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dx.doi.org/10.2140/apde.2014.7.1713

QUANTIZED SLOW BLOW-UP DYNAMICS FOR THE COROTATIONAL
ENERGY-CRITICAL HARMONIC HEAT FLOW

PIERRE RAPHAEL AND REMI SCHWEYER

We consider the energy-critical harmonic heat flow from R? into a smooth compact revolution surface of
R3. For initial data with corotational symmetry, the evolution reduces to the semilinear radially symmetric
parabolic problem

0ru +f(;t) _o
r

du — %u —

for a suitable class of functions f. Given an integer L € N*, we exhibit a set of initial data arbitrarily
close to the least energy harmonic map Q in the energy-critical topology such that the corresponding
solution blows up in finite time by concentrating its energy

r

vm;,m-vg(}m

)—)u* in L2

at a speed given by the quantized rates

(T —n)*
llog(T — 1) PL/@L=D"

in accordance with the formal predictions of van den Berg et al. (2003). The case L = 1 corresponds to the
stable regime exhibited in our previous work (CPAM, 2013), and the data for L > 2 leave on a manifold
of codimension L—1 in some weak sense. Our analysis is a continuation of work by Merle, Rodnianski,
and the authors (in various combinations) and it further exhibits the mechanism for the existence of the
excited slow blow-up rates and the associated instability of these threshold dynamics.

A1) = c(uo) (1 +0o(1))

1. Introduction

The parabolic heat flow. The harmonic heat flow between two embedded Riemannian manifolds (N, gn),
(M, gu) is the gradient flow associated to the Dirichlet energy of maps from N — M:

{8[1) = [I:DTUM(Ang)a
V=0 = Vo,

(t,x) eRx N, v(t,x)e M, (1-1)
where Pr, )/ is the projection onto the tangent space to M at v. The special case N = R?>, M = S?
corresponds to the harmonic heat flow to the 2-sphere

dv=Av+|VvPv, (t,x)eRxR% v, x)eS? (1-2)
and is related to the Landau—Lifschitz equation of ferromagnetism; we refer to [van den Berg et al. 2003;

MSC2010: 35K58.
Keywords: blow-up heat flow.
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1714 PIERRE RAPHAEL AND REMI SCHWEYER

Angenent et al. 2009; Guan et al. 2009; Gustafson et al. 2010] for a complete introduction to this class of
problems. We shall from now on restrict our discussion to the case

N =[R2

Smooth initial data yield unique local-in-time smooth solutions which dissipate the Dirichlet energy

d
—{f |Vv|2}:—2f EXIE
dt R2 R2

An essential feature of the problem is that the scaling symmetry
ur— u(t,x)= M(Azt, Ax), A>0,
leaves the Dirichlet energy unchanged, and hence the problem is energy-critical.

Corotational flows. We restrict our attention in this paper to flows with so-called corotational symmetry.
More precisely, let us consider a smooth closed curve in the plane parametrized by arclength

uel-m, ]l f((Z)) g+ (&) =1,

where
g € 6*°(R) is odd and 27 periodic,

(H) g0)=g(@) =0, glu) >0 forO0<u<m, (1-3)
gO)=1 g@@m=-1
Then the revolution surface M with parametrization
g(u)cosf

g(u)siné
z(u)

is a smooth ! compact revolution surface of R3 with metric (du)?+ gz(u)(de)z. Given a homotopy degree
k € 7*, the k-corotational reduction to (1-1) corresponds to solutions of the form

g(u(t, r)) cos(kf)
g(u(t, r))sin(k6) (1-4)
z(u(t, r)),

which leads to the semilinear parabolic equation

©@,u)el0,2n] x[0, 7] —

v(t,r) =

0ru S ()
du—’u — — + k2 =0,
{ v f=gg. (1-5)
ul‘:O - MO,
The k-corotational Dirichlet energy becomes
+o0 2
E(u):/ |:|8ru|2+k2(g(b;)) ]rdr (1-6)
0 r

ISee [Gallot et al. 2004], for example.
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and is minimized among maps with boundary conditions
u(0) =0, lim u(r)y=m (1-7)
r——+00
onto the least energy harmonic map Oy, which is the unique, up-to-scaling solution to

rd- Qr =kg(Qx) (1-8)

satisfying (1-7); see for example [Cote 2005]. In the case of S? target g(u) = sin u, the harmonic map is
explicitly given by
Ok (r) =2tan" ' ("), (1-9)

The blow-up problem. The question of the existence of blow-up solutions and the description of the
associated concentration of energy scenario has attracted considerable attention for the past thirty years.
In the pioneering works of Struwe [1985], Ding and Tian [1995], and Qing and Tian [1997] (see [Topping
2004] for a complete history of the problem), it was shown that if occurring, the concentration of energy
implies the bubbling off of a nontrivial harmonic map at a finite number of blow-up points

v(t;,a; +A(t)x) —> Q;, A(t;) — 0 (1-10)

locally in space. In particular, this shows the existence of a global in time flow on negatively curved
targets where no nontrivial harmonic map exists.

For corotational data and homotopy number k£ > 2, Guan, Gustaffson, Nakanishi, and Tsai [Guan et al.
2009; Gustafson et al. 2010] proved that the flow is globally defined near the ground state harmonic
map. In fact, Qy is asymptotically stable for k > 3, and in particular no blow-up will occur. Eternally
oscillating solutions and infinite time grow up solutions are exhibited for k = 2.

In contrast, for k£ = 1, the existence of finite time blow-up solutions has been proved in various
geometrical settings strongly using the maximum principle; see in particular the work of Chang, Ding,
and Ye [Chang et al. 1992], Coron and Ghidaglia [1989], Qing and Tian [1997], and Topping [2004].
Despite some serious efforts and the use of the maximum principle (see in particular [Angenent et al.
2009]), very little was known until recently about the description of the blow-up bubble and the derivation
of the blow-up speed, in particular due to the critical nature of the problem.

For the rest of the paper, we focus on the degree

k=1

case, which generates the least energy, nontrivial harmonic map Q = Q. For D? initial manifold and
S? target, van den Berg, Hulshof, and King [van den Berg et al. 2003], in continuation of [Herrero
and Veldzquez 1994], implemented a formal analysis based on the matched asymptotics techniques and
predicted the existence of blow-up solutions of the form

u(t,r) ~ Q(%) (1-11)
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with blow-up speed governed by the quantized rates

(T —n*
" Nog(T — HPL/CL=D”
We will further discuss the presence of quantized rates which is reminiscent of the classification of type
II blow-up for the supercritical nonlinear heat equation [Mizoguchi 2007].
We completely revisited the blow-up analysis in [Raphaél and Schweyer 2013] by adapting the strategy
developed in [Raphaél and Rodnianski 2012; Merle et al. 2011] for the study of wave and Schrodinger
maps, with two main new approaches:

At) L e N*.

» We completely avoid the formal matched asymptotics approach and replace it by an elementary
derivation of an explicit and universal system of ODE’s which drives the blow-up speed. A similar
simplification further occurred in related critical settings; see in particular [Raphaél and Schweyer
2014].

o We designed a robust universal energy method to control the solution in the blow-up regime, which
applies both to parabolic and dispersive problems. In particular, we aim to make no use of the
maximum principle.

These techniques led to [Raphaél and Schweyer 2013] the construction of an open set of corotational
initial data arbitrarily close to the ground state harmonic map in the energy-critical topology such that the
corresponding solution to (1-5) bubbles off a harmonic map according to (1-11) at the speed

A(t) ~ thatis, L = 1.

—t
log(T — 1)
This is the stable* blow-up regime.

Statement of the result. Our main claim in this paper is that the analysis in [Raphaél and Schweyer 2013]
can be further extended to exhibit the unstable modes which are responsible for a discrete sequence of
quantized slow blow-up rates.

Theorem 1.1 (excited slow blow-up dynamics for the 1-corotational heat flow). Let k = 1 and g satisfy
(1-3). Let Q be the least energy harmonic map. Let L € N*. Then there exists a smooth corotational
initial data uo(r) such that the corresponding solution to (1-5) blows up in finite time T = T (ug) > 0 by
bubbling off a harmonic map

r

Vu(t,r)— VQ()L(t)

)—>w* inl?> ast—T (1-12)

at the excited rate
(T —n-

llog(T — 1)[2L/@L=D)" ¢(ug) > 0. (1-13)

At) = c(uo)(1 + 0,7 (1))

Moreover, ug can be taken arbitrarily close to Q in the energy-critical topology.

In the presence of corotational symmetry, blow-up dynamics are expected to be unstable by rotation under general
perturbations; see [Merle et al. 2011].
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Comments on the result. 1. Regularity of the asymptotic profile. Arguing as in [Raphaél and Schweyer
2013] and using the estimates of Proposition 3.1, one can directly relate the rate of blow-up (1-13) to the
regularity of the remaining excess of energy, in the sense that u* exhibits an HX*! regularity is some
suitable Sobolev sense; see Remark 4.1. See also [Merle and Raphaé&l 2005b] for a related phenomenon
in the dispersive setting.

2. Stable and excited blow-up rates. The case L =1 is treated in [Raphaé&l and Schweyer 2013] and
corresponds to stable blow-up. For L > 2, the set of initial data leading to (1-13) is of codimension (L — 1)
in the following sense: there exist fixed directions (;)2<;<z. such that, for any suitable perturbation &g of
0, there exist (a;(&9))2<i<L € RL~1 such that the solution to (1-5) with data

L
Q+eo+ Z ai(€0) i
i=2
blows up in finite time with the blow-up speed (1-13). Building a smooth manifold would require proving
local uniqueness and smoothness of the flow gy — a;(&9))2<i <1, Which is a separate problem; see, for
example, [Krieger and Schlag 2009] for an introduction to this kind of issue. The control of the unstable

modes relies on a classical soft and powerful Brouwer type topological argument in continuation of [Cote
et al. 2011; Cote and Zaag 2013; Hillairet and Raphaél 2012].

3. On quantized blow-up rates. There is an important formal and rigorous literature on the existence of
quantized blow-up rates for parabolic problems. In the pioneering works [Herrero and Veldzquez 1994;
Filippas et al. 2000], the authors predicted the existence of a sequence of quantized blow-up rates for the
supercritical power nonlinearity heat equation

du=Au+u?, xeR p>pd)),d<T,

and this sequence is in one to one correspondence with the spectrum of the linearized operator close to
the explicit singular self similar solution. After this formal work, and using the a priori bounds on radial
type 11 blow-up solutions of Matano and Merle [2009; 2004], Mizogushi completely classified the radial
data type II blow-up according to these quantized rates. Note that Mizogushi finishes the classification
using the Matano—Merle a priori estimates on threshold dynamics, which heavily rely on the maximum
principle, but the argument is not constructive. One of the main points of our work is to revisit the formal
derivation of the sequence of blow-up rates and to relate it not to a spectral problem, but to the structure of
the resonances of the linearized operator H close to Q and of its iterates, that is, the growing solutions to

H*T, =0, keN*.

In particular, we show how the dynamics of tails as initiated in [Raphaél and Rodnianski 2012; Merle et al.
2011] lead to a universal dynamical system driving the blow-up speed, which admits unstable solutions
(1-13) corresponding to a codimension (L — 1) set of initial data. Another by-product of this analysis is
the first explicit construction of type II blow-up for the energy-critical nonlinear heat equation [Schweyer
2012].
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4. Classification of the flow near Q. The question of the classification of the flow near the harmonic map,
and more generally near the ground state solitary wave in nonlinear evolution problems, has attracted
considerable attention recently; see, for example, [Rapha&l 2013]. This program has been concluded for
the mass-critical (gKdV) equation in [Martel et al. 2012a; 2012b; 2012c], where it is shown that, provided
the data is taken close enough to the ground state in a suitable topology which is strictly smaller than
the energy norm, the blow-up dynamics are completely classified. In contrast, arbitrarily slow blow-up
can be achieved for large deformations of the ground state in this restricted sense. The existence of
such slow blow-up regimes remains however open in many important instances, in particular for the
mass-critical NLS equation; see [Merle et al. 2013] for a further introduction to this delicate problem. For
energy-critical problems like wave or Schrodinger maps, Krieger et al. [2008] showed that arbitrarily slow
blow-up can be achieved, but the known examples so far are never ‘6°° smooth. The structure of the flow
near Q is also somewhat mysterious, and various new kinds of global dynamics have been constructed;
see [Donninger and Krieger 2013; Bejenaru and Tataru 2014]. One of the new results of our analysis
in this paper is to show the essential role played by the control of higher order Sobolev norms, which
provide a new topology to measure the distance to the solitary wave which is sharp enough to see all
the blow-up regimes (1-13). The control of these norms acts in the energy method as a replacement of
the counting of the number of intersections of the solution with the ground state, which, in the parabolic
setting, plays an essential role for the classification of the blow-up dynamics [Mizoguchi 2007], but relies
in an essential way on maximum principle techniques. We believe that the blow-up solutions we construct
in this paper are the building blocks to classify the blow-up dynamics near the ground state in a suitable
topology.

5. Extension to dispersive problems. We treat in this paper the parabolic problem, but the robustness
of our approach has been shown in [Raphaél and Rodnianski 2012; Merle et al. 2011], which treat
the dispersive wave and Schrodinger maps with S? target. We expect that similar constructions can be
performed there as well to produce arbitrarily slow €°° blow-up solutions with quantized rate, hence
completing the analysis of these excited regimes, which started in the seminal work [Krieger et al. 2008].

Notations. We introduce the differential operator
Af=y-Vf (energy-critical scaling).
Given a parameter A > 0, we let

u (r) = u(y) with y = %

Given a positive number b; > 0, we let
1 log b
By— . Blzlog 1|.
by Vby

We let x be a positive nonincreasing smooth cut-off function with

(1-14)

1 fory <1,

X(y):{O for y > 2.
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Given a parameter B > 0, we denote

xB@)=x<%). (1-15)

We shall systematically omit the measure in all radial two dimensional integrals and note that

+00
/ f= f()rdr.
0

Given a p-uplet J = (ji, ..., jp) € N”, we introduce the norms

p p
=) e =) _ ki (1-16)
k=1 k=1

We note that
d 1
2
%AMzwerJﬂ:<2ya SR}
i=1

Strategy of the proof. Let us give brief insight into the strategy of the proof of Theorem 1.1.

(1). Renormalized flow and iterated resonances. Let us look for a modulated solution u(z, ) of (1-5) in

renormalized form
r ds 1

u(t,r):v(s,y), yzm, szz—(t), (1-17)

which leads to the self-similar equation

FO o p= (1-18)

05V — Av+ b Av+ ——

We know from theoretical ground that if blow-up occurs, v(s, y) = Q(y) +&(s, y) for some small (s, y),
and hence the linear part of the ¢ flow is governed by the Schrédinger operator
(@)
12

The energy-critical structure of the problem induces an explicit resonance

H=—-A+

H(AQ) =0,

where from explicit computation,

AQN% as y — o0. (1-19)
More generally, the iterates of the kernel of H computed iteratively through the scheme
HTp1=—-Ty, To=AQ, (1-20)
display a nontrivial tail at infinity:

Te(y) ~ y* e logy +d) fory>> 1. (1-21)
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(ii). Tail dynamics. We now generalize the approach developed in [Raphaél and Rodnianski 2012; Merle
et al. 2011] and claim that (7} )x>; correspond to unstable directions which can be excited in a universal
way. To see this, let us look for a slowly modulated solution to (1-18) of the form v(s, y) = Qp)(y)
with

L L+2
b=(bi,....b), Q=00+ Y b+ S (1-22)
i=1 i=2

and with a priori bounds
bi ~ by, 1SS by,

so that S; is in some sense homogeneous of degree i in b;. Our strategy is the following: choose the
universal dynamical system driving the modes (;);<;<; which generates the least growing in space
solution S;. Let us illustrate the procedure.

O(by). We do not adjust the law of b; for the first term.? We therefore obtain from (1-18) the equation
bi(HT: + AQ)=0.
O(b?, by). We obtain
(b1)sT1 +bI AT +byHT, + HS, = biNL(Ty, Q),

where N L(Ty, Q) corresponds to nonlinear interaction terms. When considering the far away tail (1-21),
we have, for y large,
ATy ~Ty, HT,=-T,
and thus
(b1)sTy +bIAT) +byHT> ~ ((by)s + b} — b)Ty.

Hence the leading order growth is canceled by the choice
(b1)s + b} — by =0. (1-23)

We then solve for
HS, =—b}(AT) —T1) + NL(T}, Q)

and check that S, < b3 T; for y large.
O(bll‘H, bi+1). At the k-th iteration, we obtain an elliptic equation of the form
(b)s Tk + b1bg ATy + by HTyy + HS) = BV NLW(Th, ..., Ty, Q).

From (1-21), we have, for tails,
AT, ~ Qk — DT,
and therefore

(bi)s T +b1bx ATy + b1 HTj 1 ~ ((bi)s + 2k — 1)b1 by — by 1) T

31f (b)s = —c1 by, then —As /A ~ b ~ ¢ €15 and hence after integration in time, |logA| < 1 and there is no blow-up.
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The cancellation of the leading order growth occurs for
(bi)s + (2k — Db1bg — bry1 =0.

We then solve for the remaining Si; term and check that Sy < be+] T+ for y large.

(iii). The universal system of ODE’s. The above approach leads to the universal system of ODE’s which
we stop after the L-th iterate:
g

(bp)s + 2k —1)b1by —byy1 =0, 1<k<L, b1 =0, = by. (1-24)

It turns out, and this is classical for critical problems, that an additional logarithmic gain related to the
growth (1-21) can be captured, and this turns out to be essential for the analysis.* This leads to the sharp
dynamical system

N log b1
—=— by, (1-25)
ds)\ 1
dr a2

It is easily seen (see Lemma 2.14) that (1-25) rewritten in the original ¢ time variable admits solutions such
that A(¢) touches 0 in finite time 7 with the asymptotic (1-13). Equivalently in renormalized variables,

—2L

p— m. (1_26)

dq

A(s)

log s)!41! L
s s 2L —1
Moreover (see Lemma 2.15), the corresponding solution is stable for L = 1. This is the stable blow-up
regime, and unstable with (L — 1) directions of instabilities for L > 2.

(iv). Decomposition of the flow and modulation equations. Let the approximate solution Qp be given by
(1-22), which by construction generates an approximate solution to the renormalized flow (1-18):

f(Qp)

—2% =Mod(1) + O (b*""),
y

W, =0,0p — AQp+bAQ)+

where, roughly,

- 2
Mod(r) = Z[(bm + (21 —1+ |10gb1|>b1b,~ - b,-H]T,-.
i=1

We localize O in the zone y < By to avoid the irrelevant growing tails for y > 1/4/b;. We then pick an
initial data of the form

uo(y) = Qp(y) +e0(y), leoM K1

4See, for example, [Raphaél and Rodnianski 2012] for further discussion.
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in some suitable sense where »(0) is chosen initially close to the exact excited solution to (1-24). From
standard modulation argument, we dynamically introduce a modulated decomposition of the flow

u(t,r) = (Qb(t)+8)< N )) :(Qb(t))< )+w(t r), (1-27)

A(t)

where the L + 1 modulation parameters (b(¢), A(#)) are chosen in order to manufacture the orthogonality
conditions

(e(t), H*®y) =0, 0<k <M. (1-28)

Here ®4,(y) is some fixed direction depending on some large constant M which generates an approxima-
tion of the kernel of the iterates of H; see (3-7). This orthogonal decomposition, which, for each fixed
time t, directly follows from the implicit function theorem, now allows us to compute the modulation
equations governing the parameters (b(¢), A(¢)). The Q, construction is precisely manufactured to
produce the expected ODE’s:’

L

3

i=l

A L
~ b < e oo + 552, (1-29)

2
bi)s+(2i -1+ bib; —biy| <
llog by |

where | ¢||1oc measures a local-in-space interaction with the harmonic map.

(v). Control of the radiation and monotonicity formula. According to (1-29), the core of our analysis
is now to show that local norms of ¢ are under control and do not perturb the dynamical system (1-24).
This is achieved using high order Sobolev norms adapted to the linear flow, and in particular we claim
that the orthogonality conditions (1-28) ensure the Hardy type coercivity of the iterated operator

2
Gopar = H"+152>/ el . 0<k<L.
2%t2 f R | O gy 05K

We now claim the we can control theses norms thanks to an energy estimate seen on the linearized

equation in original variables, that is, by working with w in (1-27) and not &, as initiated in [Rapha&l and
Rodnianski 2012; Merle et al. 2011]. Here the parabolic structure of the problem simplifies the analysis
and displays a repulsive property of the renormalized linearized operator; see the proof of (3-48). The
outcome is an estimate of the form

3 b2k+3
d { 2k+2} < |10gbllck (1_30)

ds | pdk+2 A4k+2

where the right hand side is controlled by the size of the error in the construction of the approximate
blow-up profile. Integrating this in time yields two contributions, one from data and one from the error:

2k+3

Eorr2(5) AT (5)€0r02(0) + 1% (s) / |log by | do.

)L4k+2

5See Lemma 3.3.
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The second contribution is estimated in the regime (1-26) using the fundamental algebra

(2k+3)—c1(4k+2):1+mfﬁ”{i giii‘l (1-31)
Hence data dominates for k < L — 1 up to a logarithmic error
2k+3 s do
A4k+2(s)/ i llog by | do ~ A¥+2(log 5)€ /Xo S~ AHH+2 (100 5)C |
which yields the bound
Gorpr SAH P logs|€, 0<k=<L-1, (1-32)

which simply expresses the boundedness up to a log of w in some Sobolev type H**! norm. On the other
hand, for k = L, we can first derive a sharp logarithmic gain in (1-30),

d[Eu) 5 (1-33)
ds | (a2 | ~ A4L+2|log b1|2’
and then the integral diverges from (1-31) and
2L+3 b2L+2 2L+2
3 4k+2 / do ~ ) %+2 A p4+2
©) |, g © ), o A4L+2|logb1|2 " Yoghi?
We therefore obtain
p2L+2
Crio S ——. 1-34
242 S (loabi P (1-34)

The difference between the controls (1-32) for 0 < k < L — 1 and the sharp control (1-34) is an essential
feature of the analysis and explains the introduction of an exactly order L + 1 Sobolev energy.

We can now reinject this bound into (1-29) and, thanks to the logarithmic gain in (1-33), show that
¢ does not perturb the system (1-25), modulo the control of the associated unstable L — 1 modes by a
further adjusted choice of the initial data. This concludes the proof of Theorem 1.1.

This paper is organized as follows. In Section 2, we construct the approximate self-similar solutions
0O} and obtain sharp estimates on the error term W;. We also exhibit an explicit solution to the dynamical
system (1-25) and show that it displays (L — 1) directions of instability. In Section 3, we set up the
bootstrap argument in Proposition 3.1 and derive the fundamental monotonicity of the Sobolev-type norm
|H L+ls||iz in Proposition 3.6, which is the heart of the analysis. In Section 4, we close the bootstrap
bounds, which easily imply the blow-up statement of Theorem 1.1.

2. Construction of the approximate profile

This section is devoted to the construction of the approximate Qj blow-up profile and the study of the
associated dynamical system for b = (by, ..., br).
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The linearized Hamiltonian. Let us start by recalling the structure of the harmonic map Q, which is the

unique up-to-scaling solution to

AQ=g(Q), QO)=0, lim Q)=

(2-1)

This equation can be integrated explicitly.® Q is smooth Q € ([0, +00), [0, 7)) and using (1-3) admits

a Taylor expansion’ to all order at the origin,

p

Q) =Y iy’ + 0> ) asy—0,

and at infinity,

i=0

2 &g 1
Q(Y)Z”—;—Zyzm +0 y2+3 as y = +00.
i=1

The linearized operator close to Q displays a remarkable structure. Indeed, let the potentials

Z=g'(0),

V=Z2>+AZ=f(Q), V=(1+2)>-AZ,

which, from (2-2),(2-3), satisfy the following behavior at 0, 4+-o0:

Z(y) =

V(y)=

V(y) =

LY ey 007 asy -0,
p Ci 1
-1 +Zi:1 F + 0<—y21’+2) as y — 400,
V4 .
I+) . ay’+00M*) asy—0,
PG 1
1 +Zi=l ﬁ + 0<yzl’+2> as y — +o0,
4430 @y 00 asy -0,

p Ci 1
Zizl ﬁ +0 y2p+2 as y — +09,

(2-2)

(2-3)

(2-4)

(2-5)

(2-6)

(2-7)

where (c;);>1 stands for some generic sequence of constants which depend on the Taylor expansion of g
at (0, ). The linearized operator close to Q is the Schrodinger operator

and admits the factorization

with

A=—

\%4
H=-A+—.
y

H=A*A

1+Z7

Z * /

0See [Raphaél and Schweyer 2013] for more details.

7up to scaling

(2-8)

(2-9)



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1725

Observe that, equivalently,

9 [ u . 19
Au:—AQ$<E>, A*u=———(uyAQ), (2-10)

1‘Q>‘ ( ) )

and thus the kernels of A and A* on RY are explicit:

Au=0 ifandonlyif u € Span(AQ), A*u=0 ifandonlyif ue€ Span(
y

Hence the kernel of H on [Rij‘r is

Hu=0 ifandonlyif ue€Span(AQ,T) (2-12)
with .
INGY) A¢fy & \ ;) S (2-13)
y = _— -
IRICCICI P o(l‘)gy) as y = +oo.
y

In particular, H is a positive operator on I-'Iri1d with a resonance A Q at the origin induced by the energy-
critical scaling invariance. We also introduce the conjugate Hamiltonian

~

~ v
H=AA"=—A+, (2-14)
y

which is definite positive by construction and (2-11); see Lemma B.2.

Admissible functions. Explicit knowledge of the Green’s functions allows us to introduce the formal
inverse

y y
H1f=—F(y)/ fAQxdx+AQ(y)/ SfTxdx. (2-15)
0 0
Given a function f, we introduce the suitable derivatives of f by considering the sequence

A* fr for k odd, £>0 (2-16)

fo=to fin= {Afk for k even, -

We shall introduce the formal notation
fe=d"f.
We define a first class of admissible functions which display a suitable behavior both at the origin and
infinity.
Definition 2.1 (admissible functions). We say a smooth function f € €°°(R,, R) is admissible of degree
(p1, p2) EN X Zif
(i) f admits a Taylor expansion at the origin to all order

p
fO) =" ay* '+ 00 (2-17)
k=pi
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(i) f and its suitable derivatives admit a bound, for y > 2,

y2P2=k=1(1 4 log y|) for2p,—k>1,

for all k > 0, < 2-18
orall k > eI < {ysz—k—l for 2ps — k < 0. ( )

H naturally acts on the class of admissible functions in the following way.

Lemma 2.2 (action of H and H~! on admissible functions). Let f be an admissible function of degree
(p1, p2). Then

() foralll > 1, H' f is admissible of degree
(max(p; —1,0), p» —1), (2-19)
(i) foralll, p» >0, H7! f is admissible of degree
(p1+1, p2+1). (2-20)

Proof of Lemma 2.2. This a simple consequence of the expansions (2-2), (2-3).

Let us first show that H f is admissible of degree at least (max(p; — 1, 1), p» — 1), which yields (2-19)
by induction. We inject the Taylor expansions (2-17), (2-18) into (2-8). Near the origin, the claim directly
follows from the Taylor expansion (2-6) and the cancellation H(y) =cy+ O (y?) at the origin. The claim
at infinity directly follows from the relation u; = fi, by definition.

Now let p» >0 and u = H~' f be given by (2-15), and let us show that u is admissible of degree at
least (p; + 1, p» + 1), which yields (2-20) by induction. From the relation u; = f;_, for k > 2, we need
only consider k = 0, 1. We first observe from the Wronskian relation I''(A Q) — (AQ)'T = 1/y that

Z AQ) 1
AF=—F’—|——F=—I"+( Q)I‘:——.
y AQ YAQ
Thus, using the cancellation AA Q =0, we compute
¥ 1 y
Au=—AT fAQxdx:—f fAQxdx. (2-21)
0 yAQ Jo

Moreover, we may invert A using (2-10) and the boundary condition u = O(y?) from (2-15), which
yields

u:—AQ‘/‘yﬂdx:—AQ(y)/yd—x/x f@AQ()zdz. (2-22)
o AQ 0 X(AQ(x))?* Jo
Using (2-2), this yields the Taylor expansion near the origin:
Au = i 0] Y2 L (2P, = —AQ/yﬂdx _ i @ y2HE3 L0 (y2P S,
o AQ

k=pi
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and hence u is of degree at least p; + 1 near the origin. For y > 1, from (2-21), (2-22), (2-18), we estimate
by brute force, for py > 1,

y
|Au|=|u1|§/ 2271 (1 + [log T]) dr < y*P2(1 + |log y)),
0

1 y
|u|§;/ 221+ |log )T dr < y*7 (1 + [log y)),
0

and, for p, =0,
y
IAMI=|M1|§/ v 'dr S 1+]logyl,
1
1 [
lul < 3 (1+[logzhrdr S y(1+ |logyl).
0

Hence u satisfies (2-18) with p — pp+1and k =0, 1. O

Let us give an explicit example of admissible functions which will be essential for the analysis. From
(2-2) and the cancellation AAQ =0, AQ is admissible of degree (0, 0), and hence Lemma 2.2 ensures
the following.

Lemma 2.3 (generators of the kernel of H'). Let the sequence of profiles for i > 1 be
T, =(—1)'H'AQ. (2-23)
Then T; is admissible of degree (i, i).

bi-admissible functions. We will need an extended notion of admissible functions for the construction
of the blow-up profile. In the sequel, we consider a small enough 0 < b1 <« 1 and let By, x, be given by
(1-14), (1-15). Given [ € Z, we let

1411 b
Mlyﬁ?’Bo forl 2 1,

abr,y) =1 Mgl (2-24)

—y=38 for/ <0
[log by | -

and, similarly,

1+1
%1%3% for 1> 1,
gLy =415 (2-25)
=20 for [ <0.
[log 1|
We then define the extended class of b-admissible functions.
Definition 2.4 (b;-admissible functions). We say a smooth function f € ¢>°(R% xR, R) is b1-admissible
of degree (p1, p2) € N x Z if the following hold:

(i) For y <1, f admits a representation

J
Fbry) = hib)f0) (2-26)

j=1
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for some finite order J € N*, some smooth functions fj(y) with a Taylor expansion at the origin to

all order, for all y <1,

p
Fin =) apy™ '+ oG, (2-27)
k=p1

and some smooth functions 4 ;(by) away from the origin with

a'h;
I

ob;

<l (2-28)

forall/ >0, S
b

(ii) The function f and its suitable derivatives (2-16) satisfy a uniform bound for some constant c,, > 0:
for all y > 2 and all k£ > 0,

| febr, VIS 22 gy, (b, ) + ¥ P log y 22 + Fpy k001 y* P2 * 1535, (2-29)
and, forall [ > 1,

al

— fx(b1, y)‘
b}
1 - L e
S {7 ap, i by, y) + YT log y (2} + Fy ki (b)Y 1235, (2-30)
b |log b |
where, for all [ > 0,
0 for2p, —k—3<—1,
Fpyi1(b1) = {1/(bl“llo o sz_k_ = 2-31)
1 gby|) for2p, 3>0.

Remark 2.5. Let us consider the solution T to
HT, =—AQ.
An explicit computation reveals the growth for y large
AQ~ 1. Ti(y)~ylogy.

The bi-admissibility corresponds to a log by gain on the growth at 0o, which is an essential feature of the
slowly growing tails in the construction of the modulated blow-up profile in Proposition 2.12. Observe for
example that (2-29), (2-31) imply the rough bound

d fi
b}

2pr—1—k
< (I+y)=P2

|log b1

1 fil S A4y,

and hence a logarithmic improvement with respect to (2-18). This gain will be measured in a sharp way
through the computation of suitable weighted Sobolev bounds; see Lemma 2.8.

We claim that H, H~' and the scaling operators naturally act on the class of b;-admissible functions

in the following way.
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Lemma 2.6 (action of H, H~! and scaling operators on b1-admissible functions). Let f be a bi-admissible
function of degree (p1, p2). Then we get:

() Foralll > 1, H' f is by-admissible of degree
(max(p; —1,0), po —1). (2-33)
(ii) Foralll, p, > 1, H7 f is by-admissible of degree
(pr+1, pa+D). (2-34)
(iii) Af = y0, f is admissible of degree (p1, p2).
@iv) b10f/(9by) is admissible of degree (p1, p2).

Proof of Lemma 2.6. Proof of (i). We show thatu = H f is b;-admissible of degree (max(p;—1, 0), po—1),
which yields (2-33) by induction. Near the origin, the claim directly follows from the Taylor expansion
(2-27) with (2-26) and the cancellation H(y) = cy 4+ O(y?) at the origin. For y > 1, H is independent of
b1 so that, by definition,

Nup 0 fira
aby b

forall [/ > 0,

’

which satisfies (2-29), (2-30), (2-31) with pp — p,—1and F), 1 1(b1) = F, k42,/(b1). Equation (2-33)
follows.

Proof of (ii). Now let p, > 1 and let us show that u = H~! f is admissible of degree (p; + 1, p» + 1),
which yields (2-34) by induction. Observe that, for k > 2 and all / > 0,

ur 3 fio
apt — obt

’

which satisfies (2-29), (2-30), (2-31) with p» — p> + 1 and Fp,11k,1(b1) = Fp, k—2,1(b1). It thus only
remains to estimate u, Au, and their derivatives in b;.

Estimate for u near the origin. The inversion formulas (2-21), (2-22) ensure the decomposition of variables
near the origin

J
u(br, y) =y hj(b)ii;(y),

J=l

where, using (2-2) the Taylor expansion near the origin,

14
~ Z 1 ~ Auj 2
Al/lj — C](c §y2k+2 4 0(y2p+4)’ ihj= _AQ/ -7 dx = ( §y2k+3 4 O(y2p+5)‘
k=pi k =D1

Hence u is of degree at least p; + 1 near the origin.
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Estimate for uy = Au for y > 1. We use the formula (2-21) and the assumption p, > 1 to estimate, for
1< y =< 330,

y y
Aul < / flde < f 22y (b, 7) 4+ 2P log T[] dr
0 0

S pPlloghi] / " o271 (1 4 |logo|) do + O (y*P>72|log y|'*<r2)
~ bP|log b |

<y 1 + [log(v/b1y)|
~ |log b1

= 2D 2 (b y) +y

+ 5272 |log y|*r2

2pa+1)—4 1+cp,

[log y|

and, for y > 3By,

y 3By y
|Aul < / \flde < / 27 lg (b1, 7) dt + / Fry 0.0(b0) 7273 dr + 0272 log y|+m)
0 0 3B,

1 y B -
~ bl llogbi| +/3B Fps0,0b)T" 73 dT 4+ 0y [log y|'*2).
0

If p» =1, which is the borderline case 2p, —3 = —1, then F, 9,0 = 0, and we thus get the bound, for all
p2=>1,y > 3By,

|Aul < y2p2—2< + Fm,o,owl)) + y? 22 [log y| 't

bi|log b, |

2pr—2 +y2(p2+1)—4 I+cp,
b

y [log y|

<
bi|log by|

and (2-31) is satisfied for (p; — po +1,k=1) thanks to 2(p, +1) —1 -3 > 0.
We now pick / > 1. H is independent of by, so

()=,
avt ) ab!

and therefore, from (2-21), we compute

abl ~yAQ / Qabl
This yields the bound, for |y| < 3By,

9'u, /y 1
| S| = P g1 (01 y) + 327 log y |2 d
ot | )y Hiogn Y B b1y llog yI) dy

1 o — »

S 1—[y2p2g1(b1,y)+y21’2 2|log y|ct1]
by [log by |
1 o —
[P D225, 1)1 (b1, y) + Y P log y| 2],

~ bllogb|
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and, for |y| > 3By,

0lu,
ab'

1 1 2pr—2 1 Y 2pr—3
S — + P log y|2t +/ Fp01(b1)yP* " dy.
bl |log by | |:bf2 38y

Again, if p; =1, then F),, o; = 0, and we therefore obtain the bound, for all p; > 1,

olu 2p$2=-21o Cp,+1
’_11 §y2p22|:l+l—+Fp2’O’l(bl):|+y ll gyl
b b llog by | b} |log b
2(p2+1)—1-3 1
< y2(172+1)—1—3|10gy|c,,2+1’

S +
b loghy|  bl[logb|
and (2-31) is satisfied for (pp > pp+1,k=1) thanks to 2(p,+1)—1 -3 > 0.

Estimate for u. Now, from the above bounds and (2-22), for 1 < y < 3B( we estimate

1 (Y 1 [
|u|§—/ |Au|t drg—/ [e2P2 gy 1By, T) + 2272 log T|'Tm ] dt
Yy Jo Yy Jo

~ y T -1
|log b1 |

©2(pat1y (b1, y) + Y2 P23 log y|

+ 5?72 Hlog y**er

2pa+1)—1 2+cp,

=)
and for y > 3By we estimate
Lp 2pa+1 Y 2pa—1 2(pa+1)-3 2
ul < ;|:/0 TP g (by, T)df+/3B Fpy11,0(b0)T dfi| + y* P log y|PHen
0

1

< 2p2—1[ j| 2(p2+1)-3 2+cp,

Sy o | Ty |log y |72,
by[log by |

which satisfies (2-29) for (p» — p> + 1, k = 0) thanks to 2(p, + 1) —3 — 1 > 0. Finally, for [ > 1,
1 <y =3By,

d'u 1 [7]0'u, | y
— | <= —|tdt S —/ 2ntls bi. 1) + 27 Vlog T|1+en ] dt
aby N)’/o b ™~ yb|logbi| Jo L 82py+1(b1, T) [log 7| ]
1 o —
S P gy (b1, y) + PP P log y[ T,
billog b1

and, for y > 3By,

olu 1 3Bo £2p2+1g (p T y 2(p2+D=31o 2+cp,
Py S ;[f “oeh ] Ili;(bl| ) dt +f Fpyi110(b) T2 dr] +2 o |10|ng)|)|
1 0 1 1 3By 1 1
< y2(p2+1)—3 N y2(p2+1)—3|10gy|2+c,)2
~ b log by bl |log by |

Hence u is bi-admissible of degree (p; + 1, po + 1).
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Proof of (iii) and (iv). The property (iv) is a direct consequence of the definition of b; admissible functions
(Definition 2.4) and the trivial bound

g1(b1,y)

| S gi(b1, y).
[log by |

We now turn to the proof of (iii). First we rewrite the scaling operator as
A=ydy=—1d—yA+(1+2).

Near the origin, the existence of the decomposition (2-26) follows directly from the even parity of the
Taylor expansion of Z at the origin (2-5). Far out, let

Af==f-yh+UA+2)f.

A simple induction argument similar to Lemma D.1 yields the expansion for £ > 1,

k
Gf)k = Chp1 Vit +cerafi+ D Peiy) fi (2-35)

i=1

with the improved decay

100 Pei (D] S forall/ >0, y> 1. (2-36)

1+y2+l+k—i
We therefore obtain from (2-32), (2-35), (2-36), (2-5) the bound

k
1 .
KAf»|5|xm+u+wfu+—§:yzw,9%m -
i=0

Sy g1y + 82po—k) + PP log Y[ + (Fpy k0 + Fpy k1,002 * 21,535,

We now observe the monotonicity g2,—k—1 S 82p,—k from (2-24) and Fp, k41,0 S Fp, k,0 from (2-31),
and thus (A f) satisfies (2-30), (2-31) for I = 0. Similarly, for k > 0, [ > 1, we use the bound, for y = B,

2pr—k—5 2pr—k—3

y <Y
b logby| ~ bhlloghby|’

YRS (b)) S

to estimate

NMﬂk<‘yﬁH o' fi
[ ~ [ [
ab! ab! bl
k
+y ¥{ 1 WWHﬂm+%mWH&m®WWH%m}
' yk—l+2 bl |10gb1| o =
i=0 1
1 e o —k— c
S0 g, rn) + B2py i) + 7P Nlog y[r2]
by |log by|

2pr—k—3
+ (Fpyki + Fpykr1,0y 727 1233,

and the bounds 22,, k-1 < &2pr—k» Fpyk+1,1 S Fp, k1 now ensure (2-30), (2-31) for [ > 1. O



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1733

Slowly growing tails. Let us give an example of admissible profiles which will be central in the con-
struction of the leading order slowly modulated blow-up profile. Given b; > 0 small enough, we let the
radiation be

X, = H {—cp, xByaAQ +dp, HI(1 — x5,)A 01} (2-37)
with 5
4 0
Chy ==, dp=0p / XBy/aAQTydy. (2-38)
Y xBya(AQ)? : "Jo o/

Lemma 2.7 (slowly growing tails). Let (T;);>1 be given by (2-23). Then the sequence of profiles fori > 1
O, = AT, — 2i — DT; — (=)' H Ty, (2-39)
is bi-admissible of degree (i, 1).

Proof of Lemma 2.7. Step 1: Structure of T;. Let us consider T; = —H~'A Q, which is admissible of
degree (1, 1) from Lemma 2.3. For y > 1, explicit computation using the expansion (2-3) into (2-15)

yields

|log y|?
y

for some universal constant ey. Hence we get the essential cancellation

Ilogylz)
y

log y|?
Tl(y):ylogy—l-eoy—l-O( > Aleylogy+(1+eo)y+0(| iﬂ) (2-40)

AT, —T, =y+0( (2-41)

We now prove that ®; is of order (7, i) by induction on i.

Step 2: i = 1. By definition,

y y
Xy, = F(y)/o Chy X Bo/4(A Q) x dx — AQ(y)/O Chy XBo/al' AQx dx +dp, (1 — xp)AQ(y), (2-42)

and thus, by the definition of ¢p,, dp, in (2-38),

cp, Ty fory < By/4,
Xp, =

= (2-43)
4T for y > 3By.

In particular, 25, admits a representation (2-26) near the origin with J =1, h1(b1) =c¢,, and fl ) =T1(y),
and thus an expansion (2-27) of order p; = 1 from the first step. A direct computation on the formula
(2-38) yields the bounds

2 [1+0( ! )] \dp, | < ! (2-44)
Ch, = ) bl S 7 1 1 0 -
" |logb| llog by | "™ by|log by |
and 1 1
3 1 3d 1
Dl , g —— foralll>1, (2-45)
b’ bl |log by |2 b} b log by |

which imply (2-28).
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For y > 3By, from (2-13), (2-43), we estimate

Sp () =y+ 0 (k’i Y ) (2-46)

and, for 2 <y <3B,,

y logy Y ’ Y
zb1<y)=cbl(z+0( : ))[/0 ><BO/4<AQ>xdx]—cblAQ@)f1 O ()x dx

AQ)? 1
M 19} (i) . (2-47)
f XBy/a(AQ) llog b1
We thus conclude from (2-41), (2-47) that, for y < 3By,
Jo xBya(AQ) 1+y llog y|?
() =y—y +0 +0 =0 (14 log(yv/B1)D) ).
[ xBy/a(AQ)? llog b1 I+y |1 gb |
which, together with the bounds (2-40), (2-46) for y > 3 By, yields the bound, for y > 2,

1 2
llog y1 ) (2-48)
y

1©1(M)] < yga (b1, y) + 0(
Now, from (2-21), (2-37), we compute
1 y
Ay, = —f AQ[—cp, xByaAQ +dp H[(1 — xp,) AQ]]x dx,
yAQ Jo

and from (2-44) we estimate, for y < 3By,

4 c dp,
AXp, _A_Q bl / (AQ)*x dx + 0( 130<y<330) =—-2+0(g1(b1,y)) (2-49)
0
and, for y > 3By,
4 1
AT, :——:—2—|—0(—>. (2-50)
' yAQ y?

Moreover, a simple rescaling argument yields the formula
AZ
A(Au) =Au+ AAu— —u
y

and thus, using (2-40), (2-5),

AZ logy
AAT —T)) =AAT, — —T1=AATI+ O 5= -
y y

Now, from (2-21), (2-3), we estimate

1 /y 5 ] (logy)
AT = —| —— (AQ) xdx |=-2logy+ O ,
: [yAQ 0 s y?

1
AAT| = —2+ 0( Ogy),
y

and, similarly,




DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW

from which
logy
AMNT =T =-2+0(—5 ).
y

We thus conclude from (2-48), (2-49), (2-50), (2-51) that

logy
14011 S 21(b1, y) + o( 2 )
We now turn to the control of H®;. First, from a simple rescaling argument, we compute

AV
H(Au) =2Hu + AHu — —u,

2
which implies
H(AT, —T)) = —AQ — A0 + 0(10g3 ) _ O<1og3y)
y y
Hence, according to (2-24), we get the desired cancellation
|HO| S |H(ATy — T)| + [HEy, | S #Ilogblllyf”“ N 0(“%)‘

1735

(2-51)

(2-52)

The control of higher order suitable derivatives in y now follows by iteration using (2-3), (2-6). Hence

®, satisfies the bound (2-29) with p, =1,/ =0.
We now take derivatives in by, in which case from (2-42), for [ > 1,
CHCH 3 %y,

y gl
= =T ) fo Gt (A Q)
1 1

l

y 9l 9
— A _— I'A —_— 1— A
00 /O oy e I A Qs (1= 5 1A Q).

and from (2-43),
3'0 'y,

by ab!

(y) =0 fory>3By.

From (1-14), we estimate by brute force

3 x5,
bl

< lBoinZBo
~Y
l
bl

and thus, from the Leibniz rule and (2-45), for y < 3By, we obtain

l

3'0, y 1
S (1+[logy]) + [Z —i|y130/25y§330

b

15,/2<y<38,

™~ bl|logby | — by bk |log b 2 l
1
% )
g bk log by |

5y(llJrllogyl) < lygl '
b log by |? bilog by |

y
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The control of higher suitable derivatives (3's4*©,/ (abl1 ))1.k>1 follows similarly using the explicit formula
(2-37). This concludes the proof of the estimate (2-30) with p, = 1, and thus ®; is b;-admissible of
degree (1, 1).

Step 3: i — i + 1. We assume the claim for ®; and prove it for ®;,;. From (2-23), (2-39), (2-52),

HOjy1 = H(ATi4) — Qi+ DHTy — (-1 H TS,

. ; _ AV
=AHTi11 — Qi —DHT + (-1 H 'y, — 2 T
‘ ‘ AV
=—[(ATi = Qi = DT = (=)' H 'Sy ] - — Ty
y

AV
=—-0; - —T.

y

The induction hypothesis ensures that ®; is bj-admissible of order (7, i). Moreover, near the origin, 7;
is from Lemma 2.3 of degree i + 1 and hence the development (2-6) ensures that (AV/ y2) T4 is of
degree i + 1 near the origin. For y > 1, (2-6) ensures the improved bound

P
A
ayr \ y2 )|~ yrté =

and since 7;4 is of degree i 4 1, we obtain from the Leibniz rule the rough bound, for all £ > 0,

AV o
&gk[? i+1:| =3 Wyz““)""l log y| < y* ™ Jlog y .

p=0

Hence (A V/yZ)TiH, which is independent of by, satisfies (2-29) and is b;-admissible of degree (i, i).
We conclude from Lemma 2.6 that ®;, is admissible of order (i +1,i 4+ 1). O

Sobolev bounds on by-admissible functions. The property of b;-admissibility leads to simple Sobolev
bounds with sharp logarithmic gains. We let B be given by (1-14).

Lemma 2.8 (estimate of b;-admissible function). Leti > 1 and f be a by-admissible function of degree
(i,i). Then

|log by [*¢+~1 .
f H'fP S e — JforO<k=i-1, (2-53)
y<2B b |log by |

/2 IH*F> <1 fork > i, (2-54)
y<2By

and

1 + [log y/? 1+ |log y|?
+[log y| \H* F2 + M|AH"f|2<|logbl|3 fork>i—1. (2-55)
4 2 ~

v<2B 14y y<2B 14y
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Remark 2.9. The boundedness of the Sobolev norm (2-54) in the borderline case k =i is a consequence
of the definition (2-24). Indeed,
/y§330

/y§330

Proof of Lemma 2.8. Let k > 0. Near the origin, the cancellation A(y) = y?> 4 O(y) and the Taylor
expansion (2-27) ensure that H k f is bounded uniformly in y < 1, |by] < % For y > 1, from (2-29) we

2

1+ llog Bryl | logh|

(14 y)[log b1 |

but

1 2

- (2-56)
(1+y)llog b1 |

~ T°

estimate
[ mtse=fimes [ Foaio by 2o,
y=<2B 3By<y=<2B,
+ |2 gk (b,y) + y¥ 3 log y[ %
1<y<2B,

For k > i, F; ox,0 = 0 and from (2-24) we estimate (2-56)

. 1 . 2
/ |ka|2 ,-S 1 +/ y2(lfk)71 y=<3By +y2!72k73|10gy|6i 5 1.
y<2B, 1<y<2B, [log b

For k <i — 1, the growth can be controlled in a sharp way. Indeed, using F; 2x,0 = 0 for k =i — 1 precisely
to avoid an additional logarithmic error, we estimate

di—4k—4

1 . )

Hk 2 < 1 + / 4(sz)72(1_+_ lo b 2)+B4(1_k)_4 loe b 2ep,+1
/y528.| d Nb%llogbl|2 llog by |2 y§330y log v/b1y| 1 [log b1

Bg(i—k) |10gb1|4(i—k—1) - |10gb1|4(i—k—1)
llogb1l? * b2 Plloghi 2~ b7 P lloghy 2

<1

Finally, for k > i — 1, using the rough bound (2-32), we estimate

141 2 141 2
y=<2B,

4y veop 142
1+ |log y|? o 1+ |log y/|? - ~
5/ 1—g4|(1+y)2’ * 1|2+f —a ST (1 4 )2kt
y<2B +y y<2B; +y
< |loghy . =

Slowly modulated blow-up profiles. In this section we construct the approximate modulated blow-up
profile. Let us start by introducing the notion of homogeneous admissible functions.
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Definition 2.10 (homogeneous functions). Given parameters b = (by)1<k<z, and (p1, p2, p3) € NXZ x N,
we say a function S(b, y) is homogeneous of degree (p1, p2, p3) if it is of the form

L

Sb,y) = > [CJ <1_[ b;fk)SJ(bl,y)]
J=(1sesjr)s U 2=p3 k=1

where

L
J=(ry oo ju) €Zx N [Tl =) ki,
k=1

and for some b;-admissible profiles EJ of degree (p1, p2) in the sense of Definition 2.4. We note that

deg(S) = (p1, p2, p3).

Remark 2.11. We allow for negative powers of by only in the above definition. This ensures from
Lemma 2.6 that the space of homogeneous functions of a given degree is stable by application of the
operator b13/(0by). It is also stable by multiplication by cyp, from (2-44), (2-45).

We may now proceed to the construction of the slowly modulated blow-up profiles.

Proposition 2.12 (construction of the approximate profile). Let M > 0 be a large enough universal
constant. Then there exists a small enough universal constant b*(M) > 0 such that the following holds
true. Let there be a €' map

b= (bo)i=k=t : [s0, 511> (=b" (M), b*(M))"
with a priori bounds on [sg, $1]
0<by <b*" (M), |bk|§blf for2 <k<L. (2-57)
Let By be given by (1-14) and (T;)1<i<1, be given by (2-23). Then there exist homogeneous profiles
{S,-(b, y), 2<i<L+2,

S1=0
with
deg(S;) = (i, i,1i),
i 2-58
g:O for2<i<j<lL ( )
ab;
such that
L L+2
Qbis)(¥) = Q) + ) (1), () =Y _ BT () + Y Si(y) (2-59)

i=1 i=2
generates an approximate solution to the renormalized flow

905 — AQp+b1AQy + f(sz”) = W, + Mod(?) (2-60)
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with
L L+2 8S
Mod(t) = bi)s+ i —1 bib; — b; T; —1. 2-61
od(r) ;u )s + (2i — 14cp,)by m[ +,§1 ab,-] (2-61)

Here we used the convention
br+1=0, To=A0,

and Vy, satisfies

(1) the global weighted bounds

foralll <k <L, / |H W, > < b2 [log by |€, (2-62)
y<2B

1+ |log y|? 1+ [log y|? pL+3
/ ————|H" "W, P + ————AH Y, P S ———, (2-63)

y<2B, L+ y<2B, 1+ [log b |

p2L+4
/ |HM 2 S — L (2-64)

ysz] |10gb1|

and
(ii) forall 0 <k <L+1, / |H W, )2 < MCpETe (2-65)
y<2M

for some universal constant C = C (L) > 0 (improved local control).

Proof of Proposition 2.12. Step 1: Computation of the error. From (2-59), (2-60) we compute

05Qp —AQp+b1AQ)p+ f(szb) =A1+ A

with
L L+2
AL =bIAQ+ ) [(b)sTi +biHT; +bibi AT+ ) [0,5; + HS; + b1 AS;],
i=1 i=2

1
Ay = ?[f(Q +ap) = f(Q) = f(Dap].

Let us rearrange the first sum using the definition (2-23):

L L+1 L+1
Ar=bIAQ+3SLi2+bi1ASLia+ Y [(B)sTi —=biTi 1 +bib AT+ Y [0:8i +biAS1+ Y HS;p
i=1 L i=2 i=l
=[05SL42 +b1ASL 2]+ [HS 12+ 03Sp41 +b1ASL 1]+ Z[(bi)x + Qi —1+4cp)b1b; — bi11T;
I i=1

+ 3 [HSip1 + 8,8+ bibi(AT; — (2 — 1 +¢p,)T7) + b1 AS;),

i=1

where ¢j, is given by (2-38). We now treat the time dependence using the anticipated approximate
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modulation equation

L
] aS; aS;

05 S; = E (b )Sab E ((bj)s+2j—14cp)b1bj— j+1) E (2j—=1+cp)b1bj— j+1)_ab.,
=1 =1 j

and thus, using (2-58),

L
: dSL 42
=1biAS, 12— 2i—1 bib; — b;
{1 L+2 ;((l +c¢p)b1bi —bi11) ob; }
) L 39S
L+1
+{HSL+2+b1ASL+1 > (@i —14cp)bib; —bit1) b*}
1

i=1

i—1
a5S;
+Z[HS,+1+b1b(AT-—(2z—1+cb1)T)+b1AS > (@) —1+cp)bibj— jH) }

i=1 j=1 J
L L+2 ¢
b))+ Q2i—1 b1b; — b; T; 1.
+§[< )s + (2 — 1+cp,)by m[ +J-;+1 8b,~]

We now expand A; using a Taylor expansion:

9
Ay = F{Z i , T R
Jj=2 '
with
L+3
R 1 —)bt2 pL+3) d 2-66
2= (L+2)',/( ) f (Q +tap) dr. (2-66)
Using the notation (1-16) for the 2L + 1 uplet J = (i, ..., ir, j2, ..., jr+2) € N*2F1 we sort the Taylor
polynomial®
L+2 L+2
|J|1—21k+2ﬂ<, |J|2—Zk1k+2kjk,
k=1
and thus
L+2 () ) L+2 () L+2 L+2
f EQ)aé: f fQ) Z C]l_[bllekl_[S]k_ZP +R1,
= = =i kel
where
L2 L L+2
f(])(Q) 175 l]\ jk
Pi:Z i Z c,]_[b T, l_[S : (2-67)
j=2 [Jh=jlJh=i k=1
L42 L L+2
2 it ik
R1=Z i Z c,]_[b T, HS (2-68)
Jj=2 [Jh=j.|J2=L+3 k=1

8Remember that b; is order bi from (2-57).
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We finally use the definitions (2-23), (2-39), (2-61) to rewrite
— Qi = 14T =0; + (=D)'M"HH', — ¢, T; = 0; + (=DM H (T, — ¢ Th),

which, together with (2-60), yields the following expression for the error:

L
Wy =Y (=1 bibi H (S, — 5, T1)
i=1
08142

{blASL—l-Z_Z((Zl — 14cp)bibi — bit1) 3,

1
+—2[R1 +R2]}
i=1 Y

08141
ob;

PL+2

+ {HSL-i-Z +b1ASp41+ Z((zl — 1 +4cp)b1b; —biy1)

L
; 3S;
+Z[HS,+1+b1b ®: +b1AS; +y—“—2((2] — 1+ cp)bib; — JH)ab ] (2-69)

We now construct iteratively the sequence of profiles (S;)<j<r+2 through the scheme

S1 =0,
! . , (2-70)
Si=—H'®;, 2<i<L+2,

where, for 1 <i <L,

i—1
as;
Dr1 = bibi®; +bIAS, + 5L = 3@ = 1 b )biby — by o (2-71)
s db;
PL+2 9SL+1
Qo =b1AS 11+ Z((2l — 14¢p)bibi — biy1) ob; (2-72)
Step 2: Control of ®;, S;. We claim by induction on i that ®; is homogeneous with
deg(®;))=(G—1,i—1,i) for2<i<L+2 (2-73)
and
0P; .
— =0 for2<i<j<L+2. (2-74)
ob;

This implies from Lemma 2.6 that S; given by (2-70) is homogeneous and satisfies (2-58) for 2 <i < L+2.

Case 1: i = 1. We compute explicitly
o, = b2®1 +

which satisfies (2-74). Recall from (1-3) that f = gg’ is odd and 7 periodic so that the expansions (2-2),
(2-3) yield, at the origin,

FOQ) | Xp v+ 0P forjeven,
o P y*+0@0p*t?)  forjodd

(2-75)
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and, at infinity,
f2Q) Xy o) forjeven,

(2-76)
y? Yy F+opr) for j odd.

From Lemmas 2.3 and 2.7, 71 and ®; are respectively admissible and b;-admissible of order (1, 1). In
particular, we have the Taylor expansion near the origin

f//(Q) Z
2y ka-‘rl + O(y2[7+3) p > 1,
k=1

and the bound at infinity

(f”(Q)
2y?

1
TI)‘ Y *llog y|* S y* " llogy>,  k=0.

Hence (f"(Q)/2y?%) le is b1-admissible of degree (1, 1). We conclude that ®; is homogeneous with
deg(P2) = (1, 1,2).

Case 2: i — i + 1. We estimate all terms in (2-71). Equation (2-74) holds by direct inspection. From
Lemma 2.7, b1b;®; is homogeneous of degree (i, i, i + 1). From Lemma 2.6, b1 A S; is homogeneous of
degree (i, i, i 4+ 1) by induction. For j > 2, by definition and induction we have that

. 9.S;
(2j—1 +Cbl)b1bj — bj_H)—
ob;

is homogeneous of degree (i, i,i + 1). For j = 1, we rewrite the term

3S; b,
1 b —by)— = by ——= (b1 —
((1 +cp,)by 2)%1 (( + cp, )b by )( 1%1)

and, recalling Remark 2.11, conclude that this term is also homogeneous of degree (i, i, i 4+ 1). It thus
remains to estimate the nonlinear term P;/ y2 in (2-71), which, from (2-67), is a linear combination of
monomials of the form®

f (Q)

M;(y) = Hb ’k]‘[s“, Jhi=j. We=i+1,2<j<i+l.

k=2
Using (2-75), (2-76), we conclude that M is admissible with the following development at the origin:
for j =21,
My (y) =y~ yRist BODHRCHD (¢ 0332 4 ¢y + 0P T)
=y o+ ey 4 ey +o(yPH)
=y o+ ey + - A ey o),

90bserve that terms involving k > i 4 1 are indeed forbidden in the last product from the constraint |J|; > 2, |J|, =i 4 1.
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and, for j =2]+1,
M (y) =y 2y2e BRI (¢ 4 00y 4 0py ™ 0y H)

=yt (e deay? + .o cpy? + oy )

=y oty . ey o).
Now j > 2 ensures [ > 1, and hence M; admits a Taylor expansion (2-27) at the origin with p; =i + 1.
For y > 1, the rough bound (2-32) and (2-18) imply

IS;1 S by~ 1T S v log ¥,

which, together with (2-76), yields the control

2|J)2=j-3 — y2(i—l)—l for j =21>2,

M;(y) <llogyl€ 17, . < y% 3 log y|, 2-77
J(y)N| gy' {y2|1|2_1_2:y2(l_1)_1 fOI']=2[+IZ3Ny I gyl ( )

which is compatible with the degree i control at infinity (2-29). The control of further derivatives in
(y, by) follows from (2-32) and the Leibniz rule. This concludes the proof of (2-73).

Step 3: Estimate on the error. From (2-69), we compute

W, =w 4w, (2-78)
L
WO =31 by b HTE,, with 8, = 85, — 0, T, (2-79)
= L 39S 1
. 2
\I’/gl) =b1ASL42— Z((zl —1+cp)b1bi — bi—i—l)% + F[Rl + Ra]. (2-80)
i=1 !
Estimates for \IJ,EO). First observe from (2-43), (2-79) that
~ Bo
Supp %p, C {yz T}' (2-81)

We extract from (2-42) the rough bound for k > 0 and By/4 <y <2B;

|H—k§bl| S 1 +y2k+1.
Thus
/ |H* Sy, 1> b7 2 loghy|€, 0<k<L.
y=<2B;

On the other hand, from (2-37) and the cancellation H A Q = 0, we have

Sy < — ')y (2-82)
~ 1 1
|H*E,, | < B 10a b (1 +y)130§y§330 for k > 2. (2-83)
0
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This leads to the bound

~ 1 - b2k—2
/ |HZp > S , lekEbllz,S 1 5 fork>2.
y<2B) [log b1 | llog b |

Thus from (2-57), for 0 < k < L, we estimate

L
0 j 3 2(k—i+1)—2
/ |Hk\l-’}§ )|2 5 |10gbllc Zb%—i_zlbl( i+1) 5 b%k+2|logbl|c
y=2Bi i=1

and the sharp logarithmic gain

b2L+4

~ llogby|?

L
L+1 0),2 2420 L+2—i 2
[ OR S S R R <
i=1

P22 LA =iHD=2
|logb1|2Z d

Similarly, using (2-82), (2-83),

L
1+ lo 1+ |log y|? L~
/ + |log y|? H w(0)|2<zb2+21f +| g4y| (HLHE, P
y<2p, 14y P y<2,  L+Yy

L

pAL—i+1=1)
1 < p2L+4

+21/ 1+ |log y|?
v=Bya  L+y* loghP(1+yH) ~ 17

and

L
1+ [log y|? Op <Y e L+ llogyl® 1 iy
/ ﬁlAHL\IJIE )|2 S b%-i—ll/ ﬁ|AHL +12b1|2
y<2Bj +y i=1 y<2Bj +y

< Zb2+2zb2(L ) / 1+ |log y|?
y=By/4 Y1+ y?)
b2L+4|log bi|€.

Estimates for \IJIEI). By construction, S74» is homogeneous of degree (L 42, L 42, L 4 2) and thus so is
AS74+>. We therefore estimate from (2-53), (2-57), forall 0 <k <L +1,

2,20+4 A(L+2—k—1) 2k+2
bib [log b | llog by [“LH1 )

|biH*ASp 10> <
/y<231 bf(L+2_k)|log bi|? |logb 2

and, using the rough bound (2-32),

/ (1+|logy|2)[|blHLASL+2|2+ |b1AHLASL+2|2]
y<2B; 1+y4 1+y2

< 2Lt 1+ [log y|* (1 4 y2)2(LA2)-1-2L <b2L+4|10gb C.
~ “1%1 1
y<2B; +y
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We now turn to the control of Ry, which, from (2-68), is a linear combination of terms of the form

L+2

~ )
it =1 (Q)]_[b ISt h=j Uh=L+3.2<j<L+2.
y k=1 k=2

At the origin, the homogeneity of S; and the admissibility of 7; ensure the bound, for y < 1,

= y2RAD=1 for j =21, < pL+3 2L+6

ity et [V
e = y2WRHD=1 for j =241~ ’

yZ\J l2+j-2
and similarly for (2-77), for 1 <y <2By,

I = 2R for =21 s

logb
— y2(|”2_1)—3 for ] =2/ 4+ 1~ | s 1|

v 7] cly
|MJ(y)|§b1 2|10gb1| {y2|12_j_2

where we used j > 2, and similarly for higher derivatives. This ensures the control at the origin
|H*M; ()| S for0<k<L+1, y<1

and, for y > 1,
|HEM ()] S by Py V0=5 0 0 <k <L+ 1.

Thus, forall0 <k <L +1,

>, 2 2\J —k)— 2 2|J 4(|J2—k)—8
/ |Hij|2 S b1L+6 +b1| |2|10gb1|C/ y4(|.]|2 k)—10 5 b1L+6 +b1‘ |ZB1 (I 12—k) |10gb1|C

y<2B, y<2By
S, b%L+6 +b%k+4|10g bllc S b%k+3.

Similarly,

/ (1+|10gy|2)[|HLMJ|2+|AHLA“4’J|2}
y<2B 1+y4 1+y2

Sb%L-ﬁ-G_i_IlOgb]IC/ 1+|1Ogy| |b‘«/|2 2(|J)—L)— 5|
1sy<2p, 1+y*

S b%L+6 + bf|]|2B?(|J|2—L)—12|1Og b] |C 5 b?L+6|10gb] |C~

It remains to estimate the R, term given by (2-66). Near the origin y < 1, by construction, we have
lap| < biy3, and thus, for0<k <L +1,y <1,

()l
y?

For y > 1, we use the rough bound by construction, for 1 <y <2Bj,

L+3_3(L+3)—2—2k L+3
by Sbhyt.

jos| < bryllog |,
which yields the bound, for0 <k <L +1,1 <y <2Bjy,

‘Hk<R2)‘ < blL+3llogb1|CyL+3_2_2k,
y?
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from which, for0 <k <L +1,

R
/ |Hk( )|2 < b2L+6 b?L+6|10g bl |C / y2L+274k
y=<2B; y 1<y<2B,

pITe for 2L 4+2—dk < —1,
b2L+632L+4 4k|10gb |C b2k+L+4|10gb |C

< b log by |€.

1 R> 1 L R2\ 2 2L+5
(1+lo 2)[ H ( ) + AH (—) }gb .
_/;)SZBI | gyl 1+y4| | +y2| y2 | 1

The collection of above estimates yields (2-62), (2-64).

Similarly,

Finally, the local control (2-65) is a simple consequence of the support localization (2-81) and the fact

that \IJ}EI) given by (2-80) satisfies by construction a bound on compact sets:
|H WD ()| < MCDETS forall y <2M « Byandall 0 <k <L +1.

This concludes the proof of Proposition 2.12.

g

Localization of the profile. We now proceed to a simple localization procedure of the profile O}, to avoid

some irrelevant growth in the region y > 2B;.

Proposition 2.13 (localization). Under the assumptions of Proposition 2.12, assume the a priori bound

(b1)s| S b2

Consider the localized profile
L+2

Obi) () = O(0) +apny(»),  @(y) = Zb T+ Zs ),

with
Ti=xnTi,  Si=xmSi.
Then
39,0p — AQp+b1AQy + f(Qb)
- L N L2 o
=W+ ) [(bi)s + (20 — L +cp)b1b; —biH][Ti +x8 ) a—b’}
i=1 j=i+1

where Uy, satisfies

(1) the weighted bounds
foralll <k <L, /|H’<\ij|2 < bH 2 [log by |C,

1411 141 2 ~
/ LENoe o iy, o + [ S AR s
yom 1) = logh]

b2L+4
leL+1 2 <
™ |log by *’

2L+3

(2-84)

(2-85)

(2-86)

(2-87)

(2-88)
(2-89)

(2-90)
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and

(ii) forall0 <k <L+1, / |H* T2 < MCpHTE (2-91)
y<2M

for some universal constant C = C(L) > 0 (improved local control).

Proof of Proposition 2.13. From localization we compute

90— AQp+b1AQy + f(Qb)

= XBl{a Qp—AQp+b1AQ)+ f(be)

} + (05 x B, )ty — 20y x B, Oyap — ap Ax g, +brapAxp,
1 ~
+b1(1—x5)AQ+ F{f(Qb) — Q) — xB,(f(Qp) — f(Q))}
so that
Uy, = x5, W)+ {17150)

with

~ 1 ~
Uy = (@0 = (@) = s (£(Q0) = ()

+ (0 xB )y — 20y x B, 0yap —apAxp, +brapAxp +bi1(1—xp)AQ. (2-92)
Note that all terms on the right hand side above are localized in B; < y < 2B except the last one, for
which Supp((1 — x5,)AQ) C {y > B;}. Hence (2-65) implies (2-91). The bounds (2-88), (2-89), (2-90)

for xp, ¥, follow verbatim as in the proof of (2-62), (2-63), (2-64).
To estimate the second error induced by localization in (2-92), first observe from (2-84) the bound

|(b1)S| /
1

10s xB,| < |)’XBI| §b1131§y§231'

Moreover, from the admissibility of 7; and the b;-admissibility of S;, 7; terms dominate for y ~ B; in oy,
and we estimate from (2-18), for all k > 0 and B; <y < 2By,

. llog b1|
SOy floghi) S =R (2-93)

i=1 1

This yields, forall 1 <k <L,

2
f’Hk ((avXBl)ah — 20y xB, 0yap —ap Axp, + blabAXBl)

S /
B1<y<2B;

< b2 |log by |© (2-94)

billogh;|  |loghy| |?
2k+1 2k+1+42
Bl + B] +1+

|10g b|“
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and
2

/‘HLH <(85X31)0‘b — 20y x5, dyap — apAxp, +b1abAXBl)

billoghi| | llogh| [*_ bi"**

< /
~Y
B1<y<2B,

We next estimate by brute force
d* 1
‘W[(l - XBI)AQ]' < lezBl,
from which, forall 1 <k <L +1,
2%+42
1 byt

/WHWMU—XmMWDFSb?/

BISySZB] y4k+2 ~ |10g bl |4k .
It remains to estimate the nonlinear term, for which, using (2-93) and | f'| < 1, we estimate

1 ~ [log by |
{;LﬂQw—f@D—X&U@%%ﬂﬂan‘5jﬁﬂ‘
1

ak
o

The corresponding terms are estimated as in (2-94), (2-95).

BIZ(L+1)+1 312(L+1)+1+2 ~ llog by |2'

(2-95)

0

Study of the dynamical system for b = (by, ..., br). The essence of the construction of the Q,, profile

is to generate according to (2-61) the finite dimensional dynamical system (1-25) for b = (by, . ..

2
(br)s + <2k— 1 +—)b1bk —bry1=0, 1<k=<L,b 11 =0
log s

,br):

(2-96)

We show in this section that (2-96) admits exceptional solutions, and that the linearized operator close to

these solutions is explicit.

Lemma 2.14 (approximate solution for the b system). Let L > 2 and let sy > 1 be a large enough

universal constant. We write the sequences

L
Cl =7,
2L —1
L= l<k<L-—1
C - - Ck, )
k+1 2L_1k B
Y 2L
b= (y;—wf
d L= 4L(L — k) l<k<L—1
= — Ck, = = — 1.
=T A% T an =12t

Then the explicit choice

d

m, 15k§L,bz+lEO

C
%@=£+

(2-97)

(2-98)

(2-99)
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generates an approximate solution to (2-96) in the sense that
(bZ)s+<2k—l+i>bfb,§—b,§+l=O<;>, I<k=<L. (2-100)
log s sk+1(log 5)2
The proof of Lemma 2.14 is an explicit computation which is left to the reader. We now claim that this

solution corresponds to a codimension (L — 1) exceptional manifold.

Lemma 2.15 (linearization). 1. Computation of the linearized system. Let

Ui (s)

W’ 1<k<L,bpy1=Ur41=0, (2-101)

br(s) =bi(s) +
and note U = (Uy, ..., UyL). Then

2
(br)s + (Zk -1+ —)blbk — b1
log s

1 Ul+|U|?
|:S(Uk)s_(ALU)k+O( +| |+ |>] (2-102)

- sk+1(log 5)3/4 log s log s
where
ajp =—1/2L-1),
aji+1 =1, I<i<L-1,
AL = (aij)i<ij<L with ay,; =—Q2i — ¢, 2<i<L, (2-103)
aii=L-1)/2L-1), 2<i<L,
a;j=0 otherwise.

2. Diagonalization of the linearized matrix. Ay is diagonalizable:
2 3 L
"2L—-1"2L—1"""""2L—1})

Proof of Lemma 2.15. Step 1: Linearization. A simple computation from (2-99) ensures

(2-104)

AL=PL_1DLPL, DL=diag{—l

2
(br)s + (2k -1+ —)blbk — bi41
log s

1 U] 1
= Uys —kU, o — o ———
S (log 5)5/2 [S( By — kUt (1ogs>]+ (sk+1(logs>2>

Ul+|U|?
[<2k — DelUs + 2k — DerUs — U + O(M)}

+ sk+1(log 5)3/4 log s

and then the relation
2k—1)L i L—k

2L — 1 T 2L —1

2k—1)c1 —k=
ensures

2
(bi)s + (Zk -1+ —)blbk — by
log s

—k
U —Uxy1 + 0

L U+ |U?
2L—1 Jiogs  logs ) [

= W[S(Uk)s 4+ 2k —1)c Uy —
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which is equivalent to (2-102), (2-103).

Step 2 Diagonalization. The proof follows by computing the characteristic polynomial. The cases
L =2, 3 are done by direct inspection. Let us assume L > 4. We compute

Pr(X)=det(Ar — X 1d)
by developing on the last row. This yields
PL(x) = (=D (=DQL — Dey

+(—X){(—1)L<—1)<2L—3)cL_1+(

—X>|:(—1)L_1(—1)(2L—5)CL 2+( : —X)]}
o\2L -1 '

We use the recurrence relation (2-97) to compute explicitly

2L -1

(DI (=1L - 1)eyr
- (—X>{<—1>L<—1>(2L —3)er-1+ (

T —X)[(—l)L—1<—1><2L —5>cL2]}

' 1
- (_1)L{(2L—3)cL_1<X— 2L_3> +(2L—5)CH(X_ 2L - 1>X}'

We now compute from (2-97), for 1 <k <L —2,

1
) + (2L - (2k + 3))CL_(k+1)X(X — 2L — 1)

(2L — 2k + 1))cp_x (X T2L—(2k+ D)

~ 1 2L — 2k+1) k+1 1
_(2L—(2k+3))CL—(k+l)[X(X_2L_1>_2L_(2k+3) 2L—1(X_2L—(2k+1))]

k41 1
= QL — 2k +3))cL_ga1) (X ~ 5 1) (X - m) (2-105)

We therefore obtain inductively
PL(X):(_l)L{(zL_3)CL1<X—2L1_3>+(2L_5)CLZ(X_le_l)X}
+(—X)( ! —X)( 2 _X)|:(_1)L_2(_1)(2L_7)CL—3+( ) —X)---]
2L—1 2L—1 2L—1
=(-Dt (X— 2L2_ 1) !(ZL —S)cr_a (X — 2L1_5> + QL —7)cL_3X<X — 2L1_ 1)}
+(—X)( ! —X)( 2 X)( > —X)[(—l)L—3(—1>(2L—9>cL_4---]
2L—1 2L—1 2L—1
(resi) = (a)
=(-D"( X -
2L—1 2L—1
<l 5) ex(xe g ) (a5}
3 -1 C2L—1
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We use (2-105) with k = L — 2 to compute the last polynomial:
302<X—1>+X(X— : )(c1+X— L_1>
3 2L -1 2L —1
={3cZ<X—l)+ch<X— 1 )}+X<X— : )(X— L_l)
3 2L -1 2L —1 2L —1
:c1<X— L_l)(X—l)—l—X(X— ! )(X— L_l)
2L —1 2L —1 2L —1
L—1 L 1
:(X_2L—1>[2L—1(X_1)+X(X_2L—1)]
(s () ()
=|X- X — X+1].
2L —1 2L —1
We have therefore computed

PL(x)= (=D x 2 x—LE72)(x L_1>X L X 1)
L =1 < _2L—1>"'( _2L—1)< 201 ( _2L—1>( +

and (2-104) is proved. 0

3. The trapped regime

In this section, we introduce the main dynamical tools at the heart of the proof of Theorem 1.1. We start
with describing the bootstrap regime in which the blow-up solutions of Theorem 1.1 will be trapped. We
then exhibit the Lyapounov type control of H* norms, which is the heart of our analysis.

Modulation. We describe in this section the set of initial data leading to the blow-up scenario of
Theorem 1.1. Let there be a smooth 1-corotational initial data

8(uo(r)) coso

gup(r))sind  with [|[Vug—VQOl 2 K1, (3-1)
z(uo(r))

and let v (¢, x) be the corresponding smooth solution to (1-1) with life time 0 < T < +o00. From (A-1),
we may decompose on a small time interval

v(0, x) =

g(u(t,r))cosf
v(t,x)=| gu(t,r))siné (3-2)
z(u(t, r)),
where
e(t,ry=u(t,r)— Q(r) satisfies (A-4). (3-3)

Moreover, from a standard argument,

T <+oo implies ||[Av(t)||;2 > +oo ast—T. (3-4)
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We now modulate the solution and introduce from a standard argument'® using the initial smallness (3-1)
the unique decomposition of the flow defined on a small time ¢ € [0, #]:

u(t,r) = (Opwy + &, iy M) >0, b=(by,...,by), (3-5)

where ¢() satisfies the L 4 1 orthogonality conditions

(e, H*®y) =0, 0<k<L (3-6)
and the smallness
e(t)
Vel + | —|| +I1b(@®)| K1,
Y o2
Here, given M > 0 large enough, we define
L
Oy = cpuH (XuAQ), (3-7)
p=0
where -
—0 Cp. M (XM H? (xuAQ), Ti)
Com =1 e = (1 ez e COn T , L.
(xmAQ, AQ)
is manufactured to ensure the nondegeneracy
(Pu, AQ) = (xmAQ, AQ)=4logM(1+0(1)) as M — +o0 (3-8)
and the cancellation, forall 1 <k <L,
k—1
@ T = Y cpur(H" (xur A Q). To) + e (—D* (xu AQ. AQ) =0. (3-9)
p=0
In particular,
(H'Tj, ®y) = (=1 (xuAQ. AQ)8;;, 0<i,j<L. (3-10)
Observe also by induction that
forall 1 <p<L, |cpmlSM?P, (3-11)
from which
L
/ LIRSS / XmAQP+Y chy / |H? (xuAQ)I* Slog M. (3-12)

p=1
The existence of the decomposition (3-5) is a standard consequence of the implicit function theorem and
the explicit relations

= (AQ’ Tl’ M) TL)’
2=1,b=0

0~ d ~ 0~
(ﬁ(Qb)x, 8—bl(Qb)k, o E(Qb)k)

105ee, for example, [Martel and Merle 2000; Merle and Raphaél 2005a; Raphaél and Rodnianski 2012] for a further
introduction to modulation.
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which, using (3-9), imply the nondegeneracy of the Jacobian

=(mAQ, AQ)F £0.
r =1, b=0

(éwaf¢M>

0
‘(3()», bj)

The decomposition (3-5) exists as long as t < T and (¢, r) remains small in the energy topology. Observe

1<j<L.0<i<L

also from (3-3), (3-5), and the explicit structure of Q;, that ¢ satisfies (A-4), and in particular Lemma B.5
applies. In other words, we may measure the regularity of the map through the following coercive norms

el —/Ia e|2+/ﬁ (3-13)
H y y ’

and higher order Sobolev norms adapted to the linearized operator

of ¢: the energy norm

%M:/}H%ﬁ l<k<L+1. (3-14)

Setting up the bootstrap. We now choose our set of initial data in a more restricted way. More precisely,
we pick a large enough time sop >> 1 and rewrite the decomposition (3-5) as

u(t,r) = (Ops) +8)(s, ¥), (3-15)

where we introduce the renormalized variables
y=L, s(t)=s<)+/td—r (3-16)

A 0 A%(7)

and measure time in s, which will be proved to be a global time. We introduce a decomposition (2-101):
bkzblf—l-ki, 1<k<L, bpy1 =Ury1 =0. (3-17)

sk(log s)3/4

We consider the variable

V=prPU, (3-18)

where Pj refers to the diagonalization (2-104) of A;. We assume that initially
Vil =1, (V200),...,VL(0)) € BL1(2). (3-19)

We also assume the explicit initial smallness of the data:

frors 2

1€ (0)] < [b1(O)]'FH, 1<k<L+1. (3-21)

2
<b1(0), (3-20)

Note also that, up to a fixed rescaling, we may always assume
A(0) = 1. (3-22)
Proposition 3.1 (bootstrap). There exists

(V2(0), ..., VL(0)) € BL-1(2)
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such that the following bounds hold for all s > s:

o Control of the radiation:

2
/ Ve(s)P + / '? < 10510}, (3-23)
€ (s)] < bV () ogbi ()X, 1<k <L, (3-24)
b%L-ﬁ-Z(s)
é <K———. 3-25
[B21420) < Ko (3-25)
o Control of the unstable modes:

Vi) <2, (Va(s), ..., Vi(s) € BL1(2). (3-26)

Remark 3.2. Note that the bounds (3-24) easily imply'! the control of the H?* norm of the full map (3-2)
/ |AV(s)|? < C(s) < 400, s <s¥,

and therefore the blow-up criterion (3-4) ensures that the map is well defined on [s, s*).

Equivalently, given (g(0), V(0)) as above, we introduce the time
s =5%(e(0), V(0)) = sup{s > s¢ such that (3-23), (3-24), (3-25), (3-26) hold on [sp, s]}.

Observe that the continuity of the flow and the initial smallness (3-20), (3-21) ensure that s* > 0. We
then assume by contradiction that

for all (V2(0), ...,V (0) € Br_1(2), s* <+oo, (3-27)

and look for a contradiction. Our main claim is that the a priori control of the unstable modes (3-26)
is enough to improve the bounds (3-23), (3-24), (3-25), and then the claim follows from the (L — 1)
codimensional instability (2-104) of the system (2-96) near the exceptional solution 5¢ through a standard
topological argument a la Brouwer.

The rest of this section is devoted to the derivation of the key lemmas for the proof of Proposition 3.1.
We will make a systematic implicit use of the interpolation bounds of Lemma C.1, which are a consequence
of the coercivity of the €,;» energy given by Lemma B.5.

