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SHARP CONSTANT FOR A k-PLANE TRANSFORM INEQUALITY

ALEXIS DrROUOT

The k-plane transform %, acting on test functions on R? satisfies a dilation-invariant L? — L9 inequality
for some exponents p, g. We will make explicit some extremizers and the value of the best constant for
any value of k£ and d, solving the endpoint case of a conjecture of Baernstein and Loss. This extends their
own result for k = 2 and Christ’s result for k = d — 1.

1. Introduction

Let us choose d > 2, 1 <k <d — 1 and denote by 4 the set of all k-planes in R4, meaning affine
subspaces in R4 with dimension k. We define the k-plane transform of a continuous function with
compact support f : R? - R as

P f(IT) =/Hfd)tn,

where IT € ¢ and the measure Ay is the surface Lebesgue measure on IT. The operator Ry, is known as
the Radon transform for k = d — 1 and as the X-ray transform for k = 1. It is known since the works of
Oberlin and Stein [1982], Drury [1984] and Christ [1984] that R} can be extended from L k+1 (Rd ) to
La+t (%, 01) where oy, is a measure defined as follows. Let us denote by Jl; the submanifold of ¢ of
all k-planes containing 0. The Lebesgue measure on R4 induces a natural measure on .l : there exists a
unique probability measure py on Jlg invariant in the sense that if €2 is an orthogonal map and P is a
subset of My, then g (P) = ur (2P). The construction of this measure can be found in [Mattila 1995].
This induces a measure o, on %; such that

o (A) :/H . A (fx € T x + TT € A}) dug (D), (1-1)
€My

where AL denotes the Lebesgue surface measure on the (d — k)-plane IT+. Equation (1-1) defines a
measure on %, invariant under translations and rotations in the following sense: if €2 is an orthogonal
map, P is a subset of 9, and x € R4, then 0} (P) = 0% (2P + x).

The L (R?) to L4+ (%, 0 )-boundedness of R leads to the inequality

Rk [l La+1(gy,00) = Ak, d) || £l L8 ey (1-2)
for a certain constant A(k, d), chosen to be optimal, that is,
Ak, d) = sup{[| R f | La+1 (4 .00) : ”f”L%(Rd) =1j. (1-3)

MSC2010: 44A12.
Keywords: k-plane transform, best constant, extremizers.
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1238 ALEXIS DROUOT

Functions realizing the supremum in (1-3) are called extremizers of (1-2).
Here are some standard questions about this inequality:

(1) What is the best constant?
(2) What are the extremizers?
(3) Is any extremizing sequence relatively compact, modulo the group of symmetries?

(4) What can we say about functions satisfying | Rx f |lg+1 = ¢l f | a+1?
k+1

Some of the answers are already known for some values of k. Baernstein and Loss [1997] solved the
first question for the special case k = 2, and formulated a conjecture about the form of extremizers for a
larger class of L? — L4 inequalities. Christ solved their conjecture and answered all the above questions
with the three papers [Christ 2011a; 2011b; 2011c¢] for the case k = d — 1.

By a quite different approach, we will give here a proof of Baernstein and Loss’ conjecture for any
values of k,d in the inequality (1-2). Note that this concerns only the endpoint case of their general
conjecture. The value of the extremizers provides the explicit value of the best constant in (1-2). In a
subsequent paper [Drouot 2013] we give a positive answer to the third question in the radial case, which
is much easier than the general case.

Main result. Our main result is the following theorem:

Theorem 1.1. The constant A(k,d) in (1-2) is given by

Skld aIT
Ak, d) = | 264 ] :
= [
and some extremizers are given by
c 1
hx)=| ——— , 1-4
o= (1-4)

where L is any invertible affine map on RY, and C is any positive constant.

To find the best constant in the k-plane inequality (1-2) we will use the method of competing symmetries
introduced in [Carlen and Loss 1990]. We will need the existence of an additional symmetry & of (1-2)
that changes the level sets of functions — this could be seen as a problem but it actually gives very helpful
information on the structure of the inequality. The choice of this symmetry is the generalization of a
symmetry found in [Christ 2011c¢] in the special case of the Radon transform.

Nevertheless, the approach followed by Carlen and Loss led them to the values of all extremizers,
using some additional work for the equality case in the rearrangement inequality. This does not work for
us, and so we do not prove that the extremizers are unique modulo the invertible affine maps. However,
we prove in Section 4 that if all extremizers are of the form F o L with F radial and L an invertible map,
then all extremizers are of the form (1-4). Using this result, Flock [2013] proved the following theorem:

Theorem 1.2. All extremizers of (1-2) are of the form (1-4).
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For the rest of the paper, let us note the following:

e Let A and B be positive functions. We will say that A < B when there exists a universal constant C,
which depends only on the dimension d and on the integer k, such that A < CB. A Z B means
B < A,and A ~ B will be used when A < B and B < A.

* A radial function will be considered throughout the paper either as a function on R4 or as a function
of the Euclidean norm, depending on the context.

e |E| denotes the Lebesgue measure of a set E, except in the case of a sphere.

* d(0, IT) denotes the Euclidean distance between 0 and a k-plane T1, that is,
d(0,IT) = inf |y|.
yell
e |S™~1| denotes the Lebesgue surface measure of the Euclidean sphere of R™.

e ¢4 is the vector (0,...,0,1).

e For a vector x in R, we will write x = (x/, x”) with x’ € R¥~! and x” € R.

| f|l, denotes the L?-norm of f with respect to a contextual measure.

e R is the set (0, c0).

2. Preliminaries

In this section we introduce some standard notions which will be useful for what follows. We will talk
about the theory of radial, nonincreasing rearrangements of a function and about the special form of the
k-plane transform for radial functions.

Let us consider a measure @ on R? and a measurable subset E of R?. E* denotes the unique closed
ball centered at the origin such that £ (E*) = u(E). Now for a measurable function f from R? to [0, oc],
and ¢ > 0, let us denote

Ep()={x eR?:|f(0)| =1},
Then we have the following proposition:

Proposition 2.1. Let f be a measurable function from RY to RU {£o00}. There exists a unique function
1* from R? 10 [0, 00| such that
Ejp ()" = Ep=(t). 2-1)

Moreover, [* is radial, and nonincreasing as a function of the norm. Furthermore, for all nonnegative
functions g, h € L? with 1 < p < o0, we have:
@ llglly = llg*llps
(i) lg* —n*llp < llg —Allp,
(iii) if g < h, then g* < h*,
(iv) forall A > 0, Ag* = (Ag)*.
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Points (i) to (iv) show that the nonlinear operator f + f* is actually a properly contractive operator
(see Section 3). The map f* is called the symmetric rearrangement of f (with respect to the measure ).

We are now applying this theory to the k-plane transform. Christ [1984] proved that the k-plane
transform satisfies the rearrangement inequality

|Rgllg < I1R(E™)lg- (2-2)

That way, we can look for extremizers in the class of radial, nonincreasing functions. It obviously makes
the study much easier, passing from functions on R¥ to nonincreasing functions on [0, 00).

The geometric origin of the k-plane transform leads us to introduce the operator I defined on continuous,
compactly supported functions on R™ as

Tf(r) = / Y r ()

Then we have the following:

Lemma 2.2. For all radial, continuous, compactly supported functions f on R and T1 € G such that
d(0,IT) = r, we have

Rf (@) = ST f(r). (2-3)

For a proof, see, for instance, [Baernstein and Loss 1997]. The equation (2-3) shows that J is almost

the k-plane transform. I acts on some Lebesgue spaces that we need to explicitly define, using the
correspondence (2-3). Its domain is of course the space L? (R, rd-1 dr). On the other hand, we have

19271 = [g [ ()] dor(IT) = | S¥~1[7]547F1] / _ T .

where the last line is obtained thanks to the formula (1.1) in [Baernstein and Loss 1997]. This shows that
J maps L?(RT,r¢1dr) to LI(RY, rd—k=14p).

3. Best constant and value of extremizers for the k-plane inequality

Here we want to prove the following:

Theorem 3.1. An extremizer for the inequality (1-2) is given by
k+1
2

fx)= [ﬁ] . (3-1)

As a matter of fact, since any invertible affine map is a symmetry of the inequality (1-2), this theorem
is equivalent to Theorem 1.1.

Let us explain the process of the proof before the details. Our purpose here is to introduce two operators
V, & acting on L2, such that V' and & preserve the L?-norm and

IR Ng =1RF fllg, RS Mg <RV lg- (3-2)



SHARP CONSTANT FOR A k-PLANE TRANSFORM INEQUALITY 1241

This means that I and & globally increase the functional f +— || R f |4/ f|lp. Now using additional
properties of ¥ and V', we will apply a theorem from [Carlen and Loss 1990] to show that for any choice
of f € L? with norm 1, the sequence (V¥)" f converges to an explicit function % that does not depend
on f. Using (3-2), h must be an extremizer, and / is explicitly known.

In practice, the operator V' will be the symmetric rearrangement f +— f*, and ¥ will be a symmetry
of the inequality. The operator & is special in a certain sense: it does not preserve the class of radial
functions. Thus, if we were able to construct an extremizer such that ¥4 = h and Vh = h, the explicit
value of & could be determined. A way to construct such an extremizer is described in the next section.
But we can already note that an extremizer satisfying this condition must satisfy (V¥)"h = h for all n;
this way, considering the sequence (V)" f is probably a good idea.

Competing operators. As we said, we are following the approach introduced in [Carlen and Loss 1990].
We might also refer to the book [Bianchini et al. 2011]. First, we sum up the general results stated
Chapter II, §3.4 of this book: let % be a Banach space of real valued functions, with norm || - ||. Let B
be the cone of nonnegative functions, and assume that B is closed. Let us introduce some definitions:

Definition 3.2. An operator A on % is called properly contractive provided that:
(i) A is norm-preserving on BT, i.e., [|Af| = | f| for all f € BT.
(i) A is contractive on BT, i.e, forall f,g € BT, |Af — Ag|| < || f — g
(iii) A is order-preserving on B1, ie., forall f,g e BT, f <g= Af < Ag.
(iv) A is homogeneous of degree one on BT, i.e., forall f € BT, 1 >0, A(Lf) = AAf.

Note that we do not need A to be linear. Some examples of such operators are for instance the radial
nonincreasing rearrangement f +— f* or any linear isometry on %.

Definition 3.3. Given a pair of properly contractive operators & and V, it is said that ¥ competes with V/
if, for f € BT,
feRWVINFSRYV)=FLf = f.

Here R denotes the range.

Theorem 3.4. Suppose that ¥ and V are both properly contractive, that V? =V and that ¥ competes
with V. Suppose further that there is a dense set B C BT and sets K N satisfying | Jy Ky = B and for
all integers N, YKy C Ky, VKN C Ky, and VK is relatively compact in B. Finally, suppose that
there exists a function h € BY with $h = Vh = h and such that, for all f € BT,

IVf—=hll=If—-hll=Vf=Tf (3-3)
Then, for any f € BT,
Tf = Jim (V)" f

exists. Moreover, ¥T =T and VT =T.
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An additional symmetry. Now we come back to the work of Christ. Using a correspondence between
a convolution operator that he studied in [Christ 2011a; 2011b; 2012], and the Radon transform, he
proved in [Christ 2011c] the existence of an additional symmetry for the Radon transform inequality. It is
defined as

1 u 1
sfos) =t (5:5)
It then satisfies ||55f||% = ||f||% and |Rg—19 flla+1 = |Ra—1f |l +1. Fortunately, it happens that
this symmetry, slightly modified, also works for the L? — L4 inequality related to the k-plane transform.
Lemma 3.5. Let & be the operator defined on LP as

9 = (1)

s’s
where (u,s) € R~ x (R—{0}). Then ¥ is an isometry of L and satisfies the identity
RS fllg = 1S llq (3-4)
for any nonnegative function f.

Proof. Let us check first that & is an isometry of L?. Let us call

x' 1
o= (3
for x = (x/,x”) € R¥~1 x (R —{0}). Then its Jacobian determinant is

JP(x) = |x”|—d+1

which shows that ||¥ ||, = || f||p. Then we just have to prove (3-4). The proof is just calculation.
Denote the unique k-plane containing the linearly independent points xq, . .., x; € R? x --- x R? by
I(xg,...,xr) and let R f be

gtf(xo,...,xk):/k £ (x0 +A1(x1 —X0) + -+ Ag (xx — x0)) dA1 ... dAg.
-

Thus we have the correspondence

V(xo,....x5) R f(x0,....xk) =R f(I(xq, . ... Xk)). (3-5)
where V(xo, ..., Xg) is the volume of the k-simplex (xo, ..., Xg).
Lemma 3.6. For all [ € Cé’o,for all xg,...,x; € RY x ... x [Rd, linearly independent and such that
D(xg), ..., P(xg) exist and are linearly independent,

_ ) (@(x0), ..., D))

1" 1z
|x0 ...xk

RS f)(x0. . ... XK)
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Proof. Let us call a = xg + A1 (x{ —xg) 4+ + A (x) —xg) and A = (A1,..., Ax) € R¥. Thus

~ 1 Xo+Ar1(x] —xp) -+ A (x], —x5) +e
T e e IEAE
R
Let us make the change of variables
M=o Ay, ..., A;C_lzoz_lkk_l, k;czoe_l. (3-7)
Then
[x) — x;
dx/_éTH"dA (3-8)

A proof of this formula is given in the Appendix. The equation (3-6) becomes

k—1

@9 1) ox0 = [ f(yk A e —xi) + Y 0 A (xf —xp — (! —xa’)yk)) F
i=1
where
x; —x;
S

This formula is somehow important: it shows that we are still integrating f over a k-plane. Which one?
When we computed RS f(xo,...,x), we were interested only in the values of f on ®(I1(xp,...,x%)).
That way it is simple to guess that gt&’f(m, ..., Xg) is closely related to IT(D(xp), ..., P(xx)). And
indeed, we just have to check that any of the points x; can be written as

k—1
Xj =y + A (g +eq —yi) + Y AT —xp— (x' = x0) ) (3-9)
i=1
for a suitable choice of A". Indeed, taking A = e; and A’ given by (3-7) for this choice of A, we get the
equality (3-9). Let us now make the other change of variables

M=o A = =t
X1 =X X—1 = X0 X0
We finally get
~ k—1 i
@9 )00 = [ f(y; @G0~y + 3 i (7~ y,@)) .
R¥ i=1 |1_[1—1 i _xg

Let us come back to Equation (3-5), the correspondence between R and . We want to find a relation
between (giyf)(xo, ..., X) and (@if)(@(xo), ..., D(xx)). The above algebra tells us that this is
equivalent to finding a relation between the two volumes

V(CD(XO)’)’I»---»)’k) and V(q)(X()),q)(xl),...,CD(Xk)).
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Lemma 3.7. V(®(x0), y1,..., Vi) and V(P(xg), P(x1), ..., D(xy)) are related through

V(@) P(x). ... P(e)) _ 15[
V(®(xo0), y1----» Vi)

Proof. A direct calculation shows

124
Yo _
L
i=1 1

1 /W 1 .7 14
X; . @ _ xoxi+xoed—xi Xo—X; eq
I //[ (xi) — @(x0)] = G G
X —Xo xo (X; —xg
and on the other hand, by definition of y; and ®(xop),
/W Vi /8% Vi
XoX; + Xgeq —X; Xy —X; eq

’

Vi — @(x0) =
TR,

which proves the equality
1

D (x;) — P(xp) = (1 - fc—(/),) [yi — ®(x0)].

1

Thus, using that
V(®(x0), P(x1), ..., Plxg)) = V(0, D(x1) — P(x0), ..., Plxg) — P(x0)),
Lemma 3.7 is proved. U

Let us go back to the proof of Lemma 3.6. Using the correspondence described in (3-5) and the
previous lemma, we finally get the equality

(RS)(®(x0), ..., D(xi))

RS f) (X0 ... x) = o~ O
xO DY xk
At last, let us return to the proof of Lemma 3.5. Since the set of bad points xy, . . ., Xx (we mean points

which do not satisfy the natural assumptions of Lemma 3.6) has null Lebesgue measure in (RE*F1 we
do not consider them. Let us use Drury’s formula [1984]:

191115 = /( e X0 i f (o) f (o) TS (x0T (3-10)

Now all that remains to be done is an easy change of variable z; = ®(x;). Indeed,

IRS 111

_ v L (G d—k
_/(Rd)k+ldx0... dxy, |X(/)/|k+1f(q)(XO)) |x]/€/|k+1f(<1>(xk)) RS f(x0,...,xK))

_ _1 L .Gy d—k
= /(‘Rd)kdeo... dxy lxg|d+1f(<l>(x0)) |x,’€’|d+1f(q>(xk)) (R f(D(x0),...,D(xx)))

_ / dzo... dzi f(z0) -+ f(zk) - T f o ) = | S|4,
(R )k+1

This completes the proof. U
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It is a good time to prove a claim we made earlier: affine maps are symmetries.
Lemma 3.8. Let f € L? and L be an invertible affine map. Then

IR(f o L)lly _ 19:£ g
IfoLl, I/l

Proof. The proof is a direct consequence of the correspondence formula (3-5) and of Drury’s formula
(3-10). Indeed, let L be an invertible affine map; then

R(f oL)(x0,....xx) =R f(Lxo, ..., Lxg),

and with the change of variable z; = LXx; in Drury’s formula we get

_1
IR o D)llg = [det(L)[ 7 [ RS ]l
which ends the proof. O

Our goal is now to apply the general Theorem 3.4 about competing symmetries. The operator & and
the rearrangement operator V : f +— f* increase the LZ-norm of the k-plane transform, and preserve the
norm of LP?-functions.

Proposition 3.9. The operators V and ¥ satisfy the assumptions of Theorem 3.4, with the Banach space
B=LP.

Proof. ¥ and V are both properly contractive operators. Let us check that ¥ competes with V': choose
f, g € L?, radial, nonincreasing, such that f = ¥g. Then

1 u 1
f(u,S)=Wg( —), (3-11)

s's
and, specializing to s = 1, we get f(u, 1) = g(u, 1). Since both f and g are radial, f(x) = g(x) for all
|x| > 1. Let us choose s < 1. Specializing (3-11) to u = 0, we get

£(0.3) =I5 *150.9),

which shows that f'(0,s) = g(0,s). Now again, since both f and g are radial, f = gand f =Y.
We now have to check that & and V' satisfy the assumptions of Theorem 3.4. We follow the arguments
of Carlen in [Bianchini et al. 2011]. Let us define

1
0= 15 )

But

k+1
2

Then $h = h, Vh = h, and so with
Ky={f€L?:0< f <Nh}

it is straightforward to check that VKy C Ky and YKy C Ky . Moreover VK y is a compact subset
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of L?. Indeed, let us consider a sequence f, € VKy. Then f, is radial, nonincreasing, and since / lies
in L the sequence f, is bounded in L°°. Thus, by Helly’s principle, f, admits a subsequence that
converges almost everywhere. But since 0 < f,, < Nk, the dominated convergence theorem shows that this
subsequence also converges in L?, which implies that VK is relatively compact. At last, Lr= Uy Kn
is a dense subset of nonnegative elements of L? (since nonnegative, continuous, compactly supported
functions are dense in L7?).

The hardest part is to prove the assumption (3-3). Fortunately, since 4 is strictly nonincreasing, it has
already been done in [Carlen and Loss 1990]. O

We now close this subsection with the final key lemma for the explicit value of extremizers:
Lemma 3.10. Let h € L? such that Vh = $h = h. Then there exists a constant C such that
k+1
\ c 1 =2
x) = P —
0=C |5

Proof. Since h satisfies $h = Vh = h, then h is equal to its own rearrangement and so is defined on (at
least) R? — {0}. Moreover, ¥h must be radial. This leads to

gh(u,m>:[ : ]

1+ |ul?

k+1 k+1
2

u 1 1 2
h 5 = h )
(\/1+|u|2 \/1+|u|2) [1+Iu|2} (¢a)

using that / is radial. But, since h = $%h is also radial,

Shu, V1+ul*) = S0, V1+2[ul?) = h(0, V1 +2[ul?).

Thus, we get the equality
k+1

h(x) = h(0. |x]) = [ ] hea) (3-12)

1+ |x|?

for all x € R such that |x| > 1. For |x| < 1, the equality $h = h shows that (3-12) is also right, which
proves the lemma. U

Proof of the main theorem. Now we have all the material that we need to prove Theorem 3.1. Let fo >0
be any function with L?-norm equal to 1. Let us define the limit

h() = Tfo = lim (ng)nfo
n—>oo
Using that R is bounded from L? — L4, and equations (2-2), (3-4),
1%hollg = lim [IG(VF)" follg = 1% folg- (3-13)

Moreover, by Theorem 3.4, Vho = $ho = hy, so h satisfies the assumptions of Lemma 3.10. We then get

2
ho(x) = ho(eq) [W]
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Because of normalization and positivity of fy, ho(e;) can take only one value. It then follows from
(3-13) that o maximizes the norms of R fp, and thus it is an extremizer.

Value of the best constant. Here we compute the value of the best constant. We use the correspondence
(2-3) described in the previous section, and only think about J and its related measurable spaces instead
of R. Let h be the radial extremizer

kf—;l

=[]

A family of integrals will be useful to compute its L?-norm and the LZ-norm of Jh. These integrals are

defined as
o0 tm
/ _"
o (1+12)2
(%(n —m— 1))
1

/00 " T(3(m+1)T
o (1+12)3 L'(3n)
where I' is the standard Euler gamma function. Then
mig= [~ A TGOTG)
0 (14r2) 2 2F(%(d+1))

A calculation shows that

’

Moreover,
wk=1 qu

1 o0
Th(r) = / ,
Vi+rZJo (14 up)s

and this leads to

(Th]E = Ttk—DTk+ D\ T(d—k—1D)T(d +1)
7 I'(2k) I'(2d —k)
The use of the fundamental relation

n

418711 (3n) = %
leads to

R4l
17211

kid 7%t
Ak, d) = k—a 1571 ]

d—k T —aT
Zﬂm'r(%(d + 1))d+1 -F(%(k+ 1)) d+1 — |:2 1S4k

4. The question of uniqueness

We shall discuss here the question of the uniqueness of extremizers of (1-2). For the sake of simplicity,
we will assume d > 3. This is not a restricting assumption: indeed, for the case d = 2, the only k-plane
transform is the Radon transform, and this has been thoroughly studied in [Christ 2011c].

The uniqueness problem for the Radon transform was solved in the same reference. The main tool for
the proof is the following:
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Theorem 4.1. Let k = d — 1, and let | be a nonnegative extremizer. Then there exist a radial, non-
increasing, nonnegative extremizer F and an invertible affine map L such that f = F o L.

Then it turned out that the work was almost all done. Christ characterized all the extremizers using
the uniqueness Theorem 4.1 two times, in a certain sense. His approach is very interesting because the
question of uniqueness is curiously intertwined with the question of existence. Here we want to develop a
different approach, for an arbitrary 1 <k < d — 1, assuming that a result similar to Theorem 4.1 is true.
More accurately, we want to prove the following:

Theorem 4.2. Let 1 < k < d — 1. Assume that any extremizer for the k-plane transform inequality
(1-2) can be written F o L with F a radial, nonincreasing extremizer and L an affine map. Then any
nonincreasing radial extremizer is of the form

k+1

1 2
— (—a—l—blxl) . 4-1)

As we mentioned in the introduction, the ad hoc assumption in this theorem was proved to be true by
Flock [2013], inducing the complete characterization of extremizers.

One of the main tools here will be the use of the symmetry ¥ combined with the fact that an extremizer
is a radial function composed with an affine map. Thus we will use again the competing symmetry theory.
From now we will assume that & is such that any extremizer for (1-2) can be written f oL with f radial and
L an affine map. Our main lemma follows; it shows that radial extremizers enjoy additional symmetries.

Lemma 4.3. Let f be a radial, nonincreasing extremizer for (1-2). Then there exists a real number pi > 0
such that

(VI F(r) =7 f(ur).

Proof. Since f is a radial, nonincreasing extremizer, then f is not the (almost everywhere) null function:
there exists Ag > 0 such that f(Ageyz) # 0. Because of dilation-invariance, we can assume Ag = 1.

¥ f is also an extremizer. It follows that there exist F : RT > R, nonincreasing, a linear invertible
map L and a vector xg € R? such that

Ff(x) = F(lxo + Lx|). (4-2)

Computing & f (u, v/[u|?> + 1), we get

1
f(ed)[—1 - W]

for all u € R4~1 x {0}. Let C = f(eg) # 0, and I C R the interval made of points that can be written
|xo + Lu + /1 + |u|2Leg| for some u € RZ~1 x {0}. We claim that the map F is strictly decreasing on /.
Indeed, let us assume that there exists 0 < o < f such that F is constant on [a, 8]. Pick u € R4~ x {0}

such that |xg + Lu + /1 + |u|?Leg| € (a, B). For t close to 1, |xo + Ltu + /1 +t%|u|?>Ley| € (a, B),

k+1
2

= F(Jxo+ Lu+ vV1+ |ul*Ley)) (4-3)
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and thus for 7 close to 1 the map
t+ F(|xo+Lu+ vV1+|ul*Leg|)

is constant. Because of (4-3), this is a contradiction.
The function F is then injective on /. Formula (4-3) shows that |xo + Lu + /1 + |u|?Leg | must be
a function of |u|? only. To conclude the proof, we require the following lemma:

Lemma 4.4. Let L be an invertible linear map such that |xo + Lu + /1 + |u|?Leg| depends only on |u|.
Then L(R4~! x {0}) C (span(Leg))t, and L|ga-1xgoy preserves the norm, modulo a multiplicative
constant. Moreover, there exists sg € R¥ such that xo =soley.

Proof. Let us choose u = rf € S92 x {0}. Then
|xo+rLO+ v1+ r2Led\2 =r2|LOP* + |V 1+r2Le, +x0\2 +2r(LO, V14r2Leg + xo)

depends only on r, and so does r2|L8|? + 2r(L6, ~/1+r2Ley + xo). As a consequence, |Lf)| is a
constant and (L6, v/2Leg + xg) is a constant. Here we must assume d > 3, so the sphere $4~2 contains
an infinity of points.

The condition that | L8| is constant holds only if L|ga—1 oy preserves the norm, modulo a multiplicative

(LO,V1+r2Leg + xo)

must depend only on r. Specializing at 6 and —0, for all r, (L6, /1 +r%Le; + xo) = 0. But since
L is invertible, the space spanned by L6 has dimension d — 1. Thus the space spanned by the vectors
1+ r2Leg + xqo for r > 0 has dimension 1, which proves that there exists so such that s Leg = xo. O

constant. Thus the quantity

Composing with an isometry, we can assume that L(R?~! x {0}) ¢ R~ x {0}. Moreover, |Lu|
depends only on |u|, which implies that L restricted to RA-1 {0} must be a multiple of an isometry.
We then deduce that there exist a > 0,5 > 0, 5o such that |L(u + segz) + xo|?> = a?u|? + b%(s + 50)2,
for all (u,s) € R?~1 x R. Thus we get the fundamental relation between f and F:

Ffu+seq)= F(\/az|u|2 +b2(s + 50)?).

Now, changing F to G = F(+~/ab -), G remains nonincreasing, and we get

S fu+seq) = F(Va[ul? + b2(s +50)%) = G(\/§|u|2 +26 +so>2),

reducing the number of unknown parameters in our system. Thus, we have accomplished the first step in
our identification program: we know how the operator & acts on radial extremizers. Now we have to
understand how V' acts on functions g whose form is

g:u-+sey— G(\/C|u|2+ %(s+s0)2).
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First, we can assume that so = 0: indeed, g(- —sgeg)* = g*. Moreover, G is decreasing and so the level
sets of g are ellipsoids c|u|? + ¢~ 's? < R?. The corresponding rearranged sets are balls of radius R’,
with R’ satisfying the relation

Rd—l . Rd
d 1
R = d—1 2R = d—2
c 2 c 2
Thus
d—2 1 eq
Ve(sea) = G(c 5T 5) = —— f( L )
(cddls)kJrl s

coming back to the relation defining G, and using that f is radial. And then

d

Ve(sea) = —r f( € )
C S

(CTS)k—H

. . . . . . . d—1
This characterizes the action of the operator V¥ on radial extremizers. More simply, calling A =¢ @ ,
we have

1 e
VFf(x) = )Lk+1|x|k+1 f(/\|i|)

Let us use again the competing symmetry theory: to construct an explicit extremizer of (1-2) we used
iterations of V&, applied to any function. Let us choose fj a radial extremizer. Then V& fy is still a
radial extremizer, and we know that there exists A such that

1 \k+1 1
vofor=(5)  fo(5s)-
Let us do that again: there exists A’ such that
2 () = L)"“ () _(L&)"“ (M) = L (A0
o =(57) Vi) =(GrT)  H(5) = mmh(5):
Since the operator V& preserves the norm, we must have A1/ d =1, Using the parameter w such that

A" = uA, we conclude the proof of Lemma 4.3. |

That proves that the operator V¥ acts on radial, nonincreasing extremizers as a dilation. Now let us
consider f, = (V)" fo. For each n, there exists 1, such that

VP fo(r) = (ttn) ? fo(tnr).

But the sequence f;, converges in L? to the extremizer & described in Theorem 3.1. Thus it converges
weakly to a nonzero function, which is possible if and only if u, converges to a nonzero value. That
ends the proof of Theorem 4.2: every nonnegative radial extremizer can be written

1
~ [a+b|x|2]

k+1
2

with a, b > 0.
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Appendix
Here we prove the jacobian formula (3-8). Define
WA, A x) =@ A0, . o Ay Ag).
We want to compute J (1) = |det(Vi)(A1, ..., Ar)|. Note first that

aa—l =201 "
=a “(x; —xg).
dA; (i
Thus
—a 2 (X —xDA +a L —a 2 (x) = x{)Ak—1 —a 2 (x —x{§
JW(A) - —2(\! : " ‘ =2 (I . " -1 -2 /; "
—a T (x_ = xp)Ar o —a T (XA k- toT —a T (g —xg
—oz_z(x]’c’ —Xg)A1 ... —a_z(x;c’ —Xg)Ak—1 —oz_z(x]’c’ - X
yidi+1 oo yidg— y1
=l = xg o - .
Vk—1A1 oo Yk—1Ak—1+1 Yk
A,l e Ak—l 1
where y; = —a~1(x/ — x/). We claim that the determinant appearing in the last line is always equal to 1.
i 0 pp g ys eq
Indeed, consider the polynomial
yidi+1 oo yidg— V1
P(z) =det i : :
Yk—1A1 oo Yk—1Ak—1+1 yk—1
)Ll ce kk—l z
It is of degree 1 in z. Moreover, we have
yiAr+1 ... V1Ak—1
P’(1) = det : : =1+ (y,A), (A-1)
Ve—1A1 oo Yk—1Ag—1+1
P2)=2+(y,A). (A-2)

Here (y,A) = Zf:ll Aiyi. The formulas (A-1), (A-2) both come from the following lemma:

Lemma A.1. Ifu,v € R?, then
det(1 +u’v) =1+ (u,v).

Proof. The matrix u’v is of rank one. As a consequence, its only eigenvalue is its trace (u,v). The
characteristic polynomial of —u’v is then

det(z1 +u'v) = zP71(z + (u, v)).

Evaluating this at z = 1 proves the lemma. O
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Applying this lemma to u = A, v = y leads to (A-1), and u = (A, 1), v = (¥, 1) leads to (A-2). Thus

P(z) =1+ y)z— (4. y).
Evaluate this at z = 1 to get the asserted claim, and then

JYA) = o * 7 x] = xg).
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WELL-POSEDNESS OF THE STOKES-CORIOLIS SYSTEM
IN THE HALF-SPACE OVER A ROUGH SURFACE

ANNE-LAURE DALIBARD AND CHRISTOPHE PRANGE

This paper is devoted to the well-posedness of the stationary 3D Stokes—Coriolis system set in a half-space
with rough bottom and Dirichlet data which does not decrease at space infinity. Our system is a linearized
version of the Ekman boundary layer system. We look for a solution of infinite energy in a space of
Sobolev regularity. Following an idea of Gérard-Varet and Masmoudi, the general strategy is to reduce the
problem to a bumpy channel bounded in the vertical direction thanks to a transparent boundary condition
involving a Dirichlet to Neumann operator. Our analysis emphasizes some strong singularities of the
Stokes—Coriolis operator at low tangential frequencies. One of the main features of our work lies in
the deﬁnli/tion of a Dirichlet to Neumann operator for the Stokes—Coriolis system with data in the Kato
space H,

uloc*

1. Introduction

The goal of the present paper is to prove the existence and uniqueness of solutions to the Stokes—Coriolis

system
—Au+esxu+Vp=0 ing,
divu =0 in Q, (1-1)
ulr = uo,

where

Qi=xeR:x3>00y)), I'=0Q={xecR:x3=w())

and w : R — R? is a bounded function.

When o has some structural properties, such as periodicity, existence and uniqueness of solutions are
easy to prove: our aim is to prove well-posedness when the function o is arbitrary, say w € W (R?),
and when the boundary data ug is not square integrable. More precisely, we wish to work with ug in a
space of infinite energy of Sobolev regularity, such as Kato spaces. We refer to the end of this introduction
for a definition of these uniformly locally Sobolev spaces Lﬁloc, Hj .-

The interest for such function spaces to study fluid systems goes back to [Lemarié-Rieusset 1999;
2002], in which existence is proved for weak solutions of the Navier—Stokes equations in R? with initial
data in L2, ..
intense research. Without being exhaustive, let us mention that:

These works fall into the analysis of fluid flows with infinite energy, which is a field of

MSC2010: primary 35A22, 35C15, 35899, 35A01; secondary 76U05, 35Q35, 35Q86.
Keywords: Stokes—Coriolis system, Ekman boundary layer, rough boundaries, Dirichlet to Neumann operator, Saint-Venant
estimate, Kato spaces.
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Cannon and Knightly [1970], Giga, Inui, and Matsui [Giga et al. 1999], Solonnikov [2003], Bae
and Jin [2012] (local solutions), and Giga, Matsui, and Sawada [Giga et al. 2001] (global solutions)
studied the nonstationary Navier—Stokes system in the whole space or in the half-space with initial
data in L* or in BUC (bounded uniformly continuous).

Basson [2006] and Maekawa and Terasawa [2006] studied local solutions of the nonstationary
Navier—Stokes system in the whole space with initial data in Lfl’] oc SPAces.

Giga and Miyakawa [1989], Taylor [1992] (global solutions), and Kato [1992] studied local so-
lutions to the nonstationary Navier—Stokes system, and Gala [2005] studied global solutions to a
quasigeostrophic equation with initial data in Morrey spaces.

Gallagher and Planchon [2002] studied the nonstationary Navier—Stokes system in R? with initial

data in the homogeneous Besov space B,% {Ir_l.

Giga et al. [2007] studied the nonstationary Ekman system in Ri with initial data in the Besov space
Bgo’l,a([l%z; LP(Ry)) for 2 < p < 0o; see also [Giga et al. 2006] (local solutions) and [Giga et al.
2008] (global solutions) on the Navier—Stokes—Coriolis system in R3, and [Yoneda 2009] for initial
data spaces containing almost-periodic functions.

Konieczny and Yoneda [2011] studied the stationary Navier—Stokes system in Fourier—-Besov spaces.

David Gérard-Varet and Nader Masmoudi [2010] studied the 2D Stokes system in the half-plane

172

above a rough surface with H ;. boundary data.

Alazard, Burq, and Zuily [Alazard et al. 2013] studied the Cauchy problem for gravity water waves
with data in H_ ; in particular, they studied the Dirichlet to Neumann operator associated with the
Laplacian in a domain Q = {(x, y) € RI*!: p*(x) < y < n(x)}, with H'/?

uloc

boundary data.

Despite this huge literature on initial value problems in fluid mechanics in spaces of infinite energy, we

are not aware of any work concerning stationary systems and nonhomogeneous boundary value problems

in Ri. Let us emphasize that the derivation of energy estimates in stationary and time dependent settings

are rather different: indeed, in a time dependent setting, boundedness of the solution at time ¢ follows

from boundedness of the initial data and of the associated semigroup. In a stationary setting and in a

domain with a boundary, to the best of our knowledge, the only way to derive estimates without assuming

any structure on the function w is based on the arguments of Ladyzhenskaya and Solonnikov [1980] (see

also [Gérard-Varet and Masmoudi 2010] for the Stokes system in a bumped half-plane).

In the present case, our motivation comes from the asymptotic analysis of highly rotating fluids near a

rough boundary. Indeed, consider the system

—eAu® + éeg xu®+Vp®=0 inQ°,

divut =0 in QS, (1_2)
u®lpe =0,

u®|y=1 = (Vp, 0),
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where

Qi ={xeR:eo(x,/e) <x3<1} and T?:=9Q°\{x3=1}.

Then it is expected that u® is the sum of a two-dimensional interior flow @™ (x3), 0) balancing the rotation
with the pressure term and a boundary layer flow B (x /¢; x},), located in the vicinity of the lower boundary.
In this case, the equation satisfied by uBL is precisely (1-1), with ug(yp; xp) = —(u'™(x,), 0). Notice
that x;, is the macroscopic variable and is a parameter in the equation on P, The fact that the Dirichlet
boundary condition is constant with respect to the fast variable yj, is the original motivation for study of
the well-posedness of (1-1) in spaces of infinite energy, such as the Kato spaces H .

The system (1-2) models large-scale geophysical fluid flows in the linear regime. In order to get a
physical insight into the physics of rotating fluids, we refer to the books [Greenspan 1980] (rotating fluids
in general, including an extensive study of the linear regime) and [Pedlosky 1987] (focus on geophysical
fluids). Ekman [1905] analyzed the effect of the interplay between viscous forces and the Coriolis
acceleration on geophysical fluid flows.

For further remarks on the system (1-2), we refer to Section 7 in the book [Chemin et al. 2006] by
Chemin, Desjardins, Gallagher, and Grenier, and to [Chemin et al. 2002], where a model with anisotropic
viscosity is studied and an asymptotic expansion for u® is obtained.

Studying (1-1) with an arbitrary function w is more realistic from a physical point of view, and also
allows us to bring to light some bad behaviors of the system at low horizontal frequencies, which are
masked in a periodic setting.

Our main result is the following.

Theorem 1. Let o € WI(R?), and let up, € H,
U, € HY/? (R)2 such that

uloc

(R)2, ug3 € H}

ulOC([Riz). Assume that there exists

uo,3 — Vpw -ugp = Vi - Up. (1-3)
Then there exists a unique solution u of (1-1) such that

Sup [lull g1 ((+10.12)x (- 1.apngy < o0 foralla >0,
lez?

o0
sup Zf / IVul? < 0o
2 2
lez? [ It Jio

lor|=q

for some integer q sufficiently large, which does not depend on w or ug (say g > 4).

Remark 1.1. « Assumption (1-3) is a compatibility condition, which stems from singularities at low
horizontal frequencies in the system. When the bottom is flat, it merely becomes uo 3 = V- Uj,. Notice
that this condition only bears on the normal component of the velocity at the boundary: in particular,
if ug - njr = 0, then (1-3) is satisfied. We also stress that (1-3) is satisfied in the framework of highly
rotating fluids near a rough boundary, since in this case ug 3 = 0 and ug j is constant with respect to the
microscopic variable.
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» The singularities at low horizontal frequencies also account for the possible lack of integrability of the
gradient far from the rough boundary: we were not able to prove that

(0.¢]
sup / / |Vu|2 < 00,
tezz J1 Ji40,11

although this estimate is true for the Stokes system. In fact, looking closely at our proof, it seems that
nontrivial cancellations should occur for such a result to hold in the Stokes—Coriolis case.

» Concerning the regularity assumptions on w and uy, it is classical to assume Lipschitz regularity on the
boundary. The regularity required on uo, however, may not be optimal, and stems in the present context
from an explicit lifting of the boundary condition. It is possible that the regularity could be lowered if a
different type of lifting were used, in the spirit of [Alazard et al. 2013, Proposition 4.3]. Let us stress as
well that if w is constant, then Hull/ozC regularity is enough (cf. Corollary 2.17).

The same tools can be used to prove a similar result for the Stokes system in three dimensions (we
recall that [Gérard-Varet and Masmoudi 2010] is concerned with the Stokes system in two dimensions).
In fact, the treatment of the Stokes system is easier, because the associated kernel is homogeneous and
has no singularity at low frequencies. The results proved in Section 2 can be obtained thanks to the Green
function associated with the Stokes system in three dimensions; see [Galdi 1994]. On the other hand, the
arguments of Sections 3 and 4 can be transposed as such to the Stokes system in three dimensions. The
main novelties of these sections, which rely on careful energy estimates, are concerned with the higher

dimensional space rather than with the presence of the rotation term (except for Lemma 3.2).

The statement of Theorem 1 is very close to one of the main results of the paper [Gérard-Varet and
Masmoudi 2010], namely, the well-posedness of the Stokes system in a bumped half-plane with boundary
data in Hul]()i([R{). Of course, it shares the main difficulties of [Gérard-Varet and Masmoudi 2010]: spaces
of functions of infinite energy, lack of a Poincaré inequality, irrelevancy of scalar tools (Harnack inequality,
maximum principle) which do not apply to systems. But two additional problems are encountered when

studying (1-1):

(1) Equation (1-1) is set in three dimensions, whereas the study of [Gérard-Varet and Masmoudi 2010]
took place in two dimensions. This complicates the derivation of energy estimates. Indeed, the latter are
based on the truncation method by Ladyzhenskaya and Solonnikov [1980], which consists more or less in
multiplying (1-1) by xxu, where x; € C680([Rd ~1) is a cut-off function in the horizontal variables such
that Supp xx C By+1 and xx = 1 on By, for k € N. If d = 2, the size of the support of V y; is bounded,
while it is unbounded when d = 3. This has a direct impact on the treatment of some commutator terms.

(2) Somewhat more importantly, the kernel associated with the Stokes—Coriolis operator has a more
complicated expression than the one associated with the Stokes operator (see [Galdi 1994, Chapter IV]
for the computation of the Green function associated to the Stokes system in the half-space). In the case
of the Stokes—Coriolis operator, the kernel is not homogeneous, which prompts us to distinguish between
high and low horizontal frequencies throughout the paper. Moreover, it exhibits strong singularities at low
horizontal frequencies, which have repercussions on the whole proof and account for assumption (1-3).
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The proof of Theorem 1 follows the same general scheme used in [Gérard-Varet and Masmoudi 2010]
(this scheme has also been successfully applied in [Dalibard and Gérard-Varet 2011] in the case of a Navier
slip boundary condition on the rough bottom): we first perform a thorough analysis of the Stokes—Coriolis
system in R, and we define the associated Dirichlet to Neumann operator for boundary data in HU]I{)ZC. In
particular, we derive a representation formula for solutions of the Stokes—Coriolis system in R3 , based on
a decomposition of the kernel which distinguishes high and low frequencies, and singular/regular terms.
We also prove a similar representation formula for the Dirichlet to Neumann operator. Then we derive an
equivalent system to (1-1), set in a domain which is bounded in x3 and in which a transparent boundary
condition is prescribed on the upper boundary. These two preliminary steps are performed in Section 2.
We then work with the equivalent system, for which we derive energy estimates in HJ o this allows us
to prove existence in Section 3. Eventually, we prove uniqueness in Section 4. The appendices gathers
several technical lemmas used throughout the paper.

Notation. We will be working with spaces of uniformly locally integrable functions, called Kato spaces,
whose definition we now recall; see [Kato 1975]. Let © € (680([R§d) be such that Supp ¥ C [—1, 14,9 =1
on [—1/4,1/4]¢, and
> ud(x)=1 forallxeR?, (1-4)
kezd

where T1; is the translation operator defined by 7 f (x) = f(x — k).
Then, for s > 0, p € [1, 00),
L RY:={uell

loc

RY) : sup [[(w?)ull Ly ey < 00},
kezd

HooRY) = {u € H, (RY) : sup | (vt )il sty < oo}
keZ¢
The space H;), . is independent of the choice of the function ¥; see [Alazard et al. 2013, Lemma 3.1].
We will also work in the domain % := {x € R?: w(x},) < x3 < 0}, assuming that w takes values in
(—1, 0). With a slight abuse of notation, we will write

lullzr (v = sup [(md)ullLrqr),
kez?

sup || () ull gs vy,
kez?

el gz,

uloc

(CRE

where the function ¥ belongs to <68°([R2) and satisfies (1-4), Supp @ C [—1, 112, 9 =1 on [—1/4, 1/4]?,
and HS, (Q°) ={u € HS (Q"): el g5, vy < 00}, LP (@) ={ue Ll (Q:|ul L7 (@b < OOk
Throughout the proof, we will often use the notation |V7u|, where g € N, for the quantity

> IVeul,

aeNd
ler|=q

where d = 2 or 3, depending on the context.



1258 ANNE-LAURE DALIBARD AND CHRISTOPHE PRANGE

2. Presentation of a reduced system and main tools

Following an idea of Gérard-Varet and Masmoudi [2010], the first step is to transform (1-1) so as to work
in a domain bounded in the vertical direction (rather than a half-space). This allows us eventually to
use Poincaré inequalities, which are paramount in the proof. To that end, we introduce an artificial flat
boundary above the rough surface I', and we replace the Stokes—Coriolis system in the half-space above
the artificial boundary by a transparent boundary condition, expressed in terms of a Dirichlet to Neumann
operator.

In the rest of the article, without loss of generality, we assume that supw =: @ < 0 and infw > —1,
and we place the artificial boundary at x3 = 0. We set

QP ={xeR:w(xy) <x3 <0},
3= {x3 =0}.
The Stokes—Coriolis system differs in several aspects from the Stokes system; in the present paper, the

most crucial differences are the lack of an explicit Green function, and the bad behavior of the system at
low horizontal frequencies. The main steps of the proof are as follows:

(1) Prove existence and uniqueness of a solution of the Stokes—Coriolis system in a half-space with
boundary data in H'/?(R?).

(2) Extend this well-posedness result to boundary data in Hull/ozc(le).

(3) Define the Dirichlet to Neumann operator for functions in H 1/2(R?), and extend it to functions in

HY/?(R?).

uloc
(4) Define an equivalent problem in ©”, with a transparent boundary condition at ¥, and prove the
equivalence between the problem in ©” and the one in .

(5) Prove existence and uniqueness of solutions of the equivalent problem.

Items (1)—(4) will be proved in the current section, and (5) in Sections 3 and 4.

2A. The Stokes—Coriolis system in a half-space. The first step is to study the properties of the Stokes—
Coriolis system in R3, namely,
—Au+e3xu+Vp=0 in Ri,
divu =0 in R3, (2-1)
U|x3=0 = Vo.
In order to prove the result of Theorem 1, we have to prove the existence and uniqueness of a solution u
of the Stokes—Coriolis system in H,._(R3) such that, for some ¢ € N sufficiently large,

o0
sup/ / IV9u|? < oo.
lez? J1+(0,1)2 J1

However, the Green function for the Stokes—Coriolis is far from being explicit, and its Fourier transform,
for instance, is much less well-behaved than that of the Stokes system (which is merely the Poisson
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kernel). Therefore such a result is not so easy to prove. In particular, because of the singularities of the
Fourier transform of the Green function at low frequencies, we are not able to prove that

x
sup/ / |Vu|2 < 00.
lez2 J14+(0.1)2 J1

 We start by solving the system when vy € H'/?(R?).
Proposition 2.1. Let vo € H 1/2(R%)3 be such that

1
fR lina©P de <oc. (2-2)

Then the system (2-1) admits a unique solution u € HILC(Ri) such that

f IVu|? < co.
RS

Remark 2.2. The condition (2-2) stems from a singularity at low frequencies of the Stokes—Coriolis
system, which we will encounter several times in the proof. Notice that (2-2) is satisfied in particular
when vg 3 =V, - V), for some V, € H 1/2(R%)2, which is sufficient for further purposes.

Proof. Uniqueness. Consider a solution whose gradient is in Lz(Ri) and with zero boundary data on
x3 = 0. Then, using the Poincaré inequality, we infer that

a a
f |u|25caf/ VP < oo,
0 JR2 0 JR?

and therefore we can take the Fourier transform of u in the horizontal variables. Denoting by £ € R? the
Fourier variable associated with x;, we get
(112 = 8)iuy + ttj; +i&p =0,
(&> = 83)it3 4 93 p =0, (2-3)
i& iy + 3313 =0,
and

Ulxs=0 =0.
Eliminating the pressure, we obtain
(1€1> = 05)%ity — 035~ ity = 0.

Taking the scalar product of the first equation in (2-3) with (€+,0) and using the divergence-free condition,
we are led to
(&1 — 83)%ii3 — 833 = 0. (2-4)

Notice that the solutions of this equation have a slightly different nature when & # 0 or when £ = 0 (if
& =0, the associated characteristic polynomial has a multiple root at zero). Therefore, as in [Gérard-Varet
and Masmoudi 2010], we introduce a function ¢ = @(§) € CGSO([R{Z) such that the support of ¢ does not
contain zero. Then git3 satisfies the same equation as i3, and vanishes in a neighborhood of & = 0.
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For & # 0, the solutions of (2-4) are linear combinations of exp(—Xx3) (with coefficients depending
on &), where (Ax)1<k<¢ are the complex valued solutions of the equation

02— g +22=0. (2-5)

Notice that none of the roots of this equation are purely imaginary, and that if A is a solution of (2-5), so
are —X, A and —X. Additionally, (2-5) has exactly one real-valued positive solution. Therefore, without
loss of generality, we assume that A, A», A3 have strictly positive real part, while A4, A5, A¢ have strictly
negative real part, and A € R, X = Az with I(h) > 0, I(A3) < 0.

On the other hand, the integrability condition on the gradient becomes

fw (EP1aGE, x3)* +195(E x3)|%) d& duxs < 0o.

We infer immediately that i3 is a linear combination of exp(—Agx3) for 1 <k < 3: there exist

A:RP = € fork=1,2,3
such that 3
Q(E)i3(E, x3) = ) Ag(E) exp(—Ax(£)x3).
k=1
Going back to (2-3), we also infer that

3
QEE (8, x3) = —i ) i (§) A (&) exp(—hx (€)x3),

k=1 (2-6)

3 2_32y2
w(é)é*ﬁh(s,m:izw

k=1

Ar (&) exp(—Ak(§)x3).

Notice that, by (2-5),

2 _52y2 A
BF =) M S fork=1,2,3.
Ak &12 — At
Thus the boundary condition i|,,—o = 0 becomes
A1)
M) | A2(8) | =0,
A3(§)
where
1 1 1
_ M Ao A3
(1517 =AD* (517 =2D)* (67 =23)°
M Ao A3

Lemma 2.3. detM = (A1 —A) (A2 —A3) (A3 — A1) (|E] + A1 + A2+ X3).
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Since the proof of the result is a mere calculation, we have postponed it to Appendix A. It is then clear
that M is invertible for all £ # 0: indeed, it is easily checked that all the roots of (2-5) are simple, and we
recall that A1, A, A3 have positive real part.

We conclude that A} = Ay = A3 =0, and thus @(§)u(&, x3) =0 for all ¢ € C68"([R2) supported far
from £ = 0. Since 7 € L*(R? x (0, a))? for all a > 0, we infer that & = 0.

Existence. Now, given vy € H'/>(R?), we define u through its Fourier transform in the horizontal variable.
It is enough to define the Fourier transform for & # 0, since it is square integrable in £. Following the
calculations above, we define coefficients A, Ay, A3 by the equation

Ai(§) Uo,3
ME) | A& | = i& Do for all £ # 0. (2-7)
A3(§) —i&+- Do

As stated in Lemma 2.3, the matrix M is invertible, so that A, A, A3 are well defined. We then set

3
i3(8, x3) = ) Ap(E) exp(—h (€)x3),
k=1 2-8)
(6P =22

- sl> exp(—Ax (§)x3).
k

.3
. i
(&%) = o > Ak@)(—xk(s)s +
k=1
We have to check that the corresponding solution is sufficiently integrable, namely,

| Pt e xo) + i, x0)P) dé da < o0,
- 2:9)
f} (1& P13 (&, x3)I> + [83i23 (. x3)|) dE dx < 0.

+

Notice that by construction, d3i3 = —i& - i1, (divergence-free condition), so that we only have to check
three conditions.

To that end, we need to investigate the behavior of Ay, Ax for & close to zero and for § — oco. We
gather the results in the following lemma, whose proof is once again postponed to Appendix A:

Lemma24. o As& — o0, we have
1 _5
A =& - 1IEIT3 4+ O(IE]73),

j? i 5
Ay =8 = S [E173 + O(E1),

as =& — %m—% +0(E D),

where j = exp(2im/3), so that

A1(§) ] 111 00,3
M) [ =7 |1 72| | 2081 GE - Don = IE1D03) + O o)) | - (2-10)
A3 (&) 1% j — &7 V3igL Do + O(lDol)
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o As & — 0, we have
=6+ O0(E),
A =L 08,
A3 =e AL 0EP).

As a consequence, for & close to zero,

A1(§) = D0,3(8) — SV2(i& - Do + & 004 + €1D03) + OUEP Do (E)]),
Ar(§) = 3 (e™7E o+ i E Do + 1€1D0,3) + O(IEP[D0(E)]), (2-11)
A3(&) = S g Do + e T HiE Do + 1E1D0,3)) + O(IEID0(E)]).

e Forall a > 1, there exists a constant C, > 0 such that

M@+ IRCx NI < Co,
|AE)] < CalDo(§)].

We then decompose each integral in (2-9) into three pieces, one on {|§| > a}, one on {|&| < a~'}, and
the last one on {|&] € (a~', a)}. All the integrals on {a~! < |&| < a} are bounded by

al<|t|l<a = {

Co | 1@ dE = Cullwlfyusge,
a~l<|é|<a
We thus focus on the two other pieces. We only treat the term

[ ePins(e. xoP de s

+

since the two other terms can be evaluated using similar arguments.

> On the set {|£| > a}, the difficulty comes from the fact that the contributions of the three exponentials
compensate one another; hence a rough estimate is not possible. To simplify the calculations, we set

Bi=A4+ A+ Aj,
By = A+ j*Ar+ jAs, (2-12)
By=A1+jA; +j2A3,

so that
A ! 11 1 B
Ar =3 1j j*]|B
Az 1j2 B;

Hence we have Ay = (B] + o By +oz,%B3)/3, where oy =1, ap = j, a3 = j2. Notice that oz,f =1 and
> i 2k =0. According to Lemma 2.4,

B = 1 3,
1. N A~ ~
By = —2|&|3(i& - Do — |&100.3) + O(|Do)),
1, ~ ~
By = —£|73iE% Do.n + O(|Do)).
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For all £ € R?, || > a, we have

8 [ lise wPan = E Y A

1<k,I<3 A+ A

Using the asymptotic expansions in Lemma 2.4, we infer that

1 1 P
= (14 ’|sr4/3+0<|5|—8/3>)
M+ A 2|§|(
Therefore, we obtain, for |§] > 1,
| - B B
D0 AA == AkAz(1+ |s| 0| 8“))
1<k,I<3 kA 1<k,I<3
_ lg] B
~ (1B1* + 3(B2B1 + BaBy)g | 3+ 0(1001%)

=0(|$||vo| )-

Hence, since vy € H'/?(R?), we deduce that

0
/ f & PJiia|? dxs dE < +oc.
|&]>a JO

> On the set |§]| < a, we can use a crude estimate: we have

3

2 AP
———d§.
Z:;fglga <! 2R (A (8)) ¢

k

o0
/ / €713 (€, x3)|* dxs d§ < C
|§l<a JO
Using the estimates of Lemma 2.4, we infer that

[ [ PGP <c |E|2<(|v0%($)|+|$| B0 )P
lg1<a Jo GE ISI

2
< C/IE ("’Ofﬁ)' T 1E 104 (5)) )dé <0,

thanks to the assumption (2-2) on 9 3. In a similar way, we have

00 2
/s| /0 |5|2|»2h<s,x3>|%lx3da3scflr§ ('”‘)f;f)' + 1€ 10 (s)|2)ds,

o0
/ / (93 (&, x3)Pdxs dE < C / 102 de.
|£]|<a JO |&|<a

Gathering all the terms, we deduce that
| ePiae. xR + 006, v d ds < oo,
RJr

so that Vu € L*(R3).

1263

- |s|2|ﬁo<s>|2> d§
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Remark 2.5. Notice that thanks to the exponential decay in Fourier space, for all p € N with p > 2, there

00
2 2
/ f2|vpu| < Cpllvollye-
1 R

* We now extend the definition of a solution to boundary data in Hullézc([R?z). We introduce the sets

exists a constant C,, > 0 such that

(RY) :3U, € HY2®H2, u =V, - Uy, oty
(R : us e %Y.

Ho={ueH/?

uloc

K :={uec H'/?

uloc
In order to extend the definition of solutions to data which are only locally square integrable, we will first
derive a representation formula for v € H'/ 2(R?). We will prove that the formula still makes sense when
vo € [, and this will allow us to define a solution with boundary data in [K.

To that end, let us introduce some notation. According to the proof of Proposition 2.1, there exist
Ly, Ly, Ly : R?> — M3(C) and q1, q2, ¢3 : R* — C3 such that

3
(8, x3) = Y Li(5)Po(€) exp(— i (§)x3),

= (2-14)

3
PE x3) =) qi(§) - Do(&) exp(—hi (£)x3).

k=1
For further reference, we state the following lemma:

Lemma 2.6. Forall k € {1, 2,3} and all & € R?, the following identities hold:

—Li21 —Lioo —Li23 i&1qk,1 819k 1514k3
(EP—2DLi+ | Lt Liz Lias |+ | ik i8aqrn ibagrs | =0
0 0 0 —MGk1 —AkGk2 —Akqik3

and, for j =1,2,3, k=1,2,3,
i& Lg1j+i&Lioj — ALz =0.

Proof. Let vy € H'/>(R?)? be such that vy 3 = V}, - V}, for some V;, € H'/2(R?). Then, according to
Proposition 2.1, the couple (u, p) defined by (2-14) is a solution of (2-1). Therefore it satisfies (2-3).
Plugging the definition (2-14) into (2-3), we infer that, for all x3 > 0,

3
/ > " exp(—hxxs)shi ()0 (&) d& =0, (2-15)
R =1

where
—Li21 —Ligoo —Li23 i&1qe,1 i1k 1819k3

Ay = (|§-'|2 — )L]%)Lk + Lk,ll Lk,12 Lk713 + i§2Qk,1 i§2qk,2 iéZ‘]kﬁ
0 0 0 —AMqr1 —MGk2 —Akqi3
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Since (2-15) holds for all vy, we obtain

3
Z exp(—Axx3)Ar(§) =0 for all & and x3,
k=1

and since A1,Ap, A3 are distinct for all £ # 0, we deduce eventually that o (¢) = O for all £ and .
The second identity follows in a similar fashion from the divergence-free condition. O

Our goal is now to derive a representation formula for u, based on the formula satisfied by its Fourier
transform, in such a way that the formula still makes sense when vy € [K. The crucial part is to understand
the action of the operators Op(Lx(§)¢(§)) on Lﬁloc functions, where ¢ € €5° (R?). To that end, we will
need to decompose L (&) for £ close to zero into several terms.

Lemma 2.4 provides asymptotic developments of L, L,, L3 and a1, oo, @z as [E] < 1 or [E€] > 1. In

particular, we have, for |§] < 1,

g3 [ B&-§) —aE+E) —iN2&

Ll@):@ E1(61—8&)  &E+E)  ivV2E |+(0UEP) 0(EP) 0(ED), (2-16)
i1El(E—&1) —ilE|(E+ED) V2IE]|
. 2i(—£1+&)
| ]
L) =5 y | —21(|S£|+$2) +(0(E1») 0(&1» O(&D).
i(E1e7 T4 — &™) i(EreT A ik e TY) T/
| N 2i(E1+&)
| ]
Ly) =3 ; | —2z<|$€1|—sz> +(0WEP) 0517 O(ED).

i(fleiﬂM _é—zefirr/4) l-(é_-zeirr/4 +i$1e7in/4) efir[/4

The remainder terms are to be understood column-wise. Notice that the third column of Ly, that is, Les,
always acts on 9 3 = i& - V. We thus introduce the following notation: for k =1, 2, 3,

My = (Lk@]Lkez) € ./‘/t3’2(([:) and Ny :=ilLe; IS € ./‘/Lg,,z(C).

