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SHARP CONSTANT FOR A k-PLANE TRANSFORM INEQUALITY

ALEXIS DrROUOT

The k-plane transform %, acting on test functions on R? satisfies a dilation-invariant L? — L9 inequality
for some exponents p, g. We will make explicit some extremizers and the value of the best constant for
any value of k£ and d, solving the endpoint case of a conjecture of Baernstein and Loss. This extends their
own result for k = 2 and Christ’s result for k = d — 1.

1. Introduction

Let us choose d > 2, 1 <k <d — 1 and denote by 4 the set of all k-planes in R4, meaning affine
subspaces in R4 with dimension k. We define the k-plane transform of a continuous function with
compact support f : R? - R as

P f(IT) =/Hfd)tn,

where IT € ¢ and the measure Ay is the surface Lebesgue measure on IT. The operator Ry, is known as
the Radon transform for k = d — 1 and as the X-ray transform for k = 1. It is known since the works of
Oberlin and Stein [1982], Drury [1984] and Christ [1984] that R} can be extended from L k+1 (Rd ) to
La+t (%, 01) where oy, is a measure defined as follows. Let us denote by Jl; the submanifold of ¢ of
all k-planes containing 0. The Lebesgue measure on R4 induces a natural measure on .l : there exists a
unique probability measure py on Jlg invariant in the sense that if €2 is an orthogonal map and P is a
subset of My, then g (P) = ur (2P). The construction of this measure can be found in [Mattila 1995].
This induces a measure o, on %; such that

o (A) :/H . A (fx € T x + TT € A}) dug (D), (1-1)
€My

where AL denotes the Lebesgue surface measure on the (d — k)-plane IT+. Equation (1-1) defines a
measure on %, invariant under translations and rotations in the following sense: if €2 is an orthogonal
map, P is a subset of 9, and x € R4, then 0} (P) = 0% (2P + x).

The L (R?) to L4+ (%, 0 )-boundedness of R leads to the inequality

Rk [l La+1(gy,00) = Ak, d) || £l L8 ey (1-2)
for a certain constant A(k, d), chosen to be optimal, that is,
Ak, d) = sup{[| R f | La+1 (4 .00) : ”f”L%(Rd) =1j. (1-3)
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Functions realizing the supremum in (1-3) are called extremizers of (1-2).
Here are some standard questions about this inequality:

(1) What is the best constant?
(2) What are the extremizers?
(3) Is any extremizing sequence relatively compact, modulo the group of symmetries?

(4) What can we say about functions satisfying | Rx f |lg+1 = ¢l f | a+1?
k+1

Some of the answers are already known for some values of k. Baernstein and Loss [1997] solved the
first question for the special case k = 2, and formulated a conjecture about the form of extremizers for a
larger class of L? — L4 inequalities. Christ solved their conjecture and answered all the above questions
with the three papers [Christ 2011a; 2011b; 2011c¢] for the case k = d — 1.

By a quite different approach, we will give here a proof of Baernstein and Loss’ conjecture for any
values of k,d in the inequality (1-2). Note that this concerns only the endpoint case of their general
conjecture. The value of the extremizers provides the explicit value of the best constant in (1-2). In a
subsequent paper [Drouot 2013] we give a positive answer to the third question in the radial case, which
is much easier than the general case.

Main result. Our main result is the following theorem:

Theorem 1.1. The constant A(k,d) in (1-2) is given by

Skld aIT
Ak, d) = | 264 ] :
= [
and some extremizers are given by
c 1
hx)=| ——— , 1-4
o= (1-4)

where L is any invertible affine map on RY, and C is any positive constant.

To find the best constant in the k-plane inequality (1-2) we will use the method of competing symmetries
introduced in [Carlen and Loss 1990]. We will need the existence of an additional symmetry & of (1-2)
that changes the level sets of functions — this could be seen as a problem but it actually gives very helpful
information on the structure of the inequality. The choice of this symmetry is the generalization of a
symmetry found in [Christ 2011c¢] in the special case of the Radon transform.

