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PROBABILISTIC GLOBAL WELL-POSEDNESS FOR THE SUPERCRITICAL
NONLINEAR HARMONIC OSCILLATOR

AURELIEN POIRET, DIDIER ROBERT AND LAURENT THOMANN

Thanks to an approach inspired by Burq and Lebeau [ Ann. Sci. Ec. Norm. Supér. (4) 6:6 (2013)], we prove
stochastic versions of Strichartz estimates for Schrodinger with harmonic potential. As a consequence, we
show that the nonlinear Schrédinger equation with quadratic potential and any polynomial nonlinearity
is almost surely locally well-posed in L?(R?) for any d > 2. Then, we show that we can combine this
result with the high-low frequency decomposition method of Bourgain to prove a.s. global well-posedness
results for the cubic equation: when d = 2, we prove global well-posedness in % (R?) for any s > 0, and
when d = 3 we prove global well-posedness in #°(R?) for any s > %, which is a supercritical regime.

Furthermore, we also obtain almost sure global well-posedness results with scattering for NLS on R?
without potential. We prove scattering results for L2-supercritical equations and L?-subcritical equations
with initial conditions in L? without additional decay or regularity assumption.

1. Introduction and results

1A. Introduction. It is known from several works that a probabilistic approach can help to give insight
into the dynamics of dispersive nonlinear PDEs, even for low Sobolev regularity. This point of view
was initiated by Lebowitz, Rose and Speer [1988], developed by Bourgain [1994; 1996] and Zhidkov
[2001], and enhanced by Tzvetkov [2006; 2008; 2010], Burq and Tzvetkov [2008a; 2008b], Oh [2009/10;
2009], Colliander and Oh [2012] and others. In this paper we study the Cauchy problem for the nonlinear
Schrodinger—Gross—Pitaevskii equation

ot (1-1)

{Z.B_u + Au—|x|2u=+ulP " u, (@t x)eRxRY,
M(O) = Uy,

with d > 2, p > 3 an odd integer and where u is a random initial condition.

Much work has been done on dispersive PDEs with random initial conditions since the papers of Burq
and Tzvetkov [2008a; 2008b]. In these articles, the authors showed that, thanks to a randomisation of the
initial condition, one can prove well-posedness results even for data with supercritical Sobolev regularity.
We also refer to [Burq and Tzvetkov 2014; Thomann 2009; Burq et al. 2010; Poiret 2012a; 2012b;
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de Suzzoni 2013; Nahmod and Staffilani 2013] for strong solutions in a probabilistic sense. Concerning
weak solutions, see [Burq et al. 2012; > 2014; Nahmod et al. 2013].

More recently, Burq and Lebeau [2013] considered a different randomisation method, and thanks to
fine spectral estimates they obtained better stochastic bounds, which enabled them to improve the previous
known results for the supercritical wave equation on a compact manifold. In [Poiret et al. 2013] we
extended the results of [Burq and Lebeau 2013] to the harmonic oscillator in R?. This approach enables
us to prove a stochastic version of the usual Strichartz estimates with a gain of d/2 derivatives, which
we will use here to apply to the nonlinear problem. These estimates (the result of Proposition 2.1) can
be seen as a consequence of [Poiret et al. 2013, Inequality (1.6)], but we give here an alternative proof
suggested by Nicolas Burg.

Consider a probability space (2, %, P) and let {g, },>0 be a sequence of real random variables, which
we will assume to be independent and identically distributed. We assume that the common law v of g,
satisfies, for some ¢ > 0, the bound

o0 5
[ e’ dv <e’” forall y €R. (1-2)

—0o0
This condition implies in particular that the g, are centred variables. It is easy to check that (1-2) is
satisfied for centred Gauss laws and for any centred law with bounded support. Under condition (1-2),
we can prove the Khinchin inequality (Lemma 2.3), which we will use in the sequel.
Let d = 2. We denote by
H=-A+|x|?

the harmonic oscillator and by {¢; | j > 1} an orthonormal basis of L?(R?) of eigenvectors of H (the
Hermite functions). The eigenvalues of H are the {2(£; +---+ £4) +d | £ € N¢}, and we can order
them in a non-decreasing sequence {A; | j > 1}, repeated according to their multiplicities, and so that

Hoj = 4.
We define the harmonic Sobolev spaces for s > 0, p > 1 by
WP = WP (RY) = {u e LP(R?Y) | H*/?u € LP(RY)},
I = 95 (RY) = Ws:2,
The natural norms are denoted by ||u||4s.» and up to equivalence of norms, for 1 < p < 400, we have
[Yajima and Zhang 2004, Lemma 2.4]
lullwsr = [H2ullLr = 1(=8)""2ul Lo +|{x) ull .
For j > 1, let
I(j)={neN|2j <A, <2(j + D}

Observe that, for all j > d/2, I(j) # @ and that #1(j) ~ ¢4 j¢~" when j — +oo0.
Let s € R. Any u € %*(R?) can be written in a unique fashion as

+o0
u= Z Z Cn¥n.

j=1nel(j)
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Following a suggestion of Nicolas Burq, we introduce the condition

lex|? < |> forall j >1andk € I(j), (1-3)

C
#1())
which means that the coefficients have almost the same size on each level of energy /(). Observe that
this condition is always satisfied in dimension d = 1. We define the set s C % (R%) by

nel(j)

+o0
Ay = {u = Z Z CnPn € %S(Rd) condition (1-3) holds for some C > 0}.
Jj=1nel(j)

It is easy to check the following properties:

o If u € Ay, then for all ¢ € C, cu € ;.

e The set o is neither closed nor open in 7°.

e The set sy is invariant under the linear Schrédinger flow e /7 .

e The set ds depends on the choice of the orthonormal basis (<p,,)n>1 Indeed, glven u € ¥5, it is easy
to see that there exists a Hilbertian basis (¢y,),>1 such that u € &ﬂs, where sﬂs is the space based
on (¢n)n>1-

Let y € s;. We define the probability measure (1, on #° via the map

Q — 9 (RY),
+o0

> y? = Z Z cngn(@)pn.
Jj=1nel(j)

In other words, i, is defined by the condition, that for all measurable F : #° — R,

[ Fwdnw= [ Fo .
%5 (R9) Q

In particular, we can check that 1, satisfies:
o If y € H5\H5H, then py (H51€) = 0.

 Assume that for all j > 1 such that I(j) # @ we have c¢; # 0. Then for all nonempty open subsets
B C#°, ny(B)>0.
Finally, we denote by .L° the set of all such measures, M* = | J {{y}.
yE€ds
1B. Main results. Before we state our results, let us recall some facts concerning the deterministic study
of the nonlinear Schrodinger equation (1-1). We say that (1-1) is locally well-posed in #* (R9) if, for any
initial condition u( € %*(R?), there exists a unique local in time solution u € €([-T, T']; %*(R?)), and

if the flow-map is uniformly continuous. We denote by
d 2

SC:__

2 p-1
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the critical Sobolev index. Then one can show that NLS is well-posed in 95 (R9) when s > max(sc, 0),
and ill-posed when s < s.. We refer to the introduction of [Thomann 2009] for more details on this topic.

1B1. Local existence results. We are now able to state our first result on the local well-posedness of (1-1).

Theorem 1.1. Letd > 2, let p > 3 be an odd integer, and fix L = (1, € MO. Then there exists % C LZ(IRd)
with w(X) = 1 and such that:

(1) Forall ug € X there exist T > 0 and a unique local solution u to (1-1) with initial data ug satisfying

u(t) — e "ug € €([-T, T): 9 (RY)), (1-4)
for some s such that % - % <s§s< %

(i) More precisely, for all T > 0, there exists X7 C X with
w(Er) 2 1= Cexp(=cT Iy 3 ga).  C.e.6>0,

and such that for all ug € X the lifespan of u is larger than T .

+o00
Let y = Y cu@n(x). Then

n=0

400
U(S) = Z gn(@)cnon(x)

n=0
is a typical element in the support of j,. Another way to state Theorem 1.1 is: for any 7' > 0, there
exists an event Q27 C €2 such that

P(Qr) = 1= Cexp(—cT |yl 3gay). C.c.8>0,

and that for all w € Q7, there exists a unique solution of the form (1-4) to (1-1) with initial data u‘o".

