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ANALYSIS AND PDE
Vol. 8, No. 5, 2015

dx.doi.org/10.2140/apde.2015.8.1025

PARTIAL COLLAPSING AND THE
SPECTRUM OF THE HODGE-DE RHAM OPERATOR

COLETTE ANNE AND JUNYA TAKAHASHI

Our goal is to calculate the limit spectrum of the Hodge—de Rham operator under the perturbation of
collapsing one part of a manifold obtained by gluing together two manifolds with the same boundary. It
appears to take place in the general problem of blowing up conical singularities as introduced by Mazzeo
and Rowlett.

1. Introduction

This work takes place in the context of the spectral studies of singular perturbations of the metrics, as
a means to know what are the topological or metrical meanings carried by the spectrum of geometric
operators. We can mention in this direction, without exhaustivity, studies on the adiabatic limits [Mazzeo
and Melrose 1990; Rumin 2000], on collapsing [Fukaya 1987; Lott 2002a; 2002b; 2004], on resolution
blowups of conical singularities [Mazzeo 2006; Rowlett 2006; 2008] and on shrinking handles [Anné and
Colbois 1995; Anné et al. 2009].

The present study can be considered as a generalization of the results of [Anné and Takahashi 2012],
where we studied the limit of the spectrum of the Hodge—de Rham (or the Hodge—Laplace) operator
under collapsing of one part of a connected sum.

In our previous work, we restricted the submanifold ¥ used to glue the two parts to be a sphere. In
fact, this problem is quite related to resolution blowups of conical singularities: the point is to measure
the influence of the topology of the part which disappears and of the conical singularity created at the
limit of the “big part”. If we look at the situation from the “small part”, we understand the importance of
the quasiasymptotically conical space obtained from rescaling the small part and gluing an infinite cone;
see the definition below in (1).

When ¥ is the sphere S”, the conical singularity is quite simple. There are no half-bound states —
called extended solutions in the sequel — on the quasiasymptotically conical space. Our result presented
here takes care of these new possibilities and gives a general answer to the problem studied by Mazzeo
and Rowlett. Indeed, in [Mazzeo 2006; Rowlett 2006; 2008], it is supposed that the spectrum of the
operator on the quasiasymptotically conical space does not meet 0. Our study relaxes this hypothesis. It
is done only with the Hodge—de Rham operator, but can easily be generalized.

Let us fix some notations.

MSC2010: primary 58J50; secondary 35P15, 53C23, 58J32.
Keywords: Laplacian, Hodge—de Rham operator, differential form, eigenvalue, collapsing of Riemannian manifolds, conical
singularity, elliptic boundary value problem.
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Figure 1. Partial collapsing of M,.

1.1. Set-up. Let M| and M> be two connected, oriented, compact manifolds with the same boundary X,
a compact manifold of dimension n > 2. We denote by m = n + 1 the dimension of M| and M,. We
endow X with a fixed metric 4.

Let M be the manifold with conical singularity obtained from M, by gluing M; to a cone € =10, 1)x X;
we write (7, y) for points on 6, and there exists on M| = M; U% a metric g1 which equals dr?+r%h on
the smooth part r > 0 of the cone.

We choose on M, a metric g, which is “trumpet-like”, i.e., M, is isometric near the boundary to
[O, %) x ¥ with the conical metric which equals ds>+ (1 —s)2h if s is the coordinate defining the boundary
by s =0.

For any ¢ with 0 < ¢ < 1, we define

Ce1={(r,y)e€|r>¢} and M(e)=M U%, .

The goal of the following calculus is to determine the limit spectrum of the Hodge—de Rham operator
acting on the differential forms of the Riemannian manifold

M, =M(e) Ug x €. M>,

which is obtained by gluing together (M (¢), g1) and (M, £2g»). By construction, these two manifolds
have isometric boundary and the metric g, obtained on M, is smooth.

Remark 1. The common boundary ¥ of dimension n has some topological obstructions. In fact, since
¥ is the boundary of the oriented, compact manifold M/, X is oriented cobordant to zero. So, by Thom’s
cobordism theory, all the Stiefel-Whitney and all the Pontrjagin numbers vanish (see C. T. C. Wall [1960]
or [Milnor and Stasheff 1974, §18, p. 217]). Furthermore, this condition is also sufficient; that is, the
inverse does hold.

In particular, it is impossible to take £4 as the complex projective spaces CP? (k > 1) because the
Pontrjagin number py (CP?) is nonzero.

1.2. Results. We can describe the limit spectrum as follows; it has two parts. One part comes from
the big part, namely M|, and is expressed by the spectrum of a good extension of the Hodge—de Rham
operator on this manifold with the conical singularity. This extension is self-adjoint and comes from an
extension of the Gauss—Bonnet operators. All these extensions are classified by subspaces W of the total
eigenspaces corresponding to the eigenvalues within (—%, %) of an operator A acting on the boundary X.
This point is developed in Section 2.2. The other part comes from the collapsing part, namely M;, where
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the limit Gauss—Bonnet operator is taken with boundary conditions of Atiyah—Patodi—Singer-type. This
point is developed in Section 2.3. This operator, denoted %, in the sequel, can also be seen on the
quasiasymptotically conical space M, already mentioned, namely

My =M, U ([1,00) x ) (1)

with the metric dr?+r2h on the conical part. Only the zero eigenvalue is concerned with this part. In fact,
the manifold M, has small eigenvalues, in contrast to [Anné and Takahashi 2012], and the multiplicity
of 0 at the limit corresponds to the total eigenspaces of these small and null eigenvalues. Thus, our main
theorem, which asserts the convergence of the spectrum, has two components.

Theorem A. The set of all positive limit values is just equal to that of all positive spectrum of the
Hodge—de Rham operator A1 w on M, where

W C € Ker(A—y)
lyl<y
is the space of the elements that generate extended solutions on M. A precise definition is given in (7).

Theorem B. The multiplicity of O in the limit spectrum is given by the sum
dim Ker(Ay, w) + dim Ker(%,) +iy,2,

where iy, denotes the dimension of the vector space 31/, — see (8) — of extended solutions w on AZZ

introduced by Carron [2001b], admitting on restriction to r = 1 a nontrivial component in Ker(A — %)

1.3. Comments.

1.3.1. This result is also valid in dimension 2. In order to understand it, look at the following example. Let
I =10,1] and M; = M, =S! x I. We can shrink half of a torus: S' x S! = M; Uy, M, for ¥ = S!'uS!.
Then M, is a 2-sphere with no harmonic 1-forms and 1\712 has no L2-harmonic 1-forms. But i; 2 =2
Indeed 1\72 is a cylinder with flat ends. With obvious coordinates (r, ), d6 and x(d6) ~ dr/r near oo
give a base for extended solutions.

1.3.2. We choose, in our study, a simple metric to make explicit computations. This fact is not a restriction,
as already explained in [Anné and Takahashi 2012], because of the result of Dodziuk [1982] which assures
uniform control of the eigenvalues of geometric operators with regard to variations of the metric.

1.3.3. More examples are given in the last section of the paper.

2. Gauss—-Bonnet operator

On a Riemannian manifold, the Gauss—Bonnet operator is defined as the operator D = d + d* acting on
differential forms. It is symmetric and can have some closed extensions on manifolds with boundary or
with conical singularities. We review these extensions in the cases involved in our study.
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2.1. Gauss—Bonnet operator on M.. We recall that, on M., a Gauss—Bonnet operator D., Sobolev
spaces and also a Hodge—de Rham operator A, can be defined as a general construction on any manifold
X = X1 U X5, which is the union of two Riemannian manifolds with isometric boundaries (the details are
given in [Anné and Colbois 1995]): if D and D, are the Gauss—Bonnet operators “d 4 d*” acting on the
differential forms of each part, the quadratic form

q(¢)=fX |D1(¢>fx1)l2duxl+/ 1D2($1x,) 1 dpx, 2)

X

is well-defined and closed on the domain

Dom(q) = {¢ = (¢1, ¢2) € H'(AT*X1) x H'(AT*X2) | ¢1 lox, =12 ¢2ox)-

On this space, the total Gauss—Bonnet operator D(¢) = (D;(¢1), D2(¢2)) is defined and self-adjoint. For
this definition, we have to, in particular, identify (AT*X) [5x, and (AT*X>) [5x,. This can be done by
decomposing the forms into tangential and normal parts (with inner normal); the equality above means
then that the tangential parts are equal and the normal parts opposite. This definition generalizes the
definition in the smooth case.

The Hodge—de Rham operator (d+d*)? of X is then defined as the operator obtained by the polarization
of the quadratic form ¢. This gives compatibility conditions between ¢; and ¢, on the common boundary.
We do not give details on these facts, because our manifold is smooth. But we shall use this presentation
for the quadratic form.

2.2. Gauss—Bonnet operator on M. Let D1 min be the closure of the Gauss—Bonnet operator defined
on the smooth forms with compact support in the smooth part M (0). For any such form ¢;, following
[Briining and Seeley 1988; Anné et al. 2009], on the cone € we write

é =dr A r—("/Z—P-H)ﬂl’g —|—r_(”/2_p)a1,g

and define 01 = (81, «1) = U(¢1). The operator has, on the cone 6, the expression

01 1 . lhn—P —Dy
D * = ( —A) h A= 2
UD\U <_1 O) 8r+r wit ( _Dy P—%n)’

where P is the operator of degree, that is, Pw = p - w for a p-form w, and Dy = dy + d(’)“ is the Gauss—
Bonnet operator on the manifold (X, /), while the Hodge—de Rham operator has, in these coordinates,
the expression

1
UMU* = =0 + S A(A+1). 3)
r
The closed extensions of the operator D; = d + d* on the manifold with conical singularity M have

been studied in [Briining and Seeley 1988; Lesch 1997]. They are classified by the spectrum of its Mellin
symbol, which is here the operator with parameter A + z.
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Spectrum of A. The spectrum of A was calculated in [Briining and Seeley 1988, p. 703]. By their result,
the spectrum of A is given by the values
:I:( p— %n) with multiplicity dim H? (%),
2
(s w2+ (So— - p),

4)

where p is any integer, 0 < p < n, and u? runs over the spectrum of the Hodge—de Rham operator on
(X, h) acting on the coexact p-forms.

Indeed, looking at the Gauss—Bonnet operator acting on even forms, they identify even forms on the
cone with the sections (¢, .. ., ¢,) of the total bundle AT*(X) by ¢po + p1 Adr +da+d3 Adr+---.
These sections can also represent odd forms on the cone by ¢g Adr + ¢+ ¢ Adr +¢3+- - -. With these
identifications, they have to study the spectrum of the following operator acting on sections of AT*(X):

co dg 0 --- 0
dy c1 dj :
So=10 d() o0 0
: . Cn—1 dg
0 -+ 0 dy cy
ifc, = (=Pl ( p— %n) With the same identification, if we introduce the operator So having the same
formula but on the diagonal the terms ¢, = (—1)” ( p— %n) = —c), then the operator A can be written as
A=—(S® S0).

The expression of the spectrum of A is then a direct consequence of the computations of [Briining and
Seeley 1988].

Closed extensions of D1. Let D1 max be the maximal closed extension of Dj, with the domain
Dom(Di max) = {¢p € L*(M1) | D1 € L*(M))}.

If Spec(A) N (—% %) = @, then D1 max = D1 min. In particular, Dy is essentially self-adjoint on the space
of smooth forms with compact support away from the conical singularity.
Otherwise, the quotient Dom(D1 max)/ Dom(D1 min) 1s isomorphic to

B:= @D Ker(A—y).

1
|)’|<§

More precisely, by Lemma 3.2 of [Briining and Seeley 1988], there exists a surjective linear map
& :Dom(D} max) = B
with Ker(£) = Dom(D/ min). Furthermore, we have the estimate
lu(r) = r= (@) 175, < C(@)rlogr]|
for ¢ € Dom(D1 max) and u = U (¢).
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Now, for any subspace W C B, we can associate the operator D1 w with Dom(D; w) := PN (W). As
a result of [Briining and Seeley 1988], all closed extensions of Dj nin are obtained by this way. Note that
each D w defines a self-adjoint extension Ay w = (D1 ,w)* o D ,w of the Hodge—de Rham operator, and,
as a result, we have (D1, w)* = D jw<), Where

(8- 0-()

This extension is associated with the quadratic form ¢ — ||D<,z$||%2 on the domain Dom(D; w).

Finally, we recall the results of [Lesch 1997]. The operators D1 w, and in particular D1 min and Dp max,
are elliptic and satisfy the singular estimate (SE) — see [Lesch 1997, p. 54] — so by Proposition 1.4.6 of
[Lesch 1997] and the compactness of M1, they satisfy the Rellich property: the inclusion of Dom(D1_ )
into L2(M,) is compact.

2.3. Gauss—Bonnet operator on M,. We know, by the works of Carron [2001a; 2001b], following
Atiyah, Patodi and Singer [Atiyah et al. 1975], that the operator D, admits a closed extension %, with
the domain defined by the global boundary condition

H51/2OU:O

if I1; is the spectral projection of A relative to the interval I, and < % denotes the interval (—oo, %]
Moreover, this extension is elliptic in the sense that the H'-norm of elements of the domain is controlled
by the norm of the graph. Indeed, this boundary condition is related to a problem on a complete unbounded
manifold as follows:

Let M, denote the large manifold obtained from M, by gluing a conical cylinder € o, =[1, 00) x X
with metric dr2+r2h and D, its Gauss—Bonnet operator. A differential form on M, admits an L>-harmonic
extension on M, precisely when the restriction on the boundary satisfies I1<j 2 o U = 0.

Indeed, from the harmonicity, these L2-forms must satisfy (0, + (1/r)A)o =0, or, if we decompose
the form associated with the eigenspaces of A as o = Zy espec(4) Oy then the equation imposes that for
all y € Spec(A) there exists o) € Ker(A — y) such that o, =¥ This expression is in L*(%} o) if
and only if y > % or 03 =0.

It will be convenient to introduce the L?-harmonic extension operator

Py oy pp(H2(2)) — L*(AT*6) )

o= Z O‘yl—>P2(O'):U*< Z r_yay>.

y€eSpec(A) yeSpec(A)
=3 y>3
This limit problem is of the category nonparabolic at infinity in the terminology of Carron — see particu-
larly Theorem 2.2 of [Carron 2001b] and Proposition 5.1 of [Carron 2001a] — then, as a consequence of
Theorem 0.4 of [Carron 2001b], we know that the kernel of %, is of finite dimension and that the graph
norm of the operator controls the H '_norm (Theorem 2.1 of [Carron 2001b]).
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Proposition 2. There exists a constant C > O such that, for each differential form ¢ € H' (AT*M,)
satisfying the boundary condition Tl<1 20 U(¢) =0,

10151 aayy < UG N2 01,y + D28 11724, )-

As a consequence, the kernel of 9, which is isomorphic to Ker(52), is of finite dimension and can be
mapped into the total space » H? (M) of the absolute cohomology.

A proof of this proposition can be obtained by the same way as Proposition 5 in [Anné and Takahashi
2012].

Extended solutions. Recall that for this type of operator, behind the L?-solutions of D> (¢) = 0 which
correspond to the solutions of the elliptic operator of Proposition 2, Carron defined extended solutions
which are included in the bigger space W', defined as the closure of the space of smooth p-forms with
compact support in M for the norm

113 = 1017201, + 1D200 17251,
A Hardy-type inequality describes the growth at infinity of an extended solution:
Lemma 3. For a function v € C;°(e, 00) and a real number A, we have

[e.0]
(Hl)2 Y ar< L|a rv)Pdr if a#£—1L
2 r2 =/, 722 r 2

e

1 00 v2 o]
Z/ ____ms]‘nmv”%wm-#x=—5
e e

r2|logr|?
We remark now that, for a p-form ¢ with support in the infinite cone €, », we can write

o0
L A
102617257y = D f H (a’ ty )U*

AeSpec(A) V¢

<1 A 2
= Y o G N RSES

reSpec(A) e

2

dr
L% (%)

Thus, as an application of Lemma 3, we see that a kernel of 52, which must be 0, (r) = r~*0;.(1) on the

infinite cone, satisfies the condition of growth at infinity of Lemma 3. For A > —% there is no restriction,

2A—2 172

is integrable near oo as well as for A = —%: if v = r'/“yg for large r then the integral

f v2/|r log ri?dris convergent, so, if we require that (1/r)¢ is in L? then, for any A < —%,

since r—

0,(1)=0.

While the L2-solutions correspond to the condition oy, (1) = 0 for any A < % As a consequence, the
extended solutions which are not in L? correspond to boundary terms with components in the total
eigenspaces related to the eigenvalues of A in the interval [—%, %] In the case studied in [Anné and
Takahashi 2012], there do not exist such eigenvalues and we had not to take care of extended solutions.
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More precisely, we must introduce the Dirac—Neumann operator (see [Carron 2001a, paragraphe 2.a])

T:H2(%) - H2 (D)

o> UoDy(€(0)) s, ©)
where € (o) is the solution of the Poisson problem
(D2)*(€(0))=0 on My and Uo%(o)[z=0 on X.
In the same way, one can define
Te - H2(3) — H12 () ©

o > UoDy(&(0) s,
where %(0) is the solution of the Poisson problem
(D2)*(é(0))=0 on% o and Uoé(c)lg=0c on X.

Then Im(T) = Im(IT./2) is a subspace of Ker(7¢) = Im(IT>_;,2). Carron [2001a] proved that this
operator is continuous for £ > 0. The L?-solutions correspond to the boundary values in Im(7")NIm(I1.,2),
while extended solutions correspond to the space Ker(7') N Im(IT>_; /7). Carron also proved that, in the
compact case, Ker(T) = Im(7T"). We can now define the space W that appears in Theorem A:

W= @ W,, where W, ={¢cKer(A—y)|3dnelm(l.,) T(¢p+n) =0} @)
lyl<}
Let us denote by
172 = (Ker(T) NIm(T1>1/2))/(Ker(T) N Im(I1-1,2)) ()
1

the space of extended solutions with nontrivial component on Ker(A — 3).

Proof of Lemma 3. Let v € Ci°(e, 00); by integration by parts and the Cauchy—Schwarz inequality, we
obtain, for A #£ —%,

oov2 o] 1 W 00 -1 .
/e r—zdr:/e r2/\+2|r v| dr:/; 8,{—(2)L+1)r%+1}|r v|“dr

o0

°° 1 A A 2 v g o
='/e {W}Z(F 'U)ar(l" U)dr=L (2)\‘-"_1);1" 8r(r U)dl"

2 o0 1)2 o0
<— / —dr- / |r=*9,(r*v)|2dr,
|2\ + 1] e T ¢

which gives directly the first result of Lemma 3.
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The second one is obtained in the same way:
o0 v? /0 V1 v\ —1
——dr = — )| ——dr= — ) ol—)d
/e rliogr2 / (ﬁ) rllogr? " / (ﬁ) (logr) '
2v v 1 © v v
= dr = “Nro | — | d
NG (ﬁ) logr ' / rlogr vr (ﬁ) '

ol [

3. Notations and tools

Let g. be the quadratic form defined on M, by the formula (2); to write a form ¢, in Dom(g.), we use,
as in [Anné et al. 2009], the following change of scales:

¢1,a = rM1 (¢) and ¢2,£ = 8m/2—p¢£ FMZ
We write, on the cone €, i,
¢1e =dr Ar_("/z_p+l)/31,s + ”_("/2_”)061,8

and define Ol,e = (ﬁl,é‘v 0‘1,8) = U(¢l,s)-

On the other part, it is more convenient to define r = 1 — s for s € [O, 2] and write ¢, =
dr Ar=/2=p+D g, 4 y=/2=P), . near the boundary. Then we can define, for r € [2, ] (the boundary
of M, corresponds to r = 1),

02,6(r) = (B,e(r), 22,6 (r)) = U(dh2,¢) (r).

The L?-norm, for a p-form on M, supported in the cone €, 1, has the expression

||¢8||%12 M) — |O—1,6|2d/"Lg1 |¢2,8|2d1u’g2
(Me)
M, (¢) M,

and the quadratic form in our study is

qa(¢a)=/Ml(d+d*)¢s| dig, = /

1
|UD\U*(01,6)|* djig, + — / 1D (¢2.0) > dig,.  (9)
M (e) €7 Jm,

The compatibility condition for the quadratic form is el 1.e(8) =a2¢(1) and gl/ 2,3 1.e(8) = Bas(1), or
o.e(1) =¢'%01:(e). (10)

The compatibility condition for the Hodge—de Rham operator, of the first order, is obtained by expressing
that D, ~ (UDU*01 ¢, e~ 'UD,U*0.) belongs to the domain of D. In terms of o, it gives

o} () =e"%0] (e). (11)

To understand the limit problem, we proceed to several estimates.
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3.1. Expression of the quadratic form. For any ¢ such that the component ¢; is supported in the cone
.1, one has, with o1 = U(¢1) and by the same calculus as in [Anné et al. 2009]:

1
1
/ |D1q>|2dug£=/ (8,+—A>01
(65,1 & r

3.2. Limit problem. As a Hilbert space, we introduce

2 1 ) 2, 1 2
dr= ||01||L2(z)+;(01’ AGl)L2(2)+}§”A01“L2(E) dr.
&

LA(Z)

Hoo 1= L7 (M) @ Ker(D2) & 912 (12)
with the space 91/, as defined in (8), and the limit operator

Alw®000
with W as defined in (7).
Finally, let us define:
o A cut-off function & on M| around the conical singularity,
1 ifo<r<li

_25 13
0 if1<r (13)

§1(r) = {
o The prolongation operator
P.:H'*(Z) — H'(€.)
o= Z oy > Pe(o) = U*( Z s”_l/zr_yo—y). (14)
y€Spec(A) y €Spec(A)

We remark that, restricted to Im(IT./2), Ps(0) is the transplant on M;(¢) of P»(o) (see Section 2.3);
then there exists a constant C > 0 such that, for all o € Im(I1.2),

2 2 § : 2 2
”PZ(O—)”LZ(%H/E) = ”PE(O’)HLZ((@EY]) 5 C ||(7y||L2(2) = C||0”L2(Z)’ (]5)
1
V>3

and also that, if Y, € Dom(%5), then (&, Ps(U (Y2 %)), ¥2) defines an element of H'(M,).

4. Proof of the spectral convergence

We denote by Ay (e), N > 1, the spectrum of the total Hodge—de Rham operator of M, and by Ay, N > 1,
the spectrum of the limit operator defined in Section 3.2.

4.1. Upper bound: limsup,_ oAy (e) < Ay. With the min—-max formula, which says that

An(e) = inf  inf] su D.p|* d ,
veo=, il { sup /M DI dis
dim E=N lel=1
we have to describe how to transplant eigenforms of the limit problem on M,.
We describe this transplantation term by term. For the first term, we use the same ideas as in [Anné

et al. 2009].
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For an eigenform ¢ of A w corresponding to the eigenvalue A, U(¢) can be decomposed on an
orthonormal base {0, },, of eigenforms of A and each component can be expressed by the Bessel functions.
For y € (—%, %), it has the form

{c,,rVHF), (Arz) + dyr_yGy(krz)}oy,

where F),, G, are entire functions satisfying F, (0) = G, (0) =1 and ¢, d,, are constants.
We remark that ¢, 7¥ ™' F, (Ar?)o,, € Dom(D min) and d, 777 (G, (Ar?) — G, (0))0;, € Dom(D} min)-
So we can write ¢ = ¢ + ¢ with

g0 € Dom(Dimin) and U@ =&G) Y. dyr 7o,
y €Spec(A)

lyl<3
By the definition of Dj min, ¢po can be approached, with the operator norm, by a sequence of smooth
forms ¢g . with compact support in M (¢).

By the definition of W, we know that Z|y\<1/2 dy,o, € W. So there exists ¢, € Ker(D;) such
that U(¢s,, (1)) — d,o, € Im(I1.,). We remark finally that, by the definition (14), we can write
U@)(r) =6 (r) Z|y|<1/2 g2y Ps(dyay)-

Let ¢y = Z|y|<1/2 81/2—y¢2’y and

e = <¢o,s +s1Pg< > sl/z—yuwz,y(l))), ¢2,e> € H'(M,).

y €Spec(A)
lyl<}

It is a good transplantation: |[¢» || — O as the term added on M (¢) (indeed, a term of the sum
Slsl/z_VPs(Uq}z’y(l) —d,0,) corresponds to some y’ > y;if y' > % itis O(e'/277) by (15), if y’ < %
itis O(e”~7), and if y’ = % it is 0(81/2_7/\/@)). Moreover, they are harmonic, up to &;.

For the two last ones, we shrink the infinite cone on M| and cut with the function &;, already defined
in (13).

Finally, if Ker(A — %) = {0}, then, for each nonzero element [6'72] € 9, /2, there exists ¥, with
D> () = 0 on M, that has the boundary value &1/2 modulo Im(I1~; ,2). Then, we can construct a
quasimode as follows:

e = lloge| T 26 {rTPU @) + P(U W) 2 =5 D)} ). (16)
The L2-norm of this element is uniformly bounded from above and below, and
lim (1 2,y = 17l 2.

Moreover, it satisfies ¢ (/) = O(|loge|™"), giving then a “small eigenvalue”, as well as the elements of
Ker(%,) and of Ker(A w).

Note, as an aside, that it is remarkable that the same construction, for an extended solution with
corresponding boundary value in Ker(A —y), y € (—% %), does not give a quasimode: indeed, if v, is
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such a solution, the transplanted element will be
Ve = (E1.{r7U* @) + &PV P.(UW) [5 =51}, 6277 n),

for which g () does not converge to 0 as ¢ — 0.

To conclude the estimate of the upper bounds, we have only to verify that these transplanted forms
have a Rayleigh—Ritz quotient comparable to the initial one and that the orthogonality is almost conserved
by transplantation.

4.2. Lower bound: liminf,_ oAy (&) > Ay. We first proceed for one index. We know, by Section 4.1,
that for each N the family {Ay(&)}.~0 is bounded; set

A :=liminf Ay (¢g).
e—>0
There exists a sequence {€;};ecn such that lim;_, o, Ay (&;) = A. For each i, let ¢; be a normalized eigenform
relative to A; = Ay (&;).
4.2.1. On the regular part of M.
Lemma 4. For our given family ¢;, the family {(1 — &1).¢1.;}ien is bounded in Ho1 (M1(0), g1).

Then it remains to study &;.¢; ;, which can be expressed with the polar coordinates. We remark that
the quadratic form of these forms is uniformly bounded.

4.2.2. Estimates of the boundary term. The expression above can be decomposed with respect to the
eigenspaces of A; in the following calculus, we suppose that o (1) = 0:

1
2 1
2 2
/g |:||01/ ”LZ(E) + ;(01/7 AG])LZ(Z) + }’_2”A01 ”LZ(Z)] dr
1
= 3 0, (L0, A ! A Aoy |? d
- ] ||01 ”LZ(E) + r ;(Gl’ GI)LZ(Z) + ﬁ{(O_Ia O_l)LZ(E) + H 01 ”LZ(E)} r

1
1 1
= / |:||01/||%2(2) + r—z(Ul, (A+ A2)01)L2(2)] dr — 5(01 (), Ao1(€)) r2(x)-
&

This shows that the quadratic form controls the boundary term if the operator A is negative but (A 4+ A?)
is nonnegative. The latter condition is satisfied exactly on the orthogonal complement of the spectral
space corresponding to the interval (—1, 0). By applying &1.¢;; to this fact, we obtain the following
lemma:

Lemma 5. Let [1<_; be the spectral projection of the operator A relative to the interval (—oo, —1].
There exists a constant C > 0 such that, for any i € N,

IM<10U (@i (ellmrz) < Cy/ei

In view of Proposition 2, we also want a control of the components of o1 associated with the eigenvalues
of Ain (—1, %] The number of these components is finite and we can work term by term. So we write,
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OnC@é‘,l’
ol(r)=Y_ o’(r) with Aoy’ (r)=yor"(r)
y€Spec(A)

and we suppose again o1(1) = 0. From the equation (9, + A/ r)aly =rYo, (ryoly ) and the Cauchy—
Schwarz inequality, it follows that

1 2
||8Valy(8)||%2(2) = H/ 3 (r’al)dr
€ L2(x%)
1 1 2
< {/ rv. (ar—l-—A)aly(r) dr}
€ r L2(%)
2

v

3 (o)) + 7(0( ) dr.

LX(®)

1 1
5/ rzydr-/
& &i

Thus, if the quadratic form is bounded, there exists a constant C > 0 such that

Ce (1 —e?*h/Qy +1) if y #—1,

17
Celloge| if y=—%. {17

llo} ()25 < {
This gives:

Lemma 6. Let I1; be the spectral projection of the operator A relative to the interval 1. There exist
constants o, C > 0 such that, for anyi € N,

ITI—1,0)0 U(ri(e gy < Cey.

Here, 0 <o < % satisfies that —o is larger than any negative eigenvalue of A.
With the compatibility condition (10) and the ellipticity of A, the estimate above gives also:

Lemma 7. With the same notation, there exist constants 8, C > 0 such that, for any i € N

T 10,1/2) 0 Ui Ol sy < Ce?.

Here, % — B is the largest nonnegative eigenvalue of A strictly smaller than % (if there is no such

eigenvalue, we put 8 = %).
Finally, we study 011/ ? for our family of forms (the parameter i is omitted in the notation). It satisfies,
fore; <r < %, the equation
3
2 12 _ . 1)2
(—ar'f‘m)O'] —)»,O’l .
The solutions of this equation can be expressed in terms of the Bessel and the Neumann functions: there

exist entire functions F', G with F(0) = G(0) = 1 and differential forms c;, d; in Ker(A — %) such that

2
o2(r) = i Fur?) +d; {r_l/zG(Airz) += 10g(r)r3/2F(kir2)} (18)
T
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(see [Anné et al. 2009, Lemma 4]). The fact that the L*-norm is bounded gives that ||c;||7, +|log &;] [|d; 17,
is bounded. Finally, by substituting this estimate in the expression above, we have

1
20 2.
oy (edllz2 ) = 0(@)'

With the compatibility condition (10), we obtain:

Lemma 8. There exists a constant C > 0 such that, for any i € N,

T{1/2; 0 U2, ) (Dl iz <

C
Jlloge;|
4.2.3. Convergence of ¢,;. Let us now define, in general, q~§2, ¢ as the form obtained by the prolongation
of ¢ by «/e&1(er)¢1 ¢ (er) on the infinite cone 6 . A change of variables gives that

$2.cll22¢¢, ) = 519161l 20, 1)
while

/N |Da@re)Pdp =& / Dy (E110) P g, + / Do) dites.

M, Ge.1 M,

Thus, by the definition of ¢;, the family {¢, ;};cn is bounded in W and e, |Da(¢2.)1>dp = O(?).
The work of Carron [2001b] gives us that ||(§2, i (Dl g1/2(xy 1s bounded and the following:

Proposition 9. There exists a subfamily of the family {q~52, i}ien which converges in L*(Ma, g»). Its limit ¢»
defines an extended solution on Zl712, Le., 52((/’32) =0and q~52 Ix e Ker(T) NIm(IT>_12).

We still denote by q~52, ; the subfamily obtained.

4.2.4. Convergence near the singularity. Now we use the fact that eigenforms satisfy an equation which
imposes a local form. We concentrate on y € [—%, %] If we write

[-1/2,1/2]
1,,'/ A= Z U*O'ly(r),
yel=1/2,1/2]
the terms o] satisfy the equations

I+
(ot ot st

The solutions of this equation can be expressed in term of the Bessel functions: there exist entire functions
F, G with F(0) = G(0) = 1 and differential forms c, ;, d,,; in Ker(A — y) such that

ey ir?"TVE, (Air?) 4+ dy i (r 77 Gy (M), lyl < %,
_ 2
ol (r) =13 c1pir®?FipOur) +dipi(rV2G pOur?) + p log(rr32Fip(ur?), vy = % (19)
co12.ir VEF_ 1 p(ir?) +d_1 2, (112 1og(r) G-y o (Mir?)), y=-3.

The lemmas of the previous subsections give us the result that the families ¢, ; and d,, ; are bounded and,
by extraction, we can suppose that they converge. In the case of y = %, we have more: ||dy2,ill2(x) =
O(|loge;:|~'7?).
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But, turning back to the family of the last proposition, we also know that the family /g;&1(g;7)$1,i (&;7)
converges to 0 on any sector 1 <r < R, according to the explicit form of oly (r). As a consequence, the

form ¢, has no component for y € [—%, %] and is indeed an L2-solution. We have proved:

Proposition 10. The form ¢, in Proposition 9 has no component for y € [—% %] Ifwe set ¢y := ¢ | My»
there exists a subfamily of {¢2.;}i which converges to ¢y as i — 00, and it satisfies

¢2 € Dom(@2), P2ll2(asy,0) =1 and  Da(¢2) =0.

Moreover, the harmonic prolongation of ,/e;&1(;7)¢1 i (g;7),

b2, = E(Jei&1 (&) b i (eir)),

minimizes the norm of D,(¢,). As a consequence, ||D2(q_§2,l-)|| 12(my) = O(g;) implies

IT(Veipri(eEN) | p-12cs) = O(&)

with the Dirac—-Neumann operator T defined in (5).

But, by Lemmas 5 and 6, we know that ||[TT-_1/2(¢1,i (&) g2z = O(4/¢). The continuity of T
thus gives ||T o > _1,2(¢1,i (€) | g-112(x) = O(/€i). To obtain consequences of this result for the term
ITi—1/2,1/21(¢1,i (i), we must make sense of the possibility of working modulo Im(7"). In the following,
for simplicity of notation, we identify the spectral projection I1; of A for the interval I with U*I1;U.

Proposition 11. The space T (Im(I1.1,2) N H'2(%)) is closed in H™'2(%), as a consequence of the
work of Carron. Let us define B(¢) for ¢ € Im(I1{_1,2,1,2)) as the orthogonal projection of T (¢) onto the
orthogonal complement of this space. Then B is linear and satisfies:

° ”B(P”H*I/Z(E) =< ”T¢”H*1/2(E)-
o If B(¢) =0, there exists an n € Im(I1.,2) such that T (¢ +n) =0.

Proof. To prove that T (Im(I1.1,2) N H 1/2(%)) is closed, we must recall some facts contained in [Carron
2001a]. Let us denote here T the operator constructed as 7', but for the infinite part € . Then
Im(T¢) = Im(I1.,2) is a subspace of Ker(T¢) = Im(I1>_;,2). We know that T + T is an elliptic
operator of order 1 on X which is compact. As a consequence, Ker(T + T) is finite-dimensional,
(T + T¢)(H'*(%)) is a closed subspace of H~!/2(X) and T + T admits a continuous parametrix
Q:H'2(X) - H'?(X) such that

Qo (T + Tg) =1d —ker(7+7)>

where Iger(r+7,) denotes the orthogonal projection onto Ker(7 4 T) for the inner product of H 12(%).
We can now prove that 7(Im 1., N H'Y2(Y)) is closed.

Let {0;}; be a sequence of elements in Im(I1.,2) N H 1/2(£) such that T(o;) converges, and let
Y =lim;_ o T (0;). We can suppose that

o; € (Ker(T) NIm(I1. 1) N H'2(2)*.
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We have Im(I1..1 o) N H'/?(X) C Ker(T). Then (T + T¢)o; = T (0;) converges and 7; = Q o (T + Tig)o;
converges; let T = lim;_, » 7;. Thus,

o =14+e¢ with 7 €Ker(T+Te¢)t, e € Ker(T + T).

The sequence {e;}; must be bounded, unless we can extract a subsequence ||¢; || — 00, so it is true also
for ||o; || and, by extraction, we can suppose that the bounded sequence e; /| o; || converges, since it lives in
a finite-dimensional space. Let ¢’ be this limit; then ¢’ = lime; /||o;| also and ¢’ € Im(I1.1/2) N H'2(%).

Finally, ¢’ satisfies |le’|| = 1, and

e eKer(T +T¢) and ¢ eKer(Ty),

as well as ¢; and o;, which implies T (¢/) = 0. Thus, ¢’ =limo;/|lo; || € Im(I1-2) N H'/2(Z) N Ker(T).
But, by the assumption on o;, ¢’ must be orthogonal to this space, which is a contradiction.

So, e; is a bounded sequence in a finite-dimensional space; by extraction, we can suppose that it
converges. Then o; admits a convergent subsequence, and let o denote its limit; then

o eIm(ll.ip) NH*(Z) and ¢ =T(0). O
As an application of Proposition 11, we have

|B o I_1/2,1/21(¢1,i (€ | g-112(5) = O(V&0).

This is the sum of few terms. We remark that the term with ¢, ; is in fact always O (,/¢;). For the same

reason, we can freeze the function G at 0, where its value is 1. So we can say
g2 log(e)BoU*(d_1p)+ Y & " BoU*(dyi)+e; *BoU*(dip.)

1
|}/|<§

= 0(J/&). (20)

H—I/Z(E)

while all the other terms, which behave like r® with § > % occur in an expression belonging to
Dom(Dl,min).

In fact, we have the following result:
Proposition 12. One can write T1(_1,2,1210 U(§1¢1,;) = G 1,; + 00,; with the bounded sequence U*(0y,;)
in Dom(D| min) and o1; = Eﬁ}/ ’+5 }/ iz satisfies that there exists a subfamily of Eii/ % Wwhich converges

to Zye(—l/z,l/Z) r~o, asi — oo with Zye(—l/z,l/Z) o, € W, while

1

1
El/zfv— _1/25'1/2 for some 51/2€KCI(A—§).

Li r
v [log &;|

Thus, 6}/ l_z concentrates on the singularity.
Proof. The term 1 ; comes from the expression obtained in (20), while oy ; is the sum of all the other
terms.

We then concentrate on (20). First, we gather the terms concerning the same eigenvalue and still denote
by d,, ; the sum of all the terms with the same eigenvalue. Let —% SYp <<= % be the eigenvalues

of A in [—% %]
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We then define the limit d,, as

4, = {lim,_wody,, y;é;,
lim; o y/|logeildi i, ¥y = 5
and put E, = Ker(A —y).
Indeed, we can, step by step, decompose d,, ; into a part in Ker(B o U*) and a part which exhibits a
smaller behavior in &;.

« First step: in E| . Multiplying (20) by ﬁ, we obtain that |B o U*(d12.)ll -11¢x) = O(s;> 7). We
decompose dy2; = (1/,/|log &;| )d]((/))2 ;tdj /21 along Ker(B o U* [, ,) and its orthogonal complement
in Ey/. Then, [|B o U*(di )l g-12cs) = O(e; > ") implies ||, ; |12z = O(e;”> ™). So,

dip= hm Vilogeildip,i = hm d1/2l e Ker(BoU™)

and, if we write d1J72,i = gil/ I dl.(l) and reintroduce this in (20), then it has the new expression
e/ 1og(e)) Bo U*(d_12.1) + Ze "BoU*(dy,1)+¢& " BoU*d" +dy, ) = 0(/).
j= ) H—1/2(2)
e Second step: in E\, @ E,,. Multiplying by 83/1 in the above, we obtain that
1B o U*d" +dy, Dl g-11cz) = O] ™). @1

We decompose d; My dy, i = d;?)l + a’VL1 ; along Ker(B o U* [, ,0E,, ) and its orthogonal complement in
Eip®Ey,.

Now, (21) says that [|d:} ;|| 125 = O(e]' 7). s0 dy1 =1im; 00 dy, i = lim; oo Ty, (dY);) and, as

d;??i € Ker(Bo U* rEl/zGBEVl) extracting from Iy 2 (d 1) a convergent subsequence, we can say that
there exists an e/, € Ey/, such that

dy, +eippeKer(BoU™).

On the other hand, if we can write

i vi—y2 ;(2)
d, =¢ "d~,

then the new expression of (20) is
¢! /2

log(i)B o U* (d_l/zl)—i-ZE "IBoU*(dy, ) +e PBoU*d” +d,,)
j=3

= 0(J&).

H-12(%)

We can continue in this way until the term concerning y,,. It constructs terms

d)(/k)l € (E1/2® EBEVk)ﬂKer(BOU ),

d(kH) €EEp®---®E,
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with 0 <k < p. If we decompose d)(,g?i = Zl;:o d;’f’(io) and di(kH) = Z/;:o df/lﬁl), then

1 0 1/2— 0, 12— 0 1
dipi= —df/)z,i +e;/ yldf//lé,i) +e;’ ndﬁé,z‘) +ote 10g(8i)d1(7;i)’
Vlog &l

0) Y1—=72 772(0) 71—v3 7¥3(0)
dyl,,:n{yl}(dm,i)+e,.1 Zdyf’i +e!! *dyljl. 4,

Now, because all the families involved here (finite in number) are bounded in a finite-dimensional
space, we can suppose, by successive extractions, that they converge. We have
— 1 0
dy = 811_1210 iy (dy,i)'

This means that there exist elements o, =d,, e Ker(A—y), |y| < %, such that there exists an n,, € Im(I1..,,)
with

(ToU")(@y +ny) =0,
and, if we denote

Mey1/21(ny) = Y nl,

w>y

then we obtain

IM—1/2,1210U (¢1,i(r)) ~ Z r_y(5y+83/_ﬂn,)i)+r_l/2{|10g8i|_1/251/2+ Z S,F/Z_Mn,ﬂ/z}-

—3<u<y<j —i<u<it
Here, the term ¢; " has to be replaced by 81.1/ 2 log &; in the case of u = —%. O
4.2.5. Conclusions on the side of M. We now decompose @1 ; = ¢; ., near the singularity as follows:

Let

fone =6{or PP 167
according to the decomposition, on the cone, of o] along the eigenvalues of A respectively less than —%,
in (—%, %] and greater than %
We first remark that the expression and the convergence of d)f}l/ 21721 are given by the preceding
Proposition 12.
Now ¢1>J.1/2 and 1’;1,[ =& P, (H>1/2 oU(¢a,; (1))) have the same boundary value. But, by Propositions 9

and 10, we have
lim U(¢2:(1)) = U(¢a(1)) € Im(T112) for the norm of H'/*(%).
1—> 00

So, é@i}ﬂ — %,i can be considered in H'(M,(0)) by a prolongation by 0 and:

Proposition 13. By uniform continuity of P,, and the convergence property just recalled,

11320 W1 — & Pe, (U (2 P22y )y = 0-
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On the other hand, &) P;, (U (¢2 [x)) converges weakly to O on the open manifold M(0); more precisely,
for any fixed n with0 <n < 1,

ll_lglo 161 Pe; (U (D2 D 2w, () = O-

We remark finally that the boundary value of ¢ﬁ;1/ ? is small. For this term we introduce the cut-off
function taken in [Anné et al. 2009],

1 if 2./e; <r,
£, (r) = { (1/log /&) log(2e;/r) if 2¢; <r <28,
0 if r <2¢.
.. . <—1/2
Proposition 14. 11_1320 (1 —=&)&01; "2 )y =0

This is a consequence of the estimates of Lemmas 5 and 6; we remark that, by the same argument, we
obtain also ||.§1¢15i_1/2(r)||L2(2) < C./r,so

—1/2 1/4
1= &)EDTT 20y = OCe; ).

Proposition 15. The forms

>1/2 —1/2

Vo= (1= &)1 + Ed 2 =T +EE105 P+ E UG D
belong to Dom(D1 min) and define a bounded family.

Proof. We will show that each term is bounded. For the last one, it is a consequence of Proposition 12.
For the first one, it is already done in Lemma 4. For the second one, we note that

A N ~
fi= (ar + 7)U(sl¢1,}/z — 1)
A\ - .
=& <a, + 7)(Udn,}”) + 0, EDU (97" = Pey (T 1 22,4 (1)) (22)

is uniformly bounded in L?(M), because of (15). This estimate (15) shows also that the L2-norm of
>12 7 .
‘§1¢1,i — 11 ; 1s bounded.
For the third one, we use the estimate due to the expression of the quadratic form. The estimate that

Jo , ID1E9="1H)Pdp < A gives that

o=~ ()13 25y < Arllogr| (23)

by the same argument as in Lemmas 5 and 6. Now

<—1/2 <-1/2 <-—1/2
D1 (€105 D2ty < 16 D1 D iz, + NdEal- €051 2y

—-1/2 —-1/2
<IDiEST D, o+ 1de - Er Pl -
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The first term is bounded and, with |A| > % for this term, and the estimate (23), we have

4A /ﬂ logr
|10g 81‘ |2 &j r

<-1/2,2
ld8e 181657 1300, o < dr < 3A.

This completes the proof. O
In fact, the decomposition used here is almost orthogonal:

Lemma 16. There exists B > 0 such that
12 =
(¢>1>,,-/ =V V1) 12(M, () = 0(81'-3)-

Proof. If we decompose the terms into the eigenspaces of A, we see that only the eigenvalues in (%, oo)

are involved. With f; = Z;»% f¥ and U(qbil.l/2 — 1;1,,-) = Zp% ¢; , equation (22) and the fact that
2 7 .

(67" = F1.0)(e;) = 0 imply

¢ (r)=r"" / p? 7 (p)dp.

Then, for each eigenvalue y > % of A,

1 r
~ —-1/2 _
(fl%/, WKQLZ(%E[.,]) = 83/ / / r 27// Py(Uy, fy(,O))LZ(Z) dpdr
&i &i

12 1, —2y+1 y=1/2 1
.
=& /e,- 1 1V (oy, fY () 2wy dr + 2;/ 3 /81‘ o7 oy, fY(P))12(x) dp.

Thus, if y > %, we have the upper bound

Yy TV
[(bo» Vi D2, ]

1/2 U p—r+l 8?/71/2
<& / [(oy, fY(r) 2l dr + ! o2 - ILFY Nl 22
i 2y —17 FrM) s oy — vy 1o lee VAN VEIC
8(—2]/-‘1‘3)/2 }/—1/2

1
Sl
<Cs ‘lloyllL2s

& —nvn = e+ (zy_"l) N A A R
while, for y = %, the first term is O(si\/@) and, for % <y < %, it is 0(83/_1/2). In short, we have
(¢ - IZK;)L2(<@SZ,I)| < CS,I'S“U)/“LZ(E) N7 2., 0
if 8 > O satisfies y > 8+ % for all eigenvalues y of A in (%, oo). This estimate gives Lemma 16.  [J

Corollary 17. There exists in {{r1; + d)f}l/ 21/ 2)}i a subfamily which converges in L* to a form ¢ in
Dom(D,w) that satisfies on the open manifold M,(0) the equation A¢, = L$;. Moreover,

111172 a1, 0y + 19217247 151720 2y = 1 (24)

where ¢ is the prolongation of ¢ by Pa(¢2 |'s) on ]\712, and o1 is given by Proposition 12.
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Proof. Indeed, the family {y ; +¢f;l/ 2172 }i is bounded in Dom( D max); one can then extract a subfamily
which converges in L*>(M,, g1). But we know that %,i converges to 0 in any M (7); the conclusion
follows. We obtain also, with the help of Lemma 16, that

2
2 2 . i 2
I —{ll¢1 ||L2(M1(0)) + ||¢2”L2(M2)} = ,hm {”wl,i ||L2(M1(£,-)) + }
e L2(M) (1)

Sl U* (;r_l/zﬁ 1/2)
|log &; |
We remark that, by Proposition 13, ¢, = 0 implies lim;_, oo |¥/1,: | 1241, e,y = O- In fact, one has, by (15),
T 90l 20 ) = P2U 212 12 05)
Finally, one has

lim

=512l 12(5)- U
1—> 00

L2(Mi ()

1
§1U*(—F_1/251/2)
V/ llog &il
4.3. Lower bound, the end. Now let {¢;(¢), ..., dn(g)} be an orthonormal family of eigenforms of

the Hodge—de Rham operator associated with the eigenvalues A (¢), ..., Ax(e). We can use the same

procedure of extraction for all the families. This gives, in the limit domain, a family {(¢>{ , ¢£, c‘r{ D h=j=N-

We already know, by Corollary 17, that each element has norm 1. If we show that they are orthogonal,
then we are done, by applying the min—max formula to the limit problem (12).

Lemma 18. The limit family is orthonormal in ¥ .

Proof. If we follow the procedure for one index, up to terms converging to zero, we have decomposed the
eigenforms ¢; (&) on M, into three terms:

. _ -~ _. 1 ,
Ol =i +¢§,il/2'1/2)a ®/ =91, and P]= U*(—’"_ma{/z) (26)

Jllogee]

Let a # b be two indices. If we apply Lemma 16 to any linear combination of ¢, (&) and ¢ (¢), we obtain
that

lim {(®g,, O 20 + (@0 D) 2,6} = -
If we apply (25), we obtain
Tim {(DF, ®F) 2, ) + (95 0 85 ) 20my} = (85 82) 2y
Then finally, from (¢, (¢), ¢p(¢))12(m,) = 0, we conclude that
@ &) ity T @55 89 12iiy + @120 T ) 12y = 0- O
Proposition 19. The multiplicity of 0 in the limit spectrum is given by the sum
dim Ker(Ay w) + dim Ker(%,) +iy,2,

where i1, denotes the dimension of the vector space $1,5 — see (8) — of extended solutions w on ]\72
introduced by Carron [2001b], corresponding to a boundary term on restriction to r = 1 with nontrivial

component in Ker(A — %)
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If the limit value ) is nonzero, then it belongs to the positive spectrum of the Hodge—de Rham operator
Ay won M, with the space W as defined in (7).

Proof. The last process, with, in particular, (25) and (16), in fact constructs an element in the limit Hilbert
space
Hoo 1= L* (M) ® Ker(D2) @ $12.

This process is clearly isometric in the sense that, if we have an orthonormal family {¢;(&;)}; (1 < j < N),
we obtain at the limit an orthonormal family, where ¥, is defined as an orthogonal sum of the Hilbert
spaces. And, if we begin with eigenforms of A, we obtain at the limit eigenforms of A w @ {0} & {0}.
The last calculus implies that liminf; , o Ay (&) > Ay. U

Remark 20. In order to understand this result, it is important to remember when the eigenvalue % occurs
in the spectrum of A. By the expression (4), we find that it occurs exactly:

 For n even, if % is an eigenvalue of the Hodge—de Rham operator Ay acting on coexact forms of

degree %n or %n — 1 of the submanifold X.

 For n odd, if 0 is an eigenvalue of Ay on forms of degree %(n —1or %(n + 1), but also if 1 is an
eigenvalue on coexact forms of degree %(n —1)on X.

A dilation of the metric on ¥ allows us to avoid positive eigenvalues, but harmonic forms of degree
%(n —1)or %(n + 1) on X can not be avoided.

Moreover, Carron [2001a, Theorem 0.6] has proved that the extended index depends only on geometry
at infinity: these harmonic forms on ¥ will indeed create half-bound states, and then small eigenvalues
will always appear.

5. Harmonic forms and small eigenvalues

It would be interesting to know how many small (but nonzero) eigenvalues appear. For this purpose, we
can use the topological meaning of harmonic forms.

5.1. Cohomology groups. The topology of M, is independent of ¢ % 0 and can be understood by the
Mayer—Vietoris exact sequence:

ext

oo —> HP (M) —— HP(MI(S))EBHP(Mz)d—if> HP(2) =5 HPY' (M) — ---.

As already mentioned, the space Ker(%,) @ $1,> can be mapped into H*(M>). More precisely, Hausel,
Hunsicker and Mazzeo [Hausel et al. 2004, Theorem 1.A, p. 490] have proved that the space of the
L?-harmonic forms %122 (1\72) on M, is given by

H*(M,, T) if k<i(m+1D),
9, (Ma) = { Im(H"+D/2(My, £) — HOHD2(My)) if k=1 +1), (27)
H* (M) if k>3n+1).

We note that the space of L2-harmonic forms is equal to that of L?-harmonic fields, or the Hodge
cohomology group, since M, is complete.
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For M 1, we can use the results of Cheeger [1980; 1983]. Following his work, we know that the
intersection cohomology groups IH*(M 1) of M coincide with Ker(D{ max © D1.min) if H"/*(Z) =0. We

also know that
HP(Mi() if p < 3n,

HY(Mi()) if p>3n+1. (28)

IHP (M) = {
These results can be used for our study only if D max and Dj min coincide. This occurs if and only if A
has no eigenvalues in the interval (—% %) As a consequence of the expression of the eigenvalues of A,
recalled in (4), this is the case if and only if:

e for n odd, the operator Ay has no eigenvalues in (0, 1) on coexact forms of degree %(n —1);

« for n even, the operator Ay, has no eigenvalues in (0 §) on coexact forms of degree %n or %n -1,

4
and H"?(X) = 0.
Thus, if D1 max = D1 min, Which implies H"/?2(X) =0 in the case where 7 is even, then the map
H"*(M,) —=— H"*(M,(¢)) & H"*(M>)

is surjective, and then any small eigenvalue in this degree must come from an element of Ker(%,) ® %12
sent to 0 in H"/?(M5). In this case also, the map

res

Hn/2+l (Ms) LN Hl’l/2+l (Ml (8)) fay Hn/2+l (MZ)
is injective, so there may exist small eigenvalues in this degree.

5.2. Some examples. We exhibit a general procedure to construct new examples as follows: Let W;,
i =1, 2, be two compact Riemannian manifolds with boundary ¥; and dimension n; + 1 such that
ny+ny; =n > 2. We can apply our result to M| := W x X, and M, := X x W,. The manifold M, is
always diffeomorphic to M = M| U M,.

For instance, let v, be the volume form of (X5, /,). It defines a harmonic form on M, and this form
will appear in the limit spectrum if, transplanted onto M, it defines an element in the domain of the
operator Aq w.

In the notation introduced in Section 2.2, this element corresponds to 8 =0 and o = P22, and
the expression of A gives that

A(B, @) = (n2— 3n) (B, @).

If %n —ny > 0, then (B, ) is in the domain of Dy max © D1 min, and, if np, = %n, it is in the domain of
A1,w for the eigenvalue 0 of A.

So, if we know that H"2(M) = 0 or, more generally, dim H"2(M) < dim H"2(X;) in the case where
3, is not connected, then this element will create a small eigenvalue on M,. If D denotes the unit ball
in R¥, this is the case for

W;=D"t' and W,=D"*" for ny <njy.

Then, M = S"1t2+! and we obtain:
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Corollary 21. For any degree k and any ¢ > 0, there exists a metric on S™ such that the Hodge—de Rham
operator acting on k-forms admits an eigenvalue smaller than e. We can see that, for k < %m it is in the
spectrum of coexact forms, and, by duality, for k > %m it is in the spectrum of exact k-forms.

Indeed, the case k < %m is a direct application, as explained above. We see that our quasimode is
coclosed. Thus, in the case where m is even, if w is an eigenform of degree %m — 1 with small eigenvalue,
then dw is a closed eigenform with the same eigenvalue and degree %m. Finally, the case k > %m is
obtained by Hodge duality. We remark that in the case k = 0 we recover Cheeger’s dumbbell, and also
that this result has been proved by Guerini [2004] with another deformation, although he did not give the
convergence of the spectrum.

By the surgery of the previous case, we obtain, for
Wi:=S" x[0,1] and W,:=D""" for0<ny<n; and n=n,+ny>?2,

that ; =S US™, ¥, =S and M = S™ x S2F!. The volume form v, € H"2(X5) again defines a
harmonic form on M and, since H">(S"™ x $™*1) =0, if n, < n;, then v, defines a small eigenvalue
on n,-forms of M.

Thus, by the duality, we obtain:

Corollary 22. Foranyk,l > 0withQ <k —1 <[ and any ¢ > 0, there exists a metric on S! x S* such that
the Hodge—de Rham operator acting on (k—1)-forms and on (I+1)-forms admits an eigenvalue smaller
than e.

This corollary is also a consequence of the previous one: we know that there exists a metric on S¥ whose
Hodge—de Rham operator admits a small eigenvalue on (k—1)-forms, and this property is maintained
on S x Sk,

With the same construction, we can exchange the roles of M| and M>: the two volume forms of
§™ 1 S™ create one nj-form with small but nonzero eigenvalue on S"' x st ifn; <ny+ 1. By the
duality, we obtain an (n,+1)-form with small eigenvalue. So, with new notations, we have obtained:

Corollary 23. For any k <[ withk +1 > 3 and any & > 0, there exists a metric on' S' x S* such that the
Hodge—de Rham operator acting on l-forms and on k-forms admits a positive eigenvalue smaller than .

More generally, by repeating the (k—1)-dimensional surgery L times, we obtain the following:

Proposition 24 [Sha and Yang 1991]. The connected sum of L copies of the product spheres, jjiLzl (SFxSh),
can be decomposed as follows:

L

L L
g (Sfxsh= (gk—l x (gl“ [ Df“)) Us (Dk <11 Sf).
i=l i=0 i=0
Remark 25. J.-P. Sha and D. Yang [1991] constructed a Riemannian metric of positive Ricci curvature

on this manifold. More generally, see also [Wraith 2007].

In a similar way, using Proposition 24, we can obtain the small positive eigenvalues on the connected
sum of L copies of the product spheres tﬁiLzl (Sk x Sh).
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All these examples use the spectrum of M. We can obtain also examples using the reduced L>-
cohomology group of M, which is given by (27) [Hausel et al. 2004].
Suppose now that n = dim ¥ is odd. Then, we have the long exact sequence

oo > HY(M, ©) —> HY (M) —> HN(Z) > H ' (Mo, ) — - -

For k = %(n — 1), the space H k(M,, 2) is isomorphic to the reduced Lz—cohomology group of A7[2. If
H@®=D/2(%) is nontrivial, then any nontrivial harmonic k-form on ¥ will create an extended solution,
corresponding to an eigenvector of A with eigenvalue %

For example, take ¥ = Sk x Sk for k = %(n —1); then H*(X) is nontrivial. Any nontrivial form
w e H*(Z) sent to 0 € H**'(M,, ¥) comes from an element & € H*(M>) which is not in the reduced
L?-cohomology group of M, by (27).
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ON GROUPS OF HEISENBERG TYPE
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Consider the wave equation associated with the sub-Laplacian on groups of Heisenberg type. We construct
parametrices using oscillatory integral representations and use them to prove sharp L” and Hardy space
regularity results.
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Introduction

Given a second-order differential operator L on a suitable manifold, we consider the Cauchy problem for
the associated wave equation

@+ Lu=0, u|l_,=f dul_,=g (1)

This paper is a contribution to the problem of L? bounds of the solutions at fixed time t in terms of
L?-Sobolev norms of the initial data f and g. This problem is well understood if L is the standard
Laplacian —A (i.e., defined as a positive operator) in R4 [Miyachi 1980; Peral 1980], or the Laplace—
Beltrami operator on a compact manifold [Seeger et al. 1991] of dimension d. In this case, (1) is a strictly
hyperbolic problem and reduces to estimates for Fourier integral operators associated to a local canonical
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graph. The known sharp regularity results in this case say that, if y(p) =(d — 1) |% — l| and the initial

2
data f and g belong to the L”-Sobolev spaces L;’( ) and Lﬁ (»—1° respectively, then the solution u( -, 7)
at fixed time t (say T = £1) belongs to L?.

In the absence of strict hyperbolicity, the classical Fourier integral operator techniques do not seem
available anymore and it is not even clear how to efficiently construct parametrices for the solutions;
consequently, the L? regularity problem is largely open. However, some considerable progress has been
made for the specific case of an invariant operator on the Heisenberg group H,,, which is often considered
as a model case for more general situations. Recall that coordinates on H,, are given by (z, u) with
z=x+1iy € C", u € R, and the group law is given by (z, u) - (z/, u’) = (z +7Z,u+u — %Ts(z -Z/)). A
basis of left-invariant vector fields is given by X; = d/dx; — %yja/au, Y; =09/0y; + %xja/au, and we
consider the sub-Laplacian

m
L=-Y (X7+Y).
j=1

This operator is perhaps the simplest example of a nonelliptic sum-of-squares operator in the sense of
[Hormander 1967]. In view of the Heisenberg group structure, it is natural to analyze the corresponding
wave group using tools from noncommutative Fourier analysis. The operator L is essentially selfadjoint
on C3°(G) (this follows from the methods used in [Nelson and Stinespring 1959]) and the solution of (1)
can be expressed using the spectral theorem in terms of functional calculus; it is given by

sin(t \/Z)

u(-,t):cos(rﬁ)f%— N g.

We are then aiming to prove estimates of the form

luC-, Ol ST +T2LY 2 fll, + e + 2L * gl 2)

involving versions of L?”-Sobolev spaces defined by the subelliptic operator L. Alternatively, one can
consider equivalent uniform L? — L’ bounds for operators a(r\/f)ei”ﬁ , where a is a standard
(constant coefficient) symbol of order —y. Note that it suffices to prove those bounds for times 7 = +1,
after a scaling using the automorphic dilations (z, u) — (rz, r?u), r > 0.

A first study about the solutions to (1) was undertaken by Nachman [1982], who showed that the
wave operator on H,, has a fundamental solution whose singularities lie on the cone I' formed by the
characteristics through the origin. He showed that the singularity set I' has a far more complicated
structure for H,, than the corresponding cone in the Euclidean case. The fundamental solution is given
by a series involving Laguerre polynomials and Nachman was able to examine the asymptotic behavior
as one approaches a generic singular point on I'. However, his method does not seem to yield uniform
estimates in a neighborhood of the singular set, which are crucial for obtaining L”-Sobolev estimates for
solutions to (1).

D. Miiller and E. M. Stein [1999] were able to derive nearly sharp L! estimates (and, by interpolation,
also L? estimates, leaving open the interesting endpoint bounds). Their approach relied on explicit
calculations using Gelfand transforms for the algebra of radial L' functions on the Heisenberg group,
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and the geometry of the singular support remained hidden in this approach. Later, Greiner, Holcman and
Kannai [Greiner et al. 2002] used contour integrals and an explicit formula for the heat kernel on the
Heisenberg group to derive an integral formula for the fundamental solution of the wave equation on
H™ which exhibits the singularities of the wave kernel. We shall follow a somewhat different approach,
which allows us to link the geometrical picture to a decomposition of the joint spectrum of L and the
operator U of differentiation in the central direction (see also [Strichartz 1991]); this linkage is crucial to
prove optimal L7 regularity estimates.

In order to derive parametrices we will use a subordination argument based on stationary phase
calculations to write the wave operator as an integral involving Schroédinger operators for which explicit
formulas are available [Gaveau 1977; Hulanicki 1984]. This will yield a type of oscillatory integral
representation of the kernels, as in the theory of Fourier integral operators, which will be amenable to
proving L? estimates. Unlike in the classical theory of Fourier integral operators [Hormander 1971], our
phase functions are not smooth everywhere and have substantial singularities; this leads to considerable
complications. Finally, an important point in our proof is the identification of a suitable Hardy space for
the problem, so that L? bounds can be proved by interpolation of L? and Hardy space estimates. We then
obtain the following sharp L? regularity result, which is a direct analogue of the result by Peral [1980]
and Miyachi [1980] on the wave equation in the Euclidean setting.

Theorem. Letd =2m+1,1 < p <oo,andy > (d — 1)% — %‘ Then the operators

(I +72L) " exp(+itv/L)

extend to bounded operators on LP(H™). The solutions u to the initial value problem (1) satisfy the
Sobolev-type inequalities (2).

Throughout the paper we shall in fact consider the more general situation of groups of Heisenberg
type, introduced by Kaplan [1980]. These include groups with center of dimension greater than 1. The
extension of the above result for the wave operator to groups of Heisenberg type and further results will
be formulated in the next section.

1. The results for groups of Heisenberg type

Groups of Heisenberg type. Let d;, d, be positive integers, with d; even, and consider a Lie algebra g
of Heisenberg type, where g = g1 @ gp, with dim g; = d; and dim g, = d,, and

(9. 9] C g2 C3(9),

3(g) being the center of g. Now g is endowed with an inner product ( , ) such that g; and g, or orthogonal
subspaces. For u € g5 \ {0}, we define the symplectic form w,, on g; by

o (V, W) = pu(V, W, 3)
then there is a unique skew-symmetric linear endomorphism J,, of g; such that

o (V, W)= (Ju(V), W) “4)
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(here, we also used the natural identification of g3 with g, via the inner product). Then, on a Lie algebra
of Heisenberg type,
Ji =Pl 5)

for every € g5. As the corresponding connected, simply connected Lie group G we then choose the
linear manifold g, endowed with the Baker—Campbell-Hausdorff product

Vi, U - (Va, Uz) i= (Vi + Vo, Uy + Us + 3[V1, Val).

As usual, we identify X € g with the corresponding left-invariant vector field on G given by the Lie
derivative:

Xf(9) =2 f(gexpxn)| .

where exp : g — G denotes the exponential mapping, which agrees with the identity mapping in our case.
Let us next fix an orthonormal basis X1, ..., Xy, of g;, as well as an orthonormal basis Uy, ..., Uy,
of go. We may then identify g = g + g» and G with R¥ x R% by means of the basis X1, ..., Xy,
Uy, ..., Uy, of g. Then our inner product on g will agree with the canonical Euclidean product
vow = Z?‘;ldz vjw; on R%+42 and J,, will be identified with a skew-symmetric d; x d; matrix. We
shall also identify the dual spaces of g; and g, with R% and R%, respectively, by means of this inner
product. Moreover, the Lebesgue measure dx du on R4 %% is a biinvariant Haar measure on G. By

d:=d +d (6)

we denote the topological dimension of G. The group law on G is then given by

e u) - (& u) = (x4 u+u' + L (Jx, X)), (7
where (f x, x') denotes the vector in R%2 with components (Jy,x, x').
Let
di
._ 2
L:=— Z X; (8)
j=1
denote the sub-Laplacian corresponding to the basis X1, ..., X4, of g;.

In the special case d, = 1, we may assume that J, = uJ, u € R, where

0 Iy /2)
J = ! 9
(—1d1/2 0 ®

and Iy, /> is the identity matrix on R%/2_ In this case G is the Heisenberg group Hy, /2, discussed in the
introduction.

