that case, a similar application of Stokes’ theorem shows that |, (T, g-)dx=0forae.re(0,]1).
For n > 2, that curlg((g,),) = 0 is a consequence of curl, g = 0 and the general fact that pullbacks and
the exterior derivative commute. Hence f; € #.

function for balls {|x| < r} shows that fr

(i1) Conversely, assume that (17) holds and f; € # for a.e. t > 0. Define the corresponding function g €
leoc (Qtn, cU+mm) by the conormal gradient-to-gradient map and note that curls((g,),) = 0. Reversing
the rewriting of the equations in (i) shows that div,(Ag) = 0, curl,(g) = 0 hold on @'*" \ {0}. This
proves the proposition. O

Corollary 3.4. For any coefficients A € Lo (O'"; L(CIHIMYy which are strictly accretive in the sense
of (2), gradients of weak solutions to (1) in O'*" are in one-to-one correspondence with Ry x S"
distributional solutions to the equation (17), belonging to L12°°([R+; %) with estimate |, 100 Il f¢ ||% dt < oo.

Proof. Combine Proposition 2.1 and Proposition 3.3. ]
There is a second way of constructing weak solutions, which we now describe.

Proposition 3.5. Let A and B = A be as in Proposition 3.3. Assume that v € LY (Ry; D(D)) with
foo | D, ||3dt < oo satisfies
1 el
8;U+(BD—%N)U:O (19)

in Ry x 8" distributional sense. Then
n—1
up =12 (v), r=e ' €(0,1),

extends to a weak solution of divy AV,eu =0 in O'*" and Dv equals the conormal gradient of u.
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Proof. By definition of u in the statement, (Dv), = Vgv, = r D2 =1V gy). On the other hand, taking
the normal component of d;v + (BD — %N Yyv =0 gives

dv, — AT (divs v, + A, Vsv,) +ov, =0,

or equivalently
(Dv), = —divsvyy=—A,,(0; +o)v, + A, Vsv,

=r"D2A Bu+ A Veu) = r"TY2(AV)
These equations hold in @'+ \ {0}. Next, applying D to (19) yields
(3 + DB + "5 N)(Dv) =0.

Thus f := Du satisfies (17) and f, € R(D) = %. By Corollary 3.4, there is a weak solution i in ©'*" of the
divergence form equation associated to f. In particular, f, =r®*+D/2(r=1Vgii) and f, =r"+tD/2(AV, @),
Applying the conormal gradient-to-gradient map, we deduce Vit = V,u in O+ \ {0} distribution sense.
In particular, u = ii + ¢ in ©'*"\ {0} for some constant c. As ii + ¢ is also a weak solution in @'*" to the
divergence form equation with coefficients A, this provides us with the desired extension for u. U

For perturbations A of radially independent coefficients, Corollary 12.8(i) proves a converse of this
result, i.e., the existence of such a vector-valued potential v containing a given solution u to div, AV,u =0
as normal component. We do not know whether such v can be defined for general coefficients (except in
0?2, see Section 5).

Remark 3.6. Assume that the coefficients A are defined in R!™” and that the accretivity condition (2) or
(14) holds for a.e r € (0, 00). As in Proposition 3.3, there is also a one-to-one correspondence between
solutions g € LIZOC([RH” \ OH7: Ly (8™ V)) to dive(Ag) = 0, curl, g = 0 in the exterior of the unit ball
and solutions f : R_ — ¥ to the equation o, f + (DB + ”2;1N)f =0fort <0in Ly(R_; ). Also, as
in Proposition 3.5, L12°°—soluti0ns v:R_ — L,(S"; D(D)) to the equation d,v + (BD — %N)v =0 for
t <0, give weak solutions u to divy AV,u =0 in the exterior of the unit ball.

4. Study of the infinitesimal generator

In this section, we study the infinitesimal generators D By+ ”—EIN and ByD — %N for the vector-valued
ODEs appearing in (17) and (19) for radially independent coefficients

By = A € Loo(S"; £(V)),

strictly accretive on ¢ with constant k = kg, > 0. Note that strict accretivity of A; on ¥ is needed for
the construction of By = A, as a multiplication operator. Once we have By, only strict accretivity of
By on ¥ is needed in our analysis. This has the following consequences used often in this work. First,
By : # — B# is an isomorphism. Second, the map Py By is an isomorphism of #.

The first operator will be used to get estimates of V, u, needed for the Neumann and regularity problems.
The second operator will be used to get estimates of the potential u, needed for the Dirichlet problem.
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Definition 4.1. Let o € R. Define the unbounded linear operators
Dy:=DBy+oN and Dg:=ByD—0N

in Ly(8"; "), with domains D(Dy) := B 1D(D) and D(DO) = D(D) respectlvely Here B (X)
{f €Ly ; Byf € X}. When more convenient, we use the notation Dy, := Dy and DAl = 5

For these two operators, we have the following intertwining and duality relations.

Lemma 4.2. In the sense of unbounded operators, we have DyD = D50 and (5 A)*=DBj—oN =
—~N(DA7+oN)N.

Proof. The proof is straightforward, using the identity Bj = N A N for the second statement. ]

Proposition 4.3. In L, = L,(S™; V'), the operator Dy is a closed unbounded operator with dense domain.
There is a topological Hodge splitting

L,=%& By ',

i.e the projections Péo and Pgo onto ¥ and B, Y91 in this splitting are bounded. The operator Dy leaves
# invariant, and the restricted operator Dq : 3 — ¥, with domain D(Dy) N ¥, is closed, densely defined,
injective, onto, and has a compact inverse.

If o #0, then Do : Lo, — Ly is also injective and onto, and D0|BO*‘?€L =oN.

If 0 =0, then Dy = DBy, N(Dgy) = BO_I%J‘ and R(Dg) = ¥ are closed and invariant. In particular,
when n = 1, dim N(Dy) = 2m = dim(L,/R(Dy)).

Proof. The splitting is a consequence of the strict accretivity of By on ¥, and it is clear that # is invariant
under Dg. Note that
(iN)(DBy+oN)=(iND)By+io,

where i N is unitary on L, as well as €, and where iND = —i DN is a self-adjoint operator with range
7. This shows that Dy is closed, densely defined, injective and onto on 3, and on L, when o # 0, as a
consequence of properties of operators such as (i N D) By stated in [Auscher et al. 2010b, Proposition 3.3].

Next we show that Dy : # — % has a compact inverse. Write Dy = D(Py¢By) + o N. Since Py Bj
is an isomorphism on #, it suffices to prove that the inverse of D : # — ¥ is compact. Note that
D(Vy) = W21 (8"; C™) is compactly embedded in L,(S"; C™) by Rellich’s theorem. In particular Vg :
R(divs) — R(Vy) has compact inverse. Since Vi = —divyg, it follows that divg : R(Vs) — R(divg) has a
compact inverse as well. This proves that the inverse of D is compact on #.

The remaining properties when o # 0 and o = 0 are straightforward and are left to the reader. ]

Proposition 4.4. In L, = L,(S"*; V'), the operator 50 is a closed unbounded operator with dense domain.
There is a topological Hodge splitting
Ly = BoH & ¥+,

i.e the projections ﬁzlao and 1320 onto Bo¥ and ¥ in this splitting are bounded. Here %+ C D(ﬁo) and
50 leaves ¥+ invariant.
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If o #0, then 50 : Ly — Ly is also injective and onto, and 50|%L = —oN.

Ifo =0, then 50 = ByD, N(5o) =%+ and R(ﬁo) = By is closed. In particular, the subspace By
is invariant under 50 and when n = 1, dim N(Bo) =2m = dim(Lg/R(ﬁO)).
Proof. These results for Dy follow from Proposition 4.3 by duality, using Lemma 4.2. ([l
Remark 4.5. The reader familiar with [Axelsson et al. 2006b] and [Part I] should note carefully the
following fundamental difference between the cases o # 0 and o = 0. When o = 0, each of the operators
Dy and Dy is of the type considered in the papers just cited, and each has two complementary invariant
subspaces. On the other hand when o # 0, the operator Dy has in general only the invariant subspace #,
and Dy only has the invariant subspace %*. One can define an induced operator Dy on the quotient space
L,/%*, but this cannot be realized as an action in a subspace complementary to % in L, in general.
As o will be set to "T’l this means for us a difference in the treatment of n = 1 (space dimension 2) and
n > 2 (space dimension 3 and higher).

We prove here a technical lemma for later use.

Lemma 4.6. There is a unique isomorphism
H— Lo/HEh>h (20)
such that Dyh = Dh for h € 3N D(Dy).

Proof. When o =0, we can take hi= Boh € By# ~ Lz/?f’fl as Doh = DByh = Dh.
When o 0, we use that D : L, — % is surjective with null space 9¢-. This defines & for h € #¥ND(Dy).
With D! the compact inverse of D : % — %, the equation Dyh = Dh is equivalent to

PyBoh +0 D" 'Nh = Pyh. (21)

This shows that (20) extends to a bounded map since ||ﬁ|| Lo/t = ||P§7€f~l||2. Moreover, since Py By is an
isomorphism on ¥, we have also the lower bound |||y < || Py Bohll2 < ||}~l||L2/%L + ||D~ A2, which
shows that (20) is a semi-Fredholm operator. If h = 0, then (21) implies & € 7 N D(Dg). Therefore
Doh = 0 and (20) is injective. Since the range contains the dense subspace D(D)/%"*, invertibility
follows. [l

5. Elliptic systems in the unit disk

In dimension n = 1, i.e., for the unit disk ©> C R? with boundary S', some special phenomena occurs. In
this section we collect these results.

Lemma 5.1. Ifn =1 and A is strictly accretive in the sense of (2), then A is pointwise strictly accretive,

ie.,

Re(A(x)v, v) > k|v|?, forallve C*, and a.e. x € 0.
Proof. By scaling and continuity, it suffices to consider v = [(za) (wa)]t eC? withwy #0,a=1,...,m.
In (2), let

; - kL g
u®(re'?y ;= (ik) 'wge' 0 nee*?, a=1,...,m,



MAXIMAL REGULARITY FOR ELLIPTIC SYSTEMS, II 1001

with a smooth function n: S' — R, k € Z, and r¢ € (0, 1). Using polar coordinates and letting k — oo
yields

Re/ (A(rox)v, v) |n(x)|* dx 2K|U|2/ In(x)|>dx, forae.rge(0,1).
S! S!

Taking |n|? to be an approximation to the identity at a given point x € S' now proves the pointwise strict
accretivity in the statement. |

Definition 5.2. Assume that A € Lo (0%; £(C*™)) is pointwise strictly accretive. Given a weak solution

ue Wzl’loc(@)z; C™) to divy AV,u =0, we say that a solution i € Wzl’loc(@z; C")to JVyu=AVyuisa
0 —I]

conjugate of u, where J := [1 0

We note that since AV, u is divergence-free, there always exists a conjugate of #, unique modulo constants
in C™. The notion of conjugate solution for two dimensional divergence form equations, in the scalar
case m = 1, goes back to Morrey. See [Morrey 1966]. Note that when A = I, the system J Vit = V,u is
the anti Cauchy—Riemann equations.

Lemma 5.3. Assume that A € Lo (0%; £(C*™)) is pointwise strictly accretive. Let u € W21 loc @2, om)
be a weak solution to divy AVyu =0. Then

(AViu), = _(vxﬁ)n

AVyu=JVyii { ~
! ! (AV,it), = (Vyu),

} — AV, i=J'Viu = div, AV,ii =0,

where A is the conjugate coefficient defined by

A:=JA"1J.
We have
i (d—ca='b)~! (d—ca ')~ lea™! if A= ab
“la'bd—ca'b)7! a'+a 'b(d—ca'b)"ca! e dl

When m = 1, this reduces to A = (det A)~' A”.
Here, we have identified the tangential part (- ), with its component along 7. (See below.)

Proof. The equivalences and implication are verified from A = J'A~!J. The explicit formula for
A is classical if m = 1. If m > 2, the proposed formula for A can be checked by a straightforward
computation. Note that a, b, c,d € Loo(0%; £(C™)) and all the entries of A as well: the inverses are
pointwise multiplications. We omit further details. (Il

We next show that the vector-valued potential v in Proposition 3.5 contains, along with u# as normal
component, its conjugate i as tangential component. To do that, it is convenient to identify V" with the
trivial bundle C>” by identifying the tangential component f to the tangential part 8T € (TcS")".

|0 —oz
D_[af 0]’

Given this identification, D becomes
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where 9; denotes the tangential counter clockwise derivative of m-tuples of scalar functions on S'. A
coefficient A € Lo, (0?%; £(C¥™)) is thus identified with its matrix representation in the moving frame
{n, T}. We remark that this identification commutes with the matrix J.

Proposition 5.4. Let A € Loo(0%; L(CHM)) be pointwise strictly accretive and let
B := A € Loo(0%; £(C*™)).

Assume that v = [u 12][ € LIZOC([RJF; D(D)) with floo || Dv; ||% dt < oo is a Ry x S" distributional solution

! is a weak solution to divy AVyu =0

to ;v + BDv = 0 as in Proposition 3.5, so that u, = (v;),, r = e~
in Q2. Then il is a conjugate to u.
Conversely, given a weak solution u to divy AVyu =0 in O? and a conjugate it, the potential vector

v = [u 12][ has the above properties.

Note that the construction of v this way is a feature of two-dimensional systems as compared to higher
dimensions.

Proof. Applying J* to 3,v + BDv = 0 gives 3,(J'v) + BD(J'v) = 0 with B = J'BJ, since JD = DJ.
A calculation shows that B = A. Applying Proposition 3.5 shows that i, = (J'v,), is a weak solution to
divy AV,ii =0. Also we know that Dv and D7 are respectively equal to the conormal gradients of u and
i, and since J'v = v, this gives the middle term in the equivalence of Lemma 5.3. Thus # is a conjugate
of u. The converse is immediate to check and left to the reader. ]

We finish this section with the following simple expressions for the projections Pgo and 1320 of
Propositions 4.3 and 4.4 when n = 1. We still make the identification V' ~ C?".

Lemma 5.5. Let A; € Loo(02; L(C*™)) be pointwise strictly accretive radially independent coefficients,
and let By := A | € Loo(0?; L(C?™)) the corresponding coefficients. Then

-1
Ppg= (/Sl B! dx) /Sl By'gdx, geLys';C™),
and Py = By' P} By.

Proof. By accretivity, ( f ¢ By ! dx)~!is a bounded operator (called the harmonic mean of By). If g € By,
then Bo_lg € # and fsl Bo_lg dx =0, hence IN’gOg =0, follows. On the other hand, if g € %, then g is
constant, and therefore the right hand side equals

([ 5t ([ mar)e=s

This proves the expression for ﬁgo. The formula for Pgo comes from the similarity relation

DBy = B; ' (ByD)By. O



MAXIMAL REGULARITY FOR ELLIPTIC SYSTEMS, II 1003

6. Resolvent estimates

In this section we prove that the spectra of Dy and Dy are contained in certain double hyperbolic regions,
and we estimate the resolvents. For parameters 0 < w < v < 7 /2 and o € R, define closed and open
hyperbolic regions in the complex plane by
Soo:={x+iyeC; (tan2 a))x2 > y2 +O’2},
Syo i ={x+iyeC; (tan’ v)x% > y> + o2},
Swvot ={x+iy €C: (tanw)x = (y* +07)"/?},
Spoy ={x+iyeC; (tanv)x > (> +oH)1/2).
When o = 0, we drop the subscript o in the notation for the sectorial regions.

Proposition 6.1. On L, = Ly(S"; V"), there is a constant w € (0, w/2), depending only on || Byl and
the accretivity constant k g, such that the spectra of the operators Dy and Dy are contained in the double
hyperbolic region S, . Moreover, there are resolvent bounds

1

VY2402 /tanw — x|

forall A =x4iy ¢ S, . These same estimates hold for the restriction Dy : ¥ — .

1G- = Do)l 2y L. 1 = Do) Ml 1, <

Proof. (i) To prove the spectral estimates for Dy, assume that
(DBy+0oN —x—iy)u=f.

Introduce the auxiliary operator Ny :=io N — yI, and note that | N, | = ||Ny‘1 7' = /y2 + 2. Multiply
with N and rewrite as
(NyD)Bou +i(y* +0?)u = Ny f +xNyu. (22)

Now split the function u as
U=1ui+uge€ %QBBO_I%L,

and note that ||u|| = ||u|| + ||uoll. Apply the associated bounded projections Pgo to (22) to get
(NyD)Bouy +i(y* +0*uy = Py Ny f +x Py Nyu,
0+i(y* +0Hug = Py Nyf +xP Nyu.

Take the imaginary part of the inner product between the first equation and Bou; (using that Ny D is
self-adjoint), and the second equation and u to get

(v* +0?) Re(u1, Bour) =Im (P, Ny f, Bou) +1Im (x Pg Nyu, Bouy),
O + D) |lugll? = Im (P Ny f, uo) +Im (x Py Ny, ug).
Using the strict accretivity of By on # gives the estimate

O+ oD ull? < Crv/y2+ o2 f I lull + x| ul?),
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for some constant C; < oo. Thus |u| < (vV/y2+02/Ci —|x)" I fIl.
(ii) To prove a similar lower bound on Dy, assume that (BgD —o N —x —iy)u = f, and rewrite as

BoDN; ' Nyu+iNyu = f +xu. (23)
Write Nyu = Bouy +ug € Byt @ L. Apply the bounded projections ﬁéo to (23) to get

Bo(DN; ") Bouy +iBouy = Py f +xPju,
. 50 50
O+iug= Pp f+xPpu.
Recall that By : 9 — Bod€ is an isomorphism and apply its inverse B ' By% — % to the first equation.
Then take the imaginary part of the inner product between the first equation and Bou; (using that DN Y !
is self-adjoint), and the second equation and ug to get
Re(uy, Bour) = Im (B, ' P} f, Bouy) +1Im (x By ' Py u, Bouy),

luoll* =Tm (Pp, £, uo) +1Im (x Py, u, uo).
Using the strict accretivity of By on # gives the estimate
02+ o)) ul® < Collxull +1LF DG? + ) 2 ull,

for some constant C, < co. Thus |u| < (vV/y24+02/Cy— x| fII.

(iii) Using that DBy +o N and B;D + o N are adjoint operators, combining the results in (i) and
(ii) shows that both operators Dy — A and 50 — A are onto, with bounded inverse, when A ¢ S, ,. Here
w = arctan(max(C;, C3)). The estimates on 7€ follow. O

We shall also need the following off-diagonal estimates for the resolvents, both in L, and in L, for p
near 2.

Lemma 6.2. (i) There exist €, « > 0 such that for |% — %l <¢€,closed sets E, F C §" and f € L ,(S";Y)
withsupp f C E andt € R,

I +itDo) ™" fliL, iy S e EDM £l k),

where d(E, F) is the distance between the sets E and F.
(ii) There exist g > 2 with % — 5 < €, and a > 0 such that for closed sets E, F C §8" and f € L,(S™; V)
with supp f C E and f, =0and |t| <1,

_a(l_1y _
I +itDo) ™" fllz,ry S 1[0 e @ dEDM £y,

Proof. We first prove (i). The case p = 2 follows the argument in [Auscher et al. 2010a, Proposition 5.1].
It remains to prove L, boundedness for p near 2 as, the L, off-diagonal bounds follow by interpolation
with the L, off-diagonal bounds for g between p and 2.

For f e L,NLy, weleth=(I +itDo)~! f and wish to prove ||all, S| fIl, when p is near 2 and
uniformly in ¢. To prove this, we rewrite the equation (I it Dg)h = f firstas (I +ito N +itDBg)h = f
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and then in terms of a divergence form equation, with coefficients A} = BO Write h = [(Alh) L ”] and

f= [(Alf)L f”][ Then

{(1 —i10)(A1h), — it divs(Aih), = (A1 )L,
(1+ito)h, +itVsh, = f;.

Using the second equation to eliminate fz” in the first equation, and letting z = (1 4ito)~!, we obtain

. [T AL+ G- DA, f}
Li, =[1 —itzd < ) 1
[ ok WS][ —z(ADy f
with
=[1 —itzdivs] Ay [—itleS:| =[1 —itdivs] Ag [—iivs}

and Ag = D_yA Dy with tz = €1, T = |tz|, and Dy the diagonal matrix with entries 1, ¢/? in the
normal/tangential splitting. We note that Ay is strictly accretive on J¢; with the same constants as A1, and
that |z] <1 and |z| < |o|~'. We claim that L is invertible from the Sobolev space W;(S”; C™) equipped
with the scaled norm

1/p
leellwy = ( fs (u)P + |7 Vsu (o))" dx) (24)

to its dual, with bounds independent of 7, 6, for p in a neighborhood of 2.

