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ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS
ON RIEMANNIAN MANIFOLDS

B0 GUAN, SHUJUN SHI AND ZHENAN SUI

We present some new ideas to derive a priori second-order estimates for a wide class of fully nonlinear
parabolic equations. Our methods, which produce new existence results for the initial-boundary value
problems in R”, are powerful enough to work in general Riemannian manifolds.

1. Introduction

Let M" be a compact Riemannian manifold of dimension n > 2 with smooth boundary d M, which may
be empty (then M is closed), and f a smooth symmetric function of n variables. We consider the fully
nonlinear parabolic equation

FONVu+x)=€e“T in M x{r> 0}, (1-1)

where x is a smooth (0, 2)-tensor on M = M UM, V?u denotes the spatial Hessian of u, u, = du/dt,
and L(A) = (A, ..., A,) will be the eigenvalues of a (0, 2)-tensor A; throughout the paper we shall use V
to denote the Levi-Civita connection of (M", g) and assume ¥ € C®°(M x {t > 0}).

While most attention in previous work had been on the two canonical cases, y = 0 and x = g, both of
which occur, for instance, in the classical Darboux equations in isometric embedding, there are many
important quantities of the form V2u + x in differential geometry and other areas. A well-known example
is the gradient Ricci soliton equation

V2u + Ric = Ag,

which has been studied intensively, where Ric denotes the Ricci tensor of (M”, g). In a different context,
V2u+Ric is known as the Bakry—Emery Ricci tensor of the Riemannian measure space (M", g, e d Vol,),
on which there are interesting recent results; see, e.g., [Wei and Wylie 2009] and references therein.
When yx as well as i is allowed to depend on u# and Vu, there are even more equations of the form (1-1)
and their elliptic counterparts, which arise naturally in connection with important geometric problems,
such as the generalized Minkowski and Christoffel-Minkowski problems in classical geometry, fully
nonlinear versions of the Yamabe problem in conformal geometry, and in other applications including the
Monge—Kantorovich optimal mass transport problem. From both the theoretic point of view and that of
applications, it is important and highly desirable to establish a general existence and regularity theory
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for (1-1) with as few technical assumptions as possible, so that it covers a wide range of applications in
different areas.

In order to study (1-1) in the context of parabolic theory, we follow [Caffarelli et al. 1985] and
assume that f is defined in an open, symmetric, convex cone I' C R" with vertex at the origin, I',, :=
{(AeR":)A; >0 forall 1 <i<n}CT, and satisfies

0
ﬁ:fkiz—f>0 inT, 1<i<n, (1-2)
oA;
f is a concave function in T, (1-3)
and
sup f := sup lim f(A) <O. (1-4)
ar ro€dT A=>2o

Equation (1-1) is parabolic for solutions u € C>'(Mr) with AMu] :=A(VZu+yx)elforxe Mandt >0
(see [Caffarelli et al. 1985]); we shall call such functions admissible.

The structure conditions (1-2)—(1-4) are fundamental to the classical solvability of fully nonlinear elliptic
and parabolic equations, and have been standard in the literature since the work of Caffarelli, Nirenberg
and Spruck [Caffarelli et al. 1985]. Condition (1-4) prevents (1-1) from being degenerate, which may occur
if \ful e T =T UAT. So both conditions (1-2) and (1-4) are natural for the nondegenerate parabolicity of
(1-1), without which the C?*%1+%/2 estimates may fail. An important fact is that conditions (1-2) and (1-4)
ensure that (1-1) becomes uniformly parabolic once global a priori C>! estimates are established for
admissible solutions. Consequently, one may obtain C>t%17%/2 estimates by the Evans—Krylov theorem,
which depends on the concavity condition (1-3).

The short-time existence of admissible solutions is well known from the classical theory of parabolic
equations for given admissible initial data (and boundary data as well when dM # @) with suitable
smoothness assumptions. The global (long-time) existence and behavior of solutions depend on the
establishment of a priori estimates in C>!(M7). Our primary goal in this paper is to derive second-order
estimates for fully nonlinear parabolic equations on Riemannian manifolds.

For fixed T > 0, let My = M x (0, T], My = M x (0, T1, and let dMy := ;M1 U 3, M7 be the
parabolic boundary of M7, where

My =9dM x[0,T), My =M x {t =0).
Throughout the paper we assume <ph =@li—0€ C (M) with
AMeP1el,  f[e®D) >0 in M, (1-5)

and ¢° = @|smx (=0 € C®°(AM x {t > 0}). Let u € C*2(M7) N C>'(Myr) be an admissible solution
of (1-1) satisfying the initial-boundary conditions

ulimo=¢® in M, u=¢* on d;Mr. (1-6)

The main result of this paper is the following second-order estimates:
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Theorem 1.1. Suppose that there exists an admissible subsolution u € C>'(Mr) satisfying

fOLul) = eV in My, (1-7)
Then, under conditions (1-2)—(1-4),
sup | V2u| < Cy(1 +max |VZul). (1-8)
My Mt
In particular, when M is closed,
IVZu| < C, in Mr. (1-9)
Suppose in addition that
u<g’ ondMr, u=¢° ond;My. (1-10)
Then
max |Vu| < C,. (1-11)
My

Remark 1.2. In Theorem 1.1 and the rest of this paper, unless otherwise indicated, the constant C; in
(1-8) will depend on

leratry: [Wleaamy  Ulcair),  infdist(Aful, oT), (1-12)
T
and
A :=sup f —supetV (1-13)
r Mr

as well as geometric quantities of M, while C» in (1-11) will depend in addition on lp” |C2( ) |9° [ ca (9, My
infy, e“ ™V and geometric quantities of dM. If f satisfies

lim [A]*) " f; = o0, (1-14)

[A]— 00
then C can be chosen independently of A and |u;, |CO( i7)> See Remark 2.4.

Remark 1.3. The assumption u € C**>(M7)NC>! (M7) does not restrict the applications of Theorem 1.1.
This can be seen as follows. By the short-time existence theorem, (1-1) admits a unique admissible
solution u € C®(M x (0, to]) N CO(M x [0, to]) satisfying the initial-boundary condition (1-10) for
some fy > 0. We can then consider a new initial time, say ¢t = #y/2, in place of = 0, and may therefore
assume the compatibility condition

Fle’)=e*"™ onM and ¢'=¢" on aM x {t =0). (1-15)

Theorem 1.1 is an important step towards solving the initial-boundary problem (1-1) and (1-6) under
optimal structure conditions. It can be applied in many interesting cases to prove new long-time existence
results. Let us give a few examples here.

