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QUANTIZED SLOW BLOW-UP DYNAMICS FOR THE COROTATIONAL
ENERGY-CRITICAL HARMONIC HEAT FLOW

PIERRE RAPHAEL AND REMI SCHWEYER

We consider the energy-critical harmonic heat flow from R? into a smooth compact revolution surface of
R3. For initial data with corotational symmetry, the evolution reduces to the semilinear radially symmetric
parabolic problem

0ru +f(;t) _o
r

du — %u —

for a suitable class of functions f. Given an integer L € N*, we exhibit a set of initial data arbitrarily
close to the least energy harmonic map Q in the energy-critical topology such that the corresponding
solution blows up in finite time by concentrating its energy

r

vm;,m-vg(}m

)—)u* in L2

at a speed given by the quantized rates

(T —n)*
llog(T — 1) PL/@L=D"

in accordance with the formal predictions of van den Berg et al. (2003). The case L = 1 corresponds to the
stable regime exhibited in our previous work (CPAM, 2013), and the data for L > 2 leave on a manifold
of codimension L—1 in some weak sense. Our analysis is a continuation of work by Merle, Rodnianski,
and the authors (in various combinations) and it further exhibits the mechanism for the existence of the
excited slow blow-up rates and the associated instability of these threshold dynamics.

A1) = c(uo) (1 +0o(1))

1. Introduction

The parabolic heat flow. The harmonic heat flow between two embedded Riemannian manifolds (N, gn),
(M, gu) is the gradient flow associated to the Dirichlet energy of maps from N — M:

{8[1) = [I:DTUM(Ang)a
V=0 = Vo,

(t,x) eRx N, v(t,x)e M, (1-1)
where Pr, )/ is the projection onto the tangent space to M at v. The special case N = R?>, M = S?
corresponds to the harmonic heat flow to the 2-sphere

dv=Av+|VvPv, (t,x)eRxR% v, x)eS? (1-2)
and is related to the Landau—Lifschitz equation of ferromagnetism; we refer to [van den Berg et al. 2003;
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Angenent et al. 2009; Guan et al. 2009; Gustafson et al. 2010] for a complete introduction to this class of
problems. We shall from now on restrict our discussion to the case

N =[R2

Smooth initial data yield unique local-in-time smooth solutions which dissipate the Dirichlet energy

d
—{f |Vv|2}:—2f EXIE
dt R2 R2

An essential feature of the problem is that the scaling symmetry
ur— u(t,x)= M(Azt, Ax), A>0,
leaves the Dirichlet energy unchanged, and hence the problem is energy-critical.

Corotational flows. We restrict our attention in this paper to flows with so-called corotational symmetry.
More precisely, let us consider a smooth closed curve in the plane parametrized by arclength

uel-m, ]l f((Z)) g+ (&) =1,

where
g € 6*°(R) is odd and 27 periodic,

(H) g0)=g(@) =0, glu) >0 forO0<u<m, (1-3)
gO)=1 g@@m=-1
Then the revolution surface M with parametrization
g(u)cosf

g(u)siné
z(u)

is a smooth ! compact revolution surface of R3 with metric (du)?+ gz(u)(de)z. Given a homotopy degree
k € 7*, the k-corotational reduction to (1-1) corresponds to solutions of the form

g(u(t, r)) cos(kf)
g(u(t, r))sin(k6) (1-4)
z(u(t, r)),

which leads to the semilinear parabolic equation

©@,u)el0,2n] x[0, 7] —

v(t,r) =

0ru S ()
du—’u — — + k2 =0,
{ v f=gg. (1-5)
ul‘:O - MO,
The k-corotational Dirichlet energy becomes
+o0 2
E(u):/ |:|8ru|2+k2(g(b;)) ]rdr (1-6)
0 r

ISee [Gallot et al. 2004], for example.
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and is minimized among maps with boundary conditions
u(0) =0, lim u(r)y=m (1-7)
r——+00
onto the least energy harmonic map Oy, which is the unique, up-to-scaling solution to

rd- Qr =kg(Qx) (1-8)

satisfying (1-7); see for example [Cote 2005]. In the case of S? target g(u) = sin u, the harmonic map is
explicitly given by
Ok (r) =2tan" ' ("), (1-9)

The blow-up problem. The question of the existence of blow-up solutions and the description of the
associated concentration of energy scenario has attracted considerable attention for the past thirty years.
In the pioneering works of Struwe [1985], Ding and Tian [1995], and Qing and Tian [1997] (see [Topping
2004] for a complete history of the problem), it was shown that if occurring, the concentration of energy
implies the bubbling off of a nontrivial harmonic map at a finite number of blow-up points

v(t;,a; +A(t)x) —> Q;, A(t;) — 0 (1-10)

locally in space. In particular, this shows the existence of a global in time flow on negatively curved
targets where no nontrivial harmonic map exists.

For corotational data and homotopy number k£ > 2, Guan, Gustaffson, Nakanishi, and Tsai [Guan et al.
2009; Gustafson et al. 2010] proved that the flow is globally defined near the ground state harmonic
map. In fact, Qy is asymptotically stable for k > 3, and in particular no blow-up will occur. Eternally
oscillating solutions and infinite time grow up solutions are exhibited for k = 2.

In contrast, for k£ = 1, the existence of finite time blow-up solutions has been proved in various
geometrical settings strongly using the maximum principle; see in particular the work of Chang, Ding,
and Ye [Chang et al. 1992], Coron and Ghidaglia [1989], Qing and Tian [1997], and Topping [2004].
Despite some serious efforts and the use of the maximum principle (see in particular [Angenent et al.
2009]), very little was known until recently about the description of the blow-up bubble and the derivation
of the blow-up speed, in particular due to the critical nature of the problem.

For the rest of the paper, we focus on the degree

k=1

case, which generates the least energy, nontrivial harmonic map Q = Q. For D? initial manifold and
S? target, van den Berg, Hulshof, and King [van den Berg et al. 2003], in continuation of [Herrero
and Veldzquez 1994], implemented a formal analysis based on the matched asymptotics techniques and
predicted the existence of blow-up solutions of the form

u(t,r) ~ Q(%) (1-11)
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with blow-up speed governed by the quantized rates

(T —n*
" Nog(T — HPL/CL=D”
We will further discuss the presence of quantized rates which is reminiscent of the classification of type
II blow-up for the supercritical nonlinear heat equation [Mizoguchi 2007].
We completely revisited the blow-up analysis in [Raphaél and Schweyer 2013] by adapting the strategy
developed in [Raphaél and Rodnianski 2012; Merle et al. 2011] for the study of wave and Schrodinger
maps, with two main new approaches:

At) L e N*.

» We completely avoid the formal matched asymptotics approach and replace it by an elementary
derivation of an explicit and universal system of ODE’s which drives the blow-up speed. A similar
simplification further occurred in related critical settings; see in particular [Raphaél and Schweyer
2014].

o We designed a robust universal energy method to control the solution in the blow-up regime, which
applies both to parabolic and dispersive problems. In particular, we aim to make no use of the
maximum principle.

These techniques led to [Raphaél and Schweyer 2013] the construction of an open set of corotational
initial data arbitrarily close to the ground state harmonic map in the energy-critical topology such that the
corresponding solution to (1-5) bubbles off a harmonic map according to (1-11) at the speed

A(t) ~ thatis, L = 1.

—t
log(T — 1)
This is the stable* blow-up regime.

Statement of the result. Our main claim in this paper is that the analysis in [Raphaél and Schweyer 2013]
can be further extended to exhibit the unstable modes which are responsible for a discrete sequence of
quantized slow blow-up rates.

Theorem 1.1 (excited slow blow-up dynamics for the 1-corotational heat flow). Let k = 1 and g satisfy
(1-3). Let Q be the least energy harmonic map. Let L € N*. Then there exists a smooth corotational
initial data uo(r) such that the corresponding solution to (1-5) blows up in finite time T = T (ug) > 0 by
bubbling off a harmonic map

r

Vu(t,r)— VQ()L(t)

)—>w* inl?> ast—T (1-12)

at the excited rate
(T —n-

llog(T — 1)[2L/@L=D)" ¢(ug) > 0. (1-13)

At) = c(uo)(1 + 0,7 (1))

Moreover, ug can be taken arbitrarily close to Q in the energy-critical topology.

In the presence of corotational symmetry, blow-up dynamics are expected to be unstable by rotation under general
perturbations; see [Merle et al. 2011].
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Comments on the result. 1. Regularity of the asymptotic profile. Arguing as in [Raphaél and Schweyer
2013] and using the estimates of Proposition 3.1, one can directly relate the rate of blow-up (1-13) to the
regularity of the remaining excess of energy, in the sense that u* exhibits an HX*! regularity is some
suitable Sobolev sense; see Remark 4.1. See also [Merle and Raphaé&l 2005b] for a related phenomenon
in the dispersive setting.

2. Stable and excited blow-up rates. The case L =1 is treated in [Raphaé&l and Schweyer 2013] and
corresponds to stable blow-up. For L > 2, the set of initial data leading to (1-13) is of codimension (L — 1)
in the following sense: there exist fixed directions (;)2<;<z. such that, for any suitable perturbation &g of
0, there exist (a;(&9))2<i<L € RL~1 such that the solution to (1-5) with data

L
Q+eo+ Z ai(€0) i
i=2
blows up in finite time with the blow-up speed (1-13). Building a smooth manifold would require proving
local uniqueness and smoothness of the flow gy — a;(&9))2<i <1, Which is a separate problem; see, for
example, [Krieger and Schlag 2009] for an introduction to this kind of issue. The control of the unstable

modes relies on a classical soft and powerful Brouwer type topological argument in continuation of [Cote
et al. 2011; Cote and Zaag 2013; Hillairet and Raphaél 2012].

3. On quantized blow-up rates. There is an important formal and rigorous literature on the existence of
quantized blow-up rates for parabolic problems. In the pioneering works [Herrero and Veldzquez 1994;
Filippas et al. 2000], the authors predicted the existence of a sequence of quantized blow-up rates for the
supercritical power nonlinearity heat equation

du=Au+u?, xeR p>pd)),d<T,

and this sequence is in one to one correspondence with the spectrum of the linearized operator close to
the explicit singular self similar solution. After this formal work, and using the a priori bounds on radial
type 11 blow-up solutions of Matano and Merle [2009; 2004], Mizogushi completely classified the radial
data type II blow-up according to these quantized rates. Note that Mizogushi finishes the classification
using the Matano—Merle a priori estimates on threshold dynamics, which heavily rely on the maximum
principle, but the argument is not constructive. One of the main points of our work is to revisit the formal
derivation of the sequence of blow-up rates and to relate it not to a spectral problem, but to the structure of
the resonances of the linearized operator H close to Q and of its iterates, that is, the growing solutions to

H*T, =0, keN*.

In particular, we show how the dynamics of tails as initiated in [Raphaél and Rodnianski 2012; Merle et al.
2011] lead to a universal dynamical system driving the blow-up speed, which admits unstable solutions
(1-13) corresponding to a codimension (L — 1) set of initial data. Another by-product of this analysis is
the first explicit construction of type II blow-up for the energy-critical nonlinear heat equation [Schweyer
2012].
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4. Classification of the flow near Q. The question of the classification of the flow near the harmonic map,
and more generally near the ground state solitary wave in nonlinear evolution problems, has attracted
considerable attention recently; see, for example, [Rapha&l 2013]. This program has been concluded for
the mass-critical (gKdV) equation in [Martel et al. 2012a; 2012b; 2012c], where it is shown that, provided
the data is taken close enough to the ground state in a suitable topology which is strictly smaller than
the energy norm, the blow-up dynamics are completely classified. In contrast, arbitrarily slow blow-up
can be achieved for large deformations of the ground state in this restricted sense. The existence of
such slow blow-up regimes remains however open in many important instances, in particular for the
mass-critical NLS equation; see [Merle et al. 2013] for a further introduction to this delicate problem. For
energy-critical problems like wave or Schrodinger maps, Krieger et al. [2008] showed that arbitrarily slow
blow-up can be achieved, but the known examples so far are never ‘6°° smooth. The structure of the flow
near Q is also somewhat mysterious, and various new kinds of global dynamics have been constructed;
see [Donninger and Krieger 2013; Bejenaru and Tataru 2014]. One of the new results of our analysis
in this paper is to show the essential role played by the control of higher order Sobolev norms, which
provide a new topology to measure the distance to the solitary wave which is sharp enough to see all
the blow-up regimes (1-13). The control of these norms acts in the energy method as a replacement of
the counting of the number of intersections of the solution with the ground state, which, in the parabolic
setting, plays an essential role for the classification of the blow-up dynamics [Mizoguchi 2007], but relies
in an essential way on maximum principle techniques. We believe that the blow-up solutions we construct
in this paper are the building blocks to classify the blow-up dynamics near the ground state in a suitable
topology.

5. Extension to dispersive problems. We treat in this paper the parabolic problem, but the robustness
of our approach has been shown in [Raphaél and Rodnianski 2012; Merle et al. 2011], which treat
the dispersive wave and Schrodinger maps with S? target. We expect that similar constructions can be
performed there as well to produce arbitrarily slow €°° blow-up solutions with quantized rate, hence
completing the analysis of these excited regimes, which started in the seminal work [Krieger et al. 2008].

Notations. We introduce the differential operator
Af=y-Vf (energy-critical scaling).
Given a parameter A > 0, we let

u (r) = u(y) with y = %

Given a positive number b; > 0, we let
1 log b
By— . Blzlog 1|.
by Vby

We let x be a positive nonincreasing smooth cut-off function with

(1-14)

1 fory <1,

X(y):{O for y > 2.
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Given a parameter B > 0, we denote

xB@)=x<%). (1-15)

We shall systematically omit the measure in all radial two dimensional integrals and note that

+00
/ f= f()rdr.
0

Given a p-uplet J = (ji, ..., jp) € N”, we introduce the norms

p p
=) e =) _ ki (1-16)
k=1 k=1

We note that
d 1
2
%AMzwerJﬂ:<2ya SR}
i=1

Strategy of the proof. Let us give brief insight into the strategy of the proof of Theorem 1.1.

(1). Renormalized flow and iterated resonances. Let us look for a modulated solution u(z, ) of (1-5) in

renormalized form
r ds 1

u(t,r):v(s,y), yzm, szz—(t), (1-17)

which leads to the self-similar equation

FO o p= (1-18)

05V — Av+ b Av+ ——

We know from theoretical ground that if blow-up occurs, v(s, y) = Q(y) +&(s, y) for some small (s, y),
and hence the linear part of the ¢ flow is governed by the Schrédinger operator
(@)
12

The energy-critical structure of the problem induces an explicit resonance

H=—-A+

H(AQ) =0,

where from explicit computation,

AQN% as y — o0. (1-19)
More generally, the iterates of the kernel of H computed iteratively through the scheme
HTp1=—-Ty, To=AQ, (1-20)
display a nontrivial tail at infinity:

Te(y) ~ y* e logy +d) fory>> 1. (1-21)
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(ii). Tail dynamics. We now generalize the approach developed in [Raphaél and Rodnianski 2012; Merle
et al. 2011] and claim that (7} )x>; correspond to unstable directions which can be excited in a universal
way. To see this, let us look for a slowly modulated solution to (1-18) of the form v(s, y) = Qp)(y)
with

L L+2
b=(bi,....b), Q=00+ Y b+ S (1-22)
i=1 i=2

and with a priori bounds
bi ~ by, 1SS by,

so that S; is in some sense homogeneous of degree i in b;. Our strategy is the following: choose the
universal dynamical system driving the modes (;);<;<; which generates the least growing in space
solution S;. Let us illustrate the procedure.

O(by). We do not adjust the law of b; for the first term.? We therefore obtain from (1-18) the equation
bi(HT: + AQ)=0.
O(b?, by). We obtain
(b1)sT1 +bI AT +byHT, + HS, = biNL(Ty, Q),

where N L(Ty, Q) corresponds to nonlinear interaction terms. When considering the far away tail (1-21),
we have, for y large,
ATy ~Ty, HT,=-T,
and thus
(b1)sTy +bIAT) +byHT> ~ ((by)s + b} — b)Ty.

Hence the leading order growth is canceled by the choice
(b1)s + b} — by =0. (1-23)

We then solve for
HS, =—b}(AT) —T1) + NL(T}, Q)

and check that S, < b3 T; for y large.
O(bll‘H, bi+1). At the k-th iteration, we obtain an elliptic equation of the form
(b)s Tk + b1bg ATy + by HTyy + HS) = BV NLW(Th, ..., Ty, Q).

From (1-21), we have, for tails,
AT, ~ Qk — DT,
and therefore

(bi)s T +b1bx ATy + b1 HTj 1 ~ ((bi)s + 2k — 1)b1 by — by 1) T

31f (b)s = —c1 by, then —As /A ~ b ~ ¢ €15 and hence after integration in time, |logA| < 1 and there is no blow-up.
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The cancellation of the leading order growth occurs for
(bi)s + (2k — Db1bg — bry1 =0.

We then solve for the remaining Si; term and check that Sy < be+] T+ for y large.

(iii). The universal system of ODE’s. The above approach leads to the universal system of ODE’s which
we stop after the L-th iterate:
g

(bp)s + 2k —1)b1by —byy1 =0, 1<k<L, b1 =0, = by. (1-24)

It turns out, and this is classical for critical problems, that an additional logarithmic gain related to the
growth (1-21) can be captured, and this turns out to be essential for the analysis.* This leads to the sharp
dynamical system

N log b1
—=— by, (1-25)
ds)\ 1
dr a2

It is easily seen (see Lemma 2.14) that (1-25) rewritten in the original ¢ time variable admits solutions such
that A(¢) touches 0 in finite time 7 with the asymptotic (1-13). Equivalently in renormalized variables,

—2L

p— m. (1_26)

dq

A(s)

log s)!41! L
s s 2L —1
Moreover (see Lemma 2.15), the corresponding solution is stable for L = 1. This is the stable blow-up
regime, and unstable with (L — 1) directions of instabilities for L > 2.

(iv). Decomposition of the flow and modulation equations. Let the approximate solution Qp be given by
(1-22), which by construction generates an approximate solution to the renormalized flow (1-18):

f(Qp)

—2% =Mod(1) + O (b*""),
y

W, =0,0p — AQp+bAQ)+

where, roughly,

- 2
Mod(r) = Z[(bm + (21 —1+ |10gb1|>b1b,~ - b,-H]T,-.
i=1

We localize O in the zone y < By to avoid the irrelevant growing tails for y > 1/4/b;. We then pick an
initial data of the form

uo(y) = Qp(y) +e0(y), leoM K1

4See, for example, [Raphaél and Rodnianski 2012] for further discussion.



1722 PIERRE RAPHAEL AND REMI SCHWEYER

in some suitable sense where »(0) is chosen initially close to the exact excited solution to (1-24). From
standard modulation argument, we dynamically introduce a modulated decomposition of the flow

u(t,r) = (Qb(t)+8)< N )) :(Qb(t))< )+w(t r), (1-27)

A(t)

where the L + 1 modulation parameters (b(¢), A(#)) are chosen in order to manufacture the orthogonality
conditions

(e(t), H*®y) =0, 0<k <M. (1-28)

Here ®4,(y) is some fixed direction depending on some large constant M which generates an approxima-
tion of the kernel of the iterates of H; see (3-7). This orthogonal decomposition, which, for each fixed
time t, directly follows from the implicit function theorem, now allows us to compute the modulation
equations governing the parameters (b(¢), A(¢)). The Q, construction is precisely manufactured to
produce the expected ODE’s:’

L

3

i=l

A L
~ b < e oo + 552, (1-29)

2
bi)s+(2i -1+ bib; —biy| <
llog by |

where | ¢||1oc measures a local-in-space interaction with the harmonic map.

(v). Control of the radiation and monotonicity formula. According to (1-29), the core of our analysis
is now to show that local norms of ¢ are under control and do not perturb the dynamical system (1-24).
This is achieved using high order Sobolev norms adapted to the linear flow, and in particular we claim
that the orthogonality conditions (1-28) ensure the Hardy type coercivity of the iterated operator

2
Gopar = H"+152>/ el . 0<k<L.
2%t2 f R | O gy 05K

We now claim the we can control theses norms thanks to an energy estimate seen on the linearized

equation in original variables, that is, by working with w in (1-27) and not &, as initiated in [Rapha&l and
Rodnianski 2012; Merle et al. 2011]. Here the parabolic structure of the problem simplifies the analysis
and displays a repulsive property of the renormalized linearized operator; see the proof of (3-48). The
outcome is an estimate of the form

3 b2k+3
d { 2k+2} < |10gbllck (1_30)

ds | pdk+2 A4k+2

where the right hand side is controlled by the size of the error in the construction of the approximate
blow-up profile. Integrating this in time yields two contributions, one from data and one from the error:

2k+3

Eorr2(5) AT (5)€0r02(0) + 1% (s) / |log by | do.

)L4k+2

5See Lemma 3.3.
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The second contribution is estimated in the regime (1-26) using the fundamental algebra

(2k+3)—c1(4k+2):1+mfﬁ”{i giii‘l (1-31)
Hence data dominates for k < L — 1 up to a logarithmic error
2k+3 s do
A4k+2(s)/ i llog by | do ~ A¥+2(log 5)€ /Xo S~ AHH+2 (100 5)C |
which yields the bound
Gorpr SAH P logs|€, 0<k=<L-1, (1-32)

which simply expresses the boundedness up to a log of w in some Sobolev type H**! norm. On the other
hand, for k = L, we can first derive a sharp logarithmic gain in (1-30),

d[Eu) 5 (1-33)
ds | (a2 | ~ A4L+2|log b1|2’
and then the integral diverges from (1-31) and
2L+3 b2L+2 2L+2
3 4k+2 / do ~ ) %+2 A p4+2
©) |, g © ), o A4L+2|logb1|2 " Yoghi?
We therefore obtain
p2L+2
Crio S ——. 1-34
242 S (loabi P (1-34)

The difference between the controls (1-32) for 0 < k < L — 1 and the sharp control (1-34) is an essential
feature of the analysis and explains the introduction of an exactly order L + 1 Sobolev energy.

