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TWO-PHASE PROBLEMS WITH DISTRIBUTED SOURCES:
REGULARITY OF THE FREE BOUNDARY

DANIELA DE SILVA, FAUSTO FERRARI AND SANDRO SALSA

We investigate the regularity of the free boundary for a general class of two-phase free boundary problems
with nonzero right-hand side. We prove that Lipschitz or flat free boundaries are C'7. In particular,
viscosity solutions are indeed classical.

1. Introduction and main results

In this paper we consider two phase free boundary problems governed by uniformly elliptic equations
with distributed sources. Our purpose is to investigate the regularity of the free boundary under additional
hypotheses such as flatness or Lipschitz continuity. A model problem we have in mind is:

{Au:f in QT W)U (u),

whH?—w;)*=1 on Fu):=aQ+u)NQ. (1-1)

Here, as usual for any bounded domain Q2 C R",
QT :={xeQ:ux) >0}, Q ) :={xeQ:ukx)<0)°,

and u and u; denote the normal derivatives in the inward direction to Q7 () and Q™ (u).

Typical examples are the Prandtl-Batchelor model in fluid dynamics (see, e.g., [Batchelor 1956; Elcrat
and Miller 1995]), where f = 1q-(,), the characteristic function of the negative phase, or the eigenvalue
problem in magnetohydrodynamics (1,1) considered in [Friedman and Liu 1995], where f = —Aulg-().
Other examples come from limits of singular perturbation problems with forcing term as in [Lederman and
Wolanski 2006], where the authors analyze solutions to (1-1), arising in the study of flame propagation
with nonlocal effects.

The homogeneous case f = 0 was settled in the classical works of Caffarelli [1987; 1989]. A key step
in these papers is the construction of a family of continuous sup-convolution deformations that act as
comparison subsolutions.

The results in [Caffarelli 1987; 1989] have been widely generalized to different classes of homogeneous
elliptic problems. See, for example, [Cerutti et al. 2004; Ferrari and Salsa 2007a; 2007b] for linear
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and Layers for Odd Nonlinearities). De Silva is supported by NSF grant DMS-1301535. Ferrari is supported by MIUR (Italy)
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operators; [Argiolas and Ferrari 2009; Feldman 2001; 1997; Ferrari 2006; Wang 2000; 2002] for fully
nonlinear operators; and [Lewis and Nystrom 2010] for the p-Laplacian. All these papers follow the
guidelines of [Caffarelli 1987; 1989].

De Silva [2011] introduced a new strategy to investigate inhomogeneous free boundary problems,
motivated by a classical one phase problem in hydrodynamic. This method has been successfully applied
in [De Silva and Roquejoffre 2012] to nonlocal one phase Bernoulli type problems, governed by the
fractional Laplacian. For another application of the techniques in [De Silva 2011] see also [Leitdo and
Teixeira 2011].

Here we extend the method in [De Silva 2011] to two phase problems to prove that flat (see below) or
Lipschitz free boundaries of (1-1) are C7.

In order to better emphasize the ideas involved, we first develop the regularity theory for free boundaries
of viscosity solutions to problem (1-1) (see Section 2 for the relevant definitions), and then we extend our
results to a more general class of free boundary problems. For simplicity, in order to avoid the machinery
of LP-viscosity solution, we assume that f is bounded in © and continuous in Q% (x) U Q™ (u). Our
results may be extended to the case when f is merely bounded measurable.

We remark that in view of Theorem 4.5 in [Caffarelli et al. 2002], a viscosity solution to (1-1) is locally
Lipschitz. In fact, as it can be easily checked, our viscosity solutions are also weak solutions in the sense
of Definition 4.4 in that paper and both Au® — f are nonnegative Radon measures.

We now state our first main results. Here constants depending only on n, || f|l~0, and Lip(x) will be
called universal.

Theorem 1.1 (flatness implies C LYY, Let u be a (Lipschitz) viscosity solution to (1-1) in By. Assume that
f € L°°(By) is continuous in Bf’(u) U B, (u). There exists a universal constant § > 0 such that, if

{x, <=8} C BiN{u"(x) =0} C {x, <8}, (1-2)

with0 <8 <38, then F(u) is C17 in By 2.
Theorem 1.1 still holds when (1-2) is replaced by other common flatness conditions (see page 296).

Theorem 1.2 (Lipschitz implies C'7). Let u be a (Lipschitz) viscosity solution to (1-1) in By, with
0 € F(u). Assume that f € L°°(By) is continuous in Br(u) U B, (u). If F(u) is a Lipschitz graph in a
neighborhood of 0, then F (1) is C'7 in a (smaller) neighborhood of 0.

The proof of Theorem 1.1 is based on an improvement of flatness, obtained via a compactness argument
which linearizes the problem into a limiting one. The key tool is a geometric Harnack inequality that
localizes the free boundary well, and allows the rigorous passage to the limit.

The main difficulty in the analysis comes from the case when u™ is degenerate, that is very close to
zero without being identically zero. In this case the flatness assumption does not guarantee closeness of u
to an “optimal” (two-plane) configuration. Thus one needs to work only with the positive phase u™ to
balance the situation in which ™ highly predominates over #~ and the case in which u~ is not too small
with respect to u™.

Theorem 1.2 follows from Theorem 1.1 and the main result in [Caffarelli 1987], via a blow-up argument.
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Sections 2—6 are devoted to the proof of the theorems above. In particular, in Section 2 we introduce
the relevant definitions and some preliminary lemmas. In Section 3 we describe the linearized problem
associated to (1-1). Section 4 is devoted to the proof of the Harnack inequality both in the nondegenerate
and in the degenerate setting. In Section 5, we present the proof of the improvement of flatness lemmas.
Section 6 contains the proof of the Theorem 1.1 and Theorem 1.2.

From Section 7 to Section 10 we deal with more general problems of the form

{ifu —f in QF (1) UQ~ (),

uf =G(u;,x) onF(u):=9Q" ()N, (1

with f bounded on 2 and continuous in () U Q™ (u), and u Lipschitz continuous with Lip(u) < L.
Here

L= a;(x)Dj+b-V, a;eC(Q), beC(QNL™S),
i,j=1
is uniformly elliptic; that is, there exist 0 < A < A such that, for every £ € R" and every x € €2,

MEP < ) aij(0)EiE < AlEP,
i,j=1
and
G(n,x):[0,00) x 2 — (0, 00)

satisfies the following assumptions:
(H1) G(n,-) € C%7 () uniformly in n; G(-, x) € C17 ([0, L)) for every x € Q.
(H2) G'(-,x) > 0 with G(0, x) > Yy > 0 uniformly in x.
(H3) There exists N > 0 such that n=" G(n, x) is strictly decreasing in 7, uniformly in x.
In this framework we prove the following main results. Here, a constant depending (possibly) on #,

Lip(u), A, A, [aijlcos, 1Bllzs, | fllLe, [G(, -)]co7, Yo and N is called universal. The C¥ norm of
G (-, x) may depend on x, and enters our proofs in a qualitative way only.

Theorem 1.3 (flatness implies C LY. Let u be a Lipschitz viscosity solution to (1-3) in By, with Lip(u) <L.
Assume that f is continuous in Bf“(u) UB; (), | fllL=,) <L and G satisfies assumptions (H1)—(H3).

There exists a universal constant § > 0 such that, if

{xa <=8} CBiN{u"(x) =0} C {x, <3},

with 0 < 8 < §, then F(u) is C" in By a.

Theorem 1.4 (Lipschitz implies C LYY, Let u be a Lipschitz viscosity solution to (1-3) in By, with
0 € F(u) and Lip(u) < L. Assume that f is continuous in Bf“(u) UB| (u), | fllLes,) < L and G satisfies
assumptions (H1)—(H3). If F(u) is a Lipschitz graph in a neighborhood of 0, then F(u) is C"Y in a
(smaller) neighborhood of 0.
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Further extensions can be achieved with small extra effort: there is no problem in extending our results
to the case when b and f are merely bounded measurable. However, as already said of the prototype
problem, we wish to avoid too many technicalities.

In Theorems 1.3 and 1.4 we need to assume the Lipschitz continuity of our solution unless the operator
can be put into divergence form. Indeed, in this case an almost monotonicity formula is available (see
[Matevosyan and Petrosyan 2011]) and under the assumption G (1, x) — 00, as n— 0o one can reproduce
the proof of Theorem 4.5 in [Caffarelli et al. 2002], to recover the Lipschitz continuity of a viscosity
solution. Observe that then f = f(x, u, Vu) is allowed, with f(x, -, -) locally bounded.

2. Compactness and localization lemmas

In this section, we state basic definitions and we prove some elementary lemmas. First we need the
following standard notion.

Definition 2.1. Given u, ¢ € C(2), we say that ¢ touches u from below at xg € Q if u(xg) = ¢(x¢) and
u(x) > ¢(x) in a neighborhood O of xy.

If this inequality is strict in O \ {x(}, we say that ¢ touches u strictly from below. Touching (strictly)
from above is defined similarly, replacing < by >.

We retain the usual definition of C-viscosity sub/supersolutions and solutions of an elliptic PDE; see
[Caffarelli and Cabré 1995], for example. Here is the definition of a viscosity solution to the problem
(1-1):

Definition 2.2. Let u be a continuous function in 2. We say that u is a viscosity solution to (1-1) in Q if
the following conditions are satisfied:

(i) Au= fin Q" (u) U Q™ (u) in the viscosity sense.
(ii) Let xp € F(u) and v € C2(B*(v)) N C%3(B~(v)) (B = Bs(x0)) with F(v) € C2. If v touches u from
below (resp. above) at xg € F'(v), then
() (x0))> = (v, (x0))> <1 (resp. > 1).
For our arguments, it is convenient to introduce also the notion of comparison sub/supersolutions.

Definition 2.3. We say that v € C(€2) is a strict (comparison) subsolution (resp. supersolution) to (1-1)
in Qif ve C*2(QT(v))NC*(Q(v)) and the following conditions are satisfied.

(i) Av> f (resp. < f)in QT(v) UQ™ (v);
(i1) If xg € F(v), then
WH2 =) >1 (resp. 0,)* = (v;)? < 1, v, (x) #0).

Notice that by the implicit function theorem, according to our definition the free boundary of a
comparison sub/supersolution is C2.
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Remark 2.4. A strict comparison subsolution v cannot touch a viscosity solution u from below at any
point in F(u) N F(v). A strict comparison supersolution v cannot touch # from above at any point in
F(u)N F(v).

The next lemma shows that “6-flat” viscosity solutions (in the sense of Theorem 1.1) enjoy non-
degeneracy of the positive part §-away from the free boundary:

Lemma 2.5. Let u be a solution to (1-1) in By with Lip(u) < L and || f|lp~ < L. If
frn <g(x) =8} C {u" =0} C {x, < g(x) +3),
with g a Lipschitz function, Lip(g) < L, g(0) =0, then
u(x) > co(x, —g(x")), x€{x,>gk)+281N By,
for some cy, pg > 0 depending on n, L as long as 6 < cy.

Proof. All constants in this proof will depend on n, L.

It suffices to show that our statement holds for {x, > g(x") + C§} for a possibly large constant C. Then
one can apply the Harnack inequality to obtain the full statement.

We prove the statement above at x = de,, (recall that g(0) = 0). Precisely, we want to show that

u(de,) > cod, d=>C3.
After rescaling, we reduce to proving that
u(en) > co
aslong as § <1/C, and || f || 1s sufficiently small. Let y > 0 and
1 _
w(x) =7 (1= 1x]77)
v
be defined on the closure of the annulus B, \ B; with || f[ls small enough that
Aw <[ fIl on By\ B.
Extend w =0 in B;. Let
wy(x) = w(x +tey).
Notice that
(W))? = ((w),)* <1 on F(w,) =03Bi(~te,). (2-1)

From our flatness assumption for t = C (L) sufficiently large (depending on the Lipschitz constant of
g), w; is above u. We decrease ¢ continuously and let 7 be the smallest ¢ such that w, is above u. Notice
that 7 > 0.

Then, there is a touching point z € (B> \ Bj) — fe,. Since wy is a strict supersolution to Ay = f in
(B2 \ B)) —fe, and (2-1) is satisfied, the touching point z can occur only on the n := ﬁ(l —277) level
set in the positive phase of u. From the bounds on ¢ it follows |z| < C (C depending on L.)
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Since u is Lipschitz continuous, we have 0 < u(z) = n < Ld(z, F(u)); that is, a full ball around z
of radius 7/L is contained in the positive phase of u. Thus, for § small depending on 1, L, we have
By or(2) C{xy > g(x) + 268}. Since x, = g(x’) + 28 is Lipschitz we can connect ¢, and z with a chain
of intersecting balls included in the positive side of # with radii comparable to n/2L. The number of
balls depends on L. Then we can apply the Harnack inequality and obtain

u(en) > cu(z) = co,
as desired. |

Next, we state a compactness lemma. For its proof, we refer the reader to Section 7 where the analogue
of this result for a more general class of operators and free boundary conditions is stated and proved (see
Lemma 7.3).

Lemma 2.6. Let uy be a sequence of viscosity solutions to (1-1) with right-hand side fy satisfying
Il fllLee < L. Assume uy — u™ uniformly on compact sets, and {u,j’ =0} — {W*)" =0} in the Hausdorff
distance. Then

—L<Au*<L inQtw*)uQ w"

in the viscosity sense and u* satisfies the free boundary condition

(uj“L)2 — (uﬁ_)2 =1 on Fu*)

in the viscosity sense of Definition 2.2.

We are now ready to reformulate our main Theorem 1.1 using the two lemmas above. First, we denote
by Ug the following one-dimensional function,

Ug(t)=att —Bt~, B>0, a=+1+p2
where
tt =max{t,0}, t = —min{z,0).
Then Ug(x) = Ug(x,) is the so-called two-plane solution to (1-1) when f =0.

Lemma 2.7. Let u be a solution to (1-1) in By with Lip(u) < L and || f||L~ < L. For any € > 0 there
exist 8, 7 > 0 depending on ¢, n, and L such that if

{xa <=8} CBiN{u"(x) =0} C {x, <3},

with 0 < 8 < §, then
lu—UgllLe(s;) <er (2-2)

for some 0 < B < L.

Proof. Given ¢ > 0 and r depending on ¢ to be specified later, assume by contradiction that there exist a
sequence §; — 0 and a sequence of solutions uy to the problem (1-1) with right-hand side fj such that
Lip(up), I fxl < L and

{xn < =8} C BN fuf (x) =0} C {x, < &}, (2-3)
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but the u; do not satisfy the conclusion (2-2).

Then, up to a subsequence, the u; converge uniformly on compacts to a function u*. In view of
(2-3) and the nondegeneracy of u,f 28x-away from the free boundary (Lemma 2.5), we can apply our
compactness lemma and conclude that

—L<Au*<L in Bl/zﬂ{xn = 0}
in the viscosity sense and also
@y =@y ) =1 on Fu*) = BiN {x, =0}, (2-4)
with
u* >0 in B, N{x, > 0}.

Thus,
u* e Cl’y(Bl/g N{x, > 0}) N CI’V(BI/Q N{x, < 0})

for all y and in view of (2-4) we have that (for any r small)
lu* = (ex, = Bx,)) | s,y < Cn, L)F'7,

with ? = 1 4 B2. If 7 is chosen depending on ¢ so that

€

C(n, L)F'*" < ZF,

2

since the u; converge uniformly to u* on Bj/, we obtain that for all k large
lug — (oex,s — Bx;)l Lo (B < €T,

a contradiction. O

In view of Lemma 2.7, and after rescaling, our first main theorem (Theorem 1.1) follows from our
second, which we now state:

Theorem 2.8. Let u be a solution to (1-1) in By with Lip(u) < L and || f ||~ < L. There exists a universal
constant € > 0 such that, if

lu—UgllL~s,) <& forsomeO<p <L, (2-5)

and

frn <=8} CBIN{u"(x) =0} C{x, <& and |fllL=,) <&
then F(u) is C'7 in B .
The next lemma is elementary.

Lemma 2.9. Let u be a continuous function. If, for n > 0 small, we have

lu—UgllL<m,) <n for 0<B=<L,



274 DANIELA DE SILVA, FAUSTO FERRARI AND SANDRO SALSA

and
{xn < —n} C ByN{u"(x) =0} C {x, <7},
then
e if B=n'3, then Ug(x, —n'®) < u(x) < Ug(x, +n'") in By;
o if B <n'/3, then Up(xy —n'?) <u™(x) < Uo(x, +1n'/?) in By.

3. The linearized problem

This section is devoted to the study of the linearized problem associated with our free boundary problem
(1-1), that is, the following boundary value problem (& # 0):

{Aﬁ:O in B, N {x, # 0},

&% (it,)* — B*(ii,)~ =0 on B,N{x, =0}. G-1)

Here (it,)" (resp. (ii,)”) denotes the derivative in the e, direction of # restricted to {x, > 0} (resp.
{x, < O}.

We remark that Theorem 2.8 will follow, see Section 6, via a compactness argument from the regularity
properties of viscosity solutions to (3-1).

Definition 3.1. A continuous function u is a viscosity solution to (3-1) if the following conditions are
satisfied:

(i) Au=01in B, N {x, # 0}, in the viscosity sense.
(i1) Let ¢ be a function of the form
¢(x)=A+px; —qx, + BO(x —y),
with
) =3[ —Dx; = I¥'Pl. y=(/.0,A€R B>0
and
a’p—p*q > 0.

Then ¢ cannot touch u strictly from below at a point xo = (x(), 0) € B,,. Analogously, if
&p—p*q <0,
then ¢ cannot touch u strictly from above at xg.

We wish to prove the following regularity result for viscosity solutions to the linearized problem.

Theorem 3.2. Let u be a viscosity solution to (3-1) in By such that ||it]| o < 1. There exists a universal
constant C such that

|it(x) —@(0) — (Vyit(0) - x" + px;7 — Gx,))| < Cr* in B, (3-2)

forallr < % and with &@*p — B*§ = 0.
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Before proving this, we first show that the problem (3-1) admits a classical solution:

Theorem 3.3. Let h be a continuous function on 0 By. There exists a (unique) classical solution v to (3-1)
with v = h on aBl,Nthat is, v € C*(B; N{x, > 0}) NC>®(By N{x, <O0}). In particular, there exists a
universal constant C such that

|5(x) = 5(F) — (Vo B(@) - (' = &) + pE@)x, —G@)x, )| < CliTller?®  in By (%), (3-3)
forallr < 1,%=(¥',0) € By, and with &> p(¥) — B*G(x) = 0.
Proof. Let w be the harmonic function in B; N {x,, > 0} such that

w=0 on By N{x, =0},
w(x) =h(x', x,) —h(x', —x,) ondB;N{x, > 0}.

Then w € C*°(B; N{x, > 0}). Set

d(x)=w,(x',0), (',0)¢€B.
Let
U1(x) = w(x) + Up(x’, —x,)  in By N{x, >0},

where v, is the solution to the problem

Av, =0 in B;N{x, <0},
vh=h ondB;N{x, <0},

~2 (V2)n =q¢ on ByN{x, =0},

with ¢ =

——. Then it is easily verified that the function
p+a _
~ vy in By Ni{x, >0},
V= —
vy in By N{x, <0}
is the unique classical solution to our problem and hence it satisfies the estimate (3-3) with
BZ
B2+a?

Finally, to obtain our regularity result we only need to show the following fact.

D =3¢®, pE=ppE®, p=

Theorem 3.4. Let it be a viscosity solution to (3-1) in By such that ||ii||so < 1 and let ¥ be the classical

solution to (3-1) in By > with boundary data u. Then i = v.

Proof. We prove that v < i in By ;. The opposite inequality is obtained in a similar way.
Lete > 0,7 € R and set

ﬁ[’g(x)=ﬁ+8|xn|+€x3_g_t, XGEI/Z.
Since i is bounded, for ¢ > 0 large enough,

Ure <. (3-4)
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Let 7 be the smallest ¢ such that (3-4) holds and let X be the first touching point. We want to show that
t < 0. Assume ¢ > 0. Since
5{’5 <u on 831/2,

such touching point must belong to Bj,,. However,

Avz.(x) >0 in By N{x, # 0},

Au=0 1in BypN{x, #0}.
Thus x € By N {x, = 0}. We claim that there exists a function ¢ of the form
¢(x)=A+px) —qx, +BOx —y)
with
Q) =3[mn—Dx;— 2", y=("0, AeR, B>0
and
&’p—p*q >0,

such that ¢ touches v7 . (x) strictly from below at x. This would contradict the definition of viscosity
solutions, hence 7 < 0. In particular,

ﬁ+s|xn|+8x,%—e <u on By,

and for ¢ going to 0 we obtain as desired

and set .

=¥ 42 A=i(®)—s—7—BOE—)).
with B > 0 to be chosen later. In view of the estimate (3-3), to verify that in a small neighborhood of x

¢(x) <Ve(x), XxF#X,

we need to show that we can find B > 0, p, g such that for |x — x| # 0 small enough (5 universal),
B 2 B ’ =72 + - ~ + ~ — ~ -2
E(n— Dx; — Elx — X"+ px, —qx, <(p+e)x, —(q@—¢e)x, —Clx —x|

and
&*p—p*q >0,

(for simplicity we dropped the dependence of p, g on Xx).
It is then enough to choose
&

B=45, p=ﬁ+2,

q=q-—

N[ ™



FREE BOUNDARY REGULARITY IN TWO-PHASE PROBLEMS WITH DISTRIBUTED SOURCES 271

4. The Harnack inequality

In this section we prove our main tool, a Harnack-type inequality for solutions to our free boundary
problem. The results contained here will allow us to pass to the limit in the compactness argument for
our improvement of flatness lemmas in Section 5.

Throughout this section we consider a Lipschitz solution u to (1-1) with Lip(u) < L.

We need to distinguish two cases, which we call the nondegenerate and the degenerate case.

Nondegenerate case. In this case our solution « is trapped between two translations of a “true” two-plane
solution Uy that is with B # 0.

Theorem 4.1 (Harnack inequality). There exists a universal constant & such that, if u satisfies at some
point xg € By
Up(xn +ap) <u(x) <Up(xy +bo) in B, (x9) C Ba, 4-1)
with
Ifl~<e®p, 0<p<L,
and

by —ag < er,

for some ¢ < &, then
Up(xp +a1) <u(x) <Upg(x, +b1) in Byjo(xo),

with
ap<a1 <by <by, by—a <(1—c)er,
and 0 < ¢ < 1 universal.

Before giving the proof we deduce an important consequence.
If u satisfies (4-1) with, say r = 1, then we can apply the Harnack inequality repeatedly and obtain
Upg(xp +am) <u(x) <Ug(x, +by) in Byy-n(xp),
with
by —ay, < (1—0)"¢,
for all m such that

(1—0¢)"20"e <.

This implies that for all such m, the oscillation of the function

U= BH(u) U F(u),
ﬁe(x) == ( )OZEIB

u(x)—Bx, . .-

T m 32 (I/l),

in B, (xp), r =207 is less than (1 — c¢)™ =207"" =r?. Thus, the following corollary holds.
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Corollary 4.2. Let u be as in Theorem 4.1 satisfying (4-1) for r = 1. Then in B(x¢) . has a Holder
modulus of continuity at xo outside the ball of radius ¢/€; that is, for all x € B1(xg), with |x — xo| > ¢€/&,

|t (x) — iie (x0)| < Clx —xol”.
The proof of the Harnack inequality relies on the following lemma.
Lemma 4.3. There exists a universal constant € > 0 such that if u satisfies

u(x) > Ug(x) in By,

with
I £l <&*B, 0<B=L, 4-2)
then if at X = Le,,
u(x) > Upg(xn +¢), 4-3)
then
u(x) > Ug(x, +ce) in By, (4-4)

for some universal ¢ with 0 < ¢ < 1. Analogously, if u(x) < Ug(x) in By and u(x) < Ug(x, — ¢), then
u(x) <Up(x,—ce) in El/z.

Proof. We prove the first statement. For notational simplicity we drop the subindex 8 from Uyg.
Let
w=c(lx—x[7"=@/H77) (4-5)

be defined in the closure of the annulus
A = B34(¥) \ B120(X).

The constant ¢ is such that w satisfies the boundary conditions

w=0 on 333/4()?),
w=1 on 331/20()2).

Then, for a fixed y > n —2,
Aw>k(y,n)=k(n) >0, 0<w<1onA.

Extend w to be equal to 1 on By /20(x).
Notice that since x, > 0in By;10(x) and u > U in By, we get

Bij10(X) C B (u).

Thus u — U > 0 and solves A(u —U) = f in Bj,10(X) and we can apply the Harnack inequality to
obtain

u(x) =Ux) = c(x) =UE) =Cll fllz=  in Bijao(X). (4-6)
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From the assumptions (4-2) and (4-3) we conclude that (for ¢ small enough)
u—U > ace — Cag” > ocpE  In El/go(i). 4-7)

Now set ¥ =1 — w and
v(x) =U(x, —ecoP(x)), x € B3 (),

and for t > 0,
v (x) = U(xy —ecop (x) +1e), x € Bya(%).

Then,
vo(x) = U (x, —ecoyp (x)) <U(x) <u(x), x € B3u(X).

Let 7 be the largest r > 0 such that
v (x) <u(x) in B3u(X).
We want to show that 7 > ¢y. Then we get the desired statement. Indeed,
u(x) = vi(x) = U(x, —ecoy +1&) = U(x, +ce) in By € B3j4(X),

with ¢ universal. In the last inequality we used that ||{/| L5, ,) < 1.
Suppose 7 < ¢q. Then at some X € 53/4()2) we have

v7(X) = u(x).

We show that such touching point can only occur on B, /20(X). Indeed, since w =0 on 9 B3/4(x) from the
definition of v, we get that for 7 < ¢y,

vi(x) = U (xy —ecoy (x) +1e) < U(x) <u(x) on dB3a(¥).
We now show that X cannot belong to the annulus A. Indeed,
Av; = Becok(n) > 2 = || oo in AT () UA™ (v7)
for ¢ small enough. Also,
Wh): — () =1+ VY |* —2ecoy,  on F(v;) N A.

Thus,
)3 —@)s>1 on F(v)NA,
as long as

Y, <0 on F(vy) NA.

This can be easily verified from the formula for ¢ (for & small enough).
Thus, v7 is a strict subsolution to (1-1) in A which lies below u, hence by the definition of viscosity
solution, X cannot belong to A.
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Therefore, X € B; /20(x) and
u(X)=v;(x)=UG, +1e) <UQX) +ate < U(X) + acoe,
contradicting (4-7).
The proof of the second statement follows from a similar argument. (]
Proof of Theorem 4.1. Assume without loss of generality that xo = 0, r = 1. We distinguish three cases.
Case 1: ag < —%. In this case it follows from (4-1) that By,10 C {u < 0} and

u(x) — B(xn +ao) <1
Be -

0<vx):=

with
|Av| <g in B]/]O.
The desired claim follows from the standard Harnack inequality applied to the function v.

Case 2: ag > é In this case it follows from (4-1) that By/5s C {u > 0} and

_ ) — el tap)

(025
with
|Av| <& in Bl/5.

Again, the desired claim follows from the standard Harnack inequality for v.

Case 3: |ag| < 1/5. Assumption (4-1) gives that
Ug(xp +ag) <u(x) <Ug(x,+ap+¢) in By.
Assume that (the other case is treated similarly)

u(x) > Up(Xy +ao+3¢), I=1e,. (4-8)
Set
v(x) :=u(x —ape,), X € Bys.

Then the inequality above reads
Uﬁ(xn) =< v(x) =< Uﬂ(xn +¢&) in B4/5.

From (4-8), we have
v(X) = Up (%, + 5¢).

Then, by Lemma 4.3,
v(x) > Uﬂ(Xn +ce) in Bz/s,

which gives the desired improvement

u(x)ZUﬁ(x-i—ao—i—cs) in B3/5. U
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Degenerate case. In this case, the negative part of u is negligible and the positive part is close to a
one-plane solution (i.e., 8 = 0).

Theorem 4.4 (Harnack inequality). There exists a universal constant g, such that if u satisfies at some
point xo € By
Uo(xn +ao) < u™(x) < Up(x, +bo) in B(x0) C By, (4-9)
with
lu” e <€ [ flle <&,
and

by —ag < er,

for some ¢ < &, then
Uo(xn +ar) <ut(x) < Up(x, +b1) in Bryo(xo),
with
ap <ay <b; <by, by—a; <(1-c)er,

and 0 < ¢ < 1 universal.

We can argue as in the nondegenerate case and get the following result.

Corollary 4.5. Let u be as in Theorem 4.1 satisfying (4-9) for r = 1. Then in B;(xo)

ut(x) —x,
Uy ' = ———————

€
has a Holder modulus of continuity at xq outside the ball of radius €/¢; that is, for all x € B1(xg) with
|x —xol = /¢,

lie (x) — ite (x0)| < Clx —xo|”.

The proof of the Harnack inequality can be deduced from the following lemma, as in the one-phase
case [De Silva 2011].

Lemma 4.6. There exists a universal constant & > 0 such that if u satisfies

u(x) = Up(x) in By,

with
lu™ e <€ N flle <&, (4-10)
then if at ¥ = te,
ut(x) > Up(X, +¢), (4-11)
then
ut(x) = Up(x, +ce) in By, (4-12)

for some universal ¢ with 0 < ¢ < 1. Analogously, if u™ (x) < Up(x) in By and u™(x) < Uy(x, — &), then

ut(x) < Up(x, —ce) in El/z.
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Proof. We prove the first statement. The proof follows the same line as in the nondegenerate case.
Since x, > 0in Bj;19(X) and u™ > Uy in B; we get

Bi10(X) C By (u).

Thus u — x, > 0 and solves A(u — x,) = f in By,10(x) and we can apply the Harnack inequality and

the assumptions (4-10) and (4-11) to obtain that (for ¢ small enough)
u—x, >coe in Bjo(X). (4-13)
Let w be as in the proof of Lemma 4.3 and ¢y =1 — w. Set
v(x) = (o — ecoP (1)) " —e2Cr(xy —eco¥ ()7, x € By (@),
and, fort > 0,
v (x) = (x, — eco¥ +1e)t —2C1(x, —ecoW (x) +1e)”, x € Bya(X).

Here C; is a universal constant to be made precise later. We claim that

vo(x) = v(x) <u(x), x € Bsu(x).

This is readily verified in the set where u is nonnegative using that u > x;F. To prove our claim in the
set where u is negative we wish to use the following fact:

u < an_ez in Big/20, C universal. (4-14)

This estimate is easily obtained using that {u < 0} C {x, <0}, |4 ||co < €2 and the comparison principle
with the function w satisfying

Aw=—¢* in B N{x, <0}, w=u" ond(B;N{x, <0}).
Thus our claim immediately follows from the fact that for x, <0 and C; > C,
e2C1(x, — o (x)) < Cxye’.
Let ¢ be the largest 7 > 0 such that
v (x) Su(x) in By (X).
We want to show that 7 > ¢o. Then we get the desired statement. Indeed, it is easy to check that if
u(x) > vi(x) = (x, — scoy +16)* —&?C1(xy —ecoy (x) +1e)”  in Bya(¥),

then
ut(x) > Up(x, +ce) in Byjy € B3a(%),

with ¢ universal, ¢ < ¢q infp, 2 w.
Suppose ¢ < ¢o. Then at some ¥ € Bj /4(x) we have

(%) = u(F).
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We show that such a touching point can only occur on B 20(X). Indeed, since w = 0 on 9 B3/4(x) from
the definition of v, we get that for 7 < ¢

Vi(x) = (xy —eco+7e)T —2Ci(x, —eco+16)”" <u(x) on 9 B34 (x).

In the set where u > 0, this can be seen using that u > x;, while in the set where u < 0 again we can
use the estimate (4-14).
We now show that X cannot belong to the annulus A. Indeed,

Av; > edcok(n) > e* > || fllo  in AT (v)) U A (vy),

for & small enough.
Also,
WhH:— ) =A=' CH(1+&*cGIVy|* —2ecoy,)  on F(v) NA.
Thus,
(v;r)% — (vt-_)lz) >1 on F(v;))NA,

as long as ¢ is small enough (as in the nondegenerate case one can check that inf 7 na (—=v,) > ¢ > 0,
with ¢ universal.) Thus, vy is a strict subsolution to (1-1) in A which lies below u, hence by definition x
cannot belong to A.

Therefore, X € B; /20(x) and

u(X) = vp(¥) = (X, + 1) < X + coe,

contradicting (4-13). U

5. Improvement of flatness

In this section we prove our key lemmas improving flatness. As in Section 4, we distinguish two cases.

Nondegenerate case. In this case our solution u is trapped between two translations of a two-plane
solution Ug with B # 0. We plan to show that when we restrict to smaller balls, u is trapped between
closer translations of another two-plane solution (in a different system of coordinates).

Lemma 5.1 (improvement of flatness). Let u satisfy
Ug(xp—¢e) <u(x) <Ug(x,+¢) inB1,0¢€ F(u), 5-1)
with0 < 8 < L and

2
| flleeB) < €°B.

If 0 < r <rg for ro universal, and 0 < & < &g for some &y depending on r, then

Up(x-vi=rS) su@) = Up(xv+r5) inB, (5-2)

with lvi| =1, |v; —e,| < 58, and |B—B'| < aﬁsfora universal constant C.
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Proof. We divide the proof of this lemma into three steps.

Step 1: compactness. Fix r < rg with ry universal (the precise ro will be given in Step 3). Assume by

contradiction that we can find a sequence ¢, — 0 and a sequence u; of solutions to (1-1) in B; with
right-hand side f; with L> norm bounded by & By, such that

Ug, (xp — &) <up(x) <Ug (x, +&r) forx € By, 0€ F(uy), (5-3)

with L > B > 0, but u; does not satisfy the conclusion of the lemma, (5-2).
With of = 1 + 7, set

M’ x € Bf (up) U F (),

THOEE B
up(x) _,kan’ x € B (up).
Brék
Then (5-3) gives
—1<iur(x) <1 forxe Bj. (5-4)

From Corollary 4.2, it follows that the function u;, satisfies

i (x) — itk (V)] = Clx — |7, (5-5)

for C universal, and

|x —yl > ex/e, x,y € Byp.
From (5-3) it clearly follows that F(u;) converges to By N {x, = 0} in the Hausdorff distance. This
fact and (5-5) together with Ascoli—Arzela give that as g, — 0 the graphs of the it; converge (up to a

subsequence) in the Hausdorff distance to the graph of a Holder continuous function # over By ;. Also,
up to a subsequence we have

B — B >0,

ap — @ =+/1+ B2

Step 2: limiting solution. We now show that & solves the following linearized problem (transmission

and hence

problem):

{Aft =0 in Bl/2 N {xn ;ﬁ 0}, (5-6)

&% (i) T — B*(in)~ =0 on ByppNix, =0}
Since
|Aug| < effr in Bjf (up) U By (uy),

one easily deduces that # is harmonic in B> N {x, # 0}.
Next, we prove that i satisfies the boundary condition in (5-6) in the viscosity sense.
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Let ¢ be a function of the form

$() = A+ pxf —qx; +BOx —y),
with
QW) =3l =Dy =Xl y=0".0), AcR B>0
and
a’p—p*q > 0.
Then we must show that ¢ cannot touch u strictly from below at a point xo = (x, 0) € By (the analogous

statement from above follows with a similar argument).
Suppose that such a ¢ exists and let x( be the touching point.

Let |
2 2,21
[(x)= nj[axw +lx, =172 —1]
and |
Ti(x) = —T'(Ber(x — y) + ABejey). (5-7)
Bé‘k
Now, set
de(x) = ar T (x) — BTy (x) + g (dF ()26 + Bu(d (x))%e;”,
where

ar =ox(1+erp), bk =p(1+¢ekq),

and di (x) is the signed distance from x to 9By (gg) (y +e, (% — Az-:k)).
k

Finally, let

) %:‘””, x € B () U F (),
bi(x) =
Pr(x) _,kan’ x € Br (o).
Brex

By Taylor’s theorem,
F(x) =x,+0x) +O0(x*), xeBi;

thus it is easy to verify that
Fk(x) = Aeg +x0 + Ber Q(x =)+ 0(ef),  x € By,

with the constant in 0(8]%) depending on A, B, and |y| (later this constant will depend also on p, q).
It follows that in Bl+(¢k) UF(¢r) (QY(x) = 0(x —Yy)),

$i(x) = A+ BQ” + px, + Aeyp + Bpec 0° +¢,°dl + O(ex).
and analogously in B (¢x),

¢x(x) = A+ BQ” +qx, + Aexp + Bqer Q” + 8;1/201;? + O (&p).
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Hence, ¢y converges uniformly to ¢ on B /2. Since it converges uniformly to i and é touches i
strictly from below at xg, we conclude that there exist a sequence of constants ¢y — 0 and of points
X — xo such that the function

Vi (x) = Pr(x + excren)

touches uy from below at x;. We thus get a contradiction if we prove that ¥ is a strict subsolution to our
free boundary problem, that is,

{Al//k > &lBe > | fello  in By (W) U By (Ynp),
WO — Wi >1,  on F(yp).
It is easily checked that, away from the free boundary,

(5-8)

Ay = ﬂksi/zAd,i(x + ercren),

and the first condition in (5-8) is satisfied for k large enough.
Finally, since on the zero level set |[VIy| =1 and |Vd,f| = (0, the free boundary condition reduces to
showing that

ai — b > 1.
Using the definition of ai, by we need to check that
(@i p® = Bia)ex + 2t p — Biq) > 0.
This inequality holds for k£ large in view of the fact that
a’p—p*q > 0.
Thus # is a solution to the linearized problem.

Step 3: Contradiction. According to estimate (3-2), since #(0) = 0 we obtain that

lii —(x' -V + px —Gx;)| <Cr’, xe€B,
with
&@*p—p*G=0, |V|=|Vyia(0)| <C.

Thus, since iy, converges uniformly to i (by slightly enlarging C) we get that

liix — (x" V' + pxF —gx)| < Cr?, xe€B,. (5-9)
Now set
1
B =Bc(1+ekq), w=———=1(en+er(,0)).
/1 +SI%|U/|2 n
Then,

o, =V1+B =ay(1+ep)+0(l), v=e,+e.0)+eit, |t|<C,



FREE BOUNDARY REGULARITY IN TWO-PHASE PROBLEMS WITH DISTRIBUTED SOURCES

where to obtain the first equality we used that @ p — 82§ = 0 and hence

Bt . .
—q=p+ 0(p).
@

With these choices we can now show that (for £ large and r < ry)
ﬁﬂ;( (x cVp — 8k£> <iup(x) < ﬁﬂ/ <x Vg —|—8k£> in B,,
2 k 2
where again we are using the notation

U (X)) —agx ~ ~
AT T ke B (U UF (T,

~ (092
Ug(x)y=1{ . “**
U,B]’((x)_ﬁkxn o~
——— . xeB (Up).
Brék

This will clearly imply that

Ug, (x " Vk —Sk%) <ur(x) < Uy (x " Vk +8k%) in B,

and hence will lead to a contradiction.
In view of (5-9), we need to show that in B,,

O (v m— el ) < @'+ ot —Gimy) = €,
(7 r ro ~ 4 ~ = 2
Bl x-vk+8k§ > -v+px, —qx,)+Cr-.
We show the second inequality. In the set where
r
X -V, + 8k§ <0

we have, by definition,
O (xwu5) = gy (B w a5 =)
(x-ve ez )=— X Vg + k= )—PBrxn ),
B, ks Brey Pk kT ek kXn

which from the formula for g, vy gives

~ r - r
Uﬁli(x - Vg +8k§) >x" V' +qx, + 37 Coer.
Using (5-10) we then obtain

~ r I ~ + Sy r
Uﬂé<x-vk+8k§> >Xx v +px,; —qx, +§—C18k.

Thus to obtain the desired bound it suffices to fix rop < 1/(4C) and take k large enough.
The other case can be argued similarly.

287

(5-10)



288 DANIELA DE SILVA, FAUSTO FERRARI AND SANDRO SALSA
Degenerate case. In this case, the negative part of u is negligible and the positive part is close to a
one-plane solution (8 = 0). We prove below that in this setting only ™ enjoys an improvement of flatness.
Lemma 5.2 (improvement of flatness). Let u satisfy

Uop(xn —&) <u™(x) < Up(x, +¢) inBi,0€F(u), (5-11)

with

4

- 2
| fllze) <€ and |u|p=p,) <&

If 0 < r <ry forry universal, and 0 < & < g for some & depending on r, then
£ £
Uo(x‘vl—r§> §u+(x)§U0(x-v1+r§> in B,, (5-12)
with |vi| =1, |vi — e, | < Ce¢ for a universal constant C.

Proof. We argue similarly as in the nondegenerate case.

Step 1: compactness. Fix r < r; with r; universal (made precise in Step 3). Assume for a contradiction

that we can find a sequence g — 0 and a sequence uy of solutions to (1-1) in By with right-hand side fj
with L norm bounded by slf', such that

Uo(xn — &x) < uf (x) < Uo(xy +&;) for x € By, 0 € F(uy), (5-13)

with

- 2
”uk loo < Er>»

but u; does not satisfy the conclusion (5-12) of the lemma. Set

fig (x) = @ x € B} () U F ().
k
Then (5-13) gives
—1 <ig(x) <1 forx € B (up) UF(uy). (5-14)

As in the nondegenerate case, it follows from Corollary 4.5 that as g — 0 the graphs of the iy converge
(up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous function # over
By, N {x, = 0}.

Step 2: limiting solution. We now show that i solves the following Neumann problem:

{Ag:o in By/2 N {x, > 0}, (5-15)

ﬂn =0 on Bl/zﬂ{xn :0}
As before, the interior condition follows easily thus we focus on the boundary condition.
Let ¢ be a function of the form

$(x) = A+ px,+BQ(x —y),
with
Q)= 3[n—Dx;—x'1*, y=(',0, AcR,B>0
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and p > 0. We must show that ¢3 cannot touch u strictly from below at a point xg = (xé, 0) € By).
Suppose that such a ¢ exists and let xq be the touching point.
Let I'y and dy be as in the proof of the nondegenerate case (see (5-7) and subsequent lines). Set

or(x) = T (x) + (d;F (0))%ef,  ax = (1 +exp).

Let
Gr(x) — xp
Ek '

i (x) =
As in the previous case, it follows that in Bfr(qbk) U F(¢r) (@7 (x) = Q0(x —y)),

or(x) = A+ BQ” + px, + Asp + Bper Q7 + exd? + O(sp).

Hence, ¢y converges uniformly to ¢ on B) 2N {x, > 0}. Since i converges uniformly to & and $ touches
u strictly from below at xg, we conclude that there exist a sequence of constants ¢; — 0 and of points
X — xo such that the function

Vi (x) = Pr(x + excren)

touches u; from below at x; € Bf (ur) U F (uy). We claim that x; cannot belong to Bfr (uy). Otherwise,
in a small neighborhood N of x; we would have

Ay > & > || filloo = Aug, Y < g in N\ {xx}, ¥a () = g (xz),

a contradiction.
Thus x; € F(ur) N 8B]/(ng)(y + en(B%k — Agy — 8ka)). For simplicity we set

1
RB = Bl/(ng) (y + en(B_E,‘k — Agy — 8k0k>>-

Let N, be a small neighborhood of x; of size p. Since
||uk_||0058]%7 M/—:Z(xn_gk)—i_,

as in the proof of the Harnack inequality and using the fact that x; € F (ux) N 9%, we can conclude by the
comparison principle that
up <cep(d(x, dB))” in N3,

where d denotes again the signed distance from x to 99%.

Let
Vi in %,

) 5 i (5-16)
cei;(3d(x, 0B) +d~(x, 0RB)) outside of B.

Wi (x) ={

Then Wy touches uy strictly from below at x; € F(ur) N F(Wy).
We will reach a contradiction if we show that

WH2I—(¥,)2>1 on F(¥).
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This is equivalent to showing that

at —cef > 1, oragain (1 +gp)*—cel > 1.

This holds for k large enough, since p > 0. We finally reached a contradiction.

Step 3: contradiction. In this step we can argue as in the final step of the proof of Lemma 4.1 in [De Silva
2011]. ]

6. Proof of the main theorems

In this section we exhibit the proofs of our main results, Theorems 1.1 and 1.2. As already pointed out,
Theorem 1.2 will follow via a blow-up analysis from the flatness result. Thus, first we present the proof
of Theorem 1.1 based on the improvement of flatness lemmas of the previous section.

Proof of Theorem 1.1. To complete the analysis of the degenerate case, we need to deal with the situation
when u is close to a one-plane solution and yet the size of u™ is not negligible. More precisely:

Lemma 6.1. Let u solve (1-1) in B, with

4
| fllz=B,) <€,

and let it satisfy
Uo(xy —€&) <u™(x) <Up(x,+€) inBi, 0€F(u), (6-1)

and

- =2 - 2
lu" [z < Ce°,  |lu™ L) > €7,
for a universal constant C. There is a universal &, > 0 such that, if ¢ < &, the rescaling
Uy (x) = g_l/zu(sl/zx)

satisfies in B
Up (xn — C'e'?) < ue(x) < Up (x, +C'e'/?),

with B’ ~ &2 and C' > 0 depending on C.

Proof. For notational simplicity we set

From our assumptions we can deduce that
F(v) C{—e=x, <¢},
v>0 InBN{x,<—¢}, v=0 1inByN{x, >¢}. (6-2)

Also,
|Av| < g in BN {x, < —¢},
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and

0<v<C ondBy, (6-3)

v(x) >1 at some point x in Bj. (6-4)
Thus, using comparison with the function w such that

Aw=—¢> inD:= B, N{x, < ¢},

w=v ondD,
we obtain that for some k > 0 universal
v<k|x,—e| in By. (6-5)

This fact forces the point x in (6-4) to belong to By N {x, < —e} at a fixed distance § from x, = —¢.
Now, let w be the harmonic function in By N {x, < —&} such that

w=0 onBN{x,=—¢},

w=1v ondB N{x, <—e¢}l
By the maximum principle we conclude that
w+e(Ix>=3)<v on B N{x, <—¢}.
Also, for ¢ small, in view of (6-5) we obtain that
w—ke(|x|>=3)>v ond(B;N{x, < —¢)),
and hence also in the interior. Thus we conclude that
lw—v|<ce in B N{x, <—¢e}. (6-6)
In particular this is true at x, which forces
w(x) > 1/2. (6-7)
By expanding w around (0, —¢) we then obtain, say, in By, N{x, < —¢},
|w —alx, +el| < Clx|* + Ce.
This combined with (6-6) gives that
|v—alx, +¢l| <Ce in BapNix, <—e}.

Moreover, in view of (6-7) and the fact that x occurs at a fixed distance from {x, = —e} we deduce from
the Hopf lemma that

a>c>0,
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with ¢ universal. In conclusion (see (6-5)),
lu™ —be?|x, +el| < Ce®  in Bap Nix, < —e),
u < b82|xn —¢| in By,

with b comparable to a universal constant.
Combining the two inequalities above and the assumption (6-1) we conclude that in B,

(tn — &) —be*(xy — Ce)™ <u(x) < (xy+&)" —be’(x, +Ce)~,
with C > 0 universal and b larger than a universal constant. Rescaling, we obtain that in B
(n —&/2)F = By — Ce'*)™ <ue(x) < (v + /D" = B'(xy + Ce'/?)7,
with B’ ~ 2. We finally need to check that this implies the desired conclusion in B
o (xy — Ce' )T = B'(xy — Ce/?)™ <ue(x) <o/ (xp + Ce'/*) T — B'(x, + Ce'/?) 7,

with @’ = 14 B2 ~ 1 + &*. This clearly holds in B; for & small, say by possibly enlarging C so that
C=>2. O

We are finally ready to exhibit the proof of Theorem 2.8, which as already observed immediately gives
the result of Theorem 1.1.

Proof of Theorem 2.8. Let us fix a universal constant 7 > 0 such that
= 1
r E ro, ri, Ey

where rg, r1 are the universal constants in the improvement of flatness Lemmas 5.1 and 5.2. Also, let us
fix a universal constant £ > O such that

28 <2¢0(F), £1(F), C~", e,

where ¢, €1, &2, C are the constants in Lemmas 5.1, 5.2 and 6.1. Now, let

§=2.

We distinguish two cases. For notational simplicity we assume that u satisfies our assumptions in the ball
B> and 0 € F(u).

Case 1: B > ¢. In this case, in view of Lemma 2.9 and our choice of &, we obtain that u satisfies the
assumptions of Lemma 5.1, namely

Ug(xp, —&) <u(x) <Ug(x,+¢) in By, 0€ F(u), (6-8)

with 0 < 8 < L and

“3 _ 2
| fllzes,) < & <&°B.

Thus we can conclude that (with 8; = ')
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Uy, <x -Vp —f%) <u(x) < Ug, (x V] +F£> in By,

2
with |vi| =1, [v] —e,] < C&, and B —B1] < 5,85. In particular, by our choice of € we have
B1=>¢€/2.
We can therefore rescale and iterate the argument above. Precisely, for k =0, 1,2, ..., set

1
o =7%, e =27%F, uk<x>=ﬁu<pkx>, fi(x) = pi f (prx).

Also, let B; be the constants generated at each k-iteration, hence satisfying (with Sy = 8)
B = Br| < Chrex.
Then we obtain by induction that each uy satisfies
Ug, (x - vk — &) Sup(x) < Upg (x - v +¢&) in By, (6-9)
with ] = 1, [k — vt | < C& (v = ex).
Case 2: B < &. In view of Lemma 2.9 we conclude that
Uo(xn —&) <u™(x) <Up(x,+&) in By.
Moreover, from the assumption (2-5) and the fact that 8 < & we also obtain that
lu™ () < 2.

Let ¢’ be given by ¢’> = 2&. Then u satisfies the assumptions of Lemma 5.2 on improvement of flatness
in the degenerate case:
Uo(xy —€) <ut(x) < Up(x, +¢') in By,
with
I f oy < (D T o) <&,

We conclude that

/

/
Uo(x -V —F%) <ut(x) < U()(x V1 —|—f%) in By,

with |vi| =1, |[v; —e,| < Cé&’ for a universal constant C. We now rescale as in the previous case and set,
fork=0,1,2,...,

) - 1
o =75, e =27%¢, uk(X)ZEu(ka), fex) = pi f(pxx).

We can iterate our argument and obtain that (with |vg| = 1, |vg — Vkr1] < Cey)
Uo(x - vk — &x) < uf (x) < Up(x - vg+er) in By, (6-10)

as long as we can verify that

- 2
llug lLoocB)) < €-
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Let k be the first integer k > 1 for which this fails, that is,

- ) _ )
lug lizosyy = e and  lug_ [lLecs) < €5,

Also,
Uo(x - vg_y —&5_1) <ul_ (x) <Up(x-vp_;+e; ;) in Bi.

As argued several times (see for example (4-14)), we can then conclude from the comparison principle
that

l/tki

2 .
, S Mlx, —eg_yleg_, in Big)o,
for a universal constant M > 0. Thus, by rescaling we get that

- =2
g =By < Cef,

with C universal (depending on the fixed 7). We obtain that u 7 satisfies all the assumptions of Lemma 6.1

and hence the rescaling

1 1/2

v(x) =& Pug(e;*x)

satisfies in Bj
Up (xn — C'el?) < v(x) < Up (rn + C'eg/%),
with g/ ~ 81%. Setn=C sé/ 2. Then v satisfies our free boundary problem in B; with right-hand side

g() =g fr(e;*x)

and the flatness assumption
Up (xn — 1) = v(x) < Up (xp +1).

2 with a universal constant,

Since B’ ~ ez

1/2 _4 2
gl <e’et <n*B'.

as long as & < C” depending on C. In conclusion, choosing & < &o(7)*/(2C*), v falls under the assumptions
of Lemma 5.1 on improvement of flatness (nondegenerate) and we can use an iteration argument as in
Case 1. O

Proof of Theorem 1.2. Although not strictly necessary, we use the following Liouville-type result for
global viscosity solutions to a two-phase homogeneous free boundary problem, which could be of
independent interest.

Lemma 6.2. Let U be a global viscosity solution to
{AU:o in {U > 0}U{U <0},
UH?=U)*=1 onFU):=d{U > 0}.

Assume that F(U) = {x, = g(x'),x" € R~} with Lip(g) < M. Then g is linear and U (x) = Ug(x) for
some B > 0.

(6-11)
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Proof. Assume for simplicity that 0 € F(U). Also, balls (of radius p and centered at 0) in R"! are
denoted by %,,.

By the regularity theory in [Caffarelli 1987], since U is a solution in By, the free boundary F(U) is
C'7 in By with a bound depending only on 7 and on M. Thus,

g(x) —g(0) = Vg(0)-x'| <Clx'|'*®, X' ey,
with C depending only on n, M. Moreover, since U is a global solution, the rescaling
/ 1 / /
gr(x") = Eg(Rx ), x € By,
which preserves the same Lipschitz constant as g, satisfies the same inequality as above, that is,

lgr(x") — gr(0) — Vgr(0) - x'| < C|x|'T*,  x' e By.

This reads,
x') — — -Rx'| < X , x €®B.
|g(Rx") — g(0) —Vg(0)- Rx'| < CR|x|'"*®, x'e®
Thus,
1
180") = 8(0) = Vg(©) - y'| < Co Y™,y € i
Passing to the limit as R — oo we obtain the claim. ]

Proof of Theorem 1.2. Let ¢ be the universal constant in Theorem 2.8. Consider the blow-up sequence

u(dy)
Ok ’

up(x) =
with §; — 0 as k — oo. Each u; solves (1-1) with right-hand side

Ji(x) = 8k f (Skx)
and we have

I feCONl < 8kl fllLe <& for k large enough.

Standard arguments (see for example [Alt et al. 1984]) using the uniform Lipschitz continuity of the uy
and the nondegeneracy of their positive part u;’ (see Lemma 2.5) imply that (up to a subsequence)

ux — u uniformly on compacts
and

{u,'(Ir =0} - {# =0} in the Hausdorff distance.

The blow-up limit # solves the global homogeneous two-phase free boundary problem
Ai=0 in {# > 0}U{i <0)°,

~ - ~ - (6-12)

@H2—(@;)*=1 on F(i) :=d{i > 0}.

Since F'(u) is a Lipschitz graph in a neighborhood of 0, it follows from Lemma 6.2 that i is a two-plane
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solution, i = Ug for some B > 0. Thus, for k large enough,
lug — Uglire <& and {x, <—&}C BiN{uf (x) =0} C {x, <é&}.

Therefore, we can apply our flatness theorem (Theorem 2.8) and conclude that F'(uy), and hence F(u),
are smooth. U

Flatness and e-monotonicity. The flatness results present in the literature (see [Caffarelli 1989], for
instance), are often stated in terms of “c-monotonicity” along a large cone of directions I" (6, e) of axis e
and opening 6y. Precisely, a function u is said to be e-monotone (¢ > 0 small) along the direction t in the
cone I'(0y, e) if for every &’ > ¢,

u(x +¢&'rt) <u(x).

A variant of Theorem 1.1 states the following.

Theorem 6.3. Let u be a solution to (1-1) in By, 0 € F(u). Suppose that u™ is nondegenerate. Then there
exist 0y < /2 and gy > 0 such that if u™ is e-monotone along every direction in T' (8, e,) for some & < g,
then u™ is fully monotone in B, 2 along any direction in I' (01, e,) for some 0 depending on 0y, &o. In
particular F(u) is the graph of a Lipschitz function.

Geometrically, the e-monotonicity of u™* can be interpreted as e-closeness of F(u) to the graph of a
Lipschitz function. Our flatness assumption requires e-closeness of F'(u) to a hyperplane. While this
looks like a somewhat stronger assumption, it is indeed a natural one since it is satisfied for example by
rescaling of solutions around a “regular” point of the free boundary. Moreover, if || f]~ is small enough,
depending on &, it is not hard to check that s-flatness of F(«) implies ce-monotonicity of u™ along the
directions of a flat cone, for a ¢ depending on its opening.

The proof of Theorem 6.3 follows immediately from the following elementary lemma:

Lemma 6.4. Let u be a solution to (1-1) in By, with 0 € F(u). Suppose that u™ is Lipschitz and
nondegenerate. Assume that u™ is e-monotone along every direction in T' (0, e,) for some & < &y. Then
there exist a radius ro > 0 and 8y > 0 depending on &, 6y such that u™ is So-flat in B,,, that is,

{xn =< _80} C Bro N {u+(x) = 0} - {xn = 80}

7. More general operators and free boundary conditions

The setup. In this section we analyze the free boundary problem (1-3), that is,
{ifu =f in Q) UQ™ (), (7-1)
uf =Gu;,x) onFu):=9Q )N,
where f is continuous in Q7 (u) U Q™ (u) with || f ||~y < L, and

£=Ya;(x)Dyj+b-V, a;eC®(Q),beC(QNLYEQ),
ij=1

is uniformly elliptic with constants 0 < A < A.
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We recall that our assumptions on G are:
(H1) G(n,-) € C%7 () uniformly in n; G(-, x) € C7 ([0, L]) for every x € Q.
(H2) G'(-,x) > 0 with G(0, x) > Yy > 0 uniformly in x.
(H3) There exists N > 0 such that =¥ G(n, x) is strictly decreasing in 1, uniformly in x.

We assume that 0 € F'(u) and that a;;(0) = §;;. Also, for notational convenience we set
Go(B)=G(B,0).
Let Ug be the two-plane solution to (7-1) when £ = A, f =0 and G = G, that is,
Ug(x) = owc,;|r —Bx,, B=0, a=Gyf).
The following definitions parallel those in Section 2.

Definition 7.1. Let u be a continuous function in 2. We say that u is a viscosity solution to (1-3) in €2,
if the following conditions are satisfied:

(i) Pu= fin QT (1) U Q™ (u) in the viscosity sense.
(ii) Let xo € F(u) and v € C*(B*(v)) N C*(B~(v)) (B = Bs(xo)) with F(v) € C2. If v touches u from
below (resp. above) at xg € F'(v), then
v, (x0) < G(v; (x0), x0) (resp. >).

Definition 7.2. We say that v € C(Q2) is a C? strict (comparison) subsolution (resp. supersolution) to
(7-1) in Q, if v € C*(Q*(v)) N C%*(2~(v)) and the following conditions are satisfied:

(1) Lv > f (resp. < f)in QT (V) UQ™ (v).

(i1) If xo € F(v), then

vy (x0) > G(v; (x0), x0)  (resp. vl (x0) < G(v; (x0), X0), v (x0) #0).

Observe that the free boundary of a strict comparison sub/supersolution is C2.
From here after, most of the statements and proofs parallel those in Sections 2—6. Thus, we only point
out the main differences as much as possible.

Compactness and localization. As for the problem (1-1), we prove some basic lemmas to reduce the
statement of the flatness theorem to a proper normalized situation. We start with the compactness
Lemma 2.6 which generalizes to operators of the form

k k..
%= afDi.

with a{‘j e C%7 uniformly elliptic with constants A, A and free boundary conditions given by a Gy
satisfying hypotheses (H1)—(H3).
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Lemma 7.3. Let uy be a sequence of (Lipschitz) viscosity solutions to
{|§£§uk| <M in Q@+ () UL (up), 7-2)
W)y = Gy v, x)  on F(u).

Assume that
(1) afj — a;j, uxy — w* uniformly on compact sets,

(i) Gi(n,-) — G(n,-) on compact sets, uniformly on 0 < n < L = Lip(uy), and
(ii1) {u,‘cIr =0} — {(u*)" = 0} in the Hausdorff distance.

Then

> @by =M imQtaHuew),
and u* satisfies the free boundary condition
W)F =G, ,x) onFu,

both in the viscosity sense.

Proof. Set

g* = Z a,-jD,-j.

1P| <M in QT @) UQ W)

The proof that

is standard. We show for example that
Fau*+M >0 inQFu").
Let v € C*(Q*(u*)) touch u* from above at ¥ € QF(1*) and assume by contradiction that

Fo(x)+M <.

Without loss of generality we can assume that v touches u* strictly from above; otherwise we replace v by
vt —x — 7,

n
with n small. Then, since u; — u* uniformly in compact sets and {u,‘cIr =0} - {(w*)* =0} in the

Hausdorff distance, there exists x; — x and constants ¢, — 0 such that v + ¢; touches from above u; at
xx € Q1 (uy), for k large. Then, since |§.E’;uk(xk)| < M we must have

Piv(x) +M = 0.

This implies, for k — oo,
Lv(x)+M =0,

which is a contradiction.
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We now prove that the free boundary condition holds. Let x € F(u™) and v € C2(B+—(v)) NnC 2(B——(v))
with F(v) € C? touch u* from above at X € F(v).
Assume
v (%) < G(v, (X),%), v (X)#0.

We distinguish two cases. For notational simplicity let v(x) = e,. If v, (x) # 0, we can assume that
the free boundaries F(v) and F(u*) touch strictly and that
Lv+M<0 inQT)UQ (v) (7-3)
holds up to F(v). Otherwise, in a small neighborhood of x we replace v with
v(x) = v(x +nlx’ —)E’lze,l) + n |dist(x, F(v))| — C dist(x, F(v))2 (n small, C large).

Then, for a suitable ¢y — 0, v(x 4 cre,,) touches from above uy at x; with x; — x. Then, either for every
(large) k we have x; € QT (u;) U Q™ (uy) or there exists a subsequence, which we still call {x;}, such that
xi € F(uy) for every large k. Thus, either

Za,{(j(xk)DijU(xk +cen) +M=0
or
Uy (xk + cren) = Gr(vy, (xk + cren), X)),
and we easily reach a contradiction for k large.
If v, (X) =0, we replace v~ with zero and argue as above for v™. (I

Lemma 2.5 on the nondegeneracy of the positive part §-away from the free boundary continues to hold

unaltered; only choose
Go(0)

2y

w(x) = (I—|x|77).

The analogue of Lemma 2.7 is the following:

Lemma 7.4. Let u be a Lipschitz solution to (1-3) in By, with Lip(u) < L, ||bllcos | fllec < L. For any
e > 0 there exist 8, > 0 such that if

{xa <=8} CBiN{u"(x) =0} C {x, <3},

with 0 < § < 8, then
lu—UgllL=s;) <er, (7-4)

for some 0 < 8 < L.

Proof. Given ¢ > 0 and r depending on ¢ to be specified later, assume by contradiction that there exist
a sequence §; — 0 and a sequence of solutions u; to the problem (7-2) with M = L + L?, such that
Lip(ux) < L and

{xn < =8} C BiNf{uf (x) =0} C {x, < 8t} (7-5)

but the u; do not satisfy the conclusion (7-4).
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Then, up to a subsequence, the u; converge uniformly on compact set to a function u*. In view of
(7-5) and the nondegeneracy of u,j dr-away from the free boundary (see remark above), we can apply
our compactness Lemma 7.3 and conclude that, for some & := ) " a;; D;; and G in our class,

|Lu*| <M in Bija N {x, # 0}
and
W), = G((u),,x) onFu*)=B,N{x, =0}, (7-6)
in the viscosity sense, with
u* >0 in B, N{x, > 0}.
Thus, by L? Schauder estimates, we have
u* e Cl’};(Bl/z N{x, > 0}) N Cl’};(Bl/z N{x, < 0})
for all y < 1 and (for any 7 small)
||u>"< - (ax: - :an_) ||L°°(B;) = C(”? L)Fl—‘r);a
with 8 = (u*),(0) and « = (u*);} (0) > 0. Thus, from (7-6), we have o = 50(ﬂ).
Then we reach a contradiction as in Lemma 2.7. (I
In view of the lemma above, after proper rescaling, Theorem 1.3 follows from the following result.

Theorem 7.5. Let u be a Lipschitz solution to (1-3) in By, with Lip(u) < L. There exists a universal
constant € > 0 such that, if

lu — UglliLos) <& forsomeO<p <L, (7-7)
{x, <=8} C BiN{ut(x) =0} C {x, <&},

and

[aijlcorsy <& bl <&  IIfll=m) <&,

(G, )]corp) <& forall 0 <n=<L,
then F(u) is C" in By 2.
Linearized problem. The linearized problem becomes (& > 0)

{All:O in B, N {x, # 0},

. PP (7-8)
a@@), —BGy(B) (@), =0 on B,N{x, =0},

with & = Gy (B).
Setting (2 =& and £2 = G, (B) we can write the free boundary condition as
c2at -, =0,

Consequently, all the definitions and conclusions in Section 3 hold, in particular Theorems 3.2-3.4.
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8. The nondegenerate case for general free boundary problems

In this section, we recover lemma on improvement of flatness in the nondegenerate case, that is, when the
solution is trapped between parallel two-plane solutions Uy at ¢ distance, with B > 0. First we need the
Harnack inequality.

The Harnack inequality. As in Section 4, the Harnack inequality follows from the following basic
lemma.

Lemma 8.1. Let u be a viscosity solution to (7-1). There exists a universal constant € > 0 such that, if u
satisfies
u(x) > Ug(x) in By,

with 0 < B < L, and if furthermore we have

I £ llzsy) < e*min{Go(B), B}, [1BllL=(p,) < €7, (8-1)
IG(, x) — Go(le(s,) < &* forall 0<n <L, (8-2)
with 0 < e <g¢g, then, ifat x = %en
u(x) > Upg(x, +¢), (8-3)
then
u(x) > Ug(x, +ce) in By, (8-4)

for some universal 0 < ¢ < 1. Analogously, if u(x) < Ug(x) in By and u(x) < Ug(x, — &), then
u(x) <Ug(x, —ce) in El/z.

Proof. We argue as in the proof of Lemma 4.3 and we only point out the main differences.
By our assumptions, in By,19(x) C Bf(u), u—Ug > 0 solves

Fu—Upg)= f—aby.
Recall that o = Go(B). By the Harnack inequality, we obtain in B /20(X)
u(x) —Up(x) = c(u(x) —Up(x)) = C|| f —abyllL>
Zcu(x) —Ug(x) = CUl flle +allbllz=).
From (8-1), (8-3) and the inequality above we conclude that for ¢ small enough,
u—Upg > ace —aCe® > coae  in By (¥). (8-5)
From (8-5) and the comparison principle it follows that for ¢; small universal
U—ax, >aciex,, xe€f{x,>0}N 519/20. (8-6)
To prove this claim, let ¢ solve

$$=0 in R:=(BiN{x, >0} \ Bi20(X),
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with boundary data
=0 ond(BN{x,>0}),

¢
¢ =1 on 331/20()2).

Then, by boundary Harnack,
¢ >cx, in RN B]g/zo.

We now compare u — ax, with %acoqbs — 8ae?x, + 40[82)6,21 in the domain R to obtain the desired
conclusion.
We now proceed similarly as in Lemma 4.3, with w the function defined in (4-5). We compute

Y aDywx) =y(y +2)lx — X7 Tr(AG — 1) ® (x — X)) — y|x — X772 Tr(A)
>y + Dl — X7 Pnd—ylx =57 nA
=ylx =X nl(y +2)2 — A).

Then
Fw > y|x =37 2n((y + DA — A) — y|1bllpe|x — x| 77!

=ylx — %72 (n((y +2)2 — A) — [1b]| L~ |x — X])
> ylx = X772 (n((y + 24 — A) = bl <) = ko(y, co, n, &, A) >0,

as long as y satisfies
n((y +2)A — A) — ||bljp~ > 0.

