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ON THE EIGENVALUES OF AHARONOV-BOHM OPERATORS
WITH VARYING POLES

VIRGINIE BONNAILLIE-NOEL, BENEDETTA NORIS, MANON NYS AND SUSANNA TERRACINI

We consider a magnetic operator of Aharonov—Bohm type with Dirichlet boundary conditions in a planar
domain. We analyze the behavior of its eigenvalues as the singular pole moves in the domain. For any
value of the circulation we prove that the k-th magnetic eigenvalue converges to the k-th eigenvalue of
the Laplacian as the pole approaches the boundary. We show that the magnetic eigenvalues depend in a
smooth way on the position of the pole, as long as they remain simple. In case of half-integer circulation,
we show that the rate of convergence depends on the number of nodal lines of the corresponding magnetic
eigenfunction. In addition, we provide several numerical simulations both on the circular sector and on
the square, which find a perfect theoretical justification within our main results, together with the ones by
the first author and Helffer in Exp. Math. 20:3 (2011), 304-322.

1. Introduction

Let Q C R? be an open, simply connected, bounded set. For a = (ay, a;) varying in 2, we consider the
magnetic Schrédinger operator

(V+A)=—A+iV-Ay+2iA,-V+|A

acting on functions with zero boundary conditions on €2, where A, is a magnetic potential of Aharonov—
Bohm type, singular at the point a. More specifically, the magnetic potential has the form

Aqg(x) ( 2o e >+v (1-1)
dX)=a| — , -
(x1 —a?+ (x2—a2)?’ (x1 —a1)* + (x2 — ap)? X

where x = (x1, x2) € Q\ {a}, « € (0, 1) is a fixed constant and x € C>®(Q). Since the regular part y does
not play a significant role, throughout the paper we will suppose without loss of generality that x = 0.

The magnetic field associated to this potential is a 2w o-multiple of the Dirac delta at a, orthogonal to
the plane. A quantum particle moving in €2\ {a} will be affected by the magnetic potential, although it
remains in a region where the magnetic field is zero (Aharonov—Bohm effect [1959]). We can think of
the particle as being affected by the nontrivial topology of the set 2\ {a}.

We are interested in studying the behavior of the spectrum of the operator (iV + A,)* as a moves in
the domain and when it approaches its boundary. By standard spectral theory, the spectrum of such an
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operator consists of a diverging sequence of real positive eigenvalues (see Section 2). We will denote
by k‘;, jeN={1,2,...}, the eigenvalues counted with their multiplicity (see (2-3)) and by goj? the
corresponding eigenfunctions, normalized in the L?($2)-norm. We shall focus our attention on the
extremal and critical points of the maps a +— k?.

One motivation for our study is that, in the case of half-integer circulation, critical positions of the
moving pole can be related to optimal partition problems. The link between spectral minimal partitions
and nodal domains of eigenfunctions has been investigated in full detail in [Helffer 2010; Helffer and
Hoffmann-Ostenhof 2010; 2013; Helffer et al. 2009; 2010a; 2010b]. By the results in [Helffer et al. 2009]
in two dimensions, the boundary of a minimal partition is the union of finitely many regular arcs, meeting
at some multiple intersection points dividing the angle in an equal fashion. If the multiplicity of the
clustering domains is even, then the partition is nodal, that is to say it is the nodal set of an eigenfunction.
On the other hand, the results in [Bonnaillie-Noé&l and Helffer 2011; Bonnaillie-Noél et al. 2009; 2010;
Helffer and Hoffmann-Ostenhof 2013; Noris and Terracini 2010] suggest that the minimal partitions
featuring a clustering point of odd multiplicity should be related to the nodal domains of eigenfunctions
of Aharonov—Bohm Hamiltonians which corresponds to a critical value of the eigenfunction with respect
to the moving pole.

Our first result states the continuity of the magnetic eigenvalues with respect to the position of the
singularity, up to the boundary.

Theorem 1.1. For every j € N, the function a € Q +— )»‘;. € R admits a continuous extension on Q. More
precisely, as a — 0K2, we have that )J]‘. converges to Aj, the j-th eigenvalue of —A in HO1 (2).

We remark that this holds for every o € (0, 1), o being the circulation of the magnetic potential
introduced in (1-1). As an immediate consequence of this result, we have that this map, being constant
on d€2, always admits an interior extremal point.

Corollary 1.2. Forevery j € N, the function a € Q +— k‘]’. € R has an extremal point in Q.

Heuristically, we can interpret the previous theorem thinking at a magnetic potential A, singular at
b € 0Q2. The domain 2\ {b} coincides with €2, so that it has a trivial topology. For this reason, the
magnetic potential is not experienced by a particle moving in €2 and the operator acting on the particle is
simply the Laplacian.

This result was first conjectured in the case j = 1 in [Noris and Terracini 2010], where it was applied to
show that the function a — A{ has a global interior maximum, where it is not differentiable, corresponding
to an eigenfunction of multiplicity exactly two. Numerical simulations in [Bonnaillie-Noél and Helffer
2011] supported the conjecture for every j. During the completion of this work, we became aware that
the continuity of the eigenvalues with respect to multiple moving poles has been obtained independently
in [Léna 2014].

We remark that the continuous extension up to the boundary is a nontrivial issue because the nature of
3
which is equivalent to the standard Laplacian on the double covering (see [Helffer et al. 1999; 2000;

the operator changes as a approaches 9€2. This fact can be seen in the more specific case when o =

Noris and Terracini 2010]). We go then from a problem on a fixed domain with a varying operator (which
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depends on the singularity a) to a problem with a fixed operator (the Laplacian) and a varying domain
(for the convergence of the eigenvalues of elliptic operators on varying domains, we refer to [Arendt
and Daners 2007; Daners 2003]). In this second case, the singularity is transferred from the operator
into the domain. Indeed, when a approaches the boundary, the double covering develops a corner at the
origin. In particular, Theorem 7.1 in [Helffer et al. 2010a] cannot be applied in our case since there is no
convergence in capacity of the domains.

In the light of the previous corollary it is natural to study additional properties of the extremal points.
Our aim is to establish a relation between the nodal properties of (p? and the vanishing order of |)L? — )J}|
as a — b. First of all we will need some additional regularity, which is guaranteed by the following
theorem in the case of simple eigenvalues and regular domain.

Theorem 1.3. Let b € Q. If )L}]’. is simple then, for every j € N, the map a € Q +— k‘]’. is locally of class
C® in a neighborhood of b.

In order to examine the link with the nodal set of eigenfunctions, we shall focus on the case o« = % In
this case, it was proved in [Helffer et al. 1999; 2000; Noris and Terracini 2010] (see also Proposition 2.4
below) that the eigenfunctions have an odd number of nodal lines ending at the pole a and an even number
of nodal lines meeting at zeros different from a. We say that an eigenfunction has a zero of order k/2 at a
point if it has k nodal lines meeting at such point. More precisely, we give the following definition.

Definition 1.4 (zero of order k/2). Let f : Q2 — C,b e Q and k € N.

(i) If k is even, we say that f has a zero of order k/2 at b if it is of class at least C¥/2 in a neighborhood
of b and f(b) =---= D¥*71 £(b) =0, while D*/? £ (b) £ 0.
(i1) If k is odd, we say that f has a zero of order k/2 at b if f (x?) has a zero of order k at b (here x? is

the complex square).

Theorem 1.5 [Noris and Terracini 2010, Theorem 1.1]. Suppose that o = % Fixany j e N If <pl/.’ has a

zero of order % at b € Q then either Al} is not simple, or b is not an extremal point of the map a +— )J]‘..

