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LOCAL AND NONLOCAL BOUNDARY CONDITIONS FOR p-TRANSMISSION
AND FRACTIONAL ELLIPTIC PSEUDODIFFERENTIAL OPERATORS
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A classical pseudodifferential operator P on R” satisfies the p-transmission condition relative to a smooth
open subset 2 when the symbol terms have a certain twisted parity on the normal to 92. As shown
recently by the author, this condition assures solvability of Dirichlet-type boundary problems for P in
full scales of Sobolev spaces with a singularity d* %, d(x) = dist(x, 9RQ2). Examples include fractional
Laplacians (—A)“ and complex powers of strongly elliptic PDE.

We now introduce new boundary conditions, of Neumann type, or, more generally, nonlocal type.
It is also shown how problems with data on R" \  reduce to problems supported on €2, and how the
so-called “large” solutions arise. Moreover, the results are extended to general function spaces F,, , and

B, .. including Holder—Zygmund spaces B, . This leads to optimal Holder estimates, e.g., for Dirichlet

solutions of (—A)u = f € Loo(), u € d*C*(Q) when0 <a < 1,a # %

Boundary value problems for elliptic pseudodifferential operators (ydo’s) P, on a smooth subset €2
of a Riemannian manifold €21, have been studied under various hypotheses through the years. There is a
well-known calculus initiated by Boutet de Monvel [Boutet de Monvel 1971; Rempel and Schulze 1982;
Grubb 1984; 1990; 1996; 2009; Schrohe 2001] for integer-order yrdo’s with the O-transmission property
(preserving C* up to the boundary), including boundary value problems for elliptic differential operators
and their inverses. There are theories treating more general operators with suitable factorizations of the
principal symbol, initiated by Vishik and Eskin (see, e.g., [Eskin 1981; Shargorodsky 1994; Chkadua
and Duduchava 2001]). Theories for operators without the transmission property have been developed
by Schulze and coauthors, see, e.g., [Rempel and Schulze 1984; Harutyunyan and Schulze 2008], and
theories where the boundary is considered as a singularity of the manifold have been developed in works
of Melrose and coauthors, see, e.g., [Melrose 1993; Albin and Melrose 2009].

A category of yrdo’s lying between the operators handled by the Boutet de Monvel calculus and the
very general categories mentioned above consists of the y¥do’s with a u-transmission property, u € C,
with respect to €2. Only recently, a systematic study in H ; Sobolev spaces was given in [Grubb 2015a],
departing from a result on such operators in C*°-spaces by Hormander [1985, Theorem 18.2.18] (in fact
developed from the lecture notes [Hormander 1965]). This category includes fractional Laplacians (—A)“
and complex powers of strongly elliptic differential operators, and also more generally polyhomogeneous
Y¥do’s with symbol p ~

jieNo Pi having even parity (that is, p;(x, —§) = (—l)jpj(x, &) for j > 0)
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or a twisted parity involving a factor ¢/™¢. The general p-transmission operators have such a reflection
property of the symbol at 02 just in the normal direction; see (1-5) below. This allows regularity and
solvability results not only for s in a finite interval, but for arbitrarily large s.

The fractional Laplacian and its generalizations, often formulated as singular integral operators, are
currently of interest in probability theory, finance, mathematical physics and geometry.

The work [Grubb 2015a] showed the Fredholm solvability of homogeneous or nonhomogeneous
Dirichlet-type problems in large scales of Sobolev spaces, for p-transmission ¥rdo’s. In the present paper,
we introduce more general boundary conditions and find criteria for their solvability. There are the general
nonlocal conditions yyBu = v, where B is a p-transmission yrdo; in addition to this, local higher-order
conditions such as a Neumann-type condition involving the normal derivative at dS2 are treated. The case
of N x N systems of {do is briefly considered.

Moreover, we show by use of [Johnsen 1996] that the theory also works in the Besov—Triebel-Lizorkin

N

spaces B), , and F,, . with special attention to the spaces B, .,

p.q’
for s € R+ \ N. In comparison with [Grubb 2015a], this allows for a sharpening of Holder results for

which coincide with Holder spaces C*

(—A)“ (and other a-transmission operators) as follows: Let Qbea compact subset of R". For solutions
ucetLo(Q)of rt(—A)u=f,

f€Lo(Q) = ucetdx)*C*(Q), whena €10, 1[, a # 3, (0-1)

which is optimal in the Holder exponent. (For a = % it holds with C“ replaced by C“~*. Also higher
regularities are treated, and optimal Holder estimates for nonhomogeneous Dirichlet and Neumann
problems are likewise shown.) In a new work, Ros-Oton and Serra [2014a] have studied integral operators
with homogeneous, positive, even kernel and obtained (0-1) with C¢ replaced by C“~¢; in the smooth case
this is covered by the present theory. (We are concerned with linear operators; the nonlinear implications
in [Ros-Oton and Serra 2014a] are not touched here.) Such operators were treated in cases without
boundary by Caffarelli and Silvestre, see, e.g., [2009].

Furthermore, we show the equivalence of Dirichlet problems for u supported in  with problems
prescribing a value of u on the exterior R” \ €2, obtaining new results for the latter, which were treated
recently by, for example, Felsinger, Kassmann and Voigt [Felsinger et al. 2014] and Abatangelo [2013].

For nonhomogeneous problems the solutions can be “large” at the boundary; cf. [Abatangelo 2013]
and its references. We show how the solutions have a specific power singularity when the boundary data
are nontrivial.

The case a = % enters as a boundary integral operator in treatments of mixed boundary value problems
for elliptic differential operators. The present results are applied to mixed problems in [Grubb 2015b].

Outline. In Section 1, we briefly recall the relevant definitions of operators and spaces. Section 2 presents
the basic results on Dirichlet and Neumann problems for (—A)“, including situations with given exterior
data, and derives conclusions in Holder spaces. Section 3 explains the extension of the general results to
Besov-Triebel-Lizorkin spaces, including BS, . Section 4 introduces new nonlocal boundary conditions
voBu =y, as well as local Neumann-type conditions; also N x N systems of ¥rdo are discussed. The
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Appendix illustrates the theory by treating a particular constant-coefficient case, showing how the problems
for (1 — A)? on R} can be solved in full detail by explicit calculations.

1. Preliminaries

The notation of [Grubb 2015a] will be used. We shall give a brief account, and refer there for further details.

Consider a Riemannian n-dimensional C* manifold €2 (it can be R") and an embedded smooth 7-
dimensional manifold Q with boundary d€2 and interior €2. For 1 =R", Q2 canbe R’} = {x eR"|x, 2 O};
we will denote (x1, ..., x,_1) by x". In the general manifold case, & is taken to be compact. For & € R",
we let (1 + |§|2)% = (&), and denote by [£] a positive C*°-function equal to |&| for |§] > 1 and > % for
all £. Restriction from R” to R (or from 2 to Q or 0L, respectively) is denoted by r*, extension by
zero from R to R" (or from © or 0L, respectively, to 1) is denoted by e*.

A pseudodifferential operator (yydo) P on R” is defined from a symbol p(x, £) on R"” x R" by

Pu = p(x, D)u=OP(p(x, §)u = (21) " / e p(x, B)ide =F L (p(x. ORE):  (I-1)

here, % is the Fourier transform (Fu)(§) =u(§) = fRn e~y (x) dx. The symbol p is assumed to be such
that for some r € R, 8}?8?1)()6, £)is O (&)1l for all o, B (defining the symbol class S{’O(R” x R™));
the symbol then has order r. The definition of P is carried over to manifolds by use of local coordinates.
We refer to textbooks such as [Hormander 1985; Taylor 1981; Grubb 2009] for the rules of calculus;
[Grubb 2009] moreover gives an account of the Boutet de Monvel calculus of pseudodifferential boundary
problems, see also, e.g., [Grubb 1996; Schrohe 2001]. When P is a ¥»do on R" or Q, Py = rt Pe*
denotes its truncation to R’ or €2, respectively.
Let 1 < p < oo (with 1/p’ =1—1/p), then we define for s € R the spaces

H,(R") ={ue (R | F((€)D) € L,(RY},
H3(RY) = {u € H)(R") | suppu C R}, (1-2)
H;(R’i) ={ued' R |u= r*U for some U € H;([R”)};

here, supp u denotes the support of u. For a compact subset Q of 2, the definition extends to define
H ;(S_Z) and H »(§2) by use of a finite system of local coordinates. We shall in the present paper moreover

work in the Triebel-Lizorkin and Besov spaces F [’, q and B;, . defined for s e R, 0 < p, g < oo (we take

p < oo in the F-case), and the derived spaces F [s, q and F ; ¢ ©tc. Here we refer to [Triebel 1995; Johnsen

1996] for basic definitions. ([Triebel 1995] writes F' instead of F, etc.; the present notation stems from
Hormander’s works.) For a Holder space C?, C*(€2) denotes the Holder functions on €2, supported in €.
B;,p is also denoted by B; when p < oo, and F;,"p = B‘[‘;’p, F;,z = H;, H; = B;.

We shall use the conventions | J,., H ;*5 = H;+0 and (,-¢ H*=H ;_0, applied in a similar way
for the other scales of spaces.

The results hold in particular for B, ,,-spaces. These are interesting because B, ,,(R") equals the
Holder space C*(R") when s € Ry \ N. (There are similar statements for derived spaces over R’ and €2.)

The spaces B, ,,(R") can be identified with the Holder—Zygmund spaces, often denoted €° (R") when
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s > 0. There is a nice account of these spaces in Section 8.6 of [Hérmander 1997], where they are denoted
by C:(R") for all s € R; we shall use that label below, for simplicity of notation:

By n=C; forallseR. (1-3)

For integer values of k£ one has, with C ’b‘ (R™) denoting the space of functions with bounded continuous
derivatives up to order k,

C}RM c M RY ¢ CE®RY) € CFOR™) when k e N,

(1-4)
CHR") C Loo(R™) C COUR™),

and similar statements for derived spaces.

A rdo P is called classical (or polyhomogeneous) when the symbol p has an asymptotic expansion
p(x, &)~ ZjeNo pj(x,&) with p; homogeneous in & of degree m — j for all j. Then P has order m.
One can even allow m to be complex; then p € SE%’" (R" x R™), and the operator and symbol are still
said to be of order m.

Here there is an additional definition: P satisfies the p-transmission condition (in short, is of type u)

for some € C when, in local coordinates,
Ao pj(x, —N) =™ "IVl b (x, N) (1-5)

for all x € 02, all j, , B, where N denotes the interior normal to d€2 at x. The implications of the
Q-transmission property were a main subject of [Grubb 2015a].

A special role in the theory is played by the order-reducing operators. There is a simple definition of
operators E/ on R":

B = OP(([£'1 £ i&,)")

(or with [£'] replaced by (£)); they preserve support in R”., respectively. Here the function ([£'] £i&,)*
does not satisfy all the estimates required for the class SR¢#(R" x R"), but the operators are useful for
some purposes. There is a more refined choice A (with symbol A (£)) that does satisfy all the estimates,
and there is a definition Ai’“ ) in the manifold situation. These operators define homeomorphisms for all

s € R such as o ) _

AP H(Q) = HYROH(@), ;
_ _ (1-6)
AV, H (@) = HSRM(Q);

here, A(_”)Jr is short for r+ A¥e™, suitably extended to large negative s (see Remark 1.1 and Theorem 1.3
in [Grubb 2015a]).
The following special spaces, introduced by Hormander, are particularly adapted to p-transmission
operators P:
HYO®RY) =B e HRMRY), s>Reu—1/p,
H'O(Q) = AT We HRM(Q), s>Rep—1/p, (1-7)
€u(Q) = e {u(x) =d(x)*v(x) | v e C® Q)
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namely, 7+ P (of order m) maps them into A% Re™(RY), HY 8" (Q) and C*(R) respectively (see
[Grubb 2015a] Sections 1.3, 2, 4), and they appear as domains of realizations of P in the elliptic case. In
the third line, Re > —1 (for other w, see [Grubb 2015a]) and d(x) is a C*°-function vanishing to order
1 at 92 and positive on €2, e.g., d(x) = dist(x, d2) near 2. One has that H/.f(s)(S_Z) D I-.I[S)(S_Z), and the
distributions are locally in H, on €2, but at the boundary they in general have a singular behavior. More
about that in the text below.

The order-reducing operators also operate in the Besov—Triebel-Lizorkin scales of spaces, satisfying
the relevant versions of (1-6), and the definitions in (1-7) extend.

2. Three basic problems for the fractional Laplacian

As a useful introduction, we start out by giving a detailed presentation of boundary problems for the basic
example of the fractional Laplacian.