First, for a bounded smooth domain (with boundary of arbitrary geometric shape) in R” we have
the following result, which is essentially optimal, both in terms of the generality of f and that of the
underlying domain:
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Theorem 1.4. Let M be a bounded smooth domain in R",0 < T < oo, and f satisfy (1-2)—(1-5). There
exists a unique admissible solution u € C X(M7)NCO(Myr) of (1-1) satisfying (1-6) provided that there
exists an admissible subsolution u € C>'(My) satisfying (1-7) and (1-10).

The first initial-boundary value problem for (1-1), or (1-20) below, in R" was treated, among many
others, by Ivochkina and Ladyzhenskaya [1995], who used essentially the same assumptions as in the
elliptic case introduced in [Caffarelli et al. 1985]; see [Lieberman 1996] for further improvements and
references. Jiao and Sui [2015] studied (1-20) on Riemannian manifolds under additional assumptions.
To the best of our knowledge, Theorem 1.4 had not been proved before in the current generality.

We remark that since there are no geometric restrictions on d M, (1-1) and (1-6) may fail to admit a
long-term admissible solution without the subsolution assumption. This is well known and may be seen
from simple examples.

Theorem 1.5. When I =Ty, Theorem 1.4 holds for compact Riemannian manifolds.

Theorem 1.1 applies to a very general class of equations, including f = o,/ Kand f = (ox Joy) /D),
1 <1 < k < n, where oy is the k-th elementary symmetric function defined on the cone I'y :=
{AeR":0;(1) >0 for all 1 <j <k}. Another interesting example is f =log Py, to which Theorem 1.10
applies, where
Pyi= [] Gi+-+a). 1<k=n,

i1 <--<ig

defined in the cone
Pr={reR":x +---+x,>0forall 1 <ij <---<ip <n}.

Theorem 1.6. Let f = (o3 /o)/*D and T =Ty for 0 <1 < k < n, withog = 1, or f = log P
and I = . The parabolic problem (1-1) and (1-6) with smooth data has a unique admissible solution
ueC®Mrp)NCOMr) provided that there exists an admissible subsolution u € C 2N Mr) satisfying
(1-7) and (1-10).

Theorem 1.6 is known for f = okl/k, but seems to be new for f = (o3 /07)/*~D or f =1log Py, even
when M is a bounded smooth domain in R"; see also [Jiao and Sui 2015].

Remark 1.7. In Theorem 1.1, the constants C; and C, depend on 7T only implicitly. For instance, if
the quantities listed in (1-12) are all independent of 7', then so is C;. The independence of T from the
estimates is important to understanding the asymptotic behaviors of solutions as ¢ goes to infinity. If one
allows Cj to depend on T (explicitly), (1-8) can be derived under much weaker conditions, and more
easily.

Theorem 1.8. Under assumptions (1-2), (1-3) and (1-5),

IVZu(x, 1)] < CeP'(1 +max |V2ul)  forall (x,1) € My, (1-16)
T

where C and B depend on |Vu |C0(1\77)’ Igoblcz(lq) and other known data. In particular, if M is closed then
IV2u(x, )] < CeB.
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Note that, by (1-5), the function
b : b
u = ¢” +t min{log f (A[¢"]) — ¥/}
M

is admissible and satisfies (1-7).
An immediate consequence of Theorem 1.8 is the following characterization of finite-time blow-up
solutions on closed manifolds:

Corollary 1.9. Assume M is closed and f satisfies (1-2)—(1-4). Then (1-1) admits a unique admissible
solution u € C®(M x R") with initial value function ® satisfying (1-5) provided that the a priori gradient
estimate

sup|Vu| <C forall T >0 (1-17)
Mr

holds, where C may depend on T. In other words, if u has a finite-time blow-up at T < 0o, then

lim max |[Vu(x, t)| = oo.
t—>T- xeM

So, the long-time existence of solutions in 0 < ¢ < oo reduces to establishing the gradient estimate (1-17).
This is also true when 0 M # &. Using Theorem 1.1, we can prove the following existence results:

Theorem 1.10. Assume that (1-2)—(1-5), (1-7), and (1-10) hold for T € (0, oo]. There exists a unique
admissible solution u € C*®°(M1)NC°(M7) of (1-1) satisfying (1-6) provided that any one of the following
conditions holds:

1) I'=Ty;
(i1) (M, g) has nonnegative sectional curvature;
(ii1) there is 8o > O such that, if A; <0,
fi=8) fi ondr? forall o> 0; (1-18)

(iv) V2w > y for some function w € C*(M) and

> fixi=0 inT. (1-19)

The assumptions (i)—(iv) are only needed in deriving the gradient estimates. It would be interesting to
remove these assumptions. When 0 M = &, Theorem 1.10 holds without the subsolution assumption.

The rest of the article is divided into three sections. In Sections 2 and 3, we derive (1-8) and (1-11),
respectively, completing the proofs of Theorems 1.1 and 1.8. Instead of (1-1), we shall deal with the
equation

fONVu+0) =u+¢ (1-20)
under essentially the same assumptions on f, with the exception that (1-4) is replaced by

inf (¢, +¢¥) —sup f >0, (1-21)
My ar
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which is needed in the proof of (1-11) . Accordingly, the functions ¢® and u € C>!(Mr) are assumed to
satisfy A[(pb] el in M and, respectively,

fAu) Zzu+v¢  in My (1-22)

in place of (1-7). Note that if f > 0in " and f satisfies (1-2), (1-3), and (1-19), then the function log f
still satisfies theses assumptions. So (1-1) is covered by (1-20) in most cases, and we shall derive the
estimates for (1-20). In Section 4 we briefly discuss the proof of the existence results and the preliminary
estimates needed in the proof.

At the end of this introduction we recall the following commonly used notations:

k I a;
: d’u
o J _ -
lul e (ot —ZW “'CO(MT>+Z 917 | i)
=0 j=1 T
« d'u
|u|ck+a,l+ﬂ(A7T) = |Mlck,l(ATT) +1V ”|C°‘(ATT) + Yl s
CP(Mr)
where 0 <, B <1land k,I=1,2, ..., for a function u sufficiently smooth on Mz. We shall also write

lulcxiiary = lulcrniiy)-
2. Global estimates for second derivatives

A substantial difficulty in deriving the global estimate (1-8), which is our primary goal in this section, is
caused by curvature of M; another is the lack of (globally defined) functions or geometric quantities with
desirable properties. In our proof, the use of the admissible subsolution u is critical. We shall consider
(1-20) in place of (1-1).