Equation for the radiation. Recall the decomposition of the flow
u(t,r) = (O + (s, ¥) = (Q + @)y + wt, ).

We use the rescaling formulas

r 1 Ay
ta = 9 ) — T > a - = ay __LA
ut,r)y=uv(s,y), y o o AZ(t)( Y v)A

Hgee [Raphaél and Schweyer 2013] for the full computation.
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to derive the equation for ¢ in renormalized variables,
As —
858—7A8+H8=F—M0d=%. (3-28)

Here H is the linearized operator given by (2-8), ﬁc?d(t) is given by

L L+2
— Ay ~ , ~ 25,
Mod(t) = —(7 +b1>AQb + ;[(bi)s + 2i —1+cp)b1b; — bi+1]|:Ti + xB, thZH 8_19,} (3-29)
and
F=—0,+L(e)—N(o), (3-30)

where L is the linear operator corresponding to the error in the linearized operator from Q to Qb

Q) — £ (0p)
2 &,

L(e) = (3-31)
and the remainder term is the purely nonlinear term
~ P I
N(e) = f(@p+e)— f(Q) —ef (Qb) (3-32)

y2

We also need to write the flow (3-28) in original variables. For this we use the rescaled operators

Z 1+7
A Aj =0+ 3
r r
* Vi T * Vi
H)»:AAA)»:_A+F_2’ HK:A}\AA:_A+r_2’ (3-33)
and the renormalized function
w(t,r) =e(s,y).
Then (3-28) becomes
1
ow+ Hyw = ﬁ@,\- (3-34)
Observe from (2-99) that, for s < s*,
bl S, 0<by <1, (3-35)

and hence the a priori bound (2-57) holds.

Modulation equations. Let us now compute the modulation equations for (b, 1) as a consequence of the
choice of orthogonality conditions (3-6).
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Lemma 3.3 (modulation equations). We have the bound on the modulation parameters

L—1
L+3
+ 3 1) + @k — 1+ cp)bib — b | S by 2,

k=l 1 blL—H
< Vs + ) 3-37
JlogM( 22 log by | 537

Remark 3.4. Note that this implies in the bootstrap the rough bound

A
=+ b

. (3-36)

‘(bL)s + Q2L —1+cp)b1br

|(b1)s| < 2b7, (3-38)
and, in particular, (2-84) holds.

Proof of Lemma 3.3. Step 1: Law for by. Let

L
D(1) = + Z [(Dr)s + 2k — 1+ cp,)D1br — bieq 1. (3-39)

k=1

A
b
Py 1

We take the inner product of (3-28) with HX®; and, using the orthogonality (3-6), obtain
— ~ A
(Mod(t), H*® ) = — (¥, H ) — (H e, HO ) — (—TSAg —L(e)+ N(e), HLCDM). (3-40)

First, from the construction of the profile, (3-29), the localization Supp(®y,) C [0, 2M] from (3-7), and
the identities (3-8), (3-9), (3-10), we compute

(H" (Mod(1)), D)

L L+2
As LaO E i 7 9S; 1
= —(bH— . )(H AQyp, q)M)-i-i_l [(bi)s+ (2 —1+Cb1)blbi—bi+1](Ti +xB, j_EiH ob; H "Dy

= (—=D"(AQ. Du)((bL)s+RL—14cp,)b1bL)+O0 (M b | D@))).

The linear term in (3-40) is estimated!? from (3-24), (3-12):

|(H"e, HOu)| S I1H el 12/log M = /log Mé; 1.

The remaining nonlinear term is estimated using the Hardy bounds of Appendix A:

As
K_TAS +L(g)+ N(s), HLCDM)‘ SMEbi (V12 + D@,

120pserve that we do not use the interpolated bounds of Lemma C.1, but directly the definition (3-14) of €57 1>, and hence
the dependence of the constant in M is explicit. This will be crucial for the analysis.
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We inject these estimates into (3-40) and conclude from (3-8) and the local estimate (2-91) that

J91og M€ 3
(bp)s + QL — 1+ cpbiby| = Yo 242 4 yCh 1 D(6)| + MCbE T

log M
1 bf-ﬁ-l c
< Vé + )—I—M bi|D(1)]. (3-41)
,/logM( 2 llog b ! |

Step 2: Degeneracy of the law for A and (by)1<k<r—1. We now take the inner product of (3-28) with
H*®;,0 <k <L — 1 and obtain

T k T k k+1 )‘5 k
(Mod(r), H*® ) = — (T, H*®yy) — (H e, Hdy) — (-7/\8 —L(e)+N(e), H CDM). (3-42)

Note first that the choice of orthogonality conditions (3-6) gets rid of the linear term in &:
foral0<k<L—1, (H"'s, @) =0.

Next, from (3-29), the localization Supp(®,s) C [0, 2M] from (3-7), and the identities (3-8), (3-9), (3-10),
we compute

(H*(Mod(1)), @)

L L+42
A ~ . ~ aS;
=—(b+7“‘)(HkAQb,<1>M)+Z[(b,->s+(2z—1+cbl)b1bi—b,-+1](n+><3. Z 3—bf,Hk<1m)
i=1 Jj=i+l
—(Ag/A+Dby) for k =0,

(=D*((br)s + @k —1+4cp,)b1bg —byy1) for1 <k <L—1

Nonlinear terms are easily estimated using the Hardy bounds

=(AQ, Dy) { +O0(MCbi|D®))).

‘(—%Ae +L(e)+N(e), Hkq>M)‘ <M bi(V€rr i+ DD < bl”% +bMC D).
Injecting this bound into (3-42) together with the local bound (2-91) yields the first bound,
D) <b-H (3-43)
and (3-36) is proved. Injecting this bound into (3-41) yields (3-37). 0

Improved modulation equation for by. Observe that (3-37), (3-25) yield the pointwise bound

1 bL+1 bL-‘r]
|(br)s + QL —1+cp)bibr| < (%2L+2+ L )< :

JlogM llogby|) ~ |logby|’
which is worse than (3-36) and critical to close (3-26). We claim that a |log b] is easily gained up to an

oscillation in time.

Lemma 3.5 (improved control of by). Let Bs = Bg and

(_I)L(HLgs XBsAQ)

by =b
L=0oL+F 48|log b1 |

(3-44)
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Then
- 1
b —brl S by (3-45)
and by, satisfies the pointwise differential equation
|(bL)s + 2L — 1+ cp)bibL| S —(—= [\/%sz +—— (3-46)
|log b1 |log b1 |

Proof of Lemma 3.5. We commute (3-28) with H” and take the scalar product with x Bs A Q for some
small enough universal constant 0 < § < 1. This yields

d
a{(HLe, xpAQ)} — (H e, AQd(xps))

L+1 )\'S L T L
=—(H" "¢, XB‘SAQ)"FT(H Aeg, xp AQ)+ (F —Mod, H" xp, A Q).

The linear term is estimated by Cauchy—Schwarz:

|((H e, xps AQ)| S C(M)y/|log by |/ €2z 42

Using (3-36), we similarly estimate

As
|(HYe, AQd(xps))| + 7‘<HLAs, x8; A Q)

[(b1)s| 1 b
S C(M) bll pooY bt b—C}SC(M)\/%sz <V llog by €ar 1.
I I

The estimate on the error terms easily follows from the Hardy bounds

b
I(L(e), H' xps AQ)| + (N (&), H' xp AQ)| S b—C{SaMW%M <V llog by |y €ar .
1

From (2-91) we further estimate
L+3

~ b
[(H"e, ¥p)| S blcg C(M)/ 631042 S/ llogbi|y/ o110
1

From (3-36), (3-29), we now compute

—(Mod, H! x5,A Q)

L+3/2 L+2 3.

=0 Le | +10L)s + QL= 1+cp)bib ) HE T+ > HE / AQ

bca L)s bl 19L L XB] ab 5XB§
1 j=L+1 L

pL+3/2
= (—I)L[(bL)s +Q2L—-1 +Cbl)b1bL]|:(AQ, X, AQ) + O(bll—Cé)] + 0(;}7)
1

= (=D [(br)s + QL — 1+ cp)b1br 148 log by | + O (/[log by |v/€ar 12 + bET.
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The collection of above bounds yields the preliminary estimate

d L L
o5 (e xp A+ (=1) [((bL)s + QL —1+cp,))b1bL |48 ]log b

L+1

b
< C(M)\/|logh ¢ 1
< C(M)y/|log u[J a2t o

:| (3-47)
By brute force, from (3-44) we estimate

~ _ L+l

by —br| S llogby|“b{ 1 <by

and we therefore rewrite (3-47) using (3-38) as

h 7 d 1 C(M),/|logb;| L+1
om0 2 |- e

45logb, |logb| gb|

<BC Syt D [\/% + b }
N4 2L+2 \/: 2L+2
[log b | [logb |

and (3-46) is proved. Il

The Lyapounov monotonicity. We now turn to the core of the argument which is the derivation of a
suitable Lyapounov functional for the €, 4, energy.

Proposition 3.6 (Lyapounov monotonicity). We have

ar | |G+ O\ b ) | = Ot JlogM  lloghi> " [logb|

for some universal constant C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).

] (3-48)

Proof of Proposition 3.6. Step 1: Suitable derivatives. We define the derivatives of w associated with the

linearized Hamiltonian H, by
AY for k odd,
w; =AW, Wigr = AWk TOPRO 1<k<?2L+1
A, w; for k even,
and we define its renormalized version by

A* for k odd,
g1 =Ae, €41 = k. TOrRO 1 <k<2L+1.
Agr  for k even,

From (3-34), we compute
1
dwar + Hywar = 8, Hy Jw + HL( A) (3-49)
~ 0: 7, 1
dwar41 + Hywar 41 = —sz + Ax([0;, Hf Jw) + Ay Hf )\2 (3-50)

We recall the action of time derivatives on rescaling:

1 As
o vy = 2 (8 U—TAU)A. (3-51)
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Step 2: Modified energy identity. We compute the energy identity on (3-50) using (3-51):

1 d% _ 1 d /ﬁ
e =-— w w
2q: L= o AW2L+1W2L+1

~ atVA 2
= | Bowarpidwarn+ [ 55wy

~ ) (AV): A‘ (AV),
:_f(HAw2L+1) +bi azp2 War+1 — (f by 322 2L+

~ 82, . s
+ | Hawar+ Tw2L+Ak([at,HA]w)+A}\HA 27| (3-52)

From (3-49), (3-50) we further compute

d / b1 (AZ), / d (bi(AZ),
— —w w =] —|—)w w
ar 2, WaL+1waL ar 2, 2L+1W2L

bi(AZ)s - 3,7 . s
+ | ———wr| —Hywar+1 +Tw2L+AA([3t, H, lw) + A, H, ﬁd"x

AZr
b (AZ) |
+/ 2, “wap | —Afwap g + (3, HE Jw + HF =% )|

We now integrate by parts using (2-4) to compute

bi1(AZ); A _ by AZ A
TWZL-H ,\w2L+l—m 7€2L+1 E20+1

by /2(1+Z)AZ—A2Z 5
= &
AAL+4 2y2 2L+1

b AV . (AV),
= aLt4 2—y282L+1—1 WWZL—H'

Injecting this into the energy identity (3-52) yields the modified energy identity

1d bi(AZ)y
ety £2 2 | A
2dti 2L+2F / 2y WeL+waL

~ A (AV) d (bi(AZ)
=—/(HMU2L+1)2_ (Ts—f-b])/Wr;»w%LJrl—l-‘/E(%)sz_HwZL

7 0 Z;, L L 1 o
+ [ Hywar41 Tsz—i‘A)L([at,Hx]w)-i-A)LHA ﬁd"x

)\.zr kZ

b1 (AZ) 1
+/%wuﬂ[[a,,HAL]w+HAL<ﬁ%)]. (3-53)

bi(AZ ~ 072 1
+/ I(—)AWZL [_ka2L+1 +szw2L + A ([0, Hf Jw) + Ay Hf <—@x)}
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We now aim at estimating all terms in the right hand side of (3-53). Throughout the proof, we shall make
implicit use of the coercivity estimates of Lemma B.2 and Lemma C.1.

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (3-53) using dissipation.
Indeed, from (2-5), (2-6), (3-38), we have the bounds

bl b] y2
|atzk|+|8tVA|SA_(|AZ|+|AV|)A§ﬁ1+y4_ (3-54)
We moreover claim the bound
([, HL]w)2 b2
)\é(l + 2) / |A)L([8t, H}\L]w)|2 SJ C(M)MTI—HI-%ZL—FZ’ (3-55)

which is proved in Appendix E. From Cauchy—Schwartz, the rough bound (3-38), and Lemma C.1, we
conclude

/

b(AZ),
—5 . waL

Hywop 41 Tsz-i- Ay ([0, Hy Jw) ||+ | [Hywar 1]

2 62,
L[5 2, b

§§/|wa2L+1| t s |:/ o 6+C(M)%2L+2:|
1 ~ 2 bl

=5 | [Hawaril™+ g COM)bi &40,

All other quadratic terms are lower order by a factor by again using (3-38), (3-55), (3-36), and Lemma C.1:

A (AV) bi(AZ) 0,7
b /F;wim +/ o wr| = war o+ An ([, B w)
bi(AZ), bi(AZ),
+/ —)\21’ WL +1 31,1‘1)L ‘ ‘/ dt( )\2 WL +1W2L

bt 3111 by
“<“A4L+4|:/ T4y +/1+ +C(M)%2L+2:| )L4L+4C(M)bl%2L+2

We similarly estimate the boundary term in time using (C-10):

bi(AZ), by T &1 b CpaL+2.
‘/ngleM SJ)L4L+2 /1+y2+/ 1+ y* <)\4L+2|10gb| by

We inject these estimates into (3-53) to derive the preliminary bound

1 d 1 « ‘o 4 b2L+2
2dr | a2 | T2 bi |log b|2

1 ~ ~ 1
< —E/(H,\szH)z*l-/ wa2L+1AxHAL(E@A>

bi(AZ), L (PI(AZ); by
+ f Hf( Am)[— 2L+1+AA<Tw2L>} + g Vbibi T (3-56)

)\2

with constants independent of M for |b| < b* (M) small enough.
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We now estimate all terms in the right hand side of (3-56).

Step 4: Further use of dissipation. Let us introduce the decomposition from (3-28), (3-30),

F=Fg+F;, Fo=—U,—Mod(t), Fi=L(s)—N(). (3-57)

The first term in the right hand side of (3-56) is estimated after an integration by parts:

~ 1
‘f ka2L+1AAH)%(ﬁgA>

C 1 ~ C
= el Foll + 4 / [ Hywor il + 377 / |AH"F?

C 1 ~
= Tz IH Tl oV + 1AH F1 1]+ 5 f |Hywar 1 (3-58)

for some universal constant C > 0 independent of M.
The last two terms in (3-56) can be estimated by brute force from Cauchy—Schwarz:

bi(AZ
‘/Hx (;\2‘“) 1A2), WL 41

1 1
< by [1+|logY|2|HLg|2 2 / S%L-H 2
AL 1+ y4 y2(1+ [log y|?)

1
b 1+ [log y|? 2
S—MLLN%HH( / S H . (359

1+ y*

where constants are independent of M thanks to the estimate (B-2) for &741. Similarly,

1 bi(AZ);
L
TE{COR G
1
b 141 2 p
< 4L14(/ +|0g2y| |AHL9;|)( 452L 2)
AL I+y (1 4+ yH (1 + [log y|?)

]
1+ |log y|?
< sarconvan( [ I antae s [iamtae) . co

We now claim the bounds

/ 1+ [log y|? HLGP < bi"? 640 G-61)
1+ y* lloghi|?  logM’
1+ |log y|? ptt2
/ ﬁ|AI‘ILo~ |2 < (S((X ) |1 b |2 +%2L+2 , (3—62)
b2L+2 %2 5
HY G2 < p2| Lt2 | 3.63
/ | Fol llog by |? + log M ( )

/|AHL% 2 bitt? +%2L+2 (3-64)
=" ogbi 2 " logM
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with all < constants independent of M for |b| < a™(M) small enough, and where
S(a™) =0 asa*(M)— 0.

Injecting these bounds together with (3-58), (3-59), (3-60) into (3-56) concludes the proof of (3-48). We
now turn to the proof of (3-61), (3-62), (3-63), (3-64).

Step 5: lib terms. The contribution of {I\}b terms to (3-61), (3-62), (3-63) is estimated from (2-89), (2-90),
which are at the heart of the construction of éb and yield the desired bounds.

Step 6: M) terms. Recall (3-29),

L L+2
— A ~ _ ~ 35,
Mod(t)=—(f+b1)AQb+Z[(bi)s+(21—1+Cb1)b1bi—bi+1][Ti+XBl > _j}

i=1 j=itl 9bi
and the notation (3-39).
Proof of (3-63) for Mod. We recall that
bk < b,
and, from Lemma 2.8, we estimate
L+2

/lHL+1AQ |2<Z/|HL+1bAT| +Z/|HL+1AS|
L L+1 2L+4
S|
; y=<2B

+ b2i + 1 §b2
; b2 oghy 2

We then use the cancellation HLHT; =0 for 1 <i < L to estimate
> [uarsy

Then, using Lemma 2.8 again,13 forl<i<L,

L+2
/‘ L+1|:XBI = ]

j= l+1

(1+ [log y|©)y*~! 2
1+y2L+2

2
< p2.

~ “1

21 1
2L+2

Bi<y<2Bi|Y

2 L+1 2(L+2—i)

b
< b2(1*1)+ 1 sz
:Z b Bllloghi P T

We thus obtain from Lemma 3.3 the expected bound:

2L+2
/|HL+11\Z5d|2<b%|D(t)|2<b% farv2 | b .
~ ~ lllogM|  |loghy|?

13This is where we used the logarithmic gain (2-54) induced by (2-24).
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Proof of (3-61) for Mod. We use Lemma 2.8 to derive the rough bound

1+|log y|? ~
/ | gyl |HLAQb|2

14+y*
L+2
1+logyl* | +logy|= 1
<Z/ oy |H bAT|+Z/—|H AS;?
L . L+1 _
< 2i 1+|10gy|C yzt 12 L+ N - 1+I10gy|2 1+y2(L+2) 12
szl 4 2L +Zb1 llog b1 " +b; 4 2L
— y<2B, 1ty I+y P y<2B, 1+ I+y
<1
Next,
L i—
Zl+|10gy|2|HL’f|2<Z/ 1+|log)’|c 2i-1 2<
= 1+y4 v N]Zl V<28, 1+y4 l+y2L ~

and finally, again using Lemma 2.8, for 1 <i < L,

38,712
X1 b,

L+2

Z/ 1+ y

Jj=i+1

L+1 2 2(L+2)—12
i _i I+y
2 2 4
N Z bl(J Z)|10gb1|2+b1(L o / 1+ 4 1+ 2L
Pt y<2B; +y +y
We thus obtain from Lemma 3.3 the expected bound:
14 [logy|? € btt?
I+y ~ llogM|  [logb;]
Proof of (3-62) for Mod. We use Lemma 2.8 to estimate
1+|logy|? L 1
————|AH"A
[ 2R A,
L L+2
I+[logy> I+llogyl> 1 =0
52/ ) |\H bAT|+2/ T |AHEAS;|
i=1
L i1 2 L+l —1)2
<Zb2i/ 2 +Zb2i|10gb1|3+b2L+4/ 1+|10g)’|2 1+y2(L+2) !
- i=1 1 y=2B 1+y2 14yt i=2 l : Bi<y<2p, 1+)? 14y2L+1
<hi.
Next, using the cancellation AH!T; =0,1<i <L,
1411 2 1411 c 2i—1 |2
Z +|log y| IAHLT|2<Z/ +|log y| < by llog by |C.
14 y? B <y<2B 1+y? 14 y2L

j=1
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and finally using Lemma 2.8 again, for 1 <i < L, we have

38,77
AR o3,
4

L+2

Z/ 142

L+1 2 2 2)—1 2
< 3 B logh € +b2‘Li)+4f Sl SIS e Y
- j=it1 1 : y<2B, 142 14 y2L+1 ~
We thus obtain from Lemma 3.3 the desired bound:
—————|AH*Mod|” < D()|” < 8(a*)|€ O
/ s AN < /B DO S 8 st |
Step T: Nonlinear term N (¢). Control near the origin y < 1. From (3-32) and a Taylor Lagrange formula,
we rewrite
£\2 1 ! o~
NEe=2No@, z=y(;)" No@=1 | (1-0f"(Qy+re)dr (3-65)
0
First observe from (C-2) and the Taylor expansion at the origin of 7; given by (2-39) that
! L+1 2 L
z= ;[Zcinﬂ_i +r€} =Y &yt + 7, (3-66)
i=1 i=0

where, from (C-3), (C-4),
Icil S C(M)ér142,
19571 < ¥ M log yIC(M)Ear a2, 0k <2L+1. (5-67)

We now let 7 € [0, 1] and
ve = Op + e,

and obtain from Proposition 2.12 and (C-2) the Taylor expansion at the origin

L
ve=Y &y + 7 (3-68)
i=0
with
G S 1 [0yR] Sy logyl, 0<k <2L+1. (3-69)

Recall that f € €* with f2%(0) =0, k > 0. We therefore obtain a Taylor expansion

" & £ () 21 22 241 £(L44)
f (vr)zva, +(2L+1),f (I-0)""f (ov) do,
i=1

which, together with (3-68), ensures an expansion

L
No(®) =) iy +7e, |Gl ST, 1957 Sy* logyl, 0<k <2L+1.
i=0
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Combining this with (3-66) ensures the expansion

L
N(e) =zNo(e) = Y &y ' + 7 (3-70)
i=0
with

6l S CMEarta, 1057 Sy H[log y|IC(M)€ar42, 0 <k <2L+1.
Observe that from a direct check this implies the bound
N ko oiF |0gy|y2L+1 i
AR Z i - < C(M)éar12 Z el <y og y|C(M)€ar 0, 0<k <2L+1.
vk
O

We now compute using a simple induction based on the expansions (2-5), (2-6) and the cancellation
A(y) = O(y?) that, for y < 1,

L L
2K+ (Z Eiy2i+l) = Y a1y 4 0P,

iio l'=]l(‘+l (3_71)
&42/(-‘1-2 (Z y2l+1> — Z Ci,2k+2y2(l_k)_1 + 0(y2(L—k)+1)‘
i=0 i=k+1
From (3-70), we conclude
5N (@)L=t S C(M)E2142, 0<k <2L+1, (3-72)

and thus, in particular, we get the control near the origin
1+ |log y|?
f L8 HEN )P + f |AH N (8)|* S C(M)($2142)> S biby" 2.
y<l 1 + y y<1
Control for y > 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines
(with more room in fact) and is left to the reader. Let

1
;:%, N1(8)=/ (1—1)f"(Op+7e)dr sothat N(e) = ¢>Nj. (3-73)
0

We first estimate from (C-14): for (i, j) e Nx N with 1 <i+j <2L +1,
biiﬂ)zl‘/(u*l) forl <i+j<2L-—1,

< llogby €  p3EH fori+j=2L, (3-74)
L>®(y=>1) b%L+2 for i +_] — 2L+ 1.

Similarly, from (C-12), for (i, j) e Nx N* with2 <i+ j <2L +2,

1+logyl® i o 1+ |logy|© 2
<
/y>1 1+ 22 9| ny> 1+ y2i+20- T om0l

pliti=D2L/QL-1)
1

i

<

~

L*(y=1) jr—o

k 2
8y8

yitik

di¢
y/~1

for2 <i+j<2L,
< llogby[€ { p3EH! fori+j=2L+]1, (3-75)
bt t? for i+ j =2L+2.
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Moreover, from the energy bound (3-23),
[ werst (3-76)
y>1
We now claim the pointwise bound, for y > 1
k cl 1 ai/2
forall 1 <k <2L+1, |8yN1(s)|§|10gb1| W—i—b (3-77)
with
k2L/2QL—1) forl <k <2L-—1
ar=1{2L+1 for k =2L, (3-78)
2L +2 fork=2L+1,
which is proved below. For £k = 0, we simply need the obvious bound
IN1(e) =1 S 1. (3-79)
Then, by brute force, from (3-73), (3-77), (3-79), we estimate
2L+1 |8k (8)' 2L+1 1 k ' '
AH*N@)| < y;’Lﬁ S me;czHa;‘—’Nl(sn
k=0 k=0 i=0
2L+ |y ké. | 2Ll 1 k—1 1
i 22 c (ak-i)/2
N Z V2L+I-k Z y2L+1-k ZIB;C |llog b1 |:yk—i+1 +b, }
k=1 i=0
20+1 | ké_ | i 2L+1 k—1 ( )2 I é— |
C C Ak—i
N Z 2L gk +oghil Z 2L+2 l+|1°gb1| Z Zb 2L+1 "y
k=1 i=0
C y Ak—i
ST PR ) S A
k=0 k=1 i=0
and hence
[ antner
y>1 2L+1 & at ak i+12 2L4+1 k=1 i 8] al J 12
< llog by|© Z Z/ | §4|LL-2 2k§| +log b [ Z Zzbak / | §4|LL-2 2k{| :
k=0 i=0 k=1 i=0 j=0
We now claim the bounds
2L+1 i k—i 12
ERqRESd
Z / T ALk < log by by P b, (3-80)
k=0 i=0YY=1
ey 93¢ P13y P ()2
Ap—i
logby|€ Y > > bt / Wg llog by |“ by p2EH (3-81)
k=1 i=0 j=0

for some §(L) > 0, and this concludes the proof of (3-64) for N (¢)
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Proof of (3-77). We first extract from Proposition 2.12 the rough bound

2L+2 |10g bl |C
EoBS |logb1|C|:W + ) biyz"l‘klygwl} S e (3-82)
i=1
Then let T € [0, 1] and v, = éb + te. From (3-82), (C-14), (3-78), we conclude
1
|95 ve < [logbi | [k—H +b“'</2}, l<k<2L+1 y=z1. (3-83)
y

We therefore estimate N; through the formula (3-73) using the rough bound |9! f| < 1 and the Faa di
Bruno formula: for 1 <k <2L +1,

1 k
pveis [ Y e [Tiojont ar

0 m1+2mo+---+kmp=k

< llogby|© > Il_[[ p a’/z} |

mi+2my~+-+kmp=k i=1

< llog buc[F +b“k/2}

To estimate o from the definition (3-78), we observe that for k <2L —1,i <2L — 1, and thus

k .
2iL 2kL
OlkZZ m; = = qay.
_OL—l L—-1

1=

For k = 2L, we have to treat the boundary term i =k, (my, ..., mg_1,my) = (0,...,0,1) =1, which
yields
. [2L (2L)
or7, > min 2L+ 17 =2L+1.
For k = 2L 4 1, we have the two boundary terms (my, mo, ..., mg_a, my—1,mg) = (1,0,...,0,1,0),
(my,...,,mp_1,my)=(0,...,0, 1), which yield
> mi 2LQL+ D) 2L+ 1+ 2L +2 2L +2
o miny ——; ; = )
Al = 2L —1 2L —1
and (3-77) is proved. Il

Proof of (3-80). Let 0 <k <2L+1,0<i <k.Let I =k—1i, I =i. Then we can pick J, € N* such that

max{l;2—i} < J, <min{2L +3 —k; 2L +2 — i}
and define
J1=2L+3—k—J;.
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Then, from direct inspection,

1<h+/1<2L+1, 2=<Db+J,<2L+42,

I, Ji, I, Jr) € N3 x N*,
(1 D, 1) {11+12+J1+12=2L+3.

Thus
A._/ |a;¢|2|a§f;|2_/ e Plage H o'
I — ~
1 y

4L42-2k - 2J1—2+42J,-2
y + 21 y Jl + J2

? URds
22 < log by | b,
i /yzl Y22 1
where we now compute the exponent d; ; using (3-74), (3-75):

efor1+J1<2L—-1,L+J, <2L,

di = (11+J1+12+J2—1)=w>2L+3;
’ 2L —1 2L —1
o for 1 +J1=2L, L+ J, =3,
dip =2L+1+ 2L B-1)>2L+3;
’ 2L —1
efor 1 +J1=2L+1, L+ J,=2,
dip=2L+2+ 2L > 2L +3;
’ 2L —1

e for b+ J,=2L+1, 1+ J =2,

_20L)
S 2L-1
e for b+ J,=2L+2, 11 +J =1,

ik +2L4+1>2L+3;

2L
di’k:2L+2+2L >2L+3;
and (3-80) is proved. O
Proofof 3-81). Let 1 <k <2L+1,0<j<i<k—1.Fork=2L+1and0<i=j <2L, we use the
energy bound (3-76) to estimate

L ey e : . g
b?k / y 4L+2y72k — bT2L+1 |8;§ |2|§ |2 S bﬂll2L+l ”é_ ||%oo(yzl) |8;€ |2 rg bl 2L+1
y=1 Y y=1 y>1

with

2L .
m+2L+2 fOI‘l—O,

2L 2L .
il = e 4 2L+ 24 fori = I,

dipr+1 577 T2L+2+ 57 or i
2L 2L . 2L . .

> 2L+ 3.
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This exceptional case being treated, we let Iy = j, I =i — j, and pick J, € N* with
max{1;2— (G —j);2—(k—j)} <o <min{2L+3—k; 2L +2— (k—j); 2L +2— (i — j)}.

Let
J1=2L+3—k—J,.

Then we can directly check that

I1<h+J1<2L+1, 2=<Db+J,<2L+42,
L+L+Ji+Jh=2L+3—(k—1i).

2 / |3)1,2§|2
252
Lo(y=1) Jy=1 Y72

< llog by |€ b+,

(I1, J1, Iy, J2) € N x N*, {

Hence

Je1219i=J 12 I »12190 +12
bak,»f |9y ¢1710y ¢ _baki/ 19y ¢ 1719y2¢ | < i
1 T AL+2—2k 71 — -2 ~ "1
| y4L+2 2k y>1 yZh 2+42J1-2

ay" ¢

yll—l

where we now compute the exponent d; ; using (3-74), (3-75), (3-78):
efor 1 +J1<2L—-1, L+ J,<2L,k—i <2L—1,

QL4312 _2LOL+D)
2L —1 ! 2L—1  2L—1

efor 1 +J1 <2L—-1,L+J,<2L, k—i=2L,

> 2L+ 3;

dijx=(k—1)

dijk=2L+1+Q2L+3-2L—1) > 2L +3;

2L —1
efor1+J1=2L, L+J,=3—(k—i)>2andthusk—i=1,5L+ J, =2,

2L
L4142 =20 43
a1 TR Tt

eforb+Jp=2L+1, 1 +J1=2—(k—i)>1landthusk—i=1. 1 +J; =1,

dij k=

+2L+1+ >2L +3.

BET oL 2L —1
This concludes the proof of (3-81). O

Step 8: small linear term L(e). Let us rewrite from a Taylor expansion

/ ~ N gl ~ 1
L = —eNa@y), NaGa) = EEE IO B [ g arayan G
0

Control for y <1. We use a Taylor expansion with the cancellation f 2k (0) =0, k>0, and Proposition 2.12
to ensure, for y < 1, a decomposition

L
Nz<&b):b1[2a-y2"+r], Gl S 19 Sy o<k <2L+1.
i=0
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We combine this with (C-2) and obtain the representation, for y < 1,

L+1 L

o[ plgr ol

with bounds
6il S C(M)\/ 2112,
057 S ¥ Hlog y|C(M)Vér1a, 0<k<2L+1,y<1.
We now apply (&ik)ofkfzurl to (3-85) and conclude using (3-71) that

45 L&) Lo y<1) S B1C(M)/€ar 42,

from which

1411 2
/ 1 MWLL@)F +/ 1 JAHEL(e)> < C(M)b¥€s1 40 < C(M)bIHIET,
y= y=

1+ y4

1771

(3-85)

(3-86)
(3-87)

(3-88)

Control for y > 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines

and is left to the reader. We claim the pointwise bound, for y > 1,

by|log by |€
forall0<k <2L+1, [0 NaGay)| < 282
y +
which is proved below. From the Leibniz rule, this yields
billog b1|[d}e
L) S Z e
and thus
2L+1 |k 2L+1 i
|0y L ()] billog b1|°|9e|
L y
[AHPL@)IS ) V2L N V2L Z il
k=0 k=0
2L+1
|9%el
C y
S billoghi| ) [IEE=E
i=0

Therefore, from (C-11) with k = L, we conclude
2L+1 9 digl
f |AHEL(g)]> < b3|log by |© Z / m < |log by [CHTEH,
y=>1
and (3-64) is proved.
Proof of (3-89). Let

1
N; = / F7(0+a)dr.
0

(3-89)

(3-90)
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Letting v; = Q + tap, 0 < T < 1, from Proposition 2.12 we estimate

|log by |©

|a’;5f|§w, 1<k<2L+1,y>1,

and hence, using the Faa di Bruno formula,

1 k
|05 N3(a)| < / > oyt £ @) [ ] 1035, 1™ de
0

m1+2my+---+kmp=k i=1
k m; C
< |log b1|€ L < Noghi[”
~ 110851 | S Tk
my+2mo+---+kmy=k i=1 y y

This yields in particular the rough bound

log by |©
|05 N3(@)| < % y>1,0<k=<2L+1,
and hence, from the Leibniz rule,
N3 (@ logb;|©
af( 3(2“’))‘5'0%(;2' . y=1,0<k<2L+1. (3-91)
y y
From Proposition 2.12, we extract the rough bound
logb1|€b
ok < B0 g o
=

and, from the Leibniz rule, we conclude

k
b billogby|“
k c
95 Na2| < D llogb| A2 pk—i-1 S NI
i=0

which proves (3-89). U

This concludes the proofs of (3-61), (3-62), (3-63), (3-64), and thus of Proposition 3.6. U

4. Closing the bootstrap and proof of Theorem 1.1

We are now in position to close the bootstrap bounds of Proposition 3.1. The proof of Theorem 1.1 will
easily follow.
Proof of Proposition 3.1.

Proof. Our aim is first to show that for s < s*, the a priori bounds (3-23), (3-24), (3-25) can be improved,
and then the unstable modes (Uy)2<k<z, Will be controlled through a standard topological argument.

Step 1: improved H' bound. First observe from (3-17) and the a priori bound on Uy for s < s* that

b ()] < 1B (0)]. (4-1)
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The energy bound (3-23) is now a straightforward consequence of the dissipation of energy and the
bounds (4-1), (3-26). Indeed, let

g=¢+a.
Then

2 3 1
Eo=/|8y(Q+é)|2+/g(i—erS):E(Q)HHé,E)JrfF[gz(Q+§)—2f(Q)5—f’(Q)§2]- (4-2)

We first use the bound on the profile which is easily extracted from Proposition 2.12

f|ay|+/ S logh € < VB (©)

using (4-1). Using Lemma B.1 ensures the coercivity

~2 2
(Hé,é)Zc(M)[/|8y§|2+/li—|2i|— ! (8, Dy)? >c(M)|:/|8} | —i—/ lyl :|—\/b1(0).

c(M)

The nonlinear term is estimated from a Taylor expansion:

<[ (fmere 5]

~n2 ~ &
18170 S N0yENL2 ||~

’/ L1820 +8) —2£(0)F - F1(Q)F]| <

where we used the Sobolev bound

2

We inject these bounds into the dissipation of energy (4-2) together with the initial bound (3-20) to
estimate

2
/ 9,6 + / ] / 19,817 + +b1|1ogb1|c<c<M>\/b1<0)<<b1<0>)4 (4-3)

for [b1(0)] < b} (M) small enough.

Step 2: integration of the scaling law. Let us compute explicitly the scaling parameter for s < s*. From
(3-36), (3-26), (2-101), (2-99), we have the rough bound

As e dil 1
s 0 +of——),
A s logs s(log s)3/4

d | sA(s) < 1
5{ (ogs) H ~ Slogsy i 4

which we rewrite as

We integrate this using the initial value A(0) =1 and conclude

UM% +0( ! ) (4-5)
(logs)ldil — (log so)ld!! (logso)1/4 )’ )
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Together with the law for b; given by (3-26), (2-101), (2-99), this implies

by' (s)[log by |
A(s)

Step 3: improved control of €51 12. We now improve the control of the high order €, 4, energy (3-25)

by reintegrating the Lyapounov monotonicity (3-48) in the regime governed by (4-5), (2-101). Indeed,

we inject the bootstrap bound (3-25) into the monotonicity formula (3-48) and integrate in time s:

for all s € [sg, s%),

(s))4L+2|: 4 2L+2(0) j|+ b]2L+2(S)

b1(0)“" |log by (0)|1 < < b1(0) [log by (011, (4-6)

é 0 Cb 0
0) 2+2(0) + ()u eb1 012 ] T Tloghi )2

2L+2
+C 1+—+«/_ AT (s )/ N (4-7)
log M A4L+2 [log by |2

Ear42(s) < 2(

for some universal constant C > 0 independent of M. We now observe from (4-6) that the integral in the
right hand side of (4-7) is divergent, since

2L+2 2L+3
by b > Clbo) by > C (bo) _ C (bo) ’
)\4L+2 |10g bl |2 b§4L+2)Cl |10g bl |C (logs)Cs2L+3*(4L+2)L/(2L*1) (10g S)Cs(2L73)/(2L71)

and therefore, from (4-6) and 1/s < by S 1/s,
p2L+2 2042
)\‘4L+2( )f 1 i o &
)»4L+2 lloghi2" ~ Jlogbi(s) 2

We now estimate the contribution of the initial data using (4-6) and the initial bounds (3-21), (3-22):

4L+2 4 p2L+2
(&) |:%2L+2 (0) + Cb; (0) DO ]

A(0) llog b1 (0)|?
2L+2
0)
)\’4L+2( )b (O)—
llog b1 (0)|?
2L+2( )
< (b (s))(4L+2)L/(2L 1)|10gb1(S)| (bl(o))5+2L+2 4L+2)L/(2L— l)llogb (0)|C < _ 21 7
llog by (s)|?’
where we used the algebra, for L > 2,
L(AL+2)
O<———Q2L+2)= —.
<o CETDE5 <5
Injecting these bounds into (4-7) yields
b2L+2(S) K K b2L+2(S)
s < <1 - 4-8
2+2(8) 5 |10gb1(s)|2[ ogM © }— 2 [log by (s)|2 (4-8)

for K large enough independent of M.
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Step 4: Improved control of €42, 0 <k < L — 1. We now claim the improved bound on the intermediate

energies

G < b D 10g by CHVE, (4-9)

This follows from the monotonicity formula, for 0 <k <L — 1,

df 1
dt { 24k+2 [%zmz +0 (b b<4k+2)2L/<2L 1))] }

102 b1l [ okis o 1464Qk+1)2L/RL-1) 2%k+4
S Saga | Tt TyOT k| (4-10)

for some universal constants C, § > 0 independent of the bootstrap constant K. The proof is similar to
that of (4-8) and in fact simpler since we allow for logarithmic losses; details are given in Appendix F.
Using (4-5), we now estimate

2k 3
ak+2 * c _ (ogs) il s (log U)C
AT (s ) llog by~ <
)L4k+2 N @ [ g es—e @)

From (2-97), we compute

2k +3 4k +2)=1 AL —k—1) 4-11
Rk+3)—ci(dk+2) = -’r?, 4-11)

and hence

2k+% |di|+C
(logs)! 4k+2
W2 (s) f k4k+2 logh|“ < S@k+2)e; SO log b€

Similarly, from (4-6),

pesr 1+3+(2k+1)2L/(2L 1) c (IOg S)|d1|+C s (IOgU)C
A (s) llog by |€ do <
24642 ~ T @) o 1+0

do < b§4k+2)cl llog biIC,
and, using (4—11), (3-24),

|lo b1|
AHH2 (5 / )ftk+2 b2k+4%2k , do
%0 (IOg S)\d] [+C

S s @Gk+2)cy /\/s2k+4—(2k+1)2L/(2L—1)

S
C+VE 1. (@k+2)cy do C+V/E 1 (4k+2)cy
S llog b by / —Trinjer—n ~ legbil by :
0

(log O.)C-‘rx/?

Using the initial smallness (3-21) and (4-6), the time integration of (4-10) from s = s to s therefore yields
Eara(s) S A2 (s)b1 (0)1 +log b ()| “HVEBFH2(s) < llog by ()| EBHTD ),

and (4-9) is proved.

Remark 4.1. For 0 < k < L — 2, the above argument shows the bound

Copr S A2
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which equivalently corresponds to a uniform high order Sobolev control w. The logarithmic loss for
k = L — 1 could be gained as well with a little more work; see [Raphaél and Schweyer 2013] for the case
L = 1. This shows that the limiting excess of energy u* in (1-12) enjoys some suitable high order Sobolev

regularity.

Step 5 contradiction through a topological argument. Let us consider

by =b; forl<k<L, b given by (3-44)

and the associated variables

) 7, L L
by=b+——-——, 1<k<L, by1=Us1=0  V=PU.
k k + Sk(IOg 5)5/4 =" = k+1 k+1 L
From (3-45),
V- V| < stllogs|Cp < 4-12
|V —=V|< s |logs|~b, S (4-12)
Let the associated control of the unstable models be
Vi) <2, (Va(s), ..., Vi(s)) € Bri1(3), (4-13)

and the slightly modified exit time
§% = sup{s > so such that (3-23), (3-24), (3-25), (4-13) hold on [so, s1}.
Then (4-12) and the assumption (3-27) imply
for all (V2(0), ..., VL(0) € Br_1 (%), 5§ <+oo. (4-14)

We claim that this contradicts Brouwer’s fixed point theorem.
Indeed, first, from (2-102), we estimate

- 2 - o~ - ~ ~
(bi)s + (2/< -1+ @)blbk —biy1 = |:S(Uk)s —(ALU) + 0(

el

sk+1 (10g s)5/4
and thus, from (3-37), (3-46), (4-8), and (2-44),

~ ~ 5
Is(Ur)s — (ALU )| < + 55 (log 5)3

- 2 -~ -
(br)s + <2k -1+ —>blbk — by
log s

1
Jl]ogs

1

J9ogs

<
™ (logs)l/4

L+1
B 1 b! }

3
k1100 )i | pET2
577 (logs) [1 T T (logs)?  Tlog by P2

Hence, using the diagonalization (2-104),

- ~ 1
§(V)y = DLV, + 0<—(10gs)1 /4>. (-15)
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This first implies the control of the stable mode Vl from (2-104),

N
|(S l)sl ~ (10gS)1/4
and thus, from (3-19),
~ 1,1 [ drt i
< = - R = -
|V1(s)|Ns+s/s0 (logr)l/“slo' (4-16)

Now, from (4-3), (4-8), (4-9), (4-16), and a standard continuity argument,
L
Z vl.z(s*) - ‘_1‘, 4-17)

We then compute from (4-15) the fundamental strict outgoing condition at the exit time §* defined by
4-17):

L

L L .
1d ~2 ~ o~ ] I~y 1
£ V: = Vi), Vi = — % O\ ———7
2ds{§ l}ls:g* 2 s*[zzL—l G+ (<logs*>1/4

i= i=2

1
> — 0.
= s*|:2L—l4 ((1ogs*)1/4>] ~

This implies from a standard argument the continuity of the map

(Via<izr € Br-1(2) = 5 1(V)a<izrl,

and hence the continuous map
Bro1(z) = Bri(3),
(Vasizr = Vi (V2i<0)])

is the identity on the boundary sphere S; _; (%), a contradiction to Brouwer’s fixed point theorem. This
concludes the proof of Proposition 3.1. U

Proof of Theorem 1.1.

Proof. We pick initial data satisfying the conclusions of Proposition 3.1. In particular, (4-4) implies the
existence of c(ug) > 0 such that

(logs)'d" 1
M=) [H 0((logs>1/4>]’

and then, from (3-36), (2-101),
1 c(ug)al/e 1
0 = 1+0 ——— ) |.
<1ogS>] [log A[ldi1/e1 - (logs)!/4

= prof )= 4
oo st)] s

Hence we get the pointwise differential equation

—ACE=D 106 AP CED) = c(up) (1 + o(1)).
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We easily conclude that A touches zero at some finite time 7" = T (1g) < +o0o with near blow-up time

(T —1)F
[log(7 — 1) PL/CL=D)

A(t) = c(uo) (1 +o(1)) (I+o(D)).

The strong convergence (1-12) now follows as in [Raphaél and Schweyer 2013]. This concludes the proof

of Theorem 1.1.

Appendix A: Regularity in corotational symmetry

We detail in this appendix the regularity of smooth maps with 1-corotational symmetry.

Lemma A.1 (regularity in corotational symmetry). Let v be a smooth 1-corotational map

g(u(y))cost
g(u(y))sin6d
z(u(y))

v(y,0) =

with

v(0) =e,, yEIJPoo v(x) —> —e,.

Assume that v is smooth in the Sobolev sense:

N
Z/ (—=A)?v]* < +oo
i=1

for some N > L. Then:

(i) u is a smooth function of y with a Taylor expansion at the origin for p < 10L:

p
u(y) =y ay* '+ 0.
k=0

(i) Assume that u(y) = Q(y) + e(y) with

&
Vel +[ 5], <1

and consider the sequence of suitable derivatives ¢, = dAke. Then, forall1 <k <L,

|eakt1?
/|82k+2| +/ A 192

|82p 1| |82p|2 ]
+ + +00.
;/[yﬁ(l+|10gy|2)(1+y4<’<—l’)) y4(1 + [log y|2) (1 + y**=p))

Proof of Lemma A. 1. Let us consider the rotation matrix

1
R =

oS = O

0
0

S O O

O

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)
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and rewrite (A-1) as

wy = g(u)
v(r,0) = SR with w(r)=10
w3 = z(u).

Step 1: Control at the origin. We compute the energy density

2
w
Vol = faywl? + 12,
y
which is bounded from the smoothness of v, from which
‘ﬂ +19,wi] < 1.
Similarly,
w —le
Av = R (Aw + Rz—z) =% 0
Y Aws,
where
w1 *
Hw; = —Aw; + — = A"Aw,
y
with

A:—ay-i—l, A*=8y+g.
y y

The regularity of v implies
IHwi| S

near the origin, which, together with (A-9), yields

1 r
fun) = [ twrar= o).
y=Jo
We now observe that
Huw; = —dyyw + %Awl

and conclude
2
|8yyw 1 S 1.

We now iterate this argument once on (A-10). Indeed, at the origin,

> |Hw|? 2 2 2
[0yHw |+ —F— S VA" S 1, [Hwil S1A[ S,
y

and hence
Hwi| Sy,  [AHw| Sy,  [Hw| <1

This yields the 63-regularity of w at the origin and, from (A-11), the improved bound

1 Y 2 2
Awl(y)=F/ (Hwpt dt = O(y°).
0

1779

(A-7)

(A-8)

(A-9)

(A-10)

(A-11)
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A simple induction now yields for all k > 1 the €¥-regularity of w, and that the sequence

A*(w1) for k odd,
= wi, = k>1
(wp)o=wi, (Wii+1 {A(wl)k for k even, >
satisfies the bound
y  for k even,
< A-12
|(w1)k|N{y2 for k odd. ( )

We therefore let a Taylor expansion at the origin
p .
wi(y) =Y ¢y + 07
i=1
apply successively the operator A, A* and conclude from the relations
A ==k =Dy AN = (k+ 25"

and (A-12) that
¢ =0 forall k >1.

We now recall from (A-7) that w; = g(u) and the Taylor expansion (A-3) now follows from the odd
parity of g at the origin.

We now claim that this implies the bound (A-5) at the origin. Indeed, ¢ admits a Taylor expansion (A-3)
from (2-2) to which we apply successively the operators A, A*. We observe from (2-5) the cancellation

A =y’ + 007,
which ensures the bound near the origin
el Sy learrl S 57 (A-13)

and hence the finiteness of the norms (A-5) at the origin.

Step 2: control for r > 1. We first claim

&2 L+2

/ S+ /(a§8)2 < +o0. (A-14)
Y k=1

Indeed, from (A-4),

lelle < Vel + \|§ < 1. (A-15)

L2
From (A-8),

/ Ag@I2 < f AP < +oc.

Now
Ag(u) = g'(u)Au + 3,u)’g (u)g" ()
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and, using Sobolev and the L* control (A-15), we estimate
/ ((3,6)%8'wg")* < / |Ael? / IVel* < f |Ael?.
Moreover, from the smallness (A-15) and the structure of Q,

lg'(w)| =1 asr— +oo,

1+/|Av|23/|A8|2.

The control of higher order Sobolev norms (A-14) now follows similarly by induction using the Faa di
Bruno formula for the computation of a’; g(u). This is left to the reader. Now (A-14) easily implies

from which

L+2

> [ lal < oo,

i=1 V=1

and the bound (A-5) is proved far out. O

Appendix B: Coercivity bounds

Given M > 1, we let ), be given by (3-7). Let us recall the coercivity of the operator H, which is a
standard consequence of the knowledge of the kernel of H and the nondegeneracy (3-8).

Lemma B.1 (coercivity of H). Let M > 1 be large enough. Then there exists C(M) > 0 such that, for all
radially symmetric u with
2 u |2

(u, ®m) =0,

satisfying
we have
2 |”|2
(Hu,u) > C(M) |9yul”+—- |-
y

We now recall the coercivity of H, whichis a simple consequence of (2-11) and is proved in [Rapha¢l
and Rodnianski 2012].

Lemma B.2 (coercivity of H). Let u be such that

2
/|ayu|2+ @<+oo. (B-1)
y
Then
2
(Fu ) = | A"l = co /mm%/L (B-2)
y2(1+ [log y|?)

for some universal constant co > 0.

We now claim the following weighted coercivity bound on H.
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Lemma B.3 (coercivity of €,). There exists C(M) > 0 such that, for all radially symmetric u with

ul? |Aul?
/ y4(1+|logy|2>+/ Ay (B3
and
(u, dy) =0,
we have ) 5
f|Hu|zzC(M>[/ s+ [ ] (B4)
y4(1 +[log y|?) y2(1+[log y|?)

Proof of Lemma B.3. This lemma is proved in [Raphaél and Rodnianski 2012] in the case of the sphere
target. Let us briefly recall the argument for the sake of completeness.

Step 1: conclusion using a subcoercivity lower bound. For any u satisfying (B-10), we claim the subco-

ercivity lower bound
|Hul?

|02u|? Ayut)? ul? i) ul?
Zf 5 2Jrfz(y) 2+/4 |ue] 2_C|: (y)3+/||5:|‘ (B-5)
(1 +[log y[) y=(1+[log y[|*) y*(1+[log y|*) I+y I+y

Let us assume (B-5) and conclude the proof of (B-4). By contradiction, let M > 0 be fixed and consider a
normalized sequence u,,,

/ 4 4 2 +/ 2 | Ay | __, 56
y*(1 4 [log y[7) y“(1+ [log y|*)
satisfying the orthogonality condition

(un, ®y) =0 (B-7)
and the smallness

[ (B-8)

Note that the normalization condition implies

|un|2 Iayun|2
4 T 2 2y ~
y*(1 + [log y|*) y=(1+ [log y|*)
and thus, from (B-5), the sequence u,, is bounded in HI%C. Hence there exists uy, € HI%C such that, up to a

subsequence and for any smooth cut-off function ¢ vanishing in a neighborhood of y = 0, the sequence

Cu,, is uniformly bounded in HI%C and converges to ity in H!

loc- Moreover, (B-8) implies

Hus =0,

and by lower semicontinuity of the norm and (B-6),

/ ool < oo
y4(1+ [log y|?) ’
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which implies from (2-12) that
u=oaAQ forsomea cR.

We may moreover pass to the limit in (B-7) from (B-6) and the local compactness of Sobolev embeddings,
and thus
(o, AQ) =0, from which o =0,

where we used the nondegeneracy (3-8). Hence u., = 0. Now the subcoercivity lower bound (B-5)
together with (B-6), (B-8), and the Hlic uniform bound imply the existence of ¢, ¢ > 0 such that

P 2 2
/ |:|y”ool +|MOO|5:|ZC>0,
e<y<l/e 1+y 1+y

which contradicts the established identity u., = 0. Thus (B-4) is proved.

Step 2: proof of (B-5). Let us first apply Lemma B.2 to Au, which satisfies (B-1) by assumption, and
estimate

2
/(Hu)zz(ﬁAu,Au)>f|ay(Au)|2+/%. (B-9)
~ y2(1+y?)

Near the origin, we now recall the logarithmic Hardy inequality

f 2|U—|225/ |U|2+/ |9y,
y<1 y“(1 + [log y[*) 1<y<2 y<I1
and thus, using (2-10),

|Au|2 / 1 ( u )2 f
AQ3d, >
Q AQ y<1

which, together with (B-9), yields

(dyu)> Ju|? 2,02
|Hu|22/ [ +/ —C/ (Byul® + uP).
/ y<1 Ly2(1+[log y|?) y*(1+ [log y|?) y<i

To control the second derivative, we rewrite near the origin
V- l
yz

= —/ 1yl + |ul?)
V21 +logy?) Sy ’

AQ

g M, oD HA-D),

y y

) 1 u
Hu=—0ju+—\—0yu+— )+
y y

and (B-5) follows near the origin.
Away from the origin, let {(y) be a smooth cut-off function with support in y > % and equal to 1 for
y > 1. We use the logarithmic Hardy inequality

f L</ |u|2+/|8 ul?
y=1 y2(1+[logy?) ~ 1<y<2 g

to conclude from (B-9) that

/(Hu)2>/§ |Aul” c/ (ul? + [oyu?).
y2(1 4+ |log y|?) 1<y<2
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Now, from (2-5), we estimate
u |2

/; | Aul? _/{ | —0yu—7 /g |u|?
y2(1+ [log y|?) y2(1+ [log y|?) yo(1 + [log y[?)

e |: 2 |u|2] /[lul2 |3y”|2:|
by [ S— T WA L o ) Ll E :
/y2(1+llogylz) Y 2 ¥ y3

where we integrated by parts in the last step. The control of the second derivative follows from the explicit

expression of H. This concludes the proof of (B-5). g

We now aim at generalizing the coercivity of the €, energy of Lemma B.3 to higher order energies.
This first requires a generalization of the weighted estimate (B-4).

Lemma B.4 (weighted coercivity bound). Let L > 1,0 <k < L, and M > M (L) be large enough. Then
there exists C(M) > 0 such that, for all radially symmetric u with

/ Jul? +/ |Aul” n (B-10)
< 0 -
Y41 + [log y|?) (1 4 y**+4) yO(1+ [log y|?) (1 + y#k+4)

and
(u, Py) =0,

we have

/ |Hu|?

y4H(1 =+ [log y[2) (1 + y*)
> C(M){/ Jul +/ |Aul” } (B-11)
- Y41+ [log y|?) (1 4 y*k+4) yo(1+ [log y|»)(1+ y*) |

Proof of Lemma B.4. Step 1: subcoercivity lower bound. For any u satisfying (B-10), we claim the

subcoercivity lower bound

/ |Hu|?
y4H(1 + [log y[)2(1 4 y#)

2,12
>/ |92 ul +/ (dyu)?
~J yrd+log y (14 y*) y2(1 4 [log y[)*(1 4 y*+4)

+/ |u|? c / (dyu)? +/ |u|? B2
y4(1 4+ [log y|2) (1 + y*+4) 14 43 14 y#+10 |

Control near the origin. Recall from the finiteness of the norm (B-10) and the formula (2-21) that

1 Y
A = — .
u(y) ) /(; tAQ(t)Hu(r)dr
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Then from Cauchy—Schwarz and Fubini we estimate

| Au)? ¥y 2
" dy < T o [ Hu ()] dydrt
y<1 y (1+|10gY| ) 0<y<l JO<t<y y (1+ |10gy| )

d Hu(r)|?
S/ |HM(T)|2 |:/ 4—)]2:| dTS/ ,;|u—(r)|2d1'
0<r<l e=y=1 y*(1 +[log y[%) r<1 T°(1 +[log 7%

Au? |Hul? 13
6(1 + |log y[?) ™ 4(1 + |log y|?)” (5
y<1y gy y<1Y gy

We now invert A and get from (2-10) the existence of c¢(u) such that

and thus

() = WA Q) AQ()/y Au@)
u(y) =c(u y) — y T
0o AQ(T)
We estimate from Cauchy—Schwarz and (B-13), for 1 <y <1,
YA 2 y A 2 H 2
| e ar] staioey?) [t aesyt [
o AQ(7) o T2(1+[logz|?) y<1 Y*(1+[log y|*)
from which
H 2
|c<u)|2§/ |u|2+f S —
y=<l1 y=<1 Y*(1 +log y|*)
and

/ L 5/ i-l—/ lul?. (B-14)
y<l1 y4(1 +[log y|?) y<l1 y*(1 4 [log y|?) 1<y<2

The control of the first derivative follows from (B-13), (B-14), and the definition of A:

/ |0, ul? / |Au|? / |u|?
y<1 Y2(L+logy1?) ~ Jy<1 y2(14+logy?)  Jy<1 y*(1+ [log y|?)

Hul?
5/ %"‘/ el
y<1 Y (I +logyl?) ~ Jicy<

To control the second derivative, we rewrite near the origin

1 V-1 A V-1 1-Z7
y y y y y

which using (B-13), (B-14) and (2-5), (2-6) implies

/ |95 u|? </ |Hu|? +/ 2
y<l1 y*(1 + [logy?) ~ y<l1 y*(1 + [log y[?) 1<y=<2

This concludes the proof of (B-12) near the origin.
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Control away from the origin. Let {(y) be a smooth cut-off function with support in y > % and equal to 1
for y > 1. We compute

|Hul?
/ $ 3T 1 log y))?
_/ | — 8y (ydyu) + Yul?
yH+6(1 4 |log y)2

2/4“ |9y (y0yu)|? _2/4 dy(ydyu) - Vu +/§ V2 ul?
yH+6(1 + [log y|)? y#H7 (1 + [log y|)? yH+8(1 + [log y|)?

_f;_ |ay(yayu)|2 +2/§ V(ayu)z +/§ V2|M|2
) ° (1 + |log y|)2 yH#+0(1 + [log y|)? yH#+8(1 + |log y|)?

— 2 é‘V -
/'”' A(y‘“<+6(1+|logy|>2)‘ i

We now use the two dimensional logarithmic Hardy inequality with best constant:'* for all y > 0,

2 2 9 2
Y - i ;< cy/ |v|2+/ L — (B-16)
4 Jy=1 y77(1+[logyl) 1<y<2 y=1 Y7 (1 +[log y|)

with y = 4k + 6. We estimate

/; 18y (ydyu)| >(4k+6)2/ |yu|? —Ck/ 9 ul?
YHFO(14logy)? = 4 Jysy y¥FO(1+[logy))? l<y<2

(4k+6)4/ |u|? / 2
> — Cx [19yul” + |ul7].
16 y=1 Y¥H8(1 + |log y|)? sy

We now observe that, for k >0 and y > 1,

iV (y) =) +0G>h.

2
A( 1 >=(4k+6)‘
y

4k+6 y4k+8

We compute

Injecting these bounds into (B-15) yields the lower bound

/; |Hu|?
y*+H4 (1 + |log y|)?

(4k +6)* 2 / Ju|? / |9,u)? Ju|?
>| —— —(4k+6 -C .
= |: 16 (4k +6) =1 YHF8(1 4 [log y|)2 k 1+ y%+8 + 1 + y*-+10

Note that we can always keep the control of the first two derivatives in these estimates, and the control

(B-12) follows away from the origin.

14 which can be obtained by a simple integration by parts; see [Merle et al. 2011].
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Step 2: proof of (B-11). By contradiction, let M > 0 be fixed and consider a normalized sequence u,,,

] | Au, |
/ y*(1 4 [log y[?) (1 4 y#k+4) +/ YO(1 + [log y2) (1 + y#) — L, (B-17)
satisfying the orthogonality condition
(up, ®y) =0 (B-18)
and the smallness
f ol <= (B-19)
Y1+ llogy)(1+y*%) ~ n’

Note that the normalization condition implies

/ Ll +/ 10,102 <1 (B-20)
Y1+ log y[2) (1 + y*+4) Y21+ [log y|) (1 + yH+d) ~ 7

and thus, from (B-12), the sequence u,, is bounded in Hlf,c. Hence, there exists 1y, € H]%C

a subsequence and for any smooth cut-off function ¢ vanishing in a neighborhood of y = 0, the sequence

such that, up to

Cu,, is uniformly bounded in HI%)C and converges to { U In HILC. Moreover, (B-19) implies
Hus =0,

and, by lower semicontinuity of the norm and (B-17),

/ |uoo|2 < +00
Y41+ log y[H) (1 + y*+4) ’
which implies from (2-12) that

u=oaAQ forsomeacR.

We may moreover pass to the limit in (B-18) from (B-17) and the local compactness embedding, and thus
(Moo, AQ) =0, from which o =0,

where we used the nondegeneracy (3-8). Hence uy, = 0.
Now from (B-13), (B-14), (B-19), and (B-17),

/ |un|2 +/ |8yun|2 Z 1,
y=1 YA+ log y ) (1 + y¥+4) = ] oy yo(1 4 [log y[2) (1 + y*)
and hence, from (B-12), (B-19),

|8yun |2 |ty |2 1

1+ y¥t8 T ] 4 ydht10 ~
which, from the local compactness of Sobolev embeddings and the a priori bound (B-20), ensures

S S B N

1+ y4k+8 1+ y4k+10 ~
This contradicts the established identity us, = 0. O
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We are now in a position to prove the coercivity of the higher order (€xy2)o<k<z energies under
suitable orthogonality conditions. Given a radially symmetric function &, we recall the definition of
suitable derivatives:

A*g,  for k odd,

0<k<?2L+1.
Ag,  for k even,

e-1=0, e =¢, &q1= {

Lemma B.5 (coercivity of €yx12). Let L>1,0<k < L,and M > M(L) be large enough. Then there
exists C(M) > 0 such that, for all € with

Y
e +
/l 2k+2| / 2(1+y2)

le2p 112 le2, 7
B-21
+,;)/ T BT AT < @2

satisfying
(e, HP®y) =0, 0=<p <k, (B-22)

we have

_ k+1.y2 %
%2k+2(e)—f(H £) ZC(M){/ y2(1+ [log y|?)

le2p—1] leap]? :|}
+ + . (B-23
;/[W(H- Tog /(1 + Y7 7) 33T+ flog yPy(1 -y || P2

Proof of Lemma B.1. We argue by induction on k. The case k =0 is Lemma B.3. We assume the claim for
k and prove it for 1 <k +1 < L. Indeed, let v = He. Then v, = ¢,42, and thus v satisfies (B-21) and!?

forall0< p <k, (v, HP®y)= (e, H' '®y)=0

We may thus apply the induction claim for k to v and estimate

/(Hk+28)2

=/(Hk+1v)2
2kl : le2p-1] le2p+2]
EC(M):/ y2(1+|10gy|2)+I§f[yé(l+|10gy|2)(1+y4("‘”>)+y“(l+|10gy|2)(1+y4<""’))]}
ZC(M){/—Z sl 2
y=(1+[log y|%)

k+1
i / €211 N €21 (B-24)
6(1+|logy|2)(1+y4(k+1_p)) y4(1+|10gy|2)(1+y4(k+1—p)) ’

I5from k <L+1
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The orthogonality condition (g, @) = 0 and (B-21) allow us to use Lemma B.4 and to deduce from the
weighted bound (B-11) the control

/ |2l - / le|?
Y1+ log yH)(1+y%) ~ ] y4(1+ [log y|A) (1 + yH#+4)’
which together with (B-24) concludes the proof of Lemma B.1. 0

Appendix C: Interpolation bounds
We derive in this section interpolation bounds on ¢ in the setting of the bootstrap proposition 3.1, and
which are a consequence of the coercivity property of Lemma B.5.
Lemma C.1 (interpolation bounds). (i). Weighted Sobolev bounds for e. For0 <k <L,
2%k+1 P

|&;
Z / y2(1 4 y¥=2i+2)(1 4 |log y|?)

+/ leaksal? < C(M)Eap 2. (C-1

(i1). Development near the origin. & admits a Taylor-Lagrange-like expansion

L+1
e=) cilrii-i+re (C-2)
=1
with bounds l
lci| S C(M)y/€a142, (C-3)
087 | S v K log y|C(M) /o140, 0<k<2L+1, y<1. (C-4)

(iii). Bounds near the origin for ;. For |y| < 1

lexx| S C(M)yllog yIV/€arta, 0<k<L, (C-5)
lex—1] S CM)y*llog yly/€arta, 1<k<L, (C-6)
le2r41] S CM)V & 1a. (C-7)
(iv). Bounds near the origin for a’;e. For |y| < 1,
075 e S C(M)yllog y|V/ €2, 0<k<L, (C-8)
02| S C(M)log yly/ a2, 1 <k<L+1. (C-9)
(v). Lossy bound.
2k+1 1+|10gy| ) c b(4k+2)L/(2L 1) Ofk < L — 1,
Z / Ty el S llogbl {b2L+2 ok L. (C-10)
2k+1 (4k+2)L/(2L 1)

1+|logy| i 0 c O0<k<L-1,
Z/l—{—y‘”‘ 2z 9yel” < llog by | b2L+2 fork=1L. (C-11)
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(vi). Generalized lossy bound. Let (i, j) e Nx N* with2 <i+ j <2L+2. Then

1+ llogyl . » c b;i;jl_lm/m_l) for2=<i+j=2L,
/Ty’z‘-ila;ﬂ < lloghy|€ { b3EF foridj=2L+1,
p2L+2 fori+j=2L+2.
Moreover,
el e [pT N 2 <i<an 4,
/mwlog il {b%urz fori=2L+72,

2

(vii). Pointwise bound far away. Let (i, j) e Nx Nwith1 <i+ j <2L+ 1. Then
forl1 <i—+j<2L-—1,
< llogby [ B34+ fori+j=2L,

’ bii+j)2L/(2L—1)
L=o=h p3L+2 fori+j=2L+]1.

Proof. Step 1: proof of (i). The estimate (C-1) follows from (B-23) with 0 <k < L.

8;,8

y/

(C-12)

(C-13)

(C-14)

Step 2: adapted Taylor expansion. Initialization. Recall the boundary condition origin at the origin
(A-13), which implies |erp+1(y)]| < Csuﬂy2 as y — 0. Together with (2-10) and the behavior AQ ~ y

near the origin, this implies

1 y
ro=éy 1(y)=—/ &2142AQOx dx,
" YAQ Jo T

and this yields the pointwise bound, for y <1,

1 1
1 2 y 2
|r1<y>|§;( / |82L+2|2xdx) ( f x2xdx) S C(M)é140.
y=1 0

We now remark that there exists % < a < 2 such that

lears1(@)]* < / lear 112 S C(M)Ear42
[yI=I1

from (C-1). We then define
Yo
a NQ

and obtain from (C-16) the pointwise bound, for y <1,
Ir2| S yllog ¥IC(M)+/€ar 1.
Now observe that, by construction, using (2-10),
Ary=ri=eypry1, Hr=A%epy1=¢eyp4=Hey.

Now, from (B-24),

/ —|82L|2 ydy < +00
y<1 Y*(1 + [log y|?) ’

(C-15)

(C-16)

(C-17)

(C-18)
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and hence |e;7(y,)| < +00 on some sequence y, — 0, and from (C-17), (C-18), the explicit knowledge
of the kernel of H, and the singular behavior (2-13), we conclude that there exists ¢, € R such that

e =2 AQ +r3. (C-19)

Moreover, there exists % < a < 2 such that

lear (@) * < f lear]? S C(M)Eo142
lyl<1

from (C-1), and thus, from (C-17), (C-19),

leal S C(M)/arv2,  learl S yllog y|C(M)/Erp 2. (C-20)
Induction. We now build by induction the sequence

Y ok
AQ

We claim by induction that, for all 1 <k < L+ 1, 37472 admits a Taylor expansion at the origin

dx, 1<k<L.

1 /y
g1 = ——— [ raAQOxdx, 1y 2=—AQ/
a0 ) " 0

k

&L 422k = Zci,ka—i +ry, 1<k<L+41, (C-21)
i=1
with the bounds, for |y| <1,
lcikl S C(M)/ a4, (C-22)
|t 2] S Nog y1y* ' I C(M) /€42, 0<i <2k—1. (C-23)

This follows from (C-19), (C-20), (C-17), (C-18) for k = 1. We now let 1 < k < L, assume the claim for
k, and prove it for k + 1.
By construction, using (2-10),

Arogr =ronq1,  Hroyyo =ro, (C-24)

and thus d’ro; = ror—;. In particular, for i > 2, s4/%ry4» = ros—;, and therefore the bounds (C-23) for
k+1and 2 <i <2k + 1 follow from the induction claim. We now estimate by definition and induction,
for [y| <1,

Y < C(M) %2L+2 y3+2k_1
~ 2

1
|Arpgqa| = lru1(Y)| = ‘— A Qx dx
YAQ Jo y

rjfg dx’ < y¥*CeM)Er s,

and (C-23) is proved for k =1 and i =0, 1. From the regularity at the origin (A-13), (C-24), the relation

}7
|roks2| = ‘AQ/
0

k
Herpo o1y = &2042-2k = Z CikTi—i + 1ok,

i=1
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and the bound (C-23), there exists cpr42 such that

k

E2L42-2(k+1) = E CikTip1—i + o2 A Q + 1.
i=1

We now observe that there exists % < a < 2 such that

lear—ax(@)]* < / lear—ak* S C(M)€a142
[yI=1

from (C-1), and thus, using (C-23),

lcokt2l S C(M)/Erp 0.

This completes the induction claim.

Step 3: proof of (ii), (iii), and (iv). We obtain from (C-21), (C-3) with k = L + 1 the Taylor expansion

L+1

&= Z CikTi—i+re, re=ray2, lcixl SCM)/Err42,

i=1
where, from (C-23),

|st'rel S Nog yy* 17 CM) €42, 0<i<2L+1.
A brute force computation using the expansions (2-5), (2-6) near the origin ensure that, for any function f,

k
; 1
Nf=> Pustf. |Pisl S —=. (C-25)
i—0 v
and we therefore estimate, for 0 <k <2L + 1,

2L+1—i

llog yly _
1947l S (M) 1a Z g— <y log y|C(M) e a.

This concludes the proof of (ii). The estimates of (iii), (iv) now directly follow from (ii) using the Taylor
expansion of T; at the origin given by Lemma 2.3, and (C-16) for (C-7).

Step 4: proof of (v). We first claim that, for0 <k < L,

2k+2 |ai8|2
Z/(1+Ilogy|2)(1+y4k —2itdy

Observe that this implies (C-13) by taking i = 2k 4 2.
Indeed, from (C-8), (C-9), we estimate

2k+1

S C(M)(€axq2 +€2142). (C-26)

1+|logy|€ .
/ | Wiziﬂw;ﬂz S C(M)érp40. (C-27)
y<

i=0



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1793

For y > 1, we recall from the brute force computation (C-25) that

k
0fe] S — |— (C-28)
i=0 y
and thus, using (C-1), for0 <k <L,
2k+2f Ial 8|2 _ 2k+2 i / |8j |2
=0 Jyz1 (L log y ) (L yHm2ie) ™ e ) oy (L flog y[2) (1 y 222l
2k+2 e
S ’ < C(M)Ey12,

< 0/<1+|logy|2)<1+y4k+4 27)

and (C-26) is proved. In particular, together with the energy bound (3-23), this yields the rough Sobolev

bound
/Iel2 / [dyel” <1
y? I+logyl> ~

Therefore, again using (C-26), we estimate

2L+42

2k+1 2k+1
Z* L llogyl® 2<Z+ Lt llogyI€ i o Lt llogy1€ i o
14y 1 1 y4k—2i+4 y<Bl0OL 1+y4k 2i+4 y= Bl y

1
< llogby|C€axia+ =ToL (C-29)

0

and (C-11) follows. The estimate (C-10) now follows from (C-5), (C-6), (C-7) for y < 1 with also (1-31),
and (C-11) for y > 1.

Step 5: proof of (vi). Leti >0, j >1with2 <i+4 j <2L+42.

Case 1: i + j even. We have
i+j=2k+1), 0<k<L.

Fork <L —1, from (C-11) and 0 <i =2k +2 — j <2k + 1, we estimate

1+ Jlogy[€  _; 1+ logy[© 4k+2)L/2L—1 i j—1)2L/(2L—1
[ R aiel = [ oot b g bl < b O log €

For k = L, from (C-11), we have

1+|10gylc 1+ 110 YIS .o 5 oy .
/ 1+y 1356l —/m“’}é‘l S b log b€
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Case 2: i+ jodd Wehavei+ j=2k+1,1 <k <L. Assume k < L — 1. If j > 2, then
i <2k+1—j <2(k—1)+1, and thus, from (C-11),

14 |log y|¢ B — 1+ [log y|¢ 52
T+ |9yel” = 1+y4k+2—2i| Vel

1 1

1+]logyl€ . 2 1+ |log y|€ . 2

< MWEF H—gW|318|2
1+y4k+4—21 y 1+y4(k—1)+4—21 y

L/(2Q2L—-1))(4k+2+4(k—1)+2 i+j—1)2L/(2L—1
5|10gb1|cb1/(( I ( ) ):bgl J=D2L/( )|10gb1|c

For the extremal case j = 1,1 =2k, 1 <k < L — 1, we estimate, from (C-10), (C-26),

1 ko2 N\
/ 1+|logylc|82k8|2< / 1+|logy|C|82k8|2 2 / 105" ¢l 2
1ry2 o T4y Y 1+ [log y|?

5 |10gb1 |CblL/(Z(ZL—l))(4k+2+4(k—1)+2) _ bgi—i—j—l)ZL/(ZL—l)|10gbl |C'

If k=L, then for j > 2, we havei <2k+1—j <2(k—1)+ 1, and thus, from (C-11),

1+ |logy|€ . 1+ [log y|€ .
/ + | gzyl |a’e|2:/ +|4g2y|2_|a,8|2
1+y] y 1_|_y k4+2-2i 'Y

1 1
< 1+|10g)’|c 9 g2 2 1+|10g)’|c 5 g2 2
~ 1+y4k+4—2i| Vel 1+y4(k—1)+4—2i| Vel
L(2L+2+@*-1)42)L/2L-1))
1

< |logb1|Cb = b log by |,

and for j =1,i =2L, from (C-10), (C-13),

1 1
/1+|10gylc|azL8|2< /1+|logy|c|82L8|2 2 / [93Fel 2
I+y2 70 L4yt 1+ [log y|?

L(2L+24(4(L-+DL/L-1))

< llog by |“b; = by |log by €.

Step 6: proof of (vii). From Cauchy—Schwarz we estimate

2 1+ |log y|?)|e|? d,e|?
H£” 5[ |eayg|dy§/(+| gzyl)ll +/ |9yel N
Vo= /5 y 1+ [log y|

Leti, j>0with1 <i+j<2L+4+1. Then2<i+ j+1<2L, and we conclude from (C-12), (C-13) that

2 <f (1+|10g)’|2)|3§8|2+/ |9y e
Lep=n Jyzi yH y=1 ¥ (1+ [log y|?)

pUHPHICLTD ford <y j41<2L,
< llogby €  p3EH fori+j+1=2L+1, O
byt t? fori+j+1=2L+2.

i
3y8

i
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Appendix D: Leibniz rule for H*

Given a smooth function ®, we prove the following Leibniz rule.

Lemma D.1 (Leibniz rule for H¥). Let k > 1. Then

k-1 k
AN (@e) = Z Doi 2k—182i + Z DPoi—1,2k—182i -1,
i=0 i=1
L . (D-1)
A* (de) = Z Do; k€2 + Z Do 1,2k82i 15
i=0 i=1
where ®; i is computed through the recurrence relation
1427
o1==0y>, P11 =0Poo === —Z0b 012=20,0, Pp=b (D
Dop42,2k+2 = Pok+1,2k+1>
Do okr2 = Poi—1,2k41 + 0y Poi o1 + (1 +22) /y)Poiokr1 1 =i <k, (D-3)
Do,2k42 = 0y Po,2k+1 + (1 +22)/yPo 241,
Do 12642 = — P22 2k+1 + Iy Poi 1,2k 41, 1 <i<k+1,
Dogt1,2k+1 = Dok 2k,
) Do 12k41 = Poj 22k + (1 +22)/y)Poi 12k — 0y Poi10k, 1 <0 <k, (D-4)
Doj 2k1 = —0yPoj ok — Poi—1,2%, 1 <ic<k,
Do, 2k 1 = —0yPo,2%-

Proof. We compute

A(Pe) = Pey — (0yP)e,

. 1427
H(Pe) = A"Ae = Py +0,Pe; — (| —A+ (0yPe)
1427
= Qey +20,Pe; + [ =0y, ® — ——0,D |&.

and
S&Zk-‘rl(d)g)

k k

1427
= ZA[¢2i,2k82i]+Z(_A*+ )®2i—1,2k82i—1
i =0 i=1 Y
14272

k k
= Z{q>2i,2k€2i+l — 0y Do k2 + Z{ —®o; 1 2182 + [

Do 10k — 3yq)2i—1,2k]82i—1 }
i—0 i=1

k k
= —0yPo ke + Z(_ay Poi ok — Poi—1,20)€2 + Z{CDZL'—Z,Zk +

i=1 i=1

1+2Z

Do 1,0k — 0y D212k }82,'—1,

+ Dok 24E2%+15
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which is (D-4). We then compute

A2 (D)
k+1

1+2Z
= Z[ ]{¢2i,2k+182i}+2 A¥(Poi—1 24 +182i-1)

1=i

k+1
1427
:Z — @i 2k y182i41+| 0y P22kt 1+ y Do; 2+1 |€2i +Z{¢2i—1,2k+182i+8y¢2i—1,2k+182i—1}
' i=1
1427

= [3y<1>0,2k+1 +
k

+Z[¢2i—1,2k+1 +0y P 2k g1+
i=1

¢O,2k+lj| e+ Dop41,2k+182%+2

k+1

q>2i,2k+1i|82i +Z [—Poi—2.2k+1+ 0y Poi—1,2641] €201,
i=1

1427

which is (D-3). O

Appendix E: Proof of (3-55)

A simple induction argument ensures the formula

L—1
L—(k+1
[0, HETw =" H[3, Hy]H~“Dw
k=0

We therefore renormalize and explicitly compute

—1
)\ AV
[0, H)f']w = )L2L+ E ( HL- (k—!—l)g)‘ (E-1)
=0

We now apply the Leibniz rule Lemma D.1 with ® = AV/y?. In view of the expansion (2-6) and the
recurrence formula (D-3), we have an expansion at the origin to all orders, for even k > 2,

N
Dok () =D _ ik py?F + 0N, 0=<ic<k,
p=0
N
o1 () =Y ik py?THOGNT), T<i<k-1.
p=0

and, for odd k£ > 1,

N
Dokt 1 () =D ik pyP + OO, I<i<k+1,

p=0
N

ikt 1 () =Y ciapyP T OGP, 1<i<k—1.
p=0
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We also have a bound, for y > 1,

< —1 j
[Pl S T3y 0<i<2k.
Therefore, from (D-1), we estimate
2k
AV lei]
k P bl _
for all k > 0, 'H ( 3 ) < ;:0 c”k1+y4+(2k7i)' (E-2)
Similarly,
2% 2k+1
AV 1 l&; | l&; |
k(=" < 2 : - < 2 . !
‘AH ( Y 8)‘ ~ L Ty ['a flt ] S L STy

We now inject (E-2) into (E-1) and obtain using (3-36) the pointwise bound on the commutator

L—1 2k 2L-2 2L-2

l€2(L—k—1)+i 1Dy |€20—2—m]| |b1] l&m|
WIS -
k=0 i=

4+ (2k—i) ~ 32L+2 4¥m 2042 242L—m "
1+y l A — 1+y A m=01+y

b1

Hence, after a change of variables in the integral, and using (C-1), we have

000 HEw b “ y e _conyt,
(1 +y2) ~ )\4L+4 (1 + y2) (1 yAHaL=2my ~ aLta 22+
and, similarly,
2L-1 )
|b1|2 C(M)b3
/|A,\[8,, )\4L+4 Z 2(1+y4+4L 2my ~ S AAL+4 6142,

which is (3-55).

Appendix F: Proof of (4-10)

We claim the following Lyapounov monotonicity functional for the €4, energy.

Proposition F.1 (Lyapounov monotonicity for €y;42). Let 0 <k < L — 1. Then we have

df 1 L (k+2)2L/(L—1)
E{W [%zm +0 (bfb]

0g b1 [ akss | o 1464kt 1)2L/QL—1) 2kid
S o |+ /b ey | (F-1)

for some universal constants C, § > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
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Proof of Proposition F.1. Step 1: modified energy identity. We follow verbatim the algebra of (3-48) with
L — k and obtain the modified energy identity

1d bi1(AZ),
2 {%2k+2+2/Twzk+1wzk}

. A (AV), d (bi(AZ);
= — /(ka2k+1)2 - (Ts +b]> ngkﬂ +/ E(T)wﬂﬂ—lwy{

~ 3,2)\ k k 1 lor
+ | Hywort1 Tw2k+A)\([at,H)L]w)+A)»HA ﬁ‘j‘,k

b1 (AZ ~ %Z !
+/ bl ()Lzr ) Wak |:—H,\w2k+1 + ITAka + Ay ([9;, Hf1w) + Ay HY <ﬁ%\)] (F-2)

b1 (AZ) 1
+/ %wnﬂ[[at, H)]f]w+Hf<ﬁ@A):|-

We now estimate all terms in the right hand side of (F-2).

