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CYLINDRICAL ESTIMATES FOR HYPERSURFACES MOVING
BY CONVEX CURVATURE FUNCTIONS

BEN ANDREWS AND MAT LANGFORD

We prove a complete family of cylindrical estimates for solutions of a class of fully nonlinear curvature
flows, generalising the cylindrical estimate of Huisken and Sinestrari [Invent. Math. 175:1 (2009), 1-14,
§5] for the mean curvature flow. More precisely, we show, for the class of flows considered, that, at points
where the curvature is becoming large, an (m+1)-convex (0 < m < n — 2) solution either becomes strictly
m-convex or its Weingarten map becomes that of a cylinder R™ x S§"~". This result complements the
convexity estimate we proved with McCoy [Anal. PDE 7:2 (2014), 407—433] for the same class of flows.

1. Introduction

Let M be a smooth, closed manifold of dimension n, and Xo : M — R"*! a smooth hypersurface
immersion. We are interested in smooth families X : M x [0, T) — R"*! of smooth immersions X (-, 7)
solving the initial value problem
81X()C, t) = —F(W(X, f))l)(x, t)a
X(-,0)= Xo,

where v is the outer normal field of the evolving hypersurface X and W the corresponding Weingarten

(CF)

curvature. In order that the problem (CF) be well-posed, we require that F (W) be given by a smooth,
symmetric function f : I’ — R of the principal curvatures x; which is monotone increasing in each
argument. The symmetry of f ensures that F is a smooth, basis-invariant function of the components
of the Weingarten map (or an orthonormal frame-invariant function of the components of the second
fundamental form) [Glaeser 1963]. Monotonicity ensures that the flow is (weakly) parabolic. This
guarantees local existence of solutions of (CF), as long as the principal curvature n-tuple of the initial
data lies in I'; see [Langford 2014].
For technical reasons, we require some additional conditions:

Conditions. (i) f is homogeneous of degree one.
(i) f is convex.

Since the normal points out of the region enclosed by the solution, we may assume, by condition
(i1), that (1, ..., 1) € I'. Thus, by condition (i), we may further assume that f is normalised such that
fa,...,1H)=1.
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The additional conditions (i)—(ii) have several consequences. Most importantly, they allow us to obtain a
preserved cone ['g C I" of curvatures for the flow (Lemma 2.2). This allows us to obtain uniform estimates
on any degree-zero homogeneous function of curvature along the flow (Lemma 2.3); in particular, we
deduce a uniform parabolicity condition (Corollary 2.4). The convexity condition then allows us to apply
the second derivative Holder estimate of [Evans 1982; Krylov 1982] to deduce that the solution exists on
a maximal time interval [0, T'), T < 0o, such that maxy x ;) F — oo ast — T'; see [Andrews et al. 2014a,
Proposition 2.6]. Thus, it is of interest to study the behaviour of solutions as F' — co. Let us recall the
following curvature estimate [Andrews et al. 2014b] (cf. [Huisken and Sinestrari 1999a; 1999b]).

Theorem 1.1 (convexity estimate). Let X : M x [0, T) — R™*! be a solution of (CF) such that f satisfies
conditions (1)—(ii). Then, for all € > 0, there is a constant C, < oo such that

Gx,t)<eF(x,t)+C, forall (x,t) e M x[0,T),

where G is given by a smooth, nonnegative, degree-one homogeneous function of the principal curvatures
of the evolving hypersurface that vanishes at a point (x, t) if and only if W', ) > 0.

We remark that the constant C,; depends only on ¢, the dimension #, the choice of speed function f,
the preserved curvature cone 'y, and bounds for the initial volume and diameter [Langford 2014].

Theorem 1.1 implies that the ratio of the smallest principal curvature to the speed is almost positive
wherever the curvature is large. Combining it with the differential Harnack inequality of [Andrews 1994b]
and the strong maximum principle [Hamilton 1986] yields useful information about the geometry of
solutions of (CF) near singularities [Andrews et al. 2014b] (cf. [Huisken and Sinestrari 1999a; 1999b]):

Corollary 1.2. Any blow-up limit of a solution of (CF) is weakly convex. In particular, any type-I1
blow-up limit about a type-I1 singularity is an eternal solution of the form X : (R¥ x T %) x R — R+,
ke{0,1,...,n— 1}, such that X - |p« is flat, and X oo|rn—k is a strictly convex translation solution of the
corresponding flow in R"~*+1,

Motivated by the surgery construction of [Huisken and Sinestrari 2009, §5] for 2-convex mean curvature
flow, we will apply Theorem 1.1 to obtain the following family of cylindrical estimates for solutions
of (CF):