Let u € C*2(M7) N C*'(M7) be an admissible solution of (1-20) and ue C%>'(M7) an admissible
function. We assume that « admits an a priori C' bound

|u|cl(ATT) < C. (2-1)
Let ¢ (s) = —log(1 — bs?) and
n=¢(1+|V@u—u)*) +alu—u-—st), (2-2)

where a, b, § > 0 are constants and u € C 21(M7) is an admissible function; we shall choose § = 1 or 0,
a sufficiently large, and b small enough, namely
1
b<—5. bi=1+sup|Vu—ul (2-3)
8by My
Consider the quantity

W= su max  (Vesu + x (£, &))e".
(x,t)egvlT €T M |g|=1 13 x(&, &

Suppose W is achieved at an interior point (x¢, fp) € M7 for a unit vector § € Ty, M". Letey, ..., e,
be smooth orthonormal local frames about x( such that e; =&, V;e; =0 and the U;; := V;;u + x;; are
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diagonal at (xg, tp). So W = Uy (xp, 10)e"™0-0) 'We wish to derive a bound

U11(x0, t0) < C. (2-4)
Write (1-20) in the form
w=FU) =y, U={U}, (2-5)
where F is defined by
F(A) = f(A[A])
for an n x n symmetric matrices A = {A;;} with eigenvalues A[A] € I'. Differentiating (2-5) gives
Uy = FijUijt — Y,
Vkut = Fl]VkUl] — ka for all k, (2'6)
Vi, = FIVL U+ FINY UV Uy — Vi

Throughout the paper we denote

. OF . 3’F
Fii=_—_(U), FiM=_—""__(U.
8A,’j aAijaAkl
The matrix {F"/} has eigenvalues fi, ..., f,, and therefore is positive-definite when f satisfies (1-2),

while (1-3) implies that F' is a concave function; see [Caffarelli et al. 1985]. Moreover, the following
identities hold:

FiU; =" fiki, FiUxUg =Y fid].
We also note that the F'/ are diagonal at (x, fo).

Proposition 2.1. For any a, Cy > 0, there exists a constant b > 0 satisfying (2-3) such that, at (xo, ty), if
U > Cla/\/Z then

%’F“‘Uﬁi +aF Vii(u—u)—a, —u)+as <CY F'+C. (2-7)
Proof. We shall assume Uy (xo, fp) > 1. At (xo, tp), where the function log Uy + 1 has its maximum,
\Y ViU
G w0, YU g0, 1<i<n, (2-8)
U11 Ull
and
1 1 2 ii
U_UF ViiUll_U_zF (ViUn)"+ F"'Viin <0. (2-9)
11

We recall the identities, on a Riemannian manifold,
Vijkv — Vjikv = Ri; Vv, (2-10)
Vijklv — Vklijv = RZ-lkV,‘mU + ViR,’j.’kav + Rl’;’kvj'mv + R%kvlmv + R;-"Hvkmv + VkRTilva- (2-11)

It follows that
FiViUy = F'V Uy — CUL Y FT, (2-12)
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where C depends on |Vu|co( ) and geometric quantities of M. By (2-8), (2-9), (2-12), and (2-6), we
obtain

1 1 Vi
Fiiv,.np—n, < — FI¥v,U.. ViU +—F*(ViUn)* - +C E Fit, 2-13
in—n < Un 1Uij ViU 02 (ViUp1)* Un (2-13)

Let
:{i13Uii§—U11}, K:{i>123Uﬁ>—U11}.
As in [Guan 2014b], which uses an idea of Urbas [2002], one derives
ii i 2 11 11‘# ii
FiiViin—n, <Y F(V)? +CF'"' Y (Vim)* - T +C Y F (2-14)
iel igl]

For convenience, we write w =u —u, s =1 + |Vw|2, and calculate

Vin =2¢'ViwViyw +aViw,

ne = 2¢/ka(vkw)t +aw; —as,
Viin = 2¢'(ViewVigw + ViwView) + 44" (ViwView)* +aViw,

while -
, 2bs o 2b+2b% '
= 7", = — 4 .
V) = 9O =y 4@
Hence,
D FIVim? =8 Y F (ViwViw)® +2[Vwla® ) FY (2-15)
ieJ iel iel
and
> (Vi) < Ca* + C(¢)*UT,. (2-16)
i¢J

By (2-6) and (2-10), we obtain
FiiVin —n, = ¢/ F'U2 +2¢" F'' (ViwVigw)? + a F' Visw — aw, +ab — c¢/<1 +3° F“). (2-17)
It follows from (2-14)—(2-17) that

¢'F'US+aF ' Vijw—aw,+as <Ca® Yy F'+C(@*+(@) U F" - mﬁ +C(¢'+_F). 2-18)

iel
Note that
FiUZ = F'UL +) F'UL = F“U“—i— ZF” (2-19)
iel ieJ
We may fix b small to derive (2-7) when U;| > Ca/\/z. O

To proceed, we need the following lemma, which is key to the proof of Theorem 1.1, both for (1-8) in this
section and (1-11) in the next section; compare with Lemma 2.1 in [Guan 2014a]. Let v, =Df (L)/|Df ()]
denote the unit normal vector to the level surface of f through A.
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Lemma 2.2. Let K be a compact subset of I and > 0. There is a constant € > 0 such that, for any
n e K and ) € T" with |v, —v,| > B,

> A0 =2 = f0 = o) +e(14+ 3 fi(). (2-20)
Proof. Since v, is smooth in p € I" and K is compact, there is €y > 0 such that, for any 0 < € < ¢,
K¢ ={u=p—el:nuek)
is still a compact subset of I" and
[V —vpel < g forall ue K.

