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HOLE PROBABILITIES OF SU(m + 1) GAUSSIAN RANDOM POLYNOMIALS

JUNYAN ZHU

In this paper, we study hole probabilities Py ,(r, N) of SU(m + 1) Gaussian random polynomials of
degree N over a polydisc (D(0,r))™. When r > 1, we find asymptotic formulas and the decay rate of
log Py, (r, N). In dimension one, we also consider hole probabilities over some general open sets and
compute asymptotic formulas for the generalized hole probabilities Py ; (v, N) over a disc D (0, r).
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Introduction

Hole probability is the probability that some random field never vanishes over some set. For Gaussian
random entire functions we have this (see also [Zrebiec 2007, Theorem 1.2] for a multivariable result):

Theorem [Sodin and Tsirelson 2005, Theorem 1]. Let ¥ (2) = > jep cxzk /K, where the ¢ (k > 0)
are i.i.d. standard complex Gaussian random variables. Then there exist constants C; > C, > 0 such that

exp{—Cyr*} <Prob{0 & ¥ (D(0,r))} <exp{—Cpr*}.

The case of Gaussian random sections was considered in [Shiffman et al. 2008]: Let M be a compact
Kéhler manifold with complex dimension 2 and (L, ) — M a positive holomorphic line bundle. Let y,;
denote the Gaussian probability measure on H%(M, L") induced by the fiberwise inner product 2V and
the polarized volume form dVys = w}" /m! = ((V=1/27)®})™ /m!, where ©}, is the Chern curvature
tensor of (L, h).

Theorem [Shiffman et al. 2008, Theorem 1.4]. For any nonempty open set U C M , if there exists s in
HO(M, L) such that s does not vanish on U, then there exist constants Cy > Cy > 0 such that, for N > 1,

exp{—CIN" '} <yylsy € H(M. L) :0¢sy(U)} <exp{—C,N"*'}.
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Therefore, it is natural to ask: can we find sharp constants Cy, C; in these two theorems, and is it
possible to obtain an asymptotic formula and a decay rate for the hole probability? Using Cauchy’s
integral estimates, Nishry answered this in the random entire function case as follows (an analogous result
for Gaussian random power series is obtained in [Peres and Virdg 2005, Corollary 3]).

Theorem [Nishry 2010, Theorem 1]. Let ¥/(z) = Y pep cizk /K, where the ¢ (k > 0) are i.id.
standard complex Gaussian random variables. Then

Prob{0 & ¥ (D(0, 1))} = exp {—Le?r* + 0(r %))

This suggests to us that, for those line bundles with polynomial sections, maybe it is possible to find
an asymptotic formula for the hole probability.

If Py ,u(r, N) denotes the hole probability of SU(m + 1) Gaussian random polynomials over the
polydisc (D(0, r))", dnx denotes the Lebesgue measure on R” and

m m m m
E (x):= 22)6,’ logr — [Zx,- log x; + (1 —Zx,-) log (1 —Zx,-)]
i=1 i=1 i=1 i=1

is a continuous function defined over the standard simplex X, := {x =(X1,...,Xm) ERMT: sz=1 x; < 1}
(here we adopt the convention that 0 log 0 = 0), we have the following results:

Theorem 0.1. Forr > 1,

log Py m(r, N) = —N™*! / Er(X) dmx +o(N™T1),

m

where o
2mlogr 1 &1
f,, Erodme= GG+ 5 D
m k=2
Theorem 0.2. Forr > 0,
logPo,m(r,N)E—NmH/ Er(xX) dpx +o(N™Th,
xX€X:Er(x)=0
tog Pon(r.N) = =N+ Ep(x) dmx + 0o(N™+1),
xeRM+:3TL | x; <ag

where ag = og(r,m) > 0 is defined by
1 if 2logr +Y p—» 1/k =0,

aloga+(1—a)log(l—a) . m
2logr + _,1/k <.
Yogr + 57, 1/k if 2log dk=21/

(&40] =oz0(r,m) =

the nonzero root of @ =

Here, when m = 1, we take ZZl:z 1/k=0.

Remark 0.3. Theorem 0.1 can be derived from Theorem 0.2 as, whenr > 1, {x € &, : E,(x) >0} = X,
and oo (r, m) = 1. In fact, we could have proved this general case directly, but the idea of the proof would
turn out to be extremely difficult to follow.
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Corollary 0.4. In the case of m = 1, the following asymptotic formula for the logarithm of the hole
probability over a disc exists for all r > 0:

o)
log Po,1(r, N) = —NZ/ E,(x)dx +o(N?);
0
here
o
/ E,(x)dx = %040(2 logr + 1 —log o)
0

and ag = ag(r, 1) € (0, 1] is given in Theorem 0.2.

Because of the simplicity of the one-dimensional case, we can obtain more about the hole probability
of SU(2) Gaussian random polynomials:

Theorem 0.5. If U C C is a bounded simply connected domain containing 0 and dU is a Jordan curve,
let ¢ : D(0,1) — U be a biholomorphism given by the Riemann mapping theorem such that ¢ (0) = 0
(thus ¢ is unique up to the composition of a unitary transformation of C). Then the hole probability
Py,1(U, N) of SU(2) Gaussian random polynomials of degree N over U satisfies

log Po,1(U.N) < —(log|¢'(0)| + 1) N + o(N?).

Also, in dimension one, it makes sense to study the number of zeros in some set. So let the generalized
hole probability Py ;(r, N) be the probability that an SU(2) Gaussian random polynomial of degree N
has no more than k zeros in D(0, r); then, the following theorem shows that the asymptotic formula of
log Py 1 (r, N) exists:

Theorem 0.6. Forallk > 0andr > 0,
log Py 1(r,N) = —%aO(ZIOgr +1—logag)N? + 0o(N?),
where oy = ao(r, 1) € (0, 1] is given in Theorem 0.2.

We should remark here that in all the cases we consider, the event that some Gaussian random
polynomial has zeros on the boundary of some open set is a null set, i.e., of zero probability. Therefore
we do not distinguish between the (generalized) hole probability over an open set and that over its closure.

1. Background

We review in this section some background on SU(m + 1) Gaussian random polynomials and the
definition of our probability measures. Before that, we define two lexicographically ordered sets that will
be consistently used as index sets throughout this paper.

Definition 1.1. v :={J =01+ esJm) €0O,N]"NZ":0=< j; <+ < jm <N},
Amn = (K = (k1o o ) €[0, NT" A2 |K| = ky + -+ km < N},
N
Itis not diffieult to show that [Ty, | = [ A, x| = ( ;;m)
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The tautological line bundle O(—1) over the complex projective space CP™ is a holomorphic line
bundle with fibers

O(-D=C-x forall [x]=[xg: - :x] € CP".

Its dual bundle, denoted by O(1), is called the hyperplane section bundle, since 0(1) = O(H), where
the divisor

H = {[x] € CP™ : xo =0}

is a hyperplane in CP™. H°(CP™,0(N)), the space of holomorphic sections of the tensor bundle O(N ) =

0(1)®¥, is isomorphic to h@;']’\; 41> the space of (m+1)-variable homogeneous polynomials of degree N .

The Fubini—Study metric #rs on O(1) can be described in the following way: Over the open subset
Uo={[x]=[x0: -+ : xm] € CP": xq # 0} C CP",

we have a local frame of 0(1),

e([x]) = xo.
Set
Xo]? X0/
le(xDII7,.. = = :
hes 5 |2 T |12

which is independent of the choice of representative x of [x]. In terms of the affine coordinates
X by
z=(21,....2Zm) = (—1,...,—m)
X0 X0
over Uy,
m -1
le@I3 =1+ =) = (1 +Z|z,~|2) ,
i=1

which defines a metric with positive Chern curvature form

J—1 - =1 -
wps = ———0adlog [le(2) || = ——ddlog (1 + |z > + - + |zm|?).
2 FS 2

This induces a metric h{:\; on the line bundle O(N) so that
1BV @2y = A+ 2157V,
FS

With the frame e®V over Uy, for any s € H(CP™,O(N)), represented as p(Xg, ..., Xm) € h@]’ﬁ_i_l,

we have

p(XO, cee ,xm) = p(xo,—]v,xm)e®N([x]) = p(l,Z], o ,Zm)e®N([x]),

X0
which implies that all the elements in H°(CP™,0(N)) can be viewed over Uy as polynomials in
(z1,...,zm) of degree at most N.
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Since wpg is positive over CP™, we may take it as a polarized metric form on CP™, and the associated
volume formis d'V = w{ /m!. Thus, the metric h s together with the volume form d V' induce a Hermitian
inner product on the space of holomorphic sections H%(CP™, O(N)): for all 51,5, € H*(CP™,0(N)),

{(s1.52) := [me(sl’SZ)hé\s’ dv.

With this inner product, there is an orthonormal basis {S }(V YK=(ky,. ko)A, n E1Ven in local affine
coordinates (zq, ..., zm) over Uy by

SEE@=vVWN+D- (N +m),/(%)z’<

where we adopt the notations

N . N! K . _ki km
(K)_(N—|K|)!k1!--~km!’ TR T e

Thus, H°(CP™,0(N)) is equal to {SN = ZKeAm,N CKS}(V :¢=(CK)KeAn N € (D(N'jv_m)}. Endow
H°(CP™,0(N)) with the Gaussian probability measure Yy defined by

_(N—I—m)e_” ”2

d)/N(SN) =7 d (N+m)c

1> =

where ||c¢ -dimensional Lebesgue measure.

ZKeAm,N|CK|2 and dy(N+m)c denotes the Z(N;m)
Then y,,; is characterized by the property that {cx }xea,, y consists of independent and identically
distributed (i.i.d.) standard complex Gaussian random variables. Then (H O(CP™,0(N)), yN) is called
the ensemble of SU(m + 1) Gaussian random polynomials of degree N, since the random element sy is
distributionally invariant under SU(m + 1) transformations of CP™. Its hole probability over the polydisc

(D(0,r))™ C C™ is
Pom(r.N) =yy{sy € H'(CP",0(N)):0¢& sy ((D(0,r))™)}

_ n_(Nnng) e—"C”2
ce([:(NIj’l_m) :0¢SN((5(0ar))m)
_(N+m) e_"C“2

dZ(N—i-m)C

d N+m\C,
cecVE™ 0¢85 (D (0,r))™) 20"

where Sy (2) =) ke A n CK Y (%)ZK . Hereafter, when considering hole probability, we work on 5
instead of s for simplicity.

2. Preliminaries

Definition 2.1. Orm(N):= Z log[(jl\é)rz‘m].
KEAm’N
2mlogr 1 mt]
Lemma 2.2. Q,,m(N)zN’"“/ Ep(x)dmx+o(N™t1) = [ —Z }Nm+l+0(Nm+l).
o (m+ 1! m! =
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Proof. We can prove inductively that, for k > 1,

k k+1
(£) zu=t

e ek—1

or, equivalently,
klogk —k <logk! <(k+1)logk —(k—1).