Nevertheless, the approach followed by Carlen and Loss led them to the values of all extremizers,
using some additional work for the equality case in the rearrangement inequality. This does not work for
us, and so we do not prove that the extremizers are unique modulo the invertible affine maps. However,
we prove in Section 4 that if all extremizers are of the form F o L with F radial and L an invertible map,
then all extremizers are of the form (1-4). Using this result, Flock [2013] proved the following theorem:

Theorem 1.2. All extremizers of (1-2) are of the form (1-4).
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For the rest of the paper, let us note the following:

e Let A and B be positive functions. We will say that A < B when there exists a universal constant C,
which depends only on the dimension d and on the integer k, such that A < CB. A Z B means
B < A,and A ~ B will be used when A < B and B < A.

* A radial function will be considered throughout the paper either as a function on R4 or as a function
of the Euclidean norm, depending on the context.

e |E| denotes the Lebesgue measure of a set E, except in the case of a sphere.

* d(0, IT) denotes the Euclidean distance between 0 and a k-plane T1, that is,
d(0,IT) = inf |y|.
yell
e |S™~1| denotes the Lebesgue surface measure of the Euclidean sphere of R™.

e ¢4 is the vector (0,...,0,1).

e For a vector x in R, we will write x = (x/, x”) with x’ € R¥~! and x” € R.

| f|l, denotes the L?-norm of f with respect to a contextual measure.

e R is the set (0, c0).

2. Preliminaries

In this section we introduce some standard notions which will be useful for what follows. We will talk
about the theory of radial, nonincreasing rearrangements of a function and about the special form of the
k-plane transform for radial functions.

Let us consider a measure @ on R? and a measurable subset E of R?. E* denotes the unique closed
ball centered at the origin such that £ (E*) = u(E). Now for a measurable function f from R? to [0, oc],
and ¢ > 0, let us denote

Ep()={x eR?:|f(0)| =1},
Then we have the following proposition:

Proposition 2.1. Let f be a measurable function from RY to RU {£o00}. There exists a unique function
1* from R? 10 [0, 00| such that
Ejp ()" = Ep=(t). 2-1)

Moreover, [* is radial, and nonincreasing as a function of the norm. Furthermore, for all nonnegative
functions g, h € L? with 1 < p < o0, we have:
@ llglly = llg*llps
(i) lg* —n*llp < llg —Allp,
(iii) if g < h, then g* < h*,
(iv) forall A > 0, Ag* = (Ag)*.



1240 ALEXIS DROUOT

Points (i) to (iv) show that the nonlinear operator f + f* is actually a properly contractive operator
(see Section 3). The map f* is called the symmetric rearrangement of f (with respect to the measure ).

We are now applying this theory to the k-plane transform. Christ [1984] proved that the k-plane
transform satisfies the rearrangement inequality

|Rgllg < I1R(E™)lg- (2-2)

That way, we can look for extremizers in the class of radial, nonincreasing functions. It obviously makes
the study much easier, passing from functions on R¥ to nonincreasing functions on [0, 00).

The geometric origin of the k-plane transform leads us to introduce the operator I defined on continuous,
compactly supported functions on R™ as

Tf(r) = / Y r ()

Then we have the following:

Lemma 2.2. For all radial, continuous, compactly supported functions f on R and T1 € G such that
d(0,IT) = r, we have

Rf (@) = ST f(r). (2-3)

For a proof, see, for instance, [Baernstein and Loss 1997]. The equation (2-3) shows that J is almost

the k-plane transform. I acts on some Lebesgue spaces that we need to explicitly define, using the
correspondence (2-3). Its domain is of course the space L? (R, rd-1 dr). On the other hand, we have

19271 = [g [ ()] dor(IT) = | S¥~1[7]547F1] / _ T .

where the last line is obtained thanks to the formula (1.1) in [Baernstein and Loss 1997]. This shows that
J maps L?(RT,r¢1dr) to LI(RY, rd—k=14p).

3. Best constant and value of extremizers for the k-plane inequality

Here we want to prove the following:

Theorem 3.1. An extremizer for the inequality (1-2) is given by
k+1
2

fx)= [ﬁ] . (3-1)

As a matter of fact, since any invertible affine map is a symmetry of the inequality (1-2), this theorem
is equivalent to Theorem 1.1.