Remark 1.6. By joining this result with Corollary 1.2, we find that there is at least one extremal interior
point (for the j-th eigenvalue) enjoying an alternative between degeneracy of the corresponding eigenvalue
and the presence of a triple (or multiple) point nodal configuration for the corresponding eigenfunction.

Under the assumption that )Jj’. is simple, we prove here that the converse of Theorem 1.5 also holds. In
addition, we show that the number of nodal lines of (p? at b determines the order of vanishing of |A? — )JJ’.|
asa— b.

Theorem 1.7. Suppose that ¢ = % Fixany j e N. If)»? is simple and goﬁ.’ has a zero of order k/2 at b € Q,
with k > 3 odd, then

24 =25 < Cla—b|**V?  asa— b, (1-2)

for a constant C > 0 independent of a.
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Figure 1. a — 1%, a € {(155. 1055)- 600 <m < 680,0 < n < 30}.

In conclusion, in the case of half-integer circulation we have Figure 1, which completes Corollary 1.2.

Corollary 1.8. Suppose that « = % Fix any j e N. If b € Q is an extremal point of a — )\‘Jl. then either
)»l]’. is not simple, or (p? has a zero of order k/2 at b, k > 3 odd. In this second case, the first (k —1)/2
terms of the Taylor expansion of )»‘; at b cancel.

Remark 1.9. When the order of the zero of the eigenfunction is at least %, the corresponding nodal set
determines a regular partition of the domain, in the sense of [Helffer et al. 2009], where such a notion has
been introduced and linked with the properties of boundaries of spectral minimal partitions. It is interesting
to connect the variational properties of the partition with the characterization of the pole a as a critical point
of the map a +— )L‘}. To this aim we performed a number of numerical computations. Rather surprisingly,
the configurations of the triple (or multiple) point almost never appear at the maximum or minimum
values of the eigenvalues, which are almost always nondifferentiability points, thus corresponding to
degenerate eigenvalues. In the case of the angular sector, we observe in particular that any triple point
configuration corresponds to a degenerate saddle point as illustrated in Figure 1 (see also Figures 7, top,
and 4).

In [Noris et al. > 2014] we intend to extend Theorem 1.7 to the case b € 9€2. In this case we
know from Theorem 1.1 that k;’. converges to A; as a — b € 32 and we aim to estimate the rate of
convergence depending on the number of nodal lines of ¢; at b, motivated by the numerical simulations
in [Bonnaillie-Noél and Helffer 2011].

We would like to mention that the relation between the presence of a magnetic field and the number of
nodal lines of the eigenfunctions, as well as the consequences on the behavior of the eigenvalues, have
been recently studied in different contexts, giving rise to surprising conclusions. In [Berkolaiko 2013;
Colin de Verdiere 2013] the authors consider a magnetic Schrodinger operator on graphs and study the
behavior of its eigenvalues as the circulation of the magnetic field varies. In particular, they consider an
arbitrary number of singular poles, having circulation close to 0. They prove that the simple eigenvalues
of the Laplacian (zero circulation) are critical values of the function o — A ; (), which associates to the
circulation « the corresponding eigenvalue. In addition, they show that the number of nodal lines of the
Laplacian eigenfunctions depends on the Morse index of A ;(0).
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The paper is organized as follows. In Section 2, we define the functional space le{f(Q), which is
the more suitable space to consider our problem. We also recall a Hardy-type inequality and a theorem
about the regularity of the eigenfunctions (p;?. Finally, in the case of a half-integer circulation, we recall
the equivalence between the problem we consider and the standard Laplacian equation on the double
covering. The first part of Theorem 1.1, concerning the interior continuity of the eigenvalues )\j’. is proved
in Section 3 and the second part concerning the extension to the boundary is studied in Section 4. In
Section 5, we prove Theorem 1.3. Section 6 contains the proof of Theorem 1.7. Finally, Section 7
illustrates these results in the case of the angular sector of aperture 7 /4 and the square.

2. Preliminaries

We will work in the functional space QBL"IZ(Q), which is defined as the completion of C3°(2\{a}) with
respect to the norm

llu ”@,1«{3(9) =GV + A u I|L2(Q)'

As proved in [Noris and Terracini 2010, Lemma 2.1], for example, we have an equivalent characterization

u
[x—al

a'2(Q) = {u € Hl (), c LZ(Q)},
and moreover we have that @i{f(Q) is continuously embedded in HO1 (€2): there exists a constant C > 0

such that for every u € 9 i{az(Q) we have
@ < Cllullgr o 2-1)

This is proved by making use of a Hardy-type inequality by Laptev and Weidl [1999]. Such an inequality
also holds for functions with nonzero boundary trace, as shown in [Melgaard et al. 2004, Lemma 7.4] (see
also [Melgaard et al. 2005]). More precisely, given D C 2 simply connected and with smooth boundary,
there exists a constant C > 0 such that for every u € Qbkf(Q)

u
|x—al

= CllGV + Ad)ull2(p)- (2-2)
L*(D)

As a reference on Aharonov—Bohm operators we cite [Rozenblum and Melgaard 2005]. As a consequence
of the continuous embedding, we have the following.

Lemma 2.1. Let Im be the compact immersion of QI)L’?(Q) into (@;’3(9))’ . Then, the operator
((V+A)H " oIm: 352 — 257 (Q)
is compact.

As (iV+A.)? isalso self-adjoint and positive, we deduce that the spectrum of (i V + A,)? consists
of a diverging sequence of real positive eigenvalues, having finite multiplicity. They also admit the
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variational characterization

191212,

a s Aa

A= inf sup ——————. (2-3)
wica,2@) oew; [P}z,

dim Wj=j

Recall that A, has the form (1-1) if and only if it satisfies
VxA,=0 inQ\{a) and lyan-dxza 2-4)
2 [,

for every closed path o which winds once around a. The value of the circulation strongly affects the
behavior of the eigenfunctions, starting from their regularity, as the following lemma shows.

Lemma 2.2 [Felli et al. 2011, Section 7]. If A, has the form (1-1) then go;‘ € C%%(Q), where o is precisely
the circulation of A,.

If the circulations of two magnetic potentials differ by an integer, the corresponding operators are
equivalent under a gauge transformation, so that they have the same spectrum (see [Helffer et al. 1999,
Theorem 1.1] and [Noris and Terracini 2010, Lemma 3.2]). For this reason, we can set x = 0 in (2-4) and
we can consider « in the interval (0, 1) without losing generality. In the same papers it is shown that,
when the circulations differ by a value % one operator is equivalent to the other one composed with the
complex square root. In particular, in case of half-integer circulation the operator is equivalent to the
standard Laplacian in the double covering.

Lemma 2.3 [Helffer et al. 1999, Lemma 3.3]. Suppose that A, has the form (2-4) with o = % (and x =0).
Then, with 6 being the angle of the polar coordinates, the function

e Wt (y* +a) definedin{yeC:y* +ae Q)
is real-valued and solves the following equation on its domain:
—AE VPl +a) = 4451y PV (v +a).

As a consequence, we have that, in the case of half-integer circulation, (p? behaves, up to a complex
phase, as an elliptic eigenfunction far from the singular point a. The behavior near a is, up to a complex
phase, that of the square root of an elliptic eigenfunction. We summarize the known properties that we
will need in the following proposition. The proofs can be found in [Felli et al. 2011, Theorem 1.3],
[Helffer et al. 1999, Theorem 2.1] and [Noris and Terracini 2010, Theorem 1.5] (see also [Hartman and
Wintner 1953]).