Finally, some dilation structures and the corresponding metrics will play an important role in our
proofs; we shall work with both isotropic and nonisotropic dilations. First, the natural dilations on the
Heisenberg-type groups are the automorphic dilations

8, (x,u) = (rx, rzu), r >0, (10)
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on G. We work with the Koranyi norm
ey w)llko = (IxI* + 4u )2,

which is a homogeneous norm with respect to the dilations §,. Moreover, if we denote the corresponding
balls by

0, (x,u):={( ) eG:I(y,v) " (x,Wlko <1}, (x,u) €G, r>0,

then the volume |Q, (x, u)| is given by

10, (x, u)| = 1Q1(0, 0)] r17242,

Recall that d| 4+ 2d; = d + d is the homogeneous dimension of G.
We will also have to work with a variant of the “Euclidean” balls, i.e., “isotropic balls” skewed by the
Heisenberg translation, denoted by Q, g (x, u):
Ore@,uw)={(,v) €G: |, v) (x,w)|g <1}
:{(y,v)eG:|x—y|+|u—v+%(fx,y)|<r}; (11)
here

|(x, )| g o= [x] + [ul

is comparable with the standard Euclidean norm (Ix]? + |u|®) /2. Observe that the balls Q,(x, u)
and O, g(x, u) are the left translates by (x, u) of the corresponding balls centered at the origin.

The main results. We consider symbols a of class S77, i.e., satisfying the estimates

d’ o
‘(ds)jam <cj(+Ishr (12)
for all j =0, 1,2,.... Our main boundedness result is:
Theorem 1.1. Let 1 < p < 00, y(p) :=(d — 1)\% — %| and a € STV P, Then, for —o0o < T < 00, the

operators a(t «/Z)e"“/z extend to bounded operators on L? (G).
The solutions u to the initial value problem (1) satisfy the Sobolev-type inequalities (2) for y > y (p).

Our proof also gives sharp L' estimates for operators with symbols supported in dyadic intervals.

Theorem 1.2. Let x € CZ° supported in (% 2) and let A > 1. Then the operators X()»_lt\/z)ei”ﬁ
extend to bounded operators on L' (G), with operator norms O (A\4=D/2),

In view of the invariance under automorphic dilations it suffices to prove these results for t = %1, and,
by symmetry considerations, we only need to consider T = 1.

An interesting question posed in [Miiller and Stein 1999] concerns the validity of an appropriate result
in the limiting case p = 1 (such as a Hardy space bound). Here the situation is more complicated than
in the Euclidean case because of the interplay of isotropic and nonisotropic dilations. The usual Hardy
spaces H'(G) are defined using the nonisotropic automorphic dilations (10) together with the Koranyi
balls. This geometry is not appropriate for our problem; instead, the estimates for our kernels require a
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Hardy space that is defined using isotropic dilations (just as in the Euclidean case) and yet is compatible
with the Heisenberg group structure. On the other hand, we shall use a dyadic decomposition of the

spectrum of L, which corresponds to a Littlewood—Paley decomposition using nonisotropic dilations.
1
iso

setting [Goldberg 1979]. To define it we first introduce the appropriate notion of atoms. For 0 <r <1,
we define a (P, r) atom as a function b supported in the isotropic Heisenberg ball O, g(P) with radius r
centered at P (see (11)) such that [|b], <r~%/?,and [b=0if r < §. A function f belongs to hl (G) if

1SO

f =>_cyb,, where b, is a (P,, r) atom for some point P, and some radius r,, < 1, and the sequence
1
iso

inf ) e,
v

where the infimum is taken over representations of f as asum f =) c¢,b, where the b, are atoms. It
1 (G) is a closed subspace of L'(G). The spaces L?(G), 1 < p < 2, are complex

iso
1

interpolation spaces for the couple (k. (G), L?(G)) (see Section 10) and by an analytic interpolation

180

This space h;._(G) is a variant of the isotropic local or (nonhomogeneous) Hardy space in the Euclidean

{cy} is absolutely convergent. The norm on 4. (G) is given by

is easy to see that h

argument Theorem 1.1 can be deduced from an L? estimate and the following hilS 0> L' result:

Theorem 1.3. Leta € S~¢=V/2 Then the operators a(ﬁ)eiiﬁ map the isotropic Hardy space hilso(G)
boundedly to L' (G).

1
iso

The norm in the Hardy space /. (G) is not invariant under the automorphic dilations (10). It is not
currently known whether there is a suitable Hardy space result which can be used for interpolation and

works for all a(t+/L)e!™T with bounds uniform in .

Spectral multipliers. 1f m is a bounded spectral multiplier, then clearly the operator m (L) is bounded on
L?(G). An important question is then under which additional conditions on the spectral multiplier m the
operator m (L) extends from L? N L? (M) to an L? bounded operator for a given p # 2.

Fix a nontrivial cutoff function x € C§°(R) supported in the interval [1, 2]; it is convenient to assume
that) ", x (2ks)=1forall s > 0. Let Li (R) denote the classical Sobolev space of order . Hulanicki and
Stein (see Theorem 6.25 in [Folland and Stein 1982]) proved analogs of the classical Mikhlin—~Hormander
multiplier theorem on stratified groups, namely the inequality

Im(L)llzr—rr < Cpa sup lxm ()l L2 (13)
for sufficiently large «. By the work of M. Christ [1991], and also Mauceri and Meda [1990], the
inequality (13) holds true for o > (d + d»)/2; in fact, they established a more general result for all
stratified groups. Observe that, in comparison to the classical case G = R?, the homogeneous dimension
d + d, takes over the role of the Euclidean dimension d. However, for the special case of the Heisenberg
groups, it was shown by [Miiller and Stein 1994] that (13) holds for the larger range « > d /2. This result,
as well as an extension to Heisenberg-type groups has been proved independently by Hebisch [1993], and
Martini [2012] showed that Hebisch’s argument can be used to prove a similar result on Métivier groups.
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Here we use our estimate on the wave equation to prove, only for Heisenberg-type groups, a result that
covers a larger class of multipliers:

Theorem 1.4. Let G be a group of Heisenberg type with topological dimension d. Let m € L= (R), let
x € C3° be as above, let

Ap 1= sup/ ‘@E[Xln(t-)](s)’s(d_l)/zds
[s|=R

t>0
and assume

> dR
lmlloo + Q[R? < 00. (14)
2

Then the operator m(~/L) is of weak type (1, 1) and bounded on L?(G), 1 < p < oc.

Remarks. (i) Let H!(G) be the standard Hardy space defined using the automorphic dilations (10). Our
proof shows that, under condition (14), m(«/Z) maps H 1(G) to LY(G).

(i) By an application of the Cauchy—Schwarz inequality and Plancherel’s theorem, the condition

sup || xm(t-)||;2 <oo forsome B > d
t>0 £ 2

implies Az <, R4/2=F for R > 2, and thus Theorem 1.4 covers and extends the above-mentioned multiplier
results in [Miiller and Stein 1994; Hebisch 1993].

(iii) More refined results for fixed p > 1 could be deduced by interpolation, but such results would likely
not be sharp.

2. Some notation

Smooth cutoff functions. We denote by ¢y an even C* function supported in (—1, 1) and assume that
Zo(s) = 1 for |s| < 75. Let 1(s) = Zo(s/2) — Lo(s), so that ¢; is supported in (—2, —1) U (3, 2). If we
set £j(s) =& (2'7Js), then ¢j is supported in (=27, =277y U (2772,2/) and we have 1 = Z?io gi(s)
for all s € R.

Let ng be a C* function supported in (—%n, %n) which has the property that ng(s) =1 for |s| < %n
and satisfies ) ;. m0(t —km)=1forallt € R. For/ =1,2,..., let n;(s) = n(2'~1s) — no(2's), so that

no(s) = > 12, mi(s) for s # 0.

Inequalities. We use the notation A < B to indicate A < CB for some constant C. We sometimes use
the notation A <, B to emphasize that the implicit constant depends on the parameter k. We use A ~ B
if A< Band B < A.

Other notation. We use the definition

FE&) =FrE) = / F)e 2 ED gy

for the Fourier transform in Euclidean space R?.



1058 DETLEF MULLER AND ANDREAS SEEGER

The convolution on G is given by
gl u)= / Foneg(x—y,u—v+Li(Jx, ) dydv.

3. Background on groups of Heisenberg type and the Schrodinger group

For more on the material reviewed here, see, e.g., [Folland 1989; Miiller 1999; Miiller and Ricci 1996].

The Fourier transform on a group of Heisenberg type. Let us first briefly recall some facts about the
unitary representation theory of a Heisenberg-type group G. In many contexts, it is useful to establish
analogues of the Bargmann—Fock representations of the Heisenberg group for such groups [Kaplan and
Ricci 1983] (compare also [Ricci 1982; Damek and Ricci 1992]). For our purposes, it will be more
convenient to work with Schrodinger-type representations. It is well known that these can be reduced to the
case of the Heisenberg group Hy, />, whose product is given by (z, 1) (z/,t)) = (z+2, t +1' + Jo(z, 7)),
where w denotes the canonical symplectic form w(z, w) := (Jz, w), with J as in (9). For the convenience
of the reader, we shall outline this reduction to the Heisenberg group.

Let us split coordinates z = (x, y) € R%/2 x R%/% in R%, and consider the associated natural basis of
left-invariant vector fields of the Lie algebra of Hy, /2,

)~(j ::8x_,.—%yj8,, f’j :=8yj+%xj3,, j:l,...,%dl, and T := 0.

For 7 € R\ {0}, the Schrédinger representation p, of Hg, /2 acts on the Hilbert space L2(R1/2) as
follows:
[pe (x, y, DRIE) 1= TSI 4 x), he L2RY?).

This is an irreducible, unitary representation, and every irreducible, unitary representation of Hy, » which
acts nontrivially on the center is in fact unitarily equivalent to exactly one of these, by the Stone—von
Neumann theorem (a good reference for these and related results is [Folland 1989]; see also [Miiller
1999]).

Next, if 7 is any unitary representation, say, of a Heisenberg-type group G, we denote by

(f) = /G Fomds. feL'G)

the associated representation of the group algebra L'(G). For f € L'(G) and u € 9= R% it will also
be useful to define the partial Fourier transform f#* of f along the center by

f“(x)z%f(x,u)::f fx,we ikt gy, x e RY, (15)
R

Going back to the Heisenberg group (where g5 = R), if f € ¥(Hg, /2), then it is well known and easily
seen that

o) = [ 1 @pi 0 d:
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defines a trace class operator on L?(R%/2), and its trace is given by

tr(pe (f)) = |z|~/? / £(0,0, )€™ dr = |z|~/2 770, 0) (16)
R
for every T € R\ 0.

From these facts, one derives the Plancherel formula for our Heisenberg-type group G. Given
weg = R%, u # 0, consider the matrix J,, as in (4). By (5) we have J‘f =—1if |u| =1, and
J,. has only eigenvalues +i. Since it is orthogonal, there exists an orthonormal basis

Xptsooos Xpay2: Ypts s Yya 2

of g; = R% which is symplectic with respect to the form wy, 1.€., w, is represented by the standard
symplectic matrix J in (9) with respect to this basis.

This means that, for every . € R% \ {0}, there is an orthogonal matrix R, = R, /.| € O(d;, R) such
that

Jy=|u|RyJ'R,,. (17)

Condition (17) is in fact equivalent to G being of Heisenberg type.

1
rad

that they depend only on |x| and u. As for Heisenberg groups [Folland 1989; Miiller 1999], this algebra

Now consider the subalgebra L! (G) of L!(G) consisting of all “radial” functions f (x, «) in the sense

is commutative for arbitrary Heisenberg-type groups [Ricci 1982], i.e.,

f*xg=g=xf forevery f, g€ Lrlad(G). (18)

This can indeed be reduced to the corresponding result on Heisenberg groups by applying the partial
Fourier transform in the central variables.

The following lemma is easy to check and establishes a useful link between representations of G and
those of Hy, /2.

Lemma 3.1. The mapping o, : G — Hg, ;2 given by

u
O(/,L(Z, I/l) = <tRMZ, %)s (Z, u) S Rdl X Rdz,

is an epimorphism of Lie groups. In particular, G/ ker o, is isomorphic to Hg, /2, where ker o), = wt is
the orthogonal complement of 1 in the center R2 of G.

Given i € R® \ {0}, we can now define an irreducible unitary representation m, of G on L*(R%) by
putting
Ty = Pl 0y
Observe that then 7, (0, u) = e?TIU T Tn fact, any irreducible representation of G with central character

e factors through the kernel of o . and hence, by the Stone—von Neumann theorem, must be equivalent
to 77,
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One then computes that, for f € $(G),
mul$)= [ £ Rz, 0)
so that the trace formula (16) yields the analogous trace formula

trm, (f) = =2 F7(0)

on G. The Fourier inversion formula in R?2 then leads to
£(0.0) = / e, () el dp.
neR2\{0}

When applied to §,-1 * f, we arrive at the Fourier inversion formula
r@=[ e @ e g€ (19)
1eR™\ (0}
Applying this to f** f at g =0, where f*(g) := f(g~1), we obtain the Plancherel formula
1713 = / 12, (N s Il d i, (20)
neR™M\{0}

where || T ||gs = (tr(T*T))'/? denotes the Hilbert—Schmidt norm.

The sub-Laplacian and the group Fourier transform. Let us next consider the group Fourier transform
of our sub-Laplacian L on G.

We first observe that der,, (X) = 'R, X for every X € g; = R% if we view, for the time being, elements
of the Lie algebra as tangential vectors at the identity element. Moreover, by (17), we see that

IRMX,M, e ZRMXHudl/z’ tRMYM,l, RN tRuYu,d./z
forms a symplectic basis with respect to the canonical symplectic form o on R¢'. We may thus assume
without loss of generality that this basis agrees with our basis X Lo vvns )?dl /25 Y Lo vvns I?dl /2 of R4 so that
= : dy
do, (X, ;))=X;, doy,(Y,j))=Y;, j=1,..., >
By our construction of the representation 7, we thus obtain for the derived representation dr,, of g that
- ~ . di
dJTM(XM,j):dp‘m(Xj), dﬂM(YM,j):dp\Ml(Yj)v ]21,...,?. (21)

Let us define the sub-Laplacians L, on G and L on Ha, /2 by

di/2 dy /2

2 T o v2 V2

:_§ X, +Y7, L._—E (X5+7Y5),
j=1

where from now on we consider elements of the Lie algebra again as left-invariant differential operators.
Then, by (21),
dm, (L) =dpj(L).
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Moreover, since the basis X, 1, ..., X, 4,72, Yy 15 - - ., Yy a4, 2 and our original basis X1, ..., X4, of g| are
both orthonormal bases, it is easy to verify that the distributions Ly and L, dy agree. Since Af = f*(Ado)
for every left-invariant differential operator A, we thus have L = L ,; hence

dm, (L) = dpj(L). (22)

But, it follows immediately from our definition of Schrodinger representation p, that dp, ()~( i) = 0
and dpf(?j) =2mit§;, so that dp|ﬂ|(l~,) =—A:+ (2| w))?|€|? is a rescaled Hermite operator (see also
[Folland 1989]), and an orthonormal basis of L?(R%/2) is given by the tensor products

h(lxul — h(l){ll;l@,,,@hlu\ = Nd1/2’

Ay /2°
where it (x) := Qm|pn)) V4 hi (2| ])!/?x), and

dk
() = (= f e P e

dxk’
denotes the L?-normalized Hermite function of order k on R. Consequently,
dm, (L)h!M =2n|u|(d?1+2|a|>hg“', aeNI/2, (23)
It is also easy to see that
drm,(Uj) =2mip;l, j=1,...,ds. (24)
Now, the operators L, —iUj, ..., —iUyg, form a set of pairwise strongly commuting self-adjoint operators

with joint core ¥(G), so that they admit a joint spectral resolution, and we can thus give meaning to
expressions like ¢ (L, —iUy, ..., —iUy,) for each continuous function ¢ defined on the corresponding
joint spectrum. For simplicity of notation we write

U:=(=ilU,...,—-iUy).

If ¢ is bounded, then ¢ (L, U) is a bounded, left-invariant operator on L>(G), so that it is a convolution
operator

oL, U)f =[f*Ky, [eFG),

with a convolution kernel K, € #'(G) which will also be denoted by ¢(L, U)8. Moreover, if ¢ € F(Rx R%),
then ¢ (L, U)é € F(G) (see [Miiller et al. 1996]). Since functional calculus is compatible with unitary
representation theory, we obtain in this case, from (23) and (24), that

7 ((L, U)S)WH = ¢ (271 Il (% + 2|a|>, 2m>h'07 (25)

(this identity in combination with the Fourier inversion formula could in fact be taken as the definition
of ¢ (L, U)$). In particular, the Plancherel theorem then implies that the operator norm on L*(G) is given
by

d
lo(L, U)| = Supr(I/H(?l +2q>, M)‘ peR®2, ge N}- (26)
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Finally, observe that
Ky =@(L", 27 p1)s; (27)

this follows, for instance, by applying the unitary representation induced from the character ¢/ on
the center of G to K.
We shall in fact only work with functions of L and |U|, defined by

d,
(@ (L, |U )8R = ¢<2nlu|(3 +2|a|), 2n|u|)ha“'-

Observe that, if ¢ depends only on the second variable, then ¢ (|U|) is just the radial convolution operator
acting only in the central variables, given by

Fper [p(IUD) f](x, ) = 02 |u)Fgay f(x, ) forall p e (R®)". (28)

Partial Fourier transforms and twisted convolution. For p € g3, one defines the u-twisted convolution
of two suitable functions (or distributions) ¢ and ¥ on g; = R%' by

(@ ) (x) = /R[ Px — )Y (y)e "N dy,
d
where w,, is as in (3). Then, with £# as in (15),

(f*g)ﬂ = fﬂ */Lguv

where f % g denotes the convolution product of the two functions f, g € L'(G). Accordingly, the vector
fields X ; are transformed into the p-twisted first-order differential operators X J“ so that (X; /) =X 7 fH,
and the sub-Laplacian is transformed into the p-twisted Laplacian L¥, i.e.,

di
(L =LFfr == (X2,

j=1
say for f € ¥(G). A computation shows that, explicitly,

X =08 timwu(-, X)), (29)
The Schridinger group {e'*L"}. 1t will be important for us that the Schrodinger operators ¢/, t € R,
generated by L¥, can be computed explicitly.
Proposition 3.2. (i) For f € $(G),

M= Fruvls 120, (30)

where yl' ¢ &' (R4 is a tempered distribution.
(ii) For all t such that sin(2mt|u|) # 0, the distribution y!" is given by

di

) = 212 |l 2 G/l cormilul 31)
! sin(27t| )
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(iii) For all t such that cos(2mt|j|) # 0, the Fourier transform of y!" is given by

) = ooy eV T, (32)

Indeed, for u # 0, let us consider the symplectic vector space V := g;, endowed with the symplectic

form o := (1/|u])w,. Notice first that, because of (5), the volume form oNd/D) e the (d, /2)-fold

exterior product of o with itself, can be identified with Lebesgue measure on R?!. As in [Miiller 2007],

we then associate to the pair (V, o) the Heisenberg group Hy, with underlying manifold V x R and
endowed with the product

W, W), u) = v+, u+u + %a(v, V).

It is then common to denote, for T € R, the 7-twisted convolution by X, in place of %, (compare §5 in
[Miiller 2007]). The p-twisted convolution associated to the group G will then agree with the | |-twisted
convolution x|, defined on the symplectic vector space (V, o). Moreover, if we identify the X; € V
also with left-invariant vector fields on Hy, then (29) shows that

agrees with the corresponding |u|-twisted differential operators X ‘j“ " defined in [Miiller 2007].
Accordingly, our u-twisted Laplacian L* will agree with the |u|-twisted Laplacian

ZISMI — Bc"égl — Z(X\jul)z

associated to the symmetric matrix A := —/ in [Miiller 2007]. Here,
S = ! J, = ! J
™
Consequently,
Pt — ity

From Theorem 5.5 in [Miiller 2007] we therefore obtain that, for f € L>(V),

it ~
ol )=ty o

where Ft“f ‘S is a tempered distribution whose Fourier transform is given by

Tl (£) = 1 o~ @/InD)o & tan(2ritS)§)
5iS J/detcos(2mitS)
whenever det cos(2itS) # 0. Since S? = —1I because of (5), one sees that

sin(2mitS) =isin(2wt)S, cosmitS)=-cos(2mwt)l.
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Note also that o (¢, n) = (S&, n). We thus see that (30) and (32) hold true, and the formula (31) follows
by Fourier inversion (see Lemma 1.1 in [Miiller and Ricci 1990]).

4. An approximate subordination formula

We shall use Proposition 3.2 and the following subordination formula to obtain manageable expressions
for the wave operators.

Proposition 4.1. Choose x1 € C*™ so that x,(s) =1 fors € [}1 4]. Let g be a C* function supported in
(%, 2). Then there are C* functions a; and p,., depending linearly on g, with a; supported in [11_6’ 4] and
. supported in [%, 4], such that, forall K =2,3,...,all Ni, Ny >0,and all . > 1,

K
K—-1

sup [910,"2a ()] < c(K)A™ Y 18" o Nit Ny < =, (33)

$ v=0

K
sup |90, 0 ()] < (K, N)AM KN e, Ny <K —2. (34)
§ v=0
and the formula

g0 VD VE = (W2 / e ay (s)e L™ ds + p, (A 72L) (35)

holds. For any N € N, the functions A" p,_are uniformly bounded in the topology of the Schwartz space

and the operators p;, (A2L) are bounded on L?(G), 1 < p < 00, with operator norm oM.

For explicit formulas for a, and p;, see Lemma 4.3 below. The proposition is essentially an application
of the method of stationary phase where we keep track on how a, and p, depend on g. We shall need an
auxiliary lemma:

Lemma4.2. Let K e Nand g € CX(R). Let {1 € C®(R) be supported in (% 2) U (—2, —%) andlet A > 1
and £ > 0. Then, for all nonnegative integers M,

K
< Cy k272K QAT Y QAT gV e, (36)

_ i Av2
‘fyZMg(y)Cl(A”22 fy)eth dy
j=0

Moreover, for0 <m < (K —1)/2,

d \" A2
‘(H) fg(y)e Y dy

Proof. By induction on K we prove the following assertion:

(sdg): If g € CX then

K
<Cx AT AT, (37)
j=0

K
/ YMea (A2 e M dy = ATK Y f g D& kma (e dy, (38)
j=0
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where ¢; g m, A is supported on {y : |y| € [26-1A—1/2 241 A=1/2]}) and, for 0 < j < K, satisfies the
differential inequalities

£ A = CGL K M, n) (27 A2 2M =t CR =) AK=i /2, (39)

Clearly this assertion implies (36).

We set 20.0.m.4(y) = M1 (A/227%y) and the claim (slg) is immediate for K = 0. It remains to
show that (s ) implies (sdx4) for all K > 0.

Assume (sdg) for some K >0 and let g € CK+!. We let 0 < j < K and examine the j-th term in the
sum in (38). Integration by parts yields

4 , G+ hood (g O]
Gy N gy f gy D ()L ((S2KMAD ] jing?
/g DM k.ma(y)e y=i [ A Sjk.mA(Y)+ 8 (y)dy A e Y-

The sum A~X Z;'(:o i g(j)(y)gj,K,/\,LA(y)e“‘y2 dy can now be rewritten as

K+1

K . 2
ATKTY / gV M kr1.ma ()N dy,
v=0

where
. d (So.k.ma(y)
So.k+1,MA(Y) =i—— | ——F5——),
dy 2y
d _
Co kot () =i So,k,M,A(Y) L& I,K,M,A(}’)’ l<v<K.
dy 2y 2y
Ok Kk M A(Y)
k41, k+1,MA(Y) =1M-
2y
On the support of the cutoff functions, we have |y| > 2~' A~1/2 and the asserted differential inequalities

for the functions ¢, x+1,m. A can be verified using the Leibniz rule. This finishes the proof that (s )
implies (A g +1), and thus the proof of (36).

We now prove (37). Let {y be an even C* function supported in (—1, 1) and assume that o(s) = 1
for |s| < % Let ¢1(s) = ¢o(s/2) — ¢o(s), so that £; is supported in [—2, —%] U [%, 2], as in the statement

of (36). We split the left-hand side of (37) as Z?O:o Iy m, where
len= [ (Vg0 AIP2 50N dy - for €20,

and I, is defined similarly with go(Al/zy) in place of ¢; (Al/zz_ey). Clearly Iy | < A""‘l/2||g||OO
and, by (36),
K

Ieym Sm,K Z2—5(2K—2m—]—I)A—(1+2m+])/2”g(])”OO.
j=0

Since j < K we can sum in £ if m < (K — 1)/2 and the assertion (37) follows. Il
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Lemma 4.3. Let K € N and let g € CX(R) be supported in (% 2). Let x1 € CZ°(R) be such that x1(x) =1
on (4—11 4). Also let ¢ be a Ci°(R) function supported in [é 3] with the property that ¢(s) =1 on [%, 2].
Then

g(VX)eMVF = i (x) [ﬁ / e a; (s)e™ ¥ ds + ﬁmx)}, (40)
where a;, is supported in [11_6’ 4] and
) =1 Vis) [ (v 5 )e(3+ 5 e ay (1)
and )
FIp:1(8) = (1 - (%)) Fle(v eV 1(&). (42)

Let p;, = x10y. Then the estimates (33) and (34) hold for all ). > 1.

Proof. Let W, be the Fourier transform of x > g(/X)e*V* i.e.,
W (8) = / g(v/x)e Ve mIEY iy = f 25(s)e!ED g, (43)

Observe that g(y/x) =0 for x ¢ (3, 4), thus g(/x) = x1(x)g(v/X). By the Fourier inversion formula,
we have

(VX = 41 (x) (03 (x) + pa (1)),

2 .
0y (x) = / g(%)%@)eh'“ dt,

2 .
Bx) = f (1 - g(%g)) W, (8)e¥ g,

We first consider p; and verify that the inequalities (34) hold. On the support of 1 — ¢(2w&/A), we
have either [27w&| < 1/8 or |2r&| > 2. Clearly, on the support of g we have |d;(As — 2mEs?)| > A/2 if
|2m&| < A/8, and |9 (As — 2 Es?)| > [2mwE|/2 if [2wE| > 2. Integration by parts in (43) yields

02102 [(1 — c@rE /)W (®)]] < Cony ok I8l (14 €]+ [AD K.

Thus, if Ny < K —2,
d\" 2 .
‘(d_) O.(x)| = ‘/(2715})]\]‘ (1 — §<£>)\Ijx(§)€2ﬂ1x§ dé‘
X A
(1+1gp™M

<C T Je< (! A KNI+
<Cn kllgllcx / (1+ €[+ [ADK § <Cy, xligllcx

This yields (34) for N, =0, and the same argument applies to the A-derivatives.

1/2

where

(44)

so that p;, is as in (42).

It remains to represent the function A~ /v, as the integral in (40). Let

g(s) =2sg(s). (45)
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By a change of variable, we may write

. A .
W (§) = /B / gly+ g Je ™ dy. (46)
4ré

We compute, from (44), (46),
U (x) = A/ g(s)eik/(4s)+i)usx)\—1/2ak(S)ds’

where

a(s) = (277)_1~/X§(S)f§<y+21—s>e—"“>’2 dy,

i.e., ay is as in (41). In order to show the estimate (33), observe

1

2m 3,2 (1 2a,(s) = 5 (5) / g(v+5;

)(_iSyZ)Nze—i)LS}’Z dy
and then, by the Leibniz rule, BSN ! 8){\’ 2[A~124, (s)] is a linear combination of terms of the form

(@ o [ ot (@ Bl e

where N3 + N4+ N5 = N;. By the estimate (37) in Lemma 4.2, we see that the term (47) is bounded

1

(uniformly in s € 5, 3]) by a constant times

A (FOREEST|

provided that N, + Ns < (K — N4 — 1)/2. This condition is satisfied if N; + N, < (K — 1)/2, and under
this condition we get

CK7N4

sup [0M 9 [A712a; ()1] S A7V 712 gl ok
N

Now (33) is a straightforward consequence. U

Proof of Proposition 4.1. The identity (35) is an immediate consequence of the spectral resolution
L= fR+ xdE,, Lemma 4.3 (applied with x/A in place of x) and Fubini’s theorem. Note that in view of
the symbol estimates (34), any Schwartz norm of p;, *2)is O ~N) for every N € N. The statement
on the operator norms of p;, (A2L) then follows from the known multiplier theorems (such as the original
one by Hulanicki and Stein; see [Hulanicki 1984; Folland and Stein 1982]). Il

Thus, in order to get manageable formulas for our wave operators, it will be important to get explicit
formulas for the Schrodinger group ™%, s € R.
5. Basic decompositions of the wave operator and statements of refined results

We consider operators a(ﬁ)eiﬁ, where a € §@—D/2 (satisfying (12) with y = (d — 1)/2). We split off
the part of the symbol supported near 0. Let xo € C2°(R) be supported in [—1, 1]; then we observe that
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the operator Xo(«/z) exp(i «/Z) extends to a bounded operator on L?(G) for 1 < p < oco. To see this, we
decompose xo(y/7)e'V" = xo(/T) + Yo g an(t), T >0, where

@ (7) = Xo(WD) (VT = 12" 1) = ¢(2"D))

with ¢y as in Section 2. Clearly xo(y/-) € C;°. Thus, by Hulanicki’s theorem [1984], the convolution
kernel of Xo(«/z) is a Schwartz function and hence Xo(\/z) is bounded on L!(G). Moreover, the functions
2", (277 ) belong to a bounded set of Schwartz functions supported in [—2, 2]. By dilation invariance
and Hulanicki’s theorem again, the convolution kernels of 220, (27" L) are Schwartz functions and
form a bounded subset of the Schwartz space ¥(G). Thus, by rescaling, the operator o, (L) is bounded
on L'(G) with operator norm O (2~"/2). We may sum in n and obtain the desired bounds for (/7 )e! V7.

The above also implies that, for any A, the operator x (A ~'+/L) exp(i~/L) is bounded on L' (with
a polynomial and nonoptimal growth in A). Thus, in what follows, it suffices to consider symbols
a € §~@=D/2 with the property that a(s) = 0 in a neighborhood of 0. Then

a(WDyeVE = 3 27iU=D2 (V2R el VE, (48)

j>C

where the g; form a family of smooth functions supported in (% 2) and bounded in the C§° topology. In
many calculations below, when j is fixed, we shall also use the parameter A for 2/.
Let x; be a smooth function such that

supp(x1) C (27'9,2'9), (492)
xi(s)=1 for se 27, 2%. (49b)
By Proposition 4.1 and Lemma 4.3 we may thus write

a(WVL)eVE = mpeg(L) + Y 27702272 Lymy; (L), (50)
j>100

where the “negligible” operator m e (L) is a convolution with a Schwartz kernel,

my(p) = v/ / Mg (D)™ dr with A =2/, 51)

1
E’
We shall use the formulas (31), which give explicit expressions for the partial Fourier transform in the

and the @, form a family of smooth functions supported in ( 4) and bounded in the C3° topology.

central variables of the Schwartz kernel of ¢/’". In undoing this partial Fourier transform, it will be useful
to recall from Section 3 that, if p; denotes the spectral parameter for L, then the joint spectrum of the
operators L and |U]| is contained in the closure of

{(,01, ) =>0, pp = (%dl + Zq),oz for some nonnegative integer q}. (52)

As the phase in (31) exhibits periodic singularities, it is natural to introduce an equally spaced
decomposition in the central Fourier variable (i.e., in the spectrum of the operator |U]). Let ng be a C*
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function such that

supp(no) C (=37, 37), (53a)
no(s)=1 for s e (—3r, in), (53b)
Zno(t—kyr) =1 forzeR. (53¢)
keZ
We decompose
o0
QTP Dm (L) =) (DT, (54)
k=0
where
TE = 3172 / e"”(“)ak(t)no(ilw _ kn)e”m dr. (55)

The description (52) of the joint spectrum of L and |U| gives a restriction on the summation in k. Namely
the operator no((t/AM)|U| —km)x 1(A2L) is identically zero unless there exist positive p; and p, with
p1 > p2d1 /2 such that AZ/S <p1 < 512 and (kn —%T[))\/T << (kn+%n)k/t for some 7 € (11—6, 4). A
necessary condition for these two conditions to hold simultaneously is, of course, %dl (kTL’ — %n)k /4 < 502
and, since d; > 2 and A > 1, we see that the sum in (54) extends only over k£ with

0<k <8A. (56)

We now derive formulas for the convolution kernels of Tf, which we denote by K f . The identity (31)
first gives formulas for the partial Fourier transforms Fpe, K ,’\‘ . Applying the Fourier inversion formula,
we get

d

; 2
KX (e, u) = 212 f ir/(41) (2 T ) |l
5 (s u) o )€ a, (ol 2|l —k TYCETE

% e*(iﬂ/Z)le\MlCOt(Zﬂ\MIT/)») dt e27itu,n) di. (57)

We note that the term || cot(2¢|u|) in (57) is singular for 2¢|u| € Z\ {0}, and therefore we shall treat
the operator TAO separately from Tf for k > 0. We shall see that Tf and the operators ) X =% L)Tzoj
can be handled using known results about Fourier integral operators, while the operators Tzlf, need a more
careful treatment due to the singularities of the phase function. We shall see that the decomposition into
the operators Tzkj encodes useful information on the singularities of the wave kernels.

In Sections 7 and 8, we shall prove the following L' estimates:

Theorem 5.1. (i) For » > 219,
TN S AU/, (58)

(i) For »>2"0k=1,2,...,
1T g S k@D d=D72, (59)

Note that d; > 2 and thus the estimates (59) can be summed in k. Hence Theorem 1.2 is an immediate
consequence of Theorem 5.1.
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Dyadic decompositions. For the Hardy space bounds, we shall need to combine the dyadic pieces in j
and also refine the dyadic decomposition in (50).
Define
V=270 7 )T, (60)
Wj =270 @7H LY (myi (L) — T). (61)

In Section 6 we shall use standard estimates on Fourier integral operators to prove:

Theorem 5.2. The operator V' =) j=100 Vj extends to a bounded operator from hilso to L'

We further decompose the pieces W; in (61) and let

Wio=20Q 7/ |UNW,,

. (62)
Win=0Q7"UNW;;

here again, ¢ and ¢; are as in Section 2, i.e., ¢y is supported in (—1, 1) and ¢; is supported in j:(% 2)

with S+ a@'-iy=1.
By the description (52) of the joint spectrum of L and |U| and the support property (49a), we also have

x127% L) 277 MU) =0 when 22110 < /=l

i.e., when j <n — 11, and thus

W;»=0 when n>j+11. (63)
Observe from (52), as in the discussion following (55), that, fork =1,2, ...,

. T . : 2J
(2 ’pz)no(gpz—kn> =0 for € (5.4), p2>0, if 2/ <(k— %)”Z’

and

T

1 (21_"/)2)770(21-

,oz—krr) =0 forte (%,4), p2 >0,
if 274 <20 (k= §) 7 or 16-27 (k+ §)m <2/t
Thus we have, fork=1,2, ...,
t(7/|UNTS; =0 when k >2,
@7/ TMUDTS =0 when k ¢ [2"78, 272,
Let

}n={{1} if n=0, (64)

{k:2"8 <k <22} if n>1.
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Then, by (54), we have m,; (L) — T? = S TX and therefore we get
, Oy > 2J 2 — k=1 *92j g

Wio=2714"02 0 @ M g ) Y T8,
ke$o

Wi =210 @2 Ly Y T
kegn

Observe that Theorem 5.1 implies
”Wj’””L]—>L1 S y—ndi—1)/2

uniformly in j.
Define, forn =0,1,2, ...,

Wy= > Wi

Jj>100

Theorem 1.3 will then be a consequence of Theorem 5.2 and:

Theorem 5.3. The operators V' and W, are bounded from hilso to L'; moreover,
”L\Wn”hilm_)LI 5 (1 +n)2—l’l(dl—1)/2

The proofs will be given in Section 6 and Section 9.

6. Fourier integral estimates

1071

(65a)

(65b)

(66)

(67)

(68)

In this section we shall reduce the proof of the estimates for TA0 and V" in Theorems 5.1 and 5.3 to standard

bounds for Fourier integral operators in [Seeger et al. 1991] or [Beals 1982].

We will prove a preliminary lemma that allows us to add or suppress x;(A~2L) from the definition

of T)f).
Lemma 6.1. For A > 29 we have

17 = 102D TN S Cya™Y
forany N.

Proof. The operator T,) — x; (A"2L)T can be written as b, (|L|, |U|), where

_ ; 702
balpr, p2) =121 = 1 32 p )2 / ax(f)e""(”’“”no(T) dt
with
TP1

A
T, 01, M) =—+ —.
o(t, p1, 1) 4r+ .

Only the values where p; < 22272 and p; > 2927 are relevant. Now

dg AP

ot 412 A
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and (3/37)"¢ = c,At""! for n > 2. Note that, for p; > 2°A2, we have lol| = p1/A — 1412)\ >
p1A~ (1 =2792%) > p;/(21). Similarly, for p; < 27%A2, we have |¢.| > A/16 — 16-27%) > 2734,
We use integrations by parts to conclude that
M [by (A, A )]
(0p1)" (3p2)"™
and, in view of the compact support of b;, (Azpl, Ap2), the assertion can be deduced from a result in
[Miiller et al. 1996] (or alternatively from Hulanicki’s result [1984] and a Fourier expansion in pp). [J

(o1, P)| < Coy g NN

The convolution kernel for T 100 This is given by

d

. 2
K? — 12 / ir/(4s) (2 5) |l
oy =2 | e O N S GG s /)

X e—(m/z)\xl el cot@mipls/A) ¢ p2milu, 1) du.

We introduce frequency variables 6 = (w, o) on the cone

={6=(a),a)e|Rd2xR:la)If(n—S)a,cr>0}. (69)
Set
T A
w=—, o0=—.
2 4s

Note that o & A for s € supp(a,). We will consider the case § = le” in view of the support of ng, but any
choice of § € (0 ) is permissible with some constants below depending on &.

If we set
g(r) :=rtcotr, (70)
the above integral becomes
Kd(x,u)= f/ e VE w20 g (4 o) dwdo (71)
with
V(x,u,w,o)= a(l — |x| g('wl)) + (4u, w)
and

b (. ) :4—1(%)él+d2k3/20d'/2_zax(ﬁ>ﬁ0<%) <%>"2‘

The B, are symbols of order (d; —1)/2 uniformly in A and supported in I'. The same applies to ) ;. ;o Bot-
We will need formulas for the derivatives of W with respect to the frequency variables 6 = (w, 0):
oW w;i g'(lwl/o)

=y — P
Ba), o lo|/o (72)

()-8 ()
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Now, g is analytic for |t| < 27 and we have

_ sin(27) — 2t

'(t 73a
#() 2sin’ T (73
) o
o(1) = (t cos. ‘E3 sin r)‘ (73b)
sin” T
Observe that
g()<0 and g"(r) <0 for 0 <1 <.
Moreover, as T — 0,
g =1-3"+ 0",
and hence g’(0) = 0 and g”(0) = —%. The even expression
T
g(f)—fg/(f)=1+/ (—sg"(s)) ds
0
will frequently occur; from the above, we get
(t)—1g'(r)>1 for 0<|t| <,
§ é: 3 (74)
lg(v) — g (v)| <10 for 0 <|7| < 3.
Lemma 6.2. We have
1K (e, )| S ADPREEDEEN (e 2 4 u )N, (x4 4u] > 2, (75)
and
KD, )| SAGTEFDEN Q4 )N x? < 5 (76)

Proof. If |x| > +/2 we may integrate by parts with respect to o (using (74)), and obtain
|KO(x, u)| Sy A@+2eFD/2=N 1 =N v > V2,

If || < 10|x|? this also yields (75). Since max|;|<3z/4 |8’ (T)| < %71, we have |V, V| > 4|u| — %n|x|2,
and hence |V,,W| > |u| when |u| > 10|x|?. Thus, integration by parts in e yields

K, w)] Sy ADHREFDREN 17N ) > 10]x ]
This proves (75).
Since |g'(t)| <37 for |t| < 37, we have |V, W| > 2[ul if |x|* <2|ul/(37), and |W,| > 1 if |x]* < 5.
Integrations by parts imply (76). O

Fourier integral operators. Let p < 1072, Choose x € cxr (R? x R?) so that

Iyl +[v] > p,

x(x,u,y,v) =0 for {|x—y|< 2_10’

Ix — v+ |u—v|>4.
Let

by(x,y,u,v,w,0)=xx,u,y,v)Bi(w, o),
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as before let g(t) =t cott, and let

O(x,u,y,v,w,0)= \IJ(x —y,u—v+ %(fx, V), o, 0)
dy
=o(1-lx =yl g('”')) + 3" @u; — dv; — 26T Ty
i=1
Let § be the Fourier integral operator with Schwartz kernel

H(x,u, y,v)= // ei‘l’(x,usy,v,w,cr)bk(w’ o) dodo.
Given Lemma 6.2, it suffices to prove the inequalities

ISl < A@=nr2
and

Z 2kd-D/2g,

k>C

< OQ.
hl—>L!

(77)

(78)

(79)

(80)

To this end we apply results in [Seeger et al. 1991] on Fourier integral operators associated with canonical

graphs and now check the required hypotheses.

Analysis of the phase function ®. We compute the first derivatives:

dy
@, =200 —ypg(1) =23 wiel hy,
i=1

¢ui:4wi,
®,, = —|x — y%¢ /(""')| |+4u,—4u,—2x Iy,

|| a) ||
o
For the second derivatives we have, with 6 j; denoting the Kronecker delta and J“ = Zldz | wiJi,

@y, =20g(12 )35 —2eT 0%,
q)xjv/ - Oa

q)xja)lz_z(.xl yj)g <|w|)m—2€r.][y,
o=t () ().

(Duiyk = 0’ cbuivl = 0’ cDu,-wl = 481'1, q)u-a =0.

and

i
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Moreover,
s
d), :2 — /<M)_l_2 TJi ,
oy =2k — Y8 o ) ol xTJe
q)a),-v[ = _48”9
Sitlwl* — wiwy lw|\ @iwr
®, = —|x— vy /(M)l— //(_)_ ’
wioy lx — yl <g - oF T8, ool
(] w
(Da)ia = |x - )’|20—;g”<|0—|>,
and
2] lw| /(o]
Pon =2 =30(s(5) =7 (5)):
Cng, = 0,
7 Wy w
b = s (1)
2
_ 2|w| /" Ia)I
(DUJ—_|X_Y| ?g (7)

The required L? boundedness properties follow if we can show that the associated canonical relation is
locally the graph of a canonical transformation; this follows from the invertibility of the matrix

(ny Dy Dy Pyo

cDuy Dy Puy Puo . 81)
q)wy Dy Puw Puo '

cDay Doy Povy oo

see [Hormander 1971]. This matrix is given by

20814, —2J° 0 (013 2(x—y)(rg' —8)

0 0 4Id2 0
26— )T(g—18) 0  (%)az —|x —ylPolr2g"

where T = |w|/0o, g, &', ¢” are evaluated at T = |w|/o, x — y is considered a d; x 1 matrix, (x)13 is a
dy x dr matrix, (x)3; is a d» X d| matrix, (x)33 is a d» X d» matrix, (*)34 is a d» X 1 matrix, and (x)43 = (*)54.
The determinant D of the displayed matrix is equal to

—1.2,/

20814, —2J¢ 2(x—y)(fg/—g)>
D = 16" det ! ) . 82
<2<x—y>T<g—rg> —x — yPolg (82)

To compute this, we use the formula

I O\(A —b\ (I —a\_( 4 —Aa—b
am 1)J\b7 yJ\O 1) \aTA+bT —aTAa—2a"b+y)’
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If A is invertible, we can choose a = —A~'b. Since hTSh = 0 for the skew-symmetric matrix § =
(A~1)T — A~ this choice of a yields the matrix

A 0 (A 0
—bT(ADTA+bT —bT(ADHTb—20TA""b+y ) \x y+bTA" D)’

and hence

A —b .
det(bT y):()/-l—bTA b)det A. (83)

Lemma 6.3. Letc, A € R, ¢* + A> #0. Let S be a skew-symmetric di x dy matrix satisfying S = —A>I.
Then cl + S is invertible with

c 1
I+857 1= I— S,
(el +5) 2+ A2 2+ A2
and det(cl + S) = (2 + A4 /2,
Proof. (cI+8)(cI+8)* = (cI+S)(cI—S8)=c*I—85>=(c*+A>I. O

In our situation (82), we have A = ¢l + § with

o
moreover,
A =2|wl,

R TURT S M)z (M)
V—lXY|0<O s\, )

v (o(2) - e ().

In particular, if we recall that T = |w|/o, we see that
42 T\
det A = (20g(0)? + Qle)?)""* = 20)" (—) :
sint
Moreover,

y+bTA—1b=|x—y|2(—";’—'fg~('w')+4(g(M)_mg/(m»z 208(lwl/0) )

o o/ 0% \o /) d0%(wl/0)+4 ol

_yl2
_—yF (_TZ g (1) +2(g(v) — fg’(ﬂ)z%)'

From (73a), we get
2
g(1) —1g'(1) = (—T ) ,

sint
and, in combination with (73b), this implies after a calculation that

-1 |x_y|2 T 2
y+bTAT b= 21— ).

o sint
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Thus we see from (83) that the determinant of the matrix (81) is given by

d+2
D = 2+t gdi=1( |w|/o 1 ‘ (84)
sin(|w|/o7)

This shows that D > 0 for |w|/o € [0, ), and D ~ o*~! for |w|/o € [0, w — §] for every sufficiently
small § > 0. In particular, the matrix (81) is invertible for |w|/o € [0, T — §].

We now write

5 () = / Ko, ) £ ) dy,

where K, is given by our oscillatory integral representation (78). In that formula, we have d> +1 frequency
variables, and thus, given any « € R, the operator convolution with ), ~ §« 27k is a Fourier integral
operator of order
d—1 d—(+1)
2 YT 2 T
With these observations, we can now apply the boundedness result of [Seeger et al. 1991] and deduce
that

15 f I SAY D2 £l and 2~kd=Di2g
Y 2

k>C

S
1

for atoms supported in By, in the standard Euclidean Hardy space #;. But atoms associated to balls
centered at the origin are also atoms in our Heisenberg Hardy space hilso. Thus, if we also take into
account Lemma 6.2 and use invariance under Heisenberg translations, we get

Y TS

k>0

SIF
1
Remark. We also have
- g,(m>ld2|w|2—wa por(lehy ety g (lel)
Do Poo _ 2 o |a)|3 o (T|a)|2 o? (o2
Bypy By ) T T 2
oo Poo a)_,,<m> _|a)| ,,(M)
28 g 3¢ \s

which has maximal rank d» + 1 — 1 = d,. Thus the above result can also be deduced from [Beals 1982],

via the equivalence of phase functions theorem.

7. The operators le

We now consider the operators Tkk for k > 1, as defined in (55). In view of the singularities of cot
we need a further decomposition in terms of the distance to the singularities. For/ =1,2,..., let
ni(s) = no(2""s) — no(2's), so that

no(s) = Z ni(s) for s #0.
I=1
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Define

T){(,l — )\’l/z / eik/(4f)ak(f)nl<§|U| _kn)eiTL/)n dT, (85)
then 00
. 80

From the formula (57) for the kernels K ,’{ we get a corresponding formula for the kernels K f ok namely

d

k.l 12 ir/(41) ( T ) |l 2
K ,u) =A (2 k _
5 (x,u) fRdz/Re a (T)n JTIMIA T (2sm(2n|u|r//\)

% e—(iﬂ/Z)\X\zlulCot(lﬂlulf/)») dt e2Fitum) dpu.

Now we use polar coordinates in R%2 and the fact that the Fourier transform of the surface-carried measure
on the unit sphere in R% is given by

Qm)22 ¢, Qrlul) with  $,(0) =0~ L2245 n(0),

the standard Bessel function formula (see [Stein and Weiss 1971, p. 154]). Thus,

di
e B e e | sl
A o Jr A 2sin(2Qrtp/A)

x e—(iﬂ/2)|x|2pcot(2npr/k) dt (27T)d2/2}d2(2ﬂ',0|u|)pd2_1 d,O

In this integral we introduce new variables

so that (t, p) = ((4s)~!, 2Ats /) with dt dp = A(2rws) "' ds dt. Then we obtain, for k > 1,

dy
t 2 .
K& (x, u) = At dth/2 / m(s)n,(z—kn)(—sim) 1tV g @shtlul)dsdt,  (88)

where

V(t,r)=1—r’tcott (89)
and
Bi(s) = 238/ 2 2g—(ditd)/2 4, (%)sdlmdz_z; (90)

thus g, is C* with bounds uniform in A, and 8, is also supported in [% 4].
In the next two sections we shall prove the L' estimates

> 2// AT@=D2 KR ( w) dx du = O (1), 91)

k<8 [=0

and Theorem 5.1 and then also Theorem 1.2 will follow by summing the pieces. Moreover, we shall give
some refined estimates which will be used in the proof of Theorem 5.3.
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An L* bound for the kernels. The expression
Q:)\.,k,l — )\,1+d2/2kd2_1(2lk)d1/2 (92)

will frequently appear in pointwise estimates, namely as upper bounds for the integrand in the integral
defining )L_(d_l)/zK)]f’l. Note that

IA=@=DR2EEN <27l ks (93)

the additional factor of 2~/ occurs since the integration in ¢ is over the union of two intervals of length
comparable to 27/

Formulas for the phase functions. For later reference, we gather some formulas for the ¢-derivatives of
the phase ¥ (t,r) =1 — r2tcott:

t
Y (1, ”)="2< — —cott) (94a)
sSin” ¢
2t — sin 2¢
2
=r ; 94b
( 2sin®t ) (94b)
moreover,
2r 2P [t
Y (t, r) = — 3 (sint —tcost) = —— tsintdr. (95)
sin” ¢ sin” ¢t Jo

Observe that {,, =0 when tant = ¢ and ¢ # 0, and thus ¥, (¢, r) ~ r2for0<t< %n; namely, we use
(2\/5/ (3m))t <sint <t to get the crude estimate

7 <Yt r) <mr’, 0<t<3m (96)

It is also straightforward to establish estimates for the higher derivatives:

@, n <r?, i < 3, (97)
and

0 r2|t|

' y(t,r)y=0 TS (98)
for all ¢.

Asymptotics in the main case |u|>> (kL)~!. We shall see in the next section that there are straightforward
L' bounds in the region where |u| < (k + 1)~'A~!. We therefore concentrate on the region

(e u): |ul > Clk+1)7'a™1,

where we have to take into account the oscillation of the terms $,, (4sAt|u]). The standard asymptotics
for Bessel functions imply that

J4,(@) = (o) + e mr(o]), o] =2, (99)

where @y, w, € S~@=D/2 gre supported in R\ [—1, 1].
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Thus, we may split, for |u| > (k + DAL
AT@D2 R G wy = AN (e, w) + BE (x, ), (100)
where, with &, ; ; as defined in (92),

AN e, u) = €y f f Mk 1 (s, eV EID=4D o (43 st u)) dt ds, (101)

and
B (e, u) = €5 i / f Mo (s, DS WCEDTHD 1 43 1) dt dis: (102)

here, as before, ¥ (¢, r) = 1 — r’t cot ¢ and, with B, as in (90),
dy

t \2
m.o(s, 1) = ﬂx(@no(ﬂ(.—) A (103a)
sin ¢t
d
t/k \2 (1)
Mok (8, 1) = Bu(s)m @t —km)| 5= - . (103b)
2'sint k
Note that [0V 82 4.1lleo < Cn,.n,2'2. Moreover, if
Ji = (km — 2_l§n, km — 2‘%71] U [k +2_l%n, km +2_l§n), (104)
then
Mok i(s, 1) #0 = t € Ji. (105)

The main contribution in our estimates comes from the kernels A/;’l , while the kernels B’;’l are negligible
terms with rather small L' norm. The latter will follow from the support properties of 7; x; and the
observation that

(W, [x])+4tlul) #0,  (x,u) #(0,0);

see (94b). As a consequence, only the kernels A];’l will exhibit the singularities of the kernel away from
the origin.

The phase functions and the singular support. We introduce polar coordinates in R? and R% (scaled
by a factor of 4 in the latter) and set
r=lx|, v=4|u|.
We define, for all v € R,
Gt r,v):=v(t,r)—tv=1—r’tcott —tv. (106)

Then, from (94b) and (94a),

sin?t ¢ t

—qi 2
qb,(t,r,v)=r2<2t s1n2t)_ ret _1+¢(t,r,v). (107)

2sin® ¢

Moreover, ¢;; = Y, and we will use the formulas (95) and (98) for the derivatives of ¢;.
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1/k

1/(k+1)

1/(k+5)

Figure 1. The set {7 (r(¢), v(¢)) : t > 0}.

If we set
sin ¢
ro=—  rO=1
. (108)
1 sin(2t)
v == v(0)=0.
then we have
v(t) r?—r(t)?
by (t,r, V) = %rz—v =—(v—v(t)—v(t)r(T), (109a)
r(t)2 —r?
¢(t,r,v) = W +tg:(t, r, v). (109b)
Thus,
o, r,v)=¢:(t,r,v) =0 < (r,v) = (r (1), v(t)). (110)

Only the points (r, v) for which there exists a ¢ satisfying (110) may contribute to the singular support I"
of ¢! ﬁ&). One recognizes the result by Nachman [1982], who showed for the Heisenberg group that the
singular support of the convolution kernel of e’ VL consists of those (x, u) for which there is a t > 0 with
(lx], Hul) = (r(0), v(©)).

Figure 1 illustrates the singular support, including the contribution with |u| near O and |x| near 1.
However, we have taken care of the corresponding estimates in Section 6, and thus we are only interested
in the above formulas for ¢ > %n.

For later reference we gather some formulas and estimates for the derivatives of r(¢) and v(t). For the

vector of first derivatives we get, for ¢ ¢ w7,

<r’(t)> _ sint —tcost (—sign(sin(r)/t)) (a1

V() 12 2t 1 cost
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with /(1) = O(¢) and v'(¢) — % = O0(t) ast — 0. Hence, fort ¢ w7,

V(1) . sint\ 2 cos ¢ 2r(1) cot 1 (112)
= —S19n| —— = —4r cotr.
) &M :

Clearly, all derivatives of ¢ and v extend to functions continuous at ¢ = 0. Further computation yields, for

positive t ¢ mZ, v > 1,

. v+1 v
sin ¢
: ) — —n —n
51gn< " >r (1) Zan,vt smt+2bn,vt cost (113a)
n=1 n=1
and
v+1 v
v () =yt D et sin2e + )yt cos 2 ; (113b)
n=1 n=1

here a, , =c,» =0if n — v is even, and b, , =d,,, =0 if n — v is odd; moreover, y, = (—1)"(v — 1)!

and a;, = (—1)"/2 for v =2, 4, .... For the coefficients in the first derivatives formula, we geth; 1 =1,
a1 = —1,d;1 = —1, and ¢,1 = 1. For the second derivatives, we have the coefficients a; » = —1,
byo=-2,a32=2,c12=2,dr»=4and c3» = —3. Consequently, for the second derivatives we get the
estimates

PO <t Vsing |+ (1 +072 @) <t Hsin 2]+ (141)73. (114)

Also, r™ ()| <, 14+6)~1, and v ()] <, (1 +1)" 2 forall £ > 0.

8. L! estimates

In this section we prove the essential L' bounds needed for the proof of Theorem 1.2. We may assume
that A is large.

In what follows, we frequently need to perform repeated integrations by parts in the presence of
oscillatory terms with nonlinear phase functions, and we start with a standard calculus lemma which will
be used several times.

Two preliminary lemmata. Let n € C°(R") and choose ® € C* so that V® # 0 in the support of 7.
Then, after repeated integration by parts,

, F\N ,
[ ommay= (L) [0y (115)
where the operator & is defined by
Vo
%a :div<|avT|2>. (116)

In order to analyze the behavior of $N we shall need a lemma. We use multiindex notation, i.e., for
1 n .

B =B ..., e (NU{0)" we write 3f = 8& ---851 and let |B| = Zle B' be the order of the

multiindex.
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Lemma 8.1. Let & be as in (116). Then $£Na is a linear combination of C (N, n) terms of the form

all_, aF

VD[4 ’

where 2N < j <4N —1land a, B1, ..., B; are multiindices in (NU{0})" with 1 < |B,| < |Bv+1] satisfying:
(1) 0<l|al =N;

2) |Byl=1forv=1,...,2N;

(3) lal+ X0, 1B = 4N;

@ Yi_ (B —D=N—lal.
Proof. Use induction on N. We omit the straightforward details. 0
Remark. In dimension n = 1, we see that $Va is a linear combination of C(N, 1) terms of the form

e) N0
(@)% 4 2 (@)F

where J is a set of integers 8 € {2, ..., N + 1} with the property that Zﬁej(ﬁ —1)=N —a. If Jis the
empty set, then we interpret the product as 1.

In what follows we shall often use:

Lemma8.2. Let A >0,p>0,n>1and N > (n+1)/2. Then

/oo (1 +A|v|)—(n—l)/2|v|n—l < Af(n+l)/2p(nfl)/2 lfA,O > 1,
oo (I+Alp—vDV AT if Ap < 1.

We omit the proof. Lemma 8.2 will usually be applied after using integration by parts with respect to
the s variable, with the parameters n = d, and A = k.

Estimates for |u| < (k+1)~'A~1. We begin by proving an L' bound for the part of the kernels K f’l for
which the terms § b (4sAt|u]) have no significant oscillation, i.e., for the region where |u| < C (Ak)~! (or
lul <A~ lif k= 0).

Lemma83. LetA>1,k>1,1> 1. Then

f/ DT@DR2 KR o wy dx du < Q) TIA2, (117)
lul S(k)~!

Proof. First we integrate the pointwise bound (93) over the region where |x| < A2D7V2 ) u| < (Wb~
and obtain
TG KE o u) dx du S 270 g (k2D T2 (k) TR = Lk TIa a2,

lx|<C(rk2))~12
lu|<C (k)"
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If |x| > C(xk2))~1/2 then, from (94b) and (98), we get that |y, (¢, |x|)| 2 2%k|x|? on the support of
ni(t—kzm); moreover, (8/01) ™y (¢, |x[) = O(|x[*k2'*+D). The n-th r-derivative of 1 (r—km ) $,, (4srt|ul)
is O(2!"). Thus an integration by parts gives

DRI ()] < Cn27 € W2k D) Y
for |x| > (Ak2))~1/2 and |u| < (Ak)~!. The bound O ((2'k)~'A1~4/2) follows by integration. 0O

Estimates for |u| » (k+1)"1A~1. We now proceed to give L' estimates for the kernels A];’l and Bl)f’l
for k > 1 in the region where |u| > (kA)~!.

An estimate for small x. As a first application we prove L! estimates for [x| < (2/ak) ™12, k > 1.

Lemma 8.4. Let C > 1. Then

/f NAS e, )|+ 1BY (x, w1 dx du S QM)A @=D/2, (118)

(x,u):
lx|<C (' k)~1/2

Proof. Integration by parts with respect to s yields
A3 |+ 1B (e w)

E Gkl / 2 _1\—N
< = 1+ Ak|E]4u| — |x|“cotr +1¢ dr. (119
~N (1 T ak|u|)@=D/2 \t—kﬂ|§2*1( | |4u] — | x| |) (119)

We first integrate in u. Notice that by Lemma 8.2 we have, for fixed ¢ and fixed r < Qlak)=172,

foo (1 + Akv)~(B=D/2yda—1
0 (14 rk|£lv] = r2cots +1-1])"

dv < p~(d+D)/2p—dr

We integrate in x over a set of measure < (2/k1)~%/2 and then in ¢ (over an interval of length ~ 27) and
(118) follows. O
L' bounds for Bf’l.
Lemma 8.5. ForA>1,0 <k <8,

1B 1 S @~ @mh2, (120)

Proof. The bound for the region with |x| < (2/Ak)~!/2 (for which there is no significant oscillation in
the z-integral) is proved in Lemma 8.4.

Consider the region where |x| ~ 2" (2/ak)~!/2. We perform N; integrations by parts in ¢ fol-
lowed by N, integrations by parts with respect to s. Denote by &, the operator defined by &¥,g =

3 (¢(1)/ (e (t, 1x]) +4{ul)). Then

0N [s™M LN (ki (s, D (dhstlul))]
(14 22[W (¢, x]) + 4t [u][2)N:

. I-
BY (r, ) = €5 (i)Y // iU lxl)atlap € dt ds
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From (94b),
|9, (W (t, 1x]) +4tlul)| 2 2% klx|* +4lu| 2 22"

Moreover, for v > 2, 3"y = O(2*"*!VA~1) and v differentiations of the amplitude produce factors of 2'V,
Thus we obtain the bound

Colk

k.l <
|B}l (X, I/l)| ~ (1 +4Xk|u|)(d2_1)/2

2—2'"“’1/ (14 k|t~ = x| cot 4+ 4Jul[) 7" 1.
|t —km|<2~!

From Lemma 8.2 (with n = d5, A = Ak and p < k' max{1, 221~ '})

/00 (14 Akp)~(@2=D/2yda-1
v

- dv S AT GG max(1, (22D, (121)
=0 (1 +xk|v—|x|?cotz +171|)

We integrate in ¢ over an interval of length 027" and in x over the annulus {x : x| ~ 2" (2/rk)~1/2}.

This gives

/ f 1By (x, w)| dx du S 22mN2’< z )dl ook A P2 max {1, (223712

A ’ ~ K, )
V20N

(x,u): k
x|~2" (2Lak) 12 < (k) ~IAT @D/ 2pmmEN=d) g (1, (22 A1) 2= D/2y (122)
and, choosing N sufficiently large, the lemma follows by summation in m. O
L' bounds for A¥', 2'k > 10°2.
Lemma 8.6. For k < 81,2/ > 10°1/k,

1451 S @R~ am@mhr, (123)

Proof. We use Lemma 8.4 to obtain the appropriate L' bound in the region {(x, u) : |x| < Co(2'Ak)~1/?}.
Next, consider the region where

22k < x| < 2 2lak) 12 (124)

for large m. This region is then split into two subregions, one where 4|u| = v < 107222"+3~1 and the
complementary region.

For the region with small v, we proceed as in Lemma 8.5. From (94b), we have |y,| > kr222 /20
and hence || > 22" H=53~1. Thus, if v < 1072221~ then |¢;| ~ k2% r? ~ 22"+ 3 ~1 Moreover,
8¢ = O (2¥"+!v).=1) for v > 2. Therefore, if we perform integration by parts in ¢ several times, followed
by integrations by parts on s, we obtain the bound

¢ _
k.1 < ALk —2mN 2 P N
|AS (x, u)| S (1+Ak|u|)<dz—1>/22 /ltknlsz_[(1+xky|x| cott —t Alul])”" dt.
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In the present range, |x|?| cot?| &~ 22" (Ak)~! and +~' ~ k~!, and thus we see from Lemma 8.2 that
inequality (121) in the proof of Lemma 8.5 holds. From this we proceed as in (122) to bound

AN (x, ) dx du < 2K) 7A@ D207 mEN =D ax (1, (223 1)@= D/2),

lx|2m (2l ak)—1/2
4‘u‘§107222m+1)\71

For large Ni, we can sum in m and obtain the bound C Q)= =D/2,
Next, assume that v > 22"+/3=1/100 (and still keep (124)). Then
[tv +r’tcotr — 1| > klv| for t € supp(my k.1)- (125)

Indeed, we have rv > 22"2/kA~1 /100 > 10° and

3 -1 22m+1
r2t| cott| < 22m+2(2’/\k)—1z[sin(—z—’)] <m0, ~1 < £ 9Sy020
8 1001
where we used (124) and that sino > 2¢/7 for 0 <o < %n. By our assumptions, 2l > IOSA/k > 10%, and
thus the right-hand side of the display is at most v/10. Now (125) is immediate by the triangle inequality.

We use (125) to get, from an N;-fold integration by parts in s,

1A ()| S 2705 4 (kew) ~Ni— (@212,

Then
k! I 2m \* M@ 2" M+
[AY (x, w)| dudx <27 qu,k( ) (M)~ (—)
* Va2lk A

x|~2m (2! Ay =1/

—292m+ly —1
=102 < =1 /2= /2 5Ny ~(do=1)/2) } (=1 /2= N1 gm(di +ds-+1-2N7)

For N; large we may sum in m to finish the proof. (|

Estimates for Ai’l, 2! < A/k. In the early approaches, to prove L” boundedness for Fourier integral
operators, the oscillatory integrals were analyzed using the method of stationary phase [Peral 1980;
Miyachi 1980; Beals 1982]. This creates some difficulties in our case at points where ¢, ¢, and ¢,, vanish
simultaneously, namely at positive ¢ satisfying tan¢ = ¢. To avoid this difficulty we use a decomposition
in the spirit of [Seeger et al. 1991].

In what follows we assume k < 81 and 2! < CyA/k for large Cy chosen independently of A, k and /.
The choice Cy = 100 is suitable. We decompose the interval Ji; into smaller subintervals of length
e/k/(2'3) (which is < 27! in the range under consideration); here & < 10719 (to be chosen sufficiently
small but independent of A, k and [).

This decomposition is motivated by the following considerations: According to (130), A¢ (¢, r, v) con-
tains the term —A(r —r(¢))?t cot ¢ depending entirely on  and . For t € Ji 1, this is of size A2 —r (D)3,
hence of order O(1) if |[r —r(#)| < (A2H~1/2. Moreover, on a subinterval I of Ji1 on which r(¢) varies
by at most a small fraction of the same size, the term —A(r — r(t))*t cott is still O(1) and contributes
to no oscillation in the integration with respect to s. Since |r'(¢)| ~ 1/k by (111), this suggests we
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choose intervals I of length < k(Ak2)™1/? = V/k2—IA—1. Similarly, the first term of A (z, r, v) in (130)
is of size Ak|w(z, r, v)| and does not contribute to any oscillation in the integration with respect to s
if lw(, r,v)| < (Ak)~!. These considerations also motivate our later definitions of the set P, and the
sets P,,, m > 1; see (133).

As before, we denote by 79 a C;°(R) function such that ) _, ., no(t —n) =1 and supp(no) C (-7, 7).
Define, for b € mevk2-A~17,

a2t
Mok, 1,6 (S, 1) = My k,1(s, D)Mo (8 ! T(I - b))- (126)

Z AL (127)

beT; k.1

Then we may split

where T ;) C mevVk27IA=1Z N J (see (104)), #T; 41 = O (e~ LVa2-1k—1), and
AL u) =€ / / X ()M s p (1) A Pr ot =t g, Gr\4u)) dit dis. (128)

We now give some formulas relating the phase ¢ (¢, r, v) = 1 — 2t cott — tv to the geometry of the
curve (r(t), v(t)) (see (108)). By (110) and (112),

¢(I7r7 U) :¢(tarv U)—¢(t,r(t),v(t))
t t
= (r()* —r¥)cott +v(t) — v

=v(t)—v—(r—r(t))2r(t)cott — (r — r(t))2 cott

and, setting

w(t, r, v) =v—v(t) — (t)(r—r(f))’ (129)
r'(t)
we get
MT—’ Y wlt,rv) — (r — (1)) cotr. (130)
Moreover,

bty PO r’ro 1

t sm t t
_ d)(t,t}’, U) + t2t(r +r(t))(r —}"(t))- (131)

We shall need estimates describing how w(z, r, v) changes in . Use (130) and the expansion

w(t,r,v) —w(b,r,v)

v/ (b) V@) V) V(@) VD)
—[v(r)—v(b) /(b)ur)—(b))] [m) /(b)](_(b))+[/(t) /(b)]< (1) = r(b)).