M ,: (respectively N, k]) denotes the 3 x 2 matrix whose coefficients are the nonpolynomial and homogeneous
terms of order one in M}, (respectively Ny) for & close to zero. For instance,

V) &262—-8) —&&E+8&) i —&E &

M=o —sl@é—sl) sl<szo+sl> . M=o EO% 51052
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We also set M[*™ = My — M}, N := N — N/ so that

for & close to zero, M = O(|§]),

fork=2,3, M = 0(1),

forall k € {1,2,3}, N = O([§]).
There are polynomial terms of order one in M{*™ and N (respectively of order 0 and 1 in M;*™
for k = 2, 3) which account for the fact that the remainder terms are not O(|&]?). However, these

polynomial terms do not introduce any singularity when they are differentiated, and thus, using the results
of Appendix B, we get, for any integer g > 1,

|V§M;em|, |V§N,§em| =0(&>7+1) for|g| < 1. (2-17)
> Concerning the Fourier multipliers of order one M kl and N kl we will rely on the following lemma,
which is proved in Appendix C:

Lemma 2.7. There exists a constant C; such that for all i, j € {1, 2}, for any function g € $(R?), for all
¢ €6 (R?), and for all K > 0,

0p<ﬁ€($)>g(x)
]
8i,j i — YD —y;
— ¢ / dy[ g g I y")]x{p*g(x)—p*g(y)—Vp*g<x>-<x—y>1|xy|5K}, (2-18)
R2 lx — ¥l lx =yl

where p :=F ¢ € P(R?).
Definition 2.8. If L is a homogeneous, nonpolynomial function of order one in R? of the form
§i§)
LE= ) a i
1<i,j<2
then we define, for ¢ € W22 (R?),
ILlpx) = Y a; /2 dy yij(x = y){e(x) —@(y) = Vo(x) - (x = y)1x—y <k},
R

I<i,j<2
where
i, XiXj
vi,j(x)=Cj (J — 3#)-

xP X

Remark 2.9. The value of the number K in the formula (2-18) and in Definition 2.8 is irrelevant, since,
forall € W2 (R?) and all 0 < K < K/,

/[R@ dy yij(x —y)Ve(x) - (x — )1k <x—yj<k =0

by symmetry arguments.

We then have the following bound:
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Lemma 2.10. Let ¢ € W>*°(R?). Then, forall 1 <i, j <2,

§i§j
Pl
€]
Remark 2.11. We will often apply the above Lemma with ¢ = p * g, where p € €2(R?) is such that p

2
uloc

< Clloll 21Vl L2

L®(R2)

and V2 have bounded second order moments in L%, and g € L?,__(R?). In this case, we have

lllos < Clighyz N1 +1-P)pll2@),
IV?¢lloe < Cliglyz IC+1- V0l 2 m2)-
Indeed,

1

1
1 2 2
o glle < sup(f —4|g(y)|2dy) (/ (1+|x—y|4)|p(x—y>|2dy>
erz \Jr2 1+ |x —y| R2

< Cliglez 1A +1-Ppll 2@
The L™ norm of V2 is estimated in exactly the same manner, simply replacing p by V2p.

Proof of Lemma 2.10. We split the integral in (2-18) into three parts:

9[@}0@):/ A=) ) = Vo) (=)
x—y|=<

€]
+/ dy yij(x—y)w(x)—/ dy vij(x — y)e(y)
[x=y|=K [x—y|>K
= A(x)+ B(x) + C(x). (2-19)

Concerning the first integral in (2-19), Taylor’s formula implies

d
|A(x)|SC||V2€0||L°°/ Y < CK IVl
[x—y|<K |x _Y|

For the second and third integrals in (2-19),

dy _
|B(x)| + |C(x)] §C||<P||oo/ s <CK e lloo
—yl=k |* =l

We infer that, for all K > 0,

”g[%}wu < CKIV?¢lloo+ K @lloo)-

Optimizing in K (that is, choosing K = ||(p||éé2 / ||V2<p||éé2), we obtain the desired inequality. O

> For the remainder terms M;°™ and N;*™ as well as the high-frequency terms, we will use the following
estimates:
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Lemma 2.12 (kernel estimates). Let ¢ € C(égo([RRZ) be such that ¢ (§) =1 for |&| < 1. Define

3
o (X, x3) = F ! (Z(l —$)(E)Lr(§) exp(—xk@xg)),
k:l
3
Y1 (xn, x3) 1= F (Z PE M (&) exp(—xk@)x»),
k:l

3
Yo, x3) o= F ! (Z $ENEE) exp(—xk@))@)).
k:1

Then the following estimates hold:

e Forall g € N, there exists co 4 > 0 such that, for all a, B > cq 4, there exists Cy g 4 > 0 such that

Caﬂq
IV our(xp, x3)| < i )
x5 % + |x3]P

e Forall o € (0,2/3) and all g € N, there exists Cy 4 > 0 such that

Caqg
B3+ Jagletar3

VI (xp, x3)] < P

e Forall o € (0,2/3) and all g € N, there exists Cy 4 > 0 such that

Cayq
h|3+q + |x3|a+q/3'

V942 (xp, x3)| <
|x
Proof.  Let us first derive the estimate on ¢yr for ¢ = 0. We seek to prove there exists ¢p > 0 such that

C
for all («, B) € (cy, oo)z, there exists Cy g such that [gyp(xy, x3)| < T — (2-20)
|xXn |+ |x3|P

To that end, it is enough to show that, for o € N? and B > 0 with |«|, 8 > ¢,

sup (1x3 1P 1@mE (-, x3) 112y + Ve @rE(- 5 x3) [l L1 @m2)) < 0.
x3>0

We recall that A (§) ~ |&| for || — co. Moreover, using the estimates of Lemma 2.4, we infer that there
exists y € R such that L (§) = O(|&]") for |£] > 1. Hence

3
31° | up (€, 1) < CI1L =@ @116 D x5l exp(—R(hi)x3)
k=1

3
< CIL—¢@IIEP D 1Ml exp(—R(he)xs)
k=1

< Cplgl" P Ligi=1.
Hence, for § large enough, for all x3 > 0,

13121 GuE(- L x3) [l 1 ey < C-
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In a similar fashion, for @ € N?, |a| > 1, we have, as || — 0o (see Appendix B),
VILL(E) = 0§74,
V (exp(—hex3)) = O (€3 + x3 ) exp(=0R (i) x3)) = O (€171,
Moreover, we recall that V(1 — ¢) is supported in a ring of the type Bg \ By for some R > 1. Asa
consequence, we obtain, for all « € N? with || > 1,

IVGRE(E, x3)| < ColE)Y T e 121,
so that

IVY@HE( -, x3) | L1 Ry < Co.

Thus ¢yr satisfies (2-20) for ¢ = 0. For ¢ > 1, the proof is the same, changing Ly into |& |7 | |92 Ly with
q+q2=q.

» The estimates on 1, 1, are similar. The main difference lies in the degeneracy of A| near zero. For
instance, in order to derive an L> bound on |x3]|*t9/3V%4, we look for an L;’j (Lé (R?)) bound on
x| T9/31E 1491 €, x3). We have

3
< Clxa|* P11 Y~ exp(—=R(h)xa) | ME™ 1 <k
k=1

3
k3 |*TB1E 17 (8) Y ME™ exp(—Axa)
k=1

3
< CIE Y 1RA] ™D ME g <k
k=1

< CIEI7(E1' 77 + Dljg<r.
The right-hand side is in L' provided o < 2/3. We infer that
12312143V (x)| < Cyy  for all x and all & € (0, 2/3).
The other bound on v is derived in a similar way, using the fact that
VEME™ = 0§71+ 1)
for £ in a neighborhood of zero. g
> We are now ready to state our representation formula:

Proposition 2.13 (representation formula). Let vo € H'/*(R?)? be such that vy 3 = Vj, - Vj, for some
Vi, € H'2(R?), and let u be the solution of 2-1). Forall x € R3, let x € %SO(IRZ) be such that x =1 on
B(xp, 1). Let ¢ € ‘GSQ(IRZ) be a cut-off function as in Lemma 2.12, and let yr, V1, ¥» be the associated
kernels. For k =1, 2, 3, set

fi( o x3) i= F (P (&) exp(—Agx3)).
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Then
3

3
uix) =% (Z Aé)(xv‘zh(f)))exp(—xkx3>)<x>+Z§[M§]fk(-,x3>*<<1—x)vo,h)oc)
k=1 k=1

3
(1 =x)vo,
+ kgﬁmﬁfk( 2 x3) (1= ) Vi) (x) + orr (v e x%))m

+ Y1 (1= x)vo,n) (x) + Y2 (1 — x) Vi) (x).

As a consequence, for all a > 0, there exists a constant C, such that

a
su u(xp, x3)|~ dxz dxy < C,(||v v
p/k+[0 1]2/0 | (xp, x3)|* dxs dxy (llvoll? 1/2(R2)—|—|l Al I/Z(Rz))

kEZZ u oc u oc

Moreover, there exists g € N such that

+ ||Vh|| y/2

ulou

)-

(R?)

SUPf / |V9u(xy, x3)|* dxs dxp, < C(Jlvoll? e @)
k+10,112

kezz u«)(.

Remark 2.14. The integer ¢ in the above proposition is explicit and does not depend on vy. One can
take ¢ = 4 for instance.

Proof. The proposition follows quite easily from the preceding lemmas. We have, according to
Proposition 2.1,

3

(B s

k=1
5 (1= X)v0.4(€)
9;1<Z Lk(S)( O )exp(—)»kx3))(x)-
=1 V- ((1=x)Vi) (&)

In the latter term, the cut-off function ¢ is introduced, writing simply 1 = 1 — ¢ 4+ ¢. We have, for the
high-frequency term,

’ (1= X)v0.4(E)
- (Z(l - ¢(§))Lk(§)< > ) exp(—xkx3>>

= V(1= 0V €)
i (1= X)v0.4 () (1= X)vor(8)
=% 1((KJHF(S,)Cs)( )):(pHF(")@)*( ’ )
V(1= 0V ©) V=0V E)

Notice that Vj, - (1 — x)Vi) = (1 — x)vo3 — Vax - Vi € H'/2(R?).
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In the low-frequency terms, we distinguish between the horizontal and the vertical components of vy.
Let us deal with the vertical component, which is slightly more complicated. Since vy 3 = V- V},, we have

3
7 <Z¢($)Lk(€)€3 Vi - (1 =) Vi) () CXP(—MX3)>
k=1 g
= <Z¢(-§)Lk($)€3i$ (1= V(&) exp(—Akx3)>,
k=1

We recall that Ny =i Liez '€, so that

LiE)esif - (1= ) Vi(&) = Ne(&) (A = ) Vi(E).

Then, by definition of v and f,

3
5! (Zaﬁ(S)Nk(é)(l —X)Vi(§) exp(—kkx3)>

k=1

3
—g-! (Z SENLE A= N Vi(®) exp(-“ﬂ))

k=1

3
+ 5! (Z PENETE (1= Vi) exp(—km))

k=1

IINLfix (L= X) - Vi) + F (a6 x3)(1 = 1) - Vi (§)

|
»Mw

w
-

=D SN fix (L= 0 - Vi) + 25 (L= X) - V).
k=1
The representation formula follows.

There remains to bound every term occurring in the representation formula. In order to derive bounds
on (I +1[0, 11%) x Ry for some [ € 77, we use the representation formula with a function y; € <68°([R2)
such that y; =1 on [+ [—1, 212, and we assume that the derivatives of x; are bounded uniformly in /
(take for instance x; = x (- +1) for some x € 6{°).

o According to Proposition 2.1, we have

a 3 v 2
(3 L [ X1 —x d
/0 F (; k@)(v.mm exp(—kx3) . 3

< Calllxvon e + 1V Vallge + 100031512 gey)-

Using the formula

_ 2
1 ey = 112 + f | WOIZTOF feay foran e ',

R2 xR Ix —y[3
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it can be easily proved that

I xull 2wy < Cllix lwieo lell g1 ey (2-21)

for all x € W*°(R?) and for all u € H'/?>(R?), where the constant C only depends on the dimension.

Therefore,
< < < %)
 xrvo,nll e < kzzz | X1tk vo.nll gire < Zz it vo.nllmiz = Clixillwisllvonl 12,
© |k4§%%¢§
so that
X1vo. (& X0 (§) ?
ZL &) exp(—ix3) dxz < Ca(llvoll 1o + IVall?,1).
V ( V) LZ(RZ) uoc uloc
Similarly,
/ HW I(ZL <s>(x’”° ’1@)exp<—x x >) C dn = Cllool s + VAl ).
0 \Y% (X V) K3 L2(R2) 3= 0 Jl{)zc h 1:1{)20
Moreover, thanks to Remark 2.5, for any g > 2,
2

dX3<C (HvO” 1/2+||Vh|| 1/2)

L2 (RZ u oc uloc

[ oo (o (T o)

* We now address the bounds of the terms involving the kernels ggg, ¥, Y. According to Lemma 2.12,
we have for instance, for all x3 > 0, for all x;, € I 4 [0, 1], for o € N2,

o (1 = x)vo,n _
/sz @HE(Yh» X3) (V-((l —x;)Vh)> (Xn = yn) dyn

1
5 dyn+ Caplo| / Vi = yn) | —————5 dyy,
[yl + x5 1<|yp|<2 |yal® + x5

1 1
1 lvo(xn — yi)I? 2 L+ |ynl” 2
<ClVall2 ﬂ—i—C(/ ————dy f ——————dy;
woe | 4 x re L+ |ynl” lynl=1 (|yh|"f—|—x3)2

3

< Cq,p,0| / [vo(xp — yn)l
[yn=1

1 . 2 20—1
< C“Vh”LﬁlocH_—ﬁ + Cllvoll 2, inf(l, xf(( +¥)/2a=1))
X

3

for all y > 2 and for «, 8 > ¢ and sufficiently large. In particular the I-'Ij10C bound follows. The local bounds
in LulOC near x3 = 0 are immediate, since the right-hand side is uniformly bounded in x3. The treatment
of the terms with |, Y, are analogous. Notice however that because of the slower decay of 1, ¥ in
x3, we only have a uniform bound in H((I+10, 1713 x (1, 00)) if q is large enough (g > 2 is sufficient).
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o There remains to bound the terms involving $[M ,l], SN kl], using Lemma 2.7 and Remark 2.11. We
have for instance, for all x3 > 0,
1IN fic (1= XD Vidll 210,17

< ClVallze, (I +1- ) fiC-ox) 2y + 1A+ 1DV fi L x3) @)
Using the Plancherel formula, we infer

I+ ) fe o x) 2ey < Cllg€) exp(—raxs) |l 2ge
< Cllexp(—=Axx3) | g2(y) + C exp(—px3),
where R > 1 is such that Supp ¢ C By and u is a positive constant depending only on ¢. We have, for
k=1,2,3,
V2 exp(—Aex3)] < C(x3|VEAk] + X3 Vere]®) exp(—Aixs).

The asymptotic expansions in Lemma 2.4 together with the results of Appendix B imply that, for £ in
any neighborhood of zero,

V2 =0(kD, Vii=O0(5P),

Vi =0(), Vie=0(&) fork=2,3.

In particular, if k = 2, 3, since A is bounded away from zero in a neighborhood of zero,

0
/ d-x3” eXP(_)ka3)||%12(BR) < 00.
0

On the other hand, the degeneracy of A| near £ = O prevents us from obtaining the same result. Notice
however that

a
2
[) ” exp(_)"lx?))”HZ(BR) < Ca
for all @ > 0, and

o0
/0 11992 exp(—1123) | 2, < 00

for ¢ € N large enough (¢ > 4). Hence the bound on VZu follows. (|

> The representation formula, together with its associated estimates, now allows us to extend the notion
of solution to locally integrable boundary data. Before stating the corresponding result, let us prove
a technical lemma about some nice properties of operators of the type $[&;§;/|&|], which we will use
repeatedly.

Lemma 2.15. Let ¢ € 6°(R?). Then, for all g € L% (R?) and all p € €™ (R?) such that V®p has

uloc
bounded second order moments in L* for0<a <2,

Si%'j:| _/ |:Si5j:|v / [Si%'j:| . / [&Ej]
| — = S| == | —= =— | — .
/Rz"’ [|s| SRR S e G S E ki Sl i M
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Remark 2.16. Notice that the second formula merely states that
"ot prs) o[ Joo
(3 13

Proof. « The first formula is a consequence of Fubini’s theorem: indeed,

[Los[ St

= /Rs dxdydty;j(x —y)g@®)ex) x {px—1) —p(y—1) = Vpx —1) - (x — ) jx_y <1}

in the sense of distributions.

i /Rﬁ dx dy' dt yij(y' —)g(®)ep(x) x {p(x —1) — p(x —=y) = Vp(x —1) - () — ) 1y—_g<1}.

Integrating with respect to x, we obtain

/w [5151}0*8 fwdy/dtyij(y/—t)g(t){so*ﬁ(t)—<p*,5(y/)—w*Vﬁ(t)-(t—y/)1|y/_t|<1}

]
ss,}
= d 9P
/Rz F8t0) [|§|

o The second formula is then easily deduced from the first: using the fact that Vp(x) = —Vp(—x) =
—%(x), we infer

s,s,} / [slsj} f y[ss]
/sz [|§| pre= | 8 Tg [PFYe= L8 e |V
_ 5@} —_/ 9[ﬁ} -
/Rzg [m Vere == L e Ve

We are now ready to state the main result of this section:

Corollary 2.17. Let vy € K (recall that K is defined in (2-13).) Then there exists a unique solution u of
(2-1) such that u|y,—o = vy and

a
foralla >0, sup / / lu(xp, X3)|2d)€3 dx;, < o0,
kez? Jk+[0,112 JO (2-22)

o0
there exists ¢ € N*,  sup / / [V9u(xy, X3)|2d)C3 dxj, < oo.
kez? Jk+[0,1

Remark 2.18. As in Proposition 2.13, the integer g in the two results above is explicit and does not
depend on vy (one can take g = 4 for instance).

Proof of Corollary 2.17.
Uniqueness. Let u be a solution of (2-1) satisfying (2-22) and such that u|,,—o = 0. We use the same type
of proof as in Proposition 2.1; see also [Gérard-Varet and Masmoudi 2010]. Using a Poincaré inequality
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near the boundary x3 = 0, we have

o0
sup/ / IV9u(xp, x3)|? dxs dx), < 00.
kez? Jk+[0,112 JO

Hence u € ¢(R,, ¥ (R?)) and we can take the Fourier transform of u with respect to the horizontal
variable. The rest of the proof is identical to that of Proposition 2.1. The equations in (2-3) are meant
in the sense of tempered distributions in xj, and in the sense of distributions in x3, which is enough to
perform all calculations.

Existence. For all x; € R2, let x € %go(Rz) be such that x =1 on B(x;, 1). Then we set

3 — 3
ux) = 5! (Z Lk(é)(é% ))) exp(—xkxa))(x) +3 MU fC - x3) % (= ) v0) ()
k=1 k=1

3
+ D IINELfiC 203 (L= 0 Vi) () + e (Va((—l f);(;’éh))(”
k=1

+ 1 (1= 0)vo,n) () + 2% (1= x) Vi) (x).  (2-23)

We first claim that this formula does not depend on the choice of the function y: indeed, let x1, x» €
<68°([R€2) be such that y; =1 on B(xy, 1). Then, since x; — xo =0 on B(xy, 1) and x; — x» is compactly
supported, we may write

3
Z IIMU fie (-, x3) % ((x1 — x2)vo.n) + ¥ * (X1 — x2)vo.n)

k=1 3 -
=g (Zcb(f)Mk(Xl — X2)Vo,h €XP(—)»kX3))
and =

3

D O IINfi(x3) % (Gn = x2) Vi) + 2 5 (O — x2) Vi)
k=1

3
7! (Z $E N1 — x2)Vi exp(_km))
kzl

3
7! (Zqﬁ(E)Lkeﬁ(v (X1 = x2) V) eXp(—Akx3)).
On the other hand, k=1

3 -3

(Ot — x2)vo,n > O.1< ( (1 — x2)vo,n ) )

QHF * < F E (I—¢&))Li exp(—Aixx3) |.
V(O = x2) Vi) k=1 V- (Ga—x2)Vi)

Gathering all the terms, we find that the two definitions coincide. Moreover, u satisfies (2-22) (we
refer to the proof of Proposition 2.13 for the derivation of such estimates: notice that the proof of
Proposition 2.13 only uses local integrability properties of vg).
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It remains to prove that u is a solution of the Stokes system, which is not completely trivial due to the
complexity of the representation formula. We start by deriving a duality formula: we claim that, for all
n € 65°(R%)? and all x3 > 0,

3
./Rz u(xp, x3) - 1(xp) dxp = /n;@ vo. () - F ! (Z(’L_kﬁ(é))h CXP(—?_»kxa)>
k=1
3

- fR Vi) - F (Zié(’L_kﬁ(é)h exp(—im)). (2-24)

k=1
To that end, in (2-23), we may choose a function yx € <€8°(IR{2) such that x = 1 on the set

{x e R?:d(x, Suppn) < 1}.
We then transform every term in (2-23). We have, according to the Parseval formula,

3 —
g L m(é) —A )
|K (Z k<s>(v_<xvh)(5) exp(—x3) | -7

k=1

1 > Xvo.n(€)
= E -L i —A d
(27)2 V/RZ — n() - Li(§) (V w V},)(f)) exp(—Axx3) d§
3

3
= fR xvonF! (Z(Tkﬁ(s))h exp(—ikx3)> - /R AV T <Zi$(fL_kﬁ($))3 exp(—ikxg))
k=1

k=1

Using standard convolution results, we have

/ 1//1*((1—X)U0,h)77=/ (1 — x)von "Y1 * 1.
IRZ IRZ

The terms with ¥, and ¢y are transformed using identical computations. Concerning the term with
SM kl], we use Lemma 2.15, from which we infer that

f2 FIM] fio (1= X)vo.)n = /2(1 — X)vondl'M{1fi % .
R R
Notice also that, by the definition of M ! M kl =M kl Therefore,

3
/Rz Y (1= x)vo.n)n + Z/Rz IIM} ] fios (L= X)vo.u)m
k=1

3

= /Rz(l — X)vos - F! <Z t<]:k31]:k32> Ad(&) CXP(—)V%M))

k=1
and

3
/Rz Yok (1= 30 Vi + Z/Rz NG ficx (L= 30 Vi
k=1 3

= /R (A=Y (Zs (iLies) 16®) exp(—ikxs)).

k=1
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Now we recall that if vy € H'/?2(R?) NIK is real-valued, so is the solution u of (2-1). Therefore, in Fourier
space,
u(-,x3)=u(-,x3) forall x3>0.

We infer in particular that
3

3
Z Liexp(—=igxz) = Z L exp(—Aix3).
k=1 k=1
Gathering all the terms, we obtain (2-24).
Now let ¢ € (68°(R2 x (0, 00)) such that V-¢ =0, and ) € CGSO([RRZ x (0, 00)). We seek to prove that

/ u(—AZ —e3x¢)=0 (2-25)
R
as well as

/ Vi =0. (2-26)
R

3
T

Using (2-24), we infer that

/ u(—A{ —e3 X §>
”

[ee) 3 o0 3
= / / voﬂl(zmk(§)2<s>exp<—ikx3>)+ / / Vh%1<Zm(s>2(s>exp<—ikx3>),
0 R2 =1 0 R2 k=1

where
0 10 0 10
My = (EP =AM+ M | =1 00|, Ne:=(EPP=AD'Ne+'Ne [ =100
0 00 0 00

According to Lemma 2.6,

o — <i§1qk,1 i&2qx,1 —kqu,l)
ig1qr2  1&2qk2 —Mqi,2

50 that, since i& - £, 4 9383 =0,

M (E)E (5, x3) = (3383 — ikés)(q}vl)
qk,2

Integrating in x3, we find that

/0 TGE)E (&, x3) exp(—ixs) ds = 0,

Similar arguments lead to

[ee) 3 . _
/0 fR zvh%1(Zm@);@,m)exp(—xkxg)) =0
k=1

and to the divergence-free condition (2-26). O
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2B. The Dirichlet to Neumann operator for the Stokes—Coriolis system. We now define the Dirichlet
to Neumann operator for the Stokes—Coriolis system with boundary data in [. We start by deriving its
expression for boundary data vo € H 112(R?) satisfying (2-2), for which we consider the unique solution
u of (2-1) in H! ([R{i). We recall that u is defined in Fourier space by (2-8). The corresponding pressure
term is given by

3 2_y 2
pEx =Y Ak@)% exp(—Ak (E)x3).
k=1

The Dirichlet to Neumann operator is then defined by
DN g := —83u]x;=0 + plx;=0€3.
Consequently, in Fourier space, the Dirichlet to Neumann operator is given by

— 3 IE12) (2 2323261
DNvo<s>=ZAk<s>((’/ SR ¢ (67 -2 >> = Msc®0€).  (227)
kzl

where Mgc € Jl3 3(C). Using the notations of the previous paragraph, we have

3

Msc = Z)»kLk +e3 g
k=1

Let us first review a few useful properties of the Dirichlet to Neumann operator:

Proposition 2.19. < Behavior at large frequencies: when |&] > 1,

E|+E2/1E] E18/IE]  i&
Msc®) = | &&/El  |E1+E3/1E] i& |+ 0.

—i§) —i&  2[§|
e Behavior at small frequencies: when |§| < 1,
1 —1 i(§1+82)/1§]
2
Msc($)=§ 1 1 i(52—&1)/IEl | + O(I&D.

i —&)/I1El —iE1+&)/1E] V2/IE] -1

e The horizontal part of the Dirichlet to Neumann operator, denoted by DNy, maps H'/>(R?) into
HV2(R2),
o Letgp € %8°(IR2) be such that $(§) =1 for |&| < 1. Then
(1-¢(D))DN3: H'2R?) — H™'2(R?),
D¢ (D) DN3, | D|¢(D) DN : L*(R?) — L*(R?),
where, classically, a(D) denotes the operator defined in Fourier space by

a(D)u = a(§)i(€)

fora € €(R?), u € L*(R?).
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Remark 2.20. For |&| > 1, the Dirichlet to Neumann operator for the Stokes—Coriolis system has the
same expression, at main order, as that of the Stokes system. This can be easily understood since, at large
frequencies, the rotation term in the system (2-3) can be neglected in front of |£|%, and therefore the
system behaves roughly as the Stokes system.

Proof. The first two points follow from the expression (2-27) together with the asymptotic expansions in
Lemma 2.4. Since they are lengthy but straightforward calculations, we postpone them to Appendix A.
The horizontal part of the Dirichlet to Neumann operator satisfies

IDN}, vo(€)| = O(I€||80(€)])  for [€] > 1,
IDNj, vo(8)| = O(180(E)])  for €] < 1.

Therefore, if [, (14 |£]%)!/?0(§)|* d€ < oo, we deduce that
fz(l + 1612 IDN, v @)1 d < oc.
R

Hence DN, : H'/2(R?) — H~'/2(R?).
In a similar way,

IDN3 v0(&)| = O(€] [D0(6)])  for [£] > 1,

so that if ¢ € (680(|R2) is such that ¢ (§) = 1 for £ in a neighborhood of zero, there exists a constant C
such that

(1 — ¢ (&))DN3 v9(§)| < CIE|[80(€)| for all & € R,

Therefore (1 — ¢ (D)) DN3 : H/2(R?) — H~Y/2(R?).
The vertical part of the Dirichlet to Neumann operator, however, is singular at low frequencies. This is
consistent with the singularity observed in L (§) for £ close to zero. More precisely, for £ close to zero,

we have
— l
DN3 vo(§) = |$—|170,3 + O(|0o(&)]).
Consequently, for all £ € R?,
1€ (§)DN3 vo(€)] < Cldo(6)]. O

Following [Gérard-Varet and Masmoudi 2010], we now extend the definition of the Dirichlet to
Neumann operator to functions which are not square integrable in R?, but rather locally uniformly
integrable. There are several differences with [Gérard-Varet and Masmoudi 2010]: First, the Fourier
multiplier associated with DN is not homogeneous, even at the main order. Therefore its kernel (the
inverse Fourier transform of the multiplier) is not homogeneous either, and, in general, does not have
the same decay as the kernel of Stokes system. Moreover, the singular part of the Dirichlet to Neumann
operator for low frequencies prevents us from defining DN on H 2 Hence we will define DN on K only

uloc*

(see also Corollary 2.17).
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Let us briefly recall the definition of the Dirichlet to Neumann operator for the Stokes system (see
[Gérard-Varet and Masmoudi 2010]), which we denote by DNg!. The Fourier multiplier of DNy is

E|+E21E1 &8I &
MsE) = | &&/IEl IEI+E/IE] i&
—if) —i&  20f]|

The inverse Fourier transform of Mg in &' (R?) is homogeneous of order -3, and consists of two parts:

« The first is the inverse Fourier transform of coefficients equal to i&; or i&,. This part is singular, and
is the derivative of a Dirac mass at point t = 0.

o The second is the kernel denoted by Kg, which satisfies

C
[Ks(t)| < W

In particular, it is legitimate to say that

C
1F ' Ms(1)] < e in @' (R?\ {0}).

Hence DNy is defined on H: /% in the following way: for all ¢ € 65° (R?), let x € ©5° (R?) be such

loc

that x = 1 on the set {r € R? : d(¢, Supp @) < 1}. Then

(DNs u, 9oy g := (F " (MsXt), @) 121112 + fz Kg* ((1—x)u)-¢.
R

The assumption on x ensures that there is no singularity in the last integral, while the decay of Kg ensures
its convergence. Notice also that the singular part (which is local in the physical space) is only present in
the first term of the decomposition.

We wish to adopt a similar method here, but a few precautions must be taken because of the singularities
at low frequencies, in the spirit of the representation formula (2-23). Hence, before defining the action of
DN on K, let us decompose the Fourier multiplier associated with DN. We have

Msc(§) = Ms(§) +¢(5)(Msc — Ms)(§) + (1 — ) (§)(Msc — Ms)(§).

Concerning the third term, we have the following result, which is a straightforward consequence of
Proposition 2.19 and Appendix B:

Lemma 2.21. As |£| — o0, we have
1
VE (Msc — Ms)(§) = O(1€]571)

fora e N?, 0 < |a| <3.

! Gérard-Varet and Masmoudi [2010] considered the Stokes system in Ri and not Ri, but this part of their proof does not
depend on the dimension.
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We deduce from Lemma 2.21 that V*[(1 —¢ (£))(Msc — Ms)(§)] € L' (R?) for all o« € N? with |a| =3,
so that it follows from Lemma B.3 that there exists a constant C > 0 such that

_ C
1F (1= ¢ (&) (Msc — Ms)(E)1(0)] < T

It remains to decompose ¢ (§)(Msc — Ms)(§). As in Proposition 2.13, the multipliers which are
homogeneous of order one near £ = 0O are treated separately. Note that since the last column and the

last line of Mgc act on horizontal divergences (see Proposition 2.22), we are interested in multipliers
homogeneous of order zero in Msc 3;, Msc i3 fori =1, 2, and homogeneous of order —1 in Mgc¢ 33. In

= V21 -1 (M, 0
Mh:?(l 1)’ M‘:(o 0)’
Vi .:£(§1+§2) Vy = l\/_( §1+§2)
- 21 \&1 &) C 288

We decompose Mgc — Mg near € =0 as

the following, we set

$ (&) (Msc — Ms)(€) = M+¢(s><f”1 "

V2 |%-|1> - (1 _¢($))M+¢(§)Mrema

where M| € M, (C) only contains homogeneous and nonpolynomial terms of order one, and M lrjem contains
either polynomial terms or remainder terms which are o(|&]) for & close to zero if 1 < i, j < 2. Looking
closely at the expansions for A, in a neighborhood of zero (see (A-4)) and at the calculations in paragraph
A.4.2, we infer that Ml.r;?m contains either polynomial terms or remainder terms of order O (| 1) if
1 <i, j <2. We emphasize that the precise expression of M™™ is not needed in the following, although it
can be computed by pushing forward the expansions of Appendix A. In a similar fashion, M;3" and M37"
contain constant terms and remainder terms of order O (|¢|) fori = 1,2 and M§e3 contains remainder
terms of order O(1). As a consequence, if we define the low-frequency kernels

K™ :R* = My(C) forl<i<4

Mrem Mrem
-1
(oo )
Mrem
-1
(o o)
KEmi= 5 (i@ (M M) )

K;fem — gp—1 ¢($)M£§m(§§é SéfZ))

by

rem .,
Ko

fem .
K 2
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we have, for 1 <i <4 (see Lemmas B.1 and B.5),

c
| K™ (xp)| < e for all x;, € R?.
h

We also denote by Mpyg" the kernel part of
F (=1 =M + (1 - ¢)(Msc — M),

which satisfies

C
M (xp)] < o= forall x, € R\ (0).

Notice that there is also a singular part in
F (=1 —p)M),

which in fact corresponds to %~1(—M), and which is therefore a Dirac mass at x;, = 0.
It remains to define the kernels homogeneous of order one besides M;. We set

My :=Vii(& &),
M3 := —i&'V,

1 2
€I \&1&2 &)
so that M, M,, M5, M, are 2 x 2 real-valued matrices whose coefficients are linear combinations of

§&;/1&]. In the end, we will work with the following decomposition for the matrix Mgc, where the
treatment of each of the terms has been explained above:

M, W

. + Mrem.
v, || 1) ¢

MSC:MS+M+(1_¢)(MSC_MS_M)+¢<

We are now ready to extend the definition of the Dirichlet to Neumann operator to functions in K:
in the spirit of Proposition 2.13—Corollary 2.17, we derive a representation formula for functions in
KN H'/2(R?)3, which still makes sense for functions in :

Proposition 2.22. Let ¢ € 67° (R?)3 such that g3 = Vy, - ), for some ), € <€8°(R2). Let x € 63° (R?) be
such that x =1 on the set

{x € R? : d(x, Supp ¢ U Supp ®;) < 1}.

Let ¢ € 63°(R}) be such that g (§) = 1 if |§] <1, and let p :=F~'¢.
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L H'/>(R?)3 be such th =V Th
o Let vy € (R“)? be such that vo3 = Vj, - V. Then

(DN(vo), @)ar,a
= (DNs(vo), ¢)ar o + /2 @ Mvy+(F (1 — ) (Msc — Ms — M)X00), @) gg-112. 12
R

_ My X0k
T fp @ M (4= +<@ 1( (Mrem+( ‘)) ( A)) >
/Rz“’ e * (1= x)vo) ¢ Vo 1617 ) ) \ie - xi) ) e

+/R2 on - AI[M11(p * (1 — x)vo,n) + Ki™ * ((1 — x)vo,n)}

+/Rz o1 1IN0+ (1= 0 Vi) + KE™ 5 (1= 1) Vi)
+ /R i (M1 % (1= x)v0,) + K™ 5 (1 = x)vo )}
+fRz - (IIMal(p % (1= ) Vi) + K™ (1 = ) Vi),

o The above formula still makes sense when vy € K, which allows us to extend the definition of DN to
<.

Remark 2.23. Notice that if vy € K and ¢ € K with ¢3 =V}, - &, and if ¢, ®;, have compact support,
then the right-hand side of the formula in Proposition 2.22 still makes sense. Therefore DN vy can be
extended into a linear form on the set of functions in K with compact support. In this case, we will denote
it by

(DN(vo), ¢)

without specifying the functional spaces.

The proof of the Proposition 2.22 is very close to those of Proposition 2.13 and Corollary 2.17, and
therefore we leave it to the reader.

The goal is now to link the solution of the Stokes—Coriolis system in [R{i with vy € K and DN(v).
This is done through the following lemma:

Lemma 2.24. Let vy €K, and let u be the unique solution of (2-1) with u|,=o0 = vo, given by Corollary 2.17.
Letgp € %80([@1)3 be such that V - ¢ = 0. Then

A% VMV(p—{—/RS e3Xu-@p= (DN(UO)v(p|X3=0>'
1

+

In particular, if vo € K with vo 3 = V), - Vj, and if vy, V), have compact support, then

(DN(vo), vo) > 0.
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Remark 2.25. If ¢ € (600([}'\? )3 is such that V - ¢ = 0, then in particular

o0
@31x3=0(Xp) = —/ 3¢3(xp, 2) dz
0

o0
=/ Vi on(xp,2) = Vi - Py
0

for ®; = fooo on(-,2)dz € %SO(RZ). In particular ¢|y,—¢ is a suitable test function for Proposition 2.22.

Proof. The proof relies on two duality formulas in the spirit of (2-24), one for the Stokes—Coriolis system
and the other for the Dirichlet to Neumann operator. We claim that if vy € K, then, on the one hand

/ VM'V§0+/ e XU =/ WF ("M sc(E)Ply=0(8)), (2-28)
R R R2
and on the other hand, for any n € (68°(R2)3 such that n3 =V, - 9, for some 6, € <68°([RR2)2,
(DN(vo), n)ar,.a = /2 wWF ' ("Msc@)E)). (2-29)
R

Applying formula (2-29) with = ¢|,,—o then yields the desired result. Once again, the proofs of (2-28)
and (2-29) are close to that of (2-24). From (2-24), one has

e3XUu-Q=-— u-e3 X
R R3

+

o 3
= —/ vog?l(/ ZCXp(—XkX3)Il_4k€3 X @)
R2 (-
010

:/2 Uo@_l / Zexp( )»k)C3)th —-100 @
R 0

0 00

Moreover, we deduce from the representation formula for # and from Lemma 2.15 a representation
formula for Vu:

Vu(x) =F (;exm Akx3>Lk(5)(VX(O@)>(isl i& —xk))m

3 3
+ 3 IMUIY fi( x3) % (= 0vm) @) + Y IINIY fi(-,x3) % (1= ) Vi) (x)

k=1 k=1

(I =x)vo,n ()
+ Vour * (V (- X)Vh)) + Vg (1= x)vo.n) (x) + Vg s (1 = x) Vi) (x).
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Then, proceeding exactly as in the proof of Corollary 2.17, we infer that

/R} Vu-Wz/RZ vF~ (Z/ 1617 exp(—Aexs) ‘L (&, xs)dX3)
_/Rz voF (Z/ A exp(—hix3) 'Lid3p (&, xs)dX3>

Integrating by parts in x3, we obtain

o0 o0
/ exp(—Aix3) 'Lid3@(§, x3) dxz = ?»k/ exp(—Axx3) 'L @ (&, x3) dx3 — "Li@|xs=0().
0 0

Gathering the terms, we infer

A;g? Vu-V(O#—/I; e3xu-(p:/R voF (/ Zexp( )»kX3) Pk(p) / voF (Zkk Lkg0|x3 0)
3 3

+

where 0 —10 i€,
Po:=(EF —2DLe+ |1 0 0)Li=—|i& | (91 qe2 qr3)
0 0O — Ak

according to Lemma 2.6. Therefore, since ¢ is divergence-free, we have

. ) qk.1
"Prp = (—5¢3 +23) | dGr2 |
qk.3
so that eventually, after integrating by parts once more in x3,
k.1
/} Vu-V(p—I—/g%XM-(D:/ v F ! ZMLIHF Gr2 | ‘e3 | @lu=o
R R " k=1 k.3
= / WF ' ("M sc@|xi=0).
R2
The derivation of (2-29) is very similar to that of (2-24) and therefore we skip its proof. Il

We conclude this section with some estimates on the Dirichlet to Neumann operator:

Lemma 2.26. There exists a positive constant C such that the following property holds. Let ¢ € ‘€5° (R?)3
be such that o3 = Vy, - O, for some O, € <€8°([R2), and let vo € K with vo3 =V - V). Let R > 1 and
xo € R? be such that
Supp ¢ U Supp ®;, C B(xp, R).
Then
(DN@o). @ar.al = CRUGI e + I1®nll ) Uvoll g +1Val 1),

Moreover, if vy, Vj, € H'2(R?), then

I{DN(vo), ¢)ar.a| = Clell gr2@e) + 1Pl p12@) (lvoll iz 4 | Vall gir2).
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Proof. The second inequality is classical and follows from the Fourier definition of the Dirichlet to
Neumann operator. We therefore focus on the first inequality, for which we use the representation formula
of Proposition 2.22.

We consider a truncation function x such that x =1 on B(xg, R+ 1) and x = 0 on B(xg, R + 2)°,
and such that ||V® x || < Cq, with C, independent of R, for all « € N. We must evaluate three different
types of term:
> Terms of the type

f K * ((1 = x)vo) - @,
RZ

where K is a matrix such that |K (x)| < C|x|™3 for all x € R? (of course, we include in the present
discussion all the variants involving Vj, and ®;). These terms are bounded by

1
C/R 11— %G5 = D)l [0 — 1) lp (o) dix d

2 x R2? |t|3 . .
lvo(x —)1* \? 1 2
§C/ dx|g0(x)|(/ WX =DV 4y / — at
R2 lt=1 |1]? =1 1P

< Cllwolz_llglly
< CRIvoll 2, llglze.

> Terms of the type
/2 @n - SIMI((1 = x)vo.n) * p,
R

where M is a 2 x 2 matrix whose coefficients are linear combinations of &;&;/|¢|. Using Lemma 2.10
and Remark 2.11, these terms are bounded by

1/2 1/2
Cligllivoll 2 I(H+1- Pl 1A+ H VoIl 2.

Using Plancherel’s theorem, we have (up to a factor 2:)
IA+1-P)pllz = 11— M)l 2w < C,
A+l = 111 = M) Pl 2@ < C.
so that eventually
‘/2% ~IIMI((A = x)vo.n) * p| = Cligliplivoll 2, = CRllvoll2 Nl
[R uloc uloc
> Terms of the type

(T (ME)F0E)), @hyve e and /R - M,

where M (&) is some kernel such that Op(M) : H'Y2(R?) — H~Y2(R2) and M is a constant matrix.
All these terms are bounded by

C||XU0||H'/2(R2) ||(p||H'/2(R2)-
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In fact, the trickiest part of the lemma is proving that
Ixvoll 2@y = CRllvoll /2. (2-30)
uloc

To that end, we recall that

G0 () = G ()P
00y = lcvol ey + [ dx dy.

R2 xR lx — yI?
We consider a cut-off function 9 satisfying (1-4), so that

X vollTagey < D I@®xvoll. < x> Il@?)voll SCRzllxllgoSlzp Iz voll3.

kez? kez?
[k|<CR

Concerning the second term,
| xvo(x) = xvo (I

2
= <Z T 0 (x) x (x)vo(x) — rkﬁ‘(y)x(y)vo(y)>

kez?
= Z [Tk 0 (%) x (x)vo (%) — TP (¥) x (W voWI[T0 (x) x (x)vo(x) — T (¥) x (¥)vo(¥)]

k,le7?
|k—1]<3
+ E [T (x) x () vo(x) — TP (¥) x (W) vo(W) [T (x) x (X)vo(x) — T (¥) x () vo(¥)].
k,lez7?
|k—1|>3

Notice that, according to the assumptions on ¢, if |k —[| > 3, then 70 (x)7;9(x) = 0 for all x € R>.
Moreover, if 7 (x)7;(y) # 0, then |[x — y| > |k — | — 2. Notice also that the first sum above contains
O (R?) nonzero terms. Therefore, using the Cauchy—Schwartz inequality, we infer that

/ |(xv0) (x) — (xvo) ()]
R2 x R?

dx dy

x = yP?
<CR Sup/ I(fkﬁ‘xvo)(x)—(fkl‘/‘xvo)(y)lzdxdy
a kez> IR xR? lx =P
1
+ Y f 7 () X ) U0 (0 19 () X (5)vo ()] dx dy
e k= 11=27 Joo

|k —1|>3

Using (2-21), the first term is bounded by

2 2 2
CR"|x ”Wl‘oc ”v0||H'/2’

uloc

while the second is bounded by C|| volli2

uloc

Gathering all the terms, we obtain (2-30). This concludes the proof. O
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2C. Presentation of the new system. We now come to our main concern in this paper, which is proving
the existence of weak solutions to the linear system of rotating fluids in the bumpy half-space (1-1).
There are two features which make this problem particularly difficult. Firstly, the fact that the bottom
is now bumpy rather than flat prevents us from using the Fourier transform in the tangential direction.
Secondly, as the domain €2 is unbounded, it is not possible to rely on Poincaré type inequalities. We
face this problem using an idea of [Gérard-Varet and Masmoudi 2010]. It consists in defining a problem
equivalent to (1-1) yet posed in the bounded channel Q°, by the mean of a transparent boundary condition
at the interface ¥ = {x3 = 0}, namely,

—Au+t+e3xu+Vp=0 inQP,
divu =0 in Q°,
ulr = uo,

—03u + pe3 = DN(u|x,—0) on X.

(2-31)

In the system above and throughout the rest of the paper, we assume without any loss of generality that
supw < 0, infw > —1. Notice that thanks to assumption (1-3), we have

0
U3|y=0(Xp) = ug,3(xp) —f Vi -up(xp, 2)dz
(xp)
0
=uo3(xp) — Vo -uop(xp) — Vi - / up(xp, 2) dz
(xp)

0
=V, (Uh(Xh) —/ up(xp, 2) dz>,
(xp)

so that u3|,—¢ satisfies the assumptions of Proposition 2.22.
Let us start by explaining the meaning of (2-31):

Definition 2.27. A function u € Hul]OC(Qb ) is a solution of (2-31) if it satisfies the bottom boundary

condition u | = ug in the trace sense, and if, for all p € ‘680(@) such that V- =0 and ¢|r =0, we have
/b(Vu Vo +ez Xu-¢)=—(DN(ul|x;=0), ¢lx;=0)9.9-
Q

Remark 2.28. Notice that if ¢ € %8"(@) is such that V- ¢ = 0 and ¢|r = 0, then

0
@3)x3=0 = Vi, - &5,  where @, (xp) := —/ on(xn, 2) dz € 63°(R?).

(xp)

Therefore ¢ is an admissible test function for Proposition 2.22.

We then have the following result, which is the Stokes—Coriolis equivalent of [Gérard-Varet and
Masmoudi 2010, Proposition 9], and which follows easily from Lemma 2.24 and Corollary 2.17:

Proposition 2.29. Let ug € L%, (R?) satisfying (1-3), and assume that € W (R?).

uloc
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o Let (u, p) be a solution of (1-1) in Q2 such that u € HILC(Q) and

a
foralla > 0, sup/ f (lu* + | Vu]?) < oo,
140,112 Y (xp)

le7?
[e.¢]
sup/ / IViu|? < oo
F Ng > 1 tez? Ji+[0,12 J1
or some g €N, g > 1.

Then u|qs is a solution of (2-31), and for x3 > 0, u is given by (2-23), with vo 1= u|x,—0 € K.
o Conversely, let u™ € Hulloc(Qb) be a solution of (2-31), and let vy := u™ |x,=0 € K. Consider the
function u™ € HILC(Ri) defined by (2-23). Setting

u (x) ifwolxy) <x3<0,
ut(x) ifxz >0,

u(x) = !
the function u € ngc(Q) is such that

a
forall a > 0, sup/ / (lul* +|Vul*) < oo,
140,112

lez? (xp)

o
sup/ / IVIu|? < oo
lez? JI+10,112 J1

for some q € N sufficiently large, and is a solution of (1-1).

As a consequence, we work with the system (2-31) from now on. In order to have a homogeneous
Poincaré inequality in €, it is convenient to lift the boundary condition on T', so as to work with a
homogeneous Dirichlet boundary condition. Therefore, we define V = (V}, V3) by

Vii=uon, Vzi=uo3— Vp-uon(x3—w(xp)).
Notice that V|,,—¢ € [K thanks to (1-3), and that V is divergence free. By definition, the function

U:=u— VIXEQI’

is a solution of

—Ai+e3xii+Vp=f in Q°,
(jiVL?:O in Qb (2-32)
ulr =0,

—03u + pe3 = DN(it|y,—0-) + F on X x {0},

where
fiZAV—@gXVZAhV—ej,XV,

F := DN(V|y;=0) + 33V | ;=0-

Notice that thanks to the regularity assumptions on ¢ and w, we have, for all / € N and for all ¢ € 6° (57’ )3
with Supp ¢ C ((=1,1)?> x (—=1,0)) N Q2,

(s @laral < Clllluonll g2+ luosliy el @y, (2-33)
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where the constant C depends only on [||ly1.~. In a similar fashion, if ¢ € 63°(R?)? is such that
@3 =V}, - ®y, for some Py, € %SO(RZ)Z, and if Supp ¢, Supp ®;, C B(xy, [), then, according to Lemma 2.26,

(F, )aral = Cllltoull g+ ol gy, +1Usll ) U@lege + 1@allmngs). (234

2D. Strategy of the proof. From now on, we drop the ~’s in (2-32) so as to lighten the notation.

« In order to prove the existence of solutions of (2-32) in HHIIOC(Q), we truncate horizontally the domain €2,
and we derive uniform estimates on the solutions of the Stokes—Coriolis system in the truncated domains.
More precisely, we introduce, for alln e N, k e N,

Q=" N{xeR’: x| <n, x» <n},
Qp k41 1= 1\ Q,

S = {0, 0) € Rty <, x2 <),
Zkk+1 1= Bie1 \ i,

r, :=Fﬂ{xeR3 Dxq| <n, xp <n}.

We consider the Stokes—Coriolis system in £2,,, with homogeneous boundary conditions on the lateral

boundaries
—Auy,+e3xXu,+Vp,=f, x € Q,,
V.u,=0, x €y,
u, =0, xeQP\Q,, (2-35)
u, =0, x ey,

—o3u, + pne3|x3=0 = DN(un|X3=O) +F, x€X,.

Notice that the transparent boundary condition involving the Dirichlet to Neumann operator only makes
sense if u,|y,—o is defined on the whole plane ¥ (and not merely on X,), due to the nonlocality of the
operator DN. This accounts for the condition u,|gn o, = 0.

Taking u, as a test function in (2-35), we get a first energy estimate on u,

Vu, ”iz(gb) = _<DN(“n|X3:0)a Up |x3=0> —(F, unIX3:O> + (f, un) (2-36)

<0

<Cn (”un,h | x3=0 ||H1/2(En) +

0
/ Un p(xn, 2')dz’
(xp)

) + Cnllunll g,
H'2(Zy)

< Cnllunllgr (g,
where the constant C depends only on ||ugl| H? and ||@||w1~. This implies, thanks to the Poincaré
inequality,

E, = / Vu, - Vu, < Con®. (2-37)
Q

The existence of u, in H'(Q2") follows. Uniqueness is a consequence of equality (2-36) with F =0 and

f=0.
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In order to prove the existence of u, we derive Hu]loc

passing to the limit in (2-35) and in the estimates, we deduce the existence of a solution of (2-32) in

estimates on u,,, uniform with respect to n. Then,

HullOC(Qb ). In order to obtain Hul10C estimates on u,,, we follow the strategy in [Gérard-Varet and Masmoudi
2010], which is inspired by [LadyZenskaja and Solonnikov 1980]. We work with the energies

E; ::f Vu, -Vu,. (2-38)
Q
The goal is to prove an inequality of the type
Ep < C(k*+ (Exy1 — Ey)) forallk € {m, ..., n}, (2-39)

where m € N is a large, but fixed integer (independent of n) and C is a constant depending only on
lo|lwie and ||”0,h||1-121 , ”l/l()’}”Hll s ||Uh||H1/z. Then, by backwards induction on k, we deduce that
uloc uloc uloc

Ex <Ck* forallke{m,...,n}

so that E,, in particular is bounded uniformly in n. Since the derivation of the energy estimates is invariant
by translation in the horizontal variable, we infer that, for all n € N,

sup/ |Vu,|* < C,
ce%,, (cx(fl,O))ﬂQb

where

€, := {c, square of edge of length m contained in X, with vertices in Zz}. (2-40)

Hence the uniform Hulloc bound on u,, is proved. As a consequence, by a diagonal argument, we can
extract a subsequence (Uy (n))nen such that

Uyr(n) — U weakly in H'(;),

U n)|xs=0 — Ulry=0  weakly in H'/2(Z)

for all k € N.. Of course, u is a solution of the Stokes—Coriolis system in Q°, and u € H' _(Q"). Looking

uloc
closely at the representation formula in Proposition 2.22, we infer that

—00
(DN sy (1)l x3=0, @)ar.3 % (DN U] x3=0, @)oo

for all admissible test functions ¢. For instance,
/2 eMEE % (1 = x) (ty ()l x3=0 — U]x3=0)
R
=[x [ drpome= 00 = 0o ~ i)
R [t|<k
+

. dx f dt o()MpE' (x — 1) (1= X)Wy @) lxs=0 — U] x;=0) ().
R |t|>k
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For all k, the first integral vanishes as n — 0o as a consequence of the weak convergence in L>(Z;). As
for the second integral, let R > 0O be such that Supp ¢ C Bpg, and let k > R 4 1. Then

/Rz dx /ll . dt o) Mg (x — )((1 = 3) Uy nylxs=0 — t|x3=0) (2)

1
<c [ ax [ atioel (g bsma(d)] + luloo))
R2 It|=k lx — 1]

1
1 2 dt ) , !
§C/ dxlfﬂ(x)l(/ dt) (/ —— (] eaeo|” + 1t () |20 )
R )=k 1x —t]? |1 |x_t|3(| =] ¥ lxs=0l%)

1

1 2

=< C(llulx=ollz2_+sup [lunle;=oll .2 )f dx Iw(x)|</ 3 dl)
uloc n uloc R2 |l‘|2k |x — t|~

_1
< Clllulss=oll 2+ sup lunlisoll 2 )liglli(k = R)™E.
n

Hence the second integral vanishes as k — oo uniformly in n. We infer that

lim . My * (1 — x) Uy n)lxz=0 — U] x3=0)) = 0.
R

n—oo

Therefore u is a solution of (2-32).

The final induction inequality will be much more complicated than (2-39), and the proof will also be
more involved than that in [Gérard-Varet and Masmoudi 2010]. However, the general scheme will be
very close to the one described above.

» Concerning uniqueness of solutions of (2-32), we use the same type of energy estimates as above. Once
again, we give in the present paragraph a very rough idea of the computations, and we refer to Section 4
for all details. When f =0 and F = 0, the energy estimates (2-39) become

Ep < C(Exq1 — Ep),

and therefore

Ey <rEpq
with r := C/(1+ C) € (0, 1). Hence, by induction,
E; <rF1E < orf k2

for all k > 1, since u is assumed to be bounded in H} .(Q"). Letting k — oo, we deduce that E; = 0.

Since all estimates are invariant by translation in xj, we obtain that u = 0.
3. Estimates in the rough channel

This section is devoted to the proof of energy estimates of the type (2-39) for solutions of the system
(2-35), which eventually lead to the existence of a solution of (2-32).
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The goal is to prove that, for some m > 1 sufficiently large (but independent of n), E,, is bounded

uniformly in n, which automatically implies the boundedness of u, in H! (Q”). We reach this objective

uloc
in two steps:

» We prove a Saint-Venant estimate: We claim that there exists a constant C; > 0 uniform in n such
that, for all m € N\ {0} and all k e N, k > m,

k* Eiym—E;
L} (3-1)

E, < C [k2 + Exymi1 — Ex+— sup :

m= j>m+k J

The crucial fact is that C; depends only on @] 1.« and ||”0,h||H21 , ””0’3”H'1 s 1Unll 4172, so that it
uloc uloc uloc

is independent of n, k, and m.

e This estimate allows us to deduce the bound in H?

loc (§2) via a nontrivial induction argument.

Let us first explain the induction, assuming that (3-1) holds. The proof of (3-1) is postponed to
Section 3B.

3A. Induction. We aim at deducing from (3-1) that there exists m € N\ {0}, C > 0 such that, for all
neN,

/ Vi, - Vi, < C. (3-2)
Qn

The proof of this uniform bound is divided into two points:

« Firstly, we deduce from (3-1), by downward induction on k, that there exist positive constants C,
C3, my, depending only on Cy and Cy, appearing respectively in (2-37) and (3-1), such that, for all
(k, m) such that k > Czm and m > my,

k* Eiym—E;
L} (3-3)

E, < C2|:k2 +m3+ — sup
m= j>m+k J
Let us insist on the fact that C, and C3 are independent of n, k, m. They will be adjusted in the

course of the induction argument (see (3-8)).

» Secondly, we notice that (3-3) yields the bound we are looking for, choosing k = |[Czm] + 1 and m
large enough.

o We thus start with the proof of (3-3), assuming that (3-1) holds.
First, notice that thanks to (2-37), (3-3) is true for k > n as soon as C, > Cp, remembering that u, =0
on QP \ ©,. We then assume that (3-3) holds for n,n — 1, ...,k + 1, where k is an integer such that
k > Csm (further conditions on C,, C3 will be derived at the end of the induction argument; see (3-7)).
We prove (3-3) at the rank k£ by contradiction. Assume that (3-3) does not hold at the rank k, so that
E, > C2|:k2—|—m3 + k—t. sup M]

. (3-4)
m= j>m+k J
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Then the induction assumption implies

k D4 —k* E. —E;
Ek+m+l_Ek§C2|:(k+m+1)2—k2+( +m+5) sup j+m. J:|
m j>k+m J
K3 Eim—E;
= C2|:2k(m + 1)+ (m+1)*+80— sup L]

- (3-5)
m> j>k+m J

Above, we have used the following inequality, which holds for all k > m > 1:
k+m+D*—k* =4 m+ 1D +6k>m+ 1)?> +4k(m +1)> + (m + D*
< 8mk> + 6k* x 4m> + 4k x 8m> + 16m*
< 80mk>.
Using (3-4), (3-1), and (3-5), we get

k* Eivm—E;
C2|:k2+m3+—5 sup L]
m j=k+m J

2 2 k> k* Ejtm—E;j
< Ey <Ci|ko+2Ck(m+ 1)+ Co(m+ 1)+ 80C,— +— ) sup — | (3-6)
m m j>k+m J
The constants Co, C; > 0 are fixed and depend only on ||w|| 1.~ and |lug p ||Hz1 , ||M0’3||H11 s U2
uloc uloc uloc
(see (2-37) for the definition of Cy). We choose mg > 1, C, > Cy, and C3 > 1 depending only on Cy and

C; so that

kZCgm,
and m > my

Co(k2+m?) > C [k +2Ck(m + 1) + Ca(m + 1)?],

3-7
and Cok* /m> > C1(80C,k3 /m* + k* /m?>). Sl

implies {
One can easily check that it suffices to choose C5, C3, and mg so that

C, > max(2Cq, Cyp),
(C, — C1)C3 > 80C | Cy, (3-8)
for all m > mg, (C2C1+ Cp)(m+1)? <m?>.
Plugging (3-7) into (3-6), we reach a contradiction. Therefore (3-3) is true at the rank k. By induction,
(3-3) is proved for all m > mg and for all k > Czm.

o It follows from (3-3), choosing k = [C3zm ] + 1, that there exists a constant C > 0, depending only on
Co, C1, C2, C3, and therefore only on ||w|y1..c and on Sobolev—Kato norms on ug and Uy, such that, for
all m > my,

1 E; —E;
aW@sE@mHsCPﬁ+— sup JﬂL—i} (3-9)

M j>|Csm|+m+1 J

Let us now consider the set 6,, defined by (2-40) for an even integer m. As 6, is finite, there exists a
square c in 6, which maximizes

{lunllgr@,) : ¢ € €ml,
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where Q. = {x € Q" : x;, € ¢}. We then shift u,, in such a manner that ¢ is centered at 0. We call ii,, the
shifted function. It is still compactly supported, but in €2, instead of in €2,,:

/ |Vﬁn|2=/ Vi and / |van|2=/ Vit .
QZn Qn Qm/z Q('

Analogously to Ey, we define Ey. Since the arguments leading to the derivation of energy estimates are
invariant by horizontal translation, and all constants depend only on Sobolev norms on ug, Uy, and w, we
infer that (3-9) still holds when Ej is replaced by Ej. On the other hand, recall that E,, , maximizes

ity ||%{1 @) On the set of squares of edge length m. Moreover, in the set

Yjtm\X; forj =1,
there are at most 4(j +m)/m squares of edge length m. As a consequence, we have, for all j € N*,

~ ~ j+m~
Ej+m—EJ 547Em/2’

so that (3-9) written for ,, becomes

~ 3 1 m\ ~
Em/2 <C|m” + ) sup 1+ iy Em/Z
M= \j=(C3+1m J

1 ~
< C[m3 + WEm/z].
This estimate being uniform in m € N provided m > mq, we can take m large enough and get

~ m3

Epp<C—ro—
"E=ET 0 /m?)

so that eventually there exists m € N such that

m3

2
Sup ”un ”Hl((cx(—l,O)ﬂQ”)) S C 1 — C(l/mz) .

[
This means exactly that u, is uniformly bounded in HullOC(Qb). Existence follows, as explained in
Section 2D.

