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POROUS MEDIA: THE MUSKAT PROBLEM IN THREE DIMENSIONS

ANTONIO CORDOBA, DIEGO CORDOBA AND FRANCISCO GANCEDO

The Muskat problem involves filtration of two incompressible fluids through a porous medium. We
consider the problem in three dimensions, discussing the relevance of the Rayleigh—Taylor condition and
the topology of the initial interface, in order to prove the local existence of solutions in Sobolev spaces.

1. Introduction

The Muskat problem [Muskat and Wickoff 1937; Bear 1972] involves filtration of two incompressible fluids
through a porous medium, characterized by a positive constant « quantifying its porosity and permeability.
The two fluids, having velocity fields v! and v?, occupy disjoint regions D! and D> = R? — D!, with a
common boundary (interface) given by the surface S = d D! = 8 D?. Naturally, those domains change
with time, as does the interface. We denote by p/ (j = 1, 2) the corresponding pressures, and we will
also assume that the dynamical viscosities i/ and the densities p/ are constants with ! # u?, p! # p2.

Conservation of mass in this setting is given by the equation V - v = 0 (in the distribution sense), where
v = UIXDI + vszz.

The momentum equation, obtained experimentally by Darcy [1856] (see also [Bear 1972]), is

J . . .
%UJ:_VPJ_(O’O’ pjg)’ j:1s2’

where g is the acceleration due to gravity.

One can find in the literature several attempts to derive Darcy’s law from Navier—Stokes [Tartar 1980;
Séanchez-Palencia and Zaoui 1987] through the process of homogenization under the hypothesis of a
periodic, or almost periodic, porosity. In any case, the presence of the porous medium justifies the
elimination of the inertial terms in the motion, leaving friction (viscosity) and gravity as the only relevant
forces, to which one has to add pressure as it appears in the formulation of Darcy’s law. There are three
scales involved in the analysis: the macroscopic or bulk mass, the microscopic size of the fluid particle,
and the mesoscopic scale corresponding to the pores. In the references above, one finds descriptions of
the velocity v as an average over the mesoscopic cells of the fluid particle velocities. Taking into account
that each cell contains a solid part where the particle velocity vanishes, it is then natural to get the viscous
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forces associated to that average velocity, which is a scaled approximation of the laplacian term appearing
in the Navier—Stokes equation.

In this paper, we shall consider the case of a homogeneous and isotropic porous material. Porosity is
the fraction of the volume occupied by pores or void space. But it is important to distinguish between two
kinds of pores — the kind that forms a continuous interconnected phase within the medium, and the kind
that is isolated — because non-interconnected pores cannot contribute to fluid transport. Permeability is
the term used to describe the conductivity of a porous medium with respect to a newtonian fluid, and it
depends upon the properties of the medium and the fluid. Darcy’s law indicates this dependence, allowing
us to define the notion of specific permeability « and its units. In the case of an anisotropic material, x
will be a symmetric and positive definite tensor, and the methods of our proof can be modified to get local
existence; but for a nonhomogeneous medium, the properties of the tensor « (x) will have to be specified
in a very precise manner in order to allow an interesting theory.

The Muskat problem and related problems [Saffman and Taylor 1958] have been studied recently
[Constantin and Pugh 1993; Siegel et al. 2004; Cérdoba and Gancedo 2007; 2009; Cérdoba et al. 2011].
The first natural question is about the evolution of the system (existence of solutions), at least for a short
time ¢ > 0, and the persistence of smoothness of the interface S(¢) if we begin with a smooth enough
surface at time ¢t = 0. One can easily deduce from this formulation that in the event of smooth evolution,
both pressures can be taken to be equal at the interface:

P'lse) = P?lsw)-

Therefore, we look at the case without surface tension (see [Escher and Simonett 1997], where the
regularizing effect of surface tension is considered). The normal component of the velocity fields must
also agree at the free boundary; that is, if v/ is the unit normal to S pointing into D/, we have

W' —=vH v =0 at S@¢), j=12
(note that v2 = —v!). Furthermore, the vorticity will be concentrated at the interface, having the form
curl(v) = w(z) dS(2),

where w is tangent to § at the point z and d S(z) is surface measure.

This paper extends to the three-dimensional case the results obtained in [Cérdoba et al. 2011] for the
case of two dimensions, by proving local existence in the scale of Sobolev spaces of the initial value
problem if the Rayleigh—Taylor (R-T) condition is initially satisfied (see [Saffman and Taylor 1958],
where this issue is studied from a physical point of view). In our case, that condition amounts to the
positivity of the function

o =(Vp>=Vph- (v —vh

at the interface S. The R-T property also appears in other fluid interface problems, such as water waves
[Cordoba et al. 2009].

Together with that hypothesis, one also assumes that the initial surface S is connected and simply
connected. In the presence of a global parametrization X : R?> — S, the preservation of that character will
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be controlled by the gauge

il IF GOl = sup —1“ =P

FX) (@, ) = —————, 1X(a) — X(B)|
0@ = e =y e X@— X~

Section 2 of this paper contains the derivation of the evolution equations for the interface S. In Section 3,
we prove the existence of global isothermal parametrization as a consequence of the Koebe—Poincaré
uniformization theorem of Riemann surfaces in the geometric scenarios considered in our work, namely,
double periodicity in the horizontal variables and asymptotic flatness. Let us add that given the nonlocal
character of the operator involved, to obtain a global isothermal parametrization is an important step in
the proof, whose main components are sketched in Section 4.

In closing our system (Section 2), we need to control the norm of the inverse operator (I 4+ A%)~!,
where 9 is the double-layer potential and |A| < 1. It is well-known from Fredholm’s theory that those
operators are bounded on L?(S). However, since the surface S = S(¢) is moving, a precise control of its
norm is needed in order to proceed with our proof. That is the purpose of Section 5, where the estimates
for the double-layer potential are revisited.

In Sections 6 and 7, we develop the energy estimates needed to conclude local existence. Let us
mention that at a crucial point (more precisely, just at that step where the positivity of o (a, t) (R-T) plays
its role), we use the pointwise estimate 6 (x) A6 (x) > %AQZ(x) of [Cérdoba and Coérdoba 2003], with
A =+—A.

In the strategy of our proof, it is crucial to analyze the evolution of both quantities o and F (Section 8)
at the same time as the interface X and vorticity w. There are several publications (see, for example,
[Ambrose 2007]) where different authors have treated these problems assuming that the Rayleigh—Taylor
condition is preserved during the evolution. Under such a hypothesis the proof can be considerably
simplified, especially if one also assumes the appropriate bounds for the resolvent of the double-layer
potential with respect to a moving domain, or the existence of global isothermal coordinates, etc. It is our
purpose to carefully go over such items, which are responsible for the more delicate and intricate parts of
this paper.

2. The contour equation

We consider the following evolution problem for the active scalars p = p(x, t) and u = u(x, t), with
xeR¥andr>0:

prt+uv- V/O = 09

e +v-Vu=0,

with a velocity v = (vy, vz, v3) satisfying the momentum equation
puv=-=Vp—(0,0, p) (2-1)

and the incompressibility condition V - v = 0, where, without loss of generality, we have prescribed the
values k =g=1.
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The vector (u, p) is defined by

(', ph xeD'@),

(/’Ls p)(X1,X2,x3, t) = {(MZ’ 102) x € Dz([) = R3 \ Dl(t),

where 1! # u? and p! # p2. Darcy’s law (2-1) implies that the fluid is irrotational in the interior of each

domain D/, and because of the jump of densities and viscosities on the free boundary, we may assume a

velocity field such that
curlv = w(a, 1)6(x — X (a, 1)),

where 3D/ (1) = (X (a, t) € R? 1 o = (@1, an) € R?}; that s,
(curl v, ) = / o 1) o(X (@, 1) dat,
IR2

for any ¢ : R* — R? vector field in C°(R?).
The incompressibility hypothesis ((V - v, ¢) = —(v, V) = 0, for any ¢ € C>°(R?)), yields

v (X (a, 1), 1) - N(a, 1) =v*(X(a, 1), 1) - N(a, 1),

with N(a, t) = 9y, X (o, 1) A 04, X (e, 1), and Equation (2-2) gives us the identity

wla, )= V(X (1), 1) —v' (X (1), 1)) AN(a, 1).
Defining the potential ¢ by v(x,t) = V¢ (x,t) for x R2\ dD/ (1), we get

Qa, 1) =" (X (@, 1), 1) — ' (X (e, 1), 1),
oy Q(at, 1) = (V(X (1), 1) — 0" (X (e, 1), 1)) - By X,
dn 2 (at, 1) = (V(X (@, 1), 1) — v (X (a0, 1), 1)) - B, X.
Then one has the equality
w(a, ) = (V(X(a, 1), 1) —v' (X(, 1), 1)) A (80, X (0, 1) A D, X (@, 1)),

and therefore
Ot 1) = oy (&, 1)y X (@, 1) — Dy Rty ), X (@, 1),

implying that V - curl v = 0 in a weak sense.

(2-2)

(2-3)

Using the law of Biot—Savart, we have for x not lying in the free surface (x # X («, 1)) the following

expression for the velocity:
1 x—X(B,1)

vlx, 1) == rlx—X(B.0P

Ao (B)dp.

It follows that
Xi(a) = BR(X, w)(a, 1) + C1 ()0, X (@) + C2(0) 3er, X (1),
where BR is the well-known Birkhoff-Rott integral:

1

BR(X. 0)(@, 1) =~ PV/R

X(a) —X(B)

X —x(pyp PP

(2-4)

(2-5)
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Next we will close the system using Darcy’s law. Since
Vo =v(x, 1) —Q(a, )N (o, 1)d(x — X(a, 1)),
we have
(Ag,9) =—(Vo, Vp) = /29(04, DN(a, 1) - Vo(X (o, 1)) da,
R
and taking ¢(y) = —1/(4m|x — y|), one obtains ¢ in terms of the double layer potential:

[ r-X@
d(x) = T Ar - m “N(@)Q(x) da.

Darcy’s law yields
Ap(x, 1) = —div(u(x, v(x, 1)) — 0 p(x, 1),
that is,
Ap(x,t) = P(a, )6 (x — X (a, 1)),

where P(«, t) is given by
P, 1) = (u* — uhHv(X (e, 1), 1) - N(a, 1) + (p* — p" ) N3(a, 1),

implying the continuity of the pressure at the free boundary.
Next, if x # X («, t), i.e., x is not placed at the interface, we can write Darcy’s law in the form

uo(x,t) =—p(x, 1) — pxs3,
and taking limits in both domains D/, we get at S the equality
(1K (X (a, 1), 1) —p'¢' (X (. 1), 1)) = —(p* — p) X3(a, 1).

Then the formula for the double-layer potential gives

pr+p! 2 o1y L f X () =X (p) — (2 — !
5 ) = (W) PV . lX(a)_X(ﬂ)P-N(ﬂ)Q(ﬂ)dﬁ— (p” = p ) X3(a, 1),

that is,
Qa, 1) — A D(Q)(a, 1) = -2A,X3(a, 1), (2-6)
where
1 X@—X P—p! p>—p'
@mmu=%mVAJﬁ%:ﬁ%;Nwmwm& Au=to s A=t @)

The evolution equations are then given by (2-3)—(2-7), where the functions C; and C;, will be chosen in
the next section.
Furthermore, taking limits, we get from Darcy’s law the following two formulas:
0o, R2(a, 1) +2A, BR(X, w)(a, 1) - 9y, X (a0, t) = —2A 04, X3(t, 1), (2-8)
00, 2(a, 1) +2A, BR(X, w)(a, 1) - 09, X (a0, 1) = —2A 500, X3 (0t ). (2-9)
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3. Isothermal parametrization: choosing the tangential terms

Although the normal component of the velocity vector field is the relevant one in the evolution of the
interface, it is however very important to choose an adequate parametrization in order to uncover and
handle properly the cancellations contained in the equations of motion. Fortunately for our task, we can
rely upon the ideas of H. Lewy [1951], and many other authors, who discovered the convenience of using
isothermal coordinates in different PDEs for understanding how a minimal surface leaves an obstacle and
also in several fluid mechanical problems.

Let us recall that an isothermal parametrization must satisfy

| X, (@, D? = [Xa, (@, D7, Xoy (@, 1) - Xy (at, 1) =0,

for t > 0.
Next we define
Ci(@)
_ 1 [ a1—pBiBRg -Xp —BRg, Xy, dﬁ_L/ @ = 2 BRy X +BRg, - Xpy g5y
27 Jge la—BI? | X g, |2 27 Jge la—BI? | X g, 2
and
Ca(a)
__ 1 [ @—Pp2BRs Xp —BRy Xp, dﬁ—i/ o =P B e 2B Th g 3
27 Jge la—BI? | X 5,12 27 Jpe la—BI? | Xp,12

That is, X, = BR+C; Xy, + C2X,, and
Xot =BRy, +C1 X g0y + C2 X0, + Clroy Xy + Cooy Xy
Xayt =BRo, +C1 Xa0, + C2Xaya; + Clay Xy + Coay X, -
Writing f = (|1Xa, > — |Xa,1?)/2 and g = X, - Xo,, we have
fi = (BRy, -Xa, —BRy, -Xo,) + C1 fo, + Ca far + (Caay — C1ay)8 +2C 10y f + (Cray — Coay)| X 1.