We will see in Proposition 2.1 that the stochastic approach yields a gain of d/2 derivatives compared
to the deterministic theory. To prove Theorem 1.1 we only have to gain s, = d/2—2/(p — 1) derivatives.
The solution is constructed by a fixed point argument in a Strichartz space X5 C 6([-T, T']; 3° (R%))
with continuous embedding, and uniqueness holds in the class X7..

The deterministic Cauchy problem for (1-1) was studied by Oh [1989] (see also [Cazenave 2003,
Chapter 9] for more references). Thomann [2009] has proven an almost sure local existence result for (1-1)
in the supercritical regime (with a gain of % of a derivative), for any d > 1. This local existence result
was improved by [Burq et al. 2010] when d = 1 (gain of % a derivative), by [Deng 2012] when d = 2,
and by Poiret [2012a; 2012b] in any dimension.

Remark 1.2. The results of Theorem 1.1 also hold true for any quadratic potential

V(ix) = Z cxjx~2, aj >0, 1=<j=d,
1<j=d

and for more general potentials such that V(x) ~ (x)2.
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1B2. Global existence and scattering results for NLS. As an application of the results of the previous
part, we are able to construct global solutions to the nonlinear Schrodinger equation without potential,
which scatter when ¢ — +00. Consider the equation

at (1-5)
u(0) = uy.

The well-posedness indexes for this equation are the same as for (1-1). Namely, (1-5) is well-posed in

{ia—u +Au=+ulPu, (t,x)eRxRY.

H*(R?) when s > max(s¢, 0), and ill-posed when s < s¢.
For the next result, we will need an additional condition on the law v. We assume that

P(lgnl <p) >0 forall p>0, (1-6)

which ensures that the random variable can take arbitrarily small values. Then we can prove:

Theorem 1.3. Let d > 2, let p > 3 be an odd integer, and fix L = |1, € MO. Assume that (1-6) holds.
Then there exists & C L2(R?) with u(X) > 0 and such that:

(1) Forall ug € X there exists a unique global solution u to (1-5) with initial data uy satisfying

u(t) —e'"Aug € 6(R; % (RY)),

d 2 d
Jfor some s such that 5 — 71 <8 <73

(ii) Forall ug € T there exist states fy, f— € %5 (R?) such that when t — 00,
lu(t) — e (ug + SN s way = 0.
(iii) If we assume that the distribution of v is symmetric, then
p(uo € L2*(R?) : assertion (ii) holds true ! luollL2(ray < n) — 1,

when n — 0.

We can show [Poiret 2012a, Théoréme 20] that for all s > 0, if 1o & #° (R?) then p(H° (R?)) = 0. This
shows that the randomisation does not yield a gain of derivative in the Sobolev scale; thus Theorem 1.3
gives results for initial conditions not covered by the deterministic theory.

There is a large literature on the deterministic local and global theory with scattering for (1-5). We refer
to [Banica et al. 2008; Nakanishi and Ozawa 2002; Carles 2009] for such results and more references.

We do not give here the details of the proof of Theorem 1.3, since one can follow the main lines of the
argument of Poiret [2012a; 2012b] but with different constants (see, e.g., [Poiret 2012b, Théoréeme 4]).
The proof of (i) and (ii) is based on the use of an explicit transform, called the lens transform &, which
links the solutions of (1-5) to solutions of NLS with harmonic potential. The transform & has been used
in different contexts; see [Carles 2009] for scattering results and more references. More precisely, for
u(t,x): ]-Z, Z[ x RY — C we define

1 a/2 arctan(2¢) X j1x|2¢/(1+4£2)
v(t,x) =Lu(t, x) = (—) u( ) )el x )
V14472 2 V14472
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then u is a solution to

i%—? —Hu=A cos(2t)%d(p_1)_2|u|1’_1u

if and only if v satisfies i dv/d¢ + Av = A|v|?~v. Theorem 1.1 provides solutions with lifespan larger
than 7z /4 for large probabilities, provided that the initial conditions are small enough.

Part (iii) is stated in [Poiret 2012a, Théoréme 9], and can be understood as a small data result.

In Theorem 1.3 we assumed that d > 2 and that p > 3 was an odd integer, so we had p > 1+4/d,
or, in other words, we were in an L2-supercritical setting. Our approach also allows to get results in an
L2-subcritical context, i.e., when 1 +2/d < p <1+4/d.

Theorem 1.4. Let d =2 and 2 < p < 3. Assume that (1-6) holds and fix | = 1, € MO. Then there exists
¥ C L*(R?) with u(X) > 0 and such that for all 0 < & < 1:

(1) Forall ug € X there exists a unique global solution u to (1-5) with initial data uy satisfying
u(t) —e'"Puy € 6(R; %' 4 (R?)).
(ii) Forall ug € X there exist states fy, f— € #'7¢(R?) such that when t — 400,
lu(2) =" o + f)ll e 2y — 0-
(ii1) If we assume that the distribution of v is symmetric, then
p(uo € L*(R?) : assertion (ii) holds true ‘ luollL2®z) < n) — 1,
when n — 0.

In the case p <1+42/d, Barab [1984] showed that a nontrivial solution to (1-5) never scatters; therefore
even with a stochastic approach one can not have scattering in this case. When d = 2, the condition p > 2
in Theorem 1.4 is therefore optimal. Usually, deterministic scattering results in L2-subcritical contexts
are obtained in the space H' N F(H'). Here we assume u( € L2, and thus we relax both the regularity
and the decay assumptions (this latter point is the most striking in this context). Again we refer to [Banica
et al. 2008] for an overview of scattering theory for NLS.

When 1 € MC for some 0 < ¢ < 1 we are able to prove the same result with ¢ = 0. Since the proof is
much easier, we give it before the case 0 = 0 (see Section 3B).

Finally, we point out that in Theorem 1.4 we are only able to consider the case d = 2 because of the
lack of regularity of the nonlinear term |u|?~!u.

1B3. Global existence results for NLS with quadratic potential. We also get global existence results for
defocusing Schrodinger equation with harmonic potential. For d = 2 or d = 3, consider the equation

dt (1-7)
u(0) = uo,

and denote by E the energy of (1-7), namely

{ia—u — Hu=|ul*u, (t,x)eRxRA,

E@) = [l gy + 210l 4t
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Deterministic global existence for (1-7) has been studied by Zhang [2005] and by Carles [2011] in the
case of time-dependent potentials.
When d = 3, our global existence result for (1-7) is the following:

Theorem 1.5. Let d = 3, % < s < 1 andfix p = pu,, € MS. Then there exists a set & C % (R?) such that

w(X) = 1 and that the following holds true:

(1) Forall ug € X, there exists a unique global solution to (1-7), which reads
u(t) = e Hy o+ w(t), weBR, * (R)).
(ii) The previous line defines a global flow ®, which leaves the set % invariant:
Q()(X)=2%, forallt eR.
(iii) There exist C,cg > 0 such that, for all t € R,
E(w(t)) = C(M + 1)),

where M is a positive random variable such that

—cK?$ 2
K32, 5,

p(ug € % (R : M > K) <Ce

Here the critical Sobolev space is ¢/ 2(R3); thus the local deterministic theory, combined with
the conservation of the energy, immediately gives global well-posedness in %! (R?). Using a kind of
interpolation method due to Bourgain, one may obtain deterministic global well-posedness in %*(R?)
for some 1/2 < s < 1. Instead, for the proof of Theorem 1.5, we will rely on the almost well-posedness
result of Theorem 1.1, and this gives global well-posedness in a supercritical context.

The constant ¢g > 0 can be computed explicitly (see (4-16)), and we do not think that we have obtained
the optimal rate. By reversibility of the equation, it is enough to consider only positive times.

With a similar approach, in dimension d = 2, we can prove:

Theorem 1.6. Letd = 2,0 < s < 1 and fix u = j1,, € MS. Then there exists a set ¥ C #*(R?) such that
w(X) = 1 and that, for all uy € X, there exists a unique global solution to (1-7),

u(t)=e"Hyg+w@), weR, % ([R?)).

In addition, statements (i) and (iii) of Theorem 1.5 are also satisfied with cs = IS;S

Here the critical Sobolev space is L?(R?); thus Theorem 1.6 shows global well-posedness for any
subcritical cubic nonlinear Schrodinger equations in dimension two.