To prove this, if we rescale from the sphere S" of radius 1 to the sphere S} It of radius 1/7, we obtain
the same equation with Ag, A, z+ unchanged, f(x), h(x) replaced by f(tx), h(rx), and 7 divg, TVyg
replaced by divsflz/r, VS , and we want to show [|A(T -)||L S S <|If(z- L, St (with implicit constant
uniform in 7, ). Thus 1t is enough to set T = 1 and work on §”, as long as we only use estimates on S”
which hold (with same constant) on S} /7 as well.

Having set T = 1, we have, for 1 < p, g < oo such that % + é = 1, estimates

[Lully 1 = l[Aolloollullwy = A1 loollullwy,

where ||u||W_1 1= Supyy 1= |(u, v)| and (u, v) denotes the L,(S"; C™) pairing extended in the sense of
dlstrlbutlons For p = g = 2, the accretivity assumption on Ay yields ||Lu||W_| > K |lull W) Applying
the extrapolation result of Sneiberg [1974] to the complex interpolation scale {W }1<p<oo» shows the
existence of € > 0 such that

ILully -+~ Nullw,,
for |— - —| < €. (Even for t # 1, one can verify that the Sobolev norms given by (24) on S . (with
T Vg replaced VS?/I) are equivalent to the ones given by the complex interpolation method, with constant

independent of T. Hence € depends only on the ellipticity constants and dimension, and is thus independent
of 7, 6.) Applying this isomorphism, we obtain the resolvent estimate

Il 2 Wl p + 1yl < M ||W1+||ful|p I 1lp-
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In the second step we used sz = —ie'?Vsh, + Zf” and |z| <1 (recall we have rescaled and set 7 = 1).
In the third step we used the fact that [1 —i divs] s Ly(S™; cU+mmy _ Wp_ Uis an isometry since
[1 —iVS]t : qu — L, (8"; CU+mm)y s one. This finishes the proof of (i).

To prove the inequality (ii), the above argument shows that Lh 1=2-(A) .. f " and ﬁ” —itz+ stz L.
Having rescaled in the same way, the Sobolev embedding L, C W ! for some g > 2 w1th 5 — é <e,
allows us to conclude that 2 € L,(S";7) and since we assume |t| <1, we have || = [t] and obtain

ally < |l|_”(7“)||f||2, the power coming from scaling. It suffices to interpolate again with the L,
off-diagonal decay, and conclude for any exponent between 2 and q. (]

We state the following useful corollary. Here and subsequently, N? is defined as N, replacing L,
averages by L, averages and M is the Hardy—Littlewood maximal operator.

Corollary 6.3. For € as above and |— — —| < €, we have the pointwise inequalities

NP((I+itDo)~" f) S M £IP)VP,
NPT +itDo)~" ) S M fI)'?,

1
and, for some p < 2 wit ——§<€

N.(((I +itDo) ™ f),) SMfIMYP.

Proof. We fix a Whitney region Wy = W (%9, xo) in Ry x §". Then
Wol ™ [ |1 ieD0y | dr d S MGG
Wo

follows directly from the off-diagonal decay of Lemma 6.2 as in [Auscher et al. 2008, Proposition 2.56].
Next, |Wol™" [y, [(T + itDg)~" f(x)|” dt dx < M(] £17)(xo) follows by testing against g € L, (Wo; ),
supported in Wy with 1/p +1/g = 1. We have

~ Colo ~
/ ((I +itDo)~" f(x), g(t, x)) dt dx =/ (f, (I —itD§)'g)at
Wo fo/co
so that for each fixed ¢, using that Df = DBE)k — o N has the same form as Dj, we can use the L,
off-diagonal decay for each ¢t = #y and obtain for any M > 0,

Wol ™ [ 1D P drdx £ 2 M B 2 [ (peorar @)
Wo

j>2 B(Xoijlo)

using standard computations on annuli around B(x, fo) in S”. Details are left to the reader.

The last estimate starts in the same way with g € L, (Wy; "), but since we want to estimate the normal
component of (1 + 1'1‘50)_1 f we assume that (g;); = O for each ¢. The second estimate in Lemma 6.2,
implies that (I — i tf)g‘)_] & =: h; has L, estimates with decay. Thus using Holder’s inequality on
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colo

10/co (f, hy) dt with exponent g on h; and dual exponent on f yields

- 1/2
(Iwor1 fW |1 +itD0)_1f)L(x)|2a’t dx)

Sy oM <|B<xo, zfzo)rl/B

i>2 (x0,2710)

1/p
Lfo)l? dX> (26)
and the conclusion follows. |

7. Square function estimates and functional calculus

All the remainder of this article rests on the square function estimate below.
Theorem 7.1. Let n > 1. The operator Dy = DBy + o N, with o € R fixed but arbitrary, has square
function estimates

o0 dt
/ ltDo(1+*DY) ™" f113 -~ I3, forall f € R(Dy).
0

The estimate < holds for all f € Ly(S", C™). The same estimates hold for Do = ByD — o N.

Proof. Note that equivalence can only hold on R(Dgy) = R(Dg), which equals L,(S"; V') if o # 0 and 3
if o = 0. By standard duality arguments, the estimates 2 on R(Dp) follows from the estimates < for Dj.
See [Albrecht et al. 1996]. Further Dy is of type Dy. Hence it is enough to prove

OO 2 21 o2 41 2
lzDo(L+2°Dg) =" f5 s SIfIs (27)

0
for all f € L,(S™; %), and similarly for 50. Consider first the operator Dy.
(1) We first reduce (27) to

! 2 21 42 4t 2
[1DBo(1+ 2B f]l; - SIS13 (28)
0

for all f € L,(S"; V). First note that

* dt o dt > dt
fl ||ID0(1+IZD§)_1f||§T§f1 ||r203<1+r2D3>—1f||§t—35/1 1£12 25 = 1£112

using that Dy has bounded inverse by Proposition 4.3. (When n =1, write f = fi + fo € #® B, Lget.
The above estimate goes through for f], and the contribution from fy is zero.) For the integral fol, we
may ignore the zero-order term in Dy, using the idea from [Auscher et al. 2010a, Section 9]. Indeed,

|(1+itDo)™" f = (I +itDBy)" f||, = |(I +itDo) it N(I +itDB) " £ ||, S ltl 1 £ -

Since 2itDo(I +1>D})~' = (I —itDy)~! — (I +itDy) ™', and similarly for DBy, subtraction yields

1 d 1 d 1
/0 ||ID0(1+t2D§)_1f“§7t5/0 HIDBO(1+12(DBO)2)_1f“§TI"‘fO tdr | £13.
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(i1) Next, using a partition of unity, it suffices to show that

1 d
fo |¢tDBo(I +2(DBY) ' £ Tt <SI£13, (29)

when ¢ is a smooth cutoff that is 1 on a neighborhood of supp f. Indeed, L,-off diagonal estimates of
tDBy(1 +t>(DBy)?)~! from Lemma 6.2 and again

2itDBo(I +1t*(DBo)?) ' = (I —itDBy) ' — (I +itDBy)~"

show in this case that
(1 =)t DBo(I +1*(DBo)) ™ f1I5 <21 £ 115

(iii) To prove (29), we assume that f and ¢ are supported inside the lower hemisphere, which we
parametrize by Q" using stereographic coordinates:

Iyl —1 2y

R'—> S§":y—>x= eo + ,
P Y E+1 T R+

where ey € R'*" is a fixed unit normal vector to R* C R'*", which covers all §”, except the north pole
e € §”. Note that p is a conformal map with length dilation 4! and Jacobian determinant dx /dy =d ™",
where

d(y) := (Iyl* +1)/2.

Let T :R" - R : y > dyp(y) be the differential of p, and note that T'T = d~?1. Define adjoint
rescaled pullbacks and pushforwards

p* 1 La(p(@"); V) — Ly(@"; €y [ £ ]+ [d " (frop) T'(fiop)],
Pt La(@"; CI™) 5 Ly (p(@"): V) : [g. &] = [(giop™) @ Tg)op'] .

n
Note that (p,)~' = |:c(l) dg"] p*. We claim that
dat 0 0 —div,
k _ * R y
p"D=D, [O d2_ni| p", where D, := [Vy 0 ] .

Indeed, the tangential part of the equation is the chain rule, and the normal component is the adjoint
statement. We consider D, as a self-adjoint closed unbounded operator in L, (Q"; C1T™) with domain

HY (" Cm)}

D(D,):= [ D(div,)

where HOl denotes the Sobolev W21 functions vanishing at the boundary §"~!.

Next we map coefficients By in p(O") to coefficients B, := (0+) "' Bo(p*)~! in 0", and claim that
B, is strictly accretive on R(D,). To see this, let g € R(D,). Then curl, g, = 0 and g, is normal on
d0" (or if n = 1 we have fll gidy = 0). Writing g = p* f and extending f by 0 outside p(0"), it
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follows that f € 3. (To see this, write g, = Vyu with u € H(} (0"; C™), and extend u by O to an
H'(R"; C™)-function.) The assumed strict accretivity of By on ¥ gives

Re/ (Bpg,gmy:Re/ ((p*)‘lBof,p*f)dy=Re/(Bof,f)dxz/c |f|2dw/ gP dy.
o o s s o

Thus we obtain a bisectorial operator D, B, in L,(O0"; Cc+mmy "and we observe the intertwining relation

d" 0

for f supported in the lower hemisphere. In O", let K := {|y| < 1/4}. By rotational invariance, it is enough
to consider those f = (p*)~!g with g supported on K and ¢ = (p*) " 'n=nop~! withn e Cy°(R") be
such that n =1 on {|y| < 1/2} and suppn C {|y| < 3/4}. Using ng = g and understanding n, ¢ as the
operators of pointwise multiplication by 1, ¢, one can check the identity

¢ +itDBo)~ f = (0" 'n* (I +itD,By)"'g
=¢(I+itDBy) "' (0" (ng) = ¢(p") "' +itD,B,)"'g
= +itDBy) ™ (p")~" (n( +itD,B,) — p*(I +itDBo)(p*)"'n) (I +itD,B,)"'g
=¢(I+itDBy) ' (p*) " litln, D,1B,(I +itD,B,) 'g.

As in (i) above, subtracting the corresponding equation with ¢ replaced by —¢, yields the estimate

I¢tDBy(I +t*(DBo)) ™" f — (o) 'n*tD,B,(I +1*(D,B))H) gl < Itlllglls

since [n, D,] is bounded. As || fl2 = [|gll> by the support conditions, (29) will follow from

1
- dt
/ ItDy By (I +1(Dy By)?) 1gH%T <llgl3, forall g e Lo(OQ"; CHmm)y,
0

(iv) The latter square function estimate follows from combining [Axelsson et al. 2006a, Theorem 2] and
[Axelsson et al. 2006b, Proposition 3.1(iii)], the latter purely being of functional analytic content. (See
[Auscher et al. 2010a, Section 10.1] where this is pointed out.)

(v) Consider now 50. Similarly one can reduce to prove < for ByD. On N(ByD) = %, this is trivial.
On R(BgD) = By¥ we use that ByD is similar to DBy on R(DBy) = ¥ through the isomorphism
By : # — By#. Thus the square function upper estimate for By D follows by similarity from the one
for D By. ([l

The square function estimates from Theorem 7.1 provide bounds on the S ;-holomorphic functional
calculus of the operators Dy and Do, adapting the techniques described in [Albrecht et al. 1996]. Write
H(S, ) := {holomorphic b ; S} , — C},
Hoo(S0,) = {b e H(SI,) 5 sup{lb()| ; & € S2,} < o0},
W(Sy,):=1{be H(S),) ; |b(A)] Smin(|A]*, [A]7), for some a > 0}.
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We summarize the result for the S7 ;-holomorphic functional calculus in the following corollary. The
proof is a straightforward adaption of the results in [Albrecht et al. 1996].

Corollary 7.2. Assume 0 € Rand Dy = DBy+ o N. Fix w < v < /2. There is a unique continuous
Banach algebra homomorphism

Hoo (87 ) = L(R(Do)) : b > b(Dy),

with bounds ||b(Dy) f |2 < C(supsg(r (b)) f 12 for all f € R(Dy), where C only depends on || Byl| oo,
KBy,  and o, and with the following two properties. If b € W(S] ;) then

1
b(Do) = - / b(V) (. — Do)~ € Z(R(Dy)),
Y

where y :=08p,0, w < 60 < v, oriented counter clockwise around S, . For any b € Hx (S}, ;) we have
strong convergence

kli)ﬂgo bk (Do) f —b(Do) fll2 =0, foreach f € R(Dy),

whenever by, € \I‘(S,‘)”(,), k=1,2,..., are uniformly bounded, i.e., supy |br(A)| < o0, and converges
pointwise to b.
The corresponding results hold for Dy = ByD — o N replacing Dy by throughout.

We remark that the square function estimates in Theorem 7.1 hold when v (z) = z(1 +z5)7 s replaced

by any ¢ € W(S)) which is nonzero on both components of S ;. We have

o0 d
/0 WD) FI3 - ~ 1 f13. forall f € R(Dy). (30)

A similar extension of the square function estimates holds for Dy.
Fundamental operators in this paper are the following.

Definition 7.3. (i) Let x (1) and x ~ (1) be the characteristic functions for the right and left half planes.
Define spectral projections EOjE := x*(Dy) and Eoi = Xi(ﬁo) on R(Dg) and R(50) respectively.

(ii) Define closed and dense defined operators A = | Dg| := sgn(Dgy) Dy and A= |50| = sgn(50)50 on
Lo(S™; V). Here |A] := Asgn()A) and sgn(X) := x (L) — x ~(L).

Define operators e '* and e~ on R(Do) and R(Dy) respectively by applying Corollary 7.2 with
by =e M ¢t >0.

When o =0, R(ﬁo) = Bo# = BoR(Dy) are strict subspaces of L, and it is convenient to extend the
above operators to all L,. Using the Hodge splitting L, = By @ %, on % the operator Do = ByD is
already 0 and A = | ByD| is naturally defined by 0. Using the other Hodge splitting L, = % & By 9L,
on By 19¢L the operator Dy = DBy is already 0 and A = | DBy is naturally defined by 0. It follows that

—tA

e~ and e~ are naturally extended to L, by letting e ~"*|5L := I and e"Alg(;l%l =1.
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However, for the projections the extension is more subtle. Indeed, we see for the functional calculus of
Do=DBy—oN that
~ b(o)l 0
D = — =
b(Dg) =b(—o N) [ 0 b(—a)[]

on ¥+ when o # 0 using the definition of N. As we are mainly interested in o = %, it is more natural
for consistency of notation towards applications to divergence form equations to define the operators for
o = 0 by continuity o — 0. Thus set

~ b(0+)1 0 ~

where b(0%) :=limy;cs,, 10 b(A), assuming the limits exist, b(BoD|p,) is the operator from Corollary
7.2 and ﬁéo, i =0, 1, denote the projections from Proposition 4.4 onto the subspaces in the Hodge splitting
Ly = By @ ¥+

Similarly, for o # 0, we have Dy = DBy+ 0N so Dy =o N on By '9%~*. For o =0, set

b(0—)1 0 ]

b(DBo)::b(DBo|%)Pz]30+Pgo|: 0  bO+)I

where Péo, i =0, 1, denote the projections from Proposition 4.3 onto the subspaces in the Hodge splitting
L, =3%® B, 19¢L. Remark that Pgo on the left of the matrix is needed to obtain an element in B, gL,
An elementary calculation shows that this extension of the functional calculus coincides with (b(B;D))*,
where b(1) = b(1), and that the extended functional calculi of Dy and 50 thus obtained are intertwined
by D.

Taking b(A) = A or A sgn(A), this provides us with the zero extension that we already chose so this is
consistent. For the projections, this leads to the following definition.

Definition 7.4. When o = 0, extend ESE, ESE originally defined on R(ByD) = By and R(DBy) = ¥
respectively from Definition 7.3 to operators on all L, (S"; V"), letting

EXf:=N7¥f for all f € #*,
Eyf:=PjN*f forall fe By ¥

Lemma 7.5. With L, = L,(S8"; V), the spectral projections E(:)t and E(:)t are bounded, we have topological
spectral splittings
Ly=E{L,®E; Ly,

restricting to ¥ = E(_)” #H @ E ¥ in the subspace ¥ invariant under Dy, and
L, = EJLz (&) EO_Lz,

restricting to #+ = E{f ¥+ @EO_ KL in the subspace ¥+ invariant under Dy. We also have the intertwining
relation
EXD=DE} 31)

so that D : EgELz — ESE% is surjective.
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If o > 0, then in the latter splitting we have ESE = NTF in %*. Hence E(T%l = N~%* and EO_%L =
N*tHL. (On the other hand, if o < 0, then EX = Ntin%t)

Proof. When o # 0, R(EO) = L, and L, = R(Dy) by Proposition 6.1. Boundedness on L, follows from
Corollary 7.2. The intertwining property is a consequence of Lemma 4.2. The surjectivity of D easily
follows from the spectral subspaces and using D : L, — % surjective and the splittings. That E(:)t =NT
in %+ when o > 0 comes from 50 = —o N in ¥ and x*(—o N) = NF. The case o = 0 follows from
Definition 7.4. We leave further details to the reader. (I

8. A detour to Kato’s square root on Lipschitz surfaces

Let ¥ be a surface in R!*™", assumed to be Lipschitz diffeomorphic to " through a bilipschitz map
po - S — X. Let do denote surface measure on X. Consider, for n, m > 1, coefficient matrices
H e Loo(Z; L(TcX)™)) (with Tc X denoting the complexified tangent bundle) and /& € Lo (X; L(C™)),
assumed to be strictly accretive in the sense that

Re / (H (x)Vsu(x), Vsu(x) do(x) = © / V(o) do(x),
) )
Re(h(x)z,2) > k|z|>, ae.xe X,

forall u € W21 (X;C™) and z € C™, and some « > 0. Then L := —divy HVy, with divyg := —(Vg)* in
L,(X; do), constructed by the method of sesquilinear forms, is a maximal accretive operator and hL
is defined on D(L) and can be shown to be an w-sectorial operator on L;(X; do) for some 0 < w < 7.
Thus it has a square root and we have

Theorem 8.1. The square root of the operator hL. = —h div HV'sy, has domain D(v/hL) = WZI(E; cm™,
and estimates ||~ hLul|, = ||[Vsu||>.

In particular for 27 = 1, we obtain a version of the Kato square root problem on Lipschitz surfaces X.
The presence of & makes the theorem invariant under bilipschitz changes of variables as we shall see in
the proof.

Our Theorems 7.1 and 8.1 are inspired by [Axelsson et al. 2006b, Theorem 7.1], and a comparison of
these two results is in order. The main novelty in Theorems 7.1 and 8.1, is that these do not require the
coefficients By or H to be pointwise strictly accretive, which was needed for the localization argument
in [Axelsson et al. 2006b, Theorem 7.1]. This theorem considered more general forms on X, and more
general compact Lipschitz surfaces . It is straightforward to extend our results Theorems 7.1 and 8.1
here to more general compact Lipschitz manifolds. On the other hand, we do not know how to extend our
localization argument here to the case of forms, unless pointwise strict accretivity is assumed.

We also mention that A. Morris [2010] proved similar results on embedded (possibly noncompact)
Riemannian manifolds with bounds on the second fundamental form and a lower bound on Ricci curvature.

Proof of Theorem 8.1. A calculation shows the pullback formula

(hdivg HVzu)(po(x)) = (hdivs HVs(uo po))(x), x € S",
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where /1(x) = |J (po) (x)|~"h(po(x)) and H(x) := 17 (00) (X)[(po(x)) ™ H (po(x)) (po’ (x)) ™. So we as-
sume that ¥ = S$” from now on. Let D be as in Definition 3.1 and let

By := [g 2] € Loo(S"; L(V)).