Let us explain the process of the proof before the details. Our purpose here is to introduce two operators
V, & acting on L2, such that V' and & preserve the L?-norm and

IR Ng =1RF fllg, RS Mg <RV lg- (3-2)
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This means that I and & globally increase the functional f +— || R f |4/ f|lp. Now using additional
properties of ¥ and V', we will apply a theorem from [Carlen and Loss 1990] to show that for any choice
of f € L? with norm 1, the sequence (V¥)" f converges to an explicit function % that does not depend
on f. Using (3-2), h must be an extremizer, and / is explicitly known.

In practice, the operator V' will be the symmetric rearrangement f +— f*, and ¥ will be a symmetry
of the inequality. The operator & is special in a certain sense: it does not preserve the class of radial
functions. Thus, if we were able to construct an extremizer such that ¥4 = h and Vh = h, the explicit
value of & could be determined. A way to construct such an extremizer is described in the next section.
But we can already note that an extremizer satisfying this condition must satisfy (V¥)"h = h for all n;
this way, considering the sequence (V)" f is probably a good idea.

Competing operators. As we said, we are following the approach introduced in [Carlen and Loss 1990].
We might also refer to the book [Bianchini et al. 2011]. First, we sum up the general results stated
Chapter II, §3.4 of this book: let % be a Banach space of real valued functions, with norm || - ||. Let B
be the cone of nonnegative functions, and assume that B is closed. Let us introduce some definitions:

Definition 3.2. An operator A on % is called properly contractive provided that:
(i) A is norm-preserving on BT, i.e., [|Af| = | f| for all f € BT.
(i) A is contractive on BT, i.e, forall f,g € BT, |Af — Ag|| < || f — g
(iii) A is order-preserving on B1, ie., forall f,g e BT, f <g= Af < Ag.
(iv) A is homogeneous of degree one on BT, i.e., forall f € BT, 1 >0, A(Lf) = AAf.

Note that we do not need A to be linear. Some examples of such operators are for instance the radial
nonincreasing rearrangement f +— f* or any linear isometry on %.

Definition 3.3. Given a pair of properly contractive operators & and V, it is said that ¥ competes with V/
if, for f € BT,
feRWVINFSRYV)=FLf = f.

Here R denotes the range.

Theorem 3.4. Suppose that ¥ and V are both properly contractive, that V? =V and that ¥ competes
with V. Suppose further that there is a dense set B C BT and sets K N satisfying | Jy Ky = B and for
all integers N, YKy C Ky, VKN C Ky, and VK is relatively compact in B. Finally, suppose that
there exists a function h € BY with $h = Vh = h and such that, for all f € BT,

IVf—=hll=If—-hll=Vf=Tf (3-3)
Then, for any f € BT,
Tf = Jim (V)" f

exists. Moreover, ¥T =T and VT =T.
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An additional symmetry. Now we come back to the work of Christ. Using a correspondence between
a convolution operator that he studied in [Christ 2011a; 2011b; 2012], and the Radon transform, he
proved in [Christ 2011c] the existence of an additional symmetry for the Radon transform inequality. It is
defined as

1 u 1
sfos) =t (5:5)
It then satisfies ||55f||% = ||f||% and |Rg—19 flla+1 = |Ra—1f |l +1. Fortunately, it happens that
this symmetry, slightly modified, also works for the L? — L4 inequality related to the k-plane transform.
Lemma 3.5. Let & be the operator defined on LP as

9 = (1)

s’s
where (u,s) € R~ x (R—{0}). Then ¥ is an isometry of L and satisfies the identity
RS fllg = 1S llq (3-4)
for any nonnegative function f.