3B. Saint-Venant estimate. This part is devoted to the proof of (3-1). We carry out a Saint-Venant
estimate on the system (2-35), focusing on having constants uniform in n as explained in Section 2D.
The preparatory work of Sections 2A and 2B allows us to focus on very few issues. The main problem is
the nonlocality of the Dirichlet to Neumann operator, which at first sight does not seem to be compatible
with getting estimates independent of the size of the support of u,.

Let n € N\ {0} be fixed. Also let ¢ € %8"(&2[’) such that

Vop=0, ¢=00n2\ Q. ¢ly=ou, =0. (3-10)
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Remark 2.28 states that such a function ¢ is an appropriate test function for (2-35). In the spirit of
Definition 2.27, the weak formulation for (2-35) is

/b Vi, - Vo +/b gy n = —(DN(u|i3=0-), @luz=0-)ar.s — (F, ¢lus=0-)ar.a + (f @)ar.a. (3-11)
Q Q

Thanks to the representation formula for DN in Proposition 2.22, and to the estimates (2-33) for f and
(2-34) for F, the weak formulation (3-11) still makes sense for ¢ € H'(QP") satisfying (3-10).

In the sequel we drop the n subscripts. Note that all constants appearing in the inequalities below are
uniform in n. However, one should be aware that Ey defined by (2-38) depends on n. Furthermore, we
denote u|,—o- by vp.

In order to estimate Ej, we introduce a smooth cutoff function y; = xx(ys) supported in X, and
identically equal to 1 on X;. We carry out energy estimates on the system (2-35). Remember that a test
function has to meet the conditions (3-10). We therefore choose

Ph XkUh 1 ob
= = e H (27),
v (V ' q)h) <—Vh <Ok Sy wn iy 2 dZ’)) &)

0
BE (Vh)(k(xh) ooy 4n (s Z) dz’)’

which can be readily checked to satisfy (3-10). Notice that this choice of test function is different from
the one in [Gérard-Varet and Masmoudi 2010], which is merely x;u. Aside from being a suitable test
function for (2-35), the function ¢ has the advantage of being divergence free, so that there will be no
need to estimate commutator terms stemming from the pressure.

Plugging ¢ into the weak formulation (3-11), we get

/XkIVMIZZ—/ VM‘(VXk)M+f Vu3'V(Vth(xh)-f Mh(xh,Z/)dZ/)
Q Q Q w(xp)
—(DN(vo), ¢lx;=0-) — (F, @lx;=0-) + (f, ¢). (3-12)

Before coming to the estimates, we state an easy bound on ®; and ¢:

1,2
1Pnll 1y + 191 51 @0y + 1 Palxs=0ll H12@w2) + |@]s =0l H12R2) < CEkil- (3-13)

As we have recourse to Lemma 2.26 to estimate some terms in (3-12), we use (3-13) repeatedly in the
sequel, sometimes with slight changes.

We have to estimate each of the terms appearing in (3-12). The most difficult term is the one involving
the Dirichlet to Neumann operator, because of the nonlocal feature: although vg is supported in ¥,
DN(vp) is not in general. However, each term in (3-12), except —(DN(vo), ¢|x,=0-), 18 local, and hence
very easy to bound. Let us sketch the estimates of the local terms. For the first term, we simply use the
Cauchy—Schwarz and Poincaré inequalities:

1

1
2 2
sc(f |Vu|2) (f |u|2) < C(Exy1 — Ep).
Qe k+1 Qe k+1

/ Vu - (Vxiu
Q
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In the same fashion, using (3-13), we find that the second term is bounded by

Z

/ Vus - V(V;,Xk(xh) . up(xp, 7)) a’z/> dxy, dz
Q w(xh)

Z
< f Vaia) [V )| / i Cen, 2] d2’ dxy dz
Q o (xp)

Z

+/ |Vius| | Vi x (xn)| IVth(Xh,Z/)IdZ/dthz+/ 10313 Vi xi (xn) - wp (xp, 2)| dxp dz
Q Q

®(xp)

< C(Ex+1— Ep).

We finally bound the last two terms in (3-12) using (3-13), and (2-34) or (2-33):

0
Vi, - (ka up(xp, z') dz’)
(xp)

< Clk+DIES? + (Ex1 — E0'?1 < Ck+ DE,
1/2

1(foo) < (k+ DE.

I(F, ¢ly=0-)] = C(k + 1)|:||Xk”h|x3:0 12w + ‘

HI/Z(RZ):|

The last term to handle is —(DNj,(vo), ¢|x;=0-). The issue of the nonlocality of the Dirichlet to
Neumann operator is already present for the Stokes system. Again, we attempt to adapt the ideas of
[Gérard-Varet and Masmoudi 2010]. In order to handle the large scales of DN(vg), we are led to introduce
the auxiliary parameter m € N*, which appears in (3-1). We decompose vy into

0 (Xk+m — Xk)V0.h
Vo = (XkUO,h - Vh : (Xk -fu)(xh) Mh(Xh, Z/) dzl)) + < " )

0
Vi (et = X6 J ) n Xns 2') A2

( (1 = Xk-+m) V0. )
+ 0 / NI B
=V - ((1 - Xk+m) fa)(xh) up(Xp, z )dZ )

The truncations on the vertical component of vy are put inside the horizontal divergence in order to apply
the Dirichlet to Neumann operator to functions in K.
The term corresponding to the truncation of vy by xx, namely,

o755 )
Vi (X Sy 4 Gns 2) d2') )7 \ Vi - @i lxy=o-

<DN( XkV0,h ) ( XKV, )>
- - 0 ) 0 )
Vi (Xk S,y #nGns 2)d2') ) \=Vi - (xk [, e Oens 2) d2')

is negative by positivity of the operator DN (see Lemma 2.24). For the term corresponding to the
truncation by xg4+m — Xk, we resort to Lemma 2.26 and (3-13). This yields

‘<DN( (Xk-i—m_)(()k)vo,h )( i — )> L1
Vi (Xhm = X1 Sy nOons 2) d2') )7 \ Vi - @ply=o-

< C(Ef4m+1 — Ek)EEk_H-
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However, the estimate of Lemma 2.26 is not refined enough to address the large scales independently of

n. For the term
(I = Xktm)vo,n @hlxs=0-
DN 0 / / ) )
Vi (= xatm) Spix,) U Oens 2) d2') )" \ Vi - @hlry=o-

we must have a closer look at the representation formula given in Proposition 2.22. Let

. (1 = Xk-+m) Vo, (1 = Xk-+m) V0.
O (=) [0 un G 2D d)) T\ =V )
h Xk+m () Up(Xp, T Z h*Vh
We take x := xx+1 in the formula of Proposition 2.22. If m > 2, Supp xx+1 N Supp(l — Yk4+m) =, SO
that the formula of Proposition 2.22 becomes”

(DN o, 90):/ <P|x3:0'Ks*5o+/ @lxs=0- - Mg * Vo
R2 R2

Ohlxs=0- - {F[M11(p * Vo,p) + K1 * Vo 5}

J
+/ Phixs=0- - (IIM2](p % Vi) + K5™ % V)
R
/ DQpjy=0- - {I[M31(p0 * Vo.n) + K3 * Vo.n}
R

+ /2 Dps=0- - {IIMal(p * Vi) + K™ % V).
R

Thus we have two types of terms to estimate:

e On the one hand are the convolution terms with the kernels K, Mf', and K;°" for 1 <i <4, which
all decay like 1/|xp|.

e On the other hand are the terms involving $[M;] for 1 <i <4.
For the first ones, we rely on the following nontrivial estimate:

Lemma 3.1. Forall k > m,

1
P,y — m* \zkam
This estimate still holds with Vy, in place of vy.
For the second ones, we have recourse to:
Lemma 3.2. Forallk>mandall1 <i, j <2,
1
£ k> Eiym—E;\2
H@[ﬁ](,} % U0,) < C?( sup L) : (3-15)
€] L2(Zk41) m3/ j=k+m J

2Here we use in a crucial (but hidden) way the fact that the zero-order terms at low frequencies are constant. Indeed, such
terms are local, so that fRZ @lxy=0— - Mg =0.
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This estimate still holds with Vy, in place of vo .

We postpone the proofs of these two key lemmas to Section 3C. Applying repeatedly Lemmas 3.1
and Lemma 3.2 together with the estimates (3-13), we are finally led to the estimate

- Eip1— E)+ E G (B - K Ejsm—E;\?

E 1/2 12 i

k <C((k 1) kil ( k+1 k) kil( k+m+1 Ek)1/2+T/2Ek/+l< sup %) )
Jj=k+m

for all K > m > 1. Now, since Ey is increasing in k, we have
Epy1 < Ex + (Exgm+1 — Ep).

Using Young’s inequality, we infer that, for all v > 0, there exists a constant C,, such that, for all kK > 1,

k* Ejwm—E;
Ey <vE +C, <k2 + Eymt1 — Ex+— sup L)
M= j>k+m J
Choosing v < 1, inequality (3-1) follows.
3C. Proof of the key lemmas. It remains to establish the estimates (3-14) and (3-15). The proofs are
quite technical, but similar ideas and tools are used in both.

Proof of Lemma 3.1. We use an idea of Gérard-Varet and Masmoudi [2010] to treat the large scales: we
decompose the set X \ X, as

o0
N\ Bpym = U ZiamG+1) \ Zktmj-
j=1

On every set X ym(j+1) \ Zk4mj. we bound the L? norm of 3 by Eiim(j+1) — Ekymj. Let us stress here
a technical difference with the work of Gérard-Varet and Masmoudi: since ¥ has dimension two, the area
of the set Xy ym(j+1) \ Zk4m; 1s of order (k +mj)m. In particular, we expect

Eictm(i+1) = Eicemj ~ Gkt mjymllull7,

to grow with j. Thus we work with the quantity
Eiim—FE;
sup e
Jj=k+m J

which we expect to be bounded uniformly in n, k, rather than with sup ., (Ej4m — E}).
Now, applying the Cauchy—Schwarz inequality yields, for n > 0,

I ? i |o(1) 2
dy (/ ﬁo(t)dt) §C/ dy/ —dt/ W,
/;m re |y —1 ot S\ S |y — 3T S\Sppn [y — 23720
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The role of the division by the |¢| factor in the second integral is precisely to force the apparition of the
quantities (E 1, — E;)/j. More precisely, for y € ¥, and m > 1,

o0

|0 (1)[? dt_z |0 (1) dr
ey —tP=21 7 el ]y — 132
2\E/H—m y ]:1 2k+m(_i+|)\2k+m_j y

1
(k+mj)mj +k —ylool>=27

o0
< C Y (Extm(j+1) = Esm))
j=1

o0
=c( s Ef+m‘Ef)z :
T sk J ) S Amj k= Iyl

1 1 Eiip—E;
=C— 73 (SUP —m T ’),
m|m+k—1{ylool"™*" \ j>k4m J

where |x|o := max(|x1[, |x2]) for x € R%. A simple rescaling yields

1]
dtdy
/;:kJrl ‘/E\Eker |y - t|3+2n|m +k - |)’|oo|2_2n

|]
= dtdy.
Zit1/k ‘/;:\Eler/k |y = 3271 4+m/k — |y|ool>~2

A

Let us assume that k > m > 2 and take n € ]%, 1[. We decompose X\ X4 k as (X \ Z2) U(Z2\ Ziqm/i)-
On the one hand, since [t — y| > C|f — y[oc > C(|t|oo — [Y]o0) = C(|t|oc —3/2),

i / dy
dtdy <C .
‘/EH»l/k —/;:\22 |y_t|3+2n|1+m/k_|)’|oo|2_2n 1 Zl+l/k |1+m/k_|y|00|2_2r]

Decomposing X1/« into elementary regions of the type X, 14, \ Z,, on which |y|s 2 r, we infer that
the right-hand side of the above inequality is bounded by

1+1/k , 14+1/k dr
C dr<C
/0 M+m/k—rp2-20 % = /o Ir+ (m —1)/k|>=21

a2y - () ) <

On the other hand, y € X4/ implies [1 +m/k —|y|oo| = (m —1)/k, so

|1
dtdy
—/;:1+1/l< /;Z\Elﬂn/k ly — t|3+2n|1 +m/k— |)’|oo|2_2'7

(o) Lo L
= - y — =25
m—1 Zit1/k Zo\Z14m/k It — y|3+277

<c< k )2_2"/ X __ . (")3
o \m—1 XeR2, m—1y/k<x|<c 1 X1PT2 = ""\m )

Gathering these bounds leads to (3-14). O
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Proof of Lemma 3.2. As in the preceding proof, the overall strategy is to decompose
o
(I = Xk+m)vo,n = Z(Xk—l—m(j—l—l) — Xk+mj)V0,h-
j=1

In the course of the proof, we introduce some auxiliary parameters, whose meanings we explain. We
cannot use Lemma 2.10 as such, because we will need a much finer estimate. We therefore rely on the
splitting (2-19) with K :=m /2. An important property is the fact that p := %~ !¢ belongs to the Schwartz
space ¥(R?) of rapidly decreasing functions.

As in the proof of Lemma 2.10, for K =m/2 and x € X1, we have

|A@)| < Cm|V2p 5 (1= Xksm V0 L1t po)-

and forall o > O and all y € Xy 142,

V20 % (1 = Xam)V0.n ()] s/ V20 (y — )| |vo,n ()| dt
Z\Zk4m

1 1

2 vor®* \?

5(/ |v2p(y—z)|2|r|“dr) (/ o) dr) :
E\Zktm 2\ Zktm |t|0[

Yet, on the one hand, for o > 2,

2 S 2
v t v t
/ | o,h(a)l dt:Z/ | o,h(a)l dr
S\ Zgtm 7] =1 ZktmG+1) \ Dtmj 1]
Eivm—E;\ — 1
< (s HEEE) S
j=k+m J =1 (k+m])a

1 1 Ei.,—E;
cel Ly Bl
m (k+m)*==\ j>ktm J

On the other hand, y € X142 and t € X\ Xy, implies |y — 1] >m /2 — 1,

/ |v2p(y—r>|2|r|“dt5c/ IVZo(y — 02 (ly —t* +|y]|*) dt
E\2k+m 2\Ek+m

m o
SC<(k+1+—) / V20 (s) 2 +/ |v2p<s>|2|s|“).
2 Is|=m/2—1 Is|=m/2—1

Now, since p € $(R?), for all B > 0, « > 0, there exists a constant Cq,p such that

f 1+ 1519V ) < Com2*,
|s|=m/2—1
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The role of auxiliary parameter g is to “eat” the powers of k in order to get a Saint-Venant estimate for
which the induction procedure of Section 3A works. Gathering the latter bounds, we obtain, for k > m,

1

E.. . —E.\2
Al Lo (50 < Cﬂkm_ﬂ< sup %) : (3-16)
Jj=k+m

The second term in (2-19) is even simpler to estimate. One ends up with

1
Eiin—Ei\2
I Bll Lo (511 SCﬁkm_ﬂ( sup L) :

- (3-17)
Jj=k+m J

Therefore A and B satisfy the desired estimate, since

Al 25, ) < CRll Al I1Bll2(se,) < ChIBIl L (500)-

The last integral in (2-19) is more intricate, because it is a convolution integral. Furthermore,
0% (1 — Xk+m)vo,n(¥) is no longer supported in ¥ \ Xi4,,. The idea is to “exchange” the variables
y and ¢, that is, to replace the kernel |x — y|_3 by |x — t|_3. Indeed, we have, for all x, y, t € R2,

11| Cly—1] Cly —1|
x—yP  lx =P T lx—yllx—1P  |x—yPlx—1]

(3-18)

We decompose the integral term accordingly. We obtain, using the fast decay of p,

1
/ dy 310 % (1 = Xitm)vo,) (V)]
—ylz=m/2 X =Yl

1
sC/ dyf dt ———1p(y — v (0)]
w—ylzm2  IS\m, X1

ly —1]
+C/ dy/ dt—> 3 lo(y — )] vo,n(®)]
lx—yl=m/2 S\ X =YX =1
ly —1]
+Cf dy/ dt ————————=|p(y =D |vo,n(®)]
w—ylzm/2  IS\Eg, X =Y —1]

1 ly — 1
scf dt g|vo,h(r)|+0[ dy/ dt —————|p(y — Dl v (D).
S\ XL w—ylzm2  Is\me, X YPlx—1

The first term on the right hand side above can be addressed thanks to Lemma 3.1. We focus on the
second term. As above, we use the Cauchy—Schwarz inequality

—tllp(y—1)
/ ly —tllp(y ||U07h(t)|dt
2:\E/H—m

|x —1

o0

ly —tllp(y —1)|
=/ [v0.4(0)| i
=1 Y Zhetm () \Zkmj lx — 1]

1

ENNee)

2
+
5( sup Emsj ) p (/ |y—z|2|p<y—r>|2|r|dr) :
j=k+m J S ktmi —leoo Setm(4 0\ Skt
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The idea is to use the fast decay of p so as to bound the integral over Xy, (j4+1) \ Xkmj. However,
Z;’;l 1/(k+mj —|x|) = oo, so that we also need to recover some decay with respect to j in this integral.

For t € Ziqtm(j+1) \ Zktmjs
2] — 1x]oo - |7]

Tktmj—Ixleo T ktmj—lxle’

so that, for all n > 0,

/ y = tP1p( = O 1t] dr
ShetmG+1) \ Zkmj 1

< .
(k+mj —[x]o0)?"
C
< :
(k +mj — |x]oc)*"

2 2 1+2
/ ly —tllp(y — D)7 [t] " di
ZhetmG+1) \ Zktmj

/ Iy — 12y — t|"F2 4+ |y p(y — 1) dt
Zrm G+ \ Zktmj

C’] 142 142
< : L+ [y — x4 x| H2).
(k+mJ—IXIoo)2”( ly — x| X))

Summing in j, we have, as before,

oo

Z : = S < Gy
= ket mj = lxlo) 1 T mk+m = |x|oo)” T !t

so that, for 0 < n < %, one finally obtains, for x € Xy,

ly —tllp(y —1)|
/ dy / 3 Jvo.n(1)] dt
wylzm/2 - J\Sg, X = YPlx =1

1

E ..—E:\2

M) / [x = y| 737+ x| 2H7)x — y| 3] dy
[x—=y|=m/2

< Cm_l_"( sup
Jj=k+m J

) k)2t Erj—E;\?
oo (4) 2
m j=k+m J
Gathering all the terms, and again using the fact that

I Fll 250, < CKIIF (s, forall F e L®(Zq),

we infer that, for all kK > m and all n > 0,

3/241 Exyj—E; :
+j J
Cllr» =G| sup ——— | .
” ”L (Zr1) =~ m2+n (jzk—I:m ] )

Choose n = 1/2; Lemma 3.2 is thus proved. O
4. Uniqueness

This section is devoted to the proof of uniqueness of solutions of (2-32). Therefore we consider the
system (2-32) with f =0 and F = 0, and we intend to prove that the solution « is identically zero.
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Following the notations of the previous section, we set

E, :=/ Vu-Vu.
Q

We can carry out the same estimates as those of Section 3B and get a constant C; > 0 such that, for all
meNandall k > m,

k* Eiin—E,;
et —— f). (4-1)

E,<C (Ek+m+l —Ex+— sup _
m= j>k+m J

Let m be a positive even integer and ¢ > 0 be fixed. Analogously to Section 3A, the set €,, is defined by
@, := {c, square with edge of length m with vertices in Z?}.

Note that the situation is not quite the same as in Section 3A since this set is infinite. The values of

E. .= fQ |Vu|? when ¢ € €, are bounded by Cm2||u||ill @y S° the following supremum exists:
¢ uloc

ém := sup E,. < o0,
ceb,,
but it may not be attained. Therefore, for ¢ > 0, we choose a square ¢ € ¢, such that ¢, —e < E, <€,,.
As in Section 3A, up to a shift we can always assume that c is centered in 0.
From (4-1), we retrieve, for all m, k € N with k > m,
c Kk Ejtm—E;

———— sup :
Ci+1m’ jsiim J

1
Ep < E +
k= Cit1 k+m+1
Again, the conclusion E; = 0 would be very easy to get if there were no second term in the right-hand
side taking into account the large scales due to the nonlocal operator DN.

An induction argument then implies that, for all » € N,

_1 /+1 ’ 4
Cr Y g ( C )r (k+7r'(m+1)) Ejin—E;
E, < E + sup ———. 4-2
k <C1 n 1) ktr (m+1) ;/:o Cirl 3 jzkfm ; (4-2)

Now, for k :=In(C;/(C1+1)) <0 and k € N large enough, the function x — exp(k (x+1)) (k+x(m+ 1H)*
is decreasing on (—1, 00), so that

’i C N k47 (m+ 1) - i Cr N k47 (m+ 1)
Cr+1 m> N Ci+1 md
r'=0 r'=0
1 [e.¢]
<— exp(k (x + 1) (k + x(m + 1))* dx
—1
B N G P
=C— P u |(1+u)" du,
me® J_ 1)k m—+ 1
k5
<C—
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since k/(m + 1) > 1/2 as soon as k > m > 1. Therefore, we conclude from (4-2) for k = m that, for all
reblN,

& r + sup N

Ci C i +m
< (C1+1) (r+ D2m + D?lul}y +4— sup U,

uloc ]>2m ]m

Ci C
<(C1 )<r+1> (m+ DNl +

Since the constants are uniform in m, we have, for m sufficiently large and for all € > 0,

€ <c< ¢ )r(r—l—l)z(m—i—l)z—i—s]
m = C1+1 ,

which, letting r — oo and ¢ — 0, gives €,, = 0. The latter holds for all m large enough, and thus we
have u = 0.

Appendix A. Proof of Lemmas 2.3 and 2.4

This section is devoted to the proofs of Lemma 2.3, which gives a formula for the determinant of M, and
Lemma 2.4, which contains the low and high frequency expansions of the main functions we work with,
namely, A; and Ag. As Aj, A, A3 can be expressed in terms of the eigenvalues Aj solution to (2-5), it is
essential to begin by stating some properties of the latter. Usual properties on the roots of polynomials
entail that the eigenvalues satisfy

R(p) >0 fork=1,2,3, X1 €10, oo, Ao = A3,

—(raha)’ =% Adads =161, (§17 —ADUEP —2DEI° —43) = 1617, (A-1)
(EP=3D7 _
M €12 =27

and can be computed exactly:

g2 440712\ 3 2 4 40712\ 3
)&(5)=|§|2+( €] +(|“§|27L /27) ) _(lSl +(|§|2+ /27) ) (A-22)
_1E2 440712\ 3 2 440712\ 3
A§($>=Isl2+j( &1 +(|é|2+ /27) > _jz(lsl +(|$|2+ /27) ) (A2b)
_1E2 44 407)1/2\3 2 44 407)1/2\3
kg(é)zlélz—ka( £ +(|§|2+ /27) ) _j<|§| +(|§|2+ /27) ) (A-20)
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A.1. Expansion of the eigenvalues Ay. The expansions below follow directly from the exact formulas
(A-2). In high frequencies, that is, for |£| > 1, we have

M=IEPU—ES +03E7Y),  m=IlEl—LET 03D, (A-3a)
4 8 2 1 5

W =160 = PIETS + 0(E73)), Ao =g — ’5|srf +O(E|73), (A-3b)

3= 8201 — jIEIT5 + 0(E73)), x3=|5|—§|5|—%+0(|sr%>. (A-3¢)

In low frequencies, that is, for |£] < 1, we have

L4V 2 27, .
(|5| +f> Z«/_2_7|:1+§|$| + O(|§] ):|,

—JEPH(EF 42D 1 3
( H <|5|2 /27) >= §|g|2—%|§|4+0(|5|6),

S

ER+(E+4/2D2\ 1 1, B, .
( > ) —ﬁ‘i‘zm —?El + O(&]°),
from which we deduce
M=i+3EP - 2IET+O0(E), =T (1-3ilEP + SIE1 + 0(E1%), (A-4a)
3= =i+ 3EP Rl 036", Aa=e 1+ Jils P + 1€+ O(E).  (A4b)

Since A1 A2z = |€], we infer that

o= €1+ 0ED.

A.2. Expansion of A1, Az, and Az. Letusrecall that Ay = Ap(§), k=1, ..., 3, solve the linear system

1 1 1 A 0,3
A A2 A3 Ay | = i&-Von
(€2 =AD2/x1 (EX =222 /ha (€17 —2D%/a3) \As —i&L - ton
=:M(§)

The exact computation of Ay is not necessary. For the record, note however that A can be written in the
form of a quotient
_ P(&1,8, X1, 00, A3)

= , A-5
¢ Q(I&1, A1, A2, A3) (&-5)

where P is a polynomial with complex coefficients and

Q0 :=det(M) = (A1 — A2) (A2 — A3) (A3 — A (E] + A1 + A2 + A3). (A-6)
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This formula for det(M) is shown using the relations (A-1):

det(M)
_ 08P =) A5 —A® | MUEIP 237 —ASAEP —AD? | AT(EI2 —2D)? —A3(E1% — AD)*
M3 A1A3 Ao
= E|( (A3 =23 = 2(F =23 + 2307 = 1)) + a3 (A — A3) — 1a3(A3 = AD + Aaa (R - AD)
= A1 —=A) A2 —=A3) (A3 = A (E] + A1 + A2+ A3).

This proves (A-6), and thus Lemma 2.3.
We now concentrate on the expansions of M (§) for || > 1 and |§| < 1.

A.2.1. High frequency expansion. At high frequencies, it is convenient to work with the quantities
Bi, B, B; introduced in (2-12). Indeed, inserting the expansions (A-3) into the system (2-7) yields

By =193,
|§1B1 — %|§|_%Bz + 053 1AD = i§ - Tou,
E15 By + 017" |A]) = —ig - 7.

Of course A and B are of the same order, so that the above system becomes

By = v 3,

By =2¢|5 (11753 — i€ - T + O(I£] 73 B),

By =—il§| 3&" - Tg5+ O] 73 |B)).
We infer immediately that |B| = O (| [*/3|55]), and therefore the result of Lemma 2.4 follows.

A.2.2. Low frequency expansion. At low frequencies, we invert M thanks to the adjugate matrix formula

-1 _ 1 T
M=) = Gy [CTMENT
We have
(6P =2> "+ 005P) i o (€2 =23)?
m eharogpy . ¢ o=
Hence,
1 1 1
ME=| 03P " +03ER) e+ 05
EI+ O(EP) —e ™4+ 0(E[) —e™* + 0(E)
and

20 [gleT A —jgleim/t
Cof(M)=| ~2i —e™*—|g| e /44 g] | + O(E).
_ﬁi _efin/4 eiﬂ/4
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We deduce that
1

M=) =— [Cof(M (E)]"
2i(14 (v/2/2)|E]+ O(I€[?)
— g — 21— 2gl] +2[1- €]
=| @ 4)2)E] —(1/20)[—e4 = (1= L) g]] —(e42)[1 - Lg]] |+ O0UEP).
(74 /2)|g] —(1/20)[e7 /4 4 (1 = Re /) g [] (e ) [1 = R&]]
Finally,
A1=(1—£|5|) 3—£z<s+s L) - Ton + O(E1P1T0)), (A-Ta)
in/4
Ay =g [Ton + L™ e g — Le L iy + O (E IR, (A-7b)
—171/4
Ay="© 161555 — e - 5 + L™ 5+ 0 (g Pl (A-Tc)

A.3. Low frequency expansion for Ly, Ly, and L3. For the sake of completeness, we sketch the low-
frequency expansion of L in detail. We recall that

TN 2422 1
Lo(E)00(E) = ((I/ISI )( ?»ké-i-((llél A7 Ai)E ))Ak(é)

Hence, for |£]| < 1,

' L+o(eP
it =((IDE OGN (V2 o) V2 ey 1= Yjey) + 00eP

which yields (2-16). The calculations for L, and L3 are completely analogous.

A.4. The Dirichlet to Neumann operator. Let us recall the expression of the operator DN in Fourier

3
. G/IEPIEI? —AD2EL —22&]
DN(”O)_;( i+ (6P =320/ )Ak A9

0 3
—iv3<s)s> <(i/|5|2)[(|5|2—k,%)2$L+(|§|2—/\2)E]> | Ao
(ls W) +; (17 = 2D/ S A9

space:

A4.1. High frequency expansion. Using the exact formula (A-9) for m together with the expansions
(A-3) and (2-10), we get for the high frequencies

BN — (—w3<s>s) N ((l'/|§|2)((|5|§33+0(|§1|§|175|))§L+E|51532+0(|E|§|55|))5)>
i - v)(€) §175 B2+ O (11751 ))

_ |S|v2+($;@/|5|)§+i@é> et
—( i e R a0
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A.4.2. Low frequency expansion. For |&| < 1, using (A-8), (A-4), and (A-7) leads to

DNy, v = 2|5|2 Z( ELFiE+ O(EP) (e g 1003 £ e ugs F TS 00, + 0 (18 1T0))
1
ffl; w3+ f<v0h+vof>+0<|5||vo|)

For the vertical component of the operator DN, we have in low frequencies

_— 1 . .
DN; vo = i& - Ug ., + (|5| + 0<|5|>)A1 &) — (™" + 0(E[)) A2(E) — (e7™* + 0(1E]H) A3(8)

o3 V2 W2iE- von+E
LU T %)
| > 00,3 2 ] + (1&]1vol)-

Appendix B. Lemmas for the remainder terms

The goal of this section is to prove that the various remainder terms encountered throughout the paper
decay like |x|~3. To that end, we introduce the algebra

E = {f € 6([0, 00), R) : 34 C R finite, Irg > 0, f(r) = Z r® fo(r) for all r € [0, rp),

aed

where, for all « € A, f, : R — R is analytic in B(0, ro)}. (B-1)
We then have the following result:

Lemma B.1. Ler ¢ € ¥'(R?).

o Assume that Supp ¢ C B(0, 1), and that p(&) = f(|€]) for & in a neighborhood of zero, with f € E
and f(r) = O () for some a > 1. Then ¢ € L (R? \ {0}) and there exists a constant C such that

loc

C
lp(x)| < T for all x € R%.

o Assume that Supp ¢ C R*\ B(0, 1), and that $(£) = f (|&|~") for |E| > 1, with f € E and f(r)= O (%)

for some a > —1. Then ¢ € L. (R?\ {0}) and there exists a constant C such that

loc

¢ 2

lp(x)| < —= forall x € R*.
|x|3

We prove the Lemma in several steps: we first give some properties of the algebra E. We then compute
the derivatives of order 3 of functions of the type f(|£]) and f(|&|~!). Eventually, we explain the link
between the bounds in Fourier space and in the physical space.

Properties of the algebra E.

Lemma B.2. < E is stable by differentiation.



1310 ANNE-LAURE DALIBARD AND CHRISTOPHE PRANGE
o Let f € Ewith f(r) =) ,cq?® fa(r), and let ag € R. Assume that

f(r)=0@")
for r in a neighborhood of zero. Then
infla € o : f,(0) # 0} > «p.
e Let f € E, and let oy € R such that
f(r)=0@")

for r in a neighborhood of zero. Then
[y =0@*"h
forO<r 1.

Proof. The first point simply follows from the chain rule and the fact that if f, is analytic in B(O0, rg),
so is f,. Concerning the second point, notice that we can always choose the set &{ and the functions f,
so that

F@)=r" fo,(r) +- - +7% fo, (r),

where a) < -+ < o and fy, is analytic in B(0, ro) with f,, (0) # 0. Therefore

fr)~r* fo,(0), asr—0,
so that r*' = O (r*). It follows that @1 > o. Using the same expansion, we also obtain

N

F1)y =Y air®™! fu () +r% fr () = 0.
i=1

Since r*' = O (r*), we infer eventually that f’(r) = O (reo—1. Il
Differentiation formulas. Now, since we wish to apply the preceding lemma to functions of the type

fUED, or f(|& |=1), where f € E, we need to have differentiation formulas for such functions. Tedious
but easy computations yield, for ¢ € €3(R),

g &i &i g g
B :(3—’—3_> ' <3___t) " Si 10
: SUED TN SAED + TP f (|§|)+|§|3f (1))
3 3 3
93 -1 :(9i_11$_i)’ -1 (3i_7s_i) 71e11 & ORI
ESUENT) e T S H+ 6 P SrAEl )+|$|9f (1617

In particular, if ¢ : R> — R is such that ¢(£) = f(|£]) for & in a neighborhood of zero, where f € E is
such that f(r) = O (r%) for r close to zero, we infer that

12 0(&) +102,0(&)| = O(E|*7)
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for |£] < 1. In a similar fashion, if ¢(£) = f(|&]~') for £ in a neighborhood of zero, where f € E is
such that f(r) = O(r®) for r close to zero, we infer that

192 (&) +100®) = OLEI* (&™) ™ 161 (ETH ™ 2+ 1E17°EITH ™y = 0(E1“ 7).

Moments of order 3 in the physical space.

Lemma B.3. Ler ¢ € ' (R?) be such that 8§l(p, a§2<p e LY(R?).
Then

C
1F (@) (x| < e in @' (R*\ {0}).

Proof. The proof follows from the formula

i F ) =iF T (VEg)
for all @ € N? such that |a| = 3. When ¢ € $(R?), the formula is a consequence of standard properties of
the Fourier transform. It is then extended to ¢ € ¥'(R?) by duality. g

Remark B.4. Notice that constants or polynomials of order less that two satisfy the assumptions of the
above lemma. In this case, the inverse Fourier transform is a distribution whose support is {0} (Dirac
mass or derivative of a Dirac mass). This is of course compatible with the result of Lemma B.3.

The result of Lemma B.1 then follows easily. It only remains to explain how we can apply it to the
functions in the present paper. To that end, we first notice that, for all k € {1, 2, 3}, A is a function of |£|
only, say Ay = fr(|€]). In a similar fashion,

Li(§) = GY(I&]) + &G (IE]) + £:GL(ED.
We then claim the following result:
Lemma B.5. e Forallk € {1,2,3}, j €{0, 1, 2}, the functions fi, G,{, as well as
r—> fiGh, re GLeTh (B-2)
all belong to E.

e For & in a neighborhood of zero,

ME™ = PeE)+ Y & () +E - be(D.

1<i,j<2

NEM = QuE) + Y &Ejc (8D +& - di (€],

1<i,j<2

where Py, Qy are polynomials, and a,ij, c,i(’j € E and by, di € E> with bi.(r), dip(r) = O(r) forr close

to zero.

o There exists a function m € E such that
(Msc — Ms)(€) =m(l5]™)
for |E] > 1.
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The lemma can be easily proved using the formulas (A-2) together with the Maclaurin series for
functions of the type x — (1 +x)* for s € R.

Appendix C. Fourier multipliers supported in low frequencies

This appendix is concerned with the proof of Lemma 2.7, which is a slight variant of a result by Droniou
and Imbert [2006] on integral formulas for the fractional Laplacian. Notice that this corresponds to the
operator $[|&[] = $[(£% + &3)/1&]. We recall that g € F(R?), ¢ € 6°(R?), and p := F ¢ € F(R?).
Then, for all x € R2,

[ 1 B .
F l(ﬁ;rg(f)g(‘é))( )=F" l<|g|)*@ l(fiéjé'(f)g(é))(x),

As explained in [Droniou and Imbert 2006], the function |& |~ is locally integrable in R2 and therefore
belongs to &' (R?). Its inverse Fourier transform is a radially symmetric distribution with homogeneity
—2+ 1= —1. Hence there exists a constant C; such that

@1(i> - g
€] x|

(ﬁ’gas)g(s))( p——

We infer that

N *B,J(p*g)

1
=C1/ ——0;j(p*g)(y)dy
R2 |x— |

ZCIf B lau(p*g)(x+y)dy

The idea is to put the derivatives 9;; on the kernel 1/|y| through integrations by parts. As such, it is not
possible to realize this idea. Indeed, y — 0;(1/]y|)9;(p * g)(x + y) is not integrable in the vicinity of 0.
In order to compensate for this lack of integrability, we consider an even function 6 € ‘Ggo(Rz) such that
0<f6 <1land b =1 on B(0, K), and we introduce the auxiliary function

Uc(y) =p*xgx+y)—pxgx) —0()(y-V)pxg(x),
which satisfies
U < Clyl%,  IV,Uc(0)] < Clyl (C-1)

for y close to 0. Then, for all y € R?,

By, By, Uy = dy,y, p % g(x + ) — (8y,8,0) (v - V) p % g(x) — (3y,0)d, p % (x) — (8y,0)d, p * g (),
where
= —(0y,y,0) (3 - V) 8(x) — (3y,0)0,p 5 8(x) — (9, 0)y, p # 8 (x)

is an odd function. Therefore, for all ¢ > 0,

1 1
—d;j(p*xg)(x+y)dy = — 0y, 0y, Ux(y) dy. Y
e<lyl<e-1 Y1 e<lyl<1/e |1
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A first integration by parts yields

1
/ 3y13>,p*g(x+y) dy
e<|yl<l/e |l

= 3y, dy, Ux (y) dy
s<\y|<1/£ |yl

= f — 0y, Ux(Wni (y) dy + / 3ij Mni(y)dy + / —= 0y, Ux(y) dy.
lyl=¢ 1Y lyl=17¢ 1Y e

<lyl<1/e |y|3

The first boundary integral vanishes as ¢ — 0 because of (C-1), and the second thanks to the fast decay
of p* g € $(R?). Another integration by parts leads to

v/;<|y<l/5 |y|38y,U (y) dy
- / 2y (o () dy + / v ommdy+ [
lyl=¢e | | |ly|=1/¢e | | e

e—0

1
o9 (ay, 9y, ﬁ) U:(y)dy,

1
(ayi 8yj |y_|) Ux (y) dy

<lyl<l/e

where
9 i 51/ Yiyj
YT R TP

< —
i Oy, < s
’ ’Iyl‘ Iyl

and the boundary terms vanish because of (C-1) and the fast decay of U,. Therefore, for all x € R2,

: 1
% 1(5 i @(&)g@))(x) a [ <8;yi8y,«—>Ux<y> dy
| e ]

1
=C /;;gz <8y,.8y,.m>[p xg(x+y)—pxgx) =0 (y-V)p*g(x)ldy

1
sz <8y,-8y,—)[p*g(x4ry)—p*g(X)—y-Vp*g(x)]dy
B(0,K) |yl

1
+C1/ (ay,.ay,-—>[p*g(x+y)—p*g(X)]dy
R2\ B(0,K) [yl

1
—sz <8yi3yj—)9(y)(y'V)p*g(X)dy-
R2\B(0,K) |yl

The last integral is zero as y > 60(y)(dy,dy,(1/]y]))y is odd. We then perform a last change of variables
by setting y' = x + y, and we obtain

G~ 1(515]

| E(S)g(é))(X)——fl - Yiix =y pxg(y)—p*g(x) — (Y —x)Vpxgx)}dy'
x—y'|<

- Yij(x =y {p*xg(y) — pxgx)}dy’.
[x=y'|=K

This completes the proof of Lemma 2.7.
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OPTIMAL CONTROL OF SINGULAR FOURIER MULTIPLIERS
BY MAXIMAL OPERATORS

JONATHAN BENNETT

Dedicated to the memory of Adela Moyua, 1956-2013.

We control a broad class of singular (or “rough”) Fourier multipliers by geometrically defined maximal
operators via general weighted L?(R) norm inequalities. The multipliers involved are related to those
of Coifman, Rubio de Francia and Semmes, satisfying certain weak Marcinkiewicz-type conditions that
permit highly oscillatory factors of the form /¥ for both & positive and negative. The maximal functions
that arise are of some independent interest, involving fractional averages associated with tangential
approach regions (related to those of Nagel and Stein), and more novel “improper fractional averages”
associated with “escape” regions. Some applications are given to the theory of L”—L9 multipliers,
oscillatory integrals and dispersive PDE, along with natural extensions to higher dimensions.

1. Introduction and statements of results

Given a Fourier multiplier m, with corresponding convolution operator 7,,, there has been considerable
interest in identifying, where possible, “geometrically defined” maximal operators Jil for which a weighted
L?-norm inequality of the form

/|Tmf|2wsf 1 Pt ()
Rn n

holds for all admissible input functions f and weight functions w. This very general Fourier multiplier
problem was made particularly explicit in the 1970s in work of A. Cérdoba and C. Fefferman [1976],
following the emergence of fundamental connections between the theory of Fourier multipliers and
elementary geometric notions such as curvature (see [Fefferman 1971; Cérdoba 1977; Stein 1979], in
particular). Such control of a multiplier m by a maximal operator Jl, combined with an elementary duality
argument, reveals that, for p, g > 2,

. 1/2
Il pg == NTmllr—za < UGy ) oy (2)

Thus it is of particular interest to identify an “optimal” maximal operator Jl for which (1) holds, in the
sense that (2) permits optimal L”—L? bounds for .l to be transferred to optimal bounds for 7},,.

There are a variety of results of this nature, although often formulated in terms of the convolution kernel
rather than the multiplier. For example, if T denotes a Calder6n—Zygmund singular integral operator
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on R", such as the Hilbert transform on the line, Cérdoba and Fefferman [1976] (see also [Hunt et al.
1973]) showed that for each s > 1 there is a constant Cy < oo for which

ITfPw<Cs | |fIP(Mw*)'/ 3)
R~ Rn

holds, where M denotes the classical Hardy-Littlewood maximal operator. This result extends to weighted
L? estimates for 1 < p < oo; see [Cordoba and Fefferman 1976]. The inequality (3) may be viewed as a
consequence of the classical theory of Muckenhoupt A, weights through the fundamental fact that if
(Mw*)'/S < oo ae. ands > 1 then (Mw®)'/S € A| C A»; see [Stein 1993] and the references there. Of
course, for any fixed s > 1 the maximal operator w +— (M w)Y$ in (3) is not optimal, since it fails to be
L?-bounded in the range 1 < p < s, while T is bounded on L? for all 1 < p < co. More recently this
was remedied by Wilson [1989], who showed that!

T/ Pw 5/ M, 4
Rn n

where M3 = M o M o M denotes the 3-fold composition of M with itself. As with (3), this useful result
extends to weighted L? norms for 1 < p < o0o; see [Wilson 1989; Pérez 1994; Reguera and Thiele 2012].
There are numerous further results belonging to the considerable theory surrounding the A, weights; see
for example [Garcia-Cuerva and Rubio de Francia 1985; Pérez 1995; Hytonen 2012; Lacey et al. 2014;
Hytonen et al. 2013; Lerner 2013].

In the setting of oscillatory integrals the controlling maximal operators appear to acquire a much more
interesting geometric nature, well beyond the scope of the classical A, theory. This is illustrated well by
a compelling and seemingly very deep conjecture concerning the classical Bochner—Riesz multipliers,

ms(&) = (1— &%),

where £ € R" and § > 0. Of course, mg is simply the characteristic function of the unit ball in R",
allowing us to interpret mg for § > 0 as a certain regularisation of this characteristic function. The classical
Bochner—Riesz conjecture concerns the range of exponents p for which mg is an L?-multiplier. In the
1970s, A. Cérdoba [1977] and E. M. Stein [1979] raised the possibility that a weighted inequality of the
form (1) holds where .l is some suitable variant of the Nikodym maximal operator

1
Nsw(x) := supm/ w;
T

T>x

see also [Fefferman 1971; 1973]. Here the supremum is taken over all cylindrical tubes of eccentricity less
than 1/4 that contain the point x. This maximal operator /M should be geometrically defined (very much
like N'5) and its known/conjectured bounds should be similar to those of N, thus essentially implying the
full Bochner—Riesz conjecture via (2).> Such a result is rather straightforward for n = 1 as it reduces to

1Throughout this paper we shall write A < B if there exists a constant ¢ such that A < ¢B. In particular, this constant will
always be independent of the input function f and weight function w. The relations A 2 B and A ~ B are defined similarly.

2Similar weighted inequalities relating the Fourier restriction and Kakeya conjectures have also received some attention in the
literature; see [Bennett et al. 2006] for further discussion.
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the aforementioned inequality for the Hilbert transform. In higher dimensions this question is far from
having a satisfactory answer already for n = 2 (see [Bourgain 1991; Christ 1985; Carbery et al. 1992;
Carbery and Soria 1997a; 1997b; Carbery and Seeger 2000; Bennett et al. 2006; Duoandikoetxea et al.
2008; Lee et al. 2012; Cérdoba and Rogers 2014] for some related results). The associated convolution

kernel
Clupprs@ulx)) | ePTIEN 4 e 4 (1)

g1 —
Ks(x):=F""ms(x) = x| ¢ |&| D72+ ’

unlike the Hilbert kernel, is (for § sufficiently small) very far from being Lebesgue integrable. Here J,,
denotes the Bessel function of order A, making K highly oscillatory.

In [Bennett and Harrison 2012], using arguments from [Bennett et al. 2006] in the setting of Fourier
extension operators, we gave nontrivial examples of such “optimal” control of oscillatory kernels on the
line by geometrically defined maximal operators. In particular, for integers £ > 3, we showed that

/\el‘<'>‘*f]2w§/ | fI2M2 MM, (5)
R R
where
1
Mw(x):= sup —/ w
nere D
and

F@)={0.n:0<r=<1, x—y|<r VDL ©)

The maximal operator Jl here may be interpreted as a fractional Hardy—Littlewood maximal operator
associated with an approach region I'(x). This maximal operator is similar in spirit to those studied by
Nagel and Stein [1984], although here tangential approach to infinite order is permitted. It is shown in
[Bennett and Harrison 2012] that Jl has a sharp bound on LY which may be reconciled via (5) with a
sharp L* bound for convolution with ¢*'. We note in passing that the factors of the Hardy—Littlewood
maximal operator appearing in (5) are of secondary importance as Ji and M2M* share the same LP—L?
mapping properties. This follows from the L”-boundedness of M for 1 < p < oco.

In this paper we seek an understanding of the “map” m +— J, from Fourier multiplier to optimal
controlling maximal operator, for which (1) holds. As we shall see, an inequality of the form (1) does
indeed hold for a wide class of multipliers m and a surprisingly rich family of geometrically defined
maximal operators Jl. This class of multipliers is sufficiently singular to apply to a variety of highly
oscillatory convolution kernels, placing (5) in a much broader context. The maximal operators turn out
to be fractional Hardy-Littlewood maximal operators associated with a diverse family of approach and
“escape” regions in the half-space. While such operators corresponding to approach regions have arisen
before [Nagel and Stein 1984; Bennett et al. 2006; Bennett and Harrison 2012], those associated with
“escape” regions appear to be quite novel, involving improper fractional averages.

As is well known, at least in one dimension, the variation of a multiplier can play a decisive role in
determining its behaviour as an operator. For example, if a multiplier m is of bounded variation on the
line, then it often satisfies the same norm inequalities as the Hilbert transform. This is a straightforward
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consequence of the elementary identity
Tn= lim m@)I+ l‘/.(I +iM_,HM;)dm(t). (7)
t——00 2 Jr

Here I denotes the identity operator on R4, the modulation operator M; is given by M; f(x) = e 2mixt f(x),
and dm(t) denotes the Lebesgue—Stieltjes measure (which we identify with |m'(z)| dt throughout). In
particular, combining this with (4) quickly leads to the inequality

/RITmeWS/RIfIzM%. ®)

Invoking classical weighted Littlewood—Paley theory for dyadic decompositions of the line (see [Wilson
2007] and [Bennett and Harrison 2012] for further discussion) leads to the following weighted version of
the Marcinkiewicz multiplier theorem (cf. [Kurtz 1980]).

Theorem 1. If m : R — C is a bounded function which is uniformly of bounded variation on dyadic
intervals, that is,

sup/ Im'(£)| d§ < oo, )
R<|§|<2R

R>0

/|Tmf|2w§f fPM .
R R

The control of m here by a power of the Hardy-Littlewood maximal operator is optimal in the sense that

then

Theorem 1, combined with the Hardy-Littlewood maximal theorem, implies the classical Marcinkiewicz
multiplier theorem via (2). It would seem unlikely that the particular power of M that features here is
best possible; here and throughout this paper we do not concern ourselves with such finer points.

Our goal is to establish versions of Theorem 1 which apply to much more singular (or “rougher”)
multipliers. A natural class of singular multipliers on the line, defined in terms of the so-called “r-variation”
was introduced by Coifman, Rubio de Francia and Semmes in [Coifman et al. 1988]. For a function m on
an interval [a, b] we define the r-variation of m to be the supremum of the quantity

N—1 1/r
(Z m(xj41) —m(xj>|r>
j=0
over all partitions a = xg < x; < --- < xy = b of [a, b]. We say that m is a V, multiplier if it has

uniformly bounded r-variation on each dyadic interval. (Of course, if » = 1 this class reduces to the
classical Marcinkiewicz multipliers.) In [Coifman et al. 1988] it is shown that if m is a V,, multiplier then
m is an L? (R) multiplier for |1/p — 1/2| < 1/r, considerably generalising the classical Marcinkiewicz
multiplier theorem on the line. With the possible exception of the endpoint, this result is sharp, as may be
seen from the specific multipliers

: o
CilEl

e "

Me,g(§) =
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first studied by Hirschman [1959] (see [Stein 1970] for further discussion). Indeed m, g is a V, multiplier
if Br = a, while being an L? multiplier if and only if o|1/p — 1/2] < B; see [Hirschman 1959; Miyachi
1981]. The endpoint case |1/p — 1/2| = 1/r remains open in general for V, multipliers; see [Tao and
Wright 2001] for further discussion and related results.

For the purposes of identifying optimal controlling maximal operators we will confine attention to a
subclass of the V, multipliers that retains some of the structure of the specific example (10). Before we
describe this subclass let us discuss some motivating examples.

The multiplier corresponding to the convolution kernel ' appearing in (5) coincides with the
(generalised) Airy function

o0 ietel D 4 o1
/(O (£) = itxg) g € +o()
Ai (g)_/_me X = O T )

as |&| — oo; here ¢ and ¢ are appropriate constants. As standard Airy function asymptotics reveal, the

variation of this multiplier on dyadic intervals is unbounded. This multiplier, with its highly oscillatory
behaviour as |£| — oo, belongs to a more general class of multipliers satisfying

mE) = 0(&7F), m'& =o0(g P (11)

as |§] — oo. Here a, 8 > 0, and of course the specific multiplier in (10) is a model example. In addition
to multipliers whose derivatives can have strong singularities at infinity, it is also natural to consider those
which are singular at a point. In particular, we might hope to control multipliers satisfying (11) as || — 0
for o, B < 0. Such singular multipliers, which were studied by Miyachi [1980; 1981], arise frequently in
the study of oscillatory and oscillatory-singular integrals; see for example [Stein 1993; Miyachi 1981;
Sjolin 1981; Chanillo et al. 1986]. See also [Miyachi 1980; 1981] for a general L”(R) (and Hardy space
HP?(R)) multiplier theorem under the specific hypothesis (11). The following class of multipliers, which
we denote 6(«, 8), involves a Marcinkiewicz-type variation condition specifically designed to capture
these Miyachi-type examples.

The class of multipliers. For each «, 8 € R, let 6(«, B8) be the class of functions m : R — C for which

supp(m) C {& : [§|* > 1}, (12)
sup &P Im (&) < oo, (13)
sup  sup Rﬁ/ Im' ()| d€ < oo. (14)
R¥>1 IC[R,2R] +/
L()=R™™R

Here the supremum is taken over all subintervals / of [R, 2R] of length £(I) = R™*R.
Remarks.

(i) The support condition (12) has no content for « = 0. For @ > 0 and « < 0 it reduces to, respectively,
supp(m) C {|&| = 1} and supp(m) C {|§| < 1}. A similar interpretation applies to the outermost
supremum in (14).
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(i) The case o = 0 is of course somewhat degenerate. As is easily verified, the class €(«, ) reduces to
the classical Marcinkiewicz multipliers when o = = 0. Further, the fractional integration multiplier
£+ |£]7F lies in €(0, B).

(iii)) The model behaviour of a multiplier in €(«, 8) in the nondegenerate case o 7 0 is that of the Miyachi
multipliers (11) as |£]|* — oo.

(iv) An elementary calculation reveals that if m lies in ‘6(«, 8) then m is a V, multiplier provided Br = «.
We also note that the additional structure of the class €(«, 8) yields L”—L4 estimates for certain
q # p — see the forthcoming Corollary 5.

(v) An elementary change of variables argument reveals that a multiplier m € €(«, g) if and only if
m € 6(—a, —B), where m(£):=m(1/&). The main point is that the diffeomorphism R\{0} — R\{0},
& — 1/& preserves dyadic intervals and (essentially) any lattice structure within them.

(vi) Unlike the V, multipliers, if o £ 0 the class 6(«, B) is not dilation-invariant due to the distinguished
role of the unit scale R = 1. See the forthcoming Theorem 3 for a natural dilation-invariant
formulation.

We now introduce the family of maximal operators that will control these multipliers via (1).

The controlling maximal operators. For o, f € R we define the maximal operator Jl, g by

r2
Mo, pf(x)= sup — f(2)dz, (15)

refax) T Jiy—z|<r
where
Fa(x):{(r,y):0<r“§1and |y—x|§r1_°‘}. (16)

This family of maximal operators is of some independent interest. When o = 0 the approach region I'y, (x)
is simply a cone with vertex x, and the associated maximal operator .y, g is equivalent to the classical
fractional Hardy-Littlewood maximal operator
r2 B x+r
Mrgw(x) :=sup — w. (17)
r>0 x—r

When 0 < a < 1 the maximal operators .l g have also been considered before and originate in work
of Nagel and Stein [1984] on fractional maximal operators associated with more general nontangential
approach regions. However, as we have already mentioned, the above definitions also permit « > 1 and
o < 0, where one sees dramatic transitions in the nature of the region I'y. In particular if o > 1 then the
situation is similar to that in (6), where tangential approach to infinite order is permitted; see [Bennett
et al. 2006] for the origins of such regions. Furthermore, for & < O we have

Fo(x)={(r,y):r>1land|y—x| <r'"®},

which may be viewed as an “escape”, rather than “approach”, region. Notice also that if 8 < 0 we interpret
Mg, g as an improper fractional maximal operator.
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The maximal operators .Il, g are significant improvements on the controlling maximal operators
w — (Mw*)'/* that typically arise via classical A p-weighted inequalities. Crudely estimating My, gw
pointwise using Holder’s inequality reveals that

My pw < (Mw*)'* when 258 = a. (18)

This allows the forthcoming Theorem 2 to be reconciled with certain A ,-weighted inequalities established
by Chanillo, Kurtz and Sampson in [Chanillo et al. 1983; 1986]. In Section 2 we provide necessary and
sufficient conditions for .y, g to be bounded from L” to L. In particular, we see that Jly, g is bounded
on L® when 258 = «, a property that does not follow from (18).

The main result of this paper is the following.

Theorem 2. Let o, B € R. If m € €(a, B) then

/R T flPw < /R P MO s M. (19)

It is interesting to contrast this result with the recent weighted variational Carleson theorem of Do and
Lacey [2012]; see also [Oberlin et al. 2012; Lacey 2007].

As may be expected, the factors of the Hardy—Littlewood maximal operator M arising in Theorem 2
are of secondary importance, and to some extent occur for technical reasons. Since M is bounded on
L? for all 1 < p < oo, the maximal operators MO, B M* and My, p share the same LP—-L9 bounds. The
forthcoming Theorem 4 clarifies the L”—L4 behaviour of these operators.

It is perhaps helpful to make some further remarks about the nonsingular case o = 0 of Theorem 2.
As is immediately verified, the class of multipliers €(0, 8) is precisely those satisfying the conditions

sup |€|P |m(&)] < oo, (20)
EeR

and

sup Rﬁf Im' (&) d§ < 0. (21)
R>0 R<|E|<2R

For such “classical” multipliers, Theorem 2 reduces to the weighted inequality

/ T f 12w < / | f1?MO Map M*w, (22)
R R

where Mg is the fractional Hardy-Littlewood maximal operator given by (17). When 8 =0, the conditions
(20) and (21) become those of the classical Marcinkiewicz multiplier theorem, and the resulting inequality
(22) reduces —up to factors of M — to the classical Theorem 1. Noting that the multiplier & — |& | =
lies in €(0, B), again up to factors of M we recover the one-dimensional case of Pérez’s [1995] result.

Of course the class €(«, B) is neither scale-invariant nor facilitates quantification of the implicit
constants in Theorem 2. Our arguments, along with elementary scaling considerations, reveal the
following.
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Theorem 3. Let o, f € Rand 1, C > 0. If m : R — C is such that

supp(m) C {& : |E|* = A%}, (23)

sup 1P Im(&)| < C, (24)

sup  sup RP f Im'(&)|dg < C, (25)
R*>A% [C[R,2R] +7

eD=(R/X)"™R

then there exists an absolute constant ¢ > 0 such that

[ 1t sPw <cc [ 17Pmsd ot (26)
R R

where
s P28 [T N )
Mg = sup == [ w and To00={0nr:0<r=a™ x—yl <2 r™)

G.reti@ T Jy—r

The hypotheses of Theorem 3 are scale-invariant. More precisely, if m satisfies (23)—(25) with parameter
A =1, then nfm(n ) satisfies (23)—(25) with parameter A = 1.

Organisation of the paper. Our proof of Theorem 2 rests crucially on a certain Littlewood—Paley type
square function estimate. This is presented in Section 3. Section 4 contains the proof of Theorem 2,
Section 5 concerns extensions to higher dimensions, and finally Section 6 is devoted to the LP—L4
boundedness properties of the maximal operators Jl, g. We begin by presenting some applications and
interpretations of Theorem 2.

2. Applications and interpretations
Here we present three distinct applications (or interpretations) of Theorem 2.

2.1. LP-L1 multipliers. Our first application of Theorem 2 is to the theory of L#—L4? multipliers on the
line. Such a multiplier theorem will follow from Theorem 2 via (2) once we have suitable bounds on the
maximal operators Ay, g.

Theorem 4. Let1 < p<g <ooanda,p €R. Ifa >0 then My g is bounded from L?(R) to L4(R) if

and only if
a 1/1 1
=530 g) @n

If a =0 then My, g is bounded from LP (R) to LY (R) if and only if
1 ( 1 1)
==l===). (28)
F=2 P q
If a <0 then My g is bounded from LP (R) to LY (R) if and only if

5%%(%—5) (29)
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Remarks. When o = 0 Theorem 4 of course reduces to the well-known LP—L? boundedness properties
of the classical fractional Hardy—Littlewood maximal operator in one dimension; see [Muckenhoupt and
Wheeden 1974]. For 0 < o < 1 (the case of nontangential approach regions) and p = g, this result follows
from the work of [Nagel and Stein 1984]. Certain particular cases of Theorem 4 in the region o > 1 are
established in [Bennett and Harrison 2012], following arguments in [Bennett et al. 2006]. Our proof,
which extends further the arguments in [Bennett et al. 2006], follows by establishing a corresponding
endpoint Hardy space result when p = 1; see Section 6.

Combining Theorems 2 and 4 yields the following unweighted Marcinkiewicz-type multiplier theorem.