The expressions for C; and C; yield the vanishing of the sum of the first and the last terms in the
identity above. Therefore, we get

Ji =Cifa, + Cofa, + (Coay — Ci0,)8 +2C 10 f- (3-3)
Similarly, we have
8t = (BRa2 'qu + BRoq 'onz) + Clgozl + C2gaz + (Clal + C2a2)g - 2C2a1f + (Claz + C2a1)|Xoc1 |2

and
8t = Clga1 + C2ga2 + (Clal + C2a2)g - 2C20{1 I (3-4)

The linear character of equations (3-3) and (3-4) allows us to conclude that if there is a solution of the
system X; = BR+C1X,, + C2X,, and we start with isothermal coordinates at time ¢ = 0, then they will
continue to be isothermal so long as the evolution equations provide us with a smooth enough interface.
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The fact that one can always prescribe such coordinates at time ¢ = 0 follows from the following
argument: in the double periodic setting we have a C* simply connected surface, homeomorphic to the
euclidean plane R?, which, by the Riemann—Koebe—Poincaré uniformization theorem, is conformally
equivalent to either the Riemann sphere, the plane, or the unit disc. The sphere is easily eliminated by
compactness, but we can also rule out the unit disc because the assumption of double periodicity in the
horizontal variables implies the existence of a discrete abelian subgroup of rank two in the group of
conformal transformations, and that cannot happen in the case of the unit disc.

Therefore, we have an orientation-preserving conformal (isothermal) equivalence

¢ R*—S.

Since S is invariant under translations 7,(x) = x + 27 v, where v € Z> x {0}, it follows that f,(z) =
¢! o1, 0¢(z) must be a diffeoholomorphism of C = R?, and therefore it has to be of the form

H@) =ayz+by,
for certain a,, b, € C. Clearly, the family f, is generated by f1 = f(1,0,0), f2 = f(0,1,0)- Let
fi) =aiz+b1,  f2(z) =axz+by.

We claim that a; = a; = 1. Suppose that |a;| < 1; then we get f{'(z) =alz+bi(1+a;+--- —{—aq’_l), a
sequence converging to by /(1 — ay), contradicting the discrete character of the group action. On the other

hand, if |a;| > 1, then since
_ z b
@) = frer00@) =~ ——

ap ar

we get a contradiction with the sequence f| " (z). Therefore, we must have a; = e>™1% for some 0 <0 < 1.

Assume that 0 < 6 < 1; then
1 _827Tin9

1(n)(Z) — eZﬂin0Z+bl(l +62m'6 +- .. +627Ti(n—1)0) — e2m’n92+blm’

so the sequence f"(z) is bounded and satisfies | f"(z)| < |z| + |b1|/sinm 6. Therefore it contains a
converging subsequence, again contradicting discreteness. It follows that f|(z) = z + b and, similarly,
f2(z2) = z+ by, which leads easily to the double periodicity of the isothermal parametrization ¢.

In the asymptotically flat case, we start with an orientable simply connected surface S that, outside
a ball B in R?, is the graph of a C?-function x3 = ¢(x1, x2) such that |D%p(x)| = o(|x|~") for every
N and |a| < 2. In particular, the normal vector v(x) = (=Ve, 1)/y/1+|Vg|? is roughly vertical and
1/y/1+|Ve|?is close to 1 for |x| big enough.

Then one can find isothermal coordinates whose first fundamental form A(«, 8)(da? + dB?) converges
asymptotically to the identity.

Again by the uniformization theorem, S must be conformally equivalent to either C or the unit disc.
But since outside B, the surface S is conformally equivalent to C — B N {x3 = 0}, it cannot be also
conformally equivalent to D — K, for any regular compact set K contained in the unit disc D, because
the harmonic measure of the ideal boundary is 1 in the case of D and 0 for R?.
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4. Main theorem and outline of the proof
The proof of local existence requires the following:
(1) A connected and simply connected surface S = S(¢) parametrized by isothermal coordinates
X:RP—R, X=X(,1),

with normal vector N(«, 1) = X4, A Xy, and gauge

1B
1X () — X (@ —B)I’

F(X)(a, p) =

such that || F(X)||z~ < oo and |||N| ™!z < oo.
(2) The positivity of
o, 1) =—(Vp*(X (@, 1),1) = Vp' (X (@, 1), 1)) - N(a, 1)

2 1 ) 2 1 4-1)
= (u"—u ) BR(X, w)(e, 1) - N(e, 1) + (p” — p ) N3 (e, 1),

where the last equality is a consequence of Darcy’s law after taking limits in both domains D/. This
is the Rayleigh-Taylor condition to be imposed at time ¢ = 0, it being a part of the problem to prove
that it remains true as time passes.

(3) The estimates on the norm of (I —A%)~ !, [A] < 1, B = double-layer potential (see Section 5),
allowing us to obtain the inequalities

120 et < P(IX Ny + IF XD 700 + NI 10,
lollge < PIX ey + 1FCOlFoe + 1IN L),

for k > 3, where P is a polynomial function and the norm || - || is given by
X1k = I1X1 —anllps + 11 X2 — aall s + 1 X312 + VX = (@, O) 101,

as in (7-1) below, and || - || y; denotes the norm in the Sobolev space H/.

(4) A control of the Birkhoff—Rott integral BR(X, w):
IBR(X, )| g < P(IX 1741 + IF O 4+ NN Iz,

for k > 3.

(5) Energy estimates: the properties of isothermal parametrizations help us to reorganize the terms in
such a way that

LIXIE@) = POXIEO +IF O @)+ NN ()

73/2 c@r) )
-3 D9k X(a, 1) - ABE X)(, 1) da,
i=12(“1+“2) g VX (a, )P (o, 1) - A3y, X)(ex, 1)
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where k > 4, [VX (@) = (100, X (@)1 + 130, X @)[2)*%, and A = (=A)2 = Ry (35,) + R2(30s).
Then the pointwise inequality
OA0) —5A(0%) =0,

together with the condition o > 0, allows us to get rid of the dangerous terms in the inequality above
(those involving (k 4 1)-derivatives of X) to obtain the estimate

L1X126) = POIXIZO + I F OO~ (0 + NN e (0).

(6) Finally, we need to control the evolution of || F'(X)| L~ (¢) and inf(¢) = inf2cr (a, t), which is obtained
via the estimates acR

LIFOOI30) = PAIXIEO + IF OO~ 0+ 1IN 1~ 0),

d 1 1 2 2 -1
a7 it D) < WP(||X||4(I)+ IFX)700 @) + NI I 2o (1))-

(7) All those facts together yield the inequality

L@y < cPEw)

for the energy
E(®) = [XI;®) + 1 FCO N7 @) + 1IN 2 (0) +inf(0) 7",
where k > 4, C is a universal constant, and P has polynomial growth (depending upon k).

At this point it is not difficult to prove the existence of a solution, locally in time, so long as the
initial data X (0) is in the appropriate Sobolev space of order k > 4, and the Rayleigh—Taylor and
no-self-intersection conditions (og > ¢ > 0, || F (X (0))|| 1~ < 00) are satisfied.

The main theorem presented in this paper is the following:

Theorem 4.1. Let X (0) with || X (0)|lx < oo fork >4, ||[F(X(0))]|z~ < oo, ||| N(a, 0)|~||z= < 00, and
o (e, 0) = —(Vp*(X(0),0) — Vp'(X(0),0)) - N(e, 0) > 0.

Then there exists a time T > 0 such that there is a solution to (2-3), (2-4), (2-6) in C([0, t]; H*) with
X (a, 0) = X(0).

Finally, let us point out that since our existence proof is based upon energy inequalities, an extra
argument is needed to prove uniqueness. Nevertheless, that task is much easier than proving existence.
(The interested reader may consult [Cérdoba et al. > 2013], where the details of the proof have been
written out for some important cases, such as Muskat and SQG patches.)

Let us remark that, at the end, we have to work with a coupled system involving the evolution of the
surface X, the “vorticity density” w, the Rayleigh—Taylor condition o, the non-self-intersecting character
of S quantified by the gauge F'(X), and the tangential parts C; Xy, + C2X,, of the velocity field.
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Remark. This paper is a continuation of [Cérdoba et al. 2011], where the two-dimensional case was
considered. Many of the needed estimates can be obtained following exactly the same methods that
were used in [Coérdoba et al. 2011] for the lower-dimensional case. Therefore, in order to simplify our
presentation, we shall avoid here many details which were carefully proven there. This is especially the
case in Section 6 (control of the Birkhoff-Rott integral) and Section 8 (energy estimates), and also for the
approximation schemes which are identical to those developed in [Cérdoba et al. 2011]. Therefore, in the
following, we shall focus our attention on the more innovative parts of the proof, namely the evolution of
the Rayleigh—Taylor condition, the non-self-intersecting property of the free boundary, and the needed
estimates for double-layer potentials.

5. Inverting the operator: the single- and double-layer potentials revisited

In this proof, we need to consider the properties of single- and double-layer potentials, which are
well-known characters in finding solutions to the Dirichlet and Neumann problems in domains D of R”".

For our purposes, these domains will be of three different types, namely: bounded, periodic in the
“horizontal” variables, and asymptotically flat. We shall also assume that their boundaries are smooth
enough (say C?) and do not present self-intersections. Therefore, one has tangent balls at every point of
the boundary, one completely contained in D and the other in D¢. We shall denote by v(x) the unit inner
normal at the point x € 9 D; then under our hypothesis we have that, for » > 0 small enough, the parallel
surfaces 3D, = {x + rv(x) | x € dD} are also C? surfaces with curvatures controlled by those of 0 D.
Furthermore, the vector field v can be extended smoothly up to a collar neighborhood of 9 D, allowing us
to write the formula

2
Au(x) = %(x) — 1) 300 + Agu (o),

where A denotes the ordinary laplacian in R", Ay is the Laplace—Beltrami operator in 9 D, h(x) is the
mean curvature of 3D at the point x, and u is any C>-function defined in a neighborhood of 3 D.

For convenience, we will use the notation Dy = D, D, = D¢, S =9D;, and v;(x) (for j =1, 2) the
inner normal at x € § pointing inside D;. Let dS be the surface measure in S induced by Lebesgue
measure in ambient space. Given integrable functions ¢, i on §, we call

Ve =c, / Yo ds(y)
s x—=yl

the single-layer potential of ¥, and we call

_ N G
W) =, /S P07 (nx . y”H) ds()

the double-layer potential of ¢. In both cases, ¢, is a normalizing constant chosen so that En

xf2

fundamental solution of A in R”, n > 3.
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For x € § and j =1, 2, denote by W;(x) and V;(x) the corresponding limits of the potentials in D).
We have

Wi = %((p(x) - [ewka, y)da(y)) = 2(p() — Tp(x),

Wa(x) =

N —

(e0+ [ oK. a0 0)) = S0+ 300
av 1 1 *
==y + [ 40KoD a0 ) =303V,

8 = —%(w) - [voxo. x)do(y)) = (W) - TP @),
2 S

where

d
K(x,y) =2cnw(
y

1 ):~<x—y,V(y)>‘

T ) n
[|x—ylI"—2 lx — y|?

It is well-known that in the scenarios considered above, the boundary operators % (and %*) are
smoothing of order —1, and therefore compact. Furthermore, all their eigenvalues are real numbers having
absolute value strictly less than 1. Therefore, by the standard Fredholm theory, the operators I — A9,
I — A9* are invertible when |A| < 1. However, in our case, the domains are moving, and the evolution of
their common boundary S involves the inverse operators, making it necessary to estimate their norms in
terms of the geometry and smoothness of S.

Although there is a vast literature about single- and double-layer potentials, we have not been able to
point out a precise statement giving the information needed for our results. Therefore, in this section, we
provide arguments to prove that the norms of such inverse operators grow at most polynomially: P (J||S|||),
where ||| S||| is just ||S||c2 plus a term of chord-arc type controlling the non-self-intersecting character of
the boundary. The term has the form r(S)~!, where r(S) is the sup over all the positive r such that S
admits tangent balls of radius r in both domains D;:

ISI = 1Sl + ()~

We shall write P (]||S|||) to denote < C(]||S]||”) for certain positive constants C, p which are independent
of the characters whose evolution is being controlled, but the size of both constants may change during
the proof and we shall make no effort to obtain their best values.

We will consider the case of bounded domains in R”, n > 3, because the needed modifications when
n = 2, namely taking log |x| as fundamental solution for the laplacian, as well as the changes for the
periodic or asymptotically flat domains, are left to the reader.

Let & and 9* be the potential defined above, with kernel

0 1 _. (x —y,v(y))
"ov(y) lx—ylIm2 T e —yIn

K(x,y)=c

and K (y, x) respectively. In the study of the inverse operators (I —A%)~!, || < 1, it is convenient to
consider first the particular values A = £1.
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Proposition 5.1. The following estimate holds, where P is a polynomial function:
I £D) " 25y = PAUISID.

Since the boundedness of (I +%)~" in L?(S) is well-known from the general theory, we can simplify
the proof, considering only functions f € L*(S) whose support lies inside a region of S where the normal
v(x) is close enough to a fixed direction. Then for a general f, an appropriate partition of unity would
allow us to add the local estimates, so long as the number of pieces is controlled by |[||S|||. We shall use
the following observation, whose proof is immediate.

Lemma 5.2 (Rellich). Let u be a harmonic function and h a smooth vector field in the domain D; then
we have

() div(|Vu|*h) = 2div((Vu - h)Vu) + O(|Vu|?*|Vh)),

(i) [,p(v, W) |Vul*do =2 [, ,(du/0v)(Vu-h)do + O(f,, |Vul*|Vh]).

Given a function f € C'(S), we may define V, f, choosing at each point x € S an orthonormal
basis {ey, ..., e,—1} of the tangent space 7 (S) (we can consider also V; f to be the gradient naturally
associated to the induced Riemannian metric by the ambient space). In both ways, although different, we
have that |V, f| = A f is an elliptic pseudodifferential operator of order 1 in S. Solving the Dirichlet

problem Au =01in D, u|s = f, we obtain the operator D, = (du/dv)|s, which is also a pseudodifferential
operator of order 1 in S.