Hence we have

(2-1)

—(k+1)logN + (k—1) Sklog%—logk! <—klogN +k for 0<k=<N. (2-2)
Forall K = (ky,....km) € Am.N,
NN 2k K
e ()] = vEA ()
m
ki N —|K
:logNH—Z(k,- logﬁl—logki!) + |:(N— |K|)log N| | —log (N — |K|)!],

i=1

Applying (2-1) and (2-2), we then get

log[(jl\;);fz'K']—NEr(%) > (Nlog N=N)~(N+m-+1)logN+(N—m—1) = —(m+1)(log N +1).

N
log[([()”ﬂKl]—NEr(%) <[(N+1)logN—(N—1)]-NlogN+N =logN +1.

Hence, for all K € Ay, N,

log ]I\é r2K _ NE, K <(m+1)(logN + 1),
N

© 5 ()] ()

KGAm’N

SO

‘Qr,m(zv) -N Y E(%)

KGAm!N

< (m+ )(log N + 1)(Nntm) — o(N™H1),

Take
ApN ={KeApn:hki=1for 1<i<mand |[K|<N-m—1}C Apnn
and ky ky+1 km km+ 1
o 1 1 m m+
Ym(N) = U [ﬁ, v ]x---x[ﬁ, v ]czm.
KeAny N
Then

o N—-—-m-—1
|Am,N|:( m ),

AN \ A | = (N+ )_ (N—m—l

” )= 0w,

o 1 —m—
VolRm(Em\Em(N)):ﬁ—N_m(N n’? 1) =O(N ).

(2-3)
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Over X, we have
m + 1

|Ey| <2|logr|+ —— = O(1);
hence
N Y E(R)-N Y E(R) = NN\ AmylswplE = 0N 24
N N/|— = " =
KEAm’N KG;\m’N m
As
sup [[VE, | = Olog N).
Zm(N)
we have
K\  ym+i
‘N Z E,(N) N /§m< )E,(x)dmx
KEAm‘N K
m+1 =) -
N Z /I‘:kl l‘l]\‘f"1 km km+1] Er(N) Er(X)‘dmx

KEAm N
mt1(N—=—m—=1\  _m —1
<N ( )N O(log N)O(N™")
m
— O(N™1log N). (2-5)

Moreover,

‘N’”“[) E,(x)dmx—Nm+1/ Ep(X) dmx| < N sup| E| Volgm (S \ Sm(N)) = O(N™).

S (N) Zm Zom
(2-6)
Combining (2-3)—(2-6), we thus obtain
0rin(N) = N1 [ E,(x) dx-+o(N ™)
Em
m m
:Nm+1/ 2le logr—[zx, log x; + (1 in) log (I—in)} dmx+0(Nm+1)
Zm i= i=1 i=1 i=1
=N’”+1[2mlogr/ X1 dmx—(m+l)/ X1 1ogx1dmxi|—i—0(Nm+1)
Xm Zm
2mlogr 1 aney|
—_ |z o _ Nm+1 Nm-l—l . D
|:(m+1)!+m! ;k} TN

Remark 2.3. The scaled lattice (1/N)A,,, ;v C R™ tends to X,,. Hence Lemma 2.2 is in fact converting
a Riemann sum into a Riemann integral and estimating the error. Such procedures will appear several
times in this paper.

Remark 2.4. The function E,(x) in the above lemma can also be written as

Ep(x) = —bey(zr) +log (14 |z [1%),



1930 JUNYAN ZHU

where z, = (r,...,r) € R™ and by, is the exponential decay rate of the expected mass density of
random L2-normalized polynomials with some prescribed Newton polytope (see Theorem 1.2 and (78)
in [Shiffman and Zelditch 2004]).

Let& = (&1,...,&m), where §&; =(§,~,0,...,§,-,N)GCN+1 forl <i <m.

Definition 2.5. W, n (&) is the (¥ ) % * ) matrix with rows indexed by I, & and columns indexed
by A, n such that, for all J = (ji,..., jm) € Tu,n, K= (k1,...,km) € AN, the (J, K)-entry of
Wm,N(S) is g}( é] ]1 o Sm Jm

The next lemma gives the formula for a “Vandermonde-type” determinant.

(]+l l)(N k+m i

Lemma 2.6. |deth,N(§)|=1_[ l_[ &, — ikl

i=10<j<k=<N
Proof. Forall 1 <i <mand 0 < j <k < N, the rows of W, x(&) involving §; ; correspond to the set
mn = {0t jm) €Tmn 2 ji = j},
while those rows involving &; x correspond to the set
k . . .
o =AUt jm) € TNt ji =k} (2-7)
Let
ZJN:{(jla---ajia---ajm)6[07N]m_1 mzm—l 05.]1 S"'iji—l 5.] S]l-i‘l
iy =AU i jm) €10 NI AZM TN 0 jy S S jimy Sk S i S0 S m S N

IA
A

~.

3

|
=

el

then i NN .
iJ | J+l—) —J Fm=i
o = 1T =750 ),
k+i—1\/N—-k+m—i
l l
i =155 = () (),
Since, forany 1 <i <m,
we have the equality
Y (k+i—1\(N—k+m—i\ _(N+m 2g
Z( i—1 )( m—i )_( m ) 2-8)
k=0
Note that
~i,j ~ik
1—‘m,NﬁFm,N

={U1seesJiree s jm) €N I AZ" TV 0< jy << i S j <k < jiy1 S S jm <N}
and

~i,j =ik | _ j+i—1 N—-k+m—i
{Fm,NmFm,N _( i—1 )( m—i )’
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which means that there are (’ - 1 1) (N _,]f:;"_i) pairs of rows; within each pair the only difference between

two rows is &; ; instead of &; x. Therefore, forall 1 <i <mand0=<j <k <N,

(&1 — &) (DO | det Wy (9,
and thus

Gm,N(§) | det Wiy N (£), (2-9)
where

Gun®:=T] [ Ej—-&n O,

i=10<j<k<N

Furthermore, for all 1 <i <m,

degg, G, N (§) = Z (]j—_ll_l)(N_r]:li—zm_l)

0<j<k=N
k-1 . . .
()

(k—1+i)(N—k+m—i)

Il
B
=2
1

I
-
~.

|
©

- 1Y

i m—i
k=1
N—
. k—D+@G+D—1\/(N—-D—(k—1D)+m+1)—G+1)
_kéo( i+1)—1 )( (m+1)—(@G+1) )
(N=D+(m+1) N+m
( m+1 ) (m+1) (2-10)

where the second-to-last equality is due to (2-8). On the other hand, forall 1 <i <mand 1 <k <N,

the number of K in A, y with k; = k is (N—k+m—1

1 ); hence,

deg, det Wi, (6) = Zk(N =0t

where the second equality is the special case i = 1 in (2-10). Therefore, for all 1 <i <m,

degg, det Wy, (£) = degg, G v (£). 2-11)
By (2-9) and (2-11),

m
+i—1y(N—k+m—i
det Wi, v (&) = CuNGmn =Cun [ ] Ej- g0 U DO,
i=10<j<k=N

where G,y is a constant depending only on m and N. Consider the monomial

gmN(E) — l_[ 1_[525( (l)(f+' 1)(N /c+m z 1_[ 1_[ (k+t 1)(N y};_;,_?n 1)’

i=1k=1 i=1k=1
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then
Gm,N () =LgmN(E)+

In the Appendix, we show that the coefficient of g,, » in the expansion of det W, n (&) equals 1, and
therefore Cy,, vy = 1. d
3. Proof of Theorem 0.1

To prove Theorem 0.1, it suffices to prove separately the lower and upper bounds

—Nm“/ Er(x)dmx+o(Nm+1)flogPosm(r,N)§—Nm+1/ Ep(x) dmx +o(N™*)
Zm

Zm

Lower bound.
Proof of the lower bound in Theorem 0.1. Recall that Sy (z) = ZKeAm N CK (%)ZK. Hence,
S8 ()] = l¢,...0) |cK|\/ )rE forall 2= (1.2 € (DO, 1), (3-1)
KGAm N\{(07 7

Consider the event 2, ,, N:

@) lc,..,0)l = VN,

K € A \{(0,....0)}.

Then, if 2, ,, & occurs, by (3-1) we have that for all z = (zy,...,zp) € (D(0, )™,
N\ . |K
\/ (K)r| |

1
/A7 (| K |+m—1
KeAmN\{(O 0 2 N( m—”i )

EE

15§ (2)] = /N —

_JN-

%VN>O;

a\

hence
PO,m(r, N) = VN(Qr,m,N)
= yn(c@....0| = VN) I1

1
VN(|CK| = ),
K €A n\{(0,0,0)} 2N (§)r KR
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.....

Gaussian random variables cg satisfy yy (|cx| < a) > %az whenever ¢ < 1. Since

1

1
<
2VN () KT (KTt
if r > 1, we thus have

)/N(|CK|< : )>l[ : ]2= : ,
CadN )KLy ) T 2L g JE e (Kmeny D g ()i (K

and
K —1
log Py u(r,N) > —N — Z {log8+logN+2log(| m+—ml )—i—log[(%)rzlm]}.
KeA,;, Nn\{(0,...,0)}
Since
log (|K|+_ml—l) <log (N—H_”l_l) = O(log N),

it follows that

Z [10g8 +log N +2log (lKLj_ml_lﬂ = (Nr—;m)O(log N)=o(N™Th,
KGAm.N\{(O""’O)}
Therefore,
log Py (1, N) > — Z log [(z)72|K|]+o(Nm+1)
KeA,;, Nn\{(0,...,0)}
=—0rm(N)+ O(Nm+l)
=Nl / Er(x)dmx +o(N™T1). O
Em

Upper bound. Let § > 0 be small and k = 1 — +/5. We shall first treat § as a small positive constant and
at the end we will let 6 — 0+. For the sake of clarity, all the constants C, the big O and little o terms
listed throughout this paper will not depend on § unless otherwise stated.

Definition 3.1. Zj(N) = kre?™UIN+L g1 0 < j < N.

