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ON THE UNCONDITIONAL UNIQUENESS OF SOLUTIONS
TO THE INFINITE RADIAL CHERN-SIMONS-SCHRODINGER HIERARCHY

XUWEN CHEN AND PAUL SMITH

In this article, we establish the unconditional uniqueness of solutions to an infinite radial Chern—Simons—
Schrodinger (IRCSS) hierarchy in two spatial dimensions. The IRCSS hierarchy is a system of infinitely
many coupled PDEs that describes the limiting Chern—Simons—Schrodinger dynamics of infinitely many
interacting anyons. The anyons are two-dimensional objects that interact through a self-generated field.
Due to the interactions with the self-generated field, the IRCSS hierarchy is a system of nonlinear PDEs,
which distinguishes it from the linear infinite hierarchies studied previously. Factorized solutions of
the IRCSS hierarchy are determined by solutions of the Chern—Simons—Schrodinger system. Our result
therefore implies the unconditional uniqueness of solutions to the radial Chern—Simons—Schrodinger
system as well.
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1. Introduction
1A. The Chern-Simons—Schrodinger system. The Chern—Simons—Schrodinger system is given by

Dip=iY s, DDy +iglol?p,
;A1 —01A0 = — Im(¢p D29),

- (D
0 Az — 02A0 =Im(¢D19),
91Ar — Ay = —3l9|%,
where the associated covariant differentiation operators are defined in terms of the potential A by
Dy =0y +iAy, a€{0,1,2}, (2)
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and where we adopt the convention that dy := 9, and D, := Dy. The wavefunction ¢ is complex-valued,
the potential A a real-valued 1-form, and the pair (A, ¢) is defined on I x R? for some time interval /.
The Lagrangian action for this system is

1 - 1
v =; [ [m@pe)+ 0,08~ Sioi|dxar+ 5 [ anaa. ®

R2+! R2+1

where here |D,¢|? := |D;¢|> + | D2¢|>. Although the potential A appears explicitly in the Lagrangian,
it is easy to see that locally L(A, ¢) only depends upon the field F = d A. Precisely, the Lagrangian is
invariant with respect to the gauge transformations

pr>e %9, A A+do @)

for compactly supported real-valued functions 8(¢, x). The Chern—Simons—Schrédinger system (1),
obtained as the Euler-Lagrange equations of (3), inherits this gauge freedom.

The system (1) is a basic model of Chern—Simons dynamics [Jackiw and Pi 1992; Ezawa, Hotta, and
Iwazaki 1991a; 1991b; Jackiw and Pi 1991]. It plays a role in describing certain physical phenomena,
such as the fractional quantum Hall effect, high-temperature superconductivity, and Aharonov—Bohm
scattering, and also provides an example of a Galilean-invariant planar gauge field theory [Jackiw and
Templeton 1981; Deser, Jackiw, and Templeton 1982; Jackiw, Pi, and Weinberg 1991; Martina, Pashaev,
and Soliani 1993; Wilczek 1990].

One interpretation of (1) is as a mean-field equation. Informally, one may consider (1) as describing the
behavior of a large number of anyons, interacting with each other directly and through a self-generated
field, in the case where the N-body wave function factorizes. There are a number of challenges one
encounters in trying to formalize and prove this statement, and this paper addresses some of them. We
will postpone further discussion of many-body dynamics to the next subsection and instead point out that,
because the main evolution equation in (1) includes a cubic nonlinearity, one might hope to prove for (1)
what one can prove for the cubic nonlinear Schrodinger equation (NLS). It is important to note, however,
that (1) has many nonlinear terms, some nonlocal and some involving the derivative of the wave function.
These terms appear because of the geometric structure that arises from modeling the interactions with
the self-generated field. Due to the complexity of the nonlinearity in (1) and the gauge freedom (4), the
system (1) is significantly more challenging to analyze than the cubic NLS. This difference is seen even
at the level of the wellposedness theory, to which we now turn.

The system (1) is Galilean-invariant and has conserved charge

chg() := fR 2|¢|2dx (5)

and energy
1 8
E@) = [ [1D:0F ~Sio1*]ax. ©
2 R2 2
Moreover, for each A > 0, there is the scaling symmetry

(1, x) > Ap(Wt, Ax), Aj(t, x) > LA (A%, 0x),  je(l,2),
é0(x) > Ao(Ax), Ao(t, x) > A2 Ao(A%t, Ax),
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which preserves both the system and the charge of the initial data ¢y. Therefore, from the point of view
of wellposedness theory, the system (1) is L>-critical. We remark that system (1) is defocusing when
g < 1 and focusing when g > 1. The defocusing/focusing dichotomy is most readily seen by rewriting
the energy (6) using the so-called Bogomol’nyi identity. After using this identity, one may also see
the dichotomy manifested in the virial and Morawetz identities. For more details, see [Liu and Smith
2014, §4, §5]. Note also that the sign convention for g that we adopt, which is the one used in the
Chern—Simons literature, is opposite to the usual one adopted for the cubic NLS. A more significant
difference between Chern—Simons systems and the cubic NLS is that, unlike the case for the cubic NLS,
the coupling parameter g cannot be rescaled to belong to a discrete set of canonical values.

Nevertheless, (1) is ill-posed so long as it retains the gauge freedom (4). This freedom is eliminated
by imposing an additional constraint equation. The most common gauge choice for studying (1) is the
Coulomb gauge, which is the constraint

01A1 4+ 02A>, =0. (7)

Coupling (7) with the field equations quickly leads to explicit expressions for Ay, & =0, 1, 2, in terms
of ¢. These expressions also happen to be nonlinear and nonlocal:

Ag=A""[0 Im(@Drgp) — hIm(¢D19)],  Ar=3AT'Blgl’,  Ar=—1AT"ailel.  (®)

Local wellposedness of (1) with respect to the Coulomb gauge at the Sobolev regularity of H? is
established in [Bergé, De Bouard, and Saut 1995]. This is improved to H I'in [Huh 2013]. Local
wellposedness for data small in H*, s > 0, is established in [Liu, Smith, and Tataru 2012] using the heat
gauge, whose defining condition is d;A| + dA> = Ag. This result relies upon various Strichartz-type
spaces as well as more sophisticated U” and V? spaces. We refer the reader to [Liu, Smith, and Tataru
2012, §2] for a comparison of the Coulomb and heat gauges.

In symmetry-reduced settings, one may say more, and in particular, [Liu and Smith 2014] establishes
large-data global wellposedness results at the critical regularity for the equivariant Chern—Simons—
Schrodinger system. To introduce the equivariance (or vortex) ansatz, it is convenient to use polar
coordinates. Define

X1

A= IX|A1+HA2, Ag = —x2A1 +x1As. )

We can invert the transform by writing
Ay =A,cos0 — LAgsing, Ay =A,sin6 + LAy cosd. (10)
Note that these relations are analogous to

3r=m 1+ﬁ32, dg = —x201 +x102

and
= (cos )0, — %(sin 0)0g, 0y = (sin0)9d, + %(cos 6)0g.
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The equivariant ansatz, then, is
i X2 X1
¢(t9x)=elm9u(t’ r)7 Al(t,x)=——v(l‘,r), AZ(I7X)=_v<t’ r)7 AO(t,x)zw(f»r)» (11)
r r

where we assume that m is a nonnegative integer, u is real-valued at time zero, and v and w are real-valued
for all time. This ansatz implies that A, = 0 and that Ay is a radial function. It also places us in the
Coulomb gauge, i.e., djA| + 92 A, =0 or equivalently 9, A, + }A, + :—289 Ay = 0. For some motivation for
studying vortex solutions in Chern—Simons theories, see [Paul and Khare 1986; de Vega and Schaposnik
1986a; 1986b; Jackiw and Weinberg 1990; R. M. Chen and Spirn 2009; Byeon, Huh, and Seok 2012].

Converting (1) into polar coordinates and utilizing (11), we obtain the equivariant Chern—Simons—
Schrodinger system (see [Liu and Smith 2014, §1] for full details):

(0 + AN =22 Agp+ Ao + 5 AZ0 — glo 0,
3 Ag = L(m + Ag)|9I,

3, Ag = r Im(¢pd,¢), (12)
aAg = —11o|°r,
A, =0.

Global wellposedness holds for equivariant L? data of arbitrary (nonnegative) charge in the defocusing
case g < 1 and for L? data with charge less than that of the ground state in the focusing case g > 1; this
is the main result of [Liu and Smith 2014].

In this paper, we are interested in the radial case (m = 0) of system (12), which is

(8 + M) = Ao + 5 A0 — gloI .
3 Ao = LAgloI%,

0 Ag = rIm(¢d, ), (13)
0, Ag = —3l0I"r,
A, =0.

1B. The infinite Chern—Simons—Schrodinger hierarchy. The infinite Chern—Simons—Schrodinger hier-
archy is a sequence of trace class nonnegative operator kernels that are symmetric in the sense that
y O, x, x) = y® (8, x;, x0),
and
)/(k)(t, xa(l), ey xO'(k), x;(l), ey x(;(k)) = y(k)(t, X1y eony Xy xi, ey )C]/(), (14)
for any permutation o, and which satisfy the two-dimensional infinite Chern—Simons—Schrédinger
hierarchy of equations

k k

k2
B+ 310, x), 1= 3 DD, y P +ig 3 By ®Y, ()

j=1 j=1t=1 Jj=1



UNIQUENESS OF SOLUTIONS TO THE INFINITE RADIAL CHERN-SIMONS-SCHRODINGER HIERARCHY 1687

where R? > x = (xﬁl), xJ(.Z)) for each j, as well as the corresponding field-current identities from [Jackiw

and Pi 1990, (1.7a)—-(1.7¢)], i.e.,
FOI = _PZ(ta x) - Az(t’ X)p(t, x)v
Fop = Pi(t, x) + Ay (2, x) p(2, x), (16)
Fip=—3p(t,x),

where, as before, F' :=dA. Here g is the coupling constant,
Bj a1yt = Tren[8(xj — xegn), y €01, (17)

the momentum P (¢, x) is given by

P x) = f ef@*%’)x¥ﬁ“><z,s,s’> d dt’,

and p(¢, x) is a shorthand for
pt,x):=yV@, x x). (18)

Each x; € R2, and x; := (xX1,...,x¢) € R2*. Given a compactly supported 6 (¢, x), the kernels y(k) and
potential A transform under a change of gauge according to

k
y® s p® l_[ 710 100X A— A+db.
j=1
The invariance of (15) and (16) under such transformations can be checked straightforwardly.
For the purposes of our analysis, it is more convenient to write (15) as

k 2
8y W+ A, yP1=3 0 Y I-2iAq00:0 —ide0 Ao + 430, y Y]
Jj=1 j=1t=1 k k
+ ) [Aot, x)), v P1=g Y Biapiy®. (19)
j=1 j=1

The Coulomb gauge condition (7), upon being coupled to (16), leads to
Ag=AT'B1(Pa+Arp) = (P +A1p)l,  Ar=3AT'%p,  Ar=—3A7"d1p.

This is analogous to how (8) for the Chern—Simons—Schrédinger system (1) is obtained by coupling to
the field equations in (1) the gauge condition (7). Because each A, involves p, defined in (18), it is clear
that each term involving ¥ %) in the right-hand side of (19) is best thought of as a nonlinear term. This
nonlinear dependence persists under changes of gauge, though some gauges lead to tamer nonlinearities
than others.

We remark that, while the specific form the nonlinearity of (19) takes indeed depends upon the gauge
selection made, the observables associated with the system do not depend upon the gauge choice.