Lemma 5.3. Let f € L*(S) having support on the region % < (v(x), n) <1 (for a fixed unit vector n);

/ D, fPdo :/ V. f2do,
S S

where the constants involved in the stated equivalence >~ are P (]| S]|]).

then we have

Proof. Let u be harmonic in D so that u|g = f. Under our hypothesis about f, and since |Vu|> =
|Dyul|? + |Vou|? and V,u is a local operator (suppgs(V. f) C supp(f)), Lemma 5.2 yields:

%/|fo|2dosf(v(x),n>|vfu|2dos3/|Dvu|2do+2/|vfu||Dvu|da,
S S S S
from which we easily obtain

f|vff|2da < P(|||S|||)/ |D, f1*do.

S S

To get the opposite inequality we proceed as before, but since D, f is not local, an extra argument
is needed to control the contribution of the region outside supp(f). Let us introduce surface discs
B,(x)={yeS|llx—yl<rhxeS 0<r<[|S|I"! and domains A, (x) ={y+pv(x) |y € B, (x), p <r}.
Given R = %|||S|||*1, there exists a fixed unit vector n so that % < (v(y),n) <1 for every y € Br(x),
and also a smooth vector field / such that i|a, ) =1, supp(h) C Asr(x), and %|h(x)| < (h(x), v(x)),
IVAI> < PAISIDIIALL
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In order to obtain the estimate
2 2
/ |Dy fl7do < P(IIISIII)/ Ve fl7do,
S s
we may assume, without loss of generality, that supp(f) C Br(x), for some x € S, and then prove that

/ \D, 2o < PAISID / V. fl2do
Br(yo) N

uniformly on yy € S.
With the vector field / defined above in Ay (y), let us apply Rellich’s estimate to get

f|Duf|2<h,v<x>>da<x>=f<v, h>|vtf|2do—2/ Dufvff-hdaw(f |W|2|Vh|>,
S S S D

where u satisfies Au =01in D, uls = f. We get easily

/ |va|2<h,v(x>>do<x>=0(/|vff|2do+/ |Vu|2|Vh|dx).
Br(y0) S D

Then the proof will be finished if we can show that
/ IVul?|Vh|dx < P(|||S|||)f V. fIPdo.
D s
To see this, let us consider the parallel surfaces S, = {x +rv(x) | x € S} (0 <r < |||S|||) and observe that

/uzdorzfuz(x-i-rv(x))do
Sy S

and

/[uz(x+rv(x))—uz(x)]da(x)://rVuz(x+tv(x))-v(x)dtda
N S J0

12 1/2
=2f u(y)w(y)-v@)sz(f uz(y)) (f |Vu|2(y)) ,
L, L, L,

where L, ={x + pv(x) | x € §5,0<p <r}.
Let & be a smooth cut-off function. Taking

F(x+rv(x)) = f(0)%(x),

as a comparison function, Dirichlet’s principle and Poincaré’s inequality give us the estimate

f |Vu|2§/ |VF|256(/|vff|2+/|f|2>=0(f|vff|2do).
D D S S S
Therefore
1/2 1/2
/uzdarZ/uz(xerv(X))daS/fz(X)daJr(/ u2<y>) (fwffﬂ) .
S, S S , S
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Integration in r in the range 0 <r < R = IS~ yields

/L,”zdx < R(/s 20y do + (/L uz(y))l/z(/s |fo|2)1/2).

/ uldx < CR/ IV, fI? do.
. S
To conclude, let us observe that

/ |Vu|2|wz|=1/ mﬂwm:lf(Au2|Vh|—u2A(|Vh|))+1/ u*(|Vh))
D 2 D 2 D 2 D

Vh
:l/ua—”-|w|do— 2(' ki 1f W2V |h|
2 Js D

(/ fldo)l/z(/‘au| |Vh|2do)1/2+C/ f2d0+C/L O

Proof of Proposition 5.1. As before, let f € C1(S), supp(f) C Uy, and let u be its single-layer potential:
JO)
u(x) = cn/ ————dS(y).
s llx—

yln=2

That is,

Taking derivatives on each domain D; with respect to the normal direction and evaluating at S, we get

Bu N dv | N
F —Lf )+ f(x)), —— =—5(f(x) =27 f(x)).
v1 vy

By Lemma 5.3, we know that
a
v do’v/IVvl doN/

/ v

where the constants involved in the equivalences are all controlled by above by P (]| S|||) and below by

1/P(lISID.
Since dv/dv; + dv/dvy; = — f, these estimates imply that

v

do,
31)2

1
min(lLf — 9" flo. 1 f 49 fll) 2 e

that is, ||(I £@)~"'|| = P(J||S||l). Then using an appropriate partition of unity, that estimate extends to a
general f € L?(S). [l

Next we shall consider Sobolev spaces H*(S), 0 <s < 1, defined in the usual manner throughout local
coordinate charts. We have also the elliptic pseudodifferential operator A* = (—A)*/? in such a way that

I ey = M F ez +1A° fllz2

Then H*(S) = (H*(S))* allows us to consider the negative case by duality, under the pairing

/¢1pda, peH™, Yy eH’,
s
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and we have

P / oy do.
[Wllgs=1JS

Since both % and ¥* are compact and smoothing operators of degree —1, the commutators [A*, %],
[A®, %*] are then bounded in L2(S) (0 < s < 1) with norms controlled by ||| S|||, allowing us to extend
Proposition 5.1 to the chain of Sobolev spaces:

Corollary 5.4. The norm of the operators (I = D), (I £3*)~ in the space H*(S), —1 <s < 1, is
bounded by P (||| S||]).

Estimates for (I + %)™, x| <1. With the same notation used before, we have
1—A0V 1+A0V 1+20V 1—x10V

A S| _ AT LA __1 *
ot T 29N —2T7$(x)) and  — T o 3 (@) +2D* (x)),

where
V(x)= /” ¢(y7n 5 dS(y).

Then the identity ¢ — A%*¢ = 0 yields
=(1 —A)/ V—dS+ (1 +A)/ V—dS— ¢! —A)/ IVVE+A+0 [ |[VV,
D1 U D,
which implies ¢ = 0. Similarly for ¢ +A%*¢ =0, —1 <A < 1.

Remark. This observation can be improved applying the following fact (whose proof we skip because it

will not be used in our theorem):
IVul? = | [Vul?,
Dy D,

where, again, the >~ is controlled by P (]| S]||). In particular, it implies that the spectral radius of the
operators @, 9* is less than 1 — (P ([||S|I))~".

Theorem 5.5. The operator norms || (I —{—)\QZ))*IHHS(S), (I +219*)~! | zs(sys IsI < 1, |A| < 1, are P(|||S]Il)
(growth at most polynomially with ||| S|||).

Proof. The identity (I —%)~'(I —AD) = I + (1 —A)(I —D)~'% shows that the conclusion of the theorem
follows easily when |1 —A| < 1/P(|||S]ll), and similarly when |1+ A| < 1/P(|lIS]I).
Therefore, without loss of generality, we may assume that

1
1Al > — 5.
= P(ISID

Assume now that ¢ € H~1/2(S) satisfies ||| y-1- = 1 and
16— AG*Bll -1 < i
P(ISNID
Then the single-layer potential

Vo =, / D)y
sllx—y

||n—2
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satisfies the inequality

1
PlISID

V (¢ — 2D P)d S‘
On the other hand, one has

/V(¢—A@*¢)d$:(1—k)/ IVVIP+A+1) [ |[VV]?
S Dy

D>

implying the estimate

V(p+21D*¢)dS =(1+1) | |VV 1=y [ 19VP < o
/(¢+ #dS=(1+2) | [VV+( >/Dz| "= Paism

Adding both inequalities together, we would obtain

/VWU = BT

which is impossible because of the following:

Lemma 5.6. IV is the single-layer potential of ¢, then

69 0)
[ veswasw = [ [ ZEED a5 dso) = s 191

lx — yl"=2

Let us first observe that

/fS|¢(X)¢(y) do(x)do(y)széi¢7&?‘5)|2dszo,

|x — ylIn=2
where qb’a\ S denotes the Fourier transform of the measure ¢ d S supported on S. This implies that
(. ¥) = f [ 208 aseyaso
s [lx =yl
is an inner product satisfying
. ¥l < (9. ) 2w )2,
and we wish to show that

(@, 0) = 11171250

where « denotes equivalence modulo a factor P (||| S|||). To see this, observe first that given ¢ € H~1/%(S),
its single-layer potential u|S belongs to the space H'/2(S), satisfying

lwll g1r2sy < PANSIDN @I -172s) 5

which can be proved easily using local coordinates. As a consequence, we have

()9 ()
ffs ey 45 ASG) = PAISIDIGN 15
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In the opposite direction, since H~* = (H*)*, we have

¢l - = sup /¢(X)f(X)dG(X)-

feHs JS

Let us assume, for the moment, that given f € H*, there exists g € H*~! such that

fx) = / > g(y|)|n 2 dS(y) and || fllgs<2llgllgs—1-

Then

Il = sup (¢, 8),
gl ys—1=1

and taking s = % s—1= —%, we get

N1 < PUISID(D, 917 (g, &)/ < PISID(D, )2 lgl-12 < PISIN (P, )2

To close our argument, it remains to solve the equation

fo) = /” g(”'n _dS(y),

that is, to prove that given f € H*, there exists g € H*~! satisfying the this equation.
To see that, let us consider the solution of the Dirichlet problem
Au=0 1in Dy,
{Mls =f
and the equation
ou

2 g
Gy =89,

that is, g = (I —9*)~!(—=20u/dv;). Then we claim that such g verifies the identity

FE) =cn f 8050,
ATE

Vo =, / 8D sy
sllx—y

||n—2

This is because the function

is harmonic in D; and satisfies

A% ou
29 e _gre=_2%"
oV g =g v’

which implies that V = u in D1, and therefore, taking limits up to the boundary, we obtain

g(y)
Fo=c f )
"I llx—yln2
To finish the proof of Theorem 5.5, let us consider, for every 0 < t < 1, the identity

(I—=2D) 'AT=ATI—-2D) '+ (I -2D)"'C. (I —r2)7 !,
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where the commutator C; = [DA® — AT%D] is a pseudodifferential operator of order T — 2 whose bounds
are controlled by |||S]||. Then

I =2D) ! Fllgs < 1A —=2D) ! Fllg-1e + IATYV2UA =2D) 7 fllg1
SNl + 1T =2D) A2 £
SUFN + NATY2 Fllgoe < PAISIDIF Nl s O

Remark 5.7. In the particular case of the sphere S = §"~! (n > 2), the estimate of Lemma 5.6 becomes

fsn | /S P (x)p(y) dS(x)dS(y) = callplg-1n g0,

il = yln=2

an identity:

for n > 3, and
—/1 /llog lx —yll¢px)p(y)dS(x)dS(y) :C2”¢”§.1—1/2(31)
stJs
forn =2.

Proof. We present the details when n > 3. The case n = 2 follows similarly. Let ¢ (x) = ) ax Yi(x),
where Y} is a spherical harmonic of degree k, normalized so that || Yk||;2(sn-1) = 1; then we have

| kI2
aol® +Z T il L PRTIDES

Claim: if k # j, then
/ / Yi(x)Y;(y) 4S(x) dS(y) =
sn=1Jg

- lx = yl2

Taking the Fourier transform and using Plancherel, we get

Yi(x)Y; Y, dS@E)
[ 2 aswasm = [ Lvidseyase as.
o o T

il = y[In=2

But it turns out that

VedS® = 2mi el (DY (157 )

where J, designates Bessel’s function of order v, implying the claim.
Therefore our estimate diagonalizes:

/ A lEds@Pds = [ LisoannPar
&1 o T

and the well-known identity for Bessel’s functions

oo J2
/ M(r) di’:L
o T 2

allows us to finish the proof. U
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Estimates for Q and ». In the following, we shall consider asymptotically flat domains, leaving to the
reader the details of the periodic case. Since we have controlled the norms of the operator relating €2 and
X, we are in a position to obtain the inequality

120 gc < P(IXIE+NF) N7 + NN ize), (5-1)
for k > 4, with P a polynomial function. Then Sobolev’s embedding implies
lollgze < P(IX ey + IFCOlT + 1IN L), (5-2)

for k > 3. We will present the proof of (5-1) when k = 4, because the case k > 4 can be obtained with the
same method.
Theorem 5.5 applied to (2-6) yields

11l = 1T = A, D)~ (=24, X3) [l < CIlA = A, D)l X1l < PAISIDIX g1,

implying that
105 < P(IX1+ IFX) N7 + NI Hlze).

Next we will show that

192, 2012 < P(IX1Z+ I F GOl + NN o) 12111, (5-3)
which together with the estimate for ||Q2|| ;1 above, will allow us to control 831 Q in terms of the free
boundary.

In order to do that, we start with formula (2-8) to get 821 Q=L+L+1L+1;,—2A ,,ag X3, where
A X(a)— X(a—
I = —“PV/ @O=X@=P) | w—prdp- 92 X(@),
2n R | X (@) = X(@—pB) !
A 0 X () — 0 X (¢ —
L= —“PV[ w X (@) = 9, X (@ =) Aw(a—B)dB - dg X (),
2n R X (@) —=X@—-pB)P
3A X(a) — X(x—p)
I:——”PV/A, Aw(a—PB)dB - 3y X (),
3= T PV | A B s Ae@— BB X (@

with A(a, B) = (X (o) — X (@ —f)) - (0, X (@0) — 0, X (¢ — B)), and

Ay PV/ X(a) —X(a—p)
R

b= ™Y e X =X @=p)p

A Oy, (a0 —B)dB - 0y, X (a0).

