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FLAG HARDY SPACES AND MARCINKIEWICZ MULTIPLIERS
ON THE HEISENBERG GROUP
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Marcinkiewicz multipliers are L” bounded for 1 < p < 0o on the Heisenberg group H" >~ C" x R, as shown
by D. Miiller, F. Ricci, and E. M. Stein. This is surprising in that these multipliers are invariant under
a two-parameter group of dilations on C" x R, while there is no two-parameter group of automorphic
dilations on H". This lack of automorphic dilations underlies the failure of such multipliers to be in
general bounded on the classical Hardy space H' on the Heisenberg group, and also precludes a pure
product Hardy space theory.

We address this deficiency by developing a theory of flag Hardy spaces Hé’ag on the Heisenberg group,
0 < p <1, thatis in a sense “intermediate” between the classical Hardy spaces H” and the product Hardy
spaces Hp”mduct on C" x R developed by A. Chang and R. Fefferman. We show that flag singular integral
operators, which include the aforementioned Marcinkiewicz multipliers, are bounded on Hﬂ”ag, as well
as from Hf‘fag to L?, for 0 < p < 1. We also characterize the dual spaces of Hﬂlag and Hé’ag, and establish a
Calderén—Zygmund decomposition that yields standard interpolation theorems for the flag Hardy spaces
H‘ﬁg. In particular, this recovers some L” results of Miiller, Ricci, and Stein (but not their sharp versions)

by interpolating between those for Hf{)ag and L.

1. Introduction 1466
PartI. Flag Hardy spaces: definitions and results 1469
2. The square function on the Heisenberg group 1472
3. The wavelet Calderén reproducing formula 1481
PartII. Proofs of results 1487
4. LP” estimates for the Littlewood—Paley square function 1487
5. Developing the wavelet Calder6én reproducing formula 1489
6. Boundedness of flag singular integrals 1506
7. Duality of Hardy spaces H,, 1513
8. Calderén—Zygmund decomposition and interpolation decomposition 1521
9. A counterexample for the one-parameter Hardy space 1525
Part III. Appendix 1529
10. The Heisenberg grid 1529
11. Rectangles in the Heisenberg group 1531
References 1532

Lu was supported partly by NSF grants DMS 0901761 and 1301595. Sawyer was supported in part by a grant from NSERC.

MSC2010: 42B15, 42B35.

Keywords: flag singular integrals, flag Hardy spaces, Calderén reproducing formulas, discrete Calderén reproducing formulas,
discrete Littlewood—Paley analysis.

1465


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2014.7-7
http://dx.doi.org/10.2140/apde.2014.7.1465
http://msp.org

1466 YONGSHENG HAN, GUOZHEN LU AND ERIC SAWYER

1. Introduction

Classical Calder6n—Zygmund theory centers around singular integrals associated with the Hardy—Little-
wood maximal operator M that commutes with the usual dilations on R", § - x = (dxy, ..., dx,) for
8 > 0. On the other hand, product Calderén—Zygmund theory centers around singular integrals associated
with the strong maximal function Mg that commutes with the multiparameter dilations on R", § - x =

(81x1, ..., 8pxp) for 6 = (81, ..., 8,) € R,.. The strong maximal function [Jessen et al. 1935] is given by
1
Ms(F) ) =sup e [ 17001 ay. (-1
XER |R| R

where the supremum is taken over the family of all rectangles R with sides parallel to the axes.

For Calder6n—Zygmund theory in the product setting, one considers operators of the form 7f = K * f,
where K is homogeneous, that is, §; - - -8, K(§ - x) = K (x), or, more generally, K (x) satisfies certain
differential inequalities and cancellation conditions such that the kernels §; - - - §, K (6 - x) also satisfy the
same bounds. Such operators have been studied, for example, in [Gundy and Stein 1979; Fefferman and
Stein 1982; Fefferman 1986; 1987; 1999; Chang 1979; Chang and Fefferman 1985; 1982; 1980; Journé
1985; 1986; Pipher 1986; Ferguson and Lacey 2002], where both the L? theory for 1 < p < co and
H? theory for 0 < p <1 were developed. More precisely, Fefferman and Stein [1982] studied the L?
boundedness (1 < p < oo) for the product convolution singular integral operators. Journé [1985; 1988]
introduced non-convolution-product singular integral operators, established the product 7'1 theorem, and
proved the L°° — BMO boundedness of such operators. The product Hardy space H”(R" x R™) was
first introduced by Gundy and Stein [1979]. Chang and Fefferman [1985; 1982; 1980] developed the
theory of atomic decomposition and established the dual space of the Hardy space H'(R" x R™), namely
the product BMO(R" x R™) space. Another characterization of such product BMO space was given in
conjunction with Hankel theorems and commutators in the product setting by Ferguson and Lacey [2002]
and Lacey and Terwilleger [2005]. Carleson [1974] disproved by a counterexample the conjecture that
the product atomic Hardy space on R"” x R™ could be defined by rectangle atoms. This motivated Chang
and Fefferman to replace the role of cubes in the classical atomic decomposition of H”(R") by arbitrary
open sets of finite measures in the product H? (R" x R™). Subsequently, Fefferman [1987] established
the criterion for the H? — L? boundedness of singular integral operators in Journé’s class by considering
its action only on rectangle atoms by using Journé’s lemma. However, Fefferman’s criterion cannot be
extended to three or more parameters without further assumptions on the nature of 7', as shown in [Journé
1985; Journé 1988]. In fact, Journé provided a counterexample in the three-parameter setting of singular
integral operators such that Fefferman’s criterion breaks down. Subsequently, the H” to L? boundedness
for Journé’s class of singular integral operators with arbitrary number of parameters was established
by J. Pipher [1986] by considering directly the action of the operator on (nonrectangle) atoms and an
extension of Journé’s geometric lemma to higher dimensions.

On the other hand, multiparameter analysis has only recently been developed for L? theory with
1 < p < oo when the underlying multiparameter structure is not explicit, but implicit, as in the flag
multiparameter structure studied in [Nagel et al. 2001] and its counterpart on the Heisenberg group H"
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studied in [Miiller et al. 1995; 1996]. In these latter two papers the authors obtained the surprising result
that certain Marcinkiewicz multipliers, invariant under a two-parameter group of dilations on C" x R, are
bounded on L?(H"), despite the absence of a two-parameter automorphic group of dilations on H". This
striking result exploited an implicit product, or semiproduct, structure underlying the group multiplication
in H* >~ C" x R. In contrast to this, it is not hard to see that the class of flag singular integrals considered
there is not in general bounded on the standard one-parameter Hardy space H'(H") as in [Fefferman and
Stein 1972] (see, for example, Theorem 67 in Section 11 below). The lesson learned here is that Hardy
space theories for 0 < p < 1 must be tailored to the invariance properties of the class of singular integral
operators under consideration.

The goal of this paper is to develop for the Heisenberg group a theory of flag Hardy spaces Hé’ag with
0 < p < 1. The first two authors have treated the Euclidean flag structure in [Han and Lu 2008]; see also
the multiparameter setting associated with the Zygmund dilation [Han and Lu 2010]. The ideas developed
in this paper and [Han and Lu 2008; Han and Lu 2010] have been adapted to some other multiparameter
cases, such as the product spaces of Carnot—Carathéodory spaces [Han et al. 2013a], where the L? theory
was established in [Nagel and Stein 2004], and the composition of two singular integrals with different
homogeneity [Han et al. 2013b].

This flag theory for the Heisenberg group is most conveniently explained when p = 1 in the more
general context of spaces (X, p, du) of homogeneous type [Coifman and Weiss 1976], which already
include Euclidean spaces RY and stratified graded nilpotent Lie groups such as the Heisenberg groups
H" = C" x R. We may assume here that p and du are connected by the equivalence

w(By(x,r))~r, where By(x,r)={yeX:p(x,y) <r} (1-2)

In particular, the usual structure on Euclidean space R” is given by p(x, y) = |x — y|" and du(x) = dx.
Recall that one of several equivalent definitions of the Hardy space H'(X) is as the set of f € (C"(X))*
with
I e = 18U Lt ap < oo,

where the Littlewood-Paley g-function g(f) is given by

g(f)=: 3 |Ejf|2}2,

j=—00

where {E ﬂ‘;’;i ~ 18 an appropriate Littlewood—Paley decomposition of the identity on L?(duw).
The product Hardy space H;mduct(X x X') corresponding to a product of homogeneous spaces

(X, p,dw) and (X', p’, du’) is given as the set of f € (C"(X x X'))* with

1 Wit = I8oroauct (i apaey < 09

where the product Littlewood—Paley g-function gproduct(f) is given by

oo 1

gpmduct(f)={ > ID,-D}/fIZ}Z,

jrj'==o00
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and where {D j}?oz_ ~ and { D},}??:_  are Littlewood-Paley decompositions of the identities on L?(dp)
and L?(dp'), respectively (and act separately on the respective distinct variables). Note that if j = j’,
then D; D;., =D, D;. satisfies estimates similar to those for E; in the standard one-parameter Hardy

space H'(X x X’). Thus, we see that

00 1

Zproduct (f) = { > IDjD}/fIZ}Z > {Z IDjD}f|2}2 ~ {Z |E]~f|2}2 = (),
Jrj'=—00 J J

and so we have the inclusion
H!  (XxX)cH' (X xX).

product

Now we specialize the space of homogeneous type X to be the Heisenberg group H* = C* x R. The
flag structure on the Heisenberg group H" arises in an intermediate manner, namely, as a homogeneous
space structure derived from the Heisenberg multiplication law that is adapted to the product of the
homogeneous spaces C” and R. The appropriate definition of the flag Hardy space Hﬂlag(ﬂ-ﬂ") is already
suggested in [Miiller et al. 1996], where a Littlewood—Paley g-function gg, is introduced that is adapted
to the flag structure on the Heisenberg group H" = C" x R:

1

gae(f) ={ 3 IEijfIZ}Z,

Jj.k=—00
where {Dj}?’:_

{Ek}72 o 1s the standard Littlewood—Paley decomposition of the identity on L?*(R). One can then

define Hﬁlag

is the standard Littlewood—Paley decomposition of the identity on L?(H"), and

o0

(H™) to consist of appropriate “distributions” f on H" with

1 Wiy oty = 18 (1) < 0.

Now, for k <27, it turns out that E; D; is essentially the one-parameter Littlewood—Paley function D;
while, for k > 27, it turns out that E} D; is essentially the product Littlewood—Paley function Ej F;, where
{F j}ﬁ_m is the standard Littlewood—Paley decomposition of the identity on L?(C"). Thus we see that
8flag(f) 1s a semiproduct Littlewood—Paley function satisfying

gproduct () 2 81iag(f) 2 8(f): Hproguer(X x X') C Hgoo (X x X') C H'(X x X').

We describe this structure as “semiproduct”, since only vertical Heisenberg rectangles (which are es-
sentially unions of contiguous Heisenberg balls of fixed radius stacked one on top of the other) arise
essentially as the supports of the components ExD;, when k > 2j. When k < 2j, the support of E;D; is
essentially a Heisenberg cube. Thus no horizontal rectangles arise, and the structure is “semiproduct”.
Of course, we must also address the nature of the “distributions” referred to above, and for this we
will use a lifting technique introduced in [Miiller et al. 1995] to define projected flag molecular spaces
Mgag(H"), and then the aforementioned distributions will be elements of the dual space .lg,e (H")". We
also show that these distributions are essentially the same as those obtained from the dual of a more
familiar moment flag molecular space Jilr(H"). Finally, we mention that a theory of flag Hardy spaces
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can also be developed with the techniques used here, but without recourse to any notion of “distributions”,
by simply defining H;f)stract([H]") to be the abstract completion of the metric space

XPH") = {f € L*(H") : gpag(f) € LP (H")}
with metric

d(fi, f) = lgnag(fi = P Loy fi € XPEH").

P
We show that the abstract space Hpract

Cauchy sequences, is in fact isomorphic to the space Hé’ag([H]"), whose elements have the advantage of

(H™), whose elements are realized only as equivalence classes of

being realized as a subspace of distributions, namely those f in Mg, (H")" whose flag Littlewood—Paley
function gaage (f) belongs to LP(H"). Here AMgae (H") is a molecule space with implicit product structure.

In Part I of the paper we define flag Hardy spaces and state our results. In Part II we give the proofs,
and in Part III we construct a dyadic grid adapted to the flag structure.

Remark 1. Some of the proofs we need in this paper are straightforward modifications of arguments
already in the literature, and in order not to interrupt the flow of the paper, we have left these proofs out.
However, all the details are included in the expanded version of this paper [Han et al. 2012].

Part I. Flag Hardy spaces: definitions and results

Our point of departure is to develop a wavelet Calderén reproducing formula associated with the given
two-parameter structure as in [Miiller et al. 1996], and then to prove a Plancherel-Pélya-type inequality
in this setting. This will provide the flexibility needed to define flag Hardy spaces and prove boundedness
of flag singular integrals, duality, and interpolation theorems for these spaces. To explain the novelty in
this approach more carefully, we point out the following three types of reproducing formulas derived
from the original idea of Calderon:

f<x>=/0 Yoevx f L,
f)=)_ D;D;f(x),

jez

L =D UG * DI (x, x).
i oI

We refer to the first formula as a continuous Calderén reproducing formula, its advantage being
the use of compactly supported components , that are repeated. We refer to the second formula as a
discrete Calder6n reproducing formula, in which D; is generally a compactly supported nonconvolution
operator in a space of homogeneous type, and ISJ, is no longer compactly supported but satisfies molecular
estimates. In certain cases, such as in Euclidean space, it is possible to use the Fourier transform to obtain
a discrete decomposition with repeated convolution operators D; = ;.

Finally, we refer to the third formula as a wavelet Calderén reproducing formula, which can also be
developed in a space of homogeneous type. For example, such formulas were first developed in certain
situations in [Frazier and Jawerth 1990]. The advantage of the third formula is that it expresses f as a
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sum of molecular, or wavelet-like, functions I/NI j(x, x7) with coefficients |[I](v; * f)(x;) that are obtained
by evaluating ¥; * f at any convenient point in the set / from a dyadic decomposition at scale 2/ of the
space. As a consequence, we can replace the coefficient [7|(y; * f)(x;) with either the supremum or
infimum of such choices and retain appropriate estimates(see Theorem 19 below). We note in passing
that the collection of functions {lﬂ j(x,x7)}; 1 forms a Riesz basis for L?. In certain cases when such
functions form an orthogonal basis, the decomposition is referred to as a wavelet decomposition, and it
is from this that we borrow our terminology.

This “wavelet” scheme is particularly useful in dealing with the Hardy spaces H? for 0 < p <1, and
using this, we will show that flag singular integral operators are bounded on Hé’ag forall0 < p <1, and
furthermore that these operators are bounded from Hé’ag to L? for all 0 < p < 1. These ideas can also be
applied in the pure product setting to provide a different approach to proving H;ﬁoduct to L? boundedness
than that used by Fefferman, and thus to bypass both the action of singular integral operators on rectangle
atoms, and the use of Journé’s covering lemma.

We now recall the example of implicit multiparameter structure that provides the main motivation for this
paper. In [Miiller et al. 1995], Miiller, Ricci, and Stein uncovered a new class of flag singular integrals on
Heisenberg(-type) groups, which arose in the investigation of Marcinkiewicz multipliers. To be more pre-
cise, let m(&£, iT) be the Marcinkiewicz multiplier operator, where & is the sub-Laplacian, T is the central
element of the Lie algebra on the Heisenberg group H" = C" x R, and m satisfies Marcinkiewicz conditions
as in [Miiller et al. 1995]. It was proved in [Miiller et al. 1995] that the kernel of m (&, i T') satisfies the stan-
dard one-parameter Calder6n—Zygmund-type estimates associated with automorphic dilations in the region
where |¢| < |z|?, and the multiparameter Calderén-Zygmund-type estimates in the region where |¢| > |z|2.

The proof of L? boundedness of m(£, iT) given in [Miiller et al. 1995] requires lifting the operator to
a larger group, H" x R. This lifts K, the kernel of m(£,iT) on H", to a product kernel K on H" x R.
The lifted kernel K is constructed so that it projects to K by

mN
K(z,t):/ K(z,t—u,u)du,

—0o0

taken in the sense of distributions. The operator T corresponding to the product kernel K can be dealt
with in terms of tensor products of operators, and one can obtain their L” boundedness from the known
pure product theory. Finally, the L” boundedness of the operator with kernel K follows from the
transference method of [Coifman and Weiss 1976], using the projection w : H" x R — H" given by
w((z,t),u) = (z,t+u). One of our main results, Corollary 27 below, is an extension of the boundedness
of m(£,iT) to flag Hardy spaces Hé’ag for all 0 < p < 1, and follows from the boundedness of flag
singular integrals on Hlfag.

In [Miiller et al. 1996], the authors obtained the same boundedness results, but with optimal regularity
on the multipliers. This required working directly on the group without lifting to a product, and led to the
introduction of a continuous flag Littlewood—Paley g-function and a corresponding continuous Calderén
reproducing formula. We remark that one of the main features of our extension of these results to H? for

0 < p <1 is the construction of a wavelet Calderdén reproducing formula.
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We note that the regularity satisfied by flag singular kernels is better than that of the product singular
kernels. More precisely, the singularity of the standard pure product kernel on C" x R is contained in the
union {(z, 0)} U{(0, u)} of two subspaces, while the singularity of K (z, u), the flag singular kernel on
H" x R defined by Definition 7 below, is contained in a single subspace {(0, )}, but is more singular on
yet a smaller subspace {(0, 0)}, a situation described neatly in terms of the flag (or filtration) of subspaces,
{(0,0)} ;Cé {(0, u)} ; H”". In the following, we describe some natural questions that arise.

Question 1. What is the correct definition of a flag Hardy space Héjag associated with flag singular integral
operators for 0 < p <1 so that both (1) flag singular integral operators are bounded, and (2) a satisfactory
theory of interpolation emerges?

Question 2. What is the correct definition of spaces BMOg,¢ of bounded mean oscillation for flag singular
integral operators, and are the singular integrals bounded on them?

Question 3. What is the duality theory for Hy,,

function spaces which are dual spaces of the flag Hardy spaces Hé’ag as in the pure product setting?

? Is there an analogue of BMO and Carleson measure-type

Question 4. Is there a Calderén—Zygmund decomposition adapted to functions in flag Hardy spaces Hlf ag

that leads, for example, to an appropriate theory of interpolation?
Question 5. What is the relationship between classical Hardy spaces H” and the flag Hardy spaces Hé’ag?

We address these five questions as follows. As in the L? theory for p > 1 considered in [Miiller et al.
1995], one is naturally tempted to establish Hardy space theory under the implicit two-parameter structure
associated with the flag singular kernel by invoking the method of lifting to the pure product setting
together with the transference method in [Coifman and Weiss 1976]. However, this direct lifting method
is not readily adaptable to the case of p < 1 because the transference method is not known to be valid. A
different approach centering on the use of a continuous flag Littlewood—Paley g-function was carried
out in [Miiller et al. 1996]. This suggests that the flag Hardy space Hé;g associated with this implicit
two-parameter structure for 0 < p < 1 should be defined in terms of this or a similar g-function. Crucial
for this is the use of a space of test functions arising from the lifting technique in [Miiller et al. 1995],
and a “wavelet” Calder6n reproducing formula adapted to these test functions. Here is the order in which
we implement these ideas.

(1) We first use the L” theory of Littlewood—Paley square functions gq, as in [Miiller et al. 1996] to
develop a Plancherel-Pdélya-type inequality.