We can now reinject this bound into (1-29) and, thanks to the logarithmic gain in (1-33), show that
¢ does not perturb the system (1-25), modulo the control of the associated unstable L — 1 modes by a
further adjusted choice of the initial data. This concludes the proof of Theorem 1.1.

This paper is organized as follows. In Section 2, we construct the approximate self-similar solutions
0O} and obtain sharp estimates on the error term W;. We also exhibit an explicit solution to the dynamical
system (1-25) and show that it displays (L — 1) directions of instability. In Section 3, we set up the
bootstrap argument in Proposition 3.1 and derive the fundamental monotonicity of the Sobolev-type norm
|H L+ls||iz in Proposition 3.6, which is the heart of the analysis. In Section 4, we close the bootstrap
bounds, which easily imply the blow-up statement of Theorem 1.1.

2. Construction of the approximate profile

This section is devoted to the construction of the approximate Qj blow-up profile and the study of the
associated dynamical system for b = (by, ..., br).
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The linearized Hamiltonian. Let us start by recalling the structure of the harmonic map Q, which is the

unique up-to-scaling solution to

AQ=g(Q), QO)=0, lim Q)=

(2-1)

This equation can be integrated explicitly.® Q is smooth Q € ([0, +00), [0, 7)) and using (1-3) admits

a Taylor expansion’ to all order at the origin,

p

Q) =Y iy’ + 0> ) asy—0,

and at infinity,

i=0

2 &g 1
Q(Y)Z”—;—Zyzm +0 y2+3 as y = +00.
i=1

The linearized operator close to Q displays a remarkable structure. Indeed, let the potentials

Z=g'(0),

V=Z2>+AZ=f(Q), V=(1+2)>-AZ,

which, from (2-2),(2-3), satisfy the following behavior at 0, 4+-o0:

Z(y) =

V(y)=

V(y) =

LY ey 007 asy -0,
p Ci 1
-1 +Zi:1 F + 0<—y21’+2) as y — 400,
V4 .
I+) . ay’+00M*) asy—0,
PG 1
1 +Zi=l ﬁ + 0<yzl’+2> as y — +o0,
4430 @y 00 asy -0,

p Ci 1
Zizl ﬁ +0 y2p+2 as y — +09,

(2-2)

(2-3)

(2-4)

(2-5)

(2-6)

(2-7)

where (c;);>1 stands for some generic sequence of constants which depend on the Taylor expansion of g
at (0, ). The linearized operator close to Q is the Schrodinger operator

and admits the factorization

with

A=—

\%4
H=-A+—.
y

H=A*A

1+Z7

Z * /

0See [Raphaél and Schweyer 2013] for more details.

7up to scaling

(2-8)

(2-9)
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Observe that, equivalently,

9 [ u . 19
Au:—AQ$<E>, A*u=———(uyAQ), (2-10)

1‘Q>‘ ( ) )

and thus the kernels of A and A* on RY are explicit:

Au=0 ifandonlyif u € Span(AQ), A*u=0 ifandonlyif ue€ Span(
y

Hence the kernel of H on [Rij‘r is

Hu=0 ifandonlyif ue€Span(AQ,T) (2-12)
with .
INGY) A¢fy & \ ;) S (2-13)
y = _— -
IRICCICI P o(l‘)gy) as y = +oo.
y

In particular, H is a positive operator on I-'Iri1d with a resonance A Q at the origin induced by the energy-
critical scaling invariance. We also introduce the conjugate Hamiltonian

~

~ v
H=AA"=—A+, (2-14)
y

which is definite positive by construction and (2-11); see Lemma B.2.

Admissible functions. Explicit knowledge of the Green’s functions allows us to introduce the formal
inverse

y y
H1f=—F(y)/ fAQxdx+AQ(y)/ SfTxdx. (2-15)
0 0
Given a function f, we introduce the suitable derivatives of f by considering the sequence

A* fr for k odd, £>0 (2-16)

fo=to fin= {Afk for k even, -

We shall introduce the formal notation
fe=d"f.
We define a first class of admissible functions which display a suitable behavior both at the origin and
infinity.
Definition 2.1 (admissible functions). We say a smooth function f € €°°(R,, R) is admissible of degree
(p1, p2) EN X Zif
(i) f admits a Taylor expansion at the origin to all order

p
fO) =" ay* '+ 00 (2-17)
k=pi
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(i) f and its suitable derivatives admit a bound, for y > 2,

y2P2=k=1(1 4 log y|) for2p,—k>1,

for all k > 0, < 2-18
orall k > eI < {ysz—k—l for 2ps — k < 0. ( )

H naturally acts on the class of admissible functions in the following way.

Lemma 2.2 (action of H and H~! on admissible functions). Let f be an admissible function of degree
(p1, p2). Then

() foralll > 1, H' f is admissible of degree
(max(p; —1,0), p» —1), (2-19)
(i) foralll, p» >0, H7! f is admissible of degree
(p1+1, p2+1). (2-20)

Proof of Lemma 2.2. This a simple consequence of the expansions (2-2), (2-3).

Let us first show that H f is admissible of degree at least (max(p; — 1, 1), p» — 1), which yields (2-19)
by induction. We inject the Taylor expansions (2-17), (2-18) into (2-8). Near the origin, the claim directly
follows from the Taylor expansion (2-6) and the cancellation H(y) =cy+ O (y?) at the origin. The claim
at infinity directly follows from the relation u; = fi, by definition.

Now let p» >0 and u = H~' f be given by (2-15), and let us show that u is admissible of degree at
least (p; + 1, p» + 1), which yields (2-20) by induction. From the relation u; = f;_, for k > 2, we need
only consider k = 0, 1. We first observe from the Wronskian relation I''(A Q) — (AQ)'T = 1/y that

Z AQ) 1
AF=—F’—|——F=—I"+( Q)I‘:——.
y AQ YAQ
Thus, using the cancellation AA Q =0, we compute
¥ 1 y
Au=—AT fAQxdx:—f fAQxdx. (2-21)
0 yAQ Jo

Moreover, we may invert A using (2-10) and the boundary condition u = O(y?) from (2-15), which
yields

u:—AQ‘/‘yﬂdx:—AQ(y)/yd—x/x f@AQ()zdz. (2-22)
o AQ 0 X(AQ(x))?* Jo
Using (2-2), this yields the Taylor expansion near the origin:
Au = i 0] Y2 L (2P, = —AQ/yﬂdx _ i @ y2HE3 L0 (y2P S,
o AQ

k=pi
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and hence u is of degree at least p; + 1 near the origin. For y > 1, from (2-21), (2-22), (2-18), we estimate
by brute force, for py > 1,

y
|Au|=|u1|§/ 2271 (1 + [log T]) dr < y*P2(1 + |log y)),
0

1 y
|u|§;/ 221+ |log )T dr < y*7 (1 + [log y)),
0

and, for p, =0,
y
IAMI=|M1|§/ v 'dr S 1+]logyl,
1
1 [
lul < 3 (1+[logzhrdr S y(1+ |logyl).
0

Hence u satisfies (2-18) with p — pp+1and k =0, 1. O

Let us give an explicit example of admissible functions which will be essential for the analysis. From
(2-2) and the cancellation AAQ =0, AQ is admissible of degree (0, 0), and hence Lemma 2.2 ensures
the following.

Lemma 2.3 (generators of the kernel of H'). Let the sequence of profiles for i > 1 be
T, =(—1)'H'AQ. (2-23)
Then T; is admissible of degree (i, i).

bi-admissible functions. We will need an extended notion of admissible functions for the construction
of the blow-up profile. In the sequel, we consider a small enough 0 < b1 <« 1 and let By, x, be given by
(1-14), (1-15). Given [ € Z, we let

1411 b
Mlyﬁ?’Bo forl 2 1,

abr,y) =1 Mgl (2-24)

—y=38 for/ <0
[log by | -

and, similarly,

1+1
%1%3% for 1> 1,
gLy =415 (2-25)
=20 for [ <0.
[log 1|
We then define the extended class of b-admissible functions.
Definition 2.4 (b;-admissible functions). We say a smooth function f € ¢>°(R% xR, R) is b1-admissible
of degree (p1, p2) € N x Z if the following hold:

(i) For y <1, f admits a representation

J
Fbry) = hib)f0) (2-26)

j=1
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for some finite order J € N*, some smooth functions fj(y) with a Taylor expansion at the origin to

all order, for all y <1,

p
Fin =) apy™ '+ oG, (2-27)
k=p1

and some smooth functions 4 ;(by) away from the origin with

a'h;
I

ob;

<l (2-28)

forall/ >0, S
b

(ii) The function f and its suitable derivatives (2-16) satisfy a uniform bound for some constant c,, > 0:
for all y > 2 and all k£ > 0,

| febr, VIS 22 gy, (b, ) + ¥ P log y 22 + Fpy k001 y* P2 * 1535, (2-29)
and, forall [ > 1,

al

— fx(b1, y)‘
b}
1 - L e
S {7 ap, i by, y) + YT log y (2} + Fy ki (b)Y 1235, (2-30)
b |log b |
where, for all [ > 0,
0 for2p, —k—3<—1,
Fpyi1(b1) = {1/(bl“llo o sz_k_ = 2-31)
1 gby|) for2p, 3>0.

Remark 2.5. Let us consider the solution T to
HT, =—AQ.
An explicit computation reveals the growth for y large
AQ~ 1. Ti(y)~ylogy.

The bi-admissibility corresponds to a log by gain on the growth at 0o, which is an essential feature of the
slowly growing tails in the construction of the modulated blow-up profile in Proposition 2.12. Observe for
example that (2-29), (2-31) imply the rough bound

d fi
b}

2pr—1—k
< (I+y)=P2

|log b1

1 fil S A4y,

and hence a logarithmic improvement with respect to (2-18). This gain will be measured in a sharp way
through the computation of suitable weighted Sobolev bounds; see Lemma 2.8.

We claim that H, H~' and the scaling operators naturally act on the class of b;-admissible functions

in the following way.
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Lemma 2.6 (action of H, H~! and scaling operators on b1-admissible functions). Let f be a bi-admissible
function of degree (p1, p2). Then we get:

() Foralll > 1, H' f is by-admissible of degree
(max(p; —1,0), po —1). (2-33)
(ii) Foralll, p, > 1, H7 f is by-admissible of degree
(pr+1, pa+D). (2-34)
(iii) Af = y0, f is admissible of degree (p1, p2).
@iv) b10f/(9by) is admissible of degree (p1, p2).

Proof of Lemma 2.6. Proof of (i). We show thatu = H f is b;-admissible of degree (max(p;—1, 0), po—1),
which yields (2-33) by induction. Near the origin, the claim directly follows from the Taylor expansion
(2-27) with (2-26) and the cancellation H(y) = cy 4+ O(y?) at the origin. For y > 1, H is independent of
b1 so that, by definition,

Nup 0 fira
aby b

forall [/ > 0,

’

which satisfies (2-29), (2-30), (2-31) with pp — p,—1and F), 1 1(b1) = F, k42,/(b1). Equation (2-33)
follows.

Proof of (ii). Now let p, > 1 and let us show that u = H~! f is admissible of degree (p; + 1, p» + 1),
which yields (2-34) by induction. Observe that, for k > 2 and all / > 0,

ur 3 fio
apt — obt

’

which satisfies (2-29), (2-30), (2-31) with p» — p> + 1 and Fp,11k,1(b1) = Fp, k—2,1(b1). It thus only
remains to estimate u, Au, and their derivatives in b;.

Estimate for u near the origin. The inversion formulas (2-21), (2-22) ensure the decomposition of variables
near the origin

J
u(br, y) =y hj(b)ii;(y),

J=l

where, using (2-2) the Taylor expansion near the origin,

14
~ Z 1 ~ Auj 2
Al/lj — C](c §y2k+2 4 0(y2p+4)’ ihj= _AQ/ -7 dx = ( §y2k+3 4 O(y2p+5)‘
k=pi k =D1

Hence u is of degree at least p; + 1 near the origin.
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Estimate for uy = Au for y > 1. We use the formula (2-21) and the assumption p, > 1 to estimate, for
1< y =< 330,

y y
Aul < / flde < f 22y (b, 7) 4+ 2P log T[] dr
0 0

S pPlloghi] / " o271 (1 4 |logo|) do + O (y*P>72|log y|'*<r2)
~ bP|log b |

<y 1 + [log(v/b1y)|
~ |log b1

= 2D 2 (b y) +y

+ 5272 |log y|*r2

2pa+1)—4 1+cp,

[log y|

and, for y > 3By,

y 3By y
|Aul < / \flde < / 27 lg (b1, 7) dt + / Fry 0.0(b0) 7273 dr + 0272 log y|+m)
0 0 3B,

1 y B -
~ bl llogbi| +/3B Fps0,0b)T" 73 dT 4+ 0y [log y|'*2).
0

If p» =1, which is the borderline case 2p, —3 = —1, then F, 9,0 = 0, and we thus get the bound, for all
p2=>1,y > 3By,

|Aul < y2p2—2< + Fm,o,owl)) + y? 22 [log y| 't

bi|log b, |

2pr—2 +y2(p2+1)—4 I+cp,
b

y [log y|

<
bi|log by|

and (2-31) is satisfied for (p; — po +1,k=1) thanks to 2(p, +1) —1 -3 > 0.
We now pick / > 1. H is independent of by, so

()=,
avt ) ab!

and therefore, from (2-21), we compute

abl ~yAQ / Qabl
This yields the bound, for |y| < 3By,

9'u, /y 1
| S| = P g1 (01 y) + 327 log y |2 d
ot | )y Hiogn Y B b1y llog yI) dy

1 o — »

S 1—[y2p2g1(b1,y)+y21’2 2|log y|ct1]
by [log by |
1 o —
[P D225, 1)1 (b1, y) + Y P log y| 2],

~ bllogb|
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and, for |y| > 3By,

0lu,
ab'

1 1 2pr—2 1 Y 2pr—3
S — + P log y|2t +/ Fp01(b1)yP* " dy.
bl |log by | |:bf2 38y

Again, if p; =1, then F),, o; = 0, and we therefore obtain the bound, for all p; > 1,

olu 2p$2=-21o Cp,+1
’_11 §y2p22|:l+l—+Fp2’O’l(bl):|+y ll gyl
b b llog by | b} |log b
2(p2+1)—1-3 1
< y2(172+1)—1—3|10gy|c,,2+1’

S +
b loghy|  bl[logb|
and (2-31) is satisfied for (pp > pp+1,k=1) thanks to 2(p,+1)—1 -3 > 0.

Estimate for u. Now, from the above bounds and (2-22), for 1 < y < 3B( we estimate

1 (Y 1 [
|u|§—/ |Au|t drg—/ [e2P2 gy 1By, T) + 2272 log T|'Tm ] dt
Yy Jo Yy Jo

~ y T -1
|log b1 |

©2(pat1y (b1, y) + Y2 P23 log y|

+ 5?72 Hlog y**er

2pa+1)—1 2+cp,

=)
and for y > 3By we estimate
Lp 2pa+1 Y 2pa—1 2(pa+1)-3 2
ul < ;|:/0 TP g (by, T)df+/3B Fpy11,0(b0)T dfi| + y* P log y|PHen
0

1

< 2p2—1[ j| 2(p2+1)-3 2+cp,

Sy o | Ty |log y |72,
by[log by |

which satisfies (2-29) for (p» — p> + 1, k = 0) thanks to 2(p, + 1) —3 — 1 > 0. Finally, for [ > 1,
1 <y =3By,

d'u 1 [7]0'u, | y
— | <= —|tdt S —/ 2ntls bi. 1) + 27 Vlog T|1+en ] dt
aby N)’/o b ™~ yb|logbi| Jo L 82py+1(b1, T) [log 7| ]
1 o —
S P gy (b1, y) + PP P log y[ T,
billog b1

and, for y > 3By,

olu 1 3Bo £2p2+1g (p T y 2(p2+D=31o 2+cp,
Py S ;[f “oeh ] Ili;(bl| ) dt +f Fpyi110(b) T2 dr] +2 o |10|ng)|)|
1 0 1 1 3By 1 1
< y2(p2+1)—3 N y2(p2+1)—3|10gy|2+c,)2
~ b log by bl |log by |

Hence u is bi-admissible of degree (p; + 1, po + 1).
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Proof of (iii) and (iv). The property (iv) is a direct consequence of the definition of b; admissible functions
(Definition 2.4) and the trivial bound

g1(b1,y)

| S gi(b1, y).
[log by |

We now turn to the proof of (iii). First we rewrite the scaling operator as
A=ydy=—1d—yA+(1+2).

Near the origin, the existence of the decomposition (2-26) follows directly from the even parity of the
Taylor expansion of Z at the origin (2-5). Far out, let

Af==f-yh+UA+2)f.

A simple induction argument similar to Lemma D.1 yields the expansion for £ > 1,

k
Gf)k = Chp1 Vit +cerafi+ D Peiy) fi (2-35)

i=1

with the improved decay

100 Pei (D] S forall/ >0, y> 1. (2-36)

1+y2+l+k—i
We therefore obtain from (2-32), (2-35), (2-36), (2-5) the bound

k
1 .
KAf»|5|xm+u+wfu+—§:yzw,9%m -
i=0

Sy g1y + 82po—k) + PP log Y[ + (Fpy k0 + Fpy k1,002 * 21,535,

We now observe the monotonicity g2,—k—1 S 82p,—k from (2-24) and Fp, k41,0 S Fp, k,0 from (2-31),
and thus (A f) satisfies (2-30), (2-31) for I = 0. Similarly, for k > 0, [ > 1, we use the bound, for y = B,

2pr—k—5 2pr—k—3

y <Y
b logby| ~ bhlloghby|’

YRS (b)) S

to estimate

NMﬂk<‘yﬁH o' fi
[ ~ [ [
ab! ab! bl
k
+y ¥{ 1 WWHﬂm+%mWH&m®WWH%m}
' yk—l+2 bl |10gb1| o =
i=0 1
1 e o —k— c
S0 g, rn) + B2py i) + 7P Nlog y[r2]
by |log by|

2pr—k—3
+ (Fpyki + Fpykr1,0y 727 1233,

and the bounds 22,, k-1 < &2pr—k» Fpyk+1,1 S Fp, k1 now ensure (2-30), (2-31) for [ > 1. O
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Slowly growing tails. Let us give an example of admissible profiles which will be central in the con-
struction of the leading order slowly modulated blow-up profile. Given b; > 0 small enough, we let the
radiation be

X, = H {—cp, xByaAQ +dp, HI(1 — x5,)A 01} (2-37)
with 5
4 0
Chy ==, dp=0p / XBy/aAQTydy. (2-38)
Y xBya(AQ)? : "Jo o/

Lemma 2.7 (slowly growing tails). Let (T;);>1 be given by (2-23). Then the sequence of profiles fori > 1
O, = AT, — 2i — DT; — (=)' H Ty, (2-39)
is bi-admissible of degree (i, 1).

Proof of Lemma 2.7. Step 1: Structure of T;. Let us consider T; = —H~'A Q, which is admissible of
degree (1, 1) from Lemma 2.3. For y > 1, explicit computation using the expansion (2-3) into (2-15)

yields

|log y|?
y

for some universal constant ey. Hence we get the essential cancellation

Ilogylz)
y

log y|?
Tl(y):ylogy—l-eoy—l-O( > Aleylogy+(1+eo)y+0(| iﬂ) (2-40)

AT, —T, =y+0( (2-41)

We now prove that ®; is of order (7, i) by induction on i.

Step 2: i = 1. By definition,

y y
Xy, = F(y)/o Chy X Bo/4(A Q) x dx — AQ(y)/O Chy XBo/al' AQx dx +dp, (1 — xp)AQ(y), (2-42)

and thus, by the definition of ¢p,, dp, in (2-38),

cp, Ty fory < By/4,
Xp, =

= (2-43)
4T for y > 3By.

In particular, 25, admits a representation (2-26) near the origin with J =1, h1(b1) =c¢,, and fl ) =T1(y),
and thus an expansion (2-27) of order p; = 1 from the first step. A direct computation on the formula
(2-38) yields the bounds

2 [1+0( ! )] \dp, | < ! (2-44)
Ch, = ) bl S 7 1 1 0 -
" |logb| llog by | "™ by|log by |
and 1 1
3 1 3d 1
Dl , g —— foralll>1, (2-45)
b’ bl |log by |2 b} b log by |

which imply (2-28).
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For y > 3By, from (2-13), (2-43), we estimate

Sp () =y+ 0 (k’i Y ) (2-46)

and, for 2 <y <3B,,

y logy Y ’ Y
zb1<y)=cbl(z+0( : ))[/0 ><BO/4<AQ>xdx]—cblAQ@)f1 O ()x dx

AQ)? 1
M 19} (i) . (2-47)
f XBy/a(AQ) llog b1
We thus conclude from (2-41), (2-47) that, for y < 3By,
Jo xBya(AQ) 1+y llog y|?
() =y—y +0 +0 =0 (14 log(yv/B1)D) ).
[ xBy/a(AQ)? llog b1 I+y |1 gb |
which, together with the bounds (2-40), (2-46) for y > 3 By, yields the bound, for y > 2,

1 2
llog y1 ) (2-48)
y

1©1(M)] < yga (b1, y) + 0(
Now, from (2-21), (2-37), we compute
1 y
Ay, = —f AQ[—cp, xByaAQ +dp H[(1 — xp,) AQ]]x dx,
yAQ Jo

and from (2-44) we estimate, for y < 3By,

4 c dp,
AXp, _A_Q bl / (AQ)*x dx + 0( 130<y<330) =—-2+0(g1(b1,y)) (2-49)
0
and, for y > 3By,
4 1
AT, :——:—2—|—0(—>. (2-50)
' yAQ y?

Moreover, a simple rescaling argument yields the formula
AZ
A(Au) =Au+ AAu— —u
y

and thus, using (2-40), (2-5),

AZ logy
AAT —T)) =AAT, — —T1=AATI+ O 5= -
y y

Now, from (2-21), (2-3), we estimate

1 /y 5 ] (logy)
AT = —| —— (AQ) xdx |=-2logy+ O ,
: [yAQ 0 s y?