Theorem 1.3 (cylindrical estimate). Let X be a solution of (CF) such that conditions (1)-(ii) hold. Suppose
also that X is uniformly (m+1)-convex for some m € {0, 1, ..., n—2}. Thatis, k1 + - -+ Kkpnt+1 > BF for
some B > 0. Then, for all ¢ > 0, there is a constant C, > 0 such that

Gu(x,t)<eF(x,t)+C, forall (x,t) e M x[0,T),

where G, : M x [0, T) — R is given by a smooth, nonnegative, degree-one homogeneous function of the
principal curvatures that vanishes at a point (x, t) if and only if

00D+ ko (8,0 = - G101,k (3, 0),

where c,, is the value F takes on the unit radius cylinder R™ x §"=™.
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We note that the constant C, will only depend on ¢, 8, m, the dimension n, the choice of speed
function f, the preserved curvature cone 'y, and upper bounds for the initial volume and diameter.
Theorem 1.3 implies that the ratio of the quantity

1
K=k + -t Km - —F
Cm

to the speed is almost positive wherever the curvature is large. Observe that this quantity is nonnegative
on a weakly convex hypersurface X only if either X is strictly m-convex or X = R x $"7". In particular,
we find that, whenever «1(x, t) + - - -+« (x, t) is small compared to the speed, the Weingarten curvature
is close to that of a thin, round cylinder R™ x $"~". We therefore obtain a refinement of Corollary 1.2:

Corollary 1.4. Any blow-up limit of an (m—+1)-convex, 0 < m <n — 2, solution of (CF) is either strictly
m-convex, or a shrinking cylinder R™ x S"~™. In particular, if the blow-up is of type-1I, then this limit is
of the form X o 1 (RE x T Ky x R — R™! fork € {0, 1, ..., m — 1}, such that X o |« is flat and X oo|pn—«
is a strictly convex translation solution of the corresponding flow in R —*+1,

The m = 0 case of the cylindrical estimates demonstrates that convex hypersurfaces become umbilic
at points where the curvature is blowing up, generalising a result of Huisken [1984, Theorem 5.1] for
the mean curvature flow (we note that the convergence result of [Huisken 1984] has been obtained by
the first author for the class of flows considered here without the need for such an estimate [Andrews
1994a]). Moreover, Huisken and Sinestrari [2009] have recently obtained the m = 1 case of the cylindrical
estimates for the mean curvature flow, making spectacular use of it through their surgery program, which
yields a classification of 2-convex hypersurfaces. The convexity and cylindrical estimates stated above, in
addition to generalising the Huisken—Sinestrari cylindrical estimate to all m in {0, ..., n — 2}, constitute
a first step towards improving upon such results by allowing a larger class of evolution equations.

2. Preliminaries

We will follow the notation used in [Andrews et al. 2014b]. In particular, we recall that a smooth,
symmetric function g of the principal curvatures gives rise to a smooth function G of the components hlj
of the Weingarten map. Equivalently, G is an orthonormal frame invariant function of the components
h;; of the second fundamental form. To simplify notation, we denote G (x, t) = G(W(x, 1)) = g(k (x, 1))
and use dots to denote derivatives of functions of curvature as follows:

. d . d
F@u=" g+, GH(A)By=--| _ Ga+sB),
ds ls=0 ds ls=0
. 2 . d?
1 @upvy = | g0 CMTA)By B =1 | G(A+sB).

The derivatives of g and G are related in the following way:

Lemma 2.1 [Gerhardt 1996; Andrews 1994a; 2007]. Let g : I' — R be a smooth, symmetric function.
Define the function G : I1 :— R by G(A) := g(A(A)), where L(A) denotes the eigenvalues of A (up

to order) and Sr denotes the set of symmetric matrices with eigenvalues in I'. Then, for any diagonal
Ae y[‘,



1094 BEN ANDREWS AND MAT LANGFORD
GM(A) = gF(n(A))8M, (2-1)

and, for any diagonal A € S with distinct eigenvalues and any symmetric B € GL(n),

g (A (A)) — §7(A(A))

2
Ap(A) — 2y (A) (Bpg)" (22

GO (A)Bpg Brs = §7 (M(A)) BppBgg +2 )
prP>9q

We note that g > 0 if and only if (g7 — £9)(z, —z4) = 0 for all p, g [Andrews et al. 2014b, Lemma 2.2],
so Lemma 2.1 implies that G is convex if and only if g is convex.
The following useful lemma was proved in [Andrews et al. 2014b]:

Lemma 2.2. Let f : ' — R be a flow speed for (CF) satisfying Conditions (1)—(ii). Then, for any
admissible initial datum Xo : M — R"F! there exists a cone Ty C R" satisfying To \ {0} C T such that
the principal curvatures of the solution X : M x [0, T) — R"*! of the initial value problem (CF) satisfy
k(x,t):=(1(x, 1), ..., k5(x, 1)) €T forall (x,t) e M x [0, T).