From (114), we get |r”| +k|v”| <27'k~' 4+ k=2 on Jy, thus the first term in the displayed formula is
<@ 7'k24+k73)|t—b|*. Differentiating in (112) we also get (v'/r)’ = O (2 'k+k~?) on Ji ;, and see that
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the second term in the display is < (2~'k~!4+k~2)|t —b||r —r(b)| and the third is < 2~ +k~Hk~2(t —b)?.

Hence,
t—>b —rb
w(t, r, v) — wib, v)|§(2’+k1)|r—b|(' L A ”)- (132)
We now turn to the estimation of A];lb withk > 1 and b € J; ;. Let, for b > % I=1,2,...,and
m=0,1,2,...,

P =P(X, 1,k b)
:={(r,v) €(0, 00)x (0, 00) :v > (Ak) ", [r—r(b)| <2"(Ak2)7V2 Jw(b, r,v)| <2*"(Ak)"'} (133)

and let

Q= Q0 Ol K b) ::{{(x,u):(|x|,4|u|)€97)0} %fm:O, (134)
{(x,u): (x|, 4lu]) € Py \ Pp—1} if m>0.

For later reference we note that, in view of 2! < A/k, |t — b| < e/k/(A2!) and the upper bound
Ir' (1) <2t~ ', we have r(t) — r(b) = O(g/vkA2), and, by (132),

lw(t, r,v) —w(b, r,v)| < 2"k, (rv) Py (135)
Moreover, it is easy to check that, still for |t — b| < e/k/(A2}),
|(r —r (1)) cott — (r —r(b))* cotb| < e2*" (Ak)™". (136)

Proposition 8.7. Assume that 1 <k <8A,1=1,2,...,and 2 < Coh /k (and let € in the definition (126)
be at most C(;l 107199, Letb> 1 and b € T k1 Then

1

// AL, Ce w)l dx du S (2%~ DD % (137)

Qo(X,1,k;b)
)

f/ AL, Ce,w) | dx du Sy 27N (2 D2 % (138)

Qu(A,1Lk;b)
Proof. Note that, for fixedk > 1,1>1,b € T, x4,
(r,v) € Py, = r<2mk)~! and v <22k (139)

This is immediate in view of 2/k < A, r(b) ~ (2'k)~! and v(b) ~ k~!, and thus

[
r< (Zlk)l(l +2m %) <2m@2ly~,

v <k ' 422 <22t

(140)

Also recall that v = 4|u| > (Ak)~! for (x, u) € (A, 1, k; b).
A crude size estimate yields

l
// |AS (e, w)| dx du < 2m@FE+D (ol =i+ D/2 i-k (141)
(el duhedy
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Indeed, the left-hand side is < ey/k/(2!1) €5 1.1 F, where

dr—1

/ di—1 2 2mp—1
$ = // (Akv) = B0y b= Ldi =l gy g < 7 (E) Ay 2
W20 \ 2k Ak Ak

lr—r(b)|<2m (21 k) ~1/?

lw(b,r,v)| <22 (k)™
in view of (129) and (140). This yields (141). In regard to its dependence on m, this bound is nonoptimal
and will be used for 2" < C(¢).

We now derive an improved L' bound for the region €2,, when m is large. For (r, v) € P,, \ Pn_1 We
distinguish two cases, I and II, depending on the size of |¢ (b, r, v)|, and define for m > 0, and fixed &, /
and b,

Ry = {(r, 0) € Py \ Py 2 9B, r,0)| > 2710 —r (b))},
Ry ={(r,0) € Py \Pp1 116, r, )| <2700 —r (b))},

1

We also have the corresponding decomposition Q,, = ! + Q. where Q!

(x, u) with (|x|, 4ul) € R and (|x|, 4|u|) € R, respectively.
Case I: |¢p(b, r, v)| > 2!710k(r — r(b))?. We shall show that

and Q7 consist of those

lp(t, 7, v)| = 2?2~ for (r,v) e R!, |t—b|§81/%, (142)

with ¢ > 0if 0 < & < 107!% is chosen sufficiently small. Given (142) we can use an N»-fold integration
by parts in s to obtain a gain of 272”2 over the above straightforward size estimate (141), which leads to
/ / |ASL Ce )l dix du Sy, 2mTRTIZ2N) (9l gy =i D/2 2171‘ (143)

Ql '

It remains to show (142). We distinguish between two subcases. First, if |[r — r(b)| > 2m=5(k2H)~1/2,
then by the case I assumption we have |¢ (b, r, v)| > 2’_1001(22’"_10()»/(21)_1 = 22m=10, -1 4pq, by
(130), (135) and (136), we also get (142) provided that ¢ < 27200,

For the second subcase we have |r —r(b)| < 2" (1k2")~1/2. Since (r, v) ¢ P,,—1, this implies that
lw(b, r, v)| > 22"~2(1k)~', and since the quantity b(r — r(b))?|cot b| is bounded by 2!T*b(r — r(b))? <
22m=6(b/k)A~!, we also get | (b, r, v)| = 22" 3171, by (130). Now, by (130), (135) and (136), we also
get |p(z, r, v)| = 22" ~*)1~Lif ¢ is sufficiently small. Thus (142) is verified and (143) is proved.

Case II: |¢ (b, r, v)| < 2!710k(r — r(b))>. We show
I
gy (2, 7, )| = 2" 202321 2 - (0))A TP (ryv) e R |t —b) < e,/%, (144)
and this will enable us to get a gain when integrating by parts in ¢. To prove (144), we first establish

Ir —r(b)| = 2" 1°0k2H 72 for (r,v) e RE. (145)
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Note that if [w(b, r, v)| < 22"3(Ak)~! then |r — r(b)| > 2"~ 1 (Ak2")~1/2, since R ¢ 97)5,_1- Thus, to
verify (145), we may assume |w(b, r, v)| > 22m=3(xk)~!. In this case we get, from (130), (r, v) € P,
and the case /I assumption,

(r—r(b))*|cotb| > |w(b, r, v)|—b P (b, r, v)| > 27" 3 (Mk) " —b k2! 710022 (k21 T > 224 (k)]

and hence (r — r(b))>2!T* > 22"=*(1k)~!, which implies (145). In order to prove (144), we use (131)
and (145) to estimate

|61 (b, 1, V)| = — (r Ol —r ) — 27195 ¢ )2
sin“ b b
lr—r®)| (r+r®) 2%k (r+r)|r—r)|
=T ( r(b)? _2100|r_r(b)|)Z 26 (b)?
m—10

> om=1541/2031/2 (4 (p))AT12,
N Ak2!

which yields (144) for t = b. We need to show the lower bound for |t — b| < 1/k/(2!1). By (95) we
have | (t', r, v)| < r?b23%* for |t' — b| < &/b/(2I1), and thus

> 224 (r + 1 (b))

|p: (2, 7, v) — b (b, 1, v)| < 207223 ke 2% < M =3030/23 1125 =172 (1 4 1 (b))

if ¢ < 2719 The second inequality in the last display is easy to check. If r < 2r(b), then use
r< Q)= ~ r 4+r(b), and, if r > 2r(b), then use r — r(b) ~ r + r(b) =~ r. In both cases the asserted
inequality holds for small ¢ and thus (144) holds for |t — b| < &4/k/(2!A). We note that, under the
condition (145), the range r < 2r(b) corresponds to 2™ < /A(2/k)~! and the range r > 2r(b) corresponds
to 2™ > /A(2lk)~1.

We now estimate the L' norm over the region where (r, v) € 97{1"5 Let &, be the differential operator
defined by ¥,¢ = d(g/¢,)/dt. By N; integration by parts in t we get (with |x| =r, 4|u| = v)

AP () = iV gy / / PO CILAD =N g, 1 (s, e (Astv)]dt dis.

To estimate the integrand use the lower bound on |¢,|, (144). Moreover, we have the upper bounds (98) for
the higher derivatives of ¥ (and then ¢), which give 9/'¢ = 0 (2!"*+Dpr2) for n > 2. Each differentiation
of the cutoff function produces a factor of (12/k~1)!/2. By the one-dimensional version of Lemma 8.1
described in the following remark, the expression AN ()va)(dz_l)/2|$,N’ (7. k1.6(s, oy (kstv)]’ can be
estimated by a sum of C(/N;) terms of the form

(146)

N (Azl/k)a/Z 1_[ 21(/3+1)kr2

(2m23l/2k1/2(r + r(b)))fl/z)“ g5 (2m23l/2k1/2(r + r(b)))fl/z)ﬂ ’

where v €{0, ..., N1}, Jisasetof integers S € {2, ..., N;+1} with the property that Zﬂej(ﬁ—l) =N;—a.
If J is the empty set then we interpret the product as 1. We observe that, for (r, v) € R, we have
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lr —r(b)| ~ 2" (Ak2H)~1/2. Thus, if 2 < /A(2'k)~1, we have r < (2'k)~! and r +r(b) ~ (2'k)~!, while
for 2" > /A (2'k)~! we have r ~ r —r(b) ~ r +r(b) ~ 2" (Ak2)~1/2,

A short computation which uses these observations shows that, in the case 2 < /A (2/k)~!, the terms
(146) are <27 [ge5[27F (2'k/M)P/271]. In the case 2" > /A (2'k)~", the terms (146) are dominated
by a constant times (A2~ k= Tye/2p—2ma Hﬁej 2-mB=1 Tn either case, the terms (146) are < 2-mN1 since
a+> pey B = Ni. This means that we gain a factor of 27N1 over the size estimate (141). Consequently,

2'k

// |ASE G )| dx du S 2m@tdat 1= (ol jy =(di+D/2 = (147)
er

The assertion of the proposition then follows from (143) and (147). O
L! estimates for T} and W ,.

Proof of (59). Let us recall that k < 8. If we sum the bounds in Proposition 8.7 over b € 5, ; ;, we get

2J
143 I S @)~ @TDR, 2l =
We also have
277D gkl _ g0 < 2ty ~1pmi @D, (148)

for the part of K ;;1 where |u| < 1/(kA), this follows from Lemma 8.3 and, for the remaining part, this
follows from Lemma 8.5. Combining these two estimates, we find that

127/ @DREEL S @@z 2l S Zk—j (149)
Moreover, by Lemma 8.5 and Lemma 8.6, we have
1277@=DR R < @kl @D gl 1062%. (150)
Altogether this leads to
2R T L S @@V, (151)
and (59) follows if we sum in /. U

An estimate away from the singular support. For later use in the proof of Theorem 1.4, we need the
following observation:

Proposition 8.8. Ler A > 1, let K, be the convolution kernel for the operator X()\_l«/Z)eiﬁ, where
x € F(R), and let R > 10. Then, for every N € N,

/ |K; (x, u)|dx du < Cy(AR)™V.
max{|x|,|ul}>R

Moreover, the constants Cy depend only on N and a suitable Schwartz norm of x.
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Proof. This estimate is implicit in our arguments above, but it is easier to establish it as a direct consequence
of the finite propagation speed of solutions to the wave equation [Melrose 1986]. Indeed, write

sin \/Z
VL

with x(s) = sx(s), and denote by ¢, and P the convolution kernels for the operators X(A_I\/Z)

x0T WVDeVE = x (WL cos VL +irg (VL)

and cos +/L, respectively. Then @ is a compactly supported distribution (of finite order). Indeed, % is
supported in the unit ball with respect to the optimal control distance associated to the Hormander
system of vector fields X1, ..., X4, which is contained in the Euclidean ball of radius 10. Moreover,
by homogeneity, ¢; (x, u) = pd +2d2(p(kx, kzu), with a fixed Schwartz function ¢. Note also that, by
Hulanicki’s theorem [1984], the mapping taking x to ¢ is continuous in the Schwartz topologies. Since
the convolution kernel K; for the operator x (A~'VL) cos +/L is given by ¢, * P, it is then easily seen
that K{ (x, u) can be estimated by CNAM (A|x| 4+ A%u))~N for every N € N, with a fixed constant M. A
very similar argument applies to ¥ (™! VL) sin (v/L)/+/L, and thus we obtain the above integral estimate
for K. Il

9. Controlling the 1l — L! bounds for the operators I/,

1s0
In this section, we consider the operators W, =) j Wij.n and prove the relevant estimate in Theorem 5.3.

In the proof we shall use a simple L? bound which follows from the spectral theorem, namely, for jo > 0,

< 2hold=Dr/2, (152)
L2112

Preliminary considerations. Let p <1 and let f, be an L? function satisfying

I folla < p™ 2, supp(fy) C Qp. £ := {(x, u) : max{|x], |ul} < p}, (153)
and we also assume that
f fox,u)dxdu=0 if p < % (154)

In what follows we also need notation for the expanded Euclidean “ball”

Op £ = { (v ) : max{lx], lul} < Cup), (155)

where C, = 10(1 4+ dr max; || J;]|).
We begin with the situation given by (154). By translation invariance and the definition of &
suffice to check that

1
180°

it will
W Follpr S (L4n)27 =172, (156)

We work with dyadic spectral decompositions for the operators |U| and +/L, and need to discuss how
they act on the atom f,.
For j > 0and n > 0, let H; , be the convolution kernel defined by

XQHL)OQITMUNSf = f*Hjp
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From (52) we see that
H;,=0 when n> j+11.

Lemma 9.1. Let p <1, and let f, be as in (153). Then:

@) I fp*Hjnlli $1and
| fp * Hj,n”Ll(QE,EV*) <y @/ p)7N. (157)

(i1) If f, satisfies (154) then
Il fo% Hjnlli < min{l, 277" p}. (158)

Proof. By Hulanicki’s theorem [1984] the convolution kernel of x; (L) is a Schwartz function g; on Rd1+d2,
The convolution kernel of ¢;(|U]) is § ® g2, where § is the Dirac measure in R4 and g2 is a Schwartz
function on R%. Then

Hj,(x,u) = f 202D oy (2, 22T )20 ) 21 (4 — w)) dw. (159)

Clearly ||H; ,|l1 = O(1) uniformly in j and n and, since || f, |1 < 1, we get from Minkowski’s inequality
that || f, * Hjnllh S 1. .
For the proof of (157) we may thus assume 2/ > 1/ p, and it suffices to verify that, for every (y, v) € Q, E,
the L! (Q% 0. ) norm of the function
2J(di+2dy) 2(j+n)d

(X,M)P—) - - " = dw
(14+2/]x =y + 22 whM (14 2i41 |y — v —w + L (Jx, y)| )™

is bounded by C(2/p)~N if N| > N +d; + 2d,. This is straightforward. For the proof of (158), we
observe that (159) implies

27NV Hjulli + 277 VyHjlli = O(1).

Moreover, 27" |||x|V,H; »|l1 = O(1). By the cancellation condition (154),
fxHj,(x,u)= / Fo(y, v)[Hj’n(x —y,u—v+ %(jx, y)) —Hj,(x, u)] dydv
= —f fo(y, v)(/ol(y, ViHj(x — sy, u—sv+ %s(fx, »))
+<v + %(jx, ), VMH(x —sy,u—sv—+ %s(fx, y)))ds) dydv.

We also use (fx, y) = (f(x —sy), y) and a change of variable to estimate

||f,o *Hj,n“ 5 ”fp”l 1Y [”VxHj,n”l + ”Vqu,n”l + |||x|quj,n||l]a

and (158) follows. O
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Proof of (156). For n > 0, split

Wafo= Y. Winfot D Wikt Y Winfo=tlup+Iy,+1l,,.

j>n—11 j=n—11 2101 22j p
2jp<2—|0n 2—10n§2_/p§210n
The main contribution comes from the middle term and, by (66) and the estimate || f,[l; < 1, we
immediately get
1 0l S (14 m)27 =072, (160)

Let $, be as in (64), so that #($,) = O(2"). We use the estimate (151) in conjunction with (158), and
estimate

o0
Mapli < > Y Y 27 DRTE (fy % Hyw)

20 p<2-10n keg, I=1

00
S Z Z Z(Zlk)—(d1+l)/22n+jp ,S 2—n(9+(d1_1)/2)'
2/ p<2-10n ke$, I=1

We turn to the estimation of the term 11, ,. Let T, ,, be a maximal ,/ep-separated set of [276, 2n+6].
For each g € T, ,, let, for large C1 > 1,

Nup(B) ={(x, u) : [|lx] =r(B)| < /Cip, |w(B. x, 4ul)| < Cip} (161)
and
Nap= | Nun(B).
BETpn
Observe that meas(N,, ,(B)) Sc, 27" @+2=2 p3/2 (by (108) and (112)), and thus meas(N, ,) Sc, p-

We separately estimate the quantity /11, , on N, , and its complement. First, by the Cauchy—Schwarz
inequality and (152) (with 270 2 2107 p=1),

L pll 1,y S 02Nl S @71 p) D212 £, 12

and, since p9/2| f,ll2 < 1,
L Nl o,y S 27770, (162)

In the complement of the exceptional set N, ,, we split the term /11, , as

o0
o= Y Y > @ +1vi' o,

2jp>210n ke}n =1
where

', =27 CRPTEf « Hi X, ),

k.l —jd=1))2 k.l
v, =2 j@=n/ T, [(fp*Hj,n)XQE,E’*],
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and Q,, f . is asin (155). From (157) and (151) we immediately get ||/V' Q)= +D/2(2i p)=N,

and thus

,,pjllle

> ZZHW%, 2710,

2/ p>210n I=1 ke$,

It remains to show that

o0
D00 2o M g, S2TATD (163)

=1 ke$, 2/p>210n

Let Fjnp= (fp*Hjn)XQ, .50 that [[F}, ,ll1 < 1. We shall show that, for k &~ 2",

||Fj,n,p *A];}ZHU(NEJ,) SN (2j_"p)_N2_(l+")dl/2, 21 < 1082j—n’ (164)
and (163) follows by combining (164) with the estimates (148) and (150).

Proof of (164). We split A Zberm 2J b as in (127). For each b € J,;;;, we may assign a
B(b) € T, , such that |ﬁ(b) b| < Jep. Let T 2/“ be the set of b € J,,;; with B(b) = B. Then

#ggj RS <27 /2. /21+J p. In order to see (164) it thus suffices to show that, for 2/ < 1082/=" |8 —b| < p,

k, N .
IFjn.p *Azjfb”L‘((Nn,p(ﬂ))c) S»Nl (277" p) Nig=(+n)(di+1)/29 (n+=])/2 (165)
To prove this we verify the following claim: if (X, #) € Q) g« (x,u) € (J\fn,p(,B))C and 22"—Jtn < p,
then

(Ix — %1, 4Ju — i+ 5(Tx, %)]) ¢ P (27,1, ks b); (166)
P (27,1, k; b) was defined in (133). Indeed the claim implies

k,l k.l
1Fjnp A Lo, 808 S 1Ay, W)l dx du,

~[IXI,4IMI)¢@n1 (29,1,k;b)

since || Fj . ,lli = O(1), and (165) follows from Proposition 8.7.
To verify the claim (166), we pick (x, u) ¢ N, ,(B) and distinguish two cases:

M) [lx|=r ()| =
() [w(B, |x], 4lul)| = Cip and [|x| = r(B)| < V/Cip.

It is clear that the conclusion of the claim holds if we can show that, under the assumption that C; in
the definition (161) is chosen sufficiently large (depending only on J and the dimension d), we have, for

all (x, 1) € Qp E %

lx —%|—r)| = —Vg”’ in case (1), (167)
|w(b, |x — %], 4|u— i+ 1 (Jx, %)])| = C;'O in case (2). (168)
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The case (1) assumption implies, for (X, i) € Q,  « (and sufficiently large C1),

VCip
2 9

[lx =X = r®)| = |IxI = r(B)| = 1% = r(b) —r(B)| = C1p"/* = Cop — Clb— BI27" >

which is (167).
Now assume that (x, u) satisfies the case (2) assumption. We then have, for all (X, it) € Q, E .

lw(b, 1x — %I, 4|u — i+ L(Tx, %)|) —w(B, |x], 4lul)|
< |w(b, 11, 4lul) — w(B, x|, 4ul)| + |w(b, |x — &I, 4|u — i + L(Tx, %)|) —w(®, x|, 4|u))]

The first term on the right-hand side can be estimated using (132) (with (¢, b) replaced by (b, 8)), and
we see that it is at most (C + JC)) p under the present case (2) assumption. The second term on the
right-hand side is equal to

/

v'(b) _
iy~ =),

Au| —4lu— i+ 1(Jx, )| -

and, since the case (2) assumption implies |x| = O (1), we see that the displayed expression is O(p).
Thus, if C; in the definition is sufficiently large, we obtain (168). This concludes the proof of the claim
(166) and thus the estimate (164). O

We finally consider the case where % < p <1, in which condition (154) is not required. This case can
easily be handled by means of Proposition 8.8. To this end, we decompose

VDT = 3 2V g 5 Ty

j=10

with g;(s) = 27@=D/2q(2i5)x,(s). The family of functions g; is uniformly bounded in the Schwartz
space. If K; denotes the convolution kernel for the operator g; @/ «/Z)eiﬁ, we thus obtain from
Proposition 8.8 the uniform estimates

/ |K;(x, u)|dx du < Cy27/N.
max{|x|,|u|}>100
This implies that

f (@WDeVE £) () dx du < | fl S 1.
max{|x/[,|u|}>200
And, by Holder’s inequality,
/ @(WD)e VT £,) (@) dx < 1DV £l S folla S 1.
max{|x/|,|u|}<200

This concludes the proof of Theorem 5.3. O
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10. Interpolation and proof of Theorem 1.1

Using interpolation for analytic families, one can deduce Theorem 1.1 from the Hardy space estimate by
noticing that L?(G) is an interpolation space for the couple (hilso(G), L?(G)) with respect to Calderén’s
complex [ -, - ]y method. One has

[

180

(G), LX(G)]y =LP(G), ¥ =2— % 1<p<2, (169)

with equivalence of norms. It is straightforward to deduce (169) using the method of retractions and
coretractions [Triebel 1995] from an analogous formula for the Euclidean local Hardy spaces 4L; more
precisely, from a vector-valued extension for the spaces [£! (h}g), 2(L*))y =P (LP), 9 =2—2/p. Fora
direct proof see the preprint version, arXiv:1408.3051, of this paper. However, (169) can also be seen as
a special case of a more general interpolation result by M. Taylor [2009], since hilso can be identified with
the local Hardy space associated with a left-invariant Riemannian metric on the group. We would like to
thank the referee for pointing out this reference.

Proof of Theorem 1.1. By duality we may assume 1 < p < 2. By scaling and symmetry we may
assume 7 = 1. Let a € S~@~D{U/P=1/2) Consider the analytic family of operators

oo
o, = e Z27jz(df1)/22j(d71)(1/p71/2)é_j (ﬁ)a(ﬁ)eiﬁ.
j=0
We need to check that o, is bounded on L? for z =2/p — 1. But, for % (z) = 0, the operators &, are
bounded on L?; and for %(z) = 1 we have shown that 54, maps hilso boundedly to L!, by Theorem 1.3.
We apply the abstract version of the interpolation theorem for analytic families in conjunction with (169)

and the corresponding standard version interpolation result for L? spaces; the result is that oy is bounded
on L? for ¢ =2/p — 1. This proves Theorem 1.1. O

11. Proof of Theorem 1.4

We decompose m = Zkel my, where my is supported in (2k=1, 2k+1y and where hy = my(2F ) satisfies

o
Zsup/ |hk(r)|r(d_1)/2dr <A.
{>1 k 2

By the translation invariance and the usual Calderén—Zygmund arguments (see, e.g., [Stein 1993]) it
suffices to prove that, for all p > 0 and for all L! functions f» supported in the Koranyi ball 0, := 0,(0, 0)
and satisfying [ f, dx =0, we have

S [, oDl s atimis. (170)
k

10p

Let x; € C§° be supported in (%, 5) and such that x;(s) =1 for s € [}—P 4]. Then, for each k, write

m (VL) = @V VL) = / (@D ™V ar.
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By scale invariance and Theorem 1.2, the L' operator norm of the operator X1(2_k«/Z)e"27kfﬁ is
O(1+|7|)“=D/2 and thus

00
||mk(«/Z)||L1_)L1 S/ |hk(‘[)|(1 + |T|)(d—1)/2 dt.

—o0

Also observe that, since the convolution kernel of x; («/Z) is a Schwartz kernel, we can use the cancellation
and support properties of f, to get, for some & > 0,

lx17*VL) folli < minf1, 2 p)} I £, 1

Thus, the two preceding displayed inequalities yield

o
> ||mk<ﬁ>fp||1scMsup/ (O + 12D 2 dr | £, 11
k2kp<M ko J—oo
S Ulmllos + 2211 £ 1, (171)

where for the last estimate we use |fzk(r)| < hilloo < llmlloo When 7] < 2.
We now consider the terms for 2¢p > M and M large, in the complement of the expanded Koranyi
ball Q, « = Qc, (for suitable large C > 2). By a change of variable and an application of Proposition 8.8,
. 7]( _ . _ k _ _ .
1 @D foll e, =€V i@ VD £ T pge S @ et H™N it 2,
’ Cxt

“1gk,) ™

2%/t . . 28/t
where f,, /" is a rescaling of f, such that || f; " [l1 = || f,ll1 S 1.

Hence, if M is sufficiently large then, for 2k p>M,
Ime (VL) foll gt

S| [ @i iR @t f
lz1>2%p

lhr(0)| 1+ |z~ dr}
|t|<2kp

and thus
Y IV follpige ) S lmlloe+ ) Ak (172)

2kp>M k:2kp>M

The theorem follows from (171) and (172).
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GLOBAL WELL-POSEDNESS ON THE
DERIVATIVE NONLINEAR SCHRODINGER EQUATION

YIFEI WU

As a continuation of our previous work, we consider the global well-posedness for the derivative nonlinear
Schrodinger equation. We prove that it is globally well posed in the energy space, provided that the initial
data ug € H'(R) with [lug|l ;2 < 2/7.

1. Introduction

We study the following Cauchy problem of the nonlinear Schrédinger equation with derivative (DNLS):
i0u+32u=id(|lul®u), teR, xeR,
u(0, x) = uo(x) € H'(R).

It arises from studying the propagation of circularly polarized Alfvén waves in magnetized plasma with a

constant magnetic field; see [Mio et al. 1976; Mjolhus 1976; Sulem and Sulem 1999] and the references
therein. The equation in (1-1) is L?-critical and completely integrable. The H !-solution of (1-1) obeys

(1-1)

the following mass, energy, and momentum conservation laws:
M (u(1)) :=/ lu(t, x)|> dx = M (ug), (1-2)
R
Ep(u(®)) :=f(|ux(z,x)|2+%Im|u(r,x)|2u(r,x)ux(t,x>+%|u<r,x>|6) dx = Ep(up),  (1-3)
R

Pp(u()) = Im/ u(t, x)uy(t,x)dx — %/ lu(t, x)|* dx = Pp(ug). (1-4)
R R

Local well-posedness for the Cauchy problem (1-1) is well understood. It was proved in the energy
space H L(R) in [Hayashi 1993; Hayashi and Ozawa 1992; 1994], and earlier by Guo and Tan [1991] and
Tsutsumi and Fukuda [1980; 1981] in smooth spaces. See [Biagioni and Linares 2001; Takaoka 1999;
2001] for local well-posedness and ill-posedness results for rough data below the energy space.

The global well-posedness for (1-1) has also been widely studied. By using mass and energy conserva-
tion laws, and the gauge transformations, Hayashi and Ozawa [1994; Ozawa 1996] proved that (1-1) is
globally well-posed in the energy space H'!(R) under the condition

luoll;2 < v 2m. (1-5)

The author was partially supported by the NSF of China (No. 11101042), and the Fundamental Research Funds for the Central
Universities of China.
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1101


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2015.8-5
http://dx.doi.org/10.2140/apde.2015.8.1101
http://msp.org

1102 YIFEI WU

Here 27 is the mass of the ground state O, which is the unique (up to some symmetries) positive solution
of the elliptic equation

_Qxx+Q_%Q5=O~ (1-6)

As shown in [Weinstein 1983], Q = 2[cosh(2x)]~/2. Since Q is an optimizer for the Gagliardo—Nirenberg
inequality (1-12), any function with mass strictly less than the mass of Q has positive energy.

Condition (1-5) was improved recently in [Wu 2013]. We proved that there exists a small constant
&x > 0 such that (1-1) is still globally well-posed in the energy space when the initial data satisfies
luoll 2 < ~/27 +&,. The result implies that, for (1-1), the ground state mass 27 is not the threshold of the
global well-posedness and blow-up. This is different from the L2-critical power-type Schrodinger equation
(the nonlinearity 10y (|Jul>u) in (1-1) is replaced by —%|u|4u); see [Wu 2013] for further discussion.

For related results on the well-posedness and stability theory for the derivative nonlinear Schrodinger
equation (1-1), see [Colin and Ohta 2006; Colliander et al. 2001; 2002; Griinrock and Herr 2008; Guo
and Wu 1995; Herr 2006; Miao et al. 2011; Nahmod et al. 2012; Takaoka 2001; Thomann and Tzvetkov
2010; Win 2010].

In this paper, we continue to consider the L2-assumption on initial data and obtain the global well-
posedness as follows:

Theorem 1.1. For any ug € H'(R) with
/ lug(x)|* dx < 4, (1-7)
R

the Cauchy problem (1-1) is globally well-posed in H'(R) and the solution u satisfies

lll Loy < C(lluoll 1)

As2m =|Q ||iz, we notice that there is also a solitary wave solution whose mass is 47, given by

u(t, x) = AT IWOIRdy it /A=ix/2yy (o 4 ) (1-8)
where W is the ground state of the elliptic equation

—Wee +3W = 2w’ =0. (1-9)
Up to some symmetries,
W) =22+ 1)~ (1-10)

Therefore, Theorem 1.1 indicates that the Cauchy problem (1-1) is globally well-posed in H '(R) when
luollzz < IW]iz2.

Compared to Q, W is polynomial decaying at infinity. Furthermore, W is an optimal function of the
sharp Gagliardo—Nirenberg inequality (see [Agueh 2006])

8/9 1/9
1 f1lzs < Canll FISE N £l S (1-11)
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where we wrote Cg for the sharp constant Coy = 3'/(277)~!/%. This inequality plays an important role
in the proof of our main theorem. There is also a comparison with another sharp Gagliardo—Nirenberg
inequality (see [Weinstein 1983]),

4
I£118 < ;nfniznfxniz, (1-12)

in which the equality is attained by Q, which was applied previously to prove the global well-posedness
when ||ug||;2 < V2.

So there is an interesting problem of whether ||W||i2 = 47 is the mass threshold of the global
well-posedness and blowup for (1-1). See Section 3 below for further discussion.

Now let us have a look at the strategy of the proof of Theorem 1.1. Developed by Hayashi and Ozawa,
the gauge transformation is an important tool to study the derivative nonlinear Schrédinger equation. Let

v(t, x) 1= e AL MO DYy gy (1-13)
then, from (1-1), v is the solution of
idv+ v = Lilv[Pvy — $iv?D, — Slvl*v (1-14)

with the initial data vo = exp (=32 [*__ |uo(y)|*> dy)uo. Moreover, v obeys the same mass conservation
law as (1-2), the energy conservation law (1-3) becomes

E@(®) = lvx(0)1l7; = 16lv0]7s = E(wo), (1-15)

and the momentum conservation law (1-4) becomes
P((t)) = Im/ v(t, x)ve (2, x)dx + L—i/ lv(t, x)|* dx = P(vo). (1-16)
R R

From the argument used in [Wu 2013] to prove the global well-posedness for the DNLS, an important
consideration is the usage of the momentum conservation law. We observe that the key point is to give a
small control of the following term from (1-16):

Im/ v(t, x)v (£, x)dx. (1-17)
R

To be more precise, one may prove that

—Im/Rv(t,X)vx(t,X)dx < cllvxll 2 vl 2, (1-18)

where c is a positive constant. This is trivial for ¢ = 1 by Holder’s inequality. Suppose that one can
obtain the inequality with a suitable small constant c¢. Then the global well-posedness will follow. In [Wu
2013], by using the rigidity of the ground state O, we proved that, if the mass is larger but close to 2w
and there is a time sequence {z,} such that ||v(z,)| 51 tends to infinity, then v(¢,) is close to Q up to some
symmetries. Since Q is real-valued, (1-18) can be given for small ¢ > 0.

In this paper, we present a different argument to prove the bound (1-18) under the suitable but explicit
assumption of L2-norm of the initial data. Our method here does not need to use the property of the ground
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state Q of (1-6). As was previously mentioned, it depends heavily on the sharp Gagliardo—Nirenberg
inequality (1-11). This is to be expected, since the norms involved in the inequality (1-11) are strongly
related to the energy and momentum conservation laws.

Let us expand our argument. If |v(¢)|| g1 tends to infinity, then, by the momentum and energy
conservation laws, (1-18) is approximately

Hv®ll}« = —Imf v(t, ) v (t, x) dx < clloe @l 2 (vl 2 = cllvoll 2 [V |13 6
R

So, to obtain the small bound ¢, we turn to consider the quantity

lo )14,
@136

f@) =

Indeed, we shall prove that £ obeys some cubic inequality. Thus, the condition for global well-posedness
is transformed to finding the solution to an elementary cubic equation.

This paper is organized as follows. In Section 2, we present the proof of Theorem 1.1. In Section 3,
we discuss some related problems.

2. The proof of Theorem 1.1
Let v be the function in (1-13), which is the solution of the equation (1-14). Note that
Uy = PIATES |”(”y)‘zdy(%i lv|?v + Uy ).
Therefore, by the sharp Gagliardo—Nirenberg inequality (1-12) and mass conservation law, for any ¢ € R,
sl 2 = ee®ll2 + 2O s = 0Ol + 5= 10O 2 0 Ol
< (14 52 ol ) w0l

That is, the boundedness of v in H'-norm implies the boundedness of u in H'-norm. Therefore, to prove
the theorem, we may consider the function v in (1-13) instead. To simplify the notations, we set

Eo=E(vo), Po= P(vo), mo= M/ (vy).

Furthermore, we assume mg > 2m. Otherwise, the global well-posedness has been proved in [Hayashi
and Ozawa 1994; Wu 2013].

Let (—7T—(vg), T4 (vg)) be the maximal lifespan of the solution v of (1-14). To prove Theorem 1.1, it
is sufficient to obtain the (indeed uniformly) a priori estimate of the solutions in H'-norm. That is,

sup o (@)l 2 < 4o00.
te(—=T-(vo), T4 (vo))

As in [Wu 2013], we argue by contradiction. Suppose that there exists a sequence {t,},° ; with limit
—T_(vg) or T4 (vg) such that
lvx ()2 = 400 as n— oo. (2-1)
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Then, from the energy conservation law, we also have
lv(ty)ll e — +00 as n — oo.

Let us define the sequence { f,,}72; by

@)l

- L
o)l 6

then we have both the lower and upper bounds of f, as follows:

n

Lemma 2.1. There exists a sequence &,, with €, — 0 as n — 00, such that
20577 +n < fu < /mo. (2-2)
Proof of Lemma 2.1. From Holder’s inequality, we have

o)l < @) 2 llv@) 5 e = Vmollo @) 1136,
and thus

fn < /mo.

On the other hand, from the sharp Gagliardo—Nirenberg inequality (1-11) and the energy conservation
law (1-15), we have

_ —2/3\3/4 3/2
_ (Camtv gl 7)™ oo I

"= () 13, N a2
3/2
oo @l
- 6 1/4
(Il ()18, + 16Eo)
= ZC&?I/Z + &n,
where )
3/2 1
-9 IS = (I 15 +16Eo)
&n = 2LgN 6 1/4
(lv@)I s + 16 Eo)
By the mean value theorem, we have
en =0 (lv@)5) = 0.
This proves the lemma. U

By Lemma 2.1, and [[v(t,)[l}4 = fullv(t)II3 . we have
lv@)|+ = o0 as n — oo.
In the spirit of [Banica 2004], we define

(1, x) = e ““u(t, x),
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where the parameter o depends on ¢ and is given below. Then ¢, (¢, x) = €"** (iav(t, x) + v, (¢, x)), and
thus

2 2 - 2 2
||¢x||Lz=||vx||L2+2a1m/vvxdx+a 1ol

Subtracting 1—16 ||<1)||g6 = 1—16 ||v||‘26 from both sides yields

E(¢) = E(v) +2a Im/ vy dx +a|v]3,.
By the mass and energy conservation laws (1-2) and (1-15), this gives
—2u Im/ v(t, X)ve(t, x)dx = —E(¢p (1)) + a’mo+ Ey. (2-3)

On the other hand, using (1-11), we have

E( (1) = llgxt)172 — 110t 119
> Con I @I IP @I — 1616 @IS
= (Can’ @ &I @) 4 = 16) 16 @IS
= (Cox* 1t = 16 G .

Combining this with (2-3) gives
—20Tm / V(tn, ) Vx (1, X) dx < (75 — CG& f )@ 1186 + amo + Eo,
which implies, for o > 0,

— 1 _ _ 1 1
—Im / 0(tn, )02 (tn, %) dx < 5 (76 = Cox £ ) 0@ 5+ Semo + 5~ Eo. (2-4)

For convenience, we define 8, as
. —1/1 —18 ,—4 6
/3}1 = mo (E_CGN fn )”U(tn)”L(,-

We split this into two cases:

Case 1: B, < 1 for infinitely many n. This implies that, for such n,

1 —18 4 6
(1 = Ca F v 1§6 < mo.

Therefore, from (2-4), we have

—Im | v(t,, X)v(t,, x)dx < Lmo + louno + LEo. (2-5)
2« 2 2a

In particular, choosing « = 1, we obtain

—Im/v(tn,x)vx(t,,,x) dx < mo+ 1 Eo. (2-6)
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By the momentum conservation law (1-16), we have

o)l =— Imf U(tn, X) Uy (ty, X) dx + Po. (2-7)
Hence, combining this with (2-6) and (2-7), we obtain
lv(t)IlT4 < 2(2mo + Eo +2P).

This contradicts ||v(t,)| ;+ — +00, and thus we can rule out this case.

Case 2: B, > 1 for all sufficiently large n. In this case, we set o = «(t,) = «/Br. Then (2-4) becomes

—Imf U(tn, X)Vx (ty, X) dx < }L\/mo(l —16CG¢ fr HllvE) 136 + 8, V2 Ey. (2-8)

By (2-7) and (2-8),

I 14 = mo(l = 16CGE £ v 13 + 28, Eo + 4P,

which implies that

fu < Jmo(1 = 16CG fi ) + 2B, 2o +4Po) [v (i)l 2.

This provides the inequality
f s mof) —16moCa + £ %, (2-9)

where

Ry = 2\/7710(1 —16Cax fi H2B, P Eo +4Po) ()l 5 + 2B, Eo+4Po)* vl 2.
Since B, > 1and 0 < 1 — 16Coy" £,7* < 1, we have
R < 24/mo(2E0 +4Po) [0(t) 15 + QEo +4Po)* (i)l ¢ = O(Ilv(@n) 17).
From Lemma 2.1, we have
iR =0(lv)l5) >0 as n— oo.

Thus, for any small fixed € > 0, by choosing n large enough we have f+%®, < e. Hence (2-9) becomes

fE <moft—16moCgh¥ +e. (2-10)
Let X = fnz; then (2-10) becomes the inequality

X3 —myX*+b <0, (2-11)

where b = 16m0C8§18 —e€>0. Let

F(X)=X>—moX*+b;
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then F(X) attains its minimum value at %mo in the region [0, co). Therefore, there are two positive
solutions X; and X, of the equation

X —myX*+b=0 (2-12)

if and only if F (%mo) < 0. In other words, the inequality (2-11) has no solution in the region [0, +o00) if
and only if

F(3m) > 0. (2-13)

Hence, this leads to a contradiction under the condition (2-13).
Condition (2-13) is equivalent to

8 3 4 3
ﬁm0—§m0+b>0.

Since € is arbitrarily small, this reduces to
8 3 4.3 —18
>my— gmp+ 16moCqy >0,

which yields
1
-9 _ —
moy < 6\/§CGN = 6\/§W =A4r.
Therefore, (1-14) is globally well-posed when m( < 4. This proves the theorem.
One may expect to get some profit from the restriction X € (4C613, my) (rather than [0, +00)) given
by Lemma 2.1. However, we cannot get any more from it. To see this, we note that, in the case my > 47,

(2-11) is solved in the region [0, +-00) by

X1 <X < Xz,
and we claim that
4Cgn < X1 < Xa < my. (2-14)
Indeed, when mg > 4w,
2 8 -9 8
zmo > 3w > 4C0 = —=T,
3 3 GN 33

and, for small €, we have

F(4Cqn) = 64C55 —€ > 0,
which together imply that 4C613 < X1. Similarly, since
%mo <mo and F(mg)=b>0,

we have X, < mg. In conclusion, we have (2-14). Therefore, the inequality (2-11) is always solvable in
the region of (4C 513, mg) when mq > 47, and so we can not obtain the contradiction from the restriction
of (4C513, mo). We show this case graphically in Figure 1.
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F(X)=X?>—myX*+b

Figure 1. Graph of F(X).

3. Further discussion

In this section, we would like to make a few remarks and indicate some related problems which remain
open.!

First of all, whether or not the mass M (W) = 4x is the mass threshold for global well-posedness
of (1-1) is not resolved in this paper. To understand the problem, we make some remarks on W and the
equation (1-9) in the following.

As shown in [Colin and Ohta 2006; Guo and Wu 1995], (1-14) has a two-parameter family of solitary
wave solutions,

Vw,c = ¢w,c(x + Ct)eiwt—(ic/Z)(x—i-ct)’ (3'1)
where (w, ¢) € R? and ¢,, . is a positive solution of the elliptic equation
—0p+ (0 — )P+ Scp® — 24 =0. (3-2)

When ¢? < 4o, ¢, . can be written as

2
4@‘/_502 |:cosh(\/4a) —2x) — 2;5} } .
Guo and Wu [1995] proved that the solitary wave solutions (3-1) are orbitally stable when ¢ <0 and 2 <4do.
This was extended by Colin and Ohta [2006], who proved the orbital stability for any c? < 4w.

Now we consider the other cases. From PohoZaev’s identity, there is no solution for (3-2) when 4w <c¢
and ¢ < 0, and, from [Berestycki and Lions 1983] (see Section 6, Theorem 5), when ¢? > 4w (3-2) has
no positive solution which vanishes at infinity. Hence, the only remaining case is the “zero mass” case,

¢w,c(x) = {

2

IPart of the contents in this section are from discussions with Soonsik Kwon.
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¢? = 4w and ¢ > 0. Thus, the “zero mass” case can be regarded as the endpoint case in the family of the
solitary wave solutions (3-1).
For the endpoint case ¢ = 4w and ¢ > 0,

—Buxp + 500° = f5¢° =0
is exactly solved by
We(x) = c'2W(cx),

where W is as defined in (1-10). Moreover,
IWell72 = W7, = 4.

So it is an interesting problem whether the solitary wave solution (1-8) is orbitally stable or unstable,
which is not covered in [Colin and Ohta 2006; Guo and Wu 1995]. See [Ohta 2014] for related studies.

The existence of the finite-time blow-up solution is also an open problem for (1-1). There are some
related results on the generalized derivative nonlinear Schrodinger equation,

iou+%u=ilul*du, o>1. (3-3)

This is a mass supercritical equation. See [Ambrose and Simpson 2014; Hao 2007; Liu et al. 2013b] for
local and stability theories. Numerical simulations by Liu, Simpson and Sulem [Liu et al. 2013a] suggest
the existence of finite-time blow-up solutions for (3-3). However, a rigorous proof remains to be found.
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ON THE BOUNDARY VALUE PROBLEM FOR THE SCHRODINGER EQUATION
COMPATIBILITY CONDITIONS AND GLOBAL EXISTENCE

CORENTIN AUDIARD

We consider linear and nonlinear Schrodinger equations on a domain €2 with nonzero Dirichlet boundary
conditions and initial data. We first study the linear boundary value problem with boundary data of optimal
regularity (in anisotropic Sobolev spaces) with respect to the initial data. We prove well-posedness under
natural compatibility conditions. This is essential for the second part, where we prove the existence and
uniqueness of maximal solutions for nonlinear Schrodinger equations. Despite the nonconservation of
energy, we also obtain global existence in several (defocusing) cases.

On étudie des équations de Schrodinger linéaires et non linéaires sur un domaine €2 avec donnée initiale et
condition au bord de Dirichlet non nulles. Dans une premiere partie on étudie le probleme linéaire pour des
données au bord dans des espaces de Sobolev anisotropes de régularité optimale par rapport aux données
de Cauchy. On démontre la nature bien posée du probleme avec les conditions de compatibilité naturelles
a tout ordre de régularité. Ces résultats sont essentiels pour établir des résultats de type Cauchy—Lipschitz
pour le probleme non linéaire, ceux ci font I’objet de la deuxieme partie. Malgré la non conservation de
I’énergie, on obtient des solutions globales en dimension 2.

Introduction

This article is a continuation of [Audiard 2013] on the initial boundary value problem for the (linear and
nonlinear) Schrédinger equation

ideu+Au=f, (x,t)eQx][0,T],
Ul=0 = g, x €, (IBVP)
ulpaxpo,r] =8 (x,1) €92 x[0,T7,

where © C R, d > 2, is a smooth open set. Our main purpose is to deal with boundary data of arguably
optimal regularity, and in particular too rough to be dealt with by lifting arguments. When f depends
on u we generically refer to the nonlinear Schrodinger equation as NLS. We will study nonlinearities that
are essentially similar to A|u|%u.

A classical tool to deal with the well-posedness of NLS is Strichartz estimates. It is well known that
itA

if @ = RY, the semigroup ¢'’? satisfies

i 2 . d _d
le"" 2ol Lo, Laay < luollLz  when » + 72
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for p, q > 2, g < oo for d = 2 (see [Cazenave 2003] and [Keel and Tao 1998] for the endpoint), and
more generally the scale-invariant estimates
d d

A )
le"" 2ol o, Laway S lwollms  when > + 27"

Similar estimates with % + %
show that the condition % +
Strichartz estimates with loss of » derivatives. The derivation of such estimates (and the associated well-

— s are true on bounded time intervals and simple scaling considerations
% — s is necessary. When % + % — % + s =r > 0, they are often called
posedness results) for NLS on a domain with the Dirichlet (or Neumann) laplacian has been intensively
studied over the last decade in various geometric settings. We will only cite results in the case where 2 is
the exterior of a nontrapping obstacle, since it is the one studied here. Roughly speaking, a nontrapping
obstacle is an obstacle such that any ray propagating according to the laws of geometric optic leaves
any compact set in finite time (for a mathematical definition of the rays, see [Melrose and Sjostrand
1978]). In seminal work, Burq, Gérard and Tzvetkov [Burq et al. 2004] proved a local smoothing property
similar to the one on RY (see [Constantin and Saut 1988]) and deduced Strichartz estimates with loss
of % derivative. Since then numerous improvements were obtained [Anton 2008a; 2008b; Blair et al.
2008] and eventually led to scale-invariant Strichartz estimates: see Blair, Smith and Sogge [Blair et al.
2012] in the general nontrapping case (s > 0 and limited range of exponents), [Ivanovici 2010] for the
exterior of a convex obstacle (s = 0, all exponents except endpoints). The methods used relied heavily on
spectral localization and construction of parametrices. As such they are not very convenient for the study
of nonhomogeneous boundary value problems when the boundary data are not smooth enough to reduce
the problem to a homogeneous one.

On the other hand, Morawetz and virial identities have proved to be very robust tools to study linear
and nonlinear Schrodinger equations. One of their first applications goes back to [Glassey 1977], and
it has since been massively refined (as a tool of a much larger machinery) to the point where exhaustive
attribution is now impossible (we may cite, at least, [Kenig and Merle 2006; Planchon and Vega 2009;
Colliander et al. 2008]). Such tools only rely on differentiation and integration by parts; this makes
them flexible enough to be used even with nonzero boundary data and part of our results rely on this
approach.

As already mentioned, our aim is to treat Schrodinger equations on a domain with nonzero Dirichlet
conditions. The case of dimension one is by now relatively well understood: the local Cauchy theory
on intervals is essentially on par with the theory on R (see [Holmer 2005] for local existence in H*,
0 < s <1, subcritical and critical nonlinearities). For d > 2, there are many fewer results. We might
mention the classical linear results of [Lions and Magenes 1968b], which were based on lifting arguments
and thus prevented boundary data of very low regularity. Indeed, if one takes a lifting Lg of the boundary
data, then u — L g satisfies

10 (u—Lg)+Aw—Lg)=f— (0, +A)Lg,

(u—Lg)lae =0,
(u—Lg)|t=0 =uo—Lgli=o0,
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so that u € Cy L? would require (i9; + A)Lg € LITLZ. For a general L this would require g € L! H3/2,
which is a loss of one derivative in space compared to our result (see below).

Bu and Strauss [2001] obtained the existence of global weak H! solutions for defocusing nonlinear
Schrédinger equations with smooth (C?) boundary data. In the important field of control theory, linear
well-posedness and controllability in H~! was obtained for Dirichlet data in L2 when € is a smooth
bounded domain. While optimal on bounded domains, this “loss” of one derivative on the boundary data
is not natural in general. On the half line, it is generally believed that, for initial data ug € H*(R™),
optimally g € H*/2T1/4(R*) (see [Holmer 2005] for a discussion on this). This pair of spaces is
considered to be optimal for at least two reasons: if one rescales solutions as u(Ax, A%¢) both spaces scale
as A5~1/2 and the space also appears in the famous Kato smoothing property for the Cauchy problem,
lle ltaxu0||LooHJ/2+1/4 < |luo|l s (see [Kenig et al. 1991]), which can be read as a trace estimate.

The natural generahzatlon of H*/2t1/4(R*) in larger dimension is the anisotropic Sobolev space
HSHU22(Q %[0, T)) = L2THS‘H/2 N H7s~/2+1/4L2 of functions that, roughly speaking, have twice
more regularity in space than in time. We obtained in [Audiard 2012] well-posedness for the linear
Schrodinger equation on the half space with boundary conditions having this regularity (and satisfying
some Kreiss—Lopatinskii condition). However, the method relied quite heavily on the simple geometry
of 2. When €2 is the exterior of a nontrapping obstacle, a simple duality argument was used to obtain the
following linear result:

Theorem 0. 1 [Audiard 2013]. For f € L2 H*"'12 compactly supported, g € H: /> (3Q x [0, T)),
ug € Hj), —5 <s <
satisfies

< 2, the initial boundary value problem (IBVP) has a unique transposition solution. It

luller ms NS Nz prsmir2 + gl g2 + ol

In the case s = —%, the result is true if H='/?% is replaced by (Hl/z)’

Thanks to a virial identity, we also obtained a local smoothing property similar to the one in [Burq
et al. 2004], which allowed us to derive Strichartz estimates with a loss of — derivative. Well-posedness
in H'/2 for the expected range of nonlinearities followed by the usual ﬁxed -point argument.

This work contained, however, a number of important limitations:

e The virial estimate was derived when €2 is the exterior of a strictly convex obstacle.

* Since the natural space for our virial estimate is H 172 the local well-posedness theorem was stated
for ug € H 11)/ % rather than the energy space H!.

e The linear well-posedness theorem was obtained for trivial compatibility conditions, ug € H ll)/ 2(Q)
and g € Hy (32 x [0, T)).

e Since such conditions are certainly not preserved by the flow, continuation arguments were not
available, so the existence of a maximal solution (let alone global solution) was out of reach.

The main purpose of this article is to lift most of the previous restrictions to provide a good local and
global Cauchy theory in the energy space. Rather than the exterior of a convex compact obstacle, we
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will only assume that €2 is the exterior of a compact star-shaped obstacle. On the other hand, we do
not improve the loss in the Strichartz estimates, so that we obtain local well-posedness for a range of
nonlinearities essentially similar to |u|*u with the limitation & < 2/(d — 2) (the whole subcritical range is
o <4/(d —2)). In the case where Q€ is strictly convex, however, we improve it to o < 3/(d —2). These
results are true for boundary data in the almost optimal space H 3/2+8.2 and a discussion is included
on the possibility to replace it by the optimal space. If one takes slightly smoother boundary data in
H?*T82(9Q x [0, T]), we obtain global well-posedness for o < 2/(d —2) if Q° is star-shaped, and for
the whole subcritical range o < 4/(d — 2) if Q€ is strictly convex. The existence of global solutions
for g € H3/2%&2 js much more intricate, and is only obtained in dimension 2 with a quite technical
limitation on «.

The presence of ¢ in the trace spaces can most likely be avoided up to lengthier computations that we
chose to avoid for simplicity of the proofs (see Remarks 3.5, 3.8, 4.3).

Structure of the article.

e The functional spaces that we use are defined in Section 1, which also provide some useful trace and
interpolation results.

e In Section 2 we define the natural compatibility conditions and we prove well-posedness for the
linear IBVP when such conditions are met.

e In Section 3 we provide the basic modifications to the proof in [Audiard 2013] that give local
smoothing through a virial estimate when €2 is star-shaped. The boundary data is assumed to be in
the almost optimal space H 3/2+22 We deduce Strichartz estimates at the H' level thanks to an
interpolation argument; this section also includes a smoothing property on d,u that is essential for
global existence issues.

e In Section 4 we prove the nonlinear well-posedness results stated above.

» The Appendix contains two elementary interpolation results.

1. Functional spaces and Strichartz estimates

Functional spaces. For p > 1 we denote by L?(£2) the usual Lebesgue spaces. If there is no ambiguity,
when X is a Banach space we write

LP(0.T], X)=LYX, LP(RY X)=L7X.

For integer m we denote by W2 ((2) the usual Sobolev spaces; Wom’p is the closure of C>°(2) for the
WP topology.

For s > 0, the space W*7(Q2) is defined by real interpolation; see [Tartar 2007, Sections 32 and 34].
When p = 2, the Sobolev spaces are denoted by H*, H. For s > 0, we set H*(Q2) = (H(R))'.

For s > 0 and Ap the Dirichlet laplacian on €2, the space Hj, is the domain of (1 — A p)*/%. When
% <s <1, Hf) = Hg, and when 0 < s < %, Hls) = H*. The space Hll)/2 does not coincide with
Hol/ * = H'/2 (it is the Lions—Magenes space H{{? but we will use the notation H, 11)/ )
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The Besov spaces B, ,(£2) are the restrictions to €2 of functions in B}, , (R9) [Tartar 2007, Sections 32
and 34]. For s > 0, s ¢ N, we have Bls,,p = W5:? (see [Bergh and Lofstrom 1976; Tartar 2007]). The
spaces B;,q,o are defined as the closure of C°(2) in Bj

The anisotropic Sobolev spaces on [0, T'] x €2 are defined as

H*? = LX(0. 7). H*(@)) N H*2(0. T], L* ().
Anisotropic Besov spaces can be defined in a similar way (see [Amann 2009]):

S,2 _ p /2
By a0 =L1Bp 400 B (0. T], LP(R)).

Finally, we use the same definitions for functions defined on 02 or 92 x [0, T'] using local maps.

We recall in the following proposition the classical rules on embeddings and traces of functional spaces:
Proposition 1.1 (Sobolev embeddings and traces [Lions and Magenes 1968b; Triebel 1983]).

e If0<sp<d, t=0,we have B;,:ZS(Q) — By 4 when % = % -3

o Ifsp>d, WSP — C%Q) and, if sp < d, then WP — L9(Q) when 5 =

1_ s
p d

o Ifsp > 1, the trace operator C®(2) — C®(d) extends continuously to
WSP(Q) — WS1/P:P Q).

e For 0 <s' < 3, the anisotropic spaces H**(2 x [0, T']) are embedded in H%/ Hs2,
e Fors > % the trace operator H2(Q2 x [0, T]) — H*~1/2:2(3Q x [0, T)) is continuous.

e Fors > 1,0 = Q or 022, there is a time-trace operator from the embedding
H52([0, T]x 0) = C([0, T], H*~1(0)).
For s¢, s1 > 0, we have the interpolation identity (see [Triebel 1983])

S0 S1 _ pbso+(1-0)s;
[Bp,qo’ Bp,ql]f),q =Byy4 :

Similar interpolation results are true for anisotropic Sobolev spaces. In [Lions and Magenes 1968b] it is
proved that for s >0, 0 =Q or 2,0 <6 <l and t = s, H"2([0, T]| x 0) = [L?, H*?].

In addition to their nice interpolation properties, composition rules in Besov spaces are relatively
simple: if F(0) =0and |[VF(z)| < |z|* thenfor0 <s < 1,1 <¢g <o00,1 <p=<r <o0, %—i—%: %,
we have

1Py, < Il e lul (-

this is Proposition 4.9.4 in [Cazenave 2003] when Q = [R{d, and it follows from the existence of a
(universal) extension operator when €2 is an exterior domain; see [Amann 2009, Sections 4.1, 4.4].

Since anisotropic Besov spaces are more intricate and scarcely used in the article, we will cite their
properties we need when relevant, pointing to the reference [Amann 2009].

Finally, we recall some Strichartz estimates known for the boundary value problem with homogeneous
boundary condition.
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Theorem 1.2 [Burq et al. 2004; Ivanovici 2010]. If 2 is the exterior of a nontrapping obstacle, then for

any T > 0,
; 1, d_d
e’ APug|lpppa S luollL2  when sty =2 Pz (1-2)
If Q is the exterior of a strictly convex obstacle then
; 2 . d _d
||e”ADuo||LI;L4 < lluoli2 when T2 P> 2. (1-3)

2. Linear well-posedness

In this section, we assume that €2 is the exterior of a compact nontrapping obstacle. We recall what we
meant by “transposition solution” in Theorem 0.1:

Definition 2.1. Let x € CC"O(Rd), f e LZTH_I(Q). We say that u is a transposition solution of the
problem

i0;u+ Au = XfeL%H_l,
ulmo = uo € (Hy*(Q)' (2-1)
ulaaxpo,r1 = g € L*([0, T]x 3R)
when u € CT(Hé/Z)’ and, for any f] € LITHII)/Z, if v is the solution of
idiv+ Av = f,
V=1 =0, (2-2)
vlaqxfo, 71 =0,

then we have the identity

T
dt =
/0 (s 1) g ir2y g /0

where (-, )x, x’ is the duality bracket.

T T
(f’ Xv>H—1,H01 dt +/0 (g’ anv)LZ(SQ) dt +i<7/l0, v(o))(Hé/z)’,Hé/z’
(2-3)

In [Audiard 2013] we obtained by derivation/interpolation arguments well-posedness for (g, g) in
Hj, x HSH/Z’Z; the aim of this section is to extend it to (ug, f,g) € H® x HS~1/2:2 x gs+1/2.2 for
1

any s > —>, under natural compatibility conditions that we derive now.

Compatibility conditions. We consider the linear initial boundary value problem (IBVP)

idiu+Au=f, (x,t)eQx][0,T],
Uly=0 = Uo, x €, (2-4)
ulpaxfo.r] =& (x,1)€dQx[0,TT.

Local compatibility. If ug € H®, g € HST1/22 5 > %, then u( has a trace on 02 and g has a trace
at t = 0; the identity u|,—¢|yq = U]y |s=0 imposes the zeroth-order compatibility condition

uolye = &li=o- (CCO)
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The next compatibility conditions are defined inductively: set oo = ug, @41 = %(8;’ fli=0 — Agpy); the
k-th order compatibility condition is

9 glim0 = oxlag. (CCk)
which must be satisfied if ug € H*(Q), g € HSTV/22(0Q %[0, T)), f € H™V/22(Qx[0, T]), s > 2k +1.

Global compatibility. If s = %, there is a more subtle compatibility condition, the so-called “global
compatibility condition”: thanks to local maps, we can assume that u¢, g are defined by a collection of
(u). f7g/)1<j<s defined on RY~! x R* (RT corresponds to the ¢-variable for g/ and normal space
variable for uf /7); we say that (1, g) satisfy the zeroth-order global compatibility condition when

Vi<=j=J [/ Iuo(x h)—g’ (x', h)|2dx’dh < 00; (CCGO)

similarly, we define the global compatibility conditions of order k for s = % + 2k as

Vi<j<J f/ o] (&' ) — 0 g (x )2 dx/“;lh < o0, (CCGk)

It is standard [Lions and Magenes 1968a] that (CCk) is stronger than (CCGk).

In what follows, we say that (ug, f,g) € H® x HS™1/22 x HsT1/2:2 “satisfy the compatibility
conditions” when all conditions that make sense are satisfied, namely (CCk) holds for k < 5 —
also (CCGk) if s = 1 + 2k.

4, and

Theorem 2.2. For—f <s< ; let (ug, f,g) € H® ><L2THS_1/2 x HStV 2.2 be such that f is compactly
supported and (ug, [, g) satisfy the compatibility conditions; then the solution of AIBVP) is in Cy HS.

Fors> % and (ug, f,g) € HSx H =Y/ 225 HSH1/2:2 satisfying the compatibility conditions, u € Cy H®.

The spirit of the proof is relatively similar to the classical argument of [Rauch and Massey 1974] for
hyperbolic boundary value problems. Let us describe it and where the difficulty lies: the natural idea
is to consider Au, which is formally a solution of a similar boundary value problem; the low regularity
theorem implies Au € Cr (H, 1/2 )’, and we conclude, by an elliptic regularity argument, that u € C7 H 3/2,
However, due to the weak setting it is not clear that Au is actually a solution of the expected boundary
value problem. For “trivial” compatibility conditions it is sufficient to approximate the initial data by
(Uo,n> 8ns fn) € CP(Q)x CX (IR x]0, T]) x CX(2 x]0, T]) that automatically satisfy the compatibility
conditions at any order. In general, the existence of smooth data that satisfy the compatibility conditions

at a sufficient order will be done in Lemma 2.4.

Lemma 2.3. If (uo, f,g) € H? x L%,H1 x H*?2 with f compactly supported and (CCO) satisfied, the
unique transposition solution of IBVP) belongs to Ct H 3/2,

Fork >2,if (ug, f,g) € H*1/2x g2k=1.25 g2k:2 " ¢ compactly supported and (CCj), 0 < j <k —1
satisfied, the unique transposition solution of IBVP) belongs to Ct H 2k=1/2

The proof is postponed until after the following approximation lemma:
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Lemma 2.4. For (ug, f,g) € H32(Q)x L2([0, T], H'(Q2)) x H*2([0, T|x dQ) satisfying (CCO), there
exists a sequence (U k. fx. gk) € H? x H?? x H5/%2 satisfying (CCO) such that

”(U(), f? g) - (uo,k, fk’ gk)”H3/2xL%,H1XH2.2 —>k 0.

