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HYPOELLIPTICITY AND NONHYPOELLIPTICITY
FOR SUMS OF SQUARES OF COMPLEX VECTOR FIELDS

ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

In this paper we consider a model sum of squares of complex vector fields in the plane, close to Kohn’s
operator but with a point singularity,

P=BB*+B*(t* +x*)B, B=D,+ix?'D,.

The characteristic variety of P is the symplectic real analytic manifold x = & = 0. We show that this
operator is C *°-hypoelliptic and Gevrey hypoelliptic in G, the Gevrey space of index s, provided k < /g,
forevery s > lq/(lqg —k) =1+ k/(lqg—k). We show that in the Gevrey spaces below this index, the
operator is not hypoelliptic. Moreover, if k > /¢, the operator is not even hypoelliptic in C*°. This fact
leads to a general negative statement on the hypoellipticity properties of sums of squares of complex
vector fields, even when the complex Hérmander condition is satisfied.
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1. Introduction
In [Kohn 2005] (and [Bove et al. 2006]; see below) the operator
Em,k :LmL_m+L_m|Z|2kLma Ly, = %_l‘§|z|2(m_1)i

was introduced and shown to be hypoelliptic, yet to lose 2 + (k — 1)/m derivatives in L? Sobolev norms.
Christ [2005] showed that the addition of one more variable destroys hypoellipticity altogether. In those
seminal works, m = 1, but Kohn, A. Bove, M. Derridj, and D. S. Tartakoff generalized the results to
higher m in [Bove et al. 2006] and elsewhere.
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Subsequently, Bove and Tartakoff [2010] showed that Kohn’s operator with an added Oleinik-type
singularity, of the form studied in [Bove and Tartakoff 1997],

Epy + 22?2~V D2,

is Gevrey s-hypoelliptic for any s > 2m/(p — k) (here 2m > p > k). A related result is that the “real”
version, with X = D, +ix9-!D,, where Dy =i~ '9,,

Rq,k + XZ(P—I)Di — XX* + (ka)*(ka) + x2(p—1)DJ2/

is sharply Gevrey s-hypoelliptic for any s > ¢q/(p — k), where ¢ > p > k and ¢ is an even integer.
In this paper we consider the operator

P =BB*+ B*(t* +x*)B, B=Dy+ix?'D,, (1-1)

where k, [ and ¢ are positive integers, ¢ even; see [Bove et al. 2010].

Observe that P is a sum of three squares of complex vector fields, but with a small change not altering
the results, we might make P a sum of two squares of complex vector fields in two variables, depending
on the same parameters: for example, BB* + B* (12 + x2¥)2B.

Let us also note that the characteristic variety of P is {x = 0, & = 0}, a codimension-two real analytic
symplectic submanifold of T*R? \ 0, as in the case of Kohn’s operator. Moreover, the Poisson-Treves
stratification for P has a single stratum, thus coinciding with the characteristic manifold of P.

We want to analyze the hypoellipticity of P, both in C°° and in Gevrey classes. As we shall see, the
Gevrey classes play an important role. Here are our results:

Theorem 1.1. Let P be as in (1-1), g even.

(1) Suppose that

k
/> =. 1-2
p (1-2)

Then P is C°°-hypoelliptic (in a neighborhood of the origin) with a loss of 2(q— 1+ k) /q derivatives.

(ii) Assume that (1-2) is satisfied by the parameters [, k and q. Then P is Gevrey s-hypoelliptic for any
s, with ;
s = 9 .
lg—k

(1-3)

(iii) The value in (1-3) for the Gevrey hypoellipticity of P is optimal, that is, P is not Gevrey s-hypoelliptic
for any

lq
1< .
=S Tlg—k

(iv) Assume now that
(1-4)

NES

Then P is not C*°-hypoelliptic.
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It is worth noting that the operator P satisfies the complex Hormander condition, that is, the brackets
of the fields of length up to k + g generate a two-dimensional complex Lie algebra. Note that in the
present case the vector fields involved are B*, x* B and ¢/ B, but only the first two enter in the brackets
spanning C2. Actually the third vector field, despite being, as we have said, completely irrelevant in
computing the elliptic brackets or the characteristic manifold, proves essential for the hypoellipticity of
the operator in the sense that it determines whether the operator turns out hypoelliptic (in some sense) or
not. As of now we do not have a thorough understanding of this phenomenon.

Corollary 1.2. The complex Hormander condition does not imply C ®-hypoellipticity for sums of squares
of complex vector fields.

The real Hormander condition, using as vector fields both the real and the imaginary parts of the vector
fields defining P, does not imply C*°-hypoellipticity either.

This also followed from Christ’s theorem [2005], but in this case we are in two variables instead of
three. We are not aware of any sufficient condition for C*°-hypoellipticity of sums of squares of complex
vector fields, except the result proved in [Kohn 2005], according to which if the (complex) Lie algebra is
generated by the fields and their brackets of length at most 2, then the operator is C°°-hypoelliptic.

Restricting ourselves to the case ¢ even is no loss of generality, since the operator (1-1) corresponding
to an odd integer ¢ is plainly hypoelliptic and actually subelliptic, that is, there is a loss of less than
two derivatives. This fact is due to special circumstances, that is, that the operator B* has a trivial
kernel in that case. Actually when ¢ is odd, we have the estimate [[ul;/, < C||B*u|, u € C§°(Q),
with © a subset of R? that is open and containing the origin. From the straightforward inequality
[(Pu,u)| > || B*ul|*>, u e Cg°(£2), we deduce that ||u||%/q < C|(Pu,u)|. The latter estimate can be used
to prove the hypoellipticity (subellipticity) of P. We stress that Kohn’s original operator, in the complex
variable z, automatically has an even ¢, while in the “real case” the parity of ¢ does matter.

We want to discuss the issue of analytic (Gevrey) hypoellipticity. For sums of squares of real vector
fields, there is a conjecture due to F. Treves [1999; Bove and Treves 2004] stating a necessary and
sufficient condition for analytic hypoellipticity. To this end, one considers the characteristic set of the
operator and “decomposes” it into real analytic strata where the symplectic form has constant rank and
where the vector fields as well as their brackets up to a certain length have vanishing symbols, but there
exists at least a bracket of length greater by one whose symbol does not vanish. Roughly stated, the
conjecture says that if every stratum is a symplectic real analytic manifold, then the operator is analytic
hypoelliptic. In the case of the operator R, x (or E,, ), the stratification has just one stratum, coinciding
with the characteristic manifold, which is also a symplectic manifold. In [Kohn 2005; Bove et al. 2006] it
is proved that the operator is both C® and analytic hypoelliptic.

From Theorem 1.1(iii), however, we deduce the following:

Corollary 1.3. Treves’s conjecture does not carry over to sums of squares of complex vector fields.

We also want to stress microlocal aspects of the theorem: the characteristic manifold of P is symplectic
in T*R? of codimension two, and as such it may be identified with T*R\ 0 ~ {(¢, 7) | T # 0} (leaving
aside the origin in the 7 variable, i.e., the zero section.)
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On the other hand, the operator P(x,t, Dy, ), thought of as a differential operator in the x-variable
depending on (¢, 7) as parameters, for T > 0 has an eigenvalue of the form t2/9(t% + a(z, 7)), possibly
multiplied by a nonzero function of ¢. Here a(z, t) denotes a (nonclassical) symbol of order —1 defined
for ¢ > 0 and such that a(0,7) ~ t=2%/9. Thus we may consider the pseudodifferential operator
A(t, Dy) = Op(‘[z/ (12 4 a(r, r))) as defined in a microlocal neighborhood of our base point in the
characteristic manifold of P. One can show that the hypoellipticity properties of P are shared by A; for
example, P is C°°-hypoelliptic if and only if A is.

The paper is organized as follows. In Sections 2—4 the operator A(¢, D;) is computed and its hypoel-
lipticity properties are related to those of P. This is done following ideas of Boutet de Monvel, Helffer
and Sjostrand using a calculus of pseudodifferential operators that degenerate on a symplectic manifold.
The sufficient part of the theorem is proved in this way. Since we do not want to encumber an already
lengthy paper with too many technical details, we decided to give only a sketchy description of the
pseudodifferential calculus, leaving it to the reader to fill in the (classical) proofs.

In order to prove the optimality of the Gevrey index in (1-3), we have to show that the pseudodifferential
operator A (¢, D;) is hypoelliptic in that Gevrey class and not in any better class, that is, not in any class
of index closer to 1, the analytic class. We do this in Section 5. This brings in the question of determining
the hypoellipticity index for a pseudodifferential operator in one variable. A detailed treatment of the
general case is given in [Bove and Mughetti 2013]. In the present case, determining the Gevrey class
does not require the detailed construction of a Newton polygon, and things are definitely easier from the
technical point of view. This is why we include here the optimality proof for A(¢, D;).

In Section 6 we prove assertion (iii) of Theorem 1.1. The idea of the proof is to construct a solution of
the equation A (¢, D;)u = 0 violating an a priori estimate which is necessary and sufficient for Gevrey
hypoellipticity. Such a solution is at first constructed only from a formal point of view. In a second step,
we make sure to have estimates allowing us to turn a formal solution into a true solution, albeit of an
equation of the form A (¢, Ds)v = g, where g, though not zero, is in an optimal Gevrey class %0, where
these Gevrey classes % are characterized by arbitrarily small constants in the estimates of derivatives.

The proof of assertion (iv) of Theorem 1.1 is done in Section 7 using similar ideas, but one needs less
control on the formal solution.

2. The g-pseudodifferential calculus

The idea, attributed by J. Sjostrand and M. Zworski [2007] to Schur, is essentially a linear algebra remark:
assume that the n x n matrix 4 has zero in its spectrum with multiplicity one. Then of course 4 is not
invertible, but, denoting by e the zero eigenvector of A4, the matrix (in block form)

A €o
teo 0

is invertible as an (n + 1) x (n + 1) matrix in C"*1. Here ?¢( denotes the row vector e.
All we want to do is apply this remark to the operator P whose part BB* has the same problem as the
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matrix A4, that is, a zero simple eigenvalue. This occurs since ¢ is even. (In the case when ¢ is odd, P is
easily seen to be hypoelliptic.)

It is convenient to use self-adjoint derivatives from now on, so the vector field B* equals D —ix9~! D,
where Dy = i~19,. It will also be convenient to write B (x, &, 7) for the symbol of the vector field B,
that is, B(x, &, ) = £ +ix?97 'z, and analogously for the other vector fields involved. The symbol of P
can be written as

P(x,t,&,7) = Po(x,1,E,7)+ P_g(x,1,E,7) + P_oi(x,1,£,1), 2-1)
where
Po(x,t,6.7) = (1 + 1) (E* + x2@D2) 4 (=1 + 1) (g — )xI 721,
Pg(x.t.6.1) = =20 1x97 4+ ix? ),
P (x,1,€,7) = x2K (62 4 x2@D12) _jfex® 71 (g 4 ix9 7 r) 4 (g — xR+

It is evident at a glance that the different pieces into which P has been decomposed include terms of
different order and vanishing speed. We thus need to say something about the adopted criteria for the
above decomposition.

Let u be a positive number and consider the following canonical dilation in the variables (x, ¢, &, 7):

xop Vix, 11, £-ulE 1ot

It is then evident that Py has the homogeneity property

Po(p™Vx, 1, u"9g, ut) = 4 Po(x, 1, €, 7). (2-2)
Analogously,
Pog(u™ 0,6, u!9E pr) = 219 P_g(x 1,8, 7) (2-3)
and
Poop (W, pV9g, pr) = 2970 p_ o (x, 1,8, 7). (2-4)

Now these homogeneity properties help us in identifying some symbol classes suitable for P.

Definition 2.1. Following the ideas of [Boutet de Monvel and Treves 1974; Boutet de Monvel 1974], we
define the class of symbols S,;" ok (2, X), where 2 is a conic neighborhood of the point (0, e;) and X
denotes the characteristic manifold {x = 0, £ = 0}, as the set of all C*® functions such that on any conic
subset of €2 with compact base,

&1

050807 03a(x. 1.6, 0)| < (1 + |r|)'"—'H(— el +

| k—y/(g—1)—6
k1 )

c[@ /e -5

We write S7F for SIF(R2 x R2, 2).

By a straightforward computation (see for example [Boutet de Monvel 1974]), we have S;n k S,;n £
if and only if m <m’ and

m——kfm/—gk/.
q q
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qg—1

Sq' ** can be embedded in the Hormander classes S;ns 77" where k_ = max{0,—k} and p = § =

1/q < % Thus we immediately deduce that

2,244 2,2+ 25
Poe Sy PgeSp*cS, ' andfinally Py €S

Definition 2.2 [Boutet de Monvel 1974]. With 2 and ¥ as specified above, we define the class

o0
w(Q.5) =) S, Q. 3).
j=1
We write 3] for %' (R* x R?, £).
Now it is easy to see that Py, as a differential operator with respect to the variable x, depending on

the parameters ¢, T > 1, has a nonnegative discrete spectrum. Moreover, the dependence on 7 of the
eigenvalue is particularly simple, because of (2-2). Call Ag(z, T) the lowest eigenvalue of Py. Then

Ao(t,7) = T2 9N (2).

Moreover, A, has multiplicity one and Ao(0) = 0, since BB* has a null eigenvalue with multiplicity
one. Denote by ¢ (x, ¢, 7) the corresponding eigenfunction. Because of (2-2), we have the following
properties of @q:

(a) For fixed (¢, 1), ¢y is exponentially decreasing with respect to x as x — +o0. In fact, because of
(2-2), setting y = x7 /9, we have @o(,1,7) ~e /4.

(b) It is convenient to normalize ¢p in such a way that [|¢o(-,7,7)||L2g,) = 1. This implies that a
factor ~71/24 appears. Thus we are led to the definition of a Hermite operator (see [Helffer 1977]
for more details).

Let 31 = 7, X be the space projection of X.

Definition 2.3. We write Hj" for %Z’(Ri’t X R¢, 21), the class of all smooth functions in

TRy,
(Se 7 7R, xR Zy).
j=1
Here S;' ok (Rfm x Re, 21) denotes the set of all smooth functions such that
v

o qfqy m—p g—1 1 k a-l

< - -
‘8, 0y 0%a(x,t, ‘[)‘ S(14+]t)) (|x| + |t|(‘1—1)/‘1) . (2-6)
Define the action of a symbol a(x, ¢, 7) in Hq”’ as the map

a(x.t, Dy): C°(Ry) — C®(R2,)

defined by
a(x,t, Du(x,t) = 2n)™! /eitta(x, t,t)u(r)dr.
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This operator, modulo a regularizing operator (with respect to the variable ¢, but locally uniform in x),
is called a Hermite operator, and we denote by OPHZ" the corresponding class.

We need also the adjoint of the Hermite operators defined in Definition 2.3.

Definition 2.4. Let a € H;". We define the map

a*(x,t, Dy): CgP(R:)) — C°(R;)
as

a*(x,t, Du(t) = 2n)~! // e a(x, 1, )i(x, 1) dx dr,

where 1 (x, t) denotes the Fourier transform of u with respect to the variable 7. We denote by OPHZm
the related set of operators.

Lemma 2.5. Lera € HY" and b € S§*
(i) The formal adjoint a(x.t, D;)* belongs to OPH;m and its symbol has the asymptotic expansion

N—
o(a(x,t, Dy)*) Zal D;"a(x,z,z)eH;"—N. (2-7)

(ii) The formal adjoint (a*(x,t, D;))* belongs to OPH;” and its symbol has the asymptotic expansion

N-—1
o(a*(x.t. D)*) = > %a‘;‘D‘;‘a(x,t,r) e HI"N, (2-8)
a=0

(iii) The formal adjoint b(x,t, Dy, D;)* belongs to OPS;”’k and its symbol has the asymptotic expansion

N—1
o(a(x,1, Dy, D)*) — Z 00 1) Dl (v 1.8, 0) € Sy eoNal@mD, (2-9)
a=0
The following is a lemma on compositions involving the two different types of Hermite operators
defined above. First we give a definition of “global” homogeneity:

Definition 2.6. We say that a symbol a(x, ¢, £, 7) is globally homogeneous (abbreviated g.h.) of degree m
if for A > 1, a(A"49x, 1, A\19E A1) = A™a(x, 1, &, 7). Analogously, we say that a symbol, independent
of £, of the form a(x, 7, 7) is globally homogeneous of degree m if a(A™1/9x, ¢, A1) = A\™a(x, ¢, 7).

Let f_j(x,t,€,7) € Sg° k+illa=1 , j € N; then there exists f(x,t,&, 1) € S,;"’k such that f ~
Y. j>o0 /-, thatis, f— Z o S € Sm KN/ lg=1) . Thus f is defined modulo a symbol in

m,00 __ m,h
Sy = () sph.
h>0



378 ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

Analogously, let f_; be globally homogeneous of degree m —k(q —1)/q — j/q and such that for
every «, B > 0 satisfies the estimates

— k— —1)—
07 0%02 £ (e 6.0 < (151 + x4 )TV g er? 210)

for (¢, r) in a compact subset of R x R\ 0 and every multi-index y. Then f_; € Sé" kt+illq=1),

Accordingly, let ¢ (x,,7) € H;n_j/q; then there exists ¢(x, 7, 7) € Hy" such that ¢ ~ ijo o—j,
that is, ¢ — ZJN;OI p—j € H;" —N/ 1, 50 that ¢ is defined modulo a regularizing symbol (with respect to
the ¢ variable).

Similarly, let ¢_; be globally homogeneous of degree m — j /¢ and such that for every o, / > 0 satisfies
the estimates

90 0% j.r )| S (x4 1) TTVOD 0 yer, -11)

for (¢, 7) in a compact subset of R x R\ 0 and every multi-index 8. Then ¢_; € H‘;" —ila
As a matter of fact, in the construction below we deal with asymptotic series of homogeneous symbols.

Next we give a brief description of the composition of the various types of operator introduced so far.

Lemma 2.7 [Helffer 1977, Formula 2.4.9]. Leta € SI™*, b € SI"*K' with asymptotic globally homoge-
neous expansions

. 1 i
an~ Za_j, a—j e S,;”’kﬂ/(q_l), g.h. of degree m — q—k—i,
=0 q q
’ L —1 [
b~ Zb_i, b_i €Sy K +i/@=D) o b of degree m' — qu’— (l;
i=0

7 ’
Then a o b is an operator in OPSqm"'m K ith

N-1
o(aob)— Z Z éa(aga_j(x,t,Dx,t) ox D¥b_i(x,1, Dy, 7)) € S;”er,_N’kJrk/. (2-12)
s=0 qa+itj=s

Here oy denotes the composition with respect to the x-variable.
Lemma 2.8 [Boutet de Monvel 1974, Section 5; Helffer 1977, Sections 2.2, 2.3]. Leta € Hé”, be H,;”/

and € S ;”g (R x Ry) with homogeneous asymptotic expansions

an~ Za_j, a_j € H[;"_j/q,g.h. ofdegreem—i,
q

Jj=0
b~ Z b_i, b_je H;”/_i/q, g.h. of degree m’ — -,
, q
i=0
A~ Z Ag, A€ S;"(;/—l/q, homogeneous of degree m" — é
>0

Then:
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(i) aob* is an operator in OP %qurm/_l/q (R, X) with

N—-1
o(aoh*)(x, 1.6 D)= Y I e (v, T Dbyt 7) € K TITNL 0113)
5=0 qa+i+j=s

where the Fourier transform in D?‘I;_i(é ,1, T) is taken with respect to the x-variable.