We refer to such a cone 'y as a preserved cone for the solution X. As mentioned in the introduction,
the existence of a preserved cone allows us to obtain bounds for homogeneous functions of the curvature:

Lemma 2.3. Let X : M x [0, T) — R"*! be a solution of (CF) such that f satisfies conditions (i)—(ii). Let
g :I' = R be a smooth, degree-zero homogeneous symmetric function. Then there exists ¢ > 0 (depending
only on n, f and My) such that

—c<glki(x,t),...,ky(x,8))<c forall (x,t)e M x[0,T).

If g > 0, then there exists ¢ > 0 such that

<glki(x,1),...,k5(x,1)) <c.

Q| =

Proof. Let Ty be a preserved cone for the solution X. Then K := I’y N §” is compact. Since g is
continuous, the required bounds hold on K. But these extend to I'g \ {0} by homogeneity. The claim
follows since k (x, t) € Tg \ {0} for all (x,¢) € M x [0, T). U

By condition (i), the derivative f of f is homogeneous of degree zero. Since f* > 0 for each k, we
obtain uniform parabolicity of the flow:

Corollary 2.4. There exists a constant ¢ > 0 (depending only on n, f and My) such that, for any v e T*M,
it holds that

1
I < Flv <P,

where | - | is the (time-dependent) norm on M corresponding to the (time-dependent) metric induced by
the flow.

We now recall the following evolution equation (see for example [Andrews et al. 2013]).
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Lemma 2.5. Let X : M x [0, T) — R""! be a solution of (CF) such that f satisfies conditions (1)—(ii).
Let G: M x [0, T) — R be given by a smooth, symmetric, degree-one homogeneous function g of the
principal curvatures. Then G satisfies the evolution equation

(O — LG = (GHFPars — RGP\ h , Vi, 4+ GIW|3, (2-3)
where & := FK'N,V, is the linearisation of F, and |°W|% = F¥hy " hy,.

In particular, the speed function F satisfies (3; — £)F = F |°W|%.
As we shall see, in order to obtain Theorem 1.3, it is crucial to obtain a good upper bound on the term

Q(VW, VW) := (G FPers — FKGPELTSYh 0 Vihys
for the pinching functions G,, which we construct in the following section. The following decomposition
of Q is crucial in obtaining this bound.
Lemma 2.6. For any totally symmetric T € R" @ R" @ R", we have
(le }';'qu,rs - Fklépq,r‘v) ‘BTkpq nrs = (gkf'pq - f-kgpq) ‘ZTkpp quq
(fPg1 =87 f9)|

ip —Zq

+22
prP>q

(Tpg)* + Typp)) +2 Y Bipg X fipg)|, *Zhpg Tiepg)>  (2-4)
k>p>q

at any diagonal matrix B with distinct eigenvalues z;, where “x” and “- 7 are the three-dimensional
cross and dot product respectively, and we have defined the vectors

fkpq: = (fka f'p’ fq)a
§kpq: = (gk7 gp’ gq)’

. ( Zp— 24 Zk — Zg Kk —2Zp )
ZkPCI' = k) b} .
(zk —2p) 2k —2¢) @k —2p)(2Zp —2¢) (2p —29)(2k — 2Z¢)

Proof. Since B is diagonal, Lemma 2.1 yields (suppressing the dependence on B)

(G'klﬁpq,rs _ Fklc";pq,rS)Tkpq Tirs

P _ f4 17_
= Y@ - fg”q)Tkpkaqq+2ZZ< SIS )m,,,,)z

k.p.q k p>q q P~ %q

We now decompose the second term into the terms satisfying k = p, k=q, k> p, p >k >¢q,and g > k

respectively:
ZZ( ka f4 fkg )(Tkpq)
Y pq ip~Zq ip~Zq
B fp_fq 87 —8 ) 5 ( — f4 ,qu_g'q> 5
I,Z;]( Ip—2q -7 ip— Tora) +,,2>;1 ip—2q -/ Zp—2Zq Tara)
kfp 5 87
(Z Z Z)( Ip—% - ip— Zq)(Tkpq)

k>p>q p>k>q p>q>k
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ipod _ 5P £4
= Z M((Tﬂqq)2+(7"qpp)2)

Zp—2
P>q P %q

‘p_fq . 6P _ 54 ck _ fq . sk _5q ck_ fp . gk_gp
N Z(gkf / _ 88 +g,,f / _jré 8 +gqf / _ a8 =8 )(Tkpq)z

k>p>q ip—2q ip—2q Zk —Zq Zk —Zq Zk—Zp Zk—Zp
frgl—gp f4 L . 1 1
=Y Ty + T+ D | @Pf1—f187) -
peq P % ke pag k—Zp U—Zq
&k fq fksg 1 1 ok Ep_ fkop 1 ! 2
— @ f1=rgh + +@& f7-r8" - (Tipq)
Zp_Zq Zk_Zp Zp_Zq Zk_Zq
frgt—4rfe S
- Z Zf«Tpfm)z"‘(qup)z)"‘ Z (8kpg X fipg) Zkpg (Tipg)®. U
pP>q P q k>p>q

We complete this section by proving that (m+1)-convexity is preserved by the flow (CF), so that this
assumption need only be made on initial data:

Proposition 2.7. Let X be a solution of (CF) such that conditions (1)—(ii) are satisfied. Suppose that there
is somem € {1, ...,n—1} and some B > 0 such that

Ko1)(X,0) + -+ Kkom)(x,0) > BF(x,0)
for all x € M and all permutations o € P,. Then this estimate persists at all later times.

