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For a smooth, bounded domain €2, s € (0, 1), p € (1, (n+2s)/(n —2s)) we consider the nonlocal equation
X (=A)u4+u=u” inQ

with zero Dirichlet datum and a small parameter ¢ > 0. We construct a family of solutions that concentrate
as ¢ — 0 at an interior point of the domain in the form of a scaling of the ground state in entire space.
Unlike the classical case s = 1, the leading order of the associated reduced energy functional in a
variational reduction procedure is of polynomial instead of exponential order on the distance from the
boundary, due to the nonlocal effect. Delicate analysis is needed to overcome the lack of localization, in
particular establishing the rather unexpected asymptotics for the Green function of £ (—A)* + 1 in the
expanding domain &£ ~'Q with zero exterior datum.
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1. Introduction
Givens € (0,1),n e Nwithn > 2s, p € (1, (n+2s)/(n — 2s)) and a bounded smooth domain Q C R",
we consider the fractional Laplacian problem

e (=AYU+U=U" in Q, (-0
U=0 in R"\ Q,

where ¢ > 0 is a small parameter.
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As usual, the operator (—A)* is the fractional Laplacian, defined at any point x € R" as

2Ux)—Ux+y)—Ux—y) 4
|y|n+25 y

(=AY U(x) :=c(n,s)

Rn
for a suitable positive normalizing constant c(n, s). We refer to [Landkof 1972; Silvestre 2005; Di Nezza
et al. 2012] for an introduction to the fractional Laplacian operator.

We provide in the Appendix a heuristic physical motivation of the problem considered and of the
relevance of our results in the light of a nonlocal quantum mechanics theory.

The goal of this paper is to construct solutions of problem (1-1) that concentrate at interior points
of the domain for sufficiently small values of . More precisely, we shall establish the existence of a
solution U, that at main order looks like

zgu)ww(x_&>. (1-2)

&

Here £, is a point lying at a uniformly positive distance from the boundary 92 and w designates the
unique radial positive least energy solution of the problem

(—AY'w+w=w?, we H RY. (1-3)

See, for instance, [Felmer et al. 2012] for the existence of such a solution and its basic properties. See
[Amick and Toland 1991; Frank and Lenzmann 2013; Fall and Valdinoci 2014] for the (delicate) proof of
uniqueness in special situations and [Frank et al. 2015] for the general case. The solution w is smooth
and has the asymptotic behavior

alx| 70T Cw(x) < Blx|~F) for |x] > 1 (1-4)

for some positive constants «, 8; see Theorem 1.5 of [Felmer et al. 2012] and the lower bound in
formula (IV.6) of [Carmona et al. 1990].
Our main result is the following:

Theorem 1.1. If ¢ is sufficiently small, there exist a point &, € Q and a solution U, of problem (1-1) such
that

‘UAM—w(xgg)‘§Cﬁ”s (1-5)

and dist(£;, 32) > c. Here, ¢ and C are positive constants independent of € and S2.
Further, the point &, := &, /¢ is such that

He(§:) = min . (§) + O (") (1-6)

for the functional H (&) defined in (1-17) below, where

Q@:—:{EMEQ} (1-7)
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The basic idea of the proof, which also leads to the characterization (1-6) of the location of the point ée
goes as follows. Letting u(x) := U(ex), problem (1-1) becomes

{(_A)Su—i—u:up in Q, (1-8)

u=0 in R"\ Q,
where €2, is as defined in (1-7).

For a given & € €, a first approximation itg for the solution of problem (1-8) consistent with the
desired form (1-2) and the Dirichlet exterior condition can be taken as the solution of the linear problem

{(—A)Sﬁg—i-b_tg =w! in Q. (1:9)

ug =0 in R"\ Q,,
where

we (x) :=w(x —§).

The actual solution will be obtained as a small perturbation from u¢ for a suitable point £ = &,. Problem
(1-8) is variational. It corresponds to the Euler—Lagrange equation for the functional

I.(u) = %/Q (=AY u(x)u(x) + u(x))dx — # i uPt (x)dx, ue HJ(Q), (1-10)

where
Hj(Q2)={uec H (R") |u=0 ae.in R"\ Q}.

Since the solution we look for should be close to ug for § = &, the functional & — I, (ug) should have a
critical point near § = &,. We shall next argue that this functional actually has a global minimizer located
at distance ~ 1 /¢ from 0€2;.

The expansion of I, (ug) involves the regular part of the Green function for the operator (—A)* + 1
in €2, which we define next. In R" the operator (—A)® + 1 has a unique decaying fundamental solution I',
which solves

(=A)Y'T 4T =§. (1-11)

The function I' is radially symmetric, positive and satisfies

o B

N <I'ix) < N (1-12)

for |x| > 1 and «, B > 0; see for instance Lemma C.1 in [Frank et al. 2015].
The Green function G, for (—A)® + 1 in ; solves

(=AY Ge(x, ) +Ge(x,y) =6, if x € Q,, (1-13)
Ge(x,y)=0 if x e R"\ Q,.
In other words,

Ge(x,y) =T —y) = He(x, y), (1-14)
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where H,(x, y), the regular part, satisfies, for fixed y € R",
(=AY Hg(x,y)+ He(x,y) =0 if x € Q,,
He(x,y)=T(x—y) if x e R"\ Q.

We will show in Theorem 4.1 that, for dist(§, 0€2;) > §/¢, with § > 0 fixed and appropriately small,
we have that

(1-15)

I(iig) = Io + 3 He (§) +o(e"™™), (1-16)
where Iy is the energy of w computed in R"” and #H,.(§) is given by
He(§) = H (x, y)w ()wf (y) dx dy. (1-17)
Qs V2
We will show that H, satisfies
o B
SH () < (1-18)

dist(€, 9Q, )"t dist(§, ) t4s’

where «, B > 0, for all points & € 2, such that dist(§, 0€2,) € [5, 5 /€] for § > 0 fixed, suitably small,
and £ < 8.

From (1-18) and estimate (1-16), we deduce the existence of a global minimizer &, for the functional
I:(ug) for all small & > 0, which is located at distance ~ 1/& from 9d€2,. The actual proof reduces the
problem of finding a solution close to wg via a Lyapunov—Schmidt procedure to that of finding a critical
point &, of a functional with a similar expansion to (1-16), as we will see in Section 7.

In the classical case (i.e., when s = 1 and the operator boils down to the classical Laplacian), there is a
broad literature on concentration phenomena; we recall here the seminal papers [Ni and Wei 1995; Li and
Nirenberg 1998] and we refer to [Ambrosetti and Malchiodi 2006] for detailed discussions and more
precise references. In particular, we recall that [Ni and Wei 1995; Li and Nirenberg 1998; del Pino and
Felmer 1999; del Pino et al. 2000] construct solutions of the classical Dirichlet problem that concentrate
at points which maximize the distance from the boundary; in this sense, Theorem 1.1 may be seen as the
nonlocal counterpart of these results. In our case, the determination of the concentrating point is less
explicit than in the classical case, due to the nonlocal behavior of the energy expansion. More precisely,
for s = 1 one gets the expansion parallel to (1-16),

[s(ﬁé) = I+ %HS(S) + O(e—(2+a)dist(§,899)/a)’
where now
IHS(S) ~ 672dist($,8§25)/£; (1-19)
see for instance Y. Li and L. Nirenberg [1998] (compare (1-19) with (1-18)).

In the nonlocal case, much less is known. Multipeak solutions of a fractional Schrédinger equation set
in the whole of R"” were considered recently in [Davila et al. 2014]. The analysis needed in this paper is
considerably more involved. Concentrating solutions for fractional problems involving critical or almost
critical exponents were considered in [Choi et al. 2014]. See also [Chen and Zheng 2014] for some
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concentration phenomena in particular cases, and also [Secchi 2013] and references therein for related
problems about Schrodinger-type equations in a fractional setting.

The paper is organized as follows. The rather delicate analysis of the behavior of the regular part of
Green’s function is contained in Section 2. We estimate the function u¢ in Section 3, thus obtaining a
first approximation of the energy expansion in Section 4.

The remainders of this expansion need to be carefully estimated; for this, we provide some decay and
regularity estimates in Sections 5 and 6.

The Lyapunov—Schmidt method will be resumed in Section 7, where we discuss the linear theory and
the bifurcation from it. A key ingredient is the linear nondegeneracy of the least energy solution w; this
is an important result that was completely achieved only recently in [Frank et al. 2015], after preliminary
works in particular cases discussed in [Amick and Toland 1991; Frank and Lenzmann 2013; Fall and
Valdinoci 2014]. Then we complete the proof of Theorem 1.1 in Section 8.

2. Estimates on the Robin function H, and on the leading term of the energy functional

Given & € Q. and x € R", we define
po= [ Pe-ore-od.
R\,

Notice that, for any x € 2, and z € R" \ 2, we have

(=AY +DI'(x —z2) =8p(x —z2) =0, (2-1)
and so
(=AY + D Be(x) = /Rn\g Frz—8)((-=A)'+DI'(x —2)dz=0 (2-2)

for any x € €. Our purpose is to use B¢ (x) as a barrier, from above and below, for the Robin function
H;(x, &), using (1-15), (2-2) and the comparison principle. For this scope, we estimate the behavior of B
outside €2:

Lemma 2.1. There exists ¢ € (0, 1) such that
cHy(x,8) < Pe(x) < ¢ 'Ho(x, &) (2-3)

forany x € R"\ Q. and & € Q. with
dist(¢, 0€2) > 1. (2-4)

Proof. First we observe that, for any x € R" \ €,
|B1/2(x) \ £2¢] = ¢ (2-5)
for a suitable ¢, > 0. For concreteness, one can take c, as the measure of the spherical segment

3 = {z:(z/,zn)e[R{”_l XR| |z] <% and Zn>%}-
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To prove (2-5), we argue as follows. If By ;(x) € (R" \ €¢) we are done. If not, let p € (9€2;) N By2(x)
with dist(x, 02;) = |x — p|. Notice that the ball centered at x of radius |x — p| is tangent to 2, from the
outside at p, and |x — p| < %
Up to a rigid motion, we suppose that p = 0 and x = |x|e,. By scaling back, the ball of radius |X|
centered at X := ex = ¢|x|e, is tangent to 2 from the outside at the origin, and |X| =¢|x| =¢|x — p| < &/2.
From the regularity of €2, we have that there exists a ball of universal radius r, > 0 touching €2 from
the outside at any point, so in particular B, (r,e,) touches €2 from the outside at the origin, hence

B, (roen) R™\ . (2-6)
We observe that
X+eX C B, (rpe,). 2-7)

Indeed, if 7= (7', z,) €X+eX thene L 37—x = (7, z,—|x|) and so z,—|x| €[e/4, ¢ /2] and |7/| < |z]| < /2.
Hence, for small ¢, we have that r, —z, > r,—|X|—¢/2>r,—e>0andr,—z, <r,—|x|—¢€/4<r,—¢&/4,
and so
I3
|Zn —Fol =19 — 2n <r0_1a
which gives

|Z—r€|2=|z/|2+lz —r|2< i 2—|- r_i 2:}"2 £+i_2r()8<r
0€n n ol S\ 5 °T ° " 16 4 ) 0

if ¢ is sufficiently small. This proves (2-7).
As a consequence of (2-6) and (2-7), we conclude that x + ¢¥ C R" \ ©, that is, by scaling back,
x4+ X CR"\ Q. Accordingly,

(Bi2(x)\ ) 2 Bip(x)N(x + %) =x+X

and this ends the proof of (2-5).
Now we observe that if @, b € R” satisfy |a —b| < |b —£&|/2 and min{|a — &|, |b — &|} > 1 then

[(a—&)<Cr(b-§) (2-8)
for some C > 0. Indeed,
|b—&]|

la=§l21b—§l—la—bl>—

and so, from (1-12),
C 2n+25c
<
|a _ §|n+2s |b _$|n+25

This proves (2-8), up to relabeling the constants. As a consequence, given x € R" \ ., we apply (2-8)
with a :=x and b := z € By2(x) \ £2¢, we recall (2-4) and (2-5), and we obtain that

Ia—§&)< L2"ECI (b - &).

Be(x) > /

B2 (x)\ 2%
>C7'T(x—§) inf T()|Bip()\ Q| >c.C7'T(x—§) inf I'(y).
YEB12 yeEB

1/2

F(Z—S)F(X—z)dz>C_1/ Fx— 61 (x — 2)dz
B2 (x)\ 2
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This proves the first inequality in (2-3), since x € R" \ €, and so

[(x —§) = He(x,8). (2-9)

Now we prove the second inequality in (2-3). For this, we use (2-8) once again (applied here with a := z,
b := x and recalling (2-4)) and the fact that

/ ')dz=1 (2-10)
to see that
I ;:/ r(z_g)r(x—z)dzgc/ F'x—-§)(x—2)dz<CT'(x=§). (2-11)
Bix—g)2(0)\ Qs Bic—g)/2(x)

On the other hand, if z & Bjx_g|/2(x), we have that [x —z| > |x —&|/2 and so, by (1-12),

C - 2n+2sC
|x _Z|n+2s = |x _€:|n+2s

M(x—2z) < L2 (x — §).

Consequently,
I :=/ r<z—s>r<x—z>dz<c’/ -6 —£)dz < CT(x —8)
R™\Bjx—g/2(x) R\ By —g172(x)

for some C’ > 0, thanks to (2-10). From this and (2-11) we obtain that
Be(x) <Ii+ L <C'T(x—§)
for some C” > 0. This, together with (2-9), completes the proof of (2-3). O

Corollary 2.2. There exists ¢ € (0, 1) such that

cHy(x,€) < Be(x) < ™' He(x, §)
forany x € R" and & € Q. with dist(&, 02;) > 1.

Proof. The desired estimate holds true outside €2, thanks to (2-3). Then it holds true inside €2, as well,
in virtue of (2-2), (1-15) and the comparison principle. O

The above result implies an interesting lower bound on the symmetric version of the Robin function
H. (&, &), and in general for the values of the Robin function sufficiently close to the diagonal, according
to the following:

Proposition 2.3. Let§ € (0, 1). Let & € Q2. with

)
d :=dist(&,09;) € [2, —:|.
£
Letx,y € By/2(§). Then

Co

He(x’ y) 2 dn+as

for a suitable c, € (0, 1), as long as § is sufficiently small.
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Proof. Let z € R*\ 2. Notice that

d _|z—§|
—y <=« 2-12
1§ — ¥l > > (2-12)
and so
e—yI<le—&l+15 -yl <3lz—&l (2-13)
Similarly,
Iz —x| < 3z —¢| (2-14)
Another consequence of (2-12) is that
lz—§&| _d
lz—ylZlz=§[—-1§ -yl = 3 >§>1, (2-15)

hence dist(y, 0€2.) > 1 (as a matter of fact, till now we only exploited that d > 2). Notice that in the
same way, one has that

lz—x| > 1. (2-16)

Therefore we can use Corollary 2.2 with & replaced by y and so, recalling (1-12), (2-15), (2-16), (2-13)
and (2-14), we conclude that

He(x,y) 2 cBy(x)

:c/ I'z—y)'(x —2)dz
R™M\Q,

c 1
> — dz
= C? /I‘Qn\gg Iy_z|n+2s|x_z|n+2s

1
>c// ————dz 2-17
RM\Q, |Z_§|2n+4s ( )

Now we introduce some geometric considerations. By the smoothness of the domain, we can touch €2
from the outside at any point with balls of universal radius, say r, > 0. By scaling, we can touch €2, from
the exterior by balls of radius roe~ !, and so of radius d (notice indeed that d < Se~ 1 <rpe~Vif § is small
enough). Let n € €2, be such that |£ — n| = d. By the above considerations, we can touch €2, from the
outside at  with a ball B of radius d (i.e., of diameter 2d). We stress that B C R" \ 2., that |B| > ¢d" for
some ¢ > 0, and that if z € B then

for a suitable ¢’ > 0.

lz—&l<lz—nl+In—§<2d+d=3d.

These observations and (2-17) yield that

1

Hg (x, y) > C// W dZ > C/(3d)—(2n+48)|6| — 6/3—(21’1—5—4‘9)5 d—(ﬂ+4b‘)’
B 12— ’

as desired. O

There is also an upper bound similar to the lower bound obtained in Proposition 2.3:
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Proposition 2.4. Let & € Q; withd :=dist(§, 0Q2;) > 2,and x, y € By2(§). Then

Co
dn+4s

HS (xv y) <
for a suitable C, > 0.