Proposition 2.4. Let o = % There exists an odd integer k > 1 such that go;’ has a zero of order k/2 at a.
Moreover, we have near a the asymptotic expansion

|X—a|k/2

p (ck cos(kab,) + di sin(kaby)) + g(|x —al, 64),

0% (1x —al, 0,) = &%
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where x —a = |x — ale'%, c,% + d,? % 0 and the remainder g satisfies

7, )|l e
lim lg(r, ) llcr @b, @) _

0
r—0 rk/2 ’

where D,(a) is the disk centered at a of radius r. In addition, there is a positive radius R such that
((pj?)*l ({0}) N Dg(a) consists of k arcs of class C™. If k > 3 then the tangent lines to the arcs at the point
a divide the disk into k equal sectors.

3. Continuity of the eigenvalues with respect to the pole in the interior of the domain

In this section we prove the first part of Theorem 1.1, that is the continuity of the function a +— k;? when
the pole a belongs to the interior of the domain.

Lemma 3.1. Given a, b € Q there exists a radial cut-off function 1, : R> — R such that n,(x) = 0 for
|x —al| <2|b—al, n,(x) =1 for |x —a| > J/2|b — al|, and moreover
/10Vnﬂ2+(l—nb)dx—>0 asa — b.
R2

Proof. Given any 0 < ¢ < 1 we set

Oa O§|x|§8’

loge —log |x|
——=, &= |x|=4e, 3-1
loge —log \/e eshl=ye S

1, x> Je.

With ¢ =2|b —a| and n,(x) = n(x — a), an explicit calculation shows that the properties are satisfied. [

nx) =

Lemma 3.2. Given a, b € Q there exist 6, and 6y, such that 6, — 6, € C*°(Q\ {ta+ (1 —1)b, t €10, 1]})
and moreover in this set we have
aV(@,—06p) =A,— Ap.

Proof. Let a = (a;, ap) and b = (b1, by). Suppose that a; < by; the other cases can be treated in a similar
way. We shall provide a suitable branch of the polar angle centered at a, which is discontinuous on the
half-line starting at @ and passing through b. To this aim we consider the branch of the arctangent given by

arctan : R — (—%, %)

We set
X2 —dap bz —ay a2b1 — b2a1
arctan , X1 >dap, x> X1 )
X1 —ap by —a; by —a;
/2, X1 =ay, xz > az,
X2 —ap
0, =4 m + arctan , X1 <ai,
X1 —ai
3r/2, X1 =ap, x» < ap,
X2 —an by —ay arby — bray
27 + arctan , X1 >dap,x < X1
X1 —ap by —a by —a;
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With this definition 6, is regular except on the half-line

by —a> arby — bra;
Xy = X1
b] —dai

X1 > a
bl—al ’ ’

and an explicit calculation shows that « V8, = A, in the set where it is regular. The definition of 6, is
analogous: we keep the same half-line, whereas we replace (a;, ap) with (b, by) in the definition of the
function. One can verify that 8, — 6, is regular except for the segment from a to b. U

Recall that in the following (p;’ is an eigenfunction associated to A?, normalized in the L?-norm.
Moreover, we can assume that the eigenfunctions are orthogonal.

Lemma 3.3. Given a, b € Q, let n, be defined as in Lemma 3.1 and let 6,, 6, be defined as in Lemma 3.2.
Fix an integer k > 1 and set, for j =1, ...k,

¢} — eia(ea_gb)na(p?'
Then ¢; € @114’02(9) and moreover, for every (a1, . .., ay) € R,
k 2
b
(-2 Z%% )9O BT o
IE NN o e 5 L2()

where e, — 0 as a — b.

Proof. Let us prove first that ¢; € QZ)L’?(Q). By Lemmas 3.1 and 3.2 we have that 6, — 6, € C*°(supp{n.}),
so that ¢; € HO1 (€2). Moreover ¢;(x) =0if |[x —a| <2|b—al, hence ¢;/|x —al € L?(R). Concerning
the inequalities, we compute on one hand

k 2 k k
Yot kD el <k el =K]
j=1 L@ = j=1

L%(2)

where we used the inequality Zf‘ joroicj <k Z’;Zl a? and the fact that the eigenfunctions are orthogonal
and normalized in the LZ(Q)—norm. On the other hand we compute

Z“J‘Pf Z“/‘/’J
j=

Thanks to the regularity result proved by Felli, Ferrero and Terracini (see Lemma 2.2), we have that gof’

k

= Zaiaj/(l—na)% ¢;d

ij=1

L2(Q) L2(Q)

are bounded in L*°(2). Therefore the last quantity is bounded by

CkZ /(l—na)dx—Ck Zajq)] f(l—ng)dx
L2()

and the conclusion follows from Lemma 3.1. O

We have all the tools to prove the first part of Theorem 1.1. We will use some ideas from [Helffer et al.
2010a, Theorem 7.1].
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Theorem 3.4. For every k € N the function a € Q +— A{ € R is continuous.

Proof. Step 1: First we prove that
limsup Af < AZ.

a—b

To this aim it will be sufficient to exhibit a k-dimensional space E; C Qbkaz(SZ) with the property that

1911512 ) < % + €)@z, forevery @ € Ex. (3-2)
with ¢/, — 0 as a — b. Let span{gol, ey (p,f } be any spectral space attached to )Jf e )»2 . Then we
define

Ei:=span{@y,.... ¢} with g; =@ %), ol

We know from Lemma 3.3 that E; C 9 kf(Q). Moreover, it is immediate to see that dimE; = k. Let us
now verify (3-2) with ® = Z’;Zl a;¢;, o € R. We compute

19120, /

where we have used the equahty

iV + Ap) (na9?)

i = / Za,a,(zwAb) (a9 (1@ dx,  (3-3)

i,j=1

(V+A))@j = eV + Ap) (na9h)
and integration by parts. Next notice that

(iV + Ap)1a9") = 10V 4+ Ap)? + iV,
so that
iV + Ap)2(129?) = 0a(iV + Ap)? 9! +2i(iV + Ap)p? - Vi, — ¢F An,.

By replacing in (3-3), we obtain

19120, f S arc; (P + 206V + Agh - Vi, — g A ) di
i,j=1

Zal%

< + Bas (3-4)

L2(Q)

where
Ba = oe,ozj kb(na— l)golgo +2i¢bna(iv +Ah)gof’- Vna—(pf’(ﬁbnaAna}dx. (3-5)
J J J
1] 1

We need to estimate f,. From Lemma 2.2 we deduce the existence of a constant C > 0 such that
||§0§)||Loo(g2) < C forevery j=1,..., k. Hence

/ Z oe,ozjk (na — l)gol goj dx

i,j=1

<CZ /(l—nz)dx
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Using the fact that [|¢] b1z,

2 __ (b
@ = C||<p] | CAJ. (see (2-1)), we have

@12
k 12
<C E a?(/ |Vna|2dx) .
: Q
Jj=1

/ Z az“}%"]’?uVQDl v’?a d-x
i,j=1

Next we apply the Hardy inequality (2-2) to obtain

<CZa f|so”Ab Vi dx
<CZO[

k

2
<C> 3Vl 2.
j=1

‘/ Z it j 9, @ na Ap - Vg dx
i,j=1

i G =b)Apll @) I Vnall L2
L2

Concerning the last term in (3-5), similar estimates give

V Z i jp) §71a Ang dx

i,j=1

_V Zaza, Va9 @7 + 0V - V9] §))) dx
i,j=1

k 1/2
<C Z (f V4] dx) :
In conclusion, we have obtained
k

1/2
{/(l—na)dx—l—(/ V1l dx) } ‘Zaj%
LX)

with ¢/ — 0 as a — b by Lemma 3.1. By inserting the last estimate into (3-4) and then using Lemma 3.3
we obtain (3-2) with &, = (] + A2e,) /(1 — &4)

4

Eas

LX(Q)

k
1Bal < C‘
j=1

Step 2: We now want to prove the second inequality, lim iilf AL > )»2. From relation (2-1) and Step 1 we
a—
deduce
”‘P?”?{gm) = C”@?”gbkj(m < C)»lj’..