Now set v =1 — w and for x € 53/4(5) define
v (x) = a(1 4 c18) (X, — £co8Y (x) +18)" — B(xy — £codY (x) +16) 7,

with § > 0 small to be made precise later, and c; the constant in (8-6).
Then, for t = —c; one can easily verify that

V_e, <Up <u, x€Bj3u(X).
Let 7 be the largest > —cy such that
v (x) <u(x) in B3(X),

and let ¥ be the first touching point. To guarantee that ¥ cannot belong to d B3;4 when < cod we use
(8-6). Indeed if x € dB3/4 and v;(x) > 0 then x,, > 0 and in view of (8-6)

vi(x) =a(l+c18)(x, —ecod +1e) < a(l +c18)x, < u(x).

If v;(x) < O we use that u > Upg to reach again the conclusion that v;(x) < u(x). To proceed as in
Lemma 4.3 we now need to show that for 7 < ¢(8, vy is a strict subsolution in the annulus A.
Indeed, in A (v;) in view of the assumption (8-1) and the computation above for $w, we have

Pvi > alecodko + b,) > e? minfa, B} > || £l co-
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A similar estimate holds in A~ (v7). Thus
B} s At (o) (-
Lvp= f in AT (vp) UA™ (vy),

for & small enough.
Also, since ¥, < —c on F(v;) N A, for & small, we have

K = len —ecoVip| = (1 —2ec08v, + 62382V 1?) > = 1 + kse,

with k between two universal constants.
Then, on F(v;) N A, using (8-2), we can write, as long as ¢ is sufficiently small,

(v;)v —G((v; )y, x) =a(l+cie)k = G(Br, x) = a(l +cr1e)k — Go(Br) — €’
> (1+¢18)Go(B) — Go(B)" — €

> s(;o(,s)(c—z1 - N/€3) =0

if § < c1/(2Nk). We used that Go(8) > G¢(0) > 0 and that Go(B«k) < Go(ﬁ)KN, since n_NGo(n) is
strictly decreasing.

Thus, vy is a strict subsolution to (1-1) in A as desired. Hence ¢ > ¢y8 and we conclude as in the
Laplacian case. (I

With Lemma 8.1 at hand, the Harnack inequality and its corollary follow as in Section 4. We only
state the corollary, since it is indeed the tool used in the proof of the improvement of flatness lemma in
the next subsection.

Corollary 8.2. Let u satisfy at some point xo € B
Up(xn +aop) <u(x) <Upg(xy +bo) in Bi(xo) C Ba, (8-7)

for some 0 < B < L, with

bp—ap < e,

and let (8-1)—(8-2) hold, for e < ¢, & universal. Then in Bi(xg) (with o = Go(B)) we have

ule) —ax in By (u) U F (1),
=1
wO =Bxn =
Be 2

has a Holder modulus of continuity at xo, outside the ball of radius € /¢, that is, for all x € B{(xo), with
|x —xo0l = €/,

e (x) —ite (x0)| < Clx _x0|y-
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Improvement of flatness. We now extend the basic induction step towards C'*” regularity at 0. We argue
as in the proof of Lemma 5.1.

Lemma 8.3. Let u be solution of (1-3) and suppose that
Ug(xy, —¢) <u(x) <Ug(x,+¢) inBy, (8-8)
with0 < B <L,
laij = 8ijll=y <& I flle=) < e*min{Go(B). B}, 1Bl <&,

and
IG(, -) — Go()ll s,y < € forall 0<n<L.

If 0 < r <rg for ro universal, and 0 < & < &g for some &y depending on r, then

3 €
U,g/(x-vl—ri) Su(x)fU,g/(x-vl—i—rE) in B,, (8-9)
with lvi| =1, v —e,] < Ce, and IB—B| < aﬁsfora universal constant C.
Proof. We divide the proof into three steps.

Step 1: compactness. We keep the same notation of Lemma 5.1. In this case, the sequence uy, is a solution

of problem (1-3) for operators
Fr = ZaijkDij +bk.v,
ij
where (with ay = G (B, 0))

la; = 8ijllee <. N fille~ < e minfay, Be} B8]~ <,
and
IGk(n, ) — Gk(1, 0)lloc <& forall 0<n<L. (8-10)

The normalized functions i, are defined by the same formula. Up to a subsequence, Gi(-, 0)
converges, locally uniformly, to some C!-function 50, while g — f so that o — @ = 50(,5). Moreover,
by Corollary 8.2 the graphs of iy converge in the Hausdorff distance to a Holder continuous .

Step 2: limiting solution. We show that i solves

{Aﬁ:O in Bl/zﬂ{xn %0}, 8-11)

&ﬁjz_ - 566(B)ﬁ; =0 on Bl/2 N{x, = 0}.

We can write in Q1 (u*) (in Q@ (u¥) replace oy with ;)

~ 1 1
Z“f/Dij“k = arer ZasDijuk = @(—akbk Vug + 5 = F*,

where |F¥| < Cg.



FREE BOUNDARY REGULARITY IN TWO-PHASE PROBLEMS WITH DISTRIBUTED SOURCES 305

Thus
n
Ally = Z (5,‘1' — a,kj)Dijﬁk + F*.
i,j=1

Hence recalling that ||af‘j —dijlloo < &k, and from interior L” Schauder estimates for second derivatives,
we conclude that, for instance, Auy — 0 in L? on every compact set contained in Q*(@*) or in Q~ (@b).
This shows that u is harmonic in By, N {x, # 0}.

Next, we prove that i satisfies the transmission condition in (8-11) in the viscosity sense.

Again we argue by contradiction. Let ¢ be a function of the form

¢(x) = A+ px, —qx, + BO(x —y),
with
Q@) =3ln—Dx;— X", y=0".0. A B>0, ap—pGypq >0,
and assume that ¢~> touches u strictly from below at a point xg = (x(/), 0) € By;. Asin Lemma 5.1, let
$r = ax T () — BT (6) + a(dyf (0)%e))* + Brldy (1)),

where, we recall,

ar =oar(l+ep), b =Pl +ecq),

and d (x) is the signed distance from x to d By (p) (y +e, (% — Ask)). Moreover,
k

Y (x) = P (x + ercren)

touches u; from below at x;, with ¢, — 0, x; — xp.
We get a contradiction if we prove that ¥ is a strict subsolution to our free boundary problem, that is,

{:Bkwk > fi in B (Y1) U B (Y1),
(W — Ge((Y v, X) >0 on F(yn).
We have

IVl < C, |D;jTx| < Cer, laij —8ij| < &x.

For k large enough, we can write, say in the positive phase of ¥,

e = (£ = A+ Ay > —Cayel +aney, Frdl (x + eceey)
> cminfoy, Beley” = | fillo,
and the first condition is satisfied. An analogous estimate holds in the negative phase.

Finally, since on the zero level set |[VIy| =1 and |Vd,f| = 0, the free boundary condition reduces to
showing that

ary — G (b, x) > 0.
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Using the definition of ay, by we need to check that
ar(1+exp) — Ge(Br(1 +£xq), x) > 0.
From (8-10), it suffices to check that
o (1 +exp) — G(Bi(1 +exq), 0) — & > 0.
This inequality holds for k large in view of the fact that
ap—BGy(B)g > 0.
Thus # is a viscosity solution to the linearized problem.

Step 3: contradiction. According to estimate (3-2), since #(0) = 0 we obtain

i —(x" -V +pxf —qx)| < Cr?, xe€B,,
with
ap—PBGy(Bg =0, [v|=|Vui(0)| <C.
Thus, since iy converges uniformly to & (by slightly enlarging C) we get
iy — (" V' + px—gx;)| < Cr’, xe€B,.

Now set

B =Bi(l+exq), vi= (en+e1(V',0)).

1
V1t e/ ?
Then

a; = Gr(Bi(1 +£19), 0) = Gr(Br, 0) + B Gy (Br, 0)rg + O (&7)

G (B, 0)
= ak(l + ﬂkka—kquk) +0(p) =a(1+ecp) + O(£0),
since from the identity & p — B (N}é(,é)q = (0 we derive that
G (B, 0)
Bi———q=p+O(ep).

Moreover

v =e, +e(V,0)+eft, |t|<C.
With these choices, it follows as in Lemma 5.1 that (for k large and r < rg)
Ui (- v=ei3) i) < O (x-wexz) in B
(x-vp —er= r(x-v —) in
B\ X Vi 8k2 SUp(X) = Upg | X Vi 8k2 s

which leads to a contradiction.
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9. The degenerate case for general free boundary problems

In this section, we recover the improvement of flatness lemma in the degenerate case, that is, when the
negative part of u is negligible and the positive part is close to a one-plane solution (8 =0, o = G(0)).
First we need the Harnack inequality.

The Harnack inequality. As in Section 4, the Harnack inequality in the degenerate case is a consequence
of the following basic lemma.

Lemma 9.1. There exists a universal constant & > O such that if u satisfies

u(x) = Up(x) in By,

with
lu=lle <€*  Ibllze <& | fllze <e*, (9-1)
IG(, ) — Gl <e&* 0<n<Ce 9-2)
then if at x = %en
ut(x) > Up(x, +e), (9-3)
then
ut(x) > Up(x, +ce) in By, 9-4)

for some universal c, with 0 < ¢ < 1. Analogously, if u*(x) < Uy(x) in By and u™(x) < Uy(X, — €), then
ut(x) < Uo(x, —ce) in El/z.
Proof. The proof is the same as for the model case in Lemma 4.6. To prove that
v7(x) = Go(0) (x, — eco¥ + 1) " — &2Cy(x, — ecoy (x) +1€)~, x € B3ja(¥)
is a subsolution in the annulus A, we use the following computation:
Pv; = coCre’Fw — Cr’|by] = 2K (n, 3, A) > £* = || flloo  in AT (v) UA™ (vp),

for ¢ small enough. Here we have used as in Lemma 8.1 that Lw > ko > 0.
Moreover, on F(v;) N A we have

)y — G((W))y) = Go(0) ey — ecoVY| — G(e*Cile, — ecoV|. x) = Celypu| + O(e%) > 0,
as long as ¢ is small enough. ]
We state here the corollary that can be deduced by the degenerate Harnack inequality.

Corollary 9.2. Let u satisfy at some point xo € B;

Uo(x,, +ao) <u(x) < Up(x, +bo) in Bi(xo) C Ba, (9-5)
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with
bo—ap <e,
and let (9-1)—(9-2) hold with ¢ < &, where € is universal. Then in B} (xg)
_ ut(x) = Go(0)x,
T £Go0)

has a Holder modulus of continuity at xq, outside the ball of radius /¢, that is, for all x € By(xg) with
|x —xol = /¢,

|t (x) — ite (x0)| < Clx —xol”.

Improvement of flatness. We prove here the improvement of flatness in the degenerate setting. Recall
that in this case one improves the flatness of u* only.

Lemma 9.3. Let u satisfy

Up(xy — &) <ut(x) < Up(x,+¢) inBy,0€Fu), (9-6)
with
llaij —dijll <&, Nfllren) < gt |1bllLees,) < &%,
IG(™, ) — Goll= <e*, 0<n<Ce?
and

- 2
lu™ |z < €.
If0 <r <ry forr) universal, and 0 < ¢ < &\ for some €| depending on r, then

Uo(x -V —r%) <ut(x) < Uo(x - V1 —i—r%) in B,, 9-7)

with [vi| =1, |[v; — e,| < Ce for a universal constant C.

Proof. Step 1: Compactness. As in Lemma 5.2, it follows from Corollary 9.2 that as & — 0 the graphs
of the

ie(r) = u(x) — G (0, 0)xy,
)= TG0, 0er

converge (up to a subsequence) in the Hausdorff distance to the graph of a Holder continuous function i

x € Bf (ug) U F (uy)

over Bi/» N{x, > 0}. Here the u; solve our free boundary problem (1-3) with coefficients afj, bk, right-
hand side f; and free boundary condition Gy satisfying the assumptions of the lemma for a subsequence
of g going to 0.

Step 2: limiting solution. One shows that & solves the following Neumann problem

{Aﬁ:O in By, N {x, > 0}, 05

IZn =0 on Bl/zﬂ{xn=0}.

We can easily adapt the proof of Lemma 5.2, choosing

b (x) = T (0) + (dF (0))%6)%, ax = G (0, 0)(1 + & p).
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and
Ok (x + creren) in 9B,

ce?(3d(x, dM) + d*(x, d%B)) outside of B,

1
B := Bi/(Bey) (y +en (B_ek — Agg — 8kck)>-

To check the subsolution condition at the free boundary for the function W, (x), we need that

Wi (x) = { (9-9)

with

(W) > Gr((Wy)y, x)  on F(Wy).
This is equivalent to showing that G (0, 0)(1 4 &xp) — G (ce,%, x) > 0 for k large. Since p > 0, this
follows immediately from the assumptions on Gy.

Step 3: contradiction. In this step we can argue as in the final step of the proof of Lemma 4.1 in [De Silva
2011]. O

10. Proofs of the main theorems for general free boundary problems

The proof of Theorem 1.3 and Theorem 1.4 follow the same scheme of the model case. In particular, for
Theorem 1.3, we take care of choosing 77 < %, say, while the other assumptions on 7 remain the same.
Also, & may have to be smaller, depending on y;. The dichotomy degenerate/nondegenerate is handled
through Lemma 6.1 which extends to the variable coefficients case, with minor changes in the proof.
In the proof of Theorem 1.4, the blow-up limit # solves the following global homogeneous two-phase
free boundary problem
Aii =0, in {&i > 0} U {ii <0}°,
{ . L . . (10-1)
i =Go(m,) on F():=a{u>0}.

Now, Lemma 6.2 holds with identical proof for the free boundary condition U, = Go(U,"), so that
the proof of Theorem 1.4 does not present any further difficulty.
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MIURA MAPS AND INVERSE SCATTERING
FOR THE NOVIKOV-VESELOV EQUATION

PETER A. PERRY

We use the inverse scattering method to solve the zero-energy Novikov—Veselov (NV) equation for
initial data of conductivity type, solving a problem posed by Lassas, Mueller, Siltanen, and Stahel. We
exploit Bogdanov’s Miura-type map which transforms solutions of the modified Novikov—Veselov (mNV)
equation into solutions of the NV equation. We show that the Cauchy data of conductivity type considered
by Lassas, Mueller, Siltanen, and Stahel lie in the range of Bogdanov’s Miura-type map, so that it suffices
to study the mNV equation. We solve the mNV equation using the scattering transform associated to the
defocussing Davey—Stewartson II equation.

1. Introduction 311
2. Preliminaries 318
3. Scattering maps and an oscillatory 3-problem 320
4. Restrictions of scattering maps 323
5. Solving the mNV equation 327
6. Solving the NV equation 331
7. Conductivity-type potentials 332
Appendix: Schwarz class inverse scattering for the mNV equation 335
Acknowledgements 340
References 340

1. Introduction

In this paper we will use inverse scattering methods to solve the Novikov—Veselov (NV) equation, a
completely integrable, dispersive nonlinear equation in two space and one time (2 + 1) dimensions, for
the class of conductivity type initial data that we define below. Our results solve a problem posed by
Lassas, Mueller, Siltanen and Stahel [Lassas et al. 2012] in their analytical study of the inverse scattering
method for the NV equation.

Denoting z = x; + ixy, 9= (1/2)(0x, +1i0x,), 0 = (1/2)(0y, — i0y,), the Cauchy problem for the NV
equation is

g+ 3°q+3°q —23(qd~'dq) — 23(qd~"'aq) =0, (1-1)
qli=0 = qo.

Supported in part by NSF grants DMS-0710477 and DMS-1208778.
MSC2010: primary 37K15; secondary 35Q53, 47A40, 78 A46.
Keywords: Novikov—Veselov equation, Miura map, Davey—Stewartson equation.
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where ¢qq is a real-valued function that vanishes at infinity. The NV equation generalizes the celebrated
KdV equation

q: + gxxx + 6q('Ix =0

in the sense that any solution of KdV (after rescaling) solves NV when regarded as a function of (xy, x2, )
with no x;-dependence. As has recently been proved by Angelopoulos [2013], the Cauchy problem for
the NV equation is locally well-posed in the Sobolev space H*(R?) for any s > 1. The inverse scattering
method considered here yields solutions global in time, albeit for a more restrictive class of initial data.

The Novikov—Veselov equation is one of a hierarchy of dispersive nonlinear equations in 2 + 1
dimensions discovered by Novikov and Veselov [1984; 1986]. Up to trivial scalings, our equation is the
zero-energy (E = 0) case of the equation they studied, which reads

g: =4Re(43g + d(qw) — Edq), (1-2)
dw = dq.

In the papers cited, Novikov and Veselov constructed explicit solutions from the spectral data associated
to a two-dimensional Schrédinger problem at a single energy. Novikov conjectured that the inverse
problem for the two-dimensional Schrodinger operator at a fixed energy should be completely solvable
(see the remarks in [Grinevich 2000]), and that inverse scattering for the Schrodinger equation at a fixed
energy E could be used to solve the NV equation at the same energy E by inverse scattering. Subsequent
studies [Grinevich 1986; Grinevich and Manakov 1986; Grinevich and Novikov 1985; 1986; 1988b;
1988a; 1995] further developed the inverse scattering method and constructed multisoliton solutions
(see also [Kazeykina 2012a; 2012b; Kazeykina and Novikov 2011a; 2011b; 2011c] for further results).
Independently, Boiti, Leon, Manna, and Pempinelli [Boiti et al. 1987] proposed an inverse scattering
method to solve the NV equation at zero energy with data vanishing at infinity. We refer the reader to the
recent survey [Croke et al. 2013] for further references and further information on the Novikov—Veselov

equation. Recently, Angelopoulos [2013] has proved local well-posedness for the Novikov—Veselov
1
z.
It has long been understood that the inverse Schrodinger scattering problem at zero energy poses

equation in the space H*(R?) for s >

special challenges (see, for example, the discussion in Part I of supplement 1 in [Grinevich and Novikov
1988a], and the comments in [Grinevich 2000, Section 7.3]). In particular, the scattering transform for
the Schrodinger operator at zero energy is known to be well-behaved only for a special class of potentials,
the potentials of “conductivity type”, which may be thought of as follows.

Definition 1.1. A real-valued function u € Cj° (R?) is called a potential of conductivity type if the equation
(—A+¢q)y =0 admits a unique, strictly positive solution normalized so that 1 (z) = 1 in a neighborhood
of infinity.

Remark 1.2. If g is a potential of conductivity type, it is not difficult to see that the corresponding
Schrédinger operator has no eigenvalues (including no eigenvalues at zero energy), and that ¢ =~ (Ayr)
for a unique strictly positive function v with ¥ (z) = 1 near infinity. See [Music et al. 2013] for further
discussion.
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The class of conductivity type potentials can also be defined for less regular ¢ (see [Nachman 1996,
Theorem 3]), but this definition will suffice for the present purpose. The terminology comes from
the connection of the Schrodinger inverse problem at zero energy with Calderén’s inverse conductivity
problem [Calderén 1980] (see [Nachman 1996] for a solution for conductivities o € WP via the scattering
transform, and see [Astala and Piivirinta 2006] for the solution to Calderdn’s inverse problem for general
y € L, and for references to the literature). The problem is to reconstruct the conductivity y of a
conducting body © C R? from the Dirichlet to Neumann map, defined as follows. Let f € H'/?(32) and
let u € H'(Q) solve the problem

V-()/VM)ZO, M|3Q:f.
This problem has a unique solution for conductivities y € L*°(2) with y(z) > ¢ > 0 for a.e. z. The

Dirichlet to Neumann map is the mapping

9
Ay H20Q) — HV20Q), fryat] |
v laq

Nachman [1996] exploited the fact that v = y!/?u solves the Schrodinger equation at zero energy where
q=y ' PA@'). (1-3)

The Schrodinger problem also has a Dirichlet to Neumann map

5
Ay HY209Q) — H209), fo | |
av laq

defined by the unique solution of
(=A+qv=0, vlhe=/

The operator A, determines and is determined by the scattering data for g of the form (1-3) at zero energy,
and A, determines A, . Note that g is of conductivity type if we take v = y /% and extend ¥ to R*\ Q2
setting ¥ (z) = 1. Nachman showed that the scattering transform at zero energy is well-defined only when
q is of conductivity type (we give a precise statement below) and used the inverse scattering transform to
reconstruct g from its scattering data.

The set of conductivity-type potentials is highly unstable, even under C;° (R?) perturbations of arbitrarily
small size. To explain this, we recall from [Murata 1986] (see also [Gesztesy and Zhao 1995] for more
recent work and further references) that a Schrodinger operator is called

(i) subcritical if —A + g has a positive Green’s function,

(i1) critical if —A + g does not have a positive Green’s function, but the quadratic form
10 = [ (F0@P +a@@P) AR
R

on Cgo([Rz) X Cgo([RRz) is nonnegative, or

(iii) supercritical if the quadratic form ¢ is not nonnegative.
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It follows from Theorem 3.1(iii) of [Murata 1986] that a conductivity-type potential is critical. From
Theorem 2.4(i) of the same reference we may conclude that for any w € Cgo([RRz) and any A > 0, the
potential gg — Aw is subcritical and not of conductivity type. We refer the reader to Appendix B of [Music
et al. 2013] for further details.

Thus, the set of conductivity-type potentials is nowhere dense in any reasonable function space! For
this reason one expects the direct and inverse scattering maps for the Schrédinger operator at zero energy
not to have good continuity properties as a function of the potential g.

Let us describe the direct scattering transform 7~ and inverse scattering transform Q for the Schrodinger
operator at zero energy in more detail (see [Nachman 1996] and [Lassas et al. 2012] for details and
references). To define the direct scattering map 7 on potentials g € Cgo([Riz), we seek complex geometric
optics (CGO) solutions ¥ = ¥ (z, k) of

(—~A+q)y =0, (1-4)
which satisfy the asymptotic condition
lim e %y (z, k) =1 (1-5)
z]—>00

for a fixed k € C. Let m(z, k) = e "1y (z, k). Assuming that the problem (1-4)—(1-5) has a unique
solution for all k, we define the scattering transform t = 7 ¢ via the formula

t(k) = / D g (A (2, k) dA(2), (1-6)

where d A(z) is Lebesgue measure on R%. The surprising fact is that, if t is well-behaved, the solutions
¥ (z, k), and hence the potential g, may be recovered from t(k). This fact leads to an inverse scattering
transform g = Ot given by

q(z) = #51 ( [D %e“"”’@m(z, k) dA(k)). (1-7)

Boiti, Leon, Manna and Pempinelli [Boiti et al. 1987], proposed an inverse scattering solution to the
Novikov—Veselov equation using these maps:

(1) = Q(" @O (Tgg) (), (1-8)

and gave formal arguments to justify it. The maps were further studied in [Tsai 1993]. Lassas, Mueller,
Siltanen, and Stahel [Lassas et al. 2012], building on [Lassas et al. 2007], showed that the scattering
transforms are well-defined for certain potentials of conductivity type. For conductivity-type potentials,
they proved that 7 and Q are inverses, and that (1-8) defines a continuous L” (R?)-valued function of ¢ for
p € (1, 2). They conjectured that ¢ (¢) is in fact a classical solution of (1-1) if go is a smooth, decreasing,
real-valued potential of conductivity type but were unable to prove that this was the case.

The fact, already mentioned, that conductivity-type potentials are a nowhere dense set in the space of
potentials, suggests that studying the NV equation using the maps 7 and Q is likely to be technically
challenging. The following result of Nachman makes the difficulty clearer. For given ¢, let &, be the
set of all k for which the problem (1-4)—(1-5) does not have a unique solution. Let Lg (R?) denote the
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Banach space of real-valued measurable functions g with

1/p
lgllpy = |:/(1 + |Z|)pp|q(z)|pdA(z):| < 00.

Theorem 1.3 [Nachman 1996, Theorem 3]. Suppose that q € Lﬁ([R{z) for some p € (1,2), and p > 1:
The following are equivalent:

(i) The set &, is empty and |t(k)| < C|k|° for some fixed ¢ > 0 and all sufficiently small k.

(ii) There is a real-valued function y € L®(R?) with y(z) > ¢ > 0 for a.e. z and a fixed constant ¢ so
that g = y =2 A(y1/?).

One should think of y as ¥ where v is the unique normalized positive solution of (—A +¢)y¥ =0
for a potential of conductivity type. Nachman’s result suggests that non-conductivity type potentials will
have singular scattering transforms: Music, Perry and Siltanen [Music et al. 2013] construct an explicit
one-parameter deformation A — g, of a conductivity type potentials (g is of conductivity type, but g,
is not for A # 0) for which the corresponding family A +— t, of scattering transforms has an essential
singularity at A = 0.

We will show that, nonetheless, the formula (1-8) does yield classical solutions of the NV equation
for a much larger class of initial data than considered in [Lassas et al. 2012]. We achieve this result
by circumventing the scattering maps studied in [Lassas et al. 2012]. Instead, we exploit Bogdanov’s
observation [1987] (see also [Dubrovsky and Gramolin 2008; 2009]) that the Miura-type map

M(v) =20v + |v|? (1-9)
takes solutions u of the modified Novikov—Veselov (mNV) equation
ur 4+ (3> + 0% u — NL(u) =0, (1-10)
where
NL@u) = 3@i)- @3~ (lul®) + 3 @u) - (30 (|u|®) + 2489~ (@@du) + 3ud =" (@ (@du)),

to solutions g of the NV equation. This map is an analogue of the celebrated Miura map u > u, + u>
which takes solutions of the modified Korteweg—de Vries equation to solutions of the Korteweg—de Vries
equation [Miura 1968; Kappeler et al. 2005]. We remark that local well-posedness for the mNV equation
in H*(R?) for any s > 1 was recently proved in [Angelopoulos 2013].

In (1-9), the domain of the Miura map is understood to be smooth functions v with dv = dv. As we will
show, the range of this Miura-type map consists exactly of initial data of conductivity type! In particular,
we show that the range of M contains the conductivity-type potentials studied by in [Lassas et al. 2012].

Thus, to solve the NV equation for initial data of conductivity type, it suffices to solve the mNV equation
and use the map M to obtain a solution of NV. The mNV equation is a member of the Davey—Stewartson II
hierarchy, so the well-known scattering maps for the DS II hierarchy (see [Fokas and Ablowitz 1983;
1984; Beals and Coifman 1984; 1985; 1989; 1990; Brown 2001; Perry 2011; Sung 1994a; 1994b; 1994c])
can be used to solve the Cauchy problem for mNV. We denote by R and Z respectively the scattering
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transform and inverse scattering transform associated to the defocusing DS II equation (see Section 3 for
the definitions). We show in Appendix A that the function

u(t) = Z(exp((3* — 0%)1)(Rup) (o)) (1-11)

is a classical solution of the mNV equation (1-10) for initial data ug € S (R?).

In order to obtain good mapping properties for the solution map u¢ > u(¢) defined by (1-11), we need
local Lipschitz continuity of the maps Z and 'R on spaces that are preserved under the flow (compare
the treatment of the cubic NLS in one dimension in [Deift and Zhou 2003] and the Sobolev mapping
properties for the scattering maps for NLS proven in [Zhou 1998]). In [Perry 2011] it was shown that R
and 7 are mutually inverse mappings of H!!(R?) into itself where

H™"(R?) = {u e L2 : (1= )" 2u, (1+]-)"u(-) € LR}
In order to use (1-11), we need the following refined mapping property of Z and k.

Theorem 1.4. The scattering maps R and 1 restrict to locally Lipschitz continuous maps
R:H*'(R*) — H'"*R?), ZI:H"“R>»— H*'(R?).
This immediately implies that the solution formula (1-11) defines a continuous map
H*'(R?) — C([0, T]; H*'(RY), t+> u(t),
for any T > 0. We say that u is a weak solution of the mNV equation (see (5-1)) on [0, T'] if
(¢ + 30+ 3¢, u) + (9, NL()) =0, (1-12)

for all ¢ € Cgo([R2 x [0, T]), where (-, -) denotes the inner product on L?(R? x [0, T]). We will show
that (1-11) defines a weak solution in this sense and that, also, the flow (1-11) leaves the domain of M
invariant. We will prove:

Theorem 1.5. For ug € S(R?), the solution Sformula (1-11) gives a classical solution of mNV. Moreover,
ifug € H>'(R*) N LY (R?), dug = dug, and Juo(z) dA(z) =0, then u(t) is a weak solution of mNV and
the relations (du)(-,t) = (du)(-,t) and f u(z,t)dA(z) =0 hold for all t.

Now we can solve the NV equation using the solution map for mNV and the Miura map (1-9). We say
that ¢ is a weak solution of the NV equation on [0, T'] if

(@ + 9+ 30, q) + 339, g0 '9g) + 53¢, g9 '3q) =0, (1-13)
for all ¢ € C(()’O([R2 x (0, T)). Using Theorem 1.5, we will prove:

Theorem 1.6. Suppose that gy = 20ug + |ug|> where ug € H>'(R*) N L'(R?), duy = dug, and
Juo(z) dA(z) =0. Then
q(t) = M(Z(2" O+ O (Rug) (o)) (1-14)

is a weak solution the NV equation with initial data qq. If ug € S(R?), then q () is a classical solution of
the NV equation.



INVERSE SCATTERING FOR THE NOVIKOV-VESELOV EQUATION 317

The class of initial data covered by Theorem 1.6 includes the conductivity-type potentials considered
in [Lassas et al. 2012]. The connection between that work and ours is given in the following theorem.

Theorem 1.7. Suppose that ug € Cg° (R?) with fuo(z) dA(z) =0 and dug = dug, and let go = 2duo~+|ug|>.
Then, for any t,
Qe (Tgp) (0)) = MI(e @~ (Rug) (),

and their common value is a classical solution to the Novikov—Veselov equation.

It should be noted that the solution formula (1-14) provides a solution which exists globally in time. On
the other hand, Taimanov and Tsaryov [2007; 2008a; 2008b; 2010]] have used Moutard transformations
to construct explicit, nonsingular Cauchy data go with rapid decay at infinity and having the following
properties: (i) the Schrédinger operator —A + go has nonzero eigenvalues at zero energy (and so is not of
conductivity type) and (ii) the solution of (1-1) with Cauchy data gy blows up in finite time.

To close this introduction, we comment on the seemingly restrictive hypothesis in Theorems 1.6 and
1.7. In both theorems, we assume that f ug = 0. To understand what this assumption means, we recall that
if pg = 8~ 'uo, then the unique, positive, normalized zero-energy solution of the Schrodinger equation
(1-4) is given by ¥y = exp(¢y). For ug € S(R?) say, we have from the integral expression for 9! that

1 d
$0(z) = ——M—i—@(lzl_z),
b4 Z
so that, to leading order
1 d
Yo— 1= __M +0(z|™).
b4 b4

Recalling that y /2(z) = yy(z) we see that the vanishing of [ uo(z) dA(z) implies that y (z) —1 = O(z]72)
as |z| — oo. In particular, for conductivities with y = 1 outside a compact set, f up(z) dAz) =0.
Indeed, suppose that ¢ = y‘l/ 2A(yl/ 2) in distribution sense, where y € L>®(R?), y(z) > c >0, and
suppose further that A(Vy) and y — 1 belong to L?*(R?). It follows that ¢ = logy € H3'(R?) and the
function
u=29¢

belongs to H>!. We then compute that ¢ = 29u + |u|>. If we have stronger decay of y (z) as |z| — 00,
this will imply additional decay of ¢(z) that can be used to check f u(z) dA(z) =0 by Green’s formula
Jq09dA(R) =3 [0 0y, +ivy,)do.

The structure of this paper is as follows. In Section 2 we review some important linear and multilinear
estimates which will be used to study the scattering maps R and Z. In Section 3 we recall how the
scattering maps R and Z for the Davey—Stewartson system are defined, while in Section 4 we prove that
R:H>'(R*) - H'2(R?) and Z: H"2(R?*) - H>'(R?) are locally Lipschitz continuous. In Section 5 we
solve the mNV equation using the inverse scattering method and prove that, for initial data ug € H>'(R?)
with duo = dug and fRZ uo(z) dA(z) =0, the condition du = du holds for all # > 0. In Section 6 we prove
Theorem 1.6. In Section 7 we show that our class of potentials extends the class of conductivity type
potentials considered in [Lassas et al. 2012], and that our solution coincides with theirs where the two
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constructions overlap. Appendix A sketches the solution of the mNV equation by scattering theory for
initial data in the Schwarz class.

2. Preliminaries

Notation. In what follows, || - ||, denotes the usual L”-norm and p’ = p/(p — 1) denotes the conjugate
exponent. If f is a function of (z, k), f(z, ©) (resp. f(-, k)) denotes f with a generic argument in the z
(resp. k) variable. We will write L? or L,f for LP-spaces with respect to the z or k variable, and L? (LZ)
for the mixed spaces with norm

1/p
||f||L§(LZ) = (/ If (z, <>)||gdA(Z)> .

If f is a function of z and %, || f ||~ denotes ||f||LDO(Rng£).
In what follows, (-, -) denotes the pairing

1 _
(0= / F@ () dAG).

We will call a mapping f from a Banach space X to a Banach space Y a locally Lipschitz continuous
map (LLCM) if, for any bounded subset B of X, there is a positive constant C = C(B) such that, for all
X1, X2 € B,

If(xD) = fx2)lly < C(B)llx1 — x2llx.

For example, if M : X" — Y is a continuous multilinear map, then

S M f o )
is an LLCM from X to Y.

Cauchy transforms. The integral operators

1 1 — 1 1
Pl//z—/;f(f)dm(i), PWZ—/ﬁf@)dﬂl(C)

3 T

are formal inverses respectively of d and 3. We denote by P; and P the corresponding formal inverses
of 9; and 9. The following estimates are standard (see, for example, [Astala et al. 2009, Section 4.3] or
[Vekua 1959]).

Lemma 2.1. (i) Forany p € (2,00) and f € L**/P*2 | Pf |, < Cpll fll2p/(p+2)-

(it) Forany p,qwithl <q <2 <p <oocandany f € LPNLY, |Pflleoc < Cpyll fllLrnre and Pf is
Holder continuous of order (p — 2)/p with

I(PF)(2) — (PF)(w)| < Cplz —w| P22 £ .
(ili) For2<p,qanduc L® forq ' +1/2=p ' +s7,

1P @y)llg < Cpgllullsllyrlp-
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Remark 2.2. If p > 2 and u € L*® for s € (1, 00), then estimate (iii) holds true for any g > 2.

Beurling transform. The operator

1
(Sf)(Z)=—181II(}; S (z— )zf(w)dw (2-1)
defined as a Calderén—Zygmund type singular integral, has the property that for f € C;° (R?) we have
S f) = df. The operator S is a bounded operator on L? for p € (1, co) (see, for example, [Astala et al.
2009, Section 4.5.2]). This fact allows us to obtain L”-estimates on d-derivatives of functions of interest
from LP-estimates on d-derivatives.

We will also need the following trivial estimate on the Beurling transform of a smooth, rapidly
decreasing function.

Lemma 2.3. Suppose that M > 2 and sup, -, |D*g(z)| < C(1+ lz)™M. Forany Bwith0<p <M —2
and B < 2, the estimate |S(g)| < C(1 + |z))~? holds.

Proof. Compute

1 1
dw = d
/e<|w| (Z - )Zf(w) Y= </£<Iz—w|<l * ~/;—w>l) (Z - )2 f(w) v

In the first term we may Taylor-expand f(w), note that | —w)~2dw =0, and conclude that the

e<|w|<l1 (Z
first term is estimated by

C sup [(D¥f(w)l,

lee] <2
lz—w|=1

which is O(|z]™™) by hypothesis. The second term is estimated by a constant times
(1+|z|)_ﬂ/ : : dw,
(I+lz—wh>F (L + [whM-F
which gives the required decay. U

Brascamp-Lieb type estimates. A fundamental role is played by the following multilinear estimate due
to Russell Brown [2001], who initiated their use in the analysis of the DS II scattering maps. See [Christ
2011] for a proof of these estimates using the methods of Bennett, Carbery, Christ and Tao [Bennett et al.
2008; 2010], and see [Nie and Brown 2011] for a different proof. Define

An(p,uo,ul,_,_,m):f@ ) P Olluoo)l - uanl

2k
[Tz lzj-1 — 2l

where d A(z) is product measure on C2*! and set
2n

r=Y (-1)z. (2-2)
=0

2n
Proposition 2.4 [Brown 2001]. The estimate |A,(p, ug, u1, ..., u2,)| < Cullpll2 [T lu;ll2 holds.
j=0
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Remark 2.5. For uy, ..., us, € S(R?), define operators W; by Wi = Pegu jlz. Proposition 2.4 implies
that

F(k) = (ekuo, W] W2 . W2n1> (2—3)

is a multilinear L%(Rz)—valued function of (uo, ..., uz,) with

2n
IFl < C ] lujla:

j=0
Pseudodifferential operators. In Section 5 we will use pseudodifferential operators to prove key estimates
on a third-order linear evolution equation. We recall that a function p € C*°(R" x R") belongs to the
symbol class §™ (R") if for all multiindices «, §, the seminorms

Pup(p)i= sup |[(L+[ED" “p(x, £)]. (2-4)
(x,&)eR xR"

are finite. The corresponding pseudodifferential operator P (x, D) is given by the Weyl quantization

[ r(532e)e < smay,

(P(x, D) )(y) = 5

2m)"

for f € S(R"), and we say that P(x, D) € OPS™(R"). We also write o (P) for p. For the Weyl
quantization, if p is a real-valued symbol, then p(x, D) is formally symmetric.

The celebrated Calderén—Vaillancourt theorem [1972] implies that if p € § O(R"), then p(x, D) extends
to a bounded operator on L*(R™). If { p(x, &, t)}iefo,17 s a smooth family of symbols in SO(R™) with the
seminorms (2-4) bounded uniformly in ¢ € [0, T'] for each fixed «, 8, then ||p(x, D, t)||;2 is bounded
independently of ¢ € [0, T'].

We will also use a simple version of the sharp Garding inequality: if P € OPS!(R") and p(x, £) is
real-valued and nonnegative for x € R"” and £ outside a compact subset of R", there is a constant C such that

(¢, P(x, D)) = =Cllgll? (2-5)
for all ¢ € C3°(R"). If p(x, &, 1) is a smooth family of symbols in SO(R™) such that

(i) the seminorms (2-4) are bounded uniformly in ¢ € [0, T'] for each fixed «, 8, and

(1) p(x,é&,1t) is real-valued and nonnegative for x € R" and & outside a fixed compact subset of R”,
independent of ¢ € [0, T'].

Then the lower bound (2-5) holds for a C independent of ¢ € [0, T'].

3. Scattering maps and an oscillatory 3-problem

First, we recall that the Davey—Stewartson scattering maps R and Z are both defined by d-problems; see
[Perry 2011] for discussion. The inverse scattering method for the Davey—Stewartson I equation was
developed by Ablowitz and Fokas [1983; 1984] and Beals and Coifman [1984; 1985; 1989; 1990]. Sung
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[1994a; 1994b; 1994c] and Brown [2001] carried out detailed analytical studies of the direct and inverse
scattering maps.
For a complex parameter k and for z = x| + ixy, let

e = elEkaz‘
Given u € H'"!(R?) and k € C, there exists a unique bounded continuous solution of
5,ul = %ekuu_z, (3-D
o = %Ekuu_l,
lim (n1(z, k), pa(z, k)) = (1, 0).
|z]—>o00

We then define r = Ru by

ro =1 f ec(@u()1 (k) dA ). (3-2)
On the other hand, it can be shown that
vi=p1 and vy =eri2 (3-3)
solve a d-problem in the k variable:
Bivn = e, (3-4)

5kv2 = %ekrvl ,

‘klli_{noo(vl(z, k), v2(z, k)) = (1, 0),

and that this solution is unique within the space of bounded continuous functions. Given r € H"!(R?),
we solve the d-system (3-4) and define u = Zr by

M(Z)Z%fe—k(z)r(k)w(z,k)dA(k)- (3-5)

Theorem 3.1 [Perry 2011]. The maps R and I, initially defined on S(R?), extend to LLCM’s from
H(R?) to itself. Moreover RoZ =T oR = I, where I denotes the identity map on H"'(R?).

In what follows, we will study the restriction of the maps R and Z respectively to H>'(R?) and
H'2(R?), and obtain refined continuity results. To do so, we first describe three basic tools used in [Perry
2011] to analyze the generic system

dw = %eku@, (3-6)
dwn = jepudi,

lim (wi(z, k), wa(z, k)) = (1, 0),

z] =00
for unknown functions w;(z, k) and w,(z, k), where k is a complex parameter, and u € H L1(R?). We
refer the reader to [Perry 2011] for the proofs. We don’t state the obvious analogues of the facts below
when the roles of k and z are reversed, but use them freely in what follows.
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1. Finite LP-expansions. In [Perry 2011] it is shown that the system (3-6) has a unique solution in LZ°.
This result, and further analysis of the solution, is a consequence of the following facts, which we recall
from Section 3 of the same reference. Let T be the antilinear operator

Ty = Pejuy,

which is a bounded operator from L to itself for p € (2, oo] if u € H'! by Lemma 2.1(i). The system
(3-6) is equivalent to the integral equation

w; =1 +T2w1

and the auxiliary formula w; = Tw;. The operator I — T2 has trivial kernel as a map from L?(R?) to
itself for any p € (2, oo], and the estimate

IT? Lo rr < Cpllullz, 1+ kD!

holds for any p € (2, 00). For any p € (2, o0), the resolvent (I — T%)~! is bounded uniformly in k € C
and u in bounded subsets of H''! as an operator from L to itself. Note that if u € H"!, the expression
T1= %Peku is a well-defined element of L? for all p € (2, oo]. The unique solution of (3-6) is given by

w—1=I-TH7'T?1, w,=Tuw.
From these facts, one has (see [Perry 2011, Section 3]):
Lemma 3.2 (finite L?-expansions). For any positive integer N, the expansions
N N
wp— 1 :ZT2]1+R1,N and wQZZTZJ_ll—l-Rz,N

j=1 j=1
hold, where the maps

urs (L+1oDVRin(-,0), ur> A+[oDVRon(-,0)
are LLCMs from HV'(R?) into Ly (LY.

2. Multilinear estimates. Substituting the expansions into the representation formulas (3-5) and (3-2)
leads to expressions of the form

<e>kw7 Fj>’

where e, denotes e; or e_, w is a monomial in u and its derivatives, and F; denotes T%1 or T%/ 1
for j > 1. We assume that w is bounded in L? norm by a power of ||u|| ;2.1. The following fact is an
immediate consequence of Remark 2.5.

Lemma 3.3. The map u > (e.w, F;) is an LLCM from H*>'(R?) to L3 (R?).

3. Large-parameter expansions. Finally, the following large-z finite expansions for w; and wy will be
useful. We omit the straightforward computational proof.



INVERSE SCATTERING FOR THE NOVIKOV-VESELOV EQUATION 323

Lemma 3.4. Foru e H"'(R?),

wi(z, k) —1= e f ex (DHu@Hwr (2, k) dm(Z') + L/ e )z/u(z Ywa (2, k) dm(Z),
277 2nz ) z—7

and similarly

! N (N oy o [ @D
w2 (2, k) = 5— | ex(@u()wi (', k) dm(z) + 5— -2 u(wi (@, k) dm(2).
2z 2nz ) z—7
Analogous expansions hold for the 3-problem in the k variables.

4. Restrictions of scattering maps

In this section we prove Theorem 1.4. By virtue of Theorem 3.1, it suffices to show that the maps
H>'sur |o)?r(0) and H"? 5 r — Au € L? are LLCMs. First, we prove:

Lemma 4.1. The map u > | ¢ |*r (o) is an LLCM from H>'(R?) to L*>(R?).

Proof. We carry out all computations on u € C§° (R?) and extend by density to H>!(R?). Note that
lull, < Cpllullg2a for all p € (1, 00) and [[dul|, < Cpllull g21 for p € [2, 00). An integration by parts
using (3-2) and the identity dey = —key shows that (up to trivial factors)

2 - - _ k 2
Ld r(k)=—k/€k(au)—k/€k(3u)(ul —1)—5/|M| M2
=L+ L+,

where in the last term we used

= zekuuz 4-1)
I: This term is the Fourier transform of ddu and hence defines a linear map from H>! to L,%.

I>: An integration by parts using (3-2), the identity d(ex) = —kex, and (4-1) again shows that

1—12 )i — D+~ [ @0
2—%(/&(( u)(py — )+§/u up

=D+ In.

In I;; weinsert 1 = y + (1 — x), where x € Cgo(le) satisfies 0 < x(z) <1, x(z) =1 for |z] <1, and
x(z) =0 for |z| > 2. Drop the unimodular factor k /k and write Iy = I, in |+ 15 °“t corresponding to this
decomposition. Since xd%u € L? for any p > 2, we may use Lemma 3.2 to get the expansion

N
D=y / ex(@2u) x (T?1) + / ex(@®u)x (I — TH~IT2+21,
j=1

By Lemmas 3.2 and 3.3 and the fact that x9%u € L', each right-hand term defines an LLCM from H>!

to L,%, hence u +— I;]" is an LLCM. In 1201‘“, we use Lemma 3.4 to write
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/ek(l — )d*u(xi — 1)

_ a2yl _ 1 N
= 2n</€k(1 x)(07u)z )(/e—kuuz)-i-z(e—k(l x)(0°u)z ,Pe—kul(Tm))- 4-2)

The first term on the second line of (4-2) is the product of the Fourier transform of the L>-function
(1—x(2))(3%u)(z)z~" and the function [ e_yiips. Since u € L” for all p > 2 while u — p is an LLCM
from H"! to L;O(Lf), the map u > [ e_ips is an LLCM from H?! to L, so the first right-hand
term in (4-2) defines an LLCM from H>! to Li. The second right-hand term in (4-2) may be controlled
using Lemmas 3.2 and 3.3. This shows that u > I, and hence u +> Iy, defines an LLCM from H?!
to L,%. Finally, to control /I»;, we note that udu € L” for p > 2. Hence, using Lemma 3.2 we obtain

N
Iy = Z/aau T2+ +[(ﬁ8u)(1 —THT¥ . (4-3)
j=0

To control terms in the finite sum in (4-3), we write
/ﬁausz“l = (udii, Plexu(T2/1)])
= —(e—xu P(udir), T?1).

and apply Lemma 3.3 since ||u P (udu) ||, < Cllull y21. The second right-hand term in (4-3) defines an
LLCM from H*! to Li by Lemma 3.2. Hence, u + I, is a LLCM from H*! to L%.

I3: Note that |u|* € L? for all p > 2 and use the expansion of p; to write I3 as

Yok k
Z—§/|M|2T2‘1+11—5/|M|2(1—T2)_1T2N+31.
Jj=1

The remainder is an LLCM from H>! to L,% by Lemma 3.2. A given term in the finite sum is written (up
to constant factors)

k{jul?, Plexu(T21)]) = k{e_ga P (Ju|*), T%1) (4-4)
= —(0(e_xa P(u*)), T2 1)+ (e_d(@P (jul?), T 1),
where we integrated by parts to remove the factor of k. The first term on the second line of (4-4) is
(et P(lul), (T2 1)) = (e_git P(|ul?), e_xit P(exuT?~21))
= (e P(u*P(jul?), T%~21),

which defines an LLCM from H*! to L? by Lemma 3.3 since @ P (Ju|>P(Ju|*)) € L% The second
right-hand term is treated similarly. Hence u — I3 is an LLCM from H>! to Li.
Collecting these results, we conclude that u — | ¢ |27 (¢) is an LLCM from H>! to L,%. O

Lemma 4.2. The map r — Au is an LLCM from H>'(R?) to L*(R?).
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Proof. Since r € H'? we have kr(k) € L? for all p € (1,2],r € L? for all p € [1, 0o) and dr € L? for
all p € [2, 00). A straightforward computation shows that

aguzflklze_kr+/ Iklze_kr(vl—1)—/I€e_kr8v1+/ke_kr5v1+/e_kr85v1
=h+hLh+L+14+1s,

where all derivatives are taken with respect to z. We now show that each of I1—I5 defines a locally
Lipschitz continuous map from H>! 5 r into L?.

I;: This term is the Fourier transform of d9r and hence L2.

I: Inserting 1 = x + (1 — x) in I, where yx is as in the proof of Lemma 4.1 (except that, here, x is a
function of k, not z), we have I, = I»; + I, where

Iy = / e kPxr = 1), Iy = / et [kIPr(1 = )1 — D).

We will show that I, and I, are both LLCMs from H!2 to L%. Since |k|2)(r e L for any p > 2, we
can use Lemma 3.2 for v; — 1 together with Lemma 3.3 to conclude that » + I is an LLCM from H 1.2
to L?. For I, we use the one-step large-k expansion of vi — 1 (Lemma 3.4):

( k>_1__L/ OF @ R R) d (k/)—i/e”@k/ @) 2 B dm(K)
V1(Z, = 27‘[k e \2)r W(Z, m 27‘[]{ k—k’ r m(Z, m .

‘We then have
I = / e_xkr (1 — x)(F1 + F2),

where

Fi(z) = _L / ewr (K va(z, k) dm(k'),
27

Fa(z, k) =_% / ;k_(i) K'r (&) va(z. k) dm(K).

It is easy to see that || F e < [|r[|1[[v2]lcos SO that r + F is an LLCM from H'? to L2°. Moreover,
f e_rkr(1 — x) is the inverse Fourier transform of the L? function ()r(¢)(1 — x (¢)). Hence, the map
r— f e_klzr(l — x)F} is an LLCM from H'? to Lg. Next, we may use Lemma 3.2 in F; to conclude

that
N

1 —
Fr=—3 ; Pi(exkF T2 1) = = Pe(exk? (1 = T2~ TN 1), (4-5)

The corresponding contributions to I, from terms in the finite sum from (4-5) define LLCMs from H'-?
to L% by Lemma 3.3, while by the remainder estimate in Lemma 3.2, the mapping

r> Pepki (I —T*)~'T2N+3
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is an LLCM from H'? to L%(L,f ) for p > 2. Using these estimates we may conclude that
7 /e_klgr(l —x)F

is an LLCM from H'? to Lg.
I3: Since 1 = vy, we conclude from (4-1) and (3-3) that

3.v1 = Yexuitz = yuvy, (4-6)

so that .
L= / fe-r (@0~ (@v1) = — f Fe_yr (@31 (uvy).

Proceeding as in the analysis of /5, in Lemma 4.1, we use the one-step large-k expansion (Lemma 3.4) to

obtain
v (z k)——i ex () r(k)v(z k')dm(k/)—L/e’"—(Z)k/r(P)v (z, k) dm(k')
2= 00k )k 2 nk ) k—k 2
=F+ F.

Hence, up to trivial factors,

I3 =fe_kr(351)[u(F1 + Fy)].
By Minkowski’s inequality,
IHslzs = 5 / 108 @F + F)]
Observe that |33~ (uF1) |2 < ClluFi 12, while

-1
190" @k Lr 12y = Cpllul2ll F2llpp ey = Cpllull2ll(@)r () l2p/pr2) V2]l
(where ||v2]|co means ||v2||LOO(R§X[R]%)), so that altogether
1131l 2 < Cllull2l7 [ g12(1 4+ [[v2lloo)-

Thus I5 € L%. The local Lipschitz continuity of /3 follows from that of r — u and r — v».

/ke_kr5v1 =g/€_kkFV2,

so it suffices to show that r > [ e_gkrv, is an LLCM from H'"2 to LY. Since kr € L? for p > 2, and
r + vy is an LLCM from H!! to L, the result follows.

I4: Using (4-6) again, we compute

Is: Compute
I5=fe_kr8(uvz)=8u/e_krvz+u/e_kr(8vz). 4-7)
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The first right-hand term in (4-7) defines an LLCM from H 2 to Lg since r — du has this property. Thus,
to control the first right-hand term, it suffices to show that r f e_;rv, defines an LLCM from H'2 to
L2°. To see this, note that r € L? for p>2, and r — v, is an LLCM from H"! to L°(L?). To control
the second right-hand term in (4-7), recall that vy = ex 1>, so that the second term is written

o fuf?
—u krekvz—i—T e_rrvy. (4-8)

Since u and |u|? belong to L? it is enough to show that the two integrals in (4-8) define LLCMs from
re H> to L%, Since kr € L? for p > 2 and v is an LLCM from H'? to L;’o(L,f), the first term in
(4-8) clearly has this property. Since € L! and v; is an LLCM from r € H>! to L2 (Ly7), we conclude
that the second term also has this property. (I

S. Solving the mNV equation

In this section we prove Theorem 1.5. Recall that the modified Novikov—Veselov (mNV) equation
[Bogdanov 1987] is
ue+ (3> +3)u—NLu) =0, (5-1)

where
NL@u) = 3@i)- @3~ " (|ul®) + 3 @u) - 30~ (|u|®) + 2189~ (@@du) + 3ud ™" (3 (@du)).
By Theorem A, forupg € S (R?), the formula
u(z, 1) = Z(exp((° — 0*)1)Rup(0)) (2) (5-2)
gives a classical solution of the mNV equation.

Proposition 5.1. Suppose that ug € H>'(R?). Then (5-2) defines a weak solution of the mNV equation in
the sense of (1-12) with lim,_,o u(t) = ug in L>(R?).

Proof. Let ro = Rug. By continuity of the maps R, rg — exp((<'>3 — o)1)ro(¢), and Z, the formula (5-2)
extends to ug € H>', and exhibits the solution as a continuous curve in H>! that depends continuously
on the initial data. Since, for any ug € S (R?), the function u given by (5-2) is a classical solution, it
follows that u trivially satisfies (1-12). The same fact for u(z) with ug € H 2.1 follows from the density of
S(R?) in H>!, the continuity of the map (5-2) in ug, and an easy approximation argument. (I

It remains to show:

Proposition 5.2. Suppose that ug € H>'(R?) N L' (R?) and that, also,

fuo dA(z) =0, dug=duo. (5-3)

Define u(t) by (5-2). Then
ou = ou, (5-4)

forallt.
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We will prove Proposition 5.2 by first showing that the relation (5-4) holds for initial data ug € S(R?)
with the stated properties. We will then use Lipschitz continuity of the map ug — u(¢) defined by (5-2)
to extend to all ug € H>!'(R?) N L' (R?) so that the conditions (5-3) hold.

First, we consider uo € S(R?). It will be useful to consider the function

0=0"u,
which solves the Cauchy problem
o= =0 — %0 — 1(09)’ = {(39)* + 309 -9 '3(19¢I*) + 3¢ - 33 (190I), (5-5)
®li=0 = 0.
The condition dug = d o implies that ¢y is real. On the other hand, to show that du = du, it suffices to
show that ¢ is real for t > 0. To this end, we consider the function
w=9¢-9,
and derive a linear Cauchy problem satisfied by w. We will need to know that w is L? in the space
variables.

Lemma 5.3. Suppose that ug € S(R?), that u(t) solves the mNV equation, and ¢(z,t) = (3~ u)(¢). Then
foreacht,

C
oz, 1) = ;°+Ot<|z|—2>,

where ¢y = fu(z, t) dm(z) is independent of t. If co =0, then ¢(-,t) € Lz(Rz)for allt > 0.

Proof. To see that ¢ has the stated form if ug € S (R?), we note that u(r) € S(R?) by the mapping
properties of the scattering transform (see [Sung 1994a; 1994b; 1994c¢]) and that

1
ot =-—- [u@ndr+0,0l)
nz
differentiably in z, ¢. Let co(¢) = f u(z, t) dm(z). Substituting in (5-5) we easily conclude that c(’) (r)=0.

It now follows that ¢ (¢, 1) € L*(R?) for each  as claimed. U

Next, we derive a linear Cauchy problem obeyed by w and show that, if w|,—g = 0, then w(f) =0
identically. If so, it follows that ¢ is real, and hence du = ou for all t > 0.
Using (5-5) and its complex conjugate, we see that

w; = Lw, (5-6)
where
Lw= Lo+ Adw + Adw
with
Low = —9*w—23%w
and

A=109) + (39) - (39) + (39)*1+ 23 3(19¢[). (5-7)
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We will need the following property of A. We say that g(z) is integrable along lines if ffooo lg(y(t))|dt
is finite for any path y (f) = zo + z1¢. We say that g is uniformly integrable along lines if

sup /Ig(y(t))ldt<<>0-

z0€C
lzil=1

Lemma 5.4. Suppose that ¢ = 9~ 'u, where u € C([0, T1; S(R?)) and
[uenyane =0

for all t. Then, the function A(z, t) is uniformly integrable along lines in R?, with estimates uniform in
tel0,T].

Proof. Recall that if f € H*(R?) then the restriction of f to a line belongs to H® —1/27¢(R?) for any ¢ > 0.
In particular, if f € H'(R?), then f is square-integrable along lines. Note that d¢ = 30~ 'u and 3¢ = it
belong to H S(R?) for all s > 0 and each fixed 7 € [0, T'] since 99! is a Fourier multiplier on H*® and
u € H*(R?) for all such s, uniformly in ¢ € [0, T]. In particular, dp and 3¢ restrict to square-integrable
functions along lines in R?, so the first three terms in (5-7) are all integrable along lines with estimates
bounded seminorms of u.
To handle the last term in (5-7), we note that d¢ = 90 'u. Hence, by Lemma 2.3 and the fact that

differentiation commutes with the Beurling transform, we conclude that

sup |D*(19¢11)] < C(1+ 1z~

loe|<2
It now follows from Lemma 2.3 that again 8 ~'9(|d¢|)? is O(|z|>~¢) for any & > 0, and hence is integrable
along lines with appropriate uniform estimates. O

We wish to prove an a priori estimate for the problem (5-6) that bounds ||w(?)|| in terms of ||w(0)],
proving uniqueness of the initial value problem. A formal computation of % lw(#)]|? leads to uncontrolled
derivatives since the principal part of L is skew-adjoint. Instead, following the multiplier method of
[Chihara 2004] (applied to third-order dispersive nonlinear equations; see [Doi 1994] for a similar
pseudodifferential multiplier method applied to Schrédinger-type equations), we find a family of invertible
pseudodifferential operators K () such that

() IK(@®)w(t)]|| controls ||w(¢)]||, and
(2) % | K (t)w(t)||? is bounded above.
A formal computation shows that
%IIK(t)w(t)ll2 = (K(@®w(), COK (Hw(1)), (5-8)
where
C(t)=2Re{K'OK®) '+ K LK @)™} (5-9)
=2Re{K'OK®) '+ K1) (Ad+ ADK @) ' +[K (1), LolK ()~}
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We will choose K (¢) so that C(¢) is the sum of a negative definite operator and a bounded operator.
The following lemma obtains the desired estimate. Note that Lemma 5.4 implies the existence of a
function 5 (z, t) satisfying the hypotheses of Lemma 5.5 if A is given by (5-7).

Lemma 5.5. Suppose that A(z,t) is a bounded smooth function on R? x [0, T and that n(z, t) is a
bounded smooth nonnegative function with |A(z, t)| <n(z,t) forz € Candt € [0, T). Writing n(z,t) =
n(xi, x3, t), suppose that there is a constant ¢ such that f In(y, x2,t)|dy < c and f [n(x1, y,)ldy <c
uniformly in (x1, x3) € RZandt €[0, T). Finally, let w be a smooth solution of (5-6) with w (¢, t) € L2(R?)
for eacht > 0. Then, there is a constant C such that

sup lw(®)| < e w ().
t€l0,T]

Proof. Let n be a function with
2|A(z, )] < n(z, 1),
and set

Ppo(€) = %(s? —3882),

the symbol of the operator —33 —33. With z = x| +ix, and A > 0 to be chosen, let

o opo®) & (]
b(t’x’g)_l(/_oo”(y’”’”dy>X 8, |vPo<s)|2X(T)

(e opo(e)  I£] (|s|)
,v,0)d — 1, 5-10
+’(/_oo”(’” y 1) y)x 26, vpoer\ % ) OO

where x € C3°([0, 00)) is a nonnegative function with x (1) =0for0 <t < 1/2and x(t) =1 forz > 1.
By the usual quantization, the pseudodifferential operator b(z, x, D) belongs to the class OPS™!(R"). It

is easy to see that, also, the symbols
k(t,x, &) =e?@%9 and  k(r,x, &) = e P59
define pseudodifferential operators K (¢) := K (¢, x, D) and K (1) = K (t,x, D) in OPSO(R”) with

K®OK@)—I1€OPST' (®R") and lim sup |K(@)K(t)—I| =0.

A=001€10,T]

Thus, there is a Ay > 0 such that K (¢) is invertible for all |A| > A¢. We take |A| > Ao from now on.
We claim that, if w(¢) is a solution of the evolution equation (5-6) belonging to L?(R?), the inequality

IK @)w@)]| < K ©0)w(0)[le" (5-11)

holds for ¢t € [0, T'] and a constant C. Since K (¢) is invertible for A sufficiently large and ¢ € [0, T'], this
implies that w(z) = 0 for all ¢ if w(0) =0.
To prove the inequality (5-11), we use (5-8). We will show that

2Re{Ad + Ad +[K (1), LollK(1) ™'} = —01(1) + 02 (1), (5-12)
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where Q (1) € OPSI’O([R{Q) with g1 (x, &) := o (Q1(¢)) nonnegative for |§| > 2A, and Q,(¢) € OPSO(IRZ).
If so, then by the Garding inequality (2-5),
Re(v, Q1(v) = —Ciljv])%, (5-13)

with C| uniform in ¢ € [0, T']. Hence
d 2 2
allK(t)w(t)Il <Gl K@®Ow®)|",

where C3 majorizes Cy + sup,¢o.71(I1Q2() [ + | K’ (1)K ' (1)|l). The desired result now follows from
Gronwall’s inequality.
Thus, to finish the proof of (5-11), we need only prove that (5-12) holds. From the computation

1
o ([K (1), Lo]) = —;vx(e”f’x’“) (Ve po)(§),

it follows that the left-side of (5-12) has leading symbol —q;(x1, x2, &, t) where

1 .
q1(x1,x2,&,1) = ;Vgpo(é) -Vyey(t, x1,x2,8) +Re[A(xy, x2, 1) (61 — i&)],
which is nonnegative for |&| > 2A since |A(x1, X2, t)| < n(x1, x2, t). This completes the proof. U

Proof of Proposition 5.2. First, suppose that ug € S(R?), dug = duyg, and fuo(z)dm(z) = 0. The
function ¢y = 9~ ug is real-valued and if u(¢) solves the mNV equation with Cauchy data u, the function
@(t) = (3~ 'u)(r) belongs to L*(R?) for all 7. The same is true of w(r) = ¢(r) — ¢(t), and w(0) = 0. It
now follows from Lemma 5.5 that w(¢) = 0 and ¢(t) is real-valued for all ¢. This implies that du = du
for all ¢.

To conclude that the proposition holds for ug € H 21(R?) N L' (R?), we first observe that there is
a sequence {v, o} from S(R?) with U0 — Up in H>'(R*>) N LY(R?). Let f be a nonnegative C;°
function with [ f =1, and let u, o = vn,0 — ([ un,0) f. It is easy to see that [ v, =0 and v, o — ug in
H>'(R?) N L'(R?). Since

Un (1) 1= Z(exp((3” — *))Rug » (o))
converges to
u(t) = I(exp((3> — o)1) Rutg 1 (0))

in C([0, T], H*'), it now follows that du = du, as claimed. O

Proof of Theorem 1.5. An immediate consequence of Propositions 5.1 and 5.2. U

6. Solving the NV equation

In this section we prove Theorem 1.6. The key observation is due to Bogdanov [1987] and can be checked
by straightforward computation. Recall the Miura map M, defined in (1-9).

Lemma 6.1. Suppose that u(z, t) is a smooth classical solution of (5-1) with

(0zu)(z, 1) = (:u) (2, 1),
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and fu(z, t)dm(z) =0 for all t. Then, the function

CI(Z, t) = M(M( T t))(Z)
is a smooth classical solution of (1-1).

Remark 6.2. In [Bogdanov 1987], the mNV and NV are shown to be gauge-equivalent, and the Miura
map is computed from the gauge equivalence. Note that our conventions differ slightly from those of
Bogdanov in order to insure that the range of the Miura map consists of real-valued functions.

Proof of Theorem 1.6. Pick ug € H>'(R?) N L' (R?) so that duy = dug and Juo(z) dm(z) = 0. Let {uq )}

be a sequence from S(R?) with u, o — uo in H>'(R?) N L' (R?). By local Lipschitz continuity of the
scattering maps, for any T > 0, the sequence {u,} from C ([0, T]; H>'(R?)) given by

(2, 1) = Z(' @O (Rug ) () (2)
converges in C([0, T]; H*(R?)) to
u(z. ) ::I(et((<>)3—(<'>)3)(Ruo)(o))(z)_

This convergence implies that g, (z, t) := M (u, (¢, t))(z) converges in L*(R?).

Recall (1-13). Since g, — ¢ in C([0, T]; L*(R?)) it follows from the L?-boundedness of S = 99!
that the two nonlinear terms converge in L'; i.e., ¢,0 'd¢g, — ¢d 'd¢ and ¢,d"'9g, — g3~ 'dq in
C ([0, T], L' (R?)). We conclude that q is a weak solution of the NV equation. O

7. Conductivity-type potentials

In this section we show that our solution of NV coincides with that of [Lassas et al. 2012] in the cases
they consider, proving Theorem 1.7.

We briefly recall some of the notation and results of [Lassas et al. 2007]. Assume first that ¢ € C° (R?)
and is of conductivity type. We denote by ¥ (x, ¢) the unique solution of the problem

(=A+q)y =0, (7-1)
lim (e Oy (x,¢)—1) =0,
|z]—>00

where x = (x1, x») and ¢ € C? satisfies ¢ - ¢ = 0. Here a - b denotes the Euclidean inner product without
complex conjugation. Henceforth, we set { = (k, ik) for k € C, which amounts to choosing a branch
of the variety V = {¢ € C?>: ¢ - ¢ = 0}. Since ¢ is of conductivity type, it follows from Theorem 3 in
[Nachman 1996] that the problem (7-1) admits a unique solution for each k € C. We set z = x; +ix, and
define

m(z, k) = ey (x, 1), (7-2)

for ¢ = (k, ik).
The direct scattering map
T:qg—t (7-3)



INVERSE SCATTERING FOR THE NOVIKOV-VESELOV EQUATION 333

is defined by
t(k) = / ¢ FH g (m(z, k) dm (). (7-4)
The inverse map
Q:t—gq (7-5)
is defined by
_ L‘ @ —i(kz+k?) 1y
q(z) = —9; —e m(z, k) dm(k) ), (7-6)
T c k
where m(z, k) is reconstructed from ¢ via the 5—pr0blem
_ t(k . - I
dpm(x, k) = ) e D (ym(x, k). (7-7)
4k

Let
m’ (k) = exp(—i" (K" + k™)),

for an odd positive integer n. Lassas, Mueller, Siltanen and Stahel proved:

Theorem 7.1 [Lassas et al. 2007, Theorem 1.1; 2012, Theorem 4.1]. For qo € C3° (R?) radial and of
conductivity type, QT (qo) = qo. Moreover, if

q(t) == Qm;Tqo), (7-8)
then q(t) is a continuous, real-valued potential with q(t) € LP(R?) for pe(1,2).

They conjecture that for n = 3, g(¢) given by (7-8) solves the NV equation, provided that gy obeys
the hypotheses of Theorem 7.1. We will prove that this is the case (for a larger class of gg) by proving
Theorem 1.7.

We will prove Theorem 1.7 in two steps. First, we show that for ug € S (R?) with dug = dug and
f uo(z) dm(z) =0, the scattering data r = Ru is related to the scattering transform t="7T ¢ for g =20u+|u |2
by the identity

t(k) = —2mikr(ik).