We note that the system (1) generates a special solution to the infinite hierarchy (15)—(16). In particular,
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if (A, ¢) solves (1), then (A, {y®}) solves (15)—(16), where each ¥ is given by

k
y O, xi, xp) =] ¢, x), x)).
j=1

We start our analysis of many-body dynamics with the above infinite hierarchy. Ideally, one would
prefer instead to begin with a many-body system with only finitely many quantum particles. Because
the basic particles in question are neither bosons nor fermions, there are difficulties to overcome with
such an approach. Concerning the difficulties in dealing with microscopic statistics, one can refer to
[Benedetto, Castella, Esposito, and Pulvirenti 2005], for instance. Fortunately, as remarked in [Benedetto,
Castella, Esposito, and Pulvirenti 2005], microscopic statistics disappear as the particle number tends to
infinity. Thus, the infinite hierarchy satisfies the symmetry condition (14). We finally remark that the
field equations (16) depend merely on the 1-particle density ¥ (1), as has been observed formally in the
physics literature [Deser, Jackiw, and Templeton 1982; Jackiw, Pi, and Weinberg 1991; Jackiw and Pi
1991; Jackiw and Templeton 1981; Jackiw and Weinberg 1990].

One motivation for pursuing an analysis of the infinite hierarchy even without first specifying the
finite hierarchy is that the known approaches to rigorously deriving mean-field equations, e.g., the
Boltzmann equation and the cubic NLS, all require a uniqueness theorem for the corresponding infinite
hierarchy. Establishing uniqueness of the infinite hierarchy is, moreover, a critical step. We therefore
anticipate that our result in this article will be the linchpin of any future rigorous derivation of the
Chern—Simons—Schrédinger system.

As remarked before, the analysis of the Chern—Simons—Schrddinger system with general data is, at the
moment, very delicate. The same remark applies all the more to the associated infinite hierarchy, to which
(1) is a special solution. Thus, we consider the radial version of the infinite Chern—Simons—Schrodinger
hierarchy in this paper. The nonradial equivariant case (m > 0), though still much simpler than the
general system, is slightly more challenging than the radial case. Unfortunately, the techniques we employ
for studying the radial case do not immediately extend to the nonradial equivariant case due to certain
logarithmic divergences.

The infinite radial Chern—Simons—Schrodinger hierarchy. The Chern—Simons—Schrodinger system (1)
simplifies to (13) under the assumption of radiality. Similarly, by assuming radiality, we reduce Equations
(15) through (18) to the infinite radial Chern—Simons—Schrédinger hierarchy

k

k k
. 1
iy + 318wy ©1= 3 Aot D+ Y 1D ] =g 30 By ™ 20

and the field equations
Fro(t. |x]) = —31x|p(t. |x])
and

Foa(t, |x]) = |x| P (t, |x]),
Fo (1, |x]) = =5 Ap (¢, |x)p (2, |x]),

x|
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for y® =y ® (¢, ry, r}). In particular, here we assume that

y® =ut. re.rp),
A, =0,
Ag =v(t, 1),
where u is real-valued at time zero and v is real-valued for all time. This assumption enforces the Coulomb
gauge. Recall that B; ;41 is defined in (17) and p is given by (18). As before, F' := d A, though now we
are adopting polar coordinates for A. Though we could rewrite everything exclusively in terms of polar
coordinates, we choose instead to use both Cartesian and polar coordinates.
Putting everything together, we see that we are studying solutions y ® =y ® (¢, r¢, ) of
. k k k
iy + 35 (A y O =25 [Ae(e, 1xj D)+ AF 1D, v ] — g X5y Biaery D,
8, Aot |x]) = [ Asp (2, X,

& Ag(t, |x]) = x| P (2, |x]), (21)
¥ Ap(t, x]) = —3xlp(, |x|),
A, =0.

We interpret y© as a complex-valued function on R, x [Ri’_i X [Ri’_i subject to the symmetries

y O, e r) =y ® @, rl, r)
and

y(k)(t7 rO’(l)s L] rO’(k)a r(/f(])a ceey r(/)-(k)) = V(k)(t$ Fiy ooy Tk, r{, ceey r]/() (22)
Though each r; € R, we associate to this space the measure rdr, as indeed we think of r; = |x/|
forx; € R2.
Note that we can eliminate Ay and Ag in (21). In particular, we have
1 r
Ag(t,r) = —5/ p(t,s)sds (23)
0
and

1 [ s ds
AO(I’F)ZE/ ,o(t,s)/o o(t,u)udu R 24)

which reflect the natural boundary conditions for Ag and Ag that we adopt for (1). Therefore, we may
rewrite (21) as

£ 1o ; ds 1, 1 (" 2
ia,y<")+Z[Ax,-,y“‘)]=Z[§f p(m)/o p(r,u)udu?+r—2(—5/0 P, )5 ds) ,y<k>]
i’ j

j=1 j=1 j ‘
k1
_gZBj,k—HV( D,

j=1

y®0) =y, keN, (25)
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1C. Main results. Our main theorem says that any admissible mild solution of the radial infinite CSS

2/3

hierarchy is unconditionally unique in L7Z,, 719, To explain what this means, for s € R, we define

rad *

the space 97, to be the collection of sequences {y®}ren of density matrices in Lf,ym([RZk) such that

y® =y, r, rp) and

Tr(|S(k"")y(k)|) < M*  for all k € N and for some constant M > 0,

where

k
sE=TTa—ay2a-a0"
j=1

Here L2, denotes the space of L? functions satisfying (14). Let U®)(¢) denote the propagator

sym

Ay —ilAy

u® (t) := e” ke (26)

A mild solution of (25) in the space L5 71,4 is a sequence of marginal density matrices I' =

(y ® (1))xen solving

14 k 1 oo v dl)

y“‘)(r)=U<")<r)y<">(0)—i/0 U(")U—S)(Z[g/ p(z,v>/0 Pt wyu du —
j= T

1
1/ 1 (1 2 a
+—2(—§f ,o(t,v)vdv) ,y(k):|—gZBj,k+1y(k“)> ds
T 0 j=1
and satisfying

sup Tr(|S“¥y©(n))) < M*
t€l0,T)

for a finite constant M independent of k. Note that, if we are given factorized initial data

k
Vo (rio ) = [ [ oo ),

j=1

then the condition that (y(k) (0)) € °_, is equivalent to

rad
Tr(|S® 9y ®0))) = llgollF < M*, keN,

s
rad

which is to say that ||¢g|| gs < M for some M < oco. Then a solution to the IRCSS hierarchy in L?;J[O,T)ﬁ
is given by the sequence of factorized density matrices

k
y O, r,r) =] ornéi ()

j=1

provided the corresponding 1-particle wave function ¢, satisfies the radial Chern—Simons—Schrodinger
system (13).
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Admissibility we take to mean that Try® =1 for all k € N and

y® =T (y* D), keN. 27)

This is required in our application of the quantum de Finetti theorem. As there are weak analogues of the
quantum de Finetti theorem applicable to limiting hierarchies, we expect our techniques to apply to the
problem of rigorously deriving the radial CSS from large, finite systems.

2/3

Theorem 1.1 (unconditional uniqueness for the infinite hierarchy). There is at most one L;’glo 79 1ad

admissible solution to the infinite radial Chern—Simons—Schrodinger hierarchy (21).

Theorem 1.2 (unconditional uniqueness for the Chern—Simons—Schrodinger system). There is at most
one L?S[O,T)H 2/3(R?) solution to the radial Chern—Simons—Schrodinger system (13).

Before explaining our main theorem, we first remark that deriving mean-field equations from many-
body systems by studying infinite hierarchies is a very rich subject. For works related to the Boltzmann
equation, see [Lanford 1975; King 1975; Arkeryd, Caprino, and laniro 1991; Cercignani, Illner, and
Pulvirenti 1994; Gallagher, Saint-Raymond, and Texier 2013]. For works related to the Hartree equation,
see [Spohn 1980; Frohlich, Knowles, and Schwarz 2009; Erd6s and Yau 2001; Rodnianski and Schlein
2009; Knowles and Pickl 2010; Grillakis, Machedon, and Margetis 2010; 2011; X. Chen 2012b; L. Chen,
Lee, and Schlein 2011; Michelangeli and Schlein 2012; Ammari and Nier 2008; 2011; Lewin, Nam, and
Rougerie 2014]. For works related to the cubic NLS, see [Adami, Golse, and Teta 2007; Elgart, Erdds,
Schlein, and Yau 2006; Erdds, Schlein, and Yau 2006; 2007; 2010; 2009; Klainerman and Machedon
2008; Kirkpatrick, Schlein, and Staffilani 2011; T. Chen and Pavlovié¢ 2011; 2010; T. Chen, Pavlovi¢,
and Tzirakis 2012; T. Chen and Pavlovi¢ 2014; Pickl 2011; X. Chen 2012a; 2013; Benedikter, Oliveira,
and Schlein 2012; Grillakis and Machedon 2013; X. Chen and Holmer 2013c; 2013b; T. Chen, Hainzl,
Pavlovié, and Seiringer 2014; X. Chen and Holmer 2013a; Hong, Taliaferro, and Xie 2014; Gressman,
Sohinger, and Staffilani 2014; Sohinger and Staffilani 2014; Sohinger 2014a; 2014b]. For works related
to the quantum Boltzmann equation, see [Benedetto, Castella, Esposito, and Pulvirenti 2006; 2005; 2008;
2004]. The infinite hierarchies considered previously to the present one are all linear. In contrast to this,
the infinite radial Chern—Simons—Schrodinger hierarchy is nonlinear.

For our problem, we have taken the phrase “unconditional uniqueness” from the study of the NLS.
It is shown by Cercignani’s counterexample [Cercignani, Illner, and Pulvirenti 1994] that solutions
to infinite hierarchies like the Boltzmann hierarchy and the Gross—Pitaevskii hierarchy are generally
not unconditionally unique in the sense that a solution is not uniquely determined by the initial datum
unless one assumes appropriate space-time bounds on the solution. In the NLS literature, “unconditional
uniqueness” usually means establishing uniqueness without assuming that some Strichartz norm is finite.
Since we are using tools from the study of the NLS, we therefore call our main theorems unconditional

uniqueness theorems.!

UIn other words, the uniqueness theorems regarding the Gross—Pitaevskii hierarchies [Klainerman and Machedon 2008; Kirk-
patrick, Schlein, and Staffilani 2011; X. Chen 2012a; X. Chen and Holmer 2013a; Gressman, Sohinger, and Staffilani 2014] are
conditional, whereas [Adami, Golse, and Teta 2007; Erdés, Schlein, and Yau 2007; T. Chen, Hainzl, Pavlovi¢, and Seiringer 2014;
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Finally, we remark that, for the proof of the main theorems, we apply the quantum de Finetti theorem
in a manner similar to [T. Chen, Hainzl, Pavlovié, and Seiringer 2014; Hong, Taliaferro, and Xie 2014]
but with adjustments tailored to deal with the nonlinearity in the infinite hierarchy that we consider. The
quantum de Finetti theorem is a version of the classical Hewitt—Savage theorem. T. Chen, C. Hainzl,
N. Pavlovi¢, and R. Seiringer are the first to apply the quantum de Finetti theorem to the study of infinite
hierarchies in the quantum setting. For results regarding the uniqueness of the Boltzmann hierarchy using
the Hewitt—Savage theorem, see [Arkeryd, Caprino, and laniro 1991].

2. Proof of the main theorem

We will prove that, if we are given two L$’T1ﬁ315

the same initial datum, then the trace norm of the difference {y® =y

solutions {yl(k)} and {yz(k)} to system (21) subject to
l(k) — yz(k)} is zero. In contrast to
the usual infinite hierarchies (e.g., Boltzmann, Gross—Pitaevskii, .. .), system (21) is nonlinear. Thus, y(k)
does not solve system (21). In order to show that y® has zero trace norm, we first express y X as a
suitable Duhamel-Born series, which contains a nonlinear part and an interaction part (see Section 2A).
These two parts we estimate separately with bounds contained respectively in Theorems 2.3 and 2.4,
which together constitute our main estimates. In Section 2B, we prove the main theorem, Theorem 1.1,
assuming the main estimates. The proof of Theorem 2.3 is postponed to Section 4 (and Theorem 2.4 we

handle in this section).