1
AAT| = —2+ 0( Ogy),
y

and, similarly,
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from which
logy
AMNT =T =-2+0(—5 ).
y

We thus conclude from (2-48), (2-49), (2-50), (2-51) that

logy
14011 S 21(b1, y) + o( 2 )
We now turn to the control of H®;. First, from a simple rescaling argument, we compute

AV
H(Au) =2Hu + AHu — —u,

2
which implies
H(AT, —T)) = —AQ — A0 + 0(10g3 ) _ O<1og3y)
y y
Hence, according to (2-24), we get the desired cancellation
|HO| S |H(ATy — T)| + [HEy, | S #Ilogblllyf”“ N 0(“%)‘

1735

(2-51)

(2-52)

The control of higher order suitable derivatives in y now follows by iteration using (2-3), (2-6). Hence

®, satisfies the bound (2-29) with p, =1,/ =0.
We now take derivatives in by, in which case from (2-42), for [ > 1,
CHCH 3 %y,

y gl
= =T ) fo Gt (A Q)
1 1

l

y 9l 9
— A _— I'A —_— 1— A
00 /O oy e I A Qs (1= 5 1A Q).

and from (2-43),
3'0 'y,

by ab!

(y) =0 fory>3By.

From (1-14), we estimate by brute force

3 x5,
bl

< lBoinZBo
~Y
l
bl

and thus, from the Leibniz rule and (2-45), for y < 3By, we obtain

l

3'0, y 1
S (1+[logy]) + [Z —i|y130/25y§330

b

15,/2<y<38,

™~ bl|logby | — by bk |log b 2 l
1
% )
g bk log by |

5y(llJrllogyl) < lygl '
b log by |? bilog by |

y
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The control of higher suitable derivatives (3's4*©,/ (abl1 ))1.k>1 follows similarly using the explicit formula
(2-37). This concludes the proof of the estimate (2-30) with p, = 1, and thus ®; is b;-admissible of
degree (1, 1).

Step 3: i — i + 1. We assume the claim for ®; and prove it for ®;,;. From (2-23), (2-39), (2-52),

HOjy1 = H(ATi4) — Qi+ DHTy — (-1 H TS,

. ; _ AV
=AHTi11 — Qi —DHT + (-1 H 'y, — 2 T
‘ ‘ AV
=—[(ATi = Qi = DT = (=)' H 'Sy ] - — Ty
y

AV
=—-0; - —T.

y

The induction hypothesis ensures that ®; is bj-admissible of order (7, i). Moreover, near the origin, 7;
is from Lemma 2.3 of degree i + 1 and hence the development (2-6) ensures that (AV/ y2) T4 is of
degree i + 1 near the origin. For y > 1, (2-6) ensures the improved bound

P
A
ayr \ y2 )|~ yrté =

and since 7;4 is of degree i 4 1, we obtain from the Leibniz rule the rough bound, for all £ > 0,

AV o
&gk[? i+1:| =3 Wyz““)""l log y| < y* ™ Jlog y .

p=0

Hence (A V/yZ)TiH, which is independent of by, satisfies (2-29) and is b;-admissible of degree (i, i).
We conclude from Lemma 2.6 that ®;, is admissible of order (i +1,i 4+ 1). O

Sobolev bounds on by-admissible functions. The property of b;-admissibility leads to simple Sobolev
bounds with sharp logarithmic gains. We let B be given by (1-14).

Lemma 2.8 (estimate of b;-admissible function). Leti > 1 and f be a by-admissible function of degree
(i,i). Then

|log by [*¢+~1 .
f H'fP S e — JforO<k=i-1, (2-53)
y<2B b |log by |

/2 IH*F> <1 fork > i, (2-54)
y<2By

and

1 + [log y/? 1+ |log y|?
+[log y| \H* F2 + M|AH"f|2<|logbl|3 fork>i—1. (2-55)
4 2 ~

v<2B 14y y<2B 14y
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Remark 2.9. The boundedness of the Sobolev norm (2-54) in the borderline case k =i is a consequence
of the definition (2-24). Indeed,
/y§330

/y§330

Proof of Lemma 2.8. Let k > 0. Near the origin, the cancellation A(y) = y?> 4 O(y) and the Taylor
expansion (2-27) ensure that H k f is bounded uniformly in y < 1, |by] < % For y > 1, from (2-29) we

2

1+ llog Bryl | logh|

(14 y)[log b1 |

but

1 2

- (2-56)
(1+y)llog b1 |

~ T°

estimate
[ mtse=fimes [ Foaio by 2o,
y=<2B 3By<y=<2B,
+ |2 gk (b,y) + y¥ 3 log y[ %
1<y<2B,

For k > i, F; ox,0 = 0 and from (2-24) we estimate (2-56)

. 1 . 2
/ |ka|2 ,-S 1 +/ y2(lfk)71 y=<3By +y2!72k73|10gy|6i 5 1.
y<2B, 1<y<2B, [log b

For k <i — 1, the growth can be controlled in a sharp way. Indeed, using F; 2x,0 = 0 for k =i — 1 precisely
to avoid an additional logarithmic error, we estimate

di—4k—4

1 . )

Hk 2 < 1 + / 4(sz)72(1_+_ lo b 2)+B4(1_k)_4 loe b 2ep,+1
/y528.| d Nb%llogbl|2 llog by |2 y§330y log v/b1y| 1 [log b1

Bg(i—k) |10gb1|4(i—k—1) - |10gb1|4(i—k—1)
llogb1l? * b2 Plloghi 2~ b7 P lloghy 2

<1

Finally, for k > i — 1, using the rough bound (2-32), we estimate

141 2 141 2
y=<2B,

4y veop 142
1+ |log y|? o 1+ |log y/|? - ~
5/ 1—g4|(1+y)2’ * 1|2+f —a ST (1 4 )2kt
y<2B +y y<2B; +y
< |loghy . =

Slowly modulated blow-up profiles. In this section we construct the approximate modulated blow-up
profile. Let us start by introducing the notion of homogeneous admissible functions.
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Definition 2.10 (homogeneous functions). Given parameters b = (by)1<k<z, and (p1, p2, p3) € NXZ x N,
we say a function S(b, y) is homogeneous of degree (p1, p2, p3) if it is of the form

L

Sb,y) = > [CJ <1_[ b;fk)SJ(bl,y)]
J=(1sesjr)s U 2=p3 k=1

where

L
J=(ry oo ju) €Zx N [Tl =) ki,
k=1

and for some b;-admissible profiles EJ of degree (p1, p2) in the sense of Definition 2.4. We note that

deg(S) = (p1, p2, p3).

Remark 2.11. We allow for negative powers of by only in the above definition. This ensures from
Lemma 2.6 that the space of homogeneous functions of a given degree is stable by application of the
operator b13/(0by). It is also stable by multiplication by cyp, from (2-44), (2-45).

We may now proceed to the construction of the slowly modulated blow-up profiles.

Proposition 2.12 (construction of the approximate profile). Let M > 0 be a large enough universal
constant. Then there exists a small enough universal constant b*(M) > 0 such that the following holds
true. Let there be a €' map

b= (bo)i=k=t : [s0, 511> (=b" (M), b*(M))"
with a priori bounds on [sg, $1]
0<by <b*" (M), |bk|§blf for2 <k<L. (2-57)
Let By be given by (1-14) and (T;)1<i<1, be given by (2-23). Then there exist homogeneous profiles
{S,-(b, y), 2<i<L+2,

S1=0
with
deg(S;) = (i, i,1i),
i 2-58
g:O for2<i<j<lL ( )
ab;
such that
L L+2
Qbis)(¥) = Q) + ) (1), () =Y _ BT () + Y Si(y) (2-59)

i=1 i=2
generates an approximate solution to the renormalized flow

905 — AQp+b1AQy + f(sz”) = W, + Mod(?) (2-60)
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with
L L+2 8S
Mod(t) = bi)s+ i —1 bib; — b; T; —1. 2-61
od(r) ;u )s + (2i — 14cp,)by m[ +,§1 ab,-] (2-61)

Here we used the convention
br+1=0, To=A0,

and Vy, satisfies

(1) the global weighted bounds

foralll <k <L, / |H W, > < b2 [log by |€, (2-62)
y<2B

1+ |log y|? 1+ [log y|? pL+3
/ ————|H" "W, P + ————AH Y, P S ———, (2-63)

y<2B, L+ y<2B, 1+ [log b |

p2L+4
/ |HM 2 S — L (2-64)

ysz] |10gb1|

and
(ii) forall 0 <k <L+1, / |H W, )2 < MCpETe (2-65)
y<2M

for some universal constant C = C (L) > 0 (improved local control).

Proof of Proposition 2.12. Step 1: Computation of the error. From (2-59), (2-60) we compute

05Qp —AQp+b1AQ)p+ f(szb) =A1+ A

with
L L+2
AL =bIAQ+ ) [(b)sTi +biHT; +bibi AT+ ) [0,5; + HS; + b1 AS;],
i=1 i=2

1
Ay = ?[f(Q +ap) = f(Q) = f(Dap].

Let us rearrange the first sum using the definition (2-23):

L L+1 L+1
Ar=bIAQ+3SLi2+bi1ASLia+ Y [(B)sTi —=biTi 1 +bib AT+ Y [0:8i +biAS1+ Y HS;p
i=1 L i=2 i=l
=[05SL42 +b1ASL 2]+ [HS 12+ 03Sp41 +b1ASL 1]+ Z[(bi)x + Qi —1+4cp)b1b; — bi11T;
I i=1

+ 3 [HSip1 + 8,8+ bibi(AT; — (2 — 1 +¢p,)T7) + b1 AS;),

i=1

where ¢j, is given by (2-38). We now treat the time dependence using the anticipated approximate
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modulation equation

L
] aS; aS;

05 S; = E (b )Sab E ((bj)s+2j—14cp)b1bj— j+1) E (2j—=1+cp)b1bj— j+1)_ab.,
=1 =1 j

and thus, using (2-58),

L
: dSL 42
=1biAS, 12— 2i—1 bib; — b;
{1 L+2 ;((l +c¢p)b1bi —bi11) ob; }
) L 39S
L+1
+{HSL+2+b1ASL+1 > (@i —14cp)bib; —bit1) b*}
1

i=1

i—1
a5S;
+Z[HS,+1+b1b(AT-—(2z—1+cb1)T)+b1AS > (@) —1+cp)bibj— jH) }

i=1 j=1 J
L L+2 ¢
b))+ Q2i—1 b1b; — b; T; 1.
+§[< )s + (2 — 1+cp,)by m[ +J-;+1 8b,~]

We now expand A; using a Taylor expansion:

9
Ay = F{Z i , T R
Jj=2 '
with
L+3
R 1 —)bt2 pL+3) d 2-66
2= (L+2)',/( ) f (Q +tap) dr. (2-66)
Using the notation (1-16) for the 2L + 1 uplet J = (i, ..., ir, j2, ..., jr+2) € N*2F1 we sort the Taylor
polynomial®
L+2 L+2
|J|1—21k+2ﬂ<, |J|2—Zk1k+2kjk,
k=1
and thus
L+2 () ) L+2 () L+2 L+2
f EQ)aé: f fQ) Z C]l_[bllekl_[S]k_ZP +R1,
= = =i kel
where
L2 L L+2
f(])(Q) 175 l]\ jk
Pi:Z i Z c,]_[b T, l_[S : (2-67)
j=2 [Jh=jlJh=i k=1
L42 L L+2
2 it ik
R1=Z i Z c,]_[b T, HS (2-68)
Jj=2 [Jh=j.|J2=L+3 k=1

8Remember that b; is order bi from (2-57).
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We finally use the definitions (2-23), (2-39), (2-61) to rewrite
— Qi = 14T =0; + (=D)'M"HH', — ¢, T; = 0; + (=DM H (T, — ¢ Th),

which, together with (2-60), yields the following expression for the error:

L
Wy =Y (=1 bibi H (S, — 5, T1)
i=1
08142

{blASL—l-Z_Z((Zl — 14cp)bibi — bit1) 3,

1
+—2[R1 +R2]}
i=1 Y

08141
ob;

PL+2

+ {HSL-i-Z +b1ASp41+ Z((zl — 1 +4cp)b1b; —biy1)

L
; 3S;
+Z[HS,+1+b1b ®: +b1AS; +y—“—2((2] — 1+ cp)bib; — JH)ab ] (2-69)

We now construct iteratively the sequence of profiles (S;)<j<r+2 through the scheme

S1 =0,
! . , (2-70)
Si=—H'®;, 2<i<L+2,

where, for 1 <i <L,

i—1
as;
Dr1 = bibi®; +bIAS, + 5L = 3@ = 1 b )biby — by o (2-71)
s db;
PL+2 9SL+1
Qo =b1AS 11+ Z((2l — 14¢p)bibi — biy1) ob; (2-72)
Step 2: Control of ®;, S;. We claim by induction on i that ®; is homogeneous with
deg(®;))=(G—1,i—1,i) for2<i<L+2 (2-73)
and
0P; .
— =0 for2<i<j<L+2. (2-74)
ob;

This implies from Lemma 2.6 that S; given by (2-70) is homogeneous and satisfies (2-58) for 2 <i < L+2.

Case 1: i = 1. We compute explicitly
o, = b2®1 +

which satisfies (2-74). Recall from (1-3) that f = gg’ is odd and 7 periodic so that the expansions (2-2),
(2-3) yield, at the origin,

FOQ) | Xp v+ 0P forjeven,
o P y*+0@0p*t?)  forjodd

(2-75)
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and, at infinity,
f2Q) Xy o) forjeven,

(2-76)
y? Yy F+opr) for j odd.

From Lemmas 2.3 and 2.7, 71 and ®; are respectively admissible and b;-admissible of order (1, 1). In
particular, we have the Taylor expansion near the origin

f//(Q) Z
2y ka-‘rl + O(y2[7+3) p > 1,
k=1

and the bound at infinity

(f”(Q)
2y?

1
TI)‘ Y *llog y|* S y* " llogy>,  k=0.

Hence (f"(Q)/2y?%) le is b1-admissible of degree (1, 1). We conclude that ®; is homogeneous with
deg(P2) = (1, 1,2).

Case 2: i — i + 1. We estimate all terms in (2-71). Equation (2-74) holds by direct inspection. From
Lemma 2.7, b1b;®; is homogeneous of degree (i, i, i + 1). From Lemma 2.6, b1 A S; is homogeneous of
degree (i, i, i 4+ 1) by induction. For j > 2, by definition and induction we have that

. 9.S;
(2j—1 +Cbl)b1bj — bj_H)—
ob;

is homogeneous of degree (i, i,i + 1). For j = 1, we rewrite the term

3S; b,
1 b —by)— = by ——= (b1 —
((1 +cp,)by 2)%1 (( + cp, )b by )( 1%1)

and, recalling Remark 2.11, conclude that this term is also homogeneous of degree (i, i, i 4+ 1). It thus
remains to estimate the nonlinear term P;/ y2 in (2-71), which, from (2-67), is a linear combination of
monomials of the form®

f (Q)

M;(y) = Hb ’k]‘[s“, Jhi=j. We=i+1,2<j<i+l.

k=2
Using (2-75), (2-76), we conclude that M is admissible with the following development at the origin:
for j =21,
My (y) =y~ yRist BODHRCHD (¢ 0332 4 ¢y + 0P T)
=y o+ ey 4 ey +o(yPH)
=y o+ ey + - A ey o),

90bserve that terms involving k > i 4 1 are indeed forbidden in the last product from the constraint |J|; > 2, |J|, =i 4 1.
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and, for j =2]+1,
M (y) =y 2y2e BRI (¢ 4 00y 4 0py ™ 0y H)

=yt (e deay? + .o cpy? + oy )

=y oty . ey o).
Now j > 2 ensures [ > 1, and hence M; admits a Taylor expansion (2-27) at the origin with p; =i + 1.
For y > 1, the rough bound (2-32) and (2-18) imply

IS;1 S by~ 1T S v log ¥,

which, together with (2-76), yields the control

2|J)2=j-3 — y2(i—l)—l for j =21>2,

M;(y) <llogyl€ 17, . < y% 3 log y|, 2-77
J(y)N| gy' {y2|1|2_1_2:y2(l_1)_1 fOI']=2[+IZ3Ny I gyl ( )

which is compatible with the degree i control at infinity (2-29). The control of further derivatives in
(y, by) follows from (2-32) and the Leibniz rule. This concludes the proof of (2-73).

Step 3: Estimate on the error. From (2-69), we compute

W, =w 4w, (2-78)
L
WO =31 by b HTE,, with 8, = 85, — 0, T, (2-79)
= L 39S 1
. 2
\I’/gl) =b1ASL42— Z((zl —1+cp)b1bi — bi—i—l)% + F[Rl + Ra]. (2-80)
i=1 !
Estimates for \IJ,EO). First observe from (2-43), (2-79) that
~ Bo
Supp %p, C {yz T}' (2-81)

We extract from (2-42) the rough bound for k > 0 and By/4 <y <2B;

|H—k§bl| S 1 +y2k+1.
Thus
/ |H* Sy, 1> b7 2 loghy|€, 0<k<L.
y=<2B;

On the other hand, from (2-37) and the cancellation H A Q = 0, we have

Sy < — ')y (2-82)
~ 1 1
|H*E,, | < B 10a b (1 +y)130§y§330 for k > 2. (2-83)
0
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This leads to the bound

~ 1 - b2k—2
/ |HZp > S , lekEbllz,S 1 5 fork>2.
y<2B) [log b1 | llog b |

Thus from (2-57), for 0 < k < L, we estimate

L
0 j 3 2(k—i+1)—2
/ |Hk\l-’}§ )|2 5 |10gbllc Zb%—i_zlbl( i+1) 5 b%k+2|logbl|c
y=2Bi i=1

and the sharp logarithmic gain

b2L+4

~ llogby|?

L
L+1 0),2 2420 L+2—i 2
[ OR S S R R <
i=1

P22 LA =iHD=2
|logb1|2Z d

Similarly, using (2-82), (2-83),

L
1+ lo 1+ |log y|? L~
/ + |log y|? H w(0)|2<zb2+21f +| g4y| (HLHE, P
y<2p, 14y P y<2,  L+Yy

L

pAL—i+1=1)
1 < p2L+4

+21/ 1+ |log y|?
v=Bya  L+y* loghP(1+yH) ~ 17

and

L
1+ [log y|? Op <Y e L+ llogyl® 1 iy
/ ﬁlAHL\IJIE )|2 S b%-i—ll/ ﬁ|AHL +12b1|2
y<2Bj +y i=1 y<2Bj +y

< Zb2+2zb2(L ) / 1+ |log y|?
y=By/4 Y1+ y?)
b2L+4|log bi|€.

Estimates for \IJIEI). By construction, S74» is homogeneous of degree (L 42, L 42, L 4 2) and thus so is
AS74+>. We therefore estimate from (2-53), (2-57), forall 0 <k <L +1,

2,20+4 A(L+2—k—1) 2k+2
bib [log b | llog by [“LH1 )

|biH*ASp 10> <
/y<231 bf(L+2_k)|log bi|? |logb 2

and, using the rough bound (2-32),

/ (1+|logy|2)[|blHLASL+2|2+ |b1AHLASL+2|2]
y<2B; 1+y4 1+y2

< 2Lt 1+ [log y|* (1 4 y2)2(LA2)-1-2L <b2L+4|10gb C.
~ “1%1 1
y<2B; +y
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We now turn to the control of Ry, which, from (2-68), is a linear combination of terms of the form

L+2

~ )
it =1 (Q)]_[b ISt h=j Uh=L+3.2<j<L+2.
y k=1 k=2

At the origin, the homogeneity of S; and the admissibility of 7; ensure the bound, for y < 1,

= y2RAD=1 for j =21, < pL+3 2L+6

ity et [V
e = y2WRHD=1 for j =241~ ’

yZ\J l2+j-2
and similarly for (2-77), for 1 <y <2By,

I = 2R for =21 s

logb
— y2(|”2_1)—3 for ] =2/ 4+ 1~ | s 1|

v 7] cly
|MJ(y)|§b1 2|10gb1| {y2|12_j_2

where we used j > 2, and similarly for higher derivatives. This ensures the control at the origin
|H*M; ()| S for0<k<L+1, y<1

and, for y > 1,
|HEM ()] S by Py V0=5 0 0 <k <L+ 1.

Thus, forall0 <k <L +1,

>, 2 2\J —k)— 2 2|J 4(|J2—k)—8
/ |Hij|2 S b1L+6 +b1| |2|10gb1|C/ y4(|.]|2 k)—10 5 b1L+6 +b1‘ |ZB1 (I 12—k) |10gb1|C

y<2B, y<2By
S, b%L+6 +b%k+4|10g bllc S b%k+3.

Similarly,

/ (1+|10gy|2)[|HLMJ|2+|AHLA“4’J|2}
y<2B 1+y4 1+y2

Sb%L-ﬁ-G_i_IlOgb]IC/ 1+|1Ogy| |b‘«/|2 2(|J)—L)— 5|
1sy<2p, 1+y*

S b%L+6 + bf|]|2B?(|J|2—L)—12|1Og b] |C 5 b?L+6|10gb] |C~

It remains to estimate the R, term given by (2-66). Near the origin y < 1, by construction, we have
lap| < biy3, and thus, for0<k <L +1,y <1,

()l
y?

For y > 1, we use the rough bound by construction, for 1 <y <2Bj,

L+3_3(L+3)—2—2k L+3
by Sbhyt.

jos| < bryllog |,
which yields the bound, for0 <k <L +1,1 <y <2Bjy,

‘Hk<R2)‘ < blL+3llogb1|CyL+3_2_2k,
y?
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from which, for0 <k <L +1,

R
/ |Hk( )|2 < b2L+6 b?L+6|10g bl |C / y2L+274k
y=<2B; y 1<y<2B,

pITe for 2L 4+2—dk < —1,
b2L+632L+4 4k|10gb |C b2k+L+4|10gb |C

< b log by |€.

1 R> 1 L R2\ 2 2L+5
(1+lo 2)[ H ( ) + AH (—) }gb .
_/;)SZBI | gyl 1+y4| | +y2| y2 | 1

The collection of above estimates yields (2-62), (2-64).