Then By is strictly accretive on the space #; from (13) and

0 —h divs:|

BoD = |:HVS 0

Thus by Theorem 7.1, with o = 0, we have bounded functional calculus of ByD in Byd. Following
[Auscher et al. 1997b], we have for u € D(Vy) that

~vhLu 7| u u 0
[ 0 |=V (BoD) ol = sgn(ByD)ByD 0l = sgn(ByD) HVu |’
so that ||« hLull, = ||HVsull2 & || Vsull2, using that sgn(ByD) is bounded and invertible on By# and
that H is bounded above and below on R(Vy). O

Remark 8.2. It is interesting to note that we apply Theorem 7.1 with o = 0 no matter what the dimension
is. If n > 2, Kato’s square root problem on S” is not directly linked to the boundary operator appearing in
(17), associated to the equation divy AV,u =0 on O, with A= [g 2
in the equation radial derivatives from tangential derivatives. This is different from the case of the half

], i.e., when one can separate

space (R" replacing §") and emphasizes the role of curvature.
In view of Section 4, the second-order operator on the boundary associated to this div, AV, on O'*",
comes from

_ 2

0 —HVghdivg +0?

with o = (n — 1) /2. Thus, the naturally associated Kato square root is ~/—hL + o2, and one has

[V=hL+ 592 u| ~ 1Vsula+ 25 fule,

9. Natural function spaces

By Corollary 3.4, our method to study and construct solutions u to the divergence form equation (1)
consists in translating this equation to the ODE (17) for the conormal gradient f in Ry x S$". Conormal
gradients of variational solutions belong to Lo (R x S$"; ) as noted in (18). The appropriate function
spaces for f with Dirichlet/Neumann boundary data for u in L,(S"; C™) are the following.

Definition 9.1. The (truncated) modified nontangential maximal function of f defined on Ry x §”, is

No(f)x) = sup T2 fx lnwaenyy, x €S,

O<t<co

where
W(t,x):={(s,y) e Ry x 8" ; |y —x]| <cit, c(;l < s/t <co}
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for some fixed constants ¢y > 1, ¢; > 0. We assume that co ~ 1 and ¢; << 1, so that the thtney regions
W (t, x) are nondegenerate for t < ¢y. For a function fy on O'*", we have ij (fo) = N* (f) where
f(t, x) ;= fo(e "x), which properly defines ﬁf in the introduction.

The (truncated) modified Carleson norm of f in Ry x S" is

||f||03=( sup / esssup | f|
r(Q)<r0 |Q| 0.7(Q)x0 W(t.x)

and the sup is taken over geodesic balls Q C S" with volume | Q|, and with radius r(Q) less than some
fixed constant ro << 1. For a function fy on @'*”, we have || fyllc = || fllc where f(t, x) := fo(e™"x),

2dtdx>1/2

which corresponds to || follc as in (4).
Note that changing the parameters ¢y, c; does not affect the results.

Definition 9.2. (i) For g : O!*" — CU+"™ define norms
lg 13 :=f g (o) 21 — |x]) dx,
®1+ﬂ

Igll2, = ||ﬁ::(g)||%+/ g dx.

|x|<e™!
Let %° and %° be the Hilbert/Banach spaces of functions g for which the respective norm is finite.

(1) For f: Ry x 8" — V', define norms
(o)
LF113 = / If:I3 mingz, 1) dt,
0

1113 = III\NI*(f)II§+/I TAL:

Let Y and & be the Hilbert/Banach spaces of sections f for which the respective norm is finite.
The gradient-to-conormal gradient map of Proposition 3.3 is an isomorphism ¥° — % and &° — ¥.

Lemma 9.3. There are estimates
L 2 0o <IN 2« 1 2ds loc n
sup  — I fsllzds SANCOIZS | Ifslla—s  feLy Ry x S5 Y).
0<t<1/2 t 0 S
Denoting by Y* the dual space of M relative to Lr(Ry. x §"; V), i.e., the space of functions f such that
fooo | f¢ II% max(t~!, 1) dt < oo, we have continuous inclusions of Banach spaces

Y CHC Ly (R xS V) CY.

Note that Lemma 9.3 shows that another choice of threshold than t = 1 in the definition of the norms
for & and Y would result in equivalent norms.

Proof. The L12°C(L2) estimates of ||]V*( P)ll2 is an adaption of the corresponding result for [Rf", proved
in [Part I, Lemma 5.3]. The remaining statements, except possibly that X C Lo(R; x §"; V), are
straightforward consequences. To verify this embedding of &, we use the lower bound on ||ﬁ*( 2 to
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estimate
00 o 27k 00 > N 00
[unar=3" [ wsiacs [ usigan s Y2 R+ [ iABar =15 O
0 k=0 2=k= 1 k=0 1

The following lemma gives necessary and (different) sufficient conditions for a multiplication operator
€ to map ¥ into Y*. Write

€llcnLy = €llc + 1€l Lo (ry xS

Lemma 9.4. For functions € : R, x 8" — CUM™  define the multiplicator norm ||€|s := ||€||lx—a* =
SUP| £lp=1 I€ f |lo«. Then we have estimates

€l Lae@exsmy S 1€ls S N€llenLe-

Proof. This is an adaption to the unit ball of [Part I, Lemma 5.5]. As in that proof, the estimate
1€lloo < 1€l follows from the leOC estimates in Lemma 9.3. For the second estimate we write

~

I€fII3 = ’ 1€ f:113 [~ €, f113 dt.
0 t

As in [Part I, Lemma 5.5], the first term is estimated with Whitney averaging and Carleson’s theorem. The
second term is controlled with ||€||o. In total, this gives the bound ||€ f|lax < 16l cll flloe + 1€ llooll f Il
as desired. O

Remark 9.5. Tt has been recently proved in [Hyt6nen and Rosén 2012] that ||€]|, =,

~

||%||C(]Loo so all of
our results use in fact the same condition on €.

We end this section by introducing an auxiliary subspace ¥s of %Y.

Definition 9.6. For § > 0, define the norm

o0
1f13, = / £ 12 minGe, 1)e dr.
0

Let Ys be the Hilbert spaces of sections f : Ry x $" — ¥ such that || f||«, is finite.
Clearly ¥s C . The motivation for introducing %; is the following result.

Proposition 9.7. Given coefficients A € Loo(Q'"; L(CIHD™Y) which are strictly accretive on ¥y, there

is 8§ > 0 such that
o0 o0
/ Il filI5€* drsf Il £:113 dt,
1 1/2

for all f € LY*(Ry; %) solving 3 f + (DB + "5 N)f = 0. Hence, if f € ¥ N LY(Ry; %) and
f+(DB+"N)f=0,then f € Vs and | fllo, S I f Il

The proof of Proposition 9.7 uses reverse Holder inequalities.
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Theorem 9.8. Fix ¢ > 1. There exist C < oo and p > 2 depending only on n, m, the ellipticity constants
|Allo, k4 Of A and c, such that for any ball B with cB c O and any weak solution to divy (AV,u) =0

in O we have
1/p 1/2
(f |qu|”dx> 50(/ |qu|2dx> .
B cB

Proof. This result is due to N. Meyers [1963] for equations. Here, we make sure that the result extends to
elliptic systems in the sense of Garding by giving appropriate references. We begin by noting that the
usual Caccioppoli inequality for weak solutions

1/2 1/2
(/ |qu|2dx> <Cr (/ |u|2dx>
B cB

for any ball B so that cB C O'*", with r its radius, holds for any system that is elliptic in the sense of
the Garding inequality (2). Although not stated like this in [Campanato 1980, Theorem 1.5, p. 46], the
proof only uses Garding’s inequality. See also [Auscher and Qafsaoui 2000], where the proof is done
explicitly for second- and higher-order equations and it is said (p. 315) that this applies in extenso to
such systems. The constant C depends only on n, m, k, ||Alle and c. Now, this combined with Poincaré

1/2 1/q
(/ |qu|2dx) 5<f |qu|qu>
B cB

for 2(n+1)/(n 4+ 3) < g < 2. Finally, Gehring’s method for improvement of reverse Holder inequalities

inequality yields

with increase of radii, presented in [Giaquinta 1983, Theorem 6.3], applies. ]

Proof of Proposition 9.7. Corollary 3.4 shows that f is the conormal gradient of a weak solution to
divy AV,u =0 in O'*". By Holder’s inequality and Theorem 9.8, we have for g = V,u the estimate

1/2 1/p "
</|| . Ig(x)|2|x|—6dx) g(/l | |g(x)|de> 5(/” » |g(x)|2dx)

for0 <8 < (m+1)(p—2)/p. This translates to the stated estimate for f, using the gradient-to-conormal
gradient map from Definition 3.2. U

10. Semigroups and radially independent coefficients

In this section and subsequent ones, we set ¢ = ”T_l

In this section, fix radially independent coefficients A; and By = ZT We show how to obtain weak
solutions of divy A|Vyu = 0 inside and outside O'*” using the semigroups associated to A and A. Later,
we show all weak solutions with prescribed growth towards the boundary have a representation in terms
of these semigroups.

Theorem 10.1. Let fy belong to the spectral subspace Ear 3. Then

fir=e™f
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gives an ¥-valued solution to 3, f + Do f =0, in the strong sense f € C! (Ry; LZ)DCO([Rq; D(Dy)) and in
R x S" distribution sense. (In particular f is the conormal gradient of a weak solution of divy A;Vyu =0
in O'*".) The function f has L, limit lim,_q f; = fo and rapid decay ||8,jﬁ||2 < Cj,k/tk||f0||2,for each
k > j = 0. Moreover, we have estimates

19; flloy 2 Il foll2 = 1l f ll2¢-

If instead fy belongs to the spectral subspace E, ¥, then define f; .= e'M fofort <0. Then d, f + Do f
vanishes for t < 0. (In particular f is the conormal gradient of a weak solution of divy, A Vyu =0 in
R™\ Q1)) Limits and estimates as above hold for f;,t < 0.

Proof. (i) The rapid decay of f; follows from the lower bound on Dy|y from Proposition 4.3, giving
18/ fill = 1A7e™ foll2 S (D) T A e™™ folla = 17 H [ MY e folla S 17411 follo-

(ii) That f is the conormal gradient of a solution follows from Corollary 3.4 and it is straightforward to
show that the ODE 9, f 4+ Dy f = 0 is satisfied in the strong and distribution sense.

(iii) Next, || 8,f||%y < fooo ||0; f+ ||§tdt, and the square function estimate fooo ||0; f; ||§tdt R ||f0||% follows from
(30), since 9, f, = —Ae "2 f,. This together with the decay from (i) with j = 1 shows || foll2 ~ [19; f l|.

(iv) It remains to show that || fo||> = || f ||. For this, the decay from (i) with j = 0 implies it is enough
to prove |Iﬁ* fll2 = |l foll2. The proof is an adaptation of the results on [R{f" from [Auscher et al. 2008,
Proposition 2.56] as follows.

The estimate ||ﬁ*( 2 Z |l foll2 follows from Lemma 9.3. Next consider the estimate <. We follow
the argument in [Auscher et al. 2008, Proposition 2.56]. By the reverse Holder inequalities noted in the
proof of Proposition 9.7 applied to a weak solution of the divergence form equation with coefficients A
associated with f =e~"1P0l £, we can bound L, averages by L, averages for some p <2, 1i.e., ]V*f < ]fo
in a pointwise sense (up to changing to constants cg, c1). Since ¥ (A) = e M _1+inle V(S ), it
follows from Lemma 9.3 and Theorem 7.1, or more precisely (30), that

INZ (4 (t Do) fo)ll2 < 1N« (¥ (¢ Do) fo)ll2 S 1l foll2.

For hy := (I +itDo)™" fo we have [Nl < IM(1fol")"7ll2 < Il foll2 by Corollary 6.3 and the
boundedness of M on L;,,. We have proved that ||ﬁ*f||2 < foll2-

(v) The modifications for fy € E, ¥ are straightforward, and the correspondence with u follows from
applying the methods of Proposition 3.3. ]

Remark 10.2. The assumption o = ”—gl is used in part (iv) to pass from N, to N? with some p<2.

Thus, for any 0 € R, fp € # and p < 2, we have ||]\~]f(f)||2 < |l foll. The converse, however, is not clear
because p < 2, and this shows that the value of o is significant.

Theorem 10.3. Let vy € Ear L,. Then
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gives a solution to d,v + 501) =0, in the strong sense v € C! (Ry; L) N CO(R+; D(BO)) and in RT x §"
distributional sense. (In particular r—° (v;), extends to a weak solution of divy A|Vyu =0 in O™ as in
Proposition 3.5.) The function v has Ly limit lim;_.o v; = vg and rapid decay ||8tj ey < ijk/tk||v0||2for
each k > j > 0. (When o =0, this estimate for j = 0 only holds for vg € R(ﬁo) N E(TLZ.) Moreover, for
P < 2, we have estimates

13, vlly + N2 )12 + N 12 S Nlvolla-

In dimension n = 1, we have ||v|ly =~ ||vo|2.

If instead vy € E(; L,, then define v, := e’[\vofort < 0. Then 9;v + 501) =0fort <0. (In particular
r=%(v;), satisfies divy A;Veu = 0 in R" \ Ot as in Proposition 3.5.) Limits and estimates as above
hold for v, t <O.

Proof. The proof, except for the nontangential maximal estimates, is identical to that of Theorem 10.1,
using Proposition 4.4 and Corollary 6.3. When n > 2, the estimate of ||ﬁ* (vy)]l2 follows, using the same
Y as above and reduction to ||ﬁ*((1 +i tﬁo)_l v0)1)ll2, from Corollary 6.3 and the maximal theorem.
When n = 1, one uses the splitting in Proposition 4.4: we have that e~ A is the identity on 9¢* and that A
on By is similar to A on #, so ||v||¢ ~ ||vo|l2 follows from Theorem 10.1.

The modifications when vy € Eo_ L, are straightforward. O

11. The ODE in integral form
Following [Part I], for radially dependent coefficients we solve (17) for f by rewriting it as
o f+(DBy+oN)f=D€f, whereé, :=By— B;.

Recall that solutions f; belong to ¥, where ¥ splits into E(J)r ¥ and E; 3 by Lemma 7.5, with ESE = x*(Dy)
on . Applying Eoi, integrating formally each subequation and subtracting the obtained equations we
obtain

t [e¢)
fi=eES fo+ / e UTINESDE, fyds — / e SINESDE, £y ds, (32)
0 t

provided lim,_,o f; = fo and lim,_,» f; = O in appropriate sense. We first study proper definition,
boundedness of the integral operators in (32) on appropriate spaces and their limits. The justification of
(32) is done in Section 12.

Lemma 11.1. If f € L12°°([R{+; ¥0) satisfies 0; f + (DB +o N) f =0in Ry x S" distributional sense, then

t

t
—/ dnd (t, )e TINES fids =/ nt(t, )e” "INEF DS, f, ds,
0 0

oo oo
_/ asn;(t, s)e—(S—l‘)AEO_fS ds = / r]é_(t, s)e—(S—l)AEO—D%SfS dS,
t t

for all t > 0. The bump functions nf are constructed as follows. Let n°(t) to be the piecewise linear
continuous function with support [1, 0c0), which equals 1 on (2, 00) and is linear on (1,2). Then let

ne(1) :=1°(t/e)(1 = n°(2e1)) and nZ (1, 5) 1= n° (1t — 5)/€)Ne (1)1 ().
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Proof. Follow [Part I, Proposition 4.4]. |

Define for f € LYS(R*; Lo(S"; 7)),

t o0
Sgﬁ;:/ nd(t, )e TINEF DS, f, ds—/ o (t, s)e” STONES D, f, ds.
0

t

In fact, this formula makes sense by extension thanks to the following algebraic relations.

Lemma 11.2. We have S f, = S f; — 0 85 f; = DSS f. where

o0

t
SS fr = / nd(t, s)Ae” TINETE, fids + / no (t,s)Ae CTONES €, £y ds,
0 t

o0

t
Sjﬁ::/ nj(t,s)e—<f—S>AEo+%sfsds—/ o (t,s)e” STINESE, fids,
0

t

t - o0 7~
Sgﬁ::/ nd(t, )e TINESE, £, ds—/ e (t, s)e” CTINESE, f, ds.
0 t

Here ESE = EgBalﬁéo, ES‘L = E(;_LNBo_lﬁéo, with ﬁéo as in Proposition 4.4.
Proof. Here, By ! denotes the inverse of the isomorphism By : % — Bo#. Since N(D) = %+, we have
EfD=E;DPy = E;((DBy+0N) —oN)By ' Py = DyEy — o Ey,

—ul

Using that e and e*“A A extend to bounded operators on %, this also shows that e‘“AEar D extend to

bounded operators on L; for u > 0. We now readily obtain S§ = :S‘i — aS’f\. The identity S§ = ng is a
consequence of the intertwining relation

b(Do)D = Db(Do)
between the two functional calculi. O
Theorem 11.3. Assume ||€||. < 0o. We have bounded operators
S X —->%, S5:Y->Y,
with norms < ||€|«, uniformly for € > 0. In the space ¥ there is a limit operator Sig € L(X; X) such that

111% 1SS S =S4 fllis@pi,y =0, forany f€%,0<a<b < oc.
€—

The same bounds and limits hold for §Z and S’Z on¥.

In the space %Y, there is a limit operator ij € L(Y; Y) such that
lir% 1SS f — S?f”oy =0, forany fe%.
€—

The same bounds and limits hold for :8’\2 and 5’2 on%.
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Let Sy :=lim._,¢ S5, §A = lim¢_,¢ §§ and S A = lim._,g S’Z denote the limit operators on %Y from
Theorem 11.3. Since ¥ is densely embedded in %, these limit operators restricts to the corresponding
limit operators on & from Theorem 11.3.

One sees that Sy = §A —o8 4 holds, and that

t—e €
Safi = lim ( / e TINESDE, fyds — / e MRS D%stds)
€—> €

t+e

with convergence in Ly (a, b; Ly) for any 0 <a < b < 0o, both on Y and ¥.

Proof. The proof is essentially an application of [Part I, Section 6], where the results were proved
abstractly. Given Theorems 7.1 and 10.1, these results from that paper apply. In particular, this makes use
of the holomorphic Sg , operational calculus of Dy, where more general operator-valued holomorphic
functions are applied to Dy. It is straightforward, given Theorem 7.1, to adapt the results in [Part I,
Sections 6-7] and construct this SL”M operational calculus of Dy, and we omit the details.

(1) Consider the operators §2 : X — X. Here [Part I, Theorem 6.5] shows that 3’;3 :Ly(R4, dt; Ly) —
L>(Ry4, dt; Ly) are uniformly bounded, with norm < ||€|| 0, and converge strongly in £(L, (R4, dt; L))
as € — 0. Moreover, [Part I, Theorem 6.8] applies and shows that

S5 fi = Z(Ef) + ne(t)e™ / Ne(s)Ae*NES€, f ds
0

where Z¢ : Lo(Ry,dt/t; Ly) — Lo(Ry, dt/t; Ly) are uniformly bounded and converge strongly as € — 0.
These estimates build on the square function estimates and make use of the operational calculus for Dy.
On the other hand, using Theorem 10.1 and Theorem 7.1, the last term has estimates

o0

< m(s)Ae*mE‘J%sfs ds

%

o0
ne(t)e / Ne($)Ae*MELE, fy ds
0

2

X —~ ds
f (sA*e N, ne(5)EFS, f,

= sup
All2=1

S Ine€ fllays S M€l f s

and is seen to converge strongly in £(&, Ly (a, b; L;)) for any 0 < a < b < 00, as in [Part I, Lemma 6.9].
Piecing these estimates together, we obtain

IS5 e SNZEE Lot j:La) + 1 ZE P Laariny + 1S5S — ZE@Ef)l
SHENl £l + 1€ ool £ | Lacar: o) + €1l f Nl

with strong convergence in £(¥, Ly (a, b; Ly)).

(11) For the operators S€ X — &, we note that the estimates for S; go through when replacing E EF by
EZE. Since §§ = A~ 156 (with E replaced by EZ) and A" : La(dt/1; %) — La(dt/t; %) is bounded it
only remains to estimate the term . (t)e " fo Ne(s)e™* ’\EaL €5 fs ds. But again using the boundedness
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of A~! gives

o0
ne(t)e ™ / ne(s)e M ESE, fy ds
0

o0
< H / Ne(s)e “MES €, fy ds
x 0 2

’

00
S HAf ne(s)e *EJ€, f ds
0 2

and the rest of the estimates go though as for 32 Altogether, this proves the stated bounds and convergence
for § : X — «.