2A. Setup. Set for short

1
a(r;) == Aolt, rj)—i-r—zA(%(t, r) (28)
and !
k
a(r) = _a(r)). (29)
j=1

Let s4® denote the operator that acts according to

A® f=T[a(ro), 1. (30)
Also, set for short
k k
Byt = Z Bjk+1 = ZTrk+1[5(xj — Xk+1), - |- 31
=1 =1

With these abbreviations, the first equation of (21) assumes the form
ia;y(k) +[Ax,, )/(k)] — &q(k)y(k) _ gBk+1V(k+l)- (32)

Remark 2.1. The operator i is linear but itself depends upon y V. In fact, it only depends upon the
diagonal p(¢t,r) = yWO(t, r, r). The term A®)y® is therefore better thought of as a nonlinear term rather
than a linear one.

Hong, Taliaferro, and Xie 2014; Sohinger 2014b] are unconditional in the NLS sense. Yet they are all considered conditional in
the Boltzmann literature.
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Let {V1(k)} and {)/z(k)} be solutions subject to the same initial data with, respectively, p;(¢,r) =
yl(l)(t, r,r)and po(t,r) := yz(l)(t, r,r). Let y® = yl(k) - yz(k). Then

10,y + 1Ay y©1= "y — 59, — g By *HY. (33)
We can rewrite (33) using the relation

k) (k k) (k k). (k b (k
Ay ® _ 50,0 _ ®,® | 0, O
where now
k) . 4) (k)
AP = Ay =,

so that it becomes

. k k

19y ® + Ay, y©1= sty ® 4 gy 0 g gy *HD (34)
or, equivalently,

. k

Recalling the corresponding linear propagator U ®¥)(¢) defined in (26), we write (34) in integral form, i.e.,

173
y® ) = —ig / At U (1 — )[40y O ts) + AP0 () + By P (0] (35)
0

In invoking this formula in future calculations, we set g = —1 for simplicity and we ignore the i in front so
that we do not need to keep track of its exact power, as the precise power is not relevant to the estimates.

Remark 2.2. The choice of g = —1 corresponds to a defocusing case in (12). It is important to note,
however, that the choice g = —1 at this step is purely for the sake of convenience; all subsequent arguments
can accommodate any g # —1 at the cost of certain powers of |g|. In particular, our arguments apply to
the self-dual case g = 1, which is the most interesting from the physical point of view.

For the purpose of proving unconditional uniqueness, it suffices to show ) = 0. Iterating (35)

2

. times,~ we obtain

1 1
y D) = / dn U™ (6 — 1) (41" y D (2) + AV (1)) + / dnU™M (1 — 1) By @ (1)
0 0

1
- / AUV @ — ) (17 D (1) + A0y (1))
0

n [5)
+/ dnUM (1 —tz)Bz/ dsUP (1, —f3)(&ﬁ(12))/(2)(f3) +&ﬂ(2)3/2(2)(f3))
0 0

1 %)
+ / AUt — 1) B, / dtzUP (ty — 13) B3y P (13)
0 0

— NP(lc) 4+ IP(IL')’ (36)

2Here, I stands for the level of coupling. When /. = 0, one recovers (34).
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where NP and TP, the nonlinear part and the interaction part, respectively, are given by

le f t

NP =GO+ 3 [ [Cdndn U0 = By U~ 0B G ) BT
r=1 0 0

and

I fie41
1pe) =/ / dty---dt, UV (@t —12)By - UV (g, — 11 1) B2y (1, 42), (38)
0 0

where

173
GO () = / At UP (5 — 1) (419 © (t131) + AP0 (141)).
0

2B. Proof assuming the main estimates.

Theorem 2.3. There exists a constant C > 0 such that
TrINPY ()] < Cty sup Trly V(@)
0,11

for all coupling levels l. and all sufficiently small t,.
Proof. We postpone the proof to Section 3. g

Theorem 2.4. There exists a constant C > 0 such that

Te|IP%) (1))| < (C1, )"

for all coupling levels ..

Proof. This estimate follows from the same method used for the corresponding term in [T. Chen, Hainzl,
Pavlovié, and Seiringer 2014], which relies on the quantum de Finetti theorem and on a combinatorial
analysis of the graphs that one can associate to the Duhamel expansions. One merely needs to replace the
three-dimensional trilinear estimates [T. Chen, Hainzl, Pavlovi¢, and Seiringer 2014, (6.19), (6.20)] with
(55) and (56), respectively, taking s = %, and replace the three-dimensional Sobolev estimate

I f lsrey S NI @3

with the two-dimensional Sobolev estimate

I f sy S I a2 w2y

We remark that it is because of this Sobolev estimate that we take s = % in H? rather than a smaller s. [

With Theorems 2.3 and 2.4, we then infer from (36) that
Trly V(0] < TrINPY (11)] + Tr|IPY (1))

<Cn sup TrlyD )]+ (Ct) )k
tel0,t1]

<CT sup Trly @)+ (CT3)k
tel0,T]
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for all #; € [0, T']. Take the supremum in time on both sides to get

sup Trly V@) < CT sup Trly V()| + (CT'3),
tel0,T] t€(0,T]
Therefore, for all 7 small enough, we obtain

% sup Trly(l)(t)| < (CTI/S)I” —0 asl.— oo,
1€[0,T]

ie.,

sup Trjy M ()| =0.
tel0,T]

Hence, we have finished the proof of the main theorem assuming Theorem 2.3. The bulk of the rest of
the paper is devoted to proving Theorem 2.3.

3. Estimate for the nonlinear part

Recall

l“ 1 Iy
NP =G+ / / dty -+ dty UV (1 = 2) By -+ UD (= 1,41) By GO0 (1 40)
r=1 0 0

=:1+11,
where

173
GO (4) = / dty 1 UP (5 — 5e0) (A y O (40) + AP0 (441)). (39)
0

We will first treat Tr|G " (¢;)| coming from part I and then, with some additional tools, the corresponding
term coming from part II. Both of the estimates rely upon the quantum de Finetti theorem stated below.

Theorem 3.1 (quantum de Finetti theorem [Hudson and Moody 1976; Stgrmer 1969; Ammari and Nier
2008; 2011; Lewin, Nam, and Rougerie 2014]). Let # be a separable Hilbert space, and let %k = ®];ym H
denote the corresponding bosonic k-particle space. Let I" denote a collection of bosonic density matrices
on¥, ie.,

Fr=@u®M, ,® )

with y® a non-negative trace class operator on #*. If T is admissible, i.e., for all k € N we have
Try® =1and y® = Trrp y**D, where Tryi denotes the partial trace over the (k + 1)-th factor, then
there exists a unique Borel probability measure |, supported on the unit sphere in ¥, and invariant under
multiplication of ¢ € ¥ by complex numbers of modulus one, such that

y® — / du@)($) (D forallk € N.

Remark 3.2. The p determined by Theorem 3.1 is finite and so, in particular, o -finite. Therefore, the
Fubini—Tonelli theorem, which is crucial in the proof, applies. See [Dunford and Schwartz 1988, p. 190].
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Using Theorem 3.1, we write

nO0 = [ @aeen™. =12
and

y®Pa) = / du (@) (o) (d))®F,

where ;1= ,uvﬁl) — ,ufz) is a signed measure supported on the unit sphere of L?(R?). We remark that

Trly D (@) =/d|ut|<¢>||¢||iz =/d|ut|<¢)

while

iy 01 = [ au 10l = [ d = 1.

Here |u,| is defined, in the usual way, as the sum of the positive part and the negative part of u,, which

1) @

itself is another finite measure since |u;| < @, + ©;”. Write M,(O) = u; for convenience. The main

properties of ,uﬁi) that we need are

sup f dip 1@ P12 < M* fori=0,1,2 (40)
t€l0,T] X
and
P 1(l¢ € L2®?) | 1@l o > M}) =0 fori=0,1,2, 41)

where |M§i)| is of course ,uﬁi) ifi =1o0r2. Fori =1, 2, estimate (40) is equivalent to the energy condition

k k

sup Tr<l_[<vx,>2/3>y}k)(t>(H(vxpz“) < M* fori=1,2, 42)

0.7\ izl

and (41) then follows from (40) using Chebyshev’s inequality.’ The i = 0 case then follows from the
definition.
Putting these structures into &, for £ = 1, 2, we have

k
1l 70 = [ [ anl® ) di® @ Y latyp o) = g e 11 3)
=1
and

AW f @) = (1) — 1)) f
k
= /f dp” () dps () Z[a|¢|2,|w|2("j) — e wp (D] f

Jj=1 X
+ / / it @) A @) Y [a o) — appp D] f, - (@4)
=1

3See [T. Chen, Hainzl, Pavlovi¢, and Seiringer 2014, Lemma 4.4] or [Hong, Taliaferro, and Xie 2014, (2.17)].
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where a2 |2 s defined by

2012 1 2 2
all/f\z,\a)\z(t’ I") = Aglm ol )(t, r) + r_ZAg‘m )(t, V)Aé|w| )(t, I")
with
212 0 2 ds 1 [
AJTD @y = —/ A" el ) = AL e = —5/0 p(t.s)s ds.
r

Informally speaking, a2 |,2(r) is similar to a(r) defined in (28) but is linear with respect to |¢r > and
|w|? independently rather than quadratic with respect to a single |¢|>.
This notation enables us to represent the core term of G by

sty ® @)+ 4 ®y, (1)

k
=3 ¥ [ an ) an @ an? @ eyt~ agp o086 @)

j=1,m,n)eP

if we take % = {(1, 1, 0), (2, 2, 0), (1, 0, 2), (0, 2, 2)}. The set P is for bookkeeping, incorporating the
terms from (43) and (44), and we remind the readers that d M§0) :=du,;. We remark that, to reach (45),
we used the quantum de Finetti theorem (i.e., Theorem 3.1) four times: twice for the y(k) term (once
for y; and once for y,) and twice for the terms in the self-generated potential & (they are quadratic in p).

3A. Estimate of TrlG(l) (t1)]. Putting k = 2 in (45) and replacing v, w, and ¢ with ¢, ¢, and ¢3,
respectively, we have

Tr|GV (#))| = Tr

n
/ di UM (1 = ) (4] y D (12) +&d“>y§”<rz))‘
0

1
< ¥ /0 ars [[[ i o0 i @2 a6
(I,m,n)e%P / Y
X THUD (11 = 1) [ 19, 2,192 (1) = Ay 2,12 (D [ 3 (D B3 () .
Using the fact that
T U @) fr)g )| = f | £ (r)e " g(r1)]| doxy
<le"®fllzzlle™ gl 2
=lflz2lglz2s
we have
1
IR /O dn, / f / d) (@) d1e” [(@2) d 11 |(@3) 19, 2, 16,203 12118311 2.
(I,m,n)eP

Corollary 4.9, i.e., the main nonlinear estimate, turns the above into

13
TGV < Y /0 ars [[[ i 100 iz 182 1?69 x ol

(I,m,n)eP .
< 11l 22 Wl minloec 2 18: el
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One of I, m, or n is zero, and we may put the corresponding term in L2, i.e.,

2 f
6l =Y [ dn [[[ an @0 a6 i 161611 1021 10015
=1
n
+ /0 dn, / / f dps, (@) dln | @2) iy @ 101115,02 16212 1021 2 1651 1211631122

n
+ /O dn, / / f e, (@1) dpgy) @) dpsy @)Dl 2 19l 1 162172 1031 12 103 2.

Using the fact that each ,ugj ) s supported on the unit sphere in L2 and thanks to (40) and (41), we obtain

Tr|GV (1)) < 4M31; sup f dlutI(d))SCM%( sup Tr|y“’(z)|).
tel0,1] t€[0,1]

Thus, we have proved that

Tr|G<‘>(n>|5Cz1( sup Tr|y“><r>|). (46)
tel0,11]

3B. Estimate for part II. Recall that
le — rn tr
o= Z/ .. f dtr - dt, UVt —1)By - Uty — t,21) B GUTV (1, 11).
r=1 0 0

Because each B; is a sum of 2(j — 1) terms (see (31)), integrands of summands of NP have up to O (k!)
summands themselves. We use the Klainerman—Machedon board game argument to combine them and
hence reduce the number of terms that need to be treated. Define

Tt (fI =Pt = 0)By - UV () = 100 B fU70,

where 1,1 means (2, ..., t;;+1). Then the Klainerman—-Machedon board game argument implies the
lemma.