Using the smoothing effect, which yields a gain of % a derivative, a global well-posedness result
for (1-1), in the defocusing case, was given in [Burq et al. 2010] in the case d = 1, for any p > 3.
The global existence is proved for a typical initial condition on the support of a Gibbs measure, which
is (=0 # 77 (R). This result was extended by Deng [2012] in dimension d = 2 for radial functions.
However, this approach has the drawback that it relies on the invariance of a Gibbs measure, which is a
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rigid object, and is supported in rough Sobolev spaces. Therefore it seems difficult to adapt this strategy
in higher dimensions.

Here instead we obtain the results of Theorems 1.5 and 1.6 as a combination of Theorem 1.1 with the
high-low frequency decomposition method of [Bourgain 1999, p. 84]. This approach has been successful
in different contexts, and has been first used together with probabilistic arguments by Colliander and Oh
[2012] for the cubic Schrodinger below L?(S!) and later on by Burq and Tzvetkov [2014] for the wave
equation.

1C. Notations and plan of the paper. In this paper ¢, C > 0 denote constants, the value of which may
change from line to line. These constants will always be universal, or uniformly bounded with respect to
the other parameters.

We let LY = Lf)—T,T] = LP(—T,T) for T > 0 and we write L? = L?(R?). We denote the harmonic
oscillator on R by H = —A + |x|* = Zj?:l (—812. + sz), and for s > 0 we define the Sobolev space
%S by the norm ||ullses = || H* ?ul| L2(rd)- More generally, we define the spaces W*? by the norm
|et||ows.r = ||HS/2u||Lp(Rd). If E is a Banach space and j is a measure on E, we write LY, = L?(du)
and ||”||LZE = H ||U||E”Lﬁ-

The rest of the paper is organised as follows. In Section 2 we recall some deterministic results on
the spectral function, and prove stochastic Strichartz estimates. Section 3 is devoted to the proof of
Theorem 1.1 and of the scattering results for NLS without potential. Finally, in Section 4 we study the
global existence for the Schrodinger—Gross—Pitaevskii equation (1-1).

2. Stochastic Strichartz estimates

The main result of this section is the following probabilistic improvement of the Strichartz estimates.

Proposition 2.1. Lets € Rand = i, € M. Let 1 < g < +00,2 <r < +00, and setaw = d (5 — 1) if

-
r<+ooando <d/2ifr = 4+oo. Then there exist ¢, C > 0 such that, for all T € R,

—cK2/T2/4 2
KTy, ay

M(U c %S([Rd) : He—i(H—r)Hu HL"

[0.T

]cws-'roc.r(Rd) > K) =Ce

When r = 400, this result expresses a gain p-a.s. of d/2 derivatives in space compared to the
deterministic Strichartz estimates (see the bound (3-2)).

Proposition 2.1 is a consequence of [Poiret et al. 2013, Inequality (1.6)], but we give here a self-
contained proof suggested by Nicolas Burq.

There are two key ingredients in the proof of Proposition 2.1. The first one is a deterministic estimate on
the spectral function given in Lemma 2.2, and the second is the Khinchin inequality stated in Lemma 2.3.

2A. Deterministic estimates of the spectral function. We define the spectral function g for the har-
monic oscillator by

rEx, ) =Y 0j(x)ei (),
}»]’S)\.

and this definition does not depend on the choice of {¢; | j € N}.
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Let us recall some results of mg, which were essentially obtained by Thangavelu [1993, Lemma 3.2.2,
p. 70] (see also [Karadzhov 1995] and [Poiret et al. 2013, Section 3] for more details).
Thanks to the Mehler formula, we can prove

2
mg(A;x,x) < cA\i/2 exp (—c%) forall x € R? and A > 1. (2-1)

One also has the following more subtle bound, which is the heart of [Karadzhov 1995]:
I+ i x, x) — g (b x, x)| < C+ |uDA?™1 for A > 1, |u| < Coh. (2-2)

This inequality gives a bound on g in energy interval of size ~1, which is the finest one can obtain.
Then we can prove (see [Poiret et al. 2013, Lemma 3.5]):

Lemma 2.2. Let d > 2 and assume that |(t| < co, ¥ = 1 and 0 > 0. Then there exists C > 0 such that for
all A > 1
||7T (k+ . _ . < %d(l-l—l/r)—l
H W X, x) =g (A X, X) || rray < CA :
2B. Proof of Proposition 2.1. To begin with, recall the Khinchin inequality, which shows a smoothing
property of the random series in the Lk spaces for k > 2; for example, see [Burq and Tzvetkov 2008a,
Lemma 4.2].

Lemma 2.3. There exists C > 0 such that for all real k > 2 and (c,) € £>(N)

Zgn(a)) Cn L =< C\/Z(Z |Cn|2)2.

n=1 n=1
+o0 +o00
Now we fix y = ) cpop € g and let y® = Y gn(w)cnen.
Firstly, we treat the case r < +00. Seta = d (% — %) and set 0 = 5 4+ . Observe that it suffices to

prove the estimation for K >> [ [|5s ga)-
Let £ > 1. By definition,

IO |} _ [ it H ok
/%S(Rd)He o u”L[qo,T]W”’r(Rd)du(u)_/QHe Oy L so.r (may AP (@)

0.7]
— —i(t+r)HHa/2 w |k P 2-
/;ZHe YV “L?O,T]Lr(Rd) d (a)) ( 3)
. too .
Since e TIUHDH o/20 () = Y gn(w)cnkg/ze_’(t"‘r)}“"(pn (x), by Lemma 2.3 we get

n=0

400 "
”e—i(t-‘rr)HH(r/Zya)(x)”Lg < C\/zHe—i(t-i—r)HHU/2ya)(x)HLD% — C\/E(Z )‘fl|cn|2|§0n(X)|2)2

n=0
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Assume that k > r. By the integral Minkowski inequality, the previous line and the triangle inequality we
get

He_i(t—i_r)HHU/zyw”LSLQ < He_i(l-f“E)HHO'/zy(D‘ L&Léﬁ
+00 3
< CVE | Y Alek Pkl
i—o Lr/Z(Rd)
+00 2
< C«/E(Z > Mlerllecl? ) : -4
i=1"ke1(j) Lr72®)

Condition (1-3) implies that for all x e R and k € I(j) ={n e N |2j < i, <2(j + 1)}

. |ox ()2
Ml o (1> < Cjo Y lenl =
nalli #1(J)
7)

and thus, by Lemma 2.2 and the fact that #1(j) ~ ¢j94~!,
| X kerc lox P

, Lr/2(R4
> Mlexllor()l® <Cj% 3 el T R
kel(j) Lr2R) nel(j) J
< Cj0+d(1/r—l/2) Z |Cn|2
nel(j)
:st Z |Cn|2-
nel(j)

The latter inequality together with (2-4) gives
—i(t+1)H 170/2.,0 ] <
He H™ =y HLQ,L; —C\/z“V”%s(Rd)’
and for k > r, by Minkowski,
e+ HO/ZV‘OHL(F%LE’O,T]L; < CVET Yy ]lys g

Then, using (2-3) and the Bienaymé—Chebishev inequality, we obtain

p—it+DH 1|~ i@+DH pro/2 k
(a9 e o syorqay > K) < (KT e T B2y g )

_ Kk
< (CK'"Wk TV llys ay) "

Finally, if K > ||y [|5s (ga), we can choose k = KZ/ZCTz/q Iy ||§MR¢) > r, which yields the result.
Now assume r = +00. We use the Sobolev inequality to get ||u ||ys.c0 < C||ul|ys.7 with § = s +2d /7

for 7 > 1 large enough; hence we can apply the previous result for r < +oo.

Remark 2.4. A similar result to Proposition 2.1 holds, with the same gain of derivatives, when I(1) is
replaced with the dyadic interval J(j) = {n € N |2/ <A, < 2/F1}. Then the condition (1-3) becomes
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|ck|2§i$(.) > leal* forall j>1andk € J(j). (2-5)
7 ey

which seems more restrictive. Indeed neither condition imply the other.
Observe that if we want to prove the result under condition (2-5), the subtle estimate (2-2) is not
needed; (2-1) is enough.

Remark 2.5. For d = 1, condition (1-3) is always satisfied but condition (2-2) is not. Instead we can use
that ¢k |, < Ck;e(p) with 8(p) > 0 for p > 2 [Koch and Tataru 2005]. For example if p > 4 we have
0(p) = % —(p—1)/6p. Thus we get the Proposition 2.1 with s = p8( p)/4 (see [Thomann 2009; Burq
et al. 2010], where this is used).