For all p € Z™, by division with remainder, N +1 = g(N)p 4+ (N ), where g¢(N) € Z, ¢(N) > 0 and
0 </(N) < p. For convenience, we drop the dependence on N when there is no chance of confusion.
Since N+ 1=1(q+ 1)+ (p—1)q, forall 1 <i <m,define & = (§;0.....& n) by

if 0<tr</-1,0<s=<gq,

Zl(q+1)+(t—l)q+s if l E t S pP— 1, OSS Sq— 1
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Intuitively, (3-2) gives a way to choose points & ;j (j = 0,1,...) one after another on the circle of
radius xr such that the arguments of each two consecutive points differ approximately by 277/ p. Denote the
permutation of N +1 indices {0, ..., N} givenby (3-2) by 7,i.e.,zj =&; ;(j)for0< j <N and 1 <i <m.
Fort €{0,..., p—1}, denote
[t={{Z(¢1+1),...,l(q+1)+q} if0<tr</-1,
{{g+)+@—-Dq,....lg+D)+0t-Dg+@—-1)} ifl<t=<p-—1,
at:tq+min{t,l}={t(q+1) %fOSZEI—l,
g+ +@—-Dqg ifl<t=<p-1.
Iy, ..., I,y give a partition of {0,..., N}. Again there is an implicit dependence on N for each term
defined above, and we will indicate this dependence explicitly when necessary. Then

[J—tl@g+D]p+t if jel;,, 0<t=<I[-—1,
[/=llg+D)—@—=Dglp+t if jel;, I=r=p-—1,
and, if {j (N)}%=, is a sequence satisfying j(N) € I;(N) for all N > 1, then

[en (G (V) = pj(N) +1(N + 1) = 2p?,

()= —-a)p+t= {

and therefore

N +1 N +1
Lemma 3.2. With the values of &; given by (3-2),

N
log|det Wy, v (§)] = m( il ) log (icr) + == ’3’" —ENTHL L o(NTD),

W) (p j(N) _,) = O(N 7). (3-3)

where B = (1/(m—1)!) fol x™log[2 sin(wx)] dx, which is finite for each m > 1 by the comparison test

for improper integrals.

Proof. By Lemma 2.6,

log|det Win,n (5|

ZIOg[H [T te—gelC OO m>}

i=10<j<k<N

m . . . )
:,X;(K ,2;<N(];L—11_1)(N_,];:T_l){10g i” ik +10g(/cr)}

i=10=j<k=<

S t(j)+i—=1\(N—t(k)+m—i Eiv() i) N+m
:lg <T(JZ(k)<N i-1 )( m—i )log llcrrj - l:ctr +m(m+1 )log(’”)

f(j)+i—1><N—r(k)+m—i>log |eznﬁﬁ_e2nﬁﬁ|

i—1 m—i
N+m
+m( mal )log(/cr),

I
Ms

~

0<tz(j)<t(k)<N
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where the second part of the third equality is due to (2-10). Now we are going to show that the first term
after the last equality can be approximated by a double integral.

i 3 (r(jl)irlz'—l)(N—rl(ql;)_Jlrm—i)log|eznﬁﬁ_eznﬁﬁ‘
i=10=<t(j)<t(k)<N

m S\yi—1 ) . m—i .
= Z Z [M—i—o((t(j))’_l)] [M—FO((N—T(IC))”’_’)}

i —1)! Y
i=10=z(j)<t(k)<N (i =Dt (m—i)!
XlOg‘l—eznﬁ(ﬁ_ﬁ)|. (3-4)
Forall 0<j,k<N,1<i<m,0<u,v=<p-—1,denote

oo [ 1] [k ke
JEN = I NT1T N +1 N+1 N+1]

Lu,v,N = {(]7k) elyxly: T(]) < f(k)}’

Tyv(N) = U i kN>
(j’k)eLu,v,N
Luyyn={(j.k) € LypN:j—k#+Nand j—k#£1} C LyynN.
TuwN)= | 9j4n CTun(N),

(j,k)ELu,v,N

and define a function over {(x, y) € (0,1) x (0,1) : x # y} by

gh (6, ) = (px —w) 'L = (py = )" log [1 — 27V 71|
Then
|Lu,v,N\Lu,v,N| <2N + 2, (3'5)
Volg2 (Tou,v(N) \ Tuw(N)) < O(N ), (3-6)
1 j—k N
< < f i, k)e L , -7
N—|—1_N+1'_N+l or (j,k)e u,0,N (3-7)
N1 Slx—ylf N1 for (X»J’)ETu,v(N)? (3'8)
20,0 (x, )| = O(log N) if s —rIs g (3-9)
. 1 1

Vol (x,y)]| < O(N?2 if—— <|x—p|<lm——"  (3-10

From (3-3), we have
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Z (T(j))i_l(N —r(k))m—i log ‘1 _eznﬁ(ﬁ_ﬁw
0=t(j)<t(k)=N

. i—1 m—i
_ m— J - k -
=(N+1)"! § : § : |:pN+1—u+O(N 1)] |:1—(pN+1—v)+0(N 1)}

0<u,v=<p—1(j yk)ELu,v.N

xlog |1 — 2™V TR ~¥5D | (3-11)

Forall 0 <u,v < p—1, by (3-5), (3-7) and (3-9), we get

j i k m=i 2 ﬁ( J k )
L 1—lp—— log |1 —e“™V U \NFI~NFT
Z (pN—H u) |: (pN+1 v)i| og|l—e |

(j:k)ELM.U,
_ Z gl ( J k )
B “A\N+1 N+1
(j’k)ELu,v.N + +
= Z gi ; L 4+ O(NlogN). (3-12)
- LUAN+1'N+1 ’
(,k)ELy v.N
Moreover,
-2 i J
‘(N+1) Zo gu,v(N+1 N+1) [/uv guv(x y)dXdy‘
(] k)ELuuN
= dxd
= Z /L}kNguv(x y)— guv(NJrl N+1)‘ x dy
@, k)eLqu
— i i J
= Z //@ gu,v(x’y)_gu,v(N—_i_l’ N——‘,—l) dxdy
o j.k.N
(j,k)ELy v, N
1 <|] kl <1-— 1
VNF+1—!N+1 N+1
+ Z // . gho(x.y)— guv(N+1 N+1) dxdy. (3-13)
1 N
G, k)eLqu
3T I< 7o
or [T 1> 1= 3=
Since
° 1 ]—k 1 } o 2
#{(j,k)e L : < — <|L =O0O(N°),
{(] ) u,v,N N 1 ‘N—i—l ,—N+1 | u,v,N| ( )
. ° j—k 1 j—k‘ 1 } 3
#1(j,k)e L : or -1 < O(N2),
{(J )€ LyyN N+1‘ N VT — (N?2)
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(3-10) implies that

X .

o
(k)eLy v.N
1 <|d=k |<1_ 1
m—|N+l|—1 N+1

xdy

i i J k
_ L% M
Zun(X, ) gu,v(N+1 N+1)

2 .
<SOWN?)x(N+1D)7?x 2 sup IVl ,(x. )| < O(N72), (3-14)
A -
VN+1 N+1
and, by (3-8) and (3-9),
i Sl ; L dx d
2 //ﬂj,k,N thaton {757 gy )| 400

o
(j,k)eLy v.N
J—=k 1
INT1 <A

1
N+1

j—k
or \1]\,—4_1|>1—

<O(N3)x(N+1)2x0®ogN)= O(N"2log N). (3-15)

Let Ty p ={(x,y) €R?*:0<x—u/p<y—v/p=<1/p}. Since g,’;’v is Llloc, the measure gi,v(x, y)dxdy

is absolutely continuous with respect to the Lebesgue measure. Therefore, by Lemma 3.3 below, we
have that

//o gfl’v(x, y)dxdy — // g;,v(x, y)ydxdy =o0(l) as N — oo. (3-16)
.U TM.U

Tuw(N)
By (3-12)~(3-16),

. i—1 m—i
] k 2m =1 (tr— <)
L _ 1= p———— log |1 — NFI NI
2 (pN—H ”) [ (pN+1 ”)} og|l—e |

U,k)eLy v.N
— W [ ghatedxdy+o?). G
TM.'U
(3-17) and (3-11) imply that

Y GO =) log [1 -2
0=t(j)<t(k)=N

=(N+D" Y /f Euw(x, ) dxdy +o(N"*1), (3-18)
o<uv<p—1“7 Tuw
<u,v<p
(3-18) and (3-4) imply
i Z t(j)dl_i_l)(N_T(k)dl._m_i)log!ez”ﬁﬁ—eznﬁﬁ‘

i—1 m—i
i=10<t(j)<t(k)<N

3 gi,v(x,y) .
=2 X // mdxdy+o(N +y

i=10<u,p<p—177 Tuv
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X — u l 1 1_ v\1m—i
// PG = L= =5)] log‘1—ezﬂﬁ(x_y)‘dxdy—Fo(NmH)
Tu s (z—l)' (m—l)!

I
]
.Hﬁ

i—1 1— m—i u
_ Z Z // (px) ( py) log‘l _eZanl(x—y+;—;)’ dxdy+0(Nm+l)
To.0

L 0<uv=p @-1n! (m-i)!

m i—1 (1 o ym—i p—1 ) .
3 / (l?x) (1 Py). 1og[ I1 |eznﬁ5 _eznﬁ(x—yﬂ,)}]dxdy+0(Nm+1)
4 To.o @i—-10D" (m—i)! o

— i/./ (Px)i_l (1 —PJ/)m_i lo ‘1 _eZanl(px—py)‘ dx d +0(Nm+1)
P Too (—DI (m—i) ¢ ¥

1 m i—1 1— m—i
_ _// (X 1)'(( y))‘ log{1—eznﬁ(x_y)‘dxdy—i—o(Nm—'_l)
1 — m-—it).

// (1+x—py)" 1log}l 2V 1(x= y)}dxdy+o(Nm+1)

p(m—l)'
where T = {(x, y) € R?: 0 < x < y < 1}. After the change of variables ¥ = x — y, j = y, T is mapped
to7T ={(%,7)€R?: -1 <X <0, —X < j < 1}. Then
//T(l+x—y)m_1log}l—ez”ﬁ(x_y”dxdy

B

= 1)‘/ (1+%)"log|1— 2”FX|d~

1 1
:(—1)'/ xmlog‘l—ez”v_l"’dx
m-—1). Jo

1
=ﬁ/0 x"™log[2sin(mx)] dx

=Bm;

(m—1)!

hence,

m . . . X )
3 3 T(]l?j‘ll—l)(N—fgj)_jm—l)log|eznﬁﬁ_eznﬁﬁ‘
i=10=<t(j)<t(k)<N

— %Nm-i‘] +0(Nm+1)

Thus,

N
togldet W ()] = m( " £ ) 10g () + %’”N"’“ T o(NTH), 0
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Lemma 3.3. limy_, o Volp2 (T, A YO’M,,,(N)) =0forany 0 <u,v < p—1, where T, , A YO"H,U(N)
denotes the difference set of T, and Ty (N).

Proof. By (3-6), the statement in the lemma is equivalent to limp oo Volg2 (Ty,y A Ty »(N)) = 0, which
follows from limx— 00 (73,0 (N)\0Tuv) = Tuv- a8 Ty v ATy v(N) = (Ty,p\Tuv(N)U(Ty,p (N)\ Ty 0)-
Since Ty v \ Tu,v(N) C [Ty \ (Typw(N)\ 0Ty )] U 0Ty,

V01R2(Tu,v \ Tu,v(N)) = VO]RZ(Tu,v \ (Tu,v(N) \ aTu,v)) + VOlRZ (8Tu,v)
- //Rz L TN PV

< 10 —1
—/fRZ( 7~ I (N NOT s

the last line tends to 0 by Fatou’s lemma. A similar proof works for 73 (N) \ Ty,». Therefore, it remains
to prove limy — 00 (7,0 (N) \ 0Ty ,v) = fu,v.