Lemma 3.3 (Klainerman—Machedon board game [2008]). One can express

151 tj .
[ [ ooy
0 0
as a sum of at most 4/ terms of the form
[ 3ty ar,
D

or in other words,
I3 tj . i
/ / J(Zj+1)(f(-’+1))d[j+1=Z/ T, o) (Y de .
0 0 o D

Here D C [0, 2]/, the o range over the set of maps from {2, ..., j+1}to {1, ..., j} satisfying o(2) = 1
ando(l) <l foralll, and

J(tjt1,0)(fUTD) =UV () =) B1aUP (= 13)Boy 3 - - UV (8 — tj41) Bo(js1), j+1 (LU TD).
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With Lemma 3.3, we can write a typical summand of part II as

f " f ' dty -+ dtr UVt =) By - U (ty — t,41) B 1 G0 (1r41)
s =, f dtr1J (tr1,0)(GTD),
—Jp
where the sum has at most 4” terms inside. Let
nee = fD dty1J (tr41,0)(GUHD). (47)
To estimate part II, it suffices to prove the following lemma:

Lemma 3.4. There is a Cy depending on M in (42) such that, for all r, we have

T (1) < [(r + 1)(C0111/3)r]l1< sup Tr|y“>(z>|).
tel0,4]

With the above lemma, we have

I
TY|H|(f1)EZZ[(F+1)(C0111/3)r]11( sup TrIV“’(I)I)

r=1 o 1€[0,4]

<o s Ty V01) [0+ Dic”)]

te[0,11] =1
an( sup Tr|y“><t>|) (48)
t€l0,11]

for #; small enough so that the series converges.
Together the estimates (46) and (48) establish Theorem 2.3.
Before proving Lemma 3.4, we illustrate how to obtain the estimate for a specific example.

Example 3.5. To avoid heavy notation and demonstrate the main idea of the proof of Lemma 3.4, we
first prove it for a concrete example. The general case uses the same underlying idea, which turns out
to be quite simple as compared to what must be done for the interaction part IP. We adapt the example
and use the notation in [T. Chen, Hainzl, Pavlovi¢, and Seiringer 2014, §6.1] for our oo, Denoting
Ut —1) by U k(Jl) we consider

TIOl0) = [ dU{3812U2 B0V Bl G )
D

4 f
> ¥ /[0 pd“/o ars [[[ i 160 diu?” @) iy 1

j=1({,m,n)e®
x Tr|UY B1oUy3 B sUS ) B3 U2 (a1 12, 1o (1) — g .o D10 (@D BH) ] (49)

Remark 3.6. In the above, there is a U fs) after B3 4. This is the main difference between the nonlinear
part NP and the interaction part IP. As noted in [T. Chen, Hainzl, Pavlovi¢, and Seiringer 2014], since
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the last B in IP is not followed by a Schrodinger propagator, it creates a factor of |¢|?¢, which has to be
handled by Sobolev embedding rather than Strichartz estimates.

It suffices to treat

f[o L / dts f / / A1) d1™ (@) 1| ()
l‘|3

(I,m,n)eP
1 2 3 4
x Te| UL ) B, UL B, UL B, UL ([ 2, 02 () 1(18) (0D ®)

, (50
where Bftz is half of Bj », namely
B, (y?) =y P (x1, x1, x1, x1).

When we plug the estimate of (50) into (49), we will pick up a 23 since there are three B’s in (49).
However, compensating for this is the factor ([12/ 3)3 that emerges by the end. Hence, our simplification is
a valid one.

Step I (structure). We enumerate the four factors of (|¢)(¢|)®* for the purpose of bookkeeping even
though these factors are physically indistinguishable. So we write ®?:1 u;, ordered with increasing
index i. We first have

2

B3 Ui day o (ra) (19) () S = (Ufg (®u,-)) ® O3,
i=1

where
O3 = B, (U (u3 @ djyp, o (r4)ut4))
= B, (U450 (x3)) (Us 46 (x3)) (Us. 5layy 2,102 (r4) d (x2)]) (Us 4 (x}))
= (Us,5¢(x3)) (Us,s5[ay 12,100 (r3)@ (x3)1) (Us 49 (x3)) (Us 49 (x5))
= T3(x3)(Us 49(x3)) (51)
with Uy 5 = €/#~5)2_ Here Tj stands for the trilinear form

(Us slapp o2 (r3)d (x3)]) (Us 4 (x3)) (Us 4 (x3)).

We make similar substitutions below and, to bound these terms, shall invoke the trilinear estimate (56),
which states that

1T Cfrs for PN, 12 o 1Al 22l 20 3 s

for0 <s <2.
Applying B;f 3 Uﬁ, we reach
BI UL BY 4 ULS gy, () (19) (#D®) = B USS (U511 @ U312 ® ©3)
= U3 U Ju1 © ©;
= UsJu1 ® 0,
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where 5 |
®y = B,U (U ur ® ©3)

= B, (UJu ® U3} 03)
= Bﬁz((U3,5¢(Xz))(U5,3¢_5(X§))(U3,4T3(X3))(U4,3U5,4<l_5(X§)))
= (Us,5¢(x2)) (U3 4T3(x2)) (Us 3¢ (x2)) (Us 3¢ (x5))
= T2(x2) (Us 30 (x3)). (52)
Finally, with U 1(12)31+ 2U2(?3), we get
U153 B U3 By UL B UL @y o () (10) (8D ™)
= U{B/,U,3(Us 3u1 ® ©2)
= U} B], (U 3u1 ® U, 302)
= U{) B, [(Un.s¢ (1) (Us 29 () (U2,3 T (x2)) (U3 2Us 36 (x5)) ]
= U Y[ (U250 (x1) (U2,3T2(x1) (Us 26 (x1)) (Us 26 (x))]
= U S[Ty (x1)Us 26 (x})]. (53)

Step II (iterative estimate). Plugging the calculation in Step I into (50), we have

I3t —
o= [ ar [Cas [[ [ a0 a1 i 11T 01161

(I,m,n)eP
n
= Y [ an [ [[[ a0 din @) din? @) < 171 e
U mmyep 101 0 ?
where
1/3
ITills 12 < Co 10l gn I Tall 2 1l o
n
by (56). Thus,
1
1/3 n
sozcn S [ u [ Cars [ diaion a1 a1 @10 17l o
(.mmee /1001 J0 ?
By (56) again,
1/3
T2l 1a < CHP 10l 1 T2 192

and hence,

(50 = (cy”) Y- fo dis //f iy 100) 1y @) di (DD 1Tl 12

(I,m,n)eP

<y ¥ fo dis [ [[ il 160 dius” @) 12 @101 oy 0050 o

(I,m,n)eP
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By the fact that |;L, )| is supported in the set

{p € L*(RY) | 9|l y2n < M},
we have

(50) < (CMi?y ¥ [ drs /f/ A1) d1p @) d1nl 1) |y e oz )6 ()| o

(I,m,n)eP
One then proceeds as in the estimate of Tr|G" (¢1)| to reach
(50) < (CM1)’ M, ( sup Tr|y(1)(t)|>.

1€[0,11]

Selecting a C bigger than M? and 1, we obtain
(50) < (cotf/3)3n( sup Tr|y<”<r>|).
t€[0,11]
Plugging the above estimate back into (49), we get
T2 (1) < [4-2° - (Cor}*) ] ( sup Tr|y(1)(t)|)
1€10,1(]
as desired. This finishes the proof of the example.
One observation to make concerning our approach in Example 3.5 is that the structure found in Step I

is crucial. Such a structure generated by the collision operator B and propagator U is found in general,
and we state its relevant properties in the following lemma:

Lemma 3.7. Let M € N, M > 1, and for each j, 1 < j < M, suppose that the two functions f;(x;)
and f (x ) belong to* L H; (IRZ) <s < . Then there exist L H} (R?) functions h and h' such that

M—1
B(:IE(M) MU/E/IMK/[_;_] |:1_[ f](x])fj/(x;)i| = hU(M)(xo(M))hir(M)(x(/r(M))U/E/IMM—Zi-)l |: l_[ fj(xj)fj/(x;)i| .
i1 i—1
’ j7ZU(M)

In the case where B is B:( wy.m»> L is a trilinear form of the type (54) and h' is a linear evolution. In the
case where B is B;( MM the roles of h and h' are reversed.

Proof. The collision operator leaves untouched each term for which j ¢ {M, o (M)}. Only the propagator
affects these terms. So we have

M
By, MUIE/IMI{/I-H {H fi (xj)fj/-(x}):|
=1

M-2 it —tas ) Ay
= UIE/[ M+)1|: 1_[ JiGep) fi(x; )} ToonmEean)e e f) o0 O )
S

e{l,...M}\{M,oc (M)}

4We suppress the time dependence in the notation and allow restriction to time intervals, which may be achieved, for instance,
by introducing sharp time cutoffs.
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where
To (), m (Xo (M)
= &' MR £ (o) - € TR0 o (g ) - e TR e0n £ O ).
Similarly,

M
B;(M),MUI(\/IAQ/I-H |:l_[ i (xj)f]f(x})i|

j=1
M=2 (= A
= U[E/I,M-O—)1|: [1 fj(xj)f;(x}):| Ty oty O ) ™00 fo ) ().
Jell,.. M\{M,o (M)}
where
Ty o). Ko (ary)
itm—ty+D)A —i(ty—tm+1) Ay —Ht =) Ay
—e o (M) fM(x:T(M))e o (M) (;(M)(x;'(M)) - e o (M) f[{l(x(/)‘(M))

The L} H? bounds follow from (55) and Strichartz. O
Proof of Lemma 3.4. Using (47), (39), and (45), we write

r+l try1

"o = Z Z / dt, 1 J(trs1, a):/ dtr 22UV (41 — 1r42)
— D 0
j=1(,m,n)eP

X /// d,uglz(l/f) d,bbg?z(a)) dﬂt(:?z(ﬁb)[aw|2,\w|2(|xj|) —a|w|2’|w|z(|x}|)](|¢)<¢|)®(r+1)}.

We abbreviate
J o) = U(])B U( )B U(r) B
(Z,+17 ) 1,2P1,2V5 300(3),3 " " - r+120(r+1),r+1

r

and write

Tr[1" | (21)

r+1 "
l
= Z Z d!r—i—l/ dt 4o ///dmt(fiZKW)d|/’L§Z)z|(w)d|M§:22|(¢)
j=1 (,m,nyep ¢ 001 0

1 +1
X Tr|UfSBia - U Bogranrit U ) ol pop (125D = @y p o (D] (100 (@D V).

To simplify calculations, we drop, without loss of generality, the —a|w|z’|w|z(|x}|) term. Also, we split

each B;  into two pieces Bj.fk so that B ; = B;.fk — B,
Consider first the innermost terms

+ (r+1) . R +1)

By ity rr1Urit rpa@y jop (161D (19) (@) :

The index j € {1,...,r + 1} and the permutation o together determine at what point a2 |,,2(|x;]) is
directly affected by a collision operator. In any case, we claim that, with respect to the variables x4 (1)
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and x’ the term

o(r+1)°
+ (r+1) . ®(r+1)
Ba(r+l),r+l Ur+l,r+2a|'//\2,\w\2(|xl |)(|¢> <¢|) '

is a trilinear form of the form 7 in (54) (see (51), (52), and (53) for examples of these trilinear forms) in

!/
o(r+1)
but with the roles of the primed and unprimed variables reversed). Note that precisely one of the terms in

the x4 (1) variable and a linear flow in the x variable (the term with B~ instead of B™ is similar
the trilinear form T involves @)y 2 |2 (Ix;]). This follows from Lemma 3.7. Additionally, Lemma 3.7
is formulated so that we can apply it iteratively until termination, at which point we have one term that
is trilinear of the form (54) in precisely one of x; or x| and another term that is a linear evolution of a
function of the remaining spatial variable. Step I of Example 3.5 illustrates such a process.