Next, we show that for t of the above form with r = Ru, the identity
(Q1)(2) = 2(0u)(2) + |u(2)|*.

Theorem 1.7 is an easy consequence of these two identities.

The key to both computations is the following construction of complex geometric optics solutions for
the potential g = 28u + |u|? from the solutions p = (i1, u2)” of (3-1). First, suppose that ® = (dy, ®»)7
is a vector-valued solution of the linear system

30 1/0 u
(o a)q’zi(u o) . (7-9)

A straightforward calculation shows that the function

Y =0+ D,
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solves the zero-energy Schrodinger equation
(—A+q@)¥ =0 (7-10)

for g = 20u + |u|?.
Recall that matrix-valued solutions of (7-9) are related to the solutions w of (3-1) by

M1y _ 21 e—kz
M2 (0% ’

D+ Dy =y (2, k) + e ua(z, k) (7-11)

so that

solves (7-10). To compute its asymptotic behavior, using (1, o) — (1, 0) as |z| — oo we conclude that
e_kZJ(z, k) — 1 as |z| — oo. Hence, denoting by 1 the solution of the problem (7-10) with ¢ = (k, ik)
for k € C, we have
V(2. k) = V(2. ik) = ey (z, ik) + e a2, k), (7-12)
o)
m(z, k) = 11z k) + e EHD o (2 i),

Lemma 7.2. Letu € CSO(RZ) with du = du, suppose Ju(z)dm(z) =0, and let g = 29u + |u|?. Then
(Tq) (k) = —2mik (Ru)(ik). (7-13)
Proof. We compute
(Ta)k) = / (Y (. k) dm(2)
- f 20 ()¢ 1y (2. ik) dm ()
—I—/Z(au)(z),uz(z, ik) dm(z)
+ f Iu(z)lz(e[(lgz+k2)u1 (z, ik) + pa(z, ik)) dm(z)
=L+ 1L+,

where in the first right-hand term we used du = du. We can integrate by parts in each of the first two
right-hand terms and use (3-1) to obtain

Iy = —2ik / (@) " 1 (2, ik) dm (z) — / lu(2)|? na(z, ik) dm(z),

L =— / lu(z) 2 %D 11 (2, ik) dm(2).

Using the relation (3-2), we recover (7-13). ]

Next, we analyze the inverse scattering transform Q defined by (1-7).
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Lemma 7.3. Let u € S(R?) with du = du, and suppose that fu(z) dm(z) = 0. Let r = Ru and suppose
that t is given by (7-13). Then

(O1)(2) = 2(3u)(2) + lu(2)|*.
Proof. We compute from (1-7), (7-13), and (7-12) that
(@) = 2. ( [ Fwe G dm(k)) + 25, ( [ F@ . in dm(k))
=T +71.

Changing variables to ¢ = ik in T we recover

Ty = ;az ( / rQ e 1z, ) dm(g)) =2(0u)(2)[5pt] = 2(3u) (2),
where we have used (3-5). Using (3-1) in 7, we have
T, = % f r(k)u(@) e CHD 1 () dm (k) = %u(z) / r(©) e 1z, O dm(©)2pt] = u ()
Combining these computations gives the desired result. O
Proof of Theorem 1.7. For uy satisfying the hypotheses and g = 20ug + |ug|?, we have by Lemma 7.2 that
(Tqo) (k) = —2mikr(ik),

where r = R(up), and hence

e—it(k3+l€3)(7—q0) (k) = —27ik (!’ =©)r (o)) (ik).
We can now apply Lemma 7.3 to conclude that
QeI (Ty)(0)) = MI(e! @~y (),

as claimed. |

Appendix: Schwarz class inverse scattering for the mNV equation

In this appendix we develop the Schwarz class inverse theory for the mNV equation, using freely the
results and notation of [Perry 2011]. Our main result is this:

Theorem A. Suppose that uy € S(R?), and let R and T be the scattering maps defined respectively by
(3-2) and (3-5). Finally, define
u(t) = Z(e' =N (Rug) (0)).

Then u(t) is a classical solution of the modified Novikov—Veselov equation (5-1).

The proof follows the method of [Beals and Coifman 1985; 1989; 1990; Sung 1994a; 1994b; 1994c]
but necessitates some long computations.
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A.1. Scattering solutions and tangent maps. First we recall the solutions v and ¥ of the d problem with
d-data determined by the time-dependent coefficient  and the formulas from [Perry 2011] for the tangent
maps.

We recall that v = (v;, 1) is the unique solution of the  problem

kv = Sexia, (A-1)

—_

vy = F€krvy,
lim v(z, k) = (1,0),
|k|— o0

where r = R(u). Here

ek(Z) — elEZ—kz'
The function v¥ = (vf, vg) solves the same problem but for () =—i(—-) and r* = R*) = —7 (see
[Perry 2011, Lemma B.1]). Thus
5kviié = —%ekr vg, (A-2)
5/@)? = —%ekf vf,

lim v¥(z, k) = (1, 0).
|k|— 00

The tangent map formula gives an expression for u if u = R(r) where r is a C'-curve in S(R?).
Assuming the law of evolution
F= k=),

and following the calculations in Appendix B of [Perry 2011], we find that

u=2i(I + 1), (A-3)
where
1 _
h:;f#mﬁe%memwmm, (A-4)
bz_%/kﬁdﬁeamW@wnmmm. (A-5)

As in [Perry 2011, Appendix B], we evaluate these integrals using the following fact: if g is a C*
function with asymptotic expansion

- 8¢
gk, k) ~1+ T (A-6)
>0
as |k| — oo then
1 _
lim <——f k" (3 g) (k) dM(k)) = &n- (A-T)
R—o00 T |k|<R

Using (A-7) we get (noting the — sign in (A-5))

I =2[vi(z, 0)V5(—z,0)]5 and I =2[vy(z, o)V} (—2z, 0)]3,
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so that

it = 2{[v1(z, o) (=2, )13 + [z, OV (=2, 0)3]) (A-8)

Here [ ¢ ], denotes the coefficient of k~"~! in an asymptotic expansion of the form (A-6). The formulas

n—1

[V1(z, OV (=2, 0) ]y = a1 + (v, D2,
j=0
n—1

[v2(z, )V} (=2, )] = W12+ ) (Wno1- D122
Jj=0

will be used in concert with the residue formulae below to obtain the equation of motion.

A.2. Expansion coefficients for v. Following the method of Appendix C in [Perry 2011], we can compute
the additional coefficients in the asymptotic expansion

v~ (1,0) + Z kDO (A-9)
>0

needed to compute ¢ from the formula (A-8). Let us set v(© = vi.e, va, o)T. We recall from [Perry 2011]
the “initial data”

vio= 13" "(ul®), vo0=1ii, (A-10)

and the recurrence relations

I 1
V2.0 = 5UVy g1 — V201, Vie=5Puvye).

The following formulas are a straightforward consequence.

£ =0:
vio= 30" (Jul?), (A-11)
V0= %L_t. (A—]Z)

=1
i =120 (ul*a (Jul?) — 197 (wdi), (A-13)
Vo1 = gitd ' (Jul?) — 13i. (A-14)

=2
vip= g0 (Jul?o (ul?d7 (lul?)) (A-15)

— A @ (u®)) + 37" (u?d wdi) ) + 15 wda),

oo = id (ulFd (u?) — g{o@d " (ul®) +dd " udi)} + 8% (A-16)
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{=3:
3= magitd ! (Jul?d7 (ul*a 7 (Jul?)) (A-17)
— 35 {0~ (wd@d " (ul®)) +@d " (w5~ @di)) + 0 (@0~ (w25~ (ul?)))}
+ g {a0 ™" @din) + 0% @d " (jul*) + 8 @d " woin))}
— 1335
Lo,

A.3. Expansion coefficients for v*. The solution v*

corresponds to the potential —u(—z). To compute
the corresponding residues for v#(—z, k) we therefore make the following substitutions in the formulas
above:

3 ' =87, 49— —d,

u— —Au, uU— —\u,
Thus the overall sign change is (—1)"«" where n, is the number of factors of u and i, while nj is the

number of factors of 9 and ~!. There is also an overall factor of (A)"™«, that is, A if n, is odd, or 1 if n,,
is even. Applying these rules we obtain:

£=0:
v g=—37"uP. (A-18)
vy o= —ju. (A-19)

=1
vf = 07 (uPa (ul?) — 7" G@ow), (A-20)
Vi = §u5—1(|u|2) — Lou. (A-21)

=2
viy = =207 (1wl (ul?a" (|ul?))) (A-22)

+ {07 (@ @d (ul*) + 87 (ul*d~ @au)) } — 197" (@d%w),

vy = —Lud ™ P87 (ul?) + Ho@d (ul®) +ud @ou)} — 19%u. (A-23)

£ =73:
Vi3 = pgud " (lul?a~ " (ul?a " (Jul*)) (A-24)

— 5 {ud (@@ (Jul?)) +ud " (ul*a " @du)) +a(wd " (ul*d " (ul?)))}
+ £ {ud ™ @9%u) + 9% @d " (|ul®) + dwd ™~ @du)))

— 153,
19%u.
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A.4. Inverse scattering method for mNV. We now compute the motion of the putative solution
u=27>Ir
if the reflection coefficient evolves according to the law
. 3 3
F=—k>—k)r, rli=0=Ruop.

To use (A-8), we compute [v;(z, <>)v§(—z, o))z and [vy(z, o)vf(—z, ) ]3.
First, we have

# # # # #
[vi(z, ©)v3(=z,0)]3 =3 3+ V3 V1,0 + V3 V1.1 + V3 gV12- (A-25)
From the formulas above we have

V8 w10 = —agud " (ul?d~" (ul®) - @7 ul) (A-26)
+ 35 {0 (ul?) - @7 (ul?) +ud ™" @ou) - 37" (uf*)))

—20%u- 97 (lul?),

V8 i = pagud (ul?) - 97 (w97 (ul?) (A-27)
— 5 {ud ™ (ul® -7 @di) + du - (3 (ul*a~" (Jul*)))}
+ $0u - 9 (udin),

Vi gvio = —gud (Jul?d7 (ul?0 7 (lul?)) (A-28)

+ 35 {ud ! (wd@d " () +ud ™" (u?~" din)) )

— tud~ o).

Using (A-24) and (A-26)—(A-28) in (A-25) we see that seventh-order terms cancel, while fifth-order terms
sum to zero, as may be shown using the identity

0 f-97g=0""(fo g +gd7" f), (A-29)
while third-order terms may be simplified using the same identity with f = g. The result is
[Vi1(z, ©)D21(=2,0)]; = 2[@uw) - (37" @(|u|*))] + 2[ud ™' @u)] — 19°u. (A-30)
Next, we compute

# # # #
[12(z, OV (=2,0) ]y = va3 +v22v] o+ v 1v] | + 12007 5. (A-31)
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From the formulas above we have

Vi o= —psrad (ul?a (ul?)) - 97 (ul) (A-32)
+ 25 {0 (u) - 37 (u ) + @0~ @di) - 37 ()
— ad%i -0~ (Jul?),

va Vi = 0 (ul®) - 97 (w97 (lul?)) (A-33)
— 5@ (ul® - 07" @du) + dii - 3~ (lul*a~" (Jul*))}
+ 401 - 9~ (idu),

V2,0V, =—gd " (Jul?97 (w8~ (lul?))) (A-34)
+ g @d = @d@d ™" (ul)) +ad " (u?97" @du)))
— 2id " @d*u).

Using (A-17) and (A-32)-(A-34) in (A-31), noting the cancellation of fifth-order terms, we obtain
[v2(z, o) (—z,0)]3 = 2[@d (@ (udi))] + 2 (dir) - 9~ (|u|*) — 307, (A-35)

or upon complex conjugation

[v2(z, 0)v¥(—z, 0)3] = 3ud ™" (@(Udu)) + 3 (Bu) - 3~ @(Jul?) — 18°u. (A-36)

Using these equations in (A-8), we obtain the mNV equation:
9 _ _ _ _ _ _ o
8_1: = —3%u—3%u+3@u) - (307 (Ju?)) + 3(Bu) - 337 (Jul?) + 2ddd ™" (@) + 3ud ™" (3 (@du)).
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CONVEXITY OF AVERAGE OPERATORS FOR SUBSOLUTIONS
TO SUBELLIPTIC EQUATIONS

ANDREA BONFIGLIOLI, ERMANNO LANCONELLI AND ANDREA TOMMASOLI

We study convexity properties of the average integral operators naturally associated with divergence-form
second-order subelliptic operators & with nonnegative characteristic form. When & is the classical
Laplace operator, these average operators are the usual average integrals over Euclidean spheres. In our
subelliptic setting, the average operators are (weighted) integrals over the level sets

002, (x) ={y:I'(x,y)=1/r}

of the fundamental solution I'(x, y) of £. We shall obtain characterizations of the $£-subharmonic
functions u (that is, the weak solutions to —%u < 0) in terms of the convexity (w.r.t. a power of r) of the
average of u over €2, (x), as a function of the radius r. Solid average operators will be considered as well.
Our main tools are representation formulae of the (weak) derivatives of the average operators w.r.t. the
radius. As applications, we shall obtain Poisson—Jensen and Bocher type results for £.

1. Introduction and main results

1A. Notation and definitions. Let u be a subharmonic function in an open set Q € RV, N > 2. Then,
with fixed x € €2, the map

m;(u)(x) : (0, R(x)) —> (—00, 00),

(1-1)

ri—=my(u)(x) = u(y)dH" "1 (y)

1
HN-1(3B,(x)) /83,(x)
is convex with respect to logr if N =2, and 1/ rN=2if N >3. In (1-1), B,(x) denotes the Euclidean ball of
radius r and center x; R(x) stands for sup{r > 0: B, (x) C Q}; HV ~! is the Hausdorff (N — 1)-dimensional
measure in R". This quite well-known classical result has many important consequences and applications;
see [Armitage and Gardiner 2001, Section 3.5; Hayman and Kennedy 1976, Section 2.7; Hormander
1994, Section 3.2]. Of these applications, we only mention the Hadamard three-circles theorem, the
Liouville-type theorem for bounded above subharmonic functions in R?, the applications to the theory
of Hardy spaces, and the Bocher theorem for harmonic functions in punctured balls (see [Armitage and
Gardiner 2001, Chapter 3], for example).

The aim of the present paper is to study analogous properties for some weighted average operators
acting on subsolutions to
~Pu=0 inQCRY,N=>3,

MSC2010: primary 26A51, 31B05, 35H10; secondary 31B10, 35J70.
Keywords: subharmonic functions, hypoelliptic operator, convex functions, average integral operator, divergence-form operator.
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where < is a linear second order PDO with nonnegative characteristic form. Precisely, the operators we
are dealing with are of the form

N
L= O (@i (0)dx) = div(AW)V),

i,j=1

where V = (0, ..., BXN)T and A(x) = (a; j(x));,j is a symmetric matrix with smooth entries that is
nonnegative definite at any point x € RV, In Section 2 we will precisely fix our hypotheses on &. Here
we only need to mention the crucial ones: & is not totally degenerate, hypoelliptic, and endowed with a
fundamental solution

[:{(x,y) eRY xRN : x £y} —> (0, 00),

with pole at any point of the diagonal {x = y} and vanishing at infinity. For example, besides the classical
Laplace operator on RV (N > 3), any sub-Laplacian operator on a stratified Lie group (with homogeneous
dimension > 3) enjoys all these hypotheses; see, for example, [Bonfiglioli et al. 2007].

The main objects of our investigation are the average operators on the level sets of I', that is, on the
sets

Q@) ={yeR":T'(x,y)=1/r}, xeRM,r>0,
together with their solid counterparts, the average operators on the sets
Qr(x):{ye[R{N:F(x,y)>l/r}, xeRY, r>o0.

We call €2, (x) and €2, (x), respectively, the £-sphere and the &-ball with radius r and center x. Owing
to Sard’s theorem, since I" is smooth (in view of the hypoellipticity of &), any £-sphere is an (N — 1)-
dimensional manifold of class C*°, for almost every radius. (For simplicity, we assume this to be true for
every positive radius.)

If @ € RY is open, given an upper semicontinuous (u.s.c.) function u :  — [—00, 00), for any £-ball
Q, (x) with closure contained in €, (x), we set!

m, () (x) := f u(yk(x, y) dHY " (),
082, (x)

a+1

M7 () = — /Q()u(y)Ka(x,y)dy

forany o > —1. Set I', :=I'(x, -). The weights k, K,, are defined on R" \ {x} by

. |V§5rx|2

ke, -y i Vel _ Vel
T v

Ky(x, -):= , (1-2)

r2te

where |VoI'c(1)]? := (A(y)VI(y), VI (»)). The average operators m, and M7 can be used to charac-
terize the solutions to $u = v. Indeed, for every u € C%(2, R), the following representation formulae

]Obviously, in order to define m, (1) (x), we only need to require that 2 contains 92, (x).
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hold true [Bonfiglioli and Lanconelli 2013, Section 11]:

1
u(x) =m,(u)(x) —f (F(x, y)— —)Sﬁu(y) dy,
Q (x) r

17 1
M(X)=Mf‘(u)(X)—0;at1 /0 p“(/ﬂ()(F(x,y)—;>§£u(y)dy)dp

for every £-ball 2, (x) with closure contained in 2. Thus, given x € €2, the above formula is satisfied for

(1-3)

any positive r such that r < R(x), where
R(x) :=sup{r > 0:Q,(x) C Q}. (1-4)
For u = 1, these formulae give
l=m,(1)(x) =M7(1)(x) foreveryx e RY and r > 0.

Therefore, since the kernels k and K, are nonnegative (recall that A(y) > 0), m, (u)(x) and M (u)(x) are
well-posed (possibly —oo) for every u.s.c. function u. (Actually, as was recently proved in [Abbondanza
and Bonfiglioli 2013], k(x, -) and K, (x, -) are positive on an open dense subset of R \ {x} for every
xeRN)

It is also worth noticing that

1 r
MEw e = [ om0 dp. (-5

This can be proved by using Federer’s co-area formula and suitable approximation arguments for u.s.c. func-
tions.
In what follows, given a u.s.c. function « on an open set 2 € RY, we say that

(1) u is m-continuous in Q if u(x) = lim,_, o4 m, (u)(x) for every x € Q;
(2) u is M“%-continuous in 2 if u(x) = lim, o+ M7 (u)(x) for every x € Q.

A smooth function u will be called ¥-harmonic in  if $u =0 in 2. We call a u.s.c. function u : 2 —
[—o00, 00) £-subharmonic in €2 if

(1) the set 2(u) := {x € Q : u(x) > —oc} contains at least one point of every connected component
of ;

(2) for every bounded open set V C V C € and for every $-harmonic function 4 in V, continuous up to
dV,u < h holds whenever u <h on dV.

The family of the $-subharmonic functions in €2 is a cone denoted by F(£2).

In [Bonfiglioli and Lanconelli 2013, Section 8] it is proved that u is £-subharmonic in €2 if and only if
ue LIIOC
the £-subharmonic functions are also said to be the subsolutions of —&. As a consequence of the cited

(2), $u > 0 in the weak sense of distributions, and u is M%-continuous in 2. For this reason

characterization, by the classical Riesz representation theorem, it follows that, given u € ¥(£2), there



348 ANDREA BONFIGLIOLI, ERMANNO LANCONELLI AND ANDREA TOMMASOLI

exists a nonnegative Radon measure p,, on the Borel subsets of €2 (called the $-Riesz measure of u) such
that $u = u,, in €2, in the weak sense of distributions.

Several other characterizations of the ¥-subharmonicity have been provided in [Bonfiglioli and Lan-
conelli 2013] in terms of the average operators m, and M. For our aim it is convenient to recall
[Bonfiglioli and Lanconelli 2013, Theorem 4.2]; see also the notation in (1-4). Let u : 2 — [—00, 00) be
a u.s.c. function such that €2(u) contains at least one point of every connected component of 2. Then
u € ¥(2) if and only if one of the following conditions is satisfied:

(A1) u(x) <m,(u)(x) for every x € Q and every r € (0, R(x));

(A.2) u is m-continuous in 2 and, for every x € , r — m, (#)(x) is monotone nondecreasing on (0, R(x)).

One obtains further equivalent conditions by replacing, in (A.1) and (A.2), the surface average m, with
the solid average M, with o > —1.
The following result will be used frequently in what follows.

Remark 1.1. By [Bonfiglioli and Lanconelli 2013, Proposition 6.10], if u € $(£2), the map r > m, (1) (x)
is finite-valued and continuous on (0, R(x)) for every x € Q2. This follows from [Bonfiglioli and Lanconelli
2013, Theorem 6.4] and

my(I'(-, 2))(x) =min{I'(x, 2), 1/r} (1-6)

jointly with a Riesz representation argument decomposing u, locally, as an £-harmonic function plus the
convolution of I' with the Riesz measure of u. As a consequence, whenever « > 0, the map r — M (u)(x)
is finite-valued and continuous on (0, R(x)) for every x € 2. This follows at once from (1-5) and (1-6),
since p*~!
continuous also when —1 < o <0, provided that x € (u). To obtain this fact, it suffices to keep in mind

identity (1-5) and the inequalities —oo < u(x) < m, (u)(x), valid for x € Q(u) and 0 < r < R(x).

is integrable on (0, r) for any positive «. The solid average M (u)(x) is finite-valued and

In order to list the main results of this paper, we need a few more definitions. Let / C R be an interval
and suppose that ¢ : I — R is a strictly monotone continuous function. Following [Armitage and Gardiner
2001, Section 3.5], we say that f : I — R is ¢-convex if

@(r2) —o(r) @(r) —(r1)

RAL AR ASS RASSER A 1-7
fv}fw@ﬁ—¢00f00+¢0ﬂ—¢vofvﬁ (D

for every ry, r, rp € I such that r; < r < rp. When ¢(r) =r, (1-7) gives back the standard definition of a

convex function. Moreover, clearly f is p-convex if and only if f o ¢!

is convex on the interval ¢ (1),
in the usual sense.

Finally, given a function f : I — R, we say that

(1) f is locally absolutely continuous (locally a.c.) if f is absolutely continuous on every compact
subinterval of [;

(2) f is essentially monotone if there exists a monotone function f*: I — R such that f = f* almost
everywhere in I.
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1B. Main theorems. Our crucial results concern the derivative with respect to r of the average operators
m,(u)(x) and M7 (u)(x), when u is £-subharmonic. These are given in the following theorem.

Theorem 1.2 (derivatives of m,(u) and MY (u)). Let Q C RN be an open set and let u be an ¥-
subharmonic function in Q2 with £-Riesz measure [i,.

(1) Forevery x € Q, the map r — m,(u)(x) is locally a.c. on (0, R(x)), and

d u (82, .
d—mr(u)(x) = Lz(x)) for almost every r in (0, R(x)). (1-8)
-
(i1) For every x € Q and a > 0, the map r — M (u)(x) is of class C' on (0, R(x)), and
L v “+1f R —" ) P (1-9)
e X)= all) — Ja u -
ar ret2 Jo o C(x,y) Huly
for every r in (0, R(x)), where f, denotes an antiderivative of r®~":
Inr, ifa=0,
fury={" (1-10)
r/a, ifa #0.

This also holds for —1 < a <0 ifx € Q(u).
A straightforward consequence of this theorem is the following corollary.

Corollary 1.3 (Poisson—Jensen type formula). Let u € $(2) and let v, be its £-Riesz measure. The maps
r—=m.(u)(x) and r = MZ(u)(x) (for « > —1) can be prolonged with continuity up to r = 0 if and only
ifx € Qu).

Furthermore, for every x € Q and r € (0, R(x)), one has the following representation formulae (of
Poisson—Jensen type):

" (22 1
u(X)=mr(u)(X)—f lef()c))d/):mr(u)(m—/ (F(x,y)——) dpu(y), (1-11)
0 p Q (x) r

and, for o > 0,

"a+1 1
=M - | —= w(0) = fal =—— ) ) dru(y) ) d
u(x) = M, (u)(x) /0 5oT2 (/Qp(x)<f () — f (F(x’y))) Iz (y)> P

o a+1 [, 1
=M, (”)(X)—W/(; 1Y (/Q()(F(X»)’)—;>dﬂu()’))dﬁ)-

When x ¢ Q2 (u), all the sides of the previous formulae (1-11) and (1-12) are —oo, and this happens if and

only if n, ({x}) > 0.
Formula (1-12) holds true also for —1 < a <0, provided that x € Q (u).

(1-12)

Theorem 1.2, together with the following real analysis lemma, easily implies convexity properties of
our average operators, and these will characterize the ¥-subharmonic functions.

Lemma 1.4. Let [ = (0, a) be an interval in (0, 00), and let f : I — R.

() If f is bounded from above and r~P-convex for a real B > 0, then f is monotone nondecreasing.
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(ii) Let f be locally a.c., and let B # 0. Then f is r~P-convex if and only if r — rP¥! f'(r) is essentially
monotone nondecreasing.

Here are our main results concerning convexity of the average operators.

Theorem 1.5 (subharmonicity and convexity of the average operators). Suppose that 2 € RY is an open
set, and let u : 2 — [—00, 00) be an u.s.c. function such that Q2 (u) intersects every connected component
of Q.

Then the following statements are equivalent.

(1) u e F(Q).
(2) u is m-continuous and the map r — m, (u)(x) is 1/r-convex on (0, R(x)) for every x € Q.
(3) u is m-continuous and the map r — m,(u)(x) is 1/r-convex on (0, R(x)) for every x € Q(u).

(4) u is M*-continuous and for every x € 2, the map r — M} (u)(x) is 1/r"‘+1-c0nvex on (0, R(x)) for
some (or for every) o > Q.

(5) u is M*-continuous and, for every x € Q(u), the map r — M (u)(x) is 1/r°‘+1—convex on (0, R(x))
for some (or for every) a > —1.

We observe that, to the best of our knowledge, the implications (2), (3), (4), (5) = (1) appear here for
the first time, even when & is the classical Laplace operator.

Moreover, we shall prove that (in statements (2), (3), (4), (5) above) we can replace r~
or r~@*+D_convexity with r =7 -convexity for infinitely many other values of y > 0 (see Theorems 5.1

I_convexity

and 5.2 for the precise statements).

We observe that the convexity (w.r.t. suitable powers of r) of the maps r > m, (u)(x), M7 (u)(x) in
Theorem 1.5 ensures that these functions have more regularity properties than those provided so far in
Theorem 1.2: by Alexandrov’s theorem, they are twice differentiable almost everywhere on (0, R(x)).

1C. Ring-shaped domains, applications, and further developments. Suitable versions of Theorems 1.2
and 1.5 hold true for £-subharmonic functions in ring-shaped domains. Given a, b such that 0 <a < b < o0,
and given xo € RY, we define the I'-annulus of center xo and radii a, b as follows:

1
Agp(xg) = {x eRN:a< Toom © b}. (1-13)

The conventions 1/00 =0 and 1/0 = oo apply.
The following results (Corollary 1.7 and Theorems 1.8 and 1.9) improve [Bonfiglioli and Lanconelli
2007, Theorems 1.5, 1.8, and 1.9], proved in the case of sub-Laplacians & on stratified groups.

Theorem 1.6. Let u € (A, »(x0)) and let p, be its L-Riesz measure. The map

(a,b) >5r—>m,(u)(xg) € R
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is locally a.c. and 1/r-convex. Moreover, for every fixed a, B such that a < a < 8 < b, there exists a
constant ¢ € R (depending on a, «, B, b, u, xo) such that

d
rzgmr(u)(xO) = pu(Aq,r(x0)) +c (1-14)
for almost every r in («, ).
From this theorem we obtain the following result.

Corollary 1.7. Suppose u is £-harmonic in the I'-annulus A, p(xo). Then
1
m,(u)(xo) = — Ten re (a,b),

for some real constants cy, c;.

As an application of the previous results on £-subharmonic functions on ring-shaped domains, we
will show a symmetry result, from which a Bocher-type theorem for & will follow. The latter improves a
result in [Bonfiglioli and Lanconelli 2007].

For our application we need (together with the structural assumptions (H1) and (H2) in Section 2) the
following extra assumption on &, a homogeneous Harnack inequality on I"-spheres.

(HH) For every fixed xo € R and every 0 < b < oo, there exist positive constants C = C(xo, b) > 1 and
6 = 0(xg, b) < 1 such that

sup h<C inf h
32 (xo0) 982 (x0)
for every r such that 0 < r < 6b and every £-harmonic nonnegative function 4 in the I'-annulus
Ao, (x0).

By standard arguments (see, for example, [Bony 1969]), this hypothesis is satisfied for the sum of squares
of Hormander vector fields &£ = Z;f’:l X 3 Moreover, (HH) is fulfilled for xo = 0, when & is homogeneous
of positive degree (in the sense recalled in Remark 7.1) w.r.t. a group of dilations; see [Bonfiglioli et al.
2007, Theorem 5.16.5, page 327].

Theorem 1.8. Suppose & satisfies condition (HH) above.
Let w be nonnegative and £-harmonic in the T'-annulus Ag p(x0) = Qp(x0) \ {x0} (Where b < 00) and
suppose that w is also continuous up to 02, (xg) and w = 0 on 02, (x0). Then w is affine w.r.t. T, that is,

w(x) =c(T'(xo, x) —1/b), x € Ag,p(x0),
for some positive constant c.

We prove this theorem as a consequence of Corollary 1.7, by following an idea exploited by Axler,
Bourdon, and Ramey [Axler et al. 1992] in the classical case of the Laplace operator. From Theorem 1.8
one easily obtains the following Bocher-type result.
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Theorem 1.9 (Bocher’s theorem for £). Suppose & satisfies condition (HH).
Let Q@ € RN be open and xy € Q. Let u be nonnegative and $-harmonic in Q \ {xo}. Then there exists
an ¥-harmonic function h on Q2 and a constant ¢ > 0 such that

u(x) =cl'(xg, x)+h(x) foreveryx e Q\ {xo}.

Further developments. We end the introduction by pointing out further applications of the results of this
paper: they can be used for the investigations of convex functions in Carnot groups (as introduced in
[Danielli et al. 2003; Lu et al. 2004]). Indeed (see [Juutinen et al. 2007] for the relevant results), since
the so-called v-convex functions on Carnot groups are characterized in terms of their £-subharmonicity
w.r.t. the family of the sub-Laplacians {¢} (a class of operators comprised in our present paper), by
Theorem 1.5 it turns out that v-convexity can be characterized by the usual (Euclidean) convexity of the
family of the real-variable functions {r — m, (u)(x)} (or of {r — M (u)(x)}), as the average operators
vary with {#}. The characterization of v-convexity in [Bonfiglioli and Lanconelli 2012] can also be
exploited to further simplify the investigation.

Finally, since our results apply to any Hérmander sum of squares of vector fields, we can use our
characterization of v-convexity in order to obtain a new notion of convexity in more general frameworks
than the Carnot setting (for instance, in the framework of Hormander vector fields), as was done by
Magnani and Scienza [2012]. We plan to develop this topic in a forthcoming study.

2. Main assumptions on ¥ and recalls on r~#-convexity

2A. Assumptions on &. Throughout the paper, we let

N
Fr= ) B (@i (0)ds) 1)
i,j=1

be a linear second order PDO in RY, in divergence form, with C* coefficients, such that the matrix
A(x) := (a;,j(x))i j<n is symmetric and nonnegative definite at every point x € RY. The operator & is
self-adjoint and it is (possibly) degenerate elliptic. However, we always assume without further comments
that & is not totally degenerate, that is, there exists i € {1, ..., N} such that a; ; (x) > O for every x € RV,
As is well-known, this ensures that & satisfies the weak maximum principle on every bounded open
subset of RV

Our main assumptions on & are as follows.

(H1) & is a C®-hypoelliptic differential operator, that is, for every open set 2 € R", and for every
feC®(Q,R),if u e %' (Q) is a solution of Lu = f in the weak sense of distributions, u can be
identified with a C® function on 2.

(H2) We assume that & is equipped with a global fundamental solution
I:D={x,y)eR"xR":x £y} — (0, o0)

with the following properties:
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(@ TeLl (RN xRM)NC>®(D,R);

loc
(b) for every fixed x € RV, we have lim I'(x, y) = oo and lim I'(x, y) =0;
y—x y—>00

(c) for every ¢ € C3°(RY, R) and every x € RY,

fRN L(x, y)£o(y) dy = —¢(x). (2-2)

If Q C RV is open, we say that u is ¥-harmonic on Q2 if u € C*°(2, R) and $u = 0 in 2. A bounded
open set V C RV is said to be $-regular if the following property is satisfied: for every f € C(3V,R),
there exists a (unique) $-harmonic function in V, denoted by H, satisfying lim,, . H} (y) = f (x) for
every x € dV.

As described in [Bonfiglioli and Lanconelli 2013, Remark 2.2], & endows RV with the structure of
a G*-harmonic space, in the sense of [Bonfiglioli et al. 2007, Definition 6.10.1]: this is a consequence
of hypothesis (H1). As a very particular byproduct, we can use Bouligand’s theorem to derive that the
["-balls 2, (x) are £-regular open sets (we shall use this last fact in the proof of Bocher’s Theorem 1.9).

2B. Background results on r~B-convexity. Next we prove some results on ¢-convexity, as introduced
in Section 1. We begin by remarking that, obviously, given intervals 7, / € R and given a function
Y+ J — I which is monotone and continuous, a function u : I — R is ¢-convex on [ if and only if u o ¢
is (¢ o Y¥)-convex on ¥~ (I). Another very simple lemma is in order.

Lemma 2.1. Suppose 8 #0. Let I C (0, 00) be an interval and let u : I — R. The following assertions
are equivalent:

(1) u(r)is r=B-convex on I;
(2) u(r="By is convex on (1), where p(r) =r—#;
(3) rPu(r) is rf-convex on I.

Proof. The equivalence of (1) and (2) follows from the remark preceding the lemma. Taking ¢(r) = 1/r%,
a simple computation shows that (1-7) is equivalent to

B B B B
ry —7F rP —r
rPur) < Z——rfutr)) + 55—l u(r),
ry =1 ry =1
which is equivalent to the r#-convexity of r#u(r). U

The following result will be crucial later.

Lemma 2.2. Let a > 0. Suppose f : (0, a) — R is bounded from above and r~#-convex on (0, a) for
some B > 0. Then f is monotone nondecreasing.

This lemma proves Lemma 1.4(i).

Proof. Let f be as in the assertion; by Lemma 2.1(2), g(r) := f(r_l/ﬂ) is convex on I := (a—#, 00).
Since f is bounded from above on (0, a), g is bounded from above on /. From elementary properties of
convex functions, since I is unbounded, we infer that g is monotone nonincreasing on /; since g > 0,
this means that f is monotone nondecreasing on (0, a). [l
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We prove a condition for »~#-convexity under a weak-differentiability assumption.

Lemma 2.3. Suppose 8 # 0 and let I C (0, 00) be an open interval. Suppose that u : I — R is a locally
absolutely continuous function. Then u is r ~P-convex on I if and only if rP¥'u’ (r) is essentially monotone
nondecreasing on 1.

This lemma proves Lemma 1.4(ii).

Proof. By Lemma 2.1(2), u is r~P-convex if and only if F(r) := u(r~'/#) is convex in its domain in the
usual sense. On the other hand, since F is continuous, standard results (which we may omit) imply that
F is convex if and only if F’ is essentially nondecreasing. Summing up,

u is r P-convex if and only if F’ is essentially nondecreasing. (2-3)

In turn, F” is essentially nondecreasing if and only if the map p — —B F'(p~#) is essentially nondecreasing
on its domain. (Indeed, notice that if 8 > 0, then —8 < 0 and p—# is decreasing; if 8 < 0, then —8 > 0
and p~# is increasing.) Since

F'(r)= _ﬂ*lr*(ﬂJrl)/ﬂu’(r*l/ﬁ)’

we get —BF'(p~P) = pPt1u/(p). As a consequence, F’ is essentially nondecreasing if and only this is
true of 7+ (r), and this ends the proof, in view of (2-3). O

Convexity of a monotone C? function with respect to a power of r brings along convexity with respect
to many other functions, as the following result shows.

Lemma 2.4. Let I C (0, 00) be an open interval and suppose that u : I — R is monotone nondecreasing

and locally a.c. If u is r =7 -convex on I, it is r P -convex of I for every B > y.

Proof. Suppose u is monotone nondecreasing, locally a.c., and r " -convex on /. From Lemma 2.3, we
know that »¥ 1y’ (r) is essentially nondecreasing on /. Since u’(r) > 0 almost everywhere on I, if 8 > y,
then rt1w/ (r) = rP~7 (rV T/ (r)) is essentially nondecreasing as well. Again by Lemma 2.3, we deduce
that u is r~#-convex on I. ([l

We now investigate convexity properties of an average integral function.

Corollary 2.5. Leta > 0and f : (0, a] = R. Assume furthermore that « > —1 and r® f (r) is integrable
on (0, a). Let us consider the function

a+1

Fo =55 [ 0 f@dp. re0.al

(@) IfB#0and fis rP-convex on (0, a], the same is true of F(r).

(b) Suppose that f is also continuous. Then F(r) is r~@tD_convex on (0, a] if and only if f(r) is
monotone nondecreasing.

As o > —1, note that the integrability of r f (r) is ensured, for example, whenever f is bounded on
(0, a) (for example, when f extends continuously on [0, a]).
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Proof. We prove (a). Fix r € (0, a]. The change of variable p =rs gives F(r) = (¢ + 1) fol s f(rs)ds.
Setting r =1/, we have

1
F(tl/ﬁ):(a—i—l)/ s¢ F(tV/Ps) ds.
0

For every fixed s € [0, 1], the function ¢ f(tl/’ss) 1S convex, since f(tl/ﬂs) = f((tsﬂ)l/ﬁ), and since
r+— f(r'/P) is convex by the assumption of r#-convexity of f. This immediately gives the convexity of
F(t'/B), that is, the rﬁ—convexity of F(r).

We finally prove (b). By Lemma 2.1(3) (with B =a+1), F(r) is r ~@*+D_convex if and only if r*T1 F (r)

a+1

is r*T'-convex. In turn, this last condition is equivalent to the fact that the function G (r) :=r~* (r*t F(r))

is nondecreasing, this time by applying Lemma 2.3 to u(r) = r**!'F(r) and § = —a — 1. Now, the
fundamental theorem of integral calculus ensures that G(r) = (o + 1) f (), and this function is monotone
nondecreasing if and only if the same is true of f(r). (I

3. Derivatives of the average operators in the C? case

In order to prove Theorem 1.2, we first need the derivatives of r +— m, (u)(x) and M (u)(x) for u of
class C2. An approximation argument will eventually yield the weak derivatives in the $-subharmonic
case (see Section 4).

Proposition 3.1. Let Q@ € RY be an open set and let u € C*(2, R). For every fixed x € , the functions
(0, R(x)) 3 r > my (u)(x), M7 (u)(x)

are differentiable and their derivatives are given by

d 1

d—mr(u)(x) = —2/ Lu(y)dy, (3-1)
r reJew

d . _a+l _ 1 )

M (W) =~ /Qr(x)(fa(r) fa(r(x’y)>)££u(y)dy, (3-2)

where f, is an antiderivative of r*~! on (0, 00) (see (1-10)).
Proof. We fix the notation in the statement of the proposition. From the first mean-value formula for & in
(1-3), we get

d d 1
—m,(u)(x) = — | ulx) +/ I'y——)%u (by the co-area formula)
dr dr Qr(x) r

d (7 1 dHN-!
_4d (/ <Fx——)§£u—) dr
dr Jo \Ji=yt, r IV(1/ Tl
1 dHN-! r 1 dHN-!
:f r,—- .EBu——i—/ / S Fu— ) di
r=1/T, r IVA/Tol - Jo \Ji=iyr, 7 IV(1/ Tl

1
= — FLu
r? Jo.
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(the first integral is O; we use the co-area formula again in the second one). We next prove (3-2). From
the second mean-value formula for & (1-3), we get

d D2 (" 1 1 1
—Mf(u)(x):_@/ pa(f (l"x——>§Bu) dp+ 2+ f (Fx——>§£u — 1411
dr ret=Jo Q,(x) P roJow r

By applying Fubini’s theorem to the summand I we get

(a+1)? r a .
I=—%5 / é’iu(y)(/ <p T(x,y)—p 1)dp> dy.
r Q () 1/T(x.y)

By recalling (1-10), since the inner integral in p is equal to

rot-i—l

1 1
fa(F(x,y)) —fa(”)+a+1<F(X,y)—m>,

we derive for —I + II the expression

(@+1)? 1 o+ 1 1 a1 |
ret? /wx) °%u<fa(r)_fa<F_x)>_ r fsz,<x>§£u(rx_r"‘+‘rfé‘)+ r /Qr(x)(rx—;)seu
(o + 1)2 1 a+1 1 1
LT Pul £, — o[ — pul —— 2
rot2 /Q,(x) u(f (r) = f (Fx))+ - ./Q,(x) u(r“‘“l";’ r)

1 1 N
et /smx) $u<(a D) =@t D <F_x> " re ' >

Now, the inner term in parentheses is equal to
1 .
fu) = fo ), ifo=0.
i 1 1
@+ D fulr) = @+ D fo( ) +afu(7) —aful), ifa 0.
X

X

and, in turn, this equals f,(r) — fo(1/I;) after a cancelation in the formula for ¢ # 0. Because
(d/dryM? (u)(x) = =1 +1I, the proof is complete. O

Proposition 3.1 allows us to prove the needed characterization of the ¥-subharmonicity in the C? case.

Proposition 3.2. Let Q@ C RY be an open set, and let u € C*(Q, R). Then the following conditions are

equivalent (here o > —1).

(1) u is £-subharmonic on Q.

2) $u>0o0n Q.

(3) Forevery x € 2, the function r — m,(u)(x) is 1/r-convex on (0, R(x)).

(4) For every x € 2, the function r — M7 (u)(x) is 1/r**-convex on (0, R(x)).

The interval (0, R(x)) in (3) and (4) above can be replaced with (0, e(x)) (for some £(x) > 0), that is,
two other characterizations hold true:

(5) forevery x € Q, there exists 0 < e(x) < R(x) such that the function r — m,(u)(x) is 1/r-convex on

(0, e(x));
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(6) forevery x € Q, there exists 0 < e(x) < R(x) such that the function r — MY (u)(x) is 1/r** ! -convex
on (0, e(x)).

Proof. Owing to the submean characterizations of the -subharmonicity recalled in Section 1, u € ¥(2)
if and only if u(x) < m,(u)(x) for every x € Q and every r € (0, R(x)). When u is C?, due to the
representation formula (1-3), this is clearly equivalent to £u > 0 on 2 (recall that I'(x, y) —1/r is positive
on 2,(x)). This proves the equivalence of conditions (1) and (2) above.

We now prove the equivalence of conditions (2) and (3). Since m, (u)(x) is differentiable w.r.t. r (see
Proposition 3.1), by Lemma 2.3 we obtain that condition (3) holds true if and only if the function

F(r):= rzdimr(uxx)
r

is monotone nondecreasing on (0, R(x)). By (3-1), we have F(r) = er ) Zu, and this function is
nondecreasing if and only if £u > 0 (indeed, recall that €2, (x) shrinks to {x} as » — 0). This shows the
equivalence of (2) and (3).

The equivalence of (2) and (4) can be proved analogously, by showing that

F,(r) = r““diM,“(u)(x)
r

is monotone nondecreasing on (0, R(x)), this time by using (3-2) (and the fact that f, is strictly increasing
for every a; see (1-10)).

Obviously, condition (3) implies condition (5), and (4) implies (6).

Finally, we prove that conditions (5) and (6) imply condition (2). Suppose by contradiction that
SLu(x) < 0 at some point x € 2, and hence on some neighborhood U C €2 of x. Due to our hypothesis
(H2)(b) on the fundamental solution I", we can choose r, > 0 so small that r, < &(x) and such that
m C U. If ry is any positive number less than r,, we derive that F () < F(r;) and Fy(rp) < Fy(r1),
with the notations above for F and F,. This shows that conditions (5) and (6) cannot be true, since they
are equivalent to the nondecreasing monotonicity on (0, (x)) of F' and Fy, respectively (by Lemma 2.3).
This ends the proof. U

Remark 3.3. We observe that the equivalence “(2) < (4)” may also be proved as follows, without the
aid of formula (3-2). By (3-1), condition (2) holds true if and only if m, («)(x) is nondecreasing w.r.t. r
on (0, R(x)); now we can apply Corollary 2.5(b), which ensures that this last condition is satisfied if and
only if

a+1 (", 1
g P mp(u)(x)dp is o7 "Convex on (0, R(x)).

Owing to (1-5), this last assertion is nothing but condition (4).

4. Weak derivatives of the average operators of u € ¥(2)

Our next task is to prove analogues of (3-1) and (3-2) (in the sense of weak derivatives) for arbitrary
&-subharmonic functions. To this end, we need to recall that the £-Riesz measure u,, of u is characterized
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by the identity

f u(x)Lo(x)dx = f o(x)du,(x) forevery ¢ € C°(Q2, R). 4-1)
Q Q

We notice that, fixing a positive r, the average operators m,(u)(x) and M, (u)(x) are well posed, as
functions of the center x, for any x € 2", where

Qi=xeQ: Q0 CQl, (4-2)

if this set is nonempty. By our hypothesis (H2)(b) on the fundamental solution I, it is easy to see that
Qf 1 Q as ¢ | 0. Moreover, it is not difficult to prove that

for every compact set K C €2, there exists ¢ > 0 such that K C Q°. 4-3)

We are ready to give the following keystone result, whose proof is quite delicate.

Theorem 4.1 (derivatives of m,(u) and M (u)). Let Q@ C RN be an open set and let u € () with
$-Riesz measure |, on Q2. Finally let x € Q be fixed.

(1) The function r — m,(u)(x) is locally absolutely continuous, hence it is almost everywhere differentiable
and its weak derivative (coinciding with its derivative at the points where the latter exists) is given by

d 1 (82,
St = LD, (4-4)
r r

Moreover, m,(u)(x) can be prolonged with continuity at r = 0 if and only if x € Q(u), and in this case
one has, for everyr € [0, R(x)),

"y (Qp (x)) dp

) =ue) + [
0 P

1
=M(X)+/ (F(x,y)— —) dpy (y). (4-5)
Q (x) r

(i1) Let o > 0. The function r — M7 (u)(x) is of class C' on (0, R(x)); its derivative is

dM"‘ o+l 1 d 46
5 r(“)(x)— ) /;zr(x)<fa(r)_fa<r(x’y))> ,Uvu(y)» ( - )

where fqy is as in (1-10). Moreover, MY (u)(x) can be prolonged with continuity at r = 0 if and only if
x € Q(u), and in this case one has, forr € [0, R(x)),

Mf<u><x>=u(x>+/r““</ (fam)—fa( : ))duu@))dp
o 02 \Ua,w I'(x, )

L[ 1
—uo+ 255 [ p"( [ (rem--) duu(y)) dp. 4-7)
r 0 Q,(x) P

(iii) The same result as in (ii) holds true also for —1 < a <0, provided that x € Q2 (u) (in which case (4-7)

is also satisfied).

We observe that Theorem 4.1 proves Theorem 1.2.
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Remark 4.2. We remark that, for « > 0 and x € Q2 (and for —1 < o <0, provided that x € Q2 (u)), (4-5)
and (4-7) produce the representation formulae

1
u(x) =m,(u)(x) —/ (F(x, y)— —) dpy (y),
Q (x) r

a+1 [ 1
u(x) =M ()(x) = — /0 p"‘(fg()(F(x,y)—;>duu(y))dp-

This demonstrates Corollary 1.3. The above formulae are the analogues, of Poisson—Jensen type, of the

representation formulae (1-3).

Proof of Theorem 4.1. Let us fix ¢ > 0. Given u € $(2), by the smoothing result in [Bonfiglioli and
Lanconelli 2013, Theorem 7.1] (requiring the C*°-hypoellipticity of ¥), there exists a nonincreasing
sequence u, of smooth $-subharmonic functions on the set Q¢ (see (4-2)) converging point-wise to # on
Q°. Given x € Q°, if we set

R?(x) :=sup{r > 0: Q,(x) C Q°},

then lim,_, o+ R®(x) = R(x) holds. This is a direct consequence of (4-3).

Hence, the theorem is proved if we show that, for any given x € Q°, the functions of r € [0, R®(x))
given by m, (u)(x) and M (u)(x) are locally a.c. on (0, R®(x)), and that their weak derivatives are given
by (4-4) and (4-6).

Since u, € C* (2%, R), from (3-1) we have

d 1
Lo ) () = / Fu,
d}" 1”2 Q,(x)

for every x € QFf and every r € (0, R®*(x)). Let ¢ (r) be a smooth function compactly supported
in (0, R?(x)); we multiply both sides of the above equality by ¥ (r), we integrate with respect to
r € (0, R®(x)), and we use integration by parts in the left-hand side, thus getting

1
f W () () dr = / ‘“”(72 /Q ( )sfun> dr. 4-8)

We aim to let n — oo in this identity. To begin with, we claim that

lim / W' (rym, (u,) (x) dr = / ¥/ (rym, (u)(x) dr. (4-9)
n—oo
To prove this claim, we observe that, by arguing as in the proof of (5-2), we have
lim m,(u,)(x) =m,)(x) forall x € Q% r € (0, R°(x)). (4-10)
n—oo

As a consequence of (4-10), (4-9) holds true if we prove that, in the left-hand side of (4-9), it is possible to
apply the dominated convergence theorem. This is indeed possible as a direct consequence of the bounds

U=<up, <up = —00 <myu)(x) <m;(u,)(x) <m,(u)(x) < oo.
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We next investigate the right-hand side of (4-8). If we denote by [a, b] the support of i (recall that
0 <a < b < R®(x)), by Fubini’s theorem we have

1 1
/ wm(—z / seun) ar= [ xp(r)(—2 [ ieun<y>dy) dr
r Q,(x) r 'x,y)>1/r

b dr
=/ §Bun(y)</ xlf(r)—z) dy =:/ Lup()V(y)dy.
Q) (x) max{1/T'(x,).a} 4 Q(x)

Now the function W is supported in €25 (x), it is identically equal to the constant function fah W (r)dr/r?
on ,(x), and it is smooth because I'(x, -) is smooth outside x. Hence we can integrate by parts two

1
/ wr)(—2 | sgun) ar= [ w2 dy.
r=Jea,(x)

From u < u, <u; we get |u,| < max{|u|, |u;|}; hence, by recalling that -subharmonic functions are
locally integrable [Negrini and Scornazzani 1987], and by observing that $¥ € C;°(2°), a dominated

times to derive

convergence argument finally proves that

1 .
Tim z/x(r)(—z /Q ()SBun)dr: f u()LY(y)dy = / W (y) dppa(y).

r

On the other hand, again by Fubini’s theorem, we infer that

b dr
[ vmaum= [ ( / w<r>—2> dita(y)
Qp(x) \Imax{1/I"(x,y),a} r

1 1 (82,
-/ wm(—z | duu(y)) ar= [ y ()
reJe,x) r

Summing up, we have proved that

lim W(r)(,%/g( )§£un> drsz(r)wdr. (4-11)

Gathering together (4-9) and (4-11), from (4-8) we derive

u (2
f ¥ ()my(u) (x) dr = / wm% dr.

From the arbitrariness of ¢ € C5°((0, R®(x)), R), this shows that m, (u)(x) possesses a weak derivative
on (0, R¥(x)), and this is equal to pu, (2, (x))/r?. From the arbitrariness of & > 0, we infer that m, (1) (x)
is weakly differentiable on (&, 8) for every «, B such that 0 < @ < 8 < R(x), and its weak derivative is
Uy (2,(x))/ r2. Note that this function is integrable on («, ), since

/’3 Pt () - a(R2(0))

2 ==z B-o)<oo,

the last inequality following from the finiteness of w, on the compact subsets of 2.
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This proves that m, (1) (x) is equal almost everywhere to a continuous function on (0, R(x)), say m(r),
and m(r) is locally a.c. on (0, R(x)), with weak derivative given by u,(2,(x))/ r2; since absolutely
continuous functions are almost everywhere differentiable, we also get m’'(r) = 1, (2, (x))/ r2 for almost
every r € (0, R(x)). Moreover, since absolutely continuous functions satisfy the fundamental theorem of
calculus, we also have

r 1
m(r) =m(ry) +/ ?Mu(gp(x)) dp,

whenever 0 <7 <r < R(x).

As m,(u)(x) is monotone (see (A.2) in Section 1), it can be equal almost everywhere to m(r) (which
is a continuous function) only if m, (1) (x) = m(r) for every r € (0, R(x)). Thus m, (u«)(x) inherits all the
above properties of m(r). In particular, whenever 0 < r; <r < R(x), we get

"1
my(u)(x) —my (u)(x) = / ?Mu (R2,(x)) dp.
r
Letting r; — 0T, by Beppo Levi’s theorem and by exploiting the m-continuity of $-subharmonic functions
(see property (A.2)), we obtain

"1
my(u)(x) — u(x) =/0 ?Mu(gp(-x))dp,

where both sides are 4o if and only if u(x) = —oo (recall that m, (u)(x) is always finite). Otherwise,
when x € € (u) both sides are finite, and we get the first formula in (4-5). In this latter case, we derive that
Mu(82,(x))/ p?is integrable on every compact subinterval of [0, R(x)), so that the function r — m, (1) (x)
(defined as u(x) when r = 0) is locally a.c. on [0, R(x)). The second formula in (4-5) can be obtained by
Tonelli’s theorem, since

Tl Tl
| Ssma@oondo= | —2( / dm(y))dp
0o P 0o P 1/T(x,y)<p
r 1 1
= —dp | duu(y) = L, y) — = ) duu(y).
1/T(x,y)<r 1/T(x,y) P Q- (x) r

This completes the proof of the theorem where surface average operators are concerned. The case of
solid average operators can be proved analogously, this time starting from (3-2), and by recalling that
M (u)(x) is always finite if o > 0, and it is finite for —1 <a <0 if x € Q(u).

Note that the fact that M7 (u)(x) is of class C lisa consequence of identity (1-5), together with the
continuity of m, (u)(x) up to r =0 (when x € Q(u)). The fact that the two formulae in (4-7) are equivalent
to one another can be proved by direct computations, by taking into account that

/ (/ g(p,y>duu<y))dp=f (/ g(p,y>dp) At ()
0 Q,(x) Q- (x) 1/T(x,y)

for every integrable function g(p, y). [l
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5. Subharmonicity and convexity of the average operators

We are ready to give the proof of Theorem 1.5. We highlight the fact that, over the course of this section,
we shall provide finer versions of Theorem 1.5, namely, Theorems 5.1 and 5.2 below.

Proof of Theorem 1.5. We split the proof into six short parts.

D= Q). fueI(Q)and x € 2, by Theorem 4.1, r — m(r) := m,(u)(x) is locally a.c. on (0, R(x))
and, due to identity (4-4), one has (for almost every r € (0, R(x)))

rm' (r) = p, (2-(x)),

the latter being a nondecreasing function of 7. This shows that 2m’(r) is essentially monotone nondecreas-
ing on (0, R(x)). By Lemma 2.3 (for 8 = 1) we see that m(r) is r~1-convex. Finally, the m-continuity of
u is contained in (A.2). This proves statement (2) of the theorem.

(2) = (3). This is obvious.
(3) = (1). Let x € Q2(u). By the assumption (3), the map r — m(r) := m,(u)(x) is r~1-convex on
(0, R(x)). On the other hand, for 0 <r <a < R(x), one has

m(r) < sup{u(y) : y € (1)} < 00,

due to m,(1)(x) = 1, the upper semicontinuity of u, and the compactness of €2,(x). Thus m(r) is bounded
from above on (0, a) for every positive a < R(x). An application of Lemma 2.2 (for 8 = 1) shows that
m(r) is monotone nondecreasing on (0, R(x)). Since u is m-continuous by assumption (3), this gives

u(x) = li%l+ m,(u)(x) <m,(u)(x) forallx e Qu),r e (0, R(x)).

On the other hand, the inequality u(x) < m,(u)(x) is trivially satisfied when x ¢ Q(u) (because this
means that u(x) = —o0). Therefore, one has u(x) < m,(u)(x) for every r € (0, R(x)) and every x € Q.
By the characterization (A.1) of the £-subharmonicity, we deduce that u € F(£2).

(1)=(4). Leta > 0. If u € (2) and x € 2, by Theorem 4.1, the function r — M (r) := M7 (u)(x) is
C' on (0, R(x)) and, due to identity (4-6), one has

1
I"OH_ZM/(I’):(O[-FD/ <foz(r)_fa<l_, >)dﬂu(y),
Q, (x) (x,y)

where f, is as in (1-10). Note that the function in the right-hand side is nondecreasing w.r.t. , because
this is true of f, (and r > 1/T"(x, y) on Q,(x)). This shows that r*T2M’(r) is monotone nondecreasing
on (0, R(x)). An application of Lemma 2.3 (for 8 = « + 1) proves that M (r) is r~©@*D_convex. Finally,

the M*-continuity of u is contained in (A.2) (with m, replaced with M). This proves statement (4) of
the theorem.

(4) = (1). Suppose there exists o > 0 such that r > M%(u)(x) is r~“+D-convex on (0, R(x)) for every
x € Q. By arguing as in the above proof of “(3) = (1)”, an application of Lemma 2.2 (for 8 =a + 1)
shows that M (u)(x) is monotone nondecreasing on (0, R(x)). Since u is M*-continuous by assumption
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(4), we get (see the above argument) u(x) < MZ(u)(x) for every x € Q and r € (0, R(x)). By the
characterization (A.1) of the $£-subharmonicity (with m, replaced with M), we deduce that u € F(£2).

(1) < (5). This can be proved by using similar arguments as above (this time invoking identity (4-6) for
a € (—1,0] and x € Q(u); note that f, is increasing also for nonpositive values of «; see (1-10)). [

We next turn to proving a more refined versions of the implications (1) = (2), (3), (4), (5) of Theorem 1.5.

Theorem 5.1 (subharmonicity implies convexity of the average operators). Suppose that Q@ C RY is an
open set, and let u € F(L2). Then we have the following.

(1) For every x € Q2 the average operator m,(u)(x) is 1/r-convex on (0, R(x)); furthermore, it is
1/rP-convex also for p > 1.

a+1

(2) When o > 0, for every x € 2, the average operator MY (u)(x) is 1/r*" -convex on (0, R(x));

furthermore, it is 1/r?-convex also for g > 1.

(3) When —1 < o < 0, for every x € Q(u), the average operator M7 (u)(x) is 1/r*t-convex on
(0, R(x)); furthermore, it is l/rﬂ-convex also for B > o + 1.

Proof. Let us fix € > 0. Given u € ¥(£2), by the smoothing result in [Bonfiglioli and Lanconelli 2013,
Theorem 7.1] (recall that we assumed & to be C°°-hypoelliptic), there exists a nonincreasing sequence iy,
of smooth ¥-subharmonic functions on the set Q¢ (see (4-2)) converging point-wise to u on 2°. Given
x € QF, if we set

R?(x) :=sup{r > 0: Q,(x) C Q°F},

then lim,_, o+ R®(x) = R(x) holds. (This is a direct consequence of (4-3).)
Hence, the theorem is proved if we show that, for any given x € Q°, the functions of r € (0, R®(x))
given by m, (u)(x) and M~ (u)(x) are r~P-convex, respectively, for 8 > 1 and for 8 > min{l, « + 1}.
To this end, let us observe that, since u, € (%) N C* (¢, R), from Proposition 3.2 we know the
following.

I_convex on (0, R?(x)); since this function is smooth w.r.t. » and monotone nonde-

o my(uy)(x)isr™
creasing (see (3-1) and recall that $u, > 0), by Lemma 2.4 we infer that it is also r~B-convex for
every > 1.

o M7(u,)(x)is r~@*+D_convex on (0, R®(x)); from the r_l—convexity of the surface mean m, (u,)(x)

we derive that M7 (u,)(x) is also r1

-convex, owing to Corollary 2.5(a); since M (u,)(x) is smooth
w.r.t. r and monotone nondecreasing (see (3-2)), by Lemma 2.4 we infer that it is also r~P-convex

for every 8 > min{1, o + 1}.

We now show that the above properties are inherited by m, (u)(x) and M} (u)(x), by passing to the limit
as n — 0o. We prove it for solid average operators, the argument for surface average operators being
completely analogous. Let 8 > min{1, « + 1}. We know that (setting ¢ (r) = r—#)

@ (r2) —@(r)
@(r2) —(r1)

@(r) —¢(r1)

M () (x) <
r () () = o(r2) — (1)

M () (x) + M () () (5-1)



364 ANDREA BONFIGLIOLI, ERMANNO LANCONELLI AND ANDREA TOMMASOLI

for every ri, r, o € (0, R®(x)) such that r; < r < rp. We claim that
lim M7 (u,)(x) = MZ(u)(x) forall x € Q°, r € (0, R®*(x)). (5-2)
n—oo

Once this claim is proved, letting n — oo in (5-1), we get
@(r2) — () @(r) — (1)
@(r2) —o(r1) @(r2) —o(r)

for every ry, r,p € (0, R®(x)) such that r; < r < rp. This is precisely what we aim to prove, that is,

M (u)(x) < My () (x) + M, (u) (x)

MY (u)(x) is an r~P-convex function of r on (0, R?(x)).
We finally turn to prove the claimed (5-2). We fix any x € Q° and any r € (0, R®(x)). Let us consider
the sequence v, defined by

V() i=u1 (%) —u,(x), xeQf.

Since {u,}, is monotone nonincreasing, we infer that {v,}, is monotone nondecreasing and nonnegative.
Moreover, by construction of u,, we have v, — u; — u, as n — 0o, point-wise on Q°. As K, > 0 (see

(1-2)), we are therefore entitled to apply the monotone convergence theorem to derive that
T a—+1

im

n—oo po+l

+1
/ un (M Ka(x, y)dy = aa+1 / (u1(y) —u(y) Ko (x, y) dy.
2 (x) r Q(x)

Recalling that M (u) (x) is finite valued (see Remark 1.1) for any « > 0, and also for —1 <« < 0 provided
that x € Q2 (u), we obtain the following identity from the above one (whenever M (u)(x) > —o0):

Tim (M (1) (6) = MY (1) () = M 1) () = ME () ().

By canceling out M7 (11)(x) (when it is finite), we get (5-2) and the proof of statements (2) and (3) of
the theorem is complete. The proof of (1) is analogous, taking into account that m, («)(x) is always finite
(see Remark 1.1). O

The next result provides the reverse implication of Theorem 5.1. Also, it proves refined versions of the
implications (2), (3), (4), (5) = (1) of Theorem 1.5.

Theorem 5.2 (convexity of the average operators implies subharmonicity). Suppose that Q@ € RY is
an open set and o > —1. Let u : Q — [—00, 00) be an u.s.c. function such that Q (u) intersects every
connected component of 2.

Then, any of the following conditions implies that u is £-subharmonic in Q:

(1) u is m-continuous in Q2 and, for every fixed x € Q (u), the average operator m,(u)(x) is 1/r¥ -convex
on (0, R(x)) for some y > 0.

(2) u is M*-continuous in Q2 and, for every fixed x € Q(u), the average operator M (u)(x) is 1/r? -
convex on (0, R(x)) for some y > 0.

We explicitly point out that this result holds true for every sub-Laplacian & on any Carnot group
of homogeneous dimension Q > 2, since & satisfies all the properties in Section 2 (see, for example,
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[Bonfiglioli et al. 2007]); hence, as a very special case, Theorem 5.2 holds true for the classical Laplace
operator A on RN, with N > 3. This result seems to be new in the literature.

Proof. Since u is u.s.c., u is locally bounded from above. This ensures that, for every fixed x € ,
m,(u)(x) and M7 (u)(x) are bounded from above on (0, a] for every positive a < R(x). If condition (1)
of Theorem 5.2 holds true (respectively condition (2)), we can apply Lemma 2.2 to derive that, for every
x € Q(u), the average operator m, (u)(x) (respectively M7 (u)(x)) is monotone nondecreasing on (0, a]
for every a < R(x). Hence it is nondecreasing on the whole of (0, R(x)). Since u is supposed to be
m-continuous (respectively M*-continuous), we infer that, for every x € €2(«), one has

u(x) = 1ir(r)1+ my(u)(x) <m,(u)(x) (respectively u(x) = li%l+ MY (u)(x) < M7 (u)(x))

for every r € (0, R(x)). On the other hand, the inequality u(x) <m, (u)(x) (respectively u(x) < M7 (u)(x))
is trivially satisfied when x ¢ 2 (1) (since this means that u (x) = —o0). Therefore, one has u(x) <m, (u)(x)
(respectively u(x) < M (u)(x)) for every r € (0, R(x)) and every x € . By the characterization (A.1)
of the £-subharmonicity (respectively the analogue of (A.1) with m, replaced with M), we deduce that
u is $£-subharmonic in . [l

6. The case of I'-annuli

In this section we use the following notation: given a, b such that 0 <a < b < 00, and given xg € RN,
we set

A p(xo) = {x eRVN: % < T(xg, x) < l} (6-1)
a

(with the convention that 1/00 =0 and 1/0 = o), and we say that A, ,(xo) is the I'-annulus of center xq
and radii a, b. The notation A, will apply instead of A, ,(xg) whenever xg is understood. Our main
task is to prove the following result, from which applications will be derived in Section 7.

Theorem 6.1. Let 0 < a < b < oo and xo € RN be fixed. Suppose u is £-subharmonic on Ag p(x0). Then
the function
(a,b) > r > my(u)(xo)

is r~'-convex and locally absolutely continuous on (a, b). For every a, f such thata < a < < b, there

exists ¢ (depending on a, o, B, b, u, xo) such that the (weak) derivative of m, (u)(xo) on («, B) is given by

d 1
27 (@0 = 7 (tu (Aa.r (x0)) + ) (6-2)
r r

for almost every r € (a, B). As usual, u, is the £-Riesz measure of u on A, p(X0).
This proves Theorem 1.6.

Remark 6.2. We cannot expect that analogues of Theorems 5.1 and 5.2 will hold true in the case of
I'-annuli, since, in the case of a I"-annulus

o $-subharmonicity does not necessarily imply »~#-convexity, when g > 1;
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« solid @-means are not well-posed;
o m,(u)(xp) is not necessarily monotone nondecreasing.

See Remark 6.5 at the end of the section for related results (and a converse of Theorem 6.1 for C>
functions which are “radial” with respect to I').

In order to prove Theorem 6.1, we need a substitute for identity (3-1). This is given in the next result.

Lemma 6.3. Let xo € RY and 0 < Ry < R> < 00 be fixed, and suppose that u € CZ(ARI’R2 (x0), R). Given
any R € (Ry, Ry), one has

d 1
—|  mew)(x0) = -5 (/ (AVu,v)ydHN ! +/ Sfu) (6-3)
dr lr=R R 982, (x0) Ap,r(x0)
for every p € (Ry, R). In particular, we have
d d
A mwen-re| mae=[ (6-4)
dr r=rp d}" r=ri A’l-"z (x0)

for every ry, rp such that Ry <ry <ry < Rj.