Let P, = (—A)%, a > 0, and let 2 be a bounded open subset of R"” with a C°°-boundary 02 = X.
P,, acting as u — F~1(|&|**Q), is a pseudodifferential operator on R” of order 2a, and it is of type a and
has factorization index a relative to €2, as defined in [Grubb 2015a]. With terminology introduced by Hor-
mander in the notes [1965] and now exposed in [Grubb 2015a], we consider the following problems for P,:

(1) The homogeneous Dirichlet problem:

{r*Pau:I on 2, (2-1)
suppu C €2.

(2) A nonhomogeneous Dirichlet problem (with u less regular than in (2-1)):

rtPu=f on €,
suppu C 2, (2-2)
dx)'"u=¢ onX.

(3) A nonhomogeneous Neumann problem:

rtPu=f on £,

suppu C 2, (2-3)

(dx)'“u)=v% onX.
It is shown in [Grubb 2015a] that (2-1) and (2-2) have good solvability properties in suitable Sobolev
spaces and Holder spaces, and we shall include (2-3) in the study below. In the following, we derive
further properties of each of the three problems.

Remark 2.1. The theorems in Sections 2A and 2B below are also valid when (—A)“ is replaced by
a general a-transmission ¥do P of order 2a and with factorization index a, except that bijectivity is
replaced by the Fredholm property. They also hold when  is a compact subset of a manifold ;. The
results in Section 2C extend to such operators when they are principally like (—A)“.

In the Appendix of this paper we have included a treatment of (1 — A)“ on a half-space; it is a model
case where one can obtain the solvability results directly by Fourier transformation.
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2A. The homogeneous Dirichlet problem. From the point of view of functional analysis (as used for
example in [Frank and Geisinger 2014]), it is natural to define the Dirichlet realization P, p as the
Friedrichs extension of the symmetric operator P, in L,(2) acting like r P, with domain Coo ().
There is an associated sesquilinear form

Pao(u,v)=Qm)™" [ [EPGE)DE) dE,  u,v e CRRQ). (2-4)
Rl‘l
1
Since ([lull7, + [ 1€[*“|a|* d&)? is a norm equivalent with [[ul| ¢, the completion of C§°(£2) in this norm
isV = Hé‘ (Q), and p, o extends to a continuous nonnegative symmetric sesquilinear form on V. A
standard application of the Lax—Milgram lemma (e.g., as in [Grubb 2009, Chapter 12]) gives an operator
P, p that is selfadjoint nonnegative in L,(€2) and acts like r* P, : H2“ (Q—H 5 (), with domain

D(P,p) = {u e H{(Q) | r* Pou € Lry(Q)}. (2-5)

The operator has compact resolvent, and the spectrum is a nondecreasing sequence of nonnegative
eigenvalues going to infinity. As we shall document below, O is not an eigenvalue, so P, p in fact has a
positive lower bound and is invertible.

The results of [Grubb 2015a, Sections 4, 7] clarify the mapping properties and solvability properties
further: For 1 < p < oo, r™ P, maps continuously:

rt P, Hi®(Q) — H}7>(Q), whens >a—1/p; (2-6)
there is the regularity result
ue I-.Il‘j_]/”/Jro(S_Z), rtPu e HZ_Z“(Q) = uc HI‘)‘(S)(S_?), whens >a—1/p/, 2-7)

and the mapping (2-6) is Fredholm. (It is even bijective, as seen below.) As an application of the results
for s =2a, p =2, we have in particular that

D(Py,p) = Hy*(@) = AT Vet HY(Q); (2-8)
see also Example 7.2 in [Grubb 2015a]. We recall from [Grubb 2015a, Theorem 5.4] that

= H3(Q) whena—1/p' <s <a+1/p,

C H7(Q) whens =a+1/p,
Ce+d“H;_“(Q)+I-.I1‘§(§_Z) whens >a+1/p,s—a—1/p¢N,
Cetd“Hy Q)+ Hy () whens—a—1/peN.

Hy® () (2-9)

In [Grubb 2015a, Section 7], we used Sobolev embedding theorems to draw conclusions for Holder
spaces. Slightly sharper (often optimal) results can be obtained if we use an extension of the results of
[Grubb 2015a] to the general scales of Triebel-Lizorkin and Besov spaces F,, , and By, .. The extended
theory will be presented in detail below in Sections 3—4; for the moment we shall borrow some results to
give powerful statements for (—A)“, 0 < a < 1. We recall that the notation B, ., is simplified to Cj,
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and that C; equals C*® (the ordinary Holder space) for s € R4 \ N; see also (1-4). Moreover, as special
cases of Definition 3.1 and Theorem 3.4 below for p = g = o0,
CHO(Q) = ATMetCi R (Q) fors >Repu—1,

d(x)"etCI M Q)+ C5(Q)  whens>Reu, s—Rep ¢ N, (2-10)

C,u-(s) g_z C o . _
o () d(x)*etC; Re”(Q)—i—Ci*O(Q) when s > Reu, s —Reu € N.

Note also that the distributions in C**”(Q) are locally in C* on , by the ellipticity of AS:” ),
We focus in the following on the case 0 < a < 1, assumed in the rest of this chapter. Here we find the
following results, with conclusions formulated in ordinary Holder spaces:

Theorem 2.2. Let s > a — 1. Ifu € C¢~44(Q) for some ¢ > 0 (e.g., if u € et Loo(R)), and r* Pu
Ei_z“ (2), then u € Cf,f(s)(f_Z). The mapping r* P, defines a bijection
rt P, CYO(Q) — CL2(Q). (2-11)

In particular, for any f € Lo (S2), there exists a unique solution u of (2-1) in C:f(za); it satisfies

ue€etd(x)'C Q) NC*(Q), whena # 1,

= _ (2-12)
e (etd(x)7C(Q) +C @) NC AR C et d(x) CT 0@ N C'Q), whena = 1.
For f € Ct(S_2), t > 0, the solution satisfies
etd(x)*CT(Q) N CHT(Q) when a4+t and 2a +1t ¢ N,
u e (etdx)*Ct=%(Q) + C*H0(Q))NC*H(Q) whena+teN, (2-13)

(etd(x)*CH(Q) + C2H=0Q))NC¥H=9(Q)  when2a+1teN.
Also, the mappings in (2-6) are bijections fors >a —1/p’.

Proof. The first two statements are a special case of Theorem 3.2 below (see Example 3.3), except that we
have replaced the Fredholm property with bijectivity. According to [Ros-Oton and Serra 2014b, Proposi-
tion 1.1] a weak solution (a solution in HZ”(S_Z)) of the problem (2-1) with f € L, (2) satisfies ||u]c« <
C|lf|lL; in particular, it is unique. For f € H, “(), the Fredholm property of * P, from H, @(Q) =
H2“(5_2) to H 5 “(£2) is covered by [Grubb 2015a, Theorem 7.1] with s = a, p = 2. Moreover, the kernel '
is in €,4(Q) by Theorem 3.5 below. If the kernel were nonzero, there would exist nontrivial null-solutions
ueé,(Q), contradicting the uniqueness for f € L, (€2) mentioned above. Thus N'=0. Then the kernel of
the Dirichlet realization P, p in L,(€2) recalled above is likewise 0, and, since it is a selfadjoint operator
with compact resolvent, it must be bijective. So the cokernel in L,(2) is likewise 0. This shows the bijec-
tivity of (2-6) in the case s =2a, p =2. In view of Theorem 3.5 below, this bijectivity carries over to all the
other versions, including (2-6) for general s > a —1/p’, and the mapping (2-11) in C%-spaces for s > a— 1.

For (2-12) we use Theorem 3.4 (as recalled in (2-10)), noting that EZ(SZ) = C%Q), that Cf”(S_Z) =
C 24(Q) C d(x)“C*(R) when a # %, and that u € C?*(2) by interior regularity when a # %, with slightly
weaker statements when a = % The rest of the statements follow similarly by use of (2-10) with u =a
and the various information on the relation between the C;-spaces and standard Holder spaces. O



1656 GERD GRUBB

Ros-Oton and Serra [2014b] showed, under weaker smoothness hypotheses on €2, the inclusion
u € d*C%(Q) for any « with 0 < o < min{a, 1 — a}, and improved it in [Ros-Oton and Serra 2014a] to
o = a — ¢. They observe that « > a cannot be obtained, so @ = a, which we obtain in (2-12), is optimal.

We also have as shown in [Grubb 2015a, Theorem 4.4] that for functions u supported in & (see the
first inclusion in (2-7)),

rtPau e C¥(Q) = ue,(Q) ={u=etdx)v(x) |ve C®Q). (2-14)

It is worth emphasizing that the functions in €, have a nontrivially singular behavior at ¥ when a ¢ Np;
et C®(Q) and €,(Q) are very different spaces. The appearance of a factor d*0, where ug is the
factorization index, was observed in C°°-situations also in [Eskin 1981, p. 311] and in [Chkadua and
Duduchava 2001, Theorem 2.1].

The solution operator is denoted by R; its form as a composition of pseudodifferential factors was
given in [Grubb 2015a].

There is another point of view on the Dirichlet problem for P, that we shall also discuss. In a number
of papers (see, e.g., [Hoh and Jacob 1996; Felsinger et al. 2014] and their references), the Dirichlet
problem for P, (and other related operators) is formulated as

{PaU =f ingQ, o15)

U=g on (.

Although the main aim is to determine U on €2, the prescription of the values of U on (<2 is explained
as necessitated by the nonlocality of P,. As observed explicitly in [Hoh and Jacob 1996], the transmission
property of [Boutet de Monvel 1971] is not satisfied; hence that theory of boundary problems for
pseudodifferential operators is of no help. But now that we have the u-transmission calculus, it is worth
investigating what the methods can give.

The case g = 0 corresponds to the formulation (2-1). But also, in general, (2-15) can be reduced to
(2-1) when the spaces are suitably chosen. For (2-15), let f be given in H ;,_2“(9) (withs >a—1/p),
and let g be given in H* (CRQ); then we search for U in a Sobolev space over R".

Let G = {£g be an extension of g to H,(R"). Then u = U — G must satisfy

{r+Pau =f—-rtP,G inQ,

hl (2-16)
suppu C 2.

Here P,G € H) [ 24(R"), so f —rT P,G € H ().
According to our analysis of (2-1), there is a unique solution u = R(f —r* P,G) € H;(S)(S_Z) of (2-16).
Then (2-15) has the solution U =u+ G € H;,l(s) (QD+H 1‘7 (R™). Moreover, there is at most one solution to
(2-15) in this space, for if Uy = u + G| and U = uy + G, are two solutions, then v =u; —ur + G| — G»
is supported in €2, hence lies in ij(s)(S_Z) + H; (Q) = H3®(Q) and satisfies (2-1) with f = 0; hence it
must be 0.
This reduction allows a study of higher regularity of the solutions. The treatment in [Felsinger et al.

2014] seems primarily directed towards the regularity involved in variational formulations (p =2, s = a)
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where Vishik and Eskin’s results would be applicable; moreover, [Felsinger et al. 2014] allows a less
smooth boundary.
We have shown:

Theorem 2.3. Let s >a—1/p’, and let f € ﬁ;‘za(Q) and g € ﬁ; (BS_Z) be given. Then the problem
(2-15) has the unique solution U =u+ G € HS(S)(S_Z) + H; (R™), where G € H; (R™) is an extension of g
and

u=R(f—-r*P,G) e HI®(Q); (2-17)

here, R is the solution operator for (2-1).

Observe in particular that the solution is independent of the choice of an extension operator £ : g — G.
There is an immediate corollary for solutions in Holder spaces (as in [Grubb 2015a, Section 7]):

Corollary 2.4. Let p>n/a. For f e L,(2), g € Cc2a+0 (CQ) N 17?)“ (CS_Z), the solution of (2-15) according
to Theorem 2.3 satisfies

Ueetd Co"P(@)+ C* R NH R, (2-18)
if2a—n/p # 1. If 2a —n/ p equals 1, we need to add the space C'oQ).

Proof. The intersection with H ?f (BS_Z) serves as a bound at co. We extend g to a function G € C**+O(R");
then G € C2tO(R") N HI%“([R{”) (since C'™0 ¢ H! over bounded sets). Theorem 2.3 now gives the
existence of a solution U = u + G, where u € H,‘f( a)(S_Z). By [Grubb 2015a, Corollary 5.5] (see (2-9)
above), this is contained in d*C?~"/P () when 2a—n/p # 1 (a—1/p and a —n/ p are already noninteger).
If 2a— p/n =1, then we have to add the space C'~°(2), due to the embedding H;,Jr"/p(S_Z) cC%Q). O

Results for problems with f € L (£2) or Holder spaces were obtained in [Grubb 2015a] by letting
p — o0; here we shall obtain sharper results by applying the general method to the C;-scale. Repeating
the proof of Theorem 2.3 in this scale, we find:

Theorem 2.5. Lets > a— 1, and let f € C$7%(Q) and g € C3, (05_2) be given. Then the problem (2-15)
has the unique solution U =u+ G € Cf(‘v)(S_Z) + C3(R"), where G € C}(R") is an extension of g and

u=R(f—rtP,G) e C*Q); (2-19)
here, R is the solution operator for (2-1).