The final step is to iteratively bound the terms. We follow Step II of Example 3.5. The underlying idea
behind the iterative bounds is relatively straightforward. We start by controlling the trace norm using
Cauchy—Schwarz in space. One factor is simply a ¢ term associated to the measure and so will have L?>
norm equal to one. This leaves us with the other term in L}Lz. The next step is to apply (56). This places
one factor in H* and the remaining ones in L?. So that we can eventually apply (70), it is important to
always place in L? the term appearing in the right-hand side that involves a2, w2 (1x;1). To control the
term placed in H*, we apply (55). For the terms in L2, we use (56) or (70) as appropriate. U

Remark 3.8. We first remind the reader that, because at each step we are estimating a linear term of
the type e’2 f or a trilinear term of the form (54), we do not need to apply Sobolev embedding as is
necessary for estimating the interaction part. Secondly, the “a” term cannot be generated by B, and thus,
we do not need to keep track of multiple “copies” of |¢|?¢ generated by B in contrast to what must be
done in controlling the interaction part. In particular, there is no need to introduce binary tree graphs or
keep track of complicated factorization structures of kernels in controlling the nonlinear part.

4. Multilinear estimates

In this section, we will need the following fractional Leibniz rule from [Christ and Weinstein 1991,
Proposition 3.3]:

Lemma4.1. Let0O<s <landl <vr, p1, p2, q1, g2 < 00 such that % = é+%f0ri =1,2. Then

VDI SN lIVEgliLa + IV fllLeliglipe.
Define the trilinear form T by
T(f, g, h) — ei(l—l])Af . ei(l—l‘z)Ag . ei(t_t3)Ah. (54)
Lemma4.2. Let0<s < % The trilinear form T given by (54) satisfies’

ITCf 8 Ml s STl f s N8l s A1 s (55)

te[0,19) "X

3Such trilinear estimates are the precursors to the Klainerman—Machedon collapsing estimates widely used in the literature.
For those estimates, see [Klainerman and Machedon 2008; Kirkpatrick, Schlein, and Staffilani 2011; Grillakis and Margetis
2008; T. Chen and Pavlovi¢ 2011; X. Chen 2011; 2012a; Beckner 2014; Gressman, Sohinger, and Staffilani 2014].
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Proof. By the fractional Leibniz rule, we have
1T Cf. 8 Wy SN2 Fll ol T2l 6 1€" T 2Rl 1,6
A —h)A
F TR LN pallet TR g

i(t—t)A i(t—1)A A
1A pelle TR e lle AR s

6”61(1‘ t3)Ah|| 3 6

By Sobolev embedding, we bound the first term by
1€ Fllayipolle’ ™2l pygr e Al Ly,

Where 6 + 5. Note that 2 < p < 6. Let g be given by + = 2 so that (g, p) forms a Schrodinger-
adm1ss1b1e Strlchartz pair (see, for instance, [Tao 2006, §2]) So we use Holder in time to bound the
expression by

||ei(t_tl)Af||L3Ws,6t(-;/3_l/q“ei(t_tZ)A th 1/3 —1/(1” i(t— t3)Ah“ qW
t Wx

g”L‘?

Finally, we conclude by applying Strichartz estimates and noting that % — é = 5. The second and third

terms are similar. O

Lemma 4.3. Let 0 < s < 2. The trilinear form T given by (54) satisfies

I7Cf gy, iz S0 12 gl Al e (56)

Proof. By Holder’s inequality,
2, it—t)A [ (t—12) A i(1—13) A
||T(f g’h)”Ll o )Lz <t(;/ ”ez(t 1) f”L?L;_”el(t 1) g”L;’Lg ”ez(t 13) h”L?OLf’

where é % — Z’ r==,and p =2/(1 —s). Using Strichartz estimates and Sobolev embedding, we

control the right-hand s1de by

s 2 A
oI lgl 2 e ™2 ) oo

Finally, we conclude the bound stated in the lemma by noting that the Schrodinger propagator is an
isometry on L?-based spaces. (|

Remark 4.4. From the proofs of both (55) and (56), it is evident that any of ¢!=/VA £ !((=2)A g and
¢/~ can be replaced by its complex conjugate in the trilinear form (54).

For the next set of estimates, recall

0 Ao=1tAgp, B Ag=—%rp

and

® Ag(s) 1 [
Ao(t,r) = —/ . o(s)ds, Ag(t,r) = —5/0 p(s)sds. 57

When it is important to indicate the dependence upon the density function p, we write Aép ) (t,r) for
Ag(t,r). Recall

00 ds
A(()pl,pz)(t, I’) — _f Aéﬂl)(s)pz(s) ?’ (58)

r
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where Aép D is defined using (57) but with p; in place of p in the right-hand side, i.e.,
1 r
Aépl)(t, r)=—— f p1(s)s ds.
2 Jo
Define the operators [0,17%, [r~"9,1~", and [rd,]! acting on radial functions by

o _ r 001
017 f(r)=— / fs)yds, 317 fr)= /O f@)s"ds, 17 fr)=— / ~f©)ds.

Then it follows by a direct argument that

Ira 1 fller Sp lfllee, 1< p < oo, (59)
e 30 fllee Sp I flle, 1< p < o0, (60)
1317 flle S Fllgr (61)

These estimates appear, for instance, in [Bejenaru, Ionescu, Kenig, and Tataru 2013, (1.5)] and also find
application in [Liu and Smith 2014, §2].

Remark 4.5. In these estimates and those below, we use the Lebesgue measure on R? for all L? spaces.
In particular, for radial functions of r, we essentially adopt the rdr measure.

Lemma 4.6 (elementary bounds for A). The connection coefficients Ag and Ay, given by (57), satisfy
Aol S ol 746 e Slolz [5A6] L Slply.  wherel < p<oo.  (62)
and
lAolle Slolleilolle,  where1<p<oo, Aoz S ol (63)
Moreover, Ag satisfies the bounds
|54 SUellcllply. wherel < p<co. [ HAG] .« S lol7: (64)

Proof. These estimates are essentially contained in [Liu and Smith 2014, §2].
The first inequality of (62) is trivial. The second follows from Cauchy—Schwarz:

0o 12
|A9(t,r)|§r(f |,0(s)|2sds> .
0

The third is an application of (60) with n = 1.

The first inequality of (63) follows from the first inequality of (62) and from (59). The second is a
consequence of Cauchy—Schwarz and the third inequality of (62) with p = 2.

The first inequality of (64) follows from the first and third inequalities of (62). The second follows
from two applications of the second inequality of (62). O
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Lemma 4.7 (weighted estimates). Let % + é = 1 with | < g < oo, and suppose that p = |y|* and
pj=I¥;*for j =1,2. Then

“r—z/fJA((f)Ingo N ||1/j||12%””’ (©3)
I AL i < Il .

and
I AP s S il Vel o “

where S, denotes the set of permutations on two elements.
Proof. To establish (66), use Holder’s inequality to obtain
Aol S 11117,
and then use Sobolev embedding. The estimate (65) follows from Holder’s inequality, which yields
[Aal SNy 2 112,

and Hardy’s inequality.
To prove (67), use Holder to write

AL S e TAL e llr = Pyl 2 1l o =P
Then, using (65) and Hardy’s inequality, we obtain
1 : 2
12 AL e S 100 12l o 12112
Finally, we may repeat the argument with the roles of ¥r; and v, reversed. |

Lemma 4.8 (bounds for the nonlinear terms). Suppose that p; = | ; |> for j =1, 2. Then
1A Ol + |5 ALY AL O 1o < Il gz ¥l 1Ol o minll e gz e 2 (68)
X X X X > X

Proof. We start with
(p1,02) 1/2 4 (p1,p2) —1/2 1/2 4 (p1,02)
1A Ol 2 S Ir 2 AL e e =200 2 S IF AL s 10 2

and then appeal to (67) with p =g =2.
Similarly,
H %Aépl)Aépz)® || L2 < ”r*lAépl) ”L?C ”rfl/ZAépz) ||L§° ”rfl/Z@”L/%

~

2
S Wil 192l g 19212 191 4,

where we have used (66) and (65) with p = g =2 and Hardy’s inequality. Finally, we may repeat the
estimate but with the roles of ¥ and yr, reversed. O
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Now we introduce (see (28) to compare)
py o (8, 7) 1= ALY (1, 1) + LAPY (1, )AL (2, 7). (69)
For the definitions of the terms on the right-hand side, see the equations and comments from (57) to (58).

Corollary 4.9. Suppose p; = |{ j|2 for j=1,2. Then
a1 ¥slle2 S Wil g2zl g Q%HHWI(I)”[_'IA!/ZHWI(Z)”I:IEU”Wt(3)”L§, (70)
, X .

where S3 denotes the set of permutations on three elements.

Proof. For all but two permutations, the estimate follows from (68). To establish the estimate for the
remaining two cases, we need L°° bounds on A(()p P2 and rizA((f I)Ag’ 2 Using the second estimate of (62)
twice and Sobolev embedding, we obtain

|48 A | 1 < 1A [ |3 A6 e S I ITa W20 50 S W 1502 10215,

To bound A(()p 1P 2), we proceed in a manner similar to that of the second estimate of (63) and (67). In
particular, invoking (66) with ¢ =2 and Hardy, we obtain
x
f s_lAépl)s_1|tﬁ2|2s ds
-

(p1,02) —1 4 (o1) —1/2 2 2 2
[V:h e IIL;>0=‘ Slr A el /xllengoSIlellgl/zllwzllgl/Z. O
X X

L
Remark 4.10. From the proofs of these estimates, we see that the limiting factor in lowering the regularity
of the unconditional uniqueness result lies in the interaction part, which requires s = % rather than the s = %
required for the nonlinear part. By using negative-regularity Sobolev spaces, [Hong, Taliaferro, and Xie
2014] lowers the regularity required for the interaction part. Such a procedure does not seem to work, at
least directly, for the problem at hand. This is because one would need to obtain the same negative-order
Sobolev index in the right-hand side of (70) for the purpose of moving the term arising from controlling

the nonlinear part back over to the left-hand side (see the argument following the proof of Theorem 2.4).

Acknowledgment

The authors thank the referee for a careful reading of the manuscript and for helpful suggestions for
improving the readability of the paper.

