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EXISTENCE AND ORBITAL STABILITY OF THE GROUND STATES
WITH PRESCRIBED MASS FOR THE L2-CRITICAL AND SUPERCRITICAL NLS
ON BOUNDED DOMAINS

BENEDETTA NORIS, HUGO TAVARES AND GIANMARIA VERZINI

Given p > 0, we study the elliptic problem

—AU+AU =U?,

U >0,
fB] Uzdx:,o’

find (U, 1) € Hy (B;) x R such that {

where By C R is the unitary ball and p is Sobolev-subcritical. Such a problem arises in the search for
solitary wave solutions for nonlinear Schrodinger equations (NLS) with power nonlinearity on bounded
domains. Necessary and sufficient conditions (about p, N and p) are provided for the existence of
solutions. Moreover, we show that standing waves associated to least energy solutions are orbitally stable
for every p (in the existence range) when p is L?-critical and subcritical, i.e., 1 < p <1+4+4/N, while
they are stable for almost every p in the L2-supercritical regime 1+ 4/N < p < 2* — 1. The proofs
are obtained in connection with the study of a variational problem with two constraints of independent
interest: to maximize the L”*!'-norm among functions having prescribed L2- and HO1 -norms.

1. Introduction

In this paper, we study standing wave solutions of the nonlinear Schrédinger equation (NLS)

ot (1-1)

i@+Ac1>+ |®|P~'d =0, (t,x)eRx By,
d(r, x) =0, (t,x) eRx 0B

with B the unitary ball of RN, N>1,and 1 < p<2*—1,where2*=0c0if N=1,2and 2*=2N /(N —2)
otherwise. In what follows, p is always subcritical for the Sobolev immersion while criticality will be
understood in the L?-sense; see below. The main tool in our investigation will be the analysis of the
variational problem

max{/mv’“dx:ueHg(sz), fuzdle, fqulzdx:a}
Q Q Q

and in particular of its asymptotic properties in dependence of the parameter o. As we will show, when
the bounded domain  C R" is chosen to be By, the two problems are strongly related.

NLS on bounded domains appear in different physical contexts. For instance, in nonlinear optics,
with N = 2 and p = 3, they describe the propagation of laser beams in hollow-core fibers [Agrawal

MSC2010: 35B35, 35J20, 35Q55, 35C08.
Keywords: Gagliardo—Nirenberg inequality, constrained critical points, Ambrosetti—Prodi-type problem, singular perturbations.

1807


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2014.7-8
http://msp.org

1808 BENEDETTA NORIS, HUGO TAVARES AND GIANMARIA VERZINI

2013; Fibich and Merle 2001]. In Bose-Einstein condensation, when N < 3 and p = 3, they model
the presence of an infinite well-trapping potential [Bartsch and Parnet 2014]. When considered in the
whole space RY, this equation admits the L2-critical exponent p = 1 +4/N; indeed, in the subcritical
case 1 < p <1+4/N, ground state solutions are orbitally stable while in the critical and supercritical
one they are always unstable [Cazenave and Lions 1982; Cazenave 2003]. Notice that the exponent p =3
is subcritical when N = 1, critical when N = 2 and supercritical when N = 3. In the case of a bounded
domain, only a few papers analyze the effect of boundary conditions on stability, namely [Fibich and
Merle 2001] and the more recent [Fukuizumi et al. 2012] by Fukuizumi, Selem and Kikuchi. In these
papers, it is proved that also in the critical and supercritical cases there exist standing waves that are
orbitally stable (even though a full classification is not provided, even in the subcritical range). This
shows that the presence of the boundary has a stabilizing effect.
As is well known, two quantities are conserved along trajectories of (1-1): the energy

1 2 1 +1
%(ep):/ <—|v<1>| _ L ep )a’x
B \2 p+l1
and the mass

sz(cb):/ |D|* dx.
B

A standing wave is a solution of the form ® (¢, x) = ¢'*' U (x), where the real-valued function U solves
the elliptic problem

1-2)

—AU+AU =|U|P"'U in By,
U=0 on dB;.

In (1-2), one can either consider the chemical potential A € R to be given or to be an unknown of the
problem. In the latter case, it is natural to prescribe the value of the mass so that A can be interpreted as a
Lagrange multiplier.

Among all possible standing waves, typically the most relevant are ground state solutions. In the
literature, the two points of view mentioned above lead to different definitions of ground state; see for
instance [Adami et al. 2013]. When A is prescribed, ground states can be defined as minimizers of the
action functional

5, (®) = (D) + 112(®)

among its nontrivial critical points (recall that &{, is not bounded from below); see for instance [Berestycki
and Lions 1983, p. 316]. Equivalently, they can be defined as minimizers of s{, on the associated Nehari
manifold. Even though these solutions of (1-2) are sometimes called least energy solutions, we will
refer to them as least action solutions. In case X is not given, one may define the ground states as the
minimizers of € under the mass constraint 2(U) = p for some prescribed p > 0 [Cazenave and Lions
1982, p. 555]. It is worth noticing that this second definition is fully consistent only in the subcritical case

142
< PR
p N

since in the supercritical case €|(9—,) is unbounded from below [Cazenave 2003]; see also Appendix A.
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Remark 1.1. When working on the whole space R", the two points of view above are in some sense
equivalent. Indeed, in such a situation, it is well known [Kwong 1989] that the problem

—AZ+Z=27P, ZeH'RY), Z>0

admits a solution Zy , that is unique (up to translations), radial and decreasing in r. Therefore, both the
problem with fixed mass and the one with given chemical potential can be uniquely solved in terms of a
suitable scaling of Zy ,. On the other hand, NLS on RY with a nonhomogeneous nonlinearity cannot be
treated in this way, and the fixed mass problem becomes hard to tackle [Bellazzini et al. 2013; Bartsch
and de Valeriola 2013; Jeanjean 1997; Jeanjean et al. 2014].

When working on bounded domains, the two papers [Fibich and Merle 2001; Fukuizumi et al. 2012]
mentioned above deal with least action solutions. In this paper, we make a first attempt to study the case
of prescribed mass. Since we consider p also in the critical and supercritical ranges, we have to restrict
the minimization process to constrained critical points of €.

Definition 1.2. Let p > 0. A positive solution of (1-2) with prescribed L?-mass p is a positive critical
point of €9}, that is, an element of the set

P, =1{U € Hol(Bl) :9(U) =p, U >0, there exists A such that —AU + AU = U?}.
A positive least energy solution is a minimizer of the problem

e, = 1@1)1/)1" €.
Remark 1.3. When p is subcritical, as we mentioned, the above procedure is equivalent to the mini-
mization of €|[9—,) with no further constraint. On the other hand, when p is supercritical, the set %, on
which the minimization is settled may be strongly irregular. Contrary to what happens for least action
solutions, no natural Nehari manifold seems to be associated to least energy solutions. Furthermore, since
we work on a bounded domain, the dependence of %, on p cannot be understood in terms of dilations.
As a consequence, no regularized version of the minimization problem defined above seems available.

Remark 1.4. Since 5, and the corresponding Nehari manifold are even, one can immediately see that
least action solutions do not change sign so that they can be chosen to be positive. On the other hand,
since U € P, does not necessarily imply |U| € %, in the previous definition, we require the positivity
of U. Nonetheless, this condition can be removed in some cases, for instance when p is subcritical or
when it is critical and p is small (see also Remark 5.10).

Our main results deal with the existence and orbital stability of the least energy solutions of (1-2) (the
definition of orbital stability is recalled at the beginning of Section 6 below).
Theorem 1.5. Under the above notations, the following hold:
(1) If 1 < p <1+4/N, then for every p > 0, the set P, has a unique element, which achieves e,,.
Q) Ifp=14+4/N, for0<p < ||ZN,p||2 the set P, has a unique element, which achieves e;

LZ(RN)’
Jor p > ”ZN’P”iZ(RN)’ we have P, = O.
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(3) If 1 +4/N < p < 2* — 1, there exists p* > 0 such that e, is achieved if and only if 0 < p < p*.
Moreover, P, = & for p > p* whereas

#P,>2 for0O<p<p”.
In this latter case, P, contains positive solutions of (1-2) that are not least energy solutions.

Remark 1.6. As a consequence, we have that, for p and p as in case (3) of the previous theorem, the
problem
—AU+ AU =U?,
find (U, 1) € Hy(B1) xR 2+
f B, Usdx=p

admits multiple positive radial solutions.

Concerning the stability, following [Fukuizumi et al. 2012], we apply the abstract results in [Grillakis
et al. 1987], which require the local existence for the Cauchy problem associated to (1-1). Since this is
not known to hold for all the cases we consider, we take it as an assumption and refer to [Fukuizumi et al.
2012, Remark 1] for further details.