Proof. Let us check first that & is an isometry of L?. Let us call

x' 1
o= (3
for x = (x/,x”) € R¥~1 x (R —{0}). Then its Jacobian determinant is

JP(x) = |x”|—d+1

which shows that ||¥ ||, = || f||p. Then we just have to prove (3-4). The proof is just calculation.
Denote the unique k-plane containing the linearly independent points xq, . .., x; € R? x --- x R? by
I(xg,...,xr) and let R f be

gtf(xo,...,xk):/k £ (x0 +A1(x1 —X0) + -+ Ag (xx — x0)) dA1 ... dAg.
-

Thus we have the correspondence

V(xo,....x5) R f(x0,....xk) =R f(I(xq, . ... Xk)). (3-5)
where V(xo, ..., Xg) is the volume of the k-simplex (xo, ..., Xg).
Lemma 3.6. For all [ € Cé’o,for all xg,...,x; € RY x ... x [Rd, linearly independent and such that
D(xg), ..., P(xg) exist and are linearly independent,

_ ) (@(x0), ..., D))

1" 1z
|x0 ...xk

RS f)(x0. . ... XK)
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Proof. Let us call a = xg + A1 (x{ —xg) 4+ + A (x) —xg) and A = (A1,..., Ax) € R¥. Thus

~ 1 Xo+Ar1(x] —xp) -+ A (x], —x5) +e
T e e IEAE
R
Let us make the change of variables
M=o Ay, ..., A;C_lzoz_lkk_l, k;czoe_l. (3-7)
Then
[x) — x;
dx/_éTH"dA (3-8)

A proof of this formula is given in the Appendix. The equation (3-6) becomes

k—1

@9 1) ox0 = [ f(yk A e —xi) + Y 0 A (xf —xp — (! —xa’)yk)) F
i=1
where
x; —x;
S

This formula is somehow important: it shows that we are still integrating f over a k-plane. Which one?
When we computed RS f(xo,...,x), we were interested only in the values of f on ®(I1(xp,...,x%)).
That way it is simple to guess that gt&’f(m, ..., Xg) is closely related to IT(D(xp), ..., P(xx)). And
indeed, we just have to check that any of the points x; can be written as

k—1
Xj =y + A (g +eq —yi) + Y AT —xp— (x' = x0) ) (3-9)
i=1
for a suitable choice of A". Indeed, taking A = e; and A’ given by (3-7) for this choice of A, we get the
equality (3-9). Let us now make the other change of variables

M=o A = =t
X1 =X X—1 = X0 X0
We finally get
~ k—1 i
@9 )00 = [ f(y; @G0~y + 3 i (7~ y,@)) .
R¥ i=1 |1_[1—1 i _xg

Let us come back to Equation (3-5), the correspondence between R and . We want to find a relation
between (giyf)(xo, ..., X) and (@if)(@(xo), ..., D(xx)). The above algebra tells us that this is
equivalent to finding a relation between the two volumes

V(CD(XO)’)’I»---»)’k) and V(q)(X()),q)(xl),...,CD(Xk)).
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Lemma 3.7. V(®(x0), y1,..., Vi) and V(P(xg), P(x1), ..., D(xy)) are related through

V(@) P(x). ... P(e)) _ 15[
V(®(xo0), y1----» Vi)

Proof. A direct calculation shows

124
Yo _
L
i=1 1

1 /W 1 .7 14
X; . @ _ xoxi+xoed—xi Xo—X; eq
I //[ (xi) — @(x0)] = G G
X —Xo xo (X; —xg
and on the other hand, by definition of y; and ®(xop),
/W Vi /8% Vi
XoX; + Xgeq —X; Xy —X; eq

’

Vi — @(x0) =
TR,

which proves the equality
1

D (x;) — P(xp) = (1 - fc—(/),) [yi — ®(x0)].