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (F-2) using dissipation.
The bound

2

[9;, Hf lw)? b
(19, HyTw) fle([at,Hi‘]w)IZSC(M)/\TL‘%zm (F-3)

20 +4y2)

follows from (3-55) with L — k. From (3-54), the rough bound (3-38), and Lemma C.1, we estimate

Hywopq1 Twzrl- A\ [0, Hilw ) ||+ | | Hawaks1]

b? g2
< M Bwge P+ %4 C(M)ain
—2 2 Ak+4 1+ y°

1 [ b
<3 / | Hywai ! + 7 COMbi €k,

b(AZ);
——w
Ay

All other quadratic terms are lower order by a factor b, again using (3-38), (3-55), (3-36), and Lemma C.1:

(AV) b1 (AZ) &z

A2r
+f

bl(AZ)Aw (6, HEw| 4+ f bi1(AZ), -
o, Wakti[9r Hy T\ T ke

bt £3s1 £ b
S Sakta |:f T+ +/ = 6+C(M)%2k+2] A4k+4C(M)b1%2k+2

We similarly estimate the boundary term in time using (C-10):

bi(AZ); by 41 &34 b Cpk+2)2L/L=1).
O1lAZ)y <
‘/ 32y W2kr1Wk k4k+2 /1 y2+/ 1+ k4k+2|10 gbil"by
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We inject these estimates into (3-53) to derive the preliminary bound
1df 1, +O(b%b(4k+z)zL/(2L—1)) < M [ B+ [ Bowsess A, HE 1la

2dt
bi(AZ) L (bi(AZ) by
+fHk<A20~A> [%w%—{—l‘FA)\(%ka)} +k4k+4b1%2k+2 (F-4)

with constants independent of M for |b| < b*(M) small enough. We now estimate all terms in the right
hand side of (F-4).

Step 4: further use of dissipation. Recall the decomposition (3-57). The first term in the right hand side

of (F-4) is estimated after an integration by parts

Hywops1 Ay HE 14? ¢ I A* okt |l 2 | H  Fol 2+ |\ Hywopi1 >+ —— [ |AH T, |2
W21 A 5| 5T A4k+4 2k+111L ollL AW2k+1 A4k+4

C ~
= s lHH T Foll oV o+ AH'F, ||iz]+4—l / |Howx1|”  (F-5)

for some universal constant C > 0 independent of M. The last two terms in (F-4) can be estimated by

1 1

b 1+ |1 2 2 g2 2

< 4k14</ + |log y| |Hk9;|><f . 21 2)
A 1+ y* y*(1+ [log y|*)

1
by 1+ [log y|? 2
SW\/%M( f B HEg ) (F-6)

1+ y*

brute force from Cauchy—Schwarz

1 bi(AZ),
k
() e

where constants are independent of M thanks to the estimate (B-2) for e¢;. Similarly,

b1(AZ);
VH*(ﬂ ) ( ex 2">
1
[ )
~ ) 4k+4 1+y (] —i—y4)(1 + |10gy|2)

1
1+ |log y| 2
)\‘4k+4C(M)\/%2k+2</T)g)zlAHk@OF—F/|AHkg]|2 . (F-7)

We now claim the bounds

1+ |log y|?
[ R < 5o b (F-8)
L+ llogyl® ko 2 _ ks c
TlAH Fol” < by " |logh|”, (F-9)
/ |H* 1012 < b log b€, (F-10)

/ |AHk9;1|2 < b]2k+3|10gbl|c +b%+5+(2k+1)2L/(2L—1) (F-ll)
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for some universal constants §, C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
Injecting these bounds together with (F-5), (F-6), (F-7) into (F-4) concludes the proof of (F-1). We now
turn to the proofs of (F-8), (F-9), (F-10), (F-11).

Step 5: \NIlb terms. From (2-88) we estimate

1+ logy)®> , ~ ~
/Ww"wz,ﬁ/|H"\vb|2,§b%"“|1ogb1|c,

1+ |log y|? ~ ~ ~ ~
L loe Y ) kG2 < [ 1ABFT, P = [ HYG, H T, < 52X log by €,
1+y? ~ ~or o8
/ |Hk+] {I}b|2 S b12(k+1)+2|10g bl |C’
and (F-8), (F-9), (F-10) are proved for {17;,.
Step 6: Mod(7) terms. Recall (3-29),

~ N L L42 g
Mod(t) = —<f +b1)AQb + Z[(bi)s + (2i — 1+cp,)b1b; _bi+1]|:Ti + X8, Z E)_bj}
i=1 j=i+1 7t

and the notation (3-39). We will need only the rough bound for b;-admissible functions (2-32).
Proof of (F-10) for Mod. We estimate from (2-32), for y < 2By,

~ . : ‘ , bi|log by |¢
|Hk+lSi| + |Hk+lASi| + |Hk+lbiA]-vi| 5 bll(l +y)2lflf(2k+2) S,blbll_l(l _+_y)2172k73 5 11|_"_)g}2ki|l ,
and thus, using HAQ =0,
~ blogh|¢ _ ,
|H"“AQb|Z§f ~ i Sbilloghi|“.
/ V<2B, 1 + y#k+2 1
We also have the rough bound, for 1 <i <L,i+4+1<j <Ly, y <2Bj,
L+2 i o
T+ xm D 50| Slogbil [y~ + v~ 6] log b1 [°] < llog by~ (F-12)
j=i+l !

and similarly for suitable derivatives, and hence the bound

L L+2 39S
Z/‘HkH[Ti + xB Z 8_b]:|
i=1 !

j=i+1

2

C 2L—1—(2k+2)2
Shioghi(© [tk
y=<2B,

c
€ paL—i—4 _ loghi|
S llog bi]™ B, 5@-
1

We therefore obtain from Lemma 3.3 the control

/ H*!Mod ()2 S C(K)llog by b7+ [b% + } S COBYHloghy|€ 5 llog by b7+

b%(L—k)—Z
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for by < b{(M) small enough.
Proof of (F-8), (F-9). We estimate
llog by |©

HESi [ HEAS |+ |H b AT S L+ 0™ 2 S 250

and thus

1+ [logyl*  ~ , /1+|1 ogyI* 2 C/
———|H"A + —AH A < |logh
/ L D L AR 0D, S log

Then, from (F-12), we estimate

L+2
1+|10gy| k| 7
H*|T;

> [ [ Y 5

Jj= H—l

Ty < lloghil®.

L+2 95 2

k| T J
AH |:Ti+XBl Z 3bi:|
j=i+1

Z/ 1+ |logy|2
1+ y?
llog b€

D2

and hence, using Lemma 3.3, we have

1+ logy> —~ , 1+ [log y|? =1 5 1
A - e < +2 = <« phr2
/ T3 |H*Mod|“+ 1,2 |AH*Mod|* < |log b;|€ C(K)b; 1+ bf(L_k)_z Shy T
Step T: nonlinear term N (¢). Control near the origin y < 1. The control near the origin follows directly
from (3-72).

Control for y > 1. We detail the proof of the most delicate bound (F-11). The proofs of (F-8) and (F-9)
follow similar lines and are left to the reader.

Recall the notations (3-73) and the bounds (3-74), (3-75), (3-76) on ¢. We then have the bounds (3-77),
(3-78), (3-79) on Nj(¢), which yield

2k+1 |8pN( )| 2k+1
[AH'N(e)| < Z AT Z e pZV’ 19 Nie)
ap_i
~ Z 2k+1 » Z y21<+1—p£:|8 ¢?[log b1 |: —it1 +b," ]
p=1 i=0
2k+1 p l 2k+1 p—1
IBCI c §| c a1/2|3§|
~ Z y2kFI= —, tlloghi| 2k+2 52 T [oghil Zsz y2H=p
i= O p=1 i=0
2k+1 | ap 2k+1 p—1
c |y o2 ap_i)2 |8 2|
S llog by [Z T p+ZZb1 y2kFT=p |
p=0 p=1i=0
and hence
/ |AH*N (e)|?
y>1 2k+1 p |3’§| |ap l§|2 2k+1 p—1 i

ab ba,ﬂ |3]§| |3l e
4L+2 2p 1° Z ZZ yiLt2=2p

p=1 i=0 j=0

5llogb1|CZZf

p=0 i=0 V=1
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We now claim the bounds

2k+1 p |8iC|2|ap_i§-|2
y ) 2k+1)2L/(2L—
D0 [ P = )
[J=O i= &
2k+1 p—1 i |a]§.| |al ]g-|2
pognnt® - 3oy [ RIS iy ey
p=1 i=0 j=0

for some § > 0, and this concludes the proof of (F-11) for N(¢e).

Proof of (3-80). Let 0 <k <L —1,0<p<2k+1,0<i <p.Letly =p—1i, I =i. Then we can pick
J>» € N* such that
max{l;2—i} < J, <min{2k+3 — p; 2k +2—1i}
and define
J1=2k+3—-—p—Js.
Then, from direct inspection,

1<h+J1<2k+1<2L—-1, 2<bh+J,<2k+2<2L,
L+L+J+J,=2k+3.

2 I s+2
/ 05|
L0zl Jy>1 y2‘,272

< |10gb |C(K)b(11+11+12+12 1)2L/(2L-1) |10gb |c(1<)b(2k+2)2L/(2L 1)

(I, J1, Iy, o) € N x N*, {
Hence, from (3-74), (3-75),

/ |a;§|2|8§’“;|2<H 1
1

yH#+2-2p

yjlfl

< blb?b§2k+l)2L/(2L o) 0

Proofof 3-81). Let0<k<L—-1,1<p<2k+1,0<j<i<p—1.Forp=2k+1and0<i=j <2k,
we use the energy bound (3-76) to estimate

J 12197 12
bapfi |ay§| |8y §| _ba2k+17,'” ”2 |al |2
1 T ElZoey=1) Ve
y=1 Y y=>1

S b%L/(ZL—])((Zk-i—l—i)-i—l-‘ri)|10gb1IC([() < blbfbiZk-‘rl)ZL/(ZL—l).

This exceptional case being treated, we let I} = j, I, =i — j and pick J, € N* with

max{l;2— (@ —j);2—(p— )} <o <min{2k+3—p;2k+2—(p—j); 2k+2— (i — )}
Let
J1=2k+3—p— 1.
Then we can directly check that

l<h+/i<2k+1, 2=<h+J/)h=<2k+2,

(I1, J1, L, Jy) € N? x N*, { .
L+bL+Ji+J=2k+3—(p—1i),



and thus

J 121917 72
b‘11[7—i / |ay g | |ay { | < bl]lp_,'
y=1

4k+2-2 ~
yHrz=2p
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I
ay I

2 1 2
/ 05|
yJ1— Lo(y=1) >1 y2J2—2

< |log by |C(K)b(17 i+h+Ji+h+J)—1)2L/Q2L-1) = [log b, |C(K)b(2k+2)2L/(2L 1)

< blbtlsb§2k+1)2L/(2L—1). 0

Step 8: small linear term L(g). We recall the decomposition (3-84).

Control for y < 1. The control near the origin directly follows from (3-88).

Control for y > 1. We give a detailed proof of (F-11) and leave (F-8) to the reader. We recall the bound
(3-90):

billog b |€|9ie]
k
LAOIPS Z—

i=0
This implies
2k+1  qp 2k+1 14 log b1 |€19i 2k+1 9i
k |9y L(e)] billog by~ |9ye| c |9%¢]
|AHL(e)| S Z YHT—p Z Y2+ Z ypitl S billog by Z Y22
i=0 i=0
We therefore conclude from (C-11) that
2k+1 |ai8|2

k 2 2 C Y
/y>1|AH L(e)|” < byllog b | Z/ m

5 |10gb1|C(K)b12+(2k+l)2L/(2L—l) < b]1+8+(2k+1)2L/(2L—1)’

and (3-64) is proved.
This concludes the proof of (F-8), (F-9), (F-10), (F-11), and thus of Proposition 3.6. O

Acknowledgments

Raphaél would like to thank Frank Merle and Igor Rodnianski for stimulating discussions on this problem.
Both authors are supported by the junior ERC/ANR project SWAP. Raphaél is also partially supported by
the senior ERC grant BLOWDISOL.

References

[Angenent et al. 2009] S. B. Angenent, J. Hulshof, and H. Matano, “The radius of vanishing bubbles in equivariant harmonic
map flow from D? to $27, SIAM J. Math. Anal. 41:3 (2009), 1121-1137. MR 2010j:53122 Zbl 1223.35198

[Bejenaru and Tataru 2014] 1. Bejenaru and D. Tataru, Near soliton evolution for equivariant Schrodinger maps in two spatial
dimensions, Mem. Amer. Math. Soc. 1069, Amer. Math. Soc., Providence, RI, 2014. MR 3157482

[van den Berg et al. 2003] J. B. van den Berg, J. Hulshof, and J. R. King, “Formal asymptotics of bubbling in the harmonic map
heat flow”, SIAM J. Appl. Math. 63:5 (2003), 1682-1717. MR 2004h:35097 Zbl 1037.35023

[Chang et al. 1992] K.-C. Chang, W. Y. Ding, and R. Ye, “Finite-time blow-up of the heat flow of harmonic maps from surfaces”,
J. Differential Geom. 36:2 (1992), 507-515. MR 93h:58043 Zbl 0765.53026


http://dx.doi.org/10.1137/070706732
http://dx.doi.org/10.1137/070706732
http://msp.org/idx/mr/2010j:53122
http://msp.org/idx/zbl/1223.35198
http://msp.org/idx/mr/3157482
http://dx.doi.org/10.1137/S0036139902408874
http://dx.doi.org/10.1137/S0036139902408874
http://msp.org/idx/mr/2004h:35097
http://msp.org/idx/zbl/1037.35023
http://projecteuclid.org/euclid.jdg/1214448751
http://msp.org/idx/mr/93h:58043
http://msp.org/idx/zbl/0765.53026

1804 PIERRE RAPHAEL AND REMI SCHWEYER

[Coron and Ghidaglia 1989] J.-M. Coron and J.-M. Ghidaglia, “Explosion en temps fini pour le flot des applications harmoniques”,
C. R. Acad. Sci. Paris Sér. I Math. 308:12 (1989), 339-344. MR 90g:58026 Zbl 0679.58017

[Cote 2005] R. Cote, “Instability of nonconstant harmonic maps for the (1 + 2)-dimensional equivariant wave map system”, Int.
Math. Res. Not. 2005:57 (2005), 3525-3549. MR 2006k:58023 Zbl 1101.35055

[Cote and Zaag 2013] R. Cote and H. Zaag, “Construction of a multisoliton blowup solution to the semilinear wave equation in
one space dimension”, Comm. Pure Appl. Math. 66:10 (2013), 1541-1581. MR 3084698 Zbl 06214311

[Cote et al. 2011] R. Cote, Y. Martel, and F. Merle, “Construction of multi-soliton solutions for the Lz-supercritical gKdV and
NLS equations”, Rev. Mat. Iberoam. 27:1 (2011), 273-302. MR 2012j:35028 Zbl 1273.35234

[Ding and Tian 1995] W. Ding and G. Tian, “Energy identity for a class of approximate harmonic maps from surfaces”, Comm.
Anal. Geom. 3:3-4 (1995), 543-554. MR 97e:58055 Zbl 0855.58016

[Donninger and Krieger 2013] R. Donninger and J. Krieger, “Nonscattering solutions and blowup at infinity for the critical wave
equation”, Math. Ann. 357:1 (2013), 89—-163. MR 3084344 Zbl 1280.35135

[Filippas et al. 2000] S. Filippas, M. A. Herrero, and J. J. L. Veldzquez, “Fast blow-up mechanisms for sign-changing solutions
of a semilinear parabolic equation with critical nonlinearity”, R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 456:2004 (2000),
2957-2982. MR 2002f:35121 Zbl 0988.35032

[Gallotet al. 2004] S. Gallot, D. Hulin, and J. Lafontaine, Riemannian geometry, 3rd ed., Springer, Berlin, 2004. MR 2005e:53001
Zbl 1068.53001

[Guan et al. 2009] M. Guan, S. Gustafson, and T.-P. Tsai, “Global existence and blow-up for harmonic map heat flow”, J.
Differential Equations 246:1 (2009), 1-20. MR 2009i:35154 Zbl 1177.35104

[Gustafson et al. 2010] S. Gustafson, K. Nakanishi, and T.-P. Tsai, “Asymptotic stability, concentration, and oscillation
in harmonic map heat-flow, Landau-Lifshitz, and Schrédinger maps on Rz”, Comm. Math. Phys. 300:1 (2010), 205-242.
MR 2011j:58020 Zbl 1205.35294

[Herrero and Veldazquez 1994] M. A. Herrero and J. J. L. Veldzquez, “Explosion de solutions d’équations paraboliques
semilinéaires supercritiques”, C. R. Acad. Sci. Paris Sér. I Math. 319:2 (1994), 141-145. MR 95i:35037 Zbl 0806.35005

[Hillairet and Rapha€l 2012] M. Hillairet and P. Raphaél, “Smooth type II blow-up solutions to the four-dimensional energy-
critical wave equation”, Anal. PDE 5:4 (2012), 777-829. MR 3006642 Zbl 06165684

[Krieger and Schlag 2009] J. Krieger and W. Schlag, “Non-generic blow-up solutions for the critical focusing NLS in 1-D”, J.
Eur. Math. Soc. (JEMS) 11:1 (2009), 1-125. MR 2009m:35488 Zbl 1163.35035

[Krieger et al. 2008] J. Krieger, W. Schlag, and D. Tataru, “Renormalization and blow up for charge one equivariant critical
wave maps”, Invent. Math. 171:3 (2008), 543—-615. MR 2009b:58061 Zbl 1139.35021

[Martel and Merle 2000] Y. Martel and F. Merle, “A Liouville theorem for the critical generalized Korteweg-de Vries equation”,
J. Math. Pures Appl. (9) 79:4 (2000), 339-425. MR 2001i:37102 Zbl 0963.37058

[Martel et al. 2012a] Y. Martel, F. Merle, and P. Raphaél, “Blow up for the critical gKdV equation I: Dynamics near the solitary
wave”, preprint, 2012. arXiv 1204.4625

[Martel et al. 2012b] Y. Martel, F. Merle, and P. Raphaél, “Blow up for the critical gKdV equation II: Minimal mass blow up”,
preprint, 2012. arXiv 1204.4624

[Martel et al. 2012c] Y. Martel, F. Merle, and P. Raphaél, “Blow up for the critical gKdV equation III: Exotic regimes”, preprint,
2012. arXiv 1209.2510

[Matano and Merle 2004] H. Matano and F. Merle, “On nonexistence of type II blowup for a supercritical nonlinear heat
equation”, Comm. Pure Appl. Math. 57:11 (2004), 1494-1541. MR 2005e:35115 Zbl 1112.35098

[Matano and Merle 2009] H. Matano and F. Merle, “Classification of type I and type II behaviors for a supercritical nonlinear
heat equation”, J. Funct. Anal. 256:4 (2009), 992-1064. MR 2009k:35124 Zbl 1178.35084

[Merle and Raphaél 2005a] F. Merle and P. Raphagl, “The blow-up dynamic and upper bound on the blow-up rate for critical
nonlinear Schrodinger equation”, Ann. of Math. (2) 161:1 (2005), 157-222. MR 2006k:35277 Zbl 1185.35263

[Merle and Raphaél 2005b] F. Merle and P. Raphaél, “Profiles and quantization of the blow up mass for critical nonlinear
Schrédinger equation”, Comm. Math. Phys. 253:3 (2005), 675-704. MR 2006m:35346 Zbl 1062.35137


http://msp.org/idx/mr/90g:58026
http://msp.org/idx/zbl/0679.58017
http://dx.doi.org/10.1155/IMRN.2005.3525
http://msp.org/idx/mr/2006k:58023
http://msp.org/idx/zbl/1101.35055
http://dx.doi.org/10.1002/cpa.21452
http://dx.doi.org/10.1002/cpa.21452
http://msp.org/idx/mr/3084698
http://msp.org/idx/zbl/06214311
http://dx.doi.org/10.4171/RMI/636
http://dx.doi.org/10.4171/RMI/636
http://msp.org/idx/mr/2012j:35028
http://msp.org/idx/zbl/1273.35234
http://msp.org/idx/mr/97e:58055
http://msp.org/idx/zbl/0855.58016
http://dx.doi.org/10.1007/s00208-013-0898-1
http://dx.doi.org/10.1007/s00208-013-0898-1
http://msp.org/idx/mr/3084344
http://msp.org/idx/zbl/1280.35135
http://dx.doi.org/10.1098/rspa.2000.0648
http://dx.doi.org/10.1098/rspa.2000.0648
http://msp.org/idx/mr/2002f:35121
http://msp.org/idx/zbl/0988.35032
http://dx.doi.org/10.1007/978-3-642-18855-8
http://msp.org/idx/mr/2005e:53001
http://msp.org/idx/zbl/1068.53001
http://dx.doi.org/10.1016/j.jde.2008.09.011
http://msp.org/idx/mr/2009i:35154
http://msp.org/idx/zbl/1177.35104
http://dx.doi.org/10.1007/s00220-010-1116-6
http://dx.doi.org/10.1007/s00220-010-1116-6
http://msp.org/idx/mr/2011j:58020
http://msp.org/idx/zbl/1205.35294
http://gallica.bnf.fr/ark:/12148/bpt6k57326058/f145.image
http://gallica.bnf.fr/ark:/12148/bpt6k57326058/f145.image
http://msp.org/idx/mr/95i:35037
http://msp.org/idx/zbl/0806.35005
http://dx.doi.org/10.2140/apde.2012.5.777
http://dx.doi.org/10.2140/apde.2012.5.777
http://msp.org/idx/mr/3006642
http://msp.org/idx/zbl/06165684
http://dx.doi.org/10.4171/JEMS/143
http://msp.org/idx/mr/2009m:35488
http://msp.org/idx/zbl/1163.35035
http://dx.doi.org/10.1007/s00222-007-0089-3
http://dx.doi.org/10.1007/s00222-007-0089-3
http://msp.org/idx/mr/2009b:58061
http://msp.org/idx/zbl/1139.35021
http://dx.doi.org/10.1016/S0021-7824(00)00159-8
http://msp.org/idx/mr/2001i:37102
http://msp.org/idx/zbl/0963.37058
http://msp.org/idx/arx/1204.4625
http://msp.org/idx/arx/1204.4624
http://msp.org/idx/arx/1209.2510
http://dx.doi.org/10.1002/cpa.20044
http://dx.doi.org/10.1002/cpa.20044
http://msp.org/idx/mr/2005e:35115
http://msp.org/idx/zbl/1112.35098
http://dx.doi.org/10.1016/j.jfa.2008.05.021
http://dx.doi.org/10.1016/j.jfa.2008.05.021
http://msp.org/idx/mr/2009k:35124
http://msp.org/idx/zbl/1178.35084
http://dx.doi.org/10.4007/annals.2005.161.157
http://dx.doi.org/10.4007/annals.2005.161.157
http://msp.org/idx/mr/2006k:35277
http://msp.org/idx/zbl/1185.35263
http://dx.doi.org/10.1007/s00220-004-1198-0
http://dx.doi.org/10.1007/s00220-004-1198-0
http://msp.org/idx/mr/2006m:35346
http://msp.org/idx/zbl/1062.35137

DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1805

[Merle et al. 2011] F. Merle, P. Raphaé¢l, and I. Rodnianski, “Blow up dynamics for smooth equivariant solutions to the energy
critical Schrodinger map”, C. R. Math. Acad. Sci. Paris 349:5-6 (2011), 279-283. MR 2012e:58029 Zbl 1213.35139

[Merle et al. 2013] F. Merle, P. Raphaél, and J. Szeftel, “The instability of Bourgain—Wang solutions for the L2 critical NLS”,
Amer. J. Math. 135:4 (2013), 967-1017. MR 3086066 Zbl 1294.35145

[Mizoguchi 2007] N. Mizoguchi, “Rate of type II blowup for a semilinear heat equation”, Math. Ann. 339:4 (2007), 839-877.
MR 2008k:35246 Zbl 1172.35420

[Qing and Tian 1997] J. Qing and G. Tian, “Bubbling of the heat flows for harmonic maps from surfaces”, Comm. Pure Appl.
Math. 50:4 (1997), 295-310. MR 98k:58070 Zbl 0879.58017

[Raphaél 2013] P. Raphaél, “On the singularity formation for the nonlinear Schrodinger equation”, pp. 269-323 in Evolution
equations, edited by D. Ellwood et al., Clay Math. Proc. 17, Amer. Math. Soc., Providence, RI, 2013. MR 3098642
Zbl 06315828

[Raphaél and Rodnianski 2012] P. Raphaél and I. Rodnianski, “Stable blow up dynamics for the critical co-rotational wave maps
and equivariant Yang—-Mills problems”, Publ. Math. Inst. Hautes Etudes Sci. (2012), 1-122. MR 2929728 Zbl 1284.35358

[Raphaél and Schweyer 2013] P. Raphaél and R. Schweyer, “Stable blowup dynamics for the 1-corotational energy critical
harmonic heat flow”, Comm. Pure Appl. Math. 66:3 (2013), 414-480. MR 3008229 Zbl 1270.35136

[Raphaél and Schweyer 2014] P. Raphaél and R. Schweyer, “On the stability of critical chemotactic aggregation”, Math. Ann.
359:1-2 (2014), 267-377. MR 3201901 Zbl 06312293

[Schweyer 2012] R. Schweyer, “Type II blow-up for the four dimensional energy critical semi linear heat equation”, J. Funct.
Anal. 263:12 (2012), 3922-3983. MR 2990063 Zbl 1270.35137

[Struwe 1985] M. Struwe, “On the evolution of harmonic mappings of Riemannian surfaces”, Comment. Math. Helv. 60:4
(1985), 558-581. MR 87¢:58056 Zbl 0595.58013

[Topping 2004] P. Topping, “Winding behaviour of finite-time singularities of the harmonic map heat flow”, Math. Z. 247:2
(2004), 279-302. MR 2004m:53120 Zbl 1067.53055

Received 10 Jan 2013. Accepted 22 Dec 2013.

PIERRE RAPHAEL: praphael@unice.fr
Laboratoire J. A. Dieudonné, Université de Nice Sophia Antipolis, Institut Universitaire de France, 06000 Nice, France

REMI SCHWEYER: remi.schweyer@math.univ-toulouse.fr
Institut de Mathématiques de Toulouse, Université Paul Sabatier, 31000 Toulouse, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1016/j.crma.2011.01.026
http://dx.doi.org/10.1016/j.crma.2011.01.026
http://msp.org/idx/mr/2012e:58029
http://msp.org/idx/zbl/1213.35139
http://dx.doi.org/10.1353/ajm.2013.0033
http://msp.org/idx/mr/3086066
http://msp.org/idx/zbl/1294.35145
http://dx.doi.org/10.1007/s00208-007-0133-z
http://msp.org/idx/mr/2008k:35246
http://msp.org/idx/zbl/1172.35420
http://dx.doi.org/10.1002/(SICI)1097-0312(199704)50:4<295::AID-CPA1>3.0.CO;2-5
http://msp.org/idx/mr/98k:58070
http://msp.org/idx/zbl/0879.58017
http://msp.org/idx/mr/3098642
http://msp.org/idx/zbl/06315828
http://dx.doi.org/10.1007/s10240-011-0037-z
http://dx.doi.org/10.1007/s10240-011-0037-z
http://msp.org/idx/mr/2929728
http://msp.org/idx/zbl/1284.35358
http://dx.doi.org/10.1002/cpa.21435
http://dx.doi.org/10.1002/cpa.21435
http://msp.org/idx/mr/3008229
http://msp.org/idx/zbl/1270.35136
http://dx.doi.org/10.1007/s00208-013-1002-6
http://msp.org/idx/mr/3201901
http://msp.org/idx/zbl/06312293
http://dx.doi.org/10.1016/j.jfa.2012.09.015
http://msp.org/idx/mr/2990063
http://msp.org/idx/zbl/1270.35137
http://dx.doi.org/10.1007/BF02567432
http://msp.org/idx/mr/87e:58056
http://msp.org/idx/zbl/0595.58013
http://dx.doi.org/10.1007/s00209-003-0582-3
http://msp.org/idx/mr/2004m:53120
http://msp.org/idx/zbl/1067.53055
mailto:praphael@unice.fr
mailto:remi.schweyer@math.univ-toulouse.fr
http://msp.org




ANALYSIS AND PDE
Vol. 7, No. 8, 2014

dx.doi.org/10.2140/apde.2014.7.1807

EXISTENCE AND ORBITAL STABILITY OF THE GROUND STATES
WITH PRESCRIBED MASS FOR THE L2-CRITICAL AND SUPERCRITICAL NLS
ON BOUNDED DOMAINS

BENEDETTA NORIS, HUGO TAVARES AND GIANMARIA VERZINI

Given p > 0, we study the elliptic problem
—AU+AU =U"?,
fB] U?dx =p,

where B; C RY is the unitary ball and p is Sobolev-subcritical. Such a problem arises in the search for
solitary wave solutions for nonlinear Schrodinger equations (NLS) with power nonlinearity on bounded
domains. Necessary and sufficient conditions (about p, N and p) are provided for the existence of
solutions. Moreover, we show that standing waves associated to least energy solutions are orbitally stable
for every p (in the existence range) when p is L?%-critical and subcritical, i.e., 1 < p <1+4/N, while
they are stable for almost every p in the L?-supercritical regime 1+4/N < p < 2* — 1. The proofs
are obtained in connection with the study of a variational problem with two constraints of independent
interest: to maximize the L?*!-norm among functions having prescribed L?- and H; -norms.

find (U, A)eH()l(Bl) X[Rsuchthat{ U >0,

1. Introduction

In this paper, we study standing wave solutions of the nonlinear Schrodinger equation (NLS)

ot (1-1)

iaﬁ+Aqy+|q>|p*1q>=0, (t,x) e Rx By,
o(t,x) =0, (t,x) e Rx 0By

with Bj the unitary ball of RV, N>1,and 1 < p<2"—1,where2*=oc0if N=1,2and 2*=2N /(N —2)
otherwise. In what follows, p is always subcritical for the Sobolev immersion while criticality will be
understood in the L?-sense; see below. The main tool in our investigation will be the analysis of the
variational problem

max{/lulpde:ueHol(Q), /uzdx=1, /qulzdx=a}
Q Q Q

and in particular of its asymptotic properties in dependence of the parameter o. As we will show, when
the bounded domain © C RY is chosen to be Bj, the two problems are strongly related.

NLS on bounded domains appear in different physical contexts. For instance, in nonlinear optics,
with N =2 and p = 3, they describe the propagation of laser beams in hollow-core fibers [Agrawal

MSC2010: 35B35, 35J20, 35Q55, 35C08.
Keywords: Gagliardo—Nirenberg inequality, constrained critical points, Ambrosetti—Prodi-type problem, singular perturbations.
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2013; Fibich and Merle 2001]. In Bose-Einstein condensation, when N < 3 and p = 3, they model
the presence of an infinite well-trapping potential [Bartsch and Parnet 2014]. When considered in the
whole space RY, this equation admits the L>-critical exponent p = 14 4/N; indeed, in the subcritical
case 1 < p <144/N, ground state solutions are orbitally stable while in the critical and supercritical
one they are always unstable [Cazenave and Lions 1982; Cazenave 2003]. Notice that the exponent p =3
is subcritical when N = 1, critical when N = 2 and supercritical when N = 3. In the case of a bounded
domain, only a few papers analyze the effect of boundary conditions on stability, namely [Fibich and
Merle 2001] and the more recent [Fukuizumi et al. 2012] by Fukuizumi, Selem and Kikuchi. In these
papers, it is proved that also in the critical and supercritical cases there exist standing waves that are
orbitally stable (even though a full classification is not provided, even in the subcritical range). This
shows that the presence of the boundary has a stabilizing effect.
As is well known, two quantities are conserved along trajectories of (1-1): the energy

1 2 1 41
%(cb):/ (_|vq>| _ L ep )dx
B 2 p+1
and the mass
.92(d>)=/ |®|% dx.
B

A standing wave is a solution of the form ® (¢, x) = ¢/’ U (x), where the real-valued function U solves
the elliptic problem
—AU+AM=|UP"'U inB
{ + U] in By, (1-2)

U=0 on dB;.

In (1-2), one can either consider the chemical potential A € R to be given or to be an unknown of the
problem. In the latter case, it is natural to prescribe the value of the mass so that A can be interpreted as a
Lagrange multiplier.

Among all possible standing waves, typically the most relevant are ground state solutions. In the
literature, the two points of view mentioned above lead to different definitions of ground state; see for
instance [Adami et al. 2013]. When A is prescribed, ground states can be defined as minimizers of the
action functional

$1,(®) = €(®) + 129(®)

among its nontrivial critical points (recall that s, is not bounded from below); see for instance [Berestycki
and Lions 1983, p. 316]. Equivalently, they can be defined as minimizers of &, on the associated Nehari
manifold. Even though these solutions of (1-2) are sometimes called least energy solutions, we will
refer to them as least action solutions. In case A is not given, one may define the ground states as the
minimizers of € under the mass constraint 2(U) = p for some prescribed p > 0 [Cazenave and Lions
1982, p. 555]. It is worth noticing that this second definition is fully consistent only in the subcritical case

142
< PR
p N

since in the supercritical case €|j9—,) is unbounded from below [Cazenave 2003]; see also Appendix A.
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Remark 1.1. When working on the whole space R", the two points of view above are in some sense
equivalent. Indeed, in such a situation, it is well known [Kwong 1989] that the problem

—AZ+Z=2", ZeH'RY), Z>0

admits a solution Zy , that is unique (up to translations), radial and decreasing in r. Therefore, both the
problem with fixed mass and the one with given chemical potential can be uniquely solved in terms of a
suitable scaling of Zy . On the other hand, NLS on R" with a nonhomogeneous nonlinearity cannot be
treated in this way, and the fixed mass problem becomes hard to tackle [Bellazzini et al. 2013; Bartsch
and de Valeriola 2013; Jeanjean 1997; Jeanjean et al. 2014].

When working on bounded domains, the two papers [Fibich and Merle 2001; Fukuizumi et al. 2012]
mentioned above deal with least action solutions. In this paper, we make a first attempt to study the case
of prescribed mass. Since we consider p also in the critical and supercritical ranges, we have to restrict
the minimization process to constrained critical points of €.

Definition 1.2. Let p > 0. A positive solution of (1-2) with prescribed L?-mass p is a positive critical
point of €|(a—,}, that is, an element of the set

P, ={U € Hd(Bl) :9(U) =p, U >0, there exists A such that —AU + AU = U?}.
A positive least energy solution is a minimizer of the problem

e, = 19r)1pf €.
Remark 1.3. When p is subcritical, as we mentioned, the above procedure is equivalent to the mini-
mization of €|(9—,) with no further constraint. On the other hand, when p is supercritical, the set %, on
which the minimization is settled may be strongly irregular. Contrary to what happens for least action
solutions, no natural Nehari manifold seems to be associated to least energy solutions. Furthermore, since
we work on a bounded domain, the dependence of %, on p cannot be understood in terms of dilations.
As a consequence, no regularized version of the minimization problem defined above seems available.

Remark 1.4. Since s, and the corresponding Nehari manifold are even, one can immediately see that
least action solutions do not change sign so that they can be chosen to be positive. On the other hand,
since U € P, does not necessarily imply |U| € P, in the previous definition, we require the positivity
of U. Nonetheless, this condition can be removed in some cases, for instance when p is subcritical or
when it is critical and p is small (see also Remark 5.10).

Our main results deal with the existence and orbital stability of the least energy solutions of (1-2) (the
definition of orbital stability is recalled at the beginning of Section 6 below).

Theorem 1.5. Under the above notations, the following hold:

() If 1 < p <1+4/N, then for every p > 0, the set P, has a unique element, which achieves e,,.

Q) Ifp=144/N,for0 < p < ||ZN’,,||%2(RN), the set P, has a unique element, which achieves e,;
for p>Zn.p ||§2(RN), we have P, = @.
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(3) If 1 +4/N < p < 2* — 1, there exists p* > 0 such that e, is achieved if and only if 0 < p < p*.
Moreover, P, = & for p > p* whereas

#P,>2 for0<p<p*.
In this latter case, P, contains positive solutions of (1-2) that are not least energy solutions.

Remark 1.6. As a consequence, we have that, for p and p as in case (3) of the previous theorem, the
problem
—AU+AU=U?,

find (U,,\)eHO‘(Bl)xR::
J5, Urdx=0p

admits multiple positive radial solutions.

Concerning the stability, following [Fukuizumi et al. 2012], we apply the abstract results in [Grillakis
et al. 1987], which require the local existence for the Cauchy problem associated to (1-1). Since this is
not known to hold for all the cases we consider, we take it as an assumption and refer to [Fukuizumi et al.
2012, Remark 1] for further details.

Theorem 1.7. Suppose that for each ®¢ € HO1 (B1, C) there exist ty > 0, only depending on | Dy||, and a
unique solution ®(t, x) of (1-1) with initial datum ®¢ in the interval I = [0, tg).
Let U denote a least energy solution of (1-2) as in Theorem 1.5, and let ®(t, x) = ¢! U (x).

(1) If1 < p<144/N, then ® is orbitally stable.
2) If 14+4/N < p <2*—1, then ® is orbitally stable for a.e. p € (0, p*].

In case (2) of the previous theorem, we expect orbital stability for every p € (0, p*) and instability
for p = p*; see Remark 6.4 ahead.

As we mentioned, [Fibich and Merle 2001; Fukuizumi et al. 2012] consider least action solutions, that
is, minimizers associated to

a, = inf{sd,(U) : U € HY(By), U £0, sd,(U) = 0}.

In this situation, the existence and positivity of the least energy solution is not an issue. Indeed, it is well
known that problem (1-2) admits a unique positive solution R, if and only if A € (—A{(B1), +00), where
A1(By) is the first eigenvalue of the Dirichlet Laplacian. Such a solution achieves a;. Concerning the
stability, in the critical case [Fibich and Merle 2001] and in the subcritical one [Fukuizumi et al. 2012], it
is proved that eMR, is orbitally stable whenever A ~ —A(B1) and A ~ +o00. Furthermore, stability for all
A € (—A1(By1), 400) is proved in the second paper in dimension N =1 for 1 < p <5 whereas in the first pa-
per numerical evidence of it is provided in the critical case. In this context, our contribution is the following:

Theorem 1.8. Let us assume local existence as in Theorem 1.7, and let R be the unique positive solution

of (1-2). If 1 < p <1+44/N, then e'*' Ry, is orbitally stable for every ) € (—A1(By), +00).

Remark 1.9. In [Fukuizumi et al. 2012], it is also shown that, in the supercritical case p > 1+4/N, the
standing wave associated to R, is orbitally unstable for A ~ 4o0. In view of Theorem 1.7(2), this marks
a substantial qualitative difference between the two notions of ground state.
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Remark 1.10. Working in B; allows one to obtain radial symmetry, uniqueness properties and nonde-
generacy of solutions (which in turn implies smooth dependence of the solutions on suitable parameters).
These properties are not necessary for the existence results of Theorem 1.5, most of which hold also in
general bounded domains, but they are crucial in our proof of stability.

As we mentioned, we will prove the above results as a byproduct of the analysis of a different variational
problem that we think is of independent interest. The main feature of such a problem is due to the fact
that it involves an optimization with two constraints. Let & C R" be a general bounded domain. For any
fixed o > A1(£2), we consider the maximization problem

M, zsup{/ Pt dx 1 u € H} (), / utdx =1, /|Vu|2dx :a}, (1-3)
Q Q Q
which is related to the validity of Gagliardo—Nirenberg type inequalities (Appendix A).
Theorem 1.11. Given a > 1 (2), M, is achieved by a positive function u, € HO1 (R2), and there exist
o > 0and Ay > —11(R2) such that
—Aug + Agltg = poul, / ui dx =1, /qualzdx:oz. (1-4)
Q Q
Moreover, as o — A1 ()T,
Ug —> @1, Mo — 0+9 )‘a — _)\'I(Q)

(@1 denotes the first positive eigenfunction, normalized in L?).

As o — 400,
o N(p-1)

H 9
Ae N+2—p(N-2)

and

(1) ifl<p<1+4/N, then uy — +00,

(2) if p=1+4/N, then j1q — | Zy p ||}z gn, and
(3) if1+4/N < p <2* — 1, then uy — 0.

Furthermore, as o« — +00, uy is a one-spike solution, and a suitable scaling of u, approaches the
function Zy , defined in Remark 1.1.

More detailed asymptotics are provided in Sections 3 and 4. This problem is related to the previous
one in the following way. Taking u > 0 and 4 > 0 as in (1-4), the function U = p!/?=Dy belongs to P,
for p = u?/P=V_ Incidentally, if one considers the minimization problem

ma=inf{f|u|”+ldx:ueH01(Q), /u2dx=1, /|Vu|2dx:a},
Q Q Q

then one obtains a solution of (1-4) with & < 0 and A < —A(£2). This allows one to recover the well-
known theory of ground states for the defocusing Schrodinger equation id®/dt + AP — | PP~ d = 0;
see Appendix B. Moreover, when o ~ A;(£2), there exist exactly two solutions (u, u, A) of (1-4) that
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achieve M,, and m,, respectively. More precisely, in the context of Ambrosetti—Prodi theory [1972; 1993],
we prove that (u, u, A) = (¢1, 0, —A1(€2)) is an ordinary singular point for a suitable map, which yields
sharp asymptotic estimates as @ — A;(22)". On the other hand, the estimates on M,, as @ — +00 lean on
suitable pointwise a priori controls [Esposito and Petralla 2011]: controls of this kind were initiated and
performed for the first time for critical nonlinear elliptic problems by Druet, Hebey and Robert [Druet
et al. 2004] (see also [Druet et al. 2012]).

We stress that these results about the two-constraints problem hold for a general bounded domain £2.
Going back to the case 2 = By, positive solutions for (1-2) have been the object of an intensive study by
a number of authors, in particular regarding uniqueness issues; among others, we refer to [Gidas et al.
1979; Kwong 1989; Kwong and Li 1992; Zhang 1992; Kabeya and Tanaka 1999; Korman 2002; Tang
2003; Felmer et al. 2008]. In our framework, we can exploit the synergy with such uniqueness results in
order to fully characterize the positive solutions of (1-4). We do this in the following statement, which
collects the results of Proposition 5.4 and of Appendix B below:

Theorem 1.12. Let Q = B; and

S ={(u, u, 1, &) € Hy () x R* : u > 0 and (1-4) holds}.
Then
S =9TUP U{(e1,0, —A1(B1), A1(B1)},

where both ¥ and ¥~ are smooth curves parametrized by a € (A(By), +00), corresponding to
PN {u > 0}and ¥ N{u < 0}, respectively. In addition, (u, u, A, @) € ¥+ (¥7) if and only if u achieves
My (mg).

Remark 1.13. As a consequence of the previous theorem, we have that the smooth set ¥ defined through

the maximization problem M, can be used as a surrogate of the Nehari manifold in order to “regularize’
the minimization procedure introduced in Definition 1.2.

To conclude, we mention that in [Noris et al. 2014], by exploiting part of the strategy we have described,
we were able to find stable solutions with small mass for the cubic Schrédinger system with trapping
potential on RV,

This paper is structured as follows. In Section 2, we address the preliminary study of the two-constraint
problems associated to M, and m,. Afterwards, in Section 3, we focus on the case where o ~ A1(2),
seen as an Ambrosetti—Prodi-type problem. Section 4 is devoted to the asymptotics as &« — +o0o for M,
which concludes the proof of Theorem 1.11. In Section 5, we restrict our attention to the case 2 = B,
proving all the existence results (in particular Theorem 1.5), qualitative properties and more precise
asymptotics for the map o — (u, i, 1) that parametrizes ¥*. In particular, we show that u'(a) > 0
whenever p < 14 4/N whereas it changes sign in the supercritical case. Relying on such monotonicity
properties, the stability issues are addressed in Section 6, which contains the proofs of Theorems 1.7
and 1.8. Finally, in Appendix A, we collect some known results for the reader’s convenience, whereas
Appendix B is devoted to the study of ¥, which concludes the proof of Theorem 1.12.
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2. A variational problem with two constraints

Let Q c RN be a bounded domain, N > 1. For every a > A1(R2) fixed, we consider the variational
problems

my = inf /|u|1’+1 dx, M, = sup /|u|1’+1 dx,
Q Q

ueUy uel,

where
Ou,a:{ueH(}(sz):/uzdx:l, /|Vu|2dx5a}.
Q Q

As we will see, these definitions of M, and m, are equivalent to the ones given in the introduction. To
start with, we state the following straightforward properties:

Lemma 2.1. For every fixed o > 11(£2),
1) Uy # 9,
(i) Ug is weakly compact in H(} (),
(iii) the functional u — fQ lu|P+ dx is weakly continuous and bounded in WU, and
(iv) Nullpr+r (g = 17D for every u € U,.

Lemma 2.2. For every fixed a > L1 (R2), the set

GTL(X:quHOI(Q):/ude:], /|Vu|2dx=a, /mpldx ;EO}
Q Q Q

is a submanifold of HOl () of codimension 2.
Proof. Setting F(u) = (fQ urdx —1, IQIVLtl2 dx), it suffices to prove that, for every u € GTLO,, the range
of F'(u) is R2. We have

P Wl = (1, ). %F’(u){wllzfgwl dx - (1, (),

which are linearly independent as o > A (£2). O

Lemma 2.3. For every fixed o > A1(S2), there exists u € OTLO,, with u > 0, such that my = fQ ulPt dx.
Moreover, there exist A, i € R, with u # 0, such that

—Au+iu=pu? inQ. 2-1)
A similar result holds for M,,.

Proof. Let us prove the result for m,. First, the infimum is attained by a function u € U, by Lemma 2.1;
by possibly taking |u|, we can suppose that u > 0. Let us show that u € U,. Notice that, with u > 0
and u 0, it holds that fQ up) dx # 0. Assume by contradiction that fQ|Vu|2 dx < «; then we have

/up+1dx=inf{/|v|p+1dx:veHol(Q), /vzdx=1, /lelzdx<oz},
Q Q Q Q
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and there exists a Lagrange multiplier € R so that

/u”zdxz,u/uzdx forallzeH(}(SZ).
Q Q

Hence, u =u?~! e HO1 (€2), which contradicts the fact that fQ u?dx = 1. Therefore u € GTLO, so that, by
Lemma 2.2, the Lagrange multiplier theorem applies, thus providing the existence of k1, k> € R such that

/u”zdx:kl/Vu-Vzdx—i—kz/uzdx for all z € Hy ().
Q Q Q

By the previous argument, we see that k1 # 0; hence, setting © = 1/k; and A = ky/ ky, the proposition
is proved. O

Proposition 2.4. Given o > 1| (X2), the Lagrange multipliers u and X associated to my, as in Lemma 2.3
satisfy i < 0 and . < —A1(S2). Similarly, in the case of My, it holds that @ > 0 and ) > —X1(2).

Proof. Let (u, A, 1) be any triplet associated to m, as in Lemma 2.3. We will prove that i < 0. Set
w() =tu+s()ey,

where r € Ris close to 1, s(1) = 0 and s(¢) is such that

1=/ w(t)zdx=t2+2ts(t)/ ugy dx +s()%. (2-2)
Q Q

0y <t2—|—2ts/ up) dx —I—s2)
Q

then the implicit function theorem applies, and the map ¢ — w(z) is of class C! in a neighborhood of # = 1.

Since

=2/u<p1dx;£0,
Q

(r,5)=(1,0)

Differentiating (2-2) with respect to ¢ at t = 1, we obtain
0 :f w (Hw(1) dx :f w(Dudx =1 +s’(1)/ ug,dx,
Q Q Q

which implies s'(1) = —1/ [ u¢1 dx and w'(1) = u — @1/ [ ue; dx. Thus,

1d )
2ar Jo VR Ord|
2dt Jq

/Vu vVw'(1)dx

Vu-Veidx

/|Vu| gy oY Vedy @y so. (2-3)
fQ uppdx

In particular, this implies the existence of ¢ > 0 such that w(z) € U, for ¢t € (1 — ¢, 1]. Therefore, by the

definition of mg, [w(D) | p+1 < [lw(@)|l p+1 for every t € (1 —¢, 1], and

<0. (2-4)

t=1

d
e ¢ p+ld
dtfglw()' x
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On the other hand, using (2-1) and the fact that fQ uw’(1) dx =0, we have

d
L_f|w(t)|P+1 dx
p+1dt Jq

:;L/ upw/(l)dx:/(—Au—i—ku}w/(l)dx
t=1 Q Q

>0

t=1

/ 1d 2
= Vu-Vuw(l)dx=—=-—— [ |Vw(t)|*dx
Q 2dt Jo

by (2-3). By comparing with (2-4), we obtain that u < 0.
The case of M, can be handled in the same way, obtaining that in such situation p > 0. Finally, by
multiplying (2-1) by ¢;, we obtain

(X1(Q)+A)/ U@ dx=,u/ ul ey dx.
Q Q

As u, ¢ > 0, we deduce that A (€2) 4 A has the same sign as . Il
We conclude this section with the following boundedness result, which we will need later on:

Lemma 2.5. Take a sequence {(u,, (t,, Ay)}n such that

n

/ urdx =1, [ IVun|2dx =: «, is bounded
Q Q
and
—Aup + Ayuty = ppul. (2-5)
Then the sequences {A\,}, and {1}, are bounded.

Proof. By multiplying (2-5) by u,, we see that

oy + A =Mnf ”,11)+1 dx;
Q

thus, if one of the sequences {A,}, or {i,}, is bounded, the other is also bounded. Recall that, by
assumption, u, is bounded in HO1 (£2); hence, it converges in the LP*!norm to some u € H(} () uptoa
subsequence. Moreover, u # 0 as fQ u>dx =1.

For concreteness, suppose without loss of generality that u, — 400 and that A, — +o00. From the

previous identity, we also have that
A o
—”:f urf+]dx——"—>/up+1dx::y7é0
Hn Q Kn Q

up to a subsequence. Now take any ¢ € H(} (€2) and use it as test function in (2-5). We obtain

/Vun~Vg0dx=un/uﬁ<pdx—kn/unwdx
Q Q Q

A
:M”(f ufl’gadx——n ungodx).
Q Mn JQ

A
/u{;gadx——n u,o dx — 0.
Q Un JQ

As ,, — +o00, we must have
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On the other hand,
A
/u,’fgodx——" un<pdx—>/up(pdx—y/u(pdx.
Q Un JQ Q Q
Thus, we have u? = yu, which is a contradiction. Ol

3. Asymptotics as @ — A1 ()7
In this section, we will completely describe the solutions of the problem
—Au+ Au = pu?, ueHOI(Q), u=>0, /Quzdx=1 3-1)
for a := fQIVLt|2 dx in a (right) neighborhood of 1 (€2). For that, we will follow the theory presented in

[Ambrosetti and Prodi 1993, §3.2], which we now briefly recall.

Definition 3.1. Let X and Y be Banach spaces, U € X an open set and ® € C>(U, Y). A point x € U is
said to be ordinary singular for ® if

(a) Ker(®'(x)) is one-dimensional, spanned by a certain ¢ € X,
(b) R(®’'(x)) is closed and has codimension 1 and
(c) "(x)[9, ] ¢ R(P'(x)),
where Ker(®'(x)) and R(®’(x)) denote respectively the kernel and the range of the map ®'(x) : X — Y.
We will need the following result:

Theorem 3.2 [Ambrosetti and Prodi 1993, §3.2, Lemma 2.5]. Under the previous notations, let x* € U
be an ordinary singular point for ®. Take y* = ® (x*) and ¢ € X such that Ker(®'(x*)) = Rep, ¥ € Y*
such that R(®'(x*)) = Ker(V) and consider z € Z such that V(z) = 1, where Y = Z @ Ker (V). Suppose

Y (D" (xM)[g, ¢]) > 0.
Then there exist €*, § > 0 such that the equation
d(x)=y*"+ez, x€ Bs(x"),

has exactly two solutions for each 0 < & < &* and no solutions for all —e* < ¢ < 0. Moreover, there exists
o > 0 such that the solutions can be parametrized with a parametert € (—o,0),t+— x(t) isa C 1 map
and

2¢e
W (@ (x*)[p, p1)
Let us now set the framework that will allow us to apply the previous results. Given k > N, consider
X={weW>(Q):w=00n9Q}, Y =LK Q) and U = {w € X : w>01in  and d,w < 0 on I2}.
Take ® : X x R? — LK(Q) x R? defined by

x(t) =x*+tp+o(Je) witht = ﬂ:\/ (3-2)

cb(u,u,x):(Au—,\quuuP,/ u2dx—1,/|w|2dx). (3-3)
Q Q
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Remark 3.3. Note that ® € C>(U, Y). This is immediate when p > 2 while for 1 < p < 2 it can be
proved, for instance, along the lines of [Ortega and Verzini 2004, Lemma 4.1].

We start with the following result:

Lemma 3.4. Let o, — A1 ()™, and suppose there exists (i, [Ln, Ay) Such that ® (u,, jin, An) = (0,0, o)
with u, > 0. Then u,, — ¢, in HOl (), up = 0and A, — —r1 (). In particular,

P (u, pp, 1) =(0,0,A1(2), u=0, ifandonlyif (u,p, 1) = (1,0, =21(£)).

Proof. As u,, is bounded in HO1 (£2), up to a subsequence, we have that u, — u weakly in HO1 (2). Moreover,
Jqu*dx =1, u >0, and by the Poincaré inequality, A1(Q) < [,,|Vu|? < liminf [,|Vu,|*> dx = A1 (R),
whence u = ¢; and the whole sequence u, converges strongly to ¢; in HO1 (2). By Lemma 2.5, we have
that 1, and A, are bounded. Denote by s and A limits of subsequences of each. Then

—AQ1 + kool = ooty ,
which shows that poo =0 and Ao = —A1(R2). O

Lemma 3.5. The point (¢1,0, —A1(RQ)) € U is ordinary singular for ®. More precisely, for L :=
d'(¢1,0, —11(Q)) : X x R? > LX(Q) x R?, we have:

(1) Ker(L) = span{(y, 1, fQ <pf+] dx)} =: span{¢}, where \ € X is the unique solution of
—AY — (Y =9 — o / " dx  such that/ Vi dx =0. (3-4)
Q Q

(i) R(L) = Ker(¥) with W : LF¥(Q) x R*> — R defined by W(&, h, k) =k — A ()h.
(iii) W(®"(¢1,0, —A1(Q)[¢, ¢]) > 0.
Proof. (1) We recall that —A — A1(€2) Id is a Fredholm operator of index 0 with

Ker(—A —2,(2) Id) = span{¢},
R(—A -2 (Q)1d) = {v e LK) : / Ve dx = 0}.
Q

Therefore, by the Fredholm alternative, there exists a unique ¥ € X solution of (3-4). Let us check that
Ker(L) = span{(y, 1, [, <p]p+1 dx)}. We have

L(v,m,l) = (Av+k1(9)v—l§01 +m<pf, 2/ prvdx, 2/ Vi -Vvdx);
Q Q
thus, (v, m, ) € Ker(L) if and only if | =m [ (pf’“, Joeivdx = [ Ve -Vvdx =0 and

—Av—AI(Q)v=m<<pf—<p1/ (p{DJrl dx) for some m € R.
Q

By the uniqueness of ¥ in (3-4), we obtain v = m1.
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(i1) Let us prove that R(L) = {(§, h, A1 (RQ)h) : & € LK(Q), h eR}). Recalling the expression for L found
in (i), it is clear that L(v, m,l) = (&, h, k) implies k = L1 (2)h. As for the other inclusion, given any
£ € LK(Q), let w € X be the solution of

—Aw—Al(Q)wzgol/ Eprdx — & with/ wepdx =0,
Q Q
which exists and is unique again by the Fredholm alternative. Then L(h¢;/2 + w, O, fQ Eprdx) =

(&, h, A1 (S2)h).
(ii1) We have that

" (p1,0, —21(Q)[p, p1 = 2<p<pf11lf - 1//f oy dx, / ¥ dx, / IVl/flde)
Q Q Q
with ¢ and ¢ defined in (i). Hence,

V(@ (g1, 0, 21(Q)[9, ¢]) = /QZ(IVWI2 — (Y dx >0 (3-5)

since  satisfies (3-4). Il

Proposition 3.6. There exists €* such that the equation
D, 1, 2) = (0,0, 21 () +e),  (w,p, 1) €U xR,

has exactly two positive solutions for each 0 < ¢ < €* (one with ;u > 0 and one with < 0). Moreover,
such solutions satisfy the asymptotic expansion

. _ / € p+1
(M’ M,)\)—QDI,O, )"I(S-Z)):t fQ(p{)'(p‘dx <’([/’1"/Q(pl dx>+0(\/g)’

where Vr is defined in (3-4). In addition, the LP*'-norm of one of the solutions is equal to M), (Q)+e and
the other is equal to M), ()+¢-

Proof. We apply Theorem 3.2 with ® defined in (3-3), x* = (¢1, 0, —11(2)) and z = (0, 0, 1). By the previ-
ous lemma, x* is ordinary singular for ®, and, moreover, using the notation therein, ¥ (®” (x*)[¢, ¢]) > 0
and W (z) = 1. Therefore, the assumptions of Theorem 3.2 are satisfied, and there exist ¢*, § > 0 such
that the problem

q)(u’ “, )\') = (O’ Os )"I(Q) + 8)’ (Ms w, )‘) S BS(gl)l’ Oa _)"I(Q))’

has exactly two solutions for each 0 < & < £*, which can be parametrized using a map t — (u(¢), u(r), A(t))
of class C! in U x R2. The asymptotic expansion is obtained by combining (3-2) with the fact (see (3-5))

(D" (1,0, M ()¢, $]) = 2/9«){)1// dx.

Finally, by possibly choosing a smaller &*, (u(t), j(t), A()) are the unique positive solutions in U x R?
for 0 < ¢ < ¥, as a consequence of Lemma 3.4, and the statement concerning fQ u(t)P* dx follows
from Lemma 2.3 and Proposition 2.4. O
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Remark 3.7. From the proof of Proposition 3.6, we deduce an alternative proof of [Fukuizumi et al.
2012, Theorem 17(ii)]; namely, we can show that

1 (1) > 0.

This result is relevant when facing stability issues; see Corollary 6.2 ahead.

4. Asymptotics as « — +00

In this section, we consider the case when « is large in order to conclude the proof of Theorem 1.11.

Since in that case the problems M, and m, exhibit different asymptotics, here we only address the study

of M, and we postpone to Appendix B the complete description of the minimizers corresponding to m,.
Define, for any 1, A € R, the action functional associated to (2-1), namely J,, ; : HO1 () — R:

1 Iz
Ju(w) == Vu|? + ru? dx——/ ulPdx. 4-1
1,0, (1) 2/Q(I | ) p+19|| (4-1)
Lemma 4.1. For every u > 0 and ) € R, we have that
u €y, f|u|P+1 dx=M, = J,@w) =infJ, ;.
Q gy

Proof. By the definition of M,

1 A
LMa: sup {L/|w|p+ldx+—(a—/|Vw|2dx)+—(1—/ dex)},
p+1 wel, p+1Jg 2 Q 2 Q

and hence,
A
O B My = inf T (w). 0

J =
M’A(u) 2 p +1 weNUy

Lemma 4.2. Fix @ > L {(R2), and let (u, 1, ) € OTLO[ x Rt x (=A1(R), +00) be any triplet associated
to My, as in Lemma 2.3. Then the Morse index of J,/L/,x(”) is either 1 or 2.

Proof. If (u, u, A) is a triplet associated to My, then > 0 by Proposition 2.4. Equation (2-1) implies
Tl ul = —(p - 1)Mf9u”+1 dx <0,
so that the Morse index is at least 1. Next we claim that, for such (u, u, 1),

T )¢, 1 =0 forevery ¢ € Hy () with f

Vu-V¢dx=/ updx =0,
Q

Q

which implies that the Morse index is at most 2. Indeed, any such ¢ belongs to the tangent space of OTLO,
at u; hence, there exists a C* curve y (¢) satisfying, for some ¢ > 0,

yi(—e,8) = WUy, y(O0)=u, y'(0)=9.
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Lemma 4.1 implies that J,, ; (y (t)) — J,.»(y(0)) > 0. Hence,

2 2
t t
0= Sy () = () = T, OIBY + 1, )19, 1 + Ty, 0y )15 +0(%).
Finally, (2-1) implies that J /; , (u) =0, which concludes the proof. Il

Lemma 4.3. Let «,, — +00, and let u,, € HOI(Q), u, > 0, satisfy
—Auy + Aty = paul  in Q, /IVunlzdx:an, / u,zldx:l
Q Q

for some u, > 0 and ©, > —A1(2). Then A, — +00.
Proof. Set
Ly := lun o) = ttn (xn)-
Since Au,(x,) <0, from the equation for u,, we obtain wnL? — 1, L, >0, 1ie.,

_ )\I(S:_)l < )an_l 51
MLy WnLy

(recall that A > —X(€2)). In particular, since /,L,,L,[l’_l > Uy fQ u,’fr] dx > oy + Ay, — +00, we have (up
to subsequences)
n

—1
pn L

— A*e[0,1]. 4-2)

In order to prove that A, — 400, it only remains to show that A* # 0. To this aim, we define

) 1= — ( PR )
v,(x) = —u,x, + ——
! Ly "\ ua Lt

so that v,, satisfies

vy =P in Q= (U, LPHYA(Q = x,).

Using (4-2) and reasoning as in [Gidas and Spruck 1981b, pp. 887-889], we have that v, — v in
(W2P N CLAPY e (RN) for every B € (0, 1). Moreover, v > 0, v(0) = 1 and

—Av+2A*v=v" inH,

where H is either RY or a half-space of RV and v =0 on d H in case H is the half-space. Since v # 0,
the nonexistence results in [Gidas and Spruck 1981a] imply that A* > 0, and this concludes the proof. [

Next, we use some results from [Esposito and Petralla 2011] in order to show that a suitable rescaling
of the solutions converges to the function Zy , defined in Remark 1.1. Such results rely on pointwise
estimates that take fundamental inspiration from the monograph [Druet et al. 2004] (see also [Druet et al.
2012]).
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Lemma 4.4. With the same assumptions as the previous lemma, suppose moreover that the Morse index
of Jl;/Mn (un) is equal to k € N for every n. Then uy admits k local maxima P! € Q,i=1,...,k, such

that, defining
1/(p—1)
Mn X i
j =|— P! 4-3
Vi () (A) ””(w‘ﬁ ) @)

forx € Qi = /Ay (2 — P["), we have

Vin—> ZN,p In Clloc([RN) as n — oo for every i.

As a consequence, for every g > 1,

m q/(p=1)
= xf,V/Z/ ul dx—>k/ z% dx asn— +oo. (4-4)
An Q RN P
Proof. Since A,, — +o00 by the previous lemma, we can apply [Esposito and Petralla 2011, Theorem 3.2]
to U, := ,u,l,/ » _l)un, inferring the existence of k local maxima P,i, i =1,...,k, such that, for every
i #
V Ay dist(P,, 02) — +o00, VAn| P, — P]| = 400, (4-5)

and for some C, y > 0, the following pointwise estimate holds:

1/(p—1) k .
wy(x) = /PO, (x) < C(—") Ze—WW—Pn" for all x € Q.

n i=1

Furthermore, since v; , solves —Av; , + v;, = vf , in €; ,,, [Esposito and Petralla 2011, Theorem 3.1]
yields that v; , — Zy p in CIIOC([R{N ), so the only thing that remains to be proved is estimate (4-4).
To this aim, let R > 0 be fixed and r,, = R/+/A,,. Then, if n is sufficiently large, (4-5) implies that, for

every i # j,
B, (P)CQ, B, (P)NB,(P)=2.

[hn q/(p=1) N2 k
=|— A /u"dx— / ud dx
(/\n> "olle " ; B, (P

L q/(p=1)
:(A_> A,/:’/Z/ . Culdx
n QUi Bry (P

k

N/2 —qy/An|x =Py

<Cx, Z/ . S € dx
l_l Q\Uj=1Brn(Pn)

We obtain

[hn q/(p=1) N2 k .
— A /u"dx— / vt odx
‘()Ln) Tl ng Be@ "

k
<Py f o= v Ealr—Pil g
= Jw\g,, P

= Ck/ e~ 1Pl gy < Cre R
RN\ Bg(0)
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for some positive C; and C,. As n — +00, we have, up to subsequences,

m q/(p—1)
lim<—"> Aflv/zf ul dx—k/ Z;I\,pdx
o\ Ay Q Br(0)

and (4-4) follows by taking R — +o0. O

< Cle—C2R

’

Finally, the previous lemma allows us to study the asymptotic behavior of u as « — +00.
Lemma 4.5. With the same assumptions as the previous lemma, we have that

() ifl<p<1+4/N, then u, — +00,

) if p=1+4/N, then 11y — KN | Zy | sigew, and

3) if1+4/N < p <2*—1, then u, — 0.

Furthermore,
ap N(p—1)
— .
Mn N+2—p(N-=2)

Proof. Exploiting (4-4) with ¢ =2 and ¢ = p + 1 as well as the relations ||u, ||i2 =1, ||Vu, ||i2 =, and
Oy 4+ Ay = Un ||un||€j+11, we can write

W2/ =D N2/ (=) k/RN 2z, dx.

(p-H)/(p—l)kN/Z—(p+1)/(p—1)/
n

W, u,’f“ dx — k/ Zf\’,frpl dx, (4-6)
Q

RN
o7

- Mﬁ/(Pl)A,’ZV/ZMPD—w/ VZy. P dx.
n RN

Now, since A, — +o0o (Lemma 4.3) and the exponent N/2 —2/(p — 1) is negative, zero or positive
respectively in the subcritical, critical and supercritical cases, the first relation in (4-6) immediately
provides the properties for ;.
On the other hand, dividing the third relation by the first one, we have
oy ||VZN,p||%2(RN) . N(p—l)

— = .
Mo NZNplagy,  N+2-p(N-2)

The explicit evaluation of this constant can be obtained by the relations

+1
IVZNp 72wy H 128 p 12y = 1ZNp 11 s vy

N-2 N N +1
O ”VZN,p ||i2(RN) + 2 ” ZN,p ||i2(|RN) == m ” ZN,[J ”ierl(RN)’
i.e., by testing the equation for Zy , either with Zy , itself or with x - VZy , (recall that Zy , decays
exponentially at o). The second relation is the well-known Pohozaev identity; see for instance [Berestycki

and Lions 1983, §2]. O
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End of the proof of Theorem 1.11. The fact that M,, is achieved by a triplet (u, u, A) with © > 0 and
A > —A1(R2) is a consequence of Lemma 2.3 and Proposition 2.4. Lemma 3.4 implies the asymptotic
behavior as & — A1(2)" while the results as « — +o00 follow from Lemmas 4.3, 4.4 and 4.5, recalling
that # has Morse index k, with k being either 1 or 2, by Lemma 4.2. The only thing that remains to be
proved is that both in Lemma 4.4 and in Lemma 4.5(2) k must be equal to 1; in other words, we are left
to show that, if u, achieves M, , with «, large, then its Morse index must be 1 (and not 2).

For easier notation, in the following, we write Z = Zy . Since u, achieves M, , from (4-6), we infer
(up to subsequences)

_IvzIE,

Un ~ k(Pfl)/2||Z”IZZ—I)J;N(P*UM —
1ZI2,

’ n n

and

Moc,, B fQ uﬁ-ﬁ-l dx )L’(1p+l)/(p—l)—N/2

N(p—1)/4 = _N(p—-1)/4 Nk”Z”z:_*ll (p+1)/(p—1) N(p—-1)/4
oy oy Mn oy
+1
Al
— k(D72 LY (4-7)
N(p—1)/2 +1-N(p-1)/2°
A VA [

where either k = 1 or k = 2. On the other hand, let us fix xo € © and n € C;°(2) such that n(x) =1
around x. It is always possible to find a sequence a, — 0T such that

wa () 1= () Zy p (0, Wy 1= — satisfy | |V, |?dx =«
R A PR Y "
n 2

(indeed o, — +00 and fQ |V, |? dx is of order a, 2 as a, — 0). Then direct calculation yields

~pt1 +1
Mo, _ Join  dx 1Z1177
N(p—1)/4 = N(p—1)/4 N(p—1)/2 +1=N(p—1)/2°
o, (p—1)/ o (p=1)/ ”VZ”LZ(p )/ ”Zni2 (p—=1)/
which, together with (4-7), forces k = 1. Il

Remark 4.6. The previous argument shows that, when « is large, M,, is achieved by a single-peak
solution having Morse index 1. This was actually suggested to us by the anonymous referee in his/her
report. This also implies the sharper estimate for the asymptotics of u:

1t ~ Ca\ NP1/,

where C is a constant depending only on N and p (through Zy ,).

5. Least energy solutions in the ball

From now on, we will focus on the case
Q:=8B 1.

To start with, we collect in the following theorem some well-known results about uniqueness and
nondegeneracy of positive solutions of (1-2) on the ball:
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Theorem 5.1 [Gidas et al. 1979; Kwong 1989; Kwong and Li 1992; Korman 2002; Aftalion and Pacella
2003]. Let A € (—A1(By), +00) and u > 0 be fixed. Then the problem

—Au+Aiu=pu? in By, u=0 ondbB

admits a unique positive solution u, which is nondegenerate, radially symmetric and decreasing with
respect to the radial variable r = |x|.

Proof. The existence easily follows from the mountain pass lemma. The radial symmetry and monotonicity
of positive solutions is a direct consequence of [Gidas et al. 1979].

The uniqueness in the case A > 0 was proved by Kwong [1989] for N > 2. For A € (—A1(By), 0), the
uniqueness in dimension N > 3 was proved by Kwong and Li [1992, Theorem 2] (see also [Zhang 1992])
whereas in dimension N = 2 it was proved by Korman [2002, Theorem 2.2]. The case A = 0 is treated in
Section 2.8 of [Gidas et al. 1979].

As for the nondegeneracy, for A > 0, this follows from [Aftalion and Pacella 2003, Theorem 1.1] since
we know that u has Morse index 1 as it is a mountain pass solution for J, ; (recall that such a functional
is defined as in (4-1)). As for A € (—A1(By), 0], we could not find a precise reference, and for this reason,
we present here a proof, following some ideas of [Kabeya and Tanaka 1999].

Assume by contradiction that u is a degenerate solution for some A € (—A{(B7), 0]. This means that
there exists a solution 0 # w € HO1 (By) of

—Aw+Aw = pu”_lw;

hence, w € H&rad(Bl) and J;[’A(u)[w, El=0forall £ € H(} (B1). Moreover, we have that ];/L/,A(”)[“’ ul=
—(p—Du fBl uPtdx <0, and thus,

J,/L/,x(”)[h’ h]1<0 forall h € H :=span{u, w}.

For 6 > 0, consider the perturbed functional

Vwl? A+ 8uP! F)
Ia(w)=/ (' wi Aol b okt (w*)!’“)dx. (5-1)
5\ 2 2 P+1

On the one hand, this functional satisfies, for every h € H \ {0},
Ealh,hl=J), @lh,k1+ [ u?'h*— psu?~'h?) dx
B

<—(p-— 1)5] uP~'h?dx < 0. (5-2)
B

On the other hand, /5 has a mountain pass geometry for § sufficiently small; hence, it has a critical point of
mountain pass type. Every nonzero critical point of /5 is positive (by the maximum principle), and it solves
—Aw=Vs(r) w4+ (u+8)w? in By,
w >0 in By,
w € HJ (By)
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for Vs(r) := —A — SuP~!. Now this problem has a unique radial solution, which is u itself, which
is in contradiction to (5-2). The uniqueness of this perturbed problem follows from [Korman 2002,
Theorem 2.2] in case A < 0 (in fact, V5(r) > 0 and %[rzn(l/z_l/(p“)) Vs(r)] > 0) while in case A =0
we can reason exactly as in [Felmer et al. 2008, Proposition 3.1] (the proof there is for the annulus, but
the argument also works in the case of a ball). O

Remark 5.2. As we already mentioned, the Morse index of u > 0 as a critical point of J, ; is 1. Recalling
the definition of /s in (5-1), we have that also the Morse index of I (u) is 1 at least if A > —X;(B) and
if § > 0 is small enough. When A < 0, this was shown in the proof of the previous result, where we have
dealt also with the case A = 0. The proof for A > 0 is the same as in the latter case.

Given k > N, as before, let us take X = {w € WZk(B;) :w=0on dB,}. Let us introduce the map
F: X xR® — LK(B)) x R? defined by

F(u,u,k,a):(Au—ku-ﬁ-uu”,/ u?dx —1, IVulzdx—oz)
B

By
and its null set restricted to positive u,
P={u,pu,r0) e X xR>:u>0, F(u, u, 1, &) = (0,0, 0)}.
It is immediate to check that ¥ N {« < A1(B1)} = {(¢1, 0, —A1(B1), A1(B1)} so that
S =FN{Eu >0} C {a>r1(B)))}.

We are going to show that ¥t can be parametrized in a smooth way on «, thus proving the part of
Theorem 1.12 regarding focusing nonlinearities. As we mentioned, the (easier) study of ¥ is postponed
to Appendix B. In view of the application of the implicit function theorem, we have the following:

Lemma 5.3. Let (u, i, A, o) € FT. Then the linear bounded operator
Fluun @, i, h,a) 1 X x R? — LK(By) x R
is invertible.

Proof. The lemma is a direct consequence of the Fredholm alternative and of the closed graph theorem
once we show that the operator above is injective. Let us suppose by contradiction the existence of
(v,m, 1) # (0,0, 0) such that F, , ) (u, n, A, @)[v,m,[]=(0,0,0). This explicitly gives

—Au+ Au = pu?, / urdx =1, |Vul?dx = a,
B

b (5-3)

—Av+ v +lu = puuP v+ mu?, / uvdx =0, / Vu-Vvdx =0.
B B
By testing the two differential equations by v, we obtain

/ uPvdx =0, |Vv|2dx+A/ v2dx :p,uf uP~ ' dx (5-4)
B B B B
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so that
J @l ul <0, I @lu, vl =0,  J,@lv,v]=0.

This implies that J;;/,K(u)[h’ h] <0 for every h € H = span{u, v}. By defining /s as in (5-1), for 6 > 0
small, we obtain / g/ (u)[h, h] < 0 for every 0 # h € H. Since H has dimension 2 (v = cu would imply
¢ [ u* =0), this contradicts Remark 5.2. O

Proposition 5.4. &% is a smooth curve, parametrized by a map
o = (u(a), p(a), M), o€ (X1(B1), +00).
In particular, u(«) is the unique maximizer of My, (as defined in (1-3)).

Proof. To start with, Lemma 2.3 and Proposition 2.4 imply that, for every fixed a* > A{(B}), there exists
at least a corresponding point in $1. If (u*, u*, A*, «*) denotes any such point (not necessarily related
to My~), then by Lemma 5.3, it can be continued, by means of the implicit function theorem, to an arc
(u(a), u(a), A(e)), defined on a maximal interval (¢, &) o @™*, chosen in such a way that y(«) > 0 on
this interval. Since u(«) solves the equation, standard arguments involving the maximum principle and
Hopf lemma allow one to obtain that u(cr) > 0 (recall that we are using the W2*-topology) along the arc,
which consequently belongs to . We want to show that («, @) = (A1 (By), +00).

Let us assume by contradiction & > A1(€2). For &, — o, Lemma 2.5 implies that, up to a subsequence,

U, — i in HOI(Q), e Un —> [
Thus,
—Aii+ A = pi?  in Q,
and the convergence u,, — u is actually strong in H?(S2). Then fQ|VIZ|2 dx =a > A1(2) so that i > 0.
Thus, Lemma 5.3 allows us to reach a contradiction with the maximality of «, and therefore, o = A (£2).
Analogously, we can show that @ = +o0.

Once we know &7 is the disjoint union of smooth curves, each parametrized by a € (1(B1), +00),
it only remains to show that the curve of solutions is indeed unique. Suppose by contradiction that,
for o, = A1(By), there exist (11 (o), (1(ey), A(ey)) # (ua(ay), walay), Az(ay,)) for every n. Then by
Lemma 3.4, both triplets converge to (¢1, 0, —A1(B1)) in contradiction to Proposition 3.6. O

Corollary 5.5. Writing
d
E(u(a), pa), AMa)) = (v(), n'(@), M (a)),

we have
—Av+Nu+rv=puu’ v+ p'u”, veH(B)
and
/ uvdx =0, / Vu-Vvdx =1, (5-5)
B By

—1
/Lf u”vdx:%, M// wax=x -2 (5-6)
B B
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Proof. Direct computations (by differentiating F (u (o), u(e), A(«), ) = 0 and testing the differential
equations by u and v) give the result. (|
In the following, we address the study of the monotonicity properties of the map
o > (u(e), p(a), Aa))
introduced above, v always denoting the derivative of u with respect to o:
Lemma 5.6. We have A'(«) > 0 for every a > A1 (By).
Proof. Let (h, k) € R?, and let us consider the quadratic form

I )lhu + kv, hu+ kv] =: ah® + 2bhk + ck*.

Using Corollary 5.5, we obtain

a:J’/‘/’k(u)[”’u]Z/ [|W|2+/\u2—wu"“]dx=—(p—l)l«bf W dx.
By

B
_J// _ P _ p_l
= ﬂ’)t(u)[u,v]_ [Vu-Vv—i—)»uv—p,uu v]dx_—T,
B
c=J v, vl= [ [IVv*+rv? =192 dx _ W
= Jua O — ppa? v’
B 2pL

Since J i’ )L(u) has (large) Morse index equal to 1 (Remark 5.2) and a < 0, we have that b*—ac>0,ie.,

-1

pc'/ uPtldx > —pT.
By

The lemma follows by comparing to (5-6). (|
Lemma 5.7. If oy = |0 By|, then

1 4\ 4
M//B WP gy — (er_l)[( p—l—l—l—ﬁ)—%ur(l)vr(l)].

Proof. Recall that both u and v are radial. Since [ B, u® dx = 1, the standard Pohozaev identity gives

N 1 AN uN
<_—1) |Vu|2dx—|——/ |V |?(x - v)do—|——:’u— u|P+ dx.
2 B 2 0B, 2 p +1 B
Inserting the information that u is radial and the equalities o = | B, [Vul?dx and @ + 1 = f31 ultl dx,
we obtain ) 1 |
P+ oy p+
o~ —— ur(1)%.
TN p— 1 N p—1

Differentiating with respect to «, we have

Np-—1 N p—
The result follows by recalling relation (5-6). O

ur (Do, (1).
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The following crucial lemma shows that, if p is subcritical or critical, then u is an increasing function
of a:

Lemma 5.8. If p <1+4/N, then /() > 0 for every o > A1(By).
Proof. The proof goes by contradiction: suppose that u'(@) < 0 for some @ > A;(B7). In the rest of the
proof, all quantities are evaluated at such «.

Step 1. Letv := %th:a; then v, (1) <Oincase p <1+4/N and v, (1) <0if p=1+4+4/N. This is an
immediate consequence of Lemma 5.7, since u, (1) < 0 by the Hopf lemma.

Step 2. We claim that, if r is sufficiently close to 17, then v(r) > 0. Since v(1) = 0, this is obvious
if v, (1) < 0. Hence, it only remains to consider the case p =1+4/N and v, (1) =0.
From the equation for v written in the radial coordinate

N -1
—Vpp — —— v, + A0+ Au = puuP v+ @u?, re(,1),
r
we know (by letting r — 17) that v,,.(1) = 0. Differentiating both sides of the above equation, we can write

N—-1 N—-1
—Vprr +——5— v — Urr + A0, 4+ ANy = p(p — Dpa? 2uv + puu? v, 4+ pp'uPu,;
r r

now, if p > 2, the limit as r — 1~ yields
—Vprr (1) +)‘/ur(1) =0.

On the other hand, if p < 2, the same identity holds since by the 1’Hopital’s rule

lim up—Zurv: lim UppV 4 Uy Uy _ urr(l)v(l)+ur(1)vr(1)u(1)p—l =0.
r—1- r—1- (2 — p)u'=ru, 2—pu,(1)

Thus, v, (1) < 0 by Lemma 5.6, and the claim follows.

Step 3. Letr :=inf{r : v > 01in (r, 1)} (¥ > O since fBl uvdx = 0). We claim that v < 0 in B;. If not,

there would be 0 < r; < rp <7 with the property that v > 0 in (r, rp) and r;v(r;) = 0. Defining

V1 :=[B,\B,,> v2 1= V|B\B;»

we have that v; € HO1 (B1) and v; > 0 fori =1, 2, and v; and v, are linearly independent. One can use
the equation for v in order to evaluate

Ji @), vi] :/B (V- Vv + O — puu”"Hov) dx = B (W'uPv; — Nuv;)dx <0
1 1
and obtain
J 5[t 4 v, vy +Hva] <0 whenever 1415 #£0

in contradiction to the fact that the Morse index of u is 1 (Remark 5.2).
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Step 4. Once we know that v < 0 in B; and that v > 0 in B; \ B, we can combine the first equations
in (5-5) and (5-6), together with the fact that u is monotone decreasing with respect to r, to write

1
—:/ upvdx:/ u”vdx—i—/ uvdx
2 Jp, Bi\B; B

< <max u”_l)/ uvdx—i—(minu”_l)/ uvdx
Bi\B; Bi\Br Br By

=uP"'(7) uvdx—i—up_l(f)/ uvdx =0,
B\ By By

a contradiction. O

Remark 5.9. When 1+4/N < p <2*—1, Lemma 4.5 implies (+00) = 0. Since also u(A1(B1)") =0,
we deduce that u” must change sign in the supercritical regime. Numerical experiments suggest that
this should happen only once so that u should have a unique global maximum and be strictly monotone
elsewhere; see Remark 6.4 ahead.

We are ready to prove the existence of least energy solutions for (1-2).

Proof of Theorem 1.5. Recalling Definition 1.2, let p > 0 be fixed, and let U € %,. Then
/ Uldx=p, U>D0, —AU 4+ AU =U?
By

for some A. Then, setting u = p~!/2U, direct calculations yield

/ uzdx:l, u >0, _Au+)\‘u:p(l7—1)/2up.
By

Writing fBl |Vu|? dx = a, this amounts to saying that (u, p?~Y/2, 1, a) € $*. Equivalently,
UeP, <= p= ,uz/(p_l), U= ,ul/(l’_l)u for some (u, ju, A, ) € FT.

We divide the end of the proof into three cases.