Consequently, if € K and A € I" satisfy |v, —v;| > B then |v,e —vy| > B/2.
By the smoothness of the level surfaces of f, there exists § > 0 (which depends on g but is uniform
in € € [0, €p]) such that
) in di BI2c € F )
min min dist(dB5 " (u°), " ) >0,

nek 0<e<ep

where BBf / 2(;ﬁ) denotes the spherical cap

I
;‘

e 2
8Bf/2(,u€)={§6835(/f): uw.‘; 5“ Zg 1 }

Therefore,
f# = min min min  {f(¢)— f(u)} > 0. (2-21)
nek 0<e<ep CEBBf/Z(uf)

Let P be the two-plane through u¢ spanned by v, and v, (translated to ©€), and L the line on P
through 1 and perpendicular to v,. Since 0 < vye - v, <1 — B2%/8, L intersects 8833 / 2(,tf) at a unique
point ¢. By the concavity of f, we see that

Y AMWE =) =) Fi)E& = M)

> f@Q)—f@)
>0+ f(uS) — f(1) forall 0<e <e. (2-22)

Next, by the continuity of f we may choose 0 < €] < €g with | f(u) — f(u)| < %0. Hence
S L — e — 1) = f(w) — FO) + L6, (2-23)
This proves (2-20) with e = min{6/2, €;}. O
Remark 2.3. Alternatively, one can first prove
DA =) =0+ f) — f ).
Then choose € > 0 small such that 0 < f(u) — f(u€) < 6/2. By the concavity of f,

S A =) 2 F)— F0) = F - )5 (2-24)
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Now add these two inequalities to obtain (2-20).

We now continue to prove (2-4). Assume first that u is a subsolution, i.e., u satisfies (1-22). Since
Alu] falls in a compact subset of I,

B = 3 mindist(vyp,, 9T,) > 0. (2-25)
My
Let A = A[u](xo, to) and p = Alul(xo, to). If |v, —vy| > B then, by Lemma 2.2,

FiViw —w, 2 3 fiG) (i =20 = fG0 + f() ze(1+ Y F7), (2-26)

The first inequality follows from Lemma 6.2 in [Caffarelli et al. 1985]; see [Guan 2014b]. We may fix a
sufficiently large to derive a bound Uy (xg, tp) < C by (2-7).
Suppose now that |v,, — v;| < B and therefore v, — 1 € I',,. It follows that

.. ﬁ Kk .
Fii > WZF forall 1 <i <n. (2-27)
Since u is a subsolution, F iy, w—w, >0 by the concavity of f. By (2-7) and (2-27), we obtain
bB y y
ZJ_UIIZF”+a8§CZF”+C. (2-28)

If we allow § =1, a bound Uy (xg, o) < C would follow when a is sufficiently large. This gives (1-16)
in Theorem 1.8.
We now consider the case § = 0. First, by the concavity of f,

MY fiz fFAMD = FO)+ D fiki = f(lkll)—f(k)—mZﬁ, MY fie (229

Hence,

i U 1 ii AU i
Ul Y FT 2 S (fUn) —up =) — g 3 FIUR 2 = ”ZF (2-30)

when Uy is sufficiently large. A bound U (xg, tp) < C therefore follows from (2-28). The proof of (1-8)
in Theorem 1.1 is complete.

Remark 2.4. If (1-14) holds, a bound Uy (xg, tp) < C follows from (2-28) directly and is independent
of |ur]coizyy-

Remark 2.5. If u is an admissible strict subsolution, i.e.,

ful) >u,+y¥+8 in My (2-31)
for some § > 0, then we can choose € > 0 such that A[u] := A[u] —e€l € " and

JOElu )>ut+1//+_ in Mr. (2-32)

By the concavity of f, we see that

> G Gl = aalud) = £OTuD) = F LD = w, —u,+ 5.
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Therefore, one can derive (2-4) directly from Proposition 2.1. This can be used to prove Theorem 1.8 as
u = @ + At is a strict subsolution of (1-20) for any constant A < infy; f(A[¢”]) — sup my V-

3. Second-order boundary estimates

Let u € C>!'(M7) be an admissible solution of (1-20) and (1-6), and u € C>!(M7) an admissible
subsolution satisfying (1-22) and (1-10). In this section, we derive (1-11) under conditions (1-2), (1-3)
and (1-21) on f. Clearly we only need to focus on d; M.

For a point xo € d M we shall choose smooth orthonormal local frames e, ..., e, around xy such
that e,, when restricted to d M, is the interior unit normal to dM. By the boundary condition u = ¢*
on d; My, we obtain

|Vapu(xo, )| <C forall 1 <a,B<n, 0<t=<T. (3-1)

Let p(x) and d(x) denote the distances from x € M to xo and dM, respectively. Let M% =
{(x,t) e My : p(x) < 6}, and BM% be the parabolic boundary of M?.,

M3 = M3\ M3..

We fix §p > O sufficiently small that both p and d are smooth in M;O. Let & denote the linear parabolic
operator

Fw = FijVijw — Wy.

We construct a barrier function of the form

W= A+ Axp> — A3 Y [Vilu— )P, (3-2)
l<n
where
Nd?
vzu—y—i-sd—T. (3-3)

Lemma 3.1. Assume that (1-2), (1-3) and (1-21) hold. For constant K > 0, there exist uniform positive
constants s, § sufficiently small, and Ay, Ay, Az, N sufficiently large, such that ¥ > K (d + p2) in M%
and

gw < =K1+ filul+ Y fi) in M. (3-4)

Proof. This is a parabolic version of Lemma 3.1 in [Guan 2014a]. Since there are some substantial
differences in several places, for completeness we include a detailed proof.
First we note that, since u is a subsolution, £(u — u) < 0 by the concavity of f, and, by (2-6),

Vi =) < C(1+ Y filbil+ Y i) forall 1<k <n. (3-5)
It follows that

Y ENViu—@)P=2)  Fluuuy, —c(l + > filnil +Zf,-). (3-6)

I<n I<n
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By Proposition 2.19 in [Guan 2014b], there exists an index r such that
i 1
> FiuuUp = 3 > fird (3-7)
I<n i#r
At a fixed point (x, 1), denote it = A(V?u + x) and A = A(V?u + x). As in Section 2 we consider two
cases separately: (a) |v, —v;| < B, and (b) [v, —v;| > B, where B is as given in (2-25).