Proof. As noticed in the proof of Proposition 2.3, we can use Corollary 2.2 with & replaced by y. Then,
since B;(§) C 2., we have (R"\ 2,) € (R"\ B;(&)), and therefore we obtain that

Ha(x,y)éc_lﬂy(X)éc_I/ ['z—8§l(x—2)dz.
R\ By ()

Also, if z € R"\ B; (&), we have that

lz—x|Z2lz=§|-|§—x|2>2d—|§ —x[=>

’

(SIEW

hence, by (1-12),

He(x, y) < c—lczf | - dz< c—1c2(3)"+25f L
Re\By (&) |2 —&|"T55 |z — x| H2s d Re\By (&) |2 — &M

By computing the latter integral in polar coordinates, we obtain the desired result. U

It will be convenient to define, for any & € €2,
M8 = [ Hlryul0)dy. (2-18)
Q

As a consequence of Proposition 2.4, we have:

Lemma 2.5. Let & € Q; with d = dist(¢, 9Q;) > 2. Let x € By3(£). Then

e (x,8) <

dn+as
for some C > 0, where I1,(x, &) is as defined in (2-18).

Proof. We split the integral into two contributions, one in By/4(§) and one outside such ball.
We can use Proposition 2.4 to obtain that, for y € €2, N By/4(§), it holds that H.(x, y) < Cod —n—ds
and so

mi= | H(xe )l 0)dy < Cud ™ [ wfray < cia s,
Q:NBy4(§) R"

for some C; > 0.
Now we consider the case in which y € .\ By/4(§). We use (1-4) to see that wg Y <Cly—£& | ~p(n+2s)
for some C, > 0. Also, in this case,

ly=x[Z=|y=§l-Ix=§l=27—-—¢c=

’

EANESH
oo X

d.
8
hence, by the maximum principle,

C3 Cy

Ha(x: )’) < F(X _y) < |x _y|n+2s < dnt2s

(2-19)
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for some C3, C4 > 0. As a consequence,

CrCy e 2s) Cs
”212/ He(x, y)w{ (y)dy < / ly —g| PO+ g = ——
Qe\Bd/4(§) S dn+2s R"\Bd/4(%') d2s+p(n+2s)

for some Cs > 0. In particular, since d > 1 and p > 1, we see that 1o < Csd™"~* and therefore,
recalling (2-18), we conclude that I (x, &) < +m < (Cy + Cs)d™ "%, O

The function H. defined in (1-17) will represent the first interesting order in the expansion of the
reduced energy functional (see Theorem 4.1 for a precise statement). To show that this reduced energy
functional has a local minimum, we will show that #, (and so the reduced energy functional itself) attains,
in a certain domain, values that are smaller than the ones attained at the boundary (concretely, this domain
will be given by the subset of 2, with points of distance 6/¢ from the boundary for some § € (0, 1) fixed
suitably small, possibly dependent on n, s and 2).

To this extent, a detailed statement will be given in Proposition 2.8 and the necessary bounds on H,
will be given in Corollaries 2.6 and 2.7, which in turn follow from Propositions 2.3 and 2.4, respectively.

Corollary 2.6. Let § € (0, 1). Let & € Q. with

T 3
d = dist(£, 9Q,) € [2, 8].
Then
C
Ho®)>

for a suitable ¢ > 0 as long as ¢ is sufficiently small.

Proof. Notice that By (§) € By/2(8) € Q. So, by Proposition 2.3, Hy(x, y) = c,d ") if x, y € By (&)
and

Ho(®) > /
Bi(&) JB1(§)

Corollary 2.7. Let & € Q. with d :=dist(§, 02,) = 5. Then

2
He (x, yywl (wf (y) dx dy > cod—<"+4s>( / w? (2) dz) : O
B

for a suitable C > 0.

Proof. We split the integral in (1-17) into three contributions: first we treat the case in which x, y € By2(§),
then the case in which x, y € R"\ By/»(§), and finally the case in which x € B;/2(§) and y € R"\ B;/2(§)
(the case in which y € B;2(§) and x € R" \ By/»2(§) is, of course, symmetrical to this one).

In the first case, we use Proposition 2.4, obtaining that

2
/ dx / dy H(x, y)wg(x)wg(y) < C,d~ 1t </ w?(2) dz)
Bap(§) Baya(§) Bay

2
< c0d<"+4s>< / wp(z)dz) ) (2-20)
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In the second case, we twice use the decay of w given in (1-4), (2-19) and (2-10), obtaining that

/ dx f dy Ho(x, yyw! (ow! (v)
R™\B4/2(§) R"\Ba/2(§)

<P f dx / dy |x — 7P |y — | TPOFIOT(x — )
R\ By/2(§) R\ Bg2(§)
<cra@p e [ [y ey
R"\By2(§) R"\Bg/2(§)

< C2p(d/2)—p(n+23‘) /

dn / do ||~ tIr(6)
R”\Bd/z n

< C/d—Zp(n+2s)+n
< C/d—(n+4s) (2_21)
for some C’' > 0.
As for the third case, we take x € By/»(§) and y € R" \ By/2(§) and we distinguish two subcases: either
lx —y|<d/6or|x—y|>d/6.
In the first subcase, we use a translated version of Proposition 2.4. If x € By/2(§), y € R" \ By/2(§)
and |x — y| < d/6, we take & := (x + y)/2. Notice that
d  d
E=YISEE—xl+lx=yI<5+¢

and therefore

. d  (d  d\_17d
—E|= —28| < |x — —_g <S4 (28 = L
20—l =+ -2l < —gl+ly sl <5+ (5+5) =%
As a consequence,
d :=dist(§, 99,) > dist(§, 9Q,) — |E —&| > d — % = %. (2-22)
In particular,
d>2. (2-23)
Also, by construction,x—§:§—y=(x—y)/2, and so
2 e 1 d
—El=E—y|=z|x —y| < —=.
w—El=1E—yl= 3l —y< 3
This and (2-22) say that
x,y € Byya(§) € By, (€). (2-24)

Thanks to (2-23) and (2-24), we can now use Proposition 2.4 with £ and d replaced by é and d, respectively.
So we obtain that, in this case,

C, C
= < V=
qn+4s dntas

He(x,y) < (2-25)

for some C > 0, where (2-22) was used again in the last inequality.
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So, we make use of (1-4) and (2-25) to obtain that

f dx / dy Ho(x, yyw! (0ow! (v)
Bip2 (&) Ba6(x)\Ba2(§)

L CPC d~0H4 / dx /
Bap(§) Bas6(x)\Basa2(§)

dy wf (x)|y —&|7P0+)
< Cpéd—(n+4s)\/‘ dX/ dz wg(x)lz|—p(n+23‘)

4 "\Bua2
—4s—p(n+2s)

d
Cd~— 49, (2-26)

Finally, we consider the subcase in which x € B;2(§), y € R"\ By/2(§) and |[x — y| > d/6. In this
circumstance we use (1-4), (2-19) and (1-12) to conclude that

P )4
/1; . dx /R”\Bd/z@) dy He (x, y)wg (x)wg ()
4/2(8) {lx—yl>d/6}

3 — p _ #1—pn+2s)
<¢ /B ®) dx /R"\Bd/z(é) dyT'(x = y)wg (x)|y —§&|
o {lx—y|>d/6)

- 2 - 2
<C fB dx [ g gy ey 1= I W )y — 7O
26 lr—yl>d/6)

< Q(d/6)—(n+25) / dx / dy wé’(x)b) _ sl—p(n+2s)
" "\By2(§)

Ed—Zs—p(n—l—Zs)

NN

Cd~+4) (2-27)
for suitable C, C > 0. From (2-26) and (2-27) we complete the third case, namely when x € By/»(§) and
y € R"\ By/2(§), by obtaining that

/ dx / dy He(x, y)wf )w{ (y) < (C +C)d =", (2-28)
By2(8) R\ By/2(§)

The desired result follows from (1-17), (2-20), (2-21) and (2-28). Il
For concreteness, we summarize the results of Corollaries 2.6 and 2.7 in the following:
Proposition 2.8. Let § > 0 be suitably small and
Qs :=1{x € Q| dist(x, 92,) > §/¢}. (2-29)
Then H, attains an interior minimum in Qg s, namely there exist c1, ¢ > 0 such that

. ntds e n+4s .
minH, < c€ <ol =< < min H,.
Qs 8 0%.5
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Proof. Let 8, be the maximal distance that a point of 2 may attain from the boundary of 2. By scaling,
the maximal distance that a point of 2, may attain from the boundary of €2, is §,/e. Let &, be such a
point, i.e.,

Sy
d, = dist(&,, 092;) = —.
€

For ¢ sufficiently small we have that &, € Q. 5. So, by Corollary 2.7,

n+4s
c Ce n—+4s

minH, < H < = =ci¢
o e S He(80) < df+4s 5f+4s 1

for a suitable ¢; > 0. On the other hand, by Corollary 2.6,

C8n+4s

which implies the desired result for § appropriately small. 0

3. Estimates on u; and first approximation of the solution

Now we make some estimates on the function u¢ introduced in (1-9), by using in particular the auxiliary
function IT, in (2-18). For this, we define, for any & € Q,,

Asx) = /R O dy (3-1)

We have the following estimate for Ag:

Lemma 3.1. Let x, & € Q. Assume that d := dist(&, 0Q2,) > 1. Then

0< Ag(x) < d(n+—2s)p,

where C > 0 depends on n, p, s and <.
Proof. If y € R"\ Q; then |y — &| > dist(§, 0€2.) > 1; therefore, by (1-4),

lws (M| = [w(y — &) < Cly — &~ < cd 0+,

As a consequence of this, and recalling (2-10), we deduce that

[ wtora-nay<@a @@y [ ra-yay<ca oy, 0
R\, R™\Q,

Lemma 3.2. Let x, & € Q. Assume that d := dist(&, 0Q2;) > 1. Then

ug (x) = wg (x) — Ag(x) — T (x, §) (3-2)
and
C

0 < we(x) — it () — T (x, §) <~y

(3-3)

for a suitable C > 0 that depends on n, p, s and 2.
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Proof. First of all, notice that w = w? * I', since they both satisfy (1-3), thanks to (1-11), and uniqueness
holds. As a consequence

we) =wr—6) = [ w—g—yrody= [ wlOrE-pd. G

n

Similarly, recalling (1-9), (1-13) and the symmetry of G., we see that
ug(x) = / g (2)8¢(2) dz
Qe
= / g (2)((=A) +1)G(z, x) dz
Q,

:/ wg(z)Gg(x, 2)dz

£

:f wg(z)r‘(x—z)dz—/ wg(z)Hg(x,z)dz
Qe Qe

:f wg’(@r(x—z)dz—/ wg’(z)roc—z)dz—f wf (2)He (x, 2) dz.
n R\, Q

This, (2-18), (3-1) and (3-4) imply (3-2), which, together with Lemma 3.1, implies (3-3). O

Lemma 3.3. Let & € Q.. Assume that d := dist(&, 0Q2;) > 2. Then

-1 C
/S; wg (x)Ag(x)Hg(x,S)dxgm

for a suitable C > 0 that depends on n, p, s and 2.
Proof. First of all, we notice that for y € R" \ Q. we have |y —&| > d > 1, and therefore, thanks to (1-4),

we (¥)] = [w(y —£)] < Cly — &7 < €02,

Hence, recalling (3-1),

ng_l(X)As(X)Hs(x,§)dX=/ wg"l(x)(/R\Q wg’(y)mx—y)dy)ng(x,s)dx

&

<Cd™ 0 [ yx dy w? ™ ()T (x — y) e (x, §)
Qe "\ Q2 g

<ca e [ ax [ ayul T oree- e
{Ix=§1<d/4} R\

+Cdm R / dy w! ™ ()T (x = y)Me(x, §)
{lx—&1>d/4}
=1+ (3-5)
Now, thanks to (3-3), we have that I, (x, §) < wg(x), and so

wl ™ T (x, ) < wf (x). (3-6)
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Therefore, I; can be estimated as follows:

I, < Cd=+2p / dx / dy wf ()T (x — y)
{lx—&I<d/4) R\,

< Cd=2or f dx / dy wg(x)F(x —y).
{lx—§&l<d/4} R™\Ba/2(§)
We notice that, in the above domain,

NIEY
INEN
INEN

x=yl=ly—§l—lx—§l=
hence
Fx—y) < m

Now, we can compute in polar coordinates the following integral:

1
—_— dy < _’
/R"\Bd/z@) x — y|r2s 7T a2

up to renaming the constant C. This and the fact that wg is integrable give
p
wg (x)

Il < Cld—(n-‘rZs)p/

dx/ y — <C2d—(n+25)pd—2s/
{lx—¢|<d/4) R\BypE) X —y["T

< C3d_(”+23)pd—25’
for suitable Cy, Cp, C3 > 0. Now, if |[x — &| > d /4 then, thanks to (1-4),
lwe (X)] = [w(x —£)] < Clx — &=+

This, together with (3-6) and (2-10), implies that

I, < Cd~+29p / dx / dy wf ()T (x — y)
|x—&|>d/4} R\ 2

{
F _
< Cld=+9r / dx / dy L&) : j’;)
{lx—E|>d/4) rQ, X — &P

< C//d—(n+2s)pd—(n+25)p+n

{lx—§l<d/4}
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wé’(x) dx

(3-7)

(3-8)

for suitable C’, C” > 0, where in the last inequality we have computed the integral in dx in polar
coordinates and used (2-10). Putting together (3-7) and (3-8) and recalling (3-5), we get the desired

estimate.

Lemma 3.4. Let £ € Q, and p := min{p, 2}. Assume that d := dist(&¢, 02;) = 2. Then

C

p—1 2
/ng (x)Hg(x,E)dxédﬁ(anHzS

for a suitable C > 0 that depends on n, p, s and 2.

O
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Proof. First we observe that

2(n+4s) > pn+4s) =pn+2s+2s) > p(n+2s)+2s

if p>2,
pn+4s)>pn+4s)=pn+2s+2s)>pn+2s)+2s

if 1<p<?2, (3-9)
nm+2s)(p+1)—n=pn+2s)+2s > p(n+2s)+2s.

Now, we can write the integral that we want to estimate as

[ vt omeoa= [ wtome o [ w o
Q2 {Ix—§|<d/8} {lx—§|>d/8}
=11+ 1. (3-10)
If p > 2, then to estimate /; we use Lemma 2.5 together with the fact that wé’ s integrable to get
< c
I < q2(n+4s)

(3-11)
If 1 < p <2, we notice that, thanks to (3-3), IT;(x, §) < we(x) and so

wl T M2, ) = wl ™ N2, NP (x, §) < wl ™ w] P OTTE (x, §) = we ()L (x, £).

Therefore, again using Lemma 2.5 and the fact that wg is integrable, we obtain

C C
p - - ;
I < /{x_agd/s} we ()T (x, &) dx < ) /{|x—s|<d/8} wg (x) dx < PTIEEOR (3-12)
To estimate I, we use (3-3) to obtain that IT, (x, £) < wg (x), and so w! ™' ()I2(x, &) < w!™ (x). This
implies that
I, < / wé’“(x) dx.
{lx—§|>d/8}
Since |x —&]| > d/8, thanks to (1-4) we have that
|we (¥)] = [w(x —€)] < Clx — 7"
Therefore, computing the integral in polar coordinates,
C C
LES /{|x§|>d/8} Ix — | +29(p+D) dx < 42 (p+D—n " (3-13)

Putting together (3-11), (3-12) and (3-13) and recalling (3-10), we obtain the result (one can use (3-9) to
obtain a simpler common exponent).

O
Lemma 3.5. Let 6 € (0, 1). Let & € Q. be such that d := dist(&, 02;) > &/¢. Then

f wl ™ () AZ(x) dx < PPt
Q

£

for a suitable C > 0 that depends on n, p, s, § and S2.
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Proof. We use Lemma 3.1 and the fact that €2 is bounded to obtain that

P11 A2 c p-i / c Cg2p+25)
/Q we AW dx < ens /Q we () dx S Ty el S i S St

for suitable C’, C” > 0. This implies the desired estimate. O

4. Energy estimates and functional expansion in u;

In this section we make some estimates for the energy functional (1-10). For this, we consider the
functional associated to problem (1-3):

I(u):%/R((—A)Su(x)u(x)+u2(x))dx—# A uPt(x)dx, ue H*RY). (4-1)

Theorem 4.1. Fix § € (0, 1) and & € Q; such that d := dist(&, 02;) = §/¢. Then, we have
Le(iig) = I (w) + 3He (§) + 0(e" ) (4-2)

as ¢ — 0, where I is given by (4-1), w is the solution to (1-3) and H.(£) is defined in (1-17), as long as §
is sufficiently small.