Casel: 1 < p<1+4/N. By Lemmas 4.5 and 5.8 and Proposition 5.4, we have that, for every p, there
exists exactly one point in ¥+ satisfying u?/ =D = p.
Case 2: p=1+4/N. The same as the previous case, taking into account that, by Lemma 4.5, P 2/¢-1 i8

p—1
L2(RN)"

Case 3: 14+4/N < p <2* — 1. Since in this case u(A;(B1)) = u(+00) = 0 (by Lemma 4.5), then

not empty if and only if u < || Zy |l

*= max
(A1(B1),+00)

is well defined and achieved. Furthermore, % 12/ (=) is empty for 4 > p*, and it contains at least two
points for 0 < p < w*. It remains to prove that, if 0 < p < p* = (u*)?~1/2_ then e, is achieved. This is
immediate whenever %, is finite. Otherwise, let u, = u(«a,), with p(a,) = pP~D/2_denote a minimizing
sequence. Then Lemma 4.5 implies that ¢, is bounded, and by continuity, the same is true for A,,. We
deduce that, up to subsequences, u, — u* € Py, and J; o(u*) =e,. O
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Remark 5.10. By comparing Theorem 1.5 and Proposition A.1, we have that, when p <144/N and
positive least energy solutions exist, the condition U > 0 may be safely removed from Definition 1.2
without altering the problem (in fact, also the condition —AU +AU = UP*! for some A is not necessary).
On the other hand, in other cases, it is essential. For instance, when p is critical, then the set of not
necessarily positive solutions with fixed mass

®' ={U € Hy(By) : 2(U) = p, there exists A such that —AU + AU = U"}

is not empty also when p > || Zy, P”i2 RNy 3 illustrated in [Fibich and Merle 2001, Figure 1].

6. Stability results

In this section, we discuss orbital stability of standing wave solutions e!*’ U (x) for the NLS (1-1). We
recall that such solutions are called orbitally stable if for each € > 0 there exists § > 0 such that, whenever
Py € HO1 (B, C) is such that || dg— U||H01(BI’C) < § and ® (¢, x) is the solution of (1-1) with ®(0, - ) = ®
in some interval [0, #), then ®(z, - ) can be continued to a solution in 0 < ¢ < oo and

sup inf||®(t,-) — ™ Ul 41 (5,.c) < &
O<t<ooS€ o

otherwise, they are called unstable. To do this, we lean on the following result, which expresses in our
context the abstract theory developed in [Grillakis et al. 1987]:

Proposition 6.1 [Fukuizumi et al. 2012, Proposition 5]. Let us assume local existence as in Theorems 1.7
and 1.8, and let R), be the unique positive solution of (1-2).

 If 0, || Ry, > O, then e R, is orbitally stable.
o If 9, || Ru|I3, <O, then ™ Ry, is unstable.

Corollary 6.2. Let (u(c), (o), M), a) € ST with U (a) = uV/ P~V (a)u (o) denoting the corresponding
solution of (1-2) (with A = A(a)).

o If i () > 0, then e U (a) is orbitally stable.
o If (@) <O, then ¢*@'U (a) is unstable.
Proof. Taking into account Proposition 5.4 and Lemma 5.6, and reasoning as in the proof of Theorem 1.5,
we have that Ry ) = w/ P (@)u(x) so that
(W P=DY (@)  2uB=P/P=D(g)
A (@) (p — DA ()

We recall that ' may be negative only when p is supercritical. This case is enlightened by the following

HIRNZ, = W (). O
lemma:

Lemma 6.3. Let p > 1+4/N, and consider the map o — (u(e), (@), A()) defined as in Proposition 5.4.
If a1 < ap are such that

pler) > play) = plaz) =: o for every a € (a1, @),
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then
Jao(u(ay)) < Jgo(u(az)).

Proof. Writing M (@) = My = [ uP*T!(a) dx, we have that

275 o(ai) 2R )
sole) =0 — ——M (o).
0 p+1

Now, (5-6) yields M'(x) = (p+1) fBl uPvdx =(p+1)/2u(a)), where as usual v := %u. The Lagrange
theorem applied to M forces the existence of «* € (¢, az) such that

M(az) —M(a1)  p+1 <P+1
ay — o C 2p(e) 21

which is equivalent to the desired statement. (|
We are ready to give the proofs of our stability results.

Proof of Theorems 1.7 and 1.8. The proof in the subcritical and critical cases is a direct consequence
of Lemma 5.8 and Corollary 6.2 (recall that in this case there is a full correspondence between least
energy solutions and least action ones). To show Theorem 1.7(2), we prove stability for any p > 0 such
that 1 = p?~1/2 is a regular value of the map o — («), the conclusion following by the Sard lemma.
Recalling that ;e (A (B1)) = u(+00) =0, we have that, if i is regular, then its counterimage {« : u(o) = 1}
is the union of a finite number of pairs {¢; 1, «; 2}, each of which satisfies the assumptions of Lemma 6.3,
and moreover, u'(a;,1) > 0> p/(a; 2). Since such a counterimage is in 1-to-1 correspondence with &%, and

E(U (i, ) =8P Vue; ;) = 7PV Iz ol ),

we deduce from Lemma 6.3 that the least energy solution corresponds to «; 1, for some i, and the
conclusion follows again by Corollary 6.2. O

Remark 6.4. In the supercritical case p > 1 +4/N, we expect orbital stability for every p € (0, p*) and
instability for p = p*. Indeed, in case N = 3 and p = 3, we have plotted numerically the graph of u(«)
in Figure 1. The picture suggests that ¢ has a unique local maximum w*, associated to the maximal value
of the mass p* = (u*)P~D/2, For any u < u*, we have exactly two solutions, and the least energy one
corresponds to () > 0; hence, it is associated with an orbitally stable standing wave. For u = u*, we
have exactly one solution; in that case, the abstract theory developed in [Grillakis et al. 1987] predicts the
corresponding standing wave to be unstable.

Appendix A: Gagliardo-Nirenberg inequalities
It is proved in [Weinstein 1983] that the sharp Gagliardo—Nirenberg inequality
1 1-N(p—1)/2 N(p—1)/2
el 2 oy < O pllael 3 =2V 50 (A-1)

holds for every u € H I(RM) and that the best constant C N,p 1s achieved by (any rescaling of) Zy .
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20 40 60 80

Figure 1. Numerical graph of o +— wu () in the supercritical case N =3 and p =3
(continuous line) and of the map o — a 2.3 fR3 Z§’3 dx (dashed line). The latter is
the theoretical asymptotic expansion of p(«) as o — +oo as predicted by Lemmas 4.4
and 4.5.

When dealing with HO1 (Q), 2 # R, one can prove that the identity holds with the same best constant:
in fact, one inequality is trivial, and the other is obtained by constructing a suitable competitor of the form
u(x) = (hZy,p(kx)— j)*, for suitable &, k and j, and exploiting the exponential decay of Z. Contrary
to the previous case, now such a constant cannot be achieved; otherwise, we would contradict [Weinstein
1983]. This is related to the maximization problem (1-3) since

p+1

Cnp= sup ”u”LPH(Q) = sup Mo
Nop = FI-N(p—D/2 Np—D/2 — aN(p—D/4"
e lullf g N TRV S ez NPT
By the above considerations, we deduce that
N(p—1)/4 i A -
My < Cn pa for every o, agrfoo SN/ = Cn,p (A-2)

in perfect agreement with the estimates at the end of Section 4.
For the reader’s convenience, we deduce the following well-known result:

Proposition A.1. Let p > 0 be fixed. The infimum
inf(€(U) : U € Hy () and 2(U) = p}

(1) is achieved by a positive function if either 1 < p <1+4/N or p=1+4/N and p < ||Zn ”iZ(RN)’ and

(ii) equals —oo if either 1 +4/N < p <2*—1orp=1+4/N and p > ”ZN,I’”iZ(RN)'
Proof. As usual, writing u = o~ 12U and i = p»~D/2 we have that the above minimization problem is
equivalent to

inf{Jz,0(u) 1 u € Hy(Q) and ||ull 2 = 1},
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where J,, ; is defined in (4-1). In turn, this problem can be written as

K
p+1

inf lo-— -

a>A1(82)

The proposition follows from (A-2), recalling that, when p =1+4/N,

2 5 —-2/N
CN,p = <1+ﬁ></;®1\/ ZN,pdx>

by the Pohozaev identity. O

Appendix B: The defocusing case . <0

In this case, it is not necessary to restrict to spherical domains; therefore, in this appendix, we consider
a generic smooth, bounded domain 2. As in Section 5, we work in the space X = {w € W2k(Q) :
w =0 on 3L}, for some k > N, and with the map F : X x R® — L*(Q) x R? defined by

Fu,u, \,a) = (Au —du+ pu?, /Quzdx -1, /Q|Vu|2—a>.
We aim to provide a full description of the set
S ={u,p, A a) e X xR :u>0, u<0, F(u, u, 1, ) = (0,0,0)},
thus concluding the proof of Theorem 1.12.
Lemma B.1. Let (u, i, A, @) € 7. Then the linear bounded operator
Fluun @, h, ) 1 X x R? — LK(Q) x R?
is invertible.

Proof. As in the proof of Lemma 5.3, it is sufficient to prove injectivity.
As in that proof, we assume the existence of a nontrivial (v, m, /) such that (5-3) and (5-4) hold. Since
d,u < 0 on K, we can test the equation for u by v?/u € H(} (£2), obtaining

v? v v?
/ (uuP~"? =22y dx = / Vu- V<—> dx = / Vu- (2—Vv — —ZVu> dx
Q Q u Q u u

v 2 2
=— ‘—Vu—Vv‘ dx+ | |Vv|“dx
Q'u Q

< / (ppu?"? + muPv —luv — rv?) dx
Q

=/(p/mpl 2w dx.
Q

Therefore, with & < 0 and p > 1, we must have v = 0. Finally, by testing the equation for v by u, we
deduce that/ =m fQ uP*! dx, concluding the proof. O
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Proposition B.2. ¥~ is a smooth curve, and it can be parametrized by a unique map
o~ (u(@), pla), @), o @i(§2), +00).

In particular, u(a) is the unique minimizer associated to my, (as defined in (1-3)). Furthermore, ' (o) <0
and M (o) < 0 for every a.

Proof. One can use Lemma B.1 and reason as in the proof of Proposition 5.4 in order to prove that ¥~
consists of a unique, smooth curve parametrized by o € (1{(£2), +00) so that u(«) must achieve m,.
Moreover, all the relations contained in Corollary 5.5 are true also in this case.

In order to show the monotonicity of u and A, we remark that one can also prove, in a standard way, that
u is the global unique minimizer of the related functional J,, ;, which is bounded below and coercive since
u < 0. Since u is nondegenerate (by virtue of Lemma B.1), we obtain that J /Z , (w)[w, w] > 0 for every
nontrivial w. But then one can reason as in the proof of Lemma 5.6: using the corresponding notation,
we have that in this case both ¢ > 0 and b> — ac < 0. This, together with (5-6), concludes the proof. [J

Remark B.3. By the above results, it is clear that ¥~ may be parametrized also with respect to A (or ).
Under this perspective, uniqueness and continuity for the case p =3 were proved in [Berger and Fraenkel
1970] (for the problem without mass constraint).

We conclude by showing some asymptotic properties of ¥~ as o — —+00 (the case o — A ()" has
been considered in Section 3). Such properties are well known in the case p = 3 since they have been
studied in a different context (among others, we cite [Berger and Fraenkel 1970; Bethuel et al. 1993;
André and Shafrir 1998; Serfaty 2001]) and the proof can be adapted to general p.

Proposition B.4. Under the notation of Proposition B.2, we have that, as o« — +00, @ — —0o0 and
A — —o0. Furthermore, if 0S2 is smooth, then

A o
u — |72 strongly in LPT1(), = |t ——0
"

>

as o — +00.

Proof. Since we know that u is decreasing and that for each u < 0 there exists a solution, we must have
() > —o0. Moreover, A < —a — —00.
Next we are going to show that, under the assumption that d€2 is smooth,

/ uPtl — Q= P=0/2, (B-1)
Q

To this aim, notice that, by the uniqueness proved in the previous proposition, u satisfies

Juo(u) = min{]mo((p) L@ € HY (), / > dx = 1}.
Q

For x € Q, setting d(x) := dist(x, 9€2), we construct a competitor function for the energy J, o(u) as

k2 if d(x) > (=)™,

Pux) = {k—wm—lﬂ(—ml/zd(x) i0<d(x) < ()72,
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where k is such that [|¢,l;2q) = 1. With the aid of the coarea formula, and using the fact that 9€2 is
smooth, it is possible to check that k = 1 +O((—u)~'/?), and thus,

/ Vo> dx = O(/=p). / (@ — Q7% dx =O((=w)~'/?) (B-2)
Q Q
for every g > 1. By rewriting J,, ¢ in the form
\V/ 2
Iuot) = [ { A |s2|—“’“>/2>} dx— L jgwnr,

and by using the estimates (B-2) with ¢ = p + 1, we obtain

Ju0() < Ju () = O(J—=p0) — —|sz| (=72
so that
0< / (MI’-H _ |Q|—(P+1)/2) dx < O((_M)—l/z) -0
Q

(by using Lemma 2.1(iv)) so that (B-1) is proved.
Now, for each L?-normalized ¢, we rewrite Jio(p) as

|V‘p|2 n ( _
J = __= p+D/2 _ Q= (p+D/4H2 L 4
h0(®) /Q{ (4 1~V dx
21

_ 2t g (p+1>/4f(|¢|<p+1)/2 QI Py gy — P Q-2
p+1 p+1

Reasoning as before (using this time (B-2) for ¢ = (p + 1)/2), one shows that
[l @ gy i@y O [ (iR ) dx < o).
Q Q

If p > 3, by the Holder inequality, we have that the second integral in the left-hand side above is
nonnegative while for p < 3 it tends to 0 as @ — +o00. The latter statement is a consequence of both the
Holder and interpolation inequalities, which yield

1)/2 3—p)/4 3
[ u R <190 a7
Q

as well as of (B-1). Thus, we have concluded that
uPrO2 QDA in L2(Q).

In particular, up to a subsequence, u — |2|~!/? a.e., and there exists 4 € L? (independent of ) so that
lu|P*D/2 < h. We can now conclude by applying Lebesgue’s dominated convergence theorem.

To proceed with the proof, notice that, from the equality o + A = 11 [ u?*! dx and Lemma 2.1(iv),
we deduce

A< p|QTPh2, (B-3)
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On the other hand, we have
A< (p+DJo@) < (p+DJuo(@n) < C(—w)? — p|Q= =072,

Dividing the last inequality by —u and letting . — —o00, we obtain
A
limsup — < |Q|~P~D/2,
n

which together with (B-3) provides the convergence of .
The last part of the statement is obtained by combining the previous asymptotics with the identity
C\(//,L:—M+f9up+]dx. U
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BOUNDARY BLOW-UP UNDER SOBOLEV MAPPINGS

AAPO KAURANEN AND PEKKA KOSKELA

We prove that for mappings in W' (%", R™), continuous up to the boundary and with modulus of
continuity satisfying a certain divergence condition, the image of the boundary of the unit ball has zero
n-Hausdorff measure. For Holder continuous mappings we also prove an essentially sharp generalised
Hausdorff dimension estimate.

1. Introduction

Throughout this paper %" denotes the unit ball in R" and W!" (%", R") is the Sobolev space of
L"(R", R™)-functions f : B" — R™ with weak first-order derivatives in L"(%").

If f:%B% — Q C R?is a conformal mapping, then the boundary of Q can have positive Lebesgue
measure even if f extends continuously up to the boundary of the disk. If one requires more, for example
uniform Holder continuity, then 0€2 is necessarily of Lebesgue measure zero. In fact, Jones and Makarov
proved [1995, Theorem C.1] that 92 has measure zero if f satisfies | f(z) — f(w)| < ¥ (|z — w|) in B>

for ¢ : [0, 00) — [0, 0co) with
/

This condition is very sharp: if the integral in (1) converges then [Jones and Makarov 1995, Section 6]

log ¥ (1)

2 dr
— =00
log ¢

; )

provides us with a simply connected domain Q and a conformal mapping f : B> — Q such that the
boundary of €2 has positive Lebesgue measure and f has the modulus of continuity .

Our first result gives a surprisingly general extension of the conformal setting; notice that each uniformly
continuous conformal mapping f : B> — Q belongs to W'2(%2, R?).

Theorem 1.1. Let f € W (B", R™) be a continuous mapping that satisfies

[ f(@)— fw)| =¥ (z—w|) ()
forall z, w € B". where ¥ 1 (0, 00) = (0, 00) is an allowable modulus of continuity with
1 "d
/ ogy ()| dt _ 3)
o| logt t

Then %" ( f (9B")) = 0.
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Recall that every uniformly continuous map defined on %" has a continuous extension to all of %B". In
the above, f on 0%" refers to this extension, #"(A) denotes the n-dimensional Hausdorff measure of a
set A, and the definition of an allowable modulus of continuity is given in Definition 2.2 of Section 2. For
example, both ¥ (#) =Ct”,0 <y <1, and

(log(C;/t))n=D/n )
(og® (C1/ 1)/ ([Thzh log® (Ci/0)) "

are allowable, where / > 2 is an integer and s > 0. Notice that v, ; satisfies (3) if and only if s < 1. Here

WI,s(t) = exp(—C

C > 0, 1og™ 1 is the k-times iterated logarithm and C; can be any constant with log”’(C;/2) > 1.

Let us look at the special case n = m =2 of Theorem 1.1 in the Holder continuous setting: ¥ (¢) = Ct”,
where 0 < y < 1. Consider a space-filling (Peano) curve, i.e., a continuous mapping g from the unit
circle onto a square. In one of the standard constructions, g is Holder continuous with exponent y = %;
see, for example, [Buckley 1996, Theorem 3]. If one takes, say, the Poisson extension f of g to the unit
disk, then f is also Holder continuous. It is easy to check by hand that the partial derivatives of f do
not belong to L%(B2). By Theorem 1.1, no Hélder continuous (or even continuous with control function
satisfying (3)) extension f of a space filling curve can satisfy |Df| € L*(R?).

In the Holder continuous case, Jones and Makarov actually proved that the Hausdorff dimension of
f(dB?) is strictly less than two for conformal f. Contrary to the area zero results, this dimension estimate

is truly conformal in the following sense:

Example 1.2. Let p > 1. There exists a locally Holder continuous homeomorphism f : R? — R?
with f € Wllo’c2 (B2, R?), which maps 3% onto a set of positive #&-measure for the gauge function
g(t) =1*(log(1/1))”.

This construction can be found in Section 4. Here ##8 denotes the generalised Hausdorff measure with
the function g as the dimension gauge. The precise definitions are given in Section 2.

Our second result gives a rather optimal positive result.

Theorem 1.3. Fixy € (0, 1], C > 0, and let g(¢t) =t" log(1/t). Suppose that f € WL B R™) satisfies
|f(@) = fw)| < Clz—w|"
forall z, w € B". Then H8(f(0RB")) = 0.

Jones and Makarov proved their result via harmonic measure and hence this technique does not work
in the setting of Theorem 1.1. An alternate approach, relying on the conformal (quasi)invariance of the
(quasi)hyperbolic metric, was given in [Koskela and Rohde 1997]; see also [Nieminen 2006]. Furthermore,
Maly and Martio [1995] established Theorem 1.1 in the Holder continuous case via a technique that we
have not been able to push further.

Let us briefly describe the idea of the proof of Theorem 1.1. We consider a Whitney decomposition
W of B" and assign to each Q € W a vector fp € R™ and a radius ro. The vector fp will simply be
the “average” of f over Q and rp the maximum of | fp — f@l over all neighbours é of Q. Then the
n-integrability of the weak derivatives of f guarantees, via the Poincaré inequality, that the sequence
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{ro}oew belongs to [". We realise f(0%") as (a part of) the closure of { fp}gew in R™. Those f(w),
w € 9W", for which one can find a sequence of Q € W with | fp — f(w)| S rp are easily handled. For
the remaining w € %" we modify our centres fp and radii ro, while still retaining the /"-condition, so
that suitably blown-up balls cover these points sufficiently many times. This is where the nonintegrability
condition (3) kicks in. One cannot fully follow the above idea, and so our proof, given below in Section 3,
is more complicated.

Our approach is flexible and applies to many related problems. In order to avoid extra technicalities
we do not record such applications here. Let us simply mention that the dimension gap phenomenon
from [Hencl et al. 2012] can be shown to extend from conformal mappings to general Sobolev mappings
[Koskela and Zapadinskaya 2014].

2. Preliminaries

Let us first agree on some basic notation. Given a number a > 0, we write |a] for the largest integer
less than or equal to a. Similarly, [a] is the smallest integer greater than or equal to a. If A is a
finite set, §A is the number of elements in A. If A C R" has finite and strictly positive Lebesgue
measure and f : R” — R is a Lebesgue integrable function, we denote the average (1/|Al) [ A f
of f over the set A by fA f or fa, where |A] is the n-dimensional Lebesgue measure of the set A.
For f : R" — R™, f4 is then defined via the component functions of f. Given a point x € R”
and a nonnegative number r, B(x, r) denotes the open ball with centre x and radius r and Q(x, r)
denotes the cube {y € R" : max{|x; — yi|}i=12,.» <r}. If B = B(x,r) is a ball and a is a positive
number, the notation aB stands for the ball B(x,ar). We denote the radius of a ball B by r(B).
When we write L = L(-), we mean that the positive constant L depends only on the parameters
listed inside the parentheses. Finally, C denotes a positive constant, which may depend only on n
and m, the dimensions of the domain space and the image space, and may differ from occurrence to
occurrence.
We write %" (A) for the generalised Hausdorff measure of a set A C R", given by

o o
%t (A) = lim HI(A), where #!(A) = inf{z h(diamU;): A C U U;, diam U; < 3}
i=1 i=1
and % is a dimension gauge (a nondecreasing function with lim;_, o4 4(¢) = #(0) = 0 and with A(?) > 0
for all t > 0). If h(t) = t* for some a > 0 we simply write #“ for %" and call it the a-dimensional
Hausdorff measure.

A sequence of pairs (c;, U;)2,, where ¢; > 0 and U; C R”, that satisfies x4 (x) < Zfil c¢i xu, (x) for
all x € R" is called a weighted cover of the set A. We also need a generalised weighted Hausdorff content
of aset A C R", given by

o
AZO(A) = inf{z cih(diam U;) : (¢;, U;)i2, is a weighted cover ofA}.
i=1

. . . . h _ . _
Here also 4 is a gauge function. Again we write A5, = A5 if h(z) =1¢.
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Lemma 2.1. Let E C R" be bounded. Let h be a continuous gauge function with h(2t) < ch(t) for some
¢ >0. Then %gO(E) < c)»go(E).

Proof. The lemma follows from Corollary 8.2 and the proof of Theorem 9.7 of [Howroyd 1994]; see also
[Federer 1969, 2.10.24]. O

Recall that for each open subset U of R" there exists a Whitney decomposition W givenby U =2, Q.
where Q; € W are cubes with mutually parallel sides, pairwise disjoint interiors and each of edge-length 2%
for some integer k, such that the relation

di ;
1 < .MLQ‘ <1 (4)
4 ~ dist(Q;, 0R2)
holds foralli =1, 2,.... We write O «~ Q> if the Whitney cubes Q| # O, share at least one point (the

so-called neighbour cubes). We have

lfdlamg§4
4 ~ diam Q

whenever Q é . Therefore, the total number j:t{é : é « Q} of all neighbours of a fixed cube Q does
not exceed C. See [Stein 1970] for details.

Let w € a®". By (Q j(a)));'o:1 we mean the sequence of all Whitney cubes in a fixed Whitney
decomposition of &B" intersecting the radius [0, w]. This sequence starts with a central cube and tends
to w. For a point x € [0, w], we denote the number of Whitney cubes intersecting the segment [0, x] by

8q (0, x). It is easy to see that
0,
C1 S M S Ccy
log(1/(1 — [x]))

whenever fig (0, x) > c3, where ¢; > 0,7 = 1, 2, 3 are constants that may depend on 7.

&)

Finally, we define the allowable moduli of continuity:

Definition 2.2. A continuously differentiable increasing bijection i : (0, co) — (0, 00) is an allowable
modulus of continuity if there exists o < 1 and 8 > 0 such that for every ¢ <ty the following conditions
hold:

L . W e . . .
log : is differentiable and — tisa decreasing function; (6)
Y1) Y1)
1 1
lo <Blog——F; (7)
G IRV

1 1))tlogt

(log y(1))t log is a monotone function. (8)
log (1)

Remark 2.3. (i) One could replace the monotonicity conditions in (6) and (8) with a pseudomonotonicity
condition (e.g., there exists a constant C > 0 such that u(¢) < Cu(s) if ¢+ <s). This would only affect
the constants in the proofs.

(ii) The conditions (6) and (7) mean that the function log(1/v ~!(¢)) is a function of logarithmic type in
the sense of [Nieminen 2006, Definition 4.2].
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3. Proofs

Proof of Theorem 1.1. We may assume that m, n > 2. Let f € W (%", R™) and ¥ be as in the statement
of Theorem 1.1. Denote v~ (¢) by u(z). It follows from our assumptions (3), (6), (7), (8) and [Nieminen

2006, Remark 5.3.] that
/ u(y\'"'dr N )
o\u' (1) mo

We define o (1) = u(t) /u’(t) and A(k) =27 /a(27%) for k € N. By (6), A is increasing for large k. For
simplicity we assume A to be increasing.

Let W be a fixed Whitney decomposition of %B". For each cube O € W we define a corresponding
centre fp and a corresponding radius rp = max{| fo — fél 10 Q }, which determine a family of balls
on the image side indexed by W'

B=1{(0Q,B(fo,r0)): QeW, ro >0}

To simplify our notation we abbreviate (Q, B(fp,rg)) to B(fg, rg) in what follows.

We assign two new weighted collections of balls to each element in . Given B = B(x,r) € B,
we define concentric subballs S;(B) = B(x, r/2') for all i € N and assign the weight w Si(B) = 2/ to
each S;(B). We set ¥ = {S;(B) : i € N}. Then

00 © (B
> wprBY =Y wsarsiB) =Y 2 " <y
i=1

B'eYp i=1

The second collection is defined in a similar way. If B = B(x,r) is a ball in %, we choose the

smallest number ko(r) € N such that 27%) < . Next, for each k = ko(r), ko(r) + 1, ..., we choose
Ri(B) = B(x,a(27)) and set Rigp = {Rp(B) : k = ko(r), ko(r) +1,...}. The weights we assign this
time are wg, () = A(k) for all k =ko(r), ko(r) + 1, .... Similarly to the above,

Y wpr(BY'= > wr@r(RB)" = Y (@27))"Ak)

B'eRp k=ko(r) k=ko(r)
o0 o0
A(k)" 1 2.2 k() 2
< 3 @ehy 29 3 k< < r(BY".
X(O)”_l k(O)”_l )»(0)”‘1 A(O)"_l
k=ko(r) k=ko(r)

Finally, we define our weighted collection of balls by setting & = |z (Ef’ pUR B).

Let us now estimate the weighted sums of the n-th powers of the radii of the balls in %. Let
N (Qz =QU Uém 0 é be the union of Q € W and all neighbours é of Q. For neighbouring cubes Q
and Q, we obtain, via the Holder and Poincaré inequalities, that

1/n
fo=fal =1 = fuol+f, 1= rval=cf, 1r=mol=c(f, 1r=ruor)

1/n
C Df|" .
< (][N(Q)I fl)
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Hence, we have the estimate

iy = max{| fo — f5l": @~ O} < C/ DfI"
N(Q)
for each O € W' and some constant C > 0. Next, using the fact that the inequality 5 xn(0)(¥) < C
holds for every y € R", we estimate

> wpr(B)" < CM0) Y r(BY"=C(0) Y rp <CH(0) Y /N IDf|"

BeF Be® W oecw /N

< clf DfI" < clf D" < o0, (10)
Ugew N(Q) B

where C; > 0 is some constant depending on n, m and A(0) only.

We may assume that there is at least one Q € W with ro > 0; otherwise f(9%") is a singleton.
Let w € d%". We consider the radius [0, w] and the sequence (Q j(a)))?';l. We fix a large integer
lo = lp(w, f) € N so that there are elements of the sequence ( fQj(CU))?O:I outside B(f(w), 270+ if
( fQj(w));?’;] contains at least one element different from f(w). If such an integer does not exist there
necessarily is some Q = Q,, € W with fp = f(w) and ro > 0. In this case, we choose [y = lp(w, f) €N
so that 27/ < ro,- In both cases we also require that 2~l+1 < 1,. This allows us to use the properties (6)
and (7).

For the purposes of our “porosity argument”, we would like to make the number /j independent of the
point w. This is done by considering the decomposition

OB = U E;, where E; ={w € dB" : ly(w, f) <I}.
leN

Setting F; = f(E;), we then have f(0B") =,y Fi-

Let us fix [p € N. Our aim is to prove that 3 _(F,) = 0.

Fix x € Fj,. Take any w € Ej, such that x = f(w) and define the sequence of concentric annuli
Aj(x) = B(x, 27"\ B(x,27!) with Il =1y, lo+ 1, .... Next, we assign a suitable set P;(x) of cubes
from W to each annulus A;(x), I =1lo,lo+1,.... If fo,@w) =x forall j €N, we put P;(x) ={Q,} for
each [ >y, where Q,, is the cube defined earlier. Otherwise, all the sets P;(x) with [ > [y consist of elements
from (Q j(a)))?‘;l. If an annulus A;(x) with some [ > [ contains no centres from ( fQ_/(w))?‘;l we define
Pi(x) ={Qm(w)}, where an integer m € N is chosen so that fo, ) & B(x, 2711 but fo, () € B(x, 271y,
if, in contrast, there is at least one centre fo, () in A;(x) we take P;(x) = {Qk(@) : k =my, ..., ma},
where m 1, my, € N are such that mel—l(‘“) ¢ B(x, 271+1), me2+1(w) € B(x, 271) and ka(w) € Aj(x) for
all k =my, ..., my. Moreover, it is possible to choose the sets P;(x) above so that the inequality k| < kp
is valid whenever Oy, (w) € P, (x), Ok, (w) € P;,(x) and ] < I5.

Denoting
1 if gP(x) < cor(D),

0 otherwise

6 (x) ={
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for [ > Iy and a constant ¢y > A~ (0), which we will specify later, we would like to prove that there exists
an integer [; > 2[y such that

!

> ox) = % (11)

k=l
for each / > /1. In other words, at least half of the annuli do not contain too many centres from ( fQj(w))?il-
There is nothing to prove if fg, ) = x for all j € N; otherwise, the proof is by contradiction:

Let us assume that (11) does not hold for some ! > 2/y. Take the smallest number J € N such that

fo;w) € B(x, 21 for all j > J and let o’ € [0, w] be the point of Q,(w) N[0, w] which is closest to w.
Now, the assumption on the continuity of f and the properties of our Whitney decomposition imply

27 < fo,0 — X1 = fo, — f@)] < g lf ) — f@)]dy < ¢ Q21 —|o'])).
That is, ’
u27h

2

Next, we connect this estimate to the number of Whitney cubes that precede Q in (Q;(w))2;.

<1—|o.

Using (5), we observe that

1
> > —tg(0, ®).
u@ ) 28 T T 50 )

log

In the calculation above we may have to adjust the choice of [y to ensure fig (0, @) > c3 (see (5)).
Finally, we obtain a lower bound for g (0, ') using the assumption that we have at least [[/2] — Iy + 2
annuli Ay (x) with 6;(x) = 0. We notice that the sets Py (x) with 6;(x) = 0 contain different cubes for
different k, and if k </ then the cubes in P (x) precede Q;(w) in (Q; (a)));‘;l. We have

) l1/2]+1 L1/2]+1 2_ku/(2—k)
1 > 24(0,0) > Pe(x) = o (k) = & TR
c2log - = £ w>_klert e (x) = lej éon(k) = & ;; o)
=100y =0 =0

1 1 1 1
> &l log————— —log——— | > B "1 —Cpl .
- CO( Fuem T u(210>> RO R TeRD
Choosing ¢y > ¢, this cannot hold when [ is large enough. Thus there is a number /; = 1 (o, lo, u)

such that (11) holds for all [ > [;.
Our next step is to prove that, if 6 (x) = 1 for some k and P, (x) ={Q1, ..., O}, then it is possible

to find a collection of balls { By, ..., By} from the families & p( fo;ro;) OF Rp( fo;-ro;) having radii at least
a constant times (27%) and such that Z:":,I wp, 1s at least a constant times A (k). Moreover, we choose
different balls for different k.

Let us fix k > [y such that 6;(x) = 1. Suppose first that the annulus Ax(x) contains no centres from
( fQj(w))(;i]- Then the set P (x) consists of a single cube Q € W with fp € B(x, 27K). The definitions of
ro and [p imply that rp > 27k and hence k > kg (rg). Thus, we may choose the ball R, (B(fo, rg)), which,
by definition, has radius «(27%) and weight A (k). In addition, the centre of this ball lies in B(x, 27Ky,
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Assume now that the annulus A;(x) contains at least one of the centres from ( fQj(w));’.Ozl. Then, by
the definitions of Py (x) and rp,
> 2rg=27%

QeP(x)

Since Py (x) < cor(k), we observe that

2 k
2rp > —.
> ez
Q€P(x)
2ro>a(275)/2¢

For each Q € P (x) with 2rg > a (275 /2¢o we choose a number 1 € N so that

—k —k
12C7) _ 2rg < A

2"e~
2¢o 2¢o

and pick a ball B = Sno(B(fo,r@)) = B(fo,r0/2"?) € FB(fy.ro)- By the definition of S;(B), we have
wg =2"2 and
a(275

~ ]"Q
r(B)=5-2>——
20 8¢co

For the sum of the weights ZQ 20 of all the balls obtained in such a manner, we observe that

a(2—’<) Z mo Z 2rg > ZT_k

2¢o
QeP(x) Q€ePr(x)
2rp>a(27%) /28 2ro>a(27%) /28
Hence, we have a collection of balls {Bj, ..., B,,} C % with weights sum ) ;" | wg, > éoi(k) and of

radii at least o (27) /8¢o. Moreover, all these balls have their centres in the annulus Ay (x) and hence in
the ball B(x, 27%*1),

We have proved that there exists a number /; = /;(ly, ¢p) such that, for each w € Ej; and [ > [;, among
the numbers /o, ..., [ there are at least [[/2] integers k € {ly, ..., [} such that 6;(x) = 1. For these k we
are able to find a finite collection of balls {B;};c; C % with weight-sum ) ,_, wp, at least A(k) and of
radii at least or(27%) /8¢, so that the centres of the balls B;, i € I, lie in the ball B(x, 27¥*1). Here & is a
positive constant depending only on 8, n and A(0), and the balls are different for a fixed w and different k.

Fix [ > [;. We modify our family &% according to [. If B € & and there is k € {l[p + 1,...,[}
such that a(27%)/8¢) < r(B) < a(27**1)/8¢&,, we replace B with the ball B = ((k)/A (1)) B and set
wg = (A()/A(k))*wp. The radius of B satisfies r(E) > (k) /A1) (27%)/8¢) = 27%/8¢A(I) and
the equality wgr(g)” = wpr(B)" holds. Similarly, we replace a ball B with r(B) > a(2_’°)/850 with
the ball B = (A(lo)/A(1))B and set wg = (A()/A(lp))"wp. Again, we have r(§) > 2_10/850A(l) and
w gr(E)" = wpgr(B)". Finally, &, is the collection of balls obtained in this manner from the balls in %.
For this family of balls, we notice (see (10)) that

> wpr(B)" <) wpr(B)" < oo. (12)

Be%,; Be%
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IfwekE,, x=f(w)and k €{lp, ..., [} issuch that 6 (x) =1, then there is a collection {B;};c; C ¥ with
the properties mentioned above. If for some i € I the ball B; is replaced by the ball B; = (A (ki)/A()) B;
while creating %;, we necessarily have k; < k. Therefore, the inequalities

(MO, s (RO 20N = rayr—L

iel iel iel

and r(Ei) > 2""'/(85@(1)) > Z_k/(SEOX(l)) hold (by (6), X is increasing). Since, for each i € I, the
centre of a ball E,- is contained in B(x, 27 %*1), we have x € 16¢pA(l )§l-. Hence, we observe that

l

1 ()" 1 ()"
Y wexiearas() = Y Ml)n)»(k)”*l z— > O Gi
BGLG%:[ k:lo ..... ) k:ll
Bk (y)=1

for each y € Fj,, where G; = Zi:h l/k(k)”_l. That is, (4wg/(A(1)"G}), 16¢oA(l) B) peg, is a weighted
cover of the set Fj,. We observe also that the diameters of all balls in this cover are at least 2=/, This
information will be used in the proof of Theorem 1.3 below.

Finally, using the weighted cover obtained above and (12), we estimate the weighted Hausdorff
n-content A% (Fy,):

. ) ~ " 42;1—',—1571 . )
A(F) < Gl > wp(diam(1601(1) B))" < G 0" wp(diam B)
BeF; BeF;
25n+2~n A
< TS wpr ) <

G G
BeF;

where the constant A depends on B, n, m, || f || y1.» @ gmy and A(0) but not on /g or /.
Now Lemma 2.1 implies %€ (F;,) < CA/G,. Here C depends only on the dimension n. Hence, we
are done as soon as we can show that G; — oo as [ — oo. Towards this end, we have
l I —k\n— - n—1
1 u k=1 20 Cu(r) dt
6= Y s = 2 s = | =3
Ak)" 2—k(n=lyy/(2—k)yn - \u'(t) t"

k=l k=l

and the right-hand side diverges as [ — oo by the assumptions on the modulus of continuity. g

The proof of Theorem 1.3 is similar to the proof of Theorem 1.1. We only point out the required
changes.

Proof of Theorem 1.3. Let f be as in statement of the theorem. Our notation will be the same as in
previous proof. That is, a () = vyt and A(k) =1/y.
Fix a small € > 0. Then there exists a § > 0 such that

/ DI <. (13)
R"\B(0,1-9)

Let W' ® be the set of the cubes in W' which are contained in %" \ B(0, 1 — §) and whose neighbour cubes
are also contained in B" \ B(0, 1 —8). We define our collection of balls to be B° = {B( fo.ro): Q€ W o).
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Then, proceeding as in the previous proof, we define %° analogously to % and obtain the estimate
(see (10))
> wpr(B)" < Cie. (14)
BeF?
Let w € 0%W". We define the number /o = [p(w, f, §) as in the previous proof, but instead of all cubes
in (Q j(a)))?il we consider only those which are contained in W, Again, we split d%B" into sets
E; ={w € daRB" : lp(w) <} and consider a fixed f(Ey). With the same method as earlier we find for
large [ a collection of balls 97'[5 with weights such that (Swgy /(I — 1), (16¢o/y)B) BeF) is a weighted
cover of the set f(Ey), the radii of the balls (16¢y/y) B are at least 2! and

Z wpr(B)" < Cie.

BeF)

We may assume that our € > 0 is so small that all balls in our weighted cover have radii smaller than %
With this weighted cover, we obtain

4y o (168 \\' 1
8 , —_—
M ED == 3 wB(dlam( ) B)) 8 Giam ((160/7)B)

BeF)
4 16¢ " 22+3ngn 23+ngnc
< 4 Z wp [ diam 0p log2! < 0 Z wpr(B)" < =01 ¢
-1 s Y y"—l -1 s y”—l
BeF| Bed,

Here we assumed / to be so large that [/(I — ;) < 2. Lemma 2.1 implies %ﬁo(f(Ep)) < Ae. Here A
depends on y, n and m but not on " or /; therefore, we have %5 ( F(ORB™)) < Aeg; see [Howroyd 1994,
Corollary 8.2] or [Federer 1969, 2.10.22]. Letting ¢ tend to zero gives #5,(f(0B")) = 0, which implies
HE(f(OB™)) =0. O

4. Example

In this section, we work in R? and use the notation ||x|| = max{|xi|, |x2|}. Let p > % We will construct a
locally Holder continuous mapping f : R> — R? that belongs to WI})’CZ([RRZ, R?) and maps 3% onto a set
of positive #4-measure, where g(t) = tz(log(l / 1))2P.

The mapping is a composition of two locally Hélder continuous mappings. The second mapping is
defined in [Herron and Koskela 2003, Proposition 5.1]. It is a homeomorphism 4 : R?> — R? that is
the identity mapping outside [0, 1]> and maps a small Cantor set ¢ C [0, 1]* onto a large Cantor set
%’ C [0, 1]* with positive #¢-measure. It was checked in [Koskela et al. 2009] that this mapping belongs
to W,o2(R?, R?) if p > 1.

Next, we elaborate on the construction of 4 and prove that it is Hélder continuous in [0, 11%. Leto < %
We use the notation 2r, = o and 2R, = %a’“l for k € N. The set 6 is defined as follows: In the first
generation we have one square Q¢ = [0, 1]* with side length 2ry. We split this square into four subsquares
Pii,i=1,2,3,4, of side length 2R|. We define Qy; to be the square of side length 2r| centred at the

centre of Py;. Then Pj; and Q; generate the frame Aj; = Py; \ Q1;. Next, we divide all squares Q1; into
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squares Pp;, j=1,..., 4%, Then we define Q> j and Aj; as in the first step. We proceed inductively.
Thus, we obtain for all k € N sets Qy;, Pi; and Ay, where i = 1, ..., 2%, and we set € = M U; Qi
The set €’ and sets Q),, P;; and A}, withk e Nandi =1,..., 22k are defined in the same way,

using 2r| = %(log4)‘p, 2R} =r{, and 2r; = (log 4)=P2= k=P and 2R, = (log4)=P27*(k — 1)~P for
other k € N.

The mapping 4 is defined so that it maps the frame Ay; to the frame A;; via a “radial” stretching and is
continuous in [0, 1]%. The radial stretching which maps A = {x :r < ||x|| < Ry} to A’ ={x: re<lxIl <Ry}

1S
R, —r, Ryr, — Ryr
p(x) = (allx|| +b)——, where a = —k "k and p= ZKk Tk
[l Ry —ry Ry — 1y

Ifx,ye Athen |x —y|| <2Rx = %O.k—l and

4
ass "2 20) 7 < C(e)o TP% < C(o)|lx — yI|#~,
o

where § =log2/log (1/0). Similarly,

|b] 4 —k p—1
— < ———20) " =C)lx—yl".
rel — 1 =20

The mapping p is Holder continuous with exponent 8, as
|b|
loG) = P = Cally = ¥l +2; v =yl = C@)lx = yI.

If x € Ag; and y € Qk+1,j C Py then [|x =yl = Rey1 —rir1 = C(0)o* and [|h(x) —h(y)|| <2R; <27,

These imply
h(x)—h
[A(x) —hWI <C(o).
lx — I

The B-Holder continuity of £ easily follows from the continuity estimates obtained above.

The first mapping G : R> — R? is a (locally Holder continuous) quasiconformal mapping for which
% C G(d%?). Such a mapping was constructed in [Gehring and Viisild 1973].

Finally, the composition /2 o G : R* — R? is a homeomorphism with 4 o G(d%?) D €’. Moreover, it
is locally Holder continuous and 2o G € WIL’CZ([R{Q, R?) by quasiconformality of G and the change of
variable formula; see, for example, [Astala et al. 2009, Section 3.8].
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GLOBAL GAUGES AND GLOBAL EXTENSIONS IN OPTIMAL SPACES

MIRCEA PETRACHE AND TRISTAN RIVIERE

We consider the problem of extending functions ¢ : S” — S" to functions u : B"*1 — S" forn =2, 3. We
assume ¢ belongs to the critical space W1 and we construct a W -*+1.%)_controlled extension u. The
Lorentz—Sobolev space W (7119 is optimal for such controlled extension. Then we use these results to
construct global controlled gauges for L*-connections over trivial SU(2)-bundles in 4 dimensions. This
result is a global version of the local Sobolev control of connections obtained by K. Uhlenbeck.

1. Introduction 1851
2. Controlled and uncontrolled nonlinear Sobolev extensions 1857
3. The Hopf lift extension 1864
4. The extension theorem for W3 maps S* — S?3 1869
5. Controlled global gauges 1882
Appendix A. Uhlenbeck small energy extension 1888
Appendix B. A product estimate with only one bounded factor 1894
Appendix C. The Mobius group of B” 1895
References 1897

1. Introduction

The use of Hodge decomposition is by now one of the classical tools in the study of elliptic systems and
is related to important breakthroughs such as the famous “div—curl”-type theorems [Coifman et al. 1993].
More recently, in [Riviere 2007], such use allowed the solution of S. Hildebrandt’s [1982] conjecture. At
the same time, it has helped establish important links to apparently unrelated fields of geometry, such as
the study of conformally invariant geometric problems in 2 dimensions [Hélein 1996] and the study of
Yang—Mills bundles and gauge theory [Uhlenbeck 1982b], with the introduction of controlled Coulomb
gauges.

The study of 2-dimensional problems using controlled gauges has already given its fruits, and in
connection to the discovery of H. Wente’s inequality (which gave the basis for introducing the Lorentz
spaces L2 jp geometric problems) allowed the successful use of controlled moving frames in the
study of harmonic maps and prescribed mean curvature surfaces [Hélein 1996; Miiller and Sverak 1995].
We come back to this in Section 2H. Techniques and function spaces related to the moving frame method
also apply to the study of the Willmore functional [Riviere 2012] for immersed surfaces.

MSC2010: primary 28A51, 46E35; secondary 70S15, 58J05.
Keywords: nonlinear extension, nonlinear Sobolev space, global gauge, conformally invariant problem, Yang—Mills, Lorentz
spaces, Hopf lift.
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The use of controlled gauges especially in relation to Lorentz spaces in dimensions higher than 2 is far
less developed. We attempt here a first attack of this completely new area of research, and we obtain
some extensions of previous results for the case of Yang—Mills fields on 4-dimensional manifolds.

1A. Yang-Mills theory and controlled gauges. Yang—Mills theory for 4-manifolds is often associated
to the famous result of S. Donaldson [1983] who, using the moduli spaces of anti-selfdual connections,
described new invariants of smooth manifolds.

The study of moduli spaces used by Donaldson [1983] starts from the result of K. Uhlenbeck [1982b],
who proved that one can find a gauge in which the W 1-2-norm of the local coordinate expression of the
connection is controlled by the L2-norm of the curvature. Moreover the connection 1-form A4 can be also
made to satisfy the Coulomb condition d*4 = 0.

It is easy to construct a Coulomb gauge in which we have just an L2-control in terms of the curvature
(see [Petrache 2013] or [Petrache and Riviere > 2014]). This is done by first obtaining any gauge in
which

[4llL2 = ClFl 2

and then finding the smallest norm coefficients with respect to that gauge on our manifold M :

min{/ g7 dg + g ' Ag|*dx : g e W2 (M, SU(2))}.
M

A unique minimizer will exist by convexity, and it will satisfy the Coulomb equation d*4 = 0.
The control of A4 in the higher norm W -2 is more difficult. A smallness hypothesis on || F|| L2(M) 18
required in order for the control to be achievable:

Theorem 1.1 (controlled Coulomb gauge under assumption of small energy [Uhlenbeck 1982b]). There
exists a constant €y > 0 such that if the curvature satisfies |, m I F |2 < € then there exists a Coulomb gauge
¢ € W22(M,SU(2)) such that in that gauge the connection satisfies I Agllwr2ar) < CIFllL2(ar) with
C > 0 depending only on the dimension.

The reason the smallness of the curvature is necessary is that || F'[| .2 () being above a certain threshold
allows the second Chern number of the bundle to be nontrivial:

1
e (E) = S22 /M tr(FAF)#0.

If, for such F, the controlled gauge were global, i.e., if we had a global trivialization in which the
connection of the above F is expressed as d + A with

IAllp 120 = C.

then by the Sobolev and Holder inequalities we would have enough control on the quantities involved to
prove the following formal identity for our A:

tw[(dA+[A, A)A(dA+[A, A)] =du(ANdA+3ANANA).
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Now the right side, being an exact form, would have integral equal to zero over the boundaryless
manifold M, which would contradict ¢, (E) # 0.

M. Atiyah, N. Hitchin, I. Singer [Atiyah et al. 1978] and C. Taubes [1982] constructed instantons
with nontrivial Chern numbers behaving as in the above heuristic. To exemplify the phenomena at
work consider the simplest instanton, having ¢, (E) = 1 over M = S* (see [Freed and Uhlenbeck 1984,
Chapter 6] for notations and details). Recall that we may use quaternion notation due to the isomorphisms
SU(2) ~ Sp(1) and su(2) ~ ImH, under which Pauli matrices correspond to quaternion imaginary units.
We then have the following local expression of 4 over R* (identified by stereographic projection with

A=Im(ﬂ),
1+ |x|?

If ¥ is the inverse stereographic projection then W*A4 is smooth away from the pole p, but near p we

S*\ {p}) in a trivialization:

have |W*A|(q) ~ distgs(p, q)~", which is not L* in any neighborhood of p.
Such behavior like 1/|x| shows that we are in any space L? for p < 4 but not in L*. The natural
space is the weak-L*# space L*°°, which is strictly contained between all L?, p < 4, and L*:

Definition 1.2 [Grafakos 2008]. Let X, i be a measure space. The space L?*°(X, ) (also called
weak-L? or Marcinkiewicz space) is the space of all measurable functions f* such that

11 peo = iugk”ﬂ{x SVACYIERY

is finite.

We note immediately that the function f'(x) = 1/|x| belongs to L*** on R* and the above global gauge
gives an L% 1-form W*4 on S*. Spaces L?-* arise naturally in dealing to the critical exponent estimates
for elliptic equations. Indeed, the Green kernel K, (x) of the Laplacian on R” satisfies VK € L"/(—1).00
but not VK € L™= Thus Au = f with f € L' implies Vu = VK % f € L™/ ("=1):%° by ap extended
Young inequality (see [Grafakos 2008]). This is unlike the higher exponent case f € L?, p > 1, which
gives the stronger result Vu € L?.

1B. Controlled global gauges. As shown heuristically by the explicit case of the instanton 4 above, it
is known how to construct L** global gauges. Our main effort in this work is to obtain norm-controlled
gauges, mirroring Theorem 1.1 by Uhlenbeck. The main result is the following:

Theorem A. Let M* be a Riemannian 4-manifold. There exists a function f : RT — RT with the
following property: Let V be a W >2-connection over an SU(2)-bundle over M. Then there exists a
global W (4.2 _section of the bundle (possibly allowing singularities) over the whole M * such that in
the corresponding trivialization V is given by d + A with the bound

4l Le.cor = SUF N L2an))-

where F is the curvature form of V.
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This theorem is related to a second main result of this work, namely the introduction of Lorentz—Sobolev
extension theorems for nonlinear maps. This result takes most of our efforts and can be stated as follows:

Theorem B. There exists a function fi : RT — R with the following property: Let ¢ € W1-3(S3, S3).
Then there exists an extension u € W42 (B4 S3) of ¢ such that

Vil La.0ocpsy = [1(IVRIIL3)-

The originality of Theorem B with respect to the previous results [Bethuel and Demengel 1995; Mucci
2010] is that, whereas the previous works were concerned with the existence of an extension, in our case
a control is provided in terms of the boundary value. We show below that, even under the hypothesis
deg(¢) = 0—so that a W !**-extension surely exists — no energy control will be available in the (stronger)
W 4.norm.

Controlled global gauges as above will probably have many applications in the analysis of gauge theory,
for example in simplifying compactness results; see [Petrache 2013]. Controlled global gauges could
allow a global control on the Yang—Mills flow provided we obtain also the Coulomb condition, which is
however an open question:

Open Problem 1.3. Prove that it is possible to find L**-controlled global Coulomb gauges as in
Theorem A. In other words, prove that it is possible to find a gauge as in Theorem A, but with the further
requirement that d*4 = 0.

1C. Strategy of gauge construction. The link between Theorems A and B is given by the well-known
identification SU(2) =~ S3. Therefore, Theorem B can be rephrased as follows:

Theorem B'. Fix a trivial SU(2)-bundle E over the ball B*. There exists a function fi : Rt — R with
the following property: if g € W1:3(S3®,SU(2)) gives a trivialization of the restricted bundle E|ygas, then
there exists an extension of g to a trivialization § € W(+:°)(B* SU(2)) such that

IVEllL4.co(pay = f1(IVE I L3(s3))-

The proof of Theorem A is by a sequence of gauge extensions along the simplices of a suitable
triangulation. We use simplices where Uhlenbeck’s Theorem 1.1 holds, i.e., F has energy < €g. To ensure
a lower bound on the size of simplices we cut areas of energy concentration and use induction on the
energy; see the graphical summary (5-1).

1D. Extension of Sobolev maps into manifolds. We discuss the relevance of our theorem, several possi-
ble extensions and related phenomena in Section 2.

Here we point out the main open questions in the area of controlled nonlinear extensions and some
analogues of Theorem B. The fundamental group 7, (N) is a useful tool to control the topology of N.
It is a quotient of C°(S™, N). To say that any map in this space is continuously extendable to B!
amounts to asserting that 7, (N) = 0.

We consider here the controlled extension problem for maps §” — S”. As is usually the case,
interesting new features appear when smooth maps are not dense in W -7 (S™, §™), in which case we
expect topological obstructions to gradually disappear as p decreases. The first facts to note are:



GLOBAL GAUGES AND GLOBAL EXTENSIONS IN OPTIMAL SPACES 1855

e For extensions of maps from W17 (S™ S") to B™T! the natural space given by continuous Sobolev
and trace embeddings is W 1-Pm+1/m(pm+1 gny (gee Section 2A and 2B).

e For p <m(n+1)/(m + 1) the controlled extensions exist (see Section 2A).
e For p > m the extension question reduces to a purely topological problem (see Section 2B).
The open cases when p < m are thus among the following ones:

Open Problem 1.4. Assume that m(n + 1)/(m + 1) < p <m and m > n. For which such choices of m,
n, p does there exist a finite function f;4,p : Rt — R™ such that for every ¢ € W17 (S™ S") there
exists an extension u € W 1L-Pm+1)/mpm+1_ Sy for which the estimate

lullwr.pomtv/mgm+1 gny = fmn,p(|@ 1.0 (sm sn))
holds? Does the estimate hold for p = m for the norm W 1-(m+1,00(pm+1 gmy9
Open Problem 1.4 is partially understood or solved just in some cases:
e Due to a relation between extension problems and lifting problems, we answer the above problem
forn =2 <mand 3m/(m+1) < p <4m/(m + 1); see Proposition 1.7 and Section 2D.

e In particular, we cover all p for the dimensions m = 3,n = 2.

e Forn=1,m >3 and 3m/(m + 1) < p < m, it was shown by F. Bethuel and F. Demengel [1995]
that no extension exists.

It will be interesting in the future to look at the link between extension and lifting problems in detail.
It is possible to do this also in the case of S!-valued maps and in nonlocal Sobolev spaces, e.g., using the
results of J. Bourgain, H. Brezis and P. Mironescu [Bourgain et al. 2000].

In the critical case p = m, left aside in Open Problem 1.4, we have the following results:

» Using the Hopf lifts as in the works of R. Hardt and T. Riviere [2003; 2008], we prove Theorem C,
which is the solution to the case p = m = n = 2 (see Section 3).

e The extension in that case exists but cannot be controlled in the above Sobolev norm, making the
Lorentz—Sobolev weakening of Theorem B and of Theorem C below optimal (see Section 2E). This
is analogous to the case of global gauges in 4 dimensions pointed out in the introduction.

e We also prove an analogous result for p = m = n = 1 (see Theorem 2.5). However this is not
the natural space to look at, unlike in higher dimensions. In this case, indeed, the trace space
H'/2(S! S') is the natural space to look at, because W1 (S!, S!) does not continuously embed
in it (we recall a counterexample in Section 2C).

These theorems leave open higher-dimensional cases:
Open Problem 1.5. Assume 1 > 4. Prove that there exists a finite function f, : Rt — R™ such that, for

each ¢ € W1(S",S"), we can find an extension u € W 1-(*+1.00)(gn+1 gn) for which

lellprot oo grtt my < Fu(l®lwrngen m)-
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Unlike in linear Sobolev spaces, not only the topology of the domain must be compared to the Sobolev
exponent p, but also the dimension and structure of the constraint (i.e., the target manifold) plays a critical
role. This is also related to the topological global obstructions to density results for smooth functions
between manifolds found by F. Hang and F.-H. Lin [2001; 2003] and discussed by T. Isobe [2006].

A general tool allowing extensions is the projection trick of Section 2A, which works well for Sobolev
exponents smaller than the target dimension plus one. Lifting theorems allow us to increase this dimension
and thus to apply the projection trick with higher exponents.

Using the Hopf fibration H : S* — S? we construct controlled lifts and apply a version of the projection
trick obtaining the following theorem with much less effort than for the 3-dimensional case of Theorem B:

Theorem C (see Section 3). Suppose ¢ € W 1-2(S2, S?) is given. Then there exists u € W13 (B3 S2)
such that, in the sense of traces, u|ygs = ¢ and such that the following estimate holds, for a constant

independent of ¢:
lullp1.G.00 g3y = Cll@llmi2s2y (1 + [|@lwr2s2))-

The Hopf fibration has a natural structure of U(1)-bundle with nontrivial characteristic class, P — S2.
Lifting a map ¢ : X — S? to a map ¢~5 : X — S? for which H oq~5 = ¢ corresponds to giving the
trivialization of the pullback bundle ¢*P. Analogous lifts are interesting to study for general principal
G-bundles, using universal connections. The next case after the one with target S? is the SU(2)-bundle
of the introduction, which corresponds to the Hopf fibration S7 — S*.

The Hopf lift idea seems to be much more difficult to extend to the case where the target is S3. We
cannot use principal bundles because 7, (G) = 0 for all compact Lie groups G. For other fibrations, the
following question is open:

Open Problem 1.6. Is it possible to find a fibration 7 : E — S with compact fiber M and a constant
C > 0 such that, for each ¢ € W13(R3,S?), there exists a lift ¢ : R? — E satisfying the estimate
V|l 1G.oor < CS(|IV]l13) for some finite function f : Rt — RT?

The controlled Hopf lift result for S? yields also an answer to Open Problem 1.4 for dimensions 7 = 3,
n=2:
Theorem D. Assume ¢ € W'-3(S3, S2). Then there exists a controlled extension u € W1-(4:°) (B4 S2)
with the control

lullpri.@cor(pa,s2y = Cll@llpiass sy (1 + @llp13(s3,s2))-

If instead we have ¢ € WP (S3 | S?) for % < p < 3, then there exists an extension u € Wl’%p(B“, S?)
with

||U||W1.§p(B4 ) = Cllpliwrr(ss,s2y(1 + @13 s2))-

The same proof allows us to also answer Open Problem 1.4 for n = 2 < m for some exponents p:

Proposition 1.7. Assume n =2, m >3 and 3m/(m+1) < p <4m/(m+ 1) and let p € W1-P(S™ S?).
Then there exists a controlled extension u € WH-Pm+1D/mpm+1 g2y i

lullppr1.pent1/m(ga s2y < Cll@llwrnss sy (1 + |Pllpri.r (s, s2))-
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1E. Ingredients used in the construction of W 1:4:°) (B4, S3).extensions. The starting new idea was
to the use of implicit function theorems and of a limit on the integrability exponent as done in [Uhlenbeck
1982a] for the extension result. Note that the procedure of Appendix A is generalizable to other contexts
with no new ingredients, at least as long as a Lie group structure is present.

For the implicit function theorems above, we needed here a new product estimate valid in Sobolev
spaces, which is presented in Appendix B, extending partially the results of [Brézis and Mironescu 2001];
cf. [Runst and Sickel 1996; Triebel 1995].

The second idea was to use L4+ functions such that the L*-estimate would fail just near a controlled
number of points. Such singular points (where “singular” is meant with respect to the L*-estimates) are
introduced via Lemma 4.6 and Theorem 4.3.

The uniform L 4-°-control is obtainable just in the case where the boundary value has no large energy
“hot spots”. To deal with the case where energy concentrates, we use two tools which are available in the
particular case of S3 ~ SU(2): (1) the group operation of SU(2), which gives a continuous product on
W3 (X,S?); (2) the Mébius group of S coupled with the conformal invariance of the L3-norm of the
gradient on S3.

Under a balancing condition on the boundary value ¢, we can write ¢ = ¢¢,, where the product is
taken in SU(2), and the energies of ¢;, i = 1, 2, are strictly less than that of ¢, allowing an induction on
the energy. If the balancing is not valid, we apply a Mobius transformation F, to S3 and either reduce to
a balanced situation for F, o ¢ for some v or provide a substitute v € B* f§3 ¢ o Fy to the harmonic
extension of ¢, to which we can now apply the projection trick. The natural parametrization of the Mobius
group of S3 via vectors in B* fits very well in this setting, and we were inspired to use it by the similar
use of it in [Marques and Neves 2014].

1F. Plan of the paper. Section 2 contains a list of positive and negative results concerning phenomena
parallel to ours, showing that our results are optimal. Section 3 contains the proof of Theorem C. In
Section 4 we prove Theorem B, and in Section 5 we prove Theorem A. Appendix A deals with our new
“extension” version of Uhlenbeck’s gauge construction and in Appendix B we prove the needed new
product inequality. Appendix C contains computations and notation for the Mobius groups of B!
and §".

2. Controlled and uncontrolled nonlinear Sobolev extensions

Classical Sobolev space theory features optimal extension theorems in natural trace norms. For example,
if @ C R” is a bounded smooth domain and u : 9Q — R is a W "~ !_function, then there exists an
extension it : Q — R such that i € W " and the estimate

lillwin < Cllullpi.n—

holds (with C independent of #). This extension theorem is optimal in the sense that for dimensions
n > 2 the natural trace operator i € W "(Q) i ii|yq sends W1+ to the optimal space W 1~1/7" (see
[Tartar 2007, Chapter 40] for the natural appearance of this space), and we have the optimal Sobolev
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continuous embedding wi-lnn _ yln=1 (see [Tartar 2007]) which brings us back to the original
space. A similar result still holds if we replace the codomain R by R™.

However, for n = 2, the space w1 (Sl , Sl) does not continuously embed in H 1/ 2(81 , Sl), making
the above reasoning less effective; see Section 2C.

A construction of u is possible by imitating the model, valid for & = R := {(xq, ..., xn)|[xn = 0},

U(X1, s Xp—1,€) 1= (pe *u)(X1,...,Xp—1),

where p¢ is a standard family of radial smooth compactly supported mollifiers.
An equivalent construction of # in terms of function spaces is by harmonic extension. The optimal
result is the following:

Proposition 2.1 (harmonic extension; cf. [Gazzola et al. 2010, Chapter 10]). Assume q > 1 and
ue Wi=1aa@pm+l Ru+1) Then there exists a harmonic extension it € W4 (B™ 1 RH1) such that

lallw1.acgm+t gnr1y = Cmngllulipi-1/a.apm+1 gn+1)-

By Sobolev embedding, we have the controlled inclusion W2 <> W1=1/2:4 on an m-dimensional
bounded open domain (or a compact manifold like dB™*1) for ¢ < p(m + 1)/m; therefore, this ¢ is the
largest exponent where we can hope to have a control for the extension.

If u is a constrained function with values in a subset of R"**1 (e.g., a curved n-dimensional submanifold
like S") then averaging even on a very small scale could push the values of & quite far from the
constraint obeyed by u. This happens in particular for Sobolev exponents that make the dimension
“supercritical”, i.e., exponents such that W 1-4(B™*1) is not constituted of continuous functions. We
now describe some cases where directly projecting back to S” does not destroy the norm control of
Proposition 2.1.

2A. Projection from a well-chosen center. We present in this section a trick which probably appeared
for the first time in relation to nonlinear Sobolev extensions in R. Hardt, D. Kinderlehrer and F.-H. Lin’s
works [Hardt et al. 1986; Hardt and Lin 1987]. For a Lorentz space version see Proposition 3.4.

Proposition 2.2 (projection trick). If f € W14(Q, B" ™) with g < n + 1 and Q is a bounded open

n+1
1/2

n such that if f,(x) = mwa( f(X)), where g : B*T1\ {a} — S" is the projection which is constant along

simply connected domain of R™ 1, then there exists a € B and a constant C depending only on q, m,

the segments [a, w], w € S", then

I fallwra@.sm = Cllfllwia@, pr+y-

Proof. We just have to estimate the gradient of f; in terms of that of f since in any case the functions

n+1 :

themselves are bounded and €2 is assumed of finite measure. We first note that, since a € B /o 1s away

from the boundary of B"T!, we have the pointwise estimate

V1)
IV fal () S
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where the implicit constant depends only on n. We next consider the following “average” on a:

q q da )
/Bw(/glvfaI (x)dx) daS/Q|Vf| (X)(/B’f/tl 70 —at ) ™

We note that the inner integral is of the form

da
I(y) := /Bn+1 b —afd’
1/2

and

1/2
max I(y) = 1(0) = Cn/ r" e dr = Cyy <00 since g <n+1;
y 0

therefore, we obtain

[ 19 full da < gV 71

1/2

and the proof is easily concluded. O

The above proposition together with Proposition 2.1 and the remark on Sobolev exponents following it
give the following:

Theorem 2.3 (corollary of the projection trick; cf. [Hardt and Lin 1987, Theorem 6.2]). Let m,n € N*.
If1 < p <m@m+1)/(m+1) then for any ¢ € WHP(QB™T1 S™) there exists a nonlinear extension
u € Whpm+O/mpm+1 gny surishying the control

||H || Wl.p(m+D/m(pm+1 gn) =< Cm,n,p ||¢|| wl.p(@Bm+1 sn)-

Remark 2.4. Note that from the same ingredients we obtain also the stronger estimate where for
g = p(m + 1)/m < m the weaker space W!~1/2:4(9B™m+1 S™") replaces WP (9B™+!, S"). This
was done in [Bethuel and Demengel 1995; Hardt and Lin 1987]. We stated Theorem 2.3 as above to
emphasize the connection with our Theorems B and C. Indeed, taking 71 = n we see that those theorems
cover the critical exponent p = n for which the projection trick stops working.

2B. Large integrability exponents. We now consider functions in W1-#(S™, S") with p > m; there
is a continuous embedding of C%1~™/P(S™ S") into this space. The candidate extension space
wLpmt1)/mpm+1 gy s also composed of C%!~7/P_functions. As described in Section 1D, the
extension problem is guaranteed to have a solution as long as 7, (S") = 0. This is true for m < n but
false for many choices of m > n and for m = n.

When an extension exists for ¢ representing the identity of the (nontrivial) group 7, (S"), a controlled
extension can be constructed based on the fact that a bound on the C%%-norm for & > 0 implies a control
on the modulus of continuity.
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2C. Extension for maps in W1:1(3S1, S1). For maps with values in S°, we are helped by the existence
of a well-behaved product structure on S3, i.e., the one which gives the identification S* ~ SU(2). This is
enough to get the analogous result for n = 1, as we will see now. It is however well known (see [Hatcher
2009, Section 2.3]) that this is a very unusual case: a group operation exists on sk only for k =1, 3.

We can state a similar extension problem in the 1-dimensional case. This kind of controlled extension
result is related to the recent work on Ginzburg—Landau functionals in [Serfaty and Tice 2008].

Here the main structural ingredients present for S3 are again present: namely, we have a group operation
on S! (in this case it is the abelian group U(1) ~ R/Z) and a M&bius structure on D? restricting to one
on S!. We follow the strategy of proof described in Section 1D. The result is:

Theorem 2.5 (1-dimensional version of the extension). There exists a function g : RT — R with the
following property: if ¢ € W1(S! SY) then there exists u € W22 (D2 S1) with ulyp2 = ¢ in the
sense of traces and we have the norm control

lullpr.ccop2,sty = gUIAlIwr1s sty
We will explain the changes which occur with respect to the proof of Theorem B (see Section 4).

Sketch of proof. The procedure is as in Section 4 and Appendix A; we have just to replace exponents
and dimensions 3,4 with 1, 2. For the analogue of Proposition 4.9 the biharmonic equation (4-36) is
replaced by a harmonic equation, while the resulting estimates persist. Perhaps the only significant
change is Lemma B.1 of Appendix B. It should be replaced by the following product estimate, valid for
fewhtl(D?), g e L®nW!(D?):

Ifellwia =1/ wradliglize +lIglwr2). U

We must however note that the naturality of the space W1-1(S!, S!) in Theorem 2.5 is less evident,
since the trace space H'/2(S', S!) does not continuously embed in it, unlike what happens in higher
dimensions. This is seen by considering

ue(0) = exp(i min{l, e ! distg1 (9, [—%n, %n])})

It is then clear that | Vue || 1 (1) = 2, while we estimate the double integral in 6, 6" giving the H 1/2_norm
by the contribution of the regions 6 € [0, %n], M= [%n +e,m+ e]. Under these choices, uc(0) = eo,
ue(0') = e, and their distance in S! is 1. Thus,

diste: (u (9),716(0,))2
2 _ sli7e !
||”€||H1/2(S1,§1)_/§1 /;l diStgl(e, 9/)2 d@d@

1 1
1
< dx d
/0/0 x+2e/m—y2 Y

< |[loge| + 1.
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2D. Using controlled liftings to obtain controlled extensions. The control obtained for extensions of
maps in W13(S3,S3) and WH1(S!,S!) is exponential in the norms of these maps. In Section 3
we describe an approach, which works for ¢ € W12(S2,S?), which is completely different than in
dimensions 1 and 3 and yields a faster proof and a better control. Such an approach was first considered
in [Hardt and Riviere 2003]. This is based on the existence of controlled Hopf lifts. The result (see
Corollary 3.3) is that there exists an L2**-controlled lifting ¢~5 :S? - S3, i.e., a function such that
H oq; = ¢, where H : S? — S? is the Hopf fibration and we have the control

V@200 < CIVRlL2(1+ [V L2).

The analogous controlled lift exists also for ¢ € W1-3(S3, S?), whereas for 2 < p < 3 we have a control
on the L?-norm of the lift instead of the L?-°° one; cf. Proposition 1.7. This lift allows us to prove,
along the same lines, Theorems C and D.

The gist of the proof is the following: Once we have the controlled lift, the lifted map takes values
into a sphere of a higher dimension. This allows a wider range of application for the projection trick of
Proposition 2.2 or of its Lorentz space analogue of Proposition 3.4.

Having extended the lift, reprojecting the extension to S? via the Hopf map maintains the gradient
estimates. This is due to the fact that the Hopf fibration is a submersion (cf. (3-4)) and our lift can be
taken so that the “vertical” component 7 is also controlled.

Work on the existence of nonlinear liftings has been very active regarding S'-valued maps (see, e.g.,
[Bourgain et al. 2000; 2004; Bethuel and Zheng 1988] and the references therein). Looking also at
higher-dimensional analogues seems very promising in relation to extension results.

2E. Small energy extension with estimate. As for the case of curvatures over bundles with a compact
Lie group, the small energy regime allows a kind of linearization of the problem and gives estimates
which are better than what is expected in general. We obtain in particular an estimate in W 1# instead
of W 1:(+:) for the extension, provided that the norm of the boundary trace is small:

Proposition 2.6 (see Theorem 4.4). There is a constant €y > 0 and a finite constant C such that, if
/ Vo]’ <e. ¢:S°—>S°,
s3
then there exists u € W14 (B*, S%) such that

u=¢ on IB* in the sense of traces and IVl pacpey = ClIVOIlL3(s3)-

This is part of our proof of Theorem B and is proved in Section 4B using a method developed in
Appendix A in the spirit of [Uhlenbeck 1982b].

2F. Existence of W V-4-extension without norm bounds. As for the case of global gauges, we can in
general obtain W 1-4(B*, S3)-extensions once we give up the requirement to have a norm control of the
extension such as in Theorem B. This phenomenon represents one example of situations in which function
spaces have behavior which is more complex than what can be detected by only looking at their norms.
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Proposition 2.7. If ¢ € W13(S3,S3), then its topological degree is well defined; cf. [Schoen and
Uhlenbeck ~1980; White 1988]. Suppose that deg ¢ = 0. Then there exists u € W *(B*, S3) such that

u=¢ on dB* in the sense of traces.
Proof. We use the extension as in Section 4A. The construction using Lemma 4.5 is done on a series of
domains B(x;, p;) N B*, where x; € dB*, p; € (o, 2p ] for the choice

PE :=inf{p>0:3x06834,/ |V¢|3Z€o}-
B

(x0,2p)NOB4
Note that we have no a priori control on how small p 5 could get, but (by absolute continuity of |V |3dx
and compactness of dB%) it cannot be zero for a fixed ¢. Then a Lipschitz extension u : % — S3 to a
Lipschitz region % included between B*\ B;_» pp and B*\ B 1—p,. €Xists as in Section 4A and such a
u will also be Lipschitz (with constant bounded by ,0;1) and will have degree zero (the preservation of
degree follows because the extension used in the construction preserves the homotopy type; cf. [White
1988]). In particular we can do a further Lipschitz (thus W 1-4) extension to the interior of B* \ . This
provides the desired u. O

The proof of the above proposition is constructive, and no hint that the construction is optimal is
available. In the next section we prove that actually no general bound in W '+* can be achieved, because
of the intervention of the topological degree, much as in the case of SU(2)-instantons.

2G. Impossibility of W 1*4 bounds for an extension.

Proposition 2.8. There exists no finite function [ : RT — RY such that for each ¢ € W13(S3,S3) there
exists a function u € W*(B*, S3) satisfying

u=q¢ on dB* in the sense of traces and [Vullpspey = FUIVPlL3(s3))-

Proof. We recall the robustness of degree under strong convergence in W 1-3(S3, §%) (see [Schoen and
Uhlenbeck ~1980; White 1988; Brézis and Nirenberg 1995; 1996]). Consider ¢ = idg3, which has
degree 1. Suppose an extension u : B* — S3 to ¢ were to exist with ||u|| ;1.4 < C’. It would then be
possible to approximate « in W 1#-norm by functions u; € C®°(B*, S3), since smooth functions are
dense in W14(B*,S3). In particular the degrees deg(¢;) of ¢; = u;|5+ would have to be zero. This
contradicts the fact that ¢; — ¢ in W !*-norm because the degree of the boundary trace is preserved
under strong W !3-convergence.

This proves the absence of a continuous extension operator. To show that boundedness is also impossible,
we use a slightly different argument.

Consider ¢pg € W13 N C®(S3, S?) that is a perturbation of the identity equal to the south pole S
in a neighborhood Ng of S. Then consider a Mobius transformation F : S3 — S3 such that F~1(Ng)
includes the lower hemisphere, and let ¢’ = ¢ o F, ¢ = ¢y o (—F). Then, identifying S ~ SU(2) so
that S ~ idgy(2), use the group operation to define ¢ = ¢'¢”. Note that [|¢|ly-1.5 < 2||@o|lp1.3, since the
conformal maps F, —F preserve the energy; moreover, ¢ has zero degree.
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Let F, be a family of M&bius transformations symmetric about S that concentrate more and more
near S (with the notation of Appendix C we may take F, := F,, for v, =(1—1/n)S). Define ¢, :=¢'o F,,
and ¢, := ¢;,¢". It is clear by conformal invariance of the W13 energy that the ¢, have constant energy.
They converge weakly to ¢” and have degree zero.

Call u,, the extension of ¢, and suppose that ||u,| ;1.4 < C independent of n. We may suppose that,
in Wh4.norm, u, — e € WH*(B*, S?) and we obtain |54 = ¢” in the sense of traces. We then
apply the result of [White 1988] (see also [Schoen and Uhlenbeck ~1980]), which in this case says that
the 3-dimensional homotopy class passes to the limit under bounded sequential weak-W 1:4(B*, S?)
limits. We again obtain a contradiction to boundedness, since deg(¢”’) = —1 whereas the same degree is
zero for the maps ¢y,. O

2H. Moving frames and their gauges. We describe here a lifting problem arising in the theory of moving
frames on 2-dimensional surfaces, where the Lorentz spaces appear again in the optimal estimates. The
model question is as follows:

Question 2.9. Given a map (representing the normal vector of an immersed surface) 7 € W1-2(D?, S?),
does there exist a W 1-2-controlled trivialization é = (€1, ¢é,) of the pullback bundle 7~ !TS?? A
trivialization is defined by two vector fields é;, é; € W 1-2(D?, S?) such that the pointwise constraints
|é1] = |ea| =1, é; - €5 = 0 are satisfied almost everywhere and 7 = ¢ X é,.

This problem behaves like the one of global controlled gauges; namely for small energy a lift exists
and is controlled, and, for large energy, lifts can be found but with no general control. Uhlenbeck’s
e-regularity estimate is mirrored in the following theorem. This result was proved initially by F. Hélein
[1996, Lemma 5.1.4] under the hypothesis || V7| ;2 < C and improved by Y. Bernard and T. Riviére, who
proved that it is enough to assume a smallness condition in weak-L?:

Theorem 2.10 [Bernard and Riviere 2014, Lemma IV.3]. There exists €y such that, if |Vii| j 2..0 < €g,
then there exists a trivialization with the controls

IVérllLz + IVeéallz < CliVal2  and ||Véyllp200 + [ VerllL2.00 < ClI Vil 200 -

Note that, for the improvement above, the L?-energy might blow up yet still control the energy of the
trivialization, as long as we stay small in Lorentz norm. It would be interesting to explore this kind of
phenomenon also for curvatures in higher dimensions, like in our setting.

The bad behavior in large energy regimes starts at the energy level 87 (and this is optimal; see [Kuwert
and Li 2012]). This number has an evident topological significance because, if 72 is homotopically non-
trivial, i.e., parametrizes a noncontractible 2-cell of S?, then 47 = |§2| < f D2 u*dVolgz < % f D2 |Vﬁ|2,
so 87 is the smallest energy of a topologically nontrivial 7.

We also have the following lemma, similar to Section 2G:

Lemma 2.11. For [ |Vii|? > 8x there can be no controlled W -?-trivialization é.

Sketch of proof:. We choose 7i mapping a neighborhood D? \ B, := N for small r to the south pole of
S? that has degree 1 and equals a conformal map outside a small neighborhood N, © N;. Such 7 exists
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with energy as close as desired to 87, independently of r, by conformal invariance of the energy.

Supposing a trivialization é = (€;, &,) exists, on N it will span the “horizontal” 2-plane of R* which is
perpendicular to S = (0,0, —1). On circles 0B, p > r, by Fubini’s theorem, for almost all € we will have
that &;, i = 1,2 will be W2 and thus C° and they have values in the equator of S?. By well-posedness
of the topological degree and since 7 is nontrivial in homotopy, we obtain that each ¢; will make a full
turn on each 0B,. This gives that [, B, |Vé;| > 1 on B, and by Jensen’s inequality we obtain

1
- 1

/ |Ve,-|zsz —pdp=C
D2\B, r P

since there is no positive lower bound for r > 0, we see that we cannot have a controlled trivialization. [J

’

1
log -
r

There is an analogue also of our W 1:(4:20) _extension result here, and it corresponds to taking the
so-called “Coulomb frames”. The result is a general estimate with no restriction on 7, but with the Lorentz
norm L2-%) instead of the L2-norm (this estimate follows from Wente’s [1969] inequality using [Adams
1975]):

Proposition 2.12 [Riviere 2012, VIL6.3]. Let i € W 12(D?,S?). Then a trivialization é belonging to
W 1:(2:9) exists which satisfies the Coulomb condition

diV(gl, V§2> =0
and the control

IVé [l .00 + [Verll oo < | Villl 2 + Vil 75 -

3. The Hopf lift extension

We now prove Theorem C. We consider a fixed ¢ € W12(S2, S2?) and we need to construct an extension
u € WHG:) (B3 §2) guch that

lullp1.c.00 B3y S B lw12s2) (1 +dllwi2s2),

where the implicit constant is independent of ¢.

The strategy of proof uses a construction based on the Hopf fibration which has been introduced in
[Hardt and Riviere 2003]. The same strategy was later used in [Bethuel and Chiron 2007] for proving
similar lifting results as in [Hardt and Riviere 2003]. In the smooth case we will first lift ¢ : S? — S?
to ¢ : S — S3 such that H o = ¢, where H : S* — S? is the Hopf fibration. Then we will extend
¢~5 by using a Lorentz analogue of Proposition 2.2, working with similar conditions on dimensions and
exponents. Projecting back to S? via H will keep the estimates.

Before the proof, we recall some properties of the map H.

3A. Facts about the Hopf fibration. Identifying S® with the unit sphere of C2 with complex coordinates
(Z, W), the Hopf projection is H(Z, W) = Z/W and its fibers are great circles. This gives a function
with values in C U {oo} ~ S?. If we look at S3 C R* with the inherited coordinates (x1, X2, X3, X4), then
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we can identify
H*ws» =da  for o = %(xldxz — Xpdx1 + x3dx4 — x4dXx3). (3-1)

Here we> is a constant multiple of the volume form of $2. Since S! ~ U(1), we can regard §3f>§2 asa
principal U(1)-bundle P — S2.

Let ¢ : C — S? be a smooth function. Then d(¢p*ws2) = 0, because Q3(R? ~ C) = {0}. Since
H jR (C) =0, there exists a 1-form 7 such that

dn = ¢*ws . (3-2)

We also note that for a smooth ¢ : C — S? the pullback of the U(1)-bundle P is trivial, since R? is
contractible. A trivialization of the bundle ¢*P — C can be identified with a lift ¢ of ¢. From (3-1) we
can deduce that dn = ¢*H*ws2 = ¢*do = d(¢* ) and again there exists a 1-form 7 as in (3-2), defined
by

ii=¢*a. (3-3)

Note that 77 coincides with 1 up to adding an exact form d6: we have d;*oz —n =dg¢. If we come back
to the bundle point of view then d6 represents the effect of change of coordinates of the trivialization
giving (]3, i.e., of a change of gauge. We then have n = <]§*o¢ —df = (e_iqu)*a, where the action of e~?
is intended as a U(1)-gauge change and 6 : C — R is determined up to a constant. Moreover, since DH
is an isometry between the orthogonal complement of the tangent space of the fiber 7, H~1(H(p)) and

Tp§2, we also obtain the norm identity
1DgI* = |ii|* + | Dg|. (3-4)
3B. Hopf lift with estimates. We start the proof of Theorem C:

Proposition 3.1. Suppose ¢ € W1-2(C, S?). Then there exists a lifting ¢ : C — S? such that Ho ¢ = ¢
and there exists a universal constant C such that

IV@llL200 < CIVRlL2(1+ [V L2).

