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DYNAMICS OF COMPLEX-VALUED MODIFIED KDV SOLITONS
WITH APPLICATIONS TO THE STABILITY OF BREATHERS

MIGUEL A. ALEJO AND CLAUDIO MUNOZ

We study the long-time dynamics of complex-valued modified Korteweg—de Vries (mKdV) solitons,
which are distinguished because they blow up in finite time. We establish stability properties at the H'
level of regularity, uniformly away from each blow-up point. These new properties are used to prove that
mKdV breathers are H'-stable, improving our previous result [Comm. Math. Phys. 324:1 (2013) 233—
262], where we only proved H?-stability. The main new ingredient of the proof is the use of a Bicklund
transformation which relates the behavior of breathers, complex-valued solitons and small real-valued
solutions of the mKdV equation. We also prove that negative energy breathers are asymptotically stable.
Since we do not use any method relying on the inverse scattering transform, our proof works even under
L?(R) perturbations, provided a corresponding local well-posedness theory is available.
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1. Introduction
Consider the modified Korteweg—de Vries (mKdV) equation on the real line
ty + (txx +u?)x =0, (1-1)

where u = u(t, x) is a complex-valued function and (¢, x) € R%. Note that (1-1) is not U (1)-invariant.
In the case of real-valued initial data, the associated Cauchy problem for (1-1) is globally well posed
for initial data in H*(R) for any s > %; see Kenig, Ponce and Vega [Kenig et al. 1993], and Colliander,
Keel, Staffilani, Takaoka and Tao [Colliander et al. 2003]. Additionally, the (real-valued) flow map is not
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uniformly continuous if s < th [Kenig et al. 2001].1 In order to prove this last result, Kenig, Ponce and
Vega considered a very particular class of solutions of (1-1) called breathers, discovered by Wadati [1973].

Definition 1.1 (see, e.g., [Wadati 1973; Lamb 1980]). Let o, 8 > 0 and x1, x, € R be fixed parameters.
The mKdV breather is a smooth solution of (1-1) given explicitly by the formula

B sin(ayy) }
a cosh(Byr) |’
_ 23/20B (e cos(ayr) cosh(By») — B sin(ery) sinh(By»))

B =B(t, x;a, B, x1, x3) = 2«/§8x [arctan

(1-2)
a? cosh®(By2) + B2 sin* (@)
where
yi:i=x+8t+x1, Yri=x-+yt+x, (1-3)
and
§:=a?—3p% y:=3a>-pB% (1-4)

Breathers are oscillatory bound states. They are periodic in time (after a suitable space shift) and
localized in space. The parameters « and 8 are scaling parameters, x1, xp are shifts, and —y represents
the velocity of a breather. As we will see later, the main difference between solitons” and breathers is
given at the level of the oscillatory scaling «, which is not present in the case of solitons. For a detailed
account of the physics of breathers, see, e.g., [Lamb 1980; Ablowitz and Clarkson 1991; Aubry 1997;
Alejo 2012; Alejo and Muiloz 2013] and references therein.

Numerical computations (see Gorria, Alejo and Vega [Gorria et al. 2013]) showed that breathers are
numerically stable. Next, in [Alejo and Muiioz 2013] we constructed a Lyapunov functional that controls
the dynamics of H? perturbations of (1-2). The purpose of this paper is to improve this previous result
and show that mKdV breathers are indeed H!-stable, i.e., stable in the energy space.

Theorem 1.2. Let o, B > 0 be fixed scalings. There exist parameters ng, Ao, depending on o and 8 only,
such that the following holds: Consider ug € H Y(R), and assume that there exists n € (0, no) such that

||u0_B(09saaﬂs()’())”Hl(R)Sn (1_5)

Then there exist functions x1(t), x>(t) € R such that the solution u(t) of the Cauchy problem for the mKdV
equation (1-1) with initial data ug satisfies

sup flu(t) — B(t, -; a, B, x1(2), x2()) | g1y < Aons (1-6)
teR
sup |x; (1)| + [x5(r)| < CAgn, (1-7)
teR

for some constant C > (.

IHowever, one can construct a solution in L2; see [Christ et al. 2012].
2See (1-8).
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The initial condition (1-5) can be replaced by any initial breather profile of the form B(#; «, 8, x?, xg )
with #, x?, xg € R, thanks to the invariance of the equation under translations in time and space.’
Moreover, using the Miura transform [Miura et al. 1968], one can prove a natural stability property in
L?*(R; ©) for an associated complex-valued KdV breather.

One can also use the scaling invariance of the equation, u(z, x) — ru(M3t, Ax), to reduce the problem
to the case where « equals 1 and 8 > 0 is arbitrary, but for symmetry reasons we shall not follow this
approach.*

Additionally, from the proof, the shifts x;(¢#) and x,(¢) in Theorem 1.2 can be described almost
explicitly®, which is a substantial improvement with respect to [Alejo and Mufioz 2013], where no exact
control on the shift parameters was given. We obtain such a control with no additional decay assumptions
on the initial data other than being in H H(R).

Theorem 1.2 places breathers as stable objects at the same level of regularity as mKdV solitons, even
if they are very different in nature. To be more precise, a (real-valued) soliton is a solution of (1-1) of the
form

ut,x) = Qc(x—ct), Qc(s):=+cQKes), c¢>0, (1-8)
with
0(s) := V2 — 24/29,[arctan(e®)],
cosh(s)

and where Q. > 0 satisfies the nonlinear ODE

Q! —c0.+0)=0, Q.cH'(R). (1-9)

We recall that solitons are H'-stable (Benjamin [1972], Bona, Souganidis and Strauss [Bona et al. 1987]).
See also the works by Grillakis, Shatah and Strauss [Grillakis et al. 1987] and Weinstein [1986] for the
nonlinear Schrodinger case.

Even more surprising is the fact that Theorem 1.2 will arise as a consequence of a suitable stability
property of the zero solution and of complex-valued mKdV solitons, which are singular solutions.

A complex-valued soliton is a solution of the form (1-8) of (1-1) with a complex-valued scaling and
velocity, i.e.,

u(t,x) = Q.(x —ct), ~Jc:=B+ia, o B>0; (1-10)
see Definition 2.1 for a precise interpretation. In Lemma 2.2 we give a detailed description of the singular

nature of (1-10). On the other hand, very little is known about mKdV (1-1) when the initial data is
complex-valued. For instance, it is known that it has finite-time blow-up solutions, the most important

3Indeed, if u(t, x) solves (1-1), then, for any g, xo € R and ¢ > 0, u(t — t9, x — xq), ¢}/2u(c3/?t, ¢'/?x), u(—t, —x) and
—u(t, x) are solutions of (1-1).
4For example, if (1-6) holds, then vg(y) := ug(y/a)/«a satisfies

2
a/(u0—3<o,.;1,ﬁ,o,o>> =/<uo—B<o,-;a,ﬁ,0,0>)25n2.
R o R

5See (7-9).
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examples being the complex solitons themselves; see, e.g., Bona, Vento and Weissler [Bona et al. 2013]
and references therein for more details. According to [Bona et al. 2013], blow-up in the complex-valued
case can be understood as the intersection with the real line x € R of a curve of poles of the solution after
being extended to the complex plane (i.e., now x is replaced by z € C). Blow-up in this case seems to
have better properties than the corresponding critical blow-up described by Martel and Merle [2002].

Let H'(R; C) denote the standard Sobolev space of complex-valued functions f(x) € C, x € R. In
this paper we prove the following stability property for solitons, far away from each blow-up time:

Theorem 1.3. There exists an open set of initial data in H'(R; C) for which the mKdV complex solitons
are well-defined and stable in H'(R; C) for all times uniformly separated from a countable sequence of
finite blow-up times with no limit points. Moreover, one can define a mass and an energy, both invariant
for all time.

We cannot prove an all-time stability result using the H!(R; C)-norm because even complex solitons
leave that space at each blow-up time, and several computations in this paper break down. However, the
previous result states that the Cauchy problem is almost globally well-posed around a soliton, and the
solution can be continued after (or before) every blow-up time. The novelty with respect to the local
Cauchy theory [Kenig et al. 1993] is that now it is possible to define an almost global solution instead of
defining a local solution on each subinterval of time defined by two blow-up points, because from the
proof we will recognize that the behavior before and after the blow-up time are deeply linked. From this
property, the existence and invariance of uniquely well-defined mass and energy will be quite natural. For
this particular problem, we answer positively the questions about existence, uniqueness and regularity
after blow-up posed by Merle [1992]. See Theorem 4.5 and its corollaries for a more detailed statement.

Lastly, we prove that breathers behaving as standard solitons are asymptotically stable in the energy
space. For previous results for the soliton and multisoliton case, see Pego and Weinstein [1994] and
Martel and Merle [2005].

Theorem 1.4. Under the hypotheses of Theorem 1.2, there exists co > 0 depending on n, with co(n) — 0
as n — 0, such that the following holds: There exist B* and a* (depending on 1) close enough to B and o,
respectively, for which

im0 = B(t: - 0, B 01 (0, 520 i ezean) = 0 (1-11)

In particular, the asymptotic of u(t) has new and explicit velocity parameters 8* = (a*)> — 3(8*)* and
v* =3(a*)? — (B*)? at the leading order.

The previous result is more interesting when y < 0; see (1-4). In this case, the breather has negative
energy (see [Alejo and Mufioz 2013, p. 9]) and it moves rightwards in space (the so-called physically
relevant region). We recall that working in the energy space implies that small solitons moving to the
right in a very slow fashion are allowed (the condition ¢y > 0 is essential; see, e.g., [Martel and Merle
2005]). Indeed, there are explicit solutions of (1-1) composed of one breather and one very small soliton
moving rightwards, which contradicts any sort of global asymptotic stability result in the energy space
[Lamb 1980]. Additionally, we cannot ensure that the left portion of the real line {x < 0} corresponds to
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radiation only. Following [Lamb 1980], it is possible to construct a solution to (1-1) composed of two
breathers, one very small with respect to the other one, the latter with positive velocity and the former
with small but still negative velocity (just take the corresponding scaling parameters « and 8 both small
so that —y < 0). Such a solution has no radiation at infinity. Of course, working in a neighborhood of the
breather using weighted spaces rules out such small perturbations.

The mechanism under which a* and 8* are chosen is very natural and reflects the power and simplicity
of the arguments of the proof: under different scaling parameters, it was impossible to describe the
dynamics as in Theorem 1.2. We do indeed have two linked results: in some sense Theorem 1.2 is a
consequence of Theorem 1.4 and vice versa.

It is also important to emphasize that (1-1) is a well-known completely integrable model [Miura et al.
1968; Ablowitz and Clarkson 1991; Lamb 1980; Lax 1968; Schuur 1986], with infinitely many conserved
quantities and a suitable Lax pair formulation. The inverse scattering theory has been applied in [Schuur
1986] to describe the evolution of rapidly decaying initial data, by purely algebraic methods. Solutions are
shown to decompose into a very particular set of solutions: solitons, breathers and radiation. Moreover, as
a consequence of the integrability property, these nonlinear modes interact elastically during the dynamics,
and no dispersive effects are present at infinity. In particular, even more complex solutions are present,
such as multisolitons (explicit solutions describing the interaction of several solitons [Hirota 1972]).
Multisolitons for mKdV and several integrable models of Korteweg—de Vries-type are stable in H'; see
Maddocks and Sachs [1993] for the KdV case and in a more general setting see Martel, Merle and Tsai
[Martel et al. 2002].