Remark 2.6. Another approach could have been to exploit the particular basis (¢y),>1, Which satisfies
the good L° estimates given in [Poiret et al. 2013, Theorem 1.3], and to construct the measures i as the
image measures of random series of the form

ye(x) = Z cngn(w)pn(x),

n>1

with ¢, € £2(N) not necessarily satisfying (1-3). A direct application of the Khinchin inequality (as
in [Thomann 2009, Proposition 2.3]) then gives the same bounds as in Proposition 2.1. Observe that
condition (1-3) is also needed in this approach, but it directly intervenes in the construction of the ¢;,.

We believe that the strategy we adopted here is slightly more general, since it seems to work even in
cases where we do not have a basis of eigenfunctions that satisfy bounds analogous to [Poiret et al. 2013,
Theorem 1.3], as for example in the case of the operator —A + |x|*.

3. Application to the local theory of the supercritical Schrodinger equation

3A. Almost sure local well-posedness. This subsection, devoted to the proof of Theorem 1.1, follows
the argument of [Poiret 2012b].

Let ug € LZ([Rd). We look for a solution to (1-1) of the form u = e #Hy, + v, where v is some
—itH

fluctuation term more regular than the linear profile e ug. By the Duhamel formula, the unknown v

has to be a fixed point of the operator
t
L(v):=Fi / eI H | o=isH ot y() [P e B H ug 4+ v(s)) ds, (3-1)
0

in some adequate functional space, which is a Strichartz space.
To begin with, we recall the Strichartz estimates for the harmonic oscillator. A couple (g, r) € [2, +00]?
is called admissible if

+%:% and (d,q.r)# (2,2, +00),

LSRR
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and if one defines
X§= () LIU-T.TLW (RY)),

(g-r)
admissible

then for all 7' > 0 there exists Cr > 0 such that for all uy € %*(R?) we have

||€_itHuo||X; = Crlluollses ra). (3-2)

We will also need the inhomogeneous version of Strichartz: For all 7' > 0, there exists C7 > 0 such that
for all admissible couples (g, ) and functions F € LY ([T, T]; W' (R9)),

t
/ e U= H F () ds
0

= CT||F“LlI'([_T’T]’CWs,r’(Rd)), (3-3)
X7
where ¢’ and r’ are the Holder conjugates of ¢ and r. We refer to [Poiret 2012b] for a proof.
The next result is a direct application of the Sobolev embeddings and Holder.

Lemma 3.1. Let (q,r) €2, 00[ X [2,00], and let s, 59 = 0 be such that s —sg > = — 2_ % Then there
exist k, C > 0 such that forany T > 0 and u € X 3., 1

lll La (=7, 11,9507 Rayy = CT ||l xp.-

We now introduce the appropriate sets in which we can profit from the stochastic estimates of the
previous section. Fix pt = ), € M and, for K > 0 and & > 0, define the set G4(K) as

Gd(K) = {'LU € Lz(Rd) | ”w”Lz(Rd) E K and ||€_itHU)||L[11§n Zﬂlowd/zfs,oo(Rd) S K }

Then by Proposition 2.1,
—itH —cK?/llyII?
M(Gd(K)C) E /L(”w”Lz(Rd) > K) +/,L(||€ ! w”LEﬁiﬂJﬂ]wd/Z—s.oo(Rd) > K) S Ce L2, (3'4)

We want to perform a fixed point argument on L with initial condition uy € G;(K) for some K > 0
and & > 0 small enough. We begin by establishing some estimates.

Lemma 3.2. Let s € ]% - %, %[ For ¢ > 0 small enough there exist C > 0 and xk > 0 such that for

a”y0<T§I,HOEGd(K),UEX;andﬁ:vorﬁ =e_itHu0,

p
H H P2 [] £

i=2

<CT*(K? +|v|%,). (3-5)
L1([-T,T],L2(R)) r

and

14
HHS/2(e_ltHu0)l_[ﬁ chK(Kp_i_”v“P%) (3-6)

i=2

LI([-T.,T],L2(R?))
Proof. First we prove (3-5). Thanks to the Holder inequality,

14
H|V|S(v> []#

i=2

14

< NIV @)oo (-7.77,L2®4Y) 1_[ I fill Lo—1 ([T, 77, Loo (7))
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and
p P
(Y] < 1x)* vl oot 1.2y | [ 13l Lot ((-1.77, L0 @a))
i=2 Ll([_T9T]sL2(Rd)) i=2
b4
= Wl poo (=7, 17, Fs (RYY) l—[ I fill Lo—1([=7,77, Lo ®a))-
i=2
If fi =v,thenass > é — L, we can use Lemma 3.1 to obtain

2 p-1
Il o=t (=7, 71, Lo @y = CT V]l x5.-
If f; = e "Hy, then by definition of G;(K) we have, for £ > 0 small enough,
le™ " uoll o1 (117, Lo0@mayy < TElle™ P uoll 1/ (am2m)wa/2-c.c0@ayy < TFK.

We now turn to (3-6). Thanks to the Holder inequality, we have

p
H IVI* (e Huo)[ ]

Ll ([_T’T],LZ(Rd))

i=2 »
—7 H
<IVI*™" uO)”LP([—T,T],LMI’(R"))I_[||fi”LP([—T,T],LZdP(P—l)/(dP_l)(Rd))
i=2
P
—itH
< e ™ uoll Lot r105200 @ayy | [/l Lo (om0, L20000— 1001 ety
i=2

If f; = e~i"Hy, by interpolation we obtain, for some 0 < 6 <1,

i CT*K.

—itH 1-60 0
le™ " uoll Lo (-7, 11, L2000 -1/ @01 Ray) = CT  uoll 2 gay €™ ol L1/e (7. 7y, Loo ey =

If fi=v,ass> d__2_ > d_2_ dldp=1) (because p > 3 and d > 2), then thanks to Lemma 3.1
we find 2 p—1"2 p 2dp(p-1)

1ol Lo (=1, 7, L2400 0= 1)/ 0= ay) = CT[|v]| x5 O

We are now able to establish the estimates that will be useful in the application of a fixed point theorem.

Proposition 3.3. Let s € ]% — %, %[ Then for ¢ > 0 small enough, there exist C > 0 and k > 0 such

that if ug € G4(K) for some K > 0. For any v, vy, v € X7 and 0 <T <1,

t
H/ e—z(t—s)H|e—stu0 + v|p—1(e—stu0 +v) ds‘ <CT"(K? + ||U||§’s)’
; X3 T
and

t
H/ e_l(t_s)H|€_lSHu() + vy |p—1 (e_”Huo +vy)ds
0

s
T

1 —1 1
< CT*|vi —vallxs (KP4 vy ||§,% + ||U2||§(; ).

t
—/ e_l(t_s)H|€_”Hu() + U2|p_1 (e_ISHLt() + v3) dS‘
0
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Proof. We only prove the first claim, since the proof of the second is similar. Using the Strichartz
inequalities (3-3), we obtain

t
[ e_l(t—s)Hle—stuO+v|p—l(€—stuO+v)dS
0

X7
—isH —1,,—isH
<C|lle™* " ug +v[P~ (e “0+U)HL[LTT]%S(W)'

Then, using Lemma 3.2, we obtain the existence of x > 0 such that for any ug € G4(K),0< T <1
and v € X},

I Hs/2(|e_iSHu0 +u|P e H g + v))HLl([—T,T],LZ(Rd)) <CT“(K? + ||v||p;). O

Proof of Theorem 1.1. We now complete the contraction argument on L defined in (3-1) with some
ug € G4(K). According to Proposition 3.3, there exist C > 0 and x > 0 such that

IL)lxy < CT(K? +[|vl%,)
- 1 1
IL(v1) = L)l x5 < CT*||vy = val x5 (KP~' + “Ul”;% + ||U2||§% ).