The following simple observation will be used often in the sequel:

Lemma4.2. Let§ > 1 and g > 1. Then

/ q( )dz < ———5—
w; (z)dz < —
R™\ By (£) & §nlg—1+2sq

for some C > Q.
Proof. First of all, we observe that

n—1—-m+2s)g<n—1—m+2s)=—1-2s < —1

and therefore

+o00 8n—(n—|—2s)q
/ pn—l—(n-‘rls)q d,O - (4_3)
5 (n+2s)qg—n
Now, we use (1-4) to see that
/ wi(z)dz < / —C dz=C /+oo P 1m29a g
ROByE) Re\By (&) 1X — &[4 5
for some C’ > 0. This and (4-3) imply the desired result. (|

Corollary 4.3. Let & € Q, withd .= dist(&, 0Q2;) > 1. Then

p+1 C
A"\QE wg (Z) dZ < dnp+2-9(P+l)
for some C > Q.

Proof. Notice that (R" \ ;) C (R"\ B;(§)) and exploit Lemma 4.2. O



1182 JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

Proof of Theorem 4.1. Using (1-9) and (3-2), we have
I (i) = 1/ ((=A)ug(x) +ue(x)u (x)dx—Lf i’ () dx
eUg 2 Jo, £ 3 3 P+ Jo £

_ 1/ wl (x)ie (x) dx — L al ™! (x) dx
Qe Q.

2 p+1
= [ e — st~ ML(x, 6 da
Q2
pr (wg (x) = Ag () = e (x, €))7 dx
= (1—L)f pH(x)dx—l/ w! (0 (Ag (x) + T, (x, §) dx
BRI RS ok d e

1
s / [wf () — (e (0) = As(@) = Te(x, €))7+ ] dx. (4-4)

We note that the first term in the right-hand side of (4-4) can be written as

(%L)/ wl @ dx = (3 - ﬁ)/ wf o dx - (3 - ﬁ)/ﬂm wl ! () dx

p+1
1 1 p+l
=I(w)— (5 - —— dx,

since w is a solution to (1-3). Therefore,

I (iiz) = T (w) — (% _ #) /Rn\g wl () dx — % /Q w! (0)(Ag(x) + I, (x, §)) dx

+ﬁ [ pH(x)—(wg(X)—Ag(x)—l_[ (x,£)PH ] dx

11 1 I
_I(w)_(i_m)h 2t (“4-5)

where
Ji = / w! ™ (x) dx,
R\
hi= [ w0+ M £) d
Qe
and J3 = / [w f’“(x) — (wg (x) — Ag(x) — T (x, €))7 1] dx
Q¢
Now, we estimate separately J;, J and J3. Thanks to Corollary 4.3, we have that

_ wP ! ¢ 9 np+2s(p+1) )
= /R,,\Q e WX < s S gurnean ' (4-6)

Concerning J,, we write it as
Jo = o1 + J,
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where

D21 :=/ w (x) Ag (x) dx,
Q¢

47
J» ::/Q wf () e (x, &) dx.

Recalling the definition of A in (3-1) and the estimate in (1-4), we have that

Ja1 =/ de . dy wf (x)wf (NT (x—y)

Fx—y)
C/sdx /n\szs dy We (x)| g [

c p
< d(n+—2s)p/ dx /n\g dy W @)r'x—y)

d(n+2s)p(/ dx/ R\Q, dywé_.”(x)lﬂ(x—y)—l-'/Q dxf Q. dywsp(x)r(x—y)). (4-8)

{lx—yl<d/2} ¢ {lx—yl>d/2}
We notice that, if x € Q. and y € R" \ Q, with |x — y| < d/2, then
d _d
—E|l>|ly—&|l—|x—y|>d—Z= =2,
=&l =y —§l-lx—ylzd-5=7

Therefore, using (1-4), (2-10) and the fact that €2 is bounded, we have

dx dy w? ()T (x —y) < dx dy L)
Qe Rn\Qs y E y Rn\Qe |x _ Sl(n+2s)p

{lx—yl<d/2} {lx—yI<d/2}

'(y)
/f”/l Y ix—ger

< C'(1/d) "7 Q|
C///
= dn+2s)pgn

c"” (n425)
n+2s)p—n B
S §(n+2s)p (4-9)

for suitable constants C’, C”, C"”” > 0. Moreover, if |x — y| > d /2, we use (1-12) to get
wy (x) c
p 3 S =2 2
/ dX/ RN\ Q, dy 'LUS (X)F(X —y) /n dX/ R\ Q m < cd—* < STSS $
{lx—yl>d/2} {lx— Y|>d/2}

for some C > 0. Putting together (4-9) and (4-10) and recalling (4-8), we obtain

"
I < c ¢ 8(n+2s)pfn+£823
21 = d@+2)p \ §(n+2s)p 528

C (n+2s) c” (n+2s)p—n C 2s A np+2s(p+1)
Ssert A\ gept L hgmes ) SR @-11)

§(n+2s)p §2s
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for suitable C > 0. Therefore,

Jo= 40l = [ Wl (ML (. ) dx -+ 0fe" ) (4-12)

£

To estimate J3 we expand wé’ + (x) in the following way:

wl ) = @l @) + (p+ Dwf () (we (x) — i () + cpal ™ () (we (x) — il (x))?,

where 0 < ug < o < we and ¢, is a positive constant depending only on p. Therefore, recalling (3-2)
and (4-7),

J3 = / [w£+l(X) - (U)g(X) — As(x) _ Hg(x’ g_-))p-i—l] dx
9
= / [w§+1(x) _I/_lg]—‘rl(x)] dx
Q,

:(p+1)f wé’(x)(Ag(x)—I—Hg(x,é))dx—i—cp/ ozg_l(x)(Ag(x)—l-Hg(x,é))zdx
Qe Q

&

= (p+ (a1 + ) +¢p / ol (0 (A (o) + T (x, §) dx. (4-13)

€

Since ag (x) < wg (x), we have that
/Q E ol T @) (Mg () + M (x, £))? dx

<[ 70+ T, 6y

= / w! ™ () AZ(x) dx + /Q w! ™ M2 (x, &) dx +2/F w! ™ () Ag ()T, (x, §) dx.

Hence, from Lemmata 3.3, 3.4 and 3.5 (together with the fact that d > §/¢) we deduce that

/ O[g_l(.x)(Ag(x) 4 ns(x’ 5))2 dx g Ca(gzp(l’ri“zs)*n +8(H+25)[3+2S +8(n+2§)P+2S)

&

for some Cs, where p = min{p, 2}. The last estimate, (4-11) and (4-13) give
J3=(p+ D +oe™*) = (p+1) /Q wf (DT (x, §) dx +o(e" ). (4-14)
Putting together (4-6), (4-12) and (4-14) and using (4-5), we get
1) = 1)+ [ wf (MG ) dx +o(e" ),

&

Thus, recalling the definitions of I1, and H, in (2-18) and (1-17), respectively, we obtain (4-2). O
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5. Decay of the ground state w

1185

In this section we recall some basic (though not optimal) decay properties of the ground state and of its

derivatives.
For this, we start with a general convolution result:

Lemma 5.1. Leta,b>n,C,, Cp, >0and f, g € L (R") with
|fI < Cal+xDT and g < Cp(1+|x) 7"
Then there exists C > 0 such that
I(f ) () < C(1+|x])~°
with ¢ == min{a, b}.
Proof. Fix x € R" and r := |x|/2, and observe that if y € B, (x) then

x|
|y|>|xl—|x—y|>IXI—r=7.

Asa consequence,

C, Cp Cq Cp
> dy < 5 dy
B,y (L+1x—=yD* (A +[y]) B,(v) (1 +1x—yD* (1 +(Ix]/2))
C 1
< b h?
(I +1xD? Jre (14 |x =y (I+xD

up to renaming constants. On the other hand, if y € R* \ B, (x) then |x — y| > r = |x|/2, thus

dy <

Ca Cb Ca Cb
5 dy < 5 dy
r\B, () (1 +1x =y (1 +]yl) re\B,(x) (1 +(1x[/2)* (1 +1yD)

C 1
< / 5 dy < )
A+ 1xD* Jre (T41yD I+ |xDe
Putting together (5-1) and (5-2), we obtain the desired result.
Now we fix & € 2, and we define, forany i € {1, ..., n},

_ 8w§

Z,’ = ,
axi

(-1

(5-2)

(5-3)

where we is the ground state solution centered at §. Moreover, we denote by Z the linear space spanned

by the functions Z;.
We prove first the following lemmata:

Lemma 5.2. There exists a positive constant C such that, foranyi =1,...,n,
|Zi| < Clx =& forany |x —§| > 1,

where vi :=min{(n +2s + 1), p(n +2s)}.
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Proof. Given R > 0, we take I'1 g € C®°(R"), with 0 < T'; g <T'in R" and I'; g = I" outside Bg, and
we define I'y g :=T —I'1 g. We use (1-11) to write

w=Txwl =T gxw? + Ty gxw’. (5-4)

We assume, up to translation, that £ = 0. Then, our goal is to prove that, for any k € N, we have that

dw —v(k)
a(x) < Ce(1+[x)™, (5-5)
L

where
vk) ;==min{(n+2s+ 1), p(n+25), k(p — 1)(n+2s)} = min{v, k(p — 1) (n + 2s)}

for some Cy > 0. Indeed, the desired claim would follow from (5-5) simply by taking the smallest k for
which k(p — 1) > p.

To prove (5-5) we perform an inductive argument. So, we first check (5-5) when k£ = 0. For this, we
use the fact that w € L>°(R") and that " € L' (R") to find R > 0 sufficiently small that

/ I'(y)dy < CTTTT—
B pllw|l oo @m)

This fixes R once and for all for the proof of (5-5) when k = 0. Hence, we use the sign of I'j g and the
fact that I'; g = 0 outside By to obtain that

/ 2 r(y)dy Z/ o r(y)dy < / Cir()+TorMdy < o7 (5-6)
R Br Br 2pllw| oo e
Then, for any ¢ € (0, 1), we define D, w(x) := (w(x +te;) — w(x))/t and we infer from (5-4) that
Dyw = (DT g) *w? + Ty g x (D,w?). (5-7)
Also, from formula (3.2) of [Felmer et al. 2012] we know that
VI (x)| < Clx|~“+2+D for any |x| > 1. (5-8)

As a consequence, if |x| > 2 and n € B;(x), we have that

|x]
|U|2|X|—|X—ﬂ|>7>1;

hence,

IT(x+te)) —T(x)| <t sup [V ()| < Ctlx|”"H2+D,
neB1(x)

up to renaming C. This gives that | D,T'(x)| < C(14|x|) =240 50 | D, Ty g(x)| < C(1 4 |x])~+25+D,
Accordingly, we have that
(DL x| < ol ey [ IDTLROIdy < C: (5-9)
Rﬂ

Also,
-1
[w? (x +1e;) —wP(x)| < PIIwIIZOO(Rn)Iw(x +1e;) —w(x)|.
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This says that
—1
| Dyw? ()] < pllwll} g | Diw ()],

Moreover,

2wl
D (0] < =5

hence we can define
M(t) := sup |D;w(x)],

xeRn
so we obtain that
-1
|thp(x)| < p”wuioo(Rn)M(t)
for every x € R", and thus

P P p—1 M(t)
T2, g * (Dw") () < | TorOWMIDw”(x = y)[dy < plwllpoonyM @) | T2 r(y)dy < —
Rr R~

thanks to (5-6). Using this and (5-9) in (5-7), we conclude that

M (z)
Diw < C+——.

By taking the supremum, we obtain that

M(t)
M(1) <C+T,

and this gives, up to renaming C, that M (¢) < C. By sending ¢ N\, 0, we complete the proof of (5-5)
when k£ = 0.

Now we suppose that (5-5) holds true for some k and we prove it for k + 1. The proof is indeed similar
to the case k = 0: here we take R := 1 and use the shorthand notation I'1 :=T"1 g and I'; :=1" g. By (5-5)
for k = 0 and the regularity theory (applied to the equation for D,;w), we know that w € C'(R); hence,
we can differentiate (5-4) and obtain that

0 ol’ 0
—wz—l*w”+F2* pw”_l—w . (5-10)
8)6,' 8xl~ 8xi
So, we use (1-4), (5-8) and Lemma 5.1 to obtain
? % wp(x) < C(l 4 |x|)—min{(n+2s+1),p(n+25)}. (5_11)
Xi

Moreover, we notice that

(p — D(n+2s) 4+ v(k) =min{(p — D(n+25) +vi, (k+ D) (p — 1)(n +25)}
>min{vy, k+D(p—1)(n+2s8)} =vk+1).
Hence, using (5-5) for k and (1-4) we see that

< C + [x])~ P DEF29=vE0) < O (1 4 |x[) VD, (5-12)

0
‘pwl’la—wm
Xi
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up to renaming constants (possibly depending on p). Now, we observe that
1+[x—yl>3(1+]x]) if xeR" and |y| <.

Indeed, if |x| > 2 and |y| < 1, then
|

|x
IX—yIZIXI—IyIZT,

which implies (5-13) in this case. If instead |x| < 2 and |y| < 1, we have that
1+ x| <3<3(1+|x—y),

and this finishes the proof of (5-13).
Therefore, since I' vanishes outside By, using (5-12) and (5-13) we have

L ow T ()
r U <C/ d
2*(”“’ axf)(x) g, (11 x — yriern @

(5-13)

[2(y) C / C
S dy < ry)dy=————.
'/;?I (1+|x|)v(k+l) y (1+|x|)u(k+1) R (y)dy (1+|x|)v(k+l)

This and (5-11) establish (5-5) for k£ 4 1, thus completing the inductive argument.

Lemma 5.3. There exists a positive constant C such that, foranyi =1,...,n,
IVZi| < Clx=§|7" forany |x —§| > 1,

where vy := min{(n + 25 +2), p(n + 2s)}.

Proof. From formula (3.2) of [Felmer et al. 2012], we know that

|D’T(x)] < Clx|""F5+2 0 x| > 1.

Hence the proof of Lemma 5.3 follows as that of Lemma 5.2, by using (5-14) instead of (5-8).

Lemma 5.4. For any k € N there exists a positive constant Cy such that, foranyi =1, ...

|D*Zi| < Cxlx =& forany |x—§| > 1.
Proof. From Lemma C.1(ii) of [Frank et al. 2015], we have that

DT ()| < Celx ™", x| > 1.

The proof of Lemma 5.4 follows as that of Lemma 5.2 by using (5-15) instead of (5-8).

We note that
fZ?dx:f Z%dx forany i, j=1,...,n.

o :=/ Z31dx,

We set

5n’

O

(5-14)
g

(5-15)

(5-16)

(5-17)
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and so, thanks to (5-16), we observe that

/ Z?dx=a forany i=1,...,n. (5-18)
Lemma 5.5. The Z; satisfy the following condition:
/n Z;Zjdx =ad;;. (5-19)
Also, if T, € L*°([0, +00)), T(x) := t,(|]x — &]|) for any x € R" and Z;:=1Z;, then
/n Z,Z;dx = as;j, (5-20)
where'
a:= / Z\Zydx. (5-21)

Proof. We first observe that the function w is radial (see, for instance, [Felmer et al. 2012]) and therefore,
recalling the definition of Z; in (5-3), we have that

— &
=—<x—s>—w (|l
: | i
Hence, using the change of variable y =x — &, forany i, j =1, ..., n, we have
= 2 (X — Sl)(x &)
fzizjdx=/ ro(lx — &) |w'(lx — £1)] =5 gy
n R~ §|
2)iyj
=f D[ (3D 3 dy. (5-22)

Therefore, if i # j,

[ zzias= [ i [aolwanpP 2 an)ay'=o

since the function 7,(|y|) |w’(|y|) |2y,-/|y|2 is odd. This proves (5-20) when i # j. On the other hand,
if i = j, formula (5-22) becomes

f Z,‘Z,‘dXZ/R ‘L’,,(|y|)|UJ(|y|)| ly |2 dy.

We observe that the latter integral is invariant under rotation; hence,

f Z,-z,-dx=/ D31 2 lzdy—a.
n R

This establishes (5-20) also when i = j. Then, (5-19) follows from (5-20) by choosing 7, := 1 and
comparing (5-18) and (5-21). Il

n particular, we note that, if 7, has a sign and does not vanish identically then & # 0 (and we will often implicitly assume
that this is so in the sequel).
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Corollary 5.6. The Z; satisfy the condition

/ Z,‘Zj dx 2068,‘]‘ + 0(8”)
Qe
with v > n +4s.