(iii) Next consider the operators :S’\Z 1Y — Y. We have

1S5 flly < 1SS <1 )Ml + 1S5 Kes1 Oy < WSGte<t ) Laede: o) + 1S5 Xes1 ) Lo 1)
S €Nl xe<t fllLa@ar; o) + 1€locll Xes1 f 1 Lo 1)
S €Nl f llys

where the L;(tdt; L,) estimate follows from [Part I, Proposition 7.1] and the L,(dt; L,) estimate from
[Part I, Proposition 6.5], along with convergence. This immediately gives the estimates for S’Z Y —->Y
since A~ : Lao(tdt; ) — Lo(tdt; %) and A~' : Lo(dt; #) — Lo(dt; ¥) are bounded. U

Denote by C(a, b; L;) the space of continuous functions (a, b) > t > v, € Lo(S"; V).

Theorem 11.4. Assume ||€||. < co. Ifn > 2, then §gf € C(0, oo; L) for any f € Y. There are bounds
||§f4ft||2 S NElsll f oy, uniformly for all f € Y, t,e > 0, and for each f € Y there is a limit function
§Af € C(0, 00; Ly) such that lim._,¢ ||§th — §Aft||2 = 0 locally uniformly for t > 0. We have the

expression

t - o0 %~
Saf = / e UTINETRE fids — / e STONE S £y ds, (33)
0 t

where the integrals are weakly convergent in Ly for all f € ¥ and t > 0. Finally, S5 f = D§A f holds in
Ry x S" distributional sense for each f € Y.
If n =1, then the above results hold if Y is replaced by Ys, for any fixed § > O.

Proof. (1) Consider first the case n > 2. The proof is a adaption of the proof of [Part I, Proposition 7.2],
which we refer to for further details. We split the (0, ¢)-integral

t

t ~ e ~ v T o~
/ nd(t, )e” TINI — e BMEFE, fids + e f nd(t, )eNESE, £y ds,
0 0

The same duality estimate of the second term as in [Part I, Proposition 7.2], given Theorem 10.1 and
Lemma 4.2, goes through here. For the first term, we note the estimate

e C9R (1 — e Ry Smin(2,1, L),
t t—s
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For ¢ <2, this yields the bound ||€|| o fot(s/t)||fs||2 ds < €]looll flly. On the other hand, for 7 > 2 we
have the estimate

1 t—1 t
s 1
1€ 1l 0o (/ _||fs||2ds+/ —Ilfsllzds-i-/ IIfsllzdS)SJll%lloollfllo.u-
o ! 1 I—s -1

The (¢, 0o)-integral is estimated similarly, by splitting it
[e.¢] ~ ~ ~ o0 A~
/ ne(t,8)e” STONI — e M ESE frds +e ' / no(t,s)e “NEF€, £y ds,
t t

The second term is estimated as before, and for the first term we note the estimates ||e ¢~/ A (I—e 2 [\) <
min(z/s, 1, 1/(s —t)), which give the bound

t+1 ¢ ©
€1l 00 (/ ;”fs”ZdS +/ h”fs”st) S € looll fllay-
t t -

+1

(ii) Consider next the case n = 1. Since e '* = I on %+ and Eoi = N¥ on %+, we also need to estimate

( f ni(t,S)ﬁgo%sfv) —( / ooni(t,s)ﬁgo%sfs),
0 1 t I

uniformly for ¢ > 0, where 1320 is projection onto ¥ from Proposition 4.4. So it is enough to obtain the

the L,-norm of

bound

oo ~,
H / |PY %, fslds
0

On the one hand, we obtain from Proposition 9.7 the estimate

SNEN S lleys.
2

0o 00 00 1/2
”f | PR € flds ,Sn%noo/ ||fs||zds5||%||oo</ ||fs||%e““ds> S looll f Nl
1 2 1 1

On the other hand, note that A, hence B, ! is pointwise strictly accretive by Lemma 5.1 and by the
explicit expression in Lemma 5.5 (expressed in other coordinates), Pgo maps into constant functions and
|PYul S fi lu(x)|dx. Thus

1
S/ / €51 fs(x)|dx ds.
2 Jo Jst

1
H f PO, £l ds
0

Pick i : Ry x S' — 9 such that |, (x)| = 1 and |€,(x)hs(x)| = |€,(x)| when s < 1, and hg(x) =0
when s > 1. Cauchy-Schwarz inequality yields

1
/ /1 [€s O fs () ds dx S N€RNley= Nl flly < 1€M< Allzell £l S NENIS Nl
0 JSs

This completes the proof of the estimate of ||§2 fill2-
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(iii) As in the proof of [Part I, Proposition 7.2], replacing nf by nei — nf in the estimates shows convergence
of Ej and yield the expression for the limit operator. The relation Sy = DS follows at the limit from the
relation in Lemma 11.2. O

We turn to boundary behavior of the integral operators at ¢ = 0.
Lemma 11.5. Assume ||€|s < oo.
(i) Let f €% (or f € %) and define f°:= Sy f. Then f° and f satisfy

@ + Do) [ =DEf
in Ry x 8" distributional sense. If f € &, then there are limits
2t

lim ¢! / ISafs —h|3ds =0,

t—0 ¢
where h™ := — fooo e“"AEO_D%SfS ds € Ey ¥ has bounds ||h~ |2 S || f Il
(@i)Letn>2. If feYand v := §Af, then

(0 + Doy =€ f

in Ry x S§" distributional sense, and there are limits

lim [|Saf; —h [l =0,
t—0

where h™ = — fooo e_S[\EO_%SfS ds € EO_LZ has bounds ||]:l_ l2 <\ flla. If n =1, these results for §Af
hold when replacing Y by ¥s, for any fixed § > 0.

Proof. (i) By the convergence properties of S¢ from Theorem 11.3, it suffices to show that for ¢ €
CS° (R4 x S™; CHmm) there is convergence

[ (aoi+ Bip+om 1)t~ [onsyas. o
where f := S f;. For the term (0, ¢)-integral, Fubini’s theorem and integration by parts gives
o0 t
/ f g (6. $) (=0 + Ay, e "TINES D, fy) ds di
o Jo

_ / h ( / ot ) DED By eI gy dr, %sfs) ds
0

=/ oo (/ Oo<a,nj)(z,s)D(EJ)*e—“—S’A*«p,dz,%sfs) ds — / T (D(ED) . L) ds.
0 s ’

Adding the corresponding limit for the (¢, co)-integral, we obtain in total the limit fOOO(Dqu, Es fs)ds,
since D(EJ)* + (Ey)*) = (Ef + E;)D)* = D* = D.
To prove the limit of S4 f; for f € &, we note from the proof of Theorem 11.3 that

o0
Safir=Zafi+e ™ f e “ME; D%, f, ds,
0
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where Z 4 f € Y*. When taking limits € — 0, we have used [Part I, Theorem 6.8 and Lemma 6.9]. This
proves the stated limit.

(i1) To prove (0, + 130)1) =%f,welett € (a, b) and differentiate §Z f to get

~ 1 % < ~ ~ ~ ~
9 fi= / M EFE s fios + B Eras fras)ds — Do(S5 1),
€

for small €. The first term on the right is seen to converge to € f in Ly(a, b; Ly) as € — 0, with an
argument as in [Part I, Theorem 8.2]. Note that this uses Ear + Eo_ = I, which holds also when n =1
by Definition 7.4. Letting ¢ — 0, we obtain d,v =€ f — 501) in distributional sense, since (a, b) was
arbitrary.

The limit for §A f: when f € % (or Y5 when n = 1) is proved as in [Part I, Proposition 7.2 and
Lemma 6.9]. In particular, this uses an identity

e .
Safi=Zaf +e“‘/ e NE €, fyds,
0
with Z4 f € C(0, 00; L) and lim;_,0 Z4 f; =0in L. O

12. Representation and traces of solutions

We now come to the heart of the matter. The natural classes of solutions for the Dirichlet and Neumann
problems, with L, boundary data, use the spaces Y° ~ Y and ¥’ ~ & from Definition 9.2.

Definition 12.1. (i) By a ¥°-solution to the divergence form equation, with coefficients A, we mean a
weak solution u of divy AVu =0 in O with || Vyeu||ae < 00.

(i1) By an &°-solution to the divergence form equation, with coefficients A, we mean the gradient
g := V,u of a weak solution u of divy AVu =0 in O'*" with || gy < o0.

Note the slight abuse of notation when referring to the gradient V,u rather than u as an Z°-solution.
The reason for this convention, here as well as in [Part I], is that the Neumann and regularity problems
are BVPs for g (and not for the potential u), and ¥°-solutions is the natural class of solutions for these
problems. This point of view is the one that lead us to our representations. However, when more
convenient we call the potential u itself an &°-solution.

Remark 12.2. (i) No boundary trace is assumed in our definitions, but will be deduced.

(i1) The seminorm || Vyu||ayo on Y°-solutions is modulo constants, which is unusual for Dirichlet problems.
Once we have shown that Y°-solutions have boundary traces, we will be able to put constants back
in the norm in a natural way.

(iii) For any ¥°-solution g, the potential u has a boundary trace in appropriate sense (replacing pointwise
values by averages) and the trace belongs to W21 (8"; C™). This is essentially in [Kenig and Pipher
1993]. We also recover this from our representations. See Section 13.

—tA —tA

Here and subsequently, we use the notation e

for e Mg,

g to denote the function (¢, x) — (e~ '* g)(x). Similarly
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X°-solutions. We begin with representation and boundary trace for solutions of the corresponding ODE.
Theorem 12.3. Assume that ||€||« < oo. Let f € X. Then f € L12°°([R€+; ) satisfies
f+(DB+"5N)f=0

in Ry x 8" distributional sense if and only if f satisfies the equation

fi=e"“ht +Saf,, forsomeht e EfK. (34)
In this case, f has limit )
!
tim e~ [ 114 folds =0, (35)
t— t
where fo:=h*+h~and h™ := — [;° e *NE; D, f; ds € Ey %, with estimates

max (|22, 1A~ 12) 2 |l foll2 S I1f llze-
If furthermore I — S4 is invertible on X, then
f=U—-S) e nt (36)
and || flle S NA 7T L2

Proof. The proof is an adaption of [Part I, Theorem 8.2], to which we refer for details. Here is a quick
summary.

We show that f satisfies (17) if and only if f satisfies (34). Assume (17) and apply Lemma 11.1.
Letting € — 0 and applying Theorem 11.3, we obtain the stated equation for f, with 4™ as a certain weak
limit as in part (i) of the proof of [Part I, Theorem 8.2], with A = |Dy| here.

Conversely, if f € ¥ satisfies (34), then we apply Lemma 11.5 with f° := f — e "*h*. Since
(3; + Dg)e " hT =0 and e"*h* € ¥ by Theorem 10.1, it follows that f satisfies (17).

Lemma 11.5 also shows existence of the limit fy. The stated estimates follow as in part (iii) of the
proof of [Part I, Theorem 8.2].

If I — S, is invertible, (36) follows immediately from (34), and the estimate || f|le < ||h™]> follows
again from Theorem 10.1. ]

Theorem 12.4. Assume that ||€||, < 0o0. Then g is an X¥°-solution to the divergence form equation with
coefficients A if and only if the corresponding conormal gradient | € % satisfies the equation

fi=e "™ hT +S4f,, forsomehT e EJ%. (37)
In this case, g has limit
1
lim f 1800) — g1 ()P dx =0,
r=1 1 —=r Jcpxi<a4n2

where g1 := (Bo fo),.1n + (fo), and ||g1]l2 < || gllae holds. If furthermore I — S4 is invertible on %, then
1A% 122~ llgill2 ~ g lloe-
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Proof. The equivalence follows from Corollary 3.4 and Theorem 12.3. The limit and the estimates follow

on applying the conormal gradient-to-gradient map of Proposition 3.3 from the ones satisfied by f. U
It is worth specifying the previous theorem in the case of radially independent coefficients.

Corollary 12.5. Assume A is radially independent. Then any &°-solution has corresponding conormal
gradient given by f = e~"“h™ for a unique h* € E; ¥.

Remark 12.6. A careful examination of the proof of Theorem 12.3 in the case of radially independent
coefficients, shows in fact that for f € L12°C(R+; #) the weaker condition supy_, i /» % ft2t Il fs ||% ds <00
is sufficient to obtain this corollary, as in this case S4 = 0.

Y-solutions. We now turn to representations and boundary behavior pertaining to Y°-solutions.
Theorem 12.7. Assume that ||€||. < oo and f €Y.
(1) Then f € LIZOC([R{JF; #0) satisfies o; f + (DB + %N)f =0in Ry x S" distributional sense if and
only if f satisfies the equation

fi= De At 4 Safi, forsomeh™ e E(J{Lz. (38)

Here h is unique modulo ESF%L and ”]:L+||L2/%L < |\ fllw, and if furthermore I — S 4 is invertible
on%y then

f=U—-8S)"'De” i (39)
with || flle S 1811 e

(1) If (38) holds, let v; := e IART + gAft. Then f = Dv and 0;,v+ (BD — "T_IN)U =0, and v; has L,

limit
tlii% v, —voll2 =0, (40)
where vg:=ht +h~ and h~ := — fooo e*S[\EO*%SfS ds € EJLZ, with estimates |h~ || S| fllw and
lvella S 1AT 2+ 11 fllow,  forallt > 0. (41)

Proof. The proof is an adaption, with some modifications, of [Part I, Theorem 9.2], to which we refer for
omitted details.

(i) Assume (17). We apply Lemma 11.1 to f. Letting ¢ — 0 and applying Theorem 11.3, we obtain for
f the equation

fi=fi+Saf
2¢ _

with the limit f, = lime_ e} fe e _S)AESr fs ds. From here, one can proceed as in [Part I, Theo-
rem 9.2] to represent f; as Doe "*ht for some ht € Ear €, or use a simpler argument (owing to the
boundedness of the boundary here): since Dy : EO+ 7 — EO+ € is surjective, there exists h; € Ear € such
that f, = Dgyh,. From there and f,0+, = ¢ 1A fto, we conclude as in [Part I] that the weak L;-limit

ht :=1lim,_, h, exists and that f, = Dye "*ht.
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To write Dge '“h™* as De~"Mit for some At e ES_LQ, we use Lemma 4.6. Indeed, there is an
isomorphism M : # — L,/ %L with Dy = D o M on D(Dy). It is easy to see that the restriction of M
to EF% maps onto Ef Lo/ EF%+. Now, on D(Dy), Dye ™A = e **Dy=e"*DoM = De~'A o M. By
density and boundedness, the left and right terms agree on %. Thus, At = Mht € Ear Lo/ Eg ¥+ satisfies
Doe " ht = De AT

We conclude that f; = De™’ Ajpt 4 EA fi, with estimates

A 1z, 5er = 10T Nl & | Doe™ *h* |y = | f = Saflly S If Nl (42)
The middle equivalence uses Theorem 10.1.

(i") Conversely, if f € ¥ satisfies (38) for some ht e Ear L,, then we apply Lemma 11.5 with
f0=f—De it = f — Doe " Mht,

with ht € E(;r % given by the isomorphism above. Since (3, + Do) Doe "“h* = 0, it follows that f
satisfies (17). For the estimate of || f ||y when I — Sy is invertible on %, use that the last estimate in (42)
in this case is ~.

(i) Lemma 11.5 and Theorem 11.4 show the ODE satisfied by v, existence of the limit vy and the estimates
of ||v;||» and ||ﬁ_||2. This completes the proof. O

Corollary 12.8. Assume that ||€||, < co. With the notation from Theorem 12.7, the following holds.

. . . . . _nl . _
(i) Any Y°-solution u to the divergence form equation has representation u, =r~ 2 (v;), withr =e™',

for some v as in Theorem 12.7, boundary trace in the sense lim,_. 1 |\u, —u1|2 = 0, and there are

/ ui(x)dx

(ii) The map taking M°-solutions u to boundary functions h™ = ESL vy € Ear L, is well-defined and

estimates

_n=1
lurlla S 772 [IVaullae + , re(0,1).

bounded in the sense that

Vit o < Vet + ‘/ w1 (x) dx
Sﬂ

(iii) If furthermore I — Sy is invertible on N, then this map is an isomorphism and its inverse E{f Ly>
ht — u € {Y°-solutions) is given by
uy =7 (L + 84 = Sp) "' Dye i) (43)
with estimates | Vyullao + | [g u1(x) dx| = [|i*]5.
Proof. (i) Let f be the conormal gradient of u and define 4% and v applying Theorem 12.7. As in the
proof of Proposition 3.5, it follows that
up =r""(v;), +c

for some ¢ € C", where r = e~ " € (0,1) and 0 = "T_l
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Recall that by (38), ht s uniquely defined in E +L2 modulo E +9+ and we now use this freedom
to choose it in E+L2 such that ¢ = 0. Indeed, by Lemma 7.5, EJF%L N=%' ={[c 0];ceC™} and
since A = oI on %+, we have

6712\([0 O]I) =€7UI[C O]t’ ce (Dm. (44)

(The superscript 7 of the brackets denotes transpose.) Replacing 2t by At —[c O], then f, remains
unchanged, et s replaced by e~ "Mt —e=o![¢ 0], and (vs), by (v;), —e~°’c. Thus we may assume
c=0.

As v; has an Ly (S"; C'+™) limit vy when r — 0, one can set u; := (vg), and u, converges in
L,(S™; C™) to u;. For the estimate on |ju, ||, it suffices to prove

ot
lur —mlly Sr= 7 | Veullae, 7 e€(0,1).

with m the mean value of ©; on S”. We may assume that m = 0 as by (44) this amounts to modifying ht
modulo N~ %' without changing the conormal gradient f of u. We have

lurllz <7 Mol S AR 2+ 1 f ).
By orthogonal projection onto N~ %=, it follows ||z ]|» ~ ||h+||L2/%L +1 [ (h),dx| since h™ € E+L2.

We can now conclude since ||h+||L2/%L < I fll and, since m =0,

) 1 — () D)) dx| SMh 2 S f Nl

(W), (x)dx| =

Sn
(i) The argument using (44) shows that gi\jen a Y’-solution u and its conormal gradient f, there
exists At € E;Lg such that u, = r~(e"*h™ + S4f,).. Moreover, h* = Egvo by construction
and the estimate ||fz+||2 < [ Vett|lae + | f on U1 (x) dx| follows from the above argument. To define
the map and prove its boundedness, it suffices to show uniqueness of such ht e E(;r L>. So assume
Uy =r""(e Mt 4S84 f) =r° (e_“\ﬁ;r+§Af,)l with f the conormal gradient of u and /T, fzf € EJLZ.
This implies that f; = De~"Mh* + Ss f, = De™"™h} 4 Sa f, so we know that i+ — i € Ef %" by
Theorem 12.7. As Ej 9%+ = N=9%", write A — h+ [c 0], with ¢ € C™. We have from (44) that
0=r—( "Mt - hf))L =c.

(iii) Given it € E L, define

fii=—- SO De ARt v = e MR 4 Safi, w=r"()..

By Theorem 10.3 and Lemma 11.5, v satisfies the equation o, U—l-B()v =0, and by Proposition 3.5, u extends
to a Y-solution and f is the conormal gradient of u. For the continuity estimate || Vit ||ayo + ‘ f g u1(x)dx ‘

< 1A ||, Theorem 12.7 implies || f[loy S 1A (12 and | fg. w1 (x) dx| < llurll2 S lvolla S AT 2 + 1 £ llay
< ||k 2. This map clearly inverts the map in (ii). This completes the proof. U

It is worth specifying the Corollary 12.8 in the case of radially independent coefficients.

Corollary 12.9. Assume A is radially independent. Then any Y°-solution is given by u = rt (e™! ;\fﬁ) n
for a unique h* € E+L2 with |t & || Veu || + {fs,, uy dx‘
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Conclusion. 1t is clear from (36) that provided I — Sy is invertible on ¥, the ansatz
Ef#—%:ht— fi=U—S) e 0t

maps onto all conormal gradients of &“-solutions to the divergence form equation with coefficients A.

Similarly, (43) implies that provided I — S4 is invertible on %, the ansatz

EXot— v it s up = r'T ((1 +SaI - SA)_lD)e_’;‘fer)L,

maps onto all Y?-solutions to the divergence form equation with coefficients A.

Thus we have a way of constructing solutions and our two main goals towards well-posedness results
are the following.

First understand when invertibility of / — S4 holds. This will be done in Section 16.