Proof. Denote by SM the unit tangent bundle over M x [0, T') and consider the function Z defined on
p" SM by

Z(e 81 En) =) h(Ea, &) — BF(x, 0).

a=1
Since we have
inf Z(x,t, 81, ....86n) = ko)X, )+ -+ Kom)(x, 1) — BF(x, 1)
Sl ----- SmES(X,T)M
for some o € P,, it suffices to show that Z remains nonnegative. First fix any #; € [0, T') and consider
the function Z,(x,t, &1, ..., &) = Z(x,t, &1, ..., Ey) + 11O where C := SUP v1[0.1/] |°W|%. Note
that C is finite since M is compact and F is bounded. Observe that Z, is positive when ¢ = 0. We will
show that Z, remains positive on M x [0, ;] for all € > 0. So suppose to the contrary that Z, vanishes

at some point (xg, fo, S? e 5,2). We may assume that 7y is the first such time. Now extend the vector
g0 .= (S? Yy 5,(,)1) to a field & := (&1, ..., &,) near (xo, to) by parallel translation in space and solving
& .
a—: == Fs(){hjl .

Since the metric evolves according to

0:8ij = —2Fhij
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the resulting fields have unit length. Now recall (see for example [Andrews 1994a]) the following evolution
equation for the second fundamental form:

dihij = Lhij+ FPU" NihpgViheg + W\ Ehij — 2FhY;,

where £ := F*'V,V, and |°W|% = Fklh,%l. It follows that

@ — ) (Ze(x,1,8)) = e(1+ O T 3" FPOrYe 1,0 Ve hys + W (x, D3 Z(x, 1, 6)

a=1

> (14 C)e" O 4 1 W(x, )2 Z(x, 1, ).
Since the point (xo, fy, &=4,) 1S a minimum of Z,, we obtain
0= @ =) ) (Ze(x,1,8)) = £(1 4+ C)el! T — CeelTOM = g1+ > 0.

This is a contradiction, implying that Z, cannot vanish at any time in the interval [0, #;]. Since ¢ > 0
was arbitrary, we find Z > 0 at all times in the interval [0, #;]. Since #; € [0, T) was arbitrary, we obtain
Z>0. O

3. Constructing the pinching function

In this section we construct the pinching functions G,, satisfying the conditions in Theorem 1.3. Let us
first introduce the pinching cones

pi={zel i zeay+ -+ 2Zom+1) > cnjlf(z) for all o € H,,},
where H,, is the quotient of P,, the group of permutations of the set {1, ..., n}, by the equivalence
relation

o~w if o({l,...,m+1}) =w({l,...,m+1}).

Using the methods of [Huisken 1984], and their adaptations to 2-convex flows in [Huisken and Sinestrari
2009] and fully nonlinear flows in [Andrews et al. 2014b], we will see that, in order to prove Theorem 1.3,
it suffices to construct a smooth function g,, : I' — R satisfying the following properties.
Properties. (i) g, (z) > 0 for all z € I" with equality if and only if z € T, N T.
(ii) gm is smooth and homogeneous of degree one.

(iii) For every ¢ > 0 there exists ¢, > 0 such that
~kl 1 pq,rs Skl £ rs |T|2
(Gmeq’ - F G,l:lq’ )|BTkqulrs =< _CST
for all B € ST, satisfying G,,(B) > ¢ F(B) and all totally symmetric 7 € R" ® R" ® R", where G,
is the matrix function corresponding to g,, as described in Section 2, and I'g is a preserved cone for
the flow.
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(iv) Forevery § > 0, ¢ > 0, and C > 0, there exist y; > 0, y» > 0 and y3 > 0 such that
(G = FG)| ,BY < =1 FX(G — 812F)| 4 + 13CF?|,
for all (m + 1)-positive B € ¥, satisfying G,,(B) > ¢F(B) and
Amin(B) = =8 F(B) — C.