References
[Adami, Golse, and Teta 2007] R. Adami, F. Golse, and A. Teta, “Rigorous derivation of the cubic NLS in dimension one”, J.
Stat. Phys. 127:6 (2007), 1193-1220. MR 2008i:82055 Zbl 1118.81021

[Ammari and Nier 2008] Z. Ammari and F. Nier, “Mean field limit for bosons and infinite dimensional phase-space analysis”,
Ann. Henri Poincaré 9:8 (2008), 1503-1574. MR 2009m:81118 Zbl 1171.81014

[Ammari and Nier 2011] Z. Ammari and F. Nier, “Mean field propagation of Wigner measures and BBGKY hierarchies for
general bosonic states”, J. Math. Pures Appl. (9) 95:6 (2011), 585-626. MR 2012e:81123 Zbl 1251.81062

[Arkeryd, Caprino, and Ianiro 1991] L. Arkeryd, S. Caprino, and N. Ianiro, “The homogeneous Boltzmann hierarchy and
statistical solutions to the homogeneous Boltzmann equation”, J. Stat. Phys. 63:1-2 (1991), 345-361. MR 92m:82108


http://dx.doi.org/10.1007/s10955-006-9271-z
http://msp.org/idx/mr/2008i:82055
http://msp.org/idx/zbl/1118.81021
http://dx.doi.org/10.1007/s00023-008-0393-5
http://msp.org/idx/mr/2009m:81118
http://msp.org/idx/zbl/1171.81014
http://dx.doi.org/10.1016/j.matpur.2010.12.004
http://dx.doi.org/10.1016/j.matpur.2010.12.004
http://msp.org/idx/mr/2012e:81123
http://msp.org/idx/zbl/1251.81062
http://dx.doi.org/10.1007/BF01026609
http://dx.doi.org/10.1007/BF01026609
http://msp.org/idx/mr/92m:82108

UNIQUENESS OF SOLUTIONS TO THE INFINITE RADIAL CHERN-SIMONS-SCHRODINGER HIERARCHY 1709

[Beckner 2014] W. Beckner, “Multilinear embedding-convolution estimates on smooth submanifolds”, Proc. Amer. Math. Soc.
142:4 (2014), 1217-1228. MR 3162244 Zbl 06269482

[Bejenaru, Ionescu, Kenig, and Tataru 2013] I. Bejenaru, A. Ionescu, C. E. Kenig, and D. Tataru, “Equivariant Schrodinger maps
in two spatial dimensions”, Duke Math. J. 162:11 (2013), 1967-2025. MR 3090782 Zbl 06206217

[Benedetto, Castella, Esposito, and Pulvirenti 2005] D. Benedetto, F. Castella, R. Esposito, and M. Pulvirenti, “On the weak-
coupling limit for bosons and fermions”, Math. Models Methods Appl. Sci. 15:12 (2005), 1811-1843. MR 2007a:82035
7Zbl 1154.82314

[Benedetto, Castella, Esposito, and Pulvirenti 2006] D. Benedetto, F. Castella, R. Esposito, and M. Pulvirenti, “Some considera-
tions on the derivation of the nonlinear quantum Boltzmann equation, II: The low density regime”, J. Stat. Phys. 124:2-4 (2006),
951-996. MR 2008g:82106 Zbl 1134.82029

[Benedetto, Castella, Esposito, and Pulvirenti 2008] D. Benedetto, F. Castella, R. Esposito, and M. Pulvirenti, “From the N-body
Schrodinger equation to the quantum Boltzmann equation: a term-by-term convergence result in the weak coupling regime”,
Comm. Math. Phys. 277:1 (2008), 1-44. MR 2008i:82089 Zbl 1148.82022

[Benedikter, Oliveira, and Schlein 2012] N. Benedikter, G. de Oliveira, and B. Schlein, “Quantitative derivation of the Gross—
Pitaevskii equation”, preprint, 2012. To appear in Comm. Pure Appl. Math. arXiv 1208.0373

[Bergé, De Bouard, and Saut 1995] L. Bergé, A. De Bouard, and J.-C. Saut, “Blowing up time-dependent solutions of the planar,
Chern—Simons gauged nonlinear Schrédinger equation”, Nonlinearity 8:2 (1995), 235-253. MR 96b:81025 Zbl 0822.35125

[Byeon, Huh, and Seok 2012] J. Byeon, H. Huh, and J. Seok, “Standing waves of nonlinear Schrodinger equations with the
gauge field”, J. Funct. Anal. 263:6 (2012), 1575-1608. MR 2948224 7Zbl 1248.35193

[Cercignani, Illner, and Pulvirenti 1994] C. Cercignani, R. Illner, and M. Pulvirenti, The mathematical theory of dilute gases,
Applied Mathematical Sciences 106, Springer, New York, 1994. MR 96g:82046 Zbl 0813.76001

[Christ and Weinstein 1991] F. M. Christ and M. 1. Weinstein, “Dispersion of small amplitude solutions of the generalized
Korteweg—de Vries equation”, J. Funct. Anal. 100:1 (1991), 87-109. MR 92h:35203 Zbl 0743.35067

[Deser, Jackiw, and Templeton 1982] S. Deser, R. Jackiw, and S. Templeton, “Topologically massive gauge theories”, Ann.
Physics 140:2 (1982), 372-411. MR 84;:81128

[Dunford and Schwartz 1988] N. Dunford and J. T. Schwartz, Linear operators, I: General theory, Wiley, New York, 1988.
MR 90g:47001a Zbl 0635.47001

[Elgart, Erdds, Schlein, and Yau 2006] A. Elgart, L. Erd6s, B. Schlein, and H.-T. Yau, “Gross—Pitaevskii equation as the mean
field limit of weakly coupled bosons”, Arch. Ration. Mech. Anal. 179:2 (2006), 265-283. MR 2007b:81310 Zbl 1086.81035

[Erd6s and Yau 2001] L. Erd6s and H.-T. Yau, “Derivation of the nonlinear Schrodinger equation from a many body Coulomb
system”, Adv. Theor. Math. Phys. 5:6 (2001), 1169-1205. MR 2004¢:82075 Zbl 1014.81063

[Erdds, Salmhofer, and Yau 2004] L. ErdSs, M. Salmhofer, and H.-T. Yau, “On the quantum Boltzmann equation”, J. Stat. Phys.
116:1-4 (2004), 367-380. MR 2006b:82086 Zbl 1142.82346

[Erdds, Schlein, and Yau 2006] L. Erdés, B. Schlein, and H.-T. Yau, “Derivation of the Gross—Pitaevskii hierarchy for the
dynamics of Bose-Einstein condensate”, Comm. Pure Appl. Math. 59:12 (2006), 1659-1741. MR 2007k:82070 Zbl 1122.82018

[Erdés, Schlein, and Yau 2007] L. Erdds, B. Schlein, and H.-T. Yau, “Derivation of the cubic non-linear Schrodinger equation
from quantum dynamics of many-body systems”, Invent. Math. 167:3 (2007), 515-614. MR 2007m:81258

[Erd6s, Schlein, and Yau 2009] L. Erdds, B. Schlein, and H.-T. Yau, “Rigorous derivation of the Gross—Pitaevskii equation with
a large interaction potential”, J. Amer. Math. Soc. 22:4 (2009), 1099-1156. MR 2010g:82041 Zbl 1207.82031

[ErdSs, Schlein, and Yau 2010] L. Erdds, B. Schlein, and H.-T. Yau, “Derivation of the Gross—Pitaevskii equation for the
dynamics of Bose-Einstein condensate”, Ann. of Math. (2) 172:1 (2010), 291-370. MR 2011g:82068 Zbl 1204.82028

[Ezawa, Hotta, and Iwazaki 1991a] Z. F. Ezawa, M. Hotta, and A. Iwazaki, “Breathing vortex solitons in nonrelativistic
Chern—Simons gauge theory”, Phys. Rev. Lett. 67:4 (1991), 411-414. MR 92£:81100 Zbl 0990.81560

[Ezawa, Hotta, and Iwazaki 1991b] Z. F. Ezawa, M. Hotta, and A. Iwazaki, “Nonrelativistic Chern—Simons vortex solitons in
external magnetic field”, Phys. Rev. D (3) 44:2 (1991), 452-463.

[Frohlich, Knowles, and Schwarz 2009] J. Frohlich, A. Knowles, and S. Schwarz, “On the mean-field limit of bosons with
Coulomb two-body interaction”, Comm. Math. Phys. 288:3 (2009), 1023-1059. MR 2010b:82039 Zbl 1177.82016


http://dx.doi.org/10.1090/S0002-9939-2013-11877-0
http://msp.org/idx/mr/3162244
http://msp.org/idx/zbl/06269482
http://dx.doi.org/10.1215/00127094-2293611
http://dx.doi.org/10.1215/00127094-2293611
http://msp.org/idx/mr/3090782
http://msp.org/idx/zbl/06206217
http://dx.doi.org/10.1142/S0218202505000984
http://dx.doi.org/10.1142/S0218202505000984
http://msp.org/idx/mr/2007a:82035
http://msp.org/idx/zbl/1154.82314
http://dx.doi.org/10.1007/s10955-005-9010-x
http://dx.doi.org/10.1007/s10955-005-9010-x
http://msp.org/idx/mr/2008g:82106
http://msp.org/idx/zbl/1134.82029
http://dx.doi.org/10.1007/s00220-007-0347-7
http://dx.doi.org/10.1007/s00220-007-0347-7
http://msp.org/idx/mr/2008i:82089
http://msp.org/idx/zbl/1148.82022
http://dx.doi.org/10.1002/cpa.21542
http://dx.doi.org/10.1002/cpa.21542
http://msp.org/idx/arx/1208.0373
http://dx.doi.org/10.1088/0951-7715/8/2/007
http://dx.doi.org/10.1088/0951-7715/8/2/007
http://msp.org/idx/mr/96b:81025
http://msp.org/idx/zbl/0822.35125
http://dx.doi.org/10.1016/j.jfa.2012.05.024
http://dx.doi.org/10.1016/j.jfa.2012.05.024
http://msp.org/idx/mr/2948224
http://msp.org/idx/zbl/1248.35193
http://dx.doi.org/10.1007/978-1-4419-8524-8
http://msp.org/idx/mr/96g:82046
http://msp.org/idx/zbl/0813.76001
http://dx.doi.org/10.1016/0022-1236(91)90103-C
http://dx.doi.org/10.1016/0022-1236(91)90103-C
http://msp.org/idx/mr/92h:35203
http://msp.org/idx/zbl/0743.35067
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://msp.org/idx/mr/84j:81128
http://msp.org/idx/mr/90g:47001a
http://msp.org/idx/zbl/0635.47001
http://dx.doi.org/10.1007/s00205-005-0388-z
http://dx.doi.org/10.1007/s00205-005-0388-z
http://msp.org/idx/mr/2007b:81310
http://msp.org/idx/zbl/1086.81035
http://msp.org/idx/mr/2004c:82075
http://msp.org/idx/zbl/1014.81063
http://dx.doi.org/10.1023/B:JOSS.0000037224.56191.ed
http://msp.org/idx/mr/2006b:82086
http://msp.org/idx/zbl/1142.82346
http://dx.doi.org/10.1002/cpa.20123
http://dx.doi.org/10.1002/cpa.20123
http://msp.org/idx/mr/2007k:82070
http://msp.org/idx/zbl/1122.82018
http://dx.doi.org/10.1007/s00222-006-0022-1
http://dx.doi.org/10.1007/s00222-006-0022-1
http://msp.org/idx/mr/2007m:81258
http://dx.doi.org/10.1090/S0894-0347-09-00635-3
http://dx.doi.org/10.1090/S0894-0347-09-00635-3
http://msp.org/idx/mr/2010g:82041
http://msp.org/idx/zbl/1207.82031
http://dx.doi.org/10.4007/annals.2010.172.291
http://dx.doi.org/10.4007/annals.2010.172.291
http://msp.org/idx/mr/2011g:82068
http://msp.org/idx/zbl/1204.82028
http://dx.doi.org/10.1103/PhysRevLett.67.411
http://dx.doi.org/10.1103/PhysRevLett.67.411
http://msp.org/idx/mr/92f:81100
http://msp.org/idx/zbl/0990.81560
http://dx.doi.org/10.1103/PhysRevD.44.452
http://dx.doi.org/10.1103/PhysRevD.44.452
http://dx.doi.org/10.1007/s00220-009-0754-z
http://dx.doi.org/10.1007/s00220-009-0754-z
http://msp.org/idx/mr/2010b:82039
http://msp.org/idx/zbl/1177.82016

1710 XUWEN CHEN AND PAUL SMITH

[Gallagher, Saint-Raymond, and Texier 2013] I. Gallagher, L. Saint-Raymond, and B. Texier, From Newton to Boltzmann: hard
spheres and short-range potentials, European Mathematical Society, Ziirich, 2013. MR 3157048 Zbl 06248909

[Gressman, Sohinger, and Staffilani 2014] P. Gressman, V. Sohinger, and G. Staffilani, “On the uniqueness of solutions to the
periodic 3D Gross—Pitaevskii hierarchy”, J. Funct. Anal. 266:7 (2014), 4705-4764. MR 3170216 Zbl 06320691

[Grillakis and Machedon 2013] M. G. Grillakis and M. Machedon, “Pair excitations and the mean field approximation of
interacting bosons, I, Comm. Math. Phys. 324:2 (2013), 601-636. MR 3117522 Zbl 1277.82034