Secondly, introduce the boundary maps that connect the traces of solutions to the data for the BVPs
and invert them. This is the object of Section 17.

Before we do this, we continue with different a priori representations of solutions in the next section.
This will be useful to prove nontangential maximal estimates and obtain convergence of Fatou type at the
boundary.

13. Conjugate systems

The results in the preceding section allow to represent ¥°-solutions in terms of the conormal gradient
f. Actually, if one is interested in u itself, one can try to further describe the corresponding potential
vector v. Similarly, representation of Y°-solutions is embedded into a potential vector v but it could be
interesting to describe the properties of the conormal gradient f. Both are related by the rule Dv = f.
This leads us to the following notion.

Definition 13.1. A pair of conjugate systems to the divergence equation with coefficients A is a pair
(v, f) € LY (Ry: Lo(S"; V) x LY (Ry; La(S"; V) with
(1) v, € D(D) for almost every ¢ and floo ||th||%dt < 00,
(ii) v is an R™ x S"-distributional solution of (19),
(iii) f; = Dv, for almost every ¢t > 0,

(iv) f is a ¥-valued RT x S"-distributional solution of (17).

By Proposition 3.5 and its proof, a pair of conjugate systems is completely determined by v satisfying
(1) and (ii). That is, f defined by (ii1) automatically satisfies (iv). Moreover, the function

up=r~ V20N, r=e"€(0,1), (45)

extends to a weak solution of divy AVyu =0 in O'*" and f must be the conormal gradient of u. We say
that a weak solution u and a pair of conjugate systems (v, f) to the divergence form equation for which
(45) holds are associated.
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It is our goal to give a description of the pair (not only f or v) in each case. Recall that in integrating
Dv = f, v, is only determined by f; modulo % so there is a choice to make.

Theorem 13.2. Assume ||€||, < oo. Let u be an X°- or Y°-solution. Then u has an L,(S"; C™) trace u
at the boundary and there exists an associated pair of conjugate systems given by

{v,:e"[\vo—kuﬁ,, (46)

ft = e_tAfO+ Wy,
with the following properties.

(1) Ifu is an X°-solution, then u| € W21 (8™; C™), (vo, fo) € D(D)x¥ with Dvy= fo, |Vsuill2 S| foll2 <
| Veullgeo, lvollz S ||qu||%o+|/s,, uydx|, D; =w; €¥*, v, € C(RT; Ly) and ||v; —vollr+ | Ws ]2 =
O(t) fort > 0.

(i) If u is a Y°-solution, then u; € Ly(S"; C™), (vo, fo) € L* x WQ_I(S”; V) with Dvg = fo, |luill2 <
lvoll2+ 1l folly 1 S IVxttllyo + | [0 urdx|, Dy =w; €W, v; € C(RT; L) and ||v; — voll2+ ||y |12 =
OQ) fort > 0ando(1) fort — 0.

Besides &°- and %Y°-solutions to the divergence form equation, we shall in the following sections also
consider the following classical class of variational solutions.

Definition 13.3. By a variational solution to the divergence form equation, with coefficients A, we mean
a weak solution of divy AVu =0 in O'*" with || Veull» < 0.

It is illuminating to see how the representation for variational solutions lies in between the ones for &°-
and %Y?-solutions, independently of solvability issues which are well-known for variational solutions. We
state this result without proof as it is not used in this paper. Note that, as compared to Theorem 13.2, the
Carleson condition ||€]|, < oo is not needed in the following result.

Proposition 13.4. Let u be a variational solution to the divergence form equation with coefficients A.
Then u has an L,(S"; C™) trace uy at the boundary and there exists an associated pair of conjugate
systems given by (46) with the following properties:

uy € Wy'2(8": €, (vo, fo) € DUDIY?)x Wy (8™ V) with Dvo= fo, [volla S I Veeulla+| fgu w1 dx],
lutllyire S M folly2 S I Vxulla, Dy = wy € La(R™; La), v, € C(R™; La) and |lv; — voll2 + [y l2 =
0(t1/2)f0rt > 0.

Here W21 s equipped with homogeneous norm and Wz_ Y2 is its dual.

Proof of Theorem 13.2. (i) From Theorem 12.3, we have

fi=e M hT+Safi=e " fotw, w i=Safi—e " h.

with fo=h"+h" €%, || fol2 S | Veulge and h~ = — [[° e Y E; D%, f; ds.
We define vo, 7T, A~ and v as follows: At is the unique element in 1??4(;FL2/Z?J(J)”27€L such that DAt =
ht (= Do(Dy ' h*)), h™ = — [ e ME €, fyds, vo=h* +h~ and

—tAT T —tA ~ ~ S —tAT—
voi=e M Sufi=e Mg+, W i=Safi—e MhT.
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Clearly, hte D(D). Next, Ah™ € L, because € f € Y*, so h~ e D(D) = D([\) and Dhi— =h~. So
Vo € D(D) and DU() = fo.

*’Avo — vg||2 follows from vy € D(D).

The estimate on ||e
Next, Dw; = w; by construction and w; € Y* from the proof of Lemma 11.5. (In fact, w;, is nothing
but Z 4 f; defined in that proof.)

The estimate on ||w; ||, follows from
t - 00 - - -t -
W, = / e TINEFE, fods — / (eI — e UTIMEE, frds +e7' / e *MEy €, fids,
0 t 0

using € f € Y*, the uniform boundedness of the semigroup and its decay at infinity. Details are left to the
reader.

Eventually, as in Corollary 12.8, one can adjust ht by adding an element in N~ such that x and v
satisfy (45). In particular, # has an L, trace. It also follows that f is the conormal gradient of u# with a
limit fo when # — 0 by (35). So u; € W, (8"; C™) with || Vsuill2 < | foll2.

(i1) By Corollary 12.8, we have description of

ne ~ iR - ~ ~ —tAT—
v=e Mt +Safi=e v+, W =Safi—e MhT,

t

with vy = h* +h~ such that u and v satisfy (45) and of trace and growth estimates for ||e™ [\vo —voll2 +

|[w;]l2. It remains to consider the representation of f. We have by Theorem 12.7,
fi=De "Mt £ 84 = De vyt w,,  w, = Saf, — De” "M~ = D,
Define fo := Duy in distribution sense, so that fo € W5 (5" ¥) and | follyi;1 S llvoll2. We obtain

fi= e_tAfO + wy

and here, the action of e " is extended to Wz_ Lasm by extending the intertwining formula De~"" =

e AD. O

14. Non-tangential maximal estimates

Theorem 14.1. Assume ||€|cnL,, < 00. Then any Y°-solution to the divergence form equation with
coefficients A satisfies

2
2 Y 2 2
il S IR S [ VP = b+ | [ e dx
Ql+n n
When n = 1, the conjugate u of a ¥°-solution u also satisfies the estimates
2

il SIN@IES [ Vel —|x|>dx+‘/ i1 (x) dx
Ql+n sn

The proof follows the strategy of [Part I] with a slight modification in view of preparing the proof of
almost everywhere nontangential convergence.
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Proof. The estimate ||ﬁ;’ (w)|l2 Z lluy |2 follows from Lemma 9.3 and Corollary 12.8(i). For the upper
bound, we proceed as follows. From the representation u, = r~°(v;), with v, = e"[\vo + w; in
Theorem 13.2, it is enough to bound ||ﬁ*((e_”~‘vo)L)||2 and ||ﬁ*(uh)||2. Theorem 10.3, and Lemma 14.2
below, show that

INS@) 2 S llvolla + 1 Flley SUAT 2+ 1A N2+ 1 flly S A I 9 + V hrdx|+ 1 f o,
Sn

and 5% 1,56t S 1 f Nl
Corollary 12.8.
When n = 1, replacing A by the conjugate coefficients A defined in Section 5 in the above argument,

Johtdx| = | [euuy — h7)dx| < | [0 urdx| + || fllw, as in the proof of

and using |V, ii| & |V,u|, proves the estimates for ||ﬁ;’(ﬁ)||2. [l
Lemma 14.2. Assume ||€|cnr,, < 0o. Then we have, for each p < 2,
N2 D)2 + I N2 (B 12 S 1€lcnra £ lla.

Here N is defined similarly to N, replacing Ly averages by L, averages. When n =1, we also have

1N 2 S 1€l ezl flla.

Furthermore, these estimates hold with W replaced by the truncation ;.. w, and | f ||02y replaced by
00 2 .
Jo~ W f I3 min(z, T) dt, for any T < 1.

Proof. The proof will follow closely the strategy of [Part I, Lemma 10.2] on [Rf". We remark that
NP < N, pointwise. Thus we will work with N,, and indicate when we need to consider N? or the
normal component. Recall that N, estimates the truncation of the function to ¢ < 1.

(i) From i, = S4 fi— ¢~"M = and the definition of h,
t -~ o o0 -~ o - o0 -~ o
W, = f e UINERE, fds — / e CTINESE frds +e N f e ME €, fyds
0 t 0
t N - o0 N _ . -
= f eI —e BN E €, fids — f e SN —e M ME € frds e f e N, fods
0 t 0

=L —-0L+ I

Note that Eg + E(; = [ (also in dimension n = 1) is used in getting /3. For the first two terms, we use
Schur estimates as follows. Since [|e” 94 (1 —e=2M)|| < s/t, we have, as in [Part I, Lemma 10.2],
2

- 1 t 3 dt
||N*(11)||%§f0 </0 st lllfsllzdS) 75||x,<1f||%y.

Similarly, since ||e*(3*t)[\ - e*ZtA)ll <t/s, we have

- 5 1 00 X th 1 00 5 o0 s dt
||N*<12>||25/ (/ s~ ||fs||2ds) —5/ (f /s ds) (/ tllfsllzdS)—
0 ' t 0 ' ' t
00 min(s, 1) dt
5/ (/ t—)llfslléclS=||f|I%-
0 0 4
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Note that the estimates so far hold for all w, not only for its normal component. By inspection, the
stated estimates of the truncated maximal function hold for these terms.
(i1) It remains to consider I3 =e™! A f(; e—shg s fs ds. To make use of off-diagonal estimates in Lemma 6.2,
we need to replace e " by the resolvents (1 + it D). To this end, define Vi(2) = e Rl — Q1 +ir)™!
and split the integral

- t - - o] - o] - -
e A / e M€, fy ds = ¥ (Do) f e e fods — / Vi (Do)e Y€, fy ds
0 0 t
t 5 o t
+f (I +itDy)" (e A — D&, f, ds+(l+itD0)_1/ €5 [y ds.
0 0

For the first term, square function estimates show that 1/f,(l~)0) : Ly, — ¥* C ¥ is continuous, and
Theorem 11.4 shows || fooo e“‘[\%sfs dslla S I flly (or S | flly, when n =1, but || flly, S || flloy for
conormal gradients of solutions by Proposition 9.7). For the second and third terms, we proceed as above
for I; and I by Schur estimates using ||, (Do)e ™| <t /s, and |(I +it Do)~ (e — )| < s/t

(iii) It remains to estimate (I + z't5())_1 fot €, fs ds, and this is where we use ||€||¢. Consider first ﬁf
Fix a Whitney box Wy = W (19, x¢). We proceed by a duality argument in the spirit of Corollary 6.3, and
bound ||(1 + itDy)~! fo[ €5 fsdsllL,(w,) by testing against h € L,(Wo; V), 1/p+1/qg = 1. As in step
(iii) of the proof of [Part I, Lemma 10.2], this leads to a pointwise estimate implying

t
‘Nf ((I—i—ith)lf & fs ds>
0

Since the proof here is essentially the same as there, but replacing R" by S”, using area and maximal

Slélcl flla.
2

functions on §" instead, we omit the details. The main ingredients are the L, off-diagonal estimates for
I+ rﬁg)*l from Lemma 6.2(i) and the tent space estimate [Coifman et al. 1985, Theorem 1(a)] of
Coifman, Meyer and Stein.

To estimate ﬁ*((l +i t50)_] fot €sfsds).), we proceed by duality as above. We now instead test
against h € Ly(Wy; V) with hy =0 and use the L, — L, off-diagonal estimates for (I +i tﬁg‘)_l from

Lemma 6.2(ii) to obtain
t
'N* (((1 vithy ! [, ds> )
0 1

It remains to see that, when n = 1, the N, estimate also applies to the tangential part w,. Consider

S €l flly.
2

the transformed conjugate coefficients B =A and By = A, from the proof of Proposition 5.4, and let
E = Eo — B. Then f := J' f solves (3; + DE)f = 0, which yields the estimate of ||ﬁ*(w”)||2 since
(§Af)” = (J’§Af)L = (ng)r This completes the proof. O

Remark 14.3. The proof also shows a priori estimates for the operators S4 when f is not supposed to
be a conormal gradient of a solution. Assume [|€é||cnr,, < oo. If n > 2, then we have for each p < 2,

INPSa )l + IN(SaH) D2 SMI€Nere I flly,  f €Y.
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When n = 1, we have for each § > 0,

INSa 52 S NElcnrglfllay.  f € Ys.

15. Almost everywhere nontangential convergence

Since solutions are not defined in a pointwise sense, the classical notion of nontangential convergence at
a boundary point x is replaced here by

1im|W"(rx)|_1/ h(y)dy exists,
r—1 We (rx)

which we call convergence of Whitney averages at x because the region W°(rx) is a Whitney ball. Note
that since the Whitney balls at x cover a truncated cone with vertex x, it really amounts to a nontangential
convergence. Besides, a slight modification of the proofs below yields limits of averages on Whitney
regions W°(z) for z in a fixed cone with vertex at xg, as |z| — 1. The exact choice of the Whitney balls
does not matter.

Definition 15.1. Let 4 be a function in O'*” with range in the bundle V" in the sense that i (rx) € V', for
allr >0and x € $". Let xg € S” and 1 < p < co. We say that the Whitney averages of h converge at x
in L, sense to ¢ € V', if for any/some section ¢y, € C*(S8"; V') with ¢y, (x9) = c,

. —1

lim |W* (rxo)| / |h(y) — cx,(MIPdy = 0.
r— 1 W() (rxo)

Here W°(x) denotes a Whitney ball in ©!*” centered at x. We say that the Whitney averages of h converge

in L, sense almost everywhere to hy with respect to surface measure if this happens with ¢ = ho(xo) for

almost every point xo € S”. For functions with values in a trivial bundle, the sections c,, are just constant

functions.

Note that the limit does not depend on the choice of the section cy,, so this explains the “any/some”
and it suffices to prove the existence of the limit for one chosen section. Clearly this notion entails
convergence of Whitney averages.

Theorem 15.2. Let A be coefficients with ||€||cnr,, < 00. Let u be a Y°-solution to the divergence
form equation with coefficients A and let u; be the boundary trace of u given by Corollary 12.8. Then
Whitney averages of u converge in L, sense almost everywhere to uy. In particular, Whitney averages of
u converge almost everywhere to u.

The result also holds for the [R{f” setup of [Part I], with almost identical proof.
Proof. As in the proof of Theorem 13.2, we can write
u(x) = e (e~ Mg + 1)), (x),

where x = e 'x,0 = %, vo € Ly with |Jvgll2 < [ Vett|laye + ‘fsn uldx} and u; = (vg),.
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Let p < 2 as in the third inequality of Corollary 6.3. Let xo be a point on S”, and let B(xo, t) be the
surface ball centered at xo with radius ¢. Adapting the usual Lebesgue point argument for p =1, it is
seen that for almost all points xg

lir%IB(XO, t)II/ [uo(x) — vy, (X)|Pdx =0
— B

(x0,7)
for any section vy, € C*°(S"; V') with vy, (x0) = vo(xo) and one can further assume Dv,, = 0, which in
particular implies that its normal component is the constant scalar function (vg(xg)). = u(xg). The key
point is the identity

() — 1 (x0) = (€% e (vg — 1)) () + €7 (y), (x), (47)

which follows since Dyvy, = —0 Nv,,, and hence Av,, = ovy, and e"’e"Ava = Uy,

From Theorem 14.1, ||]V*(Xt<rzbl)||2 — 0 as T — 0. Thus we can assume that the Whitney averages
of w, converge to 0 in L; sense at x¢. It remains to show, with Ay, := vo — vy,
lim |W(t0,x0)|_1/ |(e‘”e_“~\hx0)l(x)|2dt dx =0.
to—0 W (10, x0)
As in [Stein 1970, Chapter VII, Theorem 4], the rest of the argument consists in using the maximal
estimates in Theorem 10.3 with some adaptation. As we do not have pointwise bounds on the operators

that substitute the Poisson kernel we also have to handle more technicalities. Let 0 < cofg < T with
to, T < 1 to be chosen and ¢, 1to <t < coty. In the L, average, write

(e ). = (1 +ito)(I +itDo) ' hyy). + (7 e M hyy — (1 +ito) (I +it D) hyy)..
For the first term, we use (26). Fixing ¢ and taking only the L, average in x, this gives us a bound

Y o (|B<xo, 2fr)|1/
B

jz2

1/p
_ |th(x)|pdx> .
(x0,271)

This is controlled by
MY (hy) (x0) + (to/T)MP (hyy) (x0),

where M is the Hardy—Littlewood maximal operator over surface balls on ", M? (h) := M (|h|?)'/?, and
the subscript T means that we restrict the maximal operator to balls having radii less than 7. This control
is obtained by truncating the sum at 2/ & /¢ and using that ¢ ~ ty. The average in # now yields the same
bound.

For the second term, we note that (e‘”e_’]\ —(1+ito)(I + itﬁo)_l)vx0 = 0. Thus we may replace
hy, by vo in this term, and write it

("W (tDo)vo), + (€' — (1 +iot) ™) (I +it Do)~ vp)..

with ¥ (1) := e~ — (1 4+ix)~!. The first term has estimates

~ ~ T ~ dt
||N*<x,<fw(tDo>vo)||%5/0 I (t Do)vo I3 —=0, -0,
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by Lemma 9.3 and square function estimates. Therefore we can assume that Whitney averages of
(e?"r (t Do)vg), converge to 0 in L sense at xo. By Theorem 10.3, the second is controlled by

T M (v9) (x0).
Thus it remains to show convergence to zero of
MY (hyy)(x0) + (to/T)MP (hy,) (x0) + TMP (v0) (x0).

Since MP (vg) € L(S™) as p <2, we can further assume for x¢ that M? (vy) (xg) < co. For such fixed xg it
follows that M? (hy,)(x0) < M7 (vo)(x0)+MP (vy,)(x0) < o00. We now make Mt (hxy) (x0) +TMP (v9)(x0)
small by choosing T small. Then choose #y < 7 to make (to/7)M? (hy,)(xo) small. All the constraints on
Xxo are met almost everywhere and this completes the proof. O

Remark 15.3. The proof of almost everywhere convergence for averages applies to v (with N?, p <2,
if n > 2). The starting point is

€% 0, (X) — Vg (1) = €7 e M Wy — ) (x) + €711 (x)

replacing (47) and the rest of the proof is as above. The only needed modification of the argument is that
we now use (25) instead of (26). We obtain almost everywhere convergence of Whitney averages of e”’v
in L, sense to vy for p < 2. Of course, the term e’ can easily be removed in the end. This factor was
needed in order to have e®’¢=°A = on N(D).

Corollary 15.4. Assume that A satisfies ||€|cnr,, < oo and is such that all weak solutions u to the
divergence form equation with coefficients A, for some fixed constant ¢ > 1, satisfy the local boundedness

property
1/2
sup [14(x)| SC<ICBI_1/ |u<y)|2dy> ,
cB

xeB
with a constant C independent of u and of closed balls B with cB C O'*". Then any ¥°-solution to the
divergence form equation with coefficients A converges nontangentially almost everywhere to its boundary

trace.

The local boundedness property is a classical consequence of local Holder regularity for weak solutions.
For real equations (m = 1), the latter follows from [Moser 1961; De Giorgi 1957]. For small complex L,
perturbations of real equations, this is from [Auscher 1996]. For two dimensional systems (n = 1), local
regularity follows immediately from reverse Holder inequalities described in Theorem 9.8 and Sobolev
embeddings. For any dimension and system (m > 1, n > 1), with continuous in O or vmo coefficients,
this is explicitly done in [Auscher and Qafsaoui 2000].