Corollary 5. Let2 < p <q < o0, o, f € R and suppose m € €(a, B). If one of

1 1 1 1
a>0 and Za(———)+———,
g 2 p/ p q
1 1
a=0 and B=——-—,
P g
or a<0 and ,Bfa(l—l)+l—l
2 p/ p q

holds, then m is an L? (R)—-L49(R) multiplier.

Remarks. Corollary 5, which modestly generalises a number of well-known results, is optimal subject
to the (inevitable) constraint p, g > 2; see [Miyachi 1980; 1981]. However, as the examples in those
papers also suggest, unless p = ¢, Corollary 5 is unlikely to lead to optimal results in the full range
1 <p, g <oo. If o #0 then, by duality and interpolation, we may conclude that m is an L?(R) multiplier
for all 1 < p < oo satisfying the familiar condition |1/2 — 1/p| < B/a. This generalises the L? (as
opposed to H?) multiplier results of [Miyachi 1980] in dimension n = 1. If « = 0 then Corollary 5
reduces to the classical one-dimensional Marcinkiewicz multiplier theorem on setting p = ¢, since m
is a Marcinkiewicz multiplier if and only if m € €(0, 0). The special case @ = 0 also generalises the
classical Hardy—Littlewood—Sobolev theorem on fractional integration since the multiplier |&|~# belongs
to €(0, B).

2.2. Oscillatory convolution kernels on the line. The method of stationary phase permits Theorem 2 to
be applied to a variety of explicit oscillatory convolution operators on the line. For example, for a > 0
witha # 1 and 1 —a/2 <b < 1, consider the convolution kernel K, ; : R\{0} — C given by

: a
oil]

Kap(x) = A+t

The corresponding convolution operator is well understood on L?, with

IKap* fllp SIfllp, < po<p=pp, (30)

where pg =a/(a + b — 1); see [Sjolin 1981; Jurkat and Sampson 1981]. As we shall see, an application
of Theorem 2 quickly leads to the following.
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Theorem 6. [fa > 0witha#1and 1 —a/2 <b < 1, then

/ |Kap* f1Pw S / |fIPMO M p M*w, (31)
R R

a
where o = 1 and B =

This theorem is optimal in the sense that it allows us to recover (30) (and indeed more general LP—L4
estimates) from Theorem 4 via (2). Notice thatif 0 < a < 1 then « :=a/(a —1) < 0 and so the controlling
maximal operator .Ily, g corresponds to an escape region. Similarly, if a > 1 then o > 0 and so .My, g
corresponds to an approach region. Theorem 6 may of course be viewed as a generalisation (modulo
factors of M) of the inequality (5).

In order to deduce Theorem 6 from Theorem 2 we simply observe that, up to a couple of well-behaved
“error” terms, the multiplier I/(\a,b belongs to 6(«, B). Let us begin by handling the portion of K, 5 in a
neighbourhood of the origin (where the kernel lacks smoothness). Let n € C2°(R) be an even function
satisfying n(x) =1 for |x| < 1, and write K, , = K4.5.0 + Ku.b.0c0, Where K, p 0 =nK, p. Since K, p o 18
rapidly decreasing, by the Cauchy—Schwarz inequality we have

2 2 2241
/lKa,b,o*fl w =< ||Ka,b,0||1/ | f1 |Ka,h,0|*w§f | fI"M w,
R R R

where

| 1 X—+r
M w(x) :=sup —/ w.
r>1 2r x—r
The claimed inequality (31) for the portion of the kernel K, 5 o now follows from the elementary pointwise
bound
M'w < AM'w < My s M'w < My g Mw < MOMy g M*w,

where the averaging operator A is given by
x+1

Aw(x)z%/ 1 w.

It thus remains to prove (31) for the portion K, 5 ~. In order to force the support hypothesis (12) we
introduce a function ¢ € C°°(R) such that y(¢§) =0 when |£]* <1 and ¥ (§) = 1 when |£|* > 2. Writing
mo=(1— 1//)1/(;,;,,00 and m| = lﬁfa,b,oo, it suffices to show that

/R T, f1Pw S fR | fIZMO My, p M*w (32)

for j =0, 1. A standard stationary phase argument (see [Sjolin 1981] for explicit details) reveals that m
satisfies the Miyachi-type bounds (11) as |§|* — oco. Hence m| € €(«, B), yielding (32) for j =1 by
Theorem 2. The multiplier m is less interesting, being the Fourier transform of a rapidly decreasing
function (again, see [Sjolin 1981] for further details). Arguing as we did for the portion K, 5 o establishes
(32) for j = 0, completing the proof.

For a more far-reaching discussion relating to the asymptotics of Fourier transforms of oscillatory
kernels, see [Stein 1993], and what Stein refers to as the “duality of phases”.
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2.3. Spatial regularity of solutions of dispersive equations. Theorem 2 has an interesting interpretation
in the context of spatial regularity of solutions to dispersive equations. For example, applying® Theorem 2
to the multiplier m; g given by (10) yields

/\ei32f|2w§/|(1—82)f3/2f|2M6./l/t2’,3M4w
R R

for all B > 0. Using the scale-invariant inequality (26) with A = #~!/2, a similar statement may be made

for the operator e'! 82, namely

[l s [lan=a2 g ws s  wo,
R R
with implicit constant independent of ¢ > 0. It is perhaps more natural to rewrite this as

/ 6 fPw < / (1 = 1022 [ MO, M w,
R R

where

) 1 y+tl/2r )

M w(x) :=( §up( )r ﬂl‘l/zr / Y and A,(x)={(y.r):0<r=<1, |x—y|l<t'?/r},
y,r)eN; (x y—t'/cr

so that the degeneracy as + — 0 is more apparent. The resulting L” multiplier theorem at r = 1 (see

Corollary 5 in the case g = p) is the inequality

1€ £l oy S 1 f lwas

for B > 2|1/2 — 1/p|. Here WA denotes the classical inhomogeneous L” Sobolev space. This optimal
Sobolev inequality, which goes back to Miyachi [1981], describes the regularity loss in L?(R) for a
solution to the Schrodinger equation with initial data in L” (R). Naturally this interpretation applies equally
well to the wave, Airy and more general (pseudo)differential dispersive equations. Similar conclusions, at
least for the Schrodinger equation, may be reached in higher dimensions using the results of Section 5;
see also [Miyachi 1981].

3. Weighted inequalities for a lattice square function

In this section we present the forward and reverse weighted Littlewood—Paley square function estimates
that underpin our proof of Theorem 2. We formulate our results in R" in anticipation of higher-dimensional
applications in Section 5.

Let ¥ € P(R"*) be such that supp(@) C[—1,1]" and

Y UE-k=1
keZ"

for all £ € R". Such a function may of course be constructed by defining U= Xi—1/2,1/21 * ¢, for a
function ¢ € C°(R") of suitably small support and integral 1.

3Strictly speaking we are applying Theorem 2 to a portion of the multiplier supported away from the origin, and dealing with
the portion near the origin by other (elementary) means. See Section 2.2 for further details.
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For each ¢ € (0, 0co0)" we define the n x n dilation matrix §(¢) := diag(?y, . .., t,), and the rectangular
box B(r) :==8(t) ' [—1, 11" = [=1/n1, 1/01] X -+ X [=1/ 1, 1/1,].
Now let R’ € (0, 00)" and decompose R” into a lattice of rectangles {p} as follows. For each k € Z" let

pe =88R (kY +[—1, 11",

making p; the axis-parallel rectangular cell centred at §(R")k = (R}k1, ..., R} k,) with j-th side length R;.
Defining ¥, € (R") by
U (§) = WS (R) g —h),

we have
> =1, (33)

supp(Wy) < /.
for each k € 7". Here p; denotes the concentric double of pi. Finally, let the operator S; be given by
Skf =i f.
For the operators S; we have the following essentially standard square function estimate. Very similar

results may be found in several places in the literature, including [Cérdoba 1982; Rubio de Francia 1985;
Bennett et al. 2006].

Proposition 7. / D ISk fPw S f | FI?Msw (34)
Rn k Rn

uniformly in R', where Mg denotes the strong maximal function.

. . . . . . 1/2
A reverse weighted inequality, where the function f is controlled by the square function (Zk | Sk f |2) / ,
is rather more subtle, and is the main content of this section.

Theorem 8. Suppose R € (0, 00)" is such that R; > R’/. foreach 1 < j <n, and let p be an axis-parallel
rectangle in R" of j-th side length R;. If supp( f ) C p then

|f|2w,§/ Y ISk fIPMsAg g Msw,
Rn Rn
k

where the operator Ag p is given by
1

sup w
yelx)+BR) | B(R)| Jiy}+B(R)

AR rw(x) =

Remark. As the following proof reveals, Theorem 8 continues to hold if the operators S are replaced by
the genuine frequency-projection operators defined by §k7 = Xp f .

Proof of Theorem 8. We begin by exploiting the Fourier support hypothesis on f to mollify the
weight w. Let & € F(R") be an even function satisfying ® =1 on[—1,1]". Observe that if we
define @ € F(R") by (&) = (S(R)'€) = ®(&1/R1, ..., & /Ry), then f = f % (Mg, D). Here
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Mg, ®r(x) = e X Ep P p(x) and &, denotes the centre of p. A standard application of the Cauchy—
Schwarz inequality and Fubini’s theorem reveals that

|fPw= | 1f* Mg, ®p)*w < | gl / |FPIOr] % w S f | fPwi, (35)

R" R" R R”
where w; := |®g|* w. The final inequality here follows since the functions ® are normalised in L.
Now, by (33) we have
f=> S
k

This raises issues of orthogonality for the operators S; on L?(w1). Although the weight w; is smooth,
in order for us to have any (almost) orthogonality we should expect to need an improved smoothness
consistent with a mollification by |® g/| rather than |® g|. We thus seek an efficient way of dominating w
by such an improved weight.* This ingredient, which is based on an argument in [Bennett et al. 2006],
comes in two simple steps. First define the weight function w, by

wa(x)= sup  wi(y).
ye{x}+B(R)

Certainly w, dominates w; pointwise, although w, will not in general be sufficiently smooth for our
purposes. Let ® € ¥(R") be a nonnegative function whose Fourier transform is nonnegative and compactly
supported, and let

w3 = Opr * wy,

where O is defined by O/ (£) = O(S(R") ') = O(&, /R, ..., &/R.). By construction w3 has Fourier
supportin {§ : |§;| SR, 1 < j <n}and so by Parseval’s theorem we have the desired almost orthogonality:

(Scfs Sk 2wy =0 if k=K 1. (36)
Despite its improved smoothness, this new weight w3 continues to dominate wy.

Lemma 9. w, < ws.

Proof. By dilating ® by an absolute constant if necessary, we may assume that ® = 1 on [—1, 1]".
Consequently,

w3(0) 2 ws(x) dx.
|B(R")| JB(r
Now let By, By, ..., By be the intersections of B(R’) with the 2" coordinate hyperoctants of R”. Tt will
suffice to show that there exists £ € {1, 2, ..., 2"} such that w,(x) > w,(0) for all x € By. To see this we

suppose, for a contradiction, that there exist x; € B, such that w,(x;) < w,(0) for each 1 < £ < 2". Thus,
by the definition of w, we have

sup wi(x) < wy(0) for 1 < <2".
x€{xe}+B(R')

4This idea is somewhat reminiscent of the classical fact that if (Mws)l/s <ooae. ands > 1 then w < (Mw*)/S € A CAy;
see the discussion following (3).
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However, since on
B(R) < | J(txe}+ B(R),
=1
SUP, e g(ry W1(x) < wz(0), contradicting the definition of w»(0). U

Combining (35), Lemma 9 and the orthogonality property (36) we obtain

|f|2w5/ > ISk f Pws. (37)
R" R

In order to complete the proof of Theorem 8 it remains to show that w3(x) < MgAg g Msw(x) uniformly
in x and R, R’. Since ws(x) S Mswy(x) it suffices to show that wy(x) < Ag g Msw(x). Further, by
translation invariance, it is enough to deal with the case x = 0. To see this we define the maximal operator
(R)
M by
S

M;R)w(y) = sup ! / w.
r>1 [FB(R)| Jy)+rB(R)

Notice that MéR)w < Msw. Using the rapid decay of ® and elementary considerations we have

1
w1 () = |Prlxw () S MPw(y) < M w
|B(R)| Jiyy+B(®)
and so |
w2(0) S sup Msw = Ag rrMsw(0)
yeB(R) | B(R)| Jiy1+B(R)
uniformly in R, R’, as required. O

4. The proof of Theorem 2

The proof we present combines the essential ingredients of the standard proof of the Marcinkiewicz
multiplier theorem (see [Stein 1970; Duoandikoetxea 2001], for example) and the square function estimates
from Section 3.

By standard weighted Littlewood—Paley theory (see [Bennett and Harrison 2012] for further details) it
suffices to prove that

/ T f P < f P M5 Al s M (38)
R R

holds for functions f with Fourier support in the dyadic interval =[R, 2R], with bounds uniform in
R >1.

Suppose that supp( f) € £[R, 2R] for some R* > 1. We begin by applying Theorem 8 with n =1,
R' = R “R and p = +[R, 2R]. For each k € Z let py, pr, Vi and S; be as in Section 3. By Theorem 8
we have

[ 1Tt P [ 31T M AR M (39)
R R
k

uniformly in R* > 1. Of course the case R =1 (as with the case « = 0) is somewhat degenerate here,
although we note that the conclusion (39) does retain some content.
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Next we invoke the standard representation formula

SeTon £ (x) = m(a) Sef () + / Us Sy f (rym' (8) dE, (40)

Pk

where a; = inf p; and Ut is defined by
Us f = xig.0 /- (41)

In order to see (40), which is a minor variant of (7), we use the Fourier inversion formula to write

Sk T f(x) = / W (E)m(E) f(€) dE

P

:_/ i(/ @k(z)f(t)e"“dt>m(§)d§
Ok 9§ £

— m(@Q)Sif () + / ( /R x[g,ooxt)@k(r)f(r)emdr):n’(é)ds

Pk

= m(ap) Sk f (x) + / U Sk f (x)m’(§) d§.

Pk

Applying Minkowski’s inequality to (40), we obtain

1/2
( / |SkTmf|2MAR,R/Mw>
R

1/2 1/2
s|m(ak>|( /R |Skf|2MAR,R/Mw) + / ( /R |Ugskf|2MAR,R/Mw) ' (&) dE.
Pr

Since U = 3(I +iM_g HM;), where Mg f(x) := e >"*¢ f(x) and H is the Hilbert transform, an
application of (4) yields

[ 1S PM AR b0 S [ 1 FPM AR b0
R R
uniformly in &, k and R. Using this along with the hypotheses (13) and (14) yields
f ISk T fPM Ag g Mw < R f ISk f1PM* Ag g Mw
R R
uniformly in k and R. Here we have used the fact that |a;| ~ R. Thus by (39) and Proposition 7 we have
/ T fPw S R / |fIPM° Ag, g Mw
R R
uniformly in R* > 1. Inequality (38) now follows from the elementary observation that
R™P AR parw(x) S My pw(x)

uniformly in x and R* > 1.
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5. Extensions to higher dimensions

Theorem 2 has a natural generalisation to higher dimensions. It should be pointed out that this generalisa-
tion, being of Marcinkiewicz type in formulation, is not motivated by multipliers of the form (11), but
rather by tensor products of such one-dimensional multipliers. For the sake of simplicity we confine our
attention to two dimensions. Just as with the classical Marcinkiewicz multiplier theorem, this is already
typical of the general situation.

For a, B € R? let €(a, B) denote the class of functions m : R* — C for which

supp(m) C {€ € R? 1 &% > 1, |&]* > 1}, (42)
sup sup |&]7 &P [m (&1, £)] < oo, (43)
& &
Suplézlﬂz{ sup  sup R’fl/ ; |d§1} < o0, (44)
& R =1 OCIRI2R)] +1,1 081
eUN=R, "Ry
suplé‘llﬂ‘{ sup sup R2’32/ 3. ‘déz} < 00, (45)
£ R2>1 hElR:2R)] +1,1 082
U()=R, 2R,
sup sup sup sup RﬂzRﬂl/ / 906 8% ‘dadéz < 00. (46)
R22>1 LC[Ry, 2R2] R“1>1 I1C[R1,2R;] +I, J+I, 1052
(L)=R, 2R, LI)=R, IR,

Although these conditions might appear rather complicated, it is straightforward to verify that the
tensor product €(oq, B1) ® €(x, B2) is contained in €(«, B), and that €(0, 0) is precisely the classical
Marcinkiewicz multipliers on R?.

Theorem 10. Ifm € €(«, B) then

/ T f 2w < / P M M,
R2 R2

where

p2B 2
Mg, gw(x) = sup sup L2 / / w(z)dz
(1Y€ (x1) (r2,y2)€lay (x2) TL 12 Jiyi—zil<r JIy2—z2l<n

and Mg denotes the strong maximal function.

Proof of Theorem 10. The proof we present is very similar to the one-dimensional case. By standard
weighted Littlewood—Paley theory (again, see [Bennett and Harrison 2012] for details) it suffices to prove
that
[ TP [ 1Pyt s @7)
R2 R2

holds for functions f with Fourier support in (&[Ry, 2R;]) x (£[R7, 2R,]), with bounds uniform in
R, R >1

18 Z L

Assuming such a restriction we can apply Theorem 8 with n = 2, R" = (R;“' Ry, R, “*R») and
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p = (£[R1,2R1]) x (£[R2, 2R,]). For each k € Z* let pi, pr, Wi and Si be as in Section 3. By
Theorem 8 we have
/ T f 1w S / > ST fI*MsAg g Msw (48)
R2 R2
kez?
uniformly in R.

In what follows 71, 7> : R> — R denote the coordinate projections 7y x = x| and m,x = x,, and for
each k we define a; € R? by a; = (inf 71 o, inf 72 01 ), making ay the bottom-left vertex of the axis-parallel
rectangle py.

Now, taking our cue again from the standard proof of the classical Marcinkiewicz multiplier theorem,

we write
ST, f@=m@sf @+ [ UPS70 0 G ma) s [ UPS e i ma. &) de
1 Ok 1 2 Pk &
82
+ /p UL UL St () g (61, &) s, (49)

where UE(,] ) denotes the operator Ug,, defined in (41), acting in the j-th variable. Applying Minkowski’s
inequality we obtain

1/2

1/2
( / 2 |SkTmf|2MsAR,R/Msw) < |m(ak)|( f 2 |Skf|2MsAR,R/Msw)
R: R

12
a

+/ (/ |U$(11)Skf|2MSAR,R’MSw> a_m(gl»n’Zak)
7T1/3k Rz 51

2 Y214
+/ (/ |U§2>Skf|2MSAR,R/MSw>
mapr \JR?

m
— (max,
852( 14k, §2)
. 12
+/ (/2 |Ug(2)Ug(l)Skf|2MSAR,R’MSw)
& \JR

We denote the summands on the right side by 7, 11, 11, IV.
For I we use the facts that |7ax| ~ Ry and |mpay| ~ R;, along with (43) to obtain

d§

)

2

0°m
m@l,&)

d&.

1/2
1SR PR (/2 |Skf|2MSAR,R’MSw)
R
uniformly in k. For /I, following the proof of Theorem 2, we apply (4) in the first variable to obtain

12
< / ( / |Skf|2M§AR,R/Msw)
T1ox \JR?

m
— (&1, may) | d&,
851(51 2ai) | dé)
which by (44) yields

1/2
H<RPRP (f |Skf|2M§AR,R,MSw)
RZ

uniformly in k. By (45) and symmetry, it follows that I/ satisfies the same bound. The final term 7V is
potentially the most interesting as it involves using a weighted bound on the double Hilbert transform. By
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a twofold application of (4), followed by (46), we obtain

1/2
v < Ry R </ |S,<f|2M§AR,R/MSw> .
R2
Thus, by (48) and Proposition 7 we have

2By -2
[ TP S R [ 15 M AR M5
R R

o

uniformly in R}", R3? > 1. Inequality (47) now follows on observing that

Ry PR Ag pw(x) S M, pw(x)
uniformly in x and R", R3* > 1. g

Remarks. The above arguments raise certain basic questions about weighted inequalities for various
multiparameter operators in harmonic analysis. For instance, for which powers k € N do we have

/|Tf|2w§/ L PMEw
R R

for classical product Calderén—Zygmund operators 7 on R" with n > 2?7 As we have seen, crudely
applying the one-dimensional result of Wilson [1989] separately in each variable allows us to take k = 3n.
Reducing this power would of course lead to a reduction in the number of factors of My in the statement
of Theorem 10.

As we have already discussed, since Theorem 10 involves Marcinkiewicz-type hypotheses it really
belongs to the “multiparameter” theory of multipliers. It is conceivable that a variant may be obtained
involving a Hormander-type hypothesis on sublacunary annuli in R”; that is, involving hypotheses on

/RJ-<IS|<R]-+1 K%)ym@)’zdf

for certain sublacunary sequences (R;) and multi-indices y. A very general result of this type (which

quantities of the form

might permit the radii (R;) to accumulate away from zero) is likely to be difficult as it would naturally
apply to the Bochner—Riesz multipliers. There are of course many other conditions that one might impose,
from the above all the way down to the higher-dimensional analogue of the Miyachi condition (11) in
[Miyachi 1980; 1981]; see also [Carbery 1985].

6. Proof of Theorem 4

In this section we give a proof of Theorem 4. Our argument is a generalisation of those in [Bennett et al.
2006; Bennett and Harrison 2012]; see also [Nagel and Stein 1984]. As the case o« = 0 reduces to the
LP-L4 boundedness of the classical fractional Hardy-Littlewood maximal function, we may assume that
o £0.

The claimed necessity of the conditions (27), (28) and (29) follows from testing the putative L”—L4
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bound for Jly g on the characteristic function f, = x[—,,.]. The necessary conditions follow by taking
limits as both v — 0 and v — co. We leave these elementary calculations to the reader.

It will suffice to establish the L”—L? boundedness of .l g for exponents 1 < p < g < oo on the sharp
line

ﬁ:;_f%(%_é)‘ (50)

As our proof of Theorem 4 rests on a Hardy space estimate, it is necessary to regularise the averaging in
the definition of Jly, g. To this end let P be a nonnegative, compactly supported bump function which is
positive on [—1, 1], let P.(x) = r T P(x /1), and define the maximal operator Jl,, g by

Ma,ﬁw(x) = sup r2’3|P, *w(y)].
(y,r)ely(x)

Since Mo pw S Jl?ta’ pWw pointwise uniformly, it suffices to prove that Jl?ta, g 1s bounded from L (R) to
L4(R) when (50) holds. Since J&La,o is bounded on L*°(R), and Jﬂ«a,l/Z is bounded from L' (R) to L®(R),
by analytic interpolation [Stein 1970] it suffices to prove that .ily 4,2 is bounded from H'(R) to L' (R).
We establish this by showing that

Ml 2alls < 1 (51)

uniformly in H'-atoms a. By translation invariance we may suppose that the support interval I of a is
centred at the origin. Our estimates will be based on the standard and elementary pointwise bound

L1 ifr <1, 1x] < 3110,
|Prxa)| S II/r> ifr = |1), x| < 3,
0 otherwise,
which follows from the smoothness of P and the mean value zero property of a. As the nature of I'y, is

fundamentally different in the cases ¢ < 0,0 <« <1 and @ > 1, we divide the analysis into three cases.
For o < 0 and « > 0 the interesting situation is, respectively, when |/| 2 1 and |I] < 1.

Case 1: a < 0. Elementary considerations reveal that if |7] < 1 then

i 1] if x| <1,
My gpa(x) < ~
oa/24( )N{|I|/|x|_(2_°‘)/(l_°’) otherwise,

and if [I| 2 1 then
_ 7 /0t x| S 17
M a(x) < .
(X,Ol/z ( ) ~ { |I| |x|_(2—(x)/(1—0l) OtherWiSe-

In both cases (51) follows by direct calculation.

Case 2: 0 < a < 1. For technical reasons it is convenient to deal first with the particularly simple case
o = 1. If |I] Z 1 then arguing similarly we obtain

117 i e S 1),

My pa(x) <
112a(X) S {0 otherwise,
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and if 7] < 1 then
1 if x| <1,

M <
117280 5 {0 otherwise.

Clearly in both cases (51) follows immediately.
Suppose now that 0 < o < 1. If [I| 2 1 then
. 1=t if x| S
M < ~
@.0/20(X) 5 iO otherwise,
and if |7] <1 then

||~ (1= if [x] <1117,
Moapa(x) < 3 |x|~@-/0= e 1= < x| <,
0 otherwise.

Again, in both cases (51) follows directly.

Case 3: a > 1. If |I] 2 1 then

i 1! if |x| < |11,
m a(x) < -
o,a/2 ( )N {|I|—l|x|a/(l_a) otherWiSC,
and if |7] < 1 then (- :
~ VR if [x| S 1],
My g pa(x) < =
o0 /2 ( )N{|I|—]|x|(¥/(l_‘)‘) if|]|]_a§|x|‘

Once again (51) follows.
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THE HARTREE EQUATION FOR INFINITELY MANY PARTICLES
II: DISPERSION AND SCATTERING IN 2D

MATHIEU LEWIN AND JULIEN SABIN

We consider the nonlinear Hartree equation for an interacting gas containing infinitely many particles
and we investigate the large-time stability of the stationary states of the form f(—A), describing a
homogeneous quantum gas. Under suitable assumptions on the interaction potential and on the momentum
distribution f', we prove that the stationary state is asymptotically stable in dimension 2. More precisely,
for any initial datum which is a small perturbation of f(—A) in a Schatten space, the system weakly
converges to the stationary state for large times.

1. Introduction 1339
2. Main result 1341
3. Linear response theory 1346
4. Higher-order terms 1354
5. Second order in 2D 1357
6. Proof of the main theorem 1360
Acknowledgements 1362
References 1363

1. Introduction

This article is the continuation of [Lewin and Sabin 2014], where we considered the nonlinear Hartree
equation for infinitely many particles. However, the main result of the present article does not rely on
that paper.

The Hartree equation can be written using the formalism of density matrices as

{iazy =[-A+wx*py, 7],
¥(0) = yo.

Here y (¢) is the one-particle density matrix of the system, which is a bounded nonnegative self-adjoint
operator on L2(R?) with d > 1, and py(t,x) = y(t,x,x) is the density of particles in the system at
time 7. Also, w is the interaction potential between the particles, which we assume to be smooth and
rapidly decaying at infinity.

(D
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The starting point of [Lewin and Sabin 2014] was the observation that (1) has many stationary states.
Indeed, if f € L°° (R4, R) is such that

[, 1l ak < o0,
R4
then the operator

vri=f(=4)

(the Fourier multiplier by k — f(]k|?)) is a bounded self-adjoint operator which commutes with —A
and whose density

Py, (x) = 27) ™4 /R , F(k1?) dk forall x e R¢

is constant. Hence, for w € L' (R%), w * Py, is also constant, and [w * py,, y¢] = 0. Therefore y (1) = yr
is a stationary solution to (1). The purpose of [Lewin and Sabin 2014] and of this article is to investigate
the stability of these stationary states, under “local perturbations”. We do not necessarily think of small
perturbations in norm, but we typically think of y(0) — y¢ as being compact.

The simplest choice is f = 0, which corresponds to the vacuum case. We are interested here in the
case of f # 0, describing an infinite, homogeneous gas containing infinitely many particles and with
positive constant density p,, > 0. Four important physical examples are:

e Fermi gas at zero temperature:

vr=1l-A<p), pn>0; 2)
o Fermi gas at positive temperature T > 0:
1
yf= e(_A_M)/T+1’ MGR’ (3)
e Bose gas at positive temperature T > 0
1
V= s —yp <0 )
e Boltzmann gas at positive temperature T > 0:

In the density matrix formalism, the number of particles in the system is given by Tr y. It is clear that
Tr yy = +o00 in the previous examples, since yr is a translation-invariant (hence noncompact) operator.
Because they contain infinitely many particles, these systems also have infinite energy. In [Lewin and
Sabin 2014], we proved the existence of global solutions to (1) in the defocusing case w > 0, when
the initial datum yq has a finite relative energy counted with respect to the stationary states yy given
in (2)—~(5), in dimensions d = 1,2, 3. We also proved the orbital stability of yy.

In this work, we are interested in the asymptotic stability of yy. As usual for Schrodinger equations, we
cannot expect strong convergence in norm and we will instead prove that y () — yy weakly as  — o0,
if the initial datum yq is close enough to yr. Physically, this means that a small defect added to the
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translation-invariant state y disappears for large times due to dispersive effects, and the system locally
relaxes towards the homogeneous gas. More precisely, we are able to describe the exact behavior of y (¢)
for large times, by proving that

—itA itA
l‘ i
e (y(t)—yr)e R O+

strongly in a Schatten space (hence, for instance, for the operator norm). This nonlinear scattering result
means that the perturbation y(¢) — y¢ of the homogeneous gas evolves for large times as in the case of
free particles:

y(t)_yft ~ eitAQ:l:e—itA -~ 0.

—4o00 t—>to00

If f=0and yy = |ug){up| is a rank-one orthogonal projection, then (1) reduces to the well-known
Hartree equation for one function

{i8,u:(—A+w*|u|2)u, ©)

u(0) = uy.

There is a large literature about scattering for the nonlinear equation (6), for instance [Ginibre and Velo
1980; 2000; Strauss 1981; Hayashi and Tsutsumi 1987; Mochizuki 1989; Nakanishi 1999]. The intuitive
picture is that the nonlinear term is negligible for small , since (w * |u|?)u is formally of order 3. It is
important to realize that this intuition does not apply in the case f # 0 considered in this paper. Indeed
the nonlinear term is not small and it behaves linearly with respect to the small parameter y — yy:

[w s py. ¥l =[w sk py—y, y] = [w* py—y, . yr] # 0. (7

One of the main purposes of this paper is to rigorously study the linear response of the homogeneous
Hartree gas yy (the last term in (7)), which is a very important object in the physical literature called the
Lindhard function [Lindhard 1954; Giuliani and Vignale 2005, Chapter 4]. For a general f, our main
result requires that the interaction potential w be small enough, in order to control the linear term. Under
the natural assumption that f is strictly decreasing (as it is in the three physical examples (3)—(5)), the
condition can be weakened in the defocusing case w = 0.

The paper is organized as follows. In the next section we state our main result and make several
comments. In Section 3 we study the linear response in detail, before turning to the higher-order terms in
the expansion of the wave operator in Section 4. Apart from the linear response, our method requires us
to treat separately the next d — 1 terms of this expansion, in spacial dimension d. Even if all the other
estimates are valid in any dimension, in this paper we only deal with the second order in dimension d = 2.

2. Main result

In the whole paper, we denote by %B($)) the space of bounded operators on the Hilbert space ). The
corresponding operator norm is || A||. We use the notation G2 (£)) for the Schatten space of all the compact
operators A on §) such that Tr|A4|? < oo, with [A]| = +/ A* A, and use the norm || 4||gp(g) := (Tr |4|P)1/P.
We refer to [Simon 1977] for the properties of Schatten spaces. The spaces G2(§)) and &!($) correspond
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to Hilbert—Schmidt and trace-class operators. We often use the shorthand notation % and G when the
Hilbert space $) is clear from the context.
Our main result is the following.

Theorem 1 (dispersion and scattering in 2D). Let f : R+ — R be such that
o0 k
/ (14+r2)f®@)dr <oo for k=0,....4 (8)
0

and yg := f(—A). Denote by g the Fourier inverse on R2 of g(k) = f(|k|?). Let w € W11 (R?) be such
that
111 w2 D ]| Loo 2y < 47 ©)

or, if [ <0 a.e. on Ry, such that

max(egW(0)+, €121 2y | (@)~ oo r2)) < 47, (10)

where () is the negative part of W and 0 < eg < ||€|| L1 (2) is a constant depending only on g (defined
later in Section 3).
Then, there exists a constant g > 0 (depending only on w and [) such that, for any yy € yr + G4/3
with
Vo = vrllgass < €o.

there exists a unique solution y € yy + C to (R, &2) to the Hartree equation (1) with initial datum yq, such
that
2 2
Py = Pyp € L7 x(RXR?).

Furthermore, y (t) scatters around yy at t = 00, in the sense that there exists Q + € &% such that

Jim (e A0 —yp)e = Quflga = lim [y()—yp—e" 0L =0, A

Before explaining our strategy to prove Theorem 1, we make some comments.

First, we notice that the gases at positive temperature, (3), (4) and (5), are all covered by the theorem
with condition (10), since the corresponding f is smooth, strictly decreasing and exponentially decaying
at infinity. Our result does not cover the Fermi gas at zero temperature (2), however. We show in Section 3
that its linear response is unbounded and it is a challenging task to better understand its dynamical stability.

The next remark concerns the assumption (9), which says that the interactions must be small or,
equivalently, that the gas must contain few particles having a small momentum (if ¢ = 0, then the
condition can be written as f(0)[|W|| o2y < 2 and hence f (Jk|?) must be small for small k). Our
method does not work without condition (9) if no other information on w and f is provided. However,
under the natural additional assumption that 1" is strictly decreasing, we can replace condition (9) by the
weaker condition (10). The latter says that the negative part of w and the value at zero of the positive
part should be small (with a better constant for the latter). We will explain later where condition (10)
comes from, but we mention already that we are not able to deal with an arbitrary large potential W in a
neighborhood of the origin, even in the defocusing case. We also recall that the focusing or defocusing



HARTREE EQUATION FOR INFINITELY MANY PARTICLES, II: DISPERSION AND SCATTERING IN 2D 1343

character of our equation is governed by the sign of w and not of w, as it is for (6). This is seen from the
sign of the nonlinear term

/ / WX = 1) Py—yy (X)Py—y, () dx dy = (27) % / D) By—y, () dk,
R4 JRA R4

which appears in the relative energy of the system [Lewin and Sabin 2014, Equations (9)—(10)].

Then, we note that in our previous article [Lewin and Sabin 2014] we proved the existence of global
solutions under the assumption that the initial state yo has a finite relative entropy with respect to yr (and
for f being one of the physical examples (2)—(5)). By the Lieb—Thirring inequality [Frank et al. 2011;
2013; Lewin and Sabin 2014], this implies that p, ;) — py, € L‘;O(L)zc). By interpolation, we therefore
get that p,, ;) — py, € L? (Lfc) for every 2 < p < oo. This requires, of course, that the initial perturbation
Yo — ¥ be small in S*/3. Our method does not allow us to replace this condition by the fact that y, has
a small relative entropy with respect to yy.

Let us finally mention that our results hold for small initial data, where the smallness is not only quali-
tative (meaning that yo — yr € G&4/3, for instance) but also quantitative, since we need that ||y — Yrllsar3
be small enough. This is a well-known restriction, coming from our method of proof, based on a fixed-
point argument. The literature on nonlinear Schrédinger equations suggests that in order to remove this
smallness assumption one would need some assumption on w like @ = 0, as well as some additional
(almost) conservation laws [Cazenave 2003]. Our study of the linear response operator however indicates
that the situation is involved and more information on the momentum distribution f is certainly also
necessary.

We now explain our strategy for proving Theorem 1. The idea of the proof relies on a fixed-point
argument, in the spirit of [Lewin and Sabin 2014, Section 5]. If we can prove that p, —py, € Lf’ L (Ryx R?),
then we deduce from [Yajima 1987; Frank et al. 2014] that there exists a family of unitary operators
Uy (t) € CO(R4+,B) on L2(R?) such that

y(0) =Ur(0)yoUyp ()*
for all + € R4. We furthermore have
Uy () = "Wy (o).
where Wy (¢) is the wave operator. By iterating Duhamel’s formula, we can expand the latter in a series as

Wy () =1+ W), (12)
n=1

with
t tn I . . . .
WD (1) := (=i)" /0 dty /0 diy_1 - /0 dty e 1AV (1,)et tnin=DA LGt Ay it A

The idea is to find a solution to the nonlinear equation

P (1) = p[e" AW wspo () (v + Qo) Wiwspo (1) e *A] = py., (13)

by a fixed-point argument on the variable pg € L7 (R x R?), where Q :=y —yy and Qg = yo — ¥f.
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Inserting the expansion (12) of the wave operator Wy, the nonlinear equation (13) may be written as

po = p[e"4 Qo™ A= L(po) + R(pg), (14)

where & is linear and (pg) contains higher-order terms. The sign convention for &£ is motivated by the
stationary case [Frank et al. 2013]. The linear operator & can be written

=%+,
where
L1(pg) = —p[e B W0 (O rr + v, WS o (1)) 4]
and

F2(p) = —p[e" A (W0 (1) Q0 + QoW o (1)) ],

Note that &£, depends on Q¢ and it can always be controlled by adding suitable assumptions on Qg. On
the other hand, the other linear operator £; does not depend on the studied solution; it only depends on
the functions w and f.

In Section 3, we study the linear operator & in detail, and we prove that it is a space-time Fourier
multiplier of the form w(k)my(w, k) where my is a famous function in the physics literature called
the Lindhard function [Lindhard 1954; Mihaila 2011; Giuliani and Vignale 2005], which only depends
on f and d. In particular, we investigate the question of when &£ is bounded on Li L(Rx R?), and we
show this is the case when w and f are sufficiently smooth. For the Fermi sea (2), we prove that ¥ is
unbounded on L%, -

The next step is to invert the linear part by rewriting (14) in the form

po = (1+%) " (p[e" 2 Qoe™ 2] + R(pg)) (15)

and applying a fixed-point method. In the time-independent case, a similar technique was used for the
Dirac sea in [Hainzl et al. 2005]. In order to be able to invert the Fourier multiplier &£, we need that

min _|W(k)mys(w,k)+ 1] > 0. (16)
(w,k)ERXR2

Then 1+ % =1+%1 + &, is invertible if Q¢ is small enough. In Section 3 we prove the simple estimate

ms(k, o) < @)~ Nl w2

and this leads to our condition (9). If f is strictly decreasing, then we are able to prove that the imaginary
part of m¢(k, w) is never 0 if k # 0 or w # 0. Since my(w, k) has a fixed sign for v = 0 and k =0,
everything boils down to investigating the properties of m at (w, k) = (0,0). At this point m s will
usually not be continuous, and it can take both positive and negative values. We have

limsup R my(w, k) = (4m)~! 18121 m2)

k—0
w—0

and we set
liminf % m g (o, k) =: —(41) g,
k—0

w—0
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leading to our condition (10). It is well known in the physics literature that the imaginary part of
the Lindhard function plays a crucial role in the dynamics of the homogeneous Fermi gas. In our
rigorous analysis it is used to invert the linear response operator outside of the origin. The behavior of
myg(w, k) for (w, k) — (0,0) is, however, involved and 1 + £, is not invertible if w(0) > e4/(4m) or
D(0) < 12l 1 @2y/ (4.

For the Fermi gas at zero temperature (2) we will prove that the minimum in (16) is always zero, except
when w vanishes sufficiently quickly at the origin; this means that 1 + £; is never invertible. It is an
interesting open question to understand the asymptotic stability of the Fermi sea.

Once the linear response & has been inverted, it remains to study the zeroth-order term ,o[ei tA Qe A]
and the higher-order terms contained in (pg). At this step we use a recent Strichartz estimate in Schatten
spaces due to Frank, Lieb, Seiringer and the first author.

Theorem 2 (Strichartz estimate on wave operator [Frank et al. 2014, Theorem 3]). Fix d = 1 and ¢
such that 1 +d/2 < q < 0o, and p such that 2/p +d/q = 2. Let also 0 < ¢ < 1/p. There exists
C =C(d, p, &) > 0 such that for any V € LY (R, LL(®R?)) and any t € R, we have the estimates

[ W3 (0) 620 < CIVILE L a7
and
(n) cn
W ()] garasm < —l_g”VHZfL?C forall n=2. (18)
nl)r

The estimate (17) is the dual version of

[Peita ge—itallLr@, Lamay < ClAll o2 (19)

for any (p,q) such that 2/p +d/q = d and 1 < q <1+ 2/d; see [Frank et al. 2014, Theorem 1].
The estimate (19) is useful to deal with the first-order term involving Q¢ in (15), leading to the natural
condition that Q¢ € &*/3 in dimension d = 2 with p = ¢ = 2.

1+2/d (R x R9). The estimate (18) turns out

to be enough to deal with the terms of order at least d + 1 but it does not seem to help for the terms

In dimension d, it seems natural to prove that pg € L,

of order d and lower, because the wave operators W%f) with small n belong to a Schatten space with a
too-large exponent. Apart from the linear response, we are therefore left with d — 1 terms for which a
more detailed computation is necessary. We are not able to do this in any dimension (the number of such
terms grows with d), but we can deal with the second-order term in dimension d = 2,

2 1 1 2 —
Pl B (WS oo Oy + W YW (O)F + 7, W0 (1)) e 4],

which then finishes the proof of the theorem in this case. The second-order term is the topic of Section 5.

Even if our final result only covers the case d = 2, we have several estimates in any dimension d = 2.
With the results of this paper, only the terms of orders from 2 to d remain to be studied to obtain a result
similar to Theorem 1 (with p, — o, € L1+2/ d (R x R4 )) in dimensions d = 3.
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3. Linear response theory

3.1. Computation of the linear response operator. As we have explained before, we deal here with the
linear response & associated with the homogeneous state y¢. The first order in Duhamel’s formula is
defined by

t
Q] (Z) = —l/(; e’(t_’ )A[U) * POt yf]e’(t —HA dt’.

We see that it is a linear expression in pg, and we compute its density as a function of pg.

Proposition 1 (uniform bound on ¥1). Lerd > 1, f € L® (R4, R) such that [pq | (k)| dk < 400,
and w € LY(R?). The linear operator ¥ defined for all ¢ € B(Ry x RY) by

t , .
L1(p) (1) 1= —p[Q1 (1)) = p[z’ /O T T W dt’]

is a space-time Fourier multiplier by the kernel KV = KM (w, k) = (k) mg(w, k), where

[Fp m (2, k) := 2 1,50/ 27 sin(e|k|*) g (21k) (20)

(we recall that g(k) = f(k?) and that g is its Fourier inverse). This means that for all ¢ € (R4 x R%)
we have
Fr x[L1(@)(@. k) = D)my (. K)[Frxpl(w. k) forall (w.k) e RxR?,

where F; x is the space-time Fourier transform. Furthermore, if fooo |x|2=4|g(x)| dx < oo, then
my € L2 (Rx R%) and we have the explicit estimates

1 | (x)]
o < d 21
lmyllzee, 2|Sd_1|(/qud 2 1)

]| o 18(x)]
||$1||L?.x—>L%,x s 21591\ Jra |x]4-2 dx . (22)

Proof. Let ¢ € D(R4 x R9). In order to compute £(¢), we use the relation

and

/00 Te[W(t, x)01(2)]dt = /00/ W(t, x)pg, (t,x)dx dt,
0 0 JRrd

valid for any function W € &(R4 x R4 ). This leads to
o0
/ / W(t, x)pg, (t,x)dx dt
0 JRA

—7 oo pt ] ) R
=it o L L b T k) (e ) = g0+ 34) dedicar'dr,
0 0 JR R

where g(k) := f(k?) and V = w * ¢. Computing the {-integral gives

/ e 2R (g (0~ L) — g(€+ LK) de = —n)22i sin((t — )|k} Q1 —1)k).
Rd
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Hence, using that V= (27)42% @, we find that
o0
/ / W(t, x)pg, (t,x)dx dt
0 JR4
0o pt
= —2/ / / sin((t —t)|k|H gt — k)W (k)b (t, —k)§(t' k) dk dt’dt.
0o Jo JR4

Since g is radial, g is also radial and we have

. 2411 % |sin(r]k]) | e

Img(w, k)| <2 A |sm(l|k| ) gQtk|)| dt <2 A T|g(2t)|dt$ 3 ; rlg()|dr. O
We now make several remarks about the previous result.
First, the physical examples for g are

1(|k|? < ). >0,

e_(\k|2_ﬂ)/T’ T>0, pneR,

glk) = 1

——, T >0 R

€(|k|2_/1i)/T+ ' >0, nek,

——, T >0 0.

kPt _ LTS

In the last three choices, g is a Schwartz function, hence g € L' ([R{d ). For the first choice of g (Fermi sea
U'sin r, which obviously does not satisfy rg(r) € L1(0, +00).
Then, we remark that (21) is optimal without more assumptions on f'. Indeed, for « = 0 and small k,

at zero temperature), we have g(r) ~r~

we find

1 )

[ee) ] . 1 © “
-y g — = = '
mp(0,k) /0 sin(tl[2)3( fk>d’keozfo ST ST ST

We conclude that (21) is optimal if g has a constant sign (for instance if f is decreasing, as in the physical
examples (3)—(5)). Similarly, (22) is optimal if both ¢ and w have a constant sign (then | (0)| = || W || o).

In general the function 71 is complex-valued and it is not an easy task to determine when w (k)m s (w, k)
stays far from —1. Since the stationary linear response is real (3m (0, k) = 0), the condition should at
least involve the maximum or the minimum of 2, on the set {& = 0}, depending on the sign of w. Even
if the function my is bounded on R x R? by (21), it will usually not be continuous at the point (0, 0).
Under the additional condition that f is strictly decreasing, we are able to prove that

(Smyp(w. k) =0} = {o =0} U {k = 0}

and this can be used to replace the assumption on w by one on (w)— and w(0)+. In order to explain this,
we first compute 7 in the case of a Fermi gas at zero temperature, f(k?) =1(k|*> < ).

Proposition 2 (linear response at zero temperature). Let d = 1 and pu > 0. Then, for the Fermi sea at
zero temperature yy = 1(—A < ), the corresponding Fourier multiplier my(w, k) := mg(u, w, k) of
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the linear response operator in dimension d is given by

L, (1k|* +21k| v)* - ?

mb(u, w, k) = 0
0B = ) B Gk =21k 7 —
T
+i——— (1o — k|*| < 2/mlk]) = L(lo + |k || < 2/mlk])) (23
4«/ﬂlk|((| kIl <2¢/lk]) = (o + k|| < 2/mlk])  (23)
ford =1; by
(. 0. k)
7 sgn(|k|? + o) 5 5 1 osen(k]? —w) 5 5 21)
= T (2= 2L T k2 4 w)? —apk ()2 — BRI T (k2 — w)? —dulk)?)2
(2= L (k02 —apiel?): = L (- 2 - )
/e 1 1
+i———(((|k]* —w)* —dpulk|?)2 — (k> + ©)* —4ulk|?)Z). (24
273y (KT =)™ = dplkl®) 2 = (KIS @) —4ulkl)2). - 24
for d = 2; and by
d-21, %t i1
my(w, w, k) = %/ mf(u(l—;fz),(u,k)rd_2 dr for d =2,
Q2r) 2z Jo
gd-31,%5% 1
=%/ mE (1 —r2). 0. k)3 dr for d =3, (25)
2nr) =z 0

The formula for ms is well known in the physics literature [Lindhard 1954; Mihaila 2011; Giuliani
and Vignale 2005, Chapter 4]. It is also possible to derive an explicit expression for m?(u, w, k); see
[Giuliani and Vignale 2005, Chapter 4]. We remark that mg(,u, 0, k) coincides with the time-independent
linear response computed in [Frank et al. 2013, Theorem 2.5].

From the formulas we see that the real part of ms can have both signs. It is always positive for
o = 0 and it can take negative values for w # 0. For instance, in dimension d = 2, on the curve
o= |k|*+ 2/itlk| the imaginary part vanishes and we get

mg(u,|k|2+2ﬂ|k|,k)=%(l— 1+%)I:B—oo. (26)
In particular, if @ (k) /,/|k| — 400 when k — 0, then W(kymy(|k|* +2./1t|k|, k) — —oo when |k| — 0.
Since, on the other hand, @(k)mf(|k|2 +2./itlk|, k) — 0 when |k| — oo, we conclude that the function
must cross —1, so (1 + %)~ ! is not bounded.

An important feature of mg, which we are going to use in the positive temperature case, is that the
imaginary part ?sml;, (i, w, k) has a constant sign on {@ > 0} and on {w < 0}. Before we discuss this in
detail, we provide the proof of the proposition.

Proof. A calculation shows that the Fourier inverse ¢ of the radial g in dimension d = 1 is given by

&%) = \EM @7

| x|
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In dimension d = 2 we can write

gap, |x]) = / 1(k|* < pye*™
(271) Rd
o /‘”‘1[ dk 1k [P < o=l o el

emt -
d—2

|S |l‘l/ /dkl/ |k1|2<ﬂ(1 ) 1k1|x| d— Zdr
(2m)%
d—2

M/ (=), |x))r? 2 dr
(2m) 2 0

71542 d—1 .
e el VO /sin(ﬁ|x|V1—r2)rd—2dr. (28)
0

(271)% | x|

Similarly, we have in dimension d > 3

5 |Sd_3|HT 1 5 B

Gau ) = = [ =) )

27'[)7 0
Now we can compute the multiplier mg (u,w, k) ford = 1,2. We start with d = 1, for which we have
sin(t]k|?) s1n(2ft|k|)
2t|k|

It remains to compute the time Fourier transform. We use the formula, valid for any @, b € R,

[F, mp ]t k) = 4140

/OO sin(at) sin(bt) it g
0 t
b)? —
= %log % +l—(sgn(a b—w)—sgn(a+b—w)+sgn(a+b+w)—sgnla—>b —I—a)))

and obtain (23). To provide the more explicit expression in dimension 2, we use the formula

1 ! |a+2v1—r| 4 4\!/?
YaeR, - | log dr 1
0 |a—2v1—r| 2 2

which leads to the claimed form (24) of mg(u, w, k). |

’

Now we will use the imaginary part of mI;, to show that 1 + £ is invertible with bounded inverse
when @ = 0 with w(0) not too large and f is strictly decreasing.

Corollary 1 (1 + &£ in the defocusing case). Lerd = 1 and f € L (R4, R) such that f'(r) < 0 for
allr > 0and [[° (4> 7Y £(r)| + | f/(r)]) dr < co. Assume furthermore that [ga |x|*~9]g(x)| dx < 0o
with g(k) = f(|k|?). If w € LY (R?) is an even function such that

@)oo [ 15 ) <2180 (30)
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and such that

Nmys(w, k)
8g'l,l)(0)+ < 2|§ |, where Eg = —ll]l(’ll)l{)lfm

w—0

: €1V

then we have
min  |W(k)mg(w,k)—1]>0
(w,k)ERXRI
and (1 + £y) is invertible on L%’ L(Rx R%) with bounded inverse.

Proof. First we recall that m is uniformly bounded by (21). Therefore, we only have to look at the set

_ d .~ 1 1€ ()]
A= {k eR* :|w(k)| = —4|8d_1| (/Rd |x|d_2 dx)}.

On the complement of A, we have [ my 4 1| = % Since w(k) — 0 when |k| — 00, A is a compact set.

Next, from the integral formula

FRE) == [ 10k <9070 s
we infer that .
myg(w, k) = —/ mg(s,a),k)f/(s) ds.
0

This integral representation can be used to prove that m is continuous on R x R4\ {(0,0)}. In general,
the function my is not continuous at (0, 0), however.
Since ml;,(s, 0,k) = 0 for all k and s = 0, we conclude that m ¢ (0, k) = 0 and that

_ . " 1 |8 (x)]
mg(0,k)w(k) = —mg(0,k)w(k)- = —||w_||Lo<>2|§d_1| (/Rd I [d-2 dx |,

due to (21). In particular,

| .
(0. kYD (k) + 1] = 1 — || oo ([ L4C0) dx) >0,
R

2|§d—1| d |x|d—2
due to our assumption on (w)-. Similarly, we have ms(w,0) = 0 for all @ # 0 and therefore
myg(w,0)w(0) 4+ 1 = 1 is invertible on {k = 0, # 0}.
Now we look at k& # 0 and @ > 0 and we prove that the imaginary part of 72, never vanishes. We give
the argument for d = 1, as it is very similar for d = 2, using the integral representation (24). We have

~ T oo _1k2)2 2\ _ 2\2 2\\ £/
Smyp(w, k) = PNrT [0 (1((@ —1k]*)* < 4s|k|”) = 1((@ + |k|*)* < 4s]k|?)) f'(s) ds.

The difference of the two Heaviside functions is always nonnegative for @ > 0. Furthermore, it is equal
to 1 for all s in the interval

_1k12)2 242
@=-IkP? _ _ @+ kP)
4lk|? Alk|?
Therefore we have 2
@+Ik|?)

41k |2

v
42w |k| J etk

4|k|2

/()] ds >0

Smyp(w, k) =
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Figure 1. Plot of )i my(w, k) in the fermionic case (3) for d =2, T = 100 and p = 1,
in a neighborhood of (w, k) = (0, 0).

for all @ > 0 and k # 0. For w < 0, we can simply use that Ims(w, k) = —Imy(—w, k), and this
concludes the proof that the imaginary part does not vanish outside of {k = 0} U {w = 0}.

From the previous argument, we see that everything boils down to understanding the behavior of Nim s
in a neighborhood of (0, 0). At this point the maximal value is % fooo rg(r) dr and the minimal value
is —8g2|8d ~1|, by definition, hence the result follows. |

We remark that L[ »
R k) ~ = tg(t ——t]dt
mpod) = 4 [ o eos( S5

w—0
and therefore we can express

1 o0
—£g 1= ———— mi tg(t t)dt.
®8 = Jigd] f?éu%[o g(t) cos(ar)

In the three physical cases (3)—(5), the function f satisfies the assumptions of the corollary, and therefore
1 + £, is invertible with bounded inverse when w satisfies (30) and (31). Numerical computations show
that &g is always positive, but usually smaller than the maximum, by a factor of between 2 and 10. As an
illustration, we display the function Wmy(w, k) for T = 100 and . = 1 in Figure 1.

3.2. Boundedness of the linear response in Lf’ ++ We have studied the boundedness of £ from Li X
to L%’ - This is useful in dimension d = 2, where the density pp naturally belongs to L%’ .- However,
in other space dimensions, we would like to prove that pp belongs to L ;;2/ d, and hence it makes
sense to ask whether £; is bounded from Lf’ » to Lf” «- This is the topic of this section. The study of
Fourier multipliers acting on L7 is a classical subject in harmonic analysis. We use theorems of Stein

and Marcinkiewicz to infer the required boundedness.
Proposition 3 (boundedness of the linear response on L?). Let w € L' (R?) with |x|9t2w e L1 (R%)
be such that

(]‘[ |k,~|28ki)@(k) e LP®RY) forall1C{l,...,d}.

iel
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Let also h : R? — R be an even function such that for all « € N?, |a| < d + 3,

/(1+|k|d+4)|8“h(k)|dk<+oo and (Hak)heLk (RY) forallI C{1,...,d)}.

iel
Then the Fourier multiplier
F{1(t = 0) sin(t|k|*)h(2tk))
defines a bounded operator from Lf: « to itself for every 1 < p < o0.

The conditions on 4 are fulfilled if, for instance, /4 is a Schwartz function, hence they are fulfilled for
our physical examples (3)—(5), where we take h = g.

Proof. We define
mi(t, k) = 1(t = 1) (k) sin(t|k|*)h(2tk),

my(t, k) = 1(0 <1 < D)w(k) sin(t|k|*)h (2tk),

and use a different criterion for these two multipliers.

To show that m; defines a bounded operator on L?, we use the criterion of Stein [1970, II §2,
Theorem 1]. We write m (¢, k) = w(k)m (¢, k). We first prove estimates on 7721, which then imply
that 71, defines a bounded Fourier multiplier on L?, by Stein’s theorem. Computing the inverse Fourier
transform of 71, one has

My (t.x) o= [F i), x) = 1( = 1)(27r)_d/2/ sin(t|k|*)h(2tk)e™* dk.
R4

Then, we have

—d/2 | |2 li
ViMi(t,x)=1(t = ) 1 )d+1 / kh(k)sin —e' 2t dk. (32)

From this formula, we see that, for all (z, x),

(RN < C [ bl dk 33)

Rd

Next, let | < j < d and notice that

yd+2,i5¢ d’? d+2(_\d+2 %%

] e 2t = dkd+2 (2t) ( ) e ’

J

and hence by an integration by parts we obtain

. ] ) dd+2 | | ok
XIT2VL My (e, x) = 1 = 1) (Q@r) 2200 (i) F2 / s [kh(k) sin 4—] 5 dk.
R dk;
When the kj-derivative hits sin(|k|?/41) at least once, one gains a factor of (at least) 1/(4¢), canceling
the 27 before the integral; the only term that we have to prove is bounded in ¢ is where all the k;-derivatives
hit the term k& (k), which is

d+2 ||
[kh(k)]sm4— 5 dk.

4. ~d+2
1t = 1)2m) 22it(—i) /Rd dk;“'z
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It is also bounded, since |sin(|k|?/4¢)| < |k|?/4t. We deduce that, for all (¢, x),

Ix|9 2|V M, (1, x)| < C sup /(1+|k|d+2)|8°‘h(k)|dk (34)

aeNd
la|<d+2
For the time derivative we use the form
My(t,x) = 1(t = 1)(27)" % / h2tk) sin(t|k|?) cos(x - k) dk
Rd

to infer that

atMl(t,x)=21(t>1)(2n)_g/ k - Vih(2tk) sin(t|k|?) cos(x - k) dk
R4

+1(z>1)(2n)—‘z’/ |k |2h(2tk) cos(t|k|?) cos(x - k) dk

_ 21z 4 k|>  x-k
o1 )d+1 (2 )2 / k- th(k)s1n—cos2—dk
1z=1) —d |k |? x-k
+ = 1 )d+2 (2m)~ 2 / |k |? h(k)cosTcosz—dk (35)
By the same method as before, we infer
1017210, My (6. 0)| <€ sup / (14 k|74 18%h (k)| dk. (36)
aeN? R4
lo|<d+3

Now let us go back to the multiplier 71;. We have
T mi (1, x) = )5 (wx My (1)) (%),
and hence
Vi (6, x) = Q) S (W Vi Mi (1)) ().
First we have
2V T my ()] < Cllwll o 1072 Ve My (%) Lss, »
which is finite thanks to (33), (34) and (36). Next,

2V T (10| < 192w ] L Ve M 0 e, AClwl g 16172 Ve M 12| o

The second term is finite also from (33) and (34), while the first term is finite by the expressions (32)
and (35). As a consequence, we can apply Stein’s theorem to m2; and we deduce that the corresponding
operator is bounded on L£ yforalll < p <oo.

The multiplier m1, is treated differently. We show that

my e LR, B(L? — LP)),

which is enough to show that m, defines a bounded operator on L£ Indeed, for any ¢ € L? ., define

t,x
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the Fourier multiplication operator 75, by

(Tona0) (1. ) = /R F [ =1, Fr0) (. )] (x) .

Then, we have
[T, (Dl L2 < /RH@;I[WU—t/,')(%w)(t’n)]HLg dr' < /R lma(t =)o oyl e dt’,

and hence
1 Tomsller < Imall L gacers copleler

Hence, let us show that ||ma|[pz_,;p € L I We estimate ||m; | L?—r» by the Marcinkiewicz theorem
[Grafakos 2008, Corollary 5.2.5]. Namely, we have to show that for indices 1 <iy,..., iy <d all different,
we have

kil cee kie akl.l oo akizmz(l, k) € Lzo,
and if so the Marcinkiewicz theorem tells us that

Ima@llpppr SC sup ki Kig O, -+ B, ma(t.Fo)| 2o
1],...51l¢

A direct computation shows that

iy iy gy - gy, ma (6 < Closrn Y Y Vg [P+ ki, 12197 ()| |3 ) (21K)],
Ic{iy,..., igyJClI

hence
ki, ki Oy, -+ By 2 (1. )l Lge < Closr<t sup Ik, 12 -+ Vi P18 0 ()| oo 197 8 N o
1,Jdiy,..., ir} k
which is obviously an L !—function. O

4. Higher-order terms

In this section, we explain how to treat the higher-order terms in (14). We recall the decomposition of the
solution for all # = 0:

po(t) = /O[eitAOWw*pQ(l)(Vf + QO)Ww*pQ(t)*e_itA] — Pyy-
We first estimate the terms involving Q, in dimension 2.