Case (a): |v, —vp| < B. We have, by (2-27),

Z%ka forall 1 <i <n. (3-8)
n

We next show that this implies the following inequality for any index r:

Do fidizeo)y fixi=Co)  f: (3-9)
i#r
for some cq, Co > 0.
Since > A; > 0, we see that

2
doars (—in) <ny A (3-10)
)\,'<O )\,‘<O )\.i>0
Therefore, by (3-8) and (3-10), we obtain, if A, <0,
fAF<nfe Y A7 < ny/n >SN
ri>0 ﬂ 1i>0

On the other hand, by the concavity of f,

A
D fib=1) = fFON = fO)=FOD —w —y = = (3-11)

for b > 0 sufficiently large. It follows that, if A, > O,

frr b)Y fi= D fiki

2 <0
By (3-8) and the Schwarz inequality,

2
Phri Poy h= = (T h) 20 A Y ﬁ)\?52<2m?+b22ﬁ) S f
A <0 ri<0 ri<0
This finishes the proof of (3-9).
Letting b = n|A| in (3-11), we see that
A
(DAY fi 2 Y fild = i) = flA) = F () = =, (3-12)

and consequently, by (3-8),

L BIP Bl A _
Y firt= Zf’—(n+1)f2 (3-13)
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provided that || > R for R sufficiently large.

It now follows from (3-6), (3-7), (3-9), (3-13) and the Schwarz inequality that, when |A| > R,

Y ENVIw—@)P =1 Y fidi 42 —C—Ci Y fi

l<n
for some ¢y, C; > 0. We now fix R > C/c;.
Turning to the function v, we note that, by (3-8),

BN

Pv<Lu—u)+C(s+Nd) Y F' = NFIV;dV;d < (C(s + Nd) — —) > FT

i

since £(u —u) <0 and |Vd| = 1. For N sufficiently large, we have
Fv < — Z fi in M%,
and therefore, in view of (3-14) and (3-16),

2w < —aser (4 Y fidd) + (A1 +CA +C1AD Y

1157

(3-14)

(3-15)

(3-16)

(3-17)

when |A| > R for any s € (0, 1] as long as ¢ is sufficiently small. From now on Aj is fixed such that

AsciR > K, s0 A3 > CK/c}.
Suppose now that |A| < R. By (1-2) and (1-3), we have

2RY fiz ) fiki+ fQR) = f(1) = —R)_ fi+ f(2R1) = f(RD).
Therefore,

=Cr>0.

f(2R1 R1
Zfl()f()

It follows from (2-27) that there is a uniform lower bound

ﬁz%kaz ,35; forall 1 <i<n.
Consequently, since |Vd| =1,
FIVavV;d = = (CR+Zf,)
From (3-15) we see that, when ¢ is sufficiently small and N sufficiently large,
gv<—(14Yf) in Mj.
Combining (3-6), (3-7), (3-9), and (3-20) yields

DY < —Ascr Y fil] +(—A1+CAy+CA3) Y fi — AL+ CAs

(3-18)

(3-19)

(3-20)

(3-21)

We now fix N such that (3-16) holds when |A| > R, while (3-20) holds when |A| < R, for any s and &

sufficiently small.
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Case (b): |v, —vy| > B. It follows from Lemma 2.2 that, for some ¢ > 0,
L=z Y fiwi—r)—w—w; ze(1+ Y fi).

By (3-15), we may fix s and § sufficiently small such that v > 0 on A?‘} and

£ .
gv=-S(1+Y f) in M. (3-22)
Finally, we choose A; large such that

(A2 —K)p* = A3 ) [Viu—¢)]* on IM},

I<n

and then fix A; sufficiently large so that (3-4) holds. In case (a) this follows from (3-17) when |A| > R,
and from (3-21) when |A| < R. In case (b) we note that, from (3-6) and (3-7),

P < A Fo+ ArEp? — Az Y fird +CAs(1+ Y filkil + 3 )
i#r
<M= A3 fird 4 CAL (14D filkil) + CA2+ A9 D 1
i#r
Suppose now that A, < 0. Then,
YAl =23 fiki=Y firi<eY fiii—Lv+CY_ fi+C.
)\.,‘>0 )\.,‘>O
Similarly, if A, > 0,
Y Al=) firi—2) fiki<e Y fAi+Ev+C Y fi+C.
A.[<O )\.i<0
By (3-22) we obtain (3-4) when A is chosen sufficiently large. O

Applying Lemma 3.1, by (3-5) we immediately derive a bound for the mixed tangential-normal
derivatives at any point (xg, fy) € 0Mr,

|Vt (X0, t0)| < C  forall o <n. (3-23)
It remains to establish the double normal derivative estimate
[ Vinu (xo, 10)| < C. (3-24)

As in [Guan 2014a; 2014b], we use an idea originally due to Trudinger [1995].

For (x,t) € o, M7, let U (x, t) be the restriction to T,dM of U (x, t), viewed as a bilinear map on
the tangent space of M at x, and let A’(U) denote the eigenvalues of U with respect to the induced
metric on d M. We next show that there are uniform positive constants cg, Ry such that, for all R > Ry,
(M (U (x,1)), R) €T and

F(N(O@, 1), R) = f(MU(x, 1)) +co, forall 0<t<T, x M. (3-25)
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It is known that (3-25) implies (3-24); see, e.g., [Guan 2014b].
For R > 0 sufficiently large, let

mp = gllglr;[f(x’(ﬁ), R) — f(A(U))],

cR = m[m’(tj), R) — fF(L(U))].

Note that ('(U(x, 1)), R) € ' and (A'(U(x, 1)), R) € T for all (x, 1) € 3, My and all R large, and it is
clear that both mg and cg are increasing in R. We wish to show that, for some uniform ¢y > 0,

m:= lim mg > cp.
R—0o0

Assume m < oo (otherwise we are done) and fix R > 0O such that cg > 0 and mg > m/2. Let
(xg, tp) € d;M7 be such that mg = f(k/(l?(xo, 1)), R). Choose local orthonormal frames e, ..., ¢,
around xo as before such that e, is the interior normal to M along the boundary and Uyg(xo, 1)
(1 <a, B <n—1)is diagonal. Since u —u =0 on d; M7, we have

Usp —Uup = —Vu(u —u)ogg on d;Mr, (3-26)
where o, = (Vyeg, e,). Similarly,
Uap — Vap® — Xapp = —Va(u —@)ogs  on d;Mry. (3-27)
For an (n — 1) x (n — 1) symmetric matrix {ry g} with ()J({ra,ﬁ}), R) e I', define

Flrepl := f (X ({rap)), R)

and

5 OF
Fy" = [Uyp (x0, 10)].
0rap

We see that F is concave since f is, and therefore, by (3-26),
V(e —u)(xo, to)ﬁgﬁﬁaﬂ(xo) > F[U o (x0, 10)] — F[Uqp(x0, 1)1 > cg — mg.
Suppose that