Let us spell this out in more detail for s = 2a and s = 2a + ¢ in terms of ordinary Holder spaces. In
Corollary 2.6(1), we take g to be compactly supported in (2; in (2) and (3), a very general term supported
away from Q is added (it can in particular lie in C f"*’ ). Recall from (1-4) that Lo, C C S .

Corollary 2.6. (1) For f € Lo(R), g € C24 (CR2), the solution of (2-15) according to Theorem 2.5

comp
satisfies

U eetdCYQ)NCH(Q)+C* (R, (2-20)

comp

with C?? replaced by C' =0 ifa = %, and the same for C*

comp*
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(2) Let X be any of the function spaces F ,(R") or B ,(R"), and denote by Xex the subset of elements
with support disjoint from Q. For f € Loo(R), g € C2%(CR2) + Xext, there exists a solution U of (2-15)
satisfying

U eetd"C(Q)NC*(Q) 4 CZ (R + X, (2-21)
with C?* replaced by C'=% ifa = %, and the same for Cczgmp.
B)For f e C'(R), g € ngnf; (EQ) + Xext, T > 0, the solution according to (2) satisfies
U € etd*C(Q)NCHH(Q) + CHHHRY) + Xexts (2-22)

comp

with C4*, C** and C ng;{é replaced by C4T'=0 2410 ypq C ngrf{é_o, respectively, when the exponents

hit an integer.

Proof. (1) That g € C2¢ (BQ) means that g is in C?¢ over the closed set 0Q and vanishes outside a

comp

large ball; it extends to a function G € C, 2 (R™). Since C2¢ (R") c C2¢ _ (R"), the construction in

comp comp comp, *
Theorem 2.5 gives a solution U = u + G, where u is as in (2-12).

(2) The function spaces are as described, for example, in [Johnsen 1996], with o € R, 0 < p, g < 00
(p < oo in the F-case), and irdo’s are well-defined in these spaces. We write ¢ = g + g2, where
81 € ngmp (EQ) and g, € Xex. The problem (2-15) with g replaced by g; has a solution u; 4+ G as in (1).
For the problem (2-15) with f replaced by 0 and g replaced by g, we take G, = g». Then P,G, is C*
on a neighborhood of  (by the pseudolocal property of pseudodifferential operators, see, e.g., [Grubb
2009, p. 177]), so the reduced problem has a solution u, € ¢, (), and the given problem then has the
solution u; + g».

The sum of the solutions u; + G| + us + g2 solves (2-15) and lies in the asserted space.

(3) This is shown in a similar way, using (2-13). U

Remark 2.7. Note that according to this corollary, the effect on the solution over © of an exterior
contribution to g supported at a distance from € is only a term in €, ().

2B. A nonhomogeneous Dirichlet problem. For the nonhomogeneous Dirichlet problem (2-2), the
crucial observation that leads to its solvability is that we can identify €,_ (R)/€4(2) with C®(%) by
use of the mapping

Ya10: = T@@dx)'u)|s =T(@pd'u). (2-23)

(The gamma-function is included for consistency in calculations of Fourier transformations and Taylor
expansions.) Namely, using normal and tangential coordinates x = y’+ y,7(y’) on a tubular neighborhood
Us={y +y.n(y) |y €Z, |yl <8} of & (where 71(y’) denotes the interior normal at y’), we have for
v e C®(Q) that

v(x) = v(y + yai) = vo(y') + yow(x) on UsNE,
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where vy € C*®(X) is the restriction of v to ¥ (also denoted yyv), and w is C* on Us N Q. Now, when

u € €,_1(Q) is written as u = e*T'(a) " 'd(x)* v with v € C*®(R) and d(x) taken as y, on Uy, then
u(x) =T(@) 'd@)* (y") + (@) ldx)wx) onUsNE, (2-24)

where I'(a) ~'d (x)?w is a function in €, (). Here, v, is determined uniquely from v and hence Va—1,0U
is determined uniquely from u, and the null-space of the mapping u + y,_1.ou is €,(2). See also
Section 5 of [Grubb 2015a]; there it is moreover shown that the mapping

Ya—1.0 : €a—1(R) — C°(T), with null-space €, (),
extends to a continuous surjective mapping
Var,0: HEVO(Q) — By “*/P(%), with null-space HS®(Q), fors >a—1/p'. (2-25)
Now since we have the bijectivity of »™ P, in (2-6), we can simply adjoin the mapping (2-25) and

conclude the bijectivity of

+ _ _ ’
(y 1130) FHETDO@) = H7Q) x By (D), (2-26)
a—l1,

This gives the unique solvability of the problem (2-2) in these spaces. There is an inverse
4 —1
(R K) == (r Pa) ’
Ya—1,0

where R is the inverse of (2-6) as introduced above and K is a mapping going from X to Q. (Further
details in [Grubb 2015a, Section 6].)
In Ci-spaces, we likewise have an extension of the mapping y,—1,0:

Yao1.0: CO™VO(Q) - ¢S7¢FI(x), with null-space C*)(Q), fors >a — 1. (2-27)

Then the result is as follows (as a special case of Theorem 3.2 below), with conclusions in Holder spaces:
Theorem 2.8. Let s > a — 1. The mapping {r* P,, yu_1.0} defines a bijection

It Pas Yao1,0): CETVOQ) — CI2(Q) x P (D). (2-28)

In particular, for any f € Loo(RQ), ¢ € CTI(X), there exists a unique solution u of (2-2) in
Cia_l)ea)(ﬁ); it satisfies

eTd(x)* I CHN Q) + C(Q)  whena # 1,
u T e W7o Mol e 1 (2-29)
eTd(x)T2C2(Q)+C' () whena = 3.
For f € CH(Q), ¢ € CTIH (), t > 0, the solution satisfies
etd(x)* 1 CotIH(Q) + C2H(Q) when a+t and2a +1t ¢ N,
ue etd(x)1Ct1H=0(Q) + C*¥=0(Q)  whena+teN, (2-30)

etd(x)* ' CotIH(Q) + CHH—0(Q) when 2a +t € N.
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Proof. The bijectivity holds in view of the bijectivity in Theorem 2.2, and (2-27). The implications
(2-29) and (2-30) follow from (2-10) with u© = a — 1, together with the embedding properties recalled in
Section 1. Note that since a + 1 > 2a, there is no need to mention an intersection with C2¢+)(Q). O

This gives a sharpening of Theorem 7.4 in [Grubb 2015a]. We moreover recall that as shown in [Grubb
20154, Theorem 7.1], for functions u € HY ™" (Q) for some s, p with s >a —1/p/,

feC®Q), peC®(X) < ucé,_1(Q). (2-31)

Also for the nonhomogeneous Dirichlet problem, there exist formulations where the support condition
on u is replaced by a prescription of its value on 2. Abatangelo [2013] considers problems of the type

r*P,U=f onQ,
U=g on (2, (2-32)
Ya—10U =¢ on X.

(The boundary condition in [Abatangelo 2013] takes the form of the third line when €2 is a ball, but is
described in a more general way for other domains.)
For (2-32), let f, g, ¢ be given, with

{f. 8. 0} € H2(Q) x H,(CQ) x By “TV/7(),  withs>a—1/p'. (2-33)

Then we search for a solution U in a Sobolev space over R" that allows definition of y,_ oU.

We want to take as G an extension of g to HIS,(IR”). If s > n/p, such that H;([R{") c CORM), we
have that y,_10: G — I'(a)y(d(x)'~%G) is well-defined and gives O for G € H[“,'([R") (since a < 1).
If s < 1/p, we can take G as the extension by 0 on 2 (since ﬁ‘;, (CS_Z) is identified with H[SJ (CQ) when
—1/p' <s < 1/p). If 1/p <s <n/p, we can also use the extension by 0 and note that the boundary
value from €2 is zero, but G is only in H,E/p_o([R”). Now U; = U — G must satisfy

r*PU =f—r"P,G inQ,
supp Uy C Q, (2-34)
Ya—1,0U1 = ¢.

We continue the analysis for s ¢ [1/p, n/ p]; when s > 0, this can be achieved by taking p sufficiently large.
Since P,G € H ;_lgca RY, f—rtP,Ge H ;,_2“ (€2). In this way, we have reduced the problem to the
form (2-3), where we have the solution operator (R K ) see (2-26) and the following. This implies that

(2-32) has the solution
U=R(f—r"P,G)+Ko+G e HiQ) + H" VO (Q) + Hy(R"). (2-35)

It is unique, since zero data give a zero solution (as we know from (2-15) in the case ¢ = 0). Recall that
HEO(Q) c H Y (@),
This shows the first part of the following theorem:
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Theorem 2.9. (1) Let s > a — 1/p’ (if s > 0 assume moreover that s ¢ [1/p,n/p)), and let f, g, ¢ be
given as in (2-33). Let G € H;,([R{”) be an extension of g (by zero if s < 1/p).
The problem (2-32) has the unique solution (2-35) in Hy'™ " (Q) + Hj(R™).

) Lets >a—1,s #0, and let f, g, ¢ be given, with
{f. 8. 9} € C2(Q) x C3(CQ) x C:H(2). (2-36)

Let G € C(R") be an extension of g (by zero if s < 0).
The problem (2-32) has the unique solution

U=R(f—r"P,G)+Kgo+G e CUO VQ)+ C5RM). (2-37)

Proof. (1) was shown above, and (2) is shown in an analogous way:

For s > 0, the extension G has boundary value y,_1,0G = I'(a)yy(d 1=¢G) = 0 since G is continuous
and 1 —a > 0, and for s < O the boundary value from 2 is 0, since G is extended by zero (using the
identification of C* (ES_Z) with C; (EQ) when —1 < s < 0). We then apply Theorem 2.8 tou =U — G. [

This reduction allows a study of higher regularity of the solutions. The treatment in [Abatangelo 2013]
seems primarily directed towards solutions for not very smooth data. The boundary of 2 is only assumed
C!! there.

Remark 2.10. When s > a +n/p, we note that since Hy ™ (Q) C e*d(x)*C(Q) c CO(R") (see (2-9)
or [Grubb 2015a, Corollary 5.5]), the solution (2-35) is the sum of a continuous function and a term
Kpe H [(,a_l)(s)(f_Z) that stems solely from the boundary value ¢. To further describe K ¢, consider a
localized situation, where €2 is replaced by R” , d(x) is replaced by x,, and P, is carried over to a similar
operator P (of type and factorization index a). As shown in the proof of [Grubb 2015a, Theorem 6.5],
the solution K¢ (in a parametrix sense) of

rtPu=0in RL, Va—10u=¢atx,=0,
is of the form K¢ = z + w, where

+

2=Ka100 = BV T Kop = eTeam 127 Koo, w=—RrtPze H*“®RY) c C'R");

here Ky is the standard Poisson operator sending ¢ € B;_“H/ P /([R”_l) into
Kop =F; | (@EVEN+iE) ™) =F L L(@E)e 1) e Hy TR,
with Y9 Kop = ¢ (see also Corollary 5.3 and the proof of Theorem 5.4 in [Grubb 2015a]). Then
7= e+ca,1x,‘;_1Kog0 c e+x;‘_1ﬁ;_“+1(R’jr) - e+x,f_1C“'_“+l_”/p(@1),

with Ko¢ # 0 at {x, = 0} when ¢ # 0. For higher s, the factor Kop lies in higher-order Sobolev and
Holder spaces, but is always nontrivial at {x, = 0} when ¢ # 0.
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When this is carried back to the manifold situation, we have that U is the sum of a term in C*(R")
and a term etd(x)* v, v e ﬁ;;““(ﬁ), where v is nonzero at dQ when ¢ # 0. Since a < 1, this term
blows up at the boundary.

Hence the solutions are “large” at the boundary in this precise sense, consisting of a continuous function
plus a term containing the factor d(x)*~! nontrivially. See also (2-31).

It is a theme of [Abatangelo 2013] that there exist “large” solutions of the nonhomogeneous Dirichlet
problem; we here see that this is not an exception but a rule of the setup, provided naturally by the part of
the solution mapping going from X to Q.

Theorem 2.9(1) gives the following result in Holder spaces when f € L,(2) = H g ().