Theorem 1.7. Suppose that for each ®¢ € HOl (B1, C) there exist ty > 0, only depending on || ®y||, and a
unique solution ® (¢, x) of (1-1) with initial datum ®q in the interval I = [0, tp).
Let U denote a least energy solution of (1-2) as in Theorem 1.5, and let ®(t, x) = ¢! U (x).

(1) If1 < p<1+4/N, then ® is orbitally stable.
(2) If 14+4/N < p <2* —1, then ® is orbitally stable for a.e. p € (0, p*].

In case (2) of the previous theorem, we expect orbital stability for every p € (0, p*) and instability
for p = p*; see Remark 6.4 ahead.

As we mentioned, [Fibich and Merle 2001; Fukuizumi et al. 2012] consider least action solutions, that
is, minimizers associated to

a), = inf{sd; (U) : U € H} (By), U #0, sl)(U) =0}.

In this situation, the existence and positivity of the least energy solution is not an issue. Indeed, it is well
known that problem (1-2) admits a unique positive solution R, if and only if A € (—X;(B7), +00), where
A1(By) is the first eigenvalue of the Dirichlet Laplacian. Such a solution achieves a,. Concerning the
stability, in the critical case [Fibich and Merle 2001] and in the subcritical one [Fukuizumi et al. 2012], it
is proved that ¢’* R, is orbitally stable whenever A ~ —A(B;) and A ~ 4o0. Furthermore, stability for all
A € (—A1(By), +00) is proved in the second paper in dimension N = 1 for 1 < p <5 whereas in the first pa-
per numerical evidence of it is provided in the critical case. In this context, our contribution is the following:

Theorem 1.8. Let us assume local existence as in Theorem 1.7, and let R, be the unique positive solution
of (1-2). If 1 < p <144/N, then e'*' Ry is orbitally stable for every A € (—A1(B}), +00).

Remark 1.9. In [Fukuizumi et al. 2012], it is also shown that, in the supercritical case p > 1+4/N, the
standing wave associated to R; is orbitally unstable for A ~ +o0o. In view of Theorem 1.7(2), this marks
a substantial qualitative difference between the two notions of ground state.
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Remark 1.10. Working in B; allows one to obtain radial symmetry, uniqueness properties and nonde-
generacy of solutions (which in turn implies smooth dependence of the solutions on suitable parameters).
These properties are not necessary for the existence results of Theorem 1.5, most of which hold also in
general bounded domains, but they are crucial in our proof of stability.

As we mentioned, we will prove the above results as a byproduct of the analysis of a different variational
problem that we think is of independent interest. The main feature of such a problem is due to the fact
that it involves an optimization with two constraints. Let Q@ C R" be a general bounded domain. For any
fixed @ > A1 (2), we consider the maximization problem

M, :sup{/ lulP ™ dx 1 u € H} (), / u?dx =1, /|Vu|2dx :a}, (1-3)
Q Q Q
which is related to the validity of Gagliardo—Nirenberg type inequalities (Appendix A).
Theorem 1.11. Given o > A(2), M, is achieved by a positive function u, € H(} (2), and there exist
e > 0and Ly > —X11(R2) such that
—Aug + Agltg = poul), / ui dx =1, / |Viug|* dx = a. (1-4)
Q Q
Moreover, as o — A1 ()T,
Uy — @1, e — 0T, Aa = —21(R2)

(@1 denotes the first positive eigenfunction, normalized in L?).

As o — 400,
o N(p—1)
—

e N+2—p(N-2)

and
(1) ifl <p<144/N, then jpy — 400,
(2) if p=1+4/N, then j1a — 1 Zy ||}z on, and
(3) if 1+4/N < p <2*—1, then uy — 0.
Furthermore, as o« — +00, uy is a one-spike solution, and a suitable scaling of u, approaches the

function Zy , defined in Remark 1.1.

More detailed asymptotics are provided in Sections 3 and 4. This problem is related to the previous
one in the following way. Taking u > 0 and 1 > 0 as in (1-4), the function U = u!/?=Dy belongs to P,
for p = P~V Incidentally, if one considers the minimization problem

ma=inf{f|u|l’+ldx:ueHg(sz), /uzdle, /|W|2dx=a},
Q Q Q

then one obtains a solution of (1-4) with & < 0 and A < —A(£2). This allows one to recover the well-
known theory of ground states for the defocusing Schrodinger equation id®/dt + A® — |®|P~1d = 0;
see Appendix B. Moreover, when o ~ A1(£2), there exist exactly two solutions (u, u, A) of (1-4) that
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achieve M,, and m,, respectively. More precisely, in the context of Ambrosetti—Prodi theory [1972; 1993],
we prove that (u, u, A) = (¢1, 0, —A1(£2)) is an ordinary singular point for a suitable map, which yields
sharp asymptotic estimates as o« — A1 (€2)". On the other hand, the estimates on M,, as @ — +00 lean on
suitable pointwise a priori controls [Esposito and Petralla 2011]: controls of this kind were initiated and
performed for the first time for critical nonlinear elliptic problems by Druet, Hebey and Robert [Druet
et al. 2004] (see also [Druet et al. 2012]).

We stress that these results about the two-constraints problem hold for a general bounded domain 2.
Going back to the case 2 = Bj, positive solutions for (1-2) have been the object of an intensive study by
a number of authors, in particular regarding uniqueness issues; among others, we refer to [Gidas et al.
1979; Kwong 1989; Kwong and Li 1992; Zhang 1992; Kabeya and Tanaka 1999; Korman 2002; Tang
2003; Felmer et al. 2008]. In our framework, we can exploit the synergy with such uniqueness results in
order to fully characterize the positive solutions of (1-4). We do this in the following statement, which
collects the results of Proposition 5.4 and of Appendix B below:

Theorem 1.12. Let Q = By and

S={(u, u,r,a) € HOI(SZ) xR :u>0and (1-4) holds}.
Then

where both ¥t and ¥~ are smooth curves parametrized by o € (A{(B}), +00), corresponding to
FN{u >0} and ¥ N{u < 0}, respectively. In addition, (u, u, x, ) € S+ (¥7) if and only if u achieves
My (mg).

Remark 1.13. As a consequence of the previous theorem, we have that the smooth set ¥ defined through
the maximization problem M, can be used as a surrogate of the Nehari manifold in order to “regularize”
the minimization procedure introduced in Definition 1.2.

To conclude, we mention that in [Noris et al. 2014], by exploiting part of the strategy we have described,
we were able to find stable solutions with small mass for the cubic Schrédinger system with trapping
potential on R".

This paper is structured as follows. In Section 2, we address the preliminary study of the two-constraint
problems associated to M, and m,. Afterwards, in Section 3, we focus on the case where o ~ A{(£2),
seen as an Ambrosetti—Prodi-type problem. Section 4 is devoted to the asymptotics as o« — +o00 for M,,
which concludes the proof of Theorem 1.11. In Section 5, we restrict our attention to the case Q2 = By,
proving all the existence results (in particular Theorem 1.5), qualitative properties and more precise
asymptotics for the map o — (u, i, A) that parametrizes ¥*. In particular, we show that u'(a) > 0
whenever p < 14 4/N whereas it changes sign in the supercritical case. Relying on such monotonicity
properties, the stability issues are addressed in Section 6, which contains the proofs of Theorems 1.7
and 1.8. Finally, in Appendix A, we collect some known results for the reader’s convenience, whereas
Appendix B is devoted to the study of ¥, which concludes the proof of Theorem 1.12.
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2. A variational problem with two constraints

Let @ c RY be a bounded domain, N > 1. For every a > A1(R2) fixed, we consider the variational
problems

mgy = inf /|u|1’+l dx, M, = sup /|u|1’+1dx,

u€lly uel, J Q

where
oua:{ueH(}(sz):/ u?dx =1, /|Vu|2dx§a}.
Q Q

As we will see, these definitions of M, and m, are equivalent to the ones given in the introduction. To
start with, we state the following straightforward properties:

Lemma 2.1. For every fixed a > A1(£2),
1) Uy # 9,
(i) U is weakly compact in HO1 (2),
(ii1) the functional u — fglu |P+1 dx is weakly continuous and bounded in AUy and
(V) [lullpo ) > 1217 P=D2PHD for every u € Uy

Lemma 2.2. For every fixed a > L1(S2), the set

Oﬁaz{ueHOl(Q):/ude=l, /|Vu|2dx=oz, /mpldx;éO}
Q Q Q

is a submanifold of HO1 () of codimension 2.
Proof. Setting F(u) = ([, u®dx — 1, [|Vu|® dx), it suffices to prove that, for every u € Al,, the range
of F'(u) is R%. We have

Pl = (1, ), éF’(u)[gol]=/ngo1dx-(1,m<sz>>,

which are linearly independent as o > A1 (£2). ([

Lemma 2.3. For every fixed o > A1(2), there exists u € OTLa, with u > 0, such that my, = fQ uPtldx.
Moreover, there exist A, i € R, with u #£ 0, such that

—Au+iu=pu? inQ. 2-1)
A similar result holds for M.