However, the proof of Theorem 1.2 does not involve any method relying on the inverse scattering
transform [Miura et al. 1968; Schuur 1986], nor the steepest descent machinery [Deift and Zhou 19931,
which allows us to work in the very large energy space H'(R). Note that if the inverse scattering methods
are allowed, one could describe the dynamics of very general initial data with more detail. But if this is
the case, additional decay and/or spectral assumptions are always needed, and, except with well-prepared
initial data, such conditions are difficult to verify. We claim that our proof works even if the initial data is
in L>(R) provided mKdV is locally well-posed at that level of regularity, which remains a very difficult
open problem.

Comparing with [Alejo and Mufioz 2013], where we have proved that mKdV breathers are H?-stable,
now we are not allowed to use the third conservation law associated to mKdV,’

Flul(t) = 1 / u)%x(t, x)dx — &) / uzui(t, x)dx + l/ u6(t, x)dx,
2 Jr 2 Jr 4 Jr
nor the elliptic equation satisfied by any breather profile,

By —2(B* — o) (Bxy + BY) + (@ + B*)*B+5BB; +5B°B,, + 3B =0

Note that Deift and Zhou [1993] consider the defocusing mKdV equation, which has no smooth solitons or breathers.
7See (4-13) and (4-14) for the other two low-regularity conserved quantities.
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since the dynamics is no longer in H2. Moreover, since breathers are bound states, there is no associated
decoupling in the dynamics as time evolves as in [Martel et al. 2002], which makes the proof of the H'
case even more difficult. We need a different method of proof.

We follow a method of proof that is in the spirit of the seminal work by Merle and Vega [2003] (see also
Alejo, Mufioz and Vega [Alejo et al. 2013]), where the L>-stability of KdV solitons has been proved. In
those cases, the use of the Miura and Gardner transformations were the new ingredients to prove stability
where the standard energy is missing. Recently, the Miura transformation has been studied at very low
regularity by Buckmaster and Koch [2014]; using this information, they showed that KdV solitons are

orbitally stable under H~! perturbations leading to a H" N H /4

solution, where n > —1 is an integer.

More precisely, we will make use of the Bicklund transformation [Lamb 1980, p. 257] associated to
mKdV to obtain new conserved quantities, additional to the mass and energy. Mizumachi and Pelinovsky
[2012] and Hoffmann and Wayne [2013] described a similar approach for the NLS and sine-Gordon
equations and their corresponding one-solitons. However, unlike those previous works, and in order to
control any breather, we use the Bicklund transformation twice: one to control an associated complex-
valued mKdV soliton, and a second one to get almost complete control of the breather.

Indeed, solving the Bicklund transformation in the vicinity of a breather leads (formally) to the
emergence of complex-valued mKdV solitons, which blow up in finite time. A difficult problem arises at
the level of the Cauchy theory, and any attempt to prove stability must face the ill-posedness behavior
of the complex-valued mKdV equation (1-1). However, after a new use of the Bicklund transformation
around the complex soliton we end up with a small, real-valued H'(R) solution of mKdV which is stable
for all time. The fact that a second application of the Bicklund transformation leads to a real-valued
solution is not trivial and is a consequence of a deep property called the permutability theorem [Lamb
1980]. Roughly speaking, that result states that the order under which we perform two inversions of the
Bicklund transformation does not matter. After some work we are able to give a rigorous proof of the
following fact: we can invert a breather using Bicklund towards two particularly well-chosen complex
solitons first, and then invert once again to obtain two small solutions — say a and » — and the final result
must be the same. Even better, one can show that a has to be the conjugate of b, which gives the real
character of the solution. Now, the dynamics is real-valued and simple. We use the Kenig—Ponce—Vega
theory [Kenig et al. 1993] to evolve the system to any given time. Using this trick we avoid dealing with
the blow-up times of the complex soliton — for a while — and at the same time we prove a new stability
result for them.

However, unlike [Mizumachi and Pelinovsky 2012; Hoffman and Wayne 2013], we cannot invert the
Bécklund transformation at any given time, and in fact each blow-up time of the complex-valued mKdV
soliton is a dangerous obstacle for the breather stability. In order to extend the stability property up to the
blow-up times we discard the method involving the Bicklund transformation. Instead we run a bootstrap
argument starting from a fixed time very close to each singular point, using the fact that the real-valued
mKdV dynamics is continuous in time. Finally, using energy methods related to the stability of single
solitons we are able to extend the uniform bounds in time to any singularity point, with a universal
constant Ag as in Theorem 1.2.
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From the proof it will be evident that, even if there is no global well-posedness theory (with uniform
bounds in time) below H*, s < }L, one can prove stability of breathers in spaces of the form H'NH*, s < 41'1’
following the ideas of Buckmaster and Koch [2014]. We thank Professor Herbert Koch for mentioning to
us this interesting property.

Our results apply without significant modifications to the case of the sine-Gordon (SG) equation in

|]Ql‘ X RX?
Uy — Uy +sinu =0, (u,u)(t,x)e R2, (1-12)

and its corresponding breather [Lamb 1980, p. 149]. See [Birnir et al. 1994; Denzler 1993; Soffer and
Weinstein 1999] for related results. Note that SG is globally well-posed in L? x H~!; then we have that
breathers are stable under small perturbations in that space. Since the proofs are very similar, and in order
to avoid repetition, we skip the details.

Moreover, following our proof it is possible to give a new proof of the global H !-stability of two-solitons,
first proved in [Martel et al. 2002].

We also claim that k-breathers (k > 2), namely solutions composed of k different breathers, are
H'-stable. Following the proof of Theorem 1.2, one can show by induction that a k-breather can be
obtained from a (k—1)-breather after two Bécklund transformations using a fixed set of complex conjugate
parameters, as in Lemmas 2.4 and 5.1. After proving this identity, the rest of the proof adapts with no
deep modifications.

This paper is organized as follows: In Section 2 we introduce the complex-valued soliton profiles.
Section 3 is devoted to the study of the mKdV Bicklund transformation in the vicinity of a given complex-
valued mKdV solution. In Section 4 we apply the previous results to prove Theorem 1.3 (see Theorem 4.5).
Section 5 deals with the relation between complex soliton profiles and breathers. In Section 6 we apply
the results from Section 3 to the case of a perturbation of a breather solution. Finally, in Sections 7 and 8
we prove Theorems 1.2 and 1.4.

2. Complex-valued mKdYV soliton profiles
Definition 2.1. Consider parameters «, 8 > 0, x1, x, € R. We introduce the localized profile
0= 0(x;a, B, x1,x2),
defined as
0 :=2+/2 arctan (ePrrtioo), (2-1)
where y; and y; are (re)defined as
VIi=X+X1, Y2i=Xx+x. (2-2)

Note that
lim Q(x) =0. (2-3)
X—>—00
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We define the complex-valued soliton profile as follows:

Q:=0,0
o) ePyatio
- 2\/?(_4/51 :Z(Iﬁoizimm (2-4)
_ /3 B cosh(By>) cos(ayy) + a sinh(By») sin(ary;)
cosh®(Byz) — sin® (ay1)
4 i/a 2 eosh(By) COS2(O‘Y1) - ﬂ_si;h(ﬁyz) sinay1) (2-5)
cosh™(Byz) — sin“(ay1)
Finally, we write
0 :=—(B+ia)’Q, (2-6)
and
01:=0,0, 02:=0,0. (2-7)

Note that Q is complex-valued and is pointwise convergent to the soliton Qg2 as @ — 0. A second
condition satisfied by Q and Q is the following periodicity property: for all k € Z,

{Q(-x, o, ﬁ’-xl +k7T/a’ -x2) = (_l)kQ(-x’ o, ﬂ’xl’xZ)’
Q(x; o, B, x1 +km/a, x2) = (=¥ Q(x; &, B, x1, x2).

We remark that, in what follows, Q and Q may blow up in finite time.

(2-8)

Lemma 2.2. Consider the complex-valued soliton profile defined in (2-1)—(2-5). Assume that, for x; fixed
and some k € 7,

n=x+ 2 (k+5). (2-9)

Then Q and Q cannot be defined at x = —x». Moreover, if x| = x> =0, then Q(-; , B,0,0) € H (R; C).

Remark. We emphasize that, given x, fixed, the set of points x; of the form (2-9) for some k € Z is a
countable set of real numbers with no limit points.

Remark. The complex-valued function arctan z (leading to the definition of Q) has two branches of
discontinuities of the form im with m € R, |m| > 1, appearing from the standard branch of the complex
logarithm function Re z < 0, Im z = 0. Such discontinuities may induce singularities on the function Q.
Fortunately, both Q and functions of the type sine and cosine of arguments of the form Q are smooth
except on the points determined by Lemma 2.2. Throughout this paper we shall work with functions of
the latest form instead of the original Q.

Proof. Fix x; € R. If (2-9) is satisfied for some k € Z, we have that, at x = —x»,
yI=x4+x = %(k+%), y=x4+x=0,

and
sinh(By,) =0, cos(ay;) =0. (2-10)



DYNAMICS OF COMPLEX-VALUED MODIFIED KDV SOLITONS 637

Therefore, under (2-9), we have from (2-1) and (2-5) that Q and Q cannot be defined at x = —x,. Finally,
if x; =x, =0, we have

which is impossible. U

Lemma 2.3. Fix o, 8 > 0 and x1, xp € R such that (2-9) is not satisfied. Then we have

O —(B+ia)’Q+Q*=0 forall x €R, (2-11)
and

Q- (B+ia)?Q*+10*=0 forall xeR. (2-12)
Moreover, the previous identities can be extended to any x1, x5 € R by continuity.
Proof. This is direct from the definition. O

Assume that (2-9) does not hold. Consider the sine and cosine functions applied to complex numbers.
We have, from (2-1) and (2-4),

sin — = sin(2 arctan e#?2 )

2
V2
= 2P ¢o52 (arctan P2 T
DePy2tiay 1 0
T 1t e2Bution) T Byia

(2-13)

Similarly, from this identity we have

Or—(B+ia) cos(g

=0, 2-14
ﬁ)Q (2-14)

so that, from (2-6) and (2-12),

Qz+(ﬂ+wt)[Qxcos 0 stmg] (B+ia)Q+ 020 1107 =0
\/_ V22

So far, we have proved the following result:

Lemma 2.4. Let Q be a complex-valued soliton profile with scaling parameters «, > 0 and shifts
X1, X2 € R such that (2-9) is not satisfied. Then we have

%—(ﬁ—l—ioz) sin % =0 (2-15)

and _ _
0+ (B —|—to¢)[Qx oS — Q2 Q i| =0, (2-16)

NIV R

where sin z and cos z are defined on the complex plane in the usual sense.

We finish this section with a simple computational lemma.
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Lemma 2.5. Fix x1, xp such that (2-9) is not satisfied. Then, for all a, B > 0 we have

x 2 jo)e2(Byatiay)
N= L [ gro 2B Tiwe , (2-17)
2 ) 1 + 2(By2+iayn)
and
3| =26+, 2-18)
R
no matter what x1, x» are. Finally, if we let L1 :=log(1 + ez(ﬂx2+i"‘x1)),
X
f N =log(1 + *By2Hioayy 1, (2-19)
0
Note that the previous formula is well-defined, since x| and x> do not satisfy (2-9).
Proof. Tt is not difficult to check that (2-17) is satisfied. Note that
2(B+ i) e Byrtiayn)
lim . =0.
X——00 1 + e2(Byatiayr)
Identity (2-18) is a consequence of the fact that
_ 2(B +ior)e?Byatiay) .
xllr—lr—loo 14+ gz(ﬂyz+iay1) - 2('8 + lO[).
Finally, (2-19) is easy to check. U

3. Bicklund transformation for mKdV
Lemma 2.4 is a consequence of a deeper result. In what follows, we fix a primitive f of f, i.e.,
fo=1. (3-1)

where f is assumed only to be in L?(R). Notice that, even if f = f(t, x) is a solution of mKdV, a
corresponding term £, x) may be unbounded in space.