(2) We next define the flag Hardy spaces Hé’ag using the flag g-function gg,e together with a space of
test functions that is motivated by the lifting technique in [Miiller et al. 1995]. We then develop the
theory of Hardy spaces Hffag associated to the two-parameter flag structures and the boundedness of
flag singular integrals on these spaces. We also establish the boundedness of flag singular integrals

from Hé’ag to LP.

(3) We then turn to duality theory for the flag Hardy space Hég and introduce the dual space CMO? .

In particular we establish the duality between H ﬂlag and the space BMO, . We then establish the

flag *
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boundedness of flag singular integrals on BMO,, .
one-parameter or pure product case, BMO is related to the concept of Carleson measure. The space
CMO“:’ag for all 0 < p < 1, as the dual space of Hé’ag introduced in this paper, is then defined by a
generalized Carleson measure condition.

It is worthwhile to point out that in the classical

(4) We finally establish a Calderén—Zygmund decomposition lemma for any Hfag function (0 < p < 00)
in terms of functions in H ﬂ{j; and Hﬂl:; with 0 < p; < p < p» < 0o. This gives rise to an interpolation
theorem between Hﬂ’;; and Hﬂgg forany 0 < p» < p; <00 (H[{;g =L forl < p < 00).

We now describe our approach and results in more detail. Proofs will be given in subsequent parts of
the paper.

2. The square function on the Heisenberg group

We begin with an implicit two-parameter continuous variant of the Littlewood—Paley square function that
is introduced in [Miiller et al. 1996]. For this we need the standard Calderén reproducing formula on the
Heisenberg group. Note that spectral theory was used in place of the Calderén reproducing formula in
[Miiller et al. 1996].

Theorem 2 [Geller and Mayeli 2006, Corollary 1]. There is € C*°(H") satisfying either
¥ € S(H") and all moments of  vanish, or
Y € CX°(H") and all arbitrarily large moments of  vanish,

such that the following Calderon reproducing formula holds:
© ds
f=/ st*%*f?’ feL*HY),
0

where x is Heisenberg convolution, ¥V (¢) = ¥ (1), and W(z, 1) = s "2y (z/s, u/s?) for s > 0.

Remark 3. We will usually assume that i above has compact support. However, it will sometimes be
convenient for us if the component functions v, have infinitely many vanishing moments. In particular
we can then use the same component functions to define the flag Hardy spaces for all 0 < p < oo (the
smaller p is, the more vanishing moments are required to obtain necessary decay of singular integrals).
Thus we will sometimes sacrifice the property of having compactly supported component functions.

We now wish to extend this formula to encompass the flag structure on the Heisenberg group H".

2.1. The component functions. Following [Miiller et al. 1996], we construct a Littlewood—Paley compo-
nent function ¥ defined on H” >~ C" x R, given by the partial convolution *; in the second variable only:

Yz u)=v Dy @, u)=fw“)(z,u—vwf@(v)dv, (z.u) €C" x R,
R

where (D € P(H") is as in Theorem 2, and ¥® € ¥(R) satisfies
m —
/ RIE A

0 t
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for all n € R\{0}, along with the moment conditions
/ 2uPy Dz u)dzdu=0, |a|+28<M,
f VP (v)ydv=0, y=>0.
R

Here the positive integer M may be taken arbitrarily large when the support of (! is compact, and may
be infinite otherwise.
Thus we have

Il e ds dt
= [T rcoB e pe o, -
0o Jo
where the functions ¥ ; are given by
Vsa(zow) =¥ sy (2 w), (2-2)

with

D (7, u) = 57212 D z u and 111(2)(1)) — 1y @ v
s s’ 52 ! t)’
and where the integrals in (2-1) converge in L?(H"). Indeed,

Vo %1 Yo w1 (@) = G 50 ) s (T 50 0 2) s (2, 00)
= @O s YD) s (W2 kw0 ) %2 £ (2, u)

yields (2-1) upon invoking the standard Calderén reproducing formula on R and then Theorem 2 on H":

/00/00 Vs st Vs e £, u)@ﬂ / T D s D s {/ @ sm v @ s f(z,u)%}i—s
0 Jo

= / P G s £z = 12w,

0

For f € L?, 1 < p < 00, the continuous Littlewood—Paley square function ggae(f) of f is defined by

gﬂag(f)(Z u) = {/ / ‘ps * f(z, u)lzds dl‘}

Note that we have the flag moment conditions, so called because they include only half of the product
moment conditions associated with the product C" x R:

f u*y(z,u)du=0 foralla € Z, and z € C". (2-3)
R

Indeed, with the change of variable u’ = u — v and the binomial theorem

(' +v)f = Z cy.s) v

B=y+s
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we have

/ualﬂ(z,u)du =/ua{/ v u—-v)yP(z, v) dv}du
R R R

_ / { f W+ 0 O du}w“’(z, v) dv
R R

=y cy,s/{f(u/)yw)(u/) du/}vw“)(z, v) dv
R R

a=y+35

= D o / Oy Dz, v dv =0
R

a=y+35

for all « € Z, and each z € C". Note that, as a consequence, the full moments an 2%uP Y(z, u) dz du all
vanish, but that, in general, the partial moments an 7%V (z, u) dz do not vanish.

Remark 4. As observed in [Nagel et al. 2012], there is a weak cancellation substitute for this failure to
vanish, namely an estimate for /C" 7%V (z, u) dz that is derived from the vanishing moments of v D(z,v)
and the smoothness of ¥ () via the identity

/ z“lﬁ(z,u)dz:/ /Zal//(l)(z,v)lﬁ(z)(u—v)dzdv
Ccn n JR

=/ /z“w“)(z,v)[W(u—v)—w@)(u)]dzdv.
nJR

We will not pursue this further here.

We will also consider the associated sequence of component functions {v/; «}  rez, Where the functions
Yk are given by
ViaGw) =y 0y 2, w), (2-4)
with
qul)(z’ u) = 2aj(2n+2)w(l)(2ajz’ 22aju) and ‘/1152)(0) _ 22akw(2)(22akv)’

and (D and @ as above. Here « is a small positive constant that will be fixed in Theorem 17 below,
where we establish a wavelet Calderén reproducing formula using this sequence of component functions
for small «. We then have a corresponding discrete (convolution) Littlewood—Paley square function
gﬂag(f) defined by

1
2

ghag(f) (2, u) = {Z > Wik f(z, u)|2}
ik

This should be compared with the analogous square function in [Miiller et al. 1996].

Remark 5. The terminology “implicit two-parameter structure” is inspired by the fact that the functions
Vs.1(z, u) and V¥ « (z, u) are not dilated directly from v (z, u), but rather from a lifting of v to a product
function. It is the subtle convolution =, that facilitates a passage from one-parameter “cubes” to two-
parameter “rectangles” as dictated by the geometry of the kernels considered.
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2.2. Square function inequalities. Altogether, we have from above that

ds dt

f(z,u)=/ / Yook Yok fz,w) ==, feL*H". (2-5)
0o Jo st

Note that if one considers the integral on the right-hand side as an operator, then, by the construction
of the function v, it is a flag singular integral operator and has the implicit multiparameter structure
mentioned above. Using iteration and the vector-valued Littlewood—Paley estimate together with the
Calderén reproducing formula on L? allows us to obtain L? estimates for 8flag> 1 < p < 00, in Theorem 6
below. This should be compared to the variant in [Miiller et al. 1996, Proposition 4.1] for g-functions
constructed from spectral theory for &£ and T.

Theorem 6. Let 1 < p < co. There exist constants Cy and Cy depending on n and p such that

Cill fllp = l18ag(Nllp = Coll fllp,  f € LPH.

In order to state our results for flag singular integrals on H", we need to recall some definitions given
in [Nagel et al. 2001]. We begin with the definition of a class of distributions on Euclidean space RY. A
k-normalized bump function on a space RY is a C*-function supported on the unit ball with C*¥ norm
bounded by 1. As pointed out in [Nagel et al. 2001], the definitions given below are independent of the
choices of k > 1, and thus we will simply refer to a “normalized bump function” without specifying the
index k.

We will rephrase Definition 2.1.1 in [Nagel et al. 2001] of a flag kernel in the case of the Heisenberg
group as follows.

Definition 7. A flag convolution kernel on H” = C" x R is a distribution K on R?**! which coincides
with a C* function away from the coordinate subspace {(0, #)} C H", where 0 € C" and u € R, and
satisfies the following:

(1) (differential inequalities) For any multi-indices « = (a1, ..., an), B=(B1, ..., Bum),
19997 K (2. 10)] < Caplel "~ (122 + Jup =17
for all (z, u) € H" with z # 0.

(2) (cancellation condition) For every multi-index « and every normalized bump function ¢; on R and
every § > 0,

< Cylz] 72"

/ 07 K (z, u)¢1(8u) du
R

for every multi-index § and every normalized bump function ¢, on C" and every § > O,

/ P K (z, w2 (82) dz| < C, lu| ' ~1PL;

and for every normalized bump function ¢3 on H" and every é; > 0 and §, > O,

<C.

/ K (z,u)p3(81z, Sru) dz du
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As in [Miiller et al. 1995], we may always assume that a flag kernel K (z, u) is integrable on H" by
using a smooth truncation argument.
Informally, we can now define the flag Hardy space Hé’ag(ﬂ-ﬂ") on the Heisenberg group for 0 < p <'1
by
Héjag([l-[ln) = {f adistribution on H" : g (f) € LP(H")},

and, for f € Hé’ag(ﬂ-ﬂ”), define
IIfIIH(%g = || gftag (Sl p-

Of course we need to give a precise definition of distribution in this context, and a natural question then
arises as to whether or not the resulting definition is independent of the choice of component functions
¥ j « in the definition of the square function ggae. Moreover, to study the Htfag-boundedness of flag singular
integrals and establish the duality theory of Hé’ag, this definition is difficult to use when 0 < p < 1. We need

to approximately discretize the quasinorm of Hffag. In order to obtain this discrete H/  quasinorm we

fla,
will prove certain Plancherel-Pdlya-type inequalities, and the main tool used in proving sguch inequalities
will be the wavelet Calder6n reproducing formula that we define below. To be more specific, we will
prove that the formula (2-5) converges in certain spaces of test functions Mgg(ﬂ-ﬂ”) adapted to the flag
structure, and thus also in the dual spaces ./I/Lﬁﬁg([}-ﬂ”)’ (see Theorem 17 below). Furthermore, using an
approximation procedure and an almost-orthogonality argument, we prove in Theorem 17 below a wavelet
Calder6n reproducing formula which expresses f as a Fourier-like series of molecules or “wavelets”
(z,u) > lﬁj,k(Z» u, 27, uy) with coefficients ¥; x * f(z7, uy).

In order to describe this formula explicitly in Section 3 below, we will use the flag dyadic decomposition

H'= | s
((X,'L’)EK_/

of the Heisenberg group given in Theorem 68 below (this is a “hands on” variant of the tiling construction
in [Strichartz 1992]), as well as the notion of Heisenberg rectangles

¥ g
RSPV (ver) and  R.PY(hor)
Ef/,OKJ f},ot.r

given in Definition 69 below when j <k and ¥; , . and ¥ g ,, are dyadic cubes in H" with F; , - C S g,0-
Recall that

(I} ayadic = {I]} jez and we2iz™
is the usual dyadic grid in C" and that
{J}, dyadic = {Jf }keZ and Te€2k7

is the usual dyadic grid in R. The projection of the dyadic cube ¥, ; onto C" is the dyadic cube Io{ , and

97{;';‘5 : (ver) (respectively 97{?]5 : (hor))
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plays the role of the dyadic rectangle 1] x Jgk (respectively 1 g X J,2 J ). In the Heisenberg group, these
rectangles necessarily “rotate” with the group structure.

Notation 8. It will be convenient to use the suggestive, if somewhat imprecise, notation
R=1xJ=1I]xJ*

for the dyadic rectangle 9]{ L (Ver) etc. It should be emphasized that % = I x J is not a product set,
but rather a dyadic Helsenberg rectangle R sy . (ver) that serves as a Heisenberg substitute for the actual
product set I / times J: %k Thus we will say that the dyadic rectangle % = I x J has side lengths £(I) = 2/
and £(J) = 2%*. For j <k, the collection of all dyadic Heisenberg rectangles % = I x J with side lengths
2/ and 2?* will be denoted by

9]{(21 X 22]‘) = {% =1IxJ= Ia{ X Jgk = %;ﬁ:i::(ver) Fjar C Efk,ﬁ,u}.

Caution: For k < j, the support of the component function v; ; defined in (2-4) is essentially a vertical
Heisenberg rectangle I x J having side lengths £(I) =27/ and £(J) = 272k, Note the passage from j, k
to —j, —k.

2.3. Standard test functions We now describe the features inherent in giving a precise definition of

the flag Hardy space H;  (H") as elements in the dual of familiar test spaces. We begin by introducing

ﬂag
the test spaces Mﬁ’gg(ﬂ-ﬂ") associated with the flag structure on H" that are obtained by projecting the
corresponding product test spaces Mlg‘foduct(H” x R) onto H". Our definitions here will encompass the
entire range 0 < p < 1. For this we use the projection of functions F defined on H"” x R to functions

f = F defined on H" as introduced in [Miiller et al. 1995]:

f(z,u) = (T F)(z, u)E/ F((z,u—v),v)dv. (2-6)
R

We will also use the notation 7 F' = F;, as in [Miiller et al. 1995]. Recall that 2n + 1 is the Euclidean
dimension of the Heisenberg group H” = C" x R and that Q =2r+2 is the homogeneous dimension of H".
In this notation, the component function 1/ (z, u) in Subsection 2.1 above is given by 7 W (z, u), where

W(z,u,v) =¥V, u)yy® ). (2-7)

MM 50 H" x R with three parameters

We now define an appropriate product molecular space L/l/tproduCt

My, My, M.

Remark 9. Note that, in the definition below, we require equally many moments and derivatives in each
of the u and v variables, and exactly fwice as many moments and derivatives in the z variable. The
integer M controls the decay of the function, the integer M, controls the total number of moments, and
the integer M, controls the total weighted number of derivatives permitted.

Definition 10. Let M, M, M, € N be positive integers and let 0 < § < 1. The product molecular space

M+6§,M,
‘/‘/Lproduct

conditions

’MZ(I]-I]” x R) consists of all functions F((z, u), v) on H" x R satisfying the product moment
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f Z2uPF((z,u),v)dzdu =0 forall || +28 < M,
. (2-8)
/ vV F((z,u),v)dv=0 forall 2y < M,
R

and such that there is a nonnegative constant A satisfying the four differential inequalities

1 1
(1 + |z)? + |u|)(@+M+Hl+26+8)/2 (] 4 |y|) 1 +M+y+5
for all || +28 < My and 2y < M;, (2-9)

1098897 F((z,u), v)| < A

102929 F ((z, u), v) — 3%9P3Y F (<, u'), v)|

Iz, u)o (z',u')~1)? 1
- (1+|Z|2+|u|)(Q+M+M2+28)/2 (1+|v|)1+M+y+8

for all || +28 = M and |(z, ) o (', ) "' | < L1+ 12>+ lu])?, (2-10)

1920F 97 F ((z,u), v) — 829P 07 F((z, u), V)]
A 1 lv—v)°
T (L4 |z |u]) @M Aal26+0)/2 (1 4 |p|) 1 +M+M2/2425°
for all |a| +28 < Ma, 2y = Ms, and [v—v'| < J(1+[v]), (2-11)

(90287 F((z, u), v) — 3% 8Y F (', u'), v)] = [8295 9 F((z, u), v') = 82953Y F (', u), V)]
I(z,u)o (2, u)~1? lv— /|

T (12| u ) @EMAMA28)/2 (] 4 |y |) I+ M +M2/2+28

for all o[ +28 = Ma, 2y =M, |z, w)o (2, )~ | < S(1+1zP+1ul)?, and [y—v'| < JA+v]).  (2-12)

The space A/Lg(;i’cll/’"m(ﬂ-ﬂ” x R) becomes a Banach space under the norm defined by the least nonneg-

ative number A for which the above four inequalities hold.

Now we define the flag molecular space Mﬁ;B’M“M (H™) as the projection of Mﬁf(;i’cjt”"Mz(H" x R)

under the map 7 given in (2-6).

Definition 11. Let M, M, M, € N be positive integers and 0 < 6 < 1. The flag molecular space

Mﬁga’M M2 () consists of all functions f on H" such that there is F € A/Lg;[(;i’cyl’Mz(H” x R) with
f =n F = F,. Define a norm on MMM gy by

flag

”f”\/‘/‘,ﬂMa;»B.MI’MZ(H”) = F}llf;TF ||F||MM+8’M1’M2(HHXR)‘

product

M+5,My,

flag M (H") is the quotient norm

Thus the norm on Jt

M~+5,M,M -
1 gt ssanomn gy = Mproguee ™ " X R) /7~ (0D,

M+8,My .M .
and A/Lﬂag‘s’ M2 (H™) is a Banach space.
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We record here an intertwining formula for = and a convolution operator 7" on H". Let

n

Tfw =Ko fGo = [ K(Go @) ) f @) d d
Extend T to an operator T =T ®3§; on the group H" x R by acting 7" in the H" factor only:

TF((z u),v) = / K((z,u)o @ u) " YFE' u',v)dZ du'.
Lemma 12. Let T be a convolution operator on H" and let T =T ®8 be its extension to H" x R defined
above. Then

T(wF)(z,u) =n(TF)(z, u).

Proof. Formally we have

T F)(z,u) = / K((z,u)o(Z,u) Y@ F)(Z, u)d7 du

n

= . K((z,u)o(Z, u/)_l){/[R F(Z, u —v,v) dv} d7 du’
= /” /RK(Z —Zou—u' +2Imz2)F(Z, u' —v,v)dvdZ du'.
Now make the change of variable w’ = u’ — v to get
T(nF)(z,u) = /n /R KGz—7Z, u—w —v+2Imzz)F(Z, w', v)dvd7 dw'
= /{R{/n K(zu—v)o(Z,w) HF(E, w' v) dz/dw’} dv

=f{fF(z,u—v,v)}dv:n(TF)(z, uw). O
R

Later in the paper we will fix M; = M, = M and denote Mgﬁ;a’M =M () simply by M%g‘s (H™), but

for now we will allow M; and M, to remain independent of M in order to further analyze the space
e G OY

2.3.1. An analysis of the projected flag molecular space. Lemma 14 below shows that functions f(z, u)
in the “projected” flag molecular space M%QS’M"
as more moments in the (z, ) variable than we might expect. We refer loosely to this situation as
having half-product moments. There is a more familiar space of test functions Mlg oMM () defined
below with half-product moments, that avoids the operation of projection, and that is closely related
to the projected test space MY MM (qn) While we do not know if the spaces M3 MM () and

flag flag
M%J”S’MI’MZ([I-I]") coincide, the embeddings in Lemma 14 below are enough for our purposes.

Mz([H]”) have moments in the u variable alone, as well
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Definition 13. Let M, M|, M, € N be positive integers and 0 < § < 1. Define the “moment” flag molecular

M+5,M,, Mz(l]_l]n

space M ) to consist of all functions f on H" satisfying the moment conditions

f z“uﬂf(z, u)dzdu =0 forall |o| <M, || +28 <2M; +2,

/u”f(z,u)du:O for all y < M|,
R

and such that there is a nonnegative constant A satisfying the differential inequalities

1

9998
0 Ol = A @R

for all |a| 428 < M>,

[z, w) o &, u)”'°

(14 |z|2 + |u])(@+M+o+M2)/2

10995 f(z,u) —3%8F f(2', u')] < A

for all jor| +28 = My and |(z, ) o (', ') ™| < L(1 + |22 + [u])?.