Proof. The proof is divided into two steps.

Step 1 (constructions in the smooth case). We have seen that, at least in the smooth case, constructing a
1-form 7 as in (3-2) is equivalent to constructing a lift qNS :C — S3. We now observe that such a 1-form
can in turn be easily constructed by inverting the Laplacian on C via its Green kernel, which is of the
form K(x) = —y log |x|. In particular, K € W 1(2:%) which is the reason why this norm appears. First
note that dd*(K * B) = 0 for a smooth L!-integrable 2-form 8 on C. We can then use this formula for
B = ¢*we> and, taking into account the fact that VK is in L2*, by the Lorentz-space Young inequality
(see [Grafakos 2008]), we obtain that the 1-form 7 defined as

n:=d*[K * (¢p*ws2)], n—> 0 at infinity, (3-5)
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satisfies (3-2) and the estimates

Il L200 < 9 ws2llLt S IDPNZ2lI¢NLo = | DS 5 - (3-6)

We have mentioned where to find the proof that n corresponds up to a unitary transformation to a lift (,13,
and from (3-4) and (3-6) we also obtain the estimate for ¢,

1Dl 200 S 1Mllp2.00 + [ DBl 2 S 11D L2(1+ [ Dl 2). (3-7)

Step 2 (extending the constructions to W 1-2). The results obtained so far hold for ¢ € C*®(C, S?). We
use the well-known fact that, while not dense in the strong topology, the functions in C°(C, S?) are
instead dense with respect to weak sequential convergence (see [Bethuel 1991; Hang and Lin 2003]). The
constraint of u, having values in S2, as well as the constraint ¢,, o H = ¢, for the qb,,, are pointwise
constraints (note indeed that the function H is smooth), so they are preserved under weak convergence
¢n — ¢ € W12, Now we state the only less classical point in the proof in the following lemma:

Lemma 3.2. L2>®-estimates are preserved under weak convergence in L?. In other words, if f, € L?
are weakly convergent to f € L?, then || f || 2.00 < liminfy— oo fn | 2.00.

Proof. We observe that a positive answer to this question cannot directly and trivially be obtained by
interpolation, since the L>-norm is not lower semicontinuous with respect to weak convergence in L2,
We thus proceed by duality; namely, we note that

L2 = (LY and L*D c L2
Therefore { fy, ¢) — (f, ¢) for all $ € L2V and by usual Banach space theory we obtain the thesis. [

Applying the lemma, we obtain the desired estimate to conclude the proof of Proposition 3.1 via
Bethuel’s weak density result [1991]. O

We observe that, given a map ¢ € W 1-2(S?,S?), we can obtain a map u : C — S? having the same
norm by composing with the inverse stereographic projection W~! : C — S?; we use the facts that the
exponent 2 is equal to the dimension and that W is conformal. In a similar way, having constructed a lift
ii : C — S3, we obtain automatically a lift q; of ¢ by composing back with S. The same reasoning using
conformality also shows that the Z.2°°°-norm of the gradient of é is preserved. This proves:

Corollary 3.3. Suppose ¢ € W12(S?,S?). Then there exists a lifting (;3 - S?2 — S3 such that H o¢? =¢
and there exists a universal constant C such that

IV4llr200 < CIVIL2(1+ 1Vl 2).
3C. Projection and wise choice of the point. To proceed in our strategy for the proof of Theorem C, we
use a version of the projection trick of Section 2A.
Proposition 3.4 (projection trick 2). Suppose thatgzg e Wh(2:0)(S2 S3). Then there exists a function

ii: B3 — S3 such that Ulypi\s2 = q; satisfying the following bound for some universal constant C:

]l pr1.G.000 B3y = CllPllpr1.2.000(s2)-
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Proof. We proceed in two steps: the first one introduces the W 1:3-%)_norm estimate, and the second one
ensures that the constraint of having values in S3 can be preserved.

Step 1 (harmonic extension). Consider a solution # of the equation

At =0 B3,
A =0 on 3 (3-8)
u=¢ on dB°.
By using the Poisson kernel estimates, we obtain that i € W1-(3-°) (B3 B*) and
IVl Le.oo S [VElLeoo - (3-9)

Step 2 (projection in the target). We now correct the fact that i has values not in S* but in its convex
hull B*. Fora e B;‘/z we define the radial projection 7, : B* — S3 of center g, i.e.,

wa(x) :=a+tgx(x —a), where t5x >0 is chosen so that |7,(x)| = 1.

In order to estimate the norm of u, := m, o 4 we note that

V(a0 )| (x) 5 DL
() —al

4
1/2°

p €1,4[. We note that fBl/z lit(x) —a|™? da is bounded for all such p by a number C, independent

with an implicit constant bounded by 4 as long as a € B We just estimate the L?-norm of Vu, for

of x; therefore, by changing the order of integration and applying Fubini, we obtain
/ / |Vug (x)|? dx dapr/ |Vﬁ(x)|p[ lia(x)—a|™? daprHVzZH;,’.
Bi/> J By B By,

In other words, the assignment a +> u, gives a map whose L} (Bi/2: le’p(B3, S?))-norm is bounded
by the L?-norm of Vi for p € [1,4[. First observe that, by Lions—Peetre reiteration (see [Tartar 2007,
Chapter 26]), L% s an interpolation between L?° and L?! with 3 € |po. p1[ C 1. 4[. We now use
the nonlinear interpolation theorem of Tartar [2007, Chapter 28]. Call U(a, x) := Vi(x)/|i(x) —al|. We
know that the map u ~ U is bounded between W 7i and LPi for i = 0, 1. In order to show that it also
satisfies

[Vu(x)|

{(x,a) €EBXBypiT——> )\}‘ = ”U”z(&oo) N ”LN[”?/VI,(S.OO) ) (3-10)

)\3
o u(x)—dl

A>0

we will check the local estimate

Vu(x) Vu(x)

- S llu—vlze:.
u(x) —al  |v(x)—ad

LP1

This follows since

/ / Vu(x) Vou(x)
Bi /B )»

D1

lu(x)—al  |v(x)—al

5/ |Vu—Vv|p1/ (Ju(x)—a|™" + |v(x) —a|"P') dadx
B 1/2
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and the same estimates as before apply to the second factor, uniformly in x. Thus (3-10) holds. From
(3-10) it easily follows that there exists a € By, for which

Vgl LG.oor By < llitllpr1.Goo) - (3-11)

Combining (3-9) and (3-11), we obtain the claim of the proposition for @ := u,. o

3D. End of proof.

Proof of Theorem C. Apply consecutively Corollary 3.3 and Proposition 3.4. For i as in Proposition 3.4,
we can then consider u := H ou, : B3 — S?. Since H is Lipschitz, we obtain the pointwise estimate

[Vu| < |Vugl. (3-12)
Combining this with the estimates of Corollary 3.3 and Proposition 3.4, we obtain the thesis. O

3E. Modification of proof in the case of W1:?(S™,S2). In this section we prove Theorem D and
Proposition 1.7.

Proof of Theorem D and of Proposition 1.7. We consider n =2 <m and 3m/(m+1) < p<4dm/(m+1)
as in Proposition 1.7. We will use the fact that such p is always greater than 2. The construction of the
1-form 7 satisfying (3-3) and (3-4) can be done in a completely analogous way if the domain is R™,
m > 3. The only difference is that in that case the Laplacian on 2-forms such as ¢*wg2 has the form
§ =d*d + dd*, where the first part does not vanish anymore. In this case however we may still solve

d?’] = ¢*(l)§2,
d*n=0,
n(x) —0 as |x| — oo.

If p € WHP(R™,S?) and since p > 2, we then have
ldnll Lor2my < Cll¢*ws2 [l Lor2@my < CIlADIT b (gmy-
As before, we have (3-4), from which we also obtain | D@|? < |n|? + | D¢|?. Passing to S™ and noting
that in dimension m > p we have W 1:P/2(§"m S2) < [ mp/@m=p)(gm S2) < [ P(S™ S2) we obtain
1Dl Loems2) S UDGI pom 52 + I DBl Lo(sm 52

Harmonic extension and Proposition 2.2 allow us then to obtain an extension i : B! — S? of ¢~5 such
that

Vil Lpentn/mpm+1 s3y S DSl Losm s3)

provided p(m+ 1)/m < 4 (which is the condition appearing in Proposition 2.2. Composing with the Hopf
map H at most decreases the norm; thus we obtain that « := H o # is the desired controlled extension as
in Proposition 1.7 and in Theorem D (note that for 2 = 3 the condition p(m + 1)/m < 4 is equivalent to
p <3). O
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4. The extension theorem for W 1:3 maps S3 — S3

This section is devoted to the proof of the following theorem:

Theorem B”. There is a constant C > 0 such that, if € W1-3(S3, S3), then there exists an extension
u € Wh4:2) (B4 S3) of ¢ such that

Clivel’

IVullpa.co(pay = Cle L3 4[|Vl L3). (4-1)

4A. Modulus of integrability estimates. In general, during our estimates we indicate by C a positive
constant, which may change from line to line and also within the same line. We start by fixing the notation
for the main quantity which will be used control the energy concentration of our maps.

Definition 4.1. If D C R* and f : D — R is measurable then let E( f, p, D) denote the (possibly infinite)
modulus of integrability of f, which is defined as

xeD

E(f.p.D)= sup/ 7.
B, (x)ND

The modulus of integrability fits into a sort of elliptic estimate as follows:

Proposition 4.2 (integrability modulus estimates). Let ¢ € W13 (0B*, S3) and assume that u is the
solution to the equation

Au=0 on B*,
u=¢ on dB*.

Then there exists a constant Cy independent of ¢, p such that, when p € ]O, %[,
E(Vul*. .8 = CLE(V4P. 20,089 [ vl 42)
aB4
Proof. We have to prove that, for all xo € B*,
4 3 4 3
/ Vult < CiE(VP.20.08% [ Vo' @3
B, (xo)NB* 3B+

Step 1 (the case xo € 9B*). Let : S3 — [0, 1] be a cutoff function such that = 1 on Bjp(x0) N S3,
n=0onS?*\ Byy(xo), and [Vn| < p~ 1. Then write ¢ = ¢ + ¢» with ¢ = n¢, 1, = (1 —n)¢, and let

u=1uy~+uy with
{Aui =0 on B*%,

u; =¢; on dB*
for i =1, 2. It suffices to prove (4-3) for each u; separately. By elliptic theory and by the definition of 7,

4/3
/ |Vu1|4s(/ |V¢|3) .
B, (xo)NB* %

2(y) dr-

alx—yt

Poisson’s formula gives

uz(x)=c(1—|x|2)/aB
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thus, for x € B,(xo) N B4, p < 1,

V| || V|
IVuzI(X)Sp/ 2 dy+ Ay <p 2 dy
S3\Ba, (x0) 1X — VI S3\Ba, (x0) 1X — VI S3\Ba, (x0) 1X — VI

Patching together the estimates obtained so far, we write

4/3 |V¢| 4
osurae 7= (7o) ([ ) 0
» (X0 ’ ” —

where the factor p® comes from the pointwise estimate for Vi,, keeping in mind that | Bo(x0) N B4 < p?
Let the summands on the right side of (4-4) be I and II respectively. Note that

1/3
Is(/ |V¢|3) [ 1Vl < EQvor 2008 [ 194 4-5)
sz(XO)ﬂaB4 s3 s3

To estimate I, cover S* \ B, p(X0) by (finitely many) geodesic balls B;’ o (x;) so that x; form a maximal

2p-net and they are at distance at least 2p from xg. Then

1/3
/ |V¢|s|B§,,|(f |V¢|3) .
B3, (x1) B3, ()

For y € ng(xi), X € Byy(xo) N B*, we have |x — y| ~ dist(x;, xo). Thus

II<p (Zdlst *(xi x0)pa 1/3)

where a; = fBS (x1) |V |3. By Holder’s inequality we easily obtain
0 1

3
1 < p*° (supa1/3) (Z ai) (Z dist™1%/3 (x;, xo)) .
i i
Now, the first parenthesis is estimated by p~! E(|V¢|?, 2p, dB*)!/3, the second one by p~3 Js3 Vo3,

and the last one by ,0_16/ 3. Thus we obtain

1< 05 E(V$ P, 20,9843 51 —3/ VoI < E(Ve. 2. aB4>1/3/3|v¢|3. (4-6)

By (4-5) and (4-6), we obtain (4-3) for xg € dB*.

Step 2. If |xg| < 1 —2p then we can directly apply the estimates for the term /7 of (4-4), since now the
denominator |x — y| in the Poisson formula will be at least p for all x € B,(xy).

The estimate of Step 1 also holds for p > % with the same constant. We can cover the case
|xo| € 1 —2p, 1] with p < 5 by noticing that if x; = xo/|Xo| then B3,(xy) D B,(xo), and that the
measures |Vo|3do, |Vu|4dx are doubling with constants bounded by the packing constants of S3 and of
B* respectively, while the function E( f, p, D) is increasing in p. Therefore the inequality (4-3) also holds
for this last choice of x¢ up to changing Cy, by a factor depending only on the above packing constants. [



GLOBAL GAUGES AND GLOBAL EXTENSIONS IN OPTIMAL SPACES 1871

4B. Extension in the case of small energy concentration. In small energy concentration regions we
utilize the following:

Theorem 4.3 (small concentration extension). There exists a constant § € ]0, %[ with the following
property: for each ¢ € W13(S3,S3) such that the local estimate

)
Euvmﬁzpff)ssz (4-7)

holds with ||V¢||i3(§3) = E, there exists a function it € W) (B4 S3) which equals ¢ on S? in the
sense of traces and satisfies

) V2
HVumfaas-—jgii-+HV¢uLz. (4-8)

Theorem 4.3 follows from several ingredients, the proofs of which are postponed to Appendix A and
to the end of Section 4B.

Theorem 4.4 (Uhlenbeck analogue). There exist two constants 6 > 0, C > 0 with the following property:
Suppose € W3(S3, S3) is such that | Vyr | 3(s3) < 8. Then there exists an extension v € W4 (B*, S3)
satisfying the estimate

[vllwi.4pay = CIVY I L3 (s3)-
Proof. See Theorem A.2. O

If ue Wh*(B* R*) and p € 0, [, xo € dB*, then by a mean value argument there exists p € [p, 2]
2

such that
,3/ |Vul|* < c/ |Vul*. (4-9)
int(B4)Nd B3 (x0) B4N B, (x0)

In this case the following lemma will prove useful:

Lemma 4.5 (Courant-Lebesgue analogue). Fix p € |0, 1[. There exists a constant C > 0 such that, if
u € WH4(B* R*) is the extension of p € W13(S3,S3) and

gl Vult <
int(B4)ﬂaB,5 (x0)
with xo € 0B*, then for almost every x € 3(B* N B5(x0)) we have
dist(u(x),S) < ¢ . (4-10)
The restriction of u to a smaller ball B;_,, being harmonic, is smooth. Then we may utilize the
following result:

Lemma 4.6 (interior estimate). Given u € W4 N C1(B*, B*), there exists a constant C independent of
u such that, for half of the points a € B*,
4

1
EC/ |Vul*.
L4.0°(B4) B4

|u—al
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Proof of Theorem 4.3. Step 1. We first observe that the harmonic extension u of ¢ satisfies

lollwr3(s3)

[Vu|(x) <
o

for x € By,

A direct way to see this is by estimating via the Poisson formula together with Poincaré’s inequality and
a good covering by p-balls B; C S3:

AV
'V”'(x)s"(/ x q;|4 d”/gs |x|—¢|y|4 dy)

13, |V¢|+|¢| ,
< Z A where d; ~ dist(Bj, x)

5;(%) ]i,- IVo|+ 1, by Poincaré
6\2/3 3 1/3
() (R, ) 1) .

L VARIED) '
P

To justify the last step we observe that Card{; : d; ~ 27 p} ~ 2% and thus the first factor in the

penultimate line is bounded by (Z >0 272 )2/ 3, while for the second factor we use Jensen’s inequality.
Step 2. We now use Lemma 4.6 and observe that if 7z, : B*\ {a} — S3 is the retraction of center a then

|Vul

\V(rgou)| <C .
lu —al

In particular, using Step 1 and Lemma 4.6 we obtain

1
lu—al

Step 3. Consider a maximal cover {B;} of S* = dB* by 4-dimensional balls of radius p and centers
on dB*. Tt is possible to find a constant C, depending only on the dimension, such that the collection of
balls of doubled radius {2 B;} can be written as a union of C families of disjoint balls %y, ..., %Fc.
Then apply (4-9) to each ball B; € %,. This will give a new family of balls {B] : B; € %} with
radii between p and 2p to which it will be possible to apply Lemma 4.5. Thus dist(u(x), 0B*) < % on
d(B* N Bj) for all B!. Because of the choice of F; it also follows that the balls B/ are disjoint.
If we choose a projection 7, from Step 2 so that dist(a, B*) > %, then

v
cmnvunﬁ. @-11)

IV (a0 )l oo < | Vit zoo H
L4.oo

ui1 :=mgo (ulypsnp;)) satisfies |Vu’i| <C|Vu| on 3B;N B*

by the estimates of Step 2. Note that a will be fixed during the whole construction.
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We extend u’l (denoting the extension again by u’i) inside B; N B* via Theorem 4.4, obtaining a new

function )
mgou on B*\J B,
1,[1 = .
ul on B.

Theorem 4.4 implies that u; satisfies

1/3
Vuillpasy = C(/ |VM1|3) :
’ 3B,
We can rewrite this as follows:

\4/3
/ Vuy |* < c(/ 2% +[ |Vu’1|3)
B;NB4 B;NOB int(B)NJB;

4/3 C\4/3
< ([ |V¢|3) + (/ |Vu’1|3) : (4-12)
B;NJdB int(B)NJB;

We note that (using Lemma 4.5)

L\ |
([, wdp) <wesy [ e
3B, Nint(B) 3B; Nint(B)
<o Vul’
dB;Nint(B)

5/ |Vu|?; (4-13)
B,'ﬂB4

therefore, u; still satisfies (4-2) with a constant C; which is now changed by a universal factor.

Step 4. It is possible to repeat the same operation starting from the function #; and using the balls of the
family &, to obtain a function u;, and then do the same iteratively for all the families &, ..., &c.

Denote by % the union of all the perturbed balls B; corresponding to the families %, ..., Fc. Recall
that the number of families is equal to the maximal number of overlaps of balls of different families and
depends only on the dimension. Then, iterating the estimates (4-12) using (4-13) for all families %;, we
obtain for the last function u¢ that

[ 1vuctt < £GVP. 20893 [ 1vap+ [ v
R i B;NOB R

< V113 362y (EAVEP, 20,8 + [Vl 13(s3)), (4-14)
where for the last inequality we also used the elliptic estimates for « in terms of ¢.

Step 5. We now combine the estimate (4-11) for the part B\ ® C Bi_, and (4-14). Observe that in
general || f'||;4.00 < ||f]|.4 and that the L#°°-norm satisfies the triangle inequality. We obtain

IVl 5

~ 3/4
IVl § =L+ VSl + Vo /

VLE(VeLR. 20,8112, (4-15)

Using the trivial estimate E(|V¢|3,2p,S3) < Js3 |[Vo|3, the desired estimate follows. O
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We now proceed to prove the above lemmas.

Proof of Lemma 4.5. The hypotheses xq € 0B*, p < 1 have the following two geometric consequences:
(1) dB* N dBj(xo) has positive measure; (2) B* N B;(xo) is 2-bi-Lipschitz equivalent to Bj. Therefore,
we may just prove that (4-10) holds true on 0B, for a function « such that

{ﬁfaBp |Vul* < C,
[{x @ ful(x) =1} > 0.

To do this note that, by definition, u(x) € S3 for a.e. x € dB*, then use the Sobolev inequality

oy 7 [ 19l
0
which is valid in dimension 3. For C small enough we obtain (4-10). O

Proof of Lemma 4.6. By the coarea formula we have

s ) —al ™ > A} = [u~ (By-1(@))] = /

BA—I (a)

Card(u™ ! (x)) dx < C/ |Vu|*.
B4

We then observe that the measurable positive function Fy,(x) := Card(x~!(x)) belongs to L' (B*). The
maximal function MF, has L'**°-norm bounded by the L!-norm of F,, and in particular there exists a
constant C independent of u such that for at least half of the points @ € B* we have

1
sup—4/ FuSC/ Fufcf |V |*.
r A B B4 B4

For such a we have, after the change of notation A = A1, the desired estimate
{x : Ju(x) —al™! >A}|A4§C/ |Vu|*. O
B4

4C. The case of large energy concentration. Following Theorem 4.3, we are led to divide the set of
boundary value functions W13 (S3, S3) into two classes, based on whether or not the energy concentrates.
Let Lg :={p € W'(S*,S°): |[Vo|3; < E} and for ¢ € L define Eg := E(|V9|*, pg, S%). We

distinguish between the following two classes of “good” and “bad” boundary value functions:
G .= Lpn{p:Ey <8},

£ _ (4-16)

BT :=LgN{p: Ey > 6}

We will fix the constants
PE = e—Cmax{l,E3} and S

at the end of Section 4D.
The precise steps of our extension construction are as follows (see also the graphical summary (4-17)):

(1) Theorem 4.3 gives a good estimate for the boundary values in 4.
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2) Ifge BE has average close to zero, i.e.,

éﬂwfg

then it is possible to write ¢ = ¢ ¢, with

/IV@PEE—é
53

(the product of S3-valued functions is pointwise the product on S3 ~ SU(2)).

[\

(3) If we are not in the two cases above, we use the functions
Fy(x) :=—v+ (1= o) (x* —v)*,

where a* = a/|a|?, v € B*, which form a subset of the Mobius group of B*. We have two cases:

(a) Forallv e B*, we have ‘f§3 ¢o Fv‘ > %, in which case

i(v) := ngs(/§3¢on)

gives an extension of ¢ with values in S3 that satisfies

el S l@llws -

(b) There exists v € B* such that ! f§3 ¢o Fv| < 1. in which case we can apply the reasoning of
cases (1), (2) above to ¢ := ¢ o Fy. Since Fy is conformal and |¢| = |¢| = 1, we have

IVols = 1Vellrs, lolwrs =Ilellyrs.

Again we reason differently in the two cases q~5 € %E and d; e RE:

(4) If, in case (3b), ¢~) e BE, then we apply case (2) to q~§ and we can express
p=¢i1¢y and ¢ =(p10F; ) (p2oF,").

Then ¢; := ¢~>,- o Fv_1 are as in case (2).

(5) If, in case (3b), @ € 4E | then we apply case (1) to ¢; With a careful study of the relation between
the position of v € B* relative to dB* and the parameter p g We construct

ue Wl,(4,00)(34’§3) extending ¢ =‘l;° FU_I’

starting from the extension # of qS given in case (1).
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e @17

| Extend |

|Jss 0| =%

<;~5 cgk Extend

¢ =192
E(p))<E-$

Proposition 4.7 (balancing = splitting). There exists a constant C with the following property: Suppose
that ¢ € BE with the notation of (4-16), and assume § < C and Pg = e~ Cma{LEY  Further assume
that, as a function in W13(S3,R*), ¢ satisfies

X

Then, identifying S® ~ SU(2), there exists a decomposition

¢ =di1¢2 (4-18)

<L
— 4

such that, fori = 1,2,

/ |V¢,-|3<E—§. (4-19)
s3 2

Proof. Step 1. Fix a concentration ball B = BS® (pg» Xxo0) such that
f IVo|® > 8. (4-20)
B

Step 2. Consider dyadic rings in S* defined as R; :=2/*1 B\ 2! B, where we denote 2/ B = BS® (2ipE, X0)-
For an easily computed constant C we can fix Ng = Cllog, pg| such that, for i < N, it follows
that 211 p . < %. Since
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by the pigeonhole principle there exists ip € {1,..., Ng} such that

E
Vo|? < = .
/R,-”" L

0

Again by the pigeonhole principle (using the fact that the cubes are dyadic), there therefore exists
t €[210%1p ., 290 p ] such that

z/ Vo] < cLt (4-21)
9BS3 (£,x0) NE

where C is a constant depending only on the geometry of S3.

Step 3. Denote B; = BS® (¢, x0) as in Step 2. We define the function 431 via a suitable harmonic extension
outside of B; by

{‘l;l =¢ on dB;,
A(@ o) =0 on B¥,

where ¥ : R? — S3\ {xo} is a stereographlc projection composed with a dilation of R* such that
W(B®(1,0)) = S3\ B;. On B, we define ¢; = ¢. By Holder’s inequality, using elliptic estimates and
the conformality of dilations and inverse stereographic projections, we have

~ 3 3/2 3 3/2 3
CTE c([ |V¢>1|2) - C(f 4, o\mz) =c [ 1Vhiowp
3B, 3B, 9B’ BY
= C/ Vo1, (4-22)
S3\ B,
Step 4. We define
¢1 = 7s3 °¢~)1-

As in Lemma 4.5, there exists a universal constant C such that if

E
—_ < -
Ng = C (4-23)

then
dist(p1, S*) < 1.

This implies, like in Theorem 4.3, that pointwise a.e. we have the estimate
Vo | < CIVél.

By (4-23) it follows that, extending via ¢; = ¢ on B;, we obtain ¢; € W13(S3, S3) such that

Ve <c-E (4-24)
§3\Bt NE
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Step 5. We now estimate from below the energy of ¢|s3\ p,. Denote by ég the average of ¢ on a domain
Q C S3. First we use the Poincaré inequality on S3 \ B, and the fact that |¢| = 1 almost everywhere:

3
[ welz [ |¢—¢§3\3,|3z([ |¢>—¢>§3\B,|)
§3\B; §3\B, 53\B,
> (1S*\ Be|(1 = |pss\5, )’ (4-25)

Using the fact that |q§§3| =< %, |q§Bt| =< 1 and the triangle inequality, we have

IS\ Billps\ g, | < [9s311S°| + | Bel 9B, | < 4IS° +|Bel. (4-26)

Now, (4-25) and (4-26) and the estimate ¢ < % from Step 2 give
[ vePzGisll-2B)’ = C. 4-27)
S3\B;
From this inequality, if § is small enough then we obtain
/ Vo > 6. (4-28)
S3\B;

Step 6. We now define ¢, := ¢1_1¢, where the pointwise product uses the group operation on S3 ~ SU(2).
Observe that, since |¢| = |¢1] = 1 a.e.,

V(g7 9 =197 V97 ¢ + 97 Vo| < [Vo| + V.
Thus, if C/Ng < 1 in (4-24) (i.e., if pi = e"CNE is small enough), then

1/3 2/3
R +7(/ |V¢1|3) (/ |V¢|3) .
S3\ B, S3\ B, S3\ B, S3\ B,

By using (4-28), (4-24) and (4-20) we then obtain

, , E - E
IV, |* < VoI +C— 3 < E-§+C—7. (4-29)
3\ B, S3\B, N, N,

Step 7. It is now possible to conclude the proof. The estimate (4-19) for ¢, follows from (4-29) if
Ng > CE3§°. (4-30)

Similarly, by construction ¢; = ¢ on By, and
- E
[wvonl = [ el s [ Vel =E-Froor.
s3 B, S3\ B, NE
Thus we reach (4-19) if
Ng >CES§ . (4-31)
Recall from Step 2 that Ng = —C log, pg, so (4-30) and (4-31) translate into the requirement that
Pg = e~ C max{ES.(E 5)3}, which is implied by our hypothesis since § is bounded. O
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Remark 4.8. The proof of (4-27) in Step 5 gives the following general estimate, valid for bounded
Sobolev functions on a compact manifold M and for any Poincaré domain 2 C M:

IVollLr@) = CalIM (Il o) — [Pae]) — 2@l Loocary | M\ R[] (4-32)
where Cg, is the Poincaré constant of 2.

Consider now the conformal transformations of the unit ball B*
a

Fy(x) =—v+ (1 —|v|*)(x*—v)*, where ve B* and a* = Pk
a

Proposition 4.9 (balancing = extension). Let ¢ € W1-3(S3, S3). Suppose that, for all v € B*,

poF,|>1. (4-33)
s3 4
Then the following function u : B* — S extends ¢:
u(v) :=mgs (][ ¢o Fv), where mg3(a) = |a_| for a € R*\ {0}. (4-34)
S3 a
Moreover, there exists a constant C independent of ¢ such that
[Vulpapsy = ClIVPIl L3(s3)- (4-35)
Proof. Step 1. After a change of variable,
feormar={ o0l o) ay.
s3 s3
where |(F;1)'| is the conformal factor of DF;!. From Lemma C.1,
_ 1—|v|?
F 1y/ — F/_ = 7.
[(Fy ) 1() = [FL, [ () FEE
therefore,
1= vf? )3
oF, = d
foori=f oo(i=t0) @
From [Nicolesco 1936], the function
1—y27°
K(x,y) = |§3|_1[ |y|2]
Ix =yl
is the Poisson kernel for the equation
A2u=0 on B4,
ou
ou = 4-36
v ‘334 ' (4-36)
ulpp = ¢.

Therefore, the function #(v) := f§3 ¢ o F, satisfies (4-36).
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Step 2. The following classical estimate holds for (4-36) (see [Gazzola et al. 2010, Chapter 2] for the
stronger estimate [[u|l 1.4y < @ llp1-1/4.450)):

[Vullpacpey = ClIVPIllL3(B3)-
Step 3. We note that
% <li(x)|<C forall ve B*

because of our hypothesis (4-33), |¢| = 1 and by the elementary estimate [« ((1— |2 /|y+v|?)3dy <C.
As in Step 2 of the proof of Theorem 4.3 (with notation g3 = m, for a = 0), we obtain the pointwise
estimate

[V (rss 0ib)] ~ |Vill.
The estimate (4-35) follows via Step 2. O

Consider now the case in which the hypothesis of Proposition 4.9 is false, i.e., that there exists v € B*
with
(4-37)

Bl—

poFy
s3

=

Fy|s3 is conformal and bijective (see Appendix C); thus, for 4 C S3,

/ VP =/ Vol
A Fyl(4)

in particular, <,z~5 := ¢ o Fy has energy at most E, like ¢. We observe that Proposition 4.7 applies to qg
directly due to our hypotheses. Therefore, we can find ¢, ¢ € W13(S3,SU(2)) such that

¢ = 102, / Ve <E-S fori=12.
s3

\S]

We then precompose with F,~ 1 which preserves the pointwise product and the L 3-energy of the gradients,
obtaining the same decomposition for ¢.
The case ¢ € 4F is a bit more difficult:

Proposition 4.10. Under the assumption (4-37) and with ¢~> := ¢ o Fy, suppose that (;5 € GE. Then there
exists an extension u € W1*°) (B* S3) of ¢ such that

C
IVullp4.00(pay = IO—||V¢||23(§3) + VP33 (4-38)
E

under the assumption that
pp <t (4-39)

Proof. To simplify notations, let p = p 5 during this proof. We divide the domain B* into

A:=F; ' (B(0,1-p)), A :=B*\A4.
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By Lemma C.2, there exists a constant C dependent only on the dimension and a function /(v) such that,
for x € A and under the condition (4-39),

h(v)

o <|F,|(x) < Ch(v). (4-40)

Therefore, we have
{x € A:|Vu|(x)> A} = }{x € A :|Vu|(Fy(x)) |F/|(x) > A}‘

erA |vu|(F,,(x))>Ch( )}‘

/ |Fy|~*dy
Fy ()N Vil (0)> A/ (Ch)}
< C*h4(v) {yeB1 L |vu|>ch(v)}

—4
= COATH Vil sogp, )
By bringing A to the other side, it follows that
AY{x € 41 |Vu|(x) > A} < C¥|IVilll pa.cs (B(0.1—p))- (4-41)
By conformal invariance, the invertibility of Fy and the usual estimate between L** and L*, we have
A¥{x € A" |Vul(x) > A} = ClIVulla gy = CIVal s b, ,))- (4-42)
We now sum (4-41) and (4-42) and we take the supremum on A > 0. It follows that, up to increasing C,

[Vulpa.copay = C(IVitl paco(p,_,) + IIVitllLacp\B,_,))- (4-43)

The estimate (4-43) together with Theorem 4.3 applied to i gives the desired estimate for the first
summand, while for the second summand we proceed as in Step 3 of the proof of Theorem 4.3. On
the small concentration regions B; for q~5 we apply Courant’s Lemma 4.5, due to which we may project
the values of u := i o F, ! on S3 with little change of the gradient of u. Since F, ! is conformal, the
L3-energy of i on dB; is the same as the L3-energy of u on dF, ! (B;). By Theorem 4.4 applied to @ as
in Step 3 of the proof of Theorem 4.3, we obtain

IVullLacryrpy By = IVitllLae,_,) = ClIVOIlL3s3) = ClIVOlL3(s3)-

This and (4-43) conclude the proof. O

4D. End of the proof of Theorem B”. We refer to the scheme (4-17) for the idea of the proof.

Choice of §. In (4-16), take § < §/C; with the notations of Theorem 4.3 and with § is as in Theorem 4.4.
If necessary, shrink § so that the bound of Proposition 4.7 is also satisfied.

Choice of p . From Proposition 4.7 with the above choices of §, we get p . < e~C max(LE 9,
PE P E
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Estimates for extensions. Consider again the scheme (4-17). Each time we extend some boundary
datum ¢ obtained during our constructions via a function  : B* — S3, we do so with one of the following
estimates:

e In the case of the extensions of Theorem 4.3 or of Proposition 4.10 (which in turn actually depends
on Theorem 4.3) we have

IVol?,
IVt| pace S ——L2 4[|V 15
PE

e In the case of the biharmonic extension of Proposition 4.9, we have the much better
[VullLe S IVelLs.

The number of iterations to be made when we apply the procedure described in scheme (4-17) is bounded
by
E/i§~E.

Since each iteration creates two new boundary value functions out of one, in the end we may have a
decomposition into no more than

eCE boundary value functions.

By the triangle inequality we see that, in this case, there exists an extension of the initial ¢ satisfying
C|vel®
IVullgace 5 eI V)2 + 1Vl Ls (4-44)

This gives the estimate (4-1) of Theorem B”, finishing the proof. O

5. Controlled global gauges

In this section we prove Theorem A.

SA. Scheme of the proof. We indicate here the sketch of the proof, before going through the details.

Proof. We will denote the L2-norm of F by E. We may assume that a first guess for 4 (i.e., a fixed
trivialization) is already given and belongs to W -2 (if the bound by €, on the energy of F is available,
we may assume more by Uhlenbeck’s result stated above, namely that one controls the W !2-norm of A4
by the energy).

It can be seen from the formula of change of gauge that it is equivalent to estimate either the gradient
of the trivialization g or the gradient of the connection A4 in that gauge.

We define f by iteration on the energy bound E. The main steps are as follows (see the scheme (5-1)):

e Uhlenbeck’s theorem [1982b] already gives a gauge with an L*-estimate of the gradient of the
trivialization if the energy of F' is smaller than €.

* Let pj be the largest scale at which no more than %60 of the L2-norm of F concentrates.
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e In the case pp > pp 1= Cpinj(M 2 E /€1, we iteratively extend our gauge on the small simplices of
a triangulation using Theorem B”’; see Section 5B. The estimates depend only on M 4.

e The alternative is p < py. Then, consider a point xo at which | F| concentrates and look at the
geodesic dyadic rings

Ry := B(x0,2" pp) \ B(xo, 2% pp), Kk €{0,..., [logy(Cpinj/pp)]}.

By the pigeonhole principle and by the choice of €;, we ensure the existence of a small energy slice
along a geodesic sphere of radius ¢ ~ 2kop F- We have extensions of the connections with curvatures
of energy smaller than E — %60. We use Lemma 5.4. To avoid subtleties about traces, we will ensure
that these two connections coincide on an open set. The choice of slice is described in Section 5D.

e Then we separately trivialize these two connections. By iterative assumption we then define f(E)
based on f (E — %eo) and on the function f; of Theorem B. The detailed bounds are given in

Section 5E.
(5-1)
[dyadic balls until ~ ,oinj] Extend gauge
[small energy slice at ~ pq ]
[Al,Az ofenergny—%eol [Al,Az ofenergyfeo]
Iterate Extend gauge
5B. Iterations based on a suitable triangulation. Define, for € as in Theorem 5.1, the radius
pF:=inf{p>O:f |F|2=%eo for some xoeM}, (5-2)
By (x0)

where p 5 1= Cpinj(M )2~ E/€1 and Pinj(M) is the injectivity radius of M. The constant €; will be fixed
later. Fix a triangulation on M with in-radius 2 o and size < p g, with implicit constants bounded by 4.
We choose C < 1 in the definition of p . so that each simplex of the triangulation is contained in a ball of
radius % Pinj(M ). In particular, all k-simplices of the triangulation are bi-Lipschitz equivalent to Sk for
k=1,...,4.

We recall here the main result of [Uhlenbeck 1982b]:
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Theorem 5.1 (Uhlenbeck gauge). There exists €g > 0 such that, if the curvature satisfies |, B, |F|? < €,
then there is a gauge ¢ € W2 (B, SU(2)) in which the connection satisfies || Apllwr2sy =CIlIFllr2es))
with C > 0 depending only on the dimension.

Theorem 5.1 gives a trivialization ¢; associated to each 4-simplex C; such that the expression of A in
those coordinates,

A = ¢; ' dgi +¢; ' Agi on Ci, (5-3)
satisfies
IAillw12¢c;y = ClIFllL2(c))- (5-4)
If we call
gij = 9; i, (5-5)

then g;jgjx = gik» 80 in particular gl.;l = gji; MOreover,
Aj = g,'jdgji + giingji on dC; N 3Cj. (5-6)
It follows that g;; € W13(dC; N 9Cj, SU(2)).
Lemma 5.2 (extension on a sphere). Let S _?_ be the upper hemisphere, S3 N {x3 > 0}. For any
g € WI3(S3,SU(2)), there exists g € W1-3(S3,SU(2)) such that § = g on Si and
IV&llLsss) = ClIVElLs(s3)-

Proof. Let S3 be a spherical cap of height ¢ € [ %] such that

1
27
”gbgi HW1!2(8§3_) = C”g”W“(Si)' 5-7)

We observe that g|, §3~s2 e W12(S?%,SU(2)), and we desire to extend this trace inside B?> ~ S3 with

a good norm estimate. Let
Ag=0 on B3,
g=g on dB3.

Then we have, by the usual elliptic estimates,
18 1w133) = Cllglass |12 - (5-8)

Forae B f /20 if g, is the radial projection of the values of g on the boundary with center a, then (as in
the projection trick of Section 2A)

Vel )
Vea <c V&L / /|Vga|350/ VP, (5-9)
g —al acB* . /B3 B3

1/2

Therefore, there exists a € B;‘ /2 such that

IVgallr3Bi~s3) = ClIVElL3(B3~s3)- (5-10)

Combining the inequalities (5-7), (5-8), (5-9) and (5-10), we obtain the thesis for g = g, with a as
above. O
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Corollary 5.3 (iteration step). Suppose that on our 4-manifold M a connection A is fixed and an
Uhlenbeck gauge ¢; is defined on a 4-simplex Cj, i.e., (5-4) holds with notation (5-3). Suppose that a
global gauge ¢y is defined on a finite union of simplices Cy := ¢ Ci, and that 0C; N CI(3) (where
CI(3) is the simplicial 3-skeleton of Cy) contains some, but not all, 3-faces of C;. It is then possible to
extend the gauge change gij of (5-5) to g;j defined on the whole of dC; with

IVgij ”L3(8CJ-) =C||Vgij ||L3(8Cj QCI(3))’
where C depends only on M.

Proof. H := (0C; \ C 1(3))5 is bi-Lipschitz to a ball for § equal to two-thirds of the smallest in-radius
of a face of C;. Here, Ay is a §-neighborhood of A inside dC;. Let H' := (3C; \CI(3))25. The triple
(3C;, H, H') is C-bi-Lipschitz to (S3, S3, K) where K is the spherical cap of height 2 extending S3.
We apply Lemma 5.2 in order to “fill the hole” H extending the gauge g;; with estimates. The bi-Lipschitz
constant is bounded by the geometric constraints on our triangulation only. O

Given Lemma 5.2 and Corollary 5.3, we proceed iteratively on the triangulation as follows (the indices
labeling the simplices are redefined during the whole procedure in a straightforward way):

e Suppose that we already defined the gauge q~5j_1 on a set of j — 1 simplices Cy,...,Cj_; whose
union forms a connected set.

* Consider a new simplex C; extending this connected set. Use Corollary 5.3 to extend g;; to g;;.

» We apply Theorem B” and extend g;; to a gauge change /;; defined inside C; so that
IVhijlLacorc;y = FUIVEijliLs(c;y) = Co. (5-11)
with Cy depending only on universal constants and on €.
* On U, .; G let ¢~S]- = qgj_l, while on C; we define qgj = ¢pjhij.
Let A ;j be the local expression corresponding to the gauge qgj. Then
14jllL@.coc;y S I AjllLaccyy + IVhijl Lacorc;) < €0 + Co.

Iterating this gauge extension strategy, we obtain a global gauge A on the whole of M such that

Vol(M)
oy

||g||L(4,m)(M) < C(number of simplices)(Cy + €¢) < C (5-12)

The above bound depends on the geometry of M and on the energy E of the curvature only. Note that

the above reasoning works only as long as p < pg. We next consider the case pp > pp.

5C. Extending the connection with small curvature changes. Let ¢, be as in Theorem 5.1.

Lemma 5.4 (finding good slices). There exists a constant €1 with the following properties: If M is a fixed
4-manifold with a W '-2-connection A and if B2;(xo) C M is a geodesic ball such that

f/~ |F|* <e,
0B;
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then there exists A € Wl’z(/\1 M, su(2)) such that A = A on B; and

€0
|F 12 <.
/M\Bt A 4
Proof. Up to a change of gauge, which does not increase the norm, we may assume the Neumann condition
(A,v) =0 on 0B;. (5-13)

This is obtained, for example, by minimizing ||g~'dg + g~! Ag| L2(B,) among g € W22(B;,SU(2)).
Extend 4 to By; \ B; by A:= m*i*yp, A, where m(x) = tx/|x| and iyp, is the inclusion. Using the
hypothesis, we obtain

/ |dA+ 4[4, A < Ce.

Boi\B;

We apply a change of gauge g = g(o) depending only on the angular variable o € dB* and such that
d*aBtAg|BB[ = 0.

This preserves (5-13) and gives, as s — 0,

Ce, z/ |dAg + L[4, 4] z/ |dA|2—o(s)/ VA%
B;NdB; B, B;NJB;

5

Therefore, Ag € W -2(A'9B,,5u(2)), Ag € W2(A! By, \ By, su(2)), and Ay, A satisfy (5-13). There-
fore, /Tg extends by Ag in a neighborhood of dB;, giving still a W12 gauge. Observe that, by Sobolev

2
2 2
/aB, A4 A2 S (/aB V4] )

and, by Hodge decomposition and using d*3p, 4 =0,

2
f |VA|25/ (|dA|2+|d*A|2)s/ |FA|2+(f |VA|2).
BB, 3B[ aB[ aBt

For X = HVAHiZ(BB,) we get X < e, + X2, and thus we may assume that

z/ |VA|2§CZ/ |F|%.
BB, aBt

Define A := X+ A for a smooth [0, 1]-valued cutoff function x, such that x; =1 on B; and x; = 0 outside

B,;. We obtain
/ IF/;szf |Fal? + Cey
B>, B;

and we can extend A = 0 outside B,;, obtaining the desired estimate for €; small enough. O

embedding,
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5D. Cutting M by a small energy slice. Suppose for this subsection that p < p. Let C be as in the
definition of p . and define

B {inf{p > pr fB,\8, |F|? < %e;} if this is less than Cpjn (M),
pre= Cpin otherwise.

Since p < pg and by the choice of €1, py is rather small and B, is bi-Lipschitz to By. Thus Lemma 5.4
applies. More precisely, let #; € [,01, %,01], th e [%pl , 2,01]. There exist ¢;, i = 1, 2, such that

li/ |F|* <e.
0B;,

SE. Strategies after cutting. Let ¢y be as in Theorem 5.1. We pursue different strategies depending on
the energy of F outside By, .

The case || M\Bs,, |F|? > %60. Split to the regions By, and M \ B;, and do induction on the energy in
order to separately find gauges satisfying our estimates. Lemma 5.4 gives extensions

{/Il =A on B;, s.t. fM|F/il|2 Sthz |F4]? + Cey,

A (5-14)
Ay=4Aon M\ By, st [y |F;|*<[p, |Fal*+Ce.

In particular, /Il , A » are equivalent on By o \ Bs o1 and
4 4

[ 1542 = [1EP - beo

If we can find global gauges g°, i = 1,2, in which A; have expressions /ff’o with L) bounds as in
Theorem B, then it is enough to apply

255 = (g7 ¢5°

on R:= B7_\ Bs_ in order to obtain
1P1 1P1

AL =g AT +853d(g53) ™" and |V llLacorr) < S(E — S€o).

Then there exists #3 € [% 01, % ,01] such that

/8 IVeSIP < f(E — <o)
3

By Theorem B we can find a W !-(4:°°)_extension h$5 of g75 to amap from By, to SU(2). Thus, if we
call f; the function of Theorem B, then

||Vh?<2)||L<4~oo)(B,3) < fi(f(E - %))

If we define

o {ggo on M*\ By, ,

g% 1= 1%

(5-15)
1287 on By,
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then Vg is estimated by an universal constant times

Si(/(E —€0)) + f(E — g€0).

The case || M\Bs,, |F|? < %eo. Outside B, we apply directly Theorem 5.1, while on B;,, we extend
the so-obtained gauge via Theorem B”. If we call A, A, the so-obtained connections on B,,, M \ By,
respectively, then there exists ¢ € [p1, 21] such that

/aB (A41)® + [ 42]?) < C(fi (o) + €o).

As above, the same bound is true also for the gradient of the change of gauge Vg1,. Theorem B gives
the extension /1, to a gauge in W1-(#:°) (B, SU(2)) with

IVhi2llL4.00,,) = S1(C(f1(€0) + €0)).

Then choose
00 . 82 on M4 \ Bt3 s

g% =
{h12g1 on By, .

This g satisfies an estimate independent on E and dependent only on €q, again allowing us to define
f(E) inductively. |

(5-16)

Appendix A: Uhlenbeck small energy extension

We use the strategy from [Uhlenbeck 1982a] to prove Theorem 4.4. The analogy is in the method of
proof more than in the result.

First recall that W1-2(X,S%) = WH2(X,R*) N {u : u(x) € S* a.e.} and observe that we attain the
infimum

inf{[ IVP?>: Pe Wh3(B* S3), P= Py on 334}. (A-1)
B4

Indeed, a minimizing sequence will have a W 1-2-weakly convergent subsequence, which thus converges
pointwise everywhere. By weak lower semicontinuity a minimizer exists, and by convexity it is unique.
The minimizer P distributionally verifies

div(P~!'VP)=0. (A-2)

Lemma A.1 (a priori estimates). There exists € > 0 with the following property: Let P be an extension
of Py € W13(S3,S3) with | P — I|lyr1.4(pey < € that satisfies (A-2). We identify S3 with the Lie group
SU(2). Then there exists a constant C such that

| P —1Illpassscpay < CellV PollL3(s3,s%)- (A-3)
Proof. By L?-Hodge decomposition,

P ldP =dU +d*V, (A-4)
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where V is the unique minimizer of

min{[ |d*V — P7VdP)?, %V |ypa = 0, dV = o};
B4

thus,
AV =dd*V =dP~' AdP,
dv =0,
*V =0.
We claim that
IVVIL3@Be) S €lP —Ilipr.acpsy- (A-5)

To see this, observe that d(P~!) = P~ dP P~ ! and P, P~! € L*® with norm equal to 1 so, by the
elliptic, Holder and Poincaré estimates,

IVV w1284y S 1dP™' AdP| p2gay S 1d(PT1) | Loyl APl L2 (2
SNdPl gyl P~ 300 IV Pl (e
5 €||P — I||W1~4(B4)' (A-6)
The trace and Sobolev embedding inequalities
IVilzr@sey S IV lwi-1/a.a@pay SNV Iw.acpay

are valid for ¢ = 2, p = 3. Therefore, we obtain (A-5).
Using the trace of the Hodge decomposition formula (A-4) on the boundary, we obtain from (A-5) that

1dU — Py dPollpsapey S €lP —1piacpey- (A-7)

Like for V, for U we have
AU =d*dU = d*(P~'dP) = 0.

We apply the elliptic estimates for U to obtain
1dU lp1/3.3(84) S IVU | L334 (A-8)
while (A-7), the triangle inequality and the fact that || Py|p = 1 give
IU L34y S 1dU — Py dPoll L3 apay + 11 Py ' dPoll L3 a4y
S ellP—Illyracpey + | dPoll L35 4)- (A-9)
Using (A-4), the triangle inequality and (A-6), (A-8), (A-9) we obtain

I P~ AP35 ey S NA*V I1s3.38e + AU /3.3 pe)
SellP—1llyrepsy + dPoll L334 (A-10)

Write dP = PP~'dP and observe that P € L N'W 4 since S? is bounded, while P~!dP € W1/3:3
by (A-10). We now use Lemma B.1 for the product fg with f = P, g = P~!dP and we obtain

IdP w133y S NPT dP|lgrisss (I PllLos + | P = Illwiacpsy)- (A-11)
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Note again that || P||z~ = 1 and deduce then from (A-10), Lemma B.1 and the Poincaré inequality that
” P — I||W4/3.3(B4) f C”dP() ||L3(§3) + CG”P — I||W1,4(B4). (A—12)
By the Sobolev inequality we can absorb the || P — I|| term to the left, and we obtain the thesis. |

We are now ready for the proof of Theorem 4.4. We restate the same result with a slight change of
notation and more details.

Theorem A.2 (small energy extension). There exist two constants § > 0, C > 0 with the following
property: Suppose Q € W13(S3,S3) is such that |dQllL3(s3y < 8. Then there exists an extension
P e WH4(B*, S3) satisfying

| P = Illpracpsy < CllAQI L3 (s3),- (A-13)
Proof. Define the following two sets, with K > 0 fixed later:
G ={Q e WS, SU(2) : [VQIl s <€},
Fe o =1{0 €9 AP e WH*4(B* SU(2)).div(P~'VP) =0 on B*, P =0 on dB*,
IP = Illwiapsy < KIVOILs@opsll P — Ilwrate gy < CIVOILs+aaps). (A-14)

The claim of our theorem states that a P € %2 ¢ can be constructed to extend any Q € (gg when § is
small enough. The strategy of the proof is to use the supercritical spaces 4%, o > 0 to approximate (Qg.
We divide the proof into five steps, paralleling Uhlenbeck [1982a].

Claim 1. 9% is connected for all €, o > 0.
Claim 2. F¢ - is closed (in 62) with respect to the W3t worm for a > 0 and for any C > 0.

Claim 3. For € > 0 small enough and a > 0, there exists C = Cy such that the set F¢ . is open in 4¢
with respect to the W31 % topology.

Claim 4. 9° is contained in the W13 -closure of |y~ o 4%

Proof of Claim 1. This is straightforward, since 4% embeds in C%¥(S3, SU(2)). |

Proof of Claim 2.. Consider a family Q; € %2" ¢ With associated P; as in (A-14) which converge to Q in
W13+¢ We extract a weakly convergent subsequence of the P; and the estimate passes to the limit by
weak lower semicontinuity (and by convergence of the Q). Similarly, the equations pass to weak limits,
since they are intended in the weak sense. O

Ideas for Claim 3. For the proof we need to study the behavior of solutions to div(P~!V P) = 0, which
is regarded here as an equation Ny (P) = 0 with P close to the constant I, which is a zero of N. The
equation considered is elliptic. The proof of the claim is thus done by linearization of N near / and by the
implicit function theorem. Ellipticity of the equation translates into invertibility of this linearized operator.
The estimate of the W **-norm follows from the a priori estimate of Lemma A.1 once we choose, for
example, K < %CE. See Lemma A.3 for the complete proof. O
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Proof of Claim 4. Consider Q € G2. There exists a sequence Q; € C*®(S3,SU(2)) such that Q; — Q
in W13(S3,SU(2)); see [Bethuel 1991; Hang and Lin 2003] — by the density proofs of these works it
follows that we may also assume Q; € ngl’ for some sequence o; — 0F. The L3-norm of a function f
can be obtained as

lim || fllza.
qg—3t
so in particular we may assume up to extracting a subsequence that €; < 2e. O

To conclude the proof, consider Q € ‘3‘8). We use Claim 4 to approximate Q in W-3-norm by Q; € &%‘;’8
with ;; > 0. From Claims 1-3 it follows that there exist functions P; € W14+ (B4 SU(2)) such that

||Pl - I||W1’4(B4) = K||in||L3(§3) = 2KS§.

The P; have a weakly convergent subsequence whose limit P satisfies

div(P~!VP)=0 on B*

[P = 1lp14psy =2K5  and {P =0 on S3.

Choose 6 > 0 such that 2K§ < € for € as in Lemma A.1. We can then apply that lemma and obtain that
| P —Ilpracgay = c| P —1llpaszspsy < cCell Ol L3(s3)- O

We now complete the details of the proof of Claim 3:

Lemma A.3. There exist € > 0, K > 0 such that for all o > 0 there exists Cy > 0 with the following
property: Let Qg € W131%(S3 SU(2)) and let Py € W 1412 (B* SU(2)) be an extension of Q¢ which
satisfies div( Py IV Py) = 0. If the estimates

[dQollw1.3(s3) <€, (A-15)
[Po—Ilip1.apey = KlldQollw.3(s3) (A-16)
| Po—1Illp1.atepsy < CalldQollp13+a(s3) (A-17)

hold then, for some § > 0 depending on Qy, for all Q satisfying

10— Q0”W1~3+“(§3,SU(2)) <4 (A-18)

there exists an extension P of Q satisfying the same equation div(P~'V P) = 0 and such that (A-15),
(A-16), (A-17) hold with P, Q in place of Py, Q.

Proof. We fix Q satisfying (A-18) and (A-15). The proof is divided into two parts:

Claim 3.1. For § > 0 small enough and for Q satisfying (A-18), there exists an extension P of Q solving
div(P~'V P) = 0 and such that (A-17) holds.

Claim 3.2. The function P of Claim 3.1 satisfies (A-16).
Proof of Claim 3.2. This follows directly from Lemma A.1. O
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Proof of Claim 3.1. First note that V = exp™! (Qa1 Q) is well defined for & > 0, because in that case we
have an estimate of the form

-1 €
10— Qollwis+a = callQ — Qollre <= 10y O —1Illr> < =
o

1

and exp™ " is well defined in a neighborhood of the identity.

We consider the problem of extending Qg exp(V) inside B* to a function P = Py exp(U). Extend V
to V such that AV = 0 inside B*.
We look for a P of the form Py exp(V)exp(U). We thus consider the equation

NU, V) = d*(exp(~=U) exp(=V) Py ' d(Po exp(V) exp(U))) = 0. (A-19)
In order to solve (A-19) it is useful to look at the operator
NV, U) : Wt (B4 su(2)) — W42 (B4 su(2)). (A-20)

We have to show that for § > 0 small enough, for each Q satisfying (A-18) (i.e., for each small enough V),
there exists a unique U such that N(V, U) = 0. We prove that N(U, V) is C! near (U, V) = (0, 0) and
that dN/dU(0, 0) is an isomorphism, given the existence of 6 > 0 as desired.

A simple calculation gives
ON 0 * * T —1 %
T n= 5 NWU +tn,V)y=d dn—d [17, exp(=U) exp(=V) Py d(Pyexp(V)) exp(U)]
t=0
= An—Ln.

We observe that d*d = A is an isomorphism between the spaces above, so it will be enough to show that
for U, V small enough in the W »4+%_norm the commutator term L7 is just a small perturbation of A
(with respect to the norms present in (A-20)). First note that we can write

Ln=[Vn, X]+[n,divX], where X:=exp(-U) exp(—f})Po_ld(PO exp(17)) exp(U).
Estimate for [V, X|. First note that by the Sobolev, Holder and triangle inequalities,

IV, XIW =145 < 1V, Xz S 1 Vllpatel| X Ls s

where

=

1
Do 4+ +
We then observe
X =exp(-U) exp(—f;) Po_ld(PO 17) exp(17) exp(U)
and note |exp A| = 1; therefore,
IX|Ipe = d(PoV)llza < dPollps + [dV e S€+56.

We thus have the first desired estimate,

ITVa, Xlllw-14+0 < (€ + )04+ .
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Estimate for [, div X]. Here we start with
[, div X]|[p—1.a+e < [0z || div X [|Lre .

Note that ||n| oo < ||7|lpr1.4+« by the Sobolev embedding. We start the computations for the second fact
or above. Note that

V(P exp 17) = (VPy)exp V+ PyV(exp 17)
and then expand:
div X = divlexp(—U) exp(—f;) PO_l V(Pyexp V) exp U]
= V(exp(=U)) exp(=V) Py 'V (Pyexp V) exp U
+ exp(—=U)V(exp(— 17))P0_1 V( Py exp 17) expU
+exp(=U) exp(—17) div (PO_1 VPO) exp 17) expU
+exp(=U) exp(—I7)P0_1 Py div V(exp V) expU
+exp(=U) exp(—l7) PO_1 V PyV (exp 17) expU
+exp(=U) exp(—l7) Po_1 V(Pyexp I7)V(exp U)
We have div(P, IV Py) = 0 and div V(exp(ﬁ)) = 0, so two terms cancel. Note also the fact that
| Py IV Pyl 4 < ||V Pyllp4 <e. Forestimating V(exg(j: 17)) observe that V satisfies a Dirichlet boundary
value problem, therefore we assume the estimate ||V ||jp1.4+¢ <8, and ||U || 1,440 < 8, which, by the

smoothness of exp, imply ||V (exp(£V)) | fa+e <6 and ||V(exp(£U))| fa+e < 8. From all this it follows
that we can estimate

Idiv X[l Lra S IV (exp(=U) [ Lo+ lIV(Poexp V) s + IV (exp(—V)) [ a+a |V (Po exp V)| Lo
+ IV Poll L4 IV exp(V )| Lat+a + [V (exp(U)) | La+a ||V (Po exp V) 14
< 8|IV(Pyexp V)|l pa + €8
< d(e +9).

We combine all the estimates and obtain the desired smallness result,
I[n. div X[l pr-1.440 < 8(e +8)nllp1.4+e . 0

End of proof. We now have that

ILnllw—14+e S G+ D€+ nlprate
while

1A7ll—1.44e Z [0llp1ate .

Therefore, for small enough €, § we have also

(A= L)nlp-1.4+e X Inllp.a+a .
This concludes the proof. |
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Appendix B: A product estimate with only one bounded factor

Lemma B.1 (cf. [Brézis and Mironescu 2001]). Let 2 be a smooth compact 4-manifold. If f € W1/3:3(Q)
and g € W4 N L®(Q), then we have the following estimate, with the implicit constant depending only
on 2:

I/ glwir33@) S 1 lwiss@liglLe@) + lglwrag)-

Proof. The estimates for the nonhomogeneous part of the norms are trivial, so we concentrate on the
homogeneous part.

We use the Littlewood—Paley decompositions f = Z;’;O Ji-g= Z?:o gk, and we recall that the
W$:P_norm is equivalent to the Triebel-Lizorkin F 41 ,-norm and the W94 norm is equivalent to the

F ; ,-norm, where in general the following definition holds:

1/ gy, = 125 felea | o -

We use different notations || - ||, | - | for the different norms just to facilitate the reading of formulas. As
is usual in the theory of paraproducts, we estimate separately the following three contributions (where
gk .= Zf:o gk and similarly for 1%)

fe=> fig™+ Y fear+ Y STt = I+ 4L
i

lk—1|<4 i

The support of (f;gi~*) is included in B,i+2 \ B,i—2; thus,

' ' ' 3/241/3
T I (LT

and analogously for IIl = Y"; f""*g;. Regarding the term II, we will estimate only II' := 5_; f;gi
because the same estimate will apply also to the finitely many contributions of the form ) ; f;g;4+; with
0<|l|<4.

We start with the most difficult term, /7I. From above we have

/33 = ‘

3/291/3
221’/3 i—4 2 / /
1211|135 ~ D 228 ity

- i

i , , 3/2 , 3/291/3
< /( 2—41/3|fl—4|2) (Z 221|gi|2) :|

- l _ . 6 1/121 . 241/4
< /( 2—4’/3|f"4|2) ] [/(Z2zl|gi|2) ]

1S l—2/3.12 11 g ll 1.4

=N fllwirssliglmra
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For the term I we have
. . 3/241/3
s~ [ [(Z215€72) | < leleoe
i

because of the estimate ||g'#||zc < |lg||zeo. Finally, we estimate II’, as promised. We prove it by

duality; namely, we prove that /I’ is bounded as a linear functional on the unit ball of the dual W —1/3:3/2,

Consider therefore / in this ball. The support of (fig\i) is included in B,i+2, so some terms cancel:

/h-l]’wkz’i/hkﬁgi = > [mnis, =12/hi+4ﬁgi

k<i+4

Z/z—i/3hi+42i/3ﬁgi‘
i
e 1/2 , 1/2
< ||g||Bgooo/(22_21/3|h1+4|2) (2221/3|fi|2)
i i

= lglwralhliw—1ss2lfllwrss .

=

The last estimate follows, recalling that

lellgy, . = sup llgillzoo
and that in dimension 4 we have continuous embeddings

W4 < BMO < B, .

Summing up the different terms, we are done. O

Appendix C: The Mébius group of B"

We call the Mobius group of R” the group M (R") generated by all similarities and the inversion with
respect to the unit sphere. Recall that a similarity is an affine map of the form

x—AKx+b with A>0, K€ O(n), beR",
and the inversion i, , with respect to the sphere dB(c, r) is the map

XH—=>c+r

x—c|?
The formula i, = (r?id +c) 0ig,1 o (id —c) shows that all inversions belong to M (R"). We use the
abridged notation

, X
x* =iy 0(x) = e

The Mobius group of B"+! is the subgroup M (B"*+1) of all transformations belonging to M (R"*1)
which preserve B”*!. Similarly, we define the Mobius group M (S") of the unit sphere S” C R*T!. The
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general form of an element y € M (B"T1) is
y=KoF, with K€ O),veB"! F,:=—v+(1—|v*)(x*—v)*
We use the following basic properties of the functions F3,, which can be found in [Ahlfors 1981, Chapter 2]:

Lemma C.1. o We have
1—|v)?

[x.v]

| Fyl(x) =

where [x, y] = |x||x* = y| = [y[[y* —x]|.
o Iy is conformal. We have Fv_1 = F_y, Fy(0) = —v and F,(v) =0.
e The conformal factor | F}|(x) is explicitly computed as

1—Jvf? _ P

14 [x]2v]2=2x-v  |x—v*?’

| Fyl(x) =

e The restriction Fy|sn belongs to M (S"); in particular, Fy|sn is a conformal involution and

—vf?
| —vf?’

[(Folsn)|(x) =

The next lemma gives the estimate needed for the case when v is close to 9B 1
Lemma C.2. Suppose that
p=1.
Then, on F (B 1—p), the following estimate holds with a constant C dependent only on the dimension:

h(v)

o =IF}I(0) = Chev).

Proof. We will calculate
max{|Fy|(») : y € Fy ' (Bi-p)}  max { |F ()
min{| F}[(y") : ' € Fy ' (B1—p)} |FI07)
and we show that this quantity is bounded. The following equalities hold:
F, F~
ax 1F]C0) x’ € By_, ¢ = max ILEH (S :x,x" € B,
Flo) [FLyl(x")
[(F5 1) |(x)
|(F ) 1(x")

= ey
{IF’I(F '(x) / }
=g

vy, € Fv_l(Bl—p)}

:x,x" € By p}

A R
| ,,I(y) N
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From the formula of the previous lemma it follows that

v*? —1

V| Fyl(x) = 2m(v*—3€)l

therefore, | F, | achieves its extrema on By_, at £(1 — p)v/|v|. The maximum M and the minimum m
of | F}| satisfy

1—v? 1—v|?
M = 2 2 = 2
L+ (1 =p)*=2(1=p)v] (1=(1=p)v])
1—|v|? 1—|v|?

T+ PA—p2+2(=p)lv]  A+1=p]?’

M _ 1+(1—p)|v|)2”_1_ 2
(15=ak) ~a=a=phh 2~

which finishes the proof. O

m
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CONCENTRATION OF SMALL WILLMORE SPHERES
IN RIEMANNIAN 3-MANIFOLDS

PAUL LAURAIN AND ANDREA MONDINO

Given a three-dimensional Riemannian manifold (M, g), we prove that, if (®;) is a sequence of Willmore
spheres (or more generally area-constrained Willmore spheres) having Willmore energy bounded above
uniformly strictly by 87 and Hausdorff converging to a point p € M, then Scal(p) =0 and V Scal(p) =0
(respectively, V Scal(p) = 0). Moreover, a suitably rescaled sequence smoothly converges, up to sub-
sequences and reparametrizations, to a round sphere in the euclidean three-dimensional space. This
generalizes previous results of Lamm and Metzger. An application to the Hawking mass is also established.

1. Introduction

Let X be a closed two-dimensional surface and (M, g) a three-dimensional Riemannian manifold. Given
a smooth immersion @ : ¥ <— M, W(®P) denotes the Willmore energy of ® defined by

W (D) ::/ H?dvolg, (1)
D)

where g := ®*(g) is the pullback metric on X (i.e., the metric induced by the immersion), dvol; is the
associated volume form, and H is the mean curvature of the immersion @ (we adopt the convention that
H = % g7 A; ;, where A;; is the second fundamental form; or in other words, H is the arithmetic mean of
the two principal curvatures).

In case the ambient manifold is the euclidean three-dimensional space, the topic is classical and goes
back to the works of Blaschke and Thomsen in 1920-1930, who were looking for a conformal invariant
theory that included minimal surfaces; the functional was later rediscovered by Willmore [1993] in the
1960s, and from that moment, there has been a flourishing of results (let us mention the fundamental paper
of Simon [1993], the work of Kuwert and Schitzle [2001; 2004; 2007], the more recent approach by
Riviere [2008; 2014; 2013], etc.) culminating in the recent proof of the Willmore conjecture by Marques
and Neves [2014] by min—-max techniques (let us mention that partial results towards the Willmore
conjecture were previously obtained by Li and Yau [1982], Montiel and Ros [1986], Ros [1999], Topping
[2000], etc., and that a crucial role in the proof of the conjecture is played by a result of Urbano [1990]).

On the other hand, the investigation of the Willmore functional in nonconstantly curved Riemannian
manifolds is a much more recent topic started in [Mondino 2010] (see also [Mondino 2013] and the
MSC2010: 49Q10, 53C21, 53C42, 35J60, 83C99.
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more recent joint work [Carlotto and Mondino 2014]), where the second author studied existence and
nonexistence of Willmore surfaces in a perturbative setting.

Smooth minimizers of the L?-norm of the second fundamental form among spheres in compact
Riemannian 3-manifolds were obtained in collaboration with Kuwert and Schygulla in [Kuwert et al.
2014], where the full regularity theory for minimizers was settled, taking inspiration from the approach
of Simon [1993] (see also [Mondino and Schygulla 2014] for minimization in noncompact Riemannian
manifolds).

Let us finally mention the work in collaboration with Riviere [Mondino and Riviere 2014; 2013],
where using a “parametric approach” inspired by the euclidean theory of [Riviere 2008; 2014; 2013], the
necessary tools for studying the calculus of variations of the Willmore functional in Riemannian manifolds
(i.e., the definition of the weak objects and related compactness and regularity issues) are settled together
with applications; in particular, the existence and regularity of Willmore spheres in homotopy classes is
established.

Since — as usual in the calculus of variations — the existence results are obtained by quite general
techniques and do not describe the minimizing object, the purpose of the present paper is to investigate
the geometric properties of the critical points of W.

More precisely, we investigate the following natural questions. Let ®; : S*> < M be a sequence of
smooth critical points of the Willmore functional W (or more generally we will also consider critical
points under area constraint) converging to a point p € M in Hausdorff distance sense; what can we say
about ®;? Are they becoming more and more round? Does the limit point p have some special geometric
property?

These questions have already been addressed in recent articles — below the main known results are
recalled for the reader’s convenience — but in the present paper we are going to obtain the sharp answers.

Before describing the known and the new results in this direction, let us recall that a critical point of
the Willmore functional is called a Willmore surface and it satisfies

AgH + H|A°* + H Ric (i, 11) =0, 2)

where Aj; is the Laplace—Beltrami operator corresponding to the metric g, (A°);; := A;; — Hg;; is the
trace-free second fundamental form, 7 is a normal unit vector to ®, and Ric is the Ricci tensor of the
ambient manifold (M, g). Notice that (2) is a fourth-order nonlinear elliptic PDE in the parametrization
map .

Throughout the paper, we will consider more generally area-constrained Willmore surfaces, i.e., critical
points of the Willmore functional under area constraint; the immersion @ is an area-constrained Willmore
surface if and only if it satisfies

AgH + H|A°* + H Ric(ii, i) = A H (3)

for some A € R playing the role of Lagrange multiplier.
The first result in the direction of the above questions was achieved in the master degree thesis of
Mondino [2010], where it was proved that, if (D) is a sequence of Willmore surfaces obtained as normal
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graphs over shrinking geodesic spheres centered at a point p, then the scalar curvature at p must vanish:
Scal(p) = 0.

In subsequent papers, Lamm and Metzger [2010; 2013] proved that, if ®; : S*> < M is a sequence of
area-constrained Willmore surfaces converging to a point p in Hausdorff distance sense and such that!

W(®y) <4m +e for some ¢ > 0 small enough, 4

then V Scal(p) = 0 and, up to subsequences, @y is W22-asymptotic to a geodesic sphere centered at p.
Moreover in [Lamm and Metzger 2013], using the regularity theory developed in [Kuwert et al. 2014],
they showed that, if (M, g) is any compact Riemannian 3-manifold and a; is any sequence of positive
real numbers such that a; | 0, then there exists a smooth minimizer ®; of W under the area constraint
Area(®y) = ay; moreover, such a sequence (Py) satisfies (4) and therefore Wz*z-converges to a round
critical point of the scalar curvature. Let us mention that the existence of area-constrained Willmore
spheres was generalized in [Mondino and Riviere 2013] to any value of the area.

The goal of this paper is multiple. The main achievement is the improvement of the perturbative
bound (4) above to the global bound

lim sup W (®y) < 8. 5
k

Secondly, we improve the W?2-convergence above to smooth convergence towards a round critical point
of the scalar curvature; i.e., we show that, if we rescale (M, g) around p in such a way that the sequence of
surfaces has fixed area equal to 1 (for more details, see Section 2), then the sequence converges smoothly, up
to subsequences, to a round sphere centered at p and p is a critical point of the scalar curvature of (M, g).

Finally we give an application of these results to the Hawking mass.

We believe that the bound (5) is sharp in order to have smooth convergence to a round point (in the
sense specified above); indeed, if (5) is violated, then the sequence (®;) may degenerate to a couple of
bubbles, each one costing almost 477 in terms of Willmore energy.

Now let us state the main results of the present article. The first theorem below concerns the case of
a sequence of Willmore immersions and is a consequence of the second more general theorem about
area-constrained Willmore immersions.

Theorem 1.1. Let (M, g) be a three-dimensional Riemannian manifold, and let ®; : S* < M be a
sequence of Willmore surfaces satisfying the energy bound (5) and Hausdorff converging to a point p € M.

Then Scal(p) = 0 and V Scal(p) = 0; moreover, if we rescale (M, g) around p in such a way that the
rescaled immersions EIv>k have fixed area equal to 1, then CTDk converges smoothly, up to subsequences and
up to reparametrizations, to a round sphere in the three-dimensional euclidean space.

Actually, we prove the following more general result about sequences of area-constrained Willmore
immersions:

IThe normalization of the Willmore functional used in [Lamm and Metzger 2010; 2013] differs from our convention by a
factor of 2.
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Theorem 1.2. Let (M, g) be a three-dimensional Riemannian manifold, and let ®; : S* — M be a
sequence of area-constrained Willmore surfaces satisfying the energy bound (5) and Hausdorf{f converging
to a point p € M.

Then V Scal(p) = 0; moreover, if we rescale (M, g) around p in such a way that the rescaled
immersions ®; have fixed area equal to 1, then Py converges smoothly, up to subsequences and up to
reparametrizations, to a round sphere in the three-dimensional euclidean space.

Of course, Theorem 1.2 implies Theorem 1.1 except the property Scal(p) = 0. This fact follows by
the aforementioned [Mondino 2010, Theorem 1.3] holding for Willmore graphs over geodesic spheres
together with the smooth convergence to a round point ensured by Theorem 1.2.

Now we pass to discuss an application to the Hawking mass m g, defined for an immersed sphere
®:S?— (M, g) by
Areagy (D)

1673/2

Of course, the critical points of the Hawking mass under area constraint are exactly the area-constrained

mp(P) = (4 — W(®D)). (6)

Willmore spheres (see [Lamm et al. 2011] and the references therein for more material about the Hawking
mass); moreover, it is clear that the inequality m g (®) > 0 implies that W (D) < 4.
Therefore, combining this easy observations with Theorem 1.2, we obtain the following corollary:

Corollary 1.3. Let (M, g) be a three-dimensional Riemannian manifold, and let ®; : S> < M be a
sequence of critical points of m g under area constraint having nonnegative Hawking mass and Hausdorff
converging to a point p € M.

Then V Scal(p) = 0; moreover, if we rescale (M, g) around p in such a way that the rescaled
immersions E)k have fixed area equal to 1, then 5k converges smoothly, up to subsequences and up to
reparametrizations, to a round sphere in the three-dimensional euclidean space.

First of all, let us mention that Corollary 1.3 also follows by the analysis performed in [Lamm and
Metzger 2010] with the only difference that here we improved the W22 convergence to the smooth one.
Now let us briefly comment on the relevance of Corollary 1.3 despite the triviality of its proof. Recall
that, from the note of Christodoulou and Yau [1988], if (M, g) has nonnegative scalar curvature then
isoperimetric spheres (and more generally stable CMC spheres) have positive Hawking mass; on the other
hand, it is known (see for instance [Druet 2002] or [Nardulli 2009]) that, if M is compact, then small
isoperimetric regions converge to geodesic spheres centered at a maximum point of the scalar curvature
as the enclosed volume converges to 0 (see also [Mondino and Nardulli 2012] for the noncompact case).
Therefore, a link between regions with positive Hawking mass and critical points of the scalar curvature
was already present in literature, but Corollary 1.3 expresses this link precisely.

We end the introduction by outlying the structure of the paper and the main ideas of the proof. First
of all, as already noticed, it is enough to prove Theorem 1.2 in order to get all the stated results. To
prove it, we adopt the blow-up technique taking inspiration from [Laurain 2012], where the first author
analyzed the corresponding questions in the context of CMC-surfaces; such technique was introduced in
the analysis of the Yamabe problem, which is a second-order scalar problem (for a detailed overview of
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the method including applications see [Druet et al. 2004]). The technical novelty of [Laurain 2012] was
that a second-order vectorial problem was considered; the technical originality of the present paper from
the point of view of the blow-up method is that we study a fourth-order vectorial problem.

More precisely, in Section 2, we consider normal coordinates centered at the limit point p and we
rescale appropriately the metric g such that the rescaled surfaces all have diameter 1 (or thanks to the
monotonicity formula, it is equivalent to fix the area of the rescaled surfaces equal to 1); notice that the
rescaled ambient metrics g are becoming more and more euclidean.

In Section 2A, by exploiting the divergence form of the Willmore equation established in [Mondino
and Riviere 2013], we give a decay estimate on the Lagrange multipliers as k goes to infinity.

Section 3 is devoted to the proof of Theorem 1.2; we start in Section 3A by establishing a fundamental
technical result that, under the above working assumptions, the sequence () converges smoothly to a
round sphere, up to subsequences and reparametrizations. Let us remark that in the proof we exploit in a
crucial way the assumption (5); otherwise, it may be possible for the sequence to degenerate to a couple
of bubbles. Once we have smooth convergence to a round sphere w, we study the remainder given by the
difference between ®; and w: in Section 3C, we use the linearized Willmore operator (recalled in the
Appendix) in order to give precise asymptotics of such a remainder term, and in the final Section 3D, we
refine these estimates and conclude the proof.

2. Notation and preliminaries

Throughout the paper, (M, g) is a Riemannian 3-manifold and S? is the round 2-sphere of unit radius
in R3. The Greek indexes «, B, v, i, and v will run from 1 to 3 and will denote quantities in M ; Latin
indexes will run from 1 to 2 and will denote quantities on ®; (S?); we will always use Einstein notation on
summation over indexes. Given a smooth immersion ® : S? < (M, g), we call g = ®*(g) the pullback
metric, dvol; the induced area form, and Hy ¢ the mean curvature and

W, (D) := /2|Hg,q,|2dvolg
S

is the Willmore functional.
Now let (®;) be a sequence of smooth immersions from S? into M. Under our working assumptions,
where diam, (€2) is the diameter of the subset €2 of M with respect to the metric g, we will always have

ex 1= diam, (P4 (S?)) — 0, (7

W (D) := / |Hyg o, |2dvolg,k <8m —2§ forsome § > 0 independent of &, ()
SZ

where dvolg, is the area form on S? associated to the pullback metric gy = ®}(g) and Hy ¢, is the mean
curvature of ®y.

Notice that in case M is compact then (7) is sufficient to ensure that, up to subsequences, @y (S?)
converges to a point p € M in Hausdorff distance sense; but since there is no further reason to restrict
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to a compact ambient manifold, we assume the convergence to p in the hypothesis of our main results
instead of a compactness assumption on M.

In order to efficiently handle the geometric quantities, we need good coordinates; let us now introduce
them. Take coordinates (x"), u =1, 2, 3, around p, and let p; = (p,l, p,%, p,f) be the center of mass

of ®;(S?):
1

= q)ﬂd 01’, :172,39
Area, (®y) Js2 K VOlge K

Py

where Areag (®y) = fgz dvolg, is the area of ®; (S?). Clearly, up to subsequences, py — p.

For every k € N, consider the exponential normal coordinates centered in p; and rescale this chart by a
factor 1/¢; with respect to the center of these coordinates. Hence, we get a new sequence of immersions
@y : S* < (R3, g,,), in the following simply denoted by ®;, where the metric g,, is defined by

8o (M), v) = g(exy) (e 'u, e ' v). 9)
Notice that now we have
W, (1) <87 —28, diam,, (Px(S?) =1, and ®x(S*) C By, (0.3). (10)

where the first inequality is a consequence of the invariance under rescaling of the Willmore functional

and By, (0, %) is the metric ball in (R3, g, ) of center 0 and radius % By the classical expression of the

metric in normal coordinates, we get that (see Appendix B in [Laurain 2012])
(8e)uv(Y) = 8yuv + 36¢ Rayuup (P Y VP + 587 Rawnp.y (P Y YP Y7 + 07, (11)
the inverse metric is
(85" (V) = 80 — 567 Rauop (POY* ¥’ = 67 Rayunp.y ()Y YP Y + 0(e}), (12)
the volume form of g, can be written as
V1861 (0) = 1 = gei Ricas (p)y* ¥’ — 56} Ricap,y (p)y*¥P y7 +0(e7), (13)
and the Christoffel symbols of g., can be expanded as
(Te)ng (M) = Aapyu(POY" &L + Bapyun (POY* ¥ &1 + 0(e}), (14)

where Aaﬂyp.(Pk) = %(R,Bp.ay(pk) + Rauﬂy (Pk)) and Baﬂyp,v (pk) = %(ZRﬂ;uxy,v(pk) + 2Ra,u.ﬁy,v(pk) +
Rﬂ;wy,a (Pk) + Ra;wy,ﬂ(pk) - Rotp,uﬂ,y(pk))-

Since by (11) the metric g, is close to the euclidean metric in the C*°-norm on B, (0, 2), where
By, (0, 2) is the euclidean ball in R of center 0 and radius 2, recalling (10), we get the following lemma:

Lemma 2.1. Let g;, be the metric defined in (9) having the form (11); let Oy : S? — (R3, 8s,) be smooth
immersions with ®;(S?) C B, (0, 2) satisfying

ngk (D) <8 —25 forsome§ > 0.
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Then, for k large enough, we have

Weo (®y) < 81 — 4, < diamg0(®k(§2)) <2, and ®(S?) C By, (0, 2), (15)

1
2
where g is the euclidean metric on R3, W,, is the euclidean Willmore functional, and B, (0, 2) is the

euclidean ball of center O and radius 2 in R3. It follows that, for large k, ®y : S* — (R3, 8¢,) IS a smooth
embedding and that there exist constants C1, Co > 0 such that

1 1
0< . < oA Areag (®y) < Areaggk(fbk) < Gy Areag (Py) < Cy < o0. (16)
1 2

Proof. The properties expressed in (15) follow from (10) by a direct estimate of the remainders given by
the curvature terms of the metric g, ; for such estimates, we refer to Lemmas 2.1-2.4 in [Mondino and
Schygulla 2014].

It is classically known that, if the Willmore functional of an immersed closed surface in (R3, go) 1s
strictly below 87, then the immersion is actually an embedding (see [Li and Yau 1982] or [Simon 1993]),
so our second statement follows.

