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PARTIAL COLLAPSING AND THE
SPECTRUM OF THE HODGE-DE RHAM OPERATOR

COLETTE ANNE AND JUNYA TAKAHASHI

Our goal is to calculate the limit spectrum of the Hodge—de Rham operator under the perturbation of
collapsing one part of a manifold obtained by gluing together two manifolds with the same boundary. It
appears to take place in the general problem of blowing up conical singularities as introduced by Mazzeo
and Rowlett.

1. Introduction

This work takes place in the context of the spectral studies of singular perturbations of the metrics, as
a means to know what are the topological or metrical meanings carried by the spectrum of geometric
operators. We can mention in this direction, without exhaustivity, studies on the adiabatic limits [Mazzeo
and Melrose 1990; Rumin 2000], on collapsing [Fukaya 1987; Lott 2002a; 2002b; 2004], on resolution
blowups of conical singularities [Mazzeo 2006; Rowlett 2006; 2008] and on shrinking handles [Anné and
Colbois 1995; Anné et al. 2009].

The present study can be considered as a generalization of the results of [Anné and Takahashi 2012],
where we studied the limit of the spectrum of the Hodge—de Rham (or the Hodge—Laplace) operator
under collapsing of one part of a connected sum.

In our previous work, we restricted the submanifold ¥ used to glue the two parts to be a sphere. In
fact, this problem is quite related to resolution blowups of conical singularities: the point is to measure
the influence of the topology of the part which disappears and of the conical singularity created at the
limit of the “big part”. If we look at the situation from the “small part”, we understand the importance of
the quasiasymptotically conical space obtained from rescaling the small part and gluing an infinite cone;
see the definition below in (1).

When X is the sphere S”, the conical singularity is quite simple. There are no half-bound states —
called extended solutions in the sequel — on the quasiasymptotically conical space. Our result presented
here takes care of these new possibilities and gives a general answer to the problem studied by Mazzeo
and Rowlett. Indeed, in [Mazzeo 2006; Rowlett 2006; 2008], it is supposed that the spectrum of the
operator on the quasiasymptotically conical space does not meet 0. Our study relaxes this hypothesis. It
is done only with the Hodge—de Rham operator, but can easily be generalized.

Let us fix some notations.

MSC2010: primary 58J50; secondary 35P15, 53C23, 58J32.
Keywords: Laplacian, Hodge—de Rham operator, differential form, eigenvalue, collapsing of Riemannian manifolds, conical
singularity, elliptic boundary value problem.
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Figure 1. Partial collapsing of M,.

1.1. Set-up. Let M| and M, be two connected, oriented, compact manifolds with the same boundary 3,
a compact manifold of dimension n > 2. We denote by m = n 4 1 the dimension of M| and M;. We
endow X with a fixed metric A.

Let M be the manifold with conical singularity obtained from M, by gluing M to a cone € =0, 1) x %;
we write (r, y) for points on ‘6, and there exists on M, = M, U% a metric g1 which equals dr?+r%h on
the smooth part » > 0 of the cone.

We choose on M, a metric g, which is “trumpet-like”, i.e., M, is isometric near the boundary to
[0, %) x ¥ with the conical metric which equals ds>+ (1 —s)?h if s is the coordinate defining the boundary
by s =0.

For any ¢ with 0 < ¢ < 1, we define

‘:68’1 = {(r, y) € | r > 8} and M1(8) =M1 U%g’].

The goal of the following calculus is to determine the limit spectrum of the Hodge—de Rham operator
acting on the differential forms of the Riemannian manifold

Me = Ml (8) Ues 8'M29

which is obtained by gluing together (M (¢), g1) and (M, £2g»). By construction, these two manifolds
have isometric boundary and the metric g, obtained on M, is smooth.

Remark 1. The common boundary ¥ of dimension n has some topological obstructions. In fact, since
Y. is the boundary of the oriented, compact manifold M, X is oriented cobordant to zero. So, by Thom’s
cobordism theory, all the Stiefel-Whitney and all the Pontrjagin numbers vanish (see C. T. C. Wall [1960]
or [Milnor and Stasheff 1974, §18, p. 217]). Furthermore, this condition is also sufficient; that is, the
inverse does hold.

In particular, it is impossible to take 4 as the complex projective spaces CP? (k > 1) because the
Pontrjagin number py (CIP’Zk) 1S nonzero.

1.2. Results. We can describe the limit spectrum as follows; it has two parts. One part comes from
the big part, namely M, and is expressed by the spectrum of a good extension of the Hodge—de Rham
operator on this manifold with the conical singularity. This extension is self-adjoint and comes from an
extension of the Gauss—Bonnet operators. All these extensions are classified by subspaces W of the total
eigenspaces corresponding to the eigenvalues within (—%, %) of an operator A acting on the boundary X.
This point is developed in Section 2.2. The other part comes from the collapsing part, namely M,, where



PARTIAL COLLAPSING AND THE SPECTRUM OF THE HODGE-DE RHAM OPERATOR 1027

the limit Gauss—Bonnet operator is taken with boundary conditions of Atiyah—Patodi—Singer-type. This
point is developed in Section 2.3. This operator, denoted %, in the sequel, can also be seen on the
quasiasymptotically conical space M, already mentioned, namely

My = M>U([1,00) x X) 1)

with the metric dr? +r2h on the conical part. Only the zero eigenvalue is concerned with this part. In fact,
the manifold M, has small eigenvalues, in contrast to [Anné and Takahashi 2012], and the multiplicity
of 0 at the limit corresponds to the total eigenspaces of these small and null eigenvalues. Thus, our main
theorem, which asserts the convergence of the spectrum, has two components.

Theorem A. The set of all positive limit values is just equal to that of all positive spectrum of the
Hodge—de Rham operator Ay w on M1, where

W C @D Ker(A-y)
lyl<i
is the space of the elements that generate extended solutions on M. A precise definition is given in (7).

Theorem B. The multiplicity of O in the limit spectrum is given by the sum
dimKer(A1 w) + dim Ker(%,) + 12,

where iy,> denotes the dimension of the vector space $1,, — see (8) — of extended solutions w on 1\72

introduced by Carron [2001b], admitting on restriction to r = 1 a nontrivial component in Ker(A — %)

1.3. Comments.

1.3.1. This result is also valid in dimension 2. In order to understand it, look at the following example. Let
I=1[0,1]and M; = M, =S"' x I. We can shrink half of a torus: S' x S' = M, Uy M, for * =S'uS!.
Then M, is a 2-sphere with no harmonic 1-forms and ]\22 has no L2-harmonic 1-forms. But i; 2 =2
Indeed 1% is a cylinder with flat ends. With obvious coordinates (, 8), d6 and x(d6) ~ dr/r near co
give a base for extended solutions.

1.3.2. We choose, in our study, a simple metric to make explicit computations. This fact is not a restriction,
as already explained in [Anné and Takahashi 2012], because of the result of Dodziuk [1982] which assures
uniform control of the eigenvalues of geometric operators with regard to variations of the metric.

1.3.3. More examples are given in the last section of the paper.

2. Gauss—-Bonnet operator

On a Riemannian manifold, the Gauss—Bonnet operator is defined as the operator D = d + d* acting on
differential forms. It is symmetric and can have some closed extensions on manifolds with boundary or
with conical singularities. We review these extensions in the cases involved in our study.
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2.1. Gauss—Bonnet operator on M.. We recall that, on M., a Gauss—Bonnet operator D., Sobolev
spaces and also a Hodge—de Rham operator A, can be defined as a general construction on any manifold
X = X U X5, which is the union of two Riemannian manifolds with isometric boundaries (the details are
given in [Anné and Colbois 1995]): if D and D, are the Gauss—Bonnet operators “d 4 d*” acting on the
differential forms of each part, the quadratic form

a@) = [ D1 Ix)Pdux, + / D2 1) P drix, ®)

X1 X2

18 well-defined and closed on the domain

Dom(q) = {¢ = (¢1, ¢2) € H'(AT*X1) x H' (AT*X2) | 1 [ox, =12 ¢2 [ox, -

On this space, the total Gauss—Bonnet operator D(¢) = (D1(¢1), D2(¢2)) is defined and self-adjoint. For
this definition, we have to, in particular, identify (AT*X ) [9x, and (AT*X5) [5x,. This can be done by
decomposing the forms into tangential and normal parts (with inner normal); the equality above means
then that the tangential parts are equal and the normal parts opposite. This definition generalizes the
definition in the smooth case.

The Hodge—de Rham operator (d+d*)? of X is then defined as the operator obtained by the polarization
of the quadratic form ¢g. This gives compatibility conditions between ¢; and ¢, on the common boundary.
We do not give details on these facts, because our manifold is smooth. But we shall use this presentation
for the quadratic form.

2.2. Gauss—Bonnet operator on M. Let D1 min be the closure of the Gauss—Bonnet operator defined
on the smooth forms with compact support in the smooth part M (0). For any such form ¢;, following
[Briining and Seeley 1988; Anné et al. 2009], on the cone € we write

by = dr Ar= 2PN 2

and define o) = (B1, @1) = U(¢). The operator has, on the cone 4, the expression

01 1 ) ln—P —Dy
D\U* = ( —A) h A=|(2 ,
UD\U (_1 O) 8r+r Wit (—Do P—%n)

where P is the operator of degree, that is, Pw = p -  for a p-form w, and Dy = dy + d is the Gauss—
Bonnet operator on the manifold (X, /), while the Hodge—de Rham operator has, in these coordinates,
the expression

1
UAMU* = =0} + S A(A+1). 3)
r
The closed extensions of the operator D = d + d* on the manifold with conical singularity M have

been studied in [Briining and Seeley 1988; Lesch 1997]. They are classified by the spectrum of its Mellin
symbol, which is here the operator with parameter A + z.
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Spectrum of A. The spectrum of A was calculated in [Briining and Seeley 1988, p. 703]. By their result,
the spectrum of A is given by the values

+(p— %n) with multiplicity dim H” (%), @
2
(P i\/M2+ (5(e—=1)=p),

where p is any integer, 0 < p < n, and u? runs over the spectrum of the Hodge—de Rham operator on
(2, h) acting on the coexact p-forms.

Indeed, looking at the Gauss—Bonnet operator acting on even forms, they identify even forms on the
cone with the sections (¢, ..., ¢,) of the total bundle AT*(X) by ¢g+ ¢1 Adr + ¢y +Pp3 Adr +---.
These sections can also represent odd forms on the cone by ¢o Adr + ¢+ ¢o Adr + @3+ - - -. With these
identifications, they have to study the spectrum of the following operator acting on sections of AT*(X):

co dg 0 --- O
d() C1 dg :
So=1]0 do .0
) .. Cn—1 d()k
0 -+ 0 do ¢y
ifc,= (—1)rt! ( p— %n) With the same identification, if we introduce the operator So having the same
formula but on the diagonal the terms ¢, = (—1)” ( p— %n) = —c,, then the operator A can be written as
A=—(So® 50).

The expression of the spectrum of A is then a direct consequence of the computations of [Briining and
Seeley 1988].

Closed extensions of D. Let D max be the maximal closed extension of D;, with the domain
Dom(D) max) = {¢ € L*(M)) | D1 € L*(M))}.

If Spec(A)N (—%, %) =, then D max = D1 min- In particular, Dy is essentially self-adjoint on the space
of smooth forms with compact support away from the conical singularity.
Otherwise, the quotient Dom (D max)/ Dom(D min) is isomorphic to

B = @ Ker(A —y).

1
\V|<§

More precisely, by Lemma 3.2 of [Briining and Seeley 1988], there exists a surjective linear map
& :Dom(D} max) = B
with Ker(£) = Dom(D| min). Furthermore, we have the estimate
lu(r) = r= L) 725, < C(@)Ir logr]
for ¢ € Dom(D1 max) and u = U ().
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Now, for any subspace W C B, we can associate the operator D w with Dom(D w) := LH(W). As
a result of [Briining and Seeley 1988], all closed extensions of Dj n, are obtained by this way. Note that
each Dj w defines a self-adjoint extension A w = (D, w)* o D1 ,w of the Hodge—de Rham operator, and,
as a result, we have (Dy,w)* = D jw<, Where

(80

This extension is associated with the quadratic form ¢ — || D(;blli2 on the domain Dom(D; w).

Finally, we recall the results of [Lesch 1997]. The operators D; w, and in particular D1 pmin and D1 max,
are elliptic and satisfy the singular estimate (SE) —see [Lesch 1997, p. 54] —so by Proposition 1.4.6 of
[Lesch 1997] and the compactness of M, they satisfy the Rellich property: the inclusion of Dom(D; )
into L2(M) is compact.

2.3. Gauss—Bonnet operator on M,. We know, by the works of Carron [2001a; 2001b], following
Atiyah, Patodi and Singer [Atiyah et al. 1975], that the operator D, admits a closed extension %, with
the domain defined by the global boundary condition

if I1; is the spectral projection of A relative to the interval I, and < % denotes the interval (—oo, %]
Moreover, this extension is elliptic in the sense that the H'-norm of elements of the domain is controlled
by the norm of the graph. Indeed, this boundary condition is related to a problem on a complete unbounded
manifold as follows:

Let ]VIZ denote the large manifold obtained from M by gluing a conical cylinder €1 o, =[1, 00) X X
with metric dr?+r2h and [~)2 its Gauss—Bonnet operator. A differential form on M, admits an L?-harmonic
extension on M, precisely when the restriction on the boundary satisfies I1<;, o U = 0.

Indeed, from the harmonicity, these L?-forms must satisfy (9, + (1/r)A)o =0, or, if we decompose
the form associated with the eigenspaces of A as o0 = Zy espec(4) Oy then the equation imposes that for
all y € Spec(A) there exists 0}9 € Ker(A — y) such that 0y, = r_Va)(,). This expression is in LZ((GLOO) if
and only if y > % or a)(,) =0.

It will be convenient to introduce the L2-harmonic extension operator

Py oy p(H'2(2)) — LA (AT*6) )

o= Z O'yl—>P2(O')=U*( Z r_V0y>.

y €Spec(A) y €Spec(A)
Y>3 Y>3
This limit problem is of the category nonparabolic at infinity in the terminology of Carron — see particu-
larly Theorem 2.2 of [Carron 2001b] and Proposition 5.1 of [Carron 2001a] — then, as a consequence of
Theorem 0.4 of [Carron 2001b], we know that the kernel of % is of finite dimension and that the graph
norm of the operator controls the H _norm (Theorem 2.1 of [Carron 2001b]).
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Proposition 2. There exists a constant C > 0 such that, for each differential form ¢ € H'(AT*M>)
satisfying the boundary condition <120 U (¢) =0,

10131 0ty < CUID N2 01,y + D281 724,

As a consequence, the kernel of 9, which is isomorphic to Ker(ﬁz), is of finite dimension and can be
mapped into the total space » H?(M>) of the absolute cohomology.

A proof of this proposition can be obtained by the same way as Proposition 5 in [Anné and Takahashi
2012].

Extended solutions. Recall that for this type of operator, behind the L?-solutions of D> (¢) = 0 which
correspond to the solutions of the elliptic operator of Proposition 2, Carron defined extended solutions
which are included in the bigger space W, defined as the closure of the space of smooth p-forms with
compact support in M, for the norm

11 = 18172 pr,) + I1D200 11721 -
A Hardy-type inequality describes the growth at infinity of an extended solution:

Lemma 3. For a function v € C° (e, 00) and a real number i, we have

0o ,,2

2 v * 1 )
G [ Gars [ aetoPar it
e e
1/00 v dr</oor|8,(r_1/2v)|2dr if A=—1.
4J). r2llogr? T, 2
We remark now that, for a p-form ¢ with support in the infinite cone €, ,, we can write

D01y = X [ (+2)en]

reSpec(A) V¢

> 1 A 2
= Y 180 o), dr.

reSpec(A) V¢

2

dr
LX(%)

Thus, as an application of Lemma 3, we see that a kernel of 52, which must be ¢, (r) = r~*0,.(1) on the
infinite cone, satisfies the condition of growth at infinity of Lemma 3. For A > —% there is no restriction,

) 12

since r is integrable near oo as well as for A = —%: if v = r'/“yg for large r then the integral

/ v?/|rlogr|*dr is convergent, so, if we require that (1/r)¢ is in L? then, for any A < —%,
0,(1) =0.

While the L2?-solutions correspond to the condition oy (1) = 0 for any A < % As a consequence, the
extended solutions which are not in L? correspond to boundary terms with components in the total
eigenspaces related to the eigenvalues of A in the interval [—%, %] In the case studied in [Anné and
Takahashi 2012], there do not exist such eigenvalues and we had not to take care of extended solutions.
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More precisely, we must introduce the Dirac—Neumann operator (see [Carron 2001a, paragraphe 2.a])

T - Hk-‘r]/Z(E) - Hk—l/Z(E)

o> UoDy(€(0)) g, ®)
where € (o) is the solution of the Poisson problem
(D2)*(€(0))=0 on M, and Uo¥(c)lgs=0 on .
In the same way, one can define
Te : HF2(3) — H12(x) ©

o > UoDy#(0)) s,
where %(a) is the solution of the Poisson problem
(D2)*(€(0))=0 on %o and Uoé(c)|g=0c on X.