Note that the moment conditions in the definition of MM+8 MMy gy permit larger values of g

depending on || than in the definition of Mﬁ;a M, Mz([H]”). The space Mj)f oMMz ([n) becomes a
Banach space under the norm defined by the least nonnegative number A for which the above two
inequalities hold.

M+5,M1,M2(|]_|]n) and MIIL4+5,M17M2(|]_|]I1

flag ) satisfy the containments

Lemma 14. The spaces M.

M~+8+My,M;,2M>+4 M+68,M1, M M+68,M, M
M:;; +o+My,My,2M>+ ([H]n)cl/mﬂa;‘7 1, Z(Hn)CMF‘F, 1, Z(Hn)’

which are continuous:

”f”MZI""S*MI’MZ(Hn) S ||f||MgZ;'5'M1‘M2(Hn) rg ”f”M:;:M+6+M2*MI'ZM2+4(H")‘

M+8,M,M . .
+ 1 ®2(H™) lies in the existence

Remark 15. The importance of the “projected” flag molecular space g,
of a wavelet Calderén reproducing formula for this space of test functionS' see Theorem 17 below.
We do not know if such a reproducing formula holds for the “moment” flag space MM M1 Mo
but the embeddings in Lemma 14 will prove important in identifying the distributions in the dual space
M+8,M, M'+8, M/ Mﬁ "N
‘/‘/Lﬂag (H )
M-+8.M1. Mo (o

’

M2(1n)’ a5 being “roughly” those in a dual space My

) remains the same
M+68,M, M, (Hn

Remark 16. The integer M, that controls the number of moments in M

3M+6+Mo, My, 2M2+4(|H]n

in both the smaller space M, ) and the larger space M ). However, we

lose both derivatives and decay in passing from the smaller to the larger space.

While we cannot say that Hy (H") is a subspace of the more familiar one-parameter Hardy space

ﬂdg
HP(H"), we can show that the quotient space

Oh (") = HP (H") /My,

(H™) can be identified with a closed subspace of the corresponding quotient space

M'+8.M| MZ(HH)

p
of Hﬂag

M'+8,M{, M,

Q" (H") = H? (H") /M (H)*
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of HP(H"), thus giving a sense in which the distributions we use to define Hifag(ﬂ-l]”) are “roughly” the
same as those used to define H” (H"). See [Han et al. 2012] for details.

3. The wavelet Calderon reproducing formula

We can now state our wavelet Calder6n reproducing formula for the flag structure in terms of the projected

product test spaces
M+5 _ yM+sM.M
MY ) = Mgt ),

defined by projecting the product test spaces

MMES ([ x R) = MMTEMM (g R,

product product

We remind the reader that Euclidean versions of such reproducing formulas were obtained by Frazier and
Jawerth [1990] using the Fourier transform together with the very special property that R" is tiled by the
compact abelian torus T" and its discrete dual group, the lattice Z".

It is convenient to introduce some new notation for the dyadic rectangles defined in Notation 8. Given
0 <a <1 and a positive integer N, we write

R(j, k) = RGN 2—20l(k+N))’
Q(j) = RQUU+N) 5 p=2a(+N)),

Now, for 2 € Q(j), let (zg, ug) be any fixed point in the cube 2, and for R € R(j, k) with k < j, let
(zq, ug) be any fixed point in the rectangle R. Let us write the collection of all dyadic cubes as

Q=[]Jau),

jez
and the collection of all strictly vertical dyadic rectangles as

Rvent = |_J RU K.
Jj>k
We now set

vy =" if 9 € Q(j),
Vo =Viu=1v" %y’ i ReR(, K,

where the ¥ ; are as in (2-4). Given an appropriate distribution f on H", we define its wavelet coefficients
fo and fy by

fo =15 % f(z0,us) if2€Q,
fo =Yl % f(zan, ug) if R € Rye, thatis, when j > k.

Below is the wavelet Calderén reproducing formula.
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Theorem 17. Suppose the notation is as above. Then there are associated functions 1/79‘, J/gg € Mﬁi‘;‘s (H™)
for 2 € Q and R € Ryey satisfying

”wQ”Mé‘i;rs(Hn) 5 ||w8/2||¢1/t"1"{‘;5([}—|]n)9 2€Q,

||W971||Mgg-g+é(u.un) S ”wQ/R”M%;—@(Hn), R € Ryert,

and

f@wy =) fovaw+ Y favalzw, (z,u)eH, (3-1)

2eQ ReRvert
where the series in (3-1) converges in three spaces:
(1) in LP(H") for 1 < p < o0,

(2) in the Banach space ./l/LIﬁ/gH (H™) for M’ large enough,

(3) and in the corresponding dual space J(/Llﬁ;s(l]-[l”)’ for M’ large enough.
Remark 18. Note that only half of the collection of dyadic rectangles, namely the vertical ones Ry, are

used in the wavelet Calderén reproducing formula. This is a reflection of the implicit product structure
inherent in the Heisenberg group H".

3.1. Plancherel-Polya inequalities and flag Hardy spaces. The wavelet Calder6n reproducing formula
(3-1) yields the following Plancherel-P6lya-type inequalities; cf. [Pélya 1936; Plancherel and Pélya
1937]. We use the notation A &~ B to indicate that two quantities A and B are comparable.

Theorem 19. Suppose vV, ¢V € P(C") and v @, p@ € L(R), and let
V(e u) = / YO u— )y @) dv,
R

o (z, u)=f¢>“)(z,u—v>w/f<2>(v>dv
R

be two component functions that each satisfies the conditions in Section 2.1. Then with Q, Ryer, ¥, and

Vg, as above, and for f € MM

flag (H"Y,0 < p < 00, and M chosen large enough depending on n and p,

{Z sup [Yh x f(Z u)Pxazo )+ D sup I%*f(z’,u’)lzm(z,u)}

9eQ (&uNe2 ReRyer (TR

The Plancherel-Pdlya-type inequalities in Theorem 19 will prove useful in establishing properties of

LP(H")

&

1
2
. f <f /’ N2 i , . f /* /, N2 ,
{ZQGB)@'%*W OG0+ 3 inf Y @) a0

%2€eQ %GRVSYI B

LP(H")

the wavelet Littlewood—Paley g-function
1
2
8hag (f) (2, u) = {Z W5 % f (20, u0) PXo (2, )+ D 1WG x f (2, ua) I xan (2, u)} ,

QGQ E)RGRven

where we are using the notation of Theorems 17 and 19.
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We can now give a precise definition of the flag Hardy spaces.

Definition 20. Let 0 < p < co. Then, for M sufficiently large depending on n and p, we define the flag
Hardy space Hég([l-[ln) on the Heisenberg group by

Hp (") = {f € Mg (WYY : grag (F) € LP(HM},

and, for f € Hé’ag(ﬂ-ﬂ”), we set

1 fllag, = lgnae(lp (3-2)

Remark 21. We can take M in Definition 20 to satisfy
M= M,,=(n +2)[% - 1] 41,

We have not computed the optimal value of M, ,.

It is easy to see using Theorem 19 that the Hardy space Hffag in Definition 20 is well defined and that
the Hffag norm of fis equivalent to the L” norm of gnae. By use of the Plancherel-Pélya-type inequalities,

we will prove the boundedness of flag singular integrals on Hé’ag below.

3.2. Boundedness of singular integrals and Marcinkiewicz multipliers. Our main result is the Hé’ag —
Hé’ag boundedness of flag singular integrals.

Theorem 22. Suppose that T is a flag singular integral with kernel K (z, u) as in Definition 7. Then T is

bounded on H?

flag for 0 < p < 1. Namely, for all 0 < p <1 there exists a constant C, ,, such that

<
1T f g, < Conll Fllag,

To obtain the Hé’ag — L? boundedness of flag singular integrals, we prove the following general result:

Theorem 23. Let 0 < p < 1. If T is a linear operator which is bounded simultaneously on L*(R¥'*1)

and Hég(l]-l]”), then T can be extended to a bounded operator from Hé’ag(l]-l]”) to LP(R¥+1).

Remark 24. From the proof given in the next part of the paper, we see that this result holds in a larger
setting, which includes the classical one-parameter and product Hardy spaces and the Hardy spaces on
spaces of homogeneous type. Thus this provides an alternative approach to using Fefferman’s criterion
on boundedness of a singular integral operator by restricting its action on rectangle atoms [Fefferman
1986], and then combining this with Journé’s geometric lemma; see [Journé 1985; 1986; Pipher 1986].

In particular, for flag singular integrals we can deduce the following.

Corollary 25. Let T be a flag singular integral as in Theorem 23. Then T is bounded from Hé’ag([H]”) to
LP(R* ) for0< p < 1.

Remark 26. The conclusions of both Theorem 22 and Corollary 25 persist if we only require the moment
and smoothness conditions on the flag kernel in Definition 7 to hold for |«|, B < N, ,, where N,, , < o0
is taken sufficiently large.
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As a consequence, we can extend the Marcinkiewicz multiplier theorem in [Miiller et al. 1995] (see
Lemma 2.1 there) to flag Hardy spaces for O < p < 1. To describe this extension, recall the standard
sub-Laplacian & on the Heisenberg group

H*=C"xR={(z,1) : 2= (z;)}=1, zj =x; +iy; €C, t € R},
defined by

n

9 9 9 9
=—) X347, Xj=—42y;—, Vj=— —2x;—.
]X_;( pTYD. Xj= oA i Y=g Ty,

The operators & and T = 9/(dt) commute, and so do their spectral measures dE(£) and dE»(n). Given
a bounded function m (&, n) on Ry x R, define the multiplier operator m(<£,iT) on L?(H"™) by

m(SB,iT)=//R Rm(é,n)dEKf)dEz(n).

Then m (¥, iT) is automatically bounded on L?(H™), and if we impose Marcinkiewicz conditions on the
multiplier, we obtain boundedness on flag Hardy spaces; this despite the fact that m is invariant under a

two-parameter family of dilations §(, ;) which are group automorphisms only when ¢ = 52,

Corollary 27. Let O < p < 1, and suppose that m(&, ) is a bounded function defined on Ry x R that
satisfies the Marcinkiewicz conditions

|(E9)* (3y)Pm (&, n)| < Cap

forall la|, B < N, ,, where N, ;, < 00 is taken sufficiently large. Then m(¥, iT) is a bounded operator

on Hﬂ’;g(ﬂ-ﬂ”)foro <p<l

The corollary follows from the results above together with [Miiller et al. 1995, Theorem 3.1], which
shows that the kernel K (z, ) of a Marcinkiewicz multiplier m (£, i T) satisfies the conditions defining a
flag convolution kernel in Definition 7.

3.3. Carleson measures and duality. To study the dual space of Hﬂpag, we introduce the Carleson measure
space CMOg, .

Notation 28. It will often be convenient from now on to bundle the set Q of all dyadic cubes and the set
Ryert Of all vertical dyadic rectangles into a single set

R+ = Q U Rvert
consisting of all dyadic cubes and all vertical dyadic rectangles. We also write

v ifR=92€Q,

Vo= {w@ if 9 € Ryer.
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Definition 29. Let v/; ; be as in (2-4) with notation as above. We say that f € CMOgag if fe M%QS(H")’

and the norm || f ”CMO’ﬁ’ag is finite, where

1

— 1 2 2
||f||CMogag=sgp{W > /QZIW%*J’(Z, )| m(z,u)dzdu}

ReRy RCQ

for all open sets €2 in H" with finite measure.

p
flag*

When p = 1, we denote the space CMO}Mg as usual by BMOg,e. To see that the space CMO‘gag is
well defined, one needs to show that the definition of CMOﬁag is independent of the choice of the

Note that the Carleson measure condition is used with the implicit multiparameter structure in CMO

component functions v/ x. This can be proved just as for the Hardy space H, b

flag> Using the following

Plancherel-P6lya-type inequality.

Theorem 30. Suppose r, ¢ satisfy the conditions as in Theorem 19. Then, for f € /l/tﬁ'i'g“;(ﬂ-ﬂ")’ ,

1 1

1 5 3 1 _ 5 3

supf ————— su * , R|t ~supf —— inf * , Rt

Qp{mwpl > Z(mg%m fwP |} Qp{m'z/pl D D nf ek f @l |}
ReRL RCQ'™ ReRL RCQ

where 2 ranges over all open sets in H" with finite measure.

To show that CMO?,_ s the dual of H?

flag flag> W€ introduce appropriate sequence spaces.

Definition 31. Let s” be the collection of all sequences s = {sa }acr, such that

1
2
{ > |sgz|2||97%|—1m}

%ER+

< Q.
LP(H)

lIsllsr =

Let c? be the collection of all sequences s = {ss} such that

1
1 >
lIsller =SISJ2P{W Z Z |597i|2} < 00,

ReR; RCQ
where €2 ranges over all open sets in H" with finite measure.

We point out that only certain of the dyadic rectangles are used in s” and c¢” and these choices reflect
the implicit multiparameter structure. Moreover, the Carleson measure condition is used in the definition
of c”. Next, we obtain the following duality theorem for sequence spaces.

Theorem 32. Let 0 < p < 1. Then we have (sP)* = cP. More precisely, the map which sends s = {sg} to
(s,1) =) g Satq defines a continuous linear functional on sP with operator norm ||t || sry = ||t||cr, and,
moreover, every £ € (sP)* is of this form for some t € cP.

When p = 1, this theorem in the one-parameter setting on R"” was proved in [Frazier and Jawerth 1990].
The proof given in [Frazier and Jawerth 1990] depends on estimates of certain distribution functions,
which seem to be difficult to apply to the multiparameter case. For all 0 < p < 1, we give a simple
and more constructive proof of Theorem 32, which uses a stopping time argument for sequence spaces.
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Theorem 32 together with the discrete Calderén reproducing formula and the Plancherel-Pdlya-type
inequalities yield the duality of Hy,.

Theorem 33. Let 0 < p < 1. Then

p
(Hyg

,e)" = CMOL.

More precisely, if g € CMOgag, the map Lg given by Ly (f) = (f, g), defined initially for f € M%g‘s (H™),

extends to a continuous linear functional on Hffag with [ ||~ gl oMoz, - Conversely, for every € € (Hé’ag)*,

there exists some g € CMOﬁag so that £ = Lg. In particular, (Hﬂlag)* = BMOqg.

As a consequence of the duality of Hﬂlag and BMOy,,, together with the Hﬂlag—boundedness of flag
singular integrals, we obtain the BMOg,,-boundedness of flag singular integrals. Furthermore, we will see
that L € BMOg,, and hence the L — BMOy,, boundedness of flag singular integrals is also obtained.
These provide the endpoint results of [Miiller et al. 1995; Nagel et al. 2001], and can be summarized as
follows.

Theorem 34. Suppose that T is a flag singular integral with kernel as in Definition 7. Then T is bounded
on BMOqye. Moreover, there exists a constant C such that

1T (f)IBMOg, < ClI f IBMO,, -

3.4. Calderon-Zygmund decompositions and interpolation. Now we give the Calder6n—Zygmund de-
composition and interpolation theorems for flag Hardy spaces. We note that Hé’ag(l]-l]”) = LP(R*"*1) for
1 < p < 0o by Theorem 6.

Theorem 35 (Calder6n—Zygmund decomposition for flag Hardy spaces). Let 0 < py <1, p» < p < p1 <00,
let o > 0 be given, and suppose f € Hﬂpag([l-ﬂ"). Then we can write

f=g+b,
where g € Hﬂg([}-ﬂ") with p < py <ocoandb € Hlf;g([}-ﬂ”) with 0 < py < p, such that

P < CaP™P P and ||b||P?, < CaP?™P P
||g||Hé;1g < ||f||Hﬂpag [ ”Hf{?g < ”f”Hfﬁg’

where C is an absolute constant.

Theorem 36 (interpolation theorem on flag Hardy spaces). Let 0 < p, < py < oo and let T be a linear
operator which is bounded from Hf;g to LP* and bounded from Hiﬁg to LP'. Then T is bounded from
Hﬂpag to L? for all py < p < p1. Similarly, if T is bounded on H[f;g and H[f;g, then T is bounded on Hffag
forall p) < p < p1.

Remark 37. Combining Theorem 36 with Corollary 27 recovers the L? boundedness of Marcinkiewicz

multipliers in [Miiller et al. 1995] (but not the sharp versions in [Miiller et al. 1996]).

We point out that the Calderén—Zygmund decomposition in pure product domains for all L? functions
(1 < p <2)into H' and L? functions, as well as the corresponding interpolation theorem, was established
by Chang and Fefferman [1985; 1982].
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Part II. Proofs of results
Part II of this paper contains the proofs of the results stated in Part I, and is organized as follows.

(1) In Section 4, we establish L? estimates for the multiparameter Littlewood—Paley g-function when
1 < p < 00, and prove Theorems 6 and 38.

(2) In Section 5, we show that the Calderén reproducing formula holds on the flag molecular test function
space Mﬁg‘s and its dual space (Mﬁﬁ;‘s)/ . Then we prove the almost-orthogonality estimates and

establish the wavelet Calderén reproducing formula on Mg’é;‘s and (./l/tﬁ’,fl;‘s)/ in Theorem 17. Some

estimates are established for the strong maximal function, and together with the wavelet Calderén
reproducing formula, we then derive the Plancherel-Pdlya-type inequalities in Theorem 19.

(3) In Section 6, we give a general result for bounding the L?” norm of the function by its Hé’ag

(Theorem 56). We then prove the Hé';g boundedness of flag singular integrals for all 0 < p < 1

norm

in Theorem 22. The boundedness from Hé’ag to L? for all 0 < p <1 for the flag singular integral
operators, Theorem 23, is thus a consequence of Theorem 22 and Theorem 56.

(4) Duality theory for the Hardy space Hffag is then established in Section 7 along with the boundedness
of flag singular integral operators on BMOgag. The proofs of Theorems 30, 32, 33, and 34 will all
be given in Section 7.

(5) In Section 8, we prove the Calderén—Zygmund decomposition in the flag two-parameter setting
(Theorem 35) and then derive an interpolation result, Theorem 36.

(6) In Section 9, we show that flag singular integrals are not in general bounded from the classical
one-parameter Hardy space H'!(H") on the Heisenberg group to L!(H").

4. L? estimates for the Littlewood—Paley square function

The purpose of this section is to show that the L? norm of f is equivalent to the L? norm of gg,s(f)
when 1 < p < oo. This was shown in [Miiller et al. 1996, Proposition 4.1] for a function ggae(f) only
slightly different than that used here. Our proof is similar in spirit to that work.

Proof of Theorem 6. The proof is similar to that in the pure product case given in [Fefferman and Stein
1982], and follows from iteration and standard vector-valued Littlewood—Paley inequalities. To see this,
define

LP(HY)> f— FeH=2¢
by F(z.u) ={¢/}" % f(z,u)}, so that

1 Fllg = {Z Wj(-]) * f(z, u)|2}2.
J

For 7z fixed, set
1

Z(F)(z.u) = {Z Iy 2 Fz, -)<y>||%1}2-
k
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It is then easy to see that g(F)(z, u) = ggag(f)(z, u). For z fixed, by the vector-valued Littlewood—Paley
inequality,

/g(F)p(z,u)dzdu§C/ ||F||Zdzdu.