Proof. Let Q C R" be any bounded open set whose boundary is regular enough to support the divergence
theorem. The divergence form (2-1) of £ = div(AV) gives

/ uPv —vPu) = | W(AVY, vest) — V(AVuU, Veg)) dHN ! (6-5)
Q aQ
foreveryu,veC 2(2, R). Here vy denotes the exterior normal unit vector on 9$2. Let u € C2(A Ri.R, (X0))
and let us take any p, r such that Ry < p <r < R,. Choosing 2 = A, ,(x9) and v = —T'y, and since
— =+VI vr , if 082 ,
) = { V() 5= VD (/D ()], i ¥ € 82 (x0) ©.6)
+v(x) :=—=VI (x)/|VIy(x)], if x € 92, (xp),
from (6-5) we derive (recalling that 'y is £-harmonic on RN\ {x0})
1 1
/ Lo Lu = my(u)(x0) —mp(u)(xo) + — Jr (u) (x0) — —Jp () (x0), (6-7)
Ap,r(xo) r p
where m, is the usual surface average operator, while
Jr(u)(xg) := / (AVu,v) dHY™' forR=rand R = 0, (6-8)
2R (x0)

and v is as in (6-6) (note that v is the normal unit vector on dQ2g (xg) which is exterior to the set Q2 (xg)).
If in (6-5) we take v=—1and Q = A, ,(xp), we get

/; - Fu = Jr(u)(xo) — J, (u)(xo). (6-9)

We set f(r) :=m,(u)(xg) for brevity and we differentiate both sides of (6-7) w.r.t. r:
d

1 1d
o CyPu= f'(r)— — Jr () (x0) + ——=J, (u) (x0). (6-10)
rJa,., ) r rdr
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On the one hand, owing to the co-area formula, we have
d

E FXOifu

Ap,r(x())

d 1 1
= + Fx() —— |%u
dr ,o r(x0)

d [’ 1 dHN-!
e (D)
Ap.r(x0) rdr Ja,,xo dr 1/ Tyy=t r) IVA/ Tyl

:——2 Su+ —— Lu

Ay (x0) rdr Ja,, )

1 dHN! ’ 1 dHN™!
+ Fxo —— | ¥uy—+ —zifu— dt
1/Tyy=r r IVA/ Tl Jp \Jiyrg= 7 IV(1/Ty)l

The third summand is 0, while the fourth is the opposite of the first one. Thus

d 1d 69 1d
— e $fu=-— Fu =" ——1J, .
dr o=ttt " r er (1) (xo)

Ap.r(x()) Ap,r(xo)

This shows that the left-hand side of (6-10) and the last summand of its right-hand side are equal. Thus
(6-10) is equivalent to

f'r V=3 J (u)(x0).

Taking into consideration (6-9) again, we get

fl(r) = <J (u)(x0) +/ $u>, Ry <p<r <R (6-11)
Ap.r(x())
This proves (6-3). Equivalently, we also obtain that
r2f(r) = J, () (x0) +f Fu, Ri<p<r<R. (6-12)
Ap,r(xo)

If r, rp are such that R < r; <r, < Ry, we can choose any p satisfying R} < p < r;. Taking r =r, in
(6-12) and subtracting side by side what we get by taking r = r; in (6-12), we finally obtain

r3f () —rif'(r) = / Lu —/ Pu = / SLu,
Ap,r2 (x0) Ap,rl (x0) Arl,rz (x0)

which is (6-4). U
We remark that, if u € C*(Q R, (x0), R), letting p — 0% in (6-3), one gets back formula (3-1). Indeed,

lim (AVu,v)ydHN=' =0,
p=0% J3Q, (x0)

as it follows from the identity fan(xo)<Avu, V) dHN-1 = fBQ,,(xg) Yu (a consequence of (6-5) taking
v=—1and Q= Q,(xp)).
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Proof of Theorem 6.1. First we observe that Theorem 6.1 holds true if, together with the other assumptions,
u is of class C2. Indeed, if u is C? and $-subharmonic, we have $u > 0 on A, p; thus (6-4) proves
that rz(d/dr)(mr(u)(xo)) is monotone nondecreasing on (a, b). Lemma 2.1(3) ensures that m, (i) (xp) is
r~!-convex on (a, b) and that formula (6-4) holds true.

The general case of u € ¥(A, ) can be proved by the very same approximation technique as in the

proofs of Theorems 4.1 and 5.1. ]

Remark 6.4. Another example of a convex function naturally associated to an £-subharmonic function is

B(r):= sup u.
9€2, (x0)

Indeed, let us prove that, if u € (A, 5(x0)), then B(r) is an r~-convex function of r € (a, b). Fix any
r1, ry such that @ < r; < rp, < b. We need to prove that B(r) < I (r) for every r € (r1, r2), where

1/rp—1 1/r—1
10y = L2 iy MU g
1/ra=1/n 1/ra—1/r
We remark that / (r;) = B(r;) fori =1, 2 and
1 B(ry) — B B _B
I(r)y=-a+b, Wherea:M b= (ri)/r2 (r2)/m1
r

1ro—=1/r’ 1/ra—=1/n
With these same notations, we set v(x) := I (1/I"(xg, x)) = al'(xg, x) + b. Clearly v is £-harmonic in

RN \ {xo}; moreover, for every x € 982, (xp), one has

v(x) =1(r;) =B(ri)= sup u>u(x).
892, (x0)

By the weak maximum principle for the ££-subharmonic function u — v on the bounded open set A,, ,, (xo),
we infer that u(x) < v(x) for every x € A, ,,(x0). In particular, if we take x € 02, (xp), we get
u(x) <v(x)=1I(r); taking the supremum over <2, (xp), we get exactly the needed inequality B(r) < I (r).

Remark 6.5. (a) Surface average operators of £-subharmonic functions on a I"-annulus need not be
monotone nondecreasing. Indeed, if for example £ = A is the classical Laplace operator on R?, the

u(x) = (llxll =2)*  where [x|| =/x{ +x3 +x3,

is subharmonic on the annulus {4/3 < ||x|| < 3}, but m, (u)(0) = (r — 2)2 is not monotone on 4/3,3).

function

(b) A converse of Theorem 6.1 holds true for C? functions which are “radial” with respect to T'. More
precisely, suppose u has the form

u(x) = f(I'(xp,x)), x € Aqp(xo),

for some f € C 2((1 /b, 1/a), R). A direct computation based on (2-1) and on the £-harmonicity of
I'(xg, -) on RN \ {xo}, proves that

SLu = f/(Fxo)Sfr‘xo + f//(Fxo) Zai,jair‘anjFxO = f//(FxO)<AVFxO, VF)C()>'
i,j
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Thus u is £-subharmonic on A, 5 (xg) (that is, £u > 0) if and only if (recall that A is positive semidefinite)
f”>0on (1/b, 1/a). On the other hand, if r € (a, b),

m, (u)(xo) = / F (T (x0, X))k (xo, x) dHN "1 (x) = f£(1/r).

I'(xp,x)=1/r

1

Thus, m, (u)(xg) is r~'-convex on (a, b) if and only if f(r) is convex on (1/b, 1/a). This proves that u

1

is £-subharmonic on A, ;(xp) if and only if m, (1) (x) is an r ~*-convex function on (a, b).

(c) If u is as in part (b), then m, (u)(xo) is r #-convex on (a, b) if and only if (see Lemma 2.1) f(r'/#)

is convex on (b=#, a=#); this last condition holds if and only if

1 (p)
P

Now, when 8 > 1, it is very simple to produce a function f satisfying this last condition on some open

f"(p)—(B=1) >0 forallpe ' a™l).

interval (b~!, a~ 1), but violating f” > 0 on the same interval (recall that this last condition is equivalent
to u being $-subharmonic on A, ;): for instance, f(p) = —p” does the job. With this choice of f, the
associated function u(x) = —(I"(xo, x))? is not $-subharmonic on any annulus Ag p(x0), but m,(u)(x0)
is r~P-convex on every subinterval b1, a1 of (0, 00).

7. Applications

We are ready to give the following proofs.
Proof of Corollary 1.7. From (6-4) we derive that r2(d /drym,(u)(xo) is constant on (a, b), that is, there
exists ¢; € R such that

L m oy =S =L (4

dr AR = 2 dr\r
for every r in the interval (a, b). U

We now prove the I'-symmetry result in Theorem 1.8. Hypothesis (HH) in Section 1 is assumed.

Remark 7.1. Thanks to our hypoellipticity assumption (H1), by the strong maximum principle for &
(proved in [Abbondanza and Bonfiglioli 2013, Theorem 3.4]) we infer that the harmonic sheaf associated
with & is elliptic (in the sense of [Constantinescu and Cornea 1972]). By standard techniques, hypothesis
(HH) is then fulfilled, for example, in the following cases:

(1) if & can be put in the form & = ZTZI X?, where X1, ..., X, are smooth vector fields satisfying
Hormander’s rank condition on RV ;

(2) for xg = 0, if &£ is homogeneous w.r.t. some group of dilations on R" (this is true, for example, if &
is a sub-Laplacian on a Carnot group).

Here we agree to say that a family of maps {5, }1>0 is a group of dilations if

S RN S RN 8(xr, .., xn) = (%X, ..., A%V xy),
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where the exponents o; are strictly positive real numbers. Moreover, we say that &£ is §;-homogeneous of
positive degree if there exists o > 0 such that £(u 0 §,) = A7 (Fu) o 5, for every u € C2(RV, R).

Proof of Theorem 1.8. We follow an idea [Axler et al. 1992] exploited in the classical case of the Laplace
operator. The proof is split into three steps.

(I) We set A := Ag p(x0). Given u € C(A, R), we introduce the operator

Su)(x) :=myr(xo.x @) (x0), x€A.
Clearly, one has S(1) = 1 and, moreover, 'y, is another fixed function for S, since
S(Txy) (X) = 111 (xp.x) (Txp) (X0) = / I"(xg, ¥)k(x0, y) dHN ! ()

I (x0,y)=T (x0,x)
= I['(x0, x)S(1)(x) = Ty (x).

We observe that if u is $£-harmonic in A, then (by Corollary 1.7)
Sw)(x) =cl(xp,x)+c2, x€A, (7-1)

for some constants c, c;. In particular, if u# is $£-harmonic in A, then S(u) is ¥-harmonic in A (actually
S(u) extends to an $-harmonic function in R \ {x(}). Furthermore, by the above results ensuring that 1
and I'y, are fixed functions for S, we infer that

if u is £-harmonic in A, then S(S(u)) = S(u). (7-2)

Next we see how S behaves on a function w enjoying the hypotheses of the theorem. First notice that,
since w vanishes on 02, (xg) with continuity, the same is true of S(w). Moreover S(w) is ¥-harmonic in
A (since this is true of w) and

S(w)(x) = c(I'(xg, x) — 1/b). (7-3)

Here we used (7-1), observing that ¢c; = —c/b is the only choice for ¢, which ensures the vanishing of
S(w) on BQb(xo).

Comparing (7-3) with the thesis of the theorem, we recognize that the theorem is proved if we are able
to show that w is fixed by S, that is, S(w) = w on A.
(IT) We let ¢ := C~!, where C is the constant in hypothesis (HH). Note that 0 < ¢ < 1. We claim that the
following property holds true:

If h is ¥-harmonic in A and continuous up to 92, (xg)

withh=0o0n 0Q2,(xg) and h >0on A, thenh >cS(h) on A. (7-4)

With this result in hand, the proof of Theorem 1.8 follows. Indeed, suppose w enjoys the hypothesis of
the theorem; let us prove by induction that, setting
chi=1—(0—-0)", neNU{0}, (7-5)
we have
w>c¢,S(w)on A for any n € NU{0}. (7-6)
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The case n = 0 follows from the nonnegativity of w on A and ¢y =0.

Suppose (7-6) holds true, and let us prove it for n + 1 replacing n. The function i := w — ¢, S(w)
satisfies the hypothesis of statement (7-4): indeed, from the last remarks of part I above, it follows that &
is £-harmonic in A, continuous up to d€2,(xo) and vanishing there. Finally /2 > 0 on A is the inductive
assumption.

Consequently, from the claimed result in (7-4), we have on A

O0<h—cSh)y=w—c,S(w) —cS(w—c,S(w))
=w—c,S(w)—cS(w) +cc,S(w)

=w —Cpp1S(w).

Here we used (7-2) together with ¢, + ¢ — c¢c,, = ¢,+1 (see the very definition (7-5) of ¢,). Thus (7-6) is
proved by induction.

Letting n — oo in it, we infer w > S(w) on A, since ¢, — 1, as 0 < 1 —¢ < 1. Recalling what we proved
in part I, we are done if we can also prove the reverse inequality w < S(w). Suppose by contradiction that
w(x) > S(w)(x) for some x € A; by (7-2), this gives S(w)(X) > S(S(w))(f) = S(w)(x), a contradiction.
Note that the above inequality is a consequence of S(1) = 1 and of the fact that S is a nondecreasing
operator (that is, if # < v on A, then S(u) < S(v) on A).

(III) We are thus left with the proof of the claimed (7-4). Notice that (HH) can be restated as follows:
ch(z) <h(x), whenever (Qb)_1 < I'(x0,2) =T (xp, x) < oo and & > 0 is £-harmonic in A. (7-7)

Let h be as in (7-4). Arguing as in part I of the proof, we infer that H := h — ¢S(h) is £-harmonic
in A, continuous up to €2, (xp), and H = 0 on 0€2,(xg). Let us fix any arbitrary r € (0, 0b). We take
x, z € 082, (xq); recall that this means

I'(xg, x) =T (x0,2)=1/1.

Let us consider the inequality in the left-hand side of (7-7), which is fulfilled since (8b)~! < 1/r < oo;
by multiplication by k(xg, z) (see the notation in (1-2)), and by integration w.r.t. z € 92, (xp), we get
cm,(h)(xg) < h(x). Recalling that r = 1/ I"(xg, x), we infer

CMY /T (xg,x) (M) (x0) < h(x), thatis, ¢S(h)(x) < h(x).

The arbitrariness of x € 92, (xp) implies that H(x) > 0 on 9€2,(xg). By the weak minimum principle
applied to the £¥-harmonic function H and to the bounded open set A, (xp), we derive H > 0 on
A, p(x0). Since r € (0, 6b) is arbitrary, this yields H > 0 on Ag ,(x0) = A, thatis, h > ¢S(h) on A. This
proves (7-4). U

We end the paper by giving the following proof.

Proof of Theorem 1.9. Let € > 0 be so small that Q. (xg) C Q2. Since V := Q,(x¢) is an Z-regular open
set, setting f := u|yq,(x,), We can consider H ,Y , the unique £-harmonic function in V, continuous up to
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aV, coinciding with u on dV. Let
wx) :=ulx)— H}/(x) +T(xg,x)—1/e, x€ 0 :=Q:(x0)\ {x0}.

The function w is $¥-harmonic in O and continuous up to 92, (xp), where it vanishes; moreover,
liminf, ,,, w(x)>—-H }/ (x0)—1/e+1lim,_, ,, I'(xp, x) = oo, the inequality following from the hypothesis
u > 0. The weak minimum principle for w and for the bounded open set O proves that w > 0 on O.
Note that O is the I'-annulus Ag ¢ (xp). We are therefore entitled to apply Theorem 1.8 and derive that
w =c1(I'y, — 1/¢) on O, for some constant c;. As a consequence, we get u = cI'y, + H on O, where
c=cy—1land H = H}/ —c/e. From u = cI'y, + H, the finiteness of H (x() and the hypothesis u > 0,
we get ¢ > 0. This proves that the function 4 defined on 2\ {xo} by h(x) := u(x) — cI"(xp, x) is not only
$-harmonic, but (as it coincides with H on O) it extends £-harmonically through x. ]
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GLOBAL UNIQUENESS FOR AN IBVP
FOR THE TIME-HARMONIC MAXWELL EQUATIONS

PEDRO CARO AND TING ZHOU

In this paper we prove uniqueness for an inverse boundary value problem (IBVP) arising in electrodynam-
ics. We assume that the electromagnetic properties of the medium, namely the magnetic permeability, the
electric permittivity, and the conductivity, are described by continuously differentiable functions.
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1. Introduction

Let © be a bounded nonempty open subset of R} with boundary denoted by 2. Consider functions
u, &, 0 € L*(2), representing magnetic permeability, electric permittivity, and conductivity, respectively,
such that w(x) > o, €(x) > &g, and o (x) > 0 almost everywhere in 2 for positive constants (o and
€o. At frequency w > 0, for each medium characterized by (i, €, o), we have access to all available
data of the boundary tangential components of electric and magnetic fields. More specifically, we
have access to the Cauchy data set C (i, €, 0'; ) consisting of all boundary graded forms f! + f?
TH 5(89; Al [R{3) ®TH? (BQ; A2R3) (see the Appendix for the definitions of these spaces and results
related to /-forms) such that there exists u' + u? € Hd(SZ; AI[R{3) ® H(Q; A’R?) satisfying

Su’ +iweu' —du' +iopu® =ou' (1-1)

almost everywhere in €2 and
Stru +dtru' = f1 4+ f2 (1-2)

The first author is supported by ERC-2010 Advanced Grant, 267700 INVPROB and belongs to MTM 2011-02568. The second
author is partly supported by NSF grant DMS1161129.

MSC2010: 35R30, 35Q61.
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in the sense of TH ‘3(89; AR3 ) @®TH? (E)Q; A2R3). Here u! is the 1-form representation of the electric
field and u? is the 2-form representation of the magnetic field. It is worth pointing out that the graded
equations (1-1) and (1-2) are equivalent to the following systems of time-harmonic Maxwell equations:

Su+iweu' =ou',
{dul —iwpu* =0
almost everywhere in €2 and
Stru®= f1,

{d tru' = f2
in the sense of the space TH?® (89; A1R3) for the 1-form equation and in the sense of TH¢ (89; A2R3)
for the 2-form equation. Throughout this paper, for convenience, we follow the graded form notation
rather than the /-form system.

We are interested in the inverse boundary value problem (IBVP) of recovering u, ¢, 0 € L*°(2) from
the knowledge of C(u, €, o; w). This problem is just a reformulation in differential forms of the usual
IBVP for the time-harmonic Maxwell equations proposed in [Somersalo et al. 1992], where 92 was
smooth enough, the electromagnetic fields (E, H) satisfied

VXE—iouH=0,
VxH+iw(e+ioc/w)E=0

almost everywhere in €2, and the Cauchy set C(u, €, 0; w) consisted of pairs

(v x El3q, v x Hlsq) € THL/Z(0Q) x THLZ(09)

(see [Somersalo et al. 1992] for precise definitions) with v denoting the unit outer normal vector to 0£2.
The uniqueness question associated to this problem is as follows. Given a frequency w > 0 and two sets
of parameters {u;, &;,0;} C L°(R) with j € {1, 2} such that p;(x) > o, €;(x) > &9, and 5;(x) >0
almost everywhere in €2, does C (1, €1, 01; ) = C (U2, &2, 02; w) imply (1 = U, &1 = &, and 01 = 07?

In this paper we provide the answer to this question in the case where 2 is locally described by the
graph of a Lipschitz function and wu, €, and o are continuously differentiable in €2. This is stated in our
main theorem as follows.

Theorem 1.1. Let Q be a bounded nonempty open subset of R>. Assume that 9 is locally described by
the graph of a Lipschitz function. Let |1}, £, and o with j € {1, 2} belong to CY(Q). At frequency w > 0,
suppose 0% 1(x) = 0%ur(x), 0%1(x) = 3%e2(x), and 3%01(x) = 0%02(x) for o € N3 with |a| < 1 and
all x € 02. Then

C(u1, €1, 01, w) = C(u2, &2, 02, W) = || = U2, &] = & and 0] = 0.

A precise definition of the space denoted by C'(Q) is given at the beginning of Section 3. Our result
assumes the coefficients to be equal up to order one on the boundary. This is required to extend them
identically outside the domain. As far as we know, the only available results about uniqueness on the
boundary in this context are due to Joshi and McDowall [McDowall 1997; Joshi and McDowall 2000],
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where 0€2 is assumed to be locally described by a smooth function and the Cauchy data sets are given by
the graph of a bounded map.

The IBVP considered in this paper was first proposed by Somersalo, Isaacson, and Cheney [Somersalo
et al. 1992]. Lassas [1997] found a relation between this IBVP and the inverse conductivity problem
proposed by Calderén [2006]. In general terms, the latter problem can be seen as the low-frequency limit
of the former. Calderén’s problem in electrical impedance tomography consists of reconstructing the
conductivity of a domain by measuring electric voltages and currents on the boundary. The uniqueness
question arising in this problem is whether the conductivity o (o € L*°(2) and o (x) > ¢ > 0 for almost
every x € 2), in a divergence type equation V - (6 Vi) = 0 in €2, can be determined uniquely by the
boundary Dirichlet-to-Neumann map A, : H'(Q)/H}(Q) — (H'(Q)/H] (R2))* defined as

(Agflg)=/ oVu-Vvdx
Q

for any f,g € H'(Q)/ HOI(Q), where u € H'(Q) is the weak solution of the conductivity equation
V- (oVu)=0in Q with u|sq = f and v € H'(Q) with v|3q = g. A significant number of works have
been devoted to answering not only the question of uniqueness but also the questions of reconstruction and
stability. The most successful approach to treat this problem was introduced by Sylvester and Uhlmann
[1987] and it is based on the construction of complex geometrical optics (CGO) solutions. In dimension 2,
the problem is rather well understood and some important results can be found in [Astala and Péivirinta
2006; Clop et al. 2010; Nachman 1996]. In dimension greater than 2, there are still many open questions
about the sharp smoothness to ensure uniqueness, stability, and reconstruction. Some important results
can be found in [Haberman and Tataru 2013; Sylvester and Uhlmann 1987; Nachman 1988; Alessandrini
1988]. Some recent results are [Caro et al. 2013; Garcia and Zhang 2012]. For a more complete list of
papers on this problem, we refer to the survey papers [Uhlmann 2009; 2008].

The literature for the IBVP in electrodynamics under consideration is not as extensive as for Calderén’s
problem. [Somersalo et al. 1992] contains the first partial results for the linearization of the problem at
constant electromagnetic parameters, and Sun and Uhlmann [1992] provided a local uniqueness theorem.
The first global uniqueness result is due to Ola, Pdivirinta, and Somersalo [Ola et al. 1993], where the
authors assume that the electromagnetic coefficients are C3-functions and 3<2 is of class C!:!. They also
provided a reconstruction algorithm to recover the coefficients. The arguments in [Ola et al. 1993] are
rather complicated, since the method developed by Sylvester and Uhlmann [1987] does not immediately
apply. The lack of ellipticity of Maxwell’s equations makes the problem more complicated than Calderén’s.
Ola and Somersalo [1996] simplified the proof in [Ola et al. 1993] by establishing a relation between
Maxwell’s equations and a matrix Helmholtz equation with a potential. This relation helps to deal with
the lack of ellipticity, allowing them to produce exponentially growing solutions for Maxwell’s equations
from the CGOs for the matrix Helmholtz equation. This idea has been extensively used in proving many
other results and it will be used in this paper as well. There are other results related to the IBVP under
consideration in the literature. Kenig, Salo, and Uhlmann [Kenig et al. 2011] proved uniqueness for the
corresponding IBVP in some noneuclidean geometries. With certain types of partial boundary data, the
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uniqueness was addressed by Caro, Ola, and Salo [Caro et al. 2009]; see also [Caro 2011]. The question
of stability has been studied in [Caro 2010] assuming full data and in [Caro 2011] assuming partial data.
Zhou [2010] used the enclosure method to reconstruct electromagnetic obstacles.

In our paper, Theorem 1.1 lowers significantly the regularity of the coefficients and the smoothness of
the boundary of €2 assumed in previous results (despite the fact that domains with Lipschitz boundaries
were already considered in [Caro 2010]) and it matches the regularity assumptions made in [Haberman
and Tataru 2013] for Calder6n’s problem.

The general line of our paper follows the argument in [Ola and Somersalo 1996], relating (1-1) with
an equation given by a compactly supported zeroth order perturbation of the graded Hodge—Helmholtz
operator, namely

(8d+d8—a)2,u080)wj+ijj =0, (1-3)

where Q; = Q(¢; +ioj/w, uj, w) with j € {1, 2} has to be thought of as a weak potential containing
second partial derivatives of 1}, £;, and o;. Using this relation, we are able to prove the integral formula

((Q2—QDwi [12) =0, (1-4)

where w; is a solution to (1-3) that produces a solution to (1-1) and v, is a solution to a first order elliptic
equation (see Section 3 for more details). This integral formula, with CGOs w; and v, as inputs, will be
the starting point of our proof.

To lower the regularity of the electromagnetic parameters, we adopt a recent improvement of Sylvester
and Uhlmann’s method that Haberman and Tataru developed [2013] to prove uniqueness of the Calderén
problem with continuously differentiable conductivities. For such regularity, solving a conductivity
equation can be reduced to solving a Schrodinger equation, —Av +m,v = 0, where m, denotes the
multiplication operator by the compactly supported weak potential ¢ = A /o /+/o. Note that this reduction
was first used by Sylvester and Uhlmann [1987] for smooth conductivities and later by Brown [1996]
for less regular conductivities, all followed by the construction of CGOs in proper function spaces.
Haberman and Tataru [2013] proved the existence of CGO solutions v(x) = e** (1 + Ye(x)) with ¢ € C"
and ¢ - ¢ = 0 to the Schrodinger equation. Roughly speaking, the construction is based on solving the
equation —(A +2¢ - V), +my ¥ =0 in a Bourgain-type space X é’ whose norm includes the potential
|p¢ (£)1?P = ||g|> — 2i¢ - £|* as a weight. In this way, the ¢-dependence is transferred into the space
norms and it is shown [Haberman and Tataru 2013] that

(A +2¢-V)~! g gie =1, gl i < 1,

which guarantee the convergence of the Neumann series for v/,. Furthermore, Haberman and Tataru
obtained an average decaying property for ||y || s from which they deduced the existence of a sequence
{¢™} such that {y/;»} vanishes as m grows.

In this paper, we adopt the idea and several of the estimates in [Haberman and Tataru 2013] to construct
the CGOs w; and v, with desired properties. Nevertheless, we avoid the argument of extracting the
sequence of {¢"}, and directly use the decay in average. This has been previously done by Caro, Garcia,
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and Reyes [Caro et al. 2013] to prove stability of the Calderén problem for C'-¢-conductivities. When
plugging in the CGOs w; and v, the output of (1-4) will be certain nonlinear relations of ¢ +ioy/w, 11,
&y +ioy/w, and u; involving second weak partial derivatives of the coefficients. Thus, to conclude the
proof of our theorem we will need a unique continuation property for a system of the form

—Af+Vf+af+bg=0,
—Ag+Wg+cg+df =0,

where a, b, ¢, and d are compactly supported and belong to L>°(R3), while V and W are again weak
potentials. We will again apply the argument with Bourgain-type spaces to prove the required unique
continuation property, which seems not to be available in the literature.

The paper is organized as follows. In Section 2 we show the relation between (1-1) and (1-3). The
proof of the integral formula (1-4) is given in Section 3. The CGO solutions are constructed in Section 4,
where we will directly refer several times to the estimates proven in [Haberman and Tataru 2013] rather
than listing them in the paper. In Section 5, we complete our proof by plugging the CGOs into (1-4) and
using the unique continuation principle that we will derive. An appendix is provided at the end of the
paper, gathering basic facts and notations in the framework of differential forms, as well as including
some technical computations for the electromagnetic IBVP.

2. An auxiliary graded equation
In this section we establish a relation between
Su’ +iweu' —du' +iopu® =ou'

and an auxiliary graded Hodge—Helmholtz equation with zeroth order perturbation (following the idea
in [Ola and Somersalo 1996]), which allows the construction of CGOs. For our purposes, it would be
enough to have solutions in €2, but for convenience we will conduct our analysis in the whole R>. This
gives us certain freedoms in extending the coefficients outside 2. Thus, set B = {x € R3: x| < R} with
R > 0 such that Q C B. Let w, o, and gg be three positive constants. At this point, we consider u, ¢,
and o in W1 °(R3), the space of measurable functions modulo those vanishing almost everywhere such
that they and their first weak partial derivatives are essentially bounded in R>. Furthermore, we assume
that i, ¢, and o are real-valued,

supp(i — o) C B, supp(e —eg) C B, supp(o) C B,

and p(x) > o, e(x) > o, and o (x) > 0 for almost every x in R3. For simplicity, write y = ¢ +io/w. It
is sufficient for us to produce weak solutions to

Su’ +ioyu' —du' +iopu®> =0 2-1)
in R3, namely, forms u' + u? with u' € leoc ([RR3; Al [R{3) satisfying

Su? +ioyu' —du' +iouu® | ' +¢*) =0
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for all ! 4 ¢? with ¢/ € Cy° ([R3; AI[R{3). Here (- | -) denotes the duality bracket for distributions.
In order to derive the auxiliary equation, we augment (2-1) by adding

—y'8(yuly + 7 ld(uu) =0,

which is derived directly from (2-1).

Next, we consider an equation of the graded form Y°;_, u’ where u’ € L2 _(R*; A'R%):

—y s (yul)+iouu®+u ' d(uu®)+su Fioyu' —y T8 (yu) —du +iopu* + N d (uu) Fiwyu® =0.
Multiplying 0, 2-forms by y'/2 and 1, 3-forms by '/2, we obtain

—y 128(yuty +iwy P uul + w7V 2d (uu®y + 1280 + iy u!
— )/_1/28(yu3) — yl/zdul + ia)yl/zuu2 + ,u_l/zd(,uuz) + ia)yul/zu3 =0.

1/2

Throughout this paper (-)'/~ will denote the principal branch of the square root, and the same convention

will apply to log. If we now set

3
U:ZUZ :Ml/2u0+yl/2ul +M]/2M2+V1/2M3,
=0

we end up with the equation
Pd+56;y, n,w)v=0, (2-2)

where

Pd+6;y, u,w)v 3

=(d+9) Z(—l)lvl +darv' +dav (v1 + v3) +db A (v0+ vz) —dbv v2+ia)y1/2,u1/2v,
1=0

a= %log y and b = %log . The key point of this derivation to take note of is that v = 2(3) v/ with
vl e L} (R A'R?) is a weak solution of (2-2) in R? (that s, for every ¢ = >3 ol with ¢! € C5°(R3; A'R?),
(P(d+8;y, u, w)v | @) =0 with (-] -) denoting the duality bracket for distributions) and v° + v? = 0 if
and only if w' +u? =y 120 4 71202 with u! € L%OC(R3; AI[R3) is a weak solution of (2-1) in R>. For
convenience, let us define an operator

Pd+8;y, 1, o)'w
3
= (d+39) Z(—l)l“wl—i-db/\w1 —|-db\/(w1 +w3)+da/\(w0+w2)—da\/wz—i-iwylﬂ,ul/zw (2-3)
1=0

for w =Yg w' with w! € H) (R% A'R®) N HZ_ (R3; A'R?). Note that P(d +6; y, 11, )" is the formal
transpose of P(d +6; y, 1, o).

Due to the rescaling by y!/? and 1!/ that we chose, it can be verified that P(d +8; y, u, ) o P(d +
8; ¥, i, w)" is a zeroth order perturbation of the graded Hodge—Helmholtz operator. For any graded forms
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w= 23: w! and ¢ = i(pl with w!, ¢! € thc([R@; AI[R{3), set
0 0
(0. i, 0w | ) = — fR WPy 1t — eopto) w, @) dx
+ /M (i2a)d()/1/2u1/2) \Y, (w1 + w3) + i2a)d(y1/2u1/2) A (w0 + wz), @) dx
—i—[l;{%(da,da)(wo—i—wz, 0" + %) + (db, db)(w' + w?, ' + ¢%) dx
+ /R3 (da,d(—w’ +w?, @° + @) + (db, d(w' —w?, o' +¢*)) dx

3

+/ (db, D*(w1®g01))dx+f (da, D*(xw? © x¢?)) dx. (2-4)
R3 R

Proposition 2.1. Let w = XZ: w! be a graded form with w' € Hlf)c ([Ri3; AIIR3) and assume that
/RS (Sw, 8¢) + (dw, dp) — w’copo(w, ¢) dx +(Q(y, 1, w)w | ) =0 (2-5)
forall ¢ = z:):q)l with ¢! € Cy° (IR{3; AZ[RR3). Then v = XZ: vl defined by
v=Pd+8y,pn o)w (2-6)

is a weak solution to (2-2) in R3 and v' € Hll)c ([R3; Al IR3).

Proof. We first prove that v is a weak solution to (2-2). Since v' € leoc (IR3; AI[R{3), it is enough to show
that

/ (P(d+8;y, 1, )w, P(d+8y, b, w)'p)dx
R3
2/3(8w,8<p)+(dw,d<p> — o’ eopo(w, @) dx +(Q(y, w, w)w | @). (2-7)
R\
To check this, by direct computation, the first four terms on the left-hand side are
3 3
f <(d+8>2(—1>1“w’, (d+3)2(_1)z+1¢1>dx: / (dw,d¢) +(dw. dg)dx,  (2-8)
R 1=0 1=0 R
| oy Pl Pusion P Pg s = - [ ayutw.g)ar. 2-9)
R3 R3
3 3
/ <(d +6) Z(—l)lel, iwyl/z,ul/2<p> dx +/ <ia)yl/2,ul/2w, (d+596) Z(—l)l+l¢l>dx
R3 R3
1=0 1=0
x f Siwd(y Py v !+ w) +iod(y P A +w?), 9) dx
R,

+/ iod(y'?u "y v w? —iwd(y 2y Aw', @) dx, (2-10)
R3
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and

/ (a’b/\w1 +dbv (w1 —I—w3)+da/\ (w0+w2) —davw? za)yl/z,ul/zgo)
R3

+ iy 2w, db A @' +db v (¢! + @)+ da A (¢° + ¢*) —da v ¢?) dx
=/ (iod (' 2y v (! +w?) +iod (' 21 A (W + w?), @) dx
R3

—/ iod(y"?uyvuw? —iod(y 2 u*) Aw', @) dx.  (2-11)
R3
By Corollary A.2, the fifth term gives

/(db/\wl+db\/(w1—|-w3)+da/\(w0+w2)
R3
—davw?, db A" +dbV (9" +¢°) +dan (@’ +¢*) —da Vv ¢?) dx
= /3(da,da)(w0+w2, @+ @?) + (db, dby(w' + w3, @' + ¢y dx. (2-12)
R\

By Proposition A.6, the last term yields

3
/ <dbA w' +dbv (w' +w) +dan @’ +w?) —davw?, (d+35) Z(_1)l+1<pl>
R3

=0
3

+<(d+8) Y DTl db Ag' +dbv (9" +¢7) +da A (@ +¢?) —da V<p2>dx
[=0

=/ (da,d(—w0+w2,<p0+<p2))+(db,d(wl—w3,<p1+<p3))dx+/ (db, D*(w' © ")) dx
R3 R3

+/ (da, D*(xw?> @ x¢?))dx =0. (2-13)
[R3

Summing up identities (2-8) through (2-13) gives identity (2-7).
L(RY A'R?). Since v’ € L}

~ ! 3. A3
It remains to prove that v € H,} e (R?; A'R?), we have

(d+6)2( 1)lvle@Lloc (R*; A'RY)

by (2-2). Therefore, Lemma A.7 allows us to conclude the proof. (I
3

Remark 2.2. Identity (2-7) holds even for ¢ = )" ¢/ with ¢’ € H (R*; A'R?).
0

Similar calculations verify that the same property holds for P(d + &; v, i, w)" o P(d +8; ¥, 1, ®) as
stated in Proposition 2.3. Define
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B pwwlo) == [ W= ew.e)ds
R
+/ (—i20d (Y2 v w? +i20d (Pl Aw!, @) dx
R3
+f (db, db) (W’ +w?, @° + ¢%) + (da, da)(w' +w>, @' +¢°) dx
R3
—I—/R3<db,d(w0—w2, "+ ) + (da, d(—w' +w’, o' +¢3)) dx
—/ (da, D*(w' @<p1)>dx—/ (db, D*(xw? @ x¢@?))dx (2-14)
R3 R3
3 3
forw=Y w'andp =3 ¢ with w', ¢' € H! (R}; A'RY).
0 0

3
Proposition 2.3. Let w = Y_ w' be a graded form with w' € ngc ([RR3; AIIRJ{3) and assume that
0

| (5w 501+ dw. o)~ Peupatw, ¢) dx -+ By . ww | 9) =0 @-15)
R

3

forall p = Z(p with ¢! € C°(R*; A'R%). Thenv_Zv defined by

v=Pd+5y,u,v)w
is a weak solution of
Pd+8;y, u,w)v=0
in R3 and v' € H] (R%; A'R?).
Recall that v = 2(3) vl with v! € L2 ([R3 Al R3) isa Weak solution to (2-2) and satisfies v° + v* =0

in R? if and only if w +u? =y 1%y 1 + u~ 1202 with u! € L? ([RR3; A’[RR3) is a weak solution of (2-1)

loc
in R3. We finish this section by singling out the equation of v° 4 v3 from (2-15), which is used later to

show that the CGOs we will construct in Section 4 satisfy v° 4 v> = 0.
Proposition 2.4. Let v = 23: vl with o' € HY (R} A'R?) satisfy
’ Pd+6;y,n,0)v=0
in any bounded open subset of R3. For any ¢ = ¢° + ¢ with ¢! belonging to Cy° ([RE3; AI[R{3), we have
fR (B0 40, 80) +(d (W +07), dp) = eono(v’ +v, @) dx + (G (v, 1, )0 +07) [9) =0, (2-16)
where

G 1, ) (407 | 9) = — / W2y 1= som0) (VO +0%, @) dx+ f (db, db) (1, @*)+ (da, da) (v?, ¢*)
R3 R3

+(db, d(V°, ) + (da, d(v°, ¢*)) dx.

Proof. This is immediate from the proof of Proposition 2.3 and the fact that Q(y, u, w) decouples for
04 .3
v +v. ]
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3. An integral formula

In this section we provide an integral formula that serves as the starting point to prove uniqueness of
the IBVP. To do this, we exploit the computations which allow us to produce solutions for (2-1) from
solutions of (2-5) (see Proposition 2.1).

Let © be a bounded nonempty open subset in R* whose boundary 32 can be locally described by the
graph of a Lipschitz function. Throughout the rest of the paper, we assume that 1}, €;, and o; belong
to C'(Q) with j € {1, 2} such that wji(x) > po, €j(x) = &9, and o (x) > 0 everywhere in Q. Here we
say that f is in C'(Q) if f : @ —> C is continuously differentiable in €, its partial derivatives 3% f are
uniformly continuous in  for @ € N* and || = 1, and

9% fF(x)| < C forallx € Q, |a| <1, (3-1)

for a certain positive constant C. The norm on C 1(Q), defined as the smallest constant C for which (3-1)
holds, makes C'(2) a Banach space. Since <2 is of Lipschitz class, f defined as above is uniformly
continuous and, consequently, 3% f possesses a unique bounded continuous extension to  for any |a| < 1.
This extension will still be denoted by f.

Consider C; = C(uj, ¢, 0j; w), the Cauchy data set associated to u, £, and o; at frequency w > 0.
Write y; =¢;+i0;/w and assume 9%y (x) = 0%y2(x) and 0% 1 (x) = 0% u(x) for all x € 92 and || < 1.
We can extend' y; and p; to continuously differentiable functions in R3, still denoted by yj and u;, such
that [0%y; ()| + 0% (x)| < C, w;(x) > po, €;(x) = &9, and o (x) > 0 for all x € R3, o] < 1and a
certain constant C > 0,

supp(u; — o) C B,  supp(y; —&o) C B,

where B = {x € R? : |x| < R} D Q, and y1(x) = yo(x) and p1(x) = pa(x) for all x € R3 \ Q. For
convenience, we write a; = %log yjand b; = %log j.

([R3; Al IR{3) satisfying

3
Proposition 3.1. Let w; = 20: wl1 be a graded form with wl1 € Hli)c

/}<8w1, 8¢) + (dwy, do) — &’ eopso (w1, @) dx +(Q (1, ju1, @)wy | @) =0 (3-2)
R,
3 3
forallp =Y ¢' with ¢' € C5°(R%; A'R?). Assume that vy =y vl, defined by
0 0
v = P(d+8 1, w1, @) wy, (3-3)
3
satisfies v(l) + vf =0. Letv, =) vé with vé € H.. (IR3; AIIR3) satisfy
0
P(d+8; y2, 2, ®)'v2=0 (3-4)

I The extensions we want to perform here are of Whitney type. These kinds of extensions hold for functions defined on any
closed subset of R” whenever the functions can be approximated by certain polynomials. In order to ensure the existence of such
polynomials, we use that 92 is of Lipschitz class. The argument to prove the existence of such polynomials is similar to the
one carried out in Section 2 of [Caro et al. 2013] for C 1"9(52) functions with the only difference being that, where the authors
referred to Chapter VI, Section 2 of [Stein 1970], we refer to Chapter VI, Section 4.7 of [Stein 1970].



GLOBAL UNIQUENESS FOR AN IBVP FOR THE TIME-HARMONIC MAXWELL EQUATIONS 385
in any bounded open subset of R®. Then C| = C implies

((Q(y2, 2, @) — O(y1, 1, w)wy | v2) =

Proof. By Remark 2.2 and because y(x) = y»(x) and p1(x) = uo(x) for all x € R3\ €, we know that
((Q(y2, 2, @) = Q(y1, p1, w))wy | v2) = /Q(P(d+5; V2. 2, @) wi, P(d+8; y2, 12, ®) v2) dx
—fQ(P(dJrS; Y1, w1, @) wi, PA+8; 1, 1, @) v2) dx
—/Q<U1, P(d+8; 1, w1, ) v2) dx

The last equality follows from (3-4) and (3-3).
—1/2_ 1

Since v(l)—i—v1 0, we have that u! —i—ul =y, v +uy 172

v1 satisfies
Sul +iwyiul —dul +i 2= -
1 viuy —duy +iopuy =0 (3-5)

almost everywhere in €2 (see Section 2). The definitions of boundary traces § tr and d tr (see Section A3)
give

—f (vi, Pd+8; 71, 1, o) 'v2) dx
Q
1/2 0 1/2 3
= (Str(yiuy) |y, v2>+<5tru1|u1 Uz) (dtru 1|J/1 v3) +{d tr(uuy) | g Tv3). (3-6)

Suppose f = f!+ f2 with f! e L?

Toc (IR{3; Al [R{3) is a weak solution to

SfP+iwyfl —df! +iou f?=0 (3-7)

in R®. Note that then f' € HY(Q; A'R?), f? € H*(2; A’R%). Set g =g' +¢> =y, " f' + uy* f2. By
(3-4), we obviously have

/ (g, P(d +8; y2, 2, ) v2) dx = 0.
Q
Once more by the definitions of § tr and d tr, we have
0= / (g, P(d+8; y2, na, ®) v2) dx
Q

—Bu(af) vy ) — S 2w ol Fd e £y, Pod) — (dwGuaf?) g Ped). (3-8)

Since S tr u% + dtrui € C| = C, by assumption, there exists u, = u% + u% with ué € Hd(Q; AllRS)
and u% e H° (Q; A2R3) a solution to (3-7) in €2 such that

Strut +dtruj =8trus+dtruj.
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Define? f(x) = u»(x) for almost every x € Q and f(x) = u;(x) for almost every x € R3\ Q. Using (3-6)
and (3-8) and noting that y;(x) = y»(x) and p1(x) = uy(x) for all x € 92, we can conclude

<(Q(V2,M2»0))_ Q(ylsl‘bl’a)))wl | U2>
1 _ 1 _ 1
=——(§u@u) |y, Pod+—(dwdu}) |y o)+ —
iw iw iw
The result follows by Lemma A.5. (I

1 _
(dte(dul) |y *v3).

str(8u?) | vy V29— —
(8 tr(Su3) |y, 2) ”

4. The construction of CGO solutions

In this section we construct the CGO solutions that will be plugged into the integral formula in
Proposition 3.1. To deal with less regular electromagnetic coefficients than those in [Ola and Somersalo
1996], we adopt Bourgain-type spaces introduced by Haberman and Tataru [2013].

Let¢ = Z? gj dx/ be a constant 1-differential form in R* and let p¢ denote the polynomial

pe(§) = 1E1F —2i(¢, &).

For any b € R, let X ¢ denote the space of graded forms w = > 5w such that w! € ¥'(R3; A'R?) and its
Fourier transform
w! e L*(R?, |pc1?d&; A'RY).

The functional

3 . 1/2
we Xg > fwlly, = <Z |||p¢|”wl||iz(R3;A,R3))
1=0
makes X é’ a normed space. Moreover, if b < 1, then X ? is a Hilbert space. As in [Haberman and Tataru
2013], we will only use the cases where b € {1/2, —1/2}. Note that X;l/z can be identified as the dual
space of X ;/ %, The simplest feature of these spaces is that the operator (A; + (¢, ¢))~! (defined by the

12, o1)2

symbol ( p;)_l) is a bounded linear operator from X ; to X ¢ with norm

(A + (¢, e =1. (4-1)

|X;l/2—>)'(;/2
Let A; denote the conjugate operator Ay = e_;(dd + 8d) o e; where e (x) = et*and ¢ -x = Z? {jxj.

Remark 4.1. Given f € X {_1/ 2, it is an obvious consequence of the definition of X ;/ % that there exists a
unique u € X ;/ 2 satisfying
A;M—F(;, é‘)u = f

Remark 4.2. If u € X/ with u = Y0 u', then u' € H,, (R3; A'R’). This is a simple consequence of (5)
and (6) in Lemma 2.2 of [Haberman and Tataru 2013] and the finite band property (sometimes called
Bernstein’s inequality).

2This definition satisfies the appropriate conditions, since y1(x) = y»(x) and 1 (x) = po(x) forall x € R3 \ Q.
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4A. The construction of wy. Let {1 be a complex-valued constant 1-form in R? satisfying (1, ¢1) = —k>
12 10€0. We are looking for wy =Yg wh with w) € H! (R3; A'R?), the solution to (3-2) of

where k = w loc

the form
w) = e;l (Aé'l + R{I) (4'2)

with A, a constant graded differential form in R® and R;, € X ;]/ ?. Moreover, we want R;, to bear a
certain sense of smallness. Note that this is equivalent to finding R;,, which solves

(Ag, — k)R, + O(y1, 1, @) Ry, = —0(y1, 111, ©) Aq (4-3)

in X ;1/ 2 Note that Oy, 1, w)Ag, € X ;1/ 2 In the scalar case, this was done in [Haberman and Tataru
2013] for such Bourgain-type spaces. In the original case of smooth coefficients, such equations were
solved in weighted L? spaces in [Sylvester and Uhlmann 1987] for the scalar case and in [Ola and
Somersalo 1996] for systems.

Lemma 4.3. Let {1 and A¢, be as above. For |1 large enough, there exists a solution R, € Xl/2 to (4-3)
such that

”Rcl Il 1/2 ~ || oW1, w1, C‘))Aql Il 71/27 4-4)
where the implicit constant (incorporated in the symbol <) is independent of ¢;.

Proof. By using a Neumann series argument (see [Sylvester and Uhlmann 1987]), we can show the
existence of R;, € X;l/ 2 satisfying

IR, |1 < I+ (Agy =k ' QO s ) i g1n Q1 i1, @) Agy Il 1o
81 s S| S|
for |¢;| large enough, as a simple consequence of (4-1) and

Qs st D)l 12 -1 = 0A(E11)). (4-5)
9]

Here 1(¢) = 1 for any ¢ € R.

To prove (4-5), let u and v belong to X ;]/ 2, By a slight modification of Corollary 2.1 in [Haberman
and Tataru 2013], we have that

-1
Q1 i, @)u | V) S1E Nl iVl 10
XC] X§1

+/<ah,d< W0 412,00+ 02)) + (B dlu — i, 0" +0%)) dx
R3

—{—/ ,Bh,D(u @v))dx

/ (o, D*(+u* © #v?)) dx
R3

(day — ap, d(—u® +u?, 00 +v2)) + (dby — B, d(u' —u?, o' +0°)) dx

+
\

R3

+/ (dby — Bu. D*(u' ©v")) dx| +
R3

/ (da; — ap, D* (xu® © xv?)) dx
R3




388 PEDRO CARO AND TING ZHOU

where «, and B, are 1-forms in R3 defined by
ap = gp*day,  Bp = pp*db;

(here * denotes convolution) with 0 < i < 1, ¢, (x) = h3p(x/h), ¢ € Cgo(IR3), 0 < @p(x) <1 for all
x € R? and fR3 ¢ dx = 1. Note that the implicit constant depends on &y, 1o, $2, and the C'-norms of Y1
and p. A further modification of Lemma 2.3 in [Haberman and Tataru 2013] gives

Q1. w1 @)u L) S 101" lutl 101l g+ 18017 U8 e sy + 1801w o)) 0 g 12101 g
1 1 1 1
+ (Hddl —Up ||L°°(R3) + ”dbl - ﬂh ||LOO(R3))||M”X;1/2 ”v“X;l/z
S el R o) lull iz 1]l e
4 S

|-1/2

as h vanishes. Choosing h = |¢; , this implies (4-1) and the lemma is proven. (Il

Up to this point, nothing has been said about the smallness of R;,. We will see in the next lemma that
estimate (4-4) yields such smallness in an average sense. This idea is one of the key points in [Haberman
and Tataru 2013].

Lemma 4.4. Let s € R satisfy s > 1. Given a real-valued constant 1-form p in R3, choose n1 and ny also
real-valued constant 1-forms such that (ny, n2) =0, (n;j, p) =0, and |n;| =1 for j € {1, 2}. Set

/ 2
0 =— sz—i—%m—i-i(g— s2+k2n2>,

and assume |A¢,| is bounded as a function of s, . Then the R, obtained in Lemma 4.3 satisfies

1 2A
! / / 1 Re, 1% ds diny = 0(10.)) (4-6)
AJst o X

as A becomes large. Here S' denotes the intersection between the unit sphere in R® and the plane defined
by ny and .

Proof. By the definition of Q(y1, u1, w), the identity (2-13), the fact that A, is constant, and the fact
that Q(y1, 11, w) is compactly supported, we have

3
Q1 ks @A 101 S DXV s, aimey + XA +8) farlly 0] e
1=0 1 1
where v = ZS v x e Cé’o(R3) such that x (x) =1 for all x € suppdy; Usuppdu; and
foo=dbi AAL +dbyV (A} + A}) +day A (AL + A7) —day v A,
with Ay = ZS Al{l. By (5) in Lemma 2.2 of [Haberman and Tataru 2013], this gives

1O, 1, @) Ag Il 12 S 572+ X +8) forll g1
| S|
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Now an immediate modification of Lemma 3.1 in [Haberman and Tataru 2013] allows us to check that

1 2%
s [ @ 85 ds dn = o1,
StJa 9]
which implies
1 2) 5
2 1ot moaq 1 e dsdn =oa0) *7)
A Jst Ja ¢

as A becomes large. By (4-4), we obtain (4-6). O

From the construction of R;, € X ;]/ 2 solving (4-3), the existence of w; of the form (4-2) that solves
(3-2) is immediate. However, it turns out that for such a w; to satisfy the condition in Proposition 3.1, the
constant 1-form A;, has to be chosen carefully.

Lemma 4.5. Let w; = 213:0 wl] as in (4-2) with {1, A¢,, and Ry, as in Lemma 4.3. Then
wi € Hy (R’ A'R?)
and w is a solution of (3-2). Moreover, if A, satisfies the relation
—01V Ay, +ikAY — 0 A AL +iKAG =0, (4-8)
then vy = ZS vl1 defined as in (3-3) satisfies v? + U13 = 0 for |¢1]| large enough.
Proof. We can ensure w! is in H, (R A'R3) since R;, € X ;{ ? (See Remark 4.2). Additionally, w; is a

solution of (3-2) since R;, € 5( 1/ 2 solves? (4-3).

In order to prove the second part of this lemma, note that v! 1 € ngc

([R{3; AI[R3) and
P(d+38;y1, n1, w)vy =0

in any bounded open subset of R> by Proposition 2.1. Then by Proposition 2.4 we know that v? + v% isa
weak solution to

8d +ds — k)W +v)) +G (1, 1, @)W +v3) =0
in R3. By (3-3), we can write vl1 = ey, (Bél + Sél) with [ € {0, 3}, where

B = -1V A} +ikA]

&
SO = g1V RL +8RL +dbv (AL +R)) +iopPu)"RY + iy Puy? —0AY,  @49)
——é']/\A +lkA§1’
=0 ARZ —dR +dan (AL + R) +ioy ") PR +ilwyPuy? —AL. 410)

Then relation (4-8) implies Bg + B§3| =0, and hence that v1 + vl =eq (5§l + Sil) is a weak solution of
(A —K)(SY +83) + G, i1, 0)(SF, + 53) =0 @-11)
in R3.

3See also (A-20).
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To complete the proof, it is sufficient to show that (4-11) is uniquely solvable in X ;1/ ? for |¢1] large
enough and S0 + S3 belongs to X;l/z

Using the same argument as in proving (4-5), we see that g(y;, i1, w) is a bounded linear operator
1/ % to X 12 and its operator norm is o(1(|¢1])). Then, by Remark 4.1, identity (4-1), and the
Banach ﬁxed pomt theorem, (4-11) is uniquely solvable in X / for |¢;| large enough.

Since e, S, = v} € H (R* A'R?) for I € {0, 3}, we know that X(S2 +83) e X,/ for x € C&(RY)
such that x (x) =1 for all x € (suppdy; Usuppdu1). Therefore, the rlght hand 31de of

(Agy =KD (SE +52) = =G, 1, @)X (Sg, +52)

is in X _1/ 2 . Further, it is not hard to see from (4-9) and (4-10) that Sél belongs to leOC (IR3; Al R3) with
[ € {0, 3} The last two facts imply that S0 + S3 € Xl/z. ]

from X

Remark 4.6. The condition given by (4-8) is necessary in our proof since Bg + Bgl does not belong to
51/2
X

As a conclusion of these lemmas, we can state the constructions of wj in the following theorem.

Theorem 4.7. Let s € R satisfy s > 1. Given a real-valued constant 1-form p in R3, choose n1 and ny
also real-valued constant 1-forms in R> such that (n1, n2) =0, (nj, p)=0,and |n;| =1 for j €{l,2}. Set

{1 =-— +@m+z s2+ k%
4 2

Ag =%(§1Vd+lk0(+lk,3+{1/\ﬂ)
Q1

and

where either a =11 and B =0 ora =0and B = |p|~'ny A p. Then, for |¢1| large enough, there exists
Zo wh with w € H! (R%; A'R?) of the form

wy = e (A + Ry)),
which is a weak solution to

@8 +8d —kHwi + Q(y1, w1, w)wy =

in R3. Moreover, we have R; € X;l/ 2 satisfies

1 2\ 5
stlfl ||R;1||X;1/z ds dni = o(1(1))

as ) becomes large. Here S denotes the intersection between the unit sphere in R® and the plane defined
by n1 and n,. Furthermore, v| = 2(3) vl1 defined by

=P(d+8y1, pn1, 0w

satisfies v(l) + vf =0 for |¢1]| large enough.
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4B. The construction of vy. Let {; be a complex-valued constant 1-form in R? satisfying (¢, &) = —k2.

We are looking for the solution v, = 2(3) v with v} € H]! (R A’'R®) to (3-4) in any bounded subset of
R3 of the form

Uy = 64—2 (Bé'z + SQ), (4-12)

where By, is a constant graded differential form in R* and S, € X;z/ ?. In addition, we want S, to be

small in the sense of (4-6). To construct such a v,, by Proposition 2.3, we start with the construction of a
solution wy to

/w (8wa. 8¢) + (dws, dg) — w?eopto(wa. @) dx + (O (2. o, @)wy | @) =0 (4-13)

for all o = Y0 ¢/, with ¢! € C§°(R%; A'R?).
Lemma 4.8. Let A;, = A}z + Aé be a constant graded differential form in R3. For |¢,| large enough,
there exists Ry, = Réz + Rgz € Xéz/z such that wy = w% + w% with

wh = e;z(AlQ + Rgz)

i 1
and w, € H,,

([R3; A[[R{3), is a solution of (4-13) in R3.
Proof. Analogous to the proof of Lemma 4.3, the existence of a general R;, = ZS Réz for a given constant

Au =0 Aé2 is immediate by
1O (2, 2y ) 1o o1 = 0(A(I22]))
Xg2 —>X<2

as |¢»| becomes large. Since Q(yz, w2, ) decouples for 1 and 2 forms, we can ensure that R;, = R 412 —|—R§2
_ 4l 2
for A, = A, + A, g
Now Proposition 2.3 states that vy = P(d + §; y», 12, w)w; is a solution to (3-4). Moreover, we can
write vy as in (4-12). However, we still need to show the smallness of S;,.

Theorem 4.9. Let s € R satisfy s > 1. Given a real-valued constant 1-form p in R, we choose 1, and
12 two other real-valued constant 1-forms in R> such that (1, n2) = 0, (nj,p) =0, and |n;| =1 for
j€f{l,2}. Set

2
0= sz—i—% n1+i<§+ 52+ k2 772)

and let o and B be as in Theorem 4.7. If |£2| is large enough, there exists vy = 2(3) vé with
v) € Hyo(R': A'RY)
of the form

V2 = é€p, (BCZ + Sé“z)’
where

BCz:_|é_£22|(§2v(05+,3)+§2/\(_a+,3)+ik(a+,3)) (4-14)
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S1/2
and S, € X~ which solves
P(d+8; 2, 2, ®)' 12 =0

in any bounded open subset of R® and satisfies

1 22X
s [ 1R ds dm = o016 (#15)
A JstJa o
as A becomes large. Here S' denotes the intersection between the unit sphere in R and the plane defined
by n1 and ;.

Proof. Let wy be as in Lemma 4.8 with A, = A}z + A%Z = —v/2(a + B). By Proposition 2.3, we know
that vy = 3" v} defined by
vy = P(d+38; 2, k2, w)wr

satisfies that v2 € H1 ([R3; Al [R{3) and solves
P(d+8; y2, 2, w)'va =0 (4-16)
in any bounded open subset of R3. One can easily write
vy = e, (B, +8¢,)

and check that By, is given by (4-14) and

S, = |§—|(§2 (R, + Re) + A (=R, + RE) + (d +8) (= Ry, + Rp,)
+day A(Ay + Ry) +day Vv (AL + R)) +dby A (A}, + Ry) —dby V (A, + Ry)
+la)y21/2 1/Z(R )+l(a)y1/2 1/z—k)(Aéz—FAgz)).

Moreover, by (4-16) and (2-7), we know that S, satisfies the familiar equation

(Ag, = k) S, + Q(12, 12, @) S, = =0 (2, 2, ) B, 4-17)
Since Q(y2, 2, @) By, € X 12 (4-17) is uniquely solvable in X /2 Therefore, since Sg, € X 1/ 2 and
| B, | = 0 (1(121)), Se, satlsﬁes (4-15). 0

5. Proof of uniqueness

To complete the proof of Theorem 1.1, the final step is to plug into the integral formula given in

Proposition 3.1 the w; and v, obtained in Theorem 4.7 and Theorem 4.9 and to let A go to co. The output

turns out to be certain nonlinear relations of yy, (1, ¥2, 2, and their weak partial derivatives up to the

second order. Then a unique continuation principle argument can be used to conclude the uniqueness.
Throughout this section we let Q; denote Q(y;, uj, w) with j € {1, 2}. If

=—(m+in)Va—m+in)AB,
=—m+in)V+p)— +in) A(—a+pB)
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with @ and B as in Theorem 4.7, we see that, for any p, |A; — A{| + |By, — Bo| = O(s~!) for s large
enough and all 0y, n, € S'. The implicit constant (incorporated in the symbol 0) here depends on p. On
the other hand, plugging w; and v; into Proposition 3.1, as in Theorem 4.7 and Theorem 4.9, we get

((Q2=0Qv)eipAr| B2) =((Q1—02)(Ay, +Ryy) [ €ip (B, — B2 +55,)) +{(Q1— Q2) Ba | €ip (A —A1+Ryy)).

1/2

We know that, for each p, Q; is bounded from X ;J/ “to X ; and its norm is o(1(s)) for s large enough
212, o—1/2
as

and all n; (see (4-5) and the same applies to ). The same is true for Q; — Q» from X g to X &
an immediate consequence of the proof of Lemma 2.3 in [Haberman and Tataru 2013]. Thus, for each p,
we have

[((Q2— Q@DeipAr | B2)| S I1(Q1 — Q) Ball (- 1lllx (Agy — AD N 12 + 1R, [ 1]
51 9] 51
+ [”(Ql - QZ)AQ ”5(—1/2 + ||R§1 |I}‘(l/2][I|X(B{2 - BZ)||)~(1/2 + ||S§2||)~(1/2]’ (5'1)
%) 51 %) %)
where x € Cf° (R3) such that x (x) = 1 for all x € suppdy, Usuppd . Here the implicit constant might

depend on p.
Ifoa=n;and B =0, then A| = —1, B, = —1+in A ny, and the left-hand side of (5-1) gives

((Q2— Q1)eipAr | Br)
:/ (d(ay —az), de;p) dx +f (d(ar1 +a),d(ar —ay))e;, dx +/ O* (Y11 — yapa)eip dx.  (5-2)
R3 R3 IR3

If o =0and B = |p| "2 A p, then

Ar=—lpl "mAmAp, Ba=—lpI i +in)VmAp)—lpl ' m Am AP,

and we have
((Q2 — O1eipAr | By)

= /3<d(bl —by), de;,) dx +f3(d(b1 +b2),d(by —by))e;, dx +/3 W? (i1 — yapa)eip dx. (5-3)
R R R

Meanwhile, by the choice of A; and B; above, we have

1 2. 12
(X [ [ g = aniz e dm) — 01,
St Ja ¢

1 2\ 1/2
! / / Ix(Bey — B2 undsdm ) =0(1(0)).
AJst Ja Xe

Then, after averaging (5-1) on (s, n1) € [A, 2A] x S! and using the Cauchy—Schwartz inequality, we get
1 22 1/2
[((Q2 — Q1eipAr | B2)| S[0(A(R)) +0(1()»))]<X /1 / 1(Q1— Q2)32”§.—1/2 ds dm)
StJA 3]

1 2 12
+[@(1(K))+0(1(K))][(X /SI/A 1(Q1 — O2)Ay, II§-(;1/2 dsdm) +0(1(K))},



394 PEDRO CARO AND TING ZHOU

where Theorems 4.7 and 4.9 are used. It is not hard to see this converges to zero as A goes to co by the
same argument we used in proving (4-7) and by noticing that the left-hand side is independent of A. Thus,
by (5-2) and (5-3), we arrive at

/S(d(az —ay), dej,) dx — /3(61(611 +az),d(ay —ay))e;, dx -I-/z * (yapta — yipr)eip dx =0 (5-4)
R R R
and
f (s~ by), deig) dx f by + b2 d by — )iy d + / WG~ e dx =0 (55)
R R R

for any p. So far, this shows that
{5d(az —ay) —(d(a +a), d(ax — a1)) + @* (Y22 — yij01) = 0
8d(by —by) — (d(b1 + b2), d(by — b)) + @*(yapra — y1it1) =0

a system that has to be understood in the weak sense. Finally, some simple computations yield a system
of second order equations of the form

1/2 1/2 1/2 1/2
{ A=Y+ v =P +a,
1/2 1/2 12

A(M/ / /

1 2
D+ Wy =) + ey
again in the weak sense with

12 1/2 12 1/2

)=0
12 1/2)_

) +b(u,

12 1/2)+d(y

8d(y1/2 1/2) W 5d(le/2 1/2)

V: —s
1/2+ 2]/2 1/2+ ;/2
and
1/2 1/2
12 1/2 12 12 my tu
a=1 a)z)//)/z/ (1 + 1), b=—1gw’y / /(yl—H/)ﬁ’
)2

1/ 172

12 12 —H/
c= lgza)zu]/ /Lz/ n+y), d=-lgw’ M] Mz/ (p1 +“2) 2 21/2’
1 My

where 1g, is the characteristic function of €2. Note that y21 2 yl % and Ml/ 2 M}/ 2 belong to H 1(R3) and
they are compactly supported. Thus the next unique continuation result implies that y» =y and py = pg.

Lemma 5.1. Let f and g belong to H' (R?) and assume that they are compactly supported. Then f and
g vanish if and only if they satisfy

{—Af+Vf+af+bg=O, (5-6)

—Ag+Wg+cg+df =0.

Proof. Let ¢ € C" satisfies ¢ -¢ = 0. Set u(x) = e** f(x) and v(x) = e**g(x). Since f and g belong to
H'(R?) and they are compactly supported, « and v also belong to H'!(R?) and, consequently, to X ;/ 2,
Moreover, u and v solve

{—(A+2§-V)u+Vu+au+bv=0, (5-7)

—(A+2¢- V) v+Wu+cv+du =0.
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Let w = w® 4+ w? be the graded form given by w® = u and w? = %v and define

(w°, ¢°)
(Qw|<p):—/ <d(yﬂ/2+y;/2),dﬁ dx—i—/ (aw® +bw?, ¢) dx
R? v+ R3

(w?, ¢?)
—/ <d(lli/2+ﬂ;/2),dﬁ dx+/ (dw’ +cw?, ¢?) dx
R3 IR o N R?

for any ¢ = ¢ + > with ¢’ € Hl([R3; AZIR3). Then w € Xé/z and (5-7) reads

Here we have identified ¢ with a 1-form also denoted by ¢. Following the same argument as in Lemma 4.3,
we can prove

10 g1n g1 = 0112 D) (5-9)

as || becomes large. Then Remark 4.1, identity (4-1), (5-9), and the Banach fixed-point theorem imply
that (5-8) has a unique solution belonging to X ;/ 2, Therefore, w = 0, which in turn implies f =g =0. [

Appendix: The framework of differential forms

Since the tools used in this paper are scattered throughout the literature, to make the paper more self-
contained, we summarized them in this appendix. We start with collecting several basics required in the
framework of differential forms (see [Taylor 1996] and [Federer 1969] for some details of differential
forms and Grassman graded algebra), and the basic functional spaces and properties for the current
discussion of PDEs. Then we show a useful identity used in the paper, and end our discussion with
recalling basic facts about the Fourier transform of graded forms.

Al. Tools of multivariable calculus. For x € R" and n € N\{0}, let 7, R" denote the complex vector
space of distributions X of order one in R” satisfying supp X = {x} and (X | ¢) = 0 for any constant
function ¢ (See Theorem 2.3.4 in [Hormander 1983] for the justification of this definition). Such X can
be uniquely extended to a linear form on C!(R"), the space of continuously differentiable functions in
R". Let d,/|, denote the distribution given by

(Ocilx [ @) = 0xip(x)

for any ¢ € C'(R"). The set {0yt lxs ..., Oxn|x} is a base of T,R". Let T'R" denote the dual vector space
of T, R" with {dx'|, ..., dx"|:} being the dual base. We define on 7,'R" the inner product (-, -) given
by the bilinear extension of (dx/|, dx*| ) =38 jk (Kronecker delta). Note that it is not a Hermitian product.

Al.1. Differential forms. Let A'R" with 1 € {0, 1, ..., n} and n > 2 denote the smooth complex vector
bundle over R" whose fiber at x € R" consists of A/T*R", the I-fold exterior product of T*R". By
convention, a 0-fold is just a complex number and a 1-fold is an element of 7*R". Let E be a nonempty
subset of R”; an /-form on E is a section u of A/R" over E, so u(x) = u|, € A’ TR" for any x € E. Any
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[-form on E with [ € {1, ..., n} can be written as

u:Zuadx“‘/\~--/\ dx*

aes!

with ' = {(ay,...,) €{l,...,n} 1oy <--- <)} and u, : E —> C. It is convenient to call u, with
o € S! the component functions of u.