Our next objective is to introduce the operators J; (A-5) defined in the Appendix in the analysis of
the integrals /;. Formula (2-3) gives us @ = 0y, (204, X) — 04, (£204, X), and from standard Sobolev’s
estimates we get

12 < POIXIE+IF O + NN ) 19051, j=1,2,

and similarly with I3.
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Regarding
I4:/ d,B—i—f dp = Ji+ Ja,
1BI>1 1Bl<1

we integrate by parts in J; to obtain

A, , (X(a)—X(a—ﬂ)
P\X (@) - X@-pB)P

) Ala—B)dp -0, X (@

Ay X(a) — X(a—p)
27 Jigi=1 1X (@) = X (@ —B)I?

Jy= -~
27 Jigi=1

Aw(a—B) dI(B) - o, X (@).

From this last expression, it is easy to deduce the inequality

lw(a—p)
N < CIFXO3~ 11X = (@ 012, </ SRR+ | (w@—p)ldIB).
Bi=1 Bl 1Bl=1
providing us with an appropriate control (see the Appendix for more details).

Next let us consider J, = K| + K, + K5 + K4, where

A X(@ = X@=§) PN

K= Pvf|,s|<1 X~ X@—pp " TPl XDt X,
A X@ = X@=§) ) o

Ko =5 Pvflﬂk1 X)Xy s Q= B0 X = )R X @),
A X@ = X@=$) ) o

Ky = 3" PV/|,3|<1 ety M A= ) 8, X = B -0 X @),

Ky = A PV/ X(@) — X(@—p) A 02 Qe — B) oy X (@ — B)dB - oy X ().
|

T 2n g 1X (@) — X (@—B)P

Then the terms K and K3 are handled with the same approach used for /, — see (A-13) in the Appendix —
and we rewrite K> in the form

:ﬂf X(a) = X(ax—p)
21 Jigi<1 1X (@) — X (@ —B)?

to show that it can be estimated via an integration by parts in the variable 81, using the identity

K> A Bary 0y S2(0t — B) (0 X (¢ — B) — 3y X () - 8o X (1),

Oary 0, 2 (0 = B) = —0p, (30, 2 (@ — B))

and the fact that the kernel in the integral K, has degree —1.
It remains to deal with K4: to do that, let us consider K4 = L| + L,, where

:ﬂPV/ X(a) —X(a—B)
2 Bl<1 1 X (@) — X (o —B)?

L N2 Qe —B) (3 X (@) — 3 X (@ — B))dP - 3 X (@)

and

L, A”PV/ X@)=X@=P) 4260 p1ap- N
|

T2 S X (@) = X(@—B)P
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The term L can be controlled like K5, and L, can be rewritten in the form

Lz:ﬂw/ (X(a)—X(a—ﬂ) _ VX@)p
gl<1t \UX (@) —X(@—p)P |VX(x)-BI?

) 92 Q(a—p)dB - N(w),
2 !

showing that it can be estimated as we did with 74 (A-8), that is, we obtain (5-3). Similarly, Equation (2-9)
yields
192,201z < P(IXIZ + I F 1o + NN ) Q111

and then the inequality 2||0y, 0, 2|72 < ”80241 Q2+ ||8§2§2||Lz gives us the desired control upon || 2| g2.
Next we will show that

193,202 < PIXIZ+ 1F OOl + NN 2o ) 19212, (5-4)

allowing us to use the estimates for || 2| ;2 above. In order to do that, we start with formula (2-8), to get
321 Q =0y, 11 + 0y, I+ 0y, I3+ 0y, 14 — 2A10803t1 X3, where the most singular terms are given by

_ Ay X(@) — X(a—p) _ 53

J=5" PV/RZ X —Xa—pgp @ P b8 X,
Ay 02 X (o) — 03 X(a—p)

J“_EPV/RZ X —X@-pp TP @,

Ay /(ﬁ) X@) = X@=P) | w—B)dp- X (@),

:——PV A
X () = X (a@—p)I>
with B(a, B) = (X (@) — X (@ —p)) - (37, X (@) — 35 X (@ — B)), and

ﬂpvf X(a) —X(a—p)
R

o= 30 2 X (@) — X (a@—B)2

ANdg w(a—B)dB - 0., X (),

and where the remainder terms can be estimated with the same method used before.
Now we write

_ AMT ;
J3= o’ 1 (9 (20, X) — 80, (00, X)) - 3, X
to obtain
13012 < C[| Tt (9 (200, X) — B (06, X)) | 4193, X1 5.

Next observe that in the proof of estimate (A-9), one can replace L> by L? for 1 < p < oo [Stein 1993].
In particular, we have

131122 < P(I1X = (o, )l cra +I1F | zow + TNl zow) (119200 X N 4 4 19200, X [l 25+ Nl 4) 103, X 4,

and then Sobolev’s embedding in dimension two, ||g|l;+ < C|lgllg1, yields the desired control. Re-
garding J4, we follow the approach taken before for 73, but now using the L* norm. That is, we
split
142/ dﬁ-i-/ dB = Ks + K,
B B

|B1>1 [Bl<1
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and since

Ks <X — (@, o>||2C2||F(x)||im/ @ =Pl 45

=1 1B

that term can be estimated as above.
Next we introduce the splitting K¢ = L3 + L4, where

_ﬂ 5 Y . 1 _ 1
L3— 1 /ﬁ|<1(aa1X(a) 8051X(a IB))|:|X((X)—X(OI—,3)|3 |vx(a)13|3:|

ANw(a—pB)dp -0y X (a),

Ay 92 X (o) — 02 X(a—p)
La= EPV/USM VX (a)- B3 No(@=P)dp - ox X(@).
We have
L3 < ClIX = (@, O)l1g2s (I1F (X)1 + 1X = (@, O) [ N7 1) /w 1—'”&5_5)' ap

(see the Appendix for more details), giving us the appropriate estimate. Regarding L4, we use identity
(A-16), which, after a careful integration by parts, yields

A, / B-V5((02, X (@) — 92, X (@—B) Aw(@—B) - 3, X (@))
L= 2PV
1Bl<1 IVX () - BI?

d
2 p

Ay /lm 181(35, X (@) — 83 X (@ — ) A w(a—f) - 8o, X () diB).
=1

o VX (a)- B
helping us to prove the inequality
ILallz2 < P(IX = (. O)llc2 + 1 F ()| oo 4+ NNT™ 2oe) (1193, X [l s lll s + ]l 22).

Clearly, Js can be approached with the same method used for J;. Regarding the term Jg, we have to
decompose further: first, its most singular terms, which are given by

_Au X(o)— X(a—p) B 3 B .
Ls= o Pvf|ﬁ|<1 X(@) —X(@—p)F A 0y, 2 (o ﬂ)aalX(a B)dp - 9y, X (),
_Au X(a)— X(a—p) ) B B '
Le=or PV/|,3|<1 X(a)—X(@—p)p " nder 2@ X (=PI - B X (@),

L —ﬂPV/ X(@)— X(@@—pB) A O, (o — )35, e, X (0 — B) dPB - 3, X (@0),
|

pl<1 1 X (@) — X (a—B)I?
—QPV/ X(a) — X(a—p)
2 1Bl<1 1 X (@) = X(@—p)?

Second, let us observe that the remainder is easy to handle: the terms Ls and Ly can be estimated as we
did with K| and K3, using the L* norm and, finally, L¢ and Lg are like K, and K4, respectively. Putting
all these facts together, we obtain (5-4).

Lg =

A 8(3'9(01—,8)8(12)((0(—,8) dp - 0y, X (@0).
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Similarly to the case of lower derivatives, Equation (2-9) yields
103 < POIXIZ+ IF N7 + NN L) 1921 2
To finish, it remains to show the corresponding inequality for derivatives of fourth order:
1015 < P(IX NG+ IF N7 + NI L) 192 5

Identity (2-8) allows us to point out the most singular terms in 831 Q:

A X@-X@-p)

M =3 PV/Rz o)Xty @B X @,
A [ BX@ =0 X p)

M2_EPVfRz X - X@-pp TP X,
__3Al X(a) — X(a—B) B '

M= =BV [ Claon e S A=) dB 0, X @)

with C(a, B) = (X (&) — X (@ —B)) - (3] X (@) — 93 X (e —p)), and

Ay PV/ X(@) —X(@—p)
R

M= ™Y e X @ =X @=p)P

A3y w(a—B)dB - 0u, X ().

Then, in order to estimate M1, we start with | M1||;2 < CK||8§1X||L2, where

X (@) — X(a—p)
PV/Rz X@—X@—pp @ P dﬁ“

K =sup

o

Following [Cérdoba and Gancedo 2007], we have

K <01+ 02+ 03+ 04+ Os,

where
Or=sip PV/|/5|>1 |§<$[>)—_§<S{—_5>)|3 noe=P )
o= [ X e |
O3 =i /|,g|<1vx(°‘)'ﬂ[|xm>—;<a—ﬁ>|3 - |VX(<1x>-ﬁ|3]“"(“_ﬁ)dﬂ"
04 =sup /lﬁld%ww(a—m—w(a))dﬁ‘,

- VX(a)-B
os=swlPV [ iy g @]

469

(5-5)
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An integration by parts in O yields
2 3 €2 (a—B)I
01 = CIIVX|lz= 1 F(X)Iz SUP</
o |

g1 IBI°
< CIVXIZwll F(X)I3 012l L,

ap+ [ 10@-plag)
1B1=1
and Sobolev’s embedding allows us to conclude.
Regarding O;, we have

’

02 < | X — (@, 0) |2 | F(X) 3¢ || 10

f BIdp
|Bl<1

and the estimate |w||cs < Cllw]| g2, for 0 < § < 1, gives the desired control. Using (A-15) and some
straightforward algebraic manipulations, we get a similar inequality for O3. Next, we have

/ Iﬂl”dﬁ’,
[Bl<1

giving us also the same estimate. Furthermore, it is easy to prove that Os = 0.
Next we consider the term M, with the splitting M> = Q1 + Q> + Q3, where

04 < ClIX — (@, OGN < ool s

Ay 93 X () — 33 X(a—p)
~ o —B)dB - 0y, X (@),
O 0 g X @ —X@opp TP
_ Ay 3§.X(a)—8§|X(a—ﬂ)
o pl<1 1X(@)—X@@—p)P N =p) = w(@) dp - 9, X (@),
_ Au 93 X (@) — 83 X (@—B)
Qs = 2 _/|,3|<1 X (o) — X (a—PB)|? dp No(a) -9y, X ().

The term Q1 can be estimated as before; regarding (0>, we can use the identity

1
9 X(@)— 0, X(a—p) = / Vo, X(a+(s—DB)ds- B,
0

and the control of O3 can be approached as we did with the operator in (A-7). Similarly with M3, while
My is analogous to Jg, and all these observations together allow us to obtain (5-5).

6. Controlling the Birkhoff-Rott integral

Here we consider estimates for the Birkhoff—Rott integral along a non-self-intersecting surface. Let us
assume that V(X (&) — (@, 0)) € H*(R?) for k > 3, and that both F(X) and |[N|~! are in L>°, where

F(X)(a, B) = 1BI/1X (@) = X(@—pB)| and N(&) = o, X () A 8, X ().
The main purpose of this section is to prove the estimate

I BR(X, @)l ge—1 < P(IXIE+ 1 F Ol + NI zee), (6-1)
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for k > 4. Here we shall show it when k = 4, because the other cases, k > 4, follow by similar arguments.

We rewrite BR in the following manner:

1 / X(a) — X(B)
R

BROX, o), ) =—32PV | o “X AP

4 A (9, (295, X) — 9p, (€295, X)) (B) dP,

which, together with the estimates about €2 in Section 5 and also about the operator 7 in the Appendix,
yields
IBR(X, @)llz2 < P(IXII+ IF Oz + 1IN 1ze).

To estimate derivatives of order 3, we consider agi (BR(X, w)), and observe that the most dangerous terms
are given by

/ ——ipv/ (02 X (@) — 33 X(@—B) Aw(a—p) y
"= T R2 1X () — X(a@—B)]3 ,
(X(a)_X(a_ﬂ))'(agix(“)_32,-X(0l—,3))d

X () — X(a— PP

12=4iPV/ (X(o) = X(a=p) Aw(a—p) B
T R2

I _ 1 v (X(Ol)_X(Ol_lg))/\(agia))(a—ﬂ)dﬁ
T A R 1X (o) — X(a—PB)? :

In the Appendix, we find all the ingredients needed to estimate these terms /;, while the remainder in
8; (BR(X, w)) is easily bounded: in /3 we can recognize an operator with the form of 7 in (A-5), so
the estimate for w in Section 5 gives the desired control for /3. Regarding /;, we may use the splitting
I, = J1 + Jo, where

1 [ 32 X(@) =33 X(@—B) A (@) —ol—p))

J=— dp,
" an Jp 1X(a) — X(@—B)]? p
3 a3 .

e 0@ oy [ GX@ - X@p)
A7 w 1X@) —X@—PB)P

Then the identity 9, X (o) — 93 X (@ —B) =B~ fo‘ Vo, X (a+ (s —1)B)ds allows us to find in J; a kernel
of degree —1 which we know how to handle (see the Appendix). One uses the estimate for 73 (A-7) to
deal with J,, and we proceed similarly to control /5.

7. In search of the Rayleigh—-Taylor condition

As was pointed out in Section 4 (outline of the proof), our approach is based on energy estimates, and a
crucial step is to characterize those terms involving higher derivatives which are controlled because they
have the appropriate sign. In our terminology, they constitute the Rayleigh—Taylor condition, which is
supposed to hold at time 7 = 0, it being an important part of the proof to show that it prevails under the
evolution.