(ii) b* o a is an operator in OPS'lng_ml_l/q (Ry) with

N—-1
sb*oa)t. - Y éfagé_i(x,z, D) D¥a_j(x.t.1)dx e ST ANV R,). (2-14)
s=0 ga+j+i=s

e . . 4 . . . . .
(iii) @ o A is an operator in OPHZ’ TM . Furthermore, its asymptotic expansion is given by

N-—1
saon)-y Y O%a‘ga_j (x,1, ) DZA_y(t,7) € HIHm'=N/a, (2-15)
5=0 ga+j+i=s

Lemma 2.9. Let a(x,t, Dy, D;) be an operator in the class OPSZ”k (R%, %) and b(x,t, D;) € OPH;”/
with g.h. asymptotic expansions

. -1 i

an~ Za_j, a—j e S;"’kﬂ/(q_l), g.h. of degree m — = -1,

; q
Jjz0

b~ Zb—i, b_i e H[;"/_i/(q_l), g.h. of degree m' — L

i=0

Thenaob € OPH;"+m/_k(q_l) /9 and has a g.h. asymptotic expansion of the form

N-—1
olaob)— Y > %Blta_j(x,l,Dx,f)(Dib_i(-,t,t)) e Hrtm —ka=D/a=Nla_ (2.16)
5=0 gql+i+j=s

Lemma 2.10. Let a(x,t, Dy, D;) be an operator in OPSZ”k (R%, %), let b*(x,t, D;) € OPH;m/, and let
Alt, Dy) € OPS'I”,;; (Ry), with homogeneous asymptotic expansions

. -1 i
a~Za_j, a—; ESC’I”’kJ”/(q_l), g.h. ofdegreem—q—k—é,
Jj=0

b~ Z b_i, b_;e H‘;”/_i/(q_l), g.h. of degree m’ — -,

i=0

A~ S h aespT

homogeneous of degree m” — L

Then
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(1) b*(x,t, Dy)oa(x,t, Dy, Dy) € OPH;m—i_m/_((q_l)/q)k with g.h. asymptotic expansion

N—
ob*oa) =Y Y DM@ (et D) (LBSi(- 1, 0)) € H R DIaN(0.17)
s=0 gl+it+j=s o
(ii) A(¢, Ds)ob*(x,t, Dy) € OPHZm T ith asymptotic expansion

—1
oot )=y Y %8‘;‘)»_,(@ ) Db (x,t,7) € HM T =N/ (2-18)
s=0 ga+i+Il=s )

The proofs of Lemmas 2.7-2.9 are obtained with the calculus developed by Boutet de Monvel [1974]
and Helffer [1977], slightly generalized to handle general ¢q. The proof of Lemma 2.10 is performed
taking the adjoint and involves a combinatorial argument; we sketch it here.

Proof. We prove item (i). The proof of (ii) is similar and simpler.
Since
b*(x,t, Dy) oa(x,t, Dy, Dy) = (a(x,t, Dy, Dy)* ob*(x,1, Dy)*)",

using Lemmas 2.5 and 2.7, we first compute
o(a(x, t.Dx,Di)* ob*(x,1, Dy)¥)
l
= X i D an (et De ) (Db 7))

a,l,p,i,j=0
_Z—aVDV( > ﬁ,( Dy) (_,-(x,z,Dx,r))*(afb_,-(-,z,z))),
y=0 Bsi,j=0

where (—Dt)ﬂ(a_j (x,t, Dy, r))>l< is the formal adjoint of the operator with symbol D;Ba_j (x,t,&, 1)
as an operator in the x-variable, depending on (¢, 7) as parameters. Here we used (A-2) in Appendix A.
Hence

o(b*(x,t,Dy)oa(x,t, Dy, Dy))

—D,)B .
=Z%8iD£-(Z%8’{D}’( > ( l’;’) (a—j(x.t, Dx, 7)) (afb_i(.,z,z))))

120 y>0 B,i,j>0
=y g1 D7 (@5 (x.1, D 0)" (08511, 7)
B.i,j=0

= Z ,3_ ?( a_j(x,t, Dx,r)) (8‘3b__,-(-,t,r)),
0gB+i+j=

s=

because of (A-3) in Appendix A. O
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3. Computation of the ‘“degenerate eigenvalue”

We are now in a position to start computing the symbol of A.

Let us first examine the minimum eigenvalue and the corresponding eigenfunction of Py(x, ¢, Dx, T)
in (2-1), as an operator in the x-variable. It is well known that Py(x, ¢, Dy, ) has a discrete set of
nonnegative, simple eigenvalues depending in a real analytic way on the parameters (¢, 7).

Py can be written in the form LL* + t2 L*L, where L = D, + ix?9~'7. The kernel of L* is a one-
dimensional vector space generated by ¢g o(x,7) = cot!/2 exp(—(x7/q)7), ¢ being a normalization
constant such that

g0, 0+, DllL2@w,y =1

We remark that in this case 7 is positive. For negative values of 7, the situation is much better since the
following proposition holds:

Proposition 3.1 [Boutet de Monvel 1974]. The localized operator of P in (1-1), whichis LL*, is injective
in a cone near t < 0. Hence the operator P is subelliptic.

Denoting by ¢g(x, ¢, T) the eigenfunction of Py corresponding to its lowest eigenvalue Ay (z, ), we
obtain that ¢o(x, 0, T) = ¢@g,0(x, 7) and that A¢(0, 7) = 0. As a consequence, the operator

P = BB* + B*(t* + x*)B, B=D,+ix97'D, (3-1)

is not “maximally” hypoelliptic, that is, hypoelliptic with a loss of 2 — 2 /¢ derivatives.

Next we give a more precise description of the 7-dependence of both the eigenvalue A and its
corresponding eigenfunction ¢g of Py(x,?, Dy, 7).

It is well known that there exists an ¢ > 0 small enough that the operator

1 -1
My = ~— I — Py(x,t,D d
0 an |M|=8(M O(Xs ’ X7r)) /'L

is the orthogonal projection onto the eigenspace generated by ¢g. Note that [Ty depends on the parameters

(¢, 7). The operator L L* is thought of as an unbounded operator in L?(R,) with domain

B2(Ry) = {ueLZ(RX)]x“DﬁueLZ, 0513+an152}' (3-2)

We have
(Wl —Po) ' = (I + 12 [-AU + 2 )7 ) (wl —LLH T,

where 4 = (LL* — uI)~'L* L. Plugging this into the formula defining T, we get

1 *y—1 | Y 20 \—1 *—1
My=-—— - S — ,
0= 57 P (I —LLY) du— 5t 95 AU )Tl ~ LLY) ™ dp

|nl=¢ |u|=¢
Hence
_ _ 2 1 20 \—1 w1
@0 = owo,0 = @o,0 — 1% 57— A + 17 A)" (Wl —LL™) "o odu
27E =

= 00.0(x, 7) + 12 G (x, 1, 7). (3-3)
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Since Ty is an orthogonal projection, [@o(-, 7, T)|lL2R,) = 1.
As a consequence, since Py = LL* + 12! L* L, we obtain that

Ao(t.7) = (Pogo. @o) = 1*'| Lo o] +0(*). (3-4)
We point out that L¢g ¢ 7 0. Observe that, in view of (2-2), writing u, (x) = u(u="4x),

Aolt,pt) = min (Po(x.t, Dy, pr)u(x), u(x))
ueBé
llull;2=1

= min <P0(M_1/qx, 1, uM9 Dy, ©)
ueB2
lull;2=1

= p?/% min (Py(x,, Dy, T)v(x), v(x))
vGBZ
vl 2=1

= 1A (1, 7). (3-5)

“u(x) “u(x)
Ml/(ZtI)’ Ml/(ZQ)

This shows that A is homogeneous of degree 2 /¢ with respect to the variable t.
Since ¢y is the unique normalized solution of the equation

(Po(x.t, Dy, 7)— Ao(t. 7))u(-.,1,7) =0,

from (2-2) and (3-5) it follows that ¢ is globally homogeneous of degree 1/(2¢g). Moreover, ¢ is rapidly
decreasing with respect to the x-variable smoothly dependent on (¢, 7) in a compact subset of R? \ 0.
Using estimates of the form (2-11), we can conclude that ¢ € qu/ (2q)‘

Let us start now the construction of a right parametrix of the operator

P(X7Z7 D.X7Dt) (po(xvtv Dt)
@g (x.t, Dy) 0

as a map from C;*° ([R{%x,t)) x C5°(Ry) into COO(R%xJ)) x C*°(R;). In particular, we are looking for an

operator such that

|:P(x,t, Dy, Dy) @o(x.1, Dt):| ] |:F(x,z, Dy, Dy) ¥(x,t, D,)} _ {Idcgo(Rz) 6)

9o (x.1, Dy) 0 Y (x.1,Dr)  —A(t, Dy) 0 Idc(;w(m}'

Here ¢ and y* denote operators in OPH;/ 29 and OPH;l/ 24 respectively, and F € OPS;Z’_2 and
Ae OPS?/ g . Moreover, the sign = means equality modulo a regularizing operator.
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From (3-6) we obtain four relations:

P(x,t, Dx, Dy)o F(x,t, Dx, D) +@o(x,t, Dy) o™ (x, 2, Dy) = 1d, (3-7)
P(x,t,Dx,Dy)o(x,t, D) —@o(x,t, Di)o A(t, Dy) =0, (3-8)

@ (x,t, D)o F(x,t, Dy, D;) =0, (3-9)

GE(e.t. D)oy (x.1, Dy) = 1d. (3-10)

We are going to find the symbols F, ¥ and A as asymptotic series of globally homogeneous symbols:

F~>Fj. Y~y ¥ A~ A, (3-11)

jz0 jz0 jz0
where the symbols F_;, ¥_; and A_; are globally homogeneous of order —=2/q — j/q, 1/(2q) — j/q
and 2/q — j/q respectively; see for example Definition 2.6 and (3-5).
From Lemma 2.7, we obtain that

G(PoF)~Y 3 Lo(0Pj(x.1, Dy, ) ox DEF—i(x.1, Dy, 7)),

s>0qa+i+j=s

where we denote by P_; the globally homogeneous parts of degree 2/q — j/q of the symbol of P, so
that P = Py + P—_4 + P_jj. Furthermore, from Lemma 2.8(i), we may write that

) 1 2
olpooy™) ~eEY T YT dpo(x. 1. 1) DEY-i (.1, 7).
s>0qa+i=s
Analogously, Lemmas 2.9 and 2.8(iii) give

o(Poy)~Y Y %aip_,-(x,z, Dy.0)(Dly_i(-.1.7).

§s=>0gl+i+j=s

1
U((pooA)NZ Z aa‘;‘(po(x,t,t)Df‘A_l(t,t).
s>0gati=s

Finally, Lemmas 2.10(i) and 2.8(ii) yield
1 — __
s>0gl+j=s

and

0((p6"o¢)~2 Z %/Bi‘(ﬁo(x,t,f)D‘t)‘w_j(x,t,f)dx.

s=0qa+j=s
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Let us consider the terms globally homogeneous of degree 0. We obtain the relations

Po(x,t, Dx,T)0x Fo(x,t, Dx,T) + o(x.1,7) @ Yo(-.2,7) =1d, (3-12)
Po(x,t, Dy, 7)(Yo(-.1,7)) — Ao(t, D)po(x,1,7) =0, (3-13)
(Fo(x,t, Dx, 7)) (¢o(-,2,7)) =0, (3-14)

f@o(x,z,r)wo(x,z,f) dx =1. (3-15)

Here we denoted by ¢¢ ® ¥¢ the operator u = u(x) +— ¢q / Vou dx; ¢y ® Yo must be a globally
homogeneous symbol of degree zero.
Conditions (3-13) and (3-15) imply that g = ¢¢. Moreover, (3-13) yields that

Ao(t,7) = (Po(x, 1, Dy, 0o (X, 1,T), 9o (X, 1, 7)) 12 -
coherently with the notation chosen above. Conditions (3-12) and (3-14) are rewritten as
Po(x,t, Dy, 7)o Fo(x,t, Dy, ) =1d—I1y,
Fo(x.t, Dy, 7)(¢o(+.1.7)) € [pol ",
whence (compare (3-2))
on [go] ™,

-1
[woFﬂB%) (3-16)
on o).

Po(x,t, Dy, T
F()(X,Z,Dx,'[) — {( 0( X )|
0

Since Py is g-globally elliptic with respect to (x, £) smoothly depending on the parameters (z, t), one
can show that Fo(x,?, Dy, 7) is actually a pseudodifferential operator whose symbol satisfies (2-10) with
m =k =-2, j =0, and is globally homogeneous of degree —2 /4.

From now on we assume that ¢ < 2k and that 2k is not a multiple of ¢; the complementary cases are
analogous.

Because of the fact that P_; =0 for j =1,...,q — I, relations (3-12)—(3-15) are satisfied at degree
—j/q,j=1,...,9g—1,bychoosing F_; =0, ¥_; =0, A_; =0. Then we must examine homogeneity
degree —1 in Equations (3-7)—-(3-10). We get

P_gox Fo+ Pyox F_gq+0:Pgox Dt Fo+¢o ® Y—q + dcpo ® Do = 0, (3-17)
Po(Y—g) + P—q(po) + 9z Po(Drpo) — A—gpo — Dt Agdzgo = 0, (3-18)

(F—g)* (o) — (D¢ F§)(dz90) = 0, (3-19)

(V—g-00)L2@w,) T (Drgo, 0r¢o) L2,) = O (3-20)

First we solve with respect to ¥—; = (¥—q, ®0) L2(r,)P0 + wfq € [@o] ® [@o]*. From (3-20), we
immediately get that

(V=g 90) L2@ry) = — (D190, 0c90) L2R,)- (3-21)
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Equation (3-18) implies that

Po({¥—g. p0)9o) + PO(W_lq) = —P_4(po) — 0: Po(Drpo) + A—qpo + Dt Ao ¢o.

Thus, using (3-21) we obtain

[pol- 3 Po(¥L,) = —P—q(¢0) — 3= Po(Ds o) + A—go + Dt Agdzpo + ( Dso. dx00) Aogo.
whence

Ag= (P—q((PO) + 07 Po(Drpo) — Dy Aodrgo, (pO)LZ(Rx) — (Dt @0, dzp0) Ao, (3-22)
w_q = —(Dt(p(), 8,¢0)L2(Rx)<po + FO(_P—q(¢0) - 81P0(Dt¢0) + DIAOaﬂDO): (3‘23)

since, by (3-16), Fopo = 0. From (3-19) we deduce that for every u € L?(Ry),

Mo F_qu = (ua (DtF(;k)(at(PO»LZ(RX)(PO = [QDO ® (DtF(;k)(at(PO)]”-

Let —w_g = P_gox Fo+0:Pyox D Fo~+¢o @ Vg + 090 ® Drpo. Then from (3-16), applying Fy
to both sides of (3-17), we obtain that

(Id—Tg)F_y = —Fow_g.

Therefore we deduce that
F_g =90 ® (D F§)(0:90) — Fow—g. (3-24)

Inspecting (3-23) and (3-24), we see that ¥4 is in qu/ 24~ and is globally homogeneous of degree
1/2g — 1, while F_ is in Sq_z’_Hq/(q_l) and is globally homogeneous of degree —2/¢ — 1.

From (3-22) we have that A_4 isin § 12 ’/Oq_l and is homogeneous of degree 2 /g — 1. Moreover, P_; is
0(t2=1), D, gy is estimated by 12/~ for t — 0 because of (3-3), D; A is also O(t3~1), and Ay = 0(t2)

because of (3-4). We thus obtain that

A_g(t,7) = 0?71, (3-25)

This ends the analysis of the terms of degree —1 in (3-6).

From now until the end of the proof we assume that 2/ > 2k /g. The complementary case can be
obtained analogously.

We iterate this procedure arguing in the same way. We would like to point out that the first homogeneity
degree that arises and is not a negative integer is —2k /¢q. (We are availing ourselves of the fact that 2k
is not a multiple of ¢. If it is a multiple of ¢, the above argument applies literally, but we need also the
supplementary remark that we are going to make in the sequel.)

At homogeneity degree —2k /g we do not see the derivatives with respect to ¢ or t of the symbols
found at the previous levels, since they would only account for a negative integer degree of homogeneity.

In particular, condition (3-8) for homogeneity degree —2k /¢ reads as

Poy_ok + P_opp0 —wo A2 = 0.
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Taking the scalar product of the above equation with the eigenfunction ¢ and recalling that

lpo(-. 1. T)HLZ(RX) =1

we obtain that
Aok (t.7) = (P_2k 0. ¢0) L2(,) T (PoV—2k. ¥0) L2, (3-26)

Now, because of the structure of P_yx, (P20, %0)2(r,) > 0, while the second term on the right,
which is equal to (¥_y, @o)Ag, vanishes for # = 0. Thus we deduce that

A_5;(0,7) > 0. (3-27)
Let jo be a positive integer such that
Jog <2k < (jo+1)g. (3-28)

In the sequel we need some information on the behavior of the symbol A_;,+1). To obtain this, we
make a proof by induction.

Suppose that
@ZZI—j/q f j :0’_.."’
Ayl = {007 tor il o (3-29)
0 if j/q is not an integer < jg
and

0@?!=ilay for j/q=0,..., jo,

Y_j(t,x, 1) = ( ) .Or.J/‘l. : Jo - (3:30)
0 if j/q is not an integer < jg.

Let us write the symbols of (3-7)—(3-10) at the homogeneity degree —(jo + 1). From (3-8), we have

1 1
> 709 Pj(x.1. Dy, O(DY-i(-.1.7) = Y %o (x. 1. 1) DFAi(1,7) = 0.
qatitj= qa+i=
q(jo+1) q(jo+1)
This can be rewritten as

PO(W—(jo-H)q) - WOA—(]'O-H)q

1 1

=— Y &P D)+ ). S deeDiA-. (331
qa+i+j=q(jo+1) qo+i=q(jo+1)
i<q(jo+1) i<q(jo+1)

Taking the scalar product of (3-31) with ¢ and using the equalities ||@ol|2(r,) =1 and Ao (z, T) = O(t 21y

and the self-adjointness of Py, we at once find, because of the inductive hypothesis, that A_¢j 1) =
@(IZZ—(jo-i-l))‘

In order to show that ¥_(j 11)q = 0(t?~Uo+ D) get

1/’—(j()-i-l)q(x?Z?7'—) = /I‘_{(/’O(y,l,T)W—(jo+1)q(y,t»f) dJ/'QOO(X»th)+1ﬂi—(j0+1)q(xvf»f)7 (3'32)
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where W_L(jo +1)g € [po]*. Let us consider then (3-10). At the homogeneity level —(jy + 1), it can be

written as
1 o o
[oottovgenaiend == ¥ L [ #0008 00 .
: qati=Gota
a>

By (3-30), we conclude that the scalar product in the left-hand side of the above identity is O(r2=GotD))y,
Let us now consider (3-31). Applying Fy to both sides of (3-31) and taking both Equation (3-32) and the
inductive hypothesis into account allows us to conclude that

V(g g = 0E D).

We have thus proved:

Theorem 3.2. The operator A defined in (3-6) is a pseudodifferential operator with symbol A(t, 1) €
S 12 /Oq (Ry X Ry). The symbol of A has an asymptotic expansion of the form

Jo
AT~ D A jgt. D) + Y (Aak—sq(t.T) + A_(jyt1)g-5q (. 7). (3-33)
j=0

§=0

Here A_, has homogeneity 2/q — p/q and

—j [ =0,...,jo+1 if2l>2k/q,
A_jqlt.7) =02~ / 3-34
jqt:®) =007 for{j:O,...,Zl—l if 2l <2k /q, (3-34)
while
Aoy, satisfies 3-27) and 172 Ag(t,7)|,_, > 0. (3-35)
Furthermore, as a consequence of the calculus for real analytic symbols, Ay _s4(t, ), with r = =2k or
r = —(jo + 1)q, satisfies the estimates
10502 Ay —sq (1, 7)| < CATS TPt BLst (1 4 |z|) 2/ atr/a—s—e, (3-36)

where Cp denotes a positive constant depending only on the symbol A. (See Section 5 below for more
details.) In particular, A(t, T) is a real analytic symbol in the sense of Boutet de Monvel [1972].