First we’ll show that lim sup y_, oo Tu,v(N) C Ty,p. Forall (x, y) € limsupy_, oo Tu,v (N ), there exists
a sequence { Ny} | — oo such that, for any n > 1, there exists (j(Nyn), k(Np)) € 1, (Np) X Iy (Nyp) with
TN, (/ (Nn)) < N, (K(Ny)) and with (x, y) € $ (N, k(N,),N,- Then limy o0 j(Ny)/(Ny +1) = x and
limy—o0 K(Np)/(Nn+1) = y. Since 0 = =, (j (Nn))/(Nn+1) <N, (K (Ny))/(Nn+1) < Np/(Np+1)
and (j(Ny), k(Np)) € I,(Ny) x Iy(Ny), (3-3) implies that

dx dy;

0<p lim j(Ny)/(Ny+1)—u=<p lim k(Ny)/(N,+1)—v =<1.
n—oo n—>oo

Hence 0 < px —u < py—v =<1land (x,y) € Ty .

Next we will prove fu,v Climinfy_ o0 Ty,v(N). Forall (x, y) € fu,v, O<x—u/p<y—v/p<l1/p.
Then there exist 0 <e€1,€2,n1,n <1/psuchthatx =u/p+ey=(u+1)/p—nrand y=v/p+e; =(v+
1)/ p—n,. Foreach N >0, define j(N)= (N +1)x] andk(N)=[(N +1)y|. When N is large enough,
JIN)=1(N+D@/p+e)] =uq(N)+ul(N)/p+e (N +1)] Zugq(N)+min{u, [(N)} = ay, while

)| = @+ g + |+ DL v+ 1)

<w+Dg(N)+min{u+1,I(N)}—1=a,4+1—1

u+1
V4

Jy = | v+

for 0 <u < p—1, which indicates that j(N) € I,(N). Similarly, k(N) € I,(N) for N large. Moreover,
limy 00 T(j(N))/(N +1) = plimy 00 j(N)/(N +1) —u = plimy 0 [(N +Dx] /(N +1)—u =
px—u; similarly, limy 00 T(kK(N))/(N +1) = py—v. And, since 0 < px—u < py—v < 1, for N large
enough wehave 0 <7 (j(N))/(N+1)<t(k(N))/(N+1)<1,300<t(j(N))<t(k(N))<N. Thus, by
the definition of j (V) and k(N), we have, for N large, (x, ) € $;(n)k(N),N C U(jak)eLu.v,N Sk, N=
Tu,v(N), which implies that (x, y) € liminfy o0 Ty,0 (V).

In conclusion, we have

Tup C liminf Ty (N) C limsup Ty o(N) C T,
N—o0

N—>o0
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from which
lim (Tu,v(N) \ aTu,v) =Tuy. O
N—oo
- - N . .
Let ¢ = (ZJ)erI‘m,N = (SN(SJ))GEFWLN =Gy, ,Em,jm))f]el—‘m’N be an (" F")-dimensional
mean zero complex Gaussian random vector. Let its covariance matrix be X; then, forall J = (jy, ..., jm),

J' =i+ Jm) € Tm,n and

X7 =En(st) =EnGnENSNES))

- 2 2]

= ¥ (R)Ein®

KeAy N
=(1+&EN
= (L&, 81+ + Smjmbm, i)

where Ep denotes the expectation with respect to the probability measure yy;.

Lemma 3.4. With the assignment of &€ as in (3-2),
2
108 46t 2) = Qern () + 2N 4 o)

< ()

Proof. = Vo N (V% v (€), where Vi n (&) = (/ (V)EF)

is an
. JGFm’N,KEAm’N
matrix. Thus

N
det s =|det Vun P = [] (¢ )1det Wan N (®).
KGAm,N

By Lemma 3.2,

= Z log( )+2m<N+m)log(Kr)+2'87mNm+l+0(Nm+l)

m+1
KGAmN
2
- ¥ log(][\;)—i—Z 3 K[ log (er) + 2Pm Nm+1 4 o(ymt1)
KeAn N KeAm N P

2
= QKr,m(N)’F%Nm—H +0(Nm+1)- U
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As log |5 (2)| is plurisubharmonic in a neighborhood of (D(0, r))™, we have

log [] 1esl= D loglin(€s)l

JGFm’N JEFm.N

= 3 [of gk [T PG doy ) -+ doy un)

T€lm.N @D (0,r)ym =1

(N+1)’”/ flogISN(”N[ > HPrffli,lul)

(aD(o r))m JGF;/” Ni=l1

/ l_[ P, (Krez’“ﬁxl u,)dmx:| doy(uy)---doy(uy)

i=1
+ (N +1)™ // 10g|sN(u)|/ 1_[ P, (/(rez”*ﬁx’ ui) dmx doy(uy)---doy(um), (3-19)
(D (0,r))" i=1

where P, (&,u) = (r% — |€]?)/(lu —&|?) is the Poisson kernel of D(0, r), do, is the Haar measure on
0D(0,r), dpyXx is the Lebesgue measure on R™, and

N t 1
H= U Hiy,.tyy = U {x=(x1,...,xm)elRm:0§x1——5 <Xy < — }
0=t1,ctm<p—1 0=t1,ctm<p—1 P pp

Let I and II be the two summands on the right-hand side of (3-19). Then

P U - T
Z l_[ r%”il’) /il:[lpr(lcrez”ﬁx’,ui)dmx

< [eee [ loglin @l dov )+ doy ). 3-20)

(8D (0,r))"

I<(N+1)" max
ue(aD(O,r))m

First we estimate |- 'f(aD(o,r))m log |Sn (u)|| doy(uy) - - doy (um).

Lemma 3.5. VN( sup I5n ()| < ]) < e Qrm(N),
ue(dD(0,r))m

Proof v = Y ek i = k(3 )ex.

KeA m,N

where K /3uX refers to (91 /9u*1) - (9Fm /9u5m) and K = Kyt k!,
By Cauchy’s integral formula,

of _Sw@)
KN() o «/_)m / f m k,+1d”1 dum,

(D (0,r))" =1t
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0= i [ i

(@D(0,r)" iz

SO

and thus _
SUPye(aD(0,r))m 1SN ()]

lex | =<
\/@rm

Therefore, sup,eap(o,ryy= |Sn ()| < 1 would imply that, for all K € Ap, N,

forall K€ A, N.

1

exl <[ ()]
sup Sy (u)]<1) < l_[ )/N(|CK| = [(%)rZIKI]_

ue(@D(0,r))m KeAnm N

= I [Go ]

KGAm,N
— o= Qrm(N) O

Therefore,

(Sl

)

The next lemma follows directly from the first part of [Shiffman et al. 2008, Theorem 3.1], but here
we provide a self-contained proof without using the language of sections and metrics.

Lemma 3.6. Given U C C" open and bounded with sup, .7 ||z|| = R > 0, for all n > 0,

)/N{sup|§N(z)| >(1+ RZ)%eﬂN} <e™ for N> 1.
zeU
Proof. By the Cauchy—Schwartz inequality,

¥ af(})

KeA,, N

sup|Sn (z)| = sup
zeU zeU

< el sup[ 3 (Z)W"T

zeU KGAm,N

N
= [lell sup (1 + ||z[|*) 2

zeU
N
= [lell(1+R*)=,
SO N+m
= anNk
- N _e2nN eln
rv{swplin ()] > (1 -+ RHFeN | <y e > V) = e —
zeU k=0 )
hence,

logVN{SuglgN(Z” > (14 RH TN S—ean—i-log(Nn—:m) +(2n N)[<N+m)_1]
zZ€E

<—e™ for N> 1. O
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Lemma 3.7. // |log|5n (w)| doy (uy) -+ doy (um) < CN /8™
@D(0,r))m

. o _eN
for some constant C outside an event of probability at most e™¢ + e Qer.m(N),

Proof. Applying Lemma 3.6 to U = (D(0, r))"™, we have

vl s i@l > (4m) 2V <yl s i@l > A +mr) eV | < e
ue(@D(0,r))™ ue(D(0,r))m (3-21)
Therefore, taking n = 1, outside an event of probability at most e ™ we have
log™® |55 ()| < %N log(1+mr?)+ N on (3D(0,r))™,
SO
/ log™|5n ()| doy (u1) -+ doy (um) < 3N log(1 +mr?) + N. (3-22)

(0D (0,r))™

Applying Lemma 3.5 to the distinguished boundary (dD(0, k7))™, we have, outside an event of probability
at most e~ Qer.m(N) SUP,e@D(0.kr)ym SN ()| = 1, i.e., there exists some 1 € (dD(0,«r))™ such that
55 ()] = 1 and

0<togliyml = [+ toglin ] [ 2r0u 0 doy ur) oy un)

(@D(0,r))™ i=1

_ // log* 153 ()| [T 2 (i ur) doy (ur) -+ doy (tm)

@D(0,r)" i=1
m
= [ oe s @ T 2 oy ) -dor . 5-23)
(3D (0,r))" i=1

Since for all 1 <i <m, |n;| =kr = (1—+/8)r and |u;| = r we have v/§/2 < P,(n;,u;) <2//$, (3-23)
implies that, outside an event of probability at most e~ 2xr.m V),

8 m
(%) [/ log™ Sy ()| doy(uy) -+ doy (um)

(D (0,r)" )\ L
s(%) [/ log™ [ ()| doy (uy) -+ doy (um).  (3-24)
0D(0,r))m

Combining (3-22) and (3-24), we get that, outside an event of probability at most e 4 o= QermN),
/. . / }10g|§N(u)|| do,(uy) -+ doy (um)
(@D (0,r))™

- // log™ 15x ()] doy (1) - do (tm) + /[ log™ (5 ()] doy (1) - doy (1m)

(0D(0,r))™ (0D(0,r))™
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<[1+(3)"] [ toetsw@ldortn)---do un)

(@D (0,r))™
CN

< [1+(§)m][%N10g(1+mr2)+N] =S O

Lemma 3.8.
ue(aD(O r))m

Z H—Pr(é””u’) / l_[P(KreZ”Fx’ ui) dmx o) )
Ni=1 N+1 i=1 v 8%(m+1)