Proof. From Lemma 5.5, we have that

/ ZiZjdx:/ Z,’Zjdx—/ Zl-Zjdx :a&-j—/ Z,-Zjdx.
e R” RM\Q, RMQ,

Moreover, from Lemma 5.2, we obtain that

1 2vi—n
Z:Z;dx < C —_dx <M,
R™\Q. rR\Q, |X — &V

which implies the desired result. g

6. Some regularity estimates

Here we perform some uniform estimates on the solutions of our differential equations. For this, we
introduce some notation: given & € Q. with

dist(€, 9Q%) >§ for some ¢ € (0, 1), (6-1)
and n/2 < u < n+ 2s, we define, for any x € R",
(x) : (6-2)
pe(x) i = —-—-———. -
J (I+[x — &

Moreover, we set

¥ le == oz " ¥ llLoqan)-
Lemma 6.1. Let g € L*(R™) N L®(R") and let € H*(R") be a solution to the problem

{(—A)Sz//+¢+g:0 in Q,, (6-3)
=0 in R"\ Q..

Then, there exists a positive constant C such that

| || Lo (mn) + Sup w

p Xy < C(lglre®ny + gl L2@mn)-
x#y

Proof. From Theorem 8.2 in [Dipierro et al. 2014], we have that ¥ € L°°(R") and there exists a
constant C > 0 such that

Y1l Loy < CUlgl L@y + 1Y 1 L2@n))- (6-4)
Now, we show that
Il 2@y < gl 2@y (6-5)
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Indeed, we multiply the equation in (6-3) by ¥ and we integrate over €2, obtaining that
/Q (=AY + ¥* + g dx =0.
We notice that, thanks to formula (1.5) in [Ros-Oton and Serra 2014b],

/(—A)WlﬁdX=/ (=AY dx > 0.
Qe Qe

/wzdng —gV dx.
Qe Q;
1

(L ea) ([ v

and therefore, dividing by ([, ¥ dx)l/ ? we obtain (6-5).
From (6-4) and (6-5), we have that

Hence, from (6-6) we have

So, using Holder’s inequality, we get

¥l Loy < Cllgl Loy + 181 L2Rn))-

1191

(6-6)

Now, since both ¥y and g are bounded, from the regularity results in [Silvestre 2007] we have that ¥

is C* in the interior of 2, for some o € (0, 2s).

It remains to prove that ¢ is C* near the boundary of 2.. For this, we fix a point p € 92, and we

look at the equation in the ball B{(p).

We notice that |(—A)*y| is bounded, since both ¥ and g are in L°°(R"), and therefore we can apply

Proposition 3.5 in [Ros-Oton and Serra 2014a], obtaining that, for any x, y € B;(p) N 2.,

YY)
&) d(y)

S Cr(l¥ | Loy + 1181l Loown),

(6-7)

where d(x) := dist(x, d€2;). In particular, we can fix y € Bj(p) N €2, such that d(y) = % Since i is

bounded, from (6-7) we have that

¥ (x)
d* (x)

< (1Y |l Loe@ny + 18 1| Loower)),
which gives that
¥ (x) < Ca([[¥ [l Loowny + g Ml oo n))d® (x).
This implies that ¢ is C* also near the boundary and concludes the proof of the lemma.

Lemma 6.2. Let & € Q,, B be a bounded subset of R", and Ry > 0 be such that

Bg,(§) 2 B.
Let W € L°°(R") be such that

m:= inf W > 0.
R\B

(6-8)

(6-9)
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Let also g € L*(R™), with llgll.e <400, and let v € H*(R") be a solution to

(=AY +Wy+g=0 in .,

v =0 in R"\ Q..
Then, there exists a positive constant C, possibly depending on m, Ry and |W)| L~ @) (and also on n, s,
and Q), such that*

[V lle < CUY Lo +118llkg)- (6-10)

Proof. We define
Wi =myxg+Wyxrns and G:=m—-W)xp¥ —g. (6-11)

We observe that
[Gllve <sup(l+[x —&ED"(m +WE)) Y (x) + Igllwe
xeB

2(1+ Ro)* Wl Lo @ 1¥ Nl Lo ) + 11811,
Coll¥llLom) + 118z (6-12)

for a suitable Cy > 0 possibly depending on Ry and || W|| = ®) (notice that (6-8) was used here). Also,

<
<

Y is a solution of
(AY+ Wy =W -y —g=W-Wxrng—Wxp)¥ —g=mxs—Wxs)¥y —g=G (6-13)
and, in virtue of (6-9),
W Zmxs+mygnp=m. (6-14)
We let pg := (14 |x|)~* and take n € H*(R") to be a solution of
(=A)'n+mn = po. (6-15)

We refer to formula (2.4) in [Davila et al. 2014] for the existence of such solution and to Lemma 2.2
there for the following estimate:
sup (1 + [x)Hn(x) < Cy sup (1 +|xD*po(x) = C, (6-16)
xeRn xeR®

for some C; > 0, possibly depending on m. Also, by Lemma 2.4 in [D4vila et al. 2014], we have that n > 0,
and so, recalling (6-14), we obtain that

(W(x) —m)n(x —§) = 0. (6-17)
Now we define ng (x) :=n(x —§),
Co = Glxs (6-18)

and w := C,ne &= . We remark that the quantity C, plays a different role from the other constants Co,
Ci and C»: indeed, while Co, C; and C; depend only on m, Ry and |V ||~ (as well on n, s and ),
the quantity C, also depends on G, and this will be made explicit at the end of the proof.

2In (6-10) we use the standard convention that l¥ 1l Loo(3) := 0 when B := & (equivalently, if B = &, the term || || Loo(13)
can be neglected in the proof of Lemma 6.2, since, in this case, G and g are the same from (6-11) on).
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Notice also that po(x — &) = pg(x), due to the definition in (6-2), and
Cape (X) £ G (x) = p: () (Ca — p; ' ()G (X)]) = s (X)(Cu = G lug) > 0. (6-19)
Thus we infer that
(=AY o+ Wo=C((—A)ns + Wng) £ (=A)* Y + W) = Cops + Co(W —m)ns £G >0 (6-20)

in €, thanks to (6-13), (6-15), (6-17) and (6-19). Furthermore, in R" \ 2, we have that w = C,nz > 0. As
a consequence of this, (6-20) and the maximum principle (see, e.g., Lemma 6 in [Servadei and Valdinoci
2014]), we conclude that @ > 0 in the whole of R".

Accordingly, for any x € R”",

Foi )Y x) = p; ' (X)(Cape (x) — 0 (x))
< Copy ! () (x)

< C. sup p; ' (Mne ()
yeR"?

= C.sup p; ' (Y +Em:(y +8)
yeR®?

=C, sup (1+[yD"n(y)
yeR”?

< GG,
where (6-16) was used in the last step. Hence, recalling (6-18) and (6-12),
ngl(X)l//(X)l S CillGlle < Ci(CollrllLeom) + g llvg),
which implies (6-10). O
As a consequence of Lemma 6.2, we obtain the following two corollaries:

Corollary 6.3. Let g € L%(R™), with llgll.e <400, and let y € H*(R") be a solution to
F—Afw+w—m¥4¢+g=0in9w
v =0 in R"\ Q..

Then, there exist positive constants C and R such that

[V lle < CUWY e BrE) + 118 1lx)- (6-21)

Proof. We apply Lemma 6.2 with W:=1— pwé7 “land B:=B g (&) (notice that, with this notation, (6-21)
would follow from (6-10)). So, we only need to check that (6-9) holds true with a suitable choice of R.
For this, we use that w decays at infinity (recall (1-4)); hence we can fix R large enough that

pwP 1 (x) % for every x € R" \ Bg.

Accordingly, W > 1 — % = %, which establishes (6-9) with m := %



1194 JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

Corollary 6.4. Let g € L>(R"), with llgll.e <400, and let yy € H*(R") be a solution to

{(—A)Sl/f+¢+g=0 in €,
Y =0 in R\ Q.

Then, there exists a positive constant C such that
[V lee < Cliglhe.

Proof. For this we use Lemma 6.2 with W := 1 and B := & (recall the footnote on page 1192). 0

7. The Lyapunov-Schmidt reduction

In this section we deal with the linear theory associated to the scaled problem (1-8). For this, we introduce
the functional space

Vo={y e H'®R") |y =0in R"\Q and [, ¥Zdx=0 forany i=1,...,n},

where the Z; were introduced in (5-3). We remark that the condition
/ YZ;dx=0 foranyi=1,...,n
Qe

means that ¥ is orthogonal to the space Z (that is the space spanned by Z;) with respect to the scalar
product in L?(2;).
We look for a solution to (1-8) of the form

U= ug =g+, (7-1)

where it¢ is the solution to (1-9) and v is a small function (for ¢ sufficiently small) which belongs to W.
Inserting u (given in (7-1)) into (1-8) and recalling that u; is a solution to (1-9), we have that, in order
to obtain a solution to (1-8), ¥ must satisfy

(—A)‘Y¢+W—PW§_1W=E(W)+N(lﬁ) in €, (7-2)
where?

1

E() = (g +¥) — (wg +¢)P and N) := (wz + )" —wf — pwl™ . (7-3)

Instead of solving (7-2), we will consider a projected version of the problem. Namely we will look for
a solution ¥ € H*(R") of the equation

(A Y+ —pwl Y= EW) NG+ Y aZi in (7-4)

i=1

3 As a matter of fact, one should write the positive parts in (7-3), namely set E () := (ig + w)ﬁ — (wg + w)ﬁ and N(y) :=
(wg + llf)ﬁ - wg - pwg _11//, but, a posteriori, this is the same by maximum principle. So, we preferred, with a slight abuse of

notation, to drop the positive parts for simplicity of notation.
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for some coefficients ¢; € R, i € {1, ..., n}. Moreover, we require that i satisfies the conditions
Y =0 in R"\Q, (7-5)
and
vZidx=0 forany i=1,...,n. (7-6)
Qe

We will prove that problem (7-4)—(7-6) admits a unique solution, which is small if ¢ is sufficiently small,
and then we will show that the coefficients ¢; are equal to zero for every i € {1, ..., n} for a suitable £.
This will give us a solution { € ¥ to (7-2), and therefore a solution u of (1-8), thanks to the definition
in (7-1).

Linear theory. In this subsection we develop a general theory that will give us the existence result for
the linear problem (7-4)—(7-6).

Theorem 7.1. Let g € L*>(R") with llgll.e <—+o0. If e > 0 is sufficiently small, there exist a unique € W
and numbers c; € R foranyi € {1, ..., n} such that

Ay +y —pwl Y +g=) aZi in Q. (7-7)
i=1

Moreover, there exists a constant C > 0 such that

¥ llee < Cliglis- (7-8)

Before proving Theorem 7.1 we need some preliminary lemmata. In the next lemma we show that
we can uniquely determine the coefficients ¢; in (7-7) in terms of ¢ and g. Actually, we will show that
the estimate on the ¢; holds in a more general case; that is, we do not need the orthogonality condition
in (7-6).

Lemma 7.2. Let g € L*(R") with llgll.e <-+00. Suppose that € H*(R") satisfies

(_A)Sll’—i_v/_pwgilv/—i_g:Zln:l Cl‘Zi in QS’ (7_9)
v =0 in R"\ .,
forsomec; eR,i=1,...,n.
Then, for ¢ > 0 sufficiently small and for any i € {1, ..., n}, the coefficient c; is given by
o = l/ gZidx + fi, (7-10)
o Jre
where « is as defined in (5-17), for a suitable f; € R that satisfies
|fil < Ce"2AY 2@y + gl o) (7-11)

for some positive constant C.
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Proof. We start with some considerations in Fourier space on a function T € C*(R") N H%(R"). First of
all, for any j € {1, ..., n},

13T 12 gy = IF QTN 2y = IE7 T 17 20y = /R E/IT @) dE.

Moreover, by convexity,
Y
€1t = (Zs}) <2) &,
j=1 j=1
and therefore )
20D T 2y = D 2003 T 17 20y > /R EMT@©)1 de.
=1

As a consequence, :

=AY T2 gy = IF (=AY TG 2y = NEP T2

= [ EFIT P ds < /W“ +IEIT @) dt

<IT N2y + 20D T2 gy < CUIT |l g2 ey (7-12)
for some C > 0.
Now, without loss of generality, we may suppose that

Bc/e(s) C (7‘13)

for some ¢ > 0. Fix & > 0, and choose 7, € C*(R", [0, 1]) with 7, =1in B(./¢)-1(§), 7. =0 outside B,/ (&)
and |Vt | < C. We set T j := Z;t.. Hence, from (7-12) and Lemmata 5.3 and 5.4,

I(=AY T 117>y < C (7-14)

for some C > 0, independent of ¢ and ;.

Moreover, the function T, ; belongs to H*(R") and vanishes outside B./;(§), and so in particular
outside 2., thanks to (7-13).

Thus (see, e.g., formula (1.5) in [Ros-Oton and Serra 2014b]),

/ (=AY T, ;jdx = / (=AY (= AT, jdx = / Y(—A)'T. dx. (7-15)
As a consequence, recalling (7-14),

<Y 2@yl (=AY Te jll 12, < ClY I L2we- (7-16)

/ (=AY YT, jdx
Qe

Now, we fix j € {1, ..., n}, we multiply the equation in (7-9) by T ; and we integrate over £2.. We
obtain

ZC,‘/ ZiTe,jdx:/ Te,j((—A)sll’-H//—ngfli/f+8)dx- (7-17)
i=1 vV 2
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Now, we observe that, thanks to (7-15), we can write
/ (=AY T, jdx = / V(=AY'T, jdx = / V(=AY (T, —Zj)dx —i—/ V(=A)Y'Z;dx. (7-18)
Qe Q, Q, Q;

Using Holder’s inequality and (7-12), we have that

<Yl 2@y (=AY (T, j — Z ) || 2y

‘/Q Y (=A)Y (Te,j — Zj) dx
S ClYleeeylTe; — Zjll g2 @wey- (7-19)
Let us estimate the H>-norm of T, ; — Z;. First, we have that
nnq——znﬁqwg=1/ ug—lfz%dxsa/' 22 dx,
R” Bl /o)1)
since 7, = 1 in B./._1(§) and takes values in (0, 1). Hence, from Lemma 5.2, we deduce that

! < Cé”,

1 Te.i = Zi 12 <cf - dx
SR T Jpe o x—EP T

cle—
up to renaming C. Therefore,
1T, ; — Zjll 2y < Ce™2. (7-20)

Moreover, we have that
|Waa—2»ﬁmw=AJm—nva+vQ%Fw

= Rn(rs —DIVZ; P + VT Z] + 2(te = 1)Z,;V Z; - Vo dx.

Using the fact that both 7, — 1 and V', have support outside B./.—1(§), and Lemmata 5.2 and 5.3, we
obtain that

IV(Ts,j = Z )l 2any < Ce™2. (7-21)

Finally, using again the fact that 7, — 1, Vt, and D?7, have support outside B./.—1(§), and Lemmata 5.2,
5.3 and 5.4, we obtain that

”Dz(Tg,j - Zj)”LZ(R") < an/Z‘
Using this, (7-20) and (7-21) we have that
”Ts,j - Z] ”HZ(R”) < an/Z’

and so, from (7-19), we obtain

L/ Y (=AY (T, — Zj) dx| < Ce"?|[Yl o) (7-22)
Qe
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Now, using (7-18), we have that
/ T i (=AY Y+ — pul ™ y) dx
Qe
= f w(—A)SZj + Tg,‘j"/f — pwéjil"//Tg’j dx +/ W(—A)S(Tg’j — Zj)dx.
Q, Q,

Since wg is a solution to (1-3), we have that Z; solves

1

(=A)'Zj+Zj=pw Z;,

and this implies that
[ Tsary v - pul ™ ax
Q.
=/Q V(T =Zp = pwl T = Z)dx+ | YA Ty = Zpdx.

Hence, using the fact that we is bounded (see (1-4)) and Holder’s inequality, we have that

Vg T (DY + 9 — pw! ™ y) dx

< C(||W||L2(Rn)||Ts,j —Zillp2wny + '/ V(=AY (Te,; — Zj)dx >
Qe
< C"PYll 2. (7-23)

where we have used (7-20) and (7-22) in the last step.
Now, we can write

/ Ta,jgdx:/ (Tg,j—Zj)gdx+/ Zjgdx
e Qe Qe

=f (Ts’j—Z,-)gdx—i-/ ngdx—/ Zjgdx. (7-24)
Q. ' Rr R\,

Using Holder’s inequality and (7-20), we can estimate

2
<Tej = Zjl 2@y gl 2y < Clgl 2y

f (Ts’j — Zj)gdx
Qe

Moreover, from Hélder’s inequality and Lemma 5.2 (and recalling that dist(§, 0€2.) > ¢/¢), we obtain
that

C 2
<lglz2e (/ —dx) < Ce"?|gll 12 -
= (R™) R Q, |x_g>_-|2v1 = (R™)

/ Zjgdx
RN\Q

The last two estimates and (7-24) imply that

'/Ts’jgdxzf ngdx—l—fj,
Q. Re
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where
3 2
151 < Ce"lgl 2 @m-

From this, (7-17) and (7-23), we have that

n
ZC,‘ / ZiTg’j dx =/ ng dx +fj,
i=1 : R
where
| fil < Ce" 2 Nl 2 + g1l L2y

up to renaming the constants.
On the other hand, we can write

/ZiTg,jdx:/ Zi(TE,j_Zj)dx—'l_/ Z,-Zjdx.
Q. e B

From Holder’s inequality, (7-20) and Lemma 5.2, we have that

2
< (f Zizdx) ”Ts,j - Zj||L2([R”) < an/Z.
Q2

)/ Zi(Tg’j — Zj)dx
Q2
Using this and Corollary 5.6 in (7-27), we obtain that

/ Z,‘Te’j dx =Ol8,'j + O(Sn/z).