CR
re

V. (u — u)(xo, to)ﬁgﬂaaﬂ(xo) = 5

then mg > cgr/2 and we are done. So we shall assume

~ CR
V(e = ) (xo. 10) Fy o (x0) > -
Consequently,
FPp(x0) = R > 2e1cx (3-28)

~ 2V (u —u)(xo, 10) —
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for some constant €; > 0 depending on maxj, 7, |Vu|. By continuity, we may assume n := Fg b Oup = €1CR

on 1\7% by requiring § to be small (which may depend on the fixed R). Define, in M2.,

®=—V,(u—¢)+ % (3-29)

where

0= ﬁé‘ﬂ (Vap® + Xap — Uapg(x0, t0)) — ur — ¥ + us (x0, fo) + ¥ (x0, fo)

is smooth in M?. By (3-5), we have

squg—sev,,u+c(1+ZF”)5C(1+Zﬁ|xi|+2ﬁ). (3-30)
From (3-27), we see that @ (xg, tp) = 0 and
®>0 on MMMy, (3-31)
since, for (x, t) € d; Mr, by the concavity of F ,
FyP (Uap (x, 1) = Uag (x0. 10)) = F(U (x, 1)) — F (U (x0, 19))

= F(U(x, 1)) —mpg — u;(xo, to) — ¥ (xo, fo)
= w(% t) +Mt(x7 t) - ut(x()s tO) - w(XOs tO)-

On the other hand, on 9, M ‘ST we have V,,(u — ¢) = 0 and therefore, by (3-31),
P (x,0) > @(%,0) — Cd(x) > —Cd(x), (3-32)

where C depends on C'! bounds of V2<p(-,0), u/(-,0), and ¥(-,0) on M, and X € OM satisfies
d(x) =dist(x, x) for x € M; when d(x) is sufficiently small, X is unique.
Finally, note that |@| < C in M%. So we may apply Lemma 3.1 to derive ¥ + & > 0 on 8M§ and

PW+@)<0 in Mi (3-33)

for A1, Ay, and Az sufficiently large. By the maximum principle, ¥ + @ > 0 in M%. This gives

V. @ (xg, to) > —V, ¥ (x0, 1) = —C, since ® + ¥ = 0 at (xg, ty), and, therefore, V,,,u(xg, tp) < C.
Consequently, we have obtained a priori bounds for all second derivatives of u at (xg, fy). It follows that

A(U (xo, tp)) is contained in a compact subset of I' (independent of u) by assumption (1-4). Therefore,

f (AU (xo, 10)) + Ren) — f (MU (x0, 10))) .
2

where e, = (0,...,0, 1) € R". By Lemma 1.2 in [Caffarelli et al. 1985], we have

0,

o=

= mp = f(MU (o, 10) + R'en) — co— f(MU (x0, 10)) = co

for R’ > R sufficiently large. The proof of (1-11) in Theorem 1.1 is complete.
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Remark 3.2. When M is a bounded smooth domain in R", one can make use of an identity in [Caffarelli
et al. 1985], and modify the operator &, to derive the boundary estimates without using assumption (1-19).
We omit the proof here since it is similar to the elliptic case in [Guan 2014a], which we refer the reader
to for details.

4. Existence and C! estimates
In order to prove Theorem 1.10, it remains to derive the C' estimate

ulcoazyy + _max (|Vul+|u]) <C (4-1)
Mx|1,T]

for any #y € (0, T'), where C may depend on fy. Indeed, by assumption (1-4) we see that (1-1) becomes
uniformly parabolic once the C?! estimate

lul 21 3.y = €

is established, which yields [u|co+a1tar2(j7x . 77) = € by the Evans—Krylov theorem (see, e.g., [Lieberman
1996]). Higher-order estimates now follow from the classical Schauder theory of linear parabolic equations,
and one obtains a smooth admissible solution in 0 <t < T by the short-time existence and continuation.
We refer the reader to [Lieberman 1996] for details.

Let h € C2(M7) be the solution of Ah + trx =0in My with h = @ on dMr. By the maximum
principle we have u < u < h, which gives a bound

[l cogay) +max Vil < C. (4-2)

For the bound of u,, we have the following maximum principle:

Lemma 4.1. We have
lu,(x, )] < rgnﬁx|ut| +rsup |y, forall (x,t)e M. (4-3)
T

Mr

Suppose moreover that there is a strictly convex function h € C*(M) with V*h > cog for some co > 0.

Then
2|h|C0(M)

sup |u;| < max [u;| +2sup | + sup V2. (4-4)
Mr oMt My o My
Proof. We have the identities £u, = ¥, and
1L+ )| = | FIVp| < V29| Y F™.
Therefore,
PL(Fu; — Bt)=xy;+B>0
for B > supy,, [¥|. This gives (4-3), by the maximum principle. Similarly, (4-4) follows from

L(E(u;+ )+ Bh) = (coB — |V2W|) ZFii >0
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for B > ¢, ! Supy, |V21| and the maximum principle. 0

It remains to derive the gradient estimate

s;;pwm < C(lul oz )—i—sup |Vul?) (4-5)
T
in each of the cases (i)—(iv) in Theorem 1.10. We shall omit case (i), which is trivial, and consider
cases (ii)—(iv), following ideas from [Li 1990; Urbas 2002; Guan 2014b] in the elliptic case.

Let ¢ be a function to be chosen and assume that |Vu|e? achieves a maximum at an interior point
(x0, f0) € M7. As before, we choose local orthonormal frames at xo such that both U;; and F i are
diagonal at (xg, fp), where

ViuViu; ViuViru .
Rl >0, ——— 4+V;¢p=0 foralli=1,...,n, 4-6
ur Tz up TV i n (4-6)
iinMViiku+VikMViku_2Fii(VkMViku) 4 iV, <0. @-7)
|Vul|? |Vul#
We have, forany 0 <€ < 1,
C
Z(vkmz Z(U,k—x,k> >(1-eUji— = (4-8)
and
g c
(kauviku) §(l—|—e)|V,-u|2Ui2i+?|Vu|2. (4-9)

k

Lete =1 and J = {i : 2(n +2)|V;u|> > |Vu/|*}; note that J # @ and, by (4-8) and (4-9),

S F (VU ViV — 2%V = 3 F(VuP (1 =) =201+ OV PHU2) — 1vul?
i¢J ig¢J €
> —%WF. (4-10)