Proof. Let us prove the result for m,,. First, the infimum is attained by a function u € U, by Lemma 2.1;
by possibly taking |u|, we can suppose that u# > 0. Let us show that u € AU, . Notice that, with u > 0
and u % 0, it holds that [, ug; dx # 0. Assume by contradiction that [,,|Vu|* dx < a; then we have

/u”“dx:inf{/|v|p+1dx:veH01(Q), /vzdle, /|Vv|2dx<a},
Q Q Q Q
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and there exists a Lagrange multiplier € R so that

/upzdx:u/uzdx foralleH(}(Q).
Q Q

Hence, u =u?~' e HO1 (2), which contradicts the fact that fQ u?dx = 1. Therefore u € Oﬂa so that, by
Lemma 2.2, the Lagrange multiplier theorem applies, thus providing the existence of k1, k2 € R such that

/u”zdx:lq/Vu-Vzdx+k2/uzdx forallzeHol(Q).
Q Q Q

By the previous argument, we see that k; # 0; hence, setting © = 1/k; and A = k»/ ky, the proposition
is proved. O

Proposition 2.4. Given o > A{(S2), the Lagrange multipliers . and A associated to my, as in Lemma 2.3
satisfy u < 0 and » < —A1(R2). Similarly, in the case of My, it holds that > 0 and A > —X ().

Proof. Let (u, A, t) be any triplet associated to m,, as in Lemma 2.3. We will prove that < 0. Set
w(t) =tu+st)gr,

where r € R is close to 1, s(1) = 0 and s(¢) is such that

1 :/ w(t)2 dx =12 +2ts(t)f up) dx +s(t)2. (2-2)
Q Q

O <t2 + 2ts f up dx + s2>
Q

then the implicit function theorem applies, and the map # — w(t) is of class C! in a neighborhood of r = 1.
Differentiating (2-2) with respect to ¢ at t = 1, we obtain

Since

= 2/ uprdx #0,
(t,5)=(1,0) Q

O=/ u/(l)w(l)dx:/ w/(l)udle-i-s’(l)/ ug dx,
Q Q Q

which implies s'(1) = —1/ [, ug1 dx and w'(1) =u — @1/ [ ue; dx. Thus,

d
—— | IVw®)|*d
2dt/9| w(t)|"dx

/ Vu-Vw'(1)dx

Jo Vu-Vodx

|Vu| dx —==————=a—11(R2) > 0. (2-3)
fQ ugy dx

In particular, this implies the existence of ¢ > 0 such that w(¢) € U, for t € (1 — ¢, 1]. Therefore, by the

definition of mg, [[w(D)|[p4+1 < [lw(®)|lp+1 for every t € (1 —¢, 1], and

<0. (2-4)
t=1

d
_ t ]7+1d
dl/ﬂlw()l X
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On the other hand, using (2-1) and the fact that fQ uw’(1) dx =0, we have

/|w(r)|f’+1 dx

= p/1d=/—A+A ‘I d
P M/Quw()x [t raw' )y d

t=1
>0

t=1

/w Vw (l)dx_——/|Vw(t)| dx
Q

by (2-3). By comparing with (2-4), we obtain that p < 0.
The case of M, can be handled in the same way, obtaining that in such situation © > 0. Finally, by
multiplying (2-1) by ¢;, we obtain

(kl(Q)—i-)»)/ u<p1dx=,uf ulordx.
Q Q

As u, @1 > 0, we deduce that 1 (€2) 4 X has the same sign as . O
We conclude this section with the following boundedness result, which we will need later on:

Lemma 2.5. Take a sequence {(u,, n, M)}n such that

n

/ uldx =1, f |Vu,,|2 dx =: a, is bounded
Q Q
and
—Auy + Aty = ppul. (2-5)
Then the sequences {A,}, and {,}, are bounded.
Proof. By multiplying (2-5) by u,, we see that

ay + Ay = I/Ln/ M,’:H dx;
Q

thus, if one of the sequences {A,}, or {u,}, is bounded, the other is also bounded. Recall that, by
assumption, u, is bounded in H(} (€2); hence, it converges in the LP*!_norm to some u € HO1 (Q)uptoa
subsequence. Moreover, u % 0 as fQ w?dx =1.

For concreteness, suppose without loss of generality that i, — 400 and that A, — +o00. From the
previous identity, we also have that

k—"z/u,f“dx—%e uPtldx =1y £0
Mn Q MUn Q

up to a subsequence. Now take any ¢ € HOl (£2) and use it as test function in (2-5). We obtain

fVun-Vgodx:Mn/ufl’(pdx—kn/un(pdx
Q Q Q

An
:un<f u,fwdx——/un(pdx).
Q Kn J

A
/ufl’godx——n u,dx — 0.
Q Mn JG

As w,, — 400, we must have
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A
fu,’,’(pdx——n/ungadx—>/u”g0dx—yfug0dx.
Q Mn Jo Q Q

Thus, we have u?” = yu, which is a contradiction. O

On the other hand,

3. Asymptotics as & — A1(2)*
In this section, we will completely describe the solutions of the problem
—Au+ Au = pu?, ueHOl(Q), u >0, /QMde:l @3-
for  := fQ |Vu|?>dx in a (right) neighborhood of A1(£2). For that, we will follow the theory presented in

[Ambrosetti and Prodi 1993, §3.2], which we now briefly recall.

Definition 3.1. Let X and Y be Banach spaces, U C X an open set and ® € C>(U, Y). A point x € U is
said to be ordinary singular for ® if

(a) Ker(®'(x)) is one-dimensional, spanned by a certain ¢ € X,
(b) R(®'(x)) is closed and has codimension 1 and
() "(x)[¢, ] ¢ R(P'(x)),
where Ker(®’'(x)) and R(®’(x)) denote respectively the kernel and the range of the map ®'(x): X — Y.
We will need the following result:

Theorem 3.2 [Ambrosetti and Prodi 1993, §3.2, Lemma 2.5]. Under the previous notations, let x* € U
be an ordinary singular point for ®. Take y* = ®(x*) and ¢ € X such that Ker(®'(x*)) = R¢p, ¥ € Y*
such that R(®'(x*)) = Ker(V) and consider z € Z such that V(z) = 1, where Y = Z @ Ker(¥). Suppose

V(" (x")[¢, ¢]) > 0.
Then there exist €*, 5 > 0 such that the equation
O(x) =y"+ez, xe€Bs(x"),

has exactly two solutions for each 0 < & < &* and no solutions for all —e* < ¢ < 0. Moreover, there exists
o > 0 such that the solutions can be parametrized with a parametert € (—o, o), t — x(t) is a C' map
and

2¢
V(D" (x*)[p, 1)
Let us now set the framework that will allow us to apply the previous results. Given k > N, consider
X={weW>(Q):w=00n9Q}, Y =LK Q) and U ={w e X : w>0in 2 and 9,w < 0 on I2}.
Take @ : X x R*> — L*¥(Q) x R? defined by

x(t) =x* +1p+o(Ve) witht = :I:\/ (3-2)

D(u, u, A) = (Au—ku—i—uu”,f uzdx—l,/|Vu|2dx). (3-3)
Q Q
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Remark 3.3. Note that ® € C>(U, Y). This is immediate when p > 2 while for 1 < p < 2 it can be
proved, for instance, along the lines of [Ortega and Verzini 2004, Lemma 4.1].

We start with the following result:

Lemma 3.4. Let o, — A ()T, and suppose there exists (U, fin, An) such that ® (u,, pn, An) = (0,0, azy,)
with u, > 0. Then u, — ¢, in Ho1 (), un = 0 and r, - —X11 (). In particular,

O, pn, ) =(0,0,21(2)), u=0, ifandonlyif (u,p,2) = (1,0, =11(£2)).