Then Im(7¢) = Im(I1.,2) is a subspace of Ker(7¢) = Im(IT>_; /). Carron [2001a] proved that this
operator is continuous for k > 0. The L?-solutions correspond to the boundary values in Im(7")NIm(I1. 1 2),
while extended solutions correspond to the space Ker(7') N Im(IT_; 7). Carron also proved that, in the
compact case, Ker(7) = Im(7"). We can now define the space W that appears in Theorem A:

W=D W,, where W, ={¢ecKer(A—y)|Inelm(l.,) T(p+n) =0). (7)

lyl<%

Let us denote by
F1/2 == (Ker(T) NIm(I1>1/2))/(Ker(T) NIm(TT- 1/2)) ®)
the space of extended solutions with nontrivial component on Ker(A — l).

2

Proof of Lemma 3. Let v € Ci°(e, 00); by integration by parts and the Cauchy—Schwarz inequality, we
obtain, for A # —%,

oo ,,2 o] o] _
Yar= Loopar= [ ol lppar
. 12 - . 2 - . r Q1+ D2+l

o0 1 A A o 2 v —A A
=/; {W}ﬂr v)0, (r v)dr=/e (2)\_'_1);-1’ 0, (r*v)dr

2 o0 U2 o]
< / —dr- / lr=*8,(r*v)|?dr,
2A+11VJ, r e

which gives directly the first result of Lemma 3.




PARTIAL COLLAPSING AND THE SPECTRUM OF THE HODGE-DE RHAM OPERATOR 1033

The second one is obtained in the same way:

[ i [ ()
-[ (%) g = rlil;r'ﬁa’(%>dr
\// 2Ilogrl2 \// ‘Ia )

3. Notations and tools

dr. O

Let g, be the quadratic form defined on M, by the formula (2); to write a form ¢. in Dom(g,), we use,
as in [Anné et al. 2009], the following change of scales:

Pre=0elme and ¢re ="y,
We write, on the cone €, i,
b1 =dr A ,,—(”/2—114-1),31"8 _i_r—(n/Z—p)Oll"8

and define o1 ¢ = (B1e, @1.) = U(@1¢).

On the other part, it is more convenient to define r = 1 — s for s € [O, 5] and write ¢, =
dr A r_(”/Z_P‘Ll),Bz,(E + r_(”/z_f’)ozz,g near the boundary. Then we can define, for r € [2, ] (the boundary
of M, corresponds to r = 1),

02,6(r) = (B, (1), 2,6(r)) = U(h2,6) (r).

The L?-norm, for a p-form on M, supported in the cone . 1, has the expression

11721, = / lo1el* dpg, + f (261> dirg,
M () M

and the quadratic form in our study is

qe(¢s)=/Ml(d+d)¢>e| ditg, = f

1
\UD U*(01,6)* dpg, + = f |D2(¢2.0) dptg,.  (9)
Mi(e) &= Jm,

The compatibility condition for the quadratic form is el/ 20{1’8(8) =0 (1) and gl/? B1.e(&) = Pr(1), or
ore(1) =201 ¢ (e). (10)

The compatibility condition for the Hodge—de Rham operator, of the first order, is obtained by expressing
that D¢, ~ (UD U0y ¢, s‘lUDzU*oz,s) belongs to the domain of D. In terms of o, it gives

o} (1) =¢&"a] (o). (11)

To understand the limit problem, we proceed to several estimates.
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3.1. Expression of the quadratic form. For any ¢ such that the component ¢, is supported in the cone
“%¢.1, one has, with o1 = U (¢) and by the same calculus as in [Anné et al. 2009]:

1
1
/ D11 dprg, = / (ar+—A)ol
6e.1 e r

3.2. Limit problem. As a Hilbert space, we introduce

2

1
dr= [ {16112 +2(07, Ao pogr+— A0t P |

= LFRI0>) - Ao sy +— 1Ao7 5 | dr.
L2(X) & r r

Hoo := L2(M 1) ® Ker(Dy) @ 91 (12)
with the space $1 > as defined in (8), and the limit operator

ALw®000
with W as defined in (7).
Finally, let us define:
A cut-off function & on M| around the conical singularity,
1 if0<r<3i

- 13
0 ifl<r (13)

§i1(r) = {
o The prolongation operator
P.: H'2(2) — H'(€.1)
o= Z GV’_’Ps(U)ZU*( Z 87’_1/2r_7’0),). (14)
y €Spec(A) y €Spec(A)

We remark that, restricted to Im(IT-1/2), P (o) is the transplant on M;(¢) of P>(o) (see Section 2.3);
then there exists a constant C > 0 such that, for all o € Im(I1.2),

1P2()7 2,y = 1P (@) 720, SC D N0y 725y = Cllo s, (15)
1
V>3

and also that, if ¥, € Dom(%,), then (51 P.(UWralx)), wg) defines an element of H'(M,).

4. Proof of the spectral convergence

We denote by Ay (), N > 1, the spectrum of the total Hodge—de Rham operator of M, and by Ay, N > 1,
the spectrum of the limit operator defined in Section 3.2.

4.1. Upper bound: limsup,_, oAy (e) < Ay. With the min—max formula, which says that

An(e)= inf inf] su Dep|? ditg b,
N () EcDom(D;) { ¢eg ./Ms IDedly, dite, }
we have to describe how to transplant eigenforms of the limit problem on M.

We describe this transplantation term by term. For the first term, we use the same ideas as in [Anné

et al. 2009].
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For an eigenform ¢ of A; w corresponding to the eigenvalue A, U(¢) can be decomposed on an
orthonormal base {0, },, of eigenforms of A and each component can be expressed by the Bessel functions.
For y € (—%, %) it has the form

{cyr”+1 F, (Ar?) + d,r~7G, (Ar2)}ay ,

where F,,, G, are entire functions satisfying F), (0) = G, (0) =1 and ¢,, d,, are constants.
We remark that c,,rVHFy (Arz)oy € Dom(D yin) and dy,r ™7 (Gy(krz) -G, (0))o, € Dom(Dy min).
So we can write ¢ = ¢y + ¢ with

¢o € Dom(Dy in) and U@)(r)=E() Y. dyr 7oy
y €Spec(A)

lyl<3
By the definition of Dj min, ¢o can be approached, with the operator norm, by a sequence of smooth
forms ¢ . with compact support in M (¢).

By the definition of W, we know that Z\y|< 12 d,o, € W. So there exists ¢, € Ker(D,) such
that U(¢y,, (1)) —dyo, € Im(I1.,). We remark finally that, by the definition (14), we can write
U@ (r) =E1() Xy <108 777 Peldyy).

Let poe =), -126"/* "2, and

¢e = <¢0,s +51Pg< > 81/2_yU(¢2,y(1))),¢2,s> e H'(M,).

y eSpec(A)
lyl<3

It is a good transplantation: ||¢ || — O as the term added on M, (¢) (indeed, a term of the sum
5181/2_7P8(U¢2’y(1) —d,o,) corresponds to some y’ > y;if y' > % itis O(¢'/277) by (15),if ' < %
itis 0(8)//_}/), and if y' = % it is 0(81/2_V,/|10g €l)). Moreover, they are harmonic, up to &;.

For the two last ones, we shrink the infinite cone on M and cut with the function &;, already defined
in (13).

Finally, if Ker(A — %) =% {0}, then, for each nonzero element [6'/2] € 9, /2, there exists ¥, with
D> (yf2) = 0 on M, that has the boundary value &'/2 modulo Im(I1-; ,2). Then, we can construct a
quasimode as follows:

Ve = lloge| "2 (61.{r7 U@ ) + P(UW I =5 7)) 42). (16)
The L?-norm of this element is uniformly bounded from above and below, and
. —~1/2
lim (1l 2,y = 1l 2cs)-

Moreover, it satisfies g (1) = O(|log e|™h), giving then a “small eigenvalue”, as well as the elements of
Ker(%,) and of Ker(A; w).

Note, as an aside, that it is remarkable that the same construction, for an extended solution with
corresponding boundary value in Ker(A —y), y € (—%, %), does not give a quasimode: indeed, if v, is
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such a solution, the transplanted element will be
Ve=(E.{r7Ur @)+ PP U W) [ =5} 2T ),

for which ¢ (y.) does not converge to 0 as ¢ — 0.

To conclude the estimate of the upper bounds, we have only to verify that these transplanted forms
have a Rayleigh—Ritz quotient comparable to the initial one and that the orthogonality is almost conserved
by transplantation.

4.2. Lower bound: liminf,_ oAy (&) > Ay. We first proceed for one index. We know, by Section 4.1,
that for each N the family {Ay(&)}e>0 is bounded; set

A :=liminf Ay (g).
e—0
There exists a sequence {€; };en such that lim;_, o, Ay (&;) = A. For each i, let ¢; be a normalized eigenform
relative to A; = Ay (&;).
4.2.1. On the regular part of M.
Lemma 4. For our given family ¢;, the family {(1 — &1).¢1.;}ien is bounded in HO1 (M1(0), g1).

Then it remains to study &;.¢1 ;, which can be expressed with the polar coordinates. We remark that
the quadratic form of these forms is uniformly bounded.

4.2.2. Estimates of the boundary term. The expression above can be decomposed with respect to the
eigenspaces of A; in the following calculus, we suppose that o (1) = 0:

: 2 2 / A 1 A 2 d
/8‘ |:||01||L2(2) +;(017 Ul)LZ(E) +I"—2” O—l||L2(E)i| r
! 2 1 1 2
- A |:||61 ”Lz(E) + 8r <;(O.la AUI)L2(2)> + r_z{(o'la AO'I)LZ(Z) + ||AO'1 ”LZ(E)}] dr

I
1 1
= / |:||01/||iz(2) + r—2(01, (A +A2)01)L2(2)] dr — E(UI (&), Ao1(€)) 2(x)-
&

This shows that the quadratic form controls the boundary term if the operator A is negative but (A + A?)
is nonnegative. The latter condition is satisfied exactly on the orthogonal complement of the spectral
space corresponding to the interval (—1, 0). By applying &;.¢; to this fact, we obtain the following
lemma:

Lemma 5. Let T1<_; be the spectral projection of the operator A relative to the interval (—oo, —1].

There exists a constant C > 0 such that, for any i € N,

[M<—10U@riENnrE) < CVe.

In view of Proposition 2, we also want a control of the components of o associated with the eigenvalues
of A in (—1, %] The number of these components is finite and we can work term by term. So we write,
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on 6, 1,

ol(r)= Y o’(r) with Aoy (r)=yo\"(r)
yeSpec(A)

and we suppose again o1(1) = 0. From the equation (9, + A/r)aly =r7vo, (errly) and the Cauchy—
Schwarz inequality, it follows that

1 2
||8V(71y(8)||iz(2) = H/ 3 (r’ o)) dr
&

! 1
< {/ rY. <3r + —A)aly(r)
. r
1 1
5/ P2 dr-/
& &

Thus, if the quadratic form is bounded, there exists a constant C > 0 such that

LX(%)

2
dr}
LX(%)

2

dr.

14
d-(a])+ = (o))
r L2(%)

Ce ™ (1—e /@y +1) if y # -1,

. (17)
Celloge] if y=—

llo) (1725 < {

D= 1

This gives:

Lemma 6. Let I[1; be the spectral projection of the operator A relative to the interval 1. There exist
constants o, C > 0 such that, forany i € N,

ITT—1,000 U(@ri (el max) < Cey'.

Here, 0 < < % satisfies that —c is larger than any negative eigenvalue of A.
With the compatibility condition (10) and the ellipticity of A, the estimate above gives also:

Lemma 7. With the same notation, there exist constants B8, C > 0 such that, for any i € N

ITT10,1/2) o U (@2,i ()l g1r2(z) < C8£3.

Here, % — B is the largest nonnegative eigenvalue of A strictly smaller than % (if there is no such
eigenvalue, we put 8 = %).

Finally, we study 011/ ? for our family of forms (the parameter i is omitted in the notation). It satisfies,

3
2 172 1/2
(‘ar +m)°‘ =M

The solutions of this equation can be expressed in terms of the Bessel and the Neumann functions: there

exist entire functions F, G with F(0) = G(0) = 1 and differential forms ¢;, d; in Ker(A — %) such that

fore; <r < %, the equation

2
o 2(r) = ir¥ 2 Fur®) + d; i”” 2Goarty + = log<r)r3/2F<xir2>} (18)
Vs
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(see [Anné et al. 2009, Lemma 4]). The fact that the L?-norm is bounded gives that ||c; ||i2 +|log &;| ||d; ||i2
is bounded. Finally, by substituting this estimate in the expression above, we have

1
1/2 2

. =0 — ).
||61 (81)”[,2(2) <8illog8i|)
With the compatibility condition (10), we obtain:

Lemma 8. There exists a constant C > 0 such that, for any i € N,

C
TT{1/2) 0 U2, ) (Dl sy = -
V/ [log €|
4.2.3. Convergence of ¢,,;. Let us now define, in general, ég, ¢ as the form obtained by the prolongation
of ¢, by i/e&1(er)d1 - (er) on the infinite cone €} . A change of variables gives that

92.ell22¢¢, ) = 5101l L2¢e, 1)
while

/N Do) du = & / D111 )P dig, + / Ds(@r0.0)12 i,
M2 (68,1

M
Thus, by the definition of ¢;, the family {5, };en is bounded in W and Je, |Da(o.)1>dpn = O(?).
The work of Carron [2001b] gives us that ||<]32, i (Dl 12y is bounded and the following:

Proposition 9. There exists a subfamily of the family {¢~>2,,~ }ien which converges in L*(M», g»). Its limit ¢»
defines an extended solution on ]\72, ie., 52((}’;2) =0and J)z [s € Ker(T) NIm(IT>_12).

We still denote by ¢~>2,,» the subfamily obtained.

4.2.4. Convergence near the singularity. Now we use the fact that eigenforms satisfy an equation which
imposes a local form. We concentrate on y € [—%, %] If we write

[—1/2,1/2]
o= 3 Urel o,
yel=1/2,1/2]
the terms o*]y satisfy the equations

1
(ot 2ot =t

The solutions of this equation can be expressed in term of the Bessel functions: there exist entire functions
F, G with F(0) = G(0) = 1 and differential forms c, ;, d, ; in Ker(A — y) such that

¢y it?"TVF, Qur®) +d, i (r™Y G, (Mir?)), lyl <1,
_ 2
o (r) = { c1/0.ir¥?Fior?) +di i r V2 G pOur?) + p log(r)r*?Fip(Air?)), y = % (19)
c—12,ir V2F_1 p(ir?) +d_1 2, (112 1og(r) G 1 o (Mi1?)), Yy = —%-

The lemmas of the previous subsections give us the result that the families ¢, ; and d,,; are bounded and,
by extraction, we can suppose that they converge. In the case of y = %, we have more: [|dy2,ill2(x) =
O(lloge;|~'7?).
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But, turning back to the family of the last proposition, we also know that the family ,/;&1(g;7)$1,; (&i7)
converges to 0 on any sector 1 <r < R, according to the explicit form of Uly (r). As a consequence, the
form ¢, has no component for y € [—3, 3] and is indeed an L2-solution. We have proved:

Proposition 10. The form ¢ in Proposition 9 has no component for y € [—% %] If we set ¢p == ¢ | M
there exists a subfamily of {¢2.;}; which converges to ¢ as i — 00, and it satisfies

¢2 € Dom(D2), 1@2ll2(py,00) =1 and  Da(¢2) =0.

Moreover, the harmonic prolongation of /g;&1(g;r)$1,i (g;7),

$2.i = €(Jei&1(eir)dri(eir)),

minimizes the norm of D;(¢,). As a consequence, ||D2(<$2,,-)|| 1L2(My) = O(g&;) implies

IT(Veip1i(EN | p-12s) = O(&)

with the Dirac—-Neumann operator 7 defined in (5).

But, by Lemmas 5 and 6, we know that [|[TT-—1/2(¢1,i (e)| gir2(x) = O(+/¢). The continuity of T
thus gives ||T o > _1,2(¢1,i (€))l g-112(x) = O(/€i). To obtain consequences of this result for the term
ITj_1/2,1/21(¢1,i (¢i)), we must make sense of the possibility of working modulo Im(7"). In the following,
for simplicity of notation, we identify the spectral projection IT; of A for the interval I with U*I1;U.

Proposition 11. The space T (Im(I1.,2) N H'Y2(%)) is closed in H™'2(X), as a consequence of the
work of Carron. Let us define B(¢) for ¢ € Im(I1{_1,2,12)) as the orthogonal projection of T (¢p) onto the
orthogonal complement of this space. Then B is linear and satisfies:

e Bl < ITGllg-1005)
o If B(¢p) =0, there exists an n € Im(I1.2) such that T (¢ +n) =0.