Definition 3.1 (see, e.g., [Lamb 1980]). Let
(Ug, Up, Va, Vp, m) € H(R; C)? x H'(R; C)? x C.

We set
G:=(G1,G2), G=G(ug,up, vy, vp, m),
where o
Ug — Up . UgFup
Gi(ug, up, vy, vp, m) := — m sin , (3-2)
a a ﬁ \/i
and

Uy +up uﬁ—i—ui L g t+up

Go(ug, up, Vg, Vp, M) 1=V, — Vp +m|:((ua)x + (up)y) cos NG + 7 sin 7 :| (3-3)

For the moment we do not specify the range of G(u,, up, v, vp, m) for data (u,, up, v4, vp, m) in
H'(R; C)?> x H™'(R; C)? x C. However, thanks to Lemma 2.4, we have the following result:
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Lemma 3.2. Assume that x| and x, do not satisfy (2-9). Then
G(Q,0, 0;,0, B +ia) = (0,0).

The previous identity can be extended by zero to the case where x| and x; satisfy (2-9), in such a form
that G(Q, 0, Q;, 0, B+iw), as a function of (x, xp) € R2, is now well-defined and continuous everywhere.
In what follows we consider the invertibility of the Béacklund transformation on complex-valued
functions. See [Hoffman and Wayne 2013] for the statement involving the real-valued solitons in the
sine-Gordon case and [Mizumachi and Pelinovsky 2012] for the case of nonlinear Schrédinger solitons.

Proposition 3.3. Let X°:= (%, u), 2, v), m%) € H'(R; C)?> x H~'(R; C)? x C be such that

Rem" > 0, (3-4)
G(X% =(0,0), (3-5)
i1l + i}
sin 4—* ¢ H\(R; ©), (3-6)
V2
and Tim @0 +ad) =0, lim @+ i) = V2. (3-7)
—00 +00
Assume additionally that the ODE
~0 ~0
0 0 Ug + ub) 0
L —m cos| ——— =0, (3-8)
a ( 2 )
has a smooth solution n° = u°(x) € C satisfying
0
WeH ®0), |10, ‘“gm‘ <c, (3-9)
u?(x)
10+ 9
and / sin(“—b>,u° £ 0. (3-10)
R V2

Then there exist vo > 0 and C > 0 such that the following is satisfied: For any 0 < v < vy and any
(Ua, Vo) € H'(R; C) x H™(R; C) satisfying

lua — M2||HI(R;C) <V, (3-11)

G is well-defined in a neighborhood of X° and there exists an unique (u, vy, m) defined in an open subset
of H'(R, C) x H~Y(R; C) x C such that

G(”av Up, Vg, Vp, m) = (O’ 0)9 (3_12)
liiq + ity — ity — iyl g2 ey < Cv, (3-13)
”ub_”2||H1(R;C)+|m_m0| <Cv, (3-14)

. ﬂa+ﬁb 1
sin—— e H (R; O), (3-15)
V2

and lim(iiy, +iip) =0, lim(i, + iip) = v/ 27. (3-16)
—00 +00
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Proof. Given u,, up, m and v, well-defined, v, is uniquely defined from (3-3). We solve for u; and m
now. We will use the implicit function theorem.

We make a change of variables in order to specify a suitable range for G and to be able to prove (3-16).
Define

Up = ua—i-ub—ug, u? = u2+u2€H1(R; 0), (3-17)

p
and similarly for i, and ft?:

(e)x =ue, (ﬂg)x = M(c)
In what follows, we will look for a suitable i, with decay, and then we find u;. Indeed, note that given

u. and u,, up can be easily obtained. Then, with a slight abuse of notation, we consider G defined as
follows:

G:(Gl’Gz)a G:G(Masﬁm Ua’ vb? m)7

and
G:H' R;C)x HX(R;C) x H'(R; C)> x C — H'(R; C) x H'(R; C)

(ua, ﬂc‘v Uas Ub9 m) > G(ua’ IZCa Uaa vba m)a
where, from (3-2),

2ua—ug—uc L U U,
————— —msin , (3-18)
V2 V2

G](Ma, ﬁc, Vg, Up, m) =
and, from (3-3),

G2 (ug, tc, Vg, Vp, m)
i +i. w4+ @+ u.—uy)? sin il + i,
V2 V2 NG)

Clearly G as in (3-18)—(3-19) defines a C! functional in a small neighborhood of X! given by

= U, — Up +m|:(ug +u.), cos

]. (3-19)

X':= @, 0,00, 0),m% e H'(R; C) x H*(R; C) x H'(R; C)> x C, (3-20)

where G is well-defined according to (3-6). Let us apply the implicit function theorem at this point. By
(3-18) we have to show that

~0 ~0
0 U ~ .U
u.+m cos\ — |u, = f —msin —

V2 V2

has a unique solution (ii., m) such that ii, € H*(R; C) for any f € H'(R; C) with linear bounds. From
(3-7), we have
~0
i i
lim cos —= =1, (3-21)

x—+o0 \/z

so that we can assume

X ~0
wo(x) = exp(m0 cos —C)
0

2
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Note that 10 decays exponentially in space as x — F-00. We have

~ o
1oue + (U0t = 1 [f — m sin 7%:|
Using (3-10), we choose m € C such that
0 .
W | f—msin ﬁ =0, (3-22)
R

so that
Im| < Cll fll2w.c)

with C > 0 depending on the quantity ’fR u® sin(ﬁg/\/z)| # 0 and ||M0||L2(R;@)-8 We get

i —-l:/x ({f—wnﬁngg] (3-23)
R V2!

Finally, note that we have u. € H I(R; ©). Indeed, first of all, thanks to (3-22), (3-8) and (3-21),
0 ~0
im = tim ol f—msinBe] =
= iy [ r-min L]
If s <x « —1, from (3-21) we get
‘m = ’exp(—mo ’ cos ﬁ—g)
nO(x) s V2

so that we have, for x < 0 and large,9

_ 0(y—
SCe Rem”(x s)’

) 0 ig(s)
IJuN§C/‘e(“mWSXﬂw—mmnc ds
C = \/5
~0
—(Rem®)(- .U,
< Cl_go e RO 4| £ —misin _«/Li , Rem">0.

A similar result holds for x > 0 large, after using (3-22). Therefore, from Young’s inequality,
~0

u
el 2@m.c) < C' f—msin —
V2 L2(R;C)

= Clifll2m;c)» (3-24)

as desired. On the other hand,
~0 0 x ~0
~ LU M 0 .U
(ue) :[f—msm—‘}— 2 / M[f—msm—}.
o V21 w9 ) V2
Since 1%/ is bounded (see (3-9)), we have i, € H'(R; C). Finally, it is easy to see that ii. € H*(R; C).
Note that the constant involving the boundedness of the linear operator f > i, depends on the H'-norm
of ¥, which blows up if (2-9) is satisfied.

8Note that ”“0”L2(R~C) blows up as (2-9) is attained.
9Here the symbol » denotes convolution.
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It turns out that we can apply the implicit function theorem to the operator G described in (3-18)—(3-19),
so that (3-12) is satisfied, provided (3-11) holds.

First of all, note that (3-15) and (3-16) follow from i, € H*(R; C).

On the other hand, the estimate (3-13) is equivalent to

liell g2y < Cv.

We will obtain this estimate using the almost linear character of the operator G around the point X!.
Since u, satisfies (3-18), we have

2ug — () x . ﬁ? +it,
—— — mSsin

V2 V2

one has

=0.

0

a’

Recall that i, depends on u,. Near u
dyiic[u) +thl|,_, = wlh]+ O (h?),

where w = w[h] solves the derivative equation

~0 ~0
wy + m° cos(u—c>w = —2h —ml[h]sin k.
V2 V2
Here m[h] is a constant that makes the right-hand side integrable, just as in (3-23). From (3-11) we know
that [|u, —u? || Hi®r:c) < V. We shall use h :=u, — u?. Following the computations after (3-23), we obtain
the desired conclusion (see, e.g., (3-24)). We conclude that the L? norm of @i, is bounded by Cv. For the
derivatives of i, the proof is very similar. O

Later we will need a second invertibility theorem. This time we assume that m is fixed, up ~ ug is
known and we look for u, ~ ug. Note that the positive sign in front of (3-2) will be essential for the
proof, otherwise we cannot take m fixed.

Proposition 3.4. Let X0 = (ug, ug, vg, vg, m® € H'(R; C)2 x H (R, C) x C be such that (3-4), (3-5),
(3-6) and (3-7) are satisfied. Assume additionally that the ODE

~0 , =0
(uHe+m cos(”“j;b)ul =0 (3-25)
has a smooth solution ' = ' (x) € C satisfying
1
e 1
! (0] >0, SIER H'(R; C), (3-26)

and G is smooth in a small neighborhood of X°. Then there exists vi > 0 and a fixed constant C > 0 such
that for all 0 < v < vy the following is satisfied: for any (up, vy, m) € H'(R; C) x H'(R; C) x C such
that

lup — ull g ey + Im — m°) < v, (3-27)
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G is well-defined and there exist unique (ug, v,) € H' (R, C) x H™'(R; C) such that

G(ua’ ub7 va7 vb7 m) = (Oa 0)9

/(ua - u;;)(%) =0. (3-28)
R n=/

llita + iy — 122 - ﬁg”HZ(R;q:) <Cv, (3-29)
lim(iig 4 iip) =0, Lim(iig +iip) = ~/27, (3-30)
—00 +o00

and g — udll g m.c) < Cv. (3-31)

Proof. Given u,, up and v, well-defined, v, is uniquely defined from (3-3). We solve for u, now.
We follow the ideas of the proof of Proposition 3.3. However, this time we consider G defined in the
opposite sense: using (3-17),

G =(G3,Gy), G =G, up, Vg, vp, M),
G:H*R;C)x H(R;C) x H'(R; C)> xC — H'(R; C) x H'(R; C)

(e, Up, Vg, Vp, m) —> G (e, Up, Vg, Vp, M)

/ (%h(%) =0, (3-32)
R K/

with

where, from (3-2),

0 ~0, =~
5 U, +u. —2up Cou)+u,
G (ite, Up, Vg, Vp, M) i= # — msin Cﬁ = (3-33)
and, from (3-3),
G4(ﬁ(}7 Mb7 va’ Ub, m)
~0, ~ 0 2, .2 ~0 4 ~
U, + U (u,+uc—up) +u, . u;tuc
= v, — Up +m| W+ u.)y cos = < sin —< . (3-34)
‘ [ ¢ V2 V2 V2
Clearly G as in (3-33)—(3-34) defines a C! functional in a small neighborhood of X? given by
X2 := (0, u), v2,v), m°) € H*(R; C) x H'(R; C) x H'(R; C)* x C, (3-35)
where G is well-defined according to (3-6) and G(X 2y = (0, 0).
Fix m close enough to m°. Now we have to show that
ity
u. —meos| —< )i, = (3-36)
mmeo( (5 Jiu=1

has a unique solution i, such that u, € H 2(R; C) for any f € H'(R; C). Indeed, consider u' given by
(3-25). It is not difficult to check that (see conditions (3-4), (3-27) and (3-7))

~0
M M

X ~0
. _ 1 _ _ _
Rem > 0, Egcosf_¢l, and W _exp< m ; cos ) (3-37)

u
2 V2
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Note that, by (3-37) and (3-4), | wl(x)| is exponentially growing in space as x — F00. From (3-36),

(Mlﬁc)x = :ulf»
so that, thanks to (3-26),

~ 1 - 1 [~
iie = — 1" (0)iic(0) + — / u'f.
w w' Jo
Clearly limio it = 0 for f € H'(R; C). In order to ensure uniqueness, we seek ii. satisfying

1
/ uc<_1> - 09
R w/y

which is nothing but (3-32) and (3-28), which is justified by (3-26). Let us show that i € L*(R; C). We
have, for x > 0 large,

X
liie(x)] < C/ e~ RemG=9)| £(5)|ds = Ce®RE™) 4|, Rem > 0.
0
A similar estimate can be established if x < 0. Therefore, using Young’s inequality,

lacllz@.c) < Clfll2@m:c)s

as desired. Now we check that u. € H'(R; C). Indeed, we have

1 X
_ o M 1
=Ty fo o

Since /,L)IC / w! is bounded, we have proven that u. € L?*(R; C). A new iteration proves that u, € H I(R; ©).