Lemma 1. Let Qg € */3(L2(R?)) and V € L%,x (R x R?). Then, we have the following estimate for

alln,m=0:
A1) ) . Cn+m||V||2erm
|p[e AW (1) QoW (l)*e_lm]”L%x(meZ) < ClQollgsrs I
’ (nl)3(m!)4

for some C > 0 independent of Qy, n, m and V.
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Proof. Defining Wg)) (¢) := 1, for n,m = 0 the density of
eitAong) (Z) QOoWgn) (Z)*e_itA
is estimated by duality in the following fashion. Let U € L7 (R4 x R?). The starting point is the formula
m . .
/0 /R RYG )l B WD (1) QoW (1)*e A (1, x) dix di
o0
_ / Te[U (. ) 2 (1) QW (1) e =48] dr.
0
By cyclicity of the trace, we have
Tr[ U, x)e S WP (1) QoW (1)*e 74 = Te[ W (1) e AU, ) AW (1) 0o .

A straightforward generalization of Theorem 2 shows that we have

cHivie, v,
<Vl s
o4 r.x

(n!)* (m!)

o0
”/0 WO (1) e AU, ) AW (1) dr

and hence using that Q¢ € &*/3 and Hélder’s inequality we infer that

Vi, v,
X X

| o[ 2WD @) QoW (1) e 2]| 2 < 11 Qollgars - K
(n!) ()3

This concludes the proof of the lemma. O

When d = 2, the corresponding result is:
d+2
Lemma 2. Letd =2, Qg € Gd+1(L?>(R%)), 1 <q < 1+2/d and p such that2/p +d/q = d. Let
Ve Lf LL (R4 x [Rd). Then, we have the following estimate for any n, m = 0:

n+m n+m

1 1
()2 (m!) 27

it Acyyr(n) (m) —itA
[oe” Wy @ 00wy e ™ | Lr Laay xnay < C1Qoll 432

for some C > 0 independent of Qqg, n, m and V.

The proof follows the same lines as for d = 2, and relies on the following estimate for any 7, m:

n n m m

o0
H / W (1) e AU, ) AW (1) di
0

SIUl o
1 1
e+ b yaw ()20
We see that the terms involving Q¢ can be treated in any dimension, provided that Q is in an adequate
Schatten space. This is not the case for the terms involving yy, for which we can only deal with the

higher orders.
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Lemma3. Letd > 1, g:R? — R such that § € LY(R?), 1 < ¢ <142/d and p suchthat2/p+d/q=d.
Let V e LY LL (Ry x RY). Then, for all n,m such that n +m + 1 = 2q’, we have

A - _ CrIVIZ o CT VIR,
|o[e 2w @y Wy @) e A Lr e <ClENL R Lo
o (n")2d (m!)2d

where yr = g(—iV).

Proof. Again we argue by duality. Let U € Lf /L?C/. Without loss of generality, we can assume that
U, V = 0. Then, we evaluate

o0
/0 T U, x)e™ AW 1)y W (1)*e 712 di

o0
=(—i)”im/ dt/ ds1-~-dsm/ dty - diy
0 0<s|<<sy<t o<ty <<ty <t

XTr[V(s1, x=2i51 V) V(sim, x=2ism V)U(t, x=20t V)V (tn, x=2i 1, V) --- V11, x=2it; V) ys],

where we used the relation ' '
e AW, x)e' DA = W(t, x —2itV).

In the spirit of [Frank et al. 2014], we gather the terms using the cyclicity of the trace as
Tr[V(s1, x—=2is1 V) Vs, x=2ism V)U(t, x=2i tV)X V(tn, x=2i 1, V) -+ V(t1, x=2i 1; V) yr]
= Tr[V(sl,x —2iS1V)%V(s2,x —2is2V)% < Vism, x —2ismV)%U(t,x —2itV)%
X U(t, X = 20tV) 2 V(ty, x = 2i1,V)2 - V11, x = 2ity V) 2y V(sy, x — 251 V)2]. (37)
The first ingredient to estimate this trace is [Frank et al. 2014, Lemma 1], which states that

o1l Lr way o2l Lr (ra)
] 7]
Qm)r|ad— By

The second ingredient, to treat the term with yy, is a generalization of this inequality involving yy.

lo1(@x —iBV)pa(yx —iéV)|er < forall r = 2. (38)

Lemma 4. There exists a constant C > 0 such that for all t, s € R we have

. . . ||§||Ll rd) @11l Lr wayllo2 | Lr (e
lgr (x +2i V) g (=i V)ga (x +2i5V)||er < &9 (D2 LIED
(2m)2 Qm)r|t—s|r

(39)

forallr = 2.

We remark that (39) reduces to (38) when g = 1 and g = (27r)%50. We postpone the proof of this
lemma, and use it to estimate (37) in the following way:

‘Tr[V(sl,x =2is1V) - V(sm, x =2ismV)U(t,x =2itV)V(ty,x = 2it,V)---V(t1,x — 2i11V)yf]}
[VsOllga - 1VEm)ll g 1T pa |VED | gor 1V ED Lo’

|
<C d_ d_ d_ _d_
|Sl_l‘1|2q’ ...|Sm_[|2q’|[_[n|2q’ ...|t2_11|2q’
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Here, we have used the condition n 4+ m + 1 = 2¢’ to ensure that the operator inside the trace is trace-class
by Holder’s inequality. From this point the proof is identical to the proof of [Frank et al. 2014, Theorem 3].
O

Proof of Lemma 4. The inequality is immediate if r = co. Hence, by complex interpolation, we only have
to prove it for r = 2. We have

o1 (1, x+2i1V)g (=i V) o (5, x+2i s V) | §2 = Tr[ g1 ()2’ )2 g (=i V) o (x) 2/ D2 g (=i V) ]

—2d .12
(h) // 01 (02 |(gx¢730) (v—y) Pga (1) dx dy

( 7.[) 2d
< —Vlllgllyllfmllellfﬂzlle O

|t
In dimension d, we want to prove that pp belongs to L, , hence we consider ¢ = 1 + 2/d and
q' = 1+d/2. The previous result estimates the terms of order n+m+1=>d+2 thatis,n+m=>d + 1.
The case n + m = 1 corresponds exactly to the linear response studied in the previous section. In
dimension d = 2, we see that we are still lacking the case n + m = 2, which is what we call the second
order. The next section is devoted to this order. We are not able to treat the terms with 1 <n +m < d in
other dimensions.

1+/

5. Second order in 2D

The study of the linear response is not enough to prove dispersion for the Hartree equation in 2D. We
also have to estimate the second-order term, which we first compute explicitly in any dimension, and then
study only in dimension 2.

5.1. Exact computation in any dimension. Define the second-order term in the Duhamel expansion

of O(1),
t s
Q2(Z) — (_l-)Z[ dS/ dll ei(t_s)A[V(S),€i(s_tl)A[V(ll), )/f]ei(tl_s)A]ei(s_t)A,
0 0

where we again used the notation V' = w * pg. We explicitly compute its density. To do so, we let
W € 3(R4 x R?) and use the relation

/ / W(t, x)po,(t, x)dx dt = / Tr{W(t) Q4 ()] dt
0 JR4 0
For any (p,q) € R? x R? we have

t
_ /ds/sdﬁ/ dgy ') P?*=a)
e Jo  Jo R

~ o 2_ .2\~
x [V (s, p—q1)e' ™G~V (11, g1 —q)(g(q) — g(q1))
~ s 2,2\~
—V(s,q1 — ) ICDV (1, p—q1)(g(q1) — g(p))].

QZ(tvp’Q) =
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Using that
Tr{W(1) Q2(1)] =

1 N .
4 / w(t,qg—p)0a2(t, p.q)dpdq,
R4 xRd

(2m)>
we arrive at the formula

o0
/ / W(t, x)pg,(t, x)dx dt
0 JRY

o0 (e,@] o0
:/ / f/ d ds dtydk dOK P (= 5,5 — 11k, O, —K)po s, k — O 11, 6),
o Jo Jo JRIxRY
with

K®(t, 57k, £) = 11501550

SDODEZL) Gtk (k— 0) sin(C - (tk + s0)F Utk + L)),

(2m)2
5.2. Estimates in 2D.
Proposition 4. Assume that g € L' (R?) is such that |x|%|g(x)| € L*®(R?) for some a > 3. Assume also
that w is such that (1 + |k|'/?)|@ (k)| € L®(R?). Then, if pg € L%,X(IR x R?), we have
190:1122 sty < CH+ -8l +1- DBl 00l ey (40)
for some constant C(g, w) depending only on g and w.

Proof. First, we have the estimate

3
<ClGl2p [T Iillz2

i=1

/RS Gty — 12,1 —13) f1(11) f2(12) f3(83) diy dt; dis

for any G, and hence

/ K(z)(ll — 1,1l —t3§k,£)@(l‘1, —k)//)\Q(lz,k —K)//)\Q(Q,K) dll dlz dl3
R3

<KD sik O] 21 10 ~0) 2150 k= Oll 215+ Dl -

Let us therefore estimate | K@ (7, s; k, E)HL%L}' To do so, we use the bounds |sin(¢k - (kK —£))| < 1 and
Isin(€ - (tk + s£))| < [£||tk + s£]| to get

160 (£)2 W (k — £)2 . 2
@) - 2 < 2
| K (t,s,k,€)||L%L}\ om)d { /Rdt/Rdsltk+s€||g(2(tk+sﬁ))| .
We let
k- k-0)?
uzﬁs—l-tT and v = kz—(gz)t

and notice that

0\ 02\ ,\?
Itk+s€|=(£2(s+zu) +(k2—(k J )12) = Vu?+2

2 2
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Since g is a radial function, we find that

eZ/dz
R

The double integral on the right is finite under some mild decay assumptions on ¢; for instance, it is finite
if |g(r)| < C(1 +r?)~2/2 for some a > 3. Noticing that (k262 — (k - £)2)}/2 = | det(k, £)|, we thus have

2
/ duvu?+v2|g2Vu2+v?)|| .
R

/ ds |tk +s0||g Q2 (tk +s0))|
R

2
4
= d
(k22— (- 0)2)} J

KW, p0,)l
1B(- . k)| 2@k — O (-, k —O)ll L2112 |B O]+, O)ll 2
| det(k, £)|2

scu<1+|-|2>3g||mo/ dk de
RZd

We prove the following inequality of Hardy-Littlewood—Sobolev type:

Lemma 5. For any functions f, g, h we have

/ J(k)g(k —O)h ()
Rxr2 | det(k, £)|?

dkdf’ < Clfl2llgliz ]l e (41)

Proof. Since det(k, ) = ki€, —kyly, we first fix k; # 0, £1 # 0, ky # £, and estimate

Sy, ka)g(ky =€y, kay—L2)h(£y, L)

1 dkzdzz‘
R2 lkily —koly]|2
3 3 1 3 3 4
S([ |f(k1,1€2)|2|g(k1—£1,1k2—52)|2 dkzdﬁz)SX(/ |f(k1’k2)|2|h(zl’f2)|2dkzdﬁz)
R2 |k1€y —koly]2 R2 |k1€y —koty]2
3 3 1
ki1 —4L1,ky—4£5)|2|h(£q,£5)|2 3
x(/ lg(ky —4€1, ks 2)|2|1( 1, 2)|2dk2d€2) .
R? |k1ly —kaly]2
We then have
/[ Sk ghi =tk =G
R2 lkily —koty]2
3 3
eny|3 B 3
:/ | f(ki,k2)|2|g(ky 51,€2)|2 dyd i
R2 Jka(ky —£1) —Lrkq |2
_ |/ Gy hea/ G =) R g Gy =1 o/ RDIE
— : 2dl;
lkillky — €1 Jre lky — 52
<k S — ) gy — 1. )
Stk =6 1 1=t 20801 — 41, g2

3 3
S —— 1 fkr. )N allgtks — 41,75,
|k1|%|k1—51|i L2 L2
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and, in the same fashion,

|1, ko) |2 |h(Ey, €2)]2

C 3 3
dkpdly < —— |1 f(ki. )2 MAE )72

R kyly — ko2 ey |3 16|
3 3
ki—2L1,ky—£)|21h(£y,42)]|2 3 3
/ gt = bl mL)EIEL O 4y gry e ek — 11,
R2 lk1ly —kyly]2 [€q]2 kg — €44

As a consequence, we have

S k1 ka)g(ky =Ly ky —La)h(Ly,£2) oISk ) ll2llgtky — €y )l L2112
1 1, 1 1 :
R |k1€y —katy|2 [kilo€q|o|ky —£q]0
We now need a multilinear Hardy—Littlewood—Sobolev-type inequality. Integrating over (kq, £;) we find
that

[ fwstk-ont, dﬁ‘
R2xk2 | det(k, 0)|2

| fki, ) 2 llgtky — €1, )2y, )| L2
"2 ey 6104 [5|ky — €40

3 3 3 3
kv — L1, )12, |h(Eq, )| 2 3 ki )2, le(ey — €4, )| 3

sC(/ e =1l o eI dkldzl) X(/ I v ) s = ) dkldzl)
R2 k1|2 R2 [€1]2

dkzdlfz‘ <

SC dkldﬁl

1

3 3

ki, N, kL, )2 3

X(/ [FAGSP] =Y (11 ;2 dkldel)
R> |kky —£1]2

< Clflc2ligl Lzl L2,

where in the last line we have used the 2D Hardy-Littlewood—Sobolev inequality. |

From the lemma, we deduce that

(W, pa)| <C(1+]-1P)2¢

1
14 -]12)D]||zo 2,
LU+ Dbl llpol2s
which ends the proof of the proposition. O

6. Proof of the main theorem

Proof of Theorem 1. Let T > 0. Assume also that || Qg||ga/3 < 1. We solve the equation

po(t) = P[eitAWw*pQ(t)(Vf + Q0)Wwspo (t)*e_im] — Py
= p[e'® QoA ] = L(po) + R(po)

by a fixed-point argument. Here £ = £ + £,, where &£ was studied in Section 3 and

F2(p0) = —p[e" A (WL (1)Q0 + QoW po (N7)eT].
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As explained in Proposition 1 and in Corollary 1, under the assumption (9) (or (10) when f is strictly
decreasing), (1 + &£;) is invertible with bounded inverse on L%’x. The operator 1| + £ =14+ %1 + %, is
invertible with bounded inverse when

12|l < =~ -
I+ L)~

By Lemma 1, we have
121l < CllwliLi [ Qollg+/s

and therefore the condition can be expressed as
1
wlp @+ L)~

1Qolles/s <
Cll

Then, we can write
po() = (1+%) " (p[e""® Qoe 2] + R(pg)).

For any ¢ € L%,x ([0, T] x R?), define
F(g)(t) = p[e""® Qoe ™" 2] + ().
We apply the Banach fixed-point theorem to the map (1 + £)~! F. To do so, we expand F as

Fp)(t) = p[e""® Qoe™ 2]+ Y~ p[e" AW g (1) Qo Wy (1) e 4]

n+m=2
+ 3 Al WL Oy WL ) T A+ Y p[e AW Oy WD (D e A,
n+m=2 n+m=3

By the Strichartz estimate (19), we have

|o[e'"2 Qoe 2] ”fo < C|Qollgas3-
By Lemma 1, we have )
. . w15
Z ,O[eltAWw*(p(f)QOOWw*(p (t)*e_ltA] t.x

n+m=2

<CllQolless Y

1 1
Lix n+m=2 (n!)#(m!)a

By Proposition 4, we have

Do ol AW Oy W () e ]
n+m=2

a 10 0
SCIA+1-1)2 2Ll + 112Dl Lo llolF 2
L.

Finally, by Lemma 3 we have

CM w5
r,x

Do ol AW Oy W () e A

n+m=3

<Clglp Y,

1 1
Ly nim=3  (n)*(ml)3

We deduce that, for all ¢ € L7 ([0, T] x R?), we have the estimate

[0 +D7 F@)ll < CIA+D (1 Qolleess + Al 2 ).
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where we used the notation

a

2

C”+'"(||w||L12)
A(z)=C
n+§>2 (n)3 (m!)4

3 Crm(wlpi2)"

+CllgllL T 1
n+m=3 (n!)z (m!)=

We have A(z) = O(z?) as z — 0. As a consequence, there exist Cy, zo > 0, depending only on ||w/| /1,
1L+ 1122 | ool (1 + |- |1/2)B| oo and [|& |11, such that

|A(2)] < Coz?

for all |z| < zy. Choosing

1
R= min(zo, I )
2G|+ )|

R
s <min(l,——
||Q0||Q34’3 ln( 2C||(1 g)_ln)

and

leads to the estimate

10 +BDT F@)l2 <R

for all ||¢]| 2, < R, independently of the maximal time 7" > 0. Similar estimates show that F is also a
contraction on this ball, up to diminishing R if necessary. The Banach fixed-point theorem shows that
there exists a solution for any time 7" > 0, with a uniform estimate with respect to 7". Having built this
solution g € L7 (R4 x R?), we define the operator y as

Y(0) = "B Wapigo (1) (¥ + 00) Wapsgy () e 14,

We have @9 = py — py, by definition.

From [Frank et al. 2014, Theorem 3], we know that Wyxe, — 1 € Cto (R4, %) and that Wwxgy — 1
admits a strong limit in &* when ¢ — oo, which gives that y — yreC O(R4, &%) and our scattering
result (11). Next, we remark that since w € W11(R?) C L?(R?), we have w * g9 € L>(L N L2).
From [Lewin and Sabin 2014, Lemma 7] and the fact that g € L?(R?) (due to (8)), we deduce that
(Wwsgo (1) — 1)yr € CO(Ry, &?). This now shows that y — yy € C*(R4, &2). Of course, we can
perform the same procedure for negative times and this finishes the proof of Theorem 1. O
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ON THE EIGENVALUES OF AHARONOV-BOHM OPERATORS
WITH VARYING POLES

VIRGINIE BONNAILLIE-NOEL, BENEDETTA NORIS, MANON NYS AND SUSANNA TERRACINI

We consider a magnetic operator of Aharonov—Bohm type with Dirichlet boundary conditions in a planar
domain. We analyze the behavior of its eigenvalues as the singular pole moves in the domain. For any
value of the circulation we prove that the k-th magnetic eigenvalue converges to the k-th eigenvalue of
the Laplacian as the pole approaches the boundary. We show that the magnetic eigenvalues depend in a
smooth way on the position of the pole, as long as they remain simple. In case of half-integer circulation,
we show that the rate of convergence depends on the number of nodal lines of the corresponding magnetic
eigenfunction. In addition, we provide several numerical simulations both on the circular sector and on
the square, which find a perfect theoretical justification within our main results, together with the ones by
the first author and Helffer in Exp. Math. 20:3 (2011), 304-322.

1. Introduction

Let Q C R? be an open, simply connected, bounded set. For a = (ay, a;) varying in 2, we consider the
magnetic Schrédinger operator

(V+A)=—A+iV-Ay+2iA,-V+|A

acting on functions with zero boundary conditions on €2, where A, is a magnetic potential of Aharonov—
Bohm type, singular at the point a. More specifically, the magnetic potential has the form

Aqg(x) ( 2o e >+v (1-1)
dX)=a| — , -
(x1 —a?+ (x2—a2)?’ (x1 —a1)* + (x2 — ap)? X

where x = (x1, x2) € Q\ {a}, « € (0, 1) is a fixed constant and x € C>®(Q). Since the regular part y does
not play a significant role, throughout the paper we will suppose without loss of generality that x = 0.

The magnetic field associated to this potential is a 2w o-multiple of the Dirac delta at a, orthogonal to
the plane. A quantum particle moving in €2\ {a} will be affected by the magnetic potential, although it
remains in a region where the magnetic field is zero (Aharonov—Bohm effect [1959]). We can think of
the particle as being affected by the nontrivial topology of the set 2\ {a}.

We are interested in studying the behavior of the spectrum of the operator (iV + A,)* as a moves in
the domain and when it approaches its boundary. By standard spectral theory, the spectrum of such an

Noris and Terracini are partially supported by the PRIN2009 grant “Critical Point Theory and Perturbative Methods for Nonlinear
Differential Equations”. Nys is a Research Fellow of the Belgian Fonds de la Recherche Scientifique (FNRS). Bonnaillie-Nogl is
supported by the ANR (Agence Nationale de la Recherche), project OPTIFORM no. ANR-12-BS01-0007-02.

MSC2010: 35110, 35P20, 35Q40, 35Q60, 35J75.

Keywords: magnetic Schrédinger operators, eigenvalues, nodal domains.

1365


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2014.7-6
http://dx.doi.org/10.2140/apde.2014.7.1365
http://msp.org
http://dx.doi.org/10.1080/10586458.2011.565240

1366 VIRGINIE BONNAILLIE-NOEL, BENEDETTA NORIS, MANON NYS AND SUSANNA TERRACINI

operator consists of a diverging sequence of real positive eigenvalues (see Section 2). We will denote
by k‘;, jeN={1,2,...}, the eigenvalues counted with their multiplicity (see (2-3)) and by goj? the
corresponding eigenfunctions, normalized in the L?($2)-norm. We shall focus our attention on the
extremal and critical points of the maps a +— k?.

One motivation for our study is that, in the case of half-integer circulation, critical positions of the
moving pole can be related to optimal partition problems. The link between spectral minimal partitions
and nodal domains of eigenfunctions has been investigated in full detail in [Helffer 2010; Helffer and
Hoffmann-Ostenhof 2010; 2013; Helffer et al. 2009; 2010a; 2010b]. By the results in [Helffer et al. 2009]
in two dimensions, the boundary of a minimal partition is the union of finitely many regular arcs, meeting
at some multiple intersection points dividing the angle in an equal fashion. If the multiplicity of the
clustering domains is even, then the partition is nodal, that is to say it is the nodal set of an eigenfunction.
On the other hand, the results in [Bonnaillie-Noé&l and Helffer 2011; Bonnaillie-Noél et al. 2009; 2010;
Helffer and Hoffmann-Ostenhof 2013; Noris and Terracini 2010] suggest that the minimal partitions
featuring a clustering point of odd multiplicity should be related to the nodal domains of eigenfunctions
of Aharonov—Bohm Hamiltonians which corresponds to a critical value of the eigenfunction with respect
to the moving pole.

Our first result states the continuity of the magnetic eigenvalues with respect to the position of the
singularity, up to the boundary.

Theorem 1.1. For every j € N, the function a € Q +— )»‘;. € R admits a continuous extension on Q. More
precisely, as a — 0K2, we have that )J]‘. converges to Aj, the j-th eigenvalue of —A in HO1 (2).

We remark that this holds for every o € (0, 1), o being the circulation of the magnetic potential
introduced in (1-1). As an immediate consequence of this result, we have that this map, being constant
on d€2, always admits an interior extremal point.

Corollary 1.2. Forevery j € N, the function a € Q +— k‘]’. € R has an extremal point in Q.

Heuristically, we can interpret the previous theorem thinking at a magnetic potential A, singular at
b € 0Q2. The domain 2\ {b} coincides with €2, so that it has a trivial topology. For this reason, the
magnetic potential is not experienced by a particle moving in €2 and the operator acting on the particle is
simply the Laplacian.

This result was first conjectured in the case j = 1 in [Noris and Terracini 2010], where it was applied to
show that the function a — A{ has a global interior maximum, where it is not differentiable, corresponding
to an eigenfunction of multiplicity exactly two. Numerical simulations in [Bonnaillie-Noél and Helffer
2011] supported the conjecture for every j. During the completion of this work, we became aware that
the continuity of the eigenvalues with respect to multiple moving poles has been obtained independently
in [Léna 2014].

We remark that the continuous extension up to the boundary is a nontrivial issue because the nature of
3
which is equivalent to the standard Laplacian on the double covering (see [Helffer et al. 1999; 2000;

the operator changes as a approaches 9€2. This fact can be seen in the more specific case when o =

Noris and Terracini 2010]). We go then from a problem on a fixed domain with a varying operator (which
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depends on the singularity a) to a problem with a fixed operator (the Laplacian) and a varying domain
(for the convergence of the eigenvalues of elliptic operators on varying domains, we refer to [Arendt
and Daners 2007; Daners 2003]). In this second case, the singularity is transferred from the operator
into the domain. Indeed, when a approaches the boundary, the double covering develops a corner at the
origin. In particular, Theorem 7.1 in [Helffer et al. 2010a] cannot be applied in our case since there is no
convergence in capacity of the domains.

In the light of the previous corollary it is natural to study additional properties of the extremal points.
Our aim is to establish a relation between the nodal properties of (p? and the vanishing order of |)L? — )J}|
as a — b. First of all we will need some additional regularity, which is guaranteed by the following
theorem in the case of simple eigenvalues and regular domain.

Theorem 1.3. Let b € Q. If )L}]’. is simple then, for every j € N, the map a € Q +— k‘]’. is locally of class
C® in a neighborhood of b.

In order to examine the link with the nodal set of eigenfunctions, we shall focus on the case o« = % In
this case, it was proved in [Helffer et al. 1999; 2000; Noris and Terracini 2010] (see also Proposition 2.4
below) that the eigenfunctions have an odd number of nodal lines ending at the pole a and an even number
of nodal lines meeting at zeros different from a. We say that an eigenfunction has a zero of order k/2 at a
point if it has k nodal lines meeting at such point. More precisely, we give the following definition.

Definition 1.4 (zero of order k/2). Let f : Q2 — C,b e Q and k € N.

(i) If k is even, we say that f has a zero of order k/2 at b if it is of class at least C¥/2 in a neighborhood
of b and f(b) =---= D¥*71 £(b) =0, while D*/? £ (b) £ 0.
(i1) If k is odd, we say that f has a zero of order k/2 at b if f (x?) has a zero of order k at b (here x? is

the complex square).

Theorem 1.5 [Noris and Terracini 2010, Theorem 1.1]. Suppose that o = % Fixany j e N If <pl/.’ has a

zero of order % at b € Q then either Al} is not simple, or b is not an extremal point of the map a +— )J]‘..

Remark 1.6. By joining this result with Corollary 1.2, we find that there is at least one extremal interior
point (for the j-th eigenvalue) enjoying an alternative between degeneracy of the corresponding eigenvalue
and the presence of a triple (or multiple) point nodal configuration for the corresponding eigenfunction.

Under the assumption that )Jj’. is simple, we prove here that the converse of Theorem 1.5 also holds. In
addition, we show that the number of nodal lines of (p? at b determines the order of vanishing of |A? — )JJ’.|
asa— b.

Theorem 1.7. Suppose that ¢ = % Fixany j e N. If)»? is simple and goﬁ.’ has a zero of order k/2 at b € Q,
with k > 3 odd, then

24 =25 < Cla—b|**V?  asa— b, (1-2)

for a constant C > 0 independent of a.
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Figure 1. a — 1%, a € {(155. 1055)- 600 <m < 680,0 < n < 30}.

In conclusion, in the case of half-integer circulation we have Figure 1, which completes Corollary 1.2.

Corollary 1.8. Suppose that « = % Fix any j e N. If b € Q is an extremal point of a — )\‘Jl. then either
)»l]’. is not simple, or (p? has a zero of order k/2 at b, k > 3 odd. In this second case, the first (k —1)/2
terms of the Taylor expansion of )»‘; at b cancel.

Remark 1.9. When the order of the zero of the eigenfunction is at least %, the corresponding nodal set
determines a regular partition of the domain, in the sense of [Helffer et al. 2009], where such a notion has
been introduced and linked with the properties of boundaries of spectral minimal partitions. It is interesting
to connect the variational properties of the partition with the characterization of the pole a as a critical point
of the map a +— )L‘}. To this aim we performed a number of numerical computations. Rather surprisingly,
the configurations of the triple (or multiple) point almost never appear at the maximum or minimum
values of the eigenvalues, which are almost always nondifferentiability points, thus corresponding to
degenerate eigenvalues. In the case of the angular sector, we observe in particular that any triple point
configuration corresponds to a degenerate saddle point as illustrated in Figure 1 (see also Figures 7, top,
and 4).

In [Noris et al. > 2014] we intend to extend Theorem 1.7 to the case b € 9€2. In this case we
know from Theorem 1.1 that k;’. converges to A; as a — b € 32 and we aim to estimate the rate of
convergence depending on the number of nodal lines of ¢; at b, motivated by the numerical simulations
in [Bonnaillie-Noél and Helffer 2011].

We would like to mention that the relation between the presence of a magnetic field and the number of
nodal lines of the eigenfunctions, as well as the consequences on the behavior of the eigenvalues, have
been recently studied in different contexts, giving rise to surprising conclusions. In [Berkolaiko 2013;
Colin de Verdiere 2013] the authors consider a magnetic Schrodinger operator on graphs and study the
behavior of its eigenvalues as the circulation of the magnetic field varies. In particular, they consider an
arbitrary number of singular poles, having circulation close to 0. They prove that the simple eigenvalues
of the Laplacian (zero circulation) are critical values of the function o — A ; (), which associates to the
circulation « the corresponding eigenvalue. In addition, they show that the number of nodal lines of the
Laplacian eigenfunctions depends on the Morse index of A ;(0).
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The paper is organized as follows. In Section 2, we define the functional space le{f(Q), which is
the more suitable space to consider our problem. We also recall a Hardy-type inequality and a theorem
about the regularity of the eigenfunctions (p;?. Finally, in the case of a half-integer circulation, we recall
the equivalence between the problem we consider and the standard Laplacian equation on the double
covering. The first part of Theorem 1.1, concerning the interior continuity of the eigenvalues )\j’. is proved
in Section 3 and the second part concerning the extension to the boundary is studied in Section 4. In
Section 5, we prove Theorem 1.3. Section 6 contains the proof of Theorem 1.7. Finally, Section 7
illustrates these results in the case of the angular sector of aperture 7 /4 and the square.

2. Preliminaries

We will work in the functional space QBL"IZ(Q), which is defined as the completion of C3°(2\{a}) with
respect to the norm

llu ”@,1«{3(9) =GV + A u I|L2(Q)'

As proved in [Noris and Terracini 2010, Lemma 2.1], for example, we have an equivalent characterization

u
[x—al

a'2(Q) = {u € Hl (), c LZ(Q)},
and moreover we have that @i{f(Q) is continuously embedded in HO1 (€2): there exists a constant C > 0

such that for every u € 9 i{az(Q) we have
@ < Cllullgr o 2-1)

This is proved by making use of a Hardy-type inequality by Laptev and Weidl [1999]. Such an inequality
also holds for functions with nonzero boundary trace, as shown in [Melgaard et al. 2004, Lemma 7.4] (see
also [Melgaard et al. 2005]). More precisely, given D C 2 simply connected and with smooth boundary,
there exists a constant C > 0 such that for every u € Qbkf(Q)

u
|x—al

= CllGV + Ad)ull2(p)- (2-2)
L*(D)

As a reference on Aharonov—Bohm operators we cite [Rozenblum and Melgaard 2005]. As a consequence
of the continuous embedding, we have the following.

Lemma 2.1. Let Im be the compact immersion of QI)L’?(Q) into (@;’3(9))’ . Then, the operator
((V+A)H " oIm: 352 — 257 (Q)
is compact.

As (iV+A.)? isalso self-adjoint and positive, we deduce that the spectrum of (i V + A,)? consists
of a diverging sequence of real positive eigenvalues, having finite multiplicity. They also admit the
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variational characterization

191212,

a s Aa

A= inf sup ——————. (2-3)
wica,2@) oew; [P}z,

dim Wj=j

Recall that A, has the form (1-1) if and only if it satisfies
VxA,=0 inQ\{a) and lyan-dxza 2-4)
2 [,

for every closed path o which winds once around a. The value of the circulation strongly affects the
behavior of the eigenfunctions, starting from their regularity, as the following lemma shows.

Lemma 2.2 [Felli et al. 2011, Section 7]. If A, has the form (1-1) then go;‘ € C%%(Q), where o is precisely
the circulation of A,.

If the circulations of two magnetic potentials differ by an integer, the corresponding operators are
equivalent under a gauge transformation, so that they have the same spectrum (see [Helffer et al. 1999,
Theorem 1.1] and [Noris and Terracini 2010, Lemma 3.2]). For this reason, we can set x = 0 in (2-4) and
we can consider « in the interval (0, 1) without losing generality. In the same papers it is shown that,
when the circulations differ by a value % one operator is equivalent to the other one composed with the
complex square root. In particular, in case of half-integer circulation the operator is equivalent to the
standard Laplacian in the double covering.

Lemma 2.3 [Helffer et al. 1999, Lemma 3.3]. Suppose that A, has the form (2-4) with o = % (and x =0).
Then, with 6 being the angle of the polar coordinates, the function

e Wt (y* +a) definedin{yeC:y* +ae Q)
is real-valued and solves the following equation on its domain:
—AE VPl +a) = 4451y PV (v +a).

As a consequence, we have that, in the case of half-integer circulation, (p? behaves, up to a complex
phase, as an elliptic eigenfunction far from the singular point a. The behavior near a is, up to a complex
phase, that of the square root of an elliptic eigenfunction. We summarize the known properties that we
will need in the following proposition. The proofs can be found in [Felli et al. 2011, Theorem 1.3],
[Helffer et al. 1999, Theorem 2.1] and [Noris and Terracini 2010, Theorem 1.5] (see also [Hartman and
Wintner 1953]).

Proposition 2.4. Let o = % There exists an odd integer k > 1 such that go;’ has a zero of order k/2 at a.
Moreover, we have near a the asymptotic expansion

|X—a|k/2

p (ck cos(kab,) + di sin(kaby)) + g(|x —al, 64),

0% (1x —al, 0,) = &%
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where x —a = |x — ale'%, c,% + d,? % 0 and the remainder g satisfies

7, )|l e
lim lg(r, ) llcr @b, @) _

0
r—0 rk/2 ’

where D,(a) is the disk centered at a of radius r. In addition, there is a positive radius R such that
((pj?)*l ({0}) N Dg(a) consists of k arcs of class C™. If k > 3 then the tangent lines to the arcs at the point
a divide the disk into k equal sectors.

3. Continuity of the eigenvalues with respect to the pole in the interior of the domain

In this section we prove the first part of Theorem 1.1, that is the continuity of the function a +— k;? when
the pole a belongs to the interior of the domain.

Lemma 3.1. Given a, b € Q there exists a radial cut-off function 1, : R> — R such that n,(x) = 0 for
|x —al| <2|b—al, n,(x) =1 for |x —a| > J/2|b — al|, and moreover
/10Vnﬂ2+(l—nb)dx—>0 asa — b.
R2

Proof. Given any 0 < ¢ < 1 we set

Oa O§|x|§8’

loge —log |x|
——=, &= |x|=4e, 3-1
loge —log \/e eshl=ye S

1, x> Je.

With ¢ =2|b —a| and n,(x) = n(x — a), an explicit calculation shows that the properties are satisfied. [

nx) =

Lemma 3.2. Given a, b € Q there exist 6, and 6y, such that 6, — 6, € C*°(Q\ {ta+ (1 —1)b, t €10, 1]})
and moreover in this set we have
aV(@,—06p) =A,— Ap.

Proof. Let a = (a;, ap) and b = (b1, by). Suppose that a; < by; the other cases can be treated in a similar
way. We shall provide a suitable branch of the polar angle centered at a, which is discontinuous on the
half-line starting at @ and passing through b. To this aim we consider the branch of the arctangent given by

arctan : R — (—%, %)

We set
X2 —dap bz —ay a2b1 — b2a1
arctan , X1 >dap, x> X1 )
X1 —ap by —a; by —a;
/2, X1 =ay, xz > az,
X2 —ap
0, =4 m + arctan , X1 <ai,
X1 —ai
3r/2, X1 =ap, x» < ap,
X2 —an by —ay arby — bray
27 + arctan , X1 >dap,x < X1
X1 —ap by —a by —a;
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With this definition 6, is regular except on the half-line

by —a> arby — bra;
Xy = X1
b] —dai

X1 > a
bl—al ’ ’

and an explicit calculation shows that « V8, = A, in the set where it is regular. The definition of 6, is
analogous: we keep the same half-line, whereas we replace (a;, ap) with (b, by) in the definition of the
function. One can verify that 8, — 6, is regular except for the segment from a to b. U

Recall that in the following (p;’ is an eigenfunction associated to A?, normalized in the L?-norm.
Moreover, we can assume that the eigenfunctions are orthogonal.

Lemma 3.3. Given a, b € Q, let n, be defined as in Lemma 3.1 and let 6,, 6, be defined as in Lemma 3.2.
Fix an integer k > 1 and set, for j =1, ...k,

¢} — eia(ea_gb)na(p?'
Then ¢; € @114’02(9) and moreover, for every (a1, . .., ay) € R,
k 2
b
(-2 Z%% )9O BT o
IE NN o e 5 L2()

where e, — 0 as a — b.

Proof. Let us prove first that ¢; € QZ)L’?(Q). By Lemmas 3.1 and 3.2 we have that 6, — 6, € C*°(supp{n.}),
so that ¢; € HO1 (€2). Moreover ¢;(x) =0if |[x —a| <2|b—al, hence ¢;/|x —al € L?(R). Concerning
the inequalities, we compute on one hand

k 2 k k
Yot kD el <k el =K]
j=1 L@ = j=1

L%(2)

where we used the inequality Zf‘ joroicj <k Z’;Zl a? and the fact that the eigenfunctions are orthogonal
and normalized in the LZ(Q)—norm. On the other hand we compute

Z“J‘Pf Z“/‘/’J
j=

Thanks to the regularity result proved by Felli, Ferrero and Terracini (see Lemma 2.2), we have that gof’

k

= Zaiaj/(l—na)% ¢;d

ij=1

L2(Q) L2(Q)

are bounded in L*°(2). Therefore the last quantity is bounded by

CkZ /(l—na)dx—Ck Zajq)] f(l—ng)dx
L2()

and the conclusion follows from Lemma 3.1. O

We have all the tools to prove the first part of Theorem 1.1. We will use some ideas from [Helffer et al.
2010a, Theorem 7.1].
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Theorem 3.4. For every k € N the function a € Q +— A{ € R is continuous.

Proof. Step 1: First we prove that
limsup Af < AZ.

a—b

To this aim it will be sufficient to exhibit a k-dimensional space E; C Qbkaz(SZ) with the property that

1911512 ) < % + €)@z, forevery @ € Ex. (3-2)
with ¢/, — 0 as a — b. Let span{gol, ey (p,f } be any spectral space attached to )Jf e )»2 . Then we
define

Ei:=span{@y,.... ¢} with g; =@ %), ol

We know from Lemma 3.3 that E; C 9 kf(Q). Moreover, it is immediate to see that dimE; = k. Let us
now verify (3-2) with ® = Z’;Zl a;¢;, o € R. We compute

19120, /

where we have used the equahty

iV + Ap) (na9?)

i = / Za,a,(zwAb) (a9 (1@ dx,  (3-3)

i,j=1

(V+A))@j = eV + Ap) (na9h)
and integration by parts. Next notice that

(iV + Ap)1a9") = 10V 4+ Ap)? + iV,
so that
iV + Ap)2(129?) = 0a(iV + Ap)? 9! +2i(iV + Ap)p? - Vi, — ¢F An,.

By replacing in (3-3), we obtain

19120, f S arc; (P + 206V + Agh - Vi, — g A ) di
i,j=1

Zal%

< + Bas (3-4)

L2(Q)

where
Ba = oe,ozj kb(na— l)golgo +2i¢bna(iv +Ah)gof’- Vna—(pf’(ﬁbnaAna}dx. (3-5)
J J J
1] 1

We need to estimate f,. From Lemma 2.2 we deduce the existence of a constant C > 0 such that
||§0§)||Loo(g2) < C forevery j=1,..., k. Hence

/ Z oe,ozjk (na — l)gol goj dx

i,j=1

<CZ /(l—nz)dx



1374 VIRGINIE BONNAILLIE-NOEL, BENEDETTA NORIS, MANON NYS AND SUSANNA TERRACINI

Using the fact that [|¢] b1z,

2 __ (b
@ = C||<p] | CAJ. (see (2-1)), we have

@12
k 12
<C E a?(/ |Vna|2dx) .
: Q
Jj=1

/ Z az“}%"]’?uVQDl v’?a d-x
i,j=1

Next we apply the Hardy inequality (2-2) to obtain

<CZa f|so”Ab Vi dx
<CZO[

k

2
<C> 3Vl 2.
j=1

‘/ Z it j 9, @ na Ap - Vg dx
i,j=1

i G =b)Apll @) I Vnall L2
L2

Concerning the last term in (3-5), similar estimates give

V Z i jp) §71a Ang dx

i,j=1

_V Zaza, Va9 @7 + 0V - V9] §))) dx
i,j=1

k 1/2
<C Z (f V4] dx) :
In conclusion, we have obtained
k

1/2
{/(l—na)dx—l—(/ V1l dx) } ‘Zaj%
LX)

with ¢/ — 0 as a — b by Lemma 3.1. By inserting the last estimate into (3-4) and then using Lemma 3.3
we obtain (3-2) with &, = (] + A2e,) /(1 — &4)

4

Eas

LX(Q)

k
1Bal < C‘
j=1

Step 2: We now want to prove the second inequality, lim iilf AL > )»2. From relation (2-1) and Step 1 we
a—
deduce
”‘P?”?{gm) = C”@?”gbkj(m < C)»lj’..

Hence there exists <p’; € Ho1 (£2) such that (up to subsequences) (pj? — (p; weakly in HO1 (£2) and (p? — (p;
strongly in L?(2), as a — b. In particular we have

/|<p;|2dx:1 and q/<p,gojdx—0 ifi #j. (3-6)
Q
Moreover, Fatou’s lemma, relation (2-2) and Step 1 provide

[0/ =1l 20 < liminf| @ /1x —al| 12 g, < Climinf ll¢fllg12q) = C liminf /45 < €
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so we deduce that (p; € QDL’}’Z(Q).
Given a test function ¢ € C§°(£2\{b}), consider a sufficiently close to b so that a & supp{¢}. We have

/)»?go;ﬁz_)dx:/ @iV + Ag)’¢ dx
Q Q

= /Q{—A<p§‘<z3+<p§‘[iv A +2iAg -V + A2} dx
= /Q {(V+Ap)0ih —iV - (Aa+ Ap)¢id — 2i(Aa - Voo + Ap - Vi )
+ (1Al = 1A )i} dx
:/Q{av+Ab>2<p;’¢3—iV-(Aa—Abwjfﬁ—zigoi(Aa—Ab)-vf£+(|Aa|2—|Ab|2)<o7¢'>}dx,
where in the last step we used the identity
—2i /Q Ap-Voipdx =2i fQ(V-Abgoj?&JrAb(pjfv(ﬁ)dx.

Since a, b & supp{¢} then A, — Aj in C*®°(supp{¢}). Hence for a suitable subsequence we can pass to
the limit in the previous expression obtaining

f(iv+Ab)2<p;43 dx :/ Nigipdx  for every ¢ € CG°(Q\{b)),
Q Q

where )J]’.O = liminf,_p A?. By density, the same is valid for ¢ € Qbkbz(Q). As a consequence of the last

equation and of (3-6), the functions gaj*. are orthogonal in Qbkbz(Q) and hence

JolGV+Ap@Pdx ol (Y + A0 (8o a0y

AZ = inf sup ) = 2 2
wca@oew,  JolPIPdx (@1.-r) 20 ol it dx
dim W=k
k 24 00
D> oAl
= sup LD < =liminf g
(@1, 0) 20 Zj_l o a—b
This concludes Step 2 and the proof of the theorem. O

4. Continuity of the eigenvalues with respect to the pole up to the boundary of the domain

In this section we prove the second part of Theorem 1.1, that is the continuous extension up to the
boundary of the domain. We will denote by ¢; an eigenfunction associated to A, the j-th eigenvalue
of the Laplacian in HO1 (). As usual, we suppose that the eigenfunctions are normalized in L* and
orthogonal. The following two lemmas can be proved exactly as the corresponding ones in Section 3.

Lemma 4.1. Givena € Q and b € 02 there exist 6, and 0y, such that 6, € C*°(Q\{ta+(1—1)b, t €0, 1]}),
0, € C°(2), and moreover in the respective sets of regularity the following holds:

aVe, =A,, aVl,=A,.
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Lemma 4.2. Given a € Q2 and b € 0%, let n, be as defined in Lemma 3.1 and let 6, be as defined in
Lemma 3.2. Set, for j =1, ...k,

ot
@j=e""""n.0;.

Then, for every (ay, ..., 0) € R,

(1—&q) Za,go,

El

LX(Q)

ZO‘J‘PJ ZO‘J‘/’J

Lz(Q) LZ(SZ)

where g, — 0as a — b.

Theorem 4.3. Suppose that a € Q2 converges to b € dS2. Then for every k € N we have that Aj, converges
to A.

Proof. Following the scheme of the proof of Theorem 3.4 we proceed in two steps.

Step 1: First we show that
limsup A{ < A. 4-1)

a—b

Since the proof is very similar to the one of Step 1 in Theorem 3.4 we will only point out the main
differences. We define

Ey = {CD = ZO[j(ﬁj, oj € R} with ¢; = eiaa"na(pj.
j=1
We can verify the equality
@V + A€ o)) = iV (na9)),

so that we have

2 k 2
121212, Za,vma%) dx < ki) ajo + Ba>
j=1 L2(Q)
with
k
Bu = Zala,f IVl20i0) + 20010 - Vo1 + (02 — DV - Vo)) dx.
i,j=1

Proceeding similarly to the proof of Theorem 3.4 we can estimate

k
Z“j‘ﬂj
Jj=l

with ¢/ — 0 as a — b. In conclusion, using Lemma 4.2, we have obtained

2
|ﬂa| =< 5:1/

’

L%(2)

el + Mi€q

. )||q>||iz(m for every @ € Ey,
a

191212 g, < (xk+

with €, €/ — 0 as a — b. Therefore (4-1) is proved.
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Step 2: We will now prove the second inequality
liminf Af > A.
a—b
Given a test function ¢ € C;°(£2), for a sufficiently close to b we have that
{ta+ (1 —1)b, t €[0, 1]} C Q2 \ supp{¢}.

Then ¢ € Qbi\’uz(ﬁ) and Lemma 4.1 implies that ¢/®%¢ e C°(£2). For this reason we can compute:

/ V(e %) -V dx = f e % (— A(e~@apei®)) dix. (4-2)
Q Q

Since
—A(e7agpel®ny = (iV+ Ag)2p —2iA, - Vo —iV - Ay — |Aul*0,

the right-hand side in (4-2) can be rewritten as
/Q ((V+A)* (P9 h+e P9I (2 A, - Vo +iV - Aup — |Aal’P)) dx.
At this point notice that
(V4 A Mgy = P ((V + A)>@ +iV - Apg +2i Ay - Vof + 1 Ap 0] +244 - Ape).

By inserting this information in (4-2) we obtain
/Q V(e “"¢%) - Vg dx =14 /Q e P gip dx + B, (4-3)
with
Pa= /Q e NGV - Apg +2i Ay - Vo +1Ap 0] + 244 - Apyf) dx
+Le_ia9b¢?(2iAa Vo +iV-Aup—|A*P) dx.
Integration by parts leads to
Bu= /Q et (—§|Ag — Apl® +2iV$ - (Aq — Ap) +iBV - (A — Ap)) dx,

so that |8,]| — 0 as a — b, since A; — Aj in C*°(supp{¢}). Therefore we can pass to the limit in (4-3)
to obtain

/ V3 - Vodx = A;’O/ (pj*q3 dx forevery ¢ € C°(R),
Q Q

where (p; is the weak limit of a suitable subsequence of ¢ ~/%% (p;’ (given by Step 1) and A?o :=liminf,_; Ajf.
The conclusion of the proof is as in Theorem 3.4. O
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Remark 4.4. As a consequence of Theorem 4.3 we obtain that ¢ %0 go;? — @; in HO1 (Q)asa— bed.
Indeed, an inspection of the previous proof provides the weak convergence e /% (p? — @jin H(} (2) and
the convergence of the norms

2
HY ()

—iab,

a2 1.aa12 _—a . — .
e~ 2 oy = 19412 2 gy = 54 = 2y = ]

asa — b e dQ, forevery j € N.

5. Differentiability of the simple eigenvalues with respect to the pole

In this section we prove Theorem 1.3. We omit the subscript in the notation of the eigenvalues and
eigenfunctions; with this notation, A¢ is any eigenvalue of (i V+A,)? and ¢“ is an associated eigenfunction.

Proof of Theorem 1.3. Let b € Q be such that A is simple, as in the assumptions of the theorem. For
R such that Bg(b) C 2, let & be a cut-off function satisfying & € C*°(Q), 0 <& <1, &(x) =1 for
x € Br(b) and £(x) =0 for x € Q\ Byg(b). For every a € Br(b) we define the transformation

d,: Q2 — Q, D,(x)=EX)x—b+a)+ (1 —EX))x.
Then ¢ o ®, € @L’E(Q) and satisfies, for every a € Bg(b),

(Y + A2 0 D) + £y 0 By) = Mg 0 B, (5-1)
and
[ 16t 00, Prdercoidx =1 (5-2)
Q

where & is a second-order operator of the form

2
Fv=— Z a'’ (x)

ij=1

8%v
axiaxj

2
N
+ Z b (x)a—;)i +c(x)v,
i=1

with a'/, b', ¢ € C*°(2, C) vanishing in Bg(b) and outside of B, (b). Notice that
@ (x) =1+ VEX)® (a—Db)

is a small perturbation of the identity whenever |b — a| is sufficiently small, so that the operator in the
left-hand side of (5-1) is elliptic (see for example [Brezis 2011, Lemma 9.8]).

To prove the differentiability, we will use the implicit function theorem in Banach spaces. To this aim,
we define the operator

F: Br(b) x D, (Q) x R— (@,%(Q)) x R,

(5-3)
(a,v, ) —~ ((iV+Ab)2v+§£v—kv,f |v|2|det(d>;)|dx—1).
Q

Notice that F is of class C* by the ellipticity of the operator, provided that R is sufficiently small, and that
F(a, p?o®,, A7) =0 forevery a € Bg(b), as we saw in (5-1), (5-2). In particular we have F (b, o’ APy =0,
since @, is the identity. We now have to verify that d, ) F (b, @?, Ab), the differential of F with respect
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to the variables (v, 1) evaluated at the point (b, (ph, 1D, belongs to Inv(@khz(ﬂ) x R, (@1{5(9))’ x R).
The differential is given by

iV+ A% —2Im —¢?
d@,A)F(b,go”,x”):(( ) 7).,

2 [, @"dx 0

where Im is the compact immersion of & i"bz(Q) in (9 kf(Q))/, which was introduced in Lemma 2.1.

Let us first prove that it is injective. To this aim we have to show that, if (w, s) € Qbkbz(Q) x R is such
that

(iV 4 Ap)*w — 2 Pw = s¢?, (5-4)
2 / P’wdx =0, (5-5)
Q
then (w, s) = (0, 0). Relations (5-5) and (5-2) (with a = b and &, the identity) imply that
w #ke?  forall k #0. (5-6)
By testing (5-4) by ¢” we obtain

5= [[(@V+ A G AP 2 wgh) e
Q

On the other hand, testing by w the equation satisfied by ¢”, we see that s = 0, so that (5-4) becomes
(iV+ Ap)w =2 w.

The assumption that A” is simple, together with (5-6), implies w = 0. This concludes the proof of the
injectivity.
For the surjectivity, we have to show that for all (f, r) € (D i"bz(Q))’ X R there exists (w, s) €D XZ(Q) xR
which verifies the following equalities
(iV+ Ap)’w— 21w = f+5¢?, (5-7)
2 f P"wdx =r. (5-8)
Q

We recall that the operator (iV + Ap)> — 2P Im: le"bz(Q) — (le"bz(Q))/ is Fredholm of index 0. This
is a standard fact, which can be proved for example by noticing that this operator is isomorphic to
Id — A2(GV + Ap)>) 1 (Im) through the Riesz isomorphism and because the operator (iV + Ap)? is
invertible. This is Fredholm of index O because it has the form identity minus compact, the compactness
coming from Lemma 2.1. Therefore we have (through Riesz isomorphism)

Range((iV + Ap)? — AP Im) = (Ker((iV 4 Ap)?> — ? Im))* = (span{p’})*, (5-9)

where we used the assumption that A” is simple in the last equality. As a consequence, we obtain from

s:—/ f(p_bdx.
Q

(5-7) an expression for s:
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Next we can decompose w in wg -+ w; such that wg € Ker((iV +Ap)? =12 Im) and wy is in the orthogonal
space. Condition (5-7) becomes

(iV + Ap)’wy —APwy = f — P f fobdx (5-10)
Q

and (5-9) ensures the existence of a solution w;. Given such w1, condition (5-8) determines wyg as follows:

wo = (—f @Pw) dx + E)wb,
Q 2

so that the surjectivity is also proved.
We conclude that the implicit function theorem applies, so that the maps a € Q2 — A € R and
aeR—ptod, € @114’5(9) are of class C* locally in a neighborhood of b. Il

By combining the previous result with a standard lemma of local inversion we deduce the following
fact, which we will need in the next section.

Corollary 5.1. Let b € Q. If A is simple then the map W : Q x Qb}q’hz(Q) xR — R x (92)2’3(9))/ x R
given by
V(a,v,2)=(a, F(a,v, 1)),

with F defined in (5-3), is locally invertible in a neighborhood of (b, ¢, A?), with inverse W= of
class C™.

Proof. We saw in the proof of Theorem 1.3 that, if Al is simple, then d, ) F (b, go” , AP is invertible. It is
sufficient to apply Lemma 2.1 in Chapter 2 of the book of Ambrosetti and Prodi [1993]. UJ
6. Vanishing of the derivative at a multiple zero

In this section we prove Theorem 1.7. Recall that here o = % We will need the following preliminary
results.

Lemma 6.1. Let A > 0 and let D, = D,(0) C R%. Consider the following set of equations for r > 0 small:

—Au=2Xx in D
uk2 u in Dy, 1)
u=rk2f4+¢@r ) ondD,,
where f, g(r,-) € H'(dD,) and g satisfies
bm lg(rs ar@n,) —0 6-2)

=0 k2

for some integer k > 3. Then for r sufficiently small there exists a unique solution to (6-1), which moreover

satisfies
Il 20,y < Cr& 72 and Ha—”

<crk-nr2,
av

L2@®Dy)

where C > 0 is independent of r.
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Proof. Let 71 solve

—Az1=0 in Dy,
z1=f+r*2g@r ) ondD;.
Since the quadratic form
(IVv|> = arv?) dx (6-3)
D

is coercive for v € H(} (Dy) for r sufficiently small, there exists a unique solution z; to the equation

{—Azz —ar?zy=ar%z;  in Dy, 6-4)

72=0 on dD;.

Then u(x) = r*/?(z1(x/r) +z2(x /1)) is the unique solution to (6-1). In order to obtain the desired bounds
on u we will estimate separately z; and z,. Assumption (6-2) implies

Izl g1 epyy = ILf +7 72, oy < CILE g @by (6-5)

for r sufficiently small. We compare the function z; to its limit function when r — 0, which is the
harmonic extension of f in Dj, which we will denote w. Then we have

—A(z1—w)=0 in Dy,
21 = r_k/zg(r, -) ondDy,
and hence (6-2) implies

lg(r, Iaron)

P — 0.

<Cllzi —wllgigp,)=C

|2

L2(3D1)
Then we estimate z, as follows:
220172 p,) < C/ IVzal?dx < C i (V22 = ar?z3) dx < Cllarzill 2oy 22 20y
D, 1
where we used the Poincaré inequality, the coercivity of the quadratic form (6-3) and the definition of z,
(6-4). Hence estimate (6-5) implies

Iz2llz2¢pyy < CP21 fll oy — O as r — 0.

This and (6-5) provide, by a change of variables in the integral, the desired estimate on [|u| ;2(p,). Now,
the standard bootstrap argument for elliptic equations applied to (6-4) provides

Iz2ll g2epyy < CUAPz1l L2y + 1220 22(,)) = O,

and hence the trace embedding implies

922

™ = ClIVaalluipyy = Cllz2llw2py) = 0.

L2@D)

So, we have obtained that there exists C > 0 independent of r such that

<C.
L2@3Dy)

|2+
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Finally, going back to the function u, we have

Ha—u , ='”(k71)/2Hi(11 +z)| o <créhe
av il 2 p,) av L2(dDy)
where we used the change of variable x =ry. g
Lemma 6.2. Let ¢ € 9);°(Q) (a € Q). Then
Wllqﬁlle(aDw) = Cligllg2q) (6-6)

where C only depends on S2.

Proof. Set é(y) = ¢(la]y) defined for y € Q= {x/la]: x € Q}. We apply this change of variables to the
left-hand side in (6-6) and then use the trace embedding to obtain

|a|—1/2||¢||L2(aD‘,,‘) = @ll2@py) < ClléNmip,) = Cllola -

We have that ¢ € H }‘B(Q), where e = a/|a|. Therefore we can apply relation (2-2) as follows:

¢ . .
—_— <ClGV+ APl 12D,)s
[y —elll2my

IVOlL2(py < NGV + Al 2y + 1Al 2Dy

&l 2Dy < ly —ellL=b,

<GV + APl 12(py + 11y — ) Acll LDy

ly —elll2p,)

<ClGEV+ APl 2(p,)-

We combine the previous inequalities obtaining

| _ i
W||¢||L2(3D‘,,‘) <CIGV+ APl 2Dy = C”‘b”@ki(g)’

where in the last step we used the fact that the quadratic form is invariant under dilations. O

To simplify the notation we suppose without loss of generality that O € €2 and we take b = 0. Moreover,
we omit the subscript in the notation of the eigenvalues as we did in the previous section. As a first step
in the proof of Theorem 1.7, we shall estimate |A* — 19| in the case when the pole a belongs to a nodal
line of ¢ ending at 0. We make this restriction because all the constructions in the following proposition
require that ¢° vanishes at a.

Proposition 6.3. Suppose that \° is simple and that ¢° has a zero of order k/2 at the origin, with k > 3
odd. Denote by T a nodal line of ¢° with endpoint at 0 (which exists by Proposition 2.4) and take a € T.

Then there exists a constant C > 0 independent of |a| such that

A=A <Cla*?* aslal—0, aeTl.
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Proof. The idea of the proof is to construct a function u, € Qbkf(Q) satisfying

(V4 A ug —2us = gan  Nuallzy =1—¢€a (6-7)
with
k/2

k+2)/2
”g“”(@i{f(ﬂ))’ ~ |a| and l€a| = |a|*+2/ (6-8)

and then to apply Corollary 5.1. For the construction of the function u, we will heavily rely on the
assumption a € I'.

Step 1: construction of u,. We define it separately in D, = D)4 (0) and in its complement 2\ Dy,
using the notation

u, =ut  in Q\ Dy,
u, m D|a|.
Concerning the exterior function we set
MZXt — ei(x(ea—(fo)(po’ (6_10)

where 6,, 6y are defined as in Lemma 3.2 in such a way that 6, — 6y is regular in Q\ Dy, (here 6y =6 is

the angle in the usual polar coordinates, but we emphasize the position of the singularity in the notation).

ext

Therefore u;,

solves the magnetic equation

(V4 AD?u =20 in Q\Dy,
UKt = i (6a=t0) 0 on 3Dy, (6-11)
usxt =0 on 092.

a

int
a
a € T', we have that e7*%¢0 is continuous on 9 D),|. Indeed, e "% restricted to d D), is discontinuous

For the definition of u" we will first consider a related elliptic problem. Notice that, by our choice

only at the point a, where (po vanishes. Moreover, note that this boundary trace is at least H'(d Dq)).
Indeed, the eigenfunction ¢ is C* far from the singularity and /% is also regular except on the point a.
Then, the boundary trace is differentiable almost everywhere.

int

4> asolution of

This allows to apply Lemma 6.1, thus providing the existence of a unique function
the equation

_Awént : kol/lént in D|a|7 (6_12)
Yt = gm0 on 9Dy,
Then we complete our construction of u, by setting
Miam — eiaeu ,S”;nt, (6-13)
which is well-defined since 6, is regular in D),|. Note that u™ solves the elliptic equation
iV + A% =20 in Dy, (6-14)
uilm = uZXt on 8D|a‘.

int

u along 9D, . By assumption, ¢° has a zero of order k/2

Step 2: estimate of the normal derivative of u
at the origin, with £ > 3 odd. Hence by Proposition 2.4 the following asymptotic expansion holds on
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0Dy as |a| — O:
k/2

k

e @0 (lal, 6y) = [ck cos(kabp) + di sin(kabp)] + g(|al, 6p), (6-15)

with
lig(al, Hllct@py)
1m =
lal—0 |alk/?