Proof. As u, is bounded in H(} (£2), up to a subsequence, we have that u,, — u weakly in H(} (€2). Moreover,
Jqu*dx =1, u >0, and by the Poincaré inequality, A (Q) < [,,|Vu|? < liminf [,,|Vu,|* dx = 11 (R),
whence u = ¢; and the whole sequence u,, converges strongly to ¢; in HO1 (€2). By Lemma 2.5, we have
that ,, and A, are bounded. Denote by 1~ and A limits of subsequences of each. Then

—AQ1 + Aol = Moot ,
which shows that oo =0 and Aoo = —1((R2). O

Lemma 3.5. The point (¢1,0, —A1(2)) € U is ordinary singular for ®. More precisely, for L =
d'(¢1,0, —=11(R)) : X x R? > LX(Q) x R?, we have:

(1) Ker(L) = span{(y, 1, fQ (,inJrl dx)} =: span{¢}, where r € X is the unique solution of
—AY — M QY = <pf — / (pf’Jrl dx such that/ Yo dx =0. (3-4)
Q Q

(i) R(L) = Ker(V) with ¥ : L¥(Q) x R? > R defined by W (&, h, k) =k — A (Q)h.
(iii) W(®"(¢1,0, —A1(2)[¢, ¢]) > 0.
Proof. (1) We recall that —A — A1(€2) Id is a Fredholm operator of index 0 with

Ker(—A — A1(£2) Id) = span{¢1},
R(—A — 211 (2)1d) = iv e LX) : / vordx = 0}.
Q

Therefore, by the Fredholm alternative, there exists a unique ¥ € X solution of (3-4). Let us check that
Ker(L) = span{(y, 1, [, (plpH dx)}. We have

L(,m,l)= (Av+x](sz)v—l<p] +m¢{’,2/ golvdx,Zf 7 -de);
Q Q
thus, (v, m, 1) € Ker(L) if and only if  =m [, ! *', [, @1vdx = [, Vo - Vodx =0 and

—Av—kl(Q)v=m((pf—<p1/ <pf’+1 dx) for some m € R.
Q

By the uniqueness of ¥ in (3-4), we obtain v = m.
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(ii) Let us prove that R(L) = {(§, h, A (Q)h) : § € LK(Q), h eR}). Recalling the expression for L found
in (i), it is clear that L(v, m,[) = (&, h, k) implies k = X1 (2)h. As for the other inclusion, given any
£ € LK(), let w € X be the solution of

—Aw—kl(Q)w:(m/é(pldx—?;‘ withf wedx =0,
Q Q

which exists and is unique again by the Fredholm alternative. Then L(h¢;/2 4+ w, 0, fQ Eprdx) =
(&, h, M ()h).
(ii1) We have that

" (¢1,0, =11(Q)[, p1 = 2(1)@{’_11# - 1/,/ ol dx, / ¥ dx, / IVlﬁlde>
Q Q Q
with ¢ and v defined in (i). Hence,

(D" (1, 0, 21 ()[¢, 1) =/92(|V1/f|2—)»1(9)1/fz) dx >0 (3-5)

since V¥ satisfies (3-4). O

Proposition 3.6. There exists €* such that the equation
O(u, 11, 2) = (0,0, 21 () +e),  (u,p,2) €U xR,

has exactly two positive solutions for each 0 < ¢ < &* (one with u > 0 and one with u < 0). Moreover,
such solutions satisfy the asymptotic expansion

_ _ /; p+l
(l/t, M,A)—((ﬂl»o, )"I(Q))i fQ gofl,//dx (w’ 19L¢] dx)'i‘o(\/g),

where V) is defined in (3-4). In addition, the LP*'-norm of one of the solutions is equal to My, (Q)+e and
the other is equal to M) Q)+

Proof. We apply Theorem 3.2 with ® defined in (3-3), x* = (¢1, 0, —A1(2)) and z = (0, 0, 1). By the previ-
ous lemma, x* is ordinary singular for ®, and, moreover, using the notation therein, ¥ (®” (x*)[¢, ¢]) >0
and W (z) = 1. Therefore, the assumptions of Theorem 3.2 are satisfied, and there exist ¢*, § > 0 such
that the problem

D, 1, A) =(0,0,21 () +¢), (u, 1, A) € Bs(1,0, —11(£2)),

has exactly two solutions for each 0 < & < £*, which can be parametrized using amap t — (u(¢), u(t), A(t))
of class C! in U x R2. The asymptotic expansion is obtained by combining (3-2) with the fact (see (3-5))

(D" (1,0, M ()¢, 1) = 2/ o1 dx.
Q

Finally, by possibly choosing a smaller &*, (u(t), u(t), A(¢)) are the unique positive solutions in U x R?2
for 0 < ¢ < £*, as a consequence of Lemma 3.4, and the statement concerning fQ u(t)P* dx follows
from Lemma 2.3 and Proposition 2.4. U
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Remark 3.7. From the proof of Proposition 3.6, we deduce an alternative proof of [Fukuizumi et al.
2012, Theorem 17(ii)]; namely, we can show that

W' (@1 > 0.

This result is relevant when facing stability issues; see Corollary 6.2 ahead.

4. Asymptotics as o« — 400

In this section, we consider the case when « is large in order to conclude the proof of Theorem 1.11.

Since in that case the problems M, and m, exhibit different asymptotics, here we only address the study

of M, and we postpone to Appendix B the complete description of the minimizers corresponding to m,.
Define, for any u, A € R, the action functional associated to (2-1), namely J,, ; : HOI(Q) — R:

1 Iz
Ju(w) == Vul|? + ru? dx——/ ulPdx. 4-1
e (1) 2/Q(I | ) p+19|| (4-1)
Lemma 4.1. For every u > 0 and A € R, we have that
u €Uy, /|u|”+1dx:Ma = J,a(u) =infJ, ;.
Q Uy

Proof. By the definition of M,

1 A
LMQ: sup {Lf|w|p+] dx—{——(a—/Ilezdx)—i——(l—f dex>},
p+1 wea, \P+1Ja 2 Q 2 Q

and hence,

A
O B My= inf T, w). O

J = -
o () 2 p+1 well,

Lemma 4.2. Fix o > A (), and let (u, u, ) € OTLO, x RT x (=A1(R2), +00) be any triplet associated
to My as in Lemma 2.3. Then the Morse index of JJ,A(”) is either 1 or 2.

Proof. If (u, u, A) is a triplet associated to M, then © > 0 by Proposition 2.4. Equation (2-1) implies
5 @lu, ul = =(p = D /Q uP*dx <0,
so that the Morse index is at least 1. Next we claim that, for such (u, u, 1),

T )¢, 1 =0 forevery ¢ € Hy () with /

Vu-V(l)dx:/ updx =0,
Q

Q

which implies that the Morse index is at most 2. Indeed, any such ¢ belongs to the tangent space of OTLO,
at u; hence, there exists a C* curve y (¢) satisfying, for some ¢ > 0,

yi(—g6) =Wy, y©0) =u, y'(0)=¢.
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Lemma 4.1 implies that J,, ; (y (¢)) — J..5.(y(0)) > 0. Hence,

2 2
t t
0<Jus(y(®) = Jusw)=J, , @)l +J, , (w)lg, d)]E + J,;,k(u)[y”(O)]E +o(r%).
Finally, (2-1) implies that J //L ; (u) =0, which concludes the proof. U

Lemma 4.3. Let «t,, — +00, and let u,, € HO1 (), u, > 0, satisfy
—Auy + Ay = ppull  in Q, f IVu,|? dx = ay, / ”31 dx=1
Q Q

for some p, > 0 and ), > —A1(2). Then A, — +0o0.
Proof. Set
Ly := llunll o) = ttn(xn).
Since Auy(x,) <0, from the equation for u,, we obtain wnLE — 1, L, >0, 1ie.,

A (2 A
— l(p—)l < r;_l <1
Mn Ly Mn Ly

(recall that A > —X(€2)). In particular, since M,lLff_l > n fQ u,f“ dx > a, + A, — 400, we have (up
to subsequences)
n

1
pn Ly

— A* €0, 1]. (4-2)

In order to prove that A, — +00, it only remains to show that A* # 0. To this aim, we define

1 X
v,(x) i =—uy|l xp+—mm—
0= 2o wnmw)

so that v,, satisfies

vy =P inQ, = (U, LPHYA(Q - x,).

Using (4-2) and reasoning as in [Gidas and Spruck 1981b, pp. 887-889], we have that v, — v in
(W2P N CLPY 10 (RN) for every B € (0, 1). Moreover, v > 0, v(0) = 1 and

—Av+A*v=v" inH,

where H is either R" or a half-space of RV and v = 0 on d H in case H is the half-space. Since v # 0,
the nonexistence results in [Gidas and Spruck 1981a] imply that A* > 0, and this concludes the proof. [J

Next, we use some results from [Esposito and Petralla 2011] in order to show that a suitable rescaling
of the solutions converges to the function Zy , defined in Remark 1.1. Such results rely on pointwise
estimates that take fundamental inspiration from the monograph [Druet et al. 2004] (see also [Druet et al.
2012]).
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Lemma 4.4. With the same assumptions as the previous lemma, suppose moreover that the Morse index
of Jln’kn (un) is equal to k € N for every n. Then uy admits k local maxima P,f eQ,i=1,...,k, such

that, defining
(=1 4
Vi (x) = (“—) un( i +P,i> (4-3)
An A

forx € Qi = /Ay (2 — P["), we have
Vin = Zn,p in ClhoRY) asn— +oo foreveryi.