Proof. To prove that T (Im(I1.1,2) N H 1/2(%)) is closed, we must recall some facts contained in [Carron
2001a]. Let us denote here Ty the operator constructed as 7, but for the infinite part €| . Then
Im(T¢) = Im(IT.;2) is a subspace of Ker(T¢) = Im(IT>_;,2). We know that T + T is an elliptic
operator of order 1 on X which is compact. As a consequence, Ker(7T + T) is finite-dimensional,
(T + T)(HY2(X)) is a closed subspace of H —1/2(2) and T + T¢ admits a continuous parametrix
Q:H'2(X) — H'?(X) such that

Qo (T + T¢) =1d —TKer(T+7¢)»

where TTker(r+7,) denotes the orthogonal projection onto Ker(T + T) for the inner product of H'/?(X).
We can now prove that 7(Im 1., N H'Y2(X)) is closed.

Let {o;}; be a sequence of elements in Im(I1.,2) N H 1/2(X) such that T (o;) converges, and let
Y =lim;_, o, T (0;). We can suppose that

0; € (Ker(T) NIm(I.1 ) N H'2(2))* .



1040 COLETTE ANNE AND JUNYA TAKAHASHI

We have Im(IT.1,2) N H'2(X) c Ker(Ty). Then (T + Tg)o; = T (07) converges and t; = Q o (T + T)o;
converges; let T = lim;_, o 7;. Thus,

0, =1 +e¢ with 1, €Ker(T + Te)t, e; € Ker(T + T).

The sequence {e;}; must be bounded, unless we can extract a subsequence ||e; || — 00, so it is true also
for ||o;|| and, by extraction, we can suppose that the bounded sequence e; /||o; || converges, since it lives in
a finite-dimensional space. Let ¢’ be this limit; then ¢’ = lim ¢; /||o; | also and e’ € Im(I1~,2) N H/2(X).

Finally, ¢’ satisfies |l¢’|| = 1, and

e eKer(T+T¢) and ¢ € Ker(Ty),
as well as ¢; and o;, which implies 7'(¢/) = 0. Thus, ¢’ =limo;/|lo; || € Im(I1~2) N H'/2(Z) N Ker(T).
But, by the assumption on o;, ¢’ must be orthogonal to this space, which is a contradiction.

So, e; is a bounded sequence in a finite-dimensional space; by extraction, we can suppose that it
converges. Then o; admits a convergent subsequence, and let o denote its limit; then

o elm(lloip)NHY*(Z) and ¥ =T(0). O
As an application of Proposition 11, we have

| Boll—1/2,1/21(@1.i (€N g-12(3) = O(V€i)-
This is the sum of few terms. We remark that the term with c,, ; is in fact always O(,/¢;). For the same
reason, we can freeze the function G at 0, where its value is 1. So we can say

172

i

log(e)BoU*(d_1p)+ . & 'BoU*(dy)+&; *BoU*(dip.)

1
\V|<§

= 0(Je), (20)

H—I/Z(E)

&

while all the other terms, which behave like ® with § > %, occur in an expression belonging to
Dom(Dl,min)-

In fact, we have the following result:
Proposition 12. One can write T1(_1 /2,120 U (§1¢1,;) = 1,; + 00,; with the bounded sequence U*(0y,;)
in Dom(Dj min) and 61,; = c_rf’}/ 24 6}( 12 satisfies that there exists a subfamily of 6?}/ 2 Wwhich converges

to Zye(—l/Z,l/Z) r~voy, asi — oo with Zye(—l/Z,l/Z) o, € W, while

1

1
61/2 ~ —ril/zﬁ]/z for some 5’1/2 S Ker(A — f)'

b Jloge]

Thus, 51/ 1.2 concentrates on the singularity.
Proof. The term o1 ; comes from the expression obtained in (20), while o ; is the sum of all the other
terms.

We then concentrate on (20). First, we gather the terms concerning the same eigenvalue and still denote
by d,, ; the sum of all the terms with the same eigenvalue. Let —% SYp<--<wWw= % be the eigenvalues

of Ain[-1, 1]
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We then define the limit d, as

d, = {lim,_)OQ dy i, y # 1 2,
llml_)OO vV |10g8, d]/zl, Yy = i’
and put £, = Ker(A —y).
Indeed, we can, step by step, decompose d,, ; into a part in Ker(B o U*) and a part which exhibits a
smaller behavior in &;.

« First step: in E1 ;5. Multiplying (20) by ﬁ, we obtain that || Bo U*(d12.) |l g-12¢z) = O(e;> ). We
decompose dj 2, = (1/ \/@ )dl((/))2 ; 1 i along Ker(B o U™ [, ,) and its orthogonal complement
in Ey2. Then, |BoU*(d12,)lg-12(x) = O(g; /2=y ") implies ||d1/2,||H1/2(>:) 0(81/2 . So,

dijp = lim \/lloge;[di i = lim d|)) , € Ker(BoU")
1—>00 1—>00 ’

and, if we write dll/z,i = el.l/ Iy l.(l) and reintroduce this in (20), then it has the new expression
e/ log(e) Bo U*(d_12.) + Ze "IBoU*(dy, ) +& "BoU " +d, ) = 0(/).
] ) H—I/Z(E)
e Second step: in Ey, ® E,,. Multiplying by 83/ " in the above, we obtain that
1B oU*(d" +dy, )l g-112(x) = O] ™). @1

We decompose di(l) +d,, i d}(,?)l + d}fl ; along Ker(B o U* [, ,eE,, ) and its orthogonal complement in
Eip®E,,.

Now, (21) says that [|d:} ;|| 125 = O(e]' "), s0 dy1 = 1im; . o0 dy, ; = lim; .o Ty, )(d,;) and, as
d;(/?)z € Ker(Bo U™ g, ,aE, ), extracting from Tl /2 (d)/l l) a convergent subsequence we can say that

there exists an ey, € Eq» such that

dVl +eipn € Ker(BoU™).

On the other hand, if we can write

1 vi—y2 1(2)
dy. =8 d;”,

then the new expression of (20) is

p
& log(en)BoUd_1p)+ Y & "BoU*(dy, 1) +&; " BoU*d? +d,,)
j=3

= 0(J/&).

H—I/Z(E)

We can continue in this way until the term concerning y,. It constructs terms

d;(/k)l €(E1p® - ®E,)NKer(BoU"),

d(k+l) €EE,®---OE,
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with 0 < k < p. If we decompose d(o) Z o dy"(o) and d(k+1) Z o d(k+]) then

1 0 1/2— 0 12— 0 "
dipi = —dl(/)2le tellrm di//lé )+ el e og(end Y,
llog &|
0 0 0

Now, because all the families involved here (finite in number) are bounded in a finite-dimensional
space, we can suppose, by successive extractions, that they converge. We have

— 1 ©)
dy = glilino My (dy7)-

This means that there exist elements 6, =d,, e Ker(A—y), |y| < %, such that there exists an n,, € Im(I1-.,)
with
(ToU"@,+n,)=0
and, if we denote
ey, 1/21(ny) = Z .,
w>y
then we obtain

H(—1/2,1/2]OU(¢1,i(”))N Z r*y(6y+83’ ’ )+7’ 1/2{|10g8| 1/2 O']/2+ Z 1/2 'unll/z}.

1

—S<pu<y<} —i=<p<i
Here, the term &; * has to be replaced by 81‘1/ 2 log ¢; in the case of u = —%. (I
4.2.5. Conclusions on the side of M. We now decompose ¢ ; = @1, near the singularity as follows:
Let
R L e N P St
according to the decomposition, on the cone, of o along the eigenvalues of A respectively less than —%,

in (—%, 5] and greater than 1.

We first remark that the expression and the convergence of ¢( /21721

are given by the preceding
Proposition 12.
Now ¢> 12

and 10, we have

and 1}1 i =&1F (l'I>1/2 oU(¢a,; (1))) have the same boundary value. But, by Propositions 9

lim U(¢a.:(1)) = U(¢a(1)) € Im(I1~1,2) for the norm of H'/*(%).

So, 51¢>1/ Jl,i can be considered in H'(M,(0)) by a prolongation by 0 and:

Proposition 13. By uniform continuity of P,,, and the convergence property just recalled,

11_131010 V1 — & P, (U(g2]x)) I z2(a, (1)) = O-
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On the other hand, & Py, (U (¢2 | 5)) converges weakly to 0 on the open manifold M,(0); more precisely,
for any fixed n with0 <n < 1,

ll_l)nolo 161 Pe; (U (2 fz))”LZ(Ml(n)) =0.

We remark finally that the boundary value of ¢fl._1/ ? is small. For this term we introduce the cut-off
function taken in [Anné et al. 2009],

1 if 2,/e; <r,
e, (r) = (1/log \/e;) log(2e;/r) if 2&; <r <2./e;,
0 if r <2¢.
... . <—1/2
Proposition 14. llirgo (1 —=&)&107; "2, ey =0

This is a consequence of the estimates of Lemmas 5 and 6; we remark that, by the same argument, we
obtain also ||§1¢1§i_1/2(r)||Lz(2) < C./r,s0

—1/2 1/4
10— &)EDTT 2y = 0.

Proposition 15. The forms

>1/2 =172

Vo= (=8¢ + Eor =) +Ek105; P HEUG D
belong to Dom (D1 min) and define a bounded family.

Proof. We will show that each term is bounded. For the last one, it is a consequence of Proposition 12.
For the first one, it is already done in Lemma 4. For the second one, we note that

A . ~
fi= (ar + 7>U<sl¢1,3/2 ~ 91
A > >
= £ (ar + 7)(qul,}/z) +0,ENU (b7, — P, (Mo 22,4(1)) (22)

is uniformly bounded in L%*(M,), because of (15). This estimate (15) shows also that the L?-norm of

§1¢1>,i1/2 - 1/~/1,i is bounded.

For the third one, we use the estimate due to the expression of the quadratic form. The estimate that
f(gr,l |D1(E1¢="V2)>dp < A gives that

<—1/2
o= (1225, < Arllogr] (23)

by the same argument as in Lemmas 5 and 6. Now

<—1/2 <-—1/2 <-1/2
1DV G165, D2t < 18 D1E ST D, + Ndés ] - &0 12,
—1/2 —-1/2
< ID1 &G D i, o+ 8|61 2, o
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The first term is bounded and, with |A| > % for this term, and the estimate (23), we have

3
r<sA.
r =2

4A Ve logr

==1/2\2 g

|||d§ei|§l¢1’,‘ ”LZ((@Ei’ﬁ) = |10g8i|2/ d
&

This completes the proof. O
In fact, the decomposition used here is almost orthogonal:
Lemma 16. There exists B > 0 such that
12 5 7
(¢1>,i/ =Y V1D 12 (M, () = 0(853)-

Proof. If we decompose the terms into the eigenspaces of A, we see that only the eigenvalues in (%, oo)

are involved. With f; = Zy>% f7 and U(qbil.l/z — 1}1,1-) = Zy>% (/5(’;, equation (22) and the fact that
2 7 .

(@717 = P1.0(er) = 0 imply

dor)=r" / p” 7 (p)dp.

Then, for each eigenvalue y > % of A,

1 r
~ ~12 _
(@, WK,‘)LZ(%EI.J) =g/ / / ro f oY (ay, f7(0))2(x)dp dr
&i &

a [ y=1/2 o1
e !
=8i Li 2)/_1 'ry'(O'y,fy(r))LZ(E)dr+2;/_1 Ki py(vafy(p))Lz(E)dp'

Thus, if y > % we have the upper bound

Yy TV
(Do Vi D r2ce,, 1)

1 —y+1 y—1/2
<8~V1/2f r—l(a fr ) es)ldr + fi oyl r2esy - I1FY Il 2
= ¢ . 2y —1 Vo L>(%) Qy — D2y +1 yIL2(%) L2(%g;.1)
y . _(—2y+3)/2 ?/—1/2
<Ce! 2o L 14 + i o ) y ’
=Cg¢ “ V||L2<E>(2y_1)m||f [RIC VY 2)/Hn vl 17 e, )

while, for y = %, the first term is O (g;/|log ¢;]) and, for % <y < %, it is 0(83/_1/2). In short, we have

@) ¥ Diree, o) < Cellloy llaes) - 17 e, )
if B > O satisfies y > 8 + % for all eigenvalues y of A in (% oo). This estimate gives Lemma 16.  [J

Corollary 17. There exists in {Y1; + ¢§;1/2’1/2)},~ a subfamily which converges in L? to a form ¢, in
Dom(D w) that satisfies on the open manifold M1 (0) the equation A¢y = Ap1. Moreover,

111172 1y 0y + 19217247 F 151720725y = 1 (24)

where ¢, is the prolongation of ¢» by P»(¢2]s) on 1\72, and © 13 is given by Proposition 12.
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Proof. Indeed, the family {vr ; +¢f;1/ 21/2) }i is bounded in Dom (D max); one can then extract a subfamily
which converges in L*>(M,, g1). But we know that 1}1’1- converges to 0 in any M/ (n); the conclusion
follows. We obtain also, with the help of Lemma 16, that

2
1 - {”¢1 ”iz(Ml(O)) + ”¢2”%,2(M2)} = hm {HWIJ ||%2(M1(8i)) + }
e L2(My (1))

1
51U*<—r_1/251/2)
v log &;|

We remark that, by Proposition 13, ¢» = 0 implies lim;_, o ||J1,,- Il L2, (e;y) = O- In fact, one has, by (15),

112110 ”{/71,1'”L2(M| @) = 1P2(Ud2 1) 1241, - (25)
Finally, one has

1
lim §1U*<—r_1/251/2> = llo12llL2x)- 0
i—00 V1log il L2(My (1)) *)
4.3. Lower bound, the end. Now let {¢;(¢), ..., ¢n(g)} be an orthonormal family of eigenforms of
the Hodge—de Rham operator associated with the eigenvalues A (¢), ..., Ay (e). We can use the same

procedure of extraction for all the families. This gives, in the limit domain, a family { (qblj , ¢g, c‘r{ /2)}15 j<N-
We already know, by Corollary 17, that each element has norm 1. If we show that they are orthogonal,
then we are done, by applying the min—max formula to the limit problem (12).

Lemma 18. The limit family is orthonormal in .

Proof. If we follow the procedure for one index, up to terms converging to zero, we have decomposed the
eigenforms ¢;(¢) on M, into three terms:
. _ o~ . 1 .
—1/2,1/2 12—
Q] =Y, +¢§,i /212 O/ =vy;, and &= U*(—r 1/20{/2). (26)

Jllogel

Let a # b be two indices. If we apply Lemma 16 to any linear combination of ¢, (¢) and ¢ (¢), we obtain
that

Tim (D L) L2 + (PF BE) 2001y e} = 0.
If we apply (25), we obtain
l_l_i)lgo{@‘;,,, O0) 2t (e + (D500 85 D 20} = (D5, B9 12y -
Then finally, from (¢4 (&), ¢»(€))12(p,) = 0, we conclude that
(97, ‘f’?)LZ(Ml) + (93, ¢§)L2(A72) + (@92, a'lf/z)Lz(Z) =0. O
Proposition 19. The multiplicity of 0 in the limit spectrum is given by the sum
dim Ker(A1 w) + dim Ker(%;) +iy2,

where i1, denotes the dimension of the vector space $1,, — see (8) — of extended solutions w on Mz
introduced by Carron [2001b], corresponding to a boundary term on restriction to r = 1 with nontrivial
component in Ker(A — %)
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If the limit value X is nonzero, then it belongs to the positive spectrum of the Hodge—de Rham operator
A1w on M, with the space W as defined in (7).

Proof. The last process, with, in particular, (25) and (16), in fact constructs an element in the limit Hilbert
space
Hoo := L*(M1) ® Ker(Dy) © $15.

This process is clearly isometric in the sense that, if we have an orthonormal family {¢;(e;)}; (1 < j < N),
we obtain at the limit an orthonormal family, where ¥, is defined as an orthogonal sum of the Hilbert
spaces. And, if we begin with eigenforms of A, we obtain at the limit eigenforms of A w @ {0} & {0}.
The last calculus implies that liminf;_, o Ay (&) > An. |

Remark 20. In order to understand this result, it is important to remember when the eigenvalue % occurs
in the spectrum of A. By the expression (4), we find that it occurs exactly:

 For n even, if ‘3—1 is an eigenvalue of the Hodge—de Rham operator Ay acting on coexact forms of

degree %n or %n — 1 of the submanifold X.

 For n odd, if 0 is an eigenvalue of Ay on forms of degree %(n —1)or %(n 4+ 1), but also if 1 is an
eigenvalue on coexact forms of degree %(n —1)on X.

A dilation of the metric on X allows us to avoid positive eigenvalues, but harmonic forms of degree
%(n —1)or %(n + 1) on X can not be avoided.

Moreover, Carron [2001a, Theorem 0.6] has proved that the extended index depends only on geometry
at infinity: these harmonic forms on X will indeed create half-bound states, and then small eigenvalues
will always appear.

5. Harmonic forms and small eigenvalues

It would be interesting to know how many small (but nonzero) eigenvalues appear. For this purpose, we
can use the topological meaning of harmonic forms.