Proof. By density of smooth functions in Sobolev spaces, there exists (vi, fr, k) smooth such that
(k. fie 8k) =k (o, f.8) (H3/2 x L2 H' x H??); however, the sequence a priori does not satisfy
(CCO). Let us modify ug g = vg + ¢ it is sufficient to construct ¢ € H?(2) such that ||gg || g3/2 =% 0
and

Pklog = gklr=0 — vk laq- (2-5)

This is an underdetermined system on (8{;g0k)05 j<1 that we close by imposing dx¢x = 0: we define
@ € H? as the lifting of (gx|;=0 — Uk |9q. 0). From standard trace theory, there exists a lifting operator

L: H¥?0Q) > H*(Q)
b+ v suchthatv|yg =b, d,v =0,

that extends continuously as a lifting operator H! — H 3/2 (on the half space in Fourier variables
£ = (£,£,) one may take Lb = b(EYh(EL/ V1 + |E12)/ 1+ |€]? with h smooth and compactly
supported, [hd& =1, [ & hd& = 0; see [Lions and Magenes 1968a] for more details). In particular,
we have || gk[i=0 — vklaqllg1 = llgli=0 — uoloqll g1 = 0, which implies ||@g || gr3/2 — 0. O

Proof of Lemma 2.3. We first detail the case s = % and will deal with s = —% + 2k, k € N by induction.
Let u be the solution of (IBVP). If (CCO) is satisfied, then there exists (¢ ., gk, fx) as in Lemma 2.4,
and we call the associated solutions uy. Since [|ux —ullcy(m)Y/? —« 0, it is sufficient to prove the
convergence of uy in Cr H3/2. We first check that uy € Cp H?. Let g, € H>2(2 %[0, T]) be a lifting
(for its existence, see [Lions and Magenes 1968b, chapitre 4, section 2]) such that

{éklaszx[o,r] = gk,
Agrlaexio, 71 = Jklaexp, 71— 108k -
We define

t
wi = €22 (ug g — &k lr=0) + f e IAD (i —id,81 — Agy) ds,
0

the solution of the homogeneous IBVP with initial data u¢ x — gk |;=o and forcing term f; —i 0,8y — Agy,
so that 1y = wy + gx. The embedding H3? < Cy H? and (CCO) then imply Uok — 8klr=0 € Hé and
Jre—1i0:8—Agp € LITHZ, thus wy, € CTle) and uy = wy + g € Cr H?. In particular, Auy € CrL?
and we can now check that it is the transposition solution of the IBVP
100 + Avg = Afy, (x,2) e 2 x[0,T],
Vk|r=0 = Augk, xeQ, (2-6)
Vkla@xto,r1 = —10:8k + ficlagx(o,11;
that is to say (2-3) is satisfied with data (Aug x, A fi, —10: 8k + filax[o,77)-
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Let o € C*([0,T], CX(2)); we set w = f} e!t=9)AD Ay ds the solution of the dual boundary value
problem with data Ag. By definition of uy,

// Aukq_odxdt=// ur Ag dx dt
Qx[0,T] Qx[0,T]

=// fkwdxleri/ uo,kWO)dx+[/ gronw dS dt.
Qx[0,T] Q 02x[0,T]

. t i(t— .
Now, since w = A [1 /(=)D ds := Av, where v € C! H3, we can write

f/ Auj@dx dt
Qx[0,T]

:// ﬁ{A_vdxdt—i-i/ uO’nAv(O)dx—i-// gronAvdS dt
[0,T]x2 Q Q2 x[0,T]

=f/ Afkﬁdxdt+i/ AuO,szO)dx+i/ U 0 (0) dx
Qx[0,T1] Q Q

+// 2k On(—id;v + @) + fropvdS dt
9Qx[0,T]

:// Afkﬁdxdt-i-// (fk—iatgk)anﬁdet+i/ Auo’leO)dx
Qx[0,T] AR x[0,T] Q

w1 [ woxdo@as +il | edwdsh
Q2 Q2

=// Afkﬁdxdt—i-// (fk—iatgk)anﬁdet+i/ Aug xv(0) dx,
Qx[0,T] R x[0,T] Q

where in the last equality we used (CCO) and the cancellation of v|,=7. Since the equality is true
for arbitrary ¢, by density of C°°([0, T'], C2°(R2)) in LITH ;/ 2 we obtain that Au & 1s the transposition
solution of (2-6), and Auy, converges in Cp (Hll)/z)’ since Aug i, Afr, i0:gk — fila@x[o,T] converge in
(HY 2)’D X L%H ~1x L?. Arguing as in the end of proof of [Audiard 2013, Proposition 6], we obtain the

convergence of uy in Ct H 3/2 and its limit is u by uniqueness of the limit. This settles the case s = 2

5.
For s = —% + 2k, k = 2, we argue by induction. Let us introduce the boundary value problems
i0;v+ Av=A"f, (x,1) e 2 x[0,T],
V=0 = A™uy, x e, (IBVPm)

vlaxio, 1 = ¥mla@x(o, 11
where Y, is defined inductively by Yo = g, ¥j+1 = Ajf|agzx[0’T] —1i0d;v¥;. We assume that (1o, f, g)
in H—V/2+2k o g—1+42k.2 o [p2k.2 gatisfy (CCj), 0 < j <k —1, and AJu is a solution of (IBVP,j) for
0 <j <k —1. In particular, A*=1y is a solution of (IBVPk — 1) and the previous argument implies that
A=Yy e Cr H3Z if (A*Yug, AR~ £ _y) belong to H3/2 x L%H1 x H?*? and satisfy the compat-
ibility condition ¥4 _1|;=0 = A¥"lug|3q. The first condition is clear, since! v; € H**~7(3Q x [0, T),

1 Actually, the careful reader may note that the regularity of the boundary data only requires f € H 2m=3/2+€.2 ¢ (), rather
than A27~1.2_ This is not important as the dispersive estimates in next section require the full regularity f € H2"~ 1.2,
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and for the compatibility condition we may note that

j—1
V= iog+ Y (oAl
p=0 L la@x[0,T]
Vi>1
ji—=1
¢j = (D) uo+ Y 9] T D) flimo.
p=0

so that Y _1|r=0 = A=y s equivalent to (CCk — 1). Thus

Ay ecrHY?  and  Aulyg =y € H** D o crHP*DT D 0<j <k -2,

so that, by elliptic regularity, u € C7 H 2k=1/2, O
We can now conclude this section:
Proof of Theorem 2.2. We have obtained well-posedness for s = —%, % The case —% <s=< % follows by

interpolation if we check that H x HS+1/2:2x L% H*~1/2 with compatibility condition is the interpolated
space between (H 11)/ 2)/ x L% x L%H —1/2 and H3/? x H*2 x LZTH ! with compatibility condition; this
is proved in Lemma A.2 in the Appendix.

For s > %, let m € N be such that —% +2m<s< —% +2(m +1). The case of equality is Lemma 2.3;
in the case of strict inequality we recall that A™u is a solution of (IBVPm1), where it is easily seen that if
(f.g) € HS=V22(Qx[0, T)) x H*F1/2 (92 x[0, T]) then ¥, € HST1/272M Since -1 <s—2m <3, we
have from the previous case that A”u € Cy HS~2™; the regularity of u follows by elliptic regularity. O]

3. Dispersive estimates

From now on we assume that Q€ is star-shaped; up to translation we can also assume that it is star-shaped
with respect to 0.

Local smoothing. Let us first recall the key virial identity:

Proposition 3.1 [Audiard 2013]. If u is a smooth solution of IBVP), h € C*¥(Q), VEh bounded for
1<k<4,and I(u) = ZIme Vh-Vuii dx, then, setting Vi =V —nay,

d _ _
(@) = 4Re/ Hess(h)(Vu, Vu) — $ul*A*h + Vh-Vu f + SaAhf dx
Q

+Re/ 28nh|Vtu|2—28nh|8nu|2—2i8nh8tuﬁa’S+Re/ —2uAhdpu + |u|?0,Ah dS.
R R

For the choice i(x) = /14 |x|2, we have Hess(h) > 1/(1 + |x]?)3/2, 8,h < 0 (because S is
star-shaped); this leads to the following result:
Proposition 3.2. For any ¢ > 0, (uo, f,g) € H/2(Q) x L2(Q x [0, T]) x H'*t&0+8/2(3Q % [0, T])
that satisfy (CCGO), f compactly supported, we have
Vu

REAEDEL + 10nul L20ex10,77) < Ulwoll gz + 1 f 22 + 1gll g1+e2)-

L2([0,T],L2())
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Remark 3.3. The constant in < depends on ¢, T and the size of supp( f'), and blows up if e > 0, T — oo
or supp( f) — 2. We chose not to emphasize this as it will not matter in the rest of the article.

Proof. The proof was essentially done in [Audiard 2013] for a strictly convex obstacle; we write it out
since it must be slightly modified for the case of a star-shaped obstacle. We use that f is compactly
supported to absorb the term [ VhVu f dx in [ Hess(h) (VuVu) dx, and Q€ is star-shaped thus 9,4 < 0
(n is the outer normal of €2), so integration in time gives

Vu 2

H (1+ |x|2)3/4

L2(Qx[0,T])

< ||u||iZ(QX[O,T]) + ”f”iZ(QX[O’T]) + ||g||12ql+s.2(agx[0,T]) + (@ (T)| + [{uo].
To estimate | I (#(T))|+|1(x(0))| the main issue is that Vu € (HII)/Z)’, which is slightly larger than H—1/2.
Following the notations of Lemma A.2, we first remark that the assumptions of the lemma imply
(ug,g) € X'/? and we use the lifting operator HS*/2 — HsT1/2:5/241/4(Qy x [0, T]), g — R, g. If
(1o, g) € X34, then (ug — Riglr=0.u(T) — Rigli=1) € (HL(R))?, while, if (u9.g) € X'/3, then
(o — R1g|i=0, u(T) — Rigli—1) € (HY9(R))2, thus by interpolation
(0, 8) € X2 = (ug = &limo, u(T) — &li=1) € (Hy (@)

This implies for ¢ € [0, T']

/ u()—R1g(t)Vu-Vhdx
Q

< lulleqo,r a2 llgll a2

On the other hand, an integration by parts formally gives

‘/ Rig(t)Vu-Vhdx
Q

< ‘/ udiv(Rig(®)Vh)dx|+ ‘/ gRig(t)d,hdx
Q R

= Ce(lu@l gr/2-e | RigOl grate + g @0)172)

2
= Ce(lullcpmirzligl ez + 1815 14e2),

so that by a density argument we obtain

Vu

REP PR < Corlullcy gz +lglgi+ez + 111 1L2)

L2(2x[0,T])
< Cer(luollgrz+ 1 fllg2 + gl gi+e2). (3-1)

The estimate on ||d,u| ;2 cannot in general be obtained directly from the virial identity with 7 = /1 + |x|?
since we may have, for some x € 02, d,h = x-n/+/1+ |x|?> = 0. However, once local smoothing has
been obtained it is quite simple to derive an estimate on d,u. The argument that we give now is essentially
the same as the one from [Planchon and Vega 2009] for the homogeneous case. Using the identity from
Proposition 3.1 with some /4 smooth and compactly supported such that 9,/ < 0, we obtain

T
19null7 > < T @(T)] +1T@o)| + lullzs + 1172 + gl g1+en +/0 /QHCSS(h)(Vu, Vu)dx dt.
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The integral of Hess(%)(Vu, Vu) dx is no longer positive; however, since / is compactly supported, it is
controlled thanks to (3-1). O

We can now state the local smoothing property for more general regularity:

Corollary 3.4. Letre>0, 1 <s<2, (ug, f,g) € H (Q)x H*~1/2:2(Qx[0, T))x H*t1/2+&2(3Q x[0, T'])
satisfying the compatibility conditions, f compactly supported, & > 0; then the solution u € Ct H® of
(IBVP) has the local smoothing property

u

HW  1nttlgorra: < Nuaollzrs + g lgstosivas + 1/ Lo

L;}Hs+l/2

Proof. The case s = % is Proposition 3.2. For s = %,

IBVP with forcing term A f, initial conditions Auo and boundary data —id;g + f|sax[o,7]. thus the

we have already seen that Au is a solution of the

local smoothing implies

” VAu
(14 |x[?)3/4

S luollgsrz + 1/l 2 g2 + gl mste + 1/ I 1+e2@@xio,r
L2(2x[0,T])

S luollgsz + 1 £l Lz g2 + gl mstez + 11 f | 3r2+e2@xp0,1))
S luollgsiz + | Sl a22@xqo,11) + 181 3 +e. 612

Elliptic regularity then implies the estimate on ||/ (1 4 |x|2)3/4|| g3- The control of ||0,u|| g2.2 requires
a bit more care, since we cannot directly use the estimate on d, Au: for xo € d€2, we use local coordinates
(»1,-- ., yq) such that, on a neighbourhood U of x¢, 02 NU ={y; =0} and Q NU C {y; > 0}, and
we define the differential operators Dy = @(y1,..., Yi—1)¥ (¥a)0y,, 1 <k <d —1, with ¢, ¥ such
that supp(¢vy) C U and ¥ = 1 on a neighbourhood of 0. Setting D; = 0 outside U, the Dj define
second-order differential operators on 2 and, by restriction, on Q2. For 1 <k, p <d — 1, it can be
checked as for Au that uy, = Dy Dpu is the transposition solution of

id;w+ Aw = DDy f +[A, D Dplu,
w|t=0 :DkDpu07
wlsq = D Dpg,

where the commutator [A, Dy D,]is a third-order differential operator. The virial identity gives

dI(ugp)
dt

= 4Re/ Hess(h)(Vugp, Viigy) — $lugp|* A*h + Vh-Vug,(Dg Dy f +[A, Dy Dplu) dx
Q
+ 2Re[ Uy Ah(Di Dy f +[A, Dy Dplu) dx
Q
+ Re/ 200h|Vetgp|* —20nh|dntigy|* — 20 0,hd sup pitg, dS
1]

+Re/ gy Ahntigp + lugp|*In AR dS,
0
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Choosing / compactly supported such that d,/4 < 0 on supp Dy as in the proof of Proposition 3.2 gives
an estimate on [0,ukpll123Qx[0,7])> Provided the new terms induced by [A, Dy Dplu are controlled;
this last point is a consequence of the local smoothing

‘ / /Vh Vukp[A DkDp]u—i- SUrpAh[A, Dy Dpludx|dt < ||”kp||L§H1||”||L2TH3

2 2 2
Sluollgsz + 1/ 122 + 181 531e2-

This gives [[0nuipllpz S lluollgsz + | fllg2.2 + gl gr3+e.2. Since ¥ = 1 on a neighbourhood of 0 and
dp = 0y, on U, we have 0, Dy D, = Dy D0y, so that

| Dk Dpnttll r2aqxqo, 1)) < ol sz + 1/ | g2z + gl mrave..

Finally, since [|0,u(t)|| g1 < ||[u(?)| gs/2 and using a partition of unity, we get

10nutll L2 g2 < luollgsrz + S |22 + gl grste2

The time regularity of d,u can be obtained in a similar way by considering the IBVP satisfied by d;u;
the application of Proposition 3.2 requires 8; f € L2(2x [0, T]) and 8;u|;—¢ =i Aug —if|s=0 € H'/?,
both of which are ensured by f € H?*2. Since 9,0, = 0,9;, the local smoothing property gives directly

10:0null L29@x0,7) < ltollgs2 + 1/ 22 +lgllms.2

The result for % < s < 2 then follows by a (nontrivial) interpolation argument similar to Lemma A.2 that
we sketch now: Setting

* = {(ug, f,g) € H* x H* /22 x go+1/2:2 that satisfy the compatibility conditions},

it is sufficient to prove [Y /2, Y3/2]g > Y20+1/2 for g < %. To get rid of the link between ug, f and g,

let us define H(ZO)2(Q x[0,T) = {f € H>?: f|saxio; = 0}. Clearly

Y32 5 {(uo, f,8) € HY? x HE: x H>? with (CC0), (CCG1)} := Y )2,

(0 (0
The key point of Y(o/) is that f|;—o € H/, so that the (/)< j<J introduced in the description of
global compatibility conditions automatically satisfy fo Jga—1 1.f J(x', h)|? dx" dh/ h < co. Therefore

the conditions (CC0), (CCG1) only involve uy and g, and

(f)éz = {(ug. g) € H>'? x H*? with (CC0), (CCG1)} x H(20)2

For 6 < 2, we have, from Proposition A.4, [L2, H 2,2 Mo =H 20.2(Qy x [0, T']). As a consequence, setting
X332 = {(uo g) € H3% x H32 with (CCO), (CCGI)} (as in Lemma A.2), we are reduced to checking
that [X /2, X3/2]y = X1/2%9 which can be done as in Lemma A.2. |

Remark 3.5. The loss of regularity on the boundary data can be avoided up to an arbitrary loss on
the local smoothing. Indeed for (uq, f,g) € H'Y?T¢ x H®2 x H't&2 the virial estimate implies
ue L%H 1 and from an argument similar to Corollary 3.4 we find that, for % + & <s <2, we have
(o, f,g) € HS x H V225 {H5+1/22 thenu e L2 HS+1/272,



1126 CORENTIN AUDIARD

We choose to focus on the case where we lose some regularity on the boundary data because it avoids
the use of peculiar numerology for the Strichartz estimates and well-posedness theorems in the rest of the
article; however, we will continue to discuss this alternative approach in Remarks 3.8 and 4.3.

The estimate is restricted to functions f compactly supported near d€2. For the well-posedness results
of next section we will also need smoothing of the normal derivative when f is supported “away from 9€2”:

Proposition 3.6. Let w be the solution of the homogeneous boundary value problem

idjw+ Apw = f,
w|t=0 = 07
wlae = 0;

then w satisfies the estimate

[800l1172200x10,r < 1/ 512

Proof. From the Strichartz estimate in [Burq et al. 2004], we have

||w||CTHL1)/2mL3W01/2,3 S ||f||L3T/2W01/2.3/2-

The virial identity gives
19132 agango,rp = Wl > + 0l g w21 F N ragrasrs S 1S s
and similarly, using the same differentiation arguments as in Corollary 3.4, we get?
9wl g223@x(0,7) < ||f||L3T/2W05/2.3/2.zmW;/4.3/2L3/2-

Let us recall that, for s > 0, s € N, B”;/zz 3/2 o(2x[0,T]) = W7s~/2’3/2L3/2 N L3T/2W0s’3/2. Using real

interpolation with parameter 6 = % and g = 2 gives the expected result, as a consequence of

3/21,1/2,3/2 53/214,5/2,3/2 5/4,3/2 1 3/2 1/2,2 5/2,2 _ pl2
[L Wo ’LT Wo nWT L ]1/4,23[B3/2,3/2,0’B3/2,3/2,0]1/4,2— 3/2,2,0°

The first inclusion is clear, and the equality follows from the interpolation of anisotropic Sobolev spaces;
see the book of H. Amann [2009], Section 3.3 for the interpolation of anisotropic spaces on R? and
Section 4.4 for domains with corner. O

Strichartz estimates. We deduce in this section Strichartz estimates (with loss of derivatives) from the

local smoothing. Following the terminology of admissible pair (those (p, g) such that % + % = %), we

say that (p, q) is a weakly admissible pair if

+ (3-2)

IR

d
>

==

2When differentiating in time, we obtain du|;—g = —if|;—¢ € W07/6’3/2 — H(} — Hll)/z, thus the initial data for the
problem satisfied by d;u is smooth enough to use the virial identity.
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Theorem 3.7. Let Q@ C R, d > 2, such that Q€ is star-shaped with respect to 0. For e > 0, T < o0,
% <s<2, (ug, [, g) € HSx HS~V/ 245 fys+1/2+482 gutisfying the compatibility conditions, f compactly
supported, and any weakly admissible (p, q) with p, q > 2, the solution u € C H! satisfies

lullLe qo, 71, wsa)) < lluollas + 1€l grs+12+e + || fll gs—1/2.1/4.

Proof. The argument from [Burq et al. 2004, Proposition 2.14] can be used with no meaningful modification
(see also [Audiard 2013, Corollary 1]). Let us sketch it briefly: we decompose u = xu + (1 — yu), x com-
pactly supported, x = 1 near 9Q2Usupp( /). From the local smoothing property, xu € L2 H*T1/2NL® H*,
we have by (complex) interpolation that u € LY. H**1/?. The Sobolev embedding H*+1/? < W4
with é = % — Lp and the local smoothing property from Corollary 3.4 imply xu € L;W‘ 4,

The function (1 — x)u extended by 0 outside supp(1 — x) satisfies a Schrodinger equation on R¥,
and the usual Strichartz estimates on R? imply (by a standard but nontrivial argument that originates in

[Staffilani and Tataru 2002])
(X =)ullL2p qo,71,ws.a)y < Nuollms + gl gs+rr2+e2 + [ f | grs—1/2.1/4.

From L2 ([0, T]) C L?([0, T]) we obtain the expected estimate. |

Remark 3.8. Following the observations of Remark 3.5, we could also prove an alternate Strichartz
estimate with optimal boundary data in H*® +1/2,2 pyt % + % = % + %, simply by using the embedding
Hs+H1/2=6 < Wsd1 1/q1 = %_ (% —8)/d.

4. Nonlinear well-posedness

We consider here nonlinear IBVPs of the form
id;u+ Au=F(u), (x,1)eQx][0,T],
Ulp=o = Uy, x e, (NLS)
ulaxo,11 = & (x,1) € 92 x [0, TT,
with the following assumptions on F € C!(C): there exists a > 0 such that
|[F)| < 1z1(1+1z1%), (4-1)
IVF(2)| < (1+[z))*. (4-2)

For the smoothness of the flow we will assume F € C?(C) and
IV2F(2)] < (1 + |z)mx@ 0 (4-3)
Local well-posedness. Since our first result is local in time, we define

HPPE2RE % 0Q) = {g : x(0)g € H/* 2R} x 0Q) forall x € CPRH)}.

loc

We say that u € Cr H! is a local solution to (NLS) if it satisfies id;u + Au = F(u) in the sense of
distributions (for u € Cy H! all quantities in the equality make sense), ulpex[o,7] = & in the usual sense
of traces and u|,—¢ = uy.
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Theorem 4.1. If F satisfies (4-1)—(4-2), then for any (1o, g) € H'(Q) x H2*TEX(RY x Q) satisfying
(CCO) and o < 2/(d — 2), there exists a unique maximal solution u € Cy~ H 1 of (NLS).

The solution is causal in the sense that u(t) only depends of ug and g|s<¢, and, if T* < oo, then
lim 7= Ju(?)|| g1 = +o0.

If F satisfies (4-3) and d < 3, then for any T < T* the solution map is Lipschitz from bounded sets of
HY(Q) x H32H82(RT x Q) 10 C([0, T], HY).

It will be convenient to introduce i, the solution of

19,0+ Ail = F(3), (x,1) € @ x[0, T[.
U|r=0 = Uo, x€Q, (4-4)
iUlaaxo,r] = & (x,1) €92 x[0, T,

where § € H?2(Q x [0, T]) is a compactly supported lifting of g. Thus u must satisfy
t
u=1i+ / ' U=IAD (F(u) — F())(s)ds forall 1 €[0,T].
0
Choose ¢qo such that (2,qg) is weakly admissible. According to Theorems 2.2 and 3.7, we have
neCrH' n L2TW1’q0 if F(g) e HY2:2, Actually F(§) is smoother than needed:
Lemma 4.2. For ¢ € H*?(Q x [0, T)) and F satisfying (4-1)—(4-2), F(¢) € H'-2.

Proof. 1t is clear that F(¢) € L%Lz; indeed

IE@2p2 S lellzp2 + ol 36 e < lpllp2 o (T + ”(p”i%fﬂ)'

Since o < 2/(d —2), there exist p, g satisfying

1,1 1 (a1 1 _ a(d-2)
4 == 2 )y =
p+q 2’ mm(Z’d)_p>

and Holder’s inequality gives, for any ¢ € [0, T,
IVE@) 2@ < 11+ 191*) Vel L2
Slelar +lelzen IVellLa
Slelar + el el ae.

where we used the Sobolev embedding H' < L4, 2 < ¢ <2d/(d —2) (or q < oo if d = 2). From the
embedding H*? < Cy H' we deduce, by taking the L% norm,

IVE@ L2 1 S N0llpz g + 10l ze i l€ll L2 2 S ol 221+ llel2 ).
For the time regularity we have, using Holder’s inequalities again,

IF(p(1)) — Fe(s)lz2@) < llo@) — o)z + [lo@)] + 0| Fap lo @) — 9(s) [ La
<o) =)z + || le] + le@I|| 51 le@) — () | g1
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thus the embedding H%2 < H/2([0, T], H'(Q)) gives

F(e(t))—F 2,
IF@I 2,0 = //{W o) = Fo6DL2

£ —s|?

2 2
5 ||§0||H1/2L2 + ||§0||Loct>OH1 ”§0”H1/2H1

SlelF22 (0 + llell3.n)- O

Proof of Theorem 4.1. Uniqueness: The uniqueness can be done as in the case of homogeneous Dirichlet
boundary conditions from [Burq et al. 2004]. If # and u, are two solutions in C7+ H U then w =uqy—uy

is a solution of
0w+ Aw = F(uy) — F(up), (x,t) e Qx|0,T],

w|;=0 =0, x e,
w|yex(o,7] =0, (x,2) € dQ2 x [0, T|.

This is a homogeneous boundary value problem for which the Strichartz estimates (1-2) give, for (p, q)
weakly admissible as in (3-2), (r’, s”) weakly admissible and T < T'*,

lwlipser2nrepe < llwlipy 2+ |l |+ qul)“wHLrTLs =Tlwllpger2+ + (ur | + qul)“wHLrTLs.

If we can choose (7, s, p1,41, P, q) satisfying

1 d d d d
E-i-a—z, ;—i-;—l-i-a

1 1 1 1 1 1
— ==, —4=—=- 4-5
pro 2 g1 g s (*-3)
2 Lo Lol gl

2d <q1<2’ > O<p1<a,

we get from the Sobolev embedding and Holder estimate in time that

| Qur] + lua)*w]

LhLs ~ H |luy| + |”2|”Lap1Laql lwliz2pq
STV VP (sl psogn + luallzse g)* lwlizo .
and thus w =0 for 0 <¢ < 7', T small enough only depending on |||z co g1 + ||t2]|f 0o 1. Iterating
the argument implies # = v on [0, T*[. The system (4-5) implies
dldllddl a(d—2) 1
gbedddtd )
+2 r+s p1+2+q1+q p+2+ 3 +2 »

which can be solved since & Fa(d—2) <1: we first choose p >2 close enough to 2 that & Fa(d—2)+ é =<1,

(4-6)

then 1t is possible to choose p; that satisfies (4-6) and 0 < p— < o; up to increasing p we can assume
pl < 1. The choice of p determines the value of q > 2, the ch01ce of p; determlnes the value of 1 <r <2,
and then of 1 < s < 2. The only equation left is - = 1

q s — 75 its solutlon - belongs to ]0, 1], and thus is

an acceptable Holder index.

Causality: This can be proved as for uniqueness, since if g;, g, coincide on [0, ¢], the uniqueness
argument can be applied on [0, 7] and implies the associated solutions satisfy u1[[o ;] = u2l[0,¢]-
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Local existence: We recall that (2, go) is assumed to be weakly admissible. According to Lemma 4.2
and Theorems 2.2 and 3.7, it € CT H' N L%,WI"IO, since F(g) € H"2 c HY/2:2, Setting w = u — I,
the local existence will be a consequence of the existence of a local solution to

idrw—+ Aw = F(u+w)— F(2),

w | t=0 = Ov

wlypxio,r] = 0.
This is a nonlinear homogeneous boundary value problem; the existence of a solution is essentially a

consequence of (the proof of) Theorem 1 in [Burq et al. 2004]. As it does not strictly cover the case of
our nonlinearity, we briefly sketch the argument. Let us define the map L as

L:Xr=CrHyNLEW"Y — CrH] nLEW,
t
w > L(w) = / eI (F(ii + w) — F(Z)) ds;
0

we will check that it has a fixed point for 7" small enough. Burq et al. [2004] prove that, for a convenient
choice of weakly admissible pairs (p,q), (p1.91) (depending on o < 2/(d — 2) and d), the map
L(w) = fé e!t=)AD F(y) ds satisfies

7 9 1
ILwllxy < T7(lwlx, + lwllxh®),
~ ~ 0[ .
ILwy = Lwallxy ST [lwy —wallx, (14 [wily, + w2l%,) if d <4,
~ ~ 6// .
ILwy = Lwalcpr2apepa ST wi —walle,2are pa (L4 [willy, + [w2lly,) if d =4,

where 6, 6/, " are positive, and the second inequality (d < 4) also requires the assumption (4-3) on F
(this is Propositions 3.1, 3.3, 3.4 and equations (3.9)—(3.10) from [Burq et al. 2004]).

Since F(it + w) — F(g) has trace 0 on 02 x [0, T'], we can use these estimates. We recall g is in
H*? < LPH'N LZW"40; therefore, setting M (w) = ||wllx, + lillx, + gl g3/2.2 the estimates
give, directly in our case,

ILwlx, < TO(M + (M)'H%), (4-7)
|Lwy — Lwy|lx, S T w; —walxy (14 (M(wy) + M(wy))%) if d <4, (4-8)

ILwy — Lwallcy r2nre Lo
ST \wi —wallepronpm pon (L+ (M(wy) + M(wy)®)  if d >4, (4-9)

If d < 4, from (4-7)—(4-8) we can apply the Picard-Banach fixed-point theorem in Cz H'! N L;Wl’q
for some T'(|luoll g1 + 1€l gr3/2+e.23qx(0,77)) and it also implies that the flow is Lipschitz. If d > 4,
(4-7) implies that L sends some ball of X7 to itself, and from (4-9) it is contractive in the weaker
space CrL? N Lé)f L9, By a standard argument, the metric space {u : ||u|lx, < M} with distance
du,v)=|lu— v||L%oLGL§Lq is complete (e.g., [Cazenave 2003, Theorem 1.2.5]), so that the existence
of a solution is again a consequence of the Picard—Banach fixed point theorem.
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Blow-up alternative: This is a direct consequence of the fact that the time of local existence only
depends on |lugll g1 + €|l g3/2+-. Let u be a solution on [0, 7*[ such that lim||u(?)|| g1 = C < o0
and let § be such that T(2C + (g gr3/2+e.2qr+—1, 7% 4+1]xq)) = 28. Up to decreasing §, we can assume
|lu(T* —8)|| 1 <2C. Since u € Cr H' and u|yq = g the pair u(T* —§), gl[T*—8,+oo[ satisties (CCO)
on Q2 x {T* —§}, thus (NLS) has a local solution on the time interval [T* —§, T* + §]. Thanks to the
uniqueness on [T* —§, T*[, this allows us to extend the solution on [0, 7* + §]. O

Remark 4.3. If one chooses to use instead the Strichartz estimate from Remark 3.8, namely

1, d_d | 2

< — 42 =242

el e wra < lluollg + gl msz + 1/ 1 g1/20/4 when 22t
the restriction on « becomes (supposedly) @ < (2 —4¢)/(d —2). Consequently, well-posedness for the
whole range o < 2/(d — 2) and boundary data in the optimal space H>/%2 can most likely be obtained,

up to more involved estimates with some ¢ in all indices.

Since our Strichartz estimates for the IBVP only give a gain of half a derivative, the natural limitation
on the nonlinearity is o < 2/(d —2) (as in [Burq et al. 2004]). However better (scale-invariant) estimates
are available for the homogeneous boundary value problem, and they can be combined with our estimates
to improve the range of «. The following theorem illustrates this idea.

Theorem 4.4. If Q2 is the exterior of a smooth strictly convex obstacle, then Theorem 4.1 is true for
a<3/(d-2).

Proof. From [Ivanovici 2010], the usual Strichartz estimates with (p, ¢) such that % + % =
are true for the semigroup e//22. The uniqueness in LY H ! follows from standard arguments; see, e.g.,

[Cazenave 2003, Section 4.2]. The existence part is again an application of the Picard—Banach fixed point
theorem: let (p, q) be weakly admissible, p > 2, such that

a<%(l+;) (4-10)

Weset Xr =CrH' N L{}WI"I and, as in Theorem 4.1,

4 p>2,

L:wr L(w)= /t ! E=AD (F(ii + w) — F(g)) ds.
0

From the Sobolev embedding, g € H?*»? < L2H>NCrH! < X7. Let g1 be such that 2 + = = %
From the scale-invariant Strichartz estimates we have
||Lw||XT < ||Lw||L<;°H1mLP wlar X SIF@+w)— F(g)”Lp lq/l—i-LlTHl’
and we will prove that there exists 8 > 0 such that
1+3 d—2
VF@)ygrai g gy g S TO0+ ol 7). (@-11)

Let € C®(R1) with ¢ = 1 for x > 1 and ¥ = 0 for x < 1. Since supp(1 — ¥ (|v|?)) C {|v| < 1}, we
have
Hl—w(|v|2)F(v)HL1 ar S vlpr g =Tl
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On the other hand, for any 8 > «,

[y (u» F@)| < '™, V(v F)| < [v]P| V.

Since

oo =12 D)) - <

there exists 8 > « such that 2 < (1 + 8)q} < 2d/(d —2), and this choice leads to

8] <)t STV o)} 1P

Lr' L9 LU+ [A+Ba) ™~ LeH!

To estimate V ( (|v]?) F(v)), we use Holder’s inequality on |v|# Vv combined with the Sobolev embedding

1,r s 1 _1_ 1.
w ‘—>L,s—r 7

(P90 S 10155 G102, (4-12)
where
1 1(1 1) 1(1 2) (Holder in time)
—=—-l——-—)==|1-- older in time),
p B\p p) B p
I 171 1 1 1 3 . ) )
==l —=)t+t5=51+4= (Holder in space and Sobolev embedding).
q B\d¢y q) d d Br
Note that g, p, g are defined by p and . If we can choose p > 2 and 8 > « such that
1 d d I 1 1 1 1
“t=>5 x<35. —-=7=7, (4-13)
p g4 2 p 2 q q 2

this gives (4-11); indeed, for such p, B, if 1/p; +d/q = d/2 we have Lé’lel"2 C X, 1/py1<1/p,
and (4-12) gives

h— H— 1+
Il 2l VVllzeze < TPYPYPOIL L GIVYlepe < TRYPUP P 4-14)
T

Let us now check that there exists a choice of 8 and p for which (4-13) holds. The first two conditions

become
H-D( )4 = Lon(d
%(1—%)<% %>%—§.

Or, more compactly,
1

§>

ARG CRUR)
B _1

The condition % — 4 < 3 is automatically satisfied. To ensure 1/¢g <1/¢ < 1 we must have

1 _pd=2) 1opd=2) 1
B~ 6 B~ 6 3’
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so that the condition is finally equivalent to

p(4-1)-1<} D

and there exist solutions p > 2, § > « if and only if 8 < 3/(d — 2), which is always compatible with
B > « and the initial assumption (4-10).

From (4-11), we infer
ILwlhxy < T (U4 (Ul + ey + 121x) ),

so that for 7" small enough, L maps the ball of radius one in X7 to itself. It is not clear if L is contractive
in X7 even for smaller 7', however contractivity for the weaker topology induced by L‘]’?L2 NLPLY s
an easy consequence of the previous estimates and the assumptions on F":

|F(ii + wy) — F(ii +w3)| < [wy —wa| + (wi] 4 [wa] + [i#])P|w; —wy),
and (4-14) gives

| Lwy — Lws||x,

Slwr—wallprz2 + [lwi —wa| + (wi| + [wa| + i) |w —11)2|”L17/Lq’1
T

STPUPZYPD (it x + llws [y + w2l )P lwr —wall g o+ Tlwr—wallpge 2. (4-15)

As for Theorem 4.1, the contractivity of L for the L;Lq N L‘%"L2 topology and the mapping of a ball
of X7 to itself gives the existence of a solution as a fixed point. O

Remark 4.5. The only thing limiting us to o < 3/(d — 2) is that i only belongs to Cz H' N L2W 1:90
with % + ;—O = %. If this limitation was lifted the fixed point argument on w could be performed in the
usual scale-invariant spaces.

Remark 4.6. Theorem 4.4 is only an example of how one may mix optimal and nonoptimal Strichartz
estimates. If €2 is only assumed to be the exterior of a nontrapping obstacle, [Blair et al. 2012] proved
scale-invariant Strichartz estimates with loss of derivatives, namely

i . 2 .d _d 1 1 _1
e”ADu LPL 5 Uol||He with —+_=__O—,_+_§_-
leAPugllLora < [luo] =5 Sy

Such estimates could probably be used to improve the range of « if Q€ is only star-shaped. Since the

method seems similar and with numerous specific cases, we chose not to develop this issue.

Global well-posedness. In order to obtain global well-posedness for the defocusing nonlinear Schrodinger
equation
i0u+ Au = |ul®u, (x,t)eQx[0,T],
Ulr=0 = uy, x e, (NLSD)
uly@xio,11 = & (x.1) € 92 x [0, T7,
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the argument based on local well-posedness and conservation of energy cannot be trivially applied. Indeed
we only have the formal identities

d
E/ %|u|2dx=—lm/ dpug ds, (4-16)
Q a0
i/ l|vu|2+L|u|“+2dx:Re/ 0puds g dS 4-17)
dt 92 o+2 0Q n

If g € H%?2, the control of lullc, g1 Tequires us to control ||du| gr2—s.2. In particular, for the almost
optimal regularity s = % + &, we must have some control on d,u € H'/2752(3Q x [0, T]), which is its
(almost) optimal space of regularity.

We will first deal with the simpler case g € H?2; in this case we only need to control ||d,u| ;2. This
can be done thanks to a nonlinear variation of the virial identity from Proposition 3.1.

Theorem 4.7. (1) Forany 0 <a <2/(d —2), if (ug, g) € H'(Q) x HZ? (RT x dQ) satisfy (CCO), then
(NLSD) has a unique global solution u € C(R*, H').

(2) If Q€ is strictly convex and there exists € > 0 such that g € H*T%2, then the theorem is true for
a<4/(d-2).

Proof. The case (1) is a simple consequence of the virial identity and the blow-up alternative, indeed the
(nonlinear) virial identity writes

< 1(u(t))

:4Re/ Hess(h)(Vu,Wt)—%|u|2A2h+Vh-Vu|u|“ﬁ+%ﬁAh|u|au dx
Q
—|—Re/ 28nh|Vrg|2—28nh|8nu|2—2i8nh8tg§dS—l—Re[ —28 Ahdpu+|g|*0,AhdS
Q2 0Q

_ Sy 1,2 A2 a+2 r 1
—4Re/QHess(h)(Vu,Vu) L2 A%h + u| Ah(2 a+2)dx

+ Re/ 20,h|Veg|? = 20,h|0nu|* — 2i3,hd,gii dS
Q2
|a+2

lg
oa+2

+Re/ —2g Ahdyu + |g|20u AR + .h dS.
0Q

As for Proposition 3.2, we choose 1 = /1 + |x|? so that Hess(/), Ah > 0, 3,4 < 0 and integrate in time.
From the embedding H2(3Q x [0, T]) < Hz/@+D gQd=2/@+1) , 12(d+D/(d=3) (30 x [0, T])
(or L® ifd =2, L? for any 2 < p < oo if d = 3) we have

T
a+2 o+2
] et as dn 5 el oy

If K is a compact neighbourhood of 92, we deduce

/ [Vul® + Jul**2 dx dr—/ (OuulPx-ndS di < M(T)(1+ [ull? 0 + 12]%53).
K x[0,T] a2 x[0,T]
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If x-n < 0 on 0€2, this gives directly a control of ||d,u||;2; if not then we can argue as in Proposition 3.2
by using some function 4 compactly supported in K such that d,/# < 0. For this choice, A& and Hess(/)

are no longer signed, but using the estimate ”u”ijiZ([o,T]xK) <1+ ||u||éTHl + ||g||‘1’,‘;§.22 we get
2+1
nullp2 = M(T)(1 + |ullcp g1 + IIgIIOlH/z.z )-

Plugging this in the “conservation” laws (4-16)—(4-17) implies

2 2 2 241
lelley grr = luollzry + 19null2llgll g2 S 14 lluollgy: + (lullcy m + lgl2 s Hligl a2

and thus

1 2 2 /242
L2, g S 1+ luoly + 121533 G axto. )

As a consequence, # remains locally bounded in H! and the solution must be global.

The case (2) is a bit more intricate, indeed even the local existence of a solution for 3/(d —2) <« <
4/(d — 2) has not been covered yet. The main argument is that we can modify # from problem (4-4)
so that it belongs to C7 H' N L%Wl’qo, 14+d/qo = d/2: since g € H>T%2, we have from (CCO) that
uolog = glimo € H'T52. Let vy € H3/2T4(Q) be a lifting of u¢|sq; we define ¥ as the solution of the

linear IBVP . - -
10,0+ Av = F(2),

6|l=0 = Vo,
Ulpax[0,T7] = &-

Since F(g) € H"? (see Lemma 4.2), g € H2t%2 vy € H3/2, the Strichartz estimates imply v is in
L%W3/2’q — LZTWI"IO, where 1 + d/qo = d/2. We are now left to solve the homogeneous boundary
value problem

id;w+ Aw = F(v 4+ w) — F(g),

wly=0 =g —vo € Hy ,

w|yex(o, 7] =0,

or equivalently obtain a fixed point to the map
t
L= &30 (g —vo) + [ NI (F(G 4 w) = F(@)ds.
0

Since v, g € L H 'n LzT W 140 the fixed point argument can be done as in the R case, e.g., [Cazenave
2003, Section 4.4], leading to local existence. We can still use the virial identity as in case (1) since
a+2<(d+2)/(d—-2)<2(d+1)/(d—3), and the energy argument is ended in the same way. [

If we only assume & € H3/2%82  global existence becomes a much more delicate issue since we need
to control ||d,u|| g1/2.2. Let us sketch the main issue: the linear smoothing gives a control ||d,u| g1/2.2 <
luoll gt + llglls/24¢62 + I fll g1/2.2, where f* = |u|*u has scaling 1+ o. In order to estimate the time
regularity of / we need to again use the equation, which adds another power « to the scaling. Using
various chain rules, the conservation laws (4-16)—(4-17) should give at best ||u ||2CT g1 S [T lu ||aXi, where

> aj =142« and, forall j, X; — Cr H'. Eventually, ||u| for some B depending

2
CrH! < ||u||§~TH1
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on «, and this allows us to close the estimate if 8 < 2. It is clear that such an approach will be limited to
small values of «. Nevertheless, this is the method used in the following theorem, where the restriction
on « is of course purely technical.

Theorem 4.8. For d = 2, % <a< %, and (ug, g) € H' x H32%82 saisfying the compatibility

conditions, the problem (NLSD) has a unique global solution in C(RT, H').

Proof. The existence of a maximal solution is Theorem 4.1; it remains to prove that u is locally bounded
in H!. In this proof, < means that the inequality is true up to a multiplicative constant that may depend
on T, g and an additive constant that may depend on 7', g and uy. We use § as a placeholder for some
positive quantity that can be chosen arbitrarily small.

As in Theorem 4.7, we can use the nonlinear virial identity provided g € L**2(3Q x [0, T']), which
is ensured by H3/%:2 < HTI/ZHI/z(BQ) — LP(3Q x [0, T]) for any 2 < p < co. From the nonlinear
virial identity we obtain

1/2 1/2 14a/2 1/2 1/2
Nntell 2 2+ 1Vull 2 2 S 2l &2 o + Mgl s S Nl i el 20 @-18)
plugging this in (4-16) gives
2 1/2 1/2
g, 2 S 0l 2 p2llghz o S Ul il &2 n + gl grszee)llgl 2 2
thus
1/3
lulle, 22 S Nl g (4-19)
1/24+1/6 2/3
< — -
and ull 2 g S Nl 2pt® = Il (4-20)

For later use, let us note that Holder’s inequality and the Sobolev embedding H' < L’ for 2 <r < oo
imply

llza < Null /T4l 2597° forall ¢ >2, 0 <8 <2/q. (4-21)
On the other hand, (4-16)—(4-17) give

2 2 2
lullg, o+ el FaZs < luollgp + gl gsrzven|Bnull sz, (4-22)

To estimate d,u, we fix x € C2°(2) such that x = 1 on a neighbourhood of 92, and split u = u; + us,
where u; and u, are solutions of

i0iuy + Auy = xlu|®u, i0iupy 4+ Auy = (1 —x)|u|%u,
uilr=0 = uo, and Uz|t=0 =0,
utlpexpo,7] = & uzlyqxo,r] = 0.

Corollary 3.4 gives

10nurllgrivzz < luoll gy + gl msrzez + I xlul*ull 2.2
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We estimate the nonlinear term using H! < Bj/ 22 [Triebel 1983, Section 3.3] and (4-19)—(4-20):

1/2+6 1/2—68
Il iz < [1ul® [ oo pa el 2 girza < Nl g g Hull 22 Nl 2

)
S lullg it (4-23)

For the time regularity, we use the composition rules and interpolation of anisotropic Sobolev spaces
[Lions and Magenes 1968b, chapitre 4, paragraphe 2.1]. For ¥ such that ¥ = 1 on supp x,

el ullggivspe < 1l oo palliel gaa pa S MUl oo paa I Xull r1ra g2

1/2 1/2
< ”u“L‘%oLm”Xu”H;/ZLZ”Xu”LZTHI'

Since i, Yu + AXu = X|u|*u + [A, X]u, we have
19 Xull 2 -1 S WXullp2 g+ 1XIul®ull 2 g1 + NullLge 2,

and since H~! D L9 for 1 < ¢ <2 we get

~ ~ 2/3 1+a)/3
19Tl 2 g1 < Nl g+ 1K1l ul 2 p2raa < Nul76 g + Nl 0

1/2 1/2

) - XUl 2 gy so that

Next we use ||)"(u||H%/2L2 < |l xull

~ 2/3 1+a)/3\1/2~ 1/2 2/3 3+w)/6
17l g2 2 S (Nl g+ Nl o0 2Rl 2 S Il s+ Il

This implies, using (4-19)—(4-21),

1/3 3+ 12 1/3
Ixlul®ull sz < Nl o paa (el g+ Tl Z 02l 52
1/34a+6 13c/12+1 4+8
< Null ™ el
Combining the estimate above with (4-23) gives the following estimate on d,u1:
1/34a+48 13a/124+1 4+8
l0nter iz S Nl 2t 0+ Nl oo (4-24)

We now treat d,u,. The situation is less favourable since we can not use the smoothing property

||Xu||Lz o S ”“”i{;fll‘ In particular we only have

4+a)/6
10 = 20ull 1722 < lulpge n + el i (4-25)

Using Proposition 3.6, we have

||3n“2||H1/2,2(3szx[0,T]) <@ —X)|”|a“||L3/zBI mBéﬁ ,L3/2
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For the first norm we write
10 =0l ull /251, S I = 0l *ul o272

< 2 o ol 50
1/3

LPL?
a+7/9+8
CrH! :

a—1/3+6
< Nl o Il el e

< [luell
For the other norm, the composition rules and (4-25) give similarly

— a < o
1= 0luulgarz 7o < Ml ol 172,

—2/9+46 4+a)/6
S IulE 3 Al + &)
+7/948 Ta/644/9+8
= Nl 7+ Nl 3,

so that

a+7/9+8 Ta/6+4/9
[Onti2ll fris2.2 < ”u”L‘}OI/P + “u“Lc%éHl P

Combining this estimate with (4-24) in (4-22), we finally obtain (as previously, < still means “up to
multiplicative and additive quantities only depending on 7" and the data”)

2
lull, o S Nl s

with B = max(% +a, 13a/12 + %,(x + %, Ta/6 + g) + 4. If B <2 then ||u(?)| g1 is locally bounded,

and hence the solution is global. The condition 8 < 2 is equivalent to @ < %. O

Appendix: Two interpolation lemmas

In this section we give two results on the interpolation of Sobolev spaces. They do not seem standard as
they involve compatibility conditions in some way. We do not claim that these results are new, however
we did not find them in the literature, thus we decided to include reasonably self-contained proofs.

Definition A.1 (real interpolation). If Xy, X7 are two functional spaces embedded in @'(2), we define,

foru € Xo + X1,

K(t,u)= inf u +t||u .
(= _ i ol + el

For 0 < 6 < 1, the interpolated space [Xp, X1]g 4 is the set of functions such that

q
/(; | K(t,u) |t1+9‘1 < 00
Lemma A.2. Let

x? = {(uo, g) € H~Y/2+20 HZG’G(BQ x [0, T)) that satisfy the compatibility conditions},
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where for 8 = 0 we take (Hll)/z)/ instead of H='/2. Then, for 0 <6 < 1,

X0 x' = x°.
Remark A.3. While it is a bit tedious, the case 6 = % really needs to be treated, as it corresponds to the
natural space for the virial estimates.

Proof. We clearly have
HP(Q)x HP* (02 x[0,T)) € X' ¢ HY2(Q) x H>2(9Q x[0, T)).

The interpolation of Sobolev spaces [Lions and Magenes 1968a; Lions and Magenes 1968b, chapitres 1, 4],
gives, for 6 < L

[(Hy?Y (@) Hy?lg = H?7V2, [H*° 02 x [0, T, H *lg = H?*?,
[(Hll)/z)’(Q), H3?)g = H97V2 [HO00Q %[0, T]), H*?]y = H*%2;

the two left-hand identities are not explicitly written in [Lions and Magenes 1968a], however (H 5/ 2)’ does
not cause any new difficulty since it can be bypassed using (Hll)/z)’ =[H, H2]1/6 =[H!, H12)]1/6
[Lions and Magenes 1968a, paragraphes 12.3, 12.4], and the reiteration theorem [[X, Y]q,.,[X, Y]g,lo =
[X, Y](1-0)6,+06,- We deduce that, for 0 < 6 < %

X0 = 520172 5200 - (X0 x1), C X°.
For 6 > 1/2 we first apply the Lions—Peetre reiteration theorem
(X0, X" g =[x X "]3/8. [X°, X Nilseys—3/5 = [X*/*, X Iseys-3/s

so that we are reduced to proving [X3/8, X1], = XG0+3)/8 for % < 6 < 1. To this end, we use the
existence of a lifting operator independent of % <s<1,}?

R: X5 —> HZS+1/2,S+1/4(Q x [0’ T]),
(uo,g) = u suchthat u|gxjo,7] = &, U|r=0 = Uo.
Such an operator can be constructed as follows: for any (g, uy) € X5, there exists a map
Ry : H*50Q x[0, T]) — H¥T12sT1/4Q %[0, T)),
g ng;

on the half space, Fx s R1b = g(€, T)p(v/1 + |&'|? + |t]2x4) with ¢(0) = 1, ¢ smooth enough, works.
There is also a map

Ry HES_I/Z(Q) N H;s+1/2,s+1/4(9 < R),

ug = Roug;

3 R is usually called a coretraction of the trace operator u > (u|;—g, ulaQx[o,T])-
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in this case, one might take R, (u¢) = @((1 — Ap)t)ug (this is a very special case of [Lions and Magenes
1968a, chapitre 1, théoreme 4.2]; see also [Lions and Magenes 1968b, chapitre 4, théoreme 2.3]). With
these two operators, we can now define

R(ug, g) = Ra(ug— R1(g)]r=0) + R1(g):

R is a continuous map X°* — H>+22 for s > Z’

consequence of Hj, = HS and (CCO0), while for s = thlS comes from H

smce uyg— Ri1gli=0 € st_l/2 For s > % this is a
/2 — Hj!? and (CCGO). We
can conclude by introducing

T: H»HM/22(Q %[0, T])) —» H* V2(Q) x H**2(092 x [0, T)),
u > (u|s=o0, ulpex[0,17)-

By construction, 7 o R = Id on X3/% and X!, so that [X3/8, X1y = T(H5/43/8, H3/2:5/4]p). From
basic results on anisotropic Sobolev spaces [Lions and Magenes 1968b, chapitre 4, proposition 2.1,
théoréme 2.3] we obtain, as expected,

T([H5/4’2(Q x [O, T]), H5/2’2]9) — T(H(59+5)/4,2) — X(59+3)/8. 0O
Let H © 2(QxR,) = {u e H>*(Qx[0,T]) : ulygxgoy = 0}

Proposition A.4. For6 < 3 3 L2, H(Z()’)z]g’z = H%9:2,

The result is to be expected, since the trace on ¢ = 0 sends H2%-2(3Q x [0, T]) to H2~1(Q), for
which there is a trace on <2 if and only if 260 — 1 > % or equivalently 6 > %.

Proof. The inclusion C is obvious; we focus on the reverse inclusion.

Let R be the restriction operator H2%2(R? x [0, T]) — H?%2(Q2 x [0, T]); since R is continuous
for 0 < 6 <1 and surjective with value to H 20.2 e only need to check that for H(ZO’)2, BQ([Rd X Ry) =
{ue H>?: ulpaxqoy = 0} we have

(L2 H (0) ag]g = H*%2RY xR,) forall 6 <3 3 (A-1)

Using a partition of the unity, we can reduce the problem to the case Q2 = RA—1 x {0} and for conciseness
we write H(O’) aQ([Rid xRy) = (0) Let u € H2%2(R? x R,); then, since L2 C H*2, itis easily seen
from Definition A.1 that u € [L?, H, (0) ]9 5 if

o0
> 2% K@Y u)? <o, where K(t,u)= inf luolipz +tlull g22.  (A-2)
j=0 u=uo+u,€L? +H(20) ©

We define an anisotropic Littlewood—Paley decomposition as follows: the dual variables of x and ¢
are (&§,7) = (&, Sd,r) and we set u = Z]>0 Aju(x,t), where, for j > 1, A]u(é 7) is supported in
(&)1 + |])V/2 ~ 2/, Aou is supported in |£|2 + |7| < 1, and we set Sju = Zk o Axu, Rju=u—Sju.

From the Plancherel theorem and [pq AjuAju = 0 for | j —I| large enough (“almost orthogonality™), we



ON THE BOUNDARY VALUE PROBLEM FOR THE SCHRODINGER EQUATION 1141

have
1Ajull g2z ~ 1AjullL22% = ulF. ~ 224’ IAjul7 - (A-3)
Jj=0
Let us write

u=(Rju+ Sju(x’,0,0)0y;(xg4,1)) + (Sju— Sju(x’,0,0)¢; (xg,1)) = ug + u,

where 1}1 =c;273 1(|§d|2+|t|)1/2__2, with ¢ such that ¥ (0) = 1. Since VOl((|§d|2 + |T)V/2 ~27) ~ 23,
¢; is uniformly bounded in j. For this choice it is clear that (1, u;) € L? x H( ) The decomposition
u = Sju + Rju would correspond to the standard interpolation [L?, H?*?]y, thus we will only focus on
how to estimate in (A-2)

1Sju(x", 0,009 (xa, D)l L2 + 2727 || Sju(x", 0,0) (xa, )| 2.2
We first note that
FSy 0,000 (5. 0) = 3 0. ) [ Syuce'n.0)dnds,
so that F(Sju(x’,0,0)y;(xg,1)) is supported in (|&]* + |T)/2 < 2/, We deduce
27 ||Sju(x", 0,009 (g, Ol g2+ Sju(x’, 0,009 (g, )| L2 S 1Sju(x’, 0,009 (g, 1) .2
S 152 [ IS7(€'n.8)1 3, dns.

Again using vol((|€4|> + |t)"/2 ~ 27) ~ 2%, we have ||} 2 ~ 273/23//2 = 273//2, Moreover,
Axu(g',n, 8) is supported in (|n]2+8])'/? < 2* independently of &', thus the Cauchy—Schwartz inequality
implies

| 1SuE o)z dnas < [ Z g€’ n. 9l 2, dnds < S Agul 222,

k=0
Plugging this in (A-2) (and omitting the estimate on Sju, R;u),

) 00 J
2240]'[{(2—21'#)2 22(40 3)j ( Z 1Avull, ,220k 5(3/2— 20)k)
j=0 j=0 k=0

o

Z( Z ||Aku|| 2229k 2(3/2 20)(k— ]))

=0 “k=0

= llaxblp,

where (ag)i>0 = (| Axut|lp2229%) k>0 € 12 and (by)gso = (22073/Dk), . €I, we can conclude by
Young’s inequality and (A-3) that

o0

Y2 KRQT < (lall2llbll)? S lull .20
0
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thus H2%:2 c [L2, Hé’)z]g. O

Remark A.5. Using a similar argument, it is not difficult to check that [L?, H (20’)2]9,2 = H(ZOG)’2 for 6 > %.

Of course the identification in the case § = % is less clear.
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ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS
ON RIEMANNIAN MANIFOLDS

B0 GUAN, SHUJUN SHI AND ZHENAN SUI

We present some new ideas to derive a priori second-order estimates for a wide class of fully nonlinear
parabolic equations. Our methods, which produce new existence results for the initial-boundary value
problems in R”, are powerful enough to work in general Riemannian manifolds.

1. Introduction

Let M" be a compact Riemannian manifold of dimension n > 2 with smooth boundary d M, which may
be empty (then M is closed), and f a smooth symmetric function of n variables. We consider the fully
nonlinear parabolic equation

FONVu+x)=€e“T in M x{r> 0}, (1-1)

where x is a smooth (0, 2)-tensor on M = M UM, V?u denotes the spatial Hessian of u, u, = du/dt,
and L(A) = (A, ..., A,) will be the eigenvalues of a (0, 2)-tensor A; throughout the paper we shall use V
to denote the Levi-Civita connection of (M", g) and assume ¥ € C®°(M x {t > 0}).

While most attention in previous work had been on the two canonical cases, y = 0 and x = g, both of
which occur, for instance, in the classical Darboux equations in isometric embedding, there are many
important quantities of the form V2u + x in differential geometry and other areas. A well-known example
is the gradient Ricci soliton equation

V2u + Ric = Ag,

which has been studied intensively, where Ric denotes the Ricci tensor of (M”, g). In a different context,
V2u+Ric is known as the Bakry—Emery Ricci tensor of the Riemannian measure space (M", g, e d Vol,),
on which there are interesting recent results; see, e.g., [Wei and Wylie 2009] and references therein.
When yx as well as i is allowed to depend on u# and Vu, there are even more equations of the form (1-1)
and their elliptic counterparts, which arise naturally in connection with important geometric problems,
such as the generalized Minkowski and Christoffel-Minkowski problems in classical geometry, fully
nonlinear versions of the Yamabe problem in conformal geometry, and in other applications including the
Monge—Kantorovich optimal mass transport problem. From both the theoretic point of view and that of
applications, it is important and highly desirable to establish a general existence and regularity theory
Guan and Shi were supported in part by NSF grants and a scholarship from China Scholarship Council, respectively.
MSC2010: primary 35K55; secondary 35B45, 58J35.

Keywords: fully nonlinear parabolic equations, a priori estimates, subsolutions, concavity.

1145


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2015.8-5
http://dx.doi.org/10.2140/apde.2015.8.1145
http://msp.org

1146 BO GUAN, SHUJUN SHI AND ZHENAN SUI

for (1-1) with as few technical assumptions as possible, so that it covers a wide range of applications in
different areas.

In order to study (1-1) in the context of parabolic theory, we follow [Caffarelli et al. 1985] and
assume that f is defined in an open, symmetric, convex cone I' C R" with vertex at the origin, I',, :=
{(AeR":)A; >0 forall 1 <i<n}CT, and satisfies

0
ﬁ:fkiz—f>0 inT, 1<i<n, (1-2)
oA;
f is a concave function in T, (1-3)
and
sup f := sup lim f(A) <O. (1-4)
ar ro€dT A=>2o

Equation (1-1) is parabolic for solutions u € C>'(Mr) with AMu] :=A(VZu+yx)elforxe Mandt >0
(see [Caffarelli et al. 1985]); we shall call such functions admissible.

The structure conditions (1-2)—(1-4) are fundamental to the classical solvability of fully nonlinear elliptic
and parabolic equations, and have been standard in the literature since the work of Caffarelli, Nirenberg
and Spruck [Caffarelli et al. 1985]. Condition (1-4) prevents (1-1) from being degenerate, which may occur
if \ful e T =T UAT. So both conditions (1-2) and (1-4) are natural for the nondegenerate parabolicity of
(1-1), without which the C?*%1+%/2 estimates may fail. An important fact is that conditions (1-2) and (1-4)
ensure that (1-1) becomes uniformly parabolic once global a priori C>! estimates are established for
admissible solutions. Consequently, one may obtain C>t%17%/2 estimates by the Evans—Krylov theorem,
which depends on the concavity condition (1-3).

The short-time existence of admissible solutions is well known from the classical theory of parabolic
equations for given admissible initial data (and boundary data as well when dM # @) with suitable
smoothness assumptions. The global (long-time) existence and behavior of solutions depend on the
establishment of a priori estimates in C>!(M7). Our primary goal in this paper is to derive second-order
estimates for fully nonlinear parabolic equations on Riemannian manifolds.

For fixed T > 0, let My = M x (0, T], My = M x (0, T1, and let dMy := ;M1 U 3, M7 be the
parabolic boundary of M7, where

My =9dM x[0,T), My =M x {t =0).
Throughout the paper we assume <ph =@li—0€ C (M) with
AMeP1el,  f[e®D) >0 in M, (1-5)

and ¢° = @|smx (=0 € C®°(AM x {t > 0}). Let u € C*2(M7) N C>'(Myr) be an admissible solution
of (1-1) satisfying the initial-boundary conditions

ulimo=¢® in M, u=¢* on d;Mr. (1-6)

The main result of this paper is the following second-order estimates:
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Theorem 1.1. Suppose that there exists an admissible subsolution u € C>'(Mr) satisfying

fOLul) = eV in My, (1-7)
Then, under conditions (1-2)—(1-4),
sup | V2u| < Cy(1 +max |VZul). (1-8)
My Mt
In particular, when M is closed,
IVZu| < C, in Mr. (1-9)
Suppose in addition that
u<g’ ondMr, u=¢° ond;My. (1-10)
Then
max |Vu| < C,. (1-11)
My

Remark 1.2. In Theorem 1.1 and the rest of this paper, unless otherwise indicated, the constant C; in
(1-8) will depend on

leratry: [Wleaamy  Ulcair),  infdist(Aful, oT), (1-12)
T
and
A :=sup f —supetV (1-13)
r Mr

as well as geometric quantities of M, while C» in (1-11) will depend in addition on lp” |C2( ) |9° [ ca (9, My
infy, e“ ™V and geometric quantities of dM. If f satisfies

lim [A]*) " f; = o0, (1-14)

[A]— 00
then C can be chosen independently of A and |u;, |CO( i7)> See Remark 2.4.

Remark 1.3. The assumption u € C**>(M7)NC>! (M7) does not restrict the applications of Theorem 1.1.
This can be seen as follows. By the short-time existence theorem, (1-1) admits a unique admissible
solution u € C®(M x (0, to]) N CO(M x [0, to]) satisfying the initial-boundary condition (1-10) for
some fy > 0. We can then consider a new initial time, say ¢t = #y/2, in place of = 0, and may therefore
assume the compatibility condition

Fle’)=e*"™ onM and ¢'=¢" on aM x {t =0). (1-15)

Theorem 1.1 is an important step towards solving the initial-boundary problem (1-1) and (1-6) under
optimal structure conditions. It can be applied in many interesting cases to prove new long-time existence
results. Let us give a few examples here.

First, for a bounded smooth domain (with boundary of arbitrary geometric shape) in R” we have
the following result, which is essentially optimal, both in terms of the generality of f and that of the
underlying domain:
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Theorem 1.4. Let M be a bounded smooth domain in R",0 < T < oo, and f satisfy (1-2)—(1-5). There
exists a unique admissible solution u € C X(M7)NCO(Myr) of (1-1) satisfying (1-6) provided that there
exists an admissible subsolution u € C>'(My) satisfying (1-7) and (1-10).

The first initial-boundary value problem for (1-1), or (1-20) below, in R" was treated, among many
others, by Ivochkina and Ladyzhenskaya [1995], who used essentially the same assumptions as in the
elliptic case introduced in [Caffarelli et al. 1985]; see [Lieberman 1996] for further improvements and
references. Jiao and Sui [2015] studied (1-20) on Riemannian manifolds under additional assumptions.
To the best of our knowledge, Theorem 1.4 had not been proved before in the current generality.

We remark that since there are no geometric restrictions on d M, (1-1) and (1-6) may fail to admit a
long-term admissible solution without the subsolution assumption. This is well known and may be seen
from simple examples.

Theorem 1.5. When I =Ty, Theorem 1.4 holds for compact Riemannian manifolds.

Theorem 1.1 applies to a very general class of equations, including f = o,/ Kand f = (ox Joy) /D),
1 <1 < k < n, where oy is the k-th elementary symmetric function defined on the cone I'y :=
{AeR":0;(1) >0 for all 1 <j <k}. Another interesting example is f =log Py, to which Theorem 1.10
applies, where
Pyi= [] Gi+-+a). 1<k=n,

i1 <--<ig

defined in the cone
Pr={reR":x +---+x,>0forall 1 <ij <---<ip <n}.

Theorem 1.6. Let f = (o3 /o)/*D and T =Ty for 0 <1 < k < n, withog = 1, or f = log P
and I = . The parabolic problem (1-1) and (1-6) with smooth data has a unique admissible solution
ueC®Mrp)NCOMr) provided that there exists an admissible subsolution u € C 2N Mr) satisfying
(1-7) and (1-10).

Theorem 1.6 is known for f = okl/k, but seems to be new for f = (o3 /07)/*~D or f =1log Py, even
when M is a bounded smooth domain in R"; see also [Jiao and Sui 2015].

Remark 1.7. In Theorem 1.1, the constants C; and C, depend on 7T only implicitly. For instance, if
the quantities listed in (1-12) are all independent of 7', then so is C;. The independence of T from the
estimates is important to understanding the asymptotic behaviors of solutions as ¢ goes to infinity. If one
allows Cj to depend on T (explicitly), (1-8) can be derived under much weaker conditions, and more
easily.

Theorem 1.8. Under assumptions (1-2), (1-3) and (1-5),

IVZu(x, 1)] < CeP'(1 +max |V2ul)  forall (x,1) € My, (1-16)
T

where C and B depend on |Vu |C0(1\77)’ Igoblcz(lq) and other known data. In particular, if M is closed then
IV2u(x, )] < CeB.
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Note that, by (1-5), the function
b : b
u = ¢” +t min{log f (A[¢"]) — ¥/}
M

is admissible and satisfies (1-7).
An immediate consequence of Theorem 1.8 is the following characterization of finite-time blow-up
solutions on closed manifolds:

Corollary 1.9. Assume M is closed and f satisfies (1-2)—(1-4). Then (1-1) admits a unique admissible
solution u € C®(M x R") with initial value function ® satisfying (1-5) provided that the a priori gradient
estimate

sup|Vu| <C forall T >0 (1-17)
Mr

holds, where C may depend on T. In other words, if u has a finite-time blow-up at T < 0o, then

lim max |[Vu(x, t)| = oo.
t—>T- xeM

So, the long-time existence of solutions in 0 < ¢ < oo reduces to establishing the gradient estimate (1-17).
This is also true when 0 M # &. Using Theorem 1.1, we can prove the following existence results:

Theorem 1.10. Assume that (1-2)—(1-5), (1-7), and (1-10) hold for T € (0, oo]. There exists a unique
admissible solution u € C*®°(M1)NC°(M7) of (1-1) satisfying (1-6) provided that any one of the following
conditions holds:

1) I'=Ty;
(i1) (M, g) has nonnegative sectional curvature;
(ii1) there is 8o > O such that, if A; <0,
fi=8) fi ondr? forall o> 0; (1-18)

(iv) V2w > y for some function w € C*(M) and

> fixi=0 inT. (1-19)

The assumptions (i)—(iv) are only needed in deriving the gradient estimates. It would be interesting to
remove these assumptions. When 0 M = &, Theorem 1.10 holds without the subsolution assumption.

The rest of the article is divided into three sections. In Sections 2 and 3, we derive (1-8) and (1-11),
respectively, completing the proofs of Theorems 1.1 and 1.8. Instead of (1-1), we shall deal with the
equation

fONVu+0) =u+¢ (1-20)
under essentially the same assumptions on f, with the exception that (1-4) is replaced by

inf (¢, +¢¥) —sup f >0, (1-21)
My ar
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which is needed in the proof of (1-11) . Accordingly, the functions ¢® and u € C>!(Mr) are assumed to
satisfy A[(pb] el in M and, respectively,

fAu) Zzu+v¢  in My (1-22)

in place of (1-7). Note that if f > 0in " and f satisfies (1-2), (1-3), and (1-19), then the function log f
still satisfies theses assumptions. So (1-1) is covered by (1-20) in most cases, and we shall derive the
estimates for (1-20). In Section 4 we briefly discuss the proof of the existence results and the preliminary
estimates needed in the proof.

At the end of this introduction we recall the following commonly used notations:

k I a;
: d’u
o J _ -
lul e (ot —ZW “'CO(MT>+Z 917 | i)
=0 j=1 T
« d'u
|u|ck+a,l+ﬂ(A7T) = |Mlck,l(ATT) +1V ”|C°‘(ATT) + Yl s
CP(Mr)
where 0 <, B <1land k,I=1,2, ..., for a function u sufficiently smooth on Mz. We shall also write

lulcxiiary = lulcrniiy)-
2. Global estimates for second derivatives

A substantial difficulty in deriving the global estimate (1-8), which is our primary goal in this section, is
caused by curvature of M; another is the lack of (globally defined) functions or geometric quantities with
desirable properties. In our proof, the use of the admissible subsolution u is critical. We shall consider
(1-20) in place of (1-1).