As a consequence, for every q > 1,

w q/(p—1)
- AQW/ ud dx — k/ Z4 dx asn— +oo. (4-4)
An Q Ry P
Proof. Since A,, — +00 by the previous lemma, we can apply [Esposito and Petralla 2011, Theorem 3.2]
to U, .= M:/ (p _1)un, inferring the existence of k local maxima P,ll', i =1,...,k, such that, for every
i,
VApdist(P,, 02) — +o0, VAn| P, — P]| — 400, 4-5)

and for some C, y > 0, the following pointwise estimate holds:
1/(p=1) k .
U, (x) = /L,jl/(”_l)Un(x) < C(—") Ze_yml"_[’"l for all x € Q.
Mn ,
i=1

Furthermore, since v; , solves —Av; , +v; , = vf , 10 €; ,, [Esposito and Petralla 2011, Theorem 3.1]
yields that v; , — Zy , in CIIOC([RRN ), so the only thing that remains to be proved is estimate (4-4).
To this aim, let R > 0 be fixed and r, = R/+/A,. Then, if n is sufficiently large, (4-5) implies that, for
every i # j,
B, (P)CQ, B, (PHN B, (P))=2.

Ln q/(p—1) N2 k
=|— A /uqu— f u? dx
<)~n> "lle " ; BB

q/(p=1)
= <&) AN/Z/ ul dx
n . n
An o\, By, (P)

k

N/2 —qy/nlx—P,|

<Cx, Z/ ) ;€ dx
= Ja\U B, ()

‘We obtain

q/(p—1
‘(ﬂ) )\N/zf ud dx —
)\‘ n n
n Q

k

q
S
Br(0)

j=1

k
< CXZV/ZZ/ o gVl =Pl g
= Jrn\B,, ()

— Ck/ e arhyl dy < Cle_C2R
RN\ B (0)
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for some positive C; and C,. As n — 400, we have, up to subsequences,

Hn q/(p—1)
lim[ =~ A;V/Z/ude—k/ Zlq\, dx
no\ Ay Q Br 7
R

and (4-4) follows by taking R — +o0. ]

< Cie R

Finally, the previous lemma allows us to study the asymptotic behavior of u as ¢ — +o0.
Lemma 4.5. With the same assumptions as the previous lemma, we have that

(1) ifl<p<1+4/N, then u,, - +00,

() if p=1+44/N, then w, — k*'N || Zy. ,,||L2 &) and
3) if1+4/N < p <2*—1, then u, — 0.
Furthermore,
on N(p—1)

—> .
A NA+2—p(N-2)

Proof. Exploiting (4—4]) with g =2 and ¢ = p + 1 as well as the relations ||u, ||%2 =1, ||Vu, ||i2 =, and
o+ Ap = nllun ”Ili::r' , We can write

W2/ (P=DAN22 () /R 73 .

(17+1)/(17—1))LN/Z—(p-H)/(P—l)/
n

1 uP*tdx — k/ zy' ) dx, (4-6)
Q

RN
I 21Dy N2=2(p=D) k/ VZy 2 dx.
)\n RN
Now, since A, — +oo (Lemma 4.3) and the exponent N/2 —2/(p — 1) is negative, zero or positive
respectively in the subcritical, critical and supercritical cases, the first relation in (4-6) immediately
provides the properties for w,,.
On the other hand, dividing the third relation by the first one, we have
Oy ”VZN p”LZ(RN) N(p— 1)

e .
)\"’l ”ZN,[?”LZ(RN) N+2_p(N_2)

The explicit evaluation of this constant can be obtained by the relations

+1
”VZN p”LZ(RN) + ||ZN P”LZ(RN) - ||ZN p||€p+l(RN)7

2 r+
E2\VZy i3, ®y T2 SZn.pll3 ®/V) = p+1 I1Zn,pll; ,,H RN)®

i.e., by testing the equation for Zy , either with Zy , itself or with x - VZy , (recall that Zy , decays
exponentially at co). The second relation is the well-known Pohozaev identity; see for instance [Berestycki
and Lions 1983, §2]. U
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End of the proof of Theorem 1.11. The fact that M,, is achieved by a triplet (u, i, A) with u > 0 and
A > —A1(R2) is a consequence of Lemma 2.3 and Proposition 2.4. Lemma 3.4 implies the asymptotic
behavior as @ — A1(2)™ while the results as @ — +oo follow from Lemmas 4.3, 4.4 and 4.5, recalling
that u has Morse index k, with k being either 1 or 2, by Lemma 4.2. The only thing that remains to be
proved is that both in Lemma 4.4 and in Lemma 4.5(2) k must be equal to 1; in other words, we are left
to show that, if u, achieves M, , with o, large, then its Morse index must be 1 (and not 2).

For easier notation, in the following, we write Z = Zy ,. Since u, achieves M,,,, from (4-6), we infer
(up to subsequences)

_ IVZI;
n ~ k(Pfl)/Z”Z”Z2 IA}!*N(Pfl)/4 o~ Y

’ n n
1Z13,
and X )
+ +1)/(p—1)=-N
My,  [qun dx rlzZ! APHD/(p=D)=N/
_ - _ 1 _ _
a'IT\’(p /4 a}ll\f(p 1)/4 Lrt M’gp+l)/(p UO[yI,V(p 1)/4
+1
1z
— k(P72 Ly 4-7)
N(p-1)/2 1-N(p—-1)/2"
(N4 e VA e

where either k = 1 or k = 2. On the other hand, let us fix xo € 2 and n € C§°(£2) such that n(x) =1
around x. It is always possible to find a sequence a, — 0T such that

w, () = () Zyp (2 ). =

n

satisfy / IV, dx = ay,
lwallL, Q

(indeed «;, — 400 and fQ|vwn|2 dx is of order a, 2 as a, — 0). Then direct calculation yields

~p+1 +1
w [o0nt dx N IZ17 5
N(p—1)/4 = N(p—1)/4 N(p—1)/2 +1-N(p—1)/2°
o (p—1)/ o (p—=1)/ ”VZ”LZ(P )/ ”Z”ZZ (p—1)/
which, together with (4-7), forces k = 1. U

Remark 4.6. The previous argument shows that, when « is large, M, is achieved by a single-peak
solution having Morse index 1. This was actually suggested to us by the anonymous referee in his/her

report. This also implies the sharper estimate for the asymptotics of w:
[ ~ Cal=N=D/4,

where C is a constant depending only on N and p (through Zy ,).

5. Least energy solutions in the ball

From now on, we will focus on the case
Q:=B 1.

To start with, we collect in the following theorem some well-known results about uniqueness and
nondegeneracy of positive solutions of (1-2) on the ball:
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Theorem 5.1 [Gidas et al. 1979; Kwong 1989; Kwong and Li 1992; Korman 2002; Aftalion and Pacella
2003]. Let & € (—A1(B1), +00) and p > 0 be fixed. Then the problem

—Au+Aiu=puu? in By, u=0 ondbB;

admits a unique positive solution u, which is nondegenerate, radially symmetric and decreasing with
respect to the radial variable r = |x|.

Proof. The existence easily follows from the mountain pass lemma. The radial symmetry and monotonicity
of positive solutions is a direct consequence of [Gidas et al. 1979].

The uniqueness in the case A > 0 was proved by Kwong [1989] for N > 2. For A € (—A1(By), 0), the
uniqueness in dimension N > 3 was proved by Kwong and Li [1992, Theorem 2] (see also [Zhang 1992])
whereas in dimension N = 2 it was proved by Korman [2002, Theorem 2.2]. The case A = 0 is treated in
Section 2.8 of [Gidas et al. 1979].

As for the nondegeneracy, for A > 0, this follows from [Aftalion and Pacella 2003, Theorem 1.1] since
we know that u has Morse index 1 as it is a mountain pass solution for J,, ; (recall that such a functional
is defined as in (4-1)). As for A € (—A1(By), 0], we could not find a precise reference, and for this reason,
we present here a proof, following some ideas of [Kabeya and Tanaka 1999].

Assume by contradiction that u is a degenerate solution for some A € (—A{(B7), 0]. This means that
there exists a solution 0 #= w € H(} (By) of

—Aw+Aw = pup_lw;

hence, w € H()l,rad(Bl) and Jl’L”A(u)[w, £]1=0forall £ € H(} (B1). Moreover, we have that J"L”A(u)[u, ul=
—(p—Du fB1 uPtdx <0, and thus,

J) ,@)h,h] <0 forall h € H :=span{u, w}.

For 6 > 0, consider the perturbed functional

Vwl? A+8uP! F)
Ig(w)=/ (' wl” | At du wz—&(wﬂl’“)dx. (5-1)
5\ 2 2 1

On the one hand, this functional satisfies, for every h € H \ {0},
Llh, k1= J) ,)lh, B+ [ @u?"'h* — psuP~'h?) dx
B

<—(p-— 1)5/ uP~'h?dx < 0. (5-2)
B

On the other hand, /5 has a mountain pass geometry for § sufficiently small; hence, it has a critical point of
mountain pass type. Every nonzero critical point of /5 is positive (by the maximum principle), and it solves

—Aw=Vs(r)w+ (u+5)w? in By,
w>0 in By,
w € H} (By)
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for Vs(r) := —A — éuP~!. Now this problem has a unique radial solution, which is u itself, which
is in contradiction to (5-2). The uniqueness of this perturbed problem follows from [Korman 2002,
Theorem 2.2] in case A < O (in fact, V5(r) > 0 and <-[r?*(1/2=1/(r+D)yy(r)] > 0) while in case A =0
we can reason exactly as in [Felmer et al. 2008, Proposition 3.1] (the proof there is for the annulus, but
the argument also works in the case of a ball). U

Remark 5.2. As we already mentioned, the Morse index of u > 0 as a critical point of J, ; is 1. Recalling
the definition of /s in (5-1), we have that also the Morse index of Ij(u) is 1 at least if A > —A;(B) and
if § > 0 is small enough. When A < 0, this was shown in the proof of the previous result, where we have
dealt also with the case A = 0. The proof for A > 0 is the same as in the latter case.