However, ||F |5, = {Z IE w;l) * f(z, y)lz}p/z, so integrating with respect to z together with the standard
Littlewood—Paley inequality yields

p/2
/U/Rgﬂag(fy’(z,u)dzduSCfHA{Z|w;‘)*f<z,u>|2} dzdu = CILFI2 g,
J

which shows that [|gaag(/)Il, < CIl flp-

The proof of the estimate || f|, < Cllgag(f)Ilp is a routine duality argument using the Calderén
reproducing formula on L?(H"), forall f € L’NL?, g € L? NL? and 1/p+1/p’ =1, and the inequality
| gtag (S|, < CIl £l p, which was just proved. This completes the proof of Theorem 6. d

As in Theorem 6, let (' € $(H") be supported in the unit ball in H” and @ € ¥(R) be supported
in the unit ball of R and satisfy
f I
0

for all n € R\{0}. We define ¥"(z, u, v) = vV (z, )y @ ). Set v " (z,u) = s 2y D(z/s, u/s?),
¥? () =17y (z/1) and

Vi (2, u) = f vV (z, u— )y (v) dv.
R

Repeating the proof of Theorem 6, we get, for 1 < p < oo,

[ zdtds%
“{fof() Ws,t*f(Z,Mﬂ TT} )
£l ~ H{ff [P y>|2d”’s}

The L? boundedness of flag singular integrals for 1 < p < 0o is then an easy consequence of Theorem 6.

=Clflp

and

(4-1)

p

This theorem was originally obtained in [Miiller et al. 1995] using a different proof that involved the
method of transference.

Theorem 38. Suppose that T is a flag singular integral defined on H" with flag kernel K (z, u) as in
Definition 7 above. Then T is bounded on L? for 1 < p < oo. Moreover, there exists a constant C
depending on p such that, for f € L?,

ITflIlp =Clfllp, 1<p<oo.
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Proof. We may first assume that K is an integrable function and then prove the L? boundedness of T is
independent of the L! norm of K. The conclusion for general K then follows by an argument used in
[Miiller et al. 1995]. For all f € L?, by (4-1),

dt d
Ty = ] [T [ s sk g2 S} @2)
P
Now we claim the following estimate: for f € L?,
Vs, % K f(z, u)] < CMs(f)(z, u), (4-3)

where C is a constant which is independent of the L' norm of K and Mg(f) is the strong maximal
function of f defined in (1-1).
Assuming (4-3) for the moment, we obtain from (4-2) that

1T, < CH{ / (Ms (% )P "S}

=Clfllp.
p

where the last inequality follows from the Fefferman—Stein vector-valued maximal inequality.

We now turn to the claim (4-3). This follows from dominating [ ;K * f| by a product Poisson integral
Pprod f» and then dominating the product Poisson integral Ppq f by the strong maximal function My f .
The arguments are familiar and we leave them to the reader. 4

5. Developing the wavelet Calderén reproducing formula

In this section, we develop the wavelet Calderén reproducing formula and the Plancherel-Pdlya-type
inequalities on test function spaces. These are the main tools used in establishing the theory of Hardy
spaces associated with the flag dilation structure. In order to establish the wavelet Calderén reproducing
formula and the Plancherel-Pdlya-type inequalities, we use the continuous version of the Calderén
reproducing formula on L?(H") and the almost-orthogonality estimates.

We now start the relatively long proof of Theorem 17, beginning with the Calderdn reproducing formula
in (2-1) that holds for f € L*(H"™) and converges in L*(H"). For any given o > 0, we discretize it as

f(z,u):/ / ‘/st,t *Hr Ys,r kme f (2, M)d—sﬂ

2- o 2—2ak dt d

S

Zf / sk Yo x f @ u) -
frezl> a(j+l) Jo—2u(k+1)

=ca ) Uik Yk f@u)tca Y Vjak Vi f(z,u)
j<k j>k
e dt ds
+Z/ [ s s =i s F
kEZ a(j+1) Jo—2a(k+1)

=T fz,u) + TP f(z,u) + Ra f (2, u),
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where

2-aj
lﬁj,k = 1/f2—aj,2—2ak, Ca = /
2

= In -
—a(+1) Jo—2aGk+1) T S 2—a(j+1)

—2ak

dt ds 2-% 2~ 20k

In = =2(@ln 2)2.

Notation 39. We have relabeled yp-«j -2« as simply v/ x when we replace integrals f0°° fO°° (ds/s)(dt/t)
by sums ) j.kez- This abuse of notation should not cause confusion as we will always use j, k, j ' k" as
subscripts for the discrete components /; x, while we always use s, ¢, s, ¢’ as subscripts for the continuous
components ;. Note however that directions are reversed in passing from s, t € (0, 00) to j, k € Z, in
the sense that s =27% and r = 272%F decrease as j and k increase.

To continue we choose a large positive integer N to be fixed later. We decompose the first term
7" f(z, u) by writing the Heisenberg group H" as a pairwise disjoint union of dyadic cubes 2 of side
length 27U+ that is,

9 e %(2*01(J'+N) % 2*20(j+N))‘

We decompose the second term T, f(z, u) by writing the Heisenberg group H" as a pairwise disjoint
union of dyadic rectangles % of dimension 27¢U+N) x 272¢k+N) ‘that js, R € RQ2™AUTN) x 2720 *+N))
Recall that
R(j, k) = RQUHN) 5 =20kt
Q) = %(2_a(j+N) X 2—205(]'.:,_}\/))’

and that (29, ug) is any fixed point in the cube 2 € Q(j), and that (za, ug) is any fixed point in the
rectangle R € R(J, k).

We further discretize the terms Tofl) f(z,u) and Tofz) f(z, u) in different ways, exploiting the one-
parameter structure of the Heisenberg group for 7", and exploiting the implicit product structure for Tofz).
We rewrite Tofl)f(z, u) as

TV f@ou)=ca ) Wjax W f(2,1)

J<k

=ca Y U P« (W s p )« £ )
J<k

=co ) W@ 0 0P 0y w vV (2 w)
J<k

=c, Z(lﬁjﬂ) %9 (Z x/?,ﬁ” %) 1//,9)) * w](.l) * f(z,u)
JjezZ k>j

=coa Y WjxVjx [z u0),

where Jer
vi=vi and ;=9 % <Z i %o ,9). (5-1)

k>j

Remark 40. It is a standard exercise to prove that & j satisfies the same type of estimates as does wj(.l)
on the Heisenberg group H".
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Now we write

T fw =" Y foyuuw+RL)f(zw),

<k 2€Q(j)

TP fuw=Y" > fava w+RENf&w,

j>k ReR(j k)

where
fo=cal2lYji* fza, ua) for 2 € Q(j) and k > j,
fa = calRIVji* (2o, ug) for R € R(j, k) and k < J,
Yo (z,u) = é /@ lﬁj,k((z, w)o(z,u) VYddu' fordeQ(j)andk > j,
Yo (z, u) = % /;i lﬁj,k((z, w)yo (2, u ) VYdz du' for R eR(j, k) and k < j,
and

RINF@w)=ca) D /9 Vja((@ou) o (@) ™) x [y f &) = Yk f (2o, uo)ldz dud,

j<k 2€Q(j)

ROVf(zw)=cay > A Vja(@u) o (@) ™) s [k f &) = Wi f (@ um)) d’ du’.

j>k ReR(j,k) ¥

Altogether we have

fawy=>"3" fyauw+Y > favalzu

JE€Z 2eQ()) Jj>k ReR(j.k)

+{Raf @z w)+ RN f@,w)+ RO fzow)). (5-2)

Recall that we denote by Q = jez Q(j) the collection of all dyadic cubes, and by Ryers = ik R(j, k)
the collection of all strictly vertical dyadic rectangles. Then we can rewrite (5-2) as

f@w =) fova@ )+ > favale. )+ {Re+ R\ + RN (. w), (5-3)
2eQ ReRvert
which is a precursor to the wavelet form of the Calderén reproducing formula given in the statement of
Theorem 17.
The following theorem is the analogue of [Han 1994, Theorem 1.19] for the operators R, Rgzv,
and R,
a,N"*

Theorem 41. For fixed M and 0 < § < 1, we can choose M' and 0 < a < ¢ sufficiently small, and then
choose N sufficiently large, so that the operators Ry, RS, and Réz) satisfy

1 2
1Ra fllreimy RN FllLreim +IREN Fllirem < M f g, f e LPHY, 1< p < oo,

(1) 2

5-4)
1 M+ (
”Raf”Mg{)/;—B(H”)—i_ ”R“’Nf”/%t%:;a(ﬂ'“”)+ ||Ra,Nf||M1’1";/g+5(H") = 2 ||f”Mg’£/g+5(Hn)v f € ‘/‘/Lﬂag+ (Hn)
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With Theorem 41 in hand, we obtain that the operator
1 2
San=1—Ry—R\\f =R

is bounded and invertible on ./(/Lg/;/;‘s(l]-ﬂ"). It follows that, with ¥y = S(;}Vllfgz and Yy = S }VW%

fw =) fpiaw+ Y favaGw), [eMyH, (5-5)

2€Q RERvert

where 1/79 and @QR are in Jl/l,ﬁfl/;‘S (H™), and the convergence in (5-5) is in both L”(H") and in the Banach
space Mﬁf{l/g+5(ﬂ-ﬂ"). This finally is the wavelet form of the Calderén reproducing formula given in the
statement of Theorem 17. The same argument shows that (5-5) holds for f € L?(H") with convergence
in L?(H"), provided 1 < p < oco. In fact we obtain that (5-5) holds for f in any Banach space X (H")

with convergence in ¥ (H"), provided we have operator bounds

1 2
1R f Ny + RSN S ey + IREN fllaceny < 511 fllzgry,  f € XCEHY).

We turn first to proving the molecular estimates in (5-4), but only for
(6] 2
||Rast||./’/tg{i;+8(Hn) and ”Rast”J‘/Lg:Ii;+8(H")’

as the estimate for || Ry f || v+ (HY) is similar, but easier. We will use the following special T 1-type theorem
fla;

2

on the Heisenberg group H" (see [Han 1998; 1994] for the Euclidean case) to prove a corresponding
product version below. Recall the definition of the one-parameter molecular space Y O (H).

Definition 42. Let M’ € N be a positive integer, 0 < § < 1, and let Q = 2n + 2 denote the homogeneous
dimension of H". The one-parameter molecular space MM+ (H™) consists of all functions f(z, u) on
H" satisfying the moment conditions

/Za”ﬂf(z,u)dzdu=0 for all || +2|8] < M,

and such that there is a nonnegative constant A satisfying the differential inequalities

1

aqp
10,0y, f (z, u)] fA(l+|Z|2+|u|)(Q+M’+\a|+2|ﬁ|+6)/2

Z

for all |a| +2|8] <M’

and

1o =18
wnp aaaB et |(z, u)o (2, u)""|
|92 8, f (2, u) — 879 f(z’”)l5A(1_|_|Z|2_|_|u|)(Q+M+8+M’+28)/2

zu

for all jor| +218] = M’ and |(z, u) o (', u) ™| < 11+ |22 + u])?.

Theorem 43. Suppose T : L*>(H") — L*(H") is a bounded linear operator with kernel K ((z, u), (z', u'));
that is,

Tf(zu) = f K (o), (2 ) £ (') d2
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Suppose furthermore that K satisfies
f “uP K (o), (') dzdu =0,
)@Y K ((z,u), (2, u))dZ'du’ =0
Hn

forall 0 < |«|, B, and

1
|(Z, u) o (Z/, u/)—1|Q+|a|+2ﬁ+|a/\+2/3/

102920% 08 K ((z,w), (2, u")| < A

2 %u 9z
forall0 < |a|, B, |&'|, B'. Then
T:LP(H")Y — LP(H") for1 < p < o0,
T MM HY > MM MY forall M and 0 < § < 1,
and, moreover, the operator norms satisfy
ITNLr@ey < CpA and T || yor+s gy < Curr 5 A.
M'+6

product
special product 7T 1-type theorem on the product group H"” x R.

We will use the technique of lifting to the product space .. (H" x R) together with the following

Theorem 44. Suppose that T : L>(H" x R) — L*>(H" x R) is a bounded linear operator with kernel
K([(z,u),v], [(z/,u"), V']); that is,

Tf((z,u),v)= / K([(z,u), v], [z, u), VD f((Z, u'), V') dZ' du' dv'.

H" xR

Suppose furthermore that K satisfies

/ uPK([(z,u), v], [(Z, u'), v']) dzdu =0,

@)W K ([(z, w), v], [z, u), v']) dZ'du’ =0,
[H])l

/ V'K ([(z, w), v], [z, u'), v']) dv =0,
R

/(v/)yK([(Z, u), v], [(Z',u"), v'])dv' =0
R

forall0 <|«|, B, y,and

1 1
|(Z, u) o (Z/, u/)—1|Q+|a|+2ﬁ+|a’\+2,3’ |v _ v/|1+y1+y2

l829f 07 9% o 87, K ([(z, w)., o], [/ ), v'])| < A

z “u Vv V7
forall0 < |a|, B, y, ||, B,y Then
T:LP(H"xR) — LP(H" x R) forl < p < oo,
T MM (H x R) — MM+ (H' x R) forall M and0 <8 < 1,

product product
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and, moreover, the operator norms satisfy

1T e @ xry < CpA - and TN ws gy < Carr A
produc

We postpone the proofs of these T'1-type theorems, and turn now to using them to complete the proof
of Theorem 41, which in turn completes the proof of Theorem 17.

5.1. Boundedness on the flag molecular space. We prove the estimates for the operators R;liv and Rff)N

in Theorem 41 separately, beginning with Rﬁv

5.1.1. The operator Rézﬂv Here we prove the boundedness of the error operator

RO few=cY 3 / Via(@ou)o @)™y x [k f@u') =Wy x f (@ ua) ] de’ du’
>k ReR(j,k) YR

on the flag molecular space M%;‘S (H™), where M’ is taken sufficiently small compared to M as in the

component functions. We begin by lifting the desired inequality to the product group H" x R and reducing

matters to Theorem 44. So we begin by writing

2
R\ f(z. 1)

=ca2 Z f%lﬁj,k((z,u)O(z’,u’)_l)

j>k ReR(j,k)
X / W@, u)o (2, u)™N) = Wrjx % f((zar, ug) o &7 u")"DIF ", u") dZ" du’ d7’ du’

:CO‘Z Z ‘/?;t{/lzj(.])(z—z’,u—u/+Imzz_’—w)1Z,§2)(w)dw}

j>k ReR(j,k)

% /{/ w;l)(z/ _ Z//, uw —u" +Imz/z_” _ w/)l/‘}]?)(w/)
- / WJ(-])(ZQR — 7" ug —u" +Imzgz’ — w’)l/f,?)(u/)} dw// FZ' u" —w", w'dw’,

where

f(z,u)=ﬂF(z,u)=/F((z,u—w),w)dw

and F((z,u), w) € Mgf;gfct(ﬂ-ﬂ" x R). We continue with

Ron (@) =c > 2 / /// lZJ(-I)(Z —Z u—u' +Imzz —w)y” (w)
>k ReR(j,k) Y
X {wj(_l)(z/ _ ZN, u —u +1Im Z,Z_// _ w/) _ I/fj(-l)(Z% _ ZN, gy — u” +Im Z?]{Z_// _ w/)}

x Y2 W F " u" —w", w")dz" du’ dw” dw' dw dz' du’.
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Now for fixed w” make the change of variable u” — u” + w” (in the sense that u”” — #” + w” and we
then rewrite &” as u”’) to obtain

’sen=a) 3 [ [[ff#Pe-dumisimag -wifw
j>k ReR(j.k) ¥R
X {‘/’J('l)(z/ —Z ' —u" —w" +Imz7 —w) — ‘/’J('l)(Zgz — 7" ug —u” +Imzgz” —w' —w”)}

X &éz)(w’)F(z”, '’ wd?" du” dw” dw'dwdz du’.

Then, making a change of variable w’ — w’ —w” (in the sense of the previous change of variable), we get

R‘Sg\’f(z’ u) :C"‘Z Z /g;{/f// ‘LJ('I)(Z—Z/,M—u/—i-Imzz_/—w)l/V//EZ)(w)

j>k ReR(j k)
x {wfl)(zl —" =" +Im77 —w') - wj(-l)(Zg{ — 7" ug —u” +Imzgz" —w')}

x Y2 (w' —w"YF (' u", w") dz" du” dw” dw' dw dz’ du’.
Finally, making the change of variable w — w — w’, we get

2
RO\ £z, w)

=c), D /%////%}”(z—z’,u—u/+Imsz—w+w’)¢,§2><w—w’)

j>k ReR(j,k)
), "o " 1~ / (€)) " " 7 M2 g "
x{Y; (@ =2 u —u +Imz2" —w) =y, (g — 2", ug —u +Imzgz” —w)ly" (w —w
x F(Z",u", w")d7"du” dw” dw'dw dz’ du’

= / RO\ F((zou—w), w) dw,
where the kernel of ﬁgz\, is given by

RO, w. @ = Y Y [ e ma )i - )

j>k ReR(,k)
X{wj(.l)(zl_z//’ M/—M//+ImZ/Z_//—w/)—1//](-1)(Z%—ZN, u%—u”+Imz%Z”—w’)}lzlgz)(w’—w”) dz/du’dw’.
Now it suffices to show that
~0 ,
ROVF e M5 (H" x R)

product

with small norm, since we then conclude that

2 ’
R\ f € Mgl ()

with small norm. To do this we need only check that the kernel of ﬁ((ngv satisfies the conditions of
Theorem 44 with small bounds.
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For this we rewrite the kernel in terms of Heisenberg group multiplication as

ROV ), w), (& u") w)=ca Y Y /% / I (@ o @ u —w) PP (w —w)

Jj>k ReR(j k)
D o / 17oonN—1 (€)] / 17oonN—1 2) / " /g I
x{y; (2w —w)o @, u")) =¥ " ((zg, ug —w) oz, u”) " (W —w?) dz’ du dw'.

By construction we have
(@ =)o @ u ) =y (s g — w0 (& u") T ~ 27Ny (W = wo (T,

in the sense that the left side satisfies the same moment, size and smoothness conditions as the right side.
Thus we have

> /gi / Ui (2w o @ u —w)™h

ReR(j,k)
x (@ —w) o & u") T = Y (g ug = w0 (& u) T d2 dud

~ Z / f 1/\;](1)((2, u) o (Z/, u/ . w/)—l)z—Nwﬁl)((Z/’ u/ . w/) ° (Z//, u//)—l) dz/du/
R

ReR(j,k)
~ 27Ny (@ o ). (5-6)

We also have

/ U w =)y ' —w") dw' ~ Y P (w —w”).
So altogether we obtain

Rnl(@ w), w), (@) w ]~ 27" Y g (@) o &)™ (w —w),
Jj>k

which satisfies the hypotheses of Theorem 44 with bounds roughly 27V, since ¥ € $(H") and
¥ ® € P(R). Here we are using the well-known fact that the partial sums >_ j<m ¥ of an approximate
identity satisfy Calder6n—Zygmund kernel conditions of infinite order uniformly in M.