In order to prove (16), let us recall Lemma 1.1 in [Simon 1993] stating that

[A D
%;)k) < diamg, ®; (82) < C\/Areago(QDk)Wgo(CDk) for some universal C > 0,
g0\ ¥k

which, combined with the bound on diamgo(Cbk(Sz)) and W (®;) expressed in (15), gives that there
exists a constant Cy > 0 such that

1
0< C_o < Areag (Py) < Cp < o0;

the desired chain of inequalities (16) follows then by estimating the remainders as in Lemma 2.2 in
[Mondino and Schygulla 2014]. U

2A. The area-constrained Willmore equation and an estimate of the Lagrange multiplier. In the rest
of the paper, we will work with area-constrained Willmore immersions, i.e., critical points of the Willmore
functional under the constraint that the area is fixed. If ® : S*> < (M, g) is a smooth area-constraint
Willmore immersion, then it satisfies the following PDE (see for instance Section 3 in [Lamm et al. 2011]
for the derivation of the equation)

NgHg o+ Hg,q,|A;¢|§ + Hg ¢ Ricg (g 0, 7ig.0) = AHg o (17)

for some A € R, where ﬁg@ is a normal unit vector to ®(S?) C (M, g), (A;q,)ij is the traceless second
fundamental form (AZ,’CD)U = (Ag 0)ij — 8ijHy o (of course (Ag o);; is the second fundamental form
of ®in (M, g)), and |A;’¢|§ = gikgﬂ(A;’q))i j(AS )i is its norm with respect to the metric § = d*g.
Now let (®y) be a sequence of smooth area-constrained Willmore immersions of S? into (M, g)
satisfying (7)—(8); perform the rescaling procedure described above, and obtain the immersions (D)
of S? into (R3, gs,) (for simplicity denoted again with ®; from now on), where g, is defined in (9),
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satisfying (10). Since the Willmore functional is scale invariant, the rescaled surfaces are still area-
constrained Willmore surfaces, so they satisfy the equation

Agek Hgsk , D + Hgsk , D |A§5k ,Dr |§gk + Hgsk , Dk Richk (ﬁggk , s ﬁgsk ,(I)k) = )\'k Hgsk s D - (1 8)
The first step in our arguments is to show that the Lagrange multipliers A are controlled by s,%. Let us
mention that this was already proved in [Lamm and Metzger 2013], the idea being to use the invariance
under rescaling of the Willmore functional. Here we slightly modify the proof in [Lamm and Metzger
2013] by exploiting the divergence structure of the Willmore equation in Riemannian manifolds discovered
in [Mondino and Riviere 2013] (let us stress that the divergence structure of the Willmore equation in
euclidean setting was a breakthrough by Riviere [2008]).

Lemma 2.2. Let (®y) be a sequence of smooth area-constrained Willmore immersions of S? into (R?, 81 )s
where g¢, has the form (11) with e — 0 and Py (S?) C By, (0, 2), the euclidean ball of center 0 and
radius 2.

Then the Lagrange multipliers A appearing in (18) satisfy

sup —- < 00. (19)

Proof. Since (®y) are area-constrained Willmore immersions, for every variation vector field X on R3,
we have that

8z We, (Pk) = Akd5 Areag, (Pp), (20)

where 63 W and 83 Area are the first variations of the Willmore and the Area functionals corresponding
to the vector field X. Observe that the vector field corresponding to the dilations in R? is the position
vector field ¥, so the first variation of the euclidean Willmore functional in R* with respect to ¥ is null:
83 Wy, = 0; on the other hand, the first variation of euclidean area with respect to the X variation is easy
to compute using the tangential divergence formula:

0z Areag (d) = —2/

gz(ﬁ, X) g, dvolg, = /SZ dive g, X dvolg, =2 Area, (D),

where dive g, is the tangential divergence on ®(S?) with respect to the euclidean metric. The two
euclidean formulas give the well known fact that every area-constraint Willmore surface is actually a
Willmore surface.

In the present framework, the ambient metric g, is a perturbation of order 8]% of the euclidean metric g,
so it is natural to expect that the Lagrange multiplier maybe does not vanish but at least is of order 8]%.
Let us prove it. First of all, by the expansion of the Christoffel symbols (14), it follows that the covariant
derivative in metric g, of the position vector field X has the form

Ve =1d+0(e}). (1)
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It follows that the tangential divergence of X on ®;(S?) with respect to the metric gy is dive, 2ot X=
2+ 0 (8]%), and by the tangential divergence formula, we obtain as before

83 Areag, (@) = —2/ <Hq>k’g£k , )?)ggk dvolg, = / dive, g, X dvolg, =[2+ 0(8]%)] Area,, (®k);
s? s?
recalling the uniform area bound given in (16), we get that there exists C > 0 such that
1
0< ol <63 AreagSk(dD) <C < oo. (22)

Now let us compute the variation of the Willmore functional with respect to the variation X:

5:We,, (Br) = /

- - o 2 . - -
| (o), (B, H + HIA®P + H RicGi, i) dvoly, (23)

where of course all the quantities are computed on &, and with respect to the metric g.,. In order to
continue the computations, it is useful to rewrite the first variation of W in divergence form. Up to
a reparametrization, we can assume that ®; are conformal so that the following identity holds (see
Theorem 2.1 in [Mondino and Riviere 2013]):

[Ag, Hi+ H|A°)? — RE(T ®)] dvolg, = D*[VHi—3HDii+3Hx, (iAD"i)],  (24)

where H = Hii is the mean curvature vector of the immersion Py, x4, is the Hodge operator associated
to metric g, D - == (Vy, o, -, Vj,, 0, -) and Dt . = (=Va, @ +» Vo, @, +), and D* is an operator acting
on couples of vector fields (\71, ‘72) along (D)« (T'S?) defined as

D*(V1, V) = Vi, o Vi + Vo, o V.

Finally Rék (T ) := (Riem (&}, &) H)* = X (i ARiem" (21, é,) H), where &; = 0y, D/ |0y, @| fori =1, 2.
Plugging (24) into (23) and integrating by parts, we obtain
83 We, (1) = / (~DX, VHii — ;HDii + 3 H xg, (i ADMiD)),dvols:
s2 ek
+f (¥, R (T @) + H Ric(ii, i1)), dvolg, . (25)
S2

Since the Riemannian curvature tensor of the metric g, is of order O (8]%) and both the curvature terms
are linear in H, using Schwartz inequality, the integral in the second line can be estimated as

/§ s R, (T ®;) + H Ric(ii, 1)), dvolg, = O (D) (W, (®p) Areag, (9)'/? = 0(e]).  (26)
The first line of the right hand side of (23) can be written explicitly as
f (=0, ®p — Tk (90 ®YDF, (3, H)ii + S HA] (0,1 1) + S HAL %, (i A D, o), dvols;
s? K

+f (—0,2®p — Do (0207 DF, (02 H)it + LHAS (3, @) — LHA] %, (i A, @), _dvols. (27)
s? €
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Recalling that *ge, (n A3 ®y) = 9,2Py and *o, (M A 0,2®y) = —3,1 Dy, we obtain that all terms obtained
doing the scalar product with —d,1 @y in the first line and with —d,> @y in the second line simplify and just
the terms containing the Christoffel symbols remain; since ®; C BVSk (0, 2) and the Christoffel symbols
are of order 0(8,%) by (14), (27) can be written as

2
/ - D (T (0 @f)DP (3,0 H)it) dvols: + O (e7) / Ha, g, 110 g, | dVolg, ; (28)
s 5 S

using Schwartz inequality, of course, the second summand can be bounded by

1/2 1/2
0(8,%)<f§2|H¢k,g£k|2dV01g£k> </§2|A¢k,g5k|2dvolgk) =0(¢eh), (29)

where we used the Gauss equations, Gauss—Bonnet theorem, and area bound (16) to infer that
/§2|A¢k,g8k > dvolg, < C(W,, (P0)+1) <C.

In order to estimate the first integral of (28), we integrate by parts the derivative on H and we recall (14),
obtaining

2
8¢ - 2
/Sz — S EE (0400 PP, (3, H)it) dvols: = O(eD) f§2(|H¢k,gsk |+ Haoy.g,, || Ay g, 1) dvolg,

i=1
1/2
= 0(8,%)(ng,€(CIDk))l/z[(Areaggk(CDk))l/z + < / A, |2dvolgk> } =0(e}). (30)
S
Collecting (25)—(30), we obtain that
8z Wy, (@) = O(g).

Combining the last equation with (22) and (20), we obtain that A, = 0(8]%) as desired. O

3. The blow-up analysis and the proof of the main theorem
3A. Existence of just one bubble and convergence.

Lemma 3.1. Let g,, be the metrics on R3 defined in (9) having the expression (11), and let (dy) be
area-constrained Willmore immersions of S? into (R?, g¢,) satisfying (10); without loss of generality, we
can assume Py to be conformal with respect to the euclidean metric go. Up to a rotation in the domain,
we can also assume that, for every k € N, the north pole N € S? is the maximum point of the quantity
|V |? + | V2D :

e 3= (VOGN + V2 Rili (N) = max| Ve + [Vl

where h is the standard round metric of S? of constant Gauss curvature equal to 1 and |V ®y|, and
|V2®dy |, are the norms evaluated in the h metric.
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With S € S? the south pole and P : S* \ {S} — R? the stereographic projection, consider the new
parametrizations Oy, in the following simply denoted with ®y, defined by

DL(P(2)) = Dk (P_1 <%)> forall z € R,
M

Then @y, a priori just defined on S\ {S}, extend to smooth conformal immersions of S? into (R>, go)
and converge to a conformal parametrization of a round sphere in the C'(S?, h)-norm for every I € N.

Proof. Step a. There exists a smooth conformal parametrization ®o, : S — (R?, go) of a round
sphere in R? endowed with the euclidean metric go such that, up to subsequences, dy — Do in the
CIIOC(S2 \ {S})-norm for every [ € N.

Denote by u;, the conformal factor associated to 5k, ie.,

B (20) = ™ h,
where g is the euclidean metric in R>. Observe that, by construction, for any compact subset of the form
K :=S%\ Bg’(S) for some § > 0,

there holds

sup sup(|V |2 4 | V2D |5) < oo. (31)
keN K

Then for every compact subset, there exists a constant Cx depending just on K such that, for every xg € K
and every p € (0, dist(K, S)/2),

sup sup V2, % < Ck,

keN B (xo)
where B,’;’ (xo) is the ball of center xg and radius p in the metric 4. By the conformal invariance of the
Dirichlet energy, with 7z the projection on the normal space to @y, we infer that for every &9 > 0 there
exists pg, x > 0 (small enough) depending just on K and on ¢y but not on k € N such that, for every
P € (0, pey.x) and xp € K,

> 12 > 02 2% 2
// |Vnk|5;:(g0) dVOl@;(go) :/h |Vagl;, dvoly, :/h |7T2k(v ch)|h dvoly,
Bl (x0) Bl (x0) Bl (x0)
< [ 9 dvoly = i e (32)
Bl:(x0)

Taking ¢ < %n, for any xo € K and p < pg, k., we can apply the Hélein moving frame method based on
Chern construction of conformal coordinates (for more details, see [Riviere 2013, Section 3]) and infer
that, up to a reparametrization of ®; on B, (xp), with iy the mean value of u; on BZ’ (x0),

ek = tll Lo (B gy < €

for some C > 0 independent of k € N. Covering K by finitely many balls as above, the connectedness
of K implies that any two balls of the finite covering are connected by a chain of balls of the same
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covering and therefore there exists constants c; ¢ € R and k € N such that

supllux — ¢k k lLe(x) < 00. (33)
keN
Observe that sup; .y cx,k < +00; indeed, if lim sup, ¢k = 400, then lim sup, Area(ak(l()) = 400,
contradicting the area bound (16) (here we use that K has positive 4-volume). Now let us consider
separately the cases sup; |ck, x| < 0o and liminfy ¢x x = —o0.

Case I: sup;|ck k| < oo. Estimate (33) yields a uniform bound on the conformal factors u; on the subset K .
Since by assumption the immersions CTDk are area-constrained Willmore immersions satisfying (32) with
arbitrarily small Lagrange multipliers thanks to Lemma 2.2, then by s-regularity,” we infer that for every
[ € N there exists C; such that

—lur ol F
eV Dpl Lot (xop) = C ( /B

and therefore, by the assumed uniform bound on |u;| and by covering K by finitely many balls, we get

o~

~ 1/2
|Vik|? dvoly, + 1) <C,

% (x0)

sup|V15>k|LW(K) <oo foralll eN. (34)
keN

By the Arzela—Ascoli theorem and by the estimate on the Lagrange multipliers given in Lemma 2.2,
up to subsequences the maps Dy converge in the C!(K)-norm, for every [ € N, to a limit Willmore
immersion d>oo of K into (R3, go); repeatmg the above argument to K = S\ Bh(S) for every § > 0,
I (S?\ {S}))-norm, for every l € N, to a
limit Willmore immersion ®4, : S?\ {S} — R>, a smooth Willmore conformal immersion with finite area

we get that, up to subsequences, the maps . converge in the C

and L2-bounded second fundamental form; therefore, by Lemma A.5 in [Riviere 2014] (let us mention
that this result was already present in [Miiller and Sverak 1995]; see also [Kuwert and Li 2012]), the
map P, can be extended up to the south pole S to a possibly branched immersion; i.e., the south pole S
is a possible branch point for ®, and the following expansion around S holds:

(€ =o' =| 22| = +otler, (33)

where z is a complex coordinate around the south pole and n — 1 is the branching order. We claim that
the branching order is O or in other words that ®, is unbranched; indeed, by the strong convergence
of @ to &, and the smooth convergence of g, to the euclidean metric go, we have that

Wey (®oc) < liminf Wy, (D)) < 87; (36)

2 Note that e-regularity for Willmore immersions was first proved by Kuwert and Schitzle [2001]. Here we use the ¢-
regularity theorem proved by Riviere (see Theorem L.5 in [Riviere 2008]; see also Theorem 1.1 in [Bernard and Riviere 2014]);
to this aim, observe that the e-regularity theorem was stated for Willmore immersions, but the proof can be repeated verbatim
to area-constrained Willmore immersions in metric g¢,: indeed the Lagrange multiplier AH and the Riemannian terms are
lower-order terms that can be absorbed in the already present error terms g1 and g5 in the proof of Theorem 1.5 at pp. 24-26 in
[Riviere 2008]. Of course, e-regularity is a consequence of the ellipticity of the equation.



CONCENTRATION OF SMALL WILLMORE SPHERES IN RIEMANNIAN 3-MANIFOLDS 1913

therefore, by the Li—Yau inequality [1982], we get that n — 1 =0, i.e., P, is an immersion also at the
south pole S. Since @, is a smooth Willmore immersion of S? into R* with energy less than 87, by the
classification of Willmore spheres by Bryant [1984], ®, is a smooth conformal parametrization of a
round sphere in R>.

Case 2: liminfy ¢y, x = —oo. This cannot happen. In this case, up to subsequences, we have that
&, (K) — x € M in Hausdorff distance sense. Consider then the rescaled immersions

D) = e KK P, (37)

of K, and observe that by construction supy|ix x| < oo, where i x is the conformal factor of 6k.
Moreover, since the integrals appearing in (32) are invariant under rescaling, estimate (32) holds for Py as
well. Therefore, up to a diagonal extraction, Oy — Do in the CIOC(S2 \ {§})-norm. In particular, O — 0
in the C2 (S? \ {§})-norm, which contradicts the fact that

loc

IVOL2(N) + V2P [1(N) = 1.

Step b. ®p — Do in C(S?) for every I € N; namely, the convergence of Step a is on the whole S

Observe that, if there exists p > 0 such that sup, sup BA(S) |V<I>k| + |V2<I>k| < 00, then in Step a, we
can choose as compact subset K the whole S? and the claim of Step b follows by the same arguments as
Step a. So assume by contradiction that there exists a sequence pi | O such that, for

fi = sup [VO|* + V2P,
B ()
one has
lim sup piy = +00.
k
By a small rotation in the domain S2, we can assume that, for every k € N, the maximum of |V5k|2 +
|V23>k| on ng (S) is attained at the south pole S and that, up to subsequences in k,

lim /iy 1= 1i]£n|véf>k|2(3) + V2D, [(S) = 0. (38)

Analogously to the above, with Py : S?\ {N} — R? the stereographic projection centered at the north
pole N, we consider the reparametrized immersions

Bi(Py'(2) = 21“>k(PN—‘ (%/2))
My

Observe that, in this way, the compact subsets K considered above are shrinking towards the north pole N
and, by the arguments above, their ®;-images are converging to a round sphere; repeating the arguments
above to compact subsets this time containing the south pole S and avoiding the north pole N, we infer
that, up to subsequences, ®; (or a further rescaling of it) converges smoothly, away the north pole N, to
a round sphere, namely a second bubble. Combining the bubble formed in Step a and this second bubble,
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since each bubble contributes 47 of Willmore energy, we infer that

lim sup ngk (Dy) > 8, (39)
k
contradicting the assumption (10). This concludes the proof of the Step b and of the lemma. O

3B. Expansion of the equation. Recalling that ®; : S* — (R?, g;,) is a smooth immersion satisfying
the area-constrained Willmore equation in metric g, and that g,, smoothly converge to the euclidean
metric gy, in the present section, we expand this differential equation with respect to &;. Without loss of
generality, we can assume that ®; is conformal with respect to the metric g.,. We will see that curvature
terms appear at 8]% order while the derivatives of the curvature appear at 82 order.

From now on, in order to make the notation a bit lighter, we replace &; by ¢.

Recall that the area-constrained Willmore equation in metric g, has the form

Dg,He + He| A7I3, +Ricy, (e, fie) He = he He. (40)
Since Az, = (2/|V¢s|§5)A, where A is the flat laplacian in R?, multiplying (40) by |V<I>8|§£/2, we get
AH, + 5|VO, |, Ho|AZ|} + 5|V el He Ricy, (7, i) = 5he|VD,|; He. (41)

First of all, recalling that H, = g.(Az, @, ng)/2, we expand H, as

1 o > V8s -
- - / By _ 3 o
H, = |Vq>s|§8 (gs)aﬂAcDg |g$|gg (Ve)y = |V(D€|§,E A¢g Vea, (42)

where v, is the inward-pointing unit normal with respect to go. Using (11) and (13), we get

VD[ =V O[>+ Ragyn(p) DF DY (VOL, VD) + 67 Rapy (i) DF DL @L(V DY, VD)) +0(c*)

so that
1 1 62 . ) ,7
Vo2 |vq>8|2(1 ~ S, Repra (P LR (VO VOI)
8e

3

= giva  Reoru(pO@LRLRLVEL VO +0(h ) (43)
moreover,
Vlgel = 1 = L& Ricas (pr) @2 P — L& Ricyp , (pr) DXL DY + O (). (44)
Combining (42) with (43) and (44), we can write
e:%(ue%ﬁg%ﬁms“)), (45)
where
S =~ g s Rt (POPLOY (V0L VeI — L Ricu(p) 21 0f
and

. 1

T, = —WRaﬁyn,u(pk)cbfcbg PV DY, VO!) — L Ricap,y (pr) L DF DY .
&
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The combination of (44) and (45) gives

a—)
& Vea

. - - ZA
Ricg, (ng,ng)H, = ¢

Vo.P Ric, (pi) (Ve, V) + O (). (46)

Finally, using (45), (46), and (19), we expand (41) up to 2 order (the term HglAglég will be expanded in
the next subsection) as

AH, + 5|V, |} He|AZ|: + 5IV®,|; H, Ricg, (. 7ie) — he He 5|V P,

ADYY A DY ADYYD ADPYY
= Al 2 e f 2 Al 222 ) g 4oy =22 VS T eI AS
<|Vc1>8|2>+ vo. 2 ) TN\ ez ) ) T Ve B
+ 3V O[S H|AZ)} + 562 ADE Dy Ricy (p)(Ve, V) — 32 ADIVey +0(e7).  (47)

3C. Approximated solutions to the area-constrained Willmore equation. In this section, we solve (47)
up to the &2 order. For this, let w be the inverse of the stereographic projection with respect to the north
pole and notice that w is a solution of the equation when ¢ = 0. We make the ansatz of looking for a
|2

solution up to the order &2 of the form w + &2 for some function p. Since |A°|? = 0 for w, it is clear that

H,|AZ|} = O(e"); (48)

in particular, since for our arguments it is enough to expand the equation up to &3 order, this term will
never play a role and therefore will be neglected.
Observing that Aw*w, / [Vo|? = —1, (47) implies that p must solve

Lo(0) = A 553 Repyu (P00 (Vo' Vo) + & Ricop (o) o )

1
3|Vw|?
JIVol|* Ri “of 4 25 Vot (49
— 5|IVo|” Ricgg(pr)o” o + 282| wl”,  (49)
where L, is the linearized Willmore operator at w; see the Appendix for more details. Using the identity
(Vo Vo ) = (8up — 0 @f) 3| Vo ?, (50)
(49) reduces to

. . A
Lo(p) = 3ARicap (P @”) = 3| Vol’ Rico(pr)o e + 5[ Vol’

N (51)
= (—Ricas(p)a"o” + (35 + 4 Seal(po)) ) Vool
Hence, we easily check that
, A
pe = 3 Ricop(pr)e’ + =5 f (e (52)

with
r2In(r?/(1+r?)) — 1 —In(1+r?)
1+r2 ’

fr)=
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where r? = x? 4 y2, is the desired function. Moreover, it is not difficult to check that this perturbed w
satisfies the conformal conditions up to &2 order, that is to say

{gs((w +8206) 5, (0 +E%20)x) — ge (W + €205y, (@ +82pe)y) = O(&7),
g (@ +&2pe)x, (0+E%p)y) = O(%);

a way to prove it is to use the expansion of the metric with the fact that in dimension 3 one has

(53)

Rapy = (8ay Ricgy —8ap Ricp, +8pu Ricay —gpy Ricyy) + % Scal(gun8py — 8uy8pu)-

3D. Proof of Theorem 1.2. Let us briefly recall the setting. Let @ : S* < (M, g) be conformal Willmore
immersions satisfying

g = diamg (®4(S%) — 0, (54)

W, (Pr) = / |H, o, |2 dvolz <8mw —2§ for some § > 0 independent of k. (55)
52

Thanks to Lemma 2.2, we associate to @ the new immersion ®¢ : S? < (R3, g,), where g, (y)(u, v) :=
g(ey)(e~'u, e~'v), which satisfies the area-constrained Willmore equation

o 2 . - -
Ags Hgs’qga + Hgs»(bg |Agg,<l>f |g5 + Hgs,sd)s Rlcge (I’lgs’q)s, l’lgg’qﬂ) = )\,gHgs’(bs (56)

with 1, = O(¢?). Moreover, by Lemma 3.1, we know that, up to conformal reparametrizations and up to
subsequences, we have
®° — @ in C*(S?),

where ® is a conformal diffeomorphism of S?. Clearly, up to reparametrizing our sequence, we can assume
that ® = Id. In the following, we perform all the computations in the chart given by the stereographic
projection (which is conformal); we denote by w the inverse of the stereographic projection.

Before proceeding with the proof, we need to make a small adjustment to the immersions. We claim
that there exist a® € R?, b° € R%, R® € SO(3), and z° € C satisfying

a®=o0(l), b°=o0(1), [Id=R°|=0(1), and z°=o(1) (57)

such that, up to replacing ®¢ by ®¢(a® + z°-) and Q° = w° + £2p®, where p° is given by (52), by
Ré[w(- +b°) +&2p*(- +b)], we get
|V®?| and |VQ°| are maximal at 0,  Vect{®}(0), CI>;(O)} = Vect{€2}(0), Q; 0)},

and ®%(0) =Q5(0). (58)

This is a simple consequence of the CIZOC(RZ) convergence of ®° to w. Indeed, we first choose a® and b®

such that |[V®?| and |VQ?| are maximal at 0 and then R such that the tangent plane of ®° and R®Q°
coincide at 0, and finally we find z, in order to adjust the first derivatives.
Therefore, from now on, we will assume that (58) is satisfied.
Now we prove Theorem 1.2. We set
q)é‘ — S‘ZS + ré‘
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for some function »*, and thanks to the computations of Section 3C, we see that r* satisfies
Lo, (rf) = O(3) +o(IVré| + |V2rf |+ [V3rf| 4+ | V). (59)
Moreover, combining (53) and (58), we get that
gE(Vre, V) (0) = 0(e%). (60)

Indeed, the error terms of r{(0) and r)"f (0) lie in the plane generated by ©2¢(0) and Q; (0). So it suffices to
estimate their projection against 2% (0) and Q; (0). But this one vanishes up to the &3 order thanks to (53).
Observe that we also have

gf (V2ré, Vaf)(0) = 0(&7). (61)
Claim. sup|Vré| 4 V28| + | V3re | 4 [V = 0 ().

R2

Proof of the claim. Let us denote . := |Vré| 4+ |V2ré| + |V3ré| +|V*r¢|, and assume by contradiction
that lim &3/, = 0. Up to a reparametrization, we can assume that this sup is achieved at some point z,
that is confined in a fixed compact subset of R?. In fact, we can do a reparametrization in order to make
this requirement satisfied before performing the adjustments of the previous page. Then we set

~ re — rg(0)
Fom= —— .
7

By construction, 7¢ is bounded in the C*-norm on every compact subset of R?, and therefore, by the
Arzela—Ascoli theorem, it converges up to subsequences to a limit function 7 in Cfoc-topology. Thanks to
(59), 7 is a solution of the linearized equation (A-1) and, recalling (60)-(61), satisfies (A-2) with V7 (0) =0
and (V?7, Vw)(0) = 0. Then, applying Lemma A.1, we get that V7 = 0, which is in contradiction with
the fact that | V7| 4+ | V27| 4+ | V37| 4+ |V*7| = 1 at some point at finite distance. This proves the claim. [J

Mimicking the proof of the claim above, one can prove that by setting

P re —re(0)
& 83
then, up to subsequences, 7. converges to a function 7 in CEOC(IRZ) that, using (41), (45), and (46), satisfies

the linearized Willmore equation

L, = A( aﬁw,v(pk)a)ﬂa)”a)”(Vw“, Vo) + %Rica,g,y(pk)w“wﬂwV).

—F—R
6|Vw|?
Recalling identity (50), the last equation can be rewritten as

L, () = A(l—lz Ricyg, (pk)a)"‘a)ﬂa)y).

Finally, integrating this relation against the w*, for « =1, ..., 3, which are solutions of the linearized
equation, we get

/2 Aa)(ﬁ Ricaﬁ,y(pk)a)“wﬂa)y) dz=0.
R
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Let us note that the integration by parts above has been possible thanks to the decay of w and its derivatives
at infinity. The last identity gives

/ (Ricep,y ()0 0P 0") Jw|Vol* dz = 0.
RZ

Then by a change of variable, we get
| Rica (203575 dvol, =0,
S

where 7 is the standard metric on S? and y® are the position coordinates of S? in R>. Finally, using the
relation

f y*yPy? yt dvoly, = {88V + 841 §PY + 57 8P1)
S2
and the second Bianchi identity, we obtain

V Scal(p) =0,

which proves the theorem. O

Appendix A: The linearized Willmore operator

The aim of this appendix is to derive the linearized Willmore equation and to classify its solution.
The Willmore equation for a conformal immersion ® into R3 can be written as

W'(®) = Ag(H) + H|A®[; =0,

where Az = (2/ IV®|?)A, H is the mean curvature, and A° is the traceless second fundamental form.
Equivalently, one has

H=3{Az®, V),

where V is the inward-pointing unit normal of the immersion ®. Hence, by multiplying the first equation
by |V®|?/2, we can consider the equivalent equation

i~ =\l 4002
W (®)=AH+ (AD, v)5|A |g =0.

Of course, any conformal parametrization, w, of a round sphere is a solution. Then expanding W’ (w+1p)
for some function p and using the fact that A° = 0 for a round sphere, we get

Lo(p) 1= 8Wa(p) = —A( ) )=0. (A1)
Vol
Also consider the linearization of the conformality condition, which gives
{(wxv px) — {@y, py) =0, (A-2)
(wx, py) + (wy, px) = 0.
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In the following lemma, we classify the solutions of the linearized operator following the previous work
[Laurain 2012] concerning the linearized operator for the constant mean curvature equation:’

Lemma A.1. Let p € H 2(R2, R3) be a solution of the linearized equation (A-1) that satisfies (A-2) and
the additional normalizing conditions

Vp(0)=0 and (V*p, Vw)(0)=0.
Then Vp = 0.

Proof. First we remark that, thanks to the definition of H 2(R2, R%), we have

(Ap, w)+2(Vw, Vp)

€ L*(R?).
Vol (R7)

Hence, using Liouville’s theorem, we get that
(Ap, w)+2(Vw, Vp) =0. (A-3)
Then thanks to the fact that (w,, @y, ®) is a basis of R3 and (A-2), there exist a, b, ¢, d : R> — R such that

{,ox:awx+bwy+cw, (A-4)

py = —bw, +awy +dw.
Then plugging (A-4) into (A-3) and using the relation py, = py,, we see that a, b, ¢, and d satisfy the
equations
ay+by=d, (A-5)
by —a, = —c, (A-6)

These equations imply that a and b satisfy
Aa = —a|Vw|> and Ab=—b|Vo|’.

Since p € H I(R2, R%), then a and b can be seen as functions in H'!(5?) satisfying Aa = 2«; therefore, a
and b are linear combinations of the first nonvanishing eigenfunctions of Ag> (see also Lemma C.1 of
[Laurain 2012]); that is to say

2 2
a=Zailﬁi and b=Zbi1ﬁi,
i=0 i=0

where
Xi 1—|x|?

Yi(x) = m fori =1,2 and ¥p(x) = N

31n this statement, H2(R2, R3) is the pushforward of H 2(52) on R2 via stereographic projection.
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Finally using the facts that Vp(0) = 0 and (V2p, Vw)(0) =0, (A-5), and (A-6), we can conclude that
a =b=c=d =0, which proves the lemma. O
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In this paper, we study hole probabilities Py ,(r, N) of SU(m + 1) Gaussian random polynomials of
degree N over a polydisc (D(0,r))™. When r > 1, we find asymptotic formulas and the decay rate of
log Py, (r, N). In dimension one, we also consider hole probabilities over some general open sets and
compute asymptotic formulas for the generalized hole probabilities Py ; (v, N) over a disc D (0, r).
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Introduction

Hole probability is the probability that some random field never vanishes over some set. For Gaussian
random entire functions we have this (see also [Zrebiec 2007, Theorem 1.2] for a multivariable result):

Theorem [Sodin and Tsirelson 2005, Theorem 1]. Let ¥ (2) = > jep cxzk /K, where the ¢ (k > 0)
are i.i.d. standard complex Gaussian random variables. Then there exist constants C; > C, > 0 such that

exp{—Cyr*} <Prob{0 & ¥ (D(0,r))} <exp{—Cpr*}.

The case of Gaussian random sections was considered in [Shiffman et al. 2008]: Let M be a compact
Kéhler manifold with complex dimension 2 and (L, ) — M a positive holomorphic line bundle. Let y,;
denote the Gaussian probability measure on H%(M, L") induced by the fiberwise inner product 2V and
the polarized volume form dVys = w}" /m! = ((V=1/27)®})™ /m!, where ©}, is the Chern curvature
tensor of (L, h).

Theorem [Shiffman et al. 2008, Theorem 1.4]. For any nonempty open set U C M , if there exists s in
HO(M, L) such that s does not vanish on U, then there exist constants Cy > Cy > 0 such that, for N > 1,

exp{—CIN" '} <yylsy € H(M. L) :0¢sy(U)} <exp{—C,N"*'}.

MSC2010: 32A60, 60DO05.
Keywords: hole probability, asymptotic, SU(m+1) polynomial.
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Therefore, it is natural to ask: can we find sharp constants Cy, C; in these two theorems, and is it
possible to obtain an asymptotic formula and a decay rate for the hole probability? Using Cauchy’s
integral estimates, Nishry answered this in the random entire function case as follows (an analogous result
for Gaussian random power series is obtained in [Peres and Virdg 2005, Corollary 3]).

Theorem [Nishry 2010, Theorem 1]. Let ¥/(z) = Y pep cizk /K, where the ¢ (k > 0) are i.id.
standard complex Gaussian random variables. Then

Prob{0 & ¥ (D(0, 1))} = exp {—Le?r* + 0(r %))

This suggests to us that, for those line bundles with polynomial sections, maybe it is possible to find
an asymptotic formula for the hole probability.

If Py ,u(r, N) denotes the hole probability of SU(m + 1) Gaussian random polynomials over the
polydisc (D(0, r))", dnx denotes the Lebesgue measure on R” and

m m m m
E (x):= 22)6,’ logr — [Zx,- log x; + (1 —Zx,-) log (1 —Zx,-)]
i=1 i=1 i=1 i=1

is a continuous function defined over the standard simplex X, := {x =(X1,...,Xm) ERMT: sz=1 x; < 1}
(here we adopt the convention that 0 log 0 = 0), we have the following results:

Theorem 0.1. Forr > 1,

log Py m(r, N) = —N™*! / Er(X) dmx +o(N™T1),

m

where o
2mlogr 1 &1
f,, Erodme= GG+ 5 D
m k=2
Theorem 0.2. Forr > 0,
logPo,m(r,N)E—NmH/ Er(xX) dpx +o(N™Th,
xX€X:Er(x)=0
tog Pon(r.N) = =N+ Ep(x) dmx + 0o(N™+1),
xeRM+:3TL | x; <ag

where ag = og(r,m) > 0 is defined by
1 if 2logr +Y p—» 1/k =0,

aloga+(1—a)log(l—a) . m
2logr + _,1/k <.
Yogr + 57, 1/k if 2log dk=21/

(&40] =oz0(r,m) =

the nonzero root of @ =

Here, when m = 1, we take ZZl:z 1/k=0.

Remark 0.3. Theorem 0.1 can be derived from Theorem 0.2 as, whenr > 1, {x € &, : E,(x) >0} = X,
and oo (r, m) = 1. In fact, we could have proved this general case directly, but the idea of the proof would
turn out to be extremely difficult to follow.
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Corollary 0.4. In the case of m = 1, the following asymptotic formula for the logarithm of the hole
probability over a disc exists for all r > 0:

o)
log Po,1(r, N) = —NZ/ E,(x)dx +o(N?);
0
here
o
/ E,(x)dx = %040(2 logr + 1 —log o)
0

and ag = ag(r, 1) € (0, 1] is given in Theorem 0.2.

Because of the simplicity of the one-dimensional case, we can obtain more about the hole probability
of SU(2) Gaussian random polynomials:

Theorem 0.5. If U C C is a bounded simply connected domain containing 0 and dU is a Jordan curve,
let ¢ : D(0,1) — U be a biholomorphism given by the Riemann mapping theorem such that ¢ (0) = 0
(thus ¢ is unique up to the composition of a unitary transformation of C). Then the hole probability
Py,1(U, N) of SU(2) Gaussian random polynomials of degree N over U satisfies

log Po,1(U.N) < —(log|¢'(0)| + 1) N + o(N?).

Also, in dimension one, it makes sense to study the number of zeros in some set. So let the generalized
hole probability Py ;(r, N) be the probability that an SU(2) Gaussian random polynomial of degree N
has no more than k zeros in D(0, r); then, the following theorem shows that the asymptotic formula of
log Py 1 (r, N) exists:

Theorem 0.6. Forallk > 0andr > 0,
log Py 1(r,N) = —%aO(ZIOgr +1—logag)N? + 0o(N?),
where oy = ao(r, 1) € (0, 1] is given in Theorem 0.2.

We should remark here that in all the cases we consider, the event that some Gaussian random
polynomial has zeros on the boundary of some open set is a null set, i.e., of zero probability. Therefore
we do not distinguish between the (generalized) hole probability over an open set and that over its closure.

1. Background

We review in this section some background on SU(m + 1) Gaussian random polynomials and the
definition of our probability measures. Before that, we define two lexicographically ordered sets that will
be consistently used as index sets throughout this paper.

Definition 1.1. v :={J =01+ esJm) €0O,N]"NZ":0=< j; <+ < jm <N},
Amn = (K = (k1o o ) €[0, NT" A2 |K| = ky + -+ km < N},
N
Itis not diffieult to show that [Ty, | = [ A, x| = ( ;;m)
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The tautological line bundle O(—1) over the complex projective space CP™ is a holomorphic line
bundle with fibers

O(-D=C-x forall [x]=[xg: - :x] € CP".

Its dual bundle, denoted by O(1), is called the hyperplane section bundle, since 0(1) = O(H), where
the divisor

H = {[x] € CP™ : xo =0}

is a hyperplane in CP™. H°(CP™,0(N)), the space of holomorphic sections of the tensor bundle O(N ) =

0(1)®¥, is isomorphic to h@;']’\; 41> the space of (m+1)-variable homogeneous polynomials of degree N .

The Fubini—Study metric #rs on O(1) can be described in the following way: Over the open subset
Uo={[x]=[x0: -+ : xm] € CP": xq # 0} C CP",

we have a local frame of 0(1),

e([x]) = xo.
Set
Xo]? X0/
le(xDII7,.. = = :
hes 5 |2 T |12

which is independent of the choice of representative x of [x]. In terms of the affine coordinates
X by
z=(21,....2Zm) = (—1,...,—m)
X0 X0
over Uy,
m -1
le@I3 =1+ =) = (1 +Z|z,~|2) ,
i=1

which defines a metric with positive Chern curvature form

J—1 - =1 -
wps = ———0adlog [le(2) || = ——ddlog (1 + |z > + - + |zm|?).
2 FS 2

This induces a metric h{:\; on the line bundle O(N) so that
1BV @2y = A+ 2157V,
FS

With the frame e®V over Uy, for any s € H(CP™,O(N)), represented as p(Xg, ..., Xm) € h@]’ﬁ_i_l,

we have

p(XO, cee ,xm) = p(xo,—]v,xm)e®N([x]) = p(l,Z], o ,Zm)e®N([x]),

X0
which implies that all the elements in H°(CP™,0(N)) can be viewed over Uy as polynomials in
(z1,...,zm) of degree at most N.
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Since wpg is positive over CP™, we may take it as a polarized metric form on CP™, and the associated
volume formis d'V = w{ /m!. Thus, the metric h s together with the volume form d V' induce a Hermitian
inner product on the space of holomorphic sections H%(CP™, O(N)): for all 51,5, € H*(CP™,0(N)),

{(s1.52) := [me(sl’SZ)hé\s’ dv.

With this inner product, there is an orthonormal basis {S }(V YK=(ky,. ko)A, n E1Ven in local affine
coordinates (zq, ..., zm) over Uy by

SEE@=vVWN+D- (N +m),/(%)z’<

where we adopt the notations

N . N! K . _ki km
(K)_(N—|K|)!k1!--~km!’ TR T e

Thus, H°(CP™,0(N)) is equal to {SN = ZKeAm,N CKS}(V :¢=(CK)KeAn N € (D(N'jv_m)}. Endow
H°(CP™,0(N)) with the Gaussian probability measure Yy defined by

_(N—I—m)e_” ”2

d)/N(SN) =7 d (N+m)c

1> =

where ||c¢ -dimensional Lebesgue measure.

ZKeAm,N|CK|2 and dy(N+m)c denotes the Z(N;m)
Then y,,; is characterized by the property that {cx }xea,, y consists of independent and identically
distributed (i.i.d.) standard complex Gaussian random variables. Then (H O(CP™,0(N)), yN) is called
the ensemble of SU(m + 1) Gaussian random polynomials of degree N, since the random element sy is
distributionally invariant under SU(m + 1) transformations of CP™. Its hole probability over the polydisc

(D(0,r))™ C C™ is
Pom(r.N) =yy{sy € H'(CP",0(N)):0¢& sy ((D(0,r))™)}

_ n_(Nnng) e—"C”2
ce([:(NIj’l_m) :0¢SN((5(0ar))m)
_(N+m) e_"C“2

dZ(N—i-m)C

d N+m\C,
cecVE™ 0¢85 (D (0,r))™) 20"

where Sy (2) =) ke A n CK Y (%)ZK . Hereafter, when considering hole probability, we work on 5
instead of s for simplicity.

2. Preliminaries

Definition 2.1. Orm(N):= Z log[(jl\é)rz‘m].
KEAm’N
2mlogr 1 mt]
Lemma 2.2. Q,,m(N)zN’"“/ Ep(x)dmx+o(N™t1) = [ —Z }Nm+l+0(Nm+l).
o (m+ 1! m! =
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Proof. We can prove inductively that, for k > 1,

k k+1
(£) zu=t

e ek—1

or, equivalently,
klogk —k <logk! <(k+1)logk —(k—1).

Hence we have

(2-1)

—(k+1)logN + (k—1) Sklog%—logk! <—klogN +k for 0<k=<N. (2-2)
Forall K = (ky,....km) € Am.N,
NN 2k K
e ()] = vEA ()
m
ki N —|K
:logNH—Z(k,- logﬁl—logki!) + |:(N— |K|)log N| | —log (N — |K|)!],

i=1

Applying (2-1) and (2-2), we then get

log[(jl\;);fz'K']—NEr(%) > (Nlog N=N)~(N+m-+1)logN+(N—m—1) = —(m+1)(log N +1).

N
log[([()”ﬂKl]—NEr(%) <[(N+1)logN—(N—1)]-NlogN+N =logN +1.

Hence, for all K € Ay, N,

log ]I\é r2K _ NE, K <(m+1)(logN + 1),
N

© 5 ()] ()

KGAm’N

SO

‘Qr,m(zv) -N Y E(%)

KGAm!N

< (m+ )(log N + 1)(Nntm) — o(N™H1),

Take
ApN ={KeApn:hki=1for 1<i<mand |[K|<N-m—1}C Apnn
and ky ky+1 km km+ 1
o 1 1 m m+
Ym(N) = U [ﬁ, v ]x---x[ﬁ, v ]czm.
KeAny N
Then

o N—-—-m-—1
|Am,N|:( m ),

AN \ A | = (N+ )_ (N—m—l

” )= 0w,

o 1 —m—
VolRm(Em\Em(N)):ﬁ—N_m(N n’? 1) =O(N ).

(2-3)
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Over X, we have
m + 1

|Ey| <2|logr|+ —— = O(1);
hence
N Y E(R)-N Y E(R) = NN\ AmylswplE = 0N 24
N N/|— = " =
KEAm’N KG;\m’N m
As
sup [[VE, | = Olog N).
Zm(N)
we have
K\  ym+i
‘N Z E,(N) N /§m< )E,(x)dmx
KEAm‘N K
m+1 =) -
N Z /I‘:kl l‘l]\‘f"1 km km+1] Er(N) Er(X)‘dmx

KEAm N
mt1(N—=—m—=1\  _m —1
<N ( )N O(log N)O(N™")
m
— O(N™1log N). (2-5)

Moreover,

‘N’”“[) E,(x)dmx—Nm+1/ Ep(X) dmx| < N sup| E| Volgm (S \ Sm(N)) = O(N™).

S (N) Zm Zom
(2-6)
Combining (2-3)—(2-6), we thus obtain
0rin(N) = N1 [ E,(x) dx-+o(N ™)
Em
m m
:Nm+1/ 2le logr—[zx, log x; + (1 in) log (I—in)} dmx+0(Nm+1)
Zm i= i=1 i=1 i=1
=N’”+1[2mlogr/ X1 dmx—(m+l)/ X1 1ogx1dmxi|—i—0(Nm+1)
Xm Zm
2mlogr 1 aney|
—_ |z o _ Nm+1 Nm-l—l . D
|:(m+1)!+m! ;k} TN

Remark 2.3. The scaled lattice (1/N)A,,, ;v C R™ tends to X,,. Hence Lemma 2.2 is in fact converting
a Riemann sum into a Riemann integral and estimating the error. Such procedures will appear several
times in this paper.

Remark 2.4. The function E,(x) in the above lemma can also be written as

Ep(x) = —bey(zr) +log (14 |z [1%),
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where z, = (r,...,r) € R™ and by, is the exponential decay rate of the expected mass density of
random L2-normalized polynomials with some prescribed Newton polytope (see Theorem 1.2 and (78)
in [Shiffman and Zelditch 2004]).

Let& = (&1,...,&m), where §&; =(§,~,0,...,§,-,N)GCN+1 forl <i <m.

Definition 2.5. W, n (&) is the (¥ ) % * ) matrix with rows indexed by I, & and columns indexed
by A, n such that, for all J = (ji,..., jm) € Tu,n, K= (k1,...,km) € AN, the (J, K)-entry of
Wm,N(S) is g}( é] ]1 o Sm Jm

The next lemma gives the formula for a “Vandermonde-type” determinant.

(]+l l)(N k+m i

Lemma 2.6. |deth,N(§)|=1_[ l_[ &, — ikl

i=10<j<k=<N
Proof. Forall 1 <i <mand 0 < j <k < N, the rows of W, x(&) involving §; ; correspond to the set
mn = {0t jm) €Tmn 2 ji = j},
while those rows involving &; x correspond to the set
k . . .
o =AUt jm) € TNt ji =k} (2-7)
Let
ZJN:{(jla---ajia---ajm)6[07N]m_1 mzm—l 05.]1 S"'iji—l 5.] S]l-i‘l
iy =AU i jm) €10 NI AZM TN 0 jy S S jimy Sk S i S0 S m S N

IA
A

~.

3

|
=

el

then i NN .
iJ | J+l—) —J Fm=i
o = 1T =750 ),
k+i—1\/N—-k+m—i
l l
i =155 = () (),
Since, forany 1 <i <m,
we have the equality
Y (k+i—1\(N—k+m—i\ _(N+m 2g
Z( i—1 )( m—i )_( m ) 2-8)
k=0
Note that
~i,j ~ik
1—‘m,NﬁFm,N

={U1seesJiree s jm) €N I AZ" TV 0< jy << i S j <k < jiy1 S S jm <N}
and

~i,j =ik | _ j+i—1 N—-k+m—i
{Fm,NmFm,N _( i—1 )( m—i )’



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS 1931

which means that there are (’ - 1 1) (N _,]f:;"_i) pairs of rows; within each pair the only difference between

two rows is &; ; instead of &; x. Therefore, forall 1 <i <mand0=<j <k <N,

(&1 — &) (DO | det Wy (9,
and thus

Gm,N(§) | det Wiy N (£), (2-9)
where

Gun®:=T] [ Ej—-&n O,

i=10<j<k<N

Furthermore, for all 1 <i <m,

degg, G, N (§) = Z (]j—_ll_l)(N_r]:li—zm_l)

0<j<k=N
k-1 . . .
()

(k—1+i)(N—k+m—i)

Il
B
=2
1

I
-
~.

|
©

- 1Y

i m—i
k=1
N—
. k—D+@G+D—1\/(N—-D—(k—1D)+m+1)—G+1)
_kéo( i+1)—1 )( (m+1)—(@G+1) )
(N=D+(m+1) N+m
( m+1 ) (m+1) (2-10)

where the second-to-last equality is due to (2-8). On the other hand, forall 1 <i <mand 1 <k <N,

the number of K in A, y with k; = k is (N—k+m—1

1 ); hence,

deg, det Wi, (6) = Zk(N =0t

where the second equality is the special case i = 1 in (2-10). Therefore, for all 1 <i <m,

degg, det Wy, (£) = degg, G v (£). 2-11)
By (2-9) and (2-11),

m
+i—1y(N—k+m—i
det Wi, v (&) = CuNGmn =Cun [ ] Ej- g0 U DO,
i=10<j<k=N

where G,y is a constant depending only on m and N. Consider the monomial

gmN(E) — l_[ 1_[525( (l)(f+' 1)(N /c+m z 1_[ 1_[ (k+t 1)(N y};_;,_?n 1)’

i=1k=1 i=1k=1
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then
Gm,N () =LgmN(E)+

In the Appendix, we show that the coefficient of g,, » in the expansion of det W, n (&) equals 1, and
therefore Cy,, vy = 1. d
3. Proof of Theorem 0.1

To prove Theorem 0.1, it suffices to prove separately the lower and upper bounds

—Nm“/ Er(x)dmx+o(Nm+1)flogPosm(r,N)§—Nm+1/ Ep(x) dmx +o(N™*)
Zm

Zm

Lower bound.
Proof of the lower bound in Theorem 0.1. Recall that Sy (z) = ZKeAm N CK (%)ZK. Hence,
S8 ()] = l¢,...0) |cK|\/ )rE forall 2= (1.2 € (DO, 1), (3-1)
KGAm N\{(07 7

Consider the event 2, ,, N:

@) lc,..,0)l = VN,

K € A \{(0,....0)}.

Then, if 2, ,, & occurs, by (3-1) we have that for all z = (zy,...,zp) € (D(0, )™,
N\ . |K
\/ (K)r| |

1
/A7 (| K |+m—1
KeAmN\{(O 0 2 N( m—”i )

EE

15§ (2)] = /N —

_JN-

%VN>O;

a\

hence
PO,m(r, N) = VN(Qr,m,N)
= yn(c@....0| = VN) I1

1
VN(|CK| = ),
K €A n\{(0,0,0)} 2N (§)r KR
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.....

Gaussian random variables cg satisfy yy (|cx| < a) > %az whenever ¢ < 1. Since

1

1
<
2VN () KT (KTt
if r > 1, we thus have

)/N(|CK|< : )>l[ : ]2= : ,
CadN )KLy ) T 2L g JE e (Kmeny D g ()i (K

and
K —1
log Py u(r,N) > —N — Z {log8+logN+2log(| m+—ml )—i—log[(%)rzlm]}.
KeA,;, Nn\{(0,...,0)}
Since
log (|K|+_ml—l) <log (N—H_”l_l) = O(log N),

it follows that

Z [10g8 +log N +2log (lKLj_ml_lﬂ = (Nr—;m)O(log N)=o(N™Th,
KGAm.N\{(O""’O)}
Therefore,
log Py (1, N) > — Z log [(z)72|K|]+o(Nm+1)
KeA,;, Nn\{(0,...,0)}
=—0rm(N)+ O(Nm+l)
=Nl / Er(x)dmx +o(N™T1). O
Em

Upper bound. Let § > 0 be small and k = 1 — +/5. We shall first treat § as a small positive constant and
at the end we will let 6 — 0+. For the sake of clarity, all the constants C, the big O and little o terms
listed throughout this paper will not depend on § unless otherwise stated.

Definition 3.1. Zj(N) = kre?™UIN+L g1 0 < j < N.

For all p € Z™, by division with remainder, N +1 = g(N)p 4+ (N ), where g¢(N) € Z, ¢(N) > 0 and
0 </(N) < p. For convenience, we drop the dependence on N when there is no chance of confusion.
Since N+ 1=1(q+ 1)+ (p—1)q, forall 1 <i <m,define & = (§;0.....& n) by

if 0<tr</-1,0<s=<gq,

Zl(q+1)+(t—l)q+s if l E t S pP— 1, OSS Sq— 1
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Intuitively, (3-2) gives a way to choose points & ;j (j = 0,1,...) one after another on the circle of
radius xr such that the arguments of each two consecutive points differ approximately by 277/ p. Denote the
permutation of N +1 indices {0, ..., N} givenby (3-2) by 7,i.e.,zj =&; ;(j)for0< j <N and 1 <i <m.
Fort €{0,..., p—1}, denote
[t={{Z(¢1+1),...,l(q+1)+q} if0<tr</-1,
{{g+)+@—-Dq,....lg+D)+0t-Dg+@—-1)} ifl<t=<p-—1,
at:tq+min{t,l}={t(q+1) %fOSZEI—l,
g+ +@—-Dqg ifl<t=<p-1.
Iy, ..., I,y give a partition of {0,..., N}. Again there is an implicit dependence on N for each term
defined above, and we will indicate this dependence explicitly when necessary. Then

[J—tl@g+D]p+t if jel;,, 0<t=<I[-—1,
[/=llg+D)—@—=Dglp+t if jel;, I=r=p-—1,
and, if {j (N)}%=, is a sequence satisfying j(N) € I;(N) for all N > 1, then

[en (G (V) = pj(N) +1(N + 1) = 2p?,

()= —-a)p+t= {

and therefore

N +1 N +1
Lemma 3.2. With the values of &; given by (3-2),

N
log|det Wy, v (§)] = m( il ) log (icr) + == ’3’" —ENTHL L o(NTD),

W) (p j(N) _,) = O(N 7). (3-3)

where B = (1/(m—1)!) fol x™log[2 sin(wx)] dx, which is finite for each m > 1 by the comparison test

for improper integrals.

Proof. By Lemma 2.6,

log|det Win,n (5|

ZIOg[H [T te—gelC OO m>}

i=10<j<k<N

m . . . )
:,X;(K ,2;<N(];L—11_1)(N_,];:T_l){10g i” ik +10g(/cr)}

i=10=j<k=<

S t(j)+i—=1\(N—t(k)+m—i Eiv() i) N+m
:lg <T(JZ(k)<N i-1 )( m—i )log llcrrj - l:ctr +m(m+1 )log(’”)

f(j)+i—1><N—r(k)+m—i>log |eznﬁﬁ_e2nﬁﬁ|

i—1 m—i
N+m
+m( mal )log(/cr),

I
Ms

~

0<tz(j)<t(k)<N
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where the second part of the third equality is due to (2-10). Now we are going to show that the first term
after the last equality can be approximated by a double integral.

i 3 (r(jl)irlz'—l)(N—rl(ql;)_Jlrm—i)log|eznﬁﬁ_eznﬁﬁ‘
i=10=<t(j)<t(k)<N

m S\yi—1 ) . m—i .
= Z Z [M—i—o((t(j))’_l)] [M—FO((N—T(IC))”’_’)}

i —1)! Y
i=10=z(j)<t(k)<N (i =Dt (m—i)!
XlOg‘l—eznﬁ(ﬁ_ﬁ)|. (3-4)
Forall 0<j,k<N,1<i<m,0<u,v=<p-—1,denote

oo [ 1] [k ke
JEN = I NT1T N +1 N+1 N+1]

Lu,v,N = {(]7k) elyxly: T(]) < f(k)}’

Tyv(N) = U i kN>
(j’k)eLu,v,N
Luyyn={(j.k) € LypN:j—k#+Nand j—k#£1} C LyynN.
TuwN)= | 9j4n CTun(N),

(j,k)ELu,v,N

and define a function over {(x, y) € (0,1) x (0,1) : x # y} by

gh (6, ) = (px —w) 'L = (py = )" log [1 — 27V 71|
Then
|Lu,v,N\Lu,v,N| <2N + 2, (3'5)
Volg2 (Tou,v(N) \ Tuw(N)) < O(N ), (3-6)
1 j—k N
< < f i, k)e L , -7
N—|—1_N+1'_N+l or (j,k)e u,0,N (3-7)
N1 Slx—ylf N1 for (X»J’)ETu,v(N)? (3'8)
20,0 (x, )| = O(log N) if s —rIs g (3-9)
. 1 1

Vol (x,y)]| < O(N?2 if—— <|x—p|<lm——"  (3-10

From (3-3), we have
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Z (T(j))i_l(N —r(k))m—i log ‘1 _eznﬁ(ﬁ_ﬁw
0=t(j)<t(k)=N

. i—1 m—i
_ m— J - k -
=(N+1)"! § : § : |:pN+1—u+O(N 1)] |:1—(pN+1—v)+0(N 1)}

0<u,v=<p—1(j yk)ELu,v.N

xlog |1 — 2™V TR ~¥5D | (3-11)

Forall 0 <u,v < p—1, by (3-5), (3-7) and (3-9), we get

j i k m=i 2 ﬁ( J k )
L 1—lp—— log |1 —e“™V U \NFI~NFT
Z (pN—H u) |: (pN+1 v)i| og|l—e |

(j:k)ELM.U,
_ Z gl ( J k )
B “A\N+1 N+1
(j’k)ELu,v.N + +
= Z gi ; L 4+ O(NlogN). (3-12)
- LUAN+1'N+1 ’
(,k)ELy v.N
Moreover,
-2 i J
‘(N+1) Zo gu,v(N+1 N+1) [/uv guv(x y)dXdy‘
(] k)ELuuN
= dxd
= Z /L}kNguv(x y)— guv(NJrl N+1)‘ x dy
@, k)eLqu
— i i J
= Z //@ gu,v(x’y)_gu,v(N—_i_l’ N——‘,—l) dxdy
o j.k.N
(j,k)ELy v, N
1 <|] kl <1-— 1
VNF+1—!N+1 N+1
+ Z // . gho(x.y)— guv(N+1 N+1) dxdy. (3-13)
1 N
G, k)eLqu
3T I< 7o
or [T 1> 1= 3=
Since
° 1 ]—k 1 } o 2
#{(j,k)e L : < — <|L =O0O(N°),
{(] ) u,v,N N 1 ‘N—i—l ,—N+1 | u,v,N| ( )
. ° j—k 1 j—k‘ 1 } 3
#1(j,k)e L : or -1 < O(N2),
{(J )€ LyyN N+1‘ N VT — (N?2)
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(3-10) implies that

X .

o
(k)eLy v.N
1 <|d=k |<1_ 1
m—|N+l|—1 N+1

xdy

i i J k
_ L% M
Zun(X, ) gu,v(N+1 N+1)

2 .
<SOWN?)x(N+1D)7?x 2 sup IVl ,(x. )| < O(N72), (3-14)
A -
VN+1 N+1
and, by (3-8) and (3-9),
i Sl ; L dx d
2 //ﬂj,k,N thaton {757 gy )| 400

o
(j,k)eLy v.N
J—=k 1
INT1 <A

1
N+1

j—k
or \1]\,—4_1|>1—

<O(N3)x(N+1)2x0®ogN)= O(N"2log N). (3-15)

Let Ty p ={(x,y) €R?*:0<x—u/p<y—v/p=<1/p}. Since g,’;’v is Llloc, the measure gi,v(x, y)dxdy

is absolutely continuous with respect to the Lebesgue measure. Therefore, by Lemma 3.3 below, we
have that

//o gfl’v(x, y)dxdy — // g;,v(x, y)ydxdy =o0(l) as N — oo. (3-16)
.U TM.U

Tuw(N)
By (3-12)~(3-16),

. i—1 m—i
] k 2m =1 (tr— <)
L _ 1= p———— log |1 — NFI NI
2 (pN—H ”) [ (pN+1 ”)} og|l—e |

U,k)eLy v.N
— W [ ghatedxdy+o?). G
TM.'U
(3-17) and (3-11) imply that

Y GO =) log [1 -2
0=t(j)<t(k)=N

=(N+D" Y /f Euw(x, ) dxdy +o(N"*1), (3-18)
o<uv<p—1“7 Tuw
<u,v<p
(3-18) and (3-4) imply
i Z t(j)dl_i_l)(N_T(k)dl._m_i)log!ez”ﬁﬁ—eznﬁﬁ‘

i—1 m—i
i=10<t(j)<t(k)<N

3 gi,v(x,y) .
=2 X // mdxdy+o(N +y

i=10<u,p<p—177 Tuv



1938 JUNYAN ZHU

X — u l 1 1_ v\1m—i
// PG = L= =5)] log‘1—ezﬂﬁ(x_y)‘dxdy—Fo(NmH)
Tu s (z—l)' (m—l)!

I
]
.Hﬁ

i—1 1— m—i u
_ Z Z // (px) ( py) log‘l _eZanl(x—y+;—;)’ dxdy+0(Nm+l)
To.0

L 0<uv=p @-1n! (m-i)!

m i—1 (1 o ym—i p—1 ) .
3 / (l?x) (1 Py). 1og[ I1 |eznﬁ5 _eznﬁ(x—yﬂ,)}]dxdy+0(Nm+1)
4 To.o @i—-10D" (m—i)! o

— i/./ (Px)i_l (1 —PJ/)m_i lo ‘1 _eZanl(px—py)‘ dx d +0(Nm+1)
P Too (—DI (m—i) ¢ ¥

1 m i—1 1— m—i
_ _// (X 1)'(( y))‘ log{1—eznﬁ(x_y)‘dxdy—i—o(Nm—'_l)
1 — m-—it).

// (1+x—py)" 1log}l 2V 1(x= y)}dxdy+o(Nm+1)

p(m—l)'
where T = {(x, y) € R?: 0 < x < y < 1}. After the change of variables ¥ = x — y, j = y, T is mapped
to7T ={(%,7)€R?: -1 <X <0, —X < j < 1}. Then
//T(l+x—y)m_1log}l—ez”ﬁ(x_y”dxdy

B

= 1)‘/ (1+%)"log|1— 2”FX|d~

1 1
:(—1)'/ xmlog‘l—ez”v_l"’dx
m-—1). Jo

1
=ﬁ/0 x"™log[2sin(mx)] dx

=Bm;

(m—1)!

hence,

m . . . X )
3 3 T(]l?j‘ll—l)(N—fgj)_jm—l)log|eznﬁﬁ_eznﬁﬁ‘
i=10=<t(j)<t(k)<N

— %Nm-i‘] +0(Nm+1)

Thus,

N
togldet W ()] = m( " £ ) 10g () + %’”N"’“ T o(NTH), 0
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Lemma 3.3. limy_, o Volp2 (T, A YO’M,,,(N)) =0forany 0 <u,v < p—1, where T, , A YO"H,U(N)
denotes the difference set of T, and Ty (N).

Proof. By (3-6), the statement in the lemma is equivalent to limp oo Volg2 (Ty,y A Ty »(N)) = 0, which
follows from limx— 00 (73,0 (N)\0Tuv) = Tuv- a8 Ty v ATy v(N) = (Ty,p\Tuv(N)U(Ty,p (N)\ Ty 0)-
Since Ty v \ Tu,v(N) C [Ty \ (Typw(N)\ 0Ty )] U 0Ty,

V01R2(Tu,v \ Tu,v(N)) = VO]RZ(Tu,v \ (Tu,v(N) \ aTu,v)) + VOlRZ (8Tu,v)
- //Rz L TN PV

< 10 —1
—/fRZ( 7~ I (N NOT s

the last line tends to 0 by Fatou’s lemma. A similar proof works for 73 (N) \ Ty,». Therefore, it remains
to prove limy — 00 (7,0 (N) \ 0Ty ,v) = fu,v.

First we’ll show that lim sup y_, oo Tu,v(N) C Ty,p. Forall (x, y) € limsupy_, oo Tu,v (N ), there exists
a sequence { Ny} | — oo such that, for any n > 1, there exists (j(Nyn), k(Np)) € 1, (Np) X Iy (Nyp) with
TN, (/ (Nn)) < N, (K(Ny)) and with (x, y) € $ (N, k(N,),N,- Then limy o0 j(Ny)/(Ny +1) = x and
limy—o0 K(Np)/(Nn+1) = y. Since 0 = =, (j (Nn))/(Nn+1) <N, (K (Ny))/(Nn+1) < Np/(Np+1)
and (j(Ny), k(Np)) € I,(Ny) x Iy(Ny), (3-3) implies that

dx dy;

0<p lim j(Ny)/(Ny+1)—u=<p lim k(Ny)/(N,+1)—v =<1.
n—oo n—>oo

Hence 0 < px —u < py—v =<1land (x,y) € Ty .

Next we will prove fu,v Climinfy_ o0 Ty,v(N). Forall (x, y) € fu,v, O<x—u/p<y—v/p<l1/p.
Then there exist 0 <e€1,€2,n1,n <1/psuchthatx =u/p+ey=(u+1)/p—nrand y=v/p+e; =(v+
1)/ p—n,. Foreach N >0, define j(N)= (N +1)x] andk(N)=[(N +1)y|. When N is large enough,
JIN)=1(N+D@/p+e)] =uq(N)+ul(N)/p+e (N +1)] Zugq(N)+min{u, [(N)} = ay, while

)| = @+ g + |+ DL v+ 1)

<w+Dg(N)+min{u+1,I(N)}—1=a,4+1—1

u+1
V4

Jy = | v+

for 0 <u < p—1, which indicates that j(N) € I,(N). Similarly, k(N) € I,(N) for N large. Moreover,
limy 00 T(j(N))/(N +1) = plimy 00 j(N)/(N +1) —u = plimy 0 [(N +Dx] /(N +1)—u =
px—u; similarly, limy 00 T(kK(N))/(N +1) = py—v. And, since 0 < px—u < py—v < 1, for N large
enough wehave 0 <7 (j(N))/(N+1)<t(k(N))/(N+1)<1,300<t(j(N))<t(k(N))<N. Thus, by
the definition of j (V) and k(N), we have, for N large, (x, ) € $;(n)k(N),N C U(jak)eLu.v,N Sk, N=
Tu,v(N), which implies that (x, y) € liminfy o0 Ty,0 (V).

In conclusion, we have

Tup C liminf Ty (N) C limsup Ty o(N) C T,
N—o0

N—>o0
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from which
lim (Tu,v(N) \ aTu,v) =Tuy. O
N—oo
- - N . .
Let ¢ = (ZJ)erI‘m,N = (SN(SJ))GEFWLN =Gy, ,Em,jm))f]el—‘m’N be an (" F")-dimensional
mean zero complex Gaussian random vector. Let its covariance matrix be X; then, forall J = (jy, ..., jm),

J' =i+ Jm) € Tm,n and

X7 =En(st) =EnGnENSNES))

- 2 2]

= ¥ (R)Ein®

KeAy N
=(1+&EN
= (L&, 81+ + Smjmbm, i)

where Ep denotes the expectation with respect to the probability measure yy;.

Lemma 3.4. With the assignment of &€ as in (3-2),
2
108 46t 2) = Qern () + 2N 4 o)

< ()

Proof. = Vo N (V% v (€), where Vi n (&) = (/ (V)EF)

is an
. JGFm’N,KEAm’N
matrix. Thus

N
det s =|det Vun P = [] (¢ )1det Wan N (®).
KGAm,N

By Lemma 3.2,

= Z log( )+2m<N+m)log(Kr)+2'87mNm+l+0(Nm+l)

m+1
KGAmN
2
- ¥ log(][\;)—i—Z 3 K[ log (er) + 2Pm Nm+1 4 o(ymt1)
KeAn N KeAm N P

2
= QKr,m(N)’F%Nm—H +0(Nm+1)- U



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS 1941

As log |5 (2)| is plurisubharmonic in a neighborhood of (D(0, r))™, we have

log [] 1esl= D loglin(€s)l

JGFm’N JEFm.N

= 3 [of gk [T PG doy ) -+ doy un)

T€lm.N @D (0,r)ym =1

(N+1)’”/ flogISN(”N[ > HPrffli,lul)

(aD(o r))m JGF;/” Ni=l1

/ l_[ P, (Krez’“ﬁxl u,)dmx:| doy(uy)---doy(uy)

i=1
+ (N +1)™ // 10g|sN(u)|/ 1_[ P, (/(rez”*ﬁx’ ui) dmx doy(uy)---doy(um), (3-19)
(D (0,r))" i=1

where P, (&,u) = (r% — |€]?)/(lu —&|?) is the Poisson kernel of D(0, r), do, is the Haar measure on
0D(0,r), dpyXx is the Lebesgue measure on R™, and

N t 1
H= U Hiy,.tyy = U {x=(x1,...,xm)elRm:0§x1——5 <Xy < — }
0=t1,ctm<p—1 0=t1,ctm<p—1 P pp

Let I and II be the two summands on the right-hand side of (3-19). Then

P U - T
Z l_[ r%”il’) /il:[lpr(lcrez”ﬁx’,ui)dmx

< [eee [ loglin @l dov )+ doy ). 3-20)

(8D (0,r))"

I<(N+1)" max
ue(aD(O,r))m

First we estimate |- 'f(aD(o,r))m log |Sn (u)|| doy(uy) - - doy (um).

Lemma 3.5. VN( sup I5n ()| < ]) < e Qrm(N),
ue(dD(0,r))m

Proof v = Y ek i = k(3 )ex.

KeA m,N

where K /3uX refers to (91 /9u*1) - (9Fm /9u5m) and K = Kyt k!,
By Cauchy’s integral formula,

of _Sw@)
KN() o «/_)m / f m k,+1d”1 dum,

(D (0,r))" =1t
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0= i [ i

(@D(0,r)" iz

SO

and thus _
SUPye(aD(0,r))m 1SN ()]

lex | =<
\/@rm

Therefore, sup,eap(o,ryy= |Sn ()| < 1 would imply that, for all K € Ap, N,

forall K€ A, N.

1

exl <[ ()]
sup Sy (u)]<1) < l_[ )/N(|CK| = [(%)rZIKI]_

ue(@D(0,r))m KeAnm N

= I [Go ]

KGAm,N
— o= Qrm(N) O

Therefore,

(Sl

)

The next lemma follows directly from the first part of [Shiffman et al. 2008, Theorem 3.1], but here
we provide a self-contained proof without using the language of sections and metrics.

Lemma 3.6. Given U C C" open and bounded with sup, .7 ||z|| = R > 0, for all n > 0,

)/N{sup|§N(z)| >(1+ RZ)%eﬂN} <e™ for N> 1.
zeU
Proof. By the Cauchy—Schwartz inequality,

¥ af(})

KeA,, N

sup|Sn (z)| = sup
zeU zeU

< el sup[ 3 (Z)W"T

zeU KGAm,N

N
= [lell sup (1 + ||z[|*) 2

zeU
N
= [lell(1+R*)=,
SO N+m
= anNk
- N _e2nN eln
rv{swplin ()] > (1 -+ RHFeN | <y e > V) = e —
zeU k=0 )
hence,

logVN{SuglgN(Z” > (14 RH TN S—ean—i-log(Nn—:m) +(2n N)[<N+m)_1]
zZ€E

<—e™ for N> 1. O
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Lemma 3.7. // |log|5n (w)| doy (uy) -+ doy (um) < CN /8™
@D(0,r))m

. o _eN
for some constant C outside an event of probability at most e™¢ + e Qer.m(N),

Proof. Applying Lemma 3.6 to U = (D(0, r))"™, we have

vl s i@l > (4m) 2V <yl s i@l > A +mr) eV | < e
ue(@D(0,r))™ ue(D(0,r))m (3-21)
Therefore, taking n = 1, outside an event of probability at most e ™ we have
log™® |55 ()| < %N log(1+mr?)+ N on (3D(0,r))™,
SO
/ log™|5n ()| doy (u1) -+ doy (um) < 3N log(1 +mr?) + N. (3-22)

(0D (0,r))™

Applying Lemma 3.5 to the distinguished boundary (dD(0, k7))™, we have, outside an event of probability
at most e~ Qer.m(N) SUP,e@D(0.kr)ym SN ()| = 1, i.e., there exists some 1 € (dD(0,«r))™ such that
55 ()] = 1 and

0<togliyml = [+ toglin ] [ 2r0u 0 doy ur) oy un)

(@D(0,r))™ i=1

_ // log* 153 ()| [T 2 (i ur) doy (ur) -+ doy (tm)

@D(0,r)" i=1
m
= [ oe s @ T 2 oy ) -dor . 5-23)
(3D (0,r))" i=1

Since for all 1 <i <m, |n;| =kr = (1—+/8)r and |u;| = r we have v/§/2 < P,(n;,u;) <2//$, (3-23)
implies that, outside an event of probability at most e~ 2xr.m V),

8 m
(%) [/ log™ Sy ()| doy(uy) -+ doy (um)

(D (0,r)" )\ L
s(%) [/ log™ [ ()| doy (uy) -+ doy (um).  (3-24)
0D(0,r))m

Combining (3-22) and (3-24), we get that, outside an event of probability at most e 4 o= QermN),
/. . / }10g|§N(u)|| do,(uy) -+ doy (um)
(@D (0,r))™

- // log™ 15x ()] doy (1) - do (tm) + /[ log™ (5 ()] doy (1) - doy (1m)

(0D(0,r))™ (0D(0,r))™
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<[1+(3)"] [ toetsw@ldortn)---do un)

(@D (0,r))™
CN

< [1+(§)m][%N10g(1+mr2)+N] =S O

Lemma 3.8.
ue(aD(O r))m

Z H—Pr(é””u’) / l_[P(KreZ”Fx’ ui) dmx o) )
Ni=1 N+1 i=1 v 8%(m+1)

Proof. For all u € (aD(0,r))™,

Z l_[ P ffl—Jl—l’l ui) / HP (Krez’“ﬁx‘ u;) dmx

Jely Nvi=1 i=1

Pr(&i ey, ui) e ey
Lr\Si (i) "i) 2 —1x; .
2 H N+1 LLIP,(Kre” i) dx

‘L'(J)€Fm!Nl—1
P,(zi.,u /T
E | | rCii 11) / | |P,(/<r62” lxl,u,-)dmx

< X
JGI,IX XItm i=1 [ R Im j=1

0=<ty,..., tm<p—1

t(J)elm. N
< Z Z l—[ Pr(Z]nul) / l_[Pr(KVBZﬂFxl u,)dmx
- N +1 H (N)
0=<t1,stm=p—1 J €l XXIp, i=1 [1seetm i=1
f(J)EFm,N
+ / P, (Krez’“ﬁx’ ui) dmx
Z Htl ..... tm(N) lljll

0=<t1,....tm=<p—1

m
—f [ Prlere® =" w) dpx|. (3-25)
H,

. o . . |
where H;, _“,m(N):U J1 ,J1+ oo | Im ’Jm+ .
T Jely XXl t(J)eECm N | N +1 N +1 N+1 N+1
Forall0 <#,...,tw <p—1,

Z 1—[ Pr]E]Z]—;:;/ll) [ 1_[P (KV€2NFXI ul)d X

JEIIIX XItm i=1 Htl ..... lm(N)
t(J)elm.N
< [ HP,(KreZ”ﬁx",u,-)—l_[Pr(Krehﬁi
Jel x- xI,m N+T>'NF1 1li=1 i=1
‘E(J)Erlm N
+ 1m _ 0P, (w,u)| 2mkr
< (q—)mm sup  [Pr(w,u)]"! sup r@.u)
(N + 1) lw|=kr, |u|=r |w|=<kr, |u|=r o N +1
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C
pmsTEO(N 4 1)

SO

O D SR 1 N | Lt

Oftl ..... tmfp—l JGI[IX XI,m i=1 1oeees tm(N)l_l
‘E(J)Er'm N
: C o(1
< W (3-26)

Tty 41y s30mrD)

To bound the second term in (3-25), we need the following statement, which can be proved in a similar

way as Lemma 3.3:

lim Volpm (Hy,, . 1,,,(N) A Hy . . 1,,) =0 forany 0=<¢;,....t,, < p—1.
N—>o0

tm

Hence,

2

0<t1,...t;m<p—1

m
/ 1_[ P, (Kreznrx’ ui) dmx — / l_[ Pr(KreZ”ﬁx",ui) dmx
H[ Ht

Lseees tm(N)l_l

m
< Z Vol gm (Hy, .1, (N)AH,I,WJW,)[ sup P,(a),u)]

0<t,..stm<p—1 lw|=kr,|ul=r

< 2\ e ]
< > 0(1)(\/3) T (3-27)

0<t1,....tm<p—1

This o(1) may depend on p.
By (3-25), (3-26) and (3-27) the lemma is proved. O

Combining (3-20), Lemma 3.7 and Lemma 3.8, we have, outside an event of probability at most
N
e ¢ _|_e_Q/<r.m(N)’

o() CN _ o(N™*1)
sromtn) §m  g3mty

I<(N+1)"

By changing the order of integration,

I=(N+1)" [ f f log |5x (1)] ]‘[ Py (cre¥ Y"1 i) doy(uy) - - doy (tm) dmx.
(@D(0,r))m
If 5 is nonvanishing on (D(0, r))™, log|3x («)| is harmonic in u; in a neighborhood of D(0, r) for each
fixed (uq, ..., 40, ..., um)in (D(0,r))™ . Applying the mean value theorem for harmonic functions,

we get
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II=(N+1)m/H // log|§N(KreZ”ﬁx1,u2,...,um)|

(0D(0,r))m m
x [T Prcre? =15 u;) doy (u3) -+~ doy (um) dmx
i=2

=...=(N+D" /Hlog|§N(Kr62”ﬁx‘,...,Kreznﬁx’”ﬂ dmx.

Define
E = / log [Sn (kre?™Y 1% gepe?®V T IXmy g, x (3-28)
H

which is a complex random variable. Thus we have proved:
Lemma 3.9. If 5y is nonvanishing on (D(0,r))™ then

O(Nm+1)

log [ lsl<—5—"+N+1D)"E

JGFmN

. e —_eN _
outside an event of probability at most e™¢ + e Qicr.m(N),

Replacing T,y by T\Oy = {J = (1.eeerjm) € 0NN Z" 10 < oy < o+ < joem) < N}
where o can be any element in S,,, the permutation group of m letters, similar results hold and we have
counterparts for Lemma 3.4 and Lemma 3.9, which we state without proof.

Lemma 3.10. Denote the covariance matrix of the random vector (¢ 59) =5n(Ep))! by =@ Then

Jerly
2
log (det @) = Qym(N) + L2 N™H 4 o(NH)
P

For all g € S, let
H(Q) — U H(Q)

0<t1,....tm=p—1

’ ! 1
= U {x=(x1,...,xm)eRm:OSme—&5---5x9(m)— elm) 5—},
p

0<t1,...tm<p—1

and define the random variable

E(Q) :/ ]Og{§N(Kre2an1x1,”.,Krean/jlxm)}dmx.
H@
Then:

Lemma 3.11. If §x is nonvanishing on (D(0, r))™ then

© O(N h =
log [T 11 ——— il +(N+1)"E@
Jeri?y

. - _eN _
outside an event of probability at most e=¢" + e~ Qxr.m V),
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The last ingredient we need to prove the upper bound is the following lemma:

Lemma 3.12 [Nishry 2010, Lemma 4.6]. Let s, t > 0 and N € NT be such that log (t"V /s) > N;
then

N N
S t
VOIRN{(VI,...,VN)GRN:OSVJ‘ <t and | |l"j SS} SmlogN (T)

j=1

Proof of the upper bound in Theorem 0.1. If § is nonvanishing on (D(0, r))™ then, by the mean value
property of pluriharmonic functions,

Z @ — Z log}EN(KreZ”ﬁx‘,...,Kreznﬁx’")‘ dmx
H(

QESm QESm

=/ log}EN(Kre
Ugesm H )

1,1
=// log‘EN(KreZ”ﬁxl,...,KreZ”ﬁx’")‘ dxy---dxm
o Jo

V=X g eV _lx’")‘ dmx

= // loglg'N(a)l,...,Cl)m)|dUKr(wl)"'dUKr(wm)

(0D (0,kr))m
=1log|5n(0,...,0)|
= 10g|C(0,...,0) l;

the second equality holds because, for distinct 01, 03 € S, H (@1) n H(@2) is of m-dimensional Lebesgue
measure zero. Then,

Pom(r,N) =y {0 €35 ((D(0.7)™)}

+ vy tlogleq,....0)l < 2m!log N) N (0 & 5n ((D(0,7)™))}

<y (c,...0) > N2™) + yN{( > E@ <2mllog N) N (0 ¢3n ((D(O, r))’"))}
0€Sm

< e_N4m! +yy U (E(Q) <2logN)N (0 ¢§N((D(Ov r))m))}
0€Sm

<™ 1 3 YV {(E@ <210g N) N (0 & 58 ((D(0.1))™))}
0€Sm
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Lemma 3.9 implies
yn (B <2log N)N (0 &5n((D(0,1)™))}

fe—eN+e—QKr-m(N)+yN{1og [1 vl = ——+>
JEFmN

( m+1)
+2(N + D)™ logN}

m+1
:e_eN+e_Q"’~’"(N)+)/N{ 1_[ |§J|<exp{ ((S +])+2(N+1)mlogN}}.
JGFm’N
Define
Netm m+1
%m,Nz{z=(;J>Jerm,Nec( S| |zJ|<exp{%+2<N+1)mlogN}}

JGFmN

and

N
FmoN ={0=())seTpn €EmnN |Cs] < Q2+2mr*)2 VI €Ty N} Cmn.

which can both be treated as subsets in C(" m") and events in the probability space (H O(CP™,0(N)), yN).
Thus,

yn{(E <21og N)N (0 &5n((D(0,1)™))}
E e_eN + e_QKr.m(N) + VN(%I’H,N)
<o 4 Qerm) YNCEm N \FmN) + VN Fm,N) (3-29)

and
Y EmN \ T n) < yyiles| > @ +2mr?) % for some J € Ty}

<yp{  swp fin@)] > @+2mrH)T)
we(@D(0,kr))m

[z

<yyf sup  [iv@)>1+mr?)32
we(D(0,r))m

N
<e2? (3-30)

’

where the last inequality is due to Lemma 3.6. Then Lemma 3.4 gives

1 _ *E_l§
Y (9’T ,N) = T/ e ¢ d N-+m é—
N 20 det © JFmn 20"

2 m
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Change into polar coordinates and note that
N+m m+1
=Vol_N+m3(X7)Jer, ~€ [0,(2+2mr ( ) 1_[ xj=<exp oy )+2(N—|-1)mlogN
R( m ) m,N 8
Jely, N

then
Y @) <2057 eXP{—[Qw,m(N) 4 M%N”’H} + o(N’"“)}

( m—H)
X exp{—Jr +2(N + 1)"log N} Vol a(Vihm) (Fm.N)
52Mmt2

O(Nm—H)
St}

m 2
= 2(N’j; )exp{—[Q,cr,m(N) + ﬁNmH] + } VOIR(N+M) (Fm,N)-
p m

since (VEM) LN log(2 +2mr2) —[o(N™+1)/83m+3 £ 2(N 4+ 1)™log N]> (V™) for N large (up to
now p, § are constants), we can apply Lemma 3.12 and get:
VOIR(Nnng) (Fm,N)

N™HY /§3m+5 Lo (N 4 1) log N
Sexp{O( )/[(N+m)t1§! + )™ log }{(Nntm)%log(2+2mr2)

m Qb
|:0(]3V—+1) +2(N + D)™ logN]}
8§m+

N+m)

_ explo(N™F1)/§3m+3 4 2(N + 1) log N} <N +m (
- 2O ) V(" g2

then,
exp{o(N"+1)/83mF2 + 2(N + 1) log N — [Qrm(N) + 222 N7 H+1}
VN(%m,N) =< N+m :
[ — 1]
N+m 2 (Nr—:'l_m)
X[N( " )log(2+2mr )] ,
o)

NmTl )
log Y (Fm,N) = (m—+) +2(N +1)"log N — [ri,m(]\f) + l;m Nm+1i|

+ (N’—ni-m) log [N(N};:m) log(2 + 2mr2)] —log [(N;;m) — 1]!