Corollary 2.11. Let p > n/a. For f € L,(Q), g € C**(CQ)NH2(CQ) and ¢ € CoHUPHO(S), the
solution U of (2-32) according to Theorem 2.8 satisfies

U € etd® ' coH1=1/P(Q) + G2/ (Q) + C2HO R N H[%a(Rn), (2-38)
with C*~"/? replaced by C'~° if2a —n/p = 1.
Proof. Note that 2a > n/p. We extend g as in Corollary 2.4 to a function G € C***O(R")N H I%“ (R,
and note that ¢ € C““/”/JFO(Z) C BZH/”/(E). Theorem 2.9(1) shows that there is a (unique) solution
U=u+ K¢+ G with

utKge nga—l)(za)(g—z) C etda=1 ot (Q) + C2NIP(Q)
(one may consult [Grubb 2015a, (7.15)]), with the mentioned modification if 2a —n/p is integer. O
For f € Loo(R) or C'(2), we get the sharpest results by applying the statement for C$-spaces:

Corollary 2.12. (1) For f € Loo(Q), g € C2,,(CR) and ¢ € C*TI (), the solution of (2-32) satisfies

comp

Ueetd'ct Q)+ Cc2 (RY), (2-39)

comp

i (2 1-0 ¢, _ 1
with CZ%  replaced by C, ifa=3.

comp comp
(2) Let X be any of the function spaces Fg’ q (R™) or B; q (R™), and denote by Xex; the subset of elements
with support disjoint from Q. For f € Loo(R2), g € ngmp (UQ) + Xex and ¢ € CTI(X), there exists a
solution of (2-32) satisfying

Ueetd 'cN(Q) +C%  (R") + Xex, (2-40)

comp

2 1-0 ¢ _ 1
with CZ2  replaced by C, ifa=5.

comp comp
(3) For feC'(Q), g€ ngg; (CQ) + Xext and ¢ € CHTIH(E), the solution according to (2) satisfies

U cetd ' cot M (Q) + CHH (R + Xexs,

comp

with C*T1* and Ctt replaced by C*'*'=0 and CZ41=0, respectively, when the exponents hit an

integer.

Proof. We apply Theorem 2.9(2) in essentially the same way as in Corollary 2.6; details can be omitted. [
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2C. A nonhomogeneous Neumann problem. The Neumann boundary value defined in connection with
(—A)*is
Ya—t.1 =T (@+ Dy (8, (d () ™)) (2-41)

it is proportional to the second coefficient in the Taylor expansion of d'~%u in the normal variable at the
boundary (like ypw when w is as in (2-24)).
We here have, by use of Theorem 4.3 below:

Theorem 2.13. The mapping {r* P,, y,—1.1} defines a Fredholm operator
Ut Py Yaor0) : HYVO@) — H724(Q) x By “7VP(3), (2-42)
fors >a+1/p.

Proof. The continuity of the mapping (2-42) follows from [Grubb 2015a, Theorem 5.1] with u =a — 1,
M = 2. The Fredholm property follows from Theorem 4.3 below in a special case (see (3-2)) by piecing
together a parametrix from the parametrix construction in local coordinates given there. We use that the
parametrix exists since P, in local coordinates has principal symbol |&|. O

There is a similar version in Ci-spaces, with consequences for Holder estimates:

Theorem 2.14. Let s > a. The mapping {r* P,, Ya—1.1} defines a Fredholm operator
(¥ Py vae11) 1 CETVO @) — C(Q) x C7U(D). (2-43)

In particular, for {f, v} € Loo(R2) X C*(X) subject to a certain finite set of linear constraints there
exists a solution u of (2-3) in Cia_l)(za) (Q); it is unique modulo a finite dimensional linear subspace
N C €,—1(RQ) and satisfies

{e+d(x)“_lC“+l (@) +C?(Q) whena # 1, (-44)
etd(x)TICH@) +CI0Q)  whena=1.
For f € CH(Q), ¥ € C*T(X), t > 0, the solution satisfies
etd(x)4~1Cot 1+ (Q) 4+ C2H (Q) when a4+t and 2a +1t ¢ N,
ue etdx)1catH=0(Q) + C2+-0(Q) whena+t €N, (2-45)

etd(x)* 1 CatIH (Q) + CHH 0 when 2a +1t € N.

Proof. The first statement is the analogue of Theorem 2.13, now derived from Theorem 4.3, for p = g = cc.
In the next, detailed statements we formulate the Fredholm property explicitly, using also Theorem 3.5
on the smoothness of the kernel. Here the inclusions (2-44) and (2-45) follow from the description (2-10)
of C*"V)(Q) as in the proof of Theorem 2.8. O

Also in the Neumann case, one can formulate versions of the theorems with u prescribed on R" \ €2,
and show their equivalence with the set-up for u supported in ; we think this is sufficiently exemplified
by the treatment of the Dirichlet condition above that we can leave details to the interested reader.
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3. Boundary problems in general spaces

One of the conclusions in [Grubb 2015a] of the study of the {ydo P of order m € C, with factorization
index and type uo € C, was that it could be linked, by the help of the special order-reducing operators
A(i“ ) to an operator

Q — A(_I/«O—m)PAS_—MO) (3_1)

of order 0 and with factorization index and type 0, which could be treated by the help of the calculus of
Boutet de Monvel on H-spaces, as accounted for in [Grubb 1990]. Results for P and its boundary value
problems could then be deduced from those for Q in the case of a homogeneous boundary condition. With a
natural definition of boundary operators y,, x, nonhomogeneous boundary conditions could also be treated.
In particular, we found the structure of parametrices of r* P, with homogeneous or nonhomogeneous
Dirichlet-type conditions, as compositions of operators belonging to the Boutet de Monvel calculus with
the special order-reducing operators; see Theorems 4.4, 6.1 and 6.5 of [Grubb 2015a].

The results of [Grubb 1990] have been extended to the much more general families of spaces F), ,
(Triebel-Lizorkin spaces) and By, , (Besov spaces) by Johnsen [1996]. He shows that elliptic systems on
a compact manifold with a smooth boundary, belonging to the Boutet de Monvel calculus, have Fredholm
solvability also in these more general spaces, with C* kernels and range complements (cokernels) indepen-
dent of s, p, g. Here 0 < p, g < oc is allowed for the Bj, ,-spaces, and the same goes for the F, -spaces,
except that p is taken < oo (to avoid long explanations of exceptional cases). The parameter s is taken > s,
for a suitable sg depending on p and the order and class of the involved operators. We refer to [Johnsen
1996] (or to Triebel’s books) for detailed descriptions of the spaces, recalling just that for 1 < p < oo,

Fy,=B5,=H,, L>-Sobolev spaces,
;’2 = H,, Bessel-potential spaces, (3-2)
K _ DS

B, ,=B,, Besov spaces.

Here the Bessel-potential spaces H ; are also called W; (or W*P) for s € Ny, and the Besov spaces B; are
also called W;,' (or W*¥P) for s € Ry \ N, under the common name Sobolev—Slobodetskii spaces. Recall
moreover that F[S,’I7 = B;’p for 0 < p < oo (also denoted B;).

We return to the general situation of Q2 smoothly embedded in a Riemannian manifold 2, with
@’jr C R" used in localizations. Hérmander’s notation F , F and B, B will be used for the general scales,
in the same way as for H?; see (1-2) and the following.

In the present paper, we shall in particular be interested in the case of the scale of spaces B, ,, = C;
(see the text around (1-3)), which gives a shortcut to sharp results on solvability in Holder spaces.

Since we are mostly interested in results for large p, we shall assume p > 1, which simplifies the
quotations from [Johnsen 1996]; namely, the condition s > max{1/p—1, n/p—n} simplifiestos > 1/p—1,
since 1/p—1>n/p—n when p > 1. (In situations where p < 1 would be needed, e.g., in bootstrap
regularity arguments, one can supply the presentation here with the appropriate results from [Johnsen
1996].) The usual notation 1/p’ =1 —1/p is understood as 0 or 1 when p = 1 or oo, respectively. We
assume p < oo in B-cases, p < oo in F-cases, and take 0 < g < oo.
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The scales F, , and By, | have analogous roles in definitions over Q, but the trace mappings on them
are slightly different: when s > 1/p,

v i F (@) — By /P(3Q) and y: B, () — B} /P (09), (3-3)

continuously and surjectively. (One could also write F,, , instead of B), ,; in [Johnsen 1996], both

cases occur.)
To reduce repetitive formulations, we shall introduce the common notation

£ : S S
Xp’q stands for either Fp’q or Bp’q, as necessary, (3-4)

with the same choice in each place if the notation appears several times in the same calculation. Formulas
involving boundary operators will be given explicitly in the two different cases resulting from (3-3).
In addition to the mapping and Fredholm properties established for Boutet de Monvel systems in
[Johnsen 1996], we need the following generalizations of (1-6) (as in [Grubb 2015a, (1.11)—-(1.20)]):
24 and A : X5, (R}) = X3 RH“([RY), with inverses 8 ;" and AJ",
g Land A” X5 (RY) => X5 XH(RY), with inverses 8" and AZ",
A(M) . XS (Q) o~ Xs RB,U.(Q)
A(IL) XS (Q) o~ XS RGM(Q)

(3-5)

valid for all s € R. The cases with integer u are covered by [Johnsen 1996] as a direct extension of the
presentation in [Grubb 1990]; the cases of more general u likewise extend, since the support-preserving
properties extend.

We can then define (analogously to the definitions and observations in [Grubb 2015a, Sections 1.2, 1.3]):

Definition 3.1. Lets > Reu —1/p’.

(1) A distribution won R" is in X%& (®" ) if and only if Eu € X, 4/ ” TO@R™) and rT B u € X5 M (RY).
In fact, r T2 maps xh (S)([R” ) bijectively onto X', X Re“ (RY), w1th inverse Ejr” e+, and

X“(S)([RR )=E[ et X0 Re“([R ), (3-6)

with the inherited norm. Here A;“ can equivalently be used.

(2) A distribution u# on €21 is in X“( )(Q) if and only if A(“)u € X Up +O(Q) and r+A(”)u € )_(;TqRe”(Q).
In fact, r+A(“) maps X“(S)(Q) bijectively onto XS Re”(Q), with inverse ASr Mo+ and

XEO(Q) = AT et XY Ren(q), (3-7)
with the inherited norm.

The distributions in X/, (;)([R{”) and X% (S)(Q) are locally in X ~ over R’ and €2, respectively, by
interior regularity.
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By use of the mapping properties of the standard trace operators y; described in [Johnsen 1996], and use
of (3-5) above, the trace operators g, » introduced in [Grubb 2015a, Section 5] extend to the general spaces

_ R
FAD(@) = [Toejom Bops" 77 (00),

_ - e (3_8)
By (@) = Tloejon Big s 77 (09,

Ou,M = {yM,Oa Yo oo os Yu,M—17 -

for s > Re u + M — 1/p’; they are surjective with kernels F;f‘quM)(s)(f_Z) and Bé‘f;M)(s)(S_Z).

We can now formulate some important results from [Grubb 2015a] in these scales of spaces. Recall
that when P is of type u, it is also of type u' for u — u’ € Z.
Theorem 3.2. (1) Let the ¥do P on Q21 be of order m € C and of type € C relative to the boundary of
the smooth compact subset Q C Q. Then whens > Reu—1/p’, r* P maps X 5;7(;)(5_2) continuously into
XS—Re m (Q)

P :
(2) Assume in addition that P is elliptic and has factorization index g, where . — o € Z. Let s >
Repo—1/p. Ifu e X;’q(f_Z)for some o >Reug—1/p’ andr™ Pu € Y;T}S’"(Q), thenu € Xﬁ,oq(s)(S_Z).
The mapping r* P defines a Fredholm operator

+p. virols) o ys—Rem
rrP X0 () = X0 (). (3-9)
Moreover, {r* P, y,,—1,0} defines a Fredholm operator

F,Sf?_l)(s)(f_l) N F;:TqRem(Q) « B;TpRequrl—l/P(aQ)’

ey — ! - (3-10)
By~ V(@) — Bl Rem(q) x By P (3.

{r*P, Yup—1,0}: {
(3) Let P be as in (2), and let u' = po — M for a positive integer M. Then when s > Re g — 1/p’,
{r™ P, 0,.m} defines a Fredholm operator

') )= e —Rep/'—j—1
FYa (@) — FRem@) x [Tozjen Byp " 777 (092),

W) 5 ns—Rem s—Reu'—j—1/p (3-11)
By, () — By () x H0§j<M By 4 (092).

{r+Pv Q#’,M} : [
Proof. (1) This is the extension of [Grubb 2015a, Theorem 4.2] to the general spaces. We recall that
the proof consist of a reduction of the study of »* P to the consideration of Q. (with Q as in (3-1) for
W = o) of type 0; this works well in the present spaces.

(2)—(3). Here, (3-9) is obtained by a generalization of [Grubb 2015a, Theorem 4.4] and its proof to the
current spaces. Now (3-11) is obtained as in [Grubb 2015a, Theorem 6.1] by adjoining the mapping (3-8)
(with u = ') to r™ P. Here (3-10) is the special case M = 1, as in [Grubb 2015a, Corollary 6.2] O

The parametrices R and (R K ) described by formulas in [Grubb 2015a, Theorems 4.4, 6.5] also work
in the present spaces.