5.1. Cohomology groups. The topology of M, is independent of ¢ # 0 and can be understood by the
Mayer—Vietoris exact sequence:

s HP (Mo) == HP (My(¢)) & H (M) —=— HP (%) == HPT! (M) — -

As already mentioned, the space Ker(%,) ® 91,2 can be mapped into H*(M). More precisely, Hausel,
Hunsicker and Mazzeo [Hausel et al. 2004, Theorem 1.A, p. 490] have proved that the space of the
L?-harmonic forms %’zz (1\712) on Mg is given by

H"(M,, %) if k<i(n+1),
95, (M) = { Im(H"D2(My, £) — HOHD2(My)) if k=1 + 1), (27)
H*(M>) if k>3n+1).

We note that the space of L2-harmonic forms is equal to that of L?-harmonic fields, or the Hodge
cohomology group, since M, is complete.
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For M, we can use the results of Cheeger [1980; 1983]. Following his work, we know that the
intersection cohomology groups IH*(M ) of M coincide with Ker(D1 max © D1.min) if H"/?(Z) =0. We

also know that
HP(My(e) if p < 3n,

H (My(e)) if p=in+1. (28)

THP (M) = {
These results can be used for our study only if D max and Dj min coincide. This occurs if and only if A
has no eigenvalues in the interval ( 53 —). As a consequence of the expression of the eigenvalues of A,
recalled in (4), this is the case if and only if:

e for n odd, the operator Ay, has no eigenvalues in (0, 1) on coexact forms of degree %(n —1);

1

* for n even, the operator Ay has no eigenvalues in (O, %) on coexact forms of degree %n or n — 1,

and H"?(X) =0
Thus, if D} max = D1.min» Which implies H”/Z(E) =0 in the case where 7 is even, then the map
H"*(My) —=— H"*(M,(¢)) ® H"*(M,)

is surjective, and then any small eigenvalue in this degree must come from an element of Ker(%;) @® 1,2
sent to 0 in H"/2(M>). In this case also, the map

H"? N (M) —=— H"**L (M (e)) @ H"*T (M)
is injective, so there may exist small eigenvalues in this degree.

5.2. Some examples. We exhibit a general procedure to construct new examples as follows: Let W;,
i =1, 2, be two compact Riemannian manifolds with boundary ¥; and dimension n; + 1 such that
ny+ny; =n > 2. We can apply our result to M| := W x ¥, and M; := X1 x W,. The manifold M, is
always diffeomorphic to M = M| U M,.

For instance, let v, be the volume form of (X5, A»). It defines a harmonic form on M}, and this form
will appear in the limit spectrum if, transplanted onto My, it defines an element in the domain of the
operator A .

In the notation introduced in Section 2.2, this element corresponds to § =0 and o = r/2=129, and
the expression of A gives that

A(B, @) = (n2 — 5n) (B, @).

If n —ny > 0, then (B, @) is in the domain of D max © D1 min, and, if ny = 3n, it is in the domain of
Ay w for the eigenvalue O of A.

So, if we know that H"2(M) = 0 or, more generally, dim H"2(M) < dim H"2(X;) in the case where
3 is not connected, then this element will create a small eigenvalue on M,. If D denotes the unit ball
in R, this is the case for

Wy =D"*T' and W,= D" for n, <n,.

Then, M = S™1"2+1 and we obtain:
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Corollary 21. For any degree k and any & > 0, there exists a metric on S™ such that the Hodge—de Rham
operator acting on k-forms admits an eigenvalue smaller than . We can see that, for k < %m it is in the
spectrum of coexact forms, and, by duality, for k > %m it is in the spectrum of exact k-forms.

Indeed, the case k < %m is a direct application, as explained above. We see that our quasimode is
coclosed. Thus, in the case where m is even, if w is an eigenform of degree %m — 1 with small eigenvalue,
then dw is a closed eigenform with the same eigenvalue and degree %m Finally, the case k > %m is
obtained by Hodge duality. We remark that in the case k = 0 we recover Cheeger’s dumbbell, and also
that this result has been proved by Guerini [2004] with another deformation, although he did not give the
convergence of the spectrum.

By the surgery of the previous case, we obtain, for

W, :=S" x[0,1] and W,:=D""" for 0<ny, <n; and n=n, +ny > 2,

that &, =S uS", ¥, =S" and M = S x §2F!, The volume form v, € H"(X5) again defines a
harmonic form on M and, since H"2(S"! x S™+1y =0, if ny < ny, then v, defines a small eigenvalue
on ny-forms of M;.

Thus, by the duality, we obtain:

Corollary 22. Forany k,l = 0with0<k—1 <[ and any € > 0, there exists a metric on S! x Sk such that
the Hodge—de Rham operator acting on (k—1)-forms and on (I+1)-forms admits an eigenvalue smaller
than e.

This corollary is also a consequence of the previous one: we know that there exists a metric on S¥ whose
Hodge—de Rham operator admits a small eigenvalue on (k—1)-forms, and this property is maintained
on §' x Sk,

With the same construction, we can exchange the roles of M; and M;: the two volume forms of
§™" y§™ create one ni-form with small but nonzero eigenvalue on $™ x smtlifn, <ny+1. By the
duality, we obtain an (n,+1)-form with small eigenvalue. So, with new notations, we have obtained:

Corollary 23. Forany k <[ withk +1 > 3 and any & > 0, there exists a metric on S x S* such that the
Hodge—de Rham operator acting on l-forms and on k-forms admits a positive eigenvalue smaller than e.

More generally, by repeating the (k—1)-dimensional surgery L times, we obtain the following:

Proposition 24 [Sha and Yang 1991]. The connected sum of L copies of the product spheres, ﬂiLzl (SkFx S,
can be decomposed as follows:

L L L
£ (SFxSH= (Sk—l x (S’“ \]_[ Df“)) Uy (Dk X ]_[gﬁ)
i=l1 i=0 i=0

Remark 25. J.-P. Sha and D. Yang [1991] constructed a Riemannian metric of positive Ricci curvature
on this manifold. More generally, see also [Wraith 2007].

In a similar way, using Proposition 24, we can obtain the small positive eigenvalues on the connected
sum of L copies of the product spheres ttl.L 1(Sk x Sh.
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All these examples use the spectrum of M. We can obtain also examples using the reduced L>-
cohomology group of M>, which is given by (27) [Hausel et al. 2004].
Suppose now that n = dim X is odd. Then, we have the long exact sequence

o> HY (M, ) - HY (M) — HY(Z) > H (M, =) — - -

For k = %(n — 1), the space H k(M,, X) is isomorphic to the reduced Lz—cohomology group of 1\712. If
H®=D/2(%) is nontrivial, then any nontrivial harmonic k-form on X will create an extended solution,
corresponding to an eigenvector of A with eigenvalue %

For example, take X = Sk x Sk for k = %(n —1); then H*(X) is nontrivial. Any nontrivial form
w e HX(Z) sent to 0 € H**1(M>, ¥) comes from an element & € H*(M,) which is not in the reduced
L2-cohomology group of M, by (27).

Acknowledgement

Takahashi was partially supported by Grant-in-Aid for Young Scientists (B) 24740034.

References

[Anné and Colbois 1995] C. Anné and B. Colbois, “Spectre du laplacien agissant sur les p-formes différentielles et écrasement
d’anses”, Math. Ann. 303:3 (1995), 545-573. MR 97b:58141 Zbl 0909.58054

[Anné and Takahashi 2012] C. Anné and J. Takahashi, “p-spectrum and collapsing of connected sums”, Trans. Amer. Math. Soc.
364:4 (2012), 1711-1735. MR 2869189 Zbl 1254.58012

[Anné et al. 2009] C. Anné, G. Carron, and O. Post, “Gaps in the differential forms spectrum on cyclic coverings”, Math. Z.
262:1 (2009), 57-90. MR 2010a:58037 Zbl 1166.58013

[Atiyah et al. 1975] M. F. Atiyah, V. K. Patodi, and I. M. Singer, “Spectral asymmetry and Riemannian geometry, I”’, Math. Proc.
Cambridge Philos. Soc. 77 (1975), 43-69. MR 53 #1655a Zbl 0297.58008

[Briining and Seeley 1988] J. Briining and R. Seeley, “An index theorem for first order regular singular operators”, Amer. J.
Math. 110:4 (1988), 659-714. MR 89k:58271 Zbl 0664.58035

[Carron 2001a] G. Carron, “Théorémes de I’indice sur les variétés non-compactes”, J. Reine Angew. Math. 541 (2001), 81-115.
MR 2002i:58020 Zbl 1014.58012

[Carron 2001b] G. Carron, “Un théoréme de I’indice relatif”, Pacific J. Math. 198:1 (2001), 81-107. MR 2002¢:58038
Zbl 1083.58502

[Cheeger 1980] J. Cheeger, “On the Hodge theory of Riemannian pseudomanifolds”, pp. 91-146 in Geometry of the Laplace
operator (Honolulu, HI, 1979)), edited by R. Osserman and A. Weinstein, Proc. Sympos. Pure Math. XXXVI, Amer. Math.
Soc., Providence, RI, 1980. MR 83a:58081 Zbl 0461.58002

[Cheeger 1983] J. Cheeger, “Spectral geometry of singular Riemannian spaces”, J. Differential Geom. 18:4 (1983), 575-657.
MR 85d:58083 Zbl 0529.58034

[Dodziuk 1982] J. Dodziuk, “Eigenvalues of the Laplacian on forms”, Proc. Amer. Math. Soc. 85 (1982), 437-443. MR 84k:58223
Zbl 0502.58038

[Fukaya 1987] K. Fukaya, “Collapsing of Riemannian manifolds and eigenvalues of Laplace operator”, Invent. Math. 87:3
(1987), 517-547. MR 88d:58125 Zbl 0589.58034

[Guerini 2004] P. Guerini, “Prescription du spectre du laplacien de Hodge—de Rham”, Ann. Sci. Ecole Norm. Sup. (4) 37:2
(2004), 270-303. MR 2005k:58063 Zbl 1068.58016

[Hausel et al. 2004] T. Hausel, E. Hunsicker, and R. Mazzeo, “Hodge cohomology of gravitational instantons”, Duke Math. J.
122:3 (2004), 485-548. MR 2005d:58039 Zbl 1062.58002


http://dx.doi.org/10.1007/BF01461004
http://dx.doi.org/10.1007/BF01461004
http://msp.org/idx/mr/97b:58141
http://msp.org/idx/zbl/0909.58054
http://dx.doi.org/10.1090/S0002-9947-2011-05351-1
http://msp.org/idx/mr/2869189
http://msp.org/idx/zbl/1254.58012
http://dx.doi.org/10.1007/s00209-008-0363-0
http://msp.org/idx/mr/2010a:58037
http://msp.org/idx/zbl/1166.58013
http://dx.doi.org/10.1017/S0305004100049410
http://msp.org/idx/mr/53:1655a
http://msp.org/idx/zbl/0297.58008
http://dx.doi.org/10.2307/2374646
http://msp.org/idx/mr/89k:58271
http://msp.org/idx/zbl/0664.58035
http://dx.doi.org/10.1515/crll.2001.096
http://msp.org/idx/mr/2002i:58020
http://msp.org/idx/zbl/1014.58012
http://dx.doi.org/10.2140/pjm.2001.198.81
http://msp.org/idx/mr/2002e:58038
http://msp.org/idx/zbl/1083.58502
http://msp.org/idx/mr/83a:58081
http://msp.org/idx/zbl/0461.58002
http://projecteuclid.org/euclid.jdg/1214438175
http://msp.org/idx/mr/85d:58083
http://msp.org/idx/zbl/0529.58034
http://dx.doi.org/10.2307/2043863
http://msp.org/idx/mr/84k:58223
http://msp.org/idx/zbl/0502.58038
http://dx.doi.org/10.1007/BF01389241
http://msp.org/idx/mr/88d:58125
http://msp.org/idx/zbl/0589.58034
http://dx.doi.org/10.1016/j.ansens.2003.04.005
http://msp.org/idx/mr/2005k:58063
http://msp.org/idx/zbl/1068.58016
http://dx.doi.org/10.1215/S0012-7094-04-12233-X
http://msp.org/idx/mr/2005d:58039
http://msp.org/idx/zbl/1062.58002

1050 COLETTE ANNE AND JUNYA TAKAHASHI

[Lesch 1997] M. Lesch, Operators of Fuchs type, conical singularities, and asymptotic methods, Teubner-Texte zur Mathematik
136, B. G. Teubner, Stuttgart, 1997. MR 98d:58174 Zbl 1156.58302

[Lott 2002a] J. Lott, “Collapsing and Dirac-type operators”, pp. 175-196 in Proceedings of the Euroconference on Partial Differ-
ential Equations and their Applications to Geometry and Physics (Castelvecchio Pascoli, 2000), vol. 91, 2002. MR 2003h:58042
Zbl 1001.58020

[Lott 2002b] J. Lott, “Collapsing and the differential form Laplacian: the case of a smooth limit space”, Duke Math. J. 114:2
(2002), 267-306. MR 2003¢e:58047 Zbl 1072.58023

[Lott 2004] J. Lott, “Remark about the spectrum of the p-form Laplacian under a collapse with curvature bounded below”, Proc.
Amer. Math. Soc. 132:3 (2004), 911-918. MR 2004h:58049 Zbl 1042.58018

[Mazzeo 2006] R. Mazzeo, “Resolution blowups, spectral convergence and quasi-asymptotically conical spaces”, Exposé No. 8
in Journées équations aux dérivées partielles (Evian-les-Bains, 2006), CEDRAM, Grenoble, 2006.

[Mazzeo and Melrose 1990] R. R. Mazzeo and R. B. Melrose, “The adiabatic limit, Hodge cohomology and Leray’s spectral
sequence for a fibration”, J. Differential Geom. 31:1 (1990), 185-213. MR 90m:58004 Zbl 0702.58007

[Milnor and Stasheff 1974] J. W. Milnor and J. D. Stasheff, Characteristic classes, Annals of Mathematics Studies 76, Princeton
University Press, 1974. MR 55 #13428 Zbl 0298.57008

[Rowlett 2006] J. M. Rowlett, Spectral geometry and asymptotically conic convergence, Ph.D. thesis, Stanford University, 2006,
available at http://search.proquest.com/docview/304980386. MR 2708809

[Rowlett 2008] J. Rowlett, “Spectral geometry and asymptotically conic convergence”, Comm. Anal. Geom. 16:4 (2008),
735-798. MR 2010e:58028 Zbl 1160.58307

[Rumin 2000] M. Rumin, “Sub-Riemannian limit of the differential form spectrum of contact manifolds”, Geom. Funct. Anal.
10:2 (2000), 407—452. MR 2002f:53044 Zbl 1008.53033

[Sha and Yang 1991] J.-P. Sha and D. Yang, “Positive Ricci curvature on the connected sums of S” x S™”, J. Differential Geom.
33:1 (1991), 127-137. MR 92f:53048 Zbl 0728.53027

[Wall 1960] C. T. C. Wall, “Determination of the cobordism ring”, Ann. of Math. (2) 72 (1960), 292-311. MR 22 #11403
Zbl 0097.38801

[Wraith 2007] D. J. Wraith, “New connected sums with positive Ricci curvature”, Ann. Global Anal. Geom. 32:4 (2007),
343-360. MR 2008h:53058 Zbl 1132.53018

Received 13 Jun 2014. Accepted 25 Mar 2015.