We derive, from (2-10), (4-6), (4-7) and (4-10),

YFTUS =2/Vu? Y FU Vi + [Vul*(F" Vi — ) < C(1— Kol Vul) Y F' +C|Vul|, (4-11)
ieJ
where Ko = infk’l Rklkl-
Let
¢ = —log(1 —bv?) + A(u+ w — Br),

where v is a positive function, and A, B and b are constant, all to be determined; b will be chosen
sufficiently small such that 14bv? < 1 in M7, while A = 0 in cases (ii) and (iii). By straightforward

calculations,

2bvV;v 2bvvt

Vi¢: l_bv2 +Avl(l_'t+w)’ ¢I b 2

+ A(u; — B)
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and
_ 2bvViv+2b|Vil? | 4b0? Vvl

Viid = 1 — b2 (1 — bv2)2
2bvViiv  2b(1 +bv?)|V;v|?
T 12 (1 — bv?)?
Plugging these into (4-11), we obtain

N (b1 =Tbhv?)|V;v|?
1 piiyr2 2 ii ! 2
LFiy2 4 |v F —CA
SFUG IVl <(n+2)(1—bu2)2

+AV;i(u+w)

+ AV,-i(y + w).

ie
2bv|Vul -

<CU—KolVul) Y F+C|Vul. (4-12)
In both cases (ii) and (iv), we take

v=u—u+sup(u—u)+1>1.
My
Let ;1 = A(V2u(xo0, o) + x(x0)), & = A(V2u(xo, 1) + x(x0)), and B as in (2-25). Suppose first that
|v, —va| > B. By Lemma 2.2 and the assumptions that ) fiA; > 0 and VZw > x, we see that

F'Vii(u+w) —us+ B = F'Viv—v+(B—u) =€) Fldet(B—u)

forsome ¢ > 0. Let A=A K, /¢, K, =max{—Kj, 0}, and fix Ay, B sufficiently large. A bound |Vu|=<C
follows from (4-12) in both cases (ii) and (iv).
We now consider the case |v, —v;| < B. By (2-27) and (4-12), we see that, if |Vu| is sufficiently large,

PP+ e Vur) S OFT < FUUL 4201 |Vu* Y D FT < €= KolVu?) Y F+C|Vul, (4-13)

ﬁ ieJ
where c; > 0.
Suppose |A| > R for R sufficiently large. Then

:3 2 4 il 213|)‘|\/a 2 il 2
TP Fenvul )Y F 2 =1Vl D F> 0| Vu (4-14)

for some uniform ¢, > 0. We obtain from (4-13) and (4-14) a bound for |Vu(xo, ty)|.
Suppose now that || < R. Then }_ F'’ has a positive lower bound, by (3-18) and (3-19). Therefore, a
bound |Vu(xg, f9)| follows from (4-13) again. This completes the proof of (4-5) in cases (ii) and (iv).
For case (iii) we choose A =0 and ¢ = (u — }&}Tfu +1)2. By (4-12)

|Vu|4ZF” §C(1—K0|Vu|2)ZF”+C|Vu|. (4-15)
ieJ
By (4-6) we see that U;; < 0 for each i € J if |Vu| is sufficiently large, and a bound for |Vu(xo, fo)|
therefore follows from (4-15) and assumption (1-18).



1164 BO GUAN, SHUJUN SHI AND ZHENAN SUI

Acknowledgment

Part of this work was done while Shi was visiting the Department of Mathematics at Ohio State University.
He wishes to thank the department and university for their hospitality.

References

[Caffarelli et al. 1985] L. Caffarelli, L. Nirenberg, and J. Spruck, “The Dirichlet problem for nonlinear second-order el-
liptic equations, III: Functions of the eigenvalues of the Hessian”, Acta Math. 155:3—4 (1985), 261-301. MR 87{:35098
7Zbl 0654.35031

[Guan 2014a] B. Guan, “The Dirichlet problem for fully nonlinear elliptic equations on Riemannian manifolds”, preprint, 2014.
arXiv 1403.2133

[Guan 2014b] B. Guan, “Second-order estimates and regularity for fully nonlinear elliptic equations on Riemannian manifolds”,
Duke Math. J. 163:8 (2014), 1491-1524. MR 3284698 Zbl 1296.58012

[Ivochkina and Ladyzhenskaya 1995] N. Ivochkina and O. Ladyzhenskaya, “Flows generated by symmetric functions of the
eigenvalues of the Hessian”, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 221:26 (1995), 127-144, 258.
Reprinted in J. Math. Sci. 87:2 (1997), 3353-3365. MR 96j:35128 Zbl 0888.35056

[Jiao and Sui 2015] H. Jiao and Z. Sui, “The first initial-boundary value problem for a class of fully nonlinear parabolic equations
on Riemannian manifolds”, Int. Math. Res. Not. 2015:9 (2015), 2576-2595. MR 3344681 Zbl 06440989

[Li 1990] Y. Y. Li, “Some existence results for fully nonlinear elliptic equations of Monge—Ampere type”, Comm. Pure Appl.
Math. 43:2 (1990), 233-271. MR 91b:58269 Zbl 0705.35038

[Lieberman 1996] G. M. Lieberman, Second order parabolic differential equations, World Scientific, River Edge, NJ, 1996.
MR 98k:35003 Zbl 0884.35001

[Trudinger 1995] N. S. Trudinger, “On the Dirichlet problem for Hessian equations”, Acta Math. 175:2 (1995), 151-164.
MR 96m:35113 Zbl 0887.35061

[Urbas 2002] J. Urbas, “Hessian equations on compact Riemannian manifolds”, pp. 367-377 in Nonlinear problems in
mathematical physics and related topics, 11, edited by M. S. Birman et al., Int. Math. Ser. (N. Y.) 2, Kluwer/Plenum, New York,
2002. MR 2004e:58035 Zbl 1052.58025

[Wei and Wylie 2009] G. Wei and W. Wylie, “Comparison geometry for the Bakry—Emery Ricci tensor”, J. Differential Geom.
83:2 (2009), 377-405. MR 2011a:53064 Zbl 1189.53036
Received 21 Oct 2014. Revised 13 Feb 2015. Accepted 30 Apr 2015.