We point out that the operator A(¢, D;) defined above, modulo an elliptic factor of order 2/q — 2k /q,
has a form of the type

2 pla gy, (3-37)

The latter operator is G *-hypoelliptic for s > 5o = Iq/(lg — k). To get a rough idea of this fact, if g = 1,
let us consider the equation 72/ D,Zk u + u = 0. The behavior of u can be obtained by WKB, solving
12L(¢")%k 41 = 0, which yields ¢(7) = wr~!/**1 and u ~ ¢'®, where w is a suitable complex constant.
This gives u € G//U=K),
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4. C°°-hypoellipticity of P : sufficient part

In this section we prove the C°°-hypoellipticity of P. This is accomplished by showing that the
hypoellipticity of P follows from the hypoellipticity of A and proving that A is hypoelliptic if condition
(1-2) is satisfied. As a matter of fact, the hypoellipticity of P is equivalent to the hypoellipticity of A, so
that the structure of A in Theorem 3.2 may be used to prove assertion (ii) in Theorem 1.1.
We state without proof:

Lemmad.1. Letac SZI" * pe properly supported with k <0. Then Op a is continuous from H}} (R?)

to I-Qf):erk(q_l)/q (R?). Let ¢ € H(;nﬂ/zq be properly supported. Then Op @ is continuous from

H} (R)to H ™ (R?). Moreover, p*(x,t, D;) is continuous from H} (R?) to H3 ™ (R).

loc loc

Repeating the argument above for a left parametrix, we can find symbols F € S, =2 Ve qu /24
and A € S/¢ as in (3-11) such that

{F(x,t,Dx,D,) w(x,t,Dt):| [P(x,t,Dx,D,) (po(x,l,Dt):|=|:IdC(<)>0(Rz) 0 } @

w*(xvtth) _A([’Dt) (pg(x’t’Dt) 0 0 IdCOOO(R)

From (4-1) we get the pair of relations

F(x,t,Dx, D)o P(x,t, Dx, D) =1d = (x,t, D;) o5 (x.t, Dy), (4-2)
lﬂ*(x, t, Dt) o P(X, t, DX, Dt) = A(l, Dt) OQD(T(X, t, Dt) (4-3)

Proposition 4.2. If A is hypoelliptic with a loss of § > 0 derivatives, then P is also hypoelliptic with a
loss of derivatives equal to

-1
2—— +36.
q

The converse is also true. Furthermore, A is C°°-hypoelliptic if and only if P is C*°-hypoelliptic.

Proof. Assume that Pu € H]f)C([Riz). From Lemma 4.1 we have

FPu e H'TH9(R?).

loc

By (4-2) we have u —ygju € Hlf):rz/q (R?). Again, using Lemma 4.1, ¥* Pu € H; (R), so that by (4-3),
Apgu € H} (R). The hypoellipticity of A yields then that gju € H| s+2/q-9 (R). From Lemma 4.1 we

loc
obtain that Yoju € gt (R). Thus

loc

u=~Ud—yo;)u+yojuc HS T2,

loc
This proves the first sentence of the proposition. The proof of the other assertions is similar. O

Next we prove the hypoellipticity of A under the assumption that / > k/q.
First we want to show that there exists a smooth nonnegative function M (¢, t) such that

M(t.7) SCIA@ D] A @ D] < CapM(t, )(1 + 2]y P>, (4-4)

where a, B are nonnegative integers, C, C, g are suitable positive constants, and the inequality holds for
t in a compact neighborhood of the origin and |t| large. Moreover, p and § are such that 0 <§ < p < 1.
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We actually need to check the above estimates for A only when 7 is positive and large.
Let us choose p=1,6 =k/lg <1 and

M(t, 1) = rz/q(lﬂ + r_Zk/q),

for ¢ > ¢ > 1. It is then evident, from Theorem 3.2, that the first of the conditions in (4-4) is satisfied.
The second condition in (4-4) is also straightforward for Ag + A_,x, because of (3-27) and (3-4). To
verify the second condition in (4-4) for A_j4, g € {1,..., jo}, we have to use property (3-34) in the
statement of Theorem 3.2. Finally, the verification is straightforward for the lower-order parts of the
symbol in (3-33). Using Theorem 22.1.3 of [Hormander 1985], we see that there exists a parametrix
for A. Moreover, from the proof of the same theorem, we get that the symbol of any parametrix satisfies
the same estimates that A ™! satisfies, that is,

‘DngA_l(l, T)} < Ca,ﬂ[fz/q(tzl + f_zk/q)]_l(l + _L_)—Ot-i-(k/lq)ﬂ < Ca,ﬂ(l + T)Zk/q—Z/q—Ot-i-k/qu’

for ¢ in a compact set and T > C. Thus the parametrix obtained from Theorem 22.1.3 of [Hérmander
1985] has a symbol in S74/4-2/4.

Theorem 4.3. A has a parametrix whose symbol belongs to S 12 ];{//3;2/ 1 and is hypoelliptic with a loss of

Hs+2/q—2k/q

2k /q derivatives, that is, Au € H}}  implies u € H,

Theorem 4.3 together with Proposition 4.2 proves assertion (i) of Theorem 1.1.

5. Analytic symbols and Gevrey regularity

The purpose of this section is to prove the second statement in Theorem 1.1. To this end, we need to
work with real analytic symbols and their asymptotic expansions.

Let us first define the symbol classes of Section 2 for analytic symbols. Since the coefficients of P are
analytic, we are interested only in symbols with real analytic regularity.

Definition 5.1. We define the class of symbols S;f&k (2, X), where €2 is a conic neighborhood of the
point (0, e;) and ¥ denotes the characteristic manifold {x = 0,& = 0}, as the set of all C*® functions
such that on any conic subset of 2 with compact base,

|0¢080% 08a(x.1.£.7)]

1 k—y/(g—1)—6
) . (5-1)

< 1+a+B+y+38 1 314,181 m—pB—§ @ q—1 -
<C al Bryl§1(1+|z|) (|T| + x|+ c[@D/a
for |(€,t)| = B(B + ), where B > 0 is a suitable constant.

We write S,;"’k for S;"lt’,k (R xR2,%).

Likewise, with the same notations of Definition 2.3, we need the C® version of the Hermite symbols:

Definition 5.2. We write Hj", for %Z’,a(Ri,t x R¢, X1), the class of all real analytic functions in
M7=, smrimal@-0j (R, xR;, ). Here SZ&k([R{fc’t x Rz, 1) is the set of all smooth functions
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such that

: (5-2)

tvtVx

1 )k—y/ (g—1)

aqBqy < 1+a+B+y ) g1 4,10 m—pB g—1, 1
|0%0 9% a(x,t,7)| S C al Lyt (1+z)) (le @

for |7| > Bf, where B denotes a suitable positive constant.
Actually our Hermite operators are better than this and using an easy generalization of Proposition 2.10
in [Grigis and Rothschild 1983], we define the action of a symbol a(x, ¢, 7) in Hj", as the map

a(x,1,Dy): G*(R) N C§P(R) — G* (R,
for any s > 1, defined by
a(x,t, Du(x,1) = 2n)™! /eitta(x, t,t)u(r)dr.

Such an operator, modulo a regularizing operator (with respect to the ¢ variable), is called a Hermite
operator, and we denote by OPH;”’ , the corresponding class. When it is clear from the context, to keep
the notation simple, we shall omit the subscript a.

The adjoint of a (C®) Hermite operator is defined exactly as in Definition 2.4.
Next we define suitable cutoff functions that will be used several times in what follows.

Lemma 5.3. Let t > 1. There exists a family of cutoff functions wj € G'(R%), 0 < wj(x) < 1, for
Jj=0,1,2,..., such that:

(1) wj =0if|x| <2R(j + 1), wj = 1if |x| = 4R(j + 1)*, with R an arbitrary positive constant.

(2) There is a suitable constant C,, independent of j, o, R, such that

D% (x)] < CEHFU(RG+ 1) iflel <35, (5-3)
and ol
|D0‘a)j(x)|E(RCw)l"lHlx“aI for every a. (5-4)

Proof. Pick a function ¥ € G*(R) N C°(R) satisfying ¥ > 0, suppy C {|x| < ;}, and [ ¥ (x)dx = 1.
Let x g denote the characteristic function of the interval [=2R—r/2,2R+r/2]. Set ¥o(x) =a~ v (x/a).
Then

ON = XR*Yr ¥ Yp/N ¥k YN

N times

has support contained in [-2R —r, 2R 4 r] and is identically equal to 1 on [-2R, 2 R]. We have, for any
o, and forany 8 < N,

DBy = xR * DV % DYy -5 DYy %Yy %o % Y/

B times

Whence NAB
D+ Py| < R+ r)Ce (| DYl 3 )

r
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Now we define

Assertion (1) of the lemma and the estimate (5-3) are then a consequence of the definitions and estimates
above, once we choose r = 2R. Let us now turn to (5-4). We have

oL

2RO +DI*

On the support of D¥w; we have |x| < 4R(j + 1), which implies the conclusion. O

|[D%wj(x)] < 6RC$+101

Lemma 5.4. Let s > 1. There exists a family of cutoff functions wj € G*(RY), 0 < w;j(x) <1, j =
0,1,2,..., such that:

(1) wj =0if|x| <2R(j +1),wj = 1if|x| = 4R(j + 1), with R an arbitrary positive constant.

(2) There is a suitable constant C,, independent of j, o, R, such that

|D%w;(x)| < CRTIRT if o] < 3, (5-5)
and
1s
| D%w; (x)] < (RC,)IF! |XO[|T for every a. (5-6)

Proof. The proof is the same as the proof of Lemma 5.3, but the w; are defined as
| x|
wj(x)=1—<p3j(, T O
We wish now to define the asymptotic expansion of a Symbol in the analytic category.
Let f_j(x,t,&, 7)€ Sg,';lkJ”/(q_l), Jj € NU {0}, satisfying an estimate of the form

02080708 1 (x.1.6. 7))

< ClratBry+8+igrgryrsr j1it/a(1 4+ |z|)’"—ﬂ—5(@ +|x|77! 4 . 57

| k—y/(@—1)-§
7l |r|<q—1>/q)

for |(§,7)| = B(j + B + §); then there exists f(x,t,&,1) € ng&k such that /" ~ ijo J—j, that is,
f— Z;V;OI Jfoj€ S,;'f;,kJrN/(q_l), and thus f is defined modulo a symbol in S75>° = (>0 S;’fg,h.

We point out that the cutoff functions defined in Lemma 5.4 are used to actually sum the formal series
Z})io Jj to obtain the symbol f.

Let f_; be globally homogeneous of degree m —k(q —1)/q — j/q and such that for every o, > 0
satisfies the estimates

07, 0208 -y (x.1.6.0)| < COHBTTHIT g1 By it (Je|+[x )9 1) TP (g eR? (5-9)

for (¢, ) in a compact subset of R x R\ 0 and every multi-index y. Then f_; € S;" ;,k+j /=1

Accordingly, let ¢_j(x,t,7) € H,Z'a_j/q; then there exists ¢(x,7,7) € H, such that ¢ ~ ijo 0—j,
that is, ¢ — Z}\f:_ol p—j € H;" —N/ 1. 5o that ¢ is defined modulo a symbol analytically regularizing with

s

respect to the ¢ variable.
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We again point out that the cutoff functions defined in Lemma 5.4 are used to actually sum the formal
series Z/Qio ¢j to obtain the symbol ¢.

Similarly, let ¢_ ; be globally homogeneous of degree m — j /¢ and such that for every o, / > 0 satisfies
the estimates

08 0% (1, 0)| < COTPHI g jiVa (et )T e (59)

(t,7)"x
for (¢, r) in a compact subset of R x R\ 0 and every multi-index 8. Then ¢_; € HZ a ila.

Proposition 5.5. Let F be the operator defined in (3-6). F € Op(S;,’az) and maps functions in G* into
itself. A similar statement holds for the symbols in H',.

We skip the details of the analytic and Gevrey calculus in these classes of symbols. Suffice it to say
that it is a totally standard matter and one may consult [Boutet de Monvel and Krée 1967; Boutet de
Monvel 1972].

We explicitly remark that the symbols constructed in (3-6) and (4-1), F, ¥, A belong to the (analytic)
classes Sy, 5’_2, qu’{lzq and S 12 /Oq , and satisfy better estimates than the above (see [Grigis and Rothschild
1983, Proposition 2.10; Métivié:f 1981, Section 2]).

We are now ready to prove the second assertion in Theorem 1.1. First we prove:

Proposition 5.6. The operator P in (1-1) is G*(R?)-hypoelliptic if and only if A in (3-33) is G*(R)-
hypoelliptic.

Proof. Let us assume first that A is G*®-hypoelliptic and that Pu € G°. Due to (4-2), (4-3) and
Proposition 5.5, we have both FPu and ¢* Pu € G°. From the latter, we get that A(p(’;‘ u € G%, which
implies that pju € G*, whence Y ¢ju € G°. We thus obtain that u € G°.

Let us assume first that P is G*-hypoelliptic and that Au € G*. This time we use (3-8) and (3-10).
We have Pyru = @oAu € G°, which implies that Yu € G°. Finally, u = g5 yu € G*. O

Next we have only to show that A is G*-hypoelliptic for every s > s = lq/(lq — k), in order to prove:
Theorem 5.7. Let P be as in (1-1). Then P is Gevrey s-hypoelliptic for every s > sg, where

lq
S0 = ——.
T lg—k
Proof. In order to see that A(z, D) is Gevrey s-hypoelliptic for every s > 59, we are going to show that
we can construct a parametrix with symbol in the class S 12 ];C//‘;q_z(s/ )q , where the latter is defined as the set

of all smooth, that is, C°°, functions a(z, t) satisfying the estimates

‘3?3%61([’ .[){ < C1+“+’3a!ﬁ!s(1_(k/lq))(l + |T|)2k/q—2/q—a+(k/14)ﬂ’

for ¢ in a compact set of the real line, for every «, 8, T € R, with 1 + |t| > BB*; here B and C are suitable
positive constants depending only on the symbol a.

As a matter of fact, we do not need symbols exhibiting a Gevrey dependence on the variables: analytic
dependence is all we get; nevertheless, the general theory allows Gevrey behavior at no cost. Actually

so(l—k/lg)=1.
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Arguing as in the proof of Proposition 4.2, we choose a weight function
M(t,7) =121 (121 —|—r_2k/q) ., T>1.
We have the estimates
M(t,t) < C|A(t, 1),
0809 A (1, 7)| < C'HetPa) gU—KIUD) pr (g 7)(1 4 |y~ 0+ K/ DB,

The existence of a parametrix a(¢, ) for A(z, t), and hence the conclusion, is a standard consequence of
the calculus in the Gevrey classes. O

6. Optimality in Gevrey spaces

This section is devoted to the proof of the third assertion of Theorem 1.1. By Proposition 5.6, it is enough
to show that A(¢, D;) is not G*-hypoelliptic for 1 <s < 5.

To clarify our technique, let us consider a couple of examples reminiscent of the form (3-37). We
stress here the fact that the operators we consider are a much simpler instance of A, the operator we are
interested in.

Example 1. Consider the operator
L(t,9;) =1t%8; +a+ bt,
where a = %, b= —%. We will show that L is not G*-hypoelliptic for 1 < s < 2. Consider the equation
L(t,05)u = %. Arguing by contradiction, every solution u is certainly better than G2-regular.
Let us look for a solution « in the form

too
u(r) =/ e le™P dp.
0
One can easily see that this function « is actually a solution of Lu = 0. On the other hand,
+o00
%u(0) =i“/0 e Pp*dp ~al’.

The latter estimate contradicts our assumption that u is better than G2.

Unfortunately, it almost never occurs that the solution has a neat representation of the form above.
We are instead forced to represent # as an integral containing both a phase function and an amplitude
function. Moreover, the amplitude has to be constructed as a formal series whose convergence must
be specifically defined and studied. As a motivation for our technique, we show this on the following,
formally slightly different example.

Example 2. Consider the operator _
L(t,9;)=1%9; + fz.
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We want to “solve” the equation L(¢, d;)u = 0. First of all, we look for the solution u(¢) in the form

+oo | )
u(t) = / AP 0(p) dp,
0

where v has to be specified.
We proceed formally to find a candidate for v. We have

RhagPny i [T i 1 1
L(t,0,)u=L(t,0;) e tu(p)dp = q e'f —ap+1—;ap+? v(p)dp.  (6-1)
0 0
The operator in parentheses has the form Py(d,) + p~! P1(3,) + p~2 P2(3,), where
Po(3,) = =035+ 1.

In order to put in evidence the phase factor, we write v(p) = e v (p). As a consequence, we have

i +o0
L@mm=2/

0

11
PP

1

oiP?t =P (_az + 20, + 0p + ;)Ul (p) dp.

The operator in parentheses still does not have the right form, since the phase factor e~ is not enough
to guarantee that vy has an asymptotic expansion, for large p, in decreasing powers of p. This, in the
end, would give an obstruction to the iterative solution of the “transport” equations. Hence, let us write

v1(p) = p*¥(p), where both A and ¥ are to be determined. Bringing the factor p* to the left and choosing

1

A= —% has the effect of canceling the terms of the form p~ " v. We eventually get

. +o00
l ip2t —p — I\~
L(l, Bt)u:Z/(; e e pp 1/2(_85—1—28,04-%?)1)(,0)61,0

i [T i - —-1/2 1 ~
L[ e (Pa@n) + a0 )i dp.
4 Jo P

We write P,(0d,) even if P, is actually a multiplication operator, to stress the fact that this circumstance
is particular to the present example but has no interest in the general case.
The next step is to construct v formally. To do that, we look for v in the form

oo
5(p) = > var(p).
k=0
where the v, are obtained solving the triangular infinite system (transport equations)

1
Po(dp)var (p) + ;szzk—z(/)) =0, k=0,1,2,...,

with the convention that v, is identically zero if its subscript is negative.
Choose vg(p) = 1. Next we prove:

Minilemma. If p > 1, we have |vyx (p)| < p% fork =0,1,2,....
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Proof. By induction. It is evident for k = 0. Assume that |vo5_»(p)| < p~* V. For v, we have the
equation v’z’ P 2v; K= (%) P~ 2vyx_,. By the inductive assumption, the absolute value of the right-hand
side of the equation can be estimated by p_(k +0),

Now a solution y(p), vanishing at infinity, of the equation y” —2)’ = f can be written as

+o00 +o00
W0 = [ r@de- [ f(oydon
0

0

It is now evident that if | /'(p)] < p~**1), we have that |y(p)| < p~*, thus concluding the proof. [

Turning back to our example, we immediately see that the series formally defining v does not converge
on the whole positive real axis. To deal with this fact, pick up a C* cutoff function y such that x =0
forp<2,x=1for p>3,and 0 < x < 1. Itis then evident that

w(p) = x(p) Y _ va(p)

k=0
is a convergent series defining a smooth bounded function. We have
1
Pow + —2P2w =g,
P
where

g=—x szk—Zx Zv2k+2x szk

We emphasize that the same argument of the lemma glves us analogous estimates for the derivatives of
the vy, so that there is no problem for the convergence of the series in the expression of g.
Replacing v by w, we see that we have found a function /() with

+oo | 5
h(t) = / ¢ e o= 2 p) dp
0
such that

too
L(t 30 = [0 ¢ e p=1 g (p) dp.

We observe now that the function in the right-hand side of the above equality is in fact of class C®, since
supp g C [2, 3]. On the other hand,

+o00
%h(0) =i* [0 e P p~ 12 H2%(p) dp.

Since vg = 1, we see that
|aah(0)| 8a+1

with § small and positive; that is, / is not better than G2 even though the right-hand side is real analytic.
This ends the proof that L is G2-hypoelliptic and not better.
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We make a few remarks on this example. First: in general, just one cutoff is not enough to sum the
formal series of the v, ’s. A more complex technique is required. Second: solving the transport equations
has been possible because there is a “gain” in the decreasing rate of the functions v,j. In general, one
also has to control the growth rate of the coefficients of the differential operators defining the operator
in parentheses under the integral sign in the second line of (6-1). As a last remark, the conclusion will
not follow in general by an easy computation of the derivatives of (the analog of) /. Instead we need to
violate an a priori estimate being equivalent to the G*-hypoellipticity. Such an estimate was proved by
Métivier [1980].