COLETTE ANNE: colette.anne@univ-nantes.fr
Laboratoire de Mathématiques Jean Leray, Université de Nantes, CNRS, Faculté des Sciences, BP 92208, 44322 Nantes,
France

JUNYA TAKAHASHI: t-junya@math.is.tohoku.ac.jp
Research Center for Pure and Applied Mathematics, Téhoku University, Graduate School of Information Sciences, 6-3-09 Aoba,
Sendai 980-8579, Japan

:'msp

mathematical sciences publishers


http://msp.org/idx/mr/98d:58174
http://msp.org/idx/zbl/1156.58302
http://dx.doi.org/10.1023/A:1016247531019
http://msp.org/idx/mr/2003h:58042
http://msp.org/idx/zbl/1001.58020
http://dx.doi.org/10.1215/S0012-7094-02-11424-0
http://msp.org/idx/mr/2003e:58047
http://msp.org/idx/zbl/1072.58023
http://dx.doi.org/10.1090/S0002-9939-03-07121-1
http://msp.org/idx/mr/2004h:58049
http://msp.org/idx/zbl/1042.58018
http://dx.doi.org/10.5802/jedp.35
http://projecteuclid.org/euclid.jdg/1214444094
http://projecteuclid.org/euclid.jdg/1214444094
http://msp.org/idx/mr/90m:58004
http://msp.org/idx/zbl/0702.58007
http://msp.org/idx/mr/55:13428
http://msp.org/idx/zbl/0298.57008
http://search.proquest.com/docview/304980386
http://msp.org/idx/mr/2708809
http://dx.doi.org/10.4310/CAG.2008.v16.n4.a2
http://msp.org/idx/mr/2010e:58028
http://msp.org/idx/zbl/1160.58307
http://dx.doi.org/10.1007/s000390050013
http://msp.org/idx/mr/2002f:53044
http://msp.org/idx/zbl/1008.53033
http://projecteuclid.org/euclid.jdg/1214446032
http://msp.org/idx/mr/92f:53048
http://msp.org/idx/zbl/0728.53027
http://dx.doi.org/10.2307/1970136
http://msp.org/idx/mr/22:11403
http://msp.org/idx/zbl/0097.38801
http://dx.doi.org/10.1007/s10455-007-9066-8
http://msp.org/idx/mr/2008h:53058
http://msp.org/idx/zbl/1132.53018
mailto:colette.anne@univ-nantes.fr
mailto:t-junya@math.is.tohoku.ac.jp
http://msp.org

ANALYSIS AND PDE
Vol. 8, No. 5, 2015

dx.doi.org/10.2140/apde.2015.8.1051

SHARP L? BOUNDS FOR THE WAVE EQUATION
ON GROUPS OF HEISENBERG TYPE

DETLEF MULLER AND ANDREAS SEEGER

Consider the wave equation associated with the sub-Laplacian on groups of Heisenberg type. We construct
parametrices using oscillatory integral representations and use them to prove sharp L? and Hardy space
regularity results.
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Introduction

Given a second-order differential operator L on a suitable manifold, we consider the Cauchy problem for
the associated wave equation

@ +Lu=0, ul_o=f oul_ =g €]

This paper is a contribution to the problem of L?” bounds of the solutions at fixed time t in terms of
LP?-Sobolev norms of the initial data f and g. This problem is well understood if L is the standard
Laplacian —A (i.e., defined as a positive operator) in R? [Miyachi 1980; Peral 1980], or the Laplace—
Beltrami operator on a compact manifold [Seeger et al. 1991] of dimension d. In this case, (1) is a strictly
hyperbolic problem and reduces to estimates for Fourier integral operators associated to a local canonical
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graph. The known sharp regularity results in this case say that, if y(p) =(d — 1) |% — %‘ and the initial
data f and g belong to the L”-Sobolev spaces L]’:( 2 and L‘;( D—1> respectively, then the solution u( -, 7)

at fixed time t (say t = £1) belongs to L?”.

In the absence of strict hyperbolicity, the classical Fourier integral operator techniques do not seem
available anymore and it is not even clear how to efficiently construct parametrices for the solutions;
consequently, the L? regularity problem is largely open. However, some considerable progress has been
made for the specific case of an invariant operator on the Heisenberg group H,,, which is often considered
as a model case for more general situations. Recall that coordinates on H,, are given by (z, u) with
z=x+iy € C", u € R, and the group law is given by (z,u) - (z', u’) = (z +7 u+u — 13z -Z/)). A
basis of left-invariant vector fields is given by X; = 9/0x; — %yja/au, Y; =9d/dy;+ %xja/au, and we
consider the sub-Laplacian

m
L=-> (X}+Y).

j=l1
This operator is perhaps the simplest example of a nonelliptic sum-of-squares operator in the sense of
[Hormander 1967]. In view of the Heisenberg group structure, it is natural to analyze the corresponding
wave group using tools from noncommutative Fourier analysis. The operator L is essentially selfadjoint
on C°(G) (this follows from the methods used in [Nelson and Stinespring 1959]) and the solution of (1)
can be expressed using the spectral theorem in terms of functional calculus; it is given by

sin(t\/Z)
L v

u(-,t):cos(‘c«/f)f—i— N3

We are then aiming to prove estimates of the form

luC-, Ol SN +T2L)Y 2 £, + e + 2L g, 2)

involving versions of L”-Sobolev spaces defined by the subelliptic operator L. Alternatively, one can
consider equivalent uniform L? — L?” bounds for operators a(z~/L)e* “/Z, where a is a standard
(constant coefficient) symbol of order —y . Note that it suffices to prove those bounds for times 7 = %1,
after a scaling using the automorphic dilations (z, u) — (rz, r2u), r > 0.

A first study about the solutions to (1) was undertaken by Nachman [1982], who showed that the
wave operator on H,, has a fundamental solution whose singularities lie on the cone I"' formed by the
characteristics through the origin. He showed that the singularity set I" has a far more complicated
structure for H,, than the corresponding cone in the Euclidean case. The fundamental solution is given
by a series involving Laguerre polynomials and Nachman was able to examine the asymptotic behavior
as one approaches a generic singular point on I'. However, his method does not seem to yield uniform
estimates in a neighborhood of the singular set, which are crucial for obtaining L”-Sobolev estimates for
solutions to (1).

D. Miiller and E. M. Stein [1999] were able to derive nearly sharp L' estimates (and, by interpolation,
also L? estimates, leaving open the interesting endpoint bounds). Their approach relied on explicit
calculations using Gelfand transforms for the algebra of radial L' functions on the Heisenberg group,
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and the geometry of the singular support remained hidden in this approach. Later, Greiner, Holcman and
Kannai [Greiner et al. 2002] used contour integrals and an explicit formula for the heat kernel on the
Heisenberg group to derive an integral formula for the fundamental solution of the wave equation on
H™ which exhibits the singularities of the wave kernel. We shall follow a somewhat different approach,
which allows us to link the geometrical picture to a decomposition of the joint spectrum of L and the
operator U of differentiation in the central direction (see also [Strichartz 1991]); this linkage is crucial to
prove optimal L? regularity estimates.

In order to derive parametrices we will use a subordination argument based on stationary phase
calculations to write the wave operator as an integral involving Schrédinger operators for which explicit
formulas are available [Gaveau 1977; Hulanicki 1984]. This will yield a type of oscillatory integral
representation of the kernels, as in the theory of Fourier integral operators, which will be amenable to
proving L? estimates. Unlike in the classical theory of Fourier integral operators [Hérmander 1971], our
phase functions are not smooth everywhere and have substantial singularities; this leads to considerable
complications. Finally, an important point in our proof is the identification of a suitable Hardy space for
the problem, so that L” bounds can be proved by interpolation of L? and Hardy space estimates. We then
obtain the following sharp L? regularity result, which is a direct analogue of the result by Peral [1980]
and Miyachi [1980] on the wave equation in the Euclidean setting.

Theorem. Letd =2m+ 1,1 < p <oo,andy > (d — 1)‘% - %‘ Then the operators
(I +72L)""? exp(£it/L)

extend to bounded operators on LP (H™). The solutions u to the initial value problem (1) satisfy the
Sobolev-type inequalities (2).

Throughout the paper we shall in fact consider the more general situation of groups of Heisenberg
type, introduced by Kaplan [1980]. These include groups with center of dimension greater than 1. The
extension of the above result for the wave operator to groups of Heisenberg type and further results will
be formulated in the next section.

1. The results for groups of Heisenberg type

Groups of Heisenberg type. Let d|, d; be positive integers, with d; even, and consider a Lie algebra g
of Heisenberg type, where g = g1 @ g», with dim g; = d; and dim g, = d5, and

[g. 9] C g2 C3(9),

3(g) being the center of g. Now g is endowed with an inner product ( , ) such that g; and g, or orthogonal
subspaces. For u € g3 \ {0}, we define the symplectic form w, on g; by

then there is a unique skew-symmetric linear endomorphism J,, of g; such that

wu(V, W) = (Ju(V), W) “)
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(here, we also used the natural identification of g7 with g, via the inner product). Then, on a Lie algebra
of Heisenberg type,
Ir=—|ulI (5)

for every € g3. As the corresponding connected, simply connected Lie group G we then choose the
linear manifold g, endowed with the Baker—Campbell-Hausdorff product

Vi, U1) - (Va, Ua) := (Vi + Vo, Ur + U + 5[ V1, Val).

As usual, we identify X € g with the corresponding left-invariant vector field on G given by the Lie
derivative:

Xf(9) =2 f(gexpxn)| .

where exp : g — G denotes the exponential mapping, which agrees with the identity mapping in our case.
Let us next fix an orthonormal basis X, ..., X4, of gi, as well as an orthonormal basis Uy, ..., Uy,
of g». We may then identify g = g; + g and G with R% x R% by means of the basis X, ..., Xy,
Uy, ..., Uy of g. Then our inner product on g will agree with the canonical Euclidean product
vVew = Z?Sdz vjw; on R4+ and J,, will be identified with a skew-symmetric d; x d; matrix. We
shall also identify the dual spaces of g; and g, with R% and R%, respectively, by means of this inner
product. Moreover, the Lebesgue measure dx du on R4+ is a biinvariant Haar measure on G. By

d:=d|+d> 6)

we denote the topological dimension of G. The group law on G is then given by

(x,u)-(x/, u’):(x+x’,u+u'+%(fx,x’)), 7
where (f x, x') denotes the vector in R with components (Jy,x, x').
Let
dy
._ 2
L:=— Z X; (8)
j=1
denote the sub-Laplacian corresponding to the basis X7, ..., X4, of g;.

In the special case d, = 1, we may assume that J, = uJ, u € R, where

0 I /2)
J = ! 9
(-Lzl/z 0 ®

and Iy, /> is the identity matrix on R%/2_ In this case G is the Heisenberg group Hy, /2, discussed in the
introduction.

Finally, some dilation structures and the corresponding metrics will play an important role in our
proofs; we shall work with both isotropic and nonisotropic dilations. First, the natural dilations on the
Heisenberg-type groups are the automorphic dilations

S (x,u) = (rx, rzu), r>0, (10)
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on G. We work with the Koranyi norm
10, ) llo := (el + 4u )4,

which is a homogeneous norm with respect to the dilations §,. Moreover, if we denote the corresponding
balls by

0r(x,u) :={(y, V) eG: [y, v) - (x,u)llko <7}, (x,u)€G, r>0,

then the volume |Q, (x, u)| is given by

10, (x, u)| = | 01(0, 0)| r417242

Recall that d| 4+ 2d, = d + d, is the homogeneous dimension of G.
We will also have to work with a variant of the “Euclidean” balls, i.e., “isotropic balls” skewed by the
Heisenberg translation, denoted by Q. g(x, u):

0re(x,u):={(y,v) €G:|(y,v) ' (x,w)|p <r}
={(y,v)eG:|x—y|+|u—v+%(jx,y)|<r}; (11)
here

|G, )| g = lx| 4 |ul

is comparable with the standard Euclidean norm (Ix]? + |u|*)'/?. Observe that the balls Q,(x, u)
and Q, g (x, u) are the left translates by (x, u) of the corresponding balls centered at the origin.

The main results. We consider symbols a of class S77, i.e., satisfying the estimates

d’

—a(s)| <c;j(1+s)~r 7 (12)

(ds))

for all j =0, 1,2, .... Our main boundedness result is:

Theorem 1.1. Let 1 < p < 00, y(p) :=(d — 1)|% — %\ and a € S7VP). Then, for —c0 < T < 00, the
operators a(t JVL)é VL extend to bounded operators on L? (G).
The solutions u to the initial value problem (1) satisfy the Sobolev-type inequalities (2) for y > y (p).

Our proof also gives sharp L' estimates for operators with symbols supported in dyadic intervals.

Theorem 1.2. Let x € CZ° supported in (%, 2) and let A > 1. Then the operators X(A*Irﬁ)ei"“/z
extend to bounded operators on LY(G), with operator norms oWd-D/2y,

In view of the invariance under automorphic dilations it suffices to prove these results for T = =£1, and,
by symmetry considerations, we only need to consider T = 1.

An interesting question posed in [Miiller and Stein 1999] concerns the validity of an appropriate result
in the limiting case p = 1 (such as a Hardy space bound). Here the situation is more complicated than
in the Euclidean case because of the interplay of isotropic and nonisotropic dilations. The usual Hardy
spaces H'(G) are defined using the nonisotropic automorphic dilations (10) together with the Koranyi
balls. This geometry is not appropriate for our problem; instead, the estimates for our kernels require a
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Hardy space that is defined using isotropic dilations (just as in the Euclidean case) and yet is compatible
with the Heisenberg group structure. On the other hand, we shall use a dyadic decomposition of the
spectrum of L, which corresponds to a Littlewood—Paley decomposition using nonisotropic dilations.
This space hilso(G) is a variant of the isotropic local or (nonhomogeneous) Hardy space in the Euclidean
setting [Goldberg 1979]. To define it we first introduce the appropriate notion of atoms. For 0 <r <1,
we define a (P, r) atom as a function b supported in the isotropic Heisenberg ball Q, g (P) with radius r
centered at P (see (11)) such that ||b|, < r~4/?, and f b=0ifr < % A function f belongs to hilso(G) if
f =>_cyb,, where b, is a (P,, r”) atom for some point P, and some radius r,, < 1, and the sequence

1
iso

inf ) lel.
v

where the infimum is taken over representations of f as asum f =) c,b, where the b, are atoms. It
1 (G) is a closed subspace of L'(G). The spaces LP(G), 1 < p < 2, are complex

iso
1

interpolation spaces for the couple (k. (G), L?(G)) (see Section 10) and by an analytic interpolation

180

{cy} is absolutely convergent. The norm on 4. (G) is given by

is easy to see that h

argument Theorem 1.1 can be deduced from an L? estimate and the following h ilso — L' result:

o (G)

180

Theorem 1.3. Lera € S~“=V/2, Then the operators a(v/L)e™ VL map the isotropic Hardy space h
boundedly to L'(G).

The norm in the Hardy space hilso(G) is not invariant under the automorphic dilations (10). It is not
currently known whether there is a suitable Hardy space result which can be used for interpolation and
works for all a(t+/L)e™ with bounds uniform in .

Spectral multipliers. 1f m is a bounded spectral multiplier, then clearly the operator m (L) is bounded on
L*(G). An important question is then under which additional conditions on the spectral multiplier m the
operator m (L) extends from L>NLP(M) to an L? bounded operator for a given p # 2.

Fix a nontrivial cutoff function x € CJ°(R) supported in the interval [1, 2]; it is convenient to assume
that) ., x (2ks)=1forall s > 0. Let Lg (R) denote the classical Sobolev space of order «. Hulanicki and
Stein (see Theorem 6.25 in [Folland and Stein 1982]) proved analogs of the classical Mikhlin—-Hormander
multiplier theorem on stratified groups, namely the inequality

Im(L)lLr—rr < Cpasup || xm(t )12 (13)
t>0

for sufficiently large o. By the work of M. Christ [1991], and also Mauceri and Meda [1990], the
inequality (13) holds true for o > (d + d>)/2; in fact, they established a more general result for all
stratified groups. Observe that, in comparison to the classical case G = R?, the homogeneous dimension
d + d, takes over the role of the Euclidean dimension d. However, for the special case of the Heisenberg
groups, it was shown by [Miiller and Stein 1994] that (13) holds for the larger range o > d /2. This result,
as well as an extension to Heisenberg-type groups has been proved independently by Hebisch [1993], and
Martini [2012] showed that Hebisch’s argument can be used to prove a similar result on Métivier groups.
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Here we use our estimate on the wave equation to prove, only for Heisenberg-type groups, a result that
covers a larger class of multipliers:

Theorem 1.4. Let G be a group of Heisenberg type with topological dimension d. Let m € L*(R), let
x € C° be as above, let

Ap = sup/ ’@§l[xm(t-)](s)}s(d_l)/zds
[s|=R

t>0
and assume

* dR
lm oo +/ 91137 < 00. (14)
2

Then the operator m(\/Z) is of weak type (1, 1) and bounded on L?(G), 1 < p < o0.

Remarks. (i) Let H!(G) be the standard Hardy space defined using the automorphic dilations (10). Our
proof shows that, under condition (14), m(~/L) maps H!'(G) to L1(G).

(i) By an application of the Cauchy—Schwarz inequality and Plancherel’s theorem, the condition

sup || xm(t-)|l;2 <oo forsome f > d

t>0 k 2
implies Az <, R4/2=F for R > 2, and thus Theorem 1.4 covers and extends the above-mentioned multiplier
results in [Miiller and Stein 1994; Hebisch 1993].

(iii) More refined results for fixed p > 1 could be deduced by interpolation, but such results would likely
not be sharp.

2. Some notation

Smooth cutoff functions. We denote by ¢y an even C* function supported in (—1, 1) and assume that
Zo(s) =1 for |s] < %. Let ¢1(s) = ¢o(s/2) — ¢o(s), so that ¢ is supported in (—2, —%) U (%, 2). If we
set £;(s) = ¢1(2177s), then ¢; is supported in (=27, —=2/72) U (2/72,2/) and we have 1 = Y0208 ()
for all s € R.

Let g be a C* function supported in (—%n, %n) which has the property that ng(s) = 1 for |s]| < %n
and satisfies Y ;; n0(t —kw) =1 forall € R. For [ = 1,2, ..., let n;(s) = n(2'~Ls) — no(2's), so that

no(s) = Y72, mi(s) for s # 0.

Inequalities. We use the notation A < B to indicate A < C B for some constant C. We sometimes use
the notation A <, B to emphasize that the implicit constant depends on the parameter . We use A ~ B
if A< Band B S A.