2 2
2 0 Nm-H
:—Q/cr,m(N)—%Nm-i—l +W. (3-31)
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By Lemma 2.2, (3-29), (3-30) and (3-31),
Yn (B <21og N) N (0 €5n((D(0,1)™))}

Ny 2 o(N™+1
= e e Qerm(N) y p=22 +CXP{_QKr,m(N) - —'Bm N4 ‘( 3mal )}
4 §am+z
m—+1
< expl— min 2m log(Kr) Z 2m log(/cr) Z 2/3,,, L 0(]3\7’""'11) |
(m+ 1)! m' k’ (m+1)' m' k p §am+s
Similarly, for all g € S,

Yy {(E@ <210g N) N (0 &5n5((DO0,1))™))}

m+1 m+1
< expl— min 2mlog(xr) i l’ 2mlog(xr) i l 2Bm Nm+1+0(]:[m4r11) ;
(m+1)! m! k' (m+1)! m! k §am+ts
k=2 k=2
thus,
PO,m(r’N)
Se_]\félm!
+1 m+1 1
i 2m10g(Kr) g 2mlog(Kr) 2,3m o(N™+1
| _ e 7 Nm—H 7
+m exp{ mm{ (m+1)! mv Z i’ (m+1)v mv Z k p sim+i
m+1 m+1
— expl — min 2mlog(/cr) Z 2m10g(/cr) Z 2/3m Nm+1+o(N”’+1) ’
(m+1)! m' k' (m+1)! m' k= p §3m+s

SO
log PO,m(’”, N)

m+1 m+1
< —min 2mlog(kr) L l, 2mlog(kr) . L Z 1, 2P 2Bm N o(N™t1)
(m+1)! m! — k' (m+1)! m! = k p

’

B 82m+2
and thus
m+1 m+1
lim sup log Po’m(’;’ N) < min{ 2m log(Kr) Z 2m log(Kr) Z 2,8,,, }
N—oo NmF (m+1)! m' kK (m+1)! m' k p

Let p — o0; then

lim sup
N—oo

+1
log Py m(r, N) - 2mlog(kr) L LmX: 1 ‘
Nm+1 (m+1)! m!

Let8—>0+;then/<:1—«/g—>l,so

m
log Py m(r,N) - 2mlogr+ 1 Zl '
Nmtl (m+1)!

lim sup
N—o00



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS 1951

Hence,
1 P ( N) < 2m IOgV + 1 mZH 1 Nm—H + (NH’I+1)
0 rnN)<—| ———+— — 0 .
& Lo,m (m+ 1) ml =k
Thus, Theorem 0.1 is proved. |

4. Proof of Theorem (.2

The proof of Theorem 0.2 is quite similar to that of Theorem 0.1. We only need to make some slight
modifications in picking “determining exponents” and “sampling points”.

Lower bound.
Definition 4.1. Ay (r) = {K €A : (]I\é)rle' > 1} C Amn.
Ry m(N) := Z log [(]I\é)rlel].
KeAy, n(r)
Lemma 4.2. log Pom(r, N) > =Ry m(N) +o(N™T1),

Proof. Consider the following event 2, ,,;, n:

) lco,...0l = VN,

(i) |ex| = K € A, N (NN, ..., 0)},

1
2GR
1

K e Am,N\Am,N(V)-

(iii) |eg| < K lFm—1

2ﬁ( m—1 ) ’

Then, when 2, ,, n occurs, for all z € (5(0, )™,

(D

I5n(2)] = v/N —

VY !

|K|4+m—1
Kehm im0 2YN (070
N
=N — -
k; 2N
=1V/N >o.
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Thus,
Pom(r, N) = yn(S2r.m,N)
N R/ N yN(|cK| < 1 )
KeAm x(NO,....0)} ZW\/@rlK|(|Klj_”}_l)

x I1 VN(|CK| = 2W('Il('+m_l))

KGAm.N\Ain,N(r) m—1
N 1 1
B N K| +m—1)2 Klam—122’
K€Am N (ON,...0) N () r2KI(KHm=I T g o\ A () 8N (KM=

Therefore,

log Py m(r,N)

. 5 log[(][\é)i’zuﬂ]_ ) log |:8N(|KL;|-_W11—1)2]

KGA,”,N(V)\{(O,...,O)} KGAm,N(r)\{(O,,O)}
N
= _ Z log[(K)V2|K|]+0(Nm+l)
KGAm,N(’)\{(OamaO)}
= —Rym(N)+o(N™1), a

Upper bound. For some o € (0,1], we can define the index sets Ay, |qn) and 'y |qn), and the

(I_aNnJ1+m) « (l_aN”Jl-i-m) matrix

Wm,LaNJ (s) = (sf)]epm.\_a]\”, KEAm,I_aNJ .

We also assign the values of the variables (§;,j)o<;<m,0<j<|aN] by the points on dD(0,«r) in a way
similar to in Section 3, except that we replace N by |a /N |. Then we have the following lemma:

L“,Zﬂm) log (cr) + P (Lo )y 4 o).

Lemmad3.  logldet Wy, jan) €)] = m(
»

LaN”Jl+m)

_ t _ ~ t . . .
The word ¢ = (§;)’ €T tan) = GyEn)Yy €Ty tony 1@ dlmenswn—( mean zero complex

Gaussian random vector with covariance matrix

Y= Vm,N,ot (E)V;,N,a (E)’

where Vin, N () = (y/ (%)éf)Jerm’LaM’ Keh,, v 152 (L“N,,Jl+m) x (V™) matrix.

Definition 4.4. Orma(N):i= Y log [(Z)ﬂ'"'].
KeAy, |aN]

2
Lemma 4.5. logdet X > Qxrma(N)+ ﬁ(LocNJ)"’Jrl +o(N™Th.
p
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Proof. By the Cauchy—Binet identity, summing over the

2
N
de (1 (% )EF)
¢ K g" Jely lan, K€M |aN|

(LeNTEmy s (LNIHm) minors of Vin, va (),

— l_[ (][Z)|deth,|_aNj(é)|2’

KGAm.LaNJ

detT =" |det M|*>
M

SO

logdet ¥ > Z log(z>+2m(mn]jjjm)log( r)+ﬁ(|_ N )"l o(N™F)

KEAI’VI,LO[NJ

= Z log[(]I\é>(/cr)2|K|] ,Bm(L NJ)m+1+0(Nm+1)

KeAp |an)

= Ocrma(N)+ ﬁq N Y 4 o(NH, 0

The following lemma is a counterpart of Lemma 3.9. The proof is similar.

Lemma 4.6. If 5y is nonvanishing on (D(0,r))™ then

( m—l—l) m
log  [] lvls—5—71 Py +(leN]+D™E
Jerm,LaNJ

. e —eN _ . _
outside an event of probability at most e™¢ + e Rierm(N) \where the complex random variable E is

defined in (3-28).

By the same trick of permutation as in Section 3, we can get an upper bound estimate for Py, (r, N):

N

Pom(r.N) <™V 4 m!{”N + e RermW) =22

m+1
esp [~ Qerma) = L a1+ DN

sm+3

Punch line of the proof. In order to prove Theorem 0.2, it suffices to compute R, ;;(N) and Q.o (N)
asymptotically. We follow the same idea as in Lemma 2.2.
The scaled lattice (1/N)A,, n(r) corresponds to the set

x=(x1,...,Xm) €EXm : Ex(x) =0}

and (1/N)A; m,«(N) corresponds to the set

m
{x:(xl,...,xm)e[R{m+:in50551}.

i=1
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So we have
N
RomN) = > tog[ (g )r2Kl] = nm+! /xezm Er(x) dpx +o(N™Y), (4-2)
KeApm Nn(r) E;(x)=0
N
OrmaN)= Y 1og[(K)r2‘K|] =N"’+1/X€Rm+ Ep(x) dx +o(N™).  (4-3)
KeAy, an) szzl Xi Za

Moreover, if we go through the proof of Lemma 2.2, we find that the o(N™*1) terms in (4-2) and (4-3)
are uniform if » < ¢ for some constant ¢ > 0, which implies that, when r is replaced by xr = (1 — Vo)r,
the remainder won’t depend on §.

Proof of Theorem 0.2. The lower bound proof is already implied by Lemma 4.2 and (4-2). To prove the
upper bound, by (4-1) and (4-3),

log Py m(r,N)

2ﬂmam+l } N O(Nm—H)

S—Nm+l min {/ xes EICF(-X) dmxa/xeRm—i- EIC"(X) dmx+ P 53m+1
m 2 2

Eir(x)=0 Z;n=1 X;i=a

Similarly as in Section 3, we obtain

log Py m(r, N) < _NmH i {/Xezm E,(x)dmx, / JUp— E.(x) dmx} +o(N™T

E.(x)=0 Y xi<a
——N’”“/xekm+ Ep(x) dmx +o(N"F).
Z;-ﬂ:lxifa

Now we must find a proper «g = oo (r, m) € (0, 1] which maximizes f ermt, Y E,(x)dyux. For

—1 Xi=o
this purpose, we consider the function defined on (0, 1] by

T(x) :—/ E,.(x)dpux.
eRMF:Y L | xi <

Then

T(a)—2mlogr/ g+ X1 dmx — m[ cegmt X1 log x1 dinx

Zl 1Xi =0 Zz 1 Xi =
m m
_/xeRm+ (I—in) log (I—in) dmx
Z:.’":lxifa i=1 i=1
m+1 oM+l m+1 1 .
_ _ _ - _ m— _
=2mlogr 1) m T Dl |:10goe ,;2 k] 1)' [ (1—x)x log (1 —x) dx,

T () =

mn 1)'{(ZIOgr—}—Z ) aloga+(1—a)log(1—a)]}
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where we take Y, 1/k =0 when m = 1. So, if 2logr + Y ;'_, 1/k >0, Y'(a) > 0 over (0, 1], thus
max(g,1] ¥ = Y (1) and therefore ag = 1.

If 2logr + Y 4 1/k <0, (2logr + Y3, 1/k)a = aloga + (1 — ) log (1 — ) has a unique
nonzero root &g € (0, 1), and

! m o %
I(I(}%T =T (o) = / xerm+ Er(x) dmx = m[(l —ag ) log (1 —ao) + Z Ak (4-4)
2j=1Xi<ao k=1
This concludes the proof. |

Remark 4.7. The proofs of Theorems 0.1 and 0.2 also work for a general polydisc [ ;= D(0, r;). For
example, if r = (r1,...,rn) €[1,00)™, the function £, in Theorem 0.1 would be

m

E.(x)= Zin logr; — [in log x; + (I—in) log (1 —Zx,-)]

i=1 i=1 i=1 i=1

and fEm Ey(x) dmx would equal (2/(m + 1)) Y72 logr; + (1/m!) ZZ:zl 1/k.

5. Hole probability of SU(2) polynomials

Proof of Corollary 0.4. When r > 1, ag = 1. The result follows from Theorem 0.1.
When 0 < r < 1, for x € RT,

E,(x) =2xlogr —[xlogx +(1—x)log(1—x)]>0 <<= 0<x <ay.
By Theorem 0.2,

oo
log Po,1(r, N) = —N? / E,(x)dx +o(N?),
0
where the value of the integral in the corollary is due to (4-4) and the fact that
209 logr = aglogag + (1 —g) log (1 — ). O

Proof of Theorem 0.5. As dU is a Jordan curve, by Carathéodory’s theorem ¢ can be extended to a homeo-
morphism D(0, 1) — U. We still use ¢ to denote the extended map. Thus, 5y (z) = ZIILO Ck (Zl\cf)1 22k
is nonvanishing over U if and only if ty(0) := Z,](V:O Ck (],z’)1 2(¢ (a)))k is nonvanishing over D(0, 1),
where ty € 0(D(0, 1)) N€(D(0, 1)).
Since
in(0) o
15 (0) 1

N. :
1M (0) %
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where A is an (N + 1) x (N + 1) lower triangular matrix with diagonal entries {k! \/ (]Z ) (@ (0))¥ }OSkS N
(tn(0)... ZI(VN) (0))! is Gaussian with covariance matrix 4 A4*. Then

N

det(44%) = |det > = [ [k!z(]]f)|¢’(0)|2k] £0 (5-1)
k=0

because ¢ is a biholomorphism.
We again define k = 1 — +/3. Then, if supyp (0. linl <1, for0 <k <N,

k! t k!
P0) = e <

27/ =1 Jap(ox) ukt! = Kk

Therefore,

Nk
yy( sup in] <1)syN{(zN(O),...,z](VN)(O))e I1 D(O, K_k)}

aD(0,k) il
1

- —n*(AA4*) " Invd
AN det(AA¥) H;’f=05(o,k1/xlc)eXp{ N (AA™) " ntdan+1yn

- aN+1 Hl?:o(k!/’(k)z
aN+1 det(AA4%*) '

By (5-1),

) < [Tr—o(k!/x*)?
" Tr=olk2(})1¢’ (0]

={1d[[(],f)(f<|¢/<o)|>2k]}_1

k=0
= exp{— Oy ¢7(0)),1 (N)}
= exp{—(log |¢’(0)] +log k + %)N2 + O(Nz)},

VN( sup |tv] <1
dD(0,x)

where the last equality is due to Lemma 2.2.
Similarly as in Lemma 3.9, we can show that if 7| 5 0.1) # 0 then, outside an event of probability at

most e™¢" + exp{—Oxlp0),1 (N)} = exp{—(log |¢"(0)| + logk + %)N2 + O(NZ)},

o(N?)
52

N
log [ Jlen(z)] < + (N + 1) log|col,

j=0

S .
where z; = ke?™VTINFT 0 < j < N.
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Now, (1§ (zg) -+ tn(zn))? is complex Gaussian with covariance matrix
N

2 = (ENCNGEDINGD)) gz jn = ( > (],f )<¢(zl~))k«Tz;>)")

0<i,j<N

k=0
SO VDo - J@oeY | [VE JMseo - @@y |
VO VDo - J®@en™ | [VE) VDeew - Q)@Y

and
NN
deex=T](x) T 16G—9GnP
k=0 0<i<j=<N
SO
l N
logdethZlog(k)+2 3 loglg(zi) —d(z)l. (5-2)
k=0 0<i<j=<N

Next we will show that

2 Y toelG—GI=N2 [ log o) — )l dogtn) dowtuz) +os(V). (5

0<i<j<N

where 05(N ?) denotes a lower-order term depending on §.

Since
1 i — J
2 ) loglpe—¢G)l=2(N+D> —zlog‘¢(Ke2”ﬁN+1)—¢(Ke2”ﬁzv]+1)‘
i<j ~ (N+1)
0<i<j=<N 0<i<j<N
and

1 1
/f log [¢:(u1) —  (u2)| doe (1) doe (uz) = fo /0 log [ (™) — (e~ dx dy

(0D (0,k))2
=2 // log‘qﬁ(/(ez”ﬁ")—(p(/cehﬁy)}dxdy,

0<x<y=<l

it suffices to show that

1 l_ ].
Z mlog}¢(K€2ﬂﬁm)_¢(KeZn~/le—_H)}

0<i<j<N

— // log‘q&(/cez”ﬁx)—(p(/(ez”ﬁy)}dx dy| = o0g(1).

0<x<y<l
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Since ¢ is a biholomorphism, we set

inf |¢'| = a(8) > 0.
D(0,k)

And, by Cauchy’s inequality, we have

sup [¢'| < O@™H).
D(0,x)

For each N, define
AN)={(i,j)eZ*:0<i<j <N},
the “far from diagonal” indices FD(V) to be the set of those (i, j) € A(N) such that

IWVN+1|+i<j<N-—|JN+1]+i if 0<i<|~N+1],

IWVN+1|4+i<j<N if |VN+1]<i<N-[J/N+1],
jew if i>N—|vN+1],
with
Fa(N)= | J Sijn
(i,j)€FD(N)

(recall the definition of $; ; n on page 1935), and the “near diagonal” indices to be
D(N)=A(N)\FD(N).

Then

ID(N)| = O(N?)

and, for (i, j) € FD(N),

Nl-i-l _N]+1 > (N +1)"2% mod 1.
So,
1 i i
) N 1) 8 e TINET) — g eV T
0<i<j=<N

—// log|¢(lcez’“mx)—¢(/ceznﬁy)‘dx dy
0<x<y=<l1



HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS

T AR ]
(#,j)€D(N)

+ Z /N+1 /N-H

(i,j)eFD(N) ” N+1

10g ‘¢(Ke2nFX) ¢(K62n«ﬁy)‘

+

// log|¢(lc62”ﬁx)—¢(/cezﬂﬁy)‘ dx dy
FB(N)

—// log ‘qﬁ(/cez”ﬁ")—(ﬁ(/cez”ﬁy)‘ dx dy]|.
0<x<y<l1

Let I, II and III be the summands of the last expression.
For all (i, j) € D(N),

~a(d) < g 2TVTIRT) _ (2™ V1N | <o),

N+1 +1
) ' '
‘log |¢(Ke2”ﬁﬁ) —¢(K€2”ﬁ1\’+ﬂ)|‘ <l|loga(8)| +1log (N + 1),
and thus
O(N
1< B [|loga(5)| +log (N + 1)] = o05(1).
Since
- — o6 O(N?)
s |Viog[p(ee™ V) — g eV | < 1T 5a)
x—yZ(N+1)7% mod 1 a(8)(N + 1) 2
we have
N? - - _
S - sup |V 1og {¢(K€2”ﬁx) —¢(K€2”ﬁy)‘ low )
(N +1) _1
x—y>(N+1)" 2 mod 1
1
O(N™2)
< 2 7 os(D).
= a@ W

By a similar argument as in Lemma 3.3, we have

lim Volg2 (FB(N) Af{(x,y) eR*:0<x <y =<1})=0.
N—o0

1959

—log }d)(Kez”FNH) d)(Kez”FNH)}‘ dx dy

Furthermore, (5-4) and (5-5) below indicate that the function log |¢>(K82” V-ix ) —p(ke?™ v-1y )‘ is L!

over [0, 1]%, so

I < 0g(1).
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Thus, we have proved (5-3).
For uy, u, € D(0, 1), define

d(uy) —puz) .
V(uy,uz) = Uy —1us a7 uz,
¢'(u1) ifuy =u,.

Then ¢ is continuous and nonzero in D (0, 1) x D(0, 1). Moreover, by the removable singularity theorem,
¥ is holomorphic in u; as well as u,. Therefore, log || is pluriharmonic in D(0, 1) x D(0, 1). By the
mean value equality,

/ / log [f(1t1) — §(2)| do(ur) doe (i)
dD(0,k) JOD(0,x)

=/ / log [V (uy. 42) | doe (i) dore (1) + / log |y — tt2| doe (1) do (u3)
0D (0,x) JOD(0,k) 0D (0,k)

0D (0,k)
— log |(0,0)| +log + / log [u1 — us| doy (1) dory ()
ap(0,1) Jap(0,1)
— log|¢'(0)] + log + / log i1 — 3| do (uy) doy (u3), (5-4)
aD(0,1) JaD(0,1)

and
1,1
/ / 10g|u1—u2|d01(u1)d01(u2)=f / log}eZ”V_lx—eZ”V_ly‘dxdy
aD(0,1) JaD(0,1) 0 Jo

1
:/ log}l—ehﬁx}dx
0

=/ log |1 —z|doi(z)
3D (0,1)

0, (5-5)

where the last equality is due to Lebesgue’s dominated convergence theorem.
Equations (5-2)—(5-5) show that

N
N
logdetX = Z log ( k ) + (log |¢' (0)| + log k)N % + 05(N?)
k=0

= (log ¢/ (0)| +logk + 5)N? + 05(N?).

The remaining part is similar to Section 3. O

Remark 5.1. For U = D(0,r), ¢ is a rotation composed with a scaling by r, so |¢’(0)| = r. Thus, the
upper bound in Theorem 0.5 is —(log + %) N 2+0(N 2), which agrees with Corollary 0.4 in the case r > 1.
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6. Generalized hole probabilities of SU(2) polynomials

If n(r, N') denotes the number of zeros of §x (z) in D(0, '), counting multiplicity, then the hole probability
Py,1(r, N) is just the first term of a sequence of probabilities

Pr(r,N)=yyin(r,N) <k}, k=0.

We call Py ;(r, N) a generalized hole probability because, compared with the large degree or total number
of zeros in C of the polynomial 5, any finite number k is negligible. It has the status of almost having no
zeros in D(0, r). And, by Theorem 0.6, it turns out that the generalized hole probabilities are numerically
almost equal to the regular one.

Proof of Theorem 0.6. Equation (3-21) implies that, for all n > 0,
~ N 2 _enN
YN log |sN(u)|dar(u)>710g(1+r )+ N <e for N > 1. (6-1)
aD(0,r)

We follow the notations in Section 4, except this time m = 1 and we take the number of partitions to be
p = 1. The corresponding restatement of Lemma 4.6 is

Lo V] o(N?) N

)/N{log I1 |;,-|>—52 +(La0NJ+1)/aD( )log |§N(u)|da,(u)} <" f o Rera @),
i 0,r
Jj=0 ’

where {; = §N(Kre2”ﬁj/(L“0NHl)), 0<j <|aoN |. Here we do not need to assume 0 & 5 (D(0, r))
as we do in Lemma 4.6; the counterpart of I/ in (3-19) is

1= (lagN | +1)/ log |§N(u)|/ Py (kcre¥ V1% ) dx doy (u).
aD(0,r) H

Sincem=1and p=1, H=[0,1]CR, so

1
II=(lagN|+1) /8D(0 )log |§N(u)|/0 P,(Krez’“ﬁlx,u) dx do, (u)
= ooV 41 [ tog sl doy o).

Therefore, for all > 0 small enough,

) N
VN{/ log [Sn (u)| doy(u) < Elog(lﬂz)—nN}
oD (0,r)
laoN ]

2
Se_eN+e_RK’~‘(N)+J/N{ 1_[ Ifjliexp{o(é\i )+(|_a0NJ+1)|:%log(1+r2)—17N:|}}. (6-2)
Jj=0
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Following the steps (3-29)—(3-31), we can show that

- N
logyN{/ log |Sy(u)| doy(u) < —log(1+r2)_nN}
aD(0,r) 2

2
< N(lagN ] + D[log(1 +r?) —2n]— Orritag(N) —2,31053N2 n o(N*)

82

o
Oker1,a0(N) ~ N2/ E,(x)dx = %ao[Zlogkr +1—logag]N2,
0
1
B1= / x log[2sin(mwrx)] dx

1
/ (x— —) log[2sin(x)]dx + = ! / log[2sin(mrx)] dx
0

-/
:/_1

1
Since fi)% x log[2cos(mwx)] dx and f02 x log[2 cos(mrx)] dx both converge and x log [2 cos(rx)] is odd,

1
x log [2 sin n(x + )] dx + % /(; log[2 sin(mx)] dx

D= )=

1
x log[2cos(mx)]dx + % / log[2sin(x)]dx.
0

|

1
B = l/ log[2sin(wx)]dx = l/ log [1 —z|doy(z),
2 Jo 2 Jap(o,1)

which equals 0 as in (5-5). Thus

. N
log VN{/E;D( log |Sy (u)| doy(u) < ?log(l + r2) _ ﬂN}
r

o(N?)
§2

1
< —an[l +21og (kr) —logag —21og (1 +r2) +4n]N?* + (6-3)
On the other hand,

Reri(N) ~ N2 / Eer(x) dx. (6-4)
E,r(x)=0

Combining (6-2)—(6-4) and letting § — 0+, we get

- N
log VN{/BD( log [sy (u)| doy (1) < 7log 1+ r2) _ r]N}
r

< —min {%ao[l + 2logr —logag — 2log (1 + r2) + 41, %ao[l +2logr —logo(o]}N2 +0(N?)
—%ao[l +2logr —logag —2log (1 +r2) +4nIN? + o(N?), (6-5)

for0 <n< %log (1 +r?). Since

/ E.(x)dx = %ao[l +2logr —logag] >0 andthus 1+ 2logr —logag >0,
E.(x)=0
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we can choose 0 < n < %10g (14 7r2) close to %log (14 r?) such that
1+ 2logr —logag—2log (1 4r2)+4n>0.
Therefore, (6-5) makes sense. Denote
Fy(r) = %ao[l + 2logr —logag—2log (1 + rz) + 49];

then we have, for 0 < 5 < $ log (1 +7r2),

N
yN{ / log [3x (u)] doy (u) < =-log (1 + %) - nN} < e FONTHD - (66)
aD(0,r) 2
Let p > 1, to be determined. By discarding a null set, we may assume §x(0) # 0, 0 & 5x5(dD(0, 1))
and 0 ¢ 5 (dD(0, p~'r)). So, by Jensen’s formula (cf. [Hough et al. 2009, (7.2.11)]), almost surely,

neN) . (6-7)

/ log |3 ()| doy () = log |co] + /
0D(0,r) 0

P n(t, N)
t

/ log |5y (u)| doy-1, () = log |co| +/ dt. (6-8)
0D (0,0 17) 0

Since n(r, N) is increasing with respect to r, (6-7) and (6-8) imply

- - " n(@,N
[ toglwlda- [ fog i@l a1, = [ "8 dr <N vog.
aD(0,r) 0D (0,0 17) o~ Lr ¢
and thus
n(r,N)=> |:/ log sy (u)| doy (1) — / log |5y (u)] dap—lr(u)]. (6-9)
log o[ Jop(0,r) aD(0,p—1r)
By (6-1), for 1 > 0, outside an event of probability at most e_enlN,
- N _
/ log 5 ()] doy-1, () < > log (1 + p~2r2) + 1y N, (6-10)
0D (0,0~ 17) 2
By (6-6), for 0 <1, < % log (1 + r?), outside an event of probability at most e Fn (’)NZ'H’(NZ),
y N 2
log |5y (u)| doy(u) > —log (1 +r°)—nyN. (6-11)
2D (0,r) 2

By (6-9)—(6-11), outside an event of probability at most e 4 o= Fny (NN?+o(N 2),

N T1 2y 1 —2.2 }
I JE— i
n(rN) 2 | S log (1) = Slog (14 p7r%) = (1 + )|

Therefore,

N
YN {n(r, N) < @[% log (1 +r%)— % log(1+p 2r?)—(n + nz)]} < =" 4 o= Fny (NN +o(N?)
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where the right-hand side is independent of p. We need to choose proper p, 1 and ;.
For all > 0, we set

1 71 2y _ 1 —2.2\ _ ]_
g L3108 (477 = Flog (14572 = (i +m) | = .

1 1 _
N +n2=n:(p) = Elog(l +i’2)—§log(1 + p"2r%) —rlog p.

If T > 0 is small enough, let po(t) := /(1 —7)/T7r > 1; then

3 >0 whenl < p < pg,

-3.2 2 2
, o °r T (I—-tr-—1p
nN(p)=———5——=—-——>—1=0 when p=po,
1 2,2 21 .2
e P plp=+17) <0 when p > py,

and thus
(M1 + 12)max = N (po(T))
T

Satte = (20~ b~ s
—2log(1+r) 2log 1+1—r rzlog(l 7) 2logr—i-logr

=%log(l+r2)+%log(l—r)—%rlog(l—r)—l—%rlogr—tlogr

= %log(l -|—r2)+%[rlogt—i—(l—t)log(l—r)—2rlogr].
For a fixed r > 0, we can choose smaller > 0 if necessary so that
—%log(l +r?) <tlogr+(1—1)log(l—7)—2rlogr < 0.

This is possible since

tlogt+ (1—1)log(l—1)—2tlogr <0 if 0 <7 <y
and
lim [tlogt+ (1 —71)log(1—1)—2tlogr]=0.
T—>0+

Thus, for such 7 and the corresponding pg = po(7),
Hog (147%) <y + 12 = 71e(po) < Llog (1 4+77).
In this case, for all 0 <7y < 1 log (1 +r2),
0<n = %log(l +r2)+%[rlogr+(1—t)log(l —1)=2tlogr]—m < %log(l +r?),

yatn(r N) <oV} = yy {nr, N) < [ Tlog (14 r2) = Slog (1 + 5 %r%) = (1 + 1) |

< e_emN +e—F,,2(r)N2+o(N2).

log po

Fix any k£ > 0; when N is large enough, k < TN,
exp {—%ao(l—l—Zlog r—logaO)N2+0(N2)} =Py 1(r,N) = Pr1(r,N) <yyin(r,N) <tN}
<eme" N+exp{—%a0{(1+2 log r—log ag)+2[7 log T+ (1—7) log (1—7)—27 log r]—4n1 } N *+0o(N ?)}.
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Therefore,

log Py 1(r, N)

. log Py 1(r, N)
2 <limsup ——————

1 . .
—>ao(l +2logr —1 <1 f
720(1 +2logr —logag) = imind im suy 2
5—%0{0{(1+210gr—10goz0)+2[rlogr+(1—r)log(l—r)—2rlogr]—4n1}.
Let n; — 0+ and then t — 0+; we have

log P 1(r,N)

lim = —%ao(l + 2logr —logayg)

N—o0 N2

or, equivalently,
log Py ;1 (r, N)~—%oz0(1+210gr—10ga0)N2. O
Appendix
We now prove the following lemma:
Lemma A.1. The coefficient of gm N (&) in det Wy, N (§) equals 1.

Proof. Let %5, n be the set of bijections from I'y, y to Ay, n and, forall o € ¥y, §, J € T'yy v, write
o(J)=(0o1(J),...,0m,(J)). Then

det W, (&) = Z sgn(o) 1_[ E;(J)Z Z sgn(o) 1_[ Ei’,lj(lj)"'gsf,"j(,,{)'

0ES M. N Jelm N €S M. N Jel'm. N

To find those o € ¥,y ending up with g, x (&), it is equivalent to find o satisfying, for all 1 <i <m,

k+i—1\/N—-k+m—i
. : 1<k=<N
> 6i(J) = ( i )( m—i ) =T =" (A-1)
JGFll/nkN 0 k = 0’
where the set I‘Z{‘N is defined in (2-7). We are going to prove by induction that
o(/)=0r. 2= J1.- s Jm— jm—1) forall J €Ty n. (A-2)

First of all, similarly to F,i';kN, we introduce
A =k k) € Ay thy ook = k)
then

N
Amn =] A;;fN forall 1 <i <m,
k=0

and
ik k+i—1\/N—-k+m—i ik
A :( i—1 )( m—i ): o |-



1966 JUNYAN ZHU

When i = 1, (A-1) shows that, for 0 <k < N,

Z al(J)=k(N_k+m_1), (A-3)

m—1
Jerlk
m.,N

where the number of terms in the summation on the left is |F,1n’]§\,| = _r];J_”l”_I) = |A,1n’kN| for all
0<k < N. Then

N N
k=0in(A3) = o(T,/\) =A " = o( | | r,;’fjv) =[] Ax-

k=1 k=1

N N
k=1in(A3) = o, ) =AYy = 0( | | r,;’fgv) =[] AN

k=2 k=2

k=N in(A-3) = o(T}

N 1,N
m,N) =A

m,N’

SO

o1(J)=j1 forall J el N.
Now assume, for some 1 <i <m—1, that (61 +---+0;)(J) = j; forall J €Ty, . Then, forany | <k <N,

Yo eittoi) = Y Litoipi()]

serit serg
k : .
. iy i1,k k—f—l)(N—k—l—m—z—l
_Zﬂrm,NmFm,N |+(i+1 m—i—1 )
j=0
_Xk: .(j—i—i—l (N—k—i—m—i—l) (k+i)<N—k+m—i—1
=27 i ) m—i—1 it m—i—1 )
j=0
=k(k—.|—1)(N—k+i.n—z—l)’
i m—i—1

where the second term on the second line of the calculation comes from (A-1). And, for k = 0,

Yo i+toi = Y. Litoin()]=0.
Jer, 0 Jer, 0

So, forall0 <k <N,

IO

> ot tonn ) =k(

i+1.k
Jel', 'y

(A-4)
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where the number of terms in the summation on the left is |F i+1.k

forall0 <k < N.

(k?i)(N_rlfz—i—_z")i_li_l) |A1+1 k|

N

+1,0 i+1,0 +1,k +1,k

k=0in(A4) = o(T, ) =AFYy =>0(|_|F’ ) || ALV
k=1

N

+1,1 i+1,1 +1,k i+1,k

k=1lin(A4) = o, vH=AF" = a(|_|F’ )=|_|A;n,N,
k=2

k=Nin(Ad) = o(TiHLN) = ALY,
SO
(014 +0i+1)(J) = jiy1 forall J €y N.

Thus, (A-2) is proved. And it is trivial to check that the o defined in (A-2) satisfies all the equations
in (A-1). This means that there is only one o € ¥, y that ends up with g,, x (&), and it turns out to be
order-preserving. Therefore,

deth,N(é)zgm,N(E)‘F”' . O
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STOCHASTIC HOMOGENIZATION
OF VISCOUS HAMILTON-JACOBI EQUATIONS AND APPLICATIONS

ScoTT N. ARMSTRONG AND HUNG V. TRAN

We present stochastic homogenization results for viscous Hamilton—Jacobi equations using a new argument
that is based only on the subadditive structure of maximal subsolutions (i.e., solutions of the “metric
problem”). This permits us to give qualitative homogenization results under very general hypotheses: in
particular, we treat nonuniformly coercive Hamiltonians that satisfy instead a weaker averaging condition.
As an application, we derive a general quenched large deviation principle for diffusions in random
environments and with absorbing random potentials.

1. Introduction

1A. Motivation and informal summary of results. In this paper, we consider the qualitative stochastic
homogenization of second-order, “viscous” Hamilton—Jacobi equations. We present a new, short and
self-contained argument that yields homogenization under very general and essentially optimal hypotheses.
Our framework includes a class of equations for which the homogenization result has an equivalent
formulation in probabilistic terms as a quenched large deviation principle (LDP) for diffusions in random
environments (and/or with random obstacles), and so a corollary of our analysis is a very general LDP for
such problems that generalizes many previous results on the topic.
In its time-dependent form, the viscous Hamilton—Jacobi equation we consider is

ut — 8tr(A(§)D2u8) n H(Dug, )EC) =0 inR? x (0, 00). (1-1)

Here D¢ and D?¢ denote the gradient and Hessian of a real-valued function ¢, and tr B is the trace
of a d-by-d matrix B. The coefficients A and H are called the diffusion matrix and the Hamiltonian,
respectively, and are assumed to be stationary-ergodic random fields. That is, they are randomly selected
from the set of all such equations by an underlying probability measure that is stationary and ergodic
with respect to R?-translations. The essential structural hypotheses on the coefficients are that A takes
values in the nonnegative definite matrices (and in particular may be degenerate or even vanish) and H
is convex and growing superlinearly in its first variable. See below for some important examples of the
equations that fit into our framework.

The presence of the ¢ factor in the diffusion term of (1-1) gives the equation a critical scaling, and it
turns out that it behaves like a first-order Hamilton—Jacobi equation in the limit ¢ — 0. Indeed, rather

MSC2010: 35B27.
Keywords: stochastic homogenization, Hamilton—Jacobi equation, quenched large deviation principle, diffusion in random
environment, weak coercivity, degenerate diffusion.
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than providing any useful regularizing effect, the diffusion term actually makes the analysis more difficult
compared to the pure first-order case by destroying localization effects (such as the finite speed of
propagation). Also notice that, while we choose to write the principal part of (1-1) in nondivergence form,
thanks to the scaling of the equation, our study also covers the case of equations with principal part in
divergence form. Indeed, we may rewrite an equation with principal part divergence form, at least in the
case that the diffusion matrix is sufficiently smooth (on the microscopic scale) in the form of (1-1) by
simply expanding out the divergence, observing that the ¢’s cancel, and absorbing the new first-order
drift term into the Hamiltonian.

The archetypical result of almost-sure, qualitative homogenization for (1-1) is that there exists a
deterministic, constant-coefficient equation

u;+HDu)=0 inR? x (0, 00) (1-2)

such that, subject to an appropriate initial condition, u® converges locally uniformly, as ¢ — 0 and with
probability one, to the solution u# of (1-2). The nonlinearity H, called the effective Hamiltonian, depends
on [P but is a deterministic quantity. It inherits convexity and superlinearity from the heterogeneous
Hamiltonian. Its fine qualitative properties encode information regarding the behavior of solutions of the
heterogeneous equation (1-1). In the particular case corresponding to quenched large deviation principles
for diffusions in random environments, H is, up to a constant, the Legendre—Fenchel transform of the
rate function (see below for more details).

The first qualitative homogenization results of this type for second-order equations, asserting that (1-1)
homogenizes to a limiting equation of the form of (1-2), were proved independently by Kosygina, Reza-
khanlou and Varadhan [Kosygina et al. 2006] and Lions and Souganidis [2005]. Earlier homogenization
results for first-order equations (i.e., A = 0) in the random setting are due to Souganidis [1999] and
Rezakhanlou and Tarver [2000], and subsequent work can be found in [Armstrong and Souganidis 2012;
Lions and Souganidis 2010]. We also refer the reader to the nice survey article of Kosygina [2007].

In this paper, we present a new proof of homogenization that applies to a wider class of equations. The
idea is to apply the subadditive ergodic theorem to certain maximal subsolutions (these are the functions m,,
in Section 2), thereby obtaining a deterministic limit (which we denote i,,) and hence a candidate for H
(by the formula (3-2)) and then recovering the full homogenization result by deterministic comparison
arguments (presented in Sections 4 and 5). The approach is simple and more or less self-contained
(the reader may consult our recent paper [Armstrong and Tran 2014] for the necessary deterministic
PDE theory) and yields a very general qualitative homogenization theorem under essentially optimal
hypotheses. In addition to recovering all of the known cases, including the results mentioned above, we
can also treat for the first time general Hamiltonians that are not necessarily uniformly coercive. An
essential characteristic of (1-1) is that p — H(p, y) exhibits superlinear growth in p, and this is typically
assumed to be uniform in x. Here we can handle Hamiltonians satisfying an averaged coercivity condition
that is not uniform in x.

The most important feature of the method is that, unlike previous approaches, our proof of homogeni-
zation is quantifiable, as demonstrated in [Armstrong and Cardaliaguet 2015]. Much recent effort has been
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put into obtaining quantitative stochastic homogenization results, for example, estimates for the difference
u® — u, rigorous bounds for numerical methods for computing effective coefficients and so on. For first-
order Hamilton—Jacobi equations, quantitative stochastic homogenization results were recently obtained
by Armstrong, Cardaliaguet and Souganidis [Armstrong et al. 2014], who quantified the convergence
proof in [Armstrong and Souganidis 2013]. Unfortunately, the method of this last paper is not applicable
in the viscous case without new ideas, as the presence of the diffusion term generates significant additional
difficulties. From this point of view, the results in this paper can be considered as the completion of the
idea that originated in [Armstrong and Souganidis 2013].

1B. Statement of the main results. We begin by defining “the set of all equations” by specifying some
structural conditions on the coefficients. We work with parameters ¢ > 1, n € N, A; > 1 and A, > 0,
which are fixed throughout the paper.

We require the coefficients to be functions A : RY — S¢ (here S¢ denotes the set of d-by-d real
symmetric matrices) and H : R? x R? — R satisfying the following conditions. First, the diffusion matrix
has a Lipschitz square root. Precisely, we assume that there exists a function o : RY — R"*¢ such that

A= %ota,
where o is bounded and Lipschitz: for every y, z € R?,
o () < Ao, (1-3)
lo(y) —o (@) < Azly —zl. (1-4)

(Here R"*¢ is the set of real n-by-d matrices.) Regarding the Hamiltonian, we assume that, for every
y € R4,
pr— H(p,y) 1isconvex (1-5)

and, for every R > 0, there exist constants 0 < ag < 1 and Mg > 1 such that, for every p, p € R4
and y, z € Bg,

aglpl? =Mgr < H(p,y) < Ai(Ip|? + 1), (1-6)
|H(p,y)—H(p,2)| < (A1lp|?+ Mg)|y —zl, (1-7)
|H(p,y)—H(p, y)| < A(Ipl+1p1+ DT p - pl. (1-8)

We define the probability space 2 to be the set of ordered pairs (o, H) satisfying the above conditions:
Q:={(o, H) : 0 and H satisfy (1-3), (1-4), (1-5), (1-6), (1-7), and (1-8)}.

We may write 2 = Q(q, n, A1, A,) if we wish to emphasize the dependence of 2 on the parameters.
We endow the set € with

% := o-algebra generated by (o, H) — o(y) and (o, H) — H(p, y) with p, y € RY.

The random environment is modeled by a probability measure [® on (€2, &). The expectation with
respect to [P is denoted by E. We assume that [P is stationary and ergodic with respect to the action of R?
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on €2 given by translation. To be precise, we let {7;},cgs be the group action of translation on €2 defined by
7,(0, H) := (1,0, t,H), where (1,0)(y):=0(y+2) and (t;H)(p,y):=H(p,y+2).
We extend this to & by setting, for every event F € &,
.F={t,w:we F}.

The stationary-ergodic hypothesis is that

forall y € R and F € %, Pty F]=P[F] (stationarity) (1-9)
and, for all F € &,
ﬂ ., F=F 1implies that P[F] € {0, 1} (ergodicity). (1-10)
zeR4

The final assumption we impose on P is a weak coercivity condition: there exists an exponent o > d such

that

Aan2e/@—D)  / Mi\a/a

[E[(—) +(—) ]<+oo. (1-11)
aj aq

It is important to note that A, > 0 is a constant but 0 < a; <1 and M; > 1 are random variables in the
above condition.

Remark 1.1. We emphasize that, in contrast to ¢, n, A; and A,, the positive constants ag and Mg in
the assumptions (1-6) and (1-7) depend on H itself; that is, they are random variables on 2. To make
this precise, for each w = (0, H) € 2, we redefine Mg(w) to be the smallest constant not smaller than 1
for which (1-7) holds in Bg; we then redefine ag(w) to be the largest constant not larger than 1 for
which (1-6) holds in Bg. We denote

ar(x,w) :=ag(tyw) and Mg(x, w):= Mp(T,w).
We drop the dependence on @ from the notation where possible, e.g., ar(x, ®) = ag(x).

We present our main homogenization result in terms of the initial-value problem

{“? —ew(A(5)0%) + H(Dut, T) =0 inR!x (0,00), (1-12)

ut=g on R4 x {0}.

Here the initial data g is a given element of BUC(R?), the set of bounded and uniformly continuous real-
valued functions on R?, and the unknown function u® depends on (x, t) as well as g and the coefficients
o = (o, H). We typically write u®(x,t, g, w) or often simply u®(x, ¢, g) or u®(x,t). As explained
in Section 5, under our assumptions, the problem (1-12) has a unique viscosity solution (subject to an
appropriate growth condition) almost surely with respect to P. In fact, it is defined by formula (5-2)
below. We remark that all differential equations and inequalities in this paper, including the ones above,
are interpreted in the viscosity sense; see Section 1D.
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In our main result, we identify a continuous, convex H : R? — R and show that, as ¢ — 0, the
solutions u® of (1-12) converge, P-almost surely, to the unique solution of

{u, +HDu)=0 inR?¢ x (0, 00),

u=g on RY x {0}. (1-13)

That the latter has a unique solution is a consequence of the properties of H summarized in Lemma 3.1
(see Section 5 for more details).
We now state our main homogenization theorem.

Theorem 1. Let (2, F) be defined as above for fixed constants g > 1 and A1, Ay > 0. Suppose that P is
a probability measure on (2, F) satisfying (1-9), (1-10) and (1-11). Then there exists a convex H € C(R%)
satisfying, for some constants C, ¢ > 0,

c(lpl! = C) < H(p) < C(Ipl! + 1)

with the following property: with u®(x, t, g, o) defined by (5-2), and denoting by u = u(x, t, g) the unique
solution of (1-13), we have
[P’[Vg € BUCRY), YR >0, limsup  sup  |u®(x, 1, ) —u(x, 1, g)| = o] — 1.
e—>0 (x,1)eBgrx[0,R)

Let us say a few words regarding the role of the weak coercivity assumption. The first thing to notice
about (1-11) is that a particular case occurs when P is supported on the set of (o, H) for which H
satisfies (1-6) and (1-7) for constants ag > 0 and My > 1 that are independent of R. We call this a
uniform coercivity condition, and it is the traditional hypothesis under which homogenization results for
viscous Hamilton—Jacobi equations have been obtained. From the PDE point of view, it is important
because it provides uniform Lipschitz estimates for solutions, which is a starting point for the analysis.
The condition (1-11) can then be seen as a relaxation of the uniform coercivity condition, replacing it by
an averaging condition. We remark that we expect the averaging condition stated here to be optimal in
terms of the range of the exponent ««. The result should not hold if we only have (1-11) for ¢ =d.

There are few homogenization results in the random setting without uniform coercivity. Armstrong and
Souganidis [2012] recently proved such a result under a less general averaging condition (essentially (1-11)
with a; bounded below). They also assumed the random environment satisfied a strong mixing condition
with an algebraic mixing rate assumed to be sufficiently fast, depending on the exponent «. Similar
results stated in probabilistic terms were obtained at about the same time by Rassoul-Agha, Seppéldinen
and Yilmaz [Rassoul-Agha et al. 2013]. In contrast to these results, we do not require any mixing condition
here, merely that the environment be stationary-ergodic.

We next present a model equation that fits into our framework.

Example 1.2. Consider the particular case of the Hamiltonian

H(p,y)=a)|pl? =V (y), (1-14)

where g > 1, the functions @ and V are stationary-ergodic random fields that are almost surely locally
Lipschitz, V > 0 and a is positive and uniformly Lipschitz on RY. Assume also that A satisfies the usual
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assumption stated above. This of course fits under our framework since given such a random function H
(together with o) we simply take [P to be the law of (o, H). The weak coercivity condition is satisfied in
this case provided that, for some « > d,

1 \2¢/G=D 1V ilcoi(s) @/
1) +(Fae™) <=

If the diffusion matrix A vanishes, we only need that, for some o > d,

||V||co.n<31>)“/‘f}
[E[( a(0) < oo

In the case that V is bounded and uniformly Lipschitz, we need simply that ¢! € L?(2) for some
p > 2d/(q — 1); if in addition there is no diffusion (A = 0), then we just need p > d/q. Even in these
relatively simple situations, the homogenization result we obtain is completely new. In the case that a is
bounded below, then we just need that E[||V ”ZOJ (B1)
condition p > d assumed in [Armstrong and Souganidis 2012].

] < +o0 for some p > d/q, which is better than the

Remark 1.3. It is customary in the homogenization literature to hide the specifics of the probability
space 2 by introducing the “dummy variable” w and expressing o and H as maps o : R? x @ — S¢
and H : R x RY x @ — R by identifying o(-, w) and H(-, -, w) with & and H, respectively, where
w= (6, H). Viewed this way, the functions A and H are stationary with respect to the translation group
action {7;},cgr¢ in the sense that, for every p, y,z € R? and w € Q,

o(y, ;w)=0(y+z,w) and H(p,y, t;,0)=H(p,y+z,w).

While this is evidently equivalent to the formulation here, we feel that writing @ everywhere is both
unsightly and unnecessary, and so we avoid it wherever possible. The meaning of expressions such as
P[---]and E[ - - -] are always quite clear from the context. Meanwhile, measurability issues are already
set up by the definition of & and become, in our opinion, more rather than less confusing if we display
explicit dependence on w.

1C. A quenched LDP for diffusions in random environments. In order to state the main probabilistic
application of Theorem 1, we require some additional notation. We begin with another example of a
Hamilton—Jacobi equation with random coefficients that is contained in the framework of Theorem 1.

Example 1.4. With o : RY — R?*¢ as described in the hypotheses (with n = d) and given a random
vector field b and potential V > 0, we define the Hamiltonian

H(p.y)=1loplP+b(y)-p—V) =p-Ap+b()-p—V(y), (1-15)

where as usual A = %a’ o, which is precisely the given diffusion matrix. The weak coercivity condition
is satisfied provided there exists & > d such that

1 20 ”V”CO.I(B])>O[/2:|
. A0 ) 1-16
[(M(A(O))> +( 1 (A(0) < Foo (1-16)
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where L (A) = % ming;|— |oz)? is the smallest eigenvalue of A. If this random variable is bounded below,
we say that A is uniformly elliptic, and in this case, we need only that the potential V has a finite g-th
moment for some g > d /2.

Throughout the rest of this subsection, we take o, A, b and V to be as in Example 1.4. In this situation,
we may identify the probability space €2 with ordered triples (o, b, V).

We denote by ¢ — X, the canonical process on C(R,, R?). Recall that the martingale problem
corresponding to o and b has a unique solution [Stroock and Varadhan 1979]. This means that, for each
x € R? and w = (0, b, V) € Q, there exists a unique probability measure P, ,, on C(R,, RY) such that,
under Py ,, the canonical process X = {X,},;>¢ satisfies the stochastic differential equation

dXt :U(Xt, Cl)) dBt +b(Xt, C())dt,
Px,w[XO =x]=1,

where {B;};>0 is a d-dimensional Brownian motion with respect to P .
The main object of interest is the quenched path measure of the diffusion # — X, in the random
potential V (-, w), which is defined, for each x € R, weQandt >0, by

1 t
Qt,x,a)(dv) = m eXP(—/O V(Xs, ) ds) Px,w(dv)v

where the normalizing factor S(¢, x, w), called the quenched partition function, is given by

S, x,w) = Ex,w[exp<—/ V(X;, w) ds>:|. (1-17)
0

Note that Q; ., is a probability measure on the path space C(R,; R?).

The physical interpretation of the quenched path measures is that Q; . , describes the behavior of
the diffusion X in an “absorbing” potential (in this interpretation, the half-life of a particle at position x
is log2/V (x, w)) conditioned on the (exponentially unlikely event) that X is not absorbed up to time ¢;
the probability that the particle lives until time ¢ is precisely S; r . We note that the case V =0 is also of
interest, in which case Q; . = Py, and our results below describe the quenched large deviations of Py,
that is, of the diffusion in the random medium with no absorption. We also remark that we may allow V to
take negative values, provided that V is uniformly bounded below; in the particle interpretation, negative
values of V correspond to the creation of particles.

A central task in the study of diffusions in random environments is to obtain statistical information
about the typical sample paths under Q; ;. . Here we are interested in information regarding the large
deviations of Q; ;x ,, in the asymptotic limit # — oo.

Corollary 2. Let P be a probability measure on Q2 (which is identified with ordered triples (o, b, V)
as explained above) satisfying (1-9), (1-10) and (1-16). Let H be as in the statement of Theorem 1
corresponding to the Hamiltonian H given in (1-15), and let L be the Legendre—Fenchel transform of H,
defined for z € R? by

L(z) = sup (p-z— H(p)).
peRd
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Then there exists Q29 € F with P[Q20] = 1 such that, for every w € 2, we have the following:

(i) For every closed set K C RY and x € R,

liminf — 1 log Q. 1r.0l X €tK] > inIf{ L(x —y)+ H(0). (1-18)
Y€

t—00 t

(i1) For every open set U C RY and x € R4,
ry op

lim sup —% log Q;.1r.0lX, €tU] < yiglf] L(x —y)+ H(0). (1-19)

—>00

The proof that Theorem 1 implies Corollary 2 is presented in Section 6, and it follows along similar
lines as the ones that previously appeared for example in [Lions and Souganidis 2005; Kosygina 2007].

Sznitman [1994] was the first to prove a quenched large deviations result like this in dimensions
larger than one. Precisely, he proved Corollary 2 in the special case that o = I, is the identity matrix,
b(y, w) = by € R? is a constant vector and the potential V is Poissonian; i.e.,

V(y,w>=/Rd Wiy —2)dp (),

where W e C?O(Rd ) and the locally finite measure p has a Poissonian law (see [Sznitman 1998, Theorem
4.7]). In particular, such a random potential has a finite range of dependence and bounded finite moments.

In fact, the first phase of the strategy followed in this paper to homogenize the Hamilton—Jacobi equation
is analogous in many respects to the probabilistic approach Sznitman used to obtain the large deviation
principle. His proof relied on an application of the subadditive ergodic theorem to certain quantities,
essentially equivalent to the maximal subsolutions considered here (the m,,’s), to obtain deterministic
limits, the Lyapunov exponents, which are precisely the 7,,’s we encounter in the next section. See also
the discussion preceding Proposition 2.5.

Let us check that the rate function in Corollary 2 agrees with the one in [Sznitman 1998]. First note
that mings H = H(0) = 0 in Sznitman’s case. The effective Lagrangian L may thus be expressed in terms
of the m,,’s as follows:

L(z)=sup(p-z— H(p)) (definition of L)

zeR4

=supsup{p-z— H(p): H(p) <u}  (by 0=minH)
n>0

= Sugsup{p-z—u tH(p) <)
w>

= sup(m,(z) — 1) (by (3-3) below).
n>0

In the absorption-free case V = 0, Zerner [1998] proved a result similar to Corollary 2 for random walks
on the lattice Z¢ with i.i.d. transition probabilities at each lattice point. He required (loosely translated
into our notation) that A be “almost” uniformly elliptic:

E[—log 1 (A(0, w))?] < oo. (1-20)
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This condition is much weaker than our (1-16) but is compensated for by the much stronger independence
assumption on the random environment.

The subject of large deviations of random walks in random environments continues to receive much
attention, and the works of Sznitman and Zerner have been subsequently extended to more general settings,
and properties of the rate function have been studied in more depth; in particular, we refer to [Varadhan
2003; Rassoul-Agha 2004]. See also the more recent work of Yilmaz [2009], who proves a discrete
version of Corollary 2 with no absorption, V = 0, in a quite general stationary-ergodic framework like
ours with a slight strengthening of (1-20). Finally, a large deviation result for random walks in the case of
absorption, V # 0, was proved recently by Rassoul-Agha et al. [2013] under the assumptions that the
random environment is strongly mixing. Admitting the proof of Corollary 2 from Theorem 1, the results
of [Rassoul-Agha et al. 2013] may be compared to those of [Armstrong and Souganidis 2012].

Finally, we mention that the connection between large deviations and viscosity solutions of Hamilton—
Jacobi equations was observed by Evans and Ishii [1985], who studied large deviations of the occupation
times of small random perturbations of ODE:s.

1D. Disclaimer on viscosity solutions. Throughout the paper, all differential equalities and inequalities
are understood in the viscosity sense. For a general introduction to viscosity solutions, we refer to
[Crandall et al. 1992]. Many of the fundamental PDE results we need here are proved in [Armstrong
and Tran 2014], which we cite many times below. Recall that the natural function space for viscosity
subsolutions on a domain X is the space USC(X) of upper semicontinuous functions on X and, for
supersolutions, it is LSC(X), the set of lower semicontinuous functions on X.

1E. Outline of the paper. In the next section, we introduce the maximal subsolutions and homogenize
them using the subadditive ergodic theorem. In Section 3, we construct the effective Hamiltonian and
study some of its basic properties. In Section 4, we give the proof of an intermediate homogenization
result and finally prove Theorem 1 in Section 5. The quenched large deviation principle is shown in
Section 6 to be a consequence of the homogenization result.

2. The shape theorem: homogenization of the maximal subsolutions

In this section, we homogenize the maximal subsolutions of the inequality
—tr(A(y)D*w)+ H(Dw, y) < p in RY. (2-1)

In subsequent sections, we show with comparison arguments that homogenizing these maximal subsolu-
tions is enough to imply Theorem 1. As we will see, the reason that the maximal subsolutions are easier
to homogenize is due to their subadditive structure.

The maximal subsolutions are defined, for each u € R and y, z € R?, by

my(y,z) = sup{w(y) —supw:we USC(IR") satisfies (2—1)}. (2-2)
B1(2)
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If the admissible class in the supremum above is empty, then we take m, (y, z) = —oc. We denote, for
every w = (o, H) € €, the critical parameter h(w) for which m, is finite by

h :=inf{u : there exists w € USC(Rd) satisfying (2-1)}. (2-3)
According to (1-6), we have h(w) < Aj. It is sometimes convenient to work with the quantity
my(y, z) == sup my (-, z). (2-4)
Bi(y)

Some deterministic properties of the maximal subsolutions are summarized in the following proposition,
which is proved in [Armstrong and Tran 2014]. See Proposition 3.1 and Section 5 of that paper. The
estimate (2-7) below is particularly important in our analysis and comes from the explicit Lipschitz
estimates proved in [Armstrong and Tran 2014, Proposition 3.1].

Proposition 2.1 [Armstrong and Tran 2014]. Fix w = (o, H) € Q and p > h(w). Then, for every z € R4,
the function m, (-, z) belongs to Co’l(Rd \ B1(z)) NUSC(R?) and satisfies

loc
—tr(A(y)D*m,) + H(Dm,,y) <p inR? (2-5)
as well as

—w(A(y)D*my) + H(Dmy, y) = in R\ By (2). (2-6)

There exists a constant C > 0, depending only on d and q, such that, for every y, z € R?,

1+ ADY2 0| o 2/(g—=D M 1/q
ose mu(-,z)§C|:(( | ||c01(32(y))) +< 2(y)+M) ] 2-7)
Bi(y) ax(y) ax(y)
For every L € [0, 1], u,v > h(w) and y, z € R4,
Mt (1—aw (Y5 2) = Amy (y, 2) + (1= A)my (y, 2). (2-8)
Finally, for every x, v, z € R, we have
ﬁ?;L(y,Z)Sﬁu(y,x)—H%u(x, 2). (2-9)

We define K, (y) to be the random variable on the right side of (2-7), that is,

Rt (Ao Y (M) T
ax(y) @ (y)

so that we can write the bound (2-7) as

osc my(-,2) < K, (y). (2-10)
By ()

We also denote K, = K,,(0). The primary use of the weak coercivity hypothesis (1-11) is that it implies
that the «-th moment of K, which we denote by K, is finite for some « > d:

K, :=E[K]"" < +o0. (2-11)
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Note that we have used (1-11) with a; and M, replacing a; and M, respectively, which is seen to be
equivalent to (1-11) by an easy covering argument.
As far as the dependence of K x on p, we use Mp > 1 to check that

K, < Ko(1+pul/9). (2-12)

We next use ergodicity to show that the random variable & defined in (2-3) is, up to an event of
probability zero, a deterministic constant.

Lemma 2.2. Assume that P is a probability measure on (2, F) satisfying (1-9) and (1-10). Then there
exists a constant H, € R, depending on P, such that

P[H. =inf{u € R: there exists w € USC(R?) satisfying (2-1)}] = 1. (2-13)

Proof. Let us see that h defined in (2-3) is finite. We have already seen that 2 < A by (1-6). To argue
that h(w) > —oo for every w = (o, H) € 2, we use the test function

P (y) :=k(1—|y|H V@b,

If k > 1 and C > 1 are sufficiently large, depending only on A, and the constants a; and M; in (1-6)
for H, then ¢ is a smooth solution of

—tr(A(y)D*¢) + H(D¢$, y) > —C in Bj.

Now consider an arbitrary element w € USC(RY). Since ¢ (y) — +00 as y — 9By, there exists xo € B
such that w — ¢ has a local maximum at xg. In view of the differential inequality for ¢, we obtain that w
cannot be a subsolution of (1-6) for any u > —C.

It is immediate from its definition that / is invariant under the translation group action {zy},cga. By the
ergodicity assumption, this implies that [P assigns each of the events {h > A} and {h < A}, for every A € R,
probability either zero or one. This implies that / is [P-almost surely a constant. Taking this constant to
be H, yields the lemma. O

Our main interest lies in the asymptotic behavior of m, (y, z) for |y —z| 2 |z| > 1. In the next lemma,
we use Morrey’s inequality together with the local oscillation bound (2-10) and the ergodic theorem to
prove the large-scale oscillation bound oscg,ry) M, (-, z) S R uniformly in z € R? for R > 1. Recall
that Morrey’s inequality [Evans 1998, Section 5.6.2] states that, for any R > 0, u € C!(Bg) and 8 > d,
there exists C (8, d) > 1 such that

1/
oscu < CR( | Du(x)|? dx) . (2-14)
Bgr Br

Therefore, we can control the oscillation of a function in terms of “averaged pointwise oscillation bounds”.
Thus, it is natural to attempt to control the large-scale oscillation of m (-, z) in terms of the average of a
power of its local oscillation with the hope of using (2-10), (2-11) and the ergodic theorem to control the
latter.
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Lemma 2.3. Assume that P is a probability measure on (2, F) satisfying (1-9), (1-10) and (1-11). Then
there exists C > 0, depending only on d and o, such that

PI:V/L > H,, Vx € R, limsup sup 1 ose my(-,z) < CI?M} =1. (2-15)
R—o0o zcpd R Br(Rx)
Proof. 1t is convenient to mollify the functions in order to put the local oscillation bounds into a pointwise
form suitable for the application of Morrey’s inequality. We first observe that, owing to Lemma 2.2, we
may assume that m, is finite for all pu > H ., by removing an event of zero probability.
We now fix u > H, and z € R? and take a nonnegative n € C>°(R?) with support in Bj /> and unit
mass, [p. n(y)dy =1, and set

()= [ 0= 0m, .2 d 2-16)
R
Then 1, is smooth, and using (2-7), we have, for every y € R4,

170 (5) — mu(y. 2)] 5/

R

< osc my(-,z) < inf K,(-) 2-17)
B2 (y) Bi2(y)

) nQy—x)|my(x,z) —my(y, z)|dx

and

<CK,(y). (2-18)

|Dmy (y)] = ‘/Rd Dn(y —x)(my(x,2) —mu(y, 2)) dx

Applying (2-14) and then using (2-18), we deduce the existence of C(d, «) > 1 such that, for every
x e R4,

1/a 1/a
osc m, < CR(f | D, (y)|* a’y) < CR(][ K;(y) dy) . (2-19)
Bg(x) Bg(x) Br(x)

Next, we return to (2-17) and observe that

1/a
sup |m,(y) —m,(y,2)| < sup  inf K, (x) < < sup ][ K7 (x) dx)
yeBR(x) yeBg(x) X€B12(¥) yeBr(x) J Bipp(y)

1/a 1/
< C(/ K (x) dx) <C(R+ 1)/ <][ K} (x) dx) )
Bpy1(x) Bry1(x)

Making note of the fact that d/a < 1 and combining the above inequality with (2-19), we deduce that,
forevery R > 1and x,z € R4,

1/a
1
—osc my(-,2)<C ][ K? d) . 2-20
R n(,2) (BR+1(X) n (V) dy ( )

According to the ergodic theorem [Becker 1981],

1/«
P| lim ][ K“(y)dy) =[E[K“]1/“]=1.
[R—’OO< Bri(Ro) :
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In view of the definition of K > the last two lines yield that, for every pu > H,,

P[Vx € R?, lim sup sup L ose my(-,2) < CI?,L] =1
R—00 zeRd Br(Rx

Using the monotonicity of u — m,, and the continuity of j K . and intersecting the events corresponding

to all rational x and u = H ., we obtain (2-15). O

The following lemma is an abstract tool that allows us to obtain uniform convergence, with respect to
the translation group {7y}, cpa, for sequences of random variables that converge almost surely and satisfy
appropriate oscillation bounds. The argument follows an (unpublished) idea attributed to Varadhan, using
a combination of Egoroff’s theorem and the ergodic theorem.

Lemma 2.4. Assume P is a probability measure on (2, &) satisfying (1-9) and (1-10). Suppose that
{X;}i>0 is a family of F-measurable random variables on 2 such that

P[lim sup X, (0) < 0] —1.

I—o0
Denote X;(y, ) := X;(tyw), and suppose that

IP’[VZ e RY, limsuplimsup osc X;(y,:) = O] =1.

r—0 t—>o00 YEBu(t2)

Then
IP[VR >0, limsup sup X,(y,-) 50] —1.

1—>00  yeBig

Proof. We first notice that, after a routine covering argument, the second hypothesis can be rewritten in a
slightly stronger way as

P[VR >0, limsuplimsup sup osc X;(y,-)= O] =1. (2-21)

r—0  t—00 zeBg YEBir(12)
By the first hypothesis, for each ¢ > 0, there exists 7, > 0 sufficiently large that
P[sup X,(0,) < s] >1—1ed. (2-22)
t>T,

Denote this event by D, := {w € Q2 : sup,~1. X;(0, w) < ¢}. According to the multiparameter ergodic
theorem [Becker 1981], for each ¢ > 0, there exists an event 56 € F with P[ﬁg] = 1 such that, for every
w e Q,,

lim £ 1p,(zyw)dx =P[D,] > 1— Led. (2-23)
B,

r—00

Here 1z denotes the indicator function of an event E € %. It follows that, for each w € §~25, there exists
re > 0 sufficiently large (and depending on w in addition to ¢) that

inf ][ 1p, (uw)dx > 1 —¢. (2-24)
B,

r=re
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Notice that (2-24) implies that, for r > r.(w),
{x € B, : T,w € D,}| > (1—8d)|Br|. (2-25)

In particular, if 7 > r. (), then no ball of radius re is contained in {x € B, : T, ¢ D.}.

Let  be the intersection of $2, over all & € Qi. FixR,e >0witheeQp,we €2 such that o also
belongs to the event inside the probability in (2-21), ¢ > R~ max{r,(»), T.} and y € B;g. Then there
exists z € Bg such that t;,,w € D, and |y —tz| < tRe. Note that t;,0 € D, is equivalent to X,(tz, ) <e.
We deduce that

Xi(y,w) = Xi(tz,0)+ osc X;(x,w)<e+ sup osc X(x,w).

XEBige(t2) 7 €Bg XEBRe(t7')

This holds for all y € B;y; hence,

sup X;(y,w) <e+ sup osc X,(x,w).

YEBir /e Bg YE€Bir: (17)

We have shown that, for all ¢ € Q such that ¢ > 0, we have

limsup sup X,;(y,w) <e-+limsup sup osc X,(x,w).
—>00 yeBr t—00 7/eBg XEBirs (1)

Sending ¢ — 0, using that w belongs to the event inside the probability in (2-21), we obtain

limsup sup X;(y, w) <0.
t—00 yeBR
This conclusion applies for every R > 0 and w belonging to the intersection of € and the event in (2-21),
which has probability one. U

We next employ the subadditive ergodic theorem [Akcoglu and Krengel 1981] and the subadditivity
of m,, to get the following result, which asserts that, for large > 0, we have m, (ty, tz) ~tm, (y —z)+o(t)
for some deterministic function i ,,. The key ingredients in the proof are subadditivity (2-9) and the local
oscillation estimate (2-15).

The terminology “shape theorem” originated in first-passage percolation, and “shape” refers to the
sublevel sets of m . In particular, the result here generalizes [Sznitman 1998, Theorem 5.2.5] and also
covers the case that A = 0 and the Hamiltonian has the specific form H (p, x) = a(x)|p| where a > 0 is
an appropriate random field, which is a continuum analogue of the first passage percolation model.

Proposition 2.5 (the shape theorem). Assume P is a probability measure on (2, &) satisfying (1-9), (1-10)
and (1-11). Then there exists a family {m , : pu > H.} C C(RY) of convex, positively homogeneous functions

such that

— ty,t
[P’[V,qu*, VR >0, limsup sup M

1—>00 y,zeBR

—n_m()’—z)‘=0]:1. (2-26)

Proof. We break the argument into five steps. In the first step, we construct 7, using the subadditive
ergodic theorem and, in Step 2, derive some of its basic properties. In Step 3, we prove (2-26) for z =0,
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and in the fourth step, we remove this restriction. For the first four steps, we fix u > H . The universal
quantifier over > H, will be moved inside the probability in the final step.

Before commencing with the argument, we make a reduction. With 711,, defined as in (2-4), we observe
that

0<mu(y,2)—myu(y,2) = sup (my(&,z)—mu(y,2)) < osc my(-,?2).
£eB1(y) Bi(y)

Using this together with Lemma 2.3, we find that

IP[V/,L > H,, YR >0, limsup sup %Imﬂ(ty, tz) —my(ty, tz)| = 0]

t—00 y,zeBp

ZP[VMEI-_I*, VR >0, limsup sup 1 osc)mﬂ(-,tz)=0]

—00 y,ZEBR t Bl(ty

ZP[V/LZFI*, VR, § >0, limsup sup sup 1 0sc m,A-,z)fCI?,ﬁ]:l.

t—>00 ,cRd yeBg b Bis(ty)

Therefore, it suffices to prove the proposition with 7, in place of m,,.

Step 1. We apply the subadditive ergodic theorem to construct m,,. Note that it is immediate from the
definitions that both m,, and 71, are jointly stationary in (y, z). Precisely, we mean that, using the notation
m,(y,z, w) and m,(y, z, w) to denote dependence on w € 2, then with respect to the translation group
action {7}, cr¢, We have

myu(y,z, ew) =myu(y+x,z+x,0) and m,(y,z, ew) =m,(y +x, 2+ x, o).

Note that 71, is subadditive by (2-9) and P-integrable on € since (2-20) implies

E[r%(y,z)]f[E[ sup mu(-,z)}
Bjy—z1+1(2)

1/a
SC(Iy—ZI-i-l)[E[(][ KZ(X)dX) ]SCI?M(I)/—ZI-H), (2-27)
B\yszZ

where the last inequality follows by Jensen’s inequality. We have checked that 1, verifies the hypothesis
of the subadditive ergodic theorem [Akcoglu and Krengel 1981], and we obtain, for each fixed y € RY, a
random variable 7, (y) such that

.1~ _
P[ lim i 1y, 0) =71, ()| = 1. (2-28)
However, it turns out that 7, (y) is constant P-almost surely, that is,

Pl (y) = Elm, ()] = 1. (2-29)
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This follows from the ergodic hypothesis and the fact that 72, (y) is invariant under translations. To see this,
we write m,,(y, z, ) and i, (y, w) to denote dependence on w € €2 and observe that, for every z € R4,

_ .1~
my(y, ;w) = tlirglo ?mﬂ(ty +2,z, ®)

< lim l(nﬂiu(ty +z,ty, ) +m,(ty, 0, w) +m,(0,z, a)))

t—oo I

. 1~ . 1
< lim -m,(ty, 0, w) + limsu —( osc my(-,ty,w)+ osc m (-,z,a)))
oo 7Y el T\ gy Y B "

N —
= t_l)l'go ?mu(ty, 0, C()) - mpc(y7 C())

Here we used stationarity, followed by (2-9), the definition of 7, and Lemma 2.3. We deduce that
my(y, ;o) =m,(y,w) forall w € Q and z € R4, which, in view of (1-10), implies that each of the
events {w € Q:m,(y, w) > E[m,(y, -)]} and {w € Q :m,(y, w) < E[m,(y, -)]} has probability either
zero or one. So both must be of probability zero, and (2-29) holds.

We henceforth identify m,(y) and the deterministic quantity E[m,(y, -)]. With this identification, we
may combine (2-28) and (2-29) to write

m, (ty, 0
P[limsup M—

—00

mﬂ(y)‘ - 0] —1. (2-30)
This holds for all y € RY. By intersecting the events in (2-30) over all y € Q¢, we get

IP’[Vy € @4, lim sup

—00

‘w—m(y)‘zo]zl. (2-31)

Step 2. We next verify that m,, : R? — R is continuous, convex and positively homogeneous. It is
immediate from (2-27) that
Im,(y)| = CK |yl (2-32)

The stationarity and subadditivity of n7,, yield that m,, is sublinear. Indeed, for every y, z € R,
iy +2) = Jim LG, (5 +2), 0)] < lim LE (1 (7 +2), 12) + 7,12, 0)

N o~ _ _

= lim —Elfi, (ty, 0)]+ lim —E[fi,, (12, 0)] = M, () + 7, (). (2-33)
Combining (2-32) and (2-33) yields
My (y) = Mu(2) <imy(y —2) < CKyly —zl.

By interchanging y and z, we get

|, (y) — 1, (2)] < CK |y —zl, (2-34)

and so m,, is Lipschitz with constant C K - It is immediate from the form of the limit (2-28) that m, is
positively homogeneous, and from this and (2-33), we deduce that m,, is convex. For future reference, we
observe that u — m, (y) is concave by (2-8). Since this map is nondecreasing, it must also be continuous.
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Step 3. We next upgrade assertion (2-31) to

[P’[VR >0, lim sup

t_)ooyeBR

%%M(z‘y, 0, ) — i, ()] =0] = 1. (2-35)

Observe that, for every y € R and z € Q%, we have

(19, 0) = T ()] = 1170y, 0) =ty (12, O)] + | 11,12, 0) = 1, )| + 7 () = 1, (2)
<1 ose mu(o 0y 1112, 0) — (@) + CR uly — 2.
t Byjy—z142(12) t
Fix R > 0. Let § > 0, and select finitely many z1, ..., zx € Q4N By such that the union of the balls B(z;, §)

covers Bg. Then from the above inequality, we find that

sup lnAi,l(ty,O)—n_m(y)‘f sup  sup 1 osc my(-,0)+ sup l|ﬁi,t(tz,~,0)—17_1,L(Zi)I—I-CI?,,;‘)‘.
yeBg! ! yeBg ie{l,.. .k} L Brsa(tzi) ie(l k)t

Now taking the lim sup as t — oo, we deduce from (2-15) and (2-31) that, for every R, § > 0,

p[ lim sup %ﬁiﬂ(ty,(), a))—ﬁl“(y)‘ <2CK,8]=1.

1500 yepy

We recover (2-35) after intersecting over all the events corresponding to § € Q4 and then over all of the
resulting events corresponding to R € N*,

Step 4. We next release the vertex point using Lemma 2.4 with

1~ _
X, = sup ;mﬂ(ty,o)—mu(Y) , t>0.

YEBaR

Lemma 2.3 and (2-35) give the hypotheses of Lemma 2.4 for X,, and so an application of the lemma
yields, for every R > 0,

[FD[ lim sup l%M(z‘y, tz)—;%,Ay—z)‘:O] z[P’[ lim sup sup ln'i,l(ty-i-tz, l‘Z)—n_/[M(y)‘:O]:l.
100y ceBp! 1=00 B yeBar(2)
Intersecting the events corresponding to R =1, 2, ..., we obtain
IP[VR >0, lim sup l11~1M(ty, tz) —im,(y —z)‘ = 0] =1. (2-36)
1=00y reBg! !

Step 5. We immediately obtain (2-26) from (2-36) by the monotonicity of u > m,(y, z), the continuity
of > m,(y) (see the end of Step 2) and intersecting the events corresponding to each rational & > H,
as well as to u = H,. U

Remark 2.6. For future reference, we note that m,, (y, z) > Bly —z| forany B > 0 and pu > A1(B? +1).
Indeed, in view of the monotonicity of u +— m,(y, z), it is enough to check that the cone function
¢ (y) := Bmax{0, |y — z| — 1} is a subsolution of (2-1) for u = A(B? + 1). This is easy to obtain
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from (1-6), using | D¢| < B and the fact that the diffusion term has a helpful sign due to the convexity
of ¢. This also yields

w=A(B7+1) = forallyeR, m,(y) = Blyl. (2-37)

In view of the concavity of u +— m,(y), which was obtained in Step 2 of the proof above, we get the
following: there exists ¢ > O such that, for every u > v > H, and y,Z € R4,

i, (y) > iy (p) +ep” 4D —v)ly).

(This remark is needed in the proof (3-4) and to check that H is well defined.)

3. Identification of the effective Hamiltonian

In this section, we define H in terms of the family {in Wi > H .} of homogenized maximal subsolutions
and proceed to study some of its basic properties. Throughout this section, we assume that [P is a given
probability measure satisfying (1-9), (1-10) and (1-11).

We begin with an informal heuristic that leads to a guess for what H should be, thinking in terms of
an inverse problem. Write the metric problem in the “theatrical scaling” by introducing a parameter & > 0
and defining

m,i(x) = emu(g, 0).

At this scale, Proposition 2.5 asserts that mj, — m, locally uniformly in R? and P-almost surely, as ¢ — 0,
and we may write (2-6) as

—eu(A(Z) D%t )+ H(Dmi, 2) = in R\ BL(0).
By formally passing to the limit ¢ — O in this equation (and in the rescaled version of (2-5)) under the
assumption that it homogenizes, this suggests that we should obtain

H(Dm,)<pn inRY and H(Dm,)=u inR?\{0}. (3-1)

That is, we expect that m,, is the maximal subsolution of H with respect to 1 and the gradient of this
positively homogeneous function should prescribe the ji-level set of H; the image of its subdifferential
should be the u-sublevel set of H.

In view of this discussion, we simply define H in such a way that this is so:

H(p):=inf[u>H,:Vy eR?, i, (y) = p-y}. (3-2)

Note that, since m,, is convex and positively homogeneous, the subdifferential dm , (0) is actually the
closed convex hull of the image of R? under Din - Recall that the subdifferential d¢ (x) of a convex
function ¢ : R? — R at a point x is defined by

Ip(x):={peR':¥yeR!, ¢(») = p(x)+p-(y—x)}.
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We expect dm ,(0) to be the p-sublevel set of H and the image of RY under Din u to be the u-level set
of H. This indeed follows from (3-2), and we may invert this formula to write i . in terms of H:

mu(y) =sup{p-y: H(p) < u}. (3-3)

That is, m,, is simply the support function of the u-sublevel set of H. So the definition (3-2) is formally
in accord with (3-1), and once we have verified that H is convex (which we do below in Lemma 3.1),
checking the latter in the viscosity sense is simply a routine exercise. Since here we do not actually use
this fact, we omit the argument, but the reader may consult for example [Armstrong and Souganidis 2013]
or else argue directly that the maximal subsolutions of a constant-coefficient convex Hamiltonian are the
support functions of the sublevel sets.

We need to check that the quantity H (p) is well defined (and finite). In view of the monotonicity
of u + m,, we need only show that, for every p € R?, there exists u > H, sufficiently large that the
graph of m,, is above the plane y — p - y. But this is immediate from (2-37), which in fact gives the
estimate

H,<H(p) < A(pl?+1). (3-4)
We collect some more basic properties of the effective Hamiltonian H : R¢ — R in the following lemma:

Lemma 3.1. The function H : R¢ — R is continuous, convex and satisfies H . =min peRd H (p). Moreover,
there exist C, ¢ > 0, depending only on d, such that

cK,(Ip|—CKop)? < H(p) < Mi(Ipl?+1). (3-5)

Proof. By definition, I-_I( -) > H,. On the other hand, take 8§ > 0, and set U= H, + 8. Since my is
convex, we may select pg € dm,(0). This implies that m,(y) > po -y for every y € R?. Thus,

min H(p) < H(po) <= H,+3.

peRd

Since 8 > 0 was arbitrary, we obtain the first assertion that H, = min peRd H(p).

The upper bound for H was proved already in (3-4). The lower bound follows from (2-12) and (2-32)
and the definition of H after an easy computation. (|

An immediate consequence of the convexity of H is that, with the possible exception of the minimal
level set {H = H.,}, each of the level sets of H is the boundary of the corresponding sublevel set. That is,
for every p € R¢,

H(p) > H, impliesthat ped{peR?: H(p) < H(p)}. (3-6)

To prove the main homogenization result, we need further geometric information, summarized in the
following lemma, relating the level sets of H and the maximal subsolutions.

Recall that, if K € R? is closed and convex, an exposed point of K is a point p € K such that there
exists a linear functional / : RY — R such that [(p) > [(p) for every p € K \{p}. The set of exposed points
is, for a general bounded convex subset K of R, a subset of the set of extreme points of K. However,
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Straszewicz’s theorem [Rockafellar 1970, Theorem 18.6] asserts that every extreme point is a limit of
exposed points.

Lemma 3.2. Let u > H, and p € 3{p € R? : H(p) < u}. There exists a unit vector e € d By such that
my(e) —p-e=0= inf (m,(y) —p-y). (3-7)
yeRd
If in addition p is an exposed point of {p € R? : H(p) < u}, then e can be chosen in such a way that i i

is differentiable at e with p = Dm(e).

Proof. Set S :={p € R : H(p) < u}. By elementary convex separation, there exists a linear functional
I : R? — R such that [(p) =0 and I(p) < O for every p € S. If p is an exposed point, then we also
take [ so that [(p) < O for every p € S\ {p}. There exists e € R? \ {0} such that /(x) = e - (x — p). By
normalizing, we may assume that |e| = 1. We deduce that, for every y € R¢,

my(e)—p-e=sup{(p—p)-e:peS=0=<sup{(p—p)-y:peSt=mu(y)—p-y. (3-8)
This is (3-7). Since m , is positively homogeneous, we see that p € dm ,(e). In fact, if we repeat (3-8)
with an arbitrary element of S in place of p, we find that

amy(e) S {peS:1(p)=0}. (3-9)
Thus, if p is an exposed point of S, then we have dm, (e) = {p} by our choice of /. This implies that m
is differentiable at e and Din, (e) = p. Il
Remark 3.3. We can express H via the following “min-max” formula:

H(p) = inf{,u € R : there exists w € CIOO’C1 ([R{d) satisfying (2-1) and llim infw

> o}. (3-10)
yl=>o0 [y

Indeed, if w € USC(RY) satisfies (2-1), then

ty)—p- (¢
iy (y) — p-y = liming 2~ P (1),
—00 t
If the latter is nonnegative for all y € R4, then H (p) < u by definition. This yields “<” in (3-10). To
obtain the reverse inequality, we use m, with u = H (p) and observe that

mp.(t)’) _
t

PV liminf inf(

|y|—o00 |yl =00 |y|=1

p-y)= inf Mu() ~p-3) 2 0.
The reason that we call (3-10) a “min-max” representation is that it can be formally written
H(p)= inf sup (—t(A(y)D*w(y))+ H(Dw(y),y)), (3-11)
weLy yERd
where (
%, = {w € OV (R?) : liminf L0 =P Y

loc ly|— 00 |y|

30}.