Similarly,

Finally, the local control (2-65) is a simple consequence of the support localization (2-81) and the fact

that \IJ}EI) given by (2-80) satisfies by construction a bound on compact sets:
|H WD ()| < MCDETS forall y <2M « Byandall 0 <k <L +1.

This concludes the proof of Proposition 2.12.

g

Localization of the profile. We now proceed to a simple localization procedure of the profile O}, to avoid

some irrelevant growth in the region y > 2B;.

Proposition 2.13 (localization). Under the assumptions of Proposition 2.12, assume the a priori bound

(b1)s| S b2

Consider the localized profile
L+2

Obi) () = O(0) +apny(»),  @(y) = Zb T+ Zs ),

with
Ti=xnTi,  Si=xmSi.
Then
39,0p — AQp+b1AQy + f(Qb)
- L N L2 o
=W+ ) [(bi)s + (20 — L +cp)b1b; —biH][Ti +x8 ) a—b’}
i=1 j=i+1

where Uy, satisfies

(1) the weighted bounds
foralll <k <L, /|H’<\ij|2 < bH 2 [log by |C,

1411 141 2 ~
/ LENoe o iy, o + [ S AR s
yom 1) = logh]

b2L+4
leL+1 2 <
™ |log by *’

2L+3

(2-84)

(2-85)

(2-86)

(2-87)

(2-88)
(2-89)

(2-90)
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and

(ii) forall0 <k <L+1, / |H* T2 < MCpHTE (2-91)
y<2M

for some universal constant C = C(L) > 0 (improved local control).

Proof of Proposition 2.13. From localization we compute

90— AQp+b1AQy + f(Qb)

= XBl{a Qp—AQp+b1AQ)+ f(be)

} + (05 x B, )ty — 20y x B, Oyap — ap Ax g, +brapAxp,
1 ~
+b1(1—x5)AQ+ F{f(Qb) — Q) — xB,(f(Qp) — f(Q))}
so that
Uy, = x5, W)+ {17150)

with

~ 1 ~
Uy = (@0 = (@) = s (£(Q0) = ()

+ (0 xB )y — 20y x B, 0yap —apAxp, +brapAxp +bi1(1—xp)AQ. (2-92)
Note that all terms on the right hand side above are localized in B; < y < 2B except the last one, for
which Supp((1 — x5,)AQ) C {y > B;}. Hence (2-65) implies (2-91). The bounds (2-88), (2-89), (2-90)

for xp, ¥, follow verbatim as in the proof of (2-62), (2-63), (2-64).
To estimate the second error induced by localization in (2-92), first observe from (2-84) the bound

|(b1)S| /
1

10s xB,| < |)’XBI| §b1131§y§231'

Moreover, from the admissibility of 7; and the b;-admissibility of S;, 7; terms dominate for y ~ B; in oy,
and we estimate from (2-18), for all k > 0 and B; <y < 2By,

. llog b1|
SOy floghi) S =R (2-93)

i=1 1

This yields, forall 1 <k <L,

2
f’Hk ((avXBl)ah — 20y xB, 0yap —ap Axp, + blabAXBl)

S /
B1<y<2B;

< b2 |log by |© (2-94)

billogh;|  |loghy| |?
2k+1 2k+1+42
Bl + B] +1+

|10g b|“




1748 PIERRE RAPHAEL AND REMI SCHWEYER

and
2

/‘HLH <(85X31)0‘b — 20y x5, dyap — apAxp, +b1abAXBl)

billoghi| | llogh| [*_ bi"**

< /
~Y
B1<y<2B,

We next estimate by brute force
d* 1
‘W[(l - XBI)AQ]' < lezBl,
from which, forall 1 <k <L +1,
2%+42
1 byt

/WHWMU—XmMWDFSb?/

BISySZB] y4k+2 ~ |10g bl |4k .
It remains to estimate the nonlinear term, for which, using (2-93) and | f'| < 1, we estimate

1 ~ [log by |
{;LﬂQw—f@D—X&U@%%ﬂﬂan‘5jﬁﬂ‘
1

ak
o

The corresponding terms are estimated as in (2-94), (2-95).

BIZ(L+1)+1 312(L+1)+1+2 ~ llog by |2'

(2-95)

0

Study of the dynamical system for b = (by, ..., br). The essence of the construction of the Q,, profile

is to generate according to (2-61) the finite dimensional dynamical system (1-25) for b = (by, . ..

2
(br)s + <2k— 1 +—)b1bk —bry1=0, 1<k=<L,b 11 =0
log s

,br):

(2-96)

We show in this section that (2-96) admits exceptional solutions, and that the linearized operator close to

these solutions is explicit.

Lemma 2.14 (approximate solution for the b system). Let L > 2 and let sy > 1 be a large enough

universal constant. We write the sequences

L
Cl =7,
2L —1
L= l<k<L-—1
C - - Ck, )
k+1 2L_1k B
Y 2L
b= (y;—wf
d L= 4L(L — k) l<k<L—1
= — Ck, = = — 1.
=T A% T an =12t

Then the explicit choice

d

m, 15k§L,bz+lEO

C
%@=£+

(2-97)

(2-98)

(2-99)
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generates an approximate solution to (2-96) in the sense that
(bZ)s+<2k—l+i>bfb,§—b,§+l=O<;>, I<k=<L. (2-100)
log s sk+1(log 5)2
The proof of Lemma 2.14 is an explicit computation which is left to the reader. We now claim that this

solution corresponds to a codimension (L — 1) exceptional manifold.

Lemma 2.15 (linearization). 1. Computation of the linearized system. Let

Ui (s)

W’ 1<k<L,bpy1=Ur41=0, (2-101)

br(s) =bi(s) +
and note U = (Uy, ..., UyL). Then

2
(br)s + (Zk -1+ —)blbk — b1
log s

1 Ul+|U|?
|:S(Uk)s_(ALU)k+O( +| |+ |>] (2-102)

- sk+1(log 5)3/4 log s log s
where
ajp =—1/2L-1),
aji+1 =1, I<i<L-1,
AL = (aij)i<ij<L with ay,; =—Q2i — ¢, 2<i<L, (2-103)
aii=L-1)/2L-1), 2<i<L,
a;j=0 otherwise.

2. Diagonalization of the linearized matrix. Ay is diagonalizable:
2 3 L
"2L—-1"2L—1"""""2L—1})

Proof of Lemma 2.15. Step 1: Linearization. A simple computation from (2-99) ensures

(2-104)

AL=PL_1DLPL, DL=diag{—l

2
(br)s + (2k -1+ —)blbk — bi41
log s

1 U] 1
= Uys —kU, o — o ———
S (log 5)5/2 [S( By — kUt (1ogs>]+ (sk+1(logs>2>

Ul+|U|?
[<2k — DelUs + 2k — DerUs — U + O(M)}

+ sk+1(log 5)3/4 log s

and then the relation
2k—1)L i L—k

2L — 1 T 2L —1

2k—1)c1 —k=
ensures

2
(bi)s + (Zk -1+ —)blbk — by
log s

—k
U —Uxy1 + 0

L U+ |U?
2L—1 Jiogs  logs ) [

= W[S(Uk)s 4+ 2k —1)c Uy —
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which is equivalent to (2-102), (2-103).

Step 2 Diagonalization. The proof follows by computing the characteristic polynomial. The cases
L =2, 3 are done by direct inspection. Let us assume L > 4. We compute

Pr(X)=det(Ar — X 1d)
by developing on the last row. This yields
PL(x) = (=D (=DQL — Dey

+(—X){(—1)L<—1)<2L—3)cL_1+(

—X>|:(—1)L_1(—1)(2L—5)CL 2+( : —X)]}
o\2L -1 '

We use the recurrence relation (2-97) to compute explicitly

2L -1

(DI (=1L - 1)eyr
- (—X>{<—1>L<—1>(2L —3)er-1+ (

T —X)[(—l)L—1<—1><2L —5>cL2]}

' 1
- (_1)L{(2L—3)cL_1<X— 2L_3> +(2L—5)CH(X_ 2L - 1>X}'

We now compute from (2-97), for 1 <k <L —2,

1
) + (2L - (2k + 3))CL_(k+1)X(X — 2L — 1)

(2L — 2k + 1))cp_x (X T2L—(2k+ D)

~ 1 2L — 2k+1) k+1 1
_(2L—(2k+3))CL—(k+l)[X(X_2L_1>_2L_(2k+3) 2L—1(X_2L—(2k+1))]

k41 1
= QL — 2k +3))cL_ga1) (X ~ 5 1) (X - m) (2-105)

We therefore obtain inductively
PL(X):(_l)L{(zL_3)CL1<X—2L1_3>+(2L_5)CLZ(X_le_l)X}
+(—X)( ! —X)( 2 _X)|:(_1)L_2(_1)(2L_7)CL—3+( ) —X)---]
2L—1 2L—1 2L—1
=(-Dt (X— 2L2_ 1) !(ZL —S)cr_a (X — 2L1_5> + QL —7)cL_3X<X — 2L1_ 1)}
+(—X)( ! —X)( 2 X)( > —X)[(—l)L—3(—1>(2L—9>cL_4---]
2L—1 2L—1 2L—1
(resi) = (a)
=(-D"( X -
2L—1 2L—1
<l 5) ex(xe g ) (a5}
3 -1 C2L—1
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We use (2-105) with k = L — 2 to compute the last polynomial:
302<X—1>+X(X— : )(c1+X— L_1>
3 2L -1 2L —1
={3cZ<X—l)+ch<X— 1 )}+X<X— : )(X— L_l)
3 2L -1 2L —1 2L —1
:c1<X— L_l)(X—l)—l—X(X— ! )(X— L_l)
2L —1 2L —1 2L —1
L—1 L 1
:(X_2L—1>[2L—1(X_1)+X(X_2L—1)]
(s () ()
=|X- X — X+1].
2L —1 2L —1
We have therefore computed

PL(x)= (=D x 2 x—LE72)(x L_1>X L X 1)
L =1 < _2L—1>"'( _2L—1)< 201 ( _2L—1>( +

and (2-104) is proved. 0

3. The trapped regime

In this section, we introduce the main dynamical tools at the heart of the proof of Theorem 1.1. We start
with describing the bootstrap regime in which the blow-up solutions of Theorem 1.1 will be trapped. We
then exhibit the Lyapounov type control of H* norms, which is the heart of our analysis.

Modulation. We describe in this section the set of initial data leading to the blow-up scenario of
Theorem 1.1. Let there be a smooth 1-corotational initial data

8(uo(r)) coso

gup(r))sind  with [|[Vug—VQOl 2 K1, (3-1)
z(uo(r))

and let v (¢, x) be the corresponding smooth solution to (1-1) with life time 0 < T < +o00. From (A-1),
we may decompose on a small time interval

v(0, x) =

g(u(t,r))cosf
v(t,x)=| gu(t,r))siné (3-2)
z(u(t, r)),
where
e(t,ry=u(t,r)— Q(r) satisfies (A-4). (3-3)

Moreover, from a standard argument,

T <+oo implies ||[Av(t)||;2 > +oo ast—T. (3-4)
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We now modulate the solution and introduce from a standard argument'® using the initial smallness (3-1)
the unique decomposition of the flow defined on a small time ¢ € [0, #]:

u(t,r) = (Opwy + &, iy M) >0, b=(by,...,by), (3-5)

where ¢() satisfies the L 4 1 orthogonality conditions

(e, H*®y) =0, 0<k<L (3-6)
and the smallness
e(t)
Vel + | —|| +I1b(@®)| K1,
Y o2
Here, given M > 0 large enough, we define
L
Oy = cpuH (XuAQ), (3-7)
p=0
where -
—0 Cp. M (XM H? (xuAQ), Ti)
Com =1 e = (1 ez e COn T , L.
(xmAQ, AQ)
is manufactured to ensure the nondegeneracy
(Pu, AQ) = (xmAQ, AQ)=4logM(1+0(1)) as M — +o0 (3-8)
and the cancellation, forall 1 <k <L,
k—1
@ T = Y cpur(H" (xur A Q). To) + e (—D* (xu AQ. AQ) =0. (3-9)
p=0
In particular,
(H'Tj, ®y) = (=1 (xuAQ. AQ)8;;, 0<i,j<L. (3-10)
Observe also by induction that
forall 1 <p<L, |cpmlSM?P, (3-11)
from which
L
/ LIRSS / XmAQP+Y chy / |H? (xuAQ)I* Slog M. (3-12)

p=1
The existence of the decomposition (3-5) is a standard consequence of the implicit function theorem and
the explicit relations

= (AQ’ Tl’ M) TL)’
2=1,b=0

0~ d ~ 0~
(ﬁ(Qb)x, 8—bl(Qb)k, o E(Qb)k)

105ee, for example, [Martel and Merle 2000; Merle and Raphaél 2005a; Raphaél and Rodnianski 2012] for a further
introduction to modulation.
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which, using (3-9), imply the nondegeneracy of the Jacobian

=(mAQ, AQ)F £0.
r =1, b=0

(éwaf¢M>

0
‘(3()», bj)

The decomposition (3-5) exists as long as t < T and (¢, r) remains small in the energy topology. Observe

1<j<L.0<i<L

also from (3-3), (3-5), and the explicit structure of Q;, that ¢ satisfies (A-4), and in particular Lemma B.5
applies. In other words, we may measure the regularity of the map through the following coercive norms

el —/Ia e|2+/ﬁ (3-13)
H y y ’

and higher order Sobolev norms adapted to the linearized operator

of ¢: the energy norm

%M:/}H%ﬁ l<k<L+1. (3-14)

Setting up the bootstrap. We now choose our set of initial data in a more restricted way. More precisely,
we pick a large enough time sop >> 1 and rewrite the decomposition (3-5) as

u(t,r) = (Ops) +8)(s, ¥), (3-15)

where we introduce the renormalized variables
y=L, s(t)=s<)+/td—r (3-16)

A 0 A%(7)

and measure time in s, which will be proved to be a global time. We introduce a decomposition (2-101):
bkzblf—l-ki, 1<k<L, bpy1 =Ury1 =0. (3-17)

sk(log s)3/4

We consider the variable

V=prPU, (3-18)

where Pj refers to the diagonalization (2-104) of A;. We assume that initially
Vil =1, (V200),...,VL(0)) € BL1(2). (3-19)

We also assume the explicit initial smallness of the data:

frors 2

1€ (0)] < [b1(O)]'FH, 1<k<L+1. (3-21)

2
<b1(0), (3-20)

Note also that, up to a fixed rescaling, we may always assume
A(0) = 1. (3-22)
Proposition 3.1 (bootstrap). There exists

(V2(0), ..., VL(0)) € BL-1(2)
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such that the following bounds hold for all s > s:

o Control of the radiation:

2
/ Ve(s)P + / '? < 10510}, (3-23)
€ (s)] < bV () ogbi ()X, 1<k <L, (3-24)
b%L-ﬁ-Z(s)
é <K———. 3-25
[B21420) < Ko (3-25)
o Control of the unstable modes:

Vi) <2, (Va(s), ..., Vi(s) € BL1(2). (3-26)

Remark 3.2. Note that the bounds (3-24) easily imply'! the control of the H?* norm of the full map (3-2)
/ |AV(s)|? < C(s) < 400, s <s¥,

and therefore the blow-up criterion (3-4) ensures that the map is well defined on [s, s*).

Equivalently, given (g(0), V(0)) as above, we introduce the time
s =5%(e(0), V(0)) = sup{s > s¢ such that (3-23), (3-24), (3-25), (3-26) hold on [sp, s]}.

Observe that the continuity of the flow and the initial smallness (3-20), (3-21) ensure that s* > 0. We
then assume by contradiction that

for all (V2(0), ...,V (0) € Br_1(2), s* <+oo, (3-27)

and look for a contradiction. Our main claim is that the a priori control of the unstable modes (3-26)
is enough to improve the bounds (3-23), (3-24), (3-25), and then the claim follows from the (L — 1)
codimensional instability (2-104) of the system (2-96) near the exceptional solution 5¢ through a standard
topological argument a la Brouwer.

The rest of this section is devoted to the derivation of the key lemmas for the proof of Proposition 3.1.
We will make a systematic implicit use of the interpolation bounds of Lemma C.1, which are a consequence
of the coercivity of the €,;» energy given by Lemma B.5.

Equation for the radiation. Recall the decomposition of the flow
u(t,r) = (O + (s, ¥) = (Q + @)y + wt, ).

We use the rescaling formulas

r 1 Ay
ta = 9 ) — T > a - = ay __LA
ut,r)y=uv(s,y), y o o AZ(t)( Y v)A

Hgee [Raphaél and Schweyer 2013] for the full computation.
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to derive the equation for ¢ in renormalized variables,
As —
858—7A8+H8=F—M0d=%. (3-28)

Here H is the linearized operator given by (2-8), ﬁc?d(t) is given by

L L+2
— Ay ~ , ~ 25,
Mod(t) = —(7 +b1>AQb + ;[(bi)s + 2i —1+cp)b1b; — bi+1]|:Ti + xB, thZH 8_19,} (3-29)
and
F=—0,+L(e)—N(o), (3-30)

where L is the linear operator corresponding to the error in the linearized operator from Q to Qb

Q) — £ (0p)
2 &,

L(e) = (3-31)
and the remainder term is the purely nonlinear term
~ P I
N(e) = f(@p+e)— f(Q) —ef (Qb) (3-32)

y2

We also need to write the flow (3-28) in original variables. For this we use the rescaled operators

Z 1+7
A Aj =0+ 3
r r
* Vi T * Vi
H)»:AAA)»:_A+F_2’ HK:A}\AA:_A+r_2’ (3-33)
and the renormalized function
w(t,r) =e(s,y).
Then (3-28) becomes
1
ow+ Hyw = ﬁ@,\- (3-34)
Observe from (2-99) that, for s < s*,
bl S, 0<by <1, (3-35)

and hence the a priori bound (2-57) holds.

Modulation equations. Let us now compute the modulation equations for (b, 1) as a consequence of the
choice of orthogonality conditions (3-6).
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Lemma 3.3 (modulation equations). We have the bound on the modulation parameters

L—1
L+3
+ 3 1) + @k — 1+ cp)bib — b | S by 2,

k=l 1 blL—H
< Vs + ) 3-37
JlogM( 22 log by | 537

Remark 3.4. Note that this implies in the bootstrap the rough bound

A
=+ b

. (3-36)

‘(bL)s + Q2L —1+cp)b1br

|(b1)s| < 2b7, (3-38)
and, in particular, (2-84) holds.

Proof of Lemma 3.3. Step 1: Law for by. Let

L
D(1) = + Z [(Dr)s + 2k — 1+ cp,)D1br — bieq 1. (3-39)

k=1

A
b
Py 1

We take the inner product of (3-28) with HX®; and, using the orthogonality (3-6), obtain
— ~ A
(Mod(t), H*® ) = — (¥, H ) — (H e, HO ) — (—TSAg —L(e)+ N(e), HLCDM). (3-40)

First, from the construction of the profile, (3-29), the localization Supp(®y,) C [0, 2M] from (3-7), and
the identities (3-8), (3-9), (3-10), we compute

(H" (Mod(1)), D)

L L+2
As LaO E i 7 9S; 1
= —(bH— . )(H AQyp, q)M)-i-i_l [(bi)s+ (2 —1+Cb1)blbi—bi+1](Ti +xB, j_EiH ob; H "Dy

= (—=D"(AQ. Du)((bL)s+RL—14cp,)b1bL)+O0 (M b | D@))).

The linear term in (3-40) is estimated!? from (3-24), (3-12):

|(H"e, HOu)| S I1H el 12/log M = /log Mé; 1.

The remaining nonlinear term is estimated using the Hardy bounds of Appendix A:

As
K_TAS +L(g)+ N(s), HLCDM)‘ SMEbi (V12 + D@,

120pserve that we do not use the interpolated bounds of Lemma C.1, but directly the definition (3-14) of €57 1>, and hence
the dependence of the constant in M is explicit. This will be crucial for the analysis.
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We inject these estimates into (3-40) and conclude from (3-8) and the local estimate (2-91) that

J91og M€ 3
(bp)s + QL — 1+ cpbiby| = Yo 242 4 yCh 1 D(6)| + MCbE T

log M
1 bf-ﬁ-l c
< Vé + )—I—M bi|D(1)]. (3-41)
,/logM( 2 llog b ! |

Step 2: Degeneracy of the law for A and (by)1<k<r—1. We now take the inner product of (3-28) with
H*®;,0 <k <L — 1 and obtain

T k T k k+1 )‘5 k
(Mod(r), H*® ) = — (T, H*®yy) — (H e, Hdy) — (-7/\8 —L(e)+N(e), H CDM). (3-42)

Note first that the choice of orthogonality conditions (3-6) gets rid of the linear term in &:
foral0<k<L—1, (H"'s, @) =0.

Next, from (3-29), the localization Supp(®,s) C [0, 2M] from (3-7), and the identities (3-8), (3-9), (3-10),
we compute

(H*(Mod(1)), @)

L L+42
A ~ . ~ aS;
=—(b+7“‘)(HkAQb,<1>M)+Z[(b,->s+(2z—1+cbl)b1bi—b,-+1](n+><3. Z 3—bf,Hk<1m)
i=1 Jj=i+l
—(Ag/A+Dby) for k =0,

(=D*((br)s + @k —1+4cp,)b1bg —byy1) for1 <k <L—1

Nonlinear terms are easily estimated using the Hardy bounds

=(AQ, Dy) { +O0(MCbi|D®))).

‘(—%Ae +L(e)+N(e), Hkq>M)‘ <M bi(V€rr i+ DD < bl”% +bMC D).
Injecting this bound into (3-42) together with the local bound (2-91) yields the first bound,
D) <b-H (3-43)
and (3-36) is proved. Injecting this bound into (3-41) yields (3-37). 0

Improved modulation equation for by. Observe that (3-37), (3-25) yield the pointwise bound

1 bL+1 bL-‘r]
|(br)s + QL —1+cp)bibr| < (%2L+2+ L )< :

JlogM llogby|) ~ |logby|’
which is worse than (3-36) and critical to close (3-26). We claim that a |log b] is easily gained up to an

oscillation in time.