Let u € C*2(M7) N C*'(M7) be an admissible solution of (1-20) and ue C%>'(M7) an admissible
function. We assume that « admits an a priori C' bound

|u|cl(ATT) < C. (2-1)
Let ¢ (s) = —log(1 — bs?) and
n=¢(1+|V@u—u)*) +alu—u-—st), (2-2)

where a, b, § > 0 are constants and u € C 21(M7) is an admissible function; we shall choose § = 1 or 0,
a sufficiently large, and b small enough, namely
1
b<—5. bi=1+sup|Vu—ul (2-3)
8by My
Consider the quantity

W= su max  (Vesu + x (£, &))e".
(x,t)egvlT €T M |g|=1 13 x(&, &

Suppose W is achieved at an interior point (x¢, fp) € M7 for a unit vector § € Ty, M". Letey, ..., e,
be smooth orthonormal local frames about x( such that e; =&, V;e; =0 and the U;; := V;;u + x;; are
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diagonal at (xg, tp). So W = Uy (xp, 10)e"™0-0) 'We wish to derive a bound

U11(x0, t0) < C. (2-4)
Write (1-20) in the form
w=FU) =y, U={U}, (2-5)
where F is defined by
F(A) = f(A[A])
for an n x n symmetric matrices A = {A;;} with eigenvalues A[A] € I'. Differentiating (2-5) gives
Uy = FijUijt — Y,
Vkut = Fl]VkUl] — ka for all k, (2'6)
Vi, = FIVL U+ FINY UV Uy — Vi

Throughout the paper we denote

. OF . 3’F
Fii=_—_(U), FiM=_—""__(U.
8A,’j aAijaAkl
The matrix {F"/} has eigenvalues fi, ..., f,, and therefore is positive-definite when f satisfies (1-2),

while (1-3) implies that F' is a concave function; see [Caffarelli et al. 1985]. Moreover, the following
identities hold:

FiU; =" fiki, FiUxUg =Y fid].
We also note that the F'/ are diagonal at (x, fo).

Proposition 2.1. For any a, Cy > 0, there exists a constant b > 0 satisfying (2-3) such that, at (xo, ty), if
U > Cla/\/Z then

%’F“‘Uﬁi +aF Vii(u—u)—a, —u)+as <CY F'+C. (2-7)
Proof. We shall assume Uy (xo, fp) > 1. At (xo, tp), where the function log Uy + 1 has its maximum,
\Y ViU
G w0, YU g0, 1<i<n, (2-8)
U11 Ull
and
1 1 2 ii
U_UF ViiUll_U_zF (ViUn)"+ F"'Viin <0. (2-9)
11

We recall the identities, on a Riemannian manifold,
Vijkv — Vjikv = Ri; Vv, (2-10)
Vijklv — Vklijv = RZ-lkV,‘mU + ViR,’j.’kav + Rl’;’kvj'mv + R%kvlmv + R;-"Hvkmv + VkRTilva- (2-11)

It follows that
FiViUy = F'V Uy — CUL Y FT, (2-12)
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where C depends on |Vu|co( ) and geometric quantities of M. By (2-8), (2-9), (2-12), and (2-6), we
obtain

1 1 Vi
Fiiv,.np—n, < — FI¥v,U.. ViU +—F*(ViUn)* - +C E Fit, 2-13
in—n < Un 1Uij ViU 02 (ViUp1)* Un (2-13)

Let
:{i13Uii§—U11}, K:{i>123Uﬁ>—U11}.
As in [Guan 2014b], which uses an idea of Urbas [2002], one derives
ii i 2 11 11‘# ii
FiiViin—n, <Y F(V)? +CF'"' Y (Vim)* - T +C Y F (2-14)
iel igl]

For convenience, we write w =u —u, s =1 + |Vw|2, and calculate

Vin =2¢'ViwViyw +aViw,

ne = 2¢/ka(vkw)t +aw; —as,
Viin = 2¢'(ViewVigw + ViwView) + 44" (ViwView)* +aViw,

while -
, 2bs o 2b+2b% '
= 7", = — 4 .
V) = 9O =y 4@
Hence,
D FIVim? =8 Y F (ViwViw)® +2[Vwla® ) FY (2-15)
ieJ iel iel
and
> (Vi) < Ca* + C(¢)*UT,. (2-16)
i¢J

By (2-6) and (2-10), we obtain
FiiVin —n, = ¢/ F'U2 +2¢" F'' (ViwVigw)? + a F' Visw — aw, +ab — c¢/<1 +3° F“). (2-17)
It follows from (2-14)—(2-17) that

¢'F'US+aF ' Vijw—aw,+as <Ca® Yy F'+C(@*+(@) U F" - mﬁ +C(¢'+_F). 2-18)

iel
Note that
FiUZ = F'UL +) F'UL = F“U“—i— ZF” (2-19)
iel ieJ
We may fix b small to derive (2-7) when U;| > Ca/\/z. O

To proceed, we need the following lemma, which is key to the proof of Theorem 1.1, both for (1-8) in this
section and (1-11) in the next section; compare with Lemma 2.1 in [Guan 2014a]. Let v, =Df (L)/|Df ()]
denote the unit normal vector to the level surface of f through A.
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Lemma 2.2. Let K be a compact subset of I and > 0. There is a constant € > 0 such that, for any
n e K and ) € T" with |v, —v,| > B,

> A0 =2 = f0 = o) +e(14+ 3 fi(). (2-20)
Proof. Since v, is smooth in p € I" and K is compact, there is €y > 0 such that, for any 0 < € < ¢,
K¢ ={u=p—el:nuek)
is still a compact subset of I" and
[V —vpel < g forall ue K.

Consequently, if € K and A € I" satisfy |v, —v;| > B then |v,e —vy| > B/2.
By the smoothness of the level surfaces of f, there exists § > 0 (which depends on g but is uniform
in € € [0, €p]) such that
) in di BI2c € F )
min min dist(dB5 " (u°), " ) >0,

nek 0<e<ep

where BBf / 2(;ﬁ) denotes the spherical cap

I
;‘

e 2
8Bf/2(,u€)={§6835(/f): uw.‘; 5“ Zg 1 }

Therefore,
f# = min min min  {f(¢)— f(u)} > 0. (2-21)
nek 0<e<ep CEBBf/Z(uf)

Let P be the two-plane through u¢ spanned by v, and v, (translated to ©€), and L the line on P
through 1 and perpendicular to v,. Since 0 < vye - v, <1 — B2%/8, L intersects 8833 / 2(,tf) at a unique
point ¢. By the concavity of f, we see that

Y AMWE =) =) Fi)E& = M)

> f@Q)—f@)
>0+ f(uS) — f(1) forall 0<e <e. (2-22)

Next, by the continuity of f we may choose 0 < €] < €g with | f(u) — f(u)| < %0. Hence
S L — e — 1) = f(w) — FO) + L6, (2-23)
This proves (2-20) with e = min{6/2, €;}. O
Remark 2.3. Alternatively, one can first prove
DA =) =0+ f) — f ).
Then choose € > 0 small such that 0 < f(u) — f(u€) < 6/2. By the concavity of f,

S A =) 2 F)— F0) = F - )5 (2-24)
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Now add these two inequalities to obtain (2-20).

We now continue to prove (2-4). Assume first that u is a subsolution, i.e., u satisfies (1-22). Since
Alu] falls in a compact subset of I,

B = 3 mindist(vyp,, 9T,) > 0. (2-25)
My
Let A = A[u](xo, to) and p = Alul(xo, to). If |v, —vy| > B then, by Lemma 2.2,

FiViw —w, 2 3 fiG) (i =20 = fG0 + f() ze(1+ Y F7), (2-26)

The first inequality follows from Lemma 6.2 in [Caffarelli et al. 1985]; see [Guan 2014b]. We may fix a
sufficiently large to derive a bound Uy (xg, tp) < C by (2-7).
Suppose now that |v,, — v;| < B and therefore v, — 1 € I',,. It follows that

.. ﬁ Kk .
Fii > WZF forall 1 <i <n. (2-27)
Since u is a subsolution, F iy, w—w, >0 by the concavity of f. By (2-7) and (2-27), we obtain
bB y y
ZJ_UIIZF”+a8§CZF”+C. (2-28)

If we allow § =1, a bound Uy (xg, o) < C would follow when a is sufficiently large. This gives (1-16)
in Theorem 1.8.
We now consider the case § = 0. First, by the concavity of f,

MY fiz fFAMD = FO)+ D fiki = f(lkll)—f(k)—mZﬁ, MY fie (229

Hence,

i U 1 ii AU i
Ul Y FT 2 S (fUn) —up =) — g 3 FIUR 2 = ”ZF (2-30)

when Uy is sufficiently large. A bound U (xg, tp) < C therefore follows from (2-28). The proof of (1-8)
in Theorem 1.1 is complete.

Remark 2.4. If (1-14) holds, a bound Uy (xg, tp) < C follows from (2-28) directly and is independent
of |ur]coizyy-

Remark 2.5. If u is an admissible strict subsolution, i.e.,

ful) >u,+y¥+8 in My (2-31)
for some § > 0, then we can choose € > 0 such that A[u] := A[u] —e€l € " and

JOElu )>ut+1//+_ in Mr. (2-32)

By the concavity of f, we see that

> G Gl = aalud) = £OTuD) = F LD = w, —u,+ 5.
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Therefore, one can derive (2-4) directly from Proposition 2.1. This can be used to prove Theorem 1.8 as
u = @ + At is a strict subsolution of (1-20) for any constant A < infy; f(A[¢”]) — sup my V-

3. Second-order boundary estimates

Let u € C>!'(M7) be an admissible solution of (1-20) and (1-6), and u € C>!(M7) an admissible
subsolution satisfying (1-22) and (1-10). In this section, we derive (1-11) under conditions (1-2), (1-3)
and (1-21) on f. Clearly we only need to focus on d; M.

For a point xo € d M we shall choose smooth orthonormal local frames e, ..., e, around xy such
that e,, when restricted to d M, is the interior unit normal to dM. By the boundary condition u = ¢*
on d; My, we obtain

|Vapu(xo, )| <C forall 1 <a,B<n, 0<t=<T. (3-1)

Let p(x) and d(x) denote the distances from x € M to xo and dM, respectively. Let M% =
{(x,t) e My : p(x) < 6}, and BM% be the parabolic boundary of M?.,

M3 = M3\ M3..

We fix §p > O sufficiently small that both p and d are smooth in M;O. Let & denote the linear parabolic
operator

Fw = FijVijw — Wy.

We construct a barrier function of the form

W= A+ Axp> — A3 Y [Vilu— )P, (3-2)
l<n
where
Nd?
vzu—y—i-sd—T. (3-3)

Lemma 3.1. Assume that (1-2), (1-3) and (1-21) hold. For constant K > 0, there exist uniform positive
constants s, § sufficiently small, and Ay, Ay, Az, N sufficiently large, such that ¥ > K (d + p2) in M%
and

gw < =K1+ filul+ Y fi) in M. (3-4)

Proof. This is a parabolic version of Lemma 3.1 in [Guan 2014a]. Since there are some substantial
differences in several places, for completeness we include a detailed proof.
First we note that, since u is a subsolution, £(u — u) < 0 by the concavity of f, and, by (2-6),

Vi =) < C(1+ Y filbil+ Y i) forall 1<k <n. (3-5)
It follows that

Y ENViu—@)P=2)  Fluuuy, —c(l + > filnil +Zf,-). (3-6)

I<n I<n
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By Proposition 2.19 in [Guan 2014b], there exists an index r such that
i 1
> FiuuUp = 3 > fird (3-7)
I<n i#r
At a fixed point (x, 1), denote it = A(V?u + x) and A = A(V?u + x). As in Section 2 we consider two
cases separately: (a) |v, —v;| < B, and (b) [v, —v;| > B, where B is as given in (2-25).

Case (a): |v, —vp| < B. We have, by (2-27),

Z%ka forall 1 <i <n. (3-8)
n

We next show that this implies the following inequality for any index r:

Do fidizeo)y fixi=Co)  f: (3-9)
i#r
for some cq, Co > 0.
Since > A; > 0, we see that

2
doars (—in) <ny A (3-10)
)\,'<O )\,‘<O )\.i>0
Therefore, by (3-8) and (3-10), we obtain, if A, <0,
fAF<nfe Y A7 < ny/n >SN
ri>0 ﬂ 1i>0

On the other hand, by the concavity of f,

A
D fib=1) = fFON = fO)=FOD —w —y = = (3-11)

for b > 0 sufficiently large. It follows that, if A, > O,

frr b)Y fi= D fiki

2 <0
By (3-8) and the Schwarz inequality,

2
Phri Poy h= = (T h) 20 A Y ﬁ)\?52<2m?+b22ﬁ) S f
A <0 ri<0 ri<0
This finishes the proof of (3-9).
Letting b = n|A| in (3-11), we see that
A
(DAY fi 2 Y fild = i) = flA) = F () = =, (3-12)

and consequently, by (3-8),

L BIP Bl A _
Y firt= Zf’—(n+1)f2 (3-13)
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provided that || > R for R sufficiently large.

It now follows from (3-6), (3-7), (3-9), (3-13) and the Schwarz inequality that, when |A| > R,

Y ENVIw—@)P =1 Y fidi 42 —C—Ci Y fi

l<n
for some ¢y, C; > 0. We now fix R > C/c;.
Turning to the function v, we note that, by (3-8),

BN

Pv<Lu—u)+C(s+Nd) Y F' = NFIV;dV;d < (C(s + Nd) — —) > FT

i

since £(u —u) <0 and |Vd| = 1. For N sufficiently large, we have
Fv < — Z fi in M%,
and therefore, in view of (3-14) and (3-16),

2w < —aser (4 Y fidd) + (A1 +CA +C1AD Y

1157

(3-14)

(3-15)

(3-16)

(3-17)

when |A| > R for any s € (0, 1] as long as ¢ is sufficiently small. From now on Aj is fixed such that

AsciR > K, s0 A3 > CK/c}.
Suppose now that |A| < R. By (1-2) and (1-3), we have

2RY fiz ) fiki+ fQR) = f(1) = —R)_ fi+ f(2R1) = f(RD).
Therefore,

=Cr>0.

f(2R1 R1
Zfl()f()

It follows from (2-27) that there is a uniform lower bound

ﬁz%kaz ,35; forall 1 <i<n.
Consequently, since |Vd| =1,
FIVavV;d = = (CR+Zf,)
From (3-15) we see that, when ¢ is sufficiently small and N sufficiently large,
gv<—(14Yf) in Mj.
Combining (3-6), (3-7), (3-9), and (3-20) yields

DY < —Ascr Y fil] +(—A1+CAy+CA3) Y fi — AL+ CAs

(3-18)

(3-19)

(3-20)

(3-21)

We now fix N such that (3-16) holds when |A| > R, while (3-20) holds when |A| < R, for any s and &

sufficiently small.
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Case (b): |v, —vy| > B. It follows from Lemma 2.2 that, for some ¢ > 0,
L=z Y fiwi—r)—w—w; ze(1+ Y fi).

By (3-15), we may fix s and § sufficiently small such that v > 0 on A?‘} and

£ .
gv=-S(1+Y f) in M. (3-22)
Finally, we choose A; large such that

(A2 —K)p* = A3 ) [Viu—¢)]* on IM},

I<n

and then fix A; sufficiently large so that (3-4) holds. In case (a) this follows from (3-17) when |A| > R,
and from (3-21) when |A| < R. In case (b) we note that, from (3-6) and (3-7),

P < A Fo+ ArEp? — Az Y fird +CAs(1+ Y filkil + 3 )
i#r
<M= A3 fird 4 CAL (14D filkil) + CA2+ A9 D 1
i#r
Suppose now that A, < 0. Then,
YAl =23 fiki=Y firi<eY fiii—Lv+CY_ fi+C.
)\.,‘>0 )\.,‘>O
Similarly, if A, > 0,
Y Al=) firi—2) fiki<e Y fAi+Ev+C Y fi+C.
A.[<O )\.i<0
By (3-22) we obtain (3-4) when A is chosen sufficiently large. O

Applying Lemma 3.1, by (3-5) we immediately derive a bound for the mixed tangential-normal
derivatives at any point (xg, fy) € 0Mr,

|Vt (X0, t0)| < C  forall o <n. (3-23)
It remains to establish the double normal derivative estimate
[ Vinu (xo, 10)| < C. (3-24)

As in [Guan 2014a; 2014b], we use an idea originally due to Trudinger [1995].

For (x,t) € o, M7, let U (x, t) be the restriction to T,dM of U (x, t), viewed as a bilinear map on
the tangent space of M at x, and let A’(U) denote the eigenvalues of U with respect to the induced
metric on d M. We next show that there are uniform positive constants cg, Ry such that, for all R > Ry,
(M (U (x,1)), R) €T and

F(N(O@, 1), R) = f(MU(x, 1)) +co, forall 0<t<T, x M. (3-25)
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It is known that (3-25) implies (3-24); see, e.g., [Guan 2014b].
For R > 0 sufficiently large, let

mp = gllglr;[f(x’(ﬁ), R) — f(A(U))],

cR = m[m’(tj), R) — fF(L(U))].

Note that ('(U(x, 1)), R) € ' and (A'(U(x, 1)), R) € T for all (x, 1) € 3, My and all R large, and it is
clear that both mg and cg are increasing in R. We wish to show that, for some uniform ¢y > 0,

m:= lim mg > cp.
R—0o0

Assume m < oo (otherwise we are done) and fix R > 0O such that cg > 0 and mg > m/2. Let
(xg, tp) € d;M7 be such that mg = f(k/(l?(xo, 1)), R). Choose local orthonormal frames e, ..., ¢,
around xo as before such that e, is the interior normal to M along the boundary and Uyg(xo, 1)
(1 <a, B <n—1)is diagonal. Since u —u =0 on d; M7, we have

Usp —Uup = —Vu(u —u)ogg on d;Mr, (3-26)
where o, = (Vyeg, e,). Similarly,
Uap — Vap® — Xapp = —Va(u —@)ogs  on d;Mry. (3-27)
For an (n — 1) x (n — 1) symmetric matrix {ry g} with ()J({ra,ﬁ}), R) e I', define

Flrepl := f (X ({rap)), R)

and

5 OF
Fy" = [Uyp (x0, 10)].
0rap

We see that F is concave since f is, and therefore, by (3-26),
V(e —u)(xo, to)ﬁgﬁﬁaﬂ(xo) > F[U o (x0, 10)] — F[Uqp(x0, 1)1 > cg — mg.
Suppose that

CR
re

V. (u — u)(xo, to)ﬁgﬂaaﬂ(xo) = 5

then mg > cgr/2 and we are done. So we shall assume

~ CR
V(e = ) (xo. 10) Fy o (x0) > -
Consequently,
FPp(x0) = R > 2e1cx (3-28)

~ 2V (u —u)(xo, 10) —



1160 BO GUAN, SHUJUN SHI AND ZHENAN SUI

for some constant €; > 0 depending on maxj, 7, |Vu|. By continuity, we may assume n := Fg b Oup = €1CR

on 1\7% by requiring § to be small (which may depend on the fixed R). Define, in M2.,

®=—V,(u—¢)+ % (3-29)

where

0= ﬁé‘ﬂ (Vap® + Xap — Uapg(x0, t0)) — ur — ¥ + us (x0, fo) + ¥ (x0, fo)

is smooth in M?. By (3-5), we have

squg—sev,,u+c(1+ZF”)5C(1+Zﬁ|xi|+2ﬁ). (3-30)
From (3-27), we see that @ (xg, tp) = 0 and
®>0 on MMMy, (3-31)
since, for (x, t) € d; Mr, by the concavity of F ,
FyP (Uap (x, 1) = Uag (x0. 10)) = F(U (x, 1)) — F (U (x0, 19))

= F(U(x, 1)) —mpg — u;(xo, to) — ¥ (xo, fo)
= w(% t) +Mt(x7 t) - ut(x()s tO) - w(XOs tO)-

On the other hand, on 9, M ‘ST we have V,,(u — ¢) = 0 and therefore, by (3-31),
P (x,0) > @(%,0) — Cd(x) > —Cd(x), (3-32)

where C depends on C'! bounds of V2<p(-,0), u/(-,0), and ¥(-,0) on M, and X € OM satisfies
d(x) =dist(x, x) for x € M; when d(x) is sufficiently small, X is unique.
Finally, note that |@| < C in M%. So we may apply Lemma 3.1 to derive ¥ + & > 0 on 8M§ and

PW+@)<0 in Mi (3-33)

for A1, Ay, and Az sufficiently large. By the maximum principle, ¥ + @ > 0 in M%. This gives

V. @ (xg, to) > —V, ¥ (x0, 1) = —C, since ® + ¥ = 0 at (xg, ty), and, therefore, V,,,u(xg, tp) < C.
Consequently, we have obtained a priori bounds for all second derivatives of u at (xg, fy). It follows that

A(U (xo, tp)) is contained in a compact subset of I' (independent of u) by assumption (1-4). Therefore,

f (AU (xo, 10)) + Ren) — f (MU (x0, 10))) .
2

where e, = (0,...,0, 1) € R". By Lemma 1.2 in [Caffarelli et al. 1985], we have

0,

o=

= mp = f(MU (o, 10) + R'en) — co— f(MU (x0, 10)) = co

for R’ > R sufficiently large. The proof of (1-11) in Theorem 1.1 is complete.
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Remark 3.2. When M is a bounded smooth domain in R", one can make use of an identity in [Caffarelli
et al. 1985], and modify the operator &, to derive the boundary estimates without using assumption (1-19).
We omit the proof here since it is similar to the elliptic case in [Guan 2014a], which we refer the reader
to for details.

4. Existence and C! estimates
In order to prove Theorem 1.10, it remains to derive the C' estimate

ulcoazyy + _max (|Vul+|u]) <C (4-1)
Mx|1,T]

for any #y € (0, T'), where C may depend on fy. Indeed, by assumption (1-4) we see that (1-1) becomes
uniformly parabolic once the C?! estimate

lul 21 3.y = €

is established, which yields [u|co+a1tar2(j7x . 77) = € by the Evans—Krylov theorem (see, e.g., [Lieberman
1996]). Higher-order estimates now follow from the classical Schauder theory of linear parabolic equations,
and one obtains a smooth admissible solution in 0 <t < T by the short-time existence and continuation.
We refer the reader to [Lieberman 1996] for details.

Let h € C2(M7) be the solution of Ah + trx =0in My with h = @ on dMr. By the maximum
principle we have u < u < h, which gives a bound

[l cogay) +max Vil < C. (4-2)

For the bound of u,, we have the following maximum principle:

Lemma 4.1. We have
lu,(x, )] < rgnﬁx|ut| +rsup |y, forall (x,t)e M. (4-3)
T

Mr

Suppose moreover that there is a strictly convex function h € C*(M) with V*h > cog for some co > 0.

Then
2|h|C0(M)

sup |u;| < max [u;| +2sup | + sup V2. (4-4)
Mr oMt My o My
Proof. We have the identities £u, = ¥, and
1L+ )| = | FIVp| < V29| Y F™.
Therefore,
PL(Fu; — Bt)=xy;+B>0
for B > supy,, [¥|. This gives (4-3), by the maximum principle. Similarly, (4-4) follows from

L(E(u;+ )+ Bh) = (coB — |V2W|) ZFii >0
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for B > ¢, ! Supy, |V21| and the maximum principle. 0

It remains to derive the gradient estimate

s;;pwm < C(lul oz )—i—sup |Vul?) (4-5)
T
in each of the cases (i)—(iv) in Theorem 1.10. We shall omit case (i), which is trivial, and consider
cases (ii)—(iv), following ideas from [Li 1990; Urbas 2002; Guan 2014b] in the elliptic case.

Let ¢ be a function to be chosen and assume that |Vu|e? achieves a maximum at an interior point
(x0, f0) € M7. As before, we choose local orthonormal frames at xo such that both U;; and F i are
diagonal at (xg, fp), where

ViuViu; ViuViru .
Rl >0, ——— 4+V;¢p=0 foralli=1,...,n, 4-6
ur Tz up TV i n (4-6)
iinMViiku+VikMViku_2Fii(VkMViku) 4 iV, <0. @-7)
|Vul|? |Vul#
We have, forany 0 <€ < 1,
C
Z(vkmz Z(U,k—x,k> >(1-eUji— = (4-8)
and
g c
(kauviku) §(l—|—e)|V,-u|2Ui2i+?|Vu|2. (4-9)

k

Lete =1 and J = {i : 2(n +2)|V;u|> > |Vu/|*}; note that J # @ and, by (4-8) and (4-9),

S F (VU ViV — 2%V = 3 F(VuP (1 =) =201+ OV PHU2) — 1vul?
i¢J ig¢J €
> —%WF. (4-10)

We derive, from (2-10), (4-6), (4-7) and (4-10),

YFTUS =2/Vu? Y FU Vi + [Vul*(F" Vi — ) < C(1— Kol Vul) Y F' +C|Vul|, (4-11)
ieJ
where Ko = infk’l Rklkl-
Let
¢ = —log(1 —bv?) + A(u+ w — Br),

where v is a positive function, and A, B and b are constant, all to be determined; b will be chosen
sufficiently small such that 14bv? < 1 in M7, while A = 0 in cases (ii) and (iii). By straightforward

calculations,

2bvV;v 2bvvt

Vi¢: l_bv2 +Avl(l_'t+w)’ ¢I b 2

+ A(u; — B)
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and
_ 2bvViv+2b|Vil? | 4b0? Vvl

Viid = 1 — b2 (1 — bv2)2
2bvViiv  2b(1 +bv?)|V;v|?
T 12 (1 — bv?)?
Plugging these into (4-11), we obtain

N (b1 =Tbhv?)|V;v|?
1 piiyr2 2 ii ! 2
LFiy2 4 |v F —CA
SFUG IVl <(n+2)(1—bu2)2

+AV;i(u+w)

+ AV,-i(y + w).

ie
2bv|Vul -

<CU—KolVul) Y F+C|Vul. (4-12)
In both cases (ii) and (iv), we take

v=u—u+sup(u—u)+1>1.
My
Let ;1 = A(V2u(xo0, o) + x(x0)), & = A(V2u(xo, 1) + x(x0)), and B as in (2-25). Suppose first that
|v, —va| > B. By Lemma 2.2 and the assumptions that ) fiA; > 0 and VZw > x, we see that

F'Vii(u+w) —us+ B = F'Viv—v+(B—u) =€) Fldet(B—u)

forsome ¢ > 0. Let A=A K, /¢, K, =max{—Kj, 0}, and fix Ay, B sufficiently large. A bound |Vu|=<C
follows from (4-12) in both cases (ii) and (iv).
We now consider the case |v, —v;| < B. By (2-27) and (4-12), we see that, if |Vu| is sufficiently large,

PP+ e Vur) S OFT < FUUL 4201 |Vu* Y D FT < €= KolVu?) Y F+C|Vul, (4-13)

ﬁ ieJ
where c; > 0.
Suppose |A| > R for R sufficiently large. Then

:3 2 4 il 213|)‘|\/a 2 il 2
TP Fenvul )Y F 2 =1Vl D F> 0| Vu (4-14)

for some uniform ¢, > 0. We obtain from (4-13) and (4-14) a bound for |Vu(xo, ty)|.
Suppose now that || < R. Then }_ F'’ has a positive lower bound, by (3-18) and (3-19). Therefore, a
bound |Vu(xg, f9)| follows from (4-13) again. This completes the proof of (4-5) in cases (ii) and (iv).
For case (iii) we choose A =0 and ¢ = (u — }&}Tfu +1)2. By (4-12)

|Vu|4ZF” §C(1—K0|Vu|2)ZF”+C|Vu|. (4-15)
ieJ
By (4-6) we see that U;; < 0 for each i € J if |Vu| is sufficiently large, and a bound for |Vu(xo, fo)|
therefore follows from (4-15) and assumption (1-18).
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CONCENTRATION PHENOMENA
FOR THE NONLOCAL SCHRODINGER EQUATION
WITH DIRICHLET DATUM

JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

For a smooth, bounded domain €2, s € (0, 1), p € (1, (n+2s)/(n —2s)) we consider the nonlocal equation
X (=A)u4+u=u” inQ

with zero Dirichlet datum and a small parameter ¢ > 0. We construct a family of solutions that concentrate
as ¢ — 0 at an interior point of the domain in the form of a scaling of the ground state in entire space.
Unlike the classical case s = 1, the leading order of the associated reduced energy functional in a
variational reduction procedure is of polynomial instead of exponential order on the distance from the
boundary, due to the nonlocal effect. Delicate analysis is needed to overcome the lack of localization, in
particular establishing the rather unexpected asymptotics for the Green function of £ (—A)* + 1 in the
expanding domain &£ ~'Q with zero exterior datum.

1. Introduction 1165
2. Estimates on the Robin function H, and on the leading term of the energy functional 1169
3. Estimates on i; and first approximation of the solution 1177
4. Energy estimates and functional expansion in ug 1181
5. Decay of the ground state w 1185
6. Some regularity estimates 1190
7. The Lyapunov—Schmidt reduction 1194
8. Proof of Theorem 1.1 1228
Appendix: Some physical motivation 1230
Acknowledgements 1234
References 1234

1. Introduction
Givens € (0,1),n e Nwithn > 2s, p € (1, (n+2s)/(n — 2s)) and a bounded smooth domain Q C R",
we consider the fractional Laplacian problem

e (=AYU+U=U" in Q, (-0
U=0 in R"\ Q,

where ¢ > 0 is a small parameter.

MSC2010: 35RI11.
Keywords: nonlocal quantum mechanics, Green functions, concentration phenomena.
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As usual, the operator (—A)* is the fractional Laplacian, defined at any point x € R" as

2Ux)—Ux+y)—Ux—y) 4
|y|n+25 y

(=AY U(x) :=c(n,s)

Rn
for a suitable positive normalizing constant c(n, s). We refer to [Landkof 1972; Silvestre 2005; Di Nezza
et al. 2012] for an introduction to the fractional Laplacian operator.

We provide in the Appendix a heuristic physical motivation of the problem considered and of the
relevance of our results in the light of a nonlocal quantum mechanics theory.

The goal of this paper is to construct solutions of problem (1-1) that concentrate at interior points
of the domain for sufficiently small values of . More precisely, we shall establish the existence of a
solution U, that at main order looks like

zgu)ww(x_&>. (1-2)

&

Here £, is a point lying at a uniformly positive distance from the boundary 92 and w designates the
unique radial positive least energy solution of the problem

(—AY'w+w=w?, we H RY. (1-3)

See, for instance, [Felmer et al. 2012] for the existence of such a solution and its basic properties. See
[Amick and Toland 1991; Frank and Lenzmann 2013; Fall and Valdinoci 2014] for the (delicate) proof of
uniqueness in special situations and [Frank et al. 2015] for the general case. The solution w is smooth
and has the asymptotic behavior

alx| 70T Cw(x) < Blx|~F) for |x] > 1 (1-4)

for some positive constants «, 8; see Theorem 1.5 of [Felmer et al. 2012] and the lower bound in
formula (IV.6) of [Carmona et al. 1990].
Our main result is the following:

Theorem 1.1. If ¢ is sufficiently small, there exist a point &, € Q and a solution U, of problem (1-1) such
that

‘UAM—w(xgg)‘§Cﬁ”s (1-5)

and dist(£;, 32) > c. Here, ¢ and C are positive constants independent of € and S2.
Further, the point &, := &, /¢ is such that

He(§:) = min . (§) + O (") (1-6)

for the functional H (&) defined in (1-17) below, where

Q@:—:{EMEQ} (1-7)
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The basic idea of the proof, which also leads to the characterization (1-6) of the location of the point ée
goes as follows. Letting u(x) := U(ex), problem (1-1) becomes

{(_A)Su—i—u:up in Q, (1-8)

u=0 in R"\ Q,
where €2, is as defined in (1-7).

For a given & € €, a first approximation itg for the solution of problem (1-8) consistent with the
desired form (1-2) and the Dirichlet exterior condition can be taken as the solution of the linear problem

{(—A)Sﬁg—i-b_tg =w! in Q. (1:9)

ug =0 in R"\ Q,,
where

we (x) :=w(x —§).

The actual solution will be obtained as a small perturbation from u¢ for a suitable point £ = &,. Problem
(1-8) is variational. It corresponds to the Euler—Lagrange equation for the functional

I.(u) = %/Q (=AY u(x)u(x) + u(x))dx — # i uPt (x)dx, ue HJ(Q), (1-10)

where
Hj(Q2)={uec H (R") |u=0 ae.in R"\ Q}.

Since the solution we look for should be close to ug for § = &, the functional & — I, (ug) should have a
critical point near § = &,. We shall next argue that this functional actually has a global minimizer located
at distance ~ 1 /¢ from 0€2;.

The expansion of I, (ug) involves the regular part of the Green function for the operator (—A)* + 1
in €2, which we define next. In R" the operator (—A)® + 1 has a unique decaying fundamental solution I',
which solves

(=A)Y'T 4T =§. (1-11)

The function I' is radially symmetric, positive and satisfies

o B

N <I'ix) < N (1-12)

for |x| > 1 and «, B > 0; see for instance Lemma C.1 in [Frank et al. 2015].
The Green function G, for (—A)® + 1 in ; solves

(=AY Ge(x, ) +Ge(x,y) =6, if x € Q,, (1-13)
Ge(x,y)=0 if x e R"\ Q,.
In other words,

Ge(x,y) =T —y) = He(x, y), (1-14)
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where H,(x, y), the regular part, satisfies, for fixed y € R",
(=AY Hg(x,y)+ He(x,y) =0 if x € Q,,
He(x,y)=T(x—y) if x e R"\ Q.

We will show in Theorem 4.1 that, for dist(§, 0€2;) > §/¢, with § > 0 fixed and appropriately small,
we have that

(1-15)

I(iig) = Io + 3 He (§) +o(e"™™), (1-16)
where Iy is the energy of w computed in R"” and #H,.(§) is given by
He(§) = H (x, y)w ()wf (y) dx dy. (1-17)
Qs V2
We will show that H, satisfies
o B
SH () < (1-18)

dist(€, 9Q, )"t dist(§, ) t4s’

where «, B > 0, for all points & € 2, such that dist(§, 0€2,) € [5, 5 /€] for § > 0 fixed, suitably small,
and £ < 8.

From (1-18) and estimate (1-16), we deduce the existence of a global minimizer &, for the functional
I:(ug) for all small & > 0, which is located at distance ~ 1/& from 9d€2,. The actual proof reduces the
problem of finding a solution close to wg via a Lyapunov—Schmidt procedure to that of finding a critical
point &, of a functional with a similar expansion to (1-16), as we will see in Section 7.

In the classical case (i.e., when s = 1 and the operator boils down to the classical Laplacian), there is a
broad literature on concentration phenomena; we recall here the seminal papers [Ni and Wei 1995; Li and
Nirenberg 1998] and we refer to [Ambrosetti and Malchiodi 2006] for detailed discussions and more
precise references. In particular, we recall that [Ni and Wei 1995; Li and Nirenberg 1998; del Pino and
Felmer 1999; del Pino et al. 2000] construct solutions of the classical Dirichlet problem that concentrate
at points which maximize the distance from the boundary; in this sense, Theorem 1.1 may be seen as the
nonlocal counterpart of these results. In our case, the determination of the concentrating point is less
explicit than in the classical case, due to the nonlocal behavior of the energy expansion. More precisely,
for s = 1 one gets the expansion parallel to (1-16),

[s(ﬁé) = I+ %HS(S) + O(e—(2+a)dist(§,899)/a)’
where now
IHS(S) ~ 672dist($,8§25)/£; (1-19)
see for instance Y. Li and L. Nirenberg [1998] (compare (1-19) with (1-18)).

In the nonlocal case, much less is known. Multipeak solutions of a fractional Schrédinger equation set
in the whole of R"” were considered recently in [Davila et al. 2014]. The analysis needed in this paper is
considerably more involved. Concentrating solutions for fractional problems involving critical or almost
critical exponents were considered in [Choi et al. 2014]. See also [Chen and Zheng 2014] for some
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concentration phenomena in particular cases, and also [Secchi 2013] and references therein for related
problems about Schrodinger-type equations in a fractional setting.

The paper is organized as follows. The rather delicate analysis of the behavior of the regular part of
Green’s function is contained in Section 2. We estimate the function u¢ in Section 3, thus obtaining a
first approximation of the energy expansion in Section 4.

The remainders of this expansion need to be carefully estimated; for this, we provide some decay and
regularity estimates in Sections 5 and 6.

The Lyapunov—Schmidt method will be resumed in Section 7, where we discuss the linear theory and
the bifurcation from it. A key ingredient is the linear nondegeneracy of the least energy solution w; this
is an important result that was completely achieved only recently in [Frank et al. 2015], after preliminary
works in particular cases discussed in [Amick and Toland 1991; Frank and Lenzmann 2013; Fall and
Valdinoci 2014]. Then we complete the proof of Theorem 1.1 in Section 8.

2. Estimates on the Robin function H, and on the leading term of the energy functional

Given & € Q. and x € R", we define
po= [ Pe-ore-od.
R\,

Notice that, for any x € 2, and z € R" \ 2, we have

(=AY +DI'(x —z2) =8p(x —z2) =0, (2-1)
and so
(=AY + D Be(x) = /Rn\g Frz—8)((-=A)'+DI'(x —2)dz=0 (2-2)

for any x € €. Our purpose is to use B¢ (x) as a barrier, from above and below, for the Robin function
H;(x, &), using (1-15), (2-2) and the comparison principle. For this scope, we estimate the behavior of B
outside €2:

Lemma 2.1. There exists ¢ € (0, 1) such that
cHy(x,8) < Pe(x) < ¢ 'Ho(x, &) (2-3)

forany x € R"\ Q. and & € Q. with
dist(¢, 0€2) > 1. (2-4)

Proof. First we observe that, for any x € R" \ €,
|B1/2(x) \ £2¢] = ¢ (2-5)
for a suitable ¢, > 0. For concreteness, one can take c, as the measure of the spherical segment

3 = {z:(z/,zn)e[R{”_l XR| |z] <% and Zn>%}-
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To prove (2-5), we argue as follows. If By ;(x) € (R" \ €¢) we are done. If not, let p € (9€2;) N By2(x)
with dist(x, 02;) = |x — p|. Notice that the ball centered at x of radius |x — p| is tangent to 2, from the
outside at p, and |x — p| < %
Up to a rigid motion, we suppose that p = 0 and x = |x|e,. By scaling back, the ball of radius |X|
centered at X := ex = ¢|x|e, is tangent to 2 from the outside at the origin, and |X| =¢|x| =¢|x — p| < &/2.
From the regularity of €2, we have that there exists a ball of universal radius r, > 0 touching €2 from
the outside at any point, so in particular B, (r,e,) touches €2 from the outside at the origin, hence

B, (roen) R™\ . (2-6)
We observe that
X+eX C B, (rpe,). 2-7)

Indeed, if 7= (7', z,) €X+eX thene L 37—x = (7, z,—|x|) and so z,—|x| €[e/4, ¢ /2] and |7/| < |z]| < /2.
Hence, for small ¢, we have that r, —z, > r,—|X|—¢/2>r,—e>0andr,—z, <r,—|x|—¢€/4<r,—¢&/4,
and so
I3
|Zn —Fol =19 — 2n <r0_1a
which gives

|Z—r€|2=|z/|2+lz —r|2< i 2—|- r_i 2:}"2 £+i_2r()8<r
0€n n ol S\ 5 °T ° " 16 4 ) 0

if ¢ is sufficiently small. This proves (2-7).
As a consequence of (2-6) and (2-7), we conclude that x + ¢¥ C R" \ ©, that is, by scaling back,
x4+ X CR"\ Q. Accordingly,

(Bi2(x)\ ) 2 Bip(x)N(x + %) =x+X

and this ends the proof of (2-5).
Now we observe that if @, b € R” satisfy |a —b| < |b —£&|/2 and min{|a — &|, |b — &|} > 1 then

[(a—&)<Cr(b-§) (2-8)
for some C > 0. Indeed,
|b—&]|

la=§l21b—§l—la—bl>—

and so, from (1-12),
C 2n+25c
<
|a _ §|n+2s |b _$|n+25

This proves (2-8), up to relabeling the constants. As a consequence, given x € R" \ ., we apply (2-8)
with a :=x and b := z € By2(x) \ £2¢, we recall (2-4) and (2-5), and we obtain that

Ia—§&)< L2"ECI (b - &).

Be(x) > /

B2 (x)\ 2%
>C7'T(x—§) inf T()|Bip()\ Q| >c.C7'T(x—§) inf I'(y).
YEB12 yeEB

1/2

F(Z—S)F(X—z)dz>C_1/ Fx— 61 (x — 2)dz
B2 (x)\ 2
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This proves the first inequality in (2-3), since x € R" \ €, and so

[(x —§) = He(x,8). (2-9)

Now we prove the second inequality in (2-3). For this, we use (2-8) once again (applied here with a := z,
b := x and recalling (2-4)) and the fact that

/ ')dz=1 (2-10)
to see that
I ;:/ r(z_g)r(x—z)dzgc/ F'x—-§)(x—2)dz<CT'(x=§). (2-11)
Bix—g)2(0)\ Qs Bic—g)/2(x)

On the other hand, if z & Bjx_g|/2(x), we have that [x —z| > |x —&|/2 and so, by (1-12),

C - 2n+2sC
|x _Z|n+2s = |x _€:|n+2s

M(x—2z) < L2 (x — §).

Consequently,
I :=/ r<z—s>r<x—z>dz<c’/ -6 —£)dz < CT(x —8)
R™\Bjx—g/2(x) R\ By —g172(x)

for some C’ > 0, thanks to (2-10). From this and (2-11) we obtain that
Be(x) <Ii+ L <C'T(x—§)
for some C” > 0. This, together with (2-9), completes the proof of (2-3). O

Corollary 2.2. There exists ¢ € (0, 1) such that

cHy(x,€) < Be(x) < ™' He(x, §)
forany x € R" and & € Q. with dist(&, 02;) > 1.

Proof. The desired estimate holds true outside €2, thanks to (2-3). Then it holds true inside €2, as well,
in virtue of (2-2), (1-15) and the comparison principle. O

The above result implies an interesting lower bound on the symmetric version of the Robin function
H. (&, &), and in general for the values of the Robin function sufficiently close to the diagonal, according
to the following:

Proposition 2.3. Let§ € (0, 1). Let & € Q2. with

)
d :=dist(&,09;) € [2, —:|.
£
Letx,y € By/2(§). Then

Co

He(x’ y) 2 dn+as

for a suitable c, € (0, 1), as long as § is sufficiently small.
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Proof. Let z € R*\ 2. Notice that

d _|z—§|
—y <=« 2-12
1§ — ¥l > > (2-12)
and so
e—yI<le—&l+15 -yl <3lz—&l (2-13)
Similarly,
Iz —x| < 3z —¢| (2-14)
Another consequence of (2-12) is that
lz—§&| _d
lz—ylZlz=§[—-1§ -yl = 3 >§>1, (2-15)

hence dist(y, 0€2.) > 1 (as a matter of fact, till now we only exploited that d > 2). Notice that in the
same way, one has that

lz—x| > 1. (2-16)

Therefore we can use Corollary 2.2 with & replaced by y and so, recalling (1-12), (2-15), (2-16), (2-13)
and (2-14), we conclude that

He(x,y) 2 cBy(x)

:c/ I'z—y)'(x —2)dz
R™M\Q,

c 1
> — dz
= C? /I‘Qn\gg Iy_z|n+2s|x_z|n+2s

1
>c// ————dz 2-17
RM\Q, |Z_§|2n+4s ( )

Now we introduce some geometric considerations. By the smoothness of the domain, we can touch €2
from the outside at any point with balls of universal radius, say r, > 0. By scaling, we can touch €2, from
the exterior by balls of radius roe~ !, and so of radius d (notice indeed that d < Se~ 1 <rpe~Vif § is small
enough). Let n € €2, be such that |£ — n| = d. By the above considerations, we can touch €2, from the
outside at  with a ball B of radius d (i.e., of diameter 2d). We stress that B C R" \ 2., that |B| > ¢d" for
some ¢ > 0, and that if z € B then

for a suitable ¢’ > 0.

lz—&l<lz—nl+In—§<2d+d=3d.

These observations and (2-17) yield that

1

Hg (x, y) > C// W dZ > C/(3d)—(2n+48)|6| — 6/3—(21’1—5—4‘9)5 d—(ﬂ+4b‘)’
B 12— ’

as desired. O

There is also an upper bound similar to the lower bound obtained in Proposition 2.3:
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Proposition 2.4. Let & € Q; withd :=dist(§, 0Q2;) > 2,and x, y € By2(§). Then

Co
dn+4s

HS (xv y) <
for a suitable C, > 0.

Proof. As noticed in the proof of Proposition 2.3, we can use Corollary 2.2 with & replaced by y. Then,
since B;(§) C 2., we have (R"\ 2,) € (R"\ B;(&)), and therefore we obtain that

Ha(x,y)éc_lﬂy(X)éc_I/ ['z—8§l(x—2)dz.
R\ By ()

Also, if z € R"\ B; (&), we have that

lz—x|Z2lz=§|-|§—x|2>2d—|§ —x[=>

’

(SIEW

hence, by (1-12),

He(x, y) < c—lczf | - dz< c—1c2(3)"+25f L
Re\By (&) |2 —&|"T55 |z — x| H2s d Re\By (&) |2 — &M

By computing the latter integral in polar coordinates, we obtain the desired result. U

It will be convenient to define, for any & € €2,
M8 = [ Hlryul0)dy. (2-18)
Q

As a consequence of Proposition 2.4, we have:

Lemma 2.5. Let & € Q; with d = dist(¢, 9Q;) > 2. Let x € By3(£). Then

e (x,8) <

dn+as
for some C > 0, where I1,(x, &) is as defined in (2-18).

Proof. We split the integral into two contributions, one in By/4(§) and one outside such ball.
We can use Proposition 2.4 to obtain that, for y € €2, N By/4(§), it holds that H.(x, y) < Cod —n—ds
and so

mi= | H(xe )l 0)dy < Cud ™ [ wfray < cia s,
Q:NBy4(§) R"

for some C; > 0.
Now we consider the case in which y € .\ By/4(§). We use (1-4) to see that wg Y <Cly—£& | ~p(n+2s)
for some C, > 0. Also, in this case,

ly=x[Z=|y=§l-Ix=§l=27—-—¢c=

’

EANESH
oo X

d.
8
hence, by the maximum principle,

C3 Cy

Ha(x: )’) < F(X _y) < |x _y|n+2s < dnt2s

(2-19)
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for some C3, C4 > 0. As a consequence,

CrCy e 2s) Cs
”212/ He(x, y)w{ (y)dy < / ly —g| PO+ g = ——
Qe\Bd/4(§) S dn+2s R"\Bd/4(%') d2s+p(n+2s)

for some Cs > 0. In particular, since d > 1 and p > 1, we see that 1o < Csd™"~* and therefore,
recalling (2-18), we conclude that I (x, &) < +m < (Cy + Cs)d™ "%, O

The function H. defined in (1-17) will represent the first interesting order in the expansion of the
reduced energy functional (see Theorem 4.1 for a precise statement). To show that this reduced energy
functional has a local minimum, we will show that #, (and so the reduced energy functional itself) attains,
in a certain domain, values that are smaller than the ones attained at the boundary (concretely, this domain
will be given by the subset of 2, with points of distance 6/¢ from the boundary for some § € (0, 1) fixed
suitably small, possibly dependent on n, s and 2).

To this extent, a detailed statement will be given in Proposition 2.8 and the necessary bounds on H,
will be given in Corollaries 2.6 and 2.7, which in turn follow from Propositions 2.3 and 2.4, respectively.

Corollary 2.6. Let § € (0, 1). Let & € Q. with

T 3
d = dist(£, 9Q,) € [2, 8].
Then
C
Ho®)>

for a suitable ¢ > 0 as long as ¢ is sufficiently small.

Proof. Notice that By (§) € By/2(8) € Q. So, by Proposition 2.3, Hy(x, y) = c,d ") if x, y € By (&)
and

Ho(®) > /
Bi(&) JB1(§)

Corollary 2.7. Let & € Q. with d :=dist(§, 02,) = 5. Then

2
He (x, yywl (wf (y) dx dy > cod—<"+4s>( / w? (2) dz) : O
B

for a suitable C > 0.

Proof. We split the integral in (1-17) into three contributions: first we treat the case in which x, y € By2(§),
then the case in which x, y € R"\ By/»(§), and finally the case in which x € B;/2(§) and y € R"\ B;/2(§)
(the case in which y € B;2(§) and x € R" \ By/»2(§) is, of course, symmetrical to this one).

In the first case, we use Proposition 2.4, obtaining that

2
/ dx / dy H(x, y)wg(x)wg(y) < C,d~ 1t </ w?(2) dz)
Bap(§) Baya(§) Bay

2
< c0d<"+4s>< / wp(z)dz) ) (2-20)
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In the second case, we twice use the decay of w given in (1-4), (2-19) and (2-10), obtaining that

/ dx f dy Ho(x, yyw! (ow! (v)
R™\B4/2(§) R"\Ba/2(§)

<P f dx / dy |x — 7P |y — | TPOFIOT(x — )
R\ By/2(§) R\ Bg2(§)
<cra@p e [ [y ey
R"\By2(§) R"\Bg/2(§)

< C2p(d/2)—p(n+23‘) /

dn / do ||~ tIr(6)
R”\Bd/z n

< C/d—Zp(n+2s)+n
< C/d—(n+4s) (2_21)
for some C’' > 0.
As for the third case, we take x € By/»(§) and y € R" \ By/2(§) and we distinguish two subcases: either
lx —y|<d/6or|x—y|>d/6.
In the first subcase, we use a translated version of Proposition 2.4. If x € By/2(§), y € R" \ By/2(§)
and |x — y| < d/6, we take & := (x + y)/2. Notice that
d  d
E=YISEE—xl+lx=yI<5+¢

and therefore

. d  (d  d\_17d
—E|= —28| < |x — —_g <S4 (28 = L
20—l =+ -2l < —gl+ly sl <5+ (5+5) =%
As a consequence,
d :=dist(§, 99,) > dist(§, 9Q,) — |E —&| > d — % = %. (2-22)
In particular,
d>2. (2-23)
Also, by construction,x—§:§—y=(x—y)/2, and so
2 e 1 d
—El=E—y|=z|x —y| < —=.
w—El=1E—yl= 3l —y< 3
This and (2-22) say that
x,y € Byya(§) € By, (€). (2-24)

Thanks to (2-23) and (2-24), we can now use Proposition 2.4 with £ and d replaced by é and d, respectively.
So we obtain that, in this case,

C, C
= < V=
qn+4s dntas

He(x,y) < (2-25)

for some C > 0, where (2-22) was used again in the last inequality.
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So, we make use of (1-4) and (2-25) to obtain that

f dx / dy Ho(x, yyw! (0ow! (v)
Bip2 (&) Ba6(x)\Ba2(§)

L CPC d~0H4 / dx /
Bap(§) Bas6(x)\Basa2(§)

dy wf (x)|y —&|7P0+)
< Cpéd—(n+4s)\/‘ dX/ dz wg(x)lz|—p(n+23‘)

4 "\Bua2
—4s—p(n+2s)

d
Cd~— 49, (2-26)

Finally, we consider the subcase in which x € B;2(§), y € R"\ By/2(§) and |[x — y| > d/6. In this
circumstance we use (1-4), (2-19) and (1-12) to conclude that

P )4
/1; . dx /R”\Bd/z@) dy He (x, y)wg (x)wg ()
4/2(8) {lx—yl>d/6}

3 — p _ #1—pn+2s)
<¢ /B ®) dx /R"\Bd/z(é) dyT'(x = y)wg (x)|y —§&|
o {lx—y|>d/6)

- 2 - 2
<C fB dx [ g gy ey 1= I W )y — 7O
26 lr—yl>d/6)

< Q(d/6)—(n+25) / dx / dy wé’(x)b) _ sl—p(n+2s)
" "\By2(§)

Ed—Zs—p(n—l—Zs)

NN

Cd~+4) (2-27)
for suitable C, C > 0. From (2-26) and (2-27) we complete the third case, namely when x € By/»(§) and
y € R"\ By/2(§), by obtaining that

/ dx / dy He(x, y)wf )w{ (y) < (C +C)d =", (2-28)
By2(8) R\ By/2(§)

The desired result follows from (1-17), (2-20), (2-21) and (2-28). Il
For concreteness, we summarize the results of Corollaries 2.6 and 2.7 in the following:
Proposition 2.8. Let § > 0 be suitably small and
Qs :=1{x € Q| dist(x, 92,) > §/¢}. (2-29)
Then H, attains an interior minimum in Qg s, namely there exist c1, ¢ > 0 such that

. ntds e n+4s .
minH, < c€ <ol =< < min H,.
Qs 8 0%.5
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Proof. Let 8, be the maximal distance that a point of 2 may attain from the boundary of 2. By scaling,
the maximal distance that a point of 2, may attain from the boundary of €2, is §,/e. Let &, be such a
point, i.e.,

Sy
d, = dist(&,, 092;) = —.
€

For ¢ sufficiently small we have that &, € Q. 5. So, by Corollary 2.7,

n+4s
c Ce n—+4s

minH, < H < = =ci¢
o e S He(80) < df+4s 5f+4s 1

for a suitable ¢; > 0. On the other hand, by Corollary 2.6,

C8n+4s

which implies the desired result for § appropriately small. 0

3. Estimates on u; and first approximation of the solution

Now we make some estimates on the function u¢ introduced in (1-9), by using in particular the auxiliary
function IT, in (2-18). For this, we define, for any & € Q,,

Asx) = /R O dy (3-1)

We have the following estimate for Ag:

Lemma 3.1. Let x, & € Q. Assume that d := dist(&, 0Q2,) > 1. Then

0< Ag(x) < d(n+—2s)p,

where C > 0 depends on n, p, s and <.
Proof. If y € R"\ Q; then |y — &| > dist(§, 0€2.) > 1; therefore, by (1-4),

lws (M| = [w(y — &) < Cly — &~ < cd 0+,

As a consequence of this, and recalling (2-10), we deduce that

[ wtora-nay<@a @@y [ ra-yay<ca oy, 0
R\, R™\Q,

Lemma 3.2. Let x, & € Q. Assume that d := dist(&, 0Q2;) > 1. Then

ug (x) = wg (x) — Ag(x) — T (x, §) (3-2)
and
C

0 < we(x) — it () — T (x, §) <~y

(3-3)

for a suitable C > 0 that depends on n, p, s and 2.
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Proof. First of all, notice that w = w? * I', since they both satisfy (1-3), thanks to (1-11), and uniqueness
holds. As a consequence

we) =wr—6) = [ w—g—yrody= [ wlOrE-pd. G

n

Similarly, recalling (1-9), (1-13) and the symmetry of G., we see that
ug(x) = / g (2)8¢(2) dz
Qe
= / g (2)((=A) +1)G(z, x) dz
Q,

:/ wg(z)Gg(x, 2)dz

£

:f wg(z)r‘(x—z)dz—/ wg(z)Hg(x,z)dz
Qe Qe

:f wg’(@r(x—z)dz—/ wg’(z)roc—z)dz—f wf (2)He (x, 2) dz.
n R\, Q

This, (2-18), (3-1) and (3-4) imply (3-2), which, together with Lemma 3.1, implies (3-3). O

Lemma 3.3. Let & € Q.. Assume that d := dist(&, 0Q2;) > 2. Then

-1 C
/S; wg (x)Ag(x)Hg(x,S)dxgm

for a suitable C > 0 that depends on n, p, s and 2.
Proof. First of all, we notice that for y € R" \ Q. we have |y —&| > d > 1, and therefore, thanks to (1-4),

we (¥)] = [w(y —£)] < Cly — &7 < €02,

Hence, recalling (3-1),

ng_l(X)As(X)Hs(x,§)dX=/ wg"l(x)(/R\Q wg’(y)mx—y)dy)ng(x,s)dx

&

<Cd™ 0 [ yx dy w? ™ ()T (x — y) e (x, §)
Qe "\ Q2 g

<ca e [ ax [ ayul T oree- e
{Ix=§1<d/4} R\

+Cdm R / dy w! ™ ()T (x = y)Me(x, §)
{lx—&1>d/4}
=1+ (3-5)
Now, thanks to (3-3), we have that I, (x, §) < wg(x), and so

wl ™ T (x, ) < wf (x). (3-6)
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Therefore, I; can be estimated as follows:

I, < Cd=+2p / dx / dy wf ()T (x — y)
{lx—&I<d/4) R\,

< Cd=2or f dx / dy wg(x)F(x —y).
{lx—§&l<d/4} R™\Ba/2(§)
We notice that, in the above domain,

NIEY
INEN
INEN

x=yl=ly—§l—lx—§l=
hence
Fx—y) < m

Now, we can compute in polar coordinates the following integral:

1
—_— dy < _’
/R"\Bd/z@) x — y|r2s 7T a2

up to renaming the constant C. This and the fact that wg is integrable give
p
wg (x)

Il < Cld—(n-‘rZs)p/

dx/ y — <C2d—(n+25)pd—2s/
{lx—¢|<d/4) R\BypE) X —y["T

< C3d_(”+23)pd—25’
for suitable Cy, Cp, C3 > 0. Now, if |[x — &| > d /4 then, thanks to (1-4),
lwe (X)] = [w(x —£)] < Clx — &=+

This, together with (3-6) and (2-10), implies that

I, < Cd~+29p / dx / dy wf ()T (x — y)
|x—&|>d/4} R\ 2

{
F _
< Cld=+9r / dx / dy L&) : j’;)
{lx—E|>d/4) rQ, X — &P

< C//d—(n+2s)pd—(n+25)p+n

{lx—§l<d/4}
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wé’(x) dx

(3-7)

(3-8)

for suitable C’, C” > 0, where in the last inequality we have computed the integral in dx in polar
coordinates and used (2-10). Putting together (3-7) and (3-8) and recalling (3-5), we get the desired

estimate.

Lemma 3.4. Let £ € Q, and p := min{p, 2}. Assume that d := dist(&¢, 02;) = 2. Then

C

p—1 2
/ng (x)Hg(x,E)dxédﬁ(anHzS

for a suitable C > 0 that depends on n, p, s and 2.

O
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Proof. First we observe that

2(n+4s) > pn+4s) =pn+2s+2s) > p(n+2s)+2s

if p>2,
pn+4s)>pn+4s)=pn+2s+2s)>pn+2s)+2s

if 1<p<?2, (3-9)
nm+2s)(p+1)—n=pn+2s)+2s > p(n+2s)+2s.

Now, we can write the integral that we want to estimate as

[ vt omeoa= [ wtome o [ w o
Q2 {Ix—§|<d/8} {lx—§|>d/8}
=11+ 1. (3-10)
If p > 2, then to estimate /; we use Lemma 2.5 together with the fact that wé’ s integrable to get
< c
I < q2(n+4s)

(3-11)
If 1 < p <2, we notice that, thanks to (3-3), IT;(x, §) < we(x) and so

wl T M2, ) = wl ™ N2, NP (x, §) < wl ™ w] P OTTE (x, §) = we ()L (x, £).

Therefore, again using Lemma 2.5 and the fact that wg is integrable, we obtain

C C
p - - ;
I < /{x_agd/s} we ()T (x, &) dx < ) /{|x—s|<d/8} wg (x) dx < PTIEEOR (3-12)
To estimate I, we use (3-3) to obtain that IT, (x, £) < wg (x), and so w! ™' ()I2(x, &) < w!™ (x). This
implies that
I, < / wé’“(x) dx.
{lx—§|>d/8}
Since |x —&]| > d/8, thanks to (1-4) we have that
|we (¥)] = [w(x —€)] < Clx — 7"
Therefore, computing the integral in polar coordinates,
C C
LES /{|x§|>d/8} Ix — | +29(p+D) dx < 42 (p+D—n " (3-13)

Putting together (3-11), (3-12) and (3-13) and recalling (3-10), we obtain the result (one can use (3-9) to
obtain a simpler common exponent).

O
Lemma 3.5. Let 6 € (0, 1). Let & € Q. be such that d := dist(&, 02;) > &/¢. Then

f wl ™ () AZ(x) dx < PPt
Q

£

for a suitable C > 0 that depends on n, p, s, § and S2.
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Proof. We use Lemma 3.1 and the fact that €2 is bounded to obtain that

P11 A2 c p-i / c Cg2p+25)
/Q we AW dx < ens /Q we () dx S Ty el S i S St

for suitable C’, C” > 0. This implies the desired estimate. O

4. Energy estimates and functional expansion in u;

In this section we make some estimates for the energy functional (1-10). For this, we consider the
functional associated to problem (1-3):

I(u):%/R((—A)Su(x)u(x)+u2(x))dx—# A uPt(x)dx, ue H*RY). (4-1)

Theorem 4.1. Fix § € (0, 1) and & € Q; such that d := dist(&, 02;) = §/¢. Then, we have
Le(iig) = I (w) + 3He (§) + 0(e" ) (4-2)

as ¢ — 0, where I is given by (4-1), w is the solution to (1-3) and H.(£) is defined in (1-17), as long as §
is sufficiently small.

The following simple observation will be used often in the sequel:

Lemma4.2. Let§ > 1 and g > 1. Then

/ q( )dz < ———5—
w; (z)dz < —
R™\ By (£) & §nlg—1+2sq

for some C > Q.
Proof. First of all, we observe that

n—1—-m+2s)g<n—1—m+2s)=—1-2s < —1

and therefore

+o00 8n—(n—|—2s)q
/ pn—l—(n-‘rls)q d,O - (4_3)
5 (n+2s)qg—n
Now, we use (1-4) to see that
/ wi(z)dz < / —C dz=C /+oo P 1m29a g
ROByE) Re\By (&) 1X — &[4 5
for some C’ > 0. This and (4-3) imply the desired result. (|

Corollary 4.3. Let & € Q, withd .= dist(&, 0Q2;) > 1. Then

p+1 C
A"\QE wg (Z) dZ < dnp+2-9(P+l)
for some C > Q.

Proof. Notice that (R" \ ;) C (R"\ B;(§)) and exploit Lemma 4.2. O
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Proof of Theorem 4.1. Using (1-9) and (3-2), we have
I (i) = 1/ ((=A)ug(x) +ue(x)u (x)dx—Lf i’ () dx
eUg 2 Jo, £ 3 3 P+ Jo £

_ 1/ wl (x)ie (x) dx — L al ™! (x) dx
Qe Q.

2 p+1
= [ e — st~ ML(x, 6 da
Q2
pr (wg (x) = Ag () = e (x, €))7 dx
= (1—L)f pH(x)dx—l/ w! (0 (Ag (x) + T, (x, §) dx
BRI RS ok d e

1
s / [wf () — (e (0) = As(@) = Te(x, €))7+ ] dx. (4-4)

We note that the first term in the right-hand side of (4-4) can be written as

(%L)/ wl @ dx = (3 - ﬁ)/ wf o dx - (3 - ﬁ)/ﬂm wl ! () dx

p+1
1 1 p+l
=I(w)— (5 - —— dx,

since w is a solution to (1-3). Therefore,

I (iiz) = T (w) — (% _ #) /Rn\g wl () dx — % /Q w! (0)(Ag(x) + I, (x, §)) dx

+ﬁ [ pH(x)—(wg(X)—Ag(x)—l_[ (x,£)PH ] dx

11 1 I
_I(w)_(i_m)h 2t (“4-5)

where
Ji = / w! ™ (x) dx,
R\
hi= [ w0+ M £) d
Qe
and J3 = / [w f’“(x) — (wg (x) — Ag(x) — T (x, €))7 1] dx
Q¢
Now, we estimate separately J;, J and J3. Thanks to Corollary 4.3, we have that

_ wP ! ¢ 9 np+2s(p+1) )
= /R,,\Q e WX < s S gurnean ' (4-6)

Concerning J,, we write it as
Jo = o1 + J,
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where

D21 :=/ w (x) Ag (x) dx,
Q¢

47
J» ::/Q wf () e (x, &) dx.

Recalling the definition of A in (3-1) and the estimate in (1-4), we have that

Ja1 =/ de . dy wf (x)wf (NT (x—y)

Fx—y)
C/sdx /n\szs dy We (x)| g [

c p
< d(n+—2s)p/ dx /n\g dy W @)r'x—y)

d(n+2s)p(/ dx/ R\Q, dywé_.”(x)lﬂ(x—y)—l-'/Q dxf Q. dywsp(x)r(x—y)). (4-8)

{lx—yl<d/2} ¢ {lx—yl>d/2}
We notice that, if x € Q. and y € R" \ Q, with |x — y| < d/2, then
d _d
—E|l>|ly—&|l—|x—y|>d—Z= =2,
=&l =y —§l-lx—ylzd-5=7

Therefore, using (1-4), (2-10) and the fact that €2 is bounded, we have

dx dy w? ()T (x —y) < dx dy L)
Qe Rn\Qs y E y Rn\Qe |x _ Sl(n+2s)p

{lx—yl<d/2} {lx—yI<d/2}

'(y)
/f”/l Y ix—ger

< C'(1/d) "7 Q|
C///
= dn+2s)pgn

c"” (n425)
n+2s)p—n B
S §(n+2s)p (4-9)

for suitable constants C’, C”, C"”” > 0. Moreover, if |x — y| > d /2, we use (1-12) to get
wy (x) c
p 3 S =2 2
/ dX/ RN\ Q, dy 'LUS (X)F(X —y) /n dX/ R\ Q m < cd—* < STSS $
{lx—yl>d/2} {lx— Y|>d/2}

for some C > 0. Putting together (4-9) and (4-10) and recalling (4-8), we obtain

"
I < c ¢ 8(n+2s)pfn+£823
21 = d@+2)p \ §(n+2s)p 528

C (n+2s) c” (n+2s)p—n C 2s A np+2s(p+1)
Ssert A\ gept L hgmes ) SR @-11)

§(n+2s)p §2s
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for suitable C > 0. Therefore,

Jo= 40l = [ Wl (ML (. ) dx -+ 0fe" ) (4-12)

£

To estimate J3 we expand wé’ + (x) in the following way:

wl ) = @l @) + (p+ Dwf () (we (x) — i () + cpal ™ () (we (x) — il (x))?,

where 0 < ug < o < we and ¢, is a positive constant depending only on p. Therefore, recalling (3-2)
and (4-7),

J3 = / [w£+l(X) - (U)g(X) — As(x) _ Hg(x’ g_-))p-i—l] dx
9
= / [w§+1(x) _I/_lg]—‘rl(x)] dx
Q,

:(p+1)f wé’(x)(Ag(x)—I—Hg(x,é))dx—i—cp/ ozg_l(x)(Ag(x)—l-Hg(x,é))zdx
Qe Q

&

= (p+ (a1 + ) +¢p / ol (0 (A (o) + T (x, §) dx. (4-13)

€

Since ag (x) < wg (x), we have that
/Q E ol T @) (Mg () + M (x, £))? dx

<[ 70+ T, 6y

= / w! ™ () AZ(x) dx + /Q w! ™ M2 (x, &) dx +2/F w! ™ () Ag ()T, (x, §) dx.