Hence there exists <p’; € Ho1 (£2) such that (up to subsequences) (pj? — (p; weakly in HO1 (£2) and (p? — (p;
strongly in L?(2), as a — b. In particular we have

/|<p;|2dx:1 and q/<p,gojdx—0 ifi #j. (3-6)
Q
Moreover, Fatou’s lemma, relation (2-2) and Step 1 provide

[0/ =1l 20 < liminf| @ /1x —al| 12 g, < Climinf ll¢fllg12q) = C liminf /45 < €
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so we deduce that (p; € QDL’}’Z(Q).
Given a test function ¢ € C§°(£2\{b}), consider a sufficiently close to b so that a & supp{¢}. We have

/)»?go;ﬁz_)dx:/ @iV + Ag)’¢ dx
Q Q

= /Q{—A<p§‘<z3+<p§‘[iv A +2iAg -V + A2} dx
= /Q {(V+Ap)0ih —iV - (Aa+ Ap)¢id — 2i(Aa - Voo + Ap - Vi )
+ (1Al = 1A )i} dx
:/Q{av+Ab>2<p;’¢3—iV-(Aa—Abwjfﬁ—zigoi(Aa—Ab)-vf£+(|Aa|2—|Ab|2)<o7¢'>}dx,
where in the last step we used the identity
—2i /Q Ap-Voipdx =2i fQ(V-Abgoj?&JrAb(pjfv(ﬁ)dx.

Since a, b & supp{¢} then A, — Aj in C*®°(supp{¢}). Hence for a suitable subsequence we can pass to
the limit in the previous expression obtaining

f(iv+Ab)2<p;43 dx :/ Nigipdx  for every ¢ € CG°(Q\{b)),
Q Q

where )J]’.O = liminf,_p A?. By density, the same is valid for ¢ € Qbkbz(Q). As a consequence of the last

equation and of (3-6), the functions gaj*. are orthogonal in Qbkbz(Q) and hence

JolGV+Ap@Pdx ol (Y + A0 (8o a0y

AZ = inf sup ) = 2 2
wca@oew,  JolPIPdx (@1.-r) 20 ol it dx
dim W=k
k 24 00
D> oAl
= sup LD < =liminf g
(@1, 0) 20 Zj_l o a—b
This concludes Step 2 and the proof of the theorem. O

4. Continuity of the eigenvalues with respect to the pole up to the boundary of the domain

In this section we prove the second part of Theorem 1.1, that is the continuous extension up to the
boundary of the domain. We will denote by ¢; an eigenfunction associated to A, the j-th eigenvalue
of the Laplacian in HO1 (). As usual, we suppose that the eigenfunctions are normalized in L* and
orthogonal. The following two lemmas can be proved exactly as the corresponding ones in Section 3.

Lemma 4.1. Givena € Q and b € 02 there exist 6, and 0y, such that 6, € C*°(Q\{ta+(1—1)b, t €0, 1]}),
0, € C°(2), and moreover in the respective sets of regularity the following holds:

aVe, =A,, aVl,=A,.
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Lemma 4.2. Given a € Q2 and b € 0%, let n, be as defined in Lemma 3.1 and let 6, be as defined in
Lemma 3.2. Set, for j =1, ...k,

ot
@j=e""""n.0;.

Then, for every (ay, ..., 0) € R,

(1—&q) Za,go,

El

LX(Q)

ZO‘J‘PJ ZO‘J‘/’J

Lz(Q) LZ(SZ)

where g, — 0as a — b.

Theorem 4.3. Suppose that a € Q2 converges to b € dS2. Then for every k € N we have that Aj, converges
to A.

Proof. Following the scheme of the proof of Theorem 3.4 we proceed in two steps.

Step 1: First we show that
limsup A{ < A. 4-1)

a—b

Since the proof is very similar to the one of Step 1 in Theorem 3.4 we will only point out the main
differences. We define

Ey = {CD = ZO[j(ﬁj, oj € R} with ¢; = eiaa"na(pj.
j=1
We can verify the equality
@V + A€ o)) = iV (na9)),

so that we have

2 k 2
121212, Za,vma%) dx < ki) ajo + Ba>
j=1 L2(Q)
with
k
Bu = Zala,f IVl20i0) + 20010 - Vo1 + (02 — DV - Vo)) dx.
i,j=1

Proceeding similarly to the proof of Theorem 3.4 we can estimate

k
Z“j‘ﬂj
Jj=l

with ¢/ — 0 as a — b. In conclusion, using Lemma 4.2, we have obtained

2
|ﬂa| =< 5:1/

’

L%(2)

el + Mi€q

. )||q>||iz(m for every @ € Ey,
a

191212 g, < (xk+

with €, €/ — 0 as a — b. Therefore (4-1) is proved.
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Step 2: We will now prove the second inequality
liminf Af > A.
a—b
Given a test function ¢ € C;°(£2), for a sufficiently close to b we have that
{ta+ (1 —1)b, t €[0, 1]} C Q2 \ supp{¢}.

Then ¢ € Qbi\’uz(ﬁ) and Lemma 4.1 implies that ¢/®%¢ e C°(£2). For this reason we can compute:

/ V(e %) -V dx = f e % (— A(e~@apei®)) dix. (4-2)
Q Q

Since
—A(e7agpel®ny = (iV+ Ag)2p —2iA, - Vo —iV - Ay — |Aul*0,

the right-hand side in (4-2) can be rewritten as
/Q ((V+A)* (P9 h+e P9I (2 A, - Vo +iV - Aup — |Aal’P)) dx.
At this point notice that
(V4 A Mgy = P ((V + A)>@ +iV - Apg +2i Ay - Vof + 1 Ap 0] +244 - Ape).

By inserting this information in (4-2) we obtain
/Q V(e “"¢%) - Vg dx =14 /Q e P gip dx + B, (4-3)
with
Pa= /Q e NGV - Apg +2i Ay - Vo +1Ap 0] + 244 - Apyf) dx
+Le_ia9b¢?(2iAa Vo +iV-Aup—|A*P) dx.
Integration by parts leads to
Bu= /Q et (—§|Ag — Apl® +2iV$ - (Aq — Ap) +iBV - (A — Ap)) dx,

so that |8,]| — 0 as a — b, since A; — Aj in C*°(supp{¢}). Therefore we can pass to the limit in (4-3)
to obtain

/ V3 - Vodx = A;’O/ (pj*q3 dx forevery ¢ € C°(R),
Q Q

where (p; is the weak limit of a suitable subsequence of ¢ ~/%% (p;’ (given by Step 1) and A?o :=liminf,_; Ajf.
The conclusion of the proof is as in Theorem 3.4. O
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Remark 4.4. As a consequence of Theorem 4.3 we obtain that ¢ %0 go;? — @; in HO1 (Q)asa— bed.
Indeed, an inspection of the previous proof provides the weak convergence e /% (p? — @jin H(} (2) and
the convergence of the norms

2
HY ()

—iab,

a2 1.aa12 _—a . — .
e~ 2 oy = 19412 2 gy = 54 = 2y = ]

asa — b e dQ, forevery j € N.