Estimates (3-29)—(3-31) are consequences of the implicit function theorem and can be proved as in the
previous proposition. The proof is complete. O

We finish this section by pointing out the role played by the Bicklund transformation in the mKdV
dynamics. We recall the following standard result:

Theorem 3.5. Let m € C be a fixed parameter, and 1 C R an open time interval. Assume that
up € C(I; H'(R; €)) solves (1-1), i.e.,

(up)r + ((Up)xx +up)x =0, (3-38)

in the H'-sense. Assume, moreover that uy, is close to ug and that (3-25) and (3-26) hold. Define
Vp = —((Up)xx + ui) as a distribution in H_l([R?; C). Then, for each t € I, the corresponding solution
(uq (1), v,(t)) of G1 = G, = 0 for m fixed, obtained in the space H'(R;C) x H'(R; ©), satisfies the
following:

(1) ug € CUI; H'(R; ©));

(2) (ug)s := (vg)yx is well-defined in H %(R; C); and

(3) ug solves (1-1) in the H'-sense.
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Proof. The first step is an easy consequence of the continuous character of the solution map given by the
implicit function theorem. By density we can assume u,(t) € H 3(R; C©). From (3-2) we have

ﬁa+lzh

V2

(Ua)y — (Up)x =m COS< )(ua +up), (3-39)

and
(ta)s — (p)xx = m cos(””};”)((ua)x  (up)) — % sin(”“g”’) (tta + up)?.
Therefore, from (3-3) and (3-2),

ﬁa+ﬁb

Vo — Uy = —((a) e — () ) — = sin(—) [(a +up)* + (] + up)]
V2 V2
= —((Ua)xx — (Up)xx) — (g — up) (uy + uqup + up)
= —((Ua)xx +u,) — ((Up)xx + up).
We have from (3-38) that (vp), + ((tp)xx + ui)x = 0. Therefore,
(Wa)x + ((Ua)xx + 1)) =0. (3-40)

Finally, if (#,); = (vs)x, we have that u, solves (1-1). In order to prove this result, we compute the time

derivative in (3-2): we get

I:Za + izb
V2

Note that, given uy, the solution u, is uniquely defined, thanks to the implicit function theorem. Addi-
tionally, from (3-3),

(ua)s — (up)r =m COS( )((ﬁa)t + (p)y). (3-41)

Ug+up 1 . Ug+
(Va)x — (Up)x +m[((”a)xx + (Up)xx) COS \/5 - E((ua)x + (up)x) (g +up) sin
~ ~ 2 2 ~ ~
V2t ) sin T a0 (4 4y cos et ”b] 0.

We use (3-2) and (3-3) in the previous identity, and get
ﬁa + ﬁb

/2

(Va)x — (Vp)x + [m((ua)xx + (tp) xx) COS + W2 = ugup +ud) ((ug) — (ub>x)] =0.

Finally, we use (3-39) to obtain

Uy + Up

NG

(Va)x — (Vp)x +m cos( )((ua)xx + 13 4 (up)rx +uz) =0,

so (3-38) and (3-40) imply
+uyp
V2

so that from (3-41) and the uniqueness we are done. O

(Va)x — (Vp)xy =m COS<L~£“ )(va +vp),
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4. Dynamics of complex-valued mKdV solitons

In what follows we will apply the results from the previous section in a neighborhood of the complex
soliton at time zero. Define (cf. (2-1)),

0°:=0(x;a, B,0,0), (4-1)

and similarly for Q° and Q¥. Recall that, by Lemma 2.2, the complex soliton Q° is well-defined
everywhere if (2-9) is not satisfied. Finally, given any

Z e H' (R O,
we define zg by the identity (see (3-1), for instance)
2p = @
and, in term of distributions,
wp) = — (2w + (2))°) € H'(R; ©).

Lemma 4.1. There exists vy > 0 and C > 0 such that, for all 0 < v < vy, the following holds. For all
Zg e H'(R; C) satisfying

[EAPICESR (4-2)
there exist unique yg cH'(R,C),y) e H~Y(R, C) and m € C of the form

Vo) = Yolzpl (0, ya(0) = yalzp, wpl(x),  m:=p+ic+q° (4-3)
such that
Iyalln ey +1g°1 < Cv. - Z0+3, € H(R: ©),
and  G(Q"+29, 0, O° +w), yi,m) = (0,0). (4-4)
Note that both 22 and yg may be unbounded functions, but the sum is bounded on R.

Proof. Let Q" be the soliton profile with parameters 8, o and x; = x, = 0 (cf. (4-1)). We apply
Proposition 3.3 with

wW:=0°% ud:=0, 2:=0% v):=0 and m’:=p+ia
Clearly ft(a) + ﬁg = Qo satisfies (3-6)—(3-7). From (2-15) we have
50

Q% — (B+ia) cos(%) 0°=0, Q°-o00)=0, (4-5)

so that we have (cf. (3-8)—(3-9))
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Clearly Q0 is never zero. Moreover, |(Q°)™! Q2| is bounded on R. Now we prove that

/ sin(Q—O) 0% £0.
R «/5
From (2-15) and (2-18),

ox 1 4B +i
/sin<g>Q0=—/(Qo)2=M=2\/§. 0
R V2 V2(B+ia) Jr V2(B +ia)
Before continuing, we need some definitions. We write
o :=a+Imq®, p*:=pB+Req”, (4-6)
so that m in (4-3) satisfies
m=p+ia+q"=p*+ia*.
Since ¢ is small, we have that 8* and o* are positive quantities. Similarly, define
5= (@) =3(8"°, vy i=3") — (") (4-7)

and compare with (1-4).
Consider the kink profile Q introduced in (2-1). We consider, for all # € R, the complex (kink) profile

O%(t,x) = Q(x; &, B*, 8"t +x1, y*1 +x2), 4-8)
with §* and y* defined in (4-7), x| and x; possibly depending on time, and
Q*(1,x) := 8 0" (1, x). 4-9)
It is not difficult to see that (see, e.g., (1-10))
O*(t,x) = Qc(x —ct —%), Jc=p*+ia*, xeC,

which is a complex-valued solution of mKdV (1-1). Technically, the complex soliton Q*(¢) has velocity
—y* = (%)% — 3(a*™)?, a quantity that is always smaller than the corresponding speed (8*)* of the
associated real-valued soliton Qg+ obtained by sending a* to zero. Finally, as in (2-6) we define

05 (. x) := —(B* +ia*)* Q* (1, x).
Lemma 4.2. Fix o, B > 0. Assume that x|, x, are time-dependent functions such that
X[ (O] + x50 K 18% — y*| = 2((@*)* + (B9)). (4-10)

Then there exists a sequence of times t; € R, k € Z such that (2-9) is satisfied. In particular, () is a
sequence with no limit points.

Proof. Note that (2-9) now reads

(8* _ )/*)tk + (Xl —XQ)(Ik) = ;T—*(k + %)
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By (4-7), 8* — y* = —=2((a*)*> + (B*)?) # 0, and using (4-10) and the mean and intermediate value
theorems applied to the smooth function
f@) = =yt + (x1 —x2) (@),

at each value O%(k + %), k € Z, we see that f satisfies
f1(0) = =2(@*)? + (B + (x] —x) (1) ~ =2((@)* + (). O
We conclude that Q* and Q* defined in (4-8) and (4-9) are well-defined except for an isolated sequence
of times #;. We impose now the condition
t e R satisfies t #t; forall keZ. 4-11)
In what follows we will solve the Cauchy problem associated to mKdV with suitable initial data.
Indeed, we will assume that

y? is a real-valued function and yg e H'(R). (4-12)

We will need the following:'°
Theorem 4.3 ([Kenig et al. 1993]). For any yg € H'(R), there exists a unique'" solution y, € C(R, H' (R))
with initial data y,(0) = yg e H'(R) to mKdV, and

sup [vaOll g1 < CIYoll g @)
teR

with C > 0 independent of time. Moreover, the mass

My =3 /R ya(t. ) dx = M) (4-13)
and energy

Elvl() =1 /R G2t x)dx — /R () (1. x) dx = Elyg)] (4-14)

are conserved quantities.
Let y, e C(R, H I(R)) denote the corresponding solution for mKdV with initial data yg. Since

| yg |71 < Cn, we have, for a (possibly different) constant C > 0,

sup || ya (Ol g1y < Cn. (4-15)
teR

In particular, we can define, for all t € R,

Ya(t) :=/ Ya(t,s)ds,
0
and

Fa)i (1) := —((Ya)ax (1) + ¥ (1)) € H'(R) (4-16)

10We recall that this result is consequence of the local Cauchy theory and the conservation of mass and energy (4-13)—(4-14).
U1y 4 certain sense; see [Kenig et al. 1993].
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because y,(t) € L?(R) for all p > 2.

Lemma 4.4. Assume that a time t € R and yg are such that (4-11) and (4-12) hold. Then there are unique
72 = 2p(t) € HY(R; C) and wy, = wyp(t) € H~Y(R; C) such that, for all t # t.,

Zp+Ya € HA(R; ©), (4-17)
1 , . Q" +Zp+Ta
—(Q*+ 25— ya) = (B+ia+q°) sin ——2—"% (4-18)
7 Q" +z—y p q NG
where Q and Q are defined in (4-8) and (4-9). Moreover, we have
5% . , 0* + %+ Ja
0= 07 +wp— (Fa)i + <ﬂ+za+q°>[<Q;‘; + (25)s + () cos T;y
* 2 2 A% | o s
L@ )y, o O +Zb+)’ai|, 4-19)
V2 V2
and, for all t # ty,
Iz6 (O g1 w;c) < Cv (4-20)

with C uniformly bounded provided t is uniformly far from each ty.