BO GUAN: guan.19@osu.edu
Department of Mathematics, Ohio State University, 231 W 18th Street, Columbus, OH 43210, United States

and

School of Mathematical Sciences, Xiamen University, Xiamen 361005, China

SHUJUN SHI: shjshi@163.com
School of Mathematical Sciences, Harbin Normal University, Harbin 150025, China

ZHENAN SUI: sui@math.osu.edu
Department of Mathematics, Ohio State University, 231 W 18th Street, Columbus, OH 43210, United States

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02392544
http://dx.doi.org/10.1007/BF02392544
http://msp.org/idx/mr/87f:35098
http://msp.org/idx/zbl/0654.35031
http://msp.org/idx/arx/1403.2133
http://dx.doi.org/10.1215/00127094-2713591
http://msp.org/idx/mr/3284698
http://msp.org/idx/zbl/1296.58012
http://dx.doi.org/10.1007/BF02355587
http://dx.doi.org/10.1007/BF02355587
http://dx.doi.org/10.1007/BF02355587
http://msp.org/idx/mr/96j:35128
http://msp.org/idx/zbl/0888.35056
http://dx.doi.org/10.1093/imrn/rnu014
http://dx.doi.org/10.1093/imrn/rnu014
http://msp.org/idx/mr/3344681
http://msp.org/idx/zbl/06440989
http://dx.doi.org/10.1002/cpa.3160430204
http://msp.org/idx/mr/91b:58269
http://msp.org/idx/zbl/0705.35038
http://dx.doi.org/10.1142/3302
http://msp.org/idx/mr/98k:35003
http://msp.org/idx/zbl/0884.35001
http://dx.doi.org/10.1007/BF02393303
http://msp.org/idx/mr/96m:35113
http://msp.org/idx/zbl/0887.35061
http://dx.doi.org/10.1007/978-1-4615-0701-7_20
http://msp.org/idx/mr/2004e:58035
http://msp.org/idx/zbl/1052.58025
http://msp.org/idx/mr/2011a:53064
http://msp.org/idx/zbl/1189.53036
mailto:guan.19@osu.edu
mailto:shjshi@163.com
mailto:sui@math.osu.edu
http://msp.org

Nicolas Burq

Sun-Yung Alice Chang

Michael Christ

Charles Fefferman

Ursula Hamenstaedt

Vaughan Jones

Herbert Koch

Izabella Laba

Gilles Lebeau

Laszl6 Lempert

Richard B. Melrose

Frank Merle

William Minicozzi 1T

Werner Miiller

Analysis & PDE
msp.org/apde

EDITORS

EDITOR-IN-CHIEF

Maciej Zworski
zworski @math.berkeley.edu

University of California
Berkeley, USA

BOARD OF EDITORS

Université Paris-Sud 11, France Yuval Peres

nicolas.burq@math.u-psud.fr
Princeton University, USA Gilles Pisier

chang @math.princeton.edu

University of California, Berkeley, USA Tristan Riviere
mchrist@math.berkeley.edu
Princeton University, USA

cf@math.princeton.edu

Igor Rodnianski

Universitit Bonn, Germany
ursula@math.uni-bonn.de

U.C. Berkeley & Vanderbilt University
vaughan.f.jones @vanderbilt.edu

Wilhelm Schlag

Sylvia Serfaty

Universitdt Bonn, Germany
koch@math.uni-bonn.de

Yum-Tong Siu
University of British Columbia, Canada Terence Tao
ilaba@math.ubc.ca

Université de Nice Sophia Antipolis, France
lebeau @unice.fr

Michael E. Taylor

Purdue University, USA Gunther Uhlmann
lempert@math.purdue.edu
Massachussets Institute of Technology, USA Andras Vasy

rbm@math.mit.edu
Université de Cergy-Pontoise, France
Frank.Merle @u-cergy.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Dan Virgil Voiculescu

Steven Zelditch

Universitdt Bonn, Germany
mueller @math.uni-bonn.de

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

University of California, Berkeley, USA
peres @stat.berkeley.edu

Texas A&M University, and Paris 6
pisier@math.tamu.edu

ETH, Switzerland

riviere @math.ethz.ch

Princeton University, USA

irod @math.princeton.edu

University of Chicago, USA
schlag@math.uchicago.edu

New York University, USA

serfaty @cims.nyu.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA

gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

Northwestern University, USA
zelditch@math.northwestern.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2015 is US $205/year for the electronic version, and $390/year (4-$55, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscribers address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Uni-
versity of California, Berkeley, CA 94720-3840, is published continuously online. Periodical rate postage paid at Berkeley, CA 94704, and
additional mailing offices.

APDE peer review and production are managed by EditFLow® from MSP.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2015 Mathematical Sciences Publishers


http://msp.org/apde
mailto:zworski@math.berkeley.edu
mailto:nicolas.burq@math.u-psud.fr
mailto:chang@math.princeton.edu
mailto:mchrist@math.berkeley.edu
mailto:cf@math.princeton.edu
mailto:ursula@math.uni-bonn.de
mailto:vaughan.f.jones@vanderbilt.edu
mailto:koch@math.uni-bonn.de
mailto:ilaba@math.ubc.ca
mailto:lebeau@unice.fr
mailto:lempert@math.purdue.edu
mailto:rbm@math.mit.edu
mailto:Frank.Merle@u-cergy.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:peres@stat.berkeley.edu
mailto:pisier@math.tamu.edu
mailto:riviere@math.ethz.ch
mailto:irod@math.princeton.edu
mailto:schlag@math.uchicago.edu
mailto:serfaty@cims.nyu.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:zelditch@math.northwestern.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 8 No. 5 2015

Partial collapsing and the spectrum of the Hodge—de Rham operator 1025
COLETTE ANNE and JUNYA TAKAHASHI

Sharp L? bounds for the wave equation on groups of Heisenberg type 1051
DETLEF MULLER and ANDREAS SEEGER

Global well-posedness on the derivative nonlinear Schrodinger equation 1101
YIFEI WU

On the boundary value problem for the Schrodinger equation: compatibility conditions and 1113
global existence
CORENTIN AUDIARD

On estimates for fully nonlinear parabolic equations on Riemannian manifolds 1145
Bo GUAN, SHUJUN SHI and ZHENAN SUI

Concentration phenomena for the nonlocal Schrodinger equation with Dirichlet datum 1165
JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO and ENRICO VALDINOCI

Local spectral asymptotics for metric perturbations of the Landau Hamiltonian 1237

TOMAS LUNGENSTRASS and GEORGI RAIKOV

Hilbert transform along measurable vector fields constant on Lipschitz curves: L? bounded- 1263
ness
SHAOMING GUO

2157-5045(2015)8:5;1-9



	1. Introduction
	2. Global estimates for second derivatives
	3. Second-order boundary estimates
	4. Existence and C1 estimates
	Acknowledgment
	References
	
	