Proof. For all u € (aD(0,r))™,

Z l_[ P ffl—Jl—l’l ui) / HP (Krez’“ﬁx‘ u;) dmx

Jely Nvi=1 i=1

Pr(&i ey, ui) e ey
Lr\Si (i) "i) 2 —1x; .
2 H N+1 LLIP,(Kre” i) dx

‘L'(J)€Fm!Nl—1
P,(zi.,u /T
E | | rCii 11) / | |P,(/<r62” lxl,u,-)dmx

< X
JGI,IX XItm i=1 [ R Im j=1

0=<ty,..., tm<p—1

t(J)elm. N
< Z Z l—[ Pr(Z]nul) / l_[Pr(KVBZﬂFxl u,)dmx
- N +1 H (N)
0=<t1,stm=p—1 J €l XXIp, i=1 [1seetm i=1
f(J)EFm,N
+ / P, (Krez’“ﬁx’ ui) dmx
Z Htl ..... tm(N) lljll

0=<t1,....tm=<p—1

m
—f [ Prlere® =" w) dpx|. (3-25)
H,

. o . . |
where H;, _“,m(N):U J1 ,J1+ oo | Im ’Jm+ .
T Jely XXl t(J)eECm N | N +1 N +1 N+1 N+1
Forall0 <#,...,tw <p—1,

Z 1—[ Pr]E]Z]—;:;/ll) [ 1_[P (KV€2NFXI ul)d X

JEIIIX XItm i=1 Htl ..... lm(N)
t(J)elm.N
< [ HP,(KreZ”ﬁx",u,-)—l_[Pr(Krehﬁi
Jel x- xI,m N+T>'NF1 1li=1 i=1
‘E(J)Erlm N
+ 1m _ 0P, (w,u)| 2mkr
< (q—)mm sup  [Pr(w,u)]"! sup r@.u)
(N + 1) lw|=kr, |u|=r |w|=<kr, |u|=r o N +1
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C
pmsTEO(N 4 1)

SO

O D SR 1 N | Lt

Oftl ..... tmfp—l JGI[IX XI,m i=1 1oeees tm(N)l_l
‘E(J)Er'm N
: C o(1
< W (3-26)

Tty 41y s30mrD)

To bound the second term in (3-25), we need the following statement, which can be proved in a similar

way as Lemma 3.3:

lim Volpm (Hy,, . 1,,,(N) A Hy . . 1,,) =0 forany 0=<¢;,....t,, < p—1.
N—>o0

tm

Hence,

2

0<t1,...t;m<p—1

m
/ 1_[ P, (Kreznrx’ ui) dmx — / l_[ Pr(KreZ”ﬁx",ui) dmx
H[ Ht

Lseees tm(N)l_l

m
< Z Vol gm (Hy, .1, (N)AH,I,WJW,)[ sup P,(a),u)]

0<t,..stm<p—1 lw|=kr,|ul=r

< 2\ e ]
< > 0(1)(\/3) T (3-27)

0<t1,....tm<p—1

This o(1) may depend on p.
By (3-25), (3-26) and (3-27) the lemma is proved. O

Combining (3-20), Lemma 3.7 and Lemma 3.8, we have, outside an event of probability at most
N
e ¢ _|_e_Q/<r.m(N)’

o() CN _ o(N™*1)
sromtn) §m  g3mty

I<(N+1)"

By changing the order of integration,

I=(N+1)" [ f f log |5x (1)] ]‘[ Py (cre¥ Y"1 i) doy(uy) - - doy (tm) dmx.
(@D(0,r))m
If 5 is nonvanishing on (D(0, r))™, log|3x («)| is harmonic in u; in a neighborhood of D(0, r) for each
fixed (uq, ..., 40, ..., um)in (D(0,r))™ . Applying the mean value theorem for harmonic functions,

we get
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II=(N+1)m/H // log|§N(KreZ”ﬁx1,u2,...,um)|

(0D(0,r))m m
x [T Prcre? =15 u;) doy (u3) -+~ doy (um) dmx
i=2

=...=(N+D" /Hlog|§N(Kr62”ﬁx‘,...,Kreznﬁx’”ﬂ dmx.

Define
E = / log [Sn (kre?™Y 1% gepe?®V T IXmy g, x (3-28)
H

which is a complex random variable. Thus we have proved:
Lemma 3.9. If 5y is nonvanishing on (D(0,r))™ then

O(Nm+1)

log [ lsl<—5—"+N+1D)"E

JGFmN

. e —_eN _
outside an event of probability at most e™¢ + e Qicr.m(N),

Replacing T,y by T\Oy = {J = (1.eeerjm) € 0NN Z" 10 < oy < o+ < joem) < N}
where o can be any element in S,,, the permutation group of m letters, similar results hold and we have
counterparts for Lemma 3.4 and Lemma 3.9, which we state without proof.

Lemma 3.10. Denote the covariance matrix of the random vector (¢ 59) =5n(Ep))! by =@ Then

Jerly
2
log (det @) = Qym(N) + L2 N™H 4 o(NH)
P

For all g € S, let
H(Q) — U H(Q)

0<t1,....tm=p—1

’ ! 1
= U {x=(x1,...,xm)eRm:OSme—&5---5x9(m)— elm) 5—},
p

0<t1,...tm<p—1

and define the random variable

E(Q) :/ ]Og{§N(Kre2an1x1,”.,Krean/jlxm)}dmx.
H@
Then:

Lemma 3.11. If §x is nonvanishing on (D(0, r))™ then

© O(N h =
log [T 11 ——— il +(N+1)"E@
Jeri?y

. - _eN _
outside an event of probability at most e=¢" + e~ Qxr.m V),
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The last ingredient we need to prove the upper bound is the following lemma:

Lemma 3.12 [Nishry 2010, Lemma 4.6]. Let s, t > 0 and N € NT be such that log (t"V /s) > N;
then

N N
S t
VOIRN{(VI,...,VN)GRN:OSVJ‘ <t and | |l"j SS} SmlogN (T)

j=1

Proof of the upper bound in Theorem 0.1. If § is nonvanishing on (D(0, r))™ then, by the mean value
property of pluriharmonic functions,

Z @ — Z log}EN(KreZ”ﬁx‘,...,Kreznﬁx’")‘ dmx
H(

QESm QESm

=/ log}EN(Kre
Ugesm H )

1,1
=// log‘EN(KreZ”ﬁxl,...,KreZ”ﬁx’")‘ dxy---dxm
o Jo

V=X g eV _lx’")‘ dmx

= // loglg'N(a)l,...,Cl)m)|dUKr(wl)"'dUKr(wm)

(0D (0,kr))m
=1log|5n(0,...,0)|
= 10g|C(0,...,0) l;

the second equality holds because, for distinct 01, 03 € S, H (@1) n H(@2) is of m-dimensional Lebesgue
measure zero. Then,

Pom(r,N) =y {0 €35 ((D(0.7)™)}

+ vy tlogleq,....0)l < 2m!log N) N (0 & 5n ((D(0,7)™))}

<y (c,...0) > N2™) + yN{( > E@ <2mllog N) N (0 ¢3n ((D(O, r))’"))}
0€Sm

< e_N4m! +yy U (E(Q) <2logN)N (0 ¢§N((D(Ov r))m))}
0€Sm

<™ 1 3 YV {(E@ <210g N) N (0 & 58 ((D(0.1))™))}
0€Sm
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Lemma 3.9 implies
yn (B <2log N)N (0 &5n((D(0,1)™))}

fe—eN+e—QKr-m(N)+yN{1og [1 vl = ——+>
JEFmN

( m+1)
+2(N + D)™ logN}

m+1
:e_eN+e_Q"’~’"(N)+)/N{ 1_[ |§J|<exp{ ((S +])+2(N+1)mlogN}}.
JGFm’N
Define
Netm m+1
%m,Nz{z=(;J>Jerm,Nec( S| |zJ|<exp{%+2<N+1)mlogN}}

JGFmN

and

N
FmoN ={0=())seTpn €EmnN |Cs] < Q2+2mr*)2 VI €Ty N} Cmn.

which can both be treated as subsets in C(" m") and events in the probability space (H O(CP™,0(N)), yN).
Thus,

yn{(E <21og N)N (0 &5n((D(0,1)™))}
E e_eN + e_QKr.m(N) + VN(%I’H,N)
<o 4 Qerm) YNCEm N \FmN) + VN Fm,N) (3-29)

and
Y EmN \ T n) < yyiles| > @ +2mr?) % for some J € Ty}

<yp{  swp fin@)] > @+2mrH)T)
we(@D(0,kr))m

[z

<yyf sup  [iv@)>1+mr?)32
we(D(0,r))m

N
<e2? (3-30)

’

where the last inequality is due to Lemma 3.6. Then Lemma 3.4 gives

1 _ *E_l§
Y (9’T ,N) = T/ e ¢ d N-+m é—
N 20 det © JFmn 20"

2 m
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Change into polar coordinates and note that
N+m m+1
=Vol_N+m3(X7)Jer, ~€ [0,(2+2mr ( ) 1_[ xj=<exp oy )+2(N—|-1)mlogN
R( m ) m,N 8
Jely, N

then
Y @) <2057 eXP{—[Qw,m(N) 4 M%N”’H} + o(N’"“)}

( m—H)
X exp{—Jr +2(N + 1)"log N} Vol a(Vihm) (Fm.N)
52Mmt2

O(Nm—H)
St}

m 2
= 2(N’j; )exp{—[Q,cr,m(N) + ﬁNmH] + } VOIR(N+M) (Fm,N)-
p m

since (VEM) LN log(2 +2mr2) —[o(N™+1)/83m+3 £ 2(N 4+ 1)™log N]> (V™) for N large (up to
now p, § are constants), we can apply Lemma 3.12 and get:
VOIR(Nnng) (Fm,N)

N™HY /§3m+5 Lo (N 4 1) log N
Sexp{O( )/[(N+m)t1§! + )™ log }{(Nntm)%log(2+2mr2)

m Qb
|:0(]3V—+1) +2(N + D)™ logN]}
8§m+

N+m)

_ explo(N™F1)/§3m+3 4 2(N + 1) log N} <N +m (
- 2O ) V(" g2

then,
exp{o(N"+1)/83mF2 + 2(N + 1) log N — [Qrm(N) + 222 N7 H+1}
VN(%m,N) =< N+m :
[ — 1]
N+m 2 (Nr—:'l_m)
X[N( " )log(2+2mr )] ,
o)

NmTl )
log Y (Fm,N) = (m—+) +2(N +1)"log N — [ri,m(]\f) + l;m Nm+1i|

+ (N’—ni-m) log [N(N};:m) log(2 + 2mr2)] —log [(N;;m) — 1]!