Other notation. We use the definition

FE) =FfE) = / FOe 2 ED gy

for the Fourier transform in Euclidean space R?.
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The convolution on G is given by
frglx,u)= f Fong(x—y,u—v+L(Jx, y))dydv.

3. Background on groups of Heisenberg type and the Schrodinger group

For more on the material reviewed here, see, e.g., [Folland 1989; Miiller 1999; Miiller and Ricci 1996].

The Fourier transform on a group of Heisenberg type. Let us first briefly recall some facts about the
unitary representation theory of a Heisenberg-type group G. In many contexts, it is useful to establish
analogues of the Bargmann—Fock representations of the Heisenberg group for such groups [Kaplan and
Ricci 1983] (compare also [Ricci 1982; Damek and Ricci 1992]). For our purposes, it will be more
convenient to work with Schrodinger-type representations. It is well known that these can be reduced to the
case of the Heisenberg group Hy, /2, whose product is given by (z,1) - (z/, ') = (z +7 1+t + %a)(z, Z/)),
where w denotes the canonical symplectic form w(z, w) := (Jz, w), with J as in (9). For the convenience
of the reader, we shall outline this reduction to the Heisenberg group.

Let us split coordinates z = (x, y) € R4/2 x R4/2 in R%, and consider the associated natural basis of
left-invariant vector fields of the Lie algebra of Hy, /2,

Xj=0y,—1yjd, Yj:=0y,,+3x;8, j=1....%d, and T:=3,

For T € R\ {0}, the Schrédinger representation p, of Hy, /> acts on the Hilbert space L*(R4/?) as
follows:

e (x, y, DRIE) 1= TSP 4 x), he L2RY?).

This is an irreducible, unitary representation, and every irreducible, unitary representation of Hgy, ,» which
acts nontrivially on the center is in fact unitarily equivalent to exactly one of these, by the Stone—von
Neumann theorem (a good reference for these and related results is [Folland 1989]; see also [Miiller
1999]).

Next, if 7 is any unitary representation, say, of a Heisenberg-type group G, we denote by

2(f) = /G fOmg)ds. feL'(G).

the associated representation of the group algebra L' (G). For f € L'(G) and u € 9= R it will also
be useful to define the partial Fourier transform f* of f along the center by

P =Ff(x, n) = fO,u)e gy,  x e RY. (15)
R%

Going back to the Heisenberg group (where g5 = R), if f € $(Hy, /2), then it is well known and easily
seen that

pe(f) = T (@)p:(z,0)dz

R4
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defines a trace class operator on L?(R%/2), and its trace is given by

(o (f)) = [z 412 / £(0,0, 0% di = [z~ £~ (0, 0) (16)
R
for every T € R\ 0.

From these facts, one derives the Plancherel formula for our Heisenberg-type group G. Given
neg = R%, 1 # 0, consider the matrix J,, as in (4). By (5) we have Ji = —Iif |u| =1, and
J,, has only eigenvalues +i. Since it is orthogonal, there exists an orthonormal basis

Xpts oo Xpar 2o Yuts - -+ Yyay 2

of gi = R? which is symplectic with respect to the form wy, 1.e., w, is represented by the standard
symplectic matrix J in (9) with respect to this basis.

This means that, for every . € R% \ {0}, there is an orthogonal matrix R, = R/, € O(d;, R) such
that

Ju =R R,. (17)

Condition (17) is in fact equivalent to G being of Heisenberg type.

L {(G) of L'(G) consisting of all “radial” functions f (x, u) in the sense

that they depend only on |x| and u. As for Heisenberg groups [Folland 1989; Miiller 1999], this algebra

Now consider the subalgebra L

is commutative for arbitrary Heisenberg-type groups [Ricci 1982], i.e.,

frxg=gxf forevery f, geL)4(G). (18)

This can indeed be reduced to the corresponding result on Heisenberg groups by applying the partial
Fourier transform in the central variables.

The following lemma is easy to check and establishes a useful link between representations of G and
those of Hd| /2

Lemma 3.1. The mapping o, : G — Hg, ;2 given by

U
a,u(Z’ M) = (IR;LZ9 M_)’ (Z, M) € Rdl X Rdz,
|l
is an epimorphism of Lie groups. In particular, G/ ker a, is isomorphic to Hy, 2, where kera,, = 't is

the orthogonal complement of 1 in the center R% of G.
Given p € R® \ {0}, we can now define an irreducible unitary representation m, of G on L?(R%) by
putting
Ty = Plu| © Ay
Observe that then 7, (0, u) = e?™iU [ Tn fact, any irreducible representation of G with central character

eI factors through the kernel of o 1« and hence, by the Stone—von Neumann theorem, must be equivalent
to 7y,
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One then computes that, for f € $(G),
nu(N) = | F TRy 0) dz,
R
so that the trace formula (16) yields the analogous trace formula

o, (f) = |l "2 £7(0)
on G. The Fourier inversion formula in R?2 then leads to

£(0,0) = / e, () 2 d.
ueR2\(0}

When applied to §,-1 * f, we arrive at the Fourier inversion formula
f(&)= / (7, (8) 7 (NI dp, g €G. (19)
neR\{0})
Applying this to f** f at g =0, where f*(g) := f(g~1), we obtain the Plancherel formula
1713 = / 172, (O sl % e, (20)
neR™M\{0}

where | T || gs = (tr(T*T))'/? denotes the Hilbert—Schmidt norm.

The sub-Laplacian and the group Fourier transform. Let us next consider the group Fourier transform
of our sub-Laplacian L on G.

We first observe that der, (X) = 'R, X forevery X € g; = R% if we view, for the time being, elements
of the Lie algebra as tangential vectors at the identity element. Moreover, by (17), we see that

RuXpts- s RuXpa2s RuYus oo RuYya 2

forms a symplectic basis with respect to the canonical symplectic form w on R?'. We may thus assume

without loss of generality that this basis agrees with our basis X Lyvenes X di)2> 171, e, ?dl /2 of R4 so that
- . d
doy (X, j))=X;, doy(Y,j))=Y;, j=1,..., ER
By our construction of the representation 7, we thus obtain for the derived representation d,, of g that
- . . di
dm, (X, ) =dp (X)), dm,(Yy ;) =dp, (X)), j=1,..., > 21
Let us define the sub-Laplacians L, on G and L on Ha, /2 by
di/2 di /2
= —Z(X 4Y2), Li==) (X347},
j=1

where from now on we consider elements of the Lie algebra again as left-invariant differential operators.
Then, by (21),
dm,(L,) =dpy(L).
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Moreover, since the basis X, 1, ..., X, 4,72, Yy15 -+ ., Yy a2 and our original basis X1, ..., X4 of g| are
both orthonormal bases, it is easy to verify that the distributions Ly and L, 8y agree. Since Af = f*(Ado)
for every left-invariant differential operator A, we thus have L = L;; hence

dm, (L) =dpy(L). (22)

But, it follows immediately from our definition of Schrédinger representation p, that d,ot(f( i) = 0
and dp,(f’j) =2mit§;, so that dpw(i) =—A:+ (2| w))?|€|? is a rescaled Hermite operator (see also
[Folland 1989]), and an orthonormal basis of L?(R%/2) is given by the tensor products

hlm — hIMI ® - ®h|lt| Qe Ndl/z,

Ady/2°

where At (x) := Qm|p))*he (27| ])!/?x), and

dk
() = (ke 2L

denotes the L?-normalized Hermite function of order k on R. Consequently,

dm, (L)WM = 271|,u|< +2|a|)h'a“', o e N4/2, (23)

It is also easy to see that
dr,(Uj) =2min;l, j=1,...,d. (24)
Now, the operators L, —iUj, ..., —iUyg, form a set of pairwise strongly commuting self-adjoint operators

with joint core ¥(G), so that they admit a joint spectral resolution, and we can thus give meaning to
expressions like (L, —iUy, ..., —iUy,) for each continuous function ¢ defined on the corresponding
joint spectrum. For simplicity of notation we write

U:=(=il,,...,—iUyg).

If ¢ is bounded, then ¢(L, U) is a bounded, left-invariant operator on L?(G), so that it is a convolution
operator

oL, U)f = f*Ky, [feFG),

with a convolution kernel K, € ¥'(G) which will also be denoted by ¢ (L, U)8. Moreover, if ¢ € #(Rx R%),
then (L, U)§ € F(G) (see [Miiller et al. 1996]). Since functional calculus is compatible with unitary
representation theory, we obtain in this case, from (23) and (24), that

7, (o(L, U)S)hH —(p(2n|u|(d +2|a|>,2m>h15' (25)

(this identity in combination with the Fourier inversion formula could in fact be taken as the definition
of (L, U)8). In particular, the Plancherel theorem then implies that the operator norm on L?(G) is given
by

d
lp(L, U)| = sup”wum(?] +2q), u)' ueR® ge N}. (26)
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Finally, observe that
Ky = @(L", 2mp1)s; (27)

this follows, for instance, by applying the unitary representation induced from the character e**/#* on
the center of G to K.
We shall in fact only work with functions of L and |U|, defined by

d
7 (o (L, |U SR = ¢(2n|u|<3 +2|a|>, 2n|u|>hlx“'-

Observe that, if ¢ depends only on the second variable, then ¢ (|U ) is just the radial convolution operator
acting only in the central variables, given by

Fuoo[0(UD F](x, 1) = 9 Q) Fgor f(x, ) forall € (RE) (28)

Partial Fourier transforms and twisted convolution. For ;1 € g3, one defines the u-twisted convolution
of two suitable functions (or distributions) ¢ and ¥ on g; = R%! by

(@*, Y)(x) 1= /Rd @(x = Y (e 7D gy,
1
where w,, is as in (3). Then, with f# as in (15),

(fxt = f"x*,g",

where f * g denotes the convolution product of the two functions f, g € L'(G). Accordingly, the vector
fields X ; are transformed into the p-twisted first-order differential operators X 7 so that (X; /) =X y fH,
and the sub-Laplacian is transformed into the p-twisted Laplacian L*, i.e.,

d
_ _ N2
(L =LFfr == (X2,
j=1
say for f € #(G). A computation shows that, explicitly,

XM =0, +inwu (-, X)) (29)

The Schrodinger group {¢'*""}. 1t will be important for us that the Schrodinger operators e/, 1 € R,
generated by L*, can be computed explicitly.

Proposition 3.2. (i) For f € ¥(G),
M= favl, 120, (30)

where y!* € ' (R?) is a tempered distribution.

(ii) For all t such that sin(2mt|u|) # 0, the distribution y!" is given by

dy
VH’(X) = 2_d1/2 L 2 e—(in/2)|;/,|COt(2n1|m)‘x‘2' a1
t sin(rrt 1)
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(iii) For all t such that cos(2mt|iu|) # 0, the Fourier transform of y!" is given by

1

@mi/|u)) tan@re| )€
e ) (32)
(cosmt|w|))/2

);[lt ('i: ) =

Indeed, for u # 0, let us consider the symplectic vector space V := g;, endowed with the symplectic
form o := (1/|u])w,. Notice first that, because of (5), the volume form oM/ e the (d, /2)-fold
exterior product of o with itself, can be identified with Lebesgue measure on R% . As in [Miiller 2007],
we then associate to the pair (V, o) the Heisenberg group Hy, with underlying manifold V x R and
endowed with the product

W, u)=@v+v, u+u'+ %a(v, V).

It is then common to denote, for T € R, the t-twisted convolution by x; in place of x; (compare §5 in
[Miiller 2007]). The p-twisted convolution associated to the group G will then agree with the | |-twisted
convolution x|, defined on the symplectic vector space (V, o). Moreover, if we identify the X; € V
also with left-invariant vector fields on Hy, then (29) shows that

X =0y +imlulo(-, X))

agrees with the corresponding |u|-twisted differential operators 5('].” | defined in [Miiller 2007].
Accordingly, our u-twisted Laplacian L* will agree with the |u|-twisted Laplacian

di
L‘Sul — gli[ — Z(XLM‘)Z
j=1

associated to the symmetric matrix A := —/ in [Miiller 2007]. Here,
S=-A ! J, = ! J
™
Consequently,

Pt — GitLy"
From Theorem 5.5 in [Miiller 2007] we therefore obtain that, for f € L3(V),
exp( L0 f=fxuT™, >0
P |,bL| S — lul g is» =

where Ft“f ls is a tempered distribution whose Fourier transform is given by

flm

1 :
H©) = o~ @7/ luo & tanit$)e)

/detcos(2mitS)

whenever det cos(2itS) # 0. Since S? = —1I because of (5), one sees that

sin2mwitS) =isin(2wt)S, cosmwitS) =cos2mt)l.
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Note also that o (¢, n) = (S&, n). We thus see that (30) and (32) hold true, and the formula (31) follows
by Fourier inversion (see Lemma 1.1 in [Miiller and Ricci 1990]).

4. An approximate subordination formula

We shall use Proposition 3.2 and the following subordination formula to obtain manageable expressions
for the wave operators.

Proposition 4.1. Choose x; € C™ so that x,(s) = 1 fors € [?lt 4]. Let g be a C*™ function supported in
(%, 2). Then there are C® functions a; and p,,, depending linearly on g, with a, supported in [%, 4] and

Py, supported in [}‘, 4], such that, forall K =2,3,...,all N, N, > 0,and all A > 1,

K
K—1
sup [9119, a5, ()| < c(K)A™ Y " 11g™ oo Ni+ Ny < = (33)
N =0
K
sup [0, pr ()] < c(K, NAM KN e, Ny <K —2. (34)
$ v=0

and the formula
g0 WDV = X1(A—2L)«/X/ e ay(s)e*t ds + pr (A 2L) ©53)

holds. For any N € N, the functions AN p, are uniformly bounded in the topology of the Schwartz space

and the operators p;, (A~2L) are bounded on L?(G), 1 < p < 0o, with operator norm O(A~N).

For explicit formulas for a; and p;, see Lemma 4.3 below. The proposition is essentially an application
of the method of stationary phase where we keep track on how a, and p, depend on g. We shall need an
auxiliary lemma:

Lemma4.2. Let K e Nand g € CK(R). Let £; € C®°(R) be supported in (%, 2) U (—2, —%) andlet A > 1
and £ > 0. Then, for all nonnegative integers M,

K
< Cu g2 QATHTN QAT 16D e, (36)

_ i Av2
‘/yZMg(y);“](AmZ fy)ett dy
j=0

Moreover, for0 <m < (K —1)/2,

m K
d . . .
)(—d A) / g(y)ety’ dy‘ < Ck AN AT g0, 37)
j=0

Proof. By induction on K we prove the following assertion:

(dg): If g € CX then

K
/yZMg(y)g‘l(A1/22_Ey)eiAy2 dy=A"¥K Z/g(j)()’);j,K,M,A(Y)eiAyz dy, (38)
j=0
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where ¢; k m, A 18 supported on {y : |y| € [26-TA—1/2 2641 A=1/2]) and, for 0 < Jj < K, satisfies the
differential inequalities

16 % A = CUL K, M, )@ A2y Mt CR=D AR, (39)

Clearly this assertion implies (36).

We set 2o.0.m.4(y) = M1 (A/227%y) and the claim (#g) is immediate for K = 0. It remains to
show that (s g) implies (dg ;) for all K > 0.

Assume (slg) for some K >0 and let g € CK*+!. We let 0 < j < K and examine the j-th term in the
sum in (38). Integration by parts yields

. 4 (+D h,ood (g O\ |
Gy N gy / gt D ()L (SiEMAD N ing? 4
/g D¢ kma(y)e y=i [ A Cjkma(y)+g (y)dy A e y

The sum A~ Zf:o [ 8D kma(y)e™” dy can now be rewritten as

K+1
o . 2
ATK 1Z/g(v)()’)é'v,K+1,M,A(y)€lAy dy,
v=0

where
.d (So,k,mA())
So.k+1,MA(Y) =i—\ —F— ),
dy 2y
d _
Co kot a(y) =i Cv. k.M A () _H.Cu I,K,M,A(y)’ l<v<K,
dy 2y 2y
k. k.M A(Y)
Ck+1L,k+1MA(Y) =i—F———.
2y
On the support of the cutoff functions, we have |y| > 2¢~1 A~1/2 and the asserted differential inequalities

for the functions ¢, x+1,m A can be verified using the Leibniz rule. This finishes the proof that (sdg)
implies (A k1), and thus the proof of (36).