Let us introduce the notation

NXNZ = 1X17 4+ IF O30 + NN 1o,
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where
1 XMk =11 X1 —arllps + 1 X2 —aall g3 + 1 X532 + V(X — (a, 0))II%{H (7-1)

and
V(X = (@, 0) 131 = V(X = (r, )17 + [105 (X — (&t 0) |72 + [185 (X — (¢, 0)) 17

In order to justify the formula

d 2 23/2 o(a, 1) .k k
—|IX|z() < — : 0 X(ee,t)- A0, X)(a, t)da + P(|| X ||| (2)),
a0 = =3 G [ R, o 2o X @0 AQL D@0 da+ PAIXIO)

(here k > 4, although for the sake of simplicity we will present the explicit computations when k = 4,
leaving the other cases as an exercise for the interested reader), it will be convenient to make use of
the following tools, which give us different kinds of cancellations, and which constitute our particular
bestiary of formulas for this paper.

From the definition of the isothermal parametrization, we have the identities

|00, X > = |00, X 7, (7-2)
oy X - 8, X =0, (7-3)
which yield
TA(18, X[?) = 100, 90, X1* — 32, X - 05 X, (7-4)
g X 00, X =—33] X097 X+ (37, A" 30, (100, 00, X I* — 9, X - 93 X), (7-5)
gy X - 00, X = =303 X 95 X + (35, A" 80 (100, 00, X I* — 95, X - 93, X). (7-6)

Using (7-3) and (7-4), we obtain
g X - 00, X = =20 X O, 0, X — 05,00, X - 05, X — (3, 00, A 00)) (100, e, X |* — 03 X - 03 X), (7-7)
g X - 0y X = =203 X - 0 00, X — 03,00, X - 93, X — (3, 0oy A~ 0 (19, 0, X I* — 07, X - 93 X ). (7-8)

And Sobolev inequalities imply that if V(X — (&, 0)) € H?, then 03 X - 9, X € H fori, j=1,2.

With the help of the estimates above, we may now determine o. There is a part that may be considered
a mere “algebraic” manipulation to detect the relevant characters and, in so doing, we disregard many
terms because they are of lower order in the sense of Sobolev spaces. At the end, we shall present how to
deal with those lower-order terms — if not for the whole collection of them, at least for the ones that we
may consider to be the most “dangerous” characters. Here it is convenient to recommend to the reader
our previous works [Cérdoba and Gancedo 2007; Cérdoba et al. 2011], where similar estimates were
carried out.

Low-order norms. Since X;(«x) — «; fori =1, 2 at infinity, let us consider the evolution of the L3 norm.
That is,

d
21X — o[l (0) =/2|X1 —a|(Xi —a) Xy da=5L+ L+ I,
R

W[ =
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where
I :/I;zlxl —a1|(X1 —o1) BRy da,
= /Rlel —a1|(X1 — 1) C10e, X 1da,
I = /Rlel —a1|[(X1 — 1) Cr0e, X da.
Then we have
I < IX1 — a1l BRIl s < C(I1X1 —aill}s + | BR < | BR [175),

and Sobolev estimates, together with (6-1), yield the appropriate control in terms of P (||| X|||x)-
Next, since dy, X1 — 1 as & — 00, we have

2
Iy < |90, X1l | X1 — arll7s 1 Crll 3,

and it remains to get control of C;. Using (3-1), we introduce the splitting C| = ij e j , where

_ﬂl Xﬂz 2 1 f 181 Xﬂ]
C BRg, - dag, i = ——  BRgy, - dag,
@ =2z /R a—pE " |X2|2 g @="27 Jo la=pp " X P
1 ay — B2 4 1/ ar — B Xp,
C = BR d C BRg, - dB.
@ =" fR lo— B2 |X1|2 P @ =27 Je la—pp "} x,, 2 P

We shall show how to control C 11, because the estimates for the other terms follow by similar arguments.
Integrating by parts, one obtains Cl1 = D; + D,, where

— X — - Xg
D=L [ =P pr .y, ( 2)dﬂ Dy=—1PV =P =pr) gp. Xi g
21 Jge la— Bl | Xg, | R o — B 1 Xg, |
Regarding D, we write D; = E| + E;, where
—1 Bi Xp
= BR(a—B) - ( )(a B)dB,
21 Jypy 1 1BP "\ 1P
—1 ,31 X,Bz
=5= BR(a—p8) -9 ( (a—p)dp.
21 Jigp-1 18P P\ 1Xp P
The Minkowski and Young inequalities yield, respectively,
Xp,
IE1ll s < C||BR-9g, 3 = P(llIX1l4),
1Xp 1%/ L
IE2l 5 < C”BR‘aﬁz(X—ﬁZQ) < C||BR|,2 aﬂz( Xﬂzz) < P(IX1la),
| X5, L! 1 Xg, | L

and the desired control is achieved. In the term D,, we have a double Riesz transform, and the standard
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Calder6n—Zygmund theory yields

< ClIXp | Nl lIBR Il s < P(IX la)-

Xp,
D23 < C|BR- 3
|X,32|

L3

The estimate for /53 follows on a similar path, and the case of the second coordinate is also identical:
1d 3
37 1%2 — 2l (@) = Pl X]l4)-

Regarding the third coordinate, we have stronger decay because of the asymptotic flatness hypothesis:

1d

——||X3||%2(t)=‘/ X3 BRj d06+/ X3C18a1X3dOl+/ X3C23a2X3dO{
2dt R2 R2 R2

=/ X3BR3da—%/ (30, C1 + 0, C2) | X3 dev,
R2 R?2

and therefore the use of Sobolev’s embedding in the formulas for C; (3-1) and C; (3-2), together with
the estimates for BR (6-1), allows us to obtain:
1d
2dt

Once we have control of higher-order derivatives, we can use the estimates of the Appendix to get

1X3117.(5) < PAIX ).

1d
5 IV = @010 = PAIXL).

Higher-order norms. Let us now consider

1d

5 77 1 X112 (@)

= / 93 X - 93 BR(X, w)da + / 9y, X -9y (C10, X) dev + / 9y X 0y (C200,X) dar
R2 R2 R?
=h+5hL+5. (7-9)
The higher-order terms in /5 and I3 are given by

11:/ C19; X -9, X da, Jzzf 9y X - 04, X0, Cy da,
R? R2

J3 = f Cady X -0y 0, X dot,  Jy= / 9y X - 04, X0 Crda.
R? R2
Integration by parts yields

1
htl=—5 / (0, C1 + 80, C2) [0, X e,
R

and therefore
i+ 75 < 3(I100, Ci ll 2 + “8012C2||L°°)||831X”%2 < P(IIXll4)-

Then in J, we use (7-5) to get

J = _/zaal(aélx 00, X)93, C1 dor < (|9, (95, X - 80, X) 121183, Ci [l 2
R
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In J4, we use (7-7) to obtain
4 3 4 3
Ja= —/zaal(amx “ 00, X) 0y, Codot < |0 (0, X - 0y X) [ 12113, Cal 12
R

From formulas (3-1), (3-2), one realizes that C; and C, are at the same level as Birkhoff-Rott (2-5), and
therefore, we can use the estimates for BR (6-1) to control ||8O3t \Cillz2, i =1, 2. Then formulas (7-5) and
(7-7) indicate how to estimate ||dg, (831X - 0; X) |2, 1 =1, 2. That is, we have

Lo+ Js < PIX|ll4)-

In I;, the most singular terms are given by

=__PV// Y. UX@ B XEI NP |
w Jo X(@—XPBF

(X (@) = X(B)) - (35, X (o) — 33 X (B))
— 4 . _ o] o]
= PV/RZ/ 0y, X () - (X (o) — X(B)) AN (B) X@) — XB)F dadp,
X(a)—X :
:——PV/ / 9 X (o) - (X(a) = X(B)) A (0, @)(B) da dp.
Rz JR2 |X (@) = X(B)I?
(7-10)
Let us consider now the splitting J5s = K| + K5:
__L ; ' X o) +o@
K= PV/RZ/ 0, X (1) A (0, X (00) X(,B)) X (@)~ X(B)P dadp,
_ 1 4 4 Y _ w(a) —w(B)
= PV/ / 0y X (@) A (0, X () — 3, X (B)) X@) — XA XA dadp,
Next we exchange o and g in K to get
_ 1 4 a4 ) w(B)+w(a)
= PV/ | 34X B A @ X @) =38, X () - B ddp,
_ a4 4 a4 ) w(B)+w(a)
— 1 PV [ [ Gl X @ =8, X (B A 0 X @) 38, X () S dadp,
and therefore we can conclude that K| = 0. In K, we find a singular integral with a kernel of degree —2:
1 0@ — o (p)
Ky, = PV/ X(a) - / X(BYA X(@) —X(B)F df da,
and as is proved in the Appendix, we have
K> < P([IIX1ll4)-
Let us now decompose Jo = K3 + Kj + Kf + K51 + K2, where
Ala, B) - (3, X (@) — 85 X (B))
K3 = —PV 9 X X(a)—X da dp,
3 /Rz/ (@) - (X (o) = X(B)) Aw(B) X(@) — X(B)F adp
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with A(e, B) = X (o) — X (B) — VX () (¢ —B),

(@ — Bi) (3 X (@) — 80, X (B)) - g, X (B)
X () — X (B)I°

Kj:—iPV/ /aglx(a)-(X(a)—X(ﬂ))Aw(ﬂ) dodp
4]‘[ R2 JR2

Ki= %PV/R2 /Rzaf,]X(a)-(X(Oé)—X(ﬂ))/\w(ﬂ)
8 (@i — Bi) (B X (@) - 85, X (&) — 8, X (B) - 93, X (B)) dod
X () =X (B

In K3 and K f‘ we find kernels of degree —2, and as shown in the Appendix, they behave as a Riesz

B.

transform acting on aél X.InK g the kernels have degree —3 and act as a A operator on 9y, X - Bgl X. Then
using formulas (7-5) and (7-7), we get finally the desired estimate.
We will find the R-T condition in J7. Let us take J; = K¢ + K7, where

1 e [ (X@-X(B)  IX@@—p) \ .,

Ko= =g PV [ X0 [ (Xl ~ wx@iep) " e ® dade
oo sty [ YX@@=B)

Ky=— PV/RZ UX@ | gy P (B dp de

The term K¢ is controlled by (A-8) in the Appendix. Using (7-2) and (7-3), we get

1 aélx(“) 4 4
K7=—3 PV/;@Z m . (3oz| X (o) A R1(9,,0) (@) + 0o, X () A Rz(aala))(a)) da.

Formula (2-3) helps us to detect the most singular terms inside K7, which will be denoted by L;,

i=1,...,8, and are the following:
Li=-1 PV/RzailX(a) : &“T;(—((O‘Z‘))P A R1(3;, 8, 200, X) (@) dev,
Ly=-1 PV/Rzaj”X(a) : x—(f))P A R1 (36,920 X)() da,
Ly= %PVfRza;‘lX(a) : % A Ry (), Q200, X) (@) de,
0oy X (@)

Ls= %PV'/Rza;X(O‘) : ARI(aalQagl 0o, X) () der,

|9y X ()3

3o, X (20)
Ls=-1 PVfRQa(j]X(a) : IB;ZXW A Ry(9y, 8y R0, X) (@) dev,
2

3, X (1)
L :—lPV/ 0% X (o) —2—""_ A Ry(8,,928° X)(a) da,
6= 3PV [ 0 X (@) o R0 820 X) (@) dar
D, X ()
L :lPV/ 0 X () —2""""_ ARy (3 Q8,,X) () da,
7= 2PV L X @ e " R S0 X) (@) de
0, X ()

Ly=3 PV/Rzang(a) : A Ry(3a, Q0] 30, X) (o) dev.

|9, X ()
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In L we get a kernel of degree —1 of the form

o) — P10y X ()
re | — B3 [0, X ()]?

which can be estimated integrating by parts throughout 32. 0q, $2; the term L7 also follows in a similar

A (3, X (@) — 30, X (B)) 3,00, 2 (B) dB d,

L =§PVfRza§1X(a)-

manner. In order to estimate L,, L4, L and Lg, we realize that they can be written like (A-3) in the
Appendix plus commutators of the form (A-1). Next we have to deal with L3 and Ls: with L3, we
proceed as follows:

L3 < L3+ 1190, | X172l 185, X [l 2] R1 (82, R0, X) — Ri (83, )00, X | 2,

where L3 is given by
N(x)

Ly=1iPV [ 8% X(a) ————(R13,,) (3} Q) () da, 7-11
3=3 /[RZ oy X (@) |8a1X(a)|3( 100,) (9, $2) () dv (7-11)
and the commutator estimates (A-1) show that it only remains to control Ls. We now use formula (2-8)

to get Z3 = M, + M>, where

- _ 4 L 4
M| = ApPV/RZE)mX(a) 9 X NE (R18a,)(8a1X3)(a)doc
! M,=—A PV/ 84XO[ —N( ) R0 83 BR(X g X o) do
2 m , % ( )'|3a,X( )|3( 1 al)( ou( X, w) - o ))( ) .

Then we write M| = O + O, + O3, where

9y, X1
01=—-4, PV/ 5 (O X200, X3 — Oty X300, X2) (R100,) (9, X3) dct,
R? |3a1X|

84 X2 4 7-12
O, =-A4, PV/ 3 (00, X300, X1 — 00y X100, X3) (R100,) (9, X3) dv, (7-12)
R2 |00 X

N;
0;=-A, PV/2 X 95 X3(R130,) (3], X3) da.
R o)

Next we consider Oy = P; + P, + P3, with

9y, X1
P=-A, Pv/2 X 3o X2(R104,) (30, X305, X3) da,
R o)

dy X1
P,=A, PV/ —H 0, X2 (R1 80, ) (3, X309, X3) dar,
R? |00, X|

dy X1
Ps=A, PV/Z B XP 3o, X2 [ (R180,) (30, X305 X3) — 9, X3(R180,) (3, X3)] dx
R o

g, X1
eV [ s P Xl X (R 35, X5) = (Ru) B X33, X0 o
R

and the commutator estimate allows us to control the term Ps.
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Now we use (7-7) to write P; = Q1+ Q>+ QOs:

g, X1
01=A4, PVf2 90, X[ BalXz(R13al)(3a2X18§1X1)d01,
R o]

g, X1
0>,=A, PV/ 5 O Xz(Rlaal)(aazxzail Xo)da,
R2 |aot1X|

4
0y, X2(R1 9y, ) (lower-order terms) da.