6.1. Construction of a formal solution. We recall from Theorem 3.2 the form of the pseudodifferential
operator A (the L in Examples 1 and 2 above).

Jo
AT~ D A jgt. D)+ Y (Aak—sq(t.T) + A_(jgt1)g—5q (1. 7).
j=0

5=0
In view of Proposition 3.1, we may assume that t > 0. Then
Jo . .
AT~ At )T 43 (A gpmyg (0 )T ITHRIITS LA_ G4 1ygmsq (2, 1) 7247 U0 D=5,

j=0 s=0

Multiply on the right by the elliptic factor t=2/472k/4 and keep (3-34) in mind (Theorem 3.2); we then
obtain the following expression of the real analytic symbol A:

Jo+1 00
At T)r 242K N 2y (02K TR L ag () + Y (@n(0) T+ bR/ 0ot D) 6-2)
h=0 h=1

where
an() =t7H A 4 (1) for h=0,..., jo+1,
ap(t) = A_sx—pq(t. 1) for >0,
bp(t) = A_(jo+1)g—ngq(t. 1) for h > 1.

We point out that ay, ay, by, are real analytic functions near the origin.
Moreover, from (3-35) and (3-36) in Theorem 3.2, we have

Clo(O), 510(0) >0, (6-3)

and

0%y (1) < CYFYeahl, 18%b,(1)| < C1HR e Y (6-4)

for ¢ in a (relatively compact) neighborhood of the origin and / > 1.
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In order to simplify the notation, we denote again by A(z, t) the symbol on the left-hand side of (6-2).
It will also be useful to employ a more compact notation:

Jo 00
Alt,t) ~ Z g () ek 4 Z cp() 4. (6-5)
h=0 h=0

Here we replaced the expansion (6-2), where there is an order scaling by units, with a (more general)
expansion exhibiting a scaling by multiples of 1/¢. In particular, (6-3) becomes

ao(0), co(0)>0 (6-6)

and the estimates (6-4) become
0% (1) < 1T+ /e, (6-7)

Furthermore, we shall use in the sequel the equalities
cp,)=0, for h=1,...,q(o+1)—=2k—-1, gq(jo+1)—-2k+1, ..., g—1, (6-8)
and
CaGio+1)—2k () = O ~UoFD), (6-9)

To obtain a formal null solution A (¢, D;), we expand in power series the coefficients in the expression
of A in (6-5); actually this is not an approximation, since the coefficients are real analytic functions.
Interchanging the summation signs, we have

Jo 00
A(t, Dy) ~ Z(Z apt ¥ pIRa 3 c,-nt"D;f/q). (6-10)
n>0 “h=0 j=0
Here the conditions (6-6)—(6-9) become
ago. oo > 0, (6-11)
annl < CGH" el < CqHT VA forh=0,.... joand j.n =0 (6-12)

(where C, denotes a positive constant independent of /2, j and n),
cin=0 forn>=0and j=1,...,q(jo+1)—2k—1,q(jo+1)—2k+1,...,9—1, (6-13)
Cqo+)—2kn =0 for 0=<n<2l—(jo+1). (6-14)

The next step is to formally apply the operator A as defined in (6-10) to a function of the form

+o00
A@) (@) = /0 """ u(p) dp. (6-15)

where sy has been defined in Theorem 5.7 and u denotes a rapidly decreasing function with support
bounded away from the origin. We search for a u such that A(¢z, D;)A(u)(¢) = 0 formally.

Applying a not necessarily integer power of D; to A(u) means multiplying u by the corresponding
power of p. In order to write the contribution due to multiplication by a power of ¢, we need:
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Lemma 6.1.1. Let sg have the same meaning as before. Then

(_aplsopS() 1) Zynh S()n —h P’ (6_16)

where the vy, (Which now contain sg) are complex constants satisfying estimates of the form

[Vunl < c;"”’ < n—h). (6-17)

h!

Here both C)', and Cy, are positive constants depending on sq only. In particular, we have yun = (i/50)",
and for convenience set Yo = 1.

Proof. 1t is enough to prove the first inequality. Arguing by induction, one easily sees that the coefficients
vnh satisfy the recurrence relations

i i i
Yn+1,0 = —Q(Vno(so(” +D)—=1)), Vatins1 = Sg Y Yntlh= %(Vnh—l —(so(n+1)=h—1)ypp).
An induction argument allows us to conclude. O

We then have the formula, form € Rand n € N,

+oo | ' 1 n
e!r? (—807) P u(p) dp.

lSo,Oso 1

"DV A(u)(t) = /

0

Using this formula repeatedly as well as Lemma 6.1.1, we get

+oo | 5
A P)AW®) = [ e (o, Dyyue) dp. (6-18)

00 jo 2l—h+n 1
k/q—h
P(/O, ap) Z{Z Z AhnY2l—h+n,p SO(ZI - pag S0(2 /4=

n=0\h=0 p=0

i=0p=0 (6-19)
We use the notation
p
HEEIEDS (z ) (Wp—ap™ PTG u, (6-20)
a=0
where (1) g is the Pochhammer symbol, defined by
Mp=AA-=1)...(A=B+1), (A)o=1, AreC. (6-21)

We point out that the following identity is a trivial consequence of the definition of sg:

so% —(so—1)2/ = 0. (6-22)
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Using (6-22) and the preceding identities, we obtain the expression for P

0 Jjo 2l-h+n p » ok
P(p,dp) = Z{Z Z Z AhnY2l—h+n,p (a) ' (50(7 —h)) p_ZI_s°”+°‘8g
p—a

n=0\h=0 p=0 «a=0

e} n P .
I3 3 S 4 [ Mt

j=0p=0a=0 q

Define now the coefficients

2l—h+n » e
Apan = Y2l—h+n, ( )(So ——h )
an p; mo( ) (50(5 =) »

n .

p J
Bjgn = E (—s —) .
e p=a ynp(a) Oq p—a

In particular, Ag 27,0 = V21,21 = (i/50)* and Bggo = 1.

and

Lemma 6.1.2. Forh €{0,..., jo},n>0,a€{0,...,2] —h+ n}, we have

_ (2l —h +n)!
| Apon| < le h+n+1 - '

For j,n>0,ax €{0,...,n}, we have
|Bjan| < C;+S0(j/q)+1n_!
- al’
Proof. Let us first consider the Ay,,. Since, forr =0,...,p—a —1,

|so(2k /g —h)—r|=|soQk/q—h)—1—(r —1)| < [s0(2k/q)] +7 + 1,

2% _, - (LS"%JJFP_“)!
), =

for a convenient positive constant C. We may then write, due to (6-17), that

we have

<CP %p-a),

2/—h+n

_ Ql—h+n)(p o @ —h 4 )
|Ahan|§ Z C)%l h+n+pcp A ST ., (p—Ol)'Sle h+n '\ — 2T )

s p! o!

399

(6-23)

(6-24)

(6-25)

(6-26)

(6-27)

for a suitable positive constant C4. This proves the first statement. The second is proved in an analogous

way and we omit the details.

Using the definitions (6-24), (6-25), the operator P in (6-23) can be rewritten as

|

00 jo 2l—h+n o0 n '
P(p,ap)=Z{Z > dpnApanp” T8 +ZZc,-nBjanp‘SO”‘W/”“az}. (6-28)
n=0\h=0 «a=0 j=0a=0
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Setting
min{jo,2/+n—o}

Ane= Y, @hnAnan: (6-29)
h=0

the above expression of P can be slightly simplified:

oo (2l+n
P(p.3,) = Z{ Y Anap OGS Z Z ¢jnBjanp™"" SO!”*“a"‘} (6-30)

n=0 =0 j=0a=0
Moreover, the estimate of Lemma 6.1.2 carries over to A,:

Lemma 6.1.3. Forn > 0,a €{0,...,2/ + n}, we have

| Ana| =

CfiHnH (21"‘”)!' 6-31)

al

For reasons that will become apparent in the sequel, we prefer to write the operator P in a way where
the factorial growth of the coefficients is coupled with a corresponding negative power of the variable p,
that is,

P( a ) i 212-"_:’1 I‘Inoe —(SO l)naa + Z Z C]nB]Oln —(So—l)(n‘i‘j/‘I)a(l (6-32)
P- 9% -l o a+j/q P
n=0 \a=0 p j=0a= 0

We point out that the powers of p in the above expression of P are all negative. Howeyver, if we were now
to attempt to find a formal solution to Pu = 0 by solving iteratively the transport equations obtained by
looking for a u in the form ) ;- ux, we would not be able to conclude that the sequence u decreases
with respect to p in such a way that we can asymptotically sum the series for #. In other words, we wish
u to behave as a symbol and we want to compute its asymptotic expansion for large p, but for the time
being, there is no guarantee that the symbols u; would have a decreasing order in p when k goes to
infinity.

A way around this is to introduce a phase function and to write u as u(p) = ¢! 2Py (p), in such a way
that the negative powers of p in the expression of P which are not negative enough are canceled by ®(p).
This is what we do in the next step.

Using the Faa di Bruno formula, we have

n
_ _ n i _
l(ban id (8 +lq>p)n_ l<I>Z (h)(aﬁeﬂb)ag h

Yy (1) n(‘l’”’ SK
= l .
h=0k=1 ki....kn h k"' -1 %
>iki=k
>iiki=h
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k 0 . . . .
Here <I>§, ) = 8’;"‘1 ® and ¢, = CDE, ), Plugging this formula into (6-32), we obtain

—i<I>(p)P(p 9 )ei<1>(p)

oo 2l+n « I /Inot o) h q)gp—l) ko)
_ZZZZ Z () iyl prina’ 50 nl_[(—> 0% (6-33)

|
n=0 =0 h=0k=1 kq,..., p=1 p:

o0 00 n o h o h! CcinBi h q)(p 1)
.k . jnjan —(s 1)(n+]/q) o—h
+ZZZZZI Z (/’l)kl' kh'pn—ot+j/q'0 0— 1—[( g )ap '
n=0j=0a=0h=0k=1 ki,...kp seec b i
Y ki=k
>iiki=h

Our purpose is to cancel all terms containing powers ,0_9 with 0 > —6 > —1 and no derivatives. This is
closely connected with the form of the (asymptotic expansion of the) operator A and is actually performed
by choosing a phase function @ of the form

My

—(sn—1) i _ 1
Bp(p) =Y 05~V g7 Mo=| . (6-34)
£ So— 1
j=0
Here | ... | denotes the integer part and the ¢;, j = —1,0,..., My, are complex numbers to be chosen

later.

Let us find the terms in both summands in (6-33) where there are no derivatives and the power of p is not
below —1. To this end, we remark that only ®, plays a role since, because of (6-34), @f,k) (p) =o0(p~h)
ifk>1.

Let us focus first on the first summand in (6-33). The terms with no derivatives correspond to « = 4.
The terms where only first derivatives of ® appear have k; = k = h. Moreover, since 2/ +n —« is an
integer, we necessarily must have either 2/ +n—o =0and 0 <n < My,or2/ +n—a =1and n = 0.

Let us consider the second summand in (6-33). Similarly to the preceding case, ® = h and k1 =k = A.
Moreover, we necessarily have n = «. In view of (6-13) and (6-14), either j = 0 and 0 <n < M, or
J=q(o+1)=2k and n =2l — (jo + 1) if jo = 0 (that is, 2k < g.)

It turns out to be useful to have a notation for the family of indices in both the first and second
summands in (6-33) corresponding to terms that do not contribute to the eikonal equation. We call these
two families of indices &4 and B respectively. We have

A= {(n,oe,h,k) ‘ n> MO} U {(n,oe,h,k) } 0<n<My, (ahk)# (21+n,2l+n,21+n)}
U{(n,a h k)| a hk)#(0,20-1,21-1,21-1)}, (6-35)

B={(n,j,ahk)|n>M}U{(n jahk)|0<n<M,(johk)#0nnn))}
U{(n. j.a.hk)|j=q—2k.n=21—1 (a,h k) # (n,n.n), if jo=0}. (6-36)
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The terms contributing to the eikonal equation are then

My

l4n § —(so—1)n g 20+ 1,201} 20—1
Zl " Ap 2l gnp 0 )nq)p T+ it T A1 D,
n=0

My
+ Z inCOnBOnnP_(so_l)nq)Z + incq—zk,zl—lBq—2k,21—1,21—10_1q>§l_1, (6-37)

n=0
where the last term of the expression above is present only if jo = 0. Note that there is a kind of “principal
part” in the above expression, namely the part not containing negative powers of p. This part is obtained
by setting n = 0. Now by (6-29),

21

21 7 .2/ .21 . 21 -
i“" A =i agoAo21,0 =1 aoo(i/so)” = aposy " >0,

where the next to last equality is due to (6-24) and the positivity is a consequence of (6-11). On the other
hand, again by (6-11) and (6-24), coo Booo = coo > 0.

Lemma 6.1.4. Consider the equation
My
Z p_(s()—l)n (anq)f)l-Fl’l + bnq)};)) + yp—l q)f)l—l — @(p—l—(S)' (6—38)
n=0

Here ay, by, y denote complex numbers and aqy, bg > 0; 8 is a positive rational number.
Then there is a function ®,(p), p > 0, of the form (6-34), satisfying (6-38) with

S=My+1D(sp—1)—1>0

and such that
Im®,(p) >0 modulo O(p~ 0=, (6-39)

Proof. To start with, we remark that the equation
aOCDf,l + by = O(p~ 6o~

is satisfied by ®,(p) in (6-34), where aogagl + by = 0. Of course we are always free to choose ¢q such
that Im ¢y > 0. We now argue by induction. Assume that we determined ¢y, . . ., x—1 and solved (6-38)
modulo o(p~*=DGo=1) L et us compute the coefficient of p~*G0=1 in (6-38), with k < M. First we
observe that if « denotes the multi-index (xo, @1, ..., ap,) With a, € 7t and ¢ denotes the complex
vector (¢o, @1, - - ., PM,), We have

. i M,
cbf)(p) = Z J_;wap_(so_l)zﬁo"pa” modulo O(p~!).
a!

la|=J

The coefficient of p~%G0=1) js then given by

k 20 + /) 1
N |
o
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The constraint on ) p Pap forces the index p to run from 0 to k — j, and it is clear that if j > 0, the first
summand above cannot contain @y, since ag_j 1 = --- = apy, = 0. Consider thus the term with j = 0.
Then o, is zero or one. The first case is similar to the previous cases, so that oz must be one. Then since
o =---=0a_1 =0, we see that ¢y = 2/ — 1, thus yielding the coefficient of ,o_k(s"_l) containing @y:

20aopd .

Arguing analogously, we can see that ¢ is never contained in terms coming from the second summand.
This allows us to uniquely determine ¢y, since ag, ¢g # 0.
The argument for ¢_; is completely similar and we omit it. O

The above lemma gives the existence of the phase function & of the form (6-34) such that in the
expression of e 7i® Pel® there are no terms without derivatives in which p has an exponent greater than
or equal to —1. We stress that the reason why we need this fact will become apparent when we have to
solve the transport equations, which thus far have not played a role.

Thus the operator ¢ *® Pe!® now has the form

e—i<1>(p)p(p 9 )ei<1>(p)

20+ 7 h -1
X TN T (W T (M)
- ) kil k! p2in—a’ I p
n=0 a=0 h=0 k=1 ki,.. ,kh p=
(n,a,h.k)esd 2 i ki=k

Zi lkl=h

oc© oo n o h o I cir Bi
.k . jnBjan  —(so—1)(n+j/q)
3D 30 3D DD ML I W P mrr Y
n=0,=0a=0h=0k=1 ki,....kp
(n,j,0,h,k)ER i ki=k

h
Yiiki=h
l ' 1_[( p!

Here the last term is a consequence of (6-37) and Lemma . 1 4, where we defined §.

@(P—l)

kﬂ
) %"+ 0(p~ D). (6-40)

Lemma 6.1.5. Let © be as in (6-34) and denote by Cyp a positive constant such that |<pj| < Cg¢ for
j=-1,0,1,..., My. Then

kM

h (P—D\k
L2 S Z —~Go-Dn—t2 6.41
1_[ =P Z Cllky sk t1 2P ( )

|
p=1 P t1=1=8p ) 12=0
k—ki<ti +Myt,<kMy

h
where k = Z ki, h = Z iki, and 8y is the usual Kronecker symbol. Moreover, we have the estimate
i=1 i=1
Hh+t+k
|C(k17'"akh)7t1312| E ( k )Céc)' (6_42)

Proof. We argue by induction on 4. If & = 1, then k = 1 and k; = 1, so that (6-41) is trivial. Assume
now that 4 > 1 and suppose that (6-41) holds for every &’ < h. There are two cases:
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Case I. 1f kj, # 0, then from h = Zf’zl ik;, we obtain that kj, = 1 and kq,..., k;_; = 0, and hence
k = 1. Then

h q)'gp—l) ko My N | (r=1)
1_[( | ) =m(2¢m‘“°‘ )’+W_)
p=1 P =0

My

=p~ D ( > 000 T 00,1000 P_l)’
=1

which proves the statement.
Case II. Suppose kj, = 0. Let s = min{j | k; # 0} so that Z ik; = h. Note that
stks =)+ (s + Dkspq +--+(h—Dkp_y =h—s.
If s = 1, the h-tuple (k1 — 1, ko, ..., kp_1,0) can be thought of as an (4 — 1)-tuple such that
ki—=142ky+---+(h—Dkp_y =h—-1.

On the other hand, if s > 1, from s(ky — 1) + (s + 1)ks41 + -+ (h— D)kp_1 = h —s we immediately
deduce that k;,_, = 0 for every a < s, so that the /-tuple

(0,....0,ks—1,...,kp—1,0) = (0,....0,ks—1,....kp_s.0,...,0)
can be identified to the (4 — s)-tuple
(kl,---,ks—lvks_17---7kh—s)’

where k1 =---=ks_1=0and s(ks—1)+---+ (h—s)ky_y = h—s. We are now in a position to apply
the inductive hypothesis. Assume, to make things definite, that s > 1 (the case s = 1 is analogous). Then

h (p—D\k h—s (p—D\k (s—1) h—s (p—1D)\ kp—8s.
l—[ 2 " l—[ )’ " ®p 1—[ 2 rom
s!
p=1

| | !
p=1 b b p=s p-
cD(s—l) (k—1)My k—1
= —ps, p~h=s=G=D). > R I Y T TR A
' 1=1-8p—s k-1 t2=0
k—1=<ti+Mot,<(k—1)M,
Recall now that
qD(S 1)

%o = e 1)(26 (so—l)jﬂs’_lp—l),

for certain numbers ¢, j, ¢s,—1. Note that we can find a positive constant Ce such that |¢;| < Cg for
every j =—1,0,..., My, and that then

les,jl <Co, j=-1,1,..., M.
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Using the above expression for CDE)S_I) /s!, we obtain

h =D o My  (k—DMo k-1 e
o - —(so=1)(t1+j)—t
() =m0 5 X ottt @00
p=1 j=1 t1=1-8;— s.k—1 2=0
k—1=<t;+Motr <(k— I)Mo
(k—1)Mo -

+Cs’_1 Z Z C(Oa -0.ks—1,.. 5kh s) tlat2 ~Go=bn tz}' (6_43)

t=1-8p—s k-1 £2=0
k—1=<t;+Mopt,<(k—1)M,

Now in the first sum we note that, as far as the powers of p are concerned, k =k—1+1=<t;+j+t, My <
(k—1)My+ My = kM, while in the second sum above we have k <k — 1+ My <t; + (t + 1) My <
(k—1)My+ My = kM,, where we assume we are in the nontrivial case My > 1. This proves the
first statement of the lemma. To finish the proof we have to prove estimate (6-42). We again argue by
induction and use the expression (6-43) above. Actually the coefficient of p~(0~D!1=%2 coming from the
first sum has the form

Z Cs,j C(O,...,O,ks—l,...,kh_s),t,tz'
t+j=t

Its absolute value is estimated by
k t+k
Ra(i)-a()

where we have used the fact that |y, j| < Cg. This concludes the proof of the lemma. O

Using Lemma 6.1.5, we are going to make some preparations on the operator e *® Pe!® in (6-40).
First of all, using (6-41), we write it in the rather lengthy form

e_i‘b(p)P(,o 9 )ei<1>(P)

oo 2l4+n « kM,
=zzzz DI DD Sl of pet e
n=0 a=0 h=0k=1 ki,....kp, t1=1-8; p 12=0
(n,a,hk)est Yiki=K gk, <t,+ Mot <k M,
iWi=

k (S —1)(n—|— —
2 t ) (t +h_k) a—h
. C(kl’".’ h),tl,t 21—10 0 1 2 5

o© oo n o h . kM,
EYYYYEY Y Y (et
n=0j=0a=0h=0k=1 ki,....kp; t1=1=8 p t2=0
(n,j0,h,k)ER i ki=k f—ky <t + Moty <k M,

i lKi=

cjnBj (sn— ; _ _ _ _
C Clhy o), tl’th;fna—-]lj/nqp (so—D(n+j/q+11)—(t2+h k)ag h—i—@(p (1+8)). (6-44)
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Here the last term, @(p_(1+5)), denotes a finite sum of terms of the form

yip %%,

where yy is a constant and 65 > 1 4 6.
For every r € NU {0}, define the pair of differential operators

Cwi= Y XY Y AY Z() AP AT

qg(n+t))=r a=t1 h=ty k=min{l,t1} ki,....k; t2=0
11 =<Ql+n)My > iki=k
(n,o,hk)est > iki=h i
*Clky,....kn),t1 t2¢ _tzaa_h
ety o n—aP 00 (6-45)

and

Onioin= ¥ LY Y+ Y Z() T a

qg(n+t))+j=r @=t1 h=t; k=min{l,t1} ki,..., ky t2=0
t1=nMj i ki=k
(n,o,h,k)ERB > iiki=h
¢jnBjan iy g0
Clky,.., kit =gt jq o - (6-46)

Then the operator in (6-40) can be rewritten in the simpler form

—z<I>(p)p(p P )elq’(p) Zp—(SO l)r/qP (p.0,) +0(p~ (1+5)) (6-47)
where r=0
Py (p, ap) = Q&ﬁ,r(,oa ap) + Q%,r (0 ap) (6-48)

is a differential operator of order 2/ + |r/q].