0. (6-16)

Hence Lemma 6.1 applies to " given in (6-12), giving a constant C independent of |a| such that

9 v/int
_ra

< Cla|*=V/2. (6-17)
av

i 2)/2
19" 22y < Clal®*?/?  and H
Lz(BDM)

Finally, differentiating (6-13) we see that

(lv + Aa)uilnt — ieiae‘lvlﬁim

a

so that, integrating, we obtain the L2-estimate for the magnetic normal derivative of u'™ along 3D,

1GYV 4+ Adu - vil2@p,,) < Clal® D72, (6-18)

Step 3: estimate of the normal derivative of uS*" along 8 D),|. We differentiate (6-10) to obtain
(iV + A)u = AguSt 4 ie'® =0y, (6-19)

On the other hand, the following holds a.e.:

V(po — l.AOQDO + ei()l@()V(e—iolgo(po)7
so that

ieiot((%—@o) Vq)o — _AOuZXt + l-eia@a V(e—iaQ()goO).

Combining the last equality with (6-19) we obtain a.e.

(V4 AJut = ie' v (e~ "¢

and hence |(iV 4+ A )us™| < Cla|**~1 on 0Dy, a.e., for some C not depending on |al, by (6-15) and
(6-16). Integrating on 0 D\, we arrive at the same estimate as for uiam, that is

1GV + Aug™ - vil2p,) < Clal*~ D72, (6-20)

Step 4: proof of (6-8). We test (6-11) with a test function ¢ € QDX(‘Z(Q) and apply the formula of integration
by parts to obtain

/ {GV + AUV + A — 1u¢ ) dx =i / (iV+AHus - v do.
Q\Dyy 0D\q
Similarly, (6-14) provides

/ [V + AUV + A — 1 ulMp) dx = —i/ (iV+AHu™ vpdo.
Dyq| 3Dy
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Then, we test the equation in (6-7) with ¢, we integrate by parts and we replace the previous equalities to
get

fgaédXZi/ (iV—i—Aa)(uZXt—uilm)-vq_ﬁdG.
Q Dy

To the previous expression we apply first the Holder inequality and then the estimates obtained in the
previous steps (6-18) and (6-20) to obtain

/ ga(z_5 dx
Q

Finally, Lemma 6.2 provides the desired estimate on g,. Then we estimate ¢, as follows. Since

lug Nl 2@\ Dy = 19° 22\ p,,) We have

<GV + ADul vl 2@ 19l 2@ p,) + 1GY + A)ug™ - vii26p,) 161 26D,

k—1)/2
< Clal* 218l 25D, -

ltall 2y = | = Mg 172,y = 1€°172p,, | = Clal*, (6-21)
where in the last inequality we used the fact that ||<,00||%2 (D) < Clal**? by (6-15) and (6-16), and that
int)2 ||/, int )2 k+2
”ullmHLz(Dla‘) - ”w’i’m”LZ(Dm) < C|(l| s by (6-17)

Step 5: local inversion theorem. To conclude the proof we apply Corollary 5.1. Let W be the function
defined therein (recall that here b = 0). The construction that we did in the previous steps ensures that

\Il(a’ (pa o q)th )“a) = (av Oa 0)5
W(a, g0 gy A°) = (a, g4 0 Pus €0),
with g,, €, satisfying (6-8). We proved in Theorem 3.4 that
29 =221+ 119" 0 @ =90l 20) = O
as |a| — 0. Moreover, it is not difficult to see that
lug o @y — ¢O||gbk§(g) -0
as |a| — 0. Hence the points (a, 9% o ®,, A?) and (a, ugz 0 P,, AO) are approaching (0, <p0, AO) in the space

Q x Qbkoz(Q) x R as |a| — 0. Since ¥ admits an inverse of class C* in a neighborhood of (0, %, 19
(recall that A is simple), we deduce that

16" = tta) 0 Pallg 20+ 14 =271 = Clgall 3320y + I€al) = Clal™,
for some constant C independent of a, which concludes the proof of the proposition. O

At this point we have proved the desired property only for pole a belonging to the nodal lines of ¢°.
We would like to extend this result to all a sufficiently close to 0. We will proceed in the following way.
Thanks to Theorem 1.3, we can consider the Taylor expansion of the function a — A? in a neighborhood
of 0. Then Proposition 6.3 provides k vanishing conditions, corresponding to the k nodal lines of ¢°.
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Finally, we will use these conditions to show that in fact the first terms of the polynomial are identically
zero. Let us begin with a lemma on the existence and the form of the Taylor expansion.

Lemma 6.4. If 10 is simple then for a € Q sufficiently close to 0 and for all H € N

H
2 =20=3"al" Py (@) + o(lal™), (6-22)
h=1

where a = |a|(cos ¥ (a), sin ¥ (a)) and

h
Py(®) = Bjncos’ ¥ sin" I p (6-23)
j=0

for some B, € R not depending on |al.
Proof. Since A is simple, A% is also simple for a sufficiently close to 0. Then we proved in Theorem 1.3

that )\‘J’. is C* in the variable a. As a consequence, we can consider the first terms of the Taylor expansion,
with Peano rest, of k‘]?

A =20 = . = : ajay ’ +o(lal™),
i Jlh =Pl oiadi—iay|,_y
where a = (a1, ap). Setting
g, = 1 9" na
IR = bl iay |,
and a; = |a| cos ¥ (a), ap = |a| sin ¥ (a), the thesis follows. Il

The following lemma tells us that on the k nodal lines of ¢°, the first low-order polynomials cancel.

Lemma 6.5. Suppose that A° is simple and that ¢° has a zero of order k/2 at 0, with k > 3 odd. Then

there exists an angle 9 e [0, 27) and non-negative quantities &y, . . ., &x—1 arbitrarily small such that
Py, (5 + % —i—sl) =0 forallintegersl e [0,k—1],he[l, (k—1)/2],

where Py, is defined in (6-23).
Proof. We know from Proposition 2.4 that ¢° has k nodal lines with endpoint at 0, which we denote I';,
[=0,...,k—1. Take points a; € I';, [ =0, ..., k — 1, satisfying |ag| = - - - = |ax—1| and denote

a; = lag|(cos ¥ (ay), sin ¥ (a;)).

First we claim that Py (¢ (a;)) = O for all integers [ € [0,k — 1], h € [1, (k—1)/2].
Indeed, suppose by contradiction that this is not the case for some /, & belonging to the intervals defined
above. Then for such /, & the following holds by Lemma 6.4:

A% =20 =Cla|" + o(|ay|") for some C # 0.
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On the other hand we proved in Proposition 6.3 that there exists C > 0 independent of a such that, for
every [ =0,...,k— 1, we have

A4 =20 < Clgy*?*  as |a| — O.

This contradicts the last estimate because & < (k — 1)/2, so that the claim is proved.
Finally setting & := @ (ao), Proposition 2.4 implies

z?(al)—ﬂ—i-%—i-el, [=1,...,k—1, withg — 0as |g| — 0. O

The next lemma extends this previous property to all a close to 0.

Lemma 6.6. Fix k > 3 odd. For any integer h € [1, (k — 1) /2] consider any polynomial of the form

Py(®) = i Bj.ncos’ ¥ sin" 7, (6-24)
j=0
with B, € R. Suppose that there exist 9 e [0,27) and ey, . . ., er—1 satisfying 0 < g < Z_k such that
Py (l? + % +81) =0 forevery integerl € [0, k — 1].
Then P, =0.
Proof. We prove the result by induction on 4.
Step 1: Let &2 = 1; then
P (¥) = Bosint + B cos P

and the following conditions hold for / =0, ..., k—1:

fosin(B + %l + 81) 4B cos(f} + %l +e1) =0. (6-25)
In the case that for every [ =0, ...,k —1 we have

s1n(1?+%+81>750 and cos(l?—l—zT—i-e;)yéO

system (6-25) has two unknowns By, 81 and k > 3 linearly independent equations. Hence in this case
Bo = B1 =0 and P; = 0. In the case that there exists / such that

s1n<z‘/1 + %l + 81) 0

then of course cos(% + 27/ /k +€) # 0, which implies 8; = 0. We claim that in this case

sin(~ 221/ );éo (6-26)

for every integer I’ € [0, k — 1] different from [. To prove the claim we proceed by contradiction. We can
suppose without loss of generality that

~ /
ﬂ+%+e, 0 and &+ 2L

+ &y =T
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Then . L
l:__(1§+8]) and l/:—(]'[—’é—gl/)
2 2
so that
l/—l:E k‘gl—gl/
2 2

Since k > 3 is an odd integer, the last estimate provides I’ — I € N, which is a contradiction. Therefore we
have proved (6-26). Now consider any of the equations in (6-25) for I’ # [. Inserting the information
B1 =0 and (6-26) we get By = 0 and hence P; = 0. In the case that one of the cosines vanishes one can
proceed in the same way, so we have proved the basis of the induction.

Step 2: Suppose that the statement is true for some # < (k — 3)/2 and let us prove it for 2 + 1. The
following conditions hold for/ =0, ...,k — 1:

h+1

3 B; cos? ([9 + % + 81) sin+17J <z§ + % n 81> —0. (6-27)

j=0
We can proceed similarly to Step 1. If none of the sines, cosines vanish then we have a system with
h+2 < (k+1)/2 unknowns and k linearly independent equations, hence Pj; = 0. Otherwise suppose
that there exists / such that

sin<1§ + % + 81) =0.

Then we saw in Step 1 that

cos(f} %—FS[)#O and sin(f;‘—{— +81/)7é0

for every integer I’ € [0, k — 1] different from [. By rewriting P, in the form

2l

Ppi1(9) =sin 9 Py (9) + Bp1 cos" T 9,

with Py, as in (6-24), we deduce both that 8,11 = 0 and that

- /
AR 27]:[ +er) =0
for every I’ € [0, k — 1] different from /. These are k — 1 conditions for a polynomial of order 2 < (k—3)/2,
so the induction hypothesis implies P, =0 and in turn Py = 0. O

End of the proof of Theorem 1.7. Take any a € 2 sufficiently close to 0, then by Lemma 6.4

H
2 =20=Y"lal" Pu(® (@) +o(lal™).
h=1
By combining Lemmas 6.5 and 6.6 we obtain that P, = 0 for every h € [1, (k — 1)/2], therefore
A% — 19| < Cla|**tD/2 for some constant C independent of a. O
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7. Numerical illustration

Let us now illustrate some results of this paper using the Finite Element Library [Martin 2010] with
isoparametric g Lagrangian elements. We will restrict our attention to the case of half-integer circulation
a=1

The numerical method we used here was presented in detail in [Bonnaillie-Noé&l and Helffer 2011].
Given a domain €2 and a point a € €2, to compute the eigenvalues )\‘} of the Aharonov—Bohm operator
(iV + A,)? on ©, we compute those of the Dirichlet Laplacian on the double covering Q? of @\ {a},

denoted by /L‘GJR This spectrum of the Laplacian on Q2 is decomposed in two disjoint parts:
o the spectrum of the Dirichlet Laplacian on €, A,
« the spectrum of the magnetic Schrodinger operator (iV + A,)?, A‘]f.

Thus we have
(o1 = 1921 U A2

Therefore by computing the spectrum of the Dirichlet Laplacian on €2 and, for every a € €2, that on the
double covering QZR, we deduce the spectrum of the Aharonov—Bohm operator (i V + A,)? on Q. This
method avoids dealing with the singularity of the magnetic potential and furthermore allows us to work
with real-valued functions. We have only to compute the spectrum of the Dirichlet Laplacian, which is
quite standard. The only effort to be done is to mesh a double covering domain.
Let us now present the computations for the angular sector of aperture  /4:
Ypa= {(xl, X7) € R2, x1 >0, |x] < x tan%, xlz—i—x% < 1}.

An analysis of the spectral minimal partitions of angular sectors can be found in [Bonnaillie-Noél and
Léna 2014]. By symmetry, it is enough to compute the spectrum for a in the half-domain. We take a
discretization grid of step 1/N with N = 100 or N = 1000:

24,2

aclly: = {(%,%),O<m <N,0< |:1—| <tan%,mN# < 1}.
Figure 2 gives the first nine eigenvalues A;‘. for a € I11¢p. In these figures, the angular sector is represented
by a dark thick line. Outside the angular sector are represented the eigenvalues A ; of the Dirichlet
Laplacian on ¥ /4 (which do not depend on a). We observe the convergence proved in Theorem 1.1:

forall j > 1, )Lj’-—>)»j as a— 0%q4.

In Figure 3, we provide the three-dimensional representation of the first two parts of Figure 2.
Let us now deal more accurately with the singular points on the symmetry axis. Numerically, we take
ﬁ and consider a € {(1(’)"%, 0), l<m< 1000}. Figure 4 gives the first

nine eigenvalues of the Aharonov—Bohm operator (i V + A)?in =, /4. Here we can identify the points a

a discretization step equal to

belonging to the symmetry axis such that )Lj‘. is not simple. If we look for example at the first and second
eigenvalues, we see that they are not simple respectively for one and three values of a on the symmetry
axis. At such values, the function a +— k‘;, j = 1,2, is not differentiable, as can be seen in Figure 3.
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Figure 2. First nine eigenvalues of (iV + Ay)?in =, /4> @ € ITyoo. Each graph depicts

the level curves of a — A‘;, for j =1,2,3 (top), j =4,5,6 (middle) and j =7, 8,9
(bottom).
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Figure 3. Three-dimensional representation of the first two panels of Figure 2: a > A{
(left) and a — A9 (right), a € ITjq.

Figure 3 illustrates Theorem 1.3 for a domain with a piecewise-C* boundary: we see that the function
ar A‘}, Jj =1, 2, is regular except at the points where the eigenvalue Ajf is not simple.

Going back to Figure 4, we see that the only critical points of Ajf which correspond to simple eigenvalues
are inflexion points. As an example, we have analyzed the inflexion points for A5, 1§, )»‘51 when a = (ay, 0)
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Figure 4. a — 19, a € { (155, 0), 0 <m < 1000}, 1 < j <.
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Figure 5. Nodal lines of an eigenfunction associated with A%, a = (ay, 0), a; = 0.6, 0.63, 0.65.

<) <) <7,

Figure 6. Nodal lines of an eigenfunction associated with )f;(j ', j=3,4,5.

with a; € (0.6, 0.7), a; € (0.75, 0.85) and a; € (0.45, 0.55) respectively. We will denote these points by
agy, j =3,4,5. Figure 5 gives the nodal lines for three different points a = (ay, 0) on the symmetry
axis y = 0 with a; = 0.6, 0.63 and 0.65. This illustrates the emergence of a triple point when the pole
is moved along the line y = 0. In Figure 6, we have plotted the nodal lines of the eigenfunctions go;l” !
associated with )f;.(j ', j=3,4,5. We observe that each (pj” " has a zero of order % at a(j). Correspondingly,
the derivative of )»7 at aj) vanishes in Figure 4, thus illustrating Theorem 1.7. In the three examples
proposed here, also the second derivative of A% vanishes at ay;).
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o _—
/zgcﬁ\ 001 T "0
Sy < :
002 T 0.76

0.75 0.76 0.77 0.78 0.79 0.8 0.81 0.82 0.83 0.84 003 074

a2, a € {(5 1o55). 750 < m < 840,0 < n < 30}.

a2, a e (g, mn), 450 < m < 530,0 < n < 30).

Figure 7. A? vs. a for a around the inflexion point a(;), j = 3,4, 5.
ﬁ. Figure 7
represents the behavior of A} for a close to agj). It indicates that these points are degenerated saddle
points. The behavior of the function a — )le., J =3,4,5, around ag;) is quite similar to that of the function
(t, x) — t(t> — x?) around the origin (0, 0).

We remark that computing the first twelve eigenvalues of (iV 4+ A,)? on T, /4> we have never found

Let us now move a little the singular point around a(;). We use a discretization step of

an eigenfunction for which five or more nodal lines end at a singular point a.
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1201 1

100 4

0 0.1 0.2 0.3 0.4 0.5 06 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 8. a +— k‘} for a along the diagonal (left) or perpendicular bisector (right) of a
square (1 < j <9).
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07| 104
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Figure 9. Eigenvalues of (i V + An)?in [0, 1] x [0, 1], a € 5.

. . . . . . . 1 1
Figure 10. Nodal lines of an eigenfunction associated with A;‘., j=3,4a= (5, 5).

As we have already remarked, all the local maxima and minima of A‘Jf in Figure 4 correspond to
nonsimple eigenvalues. Plotting the nodal lines of the corresponding eigenfunctions, we have found that
they all have a zero of order % at a, i.e., one nodal line ending at a. Nonetheless, this is not a general fact:
in performing the same analysis in the case 2 is a square [0, 1] x [0, 1], we have found that the third and
fourth eigenfunctions have a zero of order % at the center a = (%, %), see Figure 10, which is in this case
a maximum of a — A5 and a minimum of @ — AJ; see Figures 8, 9. We observe in Figure 8 that the first
and second derivatives of A5 and of A3 seem to vanish at the center a = (% %)
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ON MULTIPLICITY BOUNDS FOR SCHRODINGER EIGENVALUES
ON RIEMANNIAN SURFACES

GERASIM KOKAREV

A classical result by Cheng in 1976, improved later by Besson and Nadirashvili, says that the multiplicities
of the eigenvalues of the Schrodinger operator (—A, + v), where v is C*®-smooth, on a compact
Riemannian surface M are bounded in terms of the eigenvalue index and the genus of M. We prove that
these multiplicity bounds hold for an L”-potential v, where p > 1. We also discuss similar multiplicity
bounds for Laplace eigenvalues on singular Riemannian surfaces.

1. Introduction and statements of results

Multiplicity bounds. Let M be a connected compact surface. For a Riemannian metric g and C*°-smooth
function v on M we denote by

Ao(g, V) <A1(g, V) <+ - S Ak(g, V) <+

the eigenvalues of the Schrodinger operator (—Ag +v). If M has a nonempty boundary, we assume that
the Dirichlet boundary condition is imposed.

The following theorem is an improved version of the statement originally discovered by Cheng [1976]. It
is due to Besson [1980] for closed orientable surfaces and to Nadirashvili [1987] for general closed surfaces;
multiplicity bounds for general boundary value problems were obtained in [Karpukhin et al. 2013].

Theorem 1.1. Let (M, g) be a smooth compact surface, possibly with boundary. Then, for any C*-smooth
function v on M, the multiplicity my (g, v) of an eigenvalue Ay (g, v) satisfies the inequality

mi(g,v) <2Q2—x—-D+2k+1, k=1,2,...,
where x stands for the Euler—Poincaré number of M and [ is the number of boundary components.

Above, we assume that / = 0 for closed surfaces. Note that even the fact that eigenvalue multiplicities
on Riemannian surfaces are bounded is by no means trivial, and as is known [Colin de Verdiere 1986;
1987], fails in higher dimensions, unless some specific hypotheses on a Riemannian metric or a potential
are imposed. The key ingredient in the proof of Theorem 1.1 is the so-called Cheng’s structure theorem
[Cheng 1976]: for any solution u to the Schrodinger equation with a smooth potential and any interior point
p € M there exists a neighbourhood of p and its diffeomorphism onto a ball in R? centred at the origin
that maps the nodal set of u onto the nodal set of a homogeneous harmonic polynomial. This statement is

MSC2010: 58150, 35P99, 35B05.
Keywords: Schrodinger equation, eigenvalue multiplicity, nodal set, Riemannian surface.
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based on a local approximation of solutions by harmonic homogeneous polynomials [Bers 1955] and, in
particular, implies that the nodal set of a solution « is locally homeomorphic to its tangent cone. The
latter property of nodal sets does not hold in higher dimensions [Bérard and Meyer 1982]. The structure
theorem holds for sufficiently smooth solutions to the Schrédinger equation — see the Appendix — and
consequently the multiplicity bounds in Theorem 1.1 hold for Holder continuous potentials. Based on
Cheng’s structure theorem, the multiplicity bounds for various eigenvalues problems have been extensively
studied in the literature. We refer to the papers [Colin de Verdiere 1987; Hoffmann-Ostenhof et al. 1999a;
Hoffmann-Ostenhof et al. 1999b; Karpukhin et al. 2013] and references there for the details.

The purpose of this paper is to show that the multiplicity bounds continue to hold for rather weak
potentials when no similar structure theorem for nodal sets is available. For a given real number § € (0, 2),
we consider the class K>% (M), introduced in [Aizenman and Simon 1982; Simon 1982], which is formed
by absolutely integrable potentials v such that

sup/ lx — y|°|v(y)| d Volg(y) = 0 as r — 0, (1-1)
xeM J B(x,r)

where the absolute value |x — y| above denotes the distance between x and y in the background metric g.
It is a straightforward consequence of the Holder inequality that any L”-integrable function with p > 1
belongs to K% for some positive §. However, unlike the traditional L”-hypothesis, the potentials from
K?®(M) include certain physically important cases [Aizenman and Simon 1982; Simon 1982].

The hypothesis that v € K*°(M) implies that the measures du® = v*d Vol,, where v and v~ are
the positive and negative parts of v, are §-uniform:

,ui(B(x, r) < Ccr® for any r >0and x e M

and some constant C. By the results of Maz’ja [1985] (see also [Kokarev 2014]) for such measures ,ui
the Sobolev space W!-2(M, Vol,) embeds compactly into Ly(M, u*). By standard perturbation theory
[Kato 1976] (see also [Maz’ja 1985; Simon 1982]) we then conclude that the spectrum of the Schrodinger
operator (—A, +v) is discrete, bounded from below, and all eigenvalues have finite multiplicities. Our
main result says that they satisfy the same multiplicity bounds.

Theorem 1.2. Let (M, g) be a smooth compact surface, possibly with boundary. Then, for any absolutely
integrable potential v from K>%(M), where § € (0, 2), the multiplicity my (g, v) of an eigenvalue A (g, v)
satisfies the inequality

mp(g,v) <22 —x—-D+2k+1, k=12,...,
where y stands for the Euler—Poincaré number of M and [ is the number of boundary components.

For the first eigenvalue A(g, v) the above multiplicity bound is sharp when M is homeomorphic to
a sphere S? or a projective plane RP2. When a potential v is smooth, there is an extensive literature
[Colin de Verdiere 1987; Nadirashvili 1987; Sévennec 2002] (and references therein) devoted to sharper
multiplicity bounds for the first eigenvalue. In addition, in [Hoffmann-Ostenhof et al. 1999a; 1999b] the
authors show that when M is a sphere or a disk the multiplicity bounds in Theorem 1.1 can be improved to
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my (g, v) < 2k —1 for k > 2. We have made no effort to improve our results in these directions. However,
it is worth mentioning that the main topological result in [Sévennec 2002] does yield a sharper multiplicity
bound for A; (g, v) for some closed surfaces when a potential v belongs to the space K>?(M). More
precisely, if M is a closed surface whose Euler—Poincaré number y is negative, Theorem 5 of [Sévennec
2002] implies that m (g, v) <5 — x for any potential v € K 23 (M). By the results in [Colin de Verdiere
1987] this bound is sharp for T2 # T2 and #n RP?, where n = 3, 4, 5.

The multiplicity bounds in Theorem 1.1 also hold for eigenvalue problems on singular Riemannian
surfaces; we discuss them in detail in Section 5. The proof of Theorem 1.2 is based on the delicate study
of the nodal sets of Schrodinger eigenfunctions that we describe below.

Nodal sets of eigenfunctions. Let u be a solution to the eigenvalue problem
(—Ag+v)u=2Aiu on M, (1-2)

where v € K%%(M) and, if 9M # @, the Dirichlet boundary hypothesis is assumed. Recall that by results
in [Simon 1982] such an eigenfunction u is Holder continuous. We denote by N'(«) its nodal set u~!(0).
By the results in [Hoffmann-Ostenhof and Hoffmann-Ostenhof 1992; Hoffmann-Ostenhof et al. 1995]
combined with the strong unique continuation property [Sawyer 1984; Chanillo and Sawyer 1990], in
appropriate local coordinates around an interior point xo € M a nontrivial solution u has the form

u(x) = Py(x —xp) + O(Jx —xo/¥*%) for x e U,

where Py is a nontrivial homogeneous harmonic polynomial on the Euclidean plane. We refer to Section 2

for a precise statement. The degree of this approximating homogeneous harmonic polynomial defines the

so-called vanishing order ord, u for any interior point x € M. Each point x € N'(#) has vanishing order

at least one, and we define N%(u) as the set of points x whose vanishing order ord, u is at least two.
The proof of Theorem 1.2 is based on the following key result.

Theorem 1.3. Let (M, g) be a compact Riemannian surface, possibly with boundary, and let u be a
nontrivial eigenfunction for the Schridinger eigenvalue problem (1-2) with v € K>°(M), where § € (0, 2).
Then the set N*(u) is finite, and the complement N (u) \ N>(u) has finitely many connected components.
Moreover, for any x € N>(u), the number of connected components of N (u) \ N%(u) incident to x is an
even integer that is at least 2 ord, u.

The theorem says that the nodal set N () can be viewed as a graph: the vertices are points from N2 (u),
and the edges are connected components of N (u) \ N 2(u). This graph structure assigns to each x € N' 2(u)
its degree deg x, that is, the number of edges incident to x. If there is an edge that starts and ends at the
same point, then it counts twice. The last statement of Theorem 1.3 says that deg x > 2 ord, u for any
x € N?(u). When the potential v is smooth, Theorem 1.3 is a direct consequence of Cheng’s structure
theorem and, in this case, the degree deg x is precisely 2 ord, u.

The proof of Theorem 1.3 uses essentially Courant’s nodal domain theorem, and is based on topological
arguments, which are in turn built on the results in [Hoffmann-Ostenhof and Hoffmann-Ostenhof 1992;
Hoffmann-Ostenhof et al. 1995]. More precisely, one of the key ingredients is the study of prime ends
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of nodal domains, which leads to a construction of neighbourhoods of x € N'(«) where a solution also
has a finite number of nodal domains. Our method uses the properties of solutions in the interior of M
only; it largely disregards their behaviour at the boundary. Consequently, the main results (Theorems 1.2
and 1.3) hold for rather general boundary value problems as long as Courant’s nodal domain theorem
holds; cf. [Karpukhin et al. 2013, Section 6]. The statement of Theorem 1.3 continues to hold for general
solutions to the Schrodinger equation (—A + V)u =0 that have a finite number of nodal domains. Without
the latter hypothesis for arbitrary L”-potentials, it is unknown even whether the Hausdorff dimension
of N2(u) equals zero or not.

The paper is organised in the following way. In Section 2 we collect the background material on
the strong unique continuation property, regularity of nodal sets, and recall the approximation results
from [Hoffmann-Ostenhof and Hoffmann-Ostenhof 1992; Hoffmann-Ostenhof et al. 1995]. Here we also
derive a number of consequences of these results that describe qualitative properties of nodal sets; they
are used often in our sequel arguments. In the next section we recall the notion of Carathéodory’s prime
end and show that prime ends of nodal domains have the simplest possible structure: their impression
always consists of a single point. In Section 4 we prove Theorems 1.2 and 1.3. In the last section we
discuss multiplicity bounds for eigenvalue problems on surfaces with measures. We show that Laplace
eigenvalue problems on singular Riemannian surfaces, such as Alexandrov surfaces of bounded integral
curvature, can be viewed as particular instances of such problems. The paper also has an Appendix where
we give details on Cheng’s structure theorem for the reader’s convenience.

2. Preliminaries

Background material. We start by collecting background material on solutions of the Schrodinger
equation, which is used throughout the paper. From now on we assume that a potential V belongs to
the space K2>%(M), where § € (0, 1). The superscript 2 in the notation for this function space refers to
the dimension of M. Note that the space K>®(M) is contained in the so-called Kato space formed by
absolutely integrable functions V such that

sup/ 1n( 1 )|v(y)|dVolg(y)—>0 as r — 0;
B(x,r) |X—)’|

xeM
see [Simon 1982]. Consider the Schrédinger equation
(=Ay+V)u=0 on M, 2-1)
understood in the distributional sense. As was mentioned above, by the results in [Simon 1982] its
solutions are Holder continuous. They also enjoy the following strong unique continuation property.

Proposition 2.1. Let (M, g) be a smooth connected compact Riemannian surface, possibly with boundary,
and let xo € M be an interior point. Let u be a nontrivial solution of the Schrodinger equation (2-1) with
V € K2%(M), where 0 < § < 1, such that

u(x)=0(x —xol% forany €>0.

Then u vanishes identically on M.
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Proposition 2.1 is a consequence of the results in [Sawyer 1984], where the author proves that a
solution u of the Schrodinger equation with the potential V from the Kato space K2(M) satisfies the
unique continuation property: if # vanishes on a nonempty open subset, then it vanishes identically. As
was pointed out in [Hoffmann-Ostenhof et al. 1995; Chanillo and Sawyer 1990], the argument in [Sawyer
1984] actually yields the strong unique continuation property.

The following fundamental statement is a combination of the main result in [Hoffmann-Ostenhof and
Hoffmann-Ostenhof 1992] with Proposition 2.1.

Proposition 2.2. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u
be a nontrivial solution of the Schridinger equation (2-1) with V € K*%(M), where 0 < § < 1. For any
interior point xo € M, there exist a coordinate chart U around x( and a nontrivial homogeneous harmonic
polynomial Py of degree N > 0 on the Euclidean plane such that

u(x) = Py(x —x9)+ O(|x —x0|N+‘S,), where x € U,
forany 0 < § <.

The proposition says that for any point x € M there is a well-defined vanishing order ord, u of a
solution u at x, understood as the degree of the harmonic polynomial Py. For a positive integer £ we
define the set

NCu)={x eIntM |ord, u > ¢£}.

Clearly, the nodal set N'(x) = u~'(0) is precisely the set N' (). Recall that a connected component of
M \ N(u) is called a nodal domain of u. The combination of the Harnack inequality in [Aizenman and
Simon 1982; Simon 1982] and the unique continuation property implies that a nontrivial solution u has
different signs on adjacent nodal domains. Moreover, every point x € N (1) belongs to the closure of at
least two nodal domains.

Now suppose that u is an eigenfunction; that is, a solution to the eigenvalue problem (1-2). The
following version of a classical statement is used in the sequel.

Courant’s nodal domain theorem. Let (M, g) be a smooth compact Riemannian surface, possibly with
boundary, and v € K>°(M), where 0 < § < 1. Then each nontrivial eigenfunction u corresponding to the
eigenvalue L (g, v) of eigenvalue problem (1-2) has at most k+1 nodal domains.

The proof follows standard arguments; see [Courant and Hilbert 1953]. It uses variational characteri-
sation of eigenvalues A (g, v), the unique continuation property, Proposition 2.1, and the continuity of
eigenfunctions up to the boundary. The latter can be deduced, for example, from the interior regularity
[Simon 1982] by straightening the boundary locally and reflecting across it in an appropriate way.

Qualitative properties of nodal sets. Let u be a solution of the Schrodinger equation (2-1). If u is
C'-smooth, then the implicit function theorem implies that the complement

N @) \ N2 (w) (2-2)
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is a collection of C!-smooth arcs. The following celebrated nodal set regularity theorem due to [Hoffmann-
Ostenhof et al. 1995] says that the latter holds under rather weak assumptions on a potential, when a
solution u is not necessarily C'-smooth.

Proposition 2.3. Let u be a nontrivial solution of the Schridinger equation (2-1) with V. e K*®(M),
where 0 < § < 1. Then any point x in the complement (2-2) has a neighbourhood U C M such that the
set N (u) NU is the graph of a C'®-smooth function with nonvanishing gradient. Further, if a potential
V is C*%-smooth, then such a point x has a neighbourhood U such that N'(u) N U is the graph of a
C**+3%_smooth function with nonvanishing gradient.

Below by nodal edges we mean the connected components of N'! () \ N%(«). By Proposition 2.3 they
are diffeomorphic to intervals of the real line, and their ends belong to the set N2 (). We say that a nodal
edge is incident to x € N*(u) if its closure contains x. A nodal edge is called a nodal loop if it is incident
to one point x € N2(u) only. In other words, such a nodal edge starts and ends at the same point x.

The important consequence of Proposition 2.3 is the statement that nodal edges cannot accumulate to
another nodal edge. We use this fact to describe a nodal set structure around an isolated point x € N2 (u).

Corollary 2.4. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u
be a nontrivial solution of the Schrodinger equation (2-1) with V € K%%(M), where 0 < 8 < 1. Let
x € N%(u) be an isolated point in N*(u). Then the number of nodal edges incident to x that are not nodal
loops is finite. Moreover, any sequence of nodal loops incident to x has to contract to x.

Proof. Let B be a neighbourhood of x whose closure does not contain any points in N?(x). We view B
as a unit ball in R? centred at the origin x = 0. Suppose that there is an infinite number of nodal edges
incident to x that are not nodal loops. Denote by I'; the connected components of the intersections of
these nodal edges with the ball B whose closures I'; contain x. By Proposition 2.3, each T'; consists
of a piece of a C'-smooth nodal arc and the origin x. They form a sequence of compact subsets of B,
and hence contain a subsequence that converges to a compact subset I'g C B in the Hausdorff distance.
Clearly, the subset To belongs to the nodal set N'(1) and contains the origin x = 0. Since the subsets T;
contain points on the boundary 8 B, then so does I'; in particular, the limit subset 'y does not coincide
with x. Since the origin x is the only higher-order nodal point in B, then T \ {x} is the union of pieces
of C'-smooth nodal edges. Without loss of generality, we may assume that the sequence I'; converges to
a subset I'g such that T \ {x} is a piece of a nodal edge. Now to get a contradiction we may either appeal
to Proposition 2.3 directly, or argue in the following fashion. Let x; € I'; N d B be a sequence of points
that converges to a point xg € T'oNdB. We consider the two cases.

Case 1: the complement Ty \ {x} belongs to a nodal edge that intersects 3B at xq transversally. By
Proposition 2.2, it is straightforward to see that the tangent line to I'g at x¢ is precisely the kernel of an
approximating linear function Pj at xg. Since I'g intersects d B at xq transversally, we conclude that the
sequence P;((x; —xo)/|xi —xo|) is bounded away from zero for all sufficiently large i. On the other hand,
by Proposition 2.2 we obtain Py (x; — x9) = O (|x; — x| 148 "and arrive at a contradiction.

Case 2: the complement T \ {x} belongs to a nodal edge that is tangent to d B at xo. Then there exists a
sufficiently small ball By centred at x¢ such that I'g intersects 0 By transversally. Choosing a sequence of
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points x; € I'; N d By that converges to a point x;, € I'g N By, and arguing in a fashion similar to in Case 1,
we again arrive at a contradiction.

Now we demonstrate the last statement of the lemma. Suppose that there is a sequence of nodal loops
incident to x that do not contract to x. Choosing a subsequence and a sufficiently small neighbourhood B
of x, we may assume that each nodal loop intersects with d B. Then the argument above shows that this
sequence has to be finite. O

We proceed with another statement on local properties of the nodal set near an isolated point x € N2 (u).

Corollary 2.5. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u
be a nontrivial solution of the Schridinger equation (2-1) with V.e K*>%(M), where 0 < § < 1. Let
x € N2(u) be an isolated point in N>(u). Then there exists a neighbourhood B of x, viewed as a ball
in the Euclidean plane, such that the zeroes of u on 0 B are precisely the intersections of the connected
components of N L) \N 2(u) incident to x with 3 B.

Proof. First, since x is isolated in N 2(u), one can choose a neighbourhood B such that it does not contain
other points from N?(u). Thus, for a proof of the lemma it is sufficient to show that the point x is not a
limit point of the nodal edges that are not incident to x. This can be demonstrated following an argument
similar to the one used in the proof of Corollary 2.4. O

Let x € N%(u) be a point isolated in N%(«) such that the number of nodal edges incident to x is finite.
The number of these nodal edges, where nodal loops are counted twice, is a characteristic of a point x,
called the degree and denoted by deg x. It is closely related to the vanishing order ord, u. More precisely,
if a solution u is sufficiently smooth, then by Cheng’s structure theorem [1976], it equals 2 ord, u. The
following lemma describes its relationship to ord, u under rather weak regularity assumptions on u.

Lemma 2.6. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u be
a nontrivial solution of the Schrédinger equation (2-1) with V € K>®(M), where 0 < 8 < 1. Let x € N%(u)
be an isolated point in N>(u) such that the degree deg x is finite. Then deg x is an even integer that is at
least 2 ord, u.

Proof. Denote by N the vanishing order ord, u, that is, the degree of an approximating homogeneous
harmonic polynomial Py (y — x); see Proposition 2.2. Choose a sufficiently small neighbourhood B of x
such that it does not contain other points from N2 (u) and does not contain nodal loops. We identify B
with a unit ball in the Euclidean plane such that the point x corresponds to the origin. By B, C B we
mean a neighbourhood that corresponds to a ball of radius A, where 0 < A < 1. Consider the rescaled
function

w,(y) =1"Nur-y)

defined on the unit circle S = {y : |y| = 1}. Proposition 2.2 implies that u, (y) converges uniformly to the
homogeneous harmonic polynomial Py (y) as A — 0, when y ranges over the unit circle S. As is known,
Py (y) changes sign on S precisely 2N times, and hence the corresponding zeroes are stable under the
perturbation of Py (y). Thus, we conclude that for all sufficiently small A > O the zeroes of u; lie in
small pairwise nonintersecting neighbourhoods U; C S, where i =1, ..., 2N, of the zeroes of Py (y),
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and each U; contains at least one zero of ;. Choosing a sufficiently small A > 0, by Corollary 2.5 we
may assume that the zeroes of u;, correspond to the intersections of nodal edges incident to x with 9 B;,.
Further, the intersections of the nodal edges incident to x with B, lie in the cones

Ci\)={t-AU;:0<t <1}, wherei=1,...,2N.

Since the cones C; (A) are pairwise nonintersecting and each of them contains at least one connected piece
of a nodal edge incident to x, we conclude that deg x is at least 2V.

Now we claim that each cone C;(A) contains an odd number of nodal edge pieces incident to x, and
hence the degree deg x is an even integer. Indeed, the solution u has different signs on the connected
components of B \ UC;(A) adjacent to the same cone; they coincide with the signs of u; and the
approximating homogeneous harmonic polynomial Py. Since u also has different signs on adjacent nodal
domains, each nodal edge piece incident to x contributes to the change of sign, and the claim follows in a
straightforward fashion. O

Properties of the vanishing order. The proof of Proposition 2.3 is based on the following improvement
of Proposition 2.2 due to [Hoffmann-Ostenhof et al. 1995], which is important for our considerations in
the sequel. Below we denote by B a coordinate chart viewed as a ball in the Euclidean plane, and by B />
the ball of half the radius of B.

Proposition 2.7. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u
be a nontrivial solution of the Schrédinger equation (2-1) with V € K>%(M), where 0 < 8 < 1. Let B be
a coordinate chart in the interior of M viewed as a ball in the Euclidean plane. Then for a sufficiently
small B and any £ > 1 there exists a constant C > 0 such that for any point y € N*(u) N By /2 there exists
a degree £ homogeneous harmonic polynomial Pey such that

lu(x) = Py (x = )| < C(suplul)x —y|**  forany x € B,
B

and the polynomials Pey satisfy |P€y (x)| < Ci(supglul) for any |x| = 1, where the constants C and C, do
not depend on a solution u.

Note that the harmonic polynomials P[y above either vanish identically or coincide with approximating
harmonic polynomials at y from Proposition 2.2. The main estimate of Proposition 2.7 is stated in
[Hoffmann-Ostenhof et al. 1995, Theorem 1]. The bound for the values of the harmonic polynomials
on the unit circle follows from the proof, and is explained explicitly in [Hoffmann-Ostenhof et al. 1995,
p. 1256].

We proceed with studying the vanishing order ord, u as a function of x € M. The following lemma is
a straightforward consequence of Proposition 2.7. We include a proof for completeness of exposition.

Lemma 2.8. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u be
a nontrivial solution of the Schrodinger equation (2-1) with V € K?%%(M), where 0 < 8 < 1. Then the
Sfunction ordy u is upper-semicontinuous in the interior of M; that is, for any sequence x; converging to an
interior point x € M, one has the inequality lim sup ord,, (1) < ord, u.
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Proof. 1t is sufficient to show that if x; belong to N t(u), then so does the limit point x. Without loss of
generality, we may assume that the points x; lie in a coordinate chart B that is identified with a unit ball in
R? centred at the origin x =0, and x; — 0 as i — 4-00. In addition, to simplify the notation, we assume
that sup|u| on B equals 1. Let Pé be a degree £ homogeneous harmonic polynomial corresponding to x;
from Proposition 2.7. Representing u as the sum of u — Pzi and Pé , we obtain

lu(x)| < Ju(x) — Pi(x —x;)| + | P{(x —x;)| < Clx —x;|"° + Cy|x —x;|* forany x € B,

where the second inequality for all sufficiently large i follows from Proposition 2.7. Passing to the limit
as i — 400, we get ‘

lu(x)| < C’|x|* forany x € B,
and conclude that the vanishing order at the origin is at least £. U

Our last lemma says that the vanishing order ord, u is strictly upper-semicontinuous on N2 (u).

Lemma 2.9. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u be
a nontrivial solution of the Schridinger equation (2-1) with V- € K>*(M), where 0 < § < 1. Then for any
sequence x; € N>(u) converging to an interior point x € M we have lim sup ord,. (1) < ord, u.

Proof. As in the proof of Lemma 2.8, we assume that the points x; belong to a coordinate chart B, viewed
as a unit ball in R? centred at the origin x = 0, and x; — 0 as i — +o00. We also suppose that sup|u| on
B equals 1. First, by Lemma 2.8 we conclude that the upper limit lim sup ord,, (1) is finite; we denote it
by N. After a selection of a subsequence, we may assume that the vanishing order ord,, () equals N for
each x;. By Lemma 2.8 it remains to show that the vanishing order ord, u at the origin x cannot be equal
to N.

Suppose the contrary: the order of u at the origin equals N > 2. Let Py be an approximating
homogeneous harmonic polynomial for u at the origin. By Proposition 2.7, for a sufficiently large index i

we have

| Py (x) — Pa(x — x1)| < |u(x) — Py(x)] + |u(x) — Pi(x —x;)|

C(Ix|VN T + |x —x;|N*)  for any x € B, (2-3)

VASV/A

where Pj;, is an approximating homogeneous harmonic polynomial at x;. Denote by A; the absolute
value |x;|, and by X; the point )\i_lx,- on the unit circle. Setting x = X;x in inequality (2-3) and using the
homogeneity of the left-hand side, we obtain

|Py (%) — Pl (x —x)| < 142V CA? forany |x|=1. (2-4)

Without loss of generality, we may assume that the sequence x; converges to a point xg, |Xo| = 1. Setting X
to be equal to x; in inequality (2-4) and passing to the limit as i — 400, we see that X is a zero of Py.
Recall that the nodal set of Py consists of n straight lines passing through the origin; the vanishing
order of the origin equals NV, and any other nodal point, such as x¢, has vanishing order 1. On the other
hand, by Proposition 2.7 the polynomials P};, are uniformly bounded on the unit circle and, since in polar
coordinates they have the form

a;r" cos(NO) + b;r" sin(N6),
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we conclude that, after a selection of a subsequence, they converge either to zero or to a harmonic
homogeneous polynomial Pf, of degree N. If the former case occurs, then after passing to the limit in
inequality (2-4) we see that Py (x) vanishes, and arrive at a contradiction. Now assume that the harmonic
polynomials P};, converge to a nontrivial harmonic polynomial Pz(\)/- Then the polynomials PI{, (x —Xx;)
converge uniformly to P](\), (x — Xp) and, passing to the limit in inequality (2-4), we conclude that Py (x)
coincides identically with Pz(\)z (x — Xxp). Now, since N > 2, it is straightforward to arrive at a contradiction.
The polynomial Py (x) has precisely 2N zeroes as x ranges over the unit circle, while the polynomial
Pz(\)/ (x — Xp) has at most N + 1. U

Corollary 2.10. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, and let u
be a nontrivial solution of the Schridinger equation (2-1) with V.€ K*%(M), where 0 < 8 < 1. Then
the set N*(u) is totally disconnected: every nonempty connected subset is a single point. Moreover, the
complement N (1) \ N>(u) is open and dense in the nodal set.

Proof. Suppose the contrary to the first statement. Then there exists a nonempty connected subset
C C N?(u) that is not a single point. Since any point x € C is the limit of a nontrivial sequence in C, by
Lemma 2.9 we conclude that C C N () for any £ > 2. Hence, the solution u# vanishes to an infinite order
at C and, by the strong unique continuation, Proposition 2.1, vanishes identically. This contradiction
demonstrates the first statement.

By Lemma 2.8 the set N2(u) is closed, and for a proof of the second statement of the corollary it
remains to show that the complement N () \ N%(«) is dense. Suppose the contrary. Then for some point
p € N(u) there exists a ball B,(p) such that C = B.(p) N.N'(u) is contained in N2 (u). By the Harnack
inequality [Aizenman and Simon 1982; Simon 1982] no point in the nodal set can be isolated, and we
conclude that any x € C is the limit of a nontrivial sequence in C. Now we arrive at a contradiction in a
fashion similar to the one above. 0

3. Prime ends of nodal domains

Now we study the nodal set N(#) from the point of view of the topology of nodal domains. More
precisely, we describe the structure of prime ends of nodal domains. The notion of prime end goes back
to Carathéodory [1913], who used it to describe the behaviour of conformal maps on the boundaries of
simply connected domains. Later his theory was extended to general open subsets in manifolds [Epstein
1981]. However, main applications seem to be restricted to 2-dimensional problems [Milnor 2006]. We
start by recalling the necessary definitions, following [Epstein 1981] closely.

Let 2 C M be a connected open subset, where we view M as the interior of a compact Riemannian
surface. For a subdomain D C 2, we denote by d D the interior boundary:

aD=QNDN(Q\D).
Definition 3.1. A chain in Q is a sequence {D;},i =1, 2, ..., of open connected subsets of 2 such that

e 0D; is connected and nonempty for each i, and

e D;y1NQ C D; for each i.
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Two chains {D;} and {D!} are called equivalent if for any i there exists j > i such that D;. C D; and
D; C Dj.
Definition 3.2. A chain in 2 is called a fopological chain if there exists a point p € M such that

« the diameter of (p U dD;) tends to zero as i — +00, and

e dist(p, 0D;) > 0 for each i.

The point p above is called the principal point of {D;}. A prime point of Q2 is the equivalence class of a
topological chain.

Clearly, for a given topological chain the principal point p €  is unique. Note also that the above
definitions do not depend on a metric on M. The set of all prime points of €2 is denoted by Q. Itis
made into a topological space by taking the sets U, formed by prime points represented by chains {D;}
such that each D; lies in an open subset U C €2, as a topological basis. There is a natural embedding
w: Q — , defined by sending a point x € 2 to the equivalence class of a sequence of concentric balls
centred at x whose diameters tend to zero. As is shown in [Epstein 1981, Section 2], the map @ embeds 2
homeomorphically onto an open subset in QA prime end of Q is a prime point which is not in @ (£2). A
principal point of a prime end is any principal point of any representative topological chain.

Although a given topological chain has only one principal point, a prime end may have many. The
simplest example is given by considering a domain whose boundary has an oscillating behaviour similar
to the graph of sin(1/x). The collection of all principal points is a subset of the impression (| D; of a
prime end. The latter does not depend on a representative topological chain, and is a compact connected
subset of the boundary d€2. Note also that a given point x € d€2 can be a principal point of many different
prime ends. We refer to [Epstein 1981; Milnor 2006] for examples and other details.

The following statement, proved in [Epstein 1981, Section 6], shows that prime ends give a useful
compactification (the so-called Carathéodory compactification) of open subdomains.

Proposition 3.1. Let (M, g) be a Riemannian surface, viewed as the interior of a compact surface, and
let 2 C M be a connected open subset such that the first homology group H,(2, Q) is finite-dimensional.
Then there is a homeomorphism of Qontoa compact surface with boundary that maps the set of prime
ends onto its boundary.

We proceed with studying properties of nodal sets. The following lemma says that all prime ends
of nodal domains have the simplest possible structure: any of them has only one principal point that
coincides with its impression.

Lemma 3.2. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary. Let u be a
nontrivial solution to the Schrodinger equation (2-1) with a potential V € K*°(M), where 0 < 8 < 1, and
let Q be its nodal domain. Then for any prime end [D;] of S its impression () D; consists of a single
point. In particular, any prime end has only one principal point.

Proof. First, the statement holds for any prime end that has a principal point x in the complement
N'(@u) \N?(u). Indeed, then the point x belongs to a nodal edge, which is the image of a C!-smooth regular
path; see Proposition 2.3. By the implicit function theorem we can view a small nodal arc containing x as
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a line segment in R%. Then it is straightforward to see that any chain that has x as a principal point is
equivalent to a chain that consists of concentric semidisks centred at x whose diameters converge to zero.
Its impression consists of the point x only.

Now suppose that a given prime end has a principal point x € N?(«). Then we claim that its impression 1
does not have any points in N'(x) \ N2 (u). Suppose the contrary. Then, since the impression I of a prime
end is connected, we conclude that / contains a nontrivial arc C that belongs to some nodal edge; that
is, C is a connected subset of N'(u) \Nz(u) that is not a single point, and dist(x, C) > 0. Let {D;} be a
representative topological chain whose principal point is x, and let E; be the set dD; \ I, where 9 D; is
the boundary of D; viewed as a subset of M. First, it is straightforward to see that for any y € C C [
the distance dist(y, E;) converges to zero as i — +00. For otherwise there is a neighbourhood U of y
in D; such that U C D; for any i. More precisely, viewing C around y as a straight segment in R?, we
may choose U to be diffeomorphic to a semidisk Bj (y), assuming that dist(y, E;) > 2¢. Then we obtain
the inclusions U C I C 92, which are impossible. Thus, we see that any point y € C is the limit of a
sequence y; € E;. Indeed, one can take as y; a point at which the distance dist(y, E;) is attained. This
implies that there is a sequence C; C E; of subsets that converges to a nodal arc C in the Hausdorff
distance. Clearly, the sets E; \ (d D; N 2) lie in the nodal set N'(x), and since the interior boundaries
dD; N Q2 converge to the point x, we conclude that for a sufficiently large i the subset C; lies in the nodal
set. Further, since the set N'(z) \ N' 2(u) is open in the nodal set (see Lemma 2.8), we see that each C; lies
in N'(u) \ N2(u). Thus, without loss of generality, we may assume that the C; are arcs of nodal edges.
Combining the latter with Proposition 2.3, or following the argument in the proof of Corollary 2.4, we
arrive at a contradiction.

Thus, the impression / does not have points in the complement N (x) \ N 2(u), and is contained in
N?(u). By Corollary 2.10 the set N2(u) is totally disconnected, and since the impression 7 is connected,
it has to coincide with the point x. O

Corollary 3.3. Under the hypotheses of Lemma 3.2, the following statements hold:

(1) Any point x € 02 is accessible; that is, it can be joined with any interior point in Q2 by a continuous
path y : [0, 1] = M such that y (0) = x and the image y (0, 1] lies in 2.

(ii) For any point x € 02 and any sufficiently small neighbourhood U of x there are only finitely many
connected components Uy, . .., Uy of QNU such that x € U;, and the union U Uisa neighbourhood
of x in Q.

(iii) The boundary 0K2 is locally connected.

Proof. We derive the statements using the results in [Epstein 1981], which apply to open domains 2 C M
whose first homology group H; (€2, Q) is finite-dimensional. Note that all statements are local, and
hold trivially for the boundary points x € N'(u) \ N2(u). To prove the corollary for the boundary points
x € N?(u) we may assume, after cutting 2 along smooth simple closed paths, that 2 has zero genus.
Moreover, after cutting along paths joining points from N («) \ N2 () on different boundary components
of 2, we may assume that €2 is simply connected, and the results in [Epstein 1981] apply. Specifically, the
first statement is a consequence of our Lemma 3.2 and Theorems 7.4 and 8.2 in that reference. The second
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statement follows from Lemma 3.2 and [Epstein 1981, Theorem 8.2], and the third from Lemma 3.2 and
[Epstein 1981, Theorem 8.3]. (|

4. The proofs

Proof of Theorem 1.3. Let (M, g) be a compact Riemannian surface, and u be a solution to the
Schrodinger equation (2-1) with a potential V € K 28(M), where 0 < 8§ < 1. First, we intend to
generalise Theorem 1.3 to certain subdomains 2 C M.

Definition 4.1. A connected open subset 2 C M is called a proper subdomain with respect to a solution u
if its boundary consists of finitely many connected components and the solution « has finitely many nodal
domains in €2; that is, the number of connected components of 2\ N'(«) is finite.

If u is an eigenfunction, then by Courant’s nodal domain theorem the surface M itself is a proper
subdomain with respect to u. However, for our method it is also important to consider proper subdomains
whose closures are contained in the interior of M. The hypothesis on the finite number of boundary
components guarantees that such a domain €2 has finite topology and, by Proposition 3.1, is homeomorphic
to the interior of a compact surface with boundary. The second hypothesis in Definition 4.1 mimics an
important property of eigenfunctions, and is essential for our arguments in the sequel. Below we denote
by Nq(u) and Nfz (1) the sets N(u) N Q and N¢(u) N Q respectively.

Theorem 1.3 is a consequence of the following more general result.

Theorem 4.1. Let (M, g) be a compact Riemannian surface, possibly with boundary, and let u be a
nontrivial solution to the Schrodinger equation (2-1) with a potential V € K 28(M), where 0 < 8 < 1.
Then for any proper subdomain Q@ C M with respect to u the set N é (u) is finite, and the complement
Na(u) \ N%(u) has finitely many connected components. Moreover, for any x € N %2 (1) the number of
connected components of No(u) \ N>(u) incident to x (if one connected component starts and ends at x,

then it counts twice) is an even integer that is at least 2 ord, u.

The proof of Theorem 4.1 is based on the two lemmas below. The first lemma shows that proper
neighbourhoods form a topological basis at any point x € 2. Its proof relies on the topological consequences
of our study of prime ends in Section 3.

Lemma 4.1. Under the hypotheses of Theorem 4.1, for any point x € Nq(x) and any sufficiently small ball
B.(x) centred at x there exists a proper subdomain U, (x) with respect to u such that x € Ug(x) C B¢(x).

Proof. Let x € N(u) be an interior nodal point in €2, and 21, ..., 2,;, be a collection of all nodal domains
whose closure contains x. By Corollary 3.3 for any sufficiently small open ball B, (x) C €2 there are only
finitely many connected components Qtj , j=1,...,r;, of the intersection B¢(x) N 2; whose closure
contains x. Moreover, the union F; = _J j S_ZIJ is a neighbourhood of x in Q,. Thus, we conclude that the
set Ug(x) = Int(U F,) contains x. Clearly, the connected components of the complement U, (x) \ N'(«)
are precisely the domains Qlj , and it remains to show that U, (x) has finitely many boundary components.
Choosing & > 0 such that the metric ball B, (x) is homeomorphic to a ball in R?, it is straightforward to
see that any boundary component of U, (x) that lies in B, (x) bounds a union of nodal domains. Since the
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number of nodal domains is finite, then choosing ¢ > 0 even smaller we conclude that U, (x) is simply
connected, and hence its boundary is connected. Thus, the neighbourhood U, (x) is indeed a proper
subdomain with respect to a solution u. (|

The second lemma says that if the set N' %2 (u) consists of isolated points, then it is necessarily finite,
and the nodal set has the structure of a finite graph with the vertex set N é(u).

Lemma 4.2. Under the hypotheses of Theorem 4.1, suppose that the set N %2 (u) consists of isolated points.
Then the set N %2 (u) is finite, and the complement N o (u) \ N*(u) has finitely many connected components.

The proof of the last lemma appears at the end of the section. Now we proceed with the proof of
Theorem 4.1.

Proof of Theorem 4.1. By Lemma 4.2 for a proof of the theorem it is sufficient to show that the set
N %2 (u) consists of isolated points in 2. The second statement of the theorem is a direct consequence
of Lemma 2.6. First, we consider the case of proper subdomains 2 C M whose closures are contained
in the interior of M, Q C M. Given such a subdomain £, it is straightforward to see that the maximal
vanishing order £ = max{ord, u}, where x € €2, is finite. Indeed, otherwise there exists a point p € Q that
is the limit of points x; € €2 such that ordy, (u) — 400 as i — 400. Then, by Lemma 2.8, the solution u
vanishes to an infinite order at p, and the strong unique continuation, Proposition 2.1, implies that u
vanishes identically.

Let 2 C M be a proper subdomain whose closure is contained in the interior of M. We prove that the
set N' %2 (u) is finite by induction on the maximal vanishing order £. Clearly, the statement holds for all
solutions u and proper subdomains €2 such that the maximal vanishing order equals 2. Indeed, in this case
by Lemma 2.9 the set N é (u) consists of isolated points and, by Lemma 4.2, is finite. Now we perform an
induction step. Suppose that the set N' é(u) is finite for all solutions u to the Schrédinger equation (2-1)
on M and all proper subdomains €2 whose closure is contained in the interior of M that satisfy

maxf{ord, u : x € Q} < £ —1.
Now let u be a solution on M and €2 a proper subdomain such that the maximal vanishing order equals ¢,
maxf{ord, u : x € Q} = L.

By Lemma 2.9 the set N' f)(u) consists of isolated points in €2. Pick a point p € N é(u). By Lemma 4.1, it
has a neighbourhood U that is a proper subdomain such that U C Q. Then the neighbourhood U may
contain only finitely many points pi, p2, ..., p» Whose vanishing order equals £. Since the domain
Uo=U\{p1, ..., pm} is proper with respect to u, the induction hypothesis implies that the set N2 () N Uy
is finite. Hence, so is the set N2(x) N U. Thus, we conclude that \° é(u) consists of isolated points in €2
and, by Lemma 4.2, is finite.

The statement that the set N é (u) consists of isolated points in €2 for an arbitrary proper subdomain
Q C M follows directly from the case considered above together with Lemma 4.1. O
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Proof of Theorem 1.2. Now we show how Theorem 1.3 implies the multiplicity bounds. We give an
argument following the strategy described in [Karpukhin et al. 2013, Section 6]. It relies on two lemmas
that appear below. The first lemma gives a lower bound for the number of nodal domains via the vanishing
order of points x € N' 2(u).

Lemma 4.3. Under the hypotheses of Theorem 1.2, for any nontrivial eigenfunction u of an eigenvalue
*k(g, v) the number of its nodal domains is at least ) (ordy u — 1) + x + [, where the sum is taken
over all points in N*(u) and x and | stand for the Euler—Poincaré number and the number of boundary
components of M respectively.

Before giving a proof we introduce some notation that is useful in the sequel. First, by Theorem 4.1,
the nodal set N'(«#) of any eigenfunction u on M can be viewed as a finite graph, called a nodal graph. Its
vertices are points in N2 (u) and the edges are connected components of N () \ N?(u). Below we denote
by M a closed surface, viewed as the image of M under collapsing its boundary components to points,
and by j its Euler—Poincaré number. Let N () be the corresponding image of a nodal graph N (u), called
the reduced nodal graph. Its edges are the same nodal arcs, and there are two types of vertices: vertices
that correspond to the boundary components that contain limit points of nodal lines, called boundary
component vertices, and genuine vertices that correspond to the points in N?(u), called interior vertices.
By faces of the graph N () we mean the connected components of the complement M \ N (x). Clearly,
they can be identified with the nodal domains of an eigenfunction u.