Hence, from Lemmata 3.3, 3.4 and 3.5 (together with the fact that d > §/¢) we deduce that

/ O[g_l(.x)(Ag(x) 4 ns(x’ 5))2 dx g Ca(gzp(l’ri“zs)*n +8(H+25)[3+2S +8(n+2§)P+2S)

&

for some Cs, where p = min{p, 2}. The last estimate, (4-11) and (4-13) give
J3=(p+ D +oe™*) = (p+1) /Q wf (DT (x, §) dx +o(e" ). (4-14)
Putting together (4-6), (4-12) and (4-14) and using (4-5), we get
1) = 1)+ [ wf (MG ) dx +o(e" ),

&

Thus, recalling the definitions of I1, and H, in (2-18) and (1-17), respectively, we obtain (4-2). O
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5. Decay of the ground state w

1185

In this section we recall some basic (though not optimal) decay properties of the ground state and of its

derivatives.
For this, we start with a general convolution result:

Lemma 5.1. Leta,b>n,C,, Cp, >0and f, g € L (R") with
|fI < Cal+xDT and g < Cp(1+|x) 7"
Then there exists C > 0 such that
I(f ) () < C(1+|x])~°
with ¢ == min{a, b}.
Proof. Fix x € R" and r := |x|/2, and observe that if y € B, (x) then

x|
|y|>|xl—|x—y|>IXI—r=7.

Asa consequence,

C, Cp Cq Cp
> dy < 5 dy
B,y (L+1x—=yD* (A +[y]) B,(v) (1 +1x—yD* (1 +(Ix]/2))
C 1
< b h?
(I +1xD? Jre (14 |x =y (I+xD

up to renaming constants. On the other hand, if y € R* \ B, (x) then |x — y| > r = |x|/2, thus

dy <

Ca Cb Ca Cb
5 dy < 5 dy
r\B, () (1 +1x =y (1 +]yl) re\B,(x) (1 +(1x[/2)* (1 +1yD)

C 1
< / 5 dy < )
A+ 1xD* Jre (T41yD I+ |xDe
Putting together (5-1) and (5-2), we obtain the desired result.
Now we fix & € 2, and we define, forany i € {1, ..., n},

_ 8w§

Z,’ = ,
axi

(-1

(5-2)

(5-3)

where we is the ground state solution centered at §. Moreover, we denote by Z the linear space spanned

by the functions Z;.
We prove first the following lemmata:

Lemma 5.2. There exists a positive constant C such that, foranyi =1,...,n,
|Zi| < Clx =& forany |x —§| > 1,

where vi :=min{(n +2s + 1), p(n +2s)}.
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Proof. Given R > 0, we take I'1 g € C®°(R"), with 0 < T'; g <T'in R" and I'; g = I" outside Bg, and
we define I'y g :=T —I'1 g. We use (1-11) to write

w=Txwl =T gxw? + Ty gxw’. (5-4)

We assume, up to translation, that £ = 0. Then, our goal is to prove that, for any k € N, we have that

dw —v(k)
a(x) < Ce(1+[x)™, (5-5)
L

where
vk) ;==min{(n+2s+ 1), p(n+25), k(p — 1)(n+2s)} = min{v, k(p — 1) (n + 2s)}

for some Cy > 0. Indeed, the desired claim would follow from (5-5) simply by taking the smallest k for
which k(p — 1) > p.

To prove (5-5) we perform an inductive argument. So, we first check (5-5) when k£ = 0. For this, we
use the fact that w € L>°(R") and that " € L' (R") to find R > 0 sufficiently small that

/ I'(y)dy < CTTTT—
B pllw|l oo @m)

This fixes R once and for all for the proof of (5-5) when k = 0. Hence, we use the sign of I'j g and the
fact that I'; g = 0 outside By to obtain that

/ 2 r(y)dy Z/ o r(y)dy < / Cir()+TorMdy < o7 (5-6)
R Br Br 2pllw| oo e
Then, for any ¢ € (0, 1), we define D, w(x) := (w(x +te;) — w(x))/t and we infer from (5-4) that
Dyw = (DT g) *w? + Ty g x (D,w?). (5-7)
Also, from formula (3.2) of [Felmer et al. 2012] we know that
VI (x)| < Clx|~“+2+D for any |x| > 1. (5-8)

As a consequence, if |x| > 2 and n € B;(x), we have that

|x]
|U|2|X|—|X—ﬂ|>7>1;

hence,

IT(x+te)) —T(x)| <t sup [V ()| < Ctlx|”"H2+D,
neB1(x)

up to renaming C. This gives that | D,T'(x)| < C(14|x|) =240 50 | D, Ty g(x)| < C(1 4 |x])~+25+D,
Accordingly, we have that
(DL x| < ol ey [ IDTLROIdy < C: (5-9)
Rﬂ

Also,
-1
[w? (x +1e;) —wP(x)| < PIIwIIZOO(Rn)Iw(x +1e;) —w(x)|.
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This says that
—1
| Dyw? ()] < pllwll} g | Diw ()],

Moreover,

2wl
D (0] < =5

hence we can define
M(t) := sup |D;w(x)],

xeRn
so we obtain that
-1
|thp(x)| < p”wuioo(Rn)M(t)
for every x € R", and thus

P P p—1 M(t)
T2, g * (Dw") () < | TorOWMIDw”(x = y)[dy < plwllpoonyM @) | T2 r(y)dy < —
Rr R~

thanks to (5-6). Using this and (5-9) in (5-7), we conclude that

M (z)
Diw < C+——.

By taking the supremum, we obtain that

M(t)
M(1) <C+T,

and this gives, up to renaming C, that M (¢) < C. By sending ¢ N\, 0, we complete the proof of (5-5)
when k£ = 0.

Now we suppose that (5-5) holds true for some k and we prove it for k + 1. The proof is indeed similar
to the case k = 0: here we take R := 1 and use the shorthand notation I'1 :=T"1 g and I'; :=1" g. By (5-5)
for k = 0 and the regularity theory (applied to the equation for D,;w), we know that w € C'(R); hence,
we can differentiate (5-4) and obtain that

0 ol’ 0
—wz—l*w”+F2* pw”_l—w . (5-10)
8)6,' 8xl~ 8xi
So, we use (1-4), (5-8) and Lemma 5.1 to obtain
? % wp(x) < C(l 4 |x|)—min{(n+2s+1),p(n+25)}. (5_11)
Xi

Moreover, we notice that

(p — D(n+2s) 4+ v(k) =min{(p — D(n+25) +vi, (k+ D) (p — 1)(n +25)}
>min{vy, k+D(p—1)(n+2s8)} =vk+1).
Hence, using (5-5) for k and (1-4) we see that

< C + [x])~ P DEF29=vE0) < O (1 4 |x[) VD, (5-12)

0
‘pwl’la—wm
Xi
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up to renaming constants (possibly depending on p). Now, we observe that
1+[x—yl>3(1+]x]) if xeR" and |y| <.

Indeed, if |x| > 2 and |y| < 1, then
|

|x
IX—yIZIXI—IyIZT,

which implies (5-13) in this case. If instead |x| < 2 and |y| < 1, we have that
1+ x| <3<3(1+|x—y),

and this finishes the proof of (5-13).
Therefore, since I' vanishes outside By, using (5-12) and (5-13) we have

L ow T ()
r U <C/ d
2*(”“’ axf)(x) g, (11 x — yriern @

(5-13)

[2(y) C / C
S dy < ry)dy=————.
'/;?I (1+|x|)v(k+l) y (1+|x|)u(k+1) R (y)dy (1+|x|)v(k+l)

This and (5-11) establish (5-5) for k£ 4 1, thus completing the inductive argument.

Lemma 5.3. There exists a positive constant C such that, foranyi =1,...,n,
IVZi| < Clx=§|7" forany |x —§| > 1,

where vy := min{(n + 25 +2), p(n + 2s)}.

Proof. From formula (3.2) of [Felmer et al. 2012], we know that

|D’T(x)] < Clx|""F5+2 0 x| > 1.

Hence the proof of Lemma 5.3 follows as that of Lemma 5.2, by using (5-14) instead of (5-8).

Lemma 5.4. For any k € N there exists a positive constant Cy such that, foranyi =1, ...

|D*Zi| < Cxlx =& forany |x—§| > 1.
Proof. From Lemma C.1(ii) of [Frank et al. 2015], we have that

DT ()| < Celx ™", x| > 1.

The proof of Lemma 5.4 follows as that of Lemma 5.2 by using (5-15) instead of (5-8).

We note that
fZ?dx:f Z%dx forany i, j=1,...,n.

o :=/ Z31dx,

We set

5n’

O

(5-14)
g

(5-15)

(5-16)

(5-17)
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and so, thanks to (5-16), we observe that

/ Z?dx=a forany i=1,...,n. (5-18)
Lemma 5.5. The Z; satisfy the following condition:
/n Z;Zjdx =ad;;. (5-19)
Also, if T, € L*°([0, +00)), T(x) := t,(|]x — &]|) for any x € R" and Z;:=1Z;, then
/n Z,Z;dx = as;j, (5-20)
where'
a:= / Z\Zydx. (5-21)

Proof. We first observe that the function w is radial (see, for instance, [Felmer et al. 2012]) and therefore,
recalling the definition of Z; in (5-3), we have that

— &
=—<x—s>—w (|l
: | i
Hence, using the change of variable y =x — &, forany i, j =1, ..., n, we have
= 2 (X — Sl)(x &)
fzizjdx=/ ro(lx — &) |w'(lx — £1)] =5 gy
n R~ §|
2)iyj
=f D[ (3D 3 dy. (5-22)

Therefore, if i # j,

[ zzias= [ i [aolwanpP 2 an)ay'=o

since the function 7,(|y|) |w’(|y|) |2y,-/|y|2 is odd. This proves (5-20) when i # j. On the other hand,
if i = j, formula (5-22) becomes

f Z,‘Z,‘dXZ/R ‘L’,,(|y|)|UJ(|y|)| ly |2 dy.

We observe that the latter integral is invariant under rotation; hence,

f Z,-z,-dx=/ D31 2 lzdy—a.
n R

This establishes (5-20) also when i = j. Then, (5-19) follows from (5-20) by choosing 7, := 1 and
comparing (5-18) and (5-21). Il

n particular, we note that, if 7, has a sign and does not vanish identically then & # 0 (and we will often implicitly assume
that this is so in the sequel).
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Corollary 5.6. The Z; satisfy the condition

/ Z,‘Zj dx 2068,‘]‘ + 0(8”)
Qe
with v > n +4s.

Proof. From Lemma 5.5, we have that

/ ZiZjdx:/ Z,’Zjdx—/ Zl-Zjdx :a&-j—/ Z,-Zjdx.
e R” RM\Q, RMQ,

Moreover, from Lemma 5.2, we obtain that

1 2vi—n
Z:Z;dx < C —_dx <M,
R™\Q. rR\Q, |X — &V

which implies the desired result. g

6. Some regularity estimates

Here we perform some uniform estimates on the solutions of our differential equations. For this, we
introduce some notation: given & € Q. with

dist(€, 9Q%) >§ for some ¢ € (0, 1), (6-1)
and n/2 < u < n+ 2s, we define, for any x € R",
(x) : (6-2)
pe(x) i = —-—-———. -
J (I+[x — &

Moreover, we set

¥ le == oz " ¥ llLoqan)-
Lemma 6.1. Let g € L*(R™) N L®(R") and let € H*(R") be a solution to the problem

{(—A)Sz//+¢+g:0 in Q,, (6-3)
=0 in R"\ Q..

Then, there exists a positive constant C such that

| || Lo (mn) + Sup w

p Xy < C(lglre®ny + gl L2@mn)-
x#y

Proof. From Theorem 8.2 in [Dipierro et al. 2014], we have that ¥ € L°°(R") and there exists a
constant C > 0 such that

Y1l Loy < CUlgl L@y + 1Y 1 L2@n))- (6-4)
Now, we show that
Il 2@y < gl 2@y (6-5)
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Indeed, we multiply the equation in (6-3) by ¥ and we integrate over €2, obtaining that
/Q (=AY + ¥* + g dx =0.
We notice that, thanks to formula (1.5) in [Ros-Oton and Serra 2014b],

/(—A)WlﬁdX=/ (=AY dx > 0.
Qe Qe

/wzdng —gV dx.
Qe Q;
1

(L ea) ([ v

and therefore, dividing by ([, ¥ dx)l/ ? we obtain (6-5).
From (6-4) and (6-5), we have that

Hence, from (6-6) we have

So, using Holder’s inequality, we get

¥l Loy < Cllgl Loy + 181 L2Rn))-

1191

(6-6)

Now, since both ¥y and g are bounded, from the regularity results in [Silvestre 2007] we have that ¥

is C* in the interior of 2, for some o € (0, 2s).

It remains to prove that ¢ is C* near the boundary of 2.. For this, we fix a point p € 92, and we

look at the equation in the ball B{(p).

We notice that |(—A)*y| is bounded, since both ¥ and g are in L°°(R"), and therefore we can apply

Proposition 3.5 in [Ros-Oton and Serra 2014a], obtaining that, for any x, y € B;(p) N 2.,

YY)
&) d(y)

S Cr(l¥ | Loy + 1181l Loown),

(6-7)

where d(x) := dist(x, d€2;). In particular, we can fix y € Bj(p) N €2, such that d(y) = % Since i is

bounded, from (6-7) we have that

¥ (x)
d* (x)

< (1Y |l Loe@ny + 18 1| Loower)),
which gives that
¥ (x) < Ca([[¥ [l Loowny + g Ml oo n))d® (x).
This implies that ¢ is C* also near the boundary and concludes the proof of the lemma.

Lemma 6.2. Let & € Q,, B be a bounded subset of R", and Ry > 0 be such that

Bg,(§) 2 B.
Let W € L°°(R") be such that

m:= inf W > 0.
R\B

(6-8)

(6-9)
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Let also g € L*(R™), with llgll.e <400, and let v € H*(R") be a solution to

(=AY +Wy+g=0 in .,

v =0 in R"\ Q..
Then, there exists a positive constant C, possibly depending on m, Ry and |W)| L~ @) (and also on n, s,
and Q), such that*

[V lle < CUY Lo +118llkg)- (6-10)

Proof. We define
Wi =myxg+Wyxrns and G:=m—-W)xp¥ —g. (6-11)

We observe that
[Gllve <sup(l+[x —&ED"(m +WE)) Y (x) + Igllwe
xeB

2(1+ Ro)* Wl Lo @ 1¥ Nl Lo ) + 11811,
Coll¥llLom) + 118z (6-12)

for a suitable Cy > 0 possibly depending on Ry and || W|| = ®) (notice that (6-8) was used here). Also,

<
<

Y is a solution of
(AY+ Wy =W -y —g=W-Wxrng—Wxp)¥ —g=mxs—Wxs)¥y —g=G (6-13)
and, in virtue of (6-9),
W Zmxs+mygnp=m. (6-14)
We let pg := (14 |x|)~* and take n € H*(R") to be a solution of
(=A)'n+mn = po. (6-15)

We refer to formula (2.4) in [Davila et al. 2014] for the existence of such solution and to Lemma 2.2
there for the following estimate:
sup (1 + [x)Hn(x) < Cy sup (1 +|xD*po(x) = C, (6-16)
xeRn xeR®

for some C; > 0, possibly depending on m. Also, by Lemma 2.4 in [D4vila et al. 2014], we have that n > 0,
and so, recalling (6-14), we obtain that

(W(x) —m)n(x —§) = 0. (6-17)
Now we define ng (x) :=n(x —§),
Co = Glxs (6-18)

and w := C,ne &= . We remark that the quantity C, plays a different role from the other constants Co,
Ci and C»: indeed, while Co, C; and C; depend only on m, Ry and |V ||~ (as well on n, s and ),
the quantity C, also depends on G, and this will be made explicit at the end of the proof.

2In (6-10) we use the standard convention that l¥ 1l Loo(3) := 0 when B := & (equivalently, if B = &, the term || || Loo(13)
can be neglected in the proof of Lemma 6.2, since, in this case, G and g are the same from (6-11) on).
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Notice also that po(x — &) = pg(x), due to the definition in (6-2), and
Cape (X) £ G (x) = p: () (Ca — p; ' ()G (X)]) = s (X)(Cu = G lug) > 0. (6-19)
Thus we infer that
(=AY o+ Wo=C((—A)ns + Wng) £ (=A)* Y + W) = Cops + Co(W —m)ns £G >0 (6-20)

in €, thanks to (6-13), (6-15), (6-17) and (6-19). Furthermore, in R" \ 2, we have that w = C,nz > 0. As
a consequence of this, (6-20) and the maximum principle (see, e.g., Lemma 6 in [Servadei and Valdinoci
2014]), we conclude that @ > 0 in the whole of R".

Accordingly, for any x € R”",

Foi )Y x) = p; ' (X)(Cape (x) — 0 (x))
< Copy ! () (x)

< C. sup p; ' (Mne ()
yeR"?

= C.sup p; ' (Y +Em:(y +8)
yeR®?

=C, sup (1+[yD"n(y)
yeR”?

< GG,
where (6-16) was used in the last step. Hence, recalling (6-18) and (6-12),
ngl(X)l//(X)l S CillGlle < Ci(CollrllLeom) + g llvg),
which implies (6-10). O
As a consequence of Lemma 6.2, we obtain the following two corollaries:

Corollary 6.3. Let g € L%(R™), with llgll.e <400, and let y € H*(R") be a solution to
F—Afw+w—m¥4¢+g=0in9w
v =0 in R"\ Q..

Then, there exist positive constants C and R such that

[V lle < CUWY e BrE) + 118 1lx)- (6-21)

Proof. We apply Lemma 6.2 with W:=1— pwé7 “land B:=B g (&) (notice that, with this notation, (6-21)
would follow from (6-10)). So, we only need to check that (6-9) holds true with a suitable choice of R.
For this, we use that w decays at infinity (recall (1-4)); hence we can fix R large enough that

pwP 1 (x) % for every x € R" \ Bg.

Accordingly, W > 1 — % = %, which establishes (6-9) with m := %
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Corollary 6.4. Let g € L>(R"), with llgll.e <400, and let yy € H*(R") be a solution to

{(—A)Sl/f+¢+g=0 in €,
Y =0 in R\ Q.

Then, there exists a positive constant C such that
[V lee < Cliglhe.

Proof. For this we use Lemma 6.2 with W := 1 and B := & (recall the footnote on page 1192). 0

7. The Lyapunov-Schmidt reduction

In this section we deal with the linear theory associated to the scaled problem (1-8). For this, we introduce
the functional space

Vo={y e H'®R") |y =0in R"\Q and [, ¥Zdx=0 forany i=1,...,n},

where the Z; were introduced in (5-3). We remark that the condition
/ YZ;dx=0 foranyi=1,...,n
Qe

means that ¥ is orthogonal to the space Z (that is the space spanned by Z;) with respect to the scalar
product in L?(2;).
We look for a solution to (1-8) of the form

U= ug =g+, (7-1)

where it¢ is the solution to (1-9) and v is a small function (for ¢ sufficiently small) which belongs to W.
Inserting u (given in (7-1)) into (1-8) and recalling that u; is a solution to (1-9), we have that, in order
to obtain a solution to (1-8), ¥ must satisfy

(—A)‘Y¢+W—PW§_1W=E(W)+N(lﬁ) in €, (7-2)
where?

1

E() = (g +¥) — (wg +¢)P and N) := (wz + )" —wf — pwl™ . (7-3)

Instead of solving (7-2), we will consider a projected version of the problem. Namely we will look for
a solution ¥ € H*(R") of the equation

(A Y+ —pwl Y= EW) NG+ Y aZi in (7-4)

i=1

3 As a matter of fact, one should write the positive parts in (7-3), namely set E () := (ig + w)ﬁ — (wg + w)ﬁ and N(y) :=
(wg + llf)ﬁ - wg - pwg _11//, but, a posteriori, this is the same by maximum principle. So, we preferred, with a slight abuse of

notation, to drop the positive parts for simplicity of notation.



CONCENTRATION PHENOMENA FOR THE NONLOCAL SCHRODINGER EQUATION 1195

for some coefficients ¢; € R, i € {1, ..., n}. Moreover, we require that i satisfies the conditions
Y =0 in R"\Q, (7-5)
and
vZidx=0 forany i=1,...,n. (7-6)
Qe

We will prove that problem (7-4)—(7-6) admits a unique solution, which is small if ¢ is sufficiently small,
and then we will show that the coefficients ¢; are equal to zero for every i € {1, ..., n} for a suitable £.
This will give us a solution { € ¥ to (7-2), and therefore a solution u of (1-8), thanks to the definition
in (7-1).

Linear theory. In this subsection we develop a general theory that will give us the existence result for
the linear problem (7-4)—(7-6).

Theorem 7.1. Let g € L*>(R") with llgll.e <—+o0. If e > 0 is sufficiently small, there exist a unique € W
and numbers c; € R foranyi € {1, ..., n} such that

Ay +y —pwl Y +g=) aZi in Q. (7-7)
i=1

Moreover, there exists a constant C > 0 such that

¥ llee < Cliglis- (7-8)

Before proving Theorem 7.1 we need some preliminary lemmata. In the next lemma we show that
we can uniquely determine the coefficients ¢; in (7-7) in terms of ¢ and g. Actually, we will show that
the estimate on the ¢; holds in a more general case; that is, we do not need the orthogonality condition
in (7-6).

Lemma 7.2. Let g € L*(R") with llgll.e <-+00. Suppose that € H*(R") satisfies

(_A)Sll’—i_v/_pwgilv/—i_g:Zln:l Cl‘Zi in QS’ (7_9)
v =0 in R"\ .,
forsomec; eR,i=1,...,n.
Then, for ¢ > 0 sufficiently small and for any i € {1, ..., n}, the coefficient c; is given by
o = l/ gZidx + fi, (7-10)
o Jre
where « is as defined in (5-17), for a suitable f; € R that satisfies
|fil < Ce"2AY 2@y + gl o) (7-11)

for some positive constant C.
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Proof. We start with some considerations in Fourier space on a function T € C*(R") N H%(R"). First of
all, for any j € {1, ..., n},

13T 12 gy = IF QTN 2y = IE7 T 17 20y = /R E/IT @) dE.

Moreover, by convexity,
Y
€1t = (Zs}) <2) &,
j=1 j=1
and therefore )
20D T 2y = D 2003 T 17 20y > /R EMT@©)1 de.
=1

As a consequence, :

=AY T2 gy = IF (=AY TG 2y = NEP T2

= [ EFIT P ds < /W“ +IEIT @) dt

<IT N2y + 20D T2 gy < CUIT |l g2 ey (7-12)
for some C > 0.
Now, without loss of generality, we may suppose that

Bc/e(s) C (7‘13)

for some ¢ > 0. Fix & > 0, and choose 7, € C*(R", [0, 1]) with 7, =1in B(./¢)-1(§), 7. =0 outside B,/ (&)
and |Vt | < C. We set T j := Z;t.. Hence, from (7-12) and Lemmata 5.3 and 5.4,

I(=AY T 117>y < C (7-14)

for some C > 0, independent of ¢ and ;.

Moreover, the function T, ; belongs to H*(R") and vanishes outside B./;(§), and so in particular
outside 2., thanks to (7-13).

Thus (see, e.g., formula (1.5) in [Ros-Oton and Serra 2014b]),

/ (=AY T, ;jdx = / (=AY (= AT, jdx = / Y(—A)'T. dx. (7-15)
As a consequence, recalling (7-14),

<Y 2@yl (=AY Te jll 12, < ClY I L2we- (7-16)

/ (=AY YT, jdx
Qe

Now, we fix j € {1, ..., n}, we multiply the equation in (7-9) by T ; and we integrate over £2.. We
obtain

ZC,‘/ ZiTe,jdx:/ Te,j((—A)sll’-H//—ngfli/f+8)dx- (7-17)
i=1 vV 2
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Now, we observe that, thanks to (7-15), we can write
/ (=AY T, jdx = / V(=AY'T, jdx = / V(=AY (T, —Zj)dx —i—/ V(=A)Y'Z;dx. (7-18)
Qe Q, Q, Q;

Using Holder’s inequality and (7-12), we have that

<Yl 2@y (=AY (T, j — Z ) || 2y

‘/Q Y (=A)Y (Te,j — Zj) dx
S ClYleeeylTe; — Zjll g2 @wey- (7-19)
Let us estimate the H>-norm of T, ; — Z;. First, we have that
nnq——znﬁqwg=1/ ug—lfz%dxsa/' 22 dx,
R” Bl /o)1)
since 7, = 1 in B./._1(§) and takes values in (0, 1). Hence, from Lemma 5.2, we deduce that

! < Cé”,

1 Te.i = Zi 12 <cf - dx
SR T Jpe o x—EP T

cle—
up to renaming C. Therefore,
1T, ; — Zjll 2y < Ce™2. (7-20)

Moreover, we have that
|Waa—2»ﬁmw=AJm—nva+vQ%Fw

= Rn(rs —DIVZ; P + VT Z] + 2(te = 1)Z,;V Z; - Vo dx.

Using the fact that both 7, — 1 and V', have support outside B./.—1(§), and Lemmata 5.2 and 5.3, we
obtain that

IV(Ts,j = Z )l 2any < Ce™2. (7-21)

Finally, using again the fact that 7, — 1, Vt, and D?7, have support outside B./.—1(§), and Lemmata 5.2,
5.3 and 5.4, we obtain that

”Dz(Tg,j - Zj)”LZ(R") < an/Z‘
Using this, (7-20) and (7-21) we have that
”Ts,j - Z] ”HZ(R”) < an/Z’

and so, from (7-19), we obtain

L/ Y (=AY (T, — Zj) dx| < Ce"?|[Yl o) (7-22)
Qe
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Now, using (7-18), we have that
/ T i (=AY Y+ — pul ™ y) dx
Qe
= f w(—A)SZj + Tg,‘j"/f — pwéjil"//Tg’j dx +/ W(—A)S(Tg’j — Zj)dx.
Q, Q,

Since wg is a solution to (1-3), we have that Z; solves

1

(=A)'Zj+Zj=pw Z;,

and this implies that
[ Tsary v - pul ™ ax
Q.
=/Q V(T =Zp = pwl T = Z)dx+ | YA Ty = Zpdx.

Hence, using the fact that we is bounded (see (1-4)) and Holder’s inequality, we have that

Vg T (DY + 9 — pw! ™ y) dx

< C(||W||L2(Rn)||Ts,j —Zillp2wny + '/ V(=AY (Te,; — Zj)dx >
Qe
< C"PYll 2. (7-23)

where we have used (7-20) and (7-22) in the last step.
Now, we can write

/ Ta,jgdx:/ (Tg,j—Zj)gdx+/ Zjgdx
e Qe Qe

=f (Ts’j—Z,-)gdx—i-/ ngdx—/ Zjgdx. (7-24)
Q. ' Rr R\,

Using Holder’s inequality and (7-20), we can estimate

2
<Tej = Zjl 2@y gl 2y < Clgl 2y

f (Ts’j — Zj)gdx
Qe

Moreover, from Hélder’s inequality and Lemma 5.2 (and recalling that dist(§, 0€2.) > ¢/¢), we obtain
that

C 2
<lglz2e (/ —dx) < Ce"?|gll 12 -
= (R™) R Q, |x_g>_-|2v1 = (R™)

/ Zjgdx
RN\Q

The last two estimates and (7-24) imply that

'/Ts’jgdxzf ngdx—l—fj,
Q. Re
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where
3 2
151 < Ce"lgl 2 @m-

From this, (7-17) and (7-23), we have that

n
ZC,‘ / ZiTg’j dx =/ ng dx +fj,
i=1 : R
where
| fil < Ce" 2 Nl 2 + g1l L2y

up to renaming the constants.
On the other hand, we can write

/ZiTg,jdx:/ Zi(TE,j_Zj)dx—'l_/ Z,-Zjdx.
Q. e B

From Holder’s inequality, (7-20) and Lemma 5.2, we have that

2
< (f Zizdx) ”Ts,j - Zj||L2([R”) < an/Z.
Q2

)/ Zi(Tg’j — Zj)dx
Q2
Using this and Corollary 5.6 in (7-27), we obtain that

/ Z,‘Te’j dx =Ol8,'j + O(Sn/z).

&

So, we consider the matrix A € Mat(n x n) defined as

Aj,' ZZ/ ZiTs’jdx.
Qe

1199

(7-25)

(7-26)

(7-27)

(7-28)

(7-29)

Thanks to (7-28), the matrix ' A is a perturbation of the identity and so it is invertible for & sufficiently

small, with inverse equal to the identity plus a smaller order term of size £"/2. Hence, the matrix A is

invertible too, with inverse
(A™Yji=a7'8;+ 0",

So we consider the vector d = (dy, ..., d,) defined by
dj I=/ ngdX+f_j.
Rn
We observe that

<lglle@ny 122wy < ClgH L@y

‘/ gZjdx
Rn

thanks to Lemma 5.2. As a consequence, recalling (7-26), we obtain that

ldI < CUY 2@y + 1811 L2@ny),

up to renaming C.

(7-30)

(7-31)

(7-32)
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With the setting above, (7-25) reads

n
ZC,‘AJ,‘ =/ ngdX+fj =dj;
— R
i=1
that is, in matrix notation, Ac = d. We can invert this relation using (7-30) and write

c=A'd=a"'d+ f*
with
|2 < Ce"?ld) < Ce™* (1Y 2y + gl 2@y (7-33)

in virtue of (7-32). So, using (7-31),

ci=a 'di+ fl.tI = ! / gZidx+a ' fi + fiu.
This proves (7-10) with :
fir=a T fit ff
and then (7-11) follows from (7-26) and (7-33). Il

Now, we show that solutions to (7-7) satisfy an a priori estimate. We remark that the result in
the following lemma is different from the one in Corollary 6.4, since here also a combination of Z;

fori =1, ..., n appears in the equation satisfied by .
Lemma 7.3. Let g € L2(R") with llgll.e <-+o0. Let f € W be a solution to (7-7) for some coefficients
ci €R,i=1,...,n,and for ¢ sufficiently small.

Then,

¥l < Clgle-

Proof. Suppose by contradiction that there exists a sequence &; 0 as j — +o00 such that, for any j € N,
the function v; satisfies

. —1 i / .
(=AY + ¥ — pwi Y+ =201 Z in Qg

vj=0 in R"\ Q,, (7-34)
Jo ¥iZ!dx=0 forany i =1,...,n,
o)
for suitable g; € L?(R") and §j € 2, where
z/ = _ang'
! 8)61'
Moreover,
[¥jllveg =1 forany jeN (7-35)
and  [[gjllxg O as j— +oo. (7-36)

Notice that the fact that the equation in (7-34) is linear with respect to v/, g; and Zl.j allows us to take
the sequences v/; and g; as in (7-35) and (7-36).
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We claim that, for any given R > 0,
IV jllLoeBre;y = 0 as j — +o0. (7-37)

For this, we argue by contradiction and we assume that there exists § > 0 and jy € N such that, for
any j > jo, we have that ||V || Lo (Bg(g;)) = 9-
Thanks to Lemmata 7.2 and 5.2, we have that

. C,
J n/2
6]1< ZHlgslhg, + Coff
for suitable positive constants C; and C,. Hence, from (7-36), we obtain that
cij\O as j — +oo forany i € {1,...,n}. (7-38)

Now, from Lemma 6.1, we have that

[V (x) — ¥ (p)
sup
xXF#Ey |X—)’|s

<

We observe that

n
i -1
g,‘—I-Zc{ZiJ—l-png v, +

i=1

n
i ) -1
gi+y ezl +puwly;
i=1

) . (7-39)
Loo(Rm) L2(R?)

n
o B
gj+ZC,-’Z,~J+pw§’j v;
i=1

n
< C<||g||*,gj +> Il 1+ ||w,~||*,gj),
L>®°(R")

i=1

thanks to the decay of Zl.j in Lemma 5.2 and the fact that wg/ ~!is bounded (recall (1-4)). So, from (7-36),
(7-38) and (7-35), we obtain that '

n
‘g,-+zc{z{ +pwl 'y, <C (7-40)
i=1 L @®")
for a suitable constant C > 0 independent of j.
We claim that
n
gityczl+pwl Y <cC (7-41)
i=1 ' L2®™)

where C > 0 does not depend on j. Indeed,

1 1
2 2
||gj||Lz(Rn)=( / gfdx) <||g,-||,,5,-< / p;dx)
Rll Rn
1

1 2
< IIngI*,sj</Rn WW) <Cligjllvg < C,
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since 24 > n and (7-36) holds. Moreover,

n .

>z
i=1

thanks to (7-38) and Lemma 5.2. Finally, using (1-4), the fact that 2 > n, and (7-35), we have that

1
2p—1 8
<p||¢j||*,s,-</ wsfp )pézj dx)
Lz(R”) Rn K
! i
dx <C.
/Rn (1+ |x —&;)2p=Dt29+2u ) h

Putting together the above estimates, we obtain (7-41).
Hence, from (7-39), (7-40) and (7-41), we have that the v; are equicontinuous.
Forany j =1, ..., n, we define the function

Vi (x) = (x +&)

n
v S Y12 @y <€,
L=(R") i=1

—1
i

< cnw,-u*,;,(

and the set
Qji={x=y—§|yeQ,}
We notice that v/; satisfies

(A P+ —pwP Y+ 8= lZ in &, (7-42)
i=1
where g;(x) := g(x +&;) and Zi = ow/dx;. Moreover,
;=0 in R"\Q;. (7-43)
Now, thanks to (6-1), we have that B. /¢, (§;) C €2¢,. Hence, B/.; C Q j» which means that Q j converges

to R” when j — +o0.
Furthermore, we have that

1 llLoe =8 and  [|(14 x| ¥ Loy = 1. (7-44)

Now, since the v; are equicontinuous, the 1& ; are equicontinuous too, and therefore there exists a
function ¥ such that, up to subsequences, the v j converge to ¥ uniformly on compact sets.

The function ¥ is in L>(R"). Indeed, by Fatou’s Theorem and (7-35), and recalling that 2x > n, we
have

- 1
2 . . 2 . . 2
dx < liminf Sdx < liminf ||y |5 . ———dx <C.
- Y vy WJ oo |I¢] l £ /R" (1+|x — ngZM
Moreover, ¥ satisfies the conditions
11l Lo By = 8 (7-45)

P
and  ||(1+ [xD*Y | Loy < 1. (7-46)
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We prove that ¢ solves the equation

(=AY +¢ = pwP~ 'y in R".

1203

(7-47)

Indeed, we multiply the equation in (7-42) by a function n € C§° (Q ;) and we integrate over R". We notice

that both n and 1},- are equal to zero outside Qj (recall (7-43)), and therefore we can use formula (1.5) in

[Ros-Oton and Serra 2014b], and we get
(=AY n+n—pw~'ny; dx +/ gjindx = ch’ / Zindx.
Rﬂ Rﬂ i:1 n

Now, we have that

18 ll+0= llgjllee; O as j— +oo.

Lo
Rn

since 24 > n, which implies that

Moreover,

< ||§j||*,of pondx < Cllg 1o,
Rn

/gjndx—>0 as j — +oo.
Also,

n .
Z clJ f Zindx
i=1 R

and so, thanks to (7-38), we obtain that

n
<CY Il
i=1

n
Zc{f Zindx -0 as j — +o0.
i=1 R

Finally, we fix r > 0 and we estimate

(=An+n—pw’ 'pyde — | (=A)n+n—pw? 'nydx
R~ Rn

< | I(=AYn+n—pw 'y — ¥ldx
Rn

=/ |<—A)Sn+n—pwp1n|w7,-—&|dx+/R (=)0 41— pwP 'l 1§, — ¥ dx.
B,

"\ B,
We define the function
7:=(=A)n+n—pw’ 'y
and we notice that it satisfies the decay

C

()] < W

(7-48)

(7-49)

(7-50)

(7-51)

(7-52)
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Hence,

1

—A)* — pw? Iyl — ¥l dx < Cil|¥; — |l /—d
/B,'( = pwr iy 1 < Q= Tl [ e

< CallYj — ¥l
which implies that

/I(—A)Sn+n—pw”_lnllx7fj—1/7|dx\0 as j — 400 (7-53)
B,

due to the uniform convergence of 1} j to ¥ on compact sets. On the other hand, from (7-44), (7-46)
and (7-52), we have that

- _ 1
—AYn+n-— wP~! P — dx<2C/ ——dx
/RH\B,'( Y+ n— pwPnl1d; — | R

1
<2C ————dx
lx/I‘Q"\Br |x|n+2s

< C3I’72S.
Hence, sending r — 400, we obtain that

fW\B (=AY 5+ — pwP~ gl 1 — ¥ dx 0. (7-54)
Putting together (7-51), (7-53) and (7-54), we obtain that
R,,((_A>S" +n—pw'ny;dx — /Rn((—A)“'n +n—pw’ 'pydx as j— +oo.
This, (7-49), (7-50) and (7-48) imply that

(=AY'n+n—pw 'nPdx=0
R’l

for any n € C;°(R"). This means that 1} is a weak solution to (7-47), and so a strong solution, thanks to
[Servadei and Valdinoci 2014].
Hence, recalling the nondegeneracy result in [Frank et al. 2015], we have that

BN
V=3 by (7-55)
i=1

for some coefficients 8; € R.
On the other hand, the orthogonality condition in (7-34) passes to the limit, that is,

WZ;dx =0 forany i=1,...,n. (7-56)
Rn

Indeed, we fix r > 0 and we compute

f(t/?—&j)iidx:/ (&—&,-)Zdwf (Y — V) Zi dx. (7-57)
R B, R™\ B,
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Concerning the first term on the right-hand side, we use the uniform convergence of ¥ j to ¥ on compact
sets together with the fact that Z; is bounded to obtain that

(W —¥)Zidx —0 as j— +oo.
B,

As for the second term, we use (7-44), (7-46) and Lemma 5.2 and we get

o 1
/ W —v;)Zi dxgcf — dx < Cr7%,
R\B,

R\ B, |x|n+2s

which tends to zero as r — +o00. Using the above two formulas in (7-57) we obtain that
0= 1%2,{1)6—) &Zidx,
R R
which implies (7-56).
Therefore, recalling (5-3) also, (7-55) and (7-56) imply that ¥ =0, thus contradicting (7-45). This
proves (7-37).
Now, from Corollary 6.3 (notice that we can take R sufficiently big in order to apply the corollary), we

have that
n
gydz) )
i=1 *.&j
n . .
>zl )
i=1 *&j
n
o
Sidieg'z!| )
i=1 LOO(R")

n
< C(||wj||Loo(BR<;,.>> +ligjlleg, + D Ic |),
i=1

1Vjllee; < ClLIWYjllLeBrE)) +

< C(leHLw(BR(gj)) +1gjllwg +
= C(le lLooBrig;)) + 185 11w +

up to renaming C, where we have used the decay of Zij (see Lemma 5.2) and the fact that © < n + 2s.
Therefore, (7-36), (7-37) and (7-38) imply that

1¥jlleg — 0 as j— o0,

which contradicts (7-35) and concludes the proof. U

Now we consider an auxiliary problem: we look for a solution ¢ € W of

n

(—A'Y+Y+g=) ¢Z in Q. (7-58)
i=1
and we prove the following:

Proposition 7.4. Let g € L*(R") with llgll..e <-+00. Then, there exists a unique solution ¥ € W to (7-58).
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Furthermore, there exists a constant C > 0 such that

IV lle <Clligle- (7-59)

Proof. We first prove the existence of a solution to (7-58).
First of all, we notice that formula (1.5) in [Ros-Oton and Serra 2014b] implies that, for any i, ¢ € W,

(—A)'Ypdx = / (=AY (=AY Ppdx = / Y(=A)pdx.
R R R
Now, given g € L?(R"), we look for a solution ¥ € ¥ of the problem

(=AY (=AY pdx+ | Yedx+ / gpdx =0 (7-60)
R~ Rn R~

for any ¢ € W. Subsequently we will show that ¥ is a solution to the original problem (7-58).
We observe that

o= [ PparPods [ wpds

defines an inner product in W, and that

F(p) = —/ gpdx
Rll

is a linear and continuous functional on W. Hence, from Riesz’s theorem, we have that there exists a
unique function ¥ € W which solves (7-60).
We claim that
Y is a strong solution to (7-58). (7-61)

For this, we take a radial cutoff T € C;°(2,) of the form 7(x) = 7,(]x — &) for some smooth and
compactly supported real function, and we use Lemma 5.5. So, for any ¢ € H*(R") such that ¢ =0
outside 2., we define

$:=¢—> r$)Z;,
i=1
where
ri(p) i=a ! / Z; dx, (7-62)
Rn

and Z ; and & are as in Lemma 5.5. We remark that Z ; vanishes outside €2, hence so does $ Furthermore,
for any j € {1, ..., n},

Jszjdx:/ Jszjdx:/ ¢zjdx—z/\i(¢)/ ZiZjdx= | ¢Zjdx—>) ri()as;
Q, R~ R~ i=1 R~ i=1

R)‘I

= - ¢Zj dx—kj(qﬁ)&

=0,
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thanks to Lemma 5.5 and (7-62). This shows that ¢~> e v,
As a consequence, we can use q~> as a test function in (7-60) and conclude that

/ n(—A)*‘/Zw(—A)“'/Z(d) - in«/))Z) des [ w<¢ - in@)z) dx
i=1 i=1
+/ g(¢>—Z>»,-<¢>Z,-) dx =0,
R i=1

that is,

/ (=8 Py (=8P dx + / Vhdx+ / g dx
Rn Rn

n

= /Ww +8) Y hi($)Z;dx +fRn<—A>Sw > 1i($)Zidx
i=1 i=1

=3 1) [ s+ arnZdx (7-63)

i=1
Now, we define

b =a"! : (W + g+ (=A)Y)Z; dx,

we recall (7-62) and we write (7-63) as

(=AY Py (=AY Ppdx+ | v dx+/ gpdx =Y Xi(p)ab; = Zb,-/ ¢Zi dx.
R R i=1 i=1 R

RVL
Since ¢ is any test function, this means that v is a solution of

(A Y+ +g=) bZ

i=1

in a weak sense, and therefore in a strong sense, thanks to [Servadei and Valdinoci 2014], thus prov-
ing (7-61).

Now, we prove the uniqueness of the solution to (7-58). For this, suppose by contradiction that there
exist ¥; and v, in W that solve (7-58). We set

V=1 — o,
and we observe that ¥ is in W and solves

(AP +y =) aZ inQ (7-64)
i=1

for suitable coefficients a; e R, i =1, ..., n.
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We multiply the equation in (7-64) by ¢ and we integrate over 2., obtaining that

(=AY + 92 dx =0,
Qe
since 1} € W (and so it is orthogonal to Z; in L?*(S2,) for anyi =1,...,n). Since 1} = 0 outside 2., we
can apply formula (1.5) in [Ros-Oton and Serra 2014b] and we obtain that
(=AY P+ 92 dx =0,
Ril
that is,

11l s @y = O,
which implies that = 0. Thus ¥ = v, and this concludes the proof of the uniqueness.
It remains to establish (7-59). Thanks to (7-58) and Corollary 6.4, we have that

n n

¥ lle < CHg =Y azi| < C<||g||*,g +|D cizi ) (7-65)
i=1 *§ i=1 *§
First, we observe that, forany i =1, ..., n,
1Zills =suplp; ' Zi| < Ci,
RVL
due to Lemma 5.2 and the fact that & < n + 2s (recall also (6-2)). Hence,
n n n
Yoazi| <Y leilllZillg <CL Y leil. (7-66)
i=1 *E =] i=1
Now, we claim that
n
Yoazi| < CUYllg +liglng))- (7-67)
i=1 *§&

Indeed, we recall Lemma 5.5, we multiply (7-58) by Z jfor j€{l,...,n}, and we integrate over R",
obtaining that
(=AY Z;+yZ;+gZ;dx = ac;, (7-68)
R)l
where Z,- and & are as in Lemma 5.5. Thanks to formula (1.5) in [Ros-Oton and Serra 2014b], we have
that

(=AY Z;dx
R}'I

Y (=AY Z;dx| < (=AY Zjll @ 11l 2@y

R)l
where we have used Holder’s inequality. Therefore, this and (7-68) give that
alejl < N=A)Zjll g 1 2@ + 121 2@ 1 2@ + 121 2@ 1812

which, together with (7-66), implies (7-67), since both ||(—A)SZ jllz2@ny and ||Z,~ | L2y are bounded
(recall Lemma 5.4).
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Now, we observe that
Il < 18N 2@y - (7-69)

Indeed, we multiply (7-58) by ¢ and we integrate over €2.: we obtain
| carvu vt sgvar=o
Qe

since ¥ € W. We notice that the first term in the above formula is quadratic, and so, using Holder’s
inequality, we have that

/ ‘//2 dx </ (=¥ dx < ||8||L2(Rn)||‘/f||L2(Rn),
Qe Q,
which implies (7-69).

Therefore, from (7-67) and (7-69), we deduce that

n
2 aZ
i=1

< 2GCsIgl 2 -
*,&

Moreover,

1

1
2 1 2
gl 2 < ligll, (/ p2dx) = lgll., ( —dx) < Cligle
e N\ \Jw At 1x - :

since 24 > n. The above two formulas give that

n

Y azi|  <Cillglhe.
i=1 *§

This and (7-65) show (7-59), and conclude the proof. Il

Now, for any g € L?>(R") with llgll..e <400, we denote by A[g] the unique solution to (7-58). We
notice that Proposition 7.4 implies that the operator .4 is well defined and that

IALg]lle < Cligllhz-

We also remark that 4 is a linear operator.
We consider the Banach space

Yoi={y R = R|[[¥].g < 00} (7-70)

endowed with the norm || - ||,.¢.
With this notation we can prove the main theorem of the linear theory, Theorem 7.1.

Proof of Theorem 7.1. We notice that solving (7-7) is equivalent to finding a function ¢ € W such that

1

¥ — Al-pw{™ y1=Algl. (7-71)

For this, we set
Bl = Al-pw! ™ y]. (7-72)



1210 JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

Recalling the definition of Y, given in (7-70), we observe that
if ¥ €Y, then B[y]eY.. (7-73)

Indeed, from Proposition 7.4 we deduce that B[y/] € W solves (7-58) with g := — pwé7 711//, and so

IB[Y 1l < Cll — pwf™ Wllee < CllYllae

for some C > 0 (recall that we is bounded thanks to (1-4)), which proves (7-73).
We claim that

B defines a compact operator in Y, with respect to the norm || - ||, . (7-74)

Indeed, let (v J) J a bounded sequence in Y, with respect to the norm || - ||, ¢. Then, thanks to Lemma 6.1,
the fact that wé "and Z’ are bounded and wg ,og and Z] belong to LZ(R"), and Lemma 7.2, we have
that

IB[i//J (x) = B[y;1(y)]
x;éy |x —)’|s

n
gCl(H—pwg 1l/j+g cl-]Zl.J
i=1

n
+ H—pwé’_llllj —i—Zci’Z{
i—1

LZ(Rn)>

n n
- , .
< cz(uw,- ooy + D 1e] NZ] L@ + 19 e lwf ™ pell 2y + Y 11112} ||L2(Rn)>

i=1 i=1

n
< C3(||‘//j||*,§ +> |c{|)
i=1

<Gy

L®(R?)

for suitable positive constants Cy, C2, C3 and Cy4. This gives the equicontinuity of the sequence B[],
and so it converges to a function b uniformly on compact sets. Hence, for any R > 0, we have

IBIY;]1 = bllL=(Brey = O as j — +o00. (7-75)
On the other hand, for any x € R" \ Bg(£), we have the estimate
! ™ WO < W g lwl ™ (@) e (0)]
(x)

1
< CSHV/]”*,E (1 n |)C — é|)(n+25)(p_1) Pg
1 2s)(p—1
< C5||1/fj||*,g/0§+(n+ s)(p )/M(x)
for some Cs > 0, where we have used the decay of w; in (1-4) and the expression of pg given in (6-2).

This implies that

— -1
sup  |og 'wl T Y < CsllYjlle  sup pf (x),
xeR™\BRr(§) X€RM\BR(§)
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where
(n+2s)(p—1)
o ==—->
n

Hence, since v; is a uniformly bounded sequence with respect to the norm || - ||,¢, we obtain that

0. (7-76)

sup  |p; 'BIY;11<Cs  sup  pf(x). (7-77)
xeR"\Bgr(§) X€RM\Bg(§)
It follows that
sup |p;'bI<Ce sup  pf(x). (7-78)
xeR"\Bgr (&) xeR"\Bg (&)

We observe that

sup | o ' (Blyrj1— b)| = sup |p; (Bl — B xseee) + £ (Blrj1— b) xam Bece) |

xeRn xeR"

< sup (|pgl(l’>’[1//j] — D) x| + |;05_1(B[1ﬁj] —b) xw\Br©)])

xeRn

< sup |p; ' (BIW,1 = b xse) | + sup s ' (Bl 11— b) xm sece) |
xe n

xeRn
= sup |p; Bl 1=b)|+ sup [o Bly,l-b)l.
x€Br(§) xeR"\Bg(£)
Therefore, we obtain that
IBIY;1 = bl = sup | o ' (Blw,]1-b)|

xeR”

< sup |o; 'Bly;1-b)|+  sup |o; (Bly,]-b)

xeBr (&) xeR"\Bg(§)
< sup o '(BIY;1-b)|+C1 sup  pg(x), (7-79)
XEBR(E) x€R"\Bg(§)

where we have also used (7-77) and (7-78). Concerning the first term in the right-hand side, we have

sup |p; ' Blyj1=b)| = sup |(1+|x—&EN“Bly;1-b)

XGBR(S) XGBR(E)
< (1+ R™IBIY ;1 = bll (B e))-

Therefore, sending j — 400 and recalling (7-75), we obtain that

sup |p§_1(B[1ﬁj] —15)| —0 as j— 4o0. (7-80)
x€Br(&)

Now, we send R — 400 and, recalling (7-76), we get

sup pf(x) >0 as R— +oo. (7-81)
xeR™\Br(§)

Putting together (7-79), (7-80) and (7-81), we obtain that

1Bl ;1= bll.g — 0as j — 400,
and this shows (7-74).
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From (7-59) in Proposition 7.4, we deduce that if g = 0 then ¢ = A[g] = O is the unique solution
to (7-58), and so by Fredholm’s alternative we obtain that, for any g € Y,, there exists a unique v that
solves (7-71) (recall (7-72) and (7-74)). This gives existence and uniqueness of the solution to (7-7),
while the estimate (7-8) follows from Lemma 7.3. This concludes the proof of Theorem 7.1. UJ

In the next proposition we deal with the differentiability of the solution ¢ to (7-7) with respect to the
parameter £ (we recall Theorem 7.1 for the existence and uniqueness of the solution).
For this, we denote by ¢ the operator that associates to any g € L?(R") with llgll..e < -+oo the solution
to (7-7), that is,
Y :=Te[g] is the unique solution to (7-7) in Y,, (7-82)

where Y, is as given in (7-70).
We notice that, thanks to Theorem 7.1, 7 is a linear and continuous operator from Y, to Y, endowed
with the norm || - ||, ¢, and we will write Tz € L(Y,).

constant C such that

Proposition 7.5. The map & — Te¢ on Q, is continuously differentiable. Moreover, there exists a positive
H 97Te(g] g

2. 7-83
43 9§ *,5) (75

Proof. First, let us prove (7-83) assuming the differentiability of § — T¢. Given & € Qg, [t| <1 witht #0
and a function f, we let SJI- =& +te; and

< C(Ilgll*,g + ”
*?S

FEY = 1)

[ .

forany j=1,...,n.
Also, we set

¢y =Dy and d};:= Djc. (7-84)

Using the fact that v is a solution to (7-7), we have that (p; solves

n n
(—A) ¢!+ ¢} — pwl ¢ = p(Diw! Yy — Dig+Y aDiZi+Y dl;Z; in Q. (7-89)

i=1 i=1

Moreover, we have that go; € H*(R") and (p; = 0 outside ;.
Now, for the fixed index j, for any i € {1, ..., n} we define

ri(@h) =a! / #\Z; dx, (7-86)
Rn

where & is as defined in (5-21), and

n
@)= =Y M) Zi, (7-87)
i=1
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where the Zi are the ones in Lemma 5.5. We remark that (p;. and Zi vanish outside €2, by construction.

Hence gZJ;. vanishes outside 2, as well. Moreover,

n n
/,,¢§dex=fw so;dex—ZMw;)/W zizkdx=fw ' Zedx = 2i(@))adi
i=1 i=1

=/ @5 Zi dx — (9@

0,

thanks to Lemma 5.5 and (7-86). This yields that
~t
¢; € v,
By plugging (7-87) into (7-85), we obtain that
n
~ ~ —1 ~ ~
(=AY’ +@} — pw " gy =g+ ) _di ;Zi,

where

(7-88)

(7-89)

n n n n
~ ~tN\ ~tN -1 ~tN\ -1
gj=—(=a) in(w§>zi—zxi(w;>zi+pw§ D K@) Zi+p(Diwl ™)y —Dig+Y Dz

i=1 i=1
From (7-89), (7-88) and Lemma 7.3, we obtain that

18516 < ClIgjllue-

Now we observe that

S Cllglle-

n
RACAYS
i=1
To prove this, we notice that the orthogonality condition ¢ € W implies that

/ (p;-dex=— WD;dex
£ QS

for any k € {1, ..., n}. Hence, recalling (7-87), (7-88) and Lemma 5.5,

—f wD;dexzf <(pj+ZA((p])Z>dex_ZA( )/ Z: Zy dx
QE

= Z hi (@)@

i=1

= M (@))a.

= (7.90)

(7-91)

(7-92)
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Therefore,

|Ak<¢;)|=|&—1|f Y D' Zdx <|&—1|f ps 1| oe| DY Zi| dx
Q, Qe

< |O~!_1|||W||*,sf pe| D' Z4 ] dx
Rn

S CllYrllves

thanks to Lemma 5.3. Using this and Lemma 5.2, and possibly renaming the constants, we obtain that

n
> k(@) Zi
i=1

On the other hand, by Lemma 7.3, we have that ||/ ||, ¢ < C||gll..e, so the above estimate implies (7-92),
as desired.

n n
<Y M@ Zillee <C Y 10(@)] < Cll e
xE = i=1

Now we claim that

< Cliglhe- (7-93)
*§

H (=AY M@ Z;
i=1

Indeed, Z; is compactly supported in a neighborhood of &, hence (—A)* Zi decays like |x — £]7"72 at
infinity. Accordingly, ||(—A)* Z; [l is finite, and then we obtain

*7&

“(—A)S > r@)Zi D L@ (=AYZi
i=1 i=1

*’S

n
< IM@DIAY Zillee

i=1
n
<CY (@)l
i=1

S Cllglle,

due to (7-92), and this establishes (7-93).
Now we claim that
IDiw!~| < C (7-94)

with C independent of ¢. Indeed,
Diw! ™ (x) = %(wp_l(x —E—te)) —wP T (x —£))

t
:%/0 j—twp_l(x —&—te))dt

-1 (" d
ZPT/O w? z(x—é—rej)d—l_w(x—g—tej)dt

t
=2 f w2 (x —§ —Tep)Vw(x — & —Te;) -e; dt.
0
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Also, by formulas (IV.2) and (IV.6) of [Carmona et al. 1990], we know that

1

w(x) is bounded both from above and from below by a constant times ———— .
1+ | x |n+2s

Thus, supposing without loss of generality that # > 0, and recalling Lemma 5.2, we have that

t
Djwf ™ ol < 21 / WP x =& —te)|Vwix —§ —te))l de
0

t
<7 / (I+|x =& —1e; TP (A 4 |y — & —7e; )" do
0

t
= %/ A+]x—-&— tej|)_(p_1)(”+25) dt
0
t
<9/1m
I Jo
=C,

and this proves (7-94).
From (7-94) and Lemma 7.3 we obtain that

-1
I(D5wE™ )Y lle < ClYlleg < Cligle-

Now we use Lemmata 5.3, 7.2 and 7.3 to see that

n n n "
San'z| <Y lelD Zile <C Y lal=CY
i=1 — .

*,& i=1

1
a/RngZ"’”ﬁ‘

n
< C<”g”L2(R") + Z |fi|> S CUY @y + 18l L2 @)

i=1

SO e +l1glke) < Cliglle-
By plugging (7-92), (7-93), (7-96) and (7-97) into (7-90), we obtain that

181« < Cigls +1IDig )
Therefore, by (7-91),

1911+ < Clgllez + D% gllxz)-
This and (7-92) imply that

< Clglve +1Dglwe)-

*’S
*,E)’

n
195 e <16 e + | > 2@ Z;
i=1

Hence, we send r N\ 0 and we obtain

IV dg
|5 -

i3

< C(Ilgll*,g + H
*75

1215

(7-95)

(7-96)

(7-97)
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which implies that
H 97elg] g

08 |, € g>

Using the previous computation and the implicit function theorem, a standard argument shows that

< C(ngn*,g n “

& — 7T is continuously differentiable (see, e.g., Section 2.2.1 in [Ambrosetti and Malchiodi 2006], and
in particular Lemma 2.11 there, or [Davila et al. 2014] below formula (4.20)). O

The nonlinear projected problem. In this subsection we solve the nonlinear projected problem

APV +y —pwl Y =EQ)+NW) + Y] ¢ Zi in Q,
W =0 in R\ Q,, (7-98)
fgngidx=0 forany i =1,...,n,

where E (i) and N (y) are as given in (7-3).

Theorem 7.6. If ¢ > 0 is sufficiently small, there exists a unique solution v € H*(R") to (7-98) for
suitable real coefficients c;,i =1, ..., n, such that there exists a positive constant C such that

¥ ]lhe < Ce™ 2. (7-99)

Before proving Theorem 7.6, we show some estimates for the error terms E (i) and N ().

Lemma 7.7. There exists a positive constant C such that
lite — wg| < Ce"t. (7-100)
Proof. To prove (7-100), we define ng := ug — we, and we observe that ng satisfies

{(—A)Sng +7: =0 in Q,

o (7-101)
Ne = —Wg in R"\ Q,

due to (1-3) and (1-9).
We have
Ing| = lwe| < Ce"™™  outside Q,

thanks to (1-4). Hence, this together with (7-101) and the maximum principle give
Inel < Ce"** in R,
which implies the thesis (recall the definition of 7). O

Moreover, we can prove the following:

Lemma 7.8. There exists a positive constant C such that

dutg _ Owe | ow (7-102)
0 0§

with vy :=min{(n +2s + 1), p(n + 2s5)}.
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Proof. We set ng 1= ug — we. From (1-3) and (1-9), we have that n¢ solves
(—A)Sng +ne = 0 in .
Therefore, the derivative of ng with respect to & satisfies

] ad
one | me _
o€ ' 0t

Moreover, since ug = 0 outside £2., we have that

(—A)° in 2. (7-103)

Ne =itz —we = —wg  in R"\ Q,

which implies
d d 0
mg __Bwe _dwe oy o
0& 0& 0x

Therefore, from Lemma 5.2 (recall also (5-3)), we have that

0
hadl < Ce"™  outside Q..

&

From this, (7-103) and the maximum principle, we deduce that

0
‘ﬁ <Ce" in R",
9§
which gives the desired estimate (recall the definition of n¢). Il

In the next lemma we estimate the x-norm of the error term E (). For this, we recall the definition of
the space Y, given in (7-70).

Lemma 7.9. Let € Y, with |||+ < 1. Then, there exists a positive constant C such that
IE@) e < Ce™™.

Proof. Using (7-100) and Lemma 2.1 in [Dipierro et al. > 2015] with a := wg + ¥ and b := ug — we, we
obtain that

|E@W)| = |Gtz — we 4wz + )P — (wg + )7 < Cr(we + )P~ itz — we| < Coe™ ™ (wg + )P~
Hence, since ||wg ||..& and |||l ¢ are bounded, we have

IE@W) s < C3e",
which gives the desired result. U

Now, we give a bound for the x-norm of the error term N ().

Lemma 7.10. Let Y € Y,. Then, there exists a positive constant C such that

INW) e SCUPIT e+ 117 ).
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Proof. We take ¢ € Y, and we estimate

INW)| = [(we +9)P —wl — pwl Y| <CAw 2 + w17

for some positive constant C (see, for instance, Corollary 2.2 in [Dipierro et al. > 2015], applied here
with a := wg and b := ). Hence,

pi 'INW)I < Cog (W 1P+ 1917) < Clo 1Y 1P+ o P 1?) < CUWIZ . + 111 o),
which implies the desired estimate. U
For further reference, we now recall an estimate of elementary nature:
Lemma 7.11. Fixed k > 0, there exists a constant C,, > 0 such that, for any a, b € [0, k], we have
laP~! —bP~!| < Cyla — b4, (7-104)

where
g :=min{l, p —1}. (7-105)

Proof. Fixing « € (0, 1), for any ¢ > 0 we define

+D*=1
h(t) = I—O‘.
Using I’Hospital’s rule, we see that
l—«a
lima(t) =lim ———— =0;
1\0 ~NO (1 +1)-«

hence we can extend 4 to a continuous function on [0, +o00) with £(0) := 0. Moreover,

i )= 1
hence there exists
My:= sup h(t) < +oo. (7-106)
t€[0,400)

Now we prove (7-104). For this, we may and do assume that a > b. If p > 2, we have that
a
a?~' =P =(p-1) / P dr < (p—1aPa—b) < (p— D *(a—b),
b

that is, (7-104) in this case. On the other hand, if p € (1,2) wetaket :=a/b—1>0anda:=p—1, so

(a/b)yP~'—1 aP~!' —pr!
(@/b—1)P=1 " (a—b)p=1"’

thanks to (7-106), and this establishes (7-104) also in this case. Il

Moy = h(t) =

Now we are ready to complete the proof of Theorem 7.6.
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Proof of Theorem 7.6. Recalling the definition of the operator 7¢ in (7-82), we can write
v =TAEW)+N®{)]
We will prove Theorem 7.6 by a contraction argument. To do this, we set
Ke() :==Te[E(W) + N@)]. (7-107)

Moreover, we take a constant Cy > 0 and ¢ > 0 small (we will specify the choice of Cy and ¢ in (7-118)),
and we define the set

Bi={y €Y. | [¥lle < Coe™™Y,

where Y, was introduced in (7-70).
We claim that

K¢ as in (7-107) is a contraction mapping from B into itself with respect to the norm || - ||, ¢.
(7-108)
First, we prove that
if ¥ € B then K¢(Y) € B. (7-109)
Indeed, if ¢ € B, we have that
INW e < CLAW IR, + 1117, (7-110)

thanks to Lemma 7.10.
Now, thanks to (7-8), we have that

I1Ke W) llwe = ITeLEW) + N@)1llse S CIE®W) + N@) s
This, Lemma 7.9 and (7-110) give that
I1Ke @) llee < CUAE@W) lae + N @) lwe)

SCUEW) e+ CrIvlie + 1115 )
< C(C_vgn-‘rzs + Clc(%gZ(Vl-‘rzs) + Clcggp(ﬂ-i-ls‘))
cC _
= Coe" ™ (C_o +CC Coe"™ +CCiCl 1s<P—‘)<"+25>), (7-111)
since ¥ € B. We assume
Co>2CC (7-112)
and »
_[@CCi(Co+ et it p>2,
e<egi= P—1—1/(p—1)(nt2s) - (7-113)
RCC(Co+Cy )~ /HF if 1l<p<?2.

With this choice of Cp and ¢, (7-111) implies that

1K (W) g < Coe™ ™,
which proves (7-109).
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Now, we take ¥{, ¥» € B. Then,
—1
IN 1) = N(@)| = |(we +91)” — (we + ¥2)” — pwf ™ (1 — ¥2)|
< G|yl + [al + [P 1P+ [ P~ D g — vl
This and the fact that i, ¥, € B give that
- -1
INW1) — NWD)llee < C2(l¥i e + 1V2llee + 11 II*,gl 12l I — Yl
< C2(2Coe™™ 420 PV 1y — |,
<2C2(Co+CE D12 |y — Y, (7-114)

where ¢ is as defined in (7-105).
We claim that

|E(n) — EW2)| < Clug — we |91 — ol (7-115)

where ¢ is as given in (7-105).
Fixing x € €2, given 7 in a bounded subset of R we consider the function

e(t) == (g (x) +1)7 — (we (x) + )7
We have that
/(7)) = pl(its (x) +7)P 1 — (we (x) + )77 < Clitg — we 4,

where we used (7-104) with a := it¢(x) + 7 and b := we (x) + 7. This gives that
le(t1) — e(m2)| < Clitg — we|?|711 — 2. (7-116)

Now we take 71 := v1(x) and 7, := ¥»(x); we remark that t; and 7, range in a bounded set, by our
definition of B, and that e(t;) = E(;). Thus (7-115) follows from (7-116)
Hence, from (7-115) and (7-100), we obtain that
IE@) — E@)llee < Ce?™ |1y — Y.
This, (7-114) and (7-8) give that

IKe (W1) = Ke (W) e < CIEW1) = EW2)llwe +IN 1) = N2 llug)

C(2Cy(Co+ CL™ et +29) 1 Ce1T+20) |1y — |, . (7-117)

NN

Now, we let

1 q(n+2s)
&y 1= 1 - .
CQRC(Co+Cy H+O)
Therefore, recalling also (7-112) and (7-113), we obtain that if

Cop>2CC and & < minfe;, &) (7-118)
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then, from (7-117), we have that

1Ce (Y1) — Ke (W) llwe < 11 — ¥2llse,

which concludes the proof of (7-108).
From (7-108), we obtain the existence of a unique solution to (7-98) which belongs to B. This
shows (7-99) and concludes the proof of Theorem 7.6. O

For any & € €2, we say that
W (&) is the unique solution to (7-98). (7-119)

Arguing as the proof of Proposition 5.1 in [Davila et al. 2014], one can also prove the following:

*,g)

Derivative estimates. Here we deal with the derivatives of the solution ¥ = W (&) to (7-98) with respect
to £. This will also imply derivative estimates for the error term & — E (W (§)).