Hence, if we choose T' > 0 such that K = (8CT*)~1/ (=1 then L is a contraction in the space
BX%‘ (0, K) (the ball of radius K in X3.). Thus if we set X7 = G4(K), with the previous choice of K,
the result follows from (3-4). O

Proof of Theorem 1.3. We introduce

ot (3-7)

{Z.B_w —Hw = j:cos(ZZ)%d(P_l)_zlwlp_lw, (t,x) e RxRY,
v(0) = uy,

and let s € ]% — %, %[, T = 7 and 1 > ¢ > 0. Thanks to Proposition 3.3, there exist C > 0 and x > 0

such that if uy € G4(K) for some K > 0 then, for all v,

t
/ e_’(’_s)H(cos(2s)%(p_1)_2|e_'SHM0+v|p_1(e_ISHMO‘l‘U)) ds
0

<CT*(KP+|v|%;). (3-8)
X3 T
As in Theorem 1.1, we can choose K = (8C T%)~1/(P=1 (o obtain, for uy € G4(K), a unique local
solution w = e**H 4, + v in time interval ]—%, %[ to (3-7) with v € X}.

We set u = £v. Then u is a global solution to (1-5). Thanks to [Poiret 2012b, Propositions 20 and 22],
we obtain that u = e*2uy + v’ with v/ € X}.

Moreover, thanks to (3-8), we have that

t
/ e H (cog(25) 5 (P02 oI H 4y P71 (e H g 4 v)) ds € €0(|=T, T), % (RY)).
0
Then there exist L € %5 such that

=0.
95 (R9)

lim

t
T e_ltH/ e7H (cos(25) 5PV  y g 4y P (eI H g 4 v)) ds — L
t— 0
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Using [Poiret 2012b, Lemma 70], we obtain that

Jim Jlu(o) =" Sug — "B (=i L) | 2 gay = 0.

Finally, to establish Theorem 1.3, it suffices to set ¥ = Gz (K) and to prove that pu(ug € G4(K)) > 0.
We can write

o= (5 o+ 1 =055 Juo =l +

where y is a truncation function. Using the triangle inequality and independence, we obtain that

(o € Ga(K)) = pu([uoly € Ga(K/2))u([uol™ € Ga(K/2)).

Forall N, u([uo]n € G4(K/2)) > 0 because the hypothesis (1-6) is satisfied and thanks to Proposition 2.1

we have

e—cKZ/II[uo]NII2

,u([uo]N eGd(K/Z)) >1-C L2 -1 as N — oo,

and there exists N such that u([uo]N € Gd(K/2)) > 0. |

3B. Almost sure local well-posedness of the time dependent equation and scattering for NLS. This
section is devoted to the proof of Theorem 1.4. The strategy is similar to the proof of Theorem 1.3: we
solve the equation which is mapped by &£ to (1-5) up to time 7" = /4 and we conclude as previously.
The difference here is that the nonlinear term of the equation we have to solve is singular at time 7" = 7 /4.
More precisely, we consider the equation

ot (3-9)

{I.B_u — Hu = +cost)?3|u|?~lu, (t,x) e RxR2,
M(O) = Uy,

when 2 < p < 3.
Let us first consider the easier case o > 0.

3B1. Proof of Theorem 1.4 in the case 0 > 0. Leto >0 and u =y, € M?, and for K > 0 and & > 0
define the set F,(K) as

_ 2 —itH
Fo(K) = {w € 97 (R%) | [wllyo ) < K and 7wl e itomoo ey = K-
The parameter & > 0 will be chosen small enough that we can apply Proposition 2.1 and get
w(Fo(K)) < p(lwllae > K) + (e Hwll e ipomn > K) < CemK W hio,
Lig2mW ’

The next proposition is the key in the proof of Theorem 1.4 when o > 0.

Proposition 3.4. Let 0 > 0. There exist C > 0 and k > 0 such that if ug € Fs(K) for some K > 0 then
forany v,vq,v; € X} and 0 < T <1,

t
/ e I H (cos(20) P73 eI H y v P (e H g 4 v)) d
0

<CT*(K? +|v||%,) (3-10)
X} X
T
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and

t
‘/ e_’(t_t)H(cos(2f)p_3|e_”Huo T T v))dt
0

1
_/ e OH (cos20)P 3 e Hug + vy [P e H ug +vy)) d
0

Xl
= CT o1 —vall g (K77 4 ol + a5 ). -1

Proof. We first prove (3-10). Using the Strichartz inequalities (3-3), we obtain

t
/ e_’(t_t)H(cos(h)p_3 le " g +v|P 7 (e ug + v))dz
0

X7
<C Hcos(Zr)p_3|e_irHuo + ol e ug + o) ”L[I_T 7% (R2)
We use the formula
V(P = 2 v 2 v, (3-12)

We let f = e iHy,, then
VA1 0 | 2gay = C APV H0) | 2y O /0127 0V (F40) | L2y
fECHf#%ﬂf;iRaHVUHL%RQ44THf4WHmeIKRa”Vf4WHmeyy
Therefore
I1F 40171+ )
< (IS 12y + 10z Il 2y + C UL 22y + 1012201z 1 Tt oo -

Now observe that ||U||Lf>° L2001 = ||v||X1 as well as, for all r < +o0, ||v||rr
Then, for all g > 1,

-1 p—1
|1/ +v|? <f+v>\|L[q_m%l(R2)SCTK((nfuLoo, ey T VIR ) vl

e = Il

-1
(”f”Loo— L2(p—1)(R2) + ||v||;% )”f”L‘[’f;’T]WLOO(W))
<CT“(K? + ||v||X1). (3-13)
T

Choose ¢ > 1 so that ¢’(3 — p) < 1. We have || cos(27)? 73| < 00; thus from (3-13) and Holder,

q/
) Li 11
we infer

HCOS(zT)p_3 |f + v|1)—1 (f + U) HLI([—T,T],%I(RZ))
= Clleos@o? e I+l 40 ey

= CT(K? + v, 1)-
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For the proof of (3-11) we can proceed similarly. Namely, we use the estimates

21177 = 2?7 < C(z1 P72 + 122177 2) |z — 22| (3-14)
and
2117732 — 22?323 | < C(z1 1772 + 2277 2) |21 — 22l
which are proven in [Cazenave et al. 2011, Remark 2.3] together with (3-12). O

3B2. Proof of Theorem 1.4 in the case 0 = 0. The strategy of the proof in this case is similar, at the price
of some technicalities, since the Leibniz rule (3-12) does not hold true for non-integer derivatives. Actually,
when o = 0, we will have to work in X3 for s < 1 because the probabilistic term e itH y o & W1°(R?).

Moreover, we are not able to obtain a contraction estimate in X7.. Therefore, we will do a fixed point
in the space {||v|| x. =K } endowed with the weaker metric induced by X ?. We can check that this space
is complete. Actually, by the Banach—Alaoglu theorem, the closed balls of each component space of X7,
are compact for the weak™ topology.

For 0 < s < 1, we use the following characterisation of the usual H*(R?) norm:

g(0) —g()? 1z
gl zrs w2y = (/szuez Ty dxdy]) . (3-15)

For = py € M, K >0 and & > 0, define the set ﬁO(K) as

FO(K) = {w € Lz(Rz) | ||w||L2(R2) = K’ ||e_itHw”L[lo/’*';n]cwl—a.oo(RZ) <K
and [[ (7 w)(x) = (T Hw)(3)| oo = K=yl

The next result states that fo (K) is a set with large measure.

Lemma 3.5. If e > 0 is small enough,

_CKZ/”V"iZ(RZ)

u((Fo(K))©) < Ce

Proof. We only have to study the contribution of the Lipschitz term in ﬁo(K), since the others are
controlled by Proposition 2.1.