Proof. We will use Proposition 3.4. For that it is enough to recall that, from (2-15) and (2-16), and for
all r # 1,12

%Q* =(B+ia+q°sin % (4-21)
and ~ , 5
Q;k+(,3+ia+q0)|:Qj cos% + %sin%} =0,

so that we can apply Proposition 3.4 at X° = (Q*, 0, Q;*, 0, m), where, by, (4-21) we have m = (B+ia+q?).
It is not difficult to see that the function ! in (3-25) is given by

u=0H,

and (3-26) is satisfied. Note that we require the estimate (4-15) in order to obtain (4-18)—(4-19). Finally,
(4-20) is a direct consequence of (3-31). U

Remark. Since, from (4-4), we get
1
V2

we have that (4-18) implies by uniqueness that

0% +79+530

(Q°+2) —y)) = (B+ia+q") sin S

(Q*+ 25—yt =0)=0"+z) — 32,

121 §s interesting to note that the shifts x1, x, on Q*(z, x) cannot be modified, otherwise there is no continuity at r = 0.
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Le.,
(Q*+2,)(t =0)=Q°+72).

We are ready to prove a detailed version of Theorem 1.3, a result on complex-valued solitons.
Theorem 4.5. There exists vy > 0 such that for all 0 < v < vy the following holds: Consider the initial
data ug =Y —{—22 e HY(R; C), where

b1 sy < -

Assume in addition that the corresponding function yg given by Lemma 4.1 is real-valued and belongs
to H'(R). Fix gy > 0. Then, for all t such that |t — ty| > &o, with t; defined in Lemma 4.2, the function
up == Q* + 73, with zp, introduced in Lemma 4.4, is an H' complex-valued solution of mKdV, it satisfies
(up)r = (Q* +2p) = (OF +wp)x and

sup [lup() — Q" Ol wic) < Ceov- (4-22)

[t—tk|>€0

Remark. The quantity &y > 0 is just an auxiliary parameter and it can be made as small as required;
however, the constant C,, in (4-22) becomes singular as gy approaches zero.

Remark. In Corollary 6.5 we will prove that there is an open set in H'(R; C) leading to y? being
real-valued. The openness of this set will be a consequence of the implicit function theorem.

Proof. We apply Lemma 4.1. Assuming (4-12) we have y? real-valued, so that there is an mKdV
dynamics y, (¢) constructed in Theorem 4.3. Lastly, we apply Lemma 4.4 to obtain the dynamical function
Q*(t) 4+ zp(t). Theorem 3.5 gives the conclusion. Il

Now we will prove that the mass and energy,

% /R W2(1) and % /R (u;,)ﬁ(t)—}1 /R W), (4-23)

remain conserved for all time without using the mKdV equation (1-1), only the Béacklund transformation
(4-18). The fact that Z; + ¥, is in H'(R; C) will be essential for the proof.

Corollary 4.6. Assume thatt # t for all k € Z. Then the quantity
1
3 / (Q* +25)%(1) (4-24)
R

is well-defined and independent of time, and

3 L@ raro=3 [ 6D +25+ia+q (4-25)
Moreover, (4-25) can be extended in a continuous form to every t € R.
Proof. Using (4-18) and multiplying each side by (1/+/2)(Q* + z» + ya), we obtain
0" +2p + Ja }
x

%(Q*+zb—ya)(Q*+Zb+ya>=—(ﬁ+ia+q°>[cos =
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Using (2-15) and (2-14),

COS—Q*+Zb+)~]a —cos2 cos 2t Ya —sing sin %t Ya
V2 V2 V2 V2 V2
1 Q; Zb + )7a Q* . Zb + 5‘711
=————| —=cos - —— .
(B* +ia¥)

W Ja 4-26
RV T SN 20

We integrate on R to obtain

0" +%p+73a|™

V2

Since limyoo QO =0, limio QF/ 0" = F(B* +ia™) (see (2-4)) and limi0 (Zp + Yo) = 0, we get (4-24)—
(4-25), because the mass of y,(¢) is conserved. O

%fR(Q* + 25— Ya)(Q* + 25+ ya) = —(B+ia+¢°) cos

Corollary 4.7. Assume that t # t for all k € Z. Then the quantity

1 1
EMﬁ+amw=5/@f+@ﬁm—zf«f+@fm (4-27)
R R
is well-defined and independent of time. Moreover, it satisfies
1 1 .
5@«?+mﬁm—zéuf+mfm=Ewﬂ—aﬁ+mﬂ?
Finally, this quantity can be extended in a continuous way to every t € R.
Proof. Let m = (8 +ia 4+ ¢°). From (4-18) we have

0" +7p +

(O +z2p)x — Ya)x =mcos( 7

)(Q*-I-Zb—i-ya)- (4-28)

Multiplying by (O + zp)x + (Ya)x, We get
0" +7p+ Ja

V2
(Q“+@+ia
=mcos\ ————

V2

(@+mﬁ—mﬁ=mw{ :y¢+a+nx@+m+m»

)[(Q* +26)(Q" + 2p)x + Ya(Va)x

+Ya(Q* 4+ 2)x + (Q* +20) Ya)x |- (4-29)
On the other hand, we multiply (4-28) by y, and (Q* + z;) to obtain

O +7p +

Ya(O* +2p)x — Ya(Va)x =mcos( 7

)(Q* +2p 4 Ya)Va,

and
O* +7Zp + 34

(O +z2p)(Q" +2p)x — (QF 4+ 25) Va)x =mCOS( 7

)(Q* + 25+ ya)(Q" + 2p).
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If we subtract the latter from the former we get

Ya(Q" +2)x + (O + 25) (Va)x
O* +Zp+ Vs

Z_(0* 2. (4-30
7 )[ya (O +z)°]. ( )

(0" + 20) (O +25)x -+ Ya (Ya)x + 11 cos(
Substituting (4-30) into (4-29),
(Q* +2p)3 — (Va)2
(Q*+Zh+&a O +Zp + Va
=mcoSs| —— = = 7%
V2 V2

Finally, we use (4-18) once again. We multiply by (Q* + zp + y4):

)[(Q* +2p)? + ¥215 +m? cos2< )[y§ — (0" +2)%. (4-31)

1
V2

Substituting in (4-31) we finally arrive to the identity

O +7p + Ja

\/5 )(Q +Zb+ya)-

[(Q*+zp)* —yi=m sin(

O +7p +
V2
; O+ +Ta\ . (O T
—m>~2cos sin
V2 V2

The last term on the right-hand side above can be recognized as a total derivative. After integration and

(Q*+2p)2 — ()2 = mcos( )[(Q* +25)2 + 21

)(Q* +2p +ya)-

using (4-26), we obtain

Q*+Zb+ya 2 2 2 3 3 Q*+2b+ya too
[(Q* +25) —( )2]=m/cos<— [(QF+zp)” + y 1+ 5m’ cos” | ————
\/R b X ya X R ﬁ Q b ya X 3 ﬁ .
_om (O 43+ T4 X % 2, .2 4 3
—ﬁ/RSln( NG )(Q T+ y)IQ7 +25)" + ya] = 3m
1 4
=3 / [(Q" +25)* = yall(Q" +25)" + yg] — 3m”
R
_ 1 * 4 4y 4 3
_2/R[(Q t)" =yl —zm”.
Finally,
Lo rar -t @ rawt=1 [0 [ yi-2Briate®)’
2 Jr 4 2 J 7YY 4 g 3 '
Since the right-hand side above is conserved for all time, we have proved (4-27). (|

5. Complex solitons versus breathers

We introduce now the notion of breather profile. Given parameters x, x» € R and «, 8 > 0, we consider
yi and y, defined in (2-2). Let B be the localized profile

B sin(ayr)

E _ é ’ , , s = 2\/5 t k)
(x; o, B, X1, X2) arctan o cosh(By;)

(5-1)
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and, with a slight abuse of notation, we redefine

B := Ex.
Note that

and, for k € Z, ~ 3
B(x;a, B, x1 +km /o, x2) = (—DFB(x; o, B, x1, x2),
B(.X, o, ,B,XI +k7‘[/a, X2) = (_l)kB(x’ o, IB’XI’XZ)-

653

(5-2)

(5-3)

(5-4)

Now we introduce the directions associated to the shifts x| and x,. Given a breather profile of parameters

o, B, x1 and x,, we define
By = Bi(x; a, B, x1, x2) := 0y, B,
By = By(x; o, B, X1, x2) 1= 0y, B
and, for § and y defined in (1-4),
B, :=8B, + v B>.
We also have

B, + B,, + B> =0;

see [Alejo and Muiioz 2013] for a proof of this identity.

(5-5)
(5-6)

(5-7)

(5-8)

If x; or x, are time-dependent variables, we assume that the associated B; corresponds to the partial

derivative with respect to the time-independent variable x ;, evaluated at x; (¢).

In this section we will prove that there is a deep interplay between complex solitons and breather

profiles. We start with the following identities:

Lemma 5.1. Let (B, Q) be a pair breather-soliton profiles with scaling parameters o, B > 0 and shifts

x1, X2 € R. Assume that (2-9) is not satisfied. Then we have

B\;iQ—(ﬁ—ioc)sm BJ—EQEO,
. s, s
and Et—Q,+(,3—ia)|:(Bx+Qx)cos B$Q+B\J/FEQ sin Bj/% }zo.

Proof. Let us assume (5-9) and prove (5-10). We have from (2-6) and (2-11) that

0 =—(B+ia)’0=—(Qu + 0.
Using (5-9), we have

B, — Q. — (B—ia)(B+ Q) cos B:}ZQ 0,
and
- - 5 - -
Bxx - Qxx - (,3 - ia)(Bx + Qx) Cos Bj/_EQ + (ﬂ - lOl) (B j_/EQ) sin B:;E = 0,

(5-9)

(5-10)
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so that, using (5-9) and (5-8) once again,

B — Q0+ (B— ia)[(Bx + Q,) cos E;}Q + BZ:/%QZ sin E:/%Q}

By + B+ 0y + 0+ [Bxx 0t B—iayL %Q)z sin é}; ]
+(B—ia) sz§Q2 sin ng

=0 - B +V2(B—ia)(B>+ 0*+ BQ) sin BJEQ

=Q’— B+ (B*+ Q*+BQ)(B— Q) =0.

The proof of (5-9) is a tedious but straightforward computation which deeply exploits the nature of the
g

breather and soliton profiles. For the proof of this result, see the Appendix.

Corollary 5.2. Under the assumptions of Lemma 5.1, for any x € R one has

B-9 _ (g4iasin B:/%Q =0 inR,

/2

where Q is the complex-valued soliton with parameters B and —a.

In order to prove some results in the next section, we need several additional identities.

Corollary 5.3. Under the assumptions of Lemma 5.1, for any x € R one has

cosB:/EQ=l—m/_;(B2—Q2) and xlirjrcloocos<Bj§Q)(x)=:Fl.

Remark. Note that both limits above make sense since, from (2-15) and (2-14), we have, for all x,
B+0 B O . B . O
cos = C0S — CO0S — — sin — sin —
NG NN AV V.
1 [ . B 0 . B ]
=—|[=cos — — —=sin—|.
B+ial| O V2o V22

In particular,
. B+ 0 1

1 = o) = F1.
i1g.}cos ﬁ B tia XF(B+ia)=F

Proof. We multiply by (1/ ﬁ)(B + Q) in (5-9). We get
(B~ 0%~ (5 ~ia)sin B:}zQ x \%(

ie.,
B

%(BZ— 0% + (B —ia)dy cos 7

B+ Q) =0,

+
QO

=0.
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From (2-1) and (5-1), one has
. B+ 0
lim cos =1.