5.1.2. The operator Réliv. Now we turn to boundedness of the error operator

RO few=c 3 Y / Uia(@ ) o @) D Wjak £ ) = Yjak £ (2o, ua)lde'du
j<k2eq(j)’?
on the flag molecular space JI/L%;:‘S (H™), where M’ is taken sufficiently small compared to M as in the
component functions. Applying the calculation used for the term Rf;\, above, we can obtain

1 S(1
Ry f(zu) = / RUNF((z.u—w), w)dw,
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where the kernel of ﬁélgv is given by

ROV w), w), (@ "), w")] = cq > /51/ &}‘)(z — 7 u—u' +Imzz +w) (w—w)

J=<k 2€Q(j)

x{wj(-l)(z/—z”, M/—M//‘FlmZ/Z_//—U)/)—l//J(-l)(ZQR—ZU, ugk—u”—i—Imzgiz_”—w/)}gblgz)(w/—w”) dz/du/dw/.
By construction we have

(1) ro ’ 7o on—1 (1) ’ 7noon—1 —N ;. (1) /o / 7o o—1
V(@ w —w)o(z,u) ) =¥ (g ug —w)o(z,u) ) ~277"¢, (2, u' —w)o(z,u) ),

in the sense that the left side satisfies the same moment, size, and smoothness conditions as the right side.
Thus we have

>, f/&}”((zu)o(zcu’—w/)—‘)
2

92€Q())
’ < (i (@ u' —w) o &, u)y ) = ¥ (o g — w0 (27, u") ) de' du’

~ I (oo (& —w) ™2 My = wy o )T deldud
J J
2eQ() 7%

~ Z_NW//](‘I)((Z, u) o (Z//, u” —1).
We also have

/ 7O w — wyp® @ — wydw' ~ v (w - w").
So altogether we obtain

Ry (G, w) (@ u"), w ]~ 270 Y i (@ o &)™y w —w"),

Jj<k

which satisfies the hypotheses of Theorem 44 with bounds roughly 2=V, since ¥V € $(H") and
v @ e PR).
It now follows that the kernels of both ﬁélzv and ﬁfg\, satisfy the hypotheses of Theorem 44 with
bounds roughly 27V, and we conclude that
p )
|| Oll,NF”J(/LMU”Sl([]—{]"xIR

product

) S27MNF N s

product

Gy 1=12

Thus we obtain, for eachi =1, 2,

n )
a,NF||Mg4’+5 (H"xR) S

roduct

IRY < inf |
= F

27N inf |F ’
< infIFl

__n—N
product(H”XR) =2 ”f“./l/ng/;‘s(Hn)v

f||M$:[1/g+5(Hn)
and taking N sufficiently large completes the proof of the molecular estimates in (5-4).

5.1.3. The L? estimates. Finally, we turn to proving the L? estimates in (5-4) for 1 < p < o0,

1 2
IR fllogeny + IR N FllLogey + IR FllLraim < £ llLegm)-
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The estimates for R(1 N and R(Z) follow from the estimates established above for the kernels of the lifted
operators R(13V and R(z) Indeed, for f € L?(H"), we can use a result in [Miiller et al. 1995] to find

F e LP(H" x R) with f = F and ||F||Lp([|-|]nx[R) < C|| fllzr@m). Then we have
RY <RV, F <27 N|F <c27V
IRy NS ey < IR, WFILrarsr) S27VIFllLrgrsm < I f L ).
In similar fashion, the kernel of the lifted operator R, can be shown to satisfy product kernel estimates
with constant A that is a multiple of 1 —27%, and so we obtain from Theorem 44 that
IR FlliLrarnxmy S (1 =27 FllLr g xm),

and hence, with f = F as above,

I Re £l Loy < | Ra Fll Lo xiy S (1 =279 Fll Lo xmy < C1=27) | £l Lo oy

If we now take 0 < o < 1 sufficiently small, and then N sufficiently large, we obtain the L? estimates
in (5-4). This concludes our proof of Theorem 41.

5.2. The T1-type theorems. The proof of Theorem 43 in the one-parameter case follows the argument
in [Gilbert et al. 2002], where the same result is proved in the Euclidean setting. For this we will need an
extension to the Heisenberg group of the generalization of Meyer’s lemma by Torres [1991].

Lemma 45. Suppose T : L>(H") — L*(H") is a bounded linear operator with kernel K ((z, u), (z', u'))
satisfying the kernel conditions in the hypotheses of Theorem 43. Suppose that M > 0 and that
T((z, u)®"#"Y = 0 for all multi-indices («", B") with || +2B" < M. Then, for any two points
(z,u), (z",u”) € H" and any smooth ¢ on H" with compact support, and any multi-index («’, ") with
l&'| +2B8" = M' < M, we have the identity

0% 0P To(z, u)—3% 88 To(z", u")
= / ¢ K((z,u), (', u")

X{(p(z’, u')— Z Cqr,p 0 8ﬁ”¢(z W@, u'Yo(z, ) @ FIR0(, u') dZ' du’
|a//‘+2ﬂ//§M/
—/ 33/35/1(((2”, u”y, (@', u))

X{w(z’,w— Yo canpdd O 0@ uNIE )o@ u)y TN O, ') de du!
\Ol//|+2,3”SM/

+ / (0808 K (2, ), (2 ) —0% 08 K (", u"). (', u')))
x {w(z’, W= Y pd 8 o G W)o @ )T } (10, u")) de'du’

Ia//l_,’_zﬁ//SM/
” " " " 228" 428"
—|— Z ica”‘ﬂ”a? auﬂ QD(Z, [,t)— Z Ca/// ’B,,,aa “+o au'B + ﬁ
|0[”H—2/3”§M’ |0{”’|+2,3/”§M/—|Ol”|—2,3”
] v ~
x (2", u")(z, wyo ", u") 1P )}T(a“,ﬁ”)«azﬂ’)@(z,u).
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The proof of this lemma follows verbatim that of [Torres 1991, Lemma 3.1.22, page 62].
With this result in hand, the proof of Theorem 43 follows closely the argument in the Euclidean case
in [Gilbert et al. 2002], and the reader can find complete details in [Han et al. 2012].

Proof of Theorem 44. To prove the product version we note that the above one-parameter proof extends
virtually verbatim to establish a vector-valued version in a Banach space. Indeed, all the main tools, such
as integration, differentiation, and Taylor’s formula, carry over to the Banach space setting. First we
will define the X-valued molecular space MM +3-M1-M2(17; X)) and then we will give the extension of
Theorem 43 to this space.

Definition 46. Let X be a Banach space with norm |x| for x € X. Let M, M;, M, € N be positive
integers, 0 < § < 1, and let Q = 2n + 2 denote the homogeneous dimension of H". The one-parameter
molecular space MM+3M-M2 (. X) consists of all X-valued functions f : H" — X satisfying the
moment conditions

22u® f(z,u)dzdu =0 forall |a|+2|8] < M|,
Hn

and such that there is a nonnegative constant A satisfying the differential inequalities

1
AT 12 1 [a D O Ml 2072

19902 f (2, u)|x < for all |a| +2|B8| < M,
and

Iz, u) o (', u')~1|°

(1 + |Z|2 + |u|)(Q+M+8+Mz+26)/2

|020f f (z,u) = 92 9f f (', u))x < A
for all o] + 21| = My and |(z, 1) o (2, u)~'| < 1(1 + |22+ Ju)?.

We have the following extension of Theorem 43 to X-valued functions for an arbitrary Banach space X.

Theorem 47. Suppose T : L*>(H") — L*(H") is a bounded linear operator with kernel K ((z, u), (z', u'));
that is,

Tf(z, u)=/ K(@z.w), @ uNfE u)dddu', feL*H").
Suppose furthermore that K satisfies

/ Z2uPK((z ), (Z,u") dzdu =0,

@WK ((z,u), (Z,u'))dZ du' =0

|].|]n
forall 0 < |a|, B, and
/ ! l
102920% 88 K ((z.w), (. u))| S

|(Z, Lt) o (Z/, u/)—1|Q+|a|+2,B+|a/‘+2ﬂ/

forall0 < |a|, B, ||, B. For [ :H" — X, we define T f by the Banach-space-valued integrals

Tf(zu) = f K (o), (2 ) £ (') d2
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Then
T MMM X) — MM X)
is bounded for all M' and 0 < § < 1. Moreover, the operator norm satisfies
||T||MM’+8(Hn;x) = CM/,(S-
Proof. We simply repeat the scalar proof of Theorem 43 but replace |37 8,’,3 f(z,u)| by |37 8,’43 f(z,u)|x
throughout and use Banach space analogues of Taylor’s theorem and the identities of [Torres 1991]. [

Now we can quickly finish the proof of Theorem 44. We take X = MM "+3(R) and note that the
identification of product and iterated molecular spaces, namely,

J‘/LM/+8 ([H]n % R) :MM/—HS(Hn; ./‘/LM,—HS(R)) :MM/+5(|]_|]H; X), (5_7)

product

follows immediately from the definitions of the spaces involved; see Definitions 42 and 10 and the
definition of MM *3-M1.M2(R) which we recall here.

Definition 48. Let M € N be a positive integer and 0 < § < 1. The one-parameter molecular space

MMF3.MLM2 (RY consists of all functions f(v) on R satisfying the moment conditions

/ v f(v)dv=0 forall 2y < M,
R

and such that there is a nonnegative constant A satisfying the differential inequalities

Y f(v)| <A for all 2y < M»,

(1+|v|)l+M+y+8
lv—v')

M M /
19,72 f(v) = 9,2 f(v)] < A(l T [u]) I +G/2MAy+28

for all [v — /| < %(1 + ).

For f e MM '+ (H" x R), denote the realization of f as an X-valued map by f CHY — MM (R).

product product

Then, from (5-7) and Theorem 47, we have
”Tf”Mgf;jfd(H"xR) = ||Tf||MM’+s(Hn;MM’+8(R)) = C||f||MM’+5(Hn;mM’+5(R)) = C”f”Mg{;L‘L(H"xR)‘
This completes the proof of Theorem 44. U

5.3. Orthogonality estimates and the proof of the Plancherel-Polya inequalities. We will need almost-
orthogonality estimates in order to prove both the Plancherel-P6lya inequalities and the boundedness
of flag singular integrals on Hé’ag([]-[]"). Recall from (2-2) the definition of the components ; ; of the
continuous decomposition of the identity adapted to the Heisenberg group:

Yzou) =y sy @, M)=fW(l)(z,u—v)t/f@)(v)dv, (z.u) eC" x R,
R

and

wt,s(zv M)le’;(l)*zlﬁsm(z, u) :f WZ(I)(Z’ M—U)ws(Z)(U) dUZ/ t—2n—2v/(l) (E ut;zv)s—lw(Z) (;) dv.
R R

l"
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Here v € $(H") is as in Theorem 2, and ¥® € ¥(R) satisfies
dt
[ aenp
0

for all n € R\{0}, along with the moment conditions

/ Z2uPy Dz, u)dzdu=0, |a|+2B <M,

/v”lﬁ(z)(v)dv=0, y =0,
R

where M may be fixed arbitrarily large.
In particular, the collection of component functions {y; s}, s~0 satisfies

1
wts - ( ) ZW§2)’

(1) (221 < u—-v
z,Uu — )
(zou) =172y (t 2

v ) =5y (§>

vV, @) e MM (H" x R).

product

(5-8)

Of course the conditions in (5-8) imply that v, € ﬂag(I]-I]”) for all ¢, s > 0, but (5-8) also contains
the implicit dilation information that cannot be expressed solely in terms of v, ;. Motivated by these
considerations we make the following definition.

Definition 49. To each function W € Mﬁﬁﬁict(ﬂ'ﬂ" x R) we associate a collection of product dilations
{\Ijt,s}t,s>0 defined by

— 2241 < uyv
W, s(z,u,v) =t lI’((t t2> s),

and a collection of component functions {{; s}; s~0 defined by

—v\ v
Yrs(zou) =W, (z,u) = / t‘zn_zs_llll(<g, - 5 ), —) dv, t,s>0.
R t t s

M+6
‘/‘/Lproduct

we have the almost-orthogonality estimates given below. We use *y» to denote convolution on the

Given two functions in (H" x R) and their corresponding collections of component functions
Heisenberg group H”, and s «g to denote convolution on the product group H” x R. From Lemma 12
we obtain that 7 intertwines these two convolutions, which we record here.

Lemma 50. For ¥ 5, V; s, ¢v s, Oy ¢ as above, we have
wt,s K ¢t’,s’ = n{lpt,s *Hr xR q)t’,s/}- (5'9)

We now give the orthogonality estimates, first in the product case and then in the flag case. The product

case in Lemma 51 will prove crucial in establishing Theorem 41 for the flag molecular space Mﬁﬁ;‘g (H™).

For convenience, we give the almost orthogonal estimates only for the case A/Léﬁ‘g&;ifM 2M (H" x R).
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AM+22M 2M
product

Lemma 51. Suppose W, ® € M
only on M such that

(H" x R). Then there exists a constant C = C (M) depending

|\Ijt,s *Hr xR th/,S/((Z’ u)’ U)l
- C(t t/>2M+1 ( s s/>M+1 (l, V. t/)2(4M+2)/2 (S Vs/)4M+2

j— /\ — .
vt ((t V 1) 24|z |2 + |u])(@HM+D/2 (g 5/ 4|v]) 1 +4M+2

(5-10)

s’ s

The proof of Lemma 51 uses a standard orthogonality argument on the integral

Wi s ki xr Pr s (2, 1), v) = / V(@ w) o (2 u) ™ v =)Dy o (@ u'), V) d2'du' ', (5-11)
H" xR
and we refer the reader to [Han et al. 2012] for details.
There are corresponding orthogonality estimates for component functions on H".

Lemma 52. Suppose ¥, d € MM (HY x R) and let {Vr.s}es=0 and {¢;.5}i.s=0 be the associated

product
collections of component functions as defined in (2-7) above. Then there exists a constant C = C(M)

depending only on M such that, if (t Vt')?> < sV ', then

t t\NMrs o s\M (tv )M (svsHM
Vs i o ”)'SC(?A7) (s_ ?) P vy O
and if ¢ V1> > sV s/, then
t \Mrs  s\M (tviHM (tviHM
W”Sw"’y(z’u)'5C<?A?) (s_ ?> D g O

Roughly speaking, v  * ¢y ¢ (z, u) satisfies the product multiparameter almost-orthogonality when
(t vt)? < s Vs’ and the one-parameter almost-orthogonality when (t vV 1')? > s Vv 5'.

Proof of Lemma 52. We will use Lemma 50 to pass from the orthogonality estimates for the product
dilations {W; s}; s=0 and {®; s}/ s~0 in Lemma 51 to the estimates for the component functions {v; s} s>0
and {¢; s};.s~0 in Lemma 52.

From (5-10) and (5-9) we obtain

|Wt,s * ¢t’,s/ (z,u)|

/ Wiy 11 Brry (2 = v), v) o
R

¢ t/ 2M N\M V24 4M v §)2M
<c(iAl) (ZAZ x/ @vr) (svs) dv. (5-14)
t ¢ s’ s R ((l‘ Vl‘/)2+|z|2+ |u _ U|)n+1+2M (S Vs/+|v|)1+2M

Now we consider four cases separately.

Case 1: (tVv1)2 <sVvs and |u| > sV s'. In this case we use the fact that

(sVvs)M 1 1
(s VDM gvs' (14]v/(s Vv s/)|)1H+2M

(5-15)
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has integral roughly 1, with essential support [—s V s/, s \V 5'], to obtain

/ (t v 1) (s vs')M "
R ((t \/l/)2+|2|2 + |M _ vl)n+1+2M (s \/S/—|-|v|)1+2M
N (t v t/)4M - (l‘ V. t/)ZM (t V. l‘/)ZM
(V)2 [z |2+ [u ) T2 (2 v )2+ (2|2 M (v )2 + Jul)! M
(tvi)M (s vsHM

= (VO (s )
Plugging this estimate into the right side of (5-14) leads to the correct product estimate (5-12) for this case.

Case 2: (tV1')? <sVs'and |u| <sVs'. In this case we bound the left side of (5-15) by 1/(s Vs') to
obtain

/ (l v t/)4M (S V. s/)2M
rR (Ve

/)2+|Z|2 + |u _ vl)n+l+2M (s \/s’—|—|v|)1+2M

dv

1 (t Vv 1)M
S dv
sV Jr (0 V1) 2422 + |u — v)n+1+2M
1 (tvtH)™M (tvit)M (sVvsHM
~ovs! ((t Vt/)2+|z|2)"+2M — ((t Vt/)+|z|)2”+2M (s Vs + |u|)1+M'

Plugging this estimate into the right side of (5-14) again leads to the correct product estimate (5-12) for
this case.

Case 3: (t V12 >sVvs and |u| < (t vVt')?%. In this case we have

/ (t v i) (s Vs )M "
R (1 V )24z + Ju — v|)HIH2M (5 v s/ |v)1+2M
(v i)™ v (t v 1')2M
N V)2 HIERM Y (v )22 2)M (2 1) 2 |u]) M
(tVvit)M (t V1M

(t Vv t/+|z|)2n+2M (l‘ v t/+M)2+2M .

Plugging this estimate into the right side of (5-14) leads to the correct one-parameter estimate (5-13) for
this case.

Case 4: (tV1')?>s Vs and |u| > (t vt')%. In this case we have

/ (r vy (s v 5')2M
r ((t Vt/)2+|Z|2 +lu— v|)n+1+2M (s VS’+|U|)1+2M

- (t v t/)4M < (l V. t/)ZM (t V. t/)2M
V)P A Ju)r M (v )22 DM (2 )2 u )M
(f Vi t/)ZM ([ Vv t/)ZM

(tVv t/+|Z|)2n+2M (l‘ Vi t/+M)2+2M :
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Plugging this estimate into the right side of (5-14) again leads to the correct one-parameter esti-
mate (5-13). Il

5.3.1. Proof of the Plancherel-Pdlya inequalities. Before we prove the Plancherel-Pdlya-type inequality
in Theorem 19, we first prove the following lemma. We will often use the notation (x;, y;) in place of
(z7, uy) for the center of the dyadic rectangle / x J in H"; that is, we write x in place of z, and y in
place of u.

Lemma 53. Let I x J and I’ x J' be dyadic rectangles in H" such that
un=27"N ey =27 42N e =27 and ey =27 N 27N

Thus, for any (u, v) and (u*, v*) in H", we have, when j A j' >k ANK/,

21— L= k=KL =G AV Ki=(RAKDK 17| 7|
VK pjr i f(xrs vl

Izy QN+ u = xp PRI =y |
) 1

,
<Cy(N,r,j, j/, k, k/>2—|j_j/|L1 X 2—\k—k/|L2 {MS[(Z Z |¢j’,k/ * f(xp, yf/)|XJ’XI’> ]} u*, v,

J/ I/
and when j A j' <k ANk,

2= L= k=K |Lap=GANKi=GAD K2 )| 1]

IZJ/ QI+t —xp PR @I o=y, ek (Piw xSyl

1
M-
< Cy(N, 1, ], j/, k, k/)2—|j—j/|L12—|k—k’\Lz % {M[(Z Z |¢j’,k/ * f(xp, yJ/)|XJ’XI’> :|} u*, v*)’

Jr

where M is the Hardy—Littlewood maximal function on H", My is the strong maximal function on H" as
defined in (1-1), max{2n/(2n + K1), 1/(1 + K3)} < r and

Ci(N, 1, j, j, k, k') = 20/r=DN@nt1) H2n(GAj =] +knk =k)IA=1/r)
Co(N,r, j,j k k/):2(1/r—1)N(2n+1),2[2n(jAj/—j/)-l-(jAj’—j/Ak/)](l—1/r).