Our next task is to provide growth estimates with respect to r of arbitrary derivatives of the coefficients
of the operator P, in a region where p is large. These estimates are essential when one tries to construct
a true solution from the solution that we have not discussed yet.

Proposition 6.1.6. Denote by o, ,(p) the coefficient of 85 in Pr(p,d,). Then we may find two positive

constants c1, Cy, such that if p > clre, with 0 < 6 <1, we have

g t!
|0batr, p(p)| < Co T H11! eﬁ. (6-49)
Proof. First we remark that the coefficient under exam is given by

o (p)z{ar,p,l(pHar,p,z(p) if p<1r/ql.
P @ p.1(p) if |r/q) <p=Llr/q)+2l,

where ;. , 1(p) comes from Qg r(p, d,) and correspondingly o, , »(p) comes from Qg »(p, dp). Thus

2l+|r/q]
Pr(p.dp)= Y arp(p)ds. (6-50)
p=0
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The expressions of a, i (p) are given by

2l+n

Ur,p,1 (p)= Z Z Z i* Z Z ( )(a-—kl;)_p!p_(a_p_k)

qg(n+t))=r oa=max{t;,p}k=min{l,t1} ki,...kq—p t2=0
1 =<Ql+n)M, Z ki=k

(n,0,0—p,k)esd >iikij=a—p i

na

CCk1yenska—p)itista —sz_n_a P

(6-51)

and

n a—p . ( _ )‘ e
o= Y Y Y Y Z(a s

q(n+t1)+j=r a=max{t1,p} k=min{l,t1} ki,....kq—p 12=0
t1=nMj Y ki=k

(n.0,0—p.k) R Yiiki=a—p CjnBjan —t
“Clkyyenska—p), tl,tzm . (6-52)

We start by estimating (6-51). Differentiating ¢ times the function in (6-51) has the effect of producing in

the sum (6-51) the factor .
t_

D' [[(2+2l+n—p—k+j).

Hence, using (6-42), (6-31), /=0

2l+n

|0 pi (@) = Y > Z >

g(n+t))=r o=max{t;,p}k=min{l,t1} ki,...ka—p
H=<Ql+n)M, Z,- ki=k
(n,o,0—p,k)est Y iiki=a—p

Z a_ TP (Ol p) p—(a—p—k)crﬁ-ﬁ-l @+ n)!p—(21+n—(x)
=0 kl 4 o!
=

ck h+tb+k\(2+2l+n—p—k+t—-1 (2t
® k t

Furthermore, we have

(@—pt _  (@=p) k! (= p—k)!
kil ka—p!  KNa—p—k) kylokgpl o P71

<20PUP (o — p— k) <42 HT A — p— k). (6-53)

The number of multi-indices (k;, ..., kq—p) such that the sum of the components is k is given by
k+a—p—1 < q2l+r/q
a—p—1 a

If p> clrg, with 0 < 6 < 1, we may estimate, if 8 < c,r,

'B' 'B' <ﬂ'3|19

0 -1
, C3=c1/cy, C4 =Cy . 6-54
105 ﬂﬁ@ﬂ 3 1/ 2 4 3 ( )
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As a consequence, we obtain |
t Art+1,1-6 I
|05erpa(p)| = CTH IR o

where C; is a positive constant depending on the parameters of the problem and on 6.
The function 8}’005,, p,2(p) is estimated in a completely analogous way, and this proves the assertion. [J

Let us now take a closer look at Py(p, dp). We may write

N
Po(p. ) = Qoli) + 3 —5z Om(p) (6-55)
m=1
where the Q,,(0,) are differential operators with constant coefficients such that Q¢(0) = Q;(0) =0, all
the roots of the equation Qg(A) = 0 are such that Re A > 0, due to the choice of the phase function ®,
and NV is a suitable positive integer.
Let

So—]

Consider the order-zero term in the differential polynomial

e

j
Z o~ Go=D/Dr p (5 dp).

r=1

It is obviously a finite sum involving negative powers of p of the form

Y fip%. 6;>1. fjeC.
j

Define A by
A+ 1 =min{6;}.

Obviously A is positive because ; > 1. Lastly, set

—1 1
M:min{m,g,so _ -*+1}’ (6-56)
q J
which is a positive rational number, since
—1 1
50 — — > 0.
q Jr+1

Also recall the definition of § from Lemma 6.1.4. We are now in a position to define the final form for
the operator P. Set

Po(0,) = Q0(0)). (6-57)
Pr(p.dp) = pW=Go=D/Drp (p ), r> 4, (6-58)
Pr(p.dp) = pH=Com VDT (P(p,8,) = Pr(p.0), 2=r <%, (6-59)
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Finally, we define Py, including in it both the errors coming from the construction of the phase function
and the zero-order terms which have been removed in (6-50) from the definition of P,, 2 <r < j*,

Py(p, )
1

N
= o TOTPUp 0p) + 0T YD g OmBp) + 0T v

m=1 a=0

1
pl+§a

+> i, (6-60)
j

where the next to last sum is a finite sum denoting what in (6-47) is @(p_(””s)), Yq are constants, and 64
are nonnegative rational numbers.
The operator P in (6-47) is then written as

o0
Po(p,0p) =" * P P(p,8,)e'®? =" pH" Pr(p, dp). (6-61)
r=0

We explicitly point out that Proposition 6.1.6 holds also for the coefficients of P,. Moreover, the zero-order
terms of Py, 2 <r < j*, are zero.

From now on, to keep the notation simple, we forget about the tildes in (6-61).

Finally, we turn to the construction of a formal solution to Pgu = 0. Let us look for # in the form

o0
u(p) =) up(p). (6-62)
p=0
where the u),’s are the solutions of the differential equations
Po(0p)uo(p) =0, (6-63)
h
Po(dp)un(p) ==Y p*" Pr(p, dp)un—r(p), (6-64)
r=1

for t e N.
Equation (6-63) is immediately solved by uy(p) = 1, because Py(0) = 0.
Lemma 6.1.7. Let Q(0d,) be an ordinary differential operator with constant coefficients such that

m

0@p) =[]0@p—2)™, (6-65)

j=1
where mj denotes the multiplicity of the complex characteristic root Aj and Re Aj > 0. Then the ordinary
differential equation Q(0,)u = f has a solution of the form

m M +00
u(e) = Ex N0 = Y Yy [ HOD o=y fw)du, (6-66)
j=1t=1 P

where the d; ; are suitable complex constants. In particular, 3fou = FE x BZf.

The proof is essentially the classical construction of the fundamental solution £ for Q; we omit the
details.
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Corollary 6.1.8. In the situation of Lemma 6.1.7, define
v =max{m; | ReA; = 0},

with the understanding that if no characteristic root has zero real part, then v = 0. Assume further that
[ =0(p%) for p— +o00, k —v > 1. Then

u(p) = 0(p~* ).

Proof. Denote by j, one of the indices j where the maximum in the definition of v is attained. All we
have to do is to estimate the integral with j = j, in (6-66):

mj,

> 1dj, il

t=1

+oo
/ etlm)»jv(p—w)(p_w)t_lf(w) dw|.
P

Each summand above gives a contribution of the form

\dj, ] Z Cf( )pu/ w1k gy,
a=0 o p

for a suitable positive constant Cy . Note that by assumption, the integral is convergent and can be
explicitly evaluated, yielding

mj,,

-
. A t—k
Z |dj, ¢l Cf( o ),0 )
a=0

t=1
for a larger constant C J/‘ This concludes the proof of Corollary 6.1.8. O

Lemma 6.1.7 provides a solution of (6-64) iteratively; that is, once we have suitable estimates for uy_,,
r=0,...,h—1, we can get estimates for uy,.

Proposition 6.1.9. There exists a sequence of functions uy, h > 0, solving (6-64), and positive constants
v, Cy such that if p > yh, then
¢!

|0bun(p)| < ot Sk (6-67)
Proof. We are going to prove a slightly better estimate of the form
~ i oj+i1—1 ¢!
|05 (p))| 5CJ“+‘( ) )W p=yh, (6-68)

where C, > 0 is a constant and o denotes a suitable integer independent of j, #. The important quantity
u was defined in (6-56).

We argue by induction, remarking that there is nothing to prove when 4 = 0. Assume that 2 > 1
and that (6-68) holds for j < /4. Since, by Lemma 6.1.7, ai,u = FE % 3; f, we have to estimate the z-th
derivative of the right-hand side of (6-64). To this end, it is enough to consider just a summand in the



HYPOELLIPTIC AND NONHYPOELLIPTIC SUMS OF SQUARES OF COMPLEX VECTOR FIELDS 411

right-hand side of (6-64) in the region p > yh:

21+|r/q]
8 (0™ Pr(p, dp)un—r(p)) = Z 8 (0™ ar p(P)BTup—r ()

2[+|_r/qj t

> Z(;)8,";(p‘“’ar,p(m)ag*’—ﬂuh_r(m.
p=0 B=0

Before proceeding further, we must distinguish the contributions from terms where p = 0 from the other
terms.

Let us first consider the terms with p = 0. To deal with these, we make a further distinction when
r>j*+1orr <j;* Westart with r > j* + 1. Because of formula (6-58), we have to estimate

Z( )bt~ ) P )

B ZZ( )( )av _(SO l)r/q)aﬂ ”oz,o(,o)a “Pup_r(p). (6-69)

B=0v=0

By (6-21), Proposition 6.1.6, and the inductive hypothesis, this quantity is estimated as follows (see (6-20)
for the notation):

SE ()0 )

—(so—1)r/q— vCr+ﬁ v+1(IB v)!
e

Ch rr— ﬂ+1(0—(h—r)+t—ﬁ—l) (I—IB)'

t— /3 pt_ﬂ+l‘«(h_r) )

The latter quantity can be estimated as

t

B
- ~ h— —B—1 —1 —1
Ghri+1crl 1! 3 Cu_ﬂcf(a( r)+i—p ) 3 ((So )r/q+v )

t+u(h—r)+(so—1r/q —
P 0 B=0 ! ﬂ v=0 Y

since without loss of generality we may always choose Cy > 1. The inner sum is computed exactly:

Zﬂ: ((so— l)r{)q—i-v— 1) _ ((so— 1)18r/q+,3)

v=0

Let us examine the exponent of p; it is equal to ¢ 4+ uh + (SO )r. On the other hand, if r > j* +1,

(So_l—,u)rz(so_l— 1 —M)V+ oy
q q j*+1 jr+17 7

by the definition of . The whole argument here is performed in the case where (sg — 1)/¢ is not a

we have

positive integer. If it is an integer, the argument is analogous, but much simpler and more direct. The
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above quantity is estimated by

Cr+1
C;H—H—l £

cr " (a(h—r)+t—B—1\[(((so—1)/q)r +B
pt+uh+((s()—1)/q—ll~)" g) ( t—p )( p )

<éh+t+1£t—! oh—r(o—(so—1)/q) +1
- U Cr pt-‘ruh—l-l ¢
u

1

<(j’h+z+1CofJr 1! (0h—1+l)

=%u B i+ :
CII pt-HL + t

For the first inequality we chose C, > Cy and used the identity
n
k —k 1
Z X+ y+n _ X+y+n+ ’ (6-70)
k n—k n
k=0
0—1

for x, y € R. In the second inequality,
As for the terms with p =0 and 1 <r < j*, there ics] only the zero-order term of P; (see formulas
(6-59), (6-60)), for which we have the estimate

p!
enoo)] = G

We conclude that the following inequality holds:

h 2l+|r/q] t
dZ Z Z( )/ 85(w‘“’ar,p(w))agﬂ‘ﬂuh_,(w) dw. (6-71)
p=1

r=1

We use Corollary 6.1.8. Noting that p + ¢ — B > 1, we may integrate by parts, decreasing by one the
number of derivatives landing on uj_, and increasing by one the number of derivatives landing on the
coefficients. The above quantity then becomes

h 2l+|r/q] ¢
ay Y Z() Wy (o) s (p)

r=1 p=1 =
h 2l+|r/q] t

—d ) Z Z( ) / B (W™ ay ()AL Py (w) dw.
p=

r=1

The above quantities sport the same behavior with respect to the variable p, since even though the order of
the derivative on the coefficients of the second term is larger by one, the integration, as we shall see, levels
that difference. On the other hand, estimating the coefficients is quite analogous, so that we consider only
the second term and leave the necessary simple adjustments for the first to the reader.
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Now using (6-21) and (6-49) with 8 = 1, we get, if p > yh, y > ¢,

B+1

- p+1 (B+1-0)!
\8g+1(p "oy p(p))| < Z( (= 1) (—pr)ip W=t T +B+1= IW
i=0
n B+1 1
< QA (B+1)! wr +i—
pp,r-i-ﬂ-i-l i
i=0
_ ClHrHp+ pr+p+1\ (B+ D!
/3+1 /Lr-i-ﬂ-l—l

Hence, by the inductive hypothesis, the second term above is estimated by

h 20+|r/q] ¢ l“’+,3+1
14+r+B+1FSh—r+p+t—B
12 2 ZC AT (ﬂ)( B+ )
p=1 =

r=1

.(a(h—r)+p+t—ﬂ—2)/+°° B+ _(p+1=p-D!
o

p_|_[_,3_ 1 whr+B+1 yyulh—r)+p+t—B-1

Now the integral is easily computed, yielding (uh + ¢ + p — 1)~1/ p#+1+P=1 Note that since p > 1
and /1 > 1, there is no problem about its convergence. We thus obtain the bound

20+|r/q] 2+r+ﬂcp 1

h ‘
Gl _H_ MHI Z Z Z ~ (Wh+t4+p—1)"

(wr+B+D...(ur+1)(cth—r)+p+t—p-2)! 1
' Bl(t —B)! (0(h—r)=DI  pp=1
Since p>yhand 1 < p<2/+|h/q],wehavec(h—r)+ p—2=<ch+2l+ (1/q)h < y1h, where y; is
a positive constant, y; > o + (1/g) 4+ 2I. We obtain that p~! <y~ 1h=!1 <y~ 1y (ac(h—r)+ p—2)"1.
We point out explicitly that 1y, can be chosen very small if y is chosen large enough. Let us denote
this constant by §, where it is understood that § is small provided the constant y is chosen large enough.

1

The above expression is then bounded by

/ h 20+|r/
~h+t+1
Gl ) Z

r=1

2 q]

t 2+r+ﬂCp 1 wr+B+1
Z V+ﬂ wh+t+p—1

_5,)_1(;”+ﬂ)(o(h—r)+t—ﬂ+p—2)
p (P |

Now B <t and p — 1 > 0 imply that the fraction at the end of the top line above is bounded by 2, so that

B=0

the whole quantity is estimated by

h 2l+|r/q]

c2+rc1" Cl(ur+B\(oth—r)+1—B+p—2
h+t+1 —1
Cut ;Lh+12|d|2 Z ———4 Z:)ﬁ!}( B )( t—B )
= u
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Since we already chose C’u > 4C§, the ratio in the third sum above is less than i, and the sum over 8
involving only binomial coefficients is computed by (6-70), yielding

h 2l+|r/q) 5 p—
éh—l—t—i—l t! MZ Xr:q CO%-HCL{’ 15P—1-(Mr+0(h_r)+t+p_l).

wh—+t ol
p 2 r=1 p=1 C” !

Observe now that there is a positive constant ¢ such that p < ¢r. Therefore ur +o(h—r)+t+p—1=<
och+t+r(u—o+¢)—1=<och+1t—1, provided o is chosen large in such a way that 0 > u + ¢.
This is always possible and is actually the only constraint on o. By a well known property of binomial
coefficients (with positive real numerators), we then obtain the bound

h 2l+|r/q] ~ p—1
ghviri(Oh+i=1\ 1 |d] Z Cetral §p—1
u t Mh+t 2 Cr
r=1 u
=G > sricp
u t pﬂh-i‘l 2 Cr u

. r=1 ~u  p=1
The inner sum is easily evaluated provided, for example, § < C, 1/2. This is always possible and amounts
to choosing y large. The contribution from that sum is thus < 2. As for the outer sum, if we choose C;,
in such a way that

Cu = CJ(1+3[d|),

which depends only on the problem data, we obtain the final bound

1 Ghte+ oh+t—1Y\ ¢!
3tu t puh—i—t'

The same bound is obtained for the term without the integral.
This finishes the proof of inequality (6-68). Inequality (6-67) is an easy consequence. O

Proposition 6.1.9 guarantees that we can construct a formal solution to the equation P(p, dp)u(p) =0
in (6-18) and thus a formal solution A(u) for

A(t, D) A(u)(t) = 0. (6-72)

In the next subsection we plan to construct from A(u) a true solution; this will only yield a solution of
(6-72) with a nonzero right-hand side which will be negligible in an important sense.

6.2. True solution and the end of the proof. To establish the notation, we state the result of the previous
subsection:

Theorem 6.2.1. There is a formal solution A(u)(t) of (6-72) of the form

+o00
A@)(t) = /0 P! Py (p) dp, (6-73)

satisfying the following conditions:
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(1) The phase function ® is of the form

My

415

(D(p) — Z §0j,01_((so_1)/q)j + O_1 10g,0, MO — L 1 J’ (6-74)
: so—1
j=0
withgj € C, j =—1,0,..., My, Imgy > 0.
(2) The function u has the form u(p) = > 5o un(p), where ug(p) = 1 and (compare (6-61))
h
Po@pun(p)+ > p7 Prp dp)unr(p) =0, h=1,2,.... (6-75)
r=1
Moreover, uy, satisfies the estimate (6-67); that is, if p = yh, for y large enough,
t!
|08 up(p)| < ClHitt i (6-76)
As a consequence of the construction, A(u) formally satisfies
+oo | : .
A(t, D) A(u)(t) = f "7 P(p, 3p) (" Pu(p)) dp
0
+00
_ / o11P°0 i ®(p) (e—iCP(p)p(p’ ap)ei<1>(p))u(p) dp
0
too S
= / P70 IO N oI P (p, Bp)ulp) dp
0 r=0
+oo | . o h
— / eztpSoetq>(p) Z Z p_lu’ Pr (/0, ap)uh—r (,0) d,O =0. (6-77)
0 h=0r=0
Letwj € G°(R), j =0,1,2,..., with 1 <s < to be specified later, be the cutoffs introduced in

Lemma 5.4, defined in R. We assume from the beginning that the constant 2R in Lemma 5.4 is larger

than y, the latter being the constant in the second item of the theorem above. Define

v(p) = Y _ wp(p)un(p).

h=0
Trivially, v € G*(R). Moreover:

Lemma 6.2.2. The function v in (6-78) satisfies the estimate

(04

N
{|a?§v(p)\ =< CS‘“O;)—' for every p> 2R,
v=0 if p<2R.