&

So, we consider the matrix A € Mat(n x n) defined as

Aj,' ZZ/ ZiTs’jdx.
Qe

1199

(7-25)

(7-26)

(7-27)

(7-28)

(7-29)

Thanks to (7-28), the matrix ' A is a perturbation of the identity and so it is invertible for & sufficiently

small, with inverse equal to the identity plus a smaller order term of size £"/2. Hence, the matrix A is

invertible too, with inverse
(A™Yji=a7'8;+ 0",

So we consider the vector d = (dy, ..., d,) defined by
dj I=/ ngdX+f_j.
Rn
We observe that

<lglle@ny 122wy < ClgH L@y

‘/ gZjdx
Rn

thanks to Lemma 5.2. As a consequence, recalling (7-26), we obtain that

ldI < CUY 2@y + 1811 L2@ny),

up to renaming C.

(7-30)

(7-31)

(7-32)
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With the setting above, (7-25) reads

n
ZC,‘AJ,‘ =/ ngdX+fj =dj;
— R
i=1
that is, in matrix notation, Ac = d. We can invert this relation using (7-30) and write

c=A'd=a"'d+ f*
with
|2 < Ce"?ld) < Ce™* (1Y 2y + gl 2@y (7-33)

in virtue of (7-32). So, using (7-31),

ci=a 'di+ fl.tI = ! / gZidx+a ' fi + fiu.
This proves (7-10) with :
fir=a T fit ff
and then (7-11) follows from (7-26) and (7-33). Il

Now, we show that solutions to (7-7) satisfy an a priori estimate. We remark that the result in
the following lemma is different from the one in Corollary 6.4, since here also a combination of Z;

fori =1, ..., n appears in the equation satisfied by .
Lemma 7.3. Let g € L2(R") with llgll.e <-+o0. Let f € W be a solution to (7-7) for some coefficients
ci €R,i=1,...,n,and for ¢ sufficiently small.

Then,

¥l < Clgle-

Proof. Suppose by contradiction that there exists a sequence &; 0 as j — +o00 such that, for any j € N,
the function v; satisfies

. —1 i / .
(=AY + ¥ — pwi Y+ =201 Z in Qg

vj=0 in R"\ Q,, (7-34)
Jo ¥iZ!dx=0 forany i =1,...,n,
o)
for suitable g; € L?(R") and §j € 2, where
z/ = _ang'
! 8)61'
Moreover,
[¥jllveg =1 forany jeN (7-35)
and  [[gjllxg O as j— +oo. (7-36)

Notice that the fact that the equation in (7-34) is linear with respect to v/, g; and Zl.j allows us to take
the sequences v/; and g; as in (7-35) and (7-36).
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We claim that, for any given R > 0,
IV jllLoeBre;y = 0 as j — +o0. (7-37)

For this, we argue by contradiction and we assume that there exists § > 0 and jy € N such that, for
any j > jo, we have that ||V || Lo (Bg(g;)) = 9-
Thanks to Lemmata 7.2 and 5.2, we have that

. C,
J n/2
6]1< ZHlgslhg, + Coff
for suitable positive constants C; and C,. Hence, from (7-36), we obtain that
cij\O as j — +oo forany i € {1,...,n}. (7-38)

Now, from Lemma 6.1, we have that

[V (x) — ¥ (p)
sup
xXF#Ey |X—)’|s

<

We observe that

n
i -1
g,‘—I-Zc{ZiJ—l-png v, +

i=1

n
i ) -1
gi+y ezl +puwly;
i=1

) . (7-39)
Loo(Rm) L2(R?)

n
o B
gj+ZC,-’Z,~J+pw§’j v;
i=1

n
< C<||g||*,gj +> Il 1+ ||w,~||*,gj),
L>®°(R")

i=1

thanks to the decay of Zl.j in Lemma 5.2 and the fact that wg/ ~!is bounded (recall (1-4)). So, from (7-36),
(7-38) and (7-35), we obtain that '

n
‘g,-+zc{z{ +pwl 'y, <C (7-40)
i=1 L @®")
for a suitable constant C > 0 independent of j.
We claim that
n
gityczl+pwl Y <cC (7-41)
i=1 ' L2®™)

where C > 0 does not depend on j. Indeed,

1 1
2 2
||gj||Lz(Rn)=( / gfdx) <||g,-||,,5,-< / p;dx)
Rll Rn
1

1 2
< IIngI*,sj</Rn WW) <Cligjllvg < C,
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since 24 > n and (7-36) holds. Moreover,

n .

>z
i=1

thanks to (7-38) and Lemma 5.2. Finally, using (1-4), the fact that 2 > n, and (7-35), we have that

1
2p—1 8
<p||¢j||*,s,-</ wsfp )pézj dx)
Lz(R”) Rn K
! i
dx <C.
/Rn (1+ |x —&;)2p=Dt29+2u ) h

Putting together the above estimates, we obtain (7-41).
Hence, from (7-39), (7-40) and (7-41), we have that the v; are equicontinuous.
Forany j =1, ..., n, we define the function

Vi (x) = (x +&)

n
v S Y12 @y <€,
L=(R") i=1

—1
i

< cnw,-u*,;,(

and the set
Qji={x=y—§|yeQ,}
We notice that v/; satisfies

(A P+ —pwP Y+ 8= lZ in &, (7-42)
i=1
where g;(x) := g(x +&;) and Zi = ow/dx;. Moreover,
;=0 in R"\Q;. (7-43)
Now, thanks to (6-1), we have that B. /¢, (§;) C €2¢,. Hence, B/.; C Q j» which means that Q j converges

to R” when j — +o0.
Furthermore, we have that

1 llLoe =8 and  [|(14 x| ¥ Loy = 1. (7-44)

Now, since the v; are equicontinuous, the 1& ; are equicontinuous too, and therefore there exists a
function ¥ such that, up to subsequences, the v j converge to ¥ uniformly on compact sets.

The function ¥ is in L>(R"). Indeed, by Fatou’s Theorem and (7-35), and recalling that 2x > n, we
have

- 1
2 . . 2 . . 2
dx < liminf Sdx < liminf ||y |5 . ———dx <C.
- Y vy WJ oo |I¢] l £ /R" (1+|x — ngZM
Moreover, ¥ satisfies the conditions
11l Lo By = 8 (7-45)

P
and  ||(1+ [xD*Y | Loy < 1. (7-46)
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We prove that ¢ solves the equation

(=AY +¢ = pwP~ 'y in R".

1203

(7-47)

Indeed, we multiply the equation in (7-42) by a function n € C§° (Q ;) and we integrate over R". We notice

that both n and 1},- are equal to zero outside Qj (recall (7-43)), and therefore we can use formula (1.5) in

[Ros-Oton and Serra 2014b], and we get
(=AY n+n—pw~'ny; dx +/ gjindx = ch’ / Zindx.
Rﬂ Rﬂ i:1 n

Now, we have that

18 ll+0= llgjllee; O as j— +oo.

Lo
Rn

since 24 > n, which implies that

Moreover,

< ||§j||*,of pondx < Cllg 1o,
Rn

/gjndx—>0 as j — +oo.
Also,

n .
Z clJ f Zindx
i=1 R

and so, thanks to (7-38), we obtain that

n
<CY Il
i=1

n
Zc{f Zindx -0 as j — +o0.
i=1 R

Finally, we fix r > 0 and we estimate

(=An+n—pw’ 'pyde — | (=A)n+n—pw? 'nydx
R~ Rn

< | I(=AYn+n—pw 'y — ¥ldx
Rn

=/ |<—A)Sn+n—pwp1n|w7,-—&|dx+/R (=)0 41— pwP 'l 1§, — ¥ dx.
B,

"\ B,
We define the function
7:=(=A)n+n—pw’ 'y
and we notice that it satisfies the decay

C

()] < W

(7-48)

(7-49)

(7-50)

(7-51)

(7-52)
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Hence,

1

—A)* — pw? Iyl — ¥l dx < Cil|¥; — |l /—d
/B,'( = pwr iy 1 < Q= Tl [ e

< CallYj — ¥l
which implies that

/I(—A)Sn+n—pw”_lnllx7fj—1/7|dx\0 as j — 400 (7-53)
B,

due to the uniform convergence of 1} j to ¥ on compact sets. On the other hand, from (7-44), (7-46)
and (7-52), we have that

- _ 1
—AYn+n-— wP~! P — dx<2C/ ——dx
/RH\B,'( Y+ n— pwPnl1d; — | R

1
<2C ————dx
lx/I‘Q"\Br |x|n+2s

< C3I’72S.
Hence, sending r — 400, we obtain that

fW\B (=AY 5+ — pwP~ gl 1 — ¥ dx 0. (7-54)
Putting together (7-51), (7-53) and (7-54), we obtain that
R,,((_A>S" +n—pw'ny;dx — /Rn((—A)“'n +n—pw’ 'pydx as j— +oo.
This, (7-49), (7-50) and (7-48) imply that

(=AY'n+n—pw 'nPdx=0
R’l

for any n € C;°(R"). This means that 1} is a weak solution to (7-47), and so a strong solution, thanks to
[Servadei and Valdinoci 2014].
Hence, recalling the nondegeneracy result in [Frank et al. 2015], we have that

BN
V=3 by (7-55)
i=1

for some coefficients 8; € R.
On the other hand, the orthogonality condition in (7-34) passes to the limit, that is,

WZ;dx =0 forany i=1,...,n. (7-56)
Rn

Indeed, we fix r > 0 and we compute

f(t/?—&j)iidx:/ (&—&,-)Zdwf (Y — V) Zi dx. (7-57)
R B, R™\ B,
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Concerning the first term on the right-hand side, we use the uniform convergence of ¥ j to ¥ on compact
sets together with the fact that Z; is bounded to obtain that

(W —¥)Zidx —0 as j— +oo.
B,

As for the second term, we use (7-44), (7-46) and Lemma 5.2 and we get

o 1
/ W —v;)Zi dxgcf — dx < Cr7%,
R\B,

R\ B, |x|n+2s

which tends to zero as r — +o00. Using the above two formulas in (7-57) we obtain that
0= 1%2,{1)6—) &Zidx,
R R
which implies (7-56).
Therefore, recalling (5-3) also, (7-55) and (7-56) imply that ¥ =0, thus contradicting (7-45). This
proves (7-37).
Now, from Corollary 6.3 (notice that we can take R sufficiently big in order to apply the corollary), we

have that
n
gydz) )
i=1 *.&j
n . .
>zl )
i=1 *&j
n
o
Sidieg'z!| )
i=1 LOO(R")

n
< C(||wj||Loo(BR<;,.>> +ligjlleg, + D Ic |),
i=1

1Vjllee; < ClLIWYjllLeBrE)) +

< C(leHLw(BR(gj)) +1gjllwg +
= C(le lLooBrig;)) + 185 11w +

up to renaming C, where we have used the decay of Zij (see Lemma 5.2) and the fact that © < n + 2s.
Therefore, (7-36), (7-37) and (7-38) imply that

1¥jlleg — 0 as j— o0,

which contradicts (7-35) and concludes the proof. U

Now we consider an auxiliary problem: we look for a solution ¢ € W of

n

(—A'Y+Y+g=) ¢Z in Q. (7-58)
i=1
and we prove the following:

Proposition 7.4. Let g € L*(R") with llgll..e <-+00. Then, there exists a unique solution ¥ € W to (7-58).
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Furthermore, there exists a constant C > 0 such that

IV lle <Clligle- (7-59)

Proof. We first prove the existence of a solution to (7-58).
First of all, we notice that formula (1.5) in [Ros-Oton and Serra 2014b] implies that, for any i, ¢ € W,

(—A)'Ypdx = / (=AY (=AY Ppdx = / Y(=A)pdx.
R R R
Now, given g € L?(R"), we look for a solution ¥ € ¥ of the problem

(=AY (=AY pdx+ | Yedx+ / gpdx =0 (7-60)
R~ Rn R~

for any ¢ € W. Subsequently we will show that ¥ is a solution to the original problem (7-58).
We observe that

o= [ PparPods [ wpds

defines an inner product in W, and that

F(p) = —/ gpdx
Rll

is a linear and continuous functional on W. Hence, from Riesz’s theorem, we have that there exists a
unique function ¥ € W which solves (7-60).
We claim that
Y is a strong solution to (7-58). (7-61)

For this, we take a radial cutoff T € C;°(2,) of the form 7(x) = 7,(]x — &) for some smooth and
compactly supported real function, and we use Lemma 5.5. So, for any ¢ € H*(R") such that ¢ =0
outside 2., we define

$:=¢—> r$)Z;,
i=1
where
ri(p) i=a ! / Z; dx, (7-62)
Rn

and Z ; and & are as in Lemma 5.5. We remark that Z ; vanishes outside €2, hence so does $ Furthermore,
for any j € {1, ..., n},

Jszjdx:/ Jszjdx:/ ¢zjdx—z/\i(¢)/ ZiZjdx= | ¢Zjdx—>) ri()as;
Q, R~ R~ i=1 R~ i=1

R)‘I

= - ¢Zj dx—kj(qﬁ)&

=0,
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thanks to Lemma 5.5 and (7-62). This shows that ¢~> e v,
As a consequence, we can use q~> as a test function in (7-60) and conclude that

/ n(—A)*‘/Zw(—A)“'/Z(d) - in«/))Z) des [ w<¢ - in@)z) dx
i=1 i=1
+/ g(¢>—Z>»,-<¢>Z,-) dx =0,
R i=1

that is,

/ (=8 Py (=8P dx + / Vhdx+ / g dx
Rn Rn

n

= /Ww +8) Y hi($)Z;dx +fRn<—A>Sw > 1i($)Zidx
i=1 i=1

=3 1) [ s+ arnZdx (7-63)

i=1
Now, we define

b =a"! : (W + g+ (=A)Y)Z; dx,

we recall (7-62) and we write (7-63) as

(=AY Py (=AY Ppdx+ | v dx+/ gpdx =Y Xi(p)ab; = Zb,-/ ¢Zi dx.
R R i=1 i=1 R

RVL
Since ¢ is any test function, this means that v is a solution of

(A Y+ +g=) bZ

i=1

in a weak sense, and therefore in a strong sense, thanks to [Servadei and Valdinoci 2014], thus prov-
ing (7-61).

Now, we prove the uniqueness of the solution to (7-58). For this, suppose by contradiction that there
exist ¥; and v, in W that solve (7-58). We set

V=1 — o,
and we observe that ¥ is in W and solves

(AP +y =) aZ inQ (7-64)
i=1

for suitable coefficients a; e R, i =1, ..., n.
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We multiply the equation in (7-64) by ¢ and we integrate over 2., obtaining that

(=AY + 92 dx =0,
Qe
since 1} € W (and so it is orthogonal to Z; in L?*(S2,) for anyi =1,...,n). Since 1} = 0 outside 2., we
can apply formula (1.5) in [Ros-Oton and Serra 2014b] and we obtain that
(=AY P+ 92 dx =0,
Ril
that is,

11l s @y = O,
which implies that = 0. Thus ¥ = v, and this concludes the proof of the uniqueness.
It remains to establish (7-59). Thanks to (7-58) and Corollary 6.4, we have that

n n

¥ lle < CHg =Y azi| < C<||g||*,g +|D cizi ) (7-65)
i=1 *§ i=1 *§
First, we observe that, forany i =1, ..., n,
1Zills =suplp; ' Zi| < Ci,
RVL
due to Lemma 5.2 and the fact that & < n + 2s (recall also (6-2)). Hence,
n n n
Yoazi| <Y leilllZillg <CL Y leil. (7-66)
i=1 *E =] i=1
Now, we claim that
n
Yoazi| < CUYllg +liglng))- (7-67)
i=1 *§&

Indeed, we recall Lemma 5.5, we multiply (7-58) by Z jfor j€{l,...,n}, and we integrate over R",
obtaining that
(=AY Z;+yZ;+gZ;dx = ac;, (7-68)
R)l
where Z,- and & are as in Lemma 5.5. Thanks to formula (1.5) in [Ros-Oton and Serra 2014b], we have
that

(=AY Z;dx
R}'I

Y (=AY Z;dx| < (=AY Zjll @ 11l 2@y

R)l
where we have used Holder’s inequality. Therefore, this and (7-68) give that
alejl < N=A)Zjll g 1 2@ + 121 2@ 1 2@ + 121 2@ 1812

which, together with (7-66), implies (7-67), since both ||(—A)SZ jllz2@ny and ||Z,~ | L2y are bounded
(recall Lemma 5.4).
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Now, we observe that
Il < 18N 2@y - (7-69)

Indeed, we multiply (7-58) by ¢ and we integrate over €2.: we obtain
| carvu vt sgvar=o
Qe

since ¥ € W. We notice that the first term in the above formula is quadratic, and so, using Holder’s
inequality, we have that

/ ‘//2 dx </ (=¥ dx < ||8||L2(Rn)||‘/f||L2(Rn),
Qe Q,
which implies (7-69).