Given k > N, as before, let us take X = {w € W2*(B;) : w =0 on 3 B;}. Let us introduce the map
F:X xR¥— L¥(B)) x R? defined by

F(u,u,k,a):(Au—Au+/Lup,/ u?dx —1, |Vu|2dx—a)
B

By
and its null set restricted to positive u,
F={u,pra)e X xR :u>0, F(u,u, »a) =0,0,0))}.
It is immediate to check that ¥ N {o < A1(B1)} = {(¢1, 0, —A1(B1), A1(B1)} so that
T =FN{Eu >0} C{a>r(B)).

We are going to show that 1 can be parametrized in a smooth way on «, thus proving the part of
Theorem 1.12 regarding focusing nonlinearities. As we mentioned, the (easier) study of ¥~ is postponed
to Appendix B. In view of the application of the implicit function theorem, we have the following:

Lemma 5.3. Let (u, i, A, ) € F1. Then the linear bounded operator
Flupi (@, &, @) 1 X x R — LK(By) x R?
is invertible.

Proof. The lemma is a direct consequence of the Fredholm alternative and of the closed graph theorem
once we show that the operator above is injective. Let us suppose by contradiction the existence of
(v, m, 1) # (0,0, 0) such that F, , ), u, A, @)[v,m,[]=(0,0,0). This explicitly gives

—Au+ Au = uu?, / uwrdx =1, IVul?dx = «,
B

b (5-3)

—Av+Av+lu= puuP v+ mu?, / uvdx =0, / Vu-Vvdx =0.
B B
By testing the two differential equations by v, we obtain

/ uPvdx =0, |Vv|2dx+A/ vzdx=p,u/ uP~ 2 dx (5-4)
By B By B
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so that
Jlf’x(u)[u,u] <0, J‘Z’A(u)[u,v]zo, J,Z’A(u)[v,v]zo.

This implies that J;[’A(u)[h, h] <0 for every h € H = span{u, v}. By defining /5 as in (5-1), for 6 > 0
small, we obtain I§'(u)[h, h] < O for every 0 # h € H. Since H has dimension 2 (v = cu would imply
¢ [ u* =0), this contradicts Remark 5.2. a

Proposition 5.4. ST is a smooth curve, parametrized by a map
a > (u(a), p(a), M), o€ (Ai(By), +00).
In particular, u(a) is the unique maximizer of My (as defined in (1-3)).

Proof. To start with, Lemma 2.3 and Proposition 2.4 imply that, for every fixed o™ > X (B;), there exists
at least a corresponding point in $*. If (u*, u*, A*, @*) denotes any such point (not necessarily related
to M=), then by Lemma 5.3, it can be continued, by means of the implicit function theorem, to an arc
(u(a), u(a), (), defined on a maximal interval (¢, @) > a*, chosen in such a way that pu(«) > 0 on
this interval. Since u(«) solves the equation, standard arguments involving the maximum principle and
Hopf lemma allow one to obtain that u(«) > 0 (recall that we are using the W2*-topology) along the arc,
which consequently belongs to ¥. We want to show that (o, @) = (A1 (By), +00).

Let us assume by contradiction o > A1 (R2). For &, — o, Lemma 2.5 implies that, up to a subsequence,

U, —u 1in HOI(SZ), A — A, Un — L.
Thus,
—Aii 4+ At = i’ in Q,

and the convergence u, — u is actually strong in H?(S). Then fQ|Vﬁ|2 dx =a > A1(2) so that i > 0.
Thus, Lemma 5.3 allows us to reach a contradiction with the maximality of «, and therefore, & = 11 (£2).
Analogously, we can show that @ = +-00.

Once we know &7 is the disjoint union of smooth curves, each parametrized by « € (A1 (By), +00),
it only remains to show that the curve of solutions is indeed unique. Suppose by contradiction that,

for o, — A1(By), there exist (u1(a,), p1(an), Ai(0)) # (uz(0y,), 2(ay), A2(ay)) for every n. Then by
Lemma 3.4, both triplets converge to (¢1, 0, —A1(B)) in contradiction to Proposition 3.6. |

Corollary 5.5. Writing
d
E(u(a), p(@), Ae) = (v(e), u'(@), X' (@),
we have
—Av+Nu+rv=puu’ v+ pu?, ve HOI(Bl)

and

/ uvdx =0, / Vu-Vvdx =1, (5-5)
By B

—1
,u/ u”vdx:%, ,u// upde:)J—pT. (5-6)
B B
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Proof. Direct computations (by differentiating F (u(«), u(e), A(e), @) = 0 and testing the differential
equations by u and v) give the result. (I

In the following, we address the study of the monotonicity properties of the map
o> (u(a), pla), AMa))
introduced above, v always denoting the derivative of u# with respect to «:

Lemma 5.6. We have A'(«) > 0 for every a > A1(B1).

Proof. Let (h, k) € R2, and let us consider the quadratic form
I lhu + kv, hu + kv] =: ah® + 2bhk + ck*.

Using Corollary 5.5, we obtain

azjli”k(u)[u,u]:/ [|vu|2+xu2—puu!’“]dx=_(p_1)M/ uPtldx,

B B
-1
b=JlZ,)\(u)[u,v]=/ [Vu-Vv+luv—puupv]dx=—pT,
B
c=J v, vl= [ [IVo* +r0* - puuf~"v?*]d _ W
=Ju , V] = puu? v dx = —.
B 2u

Since J IZ , (u) has (large) Morse index equal to 1 (Remark 5.2) and a < 0, we have that b>—ac>0,ie.,

—1
,u// uPtldx > —pT.
B

The lemma follows by comparing to (5-6). ([
Lemma 5.7. If oy = |0 By|, then

/ p+1 _ p+1 _ i)_‘lﬂ i|
" /Blu dx_—Z(p—l)[( p+1+N N u,(Dv, (1) .

Proof. Recall that both u and v are radial. Since [ B, u®dx = 1, the standard Pohozaev identity gives

N 1 AN N
(--1) |Vu|2dx+—/ IVul2(x - v)do + o = E5 | ur g
2 B 2 Jam, 2 p+1Jp
Inserting the information that u is radial and the equalities o = || B |Vul*dx anda +Ar=p [ B, uPtdx,
we obtain 5 | |
= =P NPT )2,
Np-1 N p—1
Differentiating with respect to «, we have
2 1 2 1
A = z2prl_ 1— ﬂiur(l)vr(l).
Np-—1 N p—1

The result follows by recalling relation (5-6). ]
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The following crucial lemma shows that, if p is subcritical or critical, then p is an increasing function
of a:

Lemma 5.8. If p <1+44/N, then /() > 0 for every o > A1(By).

Proof. The proof goes by contradiction: suppose that p'(@) < 0 for some & > A (B). In the rest of the
proof, all quantities are evaluated at such «.

Step 1. Let v := %Mla:a; then v, (1) <Oincase p <1+4/N and v, (1) <0if p=1+4/N. This is an
immediate consequence of Lemma 5.7, since u, (1) < 0 by the Hopf lemma.
Step 2. We claim that, if r is sufficiently close to 17, then v(r) > 0. Since v(1) = 0, this is obvious

if v, (1) < 0. Hence, it only remains to consider the case p =1+4/N and v, (1) =0.
From the equation for v written in the radial coordinate

Ur + A0+ A u = puuP o+ puf,  re(,1),

—Vpp —

we know (by letting r — 17) that v, (1) = 0. Differentiating both sides of the above equation, we can write

N —1 N -1 / -2 -1 rop—1
—Vprr + - v — . Upr + A0, + My = p(p — Dpud? " “uv + puu? ™ v, + pp'u?™ u,;

now, if p > 2, the limit as r — 1~ yields
—Uppr (1) + )‘-/ur(l) =0.
On the other hand, if p < 2, the same identity holds since by the I’'Hopital’s rule

li p—2 . UprV + Up Uy urr (Do) +u,(v-(1)
m u?"“u,v= lim = u

- (HP~'=o0.
r1- r>1- (2— p)ul=ru, 2 —pu,(1)

Thus, v,(1) < 0 by Lemma 5.6, and the claim follows.
Step 3. Letr :=inf{r : v> 01in (r, 1)} (& > O since fBl uvdx = 0). We claim that v < 0 in B;. If not,
there would be 0 < r| < r, <r with the property that v > 0 in (ry, r2) and r;v(r;) = 0. Defining

v :=V|B,\B, v2 :=V|B\B;

we have that v; € HO1 (B1) and v; > 0 fori =1, 2, and vy and v, are linearly independent. One can use
the equation for v in order to evaluate

J @), vl = / (Vv-Vu; + (A — puu? Hov)dx = | (WuPvi — N uv)dx <0
B B
and obtain

J;L/’k(u)[tlvl + vy, Hur +Hvy] <0  whenever tlz + t22 #0

in contradiction to the fact that the Morse index of u is 1 (Remark 5.2).