Lemma 3.5 (improved control of by). Let Bs = Bg and

(_I)L(HLgs XBsAQ)

by =b
L=0oL+F 48|log b1 |

(3-44)
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Then
- 1
b —brl S by (3-45)
and by, satisfies the pointwise differential equation
|(bL)s + 2L — 1+ cp)bibL| S —(—= [\/%sz +—— (3-46)
|log b1 |log b1 |

Proof of Lemma 3.5. We commute (3-28) with H” and take the scalar product with x Bs A Q for some
small enough universal constant 0 < § < 1. This yields

d
a{(HLe, xpAQ)} — (H e, AQd(xps))

L+1 )\'S L T L
=—(H" "¢, XB‘SAQ)"FT(H Aeg, xp AQ)+ (F —Mod, H" xp, A Q).

The linear term is estimated by Cauchy—Schwarz:

|((H e, xps AQ)| S C(M)y/|log by |/ €2z 42

Using (3-36), we similarly estimate

As
|(HYe, AQd(xps))| + 7‘<HLAs, x8; A Q)

[(b1)s| 1 b
S C(M) bll pooY bt b—C}SC(M)\/%sz <V llog by €ar 1.
I I

The estimate on the error terms easily follows from the Hardy bounds

b
I(L(e), H' xps AQ)| + (N (&), H' xp AQ)| S b—C{SaMW%M <V llog by |y €ar .
1

From (2-91) we further estimate
L+3

~ b
[(H"e, ¥p)| S blcg C(M)/ 631042 S/ llogbi|y/ o110
1

From (3-36), (3-29), we now compute

—(Mod, H! x5,A Q)

L+3/2 L+2 3.

=0 Le | +10L)s + QL= 1+cp)bib ) HE T+ > HE / AQ

bca L)s bl 19L L XB] ab 5XB§
1 j=L+1 L

pL+3/2
= (—I)L[(bL)s +Q2L—-1 +Cbl)b1bL]|:(AQ, X, AQ) + O(bll—Cé)] + 0(;}7)
1

= (=D [(br)s + QL — 1+ cp)b1br 148 log by | + O (/[log by |v/€ar 12 + bET.
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The collection of above bounds yields the preliminary estimate

d L L
o5 (e xp A+ (=1) [((bL)s + QL —1+cp,))b1bL |48 ]log b

L+1

b
< C(M)\/|logh ¢ 1
< C(M)y/|log u[J a2t o

:| (3-47)
By brute force, from (3-44) we estimate

~ _ L+l

by —br| S llogby|“b{ 1 <by

and we therefore rewrite (3-47) using (3-38) as

h 7 d 1 C(M),/|logb;| L+1
om0 2 |- e

45logb, |logb| gb|

<BC Syt D [\/% + b }
N4 2L+2 \/: 2L+2
[log b | [logb |

and (3-46) is proved. Il

The Lyapounov monotonicity. We now turn to the core of the argument which is the derivation of a
suitable Lyapounov functional for the €, 4, energy.

Proposition 3.6 (Lyapounov monotonicity). We have

ar | |G+ O\ b ) | = Ot JlogM  lloghi> " [logb|

for some universal constant C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).

] (3-48)

Proof of Proposition 3.6. Step 1: Suitable derivatives. We define the derivatives of w associated with the

linearized Hamiltonian H, by
AY for k odd,
w; =AW, Wigr = AWk TOPRO 1<k<?2L+1
A, w; for k even,
and we define its renormalized version by

A* for k odd,
g1 =Ae, €41 = k. TOrRO 1 <k<2L+1.
Agr  for k even,

From (3-34), we compute
1
dwar + Hywar = 8, Hy Jw + HL( A) (3-49)
~ 0: 7, 1
dwar41 + Hywar 41 = —sz + Ax([0;, Hf Jw) + Ay Hf )\2 (3-50)

We recall the action of time derivatives on rescaling:

1 As
o vy = 2 (8 U—TAU)A. (3-51)
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Step 2: Modified energy identity. We compute the energy identity on (3-50) using (3-51):

1 d% _ 1 d /ﬁ
e =-— w w
2q: L= o AW2L+1W2L+1

~ atVA 2
= | Bowarpidwarn+ [ 55wy

~ ) (AV): A‘ (AV),
:_f(HAw2L+1) +bi azp2 War+1 — (f by 322 2L+

~ 82, . s
+ | Hawar+ Tw2L+Ak([at,HA]w)+A}\HA 27| (3-52)

From (3-49), (3-50) we further compute

d / b1 (AZ), / d (bi(AZ),
— —w w =] —|—)w w
ar 2, WaL+1waL ar 2, 2L+1W2L

bi(AZ)s - 3,7 . s
+ | ———wr| —Hywar+1 +Tw2L+AA([3t, H, lw) + A, H, ﬁd"x

AZr
b (AZ) |
+/ 2, “wap | —Afwap g + (3, HE Jw + HF =% )|

We now integrate by parts using (2-4) to compute

bi1(AZ); A _ by AZ A
TWZL-H ,\w2L+l—m 7€2L+1 E20+1

by /2(1+Z)AZ—A2Z 5
= &
AAL+4 2y2 2L+1

b AV . (AV),
= aLt4 2—y282L+1—1 WWZL—H'

Injecting this into the energy identity (3-52) yields the modified energy identity

1d bi(AZ)y
ety £2 2 | A
2dti 2L+2F / 2y WeL+waL

~ A (AV) d (bi(AZ)
=—/(HMU2L+1)2_ (Ts—f-b])/Wr;»w%LJrl—l-‘/E(%)sz_HwZL

7 0 Z;, L L 1 o
+ [ Hywar41 Tsz—i‘A)L([at,Hx]w)-i-A)LHA ﬁd"x

)\.zr kZ

b1 (AZ) 1
+/%wuﬂ[[a,,HAL]w+HAL<ﬁ%)]. (3-53)

bi(AZ ~ 072 1
+/ I(—)AWZL [_ka2L+1 +szw2L + A ([0, Hf Jw) + Ay Hf <—@x)}
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We now aim at estimating all terms in the right hand side of (3-53). Throughout the proof, we shall make
implicit use of the coercivity estimates of Lemma B.2 and Lemma C.1.

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (3-53) using dissipation.
Indeed, from (2-5), (2-6), (3-38), we have the bounds

bl b] y2
|atzk|+|8tVA|SA_(|AZ|+|AV|)A§ﬁ1+y4_ (3-54)
We moreover claim the bound
([, HL]w)2 b2
)\é(l + 2) / |A)L([8t, H}\L]w)|2 SJ C(M)MTI—HI-%ZL—FZ’ (3-55)

which is proved in Appendix E. From Cauchy—Schwartz, the rough bound (3-38), and Lemma C.1, we
conclude

/

b(AZ),
—5 . waL

Hywop 41 Tsz-i- Ay ([0, Hy Jw) ||+ | [Hywar 1]

2 62,
L[5 2, b

§§/|wa2L+1| t s |:/ o 6+C(M)%2L+2:|
1 ~ 2 bl

=5 | [Hawaril™+ g COM)bi &40,

All other quadratic terms are lower order by a factor by again using (3-38), (3-55), (3-36), and Lemma C.1:

A (AV) bi(AZ) 0,7
b /F;wim +/ o wr| = war o+ An ([, B w)
bi(AZ), bi(AZ),
+/ —)\21’ WL +1 31,1‘1)L ‘ ‘/ dt( )\2 WL +1W2L

bt 3111 by
“<“A4L+4|:/ T4y +/1+ +C(M)%2L+2:| )L4L+4C(M)bl%2L+2

We similarly estimate the boundary term in time using (C-10):

bi(AZ), by T &1 b CpaL+2.
‘/ngleM SJ)L4L+2 /1+y2+/ 1+ y* <)\4L+2|10gb| by

We inject these estimates into (3-53) to derive the preliminary bound

1 d 1 « ‘o 4 b2L+2
2dr | a2 | T2 bi |log b|2

1 ~ ~ 1
< —E/(H,\szH)z*l-/ wa2L+1AxHAL(E@A>

bi(AZ), L (PI(AZ); by
+ f Hf( Am)[— 2L+1+AA<Tw2L>} + g Vbibi T (3-56)

)\2

with constants independent of M for |b| < b* (M) small enough.
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We now estimate all terms in the right hand side of (3-56).

Step 4: Further use of dissipation. Let us introduce the decomposition from (3-28), (3-30),

F=Fg+F;, Fo=—U,—Mod(t), Fi=L(s)—N(). (3-57)

The first term in the right hand side of (3-56) is estimated after an integration by parts:

~ 1
‘f ka2L+1AAH)%(ﬁgA>

C 1 ~ C
= el Foll + 4 / [ Hywor il + 377 / |AH"F?

C 1 ~
= Tz IH Tl oV + 1AH F1 1]+ 5 f |Hywar 1 (3-58)

for some universal constant C > 0 independent of M.
The last two terms in (3-56) can be estimated by brute force from Cauchy—Schwarz:

bi(AZ
‘/Hx (;\2‘“) 1A2), WL 41

1 1
< by [1+|logY|2|HLg|2 2 / S%L-H 2
AL 1+ y4 y2(1+ [log y|?)

1
b 1+ [log y|? 2
S—MLLN%HH( / S H . (359

1+ y*

where constants are independent of M thanks to the estimate (B-2) for &741. Similarly,

1 bi(AZ);
L
TE{COR G
1
b 141 2 p
< 4L14(/ +|0g2y| |AHL9;|)( 452L 2)
AL I+y (1 4+ yH (1 + [log y|?)

]
1+ |log y|?
< sarconvan( [ I antae s [iamtae) . co

We now claim the bounds

/ 1+ [log y|? HLGP < bi"? 640 G-61)
1+ y* lloghi|?  logM’
1+ |log y|? ptt2
/ ﬁ|AI‘ILo~ |2 < (S((X ) |1 b |2 +%2L+2 , (3—62)
b2L+2 %2 5
HY G2 < p2| Lt2 | 3.63
/ | Fol llog by |? + log M ( )

/|AHL% 2 bitt? +%2L+2 (3-64)
=" ogbi 2 " logM
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with all < constants independent of M for |b| < a™(M) small enough, and where
S(a™) =0 asa*(M)— 0.

Injecting these bounds together with (3-58), (3-59), (3-60) into (3-56) concludes the proof of (3-48). We
now turn to the proof of (3-61), (3-62), (3-63), (3-64).

Step 5: lib terms. The contribution of {I\}b terms to (3-61), (3-62), (3-63) is estimated from (2-89), (2-90),
which are at the heart of the construction of éb and yield the desired bounds.

Step 6: M) terms. Recall (3-29),

L L+2
— A ~ _ ~ 35,
Mod(t)=—(f+b1)AQb+Z[(bi)s+(21—1+Cb1)b1bi—bi+1][Ti+XBl > _j}

i=1 j=itl 9bi
and the notation (3-39).
Proof of (3-63) for Mod. We recall that
bk < b,
and, from Lemma 2.8, we estimate
L+2

/lHL+1AQ |2<Z/|HL+1bAT| +Z/|HL+1AS|
L L+1 2L+4
S|
; y=<2B

+ b2i + 1 §b2
; b2 oghy 2

We then use the cancellation HLHT; =0 for 1 <i < L to estimate
> [uarsy

Then, using Lemma 2.8 again,13 forl<i<L,

L+2
/‘ L+1|:XBI = ]

j= l+1

(1+ [log y|©)y*~! 2
1+y2L+2

2
< p2.

~ “1

21 1
2L+2

Bi<y<2Bi|Y

2 L+1 2(L+2—i)

b
< b2(1*1)+ 1 sz
:Z b Bllloghi P T

We thus obtain from Lemma 3.3 the expected bound:

2L+2
/|HL+11\Z5d|2<b%|D(t)|2<b% farv2 | b .
~ ~ lllogM|  |loghy|?

13This is where we used the logarithmic gain (2-54) induced by (2-24).
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Proof of (3-61) for Mod. We use Lemma 2.8 to derive the rough bound

1+|log y|? ~
/ | gyl |HLAQb|2

14+y*
L+2
1+logyl* | +logy|= 1
<Z/ oy |H bAT|+Z/—|H AS;?
L . L+1 _
< 2i 1+|10gy|C yzt 12 L+ N - 1+I10gy|2 1+y2(L+2) 12
szl 4 2L +Zb1 llog b1 " +b; 4 2L
— y<2B, 1ty I+y P y<2B, 1+ I+y
<1
Next,
L i—
Zl+|10gy|2|HL’f|2<Z/ 1+|log)’|c 2i-1 2<
= 1+y4 v N]Zl V<28, 1+y4 l+y2L ~

and finally, again using Lemma 2.8, for 1 <i < L,

38,712
X1 b,

L+2

Z/ 1+ y

Jj=i+1

L+1 2 2(L+2)—12
i _i I+y
2 2 4
N Z bl(J Z)|10gb1|2+b1(L o / 1+ 4 1+ 2L
Pt y<2B; +y +y
We thus obtain from Lemma 3.3 the expected bound:
14 [logy|? € btt?
I+y ~ llogM|  [logb;]
Proof of (3-62) for Mod. We use Lemma 2.8 to estimate
1+|logy|? L 1
————|AH"A
[ 2R A,
L L+2
I+[logy> I+llogyl> 1 =0
52/ ) |\H bAT|+2/ T |AHEAS;|
i=1
L i1 2 L+l —1)2
<Zb2i/ 2 +Zb2i|10gb1|3+b2L+4/ 1+|10g)’|2 1+y2(L+2) !
- i=1 1 y=2B 1+y2 14yt i=2 l : Bi<y<2p, 1+)? 14y2L+1
<hi.
Next, using the cancellation AH!T; =0,1<i <L,
1411 2 1411 c 2i—1 |2
Z +|log y| IAHLT|2<Z/ +|log y| < by llog by |C.
14 y? B <y<2B 1+y? 14 y2L

j=1
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and finally using Lemma 2.8 again, for 1 <i < L, we have

38,77
AR o3,
4

L+2

Z/ 142

L+1 2 2 2)—1 2
< 3 B logh € +b2‘Li)+4f Sl SIS e Y
- j=it1 1 : y<2B, 142 14 y2L+1 ~
We thus obtain from Lemma 3.3 the desired bound:
—————|AH*Mod|” < D()|” < 8(a*)|€ O
/ s AN < /B DO S 8 st |
Step T: Nonlinear term N (¢). Control near the origin y < 1. From (3-32) and a Taylor Lagrange formula,
we rewrite
£\2 1 ! o~
NEe=2No@, z=y(;)" No@=1 | (1-0f"(Qy+re)dr (3-65)
0
First observe from (C-2) and the Taylor expansion at the origin of 7; given by (2-39) that
! L+1 2 L
z= ;[Zcinﬂ_i +r€} =Y &yt + 7, (3-66)
i=1 i=0

where, from (C-3), (C-4),
Icil S C(M)ér142,
19571 < ¥ M log yIC(M)Ear a2, 0k <2L+1. (5-67)

We now let 7 € [0, 1] and
ve = Op + e,

and obtain from Proposition 2.12 and (C-2) the Taylor expansion at the origin

L
ve=Y &y + 7 (3-68)
i=0
with
G S 1 [0yR] Sy logyl, 0<k <2L+1. (3-69)

Recall that f € €* with f2%(0) =0, k > 0. We therefore obtain a Taylor expansion

" & £ () 21 22 241 £(L44)
f (vr)zva, +(2L+1),f (I-0)""f (ov) do,
i=1

which, together with (3-68), ensures an expansion

L
No(®) =) iy +7e, |Gl ST, 1957 Sy* logyl, 0<k <2L+1.
i=0
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Combining this with (3-66) ensures the expansion

L
N(e) =zNo(e) = Y &y ' + 7 (3-70)
i=0
with

6l S CMEarta, 1057 Sy H[log y|IC(M)€ar42, 0 <k <2L+1.
Observe that from a direct check this implies the bound
N ko oiF |0gy|y2L+1 i
AR Z i - < C(M)éar12 Z el <y og y|C(M)€ar 0, 0<k <2L+1.
vk
O

We now compute using a simple induction based on the expansions (2-5), (2-6) and the cancellation
A(y) = O(y?) that, for y < 1,

L L
2K+ (Z Eiy2i+l) = Y a1y 4 0P,

iio l'=]l(‘+l (3_71)
&42/(-‘1-2 (Z y2l+1> — Z Ci,2k+2y2(l_k)_1 + 0(y2(L—k)+1)‘
i=0 i=k+1
From (3-70), we conclude
5N (@)L=t S C(M)E2142, 0<k <2L+1, (3-72)

and thus, in particular, we get the control near the origin
1+ |log y|?
f L8 HEN )P + f |AH N (8)|* S C(M)($2142)> S biby" 2.
y<l 1 + y y<1
Control for y > 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines
(with more room in fact) and is left to the reader. Let

1
;:%, N1(8)=/ (1—1)f"(Op+7e)dr sothat N(e) = ¢>Nj. (3-73)
0

We first estimate from (C-14): for (i, j) e Nx N with 1 <i+j <2L +1,
biiﬂ)zl‘/(u*l) forl <i+j<2L-—1,

< llogby €  p3EH fori+j=2L, (3-74)
L>®(y=>1) b%L+2 for i +_] — 2L+ 1.

Similarly, from (C-12), for (i, j) e Nx N* with2 <i+ j <2L +2,

1+logyl® i o 1+ |logy|© 2
<
/y>1 1+ 22 9| ny> 1+ y2i+20- T om0l

pliti=D2L/QL-1)
1

i

<

~

L*(y=1) jr—o

k 2
8y8

yitik

di¢
y/~1

for2 <i+j<2L,
< llogby[€ { p3EH! fori+j=2L+]1, (3-75)
bt t? for i+ j =2L+2.
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Moreover, from the energy bound (3-23),
[ werst (3-76)
y>1
We now claim the pointwise bound, for y > 1
k cl 1 ai/2
forall 1 <k <2L+1, |8yN1(s)|§|10gb1| W—i—b (3-77)
with
k2L/2QL—1) forl <k <2L-—1
ar=1{2L+1 for k =2L, (3-78)
2L +2 fork=2L+1,
which is proved below. For £k = 0, we simply need the obvious bound
IN1(e) =1 S 1. (3-79)
Then, by brute force, from (3-73), (3-77), (3-79), we estimate
2L+1 |8k (8)' 2L+1 1 k ' '
AH*N@)| < y;’Lﬁ S me;czHa;‘—’Nl(sn
k=0 k=0 i=0
2L+ |y ké. | 2Ll 1 k—1 1
i 22 c (ak-i)/2
N Z V2L+I-k Z y2L+1-k ZIB;C |llog b1 |:yk—i+1 +b, }
k=1 i=0
20+1 | ké_ | i 2L+1 k—1 ( )2 I é— |
C C Ak—i
N Z 2L gk +oghil Z 2L+2 l+|1°gb1| Z Zb 2L+1 "y
k=1 i=0
C y Ak—i
ST PR ) S A
k=0 k=1 i=0
and hence
[ antner
y>1 2L+1 & at ak i+12 2L4+1 k=1 i 8] al J 12
< llog by|© Z Z/ | §4|LL-2 2k§| +log b [ Z Zzbak / | §4|LL-2 2k{| :
k=0 i=0 k=1 i=0 j=0
We now claim the bounds
2L+1 i k—i 12
ERqRESd
Z / T ALk < log by by P b, (3-80)
k=0 i=0YY=1
ey 93¢ P13y P ()2
Ap—i
logby|€ Y > > bt / Wg llog by |“ by p2EH (3-81)
k=1 i=0 j=0

for some §(L) > 0, and this concludes the proof of (3-64) for N (¢)
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Proof of (3-77). We first extract from Proposition 2.12 the rough bound

2L+2 |10g bl |C
EoBS |logb1|C|:W + ) biyz"l‘klygwl} S e (3-82)
i=1
Then let T € [0, 1] and v, = éb + te. From (3-82), (C-14), (3-78), we conclude
1
|95 ve < [logbi | [k—H +b“'</2}, l<k<2L+1 y=z1. (3-83)
y

We therefore estimate N; through the formula (3-73) using the rough bound |9! f| < 1 and the Faa di
Bruno formula: for 1 <k <2L +1,

1 k
pveis [ Y e [Tiojont ar

0 m1+2mo+---+kmp=k

< llogby|© > Il_[[ p a’/z} |

mi+2my~+-+kmp=k i=1

< llog buc[F +b“k/2}

To estimate o from the definition (3-78), we observe that for k <2L —1,i <2L — 1, and thus

k .
2iL 2kL
OlkZZ m; = = qay.
_OL—l L—-1

1=

For k = 2L, we have to treat the boundary term i =k, (my, ..., mg_1,my) = (0,...,0,1) =1, which
yields
. [2L (2L)
or7, > min 2L+ 17 =2L+1.
For k = 2L 4 1, we have the two boundary terms (my, mo, ..., mg_a, my—1,mg) = (1,0,...,0,1,0),
(my,...,,mp_1,my)=(0,...,0, 1), which yield
> mi 2LQL+ D) 2L+ 1+ 2L +2 2L +2
o miny ——; ; = )
Al = 2L —1 2L —1
and (3-77) is proved. Il

Proof of (3-80). Let 0 <k <2L+1,0<i <k.Let I =k—1i, I =i. Then we can pick J, € N* such that

max{l;2—i} < J, <min{2L +3 —k; 2L +2 — i}
and define
J1=2L+3—k—J;.
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Then, from direct inspection,

1<h+/1<2L+1, 2=<Db+J,<2L+42,

I, Ji, I, Jr) € N3 x N*,
(1 D, 1) {11+12+J1+12=2L+3.