+o00 +o00
We fix y = ) cppn € Ao and set y® = > gu(w)cnen. Let k > 1. By definition,
n=0 n=0

/LZ(RZ) ” e_itHu(X) B e_itHu(y) ”llc'ﬁizn] dp(u)

=/Q”e_”HV“’(X)—e_"’HV“’(y)}\ﬁf&mdP(w). (3-16)
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. . too .
We have e 1H @ (x) — e 1tH @0 (1) = 3 g, (w)cpe ™ (9n(x) — @n(»)). By Khinchin (Lemma 2.3)

we get n=0
tH itH = 2 2 12
He_” y?(x)—e ! )/w(y)HLSEC\/z(Zlcﬂ |§0n(x)_§9n(J’)|)
n=0
+o0 1/2
=CJE(Z > |Cn|2|§0n(x)_(ﬂn(y)|2) ,
j=1nel(j)

Recall that k € I(j) ={n e N|2j <X, <2(j 4+ 1)} and that #/(j) ~ ¢j. Next, by condition (1-3), we
deduce that

| 1/2
e/ y@ (x) — 70t ‘“(y)Hmef(Zf‘( > lcelz) 2 |<Pn(X>—<”n(Y)'2)
j=1 Lel(j) nel(j)

Now we need the following estimate, proven in [Imekraz et al. 2014, Lemma 6.1]:

> len(») —en(x)> < Cly —x[?).
nel(j)
Therefore, we obtain

[y ) = ey )] x = CVE = ylIY lL2@2)-
and for k > ¢ an integration in time and Minkowski yield

He_itH)/w(X) —itH a)(y)HLkLEIOZ

< CVk|x = ylllyllL2@)-

However, since the case ¢ = +oc is forbidden, the previous estimate is not enough to have a control on

the Lﬁ;’z ]

-norm. To tackle this issue, we claim that for £ > ¢ we have
e~ itH o) _ p=itH w(y)”LAqu =< C\/_”J/”LZ(RZ) (G-17)
Then by a usual Sobolev embedding argument we get (by taking ¢ > 1 large enough) that for all ¢ > 0
[e  y @) =T Hy )| s poe = CVRI =3I I 22,
which in turn by (3-16) implies that
—cK?/llyl? ,

p,(u e L>(R?) | !}e_i’Hu(x) _e_itH“(y)”Lﬁj’zﬂ] > K|x —yll_s) <Ce

as we did in the end of the proof of Proposition 2.1.
Let us now prove (3-17). We have

0 (e My (x) —e7H “’(y))——lZgn(w)Kncne A (o () = @n (1)),
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and with the previous arguments we get

) . Foo 1/2
Ha,(e_”Hy“’(x)—e_”H)/w(y))HLgSC\/E(Z( > |ce|2) > |<pn(x>—¢n(y)|2)
j=1 “Lel(j) nel(j)

< CVEIy 2@

where here we have used the Thangavelu—Karadzhov estimate (see [Poiret et al. 2013, Lemma 3.5])

sup Y len(x)* < C.
x€R2 nel(j)
We conclude the proof of (3-17) by integrating in time and using Minkowski. O

We will also need the following technical result.

Lemma 3.6. Letug € Fo(K) and f(t,x)=e "M yy(x). Let2<q < +ocoand g € L1([-T, T]; L*(R?)).
Then, if ¢ > 0 is small enough in the definition of Fy(K),

H( / |/ @x) =S )Pl dy)‘”
R2xR2

x — p[25+2

= CK”gHLE’_T,T]LZ(RZ)' (3-18)

Lirm

Proof. We consider such f, g, and we split the integral. On the one hand, we use that f is Lipschitz:

t,x)— ft, »)|*eg(t, x)|? d
[ U0 SeIPEer e | g )i
[x—y|<1 |x —y| x€eR2 yilx—y|<1 |x —y|

< CK?g(t.) 252,

provided that s + ¢ < 1. We take the LE]_T 717horm, and we see that this contribution is bounded by the
right side of (3-18).
On the other hand

/ |f(tsx)—f(f’J/)|2|g(f»X)|2 dxdy
lx—y|=1

|x_y|2s+2
dy
2 2
ALY WV =0
< CIF) 1 o 18I 252,

if s > 0. Now we take the L?_T’T]—norm, and use the fact that ”f”LElO’zﬁ]Loo(RZ) <Kife<l/q. O
We now state the main estimates of this section.

Proposition 3.7. There exist C > 0 and k > 0 such that if ug € FO (K) for some K > 0 then for any
v, V1,03 € X7 and 0 < T <1,

t
/ e_’(’_T)H(cos(h)p_z’|e_”Huo +olP e H g + v))dz
0

<CT(K? +|v]%s). (-19)
X3 T
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and

t .
[ ¢TI H (cos(20) P73 e H g 4 vy [P e T T H ug 4 vy)) de
0

t
—/ ¢TI H (cos(20) P3| H g 4 vy | P e T T g 4 v,)) de
0

0
XT

- —1 -1
< CT [l —vall yo (K77 + Jlun 5y + 0215, 7). - (3-20)

Proof. Let ug € ﬁO(K) and set f = e "Hy. Let 2 < p < 3, then there exists ¢ > 1 such that
q'(3 = p) < 1, which in turn implies || cos(2s)? 3 ||qu < CT¥. Next, if s < 1 is large enough we
have, by Sobolev, =

”U”LE’fT.T]LZ(P*U(IRZ) = “U”X} and ”v”L‘[I_(I;;Z{])Loo(RZ) = ”v”X;w (3-21)

First we prove (3-19). From Strichartz and Holder, we get

t .
[ e TIH (cos(25)P73| f + v[PTH(f +v)) ds
0 X3

p—3 p—1

< Clleos2)” 17 + 0P S+ )|y, ey

< p—3 , . p—1 .

— C ||COS(2S) ”LE[—T,T] H |f + Ul (f + U) ”L?—T,T]%s(RZ)

-1
<CT*|||lf +vIP7'(f +v) HLE{T’T]%S(RZ)‘ (3-22)
By using the characterization (3-15), we will prove that

-1 p

[/ + 77 S +0) ey = CKP +Tvlg,)- (3-23)

The term ||(x)*| £ +v|P~1(f +v)| LY, o L2R2) is easily controlled; thus we only detail the contribution
of the H* norm. With (3-14), it is easy to check that, for all x, y € R2,

Lf +ol?7 1 + o)) = | f + 1”71+ o))
< Clo(x) — v ()P~ + )P~ + L@+ 1, ()P
+CLf ) = SO+ ) P~ + [ @+ 1/ ()P,

By (3-21) the contribution in L[q_T i’ (R?) of the first term in the previous expression is at most
C Pl |2t v <C(K? "+ v 25 vy
(”f”L[q—(I;'TT{])LOO(Rz) + |l ”L?_(’;]{])LOO(RZ))” lxs < C( + || ||X% )Ivllxs

To bound the second term, we apply Lemma 3.6, which gives a contribution of at most

r—1 pr—1 p—1 p—1
(”f”L?_(pT!_TI}LZ(”_I)(RZ) + ”v||LEI_(€}!_’}§L2(V_1)(R2))K = C(K + HUHX; )Ka

which concludes the proof of (3-23).
The proof of (3-20) is in the same spirit, and even easier. We do not write the details. O
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Thanks to the estimates of Proposition 3.7, for K > 0 small enough (see the proof of Theorem 1.3
for more details) we are able to construct a unique solution v € €([—x/4, r/4]; L*(R?)) such that
v e L®([—7/4, /4]; %#* (R?)). By interpolation we deduce that v € 6([—x /4, 7r/4]; %5 (R2)) for all
s" < s. The end of the proof of Theorem 1.4 is similar to the proof of Theorem 1.3, using here Lemma 3.5.

4. Global well-posedness for the cubic equation

4A. The case of dimension d = 3. We now turn to the proof of Theorem 1.5, which is obtained thanks

to the high-low frequency decomposition method of [Bourgain 1999, p. 84].
Let 0 <s <1 and fix 4 = p, € M*. For K > 0 define the set F(K) as

Fy(K) = {w € % ®?) | [[wllgs 3y < K. lwllpa@s) < K and ||e_itHw||L[1()/s

,2

<
ﬂ]°W‘3/2+S78.OO(R3) — K}

Then, by Proposition 2.1,

1((Fs(K))°)

< u(lwle > K+ plwle > K+ (e

- KZ/”J'HLZ‘ 4
w 1/ ) > K) <Ce ¢ as -1
” I [0’52 ]cw3/2+s £,00 ) ( )

Now we define a smooth version of the usual spectral projector. Let x € 63°(—1,1), so that 0 < x < 1,
with x =1 on [—%, %] We define the operators Sy = X(%) as

+o00 +o0 Y
SN(Z Cn(ﬂn) = Z X(N—nz)Cn(Pna
n=0 n=0
and we write

oy = Syv, oV = (1—=Sy)v.