Proof. Applying the local boundedness property to u — u;(xp) on Whitney balls yields the desired
convergence for almost every x¢ from Theorem 15.2. (I

We know describe new almost everywhere convergence results for ¥°-solutions.
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Theorem 15.5. Let A be coefficients with ||€||cnL,, < 0o. Let g be an X°-solution with potential u to the
divergence form equation with coefficients A. Then for any p < 2, Whitney averages of g, = d;u, and of
(Ag); = (AVyu),, converge in L, sense almost everywhere to (g1), and (A1g1), respectively, where g
is the boundary trace of g given by Theorem 12.4.

Furthermore, if we have pointwise ellipticity conditions on A, then the Whitney averages of Vyu and
0y, u converge in L, sense almost everywhere to g\ and (A1), respectively.

Finally, in all cases, Whitney averages of the potential u converge almost everywhere in L, sense to u;.

Recall that pointwise ellipticity holds when m =1 (equations) or n = 1 (two dimensional systems).

If A is continuous in @!1”, then pointwise accretivity can be deduced from the strict accretivity in the
sense of (2), for any m, n. See [Friedman 1976], for example. We do not know if this convergence of
Vxu and 9,,,u holds when m > 2 and n > 2 in general.

Proof. We begin with the convergence for u. It is a straightforward consequence of the growth ||v; —vgll2 =
O(¢) for t > 0 in Theorem 13.2 and u(x) — u1(x) = (¢ ?"v, — vg), (x). Let us turn to the gradient.

By Theorem 13.2 we have f; = e~ fo + w, for some fy € % and w € Y*. From the correspondence
between g and f in Proposition 3.3, it follows that, modulo a rescaling, (g),7 + (Ag), equals Bf. Thus
we need to prove convergence of Whitney averages of

B, f; = e "M (By fo) + (Boe ™™ — e"A By) fo — €re ™ fo + Biw,.

It is clear that any Y* element has Whitney averages converging almost everywhere to 0 in L, sense.
This applies to the last three terms. Indeed, we have ||w|y+ < 0o, and hence ||Bw|a+ < co0. Also
€67 follays < 11€]lslle™ folle < oo. Furthermore, using Bo(I +itDBy)~! = (I +itByD)~' By, we
write

(Boe—tl\ _ e_t[\BO)fO
= Bo(e 1PN — (I +it(DBy+0N))™") fo+ Bo(( +it(DBy+0N))™' — (I +itDBo)™") fo
+ (I +itByD)™" — (I +it(BoD — o N))"")Bo fo+ (I +it(ByD — o N)) ™' — e "1BoP=oNN\ By fi)

Square-function (that is, Y*) estimates hold for the first and fourth terms, whereas the second and third
terms have L, norms bounded by Ct. Hence x;-;(Boe™"* — e~tA By) € ¥*.

For the term ™! [‘(Bo fo) we proceed as in the proof of Theorem 15.2, modified as in Remark 15.3.

To complete the proof, we now assume that A is pointwise elliptic. Up to rescaling, we have to prove
convergence of Whitney averages of the conormal gradient f of u. To see this, write f = By LBy f)
using that By is now invertible in L (S"; £(7')), seen as radial coefficients on O'*". Now the same
argument as above replacing B; by By shows that the Whitney averages of By f converge in L, sense to
By fo almost everywhere for any p < 2. We claim that the notion of convergence in L ,-sense of Whitney
averages is stable when p < 2 under multiplication by bounded radially independent coefficients. Assume
that /2 has such a convergence property and let M € L (S"; £(7')). Select smooth sections &, and My,
with Ay, (xo) = h(xo) and My, (xo) = M (xp). Then take the L, (W (1o, xo) average of

M()h(y) — My (V) ho (y) = (M(y) = My (y)DA(Y) + My, (¥) (h(y) — o ()
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with y =e™"y € W(t, xo). For the second term, one uses the assumption on 4 and that M, is bounded.
For the first term, use Holder inequality with exponents 1/p =1/r +1/q and p < r < 2. The exponent g
falls on M (y) — M,,(y) and Lebesgue convergence theorem applies (this is a further almost everywhere
constraint on xp). The exponent r falls on 4 which has uniform control by assumption. O

16. Fredholm theory for (I — S N

We saw in Section 12 that the invertibility of / — S4 on & (resp. %) allows to represent X° (resp. Y°)
solutions through Cauchy type extensions

f=U-S) e ES fo

(resp. f = — SA)_IDe_t;‘ Ea“vo)). Working in the space X or %, it is clear from Theorem 11.3 that

I — S, is invertible provided ||€||. is small enough. In this section, we use Fredholm operator theory to

relax this condition and show that it suffices to assume this smallness only near the boundary ¢t = 0. Our
n—1

discussion in this section is limited to the specific but relevant case where o = *5-.

Theorem 16.1. Assume that ||€]|. < 00, so that S, is bounded on ¥ and %Y. There exists € > 0 such that
if € satisfies the small Carleson condition

hm ||Xt<r%g”* <E€, (48)
7—0

then I — S, is invertible on ¥ and V.

We remark that (48) is equivalent to the small Carleson condition (10). The proof of Theorem 16.1
requires the following lemmas.

Lemma 16.2. Assume ||€||x < 0o. Then I — Sy is injective on X.

Proof. Assume that f € & satisfies f = S4 f. Lemma 11.5 shows that f has trace h~ € E; #. As
X C Ly(Ry; L) and f is valued in #, we have f € Ly(Ry; #). Extend f to fle L)(R; %), letting

£l It t >0,
P et h—, <.

To verify that f! satisfies 3, f' + (DB' +oN) f! =0in R x S" distributional sense, where B,1 := B, for
t>0and B} = By for t <0, consider a test function ¢ € C§°(Rx §"; CUT™) and let & (1) := 1 —n°(|t| /€),
where 7° is the function from Lemma 11.1. Then

/((—at+(B‘)*D+oN>¢,f‘)dt
R
— [ (€04 BY D+ aN) (1 =€06). )+ (=8 + (B D+oN) ). ) dr

2e —€
=0+/ E((—=3+(BY'D+oN)p, fdt+e ' | (¢, fHdr —61/ (¢r, £ dt
R 2e

€ —

— 04 (o, ™) = (do. k") =0,
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with ¢ (x) := ¢ (0, x), using that the equation holds both in Ry and R_. Hence 3 f'+(DB'+oN) 1 =0

in all R x §". Since o = “>1, extending Proposition 3.3 from O'*" to all R'*" (see Remark 3.6), we see

that f! corresponds to a function g! € L, (R'"*"; CU+M™) solving div,(A'g!) =0, curl, g! =0 in all
R!t" with Al corresponding to Bl. To verify that this forces gl, and therefore f Iand f, to vanish, note
that for any fixed R > 0 we can find u such that g' = V,u, where f|x\<2R lul>dx < R? f‘x|<2R |g'|? dx by
Poincaré’s inequality and the implicit constant is independent of R. Take a test function n € C;°(]x| <2R)
with n =1 on |x| < R with |[V,n| < R™!, and use that div,(A'g!) = 0 in the distributional sense to get

/ 1" dx gRe/(Algl, Veu)ndx = —Ref(Algl, Venudx
|[x|<R

1/2 1/2 1/2
5(/ |g1|2dx) (/ |g1|2dx) 5(/ |g1|2dx> 15"l
R<|x|<2R |x|<2R R<|x|<2R

Letting R — oo this shows that g! = 0, which proves the lemma. ]

Lemma 16.3. Assume ||€||x < 0o and fix t > 0. Then there are lower bounds

I f Laz.o0i9) SN = Sa) fllLy(z/2.00:9) 5
where the implicit constant depends on t, for all f € Ly(Ry; ) such that f;, =0 fort < t.

Proof. By Lemma 11.5, f and f°:= (I — Sy) f satisfy (3, + DBy+0oN) f* = (3, + DB+0oN) f. Asin
Proposition 3.3 combined with Proposition 2.1, this can be translated to

divy (A18%) = divy (Ag),
curl, g% = curl, g,

in O'*" distributional sense, where g° =r="+D/2((By £2) 71+ (f2)) and g, = r =" FtV2((Bf,) i+ (f)1).
Write @l” = {|x| < e 7}, so that @?” C @ijzn . In particular, the last equation implies that there is a
potential u : @iﬁ” — C™ such that

¢—¢"=Veu in @lj’zn,

and we may choose u so that ||u||L2(@i/+2,,) Slg-— g0||L2(®i/+2n). Fix n € C80(®1+n) such that Nlgi+n =1

and suppn C @iﬁ” Using the first equation and supp g C @i*" gives

Re / (Ag. g — g% dx = Re / (Ag, Vi (n)) dx = Re / (Ag", Vs Gru)) dx
— Re / (A18%. n(s — %)+ (V) dx < 180 o s — 8% ot
@ij,zn ~ L2(®1/2) L2(®z/2)

Note that (g,), = r~"TD/2(f,), € R(Vs), so that g, € #;. The accretivity (14) of A,, for each fixed
r € (0, 1), and integration for 0 < r < e~" imply that
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2 0 0
1812 g1, S Re f@ (Ag.g)dx <Re /@ (Agg— g dx + gl o 80 o
0 02

S ”g”Lz(U)ﬁ") ”g ”Lz(@i;rzﬂ) + ”g ”LZ(G’ﬁzn)’
and hence that ||g||L2(®%+n) < ”gO”L2(®i72n). By the isomorphism (18), this translates to || f || L, (r.co:5) S
I f 0|| La(z/2,00;3¢) and proves the lemma. |
Lemma 16.4. Assume ||€]|x < 0o. Let n: Ry — R be a Lipschitz function, that is |n(t) —n(s)| < C|t —s|
forallt,s > 0. Then the commutator

[, Sal=nSa— San

is a compact operator on Ly(Ry, dt; L»).

Proof. Write S4 = Su— 084 as in Theorem 11.3. Since S4 = A~1Sy, except that E\(;—L are replaced by
ESE, it is enough to show compactness of [, §A]. It suffices to verify that

t
F(A): fi > f (1) —n(s)Ae I £ ds, (49)
0

is a compact operator on Lo (R, dt; ¥). (The proof below only depends on the fact that A has compact
resolvents.) Indeed, by duality this implies that also f; — ftoo (1) —n(s))Ae DA £ ds is compact,
upon changing A to A*. Since E\gc% are bounded Ly(R4; Ly) — Ly(Ry; #) and commute with 1, we
conclude that [n, §A] is compact.

Consider the symbol

t
FQ\): fi> / (1) —n(s)re I £ ds.
0

To estimate the norm of this integral operator, acting in Ly (R, ; C) for fixed A € S ., , we apply Schur

estimates as in [Part I, Lemma 6.6]. We need to estimate

sup / |(n(t) — n(s)re” "% ds + sup / |(n(t) — n(s)re” "4 dr.
0 K

t>0 s>0

Using Lipschitz regularity, the first integral has estimate

t 281
/ (t —s)hje Mg = Al_l / xe *dx <A
0 0

where A; :=ReA ~ |A| for A € S, , and a similar estimate for the second integral gives the bound

IF Iy, :0)— La®, ) S AT
It is also clear that F'(X) defines a compact operator on Ly (R4 ; C) (for example truncate the kernel and
show from the Schur estimates that F'()) is a uniform limit of Hilbert—Schmidt operators).
Consider now the Dunford integral

1
F(A):—./ FOA—A)"'dr, w<6<v.
Tl aS{),G+
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From the compactness of F'(1) : Ly(R4; C) = Lo(Ry; C), and of (A — A7V —% by Proposition 4.3,
we deduce the compactness of F(A)(A—A)~': Ly(Ry; %) — La(R,; %) (for example by approximating
(A — A)~! uniformly by finite rank operators). Since ||F(A)(A — A)~'|| < A2, the Dunford integral
converges in norm, at least when o > 0, and we conclude that F'(A) is a compact operator on Lo (R4 ; )
(for example, approximate with Riemann sums, using norm continuity of A — F(X)(A — A)~H. In
dimension n = 1, i.e., 0 = 0, note that A = 0 does not belong to the spectrum of Dy on #. Hence it is not
needed to integrate through A = 0 in the Dunford integral, in which case the Dunford integral converges
in norm also here. This proves the lemma. O

Lemma 16.5. Assume ||€]|. < 00. Let 0 < a < b < 00 and write X0 := X(0,a) and Xoo := X(b,00) fOT the
characteristic functions of these intervals. Then

X0SAXoo : X =X and  xooSaxo: ¥ —> Y
are compact operators.

Proof. As in the proof of Lemma 16.4, we may replace S4 by Sy as straightforward modifications of the
proof below give the result for Sa.

(i) We claim that the integral operator

FQW f = f ’ re U=9* £ ds

0
is a Hilbert—Schmidt (hence compact) operator F(A) : L2(0, a; sds) — Lo(b, 0o; dt). Indeed, a straight-
forward calculation shows that

oo a
/ / Le V9% 25 ds dr < 4™ 2b~D%,
b Jo -
As in the proof of Lemma 16.4, it follows by operational calculus that

a
L>(0, a; sds; %) — Lo(b, 00; %) : f; — / Ae =90 £ods
0

is compact. Since E\o_% is bounded on L, (0, a; sds; #), this proves that Xm§A X0 : Y — Y is compact.

(i1) To prove that X0§A Xoo - £ — & is compact, it suffices to show that
o0
Ly(b,00; %) — X : f; > Xo(t)/ Ae 6N £ dg (50)
b
is compact, since Ea € is bounded on L (b, 0o; ¥). To prove this, we write, for t < a,
o0
/ Ae—(S—l‘)Afs ds
b o0 o0
= / Ae ST £ ds + / (I —e 2MYAe DA £ gy
b b

s o] s I — e—ZZA
— ¢ NN / Ae 6~ )Afs ds + (\/;e(“t)A—
b

o0
—8§A 3/2 —(s—a—¥8)A
e A'"e fsds
VIN ) /b ’
=1L+ 1,
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where § > 0 is small enough. The Cauchy—Schwarz inequality shows that the integral expressions in
both /; and I, define bounded operators L, (b, oo; 9€) — ¥, whereas e %4 = Dy’ Y(Dye=81P0ly is compact
on ¥ by Proposition 4.3. For I}, the factor e A % — % is bounded by Theorem 10.1. Since Y* C ¥,
boundedness of the first factor in I, follows from boundedness of +/fe~ @94 for ¢ € (0, a), and square

function estimates for A since (1) = (1 —e™?")/ Ve W (Sy,). This completes the proof. [l

Proof of Theorem 16.1. (i) Consider first invertibility in the space ¥. By Theorem 11.3, we have
ISalle—a < |I€]l«, for any perturbation of coefficients €. Thus, for any 7 > 0

Saflle = Clixi<cell«ll flle.  whenever f; =0forzt >z,

with C independent of t. This follows upon writing € f = (x;<:€)f. Under the hypothesis, we can
choose t > 0 such that C|| x;<: €|« < 1/2. We obtain

1= Sa) flle = I f e = 511f e = 51 fllze, whenever f; =0 for 7 > z.

Next consider an arbitrary f € &. Pick no € C*(R4) such suppno C [0, 7] and 5o = 1 for 7 < 7/2.
Write 51 := 1 —no. Then [|(I —Sa)(no f)llz > 3|70 f |12, and Lemma 16.3 shows that || (1 — S4) (1 f) [l
71 f . This gives

I fllse < Nmo fllee + limi flle S WA = Sa) o Hllee + 1L = Sa) (i )l
< llnol — Sa) flle + llno, Salflle 4+ lm (I — Sa) fllee + 101, Salfllx
S = Sa) flle + o, Salfllx.

To show that [ng, Sa] : & — & is compact, we write

[0, Sal = xolno, Sal+ (1 — xo)[no, Sal = x0Sa(1 —no) + (1 — x0)[no, Sal,

where xo := x(0,:/4)- Hence, compactness of the first term is granted from Lemma 16.5. Next, as the &
and L, norms are the same away from the boundary, Lemma 16.4 implies that the second term is compact
from & — &. This shows that I — S4 : & — & is a semi-Fredholm operator.

To see that it is a Fredholm operator with index 0, note that the lower estimate on / — S4 above goes
through with € replaced by a€, « € [0, 1]. Apply the method of continuity. Since I — Sy is injective on
% by Lemma 16.2, it follows that it is invertible.

(ii) Consider now invertibility in the space . That I — S4 : ¥ — % is a Fredholm operator with index 0
follows as in (i), provided we show that [ng, Sa] : ¥ — Y is compact. Here we write

[10, Sal=[no, Salxo+[no, Sal(1 — xo0) = (Mo — 1)Saxo+ [n0, Sal(1 — xo0),

and Lemmas 16.5 and 16.4 are applied in the same way.

To verify bijectivity, we note that & C %Y is a dense continuous inclusion, where I — S, : € — & is an
isomorphism. This implies that / — S4 : Y — Y has dense range, hence is an isomorphism since its index
is 0. ]
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17. Solvability of BVPs
Characterization of well-posedness. For A such that I — S, is invertible, we introduce boundary maps

and characterize well-posedness in terms of their invertibility.

Definition 17.1. For coefficients A such that [|€||, < oo and I — S4 : £ — & is invertible, define the
perturbed Hardy projection

Efh:=Efh—E, / e*MDE fyds, heLy(S;V),
0

where f 1= (1 —Sy) " le™ A Earh. Write £, :=1— E:{. Here, Egt denote the Hardy projections associated
to the corresponding radially independent coefficients Aj.

Proposition 17.2. The operators EZE 2 Lo(S™; V) — Lo(S™; V) are bounded projections and the range
E:{% C ¥ consists of all traces fy of conormal gradients f of X°-solutions to the divergence form

equation with coefficients A in Q'+,

Proof. That Eff are bounded follows from their construction. The projection property (Eff)2 = E;Jf
follows from Ear E, = 0. Next, the statement about the range follows from Theorem 12.3. ]

Definition 17.3. For coefficients A such that ||€]ls < oo and I — S4 : Y — Y is invertible, define the
perturbed Hardy projection

o0 X ~
Efh:=Efh—E; / e e fyds, heLy(S";V),
0
where f := (I — SA)*IDe*’[\EO*fz. Write EX =1 - Ej. Here, ESE denote the Hardy projections

associated to the corresponding radially independent coefficients A;.

Proposition 17.4. The operators I:fj‘t 2 Lo (8™ V) — Lo(S8™; V') are bounded projections and {(EszJr) s
hte E(J)r Lo} consists of all traces of Y°-solutions to the divergence form equation with coefficients A in
o'+

Proof. That Ej‘ are bounded follows from their construction. The projection property (Ef)2 = Eiﬁ
follows from Ear Eo_ = (. Next, the statement about the trace space follows from Corollary 12.8(ii). [

We remark that, unlike the case of r-independent coefficients, the complementary projections E, and

~

E’, are in general not related to solutions of a divergence form equation in the complementary domain
RH—n \ @H—n‘

Proposition 17.5. For coefficients A such that I — Sy is invertible on ¥ for (i) and (ii), or I — Sy4 is
invertible on %Y for (iii), the following hold.

(1) The Neumann problem (with coefficients A) is well-posed in the sense of Definition 1.2 if and only if
Ef9— %, :h" — (EfhY), (51)

is an isomorphism.
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(i1) The regularity problem (with coefficients A) is well-posed in the sense of Definition 1.2 if and only if
Ef9— %, :h"t— (EfhT), (52)

is an isomorphism.

(iii) The Dirichlet problem (with coefficients A) is well-posed in the sense of Definition 1.2 if and only if
EfLy(S"; ) — La(S"; €™t ht > (ERT), (53)
is an isomorphism.

Proof. (i) The ansatz (36) in Theorem 12.3 gives is a one-to-one correspondence between h™t € EaL € and
conormal gradients f = (I — S4)~'e "*h* of ¥°-solutions to the divergence form equation. Moreover,
fo=E}h™ by Proposition 17.2. Under this correspondence, invertibility of h™ > (ETh™), translates
to well-posedness of the Neumann problem. The proof of (ii) is similar.

(iii) The ansatz (43) from Corollary 12.8(iii) gives a one-to-one correspondence between ht e E{)’r Ly
and Y°-solutions u to the divergence form equation. Moreover, (E;{fzﬂ L = u; by Proposition 17.4.
Under this correspondence, invertibility of A — (E;{fﬁ) . translates to well-posedness of the Dirichlet
problem. ]

Equivalence between Dirichlet and regularity problems. We show that the Dirichlet and regularity
problems are the same up to taking adjoints.

Proposition 17.6. Assume that A are coefficients such that I — S, is invertible on X and I — Sux is
invertible on %Y. Then the regularity problem with coefficients A is well-posed if and only if the Dirichlet
problem with coefficients A* is well-posed.