N

Therefore, after integration,

%/;OO(B2 - 0H+ (B —ioc)|:cos B:/FEQ - 1] =0,
as desired. (|
a(B sin(2ay1) + o sinh(28y2))
cﬂ+W—ﬁ%%Qmm+a%mmwnJ'
Proof. See, e.g., [Alejo and Muifioz 2013]. g

Lemma 5.4. M:=28 [1 +

The following result is not difficult to prove:

Corollary 5.5. We have

/x M =2Bx +log(a® + 2 — B% cos(Qayy) + a® cosh(28y2)) — Lo, (5-11)
0

where
Lo :=log(a® + % — 2 cos(Qax1) + & cosh(28x7)).

Corollary 5.6. Under the assumptions of Lemma 5.1, we have

(" B+Q
(B za)/o cos 7

= (B+ia)x +log(a® + B> — B cosRay)) + a® cosh(2By»)) — log(1 + 22 +2evy _ o4 1,

with Ly and L as defined in (5-11) and (2-19).
Proof. We have, from Corollaries 5.3 and 5.5 and (2-19),
/x B+0
cos
0 V2
1 X
—i- o [
B—iaJo

1 iy
=x— ﬂ_—ia[2,3x +log(a? + B2 — B2 cos(ayy) + o cosh(2By»)) — log(1 + > Br2Fievy _ 104 1]

1
= _ﬁ_—ia[(ﬁ +ia)x +log(a® + B% — B2 cos(2ayy) + o cosh(28y2))
—log(1 _|_62(,3)’2+i(¥y1)) — Lo+ Ll],

as desired. O

Corollary 5.7. Assume that x1, x, € R do not satisfy (2-9). Consider the function

, cosh(Byr) cos(ayr) + i sinh(By>) sin(ayr)

= BB —iaB,. (5-12
a2 cosh?(Byz) + B2 sin®(aryy) po ’ >

w(x; o, B, x1, x2) := 23/ 2%
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Then we have

hrf ux)=0 (5-13)
. B+0
and = (B —ia) cos( >M (5-14)
g Vo
Proof. Identity (5-13) is trivial. Let us prove (5-14). First of all, note that (cf. (2-7))
BO —iaQ, =0. (5-15)
On the other hand, from (5-9) we have
_ . B+0 -
(Bi—Qnx—(B —la)COS< 7 )(Bl +01)=0
Similarly,
(B — 02) —(,B—ia)cos(é+é)(1§ +02) =0
2 2)x A 2 2 .

We then have

Mx = (IBBI - iaéZ)x

— (B—ia) cos(B}ZQ)H (B0 —ia ), + (B — i) cos(B}ZQ)(ﬂQl —ia(y)
=P —ia) cos(B\_/'_§ >,u

The proof is complete. g

Lemma 5.8. Assume that (2-9) does not hold. Then  defined in (5-12) has no zeroes, i.e., |u(x)| > 0 for
all x e R.

Proof. From (5-12) we have p(x) = 0 if and only if cos(8y;) = 0 and sinh(«y;) =0, i.e., from (2-10) we
have that (2-9) is satisfied. O

Now we consider the opposite case, where the sign in front of (5-14) is negative. We finish this section
with the following result:

Lemma 5.9. Assume that (2-9) does not hold. Then
1
w ;o Bxi, x0) = ﬁ(x; a, B, x1, X2),

with u as defined in (5-12), is well-defined, has no zeroes and satisfies

. . B+ 0
1 _ 1_ 1
thjI:l W (x)| =400 and u, ——(,B—wz)cos< NG )/L .

Proof. This is a direct consequence of Corollary 5.7 and Lemma 5.8. O
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6. Double Bicklund transformation for mKdV

Assume that x; and x; do not satisfy (2-9). Consider the breather and soliton profiles B and Q defined in
(5-2) and (2-5), which are well-defined by Lemma 2.2. From Lemma 5.1, we have the following result:

Lemma 6.1. We have, for all x € R,
G(B, Q, B, 01, B—ia) = (0,0).

Note that the previous identity can be extended by zero to the case where x; and x, satisfy (2-9), in
such a form that now G (B, Q, ét, Q,, B —ia) as a function of x| and x; is well-defined and continuous
everywhere in R? (and identically zero).

Define (cf. (5-1)-(5-7)),

B%x; a, B) := B(x; a, §,0,0),
B%(x; a, B) := 8By (x; a, B,0,0) 4+ y Ba(x; a, B,0,0), (6-1)
B(x; a, B) := 0, B(x; a, 8,0, 0).

Finally, for z0 € H'(R) we define
@) = (2 + 0P e HI(R). (6-2)

We will use Lemma 6.1 and apply Propositions 3.3 and 3.4 in a neighborhood of the complex soliton and
the breather at time zero. Recall that, by Lemma 2.2, the complex soliton Q° is everywhere well-defined
since (2-9) is not satisfied.

Lemma 6.2. There exists ng > 0 and a constant C > 0 such that, for all 0 < n < ny, the following holds:
Assume that Zg e H'(R) satisfies

||Zg||H1(R) <, a)g defined by (6-2).
Then there exist unique zg e H\(R, ©), a)g e H'(R; C) andm; € C of the form
) =2pl01(x),  wp(x) =izl W),  my=m[z)] =B —ia+ p°
such that

Izoll 1 ey + 12°1 < C,
Z.+7%, € HX(R; ©),
and G(B+20, Q°+2zj, BY + ), 07 + wj), m1) = (0, 0).

Proof. Let QY and B° be the soliton and breather profiles defined in (4-1) and (6-1). We will apply
Proposition 3.3 with

0._ RO 0._ o 0._ o 0._ Ao 0. :
u,:=B", uy:=0", v,:=B;, v,:=0;,, m :=B+ia.
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Clearly Re m® = 8 > 0, so that (3-4) is satisfied. On the other hand, (3-5) is a consequence of Lemma 6.1.

From (5-9), condition (3-6) reads

B+ Q° B (B° — Q%)
V2o V2B—ia)

Condition (3-7) is clearly satisfied (see (2-3) and (5-3)). From Corollary 5.7 we have

sin e H' (R; C).

1’ = BB —ia(By).

Note that, from Lemmas 2.2 and 5.8, 1° has no zeroes in the complex plane and it is exponentially
decreasing in space. Finally, let us show that

/ 0. B+ 0" diap
Sin = .
RM \/E B—ia

First of all, we have from (5-15) that

n0 A0

[B(B)° — ia(By)"] sin%
n0 A0 n0 A0
—[B(B1 + 01)° — ia(By + 02)°] sin % FI=B(O1° + ia(G2)°] sin %.

Consequently,
0

RO ~0 ~ ~ 10 - -
[B(B1)° —ia(By)"]sin % = /283, [COS B:/I_QQ} +ia/20,, [COS BJ_EQ}

Therefore, if R;, R, > 0 are independent of x| and x»,

Ry RO 1 AHO Ry B+ O11° B+ O7/°
[t o ] 250
R RO R R1LO1]°

:ﬁ{—ﬁaxl /Rz cos B\—/EQ +iady, /chos in} .

Now we use Corollary 5.6: we have

; /R' B+Q 1 [2ie?frat2ion 2082 sin(2ay;) =
CcoS = — - — .
Mk, V2 B —ia| 14 eXPrat2ion g2+ B2 — B2cos(2ayr) +a? cosh(2By2) || _g,
We have that o
. R B+ 2ix
lim 9, / cos =— —.
Ri,Ry—o0 Ry ﬁ ,3—10[
Similarly,
; le B+ 0 1 2Be?Py2t2ian 202 B sinh(2BY,) R
cos =— _
2 g, V2 B —ia |14 ert2ian 24 B2 — B2 cos(2ay;) + a2 cosh(2By2) || _g,
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and

! 0 /Rl B+ 0 28 —48 2p
im o cos =— =
- V2

R, Ry—00 R, B—ia B—ia’

Adding the previous identities, we finally obtain

f O sin B°+0° _ 2iap | 2iap | _ 4iap 2o,
R V2 B—ia B—ia B—ix
After applying Proposition 3.3, we are done. U

Now we address the following very important question: is the yg given in Lemma 4.1 real-valued for
all x € R? In general, it seems that the answer is negative; however, if zg in Lemma 6.2 is real-valued,
and zg from Lemma 6.2 satisfies (4-2), then the corresponding function yg given in Lemma 4.1 is also
real-valued. This property is a consequence of a deep result called the permutability theorem, which we
explain below.

First of all, from Lemma 6.2 we have

1 , CBY4+704 00479
E(Bo—i-zg— 0° -9 =(B—ia+ p°sin “ﬁQ b (6-3)
for some small p° € C, and
BO =0 ~0 ~0
sin Tt Ot c H\(R; C). (6-4)

V2
Now, by taking no smaller if necessary, such that Cn < vy for all 0 < n < ng, Lemma 4.1 also applies.
We get
1
V2

0°+79+530

(0°+2) —y%) = (B+ia+¢°sin N

(6-5)

for some small ¢°.
We need some auxiliary notation. Define

Be:=B+Rep’, a,:=a—Imp",

so that (compare with (4-6))

B—ia+p’=pB—ia,.
We also consider

00 :=0(; =, B, 0,0), 00 := Q(+; —as, B, 0,0).

Note that, since p° is small, we have that Q0 and Q° share the same properties, i.e., they are close enough.
Indeed,

108 = Q°ll . < Cn. (6-6)
Moreover, thanks to Lemma 2.4 applied to Q°,

50

=00 = (B—ia+ p")sin =,

V2 V2
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Consequently, applying Proposition 3.4 starting at yg and using (6-6), we can define zg via the identity

| . Q42430
E<Q0+z2—y2>=<ﬂ—za+p0> sm#. (6-7)
Similarly, using (4-6) and (6-1) we define
(B)*:=B°(-;a*, B%), (B))*:=B(-;a", "), (6-8)
so that from Lemma 5.1 we have
L((BO)* —(0%*) = (B* —ia*) sin (B +(0Y"
V2 N/
and applying Corollary 5.2 we get
L((BO)* —(QY) = (B+ia+ qO) sin M
V2 V2
Using that
IB)* = Bl m@ < Cn. 10Q)* = Q°ll gy < C,
we can use Proposition 3.4 to obtain
1 _ 501304 904 30
L (B4 — 30— ) = (p+ia+g%sin et & T (6-9)

NG NG

for some z? small. Note that the coefficients (8 — i + pO) and (8 +ia+ qo) were left fixed this time.
Note additionally that Zg and z° are bounded functions. Now we can state a permutability theorem [Lamb
1980, p. 246]. This is part of a more general result, standard in the mathematical physics literature; see

[Wahlquist and Estabrook 1973] for a formal proof in the Korteweg—de Vries (KdV) case.

Theorem 6.3 (permutability theorem). We have

2=z (6-10)
In particular, z(c) is an H' real-valued function.
Proof. Define
ugy = yfl), uy = QO+22, up ;= Q°+z2, (6-11)
up:=B"+2%  wuy:=BY+2°, (6-12)

and K ::ﬂ—l—ia—l—qo, K21=,3—i06+p0. (6-13)
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Since p° and ¢° are small quantities, we have x| # k>, and both are nonzero complex numbers. Equations
(6-5), (6-3), (6-7) and (6-9) now read

”1«;;" — iy sin ulj;(’, (6-14)
mz—; = iy sin L“z—jz'“ (6-15)
Uz — g .U+ U
T = K sin T,
Upt —ty _ i sin s + ftz.