Proof of Lemma 4.3. Let N (1) be a reduced nodal graph in M. By Theorem 4.1 it is a finite graph, and let
v, e and f be the number of its vertices, edges and faces respectively. We also denote by r the number of
boundary component vertices in N (u). Recall that the number of edges satisfies the relation 2¢ = > degx,
where the sum is taken over all vertices. Since an eigenfunction u# has different signs on adjacent nodal
domains, the degree of each boundary component vertex is at least two, and we obtain

e}r—i—%Zdegx}r—l—Zordxu,

where the sum is taken over all interior vertices x € N?(u). The second inequality above follows from the
relation deg x > 2 ord, u; see Theorem 4.1. Viewing the number of vertices v as the sum r + ) 1, where
the sum is again taken over x € N?(u), by the Euler inequality [Giblin 2010, p. 207] we have

fre—vtrz) (ordiu—1)+3,

where j = x +1 is the Euler—Poincaré number of M. Since f is precisely the number of nodal domains,
we are done. U

We proceed with the second lemma. In the case when the potential of a Schrédinger equation is
smooth it is due to [Nadirashvili 1987]; see also [Karpukhin et al. 2013]. The proof relies essentially on
Proposition 2.2.

Lemma 4.4. Let (M, g) be a compact Riemannian surface, possibly with boundary, and let uy, . .., uz,
be a collection of nontrivial linearly independent solutions to the Schrodinger equation (2-1) with a
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potential V € K>®(M), where 0 < § < 1. Then for a given interior point x € M there exists a nontrivial
linear combination u =) _ aju; whose vanishing order ord, u at the point x is at least n.

Proof. Let V be a linear space spanned by the functions uy, ..., uy,, and V; its subspace formed by
solutions # € V whose vanishing order at x is at least i, ord, u > i. Clearly, the subspaces V; form a
nested sequence, V;;; C V;. The lemma claims that V, is nontrivial. Suppose the contrary, that the
subspace V), is trivial. Then, it is straightforward to see that the dimension of V satisfies the inequality

n—1

dimV <1+ ) dim(V;/Vis1);

i=1
the equality occurs if the space V' does not coincide with V;. By Proposition 2.2, the factor space V;/ V|
can be identified with a subspace of homogeneous harmonic polynomials on R? of degree i. When the
degree i is at least 1, the space of such polynomials has dimension two, and we obtain

dmV <14+2(n—1)=2n—-1.
Thus, we arrive at a contradiction with the hypotheses of the lemma. (|

Now we finish the proof of Theorem 1.2. Suppose the contrary to its statement. Then there exist at
least 2(2 — x —[) 4+ 2k + 2 linearly independent eigenfunctions corresponding to the eigenvalue A (i, ).
Pick an interior point x € M. By Lemma 4.4 there exists a new eigenfunction # whose vanishing order at
the point x is at least 2 — y — [ 4+ k 4+ 1. Now Lemma 4.3 implies that the number of the nodal domains
of u is at least k + 2. Thus, we arrive at a contradiction with Courant’s nodal domains theorem. O

Proof of Lemma 4.2. Since the set N é (u) consists of isolated points, we can view the nodal set Ngq(u)
as a graph: the vertices are points in N’ ?2 (1), and the edges are connected components of Ng(u) \ N ?2 (u).
Recall that the degree deg x of a vertex x € N é(u) is defined as the number of edges incident to x; if one
edge starts and ends at x, then it counts twice. The following lemma says that the degree of each vertex
has to be finite.

Lemma 4.5. Under the hypotheses of Theorem 4.1, suppose that the set N é (u) consists of isolated points.
Then the degree deg x of any point x € N' ?2 (u) is finite.

Proof. By Corollary 2.4 it is sufficient to show that the number of nodal loops that start and end at a given
point x € N é(u) is finite. Suppose the contrary, that the number of such nodal loops is infinite. Let Q be
a compactification of €2, obtained by adding one point for each boundary component. By Proposition 3.1
it is homeomorphic to a closed surface, and we denote by yx its Euler—Poincaré number. Let I" be a
subgraph in the nodal graph formed by one vertex x and m + 2 — x nodal loops that start and end at x,
where m is the number of nodal domains of u in Q. Denote by v=1,e=m +2 — x and f the number
of vertices, edges and faces of I" respectively. Here by the faces of I' we mean the connected components
of Q\T. Clearly, they are unions of nodal domains, and f < m. On the other hand, viewing I as a graph
in Q, by Euler’s inequality [Giblin 2010, p. 207], we obtain

fze—v+xx=m+1.
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This contradiction demonstrates the lemma. O

Now we prove the statement of Lemma 4.2: the set N é(u) is finite, and the complement N'q(u) \ N' 2(u)
has finitely many connected components. The argument below is based on the results in Section 2, and is
close in the spirit to the one in [Karpukhin et al. 2013, Section 3].

Let Q be a closed surface obtained by collapsing boundary components of €2 to points. By N we
denote the reduced nodal graph in Q, defined in the proof of Theorem 1.2. Recall that its edges are the
same nodal edges, and there are two types of vertices: vertices that correspond to the boundary components
of €2 that contain limit points of nodal lines, called boundary component vertices, and genuine vertices
that correspond to the points in N’ ?2 (u), called interior vertices. For a proof of the lemma it is sufficient to
show that Nq(«) is a finite graph. Our strategy is to show that

(i) each boundary component vertex has a finite degree, and
(i) the number of interior vertices is finite in €.

We are going to construct new graphs in Q by resolving interior vertices in the following fashion. Let
xeN é (#) be an interior vertex. By Lemma 4.5 its degree is finite, and by Lemma 2.6 it is an even
integer 2n. Let B be a small disk centred at x that does not contain other vertices. By Corollary 2.5
we may assume that nodal edges nonincident to x lie in the complement Q2 \ B. Moreover, since the
degree is finite, we may also assume that each nodal loop incident to x intersects d B in at least two points.
Consider the intersections of nodal edges with B, and let I';, where i =0, ..., 2n — 1, be their connected
components incident to x. Pick points y; € T;N3B, one foreachi =0,...,2n— 1. By the resolution of
a vertex x we mean a new graph obtained by removing sub-arcs between x and y; in each nodal edge
incident to x and rounding them off by nonintersecting arcs in B joining the points y,; and y;; . If there
was an edge that starts and ends at x, then such a procedure may make it into a loop. We remove all such
loops, if they occur. A new graph, obtained by the resolution of one vertex, has one vertex less and at
most as many faces as the original graph.

Proof of (i). Suppose the contrary. Let us resolve all interior vertices in Nq(x) in the way described
above. The result is a graph I" whose only vertices are boundary component vertices in Nq(u); let v
be their number. Moreover, it has at most as many faces as Na(u) —that is, no more than the number
of nodal domains. Since there is a boundary component vertex in Nq () whose degree is infinite, the
same vertex has an infinite degree in I". Let us remove all edges in I" except for at least v +m + 1 — x of
them, where m is the number of nodal domains and j is the Euler—Poincaré number of . The result is
a finite graph; it has precisely v vertices, and we denote by e and f the number of its edges and faces
respectively. By Euler’s inequality, we obtain

fZe—v+yxy=m+1.

On the other hand, since removing an edge does not increase the number of faces, we have f < m. Thus,
we arrive at a contradiction.

Proof of (ii). Suppose the contrary, and let v be the number of boundary component vertices in Nq (x).
Let us resolve all interior vertices except for v+ m + 1 — x of them. The result is a finite graph; we
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denote by v, ¢’ and f’ the number of its vertices, edges and faces respectively. Clearly, we have
V<2v+m+1—x and € >22w+m+1—y),

where in the second inequality we used Lemma 2.6, saying that the degree of each vertex x € N' ?2 (u) is at
least 4. Combining these inequalities with the Euler inequality, we obtain

flfze—v+x=2m+1.

On the other hand, we have f’ < m. Thus, we arrive at a contradiction. O

5. Eigenvalue problems on singular Riemannian surfaces

Eigenvalue problems on surfaces with measures. The purpose of this section is to discuss multiplicity
bounds on singular Riemannian surfaces. We start with recalling a useful general setting of eigenvalue
problems on surfaces with measures, following [Kokarev 2014].

Let (M, g) be a compact Riemannian surface, possibly with boundary, and let « be a finite absolutely
continuous (with respect to d Volg) Radon measure on M that satisfies the decay condition

w(B(x,r)) <Cr® forany r>0andx e M, (5-1)

and some constants C and § > 0. Denote by Lé(M , Volg) the space formed by distributions whose
derivatives are in Ly(M, Volg). Then by the results of Maz’ja [1985] (see also [Kokarev 2014]) the
embedding

La(M, )N LY(M, Volg) C Lo(M, 1)

is compact, the Dirichlet form [ |Vul>d Vol, is closable in Ly (M, w), and its spectrum is discrete. We
denote by

the corresponding eigenvalues, and by my (g, ) their multiplicities. As above, we always suppose that
the Dirichlet boundary hypothesis is imposed if the boundary of M is nonempty. The eigenfunctions
corresponding to an eigenvalue A (g, i) are distributional solutions to the Schrodinger equation

—Agu =M (g, Wpu on M. (5-2)
The latter fact ensures that the analysis in Sections 2—4 carries over to yield the following result.

Theorem 5.1. Let (M, g) be a smooth compact Riemannian surface, possibly with boundary, endowed
with a finite absolutely continuous Radon measure p that satisfies hypothesis (5-1). Then the multiplicity
my (g, i) of a Laplace eigenvalue )i (g, () satisfies the inequality

mp(g, w) <2Q—x—-D+2k+1 forany k=1,2,...,

where x stands for the Euler—Poincaré number of M and | is the number of boundary components.
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Proof. First, we claim that the decay hypothesis (5-1) on the measure p implies that its density belongs to
the space K29 (M) for some 0 < 8’ < 8. Indeed, by Fubini’s theorem and the change of variable formula,
we obtain

, +00 , +00 ,
f =y du=/ uly s x =y >r}dr=/ W(BGx, 1)) di
B(x,r) r=d o

r r
= 8// s (B(x, 5)) ds < CS’/ s99 1 g,
0 0

Second, using a variational characterisation of eigenvalues Ax(g, i), it is also straightforward to check
that the standard proof of Courant’s nodal domains theorem carries over for eigenfunctions u# which
satisfy (5-2). Hence, Theorem 4.1 applies, and then the argument in the proof of Theorem 1.2 carries
over directly to yield the multiplicity bounds. (|

Note that, since the Dirichlet energy is conformally invariant, if the measure u is the volume measure
of a metric & conformal to g then the quantities A.(g, ) are precisely the Laplace eigenvalues of a
metric 4. More generally, the eigenvalue problems on surfaces with singular metrics can be also often
viewed as particular instances of the setting of eigenvalues on measures. Below we discuss this point of
view in more detail.

Let (M, g) be a Riemannian surface and /4 be a Riemannian metric of finite volume defined on the
set M \ S, where S is a closed nowhere dense subset of zero measure. Here the set S plays the role of a
singular set of 4 on M. Denote by u the volume measure of the metric /. In the literature, e.g., [Cheeger
1983], the Dirichlet spectrum of a singular metric 4 is normally defined as the spectrum of the Dirichlet
form

u > |Vul* d Vo, (5-3)

M\S

defined on the space € C L,(M, i) of smooth compactly supported functions in M \ S. Suppose that
the set S has zero Dirichlet capacity, the metric 4 is conformal on M \ S to the metric g, and its volume
measure p satisfies the decay hypothesis (5-1). Then, it is straightforward to see that the spectrum of 4 is
discrete and coincides with the set of eigenvalues A (g, 1) defined above. Moreover, the construction
makes sense even if a metric / is not smooth on M \ § as long as the Dirichlet form (5-3) is well-defined.
Theorem 5.1 gives multiplicity bounds for such eigenvalue problems. We end by discussing two examples:
metrics with conical singularities and, more generally, Alexandrov surfaces of bounded integral curvature.

Example I: metrics with conical singularities. Let M be a closed smooth surface and 4 be a metric on
M with a number of conical singularities. Recall that a point p € M is called a conical singularity of
order @ > —1 (or angle 27 (« 4 1)) if in an appropriate local complex coordinate the metric / has the form
1z|% p(2)|dz|*, where p(z) > 0. In other words, near p the metric is conformal to the Euclidean cone
of total angle 27 (« 4+ 1). As is known, such a metric /4 is conformal to a genuine Riemannian metric g
on M away from the singularities. If a surface M has a nonempty boundary, we do not exclude an infinite
number of conical singularities accumulating to the boundary, and suppose that the volume measure
Vol,, satisfies the decay hypothesis (5-1). For a surface with a finite number of conical singularities the
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hypothesis on the volume measure is always satisfied. The Dirichlet integral with respect to the metric &
is defined as an improper integral; by the conformal invariance, it satisfies the relation

/M|Vu|ﬁdVolh:/M|w|§,dVolg

for any smooth function u#. Thus, we conclude that the Laplace eigenvalues and their multiplicities of a
metric & coincide with the quantities A, (g, Voly,) and my (g, Vol,), defined above, and Theorem 5.1 yields
the multiplicity bounds. Note that if a metric 4 has only a finite number of conical singularities, then the
multiplicity bounds can also be obtained from arguments in [Karpukhin et al. 2013].

Example 11: Alexandrov surfaces of bounded integral curvature. The most significant class of surfaces,
illustrating our approach, is formed by the so-called Alexandrov surfaces of bounded integral curvature.
Below we recall this notion and give a brief outline of its relevance to our setting; more details and
references on the subject can be found in the surveys [Reshetnyak 1993; Troyanov 2009]. Eigenvalue
problems on Alexandrov surfaces of bounded integral curvature are treated in detail in [Kokarev > 2014].

Definition. A metric space (M, d), where M is a compact smooth surface, is called an Alexandrov surface

of bounded integral curvature if:

(i) the topology induced by d coincides with the original surface topology on M

(i1) the metric space (M, d) is a geodesic length space; that is, any two points x and y € M can be joined
by a path whose length is d(x, y);

(iii) the metric d is a C°-limit of distances of smooth Riemannian metrics g, on M whose integral
curvatures are bounded; that is,

sup/ |K,,|dVolg, <400,
n Jm

where K, stands for the Gauss curvature of a metric g,.

This is a large class of singular surfaces that contains, for example, all polyhedral surfaces as well as
surfaces with conical singularities and their limits under the integral curvature bound. The hypothesis (iii)
implies that after a selection of a subsequence the signed measures K, dVol,, converge weakly to a
measure w on M. By the result of Alexandrov [Alexandrov and Zalgaller 1967], the measure w is
an intrinsic characteristic of (M, g); it does not depend on an approximating sequence of Riemannian
metrics gy, and is called the curvature measure of an Alexandrov surface. As an example, consider the
surface of a unit cube in R3. The metric on it is defined as the infimum of Euclidean lengths of all paths
that lie on the surface of the cube and join two given points. As is known [Reshetnyak 1993; Troyanov
20091, its curvature measure is ) (1 /2)8,, where 8, is the Dirac mass and the sum runs over all vertices p
of the cube.

Recall that a point x € M is called a cusp if w(x) = 2m. By the results of [Reshetnyak 1960; Huber
1960], any Alexandrov surface of bounded integral curvature and without cusps can be regarded as being
“conformally equivalent” to a smooth Riemannian metric on a background compact surface. This means
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that the distance function on such a surface has the form

1
d(x,y) = inf{ / "Dy (1)) dt}
14 0

for some function u and a smooth background Riemannian metric g; the infimum above is taken over
smooth paths y joining x and y. The conformal factor e* here can be very singular, and is an L27-
function, where p > 1. More precisely, the function « is the difference of weakly subharmonic functions
[Reshetnyak 1960; 1993], and the set

S={xeM:e'(x)=0}

has zero capacity in M [Hayman and Kennedy 1976, Theorem 5.9].

Thus, an Alexandrov surface without cusps can be viewed as a surface with a “Riemannian metric”
h=e"gon M\ S, whose distance function is precisely the original metric d. This “Riemannian metric”
yields the Alexandrov volume measure du, = ez“dVolg, which is another intrinsic characteristic of
(M, d); it can be also defined via approximations by Riemannian metrics. More precisely, Alexandrov
and Zalgaller [1967] show that if g, is a sequence of Riemannian metrics that satisfy the hypothesis (iii)
in the definition of an Alexandrov surface, then its volume measures Vol,, converge weakly to 1.

Since the set S has zero capacity, by conformal invariance it is straightforward to conclude that the

relation
/ |Vul; duy :/ |Vul, dVol,
M\S M

holds for any smooth function u. Thus, the eigenvalues A (g, ;) of the Dirichlet form [ |Vul>d Vol, in
L>(M, ) are indeed natural versions of Laplace eigenvalues on an Alexandrov surface without cusps.

Since e

is an L?-function, where p > 1, we conclude that the Alexandrov volume measure p; satisfies
the decay hypothesis (5-1). In particular, the multiplicities m (g, p) are finite and satisfy the inequalities

in Theorem 5.1.

Appendix: Cheng’s structure theorem

The purpose of this section is to give details on Cheng’s structure theorem, discussed in Section 1. It is
based on the following lemma.

Lemma A.1. Let u be a C'-smooth function defined in a neighbourhood of the origin in R" that satisfies
the relation

ux)=Pyx)+0(x|" ) as x >0, (A-1)

where Py is a homogeneous polynomial of order N such that |V Py (x)| > C|x|N~1. Then there exists a
neighbourhood U of the origin and a Lipschitz homeomorphism ® of it that preserves the origin and such
that u(x) = Py (®(x)) for any x € U. Moreover, if u is C?-smooth, then ® is a Cl-diﬂeomorphism.

Proof outline. The second term on the right-hand side can be viewed as the product a(x)|x | +9'~1 \where
0 < &8 < 8 and «(x) is a function that is C'-smooth away from the origin and behaves like 0(|x|1+5—5/)
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as x — 0. It is then straightforward to see that « is C'-smooth in a neighbourhood of the origin and,
differentiating relation (A-1), we obtain

Vu(x) = VPy(x)+O0(x|V1) as x — 0.

Given the last relation, if u is C2-smooth, the existence of the C'-diffeomorphism & follows from the
argument in the proof of [Cheng 1976, Lemma 2.4]. This argument also works when u is C!:!-smooth,
and in this case it yields a local Lipschitz homeomorphism & such that u(x) = Py (®(x)). O

In dimension two any homogeneous harmonic polynomial of degree N > 1 satisfies the hypothesis
|VPy(x)| > C|x|V~! and, combining the lemma above with Proposition 2.2, we obtain the following
improved version of Cheng’s result.

Cheng’s structure theorem. Let u be a C'-'-smooth solution of the Schrodinger equation
(~A+V)u=0 on QCR?, (A-2)

where V € K>*(Q). Then for any nodal point p € N(u) there is a neighbourhood U and a Lipschitz
homeomorphism ® of U onto a neighbourhood of the origin such that u(x) = Py(®(x)) forany x e U,
where Py is an approximating homogeneous harmonic polynomial at p. Moreover, if u is C*-smooth,
then ® is a C'-diffeomorphism.

Cheng [1976] also states similar results in arbitrary dimension. However, in dimension n > 2 there
are homogeneous harmonic polynomials for which the hypothesis |V Py (x)| > C|x|V~! fails, and thus
Lemma A.1 cannot be used. As is shown in [Bérard and Meyer 1982, Appendix E], the latter hypothesis
is necessary for the conclusion of Lemma A.1 to hold.
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PARABOLIC BOUNDARY HARNACK PRINCIPLES
IN DOMAINS WITH THIN LIPSCHITZ COMPLEMENT

ARSHAK PETROSYAN AND WENHUI SHI

We prove forward and backward parabolic boundary Harnack principles for nonnegative solutions of the
heat equation in the complements of thin parabolic Lipschitz sets given as subgraphs

E={(x,0):x_1 < f(x", 1), %, =0} CR" ! xR

for parabolically Lipschitz functions f on R"~2 x R.

We are motivated by applications to parabolic free boundary problems with thin (i.e., codimension-two)
free boundaries. In particular, at the end of the paper we show how to prove the spatial C!*-regularity of
the free boundary in the parabolic Signorini problem.

1. Introduction

The purpose of this paper is to study forward and backward boundary Harnack principles for nonnegative
solutions of the heat equation in certain domains in R" x R which are, roughly speaking, complements of
thin parabolically Lipschitz sets E. By the latter, we understand closed sets lying in the vertical hyperplane
{x, = 0} which are locally given as subgraphs of parabolically Lipschitz functions (see Figure 1).

Such sets appear naturally in free boundary problems governed by parabolic equations, where the
free boundary lies in a given hypersurface and thus has codimension two. Such free boundaries are also
known as thin free boundaries. In particular, our study was motivated by the parabolic Signorini problem,
recently studied in [Danielli et al. 2013].

The boundary Harnack principles that we prove in this paper provide important technical tools in
problems with thin free boundaries. For instance, they open up the possibility of proving that the
thin Lipschitz free boundaries have Holder-continuous spatial normals, following the original idea in
[Athanasopoulos and Caffarelli 1985]. In particular, we show that this argument can indeed be successfully
carried out in the parabolic Signorini problem.

We have to point out that the elliptic counterparts of the results in this paper are very well known; see
e.g. [Athanasopoulos and Caffarelli 1985; Caffarelli et al. 2008; Aikawa et al. 2003]. However, there are
significant differences between the elliptic and parabolic boundary Harnack principles, mostly because of
the time-lag in the parabolic Harnack inequality. This results in two types of boundary Harnack principles
for parabolic equations: the forward one (also known as the Carleson estimate) and the backward one.

The authors were supported in part by NSF grant DMS-1101139.

MSC2010: primary 35K20; secondary 35R35, 35K85.

Keywords: parabolic boundary Harnack principle, backward boundary Harnack principle, heat equation, kernel functions,
parabolic Signorini problem, thin free boundaries, regularity of the free boundary.
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Moreover, those results are known only for a much smaller class of domains than in the elliptic case.
Thus, to put our results in a better perspective, we start with a discussion of the known results both in the
elliptic and parabolic cases.

Elliptic boundary Harnack principle. The by-now classical boundary Harnack principle for harmonic
functions [Kemper 1972a; Dahlberg 1977; Wu 1978] says that if D is a bounded Lipschitz domain in
R", xo € dD, and u and v are positive harmonic functions on D vanishing on B, (xg) N dD for a small
r > 0, then there exist positive constants M and C, depending only on the dimension n and the Lipschitz
constant of D, such that
u@) _ 1)
v(x) T u(y)

for x, ye Br/M(xo) ND.

Note that this result is scale-invariant, and hence, by a standard iterative argument, one then immediately
obtains that the ratio u/v extends to D N B, /m(xo) as a Holder-continuous function. Roughly speaking,
this theorem says that two positive harmonic functions vanishing continuously on a certain part of the
boundary will decay at the same rate near that part of the boundary.

This boundary Harnack principle depends heavily on the geometric structure of the domains. The
scale-invariant boundary Harnack principle (among other classical theorems of real analysis) was extended
in [Jerison and Kenig 1982] from Lipschitz domains to the so-called NTA (nontangentially accessible)
domains. Moreover, if the Euclidean metric is replaced by the internal metric, then similar results hold
for so-called uniform John domains [Aikawa et al. 2003; Aikawa 2005].

In particular, the boundary Harnack principle is known for domains of the type

D=B\Es, Ef={xeR":x,_1 < f(x"),x, =0},

where f is a Lipschitz function on R"~2 with f(0) = 0; it is used, for instance, in the thin obstacle
problem [Athanasopoulos and Caffarelli 1985; Athanasopoulos et al. 2008; Caffarelli et al. 2008]. In
fact, there is a relatively simple proof of the boundary Harnack principle for domains as above already
indicated in [Athanasopoulos and Caffarelli 1985]: there exists a bi-Lipschitz transformation from D to
a half-ball Bl+, which is a Lipschitz domain. The harmonic functions in D transform to solutions of a
uniformly elliptic equation in divergence form with bounded measurable coefficients in B;", for which
the boundary Harnack principle is known [Caffarelli et al. 1981].

Parabolic boundary Harnack principle. The parabolic version of the boundary Harnack principle is
much more challenging than the elliptic one, mainly because of the time-lag issue in the parabolic Harnack
inequality. The latter is called sometimes the forward Harnack inequality, to emphasize the way it works:
for nonnegative caloric functions (solutions of the heat equation), if the earlier value is positive at some
spatial point, after a necessary waiting time, one can expect that the value will become positive everywhere
in a compact set containing that point. Under the condition that the caloric function vanishes on the
lateral boundary of the domain, one may overcome the time-lag issue and get a backward-type Harnack
principle (so, combining the two together, one gets an elliptic-type Harnack inequality).
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Figure 1. Domain with a thin Lipschitz complement.

The forward and backward boundary Harnack principle are known for parabolic Lipschitz domains, not
necessarily cylindrical; see [Kemper 1972b; Fabes et al. 1984; Salsa 1981]. Moreover, they were shown
more recently in [Hofmann et al. 2004] to hold for unbounded parabolically Reifenberg-flat domains.
In this paper, we will generalize the parabolic boundary Harnack principle to the domains of the type
(see Figure 1)

D=V \Ey,

where
U ={(x,0):|xi|<1l,i=1,...,n—=2,|x,_1| <4nL, |x,| <1, |t] <1},
Ef={(x,0) :x5-1 = (X", 1), %, = 0},
and f(x”,t) is a parabolically Lipschitz function satisfying
fQ" 0= O Ol < LOx" =y P+l =sD'2 f(0,0)=0.

Note that D is not cylindrical (E s is not time-invariant), and it does not fall into any category of domains
on which the forward or backward Harnack principle is known. Inspired by the elliptic inner NTA domains
(see e.g. [Athanasopoulos et al. 2008]), it seems natural to equip the domain D with the intrinsic geodesic
distance pp((x, ), (v, s)), where pp((x, t), (¥, s)) is defined as the infimum of the Euclidean length of
rectifiable curves y joining (x, #) and (y, s) in D, and consider the abstract completion D* of D with
respect to this inner metric pp. We will not work directly with the inner metric in this paper since it
seems easier to work with the Euclidean parabolic cylinders due to the time-lag issues and different scales
in space and time variables. However, we do use the fact that the interior points of E, (in the relative
topology) correspond to two different boundary points in the completion D*.

Even though we assume in this paper that E s lies on the hyperplane {x, = 0} in R" x R, our proofs
(except those on the doubling of the caloric measure and the backward boundary Harnack principle) are
easily generalized to the case when E is a hypersurface which is Lipschitz in the space variable and
independent of the time variable.
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Structure of the paper. The paper is organized as follows.

In Section 2 we give basic definitions and introduce the notation used in this paper.

In Section 3 we consider the Perron—Wiener—Brelot (PWB) solution to the Dirichlet problem of the
heat equation for D. We show that D is regular and has a Holder-continuous barrier function at each
parabolic boundary point.

In Section 4 we establish a forward boundary Harnack inequality for nonnegative caloric functions
vanishing continuously on a part of the lateral boundary, following the lines of [Kemper 1972b].

In Section 5 we study the kernel functions for the heat operator. We show that each boundary point
(v, s) in the interior of E; (as a subset of the hyperplane {x, = 0}) corresponds to two independent
kernel functions. Hence, the parabolic Euclidean boundary for D is not homeomorphic to the parabolic
Martin boundary.

In Section 6 we show the doubling property of the caloric measure with respect to D, which will imply
a backward Harnack inequality for caloric functions vanishing on the whole lateral boundary.

Section 7 is dedicated to various forms of the boundary Harnack principle from Sections 4 and 6,
including a version for solutions of the heat equation with a nonzero right-hand side. We conclude the
section and the paper with an application to the parabolic Signorini problem.

2. Notation and preliminaries

2A. Basic notation.

R" n-dimensional Euclidean space
X'=(x1, . xem) R for x = (x1,...,x,) €R"
)C//Z()Cl,---,xn_z)E[RQ”_2 forx =(xy,...,x,) € R"

Sometimes it will be convenient to identify x’, x” with (x’, 0) and (x”, 0, 0), respectively.

X-y= 2”: X; Vi the inner product for x, y € R"

i=1
Ix| = (x-x)/? the Euclidean norm of x € R”
G, DIl = (Ix)* + [t)'/? the parabolic norm of (x,7) € R" x R
E,E°, JE the closure, the interior, the boundary of E
pE the parabolic boundary of E in R" x R
B,(x) ={yeR":|x—y| <r} open ball in R"
B.(x"), B/ (x") (thin) open balls in R"~!, R"~2
O,(x,t):=B,(x) x (t — r, t) lower parabolic cylinders in R" x R
dist,(E, F) = (x?tr;iéE [(x —y,t—s5)]| the parabolic distance between sets E, F

(y,s)eF

We will also need the notion of a parabolic Harnack chain in a domain D C R" x R. For two points
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(z1, k1) and (22, hy) in D with hy —hy > ?|z2 — z1]%, 0 < i < 1, we say that a sequence of parabolic
cylinders Q.. (x;,t;) C D,i =1, ..., N, is a Harnack chain from (z1, /1) to (z2, h2) with constant  if:
(z1, ) € Qr (x1, 1), (22, h2) € Qry (XN, IN),
pri < disty (0, (xi, 1), 9,D) < ﬁr,-, i=1,....N,

O i1, iy N Oy (xi 1) #9, i=1,...,N—1,
timi—t=p’r?, i=1,...,N—1.

The number N is called the length of the Harnack chain. By the parabolic Harnack inequality, if u is a

nonnegative caloric function in D and there is a Harnack chain of length N and constant u from (zy, A1)
to (z2, h2), then

u(zi, h) <C(u,n, N)u(za, hy).

Further, for given L > 1 and r > 0 we also introduce the (elongated) parabolic boxes, specifically adjusted
to our purposes:
U ={x" ) eR"ZxR: x| <ri=1,...,n=2,t| <r?},
W ={(x,)eR" " xR: (x",1) €V, |x,_1| <4nLr},
U, ={(x,) eR"xR: (x', 1) €V, |x,| <7},
Y (y,s) = (y,s) + V.

We also define the neighborhoods

N(E) := U W, (y,s) foranyset ECR" xR.
(y,s)€eE

2B. Domains with thin Lipschitz complement. Let f : R"2 x R — R be a parabolically Lipschitz
function with a Lipschitz constant L > 1 in the sense that

IFG 0= FO OIS LA =y P+le=sD2 @0, 0" 5) eR7 xR
Then consider the following two sets:

Gr={(x,1) :x,_1 = f(x", 1), x, =0},
Ef={(x,1):x,-1 < f(x", 1), x, =0}.

We will call them the thin Lipschitz graph and subgraph respectively (with “thin” indicating their lower
dimension). We are interested in the behavior of caloric functions in domains of the type 2\ E s, where
2 is open in R" x R. We will say that 2\ E s is a domain with a thin Lipschitz complement.

We are interested mostly in local behavior of caloric functions near the points on G y and therefore we
concentrate our study on the case

DIDfZI‘-IJI\Ef
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with a normalization condition

£(0,0)=0¢= (0,0) € G.

We will state most of our results for D defined as above; however, the results will still hold if we
replace W in the construction above with a rectangular box

n
U= (]‘[(a,-, b,-)) x (o, B)
i=1
such that, for some constants cg, Co > 0 depending on L and n, we have
U c Wy, ey, s) C U for all (v,s)€Gy, se [oz—l—c(z), B —c(z)],
and consider the complement
5 = 5f = \AI} \ Ef.

Even more generally, one may take U to be a cylindrical domain of the type U=0x(a, B) where 0 C R"
has the property that 01 = ON{%x, > 0} are Lipschitz domains. For instance, we can take 0 = B;. Again,
most of the results that we state will be valid also in this case, with a possible change in constants that
appear in estimates.

2C. Corkscrew points. Since we will be working in D = W \ E as above, it will be convenient to
redefine the sets £ and G 7 as follows:

Gr={(x,n) eV :x,_1 = f(x", 1), x, =0},
Er={(x,t) eV :x,01 < f(x", 1), x, =0},

so that they are subsets of Wy. It is easy to see from the definition of D that it is connected and that its
parabolic boundary is given by

3pD = 8p\111 UEy.

As we will see, the domain D has a parabolic NTA-like structure, with the catch that at points on E ¢ (and
close to it) we need to define two pairs of future and past corkscrew points, pointing into D4 and D_,
respectively, where

Dy =DN{x, >0} =), D-=DN{x, <0} = (V).
More specifically, fix 0 < r < zlt and (y,s) € N, (Ef)N0d,D, and define

AE(y, ) ="yt +7/2,2r/2, s +2r%) ifs e[—1, 1 —4r?),
Ay, s) = (', yuo1 +1/2, /2,5 =2r%) if s e (=1 +4r% 1].
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Note that, by definition, we always have Af(y,s), AT (y,s) € Dy and A= (y,s), A7 (y,s) € D_. We
also have that

AF(y,9), AL (y. ) € Wy, 9),
W, (AX(y,8))NOD = W, 5(AS (y,$)) N D = 2.
Moreover, the corkscrew points have the following property.

Lemma 2.1 (Harnack chain property I). Let 0 <r < %, (v,5) €0, DNN,(Ey) and (x,t) € D be such that
(x,1) eV, (y,s) and VY, (x,1)Nd,D=0a.

Then there exists a Harnack chain in D with constant u and length N, depending only on y, L, and n,
from (x, t) to either Af(y, s) or A,‘ (v,s), provided s <1 — 4r2, and from either Ajr(y, s)or A (y,s) to
(x, 1), provided s > —1 + 4r2,
In particular, there exists a constant C = C(y, L,n) > 0 such that, for any nonnegative caloric
function u in D,
u(x, 1) < Cmax{u(AS (y, ), u(A; (v, )} ifs <1—4r7,
u(x, 1) > C~ min{u(Af (y,5)), (A7 (v.5)} ifs = —1+4r%.

Proof. This is easily seen when (y, s) € N-(G r) (in this case the chain length N does not depend on L).
When (y, s) € N.(Gy), one needs to use the parabolic Lipschitz continuity of f. O

Next, we want to define the corkscrew points when (y, s) is farther away from E;. Namely, if
(v,5) € 9,D\ N (Ey), we define a single pair of future and past corkscrew points by

A s) = (1 —r),s+2r%) ifse[~1,1—4r?),
Ay, )= =r),s—=2r%) ifse(=1+4r1].

Note that the points Ar(y, s) and A, (y, s) will have properties similar to those of Zﬁc (y, s) and Aﬁc(y, s).
That is,

Ar(y, S), Ar(yv S) € qur()” s)v
Wy 2(Ar (v, $) NOD = Wy 0(A, (v, $)) 0D = 2,

and we have the following version of Lemma 2.1 above.
Lemma 2.2 (Harnack chain property II). Let 0 <r < %, (y,8) €03,D\N,(Er) and (x, t) € D be such that
(x,0) eV, (y,s) and WV, (x,t)Nd,D=0.

Then there exists a Harnack chain in D with constant . and length N, depending only on y, L, and n,
from (x, 1) to A, (v, s), provided s < 1 —4r%, and from A,(y, s) to (x, t), provided s > —1 + 4r>.
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In particular, there exists a constant C = C(y, L, n) > 0 such that, for any nonnegative caloric function
uinD,
u(x,t) <Cu(A(y,s))  ifs<1—4r

u(x, 1) = Clu(A (y,8)) ifs = —1+4r% O

To state our next lemma, we need to use a parabolic scaling operator on R” x R. For any (y, s) e R* xR
and r > 0, we define

.o X—y t—s
T(yss).(x,t)l—>(—r = )

Lemma 2.3 (localization property). For 0 < r < }‘ and (y,s) € 9,D, there exists a point (y,S) €
0p, DNy, (y,s) and 7 € [r, 4r] such that

Y (y,)ND CWi(y,5)ND C W (y,5) N D,

and the parabolic scaling T(; 5)(\11; (3, 5) N D) is one of the following:

(1) a rectangular box U such that v, C U C W, for some positive constants cy and Cy depending
on L and n, or

(2) a union of two rectangular boxes as in (1) with a common vertical side, or

(3) a domain D F= v \ E r with a thin Lipschitz complement, as defined at the end of Section 2B.

Proof. Consider the following cases:

Case 1: V,(y, s) N Ey = @. In this case, we take (y,5) = (y, s) and p =r. Then W, (y, s) NV falls into
category (1).

Case 2: W,.(y,s) NEys # &, but Wy, (y,s) NGy = <. In this case, we take (y,s) = (y,s) and p =2r.
Then W, (y, s) N D splits into the disjoint union of Wy, (y, s) N (W), which falls into category (2).
Case 3: W5,(y, s) NGy # . In this case, choose (y, 5) € W3,(y, s) N G s with the additional property
that —1 +72/4 <5 <1—r%/4, and let p = 4r. Then W,(5,5) N D = (¥,(3,5) \ E;) N ¥, falls into
category (3). O

3. Regularity of D for the heat equation

In this section we show that the domains D with thin Lipschitz complement E ; are regular for the heat
equation by using the existence of an exterior thin cone at points on E s and applying the Wiener-type
criterion for the heat equation [Evans and Gariepy 1982]. Furthermore, we show the existence of Holder-
continuous local barriers at the points on E ¢, which we will use in the next section to prove the Holder
continuity and regularity of the solutions up to the parabolic boundary.

3A. PWB solutions [Doob 1984; Lieberman 1996]. Given an open subset 2 C R” x R, let 0$2 be its
Euclidean boundary. Define the parabolic boundary 9,2 of €2 to be the set of all points (x, ) € 92 such
that for any ¢ > 0 the lower parabolic cylinder Q. (x, ) contains points not in 2.
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We say that a function u : Q — (—o00, +00] is supercaloric if u is lower semicontinuous, finite on
dense subsets of 2, and satisfies the comparison principle in each parabolic cylinder Q € Q: if v € C(Q)
solves Av—0,v=0in Qand v=wu on d,Q, then v <u in Q.

A subcaloric function is defined as the negative of a supercaloric function. A function is caloric if it is
supercaloric and subcaloric.

Given any real-valued function g defined on 9,2, we define the upper solution

H ¢, = inf{u : u is supercaloric or identically +oc0 on each component of €2,

lim inf : u(y,s) > g(x,t) forall (x, 1) € 9,82, u bounded below on £2},

(y.s5)—=>(x.t

and the lower solution

H ¢ = sup{u : u is subcaloric or identically —oo on each component of €2,

limsup u(y,s) < g(x,t) for all (x,t) € 9,82, u bounded above on }.
(y,8)—>(x,1)
If H ¢ =H,, then H, = H ¢ = H, is the Perron—Wiener-Brelot (PWB) solution to the Dirichlet problem
for g. It is shown in §1.VIIL.4 and §1.XVIIIL.1 in [Doob 1984] that if g is a bounded continuous function,
then the PWB solution H, exists and is unique for any bounded domain €2 in R" x R.
Continuity of the PWB solution at points of 9,2 is not automatically guaranteed. A point (x, t) € 9,2
is a regular boundary point if lim(y ) (x,r) Hg(y, s) = g(x, t) for every bounded continuous function g
on 9, D. A necessary and sufficient condition for a parabolic boundary point to be regular is the existence
of a local barrier for earlier time at that point (Theorem 3.26 in [Lieberman 1996]). By a local barrier at
(x, t) € 3,€2, we mean here a nonnegative continuous function w in 0,(x, 1) N for some r > 0 that has
the following properties: (i) w is supercaloric in Q,(x, t) N €2, and (ii) w vanishes only at (x, ¢).

3B. Regularity of D and barrier functions. For the domain D defined in the introduction, we have
0pD =0,V UE . The regularity of (x, t) € 3, ¥ follows immediately from the exterior cone condition
for the Lipschitz domain. For (x, t) € E, instead of the full exterior cone we only know the existence of
a flat exterior cone centered at (x, ¢) by the Lipschitz nature of the thin graph. This will still be enough
for the regularity, by the Wiener-type criterion for the heat equation. We give the details below.

For (x,t) € E¢, with f parabolically Lipschitz, there exist c1, ¢c; > 1, depending on n and L, such
that the exterior of D contains a flat parabolic cone €(x, t), defined by

€x, 1) =(x,1)+€,
C={(y,s) eR"xR:5<0,y,_1 <—c1|y'| —cav/—s, y, =0}.
Then by the Wiener-type criterion for the heat equation [Evans and Gariepy 1982], the regularity of

(x,t) € Ey will follow once we show that

o
Z 2kn/2 cap (A (27%) N @) = +o0,
k=1
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where
A) =1{(y, s): (4me)™? <T(y, —s) < Qme) ™2,

I' is the heat kernel 5
(Ams) M2~/ if s >0,

C(y, s) =
(-5) {o ifs <0,

and cap(K) is the thermal capacity of a compact set K, defined by
cap(K) = sup{u(K) : u is a nonnegative Radon measure supported in K, with u*I" <1 on R" x R}.
Since 6 is self-similar, it is enough to verify that

cap(d(1)N€) > 0.

The latter is easy to see, since we can take as u the restriction of H", the Hausdorff measure, to sd(1) N,
and note that

0 0
1 1
F'x—y,t—s)d ’ds</ —ds</ ————ds <0
=y )y ds = MA@ —s)t T Jo1 Jar(—s)
for any (x,t) € R" x R. Since H" (4 (1) N€) > 0, we therefore conclude that cap(s4(1) N €) > 0. We
have therefore established the following fact:

(M*F)(x,t)=/

A()Ne

Proposition 3.1. The domain D = D is regular for the heat equation. O

We next show that we can use the self-similarity of € to construct a Holder-continuous barrier function
atevery (x,1) € Ey.

Lemma 3.2. There exists a nonnegative continuous function U on Y, with the following properties:
() U > 0in ¥\ {(0,0)}and U(0,0) =0;
(i) AU —0o,U =0in WV \6; and
(iii) U(x, 1) < C(x|?>+tN*/? for (x,t) € ¥, and some C > 0 and 0 < o < 1 depending only on n and L.

Proof. Let U be a solution of the Dirichlet problem in W, \ ¢ with boundary values U (x, t) = |x|> + |¢]
on d,(W; \ €). Then U will be continuous on W, and will satisfy the following properties:

(i) U > 01in ¥, \ {(0,0)} and U (0, 0) = 0; and
(i) AU —0o,U =01in Wy \ 6.
In particular, there exists c¢p > 0 and A > 0 such that
U>=coond,¥; and U =<co/2on VY,.

We then can compare U with its own parabolic scaling. Indeed, let My (r) = supy, U for 0 <r < 1.
Then, by the comparison principle for the heat equation, we have
M
Ux,1) < v )
o

Ux/r, t/rz) for (x,1) e V,.
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(Carefully note that this inequality is satisfied on 6 by the homogeneity of the boundary data on €.)
Hence, we obtain that

My Gy < MU0

forany O <r <1,

which implies the Holder-continuity of U at the origin by the standard iteration. The proof is complete. [

4. Forward boundary Harnack inequalities

In this section, we show the boundary Holder-regularity of the solutions to the Dirichlet problem and
follow the lines of [Kemper 1972b] to show the forward boundary Harnack inequality (Carleson estimate).

We also need the notion of the caloric measure. Given a domain Q C R" x R and (x, t) € L2, the caloric
measure on 9,2 is denoted by a)g ) The following facts about caloric measures can be found in [Doob
1984]. For a Borel subset B of 9,£2, we have a)g’t)(B) = H,,(x, 1), which is the PWB solution to the
Dirichlet problem

Au—u;=01in Q; u= xpond,S2,

where xp is the characteristic function of B. Given a bounded and continuous function g on 9,2, the
PWB solution to the Dirichlet problem

Au—u;=0inQ; u=gona,Q

is given by u(x,t) = fapsz g0y, s) dwg’t)(y, s). For a regular domain €2, one has the following useful

property of caloric measures:

Proposition 4.1 [Doob 1984]. If E is a fixed Borel subset of 8,2, then the function (x,t) — oS (E)

extends to (y, s) € 3,2 continuously provided g is continuous at (y, s).

4A. Forward boundary Harnack principle. From now on, we will write the caloric measure with respect
to D=V \ Eyfas w™? for simplicity. Before we prove the forward boundary Harnack inequality, we
first show the Holder-continuity of the caloric functions up to the boundary, which follows from the
estimates on the barrier function constructed in Section 3.

In what follows, for 0 < r < ‘—11 and (y, s) € 9, D, we will denote

Ar(y’s) =\pi’(yas)m8pr
and call it the parabolic surface ball at (y, s) of radius r.

Lemmad4.2. Let0<r < zlt and (y, s) € 3,D. Then there exist C =C(n, L) >0anda =a(n, L) € (0, 1)
such that if u is positive and caloric in VY, (y, s) N D and u vanishes continuously on A, (y, s), then

12 _ a/2
u(x,z>§C('x Ak S') M, (r) (4-1)

forall (x,t) € V,.(y,s)N D, where M, (r) = SUPy, (y.5)nD U-
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Proof. Let U be the barrier function at (0, 0) in Lemma 3.2 and ¢y = infapq,l U > 0. We then use the
parabolic scaling T&’S) to construct a barrier function at (y, s). If (y, s) € N;.(Es), then there is an exterior
cone 6(y, s) at (y, s) with a universal opening, depending only on n and L, and

Ul = Uo T
will be a local barrier function at (y, s) and will satisfy

x = yIP+ 1t =
2

/2
OEU(ry’s)(x?t)ic( S|> for (x»t)elpr()’»s)- (4_2)
This construction can be made also at (y, s) € d,D \ N (E ), as these points also have the exterior cone
property, and we may still use the same formula for U(; (), but after a possible rotation of the coordinate
axes in R".
Then, by the maximum principle in W, (y, s) N D, we easily obtain that

M., (r)

u(x,t) < U(’y’s)(x, t) for (x,t) e ¥, (y,s)ND. 4-3)

Combining (4-2) and (4-3), we obtain (4-1). g

The main result in this section is the following forward boundary Harnack principle, also known as the
Carleson estimate.

Theorem 4.3 (forward boundary Harnack principle or Carleson estimate). Let 0 <r < 4—1‘, (v,s)€0,D
with s < 1 —4r?, and u be a nonnegative caloric function in D, continuously vanishing on Az, (y, s).
Then there exists C = C(n, L) > 0 such that, for (x,t) € ¥, 2(y,s) N D,

max{u(Af (y,$), u(A; (v, )} if (v.5) €9, DN (Ey),
u(Ar(y,s)) if (y,s) €9, D\ N,(Ey).

To prove the Carleson estimate above, we need the following two lemmas on the properties of the

ulx,t)<C { (4-4)

caloric measure in D, which correspond to Lemmas 1.1 and 1.2 in [Kemper 1972b], respectively.

Lemmad4.4. ForO <r < ‘—1‘, (y,s)€0,D withs <1 —4r2, and y € (0, 1), there exists C =C(y,L) >0
such that

o (A(y,9) = C  for (x,1) € ¥y, (y, )N D.
Proof. Suppose first that (y, s) € N.(E 7). Consider the caloric function
NN CH))
U()C, t) T a)\ljfr(}",s)\(@(y,s) ((G(ya S))a

where €(y, s) is the flat exterior cone defined in Section 3. The domain W, (y, s)\“€(y, s) is regular; hence,
by Proposition 4.1, v(x, t) is continuous on W, (y, s). We next claim that there exists C = C(y,n, L) >0
such that

v(x,1) > C inW,.(y,s).
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Indeed, consider the normalized version of v,
. (x,0)
vo(x, 1) = g\ (6),

which is related to v through the identity v = vg o T(ry’ 5)- Then, from the continuity of v in \7),, the
equality vo = 1 on 6, and the strong maximum principle we obtain that vo > C = C(y,n, L) >0on V¥,,.
Using the parabolic scaling, we obtain the claimed inequality for v. Moreover, applying the comparison
principle to v(x, #) and @®" (A, (y, s)) in D N, (y, s), we have

o® (A (y,s)) = v(x, 1) >C for (x,1) € DNWY,,(y,s).

In the case when (y, 5) € 3,D \ N, (E ), we may modify the proof by changing the flat cone €(y, s) with
the full cone contained in the complement of D, or directly applying Lemma 1.1 in [Kemper 1972b]. [J

Lemmad4.5. ForO<r < Alf, (v,s) € 0,D withs <1— 4r2, there exists a constant C = C(n, L) > 0such
that, for any v’ € (0, r) and (x,t) € D\ ¥, (y, 5), we have

WO (A (y, 5)) if (y,s) € N.(Ep),

_ _ 4-
max{®* (A (y, 5)), 0 O (A (y,9)) if (v,5) €N (Ef). >

wmmm»msc{
Proof. For notational simplicity, we define

A=Ap(y,5), A=Ays5), W= Wno(y,s),
AfF =A%, (y,s) ifYNE;#£0,

k=11

Api=Ag(y,s) ifWNE =0 fork=0,1,...,¢with 21 < 3r/4 <2

We want to clarify here that for (y, s) & E ; and small 7" and k, it may happen that Wk does not intersect £ -
To be more specific, let £y be the smallest nonnegative integer such that W N E r # &. Then we define Ax
for 0 <k <min{fy — 1, £} and the pair E,f for g <k < {.

To prove the lemma, we want to show that there exists a universal constant C, in particular independent
of k, such that, for (x, r) € D\ WK,

WAk (A) if 1 <k <min{€y— 1, £},

Z _ S,
max{a)A;r(A’), ol (A} if Ly <k <C. (%)

oA <C {

Once this is established, (4-5) will follow from (S;) and the Harnack inequality.
The proof of (Sx) is going to be by induction in k. We start with the observation that, by the Harnack
inequality, there is C > 0, independent of k and r’, such that

M (A) < Cro™1 (A for 0 <k <min{fy—2,€— 1},
w301 (A') < € max{w™ o (A'), @0 (A} if £y < ¢, (4-6)
AF A AL ’
ok (A") < Cio”=+1(A") for 6g <k <t—1.

Proof of (S1): Without loss of generality, assume (y, s) € 9,D N D.,.
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Case 1: Suppose first that wlin Er=02,ie.,l0> 1. }n this case, Ag = E,//z(y, s) € ?(3/4)#()1, s), 'imd by
Lemma 4.4 there exists a universal Cy > 0 such that 0 (A’) > Cy. By (4-6) we have w4 (A") < CiwA1(A).
Letting C; = C1/Cy, we then have

o™ (A) < 1< G0t (A). (4-7)

Case 2: Suppose now that win E; # &, but won E;=,1ie., £o=1. In this case, we start as in Case 1,
and finish by applying the second inequality in (4-6), which yields

o@D (A") <1 < Cymax{w (A)), 0 (A)). (4-8)

Case 3: Finally, assume that won Er # 3, ie., Lo = 0. Without loss of generality, assume also that
(y,s)€d,DN 5+. In this case, A(“)L € W34, (y, s), and therefore wAg(A’) > Cp. Besides, by (4-6), we
have that @™ (A’) < Ciw?1 (A'), which yields

oD (A <1< Cro™ (A). (4-9)

This proves (S;) with the constant C = C>.
We now turn to the proof of the induction step.

Proof of (Sx) = (Sk+1): More precisely, we will show that if (S;) holds with some universal constant C
(to be specified) then (Sx1) also holds with the same constant.

By the maximum principle, we need to verify (Sk+1) for (x, 1) € 3,(D \ ¥**1). Since 0™ (A")
vanishes on (9, D) \ Wit we may assume that (x, ) € (@Wkt1)y N D. We will need to consider three
cases, as in the proof of (S;):

L VMINE, =g, ie., o> k+1;
2. UMINE, £, but WKNEy =0, ie., bo=k+1;
3. UENEs £2,ie., Lo <k
Since the proof is similar in all three cases, we will treat only Case 2 in detail.

Case 2: Suppose that ¥+ N E r # < but vkNE r = . We consider two subcases, depending on
whether (x, 1) € dWk*! is close to 3, D or not.
Case 2a: First, assume that (x, 1) € N';p¢,/(9, D) for some small positive u = u(L, n) < % (to be specified).
Take (z, h) € W, 0, (x, 1) N 3, D, and observe that w®D(A) is caloric in Wy-1,/(z, k) N D and vanishes
continuously on Ay-1,.(z, h) (by Proposition 4.1). Besides, by the induction assumption that (S;) holds,
we have

w®D(A) < Co™(A")  for (x,t) € Wyt (z, h) N D C D\ W*.

Hence, by Lemma 4.2, if © = u(n, L) > 0 is small enough, we obtain that

1 —
o™ (A < C—CwAk(A/) for (x, 1) € W5,/ (z, h).
1
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Here C| is the constant in (4-6). This, combined with (4-6), gives
X, A’ C A ’ C AT ’ A ’ AF ’ A ’
wTV(AY) = roed “(A) = e Ci max{w™*+1 (A"), 0%+ (A")} = C max{w 1 (A7), @™k (A)}.
1 1

This proves (S41) for (x, 1) € N, (3, D) N OWFTL

Case 2b: Assume now that W, 5, (x, 1) N9, D = <. In this case, it is easy to see that we can construct a

parabolic Harnack chain in D of universal length from (x, ¢) to either E,:H or A PRy

which implies that,
for some universal constant C3 > 0,

o@D (A") < C3 max{w™ 1 (A), i (AN,

Thus, combining Cases 2a and 2b, we obtain that (Si4) holds provided C = max{C,, C3}. This completes
the proof of our induction step in Case 2. As we mentioned earlier, Cases 1 and 3 are obtained by a small
modification from the respective cases in the proof of (S7). This completes the proof of the lemma. [

Now we prove the Carleson estimate. With Lemma 4.4 and Lemma 4.5 at hand, we use ideas similar
to those in [Salsa 1981].

Proof of Theorem 4.3. We start with the remark that if (y, s) € N,/4(E ) then we can restrict u to D
or D_ and obtain the second estimate in (4-4) from the known result for parabolic Lipschitz domains. We
thus consider only the case (y, s) € N,/4(E y). Besides, replacing (y, s) with (y', s") € W, /4(y,s)NEy,
we may further assume that (y, s) € E ¢, but then we will need to change the assumption that u vanishes
on Aj,(y, s) and prove the estimate (4-4) for (x,t) € ¥, (y, s) N D.

With these assumptions in mind, let 0 < r < }L and R = 8r. Let 5R(y, §):=Ws(y,5)ND be given
by the localization property Lemma 2.3. Note that we will be either in Case (2) or (3) of that lemma;
moreover, we can choose (y, §) = (y, s).

For notational brevity, let
(0 . (x,1)

PR T Phriys)
be the caloric measure with respect to D r(y,s). We will also omit the center (y, s) from the notations

Dr(y.5), Wy(y, s) and A, (y, ).
Since u is caloric in Dy and continuously vanishes up to A,,, we have

u(x, 1) = /  u@m el by, () e D (4-10)
(8pDR)\A2r

Note that for (x, 7) € ¥, N D, we have (x, 1) € V,/2(z, h) for any (z, h) € (a,,f)R) \ A,,. Hence, applying

Lemma 4.5' to a)g’t) in ﬁR, we will have that, for (x, t) € ¥, N D and sufficiently small r’,

AS, w(z,h) Al p(zh)
ol (Ap(z, ) < Cmax {wr ™ (Ap(z, h), w7 (A (2, h)))

IWe have to scale the domain D R With Tg B

property Lemma 2.3; in the case (2) we apply the known results for parabolic Lipschitz domains.

first and apply Lemma 4.5 to r/2R < % if we are in case (3) of the localization
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for (z, h) € Nyjo(Ef) N (8,Dr) \ Ay, and
(x t)(A () <Cw r/ZR(Z h)(A (2, h))

for (z, h) € 8,,5R \ (Nr2(Ef) U Ay), where C = C(L, n) and by Af:/z,R and Ar/Z,R we denote the
corkscrew points with respect to the domain Dg. To proceed, we note that, for (z, h) € 9, Dg with
h > s +r?, by the maximum principle we have

oy (Ap(z 1) =0

for any (x, ) € ¥, N D, provided r’ is small enough. For (z, h) € (a,,iiR) \ Ay with h < s+ r2, we
note that with the help of Lemmas 2.1 and 2.2 we can construct a Harnack chain of controllable length
in D from Ajc/z’R(z, h) or A_r/z,R(Z, h) to Aj(y, s) or Ar_ (v, s) (corkscrew points with respect to the
original D). This implies that, for (x,#) € ¥, N D and (z, h) € 9, Dg \ Ay,

0 (A (z, 1) < Cmax{or O (A (2, b)), 0h O (A2, ). (4-11)

We now want to apply Besicovitch’s theorem on the differentiation of Radon measures. However, since
d, D locally is not topologically equivalent to a Euclidean space, we make the following symmetrization
argument. For x € R", let X be its mirror image with respect to the hyperplane {x, = 0}. We then can write

u(x,t)+u(x,r) :/ ~ [u(z,h)—i—u(%,h)]da)g’t)(z, h)
a]JDR\A2r
1

== / w4 u, ) (do$ 0 (2, h) + do§ ) (2, b))
2 3pDR\A2)

- / O TuG b+ uG WX (A e )+ deol (2 ),
0p((DR)+)\ A2y

where x =5 on d ((DR)+) N {x, =0} and x = 1 on the remaining part of 9 ((DR)+) and the measures
da)g D and da)f,éC ) are extended as zero on the thin space outside E¢, i.e., on 8p((DR)+) \ 8,,DR. We
then use the estimate (4-11) for (x, t) and (X, ?) in ¥, N D. Note that in this situation we can apply
Besicovitch’s theorem on differentiation, since we can locally project d p((5 r)+) to hyperplanes, similarly
to [Hunt and Wheeden 1970]. This will yield

(x,1) (x,1) (x,1)
cf;va | (z,h)+dw§7 (z‘,h) _c da)R (z, h) <c (4-12)
doy @ b +doy OV @) doy @ )

for (z,h) € 8,((Dg)+) \ A and (x, 1) € ¥, N D. Hence, we obtain
u(x, t)+ut, 1 gcf [z, h) +uG, )] (doly O (2. h) + dorly O (2. b))
3p(DR)+)\ Aoy
< C(u(Af(y,9) +u(A7 (v, )
< Cmax{u(A(y,s), u(A; (y,s)}, (x,1)e¥,ND.



PARABOLIC DOMAINS WITH THIN LIPSCHITZ COMPLEMENT 1437

This completes the proof of the theorem. U

The following theorem is a useful consequence of Theorem 4.3; with that in hand, its proof is similar to
that of Theorem 1.1 in [Fabes et al. 1986]. Hence, we only state the theorem here without giving a proof.

Theorem 4.6. For 0 <r < zlt’ (y,s) € 0,D withs <1 — 4r2, let u be caloric in D and continuously
vanishing on 9, D\ A, 2(y, s). Then there exists C = C(n, L) such that, for (x,t) € D\ WV, (y, s), we have

maf{u(ﬁf(y, ), u(A; (y, )} if (v, 5) € N (Ey),
u(Ar(y,s)) i (y,s) &N (Ep).
Moreover, applying Lemma 4.4 and the maximum principle, for (x,t) € D\ V,(y, s), we have

maf{u(gf(y, ), u(A; (v, $)}if (v, 8) € N (Ep),
u(Ar(y,s)) if (y,s) g Ne(Ey).

u(x,t)fC{ (4-13)

u(x, 1) < Co™"(Ay(y, s)) x {

5. Kernel functions

Before proceeding to the backward boundary Harnack principle, we need the notion of kernel functions
associated to the heat operator and the domain D. In [Fabes et al. 1986], the backward Harnack principle is
a consequence of the global comparison principle (Theorem 6.4) by a simple time-shifting argument. In our
case, since D is not cylindrical, this simple argument does not work. So we will first prove some properties
of the kernel functions which can be used to show the doubling property of the caloric measures, as in
[Wu 1979]. Then, using arguments as in [Fabes et al. 1986], we obtain the backward Harnack principle.

SA. Existence of kernel functions. Let (X, T) € D be fixed. Given (y, s) € 9,D with s < T, a function
K(x,t;y,s) defined in D is called a kernel function at (y, s) for the heat equation with respect to
(X, T) if:

(i) K(-,-;y,5)=0in D,
@Gi) (A—9)K(-,-;y,s)=0in D,
(iii) lim K(x,t;y,5)=0for (z,h) €3,D\{(y,s)}, and

(x,1)—(z,h)
(x,t)eD

(v) K(X,T;y,s)=1.