Proposition 7.12. The map & — W (£) is of class C', and

Ha\y(s) AE(W(§))

9§

C(HE(‘IJ(S))“*,S + H
x

for some constant C > Q.

We first show the following:

Lemma 7.13. Let € ¥ be a solution* to (7-98) with 1Vl < Ce"t%. Then, there exist positive
constants C and y such that
+ 8”) ,
*’S

Proof. First of all, we observe that, thanks to Proposition 7.5 (applied here with g := —(E () + N (¥))),
the function dvyr/9& is well defined.
We make the following computations: from (7-3) we have that

IEW) = p(ug + lﬂ)p_l (3145 + %> — p(we + W)p_l <3wg + %>

oy
€

H IE(Y)

< C (8q (n+2s)

*,&
where q is as defined in (7-105).

A 9t Of 0§ 0¢
= %[m )P — (we + )P plag + )P 10U wg gy 2%
=p dE & £ plug JE — plwe dE
0 _ _ _ _ (0 0
—p—‘é[mgw)” = (we +9)P ]+ piae + )P l(al;—ai;)
+ pliae + )P~ — (we + Wl]aa%.

4We remark that a solution that fulfils the assumptions of Lemma 7.13 is provided by Theorem 7.6, as long as ¢ is sufficiently
small.
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Thus, recalling (7-104), (7-100) and (7-102), we infer that

IE(W) gy | _ i i dws i dwe
< Cp| | ite — we |4 P 2SS 4 Cplite — we |9 —
' 08 P‘ag lug —we | + p(ug |+ 1Y) TR plug — we| 08
d ad
<C _a? g1 L C(ligg| + 1y )P~"e" + Cet ) —;f (7-120)

for some C > 0. Now, we claim that

sup (14 |x — &)*|ig (x)|P e < Ce? and  sup (1 + |x —ED [y ()P 'e" < Ce¥  (7-121)

xeRn xeRn

for suitable C > 0 and y > 0. Let us prove the first inequality in (7-121). For this, we use that itz vanishes
outside €2, together with (7-100) and (1-4), to see that

sup (1 + |x — &) itg (x) [P~ e

xeRn

= sup (14 |x — &) H|itg (x) |7~ e

xe2,

< sup (1 + [x — £ e D06 4 qup (1+ |x — )" [we (x) [P~ e”

xXE€Q x€Q,

< Ce HeP=D0+2s) v + sup (1 +|x — §|)11(17—1)|wg (x)|17—1(1 +x — §|)M(2_p)€vl
xe2

< Cg_ﬂg(P_l)(”+25)8U1 + ”w%_ ||f;18_ﬂ(2_p)+8v'
< CS—ME(P—I)(H-FZS)EW + CS—IL(Z—P)+8U1 ) (7-122)

Now we observe that

—u+(p—=10m+2s)+v;
=min{—pu+(pP-Dn+2s)+n+2s+1,—pu+(p—1)(n+2s)+ p(n+2s)}
>min{—-n+2s)+(p—1Dn+2s)+n+2s+1,—(n+2s)+(p—1)(n+2s) + p(n + 2s)}
=min{(p — D(n+2s)+1,2p—-2)(n+2s)} > 0. (7-123)

Moreover, if p > 2, then
—u@2—=p)y++vi=v>0,
while, if 1 < p < 2, then
—uQ2=p)ytvi=min{—pu@2—-p)+n+2s+1, =2 —p)+ pn+2s)}

>min{—(n+2s)2—p)+n+2s+1,—(n+2s)2— p)+ p(n+2s)}
=min{(p—1Dn+25)+1,2p—-2)(n+2s5)} > 0.
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Using this and (7-123) in (7-122), we obtain the first formula in (7-121). Now, we focus on the second
inequality: From the assumptions on i we have

sup (14 x — DMy ()P~ "e" = sup (14 |x — ED* [ () |7~ '™

xeR" xX€Q2

sup (14 |x — ENHP=D1y ()P~ (1 + |x — EPHEPIg™

xe,

<MY e ey
< CeP=D0429) o= 2=p)s gv1 (7-124)

If p > 2 we get the second inequality in (7-121), as desired, hence we focus on the case 1 < p < 2. For
this, we notice that

(p—D+2s) —pu@2—p)++v
=min{(p—Dn+2s)—uR—-—p)+n+2s+1,(p—1D(n+2s) —nu2—p)+pn+2s)}
>min{(p—1D)(n+2s)—2—p)(n+2s)+n+2s+1,(p—1)(n+2s)—2—p)(n+2s)+ p(n+2s)}
=min{2p—2)(n+2s)+1, 3p—3)(n+2s)} >0,

and this, together with (7-124), implies the second inequality in (7-121) also in this case. Hence the proof

of (7-121) is finished.
Exploiting (7-121) and Lemma 5.2, we infer from (7-120) that

OE 0
H (1//) < ng(n—l—Zs) _W + Ce? (7-125)
*,& ag *,&

for suitable C > 0 and y > 0, and this concludes the proof of Lemma 7.13, up to renaming the constants. [

Lemma 7.14. Let v € V be a solution to (7-98) with |||+ ¢ < Ce"5. Then, there exists a positive
constant C such that

oy

9§

Proof. We observe that, thanks to Proposition 7.5 (applied here with g := —(E () + N(¥))),

IE(Y) IN () )
v C E * + N * + .
T (II (W) e +IN@W) e o |, o ..
Therefore, from Lemmata 7.9, 7.10 and 7.13, we obtain that
AN ()
< C( 147029 Wi, H ) 7-126
‘ 0E ( ‘ € & & g ( )
Now we observe that, from (7—3),
8N(1p) 1(8w5 81#) p—1 0w 181&
+ pP— + __ 5 _ — Sl — T
T p(we + ) e Tog ) PYE e p(p—Dwg é_ 2y o8
_ _1,0Y _ _1,0wg _pdwg
= pl(we +y)" ' —wf l]g + pl(ws + )P~ —wf ‘]g —p(p— D! zgw.
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As a consequence, using (7-104) once again,

ON () oy awg awg
‘ 0E Clwlq[ 35 0 ]+C 'Ilﬁl (7-127)
Now we claim that
wl ™ aa% <cC (7-128)

for some C > 0. When p > 2, (7-128) follows from (1-4) and Lemma 5.2, hence we focus on the
case p € (1, 2). In this case, we take v; as in Lemma 5.2 and we notice that

Vi=v—2—p)n+2s)=min{n+2s+ 1+ (p—2)(n+2s), p —2)(n +2s)}
=min{(p —D(n+2s)+1, 2p-2)(n+2s5)} > 0.
Then we use (7-95) and we obtain that
2| dwg
9§
Since wy is positive and smooth in the vicinity of &, this proves (7-128).
Now, using (7-128) into (7-127), we obtain that

<Clx —&|@ Py g™ = C|x —&| 7",

ws

ING) | [ws i
' : <CW[ 7 +‘ a: H+C|w|. (7-129)
We claim that
R HaN("’) <Clyl [”% +“8ﬂ ]+cnwn (7-130)
06 |, i F I IET e

Indeed, the claim plainly follows from (7-129) if g =1 (that is, p > 2), hence we focus on the case g = p—1
(thatis, 1 < p < 2). In this case, we observe that

a
(1+|x—€|)“|1//|q[% ' ‘ ](1+|x—5|)_“q

]
+‘8l;]—(1+|x ENMIYIT (14 x — SI)“[

8w5
<C Illﬁll
and this implies (7-130) also in this case.
Hence, using our assumptions on yr, we deduce that
] ccos[[22] e
0& E

up to renaming constants. By inserting this into (7-126) we conclude that

e

as long as ¢ is sufficiently small. By reabsorblng one term into the left-hand side, we obtain the desired
result. g
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Lemma 7.15. Let v € W be a solution to (7-98) with ||[{]l.¢ < Ce"t%. Then, there exist positive
constants C and y such that

H IE(Y) < e
GI 3
Proof. The proof easily follows from Lemmata 7.13 and 7.14, up to renaming the constants. O

The variational reduction. We seek for solutions to (1-8) of the form (7-1), that is, recalling also (7-119),
ug =ug +WV(§). (7-131)

We observe that, thanks to (1-9) and (7-98), the function u; satisfies the equation

n
(—A)'ug+ug=ul +Y ;i Zi in Q. (7-132)

i=1
Notice that if ¢c; =0 for any i =1, ..., n then we will have a solution to (1-8). Hence, the aim of this
subsection is to find a suitable point £ € 2. such that all the coefficients ¢;, i = 1, ..., n, in (7-132)

vanish.
In order to do this, we define the functional J, : Q, — R as

Jo(§) := I (ug +W(§)) = I (ug) forany & € Q,, (7-133)

where I, was introduced in (1-10). We have the following characterization:

Lemma 7.16. If ¢ > 0 is sufficiently small, the coefficients c;,i =1, ..., n, in (7-132) are equal to zero if
and only if & satisfies the condition

Meer=0

o T
Proof. We first write § = (&1, ...,§,) and, forany j =1, ..., n, we take the derivative of ug with respect

to éj.
We observe that
dug  dug  IV(E)

= (7-134)
0&; 0&; 0&;
Thanks to (7-102), we have that
817!5 8w§ v
= =S4 0(E™). (7-135)
0&; 0&;
Moreover, from Proposition 7.12 and Lemmata 7.9 and 7.15, we obtain that
ow
©) = 0(g), (7-136)
0&;

where y > 0. Hence, (7-134), (7-135) and (7-136) imply that

d d
dug _ dwe o).
0&; 0&;
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which means, recalling (5-3) and using the fact that dw; /d§; = —dwg /0x;, that

Bug
=—Zj+0(). (7-137)
0&;
In particular,
0
/ Z,‘ﬁdx = / Zl'(—Zj +0(@E)dx = —f Zl'Zj dx + 0(&?) (7-138)
o 0§ Q. Q.
and, from Lemma 5.2, we deduce that
<CiZjl+¢") < (7-139)
85 |
With this, we introduce the matrix M € Mat(n x n) whose entries are given by
K
M= / 2 dx, (7-140)
. 08
We claim that
M is invertible. (7-141)

To prove this, we use (7-138), Corollary 5.6 and the fact that o > 0 (recall (5-17)); namely, we compute
Mj,' = —/ ZiZj dx + O(SV) = —Ol(S,'j + O(SV).
Q2

This says that the matrix —a~'M is a perturbation of the identity and therefore it is invertible for &
sufficiently small, hence (7-141) readily follows.
Now, we multiply (7-132) by dus /0§, obtaining that

n
0
(~A)ug +us —uD) S5 =32, 5% ”g in Q..
i=1
and therefore

n
‘((—A)‘Yug+ug —uhy 2| < 8—5‘.
98 | S & 0

This, together with (7-139) and Lemma 5.2, implies that the function ((—A)*ug 4+ ug — ug)aug/aé is
in L>®(2,), and so in L'(£2,) uniformly with respect to .
This allows us to compute the derivative of J; with respect to &; as follows:

0 ' 1 1 +1
Z(=A K 1.2 .U d
e 6= g, 1100 = as,(/ (A st 3t = x)
1 3145 1 I/tg 8u§ aug
— —(—A)s_u + _(_ )A dx
/982 28 © 2 o8, T og, " as,

=fQ (=AY ug +ug —ug)—gdx = ZC/ (7-142)
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where we have used (7-132) in the last step. Thus, recalling (7-140), we can write

aJ; .
— &)= ZciMji
i=1

9
for any j € {1, ..., n}, that is, the vector
aJ, aJ, aJ,
— ()= ( (R —8@))
3 981 &,
is equal to the product between the matrix M and the vector ¢ := (cy, ..., ¢y). From (7-141) we obtain
that 0/, (£)/0& is equal to zero if and only if ¢ is equal to zero, as desired. O

Thanks to Lemma 7.16, the problem of finding a solution to (1-8) reduces to the one of finding critical
points of the functional defined in (7-133).To this end, we obtain an expansion of J,:

Theorem 7.17. We have the following expansion of the functional J,:
Jo(§) = Ie(ig) + o(e"™).

Proof. We know that
Je(§) = L (ug + V().

Hence, we can Taylor expand in the vicinity of g, obtaining
Je(€) = L(ig) + 1) [V (E)] + 1" (@) [V (€), W (E]+ 0V (E)])

=18<ﬁg>+/9 (—A) W (E) + e W(E) — i) W(E) dx
) CATEWE + WA(E) — pial T WA (E) dx + O(W(E) )

= Ig(ﬁg)JrfQ (=) ug +ug —uf)W () dx — i ((—A) (ug —itg) +ug —itg —u +if) ¥ (&) dx
+/Q (A WE)W(E) + W2(E) — pil T WA (E) dx + O(WE)).
Therefore, using (7-131), we have that

Jg(g:)zla(ﬁmfg ((—A)SM§+M§—M§)‘I’($)CZX+/SZ Wl —al —pal " WENWE) dx+ 0 (¥ (E)P).

(7-143)
We notice that

| (aruetus—upwe ax=o.
Q

thanks to (7-132) and the fact that W(£) is orthogonal in L*($2,) to any function in the space Z.
Hence, (7-143) becomes

Je(§) = Ig(ﬁg)+/ﬂ (uf — g —pﬁg_l‘lf(é))‘l’(é)der 0¥ ©P). (7-144)
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Now, we observe that
_ —p—1 _ —p—1 _p—1
Iué’ —ug —pué’ V()| < Iué’ —ugl +p|u§ V()| < Clué’ W)l

for a positive constant C, and so, also using (7-100), we have

(g =g = pii{ W (E)W(E) dx

< C/ g |7 W (612 dx
Qe

<CW©R, [ 1t
Q

&

<CIv@EI7, / lwe + O (" )P~ pZ dx
Qe

<SCIY@I / |wg [P~ p dx + Ce PV W )12 / pedx. (1-145)
Qe Qe
Recalling the definition of pg in (6-2) and the fact that . > n/2, we have that

f p2dx < C (7-146)

t:3

for a suitable constant C; > 0. Moreover, thanks to (7-99) (recall also (7-119)), we obtain

8(p—l)(n+23)||\p(g)||ig < Cre(P=D0+29) 201425) — ) (P D(n+25)
which, together with (7-146), says that

CS(P—I)(H-‘FZS)”\IJ(%-)”E,S/ Iog dx = 0(811-‘1-43‘). (7_147)
Q

Also, using (1-4), we have that
/ |w |p_1p2dx<C3f ! ! dx < Cy4
o 0 RN g U e —EDEDER (T —gp

and so, using also (7-99) we have that

C”"Ij(s)”ig / |w§|p_1p§2 dx = 0(8"+4‘Y),
Qe
This, (7-144), (7-145) and (7-147) give the desired claim in Theorem 7.17. g

8. Proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1. For this, we notice that, thanks to Theorems 4.1
and 7.17, we have that, for any & € Q, with dist(£¢, 0€2,) > §/& (for some § € (0, 1)),

Je(€) = I(w) + 11 (§) + o("™H), (8-1)
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where J. and I are as defined in (7-133) and (4-1), respectively (see also (7-119)) and #, is given
by (1-17).

Also, we recall the definition of the set €2 s given in (2-29), and we claim that J; has an interior
minimum, namely

there exists £ € Qs such that J,(§) = min J,(&). (8-2)
EGQS,S

For this, we observe that J; is a continuous functional, and therefore

J. admits a minimizer & € Q, ;. (8-3)
We have that
£ € Qs (8-4)

Indeed, suppose by contradiction that € € 3R, 5. Then, from (8-1), we have that

Je@) = T(w) + 1M () +o(e"™) > T(w) + 1 min M, + o(e"t). (8-5)

On the other hand, by Proposition 2.8, we know that H, has a strict interior minimum: more precisely,
there exists &, € ¢ s such that

He (o) = min M, < et (8-6)
£,8
and
. e n-+ds
min A, > ¢ (5) (8-7)
£,8

for suitable ¢, ¢c; > 0. Also, the minimality of é and (8-1) say that

Jo(€) = min J,(6) < Jo(6) = I (w) + 1Mo (&) + 0(e"*).

%‘692,8

By comparing this with (8-5), and using (8-6) and (8-7), we obtain

028n+4s . _
Sy @) < g min He 06" ) <o) — 1 () < He(E) +o(e"H) < gere" ™ o),
£,8
So, a division by £"** and a limit argument give that
e o
D §ntdas 2

This is a contradiction when § is sufficiently small, thus (8-4) is proved. Hence (8-2) follows from (8-3)
and (8-4).
From (8-2), since €2, s is open, we conclude that

aJe -
3 g (6)=0.
Therefore, from Lemma 7.16 we obtain the existence of a solution to (1-1) that satisfies (1-5) for

¢ sufficiently small, and this concludes the proof of Theorem 1.1.
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Appendix: Some physical motivation

Equation (1-1) is a particular case of the fractional Schrodinger equation
ihdy = (=AY + VY, (A-1)

when the wave function 1 is a standing wave (i.e., ¥ (x,t) = U (x)e'’/"y and the potential V' is a suitable
power of the density function (i.e., V=V (|¢¥]) = —|1ﬂ|1’_1). As usual, 7 is the Planck’s constant (then
we write € := i in (1-1)) and ¥ = i (x, t) is the quantum mechanical probability amplitude for a given
particle (of unit mass, for simplicity) to have position x at time ¢ (the corresponding probability density
is []%).

In this setting our Theorem 1.1 describes the confinement of a particle inside a given domain €2: for
small values of / the wave function concentrates to a material particle well inside the domain.

Equation (A-1) is now quite popular (enough to have its own Wikipedia page: see [Wikipedia 2009—
2015]) and it is based on the classical Schrodinger equation (corresponding to the case s = 1) in which
the Brownian motion of the quantum paths is replaced by a Lévy flight. We refer to [Laskin 2000; 2002;
2012] for a throughout physical discussion and detailed motivation of equation (A-1) (see in particular
formula (18) in [Laskin 2000]), but here we sketch some heuristics about it.

The idea is that the evolution of the wave function ¥ (x, ¢) from its initial state o(x) := ¥ (x, 0) is
run by a quantum mechanics kernel (or amplitude) K which produces the forthcoming values of the wave
function by integration with the initial state, that is,

wwn=/}Wwanww> (A-2)

The main assumption is that this amplitude K (x, y, t) is modulated by an action functional S; via the
contributions of all the possible paths y that join x to y in time ¢, that is,

K(x,y,1) =f dy e ISk, (A-3)
F(x,y,1)

The above integral denotes the Feynman path integral over “all possible histories of the system”, that is,
over “all possible” continuous paths y : [0, ] — R" with y(0) =y and y(¢) = x; see [Feynman 1948].
We remark that this integral is indeed a functional integral, that is, the domain of integration F(x, y, t)
is not a region of a finite-dimensional space, but a space of functions. The mathematical treatment of
Feynman path integrals is by no means trivial; as a matter of fact, the convergence must rely on the highly
oscillatory behavior of the system, which produces the necessary cancellations. In some cases, a rigorous
justification can be provided by the theory of Wiener spaces, but a complete treatment of this topic is far
beyond the scopes of this appendix (see, e.g., [Cameron 1960; Cameron and Storvick 1983; Grosche and
Steiner 1998; Albeverio et al. 2008]).

The next structural ansatz we take is that the action functional S; is the superposition of a (complex)
diffusive operator Hy and a potential term V.
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Though the diffusion and the potential operate “simultaneously”, with some approximation we may
suppose that, at each tiny time step, they operate just one at a time, interchanging their action’ at a
very high frequency. Namely, we discretize a path y into N adjacent paths of time range /N, say
Y1,-.., N :[0,1/N] — R", with y1(0) = y and yn(¢/N) = x, and we suppose that along each y; the
action reduces to the subsequent nonoverlapping superpositions of diffusion and potential terms, according
to the formula

eI — Jim (¢~ THO/(N) =it V(NN (A-4)
N—+00
Once more, we do not indulge into a rigorous mathematical discussion of such a limit and we just
plug (A-3) and (A-4) into (A-2). We obtain

V) = / dy / dy eSOy ()
" F(x,y,1)

:Nhl}_loo . dy/( )d)/ (efltH()/(ﬁN)efltV/(hN))Nwo(y) (A-S)
- n F(x,y,t

Therefore, if we formally® apply the time derivative to (A-5), we obtain that

SIn a sense, this is the quantum mechanics version of the Lie-Trotter product formula
A+B _  Jim  (eA/NB/NYN
N—+o00

e

for A, B € Mat(n x n). The procedure of disentangling mixed exponentials is indeed crucial in quantum mechanics computations;
see, e.g., [Feynman 1951]. In our computation, a more rigorous approximation scheme lies in explicitly writing S;(y) as an
integral from O to ¢ of the Lagrangian along the path y, then splitting the integral in N time steps of size /N by supposing that
in each of these time steps the Lagrangian is approximately constant. One may also suppose that the Lagrangian involved in
the action is a classical one, i.e., it is the sum of a kinetic term and the potential V. Then the effect of taking the integral over
all possible paths averages out the kinetic part, reducing it to a diffusive operator. Since here we are not aiming at a rigorous
justification of all these delicate procedures (such as infinite-dimensional integrals, limit exchanges, and so on), for simplicity we
are just taking H to be a diffusive operator from the beginning. In this spirit, it is also convenient to suppose that the potential is
an operator, that is, we identify V with the operation of multiplying a function by V.

6The disentangling procedure allows us to take the derivative of the exponentials of the operators “as if they were commuting
ones”. Namely, the Zassenhaus formula,

o (A+B) _ etAezBeO(tz) — At B(1 4 0(12))’

in our case gives
¢~itHo/(hN) =itV /(AN) _ =it (Ho+V)/(N) (] 1 0(:2/N2))

and so
(=it Ho/ (W) (=it V/(WN )N _ =it (Ho+V)/h (1 4 0(2 /N2)).
Hence,
lim 8 (e—itHo/(N) =it VNN .y FHO V) —ivcorviing 4 042 N2 + 0N = — L0V
N—+00 N—+00 h h

Moreover, we point out that a couple of additional approximations are likely to be hidden in the computation in (A-6). Namely,
first of all, we do not differentiate the functional domain of the Feynman integral. This is consistent with the ansatz that the set
of the paths joining two points at a macroscopic scale in time ¢ “does not vary much” for small variations of ¢. Furthermore,
we replace the action of Hy and V along the infinitesimal paths with their effective action after averaging, so that we can take
(Hp + V) outside the integral.
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iha;’(/f(x, l,) — llm / dy / dJ/ N(ﬂe—itHo/(hN)e—itV/(ﬁN) + Ke—itHo/(hN)e—itV/(hN)>
N— 400 n F(x,y,1) N N

. (e—ilHo/(hN)e—ilV/(ﬁN))N—l 1//0()))

— 1lim dy/ dy (Hye "M/ (WN) =it V/(N) vy p=itHo/(RN) p=itV /(N)
N—+00 JRn F(x,y,0)

X (e—itHo/(hN)e—itV/(hN))N—l WO()’)

— (Ho+v) [ dy / dy eSOy ()
R~ F(x,y,1)
— (Ho+V)¥ (A-6)

by (A-2), (A-3) and (A-4). The classical Schrodinger equation follows by taking Hy := —h> A, that is, the
Gaussian diffusive process, while (A-1) follows by taking Hy := 7% (—A)*, that is, the 2s-stable diffusive
process with polynomial tail.

Having given a brief justification of (A-1), we also recall that the fractional Schrodinger case presents
interesting differences with respect to the classical one. For instance, the energy of a particle of unit mass
is proportional to | p|** (instead of |p|?; see, e.g., formula (12) in [Laskin 2000]). Also the space/time
scaling of the process gives that the fractal dimension of the Lévy paths is 2s (differently from the classical
Brownian case, in which it is 2); see pages 300-301 of [Laskin 2000].

Now, for completeness, we discuss a nonlocal notion of canonical quantization, together with the
associated Heisenberg uncertainty principle (see, for example, pages 17-28 of [Giulini 2003] for the
classical canonical quantization and related issues).

For this, we introduce the canonical operators, for k € {1, ..., n},

Pi=—il* @ (—A)V2 and Q= x;. (A-7)

Notice that Qy is the classical position operator, namely the multiplication by the k-th space coordinate.
On the other hand, P; is a fractional momentum operator, that reduces’ to the classical momentum —i/d
when s = 1. In this setting, our goal is to check that the commutator

n

[Q, P1:=) [Q P
k=1

does not vanish. For this, we suppose 0 < o < n/2 and use the Riesz potential representation of the
inverse of the fractional Laplacian of order o, that is,

(—A)_Uw(x) =c(n, S)/R M dy =c(n, s) ﬂ dy

(A-8)
ly|n=2e

Re |x — |20

for a suitable c(n, s) > 0, see [Landkof 1972].

70f course, the fractional momentum is not a momentum, since it has physical dimension [Planck constant]®/[length]®,
while the classical momentum has physical dimension [Planck constant]/[length]. Namely, the physical dimension of the
fractional momentum is a fractional power of the physical dimension of the classical momentum. Clearly, the same phenomenon
occurs for the physical dimension of the fractional Laplace operators in terms of the usual Laplacian.



CONCENTRATION PHENOMENA FOR THE NONLOCAL SCHRODINGER EQUATION 1233

In our case we use (A-8) with o := (1 —s)/2 € (0, ) € (0, n/2). Then

PkW(x)z—c(n,s)ihsak/ YD)y e sint s — 1y [ STV
re [x — y["Fs Re X — [Pt
and so
PeQu (x) = Pelrs (x)) = c(n, 9)ih* (n+5 — 1) / B YN )
R Ix _y|n+s+
This gives that
s X (X — Y)Y () ok = YOy ()
Qi Py — POy =c(n, )i’ (n+s — 1)[/n b — y[rtot] dy — o X — y[re d ]

Xk — y)* P () J

=c,iF*(n+s—1) o — y[rrst]

R~

’

and so, by summing up® and recalling (A-8), we conclude that

Y (y)

y|n+s—l

dy =i(n+s— Dh*(=A)E~D2y,
Re X —

[0, PlY =c(n,s)ii*(n+s—1)

Notice that, as s — 1, this formula reduces to the classical Heisenberg uncertainty principle.

We also point out that a similar computation shows that, differently from the local quantum momen-
tum, the k-th fractional quantum momentum does not commute with the m-th spatial coordinates even
when k # m; namely, [Q,,, Pr]¥ (x) is, up to normalizing constants,

. S/ (tm — Ym) ek — yi) ¥ (y)
ih

|X _ y|n+.v+1

dy.

This Heisenberg uncertainty principle is also compatible with (A-1), in the sense that the diffusive
operator Hy is exactly the one obtained by the canonical quantization in (A-7); indeed,

YR = (i (=) T ik (= A) ) = =1 Y 3R (—A)!
k=1 k=1 k=1
= —hPA(=A)"" =¥ (—A)* = Hy.

Moreover, we mention that the fractional Laplace operator also arises naturally in the high energy
Hamiltonians of relativistic theories. For further motivation of the fractional Laplacian in modern physics
see, for example, [Chen 2004] and the references therein.

8Alternatively, one can perform the commutator calculation in Fourier space and then reduce to the original variable by an

inverse Fourier transform. This computation can be done easily by using the facts that the Fourier transform sends products into
convolutions and that (up to constants)

(ix)(€) = FaF g (0))(§) = /R dx /R dy O g =i /R dx /R L4y a0 (y)
=i / dx / dy e U Do) =i f dx e S g) () = iF(F T (k8)(§) = idks (6).
n n Rl‘l

Then we leave to the reader the computation of F([Q, P]y¥)(&).
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LOCAL SPECTRAL ASYMPTOTICS
FOR METRIC PERTURBATIONS OF THE LANDAU HAMILTONIAN

TOMAS LUNGENSTRASS AND GEORGI RAIKOV

We consider metric perturbations of the Landau Hamiltonian. We investigate the asymptotic behavior
of the discrete spectrum of the perturbed operator near the Landau levels, for perturbations of compact
support, and of exponential or power-like decay at infinity.

1. Introduction

Let
Hy:= (—iV — Ag)?

with Ag = (Ao,1, Ao2) := %b(—xz, x1) be the Landau Hamiltonian, self-adjoint in L*(R?), and essentially
self-adjoint on Cg® (R?). In other words, Hy is the two-dimensional Schrodinger operator with constant
scalar magnetic field b > 0, that is, the Hamiltonian of a two-dimensional, spinless, nonrelativistic
quantum particle subject to a constant magnetic field. As is well known, the spectrum o (Hp) consists of
infinitely degenerate eigenvalues A, :=b(2q +1),q € Z :=1{0, 1,2, ...}, called Landau levels (see,
e.g., [Fock 1928; Landau 1930]).

In the present article we consider metric perturbations of Hy. Namely, let

m(x) = {mp(x)}ja=12, x€R%

be a Hermitian 2 x 2 matrix such that m(x) > 0 for all x € R2. Throughout the article we assume that
mji € C§°(IR2), hk=12ie,mj e C*®(R?), and the entries m i together with all their derivatives
are bounded on R2. Set 5

M := —igj—Ao,j, j=12, (1-1)

so that Hy = 1'[% + H%. On Dom H), define the operators
Hy:= " T Emj)l;=Hy£ W,
jk=1,2
where W := Zj,k:l,z IT;m j; ITg; in the case of H_, we suppose additionally that sup, g [m(x)| < 1.
Thus, the matrices g+ (x) = {ngFk (xX)}j k=12 with g;tk := 8 == m j; are positive definite for each x € R>.
Under these assumptions, the operators Hy are self-adjoint in L?(R?), and essentially self-adjoint on

CS°(R?) (see the Appendix).

MSC2010: 35110, 35P20, 47G30, 81Q10.
Keywords: Landau Hamiltonian, metric perturbations, position-dependent mass, spectral asymptotics.
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From a mathematical physics point of view, the operators H are special cases of Schrédinger operators
with position-dependent mass, which have a long history (see, e.g., [Bastard et al. 1975; von Roos 1983]),
but have received increased attention during the last decade (see, e.g., [Midya et al. 2010; Gadella
and Smolyanov 2008; Killingbeck 2011]). We would like to mention especially [de Souza Dutra and
de Oliveira 2009], where the model considered is quite close to the operators H discussed here.

The operators Hy admit also a geometric interpretation, since they are related to the Bochner Laplacians
corresponding to connections with constant nonvanishing curvature (see, e.g., [Rosenberg 1997; Colin de
Verdiere 1986]); we discuss this relation in more detail at the end of Section 2. Further, assume that

lim mj(x)=0, j k=1,2. (1-2)

|x]—00

Thus m models a localized perturbation with respect to a reference medium. Under condition (1-2), the
resolvent difference H - Hy lisa compact operator (see the Appendix), and therefore the essential
spectra of Hy and Hj coincide:

Oess(H1) = 0ess(Hp) = 0 (Hp) = U{Aq}-
q=0

The spectrum o (Hy) on R\ U;O:O{Aq} may consist of discrete eigenvalues whose only possible accumu-
lation points are the Landau levels. Moreover, taking into account that W > 0, and applying [Birman and
Solomjak 1987, Section 9.4, Theorem 7], we find that the eigenvalues of Hy (resp. H_) may accumulate
to a given Landau level A4 only from above (resp. from below). Fix ¢ € Z.. Let {A; q} be the eigenvalues
of H_ lying on the interval (A,_1, Ay) with A_; := —o0, counted with multiplicities and enumerated in
increasing order. Similarly, let {)\Z q} be the eigenvalues of H, lying on the interval (A4, A1), counted
with multiplicities and enumerated in decreasing order.

The aim of the article is to investigate the rate of convergence of )L,f g —Dgas k— oo, withg e Z,
fixed, for perturbations m of compact support, of exponential decay, or of power-like decay at infinity.

The properties of the discrete spectrum generated by perturbative second-order differential operators
with decaying coefficients have been considered also in [Alama et al. 1994; Boyarchenko and Levendorskit
1997; Briet et al. 2009; Raikov 2015].

The article is organized as follows. In Section 2 we formulate our main results and briefly comment
on them. In Section 3 we reduce our analysis to the study of operators of Berezin—Toeplitz type, and
in Section 4 we establish several useful unitary equivalences for these operators. Section 5 contains the
proofs of our results in the case of rapid decay, i.e., of compact support or exponential decay, while the
proofs for slow, i.e., power-like decay, can be found in Section 6. Finally, in the Appendix we address
some standard issues concerning the domain of the operators Hy and the compactness of the resolvent
difference H,, - H{'.

2. Main results

First, we formulate our results concerning perturbations m of compact support. Denote by m _(x)
and m-. (x), with m - (x) < m- (x), the two eigenvalues of the matrix m(x), x € R2.
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Theorem 2.1. Assume that the support of the matrix m is compact, and its smaller eigenvalue m - does
not vanish identically. Fix q € Z. Then we have

In(£(h, — Ag)) =—kInk+O0(k), k— oc. (2-1)

Remarks. (i) Under additional technical hypotheses on m >, we could make the asymptotic relation (2-1)
more precise. Namely, assume that there exists a nonincreasing sequence {s;} ey such thats; >0, j € N,
lim;_, o 5; =0, and the level lines

xeR*|mo(x)=s;}, jeN,

are bounded Lipschitz curves. In particular, the existence of such a sequence follows from the Sard lemma
(see, e.g., [Sternberg 1964, Chapter 2, Theorem 3.1]) if we assume that m. € C 2([Riz). Further, denote
by € the logarithmic capacities (see, e.g., [Landkof 1972, Chapter II, Section 4]) of supp m>. Then we
have

2

b6* N b6*
<1+ln< 5 >>k+o(k)§ln(:|:()xk’q—Aq))+klnk§(l+ln( 3 ))k-i—o(k) (2-2)

as k — 0o. We omit the details of the proof of (2-2), which is inspired by [Filonov and Pushnitski 2006].
(i) Forg € Z4 and A > 0, set
Ny =#kezy | i()\,fq —Ay) > A (2-3)
Then, a less precise version of (2-1), namely
In (i(,\;:q —Ay) =—klnk(1+o0(1)), k— oo,

is equivalent to
[In |

In |[In A|

Ny = (I+o(1)), A}0. (2-4)

Further, we state our results concerning perturbations of exponential decay. Assume that there exist
constants 8 > 0 and y > 0O such that

Inmz(x) = —y[x|* + O(n|x]), |x| > oo. (2-5)

Remark. In (2-5), we suppose that the values of y and g are the same for m . and m... Of course, the
remainder O (In |x|) could be different for m . and m-..

Given 8 >0and y > 0, set u :=y(2/b)?, b >0 being the constant magnetic field.
Theorem 2.2. Let m> satisfy (2-5). Fixq € Z.

() If B € (0, 1), then there exist constants f; = fj(B, n), j € N, with fi = u, such that

In (i(x,;—fq —Ay))=— Z ik P~V L 0@nk), k— oo. (2-6)
1<j<1/(1-B)
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@{i) If B =1, then

In (:I:()»,j;q —Ay)=—(Un(1+wn)k+ O(nk), k— oo. (2-7)
(iii) If B € (1, 00), then there exist constants g; = g;(B, u), j € N, such that
In (£, — Ag))

-1 —1-1 ,
= —/S—klnk-i— (w>k - Y g kVFVIT L 0®nk), k— oo (2-8)
p P 1<j<B/(B-1)

Remarks. (i) Let us describe explicitly the coefficients f; and g;, j € N, appearing in (2-6) and (2-8)
respectively. Assume first that 8 € (0, 1). For s > 0 and € € R, |¢| « 1, introduce the function

F(s;€):=s—Ins+eus’. (2-9)

Denote by s_ (¢) the unique positive solution of the equation s =1 —¢€f wsP, so that dF (s~ (€); €) /ds =0.
Set

fe):=F(s<(e); €). (2-10)

Note that f is a real analytic function for small |e|. Then f; := (1/j!)d’f(0)/de’, j € N.
Let now B € (1, 00). For s > 0 and € € R, |¢| <« 1, introduce the function

G(s; €)= us? —Ins +es. (2-11)

Denote by s- (¢) the unique positive solution of the equation Bus? =1 —es, so that 3G (s (¢€); €)/ds = 0.
Define

g(€) := G(s=(e); €), (2-12)

which is a real analytic function for small |e|. Then g; := (1/j!) dJg(0)/de’, j e N.

(i1) If, instead of (2-5), we assume that
Inmz(x) = —ylx[* (1 +0(1), |x| = o0, (2-13)

then we can prove less precise versions of (2-6), (2-7), and (2-8), namely

—ukP(1+o0(1)) if €(0,1),
In (i(,\;fq —A))=1—-(n(1+u)k(l+o(l)) if B=1, k — oo,
—%kmk(wo(l)) if Be(l,o00),

which are equivalent to

p PP (140(1) if Be(0,1),

1 o
Ny = mllm\l(l-w(l)) if =1, A1 0. (2-14)
B _|Ini|

B—11n|InA|

(I+o(1)) if pe(l,o00),
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Note that in (2-13), similarly to (2-5), we assume that the values of y and g are the same for m . and m-..
However, since the coefficient in (2-14) with 8 > 1 does not depend on y, in this case we could assume
different values of y > 0 for m_ and m-..

Finally, we consider perturbations m which admit a power-like decay at infinity. For p > 0 recall the
definition of the Hormander class

PR = (i € CO¥RY) | DY ()] < co(x) "7 x e R?, 0 € Z2),
where (x) := (1 + |x|?)!/2, x € R%. Let ¢ : R? — R satisfy lim|y— 0 ¥ (x) = 0. Set
Dy(A) ={x eR* |y (x) > A}, A>0, (2-15)
where | - | denotes the Lebesgue measure. Fix ¢ € Z, and introduce the function
Tg(x) = %(Aq Trm(x) —2bImmiy(x)), x¢€ RZ. (2-16)
Note that J,(x) > 0 for any x € R’>and g eZ,.

Theorem 2.3. Let m j; € 9’_p([R§2), Jok=1,2, with p > 0. Fix q € Z,. Suppose that there exists a
function0 <1, € C (S such that

lim [x|°T,(x) = tq<|x—|>.
X

|x|—o00

Then we have

b
Ny () ==®5, (W1 +o(1) <177, 10, (2-17)
2r 71
which is equivalent to
b 2
limAYPNEO) =€, = — / 7,(cos 6, sin6)** d, (2-18)
240 4 4 Jo
or to
i(x,ﬁq_Aq)z%g/Qk—ﬂ/z(l+o(1)), k — o00. (2-19)

Remarks. (i) Relation (2-17) could be regarded as a semiclassical one, although here the semiclassical
interpretation is somewhat implicit. In Propositions 4.1 and 4.3 below, we show that the effective
Hamiltonian, which governs the asymptotics of N ;'E (1) as A | 0, is a pseudodifferential operator with
anti-Wick symbol wy , := w, o Ry, defined by (4-8) and (4-31). Under the assumptions of Theorem 2.3,
T g =T 40Ry (see (2-16) and (4-31)) can be considered as the principal part of the symbol wy ;, while
the difference between the anti-Wick and the Weyl quantization is negligible. Then (1/27)®g, (1) =
(b/2m) @z, (A) is just the main semiclassical asymptotic term for the eigenvalue counting function for a
compact pseudodifferential operator with Weyl symbol 7 .

(i) There exists an extensive family of alternative sets of assumptions for Theorem 2.3 (see, e.g., [Ivrii
1998; Dauge and Robert 1987]). We have chosen here hypotheses which, for certain, are not the most
general ones, but are quite explicit and, hopefully, easy to absorb.
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Let us comment briefly on our results. Nowadays, there exists a relatively wide literature on the local
spectral asymptotics for various magnetic quantum Hamiltonians. Let us concentrate here on three types
of perturbations of Hy which are considered to be of particular interest (see, e.g., [Ivrii 1998; Mao 2012]):

o Electric perturbations Hy + Q where Q : R> — R plays the role of the perturbative electric potential.

o Magnetic perturbations (—iV — Ag — A)?%, where A = (A}, A»), and B := dAy/dx]1 —dA1/0xy 1S
the perturbative magnetic field.

o Metric perturbations Zj’k:m IT;(8jk +m ji )1y, where m = {m j}; k=12 is an appropriate pertur-
bative matrix-valued function.

Typically, the perturbations Q, B, or m are supposed to decay in a suitable sense at infinity. Slowly
decaying Q, for example Q € $~°(R?) with p > 0, were considered in [Raikov 1990], and the main
asymptotic terms of the corresponding counting functions N’ f]t (A) as A | O were found, utilizing, in
particular, anti-Wick pseudodifferential operators. In [Ivrii 1998, Theorem 11.3.17], the case of combined
electric, magnetic, and metric slowly decaying perturbations was investigated; the main asymptotic terms
of N j]t (M) as A | 0, as well as certain remainder estimates were obtained. The semiclassical microlocal
analysis applied in [Ivrii 1998] imposed restrictions on the symbols involved, which, in some sense or
another, had to decay at infinity less rapidly than their derivatives. These restrictions excluded some rapidly
decaying perturbations, e.g., those of compact support, or of exponential decay with g > % (see (2-9)).

Raikov and Warzel [2002] used a different approach based on the spectral analysis of Berezin—Toeplitz
operators and obtained the main asymptotic terms of N ;]t (1) as A | Oin the case of potential perturbations Q
of exponential decay or of compact support. In particular, in [Raikov and Warzel 2002], formulas of the
type (2-4) or (2-14) appeared for the first time. Here, we essentially improve the methods developed
in [Raikov and Warzel 2002]. These improvements lead also to more precise results for certain rapidly
decaying electric perturbations. Namely, assume that Q > 0 admits a decay at infinity which is compatible
in a suitable sense with the decay of m. Then the results of the article extend quite easily to operators of
the form

Hy =+ 0, (2-20)

so that Hy + Q are perturbations of Hy having a definite sign. We do not include these generalizations
just in order to avoid an unreasonable increase of the size of the article due to results which do not require
any really new arguments.

Combined perturbations of Hy by compactly supported B and Q were considered in [Rozenblum
and Tashchiyan 2008], where the main asymptotic terms of N j]t (A) as A | 0 were found. Note that the
magnetic perturbations of Hy are never of fixed sign, which creates specific difficulties, successfully
overcome in [Rozenblum and Tashchiyan 2008].

To our best knowledge, no results on the spectral asymptotics for rapidly decaying metric perturbations
of Hy appeared before in the literature. We also included in the article our result on slowly decaying
metric perturbations (see Theorem 2.3), since it is coherent with the unified approach of the article and is
proved by methods quite different from those in [Ivrii 1998].
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Finally, let us discuss briefly the relation of Hy to the Bochner Laplacians. Assume that the elements
of m are real. In R? introduce a Riemannian metric generated by the inverse of g*, and the connection
1-form Z‘,’: 1.2 Ao.jdxj. Set yy 1= (det g¥)~!/2. Then the standard positive-definite Bochner Laplacian,
self-adjoint in L*(R?; y+ dx), is written in local coordinates as

Feo=yy' Y Tghyell.
k=12

Let Uy : L?(R?; yidx) — L?(R?; dx) be the unitary operator defined by Uy f := i/zf. Then we have

Ur$+Ul =Hy+ Qx, (2-21)
where
1 L 0lnys 0lnyy ad L 0lnyy
== : ——+2—| g .
Qe=y (g,k e ox, o, S oy,
k=12 I y

Generally speaking, the functions Q1 do not have a definite sign coinciding with the sign of the operators
Hy — Hy; hence, the operators on the right-hand side of (2-21) are not exactly of the form of (2-20). The
fact that the symbol of a Toeplitz operator does not have a definite sign may cause considerable difficulties
in the study of the spectral asymptotics of this operator if the symbol decays rapidly, and, in particular,
when its support is compact (see, e.g., [Pushnitski and Rozenblum 2011]). Hopefully, we will overcome
these difficulties in a future work, where we would consider the local spectral asymptotics of £.

3. Reduction to Berezin—Toeplitz operators

In this section we reduce the analysis of the functions N’ ;t()») as A | O to the spectral asymptotics for
certain compact operators of Berezin—Toeplitz type. To this end, we will need some more notations, and
several auxiliary results from the abstract theory of compact operators in Hilbert space.

In what follows, we denote by 1, the characteristic function of the set M. Let T be a self-adjoint
operator in a Hilbert space,! and $ C R be an interval. Set

Ng(T) :=rank 14(T),

where, in accordance with our general notations, 14(7") is the spectral projection of T corresponding to $.
Thus, if $ Noess(T) = F, then Ng(T) is just the number of the eigenvalues of T lying on $ and counted
with their multiplicities. In particular,
Ny Q) =N, a,-0(H-), qelZy, 2€(0,2D), (3-D
NFO) =Naysangn(Hy), g€y, e (0,2b), (3-2)
the functions N f; being defined in (2-3). Let T = T* be a linear compact operator in a Hilbert space.

For s > 0, set
ni(s; T) := N5,00)(E£T);

L All the Hilbert spaces considered in the article are assumed to be separable.
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thus, ny (s; T) (resp. n—_(s; T)) is just the number of the eigenvalues of the operator T larger than s (resp.
smaller than —s), counted with multiplicities. If T; = Tj*, j = 1,2, are two linear compact operators
acting in a given Hilbert space, then the Weyl inequalities

ni(si+52; T1 +12) <ni(sy; T) +ni(s2; Tn) (3-3)

hold for s; > 0 (see, e.g., [Birman and Solomjak 1987, Section 9.2, Theorem 9]).
Fix g € Z and denote by P, the orthogonal projection onto Ker(Hy — A,). Since the operator
H, ! WH, lis compact, the operator P, W P, = Ag P,Hy ! WH, ! P, is compact as well. Similarly, the

operators H, : WH, 172 are compact, and hence the operators
P,WH'WP, = A2P,(Hy 'WHL ) (HL *WH )P,
are compact as well.
Proposition 3.1. Under the general assumptions of the article we have
ny((L+e)r; P,WP, ¥+ R,WHL'WP,) +0(1)
< N;;E(A) <ni((I1—-¢e)r; P,WP, F PqWH;WPq) +0(), x}0, (3-4)
foreach e € (0, 1).

Proof. The argument is close in spirit to the proof of [Raikov and Warzel 2002, Proposition 4.1],
and is based again on the (generalized) Birman—Schwinger principle. However, since the operator
H, 1 ZWH(; 12 is only bounded but not compact, we cannot apply the Birman—Schwinger principle to
the operator pair (Hy, H+), and apply it instead to the resolvent pair (H, t Hy 1. First of all, note that
there exist A_ and Ay with A_ € (0, Ag)if g =0, A_ € (Ay—1,Ay) if g eN,and Ay € (Ay, Ayy1)
if g € Z, such that

Ny Q) =Na_a,-n(H-), re(0, Ay —A), (3-5)
NTO) = Nagsan(Hp), L€ 0, Ay —Ay). (3-6)

Further, evidently,
Na_,a,—n(H-) = N((Aq_k),lyA:l)(H__l) = N((Aq_k),lyAzl)(H(;‘ +T.), (3-7)
Nngtran(He) = Nyt oy (HED = Nt (0 (Hy =T, (3-8)
with 7_:= H-' — Hy and T,:=H, - H;l. Note that the operators 75 are nonnegative and compact.

By the generalized Birman—Schwinger principle (see, e.g., [Alama et al. 1989, Theorem 1.3]) we have

-1
Nag-n-1.aHy " + 1)

1/2 _ —1\— 1/2 1/2
=n (L T2 (A =0 =HyH ' T ) =y TY

(AZ'=Hy )T T —dim Ker(H_—A_),  (3-9)
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and

N W(Hy ' = Ty)

(A7 (Ag+0)—

— —1\— — N 2 .
=ny (1, T2 (Hy ' = (A g+ ™)) =y (1 TP (Hy = AZH ') —dim Ker(Hy —A ). (3-10)

Since the operators T+ are compact and A1 € o (Hp), we find that the two last terms on the right-hand
side of (3-9) and (3-10), which are independent of A, are finite. Next, the Weyl inequalities (3-3) imply

ny(14e T2 (N =0 =HyH P, T

) —n (e T2 (Mg =) = HyH T U = P)T?)
<ny (LT (Mg =2 = HyH'T?)
<ny(1—&; T2 ((Ay =0 = HyH ' P, T

(e T2 (A =0 = HyHY ' = PHTY?)  (3-11)

for any ¢ € (0, 1). The operator T,l/z((Aq -0 = HO_])_1 I - Pq)T,]/2 tends in norm as A | O to the

compact operator
1/2 — —1\— 1/2
T/< Y, =AY 1Pj)T/.

J€Z:\{q}
Therefore,
.l/2 —1 —1y—1 172y _
ne(e; T (Mg —A) " —Hy ) (I =P)T")=0(), 2|0, (3-12)
for any & > 0. Next, for any s > 0 we have
1/2 _ Z1y— 1/2 - “1\—1p1/2 172
ne(s: T2 (Mg =07 = Hy DT P TY?) = ni (s (A =07 = A, )T T2 P, 1)

=ny(sh(Ag—N A PT_P). (3-13)
Hence, (3-9) and (3-11)—(3-13) yield
ny((A+e)r(Ag =07 AS PT_ P+ 0(1)
< Nia,ntahHy ' +T) <na((=0h(Ag =2)7TAL S P T_P)+ 0D, 210, (3-14)
for any ¢ € (0, 1). Similarly, (3-10) and the analogues of (3-11)—(3-13) for positive perturbations imply

ni((1+eAMAg+1)7'AS PyTy Py + 0(1)
< Neat aginnHy ' =T <na((=or(Bg + 07 AL P TePY + 0D, 210, (3-15)
By the resolvent identity, we have Ty = H, ! WH, ! FH, ! WHy ! WH, 1, so that
P T+Py = A;*(PyW P, PyWHL'WP,).
Thus,
ny(s; PyTsPy) =ny(sA); PRWP,F P,WHL'WP,), s>0. (3-16)

Putting together (3-5)—(3-8) and (3-14)—(3-16), we easily obtain (3-4). Il
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4. Unitary equivalence for Berezin—Toeplitz operators

Our first goal in this section is to show that, under certain regularity conditions on the matrix m, the operator
P;WP,,q €, with domain PqLZ(IRz), is unitarily equivalent to Pyw, Py with domain PyL?(R?), where
wy, is the multiplier by a suitable function w,, : R? — C. In fact, we will need a slightly more general
result, and that is why we introduce first the appropriate notations.

As usual, for x = (x1, x2) € R we set z := x| +ix; and Z := x| — i x5, so that

a 19 .9 a _1( 0 4 0
—=l—=i—), —==zl—+i—.
9z 2\ 9x; X 9z 2\ 9x; X

Introduce the magnetic annihilation operator

a:= —2ie‘b|x|2/4;eb‘x|2/4 =-2i (i + Iz)
z

and the magnetic creation operator

o e i ey (9 b2
0z oz 4

with common domain Doma = Doma* = Dom HO1 /2. The operators a and a* are closed and mutually
adjoint in L%(R?). On Dom Hy we have [a, a*] = 2b and

HO:a*a+b=aa*—b=%(aa*—i—a*a). 4-1)

1/2
Moreover, on Dom HO/ we have

I =1(a+a*), Hz=i.(a—a*), 4-2)
2 2i

the operators I1;, j =1, 2, being introduced in (1-1). Next, define the operator A : Dom HO1 2 L*(R?; Cz)
by

au

*

Au = <a u) , u€Dom 01/2.

Then, (4-1) implies that Hy = %A*A. Further, introduce the Hermitian matrix-valued function
Q. (wu w1z>
w21 W22
with wjy € L®(R?), j,k=1,2. Fix g € Z, and define the operator
P,A*QAP, = A, P, Hy PA*QAH, P, (4-3)

which is bounded and self-adjoint in Pqu(RZ). Utilizing (4-2), we easily find that

P,WP,=1P,A*UAP,, (4-4)
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where
1 /1 1
:=0"m0 =— 4-
Uiz 0'mo, © ﬁ<i _i), (4-5)
so that
ui :=%(Trm—21mm12),
Uz(”“ ”12) with Uz = 3(Trm +2Imm)),
uzy u

- . 1 .
Uiy =y = 53(my1 —ma — 2i Remyy).

Introduce the Laguerre polynomials

q .
+m\ (=1)/
Lo :=Z(q )L teR, geZy, mely; (4-6)
—\g—Jj/ ]!
]_
as usual, we write LEIO) =L, and for notational convenience we set gL,_1 =0 for ¢ = 0. By [Gradshteyn

and Ryzhik 1965, Equation 8.974.3] we have

q
YL@ =LV @1), 1eR, geZy, mel,. (4-7)
j=0

Proposition 4.1. Let Q2 be a Hermitian 2 x 2 matrix-valued function with entries w j; € Cg° R?), j, k=1,2.
Fix q € Z. Then the operator P,A*QA P, with domain Pqu(RZ) is unitarily equivalent to the operator
Poywy Py with domain PyL*(R?), where

wy = wy(£2)
A A AN 92 )
_ |rpa+vLgn (=5 Jon +26qL, 1 (=5 Jon —8ReLY (=55 ) 552 azl @)
A .
2Lt (—35 ) if g =0,

and A = ijl’z 82/8sz., so that, in accordance with (4-6), Lgm)(—A/(2b)) withs € Zy andm € 7 is

Just the differential operator 37 _ (it’?) A7 /(j1(2b)7) of order 2s with constant coefficients.

k/2
Po.x(x) ==,/ ﬁ(g) e PPy eRE ke,

@)pox(x), xeR* keZy geN.

Proof. Set

Pq.k(X) 1= Gbyiq!
Then {@y i }rez, 1s an orthonormal basis of PqLZ([RZ), sometimes called the angular momentum basis
(see, e.g., [Raikov and Warzel 2002] or [Bruneau et al. 2004, Section 9.1]). Evidently, for k € Z we
have

2bg oy -1k, > 1,
a*Qgk =V2b(q+ D@g+1k,  q €2+, agg .k = {0 T¥a-1, Z “o (4-9)
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Define the unitary operator W' : P,L?(R?) — PyL*(R?) by W : u +> v, where

U=y ek V=D ok (ihez, € L), (4-10)
keZy keZ
We will show that
P,A*QAP, = W* Pyw, PyW. (4-11)

For V e C°(R?), m,s € Zy, and k, £ € Z_, set

Em,s(V; ka 6) = <V§0m,k, 905,(5),

where (-, -) denotes the scalar product in L%(R?). Taking into account (4-9) and (4-10), we easily find
that

(PyA* QAP u, u) =2b Y (g + DEqi1g41(@n; k, ) +qBq 141 (@n; k, £)cké

kel teZ
+2b\/q(g+1D2Re Y " Bgpig 1@k, Oy (4-12)
keZ, tez,
ifg > 1, and
(POA* QAP u) =2b Y " > By 1(on: k. Ockée. (4-13)
keZ, teZ
Moreover,
(Powg Pov, v) = Y > Boolwg: k, ke, q € Zy. (4-14)
keZy teZ

In [Bruneau et al. 2004, Lemma 9.2] (see also the remark after Equation (2.2) in [Bony et al. 2014]), it
was shown that

A
Emm(Vik,£)= Eo,o<Lm (—%>V; k, €>, medZs;. (4-15)

Now (4-13), (4-15) with m =1 and V = wq1, and (4-14) with ¢ = 0 imply (4-11) in the case ¢ = 0.
Assume g > 1. By (4-15), we have

A
Eg+1.g+1(wi1; k, £) = Eo,0 (Lq—H (—%>a)11; k, 5), (4-16)
~ ~ A
Ey-1.9-1(wn: k, €)= Ego| Ly—1 ~% wn; k, L ). 4-17)

Let us now consider the quantity E,41,4—1(V; k, £). Using (4-9), we easily find that, for ¢ > 2, we have

- —1
Egg 1V, a* Lk, )+ [1=28, , 2(Vik, ), (4-18)

1
V2b(g+1) qg+1

) * * -1 ) *
Eg—1.4-1([[V.a*],a*]; k, €) + /qq Ey—14—2(V,a*];k, £). (4-19)

Egi1q-1(Vik, £) =

1
Byqg-1([V,a*]; k, £) =
q.q 1([V,a™] ) m
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Moreover, [V,a*] =2idV /dz, and

[[V,a"],a"] = —48—Z2. (4-20)
Using (4-19), it is not difficult to prove by induction that
1
Egq1(V,a* Tk, £) = e g,,([lV.a*],a* k. £), q=>1. (4-21)

Il
=

J

Now (4-15), (4-20), and (4-7) imply

q—1 q—1 2
A\ oV
S & (V.a @l k€)= “QO(“‘LJ <‘%> Tk 5)

j=0 j=0
A\ 9%V
= Boo 4L (—= | ==k, ¢). 4-22
0,0( q_l( Zb) v (4-22)
Setting
9, =t (A2 N 4-23
¢ =g\ Ty )52 qenN, (4-23)
we find that (4-21) and (4-22) imply
1
Byg-1([V,a*]; k, £) = ——=E0,0(D,V; k, £). 4-24
q.q 1([V,a™] ) m 0,0( q ) ( )
Bearing in mind (4-18), (4-15), and (4-24), it is not difficult to prove by induction that
1 q
) Vik, )= ———— Z E0.0(Ds Vi k, £) (4-25)
Sg+l,g—1 s Iy - —0, s Iy .
B 20/q(q+1) =
Note that (4-7) and (4-25) imply
q 2
A\ 0
Gy =—4L? (- ) —. 4-26
; ’ q—l( 2b)822 (4-20)
Now, (4-25) and (4-26) entail
2b/q(q+1)E (@ k, €) = Boo —4L? (-2 Pou (4-27)
q4 Sg+1,g—-1(W215 K, £) = &0,0 g—1 w) a2 )
Finally, (4-12) and (4-14) combined with (4-16), (4-17), and (4-27) yield (4-11) with g > 1. O

In the rest of the section we establish two other suitable representations for the operators P,V P,,q € Z,
with V : R?> — C.

Proposition 4.2. (i) [Fernandez and Raikov 2004, Lemma 3.1; Bony et al. 2014, Section 2.3] Let
Vell

loc

(R?) satisfy lim |0 V(x) = 0. Then, for each q € Z, the operator P,V P, is compact.
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(i1) [Raikov and Warzel 2002, Lemma 3.3] Assume in addition that V is radially symmetric, i.e., there
exists v : [0, 00) — C such that V (x) = v(|x|), x € R%. Then the eigenvalues of the operator P,V P, with
domain P, L*(R?), counted with multiplicities, coincide with the set

{(Vog.xs 0q.6) ez, - (4-28)

In particular, the eigenvalues of PyV Py coincide with

o) 1
% v((%)z)e—%k dt, keZ,. (4-29)
- JO

Remarks. (i) Let us recall that, if f is, say, a bounded function of exponential decay, then

Mf)(z) = /OO fO'dr, zeC, Rez>0,
0

is sometimes called the Mellin transform of f. Some of the asymptotic properties as k — oo of the
integrals (4-29), which we will later obtain and use in the proofs of Theorems 2.1 and 2.2, could possibly
be deduced from the general theory of the Mellin transform.

(i) Combining Propositions 4.1 and 4.2, we find that, if the matrix-valued function €2 is radially symmetric
and diagonal, then the operator P,A*QA P, acting in P, L?(R?) is unitarily equivalent to a diagonal
operator in £%(Z.). If Q is just radially symmetric, then P,A*QAP, is unitarily equivalent to a tridiagonal
operator acting in £%(Z_.).

The last proposition in this section concerns the unitary equivalence between the Berezin—Toeplitz
operator PyW Py and a certain Weyl pseudodifferential operator. Let us recall the definition of Weyl
pseudodifferential operators acting in L*(R). Denote by I"(R?) the set of functions 1/ : R> — C such that

3y (v, m)

‘= sup su
1V lIr @2) p p aylonm

()7,)’])ER2 ¢,m=0,1

Then the operator Op" (), defined initially as a mapping between the Schwartz class ¥(R) and its dual
class ¥ (R) by

Op" (W) () = 5 fR /R v (555 ) Oy dy dn, v eR,

extends uniquely to an operator bounded in L?(R). Moreover, there exists a constant ¢ such that

10p™ (W)l < cll¥ lIr@e) (4-30)
(see, e.g., [Boulkhemair 1999, Corollary 2.5(1)]).

Remark. Inequalities of the type (4-30) are known as Calderon—Vaillancourt estimates.

01
12 -
Ry = —b <1 0), 4-31)

Put
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and, for V : R? — C, define
Vp(x) :=V(Rpx), xeR% b>0.

2
Moreover, set G(x) := e " /7, x € R%.

Proposition 4.3 [Pushnitski et al. 2013, Theorem 2.11, Corollary 2.8]. Let V € L' (R?) + L>(R?). Then
the operator PyV Py with domain PyL2(R?) is unitarily equivalent to the operator Op¥ (V) *9).

Remark. The operator Op* (¢) := Op¥ (¢ *9) is called a pseudodifferential operator with anti-Wick
symbol ¥ (see, e.g., [Shubin 2001, Section 24]).

5. Proofs of Theorems 2.1 and 2.2

In this section we complete the proofs of Theorems 2.1 and 2.2, concerning perturbations of compact
support and of exponential decay.
Let T = T* be a compact operator in a Hilbert space such that rank 1(0,o)(7) = 0o. Denote by
{vi(T)}72,, the nonincreasing sequence of the positive eigenvalues of 7', counted with multiplicities.
Recall that m - (x) <m- (x) are the eigenvalues of the matrix m(x) for x € R2. Since the matrix U (see
(4-5)) is unitarily equivalent to m, m> are also the eigenvalues of U. Next, we check that Proposition 3.1
implies the following:

Corollary 5.1. Under the general assumptions of the article, there exist constants 0 < cf < cj; < o0 and
ko € Z4 such that
ok (PPA M APy < (0, — Ag) < Xty (PyA* m_APy) (5-1)
for sufficiently large k € N.
Proof. It is easy to see that
0<P,WH.'WP,<cLP,WP, (5-2)
with
cx 1= Hy PWHL ) < sup [m(o) (1 £m(x)7!].
xeR?
Note that 0 < c_ < oo and 0 < ¢y < 1. Moreover, by (4-4) and the mini-max principle,
ny(2s; P,A*m APy) <ny(s; P,WP,) <ny(2s; P,A*m.AP;), s>0. (5-3)

Now, (3-4), (5-2), and (5-3) imply that, for any ¢ € (0, 1), we have

ny A(1+e); PPA m APy +0(1) <N,/ (M) <ny2A(1 —&); (1 +co) PA"m-APy) + O(1), (5-4)
ny(2r(1—¢); P,A*m-AP,) + O(1) > N;“()») >n A1 +¢); (1 —c) P, A*"m AP+ O(1)  (5-5)
as A | 0, and estimates (5-4)—(5-5) yield (5-1) with

_ 1 _ 14c_ + 1— Ct + 1
C< = ’ C> = ’ C< = ’ C> = )
2(1+¢) 2(1—¢) 2(1+¢) 2(1—¢)
and sufficiently large kg € N. O
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Let us now complete the proof of Theorem 2.1. Let ¢; € Cgo([RRz), ¢1>0,¢=1onsuppm-. Set
$2(x) = (max,cpz m= (¥))61(x), x € R2. Evidently, m- < ¢ on R2, so that

(P A moAP,) < w(P,A*GAPR,), keZy. (5-6)

Further, by Proposition 4.1, the operator P,A*{,A P, is unitarily equivalent to the operator Py¢3 Py, where

=2b HL A L A
(3= ((CH— g1 (—%>+6] q—l<_%))§2-

vk (PgA HAP)) = v (PogsPo), k€ Zy. (5-7)

Therefore,

Let R. > 0 be so large that the disk Br_(0) of radius R. centered at the origin contains the support of 3.
Then,

vk (Pog3 Po) < max 163 vk (Polpg_ o) Po), k€Z4. (5-8)
xe
Putting together (5-6), (5-7), and (5-8), we find that there exists a constant K. < oo such that

(P moAPy) < Kovi(Polp, )P0,k €Z.. (5-9)
On the other hand,
Ve (PyA*m AP,) > v (Pgam_a™Py). (5-10)

Applying (4-9), we easily find that the operators P,am -a* P, and 2b(q + 1) Pyj4.ym - P, are unitarily
equivalent. Hence,

v (Pgam-a* Py) =2b(q + Dvi(Pyprim<Pyy1), keZy. (5-11)

Further, since m . is nonnegative, continuous, and does not vanish identically, there exist ¢y > 0,
R_ € (0, 00), and x¢ € R? such that m - (x) > c0lpy_(xo)(X), x € R2. Therefore,

Ve (Pyr1m< Pyy1) = covk(Pys11lBy_(xo) Pyt1), k€24 (5-12)

The operators Py11p,_(x) Pg+1 and Pyy11p,_(0) Py+1 are unitarily equivalent under the magnetic trans-
lation which maps xg into O (see, e.g., [Raikov and Warzel 2002, Equation (4.21)]). Therefore,

Ve (Pyt11Bg_(xo) Py+1) = vk (Pgs11By_0) Py+1), k€ Z4. (5-13)
Combining (5-10)—(5-13), we find that there exists a constant K _ such that
K<Uk(Pq+113R<(0)Pq+1) < Uk(PqA*m<APq), k e Z+. (5-14)

By (5-9) and (5-14), it remains to study the asymptotic behavior as k — 00 of vi (P, 1p,0)Pn), With
m e Z4 and R € (0, oo) fixed. This asymptotic analysis relies on the representation (4-28), and results
sufficient for our purposes are available in the literature. Namely, we have:
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Lemma 5.2 [Combes et al. 2004, Section 4, Corollary 2]. Let m € Z, R € (0, 00), b € (0, 00). Set
0:=bR?/2. Then
e*QQ7m+1k2m71Qk

m!k!

Vk(PmlBR(O)Pm) = (14+o0(1)), k— oo. (5-15)

Now, asymptotic relation (2-1) follows from (5-1), (5-9), (5-14), (5-15), and the elementary fact that
Ink! =kInk+ O (k) as k — oc.