Our construction of the pinching function g, will be similar for each choice of m. So let us fix
m € {0,1,...,n— 2} and assume that the flow is (m-+1)-convex. We first consider the preliminary
function g : I' — R defined by

S o — lef(z)>
= , 3-1
$0=10 2, T G-1)

where ¢ : R — R is a smooth! function which is strictly convex and positive, except on R U {0} where it
vanishes identically. Such a function is readily constructed; for example, we could take

2 .
rée= V" ifr <0,

vir) = {o if r>0.

We note that such a function necessarily satisfies ¢(r) —r¢’(r) < 0 and ¢'(r) < 0 with equality if and
only if r > 0.
Now define the scalar G : M x [0, T) — R by

G(x,t):=gki(x,1),...,kn(x,1)).

Then G is a smooth, degree-one homogeneous function of the components of the Weingarten map which
is invariant under a change of basis. Moreover, G is nonnegative and vanishes at, and only at, points for
which the sum of the smallest (m+1)-principal curvatures is not less than c,,! F. Thus properties (i) and
(ii) are satisfied by g.

We now show that property (iii) is satisfied weakly by g:

Lemma 3.1. Let G be the matrix function corresponding to the function g defined by (3-1). Then, for any
symmetric matrix B and totally symmetric 3-tensor T,

(GH FPars — FHGPaT)|  Tipg Tirs < 0.

Proof. We will show that each of the terms in the decomposition (2-4) in Lemma 2.6 is nonpositive. Note
that, by the invarance properties of G and F, it suffices to prove the claim for diagonal B. In fact, we can
also assume that B has distinct eigenvalues, since the result at an arbitrary diagonal matrix B may then be

!n fact, ¢ need only be twice continuously differentiable.
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obtained by taking a limit B®) — B such that each matrix B®) has distinct eigenvalues. We first compute

m+1
F=r> o)+ > ¢ (m)Z( Ko~ Z”(’) )

oeH, oeH,
. Z m+1 Zo) m+1
= (w(rg>—¢/<rg) =t ) P A L
oeH, oeH, i=1
and
509 — _ Zz 1 ZU(l) ‘pq
8 Z @(ry) Z @ (r(r) f f

oeH, oeH,

where we have set

1 _
S 2oty — it f(2)

ra(z)::
f@
It follows that
m+1 N(}" )m+1 2o m+1 2o
== Y st - Y Z(af,’(l.)— ‘;f”f‘P) Z(Sim— “Jj”fq).
oeH, i=1 oeH, i=1 i=1

If we fix the index k and set &, = Ty, then, by convexity of ¢ and positivity of f*, we have
g0,,(" ) z m+1 z
e o o(i) o(i) /2
- = 7 Z(‘Sam 7 fp) Z(‘Szm T fq)sﬁq
o€H, i=1 i=1
(,0 (I’ ) m+1 Zo0) 2
g ol ~
=1 T (X)) <o

oeH, i=1

On the other hand, since ¢ is monotone nonincreasing, and f is convex, we have

m+1

@' (ro) Z (Sg(i)]?qup";"q <0

i=1

for each o. Since both inequalities hold for all k£, we deduce that

Z (gkqu - f.k:g.pq)Tkpkaqq < 0.

k,p.q

‘We next consider
m+1

fré7 =4 f1= 3 Y W), " =800 [N =D d )P =) ¢t [

oeH, i=1 0€0y, 0€0,
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where we have introduced the sets
O,:={0€Hy:aco({l,....m+1h}.

If z,, > z4, we obtain

fret—grfi< f'P( PIAOEDS «/(ra)),

0€0y 0€0),

We now show that the term in brackets is nonpositive whenever z,, > z,.

Lemma 3.2. If z, > z,, then

Y @)=Y ¢ ()= 0.

0€0), 0€0y,
Moreover, equality holds only if either z, =z, or r;(z) = 0 forall o € Oy ;, :== 04\ O),.

Proof of Lemma 3.2. First note that

YY)D P =D ¢ = D (),

0€0), 0€0y 0€0p4 0€04.p
where O, := O,\ Op. Next observe that, if o € O, 4, then
o)+ F Zome) =2p 266 T 266 (3-2)

for some 6 € H,,_2(p,q) := P,—2(p,q)/ ~, where P,_»>(p,q) denotes the set of permutations of
{1,...,n}\{p,q}; i1, ..., i, are m distinct elements of {1, ..., n}\ {p, q}; and ~ is defined by

A

o~ if (i, ....imY)=0{i1,....in}).

Observe also that the converse holds (that is, (3-2) defines a bijection), so that

m R | m R |
Z <p/(rg)—z 0 (ry) = Z <¢/(Zp+2k=1 ;U(Ik) Cm f>_(p/<zq+2k:1 i;r(zk) Cm f))

erq.p erp.q &GHm—Z(P:q)
Since z), > z4, the claim follows from (strict) convexity of ¢ (where it is positive). [l
Thus,

frg1—gb fa
Z fzq((Tqu)z + (qup)z) <0.