Example 3.3. As an example, we have for the choice X = B, p =g =00, i.e., X}, , = B, ., = Cj, that
Theorem 3.2(2) shows the following:

Let P be elliptic of order m and of type o, with factorization index g, and let s > Re g — 1. If
u € C7(Q) for some o > Re pg — 1 and r™Pu € C57Rem(Q), then u € C°“)(Q). The mapping r* P



n-TRANSMISSION AND FRACTIONAL ELLIPTIC PSEUDODIFFERENTIAL OPERATORS 1667

defines a Fredholm operator

rt P Ch(Q) —» CSTRem(Q). (3-12)
Moreover, {r™ P, Yio—1,0} defines a Fredholm operator
{r* P yue—1.0} : CH7 V(@) — CyRe™(Q) x 7R (3Q). (3-13)

For Re ;u > —1/p’, the spaces X/, (S)(IR ) and X (S)(Q) are further described by the following general-
ization of [Grubb 2015a, Theorem 5.4]:

Theorem 3.4. One has forReu > —1,s >Reu—1/p’, with M € N:
JRY ifs—Repel-1/p' 1/pl,
X‘,O(R ) ifs—Reu=1/p,

SR ifs—RepeM+]1-1/p', 1/pl,
XS O(IR ) ifs—Repu=M+1/p.

XM(S)(R ){
(3-14)
X“(A)(R”) Ce x“Xé ReH(R )+{

The inclusions (3-14) also hold in the manifold situation, with R’ replaced by Q2 and x, replaced
by d(x).

Proof. The first statement in (3-14) follows since e*Xf (IR ) = ([Ri ) for —1/p’ <t < 1/p; see
[Johnsen 1996, (2.51)—(2.52)].

For the second statement we use the representation of u# as in [Grubb 2015a, (5.13)—(5.14)], in the
same way as in the proof of Theorem 5.4 there. The crucial fact is that the Poisson operator Ky maps
Yuou € By VP @1y and By SMTVP (R into Fy (R and B, (R), respectively
(by [Johnsen 1996]), defining a term

vo=e" K, oyuou=cue xKoyou €e x“Xs Re“([R{ ),

with similar descriptions of terms e* K, jy,, ju for j up to M — 1, such that u by subtraction of these
terms gives a term in X ([R ) (with s replaced by s — 0 if s — Re u — 1/p hits an integer). 0

Moreover, it is important to observe the following invariance property of kernels and cokernels (typical
in elliptic theory):

Theorem 3.5. For the Fredholm operators considered in Theorem 3.2, the kernel is a finite-dimensional
subspace N of € M(K_Z), independent of the choice of s, p,q and F or B.

There is a finite-dimensional range complement M. C C*®(Q) for (3-9), and M; C C®(R2) x C® Q)M
for (3-10)—(3-11), that is independent of the choice of s, p, q, F, B.

Proof. This follows from the similar statement for operators in the Boutet de Monvel calculus in [Johnsen
1996, Section 5.1] when we apply the mappings A(“ ) etc., in the reduction of the homogeneous Dirichlet
problem to a problem in the Boutet de Monvel calculus. O
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4. More general boundary conditions
In Theorem 3.2, we obtain the Fredholm solvability of Dirichlet-type problems defined by operators

F[()Mq—l)(s)(s_z) N stRem(Q) % BS*RCM+1/P/(8Q)’

4-1)
B(M 1)(5)(9)_> Bv Rem(Q) x BS Re;H—l/p OQ),

{r"P,yu-10}: {
fors > Reu —1/p’, where P is elliptic of order m, is of type u, and has factorization index p (called 1
there). In Theorem 6.5 of [Grubb 2015a] we constructed a parametrix in local coordinates, which in the
Besov-Triebel-Lizorkin scales maps as

Fs Rem(R )XBY Reu+1/p’ (R~ 1)_> F[gﬂq 1)(S)(R ),

(4-2)
BA Rem(R ) x S Reu-‘,—l/p (R 1)_) B;}lfq 1)(S)(R+),

(ko 2):{

where Rp = A" e™ Q:A’fjf and Kp = Er“eJrK’ or Ar“eJrK”. Here Q is a parametrix of Q.
(where Q is recalled in (3-1)), and K’ and K" are Poisson operators in the Boutet de Monvel calculus of
order 0.

4A. Boundary operators of type yoB. We shall now describe a general way to let other boundary
operators enter in lieu of y,,_ 0. The point is to reduce the problem to a problem in the Boutet de Monvel
calculus (with yrdo’s of type 0 and integer order). We can assume that the family of auxiliary operators
A is chosen such that (A'?)~1 = A[?.

Theorem 4.1. Let P be elliptic of order m € C on 21, having type | and factorization index u with
respect to the smooth compact subset Q. Let B be a yrdo of order mo + p and of type ., with mq integer.
Consider the mapping

FYSV9O @) — F3Rem@) x gy o Rentl/r (g

{r*P,yor*B):y 7 (4-3)
Bélj- 1)(5)(9) N Bs Rem(Q) B~ mo Reu+1/p’ (09Q),
for s > Re u + max{mg, 0} — 1/p’.
(1) Foru € X;’gl)(s)([l% ), the problem
rTPu=fon Q, yortBu=1vy on dQ, (4-4)
can be reduced to an equivalent problem
Plw=gon Q, yB w=1yondQ, 4-5)
where w = r+ASf—1)u € )_(fr,,_qRe“H (Q),g= A(“ m)f € Xs Re’L(Q), and where
P =A"""pAl™, B =BA{Y (4-6)

are Yrdo’s of order 1 and my + 1, respectively, and type 0.
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(2) The problem (4-4) is Fredholm solvable for s > Re u + max{my, 0} — 1/p’ if and only if the problem
(4-5) is Fredholm solvable, as a mapping
FiAl(Q) — F', () x By, oY (aQ),

{PL,v0B}:
+ BH_](Q)—) Bt (Q) t m0+1/l7 (09),

(4-7)

for t > max{mg, 0} —1/p’.

(3) The operator in (4-7) belongs to the Boutet de Monvel calculus; therefore Fredholm solvability holds if
and only if (in addition to the invertibility of the interior symbol) the boundary symbol operator is bijective
at each (x', &") € T*(3Q) \ 0. This can also be formulated as the unique solvability of the model problem
for (4-4) at each x' € 32, &' £ 0.

(4) In the transition between (4-4) and (4-5), (RQg K }3) is a parametrix for (4-5) if and only if
(Rp Kp) = (Aﬁ‘“)ﬁRgA(_’f;m) Aﬁ‘“)eﬂqg) (4-8)
is a parametrix for (4-4).

Proof. The mapping (4-3) is well-defined, since 7 B : X E,’L q D) (Q—X ;,TqmofRe“ (2) by Theorem 3.2(1),
and yp acts as in (3-3).

(1) Let us go through the transition between (4-4) and (4-5), as already laid out in the formulation of the

theorem.
We have from Definition 3.1 that u € X(“_l)(s)(S_Z) if and only if w = r+A(“_1)u € )_(S_RCMH(Q);
here u = A(l Wetw. Moreover, since A(Q) (Q) = Xt ReQ(Q) forall pand ¢, f € X“ Re’”(Q)

if and only if g = A(“ ™) feXp, X5 Re” (2). Hence the first equation in (4-4) carries over to

A(_’fjrm)rJrPAﬂ_“)eer =g.

Here A(_’fjrm)rJrPASrl_“)e*w can be simplified to r+ A"~ PA!™etw = P w, as accounted for in
the proof of Theorem 4.4 in [Grubb 2015a] in a similar situation. The boundary condition in (4-4) carries
over to that in (4-5) since B/ w = r+BA$_“)e+w =rTBu.

The order and type of the operators is clear from the definitions.

(2) Since the transition takes place by use of bijections, the Fredholm property carries over between the
two situations.

(3) The model problem is the problem defined from the principal symbols of the involved operators at
a boundary point x’, in a local coordinate system where 2 is replaced by R’, and the operator is applied
only in the x,-direction for fixed &’ # 0. The hereby-defined operator on R, is called the boundary
symbol operator in the Boutet de Monvel calculus. The first statement in (3) is just a reference to facts
from the Boutet de Monvel calculus. The second statement follows immediately when the transition is
applied on the principal symbol level.
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(4) Finally, when w = Rj;g + K/, we have

u=AL"Metw =AUt (Ryg + Kpy) = AL RpAY " f+ A et Ky,
showing the last statement. U

The search for a parametrix here requires the analysis of model problems in Sobolev-type spaces
over R;. It can be an advantage to reduce this question to the boundary, where it suffices to investigate
the ellipticity of a y¥rdo (i.e., invertibility of its principal symbol), as in classical treatments of differential
and pseudodifferential problems.

Theorem 4.2. Consider the problem (4-3)—(4-4) in Theorem 4.1, and its transformed version (4-5).

(1) The nonhomogeneous Dirichlet system for P’, { P\, yo}, is elliptic, and has a parametrix for s > 1/ p:

rs—1 s—1/p s
(R ) {0 T )
P.q P4 p.g e
(2) Define
Sy =B K}, (4-10)

a ydo on 32 of order mg. Then (4-3) defines a Fredholm operator if and only if Sy is elliptic. When this
is so, if §;3 denotes a parametrix, then {r* P, yor ™ B} has the parametrix (R g K B), where

Rp =AU =K SynBORpAYT™,  Kp=AL"K)S,. (4-11)
Proof. We begin by discussing the solvability of the type O problem (4-5) with B = I. Set Q| =

AP PAYTM AT it is very similar to the operator Q = A% PAT™ used in [Grubb 2015a,
Theorems 4.2 and 4.4] being of order 0, type 0 and having factorization index 0. Then we can write

P'=0iAY, P=r"0iAVet =rtretrtalet = 0y A, (4-12)

where we used that r_AS:)eJr is O on )_(';,q(Q) fors > 1/p.

The operator AS:) defines an elliptic (bijective) system for s > 1/p,

- ~. Ds— -1
F3 (Q) = F;’ql(Q) X B;,p/"(asz),

_ _ 4-13)
. ~ s— -1/ (
B3, () => B 1(Q) x By, " (39).

1
NS E {
This is shown in [Grubb 1990, Theorem 5.1] for ¢ = 2 in the F-case, and extends to the Besov—Triebel—-
Lizorkin spaces by the results of [Johnsen 1996]. Composition with the operator O 4 preserves this
ellipticity, so { P, yo} forms an elliptic system with regards to the mapping property

FS () — 371 (Q) x B, /" (0,

_ _ ! (4-14)
B}, () — BS () x B, " (99),

{PL,vo}: {
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for s > 1/p. Hence there is a parametrix
(Rp Kp)

of this Dirichlet problem, continuous in the opposite direction of (4-14). This shows (1).

Next, we can discuss the general problem (4-5) by the help of this special problem; such a discussion
is standard within the Boutet de Monvel calculus. Define S by (4-10), it is a ydo on 92 of order m( by
the rules of calculus. If it is elliptic, it has a parametrix, which we denote §j3.

On the principal symbol level, the discussion takes place for exact operators; here we denote principal
symbols of the involved operators P, B, K}, etc., by p’, b’, k', etc. To solve the model problem (at a
point (x’, &) with & #0), with g € Ly(R,), ¥ € C,

Py &, Dyw(xy) = g(xy) on Ry, b (x', &', Dy)w(x,) = at x, =0, (4-15)
let z = w — r,g; then z should satisfy
piz=0, yblz=v—yb,rpg=¢. (4-16)
Assuming that z satisfies the first equation, set
Y0z = ¢; then z =k,

as the solution of the semihomogeneous Dirichlet problem for p’,. To adapt z to the second part of (4.16),
we require that ypb/, z = ¢; here
vob'yz = yob/ ko = s,
when we define s} by (4-10) on the principal symbol level; it is just a complex number depending on
(x’, &). The equation
Spp=1¢ (4-17)
is uniquely solvable precisely when s % 0. In that case, (4-17) is solved uniquely by ¢ = (sjg)_lg“ .

With this choice of ¢, z =k}, ¢ is the unique solution of (4-16), and w = r},g + z is the unique solution
of (4-15). The formula in complete detail is

w=rpg+kp(sp) ¢ =T —kp(sp) b )rpg +kp(sp) . (4-18)

Expressed for the full operators, this shows that the problem (4-5) is elliptic precisely when the yrdo
S’ is so.