1

Thus, using that
V(®(x0), P(x1), ..., Plxg)) = V(0, D(x1) — P(x0), ..., Plxg) — P(x0)),
Lemma 3.7 is proved. U

Let us go back to the proof of Lemma 3.6. Using the correspondence described in (3-5) and the
previous lemma, we finally get the equality

(RS)(®(x0), ..., D(xi))

RS f) (X0 ... x) = o~ O
xO DY xk
At last, let us return to the proof of Lemma 3.5. Since the set of bad points xy, . . ., Xx (we mean points

which do not satisfy the natural assumptions of Lemma 3.6) has null Lebesgue measure in (RE*F1 we
do not consider them. Let us use Drury’s formula [1984]:

191115 = /( e X0 i f (o) f (o) TS (x0T (3-10)

Now all that remains to be done is an easy change of variable z; = ®(x;). Indeed,

IRS 111

_ v L (G d—k
_/(Rd)k+ldx0... dxy, |X(/)/|k+1f(q)(XO)) |x]/€/|k+1f(<1>(xk)) RS f(x0,...,xK))

_ _1 L .Gy d—k
= /(‘Rd)kdeo... dxy lxg|d+1f(<l>(x0)) |x,’€’|d+1f(q>(xk)) (R f(D(x0),...,D(xx)))

_ / dzo... dzi f(z0) -+ f(zk) - T f o ) = | S|4,
(R )k+1

This completes the proof. U
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It is a good time to prove a claim we made earlier: affine maps are symmetries.
Lemma 3.8. Let f € L? and L be an invertible affine map. Then

IR(f o L)lly _ 19:£ g
IfoLl, I/l

Proof. The proof is a direct consequence of the correspondence formula (3-5) and of Drury’s formula
(3-10). Indeed, let L be an invertible affine map; then

R(f oL)(x0,....xx) =R f(Lxo, ..., Lxg),

and with the change of variable z; = LXx; in Drury’s formula we get

_1
IR o D)llg = [det(L)[ 7 [ RS ]l
which ends the proof. O

Our goal is now to apply the general Theorem 3.4 about competing symmetries. The operator & and
the rearrangement operator V : f +— f* increase the LZ-norm of the k-plane transform, and preserve the
norm of LP?-functions.

Proposition 3.9. The operators V and ¥ satisfy the assumptions of Theorem 3.4, with the Banach space
B=LP.

Proof. ¥ and V are both properly contractive operators. Let us check that ¥ competes with V': choose
f, g € L?, radial, nonincreasing, such that f = ¥g. Then

1 u 1
f(u,S)=Wg( —), (3-11)

s's
and, specializing to s = 1, we get f(u, 1) = g(u, 1). Since both f and g are radial, f(x) = g(x) for all
|x| > 1. Let us choose s < 1. Specializing (3-11) to u = 0, we get

£(0.3) =I5 *150.9),

which shows that f'(0,s) = g(0,s). Now again, since both f and g are radial, f = gand f =Y.
We now have to check that & and V' satisfy the assumptions of Theorem 3.4. We follow the arguments
of Carlen in [Bianchini et al. 2011]. Let us define

1
0= 15 )

But

k+1
2

Then $h = h, Vh = h, and so with
Ky={f€L?:0< f <Nh}

it is straightforward to check that VKy C Ky and YKy C Ky . Moreover VK y is a compact subset
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of L?. Indeed, let us consider a sequence f, € VKy. Then f, is radial, nonincreasing, and since / lies
in L the sequence f, is bounded in L°°. Thus, by Helly’s principle, f, admits a subsequence that
converges almost everywhere. But since 0 < f,, < Nk, the dominated convergence theorem shows that this
subsequence also converges in L?, which implies that VK is relatively compact. At last, Lr= Uy Kn
is a dense subset of nonnegative elements of L? (since nonnegative, continuous, compactly supported
functions are dense in L7?).

The hardest part is to prove the assumption (3-3). Fortunately, since 4 is strictly nonincreasing, it has
already been done in [Carlen and Loss 1990]. O

We now close this subsection with the final key lemma for the explicit value of extremizers:
Lemma 3.10. Let h € L? such that Vh = $h = h. Then there exists a constant C such that
k+1
\ c 1 =2
x) = P —
0=C |5

Proof. Since h satisfies $h = Vh = h, then h is equal to its own rearrangement and so is defined on (at
least) R? — {0}. Moreover, ¥h must be radial. This leads to

gh(u,m>:[ : ]

1+ |ul?

k+1 k+1
2

u 1 1 2
h 5 = h )
(\/1+|u|2 \/1+|u|2) [1+Iu|2} (¢a)

using that / is radial. But, since h = $%h is also radial,

Shu, V1+ul*) = S0, V1+2[ul?) = h(0, V1 +2[ul?).