The expression inside the infimum on the right of (3-11) does not make sense since w may not have
enough regularity. It must therefore be interpreted in the viscosity sense, and this leads precisely to (3-10).
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4. Homogenization of the approximate cell problem

In this section, we show using a comparison argument that Proposition 2.5 implies a homogenization
result for a special time-independent problem. The particularities of this argument are new here, even for
uniformly coercive Hamiltonians or first-order equations.
Throughout, we assume [P is a probability measure on (€2, %) satisfying (1-9), (1-10) and (1-11).
For each fixed p € R?, we consider the problem

we—8tr<A<;—C>D2ws)+H(p+Dw8,%) —0 inR (4-1)

We will show that (4-1) has a unique bounded-below solution with probability one that we denote by
wé(-, p). We argue that

I]:D[Vp eR?, VR > 0, limsup sup |w®(x, p) + H(p)| = o] —1. (4-2)
e—>0 x€eBg
Recall that (4-1), often written at the microscopic (“nontheatrical”) scale (as in (4-5) below), is often
called the approximate cell problem and homogenizing it (by which we mean proving (4-2)) is the key
step in the derivation of Theorem 1 from Proposition 2.5. To see why we expect w®( -, p) to converge
locally uniformly to the constant —H(p) as € — 0, observe that the (unique) solution of

w+H(p+Dw)=0 inR? (4-3)

is precisely the constant function w = —H (p). Thus, (4-2) can be understood roughly as the assertion
that “(4-1) homogenizes to (4-3)”.

4A. Basic properties of (4-1). In order to prove (4-2), we must first establish some fundamental properties
of (4-1) including wellposedness. In the uniformly coercive case, it is straightforward (and classical) to
show that the Perron method and the comparison principle yield a unique bounded solution of (4-1) given
by the formula

w® (x, p) :=sup{v(x) : v € USC(R?) is a subsolution of (4-1)}. (4-4)

Wellposedness in the general weakly coercive setting is more nontrivial because it is less easy to show
a priori that w®( -, p) satisfies a suitable growth condition at infinity for the application of the comparison
principle.

We take (4-4) to be the definition of the function w®(x, p) and continue with a discussion of some
elementary properties of w®. First, we remark that it is often convenient to consider (4-1) at the microscopic
scale in order to use the stationarity of the environment. The rescaled equation is

ev—tr(A(y)D*v) + H(p+ Dv,y) =0 in R, (4-5)
and we rescale w® by introducing

Vi (y, p) = éwg(ey, p) = sup{v(x) : v € USC(R?) is a subsolution of (4-5)}. (4-6)
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The second equality in (4-6) follows from the definition of w? and a rescaling of (4-1). Note that it is
immediate from (4-6) that v®(x, p) is stationary with respect to the translation action. According to
[Armstrong and Tran 2014, Theorem 6.1], for every ¢ > 0, p € R4 and choice of coefficients (o, H) € Q,
the function v®( -, p) defined in (4-6) belongs to C 1(2)c1 (R9) and is a solution of (4-5). It follows immediately
from reversing the scaling that w®(-, p) € CIOO’C1 (R?) is a solution of (4-1). Uniqueness is a separate issue
addressed below; see (4-16).
Next, we observe that w®( -, p) is bounded below uniformly in ¢. Indeed, for all p € R,
inf w®(x, p) > —A1(Ipl? + D). (4-7)

xeRd

This follows from the definition of w® and the fact that the right side of this inequality is a subsolution
of (4-1), according to (1-6), as we have already seen in (2-37). Using this bound for the equation at the
microscopic scale, we obtain that v®( -, p) is a solution of the inequality

—tr(A(Y)D*v) + H(p+Dv*, y) < Ai(lpl*+1) in R
Then according to the definition of m, with u = A1(|p|? + 1), we obtain the estimate

v¥(y, p) — sup v°(x,p) <m,(y,z) forevery u> Ai(|p|?+1). (4-8)
x€B1(2)

Note that this inequality holds uniformly in ¢.

Lemma 4.1. Foreverye >0, x € R and (o, H) € L,
p+— w®(x, p) is concave. (4-9)

Proof. Observe that, if vy, vy € USC(R?) are subsolutions of (4-1) with p = p1 and p = p», respectively,
and A € [0, 1], then the function Av; + (1 — A)v; is a subsolution of (4-1) with p = Apy 4+ (1 — A) po. This
follows formally from the convexity of the Hamiltonian, and for a rigorous proof, we refer to the argument
of [Armstrong and Tran 2014, Lemma 2.4]. In view of the definition of w® in (4-4), this observation gives
the lemma. U

An immediate consequence of (4-7) and Lemma 4.1 is that the map p +— max{k, w®(x, p)} is uniformly
continuous for every k > 0. Indeed, we obtain that, for all p, p € R? with |[p — p| < 1,

w'(x, p) = (1= |p—phw(x, p) = Ai(Ip| + DIp — pl. (4-10)

We next show that w?(x, p) satisfies, almost surely with respect to [P, an appropriate sublinear growth
condition uniformly in & and for bounded | p|. This is required both in order to establish w?® as the unique
bounded-below solution of (4-1) and is also needed in the proof of (4-2). Note that this estimate is trivial
for uniformly coercive Hamiltonians since in that case w®(x, p) is bounded above uniformly for x € R?,
p € Br and 0 < ¢ < 1. In the general case, it is a consequence of the averaged coercivity condition (1-11)
and its proof uses the ergodic theorem, which is the reason we expect it to hold only almost surely with
respect to P.
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Lemma 4.2. We have

&
P[VR > 0, limsup sup sup M

Ix|>00 [pl<R 0<e<l | x|

:0] —1. (4-11)

Proof. In view of (4-7), we need only prove upper bounds for w®. For most of the argument, we work at
the microscopic scale. It clearly suffices to prove the lemma for fixed R > 0 since we obtain the general
case by intersecting the events corresponding to all positive integers R.

It is convenient to work with the random fields

VE(y):= sup sup v°(z, p).
[PISR ze€Bi(y)

Note that V? is stationary with respect to the translation group action. According to [Armstrong and Tran
2014, Theorem 4.2], the family {V ¢}, ¢ is locally equi-Lipschitz continuous in R’ for every realization
w = (0, H) € Q of the coefficients.

Step 1. We begin from the estimate from [Armstrong and Tran 2014] that, for C > 0 depending only on d
and ¢,

2N\1/(g-1)
[P’[Vee(o, 1], 8V8(0)5M2(1+A1R‘1)+C(—2) :| =1. 4-12)
ap

This is shown by exhibiting explicit, smooth supersolutions. See for example [Armstrong and Tran 2014,
Lemma 3.2, Remark 4.5], which handles the case R = 0, and note that the estimate for R > 0 can be
reduced to the former by using (1-8).

Let £ denote the random variable

2\ 1/(g—1)
£:=M(1 +A1Rq>+C(—2) ,
aj

and let / denote its essential infimum (with respect to P):
I :=inf{A e R: P[§ < A] > 0} < o0.

We eventually apply Lemma 2.4 to the sequence of random fields defined by

X (y):= L inf  sup (Vs(z)—gl), t>0.

1 2eB () 0zes
In the next few steps, we check that the hypotheses of Lemma 2.4 hold for X,.

Step 2. We show that
P[lim sup X, (0) < 0] —1. (4-13)

t—00

According to the ergodic theorem,

|]3’|: lim ][ L )<2n(y)dy =P[5(0) < 21]:| =1L
By

§—>00
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Note that P[£(0) < 27] > 0 by the definition of I and that, if 1(.)<27y(y) does not vanish identically
in By, then X,(0) <0 by (4-12). This yields (4-13).
Step 3. We show that
[P’[lim sup lim sup 1 sup sup osc V&= O] =1. (4-14)

r—0  t—00 yeB, 0<e<1 Bri(y)
To see this, observe that (4-8) implies that, for every e > 0 and y, z € R4,
VE(y) = VO (z) <mu(y,z) with p:=A1(R?+1).
We therefore obtain (4-14) from (2-15). As a consequence of (4-14), we get

[P’[lim sup limsup sup osc X, = 0] =1. (4-15)
r—0 t—00 yeB; By (y)

Step 4. We complete the argument. In view of (4-13) and (4-15), we may apply Lemma 2.4 to conclude
that

[D[VK ~ 0, limsup sup X;(y) 50] — 1.

I—>00  yeBg;

Using the definition of X, replacing K¢ by ¢ and setting r = 1/K, this gives

IP’[Vr >0, limsupl sup inf sup <V8(z) — %I) < 0] =1.

t—o0 I yeB 2€B1(») g<e<l1

Using again (4-14), we obtain

l]j’[limsupl sup sup <V8(y) — %I) < O] =1.

t—00 yeB; 0<e<l
Using the definition of V¢ and rewriting the expression in terms of w®, we get

f(x, p)—2I
[P’[lim sup sup sup sup % 50] =1.

t—00 0O<e<l |p|<R x€By et

This is actually stronger than (4-11). Indeed,

) wé(x, p) —21 . wé(x, p) —21
limsup sup sup sup —— = lim sup sup sup sup ——
t—00 0<e<l |p|<R xe€Bgy et $5700 1>5 0<e<1 |p|<R x€Bg et
. wé(x, p) —21
> limsup sup sup sup —————
s—>00 (O<e<l |p|<R x€B; §
, w(x, p)
> limsup sup sup —————.
Ix|>o0 0<e<l |pl<k  |XI

Note that the inequality on the second line was obtained by reversing the first two suprema and then
taking t = s /& in the supremum over ¢. This completes the proof. O
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It follows from Lemma 4.2 and [Armstrong and Tran 2014, Theorem 2.1] that, with probability one,
w® (-, p) is the unique bounded-below solution of (4-1) for every fixed ¢ > 0 and p € R?. That is,

IP[VP eR?, Ve >0, w’(-, p) belongs to CIOO’C1 ([R{d) and is the unique solution of (4-1),
which is bounded below on Rd] =1. (4-16)

4B. The proof of (4-2). The next lemma is the first step in the direction of (4-2). For the argument, we
again use Lemma 2.4.

Lemma 4.3. We have

P[Vp e R, VR >0, limsup sup w®(x, p) < —P_I*] — 1. (4-17)

e—>0 xeBg

Proof. Here we employ a soft compactness argument using the rescaled functions v® defined in (4-6). Let
E:={(o, H) € Q: H,=inf{1u € R: there exists w € USC(R) satisfying (2-1)}}.

Recall from Lemma 2.2 that P[E] = 1.

Step 1. We first show that, for all p € R? and w € E,

lim sup sup ev®(z, p) < —H. (4-18)

e—>0 zeB

Suppose on the contrary that there exist n > 0 and a subsequence &; — 0 such that, for every k e N,

e sup v (z, p) = —H, +1.

z€B)
Define the function

v (y, p)i=p-y+v(y, p) — sup v°(z, p).
z€B)
According to the local Lipschitz estimates [Armstrong and Tran 2014, Proposition 3.1] and (4-11), the
family {9°},~ is uniformly bounded in C%!(By) for every s > 0. By taking a further subsequence of {e;},
we may suppose that 9% converges locally uniformly on R? to a function 7 € C O-1(R4). In view of the

loc
fact that v° satisfies the equation

ei® — tr(A(y) D*8°) + H(Di, y) = —& sup v°(z, p) in R?,

z€B)

we obtain, by the stability of viscosity solutions under local uniform convergence, that v satisfies
—tr(A(y)D*0)+ H(DV,y) <H,—n inR%.

This contradicts the assumption that w = (o, H) € E and completes the proof of (4-18). As a consequence,
we obtain

IP[Vp e R?, limsup sup ev®(z, p) < —I-_I*] =1. (4-19)

e—0 ZEBl
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Step 2. To obtain the conclusion of the lemma from (4-18), we apply Lemma 2.4 to the family of random

variables

X, = sup ev®(z, p) withr=¢~'.

Z€B
The first hypothesis of Lemma 2.4 is satisfied by (4-18), and the second hypothesis is confirmed by (4-8)
and (2-15). The conclusion of Lemma 2.4 yields that, for every p € R¢,

I]:D[VR >0, limsup sup &v’(z, p) < —P_I*] =1.

e—0 z€Bgye

Using (4-10) and intersecting over all events corresponding to rational p, we obtain

IP[Vp eRY, VR >0, limsup sup &v®(z, p) < —F_I*] =1.

e—>0 ze€Bgy:
This is equivalent to (4-17). g
We now show that (4-1) homogenizes to (4-3).
Proposition 4.4. The assertion (4-2) holds.

Proof. The argument is deterministic and based on the comparison principle. To give an overview of the
proof, we introduce the following events:

_ ty,t _
Ei :=3(c,H)e Q:Vu>H,, YR>0, limsup sup w —mﬂ(y—z)‘ =O},
t—>00 y,ZGBR
) ) . [w®(x, p)l
E):=1(0,H)eQ:VR >0, limsup sup sup —— =0¢,
|x|—>o0 |p|<R 0<e<l x|

Es:=1(0c,H)eQ:Vpe R, lim sup sup w®(x, p) < —I-_I*},

e—~>0 xeBg

Es:=1(0,H)eQ:Vpe RY, VR > 0, lim sup sup |w£(x,p)+F_I(p)| =0}.

e—>0 xeBp
According to Proposition 2.5, Lemma 4.2 and Lemma 4.3, we have
PIE,NE,NE3]=1.
To obtain P[E4] = 1, it therefore suffices to demonstrate that
E\NE,NE3C Ey. (4-20)
Thus, for the remainder of the proof, we fix p € R, R > 0 and (0, H) € E; N E>N E3 and argue that

limsup sup [w®(x, p) + H(p)| =0. (4-21)

e—=0 xeBg
The proof of (4-21) is broken into two steps.

Step 1. We show that
liminf inf w(z, p) > —H(p). (4-22)

e—>0 zeBg
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We begin with some reductions. By the concavity of the map p — w®(x, p), we may assume without loss
of generality that p is an extreme point of {p : H(p) < H(p)}. Second, by (4-10), we may also suppose
that H ( p) > H . Next, Straszewicz’s theorem [Rockafellar 1970, Theorem 18.6] and (4-10) permit us to
further suppose that p is an exposed point of {p : H(p) < H(p)}. This is useful in view of (3-6) and
Lemma 3.2, which imply the existence of e € d By such that m,(e) = e - p and i, is differentiable at e
with p = Din,(e), where as usual we have set u := H( p) for convenience. In view of the limit (2-26),
this forces the function m (-, z —te), with ¢ > 0 very large, to be very “flat” in large balls centered at z,
as we will see. This is what allows us to use this function as an “approximate subcorrector” in order to
bound w? from below.

We proceed with the demonstration of (4-22) by supposing that —H (p) — w(z, p) = 8 > 0 for
some z € Bg and deriving a contradiction if 0 < & <1 is too small. The idea is to compare w®( -, p) in the
ball B, (z), for a large enough but fixed s > 0, to the function x = —p-(x —z+te)+em,(x /e, (z—te)/e)
for t >> 5. We argue that the former is a strict supersolution of the equation solved by the latter, and then
we derive a contradiction by showing that their difference has a local minimum. To ensure that we can
touch the first function from below by the second, we use the fact that both functions are expected to
be “flat” near z (for the second function, this is due to the fact that p = D, (e)), and we add a small
linearly growing perturbative term made possible by the positivity of §.

In order to prepare w?( -, p) for comparison, we take ¢ > 0 and A > 1 to be selected below and define
the auxiliary function

We(x) == A(w" (x, p) —w®(z, p)) +c8((1 + [x —z[H)/2 = 1).
Since w € Ej, there exists an s > 0, which does not depend on z or € > 0, such that
Us == {x e R": W(x) < 18} € B, (2).

We claim that, by choosing A sufficiently close to 1 and ¢ > 0 sufficiently small depending on A, then we
have
—u(A(2)D*W )+ H(p+DW, E) = H(p)+ 18 in U.. (4-23)

In order to verify (4-23), take any smooth test function ¢ such that v® — ¢ has a strict local minimum
at xo € Uy. Set Y (x) := (1 + |x —z|*)/2. Then w® — A~ (¢ + ¢8) has a strict local minimum at x.
Using the equation satisfied by w® and the definition of viscosity supersolution, we obtain

w(x) — e tr(A(Z2)A™ D2p + e (x0) ) + H(p+ 27! Dig + e (x0), =) 20,
& &
The convexity of H gives
H(p+37' Dip+esy) (o). =) <27 H(p+Dp(o). =2 ) +(1=2"H (p+0.—1) 7 8Dy (x0). 2.

Combining the above computations and using xo € U., we deduce that, for A sufficiently close to 1
and ¢ > 0 sufficiently small depending on A,

— tr(A(Z—O, co)Dz(p(xo)) + H(p + Do(xop), ?, w) > H(p) + %8.
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This completes the proof of (4-23).
We may now apply the comparison principle [Armstrong and Tran 2014, Theorem 2.2] to conclude
that, for every t > s + 1,

. X Z—te
inf (Wg(x)—kp-(x—z—l—te)—emu(—, ))
xeU, & &

. x Z—te

— inf (Ws(x)+p-(x—z+te)—8mﬂ(—, )) (4-24)
x€dU, € &

Estimating the infimum on the left side of (4-24) by taking x = z and recalling that W?®(z) = 0 and the

term on the right side by using that W* =§/4 on dU, and 0U,  B;(z), we conclude after a rearrangement

that, for every t > s + 1,

. z z—te x z—te 1
xelgvf(z)<p-(x—z)+emu(g, € )_Sm“(g’ & ))E_Z& (4-25)

This holds for every z € Bg and & > 0 for which —H (p) —w?®(z, p) > 8 > 0. So if —H (p) —w® (z;, p) >§
along subsequences {z;}jeny € Bg and ¢; — 0, then by passing to limits in (4-25), using (2-26), we
obtain, for every t > s + 1,

inf (px + 1y (te) =y (x + te)) < —18.

XEBy

This contradicts the fact that p = Dm ,(e) since the latter implies, in view of the positive homogeneity
of m,,, that

lim sup |, (x +te) —m,(te) — p-x| =0. (4-20)

t—>oox€BS

This completes the proof of (4-22).

Step 2. We demonstrate that
lim sup sup w®(z, p) < —H(p). (4-27)

e—>0 z€Bg
We may suppose that H(p) > H, since otherwise the claim follows from w € Ej3.

The argument is similar to one introduced in [Armstrong and Souganidis 2013], relying on the
limit (2-26) and using m,, as a supercorrector. Here it is a bit simpler than Step 1 since we do not need to
use Straszewicz’s theorem or to restrict our attention to exposed points of the sublevel set of H. Applying
Lemma 3.2 in view of (3-6) and the assumption that H( p) > H,, we may select e € 0B such that
p € 0m,(e) and m, (e) =e- p, where as usual we set p := H (p). The reason we do not need p = Dm, (e)
is because m,, will be used as a supercorrector; so the fact that it may not be flat and rather “bends upward”
like a cone can only help in the comparison argument.

We consider a point z € By and ¢, § > 0 such that w®(z, p, w) + I-_I(p) >§>0.Withc>0and A < 1
to be selected, we consider the auxiliary function

We(x) =AW’ (x, p) —w(z, p) —cS(1+ |x —z|H)V? + ¢8. (4-28)
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Since w € E», there exists s > 0, which does not depend on z or &, such that
U= {x e RY: Wi (x) > — 18} € B,(2) (4-29)
= : > —461 € Bs(2).

Choosing A sufficiently close to 1 and ¢ > 0 sufficiently small depending on A and after similar computations
arguments as in the demonstration of (4-23), we find that

é inUs. (4-30)

N|—

—u(A(2)D*W) + H(p+DW, ) < Hip)
The comparison principle yields

inf (e, (X, w) —W @ = p (=2t s+ Do)

xeU, & &

Using that W¢(z) =0 and W® = —§/4 on 90U, C B,(z) and rearranging, we obtain

i )ﬁw)_ (éw)_._)_l ;
xe%tﬁz)(smu(é" - emy, o - p-(x—2)) < —46. (4-32)

To obtain a contradiction, we suppose that w®/ (z;, p) + H(p) = 8 > 0 for sequences {z i}jeN € Bg
and ¢; — 0. Applying (4-32) and sending j — oo yields, in light of (2-26),

inf (7, (x4 (s + De) =i ((s + De) = p - x) = =36, (4-33)

Since m , ((s + 1)e) = (s + 1)e - p, we conclude that, for some x € By,
mu(x+(s+1e)—p-(x+ (s + 1e) < —36. (4-34)
This contradicts that p € dm, (e) and finishes Step 2 and the proof of the proposition. (]

Remark 4.5. The reader may object to the proof of Theorem 1 on the grounds that several steps in the
proof are not as “quantifiable” as promised in the introduction. In particular, it seems at first glance
impossible to quantify (i) the limit in (4-26) without extra information about the shape of the level sets
of H (which is not easy to obtain) and (ii) Lemma 4.3 since it is obtained by a compactness argument.
About (i): this step is actually quantifiable because we can approximate the level sets of H by nice sets
with positive curvature. Rather than the exposed points of the sublevel sets of H, we may instead consider
“points of positive curvature” of the boundary of the level set, that is, points that also lie on the boundary
of a large ball that contains the level set. The radius of this ball controls the rate of the limit (4-26), and
the error this introduces is relatively small. The details will appear in [Armstrong and Cardaliaguet 2015].
The second objection is more serious, but the phenomenon we encounter here is not artificial or a
limitation of the method. Indeed, it was shown already in the first-order case [Armstrong et al. 2014] that
the rate of convergence in the limit in Lemma 4.3 may be arbitrarily slow (even with a finite range of de-
pendence quantifying the ergodicity assumption). In this sense, the proof above seems to optimally capture
the underlying phenomena driving the homogenization of Hamilton—Jacobi equations in random media.
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5. Homogenization: the proof of Theorem 1

In this section, we present the proof of our main result, Theorem 1. The convergence result is obtained
from the classical perturbed test function argument, suitably modified to handle the lack of uniform
Lipschitz estimates for weakly coercive Hamiltonians. The argument can be seen as a method for showing
that the homogenization result of (4-2), which is a special case of Theorem 1, is actually strong enough
to imply the theorem.

As in the previous section, we assume throughout that P is a probability measure on (€2, %) satisfying
(1-9), (1-10) and (1-11).

5A. Wellposedness and basic properties. Before giving the proof of homogenization, we first consider
the question of wellposedness of solutions of the time-dependent initial-value problem

{“? —ew(a(3) 0w ) +H(Dur T) =0 in B x 0,00, (5-1)

u®(-,0) =g € BUC(R?).
Foreache >0, g € BUC(R?) and (x, t) € R? x (0, 00), we define the random variable

ut(x,1,8) = sup{w(x, 1) :w € USC(R? x [0, ¢]) is a subsolution of (1-1) in R? x [0, ¢),

. w(x, s)
lim sup sup
|x|—>00 O<s<t |x]

—0and w(-,0) <gon Rd}. (5-2)

This is the candidate for the unique solution of (5-1). Observe that we have
ut(x,t,8) > —A1t+in1fg (5-3)
R{

since the function on the right belongs to the admissible class in (5-2) by (1-6) and (1-3).

Similar to the situation for the approximate cell problem, checking that (x, ¢) — u®(x, ¢, g) does indeed
solve (5-1) reduces to proving a sublinear growth condition at infinity (uniformly in time). We remark
that this is of interest only in the nonuniformly coercivity case since otherwise wellposedness of (5-1) is
classical.

Lemma 5.1. We have

N lu(x, 2, 8)|
P[VT >0, Vg e BUC(R"), limsup sup sup ————

[x]—00 0<t<T 0O<e<l |x|

=0}=1.

Proof. In view of (5-3), we may focus only on obtaining upper bounds for u®. By definition, g — u®(x, ¢, g)
is monotone nondecreasing, and so we may suppose that g is constant. Since g — u®(x,t, g) also
commutes with constants, it suffices therefore to prove the sublinear growth estimate for g = 0. That is,
we need to show only the following:

U (x, 1,0)]

IP’[VT >0, limsup sup sup = 0] =1.

|x|—>00 0<t<T 0<e<l |x]
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We proceed by exhibiting an explicit supersolution and appealing to the comparison principle. The
supersolution is

Ve(x,t) =e'w(x,0)+e Ay,

where w?(x, p) is, as in the previous section, the solution of (4-1). The convexity of H and (1-6) imply
that, for every p € R? and A > 1,

WHOp. ) Z H(p,y) = (1=2"DHO, ) = H(p, y) = (1 =27 DAy
Using this with A = ¢’, we find that, for each 7 > 0, the function w®( -, 0) satisfies the inequality
w'—eu(A(2) D)+ H(eDu 2 = (=) iR,
From this, it follows that V¢ satisfies
Ve etr(A()EC)DZV8> n H(DVS, ’g‘) >0 inRx[0,00).

Since V¢ is bounded below by 0 uniformly in R? x [0, 00), by comparing V¢ to any function in the
admissible class in (5-2) using the comparison principle, we find that, for all (x, ¢) € R? x [0, co) and
every realization of the coefficients,

ut(x,t,0) < Ve(x,1).

According to Lemma 4.2,
VE(x,t
[P’[VT >0, limsup sup sup u = 0] =1.
|x|]—>00 0<t<T 0<e<l |x|

This yields the lemma. (|

By Lemma 5.1, the lower bound (5-3), the comparison principle [Armstrong and Tran 2014, Theorem
2.3] and the classical Perron argument, we obtain

P[Ve > 0, Vg € BUC(R?Y), (x,1) — u(x,t, g) belongs to C(R? x (0, 00)) and, for all T > 0,
is the unique bounded-below solution of (5-1) in R x [0, T ] =1. (54

5B. Homogenization. In this subsection, we complete the proof of Theorem 1. We let u(x, t, g) denote
the unique solution of the homogenized problem

{u, +HDu)=0 inRx (0, 00), (5-5)

u=g on R4 x {0}.
In view of the growth condition (3-5), the problem (5-5) indeed possesses a unique solution, and it is
given by the Hopf-Lax formula

u(x, t,9) = inf (ri(g) +g(y)),

yeRd
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where L : R? — R is the Legendre—Fenchel transform of H, that is,

L(z):= sup (p-z— H(p)).
peRd
Note that L is continuous, convex and satisfies |z| ™' L(z) — +o0 as |z| — oo [Evans 1998].

A proof that the Hopf—Lax formula defines a viscosity solution of (5-5) can be found for example in
[Evans 1998, Theorem 3 in Section 10.3.4] under the assumption that g € CIOO’C1 (RY). Tt is easy to extend
this to the case that g € BUC(R?) using the monotonicity of the Hopf-Lax formula in g and the stability
of viscosity solutions under local uniform convergence. The uniqueness of this solution follows from
classical comparison principles for first-order equations.

We now present the proof of the main result.

Proof of Theorem 1. The theorem follows from Proposition 4.4 by a variation of the classical perturbed test
function argument first introduced by Evans [1992]. This comparison argument is entirely deterministic.
The fact that the functions u® are not uniformly equi-Lipschitz continuous causes a technical difficulty
that is overcome by the use of the parameter A in Step 1, an idea which first appeared in [Armstrong and
Souganidis 2012].

To set up the argument, we let the events £, and E4 be defined as in the proof of Proposition 4.4 and set

Es:= {(a, H) € Q:V¥g € BUC(RY), VR > 0, limsup sup luf(x,t,g) —u(x,t,g)| :0}.

e—>0 (x,1)€Brx[0,R)
We claim that
E,UE, C Es. (5-6)

Since P[E, N E4] = 1 by Lemma 4.2 and Proposition 4.4, the theorem follows from (5-6).

For the rest of the argument, we fix (o, H) € ExNE4, g € BUC(R?) and R > 0 and argue that

lim sup sup lu®(x,t,g) —u(x,t,g)|=0.
>0  (x,1)€Brx[0,R)

By the comparison principle [Armstrong and Tran 2014, Theorem 2.3], the flow g — u®(-,t, g) is
monotone nondecreasing as well as a contraction mapping on L (R?). We may therefore assume without
loss of generality that g € C!'!(R?). For notational convenience, we henceforth drop the dependence of u
and u® on g.

We first argue that

U(x,t):=limsupu®(x,1) <u(x,1). (5-7)

e—0

By the comparison principle, it suffices to check that U is a subsolution of the limiting equation and
U(-,0) < g. We handle these claims in the next two steps.

Step 1. To check that U is a subsolution of the limiting equation, take a smooth test function ¢ €
C*® (R4 x (0, 00)) and a point (xo, fp) € R? x (0, o0) so that

U — ¢ has a strict local maximum at (xg, #p). (5-8)
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We must show that
Vi (x0, t0) + H (D (xo, 1)) < 0. (5-9)

Arguing by contradiction, we suppose on the contrary that

1 := Y (x0, to) + H (DY (x0, 1)) > 0. (5-10)

With pg := Dr(xp, fo) and A > 1 a constant to be selected below, we introduce the perturbed test function

Yo, 1) =Y (x, 1) + 2w (x, po),

where w? is the solution of the approximate cell problem (4-1). It is appropriate to compare /° to u®,
and to this end, we must check that, for ¢, r > 0 sufficiently small, ¢ is a solution of the inequality

e —8tr(A<§)D21p£) +H<Dw, ’8—“) > 1y in Bxg, ) x (tg — 1, to + 7). (5-11)

Let us admit the claim (5-11) for the moment and show that it allows us to obtain the desired contraction,
completing the proof that U is a subsolution of the limiting equation. Applying the comparison principle
[Armstrong and Tran 2014, Theorem 2.3], in view of (5-11) and the equation satisfied by u®, we deduce that

sup W —y°) = sup u® —9¥°).
B(xo,r)x(ty—r,to+r) d(B(xqg,r)x (tog—r,to+r))

This holds for all sufficiently small » > 0 and ¢ > 0, and by passing to the limit ¢ — 0, using that by
(0, H) € E4 we have that w®( -, pg) converges to the constant —H ( pg) uniformly on compact subsets
of R? as ¢ — 0, we find that

sup U—-vy)= sup U —1).
B(xo,r)x(to—r,t0+1) d(B(xo,r)x(to—r,to+r))

This holds for all sufficiently small » > 0, which contradicts the assumption (5-8).
To check that (5-11) holds in the viscosity sense, we take a smooth test function ¢ and a point
(x1,1) € B(xg, r) x (tg —r, to + r) such that

¥® — ¢ has a strict local minimum at (x1, 7).
Rewriting this using the definition of ¢, we get
(x,1) > w'(x, po) =2~ (¢ —¥)(x, ) has a strict local minimum at (xi, ;).
Using the equation for w?®, we find that
X1

w1, po) —er(4(2 )27 DA = W) 1) + H(po+27 Dlg—¥). Z) 20, (5-12)

Using that (o, H) € E4 and 1 is smooth, we may select ¢ > 0 sufficiently small and X sufficiently close
to 1 so that

(et po) + H(po)l + e r(A(Z) D2 o)) < 4. (5-13)



2002 SCOTT N. ARMSTRONG AND HUNG V. TRAN

Next, by selecting » > 0 small enough, depending on A and y, we obtain

= 1)"apo — DY (x1, )] < |pol + . — 1) po — DY (x1, 11)| < 2| pol.

Using the convexity of H together with the previous line and (1-6), we discover that

Apo — Dy (xy, 1) x_1>
A—1 T e

X1
< H(Dp(n. 1), ) + A1 (= D@ pol? + 1),

A (po+37'Dlg =) (xr 1), 5) < H(Do, ), 2 )+ Go— D H(

Taking A > 1 closer to 1, if necessary, we obtain
1 X1 X1 1
A (po+27'Dlp—w)(n 1), =) = H(DoGxr ). =) +4n. (5-14)
Combining (5-12), (5-13) and (5-14) yields
— X1 2 X1 2

—H(po) —etr(A(=) D2p(ni. 1)) + H(Do. ) = =3n, (5-15)
and then combining (5-10) and (5-15) gives

Vixo.10) —e tr(A(Z) D2p(xr 1)) + H(Dg, 2 ) = n.

By making r > 0 smaller, if necessary, and using ¢, (x1, t;) = ¥ (x1, 1), we obtain

v

X1 2 X1 1
¢r(x1, 1) —etr(A(;)D p(xr, ll)) + H(qu, ?> -

This completes the proof of (5-11) and thus that of Step 1.
Step 2. We next show that U (-, 0) < g or, more precisely, that for every R > 0,

limsup sup (U (x,t) — g(x)) <O0. (5-16)
t—0 xeBg
To accomplish this, we must construct supersolution barriers from above and apply the comparison
principle. Note that this is very easy to do in the uniformly coercive case; we simply use the map
(x,1) = g(x) + kt where k > 0 is a large constant depending on the constants in the hypotheses
and [ gll¢11(rey. Unfortunately, this function is not a supersolution in the nonuniformly coercive case,
and so we need to consider a more elaborate barrier function. Rather than construct a barrier from scratch,
we build it from the functions w® and use the fact that these homogenize.
For each fixed xo € R?, the functions we consider have the form

VE(x, 1) :=2W(x,1) — p(x, 1),
where
We(x, 1) :=e'w®(x, 3Dg(x0)) + H (3 Dg(x0)) + 58(x0) + 5 Dg(x0) - (x — x0)
and
P(x, 1) = =21+ Igllcrige) (14 |x —x0/H'> = 1) —k(e' = 1)
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and k > 0 is a constant depending only on g, x¢, and other structural constants defined by
k:=2A(1+lIgllcriga) +A1QTA+lIgllcriwe)? + 1) + 24127 Dg(x) | + 1).

We next derive a supersolution inequality for W?. The convexity of H and (1-6) imply that, for every
p,peR?and A > 1,

AMHOp+p. ) =Hp+p.y)—(A=2"DHP.y) = Hp+p.y) — A =2"HA (1 + D).
Using this with p fixed and A =¢’, we find that, for each ¢ > 0, the function w®( -, p) satisfies the inequality
w® — str(A(g)D2w6> +e_tH<]3 + ¢ Du?, ;—C) >_(1—e A (pl9+1) inRe.

From this, we see that W¢ satisfies the inequality
We — str(A(%)D2W8> + H(DWS, f) > (e — DA (27 Dg(xo)|? + 1) in R? x (0, 00).

On the other hand, we see by a routine calculation, using the definition of k, (1-6) and (1-3), that ¢ is
a (smooth) subsolution of the inequality

o — str(A()EC)quﬁ) + H(D¢, f) < 2¢' A2 Dg(xp)|? +1) inR? x (0, 00).

The definition of k has been split into three terms, and we see from (1-6) that the first two terms take care
of the contributions from spatial derivatives of ¢ and the third term is responsible for the right-hand side.

We may now apply [Armstrong and Tran 2014, Lemma 2.5 and Remark 2.6 with A = 1] to find that
V¢ is a supersolution of

vi—eu(A(2)D2v)+ H(DVE,Z) 20 inR x (0, 00).
Therefore, the comparison principle implies that, for every ¢ > 0,

uf < V& — inf (V&(x,0) —g(x)) in R? x [0, 00). (5-17)

xeRd

Since w? is bounded below (see (4-7)) and g is bounded, the linearly growing term in ¢ ensures
that V¢(-,0) is larger than g outside a ball of fixed radius and centered at xo. But due to the fact
that w = (o, H) belongs to E4, we have that, for every R > 0,

lim sup sup |[V(x,7)—V(x,1)|=0,
e>0yeBr 0<r<R

where

V(x, 1) :=2(e' — 1)H (1 Dg(x0)) + g(x0) + Dg(x0) - (x — xo)
+2(1+ llgller @) (L4 1x —x0/H'2 = 1) +k(e' — 1).

It is routine to check that, for every x € R4,

g(x) < g(x0) + Dg(x0) - (x —x0) +2(1 + [Igllc1i ey (L + [x —xoH)2 = 1) = V(x, 0).
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We deduce that
limsup inf (V®(x,0) —g(x)) > 0.
e—>0 xeRd
Since V (xg, 0) = g(xg) and V is uniformly Lipschitz continuous on R x [0, 1) with a constant that is
bounded above independently of xy, this inequality combined with (5-17) yields (5-16).

Step 3. We complete the proof by arguing that
liminfu®(x,t) > u(x, t). (5-18)
e—0

The argument here is similar to the demonstration of (5-7). We omit the proof that the left side of (5-18)
is a supersolution of the limiting equation since this part is essentially identical to Step 1 (except that we
remark that it is necessary to take 0 < A < 1 in contrast to A > 1 as we did above). The second step, which
is the analogue of Step 2, is actually much easier because we may produce a single smooth function that
is a subsolution of the heterogeneous equation for all ¢ > 0. Indeed, since H (p, x) is uniformly bounded
above for bounded | p|, we may take k > 0 large enough, depending only on Ay, A and | gll¢c1.1 gy, Such
that (x, t) — g(x) — kt is a subsolution of (5-1). Thus, u®(x, t) > g(x) — kt for all ¢ > 0, giving us the
desired lower bound at the initial time. (|

6. The proof of the quenched large deviation principle

In this section, we give the proof of Corollary 2 and study some properties of the rate function L. To our
knowledge, the argument is originally due to Varadhan (communicated orally and unpublished) and also
appeared later in [Lions and Souganidis 2005] and well as in [Kosygina 2007].

Before giving the demonstration of Corollary 2, let us see how the viscous Hamilton—Jacobi equation
arises by considering the asymptotics of the partition function. According to the Feynman—Kac formula,
for each w € 2, the map (x, t) — S(¢, x, w) defined in (1-17) is a solution of the equation

S; —tr(A(y, a))DzS) —b(y,w) -DS+V(y,w)S=0 in R? x Ry
and we have S(0, -, w) = 1. If we take the (inverse) Hopf—Cole transform of S, setting
Ux,t,w):=—logS(t, x, ),

then we check that (x, t) = U (x, ¢, ) is the unique viscosity solution of the initial-value problem

U, —tr(A(y, ®)D*U) + DU - A(y, w)DU +b(y,w)- DU —V(y,w) =0 inR? xR,
U(-,0,w)=0 on R?.

This suggests the definition (1-15) of H. Rescale by setting
‘ (Xt ) .
W (xt,0) =eU (5,5 o), (6-1)
and observe that u® is the solution of (5-1) with g = 0. An application of Theorem 1 yields

IP[ lim %U(tx, t,w) = ling)us(x, 1, w) = —H(0) locally uniformly in x € [R?d] =1.
E—>

t—00
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This gives the approximate likelihood that a particle survives for a very long time:

sup e V'St tx, w) =exp(o(t)) ast— oo. (6-2)
|x|<Rt
(Note that in this context we have H(0) < 0 as can be seen from the fact that w® > 0 since the zero
function is a subsolution of (4-1).) In fact, we have just proved Corollary 2 in the case K = U = R since,
by the duality of the Legendre transform,
inf L(y)=—H(0).
yeRd
It turns out that by varying the initial condition g in Theorem 1 (taking it to be approximately the
characteristic function of K or U) and using the Hopf-Lax formula for the solution of the limiting
equation, this argument yields a proof of the large deviation principle. Here it is:

Proof of Corollary 2. Fix an element w € 2 belonging to the event inside the probability in the conclusion
of Theorem 1. We prove only the upper bound since the argument for the lower bound is similar (except
that in the latter case we have to approximate initial data that is —oo from below, but this technicality
can be handled by recalling the monotonicity of the solutions with respect to the data and using an
approximation argument). Select a positive, uniformly continuous function g on R¢ such that g < 1 in R?
and g =1 on K, and observe that

—log O x 0l X; € sK]> —log Ex,w|:g(Xt/s) exp<—/ V(X;, w) ds>:| +log S(¢, x, w). (6-3)
0

= U(x,t,w;s)

The limit of the second term on the right side is given by (6-2):
fim L log S(t, tx, w) = H(0).
t—oo [

Therefore, we concentrate on the first term on the right of (6-2). By the Feynman—Kac formula and an
inverse Hopf—Cole change of variables, the function U defined in (6-3) is a solution of the initial-value

problem
U, —tr(A(y, 0)D*U) + DU - A(y, w)DU +b(y,w)- DU —V(y,w) =0 inR? xRy,
{U(-,O,a);s):—logg(-/s) on R?.
Rescale by introducing
ub(x,t, ) = 8U<£, L, ; l)
e’ € €

and notice that u® satisfies the rescaled equation

ui —e tr(A(%C, a))Dzus) + Du® . A(%C, a))Due —I—b(%c, a)) - Du® — V(%C, a)) =0 inR?xR,
with the initial condition u®( -, 0, w) = —log g on R?.

Since w belongs to the event in the conclusion of Theorem 1, we have

lim lU(tx, t,ot)=limu’(x, 1, w) =u(x, 1),
t—o0 [ e—0
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where u = u(x, t) is the unique solution of the deterministic problem
u;+H(Du)=0 inRY xRy,
u(-,0)=—logg onR?.
According to the Hopf-Lax formula, we have
. —(X—Y
u(x,t) = inf <tL<—> —log g(y)).
yeRd t

Combining the last few lines, we obtain
lim lU(zx, t,w; 1) = inf (L(x —y) —log g(y)).
t—oo [ yeRd

Inserting into (6-3), we obtain

. 1 : 3 H
lim -7 log Q; ix.wlX: €tK]> lnﬂgd(L(x —y) —logg(y))+ H(0).
ye

11— 00
Using the continuity of L and taking g to approximate the characteristic function of K, we obtain

lim — X log Oy 1v0lX, € tK]> inf L(x — y) + H(0). O
t—oo f yeK
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GLOBAL REGULARITY FOR A SLIGHTLY SUPERCRITICAL
HYPERDISSIPATIVE NAVIER-STOKES SYSTEM

DAVID BARBATO, FRANCESCO MORANDIN AND MARCO ROMITO

We prove global existence of smooth solutions for a slightly supercritical hyperdissipative Navier—Stokes
under the optimal condition on the correction to the dissipation. This proves a conjecture formulated
by Tao.

1. Introduction

Let d > 3 and consider the generalized Navier—Stokes system
ou/ot+ (u-V)u+Vp+ D%u =0,
V-u=0, (1-1)
f[O,Zn]d u(t,x)dx =0,

on [0, 277]¢ with periodic boundary conditions, where Dy is a Fourier multiplier with nonnegative
symbol m. The Navier—Stokes system is recovered when m (k) = |k|. If

|k|(d+2)/4
m(k) > c———, (12)
G(|k])
where G : [0, 00) — [0, c0) is a nondecreasing function such that
o
d
/ Siiael (1-3)
1 sG()?
and

Gx) . I . _ g
|x|@+2)/4 1s eventually nonincreasing, (1-4)

then in [Tao 2009] it is proved' that (1-1) has a global smooth solution for every smooth initial condition.
The result has been extended to the two-dimensional case in [Katz and Tapay 2012].

A heuristic argument developed in [Tao 2009] and based on the comparison between the speed of
propagation of a (possible) blow-up and the rate of dissipation suggests that regularity should still hold

/00 i — (1-5)
| G2 )

D. Barbato acknowledges the financial support of the research project “Stochastic Processes and Applications to Complex
Systems” (CPDA123182) of the University of Padua.

MSC2010: primary 76D03, 76D05; secondary 35Q30, 35Q35.

Keywords: Navier—Stokes, dyadic model, global existence, slightly supercritical Navier—Stokes equations.

under the weaker condition

IThe proof of that result is given in R4, but it can be easily extended to the periodic setting; see [Tao 2009, Remark 2.1].
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The main result of this paper, contained in the following theorem, is a complete proof of this conjecture.

Theorem 1.1. Let d > 2 and assume conditions (1-2), (1-4) and (1-5) hold for a nondecreasing function
G : [0, 00) — [0, 00). Then (1-1) has a global smooth solution for every smooth initial condition.

A simple version of this conjecture, when reformulated on a toy model, has been proved for the dyadic
model in [Barbato et al. 2014]. Actually, for that model one could prove regularity in the full supercritical
regime, with m (k) = |k|, as was done in [Barbato et al. 2011], but it was natural to develop there some
of the main ideas on which also this paper is based. In fact, here we prove that the equations for the
velocity can be reduced to a suitable dyadic-like model, but with infinitely many interactions. A more
sophisticated version of the arguments of [Barbato et al. 2014] ensures regularity of this dyadic model
and, in turn, of the solution of problem (1-1).

Our technique for proving Theorem 1.1 is flexible enough to include an additional critical parameter.
Consider the generalized Leray «-model,

ov/ot+w-VYv+Vp+Dv=0,

= Dou,

v U (1-6)

V.-v=0,

f[o,zn]d v(t,x)dx = f[O,Zr[]" u(t,x)dx =0,
where D and D, are Fourier multipliers with nonnegative symbols m and m,.
Theorem 1.2. Letd > 2 and o, 8 > 0, and assume

k| d+2
mi(k) > c , mak) > clkl?, a+p>—,
g(lk)) 2
where g : [0, 00) — [0, 00) is a nondecreasing function such that x — g(x) is eventually nonincreasing and
© ds
= 00. (1-7)
1 sg(s)

Then (1-6) has a global smooth solution for every smooth initial condition.

Under the assumptions of Theorem 1.1, if 8 =0, « = (d +2)/2, g(x) = G(x)2, ma(k) = 1, and
my (k) =m(k)?, then the assumptions of Theorem 1.2 are met. Therefore Theorem 1.1 follows immediately
from Theorem 1.2, and it is sufficient to prove only the second result.

Our results hold as well when the problems are considered in R?, since in our method large scales play
no significant role (see Remark 2.9).

The model (1-6) with g = 1 was introduced by Olson and Titi [2007]. They proposed the idea that
a weaker nonlinearity and a stronger viscous dissipation could work together to yield regularity. Their
statement uses the stronger hypothesis «+ 8/2 > (d +2)/2 though, and this result was later logarithmically
improved in [ Yamazaki 2012] with condition (1-3).

Our results are also relevant in view of the analysis in [Tao 2014, Remark 5.2], since they confirm that
the condition (1-7) is optimal when general nonlinear terms with the same scaling are considered.
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The proof of the above theorem is based on two crucial ideas. The first idea is that smoothness of
(1-6) can be reduced to the smoothness of a suitable shell model, obtained by averaging the energy of a
solution of (1-6) over dyadic shells in Fourier space. We believe that this reduction may be interesting
beyond the scope of this paper. The second idea is that the overall contribution of energy and dissipation
over large shells satisfies a recursive inequality. Under condition (1-7), dissipation significantly dumps
the flow of energy towards small scales and ensures smoothness. This is a more sophisticated version of
the result obtained in [Barbato et al. 2014], due to the larger number of interactions between shells.

The paper is organized as follows. In Section 2 we derive the shell approximation of a solution of
(1-6). The recursive formula is obtained in Section 3. In Section 4 we deduce exponential decays of shell
modes by the recursive formula. The Appendix contains a standard existence and uniqueness result for
the sake of completeness.

2. From the generalized Fourier Navier—Stokes to the dyadic equation

This section contains one of the crucial steps in our approach. We show that the proof of Theorem 1.2
can be reduced to a proof of the decay of solutions of a suitable shell model. For simplicity and without
loss of generality, from now on we assume that
|k|*
g(kD’

The shell approximation. The dynamics of our generalized version of the Navier—Stokes equation in

m (k) = ma(k) > |k|P.

Fourier decomposition are

|k |* . (v, k)
v,@z—g(|k|)vk—t Z P Pr(vi—n),
/’lEZd\{O} (2_1)
(v, k) =0,
V_g = U,

for k € 74\ {0}, where Pi(w) :=w — ((w, k)/|k|*)k and vo = 0. A solution is a family (v¢)sez4\(0) Where
each vy = vi(?) is a differentiable map from [0, co) to c4 satisfying (2-1) for all times.

As is common in Littlewood—Paley theory, let ® : [0, co) — [0, 1] be a smooth function such that ® =1
on [0, 1], ® =0o0n [2, 00), and P is strictly decreasing on [1, 2]. For x > 0, let ¥ (x) := ®(x) — ®(2x),
so that ¢ is a smooth bump function supported on (%, 2) satisfying

Zw(zx—n>=1—q>(2x)zl, x>1.

n=0

Notice that it is elementary to show that 4/ is Lipschitz continuous.
Let Ny denote the set of nonnegative integers. For all n € Ny, we introduce the radial maps
¥, RY — [0, 1] defined by ¥, (x) = ¥ (27"|x]). Notice that

Y Y =1, xez!\{o}

HENO
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In Littlewood—Paley theory, one typically defines ,, for all n € Z, introduces objects like

Pox):= Y ynkyvge ™,

kezd

and then proves thatu =) _, P,. Since these P, are not orthogonal? this does not give a nice decomposition

D IPal7 # Y ol = llull..

nez kezd

of energy, as

Thus, instead of P,(x), we introduce a sort of square-averaged Littlewood—Paley decomposition. Let

1

3
Xa(t) := ( 3 wn(knvk(r)F) . neNg, 120, (2-2)
kezd
Then clearly
SXE= el =l
neNy kezd

Remark 2.1. One major difference with respect to the usual Littlewood—Paley theory is that it is impossible
to recover v from these X, (as it was with the components P,(x)), since they are averaged both in the
physical space and over one shell of the frequency space.

We will denote by H? the Hilbert—Sobolev space of periodic functions with differentiation index y,
namely

HY = {v = Wkeze = 3 (L+ KR u? < oo}. (2-3)
Definition 2.2. If (2-2) holds, we say that X = (X,,(?))nen,.r>0 1S the shell approximation of v.

If ve HY and X is its shell approximation, then

Y 27X = Z(Z 22V”wn<k>)|vk|2 ~ I vl = vl (2-4)
n k n k

Hence, v(t) € C* if and only if sup, 27" X,, < oo for every y > 0. In view of Theorem A.1, Theorem 1.2
follows if we can prove:

Theorem 2.3. Under the assumptions of Theorem 1.2, let v(0) be smooth and periodic and let m > 2+-d /2.
If v is a solution of (1-6) in H™ on its maximal interval of existence [0, T,), X is its shell approximation and

2mn v 2
sup 27X < 00,
[0.7.) 2 !

then T, = oc.

2They are in fact almost orthogonal, in the sense that ( Py, Py, );2 = 0 whenever [m —n| > 2.
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The shell solution. We want to write a system of equations for the shell approximation of a solution of
(1-6). We give a more formal connection between (1-6) and its shell equation because we believe the
notion will turn out to be useful beyond the scopes of the present work.

Define the set I to be those (I, m, n) € NS for which the difference between the two largest integers
among /, m and n is at most 2.

We are now ready to introduce the shell model ODE for the energy of each shell (Equation (2-5)).

Definition 2.4 (shell solution). Let X = (X,),en, be a sequence of real-valued maps X, : [0, oo) — R.
We say that X is a shell solution if there are two families of real-valued maps x = (xn)nen, and

¢ = (P, m,n)) ¢,m,n)e1 such that

d
TXO ==X OXaO+ Y Pumm (X)X ()X (1) (2-5)

l,mENo
(I,m,n)el

for all n € Ny and ¢ > 0, where the sum above is understood as absolutely convergent, and yx, ¢ satisfy
the following:

(1) The family ¢ is antisymmetric, in the sense that

¢(l,m,n)(t) = _¢(l,n,m)(t)s (ls m, I’l) el,t>0.

(2) There exist two positive constants c¢; and ¢, for which

an

2@ and | §mm ()] < ca2 /2P minilmn) (2-6)

Xn () > 1
forall (I,m,n) el andt > 0.

Remark 2.5. We will prove below that the shell approximation of a solution of (1-6) is a shell solution.
It is easy to check that the dissipation term is local, as expected, due to the way the shell components of
a solution interact in the model’s dynamics. As for the nonlinear term, it turns out that the set / of the
triples of indices (/, m, n) for which there may be interaction between the shell components /, m and 7 is
quite small. This is basically because, in the Fourier space, three components may interact only if they
are the sides of a triangle, and by the triangle inequality their lengths cannot be in three shells far away
from each other.

Remark 2.6. To ensure that the sum in (2-5) is absolutely convergent, it is sufficient to assume that
the sequence (X, (f)),en, i square-summable (this will be a consequence of the energy inequality; see
Definition 3.1). Indeed, if n is not the smallest index, then the sum is extended to a finite number of
indices. Otherwise, ¢« ., is constant with respect to [, m.
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Remark 2.7. The antisymmetric property is what makes the nonlinearity of (2-5) formally conservative.
In fact, using antisymmetry, a change of variable (m’ = n and n’ = m) and the fact that (I, m’, n") € I if
and only if (I, n’, m’) € I, one could formally write

Z ¢(l,m,n)XleXn: Z ¢(1,n,m)XleXn: Z ¢(l,m’,n’)Xle’Xn/

[,m,neNy I,m,neNy 1,m’,n’eNy

(,m,n)el (,m,n)el (I,n';m"el
E ¢(l,m’,n’)Xle’Xn/«

1,m’,n’eNy

(I,m',n")el

If these sums are absolutely convergent, this would prove indeed that the expression itself is equal to zero.
Since these are infinite sums, these computations are not rigorous unless we know, for instance, that
don 2271X2 < oo with y > 1 ( sd+1— ,3), as can be verified by an elementary computation.

The shell model as a shell approximation. The bounds on the coefficients given in Definition 2.4 are in
the correct direction to prove regularity results (and hence Theorem 2.3). The following theorem, which
is the main result of this section, shows that they capture the natural scaling of the shell interactions for
the physical solutions.

Theorem 2.8. If v is a solution of (1-6) on [0, T'] and X is its shell approximation, then X is a shell
solution.

Remark 2.9. At this stage it is easy to realize that our main results hold also in R¢ with minimal changes.
Indeed when passing to the shell approximation, all large frequencies are considered together in the first
element of the shell model.

The proof of Theorem 2.8 can be found at the end of this section. It is based on Propositions 2.10-2.11
below, which give the actual definitions of x and ¢ and prove their properties.

Proposition 2.10. Let X be the shell approximation of a solution v. Define x,(t) forn € Ng and t > 0 by

S UL P if Xa() %0,

2( ) g(|k[)
= kez\{0} )
=1 27)
g(2n+1) len(t):O
Then N
Xn([)ZW, neNp, t >0.

Proof. Fix n € Ny and ¢t > 0. The map v, is supported on {x € 74 271 < |x| < 2™} and g is
nondecreasing, so

(n—Da (D

LA 25 _ x2
Z Y (k) (Ikl)l w@®P = Y vk (2n+1)|k(>| @ X

kezd\{ kez4\{0}

where we used (2—2). By (2-7) we get the result. O
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We finally turn our attention to the antisymmetry property and an upper bound for ¢ n)():

Proposition 2.11. Let X be the shell approximation of a solution v. Define ¢ m ) (t) for alll, m, n € Ny
andt > 0as

2 Im{(vy (¢), k) (Vk—p (1), v (1))}
mony (@) 1= )Y (k — h) Y, (k 2-8
Dtmn () = X Zdwz( YW (k = h) Y (k) L (2-8)
h.keZ
h#£0
(unless X1(t) X, (1) X (t) = 0, in which case ¢ m n)(t) :=0). Then:
() ¢@mmy()=0forall (I,m,n) ¢ I andallt > 0.
2) ¢ mny(t) = =@ nm () foralll,m,n € Ngand all t > 0.
(3) Forany B > 0 there exists a constant c3 > 0 depending only on d, B and W such that
bty (] < 22PN g ) € 1, 1= 0. (29)

For the proof we need a couple of lemmas:

Lemma 2.12. Suppose v = () ez is a complex field over 7% such that, for all k € 74, (k, v¢) = 0 and
U = v_k. Then, forall h € 79,

> Witk = (k) I (0, k) (s vi)) = — D Wi (K0 (k — B Im{ vy &) vr )
kezd kezd

Proof. Consider the left-hand side. By performing the change of variable k" = h — k, we obtain

Yk —h) = Yo (=K') = Y (k),
Yn(k) = Yu(h — k) = Y (k' = h),
(vn, k) = (vp, h — k') = —{vn, k'),
(Vk—n, Vi) = (Vi Va—rr) = (Vk', Vir—p) = (V= Vi)

The sum for k € Z¢ is equivalent to the sum for kX’ € Z¢, and this concludes the proof. |
Lemma 2.13. Let v be a solution and X its shell approximation. Then, for all a, b, c € Ng and all t > 0,
D WaWoa®] Y V)Pl — b [oe(®)] [oe-n ()] < 292X, (0) Xy (1) X (1),

hezd kezd
Proof. By the Cauchy—Schwarz inequality and formula (2-2), we have that, for all & € Z¢,
D VR ek — ) [oe (O [ve-n ()] < Xp(D)X (1),
kezd

Then, let S, denote the intersection of Z¢ and the support of ¥,. By inscribing S, in a cube, we can
bound its cardinality by |S,| < (2472 4 1)? <2@+3)d o

D Ya®lue@)] < (|Sa| > wj(k)v,%a))z < QUPIN2X, @),

kezd keS,
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where we used the fact that ¥, (k) < 1. Il

Proof of Proposition 2.11. Consider Equation (2-8), the definition of ¢ ,.»). By applying Lemma 2.12,
for fixed + we immediately conclude that

¢(l,n,m) = _¢(1,m,n)a l,m,ne NO,

and in particular that ¢ ) = 0.

Moreover, for all choices of /4 and k, the arguments of v, ¥, and ¥, are the sides of a triangle in R4,
so by the triangle inequality the size of the largest (without loss of generality k) is at most twice the size
of the second largest (without loss of generality /). On the other hand, for all j € Ny the support of v/; is
{x e R?:2/~! < |x| < 2/*!}. Thus, whenever v; (h)y, (k) # 0, necessarily n <[+ 2, since

1< k| <2]h] <2/

This proves that ¢ .,y = 0 outside the set I defined before Definition 2.4.
Finally, we prove inequality (2-9) for (I, m, n) € I with m < n. We will consider separately the two
cases n —m > 2 and n —m € {1, 2}, starting with the former.

Case 1. Since m <n—2 and (I, m,n) € I, we have m = min{l, m, n} and | — n| < 2. This means in

particular that typically |k — h| < |k| for all the nonzero terms of the sum in (2-8), so it is convenient to
substitute (vy, k) = (v, kK — h) in the equation to obtain the bound

|[vnl Ik — Al Tve—n] x|
|hl?

|Btmm| < ——— XleX > Y)Y (ke = R)ra (k)

hkez?
h#£0
By the definition of vy, either y;(h) =0 or || > 2/~! > 2™ Applying this and the change of variable
k" =k — h, one gets
17

2
bumnl = 35+ Z Y KK | o] D () (k' + h) g [vg -

K ezd hezd
In the same way, we can substitute |«'| <2”*! and apply Lemma 2.13 (recall that ¥ < 1, so ¢ < /1) to get

|¢(l m n)l < 21—/3m+m+1+d(m+3)/2.

Since in the present case min{l, m, n} = m, this proves inequality (2-9) with c3 = 22+3¢/2,

Case 2. Suppose now that n —m € {1,2} and ([, m,n) € I; then ! <n+2 and min{l, m,n} >1—4. In
this case it is / that can be small with respect to m and n, so we take the terms in / and & outside the
internal sum:

(h
|¢(lmn)| = X X X Z 1)71 |/f1) Z 1pm(k—h)l,ﬁn(k) Im{(vh,k)(vk_h, vk)} .

kezd
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The idea is to exploit the cancellations in the sum over k that happen when k — i and k are switched. By
Lemma 2.12 and the bound |k| < 2"*! for k in the support of ¥, or ¥,

Yi(h) 1
|¢(1mn)|_XX X Z WE

hezd\{0}

> (Wi Gk = By (k) — Y () Y Gk — h)) Im{ (v k) (0, Vi)

kezd

2"+1 Y1 (h) vl

> ST D W (ke = B) Y (k) = Y ()W (ke = h)| Vi | |0
" hezd\(0} kezd
We turn our attention to the term v, (k — h) vy, (k) — ¥, (k) ¥, (k — h) and show that it is small. Let
L denote the Lipschitz constant of the function wl/ 2. Then, for all h, k € Z¢ and all m, n € Ny such
that m >n —2,

IV W k= )W (k) = /Y (k) Y (k — )|
= |V Wm (k — W)Y (k) = /Y (k)Y (k) + /Y (k) Y1 (k) — /Y (k) Y1 (k — )|

<L' 'JWH' ) < ' s

Moreover, by symmetry with respect to m and n,

D (Vm k= ) () + /Y k) Yk — W) [or— | o] =2 /Y (k — )y (K) vk | v,

kezd kezd

so that
5

2°L
bumnl = T3+ Do TP onl Y W G = 1) () [vg—n [vil

" hezd\{0} kezd

By the usual bound 2/~! < |h| <2/*! and since B > 0, we see that |h|'~# < 2/(1=A+1+8 5o by Lemma 2.13,

|G@mmy| < 2220-PIHIHBQUADA2 < 9@/ 2H1=HU=H+9=3p+11d/2 ]
Since in the present case min{l, m, n} > [ — 4, this proves inequality (2-9) with c3 = 2°F114/2=38,
Finally we have all the ingredients to prove the main theorem of this section:

Proof of Theorem 2.8. A direct computation using (2-2) and (2-1) shows that

1 d
SarXn=Re D vnk)(v], vi)
kez4
k; ¥ (k) (|k|)|vk| +1m2d Z wnac) W (Pevii). )
eZ4\{0} keZ® heze\
el Im{<vh, k) (01, ve)
n(k n(k .
k; Vnb) s Tl + Zdwu T
€Z4\(0} h.kez

h£0
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To deal with the first sum, define x as in Proposition 2.10. By applying (2-7) for X, (t) # 0 and (2-2) for
X, (t) =0, we see that in both cases

ko >
2 n (k = xa (DX2(D).
kZ}/j Unlh)- sl = 2 (OX0
€Z4\{0}

Now consider the second sum. Since the terms with 4 = k give no contribution, we can apply

Yoy =) Ymk—hy=1, hkeZ’ 0#h#k,

leNy meNy
to get
I Jk —n, I N »
5 i I SRS g gy )
hokez! h.kezd 1.meNy
h#0 h£0

m{(vp, k) (Ve—n, vk)}
|h|? ’

= Y Y vtk — -

I,meNg p kezd
h#0

where it was possible to exchange the order of summation because the middle expression is clearly
absolutely convergent.

Now define ¢ as in Proposition 2.11. By applying (2-8) or (2-2), depending on X;(t) X, (t) X,,(¢) being
positive or zero, we see that, for all [, m, n € Ny and ¢ > 0,

Im{ (v, k) (Vk—n, vi)}
|n|P

2 Z Yi(h)Ym (k —h) W, (k) = tmmy (O X1 () X (1) X (1).

h,kez?
h=0

Putting it all together we get

LX) ==X+ Y $ummOX XX (1), 1€ Ny, 120,

l,mGNO

Finally, recalling by Proposition 2.11 that ¢ = 0 outside I, we may restrict the scope of the sum and obtain
(2-5). The required properties of the coefficients x and ¥ follow again from Propositions 2.10-2.11. [

3. From the dyadic equation to the recursive inequality

In view of the results of the previous section, we can now concentrate on shell solutions and forget (1-6).
In this section we proceed as in [Barbato et al. 2014] and deduce a recursive inequality between the tails
of energy and dissipation. Clearly here, due to the more complex nonlinear interaction, the relation is less
trivial than in [Barbato et al. 2014].

Definition 3.1. A shell solution X satisfies the energy inequality on [0, TTif ), X,ZZ(O) is finite and

> X,%(t)—i—/ot D ®Xa()ds < Y X3 (0), t€[0,T]. (3-1)

neNy neNy neNy
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Definition 3.2. Let X be a shell solution and define the sequences of real-valued maps (Fy)nen, and
(dn)neNo fort >0 by

1

Fa(0) =Y X2(@),  d() = (Fn(r)+2fo X () X2(s) ds)z.

k>n h>n
We will call (Fy,)nen, the tail of X and (d,),en, the energy bound of X.
The recursive inequality between the tails and the energy bound is given in the next result.

Proposition 3.3. Let X be a shell solution that satisfies the energy inequality on a time interval [0, t], let
(dn)nen, be its sequence of energy bounds, and set A = 2%.
Then there is a positive constant cq4 > 0, not depending on t, such that, for all n € N,

< 4 g("+h
i) < FO) ey o D S () —dpy (1), (3-2)
=0 m>n—2
where d; = maxgeqo,s] d(s).
Proof. Fix n € Ny. Differentiate ZZ;(I) X,% using (2-5):
d n—1 n—1
7 Z X, =- Z xn X, + Z St,mmy X1 Xm X
h=0 h=0 1,m,heNy
(,m,hyel
h<n-—1

Apply Lemma 3.4 below to the second sum and integrate on [0, ¢] to obtain

t n—1

n—1 n—1 t
ZXﬁ(l‘)—ZX;%(O)=—/ ZXhXidS—/ Z Gammy Xi Xm X ds
h=0 h=0 0 h=0 0

(I,m,h)el
m<n<h

so that, by the energy inequality (3-1),

RO+ [ Y n@xi0ds < B0+ [ 3 00 XX 61X ds

h>n O m,hyer
m<n<h

where the F,, are the tails of X and F},(0) < oo by hypothesis. Thus, by the definition of d,, (Definition 3.2),

d2(1) < F,(0) + f > B X1(5) X (5) X (5) ds.

0 mmyel
m<n<h

Recall that @ + 8 > %d + 1, hence the bound (2-6) for ¢ yields ¢ m,n) < coamin{l.m.h} - Therefore

EO=FEO+ [ 3 ™)X, (5)X,05)] ds.

0 mmyel
m<n<h
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It is convenient to split the set over which the sum is taken into the sets {{ < m} and {m <[}:

Yooamltmhxx, X < Y MIXXaXal+ D A IX X Xl

(I,m,h)el (I,m,h)el (I,m,h)el
m<n<h l<m<n<h m<n<h
m<I|
< >0 MXXuXal+ DD XXX
(I,m,h)el (I,m,h)el
l<m<n<h l<n<h
I<m
h+2
<2 Y XX X,,|<22)Jdlz D X Xal.
(I,m,h)el h>n m=h-2
I<n<h
I<m
Apply the Cauchy—Schwarz inequality to get
h+2 h+2
3D JRIANED 3 SRLASTITE S S
h>n m=h-2 h>n m=h-2 m>n—2

Then by the bound on y in (2-6), on all [0, 7],
B (2m+1)
D Xasal ) gTXmXi-
m>n—2 m>n—2

Finally the integral of x,, X ,zn can be bounded as follows, since F,,(t) is nonincreasing with respect to m:

da(t) —da, (1) = Fu(t) — Fpy1 (1) + /0 Xm ($) X2 (s)ds > fo Xm (8) X2 (s) ds.

Putting it all together we obtain

m+1
d3<t>5Fn(0>+1o_Z d ¥ g(2 )

m>n -2

S L di() —dp (1),

thus proving (3-2) with ¢4 = 10c¢y/cy. O
Lemma 3.4. Let X be a shell solution; then, for all n € Ny \ {0} and s € [0, t],

Z at.mmy X1 X Xp = — Z t.m. ) X1 Xim X (3-3)
(.m,hyel (.m,hyel
h<n-—1 m<n—1<h

Proof. By using (2-6) and noticing that min(l, m, h) < n — 1, we see that by the definition of shell
solutions (Definition 2.4) the left-hand side of (3-3) is an absolutely convergent sum. Therefore we can
exploit the cancellations due to the antisymmetry of ¢, as in Remark 2.7. Indeed

E OummXi XXy = E Oumm X1 Xm Xy + E Oummy X1 XmXp (3-4)
(I,m,h)el (I,m,h)el (I,m,h)el
h<n-—1 m<h<n-—1 h<n-—1
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and
Z OUmn)y X1 XmXn = — Z O nm)y X1 XmXp = — Z Oam ) X1 X X
(m,hyel (m.hyel o mel
h<n—1 h<n—1 m' <n—1
m>h m>h Wm'
=— Y btwinXiXwXn, (3-5)
m' \hel
m'<n—1
m'<h'
By substituting (3-5) into (3-4) the conclusion follows. O

4. Solving the recursion

In this section we complete the proof of our main result. In the previous section we have shown a
recursive inequality involving the energy bounds of a shell solution. The following theorem shows that
shell solutions are smooth. By Theorem 2.8, the shell approximation of a solution of (1-6) is a shell
solution; hence Theorem 2.3 holds, and in turn Theorem 1.2 holds as well.

Theorem 4.1. Let X be a shell solution satisfying the energy inequality on [0, t). If sup, 2""| X, (0)| < o0
for everym > 1, then

sup sup2™|X,(s)| <oo forevery m > 1.
sel0.1] n

Let b, = g(2”+] )_1, n > 0; then the assumptions of Theorem 1.2 for g, in terms of the sequence b, are
* (bp)nen, 1s nonincreasing,

e (A"by)nen, 1s nondecreasing, and

Y by=o00.

Let X be a shell solution as in the statement of Theorem 4.1, denote by (d,),en, and (F,),en, the energy
bound and the tail of X (see Definition 3.2), and set d, = supyo ;) dn (¢) for every n. Set

n—-1 3
dj dj(1)* —d;j41(1)?
Qn—zo o ad Ra=) ] ST
J= Jjzn :

where A = 2% as in the previous section. We recall that, by Proposition 3.3,

(1) < F(0) + €2 Qn Ry2(0). 41
We now collect some properties of the quantities R,,, Q,, d,, that will be crucial in the proof of Theorem 4.1.
Lemma4.2. (1) Foreveryl <m| <mjandt >0,

iR, (1), R s1(0), - Ry (1)) < — e I (O (4-2)
m m s DKy +1 y ooy Ky =5 Zmz bn -

n=m

(2) Foreveryt > 0, liminf, R, () = 0.
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3) c?n¢0asn—>oo.
4 90,—0asn— oo.

(5) (On)n>1 is eventually nonincreasing.

Proof. Since A"b,, is nondecreasing, we know that b, — A~'b,_; > 0. Hence, by exchanging the sums,

o0 o0 k o0

_ di(t)* — diy1 (1)* n e
D =2 b RO = 37 T Y (K = bat) = ) (0 — di (0°)
n=m k=m, n=mj k=m

<dp, (1)*.

If my > m, since (b,),>1 is nonincreasing,

my

Y (=27 by )Ry () = min{ Ry, (1), .., Ry (D} Y (by = 27" bp)

n=m; n=m;i
A—1[ &
> T<§m:1 bn> min{Ry, (1), . .., R, (1)}

The claim liminf, R,(¢) = O follows from (4-2), since d,(t) < d(¢) for every n, and since, by the
assumptions on (b,),>1, we can find a sequence (my)r>1 such that ZZZ;;;I b, 1 0.

To prove that d,, |, 0, we notice that the sequence (my);>1 mentioned above does not depend on ¢; hence,
using the monotonicity of (d,(¢)),>1 and formula (4-2), we can prove that liminf, d, = 0, and hence
d, | 0 by monotonicity. Once we know that d,, | 0, an easy and standard argument proves that Q,, — 0.

To prove that (Q,),>1 is eventually nonincreasing, we notice that, since (d,),>1 is nonincreasing,

1 1 - - 1
(Qn+1 — 0= X(Qn —On-1)+ X(dn —dy—1) < X(Qn —On-1).

In view of the above inequality, it is sufficient to show that for some m the difference Q,, — Q,,—1 is
nonpositive. This is true because otherwise the sequence (Q,),>1 would be nondecreasing, in contradiction
with @, — 0 and Q, > 0. O

Given 6 > 0 and ng > 1, define by recursion the sequence

n
Nk =2+min{n >ng—1: Z bj= 9)»_k/4}- (4-3)

j=nr—1

The definition of Q, and the fact that the sequence (d,),> is nonincreasing yield the following recursive
formula for Q,,:

1 G .
Onpyy = Wan + Z )\nk:rj =< XQ'”' +cdy, ., 4-4)

J=ni
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for a constant ¢ > 0 depending only on A. Moreover, if we choose ng large enough that (Q,),>0 is

nonincreasing,
(1) < dy (1) < Fy(0) +c4Qn Ru—2(t) < Fy (0) + 4Oy Ry (1)
foreach n € {ny + 1, ..., nx4+1}; hence, by formula (4-2) and the definition of the sequence (nj)x>1,
iy (1) < Fy(0) + 4 Qe min{Ry 1, ..., Ry —2)
dp—1(1)* Ak

ank(O)‘i‘Can Fnk(0)+c an ny— 1(t)

Yot b
and, in conclusion,

" Ak/4

d _Fnk(0)+C_an

Mt ne—1- (4-5)
Lemma 4.3 (initial step of the cascade). Given M > 0, there are no > 1 and 6 > 0 such that

O <A7%% and cfﬁk < A TMk
forall k > 0.

Proof. Without loss of generality we can choose M large (depending only on the value of A; see the end
of the proof). Choose n¢ large enough that (Q,),>,, is nonincreasing and

On—i <€, dn—i <€, i=0,1, and AM"F,(0)<e, n>no,
for a number € € (0, 1) suitably chosen below. We will prove by induction that
Qi <282 @d < aMED =01, k> 1. (4-6)

For the initial step of the induction (k = 1), we notice that, by (4-4) and (4-5),
1 -

inf—Qn0+Can§ +C6_)\‘1/27

A2 < F(0)+ - Qno - 1<e+96 <M,

if we choose € small enough, depending on the values of A, M and 6.

Assume now that (4-6) holds for some k > 1, and let us prove that the same holds for £ + 1. To this end
it is sufficient to give the estimate for Q,,,, and d,%k .- Again by (4-4), (4-5) and the induction hypothesis,
and since (ng)>o is increasing by definition,

1 _
Onisr = 5 Qe+ ey = AR o ep MK <~ D2

Ak/4
dr%k+1 = Fnk(0)+c Qud, ne—1 = G)L_Mk—l- 9)» KA ME=D < =MD
if M is large (depending on A), and € is small and 6 is large (depending only on M, 1). U

Before giving the last step of the proof of Theorem 4.1, we show a property of the sequence (nx)x>0.
The proof is the same as [Barbato et al. 2014, Lemma 11]; we give the details for completeness.
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Lemma 4.4. Given ng > 1 and 6 > 0, consider the sequence defined in (4-3). For infinitely many k,
ng4+1 = ng + 1. In particular, by, _; > 9)»*"/4f0r all such k.

Proof. Assume by contradiction that there is » such that ng| > ny + 2 for k > r. On the one hand

ng+1—3
S by <ot
j=nr—1
and summing up over k > r yields
ng+1—3
Z Z bj<oo = ank_2=oo.
k>r j=n;—1 k
On the other hand, b,, 2 < b, _3 < oA~ *k=D/4 and the series Zk by, —2 converges. O

Lemma 4.5 (cascade recursion). For every M > 0 there is ¢y > 0 such that
(;,% <eyA™" 0, <ceyr

Proof. There is no loss of generality if we assume M is large. Let ng, 6 be the values provided by
Lemma 4.3. By Lemma 4.3 and Lemma 4.4 there are infinitely many £ > 1 such that

bu—1 =00 Q< A7H2 dy <MK, (4-7)

Let ko be one such index, taken sufficiently large (the size of ko will be chosen at the end of the proof).
We will prove by induction that
72

—Mm /y —m —ko/4—m
I’lk0+m S C)" ) an0+m S C )" ’ bnko—l+1n Z 9)\' 0/ El (4_8)

for a suitable choice of the constants ¢ > 0, ¢’ > 0. We first notice that there is nothing to prove concerning
bnk0_1+m, since this is a straightforward consequence of the choice of ky and the monotonicity of (A"by,),>1.
The initial step m = 0 holds, since the inequalities in (4-7) hold for the index ky. For m =1,

72 72 -M
dnkoJrl < dnko <cA™,
1

1 7 —ko/2 5 —Mko/2y _ €
an0+l = Xano + ank() =< ()" o/ +)\- o/ ) < X,

> =

if c = A"Mko=D gnd ¢/ > p~*0/2 4 ) —Mko/2,

Assume that (4-8) holds for 1, ..., m, for some m > 1. By definition,
Ny +m j m
- 1 J —ko/2— 1 - 1 —(M/2-1)j
an0+m+1=an0)L (m+)+ Z WT]_]S)\‘ o/ (m+)+\/z)\’ (m+)2)\‘ (M/ )J
J=nk, j=0
S <)\’—k0/2 + h«/E))\’—(m-‘rl)

< C/)L—(m-i-l)

if ¢/ = A7%0/2 4 A (x — 1)1 /c (the previous constraint on ¢’ is satisfied by this choice).
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By (4-1) and (4-2) we have that, for every n > 2,
d>_,
di1 (07 = Fi1(0) + €4 Ot Ryt (1) < Fu1 (0) + €4 Qo 7=

n—1

hence, using the inequality for Qy, +m+1 already proved and the induction hypothesis,

dz

- ngy+m—1

dnk0+m+l = Fnk0+m+l(0) +cy an0+m+1 b
nko-‘rm—l

c
< A Mim+D) (AM("k0+m+l)FnkO+m+1(0) + gc/AZMJrkO/“)

< C2—M(m+1)’

where the last inequality follows if kg is large enough since A" F,,(0) — O by assumption, and by our
choice of ¢, ¢’ we have that Ak0/4¢’ — 0 as kg — 0. O

Appendix A: Local existence and uniqueness

Consider the generalized system (1-6), under the same assumptions of Theorem 1.2. Assume® for
simplicity that m (k) = |k|*/g(]k|). Denote by V,, the subspace of H" (see (2-3)) of divergence-free
vector fields with mean zero. Our main theorem on local existence and uniqueness for (1-6) is as follows:

Theorem A.1. Letm > 2+ %d and vy € V,,. Then there are T > 0 and a unique solution v of (1-6) on
[0, T'] with initial condition vy such that

T
v e L=([0, T1; V) NLip([0, T1; Viu_o) N C([0, TT; V7o), / ID?v]2 dt <00,  (A-1)
0

where VVeak

is the space V,, with the weak topology. Moreover, v is right-continuous with values in V,,
for the strong topology.

If T, is the maximal time of existence of the solution starting from vy, then either T, = 00 or

lim sup ||v(¢) ||, = oo.
(1T,

The proof of the theorem is based on a proof of existence of a local unique solution for the Euler
equation taken from [Majda and Bertozzi 2002, Section 3.2]. The idea is that we cannot use the D,
operator as a replacement for the Laplacian, since in general D; may not have smoothing properties
(indeed, it is easy to adapt the counterexample in [Barbato et al. 2014, Remark 15] to D; on R¢ or on the
d-dimensional torus). Likewise we do not use any smoothing properties of D5, so that our proof includes
the case B = 0. The result is by no means optimal, but fits the needs of our paper.

3Existence and uniqueness can be proved also in the general case mj (k) > |k|* g(lkl)_l. A simple assumption that keeps our
proof almost unchanged is a control from above, say m (k) < |k|/3 for some 8 > «.
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We work on the torus [0, 277]¢, although the proof, essentially unchanged, works in RY. Denote by H
the projection of L2([0, 277]¢) onto divergence-free vector fields, and, for every s > 0, denote by V; the pro-
jection of the Sobolev space H* ([0, 27r]1¢) onto divergence-free vector fields. We will denote by || - || z and
(-, -) g the norm and the scalar productin H, and by || - ||s and ( -, - )5 the norm and the scalar product in V.

We denote by B (v1, v2) the (Leray) projection of the nonlinearity, namely

B(vi, v2) = Mieray[(D; 11 - V)]

Since B >0, | D, Ylls < llvlls for every s € R. Hence (see for instance [Kato 1972] or [Constantin and
Foiag 1988]), for every m > 1+ [d /2], there exists ¢, > 0 such that

B, v2)llm < cmllvillmllvallm+1,
B 2
(B(1, v2), v2)m < Cmllvillmllv2ll;,-

In the rest of the section we briefly outline the proof of Theorem A.1, following [Majda and Bertozzi
2002, Section 3.2]. The proof of the following result is a slight modification of the arguments to prove
[Majda and Bertozzi 2002, Theorem 3.4].

Proposition A.2. Given an integer m > 2+d /2, there exists a number c, > 0 such that for every vo € V,,,,
if T < ci/llvollm, there is a unique solution of (1-6) with initial condition vy. Moreover, ve — v in
C([0, T]; Vi) form' <m and in C ([0, T]; anjeak), the inequalities in (A-1) hold for v, and for any € > 0,

l[vollm
sup [|ve

Iy < ————. (A-2)
o071 T 1=cTvollm

Unfortunately, at this stage, we cannot prove the analog of [Majda and Bertozzi 2002, Theorem 3.5]
for our v, namely that v is continuous in time for the strong topology of V,,,. The reason is that their proof
uses either the reversibility of the Euler equation (which we do not have due to the presence of D)), or
the smoothing of the Laplace operator, which we do not have here either (as already mentioned). On the
other hand, we can prove right-continuity:

Lemma A.3. The solution v from Proposition A.2 is right-continuous with values in V,, for the strong
topology, and dv/dt is right-continuous with values in V,,_.

Proof. Given ¢ € [0, T], the same computations leading to (A-2) yield

cut||voll;
sup [0()llm < vollm + ———2—;
[0,] I —ctllvollm
therefore limsup, o [|v(#)[lm < [[vollm. On the other hand, by weak continuity, [|vol|,» <liminf; o [|v(?) [l
and v is right-continuous at 0. Uniqueness for (1-6) and the same argument applied to ¢ € (0, T] yield
right-continuity in ¢. U

Nevertheless, we can still define a maximal solution and a maximal time of existence. Given vy € V,,,,
let T, be the maximal time of existence of the solution starting from vy, that is the supremum over all
T > 0 such that there exists a solution v of (1-6) on [0, T'] with v(0) = ug, v right-continuous with values
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in V,,, continuous with values in V,,Vlveak and with dv/dt right-continuous with values in V,,_,. Due to
uniqueness, any two such solutions coincide on the common interval of definition.

Proposition A.4. Given vy € V,,, if T, is the maximal time of existence of the solution starting from vy,
then either T, = 0o or
lim sup ||v(¢#)||,, = oo.
1T,
Proof. Assume by contradiction that 7, < oo and that M :=sup, _7. [|[v(#) |, <o0. Let To =T, —c,/(4M),
and start a solution with initial condition v(7p) at time Ty. By Proposition A.2 there is a solution of (1-6)
on a time span of length at least ¢,/ (2||v(Tp) |l,n) = ¢/ (2M), hence at least up to time Ty +c,/(2M) > T,.
By uniqueness, this solution is equal to v up to time 7. O
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