Thus
A._/ |a;¢|2|a§f;|2_/ e Plage H o'
I — ~
1 y

4L42-2k - 2J1—2+42J,-2
y + 21 y Jl + J2

? URds
22 < log by | b,
i /yzl Y22 1
where we now compute the exponent d; ; using (3-74), (3-75):

efor1+J1<2L—-1,L+J, <2L,

di = (11+J1+12+J2—1)=w>2L+3;
’ 2L —1 2L —1
o for 1 +J1=2L, L+ J, =3,
dip =2L+1+ 2L B-1)>2L+3;
’ 2L —1
efor 1 +J1=2L+1, L+ J,=2,
dip=2L+2+ 2L > 2L +3;
’ 2L —1

e for b+ J,=2L+1, 1+ J =2,

_20L)
S 2L-1
e for b+ J,=2L+2, 11 +J =1,

ik +2L4+1>2L+3;

2L
di’k:2L+2+2L >2L+3;
and (3-80) is proved. O
Proofof 3-81). Let 1 <k <2L+1,0<j<i<k—1.Fork=2L+1and0<i=j <2L, we use the
energy bound (3-76) to estimate

L ey e : . g
b?k / y 4L+2y72k — bT2L+1 |8;§ |2|§ |2 S bﬂll2L+l ”é_ ||%oo(yzl) |8;€ |2 rg bl 2L+1
y=1 Y y=1 y>1

with

2L .
m+2L+2 fOI‘l—O,

2L 2L .
il = e 4 2L+ 24 fori = I,

dipr+1 577 T2L+2+ 57 or i
2L 2L . 2L . .

> 2L+ 3.
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This exceptional case being treated, we let Iy = j, I =i — j, and pick J, € N* with
max{1;2— (G —j);2—(k—j)} <o <min{2L+3—k; 2L +2— (k—j); 2L +2— (i — j)}.

Let
J1=2L+3—k—J,.

Then we can directly check that

I1<h+J1<2L+1, 2=<Db+J,<2L+42,
L+L+Ji+Jh=2L+3—(k—1i).

2 / |3)1,2§|2
252
Lo(y=1) Jy=1 Y72

< llog by |€ b+,

(I1, J1, Iy, J2) € N x N*, {

Hence

Je1219i=J 12 I »12190 +12
bak,»f |9y ¢1710y ¢ _baki/ 19y ¢ 1719y2¢ | < i
1 T AL+2—2k 71 — -2 ~ "1
| y4L+2 2k y>1 yZh 2+42J1-2

ay" ¢

yll—l

where we now compute the exponent d; ; using (3-74), (3-75), (3-78):
efor 1 +J1<2L—-1, L+ J,<2L,k—i <2L—1,

QL4312 _2LOL+D)
2L —1 ! 2L—1  2L—1

efor 1 +J1 <2L—-1,L+J,<2L, k—i=2L,

> 2L+ 3;

dijx=(k—1)

dijk=2L+1+Q2L+3-2L—1) > 2L +3;

2L —1
efor1+J1=2L, L+J,=3—(k—i)>2andthusk—i=1,5L+ J, =2,

2L
L4142 =20 43
a1 TR Tt

eforb+Jp=2L+1, 1 +J1=2—(k—i)>1landthusk—i=1. 1 +J; =1,

dij k=

+2L+1+ >2L +3.

BET oL 2L —1
This concludes the proof of (3-81). O

Step 8: small linear term L(e). Let us rewrite from a Taylor expansion

/ ~ N gl ~ 1
L = —eNa@y), NaGa) = EEE IO B [ g arayan G
0

Control for y <1. We use a Taylor expansion with the cancellation f 2k (0) =0, k>0, and Proposition 2.12
to ensure, for y < 1, a decomposition

L
Nz<&b):b1[2a-y2"+r], Gl S 19 Sy o<k <2L+1.
i=0
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We combine this with (C-2) and obtain the representation, for y < 1,

L+1 L

o[ plgr ol

with bounds
6il S C(M)\/ 2112,
057 S ¥ Hlog y|C(M)Vér1a, 0<k<2L+1,y<1.
We now apply (&ik)ofkfzurl to (3-85) and conclude using (3-71) that

45 L&) Lo y<1) S B1C(M)/€ar 42,

from which

1411 2
/ 1 MWLL@)F +/ 1 JAHEL(e)> < C(M)b¥€s1 40 < C(M)bIHIET,
y= y=

1+ y4

1771

(3-85)

(3-86)
(3-87)

(3-88)

Control for y > 1. We give a detailed proof of (3-64). The proof of (3-61) follows the exact same lines

and is left to the reader. We claim the pointwise bound, for y > 1,

by|log by |€
forall0<k <2L+1, [0 NaGay)| < 282
y +
which is proved below. From the Leibniz rule, this yields
billog b1|[d}e
L) S Z e
and thus
2L+1 |k 2L+1 i
|0y L ()] billog b1|°|9e|
L y
[AHPL@)IS ) V2L N V2L Z il
k=0 k=0
2L+1
|9%el
C y
S billoghi| ) [IEE=E
i=0

Therefore, from (C-11) with k = L, we conclude
2L+1 9 digl
f |AHEL(g)]> < b3|log by |© Z / m < |log by [CHTEH,
y=>1
and (3-64) is proved.
Proof of (3-89). Let

1
N; = / F7(0+a)dr.
0

(3-89)

(3-90)
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Letting v; = Q + tap, 0 < T < 1, from Proposition 2.12 we estimate

|log by |©

|a’;5f|§w, 1<k<2L+1,y>1,

and hence, using the Faa di Bruno formula,

1 k
|05 N3(a)| < / > oyt £ @) [ ] 1035, 1™ de
0

m1+2my+---+kmp=k i=1
k m; C
< |log b1|€ L < Noghi[”
~ 110851 | S Tk
my+2mo+---+kmy=k i=1 y y

This yields in particular the rough bound

log by |©
|05 N3(@)| < % y>1,0<k=<2L+1,
and hence, from the Leibniz rule,
N3 (@ logb;|©
af( 3(2“’))‘5'0%(;2' . y=1,0<k<2L+1. (3-91)
y y
From Proposition 2.12, we extract the rough bound
logb1|€b
ok < B0 g o
=

and, from the Leibniz rule, we conclude

k
b billogby|“
k c
95 Na2| < D llogb| A2 pk—i-1 S NI
i=0

which proves (3-89). U

This concludes the proofs of (3-61), (3-62), (3-63), (3-64), and thus of Proposition 3.6. U

4. Closing the bootstrap and proof of Theorem 1.1

We are now in position to close the bootstrap bounds of Proposition 3.1. The proof of Theorem 1.1 will
easily follow.
Proof of Proposition 3.1.

Proof. Our aim is first to show that for s < s*, the a priori bounds (3-23), (3-24), (3-25) can be improved,
and then the unstable modes (Uy)2<k<z, Will be controlled through a standard topological argument.

Step 1: improved H' bound. First observe from (3-17) and the a priori bound on Uy for s < s* that

b ()] < 1B (0)]. (4-1)
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The energy bound (3-23) is now a straightforward consequence of the dissipation of energy and the
bounds (4-1), (3-26). Indeed, let

g=¢+a.
Then

2 3 1
Eo=/|8y(Q+é)|2+/g(i—erS):E(Q)HHé,E)JrfF[gz(Q+§)—2f(Q)5—f’(Q)§2]- (4-2)

We first use the bound on the profile which is easily extracted from Proposition 2.12

f|ay|+/ S logh € < VB (©)

using (4-1). Using Lemma B.1 ensures the coercivity

~2 2
(Hé,é)Zc(M)[/|8y§|2+/li—|2i|— ! (8, Dy)? >c(M)|:/|8} | —i—/ lyl :|—\/b1(0).

c(M)

The nonlinear term is estimated from a Taylor expansion:

<[ (fmere 5]

~n2 ~ &
18170 S N0yENL2 ||~

’/ L1820 +8) —2£(0)F - F1(Q)F]| <

where we used the Sobolev bound

2

We inject these bounds into the dissipation of energy (4-2) together with the initial bound (3-20) to
estimate

2
/ 9,6 + / ] / 19,817 + +b1|1ogb1|c<c<M>\/b1<0)<<b1<0>)4 (4-3)

for [b1(0)] < b} (M) small enough.

Step 2: integration of the scaling law. Let us compute explicitly the scaling parameter for s < s*. From
(3-36), (3-26), (2-101), (2-99), we have the rough bound

As e dil 1
s 0 +of——),
A s logs s(log s)3/4

d | sA(s) < 1
5{ (ogs) H ~ Slogsy i 4

which we rewrite as

We integrate this using the initial value A(0) =1 and conclude

UM% +0( ! ) (4-5)
(logs)ldil — (log so)ld!! (logso)1/4 )’ )
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Together with the law for b; given by (3-26), (2-101), (2-99), this implies

by' (s)[log by |
A(s)

Step 3: improved control of €51 12. We now improve the control of the high order €, 4, energy (3-25)

by reintegrating the Lyapounov monotonicity (3-48) in the regime governed by (4-5), (2-101). Indeed,

we inject the bootstrap bound (3-25) into the monotonicity formula (3-48) and integrate in time s:

for all s € [sg, s%),

(s))4L+2|: 4 2L+2(0) j|+ b]2L+2(S)

b1(0)“" |log by (0)|1 < < b1(0) [log by (011, (4-6)

é 0 Cb 0
0) 2+2(0) + ()u eb1 012 ] T Tloghi )2

2L+2
+C 1+—+«/_ AT (s )/ N (4-7)
log M A4L+2 [log by |2

Ear42(s) < 2(

for some universal constant C > 0 independent of M. We now observe from (4-6) that the integral in the
right hand side of (4-7) is divergent, since

2L+2 2L+3
by b > Clbo) by > C (bo) _ C (bo) ’
)\4L+2 |10g bl |2 b§4L+2)Cl |10g bl |C (logs)Cs2L+3*(4L+2)L/(2L*1) (10g S)Cs(2L73)/(2L71)

and therefore, from (4-6) and 1/s < by S 1/s,
p2L+2 2042
)\‘4L+2( )f 1 i o &
)»4L+2 lloghi2" ~ Jlogbi(s) 2

We now estimate the contribution of the initial data using (4-6) and the initial bounds (3-21), (3-22):

4L+2 4 p2L+2
(&) |:%2L+2 (0) + Cb; (0) DO ]

A(0) llog b1 (0)|?
2L+2
0)
)\’4L+2( )b (O)—
llog b1 (0)|?
2L+2( )
< (b (s))(4L+2)L/(2L 1)|10gb1(S)| (bl(o))5+2L+2 4L+2)L/(2L— l)llogb (0)|C < _ 21 7
llog by (s)|?’
where we used the algebra, for L > 2,
L(AL+2)
O<———Q2L+2)= —.
<o CETDE5 <5
Injecting these bounds into (4-7) yields
b2L+2(S) K K b2L+2(S)
s < <1 - 4-8
2+2(8) 5 |10gb1(s)|2[ ogM © }— 2 [log by (s)|2 (4-8)

for K large enough independent of M.



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1775

Step 4: Improved control of €42, 0 <k < L — 1. We now claim the improved bound on the intermediate

energies

G < b D 10g by CHVE, (4-9)

This follows from the monotonicity formula, for 0 <k <L — 1,

df 1
dt { 24k+2 [%zmz +0 (b b<4k+2)2L/<2L 1))] }

102 b1l [ okis o 1464Qk+1)2L/RL-1) 2%k+4
S Saga | Tt TyOT k| (4-10)

for some universal constants C, § > 0 independent of the bootstrap constant K. The proof is similar to
that of (4-8) and in fact simpler since we allow for logarithmic losses; details are given in Appendix F.
Using (4-5), we now estimate

2k 3
ak+2 * c _ (ogs) il s (log U)C
AT (s ) llog by~ <
)L4k+2 N @ [ g es—e @)

From (2-97), we compute

2k +3 4k +2)=1 AL —k—1) 4-11
Rk+3)—ci(dk+2) = -’r?, 4-11)

and hence

2k+% |di|+C
(logs)! 4k+2
W2 (s) f k4k+2 logh|“ < S@k+2)e; SO log b€

Similarly, from (4-6),

pesr 1+3+(2k+1)2L/(2L 1) c (IOg S)|d1|+C s (IOgU)C
A (s) llog by |€ do <
24642 ~ T @) o 1+0

do < b§4k+2)cl llog biIC,
and, using (4—11), (3-24),

|lo b1|
AHH2 (5 / )ftk+2 b2k+4%2k , do
%0 (IOg S)\d] [+C

S s @Gk+2)cy /\/s2k+4—(2k+1)2L/(2L—1)

S
C+VE 1. (@k+2)cy do C+V/E 1 (4k+2)cy
S llog b by / —Trinjer—n ~ legbil by :
0

(log O.)C-‘rx/?

Using the initial smallness (3-21) and (4-6), the time integration of (4-10) from s = s to s therefore yields
Eara(s) S A2 (s)b1 (0)1 +log b ()| “HVEBFH2(s) < llog by ()| EBHTD ),

and (4-9) is proved.

Remark 4.1. For 0 < k < L — 2, the above argument shows the bound

Copr S A2
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which equivalently corresponds to a uniform high order Sobolev control w. The logarithmic loss for
k = L — 1 could be gained as well with a little more work; see [Raphaél and Schweyer 2013] for the case
L = 1. This shows that the limiting excess of energy u* in (1-12) enjoys some suitable high order Sobolev

regularity.

Step 5 contradiction through a topological argument. Let us consider

by =b; forl<k<L, b given by (3-44)

and the associated variables

) 7, L L
by=b+——-——, 1<k<L, by1=Us1=0  V=PU.
k k + Sk(IOg 5)5/4 =" = k+1 k+1 L
From (3-45),
V- V| < stllogs|Cp < 4-12
|V —=V|< s |logs|~b, S (4-12)
Let the associated control of the unstable models be
Vi) <2, (Va(s), ..., Vi(s)) € Bri1(3), (4-13)

and the slightly modified exit time
§% = sup{s > so such that (3-23), (3-24), (3-25), (4-13) hold on [so, s1}.
Then (4-12) and the assumption (3-27) imply
for all (V2(0), ..., VL(0) € Br_1 (%), 5§ <+oo. (4-14)

We claim that this contradicts Brouwer’s fixed point theorem.
Indeed, first, from (2-102), we estimate

- 2 - o~ - ~ ~
(bi)s + (2/< -1+ @)blbk —biy1 = |:S(Uk)s —(ALU) + 0(

el

sk+1 (10g s)5/4
and thus, from (3-37), (3-46), (4-8), and (2-44),

~ ~ 5
Is(Ur)s — (ALU )| < + 55 (log 5)3

- 2 -~ -
(br)s + <2k -1+ —>blbk — by
log s

1
Jl]ogs

1

J9ogs

<
™ (logs)l/4

L+1
B 1 b! }

3
k1100 )i | pET2
577 (logs) [1 T T (logs)?  Tlog by P2

Hence, using the diagonalization (2-104),

- ~ 1
§(V)y = DLV, + 0<—(10gs)1 /4>. (-15)
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This first implies the control of the stable mode Vl from (2-104),

N
|(S l)sl ~ (10gS)1/4
and thus, from (3-19),
~ 1,1 [ drt i
< = - R = -
|V1(s)|Ns+s/s0 (logr)l/“slo' (4-16)

Now, from (4-3), (4-8), (4-9), (4-16), and a standard continuity argument,
L
Z vl.z(s*) - ‘_1‘, 4-17)

We then compute from (4-15) the fundamental strict outgoing condition at the exit time §* defined by
4-17):

L

L L .
1d ~2 ~ o~ ] I~y 1
£ V: = Vi), Vi = — % O\ ———7
2ds{§ l}ls:g* 2 s*[zzL—l G+ (<logs*>1/4

i= i=2

1
> — 0.
= s*|:2L—l4 ((1ogs*)1/4>] ~

This implies from a standard argument the continuity of the map

(Via<izr € Br-1(2) = 5 1(V)a<izrl,

and hence the continuous map
Bro1(z) = Bri(3),
(Vasizr = Vi (V2i<0)])

is the identity on the boundary sphere S; _; (%), a contradiction to Brouwer’s fixed point theorem. This
concludes the proof of Proposition 3.1. U

Proof of Theorem 1.1.

Proof. We pick initial data satisfying the conclusions of Proposition 3.1. In particular, (4-4) implies the
existence of c(ug) > 0 such that

(logs)'d" 1
M=) [H 0((logs>1/4>]’

and then, from (3-36), (2-101),
1 c(ug)al/e 1
0 = 1+0 ——— ) |.
<1ogS>] [log A[ldi1/e1 - (logs)!/4

= prof )= 4
oo st)] s

Hence we get the pointwise differential equation

—ACE=D 106 AP CED) = c(up) (1 + o(1)).
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We easily conclude that A touches zero at some finite time 7" = T (1g) < +o0o with near blow-up time

(T —1)F
[log(7 — 1) PL/CL=D)

A(t) = c(uo) (1 +o(1)) (I+o(D)).

The strong convergence (1-12) now follows as in [Raphaél and Schweyer 2013]. This concludes the proof

of Theorem 1.1.

Appendix A: Regularity in corotational symmetry

We detail in this appendix the regularity of smooth maps with 1-corotational symmetry.

Lemma A.1 (regularity in corotational symmetry). Let v be a smooth 1-corotational map

g(u(y))cost
g(u(y))sin6d
z(u(y))

v(y,0) =

with

v(0) =e,, yEIJPoo v(x) —> —e,.

Assume that v is smooth in the Sobolev sense:

N
Z/ (—=A)?v]* < +oo
i=1

for some N > L. Then:

(i) u is a smooth function of y with a Taylor expansion at the origin for p < 10L:

p
u(y) =y ay* '+ 0.
k=0

(i) Assume that u(y) = Q(y) + e(y) with

&
Vel +[ 5], <1

and consider the sequence of suitable derivatives ¢, = dAke. Then, forall1 <k <L,

|eakt1?
/|82k+2| +/ A 192

|82p 1| |82p|2 ]
+ + +00.
;/[yﬁ(l+|10gy|2)(1+y4<’<—l’)) y4(1 + [log y|2) (1 + y**=p))

Proof of Lemma A. 1. Let us consider the rotation matrix

1
R =

oS = O

0
0

S O O

O

(A-1)

(A-2)

(A-3)

(A-4)

(A-5)

(A-6)
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and rewrite (A-1) as

wy = g(u)
v(r,0) = SR with w(r)=10
w3 = z(u).

Step 1: Control at the origin. We compute the energy density

2
w
Vol = faywl? + 12,
y
which is bounded from the smoothness of v, from which
‘ﬂ +19,wi] < 1.
Similarly,
w —le
Av = R (Aw + Rz—z) =% 0
Y Aws,
where
w1 *
Hw; = —Aw; + — = A"Aw,
y
with

A:—ay-i—l, A*=8y+g.
y y

The regularity of v implies
IHwi| S

near the origin, which, together with (A-9), yields

1 r
fun) = [ twrar= o).
y=Jo
We now observe that
Huw; = —dyyw + %Awl

and conclude
2
|8yyw 1 S 1.

We now iterate this argument once on (A-10). Indeed, at the origin,

> |Hw|? 2 2 2
[0yHw |+ —F— S VA" S 1, [Hwil S1A[ S,
y

and hence
Hwi| Sy,  [AHw| Sy,  [Hw| <1

This yields the 63-regularity of w at the origin and, from (A-11), the improved bound

1 Y 2 2
Awl(y)=F/ (Hwpt dt = O(y°).
0

1779

(A-7)

(A-8)

(A-9)

(A-10)

(A-11)
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A simple induction now yields for all k > 1 the €¥-regularity of w, and that the sequence

A*(w1) for k odd,
= wi, = k>1
(wp)o=wi, (Wii+1 {A(wl)k for k even, >
satisfies the bound
y  for k even,
< A-12
|(w1)k|N{y2 for k odd. ( )

We therefore let a Taylor expansion at the origin
p .
wi(y) =Y ¢y + 07
i=1
apply successively the operator A, A* and conclude from the relations
A ==k =Dy AN = (k+ 25"

and (A-12) that
¢ =0 forall k >1.

We now recall from (A-7) that w; = g(u) and the Taylor expansion (A-3) now follows from the odd
parity of g at the origin.

We now claim that this implies the bound (A-5) at the origin. Indeed, ¢ admits a Taylor expansion (A-3)
from (2-2) to which we apply successively the operators A, A*. We observe from (2-5) the cancellation

A =y’ + 007,
which ensures the bound near the origin
el Sy learrl S 57 (A-13)

and hence the finiteness of the norms (A-5) at the origin.

Step 2: control for r > 1. We first claim

&2 L+2

/ S+ /(a§8)2 < +o0. (A-14)
Y k=1

Indeed, from (A-4),

lelle < Vel + \|§ < 1. (A-15)

L2
From (A-8),

/ Ag@I2 < f AP < +oc.

Now
Ag(u) = g'(u)Au + 3,u)’g (u)g" ()
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and, using Sobolev and the L* control (A-15), we estimate
/ ((3,6)%8'wg")* < / |Ael? / IVel* < f |Ael?.
Moreover, from the smallness (A-15) and the structure of Q,

lg'(w)| =1 asr— +oo,

1+/|Av|23/|A8|2.

The control of higher order Sobolev norms (A-14) now follows similarly by induction using the Faa di
Bruno formula for the computation of a’; g(u). This is left to the reader. Now (A-14) easily implies

from which

L+2

> [ lal < oo,

i=1 V=1

and the bound (A-5) is proved far out. O

Appendix B: Coercivity bounds

Given M > 1, we let ), be given by (3-7). Let us recall the coercivity of the operator H, which is a
standard consequence of the knowledge of the kernel of H and the nondegeneracy (3-8).

Lemma B.1 (coercivity of H). Let M > 1 be large enough. Then there exists C(M) > 0 such that, for all
radially symmetric u with
2 u |2

(u, ®m) =0,

satisfying
we have
2 |”|2
(Hu,u) > C(M) |9yul”+—- |-
y

We now recall the coercivity of H, whichis a simple consequence of (2-11) and is proved in [Rapha¢l
and Rodnianski 2012].

Lemma B.2 (coercivity of H). Let u be such that

2
/|ayu|2+ @<+oo. (B-1)
y
Then
2
(Fu ) = | A"l = co /mm%/L (B-2)
y2(1+ [log y|?)

for some universal constant co > 0.