It is not clear to us whether invertibility of / — S4 on & implies or is implied by invertibility of 7 — S+
on Y. Thus we assume both. We need three lemmas, the first being useful reformulations of invertibility
of the Dirichlet boundary map, the second an identity between Hardy projections and the third an abstract
principle.

Lemma 17.7. The maps
EfLy(S"; %) — Ly(S"; €™ s ht > (EShT),
and
E§ (La(S™; ) /%) — La(8"; €™ /C" : bt > (ESRY),
are simultaneous isomorphisms.

Proof. This amounts to mod out 9. We recall that %~ is preserved by A and EF, and annihilated by
D, so from the definition Ejiz* = Ea“fz* € 9+ for ht € %+. By Lemma 7.5, (Earfﬁh = (h), for
ht e 3, so Ef (La(S™; ) /%5) — La(S™; C™)/C" : ht > (ESh™), is a well defined map. That the
two maps simultaneously are isomorphisms can now be verified from {(E:{EJF) i hte ¥t =Cc". O
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Lemma 17.8. On L,(S™; V') we have the duality relation
(E{)*=NELN. (54)
Proof. The proof of this duality builds on the formula
(Da)* =—NDa:N

on L,(8"; V) from Lemma 4.2 with A; equal to the boundary trace of A and where we used the notation
at the end of Definition 4.1. Using this observation and short hand notation E, £ = Efl, A = |Dgy,l,
ESE = Ejf* and A = |5AT |, it follows that we have
1
(EX)*=NEJN, A*=NAN.
Note that when n = 1, these identities can be also checked from the extensions of the projections in

Definition 7.4. This implies that

/0 (Nf,,%,(SAf),)dt:/O (N(Sa- f)s, € f)ds, fe, feX,

which follows from Fubini’s theorem and the formula defining S from Lemma 11.2, and then letting
€ — 0 using boundedness on ¥ and %Y. Details are left to the reader. Note that S4+ is defined using the
coefficients %t = A\T — Z;, while €; = Z\l — A. This duality relation between S4 and S+ clearly extends
to their resolvents.

For h, he L,, using the isomorphism assumption on I — S4 and I — S4+, we let

f=U-S) e Efhe® and f:=(- SA*)—lDe—“‘Egﬁ ey
and calculate
oo
(Nh, Efh) = (Nh, E;h) —/ (Nh, Ey e A D%, f,) ds
0
~ ~ o0 N o~ ~
=(NEyh,h) +/ (NDe“Efh, €,((1 — Sa)'e " Efh),) ds
0
~ ~ o0 o~ ~
= (NEy h,h) +f (N(I — Sa) "' De ™" Efh),, ¢ "M EJh) ds
0
~ ~ o0 ~ A~ ~ ~ ~
=(NEyh,h) +/ (NEye '"™& f;, h)dt = (NE.h,h).
0

This completes the proof. O

Lemma 17.9. Assume that N* and E* are two pairs of complementary projections in a Hilbert space ¥,
e, (NH?>=N*and Nt + N~ =1, and similarly for E®*. Then the adjoint operators (N*)* and (E®)*
are also two pair of complementary projections on ¥*, and the restricted projection Nt : ET# — NT%
is an isomorphism if and only if (N7)* : (E7)*#* — (N )*¥* is an isomorphism.

Proof. This is [Auscher et al. 2008, Proposition 2.52]. U
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Proof of Proposition 17.6. We apply the abstract result as follows. Here ¥ is the Hilbert space R(D) C
L>(S"; V) = L, and we realize its dual #* as L,/%". The operators N* are those from Definition 3.1:

N+:fr—>|:;)"i| and N_Zfl—>|:};lj|.

As both preserve %, their adjoints induce operators on #*. We choose E* = E;{ and E- = E,. By
Proposition 17.5(ii) and reformulating (52) using N+, well-posedness of the regularity problem for
A* is equivalent to N* : EX,% — N3 being an isomorphism. By Lemma 17.9 this is equivalent to
(NT)* : (E)*#* — (N7)*3t* being an isomorphism. By (54) with the roles of A and A* reversed,
and written as an identity on %* since both terms preserve =, this translates into (N 7)* : Ej%* —
(N7)*¥* is an isomorphism. Using the definition of Ef,(N")*=N"and %* = L, /%, this amounts
to EO*(LZ/%L) — Lp(8™;, C™/C™ . ht > (If'ivj{fz*)l is an isomorphism. Using Lemma 17.7 and
Proposition 17.5(iii), this means that the Dirichlet problem for A is well-posed. O

Perturbation results. Proposition 17.6 shows that it suffices to consider the Neumann and regularity
problems and to study invertibility of the maps (51) and (52). Note that for r-independent coefficients
A=Ay, wehave E} = E; and therefore (Efh™), =hT and (Ejh"), = .

Lemma 17.10. Assume that A are coefficients such that I — Sy is invertible on X. Then the maps (51)
and (52) are injective.

Proof. Assume that it € Ef 9 is such that (EfhT), = 0. As in Theorem 12.3, let f € % be such
that fy = EXh*, so that we are assuming (fy), = 0. For the corresponding ¥°-solution g = V,u to
div, Ag =0, Green’s formula shows that

/ (Ag.g)dx = | (A1g1).u1dx,
@1+n sn

where g € X° C Lo(O'"; CI+my (A1g1). = (fo). € Lo(S";C™) and u € H'(O'*"; C™). The
accretivity of A then shows that g =0. Hence f =0 and h™ = EO+ fo=0.

The proof that the map h™* > (E:{th)” is injective is similar. In this case, we use that u; is constant,
and fy € % so that [, (fo).dx =0. O

We can now derive two perturbations results. Our first result is about L, perturbation within the class
of radially independent coefficients. We need two preliminary lemmas.

Lemma 17.11. Let P, be bounded projections in a Hilbert space ¥ which depend continuously on a
parameter t € (—38,8), and let S : # — I be a bounded operator into a Hilbert space K. If S : PoH — K
is an isomorphism, then there exists 0 < € < 8, such that S : P,#H — K is an isomorphism when |t| < €. If

each S : P,# — A is a semi-Fredholm operators with index i,, then all indices i; are equal.

Proof. The first conclusion is in [Axelsson et al. 2006b, Lemma 4.3] and the second one is proved similarly
using in addition the continuity method. U
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Proposition 17.12. The operators x+t(DBy + o N) € L(¥), defined for strictly accretive coefficients
Al € Loo(S™; (V) and o € R, depend continuously on Ay and o.

Proof. This is a corollary of Theorem 7.1 and [Auscher et al. 2008, Proposition 2.42]. (I

Here, note that for fixed o we called this operator E('f . Only its action on 7€ matters for well-posedness
issues. In particular, this does not depend on the extension defined in Definition 7.4 when o = 0.

Theorem 17.13. Assume that A\ are r-independent coefficients for which the Neumann problem is well-
posed. Then there exists € > 0 such that the Neumann problem is well-posed for any r-independent
coefficients A’ such that |A; — A llec < €. The corresponding results for the regularity and Dirichlet
problems hold.

Proof. Lemma 17.11 and Proposition 17.12 give the result for Regularity and Neumann problems as in
[Auscher et al. 2008]. For the Dirichlet problem, apply Proposition 17.6. U

The second result is perturbation from radially independent to radially dependent coefficients.

Theorem 17.14. Assume that A| are r-independent coefficients for which the Neumann problem is
well-posed. Then there exists € > 0 such that the Neumann problem is well-posed for any r-dependent
coefficients A such that lim;_.q || x; <z 6; ||« < €. The corresponding results for the regularity and Dirichlet
problems hold.

Proof. The condition on the coefficients implies that / — Sy is invertible on & and I — S+ invertible on
%Y by Theorem 16.1.
We write the map (51) as
T (00)
(Exht), =ht+ (EO— / e A D, fs) + <e—<f/2>AEO— f e~ O/ D fs)
0 1 1

T

= b+ (hy) + (e hy)

for h™ € EJ %, where || f |l < |hT]|2 by Theorem 12.3. By assumption the map Ef 9 — %, : h* +—> hT
is invertible. By [Part I, Lemma 6.9], the norm of Eg?)‘f — ¥, :hT— (h), s S xr<c%:l«. Fix T small
enough so that Ef % — 3, : h* +— (h* + hy), is invertible. For the last term, we then have estimates

o0 o0
Ihalla < / le™ 22Dl l1€ ool £ ll2 ds S (1€ 100 / s fillads
T T

00 , 1/2
S II%IIOO(/ I fsll2 dS) SH€lsoll fllze S M€lloollA™ 2.
T
Here we used the estimate

le™¢~/2A Dglly S [|Ae™CTPA(Dy — o NYBy ! Ppyeglla S (s — T/2) 2+ o (s — 7/2) Dligll.

It follows that EJ % — 3¢, : h™ > (e~ /P2 hy), is a compact operator since e~ (*/24

is compact as a
consequence of Proposition 4.3. We conclude that Ear H—H,  hT — (E:{th) 1 1s a Fredholm operator

with index 0. Lemma 17.10 shows that it is injective, hence an isomorphism.



1048 PASCAL AUSCHER AND ANDREAS ROSEN

Replacing normal components (- ), by tangential parts (- ), in the proof above shows the result for the
regularity problem. Proposition 17.6 then gives the result for the Dirichlet problem. (I

Positive results. We now give examples of radially dependent coefficients for which one has well-
posedness. Given Theorems 17.13 and 17.14, this induces results for perturbed coefficients.

Proposition 17.15. If A are r-independent coefficients, and if A is a block matrix, i.e., A,y =0=A,,,
then the Neumann, regularity and Dirichlet problems with coefficients A are well-posed.

Proof. By Proposition 17.6, it suffices to consider the Neumann and regularity problems. Consider the
projections E t= ESE. As the maps (51) and (52) act on Ear ¥ C K, it suffices to consider their action on
7€ throughout this proof. In this case, we have Ey :=sgn(DBy+oN) = EO+ — E, . Consider also the 3¢
preserving projections N* from Definition 3.1. Define the anticommutator

C := 3(EoN + NEy).

Since By is a block matrix, N commutes with By, which shows that NEgN = N sgn(DBy+0oN)N =
sgn(N(DBy+0oN)N)=—sgn(DBy—oN),using ND = —DN. Hence,
C=(Eg+NE9N)N/2 = (sgn(DBy+0oN)—sgn(DBy—oN))N/2

= ((DBy)*+0%) > (DBy+0N) —(DBy— o N))N/2 =0 ((DBy)* +07) /2,

and it follows from Proposition 4.3 that C is a compact operator on J.
We claim that

QENDNTIpige=1+Clgige.  NTQEDIvrae=1+Clysa.
QENDN Ipsoe=1—Clgige. N QEDIy-5=1—Cly-u.
The first identity follows from the computation
QEONThY = Ef(I + N)h™ =h™ + 5(I + E))Nh*
=h"+I(Nht +2Ch" — NEgh") =h* + Ch*, forallh® € Ef#%,
and the other three identities are proved similarly. This proves that the maps Ear H—H, ht—>ht
and Ear H— %, :ht— hﬁ’ are Fredholm operators for any o € R, and for o = 0 it follows that they are

isomorphisms. By Lemma 17.11, the indices of these operators are zero for any o € R, and Lemma 17.10
implies that in fact the operators are isomorphisms for o = (n — 1) /2. (I

Proposition 17.16. If A are r-independent coefficients, and if A is Hermitian, i.e., A* = A, then the
Neumann, regularity and Dirichlet problems with coefficients A are well-posed.

Proof. By Proposition 17.6, it suffices to consider the Neumann and regularity problems. Let At € E(')Ir Jt
and define f, :=e"AhT. By Theorem 10.1, we have 9, f; + Do f; =0, lim,_,o f; = h" and rapid decay
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of f; ast — oco. We calculate

o0

Nt Bty == [ g Bufde = [ ((VDosi, Bofi)+ (N BoDo ) dr
= fo ((NDBo+DB{N) fi, Bofi) +0 (fi, (Bo+NBoN) 1)) di

o
o [ Bor B S ar
0
On the last line, we used that A* = A, or equivalently Bj = N BoN, so that NDBy+ DBjN = 0. This

gives the estimate

o0
|—(hF, (Boh™) ) + (b, (Boh™))| S o / £ 113 dt.
0
From this we deduce the estimate
I+ 13 SRe(ht, Boh™) < (b, Boh DI+ 1113090 S 1020 2+ 1£12 @, 00

This shows that the map (51) is a semi-Fredholm map, if we prove that the map # — L, (R.; #) given
by h+— (e7"Ah),~¢ is compact. To see this, note that square function estimates for Dy give the estimate

/0 I £ 113 dt = /0 1% (Do) (A~ ”2f)||2 Lea12p2,

where v, (z) := /f[z]e |, and A~!/? can be seen to be a compact operator on ¥ by Proposition 4.3.
Taking P, = x"(DB* + o N) in Lemma 17.11, where B*, s € [0, 1], denotes the straight line in
Loo(S™"; £(V)) from I to By, shows that the index of the map (51) is 0. By Lemma 17.10, this map is in
fact an isomorphism.

The proof for the regularity problem is similar, using instead the estimate

1413 S 1t Boh DI+ 12 w0 S W 2R 2+ 1112 . 0 O

Proposition 17.17. If A is a Holder regular C'/7+¢(8"; $(CUHM™)), r-independent coefficients, for
some g > 0, then the Neumann, regularity and Dirichlet problems with coefficients A are well-posed.

For the proof, we need the following lemmas.

Lemma 17.18. Let By € C/2%2(S"; L(V)) be the matrix associated to A. Then for all f, g € %,
I(LIDIY2, Bol f» 1 S 1L f 112118 ll2-

Lemma 17.19. Under the same assumptions, D(|D|'/*) N % = D(|Dy|"/?) N % with equivalent graph
domain norms.

Proof of Proposition 17.17. Consider first the Neumann and regularity problems. Let it € Ear 3¢ and
define f; := e Apt. By Theorem 10.1, we have 9, f; + Do f; =0 and lim, o f; =h™ and lim;_, o f; =0
with rapid decay. We begin with the observation that (sgn(D)h*, h™) = Re(Vg(—divs Vs)~1/2hT, hh).
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Thus [(sgn(D)h™, k)| < ||k [|2]1h;[l2. Now, we calculate for fixed T > 0
(sgn(DYh™, k™) — (sgn(D) fr, fr)

T

T
2—/0 3t(Sgn(D)fz,ft)dt=/o ((sgn(D)(DBy+0N) fi, f) + (fi,sgn(D)(DBy+ o N) f,)) dt

T T
=2Ref (ID|Bo fr, f,)dr=2Re/ ((BoIDI' f,, IDI"* f,) dt + (ID|"2, Bol fy, IDI'? f2)) dt,
0 0

using that sgn(D)D = |D| and sgn(D)N + N sgn(D) = 0 in the third equality and Lemma 17.19 in the
last since f; € D(|Dg|'/?) N% C D(|D|'/?). Accretivity of By and Lemma 17.18 lead to the estimate

T T
/0 |||D|”2ﬁ||%drs||hf||z||hr||z+|<sgn(D>fT,fT>|+/o I £ 201D £ 12 at,

and by absorption, to the same estimate but with last term equal fOT Il fr ||§ dt. Due the rapid decay of
| £+l when t — oo, we conclude that

o0 o0
/ |||D|1/2fr||%df§IIhfllzllhTIIer/ T
0 0

Since ||| Dol fill2 < 1ID1VY2 filla + |l £ |2 from Lemma 17.19, we may replace D by Dy in the left hand
side. Since square function estimates for Dy give

oo 12 112 > 172 —11Dol 4 g2 41 12
Dol ™"~ fill5 dt = (| Dol) "~e h™3 e 1™ 115,
0 0

this implies
o0
1A+ I3 < ||hj||2||h|+||z+/ 1 £ 13 dr.
0

Well-posedness of the Neumann and regularity problems now follows as in the proof of Proposition 17.16.
Proposition 17.6 then gives the result for the Dirichlet problem. (I

Proof of Lemma 17.18. Note that D? agrees on ¥ with the (positive) Hodge—Laplace operator

Ac = _ diVS VS 0
5= 0 Vs divs — curl§ curlg |

where curlg : Ly(S™; (TeS™)™) — Lao(S™; A2(TeS™)™) is the tangential curl/exterior derivative on S”.
Since f, g € #, we have

1/4
([1DI"2, Bolf. ) = (IAg". Bolf. 8)
and it suffices to prove that [Al/ 4, By] is bounded on L,. Since the action of By mixes functions and
vector fields, some care has to be taken.

(i) First, by functional calculus we can replace Ag by Top = Ag + A for any A € R™, to be chosen large
later, as A;M — (Ag+ )% is bounded.
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(i1) Next, the commutator estimate is a local problem and by a partition of unity argument and rotational
invariance of the assumptions, we can assume that f is supported in the lower hemisphere and it is enough
to show that ||§[T1/ 4 Bolfll2 < Il fll2 when the smooth scalar function ¢ is 1 a neighborhood of the
support of f. Indeed (1 — ¢)[T; 1/4 ,Bolf =— 1/4
bounded on L;.

1, Bolf, where the inner commutator is seen to be

(iii) Now using rescaled pullback p* to R"” from the proof of Theorem 7.1 yields p*(To ) = T1(p* f)
with

[dian d*>"Vgad" 0
Tl =

= A
0 Vred" divgs d>™" — d" % curl, d*" curan] *

in Ly(R"; C1+™) with d(y) = (|y|*> + 1)/2 inside |y| < 1 and extended to a smooth function on R”,
with d(y) =2 for |y| > 2 and % <d(y) <2 forall y. Any extension would do since p* f is supported in
|y| < 1. (The proof of this equality builds on the fundamental differential geometric fact that the standard
pullback operation intertwines V on S" and R”, as well as curl, and the adjoint results for div and curl*.
Note that the rescaled pullback p* from Theorem 7.1 equals the standard pullback on vectors, but is d ™"
times the standard pullback on scalars.) A further calculation shows that 77 = —divg» d*Vgn + R+ A1,
where R is a first-order differential operator with smooth coefficients and divgs d*Vgn acts componentwise
on CU*M™_yalued functions. Note that the coefficients of R must vanish outside |y| < 2 by construction.
We now choose X large enough to guarantee the accretivity condition Re(77 g, g) > d||g ||2 W) with § > 0

and all g € W2 (R"; CH+mmy Consider K, n and g as in the proof of Theorem 7.1 and ¢ = (p*)~'n and
f=(p")"'g. We claim that ||z 7,"* f — (p*)"'n*T,"*gll < llgll2 & || f Il2. For both operators 7;, we
use the identity

Til/“:c/ s'VPT (1 + 52Ty~ 1ds—c[ 1=+ H L L (55)
0

The part with s > 1 gives rise to a bounded operator for each 7;. For the integral of the difference over
s < 1, we use the identity obtained as in Theorem 7.1

A+ To)  f — () ' U +52T) g = ¢ +52To) (0"~ 's%n, 11U +57T1) " 'g

so that
IEU +5*To) "' f — (") ' +57T) gl Ssliglla,

using that the commutator [7, 71] is a first-order operator.

(iii) We are reduced to showing that [T11/4, Bo] is bounded on Ly (R"; CU+Mm) with By := p* By(p*) ™!
of By on |y| < 1 extended to a bounded matrix function of class C'/?*¢ on R". We now eliminate the R
part of 7. Set Tp := —divpn d*Vgn + 1 acting componentwise in L, (R"; CU+mmy The chosen extension
/4 _ 1/ * is bounded. We
use again (55) for each 7;. The part with s > 1 gives rise to a bounded operator for each T;. For the s < 1

of d insures that 7 is accretive (in fact self-adjoint) as 71. We claim that T,

integral of the difference, we use ||({ + S2TH ' =T +s2T) 7Y < s by the resolvent formula, because
T; have same second-order term. This proves the claim.
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(iv) Hence, it remains to estimate the commutator C = [Tzl/ 4, Eo]. Since T, acts componentwise, SO
does Tzl/ * and the commutator consists of a matrix of commutators with each component of By. Thus it
suffices to estimate C = [T21/ 4, b] in L,(R"™; C), with b scalar-valued. To see this, we use the different

representation for TZI/ * to obtain

[
C—c/0 [s°Tre™* 2,b]—s3/2.