V2 V2

Note that #; and u, are obtained via the implicit function theorem and therefore there is an associated
uniqueness property for solutions obtained in a small neighborhood of the breather. The idea is to prove
that 7ip; = 1. Define i3 via the identity

iy — it = —arctan|:K1 " tanﬁlz_ﬁo] (6-16)
242 K1+ K2 272 |
Whenever u; = Q°, u;p = B% ug=0, k| = B+ia and ky = B —ia, we get from (1-2) that
iz —Q° N B . sin(oex) elox — gmiax
= —arctan| i — tan ——| = — arctan{ { ———— | = — arctan ————.
23/2 B 2V2 cosh(Bx) ePr +e=hx

Therefore, using (2-1),

_ ) eiozx _ efiocx
ii3 = 2¢/2 arctan(e Pty — 24/2 arctan —————
ePxX 4 e=Px
e(ﬂ-i—ia)x _ (eiozx _ e—iax)/(eﬁx +e—ﬂX)
1+ e(ﬂ—i—ia)x (eiax _ e—iax)/(eﬂx + e—ﬂx)

= 2+/2 arctan(e P ~0¥)
g

Consequently, under the smallness assumptions in (6-11)—(6-13) (the open character of these sets is

— 2+/2 arctan

essential) we have that i3 is still well-defined on the real line with values in the complex plane, and it is
close to QY, as well as to ii,.
Let us find an equation for &3. As usual, define us := (it3),. We claim that

uz —uo . U3+
= K sin ; (6-17)
V2 V2
in other words, ii3 = ii,. Similarly, if i14 solves
iy — g K1 —Ky Uzl — U
= —arctan tan , (6-18)
2V2 [/q + K2 24/2 }
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then

which implies 114 = #1;. Finally, from (6-16) and (6-18) we have ii|, = iip], which proves (6-10). Even

better, we have!?

Ui — U K1+ K2 Ur — U
= — tan

tan . (6-19)
22 K1 —K2 22
Now let us prove (6-17). First of all, denote
g =1t (6-20)
K1 — K2
We have, from (6-16),
U —uo Uz —up
= —2arctan| £ tan ,
V2 [ 272 ]
so that
—0(uz —uy) sec((ii3 — i11)/(2v/2))
Uupp —ug= — — .
1+ €2 tan?((ii3 — it1) / (2V/2))
We also check that
“in up—uyg  —2Ltan((u3 — ii1)/(2v/2))
V2 12 tan?((d3 — i)/ (2V2)
and
i —ig 1 — ¢ tan®((iiz — it1)/(2v/2))
cos = .
V2 142 an?((i3 — 1)/ (2V/2))
Substituting in (6-15) and using (6-14) we obtain
Uz —uy o Uz—1i
—L sec
V2 232
R 2. o ft3—ﬁ1:| RS [ 5. 5 ﬁ3—ﬁ1] iy+ig | Uz—ig
= sin 14£- tan® ———— [+« sin 1—£° tan® —— |—24k, cos tan .
V2 [ 232 V2 232 V2 232
Using (6-20) and (6-14), we have
.Uyt
ug—uo—\/ilq sSin \/z
= —v/2cos? i — iy |:(/<1 — Kk7) sin i + o (1 + ¢ tan® s — ﬁl) — 2k, CcOS i + o tan iy — ﬁ1:|
2V2 V2 2V2 V2 NI

i.e., after some standard trigonometric simplifications,

.Uy +ig Uz — iy iy 4o . Uz—i . U3+
Uz —ug = \/EKZ sin cos + ﬁm cos sin = «/5/(2 sin ,

V2 V2 V2 2V2 V2

as desired. O

Another consequence of the previous result is the following equivalent result:

13Note that this identity is well-defined at one particular set of functions, then extended by continuity.
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Corollary 6.4. We have

=2 and p°=q".
In other words, o = o, and B* = P,

Proof. Note that 70 = z°. From (6-9) we have

1 BO+20+0°+20
V2 V2 '

The result follows from (6-3) and the uniqueness of zg and p° as implicit functions of zg. O

(BO+20— 0%~ 20) = (B—ia+¢) sin

The key result of this paper is the following surprising property:

Corollary 6.5. The function yg is real-valued. Moreover, there is a small ball of data zg in H'(R) for
which the corresponding data zg lies in an open set of H'(R; C).

Proof. The second statement is a consequence of the implicit function theorem. On the other hand, the
first one is consequence of the permutability theorem. First of all, note that

B+ia+q°=p—ia+p’=p"—ia* (6-21)
Now, from (6-19) we get
B%+20—yq B+Rep®  0°+70—0°—70
tan = —- oy tan )
272 i(a —Im pY) 272
SO
R B +Re p° Im(Q° +20)
tan =— 5 anh ,
2V2 (o —Im p?) V2
from which we have that yg (x) is real-valued for all x € R. O

The main advantage of the double Bicklund transformation is that now the dynamics of yg is real-valued.
We apply Theorem 4.5 with the initial data zg to get a complex solution of mKdV, uy(t) = Q*(¢) 4 z5 (1)
defined for all ¢ # #; and satisfying (4-22).

Now we reconstruct z,(¢). As in (6-8), let us define, using (5-1), (4-6) and (4-7),

B*(t, x) := B(x; a*, B*, 8%t + x1, y*t + x2) (6-22)
and

B*(t,x) =0,B*(t.x), Bj(t,x):=Bj(x;a*, B* x1, x| (6-23)

x1=08%t+x1, xo=y*t+xy "

In other words, we recover the original breather in (1-2) with scaling parameters o™ and 8* and shifts x,
Xy, provided they do not depend on time. Finally, as in (5-7) we define

BX(t, x) := 8B} (t,x) + y Bi(t, x).
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Lemma 6.6. Assume that t € R is such that (4-11) holds. Then there are unique z, = z,(t) € H I(R; C)
and w, = wy(t) € H(R; C) such that

Za+2p € H(R; O), (6-24)
1 . B +Z,4+ 0% +3,
_(B*+Z —Q*—Zb)z(ﬂ—la+p0)sln 5 (6_25)
V2 ‘ V2
where B* and B* are defined in (6-22) and (6-23). Moreover, we have
0=Bf+wa—éf—wb
, B*+Z,+ Q" +7
+ (B —ia+ po)[(B;‘ + (za)x + O + (2)x) cos «t O AL
V2
B* 2 * 2 B* = Ax | o
. (B"+2)°+(Q"+2)° . B'+Za+ 0 +Zb:| (6-26)
V2 V2

and, for all t # ty,

lza O g1 w,c) < Cn.
Proof. We apply Proposition 3.4 at the point

x°:=(B*, Q*, B, 0}, Bp—ia +p"),
because a slight variation of Lemma 6.1 shows that (compare with (6-21))
G(B*, Q*. B}, 07, B—ia+p°) = (0,0).

Since p? is small,

Re(B —ia+ p°) > 0.
On the other hand, (3-6) is a consequence of (6-4). Similarly, from (2-3) we get that (3-7) is satisfied.

Finally, in order to ensure that (3-26) is clearly satisfied, we apply Lemma 5.9: we get

w = E where u*:=g*Bf —ia*B};

see Corollary 5.7 and (6-23). Then we conclude thanks to Proposition 3.4. 0
Corollary 6.7. The function z,(t) as defined in (6-25) is real-valued.
Proof. The same proof as in Corollary 6.5 works mutatis mutandis, since now y,(¢) is real-valued. [

Proposition 6.8. For all t # ti, u, = B* +z, is an H' real-valued solution to mKdV with initial data .
Therefore, by uniqueness,'* B* 4+ z, = u.

Proof. Since up = Q* + z;, solves mKdV, we use (6-25)—(6-26) and Theorem 3.5 to conclude. O

14Technically, what we need is a result about unconditional uniqueness, however, from [Kwon and Oh 2012] one can conclude
that such a result is valid for mKdV on the line if we consider data with H'! regularity.
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7. Stability of breathers

We now prove Theorem 1.2. We assume that uy € H L(R) satisfies (1-5) for some n small. Let
u e C(R; H'(R)) be the — unique in a certain sense — associated solution of the Cauchy problem (1-1)
with initial data u(0) = u¢. Finally, we recall the conserved quantities of mass (4-13) and energy (4-14).

Proof of Theorem 1.2. Consider gy > 0 small but fixed, Ag > 1 and 0 < n < o small. From Lemmas 6.2
and 6.6 the proof is not difficult, and we follow standard methods; see [Martel et al. 2002] for instance.
Indeed, define the tubular neighborhood

V(Ao m:={UecH'®) | _ ipfeR IU = B(-;a, B, %1, 22)|| < Aon}. (7-1)
X1,X2

Note that B represents here the breather profile defined in (5-2). The original breather B(t) from (1-2) can
be recovered using (6-22) as follows (there is a slight abuse of notation here, but it is easily understood):

B(t, x; 0, B, x1, x2) = B(x; o, B, 61 + x1, Y1 + x2).
Clearly u(t) € V' (Ao, n) for small ¢ > 0. Define the set
Jeo =1{t > 0| |t —tx| > g0 forall k € Z}.

We will prove that u(¢) is in V'(Ay, n) for all ¢ € J,, provided Ay is chosen large enough.
We argue by reductio ad absurdum. Assume that, for some Ty € J,,, we have

_inf |u(To) — B(-; o, B, X1, X2) | g1y = Aon, (7-2)

xl,szR

and, for any § > 0 small, § < ﬁeo, if Ty := Ty + 6 then

: ipr lu(T1) — B(-; &, B, X1, X2) | 1 (m) > Aon- (7-3)

X1,X2€
We also assume that Ty is the first positive time in J;, with this property. We will show that, under this
last assumption, after fixing Ag > 1 large enough we will have

u(To) € V(3 Ao, 1), (7-4)

which contradicts (7-2)—(7-3) and therefore proves the result for all positive times far from the points #.
First of all, by taking ng > 0 smaller if necessary, and n € (0, 19), we can ensure that there are unique
x1(t), x2(t) € R defined on [0, Ty] such that
z(t, x) = u(t, x) — B(x; o, B, 8 +x1 (1), yt + x2(1)) (7-5)
satisfies
/ 20, 2) By (3 @, B, 81 + 31 (1), yt + %2(0)) dx =0, (7-6)
R
and
/ z(t, x)Ba(x; o, B, 8t +x1(¢), yt +x2(t)) dx = 0. (7-7)
R
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The directions By and B, are defined in (5-5)—(5-6) (see [Alejo and Muiioz 2013] for a similar statement
and its proof). Moreover, we have

||Z(0)||H1(R) NEB

and similar estimates for x1(0) and x;,(0), with constants not depending on large Ag. Therefore, (2-9) is
not satisfied for x;(0) and x,(0). For the sake of simplicity, we can assume x1(0) = x,(0) = 0, otherwise
we perform a shift in space and time on the solution to set them equal to zero.

Define z0 := z(0) and apply Lemma 6.2, and then Lemma 4.1 to the corresponding zg obtained from
Lemma 6.2. We will obtain a real-valued seed yg, small in H'(R). Note that the constants involved in
each inversion do not depend on Ag. In particular, the differences between « and o*, and 8 and 8*, are
not dependent on Ag:

lo — ™|+ 18— B S (7-8)

Next, we let the mKdV equation evolve with initial data y?. From Theorem 4.3 we have the bound
(4-15) for the dynamics y,(¢). On the other hand, the decomposition (7-6)—(7-7) implies that

lxXi (O] + x5 (D] S Aon., (7-9)

from which the set of points where condition (4-11) is not satisfied is still a countable set of isolated
points (see Lemma 4.2).