The exterior product of an /-form u# and an m-form v, both on E, is denoted by (# A v)(x) = u|,x A vy
for any x € E. Recall that the exterior product is bilinear, associative and anticommutative:

unv=(—D"vAu. (A-1)

Since a O-form v on E is nothing but a map from E to C, it holds that u A v = v A u = vu for any /-form
uonk.

The inner product of two /-forms on E with [ € {2, ..., n} can be defined at each point x € E as the
bilinear extension of

(@ A Adx) e, (dxPUA - AP ) = det{dx® |, daf ),
where the right-hand side stands for the determinant of the matrix

((dx® |, dx | ) ji.

The inner product of two O-forms is just the usual product of functions. The inner product on /-forms can
be immediately extended to graded forms u(x) = Y u!(x) and v(x) = Y 5 v/ (x) on E, with u’ and v
[-forms on E, as follows:

(u, 0)(0) =Y (', v']2).

=0

Associated to this inner product, we consider the norm satisfying |u|> = (u, it).
Now let T'R" be endowed with an orientation. The Hodge star operator of an /-form on E with
le{l,...,n—1}1is defined at each point x € E as the linear extension of

*(dx® A Adx) |y = (dxPT A AdxPrn),
where (B1, ..., Bu_t) € {1,...,n}" ! is chosen such that
{dx®', .. .dx®, dxPr, ..., dxPr1)
is a positive base of TR". The case of 0-forms and n-forms follows from

wlly = dx' A AdX)y,  k(dx' A A = 1y,
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where 1 denotes the constant function taking the value 1 at any point. Now, if # and v are /-forms on E,

sku(x) = (=D Dy (x), (A-2)
(u, v)(x) = *(ulx A*v[) =% (V] Askuly), (A-3)
(u, v) = (xu, *v). (A-4)

Let u be an [-form on E and let v be an m-form on E. The vee product of v and u at each point x € E is
defined as
(v V) () = (=Dl Asul). (A-5)

Note that whenever m > [, (v Vv u)(x) =0 for all x € E. The vee product is bilinear, but it is neither
associative nor commutative. The product satisfies

(wAv,u) =(w,vVu) (A-6)
for any k-form w on E.
Proposition A.1. Ifu and v are 1-forms and w is an [-form with | € {0, ..., n}, then
u\/(v/\w)—v/\(Lti)=(—1)l(u,v)w. (A-7)
Corollary A.2. Ifu' and v' are 1-forms and u' and v' are I-forms with 1 € {0, ..., n}, then

v, vt voly + @ A ut Ay = @t ol o,

Proof. Since
W' v, v v oy + @ Ad ut AV = (=D v @ Adl) — ot At v, oY,
the identity follows from (A-7). [l

Let G be a nonempty open subset of R" and k a positive integer. An /-form # on G withl e {1, ..., n}
is said to be k-times continuously differentiable if its component functions are k-times continuously
differentiable in G. We write u € C*(G; A'R"). If u € C*(G; A'R") for any positive integer k, we
say that u is smooth and we write u € C oo(G; Al [F\E”). Furthermore, u € C k(G; Al [F\R”) (respectively
uecC °°(G; Al [R{”)) is said to be compactly supported if its component functions are compactly supported
in G, in which case we write u € C5°(G; A'R") (respectively u € CJ°(G; A'R")). These definitions are
naturally generalized to O-forms, where the conventional function space notations are also used.

The exterior derivative of u € C! (G; AO[R") is a 1-form defined by

dul(X) = (X | xcu)

for each x € G and X € T;R". Here x, € C{°(G) with x,(x) =1 on G, and x,u is understood as the
extension of u by zero outside G. The exterior derivative of u € C 1(G; Al [R{") withl € {1,...,n}1is
defined by

du = Z dug ANdx® A - Adx™.

aes!
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Recall that d(du) = 0 for any u € CZ(G; AI[R{3) and
d(u Av) =du Av+ (—1D'u Adv, (A-8)
for any u € CI(G; A’[R{3) and v € CI(G; A’”[F\R3).

A1.2. Symmetric tensors. Let ©'R" with [ € N and n > 2 denote the smooth complex vector bundle
over R" whose fiber at x € R" consists of X/T*R", the [-fold symmetric tensor product of T*R". By
convention, a 0-fold is just a complex number and a 1-fold is an element of 7.*R". Let E be a nonempty
subset of R"; an /-symmetric tensor on E is a section u of >!/R" over E, so u(x) = u|, € X! TR" for
any x € E. Any [-symmetric tensor on E with/ € {1, ..., n} can be written as

u= Zuadxm@---@dxa’

aeT!

with T! = {(a1,...,o) €{l,...,n}l 1y <--- <oy} and uy : E — C. It is convenient to call u, with
o € T'! the component functions of u and to point out that B/ T*R" = A'T¥R" for [ € {0, 1}, which in
turn implies L'R" = A'R" for [ € {0, 1}.

The symmetric tensor product of an /-symmetric tensor # and an m-symmetric tensor v, both on E, is
denoted by (u © v)(x) = ul|x © v|, for any x € E. Recall that the symmetric tensor product is bilinear,
associative, and commutative. Moreover, if # and v are 1-symmetric tensors,

u@v:%(u®v+v®u).

The inner product of two /-symmetric tensors on E with / € N\ {0, 1} can be defined at each point
x € E as the bilinear extension of

((dx O - Odx)|x, @xPr O ©dxP)|,) = | det(dx® |, dxP*|,)].

Let G be a nonempty open subset of R". An /-symmetric tensor # on G with / € N is said to be
k-times continuously differentiable if its component functions are k-times continuously differentiable in
G, and we write u € CK(G; ='R"). Furthermore, u € C¥(G; £'R") with [ € N is said to be compactly
supported if its component functions are compactly supported in G, and we write u € Cg(G; TR,
These definitions extend naturally to O-symmetric tensors on G.

The symmetric derivative of a smooth /-symmetric tensor # on G with / € N\ {0} is defined by

iDu= Zdu(X@dx“‘ O - Odx™.

aeT!

A2. Functional spaces. Let Llloc(E A IR") denote the space of locally integrable /-forms (whose com-
ponent functions are in Llloc(E )) modulo those which vanish almost everywhere (a.e.) in E. The space
L?(E; A'R"), with p € [1, 4+00), consists of all u € L{, (E; A'R") such that

loc

/w, a)P? dx < 4o0.
E
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) 1/p
el arry = ( [ dx) |
E

L? (E - AL [R”) is a Banach space. Moreover, LZ(E - Al R") is a Hilbert space.
Letue L} (G; AZIR”) with [ € {1,...,n}. We say that v € Ll (G; AI_I[R{”) is the formal adjoint

loc loc

Endowed with the norm

derivative of u, denoted by v = du, if

/(v,w)a’x:/(u,a’w)dx
G G

for any w € Cé (G; Al_llR"). IfuelLl (G; AOR”), we define Su = 0. Forall u € L} (G; AZIR”) with

loc loc

[ €{0,...,n} such that u € LIIOC(G; Al_l[Ri"), one has §(6u) = 0. Moreover, if u € C! (G; AI[R{"), then
Su = (—1)"HDH duu. (A-9)

Proposition A.3. Consider u € L} (G; A'R") and v € C'(G; A"R"). If $u € L} .(G; A'™'R"), then

loc loc

S(wvu) e Ll (G; A=""IR") and

loc

Swvu)=(=D""dvvu+vVviu. (A-10)

Letu € L}

loc
exterior derivative of u, denoted by v = du, if

/(v,w)dx:/(u,Sw)dx
G G

for any w € Cé (G; Al“lR”). Ifue Llloc(G; A”IR”), we define du = 0. For all u € Llloc(G; AIIR”) with

1€{0,...,n}such that du € L}, (G; A""'R"), one has d(du) = 0.

loc

(G; A'R") with [ € {0, ..., (n — 1)}. We say that v € L] _(G; A"T'R") is the (weak)

loc

Proposition Ad. Letu e L} (G; A'R") such that Su € L}, (G; A'""'R"). Then xd*u € L} .(G; A'"'R")

loc
and

Su= (=" . (A-11)

We now present certain Sobolev spaces of forms, in which our PDEs are discussed. Let H¢ (G; Al IR")
(respectively H®(G; A'/R")) denote the space of u € L*(G; A'R") such that du € L*(G; A"M'R") (re-
spectively du € L?(G; A'"'R")), endowed with the norm

2 2 1/2
et g0 gy = Nt 7 26, argery + 148117 2 pr150)

. 2 2 172
(respectlvely ||u||H5(G;A,R,,) = (||u||L2(G;Aan) + ”‘SL‘HLZ(G;A’*IR")) / )

It is observed that H?(G; A'R") and H°(G; A'R") are Hilbert spaces and C(R"; A'R") is dense in
them. Let HZ (R"; A'R") and H}_(R"; A'R") denote the spaces of u € L} (R"; A'R") such that

uly e H d(U ;A IR”) anduly € H ‘S(U ;A IR”), respectively, for any bounded nonempty open subset U in
R".
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Finally, by a density argument, we have
/n(du, vydx = fﬂ(u, Sv) dx (A-12)
for all u € HY(R"; A'™'R") and v € H*(R"; A'R") with [ € {1,...,n}.

A3. Traces.*

Let U be a nonempty bounded open subset of R”, and let H 1(U AL R") denote the space of all
ue LZ(U; AI[R{”) whose component functions u, satisfy duy € LZ(U; AI[R{”) for all @ € S, endowed
with the norm

172
el g1 g iy = (nunizw,w) +> ||dua||izw;w)) : (A-13)
acs!
Given G, a nonempty open subset of R”, by H,! (G; A'R") we denote the space of u € L] (G; A'R")
such that u|y € H! (U ;A [F\R”) for any bounded nonempty open subset U of G.
It is a consequence of (A-11) that, for any u € H 1 (U : Al [R{"), one has

“u”]-Iﬁ(U;Aan) = “uHHI(U;A]R”)' (A-14)

Let H(} (U; AIIRJ{") denote the closure in H' (U; Al [R{”) of CSO(U; Al [R{") modulo those vanishing a.e. in
U. We then define the space

TH'(3U; A'R") = H'(U; A'R")/Hy (U; A'R").
If fe TH'(9U; A'R"), letuy € H'(U; A'R") denote a representative of f. This space can be endowed

with the norm

”f”THl(aU;AlR") = inf{||u||H1 u—uys€ Hol(U, Aan)}

Let TH'(3U; A'R")* denote the dual space of TH'(dU; A'R") with the functional || - |
standing for the dual norm.

(U;A'R™)
TH!'(QU; A'R")*

The latter spaces will be used as auxiliary spaces to define certain traces on Hd(U i A R”) and
H?(U; A'R"). Firstly, define the d-trace of v € HY(U; A'R") with € {0, ..., n— 1} as
(dtrv| f) :/ (dv,u)dx—/ (v, du) dx
U U

for any f € TH'(U; A™™'R") where u € H'(U; A""'R") such that u —u s € Hy (U; A™"'R"). Since
(A-14) holds, we have
<dtr'U | f) S ”v”Hd(U;AIIR”)||u||H](U;AI+1R”)

forallu € H'(U; A""'R") such thatu —uy € Hy (U; A™'R"). Hence d trv € TH' (3U; A''R")* and

”d tr UHTHI(E)U;AHlR")* S ”v”Hd(U;AlR")'

4For more details on traces see [Mitrea 2004; Schwarz 1995].
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This motivates the definition of TH? (BU s Al IRJ{") to be the space of all g € TH ! (aU s Al [R{")* such
that d trv = g for some v € HY(U; A'R"). The endowed norm is then given by

&l 7papu. atigey = VI g, prgey - d trv = g}

Finally, we define the §-trace of v € H?(U; A'R") with [ € {1,...,n} as

<8trv|f>=(—1)’/

U

forany f € TH'(0U; A'™'R") where u € H'(U; A'"'R") such thatu —u s € Hy (U; A'™'R"). Similarly
we would have §trv e TH'(0U; A'"'R")* and

(8v,u)dx—(—1)l/(v,du)dx

U

||8 tr UHTHI(?)U;Alian)* S ||v||H3(U;Al|R")'

Moreover, we define TH®(dU; A'"'R"), the space consisting of all g belonging to TH'(aU; A'~'R")*,
such that there exists v € H? (U ;A IR") with § tr v = g with norm
18 s o -1y = IEN s ey 2 S 0 = g
Then we will need the following lemma about these spaces.
Lemma A.S. Given the definitions above,
(a) ifue Hd(U; AI[R{") withl €{0,...,n—2}and dtru =0, then d tr(du) = 0,
(b) ifu e H (U; A'R") withl € {2, ..., n} and §tru =0, then § tr($u) = 0.
Proof. In order to prove (a), let us consider the bounded linear operator
(wv-): THY(3U; A'R") — TH®(3U; A'7'R")*
given by
(vvf|g)=/(du,v)dx—f (u, dv) dx,
U U

where u € HY(U; A'7'R"), v € H(U; A'R"), dtru = f, and §trv = g. Here TH®(dU; A'7'R")*
denotes the dual of TH? (8U; Al_lR”). Letu be asin (a) and g € THI(U; Al+2R"). Then

(dtr(du) | g) =—(vVvdtru|d8tr(dvy)),

where v, € H'(U; A"™"?R") denotes a representative of g. Therefore (a) holds.
A similar proof applies to (b) by considering the operator

(V) :TH*(3U; A'R") — TH?(3U; A'TR")*
defined by
Afig =t [

<5u,v>dx—(—1)l+1/(u,dv)dx,
U

U

where u € H*(U; A™M'R"), v € HY(U; A'R"), §tru = f, and dtrv = g. We leave the proof to the
readers. (Il
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Ad. A useful identity. Given G, a nonempty open subset of R”, let L! (G; ©/R") denote the space of

loc

locally integrable [-symmetric tensors (whose component functions are in LIIOC(E )) modulo those which
vanish a.e. in E.
For u € L} .(G; £'R") with I € N\ {1, 2}, we say that v € L] (G; Z'"'R") is the formal adjoint

(symmetric) derivative of u, denoted by v = D*u, if

/(v, w) dx =/(u, Dw) dx
G G

for any w € Cé(G; SR,
Note that if

n n
U= E ujdx’ and v= E vjdx’
j=1 j=1

are such that u @ v € L! (G; £2R") and D*(u ©v) € L! _(G; T'R"), then

loc loc

n n

D*(u@v):—Z(Zax,—(ujvk+ukvj)) dxk. (A-15)
k=1 “j=1
Proposition A.6. Given u and v in HILC (G; AI[RQ"), we have that d{u, v) and D*(u ® v) belong to
LIIOC(G; AIR") and the following identity holds:

uvdv+vvdu+duvv+dvvu=du,v)+ D*(udv).

AS5. Local regularity. Here we prove a local regularity lemma for the operator (d +8) Y (— .

Lemma A.7. Letv =) v’ be such that v' € L?

2 (R"; A'R") and
n n
d+8) Y (=D € P L (R* A'R").

=0 =0

Then v' € H}

loc

([R”; Al[RR")forl e{0,...,n}

Proof. By using Corollary A.2 and the identity

(EAGITLE), &V PITI(E)) =0,

we can check that

n 2
1172 = lpl5— + “ d+8)) (—D'¢' (A-16)

=0

H-!

forallgp =3 ¢! such that ¢/ € LQ([R{”; Al [R{”). Here we are using the notation | ¢||? = >0 ¢! ||§/(Rn;Aan
for o =Y ¢’ with ¢! € Y (R"; A'R"), where Y denotes either L? or H~!. Recall that [’ ||,

i (L 1EP 10 ()12 de.

)

-1 (R";AIR")
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Let i be a compactly supported smooth function in R" and let A;;¢> be defined as

; 1
Apgp(x) = E((ﬁ(x +hej) — ¢ (x))

with ¢ as in (A-16), h a positive parameter, and e; the j-th element of the orthonormal basis of R". By
(A-16) and the commutativity between A;l and (d +§) Zg(—l)l, we have

1AL @022 = AL G2+ 1ALE +8) D (=D rvh)13,. (A-17)
=0
Since

d+8) > (D' @)y =v@d+8) Y (=D + ) (=Dldy av' +dy v
=0 =0 =0

and v and (d+38) > (- D! belong to Do L? ([R{”; Al [Ri”), the statement of the result follows by making

loc

the parameter 4 go to zero in the identity (A-17)°. (I

A6. Fourier transform of forms and operator A;. An [-form u with [ € {0, ..., n} is said to belong to
the Schwartz space ¥ (IR"; Al [R{”) if its component functions uy (@ € Sy are in the Schwartz space F(R").
We can define the space ¥’ (R”; Al IR”) of [-form-valued tempered distributions similarly. The Fourier
Transform of u € & (R"; Al IR”) is then defined by
=) idadE® A AdE" € F(R"; A'R").
acs!

The Fourier Transform & for u € ¥ (IR”; Al [F\R”) can be defined by duality. One can easily verify the
following identities for u € ¥ ([R{"; Al R”);

du(®) = i& NE), Su®) =i(=D'§Vva), (A-18)

where & € R3\{0} can be viewed as a 1-form. For u, v € LQ([R{”; Al [R{”), we have
/ (u,ﬁ)dx:/ (i1, 0) dx, (A-19)

making the Fourier transform a unitary map on Lz(R”; Al [R”).

Given { =) | ¢; dx/, a constant 1-differential form in R", consider the conjugated Hodge—Laplacian
operator A; = e_,(d8 +38d) o e;, where e, (x) = e** and ¢ -x = | £;x/. When acting on an /-form
ue HY(R"; A'R") N H?(R"; A'R"), it reads

Acu = (d8+8dyu+ (—D'd(¢ Vu)+ ¢ ASu+8¢ Au)+ (=DM e vdu— (¢, ¢)u, (A-20)

(understood in the weak sense). Moreover, it is easy to verify that the symbol of A, is |§ 1>—2i(z, &)— (¢, ¢)
by (A-18).

5See Theorem (6.19) of [Folland 1995] for more details.
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CONVEXITY ESTIMATES FOR HYPERSURFACES MOVING
BY CONVEX CURVATURE FUNCTIONS

BEN ANDREWS, MAT LANGFORD AND JAMES McCoy

We consider the evolution of compact hypersurfaces by fully nonlinear, parabolic curvature flows for
which the normal speed is given by a smooth, convex, degree-one homogeneous function of the principal
curvatures. We prove that solution hypersurfaces on which the speed is initially positive become weakly
convex at a singularity of the flow. The result extends the convexity estimate of Huisken and Sinestrari
[Acta Math. 183:1 (1999), 45-70] for the mean curvature flow to a large class of speeds, and leads to
an analogous description of “type-II"” singularities. We remark that many of the speeds considered are
positive on larger cones than the positive mean half-space, so that the result in those cases also applies to
non-mean-convex initial data.

1. Introduction

Given a smooth, compact immersion Xg : M" — R*t!l n > 1, we consider smooth families X :
M x [0, T) — R"*! of smooth immersions X (-, t) solving the curvature flow

%(x,t):—s(x,t)v(x,t), X(-,0) = Xo, (1-1)

where v is the outer unit normal field of the solution, and the speed s is determined by a function of the
principal curvatures k; (with respect to v). That is,

s(x, )= flk1(x,1),...,k,(x,1)). (1-2)
We require that the speed function f satisfies the following conditions:

Conditions.

(1) f € C*°(T) for some connected, open, symmetric cone I' C R".

(ii) f is monotone increasing in each argument.
(ii1) f is homogeneous of degree one.
@Gv) f=0.

(v) T is preserved by the flow (1-1).

Research partly supported by ARC Discovery Projects grants DP0556211, DP120100097. Langford acknowledges the support
and hospitality of the Mathematical Sciences Center at Tsinghua University, and the Institute for Mathematics and its Applications
at the University of Wollongong, where part of this work was completed.

MSC2010: primary 53C44; secondary 35K55.

Keywords: convexity estimates, curvature flows, fully nonlinear.
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Condition (v) is intended as follows: Let X be a solution of (1-1)—(1-2) such that the initial hyper-
surface satisfies (k1(x, 0), ..., k,(x,0)) € I" for all x € M. Then there is a connected, open, symmetric
subcone I'y of T" satisfying T’ \ {0} C T such that the principal curvatures of the solution satisfy
(k1(x, 1), ...,kp(x,2)) € forall (x,t) e M x [0, T). We refer to ['g as a preserved cone of the flow.
This is discussed further below.

Observe that, since the normal points outwards and f is homogeneous, we lose no generality in
assuming further that (1, ..., 1) € I', and that f is normalised such that f(1,..., 1) = 1. Furthermore,
since f is symmetric, we may at each point reorder the principal curvatures such that «, > - - - > k.

For most of the paper, we will also require that f satisfies the following two conditions, which are
somewhat distinct from conditions (1)—(v):

Conditions.
(vi) f is locally convex.
(vii) (3f/dzp — E)f/azq)‘Z > 0 whenever z € I' is such that z,, > z.

We will say that s is an admissible speed for the flow (1-1) if s is given by (1-2) such that f satisfies
conditions (1)—(vii).

Some discussion of conditions (i)—(vii) is in order: The symmetry of f is a geometric condition — it
allows us to write s as a smooth function of the Weingarten map of the solution, which ensures geometric
invariance of the flow. The monotonicity of f then ensures that the flow is parabolic, which guarantees
short time existence of a solution if the principal curvatures of the initial immersion lie in I". Condition (v)
is then a requirement that the principal curvatures do not “move out of” I' during the flow. In general,
some such condition is necessary (see [Andrews et al. 2013b, Theorem 3]), although, in particular, it
automatically holds in each of the following situations (Lemma 2.4):

Ancillary conditions.

(viil) Conditions (1)—(v) and (vi) hold, and T is convex.
(ix) Conditions (1)—(iv) and (vi) hold, and f \ or = 0.
(x) Conditions (1)—(iv) hold, and n = 2.

For the purposes of Theorem 1.1, however, we need only assume that the weaker condition (v) holds.
We remark that ancillary condition (ix) makes sense because any function satisfying conditions (i)—(iv)
has a continuous extension to dI'. This is proved for I' =I"y in [Andrews et al. 2013b], but the proof is
easily modified for the present situation.

In the presence of condition (i), conditions (vi)—(vii) are equivalent to requiring that the speed is a
smooth, convex function of the Weingarten map (Lemma 2.1). We note that condition (vii) is automatically
true in each of the following situations:

Ancillary conditions.

(xi) Conditions (1)—(iii) and (vi) hold, and T" is convex.

(xii) Conditions (1)-(iii) and (vi) hold, and f extends as a convex function to R" (for example, if f | ap = 0).
(xiii) Conditions (1)—(iv) and (vi) hold, and n = 2.
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The above assertions are discussed in greater detail in Section 2.

We now list some examples of admissible speeds.

Examples 1.1. The following functions define admissible speeds for the flow (1-1):

)

2)

3)

“4)

&)

The arithmetic mean: f(zy,...,2,) =21+ -+2z, onthe half-space ' ={z e R": z;+- - -+z, > 0}.
The corresponding flow is the (mean convex) mean curvature flow.
The power means: fp(z1, ...,2,) = (2} + -+ z4)/P, for p > 1, on the positive cone I'" =

{zeR":z; > 0forall i}. The case p =2 corresponds to the flow by the norm of the Weingarten
map.

Positive linear combinations: If fi, ..., fi are admissible on I', then, for all (s1, ..., s¢) € 'k the
function f =sy fi + - - - + sk fr 1s admissible on I'. For example, the function

f@,. . m)=a++zm+vVai+- -+

on the cone I'; defines an admissible speed. In fact, the functions

fu@ly o) =214z taVd b 2

for o € [0, 1] on the larger cones I'y = {z € R" 121+ - -+2, +av/z] + - - - + z; > 0} define admissible
speeds. We remark that the cones I'y, contain the half-space {z € R" : z; +-- -+ z, > 0} when « > 0.

Concave functions: If g € C*°(T") is symmetric, homogeneous degree one and concave, then an
admissible speed is defined by the function f = H — g on the subcone of I" for which H > ¢g
and ¢' < 1/¢ for all i. The class of concave functions discussed in [Andrews 2007] then provide an
interesting class of admissible speeds.

Convex homogeneous combinations: Let ¢ satisfy conditions (i)—(iv) and (vi)—(vii) on a cone [ C R¥,
and suppose that the functions fi, ..., f; define admissible speeds on a cone [, C R". Then the
function

fGienz) =d(fi@rs oo zn)s ooy fi@is s 20))

onthecone {z el : (f1(2),..., fx(2) € F} defines an admissible speed. For example, the function
fe(zi, ... z0) = Hp(z1 +€H, ..., 2z, +¢H) on the cone Iy := {z € R" : z; + ¢H > 0 for all i}
defines an admissible speed.

Curvature problems of the form (1-1)—(1-2) have been studied extensively, although mostly under the

assumption that the initial hypersurface is locally convex, that is, having Weingarten map everywhere
positive definite. The most well-known result in this case is Huisken’s theorem [1984], which states that,

when the speed is given by the mean curvature, uniformly locally convex initial hypersurfaces remain

uniformly locally convex and shrink to round points, “round” meaning that the solution approaches total
umbilicity at the final point. Chow showed that this behaviour is true also for the flows by the n-th root
of the Gauss curvature [1985], and, if an initial curvature pinching condition is assumed, the square

root of the scalar curvature [1987]. Each of these flows satisfy conditions (i)—(iv) on the positive cone

I' =

'y ={xeR":x;>0,i=1,...,n}. More general degree-one homogeneous speeds were treated
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in [Andrews 1994a; 2007; 2010], where it was shown that uniformly convex hypersurfaces will contract to
round points under the flow (1-1)—(1-2), so long as the speed satisfies conditions (i)—(iv) and, in addition,
either

(I) n=2, or
(2) f is convex, or

(3) f is concave, and inverse concave, that is, the function

-1 —1\—1
fu@ls oo z) = f(20 00 2,)
i8S concave.

These conditions were weakened in [Andrews et al. 2013b], and their necessity demonstrated by the
construction, in dimensions n > 2, of concave speed functions satisfying conditions (i)—(iv) for which
convex initial hypersurfaces do not remain convex under the corresponding flow [ibid., Theorem 3].

In the case of nonconvex initial hypersurfaces, much less is known about the behaviour of solutions of
(1-1), although in many cases the analogy with the mean curvature flow continues. For example, a simple
calculation shows that spheres shrink to points in finite time under flows (1-1)—(1-2) satisfying conditions
(i)—(iv). The avoidance principle (see! [Andrews et al. 2013a, Theorem 5]) then implies that any compact
solution of (1-1) must become singular in finite time. If, in addition, the flow admits second derivative
Holder estimates (for example, if the speed function is a concave or convex function of the principal
curvatures [Evans 1982; Krylov 1982], or if n = 2 [Andrews 2004]), one can deduce, by standard methods,
that a singularity is characterised by a curvature blow-up [Andrews et al. 2012].

For the mean curvature flow, a crucial part of the current understanding of singularities is the asymp-
totic convexity estimate of Huisken and Sinestrari [1999a], which states that any mean convex initial
hypersurface flowing by mean curvature becomes weakly convex at a singularity. This, together with
the monotonicity formula of Huisken [1990] and the Harnack inequality of Hamilton [1995b] allows a
rather complete description of singularities in the positive mean curvature case. We note that asymptotic
convexity is necessary for the application of the Harnack inequality to deduce that “fast-forming” or
“type-I1" singularities are asymptotic to convex translation solutions of the flow.

For other flows, the understanding of singularities is far less developed, except in some specific settings
such as axial symmetry (see [McCoy et al. 2014], for example). There are several reasons for this: First,
there is no analogue available for the monotonicity formula, which is used to show that “slowly forming”
or “type-I” singularities of the mean curvature flow are asymptotically self-similar. Second, there is in
general no Harnack inequality available sufficient to classify type-II singularities, although the latter is
known for quite a wide subclass of flows [Andrews 1994b]. And finally, there is so far no analogue of the
Huisken—Sinestrari asymptotic convexity estimate for most other flows, with the notable exception of the
recent result of Alessandroni and Sinestrari, which applies to a class of flows by functions of the mean

IWe remark that the avoidance principle proved in [Andrews et al. 2013a, Theorem 5] is not in general true when the cone of
definition of the speed is nonconvex. However, a slight modification reveals that it is still possible to compare compact solutions
with spheres.
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curvature having a certain asymptotic behaviour [Alessandroni and Sinestrari 2010]. In a companion
paper [Andrews et al. 2012], we were able to exploit the simplified structure of the evolution equation for
the second fundamental form in two dimensions (see also [Schulze 2006; Andrews 2007; McCoy 2011])
to prove that an asymptotic convexity estimate holds in surprising generality for flows of surfaces, namely
for any surface flow (1-1)—(1-2) satisfying conditions (i)—(iv). On the other hand, one would expect this
result should fail in higher dimensions in such generality, due to the aforementioned examples of “nice”
speeds which fail to preserve local convexity of initial data. In this paper, we show that an asymptotic
convexity estimate is possible in higher dimensions in the presence of the additional convexity conditions
(vi)-(vii).

Theorem 1.1. Let X : M x [0, T) — R"*! be a solution of (1-1) with s an admissible speed. Then for all
g > 0 there is a constant C, > 0 such that

—k1(x, 1) <es(x, 1)+ C;

forall (x,t)ye M x [0, T).

The proof of Theorem 1.1 utilises a Stampacchia—De Giorgi iteration procedure analogous to those
of [Huisken 1984; Huisken and Sinestrari 1999b; 1999a; Chow 1985; 1987] (see also [Andrews et al.
2012]), in contrast to the result of [Alessandroni and Sinestrari 2010] (see also [Schulze 2006]), which is
proved using the maximum principle. We remark that, by carefully constructing our curvature pinching
function, we are able to avoid the rather technical induction on the elementary symmetric functions of
curvature that is necessary in [Huisken and Sinestrari 1999a].

Combining Theorem 1.1 with the Harnack estimate of [Andrews 1994b] (see also [Hamilton 1995b])
as in [Huisken and Sinestrari 1999b; 1999a], we are led to the following classification of type-II blow-up
limits about type-II singularities.

Corollary 1.2. Ifs is an admissible speed, then any type-1I blow-up limit of a solution of the corresponding
flow (1-1) about a type-II singularity decomposes as a product X : ©* x R"* — R"*!, such that
X |2k 1 2K xR — R ¢ R is a strictly convex (k-dimensional) translation solution of the flow (1-1).

Corollary 1.2 is proved in Section 6.

2. Notation and preliminary results

We now describe some important background results necessary for the subsequent sections. We begin
with flow-independent results to do with symmetric functions, and prove, in Lemma 2.2, that each of
the ancillary conditions (xi)—(xiii) implies condition (vii). We then discuss flow-dependent results, and
prove, in Lemma 2.4, that each of the ancillary conditions (viii)—(x) implies condition (v). We follow the
conventions of [Andrews et al. 2013b; Andrews 2007; 2010; McCoy 2005], where proofs or references
for much of this section may be found. Many of the results can also be found in the book [Gerhardt 2006].

The curvature function f is a smooth, symmetric function defined on an open, convex, symmetric
cone I'. Denote by ¥ the cone of symmetric n x n matrices with n-tuple of eigenvalues, A := (A1, ..., A;),
lying in I". A result of Glaeser [1963] implies that there is a smooth, GL(#n)-invariant function F : ¥r — R
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such that f(A(A)) = F(A). The invariance of F' under similarity transformations implies that the speed
s(x,t)= f(k1(x,t),...,k,(x, 1)) is a well-defined, smooth function of the Weingarten map W', that is,
s(x,t)=FW(x,t)):= F(W(x,t)), where W(x, t) is the component matrix of W(x, ) with respect to
some basis for 7'M @ T, M. If we restrict attention to orthonormal bases, then Wil = hij, where the h;;
are the components of the second fundamental form.

We shall use dots to indicate derivatives of f and F as follows:

2

.. d
frQvii=—  fA+sv), Y vivj = - f(A+sv),
dS s=0 dS s=0
4 5 (2-1)
FY(A)B;j :== - SZOF(A +5B), FPT"(A)Bpy B = e s:oF(A +5B).

The derivatives of f and F are related in the following way:

Lemma 2.1 [Gerhardt 1990; Andrews 1994a; 2007]. Suppose that the function f satisfies condition (i).
Define the function F : 1 :— R by F(A) := f(A(A)) as above. Then for any diagonal A € ¥ we have

FM(A) = FF((A)s¥, (2-2)

and for any diagonal A € $r and symmetric B € GL(n), we have

FPO(A)) — F1(A(A))

2
3oy (A) — 2 (A) (Bpg)~- (2-3)

FPO (A)BpgBrs = f79(h(A))BppByg +2 Z
P>q

Note that (2-3) holds (as a limit) even if A has eigenvalues of multiplicity greater than one.

In particular, in an orthonormal frame of eigenvectors of W', we have

FEO) = f* )8

.. .. ‘P (k) — F4
FP4TS (OW)qu Brs — qu (K)Bpquq +2 Z M

2
o B
p>q p q

Observe that, by (2-2), conditions (i)—(ii) imply that (1-1)—(1-2) is parabolic. The methods of [Gerhardt
2006, Section 2.5] (see also [Giga and Goto 1992] and [Baker 2010]) then imply short time existence of
solutions, so long as the principal curvatures of the initial immersion lie in I".

It follows from (2-3) that the function F is convex if and only if the function f is convex and satisfies
(fP — fN)(z » —Z¢) = 0. We now show that in most cases of interest the second condition is automatic.

Lemma 2.2. Suppose that f satisfies one of the ancillary conditions (xi), (xii) or (xiii). Then f satisfies
condition (vii).

Proof. Suppose first that condition (xi) is satisfied, so that I" is convex. If ' = I" then the claim is proved
in [Andrews 1994a, Lemma 2.2] (see also [Ecker and Huisken 1989]). However, the proof applies to any
convex cone: Consider an arbitrary point z € I'. Since f is smooth and convex, for any v € R" and any
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s € R such that z +sv € I" we have
d? d .
0< Ef(z—l—sv) = gf’(z+sv)vi.
Therefore, if s > 0,
fie+svvi = fl(@v.
Setting v = — (e, — ¢,), where ¢; is the basis vector in the direction of z;, we obtain

(fP = fD], = (f7 = f9)|

If z,, > z, then there is some so > 0 such that (z —so(e), —ey))p = (z — so(ep — e4))4. By the symmetry

z—s(ep—eq)”

and convexity of I, this point is in I". Since f is symmetric, /7 = f4 at this point and the claim follows.
Now suppose that (xii) is satisfied, so that f extends to a convex, symmetric function on R". If the
extension is smooth, then the claim follows as above. If not, then we need to be more careful; we make
use of the fact that the difference quotient ( fly@s)—f (y(t))) /(s —t) is nondecreasing in both s and ¢
along all lines y (s) = z + sv.
Consider a point z € I' and a direction v € R". Then, for any s € R and any sy > 0, we have

f(z+sv)— f(z+sov) - fz+sv)— f(2) > lim fz+sv)— f(2)
s — 80 o s AN s

= fi ‘Zv,- .
Setting v = — (e, — ¢,), it follows that

- fz+sv)— f(z+sov) < Lim f(z+sv) — f(z+sov)

—(fP=fD],=f] v < =y(0),

s — 50 T s/'s0 s — 50
where we have defined ¥ (o) := f(z 4+ (o + s9)v). We note that the left derivative 1 (0) exists, and is
no greater than the right derivative ¥, , by convexity of y. Supposing without loss of generality that

Zp > 24, We may choose so such that z, —so = z4 + so. With this choice, it is easily checked that ¥ is an
even function. Since i is convex, we have

/ ' . Ys)—v¥(0)
5O 290 = ling YOV
s,/0 Ky s 70 s

It follows that v’ (0) < 0 and we obtain ( f P — f 7) }z > 0 as required.

Finally, suppose that (xiii) is satisfied, so that I' C R?. Consider some point z € I" and suppose p # ¢
are such that z,, > z,. Since f is homogeneous of degree one, we have f = 121+ f2z,. Then, since f,
1 and f? are positive on I', we must have z » > 0. Now,

2f =2(fPzp+ fl29) = (fP — fD(zp —20) + (fP + [D(zp+29),

so that
(f? = fD(zp—29) =2f — (fP + fD(zp +29)-
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If z,,+2z4, <0, then we are done (since f, f Uand f 2 are positive). Otherwise, z lies in the open, symmetric,
convex cone {z € R?: z; 4+ zo > 0}. But we have just proved that the claim already holds in this case.
This completes the proof. O

In the following, we are interested in the behaviour of solutions of the flow equation (1-1)-(1-2). We
consider speeds s = f(«x) such that f satisfies condition (i), and denote the corresponding function of
W by F. We will use the following convention in order to simplify notation: If g satisfies condition (i),
and G(A) = g(A(A)) is the corresponding function on S, then we write g(x,t) = g(k(x,t)) and
G(x,1) = G(W(x,t)). Similarly, G(x, 1) = G(W(x, 1)) and G(x,t) = G(W(x, r)). This convention
makes the notation s for the speed unnecessary, and from here on the speed will be denoted by F.

We recall the following evolution equations:

Lemma 2.3 [Andrews 1994a; 2007; Andrews et al. 2013b; Gerhardt 2006; McCoy 2005]. Let
X:Mx[0,T)— R"!

be a solution of the flow (1-1)—(1-2) such that f satisfies conditions (1)—(ii). Then the following evolution
equations hold along X:

(1) & —Dhi! = (VidF) + Fhi*hy = FPIVih g Vi hyps + FFRZ by
(2) (3 —)F = FF¥n2,
(3) 0y du=—HF du.
@) (3 — )G = (GKFPars — FHGPITS YN h o Vihys + GPh p FR B2,
Here & is the elliptic operator F'/V;V R hizj =hi*hy i» (1) is the measure induced on M by the immersion

X(-,t),and G is any function given by G(x,t) := g(k1(x, 1), ..., kn(x, t)) for some smooth, symmetric
g: I'=>R

Applying the maximum principle to Lemma 2.3(2), we see that F' remains positive for all ¢ € [0, T')
whenever it is initially positive. It then follows from Euler’s theorem and the monotonicity of f that the
largest principal curvature also remains positive.

In the case that g is homogeneous of degree one, Euler’s theorem simplifies Lemma 2.3(4) to

(& — DG = (G FPars — FRGParsy h, Vb, + FHR2,G. (2-4)
It follows that
G 1kl 300, “kl 2 2 -kl G
(0 — 58)(?) = (G EPars — PGP Y iy — = PV F V;(F). (2-5)

Therefore max s (;1(G/F) will be nonincreasing in ¢ whenever G satisfies the condition
(G EPars — FRGParsyh,, Vih,s <O0. (2-6)

These observations help us to find preserved cones for the flow: Suppose that f satisfies conditions
(i)—(iii). If there is a smooth, nonnegative, symmetric, homogeneous degree-one function g : I' — R such
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that
(le}';'qu,rs _ Fklépq,rs)Tkpq Tpys < 0

for any totally symmetric 7 € R" @ R” ® R", where G is the corresponding function on ¥, then any
solution of the corresponding flow admits a preserved cone. Namely, the cone

Iy := {z eR":g(z) < Agtlj{)é}(%)f(z)}

is preserved.
In general, finding such a function g will be highly specific to the choice of flow speed f, however, in
many cases we can be sure preserved cones exists:

Lemma 2.4. Suppose f satisfies one of the ancillary conditions (viii), (ix), or (X). Then f satisfies
condition (V).

Proof. Suppose that condition (viii) holds, so that the cone I' is convex. It follows from Lemma 2.2
that condition (vii) holds, so that F > 0 by Lemma 2.1. Let X be a solution of (1-1)—(1-2). Then the
Weingarten map of X satisfies

(8 — P)hi? = F¥n2 hd (2-7)

Let I'y be the interior of the symmetrised convex conic hull in R" of the principal curvatures of X(. Then
T\ {0} C T. The preservation of Ty by the flow follows by applying a slight modification of Hamilton’s
tensor maximum principle [1986, Section 3] to (2-7) (for details, see [Andrews 2007, Theorem 3.2] and
[Andrews and Hopper 2011, Chapter 6]).

Now suppose that (ix) is satisfied, so that f vanishes on dT". If X : M x [0, T) — R"*! is a solution
of the corresponding flow, then F is initially positive, and the maximum principle implies that it remains
so. Then we may consider the function G (x, t) := g1 (k1(x, 1), ..., kn(x, 1)), where g; is the function
defined by (3-1) of the following section. Observe that f extends to a convex function on R” by setting
f =0 outside I', so that, by Lemma 2.2, condition (vii) holds. Then we may proceed as in Lemma 3.2 to
obtain

Z = (G FPems — FHGPT"™YVih g Vih,s <0, (2-8)

and it follows that G|/ F < ¢, := maxyx0y G1/F. So consider I'g := {z € R" : g1(2) < ¢, f(2)}. Since
gi(z)=0ifand only if z € F+0F and, by convexity of the extension of f, {zeR":z;+---4+2z,>0}CT,
we have (0" Naly) \ {0} = @. It follows that Iy is a preserved cone.

Finally, consider the case that condition (x) holds, so that I" C R2. Observe that, in this case, it is
sufficient to obtain an estimate on the pinching ratio of the solution (which in this case follows from
an estimate on G/F), since any open, connected, symmetric cone I' in R? that contains the positive
ray is of the form {z € R? : zZyin > £Zmax}. However, we can no longer use any convexity properties of
f to control G/ F, and the above proof that Z < 0 no longer applies. On the other hand, by carefully
analysing each of the terms in the expression for Z, it is possible to write the terms involving second
derivatives of the speed as gradient terms, and the remaining terms turn out to be automatically favourable
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for obtaining the desired estimate on Z. We refer the reader to the papers [Andrews 2007; Andrews et al.
2012] for the proof of this assertion. ]
The existence of a preserved cone ensures that the flow is uniformly parabolic:
Lemma 2.5. Let X : M x [0, T) — R"*! be a solution of (1-1), with an admissible speed F. Then there
is a constant ¢, > 0 such that for all (x,t) € M x [0, T) it holds that
1

o’ < PG Do < e ol
1

forallv e TcM, where | - | is the norm induced on T M by the immersion X (-, t).

Proof. In an orthonormal frame of eigenvectors of the Weingarten map, we have, by (2-2), that FX = fk sk,
Let 'y be a preserved cone for the flow. Since I’y \ {0} C T, and f¥>0onT for all k, we see that the
derivatives f k are bounded by positive constants on the compact set K := {7 € Fco . |z| = 1}. Since
the derivatives f* are homogeneous of degree zero, these bounds extend to the cone FCU\{O}, which
completes the proof. U

The following long time existence result then follows using standard methods.

Proposition 2.6 [Andrews et al. 2012]. Let X : M x [0, T) — R"*! be a maximally extended solution of
(1-1), with an admissible speed. Then T < 00, and maxy;xy |W| — occast — T.

We now focus on the proof of Theorem 1.1 and Corollary 1.2, so for the rest of the paper we will
assume that f defines an admissible speed, and X : M x [0, T) — R"*! is a maximally extended solution
of the corresponding flow (1-1).

3. The pinching function

In this section, we carefully construct an appropriate curvature pinching function to be used in the proof
of Theorem 1.1. That is, we construct a smooth, symmetric, homogeneous (degree-one, say) function
G(x,t) = glki(x,1),...,Kk,(x, 1)) of the principal curvatures that vanishes only if the hypersurface
is weakly convex. Our goal is to show that the ratio G/F vanishes asymptotically along the flow. In
particular, this ratio should be nonincreasing. In view of (2-5) we would therefore like G to satisfy

(GKFPars — FRGParsyg p, Vi, < 0.
In fact, as we shall see, the following two estimates will be essential.

Properties. (1) Forall ¢ > 0, there is a constant ¢, > 0 such that
g e g e 2
(lequ,rs _ Flepq,rS)thpqvlh” < —c, |VFOW|

whenever G > ¢F.

(2) Forall ¢ > 0, there is a constant y, > 0 such that

(FGM — GF™Yhi, < —y. FIW?
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whenever G > ¢F.

These estimates are needed to show that the positive part of the function G, , := (G/F —¢)F? is
bounded in L? (M x [0, T')) for any ¢ > 0, so long as o is sufficiently small. This is done in Section 4. The
proof of Theorem 1.1 then follows from standard arguments, which we recall in Section 5. But first, we
construct our pinching function. We first try a smoothed out version of the natural choice, max{—«y, 0}.
The function we obtain possesses the second of the above properties, but the first property only weakly
(that is, with ¢, = 0). By making this function slightly more convex (namely, strictly convex in nonradial
directions) we are able to obtain a function satisfying both estimates uniformly (without harming the
other properties).

We begin with a smooth function ¢ : R — R which is strictly convex and positive, except on R, where
it vanishes identically. Such a function is easily constructed; for example, we could use

rhe ity < 0,
¢(r) = .
0 if r >0.
Now consider the following function, defined on I':
21(2) —f(Z)qu(f( )) (3-1)

Observe that g| is nonnegative and vanishes on (and only on) I'; N T". Furthermore, g; is clearly smooth,
symmetric, and homogeneous of degree one. We now calculate

-k='kn Z_1 n . Z_l 3{‘—ﬁ.k>
i f§¢<f)+§¢<f)(’ T

“#(3) 2l G) 5G]

It follows easily from the convexity of ¢ that ¢ () — ré(r) < ¢(0) = 0. Since ¢ is positive and ¢ vanishes
on R, we must also have ¢(r) < 0 for all » € R. Moreover, equality holds in the above inequalities only
if r > 0. Therefore g’f (z) < 0 for each k, with equality if and only if z € T, NT.

Now compute

) AN 5 5)

ck X X .
G i — (%)f""f—f?Zéﬁ(Z?’) (5#—%’]"”) (Siq—%fq). (3.2)
i=1

This forms a nonpositive definite matrix for each k. Finally, consider

fp_f fkgl - d)(Zk)fp_fq fk¢(zp/f) ¢(Zq/f)

ip—2g Zp _Zq ) zp—2z4 ip—2g

and

81 (3-3)
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This is also nonpositive for each k, since convexity of ¢ implies W:%f(s) > (. Putting (3-2) and (3-3)
together using Lemma 2.1, we see that

(GA EPars — FRGPE Y h 0 Vihys < 0.

To obtain the uniform estimate, we modify the function g; to introduce a slightly stronger convexity
property. We use the good convexity properties of the Euclidean norm: Consider the function g defined by

g2
8 = K(gl, gz) = ol s (3_4)
82

where g is a positive, monotone, degree-one homogeneous function of the principal curvatures which is
strictly convex in nonradial directions. The function defined by

2@ :=Rf@Q+)_ z—l

i=1
has the properties we require, so long as the constant R > 0 may be chosen such that g, > 0 (at least
along the flow). Let’s first show that such a choice is possible.

Lemma 3.1. There exists a constant R > 0 such that
RF(x,t)+ H(x,t) —|W(x,t)] >0
forall (x,t)ye M x[0,T).
Proof. Define G,(x,1t) := ga(k1(x,1),...,k,(x,t)). Since F(-,0) > 0 and M is compact, we may
choose R > 0 such that G( -, 0) > 0. By (2-4), it suffices to show that
(GY FPrs — FRGITT Y h Vi, > 0.

First calculate

g =Rf* +1——
2 Izl

and

('g'é’q = RfPI — — (|z)? 8pg — 2p2q)-

|z |
It follows that

k
& [ — frelt = ( ||>qu+|f|3(|zl 8pg —2pZq): (3-5)

which, by the Cauchy—Schwarz inequality, is nonnegative definite for each k.
Finally,

.kfp—f‘I_.kg'é’—gg_(l )f”—fq
g f = E —f

22— 24 Zp—2g p—29 |zl
which is also nonnegative definite for each k. It now follows from (2-2) and (2-3) that

(GY P — FHGE )Vl Vil = 0

as required. U
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So the function G is well defined. We show that it also satisfies property (1) (page 416) weakly:
Lemma 3.2. There is a constant ¢, > 0 such that
G(x,t) <coF(x,1)
forall (x,t) e M x [0, T).
Proof. By a straightforward calculation, we find
(GK pars _ Kl Gparsy — KI(G'Ilchqu,rs _ Fklégq’”) + ['{Z(G'lélﬁqu,rs _ Fklégq,rs) _ Fklk'vaﬂgggg

at any diagonal matrix. Noting that Kl(x, y) >0, Kz(x, y) <0 and k(x, y) > 0 whenever x and y are
positive, we see that

(GMFPars — FMGPETsYN b, Vi, < 0. (3-6)
In view of (2-5), the claim now follows from the maximum principle. O
We now show that G satisfies the required properties (1) and (2) (page 416) uniformly:

Lemma 3.3. For all ¢ > 0 there exist constants ¢, > 0 and y > 0 such that

1 VWP

o vw?
2F o, F

DL < (GMFPers — FMGPIT)ih g Vil < — (3-7)

and
(FGM' —GF"Yn, < —y F1W? (3-8)

whenever G > ¢F.
Proof. Let A € GL(n) be a diagonal matrix and 7 € R" ® R" ® R" be a totally symmetric tensor. Define
Q(A, T) :=—(GYFP4" — FNGPIT)| Tipg Tiys > 0. (3-9)

Recalling the application of the Cauchy—Schwarz inequality to (3-5) reveals that equality occurs in (3-9)
only if T is radial, that is, if for each k we have T}, = uyA,, for some constant ri.

Define the set ' :={x € I : ¢f(2) < g(2) < ¢, f(2)}. Then, to prove (3-7), we need to demonstrate
uniform positive bounds for F Q(A, T) whenever A has eigenvalues in ', and |T'| # 0. Since Q is
homogeneous of degree two with respect to 7', we may assume without loss of generality that |T| = 1.
Moreover, since Q is homogeneous of degree —1 with respect to A, it suffices to obtain the required
bounds on the compact slice K :={A € 1 : ¢ F(A) < G(A) < ¢,F(A), |A| = 1}. The upper bound now
follows immediately from the continuity of Q.

To prove the lower bound, it suffices to show that Q(A, T) =0 for A € K only if |T| = 0. We have
seen that Q(A, T') can only vanish if T is radial. Then, since A is diagonal, it follows that T is also
diagonal: Ty, # 0 only if k =/ =m. Since A # 0, there is some p for which 1 ,(A) # 0. But, since
Teim = kA = iri(A)dy,, we have for any k

Ak (A)

kkk = kpp -
)”P(A) pp




420 BEN ANDREWS, MAT LANGFORD AND JAMES MCCOY

But Ty, vanishes unless k = p. Thus T has at most one nonzero component: T),,. It follows that A
has at most one nonzero eigenvalue: If instead we had A, > 0 for some g # p, then we could obtain
the contradiction 7,,, = (A,/Ay)Typp = 0. Since A € ¥, C S, we must have 1,(A) > 0. But this
implies that G(A) =0, so that A ¢ K, a contradiction. Therefore Q can only vanish if T vanishes. This
completes the proof of (3-7).

For the second estimate, we observe that, in an orthonormal basis of eigenvectors of W',

(FG" — GFM) < FGM = Fgkst! < 2F%g"f’3"’.

Now g/g> is positive on I'; and therefore has a strictly positive lower bound on the compact slice
I'. N{|z| = 1}. Similarly, g'f < 0 on I'y, and therefore has a strictly negative upper bound on I'; N {|z| = 1}.
Since both terms are homogeneous of degree zero, these bounds extend unharmed to I';, and the claim
follows. 0

Now consider, for some positive constants ¢ and o, the function

G
Geo = <— —E)F".
F

Observe that the upper bound G/ F < ¢, implies
Geo <coF°. (3-10)
Lemma 3.4. The function G, , satisfies the evolution equation

B —L)Ge o = FT N (GH FPOTS — FHGPIT)Vih g Vi,

2(1 —0) o(l—-o)
TWGW, VF)F_T

where we have introduced the notation (u, v)p 1= Fklukul and |°W|% = Fklhil.

IVF|340Geq| W%, (3-11)

Proof. We first compute

G
VGey = Fo~! <VG - FVF) + %GMVF.

It follows that

o—1 o(l—o0)

(VGeo, VF)p = ———Geo|VFIp. (3-12)

G
$Goy=F (26— Z9F )+ 2G, ,9F -2
, F Fe
Therefore,

G
(0 —£)Gepg=F~ ((8z -G - 7 (0 —Qi)F) + %Gs,a(at —-HF

1—0o _0(1—0)

+2-—— (VG VF)r = ——5—Geo VF I}
= FO N (GH P — FH GRS Vi +0 G2
= khpgVilrs +0GeolhlE
l—0c 0(1—0') 2
+2-—(VGeg V) r + =G s |V}

as required. U
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Just as for the mean curvature flow, it is the final two terms of the evolution equation (3-11) that
obstruct the application of the maximum principle. We will proceed by the Stampacchia—De Giorgi
iteration method as applied in [Huisken 1984; Huisken and Sinestrari 1999b]. The first step is to show
that the spatial L? norms of the positive part, (G, )+ := max{G; s, 0}, of G, , are nonincreasing in ¢,
so long as o is sufficiently small. As in [Huisken 1984; Huisken and Sinestrari 1999b; 1999a], this leads
to a uniform upper bound on G, , for small, nonzero o.

4. The integral estimates

Proposition 4.1. For all € > 0 there exist constants £, L > 0 such that forall p > L and 0 < o < Kp_%,
the LP (M, (1)) norm of (G¢ o)+ is nonincreasing in t.

To simplify notation somewhat, we fix £ > 0 and denote E := (G, ,)4. Then E” is C! in t for p > 1,
with 0, E? = pE? -1 0;G¢,o. The evolution equation (3-11) for G, , then implies
d
- /EP dp=p /E”_ISZGM dp—p /EP—‘ F°'0du

(VGeo, VF)p |VF|3

F2

+2(1—a)p/151’—1 du—o(l—o)p/E”

+op/EP|W|%du—/EPHFdM, (4-1)

where we have defined Q = (Fklépq’rs — G“F’”””)thpqvlhrs. It will be useful to estimate |V F|r in
terms of |[VW|:
Lemma 4.2. There is a constant c; > 0 for which IVF|% < 3|V“W|2

Proof. Since Vi F = fPVih pp in an orthonormal basis of eigenvectors of W', the claim follows from the
uniform positive bounds on f7 along the flow. ]

For p > 2, we can integrate the first term of (4-1) by parts:

/ EP'9Geodp=—(p—1) f EP?|\VGeolfdp — f EP NV Ge o d .

The first term on the right will be useful. We estimate the second term (when G, , > 0) using Young’s
inequality as follows:

.o 2C
—Fkl’rsvk//lrsles,o < ?4 Z |vkhrsle8,0'|

k,l,r,s
1
Vih 2(ViGep)?
<C4E Z(( k rsz) p2( 225,0) >
k,l,r,s sz
CLIVWP 1 VGl
- 4E p F2 +p2 E2 ) (4'2)

where we have estimated each of the homogeneous terms F*'"* above by 2¢,/F.



422 BEN ANDREWS, MAT LANGFORD AND JAMES MCCOY

A useful term is obtained from the second term of (4-1) using the first estimate of Lemma 3.3. We
estimate the third term using Young’s inequality as follows:

1
VG.s VF 2 - VF|?
/EP< ik —> dp<? /EP—2|VG€,U|%dM+p2 /Epl |qu. (4-3)
F

=

E ' F 2 F
Putting this back together, we obtain:

Lemma 4.3. Forall o € (0, 1) it holds that

d 3 _ _
E/E"du <((c; +epp - plp— 1))/EP VG, . Pdn

1 1 |VW|? 2
tleteppr——p) [ EP 2 dutesop+l) EP|W["dp. (4-4)
02

Proof. Since —HF /|'W'|? is homogeneous of degree zero in the principal curvatures, it may be estimated
above by some constant, which allows us to estimate the final term in (4-1). Now apply the estimates of
Lemmata 2.5, 4.2 and 3.3, and the inequalities (3-10), (4-2) and (4-3) to the remaining terms. O

Notice that, for any fixed large p, the first two terms of (4-4) become nonpositive for sufficiently small
o (of order p_%). We now estimate the final term in a similar fashion.

Proposition 4.4. There are positive constants Ay, A, Az, By, By, independent of p and o, such that

VW2
F2

POy |2 3 1 p—2 2 1 »

EPIW|" = (A1p> + Aap> +A3) [ EP7|IVGeo|"du+(Bip2+By) | E di. (45

Proof. We begin with the commutation formula (see [Andrews and Baker 2010, Proposition 5])
ViVihpg =V Vhi + hiah'y, — hpghiy + heghy — hpihz,.
which holds on a general hypersurface of R"*!. This contracts to the Simons-type identity
SLhpg = FNV, Vo + Fhiy, — F¥hpghiy + F¥ highty — F*hpihz,,.
Contracting further with G yields
GPPhyy = GPFNY VY, by + (FGY — GFM)h3,.

On the other hand, we have

FNY Vg =V, Yy F — FXSY b Vb,
so that
GP1%hpy = GPIV,V, F — GP1IFNY 0, Vb + (FGY — GFM)hy,. (4-6)
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We now recall (3-12):
o(l—o0)
2

2
7z CeolVEIE

G -
PG, = FO! <§EG - fssz) + %GwseF 2 TO(VGM, VF)p+

s L G
= Fo! <F’<l GPIViVihpg + FM GPENVih g Vihys — fSBF)

l—0o o(l—o0)

(VGio, VF)F+——5—GeolVFIE. (4-7)

o
+ FGE’GgF - 2
Putting (4-6) and (4-7) together, we obtain
gGe,a — Fa—l (Fklépq,rs _ lel:;'qu,rs)vkhpqvlh”
+ FU—Q(Fle _ GFkl)vkvlF 4 FU—I(Fle _ GFkl)h/%l
-0 o(l—o
( )<VF7 VGs,o)F‘f‘%

The first and third terms on the right may be estimated from below using Lemma 3.3.

+%G8,U§£F—2 Geol|VFIF.  (4-8)

Applying Young’s inequality to the term involving the inner product, we obtain
(I1-o0) IVF|% n IVGe o7
F? E?

wherever G, , > 0. Recalling the estimates of Lemmata 2.5, 3.3 and 4.2, and Equation (3-10), we obtain

-2

(VF,VGeo)r = (1— G)E(

[V?

FGeo < (cocy + o+ coe3) F° + F°2(FG" — GF*"yv, v, F

F2
VG, o

2 O-
—yFo W)+ ng,ailfF +coc, F° e
Now put the y F°|'W'|? term on the left, multiply the equation by EP F~°, and integrate over M to obtain

VW2
F2

y/Ep|°W|2dM < —/EPF%EGM du+ (cocq +cz—|—c0c3)/Ep dp

+ /EPF—Z(FG"" — GF"YV .V, Fdu

+o/EP+1F—1—°$FdM+cOc1/EP—ZWGE,UFCJM. (4-9)

Integrating the first term on the right by parts, we obtain the following estimate:

Lemma 4.5. Ifo € (0, 1) and p > 2, there are constants Cy, Cy, D1 > 0, independent of o and p, such

that )
VW

vw
_/EPF—UQGS’GLJM5(C1p+C2)/Ep_2|VG8,U|2d/L+D1/Ep 2 du.

Proof. Integrating by parts, we find

— /E"F‘TiGm7 du

=p / EP'FO\NG, |3 du—o / EPF° " NVGeo, VF)pdp+ f EPF~° FN Vi VG o d .
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Estimating each of the coefficients of F above by 2¢,/F and applying Young’s inequality to the second
and third terms, we obtain

3 3 o0 IVG.o,|%2 |VF|?
—/E”F Jngs,gdugcop/EP 2|vc;g,(,|§,du+T EP( EE; F FZF d
CoCy VW2 |VGeo|?
04 [ Er du.

Therefore,

- /EPF_"SfG&g dp

C\C;0  CnC CaC{CHO  CoC Vw2
§(c0c1p+ 02‘ +%) fEP2|VGS,G|2du+<%+%> /EP' F2| du. O

In the same way, we obtain the following estimate on the third term of (4-9):
Lemma 4.6. There are constants C3, C4, D3, D4 > 0, independent of p > 2 and o € (0, 1), such that
/E”FZ(FG"Z —GF*YV WV, Fdu

VW2
F2

< (C3p? +c4)/EP2|VG8,0|2du+(Dap5 +D4)/EP dp.

And the fourth term:

Lemma 4.7. There are constants Cs, Cg, Ds, Dg > 0, independent of p and o, such that

VW2
F2

/E"“FIUSBFde (c5p3+c6)/EP2|VG€,C,|2dM+(D5pi+D6)fEP du.

This completes the proof of Proposition 4.4.
Combining Proposition 4.4 with Lemma 4.3, we obtain
d .
= EPdp < —(e;p? —a10p? — ar0p® —a3p? —asp) /Epzng,alzdu

dt
- (ﬁlp—ﬁzdp—ﬂw% —,34)/Ep

VW2
72 du.

for some constants ¢;, 8; > 0, which are independent of o and p. Proposition 4.1 follows easily.

5. Proof of Theorem 1.1

We are now able to proceed just as in [Huisken 1984, Section 5] and [Huisken and Sinestrari 1999b,
Section 3], using Proposition 4.1 and the following lemma to derive the desired bound on G, ;.

Lemma 5.1 [Stampacchia 1966]. Let ¢ : [k, 00) — R be a nonnegative, nonincreasing function satisfying

o(h) < e()P,  h>k> ko, (5-1)

C
(h—k)*
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for some constants C > 0, > 0and B > 1. Then
p(ko+d) =0,
where d* = Co(ko)P~129P/(B=D),
Now, given any k > ko, where ko := sup, ¢ 1) supy Ge.o (-, 0), set
(. 1) 1= (Goo (e, ) —K)?"? and  Ag(r) = {x € M 1 ve(x, 1) > 0},

We will show that ¢ (k) = |Ax| := fOTfAk(t) du(-,t)dt satisfies the conditions of Stampacchia’s lemma
for some k; > ko. This provides us with a constant d for which |Ag, 44| vanishes. Theorem 1.1 then
follows. Observe that |A| is nonnegative and nonincreasing with respect to k. Then we only need to
demonstrate that an inequality of the form (5-1) holds.

Lemma 5.2. There are constants Ly > L and cg > 0 such that for all p > Li we have

d
E/v,%du—l—c]_l/|Vvk|2d,u§cé(ap+1) F*G?  dp. (5-2)
Ag

Proof. Observe that

d -

—/u,f du:/ p(Geo =) 0,Gey du—fv,%Hqu.

dt Ay
The result is then obtained by proceeding as in Lemma 4.3, applying

2
Vol = B (Geo =0 IV G P

and estimating |'W'|> < C F? using the degree-zero homogeneity of |W'|>/F2. O

Now set o’ = o +n/p. Then

GE(T L
/F"dMS/ Fnﬁd,u=k_p (Gsa’)idﬂfk_p/(Gsa’)idﬂ- (5-3)
A A kP A ’

1

If p > max{L,4n%/¢*) and o < (£/2)p~7, then p > L, and o’ < £p~2, so that, by Proposition 4.1,

k p
/A F'du <k / (Geo (-, 0))" dpo < po(M) (;0) : (5-4)

Choosing k sufficiently large, the right hand side of this inequality can be made arbitrarily small. We
will use this fact in conjunction with the following Sobolev inequality to exploit the good gradient term
in (5-2).

Lemma 5.3 [Huisken 1984]. There is a constant ¢ (independent of o, p, and &) such that

1 2 7
(/ viqd;L)q Scs</|Vvk|2a’,u+(f F”dM) (/ v;fqd;L)q), (5-3)
Ag

where q is equal to n/(n — 2) if n > 2, or any positive number if n = 2.
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Proof. Since we have the estimate H> < C F? (by degree-zero homogeneity of the quantity H?/F?) this
follows from the Michael-Simon—Sobolev inequality [1973] just as in [Huisken 1984]. (I

It follows from (5-4) and (5-5) that there is some k; > kg such that for all kK > k; we have

1
q
</ v du> §2CS/|Vvk|2du.

Therefore, from (5-2), we have for all k > k;

Q=

d 1
E/v,fdu—l—zqcs (/ vzqdu) <cglop+1) FZGgadu.

Ag

Integrating this over time, and noting that A;(0) = &, we find (since we may assume 2c¢,cy > 1) that

1
T q T
sup</ v,fdu>+/ </ vzqdu> dt§4clcsc()(0p+l)/ szGgadudz. (5-6)
[0,7) \J Ak 0 0 JA;

We now exploit the interpolation inequality for L? spaces:

| Flao < 1F101F1G, (5-7)

where 6 € (0, 1) and 1/qo=6/q + (1 —0)/r. Setting r =1 and 6 = 1/go, we may assume 1 < qp < q.
Then applying (5-7) we find

5 q0—1 %
/ v 0dp < (f v,fd,u) </ vzqdu) .
Ax Ax Ay

Now, applying the Holder inequality, we find

r @ NS T @ \@
(/ /v,fqod,udt) §<sup/v,%du) (/ </ vzqd,u> dt) .
0 Ag [0,T) J Ag 0 Ap

Using Young’s inequality, ab < (1 — 1/go)a?/@=Y 4 (1/g¢)b%, on the right hand side, we obtain

1

1
T 2 1 1 (7 q
(/ /vzqod,udt) ' 5(1——) sup/v,%du—l—— </ vzqd,u) dt
0 JA, q0/ [0,T) J A q0 Jo Ax

r 7
< sup/v,%d,u-l—/ (/ vzqdu) dt.
[O,T) Ak 0 Ak
Recalling (5-6), we arrive at

(f/ qod,udt) : <4c1csc6(0p+l)/ fFZ Poydudt. (5-8)
A Ag

Application of the Holder inequality yields the inequalities

1
T 1 T 7 1
f/FzGé’,adudrsmkﬂ‘r(ffF”Gdeudr) <cqlAkl'TT (5-9)
0 Ak 0 Ak
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r 2 -1 ! 2q qil"
/ / vidpdr < |Ag| @ (/ / v Od,udt) , (5-10)
0 Ak 0 Ak

where the integral on the right hand side of (5-9) was estimated in a similar manner to (5-4), with
7 :=k3(Tuo(M))V/" (solong as o < (I/4)p~1/2, and 2r > L, :=max{L,, 4n?/1?, 64/1%}, say). Finally,
for h > k > k| we may estimate

T T G a_k p T G (r_k p
|Ah|:=/ fd;ult:/ Md;wltg/ ud;uzz.
0 JA, 0 Ah(G8,U_k)+ 0 JA, (h_k)P

Since Ay, (t) C Ai(¢) forall t € [0.T), and v,% = (Geo — k)i, we obtain

and

T
(h—k)P|Ah|5/ /v,%dudt. (5-11)
0 JA;

Putting together estimates (5-8), (5-9), (5-10) and (5-11), we arrive at

dcicgcec,(op+1)

Al <
|Ap| < =K

|Al”

forall h > k > ki, where y :=2—1/go — 1/r. Now fix p := 2L, and choose o < (£/4)p_% sufficiently
small that op < 1. Then, choosing r > max{go/(qo — 1), L2}, so that y > 1, we may apply Stampacchia’s
lemma. We conclude that |A;| =0 for all kK > k| +d, where d? = (:1cS060723””’1”/()’_])|Ak1 |¥~1. We note
that d is finite, since T is finite and

(Geo) - -
/ du 5/ o)t gy <k ”/(Gw)idu <k p/(Gs,n(',O))IjrdMO,
Akl Akl 1

k
where the final estimate follows from Proposition 4.1.
It follows that
G <eF+(ki+d)F'™7 <2eF +C,

for some suitably large constant C; > 0. Theorem 1.1 follows.