For the full operators, a similar construction can be carried out in a parametrix sense, but it is perhaps
simpler to test directly by compositions that the operator

(Ry Kp) = (1= KpSpnBOR), KySy). (@-19)
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defined in analogy with (4-18), is a parametrix for {P,, yoB/ }: since R, P, + K ,yo = I + % and
SyvoB.Kp = S,S, = I+, with operators % and & of order —oo, we have

P! ~ -
(Ry K5) (13 ) = = KnSymBORLPL+ KpSyms,
+
= (I — KpSpyoB)(1+R — Kpyo) + K Sp1oB.,
== KpSpnBy — Kpyo+ KpSproBL Kpyo+ KpSpyoBl + R
=1 +%,, (4-20)

with operators R and R, of order —oo. The composition in the opposite order is similarly checked.
All this takes place in the Boutet de Monvel calculus. For our original problem we now find the
parametrix as in (4-11), by the transition described in Theorem 4.1. O

The order assumption on B was made for the sake of arriving at operators to which the Boutet de
Monvel calculus applies. We think that m( could be allowed to be noninteger, with some more effort,
drawing on results from [Grubb and Hormander 1990].

The treatment can be extended to problems with vector-valued boundary conditions yor* B, where we
also involve g, » for M > 1; see (3-8).

4B. The Neumann boundary operator y,,—1,1. For ease of comparison to [Grubb 2015a], we denote
the © used above by g here.

The boundary conditions with B of noninteger order mg + o are generally nonlocal, since B is so.
But there do exist local boundary conditions too. For example, the Dirichlet-type operator y,,,—1,0 is local;
see (2-23). So are the systems (see (3-8)) 0,o—m,m = {Vig—M,05 - - - » Vuo—m,M—1}, Which also define
Fredholm operators together with r+ P; see Theorem 3.2(3). Note that {r* P, Ouo—M, M} Operates on a
larger space X;,’f,‘}_M)(S)(S_Z) than X(p’fqo_l)(s)(S_Z) when M > 1.

What we shall show now is that one can impose a higher-order local boundary condition defined on
X ;,“ 0 ~be (RQ) itself, leading to a meaningful boundary value problem with Fredholm solvability under a
reasonable ellipticity condition.

Here we treat the Neumann-type condition y,,,_1 1u# = ¥, recalling from [Grubb 2015a, (5.3)ff.] that

Vio—1.11 =T (1o + Dyo (. (d(x)' 70u)). (4-21)
By application of (3-8) with M =2, u = g —1,

F[()/:Lq()_l)(q) (Q) N B;’_pReMO_l/p (a Q),

B _ o B (4-22)
B;I:LL;) 1)(5)(9)_)B;’qReﬂ0 1/1’(39),

Yuo—1,1 = Yu,M—1:
is well-defined for s > Reu+M —1/p' =Re ug+1/p.
The discussion of ellipticity takes place in local coordinates, so let us now assume that we are in a
localized situation where P is given on R”, globally estimated, elliptic of order m and of type o and
with factorization index g relative to the subset R” , as in [Grubb 2015a, Theorem 6.5].



n-TRANSMISSION AND FRACTIONAL ELLIPTIC PSEUDODIFFERENTIAL OPERATORS 1673

For R}, we can express y,,—1,1 in terms of auxiliary operators by

Vio— 111 = Y000 BH " u — (o — DID 10 EX u; (4-23)

see the calculations after Corollary 5.3 in [Grubb 2015a]. (In the manifold situation there is a certain
freedom in choosing d(x) and d,, so we are tacitly assuming that a choice has been made that carries
over to d(x) = x,,, d, = d/9dx, in the localization.)

There is an obstacle to applying the results of Section 4A to this, namely, that E’fr‘)_l is not truly a
Y¥rdo! This is a difficult fact that has been observed throughout the development of the theory. However,
in connection with boundary conditions, operators like Ei work to some extent like the truly pseudodif-
ferential operators A . It is for this reason that we gave two versions of the operator K p in (4-2) and the

following, stemming from [Grubb 2015a, Theorem 6.5], in which Lemma 6.6 there was used.

Theorem 4.3. Let P be given on R", globally estimated, elliptic of order m and of type uy and with
factorization index g relative to the subset R". , and let (R p K D) be a parametrix of the nonhomogeneous
Dirichlet problem, as recalled in (4-2) and the following, with K p = Ei_“ %et K’ for a certain Poisson
operator K’ of order 0.

Consider the Neumann-type problem
rPPu=f, Yu—rau=1, (4-24)

where _ B ® 1
FIS{A;*I)(S)(RQL_) N F;_qRem(Ri) % B;,_p e pno— /P(Rn—l),

{rtp, Yio—1.1} Bf(ffé’_])(s)(@i) N E;TqRem(Rﬁ-) % B;:IRCMO_UP(R"*I), (4-25)
fors > uo+1/p.
(1) The operator
SN = Yuo—-11Kp (4-26)

equals (Y90, — (o — D[D'1y0) K’ and is a ydo on R"~' of order 1.
(2) If Sy is elliptic, then, with a parametrix of Sy denoted Sy, there is the parametrix for {r* P, y, 1,1}
(Rv Ky)= (- KpSn¥u-1.1)Rp KD§N) . (4-27)

(3) Ellipticity holds in particular when the principal symbol of P equals c(x)|E|**0, with Re o > 0,
c(x) #0.
Proof. (1) By the formulas for y,,,—1,1 and Kp,

SN = Y- 11K D = (03 — (o — DID ) B ™ BT K = (109, — (o — DID Tyo) K,
and it follows from the rules of the Boutet de Monvel calculus that this is a ¥do on R"~! of order 1.

(2) In the elliptic case, one checks that (4-27) is a parametrix by calculations as in Theorem 4.2.

(3) In this case, the model problem for {r* P, Yuo—1,1} can be reduced to that for {rt(1 — A)Ho, Vio—1,11-
For the latter, we have shown unique solvability in Theorem A.2 and Remark A.3 in the appendix. [J
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Remark 4.4. The operator Sy is in fact the Dirichlet-to-Neumann operator for P, sending the Dirichlet
data over into the Neumann data for solutions of 7™ Pu = 0 in an approximate sense (modulo operators
of order —o0). From the calculations in the Appendix we see that its principal symbol equals — g |&’]
when P is principally equal to (—A)*°, with Re po > 0.

4C. Systems, further perspectives. The factorization property used above will not in general hold for
systems (N x N-matrices) in a convenient way with smooth dependence on &’, even if every element of
the matrix has a factorization. But with the p-transmission property we can establish an extremely useful
connection to systems in the Boutet de Monvel calculus:

Proposition 4.5. Let N be an integer > 1, and let P be an N x N-system, P = (Pji) j k=1,...N, of classical
VYdo’s Pji of order m € C on Q1 and of type u € C relative to Q. Let j1o € |1+ Z. Then the operator

Q — A(_MO*m)PAS_*HO) (4_28)
is of order and type 0, and hence belongs to the Boutet de Monvel calculus.

Proof. The factors A% and A(g“ * should be understood as diagonal matrices with AT and
AS:“ o, respectively, in the diagonal. When they are composed with P, they act on each entry by defining
an operator of order and type 0 by the symbol composition rules. O

This will allow for a general application of the Boutet de Monvel theory in the discussion of boundary
value problems. Leaving the most general case for future works, we shall in the present paper just draw
conclusions for systems where the operator (4-28) defines a system Q. that is in itself elliptic. Let us
give a name to such cases, where the present considerations will apply without further efforts:

Definition 4.6. Let N be an integer > 1, and let P be an elliptic N x N-system, P = (Pji)k=1,..,N, of
classical ¥do’s Pj; of order m € C on 21 and of type u € C relative to Q. Let uo € u+Z. Then P is
said to be wo-reducible when the operator Q, defined in (4-28) of order and type 0, has the property that
Q. is elliptic in the Boutet de Monvel calculus (without auxiliary boundary operators).

The condition in the definition means that in local coordinates at the boundary, the model operator
qo(x’, 0, &', D,)4 is bijective in LZ(R+)N . It holds for N =1 for the operators with factorization index
1o, as accounted for in the proof of [Grubb 2015a, Theorem 4.4]. Another important case is where the
operator P (a scalar or a system) is strongly elliptic, as observed in [Eskin 1981, Example 17.1].

Lemma 4.7. Let N > 1, and let P be of order m € Ry on Q1 and of type puo = m/2 relative to Q. If P is
strongly elliptic, i.e., satisfies in local coordinates (with ¢ > 0),

Re(po(x, §)v, v) = clé|"|v|* forall § e R", v e C",
then P is ug-reducible.

Proof. Here Q equals AT PAg__m/ ?_ This s strongly elliptic of order 0, because the principal symbols
of AT and A(g’"/ 2 are conjugates and homogeneous elliptic of order —m /2:

Re(qo(x. £)v, v) = Re(po(x, )21y > ©)v, 170 E)w) = cl&" 2" 2 @)v? = vl
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for all £ € R", v € CV, in local coordinates. Thus for each x’ € 9%, £ # 0, the model operator
qo(x’,0, &, D,) on R satisfies

Re(qou, u) > Cllull gy foru e Lry®)Y,

as seen by Fourier transformation in &,. In particular, the restriction of r*gq to Cy° (RN satisfies
the above inequality, and the inequality extends to its closure, r+gge*, defined on L, (R, )", which is
therefore injective. Similar considerations hold for the adjoint, so indeed, go(x’, 0, &', D,)) is bijective
in Ly(R,)N. O

Theorem 4.8. Let P be an elliptic N x N system, P = (Pji)j k=1
m € Con Q) and of type o € C relative to 2.
Define Q by (4-28) and assume that P is j1o-reducible. Then we have:

N, of classical Ydo’s Pji of order

.....

(1) Lets >Reug—1/p'. Ifu e Xg’q(Q)Nfor some o > Reuyg—1/p’ andr* Pu € )_(;’_qRem(Q)N, then
ue Xﬁf’q(s)(S_Z)N. The mapping

+p. ® )N _ yxs-R N
rt P XEOO(Q)Y — X5 EM(Q) (4-29)
is Fredholm, and has the parametrix
R= A"t Qr AT L X5 Rem@)N s xmo) (@), (4-30)

where Q. is a parametrix of Q. It has the structure §+ + G with G a singular Green operator of order
and class 0.

(2) In particular, if r* Pu € C®(Q)V, then u € %MO(E_Z)N, and the mapping
rtP €, (Y - c® @)Y (4-31)
is Fredholm.

(3) Moreover, let . = juo— M for a positive integer M. Then when s > Re po—1/p’, {r™ P, 0.} defines
a Fredholm operator

3 Fs— \—Re p—j—1
FEO@N — F Rem@N x [Toz o Brps 7P 0V,

P ) g @y By @M x Tlojon Bog "7 OM. =2
Proof. The proof goes as in [Grubb 2015a, Theorems 4.4 and 6.1]:
(1) We replace the equation
rtPu=feXi X"V, (4-33)

by composition on the left with A(ff(ﬂ;m), by the equivalent problem

ATt Pu=g,  where g =AY f e X5 Remo()V, (4-34)



1676 GERD GRUBB

using the homeomorphism properties of A(_’f‘lr_m), applied to vectors. Here f = A(_":“") g. Moreover
(see Remark 1.1 in [Grubb 2015a]),

A(ff(:m)rJrPu =A™ Py,
Next, we set v = r+ASf°)u; then u = AS:“ °)e+v, and equation (4-33) becomes
Qi v=g, withg givenin )_(‘;,Tfe " (Q), (4-35)

where Q is defined by (4-28).

The properties of P imply that Q is elliptic of order 0 and type 0, and hence belongs to the Boutet
de Monvel calculus. The rest of the argument takes place within that calculus. By our assumption,
Q. =rT Qe" defines an elliptic boundary problem (without auxiliary trace or Poisson operators) there,
and Q. is continuous in X ! 4(§) fort > —1/ p’. By the ellipticity, Q has a parametrlx Q+, continuous
in the opposite direction, and with the mentioned structure. Since v € X 1/ b +O(Q) by hypothesis,
solutions of Qv =g with g € X;’q(Q) for some ¢t > —1/p’ are in X;,q(Q). Moreover,

0. : )_(;,’q(SZ) — )_(;’q(Q) is Fredholm for all > —1/p’.

When carried back to the original functions, this shows (1).
(2) This follows by letting s — 0o, using that [, X“(S)(Q)N %M(K_Z)N.

(3) We use that the mapping ¢, » in (3-8) extends immediately to vector-valued functions

FM(S)(Q)N_> 1_[0</<M BV Reu = I/P(aQ)N’

(4-36)
Bl;’(s)(Q)N—) 1_[0<j<M BS Reu Jj— I/P(aQ)N’

Ou,M -

when s > Re o — 1/p’, surjective with null-space X " O(S)(Q)N (recall 4 = o — M). When we adjoin
this mapping to (4-29), we obtain (4-32). U

One of the things we obtain here is that results from [Eskin 1981] (extended to L, in [Shargorodsky
1994; Chkadua and Duduchava 2001]), on solvability for s in an interval of length 1 around Re p, are
lifted to regularity and Fredholm properties for all larger s, with exact information on the domain, also in
general scales of function spaces. Moreover, our theorem is obtained via a systematic variable-coefficient
calculus, whereas the results in [Eskin 1981] are derived from constant-coefficient considerations by
ad hoc perturbation methods in L,-Sobolev spaces.