[Grillakis and Margetis 2008] M. G. Grillakis and D. Margetis, “A priori estimates for many-body Hamiltonian evolution of
interacting boson system”, J. Hyperbolic Differ. Equ. 5:4 (2008), 857-883. MR 2010f:35321 Zbl 1160.35357

[Grillakis, Machedon, and Margetis 2010] M. G. Grillakis, M. Machedon, and D. Margetis, “Second-order corrections to mean
field evolution of weakly interacting bosons. I, Comm. Math. Phys. 294:1 (2010), 273-301. MR 2011;:81374 Zbl 1208.82030

[Grillakis, Machedon, and Margetis 2011] M. G. Grillakis, M. Machedon, and D. Margetis, “Second-order corrections to mean
field evolution of weakly interacting bosons. II”, Adv. Math. 228:3 (2011), 1788-1815. MR 2012m:81215 Zbl 1226.82033

[Hong, Taliaferro, and Xie 2014] Y. Hong, K. Taliaferro, and Z. Xie, “Unconditional uniqueness of the cubic Gross—Pitaevskii
hierarchy with low regularity”, preprint, 2014. arXiv 1402.5347

[Hudson and Moody 1976] R. L. Hudson and G. R. Moody, “Locally normal symmetric states and an analogue of de Finetti’s
theorem”, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete 33:4 (1976), 343-351. MR 53 #1280 Zbl 0304.60001

[Huh 2013] H. Huh, “Energy solution to the Chern—Simons—Schrodinger equations”, Abstr: Appl. Anal. 2013 (2013), Art. ID
#590653. MR 3035224 Zbl 1276.35138

[Jackiw and Pi 1990] R. Jackiw and S.-Y. Pi, “Classical and quantal nonrelativistic Chern—Simons theory”, Phys. Rev. D (3)
42:10 (1990), 3500-3513. MR 1084552

[Jackiw and Pi 1991] R. Jackiw and S.-Y. Pi, “Time-dependent Chern—Simons solitons and their quantization”, Phys. Rev. D (3)
44:8 (1991), 2524-2532. MR 93d:81108

[Jackiw and Pi 1992] R. Jackiw and S.-Y. Pi, “Self-dual Chern—Simons solitons”, Progr. Theoret. Phys. Suppl. 107 (1992), 1-40.
MR 94d:81114

[Jackiw and Templeton 1981] R. Jackiw and S. Templeton, “How super-renormalizable interactions cure their infrared diver-
gences”, Phys. Rev. D (3) 23:10 (1981), 2291-2304.

[Jackiw and Weinberg 1990] R. Jackiw and E. J. Weinberg, “Self-dual Chern—Simons vortices”, Phys. Rev. Lett. 64:19 (1990),
2234-2237. MR 91a:81117 Zbl 1050.81595

[Jackiw, Pi, and Weinberg 1991] R. Jackiw, S.-Y. Pi, and E. J. Weinberg, “Topological and nontopological solitons in relativistic
and nonrelativistic Chern—Simons theory”, pp. 573-588 in Particles, strings and cosmology (Boston, 1990), edited by P. Nath
and S. Reucroft, World Scientific, River Edge, NJ, 1991. MR 1170608

[King 1975] F. G. King, BBGKY hierarchy for positive potentials, Ph.D. thesis, University of California, Berkeley, CA, 1975,
Available at http://search.proquest.com/docview/302766232. MR 2625983

[Kirkpatrick, Schlein, and Staffilani 2011] K. Kirkpatrick, B. Schlein, and G. Staffilani, “Derivation of the two-dimensional
nonlinear Schrodinger equation from many body quantum dynamics”, Amer. J. Math. 133:1 (2011), 91-130. MR 2012£:81079
Zbl 1208.81080

[Klainerman and Machedon 2008] S. Klainerman and M. Machedon, “On the uniqueness of solutions to the Gross—Pitaevskii
hierarchy”, Comm. Math. Phys. 279:1 (2008), 169-185. MR 2009a:35236 Zbl 1147.37034

[Knowles and Pickl 2010] A. Knowles and P. Pickl, “Mean-field dynamics: singular potentials and rate of convergence”, Comm.
Math. Phys. 298:1 (2010), 101-138. MR 2011j:81096 Zbl 1213.81180

[L. Chen, Lee, and Schlein 2011] L. Chen, J. O. Lee, and B. Schlein, “Rate of convergence towards Hartree dynamics”, J. Stat.
Phys. 144:4 (2011), 872-903. MR 2012h:81078 Zbl 1227.82046

[Lanford 1975] O. E. Lanford, III, “Time evolution of large classical systems”, pp. 1-111 in Dynamical systems, theory and
applications (Seattle, WA, 1974), edited by J. Moser, Lecture Notes in Phys. 38, Springer, Berlin, 1975. MR 57 #18653
Zbl 0329.70011

[Lewin, Nam, and Rougerie 2014] M. Lewin, P. T. Nam, and N. Rougerie, “Derivation of Hartree’s theory for generic mean-field
Bose systems”, Adv. Math. 254 (2014), 570-621. MR 3161107 Zbl 06285011


http://dx.doi.org/10.4171/129
http://dx.doi.org/10.4171/129
http://msp.org/idx/mr/3157048
http://msp.org/idx/zbl/06248909
http://dx.doi.org/10.1016/j.jfa.2014.02.006
http://dx.doi.org/10.1016/j.jfa.2014.02.006
http://msp.org/idx/mr/3170216
http://msp.org/idx/zbl/06320691
http://dx.doi.org/10.1007/s00220-013-1818-7
http://dx.doi.org/10.1007/s00220-013-1818-7
http://msp.org/idx/mr/3117522
http://msp.org/idx/zbl/1277.82034
http://dx.doi.org/10.1142/S0219891608001726
http://dx.doi.org/10.1142/S0219891608001726
http://msp.org/idx/mr/2010f:35321
http://msp.org/idx/zbl/1160.35357
http://dx.doi.org/10.1007/s00220-009-0933-y
http://dx.doi.org/10.1007/s00220-009-0933-y
http://msp.org/idx/mr/2011j:81374
http://msp.org/idx/zbl/1208.82030
http://dx.doi.org/10.1016/j.aim.2011.06.028
http://dx.doi.org/10.1016/j.aim.2011.06.028
http://msp.org/idx/mr/2012m:81215
http://msp.org/idx/zbl/1226.82033
http://msp.org/idx/arx/1402.5347
http://dx.doi.org/10.1007/BF00534784
http://dx.doi.org/10.1007/BF00534784
http://msp.org/idx/mr/53:1280
http://msp.org/idx/zbl/0304.60001
http://dx.doi.org/10.1155/2013/590653
http://msp.org/idx/mr/3035224
http://msp.org/idx/zbl/1276.35138
http://dx.doi.org/10.1103/PhysRevD.42.3500
http://msp.org/idx/mr/1084552
http://dx.doi.org/10.1103/PhysRevD.44.2524
http://msp.org/idx/mr/93d:81108
http://dx.doi.org/10.1143/PTPS.107.1
http://msp.org/idx/mr/94d:81114
http://dx.doi.org/10.1103/PhysRevD.23.2291
http://dx.doi.org/10.1103/PhysRevD.23.2291
http://dx.doi.org/10.1103/PhysRevLett.64.2234
http://msp.org/idx/mr/91a:81117
http://msp.org/idx/zbl/1050.81595
http://inspirehep.net/record/297061
http://inspirehep.net/record/297061
http://msp.org/idx/mr/1170608
http://search.proquest.com/docview/302766232
http://msp.org/idx/mr/2625983
http://dx.doi.org/10.1353/ajm.2011.0004
http://dx.doi.org/10.1353/ajm.2011.0004
http://msp.org/idx/mr/2012f:81079
http://msp.org/idx/zbl/1208.81080
http://dx.doi.org/10.1007/s00220-008-0426-4
http://dx.doi.org/10.1007/s00220-008-0426-4
http://msp.org/idx/mr/2009a:35236
http://msp.org/idx/zbl/1147.37034
http://dx.doi.org/10.1007/s00220-010-1010-2
http://msp.org/idx/mr/2011j:81096
http://msp.org/idx/zbl/1213.81180
http://dx.doi.org/10.1007/s10955-011-0283-y
http://msp.org/idx/mr/2012h:81078
http://msp.org/idx/zbl/1227.82046
http://dx.doi.org/10.1007/3-540-07171-7_1
http://msp.org/idx/mr/57:18653
http://msp.org/idx/zbl/0329.70011
http://dx.doi.org/10.1016/j.aim.2013.12.010
http://dx.doi.org/10.1016/j.aim.2013.12.010
http://msp.org/idx/mr/3161107
http://msp.org/idx/zbl/06285011

UNIQUENESS OF SOLUTIONS TO THE INFINITE RADIAL CHERN-SIMONS-SCHRODINGER HIERARCHY 1711

[Liu and Smith 2014] B. Liu and P. Smith, “Global wellposedness of the equivariant Chern—Simons—Schrédinger equation”,
preprint, 2014. arXiv 1312.5567

[Liu, Smith, and Tataru 2012] B. Liu, P. Smith, and D. Tataru, “Local wellposedness of Chern—Simons—Schrddinger”, preprint,
2012. To appear in Int. Math. Res. Not. arXiv 1212.1476

[Martina, Pashaev, and Soliani 1993] L. Martina, O. K. Pashaev, and G. Soliani, “Self-dual Chern—-Simons solitons in nonlinear
o-models”, Modern Phys. Lett. A 8:34 (1993), 3241-3250. MR 94g:81138 Zbl 1021.81661

[Michelangeli and Schlein 2012] A. Michelangeli and B. Schlein, “Dynamical collapse of boson stars”, Comm. Math. Phys.
311:3 (2012), 645-687. MR 2909759 Zbl 1242.85007

[Paul and Khare 1986] S. K. Paul and A. Khare, “Charged vortices in an abelian Higgs model with Chern—Simons term”, Phys.
Lett. B 174:4 (1986), 420-422. MR 87j:81269a

[Pickl 2011] P. Pickl, “A simple derivation of mean field limits for quantum systems”, Lett. Math. Phys. 97:2 (2011), 151-164.
MR 2012i:81299 Zbl 1242.81150

[R. M. Chen and Spirn 2009] R. M. Chen and D. Spirn, “Symmetric Chern-Simons-Higgs vortices”, Comm. Math. Phys. 285:3
(2009), 1005-1031. MR 2010e:58021 Zbl 1171.81020

[Rodnianski and Schlein 2009] I. Rodnianski and B. Schlein, “Quantum fluctuations and rate of convergence towards mean field
dynamics”, Comm. Math. Phys. 291:1 (2009), 31-61. MR 2011d:82059 Zbl 1186.82051

[Sohinger 2014a] V. Sohinger, “Local existence of solutions to randomized Gross—Pitaevskii hierarchies”, preprint, 2014. To
appear in Trans. Amer. Math. Soc. arXiv 1401.0326

[Sohinger 2014b] V. Sohinger, “A rigorous derivation of the defocusing cubic nonlinear Schrédinger equation on T3 from the
dynamics of many-body quantum systems”, Ann. Inst. H. Poincaré Anal. Non Linéaire (online publication October 2014).