Proof. Let us start by estimating aﬁwh 8‘;_’3 uy,. For the first factor we have

N
}3‘360;1(/))! < (RCco)ﬂH'B—'ﬂ for every B.
)

(6-78)

(6-79)
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For the second factor, by (6-76) we have, provided p > yh, which is implied by p € supp wy,

|05 Pun(o)| = Clt- *‘”1—(3 Bfih < Chto- ﬂ“(i) PR+ 1)

Putting together the estimates, we obtain
oo

~ al® —uh
5| = CFTIT D v+ D)
h=0
This implies the assertion. O

Definition 6.2.3. Let 2 be an open subset of R. We define the class B%(2) (of Beurling type functions
on ) as the set of all smooth functions u(x) defined in €2 and such that for every ¢ > 0 and for every
K € Q compact, there exists a positive constant C = C(e, K) such that

[0%u(x)| < Ceal?, (6-80)
for every x € K and every «.

We want to show that A(z, D;)A(v) = g, where g # 0 and g € B0 (R). First we show that far from
the origin, A(v) has a better regularity than G0 (R). The following lemma is straightforward:

Lemma 6.2.4. We have G° (2) C B (Q) for every t > o.

Lemma 6.2.5. Let s be the Gevrey regularity of the cutoff functions wj in (6-78). Let 6 > 0. Then
A() € B ({x | |x| > 6}), withs <o < 5.

Proof. We actually prove that A(v) € G*({x | |x| > §}). We have

too .
DY A(v)(1) = fo &P po% e Py p) dp.

We observe that (sotp%0~1)~! Dpe’.psot = ¢!t Therefore,

D A(v)(t) = (%)’ /0 T pitoo (—Dp L )j(pSO“eiq’(P)v(p))dp

S IOS() 1

(1 J i10%0 soo i ®(p)
-G [ Zm ) dp

by Lemma 6.1.1. This quantity is rewritten as

1Y/ oo 1% h! 1 P (500 9d h—p—q (,i®(p)
(B[ e $ oy TGy e ) dp,

h=0p+q=0

By the Faa di Bruno formula,

8Z€lq> Z(DZZ
k=1

q)(P 1)

-

1 ~~~~~
2 kz
Zi lkl =n
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using Lemma 6.1.5 and the estimate (6-42) we obtain for p > 2R, with A > 0,

n
|3" z<I>| < |e’q)| Z Z T k 'Cq> p—(n—k) < Cle=*P Z(n —k)!,o_(”_k), (6-81)
k= 1§§ ..... n k=1
i ki=
i iki=n

where we argued as in (6-53), (6-34) and (6-39). Thus we have if |¢| > 4,

h—p—q

. +o00
\D‘,"A(v)(t)\ScS‘f/o ‘“’Z Z 3 M,(h —

h=0p+g=0 k=1

AR l—h (s0@)pp™*~ pC1+qq ChPa(h—p—q— k) p~ BP0 g,
o4
by (6-17), (6-21). Choosing j = a, we then obtain

| DF AW (1))

q +oo

—P—
X @ (e - pmgr [ ent dp

The integral above is equal to A~ %t k! and there is a positive constant C; such that (s0pa> < Cy.
Eventually we get

h=0p+g=0

Xl)\ICCCCv o 1 h—p—q -1
sl (RIS & & (0 )

h=0 p+q=0

We may therefore find a positive constant C such that C* > o and deduce that

|DF A ()] = =

Cy (max{l I}GCCIC)EC”)““,S
5 1%

This proves the statement. U

Next we prove a key result of this section: the regularity of A(¢, D;) A(v). First of all, we remark that
we need to sum the asymptotic expansion (3-33) modulo some reasonably regularizing term. Note also
that the symbols in the asymptotic expansion of A are real analytic symbols:

A(t,7) ~ Z A jg(t. D)+ Y (A gkmsq(t. T) + Aot 1)g—5q (L. 7)) (6-82)

§s>0

We recall that A,, in the above expression is (positively) homogeneous with respect to t of degree
2/q +m/q. To sum (6-82), we use the cutoff functions constructed in Lemma 5.3; we agree that they are
in G'(R) with ¢ < sq to be specified later. It is then evident that the error appearing when summing “a la
Borel” the asymptotic expansion of A will be G’-regularizing and hence in B (R).
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By (6-2), we may ignore an elliptic factor and rewrite A, with a slight difference in the meaning of the
coefficients, as

o0 o
A, T)T2/9t2k]a Z ap(t)c?la=h 4 Z bu(H)x™", (6-83)
h=0 h=0

where without loss of generality 7 > 0.

We also recall at this time that the first sum above gives rise to the Oy, , in (6-45), while the second
contributes to the Qg , in (6-46). At this point we are not interested in the particular properties of the
coefficients, such as, for example, the vanishing of order 2/ of a¢ and the nonvanishing of b at the origin.
These properties have already played their role in the constructions above.

Abusing our notation a bit, we call the operator in (6-83) again A.

Proposition 6.2.6. Let v be the function defined in (6-78) using cutoff functions in G' "and let A be the
operator defined by the asymptotic expansion in (6-83) using cutoff functions in G* " (see Lemmas 5.3 and
5.4). Then, for a suitable choice of t' and t”, we have

A(t, D) A(v) (1) € BO(R). (6-84)

Proof. 1t is evident that it will be enough if we argue on just one of the asymptotic expansions in (6-83).
At a certain point of the proof though, we have to partially reassemble the operator Pg in (6-61), and
there we use the argument also for the other expansion. For the sake of simplicity, we argue on the second
sum in (6-83).

Due to Lemma 6.2.5, it suffices to show that for every € > 0, there is a neighborhood of the origin, U,,
such that [0¢(AA(v))(t)| < Cee%al® for t € Us.

Actually we need to estimate a derivative of A(¢, D;)A(v)(t), say

DYA(t, D) A(v)(¢).

The latter can be written as

DY by (1) A(wj (p™)p~ v (p)),
j=0

keeping in mind the form of A(v), with v given by (6-78),

+o0 . .

AW)(t) = / P01 1 ®(0)y () dp. (6-85)
0

Let now N be a natural number and consider

DS by () Ay (65500 () = Z(Z)D,"bj(r)A(w,-(pSO)p‘”O“M“‘P)v(p)). (6-86)
J=N j=N p=0
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Applying the definition (6-4) of an analytic symbol as well as the estimates (5-6) for the cutoff functions
defining A, we have that the latter quantity is estimated by

o0 o

2. 2. (z)CHﬁl P @RI (4 TP A (w; (p)v(p))|
j=N p=0

o0 o
<C Y Yy (O‘)Cl’”+1 pLQR)TITeTP(j 4 1)/ TR,
j=N p=0 p

provided —j 4+« < 0, which is obviously implied by choosing N > «. In order to handle the power of j
above, we make a stronger demand on N, namely,

1"
N =0ya = [am—|+1, (6-87)

where 6y is a suitable constant on which we may impose further constraints in the following, independent
of a.
Then j +¢”(a — j) <0, and the above sum can be bounded by

o0 o
CieR%! Y CIT @Ry Z(%)p < ¢otlgl, (6-88)
J=N p=0

for a suitable positive constant C, provided 2R > C. Thus this part of A(7, D;)A(v)(¢) exhibits an
analytic behavior and therefore belongs to any &%, with s > 1.
Next we must estimate the finite sum

N-1
DY ) by A (p™)p™ v (p)) 1),
Jj=0
with NV defined by (6-87). To do this we write the coefficients b; as a sum of a polynomial in the variable
¢t and a real analytic function vanishing of high order at # = 0 and estimate both contributions. Let us
start with the remainder terms in the expansion of b;.
Thus we have to estimate the sum

N—-1 o)
DY Y MY bj it A(wj (07) 7 *0v(p)) (1), (6-89)
j=0 i=0

where M is a large integer to be fixed later. The significant part of the estimate is that where the
t-derivatives land on A, since otherwise the derivatives landing on the powers of ¢ give analytic type
estimates and hence better estimates:

N—1 00
M3 by it D A(; (p%) 7 0v(0)) (1).
j=0 i=0
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By (6-4), we have |b; ;1 pr| < CiHM+j+1 1 5o that if |¢| < 8, the absolute value of the above quantity
is bounded by

N-1
3 SMCM+]+1]'Z(C5) |A(w; () p™ 7% 0(p)) ().
j=0 i=0

since on the support of w;j, by Lemma 5.4, p% > R(j + 1), we obtain that p50) < RTI(j + 1)~
Furthermore,

+oo
| A (p°)p*%v(p)) (1)] < /O ") [[u(p)| p*% dp

+o00
<Cy / e M p$0% dp = Cy A" D (50 + 1) < CA'aHoc!SO.
0

Hence (6-89) is bounded by

N—1 . 00
J . N
CA/(x-i-IOl!socM-i—lgM Z(%) Z(C(S)l(]-i- 1)(1—2‘ )j'
Choose /=0 =0

M =0pa, Opr > 1. (6-90)
We may impose further conditions on 64 provided they depend only on the problem data, that is, 64
does not depend on «. Moreover, let R > C and C;I’ COm§%m < ¢ and we have the estimate

o0 . o0
ClCe%al® Z(%)’ S () < Caear. (6-91)

j=0 i=0
This concludes the proof for the term (6-89).
The next step is to estimate the term

N—1 M-
Dy Z bj it A(wj (0°)p™7*v(0)) (). (6-92)
The latter can be written as
N—1M-1 { . .
o5 S [ g
j= =
By Lemma 6.1.1, we rewrite the above expression as
-1 M-1 ‘ r | ) )
Z > b / Y Ve o (P w; (p™)p~0v(p)) dp. (6-93)
j=0 r=0 h=0

Let us compute 82 (ei¢(p)a)'(,os‘))p_js"v(,o)). This is equal to

2 /31 ! ,32' 53' Ba! BB BE € 0w ()35 T3 (o).
2 Bi=
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By (6-81), (6-79) we have

B1 ¢
B0 < GO0 B Byt B o] = R
m=

and finally, using the Faa di Bruno formula,

52 (k) 132' ﬂ2 50 k]
8£2wj(/?s0) = E w;(p™) E T l_[ po )
kil kg, /
k=1 Y=k I=1
> iki=p>

By (5-6), arguing as we did to prove (6-53), the absolute value of the above quantity is estimated by

ﬂz ! t//
pﬂz ’

o) < B!

where C, is a suitable positive constant. Let us now consider (6-93). It is natural to consider (6-93) in the
two regions p <4RN' " and p>4RN' " We want to estimate (6-93) in the first region. We remark that
on the support of w; in this region, we have 2R(j + n" < %0 <4RN'! " Thus the absolute value of
(6-93) in the latter region is bounded by

N—1 -1 r B

Z MZ Z Z Cé31 Z(,Bl_m)!c;+hC2/32+1Cf4+l

j=0 r=0 h=OZ'Bl=h m=1

h‘ 14 SO] + 183 — 1 ’
S(r—h)! —,31!ﬂz!ﬁ3!ﬂ4!'32!t ( 85 B3! B4l |bj |
/ e—)»p soai 1 1 1 L dp
2R(j+1)""<p*0<4RN"" pP2 psor=h pBi—m psoj+Bs pBa =1
which in turn is bounded by
N—-1M-1 r B1 .
Z Z Ceﬂl Z (B1 —m)! C;+hczf32+lc$‘34+lcgoj+ﬂ34h
j=0 r=0 h=0YB;=h m=1
=) B! B3l Bal! I L AR N @4 QR (4 1)
’ / p e MPp™ dp.
2R(j+1)"" <p*0<4RN!
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The integral above is bounded by A=+ D!, so that it is clear that there exist positive constants C, Cy,
such that the above quantity is bounded by

N—1M-1 r
Z Z Z Z (zcg)ﬂlﬂl!C;+hC2ﬂZ+lCvﬂ4+1C§OJ+ﬂ34thlle+r+1

j=0 r=0 h=0Y Bi=h
C(4R) @+ (r — h)' ﬁz"”ﬂs' B4l N @D+ 2Ry~

N-1
CSOC r+1 (a—r)4 a7t (@—r)+ h+1pt” |
_Z ch (4R) N ZL n" (r — !
j h=0
N—-1 K
C 0°Cy
< o r+1 a7t (@—r)4 yr+1 ,t”
< (4R) Z(zR)'ch N L
j=0
SL‘;"'IO(!’”.

Here we used the fact that p%¢ <4RN' ”, as well as (6-87). Moreover,
Nt”(ot—r)r!t” < (QNa)t”(ot—r)rt//r < (eNa)t”((x—r) (eMa)t”r < max{@N, QM}I//aO(t//a.

It is also clear in the above deduction that all the constants involved except R depend on the data and are
hence fixed; moreover, R can be taken large enough so that C3S 9Cp/R < 1. We would like to emphasize
at this stage that in performing the above estimate, we assumed that ¢’/ > ¢’. This is no restriction since
the only constraint on ¢’ and ¢” is that they are positive numbers larger than one.
It
1<t <t <sy, (6-94)

we therefore obtain that the term (6-92) in the region p*© <4RN' ! gives rise to a function of class %B°°.
We must now discuss the term (6-93) in the complementary region: p*¢ > 4RN' "

N—-1 M- r 1
eit,oSO soo ah ei@(p) —jsov d
g ; / SR };)Vrhpsor_,, " (P p~I%0u(p)) dp
N—-1M-1 r |
_ ) itp*0 Jsoa ,i®(p) | ,—iP(p) h(,i®(o) —Js
33| woaryet P [e D Ve 0 (¢ °v(ﬂ>)]dp-
j=0 r=0 po= h=0

The factor in square brackets and its counterpart coming from the first sum in (6-83) yield a differential

operator of the form
Lo

PH(p,0p) =Y p7*" PJ(p, 9p). (6-95)
v=0

This is obtained by repeating the argument of Section 6.1 that led to (6-61). It is also evident that
Ly = O(a) for o large because of (6-87) and (6-90).
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Some of the operators Pf coincide with the P, of (6-61), while the others miss some of the terms due
to the fact that we are taking finite sums. Thus we have to estimate

Lo € O P, 00 d.
p°0>

Now an inspection of (6-51) and (6-52) immediately suggests that P = P, if v/g <M —1andv <N —1.
It is actually useful to have the above relations be satisfied when v < (sq/u)c. To do that, it suffices
to choose 67, Oar > 59/ 1 (see (6-87) and (6-90)).
We thus wind up with the following quantity to be estimated:

- - (so/We
/0 4RN,//e”p opsoaez<1>(p) Z p HY Py(p,dp)v(p)dp
p0=

v=0
Ly
+ / !0 pSoeei®(e) Ny pi(p B 0(p) dp = Jy + Ja. (6-96)
p%0>4RN""
= v=>(so/m)a

First we want to bound J,. We have

Lo
/2= / P A D DI A ARG
ps >

v>(so/m)a
where

Pi(p,d,) =) ab . (p)0),
r=0

and we explicitly point out that its coefficients satisfy an estimate of the form (6-49)

v,r

!
|8£,oe# (,o)| < C;+’+1v!1_9%,

where 0 < 6 < 1 and p > et Consequently, since v < Ly < ca < ¢/0On N, we obtain that p >
4RN?"/50 > ¢'yt"/50 and hence

()] < o=,
Thus, by (6-79),

my /

_ 7 rlt

ptoY ’“"Pf(,o, 8p)v(,0)| < E C;(;’Jrlv!1 ! /SOCJH—pr ,
r=0

since pS0% MY < 1. As before, we obtain that p > ¢”r?"/50, ¢’ > 0 and suitable, because 11, = O(v), so
that r1*' p=" < C"+t151"'="/50_ The integral has no convergence problem because |e!®(®)| < ¢=*#_ for a
suitable positive constant A, and eventually we obtain the bound

|J2| < C‘(Il;‘la!kl(l—t”/S())'f'kz(t/—t”/So), (6—97)
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where k1, ko denote positive constants depending only on the problem data. In the following we denote
in this way any constant of this kind, and we shall understand that their meaning may vary depending on
the context.
Choosing t' near 1 and ¢ near s, satisfying (6-94), we see that J, gives rise to a function in $%.
We are thus left with the term J;. To estimate it, we have to recall the definition of v in (6-78), where
cutoff functions in G*” from Lemma 5.4 have been employed. We have

v(p) =Y _ wr(p)us(p).

=0

and without loss of generality we may assume that w; = 1 for p > 4R(/ 4+ 1) and w;(p) = 0 for
0 <2R(I + 1), with the same constant R we used previously. Of course we are free to choose a larger R,
if need be. Thus

(s0/m)ar 00
pO% T PRV P (pdpu(p) =Y D p SR (p. 0 ) (w0 (p)us (p)).-
v=0 k=0 v+il=k

v=(s0/ e

We split this into two parts, according to whether in the above sum the complete expression (6-64) for the
transport equation appears or we find only a part of it:

L(so/mwer] L(so/e)a
PO YT PR P (p () = Y Y o TP (p, 0p) (wr(p)us (p))
v=0 k=0 v+Il=k

+ Z Z pHITY P, (p, 8 p) (wr (p)up (p))

k>|(so/mwe] v+I=k
v=[(so/mal

=JC +JC,. (6-98)

We start by bounding J C,, which is pretty similar to J,, studied above. By Proposition 6.1.6, we have

my
Py(p.0p) = Y o, p(p)05, (6-99)
p=0

where m, < cv and the coefficients satisfy the estimate

|
|8 e, p ()| < C&’+t+1v!1_9%, (6-100)
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provided p > ¢;v?, 0 <0 < 1. Now

my, p
JCl< ) > ZZ(g)p‘“”““!av,p(m}\aﬁwl(p>|\a£"~"u;<p)\

k>|(so/w)a] v+I=k p=0p=0
v=|(so/p)e]

my D ~
= Z Z Z Z (;)P_“k_”(L(SO/“)“H1)+s0°‘col;+1v!l—t”/so

k>0 v+i=k+|(so/w)a]+1 P=0 =0
v=[(so/m)e]

’

—B+1 p!t/
. (RCw)ﬂHCLf’ B+ +1p_p

where (5-6), (6-49), (6-76) have been used. In particular, (6-49) can be used since p® > 4RN!" =
4R91t\/,'oz’ "> 4R91‘\}/ (n/s0)" v'", yielding 6 = 1" /sq for R sufficiently large depending on the problem
data.