03=A P\// !
3 p
R2 |aa1X|3

The term Q3 is easily estimated. Regarding P,, equality (7-5) allows us to write P, = Q4+ Qs + Qs,
where

g, X1
Qs=—A,PV f TP B, X2(R180,) (3, X103 X1) dev,
R o

g, X1
Q5 = —A)O PV‘/2 B X|3 80,2X2(R18a1)(3a1X28 X2) do,
R o)

D¢

Os=—A4, PVf = 13 00, X2(R1 0y, )(lower-order terms) do.
R2 |0, X

Let us recall the identity P; + P> = (Q4+ Q1) + (Q2 + Qs) + (Q3 + Q¢), where Q3 and Qg are easily

estimated. With respect to O, + Qs, we have

4

0>+ Qs =A,PV / T X|3 - oy Xa[ (R180,) (3 X202, X2) — 0y X2 (R1 8 ) (07, X2)] dex
R o]

Jy X1
+A,PV / X B X[ ey X2(R180,) (33 X2) — (R190) (80, X202 X2)] dx
R o]

and again the commutator estimates yield the desired control.
Next we have

9y, X1
Qs+ 01=A4, Psz XD da, X2[ 0y X1(R100,) (35, X1) — (R10a,) (30, X195, X1) ] dex
R o)

g, X1
+A,PV f X Xo[(R1a,) (3, X135, X1) — 8, X1 (R1 90, (35, X1) ] dx
R o)

N3
_ApPV/2 D 93 X1(R104,) (35 X1) dov.
R

The first two integrals above are easily handled, allowing us to get

N3

9. XP 3, X1(R18u)) (3, X1) dar. (7-13)
o]

01 = Pi+ Pyt Py < PIX Il — A, PV/

For the term O,, we proceed in a similar manner, first checking that O, = P4+ Ps + Ps:
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9y, X2
Py= ApPV/2 X 3o X1(R104,) (30, X305, X3) da,
R o]

3y, X2
Ps=—-A, PV/2 90, X[ ao,le(Rlam)(amX;a X3)da,
R o

g, X2
Po=A, PV/Rz % X 3o X1[ 90, X3(R190,) (35, X3) — (R13a,) (30, X305, X3)] dox
o]
3y, X2 A .
+A, PV/2 0, X[P Oy X1[(R100,) (00, X305, X3) — 0y X3(R104,) (05, X3) ] dox
R o)

We control Pg as before. Regarding Py, we use (7-7) to write it in the form Py, = S; + S, + 53, where
9y, X2 A
SI:—ApPV/ — 0oty X1 (R10,) (0, X190, X1) dar,
R2 |0, X|
9y, X2 .
SZ = —Ap PV/ 3 8a1X1(R18a1)(8a2X28a1X2) dOt,
R2 |0 X|
9y, X2
S3=—-A4, PV/ — V3 04, X1(R10qy,)(lower-order terms) do.
R2 |0, X|
The identity (7-5) allows us to write Ps = S4 + S5 + S¢, where

3y, X2
Si=A4A, PV/2 0, X[ aale(Rlaal)(aalxla X1)da,
R o

g, X2
Ss=A, 1>v/2 PR 9, X1(R13a,) (30, X205 X2) dax,
R (o3}

3t X,
Se=A, PV/ |a<>11X|3 00, X1(R10y,)(lower-order terms) do.
R? [Oq

Next, we reorganize the sum in the form
Py + Po = (51 + S4) + (S2+ S5) + (53 + Se),

where the term S3 4+ Sg can be easily estimated. Regarding S| + S4, we have

g, X2
Si+S4=A4, PV/2 9 X aalxl[aale(Rlaal)(aalXl) (Rlaal)(aazXlaile)]da
R o

3y, X2
+ A4, PV/2 EE aale[(Rlaal)(alea Xl)_8051X1(R18a1)(831x1)]d0[
R o

and the commutator estimates give us precise control.
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Let us consider now

g, X2
$H+85=A4, PV/2 0, X[P e, X1 [0, X2(R1 0, (3, X2) — (R18,) (00, X205 X2) | dox
R o]

3y, X2
+ A4, Pvf2 XD 3oy X1 [ (R190,) (3, X2, X2) — By X2(R130,) (35, X2) ]| dex
R o)

N3
_ApPV/2 5 XP 9y, X2(R104,) (95, X2) da.
R o]

Here again the commutator estimates control the first two integrals above, allowing us to conclude that

N
02 = Pys+ Ps+ P < P( XIlla) — Ap PVf B ;f|3 33 X2(R130,)(3), X2) da. (7-14)
R2 [Oq;
Furthermore, inequalities (7-13), (7-14) and (7-12) yield
My =01+ 02+ 03 < P(IX|ll4) — A, PV o [0 XP 93 X - (R19,) (35, X) dev, (7-15)
aq

and at this point we begin to recognize the Rayleigh—Taylor condition in the nonintegrable terms. Let us
return now to the term M,, which can be written in the form

4

2X-NY
My = A, PV / Ri( -2 )8} (BR(X, w) - 8, X)) dav, (7-16)
R |0 X P

and whose most dangerous components are given by

o A, PV/ R <8§1X-N>( )/ ailX(a)—aélX(/S)/\ )-8 X(@)d
= —— — (x w <0y, X (o) da,
YT am Je o X1 e 1X(@) —X(B)P

34, g, X
0s =2 pv [ (55 )@ [ Bl K@ = XD 0B, X @) dor
7 S\ 18w X|
with
_ . 4 _ a4
B )= K@ =XB) (zamX(oo5 %, X (B)
X (@) — X (B)]
Ay 95, X - N X@)-XPB) 4
="t PV/Rle (wm—xp)(“) /R X0 —x B @B O X (@) de,
and

4

9 X N A
07=AMPVf Ri( 2= ) (@), BR(X, w) - 93 X) (@) dar.
2\ 9 X]

The remainder terms are less singular and can be estimated with the same methods used before.
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To deal with O4, we decompose it further as O4 = P; + Ps:

Ay 9y XN g, X () — 9y, X (B)
P7‘HPV/RZR1(|%—X|3)(“) e X —x@pp PN CaXB) = X@)d da.

A XN ot X(a)— a2 X
Py [ w (T o [ B N @0 20 dp
4 R2 |0, X | R X () = X(B)I
where in Pg, we have used formula (2-3) to get
® A 0y, X = N0y, 2.

In the integral (with respect to 8) of P;, we have a kernel of degree —2 applied to 4 derivatives, which
can be estimated easily. Next let us consider Ps = Q7 + Qs + Qg, where

Y XN\ N (@)3a, (@) — N(B)do, 2(B)
Q7__EPVfRzR1( R >(“)8“'X(°‘)'/Rz X () — X(B)I° 4 de.

A XN
Q=7 PV / Rl(—"“ - )(a) f ((0, 2N - 05 X) (@) — (30, 2N - 33 X)(B))C (e, B) dB dev,
T R2 |0, X |- R2

and
1 1

X@—-XPBP  [VX(@)(@—p)*

Cla,p) =

0 A“PV/ R %X N (@) — A3, QN - 9* X)(a) d
= — o . (07 .
"Tar e "oy X1 90, X ()3 0 o

In O, we have

8§]X~N)
|0 X

07 < Hm( 185, Xl .2 sup dﬁ',
L2 o

/N(Oé)f)alﬂ(ot)—N(ﬂ)aalQ(ﬂ)
R X () — X(B)

giving us the appropriate control, which can be also obtained in Qg because the corresponding kernel has
degree —2. Regarding Q9, we have the expression

Ay 3t XN 1 A 0, QN - 93 X
Qg:—PVf Ri| 2— A0 QN - 05 X) — A| ———="— | | d«
4 e\ [0 X7 /100, X| |9, X |

Ay 9 X-N 9 X-N
+—PV/ Ri| 22— |A( 8, -2—= ) da.
dr - Jre \ 0, XP L

Then we use (A-2) to control the first integral above, and since A = R19y, + R20y, by (A-4), we can also
take care of the second term.

With Os, one proceeds as we did with Je (7-10) to get the desired estimate.
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Next, we use (2-3) to catch the most singular terms in Og, which are given by

9 XN — .
5 — _%PV/ Rl( o ) o (X (@) = X(B)) A0y X(B) - 00, X () 33] 00, 2 (B) dar,
R2 R2

|00, X I3 X(a)— X(B)°
A 9t XN (X (@) — X(B)) A b X (@) 5
= g2 PV/Rle(wm—XP>(a) v X@-x@p et P X de
f < ) oy [ K@= XBD A8 X(B)- 00 X@) s o) 0
|amX|3 - X () — X(B)° !
(X (@) = X(B)) A oy X (1) )
9, 2(B) 30, X (B) dev.
/ <|amX|3>( e X@-XB)P (P)u 3, X () dex

One may write

Sy= 3y 32, 2(B) da,

4y B ~ ‘
ﬂPV/ R (8“1X N)(a (X (@) = X (B)) A (o X (@) = 30, X (B)) - 0, X (B)
e\ XP ) X(@ —X(B)P

expressing the fact that we have a kernel of degree —1 applied to 3 ,0a, €2, and therefore an integration
by parts gives us the desired control, as before. To treat Sg, we further decompose Sg = 77 + 7T»:

Ay 84X
T, =2t py /R 2 (—)(a) f D(@, B) - 8.,2(B)33, X (B) da,

4 190, X |3
where
X@) —XPB)  VX@@—p) )
D ) - - a(X]X
@F (IX(a)—X(ﬂ)P VX @@—pp) " @
and

A 9y XN N ()
T £ PV R ol - R~(0 985 X da.
2T an /I;{Z 1< 100, X3 )(Ol) 9 X (@) 2(00, €20, X) (@) de

In Ty, we use the estimate for the operator (A-8). The term 7, reads as follows:

A 34 X-N\ N
Ty=—-—"1 PV/ R1< = ) + Ry (8,00, 20, X) dat
RZ

4 |9y X1* /180, X3
A —Lpv ang.N N (R3804, ) (0, 204 X) — (R204,) (D Q—N % X) d
47_[ \/Rz |8a1X|3 |8a1X|3 : 2 o (2%) o] 2 o] (6%) |8a1X|3 o

A“PV/R %, XN (Ry0,)( o N, X d
i DV LR (o ) (Rt By s ) dec

The first integral above is easy to estimate, while for the second one we use (A-1), and (A-4) for the third.
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For the next term, one has Sy = 75 + T4, where

_ Au PV/ R (331}( : N) (X () = X(B)) - 3oy X (B) N (3 X (@) — 0y X (B))
Ar e\ 10 XPP R2 X () =X (B

5
Ts 93 Q(B) da,

T,=—A /R O XN %(3 Q) d
T * Jre ! |00, X |3 “ *
Proceeding as before, we get bounds for 73, and the double-layer potential estimates help us to control 7;.

For S}9, one can adapt exactly the same approach used for Sg. Finally, we have to deal with O7, which
is given by

A XN
07 ==, PV [ BROC w0 X (R (L ) dee
R2 |805|X|

after an integration by parts. Let us introduce the splitting O7 = Z? w1 U k where
9y Xk Ny

U¥=—A,PV | BR;(X,®)d} X;(Ridy)| 22—+ )da.

j I /I;{z j( 0)) o1 ‘/( 1 ozl)( |8a1X|3 o

Then the commutator estimates allow us to write U ;‘ = V;‘ + lower order terms, where

Ni

T XP (R10q,) (95 Xi) da.
)

k 4
vi=-A, PV/RZBRJ- (X, )3y X
Using (7-5) and (7-7), one has

Ny 8?“ X, = N28§1X1 + lower-order terms,

so that V21 becomes

BRy (X, )N
V21=—AMPV/ 2(X, )N,

. 8§1X1(R18a1)(8§1X1)da—AMPVf f(R13a,)(05 X1) da,
2 [0q X| R2

where f is at the level of 821_X . Integration by parts in the last integral allows us to conclude that

BRy(X, 0) N
VZIS—AHPV/ BR:(X, o) N2 “’3) 2
R2 |80t1X|

With the help of (7-5) and (7-7), we also get

3% X1 (R1de) (02, X1) dor + Pl X 1)

N1d; X3 = N33, X1 + lower-order terms,
and therefore

BR3 (X, w) N
V31§—A,LPV/ 3(X, w)N3

g X (Rid) @5, X0) da+ PAIX ).
R o]

Using the two inequalities above, we obtain

Vi +V)+V <—A,PV | 0

o X X1 (Ri) 3y X) da+ PAIX ). (7-17)
R ”
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Next, let us observe that
Nzaj” X1=N; 331 X, + lower-order terms, Nzail X3 = N38§1 X, + lower-order terms,
which implies the estimate

2 2 2 BR(X,w) N 4 4
Vi+ Vi + Vi <—A,PV | ————u— 09, X2(R10a,) (0, X2) do + P([[[ X|ll4)- (7-18)

R 00, X3
Regarding V13 and V23 , the identities

N33§1X1 =N 831 X3 + lower-order terms, N3 82'1 X3 = Nzail X3 + lower-order terms
yield

3., v3 ., y3 BR(X,®)-N 4 4
Vi+Vi+ Vi <—A,PV | ————u— 0, X3(R10a,) (0, X3) do+ P(|I X|ll4)- (7-19)