5. Differentiability of the simple eigenvalues with respect to the pole

In this section we prove Theorem 1.3. We omit the subscript in the notation of the eigenvalues and
eigenfunctions; with this notation, A¢ is any eigenvalue of (i V+A,)? and ¢“ is an associated eigenfunction.

Proof of Theorem 1.3. Let b € Q be such that A is simple, as in the assumptions of the theorem. For
R such that Bg(b) C 2, let & be a cut-off function satisfying & € C*°(Q), 0 <& <1, &(x) =1 for
x € Br(b) and £(x) =0 for x € Q\ Byg(b). For every a € Br(b) we define the transformation

d,: Q2 — Q, D,(x)=EX)x—b+a)+ (1 —EX))x.
Then ¢ o ®, € @L’E(Q) and satisfies, for every a € Bg(b),

(Y + A2 0 D) + £y 0 By) = Mg 0 B, (5-1)
and
[ 16t 00, Prdercoidx =1 (5-2)
Q

where & is a second-order operator of the form

2
Fv=— Z a'’ (x)

ij=1

8%v
axiaxj

2
N
+ Z b (x)a—;)i +c(x)v,
i=1

with a'/, b', ¢ € C*°(2, C) vanishing in Bg(b) and outside of B, (b). Notice that
@ (x) =1+ VEX)® (a—Db)

is a small perturbation of the identity whenever |b — a| is sufficiently small, so that the operator in the
left-hand side of (5-1) is elliptic (see for example [Brezis 2011, Lemma 9.8]).

To prove the differentiability, we will use the implicit function theorem in Banach spaces. To this aim,
we define the operator

F: Br(b) x D, (Q) x R— (@,%(Q)) x R,

(5-3)
(a,v, ) —~ ((iV+Ab)2v+§£v—kv,f |v|2|det(d>;)|dx—1).
Q

Notice that F is of class C* by the ellipticity of the operator, provided that R is sufficiently small, and that
F(a, p?o®,, A7) =0 forevery a € Bg(b), as we saw in (5-1), (5-2). In particular we have F (b, o’ APy =0,
since @, is the identity. We now have to verify that d, ) F (b, @?, Ab), the differential of F with respect
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to the variables (v, 1) evaluated at the point (b, (ph, 1D, belongs to Inv(@khz(ﬂ) x R, (@1{5(9))’ x R).
The differential is given by

iV+ A% —2Im —¢?
d@,A)F(b,go”,x”):(( ) 7).,

2 [, @"dx 0

where Im is the compact immersion of & i"bz(Q) in (9 kf(Q))/, which was introduced in Lemma 2.1.

Let us first prove that it is injective. To this aim we have to show that, if (w, s) € Qbkbz(Q) x R is such
that

(iV 4 Ap)*w — 2 Pw = s¢?, (5-4)
2 / P’wdx =0, (5-5)
Q
then (w, s) = (0, 0). Relations (5-5) and (5-2) (with a = b and &, the identity) imply that
w #ke?  forall k #0. (5-6)
By testing (5-4) by ¢” we obtain

5= [[(@V+ A G AP 2 wgh) e
Q

On the other hand, testing by w the equation satisfied by ¢”, we see that s = 0, so that (5-4) becomes
(iV+ Ap)w =2 w.

The assumption that A” is simple, together with (5-6), implies w = 0. This concludes the proof of the
injectivity.
For the surjectivity, we have to show that for all (f, r) € (D i"bz(Q))’ X R there exists (w, s) €D XZ(Q) xR
which verifies the following equalities
(iV+ Ap)’w— 21w = f+5¢?, (5-7)
2 f P"wdx =r. (5-8)
Q

We recall that the operator (iV + Ap)> — 2P Im: le"bz(Q) — (le"bz(Q))/ is Fredholm of index 0. This
is a standard fact, which can be proved for example by noticing that this operator is isomorphic to
Id — A2(GV + Ap)>) 1 (Im) through the Riesz isomorphism and because the operator (iV + Ap)? is
invertible. This is Fredholm of index O because it has the form identity minus compact, the compactness
coming from Lemma 2.1. Therefore we have (through Riesz isomorphism)

Range((iV + Ap)? — AP Im) = (Ker((iV 4 Ap)?> — ? Im))* = (span{p’})*, (5-9)

where we used the assumption that A” is simple in the last equality. As a consequence, we obtain from

s:—/ f(p_bdx.
Q

(5-7) an expression for s:
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Next we can decompose w in wg -+ w; such that wg € Ker((iV +Ap)? =12 Im) and wy is in the orthogonal
space. Condition (5-7) becomes

(iV + Ap)’wy —APwy = f — P f fobdx (5-10)
Q

and (5-9) ensures the existence of a solution w;. Given such w1, condition (5-8) determines wyg as follows:

wo = (—f @Pw) dx + E)wb,
Q 2

so that the surjectivity is also proved.
We conclude that the implicit function theorem applies, so that the maps a € Q2 — A € R and
aeR—ptod, € @114’5(9) are of class C* locally in a neighborhood of b. Il

By combining the previous result with a standard lemma of local inversion we deduce the following
fact, which we will need in the next section.

Corollary 5.1. Let b € Q. If A is simple then the map W : Q x Qb}q’hz(Q) xR — R x (92)2’3(9))/ x R
given by
V(a,v,2)=(a, F(a,v, 1)),

with F defined in (5-3), is locally invertible in a neighborhood of (b, ¢, A?), with inverse W= of
class C™.

Proof. We saw in the proof of Theorem 1.3 that, if Al is simple, then d, ) F (b, go” , AP is invertible. It is
sufficient to apply Lemma 2.1 in Chapter 2 of the book of Ambrosetti and Prodi [1993]. UJ
6. Vanishing of the derivative at a multiple zero

In this section we prove Theorem 1.7. Recall that here o = % We will need the following preliminary
results.

Lemma 6.1. Let A > 0 and let D, = D,(0) C R%. Consider the following set of equations for r > 0 small:

—Au=2Xx in D
uk2 u in Dy, 1)
u=rk2f4+¢@r ) ondD,,
where f, g(r,-) € H'(dD,) and g satisfies
bm lg(rs ar@n,) —0 6-2)

=0 k2

for some integer k > 3. Then for r sufficiently small there exists a unique solution to (6-1), which moreover

satisfies
Il 20,y < Cr& 72 and Ha—”

<crk-nr2,
av

L2@®Dy)

where C > 0 is independent of r.
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Proof. Let 71 solve

—Az1=0 in Dy,
z1=f+r*2g@r ) ondD;.
Since the quadratic form
(IVv|> = arv?) dx (6-3)
D

is coercive for v € H(} (Dy) for r sufficiently small, there exists a unique solution z; to the equation

{—Azz —ar?zy=ar%z;  in Dy, 6-4)

72=0 on dD;.

Then u(x) = r*/?(z1(x/r) +z2(x /1)) is the unique solution to (6-1). In order to obtain the desired bounds
on u we will estimate separately z; and z,. Assumption (6-2) implies

Izl g1 epyy = ILf +7 72, oy < CILE g @by (6-5)

for r sufficiently small. We compare the function z; to its limit function when r — 0, which is the
harmonic extension of f in Dj, which we will denote w. Then we have

—A(z1—w)=0 in Dy,
21 = r_k/zg(r, -) ondDy,
and hence (6-2) implies

lg(r, Iaron)

P — 0.