We now claim the following weighted coercivity bound on H.
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Lemma B.3 (coercivity of €,). There exists C(M) > 0 such that, for all radially symmetric u with

ul? |Aul?
/ y4(1+|logy|2>+/ Ay (B3
and
(u, dy) =0,
we have ) 5
f|Hu|zzC(M>[/ s+ [ ] (B4)
y4(1 +[log y|?) y2(1+[log y|?)

Proof of Lemma B.3. This lemma is proved in [Raphaél and Rodnianski 2012] in the case of the sphere
target. Let us briefly recall the argument for the sake of completeness.

Step 1: conclusion using a subcoercivity lower bound. For any u satisfying (B-10), we claim the subco-

ercivity lower bound
|Hul?

|02u|? Ayut)? ul? i) ul?
Zf 5 2Jrfz(y) 2+/4 |ue] 2_C|: (y)3+/||5:|‘ (B-5)
(1 +[log y[) y=(1+[log y[|*) y*(1+[log y|*) I+y I+y

Let us assume (B-5) and conclude the proof of (B-4). By contradiction, let M > 0 be fixed and consider a
normalized sequence u,,,

/ 4 4 2 +/ 2 | Ay | __, 56
y*(1 4 [log y[7) y“(1+ [log y|*)
satisfying the orthogonality condition

(un, ®y) =0 (B-7)
and the smallness

[ (B-8)

Note that the normalization condition implies

|un|2 Iayun|2
4 T 2 2y ~
y*(1 + [log y|*) y=(1+ [log y|*)
and thus, from (B-5), the sequence u,, is bounded in HI%C. Hence there exists uy, € HI%C such that, up to a

subsequence and for any smooth cut-off function ¢ vanishing in a neighborhood of y = 0, the sequence

Cu,, is uniformly bounded in HI%C and converges to ity in H!

loc- Moreover, (B-8) implies

Hus =0,

and by lower semicontinuity of the norm and (B-6),

/ ool < oo
y4(1+ [log y|?) ’
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which implies from (2-12) that
u=oaAQ forsomea cR.

We may moreover pass to the limit in (B-7) from (B-6) and the local compactness of Sobolev embeddings,
and thus
(o, AQ) =0, from which o =0,

where we used the nondegeneracy (3-8). Hence u., = 0. Now the subcoercivity lower bound (B-5)
together with (B-6), (B-8), and the Hlic uniform bound imply the existence of ¢, ¢ > 0 such that

P 2 2
/ |:|y”ool +|MOO|5:|ZC>0,
e<y<l/e 1+y 1+y

which contradicts the established identity u., = 0. Thus (B-4) is proved.

Step 2: proof of (B-5). Let us first apply Lemma B.2 to Au, which satisfies (B-1) by assumption, and
estimate

2
/(Hu)zz(ﬁAu,Au)>f|ay(Au)|2+/%. (B-9)
~ y2(1+y?)

Near the origin, we now recall the logarithmic Hardy inequality

f 2|U—|225/ |U|2+/ |9y,
y<1 y“(1 + [log y[*) 1<y<2 y<I1
and thus, using (2-10),

|Au|2 / 1 ( u )2 f
AQ3d, >
Q AQ y<1

which, together with (B-9), yields

(dyu)> Ju|? 2,02
|Hu|22/ [ +/ —C/ (Byul® + uP).
/ y<1 Ly2(1+[log y|?) y*(1+ [log y|?) y<i

To control the second derivative, we rewrite near the origin
V- l
yz

= —/ 1yl + |ul?)
V21 +logy?) Sy ’

AQ

g M, oD HA-D),

y y

) 1 u
Hu=—0ju+—\—0yu+— )+
y y

and (B-5) follows near the origin.
Away from the origin, let {(y) be a smooth cut-off function with support in y > % and equal to 1 for
y > 1. We use the logarithmic Hardy inequality

f L</ |u|2+/|8 ul?
y=1 y2(1+[logy?) ~ 1<y<2 g

to conclude from (B-9) that

/(Hu)2>/§ |Aul” c/ (ul? + [oyu?).
y2(1 4+ |log y|?) 1<y<2
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Now, from (2-5), we estimate
u |2

/; | Aul? _/{ | —0yu—7 /g |u|?
y2(1+ [log y|?) y2(1+ [log y|?) yo(1 + [log y[?)

e |: 2 |u|2] /[lul2 |3y”|2:|
by [ S— T WA L o ) Ll E :
/y2(1+llogylz) Y 2 ¥ y3

where we integrated by parts in the last step. The control of the second derivative follows from the explicit

expression of H. This concludes the proof of (B-5). g

We now aim at generalizing the coercivity of the €, energy of Lemma B.3 to higher order energies.
This first requires a generalization of the weighted estimate (B-4).

Lemma B.4 (weighted coercivity bound). Let L > 1,0 <k < L, and M > M (L) be large enough. Then
there exists C(M) > 0 such that, for all radially symmetric u with

/ Jul? +/ |Aul” n (B-10)
< 0 -
Y41 + [log y|?) (1 4 y**+4) yO(1+ [log y|?) (1 + y#k+4)

and
(u, Py) =0,

we have

/ |Hu|?

y4H(1 =+ [log y[2) (1 + y*)
> C(M){/ Jul +/ |Aul” } (B-11)
- Y41+ [log y|?) (1 4 y*k+4) yo(1+ [log y|»)(1+ y*) |

Proof of Lemma B.4. Step 1: subcoercivity lower bound. For any u satisfying (B-10), we claim the

subcoercivity lower bound

/ |Hu|?
y4H(1 + [log y[)2(1 4 y#)

2,12
>/ |92 ul +/ (dyu)?
~J yrd+log y (14 y*) y2(1 4 [log y[)*(1 4 y*+4)

+/ |u|? c / (dyu)? +/ |u|? B2
y4(1 4+ [log y|2) (1 + y*+4) 14 43 14 y#+10 |

Control near the origin. Recall from the finiteness of the norm (B-10) and the formula (2-21) that

1 Y
A = — .
u(y) ) /(; tAQ(t)Hu(r)dr
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Then from Cauchy—Schwarz and Fubini we estimate

| Au)? ¥y 2
" dy < T o [ Hu ()] dydrt
y<1 y (1+|10gY| ) 0<y<l JO<t<y y (1+ |10gy| )

d Hu(r)|?
S/ |HM(T)|2 |:/ 4—)]2:| dTS/ ,;|u—(r)|2d1'
0<r<l e=y=1 y*(1 +[log y[%) r<1 T°(1 +[log 7%

Au? |Hul? 13
6(1 + |log y[?) ™ 4(1 + |log y|?)” (5
y<1y gy y<1Y gy

We now invert A and get from (2-10) the existence of c¢(u) such that

and thus

() = WA Q) AQ()/y Au@)
u(y) =c(u y) — y T
0o AQ(T)
We estimate from Cauchy—Schwarz and (B-13), for 1 <y <1,
YA 2 y A 2 H 2
| e ar] staioey?) [t aesyt [
o AQ(7) o T2(1+[logz|?) y<1 Y*(1+[log y|*)
from which
H 2
|c<u)|2§/ |u|2+f S —
y=<l1 y=<1 Y*(1 +log y|*)
and

/ L 5/ i-l—/ lul?. (B-14)
y<l1 y4(1 +[log y|?) y<l1 y*(1 4 [log y|?) 1<y<2

The control of the first derivative follows from (B-13), (B-14), and the definition of A:

/ |0, ul? / |Au|? / |u|?
y<1 Y2(L+logy1?) ~ Jy<1 y2(14+logy?)  Jy<1 y*(1+ [log y|?)

Hul?
5/ %"‘/ el
y<1 Y (I +logyl?) ~ Jicy<

To control the second derivative, we rewrite near the origin

1 V-1 A V-1 1-Z7
y y y y y

which using (B-13), (B-14) and (2-5), (2-6) implies

/ |95 u|? </ |Hu|? +/ 2
y<l1 y*(1 + [logy?) ~ y<l1 y*(1 + [log y[?) 1<y=<2

This concludes the proof of (B-12) near the origin.
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Control away from the origin. Let {(y) be a smooth cut-off function with support in y > % and equal to 1
for y > 1. We compute

|Hul?
/ $ 3T 1 log y))?
_/ | — 8y (ydyu) + Yul?
yH+6(1 4 |log y)2

2/4“ |9y (y0yu)|? _2/4 dy(ydyu) - Vu +/§ V2 ul?
yH+6(1 + [log y|)? y#H7 (1 + [log y|)? yH+8(1 + [log y|)?

_f;_ |ay(yayu)|2 +2/§ V(ayu)z +/§ V2|M|2
) ° (1 + |log y|)2 yH#+0(1 + [log y|)? yH#+8(1 + |log y|)?

— 2 é‘V -
/'”' A(y‘“<+6(1+|logy|>2)‘ i

We now use the two dimensional logarithmic Hardy inequality with best constant:'* for all y > 0,

2 2 9 2
Y - i ;< cy/ |v|2+/ L — (B-16)
4 Jy=1 y77(1+[logyl) 1<y<2 y=1 Y7 (1 +[log y|)

with y = 4k + 6. We estimate

/; 18y (ydyu)| >(4k+6)2/ |yu|? —Ck/ 9 ul?
YHFO(14logy)? = 4 Jysy y¥FO(1+[logy))? l<y<2

(4k+6)4/ |u|? / 2
> — Cx [19yul” + |ul7].
16 y=1 Y¥H8(1 + |log y|)? sy

We now observe that, for k >0 and y > 1,

iV (y) =) +0G>h.

2
A( 1 >=(4k+6)‘
y

4k+6 y4k+8

We compute

Injecting these bounds into (B-15) yields the lower bound

/; |Hu|?
y*+H4 (1 + |log y|)?

(4k +6)* 2 / Ju|? / |9,u)? Ju|?
>| —— —(4k+6 -C .
= |: 16 (4k +6) =1 YHF8(1 4 [log y|)2 k 1+ y%+8 + 1 + y*-+10

Note that we can always keep the control of the first two derivatives in these estimates, and the control

(B-12) follows away from the origin.

14 which can be obtained by a simple integration by parts; see [Merle et al. 2011].



DYNAMICS FOR THE COROTATIONAL ENERGY-CRITICAL HARMONIC HEAT FLOW 1787

Step 2: proof of (B-11). By contradiction, let M > 0 be fixed and consider a normalized sequence u,,,

] | Au, |
/ y*(1 4 [log y[?) (1 4 y#k+4) +/ YO(1 + [log y2) (1 + y#) — L, (B-17)
satisfying the orthogonality condition
(up, ®y) =0 (B-18)
and the smallness
f ol <= (B-19)
Y1+ llogy)(1+y*%) ~ n’

Note that the normalization condition implies

/ Ll +/ 10,102 <1 (B-20)
Y1+ log y[2) (1 + y*+4) Y21+ [log y|) (1 + yH+d) ~ 7

and thus, from (B-12), the sequence u,, is bounded in Hlf,c. Hence, there exists 1y, € H]%C

a subsequence and for any smooth cut-off function ¢ vanishing in a neighborhood of y = 0, the sequence

such that, up to

Cu,, is uniformly bounded in HI%)C and converges to { U In HILC. Moreover, (B-19) implies
Hus =0,

and, by lower semicontinuity of the norm and (B-17),

/ |uoo|2 < +00
Y41+ log y[H) (1 + y*+4) ’
which implies from (2-12) that

u=oaAQ forsomeacR.

We may moreover pass to the limit in (B-18) from (B-17) and the local compactness embedding, and thus
(Moo, AQ) =0, from which o =0,

where we used the nondegeneracy (3-8). Hence uy, = 0.
Now from (B-13), (B-14), (B-19), and (B-17),

/ |un|2 +/ |8yun|2 Z 1,
y=1 YA+ log y ) (1 + y¥+4) = ] oy yo(1 4 [log y[2) (1 + y*)
and hence, from (B-12), (B-19),

|8yun |2 |ty |2 1

1+ y¥t8 T ] 4 ydht10 ~
which, from the local compactness of Sobolev embeddings and the a priori bound (B-20), ensures

S S B N

1+ y4k+8 1+ y4k+10 ~
This contradicts the established identity us, = 0. O
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We are now in a position to prove the coercivity of the higher order (€xy2)o<k<z energies under
suitable orthogonality conditions. Given a radially symmetric function &, we recall the definition of
suitable derivatives:

A*g,  for k odd,

0<k<?2L+1.
Ag,  for k even,

e-1=0, e =¢, &q1= {

Lemma B.5 (coercivity of €yx12). Let L>1,0<k < L,and M > M(L) be large enough. Then there
exists C(M) > 0 such that, for all € with

Y
e +
/l 2k+2| / 2(1+y2)

le2p 112 le2, 7
B-21
+,;)/ T BT AT < @2

satisfying
(e, HP®y) =0, 0=<p <k, (B-22)

we have

_ k+1.y2 %
%2k+2(e)—f(H £) ZC(M){/ y2(1+ [log y|?)

le2p—1] leap]? :|}
+ + . (B-23
;/[W(H- Tog /(1 + Y7 7) 33T+ flog yPy(1 -y || P2

Proof of Lemma B.1. We argue by induction on k. The case k =0 is Lemma B.3. We assume the claim for
k and prove it for 1 <k +1 < L. Indeed, let v = He. Then v, = ¢,42, and thus v satisfies (B-21) and!?

forall0< p <k, (v, HP®y)= (e, H' '®y)=0

We may thus apply the induction claim for k to v and estimate

/(Hk+28)2

=/(Hk+1v)2
2kl : le2p-1] le2p+2]
EC(M):/ y2(1+|10gy|2)+I§f[yé(l+|10gy|2)(1+y4("‘”>)+y“(l+|10gy|2)(1+y4<""’))]}
ZC(M){/—Z sl 2
y=(1+[log y|%)

k+1
i / €211 N €21 (B-24)
6(1+|logy|2)(1+y4(k+1_p)) y4(1+|10gy|2)(1+y4(k+1—p)) ’

I5from k <L+1
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The orthogonality condition (g, @) = 0 and (B-21) allow us to use Lemma B.4 and to deduce from the
weighted bound (B-11) the control

/ |2l - / le|?
Y1+ log yH)(1+y%) ~ ] y4(1+ [log y|A) (1 + yH#+4)’
which together with (B-24) concludes the proof of Lemma B.1. 0

Appendix C: Interpolation bounds
We derive in this section interpolation bounds on ¢ in the setting of the bootstrap proposition 3.1, and
which are a consequence of the coercivity property of Lemma B.5.
Lemma C.1 (interpolation bounds). (i). Weighted Sobolev bounds for e. For0 <k <L,
2%k+1 P

|&;
Z / y2(1 4 y¥=2i+2)(1 4 |log y|?)

+/ leaksal? < C(M)Eap 2. (C-1

(i1). Development near the origin. & admits a Taylor-Lagrange-like expansion

L+1
e=) cilrii-i+re (C-2)
=1
with bounds l
lci| S C(M)y/€a142, (C-3)
087 | S v K log y|C(M) /o140, 0<k<2L+1, y<1. (C-4)

(iii). Bounds near the origin for ;. For |y| < 1

lexx| S C(M)yllog yIV/€arta, 0<k<L, (C-5)
lex—1] S CM)y*llog yly/€arta, 1<k<L, (C-6)
le2r41] S CM)V & 1a. (C-7)
(iv). Bounds near the origin for a’;e. For |y| < 1,
075 e S C(M)yllog y|V/ €2, 0<k<L, (C-8)
02| S C(M)log yly/ a2, 1 <k<L+1. (C-9)
(v). Lossy bound.
2k+1 1+|10gy| ) c b(4k+2)L/(2L 1) Ofk < L — 1,
Z / Ty el S llogbl {b2L+2 ok L. (C-10)
2k+1 (4k+2)L/(2L 1)

1+|logy| i 0 c O0<k<L-1,
Z/l—{—y‘”‘ 2z 9yel” < llog by | b2L+2 fork=1L. (C-11)
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(vi). Generalized lossy bound. Let (i, j) e Nx N* with2 <i+ j <2L+2. Then

1+ llogyl . » c b;i;jl_lm/m_l) for2=<i+j=2L,
/Ty’z‘-ila;ﬂ < lloghy|€ { b3EF foridj=2L+1,
p2L+2 fori+j=2L+2.
Moreover,
el e [pT N 2 <i<an 4,
/mwlog il {b%urz fori=2L+72,

2

(vii). Pointwise bound far away. Let (i, j) e Nx Nwith1 <i+ j <2L+ 1. Then
forl1 <i—+j<2L-—1,
< llogby [ B34+ fori+j=2L,

’ bii+j)2L/(2L—1)
L=o=h p3L+2 fori+j=2L+]1.

Proof. Step 1: proof of (i). The estimate (C-1) follows from (B-23) with 0 <k < L.

8;,8

y/

(C-12)

(C-13)

(C-14)

Step 2: adapted Taylor expansion. Initialization. Recall the boundary condition origin at the origin
(A-13), which implies |erp+1(y)]| < Csuﬂy2 as y — 0. Together with (2-10) and the behavior AQ ~ y

near the origin, this implies

1 y
ro=éy 1(y)=—/ &2142AQOx dx,
" YAQ Jo T

and this yields the pointwise bound, for y <1,

1 1
1 2 y 2
|r1<y>|§;( / |82L+2|2xdx) ( f x2xdx) S C(M)é140.
y=1 0

We now remark that there exists % < a < 2 such that

lears1(@)]* < / lear 112 S C(M)Ear42
[yI=I1

from (C-1). We then define
Yo
a NQ

and obtain from (C-16) the pointwise bound, for y <1,
Ir2| S yllog ¥IC(M)+/€ar 1.
Now observe that, by construction, using (2-10),
Ary=ri=eypry1, Hr=A%epy1=¢eyp4=Hey.

Now, from (B-24),

/ —|82L|2 ydy < +00
y<1 Y*(1 + [log y|?) ’

(C-15)

(C-16)

(C-17)

(C-18)
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and hence |e;7(y,)| < +00 on some sequence y, — 0, and from (C-17), (C-18), the explicit knowledge
of the kernel of H, and the singular behavior (2-13), we conclude that there exists ¢, € R such that

e =2 AQ +r3. (C-19)

Moreover, there exists % < a < 2 such that

lear (@) * < f lear]? S C(M)Eo142
lyl<1

from (C-1), and thus, from (C-17), (C-19),

leal S C(M)/arv2,  learl S yllog y|C(M)/Erp 2. (C-20)
Induction. We now build by induction the sequence

Y ok
AQ

We claim by induction that, for all 1 <k < L+ 1, 37472 admits a Taylor expansion at the origin

dx, 1<k<L.

1 /y
g1 = ——— [ raAQOxdx, 1y 2=—AQ/
a0 ) " 0

k

&L 422k = Zci,ka—i +ry, 1<k<L+41, (C-21)
i=1
with the bounds, for |y| <1,
lcikl S C(M)/ a4, (C-22)
|t 2] S Nog y1y* ' I C(M) /€42, 0<i <2k—1. (C-23)

This follows from (C-19), (C-20), (C-17), (C-18) for k = 1. We now let 1 < k < L, assume the claim for
k, and prove it for k + 1.
By construction, using (2-10),

Arogr =ronq1,  Hroyyo =ro, (C-24)

and thus d’ro; = ror—;. In particular, for i > 2, s4/%ry4» = ros—;, and therefore the bounds (C-23) for
k+1and 2 <i <2k + 1 follow from the induction claim. We now estimate by definition and induction,
for [y| <1,

Y < C(M) %2L+2 y3+2k_1
~ 2

1
|Arpgqa| = lru1(Y)| = ‘— A Qx dx
YAQ Jo y

rjfg dx’ < y¥*CeM)Er s,

and (C-23) is proved for k =1 and i =0, 1. From the regularity at the origin (A-13), (C-24), the relation

}7
|roks2| = ‘AQ/
0

k
Herpo o1y = &2042-2k = Z CikTi—i + 1ok,

i=1
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and the bound (C-23), there exists cpr42 such that

k

E2L42-2(k+1) = E CikTip1—i + o2 A Q + 1.
i=1

We now observe that there exists % < a < 2 such that

lear—ax(@)]* < / lear—ak* S C(M)€a142
[yI=1

from (C-1), and thus, using (C-23),

lcokt2l S C(M)/Erp 0.

This completes the induction claim.

Step 3: proof of (ii), (iii), and (iv). We obtain from (C-21), (C-3) with k = L + 1 the Taylor expansion

L+1

&= Z CikTi—i+re, re=ray2, lcixl SCM)/Err42,

i=1
where, from (C-23),

|st'rel S Nog yy* 17 CM) €42, 0<i<2L+1.
A brute force computation using the expansions (2-5), (2-6) near the origin ensure that, for any function f,

k
; 1
Nf=> Pustf. |Pisl S —=. (C-25)
i—0 v
and we therefore estimate, for 0 <k <2L + 1,

2L+1—i

llog yly _
1947l S (M) 1a Z g— <y log y|C(M) e a.

This concludes the proof of (ii). The estimates of (iii), (iv) now directly follow from (ii) using the Taylor
expansion of T; at the origin given by Lemma 2.3, and (C-16) for (C-7).

Step 4: proof of (v). We first claim that, for0 <k < L,

2k+2 |ai8|2
Z/(1+Ilogy|2)(1+y4k —2itdy

Observe that this implies (C-13) by taking i = 2k 4 2.
Indeed, from (C-8), (C-9), we estimate

2k+1

S C(M)(€axq2 +€2142). (C-26)

1+|logy|€ .
/ | Wiziﬂw;ﬂz S C(M)érp40. (C-27)
y<

i=0
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For y > 1, we recall from the brute force computation (C-25) that

k
0fe] S — |— (C-28)
i=0 y
and thus, using (C-1), for0 <k <L,
2k+2f Ial 8|2 _ 2k+2 i / |8j |2
=0 Jyz1 (L log y ) (L yHm2ie) ™ e ) oy (L flog y[2) (1 y 222l
2k+2 e
S ’ < C(M)Ey12,

< 0/<1+|logy|2)<1+y4k+4 27)

and (C-26) is proved. In particular, together with the energy bound (3-23), this yields the rough Sobolev

bound
/Iel2 / [dyel” <1
y? I+logyl> ~

Therefore, again using (C-26), we estimate

2L+42

2k+1 2k+1
Z* L llogyl® 2<Z+ Lt llogyI€ i o Lt llogy1€ i o
14y 1 1 y4k—2i+4 y<Bl0OL 1+y4k 2i+4 y= Bl y

1
< llogby|C€axia+ =ToL (C-29)

0

and (C-11) follows. The estimate (C-10) now follows from (C-5), (C-6), (C-7) for y < 1 with also (1-31),
and (C-11) for y > 1.