Z
P>q p

We now compute

m+1 m+1
N g Zo(i -
8kpg = <7 - Z (p/(ra) Z %)fkpq + Z §0/(ra) Z(5§(i>, 35@), Sg(,-)),

oeH, i=1 oeH, i=1
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so that
m+1
- =2 - X N .
@pg X feng) Zipa = D D' 0)[(556) 80y 30)) X Frenal - Zkpa
oeH, i=1
© ! (ag(l)fq B ag(i)fp)(zp - Z(]) (5g(l)fk - aﬁ(i)f‘q)(Zk - Zq)
=2 D ¢
oeHy i= (@ = 2p) 2k = 2¢) 2k —zp)(zp — 2¢)

(8§(i)f.p - 55(,-)fk)(zk - Zp):|
2k —2¢)(zp — 2¢)
Removing the positive factor oy == [(zk — 2p)(2k — 2¢)(2p — zq)]_1 and setting

Py = Z (P/(ra),

oe0,
we obtain

Bk < Fipa) Zipg =hpg [(Pp f 1= Py ) 2p =20+ (Py f* = P f) (er—=20) >+ (P f P = Py ) (2r=2,)°]:
Applying Lemma 3.2 yields

Brpg X Fipa) - Zhpg < Uhpg (Py f* = Pef Oz = 20" = (2 = 2p)" = (2p = 2)°):
Since the term in square brackets is nonnegative, applying Lemma 3.2 once more yields

(8kpg < J?kpq) *Zkpg < 0.
This completes the proof of the lemma. (]
Corollary 3.3. There exists C < 0o (depending only on n, f and My) such that G/ F < C along the flow.

Proof. In view of Lemma 3.1 and the evolution equation (2-3), this is a simple application of the maximum
principle. ]

In order to obtain the uniform estimate required by property (iii), we modify G in order to obtain a
function with a strict convexity property. A well-known trick (cf. [Andrews 1994b, Lemma 7.10; Huisken
and Sinestrari 1999a, Theorem 2.14; Andrews et al. 2014b, Lemma 3.3]) then allows us to extract the
required uniform estimate. First, we relabel the preliminary pinching function ¢ — g; (G — G), and
consider the new pinching function g defined by

g2
g:=K(g1, g) =1, (3-3)
&2

where g>(z) =M Y, z; — |z| for some large constant M >> 1, for which g is positive along the flow.
That there is such a constant follows from applying the maximum principle to the evolution equation (2-3)
for the function G,(x, t) := g2(k(x, t)) as in [Andrews et al. 2014b, Lemma 3.1]. Note that K!'> 0,
K? <0and K > 0 wherever g; > 0.
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Observe that properties (i) and (ii) are not harmed in the transition from g; to g. We now show that the
estimates listed in properties (iii) and (iv) are satisfied by the curvature function defined in (3-3).

Proposition 3.4. Let g be the pinching function defined by (3-3) and G its corresponding matrix function.
Then, for every ¢ > 0, there exists c. > 0 (depending only on ¢, n, f and I'y) such that

. e T|?
(G EPars — RGPy Tipg Tirs < —cs%

for all B € v, satisfying G(B) > ¢ F(B) and all totally symmetric T € R" @ R" ® R".
Proof. First note that (suppressing dependence on B)

(lel';'qu,rs _ Fklépq,rs)Tkpq Tips = Ka(Gll;vapq,rs _ Fkl(';«gq,r‘s)Tkpq Tjps — FklkaﬂG(];ngv Tkpq Tjrs
= KZ(G'Iélﬁpq,rs - Fklégq’”)Tkpq Tiys

0 Skl S PGS
<—-K°F Gz TkpanS7

where we used Lemma 3.1, convexity of K, and the inequalities K! > 0 and F > 0 in the first inequality,
and the inequalities Gz >0 and K2 < 0, and convexity of F in the second. Since K? < 0 whenever
G > 0 and G, is strictly concave in nonradial directions, the claim follows exactly as in [Andrews et al.
2014b, Lemma 3.3]. O

The uniform estimate of Proposition 3.4 yields a good bound for the term Q (VW, VW) in the evolution
equations for the pinching functions. This is a crucial component in obtaining the LP-estimates of the
following section. This is the starting point for the Stampacchia—de Giorgi iteration argument. The
second crucial estimate is the Poincaré-type inequality, Lemma 4.2 (see also [Huisken and Sinestrari 2009,
§§4-5; in particular, Lemma 5.5]), which we can obtain with the help of property (iv). This estimate
(corresponding to [Huisken and Sinestrari 2009, Lemma 5.2]) provides an estimate on the zero order term
that occurs in contracting the Simons-type identity for F74 V,Vyhij with G (see [Andrews et al. 2014b,
Proposition 4.4]).