[Sohinger and Staffilani 2014] V. Sohinger and G. Staffilani, “Randomization and the Gross—Pitaevskii hierarchy”, preprint,
2014. arXiv 1308.3714

[Spohn 1980] H. Spohn, “Kinetic equations from Hamiltonian dynamics: Markovian limits”, Rev. Modern Phys. 52:3 (1980),
569-615. MR 81e:82010

[Stgrmer 1969] E. Stgrmer, “Symmetric states of infinite tensor products of C*-algebras”, J. Funct. Anal. 3 (1969), 48-68.
MR 39 #3327 Zbl 0167.43403

[T. Chen and Pavlovi¢ 2010] T. Chen and N. Pavlovié, “On the Cauchy problem for focusing and defocusing Gross—Pitaevskii
hierarchies”, Discrete Contin. Dyn. Syst. 27:2 (2010), 715-739. MR 2011£:35317 Zbl 1190.35207

[T. Chen and Pavlovi¢ 2011] T. Chen and N. Pavlovi¢, “The quintic NLS as the mean field limit of a boson gas with three-body
interactions”, J. Funct. Anal. 260:4 (2011), 959-997. MR 2012b:82066 Zbl 1213.35368

[T. Chen and Pavlovi¢ 2014] T. Chen and N. Pavlovi¢, “Derivation of the cubic NLS and Gross—Pitaevskii hierarchy from
manybody dynamics in d = 3 based on spacetime norms”, Ann. Henri Poincaré 15:3 (2014), 543-588. MR 3165917
Zbl 06290593

[T. Chen, Hainzl, Pavlovié, and Seiringer 2014] T. Chen, C. Hainzl, N. Pavlovié, and R. Seiringer, “Unconditional uniqueness
for the cubic Gross—Pitaevskii hierarchy via quantum de Finetti”, preprint, 2014. To appear in Comm. Pure Appl. Math.
arXiv 1307.3168

[T. Chen, Pavlovié, and Tzirakis 2012] T. Chen, N. Pavlovié, and N. Tzirakis, “Multilinear Morawetz identities for the Gross—
Pitaevskii hierarchy”, pp. 39-62 in Recent advances in harmonic analysis and partial differential equations (Statesboro, GA,
2011 and Baltimore, MD, 2011), edited by A. R. Nahmod et al., Contemp. Math. 581, American Mathematical Society,
Providence, RI, 2012. MR 3013052

[Tao 2006] T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS Regional Conference Series in Mathematics
106, American Mathematical Society, Providence, RI, 2006. MR 2008i:35211 Zbl 1106.35001

[de Vega and Schaposnik 1986a] H. J. de Vega and F. A. Schaposnik, “Electrically charged vortices in nonabelian gauge theories
with Chern—Simons term”, Phys. Rev. Lett. 56:24 (1986), 2564-2566. MR 87f:81099

[de Vega and Schaposnik 1986b] H.J. de Vega and F. A. Schaposnik, “Vortices and electrically charged vortices in nonabelian
gauge theories”, Phys. Rev. D (3) 34:10 (1986), 3206-3213. MR 88a:81139


http://msp.org/idx/arx/1312.5567
http://dx.doi.org/10.1093/imrn/rnt161
http://msp.org/idx/arx/1212.1476
http://dx.doi.org/10.1142/S0217732393002166
http://dx.doi.org/10.1142/S0217732393002166
http://msp.org/idx/mr/94g:81138
http://msp.org/idx/zbl/1021.81661
http://dx.doi.org/10.1007/s00220-011-1341-7
http://msp.org/idx/mr/2909759
http://msp.org/idx/zbl/1242.85007
http://dx.doi.org/10.1016/0370-2693(86)91028-2
http://msp.org/idx/mr/87j:81269a
http://dx.doi.org/10.1007/s11005-011-0470-4
http://msp.org/idx/mr/2012i:81299
http://msp.org/idx/zbl/1242.81150
http://dx.doi.org/10.1007/s00220-008-0655-6
http://msp.org/idx/mr/2010e:58021
http://msp.org/idx/zbl/1171.81020
http://dx.doi.org/10.1007/s00220-009-0867-4
http://dx.doi.org/10.1007/s00220-009-0867-4
http://msp.org/idx/mr/2011d:82059
http://msp.org/idx/zbl/1186.82051
http://msp.org/idx/arx/1401.0326
http://dx.doi.org/10.1016/j.anihpc.2014.09.005
http://dx.doi.org/10.1016/j.anihpc.2014.09.005
http://msp.org/idx/arx/1308.3714
http://dx.doi.org/10.1103/RevModPhys.52.569
http://msp.org/idx/mr/81e:82010
http://dx.doi.org/10.1016/0022-1236(69)90050-0
http://msp.org/idx/mr/39:3327
http://msp.org/idx/zbl/0167.43403
http://dx.doi.org/10.3934/dcds.2010.27.715
http://dx.doi.org/10.3934/dcds.2010.27.715
http://msp.org/idx/mr/2011f:35317
http://msp.org/idx/zbl/1190.35207
http://dx.doi.org/10.1016/j.jfa.2010.11.003
http://dx.doi.org/10.1016/j.jfa.2010.11.003
http://msp.org/idx/mr/2012b:82066
http://msp.org/idx/zbl/1213.35368
http://dx.doi.org/10.1007/s00023-013-0248-6
http://dx.doi.org/10.1007/s00023-013-0248-6
http://msp.org/idx/mr/3165917
http://msp.org/idx/zbl/06290593
http://msp.org/idx/arx/1307.3168
http://dx.doi.org/10.1090/conm/581/11491
http://dx.doi.org/10.1090/conm/581/11491
http://msp.org/idx/mr/3013052
http://books.google.com/books?id=Uc1WXBWv-EsC
http://msp.org/idx/mr/2008i:35211
http://msp.org/idx/zbl/1106.35001
http://dx.doi.org/10.1103/PhysRevLett.56.2564
http://dx.doi.org/10.1103/PhysRevLett.56.2564
http://msp.org/idx/mr/87f:81099
http://dx.doi.org/10.1103/PhysRevD.34.3206
http://dx.doi.org/10.1103/PhysRevD.34.3206
http://msp.org/idx/mr/88a:81139

1712 XUWEN CHEN AND PAUL SMITH

[Wilczek 1990] F. Wilczek, Fractional statistics and anyon superconductivity, World Scientific, Teaneck, NJ, 1990. MR 92c:
81001

[X. Chen 2011] X. Chen, “Classical proofs of Kato type smoothing estimates for the Schrodinger equation with quadratic
potential in R+ with application”, Differential Integral Equations 24:3-4 (2011), 209-230. MR 2011m:35303 Zbl 1240.35429

[X. Chen 2012a] X. Chen, “Collapsing estimates and the rigorous derivation of the 2d cubic nonlinear Schrédinger equation
with anisotropic switchable quadratic traps”, J. Math. Pures Appl. (9) 98:4 (2012), 450-478. MR 2968164 Zbl 1251.35144

[X. Chen 2012b] X. Chen, “Second order corrections to mean field evolution for weakly interacting bosons in the case of
three-body interactions”, Arch. Ration. Mech. Anal. 203:2 (2012), 455-497. MR 2885567 Zbl 1256.35099

[X. Chen 2013] X. Chen, “On the rigorous derivation of the 3D cubic nonlinear Schrodinger equation with a quadratic trap”,
Arch. Ration. Mech. Anal. 210:2 (2013), 365-408. MR 3101788 Zbl 1294.35132

[X. Chen and Holmer 2013a] X. Chen and J. Holmer, “Focusing quantum many-body dynamics: the rigorous derivation of the
1D focusing cubic nonlinear Schrodinger equation”, preprint, 2013. arXiv 1308.3895

[X. Chen and Holmer 2013b] X. Chen and J. Holmer, “On the Klainerman—Machedon conjecture of the quantum BBGKY
hierarchy with self-interaction”, preprint, 2013. To appear in J. Eur. Math. Soc. arXiv 1303.5385

[X. Chen and Holmer 2013c] X. Chen and J. Holmer, “On the rigorous derivation of the 2D cubic nonlinear Schrodinger equation
from 3D quantum many-body dynamics”, Arch. Ration. Mech. Anal. 210:3 (2013), 909-954. MR 3116008 Zbl 1288.35429

Received 10 Jun 2014. Revised 7 Aug 2014. Accepted 10 Sep 2014.

XUWEN CHEN: chenxuwen@math.brown.edu
Department of Mathematics, Brown University, 151 Thayer Street, Box 1917, Providence, RI 02912, United States

PAUL SMITH: smith@math.berkeley.edu
Mathematics Department, University of California, Berkeley, Evans Hall, Berkeley, CA 94720-3840, United States
Current address: Google, 1600 Amphitheatre Parkway, Mountain View, CA 94043, United States

mathematical sciences publishers :'msp


http://msp.org/idx/mr/92c:81001
http://msp.org/idx/mr/92c:81001
http://projecteuclid.org/euclid.die/1356019031
http://projecteuclid.org/euclid.die/1356019031
http://msp.org/idx/mr/2011m:35303
http://msp.org/idx/zbl/1240.35429
http://dx.doi.org/10.1016/j.matpur.2012.02.003
http://dx.doi.org/10.1016/j.matpur.2012.02.003
http://msp.org/idx/mr/2968164
http://msp.org/idx/zbl/1251.35144
http://dx.doi.org/10.1007/s00205-011-0453-8
http://dx.doi.org/10.1007/s00205-011-0453-8
http://msp.org/idx/mr/2885567
http://msp.org/idx/zbl/1256.35099
http://dx.doi.org/10.1007/s00205-013-0645-5
http://msp.org/idx/mr/3101788
http://msp.org/idx/zbl/1294.35132
http://msp.org/idx/arx/1308.3895
http://msp.org/idx/arx/1303.5385
http://dx.doi.org/10.1007/s00205-013-0667-z
http://dx.doi.org/10.1007/s00205-013-0667-z
http://msp.org/idx/mr/3116008
http://msp.org/idx/zbl/1288.35429
mailto:chenxuwen@math.brown.edu
mailto:smith@math.berkeley.edu
http://msp.org

Nicolas Burq

Sun-Yung Alice Chang

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Herbert Koch

Izabella Laba

Gilles Lebeau

Laszl6 Lempert

Richard B. Melrose

Frank Merle

William Minicozzi 1T

Werner Miiller

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski
zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Université Paris-Sud 11, France Yuval Peres

nicolas.burq@math.u-psud.fr
Princeton University, USA Gilles Pisier

chang @math.princeton.edu

University of California, Berkeley, USA Tristan Riviere
mchrist@math.berkeley.edu
Princeton University, USA

cf@math.princeton.edu

Igor Rodnianski

Universitit Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu

Wilhelm Schlag

Sylvia Serfaty

Universitdt Bonn, Germany
koch@math.uni-bonn.de

Yum-Tong Siu
University of British Columbia, Canada Terence Tao
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Michael E. Taylor

Purdue University, USA Gunther Uhlmann
lempert@math.purdue.edu
Massachussets Institute of Technology, USA Andras Vasy

rbm@math.mit.edu
Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Dan Virgil Voiculescu

Steven Zelditch

Universitdt Bonn, Germany
mueller @math.uni-bonn.de

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

University of California, Berkeley, USA
peres @stat.berkeley.edu

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2014 is US $180/year for the electronic version, and $355/year (4-$50, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://msp.org/apde
mailto:zworski@math.berkeley.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 7 No. 7 2014

Flag Hardy spaces and Marcinkiewicz multipliers on the Heisenberg group 1465
YONGSHENG HAN, GUOZHEN LU and ERIC SAWYER

Rigidity of equality cases in Steiner’s perimeter inequality 1535
FiLipPO CAGNETTI, MARIA CoOLOMBO, GUIDO DE PHILIPPIS and
FRANCESCO MAGGI

Singular Bohr—Sommerfeld conditions for 1D Toeplitz operators: hyperbolic case 1595
YOHANN LE FLOCH

Resolvent estimates for the magnetic Schrodinger operator 1639
GEORGI VODEV

Local and nonlocal boundary conditions for p-transmission and fractional elliptic pseudodif- 1649
ferential operators

GERD GRUBB
On the unconditional uniqueness of solutions to the infinite radial Chern—Simons—Schrédinger 1683
hierarchy

XUWEN CHEN and PAUL SMITH

7;:1-9

2157-5045(2014)7:7;



	1. Introduction
	1A. The Chern–Simons–Schrödinger system
	1B. The infinite Chern–Simons–Schrödinger hierarchy
	1C. Main results

	2. Proof of the main theorem
	2A. Setup
	2B. Proof assuming the main estimates

	3. Estimate for the nonlinear part
	3A. Estimate of Tr69640972  G(1)(t1) 86418188 
	3B. Estimate for part II

	4. Multilinear estimates
	Acknowledgment
	References
	
	