<Cllzi —wllgigp,)=C

|2

L2(3D1)
Then we estimate z, as follows:
220172 p,) < C/ IVzal?dx < C i (V22 = ar?z3) dx < Cllarzill 2oy 22 20y
D, 1
where we used the Poincaré inequality, the coercivity of the quadratic form (6-3) and the definition of z,
(6-4). Hence estimate (6-5) implies

Iz2llz2¢pyy < CP21 fll oy — O as r — 0.

This and (6-5) provide, by a change of variables in the integral, the desired estimate on [|u| ;2(p,). Now,
the standard bootstrap argument for elliptic equations applied to (6-4) provides

Iz2ll g2epyy < CUAPz1l L2y + 1220 22(,)) = O,

and hence the trace embedding implies

922

™ = ClIVaalluipyy = Cllz2llw2py) = 0.

L2@D)

So, we have obtained that there exists C > 0 independent of r such that

<C.
L2@3Dy)

|2+
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Finally, going back to the function u, we have

Ha—u , ='”(k71)/2Hi(11 +z)| o <créhe
av il 2 p,) av L2(dDy)
where we used the change of variable x =ry. g
Lemma 6.2. Let ¢ € 9);°(Q) (a € Q). Then
Wllqﬁlle(aDw) = Cligllg2q) (6-6)

where C only depends on S2.

Proof. Set é(y) = ¢(la]y) defined for y € Q= {x/la]: x € Q}. We apply this change of variables to the
left-hand side in (6-6) and then use the trace embedding to obtain

|a|—1/2||¢||L2(aD‘,,‘) = @ll2@py) < ClléNmip,) = Cllola -

We have that ¢ € H }‘B(Q), where e = a/|a|. Therefore we can apply relation (2-2) as follows:

¢ . .
—_— <ClGV+ APl 12D,)s
[y —elll2my

IVOlL2(py < NGV + Al 2y + 1Al 2Dy

&l 2Dy < ly —ellL=b,

<GV + APl 12(py + 11y — ) Acll LDy

ly —elll2p,)

<ClGEV+ APl 2(p,)-

We combine the previous inequalities obtaining

| _ i
W||¢||L2(3D‘,,‘) <CIGV+ APl 2Dy = C”‘b”@ki(g)’

where in the last step we used the fact that the quadratic form is invariant under dilations. O

To simplify the notation we suppose without loss of generality that O € €2 and we take b = 0. Moreover,
we omit the subscript in the notation of the eigenvalues as we did in the previous section. As a first step
in the proof of Theorem 1.7, we shall estimate |A* — 19| in the case when the pole a belongs to a nodal
line of ¢ ending at 0. We make this restriction because all the constructions in the following proposition
require that ¢° vanishes at a.

Proposition 6.3. Suppose that \° is simple and that ¢° has a zero of order k/2 at the origin, with k > 3
odd. Denote by T a nodal line of ¢° with endpoint at 0 (which exists by Proposition 2.4) and take a € T.

Then there exists a constant C > 0 independent of |a| such that

A=A <Cla*?* aslal—0, aeTl.
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Proof. The idea of the proof is to construct a function u, € Qbkf(Q) satisfying

(V4 A ug —2us = gan  Nuallzy =1—¢€a (6-7)
with
k/2

k+2)/2
”g“”(@i{f(ﬂ))’ ~ |a| and l€a| = |a|*+2/ (6-8)

and then to apply Corollary 5.1. For the construction of the function u, we will heavily rely on the
assumption a € I'.

Step 1: construction of u,. We define it separately in D, = D)4 (0) and in its complement 2\ Dy,
using the notation

u, =ut  in Q\ Dy,
u, m D|a|.
Concerning the exterior function we set
MZXt — ei(x(ea—(fo)(po’ (6_10)

where 6,, 6y are defined as in Lemma 3.2 in such a way that 6, — 6y is regular in Q\ Dy, (here 6y =6 is

the angle in the usual polar coordinates, but we emphasize the position of the singularity in the notation).

ext

Therefore u;,

solves the magnetic equation

(V4 AD?u =20 in Q\Dy,
UKt = i (6a=t0) 0 on 3Dy, (6-11)
usxt =0 on 092.

a

int
a
a € T', we have that e7*%¢0 is continuous on 9 D),|. Indeed, e "% restricted to d D), is discontinuous

For the definition of u" we will first consider a related elliptic problem. Notice that, by our choice

only at the point a, where (po vanishes. Moreover, note that this boundary trace is at least H'(d Dq)).
Indeed, the eigenfunction ¢ is C* far from the singularity and /% is also regular except on the point a.
Then, the boundary trace is differentiable almost everywhere.

int

4> asolution of

This allows to apply Lemma 6.1, thus providing the existence of a unique function
the equation

_Awént : kol/lént in D|a|7 (6_12)
Yt = gm0 on 9Dy,
Then we complete our construction of u, by setting
Miam — eiaeu ,S”;nt, (6-13)
which is well-defined since 6, is regular in D),|. Note that u™ solves the elliptic equation
iV + A% =20 in Dy, (6-14)
uilm = uZXt on 8D|a‘.

int

u along 9D, . By assumption, ¢° has a zero of order k/2

Step 2: estimate of the normal derivative of u
at the origin, with £ > 3 odd. Hence by Proposition 2.4 the following asymptotic expansion holds on
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0Dy as |a| — O:
k/2

k

e @0 (lal, 6y) = [ck cos(kabp) + di sin(kabp)] + g(|al, 6p), (6-15)

with
lig(al, Hllct@py)
1m =
lal—0 |alk/?

0. (6-16)

Hence Lemma 6.1 applies to " given in (6-12), giving a constant C independent of |a| such that

9 v/int
_ra

< Cla|*=V/2. (6-17)
av

i 2)/2
19" 22y < Clal®*?/?  and H
Lz(BDM)

Finally, differentiating (6-13) we see that

(lv + Aa)uilnt — ieiae‘lvlﬁim

a

so that, integrating, we obtain the L2-estimate for the magnetic normal derivative of u'™ along 3D,

1GYV 4+ Adu - vil2@p,,) < Clal® D72, (6-18)

Step 3: estimate of the normal derivative of uS*" along 8 D),|. We differentiate (6-10) to obtain
(iV + A)u = AguSt 4 ie'® =0y, (6-19)

On the other hand, the following holds a.e.:

V(po — l.AOQDO + ei()l@()V(e—iolgo(po)7
so that

ieiot((%—@o) Vq)o — _AOuZXt + l-eia@a V(e—iaQ()goO).

Combining the last equality with (6-19) we obtain a.e.