Proof. We set

_ /. N _ ~n—j'—N |u—x1/|
AO_{I Z(I)_2 ’ 2*]’/\_]'/ 51 ’

i N lv=yusl
Bo:{J/ff(J’)=2 SNy ok N’Wfl ;

where x;» € I’ and y;» € J/, and where, for £ > 1,i > 1,

PV G S S et T
2—JjAj

i K — i [v—yrl i
B,-={J’:£(J/)=2 J=N 4 p=K=N 9 1<W52’ :
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We first consider the case when j A j' > k Ak/, and let

e=12nG A J =)+ AR =K1 1),

Then

2_(]/\]/)1(1—(16/\1(/)](2 |1/| |J/|

IZ:J’ QIN 4 |u — xp P HKI QAN y — y ) 1HKe @ik fxr, yy)l

< Z 9 —L@n+K1)g—i(1+K2) 9 =N Q@n+1)5 (jAj = In+(kAk'=kK ym Z g x % f(xr, )l

£,i>0 I'eAy,J'eB;
1/r
< Z 24(n+K1)2i(m+K2)2N(n+m)2(j/\j'j’)2n+(kAk’k’)< Z (Ipjr w* f(xp yj/)|)r)
£,i>0 I'eAy,J'eB;

_ Z 2 —L@n+KD) =i (1K) =N Q@n+1) 5 (i A =) 2n+UAK k)

£,i>0 1 ] L/r
/| — r—
x (/ =t e |¢j/,k/*f(xp,ym|’xm/)
L I’EA@,J’EB,‘
< Z 9 —t@n+K1=2n/r)=i(14+K>=1/r)+(1/r=1)N@2n+1)
2,i>0 1/r
x 2" (Ms( S g S ymrxm/)(u*, v*>)
I/GA[,J’EB,*

1/r
<Ci(N,r, j k, j' k) (MS(Z gk fxr, yw)l’x/ijf) (u*, v*))

.
The last inequality follows from the assumption that r > max{2n/(2n 4+ K1), 1/(1 + K7)}, which can be
achieved by choosing K, K; large enough. The second inequality can be proved similarly. (|

We are now ready to give the proof of the Plancherel-Pdlya inequality.

Proof of Theorem 19. By Theorem 17, f € J(/L%g‘s (H™)" can be represented by

Fw)y =Y 33N N1y (o) o (errs yu) ™) @jrae * ) v,
j/ k/ J/ I/
We write

W ) 0) =D 3 S S NN W 5 Byt () 0 (g ya) ™) s 0) (e )G v,
j/ k/ J/ I/
By the almost-orthogonality estimates in Lemma 52, and by choosing t =27/, s =27%, ¢/ =27/,

s’ =27¥ and for any given positive integers L1, L», K1, K», we have, if j A j' >k Ak,

Wk % jrae () o (xrry yi) ™)), )]
21— L= k=K L2 =NV Ki=(AKD K 17| )
= @I+ u xR @R o =y 9 xSyl
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and when j A j' <k Ak’, we have

Wy b () o (s yi) ™)) (u, v))|
2—li=J'1Li—lk=KLap—(GAj ) K1— (J/\])Kzll 11J']
- (2 IN' | — xp )2 K 27N 4 o — y IR 1@ f Oy 30l

Using Lemma 53, for any u, u* € I, xp € I’,v,v* € J, and y; € J’, we have
g y y

[y * f (u, v)]

o, , r 1/r
<C Y 2—'J—J'L1-2—"<—k'“x{MSKZZ|¢,-/,k/*f<xp,ymmxw)“ (u*, v*)

JLK NG =RAK Jr

. -/ 7 r 1/}"
+C Y, 2Tk {M[(Z > g fxr, y//)lxjw) “ (u*, v*)
j/ I/

JLK NG <k Nk

i— i’ ’ r 1/r
<C 22—\/—/ ILt  p—lk=K'|La {MS[(Z Z |¢j’,k’ * f(xp, yJ’)lXJ’XI’) ]} (u*, v,

j/ k' J’ I

where M is the Hardy-Littlewood maximal function on H”, My is the strong maximal function on H",
and max{2n/(2n+ K1), 1/(1 4+ Ky)} <r < p.
Applying Holder’s inequality and summing over j, k, I, J yields

1 1
3 ry2/ry3
{ZZ sup (v % f (u, )| x/xf} < C{Z{MS<Z |¢jf,kf*f(x,f,m|x,/le> } } .
7, k I,J uel,velJ j,,k/ 1,
Since x; and y, are arbitrary points in I” and J’, respectively, we have
; 24
{ZZ sup ¥k * f(u, v)|2XIXJ} < C{Z{MS(Z inf |¢r x * f (u, v)|X,/XJ/> } } ,
jk 1J uel,veJ Py s /

and hence, by the Fefferman—Stein vector-valued maximal function inequality [Fefferman and Stein 1982]
with r < p, we get

MZZZZWMMWMMJ

uel
1 velJ

p

<CH{ZZZZ inf |7+ f (u, v)] xm/}
i r

!
veJ/

This completes the proof of Theorem 19. |

6. Boundedness of flag singular integrals

As a consequence of Theorem 19, it is easy to see that the Hardy space Hy, b is independent of the choice

of the functions . Moreover, we have the following characterization of H;  using the wavelet norm.

ﬂag
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Proposition 54. Let 0 < p < 1. Then we have

1fllmg, > H {ZZZZ Wi f (x, yj)|2xl<x>xj<y>}2
ik T I

where j, k, ¥, x1, X7, X1, yJ are as in Theorem 19.

’
p

Before we give the proof of the boundedness of flag singular integrals on H/ , we demonstrate several

flag®
. p
properties of Hiog-

Proposition 55. M%g‘s (H™) is dense in Hé’ag(ﬂ-ﬂ”) for M large enough.

Proof. Suppose f € Hffag’ andset W ={(j,k, I,J):|j|<L,lk|l<M,IxJ C B(,r)}, where I x J is
a dyadic rectangle in H" with £(7) =277~ and £(J) =27%¥ +277=N and where B(0, r) is the ball
in H" centered at the origin with radius r. It is easy to see that

D W@y o Cer ) ™Dk f . ys)

U,k 1, 1)ew

+3

is a test function in Jl/tﬁ/ég

(H™) for any fixed L, M, r. To obtain the proposition, it suffices to prove

> W@ ) o e y) Dk F (s ya)

.k, 1, J)ewe

tends to zero in the Hé’ag

in the proof of Theorem 19. In fact, repeating the argument in Theorem 19 yields

norm as L, M, r tend to infinity. This follows from an argument similar to that

> WG y) o (xr y) ™D f(x, y0)

(kI T)eWe Hijog
1
2
SCH{ > Wk fGn o)l XIXJ} :
Gk I, J)eWe P
where the last term tends to zero as L, M, r tend to infinity whenever f € Hfag. U

As a consequence of Proposition 55, L>(H") N Hifag([l-l]”) is dense in Hé’ag(ﬂ-ﬂ”). Furthermore, we have
the following theorem.

Theorem 56. If f € L>(H") N Hé;g(l]-l]"), 0<p=<1,then f € LP(H") and there is a constant C,, > 0
which is independent of the L? norm of f such that

1/l < Cl S g,

To prove Theorem 56, we need a discrete Calderén reproducing formula on L?(H"). To be more
precise, take ¢ € Cy°(H™) as in Theorem 2 with

/ ¢V (z, u)z%uPdzdu =0 forall a, B satisfying 0 < |a| < Mo, 0 < |B] < My,
Hn
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2 .
and take ¢ ¢ Cy°(R) with

/ d@W)’dv =0 forall0<|y| < My,
R

and ¥, [¢@ (2*£,)% = 1 for all & € R\{0}.
Furthermore, we may assume that ¢’ and ¢® are radial functions and supported in the unit balls of
H" and R, respectively. Set

binte = [ 9= 0o do.
R

By Theorem 2 we have the following continuous version of the Calderén reproducing formula on L?: for
feL>HY,
f@uw)y =" "¢ f(z,u).
k

J

For our purposes, we need a discrete version of the above reproducing formula.

Theorem 57. There exist functions é jk and an operator Ty, ! such that

FEN =Y 33 160 y) 0 Gera )™ Djax (T () (xr v,
j 1

j ok J

where the functions <]3jk((x, y)o (xg, yJ)_l) satisfy the conditions in Theorem 17 with oy, B1, y1, N, M
depending on M. Moreover, Ty Uis bounded on both L*>(H") and Hlfag([}-ﬂ”), and the series converges
in L*>(H™M).

Remark 58. The difference between Theorems 57 and 17 is that the ¢ jk in Theorem 57 have compact
support. The price we pay here is that ¢ ik only satisfies moment conditions of finite order, unlike in

Theorem 17, where moment conditions of infinite order are satisfied. Moreover, the formula in Theorem 57

only holds on L2(H") while the formula in Theorem 17 holds in both the test function space MY and

flag
M+3)/

its dual space (/i/tﬂag

Proof of Theorem 57. Following the proof of Theorem 17, we have

f(z,u>=ZZZZ[/J/I¢j,k((z,u>o<u,v>l)dudv}@j,k*f)(x,,y1>+97tf(x,y),
j ok T I

where I, J, j, k, and R are as in Theorem 17.
We need the following lemma to handle the remainder term R.

Lemma 59. Let 0 < p < 1. Then the operator R is bounded on L2(H") and Hé’ag([H]”) whenever My is
chosen to be a large positive integer. Moreover, there exists a constant C > 0 such that

12 fl2 < C27M N fll2 and RSNy, am < C27N 1 g, o)
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Proof. Following the proofs of Theorems 17 and 19 and using the wavelet Calder6n reproducing formula
for f € L>(H"), we have

||gﬂag(%f)”p

{Z ZZ|<wj,k*9tf>|2x,xJ}2
k J 1

J

p

=

’

p

where j, k, ¥, x1, xJ, X7, yj are as in Theorem 19.

> |J/||1/||(«/f,~,k*%w,2kf<<-,->o<x1f,yw>—1)-z/fjfkf*focp,w»)ﬁxm}

{ j ke, .1k T

~

Claim. We have
| % RO jr (-, ) o (e, yi) ™D (2, )]

- C2—N2—j—j’K2—k—k/|K/ _ .
- R 27UND 4|z —xp| +|u — v — yy) 2+ 1IHK Q=GN |y I+K

2—(njIK 7—(knKNK

where, for simplicity, we have chosen

2n 1
Li=L,=K,=K,=K < M, —) ,
=== = Mo max(2n+l< 1+k) =P

and My is chosen to be a larger integer later.

Assuming the claim for the moment, we can repeat an argument used in Lemma 53, and then use
Theorem 19 to obtain

|||gﬂag(%f)||p < CZ_N

r2/r %
{Z [MS<ZZWj/,k’*f(xl’,yj/)IXJ/XI’):| }

j/ k' J’ I P
1
2
<c2V {Z DO W £, ymﬂxmw} < C27 NI fll g -
j/ k' J’ I )4

It is clear that the above estimates continue to hold when p is replaced by 2. This completes the proof of
Lemma 59 modulo the claim.
In order to prove the claim made above, we note that Theorem 41 shows that the functions

R (-, )0 ey vy~ D w)
are flag molecules. Then the claim follows from Lemma 53, and this completes the proof of Lemma 59. [

We now return to the proof of Theorem 57. Let (Ty)™' = Z;’i] R!, where

1
Tyf = ; ; ; ;(W /J /Iqs,-,k((x, y)o(u,v)"")du dv>|1| [T1(jk % £)xr, yi)-
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Lemma 59 shows that if N is large enough, then both 7 and (Ty)~" are bounded on LZ(H")N Hlfag(ﬂ-l]”).
Hence, we can get the reproducing formula

=D N I a((x, v o (xr, ) Djax (T ), y0),
j 1

Jj kK J

where the functions ¢~5 ik((x, y)o(xy,y 7Y are flag molecules, and the series converges in L?(H™). This
completes the proof of Theorem 57. (|

As a consequence of Theorem 57, we obtain the following corollary.

Corollary 60. If f € L>(H") N Hé’ag([l-l]”) and0 < p <1, then

1 £ lag, ~ ” {ZZZZ s % (T )i, y1)|2xI<z)xJ(u>}2
j k J 1

where the constants are independent of the L* norm of f.

’
p

Proof. Note that if f € L>(H"), we can apply the Calderén reproducing formula in Theorem 57 and then
repeat the proof of Theorem 19. We leave the details to the reader. g

We now start the proof of Theorem 56. We define a square function by

2z u) = {Z DO Igiak (T (NG, yj>|2xl<z>xf(u>}
i ok J I

where the ¢, are as in Theorem 57. By Corollary 60, for f € L>*(HH)N H[fag(ﬂ-ﬂ"), we have

1
2
)

1) ey < CI oy
To complete the proof of Theorem 56, let f € L>*(HMH N Hé”ag(IH]”). Set

Qi ={(z,u) eH": g(f)(z,u) > 2'}.
Let
B ={(.k, I I) | x DNl > 31T x T, [T x J)N Q| < 3T x T},

where I x J are rectangles in H” with side lengths £(1) =27/~ and £(J) =27%N 4+277=V_ Since
f € L>(H™), the discrete Calderén reproducing formula in Theorem 57 gives

F@wy=>"3"3"3"¢ju(@ uyo(xr, y) NI Iju* Ty (H) 1, ys)

J k J I
=Y > U@ w) o (xr. y) D (Ty " () Cera v,
i (jk,1,J)eB;

where the series converges rapidly in L? norm, and hence almost everywhere.
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Claim. We have

p .
< C2'P|Qy],
p

> ja (@ w) o (epn yr) D (T ()G yo)
(J,k,1,J)ERB;
which together with the fact that 0 < p < 1 yields

p

I£12 <

D HII$ja((zw) o (xr, y) ™ jax (Ty () Cers ya)

i Tk 1 T)eR;

<C Y 2Pl < CIENIL = CILAIl, .
i

p
ag

To obtain the claim, note that ¢ and y® are radial functions supported in unit balls in H” and R,
respectively. Hence, if (j, k, I, J) € B;, then ¢; 1 ((z, u) o (x4, vy h s supported in

Qi ={G uw): Ms(xe) (1) > 5 }-

Thus, by Holder’s inequality,

p
>0 UGz w) o (ery y) ™ Djuacx (T () (xrs ys)
(jk,1,J)eR; p »
< IR Y TN (e ) 0 Ger y) D (T ()G y0)
.k, I,J)eB; 2
By duality, for all g € L? with ||g|l» < 1,
K > |J||1|<Zs,-,k<<z,u)o(xl,y1>—1)¢j,k*(TN1(f>>(x1,yj),g>‘
(j,k,1,J)eB;
=1 > WGk glr. y)bja* Ty () )
(j,k,1,J)EB;
1 1
2 ~ 2
sc( > |1||J||¢j,k*<m1<f))<x,,y,>|2)-( > |1||J||¢,-,k*g<x1,y,>|2).
(j,k,1,J)EB; (j,k,1,J)EB;

Since

( > |1||J||¢3,-,k*g<x1,yf>|2> 5( > |1||J|<Ms<¢3,~,k*g>(z,u)m(z)xJ(u))z)Z

(j.k,1,J)eRB; (j.k,1,J)eR;

=

IA

(S [ Ms@iure @ uwydzdn) <Clglh,
kIR
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the claim now follows from the fact that |$2;| < C|$2;| and the estimate

C2%1Qi| = / PO uwydzdu= Y i (T (M), y)PIU x )N Qi

Qi\QiJrl .k, 1,J)EB;

S Tk (T () Gy P,

(j.k,1,J)eB;

~

>

S e

where the fact that [(I x J)N SE\Q,-+1| > %ll x J| when (j, k, I, J) € %B; is used in the last inequality.
This finishes the proof of Theorem 56.
As a consequence of Theorem 56, we have the following corollary.

Corollary 61. Hﬂlag(l]-l]”) is a subspace of L' (H™).

Proof. Given f € Hﬂlag(I]-I]”), by Proposition 55, there is a sequence { f,,} such that f, € L>(HMH)N Hf{ag([H]”)
and f;, converges to f in the norm of Hﬂlag(I]-[I”). By Theorem 56, f, converges to g in L' (H") for some

g € L'(H"). Therefore, f = g in (J(/tﬁ/gg’s)'- -

Proof of Theorem 22. We assume that K is the kernel of T. Applying the discrete Calderén reproducing
formula in Theorem 57 implies that, for f € L>(H"H) N Hé;g(l]-l]"),

H {ZZ |6k % K % £ (2, u>|2><1<x>xj<y>}2

ik 1

(022

ik 1

p

SN NN bjacx K %o () o (xpn y) ™Dz w)

JLk T i 2
X @jwx (Ty ()X, yr)

’

p

m(x)m(y)}z

where the discrete Calderén reproducing formula in L?(H") is used.
Note that the ¢, are dilations of bump functions, and by estimates similar to those in (5-10), one can
easily check that

|$jkx K %Gy ()0 (xp, y) )z, w)l
—(jnjHK —(kAK"YK
<C2—|j—j/|K2—|k—k’|K/ . 2= . 2= (knk’) .
= R (2_(JAJ/)+|Z—XI’|+|u_v_yJ/|)2n+1+K (2—(k/\k’)_.|_|vl)1+K

where K depends on M given in Theorem 22, and M) is chosen large enough.

Repeating an argument similar to that in the proof of Theorem 19, together with Corollary 60, we obtain

ry2/r
IS N, < CH {Z Z{Ms (Z D i = (T (), ny)IXJpr) } z. u)}

2

jow Jr )
<C H {Z Z Z Z i (T (), yj’)|2XJ’(y)Xl/(X)} <Clfluy,.
VA A A »

where the last inequality follows from Corollary 60.
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Since LZ(H")N ﬂag(l]-l]”) is dense in ﬁag(I]-I]") T can be extended to a bounded operator on ﬁag(I]-I]")
and this ends the proof of Theorem 22. O

Proof of Theorem 23. We note that Hé’ag N L? is dense in Hé’ag, so we only have to obtain the required
inequality for f € Hé’ag N L%. Thus Theorem 23 follows immediately from Theorems 22 and 56. U

7. Duality of Hardy spaces Hi{;g

Chang and Fefferman [1985] established that the dual space of H!(H") is BMO(H") by using the bi-
Hilbert transform, and, consequently, their method is not directly applicable to the implicit two-parameter
structure associated to flag singular integrals. In order to deal with the duality theory of Hffag([H]”) for all
0 < p <1, we proceed differently, and first prove Theorem 30, the Plancherel-P6lya inequalities for the

Carleson space CMOY . This theorem implies that the function space CMOY is well defined.

flag* flag
Proof of Theorem 30. The idea of the proof of this theorem is, as in the proof of Theorem 19, to use the
wavelet Calderén reproducing formula and the almost-orthogonality estimate. For convenience, we prove
Theorem 30 for the smallest Heisenberg group H! = C x R. However, it will be clear from the proof
that its extension to general H" is straightforward. Moreover, to simplify notation, we denote fj; = f&,
where R =1 xJ CH!, ¢(1) =277V, ¢(J) =27%N 4 27/=N [ is a dyadic cube in R? and J is an
interval in R. Here N is the same as in Theorem 17. We also denote by dist(/, I") the distance between
intervals I and I’,

Sg=sup |Yr* fu,v)|*, Tr= inf |gp = f (1, )%

Zg§ velJ

With this notation, we can rewrite the wavelet Calder6n reproducing formula in Theorem 17 as

fwy= " IIJIorG wdr* f(x1. 1),
R=IxJ
where the sum runs over all rectangles R =1 x J. Let

R=0xJ, |I''=27""N |J|=27/"Np2 kN

Applying the above wavelet Calderén reproducing formula and the almost-orthogonality estimates in
Section 5.3 yields, for all (u, v) € R,

1IN
* <C A
Varfwol=C D, <|1/| i)\ "
= L 71
X
(' + lu—xp DA+E (1T + v =y
1] |1/|>L<|J| |J/|>L
+C (—/\— A
R;J, )\
)X 1%

J<k
X
(' + = xp DI (1 + v =y, DU

s 11 16w * f G vl

[N Mg f e yn) P
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where K, L are any positive integers which can be chosen such that L, K > 2/p — 1 (for general H", K
can be chosen greater than (2n +2)(2/p — 1)), the constant C depends only on K, L, and the functions
Yr and ¢, where x;- and y;/, are any fixed points in I’ and J', respectively.