We now prove (37). Let {y be an even C* function supported in (—1, 1) and assume that o(s) =1
for [s] < 5. Let £1(s) = ¢o(s/2) — {o(s), so that ¢y is supported in [—2, —3] U[3, 2], as in the statement

of (36). We split the left-hand side of (37) as Z?OZO Iy, where
Iy = /(iyz)’"g(y)g“l (A2274)e™ dy  for £ >0,

and I, is defined similarly with ¢o(A'/?y) in place of 1 (A'/227¢y). Clearly |1y n| < A" ?||gllco
and, by (36),
K
Iﬁ,m Sm,K Z2—6(2K—2m—j—1)A—(1+2m+j)/2”g(j)”oo.
j=0

Since j < K we can sum in £ if m < (K — 1)/2 and the assertion (37) follows. U
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Lemma 4.3. Let K € N and let g € CX(R) be supported in ( 2). Let 1 € C2°(R) be such that x1(x) =1
on ( ) Also let ¢ be a Cj°(R) function supported in [ 3] with the property that ¢(s) =1 on [% 2].
Then

g(Vx)e™ =y (x) [ﬁ / e, ()™ ds + mm], (40)
where ay, is supported in [16, 4] and
) =7 WVis) [ (v 5 )e(3+ 5 )e ™ dy @
and )
511(8) = (1 —~ g(%f))%[gwf )™V (). (42)

Let p,, = x105.. Then the estimates (33) and (34) hold for all . > 1.
Proof. Let W, be the Fourier transform of x — g(ﬁ)e”ﬁ, Le.,

W, (&) :/g(\/)_c)ei)‘ﬁe_zmgx dx:/ng(s)e"(“_zngsz) ds. (43)

Observe that g(y/x) =0 for x ¢ (Alf, 4), thus g(v/x) = x1(x)g(+/x). By the Fourier inversion formula,
we have

g(WX)e™E =y (x)(Ur (x) + 3 (X)),

2
v, (x) = / g( T’:)%(é) 2mixt g

pr(x) = f (1 - ( ’f)) W, (§)e>™ de,
so that p; is as in (42).

We first consider p; and verify that the inequalities (34) hold. On the support of 1 — ¢ (2w & /1), we
have either |27&| < 1/8 or |2r&| > 2. Clearly, on the support of g we have |d;(As — 2mEs?)| > /2 if
|2m&| < A/8, and |9y (As — 2Es?)| > |2mE|/2 if [2wE| > 2A. Integration by parts in (43) yields

02182 [(1 — c@rE /M) W(®)]] < Conyap kI8l (1+ El+ DK

Thus, if Ny < K —2,
oo (- (Z oo

d\M
‘(E) P (x)

where

(44)

<Cn klglcx ﬂdégc& clgllexa KN+
’ (L+ &1+ [aD& r
This yields (34) for N, = 0, and the same argument applies to the A-derivatives.

172

It remains to represent the function A~ /“v, as the integral in (40). Let

§(s) =2sg(s). (45)
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By a change of variable, we may write

. A .
W (£) = e/ 570) / gly+ =) ay. (46)
4mé
We compute, from (44), (46),

Uk(x) — )\’/ S,(S)ei)u/(4s)+i)\xx)\‘—l/zak(S) dS,
where
ax(s) = 1) 'Vg(s) / é(y+ %)e_"“yz dy,
1.€., a; is as in (41). In order to show the estimate (33), observe

1

23,7 Pan(9) = 5 (5) f g(v+5

)(_isyZ)Nze—i)\Syz dy
and then, by the Leibniz rule, 3V 8,2[A~'/2a, (s)] is a linear combination of terms of the form
d \V3 d \N+T . 1 o9
(4£) 15051 [ 26 () [a(5+ ;)| v @7

where N3 + N4+ N5 = N;. By the estimate (37) in Lemma 4.2, we see that the term (47) is bounded
(uniformly ins e [%, 3]) by a constant times

T+ 3))

provided that N> + Ns < (K — N4 — 1)/2. This condition is satisfied if N; + N, < (K — 1)/2, and under
this condition we get

CK7N4

sup [0M N [A 7124, ()1] S ANV 712 gl ok
S

Now (33) is a straightforward consequence. U

Proof of Proposition 4.1. The identity (35) is an immediate consequence of the spectral resolution
L= fR+ xdE,, Lemma 4.3 (applied with x /A in place of x) and Fubini’s theorem. Note that in view of
the symbol estimates (34), any Schwartz norm of p;, A"2.)is O(A~N) for every N € N. The statement
on the operator norms of p; (A~2L) then follows from the known multiplier theorems (such as the original
one by Hulanicki and Stein; see [Hulanicki 1984; Folland and Stein 1982]). O

Thus, in order to get manageable formulas for our wave operators, it will be important to get explicit
formulas for the Schrodinger group €%, s € R.
5. Basic decompositions of the wave operator and statements of refined results

We consider operators a(«/Z)ei ﬁ, where a € §@—D/2 (satisfying (12) with y = (d — 1)/2). We split off
the part of the symbol supported near 0. Let xo € C2°(R) be supported in [—1, 1]; then we observe that
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the operator Xo(\/z) exp(i \/Z) extends to a bounded operator on L”(G) for 1 < p < oo. To see this, we
decompose xo(v/7T)e'YT = xo(J/T) + Yoo gon(t), T >0, where

an () = xo(WT) (VT = 1) (202" 1) — 22" 1))

with ¢p as in Section 2. Clearly xo(s/-) € C;°. Thus, by Hulanicki’s theorem [1984], the convolution
kernel of Xo(\/z) is a Schwartz function and hence Xo(«/z) is bounded on L' (G). Moreover, the functions
220, (2771 belong to a bounded set of Schwartz functions supported in [—2, 2]. By dilation invariance
and Hulanicki’s theorem again, the convolution kernels of 220, (27" L) are Schwartz functions and
form a bounded subset of the Schwartz space ¥(G). Thus, by rescaling, the operator o, (L) is bounded
on L!(G) with operator norm O (27%). We may sum in n and obtain the desired bounds for Xo(ﬁ)eiﬁ .

The above also implies that, for any A, the operator X()\_I\/Z) exp(i \/Z) is bounded on L' (with
a polynomial and nonoptimal growth in A). Thus, in what follows, it suffices to consider symbols
a € §~@=D/2 with the property that a(s) = 0 in a neighborhood of 0. Then

a(VDyeVt = 37 2T IR (V2R e, (48)

j>C

where the g; form a family of smooth functions supported in (% 2) and bounded in the C§° topology. In
many calculations below, when j is fixed, we shall also use the parameter A for 27,
Let x; be a smooth function such that

supp(x1) € (271%,2'7), (49a)
xi(s)=1 for se 272,29, (49b)
By Proposition 4.1 and Lemma 4.3 we may thus write

a(VD)eVT = mpeg(L)+ Y 2714702y, 27 Lymy (L), (50)
j>100

where the “negligible” operator myeg (L) 18 a convolution with a Schwartz kernel,

mk(p)=\/X/ei)‘/(4r)ax(t)eifp/’\dr with A =2/, &)

1
E 9
We shall use the formulas (31), which give explicit expressions for the partial Fourier transform in the

and the a, form a family of smooth functions supported in ( 4) and bounded in the C° topology.

central variables of the Schwartz kernel of ¢/'L. In undoing this partial Fourier transform, it will be useful
to recall from Section 3 that, if p; denotes the spectral parameter for L, then the joint spectrum of the
operators L and |U| is contained in the closure of

{Go1,02) 102> 0, p1 = (%dl +2q)p> for some nonnegative integer ¢ }. (52)

As the phase in (31) exhibits periodic singularities, it is natural to introduce an equally spaced
decomposition in the central Fourier variable (i.e., in the spectrum of the operator |U|). Let g be a C*™
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function such that

supp(no) C (=3, 37), (53a)
no(s)=1 for s € (—3m, 3m), (53b)
> ot —km)=1 forteR. (53¢)
keZ
We decompose
o
X1 Lymu (L) =Y i A PDTY, (54)
k=0
where
Tk =12 f ei”(‘”)a,\(r)no(%IUl — kn)effm d. (55)

The description (52) of the joint spectrum of L and |U| gives a restriction on the summation in k. Namely
the operator no((t/A)|U| — k) x1(A72L) is identically zero unless there exist positive p; and p, with
p1 = padi /2 such that A%/5 < p; < 512 and (k — %n)k/t <pr< (kn—l—%n)k/t for some 7 € (%, 4). A
necessary condition for these two conditions to hold simultaneously is, of course, ldl (kT[ — %n)k /4 < 522
and, since d; > 2 and A > 1, we see that the sum in (54) extends only over k with

0<k<8A. (56)

We now derive formulas for the convolution kernels of Tf , which we denote by K )]f The identity (31)
first gives formulas for the partial Fourier transforms JFpa, K )]f Applying the Fourier inversion formula,
we get

di

: 2
Kk (x, =)\1/2/ / ir/(47) (2 Tk ) I
5 (X, 1) i J € ax(Ono( 2 |l 5 — ko 2 st /h)

% e—(iﬂ/Z)IXIZIMICOl(ZUIM\T/)») dt e itusn) du. (57)

We note that the term || cot(2m¢|e]) in (57) is singular for 2¢| | € Z\ {0}, and therefore we shall treat
the operator Tf separately from Tf for k > 0. We shall see that Tf and the operators » iX (272 L)ng
can be handled using known results about Fourier integral operators, while the operators Tzkj need a more
careful treatment due to the singularities of the phase function. We shall see that the decomposition into
the operators Tzkj encodes useful information on the singularities of the wave kernels.

In Sections 7 and 8, we shall prove the following L' estimates:

Theorem 5.1. (i) For » > 210,
TN S AETD/2, (58)

(i) Forx>2"0 k=1,2,...,
T N gy S k@D @072, (59)

Note that d; > 2 and thus the estimates (59) can be summed in k. Hence Theorem 1.2 is an immediate
consequence of Theorem 5.1.
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Dyadic decompositions. For the Hardy space bounds, we shall need to combine the dyadic pieces in j
and also refine the dyadic decomposition in (50).
Define

V=270 7 LT, (60)
W; =270y 272 L) (my (L) — T). (61)

In Section 6 we shall use standard estimates on Fourier integral operators to prove:

Theorem 5.2. The operator V' =) j=100 Vj extends to a bounded operator from hl o to L.

180

We further decompose the pieces W; in (61) and let

Wio=20Q 7/ |UNW;,

. (62)
Wijn =57 UDW;;

here again, ¢p and ¢; are as in Section 2, i.e., o is supported in (—1, 1) and ¢; is supported in :I:(%, 2)
with &y + Zj §1(217j =1
By the description (52) of the joint spectrum of L and |U| and the support property (49a), we also have

x5 L) Q77U =0 when 22110 < /=l

i.e., when j <n — 11, and thus

W;n=0 when n>j+11. (63)
Observe from (52), as in the discussion following (55), that, fork =1, 2, ...,

2J

T
4 )

_j 1 . i 5
Zo(2 ’pz)no<2jpz—kﬂ) =0 for r€(5.4), >0, if2/ <(k—3)7

and

- T
12/ "/02)770(5,02 —kn) =0 for 7€ (5%.4), p2>0,
if 274 <2 (k= §) 7 or 16-27 (k+ §)m <27+,
Thus we have, fork=1,2,...,
tQ 7 \UNTS =0 when k > 2,
G TMUNTS, =0 when k ¢ [2778, 272,
Let

§n={{l} if n=0, (64)

{k:2"8 <k <22} if n>1.
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Then, by (54), we have m,; (L) — T = > TX and therefore we get
, DY > 27 2 — Zuk=119j g

Wio =272 g7 |UD Y Ty,
kego
Win =270 @Y D@7 "U) Y T
ke$n

Observe that Theorem 5.1 implies
||Wj’n||L|~>L| 5 2—n(d,_1)/2

uniformly in j.
Define, forn =0,1,2, ...,

Wyp= Y Win

Jj>100

Theorem 1.3 will then be a consequence of Theorem 5.2 and:
Theorem 5.3. The operators V' and W), are bounded from hilso to L'; moreover,

IWolly g S (1+n)27 =D/

The proofs will be given in Section 6 and Section 9.

6. Fourier integral estimates

1071

(65a)

(65b)

(66)

(67)

(68)

In this section we shall reduce the proof of the estimates for Tf and 7" in Theorems 5.1 and 5.3 to standard

bounds for Fourier integral operators in [Seeger et al. 1991] or [Beals 1982].

We will prove a preliminary lemma that allows us to add or suppress x;(A~2L) from the definition

of T)f).
Lemma 6.1. For A > 2!° we have

17 = 1 G DTN i S Ca™Y
forany N.

Proof. The operator T,) — )(1()\_2L)TAO can be written as b, (|L|, |U|), where

_ ; 702
bi(p1, p2) = A2 (1 — 1 ("2 p))At? f a/\(f)e”"(t’p"”no(T> dr

with
A TP

T,01,A)=—+—.
(T, p1, A) 4r+ .

Only the values where p; < 22272 and p1 > 2922 are relevant. Now

do A P

ot 4tz



1072 DETLEF MULLER AND ANDREAS SEEGER

and (3/07)"¢ = c,At™""! for n > 2. Note that, for p; > 2°A2, we have lpr| > pi/A — uﬁk >
p1A~ (1 =2792%) > p;/(21). Similarly, for p; < 27242, we have |¢.| > A/16 — 16-279% > 2794,
We use integrations by parts to conclude that
Mt by (A, &)
(@p1)" (3p2)"™
and, in view of the compact support of b;, (A2p1, Ap2), the assertion can be deduced from a result in
[Miiller et al. 1996] (or alternatively from Hulanicki’s result [1984] and a Fourier expansion in pp). [

-N
< Cnl,nz,N)\

(p1, P2)

The convolution kernel for Txo. This is given by

d;

_ il 2
KO(x. :)LI/Z/ f ir/(4s) (27r i) A ain(m e /3
S (x, u) - [Re a ()10 lmk 2sin(2m|pls /A)

w e~ n/DIxPluleot@ululs/2) g 2mitwn) gy,

We introduce frequency variables 8 = (w, o) on the cone

Fg:{@:(w,a)eRdsz:|w|5(7‘[—8)0,a>0}. (69)
Set
T A
w=—, o0=—.
2 4s

Note that o & X for s € supp(a,). We will consider the case § = ‘l‘n in view of the support of 7g, but any
choice of § € (O, %71) is permissible with some constants below depending on §.

If we set
g(t) :=rtcotr, (70)
the above integral becomes
KD (x,u) = // Vw00 B, (1 o)dwdo (71)
with
U, 0,0) =0 (1- ePg(120)) + u, )
and

By (. 0) =4‘1<%)dzl+d2,\3/20d1/2_2ax<ﬁ)'70(|0ﬂ> <#6/0‘|7/0)>aél

The B, are symbols of order (d; —1)/2 uniformly in A and supported in I'. The same applies to ) ;. Bot.
We will need formulas for the derivatives of W with respect to the frequency variables 6 = (w, 0):
L wi §'(lwl/o)

ow
Sty — x| ,
dw; o |w|/o (72)

() - ()
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Now, g is analytic for |t| < 27 and we have

in(2t) —2
g() = sin@r) —2¢ _T)z i (73a)
2sin“ t
) e
2" (r) = (t cos. r3 sin r). (73b)
sin® T
Observe that
g()<0 and g"(r) <0 for 0 <7t <m.
Moreover, as T — 0,
g()=1-4*+ 0",
and hence g’(0) =0 and g"(0) = —%. The even expression
T
g(r)—tg'(m) =1 +/ (—sg"(s))ds
0
will frequently occur; from the above, we get
(t)—1g'(r)>1 for 0<|t| <,
; / 3 (74)
lg(r) —tg'(v)| <10 for 0 <|7| < ym.
Lemma 6.2. We have
K (v, 1)] S AAPREEDEEN (x4 u) =N, 2P 4] > 2, (75)
and
1K) (e, )| S ABPREEDRENG L) x ) < 5. (76)

Proof. If |x| > +/2 we may integrate by parts with respect to o (using (74)), and obtain
IK2(x, u)| Sy A@H2FD/22N 10 =N 0y > /2,

If |u| < 10|x|? this also yields (75). Since max|r|<3z/4 |8’ (7)| < %n, we have |V, V| > 4|u| — %n|x|2,
and hence |V, W¥| > |u| when |u| > 10|x|?. Thus, integration by parts in w yields

K, u)| Sy ADHREFDREN 17N ) > 10]x ]
This proves (75).
Since |g'(t)| <37 for |t| < 3, we have |V, W| > 2[ul if [x|* <2Ju|/(37), and [W,| > 1 if [x]* < 5.
Integrations by parts imply (76). U

Fourier integral operators. Let p <« 1072, Choose x € C f?o([Rd x R?) so that

Iyl + vl = p,
X u,y,v)=0 for {lx—y| <.
lx — yI?+u—v| >4
Let
bi(x, y, u, v, ,0) = x(x,u, y, V) (@, 0),
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as before let g(t) = t cott, and let

O(x,u,y,v,w,0)= \Il(x—y,u—v—i-%(fx,y),a),o’)

d>
:a(l lx — ¥ g<|w|>>+2(4u,-—4vl-—2xTJiy)wi.
i=1

Let §, be the Fourier integral operator with Schwartz kernel

.y, 0) = [ [[ @000 0. 0)dodo
Given Lemma 6.2, it suffices to prove the inequalities

Il < A@=nr2

and

Z kd=D/2g

k>C

< OQ.
hl—L!

(77)

(78)

(79)

(80)

To this end we apply results in [Seeger et al. 1991] on Fourier integral operators associated with canonical

graphs and now check the required hypotheses.