Therefore, from (7-67) and (7-69), we deduce that

n
2 aZ
i=1

< 2GCsIgl 2 -
*,&

Moreover,

1

1
2 1 2
gl 2 < ligll, (/ p2dx) = lgll., ( —dx) < Cligle
e N\ \Jw At 1x - :

since 24 > n. The above two formulas give that

n

Y azi|  <Cillglhe.
i=1 *§

This and (7-65) show (7-59), and conclude the proof. Il

Now, for any g € L?>(R") with llgll..e <400, we denote by A[g] the unique solution to (7-58). We
notice that Proposition 7.4 implies that the operator .4 is well defined and that

IALg]lle < Cligllhz-

We also remark that 4 is a linear operator.
We consider the Banach space

Yoi={y R = R|[[¥].g < 00} (7-70)

endowed with the norm || - ||,.¢.
With this notation we can prove the main theorem of the linear theory, Theorem 7.1.

Proof of Theorem 7.1. We notice that solving (7-7) is equivalent to finding a function ¢ € W such that

1

¥ — Al-pw{™ y1=Algl. (7-71)

For this, we set
Bl = Al-pw! ™ y]. (7-72)
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Recalling the definition of Y, given in (7-70), we observe that
if ¥ €Y, then B[y]eY.. (7-73)

Indeed, from Proposition 7.4 we deduce that B[y/] € W solves (7-58) with g := — pwé7 711//, and so

IB[Y 1l < Cll — pwf™ Wllee < CllYllae

for some C > 0 (recall that we is bounded thanks to (1-4)), which proves (7-73).
We claim that

B defines a compact operator in Y, with respect to the norm || - ||, . (7-74)

Indeed, let (v J) J a bounded sequence in Y, with respect to the norm || - ||, ¢. Then, thanks to Lemma 6.1,
the fact that wé "and Z’ are bounded and wg ,og and Z] belong to LZ(R"), and Lemma 7.2, we have
that

IB[i//J (x) = B[y;1(y)]
x;éy |x —)’|s

n
gCl(H—pwg 1l/j+g cl-]Zl.J
i=1

n
+ H—pwé’_llllj —i—Zci’Z{
i—1

LZ(Rn)>

n n
- , .
< cz(uw,- ooy + D 1e] NZ] L@ + 19 e lwf ™ pell 2y + Y 11112} ||L2(Rn)>

i=1 i=1

n
< C3(||‘//j||*,§ +> |c{|)
i=1

<Gy

L®(R?)

for suitable positive constants Cy, C2, C3 and Cy4. This gives the equicontinuity of the sequence B[],
and so it converges to a function b uniformly on compact sets. Hence, for any R > 0, we have

IBIY;]1 = bllL=(Brey = O as j — +o00. (7-75)
On the other hand, for any x € R" \ Bg(£), we have the estimate
! ™ WO < W g lwl ™ (@) e (0)]
(x)

1
< CSHV/]”*,E (1 n |)C — é|)(n+25)(p_1) Pg
1 2s)(p—1
< C5||1/fj||*,g/0§+(n+ s)(p )/M(x)
for some Cs > 0, where we have used the decay of w; in (1-4) and the expression of pg given in (6-2).

This implies that

— -1
sup  |og 'wl T Y < CsllYjlle  sup pf (x),
xeR™\BRr(§) X€RM\BR(§)
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where
(n+2s)(p—1)
o ==—->
n

Hence, since v; is a uniformly bounded sequence with respect to the norm || - ||,¢, we obtain that

0. (7-76)

sup  |p; 'BIY;11<Cs  sup  pf(x). (7-77)
xeR"\Bgr(§) X€RM\Bg(§)
It follows that
sup |p;'bI<Ce sup  pf(x). (7-78)
xeR"\Bgr (&) xeR"\Bg (&)

We observe that

sup | o ' (Blyrj1— b)| = sup |p; (Bl — B xseee) + £ (Blrj1— b) xam Bece) |

xeRn xeR"

< sup (|pgl(l’>’[1//j] — D) x| + |;05_1(B[1ﬁj] —b) xw\Br©)])

xeRn

< sup |p; ' (BIW,1 = b xse) | + sup s ' (Bl 11— b) xm sece) |
xe n

xeRn
= sup |p; Bl 1=b)|+ sup [o Bly,l-b)l.
x€Br(§) xeR"\Bg(£)
Therefore, we obtain that
IBIY;1 = bl = sup | o ' (Blw,]1-b)|

xeR”

< sup |o; 'Bly;1-b)|+  sup |o; (Bly,]-b)

xeBr (&) xeR"\Bg(§)
< sup o '(BIY;1-b)|+C1 sup  pg(x), (7-79)
XEBR(E) x€R"\Bg(§)

where we have also used (7-77) and (7-78). Concerning the first term in the right-hand side, we have

sup |p; ' Blyj1=b)| = sup |(1+|x—&EN“Bly;1-b)

XGBR(S) XGBR(E)
< (1+ R™IBIY ;1 = bll (B e))-

Therefore, sending j — 400 and recalling (7-75), we obtain that

sup |p§_1(B[1ﬁj] —15)| —0 as j— 4o0. (7-80)
x€Br(&)

Now, we send R — 400 and, recalling (7-76), we get

sup pf(x) >0 as R— +oo. (7-81)
xeR™\Br(§)

Putting together (7-79), (7-80) and (7-81), we obtain that

1Bl ;1= bll.g — 0as j — 400,
and this shows (7-74).
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From (7-59) in Proposition 7.4, we deduce that if g = 0 then ¢ = A[g] = O is the unique solution
to (7-58), and so by Fredholm’s alternative we obtain that, for any g € Y,, there exists a unique v that
solves (7-71) (recall (7-72) and (7-74)). This gives existence and uniqueness of the solution to (7-7),
while the estimate (7-8) follows from Lemma 7.3. This concludes the proof of Theorem 7.1. UJ

In the next proposition we deal with the differentiability of the solution ¢ to (7-7) with respect to the
parameter £ (we recall Theorem 7.1 for the existence and uniqueness of the solution).
For this, we denote by ¢ the operator that associates to any g € L?(R") with llgll..e < -+oo the solution
to (7-7), that is,
Y :=Te[g] is the unique solution to (7-7) in Y,, (7-82)

where Y, is as given in (7-70).
We notice that, thanks to Theorem 7.1, 7 is a linear and continuous operator from Y, to Y, endowed
with the norm || - ||, ¢, and we will write Tz € L(Y,).

constant C such that

Proposition 7.5. The map & — Te¢ on Q, is continuously differentiable. Moreover, there exists a positive
H 97Te(g] g

2. 7-83
43 9§ *,5) (75

Proof. First, let us prove (7-83) assuming the differentiability of § — T¢. Given & € Qg, [t| <1 witht #0
and a function f, we let SJI- =& +te; and

< C(Ilgll*,g + ”
*?S

FEY = 1)

[ .

forany j=1,...,n.
Also, we set

¢y =Dy and d};:= Djc. (7-84)

Using the fact that v is a solution to (7-7), we have that (p; solves

n n
(—A) ¢!+ ¢} — pwl ¢ = p(Diw! Yy — Dig+Y aDiZi+Y dl;Z; in Q. (7-89)

i=1 i=1

Moreover, we have that go; € H*(R") and (p; = 0 outside ;.
Now, for the fixed index j, for any i € {1, ..., n} we define

ri(@h) =a! / #\Z; dx, (7-86)
Rn

where & is as defined in (5-21), and

n
@)= =Y M) Zi, (7-87)
i=1
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where the Zi are the ones in Lemma 5.5. We remark that (p;. and Zi vanish outside €2, by construction.

Hence gZJ;. vanishes outside 2, as well. Moreover,

n n
/,,¢§dex=fw so;dex—ZMw;)/W zizkdx=fw ' Zedx = 2i(@))adi
i=1 i=1

=/ @5 Zi dx — (9@

0,

thanks to Lemma 5.5 and (7-86). This yields that
~t
¢; € v,
By plugging (7-87) into (7-85), we obtain that
n
~ ~ —1 ~ ~
(=AY’ +@} — pw " gy =g+ ) _di ;Zi,

where

(7-88)

(7-89)

n n n n
~ ~tN\ ~tN -1 ~tN\ -1
gj=—(=a) in(w§>zi—zxi(w;>zi+pw§ D K@) Zi+p(Diwl ™)y —Dig+Y Dz

i=1 i=1
From (7-89), (7-88) and Lemma 7.3, we obtain that

18516 < ClIgjllue-

Now we observe that

S Cllglle-

n
RACAYS
i=1
To prove this, we notice that the orthogonality condition ¢ € W implies that

/ (p;-dex=— WD;dex
£ QS

for any k € {1, ..., n}. Hence, recalling (7-87), (7-88) and Lemma 5.5,

—f wD;dexzf <(pj+ZA((p])Z>dex_ZA( )/ Z: Zy dx
QE

= Z hi (@)@

i=1

= M (@))a.

= (7.90)

(7-91)

(7-92)
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Therefore,

|Ak<¢;)|=|&—1|f Y D' Zdx <|&—1|f ps 1| oe| DY Zi| dx
Q, Qe

< |O~!_1|||W||*,sf pe| D' Z4 ] dx
Rn

S CllYrllves

thanks to Lemma 5.3. Using this and Lemma 5.2, and possibly renaming the constants, we obtain that

n
> k(@) Zi
i=1

On the other hand, by Lemma 7.3, we have that ||/ ||, ¢ < C||gll..e, so the above estimate implies (7-92),
as desired.

n n
<Y M@ Zillee <C Y 10(@)] < Cll e
xE = i=1

Now we claim that

< Cliglhe- (7-93)
*§

H (=AY M@ Z;
i=1

Indeed, Z; is compactly supported in a neighborhood of &, hence (—A)* Zi decays like |x — £]7"72 at
infinity. Accordingly, ||(—A)* Z; [l is finite, and then we obtain

*7&

“(—A)S > r@)Zi D L@ (=AYZi
i=1 i=1

*’S

n
< IM@DIAY Zillee

i=1
n
<CY (@)l
i=1

S Cllglle,

due to (7-92), and this establishes (7-93).
Now we claim that
IDiw!~| < C (7-94)

with C independent of ¢. Indeed,
Diw! ™ (x) = %(wp_l(x —E—te)) —wP T (x —£))

t
:%/0 j—twp_l(x —&—te))dt

-1 (" d
ZPT/O w? z(x—é—rej)d—l_w(x—g—tej)dt

t
=2 f w2 (x —§ —Tep)Vw(x — & —Te;) -e; dt.
0
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Also, by formulas (IV.2) and (IV.6) of [Carmona et al. 1990], we know that

1

w(x) is bounded both from above and from below by a constant times ———— .
1+ | x |n+2s

Thus, supposing without loss of generality that # > 0, and recalling Lemma 5.2, we have that

t
Djwf ™ ol < 21 / WP x =& —te)|Vwix —§ —te))l de
0

t
<7 / (I+|x =& —1e; TP (A 4 |y — & —7e; )" do
0

t
= %/ A+]x—-&— tej|)_(p_1)(”+25) dt
0
t
<9/1m
I Jo
=C,

and this proves (7-94).
From (7-94) and Lemma 7.3 we obtain that

-1
I(D5wE™ )Y lle < ClYlleg < Cligle-

Now we use Lemmata 5.3, 7.2 and 7.3 to see that

n n n "
San'z| <Y lelD Zile <C Y lal=CY
i=1 — .

*,& i=1

1
a/RngZ"’”ﬁ‘

n
< C<”g”L2(R") + Z |fi|> S CUY @y + 18l L2 @)

i=1

SO e +l1glke) < Cliglle-
By plugging (7-92), (7-93), (7-96) and (7-97) into (7-90), we obtain that

181« < Cigls +1IDig )
Therefore, by (7-91),

1911+ < Clgllez + D% gllxz)-
This and (7-92) imply that

< Clglve +1Dglwe)-

*’S
*,E)’

n
195 e <16 e + | > 2@ Z;
i=1

Hence, we send r N\ 0 and we obtain

IV dg
|5 -

i3

< C(Ilgll*,g + H
*75

1215

(7-95)

(7-96)

(7-97)
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which implies that
H 97elg] g

08 |, € g>

Using the previous computation and the implicit function theorem, a standard argument shows that

< C(ngn*,g n “

& — 7T is continuously differentiable (see, e.g., Section 2.2.1 in [Ambrosetti and Malchiodi 2006], and
in particular Lemma 2.11 there, or [Davila et al. 2014] below formula (4.20)). O

The nonlinear projected problem. In this subsection we solve the nonlinear projected problem

APV +y —pwl Y =EQ)+NW) + Y] ¢ Zi in Q,
W =0 in R\ Q,, (7-98)
fgngidx=0 forany i =1,...,n,

where E (i) and N (y) are as given in (7-3).

Theorem 7.6. If ¢ > 0 is sufficiently small, there exists a unique solution v € H*(R") to (7-98) for
suitable real coefficients c;,i =1, ..., n, such that there exists a positive constant C such that

¥ ]lhe < Ce™ 2. (7-99)

Before proving Theorem 7.6, we show some estimates for the error terms E (i) and N ().

Lemma 7.7. There exists a positive constant C such that
lite — wg| < Ce"t. (7-100)
Proof. To prove (7-100), we define ng := ug — we, and we observe that ng satisfies

{(—A)Sng +7: =0 in Q,

o (7-101)
Ne = —Wg in R"\ Q,

due to (1-3) and (1-9).
We have
Ing| = lwe| < Ce"™™  outside Q,

thanks to (1-4). Hence, this together with (7-101) and the maximum principle give
Inel < Ce"** in R,
which implies the thesis (recall the definition of 7). O

Moreover, we can prove the following:

Lemma 7.8. There exists a positive constant C such that

dutg _ Owe | ow (7-102)
0 0§

with vy :=min{(n +2s + 1), p(n + 2s5)}.
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Proof. We set ng 1= ug — we. From (1-3) and (1-9), we have that n¢ solves
(—A)Sng +ne = 0 in .
Therefore, the derivative of ng with respect to & satisfies

] ad
one | me _
o€ ' 0t

Moreover, since ug = 0 outside £2., we have that

(—A)° in 2. (7-103)

Ne =itz —we = —wg  in R"\ Q,

which implies
d d 0
mg __Bwe _dwe oy o
0& 0& 0x

Therefore, from Lemma 5.2 (recall also (5-3)), we have that

0
hadl < Ce"™  outside Q..

&

From this, (7-103) and the maximum principle, we deduce that

0
‘ﬁ <Ce" in R",
9§
which gives the desired estimate (recall the definition of n¢). Il

In the next lemma we estimate the x-norm of the error term E (). For this, we recall the definition of
the space Y, given in (7-70).

Lemma 7.9. Let € Y, with |||+ < 1. Then, there exists a positive constant C such that
IE@) e < Ce™™.

Proof. Using (7-100) and Lemma 2.1 in [Dipierro et al. > 2015] with a := wg + ¥ and b := ug — we, we
obtain that

|E@W)| = |Gtz — we 4wz + )P — (wg + )7 < Cr(we + )P~ itz — we| < Coe™ ™ (wg + )P~
Hence, since ||wg ||..& and |||l ¢ are bounded, we have

IE@W) s < C3e",
which gives the desired result. U

Now, we give a bound for the x-norm of the error term N ().