Adding up over R C 2, we obtain

ST UIISR<C Y Y I Ir(R, RYP(R, R)Tg, (7-1)
RCQ RCQ R’
where
I I/ L—1 J J/ L—1
r(R,R/)z(QAu) (' /' Al ')
1 177 1]
and
1
P(R,R) =
( ) (1 +dist(Z, I')/|I')HK (1 4+ dist(J, J')/|J)HEK
if j/ > k’, and
1
P(R,R) = . .
(1 4dist(Z, I") /| I'DIHE (1 4 dist(J, J") /| T )IHK
if j/ <k'.

We estimate the right-hand side in the above inequality, where we first consider
R=0xJ, |I'|=277"N Jy|=27/"Ngp2 KN k.

Define

Qit = U 3(2°1 x2°J) fori, £>0.
IxJCQ

Let B; ¢ be a collection of dyadic rectangles R’ so that, for i, £ > 1,

Biy={R =0IxJ:321x27)nQ" #@and 32 'I'x 27 V) nQ" = o},

Boy={R =1xJ:3I'x2"7)NQ% # @ and 3(I' x 271N Q% = &} for £ > 1,
Bio={R' =1xJ:3Q1TxJ)NQ""#zand 32 'I'x J)NQ"" = &} fori >1,
Boo={R'=1'xJ:3I'xJHYNQ"" £ z}.
We write
DO NI IR RYPR RV =Y > > |I'[|J|r(R, RYP(R, R)Tg.
RCQ R’ 228 R'eB;; RCQ
>

To estimate the right-hand side of the above equality, we first consider the case when i = ¢ = (. Note
that when R’ € By o, 3R’ N Q"0 # @. For each integer & > 1, let

1
Fp, = {R’ =1"xJ €Boo:|3I'x3J)NQ%°| > 2—h|31’ X 3J/|}.
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Let 9, = %5 \F,_1, and Q) = UR’e@h R’. Finally, assume that, for any open set Q C R?,

Y. HIJITr < CIQP/P
R=IxJCQ

Since By = thl %y, and for each R’ € By o, P(R, R’) < 1, we have

S Y N IHR RYP(R RV <> Y Y I'I|J|r(R, R)Tw.

R’eBj,) RCQ h>1 R'CQ; RCQ

For each & > 1 and R’ C ©,,, we decompose {R : R C Q} into
Ago(R)={R=1xJCQ:dist(], ') <|I|VvI|I'|, dist(J, J) < |J| Vv |J'|},
AroRY={R=1xJCQ: 271 v|I']) < dist(1, I') < 2" (1| v |I']), dist(J, J)) < ||V [T},
Aoe(RY={R=1xJ CQ:dist(I, I') <|I|v|I'], 271 (I v |J')) < dist(J, J') <2° (1T v 1I'D},
Ao (RY={R=1xJCQ: 2" 1|V |I']) <dist(Z, I') < 2" (1| v |I']),

21TV D < dist(], ) <25 (T v 1))

where i/, ¢/ > 1.

Now we split 3 ;-1 > rcq, 2orca lI'l1JIr(R, R)P(R, R))Ty into

ZZ( oY Y DY o+ Y > )|1’||J/|r(R,R’)P(R,R’)TR/

h>1 R'e€Q) “REAoo(R)  i'>1 ReAy o(R) €>1ReAyy(R)) i','>1 ReAy ;(R')
' ' =L+ hL+1+1.

To estimate the term [;, we only need to estimate ZRer_o(R’) r(R, R, since P(R, R") <1 in this
case.

Note that R € Ag o(R’) implies 3R N 3R’ # &. For such R, there are four cases:

Case 1: |I'| = |I|, |J| < |J].

Case2: |I'| <|I|, |J'| > |J|.

Case3: |I'| = |I,|J'| = |J].

Case 4: |I'| < |I|,|J| < |J].

In each case, we can estimate ) _ . Ao T (R, R’) < C27"L by using a simple geometric argument similar
to that in [Chang and Fefferman 1980]. This implies that /; is bounded by

Z 2—hL |Qh |2/p—1 < C Z hZ/p—lz—h(L—2/p+1) |Q0,0|2/]J—1 < C|Q|2/p_l ,
h>1 h>1
since |Q| < Ch2"| Q%0 and |Q%0) < C|Q|.
Thus it remains to estimate term I4, since estimates of I and I3 can be derived using the same
techniques as for /1 and I4. The estimate for this term is more complicated than that for term /;.
As in estimating term /;, we only need to estimate the sum ZReA,-/,g/(R’) r(R, R"), since P(R, R") <
2-i(0+K)p="0+K) Note that R € Ay ¢ (R') implies 3(2°T x 24 J) N3 I’ x 2¢' J') # @. We also split
our estimate into four cases.
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. . . ! 4
Case 1. In this case, [2/1'| > |27 1], |24 J'| < |2¢ J|. Then

21,1 ./ ’ ./ ’ . ’
ﬁm(z’ I'x 250 < 13Q° T x 25 I A 1321 x 2 1))
-/ ’ ./ / 1 1 . /
<C22' BR' NQYY <228 ——|3R'| < C—— 32" T’ x 2° ).
2h—1 2h—1

Thus 21| = Zh_1+" |21 for some n > 0. For each fixed n, the number of such 2'I must be < 2" - 5.
As for |2¢J| = 2m 12t J'|, for some m > 0, for each fixed m, 3-2¢'J N3-2¢J # @ implies that the
number of such 2¢ J is less than 5. Thus

1 L
/ ) —hL
> k8= Y (g ) 2R =c2
R eCase 1 m,n>0
We can handle the other three cases similarly. Combining the four cases, we have
Y, rRR)ysc2M,
ReAy y(R)

which, together with the estimate for P(R, R’), imply that

L=CY 30 D 2ttt O T

h>1i'0'>1 R'Cy,
Hence 14 is bounded by
Z 2—hL |Qh |2/p—] S C Z h2/p—12—h(L—2/p+l) |Q0,0|2/p—1 S C|Q|2/p—1 ,

h>1 h>1

since Y- picq, 11| Trr < C124 777" and |Q] < Ch2MQ%0) and [Q%°] < C|Q|. Combining I, I,
I3, and 14, we have

> 2N Ir(R.R)P(R, ROTw < Csup /17! > 1T g

|Q|2/17 1
R'€Byy RCQ R'CQ

Now we consider

S Y SRR, RYP(R, R) T
0>

1 R/GB,',( RCQ

Note that for R’ € B; ¢, 3Q2'I' x 2T) N Q¢ # @. Let
. . . 1 .
gt = {R/ € B3R x2°T)NQH| > 2—h|3(211’ X 251’)|},

Wy,
D, =F, \F,
and

Q= J R

ol
R ey
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Since By = th] QZ)ZK, we first estimate
S D IR, RYP(R, R)Tg
Rieait REQ
for some i, ¢, h > 1.
Note that for each R € B, 3271’ x 267y NQI~1-1 = &1, So, for any R C 2, we have 2/ (|I|V|I']) <
dist(, I') and 2¢(|J| v |J']) < dist(J, J'). We decompose {R : R C Q} as
ARy ={R € Q:2" 72011 v 1) < dist(t, 1) =22 (1) V11D,
201K V1D = dist, I =228 v 1D

where i/, ¢/ > 1. Then we write

ST IR RYP(RR)Te =Y > > I IF(R, RYP(R, R)Tg .

Rieat REQ i"0=1 Rregit REAy y(R')
Since
P(R R/) < C2—i(1+K)2—£(1+K)2—l'/(1+K)2—f,(l+K)
for R € B,y and R € Ay ¢ (R’), repeating the same proof with By ¢ replaced by B; ¢ and using the fact that

Qb < c2m@it), QM < a2 e2H 9%, 1990 < Cl9|,
yield
Yo > WNJIr(R, RYP(R, R) Tk
R’E@Zz REA,-/,Z/(R,)
< Cz—i(l+K)2—6(1+K)2—i’(1+K)2—Z’(1+K)|QZ€|2/P—1 < Z 4 |J/|TR/>
Rl
< C2—i(1+K)2—6(1+K)2—i'(1+K)2—6’(1+K)l-2/p—12[(2/17—I)EZ/p—lzﬁ(Z/p—1)h2/p—12—h(L—2/p+1)|Q|2/p—1

1
—_ I'IJ |Tg.
XS e > 1R

R'CQ

|2 12/

Adding over all i, £,i’, £/, h > 1, we get
IQIZ/P S Y N IRR, RYP(R, RN Tw < Csup _ Z ||| Tk
i,6>1 R'eB;i ¢ RCQ R'CQ
Similar estimates, which we leave to the reader, hold for
YD Y I IFR RYP(R, RHTe and Y Y > |I||J|r(R, R)P(R, R') T,
i>1 R'eB;y RCQ ¢>1 R'eByy RCSQ
which, after adding over all i, £ > 0, completes the proof of Theorem 30. O

As a consequence of Theorem 30, it is easy to see that the space CMO’; is well defined. In particular,
we have the following:
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Corollary 62. We have

1
1 2
1/ llemor ~ sup{W SN Wk fr )P |J|} ,
o L[] ik IxJCQ
where I x J is a dyadic rectangle in H" with £(I) =277"N and ¢(J) =27/ + 2=%=N_ and where
Xy, yy are any fixed points in 1, J, respectively.

Proof of Theorem 32. We first prove c” C (s”)*. Applying the proof in Theorem 56, set

1

5z, u) = {Z |sm|2|1|‘1|J|‘1x,<z)xj<u>}
IxJ
and

Qi ={(z,u) e H" : s(z, u) > 2'}.

Let
By ={ x J): | x DHOQi| > 1 x I U x HNa] < 51 x T},

where I x J is a dyadic rectangle in H" with £(/) =27/~ and £(J) = 277~V 4+ 27%=N_ Suppose
t ={t;xy} € c?, and write

E SIxJlIxJ

=‘Z Z Slxjt_lxj

IxJ i (IxJ)eB;
p/2 p/2y1/p
S{Z[ > |SI><J|2:| [ > |tl><J|2:| }
i —(IxJ)eB; (IxJ)eRB;
p/2y1/p
scnzucp{Dszm—P”[ > |sm|2] } , (7-2)

i (IxJ)eB;
since if 1 x J € %B;, then
IxJ<Q={Gu:Ms(xo)(z u) > 3},
Q| < CISul,

and {t;. s} € c? yield
1

2
{ > meF} < Cltllerl]"/P12,

(IxJ)eB;
The same proof as in the claim of Theorem 56 implies
> s P = 2.
(IxJ)eB;

Substituting the above term back into the last term in (7-2) gives ¢? C (sP)*.
The proof of the converse is simple and is similar to the one given in [Frazier and Jawerth 1990] for
p = 1 in the one-parameter setting on R". If ¢ € (s”)*, then it is clear that £(s) = lej SxJtrxy for
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some ¢ = {t;«}. Now fix an open set 2 C H" and let S be the sequence space of all s = {57} such that
I x J C . Finally, let ;1 be a measure on S so that the z-measure of the “point” I x J is 1/|2|*/7~!. Then,

1

{W Z |tli|} = \trxslle2s.du)
IxJCQ
1

—_— SixJt
|Q|2/17—1 Z IxJtIxJ
IxJCQ

= sup
”5“12(5‘[1}‘)51

< |ltllsry»  sup
sl 25 g0 <!

1
s —
PP '

sP

By Holder’s inequality,

: : / Y dsna P X I (0 xs () P
SIxJ = SIxJ X XI\X)Xgy zau
1QI7P=1, 1Q17P1 g

IxJCQ

1 2 -1 2

<\ =5 Isrxs |71 X J|7 x1 () xs () dzdug = lsllesan <1,
|2/~ xice
xXJE
which shows [|t]|cr < [|£]|(sr)* g

M+5)/ to

In order to use Theorem 32 to obtain Theorem 33, we introduce a map S which takes f € (./(/Lﬂag

the sequence of coefficients

Sf=1lsnsd = {TIZ1 1204 % fOer, vy},

where I x J is a dyadic rectangle in H" with £(I) =27/~ and £(J) =27/~ +27%=N and where
Xy, yy are any fixed points in /, J, respectively. For any sequence s = {s;« s}, we define a map T which

T =3 Y M s,
i ok 7T

where the &j,k are as in (3-1).
The following result together with Theorem 32 will give Theorem 33.

takes s to

Theorem 63. The maps S : Hé’ag —sP and S : CMOﬁag — cP, as well as the maps T : s? — Hﬂpag and
T:cP — CMOﬁag, are bounded. Moreover, T o S is the identity on both Hﬂ’;g and CMOﬁag.

Proof. The boundedness of S on Hg,, and CMOy,,

Theorems 19 and 30. The boundedness of T also follows from the arguments in Theorems 19 and 30.

follows directly from the Plancherel-Pélya inequalities,

Indeed, to see that T is bounded from s? to Hlfag, let s = {s;«s}. Then, by Proposition 54,

IT)lg, < CH {Z DY Wik T )G, u>|2xI<x)xj<y>}2
i kT T

p
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By adapting an argument similar to that in the proof of Theorem 19, we have, for some 0 < r < p,

[ ja % T () (2 W) xr () xs )
2

~ _1 _1
S S N Wk # B ) s T30 (0 ()

j/yk/]/“ll
ry2/r
<c Z 2JJ|K2kk|K{MS<Z|s1/XJ/||I/|1|J/|1XJ/X1/)} (z, w) x1(x) xs ()
k/\k/fj/\j/ 1/,]/
o / ry2/r
n Z 2—|;—1|K2—|k—kK{M<Z|s,,XJ/||1’|—1|J/|“X]rx,f)} (z, w) x1(x) x7 (y).
kNK'>jAj r.

Repeating the argument in Theorem 19 gives the boundedness of T from s” to Hé’ag.

of the argument in the proof of Theorem 30 applies to yield the boundedness of 7' from c¢” to CMO

A similar adaptation

p
flag*

We leave the details to the reader. The discrete Calderén reproducing formula and Theorems 17 and 30

show that T o § is the identity on both Hg,, and CMOg, . O

We are now ready to give the proofs of Theorems 33 and 34.

Proof of Theorem 33. 1f f € Mg }® and g € CMOf, , let £, = (f, g). Then the discrete Calderén

reproducing formula and Theorems 30 and 32 imply

el =100 = D MU Wk f G, x)Tr@Ger, 30| < ClLf g I8 llenor

R=IxJ

this shows that the map £, = (f, g), defined initially for f € M} +

Because MY+ is dense in HY flag °

flag flag®
can be extended to a continuous linear functional on Hé?ag with |[£,]| < C|| g”CMOﬁag-

Conversely, let £ € (Hé’ag)* and set £; = £ o T, where T is defined as in Theorem 32. Then, by
Theorem 32, £; € (s”)*, so by Theorem 30, there exists ¢ = {t; s} such that £;(s) =) ;. S1xjtrxy for
all s = {s7x s}, and where

ltller = [1€1]l < ClIEN,
because T is bounded. Again by Theorem 32, { =foT oS = {; o S. Hence, with
feMght’ and g=>" 1Y u)o (s, y) ),
IxJ

and where without loss the generality we may assume that v is a radial function, we have
L) =4S =S, 1) =(f. 8)
This proves £ = £,, and by Theorem 32 we have

Igllemoy,, = Clitller = CliEg - [

Proof of Theorem 34. As mentioned earlier, H&ag is a subspace of L!. By the duality of Hf}ag and BMOyg,,
we now conclude that L is a subspace of BMOg,¢, and from the boundedness of flag singular integrals

on H/!

flag> W€ get that flag singular integrals are bounded on BMOg,e and also from L*° to BMOy,,. [
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8. Calderéon-Zygmund decomposition and interpolation decomposition

In this section we derive a Calderon—Zygmund decomposition using functions in flag Hardy spaces. As
an application, we prove an interpolation theorem for the spaces H{fag(l]-l]”).

We first recall that Chang and Fefferman [1982] established the following Calder6n—Zygmund decom-
position on the pure product domain R% x R2 .

Lemma 64 (Calderén—-Zygmund lemma). Let o > O be given and f € L? (R?), 1 < p < 2. Then
we may write f = g + b, where g € L*>(R?) and b € Hl([R%r X [Ri%_) with ||g||% < az_p||f||z and
||b||Hl(Rng[Rz+ < Coelfp||f||§, where c is an absolute constant.

We now prove the Calderén—Zygmund decomposition in the setting of flag Hardy spaces on the
Heisenberg group.

Proof of Theorem 35. We first assume f € L?(H") N Hffag(I]-I]”). Let > 0 and
Qo ={(z.u) e " : S(f)(z, u) > a2"},

where, as in Corollary 60,
1

S(f)(z,u) = {Z D b (T NG y )P (x)m(y)}z.

jk 1T

It was shown in Corollary 60 that for f € LZ(H") N Hé’ag(IH]”), we have ||f||Hff“ ~ SOl p-

In the following, we denote dyadic rectangles in H” by R = I x J with £(I) =27/~ and €£(J) =
27J=N 4. 27k=N 'where j, k are integers and N is sufficiently large. Let

Ro={R=1xJ:|[RNQ| < IR|}
and, for £ > 1,
Re={R=1xJ:|RNQ_1| > 3|R| but [IRNQ| < 3IRI}.

By the discrete Calderdn reproducing formula in Theorem 57,

F@w) =Y Y N $j (2 w) o (xr, y) " Djicx (T ()G, yo)
jk 1,0
=Y Y Mg w) o (xry y) e (Ty ' () &er, yi)
>1 IxJeR, ~
+ > NGz, w) o (e, y) ™ Dja (T () Cer yo)

IxJeRy
=b(z,u)+ gz, u)

When p; > 1, using a duality argument it is easy to show

||g||p.sCH{ > |¢,-k*(Tgl(f>><x1,yj>|2x,xj}

R=IxJeRy

P1
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Next, we estimate || g || H when 0 < p; < 1. Clearly, the duality argument will not work here. Nevertheless,
ag

we can estimate the Hﬂpa'g norm directly by using the discrete Calderén reproducing formula in Theorem 57.
To this end, we note that

gl < {ZZK‘/’j’k’*g)(xlu)’J’)|2XI’(Z)XJ’(M)}
* JLKTT LA
Since
Wjw*g)xp, yy)= Z TN e % @) (e, v o (xr, y0) ™D (T (F)(xr, v0),s
IxJeRy

we can repeat the argument in the proof of Theorem 56 to obtain

‘ {Z Z (W k@) (s Y X (2) X (1) }2

j,,k/ 1/",/
This shows that for all 0 < p; < oo,

sCH{ > |¢jk*<Tgl(f>>(x1,y»ﬁum}z
LP1

R=IxJeRy

P1

{ 3 |¢,-k*<T1;1(f>>(x1,y1>|2xm}2

R=IxJeRg

<C
||g||Hﬂpalg = ‘
p1

Claim 65. We have

{ > |¢jk*<TN—‘<f>>(x1,y1>|2x[xj}2

R=IxJeRy

/ SPY(f)(z,u)dzdu>C
S(f)(z,u)<a

pi

This claim implies

g1l py SC/ SPH(z, u)dzdqua‘”"/ SP() e wydzdu < CaP PN fllgp -
Sz uw)=a Sz u)=a flag

To prove Claim 65, we let R =1 x J € Ry. Choose 0 < g < p; and note that

/ SPY(f)(z, u)dz du
S(f)zu)<a

P1/2
=/ {ZZ|¢J'k*(T1\71(f))(xl’)’J)|2X1(X)X1(y)} dz du
S(fH(z,u)<a

j.k 1,J

p1/2
Z|¢.ik*(T1\71(f))(x1,yJ)|2X1XJ} dz du

0 * ReRy

p1/2
=C /H Z|¢Jk*(Tz\71(f))(x1,yJ)IZXRng(Z,u)} dz du

RE%O

q/2\p1/q
i D Ms(ji* (T ()Gt y )1 Xrng) 2, u))z/q} } dz du

REQ{()

p1/2
Z |¢fk*(T1\71(f))(x1’YJ)|2XR(Z, M)} dzdu.