EXISTENCE AND STABILITY OF THE GROUND STATES FOR THE L2-CRITICAL AND SUPERCRITICAL NLS 1829

Step 4. Once we know that v <0 in B; and that v > 0 in B \ B, we can combine the first equations
in (5-5) and (5-6), together with the fact that u is monotone decreasing with respect to r, to write

1
—:/ upvdx:/ u”vdx—i—f uvdx
2 Jp, B1\B; B

§<max up_l)/ uvdx+<minup_])/ uvdx
Bi\By Bi\B; By By

=u”"1(7) uvdx—{—u”_l(f)/ uvdx =0,
Bl\Bf Br

a contradiction. |

Remark 5.9. When 1+4/N < p <2*—1, Lemma 4.5 implies p(+00) = 0. Since also (A(B1)") =0,
we deduce that ¢ must change sign in the supercritical regime. Numerical experiments suggest that
this should happen only once so that p should have a unique global maximum and be strictly monotone
elsewhere; see Remark 6.4 ahead.

We are ready to prove the existence of least energy solutions for (1-2).

Proof of Theorem 1.5. Recalling Definition 1.2, let p > 0 be fixed, and let U € ?,. Then

f Uldx=p, U>0, —AU 4+ AU =U?
B

for some A. Then, setting u = p~'/2U, direct calculations yield

/ wdx=1, u>0, —Au+ru=pP=D12yr,
B

Writing fBl |Vu|? dx = «, this amounts to saying that (u, p?~V/2, A, a) € $*. Equivalently,
UeP, <= p= Mz/(p_l), U= ;Ll/(”_l)u for some (u, i, A, a) € ¥

We divide the end of the proof into three cases.

Case I: 1 < p <1+4/N. By Lemmas 4.5 and 5.8 and Proposition 5.4, we have that, for every p, there
exists exactly one point in ¥+ satisfying u2/P~D = p.
Case 2: p=1-+44/N. The same as the previous case, taking into account that, by Lemma 4.5, % 12/ (=) is

p—1
L2(RN)"

Case 3: 1+4/N < p <2* — 1. Since in this case (X (B1)) = u(4+00) =0 (by Lemma 4.5), then

not empty if and only if u < ||Zy ||

*= max

(A1(B1),+00)

is well defined and achieved. Furthermore, % 12/ (p= is empty for © > w*, and it contains at least two
points for 0 < p < w*. It remains to prove that, if 0 < p < p* = (u*)P~1/2, then e, is achieved. This is
immediate whenever %, is finite. Otherwise, let u, = u(a,), with z(a,) = p?~D/2, denote a minimizing
sequence. Then Lemma 4.5 implies that ¢, is bounded, and by continuity, the same is true for A,,. We
deduce that, up to subsequences, u, — u* € P, and Jz o(u*) =e,. O



1830 BENEDETTA NORIS, HUGO TAVARES AND GIANMARIA VERZINI

Remark 5.10. By comparing Theorem 1.5 and Proposition A.1, we have that, when p <1+44/N and
positive least energy solutions exist, the condition U > 0 may be safely removed from Definition 1.2
without altering the problem (in fact, also the condition —AU +AU = UP*! for some A is not necessary).
On the other hand, in other cases, it is essential. For instance, when p is critical, then the set of not
necessarily positive solutions with fixed mass

@ ={U € Hy(B)) : 2(U) = p, there exists A such that —AU + AU = U"}

is not empty also when p > [|Zy ) ||i2 (RN 3 illustrated in [Fibich and Merle 2001, Figure 1].

6. Stability results

In this section, we discuss orbital stability of standing wave solutions e'*’ U (x) for the NLS (1-1). We
recall that such solutions are called orbitally stable if for each & > O there exists § > 0 such that, whenever
NS Hol(Bl, C) is such that || Py — U||H01(BI£) < é and ® (¢, x) is the solution of (1-1) with ®(0, - ) = P
in some interval [0, #p), then ® (¢, - ) can be continued to a solution in 0 < ¢ < o¢ and

sup inf||®(z, ) — e"“UuHOl(BI,@) <&
O<t<oco SER

otherwise, they are called unstable. To do this, we lean on the following result, which expresses in our
context the abstract theory developed in [Grillakis et al. 1987]:

Proposition 6.1 [Fukuizumi et al. 2012, Proposition 5]. Let us assume local existence as in Theorems 1.7
and 1.8, and let R, be the unique positive solution of (1-2).

o If 0, ||R,\||Fi2 > 0, then e'™ R;, is orbitally stable.
o If 9, |[Ru|I3, <O, then ™ Ry, is unstable.

Corollary 6.2. Let (u(c), (o), M), a) € ST with U (a) = u/ P~V (a)u(e) denoting the corresponding
solution of (1-2) (with A = A()).

o If () > 0, then e U (a) is orbitally stable.
o If () <O, then e 'U () is unstable.
Proof. Taking into account Proposition 5.4 and Lemma 5.6, and reasoning as in the proof of Theorem 1.5,
we have that Ry ) = w/ P (@) u () so that
(W P=Dy (@)  2uB-P/(P=D(g)
A (a) (p— DA ()

We recall that 1’ may be negative only when p is supercritical. This case is enlightened by the following

w (). O

HlRIG. =

lemma:

Lemma 6.3. Let p > 1+4/N, and consider the map o — (u(a), u(a), A(e)) defined as in Proposition 5.4.

If o1 < oy are such that

ple) > plon) = pla) =:ju forevery a € (o, a2),



EXISTENCE AND STABILITY OF THE GROUND STATES FOR THE L2-CRITICAL AND SUPERCRITICAL NLS 1831

then
Jao(u(ay)) < Jgo(u(az)).

Proof. Writing M (a) = M, = fB. uPt (o) dx, we have that

2n
2Jp0(0) =0 — mM(ai)-

Now, (5-6) yields M'(a) = (p+1) fBl uPvdx=(p+1)/2u(x)), where as usual v := %u. The Lagrange
theorem applied to M forces the existence of «* € (a1, o) such that
M(ay) — M) _ p+1 _ p+1

a—o  2u(et) 20

El

which is equivalent to the desired statement. U
We are ready to give the proofs of our stability results.

Proof of Theorems 1.7 and 1.8. The proof in the subcritical and critical cases is a direct consequence
of Lemma 5.8 and Corollary 6.2 (recall that in this case there is a full correspondence between least
energy solutions and least action ones). To show Theorem 1.7(2), we prove stability for any p > 0 such
that i = p?~D/2 is a regular value of the map o — p(c), the conclusion following by the Sard lemma.
Recalling that ;e (A1 (B1)) = u(4+00) =0, we have that, if z is regular, then its counterimage {« : u(a) = i1}
is the union of a finite number of pairs {¢; 1, ¢ 2}, each of which satisfies the assumptions of Lemma 6.3,
and moreover, i/ (a;,1) > 0> p/(@; 2). Since such a counterimage is in 1-to-1 correspondence with %, and

C(U (i) =@ P Vu(a; ) = 7> PV Iz0u(a ),

we deduce from Lemma 6.3 that the least energy solution corresponds to «; 1, for some i, and the
conclusion follows again by Corollary 6.2. ]

Remark 6.4. In the supercritical case p > 1 +4/N, we expect orbital stability for every p € (0, p*) and
instability for p = p*. Indeed, in case N = 3 and p = 3, we have plotted numerically the graph of u(x)
in Figure 1. The picture suggests that ¢ has a unique local maximum w*, associated to the maximal value
of the mass p* = (u*)?~D/2, For any u < u*, we have exactly two solutions, and the least energy one
corresponds to () > 0; hence, it is associated with an orbitally stable standing wave. For u = u*, we
have exactly one solution; in that case, the abstract theory developed in [Grillakis et al. 1987] predicts the
corresponding standing wave to be unstable.

Appendix A: Gagliardo-Nirenberg inequalities
It is proved in [Weinstein 1983] that the sharp Gagliardo—Nirenberg inequality
1 1-N(p—1)/2 N(p—1)/2
el oy < Covp el 3 P2V ul o) (A-1)

holds for every u € H'(RV) and that the best constant Cy. p 1s achieved by (any rescaling of) Zy .
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20 40 60 80

Figure 1. Numerical graph of o +— w(«) in the supercritical case N =3 and p = 3
(continuous line) and of the map o — o~/ 2.3 fR3 Z§’3 dx (dashed line). The latter is

the theoretical asymptotic expansion of u(«) as &« — +00 as predicted by Lemmas 4.4
and 4.5.