We have p=? < CP p!=""/%_since p < m,, < é&v. Thus we get

m,, .
|JCy| < Z Z Z ph=n(lso/wal+D+soa ov1 ) 1=t /s
k>0 vi=k+|(so/m)a)+1 P=0 ) o
VS(So/OM)a '(RCw)p+1C,f+l+1 (2C)Pp!’ —t /so'

We point out that —p (| (so/p)a] + 1) + sp < 0. Moreover, since m,, < ¢v, we may estimate the sum
with respect to p, getting

TG =Y o > CrHI ROV CLOp 1=t [s0+E@/—1"]50),
F20  vHI=k+|(so/wal+1
v=(s0/1)er

Finally, we want to bound the inner sum, noting that contrary to the sum over k, it is a finite sum
involving a number of terms proportional to «. Because of the estimate

1=t [so+e(' 1" s0) < ((%)a)!1—1”/S0+5(1'—t”/so) < COH-1a!(So/ll«)(l—t///so)+(so/lt)5(t'—t”/so)’
we obtain
|G| < CoH1 160w 500+ (50 /waw =11 50) 3™ prkCk,
k=0

Since p > 2R on the support of v, the above series converges, provided R is large enough. Arguing as
for J5, we conclude that JC, € %50,
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Consider JC; in (6-98). Again we split it into two parts:

(so/m)e
DD oL (0,9,) (@i (p)us(p))
k=0 v+i=k
(so/ Wt
= > D p % (0) Py(p. p)us(p)
k=0 v+i=k
(so/m)or
+ Y p (P (p, 3,) (1 (p)us (p) — wr(p) Py (p. dp)us (p))
k=0 v+I=k
(so/wet
= D g+ 1p. (6-101)
k=0

Let us consider I} ;. Remark that if p > 4R(k + 1), then w;(p) = 1 forany / =0, ..., k. Therefore, in
this region /; x = 0, due to (6-75). We have only to consider /; ;. for (4R9]’\/,/)1/soat”/s0 <p<4R(k+1).
In this region — assuming it is not trivially empty — we have

il < )0 p R H0% N oy, o (0)]|05us(p) || i ()]

v+Ii=k p=0
my P'
< —Mk+soa v+1v|1—t”/so pHi+1 P
< 3 cprterin $ cprin 2,
v+il=k p=0

where we applied (6-100) and (6-76), arguing as we did before. As above, p! p~? < CVH1y1€0d=1"/s0)
Therefore

|11 ] < piktsoe N2 vt gty (40 U=t s0)
1=k
" < pHktsoa Z CrrLlH plso/t A+~ /s0)
v+i=k

< p—uk+sw Ck+1p(SO/t”)k(l+E)(1—t”/s())

— Ck-Hpsoa—k[u—(so/t”)(l+E)(1—t”/s0)] < Ck-i—lpsoot—k;l’

for some positive i, choosing ¢ close to s¢ as we did before.
Consider now, recalling (6-96),

/ eitpsoei(b(p)ll ,k(P) d,O' < Ck+1 / e—)\.ppsOa—k[L d/O
050 >4 RNt (AR)/SoN'"/50<p<4R(k+1)

+o0 +o0
< Ck—H / e—kppsoa—u’p d,O < Ca—H / e—,u/,ologppsoa d,O.
0 0

The proof is complete once we show:
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Lemma 6.2.7. Let i > 0. For any ¢ > 0, there is a constant C¢ > 0 such that

+o0
/ e—uplogppsoa dp < Cee®al®. (6-102)
0

Proof. Pick a positive M to be chosen later and write

400 M 400

/ e—uplogppsw dp = / e—uplogppsw dp + / e—uplogppsw dp=1, + I,.
0 0 M
Consider I,. Because e “#P10gp < p—ilog Mp  we get
+00 o 1 soa+1
I, < e HplogM jsoa g al%o,
2= /(; o p= /Llog M

Choosing ;%0 (log M' )0 < g, we prove the assertion for /5.
Consider 7.

MS() o
soa+1 ( )
Iy < elle e M%7 < e“/eME—eaoz!s",
soor+1 also
and this implies the assertion also for /. O

Let us now consider I, . Remark that if p > 4R(k + 1), then I ; = 0 due to Lemma 5.4. We have
only to consider I, y for (4R9]’\/,/ )1/s0qt" /50 < p < 4R(k 4 1). Assuming this region is not trivially empty,
we have

Lil< > p W*SO“Z Z( )\aup(p)uaﬂwl(muap Pui(p)]

v+i=k p=0B=1

my
o iksoa Z CrHy- t”/sozz( ) RCy) ﬂ+1ﬂ Ccr- —p+i+1 (P —B)!

B p—B
vri=k =0 f=1 P P
1
Sp—uk+s0a Z C"“v'l t”/sozc/p-i-l-l-lpp‘
v+il=k p=0 p

As above, p!*' p~P < CVF1y1€E'=1"/50) "and the argument proceeds as that for I 4.
This completes the proof of Proposition 6.2.6. O

Next we are going to show that if A(z, D;) as given by the left-hand side of (6-2) is G*-hypoelliptic
for s < 59, from (6-84), it follows that 4(v)(¢) € B0 (R).
To this end, we recall the following result. For its proof we refer to Appendix B.

Theorem 6.2.8 [Métivier 1980, Theorem 3.1]. Let 2 be an open set of R containing the origin. Assume
that there is an open subset U € Q, a compact subset K of Q, and a bounded operator R: L>(U)— L*(K)
such that (PRu)|,, = u,,.

The operator A is Gevrey s-hypoelliptic at the origin if and only if .
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(i) For any neighborhood w of the origin, there exists a neighborhood " € w such that
(Au), € Hk(a)) implies u, , € Hk(a)”).
(ii) For any neighborhoods of the origin »'® € 0" € ", there are positive constants C, L such that
lullg iv < CL*([A (@) e + k¥ lutll0,07) (6-103)

where ||u| ko denotes the usual Sobolev norm of order k on the open set w and

k
[l =D K** D% 0. (6-104)

a=0

Moreover, ¢ € C°(w"), ¢ = 1 in a neighborhood of w" and C, L are independent of k and u.

By Theorem 4.3 and (6-2), we obtain that the operator A has a parametrix whose symbol belongs to
S ?’ k/lq (recall that k /g < 1, by assumption). See also Theorem 3.4 of [Kumano-go 1982]. Moreover,
by Remark B.111., we have (P(¢u))|_,, € B*° (") if and only if (Pu)| ,, has the same regularity.

Therefore, Theorem 6.2.8 can be applied to A, provided we are on a small enough neighborhood of the
origin. To keep the notation simple, we denote by @’ the neighborhood of the origin where the solution
has regularity %B%°.

Lemma 6.2.9. If A(v) € B0 ('), then for every & > 0 there exists Cg o > 0 such that
|F(AW))(1)] < Cegre=1/ @O0, (6-105)

Here & (A(v)) denotes the Fourier transform of A(v).

Proof. First we point out that A(v) € $(R), due to the fact that the phase factor e/ ®(®) is rapidly decreasing
for p — +o0.
There exists a § > 0, [-§, §] C @’ such that for every ¢ > 0 there is Cy ; > 0 for which, for every «,

|IDY A(v)(2)| < Cyg%al®, || <6. (6-106)
An argument quite similar to that of the proof of Lemma 6.2.5 gives that, for |¢| > §,
1 / 1
| DY A(v)(1)| < WC““a!’ < WCZ’SS“MSO. (6-107)

For the Fourier transform of A(v), we obtain

F(AW))(7) = Tia / e~ D A(v) di.

We split the latter integral into two parts, Iy, I, for the regions |¢| < § and |¢| > § respectively.

By (6-106), 1
|[I1] <26 — C4 £%al%0,
|z|*

By (6-107), for o > 2,

1 . 1
L= —C 8“0{!30/ t|7%dt = ——= C3 oe%a!®.
)= o Coes?el® J I A= e e
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Therefore, overall, we get |
| F(AW)(7)| = WC4,8e°‘a!S0,

()T ey

1
[FAN@| T < i

for any o and t large. Hence

Summing in « from 0 to oo, we prove the assertion. O
We state the following proposition, leaving the proof to the reader:

Proposition 6.2.10. Let o', w be as in Theorem 6.2.8. If Au € B*°(w), then u € B (v”).

Corollary 6.2.11. Let A(v) be given by (6-85). Then Proposition 6.2.6 implies that A(v) € B (w).

Proof of the corollary. Let ¢ € C°(R) N G*(R), ¢ = 1 near the origin. Arguing as in the proof of
Lemma 6.2.9, we may show that

(T=p)A@)@)| < ce 8/C,
for a certain positive constant C, whence A((1 —¢)A(v)) € G°. Therefore, Proposition 6.2.6 implies
that A(¢A(v)) € B0, From Proposition 6.2.10, it follows that p A(v) € B0, whence the statement. [

Let us now prove that Corollary 6.2.11 implies a contradiction, which in turn yields that A is Gevrey
so-hypoelliptic and not better.
The construction of A(v) shows that the conclusion of Lemma 6.2.9 is violated:

Lemma 6.2.12. There exist positive constants A, Cy such that for T positive and large,
| F(AW)(7)| = e ™. (6-108)
Proof. Since v in A(v) (see (6-79)) has support in [2R, 400, we have
A@)(0) = / 1Ay (1 50y 0y (1) e,
)=

where x(t) =1 if T > (2R)%0 and x(t
we obtain that

0 if 7 < R%. From the Fourier transform inversion formula,

F(A(V))(7) = 2 P ®(T1/%0) v(t 1/s0)r(1/s(,) L
for ¢ > 2 R. Since, due to the construction performed in Section 6.1, we have for t large

O(1/50) = /%0 (1 + 0(1))

with Im ¢ > 0, and
v(e/%0) =1+ 0(1),

we conclude, for a suitable A > 0, that

|F(AW) ()] = Cre ™. O
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Thus the inequalities

1/s _ 11 r]/SO
Cke_)‘r 0 < }%(A(v))(f)‘ <Cewe (2e)1/%0
give a contradiction, provided ¢ is small and t is large enough.

This proves assertion (iii) of Theorem 1.1.

7. Non-C *°-hypoellipticity

The purpose of this section is to prove assertion (iv) of Theorem 1.1. Because of Proposition 4.2, we
have to show that A in (3-33) is not C*°-hypoelliptic if [ < k/q.

The method of proof is analogous to that used in the previous section, but much simpler. Multiplying
A in (3-33) by an elliptic operator, we have to consider the symbol

o0 o0
,E2k/q—2/qA(t’ ) ~ Z a; (l)‘L'Zk/q_j + Z bs(1)T ™", (7-1)
j=0 s=0

where t > 0, aj, b, are real analytic and defined in a neighborhood of the origin and
aj(t)y =1*7Jaj(r) for j=0,...,2—1, witheacha; € C®. (7-2)

We rename A the operator whose symbol is given by the left-hand side of (7-1).
First we look for a formal solution of the form

oo

A)(@) = [0 ¢Pu(p) dp (7-3)

of the equation A(¢, D;) A(u) = 0. In order to do so, we replace the coefficients a;, by by their power
series

A(t, Dy) = Z Z aj,nln+(2l_])+Dt2 /=7 4 Z Z bj at" D,

where (m)4+ = max{m, 0}. Taii?r?gnf)gth ¢t and Dy into the integraljsjgr’ff\ge formally obtain

O X0 400 Iy
itp 2k/q
S [ e

|:n+(2]_j)+ n
j=0n=0

Z Cn,j,ap_j_n_(ZI_jM-i_aaau + Z C;;,j,ap_j_n_Zk/q+aaa”i| dp,
a=0 a=0

where Cy,j q, C,;’ j o are constants. We organize the expression in brackets according to its homogeneity:
making the dilation p — Ap a generic monomial, p®d# has homogeneity oz — 8. The principal part then
has homogeneity —2/, forgetting about the factor pk/4 in front, and is obtained from the first sum above
whenn =0and j =0,...,2/. We are assuming here that 2/ < 2k /g, which is the generic case. If
2] =2k /q, the second sum above contributes the term (j, 7, a) = (0, 0, 0) to the principal part.

Denote by P_;(p, dp) the principal part so obtained. It has the form

21
Pooi(p,9p) = ) var® 2185 (7-4)
a=0
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As for the terms of lower homogeneity, we note that they are homogeneous of degree either —2/ — r or
—2k /q —r. We may gather the terms of equal homogeneity into differential polynomials. To keep the
notation simple, we write the quantity in brackets as

00
Z P—ZI—r/q(/O’ ap)u’

r=0
where P_y;_,/4(p,0p) is a finite linear combination of homogeneous monomials of degree —2/ —r/q.
We look for a u of the form

o0
u(p) =Yy _ ug(p) (7-5)
s=0
such that
k
D Py pjqup—r =0, k=0.1,.... (7-6)
r=0

Let us start with u¢; it solves the equation

P_51(p,0p)uo(p) =0,

where P_,; is given by (7-4). The latter is a Fuchs type equation and we choose

uo(p) = p, (7-7)
where A denotes the solution of the indicial equation associated to (7-4), that is,

21/
> Vah(h=1) ... (h—a+1)=0. (7-8)
a=0
such that
Re A = min{Re u |  is a solution of (7-8)}. (7-9)

Let us next consider the second transport equation in (7-6), corresponding to k = 1.

P_51(p, 0p)u1(p) = —P_21_1/4(p, 0p)uuo(p).

Since the differential operators P_5;_;/,(p,d,) have homogeneity —2/ — j/q, when applied to the
function ,0)‘ they give a function proportional to ,o)‘_ﬂ —J/4_ Therefore the above equation has the form

P_51(p, 3p)u1(p) = const p*~2=1/a,

Our purpose is to obtain a function #; having a better growth rate compared to uy when p — 400,
that is, such that u(p) = O(p*), with Re u < ReA. If Re A has the minimality property (7-9), we
see at once that the exponent in the right-hand side of the above differential equation cannot be a root
of the indicial equation (7-8); thus we can rule out logarithmic factors. Again, keeping in mind the
homogeneity-preserving property of the operators P_5;_;/,, we conclude that

ui(p) = 1 p* 4.
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We iterate this argument and solve the triangular system (7-6), thus obtaining:

Proposition 7.1. There is a A € C, satisfying both (7-8) and (7-9), such that for every s = 0,1, ..., the
system (7-6) has a solution ug of the form

us(p) = esp 5. (7-10)

Turning the formal solution (7-5) into a function is easy in the present case: let y € C*°(R), x = 0 for
P=<R,R>0,and y =1 if p > 2R. Define

v(p) = Y x(esp)us(p). (7-11)

s=0

where (e5)sen denotes a sequence of positive numbers such that &g — 0+ in a convenient way.

We need to make sense of A(v) defined as in (7-3). First of all, we note that there is no problem near
p =0, since 0 € supp(v) (we may always suppose that g < 1.) If ReA < —1, A defined by (7-8), (7-9),
A(v) is in C(R). If ReA > —1, then the integral A(v) in (7-3) has to be interpreted as an oscillating
integral, and then it always defines a distribution of finite order to which a pseudodifferential operator
can be applied.

We want to show that A(z, D;)A(v)(t) € C*°(R).

Proposition 7.2. Let A(v) be defined as in (7-3), with v given by (7-11). Then
A(t, D) A(v)(t) € C(R). (7-12)

Proof. Actually, all we have to show is that A A(v) is smooth in a neighborhood of the origin, since away
from the origin, A(v) is smooth.

We start arguing on just one of the two asymptotic expansions that build A, for example, the second
sum in (7-1). The argument for the other is completely analogous and we have to use both sums only
when (7-6) is needed. This is exactly what was done in the proof of Proposition 6.2.6.

Modulo a smoothing operator, we may assume that the symbol of the operator A has the form

o0
At t) ~ Y bj)x(ejn)T.
j=0
Then

e +oo | .
AGDYAWO = Y b 0) [ (e () dp
j=0

Let us consider D¥ A A(v) and show that this is a continuous function for every «. Denote by N € N a
number to be selected later; then we consider

N—-1 0o +oo )
peae. D)Aw® =D (X + X )0 [ e xtesmn oo dp) = 1+ 1 013)

j=0 j=N



HYPOELLIPTIC AND NONHYPOELLIPTIC SUMS OF SQUARES OF COMPLEX VECTOR FIELDS 433

Consider 7, and let N > ReA + o + 1. Then [x(gjp)p~/ T*v(p)| = O(pRe*=N+e) "and therefore
I, € C(R). Let us now turn to /1. Let M € N and write

N 1 . . m +m. .
Z ( Z bjnt / e V) dp+ M Y by arnt” [ ates (0 dp)
n=0
=11 +112-

Consider first 11,. We have

”M'_ !LM'Z

[o I +oo | .
Z Z j M+n( ) (DF~ t")/o e pP (=DM (x(ejp)p ™ v(p)) dp
Z

o0 +oo .
(Z ,M+n() ?“ﬂr”)) fo ¢ pP x(e;p)(=Dp)™ (0~ v(p)) dp,

where the last equality is modulo smooth terms because when the derivative with respect to o lands on
the cutoff function y, it produces a compact support function of p. Moreover, the sum over # on the last
line (in big parentheses) is a real analytic function. The integrand function above is O(pReA—/=M+58) 5o
that if Re A +o — M < —1, we obtain that /{5 is a continuous function. Note that both N and M so far
satisfy the same condition.

Consider 7.

M_l +w . .
= D¢ by m /0 (D) (x(ej )p v(p)) dp

2R/(en—1) +o0 . .
/ [ e Dy e o vie) dp
0 2

R/(en-1)

|
S
=R
T
i
\w‘ -
N
—

= pe bym f (D) (5~ v(p)) dp.
: 2R/(eNn—1)

modulo smooth functions. By (7-11), we may write

N—1 oo
v= (Z + Z)x(ssmus

s=0 s=N

and note that the second sum contributes a 0(pReA=N/a—j—n+a) (4 the integral. Therefore, if

Re)\—%+a<—1,
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we have a continuous function. As for the first sum, on the domain of integration, the cutoff is identically
equal to one; thus

1.M— +o00 . .
I = Z af o D) (5 ) d

R/(en—1)

TTMZ
||F12

The same analysis can be applied to the first sum in (7-1), so that eventually we get

N—IN—-1M—1 ok n+QI—j)+ 2k
DaZZ Z/ eltppq|: Z Cn}apa j—n—QIl— J)+aau+zc/,ja/0a j—n— q 9 :|dp

s=0 j=0 n=0 a=0 a=0

N—-17(N) 2k -
_ pe Z Z/ "0 By _yyq(0, dp)us(p) dp.
=0 1=

3N1

where we have set M = N and 7(N) < N is a suitable increasing integer function of N, and where
the 13_21_, /q are differential polynomials homogeneous of degree —2/ —r/q. We see that there exists a
number 7 (N) € N such that r(N) < 7(N), r(N) — oo for N — o0, and (see (7-6))

13_21_,/(1 (0, 0p) = P_aj—r/q(p. 9p),

if ¥ < r(N). Then the above expression can be written as

N—17(N) N_IFN) oo op
Py Y / ””qu st 0 09V dp+DE Y - [ o sy o 8pyus)
s=0 r=0 s=0 r=0 é‘N_
r+s<r(N) r(N)<r+s
N—17(N) 2%k -
_D“ Z Z/ elte p4q P_ _L(/O, dp)us(p) dp,
s=0 r=0
r(N)<r+s

because of (7-6). Taking the #-derivative under the integral sign, we see immediately that the integrand is
0(pk/a)+Rer+a=2l=r(N)/a) If N is large enough, the assertion is then proved. O

Proposition 7.3. A(v) is not smooth near the origin.

Proof. By Proposition 7.1, v = 0(pRe*), so that v is a microlocally elliptic symbol of order Re A. Hence,
A(v) cannot be smooth. O

Propositions 7.2 and 7.3 prove statement (iv) of Theorem 1.1.

Appendix A: The adjoint of a product

We prove here a well-known formula for the adjoint of a product of two pseudodifferential operators
using just symbolic calculus. Let a, b be symbols in S ? o(R¢). We want to show that

(a#b)* =b*#a", (A-1)
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where # denotes the usual symbolic composition law (a higher-dimensional extension involves just a more
cumbersome notation.)
We may write

1)® _
(a#b)* =" Cl i a’D’ Rapib)= > > (W)' (r)( )a‘;‘“pﬁ—sc‘za’;’D?Hb.

lL,a=0 l,a>0r,s<l

Let us change the summation indices according to the following prescription: j =a +r, 8+ j =1—s,
i =a+s,sothat/ —r =i + f, and we may rewrite the last equality in the above formula as

—1)i—s i i . L .
@by =Y YOO (BTSN (BTSN piin i) phtig
L B o=t G—sNB+j+)N\j—i+s K

Let us examine the s-summation; we claim that

(=1)i—* 1 B+j=s\_ 1
gl—s)'(ﬂ—l—l)'(]—l—ks)'( s )_ﬁ!i!j!'