Now we are ready to apply Lemmas 4.4 and 6.6 with parameters «*, 8* and shifts x;(¢) and x,(¢) in
(4-8), (4-9) and (6-22)—(6-23). In that sense, we have chosen a unique set of parameters for each fixed
time ¢, and the mKdV solution that we choose is the same as the original u(¢). Indeed, just notice that,
at r =0, we have, from (4-18) at r = 0 and (6-5),

= _ o
A0 4 =0 4 50
_JE(QO+22—y2)=(ﬂ+ia+q0) Sm%.

Using the uniqueness of the solution obtained by the implicit function theorem in a neighborhood of the
base point, we have

25(0) = Q° — Q*(0) + 2 ~ 2. (7-10)

Now we use (6-25) at ¢t = 0 and (6-3):

\%(B*m) T 24(0) = Q°(0) — 2(0)) = (B — i+ p¥) sin 22 F Z“(O)}ZQ*(O) 2O
and
1 B*+70+0°+7%)

(Bo+z2— QO—Z2)=(,3—ioz+p0)sin

V2 V2
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From (7-10), we have

i B*(0) +%,(0) + 0° + 2}
V2 V2 '

Once again, since BY and B*(0) are close, using the uniqueness of the solution obtained via the implicit

(B*(0) +2,(0) — Q° — z) = (B —ia + p%) sin

function Theorem, we conclude that
B*(0) +z,(0) = B 4 2°.

Since both initial data are the same, we conclude that the solution obtained via the Béacklund transformation
is u(t).
Note that the constants involved in the inversions are not dependent on Ag. We finally get

sup Ju(®) = B*(O)l 1wy = Com, (7-11)

[t—tx|>e0

where
B*(t,x) = B(x; ", %, 8"t +x1(1), Y™t + x2(1)).

Finally, from (7-8) and after redefining the shift parameters and choosing t = Ty, we get the desired
conclusion since, for Ag large enough, we have Cy < %Ao and (7-4) is proved.
Now we deal with the remaining case, ¢ ~ #. Fix k € Z. Note that 7, = u — B* satisfies the equation

(za)r +[@a)xx +3(B*) 24 +3B*2; + 231 +x{ (1) Bf +x5(1)B3 =0 (7-12)
in the H'-sense. In what follows, we will prove that, maybe taking &y smaller but independent of k, we
have

sup [lu(®) — B*(t)ll gy < 4Ao0n- (7-13)
[t—tr|<e0

Since A grows with g9 small, this implies that, after choosing 79 smaller if necessary, such an operation
can be performed without any risk.
In what follows, we assume that there is T* € (¢, — &g, tx + &o] such that, for all ¢ € [t — &9, T*],

lza Ol 1 @) = 4A0m, (7-14)

and T* is maximal in the sense of the above definition (i.e., there is no 7** > T* satisfying the previous
property). If T* = t; 4 &9, there is nothing to prove and (7-13) holds.
Assume T* < t; + €9. Now we consider the quantity

1/z§(r>, € lto— 0, T*1.
2 R

We have, from (7-12),

%y / 20 = f (e BB 20 + 38722 + 2210) + X, / 2a(D)BY +x(0) / 2a(t) B
R R " .
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Using (7-14) and (7-9), we have, for some — explicit— fixed constant C > 0 depending only on «, S,

1 2
3z2/RZa(t)

After integration in time and using (7-11), we have

and 7ng even smaller if necessary,

< CAM>.

/ZS(T*) < / zi(to—eo)—l-CeoA%nz < 1.9A% 2
R R

if g9 is small but fixed. A similar estimate can be obtained for || (z4)x(¢)[| 71 (g) by proving an estimate of
the form

< CA%nz.

1 2
3 [ G

Therefore, estimate (7-14) has been bootstrapped, which implies that 7* = 7y + &9. Note that the estimates

do not depend on &, but only on the length of the intervals, which is about &.!3

We conclude that there is AQ > 0 fixed such that

sup [|u(t) — B*(t) || g1y < Aon.
teR

Finally, estimates (1-6) and (1-7) are obtained from (7-9), using the fact that «* and 8* are close to «
and B in terms of Cn. The proof is complete. U

Remark. From the proof and the results in [Colliander et al. 2003], it is easy to show that the evolution
of breathers can be estimated in a polynomial form in time for any s > %, however, in order to make
things simpler, we will not address this issue.

Corollary 7.1. We have, for all t # t,
3 [ a0 =5 [ (@270 +205" —ia®) = MDY +45".
Moreover, this identity can be extended to any t € R.
Proof. In the same way as Corollary 4.6. O
Finally, we recall that y* =3(a*)*> — (8*)? and E[u] = § [au? — 1 [ u®.
Corollary 7.2. Assume that t # t, for all k € Z. Then we have
E[B* +z,](1) = E[Q* +2)(1) — 3(B* —ia*)’ = E[yg] + 38%*.
Finally, this quantity can be extended in a continuous form to every t € R.

Proof. In the same way as Corollary 4.7. g

15Note that an argument involving the uniform continuity of the mKdV flow will not work in this particular case since the
sequence of times (#) is unbounded.
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8. Asymptotic stability

We finally prove Theorem 1.4. Note that, for some ¢y > 0 depending on 1 > 0,
m 3Ol ez =0 (8-1)

This result can be obtained by adapting the proof for the soliton case in [Martel and Merle 2005]. Indeed,
consider

o(x) = garctan(ex/l{), K >0,
so that

1
. . . _ " / / -
13101.}¢_0, Eggd)_ 1, ¢"< —K2¢, ¢ >0 on R. (8-2)

Fix cg, to > 0. Consider the quantities
1
I(1) :== 3 / Ya()p(x — coto + Seolto — 1)),
R
J(@t) = / [5O3 = 3Y2(0) + 55(0)](x — coto + Scolto — 1))
R
It is not difficult to see that
I _ 1 2 4/ 1 2 11 3 2 47 3 4.7
R R R R
so that, using (8-2), and if ¢y > 0 is small (and, depending on 7, even smaller if necessary),
I'(t) <0.
We then have
1
1) =10 = [ 22066 - o)
R

and

lim I(t)=0.

t——+400

A similar result holds for J(¢), which proves (8-1).

Note that z, +y, € H 2(R; ©) (see (4-17)). In what follows, we will prove that this function satisfies
better estimates than y, and z; if x is large.

Fix t # t; large with |t — ;| > €9. We use the notation

From (3-29) we have

1Ze @l 2wy = Cv
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with C = C(ggp) independent of time. From the Bicklund transformation (4-18) we obtain

(Ze)x — 2y, = \/5(,3 +ia +q0) |:Sin Q*\/-gzc —sin %]
= ﬁ(ﬂ+ia+q0)[Sin§—; :cos% — 1} +sin% cos 3—;]
=Q" {cosﬁ— }+ﬁ81n(f) g:

Assume now that x > cot/2. Then we have, for some fixed constant ¢ > 0,

‘—+m e, m=p+ia+q’=p"+ia*

and
(Ze)x +mzZ. = 8>

where . _ 2 0 0"
Zc . Zc Zc
:=Q*{Cos——1}+\/§{sm———}—+ {—+m}—|—2 .
8 > 0 0 Ya
Solving the previous ODE, we get

x
Zc(l,x)zzc(t —C()l‘) m(x—c'ot/2)+/ g(t,s)e—m(x—s) ds,
cot/2
so that

X
1Ze(t, %) < |Zc(t, %cot)|e_’3*("_c"t/2) —{—/ lg(t, s)|e_ﬂ*(x_s) ds.
cot/2

From Young’s inequality we get

12l 2z con S |Ze(t: 3€0t) [P O + gl 2z cone ™
Clearly,

[Ze(t. Seor) | S Iz lmgey < Cv. 18O L2pcseun < Cv2+Cve™ +o(1).
Passing to the limit, we obtain that, for all 7;, — +oo with |T,, — ;| > &g for all n and &,
nETOOHZC(Tn)HLZ(xzcoTn) =0.
A similar result can be obtained for z. and (z.),. From (8-3), we get
im 120 (T) 11 czer,y = 0. (8-4)
Finally, we repeat the same strategy with (6-25) and (6-24) to obtain
im(za(T) L1 ezt = 0-

Note that, since the flow map is continuous in time with values in H', we can extend the result to any
sequence 7, — 400 by choosing an g9 > 0 smaller but still independent of k.
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Appendix A: Proof of Lemma 5.1

We will use the specific character of the breather and soliton profiles. Since (2-9) does not hold, both Q
and Q are well-defined everywhere. We have

sin B+ Q sin(2(arctan ®; + arctan ®5))
= 1 2))s
V2
where, from (2-1) and (5-1), ©, := P29 and O := M. The expression in the previous
a cosh(By2)

display equals

2 [sin(arctan ®1) cos(arctan ®,) + sin(arctan ®;) cos(arctan ®1)]
X [cos(arctan ®) cos(arctan ®,) — sin(arctan ®1) sin(arctan @2)]
=2 [tan(arctan ®1) cos? (arctan ©) cos? (arctan ®,) — sin’ (arctan ®) tan(arctan ®5) cos? (arctan ©»)

+ cos? (arctan ®1) tan(arctan ®,) cos’ (arctan ®,) — sin’ (arctan ®,) tan(arctan ®1) cos? (arctan © )].

2
Since sin?(arctan z) = 1—Z|—z2 and cos?(arctan z) = ﬁ, we have
B+0 2(0,-0%°0,+0,—-020
<in —|—Q: (0 122 222 1) (A-D)
V2 (1+07)(1 +63)
On the other hand,
1

® C) 1+02)0,—(1+6%)6
(B—Q)=28x(arctan®1—arctan®2)=2< Lz 2% )—2( +02)01x = (1 +61)On

V2 1+02 1+63/) (14+0%)(1+63)
Hence, collecting terms and factoring, from (5-9) we are led to prove that
(140501, —(1+0])02, — (B—ia)(O) —0]0,+ 0, — ©30,) =0. (A-2)

Now we perform some computations. We have, from (2-1),

O =(B+in)Oy, (A-3)
(B +ia®7) cosh®(By2) = B(a cosh’(By2) +if sin*(ay1)) (A-4)
and
6 ::< B sin(ayr) ) _ apcos(ayr) cosh(By,) — 7 sin(ay)) sinh(By»)
M7\ acosh(By) /. o cosh2(Byn) ’
so that
. ae'™' cosh(By,) — Bef Sin(ay1)}
Oy — (B—ia)O; = A-5
Le — (B —i®)©; ﬂ[ 2 o v (A-5)
and . P
—ioy —By2 qi )
[©11+ (B — i)©,]102 = B [“e cosh(fyz) + e 7 sin(en) ]e%ﬁww
o cosh”(By2)
aePy? cosh(By,) + Bel® sin(otyl)i|
= B0 . A-6
P 2[ a cosh®(By2) (A0
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Using (A-3), (A-4), (A-5) and (A-6) we have that the left-hand side of (A-2) is
(1+02)0;, —2(B+ia®)O; — (B —ia)(1 — OO,

=[O1x— (B—i)O1]1+[O1, + (B —ix)©1]10; —2(8 +ia®]) O,
_ ﬁ[ae"‘”‘ cosh(Byz) — Bef” sin(ayo]

a cosh?(By2)
+ 50, [“eﬁ 2 cosh(By,) + Be'™ sin(ayr) — 2a cosh? (By,) — 2iB sin2<ay1>]
o cosh?(By2)
ae'®t cosh(By,) — BeP? sin(ay) —ae P2 cosh(By,) + Be ' sin(ary)
=F [ o cosh?(By2) ] i 62[ o cosh? (By2) ]
=0,
which proves (A-2).
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