It is clear that for any o > 0 we have || Sy ||scc 30 = 1. Moreover, by [Burq et al. 2010, Proposition 4.1],
forall 1l <r <+4o0, |SN|Lr—r < C, uniformly in N > 1.
It is straightforward to check that

lonllser < N ollses, 0N z2 < N 75 |wllses. (4-2)

Next, let ug € F5(N¥). By the definition of Fs(N¥¢) and (4-2), |luo N llset < N5 |Juollses < N175Te,
The nonlinear term of the energy can be controlled by the quadratic term. Indeed
luo.nl7s < CNE < N2(5T0),
and thus
E(uo y) <2N2075F8), (4-3)
We also have
luo,nllz2 < lluollses < N°.

For a nice description of the stochastic version of the low-high frequency decomposition method we
use here, we refer to the introduction of [Colliander and Oh 2012]. To begin with, we look for a solution
u to (1-7) of the form u = u' + v!, where u! is the solution to
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314 _ 112,,1 3
1= Hu' = u'Pu', (,x)eRxR3, (4-4)
u'(0) =uo N,
and where v! = ¢7i1H N + w! satisfies
lag; —Huw'! =|w! +¢71H N—l—u P(w! +e~ ”HuN—I-ul) lul)2ul, (t,x) e RxR3, 4-5)
w!(0) = 0.

Since (4-4) is %! -subcritical, by the usual deterministic arguments there exists a unique global solution
ul e @R, #1(R3)).
We now turn to (4-5), for which we have the next local existence result.

Proposition 4.1. Let 0 < s < 1 and p = py € M*. Set T = N—40=9=¢ with ¢ > 0. Assume that
E@u'y <4N20=5%8) gnd |ul| Ly L2 S 2N°. Then:

(1) There exists a set E; C #5, which only depends on T , so that
M(E;) >1-C exp(—cT_8||y||;€3(R3)), with some § > 0.

(ii) Forall ugy € E% there exists a unique solution w' € €([0, T], %' (R3)) to (4-5), which satisfies the

bounds
lw'lLgo, 0 < CNPO*eE, (4-6)
with S .
> l‘f 0 S N S DR}
po={2, 1105 @)
2 2 =9 ="5
and
”wl ||LF&T]L2 E CN—9/2+25+C8‘ (4_8)

Proof. In the next lines, we write C?t = C%t%¢_ for some absolute quantity » > 0. Since d = 3, for
T > 0 we define the space X'} = L®°([0, T]; %' (R3)) N L2([0, T]; W-*(R3)). Let & > 0, and define
E; = Fg(N¥). By (4-1) and the choice T = N—40=9=¢ the get ElT satisfies (i).
Let ug € £F.. To simplify the notations in the proof, we write w = w!, u = u! and f = e~ "Hy ).
We define the map
t
L(w) = Fi f eI (| f oy 4 wP(f +u+w) — |ul?u)(s) ds. (4-9)
0
First we prove (4-6). By Strichartz (3-3),
L)y < C1f +u+wl(f +utw)—lulu] g1y p2yros- (4-10)

By estimating the contribution of every term, we now prove that

IL)lxy = CNPOF Nl + N2 F g, (4-11)
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where B(s) < (1 —s) is as in the statement. It is enough to prove that L maps a ball of size C NA®)+
into itself for times 7' = N ~4(1=9)~¢_With similar arguments one can show that L is a contraction (we
do not write the details) and get w satisfying (4-6).
Observe that the complex conjugation is harmless with respect to the norms considered; thus we can
forget it. By the definition of Z; = Fy(N?) and (4-2) we have the estimates used in the sequel: for all
3

0<§,

I/ lzser2 CNTT and  [|HO? f||pgo=poo < CNOT3/275F2¢, (4-12)

Let us prove the second estimate in detail:

o/2
(3) (1=d5) e
LS Lo0
ﬂ (3/2+s—¢)/2 L i iH
N? Awz))e o

< CNU—3/2—S+8 ”e—itH

IH'? f || pgo- oo = N

<CN°

Lc%ofLOo
Uo ||L%O—W3/2+s—s,oo

< CNO'—3/2—S+28’

where we have used that x%/2(1 — y(x)) < CxG/2+5=8)/2(1 — y(x)).
Observe also that by assumption

lullpoorz < CNE, fullgsosn < CN'FE, and  lul|pseps < CNUT5HO/2,
We now estimate each term in the right side of (4-10):
e Source terms: Observe that L‘}/3°Wl’3/2 CLy¥' + L2W1-6/5 By Holder and (4-12),
1/t g powrors < CULS Ul 2ull o s+ Cl HY2f 11 g0
< T ull e lull g ol fllge—roe + CT ullf oo pal HY2 fll 5o 100
< CN—5/2+ + CN—7/2+2S+ < CNﬂ(s)+,

5

where we have set B(s) = max(—i, —% + 25), which is precisely (4-7). Similarly,

| 2ull g < CISPH ullpy g2+ Clluf H'? £l g
< CT  ullzges 1/ e~ poo + CT Nullge 2L f zge-poo | H'? fll g oo
<CTV"N7273+ L cTI-N"2725+ < cN~6+25+ < O NBO+
Finally,

1/ s <CUSPHY fllgs 12 < CT'NHY? fllpge-pooll fllge-rooll fllge 2
< CTI—N—1/2—3+N—3/2—S+N—S+ < CN—6+S+ < CNﬂ(S)+
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e Linear terms in w:
2 2rl/2 1/2
lwf g0 < CIS*HY wlps po+ CllwfH2 £l 42
1— 2 1- 1/2
< CT' N/l poollwllLsesn + CT T wlipge 2l f g ool H'? fllpge oo
< —6+25+ < 0—
<CN lwlixs < CNOllwlly,.

Using that [|w]] pa/3+ oo < CT1/2_||w||L4}LOO_ < CT1/2—||w||LWI,3 and X} C L*([0, T];W3),

||w”2||L‘T%1+L2°w1.6/5 =< C||M2H1/2w||L1TL2 + C||WUH1/2u||L;/3+L3/2_
< Cluly polwl s + Clwll s ool e ollel e
< T2 ull g [wllxy < CNO7JJwllys.
e The cubic term in w: by Sobolev and X} C L4 ([0, T); w13 %) ¢ L4 ([0, T]; L), we have
Il ys0 = ClwH 2wl po = Cllwlzgese lwl7z o
< CT1/2_||w||§(T1 < CN_2(1_3)+||w||13X’71'
e Quadratic terms in w: with similar arguments, we check that they are controlled by the previous ones.

This completes the proof of (4-11). Hence, for all ug € EIT, L has a unique fixed point w.
Letw e X} be defined this way, and let us prove that ||w ”Xﬁ < CN79/2+2s% which will imply (4-8).
By the Strichartz inequality (3-3),

2 2
lwlxe = ClIf +utwl*(f +utw) = lulul s 12y p2p6s
As previously, the main contribution in the source term is
2 1=y, 112 —4(1—s)+1—s—3/2— —9/2+2
| fu ||L1TL2 <T ||u||L%oL4||f||L‘;°_L°° < CN~4U=9)+1=5=3/2=s+ _ o\ =9/2+25+
For the cubic term we write
3 < 2 < 1/2— 2
[0l 22 < wllzge2lwlls o < CTV2 0l ol
< CN—Z(I—S)+/3(S)+ ”w”L%OLZ < CNO_”'LU”X]Q,

which gives a control by the linear term.
The other terms are controlled with similar arguments, and we leave the details to the reader. This
finishes the proof of Proposition 4.1. O

Lemma 4.2. Under the assumptions of Proposition 4.1, for all uy € E; we have

|E@"(T)+ w'(T)) — E(u"(T))| < CN17s+HAO+,
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Proof. Write u = u' and w = w'. A direct expansion and Holder give

|E(T) +w(T)) — E(T))|

2 3 4
= 2lullLgeser lwllLgeser + Wil oogn + Cllwllpge pallullpeo pa + Cllwll oo pa-
Since B(s) < (1 —s), we directly have

2 1—
2l pgeser lwlzgeser + 1wl ogn < CN s+B()+

By Sobolev and Proposition 4.1,

1/4

R allwlY L, < CNTOF, (4-13)
T

lwllpse s < Cllwlpsessrs < Cllw] Ha
with n(s) = max(=3 4+ s/2,—15/4 + 25) < (1 —s + B(s))/3. Hence,

Jwleope = CNITSHFOT,
From the bounds ||“||LF;OL4 < CNU=9/2 4pnd (4-13), we infer
0l pellulso s < CNPO,

where 6(s) = max(—3+s/2,—15/4+25) <1—s54 B(s) (with equality when 0 < s < %). This completes
the proof. O

With the results of Proposition 4.1 and Lemma 4.2, we are able to iterate the argument. At time t =T,
write # = u? + v? where u? is the solution to

Qu?

i —— — Hu? = [u*|*u?, (t,x) e RxR3,
ot (4-14)
u?(T) = u' (T) + w'(T) € %' (R?),
and where v2 = e_i’Hu(I)V + w? satisfies
2 _ .
ia(};; — Hw? = |w? + eitHy N +u2|2(w2 +etHyN £y~ 222, (1. x) eRxR?,
w?(T) = 0.