(V4 AJut = ie' v (e~ "¢

and hence |(iV 4+ A )us™| < Cla|**~1 on 0Dy, a.e., for some C not depending on |al, by (6-15) and
(6-16). Integrating on 0 D\, we arrive at the same estimate as for uiam, that is

1GV + Aug™ - vil2p,) < Clal*~ D72, (6-20)

Step 4: proof of (6-8). We test (6-11) with a test function ¢ € QDX(‘Z(Q) and apply the formula of integration
by parts to obtain

/ {GV + AUV + A — 1u¢ ) dx =i / (iV+AHus - v do.
Q\Dyy 0D\q
Similarly, (6-14) provides

/ [V + AUV + A — 1 ulMp) dx = —i/ (iV+AHu™ vpdo.
Dyq| 3Dy
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Then, we test the equation in (6-7) with ¢, we integrate by parts and we replace the previous equalities to
get

fgaédXZi/ (iV—i—Aa)(uZXt—uilm)-vq_ﬁdG.
Q Dy

To the previous expression we apply first the Holder inequality and then the estimates obtained in the
previous steps (6-18) and (6-20) to obtain

/ ga(z_5 dx
Q

Finally, Lemma 6.2 provides the desired estimate on g,. Then we estimate ¢, as follows. Since

lug Nl 2@\ Dy = 19° 22\ p,,) We have

<GV + ADul vl 2@ 19l 2@ p,) + 1GY + A)ug™ - vii26p,) 161 26D,

k—1)/2
< Clal* 218l 25D, -

ltall 2y = | = Mg 172,y = 1€°172p,, | = Clal*, (6-21)
where in the last inequality we used the fact that ||<,00||%2 (D) < Clal**? by (6-15) and (6-16), and that
int)2 ||/, int )2 k+2
”ullmHLz(Dla‘) - ”w’i’m”LZ(Dm) < C|(l| s by (6-17)

Step 5: local inversion theorem. To conclude the proof we apply Corollary 5.1. Let W be the function
defined therein (recall that here b = 0). The construction that we did in the previous steps ensures that

\Il(a’ (pa o q)th )“a) = (av Oa 0)5
W(a, g0 gy A°) = (a, g4 0 Pus €0),
with g,, €, satisfying (6-8). We proved in Theorem 3.4 that
29 =221+ 119" 0 @ =90l 20) = O
as |a| — 0. Moreover, it is not difficult to see that
lug o @y — ¢O||gbk§(g) -0
as |a| — 0. Hence the points (a, 9% o ®,, A?) and (a, ugz 0 P,, AO) are approaching (0, <p0, AO) in the space

Q x Qbkoz(Q) x R as |a| — 0. Since ¥ admits an inverse of class C* in a neighborhood of (0, %, 19
(recall that A is simple), we deduce that

16" = tta) 0 Pallg 20+ 14 =271 = Clgall 3320y + I€al) = Clal™,
for some constant C independent of a, which concludes the proof of the proposition. O

At this point we have proved the desired property only for pole a belonging to the nodal lines of ¢°.
We would like to extend this result to all a sufficiently close to 0. We will proceed in the following way.
Thanks to Theorem 1.3, we can consider the Taylor expansion of the function a — A? in a neighborhood
of 0. Then Proposition 6.3 provides k vanishing conditions, corresponding to the k nodal lines of ¢°.
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Finally, we will use these conditions to show that in fact the first terms of the polynomial are identically
zero. Let us begin with a lemma on the existence and the form of the Taylor expansion.

Lemma 6.4. If 10 is simple then for a € Q sufficiently close to 0 and for all H € N

H
2 =20=3"al" Py (@) + o(lal™), (6-22)
h=1

where a = |a|(cos ¥ (a), sin ¥ (a)) and

h
Py(®) = Bjncos’ ¥ sin" I p (6-23)
j=0

for some B, € R not depending on |al.
Proof. Since A is simple, A% is also simple for a sufficiently close to 0. Then we proved in Theorem 1.3

that )\‘J’. is C* in the variable a. As a consequence, we can consider the first terms of the Taylor expansion,
with Peano rest, of k‘]?

A =20 = . = : ajay ’ +o(lal™),
i Jlh =Pl oiadi—iay|,_y
where a = (a1, ap). Setting
g, = 1 9" na
IR = bl iay |,
and a; = |a| cos ¥ (a), ap = |a| sin ¥ (a), the thesis follows. Il

The following lemma tells us that on the k nodal lines of ¢°, the first low-order polynomials cancel.

Lemma 6.5. Suppose that A° is simple and that ¢° has a zero of order k/2 at 0, with k > 3 odd. Then

there exists an angle 9 e [0, 27) and non-negative quantities &y, . . ., &x—1 arbitrarily small such that
Py, (5 + % —i—sl) =0 forallintegersl e [0,k—1],he[l, (k—1)/2],

where Py, is defined in (6-23).
Proof. We know from Proposition 2.4 that ¢° has k nodal lines with endpoint at 0, which we denote I';,
[=0,...,k—1. Take points a; € I';, [ =0, ..., k — 1, satisfying |ag| = - - - = |ax—1| and denote

a; = lag|(cos ¥ (ay), sin ¥ (a;)).

First we claim that Py (¢ (a;)) = O for all integers [ € [0,k — 1], h € [1, (k—1)/2].
Indeed, suppose by contradiction that this is not the case for some /, & belonging to the intervals defined
above. Then for such /, & the following holds by Lemma 6.4:

A% =20 =Cla|" + o(|ay|") for some C # 0.
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On the other hand we proved in Proposition 6.3 that there exists C > 0 independent of a such that, for
every [ =0,...,k— 1, we have

A4 =20 < Clgy*?*  as |a| — O.

This contradicts the last estimate because & < (k — 1)/2, so that the claim is proved.
Finally setting & := @ (ao), Proposition 2.4 implies

z?(al)—ﬂ—i-%—i-el, [=1,...,k—1, withg — 0as |g| — 0. O

The next lemma extends this previous property to all a close to 0.

Lemma 6.6. Fix k > 3 odd. For any integer h € [1, (k — 1) /2] consider any polynomial of the form

Py(®) = i Bj.ncos’ ¥ sin" 7, (6-24)
j=0
with B, € R. Suppose that there exist 9 e [0,27) and ey, . . ., er—1 satisfying 0 < g < Z_k such that
Py (l? + % +81) =0 forevery integerl € [0, k — 1].
Then P, =0.
Proof. We prove the result by induction on 4.
Step 1: Let &2 = 1; then
P (¥) = Bosint + B cos P

and the following conditions hold for / =0, ..., k—1:

fosin(B + %l + 81) 4B cos(f} + %l +e1) =0. (6-25)
In the case that for every [ =0, ...,k —1 we have

s1n(1?+%+81>750 and cos(l?—l—zT—i-e;)yéO

system (6-25) has two unknowns By, 81 and k > 3 linearly independent equations. Hence in this case
Bo = B1 =0 and P; = 0. In the case that there exists / such that

s1n<z‘/1 + %l + 81) 0

then of course cos(% + 27/ /k +€) # 0, which implies 8; = 0. We claim that in this case

sin(~ 221/ );éo (6-26)

for every integer I’ € [0, k — 1] different from [. To prove the claim we proceed by contradiction. We can
suppose without loss of generality that

~ /
ﬂ+%+e, 0 and &+ 2L

+ &y =T
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Then . L
l:__(1§+8]) and l/:—(]'[—’é—gl/)
2 2
so that
l/—l:E k‘gl—gl/
2 2

Since k > 3 is an odd integer, the last estimate provides I’ — I € N, which is a contradiction. Therefore we
have proved (6-26). Now consider any of the equations in (6-25) for I’ # [. Inserting the information
B1 =0 and (6-26) we get By = 0 and hence P; = 0. In the case that one of the cosines vanishes one can
proceed in the same way, so we have proved the basis of the induction.

Step 2: Suppose that the statement is true for some # < (k — 3)/2 and let us prove it for 2 + 1. The
following conditions hold for/ =0, ...,k — 1:

h+1

3 B; cos? ([9 + % + 81) sin+17J <z§ + % n 81> —0. (6-27)

j=0
We can proceed similarly to Step 1. If none of the sines, cosines vanish then we have a system with
h+2 < (k+1)/2 unknowns and k linearly independent equations, hence Pj; = 0. Otherwise suppose
that there exists / such that

sin<1§ + % + 81) =0.