Also the results on other boundary conditions in the present paper extend to suitable systems. One
can moreover extend the results to operators in vector bundles (since they can be locally expressed by
matrices of operators).

The Boutet de Monvel theory is not an easy theory (as the elaborate presentations [Boutet de Monvel
1971; Rempel and Schulze 1982; Grubb 1984; 1990; 1996; 2009; Schrohe 2001] in the literature show),
but one could have feared that a theory for the more general p-transmission operators and their boundary
problems would be a step up in difficulty. Fortunately, as we have seen, many of the issues can be dealt
with by reductions using the special operators A(“ ) to cases where the type O theory applies.
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There is currently also an interest in problems with less smooth symbols. For this connection, we
mention that there do exist pseudodifferential theories for such problems, also with boundary conditions;
see [Abels 2005; Grubb 2014] and their references. One finds that a lack of smoothness in the x-variable
narrows down the interval of parameters s where one has good solvability properties, and compositions
are delicate. It is also possible to work under limitations on the number of standard estimates in &.

Appendix: Calculations in an explicit example

Pseudodifferential methods are a refinement of the application of the Fourier transform, making it useful
even for variable-coefficient partial differential operators, and, for example, allowing generalizations to
operators of noninteger order. But to explain some basic mechanisms, it may be useful to consider a
simple “constant-coefficient” case, where explicit elementary calculations can be made, not requiring
intricate composition rules. This is the case for (1 — A)? (a > 0) on R’ , where everything can be worked
out by hand in exact detail (in the spirit of the elementary [Grubb 2009, Chapter 9]). We here restrict the
attention to H,-spaces.
The symbol of (1 — A)“ factors as

(ENV+ED" = (') — &) () +i&)" (A-1)

Now we shall use the definitions of simple order-reducing operators &, and Poisson operators K ;
from [Grubb 2015a], with (¢') instead of [£'], because they fit particularly well with the factors in (A-1).
We shall often abbreviate (£') to o.

The homogeneous Dirichlet problem

rT(1 = A)*u=f, with f given in HS 2“([RR ), (A-2)

s>a—1/ p has a unique solution u in H a=1/p +0([R” ) determined as follows:

With B!, = OP(((S ) +i&,)"), we have that (1 — A)* = E“E4 on R". Let v =r"E%u; it is in

H_l/p +0([R§ )= _l/p +()([F\Q ), and u = E;“¢Tv. Then (A-2) becomes
rtE%etv=f. (A-3)
Here r*B%e™ = &Y , is known to map H' ([R{” ) homeomorphically onto H' _"([R{” ) for all t € R, with

inverse E_7, (see, €. g [Grubb 2015a, Sectlon 1].) In particular, with f given in H s=2a (R%), (A-3) has
the unique solution v =877 f € H S 4(R’.). Then (A-2) has the unique solution

u=E1 "8 f=Rpf, (A-4)

and it belongs to H), a(s) ([R ) by the definition of that space. Thus the solution operator for (A-2) is
Rp=E +ae+ & a . (This is a simple variant of the proof of [Grubb 2015a, Theorem 4.4].)

Next, we go to the larger space H ,(,“ 1)(§)(R "), still assuming s > a — 1/p’, where we study the
nonhomogeneous Dirichlet problem. By [Grubb 2015a, Theorem 5.1] with u =a —1 and M =1, we
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have a mapping y,_1.0, acting as

Ya—1.0: > D(@)yo(x~u),

also equal to yp 8% 'u, and sending H}(fl_l)(s)(@i) onto B;_”H_I/I’(R"_l) with kernel HZ(S)(@i). To-
gether with (1 — A)“, it therefore defines a homeomorphism for s >a —1/p/,

rtd =AM yaor0): HYVO®RY) — H7ARY) x By HVr e, (A-5)

It represents the problem
A=) u=f, Yor0u=0, (A-6)

which we regard as the nonhomogeneous Dirichlet problem for (1 — A)“. The solution operator in the
case ¢ = 0 is clearly Rp defined above, since the kernel of y,_1 o is H;’(s)(@’i).

Also, the solution operator for the problem (A-6) with f = 0 can be found explicitly:

On the boundary symbol level we consider the problem (recall o = (£'))

(0 — 00 + 9, u(x,) =0 on R,. (A-7)
Since OP, ((o — i&,)") preserves support in R_ for all u, u must equivalently satisfy
(0 4+0)u(x,) =0 on Ri. (A-8)
This has the distribution solution
u(x)) =F; L, (0 +i&)  =T(a) 'xi letrte o (A-9)

(see, e.g., [Hormander 1983, Example 7.1.17] or [Grubb 2015a, (2.5)]), and the derivatives a,’;u are
likewise solutions, since

(0 +iE)"(E) (0 +iE) ™ = (18" =F s, 8,
where 8(()k) is supported in {0}. The undifferentiated function matches our problem. Set
ka1006, ) =T(@) ' xi et rte ™ =F, 1 (0 +i€)7 (A-10)
then, since y,_ 1,012,1,1,0 =1, the mapping Co ¢+ ¢- r+I€a,1,0 solves the problem
(0 +0) u(xy) =00n Ry,  ya1,0u=0. (A-11)
Using the Fourier transform in & also, we find that (A-6) with f = 0 has the solution
u(x) = K100 = F.L 1 (kam1,000, E)G(E)). (A-12)

It can be denoted OPK(lza_l,o)(p, by a generalization of the notation from the Boutet de Monvel calculus.
We moreover define k,_1,0(§) = %ﬁgn/}a_l,o(xn, &= (o +i&) % /Ea_l,o and k,_1 o are the symbol-
kernel and symbol of K,_1 o, respectively.
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Note that

ka10(E' &) = () +i&) ™" = (§") +i&)' (") +i&) ", hence
Ka—10= B Ko, (A-13)

where Ko = OPK(((é/) + ifn)_l) is the Poisson operator for the Dirichlet problem for 1 — A
Kop = F; L (&) +i&) ' @)

(see, e.g., [Grubb 2009, Chapter 9]). Ky is usually considered as mapping into a space over R , and it is
well-known that K : t I/p R > H! (IR ) for all t € R. However, the above formula shows that it
in fact maps into dlstrlbutlons on R” supported in R", so we can, with a slight abuse of notation, identify
Ko with et K, mapping into e ™ H' »(R%), and conclude that

Kao10: By PV - HEDO@®Y)  forall s e R. (A-14)
We have shown:

Theorem A.1. Let a > 0. The nonhomogeneous Dirichlet problem (A-6) for (1 — A)* on R’ is uniquely

solvable, in that the operator (A-5) for s > a — 1/p’ has inverse

+(1 — a1
(r a A)) =(Rp Ka-10). (A-15)

Ya—1,0

where Rp and K,_1 ¢ are defined in (A-4) and (A-12).
Third, we consider the boundary problem
=M= f, yarau=1, (A-10)

which we shall view as a nonhomogeneous Neumann problem for (1 — A)*. We here assume s >
(a—1)+2—1/p"=a+1/p, to use the construction in [Grubb 2015a, Theorem 5.1] with u =a — 1,
M = 2. Recall from [Grubb 2015a, (5.3)ff.], that y,_1 1 acts as

Va=t.1 21 > T(a+ Dyo (@, (x)~“u)). (A-17)
Moreover, we can infer from the text after Corollary 5.3 in [Grubb 2015a] (with [£'] replaced by (£')) that
Ya—1,1U4 = Yo0n & L-4.5_ u —(a—-1){(D ) Ya—1,0U

for u € H(afl)(s)(@" ) with s > a + 1/p. Then, for a null solution z written in the form z = K,_1 o =
b “Kogo (recall (A-13)), we have, since 43, Ko = —(D’),

Va—1,12 = W00 B 2 — (a — 1) (D) Ya1,02 = Y03u Kog — (@ — 1){(D')p = —a (D')g.

Hence in order for z to solve (A-16) with f = 0, ¢ must satisfy

Y =—a(D')e.
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Since a # 0, the coefficient —a(D’) is an elliptic invertible vrdo, so (A-16) with f =0 is uniquely solvable
with solution

2 =Ky, where Ky = —K,_10a (D) ' = —E X “Kopa (D)7, (A-18)
To solve (A-16) with a given f #0, and ¢ =0, we let v = Rp f and reduce to the problem for z = u —v:
P =AY u—v)=0, ya11(u—v)=—Ve11Rpf.
This has the unique solution
u—v=—Kyys—11Rpf; andhenceu=Rpf—Kny._1,1Rpf.
Altogether, we find:
Theorem A.2. The Neumann problem (A-16) for (1—A)“ on R} is uniquely solvable, in that the operator
(= A yaia} s HY DO @Y — H24RY) x By V/P@R, (A-19)
fors > a+1/p is a homeomorphism, with inverse
(Rv Kn)= (I —KnYa-1.0RD Kn), (A-20)
with Rp and K y described in (A-4) and (A-18).

Note that there is here a Dirichlet-to-Neumann operator Ppy sending the Dirichlet-type data over into
Neumann-type data for solutions of r*(1 — A)%u = 0:

Ppy = —a(D'). (A-21)

Remark A.3. We have here assumed a real in order to relate to the fractional powers of the Laplacian,
but all the above goes through in the same way if a is replaced by a complex u with Re u > 0; then in
Sobolev exponents and inequalities for s, a should be replaced by Re .

One can also let higher order boundary operators y,_1,; enter in a similar way, defining single
boundary conditions.

Acknowledgement

We are grateful to J. Johnsen and X. Ros-Oton for useful discussions.

References
[Abatangelo 2013] N. Abatangelo, “Large s-harmonic functions and boundary blow-up solutions for the fractional Laplacian”,
preprint, 2013. arXiv 1310.3193

[Abels 2005] H. Abels, “Pseudodifferential boundary value problems with non-smooth coefficients”, Comm. Partial Differential
Equations 30:10-12 (2005), 1463—-1503. MR 2006m:35395 Zbl 1087.35099

[Albin and Melrose 2009] P. Albin and R. Melrose, “Fredholm realizations of elliptic symbols on manifolds with boundary”, J.
Reine Angew. Math. 627 (2009), 155-181. MR 2011e:58046 Zbl 1161.58011


http://msp.org/idx/arx/1310.3193
http://dx.doi.org/10.1080/03605300500299554
http://msp.org/idx/mr/2006m:35395
http://msp.org/idx/zbl/1087.35099
http://dx.doi.org/10.1515/CRELLE.2009.014
http://msp.org/idx/mr/2011e:58046
http://msp.org/idx/zbl/1161.58011

n-TRANSMISSION AND FRACTIONAL ELLIPTIC PSEUDODIFFERENTIAL OPERATORS 1681

[Caffarelli and Silvestre 2009] L. Caffarelli and L. Silvestre, “Regularity theory for fully nonlinear integro-differential equations”,
Comm. Pure Appl. Math. 62:5 (2009), 597-638. MR 2010d:35376 Zbl 1170.45006

[Chkadua and Duduchava 2001] O. Chkadua and R. Duduchava, “Pseudodifferential equations on manifolds with boundary:
Fredholm property and asymptotic”, Math. Nachr. 222 (2001), 79-139. MR 2001m:58057 Zbl 0985.47019

[Eskin 1981] G. I. Eskin, Boundary value problems for elliptic pseudodifferential equations, Translations of Mathematical Mono-
graphs 52, American Mathematical Society, Providence, R.I., 1981. Translated from the Russian by S. Smith. MR 82k:35105
Zbl 0458.35002

[Felsinger et al. 2014] M. Felsinger, M. Kassmann, and P. Voigt, “The Dirichlet problem for nonlocal operators”, Math. Zeitschrift
(online publication November 2014).

[Frank and Geisinger 2014] R. L. Frank and L. Geisinger, “Refined semiclassical asymptotics for fractional powers of the
Laplace operator”, J. Reine Angew. Math. (online publication January 2014).