When dealing with H(} (), Q # R, one can prove that the identity holds with the same best constant:
in fact, one inequality is trivial, and the other is obtained by constructing a suitable competitor of the form
u(x) = (hZy,p(kx) — j)*, for suitable &, k and j, and exploiting the exponential decay of Z. Contrary
to the previous case, now such a constant cannot be achieved; otherwise, we would contradict [Weinstein
1983]. This is related to the maximization problem (1-3) since

p+1
C N Sup ||u||Lp+1(Q) _ sup Ma
Nop = FI-N(p—1)/2 Np—1/2 — gN(p—1)/4"
o lull) g N TRV ez e N
By the above considerations, we deduce that
N(p=1)/4 : o« _ )
My < Cn pa for every «, ocllr-ir-loo SN—1/a Cn,p (A-2)

in perfect agreement with the estimates at the end of Section 4.
For the reader’s convenience, we deduce the following well-known result:

Proposition A.1. Let p > 0 be fixed. The infimum
inf{éU) : U € HOI(Q) and 2(U) = p}

(1) is achieved by a positive function if either 1 < p <1+4/N or p=1+4/N and p < ||Zn I|%2(RN)’ and

(ii) equals —oc if either 1 +4/N < p <2*—1orp=1+4/N and p > ”ZNJ’”%Z(RN)'

Proof. As usual, writing u = p~ 12U and i = pP~V/2 we have that the above minimization problem is
equivalent to

inf{Jz0(u) : u € Hy(Q) and [lull 2 = 1},
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where J), ; is defined in (4-1). In turn, this problem can be written as

inf lo—
p+1

a=Ai(£2)
The proposition follows from (A-2), recalling that, when p =1+4/N,

) . —2/N

by the Pohozaev identity. ]

o

Appendix B: The defocusing case u <0

In this case, it is not necessary to restrict to spherical domains; therefore, in this appendix, we consider
a generic smooth, bounded domain 2. As in Section 5, we work in the space X = {w € W2k(Q) -
w = 0 on 32}, for some k > N, and with the map F : X x R} — L¥(Q) x R? defined by

Flu,p, \,a) = (Au—)»u—i—/m”,/guzdx— 1, /Q|Vu|2—oz).
We aim to provide a full description of the set
™ ={(u, u, A, @) EX xR :u >0, u<0, F(u, u, A, ) =(0,0,0)},
thus concluding the proof of Theorem 1.12.
Lemma B.1. Let (4, i, A, o) € 7. Then the linear bounded operator
Fuun@, i, h, @)t X x R? — LX(Q) x R?
is invertible.

Proof. As in the proof of Lemma 5.3, it is sufficient to prove injectivity.
As in that proof, we assume the existence of a nontrivial (v, m, [) such that (5-3) and (5-4) hold. Since
d,u < 0 on 32, we can test the equation for u by v?>/u € HO1 (£2), obtaining

2 2
/(uuf"lvz—)\vz)dx=/ Vu-V(”-) dx:/ w-(zfvp—”—zw) dx
Q Q u Q u u

v 2 2
=—/(—w—w‘ dx+/|w| dx
Q'u Q

< / (ppu? =" + muPv — luv — aw?) dx
Q

= / (ppu?~"v? — 1v?) dx.
Q

Therefore, with i < 0 and p > 1, we must have v = 0. Finally, by testing the equation for v by u, we
deduce that l =m fQ uP*! dx, concluding the proof. ]
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Proposition B.2. ¥~ is a smooth curve, and it can be parametrized by a unique map
a > (u(o), p(), AMa)), o€ (A1(£2), +00).

In particular, u(a) is the unique minimizer associated to my, (as defined in (1-3)). Furthermore, /() <0
and )\ () < 0 for every a.

Proof. One can use Lemma B.1 and reason as in the proof of Proposition 5.4 in order to prove that ¥~
consists of a unique, smooth curve parametrized by o« € (A;(£2), +00) so that u(«) must achieve m,,.
Moreover, all the relations contained in Corollary 5.5 are true also in this case.

In order to show the monotonicity of u and A, we remark that one can also prove, in a standard way, that
u is the global unique minimizer of the related functional J,, ;, which is bounded below and coercive since
u < 0. Since u is nondegenerate (by virtue of Lemma B.1), we obtain that J //J«/ , (W) [w, w] > 0 for every
nontrivial w. But then one can reason as in the proof of Lemma 5.6: using the corresponding notation,
we have that in this case both ¢ > 0 and b> — ac < 0. This, together with (5-6), concludes the proof. [J

Remark B.3. By the above results, it is clear that ¥~ may be parametrized also with respect to A (or w).
Under this perspective, uniqueness and continuity for the case p =3 were proved in [Berger and Fraenkel
1970] (for the problem without mass constraint).

We conclude by showing some asymptotic properties of ¥~ as a — +oo (the case o — A1 ()™ has
been considered in Section 3). Such properties are well known in the case p = 3 since they have been
studied in a different context (among others, we cite [Berger and Fraenkel 1970; Bethuel et al. 1993;
André and Shafrir 1998; Serfaty 2001]) and the proof can be adapted to general p.

Proposition B.4. Under the notation of Proposition B.2, we have that, as o — +00, @ — —0o0 and
A — —oo. Furthermore, if 92 is smooth, then

A
u — |Q7Y? strongly in LPY1(Q), = @b, ——0
w

>

as o — +o0.

Proof. Since we know that u is decreasing and that for each u < 0 there exists a solution, we must have
(o) > —oo. Moreover, A < —a — —o0.
Next we are going to show that, under the assumption that d€2 is smooth,

/ul’“ — |Q|~P=D/2, (B-1)
Q
To this aim, notice that, by the uniqueness proved in the previous proposition, u satisfies

Joo(u) = min{JM,o(go) L@ € Hy (), f > dx = 1}.
Q

For x € Q, setting d(x) := dist(x, 9€2), we construct a competitor function for the energy J,, o(u) as

k12 if d(x) = (=)~ '/,

Pu(x) = {k1|Q|1/2(_M)1/2d(x) if0<d(x) < (-2,
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where k is such that ||¢,[/;2(q) = 1. With the aid of the coarea formula, and using the fact that 952 is
smooth, it is possible to check that k = 1 + O((—pu)~'/?), and thus,

fg IVe,u> dx = O(J/=p), fg (@ — Q17 dx =O((—w) "% (B-2)

for every g > 1. By rewriting J,, ¢ in the form

Vol M +1 —(p+ M —(p—
J = — L (|t — Pt/ gy — QP D/2,
;L,O((p) / { 3 ] (lel |$2] ) 1 |€2]

and by using the estimates (B-2) with ¢ = p + 1, we obtain
M —(p—
Tu0(®) = Juo(gn) = OG/=p) = 1@l
so that

0< / WP = 19172 dx < O((—p) ) — 0
Q

(by using Lemma 2.1(iv)) so that (B-1) is proved.
Now, for each L?-normalized ¢, we rewrite Ji0(p) as

Vo> _
Juo(p) = / { — ———(|jp|PFD/2 Q| PV R g
Q

2 p+1

_2_“|Q|—(p+1)/4/(|¢,|(p+1)/2_|Q|—(p+1)/4)dx_ 1< |Q|—(P—1)/2,
P+l Q p+1

Reasoning as before (using this time (B-2) for ¢ = (p + 1)/2), one shows that
[ iV @ gy 2@y O [ (i =D dx < o)1),
Q Q

If p > 3, by the Holder inequality, we have that the second integral in the left-hand side above is
nonnegative while for p < 3 it tends to 0 as &« — +o00. The latter statement is a consequence of both the
Holder and interpolation inequalities, which yield

1)/2 3-p)/4 YA
/u(” Pdx <1QI0°P8, ey = lullfnn Y,
Q

as well as of (B-1). Thus, we have concluded that
uPHD2 Q=P tD/A i L2(Q).

In particular, up to a subsequence, u — |2|~!/? a.e., and there exists 4 € L? (independent of «) so that
lu|P+1/2 < h. We can now conclude by applying Lebesgue’s dominated convergence theorem.
To proceed with the proof, notice that, from the equality o + A = 11 [, u”™! dx and Lemma 2.1(iv),
we deduce
b= plQTPTDR, (B-3)
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On the other hand, we have
=% = (p+ DJpo@) < (p+ DJuoley) < C(—p)'? — pjQ)= =172,

Dividing the last inequality by —u and letting 4 — —o0, we obtain
A
limsup — < |§2|_(p_1)/2,
I

which together with (B-3) provides the convergence of .
The last part of the statement is obtained by combining the previous asymptotics with the identity
Ol//,Lz—M-i-fQup‘de. O
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