2 2
2 0 Nm-H
:—Q/cr,m(N)—%Nm-i—l +W. (3-31)
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By Lemma 2.2, (3-29), (3-30) and (3-31),
Yn (B <21og N) N (0 €5n((D(0,1)™))}

Ny 2 o(N™+1
= e e Qerm(N) y p=22 +CXP{_QKr,m(N) - —'Bm N4 ‘( 3mal )}
4 §am+z
m—+1
< expl— min 2m log(Kr) Z 2m log(/cr) Z 2/3,,, L 0(]3\7’""'11) |
(m+ 1)! m' k’ (m+1)' m' k p §am+s
Similarly, for all g € S,

Yy {(E@ <210g N) N (0 &5n5((DO0,1))™))}

m+1 m+1
< expl— min 2mlog(xr) i l’ 2mlog(xr) i l 2Bm Nm+1+0(]:[m4r11) ;
(m+1)! m! k' (m+1)! m! k §am+ts
k=2 k=2
thus,
PO,m(r’N)
Se_]\félm!
+1 m+1 1
i 2m10g(Kr) g 2mlog(Kr) 2,3m o(N™+1
| _ e 7 Nm—H 7
+m exp{ mm{ (m+1)! mv Z i’ (m+1)v mv Z k p sim+i
m+1 m+1
— expl — min 2mlog(/cr) Z 2m10g(/cr) Z 2/3m Nm+1+o(N”’+1) ’
(m+1)! m' k' (m+1)! m' k= p §3m+s

SO
log PO,m(’”, N)

m+1 m+1
< —min 2mlog(kr) L l, 2mlog(kr) . L Z 1, 2P 2Bm N o(N™t1)
(m+1)! m! — k' (m+1)! m! = k p

’

B 82m+2
and thus
m+1 m+1
lim sup log Po’m(’;’ N) < min{ 2m log(Kr) Z 2m log(Kr) Z 2,8,,, }
N—oo NmF (m+1)! m' kK (m+1)! m' k p

Let p — o0; then

lim sup
N—oo

+1
log Py m(r, N) - 2mlog(kr) L LmX: 1 ‘
Nm+1 (m+1)! m!

Let8—>0+;then/<:1—«/g—>l,so

m
log Py m(r,N) - 2mlogr+ 1 Zl '
Nmtl (m+1)!

lim sup
N—o00
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Hence,
1 P ( N) < 2m IOgV + 1 mZH 1 Nm—H + (NH’I+1)
0 rnN)<—| ———+— — 0 .
& Lo,m (m+ 1) ml =k
Thus, Theorem 0.1 is proved. |

4. Proof of Theorem (.2

The proof of Theorem 0.2 is quite similar to that of Theorem 0.1. We only need to make some slight
modifications in picking “determining exponents” and “sampling points”.

Lower bound.
Definition 4.1. Ay (r) = {K €A : (]I\é)rle' > 1} C Amn.
Ry m(N) := Z log [(]I\é)rlel].
KeAy, n(r)
Lemma 4.2. log Pom(r, N) > =Ry m(N) +o(N™T1),

Proof. Consider the following event 2, ,,;, n:

) lco,...0l = VN,

(i) |ex| = K € A, N (NN, ..., 0)},

1
2GR
1

K e Am,N\Am,N(V)-

(iii) |eg| < K lFm—1

2ﬁ( m—1 ) ’

Then, when 2, ,, n occurs, for all z € (5(0, )™,

(D

I5n(2)] = v/N —

VY !

|K|4+m—1
Kehm im0 2YN (070
N
=N — -
k; 2N
=1V/N >o.
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Thus,
Pom(r, N) = yn(S2r.m,N)
N R/ N yN(|cK| < 1 )
KeAm x(NO,....0)} ZW\/@rlK|(|Klj_”}_l)

x I1 VN(|CK| = 2W('Il('+m_l))

KGAm.N\Ain,N(r) m—1
N 1 1
B N K| +m—1)2 Klam—122’
K€Am N (ON,...0) N () r2KI(KHm=I T g o\ A () 8N (KM=

Therefore,

log Py m(r,N)

. 5 log[(][\é)i’zuﬂ]_ ) log |:8N(|KL;|-_W11—1)2]

KGA,”,N(V)\{(O,...,O)} KGAm,N(r)\{(O,,O)}
N
= _ Z log[(K)V2|K|]+0(Nm+l)
KGAm,N(’)\{(OamaO)}
= —Rym(N)+o(N™1), a

Upper bound. For some o € (0,1], we can define the index sets Ay, |qn) and 'y |qn), and the

(I_aNnJ1+m) « (l_aN”Jl-i-m) matrix

Wm,LaNJ (s) = (sf)]epm.\_a]\”, KEAm,I_aNJ .

We also assign the values of the variables (§;,j)o<;<m,0<j<|aN] by the points on dD(0,«r) in a way
similar to in Section 3, except that we replace N by |a /N |. Then we have the following lemma:

L“,Zﬂm) log (cr) + P (Lo )y 4 o).

Lemmad3.  logldet Wy, jan) €)] = m(
»

LaN”Jl+m)

_ t _ ~ t . . .
The word ¢ = (§;)’ €T tan) = GyEn)Yy €Ty tony 1@ dlmenswn—( mean zero complex

Gaussian random vector with covariance matrix

Y= Vm,N,ot (E)V;,N,a (E)’

where Vin, N () = (y/ (%)éf)Jerm’LaM’ Keh,, v 152 (L“N,,Jl+m) x (V™) matrix.

Definition 4.4. Orma(N):i= Y log [(Z)ﬂ'"'].
KeAy, |aN]

2
Lemma 4.5. logdet X > Qxrma(N)+ ﬁ(LocNJ)"’Jrl +o(N™Th.
p
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Proof. By the Cauchy—Binet identity, summing over the

2
N
de (1 (% )EF)
¢ K g" Jely lan, K€M |aN|

(LeNTEmy s (LNIHm) minors of Vin, va (),

— l_[ (][Z)|deth,|_aNj(é)|2’

KGAm.LaNJ

detT =" |det M|*>
M

SO

logdet ¥ > Z log(z>+2m(mn]jjjm)log( r)+ﬁ(|_ N )"l o(N™F)

KEAI’VI,LO[NJ

= Z log[(]I\é>(/cr)2|K|] ,Bm(L NJ)m+1+0(Nm+1)

KeAp |an)

= Ocrma(N)+ ﬁq N Y 4 o(NH, 0

The following lemma is a counterpart of Lemma 3.9. The proof is similar.

Lemma 4.6. If 5y is nonvanishing on (D(0,r))™ then

( m—l—l) m
log  [] lvls—5—71 Py +(leN]+D™E
Jerm,LaNJ

. e —eN _ . _
outside an event of probability at most e™¢ + e Rierm(N) \where the complex random variable E is

defined in (3-28).

By the same trick of permutation as in Section 3, we can get an upper bound estimate for Py, (r, N):

N

Pom(r.N) <™V 4 m!{”N + e RermW) =22

m+1
esp [~ Qerma) = L a1+ DN

sm+3

Punch line of the proof. In order to prove Theorem 0.2, it suffices to compute R, ;;(N) and Q.o (N)
asymptotically. We follow the same idea as in Lemma 2.2.
The scaled lattice (1/N)A,, n(r) corresponds to the set

x=(x1,...,Xm) €EXm : Ex(x) =0}

and (1/N)A; m,«(N) corresponds to the set

m
{x:(xl,...,xm)e[R{m+:in50551}.

i=1
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So we have
N
RomN) = > tog[ (g )r2Kl] = nm+! /xezm Er(x) dpx +o(N™Y), (4-2)
KeApm Nn(r) E;(x)=0
N
OrmaN)= Y 1og[(K)r2‘K|] =N"’+1/X€Rm+ Ep(x) dx +o(N™).  (4-3)
KeAy, an) szzl Xi Za

Moreover, if we go through the proof of Lemma 2.2, we find that the o(N™*1) terms in (4-2) and (4-3)
are uniform if » < ¢ for some constant ¢ > 0, which implies that, when r is replaced by xr = (1 — Vo)r,
the remainder won’t depend on §.

Proof of Theorem 0.2. The lower bound proof is already implied by Lemma 4.2 and (4-2). To prove the
upper bound, by (4-1) and (4-3),

log Py m(r,N)

2ﬂmam+l } N O(Nm—H)

S—Nm+l min {/ xes EICF(-X) dmxa/xeRm—i- EIC"(X) dmx+ P 53m+1
m 2 2

Eir(x)=0 Z;n=1 X;i=a

Similarly as in Section 3, we obtain

log Py m(r, N) < _NmH i {/Xezm E,(x)dmx, / JUp— E.(x) dmx} +o(N™T

E.(x)=0 Y xi<a
——N’”“/xekm+ Ep(x) dmx +o(N"F).
Z;-ﬂ:lxifa

Now we must find a proper «g = oo (r, m) € (0, 1] which maximizes f ermt, Y E,(x)dyux. For

—1 Xi=o
this purpose, we consider the function defined on (0, 1] by

T(x) :—/ E,.(x)dpux.
eRMF:Y L | xi <

Then

T(a)—2mlogr/ g+ X1 dmx — m[ cegmt X1 log x1 dinx

Zl 1Xi =0 Zz 1 Xi =
m m
_/xeRm+ (I—in) log (I—in) dmx
Z:.’":lxifa i=1 i=1
m+1 oM+l m+1 1 .
_ _ _ - _ m— _
=2mlogr 1) m T Dl |:10goe ,;2 k] 1)' [ (1—x)x log (1 —x) dx,

T () =

mn 1)'{(ZIOgr—}—Z ) aloga+(1—a)log(1—a)]}
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where we take Y, 1/k =0 when m = 1. So, if 2logr + Y ;'_, 1/k >0, Y'(a) > 0 over (0, 1], thus
max(g,1] ¥ = Y (1) and therefore ag = 1.

If 2logr + Y 4 1/k <0, (2logr + Y3, 1/k)a = aloga + (1 — ) log (1 — ) has a unique
nonzero root &g € (0, 1), and

! m o %
I(I(}%T =T (o) = / xerm+ Er(x) dmx = m[(l —ag ) log (1 —ao) + Z Ak (4-4)
2j=1Xi<ao k=1
This concludes the proof. |

Remark 4.7. The proofs of Theorems 0.1 and 0.2 also work for a general polydisc [ ;= D(0, r;). For
example, if r = (r1,...,rn) €[1,00)™, the function £, in Theorem 0.1 would be

m

E.(x)= Zin logr; — [in log x; + (I—in) log (1 —Zx,-)]

i=1 i=1 i=1 i=1

and fEm Ey(x) dmx would equal (2/(m + 1)) Y72 logr; + (1/m!) ZZ:zl 1/k.