Ifs>T, K(x,t; y,s) will be taken identically equal to zero. We note that, by the maximum principle,
K(x,t;y,5)=0whent <s.

The existence of the kernel functions (for the heat operator on domain D) follows directly from
Theorem 4.3. Let (y,s) € 9,D withs < T — 82 for some 8 > 0, and consider

0D (A1 (y, $))
XD (A, (y, 5))

vu(x,t) = (x,t) e D, % < 4. (5-1)
We clearly have v, (x,t) > 0, (A —9;)v,(x,t) =0in D and v,(X, T) = 1. Given ¢ € (0, ‘l‘) small, by
Theorem 4.6 and the Harnack inequality, {v,} is uniformly bounded on D \ W, (y, s) if n > 2/¢. Moreover,
by the up-to-the-boundary regularity (see Proposition 4.1 and Lemma 4.2), the family {v,} is uniformly
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Holder in D\ W, (y, s). Hence, up to a subsequence, {v,} converges uniformly on D \ W.(y, s) to some
nonnegative caloric function v satisfying v(X, T) = 1. Since ¢ can be taken arbitrarily small, v vanishes
on d,D\ {(y, s)}. Therefore, v(x, t) is a kernel function at (y, s).

Convention 5.1. From now on, to avoid cumbersome details we will make a time extension of the
domain D for 1 <t < 2 by looking at

D=U\E;, V=(-1,1)"x(-1,2),

as in Section 2B. We then fix (X, T) with T = % and X € {x, =0}, X,,_1 > 3nL, and normalize all
kernels K (-, -; -, -) at this point (X, T'). In this way, we will be able to state the results in this section
for our original domain D. Alternatively, we could fix (X, T') € D, and then state the results in the part of
the domain DN {(x,1): —1 <t < T — 8%} with some § > 0, with the additional dependence of constants

on é.

5B. Nonuniqueness of kernel functions at E s\ G y. The idea is this: if we consider the completion D*
of the domain D with respect to the inner metric pp and let 3*D = D*\ D, then it is clear that each
Euclidean boundary point (y, s) € G and (y, s) € 9, ¥ will correspond to only one (y, s)* € 9*D, and
each (y,s) € E;\ Gy will correspond to exactly two points (y, s)7, (v, s)* € 0*D. It is not hard to
imagine that the kernel functions corresponding to (y, s)% and (y, s)* are linearly independent, and they
are the two linearly independent kernel functions at (y, s). In this section we will make this idea precise
by considering the two-sided caloric measures ¢, and ¥_. We will study the properties of ¢, and ¥_
and their relationship with the caloric measure wp.
First we introduce some more notation. Given (y, s) € 9,D \ G, let

ro=sup{r € (0,1): Az (y,5) NGy =2} (5-2)

Note that ry is a constant depending on (y, s), and is such that, for any 0 < r < rg, W2, (y,s) N D is
either separated by E ; into two disjoint sets \I!; and W, , or W, (y,s) N D C Dy (or D_). We define,
for 0 < r < ro, the shifting operators F,* and F,":

Frx,t)=(x", x,_1 +4nLr, x, +r, 1 +4r%), (5-3)
F(x,t) = (x", x,_1 +4nLr, x, —r, t +4r7). (5-4)

For any 0 < r < rg, define
DS =D\(Ef,UE,UEUE}), (5-5)

where
Ef ={(x,) eR" xR:x, 1 < f(x",1), —=r < x, <0},

E:Tz::{(x,t):l—rfxn <1},
E)y:={(x,1):4nL(1 —r) < x,_1 <4nL},

Ef :={(x.0):1—-4r* <1 <1},
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It is easy to see that D;" C D and F,¥(D;") C D. Similarly, we can define D, C D satisfying F,~ (D, ) C D.
Notice that D;" / D, D; /' D as r \, 0. Moreover, it is clear that, for each r € (0, ),

Nia(Ef)Nd,D C (8,D;Ud,D;)Nd,D, (5-6)

E;C9,DfNa,D; . (5-7)

Let w! and w;~ denote the caloric measures with respect to D, and D", respectively. Given (x, 1) € D

and r > 0 small enough such that (x, ¢) Dr+ NnD,., wf(m are Radon measures on 8,,(ch) Na, (D)

(recall D+ = D N {x, = 0}. Moreover, if K is a relatively compact Borel subset of 9, (Dri) Ndy(Dx),

then, by the comparison principle, a)fc<x’t> (K) < a)fc,(x’t)(K ) for 0 < r’ < r. Hence, there exist Radon
measures ﬁf’t) on 8P(D;t) N d,(D+) such that

:t(x.t) * (x,1)
Cl)r Il)p(D;E)ﬂdp(Di) — ﬁi s r— 0.

For (y,s) € (N1,4(Ef)N9,D)\ G and 0 < r < ro, denote
AF(y,8) = Ar(y,5)N0,Dx if Ar(y,5)N0,(Ds) # @.

Note that if A,(y, s) C Es then AF(y, s) = A, (y, 5). It is easy to see that (x, 1) = 9" (AF(y, 5)) are
caloric in D.

To simplify the notation we will write A,, A instead of A,(y, s), A(y, s). If A,(y, s)N3,(Ds)
(or A, (y, )N 3,(D_)) is empty, we set 3" (AF(y, 5)) =0 (or (AT (v, 5)) = 0).

We also note that, with Convention 5.1 in mind, the future corkscrew points Ari (v,s) or A, (v,s),
0 < r < rg, are defined for all s € [—1, 1].

Proposition 5.2. Given (y,s) € (N14(Ef)N3,D)\ Gy, for 0 <r < rg, we have:

(i) sup 95(AN) >0 and sup (AT >0 asr — 0.
(x,1)€d, DFND (x,1)€d, D,ND

(i) 95(AH + 950 (A7) = 0D (A,) for (x, 1) € D.
(iii) There exists a constant C = C(n, L) such that, forany 0 <r’ <r,
A+
oA < Cor AP (AL)  for (x,1) € D\ WS (y, ),
95 (AL) <o (AW (ALY for (x,1) € D\ (y, 5).

@iv) For (X, T) as defined above and (y, s) € E ¢ \ G ¢, there exists a positive constant C = C(n, L, rg)
FANYf
such that
c oD <o* a0 <co®ah).

Proof of (i). We assume that A # &. If either of them is empty, the conclusion obviously holds.
For 0 < r < rg, we have

3DIND={(x,1)eD:xp_1=4nL(1—r)orx,=1—r}

U{x,)eD:xp,1 < fx", ), x,=—rorx,_1=f(x", 1), —r <x, <0}.
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x,1)

Given (y,s) € W14(Ef)N3,D)\Gy,let 0 <r” <r’ <rp; then a):f,( (AT (y,s)) is caloric in D:’,,, and
from the way r¢ is chosen, vanishes continuously on A, (z, h) for each (z, h) € 8,,D;",, N D. Notice that

o nDc | w,G.h,
(z,h)ea,,oj,,mo

hence, applying Lemma 4.2 in each W, (z, h) N D:r,,, we obtain constants C = C(n, L) and y = y(n, L),
y € (0, 1), such that

o —z|+ |t = h|'2Y "\
ol (A < c('x sl ) < c(r—) forall (x,r)€d,DtND. (58
o ro
The constants C and y above do not depend on (z, &) € 9, Dr*,, N D, r or r” because of the existence of the
exterior flat parabolic cones centered at each (z, #) with an uniform opening depending only on n and L.
Let r” — 0 in (5-8), we then get

"N\NY
90 (AT < c(”:—) uniformly for (x, 1) € 3,D} N D.
0

Therefore

lim  sup  9{Y(AH =0,
"0 x,ned, DEND

which finishes the proof.

Proof of (ii): Let x, be the characteristic function of A, on d,D. Let g, be a sequence of nonnegative
continuous functions on d, D such that g, / xa,. Let u, be the solution to the heat equation in D with
boundary values g,. Then, by the maximum principle, u, (x, t) o™ (A,) for (x, 1) € D.

Now we estimate ﬁf”)(Aﬁ) +9% (A7), Let u,tr,(x, t) be the solution to the heat equation in D}
with boundary value equal to g, on 3, D’ N3, D and equal to ﬂfrx’t)(A:r) otherwise. Since ﬂf” )(A:r) =
j,/(x'[) (A}") takes the boundary value A On 9 Drf N9, D, then, by the maximum principle,
we have u! ,(x, 1) < 957 (A}) for (x,1) € D, Similarly, uy, ,(x, 1) < 0“7 (A]) for (x,1) € Dy
Therefore, for (x,t) € D:? ND, and 0 < r’ < r sufficiently small, we have

lim,»_.q w

w0 +uy o) <080 AN) +950 A, (5-9)

Let r' N\ 0; then D:C ND_ / D. By the comparison principle, there is a nonnegative function i, in W,
caloric in D, such that

w6, 1) 1y (1) S (x, 1) as P N0, (x,1) €D. (5-10)
By (i) just shown above and (5-9),

sup u:r/(x,t)—l- sup u, ,.(x,1) < sup ﬁf”)(A:r)—l— sup ﬁﬁx”)(Ar_)—>0 asr’ — 0,
3D ND 3D ND 3 DIND 3D ND
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hence it is not hard to see that i, takes the boundary value g, continuously on d,D. Hence, by the
maximum principle, i, = u, in D. This, combined with (5-9) and (5-10), gives

u(x, 1) <98 (AF) + 050 (A, (5-11)
Letting n — oo in (5-11), we obtain
™A =0EAH + 050 A,
By taking the approximation g, \( xa,, 0 < g, <2 and supp g, C N2,(Ey) N 3,D, we obtain the

reverse inequality, and hence the equality.
Proof of (iii): We only show it for ¥, and assume additionally that Afc, #* .
First, for 0 < r” < r’ < rg, by Lemma 1.1 in [Kemper 1972b], there exists C = C(n) > 0 such that

X:S (y,8)

+
v, (y.5)nD, (A7) = C.

Applying the comparison principle in Wy, (y, s) N D4, we have

e
9 Aty > ¢ (5-12)

Next, for 0 < r” < r’ < ry, applying the same induction arguments as in Lemma 4.5, we have

(x,1)

At ons
ol (AF) < Cof U (AE) for (x,1) € DI\ (e (3, $)+s (5-13)

where C = C(n, L) is independent of r" and r”. The reason that C is uniform in r” is as follows. By
the maximum principle, it is enough to show (5-13) for (x, t) € 3(V, (v, 5))+ N D;t,, which is contained
in D,. Hence, the same iteration procedure as in Lemma 4.5, but only on the D side, gives (5-13), and
the proof is uniform in r”. Therefore, letting r” — 0 in (5-13), we obtain

90 (AY) < co OV (A,

Applying Lemma 4.4 and the maximum principle, we deduce (iii).
Proof of (iv): Applying (iii), (ii), the Harnack inequality and Lemma 4.4, we have that, for given
(v,5) € Ef\Gyand 0 <r < ry,

A (v, i Tt (v« AL (v,9)
9D (A7) < 0™ (AD) < Co™ UV (A) < Co™0 0 (a,) < cot Aty < co ™D (At

for C = C(n, L, rg). The second-last inequality holds because

A, (0.5)

vy

Ay, (0.5)

(A >0 (A)), (5-14)

r

which follows from the x,-symmetry of D and the comparison principle. Equation (5-14), together
with (ii) just shown above, yields the result. O

Now we use ¥ and ¥_ to construct two linearly independent kernel functions at (y, s) € Ef\ G .

Theorem 5.3. For (y,s) € Ey\ Gy, there exist at least two linearly independent kernel functions at (y, s).
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Proof. Given (y, s) € Ef\ Gy, let rg be as in (5-2). For m > 1/ro, we consider the sequence

90 (AT, (0, 5)

+
vi(x,t)=
" 9L, 5.9)

, (x,t)eD. (5-15)

By Proposition 5.2(iii) and the same arguments as in Section 5A, we have, up to a subsequence, that
v (x, t) converges to a kernel function at (y, s) normalized at (X, T). We denote it by K+ (x, t; v, ).
If we consider instead

DAL, (0, 5)
(AT, (0, 5)

v, (x,1)= , (x,H)eD, (5-16)
we will obtain another kernel function at (y, s), which we will denote K~ (x, t; y, s).

We now show that, for fixed (y,s), K¥(-,-;y,s) and K~ (-,-; y,s) are linearly independent. In
fact, by Proposition 5.2(i), (5-15) and (5-16), we have K+ (x,t; y,s) — 0 as (x,t) — (y, s) from D_
and K~ (x,t;y,5) — 0as (x,t) — (y,s) from Dy. If KT(-,-;y,5) = K~ (-, -; v, s), then we also
have K (x,t;y,s) — 0 as (x,t) — (v, s) from D,, which will mean that K (x, t; y, s) is a caloric
function continuously vanishing on the whole of 9, D. By the maximum principle, K~ will vanish in
the entire domain D, which contradicts the normalization condition K+ (X, T; y,s) = 1. Moreover,
since K*(X,T;y,s) =K (X, T;y,s) =1, itis impossible that K+ (-, -;y,s) =AK (-,-;y,s) fora
constant A # 1. Hence K and K~ are linearly independent. (|

Remark 5.4. The nonuniqueness of the kernel functions at (y, s) shows that the parabolic Martin boundary
of D is not homeomorphic to the Euclidean parabolic boundary 9, D.

Next we show that K+ and K~ in fact span the space of all the kernel functions at (y, s). We use an
argument similar to the one in [Kemper 1972b].

Lemma 5.5. Let (y,s) € E;\ Gy. There exists a positive constant C = C(n, L, ro) such that, if u is a
kernel function at (y, s) in D, we have either

u>CK" (5-17)
or
u>CK". (5-18)

Here K™, K~ are the kernel functions at (v, s) constructed from (5-15) and (5-16).

Proof. For 0 < r < rg, we consider u* : D — R, where u*(x, t) = u(F*(x, t)). The functions u; are

caloric in DfE and continuous up to the boundary. Then, for (x, t) € Dri,

uE(x, 1) = / ut(z, h) dot"" (z, h)
3, D

(x,1)

> f uri(z, h) da)rjE (z, h)
AF(3,5)

. (x,0)
> inf  ut(z el (AT, ).
(z.eAL(y,s)
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Note that the parabolic distance between Fri(AfE(y, s)) and 9, D is equivalent to r, and the time lag
between it and Aﬁc(y, s) is equivalent to r%; hence, by the Harnack inequality, there exists C = C(n, L)
such that

inf  uF(z,h) > Cu(AE(y,s)).
(@.h)EAT (y.9)

Hence,
(1) = Cu(AE (v, s (AF (v, 5)) for (x,1) € DF. (5-19)

On the other hand, u is a kernel function at (y, s), and u vanishes on 9,D \ A, /4(y, s) forany 0 <r < 1.
Applying Theorem 4.6, we obtain

w(x, 1) < C max{u(Af, (v, $)), u(A7, (v, NP (A, (y,8)) for (x,1) € D\ W, 2(y, ). (5-20)

Case 1: u(Aj/z(y, 5)) > M(A;/z(y, s)) in (5-20).
By Proposition 5.2(ii) and the Harnack inequality,

u(x, 1) < Cu(AF (y, NE@I(AH +05(AT),  (x,1) € D\ W, 0(y, 5).

In particular,
L=u(X, T) < Cu(Af (v, )@ AH +9% @A), (5-21)

Now (5-19) for u;f, (5-21) and Proposition 5.2(iv) yield the existence of C; = Cy(n, L, ro) such that, for
any 0 <r < ro,

+OD A+ FOD A+
uf (1) = C—5 w’+ ( {X)T) —=C w{X T)( ’+), (x,1) € D (5-22)
XD aH +9% D) T eE D)
Since, by the maximum principle in D;t,
o (AH =0T - sup 9FP A, (5-23)
(z,h)ed, D ND
then (5-22) can be written as
(1) o A+ (zh) /A +
v A 0% A
ut(x, 1) > C (&T(: - s &TQ) (x,1) € D (5-24)
D (AY)  @mes,pinp Uy (AY)

By Proposition 5.2(iii) and the Harnack inequality, there exists C» = C»(n, L, r9) such that, for (z, h) €
3,D} N D,

i
LA B 0%
9D ah T e iah

Hence, (5-24) and (5-25) imply

OFM (AL < 0P ). (5-25)

0 A+
980 (A
+ B0 o z?ff’h)(A:g)), (x,1) € D

+
u; (x,t) > Cl(T -
9 (Ah (z,h)€d, D ND



1444 ARSHAK PETROSYAN AND WENHUI SHI

Case 2: u(Aj’/z(y, 5)) < M(Ar_/z(y, s§)) in (5-20). Similarly,

(x,t) _
9 (A

x T)( r,) —C2 sup ﬁ&’h)(Ar_O)) (x,1) e D,".
(AN (z.h)€d, Dy ND

Mr_(xst)ZC1<

Note that as r \ 0, D 7 D and u* — u. Let r; — 0 be such that either Case 1 applies for all 7}, or
Case 2 applies. Hence, over a subsequence, it follows by Proposition 5.2(i) and (5-15) that either

2" ()
(— C,  sup z?ff’h)(AfO)):ClK*(x,t) for all (x, 1) € D,

u(x,t)>C; lim T —
191 ’ )(Aj;) (2.h)€d, DF;ND

rj—>0
or
u(x,t)>Ci K (x,t) forall (x,1)eD. Il

The next theorem says that K™ (-, -; y,s) and K~ (-, -; y, s) span the space of kernel functions at (y, s).

Theorem 5.6. Ifu is a kernel function at (y, s) € E {\G y normalized at (X, T ), then there exists a constant
A € [0, 11, which may depend on (y, s), suchthat u(-,- ) =AK (-, -;y,8)+(1 =K (-,-;y,s)in D,
where K+ and K~ are kernel functions obtained from (5-15) and (5-16).

Proof. By Lemma 5.5, if u is a kernel function at (y, s), then either (i) u > CK™* or (ii) u > CK~ with
C=C(rg,n, L).
If (i) holds, let
A =sup{C :u(x,t) > CK"(x,t) forall (x,?) e D};

then we must have A < 1, because u(X,T) =K (X, T)=1. If A =1, then u(x,t) = K (x, t) for all
(x, 1) € D, by the strong maximum principle, and we are done. If A < 1, consider
u(x,t) —AKT(x,1)

ur(x, 1) 1= T ;

which is another kernel function at (y, s) satisfying either (i) or (ii). If (i) holds for u; for some C > 0,
then u(x,1) > (C(1 —X)+1)K+(x, t), with C(1 — 1) + A > A, which contradicts the definition of A as a
supremum. Hence (ii) must be true for ;. Let

A =sup{C :ui(x,1) > CK~ (x,1) ¥(x,1) € D}.
The same reason as above gives A < 1. We claim A = 1.
Proof of the claim: If not, then A < 1. We get that

ur(x, 1) —AK = (x,1)
1—x

ur(x,t) =

is again a kernel function at (y, s). If u; satisfies (i) for some C > 0, then

ui(x, 1) > uy(x, 1) —AK " (x,1) > C(1 = MDK¥(x,1),
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which implies
u(x, 1) = G4 C(1 =K " (x, 1),
again a contradiction to the definition of A. Hence, u, has to satisfy (ii) for some C > 0, and then we have
ur(x, 1) = (CAL= 1)+ K™ (x, 1),

but this contradicts the definition of A. This completes the proof of the claim.

The fact that A = 1 implies that u;(x, t) = K~ (x, ¢) in D, by the strong maximum principle. Hence,
if (i) applies to u, we have u(x, ) = AK 1 (x, 1)+ (1 — 1)K~ (x, t) with A € (0, 1]. If (ii) applies to u, we
get the equality with A € [0, 1). O

5C. Radon-Nikodym derivative as a kernel function. We first show that the kernel function at (y, s) €
Gror(y,s)€d,D\Ey isunique. The proof for the uniqueness is similar to Lemma 1.6 and Theorem 1.7
in [Kemper 1972b]. More precisely, we will need the direction-shift operator F:

F)(x,t) = (x", xg_1 +4nLr, x,, t +87%), 0<r <1, (5-26)
D?={(x,1)e D: F'(x,1) € D).

Let @ denote the caloric measure for DY. Note that D? is also a cylindrical domain with a thin
Lipschitz complement.

Theorem 5.7. For all (y, s) € 3,D, the limit of (5-1) exists. If we denote the limit by Ko(-, -; y,s), Le.,

DA
Ko(x, t; y,8) = lim — (B1/ > 9)
n—00 X1 (Ay,(y, 5))

then:
(i) For (y,s) € Gyor(y,s) €3,D\ Ey, Ky is the unique kernel function at (y, s).
(ii) If (y,s) € Ef\ Gy, then K is a kernel function at (y, s), and
Ko(x,t;y,8) = %KJF(x, t;y,s)+ %K_(x, 1 y,s), (5-27)
where K+ and K~ are kernel functions at (y, s) given by the limits of (5-15) and (5-16), respectively.

Proof. For (y, s) € Gy and r small enough, we denote IZ;« (v,8) = (", yu_1 +4nrL,0, s +4r?), which
is on {x, = 0} and has a time-lag 2r> above AF. Then, by the Harnack inequality,

0O (AL (y,9) < Cn, Lo (A (y,5)  forall 0<r' <7,

Then one can proceed as in Lemma 1.6 of [ibid.] by using F°, D?, @° to show that any kernel function
u (at (y, s)) satisfies u > CKy for some C > 0. Then the uniqueness follows from Theorem 1.7 and
Remark 1.8 of [ibid.].

For (y, s) € 9,D\ E, for r sufficiently small one has either ¥, (y, s)ND C Dy or ¥,(y,s)ND C D_.
In either case, one can proceed as in Lemma 1.6, Theorem 1.7 and Remark 1.8 of [ibid.].
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For (y,s) € E; \ Gy, by Theorem 5.6, Ko(x,t;y,s) =AK'(x,2;y,5) + (1 —A)K (x,t;y,s) for
some A € [0, 1]. By Proposition 5.2(ii), the symmetry of the domain about x,_; and the definitions of K+,
one has A = % (|
Remark 5.8. From Theorem 5.7, we can conclude that the Radon-Nikodym derivative dw™" /dw™T)
exists at every (y, s) € 9, D and it is the kernel function Ko(x, t; y, s) with respect to (X, T).

The following corollary is an easy consequence of Theorems 5.6 and 5.7.

Corollary 5.9. For fixed (x,t) € D, the function (y, s) — Ko(x, t;y, s) is continuous on 9, D, where K
is given by the limit of (5-1).

Proof. Given (y, s) € 0, D, let (Y, sm) € 9, D with (Y, 5,) — (y, 5) as m — oo.
If (y,s) € Gyord,D\ Ey, continuity follows from the uniqueness of the kernel function.
If (y,s) € Ef\ G, by Theorem 5.7(ii), for each m we have

Ko(x, 5 Y, sm) = KT, 15 Yy sm) + 3K~ (X, 15 Y S)- (5-28)

Given ¢ > 0, K" (-, -; Y, Sp) is uniformly bounded and equicontinuous on D \ W,(y, s) for m large
enough. Hence, by a similar argument as in Section 5A, up to a subsequence, K (-,-; Vi, Sm) —>
vt(-,-;y,s) uniformly on compact subsets, where v*(-,-;y,s) is some kernel function at (y, s).
Moreover, by Theorem 5.6, we have

VIG5 Y ) =AK T,y ) F(L=)K (-, -5y, 5)  forsome A €0, 1]. (5-29)
By Proposition 5.2(i),

sup K+(x,t;ym,sm)—>0 as r — 0,
(x,1)€d, DFND

which is uniform in m from the proof of the proposition. Hence, after m — oo, v+ satisfies

sup v (x,t)—=0 asr—0,
(x,1)€d, D ND

which, combined with
K™ (x,t;y,8) /0 as (x,1) = (y,s), for (x,7) € D_,

gives A =1 in (5-29).

Similarly, up to a subsequence, K~ (x, #; Y, Sm) = K~ (x,1; v, 5).

Thus, along a subsequence, K (-, +; Ym, Sm) = Ko(-, -; ¥, s) by (5-27). Since this holds for all the
convergent subsequences, then Ko(x, ; y, s) is continuous on 9, D for fixed (x, 7). O

By using Corollary 5.9, Remark 5.8 and Theorem 4.6, we can prove some uniform behavior of Ky on
0, D, as in Lemmas 2.2 and 2.3 of [Kemper 1972b]. We state the results in the following two lemmas
and omit the proof of the first.
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Lemma 5.10. Let (y, s) € 9,D. Then, for0 <r < %,
sup Ko(x,t;¥,s)—0 as (x,t) — (v,s)in D.
(v',5")€3p D\Ar(y,5)

The following lemma says that if D" is a domain obtained by a perturbation of a portion of 3, D where
™" vanishes, then the caloric measure wpy is equivalent to wp on the common boundary of D’ and D.
We recall here that «? is the caloric measure with respect to the domain D defined in (5-26), and w is
the caloric measure with respect to DrfE defined in (5-5).

Lemma 5.11. () Let 0 <r < }L and (y,s) € Gy U(,D\ Ey) withs > —1 +4r2. Then there exist

po=po(n, L) >0and C =C(n, L) > 0 such that, for 0 < p < pg, we have
2 (A, 9) = CoX TN(A(y,5), (X, T) €W 4(X, T), (5-30)
P /

provided also r < |y,| for (y,s) € 9,D\ E.

(ii) Let (y,s) € (N.(Ef)N03,D)\ G y. Then there exists §y = 8o(n, L) > 0, such that, for 0 < r’ < 8,

we have

+(X/.T/) (X/,T/)
7!

(AFGLs) o (A7 (3, 9) = 305 7(AL (), 5) (5-31)
for (X', T") € W1,4(X, T) and 0 < r < ro, where ry is the constant defined in (5-2).

Proof. To show (5-31) we first argue similarly as in [Kemper 1972b] to show there exists 69 = dg(n, L) > 0
such that, for any 0 < r’ < &,

X' 1) YA ol
W (AE(y, 9) = 20T (AE (. 9) (5-32)
for each Aﬁc (v, s) with 0 < r < rg. Then using Proposition 5.2(ii) we get the conclusion. O

6. Backward boundary Harnack principle

In this section, we follow the lines of [Fabes et al. 1984] to build up a backward Harnack inequality for
nonnegative caloric functions in D. To prove this kind of inequality, we have to ask that these functions
vanish on the lateral boundary

S:=0,DN{s > —1},

or at least a portion of it. This will allow to control the time-lag issue in the parabolic Harnack inequality.
Some of the proofs in this section follow the lines of the corresponding proofs in [ibid.]. For that
reason, we will omit the parts that don’t require modifications or additional arguments.
For (x,t) and (y, s) € D, denote by G(x, t; y, s) the Green’s function for the heat equation in the
domain D. Since D is a regular domain, the Green’s function can be written in the form

Gx,t;y,s)=T(x,t;y,8) = V(x, t;y,s),

where I'(-, -; y, s) is the fundamental solution of the heat equation with pole at (y, s), and V (-, -; y, s)
is a caloric function in D that equals I'(-, -; y, s) on d, D. We note that, by the maximum principle, we
have G (x, t; y, s) = 0 whenever (x,t) € D witht <.
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In this section, similarly to Section 5, we will work under Convention 5.1. In particular, in Green’s func-
tion we will allow the pole (y, s) to be in D with s > 1. But in that case we simply have G (x,t; y,s) =0
for all (x,t) € D.

Lemma 6.1. LetO<r < 4—11 and (y, s) € Swiths > —1 +8r2. Then there exists a constant C = C(n, L) > 0
such that, for (x,t) e DN{t > s+ 4r?}, we have

CTlr" max{G (x, 1; AY (v, )} < 0™V (Ar (v, ) < Cr" max{G(x, 13 A7 (3, )}
if (y,s) e N (Ep), (6-1)
and
CT"G, 15 Ar(3,9) @™ (A (v, 5)) S Cr'Gx, 13 Ar(y,8))  if (v, 5) ENH(Ep). (6-2)
Proof. The proof uses Lemma 4.4 and Theorem 4.3, and is similar to that of Lemma 1 in [ibid.]. O

Theorem 6.2 (interior backward Harnack inequality). Ler u be a positive caloric function in D vanishing
continuously on S. Then, for any compact K € D, there exists a constant C = C(n, L, dist,(K, 3,D))
such that

maxu < C minu.
K K

Proof. The proof is similar to that of Theorem 1 in [ibid.], and uses Theorem 4.3 and the Harnack inequality.
OJ

Theorem 6.3 (local comparison theorem). Let 0 < r < [—11, (y,s) e Swiths > —1+ 18r2, and u, v be
two positive caloric functions in V3, (y, s) N D vanishing continuously on A, (y, s). Then there exists
C =C(n, L) > 0 such that, for (x, 1) € ¥,/3(y,s) N D, we have

ulx, 1) _ Cmax{u(ﬁj(y, $)), u(A; (v, )}
v(x, 1) T min{u(A7 (y, 5)), V(A7 (v, 5))

if (y,s) € Ne(Ey), (6-3)

and _
u( ) _ (A (y,5)
v(x, 1)~ v(Ar(y,s))

Proof. The proof is similar to that of Theorem 3 in [ibid.]. First, note that if W, g(y, s) N Ey = &, we can

if (y,5) €N(Ey). (6-4)

consider the restrictions of # and v to Dy or D_ (which are Lipschitz cylinders) and apply the arguments
from [ibid.] directly there. Thus, we may assume that W, 3(y, s) N E ¢ # @. If we now argue as in the
proof of the localization property (Lemma 2.3) by replacing (y, s) and r with (¥, 5) € W3/8),(y, )N Ey,
we may further assume that (y, s) € Ey, and that W, (y, s) N D falls either into category (2) or (3) in
the localization property. For definiteness, we will assume category (3). To account for the possible
change in (y, s), we then change the hypothesis to assume that # = 0 on A,,(y, s), and prove (6-3) for
(x,1) € ¥, 2(y,s)ND.

With this simplification in mind, we proceed as in the proof of Theorem 3 in [ibid.]. By using Lemma 6.1
and Theorem 4.6, we first show

oD () = Col™ (B, (1) € Wiy, )N D, (6)
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where o, = 0,(V,(y,s) N D)\ S, B, = 9,(¥,(y,s) N D)\ N-(S) with a small fixed u € (0, 1), and
where w, denotes the caloric measure with respect to W, (y, s) N D. Then by Theorem 4.3, the Harnack
inequality and the maximum principle, we obtain

u(x, 1) < Cmax{u(Af (y, ), u(A; (v, s} (@),
v(x, 1) = Cminfu(Af (3, 5)), v(4; (v, )™ (B,),
which, combined with (6-5), completes the proof. (|

Theorem 6.4 (global comparison theorem). Lef u, v be two positive caloric functions in D, vanishing
continuously on S, and let (xq, to) be a fixed point in D. If § > 0, then there exists C = C(n, L,5) >0
such that

1 i

uxn ) _ cx0 ) ey e DAY > —1 4 82). (6-6)
v(x, 1) v(xo, fo)

Proof. This is an easy consequence of Theorems 6.2 and 6.3. (]

Now we show the doubling properties of the caloric measure at the lateral boundary points by using
the properties of the kernel functions we showed in Section 5. The idea of the proof is similar to that of
Lemma 2.2 in [Wu 1979], but with a more careful inspection of the different types of boundary points.

To proceed, we will need to define the time-invariant corkscrew points at (y, s) on the lateral boundary,
in addition to future and past corkscrew points. Namely, for (y, s) € S, we let

Ar(y,s)=(y(1=r),s) if W, (y,s) NEy =0,
AE(, ) = (O, Y1 +1/2,£1/2,5) if W, (v, )NE; #D.

Theorem 6.5 (doubling at the lateral boundary points). For 0 <r < A% and (y, s) € S with s > —1 + 8r2,
there exist eg = eo(n, L) > 0 small and C = C(n, L) > 0 such that, for any r < &gy, we have:

() If (y,s) € Ef and Yy, (y, s) NGy # O, then
CU"G(X,T; AE(y,9) <™ (A (y,5) <Cr"G(X, T; AX(y, s)). (6-7)

(i) If (y,s) e N, (Ef)N3,D and Vo, (y,s) NGy = O, then

CTU"G(X, T; Al (y, ) <0 (AF (v, 5)) < CrF"G(X, T; A (v, 5)), (6-8)
CTGX, T A7 (v, ) < 95 T(A7 (3.9) < Cr"G(X, T; A7 (3, 5)). (6-9)

(i) If (y,s) € 9,D\ N, (Ey), then
CT"G(X, T Ay (y,9) = @™ (Ar(,9) < Cr"G(X, T: Ar (3, 9)). (6-10)
Moreover, there is a constant C = C(n, L) > 0 such that:
e For(y,s)eSN{s>—1+8r2),

a)(X’T)(Azr(y, 5)) < Ca)(X’T)(Ar(y, sNu(x,t). (6-11)
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e For (y,s) € N-(Ef)NSN{s > —1+8r2},

97T (AL (v, 9) = o (A (r.9)),
20 (A5,(.9) = CO (AL (v, 5. (6-12)

Proof. We start by showing the estimates from above in (6-7) and (6-8).
Case 1: (y,s) € Ey and Wy, (y,s) NGy # @. By Lemma 2.3, there is (¥, §) € G ¢ such that
\Ilr(y’ S) NDC lIJ4r(y, 5) NDC "Ij8r(ya S) NnD.

It is not hard to check, by (5-26), that FrO(A4, (3, 5)) C D. Moreover, the parabolic distance between
FrO(A4r(§, §)) and 9, D, and the t-coordinate distance from F,O(A4r()7, 5)) down to Ari, are greater
than cr for some universal ¢ which only depends on n and L. Therefore, by the estimate of Green’s
function as in [Wu 1979], we have

G(x,t; AX(y,9) > Cn, L)r™, (x,1) € FX(A4 (3, 5)).

Applying the maximum principle to F, ro (D?), we have

_ FO7 e -~
G(x,t; AX(y,5) > C(n, L)r "? (A4 (3, 5)).
In particular,
_ 7 -~
G(X.T; Af(y.$)) = C(n, L)r "w) (A4 (3, 9).

Let (X,,T,) := Frofl(X, T) and take (X', TYe DwithT' =T — %, X' =X,sothat T" > Alf—{— T,. Then
we obtain, by the Harnack inequality, that

G(X, T; A%(y, 5) = Cn, Lyr "o " (A4 (3, 9)). (6-13)

By Lemma 5.113), for 0 < r < min{ le’ po}, there exists C = C(n, L), independent of r, such that

O(X/’T/)

0¥ (Mg (5, 5) = Co™ TV (Ag (5, 5)). (6-14)

r

By Theorem 5.7, for each (y,5) € G,

X' T (AL (5. 5
Ko(X'. T 5.5) = lim 2 Qe 0 5)
=0 X1 (Ag (3, 5))

and by Corollary 5.9, for (X', T’) fixed, Ko(X', T'; -, ) is continuous on 9, D. Therefore, in the compact
set G y, there exists ¢ > 0, only depending on n, L, such that Ko(X',T';3,5) >c>0forany (3,5) € Gy.
Hence, by the Radon—Nikodym theorem for 0 < r < min{‘—lt, po}, we have

0N 1245, 9) = 5057 (84:G.5) = 50T (A (7, 9)). (6-15)

Combining (6-13), (6-14) and (6-15), we obtain the estimate from above in (6-7) for Case 1.
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Case 2: (y,s) € N, (Ef)N3,D and W, (y,s) NGy = .
In this case, Wy, (v, s) N D splits into the disjoint union of W5, (y, s) N DL. We use F,Jr and F,~, defined
in (5-3) and (5-4), and apply the same arguments as in Case 1 in DrJr and D,". Then

wi(X.T)(Aj;(y’ S)) < Cr"G(X, T; A?:(y’ S))

r

Taking 0 < r < §g, where &y = &o(n, L) is the constant in Lemma 5.11(ii), we have
9D (AL (7. 9) < 20FF D (AL (). 5) < Cr"G(X, T; Af(y. 5)).

Case 3: (y,s) € 0,D\ N,(Ey). We argue similarly to Cases 1 and 2.

Taking &9 = min{po, 8o, §}, we complete the proof of the estimates from above in (6-7)~(6-10).
The proof of the estimate from below in (6-7)—(6-10) is the same as in [Wu 1979]. For (6-7) it is
a consequence of Lemma 4.4 and the maximum principle. (6-8) and (6-9) follow from (5-12) and the
. .. . . ] (x,0) (x,1)
maximum principle. The doubling properties of caloric measure w and 6"’ are easy consequences
of (6-7)—(6-10) and Proposition 5.2(ii) for 0 < r < g¢/2. For r > g¢/2 we use Lemma 4.4 and (5-12). [

Theorem 6.5 implies the following backward Harnack principle.

Theorem 6.6 (backward boundary Harnack principle). Let u be a positive caloric function in D vanishing
continuously on S, and let 6 > 0. Then there exists a positive constant C = C(n, L, §) such that, for
(v,5) €0,DN{s > -1+ 82} and for 0 < r < r(n, L, 8) sufficiently small, we have

Clu(Af (v, 9)) <u(Af (y,5) < Cu(Af (v, 9))
L g . if (y.5) € N (Ep)
C u(A, (y,9) <u(A, (y,5) < Cu(A, (y,9))

and

Cu(Ar(y,5) Su(Ar(y,5) < Cu(Ar(y, ) if (v.5) €N (Ey). (6-16)

Proof. Once we have Theorem 6.5, which is an analogue of Lemma 2.2 in [Wu 1979], we can proceed as
in Theorem 4 in [Fabes et al. 1984] to show the backward Harnack principle. O

Remark 6.7. From (6-7), and using the same proof as in Theorem 6.6, we can conclude that, for any
positive caloric function u vanishing continuously on § and (y, s) € G 7, there exists C = C(n, L, §) >0
such that

C™u(AL (3,9) Su(AF(y, ) < Cu(A; (v, 9)),

CTu(A7 (3,9) Su(AF (v, ) < Cu(A; (v, 9)).

7. Various versions of boundary Harnack

In the applications, it is very useful to have a local version of the backward Harnack for solutions vanishing
only on a portion of the lateral boundary S. For the parabolically Lipschitz domains this was proved in
[Athanasopoulos et al. 1996] as a consequence of the (global) backward Harnack principle.
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To state the results, we use the following corkscrew points associated with (y, s) € G¢: forO <r < 1 let
Ar(y,5) = (', yuot +4nLr, 0,5 +2r%),
Ar(y,8) =", yu_1 +4nLr, 0,5 —2r%),
Ar(y,8) =", yu—1 +4nLr,0,s).
When (y, s) = (0, 0), we simply write A,, A, and A,, in addition to W,, A,, AX, A*.

Theorem 7.1. Let u be a nonnegative caloric function in D, vanishing continuously on Ey. Let m =
u(Ass4), M = supp u. Then there exists a constant C = C(n, L, M /m) such that, for any 0 <r < l,

we have
u(A,) < Cu(A,). (7-1)

Proof. Using Theorems 6.6 and 6.5 and following the lines of Theorem 13.7 in [Caffarelli and Salsa
2005], we have
u(Ay) < Cu(Ay), 0<r<i,

for C=C(n, L, M/m). Then (7-1) follows from Theorem 6.6 and the observation that there is a Harnack
chain with constant © = u(n, L) and length N = N (n, L) joining A, to E; and Azir to A,. Il

Theorem 7.1 implies the boundary Holder-regularity of the quotient of two negative caloric functions
vanishing on E . The proof of the following corollary is the same as for Corollary 13.8 in [Caffarelli and
Salsa 2005], and is therefore omitted.
Theorem 7.2. Let uy, uy be nonnegative caloric functions in D continuously vanishing on Ey. Let
M; = supp u; and m; = u;(A3z4) withi =1, 2. Then we have

_1M1(A1/4)<M1(X,l)< ui(Ays)
uz(Avya) — uz(x, 1) = uz(Aiyg)

where C = C(n, L, M{/my, My/m»). Moreover, if u; and uy are symmetric in x,, then uy/u; extends

fOl" (x,l)ﬂ‘lf]/ng, (7-2)

to a function in C*(Vyg) for some 0 < o < 1, where the exponent a and the C*-norm depend only on
n,L,M\/mi, M/ m. O

Remark 7.3. The symmetry condition in the latter part of the theorem is important to guarantee the
continuous extension of u/u; to the Euclidean closure W‘ = lm;, since the limits at £\ G ¢ as
we approach from different sides may be different. Without the symmetry condition, one may still prove
that u1/u; extends to a C* function on the completion (W3 \ E;)* with respect to the inner metric.

For a more general application, we need to have a boundary Harnack inequality for u satisfying a
nonhomogeneous equation with bounded right-hand side, but additionally with a nondegeneracy condition.
The method we use here is similar to the one used in the elliptic case [Caffarelli et al. 2008].

Theorem 7.4. Let u be a nonnegative function in D, continuously vanishing on E ¢, and satisfying
|Au —d,u|l <Cy in D, (7-3)
u(x,t) >codist,((x,t), Ef)Y in D, (7-4)
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where 0 <y <2,co >0, Co > 0. Then there exists C = C(n, L, y, Co, co) > 0 such that, for 0 <r < }‘,

we have
u(x,t) <Cu(A,), (x,t)eVy,. (7-5)

Moreover, if M = supp u, then there exists a constant C = C(n, L, y, Co, co, M) such that, for any

0<r<%{,wehave

u(A;) < Cu(4,). (7-6)

Proof. Let u* be a solution to the heat equation in W, N D that is equal to u on 9,(W, N D). Then, by
the Carleson estimate, we have u*(x, 1) < C(n, L)u*(A,) for (x, 1) € V.
On the other hand, we have

u*(x, 1)+ C(Ix|* —t —8r%) <u(x,t) ond,(¥p N D),
(A=) (x, ) +C(Ix* =t —8r%) > CQ2n—1) > (A —3)u(x,t) in Wy ND

for C > Cyp/(2n — 1). Hence, by the comparison principle, we have u* —u < C r2 in W,, N D for
C = C(Cy, n). Similarly, u —u*™ < Cr?, and hence |u —u*| < Cr? in W, N D. Consequently,

u(x, 1) < C(n, L)(u(A,) + C(Co,m)r),  (x,1) €V, (7-7)
Next, note that, by the nondegeneracy condition (7-4),
u(A,) > cor” >cor®, re(0,1). (7-8)

Thus, combining (7-7) and (7-8), we obtain (7-5).
The proof of (7-6) follows in a similar manner from Theorem 7.1 for u*. Il

Remark 7.5. In fact, the nondegeneracy condition (7-4) is necessary. An easy counterexample is

u(x,t) =x2_,x2in ¥y and E; = {(x, 1) : x,—1 <0,x, =0} N W,. Then u(A,) =0 for r € (0, 1), but

n
obviously u does not vanish in ¥, N D.

We next state a generalization of the local comparison theorem.
Theorem 7.6. Let uy, uy be nonnegative functions in D, continuously vanishing on E ¢, and satisfying
|Au; —ou;| < Co in D,
ui(x,t) > codist,((x,1), Ef)Y in D

fori=1,2, where 0 <y <2,c9 >0, Cop>0. Let M = max{supp uy, supp, uz}. Then there exists a
constant C =C(n, L, y, Cy, co, M) > O such that

_qu1(Aia) - uy(x, 1) - Cul(A1/4)

ur(Avja) ~ua(x, 1) T ua(Ayga)’

(X,I)E\Ifl/gﬂD. (7-9)

Moreover, if uy and uy are symmetric in x,, then uy/uy extends to a function in C*(WVg) for some
0 < a < 1, with o and the C*-norm depending only onn, L, y, Cy, co, M.
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To prove this theorem, we will also need the following two lemmas, which are essentially Lemmas 11.5
and 11.8 in [Danielli et al. 2013]. The proofs are therefore omitted.

Lemma 7.7. Let A be a subset of R x (=00, 0], and h(x, t) a continuous function in V. Then, for
any 8o > 0, there exists g > 0 depending only on §y and n such that, if:

1) h=00n Y NA,

(1) (A—0)h <gpin W\ A,
(iii) h > —gg in ¥y,
(iv) k= 8o in Wy N {|xa| = Bu}, Br = 1/(32/n = 1),
then h > 0 in Wy ;. O
Lemma 7.8. For any §y > 0, there exists €9 > 0 and cy > 0, depending only on 8o and n, such that, if h is
a continuous function on W1 N{0 < x,, < B}, Bn = 1/(32«/nT1), satisfying:

() (A—0)h =eoin W1 N{0 <X, < Bu},

i) h=0in V1 N{0 < x, < By},
(iii) h > &g on ¥ N{x, = B},
then

h(x,t) > cox, inWN{0<x, <pB,}. O

Proof of Theorem 7.6. We first note that, arguing as in the proof of Theorem 7.4 and using Theorem 7.1,

we will have that
ui(x,1) <Cui(Arps), (x,1) € Yy, (7-10)

for C = C(n, L, y, Cy, co, M). Next, dividing u; by u;(Ay/4), we can assume u;(Ay;4) = 1. Then
consider the rescalings

2
. , t .
ip(x, 1) = ”’(Lyp), pe(0.1), i=1.2.
P

It is immediate to verify that, for (x, 1) € W@, N D, the functions u;, satisfy

[(A = 3)ujp(x, )| < Cop* 7, (7-11)

uip(x9t) ZcodiStP((xst)’Efp)y, (7_12)
C

Uip(x, 1) < — where C is the constant in (7-10), (7-13)
P

where f,(x", 1) = (1/p) f(px", p?t) is the scaling of f. By (7-12), there exists c, > 0 such that
Uip(x,1) = cocp, (x,1) € Wi p) N{lxnl = Bal. (7-14)

Consider now the difference

h=us, —suip
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for a small positive s, specified below. By (7-11), (7-14) and (7-13), one can choose a positive p =
pn,L,y,Co, co, M) < % and s = s(p, n, ¢y, C) > 0 such that

C cocC,
h(x,t) > cocp — s — > ——

P (x,1) € Wy8p) N{lxn| = Buls

C
h(x,t)Z—S-—yZ—So, (x,1) € W/8p)s
0

(A —3)h(x,1)| < Cop*™ <eo, (x,1) €W/ s, ND,

where gy = e9(cg, ¢u, n) is the constant in Lemma 11.5 of [Danielli et al. 2013]. Thus, by that result,
h >0 in W, N D, which implies
ui(x,t) - 1

e Sy @nev,pnD. (7-15)

By moving the origin to any (z, h) € W38N E ¢, we will therefore obtain the bound

ui(x,t)
<C(n,L,y,Co,co, M) (7-16)
ur(x,1t)
for any (x, 1) € W1,8NN,/,2(E )N D. On the other hand, for (x, ) € W1 ,8\N,/2(E ¢), the estimate (7-16)
will follow from (7-4) and (7-10). Hence, (7-16) holds for any (x, t) € W,3 N D, which gives the bound
from above in (7-9). Changing the roles of u; and u;, we get the bound from below.

The proof of C*-regularity follows by iteration from (7-9), similarly to the proof of Corollary 13.8 in
[Caffarelli and Salsa 2005]; however, we need to make sure that at every step the nondegeneracy condition
is satisfied. We will only verify the Holder-continuity of u; /u, at the origin, the rest being standard.

For k € N and A > 0 to be specified below, let

Then we know that 1/C <[ < Ly < C for A < %. Let also

_ ui(Aniyg)

= € [lx, Li].
uz(Azkys) o

Mk

Then there are two possibilities:
either Lp— x> 3(Li—1) or e —I > 2(Li — L.
For definiteness, assume that we are in the latter case, the former case being treated similarly. Then

consider the two functions

uy (W x, A28 — Leun (WK x, 2230 1) us (M x, A2kp)
vi(x, 1) = , nx, )= ——"-——
u1(Azksq) — lkuz(Azkyg) uz(Ajzk;a)
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In Wi\ Ey,, we will have

Ak +1)C
(A = v (x, )] < U+h)o
u1(Axkya) — lcuz (Azk )
22kC
(A = )va(x, 1) < ———2—,
uz(Ajx/4)

To proceed, fix a small g > 0, to be specified below. From the nondegeneracy of u,, we immediately have
(A =8)va(x, D] < CAE7E < g
if we take A small enough. For vy, we have a dichotomy:
either [(A—3)vi(x,0)| <mo or py—1l <CAZVk,

In the latter case, we obtain
Li— I <2(u — Ip) < CAEK, (7-17)

In the former case, we notice that both functions v = vy, v, satisfy
v=0, v(Aya)=1 and [(A—-3)v(x,7)|<no inWi\Eg,

and that v vanishes continuously on W; N Ez,,. We next establish a nondegeneracy property for such v.
Indeed, first note that, by the parabolic Harnack inequality (see Theorems 6.17 and 6.18 in [Lieberman
1996]), for small enough 19, we will have that

v=cp, onWygN{lx,| = B,/8}.
Then, by invoking Lemma 7.8, we will obtain that
(. 1) 2 calxal in Wi\ Eyp, (7-18)

We further claim that
v(x,t) > cdistp((x, 1), Eka) in \111/32 \ Efkk . (7-19)

To this end, for (x, 1) € W32\ Eka’ letd =sup{r: ¥, (x,t)N Eflk = @}, and consider the box W, (x, t).
Without loss of generality, assume x,, > 0. Then let (x4, t,) = (x', x, +d, t — d*) e 0pWy(x, t). From
(7-18), we have that

V(Xs, 1) = (X +d) = cad,
and, applying the parabolic Harnack inequality, we obtain
V(x, 1) > cpu(xy, ty) — Conod? > cpd

provided g is sufficiently small. Hence, (7-19) follows.
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Having the nondegeneracy, we also have the bound from above for the functions v; and v,. Indeed, by
Theorem 7.4 for v; and v,, we have

_ ui (A — Ly (A ur(Ask ) Ly —1
Sup vy < Coy(Ay ) = C 1(Asx/a) — lkuz (Ajks) <c 2(Ajkya) Ly — Ik <c (7-20)
" ui(Asksa) — leuz(Azk ) u2(Aska) e — li
and

_ ur(A
supvy < Cva(Ays) = CM <

<cC, (7-21)
¥, u2(Ajzia)

where we have also invoked the second part of Theorem 7.4 for u5.

We have thus verified all conditions necessary for applying the estimate (7-9) to the functions v; and v,.
Particularly, the inequality from below, applied in Wg; \ E ¢, , will give
v Cvl(Azx) -

inf — > =z
W\Ef, v2 — v2(An)

cA

for a small ¢ > 0, or equivalently

levr — I = ed(pr — le) > %(Lk — ).
Hence, we will have
Lit1 = bt < L =l = (1 — l) < (1 - %)(Lk — ). (7-22)
Summarizing, (7-17) and (7-22) give a dichotomy: for any k € N,
either Ly —I < CA®% or Ly —ligr < (1 —ch/2) (L —Iy).

This clearly implies that
Ly — 1 < CB*  for some B € (0, 1),

for any k € N, which is nothing but the Hélder-continuity of u; /u, at the origin. O
We next want to prove a variant of Theorem 7.6, but with the W, replaced with their lower halves
O, =V, N{r <0}

Theorem 7.9. Let uy, uy be nonnegative functions in ©1 \ Ey, continuously vanishing on ©1 N Ey,
and satisfying
|Au; — du;| <Co in®\ Ey,
ui(x,t) >codist,((x,1), Ef) in®\Ey
fori =1,2, for some cp >0, Co > 0. Let also M = max{supp ui, supp u2}. If uy and u, are symmetric

in xp, then uy /uy extends to a function in C* ((:)l/g)for some 0 < a < 1, with o and C*-norm depending
onlyonn, L,y, Cy, co, M.
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The idea is that the functions u; can be extended to Ws, for some § > 0, while still keeping the same
inequalities, including the nondegeneracy condition.

Lemma 7.10. Let u be a nonnegative continuous function on ©1 such that

u=~0 in® NEy,
[(A =3)u| < Co in®;\ Ey,
u(x,t) >codist,((x,1), Ef) in®1\ Ey,

for some Cy > 0, cg > 0. Then there exist positive § and ¢y, depending only on n, L, ¢y and Cy, and a

nonnegative extension u of u to Vs, such that

ﬁ =0 in \IJ(S N Ef,
|(A_8t)ﬁ|§C0 in‘Ifg\Ef,
ft(x,t)zt?odistp((x,t),Ef) in \I’g\Ef.

Moreover, we will also have that supy, i < supg u.

Proof. We first continuously extend the function u from the parabolic boundary 3,®1,2 to 3,V /> by
keeping it nonnegative and bounded above by the same constant. Further, putu =0on EyN(W;,2\ 01/2).
Then extend u to Wi/, by solving the Dirichlet problem for the heat equation in (W12 \ ©1,3) \ E ¢, with
already defined boundary values. We still denote the extended function by u.

Then it is easy to see that u is nonnegative in ¥y, SUpy, , < SUpg, U, U vanishes on Wy, N E
and [(A — 9)u| < Co in Wipp \ Ey. Note that we still have the nondegeneracy property u(x, ) >
codist,((x, 1), Er) forin ®y,; \ E ¢, so it remains to prove the nondegeneracy for # > 0. We will be able
to do it in a small box Ws as a consequence of Lemma 7.8.

For0 <$ < % consider the rescalings

u(Sx, 8%t)

us(x,t) = 5 (x, 1) € ¥y)0).

Then we have

I(A—3)us| < Cod in W\ Eg,

us(x,t) > colx,| in Oy,

where f5(x", )= (1/8) f(8x", 82t) is the rescaling of f. Then, by using the parabolic Harnack inequality
(see Theorems 6.17 and 6.18 in [Lieberman 1996]) in ®F, we obtain that

us(x, 1) = cpco— CpCod > 1 on {|x,| = B,/2} N Wy 2.
Further, choosing § small and applying Lemma 7.8, we deduce that

us(x,t) > calx,| in Wyq.
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Then, repeating the arguments based on the parabolic Harnack inequality, as for the inequality (7-19),
we obtain

u(x,t) > CdiStp((x, 1), Efa) in \Ifl/g.

Scaling back, this gives
u(x,t) > Cdist,((x,1), Ef) in Wsyg. O

Proof of Theorem 7.9. Extend the functions u; as in Lemma 7.10 and apply Theorem 7.6. If we repeat this
at every (y, s) € ®1,3N G ¢, we will obtain the Holder-regularity of u;/us in N5/3(©1,8 NG ) N{t < 0}.
For the remaining part of ®1,3, we argue as in the proof of localization property Lemma 2.3, cases (1)
and (2), and use the corresponding results for parabolically Lipschitz domains. U

7A. Parabolic Signorini problem. In this subsection, we discuss an application of the boundary Harnack
principle to the parabolic Signorini problem. The idea of such applications goes back to [Athanasopoulos
and Caffarelli 1985]. The particular result that we will discuss here can be found also in [Danielli et al.
2013], with the same proof based on our Theorem 7.9.

In what follows, we will use H%*/2, ¢ > 0, to denote the parabolic Holder classes, as defined for
instance in [LadyZenskaja et al. 1968].

For a given function ¢ € H%Y/ 2(Q/l), ¢ > 2, known as the thin obstacle, we say that a function v solves
the parabolic Signorini problem if v € W§’1 (@) NHT*+I2(0F) o > 0, and

(A—3)v=0 1in Q7, (7-23)
V=9, —3,v>=0, (V—@)d,v=0 on Q). (7-24)

This kind of problem appears in many applications, such as thermics (boundary heat control), biochemistry
(semipermeable membranes and osmosis), and elastostatics (the original Signorini problem). We refer to
the book [Duvaut and Lions 1976] for the derivation of such models as well as for some basic existence
and uniqueness results.

The regularity that we impose on the solutions of (7-23)—(7-24) is also well known in the literature; see,
e.g., [Athanasopoulous 1982; Ural'tseva 1985; Arkhipova and Uraltseva 1996]. It was proved recently in
[Danielli et al. 2013] that one can actually take o = % in the regularity assumptions on v, which is the
optimal regularity, as can be seen from the explicit example

v(x, 1) = Re(x,_1 +ix,)*?,

which solves the Signorini problem with ¢ = 0. One of the main objects of study in the Signorini problem
is the free boundary

G() = dg, (v > ¢} N Q).

where 9/ is the boundary in the relative topology of 0.
As the initial step in the study, we make the following reduction. We observe that the difference

ulx,t) =v(x, 1) —eix’', 1)
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will satisfy
(A—d)u=g inQ7, (7-25)
u>0, —0,u>0, ud,u=0 onQ), (7-26)

where g = —(Ay — 9,)p € H">(¢=2/2_ That is, one can make the thin obstacle equal to O at the expense
of getting a nonzero right-hand side in the equation for u#. For our purposes, this simple reduction will
be sufficient, however, to take the full advantage of the regularity of ¢. When ¢ > 2, one may need to
subtract an additional polynomial from u to guarantee the decay rate

lg(x, )] < M(|x|* + |z)=2/2

near the origin; see Proposition 4.4 in [Danielli et al. 2013]. With the reduction above, the free boundary
G (v) becomes

G () =dg; ({u> 0} Q).

Further, it will be convenient to consider the even extension of u in the x,_; variable to the entire Q1,
i.e., by putting u(x’, x,,, t) = u(x’, —x,, t). Then, such an extended function will satisfy

(A=du=g in @1\ Au),
where g has also been extended by even symmetry in x,, and where
A(u) = {u=0}N0Qf,

the so-called coincidence set.
As shown in [ibid.], a successful study of the properties of the free boundary near (xg, f9) € G(u)N Q’1 /2
can be made by considering the rescalings

u(xo+rx, to+r’t)
H ()12

ur(x, 1) = ul™" (x, 1) =
for r > 0 and then studying the limits of u, as r = r; — 0+ (so-called blowups). Here

1[0
HLS)‘(”‘”(r):=r—2 f 2 / u(x, )22 ()T (xo — x, to — t) dx dt,
fo—r n

where v (x) = ¥ (|x|) is a cutoff function that equals 1 on B3,4. Then a point (xo, 7o) € G(u) N By 18
called regular if u, converges in the appropriate sense to

uo(x,1) =c, Re(x,—1 + ixn)3/2

as r =r; — 0+, after a possible rotation of coordinate axes in R"~!. See [ibid.] for more details. Let % (x)
be the set of regular points of u.
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Proposition 7.11 [Danielli et al. 2013]. Let u be a solution of the parabolic Signorini problem (7-25)—
(7-26) in Ql+ with g € Hl*l/z(Qf). Then the regular set R(u) is a relatively open subset of G(u).
Moreover, if (0, 0) € R(u), then there exists p = p, > 0 and a parabolically Lipschitz function f such that

GuyNQ,=RwnNQ,=G;NQ,
AWNQ,=E;NQ,.

Furthermore, for any 0 < n < 1, we can find p > 0 such that
deu>0 inQ,
for any unit direction e € R"~! such that e - e,_1 > 1, and moreover
Oett(x, 1) > c dist,((x,1), Ef) in Q,
for some ¢ > 0. (|
We next show that an application of Theorem 7.9 implies the following result.

Theorem 7.12. Let u be as in Proposition 7.11 and (0, 0) € R(u). Then there exists § < p such that
V'fe H""“/Z(Qg)for some o > 0, i.e., R(u) has Holder-continuous spatial normals in Qf.

Proof. We will work in parabolic boxes ®5 = W; N {t < 0} instead of cylinders Qs. For a small ¢ > 0, let
e = (cos¢)e,_1 + (sing)e; for some j =1,...,n —2, and consider the two functions

uy = aeu and Uy = 3en71u.

Then, by Proposition 7.11, the conditions of Theorem 7.9 are satisfied (after a rescaling), provided
cos & > n. Thus, if we fix such ¢ > 0, we will have that for some § > 0and 0 < < 1,

Ot el gy,

0

en—lu

This gives that

0o .U
S e HY*(@), j=1,...,n—2.
aenflu

Hence the level surfaces {u = o'} N O are given as graphs
xn—l =f0(-x//vt)a x//€®:§/,
with estimate on | V" /5 || Hea2(@y) that is uniform in ¢ > 0. Consequently, this implies that
V//f c Ha,oc/Z(@g)’

and completes the proof of the theorem. O
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