ReRy

v
A
=

v
a
T
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In the last inequality above we have used the fact that |25 N (I x J)| > %|I x J| for I x J € Ry, and thus

xr (o u) <2 Mg (xrngg) '/ (2. u).

In the second-to-last inequality above we have used the vector-valued Fefferman—Stein inequality for the

o0 1/r
H (Z(Msfk)r)
k=1 P

with the exponents r =2/g > 1 and p = p;/q > 1. Thus Claim 65 follows.
We now recall that ﬁ;z = {(z, u) e H" : Ms(xq,) > %}

strong maximal function

’

p

e ] 1/r
< CH (Z |fk|')
k=1

Claim 66. For p, <1,

p2 .
D (G y) o ey Djux (Ty @ yn | < CQRe)™ |-
IXJE(ZR( Hﬂazg
Claim 66 implies

1B < D @)™ IR0

fae sy

<CY Q@)™

>1

SC[ SP2 f(z,u)dzdu
S(Hz.u)>a

SCaPz—P/ S? f(z,u)dzdu < Ca?*~ p”f” .
SO zu)>a b

o

To prove Claim 66, we again have

P2

> U1, y) o Gery y) ™D (T ) (xr vi)

S22

/k/ 1/ J’

Hf{’a%g
TN i % @) ((py yi) o (ery 1) ™ Dju* (T £ (xr, y1)
IX.IGQM

1
2}2

LP2

1

<C

’

P2

‘ { Z gk * (T ' f)(xr, )’J)|2XIXJ}

R=IxJeRy

where we can use an argument similar to that in the proof of Theorem 56 to prove the last inequality.
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However,

Sz [ S dzd
=1

Q-1\82

p2/2
=/~ {ZZ|¢jk*(Tgl(f))(XI,yf)lsz(z)XJ(u)} dz du

QZ—I\QZ j,k 1,J

p2/2
:/ﬂ ZZ|¢jk*(TA71(f))(xl»yj)|2X(1xJ)ﬂS~2(_1\Qk)(Z,M)} dz du

ik 1
=

1
=

u

In the above string of inequalities, we have used the fact that, for R € R,, we have

p2/2
D ik (T UNGL YD P Xy oo @ u)} dz du
IxJeR,

p2/2
> |¢jk*<TN‘1<f)>(x1,yj>|2xI<z>xJ<u)} dz du.

IXJE(:'R[

IRNQe-1| > 3IR| and |RNQe| < ;IR|,
and, consequently, R C ﬁg_l. Therefore
IRN (Qe-1\Q0)| > 3IRI.
Thus the same argument applies here to conclude the last inequality above. Finally, since
L>(H") N Hy (H")

is dense in H?

ﬂag(l]-l]”), Theorem 35 is proved. O

We are now ready to prove the interpolation theorem on Hardy spaces Hé’ag forall 0 < p < o0.

Proof of Theorem 36. Suppose that T is bounded from Hé’azg to LP? and from Hé’alg to LP'. For any given

A>0and f € H;;g, by the Calder6n—Zygmund decomposition,

fz,u) =g(z,u)+b(z,u)
with

PLo<CAPPYfP,  and  (IBIIP, < CAPTPYFNP,
8173 < CAPUS I D157, < CAPPUS I

Moreover, we have proved the estimates

1gl”,, <cC f Sz wydedu and b))%, <C / S(f)" (2. u) dz du,
S(fH)zu)=a Sz u)>a

flag flag
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which imply that
o
17115 =P/(; oz u) : ITf (2, w)| > A}| dat
o0 o0
< p[; ap_]|{(z, u):|Tg(z,u)| > %A}|da+p/o ap_]|{(z, u):|Th(z,u)| > %)»Hd(x

o0 o0
5p/ aplf S(f)P'(z, u)dzdudoz—i—p/ aplf S(f)P2(z, u) dz du da
0 S(f)z.u)<a 0 S(f)(z,u)>a

<CIfl*., .
< IIfIIHé:ag

Thus,
ITfllp < Cllf g,

for any p» < p < pi. Hence T is bounded from Hffag to LP.
Now we prove the second assertion, that 7" is bounded on Hé’ag for p» < p < p;. For any given A > 0
and f € Hé’ag, we have, again by the Calder6n—Zygmund decomposition,

{(z, u) : [g(T )z, u)| > a}|
<G w:1gTe) @ w|> sa}|+ |{ u) : [g(Th)(z, u)| > ja}]|
< Ca™"|Tg|?,, +Ca™"|Th|"

Hﬂag Hﬂpazg
—Pp1 P1 D2 P2
< Ca™P gl +Ca™ P bl
<Ca™ M f (SHP(z, u)dzdu+Ca_p2f (Sf)P*(z, u) dz du,
S(NHzuw)=a S(NHzu)>a
which, as above, shows that ||Tf||Héz <Clg(TF), = C||f||Hén for any pp < p < p1. U
ag ag

9. A counterexample for the one-parameter Hardy space

Recall that H" = C" x R is the Heisenberg group with group multiplication

({7 t) : (77’ S) = (; +77,t+s+21m(§ ﬁ))v (gv t)v (77’ S) € C’l X R9

and that (1, s)~! = (—»n, —s). Consider the mixed kernel K (z, 1) = K| (z)K2(z, t) for (z, 1) e H* =C" xR
given by

% and Ks(z t)—;
M 2OV T 2Pt

where €2 is smooth with mean zero on the unit sphere in C". We show in the subsection below that K
satisfies the smoothness and cancellation conditions required of a flag kernel. It then follows from [Miiller
et al. 1995] that there is an operator 7 having kernel K such that, for each 1 < p < oo,

Ki(z) =

ITf ey < Cpnll fllr@ny,  f € LPHY).
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The action of the corresponding singular integral operator 7 f = K * f is given by

T D) = K s f(600) =/ K(@.0)0 (5)") f(n. 5)dn ds

= [ ro K=t =s—2Inc i) dnds
2@ - ! )
C— P TP i~ —2ImG i)

Theorem 67. There is a smooth function Q with mean zero on the unit sphere in C" such that there is no
operator T having kernel K that is bounded from H'(H") to L' (H").

nds.

= f(ns)
[H])’l

To prove the theorem, we fix f(z, u) = ¥ (z)p(u), where
(1) ¢ is smooth with support in the unit ball of C”,
(2) ¢ is smooth with support in (—1, 1),
3) f@n V(z)dz=0and [ o) du=1.

Such a function f is clearly in H!(H") since f is smooth, compactly supported, and has mean zero:

f(z,u)dzdu = / {/ ¥(z) dz}(p(u) du = /{O}(p(u) du =0.
H" rJer R
We next show that 7 fails to be bounded from H!(H") to L' (H"), and then that T is a flag singular integral.
9.1. Failure of boundedness of T. For
¢ € B((100,0),0) = {(¢1,¢) e Rx C" i (¢ — 100)> +[¢'1* < 1}, [t] > 10°,
we have

Q@ —n ! dnds ~ |
cPr 1P +itr—21gP) IR

Tf@. 0]~ / b e(s)

since, for ¢ € B((100, 0), 0), we have

ft/f(n)Q(C —n)dn| >c>0,

for an appropriately chosen €2 with mean zero on the sphere. The point is that both functions ¢ and 2
have mean zero on their respective domains, but the product can destroy enough of the cancellation. For
example, when n = 1, we can take

Y
N,
V(x, y) =y () (y),
where V; is an even function identically one on (—1/2, 1/2) and supported in (—1/+/2, 1/+/2). Then, for

Qx,y)=

¢ =(1004+v,®), *+w?<l,
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we have

fwn)sz(c—n)dn=/yw1<x>wz<y>sz<100+v—x,w—y)

_ ©-y

= f Y1) Ya(y) Ny

_ Y1 () () _ YA ()2 ()
VA00+v—x)2+(@—-y? J J100+v—x)2+ (0 —y)>

~_ L

~ 1000

We conclude from the above that

1
[ rreniacaz L e di = oo.
He {£€B((100,0),0) and |1|>106} &7 ]7]

9.2. T is a flag singular integral. Let K be the kernel

Q) 1
lz2" |z)2 +it’

K(Z,l’): (Z,I)EHH.

In order to show that K is a flag kernel, we must establish the following smoothness and cancellation
conditions.

(1) (differential inequalities) For any multi-indices & = («1, ..., &), 8= (B1,.-., Bm),

1029 K (z, u)| < Coplzl 2710 (|2 + |u]) 171

u

for all (z, u) € H" with 7 # 0.

(2) (cancellation condition) For every multi-index «, every normalized bump function ¢; on R, and
every § > 0,

< Cylz|72 7l

‘/R 07 K (z, u)y (8u) du
for every multi-index 8, every normalized bump function ¢, on C”, and every é > 0,

< Cylu|~"7 171,

/ 3P K (z, u)p2(82) dz

and for every normalized bump function ¢3 on H" and every §; > 0 and §, > O,

<C.

/ K (z,u)¢3(812, Sru) dz du

The differential inequalities in (1) follow immediately from the definition of K.
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The first cancellation condition in (2) exploits the fact that ¢ is an odd function. For convenience we
assume o = 0. We then have

| fe@f 1P i }
VRK(z,t)q&l((St)dt =1/ |z|2"{|z|4+t2 P ¢1(81) dt
<f Ll |¢1(8r)|dz+/Q(Z) (61(57) — ¢1(0)) dt
w27 2 1 12 o 2P 22

<1 /Oo ! dr + ! /1/6 i dt
Sz Sy Jzt e 1z Jo  Iz|* 412

1 foo 1 1 2 oo | 1
dt < (/ m+/ —d)
12|22 Jo  lz|* 412 1222\ Jy Izl 2 12 M

and, for |z|> < 1/8, we have

15 52 2P 5,2 1/5 g2 6
o lz|*+t o Izl FE |z

while for |z|? > 1/8, we have

1/8 8t2 1/6 8t2 1/8 3
,/, __2____5‘it:5,/1 —Zdt < ( / 2 <.
o lzl*+1 ozl |z|

Altogether we have }fR K(z,t)¢1(51) dt’ < |z|~%" as required.
The second cancellation condition in (2) uses the assumption that €2 has mean zero on the sphere. For

Now

convenience we take 8 = 0. Then we have

Q(z)
K(z,1)$>(87) dz| = 8 0))d
fn @ Ne02)dz = | |Z|2+ —r 7 192060 — $2(0)) 2
gs/ —12 —21 |z| dz
fz1<1ysy 217" 12|* + 1]
s (191 ~ ~
Sop ) e tan

as required.
The third cancellation condition in (2) is handled similarly. We have

/ K (z,t)¢3(812, 82t) dz dt

Q 2 .
:/H (2) { 2|7 |Z|4l:_ > }{¢3(811, 821) — $3(0, 821)} dz dt

" |Z|2" |Z|4+12

n |Z|2n |Z|4+f2

Q 2
_/ﬂ'-l] (Z) |Z| {¢3(51Z (32t)_¢3(0 (Szt)}dZdl

Q .
_/[H] |Z|(2Zn)| |4l:_t2{¢3(3lz 82t) — $3(0, 821) — p3(812, 0) + 3(0, 0)} dz dt,
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and so

K (z, t)$3(812, 82t) dz dt

H~

5/ / 12 |4Z|2 — 81zl dzdr + 12 4| | M et dedr =141
r1=1/62 Jiz<1yy 1217 1217 1 =1, Jizi<1ss 1212 21+ 1

Now if 1/8, < |z|?, then

1 1/82 1 1 1/81
1531/ —{f —dt}dzgslf —dzmsl/ dr =1,
zi<ts 121273 Lo Izl 21<1/8, 121271 0

while if 1/8, > |z|?, then

|z|? 1/82
1<5/ L {/ ! dt—i—/ ldt}d <5/ LA
~ 1 — 5 ZN 1 _ Z% M
<15 1212773 Lo J2* L 12 z1<1/6, 1212171

Finally, we have

m<s / ! {5 / r dt}d <3 / ! d 1
S ——71%2 T3 2358 ——dz~ 1.
lel<1/s, 12121 <1/s, 1214 +12 z1<1/8, 121271

Part III. Appendix

Here in the appendix, we construct a flag dyadic decompositon of the Heisenberg group using the
tiling theorem of Strichartz. See [Han et al. 2012] for an approach that generalizes to certain products of
spaces of homogeneous type.

10. The Heisenberg grid

Let H* = C" x R be the Heisenberg group with group multiplication
€ t-ms)=C+nt+s+2Im@c-0), (&, 1), (15 €C xR
Note that (17, s)~' = (=7, —s). Relative to this multiplication, we define the dilation
8.5, 1) = (¢, A7),
and its corresponding “norm” on H" by
pC. ) =VI¢I*+12.

Then we define a symmetric quasimetric d on H" by

d((é‘a t)7 (77, S)) = ,0(((7 t) - (775 S)_l)’
and note that

d(8,(¢, 1), 8,.(n, 8)) = Ad((£, 1), (1, 5)).
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The center of the group H" is
£ ={¢.nDeH : ¢ =0},

which is isomorphic to the abelian group R. The quotient group Q" = H" /%" consists of equivalence
classes [(¢, ¢)] such that [(¢, )] = [(n, s)] if and only if

€. 1)-(,s)"' e, thatis, ¢ =n.

Thus we may identify Q" with C" as abelian groups. Thus we see that H" = C" Qwist R is a twisted group
product of the abelian groups C" and R with bihomomorphism S(z, w) =2 Im(z - w). See the appendix
for a discussion of this notion of twisted group product.

Now we apply the usual dyadic decomposition to the quotient metric space Q" = C" to obtain a grid
of “almost balls” (which are actually cubes here)

{1} 1 ayadic = {13} jez and we2izon»

where I({ =10, 2/)?" and Io{ = I({ 4+oaforjeZand o € 2777, 5o that E(I,){) =2, By a grid of almost
balls we mean that the sets 1) decompose C" at each scale 2/ are almost balls, and are nested at differing
scales; that is, there are positive constants C, C, and points ¢ ;€ I such that

c'=J1 jez,

B(c,;,Ci2))C 1] C B(c,;,C22))  jeZ ae2/7”, (10-1)
et ricrl oo =1

Here we can take c; to be the center of the cube I, and C| =1/2, C, = +/2n/2 = /n/2. We also have

the usual dyadic grid {Jfk}kez and ze2kz for R, where Jé‘ =1[0, 2¥) and If = I(’)‘ +tforkeZandt e2k7.

In order to use these grids to construct a “product-like” grid for H", we must take into account the twisted

structure of the product H" = C" Qwist R. Here is our theorem on the existence of a twisted grid for H".

Theorem 68. There is a positive integer m and positive constants Cy, Cy, such that, for each j € mZ and
(a,7) € K; =277 x2%7,

there are subsets ¥ o - of H" satisfying

H" = U Fiars foreach j emZ,
(a,7)€EK;
Por e =17, jemZ, (a,7) € K,
por e g ! (10-2)

Bi(cjar, C12) CFjar C Bi(cja,r, C227), jemZ, (a, )€ Kj,
Efj,a,r C Efj/’()[/,‘[", g)j’,oz’,‘f’ C 9)]"“’, or 9)]"0[’1. N S’j,,azrl = (z)’

iy
Cjar = (Pjas T+52%),

where Pj o =c, J and Pcr denotes orthogonal projection of H" onto C".
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Thus at each dyadic scale 2/ with j € mZ, we have a pairwise disjoint decomposition of H” into sets
¥ ;.. that are almost Heisenberg balls of radius 2/. These decompositions are nested, and moreover are
product-like in the sense that the sets ¥; 4 . project onto the usual dyadic grid in the factor C", and have
centers Cj g,r = (Pj,a, T+ %221' ) that for each j form a product set indexed by K ; = 2/ 7" x 2277 and
satisfy

. Y
|Cj,a,t - Cj,a’,rl =2/ and |Cj,oz,t - Cj,a,r’l =24,

if & and o’ are neighbors in 2/7?" and if  and 7’ are neighbors in 2%/Z.

Theorem 68 follows easily from the theory of self-similar tilings (neatly stacked over dyadic cubes) in
[Strichartz 1992]. An excellent source for this material is [Tyson 2008, pp. 39—42]. See [Han et al. 2012]
for more detail.

11. Rectangles in the Heisenberg group

Recall from Theorem 68 that at each dyadic scale 2/ with j € mZ there is a pairwise disjoint decomposition
of H" into sets ¥; 4, that are “almost Heisenberg ball” of radius 2/. We will refer to these sets as
dyadic cubes at scale 2/. These decompositions are nested, and moreover are product-like in the
sense that the cubes ¥; , ; project onto IJ in the usual dyadic grid in the factor C", and have centers
Cjar = (Pja, T+ 52%) that, for each j, form a product set indexed by K; = 2/7%" x 22/7 and satisfy

. Y
|Cj,a,r - Cj,ot’,rl =2/ and |Cj,a,r - Cj,ot,r’l =27,

if « and o’ are neighbors in 2/7%" and if 7 and 7’ are neighbors in 2%/ 7.

We now define vertical and horizontal dyadic rectangles relative to this decomposition into dyadic
cubes. The analogy with dyadic rectangles in the plane R? that we are pursuing here is that a dyadic
rectangle I = I x I, in the plane is vertical if |I3| > |I1]|, and is horizontal if |I;| > |I;| (and both if and
only if / is a dyadic square). If we consider the grid of dyadic cubes {¥;  } in H" in place of the grid of
dyadic squares in R?, we are led to the following definition.

Definition 69. Let j, k € mZ, with j < k, and let ¥, . and ¥ g, be dyadic cubes in H" with
Fjar CFrpo- The set

Frpv
R(ver) =Gy (ver) = | J(Fjar: Py C St

will be referred to as a vertical dyadic rectangle, or, more precisely, the vertical dyadic rectangle in S g ,,
containing ¥; , ;. We define the base of the rectangle % (ver) to be the dyadic cube IO{ in C", and we
define the cobase of the rectangle % (ver) to be the dyadic interval J2* in R. We say the rectangle % (ver)
has width 27 and height 2. Similarly, the set

R (hor) = R (hor) = | (S jare 1 Fjare € Fipo)

will be referred to as a horizontal dyadic rectangle, or, more precisely, the horizontal dyadic rectangle in
Fr,p,v containing ¥ ; o ;. We define the base of the rectangle % (hor) to be the dyadic cube / ,é in C", and
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we define the cobase of the rectangle % (ver) to be the dyadic interval Jt2 7 in R. We say the rectangle
% (hor) has width 2 and height 2.

We will usually write just % to denote a dyadic rectangle that is either vertical or horizontal. Note that
a dyadic rectangle QR is both vertical and horizontal if and only if R is a dyadic cube ¥ , .. Finally note
that R, o ohv - (ver) can be thought of as a Helsenberg substitute for the Euclidean rectangle I, 4 x J2K in H”
with w1dth 2/ and height 22k and that R, Tepo _ (hor) can be thought of as a Heisenberg substitute for the
Euclidean rectangle /5 k% J, in H" with Wldth 2% and height 2%/, The vertical Heisenberg rectangles are
constructed by stacklng Heisenberg cubes neatly on top of each other, while the horizontal Heisenberg
rectangles are constructed by placing Heisenberg cubes next to each other, although the placement is far
from neat.

Remark 70. In applications to operators with flag kernels, or more generally a semiproduct structure, it
is appropriate to restrict attention to the set of vertical dyadic rectangles.
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