Step 5: proof of (vi). Leti >0, j >1with2 <i+4 j <2L+42.

Case 1: i + j even. We have
i+j=2k+1), 0<k<L.

Fork <L —1, from (C-11) and 0 <i =2k +2 — j <2k + 1, we estimate

1+ Jlogy[€  _; 1+ logy[© 4k+2)L/2L—1 i j—1)2L/(2L—1
[ R aiel = [ oot b g bl < b O log €

For k = L, from (C-11), we have

1+|10gylc 1+ 110 YIS .o 5 oy .
/ 1+y 1356l —/m“’}é‘l S b log b€
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Case 2: i+ jodd Wehavei+ j=2k+1,1 <k <L. Assume k < L — 1. If j > 2, then
i <2k+1—j <2(k—1)+1, and thus, from (C-11),

14 |log y|¢ B — 1+ [log y|¢ 52
T+ |9yel” = 1+y4k+2—2i| Vel

1 1

1+]logyl€ . 2 1+ |log y|€ . 2

< MWEF H—gW|318|2
1+y4k+4—21 y 1+y4(k—1)+4—21 y

L/(2Q2L—-1))(4k+2+4(k—1)+2 i+j—1)2L/(2L—1
5|10gb1|cb1/(( I ( ) ):bgl J=D2L/( )|10gb1|c

For the extremal case j = 1,1 =2k, 1 <k < L — 1, we estimate, from (C-10), (C-26),

1 ko2 N\
/ 1+|logylc|82k8|2< / 1+|logy|C|82k8|2 2 / 105" ¢l 2
1ry2 o T4y Y 1+ [log y|?

5 |10gb1 |CblL/(Z(ZL—l))(4k+2+4(k—1)+2) _ bgi—i—j—l)ZL/(ZL—l)|10gbl |C'

If k=L, then for j > 2, we havei <2k+1—j <2(k—1)+ 1, and thus, from (C-11),

1+ |logy|€ . 1+ [log y|€ .
/ + | gzyl |a’e|2:/ +|4g2y|2_|a,8|2
1+y] y 1_|_y k4+2-2i 'Y

1 1
< 1+|10g)’|c 9 g2 2 1+|10g)’|c 5 g2 2
~ 1+y4k+4—2i| Vel 1+y4(k—1)+4—2i| Vel
L(2L+2+@*-1)42)L/2L-1))
1

< |logb1|Cb = b log by |,

and for j =1,i =2L, from (C-10), (C-13),

1 1
/1+|10gylc|azL8|2< /1+|logy|c|82L8|2 2 / [93Fel 2
I+y2 70 L4yt 1+ [log y|?

L(2L+24(4(L-+DL/L-1))

< llog by |“b; = by |log by €.

Step 6: proof of (vii). From Cauchy—Schwarz we estimate

2 1+ |log y|?)|e|? d,e|?
H£” 5[ |eayg|dy§/(+| gzyl)ll +/ |9yel N
Vo= /5 y 1+ [log y|

Leti, j>0with1 <i+j<2L+4+1. Then2<i+ j+1<2L, and we conclude from (C-12), (C-13) that

2 <f (1+|10g)’|2)|3§8|2+/ |9y e
Lep=n Jyzi yH y=1 ¥ (1+ [log y|?)

pUHPHICLTD ford <y j41<2L,
< llogby €  p3EH fori+j+1=2L+1, O
byt t? fori+j+1=2L+2.

i
3y8

i
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Appendix D: Leibniz rule for H*

Given a smooth function ®, we prove the following Leibniz rule.

Lemma D.1 (Leibniz rule for H¥). Let k > 1. Then

k-1 k
AN (@e) = Z Doi 2k—182i + Z DPoi—1,2k—182i -1,
i=0 i=1
L . (D-1)
A* (de) = Z Do; k€2 + Z Do 1,2k82i 15
i=0 i=1
where ®; i is computed through the recurrence relation
1427
o1==0y>, P11 =0Poo === —Z0b 012=20,0, Pp=b (D
Dop42,2k+2 = Pok+1,2k+1>
Do okr2 = Poi—1,2k41 + 0y Poi o1 + (1 +22) /y)Poiokr1 1 =i <k, (D-3)
Do,2k42 = 0y Po,2k+1 + (1 +22)/yPo 241,
Do 12642 = — P22 2k+1 + Iy Poi 1,2k 41, 1 <i<k+1,
Dogt1,2k+1 = Dok 2k,
) Do 12k41 = Poj 22k + (1 +22)/y)Poi 12k — 0y Poi10k, 1 <0 <k, (D-4)
Doj 2k1 = —0yPoj ok — Poi—1,2%, 1 <ic<k,
Do, 2k 1 = —0yPo,2%-

Proof. We compute

A(Pe) = Pey — (0yP)e,

. 1427
H(Pe) = A"Ae = Py +0,Pe; — (| —A+ (0yPe)
1427
= Qey +20,Pe; + [ =0y, ® — ——0,D |&.

and
S&Zk-‘rl(d)g)

k k

1427
= ZA[¢2i,2k82i]+Z(_A*+ )®2i—1,2k82i—1
i =0 i=1 Y
14272

k k
= Z{q>2i,2k€2i+l — 0y Do k2 + Z{ —®o; 1 2182 + [

Do 10k — 3yq)2i—1,2k]82i—1 }
i—0 i=1

k k
= —0yPo ke + Z(_ay Poi ok — Poi—1,20)€2 + Z{CDZL'—Z,Zk +

i=1 i=1

1+2Z

Do 1,0k — 0y D212k }82,'—1,

+ Dok 24E2%+15
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which is (D-4). We then compute

A2 (D)
k+1

1+2Z
= Z[ ]{¢2i,2k+182i}+2 A¥(Poi—1 24 +182i-1)

1=i

k+1
1427
:Z — @i 2k y182i41+| 0y P22kt 1+ y Do; 2+1 |€2i +Z{¢2i—1,2k+182i+8y¢2i—1,2k+182i—1}
' i=1
1427

= [3y<1>0,2k+1 +
k

+Z[¢2i—1,2k+1 +0y P 2k g1+
i=1

¢O,2k+lj| e+ Dop41,2k+182%+2

k+1

q>2i,2k+1i|82i +Z [—Poi—2.2k+1+ 0y Poi—1,2641] €201,
i=1

1427

which is (D-3). O

Appendix E: Proof of (3-55)

A simple induction argument ensures the formula

L—1
L—(k+1
[0, HETw =" H[3, Hy]H~“Dw
k=0

We therefore renormalize and explicitly compute

—1
)\ AV
[0, H)f']w = )L2L+ E ( HL- (k—!—l)g)‘ (E-1)
=0

We now apply the Leibniz rule Lemma D.1 with ® = AV/y?. In view of the expansion (2-6) and the
recurrence formula (D-3), we have an expansion at the origin to all orders, for even k > 2,

N
Dok () =D _ ik py?F + 0N, 0=<ic<k,
p=0
N
o1 () =Y ik py?THOGNT), T<i<k-1.
p=0

and, for odd k£ > 1,

N
Dokt 1 () =D ik pyP + OO, I<i<k+1,

p=0
N

ikt 1 () =Y ciapyP T OGP, 1<i<k—1.
p=0
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We also have a bound, for y > 1,

< —1 j
[Pl S T3y 0<i<2k.
Therefore, from (D-1), we estimate
2k
AV lei]
k P bl _
for all k > 0, 'H ( 3 ) < ;:0 c”k1+y4+(2k7i)' (E-2)
Similarly,
2% 2k+1
AV 1 l&; | l&; |
k(=" < 2 : - < 2 . !
‘AH ( Y 8)‘ ~ L Ty ['a flt ] S L STy

We now inject (E-2) into (E-1) and obtain using (3-36) the pointwise bound on the commutator

L—1 2k 2L-2 2L-2

l€2(L—k—1)+i 1Dy |€20—2—m]| |b1] l&m|
WIS -
k=0 i=

4+ (2k—i) ~ 32L+2 4¥m 2042 242L—m "
1+y l A — 1+y A m=01+y

b1

Hence, after a change of variables in the integral, and using (C-1), we have

000 HEw b “ y e _conyt,
(1 +y2) ~ )\4L+4 (1 + y2) (1 yAHaL=2my ~ aLta 22+
and, similarly,
2L-1 )
|b1|2 C(M)b3
/|A,\[8,, )\4L+4 Z 2(1+y4+4L 2my ~ S AAL+4 6142,

which is (3-55).

Appendix F: Proof of (4-10)

We claim the following Lyapounov monotonicity functional for the €4, energy.

Proposition F.1 (Lyapounov monotonicity for €y;42). Let 0 <k < L — 1. Then we have

df 1 L (k+2)2L/(L—1)
E{W [%zm +0 (bfb]

0g b1 [ akss | o 1464kt 1)2L/QL—1) 2kid
S o |+ /b ey | (F-1)

for some universal constants C, § > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
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Proof of Proposition F.1. Step 1: modified energy identity. We follow verbatim the algebra of (3-48) with
L — k and obtain the modified energy identity

1d bi1(AZ),
2 {%2k+2+2/Twzk+1wzk}

. A (AV), d (bi(AZ);
= — /(ka2k+1)2 - (Ts +b]> ngkﬂ +/ E(T)wﬂﬂ—lwy{

~ 3,2)\ k k 1 lor
+ | Hywort1 Tw2k+A)\([at,H)L]w)+A)»HA ﬁ‘j‘,k

b1 (AZ ~ %Z !
+/ bl ()Lzr ) Wak |:—H,\w2k+1 + ITAka + Ay ([9;, Hf1w) + Ay HY <ﬁ%\)] (F-2)

b1 (AZ) 1
+/ %wnﬂ[[at, H)]f]w+Hf<ﬁ@A):|-

We now estimate all terms in the right hand side of (F-2).

Step 3: Lower order quadratic terms. We treat the lower order quadratic terms in (F-2) using dissipation.
The bound

2

[9;, Hf lw)? b
(19, HyTw) fle([at,Hi‘]w)IZSC(M)/\TL‘%zm (F-3)

20 +4y2)

follows from (3-55) with L — k. From (3-54), the rough bound (3-38), and Lemma C.1, we estimate

Hywopq1 Twzrl- A\ [0, Hilw ) ||+ | | Hawaks1]

b? g2
< M Bwge P+ %4 C(M)ain
—2 2 Ak+4 1+ y°

1 [ b
<3 / | Hywai ! + 7 COMbi €k,

b(AZ);
——w
Ay

All other quadratic terms are lower order by a factor b, again using (3-38), (3-55), (3-36), and Lemma C.1:

(AV) b1 (AZ) &z

A2r
+f

bl(AZ)Aw (6, HEw| 4+ f bi1(AZ), -
o, Wakti[9r Hy T\ T ke

bt £3s1 £ b
S Sakta |:f T+ +/ = 6+C(M)%2k+2] A4k+4C(M)b1%2k+2

We similarly estimate the boundary term in time using (C-10):

bi(AZ); by 41 &34 b Cpk+2)2L/L=1).
O1lAZ)y <
‘/ 32y W2kr1Wk k4k+2 /1 y2+/ 1+ k4k+2|10 gbil"by
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We inject these estimates into (3-53) to derive the preliminary bound
1df 1, +O(b%b(4k+z)zL/(2L—1)) < M [ B+ [ Bowsess A, HE 1la

2dt
bi(AZ) L (bi(AZ) by
+fHk<A20~A> [%w%—{—l‘FA)\(%ka)} +k4k+4b1%2k+2 (F-4)

with constants independent of M for |b| < b*(M) small enough. We now estimate all terms in the right
hand side of (F-4).

Step 4: further use of dissipation. Recall the decomposition (3-57). The first term in the right hand side

of (F-4) is estimated after an integration by parts

Hywops1 Ay HE 14? ¢ I A* okt |l 2 | H  Fol 2+ |\ Hywopi1 >+ —— [ |AH T, |2
W21 A 5| 5T A4k+4 2k+111L ollL AW2k+1 A4k+4

C ~
= s lHH T Foll oV o+ AH'F, ||iz]+4—l / |Howx1|”  (F-5)

for some universal constant C > 0 independent of M. The last two terms in (F-4) can be estimated by

1 1

b 1+ |1 2 2 g2 2

< 4k14</ + |log y| |Hk9;|><f . 21 2)
A 1+ y* y*(1+ [log y|*)

1
by 1+ [log y|? 2
SW\/%M( f B HEg ) (F-6)

1+ y*

brute force from Cauchy—Schwarz

1 bi(AZ),
k
() e

where constants are independent of M thanks to the estimate (B-2) for e¢;. Similarly,

b1(AZ);
VH*(ﬂ ) ( ex 2">
1
[ )
~ ) 4k+4 1+y (] —i—y4)(1 + |10gy|2)

1
1+ |log y| 2
)\‘4k+4C(M)\/%2k+2</T)g)zlAHk@OF—F/|AHkg]|2 . (F-7)

We now claim the bounds

1+ |log y|?
[ R < 5o b (F-8)
L+ llogyl® ko 2 _ ks c
TlAH Fol” < by " |logh|”, (F-9)
/ |H* 1012 < b log b€, (F-10)

/ |AHk9;1|2 < b]2k+3|10gbl|c +b%+5+(2k+1)2L/(2L—1) (F-ll)
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for some universal constants §, C > 0 independent of M and of the bootstrap constant K in (3-23), (3-24).
Injecting these bounds together with (F-5), (F-6), (F-7) into (F-4) concludes the proof of (F-1). We now
turn to the proofs of (F-8), (F-9), (F-10), (F-11).

Step 5: \NIlb terms. From (2-88) we estimate

1+ logy)®> , ~ ~
/Ww"wz,ﬁ/|H"\vb|2,§b%"“|1ogb1|c,

1+ |log y|? ~ ~ ~ ~
L loe Y ) kG2 < [ 1ABFT, P = [ HYG, H T, < 52X log by €,
1+y? ~ ~or o8
/ |Hk+] {I}b|2 S b12(k+1)+2|10g bl |C’
and (F-8), (F-9), (F-10) are proved for {17;,.
Step 6: Mod(7) terms. Recall (3-29),

~ N L L42 g
Mod(t) = —<f +b1)AQb + Z[(bi)s + (2i — 1+cp,)b1b; _bi+1]|:Ti + X8, Z E)_bj}
i=1 j=i+1 7t

and the notation (3-39). We will need only the rough bound for b;-admissible functions (2-32).
Proof of (F-10) for Mod. We estimate from (2-32), for y < 2By,

~ . : ‘ , bi|log by |¢
|Hk+lSi| + |Hk+lASi| + |Hk+lbiA]-vi| 5 bll(l +y)2lflf(2k+2) S,blbll_l(l _+_y)2172k73 5 11|_"_)g}2ki|l ,
and thus, using HAQ =0,
~ blogh|¢ _ ,
|H"“AQb|Z§f ~ i Sbilloghi|“.
/ V<2B, 1 + y#k+2 1
We also have the rough bound, for 1 <i <L,i+4+1<j <Ly, y <2Bj,
L+2 i o
T+ xm D 50| Slogbil [y~ + v~ 6] log b1 [°] < llog by~ (F-12)
j=i+l !

and similarly for suitable derivatives, and hence the bound

L L+2 39S
Z/‘HkH[Ti + xB Z 8_b]:|
i=1 !

j=i+1

2

C 2L—1—(2k+2)2
Shioghi(© [tk
y=<2B,

c
€ paL—i—4 _ loghi|
S llog bi]™ B, 5@-
1

We therefore obtain from Lemma 3.3 the control

/ H*!Mod ()2 S C(K)llog by b7+ [b% + } S COBYHloghy|€ 5 llog by b7+

b%(L—k)—Z
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for by < b{(M) small enough.
Proof of (F-8), (F-9). We estimate
llog by |©

HESi [ HEAS |+ |H b AT S L+ 0™ 2 S 250

and thus

1+ [logyl*  ~ , /1+|1 ogyI* 2 C/
———|H"A + —AH A < |logh
/ L D L AR 0D, S log

Then, from (F-12), we estimate

L+2
1+|10gy| k| 7
H*|T;

> [ [ Y 5

Jj= H—l

Ty < lloghil®.

L+2 95 2

k| T J
AH |:Ti+XBl Z 3bi:|
j=i+1

Z/ 1+ |logy|2
1+ y?
llog b€

D2

and hence, using Lemma 3.3, we have

1+ logy> —~ , 1+ [log y|? =1 5 1
A - e < +2 = <« phr2
/ T3 |H*Mod|“+ 1,2 |AH*Mod|* < |log b;|€ C(K)b; 1+ bf(L_k)_z Shy T
Step T: nonlinear term N (¢). Control near the origin y < 1. The control near the origin follows directly
from (3-72).

Control for y > 1. We detail the proof of the most delicate bound (F-11). The proofs of (F-8) and (F-9)
follow similar lines and are left to the reader.

Recall the notations (3-73) and the bounds (3-74), (3-75), (3-76) on ¢. We then have the bounds (3-77),
(3-78), (3-79) on Nj(¢), which yield

2k+1 |8pN( )| 2k+1
[AH'N(e)| < Z AT Z e pZV’ 19 Nie)
ap_i
~ Z 2k+1 » Z y21<+1—p£:|8 ¢?[log b1 |: —it1 +b," ]
p=1 i=0
2k+1 p l 2k+1 p—1
IBCI c §| c a1/2|3§|
~ Z y2kFI= —, tlloghi| 2k+2 52 T [oghil Zsz y2H=p
i= O p=1 i=0
2k+1 | ap 2k+1 p—1
c |y o2 ap_i)2 |8 2|
S llog by [Z T p+ZZb1 y2kFT=p |
p=0 p=1i=0
and hence
/ |AH*N (e)|?
y>1 2k+1 p |3’§| |ap l§|2 2k+1 p—1 i

ab ba,ﬂ |3]§| |3l e
4L+2 2p 1° Z ZZ yiLt2=2p

p=1 i=0 j=0

5llogb1|CZZf

p=0 i=0 V=1



1802 PIERRE RAPHAEL AND REMI SCHWEYER

We now claim the bounds

2k+1 p |8iC|2|ap_i§-|2
y ) 2k+1)2L/(2L—
D0 [ P = )
[J=O i= &
2k+1 p—1 i |a]§.| |al ]g-|2
pognnt® - 3oy [ RIS iy ey
p=1 i=0 j=0

for some § > 0, and this concludes the proof of (F-11) for N(¢e).

Proof of (3-80). Let 0 <k <L —1,0<p<2k+1,0<i <p.Letly =p—1i, I =i. Then we can pick
J>» € N* such that
max{l;2—i} < J, <min{2k+3 — p; 2k +2—1i}
and define
J1=2k+3—-—p—Js.
Then, from direct inspection,

1<h+J1<2k+1<2L—-1, 2<bh+J,<2k+2<2L,
L+L+J+J,=2k+3.

2 I s+2
/ 05|
L0zl Jy>1 y2‘,272

< |10gb |C(K)b(11+11+12+12 1)2L/(2L-1) |10gb |c(1<)b(2k+2)2L/(2L 1)

(I, J1, Iy, o) € N x N*, {
Hence, from (3-74), (3-75),

/ |a;§|2|8§’“;|2<H 1
1

yH#+2-2p

yjlfl

< blb?b§2k+l)2L/(2L o) 0

Proofof 3-81). Let0<k<L—-1,1<p<2k+1,0<j<i<p—1.Forp=2k+1and0<i=j <2k,
we use the energy bound (3-76) to estimate

J 12197 12
bapfi |ay§| |8y §| _ba2k+17,'” ”2 |al |2
1 T ElZoey=1) Ve
y=1 Y y=>1

S b%L/(ZL—])((Zk-i—l—i)-i—l-‘ri)|10gb1IC([() < blbfbiZk-‘rl)ZL/(ZL—l).

This exceptional case being treated, we let I} = j, I, =i — j and pick J, € N* with

max{l;2— (@ —j);2—(p— )} <o <min{2k+3—p;2k+2—(p—j); 2k+2— (i — )}
Let
J1=2k+3—p— 1.
Then we can directly check that

l<h+/i<2k+1, 2=<h+J/)h=<2k+2,

(I1, J1, L, Jy) € N? x N*, { .
L+bL+Ji+J=2k+3—(p—1i),



and thus

J 121917 72
b‘11[7—i / |ay g | |ay { | < bl]lp_,'
y=1

4k+2-2 ~
yHrz=2p
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I
ay I

2 1 2
/ 05|
yJ1— Lo(y=1) >1 y2J2—2

< |log by |C(K)b(17 i+h+Ji+h+J)—1)2L/Q2L-1) = [log b, |C(K)b(2k+2)2L/(2L 1)

< blbtlsb§2k+1)2L/(2L—1). 0

Step 8: small linear term L(g). We recall the decomposition (3-84).

Control for y < 1. The control near the origin directly follows from (3-88).

Control for y > 1. We give a detailed proof of (F-11) and leave (F-8) to the reader. We recall the bound
(3-90):

billog b |€|9ie]
k
LAOIPS Z—

i=0
This implies
2k+1  qp 2k+1 14 log b1 |€19i 2k+1 9i
k |9y L(e)] billog by~ |9ye| c |9%¢]
|AHL(e)| S Z YHT—p Z Y2+ Z ypitl S billog by Z Y22
i=0 i=0
We therefore conclude from (C-11) that
2k+1 |ai8|2

k 2 2 C Y
/y>1|AH L(e)|” < byllog b | Z/ m

5 |10gb1|C(K)b12+(2k+l)2L/(2L—l) < b]1+8+(2k+1)2L/(2L—1)’

and (3-64) is proved.
This concludes the proof of (F-8), (F-9), (F-10), (F-11), and thus of Proposition 3.6. O
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