Thus, we get the equality
k+1

h(x) = h(0. |x]) = [ ] hea) (3-12)

1+ |x|?

for all x € R such that |x| > 1. For |x| < 1, the equality $h = h shows that (3-12) is also right, which
proves the lemma. U

Proof of the main theorem. Now we have all the material that we need to prove Theorem 3.1. Let fo >0
be any function with L?-norm equal to 1. Let us define the limit

h() = Tfo = lim (ng)nfo
n—>oo
Using that R is bounded from L? — L4, and equations (2-2), (3-4),
1%hollg = lim [IG(VF)" follg = 1% folg- (3-13)

Moreover, by Theorem 3.4, Vho = $ho = hy, so h satisfies the assumptions of Lemma 3.10. We then get

2
ho(x) = ho(eq) [W]
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Because of normalization and positivity of fy, ho(e;) can take only one value. It then follows from
(3-13) that o maximizes the norms of R fp, and thus it is an extremizer.

Value of the best constant. Here we compute the value of the best constant. We use the correspondence
(2-3) described in the previous section, and only think about J and its related measurable spaces instead
of R. Let h be the radial extremizer

kf—;l

=[]

A family of integrals will be useful to compute its L?-norm and the LZ-norm of Jh. These integrals are

defined as
o0 tm
/ _"
o (1+12)2
(%(n —m— 1))
1

/00 " T(3(m+1)T
o (1+12)3 L'(3n)
where I' is the standard Euler gamma function. Then
mig= [~ A TGOTG)
0 (14r2) 2 2F(%(d+1))

A calculation shows that

’

Moreover,
wk=1 qu

1 o0
Th(r) = / ,
Vi+rZJo (14 up)s

and this leads to

(Th]E = Ttk—DTk+ D\ T(d—k—1D)T(d +1)
7 I'(2k) I'(2d —k)
The use of the fundamental relation

n

418711 (3n) = %
leads to

R4l
17211

kid 7%t
Ak, d) = k—a 1571 ]

d—k T —aT
Zﬂm'r(%(d + 1))d+1 -F(%(k+ 1)) d+1 — |:2 1S4k

4. The question of uniqueness

We shall discuss here the question of the uniqueness of extremizers of (1-2). For the sake of simplicity,
we will assume d > 3. This is not a restricting assumption: indeed, for the case d = 2, the only k-plane
transform is the Radon transform, and this has been thoroughly studied in [Christ 2011c].

The uniqueness problem for the Radon transform was solved in the same reference. The main tool for
the proof is the following:
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Theorem 4.1. Let k = d — 1, and let | be a nonnegative extremizer. Then there exist a radial, non-
increasing, nonnegative extremizer F and an invertible affine map L such that f = F o L.

Then it turned out that the work was almost all done. Christ characterized all the extremizers using
the uniqueness Theorem 4.1 two times, in a certain sense. His approach is very interesting because the
question of uniqueness is curiously intertwined with the question of existence. Here we want to develop a
different approach, for an arbitrary 1 <k < d — 1, assuming that a result similar to Theorem 4.1 is true.
More accurately, we want to prove the following:

Theorem 4.2. Let 1 < k < d — 1. Assume that any extremizer for the k-plane transform inequality
(1-2) can be written F o L with F a radial, nonincreasing extremizer and L an affine map. Then any
nonincreasing radial extremizer is of the form

k+1

1 2
— (—a—l—blxl) . 4-1)

As we mentioned in the introduction, the ad hoc assumption in this theorem was proved to be true by
Flock [2013], inducing the complete characterization of extremizers.

One of the main tools here will be the use of the symmetry ¥ combined with the fact that an extremizer
is a radial function composed with an affine map. Thus we will use again the competing symmetry theory.
From now we will assume that & is such that any extremizer for (1-2) can be written f oL with f radial and
L an affine map. Our main lemma follows; it shows that radial extremizers enjoy additional symmetries.