Proposition 3.5. Let g be the pinching function defined by (3-3) and G its corresponding matrix function.
,Then for every § >0, & > 0, and C > 0 there exist y| > 0, y» > 0 and y3 > 0 (depending only on §, & > 0,
C,n,m, f and T'y) such that

Z(B) = (FG" = GF")| ,B}, > v F*(G — 872 F)| , — 3 F?|

for all symmetric, (in+1)-positive matrices B satisfying A(B) € 'y, Amin(B) = —8F(B) — C, and
G, (B) > ¢F(B).
Proof. From the definition of G we have
Z=K'Z\+K*Z,,
where
Zi(B) := (FG{' = G;F")| ,By.
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Thus, since K2 = 2g1/g> is uniformly bounded below when g > ¢f, it suffices to prove the estimate

for Z;.
So let B be a symmetric, (m-+1)-positive matrix with eigenvalues z; < --- < z,,. Then

Z\(B) = f8{zy—g1fP =Y (871 =81 ") zpzaGp—29) =Y (Pof = Py fP)zpze(zp —2q)

p>q p>q

Z + Z t Z )(prq = Py f7)2p2q(zp = 2¢).
p>q>l p>l>q I[>p>q
where we recall the notation P, :=) 0eo, ¢'(ry) and we have defined / < m as the number of nonpositive
eigenvalues z;. Recalling that P, f1— P, f? > 0 whenever z p = 24, we discard the final sum and part of

the first to obtain

n m+1
ZiB)= Y Y (Pl =Py fzpze(zp—2g) + Z Z(P f= Py fP)2p2g(zp = 24)
p=m+2 q=I+1 p=l+14=1
n m+1 ) ) [
Z Z(prq—qup)Zqu(Zp—Zq)—fZZZi
p=m+2 qg=I+1 i=1
1 n l
+ f? ZZi + Z Z(prq — Py fP)2pzq(2p — 2)-
i=1 p=I+1g=1
So consider the term
n m+1
Si@ = Y D (P f1) — Py [P @)2p24(p —24) — [ (2) Zz,
p=m+2 g=I+1 i=1

Observe that S; > 0. We claim that S;(z) > 0O for all z in the cone
Fepi={zelo:g(@)>2ef(@), 1= = =<0<z41 =< <z}

Suppose, to the contrary, that S1(z) = 0 for some z € I';;. Then z; = --- = z; = 0 and, for all
p>m+1>qg>1,(P, (2) f9(z) —P, (Z)fp(z))zpzq (zp—24) =0. But, by Lemma 3.2, the latter implies that,
forall p>m+1>gq >1, eitherz, =z4,0rr, (1) >0forall o € Oy, ,. Note that the latter case cannot occur:
since p >m+1> g, there is a permutation o € O, , such that 0 <7, (z) = (214 - -+ 2Zm41 —c,;lf(z))/f(z),
which implies g1(z) = 0, contradicting z € I'; ;. On the other hand, if z, =z, forall p >m+1>¢g > [,
then we again obtain the contradiction g;(z) = 0. Thus, S; > 0 on I';;. Since S; is homogeneous of
degree three, it follows that

S1>cif’g
on I';;, where ¢; := min; minr S > 0.

! f2g

Now consider

Sy = f? Z)‘ + Z Z(prq Py fP)zp2a(zp —24)-

p=Il+1g=1
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Note that, by homogeneity, ¢; := sup{Pp(z)fq (2) — Py, (2)fP(z):z€Ty, 1<p, g <n}<oc. Thus, S,
is easily controlled using the “convexity estimate” A; > —§f — C:
! I
$2= —lf>Of +CO)+ (1 —Deazn Y 2(zn —24) = —nf*Sf +C) +2nc2c3 f2 Yz
g=1 q=1
> —nf2(8f +C) —2ncacd f2(BF + C) = —n(1 +2c263) f2(8f + O,

where ¢3 := max{|z;|/f(z) :z€ Ty, 1 <i <n}.
The claim follows. O

We note that the above estimate is only useful in the presence of the convexity estimate Theorem 1.1,
since then, for any 6 > 0, there is a constant Cs > 0 for which I's ¢, :={z €9 : z; > = (z) — Cs for all i}
is preserved by the flow.

4. Proof of Theorem 1.3

In order to prove Theorem 1.3, it suffices to obtain, for any € > 0, an upper bound on the function

G
Geo = (7 — 8>F"

for some o > 0. We will use the estimates of Propositions 3.5 and 3.4 to obtain bounds on the spacetime
LP-norms of the positive part of G, ., so long as p is sufficiently large and o sufficiently small, just as in
[Huisken and Sinestrari 1999b; 1999a; 2009] (see also [Andrews et al. 2014b] where these techniques
are applied in the fully nonlinear setting). A Stampacchia—de Giorgi iteration procedure similar to that
used in [Huisken 1984] (see also [Huisken and Sinestrari 1999b; Andrews et al. 2014b]) then allows us to
extract a supremum bound on G; ;.