6. Rescaling about type-II singularities

We now analyse the structure of fast forming singularities. Let X : M x [0, T) — R"*! be a smooth,
compact solution of (1-1) satisfying the following ansatz: For all C > 0 there is a time #¢ € [0, T') such
that

C
max W (x, £)]* > —— (6-1)
xeM T —t

for all ¢ € [t¢, T). We say that the flow undergoes a type-1I singularity. To analyse the shape of type-II
singularities, we consider, following Hamilton [1995a] and Huisken and Sinestrari [1999b], the following
sequence of parabolic rescalings: For each k € N, choose a sequence (#) of times #, € [0, T —1/k] and a
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sequence (x) of points x; € M such that

WeesP(T—E—5)=  max wenl(T-1-0).
k (. )eEMx[0,T—1/k] k
Now set

Ly == W (xx, t1)]%

oy ;= —Lity, op:= Lk<T—l—tk>.
Lemma 6.1. As k — oo, we have

k

tr > T, Lp—o00, op—>—00, 0p— 00.

Proof. By the ansatz (6-1), for all R > 0 there exists tg € [0, T) and xg € M such that

W (xg, tR)I*(T —tg) > 2R.
On the other hand, there is some sufficiently large kr € N such that

1
tR<T—7. W t0)P(T - F—ir) > R
for all k > kg. Therefore, by definition

k

ok = |W(xg, tR)|2<T 1 —fR) > R
for all k > kg. Since R was arbitrary, we find o — 00 as k — 0o

Since (T —1/k —1;) is bounded, it follows from the definition of o} that L;, — oo as k — oo. Therefore,
since |W| remains bounded whilst ¢t < 7', we must have ¢, — T. It follows that oy — —00
Now consider the rescalings

Xi(x, 1) = \/fk(x<x, Lik +tk) ~ X (x, tk)> for 1 € [ag, oy ]

It is straightforward to compute

X
—k(x H=-L, o

O

t .
( L —i—tk)v(x, L_k —i—tk),

aX
Sh 0 =V () = @0 = Lags (x,
> @ =18 (x £
and

v (x, t)—v( —i-tk) = kD v (x, t)_kD,v( LL )

k

= Wik,0)=L;> (LL )

-3 t

= FG(.n=L] 2F<x, " +1),

where we used the script & to distinguish quantities related to the rescaling X; (in particular, D is the
pullback of the Euclidean connection along Xj). We refer to the sequence (Xy) as a blow-up sequence
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Observe that the rescalings satisfy the flow equation (1-1). We also note the following properties (compare
[Huisken and Sinestrari 1999b, Lemma 4.4]):

Lemma 6.2. (1) Foreachk € N, Xi(xr, 0) =0 and |'W (xz, 0)] = 1.

(2) Forany ¢ > 0and X > 0 there exists kg € N such that oy > X and

max |Wi><l+¢ (6-2)
M x[ay,. 2]

for all k > k.

(3) Forany ¢ > 0 there exists C. such that

C
—cPx, 1) <eF(x, 1) + — (6-3)

v Li
forall (x,t) € M X [y, o} ], where /cl(k) is the smallest principal curvature of X.

Proof. Part (1) is immediate from the definitions and our calculation of W.
To prove part (2), first note that

WeCx, 0)F = LW, L't 4+ 1))

By the definition of L; and the choice of (xi, #;) we also have

W, L' +lk)|2(T — % — L +zk)) < Lk(T _ % _ zk>.

Therefore

T—l—lk Ok t
Wi (x, )] < — = =1+ :
T—y—t—Lgt Ox—t O —1

Since o), — 00, the claim follows.
For part (3), we have

Kf(x,t): Kl(x,Lk_lt—l-tk)-

1
v Li
Therefore, by Theorem 1.1, for all &€ > 0 there exists C, such that

1 C.
VL VL

for all (x,t) € M x [—ay, o]. O

—Kf(x, 1) <

(eF(x, L't + 1) + Ce) = e Fie(x, 1) +

Proof of Corollary 1.2. Since the flow speed is a convex function of the Weingarten map, the flow admits
second derivative Holder estimates, and we may proceed as in [Baker 2011, Section 3], using Lemma 6.2,
to obtain a sublimit X : My X Iso — R™*! of the blow-up sequence. Since for each k the rescaled
immersion Xy is a solution of the flow on the time interval [oy, o%], we deduce from Lemma 6.1 that
X 1s an eternal solution of the flow (1-1) (that is, I, = R). Part (3) of Lemma 6.2 implies that X
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is weakly convex. Applying the strong tensor maximum principle [Hamilton 1982] (see also [Andrews
2007, Theorem 3.1]) to the evolution equation for the Weingarten map

Ohi! = Lhi? + FPU Nk gV g + FRZ R

we deduce, just as in [Huisken and Sinestrari 1999a, Theorem 4.1], that the rank of W' is constant and
its null-space is invariant under parallel transport. The same use of Frobenius’ theorem as in [Huisken
1993, Theorem 5.1] (compare [Hamilton 1986]) then implies that M, splits isometrically as a product
R"~* x ©X for some 1 < k < n, where XX is strictly convex. Moreover, X ooizk solves the flow (1-1) in
RE+1. °°

Now observe that, by Lemma 6.2(i) and (ii), the maximum value of |W | is 1, and occurs at (x, 0);
it follows that the maximum value of F is also attained here. We complete the proof by applying the
differential Harnack inequality of [Andrews 1994b] to deduce that X, | oy (25;0) moves by translation
(compare [Hamilton 1995b]).

Proposition 6.3. Let X : =% x R — R¥*! be a strictly convex, eternal solution of (1-1) with admissible
speed F such that supy, p I is attained. Then X moves by translation.

Proof. Consider the function ®(A) = —F(A~!), where F : ¥+ — R gives the flow speed as a function
of the Weingarten map (here, & is the cone of symmetric, positive definite matrices). For any A € ¥,
B € GL(n), we have

. d d )
®|,(B)y=—| @®A+sB)=——| F(A+sB"H=F|,(A'BA™)
ds s=0 ds s=0
and
. d? .. )
®|,(B,B)=—| ®(A+sB)=—-F|,(A7'BA™,A7'BAT)=2F| (A"'BAT'BAT!).
dsz e A A
Since F >0, F> 0, and F > 0, it follows that
. l—ad®d
b4 R OXY <0
o

for all o € (0, 1). That is, ® is a-concave for all « € (0, 1). Thus Corollary 5.11 of [Andrews 1994b]
may be applied. We deduce that any strictly convex solution of (1-1) satisfies

» (@—DF
o F —g(W ™ (grad F),grad F)+ ———— >0 (6-4)

a(t —ty)
for all t > 1y, where fg is the initial time, and grad is the gradient operator on M. It follows that any

strictly convex, eternal solution of (1-1) satisfies
P:=3F —g(W ' (grad F), grad F) > 0.

Moreover, (6-4) is deduced from the maximum principle applied to the time evolution of P, such that
equality is attained at a space-time point only if equality holds identically. Since by assumption sups. g F
is attained, P vanishes identically.



CONVEXITY ESTIMATES FOR HYPERSURFACES MOVING BY CONVEX CURVATURE FUNCTIONS 431

We now recall from [Andrews 1994b, Equation 5.2] that, in the Gauss map parametrisation, the Harnack
quantity P satisfies:
@ —HP =dA)P +d(Q, 0),

where Q is the time derivative of the inverse of the Weingarten map in the Gauss map parametrisation,
and & is the contraction of the covariant Hessian on $" by ®. Since P is identically zero, this simply
says ®(Q, Q) = 0. Recalling the equation for ®, positive definiteness of F and strict convexity of ¥
imply that Q must vanish. Returning to the standard parametrisation (for example, using [Andrews 1994b,
Lemma 3.10]), we find 0 = Q = —W ' 0 (8, W 4+ VyW) o W', where we have defined the vector field
V := —W~!(grad F). Substituting 8,'W = V grad F + FW?, we have, forallu € TX,
0=V, grad F + FW?*(u) + V, W (V)
=V,(grad F +WV)) + W(EFWu)—-V,V).
It follows that VV — FW = 0.
Now define the vector field 7 := X,V — Fv. Then, for any u € T X,

XD,T = (V,V — FW(u)) — g(W (V) +grad F, u)v = 0.
Furthermore,
XD, T =%*D, X,V — 8 Fv— Fgrad F,
where X D is the pullback of the Euclidean connection D by X. Since P = 0, this becomes
XD, T =%D, X,V — g(W~'(grad F), grad F)v — Fgrad F = *D, X,V + g(V, grad F)v — Fgrad F.
Since V is tangential, we have
(*Di XV, v) = —(X.V, *D,v) = —g(V, gradF).

Thus the normal component of XD, T is zero. The tangential part of DX, Vis (XD, X, V)T =—FW(V)=
F grad F; so the tangential component of XD, T also vanishes. We have proved that T is parallel. Now set
X(x,1):=X(¢(x, 1), 1), where ¢ is the solution of d¢'/dt = V' with initial condition ¢ (x, 0) = x. Then

9X _aXde' 09X

B9 oxi dr ot
This completes the proof of Corollary 1.2.
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SPECTRAL ESTIMATES ON THE SPHERE

JEAN DOLBEAULT, MARIA J. ESTEBAN AND ARI LAPTEV

In this article we establish optimal estimates for the first eigenvalue of Schrédinger operators on the
d-dimensional unit sphere. These estimates depend on L” norms of the potential, or of its inverse, and are
equivalent to interpolation inequalities on the sphere. We also characterize a semiclassical asymptotic
regime and discuss how our estimates on the sphere differ from those on the Euclidean space.

1. Introduction

Let A be the Laplace—Beltrami operator on the unit d-dimensional sphere S?. Our first result is concerned
with the sharp estimate of the first negative eigenvalue A; = A;(—A — V) of the Schrédinger operator
—A —V on S? (with potential —V) in terms of L”-norms of V.

The literature on spectral estimates for the negative eigenvalues of Schrodinger operators on manifolds
is limited. P. Federbusch [1969] and O. S. Rothaus [1981] established a link between logarithmic
Sobolev inequalities and the ground state energy of Schrédinger operators. The Rozenbljum-Lieb—Cwikel
inequality (case y = 0 with standard notations: see below) on manifolds has been studied in [Levin and
Solomyak 1997, Section 5]; we may also refer to [Lieb 1976] for the semiclassical regime, and to [Levin
2006; Ouhabaz and Poupaud 2010] for more recent results in this direction. A. Ilyin, in two articles
[1993; 2012] on Lieb-Thirring type inequalities (see also [Levin 2006; Ouhabaz and Poupaud 2010] for
other results on manifolds), considers Schrodinger operators on unit spheres restricted to the space of
functions orthogonal to constants and uses the original method of E. Lieb and W. Thirring [1976]. The
exclusion of the zero mode of the Laplace—Beltrami operator results in semiclassical estimates similar to
those for negative eigenvalues of Schrodinger operators in Euclidean spaces.

The results in this paper are somewhat complementary. We show that if the L”-norm of V is smaller
than an explicit value, the first eigenvalue A;(—A — V) cannot satisfy the semiclassical inequality and
thus it is impossible to obtain standard Lieb-Thirring type inequalities for the whole negative spectrum.
However, we show that if the L”-norm of the potential is large, the first eigenvalue behaves semiclassically
and the best constant in the inequality asymptotically coincides with the best constants L;, 4 of the
corresponding inequality in the Euclidean space of the same dimension (see below). In this regime the
first eigenfunction is concentrated around some point on S¢ and can be identified with an eigenfunction
of the Schrodinger operator on the tangent space, up to a small error. In Appendix A, we illustrate the

MSC2010: primary 35P15, 58J50, 81Q10, 81Q35; secondary 47A75, 26D10, 46E35, 58E35, 81Q20.

Keywords: spectral problems, partial differential operators on manifolds, quantum theory, estimation of eigenvalues, Sobolev
inequality, interpolation, Gagliardo—Nirenberg—Sobolev inequalities, logarithmic Sobolev inequality, Schrodinger operator,
ground state, one bound state Keller—Lieb—Thirring inequality.
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transition between the small L”-norm regime and the asymptotic, semiclassical regime by numerically
computing the optimal estimates for the eigenvalue A1(—A — V) in terms of the norms ||V || sq).

In order to formulate our first theorem, let us introduce the measure dw induced by the Lebesgue
measure on S¢ C R*+! and the uniform probability measure do = dw/|S?| with |S?| = w(S“). We shall
denote by || - [|L¢(se) the quantity [ullpq(se) = (fgd lu|? do)'/4 for any g > 0 (including the case g € (0, 1),
for which || - ||L¢(se) is no longer a norm, but is only a quasinorm). Because of the normalization of do,
when making comparisons with corresponding results in the Euclidean space, we will need the constant

. d1-2
Kg.a =S4

The well-known optimal constant L}I,y 4 in the one bound state Keller-Lieb—Thirring inequality is defined
as follows: for any function ¢ on R?, if A;(—A — ¢) denotes the lowest negative eigenvalue of the
Schrodinger operator —A — ¢ (with potential —¢) when it exists, and O otherwise, we have

M (—A =) sL;,dqusi*”’/zdx, (1
R

provided y >0ifd >3,y >0ifd =2, and y > 1/2 if d = 1. Notice that only the positive part ¢4 of ¢
is involved in the right-hand side of the above inequality. Assuming that y > 1 —d/2ifd =1 or 2, we
shall consider the exponents

2 d d
qzzL and p:L:y_i__’
2y +d—2 g—2 2

which are therefore such that

*

2
2<q:—p1<2

with 2% :=2d/(d —2) ifd > 3,and g =2p/(p — 1) € (2, +00) if d = 1 or 2. To simplify notation, we
adopt the convention 2* := oo if d = 1 or 2. It is also convenient to introduce the notation

1
Oy 1= Zd(d —-2).
In Section 2 we shall prove the following result.

Theorem 1. Let d > 1 and p € (max{1l, d/2}, +00). Then there exists a convex increasing function
a:RT — R witha(u) = pu forany n €0, (d/2)(p—1)] and o (i) > pu for any w € ((d/2)(p—1), +00),
such that

A (=A=WV) =a(llVIlLr(sa)) (2)

for any nonnegative V€ LP(S%). Moreover, for large values of i, we have
a(WP =L}, 4 4(kqa)” (1 +o(1).

The estimate (2) is optimal in the sense that there exists a nonnegative function V such that i = ||V ||L»(sa)
and |A(—A = V)| = a(n) for any p € ((d/2)(p — 1), +00). If p < (d/2)(p — 1), equality in (2) is
achieved by constant potentials.
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If p=d/2 and d > 3, then (2) is satisfied with o () = u only for p € [0, o ]. If d = p =1, then (2) is
also satisfied for some nonnegative, convex function o on RT such that u < a () < p + 7>’ for any
u € (0, 400), equality in (2) is achieved and a (i) = 72 u(1+0(1)) as u — +oo.

Since A1 (—A — V) is nonpositive for any nonnegative, nontrivial V, inequality (2) is a lower estimate.
We have indeed found that
0=21(=A=V) = —a(lVILr(s)-

If V changes sign, the above inequality still holds if V is replaced by the positive part V. of V, provided
the lowest eigenvalue is negative. We can then write

A=A = V)| <a(|VillLrss) forall Ve LP(S9). 3)

The expression of L;/, 4 1s not explicit (except in the case d = 1: see [Lieb and Thirring 1976, page 290]),
but can be given in terms of an optimal constant in some Gagliardo—Nirenberg—Sobolev inequality
(see [Lieb and Thirring 1976] and (9)—(10) in Section 2.1). In case d = p = 1, notice that L% = % (see
Section B.2 in Appendix B) and k1 = 27 so that our formula in the asymptotic regime yu — 400 is
consistent with the other cases.

The reader is invited to check that Theorem 1 can be reformulated in a more standard language of
spectral theory as follows. We recall that y = p —d/2 and that dw is the standard measure induced on
the unit sphere S? by the Lebesgue measure on R4+,

Corollary 2. Let d > 1 and consider a nonnegative function V. For ju = ||V || y+a2(say large, we have

M(=A-=W))" SL, /d VY2 g )

S
if either y > max{0, 1 —d/2} ory = 1/2 and d = 1. However, if u = |V ||Ly+ar2(sa)y < }Ld(Zy +d—2),
we have

Mm—A—vnHWZsde*W%m )
S

for any y > max{0, 1 — d/2} and this estimate is optimal.

Here the notation f < g as u — 400 means that f < c(u)g with lim,,_, o c(t) = 1. The limit case
y =max{0, 1 —d/2} in (5) is covered by approximations. We may also notice that optimality in (5) is
achieved by constant potentials. Let us give some details.

If we consider a sequence of constant functions (V,),en uniformly converging towards 0, for instance

V. = 1/n, we get that
A=A =Vl

lim = +00,

n— o0 fgd Vny+d/2 dw
which clearly forbids the possibility of an inequality of the same type as (4) for small values of
Jea VY2 dw. This is however compatible with the results of Ilyin in dimension d = 2. In [Ilyin
2012, Theorem 2.1], the author states that if P is the orthogonal projection defined by Pu :=u — f§2 udo,
the negative eigenvalues A, (P (—A — V) P) satisfy the semiclassical inequality
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S i (P(=A = V)P)] s§f V2 do.
o 8 Je:

Another way of seeing that inequalities like (4) are incompatible with small potentials is based on the
following observation. Inequality (5) shows that

1/2
h(=A— V)| < (/ vzdw)
SZ

if the L2-norm of V is smaller than 1. Since such an inequality is sharp, the semiclassical Lieb—Thirring
inequalities for the Schrodinger operator on the sphere S? are therefore impossible for small potentials
and can be achieved only in a semiclassical asymptotic regime, that is, when the norm || V|| 2(s2) is large.

Our second main result is concerned with the estimates from below for the first eigenvalue of Schrodinger
operators with positive potentials. In this case, by analogy with (1), it is convenient to introduce the
constant L' yd with y > d/2, which is the optimal constant in the inequality

M(=A+¢)7 <L, / 91 dx, (6)
R

where ¢ is any positive potential on R? and A;(—A 4 ¢) denotes the lowest positive eigenvalue if it exists,
or 400 otherwise. Inequality (6) is less standard than (1); we refer to [Dolbeault et al. 2006, Theorem 12]
for a statement and a proof. As in Theorem 1, we shall also introduce exponents p and g such that

2y —d q d
gq=2——— and p=—"—=y——,
2y —d+2 2—¢q 2
so that p (respectively g =2p/p + 1) takes arbitrary values in (0, +00) (respectively (0, 2)). With these
notations, we have the counterpart of Theorem 1 in the case of positive potentials.

Theorem 3. Letd > 1, p € (0, +00). There exists a concave increasing function v : Rt — R with

v(B) = B forany B € [0, d/2)(p+ D] if p > 1,v(B) < B forany f > 0 and v(B) < B for any
Be((d/2)(p+1),400), such that

=D+ W) =v(B) with f=I1W L, g (7
for any positive potential W such that W=' € LP(S%). Moreover, for large values of B, we have

V()PP SLL L a0).akg.aB) "

The estimate (7) is optimal in the sense that there exists a nonnegative potential W such that B! =
(w1 llLr(sey and A1 (— A+ W) =v(B) for any positive B and p. If B < (d/2)(p+1) and p > 1, equality
in (7) is achieved by constant potentials.

Again the expression of L]_% 4 18 not explicit when d > 2 but can be given in terms of an optimal
constant in some Gagliardo—Nirenberg—Sobolev inequality; see [Dolbeault et al. 2006] and (17)—(18) in
Section 4.

We can rewrite Theorem 3 in terms of y = p +d/2 and explicit integrals involving W.
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Corollary 4. Letd > 1 and y > d /2. For B = |W~! large, we have

—1
Ly—d/2 (Sd)

(M(=A+ W)V SLL d/ W do.
’ Sd

However,ify >d/2+ 1 and if B = ||W_1||Ey1_d/2(§d) < }Td(Zy —d+2), we have

(A1 (=A + W)y 5/ W42 do,
Sd

and this estimate is optimal.

This paper is organized as follows. Section 2 contains various results on interpolation inequalities; the
most important one for our purpose is stated in Lemma 5. Theorem 1, Corollary 2 and, various spectral
estimates for Schrodinger operators with negative potentials are established in Section 3. Section 4 deals
with the case of positive potentials and contains the proofs of Theorem 3 and Corollary 4. Section 5 is
devoted to the threshold case (¢ = 2, that is, p, y — +00) of exponential estimates for eigenvalues, or, in
terms of interpolation inequalities, to logarithmic Sobolev inequalities. Finally, numerical and technical
results have been collected in two appendices.

2. Interpolation inequalities and consequences for negative potentials

2.1. Inequalities in the Euclidean space. Let us start with some considerations on inequalities in the
Euclidean space, which play a crucial role in the semiclassical regime.

We recall that we denote by 2* the Sobolev critical exponent 2d /(d —2) if d > 3 and consider Sobolev’s
inequality on R, d > 3,

1VI1E 2 gy < Sall VOl gay  forall v e B2 (RY) (8)

where S is the optimal constant and %'?(R?) is the Beppo Levi space obtained by completion of smooth
compactly supported functions with respect to the norm v > || Vv||2(gay. See Section B.4 for details and
comments on the expression of S;.

Assume now that d > 1 and recall that 2* = 400 if d = 1 or 2. In the subcritical case, that is, g € (2, 2%),
let

||Vv||iZ(Rd) + ” v ||iz(Rd)

Kgd ==

mn 2
veH! (R9)\{0} “v”L‘I(Rd)

be the optimal constant in the Gagliardo—Nirenberg—Sobolev inequality
2 2 2 1 d
Kq,d”v”Lq(Rd) S ”VUHLZ(Rd) + ”v”LZ(Rd) fOI' all v E H (R ) (9)

The optimal constant L)l,’ 4 in the one bound state Keller-Lieb-Thirring inequality is such that

_ : d 2y +d
L)l/yd::(Kq,d)p withp=y+—-,qg=2 v

—_— 10
2 2y +d -2 (10)
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See Section B.5 for a proof and references and [Lieb and Thirring 1976] for a detailed discussion. Also
see [Barnes 1976] for numerical values of K, 4.
We shall also define the exponent
O i=d——-
2q
which plays an important role in the scale invariant form of the Gagliardo—Nirenberg—Sobolev interpolation
inequalities associated to K, 4: see Section B.1 for details.

2.2. Interpolation inequalities on the sphere. Using the inverse stereographic projection (see Section B.3),
it is possible to relate interpolation inequalities on R? with interpolation inequalities on S¢. In this section
we consider the case of the sphere. Notice that o, =d/(q —2) when ¢ =2* =2d/(d — 2),d > 3.

Lemma 5. Let g € (2,2%). There exists a concave increasing function ju : R™ — R™ with the properties

ula) =a forall o € [0, daz]’
na) <o forall o € (daZ’ +oo),
Kgd 1-9
nwe)=—"—oa "(14+o0(l)) aso— +o0,
Kq.d
and such that
IVallf 2o, +ellullfssn = m@ullfyga, forallu e H(S?). (11)

Ifd > 3 and q = 2%, the inequality also holds for any o > 0 with (o) = min {o, o, }.

The remainder of this section is mostly devoted to the proof of Lemma 5. A fundamental tool is a
rigidity result proved by M.-F. Bidaut-Véron and L. Véron [1991, Theorem 6.1] for ¢ > 2, which goes as
follows. Any positive solution of

—Af +af = 17! (12)

has a unique solution f = «!/@=2 for any 0 < « < d/(g —2). A straightforward consequence of this
rigidity result is the following interpolation inequality [Bidaut-Véron and Véron 1991, Corollary 6.2]:

d 2/q
/ |Vu|? do > —2[< |u? da) —f |u|2do:| for all u e H'(S?, do). (13)
S q— sd sS4

Inequality (13) holds for any ¢ € [1,2) U (2,2*]if d > 3 and for any ¢ € [1,2) U (2, 00) if d = 1 or 2.
An alternative proof of (13) has been established in [Beckner 1993] for ¢ > 2 using previous results by
Lieb [1983] and the Funk—Hecke formula [Funk 1915; Hecke 1917]. The whole range p € [1, 2) U (2, 2%)
was covered in the case of the ultraspherical operator [Bentaleb and Fahlaoui 2009; 2010]. Also see
[Bakry and Ledoux 1996; Ledoux 2000] for the carré du champ method, and [Dolbeault et al. 2013] for
an elementary proof. Inequality (13) is tight as defined by D. Bakry [2006, Section 2], in the sense that
equality is achieved only by constants.
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Remark 6. Inequality (13) is equivalent to

2
(¢ = D|IVul? o,
2

2
L4(S9) - ”M ||

n -
ueH! (SH\{0} ||ul| L2(s9)

Although we will not make use of them in this paper, we may notice that the following properties hold

true:

(i) If ¢ < 2%, the above infimum is not achieved in H! (S% \ {0}, but

(g — 2)||vue||]%2(§zl)

m
=04 Jlug ] — lluell?
+ & L‘I(Sd) el 2(s4)

if us :=14¢e¢, where ¢ is a nontrivial eigenfunction of the Laplace—Beltrami operator corresponding
to the first nonzero eigenvalue (see Section 2.3).

(ii) If ¢ = 2*, d > 3, there are nontrivial optimal functions for (13), due to the conformal invariance.
Alternatively, these solutions can be constructed from the family of Aubin—Talenti optimal functions
for Sobolev’s inequality, using the inverse stereographic projection.

@iii) If @ > a4 and g = 2%, d > 3, there are no optimal functions for (11), since otherwise o — (o)
would not be constant on (., «): see Proposition 7 below.

2.3. Properties of the function o — p(a) in the subcritical case. Assume that g € (2,2*). For any
o > 0, consider

L2(S%) L2(S9)

IVu|? + ol L d
= 5 forall u e H (8%, do).
||u||Lq(§d)

It is a standard result of the calculus of variations that
inf D lu] := p(a)

ueH (¢ ,do)
Jsd |ul9 do=1

is achieved by a minimizer u € H'(S“, do') which solves the Euler-Lagrange equations
—Au+ou—p@u?~t =0. (14)

Indeed, we know that there is a Lagrange multiplier associated to the constraint fgd |ul9do =1, and
multiplying (14) by u and integrating on S¢, we can identify it with i (). As a corollary, we have shown
that (11) holds. The fact that the Lagrange multiplier can be identified so easily is a consequence of the
fact that all terms in (11) are two-homogeneous.

We can now list some basic properties of the function o — ().

(1) For any @ > 0, u(x) is positive, since the infimum is achieved by a nonnegative function u and
u = 0 is incompatible with the constraint fgd |ul? do = 1. By taking a constant test function, we see
that (o) < « for all @ > 0. The function o — p (o) is monotone nondecreasing since for a given
u e H'(S?, do) \ {0}, the function a — 2,[u] is monotone increasing. It is actually strictly monotone.
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Indeed, if p(or;) = p(o2) with oo < a2, one can notice that 94, [u2] < (o) if uy is a minimizer of 24,
satisfying the constraint fgd |uz|? do = 1, which provides an obvious contradiction.

(2) We have
w)=o foral ae <O L]
9 q_2

Indeed, if u is a solution of (14), f = w(e)/@=2y solves (12) and is therefore a constant function if
o <d/(q —2) according to [Bidaut-Véron and Véron 1991, Theorem 6.1], and so is u as well. Because
of the normalization constraint ||u || ¢s«) = 1, we get that u = 1, which proves the statement.

On the contrary, we have

u(e) <a forall o > ——.
q—

Let us prove this. Let ¢ be a nontrivial eigenfunction of the Laplace—Beltrami operator corresponding to
the first nonzero eigenvalue:

—Ap =do.

If x = (x1, X2, ..., X4, z) are cartesian coordinates of x € R?*! so that S¢ ¢ R?*! is characterized by the
condition Zle xl-2 +z2 =1, a simple choice of such a function ¢ is ¢(x) = z. By orthogonality with
respect to the constants, we know that fgd ¢ do = 0. We may now Taylor expand 2, around u = 1 by
considering u = 1 4 e¢ as ¢ — 0 and obtain that

(d+a)e? [oilpl*do +a
(Jou |1+ 9|7 do)?/a

1(@) < Du[] + 6] = —atdtal —q)]sZ/ 102 do + 0(?).
Sd

By taking & small enough, we get (o) < « for all @ > d/(q — 2). Optimizing on the value of ¢ > 0 (not
necessarily small) provides an interesting test function: see Section A.1.

(3) The function o — w(e) is concave, because it is the minimum of a family of affine functions.

2.4. More estimates on the function o — p(at). We first consider the critical case ¢ =2*, d > 3. As in
the subcritical case g < 2%, we have u(o) = o for ¢ < a*. For o > o*, the function o — () is constant.

Proposition 7. With the notations of Lemma 5, if d > 3 and q = 2%, then
d 1
wla)=oy foraloa>a,= —5= 1dd-2).
q —

Proof. Consider the Aubin—Talenti optimal functions for Sobolev’s inequality and, more specifically, let
us choose the functions
d—2
& 2 d
ve(x) 1= (W) for all x € R* and all ¢ > 0,
which are such that ||ve || 2+ (ge) = ||V1 ]| 2% (ga) 1s independent of ¢. With standard notations (see Section B.3),
let N € S¢ be the north pole. Using the stereographic projection X, that is, for the functions defined for
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any y € S?\ {N} by

P41V .
us(y):< 7 ) ve(x)  with x = X(y),

we find that [lu; || 2# ey = [|v1 |2+ ey for any & > 0, so that

Vv ||? + (00— ) fga Ve |22/ (1+x[*))dx d,
() < tg] = D e T o G L2
K2* . d ”UE ”Lz* (Rd) ” (5] ”Lz* (RY)
where we have used the fact that «p+ 4S; = 1/, (see Section B.4) and
00 e d-2 rd—l 00 1 d-2 Sd—l
8(d,g) = dr =¢° d
@& /0 (82+r2> A+ =" /0 (1+s2) (1 +e2522 &
One can check that lim, ., §(d, &) = 0 since
5 00 sd—l +o00 ds
(S(d,S)SS /0 st 1fd25 and S(d,S)SECd/O m 1fd:30r4,

with ¢3 = 1 and ¢4 = 3/3/16. O

The next step is devoted to a lower estimate for the function « +— () in the subcritical case, which
shows that limy_, 1 » (o) = +00 in contrast with the critical case.

Proposition 8. With the notations of Lemma 5, if d > 3 and q € (2, 2*), then, for any « > o, we have
o> ula) > oe19 1=

with 0 =d(q —2)/2q. Foreverys € (2,2%),ifd >3, oreverys € (2, +00) ifd =1 or 2, such that s > q,

we also have that
d 9
ooz (L)
s—2

foranyo >d/(s —2)and 0 =0(s,q,d) :=s(qg—2)/(g(s —2)).

Proof. The first case can be seen as a limit case of the second one as s — 2* and ¥ = 6(2*, ¢, d). Using
Holder’s inequality, we can estimate [|u||yq(s¢y by

”M ”Lq(Sd) = ||l/t ”Ls (S%) ||l/t ||L2(§d)
and get the result using

2 1-6 0
gza[u]z<”v"”“ i Fallullly Sd)> (uwnu Sd)+a||u||Lz(gd)) Z( d2) I

||u||L2 Sd) s =

”M “Lx(gd)

Proposition 9. With the notations of Lemma 5, for every q € (2, 2*), we have

. _ Kq.a
lim sup o’ 1,u(oz) < 1L,
a—+00 Kq.d
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Proof. Let v be an optimal function for K, 4 and define for any x € R? the function

Ve (x) 1= v(2«/o¢ — Oy x)

with oy = J—td(d —2) and o > «ay, so that

/ |V |>dx =224 (a —a*)l—dﬂ/ |Vv|? dx,
Rd Rd

’ d—(d-2)g/1 Ix 2 —d+(d-2)q/2
/ |vg |7 dx :2_(‘1_2)”’/2(0(—0(*)_”1/2] {1+ —— dx.
Rd 1+ |x|? Rd 4(a — ay)

Now we observe that the function u, (y) := ((|x|* + 1)/2)@=2/2p,(x), where y = £~ (x) and X is the
stereographic projection (see Section B.3), is such that

1 Jpa Vel dx + (0 = o) fa [al* /(1 + |x[*))* dx

Kq.d [fre 10al?(2/ (14 |x[3)4=d=2a/2 dx]*/a

Passing to the limit as « — 400, we get

|X|2 —d+(d—2)q/2
lim {14+ ——— dx=/ [v]|? dx
a—>+00 Jpd 4(or — oty) R4

Vo lute] =

by Lebesgue’s theorem of dominated convergence. The limit also holds with g replaced by 2. This proves
that
Vg lug] = (o — ay) ! 74/3+d/4 (M +0(1)> as o — 400,
Kq.d
which concludes the proof because ¥ =d (g —2)/(2q). U

2.5. The semiclassical regime: behavior of the function a — p(a) as ¢ — +oo. Assume g € (2, 2%).
If we combine the results of Propositions 8 and 9, we know that (o) ~ a' " as o — +oo if d > 3.
If d = 1 or 2, we know that limy_, 1o (o) = +00 with a growth at least equivalent to o>/4~¢ with
g > 0, arbitrarily small, according to Proposition 8, and at most equivalent to o'~ by Proposition 9. To
complete the proof of Lemma 5, it remains to determine the precise behavior of u(«) as @ — +oo.

Proposition 10. With the notations of Lemma 5, for every q € (2,2%), with 9 =d(q —2)/(2q) we have

K
ulo) = L’dal_ﬂ(l +0(1)) asa— +oo.
Kq,d

Proof. Suppose by contradiction that there is a positive constant 1 and a sequence (o) en such that
lim,,— 400 0t = 400 and
K
lim a,’f*lu(an) < 2ad n. (15)
n——+o00 Kq,d
Consider a sequence (u,),en of functions in H'(S%) such that g, [un] = pu(ay,) and (uy |l q(sey =1 for

any n € N. From (15), we know that

2 1o ( Kg.d
nlltnllf2(gay < La, [un] = platn) < @, PR (I+o(1)) asn— +oo,
q,
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that is,

Kg.a
limsupaﬂ||un||22 ay = L—U-
n—>too LE0 Kg.d

The normalization ||uy || 4se) = 1 for any n € N and the limit lim,,—, 4 o0 |4y [l 2(s¢y = 0 mean that the
sequence (u,)en concentrates: there exists a sequence (y;);en Of points in s (eventually finite) and
two sequences of positive numbers (¢;);en and (7 )i nen such that lim, oo 75, =0, Y,y & = 1, and
JsinBsyr ) Hinl? do =& +o(1), where u;,, € H'(SY), i = uy on S* N B(y;, i), and

supp i, C S* N B(yi, 2rip).

Here o(1) means that uniformly with respect to i, the remainder term converges towards 0 as n — +o0.
Using a computation similar to those of the proof of Proposition 9, we can blow up each function u; ,
and prove
91 2 2 Kg.d . 2/q .
(o — ax) (IVuinl” +anluin|”)do > ——=¢7"" +o(1) forall i.
sd Kq.d
Let us choose an integer N such that (ZlN:l g“i)z/q > 1—k4,.an/(2K4,q). Then we find that

2/q
(an—a*)l’—léd<|Vun|2+an|un|2)do> qd2¢2/4+0(1)> (Za) +o(1)

K
>l T,
Kgd 2
a contradiction with (15). U
For details on the behavior of K, 4 as g varies, see Proposition 15. Collecting all results of this section

completes the proof of Lemma 5.

3. Spectral estimates for the Schrodinger operator on the sphere

This section is devoted to the proof of Theorem 1. As a consequence of the results of Lemma 5, the
function @ — () is invertible, of inverse u — a (), if d = 1,2 ord > 3 and g < 2%, and we have the
inequality
2
/d |Vu|? do _“</d |u|? do)q > —a(p) fd lu|*do forallu e H'(S?, do) and all u > 0. (16)
S S S

Moreover, the function @ — o () is monotone increasing, convex, and satisfies a(n) = p for any

ne(0,d/(g —2)] and a(u) > p for any p > d/(q —2).
Consider the Schrodinger operator —A — V for some function V e L”(S?) and the corresponding

€u] ::/ |Vu|2do—/ Viul? do.
Sd d

M(E=A=-V) = inf élul.
ueH (S%,do)
Jsd lu? do=1

energy functional

Let
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By Holder’s inequality, we have

#lu] > /§ Val do — 1Vl 1, s
with 1/p +2/g = 1. From Section 2, with u = ||V, || (s¢), we deduce
€lul > —a(u)nuniz(g,,) for all u € H'(SY, do) and all V € LP(S9),

which amounts to a Keller-Lieb-Thirring inequality on the sphere (3), or equivalently,

|Vu|2da—/ V|u|2da+a(||V+||Lp(§d))/ lul?do >0 forall ue H' (S, do) and all V eLP(SY).
Sd Sd Sd

Notice that this inequality simultaneously contains (3) and (16), by optimizing either on u or on V.
Optimality in (3) still needs to be proved. This can be done by taking an arbitrary u € (0, o) and
considering an optimal function for (16), for which we have

2
q
IVulzda—u(/ Iulqdcr) :a(,u)/ lul* do.
Sd sS4 sS4

Because the above expression is homogeneous of degree two, there is no restriction to assume that
fgd |ul? do = 1, and since the solution is optimal, it solves the Euler—Lagrange equation

—Au—Vu=a(uu

with V = puud=2, such that
IV llLecsty = mllullf)fe, = 1.

Hence such a function V realizes the equality in (3).

Taking into account Lemma 5 and (10), this completes the proof of Theorem 1 in the general case.
The case d =1 and y = 1/2 has to be treated specifically. Using u = 1 as a test function, we know that
M(A=V)|<u= fg. V dx. On the other hand, consider u € H'(S') such that lull 2y = 1. Since
H'(S') is embedded into C%1/2(S!), there exists xo € S' ~ [0, 27) such that u(xp) = 1 and

X

P —1=2 f u( (y) dy =2 / u(' () dy

0 xo+2m

can be estimated by

X

[u(o)? — 1] 52/ Iu(y)llu/(y)ldy=2/ ()|’ (y)| dy

0+27‘[

27 27 27 1/2
5/0 |u<y>||u/<y>|dys(/0 |u<y>|2dyf0 |u’<y)|2dy>

using the Cauchy—Schwarz inequality, that is,

2
Hu(O1” = 1] < 27 [l 21y,
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since [[u/[1F, g1, = (1/(27)) Jo 1u'()|* dy and el g1, = (1/2)) JoT lu()?dy =1 (recall that do

is a probability measure). Thus we get
@) < 1+ 27l [l12s1),
from which it follows that
M(=A=V) = W[ 2 gy — (1 + 27| | 2sty) = —p = 72402

This shows that u < a () < + 72u?. By the Arzela—Ascoli theorem, the embedding of H'(S') into
Cc%1/2(S") is compact. When d = 1 and y = 1/2, the proof of the asymptotic behavior of () as
W — o0 can then be completed as in the other cases.

4. Spectral inequalities in the case of positive potentials

In this section we address the case of Schrodinger operators —A + W where W is a positive potential on

S? and we derive estimates from below for the first eigenvalue of such operators. In order to do so, we

first study interpolation inequalities in the Euclidean space R?, like those studied in Section 2 (for g > 2).
For this purpose, let us define for g € (0, 2) the constant

||VU ||52(Rd) + ”U”Izﬂ(Rd)

K!,:== in 5
veH! (RN\(0) V12 ga)

q.d

9’

that is, the optimal constant in the Gagliardo—Nirenberg—Sobolev inequality
K vz ey < VO 2oy + VI g o, for all v e H'(RY) (17)

(with the convention that the right-hand side is infinite if |v|? is not integrable).
The optimal constant Ll_y 4 1n (6) is such that

2y —d

1 ,_ * \— : _
L—y,d = (Kq,d) Y with q= 22)/——d—|—2

(18)

See Section B.6 for a proof. Let us define the exponent

P |
T 2d—qd-2)

Lemma 11. Ler g € (0,2) and d > 1. Then there exists a concave increasing function v : RT™ — R™ with

the properties
v(iB)<pB forallB>0 and v(B)<pP forallBe (ZL’_{_OO)’
—q
v(iB)=pB forall e |:0, L] ifgell,2) and lim v(B) =1 ifqe(0,1),
2—gq g0, B

V(B) =K 4(g.aB)’ (1 +0(1)) as p— 400,
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such that
IVl 2 g0y + Bllultogay = vIBulfz sy forall u e HY(S). (19)

Proof. Inequality (19) is obtained by minimizing the left-hand side the constraint |[u||;2(ss) = 1: there is
a minimizer which satisfies
—Au+Bu?™ —v(Bu=0.

Case q € (1, 2). The proof is very similar to that of Lemma 5, so we leave it to the reader. Written for
the optimal value of v(B), inequality (19) is optimal in the following sense:

(i) If 0 < B <d/(2 —q), equality is achieved by constants. See [Dolbeault et al. 2013] for rigidity
results on S9.

(1) If B =d/(2 —q), the sequence (u,),en With u, := 14 (1/n)e, where ¢ is an eigenfunction of the
Laplace—Beltrami operator, is a minimizing sequence of the quotient to the left-hand side of (19)
divided by the right-hand side which converges to the optimal value of v(8) = 8 =d/(2—¢q), that is,

||Vun||1%2(§d) d

2 2
n—00 ”Mn”Lz(Sd) - ||Mn||]_ﬂ(§d)

(i) If B > d/(2 — q), there exists a nonconstant positive function u € H'(S%) \ {0} such that equality
holds in (19).

Case q € (0, 1]. In this case, since S is compact, the case ¢ < 1 does not differ from the case g € (1, 2)
as far as the existence of v(B) is concerned. The only difference is that there is no known rigidity result
for ¢ < 1. However, we can prove that

im 2P _

B—04 ,3

Indeed, let us notice that v(B) < B (use constants as test functions). On the other hand, let ug = cg + vg
be a minimizer for v(B) such that cg = fgd ugdo and, as a consequence, de vg do = 0. Without loss of
generality we can set fgd lcg +vg 1>do = cé + fgd lvg |>do = 1. Using the Poincaré inequality, we know

that ||Vv5||]2_2(§d) > d||v5||12_2(§d), and hence

1.

dllvplifs e + Blics +valTas < IVVslITase + Blics +vslity e = v(B) < B,

which shows that limg_.¢, [|vgll2(sey = 0 and limg_,o, cg = 1. As a consequence, |[cg + vgl|
cé(l +0(1)) as B — 0, and we obtain that

2 _
La(S4) —

B(1+0(1)) = Bez(1+0(1) < v(B),
which concludes the proof.

Asymptotic behavior of v(B). Finally, the asymptotic behavior of v(8) when g is large can be investigated
using concentration-compactness methods similar to those used in the proofs of Propositions 8, 9, and 10.
Details are left to the reader. (]
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Proof of Theorem 3. By Holder’s inequality we have

2/q
||u||iq(§d) = (/d W42 (W |u|)4/? do) < IW ™ lLae-o (s [ Wlu|? do.
S S¢

Using (19), we get

2 2 2 —1y—1 2 —1y—1 2
/dem da+f§dW|u| doz/§d|w| do + IW 1) g 1260y = VAW ||L,,(§d)>/§d jul? do

with p = ¢ /(2 — ¢q), which proves (7). Then Theorem 3 is an easy consequence of Lemma 11. O

5. The threshold case: g =2

The limiting case ¢ = 2 in the interpolation inequality (13) corresponds to the logarithmic Sobolev
inequality

L2
[ lu|? log ———— juf? < f |Vu|*do for all u e H(S?, do),
el gd) =4

which has been studied, for example, in [Beckner 1993; Brouttelande 2003b; 2003a]. For earlier results
on the sphere, see [Federbush 1969; Rothaus 1981; Mueller and Weissler 1982] and the references therein
(in particular for the circle). Now, if we consider inequality (11), in the limiting case ¢ =2 we obtain the
following interpolation inequality.

Lemma 12. For any p > max{l1, d/2}, there exists a concave nondecreasing function & : (0, 4+00) — R
with the properties

E@)=a foralla e (0,ap) and E&(@) <a foralloa > ag
for some ag € [(d/2)(p— 1), (d/2)p], and

E(@) ~a' 7P gya — o0

such that
2
|u|? s< ) IVullyzga
ju?log —=— do + plog = — [[u]24, < plluela e log( 14+ ——2
Sd ”u”LZ(Sd) a”u”LZ(Sd)

forallu e H(SY). (20)

Proof. Consider Holder’s inequality: ||ullp-(s¢) < ||u|| §d)||””Lq(§dy with2 <r <gand 0 = % q—z To
emphasize the dependence of 6 in r, we shall write § = 6(r). By taking the logarithm of both sides of the

inequality, we find that

|
—log/ |u|’da<—log/ P do + 1 (r) / | do.
r Sd sd
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The inequality becomes an equality when r = 2, so that we may differentiate at r = 2 and get, with
q=2p/(p—1)<2* thatis, p = q/(q — 2), the logarithmic Holder inequality

flull?
/|| ' do §p||u||iz(§d) ﬂ for all u € H'(SY).

LZ Sd) ” ||L2 Sd)
We may now use inequality (11) to estimate

”u”iq(gd) < o (1 1 ”Vu”LZ §d))
el sy~ @\ e ul?

LZ(SH')

where 1 = p(w) is the constant which appears in Lemma 5. Thus we get

Ju|? < ) IVallE s
/ | | Og do + plog ”M”LZ(SL]) = p”l’t”LZ(gd) 10g 1+ —() ’
“ I|L2(§d) ||u||L2(§d)
which proves that the inequality
| |2 ”VM”LZ(gd)
| | Og do + p lOg S(a)”u”LZ(gj) = p”u”LZ(gd) ogla+ ——>——
||M||L2(§d) ||M|IL2(§d)

holds for some optimal constant & (o) > (), which is therefore concave, and such that lim,_, ;o (o) =
+o00. This establishes (20). The fact that equality is achieved for every a > 0 follows from the method of
[Dolbeault and Esteban 2012, Proposition 3.3].

Testing (20) with constant functions, we find that £(¢) < « for any o« > 0. On the other hand,
E(a) > u(a) =a forany o <d/(g —2) = (d/2)(p — 1). Testing (20) with u = 1 + e¢, we find that
E)<aifa=>(d/2)p.

By Proposition 10, we know that & (o) > p (o) ~ o' with 9 = d(g—2)/(2q)=d/(2p) as o — +o00.
As in the proof of Propositions 9 and 10, let us consider an optimal function u, for (20). Then we have

£(@)
plog =2
o

1 p
= plog(l + ;uwaniz(gd)) - fg el 1og g |* do ~ =Vt g0y = fg | lual*log lug|* do

as @« — +oo and u, concentrates at a single point like in the case ¢ > 2 so that, after a stereographic
projection which transforms u, into v,, the function v, is, up to higher order terms, optimal for the
Euclidean logarithmic Sobolev inequality
vl d
v[*log ————dx + > log(ee?) 01172 gay < €I VVIIT2 o)
R4 ” ||L2([Rd) 2

which holds for any & > 0 and any v € H' (R?). Here we have of course ¢ = p/a and we find that

plog & = %llog(ngez)(l +o0(1)) asa — +oo. O
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Corollary 13. With the notations of Lemma 12, for any o > 0, we have

ul? s< )
/ juf*log —>—do +a ullfage < IVulass, forallu e H'(S).
Lz(Sd)

Proof. This is a straightforward consequence of Lemma 12 using the fact that log(1 + x) < x for any
x> 0. [l

As in the case g # 2, Corollary 13 provides some spectral estimates. Let u € H'(S9) be such that
lullp2(sey = 1. A straightforward optimization with respect to an arbitrary function W shows that

i%f[ g Wlu)* do + plog /gd e Wik da] =-u |u|? log |u|* do,
with the optimality case achieved by W such that
e Win
o fgd e Wirdo'

Notice that, up to the addition of a constant, we can always assume that |, sd e~ W/ do = 1, which uniquely
determines the optimal W. Now, by Corollary 13 applied with u = &/ p, we find that

|Vu| d0+/ Wu| d0>a10g&—glogf e PV 4o
gzl

S p

This leads us to the following statement.

Corollary 14. Let d > 1. With the notations of Lemma 12, we have the estimate

o 1/p
e—M(—A—W)/a < (/ e—pW/oz dO’)
§(a) \Jse

for any function W such that e PW/? is integrable. This estimate is optimal in the sense that there exists a
nonnegative function W for which the inequality becomes an equality.

Appendix A. Further estimates and numerical results

A.1. A refined upper estimate. Let g € (2,2%). For ¢ > d/(q — 2), we can give an upper estimate of
the optimal constant (o) in inequality (11) of Lemma 5. Consider functions which depend only on z,
with the notations of Section 2.3. Then (11) is equivalent to an inequality that can be written as

1 12 d 1 2d
Foif) e S v dvata [o 1P dva

(1, 1f19 dva)*?

where dv, is the probability measure defined by

r'(d/2)

va(2)dz = dvg(z) := Z; v N dz withv(z) :=1-2%, Z4:= ﬁm
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Figure 1. In the case q > 2, the optimal constant is given by u = o fora <d/(q —2)
and the curve u = u(a) for o > d/(q — 2). An upper estimate is given by the curve
uw = w4 (o) obtained by optimizing the function hy(g) in terms of ¢ € (0, 1), while a
lower estimate, namely . = pu_(o) = a?
The asymptotic regime is governed by pu(a) ~ pasymp () = Kq’dK(;;O[

a'=?, has been established in Proposition 8.
1—v

*
as o — +00

according to Lemma 5. The above plot shows the various curves in the special case d =3
and g =3.

See [Dolbeault et al. 2013] for details. To get an estimate, it is enough to take a well chosen test function.
Consider f.(z) := 1+ e¢(z) and as in Section 2.3 we can choose ¢(z) = z. Then one can optimize
hy(e) = Fol fe] with respect to € € (0, 1), and observe that fil |f€’|2v dvg =de? fil 22 dvy, so that hy (¢)
can be written as

o+ (d+a)e? f_ll 22 dv,

ha(g) =
(f1, 1146219 dvg)*?

> ().

When & — 0., we recover that /1, (e) —a ~ [d —a (g —2)]e? f_ll 22 dvg <0if @ > d/(q —2), but a better
estimate can be achieved simply by considering (o) := inf.c(0,1) ho(¢) so that pu(a) < p4 (o) < a.
The function @ +— w4 (o) can be computed explicitly (using hypergeometric functions) and is shown in
Figure 1.

A.2. Numerical results. In this section, we illustrate the various estimates obtained in this paper by
numerical computations done in the special case d = 3 and ¢ = 3. See Figure 1 for the computation of
the curve o — (o) and how it behaves compared to the theoretical estimates obtained in this paper.
We emphasize that our upper and lower estimates o +— 4+ (o) bifurcate from the line u = « precisely
ata=d/(g—2)ifqge (2,2*) (and at « = d/(2 —q) if ¢ € (1, 2)). The curve corresponding to the
asymptotic regime is also plotted, but gives relevant information only as ¢ — 00.

The convergence towards the asymptotic regime is illustrated in Figure 2 which shows the convergence
of w(a)/pasymp(cr) towards 1 as @ — +o0 in the special case d = 3 and ¢ = 3. In terms of spectral
properties, for large potentials, eigenvalues of the Schrédinger operator can be estimated according to
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Figure 2. The asymptotic regime corresponding to a — +00 has the interesting feature
that, up to a dependence in o'~ and a normalization factor proportional to Kq.d> the
optimal constant u(a) behaves like the optimal constant in the Euclidean space, as has
been established in Proposition 10.

Theorem 1 by the Euclidean Keller—Lieb—Thirring constant that has been numerically computed for
instance in [Barnes 1976].

Appendix B. Constants on the Euclidean space

B.1. Scaling of the Gagliardo—Nirenberg—Sobolev inequality. 1Let ¢ > 2 and denote by Kgn(g) the
optimal constant in the Gagliardo—Nirenberg—Sobolev inequality, given by

2(1—1)

IV ul122 g N

L2(R?)

2
Kon(g) i= with & = 9 (¢, d) :d%_

in 5
ueH! (R4)\ {0} ”””Lq(Rd)

An optimization of the quotient in the definition of K, 4, which has been defined in Section 2, allows us
to relate this constant with Kgn(gq). Indeed, if we optimize Nu] := fRd |Vu|*dx + fR,, |u|*> dx under the
scaling A — u) (x) := A4/ ()x), we find that

N[uﬂ:)@“"”/ |Vu|2dx+r2”/ lu|? dx
R4 R4

achieves its minimum at
o el g

e = :
" 1=0 || Vull 2 ge)

so that
2(1-0)

Nlup ) =977 A=)~ NVullF g o ey -

thus proving that K, 4 can be computed in terms of Kgn(g) as

Kpa =01 =" "T"DKen(g).
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B.2. Asymptotic regimes in Gagliardo—Nirenberg—Sobolev inequalities. L.et ¢ > 2 and consider the
constant K, 4 as above. To handle the case of dimension d = 1, we may observe that, for any smooth
compactly supported function u# on R, we can write either

|u(x>|2=2‘ / u(u' () dy

2 2
=< ”u”Lz(—oo,x) + ”u/”Lz(_oo’x) forall x e R
or

+00
P =2 / u(u' (y) dy

2 2
< Nl ooy T 1012 ooy forallx eR,

thus proving that
U < 5Ululf2g +u'lf2g)  forallx €R,

that is, the Agmon inequality

el g + 'l
L2(R) L® _ ,

—_

2
1 e
and hence Ky 1 > 2. Equality is achieved by the function u(x) = el x € R, and we have shown that
Koo,1 = 2.
Proposition 15. Assume that g > 2. Foralld > 1,

lim K, s =1
q—>24

and, for all d > 3,

lim K, 4 =Sq,
q—2*

where Sy is the best constant in inequality (8). If d = 1, then limy_, 1o Ky 1 = Ko 1.

Proof. For any v € H'(R?) and d > 3, we have

2 2 2 2
i ”vv”LZ(Rd) + ”v”LZ(Rd) > lm ”vv”LZ(Rd) . ”vv”LZ(Rd)
2 - 2 - 2 - ’
q—2* ”v”Lq(Rd) q—2* ||v||L‘1(IRd) ”v”Lz*(Rd)

thus proving that lim, _, >+ K; 4 > S4. On the other hand, we may use the Aubin—Talenti function
i(x) = (14 x/»)~“=2/2 forall x e RY (21)
as a test function for K, 4 if d > 5, that is,

— 1129 —12(1-9)
K 4 < 19_19(1 . ﬂ)_(1_1}> ||Vu||L2(Rd)||u”L2(Rd)
q,a —

and observe that the right-hand side converges to Sy, since lim,_,»+ #(q, d) = 1. If d = 3 or 4, standard
additional truncations are needed. The case corresponding to ¢ — 00, d =1 is dealt with as above.
Now we investigate the limit as ¢ — 2. For any v € H'(R?), we have
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1900 g0y + 0y - 0l
11m——

92+ lvll;

q—>2+ lolig

L4 (R4) L4 (R4)

thus proving that lim, >, K; 4 > 1, and for any v € H!(R9), the right-hand side in

2(1-v
IV g IV IS )

Kga <901 —)~0="
”v”Lq(Rd)

converges to 1 as ¢ — 2. This completes the proof. ]

B.3. Stereographic projection. On S¢ C R?*!, we can introduce the coordinates y = (p¢, z7) € R? x R
such that p2 +72=1,z€[-1,1], p>0,and ¢ € S?-1 and consider the stereographic projection

¥ :SY\ (N} > R?

defined by X (y) = x, where, using the above notations, x = r¢ with r = \/(1+2z)/(1 —z) for any

€ [—1, 1). In this setting, the north pole N corresponds to z = 1 (and is formally sent at infinity) while
the equator (corresponding to z = 0) is sent onto the unit sphere S?~! c R¢. Hence x € R? is such that
r = |x|, ¢ = x/|x|, and we have the useful formulae

rr—1 2 2r

:—:1——’ = ——
T 2+ P

With these notations in hand, we can transform any function # on S¢ into a function v on R using

r LEZ r2—|—1 LEZ
u(y)=<;> v(x)z( 3 ) v(x) = (1 —z)" =22y (x),

and a painful but straightforward computation shows that, with o, = A—id(d —2),

) d—(d—2)q/2
/|Vu|2da)+a*/ |u|2da)=/ [Vv|>dx and |u|qda)=/ lv|? dx.
sd sd Rd sd Rd 1+ |x?

As a consequence, Inequalities (11) and (19) are transformed, respectively, into

d
[P ara@—an [ =T
w RTENF

9 d—(d-2)q/2 2/q
> pu(a)ig.a / [v] dx for all v € B 2(RY)
- ’ R4 1+ I)C|2

if g € (2,2*%) and o > ay, and

/ Vol dx + B / (=2 ]
V|~ dx K v X
Rd ¢4 Rd 14+ |x|?

24(v(ﬂ)+a*)/ o2
Rd

dx

ENEDY for all v € @1 2(RY)
X

if g e(1,2)and B > 0.
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B.4. Sobolev’s inequality: expression of the constant and references. The proof that Sobolev’s inequal-
ity (8) becomes an equality if and only if u = u given by (21) up to a multiplication by a constant, a
translation, and a scaling is due to T. Aubin [1976] and G. Talenti [1976]. However, G. Rosen [1971]
showed (by linearization) that the function given by (21) is a local minimum when d = 3 and computed
the critical value.

Much earlier, G. Bliss [1930] (also see [Hardy and Littlewood 1930]) established that, among radial
functions, the inequality

)4
(/ Ifl”IXI’“‘d"’dx) scmissf VPl dx
R4 R4

holds when r = p/2 — 1. With the change of variables f(x) = v(|lx|Y@=2x /|x|), the inequality is
changed into

d—2
d C
2d/(d—2) Bliss
(Rdlvl dx) < -2 1)/d/ |Vv| dx

if p =2%, and it is a straightforward consequence of [Bliss 1930] that the equality is achieved with v = i.
According to the duplication formula (see, for instance, [Abramowitz and Stegun 1964]) for the I
function, we know that

T (x+3) =227l (2x).

As a consequence, the best constant in Sobolev’s inequality (8) can be written either as

4

Sy=——~___
47 d(d —2)|Sd 2/

where the surface of the d-dimensional unit sphere is given by |S¢| =27 @+D/2/ (%) (see, for instance,
[Beckner 1993]), or as

. _ 1 r'd) \4
T ndd-2) (F(d/@)

according to [Aubin 1976; Bliss 1930; Rosen 1971; Talenti 1976]. This last expression can easily be
recovered using the fact that optimality in (8) is achieved by u defined in (21), while the first one, namely
1/Sq = }ld(d — 2)Kko+ 4, 1S an easy consequence of the stereographic projection and the computations of
Section B.3 with o = «,, and g = 2*.

B.5. A proof of (10). Assume that ¢ > 2 and let us relate the optimal constant L;,y 4 in the one bound state
Keller-Lieb-Thirring inequality (1) with the optimal constant K, 4 in the Gagliardo-Nirenberg—-Sobolev
inequality (9). In this case, recall that p = q/(q¢ —2) = y 4+ d/2. For any nonnegative function ¢ defined
on R? such that | llLr ey = Kq.a, using Holder’s inequality, we can write that

2 2 2 2
(V0P = 1o dx 2 V01 as, = I o 10 e
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for any v € H'(R?). Using (9), namely
IVIF2 ey = Kaa VI ey = = I1011F2 g
this proves that
M (=A—¢)| <1 forall ¢ € LP(R?) such that lLrrey = Kg.a- (22)

Next one can observe that inequality (1) can be rephrased as

. 4 (@v)* = Vo) dx
L,,= sup sup (B[, @)  with R[v, ¢]:= Jo : YT
$eLr(S7) veH! (R)\(0) VL2 gy 1PN e

where p =y +d/2 so that the exponent 2p/(2p — d) is precisely the one for which we get the scaling
invariance of R. Indeed, with v (x) := v(Ax) and ¢, (x) := ¢ (Ax), we get that R[v;, Al =R[v, @]
for any A > 0. Hence we find that

[21(=A —9)| M1 (=A —22¢)]
sup Ry gl="——mr o m = sup Rl M) =
veH! (R9)\(0) L s veH! (R))\(0) 1A=l (g

and if we choose A such that
A=D1l ey = 11202 llLr ey = Kguas

we obtain
pa(=a—¢)l _ 1

2p/@2p—d) — | 2p/Q2p—d)
”¢”Lp(Rd) Kq,d

using (22), which proves that L)ll’ g = (Kg.@)7?7 with p =y +d/2. Since optimality can be preserved
at each step, this actually proves (10). See [Keller 1961; Lieb and Thirring 1976; Veling 2002; 2003;
Benguria and Loss 2004; Dolbeault et al. 2006] for further details.

In the Euclidean case, notice that the equivalence can be extended to the case of systems on the one
hand and to Lieb—Thirring inequalities on the other hand: see [Lieb and Thirring 1976; Lieb 1984;
Dolbeault et al. 2006].

B.6. A proof of (18). As in [Dolbeault et al. 2006], we can also relate Ll_y’ 4 and KZ, 4 When g =
22y —d)/(2y —d + 2) takes values in (0, 2). The method is similar to that of Section B.5. For any
function v € H'(R) such that v is integrable and any positive potential ¢ such that ¢! is in L? (R?)
with p = ¢ /(2 — q), we can use Holder’s inequality as in the proof of Theorem 3 and get

10112, g
(R9)
(V> + ¢lv]?) dx = [Vl gy + ——
/Rd LEY T oI ey
Using (17), namely [|Vvl|?, ®) T iz, @) =K Al (re)» this proves that

M(—A+¢) > K;d for all ¢ € Lp([REd) such that ||<;5_1 lLr ey = 1.
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Inequality (6) can be rephrased as

o (VU2 +olvP)dx
LL, 4= sup sup  (R[v, 07" with R[v, 9] := Je - 7 1||f,/,](/Rd)
$eLP(S9) veH! (R9)\{0} ||v||L2(Rd)

with y = p +d/2. The same scaling as in Section B.5 applies: with v, (x) := v(Ax) and ¢, (x) := ¢ (Ax),
we get that R[vy, A2¢;] = R[v, ¢] for any A > 0, and hence

Ll,y’d = (K;’d)iyv

which completes the proof of (18).
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NONDISPERSIVE DECAY FOR THE CUBIC WAVE EQUATION

ROLAND DONNINGER AND ANIL ZENGINOGLU

We consider the hyperboloidal initial value problem for the cubic focusing wave equation
(=07 + A vt ) + vt x)* =0, xeR.

Without symmetry assumptions, we prove the existence of a codimension-4 Lipschitz manifold of initial
data that lead to global solutions in forward time which do not scatter to free waves. More precisely, for
any 6 € (0, 1), we construct solutions with the asymptotic behavior

1
-1y
lv— U0||L4(t,2z)L4(B<1,5),) St2

as t — 00, where vy(t, x) = \/z/t and B(j_sy; :={x € R3: x| < (1—8&)rt).

1. Introduction
We consider the cubic focusing wave equation
(=32 + A)v(t, x) +v(t, x)* =0 (1-1)
in three spatial dimensions. Equation (1-1) admits the conserved energy
EQ(t, ), vi(t,-)) = 310, ) vt D1 oy = 2 10E D aga)s

and it is well-known that solutions with small H' x L2(R?)-norm exist globally and scatter to zero [Strauss
1981; Mochizuki and Motai 1985; 1987; Pecher 1988], whereas solutions with negative energy blow up in
finite time [Glassey 1973; Levine 1974]. There exists an explicit blowup solution vy (¢, x) = ﬁ/ (T —1),
which describes a stable blowup regime [Donninger and Schorkhuber 2012b] and the blowup speed (but
not the profile) of any blowup solution [Merle and Zaag 2005]; see also [Bizoni et al. 2004] for numerical
work. By the time translation and reflection symmetries of (1-1) we obtain from v the explicit solution
vo(t, x) = ~/2/t, which is now global for ¢ > 1 and decays in a nondispersive manner. However, in the
context of the standard Cauchy problem, where one prescribes data at t = ¢y for some #; and considers
the evolution for # > fg, the role of vy for the study of global solutions is unclear because vy has infinite
energy. In the present paper we argue that this is not a defect of the solution vy but rather a problem of
the usual viewpoint concerning the Cauchy problem. Consequently, we study a different type of initial

The authors would like to thank the Erwin Schrédinger Institute for Mathematical Physics (ESI) in Vienna for hospitality during
the workshop “Dynamics of general relativity: black holes and asymptotics” where this work was initiated. Zenginoglu is
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MSC2010: primary 35L05, 58J45, 35L71; secondary 35Q75, 83C30.

Keywords: nonlinear wave equations, soliton resolution conjecture, hyperboloidal initial value problem, Kelvin coordinates.

461


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2014.7-2
http://dx.doi.org/10.2140/apde.2014.7.461
http://msp.org

462 ROLAND DONNINGER AND ANIL ZENGINOGLU

value problem for (1-1) where we prescribe data on a spacelike hyperboloid. In this formulation there
exists a different “energy” which is finite for vy.

Hyperboloidal initial value formulations have many advantages over the standard Cauchy problem
and are well-known in numerical and mathematical relativity [Eardley and Smarr 1979; Friedrich 1983;
Frauendiener 2004; Zenginoglu 2008]. However, in the mathematical literature on wave equations in flat
spacetime, hyperboloidal initial value formulations are less common (with notable exceptions such as
[Christodoulou 1986]). We provide a thorough discussion of hyperboloidal methods in Section 2, where
we argue that the hyperboloidal initial value problem is natural for hyperbolic equations in view of the
underlying Minkowski geometry.

To state our main result, we consider a foliation of the future of the forward null cone emanating from
the origin by spacelike hyperboloids

— PRSI S B ST
ET.—{(t,x)E[R{X[R{.t— 2T+ 4T2+|x| },

where T € (—00, 0). Each X7 is parametrized by

Or: By CRP > R, ®p(X) = (— T2—T|X|2’ T2—X|X|2)’
where Bg :={X € R?:|X| < R} for R > 0. The ball By7| shrinks in time as 7 — 0—, but its image under
@7 is an unbounded spacelike hypersurface in Minkowski space. The transformation (7', X) > &7 (X)
has also been used by Christodoulou [1986] to study semilinear wave equations and is known as the Kelvin
inversion [Tao 2008]. Note that in four-dimensional notation it can be written as X* — —X* /(X" X,)
(up to a sign in the zero component). To illustrate the resulting initial value problem, we plot the spacelike
hyperboloids X7 for various values of 7' € (—oo, 0) in a spacetime diagram (left panel) and in a Penrose
diagram (right panel) in Figure 1 along with a null surface emanating from the origin. In our formulation of
the initial value problem we prescribe data on the hypersurface ¥_; and consider the future development.
We refer the reader to Section 2 for a discussion on hyperboloidal foliations and their relation to wave
equations.
We define a differential operator V,, by

(Vav) o @r(X) _, (o ®r)(X)
rP—ixp TP xpP

which one should think of as the normal derivative to the surface 7 (although this is not quite correct
due to the additional factor 1/(T2 — | X|?)). Explicitly, we have

Vau(t, x) = (2 4 |x|?) dv(t, x) +2tx7 d;v(t, x) +2tv(t, x).
On each leaf X1 we define the norms

[lPary = /
=Z7r) By

UO(I)T(X)
T2 — |X|2

2
dX. vl s, = / v
Bir|
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lr+

J+

1

Figure 1. The spacelike hyperboloids X7 in a spacetime diagram (left panel) and a
Penrose diagram (right panel) together with the null surface emanating from the origin
(thick line with 45 degrees to the horizontal). Compare Figure 2.

and we write || - ”H‘(ET) Il - ||H1(E)+|T|_2|| ||L2(2) We emphasize that
T>—|X|?
Or (X
v o @7 (X) =2 ==,

and thus, |lvoll g1z, + 1 Vavoll L2,y = |T|_%. Finally, for any subset A C R* we denote its future domain
of dependence by D' (A). With this notation at hand, we state our main result.