This is actually equivalent to
B ()57
s B+i i)

s=0
Settingi —s =v €{0, 1,...,i}, the above relation is written as
B+i+j—v B+
Z( 1) s )=U;7)
v=0 J

and this is precisely identity (12.15) in [Feller 1957, Chapter II].
Thus we may conclude that

(a#by =" F3E , Z—aﬂ(z ~ 9L D b)DB(Z%B{D,j&) — b*#a*.

i,j,B B>0 i>0 j=0

This proves (A-1).
As a byproduct of the above argument, we get the identity

3 FiF ' bl pItha = Z( i a’D’(a“ D2b), (A-2)
i,j.B l,a=>0

which is the purpose of this appendix.
We would like to point out that the relation (a*)* = a rests on the identity

1 1 - 1 1
> ﬁaiDﬁ(Z aagur);%a) =Y 5( > s ,( 1)“)33 Dia=}) S(1-1)’#;Dja=a. (A-3)

>0 >0 §=0 l4+a=s §=0
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Appendix B: Proof of Theorem 6.2.8

We include in this section the proof of Theorem 6.2.8 for pseudodifferential operators in the Gevrey case,
which is the case needed in our argument. Métivier [1980] gives the proof of the same theorem in the
analytic category for differential operators, and states that its extension to the pseudodifferential case has
no major difficulties. We argue along the same lines.

Since pseudodifferential operators are involved in an essential way, we first recall the definition of
hypoellipticity; even though the material is well known, it is useful to state it here for future reference.

When we use a pseudodifferential operator, or its symbol, we mean either a pseudodifferential operator
in the C*° or in the Gevrey category. In the latter case, although the symbols involved may be analytic
functions, the cut off functions will of course be in Gevrey classes (see also Lemmas 5.3 and 5.4 for the
construction of some cutoff functions.)

Definition B.1. Let P(x, D) denote a properly supported pseudodifferential operator acting on the
distributions. We say that P is hypoelliptic at the point x¢ if and only if there exists an open set €2,
Xo € €2, such that for every open set V € Q and for every u € 9'(2), we have

(Pu)|V eEC® = Uy, € c*®
or
(Pu)|V €G> Uy, € G*,

for s > 1.

It is well known that (not properly supported) pseudodifferential operators can be extended as operators
from €’ (2) — @'(2). Thus we may also give the following definition:

Definition B.2. Let P(x, D) denote a pseudodifferential operator, which we suppose defined in R” and
not properly supported, acting on distributions. We say that P is hypoelliptic at the point xo € R” if and
only if there exists an open set 2 containing x( and such that for every open set V' € Q2 and for every
u €€ (), we have

(Pu),, € C® = up, € Cc*®
or

(Pu), € G’ = u), € G*,

fors > 1.

Proposition B.3. Ler P denote a properly supported pseudodifferential operator. Then Definition B.2 is
equivalent to Definition B. 1.

Proof. Let us show first that B.2 implies B.1. Let €2 be the open set from Definition B.2 and let u € %'(Q2).
We want to show that for every V' € Q, if, for example, (Pu)|,, € C, then u|,, € C°. The assertion in
the Gevrey category will have a completely analogous proof.

Let x € V and ¢ € C5°(V) such that ¢ = 1 on V} € V, X € V1. Since (Pu)|, € C*°, we have

Pu = P(ou) + P((1 —p)u) € C*.
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Since P is properly supported, we have P = P; + Rp, where Rp: %'(Q2) — C*°(Q) is a regularizing
operator and P; enlarges support by a fixed quantity, that is, supp(Pf) C (supp f')s for a certain positive §,
where if A CR"?, As = {x € R" | dist(x, A) < §}.

Now

C® 3 (Pu)y,, = (Peu)yy, +(P(1=p)w),, = (Plew)y, +(P1((1=p)0), +(Rp(1—p)0)),, .

The third term is obviously smooth and the second term vanishes if dist(V;,CV) > §.

Therefore (P((pu))|V1 € C* implies, by Definition B.2, that pu € C°°(V}) or, since ¢ = 1 on V7,
that u € C®° (V7). Since the choice of the point X is arbitrary, we obtain that # € C°°(V'), and hence the
conclusion in Definition B.1.

The converse implication is easier. Assume that Pu € C*°(V), with u € €¢'(Q). Again (Pu)|, =
(Pru)), + (Rpu)|,, where Rp:€'(Q2) — C*°(Q). Thus (Pu)|,, € C* implies that (Pyu)|, € C*, so
that, by Definition B.1, u|,, € C°. This proves the proposition. O

The next proposition shows that, in order to prove that a pseudodifferential operator is hypoelliptic,
it is enough to show that the corresponding properly supported operator is hypoelliptic according to
Definition B.2.

Proposition B.4. Let P denote a pseudodifferential operator. Then P is hypoelliptic (G*-hypoelliptic,
s > 1) at the point x¢ if and only if Py is hypoelliptic (resp. G*-hypoelliptic, s > 1) at xy according
to Definition B.2. Here we denote by P a properly supported operator such that P = Py + Rp, with
Rp:€(Q) — C®(Q).
Proof. Assume that P is hypoelliptic at xo and let €2 be the open neighborhood of x from Definition B.1.
We assume that for every V € Q, xg € V, (Piu)|,, € C* with u € ¢'(R2). As we did above, we point
out that (Pu)|, = (Pru)), + (Rpu)),, € C*, and this implies that u),, € C*.

The converse statement has a completely analogous proof.

Again we remark that the proof in the Gevrey category is exactly the same. O

We now turn to proving Theorem 6.2.8. We start by recalling without proof a couple of facts about
cutoff functions. This is also useful to establish the notation.

Lemma B.5. There is a positive constant vy, depending only on n, the dimension of the ambient space,
such that for every pair of open subsets o' € w € R", there is a sequence of functions (xi)ken in D(),
Xk|,, = 1, and such that for every k €N, for every multi-index oo € N" with || < k, we have

Jenlal
D% xx lloo < (VL) , (B-1)
r

where r = dist(w’, Cw) > 0.

Lemma B.6. Let o', w, xj be as in the previous lemma and satisfying (B-1). Then there is a positive
constant y such that for every k € N and for every u € H k (w), we have

lxxeelllimn < v lullc.w, (B-2)
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where the three bar norm, defined right after Theorem 6.2.8, has the meaning

k
el = D K5~ D0, (B-3)
a=0
Lemma B.7. Let Q denote a neighborhood of xo € R" and let B be a Banach space continuously
injecting into L*(Q). Assume that xo & sing supp, u for every u € B, where sing supp, u denotes the
Gevrey s-singular support of u, and s > 1. Then there are neighborhoods ' € w € Q of x¢, functions xy,
satisfying (B-1), and positive constants v and C such that for every k € N and every u € B,

&% xxu € L2(R™),
or, in different terms,
€N xxitllo.mn < Crk*Y*|ul 5.

Proof. For € R" and L > 0, let us denote by g7 () the Banach space of all Gevrey s-functions on @

such that
| D%ullo,0

als Ll

Then the space of all functions being Gevrey s at the point x( can be written as

||u||gsL((;)) = sup < +00. (B-4)
o

ind limy - o0 Elfv(B(xo, N_l))-

Using Theorem 1 on p. 147 of [Grothendieck 1973], we can see that there exist a neighborhood w of the
point xo and a constant L > 0 such that the map u > u),, is continuous from B to gj (). Denote by C
its norm.

Let w’ € w and let x; be functions as in Lemma B.5. We therefore have

N
1%l = X () (225) @=L,y o

B=«a
For || < k we may estimate (o — B)!° < k*1%~81 50 that
Yo ol
I Da(Xku)”OW < C(L + 7) ksl 5
and .
et g n < */2C (L 4+ 22 ) ¥ ul 5.
which is the statement of the lemma. O

Next we remark that there is a constant y; > 1 such that for every k € N and every u € H k (R™), we
have

Pl gor < /R (k + ()@ d& =y llulli gn- (B-5)

Now define, for s > 1,
Gy = {u e LX®") | " a(e) e L2@™)). (B-6)
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. . 1/5 A . . S (DN
Once we equip G 5) with the norm [[u||g,,, = |e& & l|o,rn, we see that G ) is a Hilbert space of G*(R")
functions.

Lemma B.8. Let k be an integer > 1 and for j = 0,1,2,..., let N; = k27/. Then every function
u € HX(R™) can be written as the series

00
u = E Llj,
Jj=0

where uj € G, and such that

o0
D NP (s 1G gn + 2Nl 13,) = 2@y I go- (B-7)
j=0

Proof. For j =0,1,... (and setting N_; = 0), we have

w =" [ 0 3(e) de.

Nj—1<[E|/s<N;

If €] < st, then elé'* <N | 50 that lujllG = eNil|luj|lo g . Furthermore, when |£| > st_l, we have
NP <2%(|§] + k) and

oo

2k A
D N ujf g < f (2° (€l + k) " [a(E)|* dé,
j=0 e
which allows us to conclude. O

Next we prove an inverse of the preceding lemma, but on a neighborhood of the point x.
As above, let 2 be a neighborhood of x( and let B be a Banach space of functions of class G* at x¢
such that the injection from B to L?(2) is continuous.

Lemma B.9. There is a neighborhood ' @ Q of x¢ and a positive constant C such that for every k > 1
and every sequence uj, j =0,1,2,...,u; € B, satisfying

o0
S ONF(lujlf g + eV lujlF) = ®f(uj) < +oo,

. j=0
the series

o0
u=Yy u; (B-8)
j=0
converges in L*(Q) and u,, € H* ("), with the inequality
oy, lliesr < CH T @R (u).

Proof. The convergence of the series (B-8) in L?(R) is a direct consequence of the assumption that
Dy (uj) < +o0.



440 ANTONIO BOVE, MARCO MUGHETTI AND DAVID S. TARTAKOFF

Applying Lemma B.7, we obtain neighborhoods o’ € w € 2 of the point x(, positive constants y, Cp,
and a sequence of cutoff functions xxy € @(w), xy = 1 on @', such that for every N and every function
u € B we have the estimate

'5 ) < Colulls. (8-9)
0,R”7
Define the functions N
0(j.&)=eMN (Vli]\,ljs) ’ (B-10)
and
g1 () = (1+6(/.8) xw, u; ©). (B-11)

Both (B-9) and (B-11) yield

lgjllo.en =< lujllo.q + Coe ™™ ||ujl| 5,

so that
(o,]

D NS gl§ g <201+ C§) P (1)) < +o0. (B-12)
j=0

Let us now define

0
V= ZXNjuj.
j=0

Of course v € L?(2) and, by definition, v coincides with « on ’. Therefore it is enough to show that
v € HX(R™) and that the estimate
ol n = CFF1 @)

holds. Actually one already has the estimate

o0
wllomn <D llujllomr < 2Pk (u)).
j=0
We only have to show then that |£|%9 € L2(R") and that the estimate

|1€1*o],

holds, where the constant C is independent of k.

on < CEF1 @ (u)) (B-13)

To this end, using (B-11), we write

(e.¢]

ko) =Y (1+00.6) " g ©)&lx.

j=0
We have
121982 < (Z Igj(é)lzN,-st)9(E),

j=0
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where

N?
j=0 " J

o0 k _ o0
06 =Y (L) (14+00.0)7 = Y w©.
j=0

Because of (B-12), it suffices to prove that
16€)]lo0 < C¥+1.

We argue in two different cases. The first region is yezst < |&|. Then
R
\'Ijj (%-) < ]/2k (_S) €2Nj < (yeZ)Zke—ZNj .
VNJ‘
As a consequence,

Y W) < Ciyed) .

ye2N; <[]

If now yezst > |&], let jo = min{; | yezst > |&]} for a fixed &. We have

2k 2k N\2ks 2ks
00 ) 2ks
PR IGE (yez)Zk(Z 2—1) — (22,
i=0

yezN]-sZIEI J

Therefore

This proves the lemma.

We now want to prove the following theorem in a Gevrey pseudodifferential setting. Define

k
[ulskw = Y K€ D%llo,0.

a=0

Note that [u]i,x,0 = llu .-

441

(B-14)

(B-15)

Theorem B.10 [Métivier 1980, Theorem 3.1]. Let P(x, D) be a real analytic pseudodifferential operator.

Let xo € R" and let Q denote a neighborhood of xq. Let xq € U € 2 be an open set.

Assume that there is a bounded operator R: L*>(U) — L*(K), where K is a suitable compact subset
of 2, such that (PRu)|,, = u,,,. Here L?(K) denotes the set of all functions in L*(Q) whose support is

contained in K.
The operator P is Gevrey s-hypoelliptic at x if and only if

() For any neighborhood w of X, there exists a neighborhood " € w such that Pu, € H k(w) implies

uy,, € H*(0").

(ii) For any neighborhoods of xo @'’ € 0" € &, there are positive constants C, L such that

]l iv < CLE(IP ()]s g + K 1]l 0,0)

(B-16)
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n

for any u € €'(Q2) where ¢ € Co° (@"), ¢ = 1 on a neighborhood of »", and C, L are independent

of k and u. Here ||u||x ,, denotes the usual Sobolev norm of order k on the open set w.
Remark B.11.
1. Since P has an analytic symbol,
— (Pu))

sing suppw[(P((pu))| ] = .

w/// w///

2. Itis not difficult to show that the operator A of Section 6 has a local right inverse as in the statement
by using Theorem 3.4 of [Kumano-go 1982] and Theorem 4.3.

3. For the limited purpose of this paper, a weaker result would have been enough. We are allowed to
have the constants C, L depending on « but not on k. This is much easier to prove and we do not
need for this Lemma B.12.

Proof. If (i) and (ii) hold, then clearly P is Gevrey s-hypoelliptic at xg.

Conversely, assume that P is G*¥-hypoelliptic at the point xq. First we prove (i).

Let w C €2 be an open neighborhood of xy. We choose an open subset w; € w, x¢ € w;, and cutoff
functions xx € C5°(w), k € N, as in Lemma B.5 such that (B-1) is satisfied and xx = 1 on w;.

Let u € ¢'(R) and assume that (Pu)|, € H*(w), k e N.

Set

S = xxPu.

Clearly f is defined on the whole of R”, and more precisely f € HX(R"). Applying Lemma B.6 to the
function f, we obtain that

LA W en < vl Pl o (B-17)

for a suitable positive constant y independent of k.
Furthermore, applying Lemma B.8 to the same function f, we write

f=>5
j=0

with f; € G(y) (see (B-6) for a definition of G(y)), and the following inequality holds:

o0

YN0 n + 2NN 1E,,,) < 2C@r)FILA G go- (B-18)
j=0
Denote by G(s) the space of all restrictions to U of the functions in G ) compactly supported in U, and
let By = Ré(s) equipped with the norm defined by || R(g|v) B, = llgllG,,- Fix an open neighborhood
U’ €U of x¢ and choose a Gevrey cutoff function ¢ € C°(U), 0 <y <1, of Gevrey order s, 1 < s’ <3,
such that Yy = 1. Set

v =R fj),)- (B-19)
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Clearly vj € B(y) and vj is a function of class G near the point x¢. In fact (Pv;)|, = (PR(ijlU))|U =
(¥ fj)|,- The latter is a Gevrey function of order s and, since P is G*-hypoelliptic, we conclude. We
have the inequality

o0
Y N (Ivillge +e N vil5,,) < 2(Cy + IRIPYCyDFILL N7 o (B-20)
j=0

Here Cy, is a positive constant only depending on v and || R|| denotes the norm of the operator R as an
operator from L?(U) into L?(K).

Using (B-20) and Lemma B.9, we obtain that the series Z;io vj converges in L?(K). Denote by v
its sum. From the same lemma, we also get that there is an open set @’ € w such that

v, € Hk(a)’)

and
10l < CEFUI/ Mk g (B-21)

for a suitable positive constant C. Observe that we may, possibly shrinking w’ as necessary, suppose
that @’ C w;. Consider now the function (P (u — v)),,,,- Due to that choice of o', we evidently have
(Pu)|,, = f|,, - Then remark that, since

o= Y R )= R(X 01, ) = ROA).
j=0 j=0

we have that P can be applied to v and (Pv)|,, = Possibly shrinking the open set @’ so that o’ C U’

lu
we have in particular that

(PW—@%M=Q (B-22)

Note that because of the hypoellipticity assumption for P, we deduce that  — v € G*(w’). Furthermore,
taking " € w’, we obtain that # —v € G*(w”’). This proves assertion (i).

Next we prove (ii). In order to do that, we need to further shrink the neighborhoods of x( involved, in
such a way that we already know that in that neighborhood u belongs to H k and is compactly supported.
Actually we proved that u| , € H k(@"). Let 0" € " and choose cutoff functions ¥j € Coe(@™),
such that Yz = 1in 0]’ € ®". Let /= 3k Pu. Let also ¢ € Cse(@"), ¢ =10nad" 3 w”. Note that
@u € H*(R™) and its support is contained in »”. Due to the pseudolocality property of P, we have

Sing SUppy, ((P(gou))hb/// - (Pu)|5)///) =4,

and in particular we have (P(¢u))|,,, € H¥ (). This implies in turn that ¥ P(gu) € H*(R").

Arguing as above, and possibly enlarging the compact set K C €2, we obtain that (P(¢u —0))| ,, =0
and pu —10 € L?>(K)N G* (™). Recall that here L?(K) denotes the set of all functions in L?() whose
support is contained in K.
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Lemma B.12. Let X denote the space of all the functions u € G* (") N L*(K) such that (Pu)y,,, =0.
Equipped with the L*(Q2) norm, X becomes a Banach space. Then for every o'® € o, there exists a
constant Cy > 0, such that for any multi-index o,

sup |0%u(x)| < Clat*||ullo k., (B-23)

wiv
foreveryu e X.
Applying the lemma, we immediately get that for any '’ € "’ and for any k € N, we have
lpu =Bl i = C kL llpu—5llo,x- (B-24)

On the other hand, we also have

10ll0,wiv = IRINS Nlo,rn = IIRINP(@10) |00

and
KNP @) llo.or < [P @) k0
as well as
el < Muels o, 5= 1
Thus
lully wiv < o —bllx giv + 15llg piv
< CFP kY lpu — Bllo,x + CFF I £l o
< CFY RN P(@u)llwr + CETRE (1510, + lpullo k)
< CHTYRIP @)l + CETHREIRIN P (u) 0.0 + CF Tk lgullo,x
< CHYRIP @)l + CETHIRITP (0] ke + Co K 1]l 0,00
< G LX ([P (0] ko w + k¥ lullo o)
This proves the theorem. O

Proof of Lemma B.12. 1t is an application of the Baire category theorem. For j € N and for a certain
0’V € w"”, define

Xj = {ueX|[3%(x)| < j1*"1al¥, for all & and all x € wiv).

Trivially,

Next we show that the sets X are closed with respect to the L?(2) topology of X. Let (t1;)nen be a
sequence in X; converging to uo € X. As a consequence, the derivatives 0%u,, are uniformly bounded
in ¥ so that the functions 3#u,, are equicontinuous if | 8| < |«|. Applying the Arzela—Ascoli theorem,
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we obtain that for any / € N, there exists a subsequence u,, ; converging in C(l)(m) to an element
uy € CD (V). Hence ug = u(y in ©'v and

10%u0(x)| < j¥H 1015, forall |o| </ and all x € wi?.

This implies uo € Xj. By the Baire category theorem, there are an index jo, a number ¢ > 0, and a

function u# € Xj, such that
B={ueX||u—ilox <&} C X, (B-25)

where we wrote || ||o, x since the support of u, i is contained in K. Now for every u € X, let

v=6—% _+ieB, ifl§l<e.

lullo,x
Thus
y ”“”0,K(v_ﬁ)
5
and
|0%u(x)| < %(wm +18%a]) < R ot |lul|o &
This proves the lemma. O
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