5. Hole probability of SU(2) polynomials

Proof of Corollary 0.4. When r > 1, ag = 1. The result follows from Theorem 0.1.
When 0 < r < 1, for x € RT,

E,(x) =2xlogr —[xlogx +(1—x)log(1—x)]>0 <<= 0<x <ay.
By Theorem 0.2,

oo
log Po,1(r, N) = —N? / E,(x)dx +o(N?),
0
where the value of the integral in the corollary is due to (4-4) and the fact that
209 logr = aglogag + (1 —g) log (1 — ). O

Proof of Theorem 0.5. As dU is a Jordan curve, by Carathéodory’s theorem ¢ can be extended to a homeo-
morphism D(0, 1) — U. We still use ¢ to denote the extended map. Thus, 5y (z) = ZIILO Ck (Zl\cf)1 22k
is nonvanishing over U if and only if ty(0) := Z,](V:O Ck (],z’)1 2(¢ (a)))k is nonvanishing over D(0, 1),
where ty € 0(D(0, 1)) N€(D(0, 1)).
Since
in(0) o
15 (0) 1

N. :
1M (0) %
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where A is an (N + 1) x (N + 1) lower triangular matrix with diagonal entries {k! \/ (]Z ) (@ (0))¥ }OSkS N
(tn(0)... ZI(VN) (0))! is Gaussian with covariance matrix 4 A4*. Then

N

det(44%) = |det > = [ [k!z(]]f)|¢’(0)|2k] £0 (5-1)
k=0

because ¢ is a biholomorphism.
We again define k = 1 — +/3. Then, if supyp (0. linl <1, for0 <k <N,

k! t k!
P0) = e <

27/ =1 Jap(ox) ukt! = Kk

Therefore,

Nk
yy( sup in] <1)syN{(zN(O),...,z](VN)(O))e I1 D(O, K_k)}

aD(0,k) il
1

- —n*(AA4*) " Invd
AN det(AA¥) H;’f=05(o,k1/xlc)eXp{ N (AA™) " ntdan+1yn

- aN+1 Hl?:o(k!/’(k)z
aN+1 det(AA4%*) '

By (5-1),

) < [Tr—o(k!/x*)?
" Tr=olk2(})1¢’ (0]

={1d[[(],f)(f<|¢/<o)|>2k]}_1

k=0
= exp{— Oy ¢7(0)),1 (N)}
= exp{—(log |¢’(0)] +log k + %)N2 + O(Nz)},

VN( sup |tv] <1
dD(0,x)

where the last equality is due to Lemma 2.2.
Similarly as in Lemma 3.9, we can show that if 7| 5 0.1) # 0 then, outside an event of probability at

most e™¢" + exp{—Oxlp0),1 (N)} = exp{—(log |¢"(0)| + logk + %)N2 + O(NZ)},

o(N?)
52

N
log [ Jlen(z)] < + (N + 1) log|col,

j=0

S .
where z; = ke?™VTINFT 0 < j < N.
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Now, (1§ (zg) -+ tn(zn))? is complex Gaussian with covariance matrix
N

2 = (ENCNGEDINGD)) gz jn = ( > (],f )<¢(zl~))k«Tz;>)")

0<i,j<N

k=0
SO VDo - J@oeY | [VE JMseo - @@y |
VO VDo - J®@en™ | [VE) VDeew - Q)@Y

and
NN
deex=T](x) T 16G—9GnP
k=0 0<i<j=<N
SO
l N
logdethZlog(k)+2 3 loglg(zi) —d(z)l. (5-2)
k=0 0<i<j=<N

Next we will show that

2 Y toelG—GI=N2 [ log o) — )l dogtn) dowtuz) +os(V). (5

0<i<j<N

where 05(N ?) denotes a lower-order term depending on §.

Since
1 i — J
2 ) loglpe—¢G)l=2(N+D> —zlog‘¢(Ke2”ﬁN+1)—¢(Ke2”ﬁzv]+1)‘
i<j ~ (N+1)
0<i<j=<N 0<i<j<N
and

1 1
/f log [¢:(u1) —  (u2)| doe (1) doe (uz) = fo /0 log [ (™) — (e~ dx dy

(0D (0,k))2
=2 // log‘qﬁ(/(ez”ﬁ")—(p(/cehﬁy)}dxdy,

0<x<y=<l

it suffices to show that

1 l_ ].
Z mlog}¢(K€2ﬂﬁm)_¢(KeZn~/le—_H)}

0<i<j<N

— // log‘q&(/cez”ﬁx)—(p(/(ez”ﬁy)}dx dy| = o0g(1).

0<x<y<l
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Since ¢ is a biholomorphism, we set

inf |¢'| = a(8) > 0.
D(0,k)

And, by Cauchy’s inequality, we have

sup [¢'| < O@™H).
D(0,x)

For each N, define
AN)={(i,j)eZ*:0<i<j <N},
the “far from diagonal” indices FD(V) to be the set of those (i, j) € A(N) such that

IWVN+1|+i<j<N-—|JN+1]+i if 0<i<|~N+1],

IWVN+1|4+i<j<N if |VN+1]<i<N-[J/N+1],
jew if i>N—|vN+1],
with
Fa(N)= | J Sijn
(i,j)€FD(N)

(recall the definition of $; ; n on page 1935), and the “near diagonal” indices to be
D(N)=A(N)\FD(N).

Then

ID(N)| = O(N?)

and, for (i, j) € FD(N),

Nl-i-l _N]+1 > (N +1)"2% mod 1.
So,
1 i i
) N 1) 8 e TINET) — g eV T
0<i<j=<N

—// log|¢(lcez’“mx)—¢(/ceznﬁy)‘dx dy
0<x<y=<l1
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T AR ]
(#,j)€D(N)

+ Z /N+1 /N-H

(i,j)eFD(N) ” N+1

10g ‘¢(Ke2nFX) ¢(K62n«ﬁy)‘

+

// log|¢(lc62”ﬁx)—¢(/cezﬂﬁy)‘ dx dy
FB(N)

—// log ‘qﬁ(/cez”ﬁ")—(ﬁ(/cez”ﬁy)‘ dx dy]|.
0<x<y<l1

Let I, II and III be the summands of the last expression.
For all (i, j) € D(N),

~a(d) < g 2TVTIRT) _ (2™ V1N | <o),

N+1 +1
) ' '
‘log |¢(Ke2”ﬁﬁ) —¢(K€2”ﬁ1\’+ﬂ)|‘ <l|loga(8)| +1log (N + 1),
and thus
O(N
1< B [|loga(5)| +log (N + 1)] = o05(1).
Since
- — o6 O(N?)
s |Viog[p(ee™ V) — g eV | < 1T 5a)
x—yZ(N+1)7% mod 1 a(8)(N + 1) 2
we have
N? - - _
S - sup |V 1og {¢(K€2”ﬁx) —¢(K€2”ﬁy)‘ low )
(N +1) _1
x—y>(N+1)" 2 mod 1
1
O(N™2)
< 2 7 os(D).
= a@ W

By a similar argument as in Lemma 3.3, we have

lim Volg2 (FB(N) Af{(x,y) eR*:0<x <y =<1})=0.
N—o0

1959

—log }d)(Kez”FNH) d)(Kez”FNH)}‘ dx dy

Furthermore, (5-4) and (5-5) below indicate that the function log |¢>(K82” V-ix ) —p(ke?™ v-1y )‘ is L!

over [0, 1]%, so

I < 0g(1).
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Thus, we have proved (5-3).
For uy, u, € D(0, 1), define

d(uy) —puz) .
V(uy,uz) = Uy —1us a7 uz,
¢'(u1) ifuy =u,.

Then ¢ is continuous and nonzero in D (0, 1) x D(0, 1). Moreover, by the removable singularity theorem,
¥ is holomorphic in u; as well as u,. Therefore, log || is pluriharmonic in D(0, 1) x D(0, 1). By the
mean value equality,

/ / log [f(1t1) — §(2)| do(ur) doe (i)
dD(0,k) JOD(0,x)

=/ / log [V (uy. 42) | doe (i) dore (1) + / log |y — tt2| doe (1) do (u3)
0D (0,x) JOD(0,k) 0D (0,k)

0D (0,k)
— log |(0,0)| +log + / log [u1 — us| doy (1) dory ()
ap(0,1) Jap(0,1)
— log|¢'(0)] + log + / log i1 — 3| do (uy) doy (u3), (5-4)
aD(0,1) JaD(0,1)

and
1,1
/ / 10g|u1—u2|d01(u1)d01(u2)=f / log}eZ”V_lx—eZ”V_ly‘dxdy
aD(0,1) JaD(0,1) 0 Jo

1
:/ log}l—ehﬁx}dx
0

=/ log |1 —z|doi(z)
3D (0,1)

0, (5-5)

where the last equality is due to Lebesgue’s dominated convergence theorem.
Equations (5-2)—(5-5) show that

N
N
logdetX = Z log ( k ) + (log |¢' (0)| + log k)N % + 05(N?)
k=0

= (log ¢/ (0)| +logk + 5)N? + 05(N?).

The remaining part is similar to Section 3. O

Remark 5.1. For U = D(0,r), ¢ is a rotation composed with a scaling by r, so |¢’(0)| = r. Thus, the
upper bound in Theorem 0.5 is —(log + %) N 2+0(N 2), which agrees with Corollary 0.4 in the case r > 1.
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6. Generalized hole probabilities of SU(2) polynomials

If n(r, N') denotes the number of zeros of §x (z) in D(0, '), counting multiplicity, then the hole probability
Py,1(r, N) is just the first term of a sequence of probabilities

Pr(r,N)=yyin(r,N) <k}, k=0.

We call Py ;(r, N) a generalized hole probability because, compared with the large degree or total number
of zeros in C of the polynomial 5, any finite number k is negligible. It has the status of almost having no
zeros in D(0, r). And, by Theorem 0.6, it turns out that the generalized hole probabilities are numerically
almost equal to the regular one.

Proof of Theorem 0.6. Equation (3-21) implies that, for all n > 0,
~ N 2 _enN
YN log |sN(u)|dar(u)>710g(1+r )+ N <e for N > 1. (6-1)
aD(0,r)

We follow the notations in Section 4, except this time m = 1 and we take the number of partitions to be
p = 1. The corresponding restatement of Lemma 4.6 is

Lo V] o(N?) N

)/N{log I1 |;,-|>—52 +(La0NJ+1)/aD( )log |§N(u)|da,(u)} <" f o Rera @),
i 0,r
Jj=0 ’

where {; = §N(Kre2”ﬁj/(L“0NHl)), 0<j <|aoN |. Here we do not need to assume 0 & 5 (D(0, r))
as we do in Lemma 4.6; the counterpart of I/ in (3-19) is

1= (lagN | +1)/ log |§N(u)|/ Py (kcre¥ V1% ) dx doy (u).
aD(0,r) H

Sincem=1and p=1, H=[0,1]CR, so

1
II=(lagN|+1) /8D(0 )log |§N(u)|/0 P,(Krez’“ﬁlx,u) dx do, (u)
= ooV 41 [ tog sl doy o).

Therefore, for all > 0 small enough,

) N
VN{/ log [Sn (u)| doy(u) < Elog(lﬂz)—nN}
oD (0,r)
laoN ]

2
Se_eN+e_RK’~‘(N)+J/N{ 1_[ Ifjliexp{o(é\i )+(|_a0NJ+1)|:%log(1+r2)—17N:|}}. (6-2)
Jj=0
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Following the steps (3-29)—(3-31), we can show that