Lemma 4.3. Let f be a radial, nonincreasing extremizer for (1-2). Then there exists a real number pi > 0
such that

(VI F(r) =7 f(ur).

Proof. Since f is a radial, nonincreasing extremizer, then f is not the (almost everywhere) null function:
there exists Ag > 0 such that f(Ageyz) # 0. Because of dilation-invariance, we can assume Ag = 1.

¥ f is also an extremizer. It follows that there exist F : RT > R, nonincreasing, a linear invertible
map L and a vector xg € R? such that

Ff(x) = F(lxo + Lx|). (4-2)

Computing & f (u, v/[u|?> + 1), we get

1
f(ed)[—1 - W]

for all u € R4~1 x {0}. Let C = f(eg) # 0, and I C R the interval made of points that can be written
|xo + Lu + /1 + |u|2Leg| for some u € RZ~1 x {0}. We claim that the map F is strictly decreasing on /.
Indeed, let us assume that there exists 0 < o < f such that F is constant on [a, 8]. Pick u € R4~ x {0}

such that |xg + Lu + /1 + |u|?Leg| € (a, B). For t close to 1, |xo + Ltu + /1 +t%|u|?>Ley| € (a, B),

k+1
2

= F(Jxo+ Lu+ vV1+ |ul*Ley)) (4-3)
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and thus for 7 close to 1 the map
t+ F(|xo+Lu+ vV1+|ul*Leg|)

is constant. Because of (4-3), this is a contradiction.
The function F is then injective on /. Formula (4-3) shows that |xo + Lu + /1 + |u|?Leg | must be
a function of |u|? only. To conclude the proof, we require the following lemma:

Lemma 4.4. Let L be an invertible linear map such that |xo + Lu + /1 + |u|?Leg| depends only on |u|.
Then L(R4~! x {0}) C (span(Leg))t, and L|ga-1xgoy preserves the norm, modulo a multiplicative
constant. Moreover, there exists sg € R¥ such that xo =soley.

Proof. Let us choose u = rf € S92 x {0}. Then
|xo+rLO+ v1+ r2Led\2 =r2|LOP* + |V 1+r2Le, +x0\2 +2r(LO, V14r2Leg + xo)

depends only on r, and so does r2|L8|? + 2r(L6, ~/1+r2Ley + xo). As a consequence, |Lf)| is a
constant and (L6, v/2Leg + xg) is a constant. Here we must assume d > 3, so the sphere $4~2 contains
an infinity of points.

The condition that | L8| is constant holds only if L|ga—1 oy preserves the norm, modulo a multiplicative

(LO,V1+r2Leg + xo)

must depend only on r. Specializing at 6 and —0, for all r, (L6, /1 +r%Le; + xo) = 0. But since
L is invertible, the space spanned by L6 has dimension d — 1. Thus the space spanned by the vectors
1+ r2Leg + xqo for r > 0 has dimension 1, which proves that there exists so such that s Leg = xo. O

constant. Thus the quantity

Composing with an isometry, we can assume that L(R?~! x {0}) ¢ R~ x {0}. Moreover, |Lu|
depends only on |u|, which implies that L restricted to RA-1 {0} must be a multiple of an isometry.
We then deduce that there exist a > 0,5 > 0, 5o such that |L(u + segz) + xo|?> = a?u|? + b%(s + 50)2,
for all (u,s) € R?~1 x R. Thus we get the fundamental relation between f and F:

Ffu+seq)= F(\/az|u|2 +b2(s + 50)?).