We begin with an evolution equation for G, ,:

Lemma 4.1 [Andrews et al. 2014b]. The function G, , satisfies the evolution equation

B — D Gey = FO N (G FPTTs — FHGPITS YR 0 Vi,

2(1—o0) o(l—o0)
2

——(VGeo, VF)r ——— IVE|5 4+ 0Ge o[ W%, (4-1)

where (u, v)p := Fklukul.

Now set E := max{G; s, 0}. We need to obtain spacetime LP-estimates for E. Let us first observe
that integration by parts and application of Young’s inequality, in conjunction with Lemma 2.3 and
Proposition 3.4, yields the estimate (cf. [Andrews et al. 2014b])

d ;
o[ ENdn= —(Aip(p—1) —Azpz)/EPZIVGa,alsz
VW2

\Y
—(Blp—sz%)fEP — dM+C10p/Ep|°W|2dM (4-2)

for some positive constants Ay, A, By, Bz, C; (which depend only on ¢, n, m, f and M).
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To estimate the final term, we make use of Proposition 3.5 in a similar manner to [Huisken and
Sinestrari 2009, §5]. We first observe:

Lemma 4.2. There are positive constants Az, A4, As, B3, By, Co, independent of p and o, such that

[va?

A 3
/ EP (F ) dp < (Asp? + Agp? + As) / EP72\VGe o dp+ (Bip? + Ba) / EP du.
Proof. As in [Andrews et al. 2014b, §4], contraction of the commutation formula for V2W with F and G
yields the identity

PGy =—FLQVW, VW) + FOLZ(W) + FO2(FGY — GFMyw, V| F

o(l—o)
F2

The claim is now proved using integration by parts and Young’s inequality, with the help of Lemma 2.3

and Proposition 3.4 (see [Andrews et al. 2014b, Lemma 4.2]). |

+ %Ga,ogF _2¥<VF: VG&‘,U)F + GS,O‘|VF|%7’

Corollary 4.3. For all ¢ > 0 there exist constants £ > 0 and L < oo (depending only on g, n, m, f and
M) such that forall p > L and 0 < o < Ep_% there is a constant K = K, , , (depending only on &, n, m,
f, My, o and p) for which the following estimate holds:

/ (Goo) dpt < f (Goo (-, 0N o+ K jio(M),

where g is the measure induced on M by the initial immersion.

Proof. Recall Proposition 3.5. Setting § = ¢/(2y») and applying the convexity estimate, we obtain
)
F 2

whenever G — ¢ F > (0. We now use Young’s inequality to obtain (cf. [Huisken and Sinestrari 2009, §5])

)/1F —¥3Ce 09 F (4-3)

F= FfapF1+op < FoP (ﬁFq(lﬂrp) + g)
q q

1 2+op

for any b > 0 and ¢ > 0, where ¢’ is the Holder conjugate of ¢: l + — = 1. Choosing g = l—I-O'p’ SO

that ¢’ = 24+ op, we obtain

l+op e b= (Fop)

F < p@top)/(+op) FoP < p@top)/A+op) p2 o ,—Qtop) p—op,

24o0p 24o0p
l+op
2+
Now choose b := (L) Gp, so that
4y3Ce/ay)

Vi _
V3Ce/p F =< TFZ—I—KF >,
where
e >(1+017)

K := V3Cs/<2yz><—4y3c o
&/(£y2



1106 BEN ANDREWS AND MAT LANGFORD

Returning to Equation (4-3), we find
A
Np2 o gpor 4 20
4 F
Estimating G, , < c¢1F° and |'W|? < ¢ F?, we obtain

Z (W)

EP|W)? <K +3EP

for some constants K > 0 (depending on F, My, &, 0 and p) and c¢3 > 0 (depending on F, My, and ¢&).

Combining Lemma 4.2 and inequality (4-2) now yields
d 5 3 -
oo | EPdr = Koo puo(M) — (cop® —ctjop? —azp? —a3p) / EP72|Ge ol dp
5 L[ VWP
— (Bop — Biop? — Poop — B3p?) | E 77

for some positive constants «; and B;, which depend on ¢ but not on o or p, and K, , ,, which depends

du

on ¢, o and p.
It is clear that L > 0 and £ > 0 may be chosen such that

5 3 3 1
(eop®> —a1op? —arp? —a3p) >0 and  (Bop — BiopZ — prop — B3p2) =0

forall p>LandO <o < Ep_%. The claim then follows by integrating with respect to the time variable. [

The proof of Theorem 1.3 is completed by proceeding with Huisken’s Stampacchia—de Giorgi iteration
argument. We omit these details as the arguments required already appear in [Andrews et al. 2014b, §5]
with no significant changes necessary.
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