Theorem 1.1. There exists a codimension-4 Lipschitz manifold M of functions in H' (X_1) x L2(2_})
with (0, 0) € M such that the following holds. For data (f, g) € M the hyperboloidal initial value problem

(— 32+ An)v(t, x) +v(t, x)? =0,
U|>:,1 = vo|)1l + f,
Vvl =Vawoly  +g
has a unique solution v defined on D™ (X _1) such that
IT12 (Il = voll 1 5y + Vv = Vatollp2zp) S I1T127
forall T € [—1,0). As a consequence, for any § € (0, 1), we have
v —voll L3¢ 4By g S o
ast — 00, i.e., v converges to vy in a localized Strichartz sense.

Some remarks are in order.

e As usual, by a “solution” we mean a function which solves the equation in an appropriate weak
sense, not necessarily in the sense of classical derivatives.
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e The manifold Al can be represented as a graph of a Lipschitz function. More precisely, let
% := H'(X_;) x L*(X_;) and denote by Bg(0) the open ball of radius R > 0 around O in
. We prove that there exists a decomposition # = #; @ #, with dim #, = 4 and a function
F : %, NB5(0) — ¥, such that M = {u+ F () : u € 31 NBs(0)} provided § > 0 is chosen sufficiently
small. Furthermore, F satisfies

- - 15 -
IF@u) — F)llse < 82 l|lu — vllse

for all ii, o € 9%; N Bs(0) and F(0) = 0.

 The reason for the codimension-4 instability of the attractor vg is the invariance of (1-1) under time
translations and Lorentz transforms (combined with the Kelvin inversion). The Lorentz boosts do
not destroy the nondispersive character of the solution vy whereas the time translation does — see
the beginning of Section 4 below for a more detailed discussion. In this sense, one may say that
there exists a codimension-one manifold of data that lead to nondispersive solutions. However, if
one fixes vy, as we have done in our formulation, there are 4 unstable directions.

There was tremendous recent progress in the understanding of universal properties of global solutions
to nonlinear wave equations, in particular in the energy critical case; see, for example, [Duyckaerts et al.
2012; 2013; Cote et al. 2012; Kenig et al. 2013]. A guiding principle for all these studies is the soliton
resolution conjecture, that is, the idea that global solutions to nonlinear dispersive equations decouple into
solitons plus radiation as time tends to infinity. It is known that, in such a strict sense, soliton resolution
does not hold in most cases. One possible obstacle is the existence of global solutions which do not scatter.
Recently, the first author and Krieger constructed nonscattering solutions for the energy critical focusing
wave equation [Donninger and Krieger 2013]; see also [Ortoleva and Perelman 2013] for similar results in
the context of the nonlinear Schrodinger equation. These solutions are obtained by considering a rescaled
ground state soliton, the existence of which is typical for critical dispersive equations. The cubic wave
equation under consideration is energy subcritical and does not admit solitons. Consequently, our result
is of a completely different nature. Instead of considering moving solitons, we obtain the nonscattering
solutions by perturbing the self-similar solution vo(z, x) = ~/2/t. This can only be done in the framework
of a hyperboloidal initial value formulation because the standard energy for the self-similar solution vy is
infinite.

Another novel feature of our result is a precise description of the data which lead to solutions that
converge to vg: They lie on a Lipschitz manifold of codimension 4. In this respect we believe that our
result is also interesting from the perspective of infinite-dimensional dynamical systems theory for wave
equations, which is currently a very active field; see, for example, [Krieger et al. 2013a; 2013b; 2012].

Finally, we mention that the present work is motivated by numerical investigations undertaken by
Bizon and the second author [Bizon and Zenginoglu 2009]. In particular, the conformal symmetry for
the cubic wave equation has been used in [Bizon and Zenginoglu 2009] to translate the (linear) stability
analysis for blowup to asymptotic results for decay. We exploit this idea in a similar way: If v solves
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(1-1) then u, defined by

T.%) 1 T X vo®dr(X)
u s = vl — s = s
T2_|X|2 T2—|X|2 T2_|X|2 T2_|Xl2

solves (—372~+Ax)u(T, X)+u(T, X)>=0. The point is that the coordinate transformation (¢, x) — (T, X)
with
t X
T=—-—) X=—"
12— |x|? 12 —|x]?
maps the forward light cone {(z, x) : |x| < ¢, t > 0} to the backward light cone {(T, X) : | X| < —T, T <0}
and ¢t — oo translates into 7 — 0— (see Figure 1). Moreover,
T X ) V2

1
T2—|X|ZUO(_T2—|X|2’ T2—|X|2

=D =:uo(T, X)

and thus, we are led to the study of the stability of the self-similar blowup solution uq in the backward
light cone of the origin. In the context of radial symmetry, this problem was recently addressed by
Donninger and Schorkhuber [2012b]; see also [Donninger 2011; 2012; Donninger and Schorkhuber
2012a] for similar results in the context of wave maps, Yang—Mills equations, and supercritical wave
equations. However, in the present paper we do not assume any symmetry of the data and hence, we
develop a stability theory similar to [Donninger and Schorkhuber 2012b] but beyond the radial context.
Furthermore, the instabilities of uy have a different interpretation in the current setting and lead to the
codimension-4 condition in Theorem 1.1 whereas the blowup studied in [Donninger and Schorkhuber
2012b] is stable. The conformal symmetry, although convenient, does not seem crucial for our argument.
It appears that one can employ similar techniques to study nondispersive solutions for semilinear wave
equations (—3,2 + Av(t, x) +v(t, x)|v(t, x)|P~! = 0 with more general p > 3.

Notation. The arguments for functions defined on Minkowski space are numbered by 0, 1, 2, 3 and we
write 9, u € {0, 1, 2, 3}, for the respective derivatives. Our sign convention for the Minkowski metric
nis (—, +, +, +). We use the notation 9, for the derivative with respect to the variable y. We employ
Einstein’s summation convention throughout with Latin indices running from 1 to 3 and Greek indices
running from O to 3, unless otherwise stated. We denote by [R{ar the set of positive real numbers including 0.

The letter C (possibly with indices to indicate dependencies) denotes a generic positive constant which
may have a different value at each occurrence. The symbol a < b means a < Cb and we abbreviate
a<b<abyaxb. Wewrite f(x)~ g(x) for x — a if lim,_, f(x)/g(x) = 1.

For a closed linear operator L on a Banach space we denote its domain by % (L), its spectrum by o (L),
and its point spectrum by o, (L). We write Ry (z) := (z — L)y 'forzep(L)= C\o (L). The space of
bounded operators on a Banach space & is denoted by B(X).

2. Wave equations and geometry

In this section, we present the motivation for using hyperboloidal coordinates in our analysis and provide
some background. We discuss the main arguments and tools in a pedagogical manner to emphasize
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the relation between spacetime geometry and wave equations for readers not familiar with relativistic
terminology.

Geometric preliminaries. A spacetime (Jl, g) is a four-dimensional paracompact Hausdorff manifold
A with a time-oriented Lorentzian metric g. The cubic wave equation (1-1) is posed on the Minkowski
spacetime (R*, n). In standard time ¢ and Cartesian coordinates (x, v, z) the Minkowski metric reads

n:—dtz—i-dxz-i-dyz—i-dzz, (t,x,y,2) c R*.

Minkowski spacetime is spherically symmetric, i.e., the group SO(3) acts nontrivially by isometry
on (R*, n). We introduce the quotient space 2 = R* / SO(3) and the area radius r : 2 — R such that the
group orbits of points p € 9 have area 47r?(p). The area radius can be written as r = /x2 + y2 4 72
with respect to Cartesian coordinates. The flat metric can then be written as n = ¢ +r> do?, where g is a
rank-2 Lorentzian metric and do? is the standard metric on S%. Choosing the usual angular variables for
do?, we obtain the familiar form of the flat spacetime metric in spherical coordinates

n=—dt*+dr* +r*(d6* +sin’ 0 d¢?), (1,r,6,¢) R xR, x [0, 7] x [0, 27).

A codimension-one submanifold is called a hypersurface and a foliation is a one-parameter family of
nonintersecting spacelike hypersurfaces. A foliation can also be defined by a time function from .l to the
real line R, whose level sets are the hypersurfaces of the foliation.

We can restrict our discussion of the interaction between hyperbolic equations and spacetime geometry
to spherical symmetry without loss of generality because the radial direction is sufficient for exploiting
the Lorentzian structure. Working in the two-dimensional quotient spacetime (2, ¢) also allows us to
illustrate the geometric definitions in two-dimensional plots.

Compactification and Penrose diagrams. It is useful to introduce Penrose diagrams to depict global
features of time foliations in spherically symmetric spacetimes. Penrose presented the construction of
the diagrams in his study of the asymptotic behavior of gravitational fields in 1963 [Penrose 2011]. A
beautiful exposition of Penrose diagrams has been given in [Dafermos and Rodnianski 2005]. As we are
working in Minkowski spacetime only, the main features of Penrose diagrams of interest to us are the
compactification and the preservation of the causal structure. See, for example, [Christodoulou 1986; Keel
and Tao 1998] for the application of Penrose compactification to study wave equations in flat spacetime.

The image of the Penrose diagram is a two-dimensional Minkowski spacetime with a bounded global
null coordinate system. Causal concepts extend through the boundary of the map. Consider the rank-2
Minkowski metric ¢ on the quotient manifold 2

q=—dt*+dr*, (t,r)eRxR]. (2-1)

To map this metric to a global, bounded, null coordinate system, define u =t —r and v =¢ +r for v > u,
and compactify by U = arctanu and V = arctan v. The quotient metric becomes

1
=———dVdU (—m/2<U<V 2).
1 cos? V cos2 U (/2 <U=V<z/2)
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Figure 2. The level sets of the standard time ¢ depicted in a spacetime diagram (left
panel) and a Penrose diagram (right panel) together with a characteristic line from the
origin. The boundary of the Penrose diagram includes the spatial origin and various
notions of infinity. Past and future timelike infinity are depicted by points i~ and i *. The
vertical line connecting i ~ and i T is the spatial origin » = 0. Spatial infinity is denoted
by the point i°. Null curves reach past and future null infinity, denoted by .# ~ and .#*,
for infinite values of their affine parameter.

Points at infinity with respect to the original coordinates have finite values with respect to the compactifying
coordinates. The singular behavior of the metric in compactifying coordinates at the boundary can be
compensated by a conformal rescaling with the conformal factor €2 = cos V cos U, so that the rescaled
metric

=Q¥g=—-dUudv

Qi

is well defined on the domain (—n/2 < U < V < x/2) including points that are at infinity with respect
to g. We say that g can be conformally extended beyond infinity.

The Penrose diagram is then drawn using time and space coordinates 7 = (V+4+U)/2and R=(V-U)/2
(see Figure 2). The resulting metric § = —dT? +d R? is flat. The combined Penrose map is given by

1 T+R T—R 1 T+R T—R
t|—>2(tan 2 + tan > ) r+—>2(tan > —tan 5 )

The boundary 39 = {T = +(r — R), R € [0, 7]} corresponds to points at infinity with respect to the
original Minkowski metric. Asymptotic behavior of fields on 2 can be studied using local differential
geometry near this boundary where the conformal factor 2 = cos T' 4 cos R vanishes. The part of the
boundary without the points at R = 0, i is denoted by . = {T = £+(r — R), R € (0, w)}. This part is
referred to as null infinity because null geodesics reach it for an infinite value of their affine parameter.
The differential of the conformal factor is nonvanishing at .#, d2| » # 0, and . consists of two parts
&~ and £ referred to as past and future null infinity.



468 ROLAND DONNINGER AND ANIL ZENGINOGLU

Hyperboloidal coordinates and wave equations. Equipped with the tools above we now turn to the
interplay between wave equations and spacetime geometry. Consider the free wave equation

Uy — Au=—n""9,0,u =0. (2-2)
Radial solutions for the rescaled field v := ru obey the two-dimensional free wave equation
Uy — Uy =0, (2'3)

on (t,r) € IR(T X Ra“ with vanishing boundary condition at the origin. Initial data are specified on the =0

hypersurface. The general solution to this system is such that the data propagate to infinity and leave

nothing behind due to the validity of Huygens’ principle. Intuitively, this behavior seems to contradict

two well-known properties of the free wave equation: conservation of energy and time reversibility.
The conserved energy for the free wave equation (2-3) reads

EWw) = foo %(v,(r, r)2 +v,(t, r)z) dr.
0

The conservation of energy is counterintuitive because the waves propagate to infinity leaving nothing
behind. One would expect a natural energy norm to decrease rapidly to zero with a nonpositive energy
flux at infinity. The conservation of energy, however, implies that at very late times the solution is in
some sense similar to the initial state [Tao 2008].

Another counterintuitive property of the free wave equation is its time reversibility, meaning that if
u(t, r) solves the equation, so does u(—t, r). Data on a Cauchy hypersurface determine the solution at
all future and past times in contrast to parabolic (dissipative) equations which are solvable only forward
in time due to loss of energy to the future.

Both of these counterintuitive properties depend on our description of the problem. We can choose
coordinates in which energy conservation and time reversibility are violated. Of course, it is always
possible to find coordinates which break symmetries or hide features of an equation. We argue below that
the hyperboloidal coordinates we employ emphasize the intuitive properties of the equation rather than
blur them.

The reason behind the conservation of energy integrated along level sets of ¢ can be seen in the Penrose
diagram Figure 2. The outgoing characteristic line along which the wave propagates to infinity intersects
all leaves of the ¢-foliation. When the energy expression is integrated globally, the energy of the initial
wave will therefore still contribute to the result. The hyperboloidal T-foliation depicted in Figure 1,
however, allows for outgoing null rays to leave the leaves of the foliation. Therefore one would expect that
the energy flux through infinity is negative when integrated along the leaves of the hyperboloidal foliation.

The wave equation (2-3) has the same form in hyperboloidal coordinates:

wrr —wWgrr =0,

T R
w(T,R)=v R TR )

where
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it

Figure 3. Comparison of the future (light gray) and past (dark gray) domains of depen-
dence for the Cauchy surface ¢ = 0 (left) and the hyperboloidal surface 7 = —1 (right).

Energy conservation and time reversibility seem valid for this equation as well, but here we have the
shrinking, bounded spatial domain R € [0, —T") where T — 0—. The energy integrated along the leaves
of this domain

-T
E(w) = / Hwr (T, R+ wr(T, R)?) dR
0

decays in time. The energy flux reads

g—g = —L(wr (T, =T) —w(T, -T))* <O0.

The energy flux through infinity vanishes only if the solution is constant or is propagating along future
null infinity. When the solution has an outgoing component through future null infinity, the energy decays
in time. This behavior is in accordance with physical intuition.

Consider the time reversibility. The equation in the new coordinates is time-reversible, but the
hyperboloidal initial value problem is not. Formally, this is again a consequence of the time dependence
of the spatial domain given by R < —T. Geometrically, we see in Figure 3 that the union of the past and
future domain of dependence of the hyperboloidal surface T = —1 covers only a portion of Minkowski
spacetime whereas for the Cauchy surface r = 0 such a union gives the global spacetime.

In summary, the hyperboloidal foliation given by the Kelvin inversion captures quantitatively the
propagation of energy to infinity and leads to a time-irreversible wave propagation problem. Further, the
transformation translates asymptotic analysis for t — oo to local analysis for 7 — 0—.

3. Derivation of the equations and preliminaries

First-order formulation and similarity coordinates. We start from (—8% +Ax)u(T, X)+u(T, X)*=0
in the hyperboloidal coordinates 7' = —t/ (1 — |x]?), X = x/(t* — |x|?) for the rescaled unknown
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(T. X) 1 T X
u(l, = vl — , .
T2—|X|2 T2—|X|2 T2—|X|2

As discussed in the introduction, the domain we are interested inis 7 € [—1,0) and | X| < |T|. Our
intention is to study the stability of the self-similar solution uy(7T) = V2 /(=T). Thus, it is natural to
introduce the similarity coordinates

r=—log(-T), &=- (-1

with domain 7 > 0 and || < 1. The derivatives transform according to
Ir = e (3 +£70:1), Oxi = e 0z
This implies
02 = €7 (92 + B, + 267050, + E1E5 0500k +2870,))
and dx;0x; = et Jg; 0z;. Consequently, for the function
U(r,§) :==u(—e " e &)
we obtain from (—8% + 0x,; 0y )u(T, X) +u(T, X)? = 0 the equation
[02 + 0; +267 8,19 — (8/F —&788) 0,100 +2679:,1U (7, 8) = e 7 U (1, £)°.
To get rid of the time-dependent prefactor on the right-hand side, we rescale and set U (t, §) = e* ¥ (1, &),
which yields
[97 +30: +267 99 — (87 —§76")0,1 0 + 457 ey +21Y (2. 6) = ¥ (r, §)°. (3-2)
The fundamental self-similar solution is given by
Yo(r.§) i= e Tug(—e T, e TTE) = V2,
Writing ¥ = /2 + ¢ we find the equation
(97 +30; +267 059, — (87 —£7E5) 3 0er + 4578 + 219 (z, )
=60(. §) +3v20(1. 6 +¢(.§)°. (3-3)
In summary, we have applied the coordinate transformation

1 ! g=12
T=—log —, ==
gt2—|x|2 t
with inverse
e’ eTE
t=T"572° *=1_2
1 —[&] 1 —1&]

and ¢ (7, &) solves (3-3) for t > 0 and || < 1 if and only if

U(l,x):?{—;(ﬁ(_logtz; {) (3_4)

_|x|2’ t
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solves (—32 + Ay)v(t, x) +v(t, x)* = 0 for (¢, x) € DT (Z_)).
We have dru(T, X) = > (3, + 5185,- 4+ Dy (7, ) and thus, it is natural to use the variables ¢; = ¢,
¢ =00p+ED ¢ + ¢ in a first-order formulation. We obtain

dop1 = —&'3;¢1 — 1 + 2,

. . (3-5)
dogpa = ;07 1 — £70; 2 — 262 + 661 +3v207 + ¢}
For later reference we also note that (3-4) implies
212 [(x/ 2+ |x|?
2
2ou(t, x) = =2 — ——( =9; — ¢, 3-6
where it is understood, of course, that ¢ (7, £) and ¢, (7, &) are evaluated at T = —log m and

E=x/t.

Norms. Since our approach is perturbative in nature, the function space in which we study (3-5) should
be determined by the free version of (3-5), i.e.,

dop1 = —E70;¢1 — ¢1 + ¢,
dopr = ;071 —E70;¢0 — 2¢2.

The natural choice for a norm is derived from the standard energy H' x L? of the free wave equation. In
the present formulation this translates into

o1(z, )l g1y + lP2(T, 2By,

where B = {€ € R? : |£] < 1}. However, there is a slight technical problem since this is only a seminorm
(the point is that we are working on the bounded domain B). In order to go around this difficulty, let us
for the moment return to the radial context and consider the free wave equation in R!*3

Uy — Upr — ;ur =0,

in the standard coordinates ¢ and r = |x|. Now we make the following observation. The conserved energy
is given by

1™ 2, 20
E(u) = 3 ; [u; +u;lr-dr.
On the other hand, by setting v = ru, we obtain
Uy — U =0
with conserved energy % fooo[v,2 + vrz] dr, or, in terms of u,
/ 1 [ 25 2
E'(u) = 5 A [r u; + (ru, +u)”1dr.

The obvious question now is: how are E and E’ related? An integration by parts shows that £ and E’
are equivalent, up to a boundary term lim, _, o, 71 (r)> which may be ignored by assuming some decay at
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spatial infinity. However, if we consider the /local energy contained in a ball of radius R, the boundary
term can no longer be ignored and one has the identity

R R
Egp(u) = % / (r2u? + (ru, +u)*1dr = %RM(R)Z + % / [u? 4 u*1r* dr.
0 0

The expression on the right-hand side is the standard energy with the term %Ru( R)? added. This small
modification has important consequences because unlike the standard energy, this now defines a norm.
Furthermore, E’ («) is bounded along the wave flow since it is the local version of a positive definite
conserved quantity.

In the nonradial context the above discussion suggests to take

1(T, I grgy + 11(T, )2y + 192(7, )l 2(8)-

This norm is not very handy, but fortunately we have equivalence to H! x L?(B) as the following result
shows.

Lemma 3.1. We have!
I ey = W gy + 1 22 @By

Proof. For x € R® we write r = |x| and @ = x/|x|. With this notation we have f(x) = f(rw) and

1
1125 = f / |fro)* do (@)r*dr,
0 JoB

where do denotes the surface measure on the sphere. First, we prove || f1l.2(5) S Il gy + 11 22 @B)-
By density it suffices to consider f € C*°(B). The fundamental theorem of calculus and Cauchy—Schwarz

imply
1/2

r 1
rf(ro) = / 8S[Sf(sw)]dSS< / |ar[rf(rw)]|2dr)
0 0

Expanding the square and integrating by parts yields

1 1 1 1
/ 0,1 f (re) )12 dr = / 0, f reo) 2 dr + / r o1 f reo) P dr + f ) dr
0 0 0 0

1
= 1 f@P+ / 5, f(ro)Pr dr
0
and thus,
1
Pl o)l <1 f @+ / /0, f (r)r? dr.
0

Integrating this inequality over the ball B yields the desired estimate. In order to finish the proof, it
suffices to show that || fll .25 S | £l 1), but this is just the trace theorem (see, e.g., [Evans 1998,
p. 258, Theorem 1]). U

I As usual, [I fIILz(aB) has to be understood in the trace sense.
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4. Linear perturbation theory

The goal of this section is to develop a functional analytic framework for studying the Cauchy problem
for the linearized equation

dop1 = —&/3,¢1 — ¢1 + 2,
dopr = 3,071 —&7Dj¢r — 2¢0 + 6. 4-1)

The main difficulty lies with the fact that the differential operators involved are not self-adjoint. It is thus
natural to apply semigroup theory for studying (4-1). Before doing so, however, we commence with a
heuristic discussion on instabilities. The equation (—8% + Ax)u(T, X)+u(T, X)? =0 is invariant under
time translations T +— T — a and the three Lorentz boosts for each direction X/

T + T cosha — X/ sinha,
X/ + —T sinha+ X/ cosha,
Xk XE k£,

where a € R is a parameter (the rapidity in case of the Lorentz boost). In general, if u, is a one-parameter
family of solutions to a nonlinear equation F (u,) = 0, one obtains (at least formally)

0=0,F(uy) = DF(uy)0,u,

and thus, d,u, is a solution of the linearization of F'(u) = 0 at u = u,. In our case we linearize around
the solution uo(T, X) = +/2/(—T). The time translation symmetry yields the one-parameter family
u (T, X) = ﬁ/(a — T) and we have 9,u,(T, X)|a=0 = —ﬁ/Tz. Taking into account the above
transformations that led from u to ¢, ¢», we obtain (after a suitable normalization) the functions

pi1(r.§) =e", ¢a(1,§) =2e", (4-2)

and a simple calculation shows that (4-2) indeed solve (4-1). Thus, there exists a growing solution of
(4-1). Similarly, for the Lorentz boosts we consider

V2

XJsinha — T cosha

ua,j(T, X) =

and thus, d,u, (T, X)|a=0 = —(~/2/T?)X/. By recalling that X/ /(—T) = &/, this yields the functions

P1(1,6) =&/, (1, &) =28, (4-3)

and it is straightforward to check that (4-3) indeed solve (4-1). This time the solution (4-3) is not growing
in T but it is not decaying either. It is important to emphasize that in our context, the time translation
symmetry leads to a real instability. The reason is that u, (T, X) = ~/2/(a — T) yields the solution

1 V2 V2

2—|xP? 4 1 t+a(t? - |x|?)
t2—|x|2

Ve (f, x) =
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of the original problem. This solution is part of a two-parameter family conjectured to describe generic
radial solutions of the focusing cubic wave equation [Bizoi and Zenginoglu 2009]. If a # 0, v, (¢, x)
decays like =2 as t — oo for each fixed x € R3. This is the generic (dispersive) decay. On the other
hand, the Lorentz transforms lead to apparent instabilities since the function u,_ ; yields the solution
Vg, j(t, x) = V/2/(t cosha+ x/ sinh a) of the original problem which still displays the nondispersive decay.
Consequently, we expect a codimension-one manifold of initial data that lead to nondispersive decay, as
mentioned in the introduction. Since we are working with a fixed u(, however, there is a four-dimensional
unstable subspace of the linearized operator (to be defined below). This observation eventually leads
to the codimension-4 statement in our Theorem 1.1. Note that other symmetries of the equation such
as scaling, space translations, and space rotations do not play a role in this context as the solution u is
invariant under these.

A semigroup formulation for the free evolution. We start the rigorous treatment by considering the free
wave equation in similarity coordinates given by the system

dop1 = —&/3;¢1 — 1 + 2,
dopa = 0;07 1 — 70,2 — 262, (4-4)
From (4-4) we read off the generator

—_Sjajul &) —u1(§) +ua(8) )
;0 ur(§) —&/0uz(§) —2uz(8))’

acting on functions in @(Lg) := H2(B)NC2(B\{0}) x H'(B)NC!(B\{0}). With this notation we rewrite
(4-4) as an ODE

Lou(£) = (

%CD(I) =Lo®(7).
The appropriate framework for studying such a problem is provided by semigroup theory, i.e., our goal is
to find a suitable Hilbert space ¥ such that there exists a map Sy : [0, 00) — B(H) satisfying
e So(0) = idy,
e So(7)So(0) = So(t +0) forall 7,0 >0,
e lim;_ o+ So(t)u = u for all u € #,
o lim; o+ (1/7)[So(t)u —u] = Lou for all u € @(Lg), where Ly is the closure of io.

Given such an Sy, the function ®(t) = Sy(7)P(0) solves dP(t)/dt = LoD (7).
Motivated by the above discussion we define a sesquilinear form on H:=H' (B)NC'(B)x L*(B)NC(B)
by

(u| v)IZfB8ju1(r§)8jv1(E)d§+/aBMl(w)vl(w)dd(w)+fBu2(§)vz(§)d$-

Lemma 3.1 implies that (- | -) is an inner product on %, and as usual we denote the induced norm by || - |l
Furthermore, we write # for the completion of % with respect to || - ||. We remark that ¥ is equivalent to
H'(B) x L?*(B) as a Banach space by Lemma 3.1.
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Proposition 4.1. The operator L : %(Lo) C # — % is closable and its closure, denoted by Ly, generates
a strongly continuous semigroup Sy : [0, 00) — B(H) satisfying ||So(7)|| < em27 forall t = 0. In
particular, we have o (Lg) C{z € C:Rez < —%}.

The proof of Proposition 4.1 requires the following technical lemma.

Lemma 4.2. Let f € L*>(B) and & > 0 be arbitrary. Then there exists a function u € H>(B) N CZ(E\{O})
such that g € L*(B) N C(B\{0}), defined by

g(&) == —(* —ETEN 3 0u(®) + 567 0;u®) + Lu®), (4-5)

satisfies || f — gll 2 < &

Proof. Since C*°(B) C L*(B) is dense, we can find a § € C*°(B) such that || f — gl < €/2. We
consider the equation

—(07" — £78")9;0u(§) + 587 0,u(®) + Fu(€) = §(&). (4-6)
In order to solve (4-6) we define p(£) = |€]|, w(§) = £/|&€| and note that

0,0 )

20 =@, djolE) =" p(&)

Thus, interpreting p and @ as new coordinates, we obtain
£70ju(&) = pd,u(pw).
ETERD 0pu(E) = &7 0 [E 0 (8)] — £ 0ju (&) = p*d,u(pw)
as well as

87k — wl wk d—1
pe o Ok — P ®’0,; |u(pw),

. , d—1
3’ dju(pw) = 9, + p 0p +
where d = 3 is the spatial dimension. Consequently, (4-6) can be written as

[—(1 —p*)ds — %8p +500, + 14—5 - %Asz]u(pw) = g(pw), 4-7)
where —Ag is the Laplace—Beltrami operator on S2. The operator —A g is self-adjoint on L?(S?)
and we have 0 (—=Ag) = 0,(—Ag) = {(€£(£ + 1) : £ € Np}. The eigenspace to the eigenvalue £(£ + 1)
is (2¢ + 1)-dimensional and spanned by the spherical harmonics {Y; , : m € Z, —¢ < m < £} which
are obtained by restricting harmonic homogeneous polynomials in R> to the two-sphere S2; see, for
example, [Atkinson and Han 2012] for an up-to-date account of this classical subject. We may expand g
according to

2(pw) = gem(P)Yem(®),
,m
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where Z?om is shorthand for }_,° an:—z and for any fixed p € [0, 1], the sum converges in L*(5?);
see [Atkinson and Han 2012, p. 66, Theorem 2.34]. The expansion coefficient g, ,, (o) is given by

gem(P) = (&) | Yem)2(s2) = /52 §(pw)Ye m(w) do(w)

and by dominated convergence it follows that g;,, € C*°[0, 1]. Furthermore, by using the identity
Yom =1L+ D! (=Ag2)Yy n and the self-adjointness of —Ag2 on L?(S?), we obtain

1 -
m(g(p ) ‘ (_Asz)Ye,m)Lz(Sz)

1 ~
= m((_ASZ)g(:O ) | YE,M)LZ(SZ)'

Consequently, by iterating this argument we see that the smoothness of g implies the pointwise decay

gem(p) =

Il gemllLoo.1) < Cpyt™™ for any M € N and all £ € N. Now we set

N
av®) =3 gen(EDYen (57
l,m

and note that ||gy(0-) — g(0 )|l 2¢s2y = 0 as N — oo. Furthermore, by [lg¢.mllL~©,1) S £ for all
£ € N we infer

sup llgn (o) —&(p )22y S1
pe(0,1)

for all N € N and dominated convergence yields
1
lew =8z = [ lew (o) = 30 )i o7 dp — 0
0
as N — oo. Thus, we may choose N so large that |[gy — gll.2(5) < £/2.
By making the ansatz u(pw) = Z?] m Ue.m(P)Ye m(w) we derive from (4-7) the (decoupled) system

2 15 2(+1
[—(1 — )3 — ;ap +500,+ 1 + (; )]Me,m(ﬂ) =gem(p) (4-8)

for £ € Np, £ < N, and —¢ < m < {. Equation (4-8) has regular singular points at p = 0 and p = 1 with
Frobenius indices {£, —¢ — 1} and {0, —%}, respectively. In fact, solutions to (4-8) can be given in terms
of hypergeometric functions. In order to see this, define a new variable v; ,, by us ,(0) = pt vg,m(,oz).
Then, (4-8) with g; , = 0 is equivalent to

z(1 =2}, (2) + [c — (a+ b+ Dz]v],, (2) — abvgm(z) =0 4-9)

witha=1(3+¢),b=a+ 4%, c=3+¢, and z = p*>. We immediately obtain the two solutions

3420 542¢ 3+2¢ 342¢ 5+42¢ 3
¢0,z(z)=2F1( RN ) d)l,z(z):zFl( 2t 342 Sy )

4 ’ 4 k) 2 y < 4 9’ 4 729

where , F) is the standard hypergeometric function; see [Olver et al. 2010; Kristensson 2010]. For later
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reference we also state a third solution, ¢~>1, ¢, given by

(4-10)

¢1z(z)—(1—z)—22F1(3—|—2£ 142¢ 1, l—z)

4 0 4 Y
Note that ¢ ¢ is analytic around z = 0 whereas ¢ ¢ is analytic around z = 1. As a matter of fact, ¢; ,
can be represented in terms of elementary functions and we have

b1.0(2) = [(1-VT=—2) (1 +VT—2)"3]; (4-11)

1
e+DV1-z
see [Olver et al. 2010]. This immediately shows that |¢; ((z)| — oo as z — 0+ which implies that ¢ ¢
and ¢, ¢ are linearly independent. Transforming back, we obtain the two solutions ¥/; ¢(p) = ,0€¢j,e(,02),
Jj =0, 1, of (4-8) with g, ,, = 0. By differentiating the Wronskian W (¥ ¢, ¥1.¢) = @[/()’gw{’e — w(/)’gwlyg
and inserting the equation, we infer

3 2
W (o.c. ¥1.0)' (0) = ( o ;) W (.. ¥1.0(p).

which implies
Ce

W, Y1,0)(p) = —————= 4-12)
P2 (1 —p?)2

for some constant ¢y. In order to determine the precise value of ¢,, we first note that

¥ (0) =201 (0P + 0" 90 (07).

For the following we recall the differentiation formula [Olver et al. 2010]

j—zzma,b,c; 9=LFi@+1,b+1,c+10), 4-13)

which is a direct consequence of the series representation of the hypergeometric function. Furthermore,
by the formula [Olver et al. 2010]

I'(e)'(@a+b—c)

. __ _\a+b—c . — -
Jim [(1 =2 Fi(a. b, 6 )] = =S (4-14)
valid for Re (a + b — ¢) > 0, we obtain
r(3E24r(s |
tim [(1—2)2 ¢0z(Z)]— (; S(fz)z =22 (4-15)

as well as

Jim [(1— 2)3),(2)] =
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where we used the identity I'(x)I["(x + %) =7 %ZI_ZXF(2x). This yields

_ 2 243
ce=p (1 —=p7)2W(HWo.e, ¥1.0)(p)

3 —
= 02 (1= p»)2p b0 (P20 1 () + o'~ b1e(0?)]
3 —
— (1= "2 p b1e(0P)20 85,0 (0P) + €0 0,0 (07)]
= =2 lim (1 p")2¢),,(o")
p—>1— ’

_ _2@4—%.

By the variation of constants formula, a solution to (4-8) is given by

Yi,e(s) g, m(S) / Yo,e(s) ge.m(s)
ds — ds. (4-16
Yo, Y1,0)(s) 1 —s viee) W Wo.e, Yi1.0)(s) 1—s2 $. (4-16)

We claim that u, ,, € C%(0, 1]. By formally differentiating (4-16) we find

1
uem(p) =—vo, (p)/
b4 0,¢ pW(

gK m(p)

g (p) = 5 = Y000 11,e(0) = Y1 () o,e(p),

where I;,, j = 0,1, denote the respective integrals in (4-16). This implies u,,, € C?(0, 1) but
ui,”m(p) has an apparent singularity at p = 1. We have the asymptotics wéfe(p)ll,[(p) ~ (1—p)!
and ¥{' ,(p)o,e(p) >~ 1 as p — 1—. Thus, a necessary condition for lim,_,1— uy,, (p) to exist is

aem = lim (1= PG () I1e(p)] = —gen (D).
This limit can be computed by I’Hopital’s rule, i.e., we write

I1.e(p)
agm = lim

p=1=[(1 = pH) g ()17

_ 1 ,(p)
= Hm N 2 UG B .
p=1= —[(1 = p) Yy ()21 — p) Yy, (P) = 20 , (0)]

We have
1 m(1
lim 11— )41 (o)1 =~ Tim (921 e()gem (o] = 20
o—1— Cyp p—~>1— Cy
and thus it suffices to show that
L U= =209 ,(0) (=AY (p) = 2p(1 = pP) 3y (p)
—— = lim lim . (4-17)
e poI=- (1 2) 2[(1 = pH)y g(,O) mls (1—,02)51//0,13(,0)]2

Note that
Voo (p) = 4p”2¢6’ (p*) +lower order derivatives,

w@)(p) = 8p£+3¢(3) (,02) + lower order derivatives.
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Consequently, from the definition of ¢g ¢ and equations (4-13) and (4-14), we infer
Jim (1~ PV (P =4 lim [(1 = 2)3 ¢ ()] = —3ee.
Jim (0= ) gy ()] =8 lim [(1 =) ()1 = ~15cc,

which proves (4-17). We have gy ,, € C*°[0, 1] and thus, in order to prove the claim u, ,, € C%(0, 11, it
suffices to show that p —~ (1 — pz)w(’)iz(p)ll,g(p) belongs to C'(0, 1]. We write the integrand in 7 ¢ as

Vi,e(s) gem(s)
W Wo.e, ¥1.0)(s) 1—s2
where in the following, O(1) stands for a suitable function in C*°(0, 1]. Consequently, we infer

I1.e(p) = (1= )3 O(1). We have o0 = agy1 ¢ +dgr1,e where §1,¢(p) := p'1,¢(p?) —see (4-10) —
and ay, a, € C are suitable constants. This yields

¥ (p)=(1—=p)20(1)+ 0(1)

and thus, (1 — p*)¥¢ ,(0)11.e(p) = O(1) + (1 — )2 O(1). Consequently, p — (1 — PV (01 e(p)
belongs to C 10, 1] and by I’Hopital’s rule we infer uy ,, € C2(0, 1] as claimed.
Next, we turn to the endpoint p = 0. The integrand of I; ; is bounded by C;p~**! and thus, we obtain

=(1—s)20(1),

1,e(p)| 51 for £ € {0, 1},
1112(p)| < [log pl,
1Ie(p)| S p~ " forteN,3<C<N,

for all p € (0, 1]. The integrand of Iy ¢ is bounded by C¢p"*? and this implies |1 ¢(p)| < pt*3 for all
p €[0,1]and £ € Ny, £ < N. Thus, we obtain for all p € (0, 1] and k € {0, 1, 2} the estimates

k
ugo, (P S 1,
', (p)] S p RO,

(4-18)
S ()| < p*Fllog pl + p*7*,
D (0)| S p>F forteN,3<¢<N.
Now we define the function u : B\{0} — C by
&
u(§) —Zuzm(IEI)Yz "\ el (4-19)

From the bounds (4-18) we obtain® |9;du(¢)| < |£]! which implies u € H*(B) N C?(B\{0}) and by
construction, u satisfies

— (8 —ETEM)3;0u(E) + SET;u(E) + Lu(€) = gn (8),

2 Note that Yg (w) = 1/+/47.
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where || f —gnllz2g) < I f =&l + 18 —gnll2s <. U
Proof of Proposition 4.1. First note that Ly is densely defined. Furthermore, we claim that

Re (Lou | u) < —5]lull? (4-20)
for all u Qb(i,o). We write [iou]A for the A-th component of f,ou, where A € {1, 2}. Then we have

Ok[Louly (§) = —&7 9 0ku1(§) — 20xu1 (§) + S ().
By noting that
Re [9; 91 0Fu1] = 30 [u1 9%y ],
§19;f(8) = 8187 f ()] =31 (&),

we infer
Re [£79;0ku1 (8)0%uy (§)] = 50 (67 gy (€)3%u1 ()] — 3y (€)Fuy (£),

and the divergence theorem implies

Re fB O [Loul () 9y (8) d&

= / it () 9y (@) do (@) — / dcu1 (&) 0%y () dE + Re / B2 (&) OFu1 (8) d.
0B B B

Furthermore, we have

/Ba,-af'u1<s>uz(s>ds=/anf'a,-m(w)uz(w)da(w)—/Ba,-ul@afuz@ds

and
Ref&-’fijuz(é)uz(é)dé:%/ |M2(w)|2d0(w)—%/ lua (€)1 d,
B 0B B
which yields
Re /B [Loula(£)ur(€) dé

=Re /BB @' dju1 (@)uz(0) do (@) — 3uzll7 5 — Re fB 8ju1(§)87uz(§) d§ — 3 lluzlja ..
In summary, we infer
Re Lo [10) = =411y gy = il [ At do@
with
A(w) = =5 u1 (@) = lur (@) = 5| Vuy (@) > = 3 uz ()]

—Re [0/ dju; (®)u; (®)] + Re [0’ 3u1 (0)uz(w)] + Re [uz(w)u; (w)]

i 2
< —slur(@)[",
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where we have used the inequality
Re (ab) + Re (ac) —Re (be) < 1(lal* + |b)* +c|®), a,b,ceC
which follows from 0 < |a — b — c|?. This proves (4-20).
The estimate (4-20) implies
= 2 = = 2
It = (Lo + Hlu|” = 2% |u))* — 2aRe ((Lo + Hu | u) + | (Lo + H)u]|
= A2 u|?

for all A > 0 and u € @(Lg). Thus, in view of the Lumer—Phillips theorem [Engel and Nagel 2000,
p. 83, Theorem 3.15] it suffices to prove density of the range of A — L for some A > —%. Let feX
and & > 0 be arbitrary. We consider the equation (A — Lo)u = f. From the first component we infer

Uy =£79 ju1 + (A + 1Duy — f1 and inserting this in the second component we arrive at the degenerate
elliptic problem

—(07 —&7898;0u() + 200 +2)870,u(®) + .+ DA+ Du@) = f(€) (4-21)

foru =u; and f(&) := Ejajfl &)+ (A+2) f1(§) + f2(£). Note that by assumption we have f € L*(B).
Setting A = % we infer from Lemma 4.2 the existence of functions u € H*(B) ﬂCz(E\{O}) and g € L?*(B)
such that

— (8% —ETE5)8,8u(E) + 557 0,u(E) + Bu(®) = g(§)

and |/ — gll2m) < e Weset uy = u, ur(§) = E19;u®) + 3u — fi, g1 == f1. and g (&) =
g(&) —&79; fi(§) — 3 f1(£). Then we have u € (Lo), g € X,

If—gl=1f2—gll2m =IIf — gl <&

and by construction, (% - i,o)u = g. Since f € ¥ and ¢ > 0 were arbitrary, this shows that rg (% — io)
is dense in #, which finishes the proof. U

Well-posedness for the linearized problem. Next, we include the potential term and consider the system

dop1 = —E70;¢1 — ¢1 + ¢,
dopr = 3,071 —&70;¢p — 2¢2 + 6.

We define an operator L’, acting on ¥, by
R Y
L'u):= (6u1 .
Then we may rewrite (4-22) as an ODE
d

() = (Lo+ L) (D)

(4-22)

for a function @ : [0, c0) — .
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Lemma 4.3. The operator L := Lo+ L’ :%(Lo) C % — ¥ generates a strongly continuous one-parameter
semigroup S : [0, 0c0) — B(FK) satisfying ||S(7)| < e FIL DT Furthermore, for the spectrum of the
generator we have o (L)\o (Lo) = o, (L).

Proof. The first assertion is an immediate consequence of the bounded perturbation theorem of semigroup
theory; see [Engel and Nagel 2000, p. 158, Theorem 1.3]. In order to prove the claim about the
spectrum, we note that the operator L' : # — ¥ is compact by the compactness of the embedding
H'(B) — L?(B) (Rellich-Kondrachov) and Lemma 3.1. Assume that A € o (L) and A ¢ o(Lg). Then we
may write A—L =[1—L'Ry,(1)](A— Lo). Observe that the operator L' Ry, (A) is compact. Furthermore,
1 € o(L'Rp,(})) since otherwise we would have A € p(L), a contradiction to our assumption. By the
spectral theorem for compact operators we infer 1 € o,(L'Rr,(1)) which shows that there exists a
nontrivial f € 9 such that [1 — L'Ry,(A)]f = 0. Thus, by setting u := Ry, (1) f, we infer u € 9(Ly),
u #0,and (A — L)u = 0 which implies A € 0,,(L). U

Spectral analysis of the generator. In order to improve the rough growth bound for S given in Lemma 4.3,
we need more information on the spectrum of L. Thanks to Lemma 4.3 we are only concerned with point
spectrum. To begin with, we need the following result concerning %(Lg).

Lemma 4.4. Let§ € (0, 1) and u € 9(Ly). Then
ulp, , € H*(Bi_s) x H'(B1_s),
where By_s :={£ e R3: || < 1—8).

Proof. Let u € 9(Lg). By definition of the closure there exists a sequence (#,) C Qb(f,o) such that u,, —> u
and f,oun — Louin 3 asn — oo. We set f;, := Lou,, and note that fre H(B)NCY(B)x L2(B)NC(B)
for all n € N by the definition of Qb(l:o). We obtain uy,(£) = sfa,-ul,,(s) +u1, (&) + f1,(§) and

—(87 —&7£90;u10(8) + 487 0ju14(§) + 2u1n (§) = £ (), (4-23)

where f,(§) := —gfaj J1n (&) — 2 f1,(&) — fon(§); compare (4-21). By assumption we have f,, — f in
L%(B) for some f € L>(B). Since

- ~ 8
@7 =& n;me = Inl® — 1§ Pnl® = SInl
forall £ € Bj_syp and all n € R3, we see that the differential operator in (4-23) is uniformly elliptic on
B\ _s,2. Thus, by standard elliptic regularity theory (see [Evans 1998, p. 309, Theorem 1]) we obtain the
estimate

||ull’l||H2(B],5) E C(S(”uln”Lz(B],(s/z) + ||fn||L2(Bl,g/2)) (4_24)

and since u,, — u in ¥ implies u;, — u; in L%*(B), we infer uilp,_; € H?*(Bj_s). Finally, from
U2 (§) = §70u1,(§) +u1, () + f1a(§) we conclude us|p,_, € H'(B1_s). O
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The next result allows us to obtain information on the spectrum of L by studying an ODE. For the
following we define the space Hrlad(a, b) by

b b
A0 ) = f f' (o) p* dp + / |f(0)I*0* dp.
ra ’ a a

Lemma 4.5. Let A € 0,,(L). Then there exists an £ € Ny and a nonzero functionu € C*(0, 1)N Hrlad 0, 1)
such that

~(1= P (p) = 24 (p) 26+ D (p) + (G4 D 42) = 6lup) + L (o) =0 (425)

forall p € (0, 1).

Proof. Let u € 9(L) = %(Ly) be an eigenvector associated to the eigenvalue A € o,(L). The spectral
equation (A — L)u = 0 implies u,(§) = S-iajul(é) + A+ Du(§) and

—(07 —§7698;ku1(8) + 200 +2)878ju1 (&) + [(A + 1D +2) — 6lu1 (§) = 0 (4-26)

(compare (4-21)), but this time the derivatives have to be interpreted in the weak sense since a priori we
merely have u| € H?*(B1_s)NH'(B) and u, € H'(B;_s) N L*(B) by Lemma 4.4. However, by invoking
elliptic regularity theory [Evans 1998, p. 316, Theorem 3] we see that in fact u; € C*°(B) N H'(B). As
always, we write p = |£| and w = £/|£|. We expand u; in spherical harmonics, i.e.,

w1 (pw) =Y uem(p)Yem(®) (4-27)
t,m

with wug , (0) = (u1(p -)|Ye,m)12(s2) and for each fixed p € (0, 1), the sum converges in L3(S?). By
dominated convergence and u; € C*(B) it follows that u; ,, € C*°(0, 1). Similarly, we may expand
dpu1(pw) in spherical harmonics. The corresponding expansion coefficients are given by

@pur(p-) [ Yem) 22y = 0pi1(p ) | Yem)r2es2) = 0ptte,m(0)

where we used dominated convergence and the smoothness of u; to pull out the derivative 9, of the inner
product. In other words, we may interchange the operator d, with the sum in (4-27). Analogously, we
may expand Au;(p -) and the corresponding expansion coefficients are

(Ageur(p ) | Yo 22y = wi(p ) | Ag2Yem) 252y = =€+ Dug m(p).

Thus, the operator A g> commutes with the sum in (4-27). All differential operators that appear in (4-26)
are composed of d, and A and it is therefore a consequence of (4-26) that each u, ,, satisfies (4-25)
for all p € (0, 1). Since at least one u, ,, is nonzero, we obtain the desired function u € C*°(0, 1). To
complete the proof, it remains to show that u; ,, € Hrgd(O, 1). We have

e m(P) = [w1(p ) | Yem) 22| < llur(o ) llizse)
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and thus,

/ ()0 dp < / 1o gy do = it gy
Similarly, by dominated convergence,
10ptte.m ()] = |@pu1 (0 ) | Yem)r2gsyy| S NIVu1(o ) lz2s
and thus, 1
fo luf (P P%dp S IVui 175 5,
Consequently, u1 € H'(B) implies u,,, € H!,(0, 1). O
Proposition 4.6. For the spectrum of L we have
o(L)C{zeC:Rez < —3}U{0, 1}.

Furthermore, {0, 1} C 0, (L) and the (geometric) eigenspace of the eigenvalue 1 is one-dimensional and

u(g; 1) = G)

whereas the (geometric) eigenspace of the eigenvalue 0 is three-dimensional and spanned by
3 .
u;j(§;0)= <2€j) . Jef{l,2,3}
Proof. First of all, it is a simple exercise to check that Lu(&; 1) =u(&; 1) and Lu ;(§; 0)=0for j =1, 2, 3.
Since obviously u(-; 1), u;(-;0) € D(Lo), this implies {0, 1} C o, (L).
In order to prove the first assertion, let A € o (L) and assume Re A > —%. By Proposition 4.1 we

spanned by

have A ¢ o (L) and thus, Lemma 4.3 implies A € 0,(L). From Lemma 4.5 we infer the existence of a
nonzero u € C*°(0, 1) N Hrlad(O, 1) satisfying (4-25) for p € (0, 1). As before, we reduce (4-25) to the
hypergeometric differential equation by setting u(p) = p‘v(p?). This yields
z(1—=2)v" (@) +[c— (@a+ b+ 1)z]v'(z) —abv(z) =0, (4-28)

with a = %(—1 +L4+A), b= %(4 +L4+A),c= % +¢, and z = p%. A fundamental system of (4-28) is
given by?

$10(z: X)) =2F1(a,b,a+b+1—c;1—2),

$10(z; ) =1 =) 2Fi(c—a,c—b,c—a—b+1;1-2)

and thus, there exist constants ¢;(A) and ¢, (1) such that

v(2) = ce(M)b1.e(z; 1) +E (M) dr.e(z; A).

3Strictly speaking, this is only true for c —a — b = —A # 0. In the case A = 0 there exists a solution d;l’ ¢ which behaves like
log(l—z)asz— 1—.
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The function ¢; ¢(z; 1) is analytic around z = 1 whereas (]31’1{(2; 1)~ (1—z)"* as z— 1— provided A # 0.
In the case A = 0 we have qgl,g(z; A) ~log(l—z)asz— 1—. Since u € Hr;d(O, 1) implies v € Hl(%, 1)
and we assume Re A > —%, it follows that ¢¢(A) = 0. Another fundamental system of (4-28) is given by

@0.¢(z; L) =2F1(a, b, c; 2),
bz M) =z2"9F(@a—c+1,b—c+1,2—c;2),

and since q;o,g (z; M) ~ z_e_% as z — 04, we see that the function p — pﬁ(j,&o(/ﬂ) does not belong to
Hrlad(O, %). As a consequence, we must have v(z) = d¢(X)¢o.¢(z; A) for some suitable dy(A) € C. In
summary, we conclude that the functions ¢ ¢(-; 1) and ¢ ¢(-; 1) are linearly dependent and in view of
the connection formula [Olver et al. 2010]

ri—ol@+bv+1-— C)¢O,Z(Z§ )+ F'e—Dlr'(a+b+1-— C)éo,z(Z; »
Fra+1—c)'b+1-0) I'a)T'(b)

this is possible only if a@ or b is a pole of the I'-function. This yields —a € Ny or —b € Ny and thus,
%(1 —L—X)eNpor —%(4+£ +X) € Np. The latter condition is not satisfied for any £ € Ny and the former
one is satisfied only if (¢, 1) = (0, 1) or (£, 1) = (1, 0), which proves o (L) C {z € Rez < —%} u{o, 1}.
Furthermore, the above argument and the derivation in the proof of Lemma 4.5 also show that the

dre(z; 1) =

geometric eigenspaces of the eigenvalues 0 and 1 are at most three- and one-dimensional, respectively. [

Remark 4.7. According to the discussion at the beginning of Section 4, the two unstable eigenvalues 1
and 0 emerge from the time translation and Lorentz invariance of the wave equation.

Spectral projections. In order to force convergence to the attractor, we need to “remove” the eigenvalues
0 and 1 from the spectrum of L. This is achieved by the spectral projection
1

P = -
21

/ (z—L)™'dz, (4-29)
¥

where the contour y is given by the curve y (s) = % + %82” is s €0, 1]. By Proposition 4.6 it follows
that y (s) € p(L) for all s € [0, 1] and thus, the integral in (4-29) is well-defined as a Riemann integral
over a continuous function (with values in a Banach space, though). Furthermore, the contour y encloses
the two unstable eigenvalues 0 and 1. The operator L decomposes into two parts:

L,:rgPNYL)—rgP, L,u=_Lu,
L;:kerPN%(L) — kerP, Lsu=Lu,

and for the spectra we have o (L,) = {0, 1} as well as o (Ly) = o(L)\{0, 1}. We also emphasize the
crucial fact that P commutes with the semigroup S(r) and thus, the subspaces rg P and ker P of ¥
are invariant under the linearized flow. We refer to [Kato 1995] and [Engel and Nagel 2000] for these
standard facts. However, it is important to keep in mind that P is not an orthogonal projection since L is
not self-adjoint. Consequently, the following statement on the dimension of rg P is not trivial.

Lemma 4.8. The algebraic multiplicities of the eigenvalues 0, 1 € o, (L) equal their geometric multiplici-
ties. In particular, we have dimrg P = 4.
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Proof. We define the two spectral projections Py and P; by
1
P, =—— / (z—L)'dz, nef0, 1}
2ri J,,

where 9(s) = 3¢ and y1(s) = 1 + %ez”” for s € [0, 1]. Note that P = Py+ P and PyP; = P, Py =0;
see [Kato 1995]. By definition, the algebraic multiplicity of the eigenvalue n € 0,(L) equals dimrg P,.
First, we exclude the possibility dimrg P, = co. Suppose this is true. Then n belongs to the essential
spectrum of L, i.e., n — L fails to be semi-Fredholm [Kato 1995, p. 239, Theorem 5.28]. Since the essential
spectrum is invariant under compact perturbations (see [Kato 1995, p. 244, Theorem 5.35]), we infer
n € o (Lg), which contradicts the spectral statement in Proposition 4.1. Consequently, dimrg P, < oo.
We conclude that the operators L) := L|g p,na() are in fact finite-dimensional and o (L)) = {n}. This
implies that n — L, is nilpotent and thus, there exist m, € N such that (n — L,))"" = 0. We assume
my to be minimal with this property. If m, = 1 we are done. Thus, assume m, > 2. We first consider
L o). Since ker L is spanned by {u;(-;0): j =1, 2, 3} by Proposition 4.6, it follows that there exists a
u €rg PpN(L) and constants ¢y, ¢;, c3 € C, not all of them zero, such that

3

)
L«>>u(5>=Lu(.§>=chuj(s;0>=(Cfé )

P 2Cj$j

This implies u»(§) = gfa,-ul(g) +ui(§) +cj$j and thus,

1
(7 — 740,000 ) + 46000 6) — €)= ~5¢,6T =181 3 En¥in((57)-

m=—1

As before in the proof of Lemma 4.5, we expand u; as

ui®) =3 uenEDYen(55)

Z,m

and find
2 2 3
—(1 = p*uf ,,(p) — ;u’l,m(p) +4pu'y ,, () — 41 m(p) + ?ul,m(p) = Cmp. (4-30)

For at least one m € {—1, 0, 1} we have ¢, # 0 and by normalizing #; , accordingly, we may assume
¢m = 1. Of course, (4-30) with ¢,, = 0 is nothing but the spectral equation (4-25) with £ = 1 and
A = 0. An explicit solution is therefore given by ¥ (p) = p which may of course also be easily checked
directly. Another solution is &(p) = 1}0’1 (p;0)= pq}o,l(pz; 0), where q~51,0( -; 0) is the hypergeometric
function from the proof of Proposition 4.6. We have the asymptotic behavior i (p) ~ p~2 as p — 0+
and |V (p)| >~ | log(1 — p)| as p — 1—. By the variation of constants formula we infer that u; ,, must be
of the form

? y(s)

. W(s) 1 —s2

Ui (p) = ¥ (p) + &0 (p) + ¥ (0) / 4-31)

e

) s
ds—wp)fm e
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for suitable constants ¢, ¢ € C, pg, p1 € [0, 1] and

. d
W(p) = W, -
(0) =W D) = 5

where d € R\{0}. Recall that u; € H'(B) implies uy , € Hrlad(O, 1) and by considering the behavior of
(4-31) as p — 0+, we see that necessarily

3 /0 Y(s) s
c= ds,
o W(s) 1 —s?

B P U(s) s = Pyls) s
uym(p) =cyr(p) +v(p) /po W(S)mds W(p)/o W(s) 1—s2

which leaves us with

Next, we consider the behavior as p — 1—. Since

/M//(s) s ds‘<1
o0 W(s)1—s2 ~

0

for all p € (0, 1) and 1} ¢ Hrlad(%, 1), we must have
Pyls) s B

1m —= as = V.
o—1—Jo W(s)1—s2

This, however, is impossible since

Yis) s L4

W) l—s2 d

Thus, we arrive at a contradiction and our initial assumption my > 2 must be wrong. Consequently, from
Proposition 4.6 we infer dimrg Py = dimker L = 3 as claimed. By exactly the same type of argument
one proves that dimrg P; = 1. O

Resolvent estimates. Our next goal is to obtain existence of the resolvent Ry, (1) € B(¥) for . € H_ L=

{zeC:Rez > —% + €} and |A| large.

Lemma 4.9. Fix € > 0. Then there exists a constant C > 0 such that Ry (1) exists as a bounded operator
on ¥ for all A € H%Jre with || > C.

. with the bound (see [Engel

Proof. From Proposition 4.1 we know that Ry (X)) € B(¥) forall L € H_ 1

and Nagel 2000, p. 55, Theorem 1.10])

IRL,(V) || < ———.
Lo Rek+%

Furthermore, recall the identity Ry (1) = Rr,(A)[1 — L'Ry, M1 By definition of L’ we have

/ B 0
LRy, (M) f = <6[RL0()»)f]1> ’
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where we use the notation [g] for the k-th component of the vector g. Set u = Ry (1) f for a given f € 3.
Then we have u € @(Lg) and (A — Lo)u = f, which implies u,(§) = Ejajul(é) + X+ Du(§) — f1(8),
or, equivalently,

1 .
(Rey ) FNE) = | 670/ (Re, 0 F 1) + [Rey ) 1) + 18) |

Consequently, we infer

IR, G SN2y S gy [IREa GO S Nl + 1R ) F ol + 112

< s
~A+1]

which yields ||[L'Rr, (M) || S1/|x+ 1] forall A € H_ Ly We conclude that the Neumann series

+

[1—L'R, (W] =) [L'Re, W)
k=0

converges in norm provided |A| is sufficiently large. This yields the desired result. U

Estimates for the linearized evolution. Finally, we obtain improved growth estimates for the semigroup S
from Lemma 4.3 which governs the linearized evolution.

Proposition 4.10. Fix € > 0. Then the semigroup S from Lemma 4.3 satisfies the estimates

IS(0)(1 = P)f]| < Ce=2497 (1= P) £,
IS()Pf] < Ce™ | P,

forallt > 0and f € #.

Proof. The operator L is the generator of the subspace semigroup S defined by S;(7) := S(7)|ker P-
We have 0(Ly) C {z € C:Rez < —%} and the resolvent Ry (1) is the restriction of Ry (1) to ker P.
Consequently, by Lemma 4.9 we infer |Ry (A)|| S 1foralli e H_ Lie
Greiner theorem (see [Engel and Nagel 2000, p. 302, Theorem 1.11]) yields the semigroup decay
1Ss(D] < ¢(=3+9)7_ The estimate for S (7) P follows from the fact that rg P is spanned by eigenfunctions

and thus, the Gearhart—Priiss—

of L with eigenvalues 0 and 1 (Proposition 4.6 and Lemma 4.8). O

5. Nonlinear perturbation theory
In this section we consider the full problem (3-5),

dop1 = —E79,¢1 — 1 + ¢,

. . (5-1)
dogpr = ;07 1 — E78; 2 — 200 + 661 +3v207 + ¢3,
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with prescribed initial data at ¢ = 0. An operator formulation of (5-1) is obtained by defining the
nonlinearity

0
Vo = (s i at)

It is an immediate consequence of the Sobolev embedding H (B)— LP(B), pe[l,6],that N : % — %
and we have the estimate

IN@)—N@I < llw—vl(lul+ vl (5-2)
for all u, v € ¥ with |ju||, ||v|| < 1. The Cauchy problem for (5-1) is formally equivalent to

d _
2220 =LO(1) + N((7)), (5-3)
®(0) =u,

for a strongly differentiable function @ : [0, oo) — ¥ where u are the prescribed data. In fact, we shall
consider the weak version of (5-3) which reads

P(r)=S()u+ /r S(t —0)N(®(0))do. (5-4)
0

Since the semigroup S is unstable, one cannot expect to obtain a global solution of (5-4) for general data
u € ¥. However, on the subspace ker P, the semigroup S is stable (Proposition 4.10). In order to isolate
the instability in the nonlinear context, we formally project (5-4) to the unstable subspace rg P which
yields

Pd(r)=S(t)Pu +/0r S(t —o0)PN(®(0))do.
This suggests to subtract the “bad” term
00
S(t)Pu+ /0 S(t—0)PN(@(0))do

from (5-4) in order to force decay. We obtain the equation

D(r)=S()(1 - Pu+ /OT S(t—0)N(P(0))do — /OOO S(t—0)PN((®(0))do. (5-5)
First, we solve (5-5) and then we relate solutions of (5-5) to solutions of (5-4).
Solution of the modified equation. We solve (5-5) by a fixed point argument. To this end we define

K, (®)(z):=S(t)(1— Pu+ /Or S(t—0)N(@(0))do — /Ooo S(t—0)PN(®(0))do
and show that K, defines a contraction mapping on (a closed subset of) the Banach space &, given by

=@ € C(10,00), 3 : sup et @ (1)]] < o0

>0
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with norm
1
[ @l :=supe 27| D ()],

>0

where € € (0, %) is arbitrary but fixed. We further write
Ls :={Pel:||Pllx =<3}
for the closed ball of radius § > 0 in ¥.

Proposition 5.1. Ler § > 0 be sufficiently small and suppose u € ¥ with |u|| < 8>. Then K, maps %5 to
Xs and we have the estimate

| Ky (P) — Ky (W)l < CS[P — Vo
forall ®, ¥ € ¥s.

Proof. First observe that K, : 5 — C([0, 00), %) since |[N(®(1))|| < e!*297 for any ® € ¥;5. We
have

PK,(®)(t)=— /Oo S(t—0)PN(®(0))do, (5-6)
which yields
|PIKu(®)(x) — Ku(¥)(D)] 5/ e P () — V()P + ¥ (o)) do

o
S ||<D—‘I'II%(||<I>||%+||w||%)ef/ 2200 4o
T

<8I D — Wy

for all ®, ¥ € %5 by Proposition 4.10. On the stable subspace we have
(1= P)K,(®)(z) = S(x)(1 — P)u + fo 'St —0)(1— P)N(@(0)) do
and thus,
| (1 = P)[Kyu(®)(r) — Ky (W)(D]] S /0 LI (o) — W) (I @)+ ¥ (o)) do

T
<D — W|jgSe "2 tOT / e—3199 45
0

S8 D — Wy
again by Proposition 4.10. We conclude that
1Ky () — Ku (W) Iz S 811D — Wlix

for all ®, ¥ € ¥. By a slight modification of the above argument one similarly proves || K, (®)||e < 4§ for
all ® € X (here ||u| < 8% is used). O

Now we can conclude the existence of a solution to (5-5) by invoking the contraction mapping principle.
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Lemma 5.2. Let § > 0 be sufficiently small. Then, for any u € ¥ with ||u|| < 8, there exists a unique
solution ®, € X5 to (5-5).
Proof. By Proposition 5.1 we may choose § > 0 so small that
1Ky (®) — Ky (¥) [l < 511D — W[l

for all ®, & € &5 and thus, the contraction mapping principle implies the existence of a unique &, € ¥;
with &, = K,,(®,). By the definition of K,,, &, is a solution to (5-5). O

Solution of (5-4). Recall that rg P is spanned by eigenfunctions of L with eigenvalues 0 and 1; see
Lemma 4.8. As in the proof of Lemma 4.8 we write P = Py + P;, where P,, n € {0, 1}, projects
to the geometric eigenspace of L associated to the eigenvalue n € o,(L). Consequently, we infer
S(7) P, = €"* P,. This shows that the “bad” term we subtracted from (5-4) may be written as

S(t)Pu +f S(t—0)PN(@y(0))do = S(t)[Pu— F(u)],
0
where F is given by
Fu):=—-P /OO N(®,(0))do — Py /oo e "N(®,(0))do.
0 0

According to Lemma 5.2, the function F is well-defined on By :={u € ¥ : ||lu|| < 8%} with values
in rg P and this shows that we have effectively modified the initial data by adding an element of the
four-dimensional subspace rg P of #. Note, however, that the modification depends on the solution
itself. Consequently, if the initial data for (5-4) are of the form u + F (u) for u € ker P, (5-4) and (5-5)
are equivalent and Lemma 5.2 yields the desired solution of (5-4). We also remark that ¥ (0) = 0. The
following result implies that the graph

(u+Fw):uckerP,|ul| <8’} CkerP drgP =%
defines a Lipschitz manifold of codimension 4.
Lemma 5.3. Let § > 0 be sufficiently small. Then the function F : Bs» — rg P C ¥ satisfies
[F(u)— F@)| =<Cdlu—v.

Proof. First, we claim that u — @, : B52 — X5 C X is Lipschitz-continuous. Indeed, since ¢, = K, (D)
we infer

[P — Pyllze < [ Ku(Pu) = Ku(Po) Iz + 1 Ku(Py) — Ko (Do)l
SOPu — Pylle + llu — ]l

by Proposition 5.1 and the fact that
1
[ Ky (D)(7) — Ky (@) (D) = 1S()(1 — PY(u —v)[| S 277 ju —v].

The claim now follows from ||[N(x) — N(v)|| < |l — v||(|lu] + ||v]). [l
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‘We summarize our results in a theorem.

Theorem 5.4. Let § > 0 be sufficiently small. There exists a codimension-4 Lipschitz manifold M C ¥
with 0 € M such that for any u € M, (5-4) has a solution ® € X5. Moreover, ® is unique in C ([0, 00), ¥).
If, in addition, u € D(L) then ® € C([0, 00), %) and ® solves (5-3) with ®(0) = u.