[Grubb 1984] G. Grubb, “Singular Green operators and their spectral asymptotics”, Duke Math. J. 51:3 (1984), 477-528.
MR 86d:35109 Zbl 0553.58034

[Grubb 1990] G. Grubb, “Pseudo-differential boundary problems in L spaces”, Comm. Partial Differential Equations 15:3
(1990), 289-340. MR 91¢:47108 Zbl 0723.35091

[Grubb 1996] G. Grubb, Functional calculus of pseudodifferential boundary problems, 2nd ed., Progress in Mathematics 65,
Birkhiuser, Boston, MA, 1996. MR 96m:35001 Zbl 0844.35002

[Grubb 2009] G. Grubb, Distributions and operators, Graduate Texts in Mathematics 252, Springer, New York, 2009.
MR 2010b:46081 Zbl 1171.47001

[Grubb 2014] G. Grubb, “Spectral asymptotics for nonsmooth singular Green operators”, Comm. Partial Differential Equations
39:3 (2014), 530-573. With an appendix by H. Abels. MR 3169794 Zbl 1290.35057

[Grubb 2015a] G. Grubb, “Fractional Laplacians on domains, a development of Hormander’s theory of p-transmission pseudo-
differential operators”, Adv. Math. 268 (2015), 478-528. MR 3276603 Zbl 06370011

[Grubb 2015b] G. Grubb, “Spectral results for mixed problems and fractional elliptic operators”, J. Math. Anal. Appl. 421:2
(2015), 1616-1634. MR 3258341 Zbl 06347113

[Grubb and Hormander 1990] G. Grubb and L. Hormander, “The transmission property”, Math. Scand. 67:2 (1990), 273-289.
MR 92£:58175 Zbl 0766.35088

[Harutyunyan and Schulze 2008] G. Harutyunyan and B.-W. Schulze, Elliptic mixed, transmission and singular crack problems,
EMS Tracts in Mathematics 4, European Mathematical Society (EMS), Ziirich, 2008. MR 2009k:35002 Zbl 1141.35001

[Hoh and Jacob 1996] W. Hoh and N. Jacob, “On the Dirichlet problem for pseudodifferential operators generating Feller
semigroups”, J. Funct. Anal. 137:1 (1996), 19-48. MR 97¢:35227 Zbl 0901.47027

[Hormander 1965] L. Hormander, “Chapter II: Boundary problems for “classical” pseudo-differential operators”, unpublished
lecture notes at Inst. Adv. Study, Princeton, 1965, Available at http://www.math.ku.dk/~grubb/LH65.pdf.

[Hormander 1983] L. Hormander, The analysis of linear partial differential operators, I, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 256, Springer, Berlin, 1983. MR 85g:35002a Zbl 0521.35001

[Hormander 1985] L. Hoérmander, The analysis of linear partial differential operators, 11, Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences] 274, Springer, Berlin, 1985. MR 87d:35002a Zbl 0601.35001

[Hormander 1997] L. Hérmander, Lectures on nonlinear hyperbolic differential equations, Mathématiques & Applications 26,
Springer, Berlin, 1997. MR 98e:35103 Zbl 0881.35001

[Johnsen 1996] J. Johnsen, “Elliptic boundary problems and the Boutet de Monvel calculus in Besov and Triebel-Lizorkin
spaces”, Math. Scand. 79:1 (1996), 25-85. MR 97m:35294 Zbl 0873.35023

[Melrose 1993] R. B. Melrose, The Atiyah—Patodi—Singer index theorem, Research Notes in Mathematics 4, A K Peters, Ltd.,
Wellesley, MA, 1993. MR 96g:58180 Zbl 0796.58050

[Boutet de Monvel 1971] L. Boutet de Monvel, “Boundary problems for pseudo-differential operators”, Acta Math. 126:1-2
(1971), 11-51. MR 53 #11674 Zbl 0206.39401

[Rempel and Schulze 1982] S. Rempel and B.-W. Schulze, Index theory of elliptic boundary problems, Akademie-Verlag, Berlin,
1982. MR 85b:58126 Zbl 0504.35002


http://dx.doi.org/10.1002/cpa.20274
http://msp.org/idx/mr/2010d:35376
http://msp.org/idx/zbl/1170.45006
http://dx.doi.org/10.1002/1522-2616(200102)222:1<79::AID-MANA79>3.3.CO;2-V
http://dx.doi.org/10.1002/1522-2616(200102)222:1<79::AID-MANA79>3.3.CO;2-V
http://msp.org/idx/mr/2001m:58057
http://msp.org/idx/zbl/0985.47019
http://www.ams.org/bookstore?fn=20&arg1=mmonoseries&ikey=MMONO-52-D
http://msp.org/idx/mr/82k:35105
http://msp.org/idx/zbl/0458.35002
http://dx.doi.org/10.1007/s00209-014-1394-3
http://dx.doi.org/10.1515/crelle-2013-0120
http://dx.doi.org/10.1515/crelle-2013-0120
http://dx.doi.org/10.1215/S0012-7094-84-05125-1
http://msp.org/idx/mr/86d:35109
http://msp.org/idx/zbl/0553.58034
http://dx.doi.org/10.1080/03605309908820688
http://msp.org/idx/mr/91c:47108
http://msp.org/idx/zbl/0723.35091
http://dx.doi.org/10.1007/978-1-4612-0769-6
http://msp.org/idx/mr/96m:35001
http://msp.org/idx/zbl/0844.35002
http://dx.doi.org/10.1007/978-0-387-84895-2
http://msp.org/idx/mr/2010b:46081
http://msp.org/idx/zbl/1171.47001
http://dx.doi.org/10.1080/03605302.2013.864207
http://msp.org/idx/mr/3169794
http://msp.org/idx/zbl/1290.35057
http://dx.doi.org/10.1016/j.aim.2014.09.018
http://dx.doi.org/10.1016/j.aim.2014.09.018
http://msp.org/idx/mr/3276603
http://msp.org/idx/zbl/06370011
http://dx.doi.org/10.1016/j.jmaa.2014.07.081
http://msp.org/idx/mr/3258341
http://msp.org/idx/zbl/06347113
http://www.mscand.dk/article/view/12338/10354
http://msp.org/idx/mr/92f:58175
http://msp.org/idx/zbl/0766.35088
http://dx.doi.org/10.4171/040
http://msp.org/idx/mr/2009k:35002
http://msp.org/idx/zbl/1141.35001
http://dx.doi.org/10.1006/jfan.1996.0039
http://dx.doi.org/10.1006/jfan.1996.0039
http://msp.org/idx/mr/97c:35227
http://msp.org/idx/zbl/0901.47027
http://www.math.ku.dk/~grubb/LH65.pdf
http://dx.doi.org/10.1007/978-3-642-96750-4
http://msp.org/idx/mr/85g:35002a
http://msp.org/idx/zbl/0521.35001
http://dx.doi.org/10.1007/978-3-540-49938-1
http://msp.org/idx/mr/87d:35002a
http://msp.org/idx/zbl/0601.35001
http://www.springer.com/mathematics/dynamical+systems/book/978-3-540-62921-4
http://msp.org/idx/mr/98e:35103
http://msp.org/idx/zbl/0881.35001
http://www.mscand.dk/article/view/12593/10609
http://www.mscand.dk/article/view/12593/10609
http://msp.org/idx/mr/97m:35294
http://msp.org/idx/zbl/0873.35023
http://www-math.mit.edu/~rbm/book.html
http://msp.org/idx/mr/96g:58180
http://msp.org/idx/zbl/0796.58050
http://dx.doi.org/10.1007/BF02392024
http://msp.org/idx/mr/53:11674
http://msp.org/idx/zbl/0206.39401
http://www.amazon.com/Index-Theory-Elliptic-Boundary-Problems/dp/9993782459
http://msp.org/idx/mr/85b:58126
http://msp.org/idx/zbl/0504.35002

1682 GERD GRUBB

[Rempel and Schulze 1984] S. Rempel and B.-W. Schulze, “Complex powers for pseudodifferential boundary problems, II”,
Math. Nachr. 116 (1984), 269-314. MR 86b:35207b Zbl 0585.58041

[Ros-Oton and Serra 2014a] X. Ros-Oton and J. Serra, “Boundary regularity for fully nonlinear integro-differential equations”,
preprint, 2014, Available at http:/arxiv.org/abs/1404.1197. arXiv 1404.1197

[Ros-Oton and Serra 2014b] X. Ros-Oton and J. Serra, “The Dirichlet problem for the fractional Laplacian: regularity up to the
boundary”, J. Math. Pures Appl. (9) 101:3 (2014), 275-302. MR 3168912 Zbl 1285.35020

[Schrohe 2001] E. Schrohe, “A short introduction to Boutet de Monvel’s calculus”, pp. 85-116 in Approaches to Singular
Analysis, edited by J. Gil et al., Operator Theory: Advances and Applications 125, Birkhduser Basel, 2001. Zbl 0985.35122

[Shargorodsky 1994] E. Shargorodsky, “An L p-analogue of the Vishik—Eskin theory”, Memoirs on Differential Equations and
Mathematical Physics 2 (1994), 41-146.

[Taylor 1981] M. E. Taylor, Pseudodifferential operators, Princeton Mathematical Series 34, Princeton University Press, 1981.
MR 82i:35172 Zbl 0453.47026

[Triebel 1995] H. Triebel, Interpolation theory, function spaces, differential operators, 2nd ed., Johann Ambrosius Barth,,
Heidelberg, 1995. MR 96f:46001 Zbl 0830.46028

Received 8 Apr 2014. Revised 25 Aug 2014. Accepted 23 Sep 2014.

GERD GRUBB: grubb@math.ku.dk
Department of Mathematical Sciences, Copenhagen University, Universitetsparken 5, DK-2100 Copenhagen, Denmark

mathematical sciences publishers :'msp


http://dx.doi.org/10.1002/mana.19841160119
http://msp.org/idx/mr/86b:35207b
http://msp.org/idx/zbl/0585.58041
http://arxiv.org/abs/1404.1197
http://msp.org/idx/arx/1404.1197
http://dx.doi.org/10.1016/j.matpur.2013.06.003
http://dx.doi.org/10.1016/j.matpur.2013.06.003
http://msp.org/idx/mr/3168912
http://msp.org/idx/zbl/1285.35020
http://dx.doi.org/10.1007/978-3-0348-8253-8_3
http://msp.org/idx/zbl/0985.35122
http://www.emis.de/journals/MDEMP/cumulative_index.htm#S
http://www.unc.edu/math/Faculty/met/NLIN.pdf
http://msp.org/idx/mr/82i:35172
http://msp.org/idx/zbl/0453.47026
http://www.sciencedirect.com/science/bookseries/09246509/18
http://msp.org/idx/mr/96f:46001
http://msp.org/idx/zbl/0830.46028
mailto:grubb@math.ku.dk
http://msp.org

Nicolas Burq

Sun-Yung Alice Chang

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Herbert Koch

Izabella Laba

Gilles Lebeau

Laszl6 Lempert

Richard B. Melrose

Frank Merle

William Minicozzi 1T

Werner Miiller

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski
zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Université Paris-Sud 11, France Yuval Peres

nicolas.burq@math.u-psud.fr
Princeton University, USA Gilles Pisier

chang @math.princeton.edu

University of California, Berkeley, USA Tristan Riviere
mchrist@math.berkeley.edu
Princeton University, USA

cf@math.princeton.edu

Igor Rodnianski

Universitit Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu

Wilhelm Schlag

Sylvia Serfaty

Universitdt Bonn, Germany
koch@math.uni-bonn.de

Yum-Tong Siu
University of British Columbia, Canada Terence Tao
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Michael E. Taylor

Purdue University, USA Gunther Uhlmann
lempert@math.purdue.edu
Massachussets Institute of Technology, USA Andras Vasy

rbm@math.mit.edu
Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Dan Virgil Voiculescu

Steven Zelditch

Universitdt Bonn, Germany
mueller @math.uni-bonn.de

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

University of California, Berkeley, USA
peres @stat.berkeley.edu

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2014 is US $180/year for the electronic version, and $355/year (4-$50, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://msp.org/apde
mailto:zworski@math.berkeley.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 7 No. 7 2014

Flag Hardy spaces and Marcinkiewicz multipliers on the Heisenberg group 1465
YONGSHENG HAN, GUOZHEN LU and ERIC SAWYER

Rigidity of equality cases in Steiner’s perimeter inequality 1535
FiLipPO CAGNETTI, MARIA CoOLOMBO, GUIDO DE PHILIPPIS and
FRANCESCO MAGGI

Singular Bohr—Sommerfeld conditions for 1D Toeplitz operators: hyperbolic case 1595
YOHANN LE FLOCH

Resolvent estimates for the magnetic Schrodinger operator 1639
GEORGI VODEV

Local and nonlocal boundary conditions for p-transmission and fractional elliptic pseudodif- 1649
ferential operators

GERD GRUBB
On the unconditional uniqueness of solutions to the infinite radial Chern—Simons—Schrédinger 1683
hierarchy

XUWEN CHEN and PAUL SMITH

7;:1-9

2157-5045(2014)7:7;



	1. Preliminaries 
	2. Three basic problems for the fractional Laplacian
	2A. The homogeneous Dirichlet problem
	2B. A nonhomogeneous Dirichlet problem
	2C. A nonhomogeneous Neumann problem

	3. Boundary problems in general spaces
	4. More general boundary conditions
	4A. Boundary operators of type 0B 
	4B. The Neumann boundary operator 0-1,1 
	4C. Systems, further perspectives

	Appendix: Calculations in an explicit example
	Acknowledgement
	References
	
	