Then we saw in Step 1 that

cos(f} %—FS[)#O and sin(f;‘—{— +81/)7é0

for every integer I’ € [0, k — 1] different from [. By rewriting P, in the form

2l

Ppi1(9) =sin 9 Py (9) + Bp1 cos" T 9,

with Py, as in (6-24), we deduce both that 8,11 = 0 and that

- /
AR 27]:[ +er) =0
for every I’ € [0, k — 1] different from /. These are k — 1 conditions for a polynomial of order 2 < (k—3)/2,
so the induction hypothesis implies P, =0 and in turn Py = 0. O

End of the proof of Theorem 1.7. Take any a € 2 sufficiently close to 0, then by Lemma 6.4

H
2 =20=Y"lal" Pu(® (@) +o(lal™).
h=1
By combining Lemmas 6.5 and 6.6 we obtain that P, = 0 for every h € [1, (k — 1)/2], therefore
A% — 19| < Cla|**tD/2 for some constant C independent of a. O
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7. Numerical illustration

Let us now illustrate some results of this paper using the Finite Element Library [Martin 2010] with
isoparametric g Lagrangian elements. We will restrict our attention to the case of half-integer circulation
a=1

The numerical method we used here was presented in detail in [Bonnaillie-Noé&l and Helffer 2011].
Given a domain €2 and a point a € €2, to compute the eigenvalues )\‘} of the Aharonov—Bohm operator
(iV + A,)? on ©, we compute those of the Dirichlet Laplacian on the double covering Q? of @\ {a},

denoted by /L‘GJR This spectrum of the Laplacian on Q2 is decomposed in two disjoint parts:
o the spectrum of the Dirichlet Laplacian on €, A,
« the spectrum of the magnetic Schrodinger operator (iV + A,)?, A‘]f.

Thus we have
(o1 = 1921 U A2

Therefore by computing the spectrum of the Dirichlet Laplacian on €2 and, for every a € €2, that on the
double covering QZR, we deduce the spectrum of the Aharonov—Bohm operator (i V + A,)? on Q. This
method avoids dealing with the singularity of the magnetic potential and furthermore allows us to work
with real-valued functions. We have only to compute the spectrum of the Dirichlet Laplacian, which is
quite standard. The only effort to be done is to mesh a double covering domain.
Let us now present the computations for the angular sector of aperture  /4:
Ypa= {(xl, X7) € R2, x1 >0, |x] < x tan%, xlz—i—x% < 1}.

An analysis of the spectral minimal partitions of angular sectors can be found in [Bonnaillie-Noél and
Léna 2014]. By symmetry, it is enough to compute the spectrum for a in the half-domain. We take a
discretization grid of step 1/N with N = 100 or N = 1000:

24,2

aclly: = {(%,%),O<m <N,0< |:1—| <tan%,mN# < 1}.
Figure 2 gives the first nine eigenvalues A;‘. for a € I11¢p. In these figures, the angular sector is represented
by a dark thick line. Outside the angular sector are represented the eigenvalues A ; of the Dirichlet
Laplacian on ¥ /4 (which do not depend on a). We observe the convergence proved in Theorem 1.1:

forall j > 1, )Lj’-—>)»j as a— 0%q4.

In Figure 3, we provide the three-dimensional representation of the first two parts of Figure 2.
Let us now deal more accurately with the singular points on the symmetry axis. Numerically, we take
ﬁ and consider a € {(1(’)"%, 0), l<m< 1000}. Figure 4 gives the first

nine eigenvalues of the Aharonov—Bohm operator (i V + A)?in =, /4. Here we can identify the points a

a discretization step equal to

belonging to the symmetry axis such that )Lj‘. is not simple. If we look for example at the first and second
eigenvalues, we see that they are not simple respectively for one and three values of a on the symmetry
axis. At such values, the function a +— k‘;, j = 1,2, is not differentiable, as can be seen in Figure 3.
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Figure 2. First nine eigenvalues of (iV + Ay)?in =, /4> @ € ITyoo. Each graph depicts

the level curves of a — A‘;, for j =1,2,3 (top), j =4,5,6 (middle) and j =7, 8,9
(bottom).
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Figure 3. Three-dimensional representation of the first two panels of Figure 2: a > A{
(left) and a — A9 (right), a € ITjq.

Figure 3 illustrates Theorem 1.3 for a domain with a piecewise-C* boundary: we see that the function
ar A‘}, Jj =1, 2, is regular except at the points where the eigenvalue Ajf is not simple.

Going back to Figure 4, we see that the only critical points of Ajf which correspond to simple eigenvalues
are inflexion points. As an example, we have analyzed the inflexion points for A5, 1§, )»‘51 when a = (ay, 0)
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Figure 4. a — 19, a € { (155, 0), 0 <m < 1000}, 1 < j <.
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Figure 5. Nodal lines of an eigenfunction associated with A%, a = (ay, 0), a; = 0.6, 0.63, 0.65.

<) <) <7,

Figure 6. Nodal lines of an eigenfunction associated with )f;(j ', j=3,4,5.

with a; € (0.6, 0.7), a; € (0.75, 0.85) and a; € (0.45, 0.55) respectively. We will denote these points by
agy, j =3,4,5. Figure 5 gives the nodal lines for three different points a = (ay, 0) on the symmetry
axis y = 0 with a; = 0.6, 0.63 and 0.65. This illustrates the emergence of a triple point when the pole
is moved along the line y = 0. In Figure 6, we have plotted the nodal lines of the eigenfunctions go;l” !
associated with )f;.(j ', j=3,4,5. We observe that each (pj” " has a zero of order % at a(j). Correspondingly,
the derivative of )»7 at aj) vanishes in Figure 4, thus illustrating Theorem 1.7. In the three examples
proposed here, also the second derivative of A% vanishes at ay;).
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a2, a € {(5 1o55). 750 < m < 840,0 < n < 30}.

a2, a e (g, mn), 450 < m < 530,0 < n < 30).

Figure 7. A? vs. a for a around the inflexion point a(;), j = 3,4, 5.
ﬁ. Figure 7
represents the behavior of A} for a close to agj). It indicates that these points are degenerated saddle
points. The behavior of the function a — )le., J =3,4,5, around ag;) is quite similar to that of the function
(t, x) — t(t> — x?) around the origin (0, 0).

We remark that computing the first twelve eigenvalues of (iV 4+ A,)? on T, /4> we have never found

Let us now move a little the singular point around a(;). We use a discretization step of

an eigenfunction for which five or more nodal lines end at a singular point a.
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Figure 8. a +— k‘} for a along the diagonal (left) or perpendicular bisector (right) of a
square (1 < j <9).
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Figure 9. Eigenvalues of (i V + An)?in [0, 1] x [0, 1], a € 5.

. . . . . . . 1 1
Figure 10. Nodal lines of an eigenfunction associated with A;‘., j=3,4a= (5, 5).

As we have already remarked, all the local maxima and minima of A‘Jf in Figure 4 correspond to
nonsimple eigenvalues. Plotting the nodal lines of the corresponding eigenfunctions, we have found that
they all have a zero of order % at a, i.e., one nodal line ending at a. Nonetheless, this is not a general fact:
in performing the same analysis in the case 2 is a square [0, 1] x [0, 1], we have found that the third and
fourth eigenfunctions have a zero of order % at the center a = (%, %), see Figure 10, which is in this case
a maximum of a — A5 and a minimum of @ — AJ; see Figures 8, 9. We observe in Figure 8 that the first
and second derivatives of A5 and of A3 seem to vanish at the center a = (% %)
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