Lemma 7.10. Let Y € Y,. Then, there exists a positive constant C such that

INW) e SCUPIT e+ 117 ).
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Proof. We take ¢ € Y, and we estimate

INW)| = [(we +9)P —wl — pwl Y| <CAw 2 + w17

for some positive constant C (see, for instance, Corollary 2.2 in [Dipierro et al. > 2015], applied here
with a := wg and b := ). Hence,

pi 'INW)I < Cog (W 1P+ 1917) < Clo 1Y 1P+ o P 1?) < CUWIZ . + 111 o),
which implies the desired estimate. U
For further reference, we now recall an estimate of elementary nature:
Lemma 7.11. Fixed k > 0, there exists a constant C,, > 0 such that, for any a, b € [0, k], we have
laP~! —bP~!| < Cyla — b4, (7-104)

where
g :=min{l, p —1}. (7-105)

Proof. Fixing « € (0, 1), for any ¢ > 0 we define

+D*=1
h(t) = I—O‘.
Using I’Hospital’s rule, we see that
l—«a
lima(t) =lim ———— =0;
1\0 ~NO (1 +1)-«

hence we can extend 4 to a continuous function on [0, +o00) with £(0) := 0. Moreover,

i )= 1
hence there exists
My:= sup h(t) < +oo. (7-106)
t€[0,400)

Now we prove (7-104). For this, we may and do assume that a > b. If p > 2, we have that
a
a?~' =P =(p-1) / P dr < (p—1aPa—b) < (p— D *(a—b),
b

that is, (7-104) in this case. On the other hand, if p € (1,2) wetaket :=a/b—1>0anda:=p—1, so

(a/b)yP~'—1 aP~!' —pr!
(@/b—1)P=1 " (a—b)p=1"’

thanks to (7-106), and this establishes (7-104) also in this case. Il

Moy = h(t) =

Now we are ready to complete the proof of Theorem 7.6.
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Proof of Theorem 7.6. Recalling the definition of the operator 7¢ in (7-82), we can write
v =TAEW)+N®{)]
We will prove Theorem 7.6 by a contraction argument. To do this, we set
Ke() :==Te[E(W) + N@)]. (7-107)

Moreover, we take a constant Cy > 0 and ¢ > 0 small (we will specify the choice of Cy and ¢ in (7-118)),
and we define the set

Bi={y €Y. | [¥lle < Coe™™Y,

where Y, was introduced in (7-70).
We claim that

K¢ as in (7-107) is a contraction mapping from B into itself with respect to the norm || - ||, ¢.
(7-108)
First, we prove that
if ¥ € B then K¢(Y) € B. (7-109)
Indeed, if ¢ € B, we have that
INW e < CLAW IR, + 1117, (7-110)

thanks to Lemma 7.10.
Now, thanks to (7-8), we have that

I1Ke W) llwe = ITeLEW) + N@)1llse S CIE®W) + N@) s
This, Lemma 7.9 and (7-110) give that
I1Ke @) llee < CUAE@W) lae + N @) lwe)

SCUEW) e+ CrIvlie + 1115 )
< C(C_vgn-‘rzs + Clc(%gZ(Vl-‘rzs) + Clcggp(ﬂ-i-ls‘))
cC _
= Coe" ™ (C_o +CC Coe"™ +CCiCl 1s<P—‘)<"+25>), (7-111)
since ¥ € B. We assume
Co>2CC (7-112)
and »
_[@CCi(Co+ et it p>2,
e<egi= P—1—1/(p—1)(nt2s) - (7-113)
RCC(Co+Cy )~ /HF if 1l<p<?2.

With this choice of Cp and ¢, (7-111) implies that

1K (W) g < Coe™ ™,
which proves (7-109).
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Now, we take ¥{, ¥» € B. Then,
—1
IN 1) = N(@)| = |(we +91)” — (we + ¥2)” — pwf ™ (1 — ¥2)|
< G|yl + [al + [P 1P+ [ P~ D g — vl
This and the fact that i, ¥, € B give that
- -1
INW1) — NWD)llee < C2(l¥i e + 1V2llee + 11 II*,gl 12l I — Yl
< C2(2Coe™™ 420 PV 1y — |,
<2C2(Co+CE D12 |y — Y, (7-114)

where ¢ is as defined in (7-105).
We claim that

|E(n) — EW2)| < Clug — we |91 — ol (7-115)

where ¢ is as given in (7-105).
Fixing x € €2, given 7 in a bounded subset of R we consider the function

e(t) == (g (x) +1)7 — (we (x) + )7
We have that
/(7)) = pl(its (x) +7)P 1 — (we (x) + )77 < Clitg — we 4,

where we used (7-104) with a := it¢(x) + 7 and b := we (x) + 7. This gives that
le(t1) — e(m2)| < Clitg — we|?|711 — 2. (7-116)

Now we take 71 := v1(x) and 7, := ¥»(x); we remark that t; and 7, range in a bounded set, by our
definition of B, and that e(t;) = E(;). Thus (7-115) follows from (7-116)
Hence, from (7-115) and (7-100), we obtain that
IE@) — E@)llee < Ce?™ |1y — Y.
This, (7-114) and (7-8) give that

IKe (W1) = Ke (W) e < CIEW1) = EW2)llwe +IN 1) = N2 llug)

C(2Cy(Co+ CL™ et +29) 1 Ce1T+20) |1y — |, . (7-117)

NN

Now, we let

1 q(n+2s)
&y 1= 1 - .
CQRC(Co+Cy H+O)
Therefore, recalling also (7-112) and (7-113), we obtain that if

Cop>2CC and & < minfe;, &) (7-118)
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then, from (7-117), we have that

1Ce (Y1) — Ke (W) llwe < 11 — ¥2llse,

which concludes the proof of (7-108).
From (7-108), we obtain the existence of a unique solution to (7-98) which belongs to B. This
shows (7-99) and concludes the proof of Theorem 7.6. O

For any & € €2, we say that
W (&) is the unique solution to (7-98). (7-119)

Arguing as the proof of Proposition 5.1 in [Davila et al. 2014], one can also prove the following:

*,g)

Derivative estimates. Here we deal with the derivatives of the solution ¥ = W (&) to (7-98) with respect
to £. This will also imply derivative estimates for the error term & — E (W (§)).

Proposition 7.12. The map & — W (£) is of class C', and

Ha\y(s) AE(W(§))

9§

C(HE(‘IJ(S))“*,S + H
x

for some constant C > Q.

We first show the following:

Lemma 7.13. Let € ¥ be a solution* to (7-98) with 1Vl < Ce"t%. Then, there exist positive
constants C and y such that
+ 8”) ,
*’S

Proof. First of all, we observe that, thanks to Proposition 7.5 (applied here with g := —(E () + N (¥))),
the function dvyr/9& is well defined.
We make the following computations: from (7-3) we have that

IEW) = p(ug + lﬂ)p_l (3145 + %> — p(we + W)p_l <3wg + %>

oy
€

H IE(Y)

< C (8q (n+2s)

*,&
where q is as defined in (7-105).

A 9t Of 0§ 0¢
= %[m )P — (we + )P plag + )P 10U wg gy 2%
=p dE & £ plug JE — plwe dE
0 _ _ _ _ (0 0
—p—‘é[mgw)” = (we +9)P ]+ piae + )P l(al;—ai;)
+ pliae + )P~ — (we + Wl]aa%.

4We remark that a solution that fulfils the assumptions of Lemma 7.13 is provided by Theorem 7.6, as long as ¢ is sufficiently
small.
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Thus, recalling (7-104), (7-100) and (7-102), we infer that

IE(W) gy | _ i i dws i dwe
< Cp| | ite — we |4 P 2SS 4 Cplite — we |9 —
' 08 P‘ag lug —we | + p(ug |+ 1Y) TR plug — we| 08
d ad
<C _a? g1 L C(ligg| + 1y )P~"e" + Cet ) —;f (7-120)

for some C > 0. Now, we claim that

sup (14 |x — &)*|ig (x)|P e < Ce? and  sup (1 + |x —ED [y ()P 'e" < Ce¥  (7-121)

xeRn xeRn

for suitable C > 0 and y > 0. Let us prove the first inequality in (7-121). For this, we use that itz vanishes
outside €2, together with (7-100) and (1-4), to see that

sup (1 + |x — &) itg (x) [P~ e

xeRn

= sup (14 |x — &) H|itg (x) |7~ e

xe2,

< sup (1 + [x — £ e D06 4 qup (1+ |x — )" [we (x) [P~ e”

xXE€Q x€Q,

< Ce HeP=D0+2s) v + sup (1 +|x — §|)11(17—1)|wg (x)|17—1(1 +x — §|)M(2_p)€vl
xe2

< Cg_ﬂg(P_l)(”+25)8U1 + ”w%_ ||f;18_ﬂ(2_p)+8v'
< CS—ME(P—I)(H-FZS)EW + CS—IL(Z—P)+8U1 ) (7-122)

Now we observe that

—u+(p—=10m+2s)+v;
=min{—pu+(pP-Dn+2s)+n+2s+1,—pu+(p—1)(n+2s)+ p(n+2s)}
>min{—-n+2s)+(p—1Dn+2s)+n+2s+1,—(n+2s)+(p—1)(n+2s) + p(n + 2s)}
=min{(p — D(n+2s)+1,2p—-2)(n+2s)} > 0. (7-123)

Moreover, if p > 2, then
—u@2—=p)y++vi=v>0,
while, if 1 < p < 2, then
—uQ2=p)ytvi=min{—pu@2—-p)+n+2s+1, =2 —p)+ pn+2s)}

>min{—(n+2s)2—p)+n+2s+1,—(n+2s)2— p)+ p(n+2s)}
=min{(p—1Dn+25)+1,2p—-2)(n+2s5)} > 0.
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Using this and (7-123) in (7-122), we obtain the first formula in (7-121). Now, we focus on the second
inequality: From the assumptions on i we have

sup (14 x — DMy ()P~ "e" = sup (14 |x — ED* [ () |7~ '™

xeR" xX€Q2

sup (14 |x — ENHP=D1y ()P~ (1 + |x — EPHEPIg™

xe,

<MY e ey
< CeP=D0429) o= 2=p)s gv1 (7-124)

If p > 2 we get the second inequality in (7-121), as desired, hence we focus on the case 1 < p < 2. For
this, we notice that

(p—D+2s) —pu@2—p)++v
=min{(p—Dn+2s)—uR—-—p)+n+2s+1,(p—1D(n+2s) —nu2—p)+pn+2s)}
>min{(p—1D)(n+2s)—2—p)(n+2s)+n+2s+1,(p—1)(n+2s)—2—p)(n+2s)+ p(n+2s)}
=min{2p—2)(n+2s)+1, 3p—3)(n+2s)} >0,

and this, together with (7-124), implies the second inequality in (7-121) also in this case. Hence the proof

of (7-121) is finished.
Exploiting (7-121) and Lemma 5.2, we infer from (7-120) that

OE 0
H (1//) < ng(n—l—Zs) _W + Ce? (7-125)
*,& ag *,&

for suitable C > 0 and y > 0, and this concludes the proof of Lemma 7.13, up to renaming the constants. [

Lemma 7.14. Let v € V be a solution to (7-98) with |||+ ¢ < Ce"5. Then, there exists a positive
constant C such that

oy

9§

Proof. We observe that, thanks to Proposition 7.5 (applied here with g := —(E () + N(¥))),

IE(Y) IN () )
v C E * + N * + .
T (II (W) e +IN@W) e o |, o ..
Therefore, from Lemmata 7.9, 7.10 and 7.13, we obtain that
AN ()
< C( 147029 Wi, H ) 7-126
‘ 0E ( ‘ € & & g ( )
Now we observe that, from (7—3),
8N(1p) 1(8w5 81#) p—1 0w 181&
+ pP— + __ 5 _ — Sl — T
T p(we + ) e Tog ) PYE e p(p—Dwg é_ 2y o8
_ _1,0Y _ _1,0wg _pdwg
= pl(we +y)" ' —wf l]g + pl(ws + )P~ —wf ‘]g —p(p— D! zgw.
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As a consequence, using (7-104) once again,

ON () oy awg awg
‘ 0E Clwlq[ 35 0 ]+C 'Ilﬁl (7-127)
Now we claim that
wl ™ aa% <cC (7-128)

for some C > 0. When p > 2, (7-128) follows from (1-4) and Lemma 5.2, hence we focus on the
case p € (1, 2). In this case, we take v; as in Lemma 5.2 and we notice that

Vi=v—2—p)n+2s)=min{n+2s+ 1+ (p—2)(n+2s), p —2)(n +2s)}
=min{(p —D(n+2s)+1, 2p-2)(n+2s5)} > 0.
Then we use (7-95) and we obtain that
2| dwg
9§
Since wy is positive and smooth in the vicinity of &, this proves (7-128).
Now, using (7-128) into (7-127), we obtain that

<Clx —&|@ Py g™ = C|x —&| 7",

ws

ING) | [ws i
' : <CW[ 7 +‘ a: H+C|w|. (7-129)
We claim that
R HaN("’) <Clyl [”% +“8ﬂ ]+cnwn (7-130)
06 |, i F I IET e

Indeed, the claim plainly follows from (7-129) if g =1 (that is, p > 2), hence we focus on the case g = p—1
(thatis, 1 < p < 2). In this case, we observe that

a
(1+|x—€|)“|1//|q[% ' ‘ ](1+|x—5|)_“q

]
+‘8l;]—(1+|x ENMIYIT (14 x — SI)“[

8w5
<C Illﬁll
and this implies (7-130) also in this case.
Hence, using our assumptions on yr, we deduce that
] ccos[[22] e
0& E

up to renaming constants. By inserting this into (7-126) we conclude that

e

as long as ¢ is sufficiently small. By reabsorblng one term into the left-hand side, we obtain the desired
result. g
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Lemma 7.15. Let v € W be a solution to (7-98) with ||[{]l.¢ < Ce"t%. Then, there exist positive
constants C and y such that

H IE(Y) < e
GI 3
Proof. The proof easily follows from Lemmata 7.13 and 7.14, up to renaming the constants. O

The variational reduction. We seek for solutions to (1-8) of the form (7-1), that is, recalling also (7-119),
ug =ug +WV(§). (7-131)

We observe that, thanks to (1-9) and (7-98), the function u; satisfies the equation

n
(—A)'ug+ug=ul +Y ;i Zi in Q. (7-132)

i=1
Notice that if ¢c; =0 for any i =1, ..., n then we will have a solution to (1-8). Hence, the aim of this
subsection is to find a suitable point £ € 2. such that all the coefficients ¢;, i = 1, ..., n, in (7-132)

vanish.
In order to do this, we define the functional J, : Q, — R as

Jo(§) := I (ug +W(§)) = I (ug) forany & € Q,, (7-133)

where I, was introduced in (1-10). We have the following characterization:

Lemma 7.16. If ¢ > 0 is sufficiently small, the coefficients c;,i =1, ..., n, in (7-132) are equal to zero if
and only if & satisfies the condition

Meer=0

o T
Proof. We first write § = (&1, ...,§,) and, forany j =1, ..., n, we take the derivative of ug with respect

to éj.
We observe that
dug  dug  IV(E)

= (7-134)
0&; 0&; 0&;
Thanks to (7-102), we have that
817!5 8w§ v
= =S4 0(E™). (7-135)
0&; 0&;
Moreover, from Proposition 7.12 and Lemmata 7.9 and 7.15, we obtain that
ow
©) = 0(g), (7-136)
0&;

where y > 0. Hence, (7-134), (7-135) and (7-136) imply that

d d
dug _ dwe o).
0&; 0&;
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which means, recalling (5-3) and using the fact that dw; /d§; = —dwg /0x;, that

Bug
=—Zj+0(). (7-137)
0&;
In particular,
0
/ Z,‘ﬁdx = / Zl'(—Zj +0(@E)dx = —f Zl'Zj dx + 0(&?) (7-138)
o 0§ Q. Q.
and, from Lemma 5.2, we deduce that
<CiZjl+¢") < (7-139)
85 |
With this, we introduce the matrix M € Mat(n x n) whose entries are given by
K
M= / 2 dx, (7-140)
. 08
We claim that
M is invertible. (7-141)

To prove this, we use (7-138), Corollary 5.6 and the fact that o > 0 (recall (5-17)); namely, we compute
Mj,' = —/ ZiZj dx + O(SV) = —Ol(S,'j + O(SV).
Q2

This says that the matrix —a~'M is a perturbation of the identity and therefore it is invertible for &
sufficiently small, hence (7-141) readily follows.
Now, we multiply (7-132) by dus /0§, obtaining that

n
0
(~A)ug +us —uD) S5 =32, 5% ”g in Q..
i=1
and therefore

n
‘((—A)‘Yug+ug —uhy 2| < 8—5‘.
98 | S & 0

This, together with (7-139) and Lemma 5.2, implies that the function ((—A)*ug 4+ ug — ug)aug/aé is
in L>®(2,), and so in L'(£2,) uniformly with respect to .
This allows us to compute the derivative of J; with respect to &; as follows:

0 ' 1 1 +1
Z(=A K 1.2 .U d
e 6= g, 1100 = as,(/ (A st 3t = x)
1 3145 1 I/tg 8u§ aug
— —(—A)s_u + _(_ )A dx
/982 28 © 2 o8, T og, " as,

=fQ (=AY ug +ug —ug)—gdx = ZC/ (7-142)
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where we have used (7-132) in the last step. Thus, recalling (7-140), we can write

aJ; .
— &)= ZciMji
i=1

9
for any j € {1, ..., n}, that is, the vector
aJ, aJ, aJ,
— ()= ( (R —8@))
3 981 &,
is equal to the product between the matrix M and the vector ¢ := (cy, ..., ¢y). From (7-141) we obtain
that 0/, (£)/0& is equal to zero if and only if ¢ is equal to zero, as desired. O

Thanks to Lemma 7.16, the problem of finding a solution to (1-8) reduces to the one of finding critical
points of the functional defined in (7-133).To this end, we obtain an expansion of J,:

Theorem 7.17. We have the following expansion of the functional J,:
Jo(§) = Ie(ig) + o(e"™).