By Proposition 4.1, w!(T') € %! (R?); thus (4-14) is globally well-posed. Then, thanks to Lemma 4.2, by
the conservation of the energy,

EW?) = Eu"(T) +w!(T)) <4N21=5F8)
and, by the conservation of the mass,
lu?llpor2 = llu' (T) +w'(T)| L2 <2N°.
Therefore there exists a set E% C #° with

1(22) > 1—Cexp(—cT 78|y [5%).
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and such that for all ug € E% there exists a unique w? € @([T,2T], %' (R?)) that satisfies the result
of Proposition 4.1, with the same 7' > 0. Here we use crucially that the large deviation bounds of
Proposition 2.1 are invariant under time shift 7.

Fix a time 4 > 0. We can iterate the previous argument and construct u/, v/ and w/ for 1 < j < |A/ T |
such that the function u/ is the solution to (4-14) with initial condition

w(t=(—DT)=u (- DT)+w/ 7' ((j - DT),
then we set v/ (¢) = e/1H N + w/ (¢), where the function w/ is the solution to

z%—HwJ—|w1+e_”H Ntu Pw! + eyl udy—ulPul, (t,x) e Rx R,

w!/ ((j —1)T) =0.

This enables us to define a unique solution u to the initial problem (1-7) defined by u(t) =ul (t) + v/ (¢)
fort e[(j—1)T, jT],with1 <j <|A/T] provided that uy € I‘T, where FA ﬂ /TJ EJ
Thanks to the exponential bounds, we have /,L((F‘T‘l) )< Cexp(—cT 82|y ||;€3), with T N~ 4(1 —s)—e,
For uniform bounds on the energy and the mass, it remains to check whether E(u/) < 4N 2(1=s+e)
and ||u/ || 23y < 2N® forall 1 < j < |A/T]. By Lemma 4.2, for T = N 4079~

E(u]) < E(l/l() N) + CAT_INI_S+ﬁ(S)+ < 2N2(1—S+8) 4 CANB(S)+5(1_S)+, (4_15)

which satisfies the prescribed bound if and only if 3(1 —s5)+B(s) <0.
. If < s =<1, the condition is 3(1 —s) + 25 — 5 < 0, or equivalently s > —35, which is satisfied.

oIfO0=<s= l , the condition is 3(1 —s5) — 5 < 0, or equivalently s > ¢ 1 . The same argument applies to
control [|u/ ||L2.
If % < s < 1, we optimise in (4-15) with the choice of N > 1 so that A ~ ¢ N —30=9)=B) and get
that, for 1 < j < |A/T],
E@w/) <CAST

with
26(1?1?) if%<s§%,
=90 (4-16)
2(1—s) ifl<g<1
2541 2=t =E

Denote by ' = FI/"I the set defined with the previous choice of N and T'= N —4(1=s)—¢

Lemma 4.3. Let % < s < 1. Then for all A € N and all ug € T4 there exists a unique solution to (1-7) on
[0, A], which reads

—itH

u(t) =e ug+w(t), with we %([O, Al, %1(R3)), sup E(w(t)) < CAST

t€[0,A4]

Proof. On the time interval [(j — 1)T, jT] we have u = u/ + v/ where v/ = e_i’HuoN + w’/ and
u/ =e "y, N 427, for some z; € 6([0, +oof, %! (R3)). Therefore, if we define w € ([0, A], %' (R?))
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by w(t) =z/ (t) +w’/(¢) fort €[(j —1)T, jT]and 1 < j < |A/T|, we get u(t) = e *Hyy + w(r) for
all z €0, A]. Next, forz € [(j — )T, jT],

E(w(t)) < CE(z/) 4+ CEw’) < CE’) + CE(e™ " uy y) + CE(w’) < CA%T
which was the claim. O

We are now able to complete the proof of Theorem 1.5. Set

+o00
o=(1Jr* and T=0+%"
k=1A4A>k
We have u(©) = lim u(|J T ) and (U FA) > 1—cexp(— k‘s||y||% ). So (®) =1, and thus
k—oo >k A=k
w(x) = 1.
By definition, for all u#y € O, there exists a unique global solution to (1-7), which reads

—itH

u)y=e Hys+w@), we®R %x (R)).

Then by Lemma 4.3 for all uy € ®, there exists a unique w € 6([0, +o0], %! ([R{3)), which satisfies, for
all N, the bound

sup E(w(t)) <CN&T
t€[0,N]

Now, if Uy € X then Uy = ug + v with ug € ©, v € #! and we can use the method of Proposition 4.1,

Lemma 4.2 and Lemma 4.3 with Uy n replaced by 1o x +v. And the set X satisfies properties (i) and (11).
Coming back to the definition of £/, we have e ”H(Ej )= E] for all ¢ € R; thus e "/H (@) =

Finally, thanks to property (i), the set X is invariant under the dynamlcs and property (iii) is satlsﬁed.

4B. The case of dimension d = 2. In this section, we prove Theorem 1.6. The proof is analogous to
Theorem 1.5 in a simpler context; that is why we only explain the key estimates.
According to Proposition 2.1, we set

Fo(K) = {w € 9 ®) | Iwlhe) < K- Iwlzs < K and le ™™ wl e g eogey < K-

and we fix uy € Fs(N?).
Then, if /= e ""Hul’, we have

1/ legp, 02 SCNTF and  [HOP fllpger | poo < CNOTIT0F2,

[0.27] [0.27]

In Proposition 4.1 we can choose T' = N ~2(=5)=¢ (¢ have
1 £ 1 1-s+¢
lu'llser2 <CN® and [l lson < CN'75F,
Moreover, as ug € Fy(N¥), we obtain

luo,nllps < CN®.
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Hence, we establish

Bt = i o oy + 100 1wy = 00,8 ey + Sltt0, v [ oy < N207549) £ O
< 4N2(1—S+8)’

and
lu' [l peo s < CN U5/,

In Proposition 4.1, we obtain ||w! ||L<[>° et = <CN~'* and |w! ||LOOOT]L2 < CN~2*. The proof is

essentially the same. We define the map L as in (4-9). For the first estimate, we prove that
< -1+ 0— —2(1-s)+ 3
ILw)]x1 =CNT" + N wllys + N iy s
We only give details for the source terms. First,
1/l a2y g1y < CISUHPull iy o +Cl® HY2 £y g
< CT'ul s Il g oo | f e oo+ C Tl 2w pll Y2 fl o 100
< CTl_maX(N1_3s+, N1—2S+) < CTI—NI—ZS-‘r- < CN_1+.
Similarly,
|/ 2ull g < CISPH ullpy gz + Clluf H'? £l po
< CT' |lull Lgeser /17 g0~ oo + CT' Nullpeo 2l fllLgo=roo | H'? £l L3 oo
< CTl_max(N_1_3s+, N—1—2S+) < CTI_N_I_ZS+ < CN—3+ < CN_1+.
Finally,
10y = CUPPHY2 fllpy go < CTVNHY2 fllpgompoo | £l gem ol f o2
< CTI—N—S+N—1—S+N—S+ < CN—3—S+ < CN_1+.

Analogously to Lemma 4.2, we obtain |E(u!(T) + w!(T)) — Eu'(T))| < CN~5T, because here
B(s) = 1— and the estimates on u!
Finally, the globalisation argument holds if (4-15) is satisfied, that is to say

are the same as in dimension d = 3.

CAT—IN—S+ < 4N2(1—S)+’

which is equivalent to 2(1 —s) —s < 2(1 — ), hence s > 0. In this case, we set A ~ ¢N* and we get that,
for0 <t <4,
cs+ . l—s
E(w(t)) < CA%™, with ¢5 = —

Theorem 1.6 follows.
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