Proof. The last statement follows from standard results of semigroup theory. Uniqueness in C ([0, 00), )

is a simple exercise. U

Proof of Theorem 1.1. Theorem 1.1 is now a consequence of Theorem 5.4: (3-4) implies

UOCDT(X)—U()OCDT(X) _ 1
—1X? (=7)

#(~1o-1). 25 (57

and thus,

~wolhscsy) = 717 o1 (= oz D). 77)
T Mo = vollzqsy) = 1717 1~ log(=T). 7 )
= IT172 | ¢1 (= Tog(=T), )| 25,
SITI™.
Similarly, we obtain

UOCDT(X)—UQO(I)T(X) — 1

X
B e 306 (— log(~T), —(_T)),
which yields
ol = T2V ( log(—T ) <|T|.
v = voll 15y = 72| Vh1 (— Tog(~ 9 71 ) ey 517

For the time derivative we infer
5 vo®r(X)—vo®r(X) 1
T T2 _ |X|2 T2

= gat2(=loe(=1). )

(200 + = T)a j6+9)(—log(-T), %)

and hence,

ST
L2(Br))

V0= Vvolliaqyy = T2 (= log(=T). 77)

Finally, we turn to the Strichartz estimate. First, note that the modulus of the determinant of the
Jacobian of (T, X) > (¢, x) is (T? — | X|*)~*. This is easily seen by considering the transformation

XH
X K — y“ = — s
X, X°
which has the same Jacobian determinant (up to a sign) since t = — yo and x/ = yj . We obtain

X, X784 —2X, X"
(XoX)?

avyllv — —
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and hence,

n A ‘SVA
PO = o Xy
o

which yields |det(d, y*)| = (X, X?)~*=(T?—|X|?)~*. Furthermore, note that s € [¢, 2¢] and x € Bi—s):
imply

s t Cs

Si= -

= — =
s2—|x|? 12 —|x|? t

2t 1
S< ————— < ——.
T 42— |x]2 T 2t

Consequently, by (5-7) and Sobolev embedding we infer

’

_1 4
4 % voDg(X)—vgo Pg(X)
vV— < dxds
| 0||L4(t,2t)L4(B(l—6)t) - /_([3 /B(l—a>s 2 —|X|?
1 4
< [ isfo(-roe-9 ), ds
_5 IS1/ Wz4eBys)

t

c

= [ 1517 o= tog=5). ) 115, 5

=S

- » .
S, 1817 é(=log(=8), )|}y 5, dS

1

T
</ |S|1_4€dS:t_2+4€
_S

~
T

as claimed.
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A NON-SELF-ADJOINT LEBESGUE DECOMPOSITION

MATTHEW KENNEDY AND DILIAN YANG

We study the structure of bounded linear functionals on a class of non-self-adjoint operator algebras that
includes the multiplier algebra of every complete Nevanlinna—Pick space, and in particular the multiplier
algebra of the Drury—Arveson space. Our main result is a Lebesgue decomposition expressing every
linear functional as the sum of an absolutely continuous (i.e., weak-* continuous) linear functional and a
singular linear functional that is far from being absolutely continuous. This is a non-self-adjoint analogue
of Takesaki’s decomposition theorem for linear functionals on von Neumann algebras. We apply our
decomposition theorem to prove that the predual of every algebra in this class is (strongly) unique.

1. Introduction

The main result in this paper is a decomposition theorem for bounded linear functionals on a class of
operator algebras that includes the multiplier algebra of every complete Nevanlinna—Pick space. Results
of this kind can be seen as a noncommutative generalization of the Yosida—Hewitt decomposition of a
measure into completely additive and purely finitely additive parts, or more classically, the Lebesgue
decomposition of a measure into absolutely continuous and singular parts.

Takesaki [1958] proved that a bounded linear functional on a von Neumann algebra can be decomposed
uniquely into the sum of a normal (i.e., weak-* continuous) linear functional and a singular linear functional
that is far from being normal. Ando [1978] proved a direct analogue of Takesaki’s decomposition theorem
for linear functionals on the algebra H*, of bounded analytic functions on the complex unit disk D.
More recently, Ueda [2009; 2011] proved a generalization of Ando’s result for finite maximal subdiagonal
algebras, which are “analytic” subalgebras of finite von Neumann algebras introduced by Arveson [1967]
as a noncommutative generalization of the algebra H*.

A compelling case can be made that the natural function-theoretic generalization of H™ is the
algebra H7° of multipliers on the Drury—Arveson space H j. The algebra HJ° is contained in the algebra
H>(B,) of bounded analytic functions on the complex unit ball B, of C¢, but for d > 2 this inclusion is
proper, and H;° is seemingly much more tractable than H*(By) (see, for example, [Arveson 1998]).
The Drury—Arveson space Hg and the multiplier algebra H7° are universal in the following sense: Every
irreducible complete Nevanlinna—Pick space embeds into H?, and the corresponding multiplier algebra
arises as the compression of H7° onto this embedding (see [Agler and McCarthy 2000] for details).

Both authors are partially supported by NSERC.
MSC2010: 46B04, 47B32, 47150, 47L55.
Keywords: Lebesgue decomposition, extended F. and M. Riesz theorem, unique predual, Drury—Arveson space.
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Examples of complete Nevanlinna—Pick spaces include the Hardy space and the Dirichlet space on the
disk, the Drury—Arveson space itself, and more generally the class of Besov—Sobolev spaces on B,.

One explanation for the tractability of H;° is the fact that H;° arises as a quotient of the noncommutative
analytic Toeplitz algebra F;° (see, for example, [Davidson and Pitts 1998b; Arias and Popescu 2000]).
This algebra, introduced in [Popescu 1989a], can be viewed as an algebra of noncommutative analytic
functions acting by left multiplication on a Hardy space F‘% of noncommutative analytic functions. The
operator-algebraic structure of F5°, which is now well understood, turns out to be strikingly similar to
that of H® (see, for example, [Popescu 1989a; 1989b; 1991; 1995; Arias and Popescu 2000; Davidson
and Pitts 1998a; 1998b; 1999; Davidson and Yang 2008]).

For a weak-* closed two-sided ideal $ of F7°, we let #d 4 denote the algebra 4y = F7°/9. These algebras
are the main objects of interest in this paper, for the following reason: The multiplier algebra of every
irreducible complete Nevanlinna—Pick space arises as the compression of F;° to a coinvariant subspace,
and this compression is completely isometrically isomorphic and weak-* to weak-* homeomorphic to
a quotient of F7° by a two-sided ideal (see [Davidson and Pitts 1998b; Arias and Popescu 2000] for
details).

Our main result is the following decomposition theorem for linear functionals on quotients of F;°.
A functional is said to be absolutely continuous if it is weak-* continuous, and singular if it is, roughly
speaking, far from being weak-* continuous (we give a precise definition below).

Theorem 1.1 (Lebesgue decomposition for quotients of F3°). Let $ be a weak-* closed two-sided ideal
of F°, and let ¢ be a bounded linear functional on dg. Then there are unique linear functionals ¢,
and ¢s on g such that ¢ = ¢, + ¢ps, where @, is absolutely continuous and ¢ is singular, and such that

1l < llgall + s | < V2II11

Ifd = 1, then the constant /2 can be replaced with the constant 1. Moreover, these constants are optimal.

The following result for multiplier algebras of complete Nevanlinna—Pick spaces is an immediate
consequence of Theorem 1.1.

Corollary 1.2 (Lebesgue decomposition for multiplier algebras). Let s be the multiplier algebra of a
complete Nevanlinna—Pick space, and let ¢ be a bounded linear functional on sd. Then there are unique
linear functionals ¢, and ¢s on A such that ¢ = ¢, + ¢, where ¢, is absolutely continuous and ¢; is
singular, and such that

¢l < ligall + ligsll < V201l

We first prove that Theorem 1.1 holds for F7°. The proof for quotients of F;° requires the following
generalization of the classical F. and M. Riesz theorem, which is similar in spirit to the noncommutative
F. and M. Riesz-type theorems proved in [Exel 1990] for operator algebras with the Dirichlet property
and in [Blecher and Labuschagne 2007; Ueda 2009] for maximal subdiagonal algebras.

Theorem 1.3 (extended F. and M. Riesz theorem). Let ¢ be a bounded linear functional on F5°, and
let ¢ = ¢, + @5 be the Lebesgue decomposition of ¢ into absolutely continuous and singular parts as in



A NON-SELF-ADJOINT LEBESGUE DECOMPOSITION 499

Theorem 1.1. Let $ be a weak-* closed two-sided ideal of F3°. If ¢ is zero on 9, then ¢, and ¢ are both
zeroon 9.

Grothendieck [1955] proved that L! is the unique predual of L> (up to isometric isomorphism). Sakai
[1956] generalized Grothendieck’s result by proving that the predual of every von Neumann algebra
is unique. In fact, this latter result follows from the proof of Sakai’s characterization of von Neumann
algebras as C*-algebras which are dual spaces.

The uniqueness of the predual of a von Neumann algebra can also be proved using Takesaki’s decom-
position theorem [1958] (see, for example, the proof of Corollary 3.9 of [Takesaki 2002]). A similar idea
was used by Ando [1978] to prove the uniqueness of the predual of H*°, and more recently by Ueda
[2009] to prove that the predual of every maximal subdiagonal algebra is unique.

Inspired by these results, we apply Theorem 1.3 to prove that the predual of every quotient oy is
(strongly) unique.

Theorem 1.4. Let $ be a weak-* closed two-sided ideal of F3°. Then the algebra sy has a strongly
unique predual.

It follows immediately from Theorem 1.4 that the multiplier algebra of every complete Nevanlinna—Pick
space has a unique predual.

Corollary 1.5. The multiplier algebra of every complete Nevanlinna—Pick space has a strongly unique
predual.

In particular, Corollary 1.5 implies that the multiplier algebra H7° on the Drury—Arveson space has
a unique predual. We believe this result is especially interesting in light of the fact that, for d > 2, the
uniqueness of the predual of H°°(B,) is an open problem.

In addition to this introduction, this paper has five other sections. In Section 2, we provide a brief
review of the requisite background material. In Section 3, we prove the Lebesgue decomposition for F2°,
and give an example showing that the constant in the statement of the theorem is optimal. In Section 4,
we prove the extended F. and M. Riesz theorem. In Section 5, we prove the Lebesgue decomposition
theorem for quotients of F7°, and hence for multiplier algebras of complete Nevanlinna—Pick spaces. In
Section 6, we use the Lebesgue decomposition theorem to prove that the predual of every quotient of F7°
is unique, and hence that the predual of the multiplier algebra of every complete Nevanlinna—Pick space

is unique.

2. Preliminaries
The noncommutative analytic Toeplitz algebra. For fixed 1 <d <o0,let C(Z) =C{(Z;, ..., Z;) denote
the algebra of noncommutative polynomials in the variables Zy, ..., Z;. As a vector space, C(Z) is

spanned by the set of monomials
{ZwZZwl"'Zw,,|w=w1"'wn€[F;» n > 0},

where F* denotes the free semigroup generated by {1, ..., d}. The noncommutative Hardy space F7 is
d group g y y sp d
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the Hilbert space obtained by completing C(Z) in the natural inner product
(Zw, Zw) =0pw, W, w' e [Fz

Equivalently, F j is the Hilbert space consisting of noncommutative power series with square summable
coefficients,

Fj:{zawzw

*
wely

> |aw|2<oo}.

"
wely

We think of the elements of F j as noncommutative analytic functions.

Every element in Ff gives rise to a multiplication operator on Ff in the following way (note that in
this noncommutative setting, it is necessary to specify whether multiplication occurs on the left or the
right). For F in F?2, the left multiplication operator L ¢ is defined by

LyG=FG, GeF2

The operator L r is not necessarily bounded in general, simply because the product of two elements in
Ff is not necessarily contained in F| 3. However, it is always densely defined on C(Z).

The noncommutative analytic Toeplitz algebra F;° is the noncommutative multiplier algebra of F, j. It
consists precisely of the functions F in Fj such that the corresponding left multiplication operator is
bounded,

FX={FeF;|FGeF;foral GeF}}.
Equivalently, if we identity F in F7° with the left multiplication operator L on the Hilbert space F, 2
then F2° is obtained as the closure of C(Z) in the weak-* topology on B (F, 3). The noncommutative disk
algebra A, is the closure of C(Z) in the norm topology. Note that it is properly contained in F;°.
The algebras A; and F;° were introduced by Popescu in [1996] and [1995], respectively. For d = 1,
Fd2 can be identified with the classical Hardy space H?, F .7 can be identified with the classical algebra

of bounded analytic functions H*°, and A, can be identified with the classical disk algebra of functions
that are analytic on D with continuous extensions to the boundary.

The structure of an isometric tuple.
Definition 2.1. Let V = (Vy, ..., V;) be an isometric tuple.

(1) V is a unilateral shift if it is unitarily equivalent to a multiple of Lz = (Lz,, ..., Lz,).

(2) V is absolutely continuous if the unital weak operator closed algebra W(Vy, ..., V;) generated by
Vi, ..., Vg is algebraically isomorphic to the noncommutative analytic Toeplitz algebra F;°.

(3) V is singular if the weakly closed algebra W (Vy, ..., V) is a von Neumann algebra.

(4) V is of dilation type if it has no summand that is absolutely continuous or singular.
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Theorem 2.2 (Lebesgue—von Neumann—Wold decomposition [Kennedy 2013]). Let V = (Vy, ..., Vy)
be an isometric d-tuple. Then V can be decomposed as

V=V,eV, eV, ®Vy,

where V,, is a unilateral d-shift, V,, is an absolutely continuous unitary d-tuple, Vi is a singular unitary
d-tuple and V; is a unitary d-tuple of dilation type.

Theorem 2.3 (structure theorem for free semigroup algebras [Davidson et al. 2001]). Let V =(Vi, ..., V)
be an isometric d-tuple, and let V' = W(Vy, ..., V) denote the unital weak operator closed algebra

generated by Vi, ..., Vy. Then there is a maximal projection P in V" with the range of P coinvariant for
V' such that
(1) VP = () (Vo)k, where (Vo)* denotes the ideal (Vo)k = Y V,.
k>1 lw|=k
(2) If P+ # 0, then the restriction of V' to the range of P~ is an analytic free semigroup algebra.

(3) The compression of V' to the range of P is a von Neumann algebra.
@) V=PV PL+W*(V)P.

LetV=V,6V,®V,®V; be the Lebesgue—von Neumann—Wold decomposition of an isometric
tuple V, as in Theorem 2.2, where V, is a unilateral n-shift, V, is an absolutely continuous unitary
n-tuple, V; is a singular unitary n-tuple and V; is a unitary n-tuple of dilation type. Suppose that V' is
defined on a Hilbert space H, and let H = H, & H, & H; ® H,; denote the corresponding decomposition
of H. By Corollary 2.7 of [Davidson et al. 2001], there is a maximal invariant subspace K for V;
such that the restriction of V; to K is analytic. The projection P in Theorem 2.3 is determined by
Pt =Py, @ Py, @ Pg.

Remark 2.4. For d = 1, an isometry is the direct sum of a unilateral shift, an absolutely continuous
unitary and a singular unitary. Theorem 2.3 implies that, in this case, the structure projection P is the
projection onto the singular unitary part. In particular, this implies that P is reducing. For d > 2, the
proof of Theorem 2.3 shows that P is reducing if and only if there is no summand of dilation type.

The universal representation. We require the universal representation 7, : F;° — B(H,) of F;°. This
can be constructed as in 2.4.4 of [Blecher and Le Merdy 2004], as the restriction of the universal
representation of C; . (F7°). By [ibid., 3.2.12], we can identify the double dual (F;°)** of F;° with the
algebra obtained as the weak-* closure of 7, (F;°). We will require the operator algebra structure on
(F7°)** provided by this identification. By replacing m, by 7> if necessary, we can suppose that 7,
has infinite multiplicity, and hence that the weak operator topology coincides with the weak-* topology
on (F7°)**.

Let ¢ be a bounded linear functional on F;°. By the Hahn—Banach theorem, we can extend ¢ to a
functional on C}; (F7°) with the same norm. Hence by the construction of the universal representation

of C;; . (F7°), there are vectors x and y in H, with ||x||[|y[| = [|¢]l such that

max

¢(A) = (m,(A)x,y) forall Ae F;°.
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If we identify F7° with its image 7, (F7°) in (F7°)**, then the functional ¢ has a unique weak-* continuous
extension to a functional on (F;°)** with the same norm. We will use this fact repeatedly.

Since 7, is the restriction of a *-homomorphism of C}; (F7°), and since the d-tuple (Lz,, ..., Lz,)
is isometric, it follows that the d-tuple (7, (Lz,), ..., m,(Lz,)) is also isometric. Since (F;°)** contains
m,(Aq), it necessarily contains the weak operator closed algebra generated by (7, (Lz,), ..., 7, (Lz,)).
Let P, denote the projection in (F;°)** guaranteed by Theorem 2.3. We will refer to P, as the universal

structure projection in (F7°)**.

Remark 2.5. Let & denote the unital weak operator closed algebra generated by m,(Lz,), ..., m,(Lz,).
From above we have ¥ C (F/°)**, and one might guess that ¥ = (F7°)**. However, this is not the case.
Indeed, let ¢ be a bounded nonzero functional on F}° that is zero on the noncommutative disk algebra A,.
Then as above, there are vectors x and y in H, such that

¢ (A) = (m,(A)x,y) forall Ae Fj°.
Let i denote the weak operator continuous functional on & defined by
Y(S)=(Sx,y) foral Se¥.

Since ¢ is zero on A,, ¥ must be zero on 7, (Ay). Then, since 7, (A;) is weak operator dense in &,
it follows that ¥ (S) = (Sx, y) = 0 for all S in ¥. But, by assumption, there is A in F ;O such that
¢ (A) = (m,(A)x, y) #0. So we see that 7, (A) ¢ ¥, and hence that the inclusion ¥ C (F7°)** is proper.

3. The Lebesgue decomposition

In this section, we introduce the definitions of absolutely continuous and singular linear functionals
on the noncommutative analytic Toeplitz algebra F5°, and establish the first version of the Lebesgue
decomposition. In [Davidson et al. 2005], Davidson, Li and Pitts proved a Lebesgue-type decomposition
for functionals on the noncommutative disk algebra A;. Although the algebra F?° is bigger than Ay, the
next definition is closely related to (and directly inspired by) the corresponding definition for Ag4.

Definition 3.1. Let ¢ be a bounded linear functional on F;°. Then
(1) ¢ is absolutely continuous if it is weak-* continuous, and

(2) ¢ is singular if ||¢| = ||¢¥| for every k > 1, where ¢* denotes the restriction of ¢ to the ideal of
F7° generated by {Lz, | lw| =k}.

Let ¢ be a bounded linear functional on F3°. Then as in Section 2, there are vectors x and y in H,
with [lx[[llyll = l¢]l such that

¢ (A) = (m,(A)x,y) forall Ae Fj°.
We will write P,¢ and de) for the linear functionals defined on F;° by

(P,p)(A) = (m,(A)P,x,y) forall Ae F°,
(P9)(A) = (mu(A)Plx.y) forall Ae Fy,
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where P, denotes the universal structure projection from Section 2. The purpose of the next result is to
verify that P,¢ and P,fd) are well defined.

Lemma 3.2. Let ¢ be a bounded linear functional on F3°. Then the functionals P,¢ and Plo, as defined
above, do not depend on the choice of vectors x and y.

Proof. Let x1, y; and x;, y» be pairs of vectors in H, such that
(mu(A)x1, y1) = (m,(A)xz, y2) forall A e F°.
Since 7, (F;°) is weak-* dense in the algebra (F7°)**, which contains P,, it follows immediately that
(u(A) Pyxy, y1) = (m,(A) Pyx2, y2) forall A € F5°,

and similarly that
(m (A PFx1, y1) = (m, (A) P xz, y2)  forall A € FS°. O

Proposition 3.3. A bounded functional ¢ on F;° is singular if and only if ¢ = P,¢.

Proof. Let ¢ be a singular functional on F;°. We can assume that ||¢|| = 1. As in Section 2, there are
vectors x and y in H,, such that ||x||||y|| =1 and

¢ (A) = (m,(A)x,y) forall Ae Fj°.

By the singularity of ¢, we can find a sequence (Ay) of elements in F;° such that lim¢(A;) — 1, and
such that each Ay belongs to the unit ball of (F;f(’))k = jwi=k Fi Lz, Let T be an accumulation point of
the sequence (1, (Ay)) in (F7°)**, and let ¥ denote the unital weak operator closed algebra generated by

(mu(Lz,), ..., m(Lz,)). Itis clear that the weak-* closure of the image nu((Fi%)k) of the ideal (Fi%)k
can be written as (FC?O)**S”‘, where ¥ denotes the ideal in & generated by m,(Lz,), ..., m,(Lz,). Thus
7, (Ag) belongs to (F[}’O)**yg. By Theorem 2.3, ¥P, = () 9'6. Hence T belongs to the unit ball of
k>1
[(NEX S = (F&)™ [ 6 = (F*)* Pa.
k>1 k=1

In particular, this means that 7 = T P,.. Since ¢(T) = 1, this gives
Xyl =1=(Tx,y) =(TPux, y) < | Pux|lllyll = llxl1Iyll

Hence P,x = x, and it follows that ¢ = P,¢.
Conversely, let ¢ be a functional on F/° such that ¢ = P,¢. As before, we can assume that ||¢|| = 1,
and there are vectors x and y in H, such that ||x||||y] = 1 and

¢ (A) = (m,(A)x,y) forall Ae Fj°.
The fact that P,¢ = ¢ implies that we can choose x satisfying x = P, x, and hence that

¢(A) = (m,(A)P,x,y) forall A e F®.



504 MATTHEW KENNEDY AND DILIAN YANG

Let ¢ denote the functional on (F7°)** defined by
Y(T)=(TP,x,y) forall T € (F°)*",
and for k > 1, let w" denote the restriction of i to (F ;O)**ng. Then as above,
(F&)™ Py = [\(E&) ™95,
k=1

Hence ||| = ||¥¥|| for every k > 1. It follows that ||¢|| = ||¢¥||, where ¢ is defined as in Definition 3.1,
and hence that ¢ is singular. ]

Lemma 3.4. The range of the projection P is invariant for (F a0 I
Proof. Tt suffices to show that whenever x and y are vectors in F j such that x = PuLx and y = P,y, and
the functional ¢ on F;° is defined by

¢ (A) = (m,(A)x,y) forall Ae F;°,

then ¢ = 0. By Theorem 2.3, the range of PuL is invariant for ,(As). Hence ¢ is zero on A,. Let A be
an element of F;°. By Corollary 2.6 of [Davidson and Pitts 1998a], for k > 1, we can write A uniquely as

A= ayly, + A
lw|<k
where the a,, are scalars, and A’ belongs to (F ;‘b)k . The fact that ¢ is zero on A, implies that ¢ (A) = (A”).
It follows from Definition 3.1 that ¢ is singular. Hence by Proposition 3.3, ¢ = P,¢, i.e.,
¢(A) = (m,(A)P,x,y) forall Ae F;°.

Since x = Plx, it follows that ¢ = 0, as required. g
Proposition 3.5. Let ¢ be a bounded linear functional on F3°. Then ¢ is absolutely continuous if and
only if p = P;-¢.

Proof. Suppose first that ¢ is absolutely continuous. Then it is weak-* continuous, so there are sequences
of vectors (x;) and (y;) in F dz such that

$(A) = (Axi, yi) forall AeF°.

Since the d-tuple (Lz,, ..., Lz,) is equivalent to a restriction of the unilateral shift part of the d-tuple
(mu(Lz,),...,mu(Lz,)), Ff can be identified with a subspace of H,, and it follows that ¢ = Pqub.
Conversely, suppose that ¢ = PMJ‘(ﬁ. As in Section 2, there are vectors x and y in H,, with ||x||]|y]| = ||®]l
such that
¢ (A) = (m,(A)x,y) forall Ae Fj°.

The fact that ¢ = P;*¢ implies that we can choose x satisfying P;'x = x. Since, by Lemma 3.4, the
range of PML is invariant for m, (F7°), it follows that for every A in F;°, we have

P (A) = (1, (A)x, y) = (PLrr, (A Plx, y) = (m,(A) Plx, Ply).
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Hence we can also choose y satisfying PMl y=y.

By the construction of P,, the restriction of the operators 7, (Lz,), ..., m,(Lz,) to the cyclic subspace
generated by x and y is analytic. Thus, by the main result of [Kennedy 2013], the weak-* closed algebra
generated by this restriction is completely isometrically isomorphic and weak-* to weak-* homeomorphic
to F7°. It follows that ¢ is weak-* continuous on F7°. O

Theorem 3.6 (Lebesgue decomposition for F;°). Let ¢ be a bounded linear functional on F3°. Then there
are unique bounded linear functionals ¢, and ¢5 on FJ° such that ¢ = ¢, + ¢, where ¢, is absolutely
continuous and @y is singular, and such that

ol < ligall + llgsll < V2191
Ifd = 1, then the constant ~/2 can be replaced with the constant 1.

Proof. As in Section 2, there are vectors x and y in H,, such that ||x||||y]| = ||¢|l and
¢ (A) = (m,(A)x,y) forall Ae F°.

Define ¢, and ¢ by ¢, = Pulqb and ¢; = P,¢, respectively. Then ¢, is absolutely continuous by
Proposition 3.5, and ¢ is singular by Proposition 3.3. We clearly have ¢ = ¢, 4+ ¢5. To see that ¢, and ¢
are unique, suppose that

¢a +¢S=Wa+ws,

where 1/, is absolutely continuous and v is absolutely continuous. Then

¢a_Wa=WS_¢s-

It is clear that the functional ¢, — ¥, is absolutely continuous, and Proposition 3.3 implies that the
functional vy — ¢ is singular. Applying Proposition 3.5 and Proposition 3.3 again, we can therefore write

ba —Va = P (o — Ya) = P (s — by) = PuP (s — ) = 0.
Hence ¢, = ¥, and it follows similarly that ¢ = ;. Finally, we compute
Pl < Ngall + g5l < PNV +IPx Y] < V2Ixly ] = V2.

If d =1, then Remark 2.4 implies that (F;°)** is the direct sum of two algebras reduced by P,. If we
identify F7° with its image in (F;°)**, then the functionals ¢, ¢, and ¢, extend uniquely to weak-*
continuous functionals on (F7°)** with the same norm. Since ¢, = Pl¢, and ¢ = Py, it follows that
in this case, ||¢]| = l[pall + &5l g

The next example is based on Example 5.10 from [Davidson et al. 2005]. It establishes that for d > 2,
the constant \/5 in the statement of Theorem 3.6 is the best possible.

Example 3.7. Define ¢ on C(Z) by setting

1//2 ifw=@ orw=21"forn >0,
0 otherwise,

¢(Lz,) = {
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and extending by linearity. We will first show that ¢ extends to a bounded linear functional on the
noncommutative disk algebra A,. Let 4 denote the Hilbert space Ce @ F 2/ and define a 2-tuple

S = (51, $2) on ¥ by setting
I 0 0 O
Si1= (o L1>’ S2= (g@e* L2>'

It is easy to check that S is isometric. By the universal property of the noncommutative disk algebra, we
obtain a completely isometric representation 7y of A, satisfying

deJ(LZw):Swl"'Sw"v w:wl"'wneu::},
and we can extend ¢ to A, by
$(A) = (1y(A) (e +£2)/V2,82), A€ An.

From this, it is easy to check that ||¢| < 1.

Let &¥ denote the unital weakly closed algebra generated by S; and S;. The structure projection
from Theorem 2.3 is the projection P onto Ce, which is contained in &¥. Hence ¥ contains the element
B=(S,P+PhH / /2. The results of [Kennedy 2011] imply that Theorem 5.4 of [Davidson et al. 2005]
applies to the unital weak operator closed algebra generated by any isometric tuple. Thus there is a net
(B;) of elements in the unit ball of A, such that w”*-lim 7(B;) =B in ¥, Itis easy to check that || B|| =1
and (B(e +£5)/+/2, £5) = 1, so it follows that ||¢|| = 1.

By the Hahn—Banach theorem, we can extend ¢ to a functional on F;° with the same norm, which we
continue to denote by ¢. Let ¢ = ¢, + ¢ be the Lebesgue decomposition of ¢ into absolutely continuous
and singular parts as in Theorem 3.6. Then restricted to A4, we can write

¢a(A) = (PT§)(A) = (1(A)bo/V2.E0), A€ Ay,
$:(A) = (PO)(A) = (1(A)e/v2. &), A€ Ay
Letting B be as above, an easy computation gives
(B5o/v2,50) = (Be/v2,£0) = 1/V2.

Arguing as before, this implies ||¢4]] > 1 /«/5 and ||¢g] > 1 /ﬁ. By Theorem 3.6, it follows that
gall + lldsll = V201 $1-

Remark 3.8. It is well known that the algebra H is completely isometrically isomorphic to a subalgebra
of L>®(T). Ando [1978] used this fact to define a notion of absolute continuity and singularity for
functionals on H*°. Namely, a functional on H is absolutely continuous in the sense of [ibid.] if it
extends to a normal functional on L°°(T), and singular in the sense of [ibid.] if it extends to a singular
functional on L°°(T) (see Chapter 2 of [Takesaki 2002] for the definition of a singular functional on a
von Neumann algebra). We now show that these definitions agree with Definition 3.1.

It is clear that a functional on H° that is absolutely continuous in the sense of Definition 3.1 is also
absolutely continuous in the sense of [Ando 1978]. Let ¢ be a functional on H®° that is singular in the
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sense of Definition 3.1. A Lebesgue decomposition theorem also holds for H* using the definition of
absolute continuity and singularity from [Ando 1978] (see, for example, [Ueda 2009]). Hence there are
functionals ¢, and ¢; on F '7° such that ¢ = b + &5, where @, is absolutely continuous in the sense of
[Ando 1978], and ¢, is singular in the sense of [ibid.]. Moreover, ||¢| = [|@a |l + |5 |l. Note that @, is
absolutely continuous (in our sense). This implies that

@5l < llgll = limsup [|¢*|| < lim sup(||@X]| + |X (1) = lim sup [|§¥ | < [Ios-

Hence ¢ = ¢, and ¢ is singular in the sense of [ibid.].

Now let ¢ be an arbitrary functional on H®, let ¢ = ¢, + ¢, be the Lebesgue decompositions of ¢ as in
Theorem 3.6, and let ¢ = qga +g5s be the Lebesgue decomposition of ¢ as in [ibid.]. Then ¢, —q~ba = q~>s —¢y.
From above, ¢, — (j;a is absolutely continuous in the sense of [ibid.], and Jsx — ¢ is singular in the sense
of [ibid.]. Hence by the uniqueness of the Lebesgue decomposition, ¢, = @ and ¢, = d~)s.

We note that Definition 3.1 gives an intrinsic characterization of singular functionals on H*°, which
answers (at least in this classical setting) a question from [Ueda 2009]. For d > 2, it would be interesting to
know if there is an appropriate noncommutative analogue of L°°(T) with a subalgebra that is completely
isometrically isomorphic to F/°.

4. The extended F. and M. Riesz theorem

The results in this section can be viewed as noncommutative generalizations of the classical results
referred to as the F. and M. Riesz theorem. As mentioned in the introduction, results of this kind have
been established in different settings by Exel [1990], by Blecher and Labuschagne [2007], and by Ueda
[2009]. In fact, Blecher and Labuschagne seem to have anticipated that an F. and M. Riesz-type theorem
should hold for F2° (see the introduction of [Blecher and Labuschagne 2007]).

Theorem 4.1 (extended F. and M. Riesz theorem). Let ¢ be a bounded linear functional on F5°, and

let = ¢, + @5 be the Lebesgue decomposition of ¢ into absolutely continuous and singular parts as in
Theorem 3.6. Let § be a two-sided ideal of F3°. If ¢ is zero on $, then ¢, and ¢ are both zero on 9.

Proof. As in Section 2, there are vectors x and y in H, such that
¢ (A) = (m,(A)x,y) forall Ae F°.

By Proposition 3.5 we can write ¢, = P;'¢, and by Proposition 3.3 we can write ¢; = P,¢. If we
identify F7° with its image ,(F7;°) in (F7°)**, then the functionals ¢, ¢, and ¢, each have unique
weak-* continuous extensions to functionals on (F7°)** with the same norm.

Let $ denote the ideal in (F;°)** obtained by taking the weak-* closure of 7, ($). Since ¢ is zero
on $, it is zero on $. For A in $, m,,(A) PML belongs to $, which implies

0= (P ¢)(A) = ¢u(A).

Hence ¢, is zero on $, and it follows immediately that ¢; is also zero on $. [l
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Corollary 4.2 (F. and M. Riesz theorem). Let ¢ be a bounded linear functional on F3°. If ¢ is zero on
F d°’°0, where F ﬁ) denotes the ideal of F3° generated by Lz, ..., Lz,, then ¢ is absolutely continuous.

Proof. Let ¢ = ¢, + ¢ be the Lebesgue decomposition of ¢ into absolutely continuous and singular parts
as in Theorem 3.6. By Theorem 4.1, ¢, and ¢, are both zero on ij(’). By Definition 3.1, if ¢ is zero on
F d°%, it is necessarily zero on all of F7°. Hence ¢ = ¢, and ¢ is absolutely continuous. [l

5. Quotient algebras
For a weak-* closed two-sided ideal $ of F/°, let s{; denote the quotient algebra F;°/9.

Definition 5.1. Let § be a weak-* closed two-sided ideal of F°, and let ¢ be a bounded functional
on Ag. Then

(1) ¢ is absolutely continuous if it is weak-* continuous, and

(2) ¢ is singular if ||@|| = ||¢¥|| for every k > 1, where ¢* denotes the restriction of ¢ to the ideal of sd
generated by {Lz, | |lw| =k}, where for a word w in [F}}, Lz, denotes the image in sdy of Lz, .

Theorem 5.2 (Lebesgue decomposition for quotients of F3°). Let $ be a weak-* closed two-sided ideal
of F°, and let ¢ be a bounded linear functional on dg. Then there are unique linear functionals ¢,
and ¢s on g such that ¢ = ¢, + ¢s, where ¢, is absolutely continuous and ¢ is singular, and such that

ol < ligall + sl < V2l
Ifd =1, then the constant /2 can be replaced with the constant 1.

Proof. By basic functional analysis, we can lift the functional ¢ to a functional ¥ on F7° with the
same norm. Let ¥ = v, + ¥, be the Lebesgue decomposition of ¥ into absolutely continuous and
singular parts as in Theorem 3.6. The functional ¥ annihilates $, so by Theorem 4.1, both v, and
annihilate $. Hence v, and ¥; induce functionals ¢, and ¢; on g, respectively, with the same norm.
Clearly ¢ = ¢, + ¢, and the inequality

Il < llgall + sl < V2Ii

follows from the corresponding inequality in Theorem 3.6. The functional ¢, is absolutely continuous
since v, is absolutely continuous on F7°. To see that ¢; is singular, simply note that for every k > 1, the
ideal (sdg,0)" is the image in i of the ideal (Fj%)F. O

Corollary 5.3 (Lebesgue decomposition for multiplier algebras). Let s be the multiplier algebra of a
complete Nevanlinna—Pick space, and let ¢ be a bounded linear functional on . Then there are unique
linear functionals ¢, and ¢s on A such that ¢ = ¢, + ¢, where ¢, is absolutely continuous and @y is
singular, and such that

el < liall + llgsll < V201
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6. Uniqueness of the predual

Let X and Y be Banach spaces such that X* =Y. Then X is said to be a predual for Y. Every predual X
of Y naturally embeds into the dual space Y*, and a subspace X of Y™ is a predual of Y if and only if it
satisfies the following properties:

(1) The subspace X norms Y, i.e., sup{|x(y)| | x € X, ||x|| <1} = y| forall yinY.
(2) The closed unit ball of Y is compact in the o (Y, X) topology.

The space Y is said to have a strongly unique predual if there is a unique subspace X of Y* such that
Y = X*. For a survey on uniqueness results for preduals, we refer the reader to [Godefroy 1989].

In the operator-theoretic setting, the results of Sakai [1956], Ando [1978] and Ueda [2009] mentioned
in the introduction established that von Neumann algebras and maximal subdiagonal algebras have unique
preduals. Ruan [1992] proved that an operator algebra with a weak-* dense subalgebra of compact
operators has a unique predual, which applies to, for example, nest algebras and atomic CSL algebras.
Effros, Ozawa and Ruan proved in [Effros et al. 2001] that a W*TRO (i.e., a corner of a von Neumann
algebras) has a unique predual. More recently, Davidson and Wright [2011] proved that a free semigroup
algebra has a unique predual. Note that Davidson and Wright’s result applies to F$°, but not to quotients
of F7°.

The following definition is closely related to the notion of an M-ideal in a Banach space (see [Harmand
et al. 1993] for more information).

Definition 6.1. A Banach space X is L-embedded if there is a projection P on the bidual X** with
range X such that

x|l = || Px]|| + ||x — Px|| forall x € X**.

The following result of Pfitzner implies that every separable L-embedded space has Godefroy and
Talagrand’s property (X), and hence by a result of Godefroy and Talagrand [1981], that it is the unique
predual of its dual.

Theorem 6.2 [Pfitzner 2007]. Separable L-embedded spaces have property (X).

The results of Sakai, Ando and Ueda on decompositions of linear functionals imply that the preduals
of von Neumann algebras and maximal subdiagonal algebras are L-embedded, and hence by Pfitzner’s
theorem, that they are unique. However, Example 3.7 shows that preduals of quotients of F;° are not,
in general, L-embedded, so we are unable to use Pfitzner’s result. Instead, we give a direct proof that
quotients of F7° have (strongly) unique preduals.

Theorem 6.3. Let § be a weak-* closed two-sided ideal of Fi°. Then the algebra slg has a strongly
unique predual.

Proof. Suppose E is a predual for sdg, identified with a subspace of (s4)*. By Theorem 5.2,

(sdg)™ = (sdg), @ (Ay)y,
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where (sdy)? and (sdg); denote the set of absolutely continuous and singular functionals on sy, respec-
tively. We want to prove that £ = (sdy)?.

Let ¢ be a functional in E, and let ¢ = ¢, + ¢ be the Lebesgue decomposition of ¢ as in Theorem 5.2.
We will prove that ¢; =0. Suppose to the contrary that ¢ # 0. By basic functional analysis, we can lift the
functional ¢ to a functional ¥ on F;° that is zero on $. Let ¥ = v, + ¥, be the Lebesgue decomposition
of ¢ as in Theorem 3.6. By Theorem 4.1, v, and ¥ are both zero on $, and by construction they induce
the functionals ¢, and ¢y, respectively, on the quotient s .

It follows from the results of [Kennedy 2011] that Theorem 5.4 of [Davidson et al. 2005] applies to
the unital weak operator closed algebra generated by any isometric tuple. Thus there is a net (B, of
elements in the unit ball of F7° such that w'-lim,(B;) = P, in (F 7°0)**. Since the net (B;,) is weak-*
convergent in (F7°)**, it is weakly Cauchy in F;°. Since the closed unit ball of F7° is compact in the
weak-* topology, and in particular is complete, this implies that there is B in the closed unit ball of
F3° such that w'-limB), = Bin F 7. For every weak-* continuous functional  on FJ°, Proposition 3.5
implies that

T(B) = li)ILnr(BA) =(P,7)(1)=0.

Hence B =0.

Let A be an element in the unit ball of F;° such that v;(A) # 0. Since the net (B;) is weakly Cauchy
in F7°, the image (B,) is weakly Cauchy in siy. It follows that the net (AB;) is also weakly Cauchy
in dg. Since E is a predual of o4, the closed unit ball of #dy is compact in the o (g, E) topology, and
in particular is complete. Thus, the net (AB;) converges in the o (g, E) topology to an element C in
the unit ball of s{4. By Proposition 3.3, we have

¢(C) = li{n¢(A_Bx) =limy(AB,) = (Pu¥)(A) = ¥5(4) #0,

so that C # 0. But since w'-lim B, =0 in F2°, it follows that w'-lim AB; =0 in 4. So for every T in
(sg)k, we necessarily have

7(C) = li{n T(AB;) =0.

Since (sdg)} separates points, this implies that C = 0, which gives a contradiction. Thus ¢ = ¢,, meaning
¢ is absolutely continuous.

Since ¢ was arbitrary, it follows from above that every functional in E is absolutely continuous, i.e.,
that E is contained in (sdy)}. If it were the case that E # (sg)}, then we could apply the Hahn—Banach
theorem to separate E from (s4)) with an element of s{s. But the fact that E is a predual of s{y means
in particular it must norm sy, so this is impossible. Therefore, we conclude that E = (sd4)¥, and hence
that (s4) is the unique predual of sy. O

Corollary 6.4. The multiplier algebra of every complete Nevanlinna—Pick space has a strongly unique
predual.
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BOHR’S ABSOLUTE CONVERGENCE PROBLEM FOR 7 ,-DIRICHLET SERIES
IN BANACH SPACES

DANIEL CARANDO, ANDREAS DEFANT AND PABLO SEVILLA-PERIS

The Bohr—Bohnenblust—Hille theorem states that the width of the strip in the complex plane on which an
ordinary Dirichlet series ), a,n™* converges uniformly but not absolutely is less than or equal to %, and
this estimate is optimal. Equivalently, the supremum of the absolute convergence abscissas of all Dirichlet
series in the Hardy space ¥, equals % By a surprising fact of Bayart the same result holds true if ¥, is
replaced by any Hardy space ¥, 1 < p < oo, of Dirichlet series. For Dirichlet series with coefficients
in a Banach space X the maximal width of Bohr’s strips depend on the geometry of X; Defant, Garcfia,
Maestre and Pérez-Garcia proved that such maximal width equals 1 — 1/Cot X, where Cot X denotes
the maximal cotype of X. Equivalently, the supremum over the absolute convergence abscissas of all
Dirichlet series in the vector-valued Hardy space #.,(X) equals 1 — 1/ Cot X. In this article we show
that this result remains true if ¥, (X) is replaced by the larger class 3¢, (X), 1 < p < oo.

1. Main result and its motivation

Given a Banach space X, an ordinary Dirichlet series in X is a series of the form D = Zn a,n—%, where the
coefficients a, are vectors in X and s is a complex variable. Maximal domains where such Dirichlet series
converge conditionally, uniformly or absolutely are half planes [Re > o], where o = o, 0, or o, are called
the abscissa of conditional, uniform or absolute convergence, respectively. More precisely, o, (D) is the
infimum of all € R such that on [Re > r] we have convergence of D of the requested type o = ¢, u or a.
Clearly, we have o.(D) < o0,(D) < 0,(D), and it can be easily shown that sup o,(D) —o.(D) = 1, where
the supremum is taken over all Dirichlet series D with coefficients in X. To determine the maximal width
of the strip on which a Dirichlet series in X converges uniformly but not absolutely is more complicated.
The main result of [Defant et al. 2008] states, with the notation given below, that

S(X)::supaa(D)—ou(D)zl—CO%. 1)
Recall that a Banach space X is of cotype g, 2 < g < 0o, whenever there is a constant C > 0 such that
for each choice of finitely many vectors xj, ..., xy € X we have
N 1/q N 2 1/2
<Z ||xk||‘§() < C< [ dz) , @)
k=1 ™z X
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where T :={z € C | |z| = 1} and TV is endowed with the N-th product of the normalized Lebesgue
measure on [; we denote the best of such constants C by C,(X). As usual we write

Cot X :=inf{2 < g < oo | X is of cotype g},

and, although this infimum in general is not attained, we call it the optimal cotype of X. If there is no
2 < g < oo for which X has cotype ¢, then X is said to have no finite cotype, and we put Cot X = oo.
To see an example,

g for2<g<oo,

Cow":{z forl<g<?2.

The scalar case X = C in (1) was first studied over a hundred years ago: Bohr [1913a] proved that
S(C) < 1, and Bohnenblust and Hille [1931] that S(C) > % Clearly, the equality

S©€) =3, 3)

nowadays called the Bohr—Bohnenblust—Hille theorem, fits with (1). Let us give a second formulation
of (1). Define the vector space ¥ (X) of all Dirichlet series D =) a,n™* in X such that

® O_C(l)) S 0’
o the function D(s) =), a,(1/n*) on Res > 0 is bounded.

Then # . (X) together with the norm
=1

| Dll5..cx) = sup
Res>0

s

n=1 X

forms a Banach space. For any Dirichlet series D in X we have

o,(D) = inf{cf eR

Za—i%e%wm}- @)
. n- n

In the scalar case X = C, this is (what we call) Bohr’s fundamental theorem [1913b], and for Dirichlet
series in arbitrary Banach spaces the proof follows similarly. Together with (4) a simply translation
argument gives the following reformulation of (1):

SX)= sup o,(D)=1- !

- (%)
DeHoo(X) CotX

Following an ingenious idea of Bohr each Dirichlet series may be identified with a power series in
infinitely many variables. More precisely, fix a Banach space X and denote by 3(X) the vector space
of all formal power series ), c,z% in X and by ©(X) the vector space of all Dirichlet series ), a,n™*
in X. Let as usual (p,), be the sequence of prime numbers. Since each integer n has a unique prime
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number decomposition n = pi' - - p;* = p® with a; € Ny, 1 < j <k, the linear mapping

By : PX) - D(X),

o0
E caz“wg apn™"  if ape = cq,
n=1

()
aeN,

(6)

is bijective; we call By the Bohr transform in X. As discovered by Bayart [2002] this (a priori very)
formal identification allows us to develop a theory of Hardy spaces of scalar—valued Dirichlet series.

Similarly, we now define Hardy spaces of X-valued Dirichlet series. Denote by dw the normalized
Lebesgue measure on the infinite-dimensional polytorus T° = [];2, T, that is, the countable product
measure of the normalized Lebesgue measure on T. For any multiindex ¢ = (1, ..., ¢,,0,...) € 7N
(all finite sequences in Z) the a-th Fourier coefficient f () of f € L1(T*, X) is given by

f@y=[ fww*dw,

'|]'OO

where we as usual write w* for the monomial w‘f” .-~ wy". Then, given 1 < p < oo, the X-valued Hardy
space on T is the subspace of L,(T*, X) defined as

Hy(T®, X)={f € L,(T®, X) | f(a) =0 forall « € Z™ \N{}. (7

Assigning to each f € H,(T*, X) its unique formal power series ) _, f ()z* we may consider H, (T, X)
as a subspace of B(X). We denote the image of this subspace under the Bohr transform ‘B by

#Hp(X).
This vector space of all (so-called) #,(X)-Dirichlet series D together with the norm
1D 115,000 = 1B %" (D) 1, 7.x)
forms a Banach space; in other words, through Bohr’s transform By from (6) we by definition identify
#H,(X)=H,(T*,X), 1<p<oo.

For p = 0o we this way of course could also define a Banach space #~.(X), and it turns out that at least
in the scalar case X = C this definition then coincides with the one given above; but we remark that
these two #H~(X)’s are different for arbitrary X. It is important to note that by the Birkhoff—Khinchin
ergodic theorem the following internal description of the 3, (X)-norm for finite Dirichlet polynomials

D =>Y"7_, atk™* holds:
| T P 1/p
D = 1i A dt
1D se, (x) Tlféo(zT /_r X )

(see, for example, Bayart [2002] for the scalar case, and the vector-valued case follows exactly the same
way).

n
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Motivated by (4) we define for D € ®(X) and 1 < p < 00
a, 1
Z—Z—SEWX)}, ®)
— n’n

the so-called €, (X)-abscissa of D. In [Aleman et al. > 2014], Aleman, Olsen, and Saksman prove that
the sequence (of Dirichlet series) 1/n*, n € N is a Schauder basis in 7 ,(C) for 1 < p < oo. Hence, for
1 < p < 0o and any Dirichlet series D € ©(C) we have

G%]}(X)(D) = inf{a eR

N a, 1
o, (D) = inf{ o eR ’(Z n—an—> is Cauchy in %,,(C)}, )
1 N

which (in the scalar case) is the perfect analog of Bohr’s fundamental theorem (i.e., the case p = oo from
(4), where uniform convergence is precisely being Cauchy in % ,(C)). In [Defant 2013] it is shown that
(9) also holds true for p = 1 (although in this case the 1/n* are definitely no Schauder basis in #; (C)),
and even more: The arguments given in [Defant 2013] (inspired by Bohr’s original ideas [1913b]) prove
that (9) even holds for any 1 < p < 00 and any X-valued Dirichlet series D € #,(X). In view of (1) and
(5), it therefore seems natural to study
Sp(X):= sup o,(D)— O'%p(X)(D) = sup o,(D)
DeD(X) Dedt,(X)

(for the second equality use again a simple translation argument). The scalar case is completely understood
since, by a result of Bayart [2002],

Sp(0) = % forevery 1 < p < o0, (10)
which according to Helson [2005] is surprising since ¥~ (C) is much smaller than %, (C).
The following theorem unifies and generalizes (1), (3) as well as (10), and it is our main result.

Theorem 1.1. For every 1 < p < 00 and every Banach space X we have

1
Cot X~

The proof will be given in Section 3. But before we start let us give an interesting reformulation

S,(X)=1-

in terms of the monomial convergence of X-valued H,-functions on T*. Fix a Banach space X and
1 < p < 00, and define the set of monomial convergence of H,(T>, X):

mon H,(T*, X) = {z € B,

> lIf@)z%llx < oo forall f € H,(T™, X)}.

Philosophically, this is the largest set M on which for each f € H,(T, X) the definition g(z) =
Yo f (@)z%, z € M leads to an extension of f from the distinguished boundary T to its “interior” B,
(the open unit ball of the Banach space ¢ of all null sequences). For a detailed study of sets of monomial
convergence in the scalar case X = C see [Defant et al. 2009], and in the vector-valued case [Defant and
Sevilla-Peris 2011].
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We later need the following two basic properties of monomial domains (in the scalar case see [Defant
et al. 2008, p. 550; 2014, Lemma 4.3], and in the vector-valued case the proofs follow similar lines).

Remark 1.2. (1) Letzemon H,(T*, X). Then u = (25 ()), € mon H,(T>, X) for every permutation &
of N.

(2) Let z e mon H,(T*°, X) and x = (x,), € D™ be such that |x,| < |z,| for all but finitely many »’s.
Then x € mon H, (T, X).

Given 1 < p < oo and a Banach space X, the following number measures the size of mon H, (T, X)
within the scale of £,-spaces:

M, (X)=sup{l <r <oo|£ NB, CmonH,(T™, X)}.

The following result is a reformulation of Theorem 1.1 in terms of vector-valued H,-functions on T
through Bohr’s transform ‘B x. The proof is modeled along ideas from Bohr’s seminal article [1913a,
Satz IX].

Corollary 1.3. For each Banach space X and 1 < p < 0o we have

Cot X

MpX) = Corx—1-

Proof. We are going to prove that §,(X) =1/M,(X), and as a consequence the conclusion follows from
Theorem 1.1. We begin by showing that S,(X) < 1/M,(X). We fix ¢ < M,(X) and r > 1/q; then we
have that (1/p},), € £, N B, and, by the very definition of M, (X), >, ||f(a)(1/p’)“||x < 00 converges
absolutely for every f € H,(T°, X). We choose now an arbitrary Dirichlet series

D=%Bxf=)Y amn* €¥,(X) with f e H,(T, X).

Then
)3 lanlx - = )3 lapellx (7) = )3 I @ix(7)" < oo

Clearly, this implies that S,(X) < r. Since this holds for each r > 1/g, we get that S,(X) < 1/¢, and
since this now holds for each ¢ < M, (X), we have §,(X) < 1/M,(X). Conversely, let us take some
g > M,(X); then there is z € £, N B., and f € H,(T*, X) such that ), f(oz)z“ does not converge
absolutely. By Remark 1.2 we may assume that z is decreasing, and hence (z,n'/9),, is bounded. We
choose now r > g and define w, = 1/ p,lz/ ". By the prime number theorem we know that there is a
universal constant C > 0 such that

I 1 (logm)'/”
/g2
<Czyn PryrER Y

Zn 1/r 1/qPr1t/r 1/q ( Pn Ir
O<w—=an =Znh "7 =y (-) nl/q——l/r—

n
" nl/a n

The last term tends to O as n — oo; hence z, < w, but for a finite number of n’s. By Remark 1.2
this implies that ) _, f ()w* does not converge absolutely. But then D =By f =) a,n™* € #,(X)



518 DANIEL CARANDO, ANDREAS DEFANT AND PABLO SEVILLA-PERIS

satisfies

1 1 \¢ A
Do llanll = D llaplx () = 20 I @lxwe = oo
n o o
This gives that o,(D) > 1/r for every r > g, hence o,(D) > 1/g. Since this holds for every g > M, (X),
we finally have S,(X) > 1/M,(X). O

We shall use standard notation and notions from Banach space theory, as presented, for example, in
[Lindenstrauss and Tzafriri 1977; 1979]. For everything needed on polynomials in Banach spaces see, for
example, [Dineen 1999; Floret 1997].

2. Relevant inequalities

The main aim here is to prove a sort of polynomial extension of the notion of cotype. Recall the definition
of Cy(X) from (2). Moreover, from Kahane’s inequality we know that there is a (best) constant K > 1

such that, for each Banach space X and each choice of finitely many vectors x1, ..., xy € X,
N 2 172 N
(/ Zkak dZ) <K / Zkak dz.
™z X ™Iz X
As usual we write || = a1+ -+ ay and a! = a;! - - - ap! for every multiindex « € Nf)v.

Proposition 2.1. Let X be a Banach space of cotype q,2 < q < o0, and

P:CN > X, P@@= Z CaZ®

N
aeNy
lee]=m

be an m-homogeneous polynomial. Let

""" Im %0y im

T:CVx-xC¥ X, TV, ....2™= Y ay iz’ 2"

be the unique m-linear symmetrization of P. Then

1/q mm
(Z lai, .. imn?() < (C,OK)" = / IP@)llx dz.
m: JTnN

il ----- im

Before we give the proof let us note that [Bombal et al. 2004, Theorem 3.2] is an m-linear result that,
combined with polarization, gives (with the previous notation)

m

1/q m
( > i, ||‘§> < C,(0" — sup [P@).

. A m: N
i1yeensim zeD

Our result allows us to replace (up to the constant K) the || || norm with the smaller norm || ||;. We

prepare the proof of Proposition 2.1 with three lemmas. The first one is a complex version of [Defant
et al. 2010, Lemma 2.2] with essentially the same proof; we include it for the sake of completeness.



BOHR’S ABSOLUTE CONVERGENCE PROBLEM FOR %,-DIRICHLET SERIES IN BANACH SPACES 519

Lemma 2.2. Let X be a Banach space of cotype q, 2 < g < 00. Then, for every m-linear form

..... lm i im ’

T:CVNx...xC" > X, T, ... 2= Z aj, zi) g™

we have

N

(%

AT iznzl

1/q
||a,-1,...,,-m||‘§() < (C,(X)K)" / f ITED, . 2™ xdz® - dz™.
TN~ TN~

Proof. We prove this result by induction on the degree m. For m = 1 the result is an immediate
consequence of the definition of cotype ¢ and Kahane’s inequality. Assume that the result holds for m — 1.
By the continuous Minkowski inequality we then conclude that for every choice of finitely many vectors
e Xwithl <i; <N,1=<j<mwehave

----- Im

..... wim—1 im

ez (1

Iyeenslm—1

qa\4d/4q
a’z(m)) )
X

} : (m)
Aiy,..im <
im

a\1/q q
< Cy(X)1K1 ( / ( Z ‘ ,,,,, 2y ) dz(’"))
TN "l x
1 1 /
<Cy (X)4m K™ (/ / / i ]Z( )’ L Zz(m_l ) dzV ... dzm=D dz(m)) ,
TN T~ " x
which is the conclusion. O

The following two lemmas are needed to produce a polynomial analog of the preceding result.

Lemma 2.3. Let X be a Banach space, and f : C — X a holomorphic function. Then for Ry, R, R >0
with Ry + R, < R we have

// I f(Rizi+ Rozo)lx dz1dzo 5/ I f(R2)|lx dz.
TJT T
Proof. By the rotation invariance of the normalized Lebesgue measure on T we get
/ / | f(Riz1+ Rezo)x dzidza = / / | f(Riziza+ Roza)llx dz1 dza

TJT TJT

=//||f(Zz(R121+R2))||XdZIdZ2=//||f(Zz|R121+R2|)||XdZ2dZ1
TJT TJT

2w p2mw ) ) dt ds
_ / / | f(ar DRI x dzadzy = / / 1@ Ry 2L 43
TJT 0 0

27’
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where r(z) = (1/R)|R1z + R»|, z € T. We know that for each holomorphic function 4 : C — X we have

27 ) dt
ih@lxdz= sup [ el St
0

0<r<i1

(see, for example, Blasco and Xu [1991, p. 338]). Define now h(z) = f(Rz), and note that 0 < r(z) <1
for all z € T. Then

27 p2m
isy i dt d
IIf(R121+R2Z2)||xd21dzz— lh(r(e)e") | x S &5
21 27w

S
5/0 A||h<z)||xdzE=A||f<Rz>||Xdz.

This completes the proof. U
A sort of iteration of the preceding result leads to the next:

Lemma 2.4. Let X be a Banach space, and f : CN — X a holomorphic function. Then, for every m,

// ||f(z“)+---+z<"”)||xdz<‘>---dz<'">s/ I f (mz)llx dz.
‘H'N ‘H'N ‘H'N

Proof. We fix some m, and do induction with respect to N. For N = 1 we obtain from Lemma 2.3 that

/ f// | F @D e 2D =D ) g =) g o) (D g n=2)

=g,y m—2) (2"~ D4zm)
m_2 .......

=/ / / f 1F GV 4 27D 1 2w) | x dwdz™ P dzV - .. dz ™Y
T TJTJT

—_——
< / ... / / ||f(Z(1) 4 gmd 3w)||x dzV ... dzm=3 gw

T TJT

< / 1 (m2)x dz.
T

We now assume that the conclusion holds for N — 1 and write each z € TV as z = (u, w), with u € TV !
and w € T. Then, using the case N =1 in the first inequality and the inductive hypothesis in the second,
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we have

/ . / IFGEP+- 2 xdz D - d™
™ JTY

[,/ (/-~fufmﬂ%wo+~wwﬁmmwnhdwy~mM)dw“~dwm
- J=\Ur o Jr
s[ '“/, (fuf«wﬂnw»+~-+wwhmede)mN%~dwm

TN-1 TN-1 T

:/(/N 1“‘/1\/ 1 ||f((u(1)’mw)+"'+(u(m),mU)))||Xdu(1)---du(m)> dw
T\JT~- -

5/(/ ||f((mu,mw)+--'+(mu,mw))||xdu> dw
T\JTN¥-!

=f|vmmun,
'H'N

as desired. O

Proof of the inequality from Proposition 2.1. By the polarization formula we know that for every choice
of zV, ...,z e TV we have

N
1 .
M (m)y — ()
TV, ...,z )_2mm! E & smP(E iz )
gi==%1 i=1

(see, for example, [Dineen 1999] or [Floret 1997]). Hence we deduce from Lemma 2.4

N

1 .

[ TED, e de® ™ < /f p 20

/w /w” (z ") |xdz e E S E &z

gi==*1 i=1

1 |

= P E @

WWE;ANA@ ( Z)

i=1
1 N

=— 1 .- P @
m! /TrN fﬂ"" (ZZ )

i=1
1 m™
<— | IPm2)lxdz=— [ [P@)lxdz.
m! ™ m! ™

dzV ... dz™
X

dz® ... dz™
X

dzV . dz™
X

Then by Lemma 2.2 we obtain

m

= (C4(X)K)™ m—,/ 1P (2)llxdz,
m:. JTN

which completes the proof of Proposition 2.1. U
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A second proposition is needed which allows us to reduce the proof of our main result (Theorem 1.1) to
the homogeneous case. It is a vector-valued version of a result of [Cole and Gamelin 1986, Theorem 9.2]
with a similar proof (here only given for the sake of completeness).

Proposition 2.5. There is a contractive projection
@, Hy(TV, X) — H,(TY, X),  f+> fus
such that, for all f € Hp (TN, X),
f(oz):fm(a) forallaeN{)\’ with |a| = m. (11)

Proof. Let ?(CY, X) C H,(T", X) be the subspace of all finite polynomials f =Y, coz”; here A
is a finite set of multiindices in NJ) and the coefficients ¢, € X. Define the linear projection ®Y, on
P(CV, X) by

O(ND=fa@= D fl@z;

aeA,|al=m

clearly, we have (11). In order to show that @9, is a contraction on (?(C", X), || - ||,) fix some function
f e P(CN, X) and z € TV, and define

fz):T—X, wr f(zw).
Clearly, we have

faw) =Y fikyw",

k
and hence

@) = / Fww™ dw.
T

Integration, Holder’s inequality and the rotation invariance of the normalized Lebesgue measure on TV

give
p
/ I fin (@5 dz 2/ / feww " dw|| dz
™ T™IJT X
p
S/ (/ ||f(Zw)||de> dz
TV AJT
< [ [ ireontdzde= [ @i
TJTV T
which proves that CIDS1 is a contraction on (P(CV, X), || - |l p). By Fejér’s theorem (vector-valued) we know

that ?(CV, X) is a dense subspace of H » (TN, X). Hence @81 extends to a contractive projection @,
on H, (TV, X). This extension ®,, still satisfies (11) since the mapping H, TV, X) = X, f— f(oz) is
continuous for each multiindex «. O
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3. Proof of the main result

We are now ready to prove Theorem 1.1. Let 1 < p < oo, and recall from (1) that

1
CotX

see Remark 3.1 for a direct argument. Hence it suffices to concentrate on the upper estimate in Theorem 1.1:
Since we obviously have S,(X) < §1(X), we are going to prove that

1
- CotX’

Suppose first that X has no finite cotype, i.e., CotX = oco. For D = )" a,n™* € %;(X) we take
f e Hi(T*, X) with D =By f. Note that

1 = Soo(X) = §p(X);

Si(X) =1 (12)

1f@lx < /I 1Lf yw ™ lx dw = | fllz, .5 < 005

hence, by the definition of B, the coefficients of D are also bounded by || f |z, T, x). As a consequence,
for every o > 1 we have

> [ — 1
D lanllx === 3 I f ey — < oo,
n=1 n=1

This means that §;(X) <1 and as a consequence (12) holds.
Now if X has finite cotype, take ¢ > Cot X and ¢ > 0, and put s = (1 — 1/¢)(1 + 2¢). Choose an
integer ko such that p,‘zq >eCy (X)K(Zjil l/pjl.+8)1/q and define

p~ = (pkm <o+ Pkos Pko+1s Pko+25 -+ - )
—

ko times

We are going to show that there is a constant C (g, X, €) > 0 such that for every f € H;(T°°, X) we have

A 1
Y If@lx=
p

(N)
aeNy

<C(g, X, fllH = x)- (13)

This finishes the argument: By Remark 1.2 the sequence 1/p* is in mon H;(T*°, X). But in view of
Bohr’s transform from (6), this means that for every Dirichlet series D =), a,n™" =Bx f € #1(X)
with f € H (T*, X) we have

> 1 1
D llanllx—= 3 If@)llx— < oo,
n=1

(N)
aeNy

Therefore o,(D) < (1 —1/g)(1 + 2¢) for each such D which, since ¢ > 0 was arbitrary, is what we
wanted to prove.

It remains to check (13); the idea is to show first that (13) holds for all X-valued H;-functions
which only depend on N variables: There is a constant C(g, X, ¢) > O such that for all N and every
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f e H(TV, X) we have

A 1
> If@llx

nsa
p
aeNg

<Cq, X, ) f N oy crv x)- (14)

In order to understand that (14) implies (13) (and hence the conclusion), assume that (14) holds and take
some f € H{(T*, X). Given an arbitrary N, define

TV > X, fy(w) = . fw, ®) dib.

Then it can be easily shown that fy € LTV, X, I fvlli < ILf D1, and fN(a) = f(a) forall € ZV. If
we now apply (14) to this f, we get

A 1
> If@lix

ﬁsa
aeNg

=C@q, X, &) fll e x),

which, after taking the supremum over all possible N on the left side, leads to (13).
We turn to the proof of (14), and here in a first step will show the following: For every N, every
m-homogeneous polynomial P : CV — X and every u € £, we have

R 0 A\
> ||P(0!)Ma||X§(€Cq(X)K)m/TN IP(2)lx dz (Zw,-w) : (15)
aeNg j=1
|a|=m

Indeed, take such a polynomial P(z) =) P(a)z%, z € TV, and look at its unique m-linear

aeNngzm
symmetrization

i g ™

T:CNX---XCN—>X, T(z(l),...,z(’"))z Z a;, 'Z(l),--- Z-(m).

Then we know from Proposition 2.1 that

1/q
( 3 la,.. im||§) < (eCo(X)K)" /T NP@Ilx dz.

Hence (15) follows by Holder’s inequality:

N o0 m/q'
P “Ix = iy i Wiy < X)K)" P d 14 .
> IP@u® | D Nty iy I i, - iy | < (eCy(X) )/wu @lx z(Zw )

aeNg i1yeeesim=1 j=1
lo|=m

We finally give the proof of (14): Take f € H; (TV, X), and recall from Proposition 2.5 that for each
integer m there is an m-homogeneous polynomial P, : CV — X such that || P, || 2av.x) < N e av x)



BOHR’S ABSOLUTE CONVERGENCE PROBLEM FOR %,-DIRICHLET SERIES IN BANACH SPACES 525

and P, («) = f(a) for all « € N} with |«| = m. From (15), the definition of s, and the fact that
max{py,, p;j} < p; for all j we have

dSTUf

aeNN m= loteNN
lo|=m
o0 o0 1 m/q'
<Y (€Cy(X)K)" | Pl gty v ) (Z q)
m=1 j=1Pj
o0 o0 1 )n/q/
=Y (CoXOK)" I f v x) (Z 1—+2>
m=1 j=1 Pj

pnqg

o m/q’
1 1
(eCq(X)K)" 1 f ety crv x) (Z iTe ~g)
= PPy

3
il

_ 1/g'\ m
eCo (0K (X2, p; “*”)/‘1)

< If lmav.x) Z( T

P,
<1
This completes the proof of Theorem 1.1. O
Remark 3.1. We end this note with a direct proof of the fact
1
CtX_S(X) 1 <p<oo, (16)
in which we do not use the inequality
1
— G = S0 (17)

from [Defant et al. 2008] (here repeated in (1)). The proof of (17) given in that reference shows in a first
step that 1 — 1/T1(X) < Seo(X) where

[T1(X) =inf{r > 2 |idy is (r, 1)-summing},

and then, in a second step, applies a fundamental theorem of Maurey and Pisier stating that I1(X) = Cot X.

The following argument for (16) is very similar to the original one from [Defant et al. 2008] but does
not use the Maurey—Pisier theorem (since we here consider € ,(X), 1 < p < oo instead of #,(X)): By
the proof of Corollary 1.3, inequality (16) is equivalent to

Cot X
M (X)_C tOX

Take r < M,(X), so that £, N B, C mon H, (T, X). Let H;(TOO, X) be the subspace of H,(T*, X)
formed by all 1-homogeneous polynomials (i.e., linear operators). We can define a bilinear operator
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£, X Hll, (T, X) — £1(X) by (z, f) = (z; f(e;)); which, by a closed graph argument, is continuous.
Therefore, there is a constant M such that for all z € ¢, and all f € H ; (T*°, X) we have

D lzilllf epllx < Mllzlie, I f 1 re.x)-
J

Taking the supremum over all z € B,, we obtain for all f € H pl (T, X)

1/r
(Z IIf(ej)IIS<> < M| fllm,a~.x).
J

Now, take x, ..., xy € X, define f € H;(TTOO, X) by

xj ifl1<j<N,
ej)=1.
fley) {0 if j>N
and extend it by linearity. By the previous inequality and Proposition 2.5 we have
N ) 1/r N r 1/r
(Z ||x,,-||§> < M(/ > iz dz) :
j=1 =i X
By Kahane’s inequality, X has cotype r’, which means that »’ > Cot X or, equivalently, r < %.

Since r < M, (X) was arbitrary, we obtain (16).
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