In the remaining part of this section we prove Theorem 2.2 concerning perturbations m of exponential
decay. Assume that m satisfies (2-5). Then there exist §> € R, - <., and r > 1 such that

_ 28 _ 2B
x1°<e "M gy g o) (1) Smo(x) <ma(x) < x| e g g o) (1) +maxm. (V)15 0)(x), xR
yeR?
(5-16)
Letn=0 € C ®(RZ; [0, 1]) be two radially symmetric functions such that n.o = 1 on R? \ Br+1(0),
n<.0=0on B,(0), and n- o =1 on R?\ B,(0), n-.0 =0 on B,_(0). For x € R? set

_ 2B
N 1(x) := |xP<e7 "My _ o0,

_ 2
1 () 1= xl e o)+ maxme () (1= 1120 (x).
ye
Evidently, n> 1 € Cgo([Rz), and by (5-16),
Ne1(®) <mo(x), mo(x) <n.i(x), xeR

Therefore, for k € Z, we have

Vk(PqA*md&Pq) = Vk(PqA*n<,lAPq)s
De(P A moAP,) < v (PA D AP,).

A A
Nz2:= Zb((q + DLy (_E) +qly1 <—£)) UERE

According to Proposition 4.1, the operators P,A*n> 1AP,, g € Z,, and Pynx 2 Py are unitarily equivalent.

(5-17)

Further, set

Therefore,

vk (PyA*nz 1AP)) = v (Ponz2Py), kelZ,. (5-18)
Next, a tedious but straightforward calculation shows that

nz2(x) =nz3(x)(1+o(1), [|x]— oo, (5-19)

where
1 if Be(0,3%].

2
@D if g e (1 00), x € R\ {0},

N=3(x) i= Cy plx|ze 7 {
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and C, g > 0 are some constants. Even though the exact values of C, g will not play any role in the
sequel, we indicate here these values for the sake of the completeness of the exposition:

204 if (0. 3).
_ (2ﬂy)2> (_ (2/39/)2)) a1
¢, 5= 120(@+ DLyt (5575) +aLy o (-557)) it =1,
(2,8)/)2(‘1“) ) |
—(Zb)qqt if ,8 € (5, OO)
Hence, by (5-19), there exists R € (0, oo) such that for x € R? we have
N<2 > 31<31p2 Br0) — C<LBr(0) =i M<4(x), (5-20)
N-2 =< %’7>,31R2\BR(0) +c21pg0) =: 0> 4(x) (5-21)
with ¢ 1= max,cp [z 2(y)|. Thus, for any admissible k € Z, we have
Ve(Pon<2Po) = v (Pon<4Po), vi(Pons2Po) < vi(Pons,4Po). (5-22)

In order to complete the proof of Theorem 2.2, we need a couple of auxiliary results. For 8 > 0, u > 0,
and o > 0, set

00 o
(k) :=f e MR dr, g, (k) ::/ e 'thdr, k>-—1, (5-23)
0 0

and, for § e R, co > 0 and c; € R, put

coFpuk+8) +c1€,(k —8_)
L) = Lp 105k co, 1) 1= —Z P F(kﬂl)@ . k>max{—1,—8—1},

where §_ := max{0, —4§}.

Lemmas53. Let §>0,u>0,0>0,c0>0,and§ €R, c; €R.

(1) The asymptotic relations

=2 i<j<1/(1-p) fikP=Dit + 0(Ink) if Be(0,1),
—In(14 wk+ O(nk) ifp=1,

Indk) =3y -1 B—1—In(up) (5-24)
S klnk+k<—ﬁ )

= Yi<j<pyp-n &KV L Ok if B e (1, 00),
hold true as k — o0, the coefficients f; and g; being introduced in the statement of Theorem 2.2.

(ii) We have ¥'(k) < 0 for sufficiently large k.

Proof. First, let 5§ = 0. Assume 8 € (0, 1), k > 0, and make the change of variable ¢ — ks in the first
integral in (5-23). Thus we find that

[e.¢]
jﬁ,ﬂ(k)=k’<+1/ e KEGKT g (5-25)
0
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The function F(s; k#~') defined in (2-9) attains its unique minimum at s_(k#~!), and we have
2F (s-(kP~1); kP~1) /85> = 1 4 o(1), k — oo. Therefore, applying a standard argument close to the
usual Laplace method for asymptotic evaluation of integrals depending on a large parameter, we easily
find that

o0
/ e KFOHTD g = (2) 2 KFO<WTDRTDE=12 (1 o(1)), k- oo (5-26)
0

Bearing in mind that F(s- (k#~1); k#~1) = f(kP~1) (see (2-10)), £(0) =1, and
InT(k+1)=klnk—k+3Ink+0(1), k— oo, (5-27)

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.1.40]), we find that (5-25)—(5-26) imply

}ﬁ,u(k) 7 B—1
ln(—r(k+1))_k kf kP~ + O(Ink)

_ Ldif o
—k—k Z ﬁE(O)k + O(Ink)
0<j<1/(1-p)

14/ o
=— > 7%(0)1((5 DIt 4+ 0(nk)
1=j<1/0-p 7

=— > fHEPVF L 0nk), k> oo (5-28)
1<j<1/(1-p)

In the case § = 1, we simply have

Fpuk) 1 foo (4Dt k g, k-1
Ch+D) Thin ) ¢ =Wt
that is,
ok ]
ln(—r(k+1)>— In(1+ 1)k +0(). k- oo (5-29)

Now let B € (1, 0o). Making the change of variable 7 — k'/fs with k > 0 in (5-23), we find
k+1)/B ~ —kG (s;k1/8=D)y
$p.u (k) ==k f e kG ds. (5-30)
0
The function G(s; k'/#~1) defined in (2-11), attains its unique minimum at s-. (k'/#~1), and we have

2
%(S><k”ﬁ‘l), k7P = B(up)P(1+0(1),  k— oo.

Arguing as in the derivation of (5-26), we obtain

o0
/ e KOG gy = JamB (up) T B TKOC-KITHETISIR (1 L o(1)), k=00, (531)
0
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Bearing in mind that G (s~ (k'/#=1); k1/F=1) = g(k'/A~1) (see (2-12)), and g(0) = (1 +1n (uB))/B, we
find that (5-30), (5-31), and (5-27) imply

Fpun® N _ A1 o/
ln(r(k+1))_ G kInk+k—kg®!P7) + 0(nk)

—1 1 d/
Pk k—k yo s
B _ jldel
0<j<B/(B=1)

)k YP=DJ 1+ 0(nk)

=—%klnk+k(l—g(0))— > iﬂg.(O)k“/”*”f“JrO(lnk)

) jldel
1<j<B/(B—1)
1 -1 .
— _'B—klnk +k<w) _ Z gjk(l/ﬂ_l)j+1 + O(hl k), (5_32)
p p 1=j<B/(B=1)

as k — oo. Let us now consider general § € R. By (5-27),

Fk+s+1DY
Putting together (5-28), (5-29), (5-32), and (5-33), we find that
In (M) —In (M) =0(nk), k— oco. (5-34)
Ck+1) Ck+1)

Finally, by (5-15), we easily find that, for each fixed § € R, we have
Eolk—35-) Y $p.uk+5)
Ck+1) '\ T'tk+1) )
The combination of (5-28), (5-29), (5-32), (5-34), and (5-35) implies (5-24).
For (ii), we have
/ /
k+38) T'(k+1 € k—48-) T'(k+1
Tkt Tht12?” Fk+1) Tk+1)2

o0 o
k) = / e M K Inrdr, € (k) = f e 'tFInt dr,
0 0

— 0. (5-35)

P (k) = co( Gk — 5_)), (5-36)

and

I"(k+1) 1 _2
— T k4 — 4+ 0G(Y), &k ,
FhgD Dkt TORD, k=00

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.3.18]). Performing an asymptotic analysis similar to
the one in the proof of the first part of the lemma, we find that there exists a function ¥ = Wg , 5 such
that W (k) < O for k large enough, and

P k+8)  T'(k+1)
Fk+1) Tk+1)2
Epk—38-) T'(k+1)
Tk+1) T(k+1)?

$p.ulk+38) =W(k)(1+o0(1)), (5-37)

Eolk—38_) =0(¥(k)) (5-38)
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as k — oo. Putting together (5-36), (5-37), and (5-38), we conclude that &'(k) < O for sufficiently
large k. (|

Taking into account the definition of the functions 73 4 in (5-20)—(5-21), the mini-max principle,
representation (4-29), as well as Lemma 5.3(i1), we find that there exist constants ¢; > >0, j =0, 1,
52 € R, and kp € Z such that

vk (Pon<4Po) =Ly, o5 (k+ko; co<, —¢1,<)
(5-39)
vk(Pon=aPo) <%g , .5 (ki o, c15),
for u =y (2/b)?, 0 = bR?/2, and sufficiently large k € Z,.
Putting together (5-1), (5-17), (5-18), (5-22), (5-39), and (5-24), we obtain (2-6)—(2-8).
6. Proof of Theorem 2.3

Estimates (3-4) combined with the Weyl inequalities (3-3) and the mini-max principle entail
(1 +€); PaWPy) +0(1)
<N, (W) <np (A1 —e)% PpWPy) +ny(he(1—); EBWHZ'WP) 4+ 0(1),  (6-1)

and
ny(M(1+8)% P,WP) —ny(he(l+e); P,WH'WP,)+0(1)
<NFO) <ny (1 —g); WP) +0(1)  (6-2)

as A | 0. It is easy to check that we have

P,WHL'WP, < Cy +P,A*(-)"*AP,

with
_ 2
Crx = 1Hy HL 12 (sup (x)Pm- (x))".
xeR?
Therefore, for any s > 0,
ny(s; P,WHL'WP,) <ni(s; C1+P,A*(-)"PAP,). (6-3)

Further, by Proposition 4.1, the operator P,W P, (resp. P,A*(- )_ZPAPQ) is unitarily equivalent to
%Powq(U)Po (resp. Powg((- )~2°1) Py). Hence, for any s > 0,

ny(s; PRWPy)=n,(2s; Powy(U)Pp), (6-4)
ny (s PRA () T2PAP)) = ny (s Powg ()2 1) Py) < ny(s; CaPo(-) " Py) (6-5)

with C = sup, e (x) % |w, ((x) 72 1)|. Now, write

%wq(U) :gq"‘gq»
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the symbol J, being defined in (2-16), and note the crucial circumstance that ﬁq € $7°72(R?). Then the
Weyl inequalities (3-3) entail
ny(s(14¢); PoT,Po) —n_(se; PoT, Po) < ny(2s; Pow,(U)Po)
<ni(s(1 —e); PoTyPo) +ny(se; PfT,Po)  (6-6)

for any s > 0 and ¢ € (0, 1). Evidently,
ni(s; PoT4Po) <ny(s; C3Po(-) P72Py), s3>0, (6-7)

with C3 :=sup, g2 (x)? 2| Jolq (x)]. Recalling Proposition 4.3, we find that we have reduced the asymptotic
analysis of N f; (A) as A | O to the eigenvalue asymptotics for a pseudodifferential operator with elliptic anti-
Wick symbol of negative order. The spectral asymptotics for operators of this type has been extensively
studied in the literature since the 1970s. In particular, we have the following:

Proposition 6.1. Let 0 < ¢ € ¥~ (R?), p > 0. Assume that there exists 0 < yrg € C®°(S!) such that
limyy|— oo [X|° Y (x) = Yo(x/|x]). Then we have

ny(h; Op™ () = @m) '@y (M1 +o(1)), A0, (6-8)
which is equivalent to
1 2
lim A% n . (; Op™ (¥)) =6(o) := o~ |  Yo(cos, sin0)** do.
210 4 J,

Proof. Evidently, for each ¢ € (0, 1) there exist real functions ¢4 , € C % (R?) such that
Voe() S Y S P, xR

Vo) = (1 :FE)_llxl_pWO(l%), xeR’ x| = R,
for some R € (0, 0c0). Applying the monotonicity of the anti-Wick quantization with respect to the symbol
(see, e.g., [Shubin 2001, Proposition 24.1]), the mini-max principle, and the Weyl inequalities, we obtain
ny((1+&)x; OpY (Y- ) —n(eh; (Op™(Y— ) —Op“ (¥ ,)))

<ny(; Op™ () < ny (1 —e)A; OpY (Yy.0)) + 1y (s (Op™ (Y4.e) — Op™ (¥1.0))).  (6-9)

By [Dauge and Robert 1987], we have the semiclassical result

ny (s 0p™ (Y ) = @) ' Dy, (WA +0(1), 21 0. (6-10)

Further, by [Shubin 2001, Theorem 24.1] the differences Op™ (1 ) — Op" (¢ ) are pseudodifferential
operators of lower order than Op™ (¥ ), so that we easily obtain

lim 274 (e3; (Op™ (Vs.e) = OP" (¥.))) =0, &> 0. (6-11)

Now, (6-9)—(6-11) imply

(148)™/76(Yo) < lim inf2"n+ (4; Op™ (¥) < limsup A¥7n4 (2 Op™ (W) = (1= &)™ € (vo)
240
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for ¢ € (0, 1). Letting ¢ | 0, we obtain (6-8). Il
By Propositions 4.3 and 6.1, we have
1 b
ny(A; PoT 4 Po) =n (s Op™ (T g 5)) = 77 P, M +o(1) =g, (M1 +o(D), A 10, (6-12)
with T, ), =T, 0 Ry, Ry, being defined in (4-31). Finally, for pp > p, we have
ne(h; Po(-) T Po) = O(L™2/7) = o(®g, (1)), A L0. (6-13)
Now, (2-17) easily follows from (6-1)—(6-8), (6-12), and (6-13). The equivalence of (2-18) and (2-19)
can be checked by arguing as in the proof of [Shubin 2001, Proposition 13.1].
Appendix: Compactness of the resolvent differences

A priori, the operators Hy and H., self-adjoint in L?(R?), could be defined as the Friedrichs extensions
of the operators ijl’z H? and Zj’k:m ngj:kl"[k defined on CgO(IRZ). Such a definition implies
immediately that

12

Dom Hy/* = Dom H,/> = {u € L*(R?) | T;u € LX(R?), j =1,2},

and that the operators H V 2H % and H Hi ? are bounded. By [Gérard et al. 1991, Proposition A.2],
the operators Hy and H. are essentially self-adjoint on Cg° (R?) and have a common domain

Dom Hy = Dom Hy = {u € L*(R?) | I1;TT;u € L*(R?), j, k=1,2}.
Let us now prove the compactness of the operator H,, - H "in L2(R2). Since we have
-1 —1 —1 —1 -1 —1 ~1
Hy —H_ =+H; WH_ =+H; WH; HyH_",

it suffices to prove the compactness of H ! WH, ! The operators H : WH, = %HO_ "a*u AH, "and
%H(; IA*m>AH(; ! are bounded, self-adjoint, and positive. Moreover,

Hy'A*UAH," < Hy'A*m. AH; . (A-1)
On the other hand,

HO_IA*m>AHO_1 = Ho_la*m>aHO_1 + Ho_lam>a*H0_1. (A-2)

By (A-1) and (A-2), it suffices to prove the compactness of the operator m1>/ za*HO_ ! We have
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ma*Hy' =m!2Hy (Ho_l/za* +2bH0_]/2a*H0_1).

The operator H,, V2% 4 2bH, 1 za*HO_ ! is bounded, so that it suffices to prove the compactness of

m1>/ ZHO_ 1/2 which follows from ms € LOO([R{Z), lim|y | 00 m~ (x) =0, and the diamagnetic inequality (see,

e.g., [Avron et al. 1978, Theorem 2.5]).
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HILBERT TRANSFORM ALONG MEASURABLE VECTOR FIELDS
CONSTANT ON LIPSCHITZ CURVES: L?> BOUNDEDNESS

SHAOMING GUO

We prove the L? boundedness of the directional Hilbert transform in the plane relative to measurable
vector fields which are constant on suitable Lipschitz curves. One novelty of our proof lies in the definition
of the adapted Littlewood—Paley projection (see Definition 3.3). The other novelty is that we will use
Jones’ beta numbers to control certain commutator in the critical Lipschitz regularity (see Lemma 5.5).

1. Introduction and statement of the main result

On R?, a direction is given by vector v, = (1, u), where u € R. Below, we will suppress the dependence
of v upon u. Consider the directional Hilbert transform in the plane defined for a fixed direction v = (1, u)
as

d
H,f(x,y) ::p.v./Rf(x—t,y—ut)Tt (1-1)

for any test function f. By the dilation symmetry, the length of the vector v is irrelevant for the value
of H,, which explains our normalization of the first component. By an application of Fubini’s theorem
and the L” bounds for the classical Hilbert transform, one obtains a priori L” bounds for H,. On the
other hand, the corresponding maximal operator sup,, | H, f (x, y)| for varying directions is well known to
not satisfy any a priori L? bounds; see the work of Karagulyan [2007].

Bateman and Thiele [2013] proved that

|sup Iy £ s D lLre) || ey < Coll £l (1-2)
ueR

for the range % < p < 0. Note that the supremum falls between the computation of the norm in y and in
x, compared to being completely inside or outside as in the first paragraph. The case p = 2 of (1-2) goes
back to Coifman and El Kohen (see page 1578 of [Bateman and Thiele 2013] for a detailed discussion),
who noticed that a Fourier transform in the y direction makes (1-2) for p = 2 equivalent to L> bounds for
Carleson’s operator.

Estimate (1-2) highlights a biparameter structure of the directional Hilbert transform. The biparameter
structure arises since the kernel is a tensor product between a Hilbert kernel in direction v and a Dirac
delta distribution in the perpendicular direction.

MSC2010: 42B20, 42B25.
Keywords: singular integrals, differentiation theory, Jones’ beta numbers, Littlewood—Paley theory on Lipschitz curves, Carleson

embedding theorem.
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If one considers the linearized maximal operator

d
Huf(x,y)2=p«V-/f(x—t,y—u(x,y)t)Tt (1-3)

for some function u, then inequality (1-2) can be rephrased as a bound for the linearized maximal operator
under the assumption that u is constant on every vertical line x = xq for all xo € R. Such vector fields v
of the form (1, u(xp)) for some measurable function u : R — R are called one-variable vector fields in
[Bateman and Thiele 2013].

The purpose of the present paper is to relax this rigid assumption on #, and prove an analogue of (1-2)
for vector fields which are constant along suitable families of Lipschitz curves. To formulate such a result,
we perturb (1-2) by a bi-Lipschitz horizontal distortion, that is,

(x,y) = (g(x,¥),y) (1-4)
with
(x' = x)/ag < g(x', y) — g(x, y) < ap(x"—x) (1-5)
for every x < x” and every y, so that the transformation (1-4) maps vertical lines to near vertical Lipschitz
curves:

lgCx, ) —gCx, ¥)I < boly" — vl (1-6)
for all x, y, y’. These two conditions can be rephrased as
1/ap <0d1g <ap and [0rg| <by ae. (1-7)
Under these assumptions, L” norms are distorted boundedly under the transformation (1-4). Namely,
(1-5) implies for every y that
ay 1 e Dy < IF @G Y ey < @0l £ oy (1-8)

and we may integrate this in the y direction to obtain equivalence of L” norms in the plane. Hence the
change of measure is not the main point of the following theorem, but rather the effect of the transformation
on the linearizing function u, which is now constant along the family of Lipschitz curves which are the
images of the lines x = x( under the map (1-4).

Theorem 1.1 (main theorem). Let g : R*> — R satisfy assumption (1-5) for some ag and assumption (1-6)

for some by. Then, for any cy € (0, 1), we have

| sup  H f (g0, ), Mzl 2y = ClLE N (1-9)

lul<co/bo
Here C is a constant depending only on ay and c.
Remark 1.2. The constant C is independent of by due to the anisotropic scaling symmetry x — x, y > Ay.

In view of the implicit function theorem (see [Azzam and Schul 2012] for recent developments), our
result covers a large class of vector fields which are of the critical Lipschitz regularity. Indeed, it implies
the following:
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Corollary 1.3. For a measurable unit vector field vy : R> — S, suppose that:

(i) there exists a bi-Lipschitz map gy : R* — R? such that
vo(go(x, y)) is constant in y; (1-10)

(i) there exists dy > 0 such that, for all x € R,

£(0280(x, ¥), £vo(g0(x, y))) = do y-a.e.in R. (1-11)

Then the associated Hilbert transform, which is defined as
dt
Hy, f(x,y) 3=/Rf((x,y)—tvo(x,y))7, (1-12)

is bounded in L?, with the operator norm depending only on dq and the bi-Lipschitz norm of go.

Remark 1.4. The structure theorem for Lipschitz functions by Azzam and Schul [2012] states exactly
that any Lipschitz function u : R* — R (any Lipschitz unit vector field vy in our case) can be precomposed
with a bi-Lipschitz function go : R> — R? so that u o g is Lipschitz in the first coordinate and constant in
the second coordinate, when restricted to a “large” portion of the domain.

Remark 1.5. Without the assumption that dy > 0, the operator H,, might be unbounded in L? for
any p > 1. The counterexample is based on the Besicovitch-Kakeya set construction, which will be
discussed at the end of the proof of the corollary.

To our knowledge, this is the first result in the context of the directional Hilbert transform with a
Lipschitz assumption in the hypothesis. Lipschitz regularity is critical for the directional Hilbert transform,
as we will elaborate shortly.

To use the assumption that v is constant along Lipschitz curves, we apply an adapted Littlewood—Paley
theory along the level lines of v. This is a refinement of the analysis of Coifman and El Kohen, who use
a Fourier transform in the y variable and the analysis of Bateman and Thiele [2013], who use a classical
Littlewood—Paley theory in the y variable. This adapted Littlewood—Paley theory is the main novelty of
the present paper. It is in the spirit of prior work on the Cauchy integral on Lipschitz curves, for example
[Coifman et al. 1989], but it differs from this classical theme in that it is more of biparameter type as it is
governed by a whole fibration into Lipschitz curves. We crucially use Jones’ beta numbers as a tool to
control the adapted Littlewood—Paley theory. To our knowledge this is also the first use of Jones’ beta
numbers in the context of the directional Hilbert transform.

In this paper we focus on the case L, since our goal here is to highlight the use of the adapted
Littlewood—Paley theory and Jones’ beta numbers in the technically most simple case. We expect to
address the more general case L? with a range of p, as in the Bateman-Thiele theorem, in forthcoming
work.

While Coifman and El Kohen use the difficult bounds on Carleson’s operator as a black box, Bateman
and Thiele [2013] have to unravel this black box following the work of Lacey and Li [2006; 2010] and
use time-frequency analysis to prove bounds for a suitable generalization of Carleson’s operator. Luckily,
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in the present work we do not have to delve into time-frequency analysis as we can largely recycle the
work of Bateman and Thiele for this aspect of the argument.

An upper bound such as |u| < co/bg is necessary in our theorem. By a limiting argument we may
recover the theorem of Bateman and Thiele, using the scaling to tighten the Lipschitz constant by at the
same time as relaxing the condition |u| < co/by.

An interesting open question remains whether the same holds true for cp = 1. We do not know of a soft
argument to achieve this relaxation. Our estimate of the norms become unbounded as ¢y approaches 1.
This question suggests itself for further study.

Part of our motivation is a long history of studies of the linearized maximal operator (1-3) under various
assumptions on the linearizing function u. If one truncates (1-3) as

€ dt
Hy e f (x, ) :=p.v. . fOo—ty—ulxnNn—,
then it is reasonable to ask for pure regularity assumptions on u to obtain boundedness of H, ,. It is
known that Lipschitz regularity of u is critical, since a counterexample in [Lacey and Li 2010] based
on a construction of the Besicovitch—Kakeya set shows that no bounds are possible for C* regularity
with o < 1. However, it remains open whether Lipschitz regularity suffices for bounds for H, ¢,. On the
regularity scale, the only known result is for real analytic vector fields v by Stein and Street [2012]. A
prior partial result in this direction appears in [Christ et al. 1999].

It is our hope that our result corners some of the difficulties of approaching Lipschitz regularity in
the classical problem. Further substantial progress (including the case ¢y = 1) is likely to use Lipschitz
regularity not only of the level curves of u but also of u itself across the level curves. For example, one
possibility would be to cut the plane into different pieces by the theorem of Azzam and Schul stated in
Remark 1.4, and to analyze each piece separately using Theorem 1.1. We leave this for future study.

Related to the directional Hilbert transform, and thus additional motivation for the present work, is the
directional maximal operator

€
Muaf@ = sup o [ 1fc—ty—uG ynldr, (1-13)

O<e<eg —€
which arises for example in Lebesgue-type differentiation questions and has an even longer history of
interest than the directional Hilbert transform. Hilbert transforms and maximal operators share many
features; in particular, they have the same scaling and thus share the same potential L” bounds. The
maximal operator is in some ways easier as it is positive and does not have a singular kernel. For example,
bounds for the maximal operator under the assumption of real analytic vector fields were proved much

earlier by Bourgain [1989].

An instance of bounds satisfied by the maximal operator but not the Hilbert transform arises when one
restricts the range of the function u instead of the regularity. For certain sets of directions characterized
by Bateman [2009a] there are bounds for the maximal operator (for example for the set of lacunary
directions), while Karagulyan [2007] proves that no such bounds are possible for the Hilbert transform.
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On the other hand, the Hilbert transform is easier in some other aspects; most notably it is a linear
operator. For example, bounds for the bilinear Hilbert transform mapping into L' were known [Lacey
and Thiele 1997; 1998] before the corresponding maximal operator bounds [Lacey 2000], due to the fact
that orthogonality between different tiles is preserved under the Hilbert transform but not the maximal
operator. In particular we do not know at the moment whether the analogue of our main theorem holds
for the directional maximal operator. This may be an interesting subject for further investigation.

Outline of paper. In Section 2 we will prove Corollary 1.3 by reducing it to the main theorem. The
reduction will also be used later in the proof of the main theorem.

In Section 3 we will state the strategy of the proof for the main theorem. As it appears that our result is
a Lipschitz perturbation of the one by Bateman and Thiele, this turns out also to be the case for the proof:
if we denote by P; a Littlewood—Paley operator in the y-variable, the main observation in Bateman and
Thiele’s proof is that H,, commutes with Pj. In our case, this is no longer true. However, we can make
use of an adapted version of the Littlewood—Paley projection operator Py (see Definition 3.3) to partially
recover the orthogonality. We split the operator H, into a main term and a commutator term

Y HyP(f) =Y (HyPi(f) — PHyPi(f) + PcHy Pe(f). (1-14)

keZ keZ

The boundedness of the main term ), ﬁk H, P, (f) is essentially due to Lacey and Li [2010], with
conditionality on certain maximal operator estimate. In Section 4 we modify Bateman’s argument [2009b;
2013] to the case of vector fields constant on Lipschitz curves and remove the conditionality on that
maximal operator.

The main novelty is the boundedness of the commutator term

> (HyPe(f) = PcHy P(f)), (1-15)

kez

which will be presented in Section 5. To achieve this, we will view Lipschitz curves as perturbations of
straight lines and use Jones’ beta number condition for Lipschitz curves and the Carleson embedding
theorem to control the commutator. Here we shall emphasize again that the commutator estimate is free
of time-frequency analysis.

Notations. Throughout this paper, we will write x < y to mean that x < y/10, x < y to mean that there
exists a universal constant C such that x < Cy, and x ~ y to mean that x < y and y < x. Lastly, 1z will
always denote the characteristic function of the set E.

2. Proof of Corollary 1.3

In this section we prove Corollary 1.3, by reducing it to the main theorem. The reduction is based on
a cutting and pasting argument. Some parts of the reduction will also be used in the proof of the main
theorem in the rest of the paper.
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We first divide the unit circle S! into N arcs of equal length, with the angle of each arc being 27/ N.
Choose
N > 67 /dy, (2-1)
so that 2t /N < dy/3. Denote these arcs as 2, 2,, ..., Qy. For each ;, define

Hy f(x,y) if vo(x,y) € Q;,
0 else.

Hvo,QifOC, y) = {

If we were able to prove that ||Hy, o, |l>—> is bounded by a constant C which is independent of
i €{l,2,..., N}, then we could conclude that

| Hy, ll22 < CN (do). (2-2)

Now fix one €2;; we want to show the boundedness of H,, o,. Choose a new coordinate so that the
x-axis passes through €2; and bisects it. Then all the vectors in 2; form an angle less than dy/6 with the
x-axis. As we assume that

£(8280, £vo(go)) = do > 0, (2-3)

we see that the vector d,go forms an angle less than (w — djp) /2 with the y-axis.
Renormalize the unit vector vy so that the first component is 1, and write vy = (1, up); then, by the
fact that vg forms an angle less than dy/6 with the x-axis, we obtain

luo| < tan(do/6). (2-4)

Next we construct the Lipschitz function g in the main theorem from the bi-Lipschitz map gg, and
the coordinate we will use here is still the one associated to €2; as above. Under this linear change of
variables, we know that gg is still bi-Lipschitz. We renormalize the bi-Lipschitz map in such a way that

go(x,0)=(x,0) forall x eR. (2-5)

Fix x € R, the map go, when restricted on the vertical line {(x, y) : y € R}, is still bi-Lipschitz. We denote
by I', the image of this bi-Lipschitz map, i.e.,

Iy :={go(x,y):y eR}. (2-6)
Define the function g by the relation
(&(x, ¥), y) = go(x, y7), (2-7)

for some ys. By the fact that g¢ is bi-Lipschitz, we know that such y exists and is unique.

From the above construction and the fact that d,go forms an angle less than (& — dp) /2 with the y-axis,
we see easily that

lg(x, y1) — g(x, y2)| <cot(dp/2)|y1 — y2| forall x,y;, y2 €R. (2-8)

Hence, it remains to show that condition (1-5) is also satisfied with a constant ay depending only on dj
and the bi-Lipschitz constant of go. One side of the equivalence, (x; — x2)/ag < g(x1,y) — g(x2, ), is
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ry, Iy,
A
0
Oy NE&@ Y \EEL ), ) (1, 31)
80 P
(x2, ¥5)
(x2,0) (x1,0) (x2,0) (x1,0)

Figure 1. Illustration of the bi-Lipschitz map go.

quite clear from Figure 1: the bi-Lipschitz map gg sends the points P, Q to (g(x1, ¥), ¥), (g(x2, ¥), ¥)
separately, then, by definition of a bi-Lipschitz map, there exists constant ag such that

1 1
gx1,y) —g(x2,y) > —|P - Q0| > —(x1 —x2). (2-9)
ao ao

For the other side, we argue by contradiction. If, for any M € N large, there exists x1, x3, y € R such
that

g(x1, y) —g(x2, y) = M(x1 — x2), (2-10)
then, together with (2-8), this implies that
dist(K, T'y,) > M sin(dp/2)(x1 — x2). (2-11)

But this is not allowed as, by the definition of the bi-Lipschitz map gy and the Lipschitz function g,
dist(K, I'x,) must be comparable to |x; — x2|.
So far, we have verified all the conditions in the main theorem with

. tan(dy/6)

by = cot(dy/2 d = 7
o = cot(dp/2) an 0 cot(d0/2)<

(2-12)

Hence we can apply the main theorem to obtain the boundedness of H,, ;.

In the end, as claimed in the corollary, we still need to show that the operator norm in L? (for all p > 1)
blows up without the assumption that dy > 0. For the range p < 2, the counterexample is simply a Knapp
example: let B1(0) denote the ball of radius one centered at origin, take the function f(x) = 1p, ) (x),
let " be the upper cone which forms an angle less than 7 /4 with the vertical axis. First define the vector
field v(x) = x/|x| for x € ' \ B1(0), then extend the definition to the whole plane properly such that v
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Cpiy T,
(x, y) ©, y)4 (g(x, ),y
(P(x,y),0) (x,0)

Figure 2. The projection P (x, y).

satisfies the condition (1-10). It is then easy to see that

\H, f(x)] ~ ﬁ forall x € T'\ B;(0), (2-13)
X

which does not belong to L”(R?) for p < 2. For the range p > 2, the counterexample is given by the
standard Besicovitch—Kakeya set construction, which can be found in [Bateman 2013, page 1022] and
[Lacey and Li 2010, page 7].

3. Strategy of the proof of the main theorem

If we linearize the maximal operator in the main theorem, what we need to prove turns to be the following

SE2, (3-1)
2

dt
flglx,y)—t,y—tu(x)) —
R t
where u# : R — R is a measurable function such that ||u||oc < co/bg. The change of coordinates

(x, y) = (g(x, ), y) (3-2)

in (1-4) also changes the measure on the plane. However, we still want to use the original Lebesgue
measure for the Littlewood—Paley decomposition. Hence we invert (1-4) and denote the inversion by

(xvY)'_)(P(xJ’)’)’)’ (3_3)

where “P” stands for “projection”. Figure 2 illustrates why we call the map (3-3) a projection.
The change of coordinates in (3-3) turns the estimate (3-1) into the equivalent form

Sl (3-4)
2

dt
H/ f(-x _ta y —IM(P(X, y))) T
R
Moreover, we will denote

d
Hyf (x, y) :=/Rf<x—r,y—m(P(x,y>>>7’. (3-5)
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In the rest of the paper, we want to make the convention that whenever H, appears it denotes the Hilbert
transform along the vector field v(x, y) = (1, u(P(x, y))), that is, the above (3-5), to distinguish it from
the various H, that have appeared in the introduction.

To prove the above estimate, we first make several reductions: by the anisotropic scaling
XX,y Ay, (3-6)

we can without loss of generality assume that by = 1072, By a similar cutting and pasting argument to
that in the proof of Corollary 1.3, we can assume that ¢y < 1072, that is, the vector field v is of the form
(1, u) with Ju| < 1.

Now we start the proof. It was already observed in [Bateman 2013, page 1024] that, under the
assumption |u| < 1, we can without loss of generality assume that supp f lies in a two-ended cone which
forms an angle less than 7 /4 with the vertical axis, as, for functions f with frequency supported on the
cone near the horizontal axis, we have that

H, f(x,y)=Hqu,f(x,y), 3-7)

which is the Hilbert transform along the constant vector field (1, 0). But H(; o) is bounded by Fubini’s
theorem and the L? boundedness of the Hilbert transform.

For the frequencies outside the cone near the horizontal axis, the proof consists of two steps. In the
first step we will prove the boundedness of H, when acting on functions with frequency supported in a
single annulus. To be precise, let I" be the cone which forms an angle less than 7 /4 with the vertical axis
and I be the projection operator on I, i.e.,

Orf =9 "1 Ff, (3-8)

where % stands for the Fourier transform and %! the inverse transform. Let P, be the k-th Littlewood—
Paley projection operator in the vertical direction; as we are always concerned with the frequency in I",
later for simplicity we will just write Py instead of P Il for short. Then what we will prove first is:

Proposition 3.1. Under the same assumptions as in the main theorem, we have for p € (1, oo) that

1Hy PO S PO (3-9)

with the constant being independent of k € 7.

In order to prove the boundedness of H,, we need to put all the frequency pieces together. In the case
of C!* vector fields for any o > 0, Lacey and Li’s idea [2010] is to prove the almost orthogonality
between different frequency annuli. In the case where the vector field is constant along vertical lines, an
important observation in [Bateman and Thiele 2013] is that H, and P, commute, which then makes it
possible to apply a Littlewood—Paley square function estimate.

In our case, Bateman and Thiele’s observation is no longer true. We need to take into account that the
vector field is constant along Lipschitz curves, which gives rise to an adapted Littlewood—Paley projection
operator (Definition 3.3).
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I';

©.y) (8(X, ). )

ot (1, u(&, 0))

.0

(x,0)
Figure 3. The setting of Lemma 3.2.

Before defining this operator, we first need to make some preparation. Fix one x € R, take the curve
I'; which passes through (x, 0); recall that I'; is given by the set {(g(x, y), ¥) : ¥ € R}, where g is the
Lipschitz function in the main theorem. By the definition of the operator H, we know that the vector
field v is equal to the constant vector (1, u(x)) along I';. Change the coordinate so that the horizontal
x’-axis is parallel to (1, u(x)). The following lemma says that, in the new coordinate, the curve I'; can
still be realized as the graph of a Lipschitz function.

Lemma 3.2. For any fixed X € R, there exists a Lipschitz function x’ = gz(y') such that Tz can be
reparametrized as {(gz(y'), ¥') : ¥ € R}. Moreover, we have that || gz|lLip < (14 bo)/(1 — by), where by
is the constant in the main theorem.

Proof. Denote by 0 the angle between the vector (1, u(x)) and the x-axis as in Figure 3.
The new coordinate of the point (g(x, y), y) will be given by
1+ sin?@

',y = <§ sinf + g (X, &)C—

,ycosf —g(x,y) sinQ). (3-10)
0s6

Looking at the identity for the second component,
y'=jycosd —g(x, §)sin0, (3-11)

we want to solve y in terms of y’ by using the implicit function theorem. As
dy’ 0
_yN =cos9——é:sin9, (3-12)
dy ay
by the fact that |u| < 1 and [dg/dy| < by < 10~2 we obtain that
_ /
1obo _dy _14bo
V2 T dy V2

from which it is clear that the implicit function theorem is applicable.

(3-13)
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After solving y in terms of y’, we just need to substitute ¥ into the identity for the first component
in (3-10), which is
1 +sin*6

x'=ysinf+gix, y) ——0ro, (3-14)
cos b

to get an implicit expression of x’ in terms of y’, which we will denote as x’ = gz (y’).

To estimate the Lipschitz norm of the function g;, we just need to observe that, when doing the above
change of variables, we have rotated the axis by an angle 6 which satisfies |6| < w /4. Together with the
fact that [0g/dy| < by, we can then derive that

1+ by
< 9
“1—by

0gx
ay’

(3-15)

which finishes the proof of Lemma 3.2. g

Definition 3.3 (adapted Littlewood—Paley projection). Select a Schwartz function ¥y with support on

5 $]U[-3. 4] such tha

D @ F=1 forall t#0. (3-16)

keZ

For f : R*? — R and for every fixed ¥ € R, define the adapted (one-dimensional) Littlewood—Paley
projection on 'z by

P, y) = /R f(8:(2), DV — 2 dz = Pe(H(), (3-17)

where (x', y') = (gz(y), y') denotes one point in Tz, ¥ (-) := ¥o(27%-) and we use f(-) to denote the
function f(gz(-), ), and P the one-dimensional Littlewood—Paley projection operator.

Now it is instructive to regard the Lipschitz curves as perturbations of the straight lines, or, equivalently,
to think that H, Py f still has frequency supported near the k-th frequency band, which has already been
used by Lacey and Li [2010] in their almost orthogonality estimate for C'** vector fields. We then
subtract the term I3k H, P (f) from H,P,(f), and estimate the commutator.

To be precise, we first write

Y HyP(f) =Y (HyPi(f)— PiHy Pi(f) + PiHy Pe(f)), (3-18)
k k
then, by the triangle inequality, we have
‘ Y CHP(H| S ‘ > (HyP(f)— PeHy Pe() | + ‘ > PH P(f)| - (3-19)
k 2 k 2 k 2

We call the second term the main term, and the first term the commutator term. The L? boundedness
of the main term will follow from an orthogonality argument, which is an adapted Littlewood—Paley
theorem:
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Lemma 3.4. For p € (1, +00), we have the following variants of the Littlewood—Paley estimates:

H(Z |ﬁk<f)|2)2 ~ 1 £llps (3-20)
keZ 14
H(Zm f)l ) ~ £l (3-21)

keZ

with constants depending only on ay.

Proof. In (1-8) from the introduction, we have already explained the coarea formula

/|f<x,y>|dxdy~/[f Iflds)z}di- (3-22)
R? rLJr;

We apply this formula to the left-hand side of (3-20) to obtain

“(Zm(m) // (Z|Pk<f>|) ds: d. (3.23)

keZ keZ

For every fixed X, by Definition 3.3, the right-hand side of (3-23) becomes
P

/ [ / (Z |Pk<f;)<y/)|2)2 dy/] a3, (3-24)
R R «

where f3(y') = f(g:(y), y'). Then the classical Littlewood—Paley theory applies and we can bound the
last expression by

| UV 7 <1, (3-25)

For the boundedness of the adjoint operator, it suffices to prove that

D AP £ S F e (Dm) (3-26)
kez kez
First, by linearity and Holder’s inequality, we derive
D AL, fi <f > Pk<fk)> S llee|) D Pe(fio ) (3-27)
kez kez kez Lr
Applying the coarea formula (3-22), we obtain
>
YA~ ( / ( / S Bl f) dsx) dx) | (3:28)
keZ Lr RN ez
By Definition 3.3, for every fixed X € R, the inner integration in the last expression becomes
p/
f dy’, (3-29)
R

keZ
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where fk () = fi(gz (), y"). Now the classical Littlewood—Paley theory applies and we bound the
term in (3-29) by

/<Z|ka<y>|> dy/</ (Zw) dstH<Z|fkl)

keZ keZ keZ

(3-30)
LY (T3)

Then, to prove (3-26), we just need to integrate dx in (3-30) and apply the coarea formula (3-22) to derive

> B fi) ,5( (Dm) . ) H(éw)

keZ kez
Thus we have finished the proof of Lemma 3.4. O

L
Now we will show how to prove the L?> boundedness of the main term using Lemma 3.4 and
Proposition 3.1: first by duality, we have

= sup
2 lgll=l1

<ZH Pu(f), B (g)ﬂ

Applying the Cauchy—Schwartz inequality and Holder’s inequality, we can bound the last term by

<Z PeHy Pe(f), g>‘ = sup

lgll2=1

> PcH,P(f)
k

1 1

(DHUPk(f)F)Z

k

(Z |ﬁ:<g>|2)2

k

sup
ligll2=1

(3-31)

2 2

For the former term, Proposition 3.1 implies that

H(Z IHka(f)IZ)Z < (Z ||HUPk(f>||§)2 S (Z ||Pk(f>||%)2 S £l
k 2

keZ kez
For the latter term, Lemma 3.4 implies that

H (Z |13k*(g>|2)2
k

Thus we have proved the L? boundedness the main term, modulo Proposition 3.1.

Siglla- (3-32)
2

As the second step, we will prove the L? boundedness of the commutator, which is

ﬁkHka<f>>H SISl (3-33)
2

To do this, we first split the operator H, into a dyadic sum: Select a Schwartz function vy such that ¥ is
supported on [ ] let

V(1) = Yo (27'n); (3-34)
by choosing v/ properly, we can construct a partition of unity for R™, i.e.,
Looo =Y ¥ (3-35)

leZ
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Let
Hih(x,y) = / YiOh(x — 1,y —tu(P(x, y))) dt; (3-36)

then the operator H, can be decomposed into the sum

Hy=-1+2) H,. (3-37)
le7Z

Hence, to bound the commutator, it is equivalent to bound

O (HiPof — PcH P f). (3-38)

keZ leZ

Notice that, by definition, H; Py f vanishes for [ > k, which simplifies the last expression to

O (He i Pif — PcHi P f). (3-39)

>0 kez

By the triangle inequality, it suffices to prove:

Proposition 3.5. Under the same assumption as in the main theorem, there exists y > 0 such that

<270 F D, (3-40)
2

Y (Hi 1 Pif — PeHyi P f)
keZ

with the constant independent of [ € N.

So far, we have reduced the proof of the main theorem to that of Proposition 3.1 and Proposition 3.5,
which we will present separately in the following sections.

4. Boundedness of the Lipschitz-Kakeya maximal function and proof of Proposition 3.1

In their prominent work, Lacey and Li [2010] have reduced the L? boundedness of the operator H, ¢, to
the boundedness of an operator they introduced, the so called Lipschitz—Kakeya maximal operator. As
soon as this operator is bounded, we can then repeat the argument in Chapter 4 of [Lacey and Li 2010] to
obtain Proposition 3.1 as a corollary.

Here we follow [Bateman 2013], where a slightly different version of the Lipschitz—Kakeya maximal
operator is used; see Lemma 4.3. The only place in [Bateman 2013] where the one-variable vector field
plays a special role is Lemma 6.2 on page 1037. Hence, to prove Proposition 3.1, we just need to replace
this lemma by Lemma 4.3, and leave the rest of the argument unchanged.

In this section, we make an observation that both the boundedness of the Lipschitz—Kakeya maximal
operator (Corollary 4.4) and its variant (Lemma 4.3) can be proved by adapting Bateman’s argument
[2009b] to our case, where the vector fields are constant only on Lipschitz curves.

Before defining the Lipschitz—Kakeya maximal operator, we first need to introduce several definitions.
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Definition 4.1 (popularity). For a rectangle R C R?, with I(R) its length and w(R) its width, we define
its uncertainty interval EX (R) C R to be the interval of width w(R)/I(R) and centered at slope(R).
Then the popularity of the rectangle R is defined to be

popg :=[{(x, y) € R :u(P(x, y)) € EX(R)}| / IR]. 41

Definition 4.2. Given two rectangles R; and R, in R?, we write Ry < R, whenever R; C CR, and
EX(Ry) C EX(Ry), where C is some properly chosen large constant and C R, is the rectangle with the
same center as R; but dilated by the factor C.

Denote Rs , :={R € R : slope(R) € [—1, 1], popp = 5, w(R) = w}, where R is the collection of all
the rectangles in R?. Then the Lipschitz—Kakeya maximal function is defined as

1

Ma (0= s o [ 71 42)
XEReRs |R| R

Lemma 4.3. Let u and P be the functions given in the definition of the operator H, in (3-5). Suppose

R is a collection of pairwise incomparable (under “<”) rectangles of uniform width such that, for each

R € Ry, we have
[(uo P)"Y(EX(R))NR| s

R (4-3)
(i.e., popg = 98) and
% /R 1F > 1. (4-4)
Then, for each p > 1,
D IRIS iy (4-5)
SAP

REQRO

The same covering lemma argument as in Lemma 3.1 of [Bateman 2009b] shows the boundedness of
Lacey and Li’s Lipschitz—Kakeya maximal operator as a corollary of Lemma 4.3.

Corollary 4.4. Forall p € (1, 00) we have the bound

1
1M, |7 17 = C(p. a0) 5 (4-6)

Proof of Lemma 4.3. The proof is essentially due to Bateman [2009b], with just one minor modification
in order to adapt to the family of Lipschitz curves on with the vector field is constant.

Definition 4.5 (rectangles adapted to the vector field). For a rectangle R € R ,,, with its two long sides
lying on the parallel lines y = kx + b; and y = kx + b, for some k € [—1, 1] and b1, b, € R, define R to
be the adapted version of R, which is given by the set

{(x,y): P(x,y) e P(R)}N{(x,kx+b):x €R, b € [by, by]}, 4-7)

where P is the projection operator in (3-3).
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What we need to do is just to replace the rectangles R in [Bateman 2009b] by R, and observe that
the two key quantities — length and popularity of rectangles — are both preserved under the projection
operator P up to a constant depending on the constant ag in the main theorem. Hence, we leave out the
details. 0

5. Proof of Proposition 3.5

This section consists of two subsections. In Section 5SA we will introduce some notations, most of which
we adopt from Bateman [2013] with minor changes for our purpose. In Section 5B we will use Jones’
beta numbers and the Carleson embedding theorem to prove Proposition 3.5.

5A. Discretization. The content of this subsection is basically taken from Bateman [2013], with minor
changes as we are now dealing with all frequencies instead of a single frequency annulus.

Discretizing the functions. Fix [ > 0; we write %; as the collection of the dyadic intervals of length 2!
contained in [—2, 2]. Fix a smooth positive function 8 : R — R such that

Bx)=1 forall |x|]<1 and B(x)=0 forall |x|>2. (5-1)

Also choose B so that /B is a smooth function. Then fix an integer ¢ (whose exact value is unimportant),
and, for each w € 9, define

Bo(x) = BT (x — cu))), (5-2)
where w is the right half of w and ¢, is its center.
Define
Bix) =" Bu(x); (5-3)
weY;
note that
Bi(x+27=p/(x) forall xe[-2,2—27"]. (5-4)
Define |
3] menar 5-5)

because of the above periodicity, we know that y; is constant for x € [—1, 1], independent of /. Say
y1(x) = & > 0; hence,

1
g)’l(x)l[—l,l](x) =1_1,11(). (5-6)

Define another multiplier ,3 : R — R with support in [%, %] and B (x) =1 for x € [1, 2]. We define the
corresponding multiplier on R?,

e m) = B2 n)/%(‘f)mk“(s = ﬂ(z—kn>ﬁz(z+%>mk,z@,n>=B<2—’<n>y,<%>.

<,

Then what we need to bound can be written as

ZZHZ / ZZHk z( mkl*f)

keZ ez L ez 1>0

m e (fnr)

keZ 1>0
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where the terms H; Py for [ > k in the sum vanish as explained before.
So it suffices to prove a uniform bound on ¢ € [—1, 1]; without loss of generality we will just consider
the case r = 0, which is

Hy_(my 0% f) = H| [ BQ T By 5 *f). (5-7)
n

kez 1>0 kez 1>0

Constructing the tiles. For each k € Z and w € %; with [ > 0, let Uy, be a partition of R? by rectangles
of width 27 and length 27¥*/ whose long sides have slope 6, where tan & = —c(w), which is the center
of the interval w. If s € WUy 4, we will write w, := w, and wy | to be the right half of w and w; > the left
half.

An element of AUy ., for some w € % is called a “tile”. Choose ¢y, such that

|Gk.ol* = itk i (5-8)

then ¢y , is smooth by our assumption on 8 mentioned above.
For a tile s € Uy, define

@s(p) == VIslgk,w(p — c(s)), (5-9)
where c(s) is the center of 5. Notice that
II%II%=/ Is0f o = ISI/ Mg =1, (5-10)
R2 R2

i.e., g is L? normalized.
The purpose of constructing of the tiles above, by the uncertainty principle, is to localize the function
further in space, which is realized through:

Lemma 5.1 [Bateman 2013, page 1030]. Under the above notations, for the frequency-localized function
f *my o, we have the representation

1
Fampo() = lim —— f U os(p+ Nes(p+x)dp 5-11)
N—>oo 4N2 [7N’N]2 Se%w

The above lemma allows us to pass to the model sum

ZZHk—I(f*mk,l,O) = ZZ Z Z (f, @s) Hi—1(es),

keZ 10 keZ 120 we%; sl
define
Vs = W_ log(length(s)) (5-12)
and
¢s(x, y) = / Vs (s (x — £,y — tu(P(x, y))) dt; (5-13)

then the model sum becomes

D00 D (fends. (5-14)

keZ 1>0 wed; selUy 4



1280 SHAOMING GUO

Lemma 5.2. We have that ¢5(x, y) = 0 unless —u(P(x, y)) € wy .

The proof of Lemma 5.2 is by the Plancherel theorem; we just need to observe that the frequency
support of ¥ and ¢; will be disjoint at the point (x, y) unless —u(P(x, y)) € w;.».

5B. Boundedness of the commutator and proof of Proposition 3.5. This subsection is devoted to the
proof of Proposition 3.5, which is largely motivated by the proof of the 7' (b) theorem and the boundedness
of the paraproduct; see [Auscher et al. 2002; Coifman et al. 1989], for example.

In our case, unlike Bateman and Thiele’s proof for the one-variable vector fields, it’s no longer true
that H, P, f still has frequency in the k-th annulus. In order to get enough orthogonality for the term
H, P, f to apply the Littlewood—Paley theory, we need to subtract the term H, Py f — f’k H, P f, which
should be viewed as a family of paraproducts.

We proceed with the details of the proof. If we expand the summation on the left-hand side of
Proposition 3.5 with (5-14), what we need to bound can be rewritten as

ZZ Z f(Ps (¢5_Pk¢s)

k  wed; selUy,

<271 £l (5-15)

In order to use the orthogonality of different wave packets, we will prove the L? bound for the dual

D30 (s — Pug)os. (5-16)

k wed; seVUg o

operator, which is

Notice that, for s; € Uy, ., and s2 € Uy, o, With (k1, w1) # (k1, w2), we have

(@51, P5,) =0 (5-17)

by the definition of the wavelet function ¢, in (5-9). Also, if we know that 51 and s; are in the same WUy 4,
for some k and w, then we can find mg, ng € Z such that

c(s2) = c(s1) + (mo - [(s1), no - w(s1)), (5-18)
where c(s) is the center of the tile s, [(s) its length and w(s) its width. Then, by the nonstationary phase

method, for any N € N, there exists a constant Cy depending only on N such that

Cy
) =< .
s 2l = G e 7 D

Here we want to make a remark that the exact value of N is not important, it just denotes some large

(5-19)

number which might vary from line to line if we use the same notation later.
Applying the above two estimates, (5-17) and (5-19), we obtain

YYD hgs— Pipe ZZ DD (h by — Peths, )95, 0,) (. s, — Prhy).

k CUE@[ SEOlLk k L()GQD] S1 emk w SQE(’uk w

For any s1, 52 € Uy, there exist mg, ng € Z such that

c(s2) = c(s1) + (mg - 1(s1), no - w(sy)), (5-20)
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so the above sum can be rewritten as

DTN N (s — Pidp M@, @5,) h b, — Prdhsy) (5-21)

mo,no€Z keZ wed; s1 €Uy,
with 51, 57 satisfying the relation (5-20).
Now fix mg, ng € Z; by the estimate in (5-19), we know that
DT DT by — Pe M@y 962) (s by, — Prghsy)|
k weD; s1€WUk 0

1 - -
S G E e F ¥ DD 1h by, — Pegi ) (. by, — Pey).

k a)G@] sle%{.w

and, by the Cauchy—Schwarz inequality, the last term is bounded by

1 ~
(Imo| + |no|l + DN Z Z Z (h, s — Peghs) |, (5-22)

k we@; N e%w

so it suffices to prove that

S5 S hge - B <27l (523)

k a)e@_bl Seouk_w

First we estimate every single term (A, ¢; — ﬁkqbs) for a fixed tile s: let s,, , be the shift of s by (m, n)
units, that is,
Smn i={(x,y) € R?: (x—m-Il(s),y—n-w(s)) €s}; (5-24)

then, by the triangle inequality, we know that

[, s — Peg) < D . (5-25)

m,nez

/ h (s — Puy) dy dx

Recall that in Definition 4.5 we use R to denote the adapted version of the rectangle R to the family of
Lipschitz curves; then clearly §,, , D $p,.,. Thus

[(h, s — Pl < > . (5-26)

m,nez

f h- (b — Pug) dy dx
Sm,n
By the coarea formula (3-22), we obtain

(h. ¢ — Ped) < Y |[ h- (b — Pegy) dy dx|

§
m,nez mn

sy

m,neZ P (sm.n)

f |h - (¢s — Preops)| dsy dx,
Fx ms:m,n

where ds, stands for the arc-length measure of the Lipschitz curve I'y.
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Now, for the inner integration along the curve I';, we do the same change of coordinates and the same
parametrization of ', as in Definition 3.3, i.e., we choose coordinates such that the horizontal axis is
parallel to (1, u(x)), and represent the curve I', by the Lipschitz function g, (-). If we let J(x, ;)
denote the projection of I'y N §,, , on the new vertical axis, the last expression becomes

> /P(‘ )/,( )|h(gx(y),y)(¢s(gx(y),y)—Pk[¢>s(gx(y),y)])|dy dx. (5-27)

m,nez
To bound the above term, Jones’ beta number will play a crucial role.

Definition 5.3 [Jones 1989]. For a Lipschitz function A : R — R, we first take the Calderén decomposition
of a(x) = A’(x), which yields the representation

ax)= Y ary(x), (5-28)

I dyadic

where 1/ is some mean-zero function supported on 37 with [} (x)| < |/ |~!. For each dyadic interval I,
let
ar= Y arys(cr) (5-29)
[J1=I1]
denote the “average slope” of the Lipschitz curve near I, where c¢; stands for the center of 7, and define

the beta number A A
Bo(I) = sup [AX) — Alep) —ar(x —enl (5-30)
xe3l |I|

and the jp-th beta number

Bi(I) = sup [A(x) — A(cp) —op(x — CI)|. (531)
xe3jol |1]

For beta numbers, we have the following Carleson condition:

Lemma 5.4 [Jones 1989]. For any Lipschitz function A, we have

1
sup— Y B (DI S IIAI, (5-32)
s Ml IcJ
and also, for any jo € N,
1 .
Sup 1 > B DIIS jBIAIL,- (5-33)
J IcJ

After introducing Jones’ beta number, we are ready to state:

Lemma 5.5. for x € P(s;,.n), we have the estimate

/J( |h(gx (), Y) (s (8x (), ¥) — Prlps (gx(»). W) | dy

2—31/2
<
~ Z (ljol + Im| + In] + DN

JoeN

ﬁjo (-xv Sm,n)[h]x,sm,n 1{—u(x)€w5,2} (X),
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where B (X, Sim,n) is the jo-th beta number for the Lipschitz curve g, (-) on the interval J(x, s, ) and
[n]x.s,,., is the average of the function h on the interval J(x, Sy n),

[h]x,sm.n =

|n(gx(y), Y)|dy. (5-34)
W) x5

The proof of Lemma 5.5 will be postponed to the end. Substitute the estimate in Lemma 5.5 into the
estimate for the term (h, ¢ — f’kqbs); we then have that

[(h, s — Prghs)] SZfP( )/j( )Ih(gx(yxy)((/)s(gx(y),y)—Pk[¢s<gx(y>,y>])|dydx

2—31/2
< o (x, s h 1. ax)dx,
NZ/PW,»,;N(ljo|+|m|+|n|+1>Nﬁ<’°( o b o1 ()

m,n

hence

DX D b — Bigy)l

k a)E@] N Eouk_m

931 2

<
S22 (jol +Im| +n| + DN

k  wed; seUy o, m,n, jo

/ :3]'0 (x’ Sm,n)[h]x,sm_n 1{7u(x)ewx,2}(x) dx
P(Sm.n)

2—21
< w(s / 2(x,s h? . 1, x)dx.
S 2 i 2 2 2 ) pigy 0 S Huona ()

m,n, jo k  we%; selUy, o

Lemma 5.6. For any fixed x, m, n, jo,

Do W Lps, B & sm B Liutoem, ) () S dg 2 - (5-35)
k a)EgD] SEO‘Udk.w
Proof. This lemma is akin to the Carleson embedding theorem, as we have the Carleson-type condition

1 , 3.
sup ————— > B (J(x. 55, Nw(sy, ) S jg Lip*(Ty), (5-36)

s 19 C65 $mn)] 8"t d (6,8 ) CI (XS n)

where the term 1(_,(x)cw, ,} has the following purpose: originally there are 2! groups of dyadic rectangles

UU U tsmal (5-37)

k we®; s€eWUg

in the summation ), > g > q, ., Which means that there are also 2/ groups of dyadic intervals
UU U e swa) (5-38)
k wed; selUg g,

which are the projections of the intersection of the dyadic rectangles with I'y on the vertical axis; the
term 1( ,(x)cw,,) just guarantees that there is just one such collection that contributes, i.e., which has the
right orientation in the sense of Lemma 5.2.
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Then the desired estimate will just follow from the Carleson embedding theorem, for which we refer
to Lemma 5.1 in [Auscher et al. 2002]. O
Continuing the calculation before the above lemma,
2—21 -3

5 2 Jo 2 201712
Y X MRl ¥ B [ i xS 2

k we%; SEO‘lLk@ m,n, jo

This finishes the proof for (5-23) and then Proposition 3.5, modulo Lemma 5.5, which we will present
now.

Proof of Lemma 5.5. We assume that —u(x) € w; 2, which means the vector (1, u(x)) is roughly parallel
to the long side of s, ,, otherwise the left-hand side in Lemma 5.5 will also vanish due to Lemma 5.2.
After the change of variables in (5-27), the vector (1, u(x)) becomes (1, 0).

Proof by ignoring the tails. In order to explain how Jones’ beta number appears, we first sketch the proof
by ignoring the tails of the wavelet functions and the tail of the kernel of the Littlewood—Paley projection
operator Fy.

By the above simplification, we only need to consider the case m = n = 0. What we need to “prove”
becomes

/J ( )}h(gx@),y)(c»s(gx(y),y)—Pk[¢s<gx<y),y)])\dy52‘3’/2ﬂo<1(x,s>>[h]x,s. (5-39)

For fixed x, we denote by 7, ;y + b the line of “average slope” we picked in the definition of the beta
number for the Lipschitz curve g, (-) on the interval J(x, s); for the sake of simplicity we assume b = 0.
Moreover, as both x and s are fixed, we will also just write t instead of 7, ;. Then we make the crucial
observation that

Pilgs (ty, W] =5 (xy, y), (5-40)
where

& (1Y, ) :=/Rt/vfs(t)¢s(fy—t, y)dt, (5-41)

due to the fact that, for any function ¢, with frequency supported on the k-th annulus, if we restrict the
function to a straight line, it will still have frequency supported on the k-th annulus (with one dimension
less).

In comparison with the definition of ¢ in (5-13), ¢ (ty, y) is defined as the Hilbert transform along
the vector (1, u(x)) (which is (1, 0) after the change of the variables we made in Lemma 3.2 and in the
expression (5-27)) instead of the direction of the vector field v at the point (ty, y).

Hence, from the identity in (5-40), we obtain

¢s5(8x(¥), ¥) — Prlos(8x (), V)] = s (8x (), ¥) — Prlds (8x(¥), y) — b5 (Ty, y) + &5 (T, ¥)]
=¢s(gx(0), y) — &5 (Ty, ¥) — Pelos(x(»), ¥) — @5 (zy, y)].  (5-42)

As we have also ignored the tails of the kernel of P, it is easy to see that the former and the latter terms
in the last expression can essentially be handled in the same way. Hence in the following we will only
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consider the former term, which corresponds to the term
| 1m0 9000~ g e ) [, (5-43)
J(x,s)

By the definitions of ¢, and ¢;, we have

s (gx(¥), ¥) — b3 (Ty, ¥)| =

fﬂjk_z(t)tpx(gx(y)—t, )’)dt_/R‘/V/k—l(t)ws(fy_t’ y)dt

=2k fR Yo ) (g5 (v) — 1, 2) di — /R o2 s (ty —1, y) dt
=2kt / [V (t + g (») — 7)) — Yo 2D s (zy — 1, 2) dt|.  (5-44)
R
By the definition of the beta numbers, we have that
lgx () —1y| S Bo(x, )27F, (5-45)
which implies that
1Yo (1 + g2 () — T9) = Yo QD) S 27 Bo(x, 5) (5-46)

by the fundamental theorem. In the end, by substituting the above estimate into (5-44) and (5-43), we
obtain the desired estimate (5-39).

The full proof. The main idea is still the same, and the difference is that we need to be more careful with
the tails of the wavelet functions and the kernel of Py.

For fixed x, m and n, denote by t(x, s;,.,)y + b the line of “average slope” for the Lipschitz curve
gx(-) on the interval J (x, s, ,); for the sake of simplicity we assume b = 0. Then the crucial observation
(5-40) becomes

Pk[(b; (t(x, Sm,n)y’ nl= ¢z€ (t(x, Sm,n)ya y). (5-47)

Hence, similar to (5-42), we obtain from (5-47) that

b5 (8x (), ¥) — Prlos(gx (), ¥)]
= P (8 (), ¥) — &3 (T(x, Smn)y, ¥) — Prlds(8x (¥), y) — &5 (T(X, Spm.n)y, Y]
Denote

Sm,n

= /,( )h(gx(y),y).(¢>s(gx(y),y)—d)f(r(x,sm,n)y,y))dy' (5-48)

and also
11

= /J( )h(gx(y),y)-Pk[qﬁs(gx(y),y)—¢§(r(x,sm,n)y,y)]dy), (5-49)

Sm,n

Lemma 5.7. Under the above notations, for z € J(x, Sy.n) + j02_k with jo € Z, we have the pointwise
estimate

Bliol (x. Smn)2K273112
(min{|m| + |n|, |m| 4 n| = jol} + DV

|5 (x(2), 2) — @3 (T(X, Sim,n) 2> D S (5-50)
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Let us first complete the proof of Lemma 5.5: For the first term I;, , we take jo in Lemma 5.7 to be

zero, then
ﬂO(xa Sm,n)2k2_3l/2

(8x(2),2) — ¢ (t(x, Smn)z, 2| S , 5-51
s (8x(2), 2) — 5 (T( )25 2)| (ml+ 1l + DN (5-51)
which implies that
9—31/2
I, < , h . 5-52
Smn ~> (Im|+ n| + 1)N’30(x Sm,n)[ ]x,sm,n ( )
For the second term /I, , by the definition of P,
‘Pk[(Ps(gx(y)’ Y) _¢j~c(f(x’ Sm,n)ya y)]|
= / (65(8:(2), 2) — by (T (X, 5m.n) 2 2)) 290 (25 (v — 2)) dz
R
<> / (65(8:(2), 2) — BT (T (x, 5m.0)2, 20) 2902 (y — 2)) dz.
jOEZ ](X,Sm‘”)ﬁ»j()z_k
Fory e J(x,smpn) and z € J(x, Siy.n) + j02_k , by the nonstationary phase method we have that
W0 (y — I S (5-53)

o+ DN’
Together with the estimate in Lemma 5.7, we arrive at

ﬂljol(x7 sm’n)2k2—31/2 1
(min{|m| 4 |n|, [m|+ |n] — [ jol} + DV (jo+ DN

| Pelops (82 (), ¥) — &3 (T (x, sman)y, M| S Z

JoeZ

< Z ﬁljol(x’ Sm,n)2k273l/2
== (Im|+nl +1jol + DV’

Substituting the last expression into the estimate for I, ,, we get the desired estimate.
So far we have finished the proof of Lemma 5.5 except for Lemma 5.7, which we will do now.

Proof of Lemma 5.7. As x and s, , are fixed now, for simplicity we will just write T instead of 7, .
Notice that in the new coordinate we chose for I, the vector field along I', points in the direction
of (1,0). Then, by the definition of ¢ and ¢}, we have

|5 (22 (2), 2) — ¥ (12, 7)| = 2K~ /R [V (2 (1 + g:(2) — 12) — Y02 D) ] (2 — 1, 2) dt|.

By the definition of the beta numbers, we have that

g2 (@) — 2] S Bljol (X, Smn)2 75, (5-54)

which implies that

1Yot + 8. (2) — t2)) — Yo X0 <27 Bt (X, Smm) (5-55)
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by the fundamental theorem of calculus. The nonstationary phase method leads to the final estimate:

2_lﬁljol (X, S.n)2K/22k=D/2

2t / Yo (2 (14 8x () —12) =02 D) es (tz—1, 2) dt | S — : :
R[ ) Je (min{|m| + [n|, [m] + |n| — | jol} + DV
Thus we have finished the proof of Lemma 5.7, and hence Lemma 5.5. O
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