The s > 1 integral is trivially bounded, using boundedness of b and ssze_Ssz. For s < 1, we have
I[s2Toe="T2, b]|| L1, < 81/27€ using pointwise decay and regularity for the kernel of s2Te="> and
regularity of b. See, for example, [Auscher 1996] where it is proved that under continuity of the coefficients
(here d?), the kernel of the semigroup e—T2 s < 1, has Gaussian estimates (this is in fact due to Aronson
for real measurable coefficients) and Holder regularity in each variable with any exponent in (0, 1), in
particular larger that % + €. From here, the same estimates hold for sThe *"> = —s3,¢ "> by analyticity

of the semigroup. This takes care of the s < 1 integral. Further details are left to the reader. (I

Proof of Lemma 17.19. Recall that Do = DBy 4 o N. As before, by a representation formula it is easy to
prove that |[DBg+ o N| 1/2 _|DBy|'/? is bounded on L,. Hence we may replace Dy by D By. We remark
that 7€ is invariant for both D and D By.
As Py By is an isomorphism of 7, for f € #, f € D(|DBy|) if and only if Py By f € D(|D]) and in
this case
1D Bolfll2 = [IDBofll2~ | D(PxBo )2~ IDI(PyBof)ll2

Complex interpolation for sectorial operators (see [Auscher et al. 1997a]) shows that for f € #, f €
D(]DBy|'/?) if and only if Py By f € D(|D|'/?) and
11D Bo|'? fll2 ~ 1D (PxBo f) 2
Next, for f € #¥ND(|D|'/?), we have |D|'/? f € % so that
11D f 12 || Py Bo| D' f 2.

Thus it suffices to show that for f € %, f € D(|D|'/?) if and only if PyByf € D(|D|'/?). This is where
we use the regularity of By to yield |||D|"/2(PyBo f) — PsBo|D|'/? fll» < || f1l2 when f € % as a direct
consequence of Lemma 17.18 and the fact that D and Py commute. U

Remark 17.20. Using the 7'1 theorem, the commutator C of the proof of Lemma 17.18 is bounded on
L, when (—A + 1)/4h € BMO (and b € Lo). The converse is also true. This can be shown to be a
regularity condition between C'/? and C'/?*¢. So well-posedness holds under this condition (expressed
in local coordinates on the coefficients of By). This is probably the best conclusion we can draw from
this method. However, we suspect that C* should be enough in general.

18. Uniqueness

The following is the class of solutions in Definition 1.8.
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Definition 18.1. By a %?-solution to the divergence form equation, with coefficients A, we mean a weak
solution of divy AVu =0 in O'*" with [[N? ()|, < oo.

Note that unlike the previous classes, %°-solutions are defined through an estimate on u itself, not on
the gradient V,u.

Under the Carleson control on the discrepancy, we know that Y°-solutions are %°-solutions. We
would like to know the converse. At this stage we need assumption of well-posedness in the sense of
Definition 1.2. It goes via identification with variational solutions for smooth data which will be also
useful later.

Lemma 18.2. Let A be coefficients such that ||€||. < 0o and I — Sy is invertible on Y and on X, and
assume that the regularity problem and the Dirichlet problem in the sense of Definition 1.2 both are well
posed. Let ¢ € Lo(S"; C™) be Dirichlet datum such that Vs € Lo(S™; (TcS™)™). Then the solution u to
the Dirichlet problem in the sense of Definition 1.2 coincides with the variational solution with datum .

Proof. By Proposition 17.5, there is a unique h™ € EJ ¢ such that (E:{th)H = V¢, since the regularity
problem is well-posed. From Lemma 7.5, we know that D : Ef L, — E{ % is surjective. Let i+ € Ej La
be such that D™ = h™. Consider now ¢ := (E:{EJF)L. We claim that Vg¢ = Vg¢. Indeed, this follows
from taking the tangential part in the intertwining formula

DEf =E/D,

which is readily verified from Lemma 4.2 and definitions of ET, EX. Thus ¢ — ¢ is constant. As in the
proof of Corollary 12.8, by adding a normal constant in Ear 9+ to A, we may assume that ¢ = ¢.

Given this &7, the solution u to the Dirichlet problem with datum ¢ is given by the normal component
of

vi= (I +Sa(1 — SA)*1D>e*“~\ﬁJr
as in Corollary 12.8(iii). Next, we have
fi=Dv=(—S4) e M n"

and f is the conormal gradient to the solution to the regularity problem with datum Vg¢. In particular
feXC LRy xS V) by Lemma 9.3.

Translated to O'*", this shows that the solution u to the Dirichlet problem with datum ¢ has V,u €
L,(@'*; c+7my This shows that u is a variational solution. Uniqueness of the Dirichlet problem in
this class completes the proof. ]

Remark 18.3. Note that since & C L,(R4 x S™; V"), solutions to the regularity and Neumann problem
always coincide with the variational solutions, by the uniqueness of such. In the setting of the half-space,
as in [Auscher et al. 2010b] and [Part I], it was shown in [Axelsson 2010] that this uniqueness result does
not hold. As pointed out in [Auscher et al. 2010b, Remark 5.6], the problem occurs at infinity for the
regularity and Neumann problems, which explains why uniqueness holds for the bounded ball. Although
the analogue of [Axelsson 2010] for the Dirichlet problem on the ball is not properly understood at the
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moment, Theorem 19.4 below shows that uniqueness of solutions essentially holds also for the Dirichlet
problem on the unit ball.

Proposition 18.4. Let A be radially independent coefficients and assume that the regularity problem and
the Dirichlet problem in the sense of Definition 1.2 are both well-posed. Then all 9°-solutions are given

byu= e (e M hTy, for a unique hte EJLZ. In particular, the class of 9°-solutions is the same as

/ ui(x)dx

Proof. Let u be a 9°-solution. For almost every p € (0, 1), Vsu, € Lo(S"; (TcS")™) and u, € Lo (S"; C™).
Fix such p. As in the proof of Lemma 18.2, we can find h:; € EJ%, fz:; € EJLQ with Dﬁ;; = h;,

(h})y=Vsu, and (ﬁ;)'r)l =u, on S". Using radial independence, the function i, (rx) := e‘”(e_’[\fz;)l(x)
—t

the class of Y°-solutions, and the estimate

2
||N:<u)||%%f |Veul*(1 — |x]) dx +
®1+n

holds for all weak solutions.

(here, p is fixed and e =r € (0, 1)) thus extends to a solution of the divergence form equation with
coefficients A, and it is a variational solution by Lemma 18.2. Since x + u(px) is also a variational
solution and agrees with i1, on §”, we conclude by uniqueness that u(pr-) = e‘”(e_’[\ﬁ;r)L as L?(S"; C™)-
functions for all =" =r € (0, 1], and almost every p € (0, 1).

From this representation, we see that the right hand side is continuous in ¢, with range in L;, so the
left hand side is continuous in 7. We also have [|u,,||> < ||ﬁ;f||2 A |lu, |2 for every r € (%, 1] and almost
every p € (0, 1). The last equivalence comes from the well-posedness of the Dirichlet problem, and the
implicit constants are independent of p. Since

pTH
sup (1) [ uclads SIFZ 01 < .
1/2<p<l 0
we conclude that ||l§;r||2 is bounded for % < p < 1. Consider a weak limit ht e E(J{ L, of a subsequence
ﬁ;’n with p, — 1. Reversing the roles of p and r, for almost every r < 1, u,,, converges in Lo(S"; C")
to u,, so that u, = e (e™! ;\ﬁ+) 1. Extending to all r, the representation is proved.

In particular, this shows that the classes of Y°-solutions and of %°-solutions of Lu = 0 coincide under

our assumptions. ([l

Note that the full force of ||ﬁ: (u)]|2 < oo is not used and the condition
| 1—-r
sup r- / llupll2dp < 00
1/2<r<l1 1-2r

suffices in the proof of Proposition 18.4.

Remark 18.5. If A is not r-independent, we need to know that A(p - ) satisfies the large Carleson
condition for all % < p < 1 to run the argument. This is not clear if we just assume this for A. However,
if we assume that A is continuous on O'+” and satisfies the square Dini condition of Theorem 1.11, then
this can be checked.
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Proof of Theorem 1.7. We consider A| € Lo (S"; L(CUHM™MY), radially independent coefficients which
are strictly accretive in the sense of (2). Assume that the Dirichlet problem with coefficients A; is
well-posed. By Corollary 12.9, we have P, u; =r—° (e_”N‘ vp), With r =e™" and vy given by the inverse
of the well-posedness map (53) from applied to u;. The assumed uniqueness of the solution u allows
us to prove the product rule of P, by considering P,u; as another boundary data. The existence of
the generator with domain contained in W21 (S™; C™) is as in [Auscher 2009] in the setting of the upper
half-space. There, the if direction was deduced using the duality principle between Dirichlet and regularity.
An examination of the argument there reveals that the only if direction was implicit. We can repeat the

same duality argument using Proposition 17.6. U

Proof of Theorem 1.9. By Proposition 18.4 we know that the two classes of %°- and %Y°-solutions are the
same. Thus the assumed well-posedness for Y°-solutions carries over to %°-solutions. This completes
the proof. (I

19. New well-posedness results for real equations

We now specialize to the case of equations (m = 1) with real coefficients, and make this assumption for
the coefficients A throughout this section unless mentioned otherwise. For such equations the theory
of solvability for the Dirichlet problem using nontangential maximal control is rather complete for real
symmetric equations, but not so much for non symmetric equations. In [Kenig et al. 2000], the extensions
of the tools for real non symmetric equations are discussed and we refer there for details.

We have developed a strategy using square functions rather than nontangential maximal functions and
our goal here is to tie this up. It is convenient to introduce the square function

_ 2 dy 12 n
S (x) = (/yr Vu(y) W) . xes,

(I"y denoting a truncated cone with vertex x and axis the line (0, x)) and the divergence form operator
L := —divy AV,. We note that a weak solution to Lu = 0 is in ¥? if and only if S(u) € L,(S"), the
measure being the surface measure. We have so far studied Y°-solutions and well-posedness in this
class, which is convenient to denote here by well-posedness in Y°. (This was called “in the sense of
Definition 1.2” in the introduction.)

Recall that by a 9?-solution of Lu = 0, we mean a weak solution with ||ﬁ:(u)||2 < 00. As said in
the introduction, we may replace ]V: (u) by the usual pointwise nontangential maximal function. For the
Dirichlet problem, we shorten well-posedness in the sense of Dahlberg in Definition 1.8 to well-posedness
in 9°.

On regular domains such as @'+, there is always a unique variational solution u € W21 (O'*), which
is in addition continuous in @'+, to the Dirichlet problem with data ¢ € C(S") by results of Littman,
Stampacchia and Weinberger [Littman et al. 1963] which extend to real nonsymmetric equations (see
[Kenig et al. 2000]). Thus, it is natural to ask whether this solution satisfies ||]V*0(u)||2 < C|l¢ll» with C
depending on the Lipschitz character of S”. By a density argument, it suffices to do this for smooth ¢,
say p € C 1(§™). If this is the case, then the Dirichlet problem (D), is said to be solvable.
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From the maximum principle and Harnack’s inequalities, one can study the L-elliptic measure w, say
at 0, which is the probability measure C(S") > ¢ > u(0) with u the above solution. The question whether
w is absolutely continuous with respect to surface measure is central.

The result, somehow folklore but we have not seen it stated explicitly in the literature, summarizing
the state of the art is the following.

Theorem 19.1. Let L = —div, AV, be a real elliptic operator in O'*", n > 1. Then the following

statements are equivalent.
(i) The Dirichlet problem is well-posed in 9°.
(i1) (D), is solvable.

(ii1) The L-elliptic measure w is absolutely continuous with respect to surface measure and its Radon—
Nikodym derivative k satisfies the reverse Holder B, condition, i.e., there is a constant C < 0o such
that for all surface balls B on S",

1/2
(|B|1/ kz(x)dx) §C|B|1fk(x)dx.
B B

Proof. The proof that (ii) is equivalent to (iii) is stated for real nonsymmetric operators in [Kenig et al.
2000, p. 241]. The proof that (i) implies (ii) is trivial. For ¢ € C(S"), the variational solution is bounded,
hence satisfies ||ﬁ: (u)|l2 < oo since @!*" is bounded. By uniqueness in (i), it is the unique solution
and the continuity estimate that follows from well-posedness shows ||ﬁfk’ @) ]l2 < C|lell2- So (ii) holds.
It remains to see (ii) implies (i). Existence and continuity estimate are granted from (D),. Uniqueness
follows the argument in [Fabes et al. 1984, p. 125-126], using the equivalent assumption (iii) instead of
(i1). The extension to nonsymmetric real operators is allowed from the details in [Kenig et al. 2000]. [J

Theorem 19.2. Let L be an elliptic operator with real coefficients. Then all weak solutions to Lu =0
satisfy [|S W) 1@y S NINS @) Ly for any As, measure (u with respect to L-elliptic measure.

Proof. This is the result of [Dahlberg et al. 1984] where this is proved when L = L*. Aside from properties
of solutions that are valid for all real operators (see [Kenig et al. 2000]), the proof on the use of [Dahlberg
et al. 1984, (7), p. 101], which is an integration by parts and is valid as is in the nonsymmetric case. This
is why the A, property with respect to L-elliptic measure intervenes in the hypotheses. Further details
are in [Dahlberg et al. 1984]. O

Corollary 19.3. Let L be an elliptic operator with real coefficients. Assume that the Dirichlet problem is
well-posed in 9° for L. Then all weak solutions to Lu = 0 satisfy ||Su)]2 < ||ﬁf(u) 2. In particular,
9°-solutions of Lu = 0 are Y°-solutions of Lu = 0 under this assumption.

Proof. By Theorem 19.1, L-elliptic measure is A, with respect to surface measure, and vice-versa by
[Coifman and Fefferman 1974]. So || S () ||ape < |Iﬁf (u)]|, follows from Theorem 19.2. [l

Note that Corollary 19.3 and Proposition 18.4 are close but incomparable. First, Proposition 18.4
applies to systems of equations, whereas Corollary 19.3 applies to radially dependent coefficient. Secondly,
the well-posedness assumptions are different. The next results reconciles the two approaches.
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Theorem 19.4. Let L = —divy AV, be a real elliptic operator in O'*", n > 1. Assume further that L
has coefficients with lim; ¢ || ;<<€ |lcnL., sufficiently small. The following statements are equivalent.

(1) The Dirichlet problem is well-posed in 9° for L and L*.
(ii) The Dirichlet problem is well-posed in Y° for L and L*.

Moreover, in this case the solutions for L (resp. L*) from a same datum are the same.

Proof. It suffices to prove the conclusion for L in each case as the assumptions are invariant under taking
adjoints.

Assume (i). Uniqueness in ¥° is immediate since the class of %°-solutions a priori contains the
class Y?-solutions when ||€|cnz,, < oo. Next, for the existence, there is by assumption a unique %°-
solution with given boundary datum ¢ € L,(S"). Since the Dirichlet problem is well-posed in %° for L,
Corollary 19.3 shows that this solution is in fact a Y°-solution.

Conversely, assume (ii). By Theorem 19.1, it suffices to show that (D), is solvable for L. To this
end, it suffices to consider ¢ € C 1(S™) and the associated variational solution u. By Lemma 18.2, which
applies because of Theorem 16.1 (I — S4 is invertible on & and on %) and Proposition 17.6, u coincides
with the solution in the sense of Definition 1.2, that is, it is a Y?-solution. Now Theorem 14.1 provides
the nontangential maximal estimate that shows that (D), is solvable for L. O

Added in proof. In the context of the upper half-space, it was recently shown by Hofmann, Kenig,
Mayboroda and Pipher [Hofmann et al. 2012], that the conclusion of Corollary 19.3 is valid a priori for
all real operators with transversally independent coefficients, whether or not the Dirichlet problem is
well-posed in %° for L and without resorting to the Ao, property of the L-elliptic measure, which they
subsequently prove. Hence, for transversally independent coefficients, the two classes of solutions of L
are the same, and well-posedness in each class is simultaneous. Presumably, the conclusion should be the
same on the ball for operators with radially independent coefficients.

Remark 19.5. In the case of radially independent coefficients (or more generally for continuous, Dini
square coefficients) Proposition 18.4 (or the remark that follows it) proves the converse also for systems.

We can generalize results from [Kenig and Pipher 1993] to nonsymmetric perturbations of r-independent
real symmetric operators.

Corollary 19.6. In O'*" the Dirichlet problem is well-posed in %° for all real operators L with coeffi-
cients A such that lim;_,¢ || x;<:€;llcnL., is small enough and its boundary trace A real symmetric.

Proof. Let L be the second-order operator with r-independent coefficients A;. By Proposition 17.16,
we know that the Dirichlet problem for L = L} is well-posed in %°. Thus, by Theorem 17.14, it is
well-posed in Y for L and L*. Thus, we conclude with Theorem 19.4. ]

We continue with generalizations of results in [Fabes et al. 1984], where well-posedness for Dirichlet
was obtained for real symmetric coefficients. Well-posedness for regularity (which we denote here by
well-posedness in &°) is new.
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Theorem 19.7. Assume that A are coefficients with lim; ¢ || ;<< é:llcnL., sSmall enough and boundary
trace Ay which is real and continuous. Then the Dirichlet problem is well-posed in 9° and in ¥°, and the
regularity problem in X° is well-posed. In particular, this holds for real continuous coefficients in Q1+"

satisfying the Dini square condition

/wi(r)? <00, where wa(t) =sup{|A(rx)—AXx)|;xeS", 1—r <t}.
0

Proof. Let L be the operator with coefficients A;. Recall that under smallness of lim; ¢ || ;< é:llcnL..»
it suffices to prove the result for L; by Theorem 17.14. Next, by Proposition 17.6, the regularity problem
(in %) for Ly is well-posed if and only if the Dirichlet problem for L7 is well-posed in %°. On applying
Theorem 19.4, it suffices to prove that the Dirichlet problem with coefficients A; is well-posed in 9, as
the same would then hold for A} by symmetry of the assumptions. To do this, we prove that Li-elliptic
measure satisfies property (iii) in Theorem 19.1. The argument is inspired by the one in [Fabes et al.
1984, pp. 139-140].

Assume first we work on some boundary region of ©@!*”. For r small, set

Or={pye 0, ) x8";1-r<p<l,yeBx,n}

where B(xg, r) is a surface ball of radius r, with real radially independent coefficients A; being the
restriction of some matrix defined on Q'*” that we still denote by A; and which is close in L, to the
constant matrix A;(xg). Let g be a C!' nonnegative function supported on the part of the boundary of
QO,2 in §". Let v be the variational solution to the Dirichlet problem Ljv =01in Q,/; and v = g on the
boundary of Q,/; in §" and v = 0 on the part of the boundary that is contained in O'*+". Recall that
Ve Wzl(Qr 2)NC (QT/g). By Theorem 17.13, because A; is Lo, close to a (constant) matrix for which
one knows well-posedness by Proposition 17.17, one can construct the unique solution « in @'+ to the
Dirichlet problem in ¥° with u = g on §”, that is Lju = 0 with f@m |Veul?(1 —|x])dx < C||g||%. As
g € C'(8™), we know on applying Lemma 18.2 that the solution  is variational, i.e., u € W21 (O'*m). We
can apply Stampacchia’s minimum principle to obtain first that u > 0 in ©'*”, and next the maximum
principle in Q,/ to conclude that v < u. From there, it remains to repeat the argument in [Fabes et al.
19841, to obtain that v(py) < C(1 — p)/?|g|l» for all py € O, /4, which in turn, yields an L, estimate
on the Radon—Nikodym derivative of the L-elliptic measure.

The localization argument as in [Fabes et al. 1984], and using the continuity of A; to cover a layer of
the boundary with a finite number of such small Q, >, allows us to conclude. O

Corollary 19.8. With the same assumption as above and n = 1, then the Neumann problem with coeffi-
cients A is well-posed in %°.

Proof. By the results in Section 5, it follows that the Neumann problem for coefficients A is well-posed
in & if and only if the regularity problem for conjugate coefficients Ais well-posed in ¥°. The latter
follows from the previous result since A satisfies the same assumption as A. U
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Remark 19.9. As in [Fabes et al. 1984], the Dini square condition in the normal direction can be replaced
by a Dini square condition in a C! transverse direction to the sphere. It suffices to perform locally changes
of variables that transform the transverse direction to normal ones.
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