- N
logyN{/ log |Sy(u)| doy(u) < —log(1+r2)_nN}
aD(0,r) 2

2
< N(lagN ] + D[log(1 +r?) —2n]— Orritag(N) —2,31053N2 n o(N*)

82

o
Oker1,a0(N) ~ N2/ E,(x)dx = %ao[Zlogkr +1—logag]N2,
0
1
B1= / x log[2sin(mwrx)] dx

1
/ (x— —) log[2sin(x)]dx + = ! / log[2sin(mrx)] dx
0

-/
:/_1

1
Since fi)% x log[2cos(mwx)] dx and f02 x log[2 cos(mrx)] dx both converge and x log [2 cos(rx)] is odd,

1
x log [2 sin n(x + )] dx + % /(; log[2 sin(mx)] dx

D= )=

1
x log[2cos(mx)]dx + % / log[2sin(x)]dx.
0

|

1
B = l/ log[2sin(wx)]dx = l/ log [1 —z|doy(z),
2 Jo 2 Jap(o,1)

which equals 0 as in (5-5). Thus

. N
log VN{/E;D( log |Sy (u)| doy(u) < ?log(l + r2) _ ﬂN}
r

o(N?)
§2

1
< —an[l +21og (kr) —logag —21og (1 +r2) +4n]N?* + (6-3)
On the other hand,

Reri(N) ~ N2 / Eer(x) dx. (6-4)
E,r(x)=0

Combining (6-2)—(6-4) and letting § — 0+, we get

- N
log VN{/BD( log [sy (u)| doy (1) < 7log 1+ r2) _ r]N}
r

< —min {%ao[l + 2logr —logag — 2log (1 + r2) + 41, %ao[l +2logr —logo(o]}N2 +0(N?)
—%ao[l +2logr —logag —2log (1 +r2) +4nIN? + o(N?), (6-5)

for0 <n< %log (1 +r?). Since

/ E.(x)dx = %ao[l +2logr —logag] >0 andthus 1+ 2logr —logag >0,
E.(x)=0
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we can choose 0 < n < %10g (14 7r2) close to %log (14 r?) such that
1+ 2logr —logag—2log (1 4r2)+4n>0.
Therefore, (6-5) makes sense. Denote
Fy(r) = %ao[l + 2logr —logag—2log (1 + rz) + 49];

then we have, for 0 < 5 < $ log (1 +7r2),

N
yN{ / log [3x (u)] doy (u) < =-log (1 + %) - nN} < e FONTHD - (66)
aD(0,r) 2
Let p > 1, to be determined. By discarding a null set, we may assume §x(0) # 0, 0 & 5x5(dD(0, 1))
and 0 ¢ 5 (dD(0, p~'r)). So, by Jensen’s formula (cf. [Hough et al. 2009, (7.2.11)]), almost surely,

neN) . (6-7)

/ log |3 ()| doy () = log |co] + /
0D(0,r) 0

P n(t, N)
t

/ log |5y (u)| doy-1, () = log |co| +/ dt. (6-8)
0D (0,0 17) 0

Since n(r, N) is increasing with respect to r, (6-7) and (6-8) imply

- - " n(@,N
[ toglwlda- [ fog i@l a1, = [ "8 dr <N vog.
aD(0,r) 0D (0,0 17) o~ Lr ¢
and thus
n(r,N)=> |:/ log sy (u)| doy (1) — / log |5y (u)] dap—lr(u)]. (6-9)
log o[ Jop(0,r) aD(0,p—1r)
By (6-1), for 1 > 0, outside an event of probability at most e_enlN,
- N _
/ log 5 ()] doy-1, () < > log (1 + p~2r2) + 1y N, (6-10)
0D (0,0~ 17) 2
By (6-6), for 0 <1, < % log (1 + r?), outside an event of probability at most e Fn (’)NZ'H’(NZ),
y N 2
log |5y (u)| doy(u) > —log (1 +r°)—nyN. (6-11)
2D (0,r) 2

By (6-9)—(6-11), outside an event of probability at most e 4 o= Fny (NN?+o(N 2),

N T1 2y 1 —2.2 }
I JE— i
n(rN) 2 | S log (1) = Slog (14 p7r%) = (1 + )|

Therefore,

N
YN {n(r, N) < @[% log (1 +r%)— % log(1+p 2r?)—(n + nz)]} < =" 4 o= Fny (NN +o(N?)
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where the right-hand side is independent of p. We need to choose proper p, 1 and ;.
For all > 0, we set

1 71 2y _ 1 —2.2\ _ ]_
g L3108 (477 = Flog (14572 = (i +m) | = .

1 1 _
N +n2=n:(p) = Elog(l +i’2)—§log(1 + p"2r%) —rlog p.

If T > 0 is small enough, let po(t) := /(1 —7)/T7r > 1; then

3 >0 whenl < p < pg,

-3.2 2 2
, o °r T (I—-tr-—1p
nN(p)=———5——=—-——>—1=0 when p=po,
1 2,2 21 .2
e P plp=+17) <0 when p > py,

and thus
(M1 + 12)max = N (po(T))
T

Satte = (20~ b~ s
—2log(1+r) 2log 1+1—r rzlog(l 7) 2logr—i-logr

=%log(l+r2)+%log(l—r)—%rlog(l—r)—l—%rlogr—tlogr

= %log(l -|—r2)+%[rlogt—i—(l—t)log(l—r)—2rlogr].
For a fixed r > 0, we can choose smaller > 0 if necessary so that
—%log(l +r?) <tlogr+(1—1)log(l—7)—2rlogr < 0.

This is possible since

tlogt+ (1—1)log(l—1)—2tlogr <0 if 0 <7 <y
and
lim [tlogt+ (1 —71)log(1—1)—2tlogr]=0.
T—>0+

Thus, for such 7 and the corresponding pg = po(7),
Hog (147%) <y + 12 = 71e(po) < Llog (1 4+77).
In this case, for all 0 <7y < 1 log (1 +r2),
0<n = %log(l +r2)+%[rlogr+(1—t)log(l —1)=2tlogr]—m < %log(l +r?),

yatn(r N) <oV} = yy {nr, N) < [ Tlog (14 r2) = Slog (1 + 5 %r%) = (1 + 1) |

< e_emN +e—F,,2(r)N2+o(N2).

log po

Fix any k£ > 0; when N is large enough, k < TN,
exp {—%ao(l—l—Zlog r—logaO)N2+0(N2)} =Py 1(r,N) = Pr1(r,N) <yyin(r,N) <tN}
<eme" N+exp{—%a0{(1+2 log r—log ag)+2[7 log T+ (1—7) log (1—7)—27 log r]—4n1 } N *+0o(N ?)}.
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Therefore,

log Py 1(r, N)

. log Py 1(r, N)
2 <limsup ——————

1 . .
—>ao(l +2logr —1 <1 f
720(1 +2logr —logag) = imind im suy 2
5—%0{0{(1+210gr—10goz0)+2[rlogr+(1—r)log(l—r)—2rlogr]—4n1}.
Let n; — 0+ and then t — 0+; we have

log P 1(r,N)

lim = —%ao(l + 2logr —logayg)

N—o0 N2

or, equivalently,
log Py ;1 (r, N)~—%oz0(1+210gr—10ga0)N2. O
Appendix
We now prove the following lemma:
Lemma A.1. The coefficient of gm N (&) in det Wy, N (§) equals 1.

Proof. Let %5, n be the set of bijections from I'y, y to Ay, n and, forall o € ¥y, §, J € T'yy v, write
o(J)=(0o1(J),...,0m,(J)). Then

det W, (&) = Z sgn(o) 1_[ E;(J)Z Z sgn(o) 1_[ Ei’,lj(lj)"'gsf,"j(,,{)'

0ES M. N Jelm N €S M. N Jel'm. N

To find those o € ¥,y ending up with g, x (&), it is equivalent to find o satisfying, for all 1 <i <m,

k+i—1\/N—-k+m—i
. : 1<k=<N
> 6i(J) = ( i )( m—i ) =T =" (A-1)
JGFll/nkN 0 k = 0’
where the set I‘Z{‘N is defined in (2-7). We are going to prove by induction that
o(/)=0r. 2= J1.- s Jm— jm—1) forall J €Ty n. (A-2)

First of all, similarly to F,i';kN, we introduce
A =k k) € Ay thy ook = k)
then

N
Amn =] A;;fN forall 1 <i <m,
k=0

and
ik k+i—1\/N—-k+m—i ik
A :( i—1 )( m—i ): o |-
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When i = 1, (A-1) shows that, for 0 <k < N,

Z al(J)=k(N_k+m_1), (A-3)

m—1
Jerlk
m.,N

where the number of terms in the summation on the left is |F,1n’]§\,| = _r];J_”l”_I) = |A,1n’kN| for all
0<k < N. Then

N N
k=0in(A3) = o(T,/\) =A " = o( | | r,;’fjv) =[] Ax-

k=1 k=1

N N
k=1in(A3) = o, ) =AYy = 0( | | r,;’fgv) =[] AN

k=2 k=2

k=N in(A-3) = o(T}

N 1,N
m,N) =A

m,N’

SO

o1(J)=j1 forall J el N.
Now assume, for some 1 <i <m—1, that (61 +---+0;)(J) = j; forall J €Ty, . Then, forany | <k <N,

Yo eittoi) = Y Litoipi()]

serit serg
k : .
. iy i1,k k—f—l)(N—k—l—m—z—l
_Zﬂrm,NmFm,N |+(i+1 m—i—1 )
j=0
_Xk: .(j—i—i—l (N—k—i—m—i—l) (k+i)<N—k+m—i—1
=27 i ) m—i—1 it m—i—1 )
j=0
=k(k—.|—1)(N—k+i.n—z—l)’
i m—i—1

where the second term on the second line of the calculation comes from (A-1). And, for k = 0,

Yo i+toi = Y. Litoin()]=0.
Jer, 0 Jer, 0

So, forall0 <k <N,

IO

> ot tonn ) =k(

i+1.k
Jel', 'y

(A-4)
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where the number of terms in the summation on the left is |F i+1.k

forall0 <k < N.

(k?i)(N_rlfz—i—_z")i_li_l) |A1+1 k|

N

+1,0 i+1,0 +1,k +1,k

k=0in(A4) = o(T, ) =AFYy =>0(|_|F’ ) || ALV
k=1

N

+1,1 i+1,1 +1,k i+1,k

k=1lin(A4) = o, vH=AF" = a(|_|F’ )=|_|A;n,N,
k=2

k=Nin(Ad) = o(TiHLN) = ALY,
SO
(014 +0i+1)(J) = jiy1 forall J €y N.

Thus, (A-2) is proved. And it is trivial to check that the o defined in (A-2) satisfies all the equations
in (A-1). This means that there is only one o € ¥, y that ends up with g,, x (&), and it turns out to be
order-preserving. Therefore,

deth,N(é)zgm,N(E)‘F”' . O
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