Now, changing F to G = F(+~/ab -), G remains nonincreasing, and we get

S fu+seq) = F(Va[ul? + b2(s +50)%) = G(\/§|u|2 +26 +so>2),

reducing the number of unknown parameters in our system. Thus, we have accomplished the first step in
our identification program: we know how the operator & acts on radial extremizers. Now we have to
understand how V' acts on functions g whose form is

g:u-+sey— G(\/C|u|2+ %(s+s0)2).
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First, we can assume that so = 0: indeed, g(- —sgeg)* = g*. Moreover, G is decreasing and so the level
sets of g are ellipsoids c|u|? + ¢~ 's? < R?. The corresponding rearranged sets are balls of radius R’,
with R’ satisfying the relation

Rd—l . Rd
d 1
R = d—1 2R = d—2
c 2 c 2
Thus
d—2 1 eq
Ve(sea) = G(c 5T 5) = —— f( L )
(cddls)kJrl s

coming back to the relation defining G, and using that f is radial. And then

d

Ve(sea) = —r f( € )
C S

(CTS)k—H

. . . . . . . d—1
This characterizes the action of the operator V¥ on radial extremizers. More simply, calling A =¢ @ ,
we have

1 e
VFf(x) = )Lk+1|x|k+1 f(/\|i|)

Let us use again the competing symmetry theory: to construct an explicit extremizer of (1-2) we used
iterations of V&, applied to any function. Let us choose fj a radial extremizer. Then V& fy is still a
radial extremizer, and we know that there exists A such that

1 \k+1 1
vofor=(5)  fo(5s)-
Let us do that again: there exists A’ such that
2 () = L)"“ () _(L&)"“ (M) = L (A0
o =(57) Vi) =(GrT)  H(5) = mmh(5):
Since the operator V& preserves the norm, we must have A1/ d =1, Using the parameter w such that

A" = uA, we conclude the proof of Lemma 4.3. |

That proves that the operator V¥ acts on radial, nonincreasing extremizers as a dilation. Now let us
consider f, = (V)" fo. For each n, there exists 1, such that

VP fo(r) = (ttn) ? fo(tnr).

But the sequence f;, converges in L? to the extremizer & described in Theorem 3.1. Thus it converges
weakly to a nonzero function, which is possible if and only if u, converges to a nonzero value. That
ends the proof of Theorem 4.2: every nonnegative radial extremizer can be written

1
~ [a+b|x|2]

k+1
2

with a, b > 0.
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Appendix
Here we prove the jacobian formula (3-8). Define
WA, A x) =@ A0, . o Ay Ag).
We want to compute J (1) = |det(Vi)(A1, ..., Ar)|. Note first that

aa—l =201 "
=a “(x; —xg).
dA; (i
Thus
—a 2 (X —xDA +a L —a 2 (x) = x{)Ak—1 —a 2 (x —x{§
JW(A) - —2(\! : " ‘ =2 (I . " -1 -2 /; "
—a T (x_ = xp)Ar o —a T (XA k- toT —a T (g —xg
—oz_z(x]’c’ —Xg)A1 ... —a_z(x;c’ —Xg)Ak—1 —oz_z(x]’c’ - X
yidi+1 oo yidg— y1
=l = xg o - .
Vk—1A1 oo Yk—1Ak—1+1 Yk
A,l e Ak—l 1
where y; = —a~1(x/ — x/). We claim that the determinant appearing in the last line is always equal to 1.
i 0 pp g ys eq
Indeed, consider the polynomial
yidi+1 oo yidg— V1
P(z) =det i : :
Yk—1A1 oo Yk—1Ak—1+1 yk—1
)Ll ce kk—l z
It is of degree 1 in z. Moreover, we have
yiAr+1 ... V1Ak—1
P’(1) = det : : =1+ (y,A), (A-1)
Ve—1A1 oo Yk—1Ag—1+1
P2)=2+(y,A). (A-2)

Here (y,A) = Zf:ll Aiyi. The formulas (A-1), (A-2) both come from the following lemma:

Lemma A.1. Ifu,v € R?, then
det(1 +u’v) =1+ (u,v).

Proof. The matrix u’v is of rank one. As a consequence, its only eigenvalue is its trace (u,v). The
characteristic polynomial of —u’v is then

det(z1 +u'v) = zP71(z + (u, v)).

Evaluating this at z = 1 proves the lemma. O
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Applying this lemma to u = A, v = y leads to (A-1), and u = (A, 1), v = (¥, 1) leads to (A-2). Thus

P(z) =1+ y)z— (4. y).
Evaluate this at z = 1 to get the asserted claim, and then

JYA) = o * 7 x] = xg).
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