R 0 XPP
Finally (7-17), (7-18) and (7-19) imply

3 BR(X,w) N
Z ij <A, PV/ —_— af(lX . (Rlaa])(afllX)dot + Pl Xll4)-
= R 0 X|

Now we put together the estimates (7-16)—(7-19) to conclude that

BR(X, ®)- N
M= =, bV [ BRSO oL (R85, 30 dac P,
R |0, X
and taking into account (7-15), we obtain
7 1 o 4 4
Ly=M+M; <— PV a, X-(R194,)(0, X)d Pl X4). 7-20
b= My My /R T 0 X (R X) da -+ PN (7-20)

Finally, we have to work with L5, which can be written in the following manner:

7 1 4 0, X 4 4
Ls=Ls— 3PV Rzamx. XD A [ R2(8g, 00y 200, X) — R2 (9,00, 2) 3, X | d,
o)

where

Ls= lPV/ % X L(Rgaa (04 Q) da.
S T
Using the commutator estimate, once more, it remains only to consider Z5, but let us point out that
replacing the operator R;9,, by R20q,, the term L3 (7-11) becomes Ls. Therefore, proceeding exactly as
we did before, one obtains the inequality

= 1 o 4 4
Ls<-— PV [ —— 0% X (R2da,) (3% X)da+ P(||X]ll). 7-21
YTt /Rz 5 X7 (et X+ (R200) (0, X0 i+ P({IX ) (7-21)

Introducing now the identity A = (R10y,) + (R20y,) in (7-20) and (7-21), we get

34+ Ls<— PV/ — T2 X A@2 X)do+ P(IXl4)-
R

M2+ 2 |8, X2
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Finally, all the estimates so far obtained, beginning with (7-9), allow us to write

1
AR PV / 00, X - Ay X)da+ P(IXIls).  (7-22)
R

p2=+ i 2 3a X|3 “

In a similar manner, now using equations (2-9), (7-6) and (7-8) instead of (2-8), (7-5) and (7-7) respectively,
we obtain

SN X0 < —— PV [ gl X AGLX) da+ PAIXI. (729
The two mequahtles (7-22) and (7- 23) are the rr[f{aln purpose of this section.

8. Estimates for the evolution of || F (X)|| .~ and R-T

In this section we analyze the evolution of the no-self-intersection condition of the free surface as well as
the Rayleigh-Taylor property, but in order to do that, we shall need precise bounds for both VX, and ;.
We shall estimate |V X, || g« by means of equality (2-4) to get

IVXllgx < P(IXN2sn + IFCONT o0 + 1IN Hize0), (8-1)
for k > 2. In fact
IVX:llge < IVBR(X, @)l gt + IV(C13a, X + C2de, X) |l e,

and with the help of (6-1), we can handle both terms on the right.
Next we shall consider the norms ||€2;|| g« to obtain the inequality

12012 < PIX 41 + IF X7 + NN 12), (8-2)
for k > 3. To do that, let us take a time derivative in the identity (2-6) to get
Qt(av t) - AM@(QI>(Q7 t) = Aull(aa t) - 2A,081‘X3(as t)v

which yields
100 < CIA = AuD) ™ g (2l + 10, X3 1).

and since we have control of ||(/ — AMQD)_1 |l 71 and ||9; X3|| g1, it only remains to estimate ||/ || 1. For
that purpose, let us consider the splitting /1 = J; + J> 4+ J3, where

_ 1 Xi(a) — X (a—pB) )
J1_2 PV/I%2| @ PENE N(a—pB)2(a—p)ds,
3 . ‘ X(a) — X(a—p) '
Jr=— yp (X(a) X(o— ﬁ)) (X,(oe)—X,(ot—ﬁ))| @ @A) N(a—pB)2(a—p)dpB,
1 X(a)— X(a—p8) '
J3—27r PV/Rz X () — X(a—PB)|? Nila=p)2(@=F)dp.

Proceeding as we did with the operator 7, (A-6) (with X; instead of 9y, X¢), one gets

11l 2 + 172012 < P(IIX Nla+ 1 F GOl + N1 [ 2e).
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Regarding J3, we split further:

! B+ [ ap=kK +ko.

J3=—
27 Jigj=1 21 Jig<1

Since

N, (o — Q(a—
|K1<a>|s||F<x>||iw/ N =pIIRE=P o

1811 27| B?
Young’s inequality yields

1K ll2 < IFCON7 N QI Lt < CIF GO 7 1Nl 2219211 2,

and since we know that ||V, |72 < [|[VX||L~|| VX 2, estimate (8-1) allows us to handle the terms K.
The estimate for K, is similar to the one obtained for /; (A-13) in the Appendix.
Next we consider the most singular terms in dy, /1, which are given by

I / 0 X1 (@) =0 X1 (@ =) 5y (e — B dif.
R2

= Y T X @) = X@—p)
3
JS:—E‘/Rz(X(a)—X(OZ—ﬂ))
.(8alX,(oz)—3a1X,(Ol—,3))

JFva/ X (@) —X@=p)
w X (@) —X@=p)P

X(@) - X@—p)
X (@)~ X@—p)P

Oy Ny (a0 — )2 (o — B) dB,

N(a—p)Q(a—p)dp,

because the remainder terms are easier to handle. Let us write J4 = K3 + K4, where

K3 =

LPV\/‘ aalXt(a)_aalxt(a_/g)

27 R | X(@) = X(@—p)>

K4: LPV‘/ 80!1Xf(a)_3a|xl(a_,8)
R X (@ —X@a-p)>

“(N@—=p)Q(a—p) — N@)Q(w) db,

= "N(@)Q () dB.

In K3, the identity 0y, X; (o) — 9y, X; (¢ —B) = fol VOu, Xi (o 4+ (s —1)B) ds - B together with (8-1) gives
us the desired control. Regarding K4, we may observe its similarity with I3 (A-7), so that an application
to (8-1) yields the appropriate bound; Js can be treated in a similar manner, and Jg is analogous to J3.
By symmetry, one could get the same estimate for d,/;, so that finally

120 < PUIXIZ 4+ IECONT~ + 1N iz). (3-3)
Next, we will show how to deal with ||€2; || z2. Using Equation (2-8), one gets

3z 2 = —2A,,04,0;(BR(X, ®) - g, X) — 24,0, 8, X3,
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and with the help of (8-1), the last term above is properly controlled. To continue, we shall consider the
most singular remainder terms. Namely, in —d,, 0;(BR(X, @) - 94, X), we have

L =-BR(X,w)- 0, X,

o

L2=va/ B, X (@) — 0y X (@ — )
w 1X@-X@-p)P

yp No(a—pB)dp - 9 X (a),

X(a) = X(a—p)
X () — X(a—B)P
where A(a, B) = (X (@) — X (@ —B)) - (8 X+ (@) — 8y X (@ — B)),

. —va/ X(a)— X(a—p)
YT e X (@)= X (@—B)P

__3
Ly=—¢- PV/RZA(a, B)

ANo(a—pB)dp -9y, X (a),

A Oy, (0t —B) dp - 9y, X (cv).

Let us observe that ||L];2 < || BR(X, ®)| r ||302:1 X:|l;2, where both quantities have been appropriately
controlled before. In L, and L3, we have kernels of degree —2, and therefore operators analogous to 73
(A-7) acting on 9y, X;. Therefore, using (8-1), its control follows easily. In L4, we use the decomposition

L4:iPV/ d,B—l-LPV/ df = My + M>.
2t Jipsr 2 Jigi<a

Thus, an integration by parts yields
IMill 2 < CIEX) oIV X300 llwy 2

Formula (2-3), together with estimates (8-1) and (8-3), provides the appropriated bound.
Next, let us expand (2-3) to obtain the most singular terms in M>, which are given by the integrals

—ﬂPV/ X(a) — X(a—pB)
Bl<1 1 X (@) = X(@—p)I?

A B, (=BG X, (a0 — B) dp - 3g, X (00),

02=—ﬂ / X(a) — X(a—pB)
27 Bl<1 1 X (@) — X (a—B)?

A 80{18&29[(0[_18)80{1)((0[_,3) dlB : 80(1X(a)7

Ay X(@)~ X(@—p) ~ .

03= 3~ Pvfm<1 Y —Xa—pyp P @ P b Xi (@ = ) dB By X @),
A X@-X@=h) oo, ~ '

Oy = 5 PV'/ﬂ|<1 X@) —X@—p)P A 80”&2[(0( B)0g, X (x—B)dp - 94, X ().

Estimate (8-1) help us with the terms O; and O3, which can be treated with the same approach used for
I, (A-13) in the Appendix. Let us write O, as
Ay X(@)—X(a—p)

0,=-4
2T 2w et X (@) — X(@—B)P

A Doty By 21 (0 — B) (3, X (@) — 3y X (¢ — B)) d - 00 X (@),

which can be estimated integrating by parts in the variable 8; using the identity

aal aO{z Qt (a_/s) = _8/31 (a(xz Qt (a_IB))
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Let us point out that the kernel in the integral O; has degree —1, and therefore one can use (8-3) to
control it. It remains to deal with O4, which is decomposed in the form O4 = P; 4+ P>, where
P A / X(@) = X(@—p)
2 <1 | X (@) = X (a—p)I3
Ay PV/ X(@) —X(a—p)
|

2m

A0 Qi (= B) (00, X (0t — B) — 0o, X (@) d - 9, X (),

pl<1 1X (@) = X(a_5)|33§1 (x=p)dp - N(@).

P; is estimated like O,. We rewrite P, as follows:

_@PV/ (X(a)—X(a—ﬁ) _ VX(@)p
21 S \IX@ = X@=B)F  [VX(@) B’

P, =

P, = >8§]Q(a—ﬁ)dﬂ'N(a),

and this expression shows that the above integral can be estimated like J4 (A-8).
Using (8-3), we obtain
16, llz2 < P(IX1Z+IFCONZ + NI lz),

and the identity
3,2 = —2A,,00,0;(BR(X, ®) - 3, X) — 24,0, 3 X3

yields
195,202 < P(IXIZ+IF OOl + NN ),

that is,
102 < P(IXIF+IFX) N300 + NI 10 (8-4)

Next we consider third-order derivatives:
9 @ = —2A,0, 3, (BR(X, ) - 8y, X) — 24,0, 9, X3.

Since (8-1) gives us control of the last term, we will concentrate on the other one, which is of a much
more difficult character. In particular, for —80%1 0;(BR(X, w) - 94, X), the most singular components are
given by

Ls=—BR(X,w) 3} X,,

2 _ a2 _
L6 = L PV/ aalxt(a) aalxl(a ﬁ)
R | X(@) = X(a—p)P

yp ANo(e—p)dp - dq, X (),

e X(@) ~ X(@—p)
br=—% PV/RZB(“’ Px@ —x@=—pp TP B X0,

where B(a, B) = (X (a) — X (@ —B)) - (02, X: () — 35 Xi(a—B)).
_ va/ X(@—X@=p)

27 R | X () = X(a—p)?

Inequalities (8-1) and (8-4) show how to handle L;,i =35,...,8as L;, j=1,...,4 respectively, and

then a similar approach for 832 2; allows us to get finally (8-2) for k = 3. The cases k > 3 are similar to
deal with.

Lg A3 (e —B) dp - 8, X ().
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Our next goal is to obtain estimates for the evolution of || F(X)|/.~ and R-T. Regarding the quantity
F(X), we have

1BI(X (e, 1) = X(@—B, 1)) - (Xi(at, 1) — X (@ — B, 1))
X (a, 1) — X (=B, 1)]3
< (F(X)(et, B, )NV X, |l 1 (2). (8-5)

d —

Then Sobolev inequalities in |V X, || L= (?), together with (8-1), yield
d _
EF(X)(a,ﬁ,t)5F(X)(Ot,ﬁ,t)P(IIXIIZ(I)JrIIF(X)IIZLoo(t)+|||NI iz (@),

and an integration in time gives us

F(X)(a, B.t +h) < F(X)(a, B. 1) exp( / " P(s) ds>,
for h > 0, where t
P(s) = P(IXI5() + 1 FOO 17 () + [IN] ] o= (s)).
Hence

t+h
[FX)Iee(t +h) < [[F (X)L (2) exp(/ P(SMS)-

This inequality, applied to the limit

I F X)L +h) — | F(X)[lL=(1)
. :

d o
EllF(X)lle(t) —hlin&
allows us to get
d 5 ) B
TNFCONL= @) < IFX) = O P(IX I3+ 1F GOl + NN 122).

Next we search for an a priori estimate for the evolution of the infimum of the difference of the gradients
of the pressure in the normal direction to the interface. Let us recall the formula

o(a, 1) = (u* — u") BR(X, 0) (@, 1) - N(a, t) + (p* — p)N3(at, 1)

d 1 oo, 1)
E(a(a, z)) =T

to obtain

with oy («, t) = I + I, where

I = ((1? = ") BR(X, o) (e, 1) + (0> — p1)(0,0, 1)) - Ny(et, 1),
L= (u*— pn")BR,(X, w)(e, 1) - N(a, 1).
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First we deal with || I{|| L~ using the estimates (8-1) for V X,, and then we focus our attention on I, using
the splitting I, = J; + J» + J3, where

Iy =

No(a—p)dp,

(X(@) — X(@—p)) Xi(@) = Xi(@—Pp)) ,
X () — X (a—B)P

_va/ X, (@) = Xi(@—p)
4 Jw X (@) — X(@—B)P

b= 3 PVfRz(X(a) —X(@—B)) Ao(a—p)

4
_va/ X (o) = X(@—B)
4 R | X (@) = X (a—p)?

B.

J3 = Aw(a—p)dB.