Proof. We know that
Je(§) = L (ug + V().

Hence, we can Taylor expand in the vicinity of g, obtaining
Je(€) = L(ig) + 1) [V (E)] + 1" (@) [V (€), W (E]+ 0V (E)])

=18<ﬁg>+/9 (—A) W (E) + e W(E) — i) W(E) dx
) CATEWE + WA(E) — pial T WA (E) dx + O(W(E) )

= Ig(ﬁg)JrfQ (=) ug +ug —uf)W () dx — i ((—A) (ug —itg) +ug —itg —u +if) ¥ (&) dx
+/Q (A WE)W(E) + W2(E) — pil T WA (E) dx + O(WE)).
Therefore, using (7-131), we have that

Jg(g:)zla(ﬁmfg ((—A)SM§+M§—M§)‘I’($)CZX+/SZ Wl —al —pal " WENWE) dx+ 0 (¥ (E)P).

(7-143)
We notice that

| (aruetus—upwe ax=o.
Q

thanks to (7-132) and the fact that W(£) is orthogonal in L*($2,) to any function in the space Z.
Hence, (7-143) becomes

Je(§) = Ig(ﬁg)+/ﬂ (uf — g —pﬁg_l‘lf(é))‘l’(é)der 0¥ ©P). (7-144)
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Now, we observe that
_ —p—1 _ —p—1 _p—1
Iué’ —ug —pué’ V()| < Iué’ —ugl +p|u§ V()| < Clué’ W)l

for a positive constant C, and so, also using (7-100), we have

(g =g = pii{ W (E)W(E) dx

< C/ g |7 W (612 dx
Qe

<CW©R, [ 1t
Q

&

<CIv@EI7, / lwe + O (" )P~ pZ dx
Qe

<SCIY@I / |wg [P~ p dx + Ce PV W )12 / pedx. (1-145)
Qe Qe
Recalling the definition of pg in (6-2) and the fact that . > n/2, we have that

f p2dx < C (7-146)

t:3

for a suitable constant C; > 0. Moreover, thanks to (7-99) (recall also (7-119)), we obtain

8(p—l)(n+23)||\p(g)||ig < Cre(P=D0+29) 201425) — ) (P D(n+25)
which, together with (7-146), says that

CS(P—I)(H-‘FZS)”\IJ(%-)”E,S/ Iog dx = 0(811-‘1-43‘). (7_147)
Q

Also, using (1-4), we have that
/ |w |p_1p2dx<C3f ! ! dx < Cy4
o 0 RN g U e —EDEDER (T —gp

and so, using also (7-99) we have that

C”"Ij(s)”ig / |w§|p_1p§2 dx = 0(8"+4‘Y),
Qe
This, (7-144), (7-145) and (7-147) give the desired claim in Theorem 7.17. g

8. Proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1. For this, we notice that, thanks to Theorems 4.1
and 7.17, we have that, for any & € Q, with dist(£¢, 0€2,) > §/& (for some § € (0, 1)),

Je(€) = I(w) + 11 (§) + o("™H), (8-1)
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where J. and I are as defined in (7-133) and (4-1), respectively (see also (7-119)) and #, is given
by (1-17).

Also, we recall the definition of the set €2 s given in (2-29), and we claim that J; has an interior
minimum, namely

there exists £ € Qs such that J,(§) = min J,(&). (8-2)
EGQS,S

For this, we observe that J; is a continuous functional, and therefore

J. admits a minimizer & € Q, ;. (8-3)
We have that
£ € Qs (8-4)

Indeed, suppose by contradiction that € € 3R, 5. Then, from (8-1), we have that

Je@) = T(w) + 1M () +o(e"™) > T(w) + 1 min M, + o(e"t). (8-5)

On the other hand, by Proposition 2.8, we know that H, has a strict interior minimum: more precisely,
there exists &, € ¢ s such that

He (o) = min M, < et (8-6)
£,8
and
. e n-+ds
min A, > ¢ (5) (8-7)
£,8

for suitable ¢, ¢c; > 0. Also, the minimality of é and (8-1) say that

Jo(€) = min J,(6) < Jo(6) = I (w) + 1Mo (&) + 0(e"*).

%‘692,8

By comparing this with (8-5), and using (8-6) and (8-7), we obtain

028n+4s . _
Sy @) < g min He 06" ) <o) — 1 () < He(E) +o(e"H) < gere" ™ o),
£,8
So, a division by £"** and a limit argument give that
e o
D §ntdas 2

This is a contradiction when § is sufficiently small, thus (8-4) is proved. Hence (8-2) follows from (8-3)
and (8-4).
From (8-2), since €2, s is open, we conclude that

aJe -
3 g (6)=0.
Therefore, from Lemma 7.16 we obtain the existence of a solution to (1-1) that satisfies (1-5) for

¢ sufficiently small, and this concludes the proof of Theorem 1.1.
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Appendix: Some physical motivation

Equation (1-1) is a particular case of the fractional Schrodinger equation
ihdy = (=AY + VY, (A-1)

when the wave function 1 is a standing wave (i.e., ¥ (x,t) = U (x)e'’/"y and the potential V' is a suitable
power of the density function (i.e., V=V (|¢¥]) = —|1ﬂ|1’_1). As usual, 7 is the Planck’s constant (then
we write € := i in (1-1)) and ¥ = i (x, t) is the quantum mechanical probability amplitude for a given
particle (of unit mass, for simplicity) to have position x at time ¢ (the corresponding probability density
is []%).

In this setting our Theorem 1.1 describes the confinement of a particle inside a given domain €2: for
small values of / the wave function concentrates to a material particle well inside the domain.

Equation (A-1) is now quite popular (enough to have its own Wikipedia page: see [Wikipedia 2009—
2015]) and it is based on the classical Schrodinger equation (corresponding to the case s = 1) in which
the Brownian motion of the quantum paths is replaced by a Lévy flight. We refer to [Laskin 2000; 2002;
2012] for a throughout physical discussion and detailed motivation of equation (A-1) (see in particular
formula (18) in [Laskin 2000]), but here we sketch some heuristics about it.

The idea is that the evolution of the wave function ¥ (x, ¢) from its initial state o(x) := ¥ (x, 0) is
run by a quantum mechanics kernel (or amplitude) K which produces the forthcoming values of the wave
function by integration with the initial state, that is,

wwn=/}Wwanww> (A-2)

The main assumption is that this amplitude K (x, y, t) is modulated by an action functional S; via the
contributions of all the possible paths y that join x to y in time ¢, that is,

K(x,y,1) =f dy e ISk, (A-3)
F(x,y,1)

The above integral denotes the Feynman path integral over “all possible histories of the system”, that is,
over “all possible” continuous paths y : [0, ] — R" with y(0) =y and y(¢) = x; see [Feynman 1948].
We remark that this integral is indeed a functional integral, that is, the domain of integration F(x, y, t)
is not a region of a finite-dimensional space, but a space of functions. The mathematical treatment of
Feynman path integrals is by no means trivial; as a matter of fact, the convergence must rely on the highly
oscillatory behavior of the system, which produces the necessary cancellations. In some cases, a rigorous
justification can be provided by the theory of Wiener spaces, but a complete treatment of this topic is far
beyond the scopes of this appendix (see, e.g., [Cameron 1960; Cameron and Storvick 1983; Grosche and
Steiner 1998; Albeverio et al. 2008]).

The next structural ansatz we take is that the action functional S; is the superposition of a (complex)
diffusive operator Hy and a potential term V.
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Though the diffusion and the potential operate “simultaneously”, with some approximation we may
suppose that, at each tiny time step, they operate just one at a time, interchanging their action’ at a
very high frequency. Namely, we discretize a path y into N adjacent paths of time range /N, say
Y1,-.., N :[0,1/N] — R", with y1(0) = y and yn(¢/N) = x, and we suppose that along each y; the
action reduces to the subsequent nonoverlapping superpositions of diffusion and potential terms, according
to the formula

eI — Jim (¢~ THO/(N) =it V(NN (A-4)
N—+00
Once more, we do not indulge into a rigorous mathematical discussion of such a limit and we just
plug (A-3) and (A-4) into (A-2). We obtain

V) = / dy / dy eSOy ()
" F(x,y,1)

:Nhl}_loo . dy/( )d)/ (efltH()/(ﬁN)efltV/(hN))Nwo(y) (A-S)
- n F(x,y,t

Therefore, if we formally® apply the time derivative to (A-5), we obtain that

SIn a sense, this is the quantum mechanics version of the Lie-Trotter product formula
A+B _  Jim  (eA/NB/NYN
N—+o00

e

for A, B € Mat(n x n). The procedure of disentangling mixed exponentials is indeed crucial in quantum mechanics computations;
see, e.g., [Feynman 1951]. In our computation, a more rigorous approximation scheme lies in explicitly writing S;(y) as an
integral from O to ¢ of the Lagrangian along the path y, then splitting the integral in N time steps of size /N by supposing that
in each of these time steps the Lagrangian is approximately constant. One may also suppose that the Lagrangian involved in
the action is a classical one, i.e., it is the sum of a kinetic term and the potential V. Then the effect of taking the integral over
all possible paths averages out the kinetic part, reducing it to a diffusive operator. Since here we are not aiming at a rigorous
justification of all these delicate procedures (such as infinite-dimensional integrals, limit exchanges, and so on), for simplicity we
are just taking H to be a diffusive operator from the beginning. In this spirit, it is also convenient to suppose that the potential is
an operator, that is, we identify V with the operation of multiplying a function by V.

6The disentangling procedure allows us to take the derivative of the exponentials of the operators “as if they were commuting
ones”. Namely, the Zassenhaus formula,

o (A+B) _ etAezBeO(tz) — At B(1 4 0(12))’

in our case gives
¢~itHo/(hN) =itV /(AN) _ =it (Ho+V)/(N) (] 1 0(:2/N2))

and so
(=it Ho/ (W) (=it V/(WN )N _ =it (Ho+V)/h (1 4 0(2 /N2)).
Hence,
lim 8 (e—itHo/(N) =it VNN .y FHO V) —ivcorviing 4 042 N2 + 0N = — L0V
N—+00 N—+00 h h

Moreover, we point out that a couple of additional approximations are likely to be hidden in the computation in (A-6). Namely,
first of all, we do not differentiate the functional domain of the Feynman integral. This is consistent with the ansatz that the set
of the paths joining two points at a macroscopic scale in time ¢ “does not vary much” for small variations of ¢. Furthermore,
we replace the action of Hy and V along the infinitesimal paths with their effective action after averaging, so that we can take
(Hp + V) outside the integral.
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iha;’(/f(x, l,) — llm / dy / dJ/ N(ﬂe—itHo/(hN)e—itV/(ﬁN) + Ke—itHo/(hN)e—itV/(hN)>
N— 400 n F(x,y,1) N N

. (e—ilHo/(hN)e—ilV/(ﬁN))N—l 1//0()))

— 1lim dy/ dy (Hye "M/ (WN) =it V/(N) vy p=itHo/(RN) p=itV /(N)
N—+00 JRn F(x,y,0)

X (e—itHo/(hN)e—itV/(hN))N—l WO()’)

— (Ho+v) [ dy / dy eSOy ()
R~ F(x,y,1)
— (Ho+V)¥ (A-6)

by (A-2), (A-3) and (A-4). The classical Schrodinger equation follows by taking Hy := —h> A, that is, the
Gaussian diffusive process, while (A-1) follows by taking Hy := 7% (—A)*, that is, the 2s-stable diffusive
process with polynomial tail.

Having given a brief justification of (A-1), we also recall that the fractional Schrodinger case presents
interesting differences with respect to the classical one. For instance, the energy of a particle of unit mass
is proportional to | p|** (instead of |p|?; see, e.g., formula (12) in [Laskin 2000]). Also the space/time
scaling of the process gives that the fractal dimension of the Lévy paths is 2s (differently from the classical
Brownian case, in which it is 2); see pages 300-301 of [Laskin 2000].

Now, for completeness, we discuss a nonlocal notion of canonical quantization, together with the
associated Heisenberg uncertainty principle (see, for example, pages 17-28 of [Giulini 2003] for the
classical canonical quantization and related issues).

For this, we introduce the canonical operators, for k € {1, ..., n},

Pi=—il* @ (—A)V2 and Q= x;. (A-7)

Notice that Qy is the classical position operator, namely the multiplication by the k-th space coordinate.
On the other hand, P; is a fractional momentum operator, that reduces’ to the classical momentum —i/d
when s = 1. In this setting, our goal is to check that the commutator

n

[Q, P1:=) [Q P
k=1

does not vanish. For this, we suppose 0 < o < n/2 and use the Riesz potential representation of the
inverse of the fractional Laplacian of order o, that is,

(—A)_Uw(x) =c(n, S)/R M dy =c(n, s) ﬂ dy

(A-8)
ly|n=2e

Re |x — |20

for a suitable c(n, s) > 0, see [Landkof 1972].

70f course, the fractional momentum is not a momentum, since it has physical dimension [Planck constant]®/[length]®,
while the classical momentum has physical dimension [Planck constant]/[length]. Namely, the physical dimension of the
fractional momentum is a fractional power of the physical dimension of the classical momentum. Clearly, the same phenomenon
occurs for the physical dimension of the fractional Laplace operators in terms of the usual Laplacian.
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In our case we use (A-8) with o := (1 —s)/2 € (0, ) € (0, n/2). Then

PkW(x)z—c(n,s)ihsak/ YD)y e sint s — 1y [ STV
re [x — y["Fs Re X — [Pt
and so
PeQu (x) = Pelrs (x)) = c(n, 9)ih* (n+5 — 1) / B YN )
R Ix _y|n+s+
This gives that
s X (X — Y)Y () ok = YOy ()
Qi Py — POy =c(n, )i’ (n+s — 1)[/n b — y[rtot] dy — o X — y[re d ]

Xk — y)* P () J

=c,iF*(n+s—1) o — y[rrst]

R~

’

and so, by summing up® and recalling (A-8), we conclude that

Y (y)

y|n+s—l

dy =i(n+s— Dh*(=A)E~D2y,
Re X —

[0, PlY =c(n,s)ii*(n+s—1)

Notice that, as s — 1, this formula reduces to the classical Heisenberg uncertainty principle.

We also point out that a similar computation shows that, differently from the local quantum momen-
tum, the k-th fractional quantum momentum does not commute with the m-th spatial coordinates even
when k # m; namely, [Q,,, Pr]¥ (x) is, up to normalizing constants,

. S/ (tm — Ym) ek — yi) ¥ (y)
ih

|X _ y|n+.v+1

dy.

This Heisenberg uncertainty principle is also compatible with (A-1), in the sense that the diffusive
operator Hy is exactly the one obtained by the canonical quantization in (A-7); indeed,

YR = (i (=) T ik (= A) ) = =1 Y 3R (—A)!
k=1 k=1 k=1
= —hPA(=A)"" =¥ (—A)* = Hy.

Moreover, we mention that the fractional Laplace operator also arises naturally in the high energy
Hamiltonians of relativistic theories. For further motivation of the fractional Laplacian in modern physics
see, for example, [Chen 2004] and the references therein.

8Alternatively, one can perform the commutator calculation in Fourier space and then reduce to the original variable by an

inverse Fourier transform. This computation can be done easily by using the facts that the Fourier transform sends products into
convolutions and that (up to constants)

(ix)(€) = FaF g (0))(§) = /R dx /R dy O g =i /R dx /R L4y a0 (y)
=i / dx / dy e U Do) =i f dx e S g) () = iF(F T (k8)(§) = idks (6).
n n Rl‘l

Then we leave to the reader the computation of F([Q, P]y¥)(&).
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