The terms J; and J, are similar and can be treated with the same method. Let us consider J; =
K|+ K7 + K3+ K4, where

I X,(@) ~ X,(a—p)
K - — - d )
ST e K@ X @—pyp TP
_ 1 Xi(a) — Xi(@—B) . _
2= Jy X~ X@—pyp (@ @)
K —_L/ [ : S— }(x (@) — X,(@—B)) Ao(@)dp
YT X @ - X@-pF  IVX@ - pRE] T ’

K= PV/ Xt(a)_Xt(O‘_,B)/\w(a)d,B.
IBI<1

T 4m VX (a)-BP
First we have
172
IKill> < CIHF X7 IV X | lleo]] 2 (f Iﬂl“‘dﬁ) :
[B]>1
giving us an appropriate control. Next, we get

K2l < CIF X3 IVX Nl 120 | Voo o0 / 1B1~dB,
Bl<1

and an analogous estimate for K3. Therefore, Sobolev’s embedding helps us to obtain the desired control.
Regarding K4, we have

1 Xi(a) — X (@—p) — VX (a)- B
4 J g1 VX (a)- B3

K4s= Aw(a)dB.

Inequality (A-15) yields

[Kallo < C”VXIIimIIINI“llim||w||mo||vxt||c6/ B2 dp,
1B1<1
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and the control |V X;| s follows again by (8-1) and Sobolev’s embedding. Next let us continue with
J3 = K5+ K¢, where

va/ X(@)— X(a@—p)
Ar i1 1X (@) — X (@—B)PP

K6:—LPV/ X(@) — X(a—pB)
4 Bl<1 X (@) = X(@—p)I?

Integration by parts yields

Ks=— A (8, (R0, X)1 (= B)) — 35, (280, X)i (@ = B))) dB,

Ao (a—pB)dp.

IKsllze < CIF OOV X (2 (1R L 1V X Nl 2o + 12 2 [V X [ 20),

where 47C = flﬂ\>1 |B173dB + flﬁ|=1 dl(B), and we may use (8-2) to estimate [|<2; ||z ~. With K¢, we
introduce a similar splitting to obtain

IKsllze < P(IX = (@ O)llc2 + I FCO Nz + NN lzoe) ol o

Then it remains to estimate ||, ||cs, for which purpose we use formula (2-3) and inequalities (8-1), (8-2).
Therefore, we have the estimate

d 1 1 —1
E(g(a, t)> < o2 PUXISO FIF O + INT o (),

and proceeding similarly as we did for F(X), we finally get
d, — - -
Sl L@ < o™ Za O P(IXNla() + I F XNl (0) + NINT 2 (1)),

Remark 8.1. Having obtained the a priori bounds of the preceding sections, we are in position to
successfully implement the same approximation scheme developed in [Cérdoba et al. 2011] to conclude
local existence.

Appendix

Here we prove first some helpful inequalities regarding commutators of the Riesz transform (R;, j =1, 2)
with several differential operators. Next we analyze the singular integral operators associated to the
non-self-intersecting surface which appears throughout the paper. But the main goal of this section is to
simplify the presentation of the main result.

Lemma A.1. Consider f € L>(R?) and g € C"*(R?), with 0 < 8§ < 1. Then for any k,l = 1,2, we have
the estimate

| (Rk9e) (8f) — 8 (Rida) ()] 12 < Cligllcrall £l 2 (A-1)

An application of these inequalities to the operator A = (R9,,) + (R29,,) yields

IAf) —8A (D2 = Cliglcrsll £l 2 (A-2)

For vector fields, we have:
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Lemma A.2. Consider f, g : R> — R3 vector fields, where f € L>*(R*) and g € C'*(R?), with0 < § < 1.
Then for any k,l = 1, 2, the following inequality holds:

<Cligllcrsll £ 175 (A-3)

‘/Rz(g/\ 1) - (Ride) (f)da

Proof. Denoting by I the integral above, and since the operator Ry d,, is self-adjoint, we may write

I :/szl[(Rkaoq)(ngS)_gZ(Rkaoq)(f3)]da

+ /R So[ (Ridey) (83.11) — 83 (Ricdy ) (f1) ] der + /R S3[(Ride) (81.12) — 81 (Ridey ) (f2)] der
Then estimate (A-1) yields (A-3). O

Lemma A.3. Consider f € L>(R?) and g € C'*(R?), with 0 < § < 1. Then for any j, k,1 = 1,2, the
following inequality holds:

< Cliglcrsll£1I7. (A-4)

[ Rt e da
R
Proof. Let J be the integral to be bounded; then we have

7= [ R HIRB) )~ s(Rede ) ()] da
- [ R R (DR do+ [ Ry R () o

Since R;f = —R; and Ry, is self-adjoint, we get

1=5 [ RO R & = eRet)(P]dar= 5 [ [R (7o) = 8By (PRt () e

An integration by parts in the second integral above yields

1= 5 [ RIDIRB) &) = 5(Rida) ()] de

+ %/Rz[(Rjaaz)(fg) — 8(R;3a) (N ](RO(f) dov — %Az<aa1g)Rj(f)Rk<f) da,

allowing us to conclude the proof. U
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Lemma A.4. Let us define, forany j = 1,2 and k = 1, 2, 3, the following operators:

Xi () — Xy (@ —B)
T 1(0g; =PV Oy ; —pB)dg,
710, @) =PV [ SR, fa—p)dp

8a'Xk(O[) - 801'Xk(a_,3)
o7 :PV J J
T2lN@) fR X () — X(@—pB)P

flo) = fla—B)
a =PV ap,
T3(f)(a) /Rz 1X (@) — X (@—pB)3 P

(X(@) =X(B)  VX(x)-(@—p)
X(@)—XBP VX)) (@—Bp)P

fla—p)dp,

94(3ajf)(ot)=PVfRz( )3ajf(ﬁ)dﬂda,

493

(A-5)

(A-6)

(A-7)

(A-8)

where VX () - B = 3, X (@) B1 + 30, X (@) . Assume that X (o) — (a, 0) € C>*(R?), and that both F (X)

and |[N|~" are in L™, where
F(X)(@, B)=1B1/1X(@) = X(a—pB)| and N(@) =X (@) A o, X (@).
Then the following estimates hold.:

191 By Pl 2 < P(IX = (o, O)llcrs + [1F (Xl oo + [N oo
1T2() 2 < P(IX = (. 0) [z + I1F (X)L + Nl oo
T3 2 < P(IX = (@, 0)llczs + I1F (XD [z + Nl oo
T4z < P(IX = (. 0) [z + I1F (X)L + IIN| I oo

(12 + 119y 1l 22),
If1 L2,
s
I 1lz2,

N N N S

with P a polynomial function.

Proof. To estimate the first set of operators, we first consider the splitting

91(8aif)=PV/ dﬂ+PV/ dg =1+ I,
‘ 1B1>1 1Bl<1
and an integration by parts allows us to write I} = J; + J» + J3, where
Oy, Xi(a—B)
n= [ fla—p)dp,
=1 X (o) = X(a—p)|

/| (Xu@) = Xp@=p)(X(@) —X@—p) D X@=p) o

Bl>1 X () — X (a—B)P

Xi(@) — Xx(@—pB)
5= —B)dI(B).
’ /|ﬁ=1 IX(oz)—X(a—ﬂ)pf(“ p)di(p)

The above decomposition shows that

|11|5C||X—(a,O)IlclllF(X)llioc</ Mdﬁ-l-f |f(01—/3)|dl(ﬂ)»)
B>1 Bl 1Bl=1

and then Minkowski’s inequality gives the desired control.

(A-9)
(A-10)
(A-11)
(A-12)

(A-13)
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Regarding I, we write I, = J4 + J5 + Jg, with

Xi(o) — Xp(@a—pB) —VXi()- B
o= O —B)dB,
' /ﬂ|<1 X () = X(@—p)I3 jfla—p)dp
1 1
Js=VX B o e s
TV /|<1 |:|X(Ol) X(a—p)? |VX(0¢)-,B|3j| jfla=p)dp

Jﬁ=vxk(a)-1>v/ P 3, f (@ —B) dB.

<1 VX (a)- B3

It is easy to see that

[0g; f (@ —PB)|
Ji < I1X = (&, 0)|| s || F (X 3m/ — -
4 <l (a, )|l crs | F(X)l7 s 1B

and therefore that term can also be estimated with the use of Minkowski’s inequality.

dap,

Some elementary algebraic manipulations allow us to get

4 _
1B )|3a,-f(a ﬂ)ldﬁ’

J CllX —(x, 0 215/ (FX ’ !
sSCIX =@ Ollews |\ FE @B+ G0 5 ) g

and then the inequality

1Bl
VX () -Bl —

yields for J5 the same estimate (A-14).

<2/ VXl lIN7 [l

The term Jg can be written as

X
J6=vxk<a)-PVf @B 5 Fle—p) dp.

LB
where pI=

(i) (e, AB) = Z(a, B) for all A > 0,
(i) X(a, —p) = —X(a, B),
(iii) supy 1Z(a, B)| < 8IVXIB NI,

as a consequence of (A-15).

(A-14)

(A-15)

Here we have a singular integral operator with odd kernel [Cérdoba and Gancedo 2007; Stein 1993],

and therefore a bounded linear map on L?(R?), giving us
1Jsllz2 < CIVX L NN T 70 180, 11 22-

For the family of operators 7, ( f)(«), we use the splitting T, (f) = I3 + I4, where

! :f 0or; Xk (@) — Oy Xy (¢ — B)
’ =1 X (@) =X (@—=p)?

fla=p)dp.

We easily get

Is < 21X — (@ 0)| ||F(X>||imf fa=p)|

dg,
1811 B
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while for 14, we proceed with the same method used with />, now replacing Xy (o) by Oor; Xk (@) and
0u, f (@ —P) by f(@—P).

Next we shall show that the operator 3 behaves like A = (—A)!/2. To do that, we split it as Is + I,
where

:/ f@=f@=p) o
Bl=1 1X (@) = X(@—p)I?
can be easily estimated by
Is < IFCO I (2n|f<a>| + 'f(“—zm'dﬂ)
1B1>1 1Bl

The other term is written in the form I = J7 4+ Jg, where

1 1

J7:/,s<1(|X(a) X(a— ﬂ>|3_|VX(a>-ﬂ|3)<f(“)_f(“_ﬁ))dﬂ‘

The identity
1
f(a)—f(ot—ﬂ)Zﬂ'/o Vila+(—Dp)ds

allows us to treat J; as we did with Js. To estimate Jg, the equality

1 _ s < Bi )—8 ( B2 ) (A-16)
VX@- g P\Ivx@)-gPF) P\ Ivx(@)-BP

will be very useful. After a careful integration by parts, it yields

Vi@—p)-B (f @) — f@—B)I|
Pfl apg — /

Jg = dl(p).
si<1 IVX () B VX () - B
The principal value in Jg is treated with the same method used for Jg, and since the integral on the circle

is inoffensive, so long as [N |~ 'is in L, the estimate for I3 follows.
For the remaining operator, one integrates by parts to get 4 = I7 + I3, where

= PV/RZPl (a, B) f(a—p)dp, Iy = PVfRsz(Ot, B)f(a—p)dp,

with
0, X (0t) 0o; X (@ — B)
P (a, — J _ J
2 IVX(@)- B  |1X(@)—X(@—p)?
and
Py, ﬂ)=3(X(Oé)—X(a—ﬂ))(X(Ol)—X(Ot—ﬂ))'aa,-X(a—ﬂ)_3VX(O!)-ﬂ((VX(a)‘ﬂ)-aan(a))‘

X (@)= X(a@—pB)P° VX ()-BI°

Next we will show how to treat /7, because the estimate for I3 follows similarly. For P; we introduce the
decomposition P; = Q| + Q», where

1 B 1 ) O, X (o) = 0oy X (0 — )
IVX(@)-BF  [X(@)—X(a—B)] T X@—X@-pP

Q1 =8a,X(Ot)<
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Since the kernel O, has already appeared in the operator 7y, it only remains to control Jy, which is given
by
b=, X@PV [ 01 p)f @ p)dp.
R
The decomposition

Jo=103,X(@ | dB+ aa,X(a)PV/ d = K1 + K>
1B1>1 ‘ 1Bl<1

shows that the term K trivializes. Regarding K>, let us write
(IAI*+1BP|AI> +|B|*)(A+ B) - (A — B)
|APIBIF(|AP +|B?)

01 =

k)

where
A, B) =X () = X(@¢—p), Bla,p)=VX(x)-B.
This formula shows that inside Q; lies a kernel of degree —2. Then let us take Q| = S + S», where

_3|B|*B-(A—B) 3B-(A—B)
B |B|° -~ IBP

Next we check that the kernel S; has degree —1, and is therefore easy to handle. Finally, we have to
consider the kernel S, appearing in the integral

L=33, X@py [ XA (Xl(é)X_( ’if‘;zm —VX(@)-p)
To do that, we introduce a farfher decomposition L = Mof + IVL , with
(VX (@)-B)- (X(@)—X(@=B)—VX(@)-B—38-V*X()-B)

fla—p)dp.

M =30y, X () fla=p)dp
h 1BI<1 VX (@) - B
and )
VX(@)-8)-(B-V2X(x)-
Mzzgaan(a)PVf (VX(a)-B)-(B 5 () ﬂ)f(a—ﬁ)dﬁ,
BI<1 VX () - Bl
where % B-V?X () - B is the second-order term in the Taylor expansion of X. It is now easy to check that
_ |f(a=p)I
My < CIVX 711X — (@ 0)|c2s | V| 1||‘zoc/ s db.
1B1<1 1Bl
Then we also check that M5 is controlled like Jg through the estimate
IMall2 < CIVX I IV X Nz NI el 124
which allows us to finish the proof. (Il
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