Analysis of the phase function ®. We compute the first derivatives:

O, =—20(x; — y,)g( ) ZZw, TJzy,

cDu,' = 4wl ’

®, = —|x — yg /<|w|)| |+4u,—4u,—2x iy,

o= (1= —sta( ) ooty ()

For the second derivatives we have, with 6 j; denoting the Kronecker delta and J“ = Zflz | Wi

q)xjyk = 20’g<|aﬂ|)3jk — 26},]606](,
Cbxjv, :O’

Oy = —2(xj — yi)E ('wl) ol ZeTJ v,
() ()

uni)'k = Os (Du,-v/ = 0, unia)l = 451’1’ unﬂ =0.

i

and

Jla
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Moreover,
o]\ Wi T
Doy = 2(xk — Vi) 8 = W—QX Jiex,
ch,'v/ = _48ila
Sitlwl* — wiwy lw|\ @iwr
b=t () () )
wiwy |x =yl (g - PE T8, ool
wj w
q)a),-a = |-x —y|20—;g”(%>,
and
o=t (s() - (),
O Vi (xk yk) 8 P - 8 e
CD(TUI =0,
_ 201 (o]
(Daa)l—lx_y| ;g (?)7
|a)|2 w
¢oo:_|x_y|2Fg”<|O__|)~

The required L? boundedness properties follow if we can show that the associated canonical relation is
locally the graph of a canonical transformation; this follows from the invertibility of the matrix

(bxy (bxv (wa cbxa
q)uy Duy Puw Puo
; (1)
q)a)y Dy Pow Puo
O,y Oyy P O

see [Hormander 1971]. This matrix is given by

2081y —2J° 0 (013 2(x—y)(rg' —8)

0 0 4l 0
(+)31 —41aq, ()33 ()34 ’
2(x—y)T(g—rg/) 0 (*)43 _lx_y|20'_11'2g//

where T = |w|/0o, g, &', ¢” are evaluated at T = |w|/o, x — y is considered a d; x 1 matrix, (x)13 is a
d| X dp matrix, (x)3; 1S a dp x d| matrix, (x)33 is a dr X dp matrix, (*)34 1S a dp x 1 matrix, and (x)43 = (*)§4.
The determinant D of the displayed matrix is equal to

— w — r

20 —y)T(g —t8) —lx —ylPo~le2g”

To compute this, we use the formula

I O\(A =b\(I —-a\ _( A —Aa—b
at 1)\o7 y)\O 1) \aTA+bT —aTAa—2a"b+y)’
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If A is invertible, we can choose @ = —A~'h. Since bTSh = 0 for the skew-symmetric matrix § =
(A~1T — A~!, this choice of a yields the matrix

A 0 (A 0
—bT(ADTA+bT —bT(AHTb—2bTA 'b+y ) \x y+bTA" D)’

and hence

A —b )
det(bT y)=()/+bTA b)det A. (83)

Lemma 6.3. Letc, A € R, ¢> + A? #0. Let S be a skew-symmetric di x dy matrix satisfying S*> = —A>I.
Then cl + S is invertible with

1
I+857 = I— S,
W+ =arn’ o
and det(cI 4 S) = (¢* + A4 /2,
Proof. (cI +8)(cI+8)* = (cI+8)(cI—S8)=c*I —85>=(c*+A>)I. O

In our situation (82), we have A = cI + S with

lo]
(o

c=20g( >, S=-2J%

MOIeover,
A =2,

iy — 2] M)z (M)
J/—Ixyla((7 g\, )

(o) - e ().

In particular, if we recall that T = |w|/o, we see that
di)2 r \*
det A = (208(1)* + 2lo])?)"" = 20)" (—) :
sin T
Moreover,

o= (< () (o) < () o )

_yl2
_ =yl (_fzg”(r) +2(g(v) - fg/(f))zg(rg)g%)'

From (73a), we get
2
g(0) —1¢/() = (—’ ) ,

sint

and, in combination with (73b), this implies after a calculation that

-1 |x—y|2 T .
y+bTA I b="""2 — ).

o sint
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Thus we see from (83) that the determinant of the matrix (81) is given by
di+2
D — ot +1 di-1 (M) o (84)

This shows that D > 0 for |w|/o € [0, ), and D ~ o¥~! for |w|/o € [0, = — §] for every sufficiently
small § > 0. In particular, the matrix (81) is invertible for |w|/o € [0, T — §].

‘We now write

3 () = f Ko (. ) () dy.

where K, is given by our oscillatory integral representation (78). In that formula, we have d, +1 frequency
variables, and thus, given any « € R, the operator convolution with ), ~ $o« 2% i5 a Fourier integral
operator of order
d—1 d—(dr+1)
> YT T
With these observations, we can now apply the boundedness result of [Seeger et al. 1991] and deduce
that

I Il S AVl and |y 27D gy

k>C

S
1

for atoms supported in B,, in the standard Euclidean Hardy space 4. But atoms associated to balls
centered at the origin are also atoms in our Heisenberg Hardy space hilso. Thus, if we also take into
account Lemma 6.2 and use invariance under Heisenberg translations, we get

DTS

k>0

SUF

Remark. We also have
_ g/(M)I@lwlZ—wa +g,,(M) ww! gg//(m>
Dy Puo _ 2 o |a)|3 o 0‘|a)|2 o? o
® ® —|x—)’| T 2
oo Poo o' (|w_|) el (m)
28 s o3 ¢ s

which has maximal rank d» + 1 — 1 = d». Thus the above result can also be deduced from [Beals 1982],

via the equivalence of phase functions theorem.

7. The operators le

We now consider the operators TkA for k > 1, as defined in (55). In view of the singularities of cot
we need a further decomposition in terms of the distance to the singularities. For [ = 1,2, ..., let
ni(s) =no(2"~"'s) — no(2's), so that

no(s) =Y mi(s) for s #0.

=1
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Define
Tl — 3172 / eix/(4r)ak(f)m<%|U| _kJT)eitL/)» dr: (85)
then
00
) (86)
=1

From the formula (57) for the kernels K )]f we get a corresponding formula for the kernels K f’l, namely

dr

. 2
K5 (x :AI/Z/ f ir/ (1) (2 T _ g ) |l
() i Re a (T)m 7T|M|)L T s/

% e—(iﬂ/Z)IXIzlmCot(ZJT\,ulf/?») dt e¥rium) du.

Now we use polar coordinates in R?2 and the fact that the Fourier transform of the surface-carried measure
on the unit sphere in R% is given by

Qm)22 9, Qrlul) with  $,(0) =0 L2245 (o),

the standard Bessel function formula (see [Stein and Weiss 1971, p. 154]). Thus,

d

o0 . 2 2
KE Gy = 2172 f / el”“”m(r)m( Al —kn>(—. ’ )
0 JR A 2sin(2rtp/A)

% e—(iﬂ/2)|x|2pcot(2ﬂp‘[/l) dt (Zn)dz/Z}dz(znpthpdz—l dp

In this integral we introduce new variables

1 27t
0:0= (3 22),
so that (t, p) = ((4s)™", 2Ats/m) with dt dp = A(2ms) "' ds dt. Then we obtain, for k > 1,
d
K)]f’l(x, u) = kd2+(d]+1)/2/ B(s)mi(t _kn)(sit?) 2 tdz—lei)\swt,lxl)}dz(4SM|M|)ds dt, (88)
where
v(t,r)=1—r’tcott (89)
and
B, (5) = 232/2-2 (ka2 <%)sd1/2+d2—2; (90)

thus B, is C*° with bounds uniform in X, and B, is also supported in [%6, 4].
In the next two sections we shall prove the L! estimates

> Z// AT@D2 KR (x w) | dx du = 0(1), 1)

k<8x [=0

and Theorem 5.1 and then also Theorem 1.2 will follow by summing the pieces. Moreover, we shall give
some refined estimates which will be used in the proof of Theorem 5.3.
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An L* bound for the kernels. The expression
Qt)»,k,l :Al+d2/2kd2*l(21k)d1/2 (92)

will frequently appear in pointwise estimates, namely as upper bounds for the integrand in the integral
defining )\_(d_l)/sz’l. Note that

A== D2 KA o <27 ks (93)

the additional factor of 2~/ occurs since the integration in 7 is over the union of two intervals of length
comparable to 27

Formulas for the phase functions. For later reference, we gather some formulas for the 7-derivatives of
the phase ¥ (t,r) =1— rt cott:

t
wt(t,r)=r2< — —cott) (94a)
sin” ¢
2t — sin 2t
2
=r| ——— |; 94b
( 2sin%t ) (94b)
moreover,
2r 2K [t
Y (t, r) = — 3 (sint —tcost) = — 3 Tsintdr. (95)
sin” ¢ sin” ¢t Jo

Observe that ¥;; =0 when tant =t and ¢t # 0, and thus ¢, (¢, r) & rlfor0<rt< %n; namely, we use
(2\/5/(371))t <sint <t to get the crude estimate

% < Y (t,r) < 2, 0<r< %n. (96)

It is also straightforward to establish estimates for the higher derivatives:

/@, <Sré, ] < 3, (97)
and

; r2|t]

Wy, r)=0 TS (98)
for all ¢.

Asymptotics in the main case |u|> (kA)~1. We shall see in the next section that there are straightforward
L' bounds in the region where |u| < (k+1)~!A~!. We therefore concentrate on the region

(e u) : |ul > Clk+ 1)1,

where we have to take into account the oscillation of the terms $ b (4sAt|u|). The standard asymptotics
for Bessel functions imply that

I @) =e"Vw (o) + e my(o)), o] =2, (99)

where @, w, € §~(@~1/2 gre supported in R\ [—1, 1].
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Thus, we may split, for |u| > (k + DAL,
ATEDREE (x u) = AV (L) + BY (x ), (100)

where, with €, ;; as defined in (92),

AV o) = €y / / M (5, 1)V CD=D o (45t |u)) dt dis, (101)
and
BN (1) = € / / Mokt (5, )PP EIDHD 0 (45 1101) i dis: (102)
here, as before, ¥ (¢, r) = 1 — r2t cott and, with 8, as in (90),
dy
I \? -1
Mo, 1) =Brno)| —) 7, (103a)
sint
d
t/k \2 [\
Mk (s, ) = Ba()m(t —km)| - — . (103b)
2 sint k
Note that [0V 921, .1lleo < Cn,.n,2'N2. Moreover, if
Jeg = (km =272m kn =273 U [kn + 273, kr +27'27), (104)
then
Mk (s, 1) #0 = 1€ Jy . (105)

The main contribution in our estimates comes from the kernels Aﬁ’l, while the kernels BI; ! are negligible
terms with rather small L' norm. The latter will follow from the support properties of 1, x; and the
observation that

O (W, |x]) +4rlul) #0,  (x,u) #(0,0);

see (94b). As a consequence, only the kernels A/;’l will exhibit the singularities of the kernel away from
the origin.

The phase functions and the singular support. We introduce polar coordinates in RY and R® (scaled
by a factor of 4 in the latter) and set
r=lx|, v=4|ul.
We define, for all v e R,
G, r,v) =y, r)—tv=1—r’tcott —tv. (106)

Then, from (94b) and (94a),

2t —sin 2t Pt 1 ¢, )
— |t == . (107)
2sin“t sin“t t t

¢ (t, 1, v) = rz(

Moreover, ¢;; = Y, and we will use the formulas (95) and (98) for the derivatives of ¢;,.
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1/k

1/(k+1)

1/ (k+3)

Figure 1. The set {m(r(¢), v(¢)) : t > 0}.

If we set _
sin ¢
r(t) =|—1| r0) =1,
L sine (108)
o) = - - S";zt), v(0) =0,
then we have
v(r) r?—r(1)?
G (t, 1, v) = %rz—v :—(v—v(t)—v(t)w), (109a)
_ r(t)2 —r?
¢, r,v)= W +to:(t, 1, v). (109b)
Thus,
G, rv)=¢(t,r,0) =0 < (r,v) = (r(t), v(1)). (110)

Only the points (r, v) for which there exists a ¢ satisfying (110) may contribute to the singular support I"
of ¢/ ‘ESO. One recognizes the result by Nachman [1982], who showed for the Heisenberg group that the
singular support of the convolution kernel of e YL consists of those (x, u) for which there is a t > 0 with
(Ix], 4lul) = (r (1), v(1)).

Figure 1 illustrates the singular support, including the contribution with |#| near O and |x| near 1.
However, we have taken care of the corresponding estimates in Section 6, and thus we are only interested
in the above formulas for ¢ > %n.

For later reference we gather some formulas and estimates for the derivatives of r(¢) and v(#). For the

vector of first derivatives we get, for ¢t ¢ w7,

<r/(t)) _ sint —zcost (—sign(sin(t)/t)> (a1

V(1) 12 2t~ cost
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with r'(r) = O(¢) and v'(¢) — % = O(t) ast — 0. Hence, forr ¢ w7,

(¢ int\2cost
v _ —sign(ﬂ) cost _ —2r(t) cott. (112)

rl(t) t t
Clearly, all derivatives of ¢ and v extend to functions continuous at £ = 0. Further computation yields, for
positive t ¢ mZ, v > 1,

v+1 v

sint
: (v) — —n —n

51gn< ; )r () Zan,vt s1nt+an,Ut cost (113a)

n=1 n=1

and

v+1 v
v =yt D et sin 20+ "yt 7" cos 2 (113b)

n=1 n=1

here a, , =c,,, =0if n — v is even, and b, , = d, , = 0 if n — v is odd; moreover, y, = (—1)" (v — 1)!

and a; , = (=12 for v =2, 4, .... For the coefficients in the first derivatives formula, we geth; 1 =1,
a1 = —1,d;1 = —1, and ¢z, = 1. For the second derivatives, we have the coefficients a; » = —1,
byo=-2,a32=2,c12=2,dr2 =4 and c3» = —3. Consequently, for the second derivatives we get the
estimates

P <t Vsing| + (A +072, @] <t sin 2|+ (1+1) 7. (114)

Also, [rV ()] <, A+~ and v ()| <, (1 4+1)"% forall ¢ > 0.

8. L! estimates

In this section we prove the essential L! bounds needed for the proof of Theorem 1.2. We may assume
that A is large.

In what follows, we frequently need to perform repeated integrations by parts in the presence of
oscillatory terms with nonlinear phase functions, and we start with a standard calculus lemma which will
be used several times.

Two preliminary lemmata. Let n € C°(R") and choose ® € C* so that V® # 0 in the support of 7.
Then, after repeated integration by parts,

. ! I\ i )
/e’“’(”n(y) dy = (i) /e A<I>(>)§5Nn(y) dy, (115)

where the operator & is defined by

. aVo

In order to analyze the behavior of £V we shall need a lemma. We use multiindex notation, i.e., for
1 n .

B =B, ....p") e (NU{0)" we write 3f = Bﬁ 851 and let |B| = Z?:l B' be the order of the

multiindex.
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Lemma 8.1. Let & be as in (116). Then $Na is a linear combination of C(N, n) terms of the form
a[]l_ aP o
[VO[N
where 2N < j <4N —1landa, By, ..., Bj are multiindices in (NU{0})" with 1 < |B,| < |Bv+1] satisfying:
(1) 0<la| =N;
2) |Byl=1forv=1,...,2N;
(3) lal+ X0, 1Bl =4N:
@ Y (Bl =D =N —lal
Proof. Use induction on N. We omit the straightforward details. (Il
Remark. In dimension n = 1, we see that $"a is a linear combination of C(N, 1) terms of the form

a@ )

@y L @

BeT

where J is a set of integers B8 € {2, ..., N + 1} with the property that Zﬂej(ﬂ —1)=N —a. If Jis the
empty set, then we interpret the product as 1.

In what follows we shall often use:

Lemma8.2. Let A >0,0>0,n>1and N > (n+1)/2. Then

/oo (1+A|U|)—(n—l)/2|v|n—l < Af(n+1)/2p(n71)/2 lfA,O >1,
I TP Yy R PN if Ap<1.

We omit the proof. Lemma 8.2 will usually be applied after using integration by parts with respect to
the s variable, with the parameters n = d, and A = k.

Estimates for |u| < (k+1)"'A~'. We begin by proving an L' bound for the part of the kernels K\ for
which the terms ¢ b (4sAt|u]) have no significant oscillation, i.e., for the region where |u| < C (Ak)~! (or
lu| <AVif k= 0).

Lemma8.3. Let A >1,k>1,1> 1. Then
f/ TGO KE o u) dx du S (k)T 2, (117)
| S(Ak)~!

Proof. First we integrate the pointwise bound (93) over the region where |x| < AK2D™V2 ) ul < (W)Y,
and obtain
@D () dx du S 27 €5 4 k2T (k) R = 2k T A2,

lx|<C (k2172
lu|<C(rk)~!
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If |x| > C(Ak2')~1/2 then, from (94b) and (98), we get that |y, (¢, |x])| > 2%/k|x|? on the support of
ni(t—km); moreover, (3/01) ™ (¢, |x|) = O(|x|*k2'"+D). The n-th r-derivative of n; (1 —km)$,, (4srt|ul)
is O(2"). Thus an integration by parts gives

ATV K ()| < O 27 € (02K )Y
for |x| > (Ak2))~1/2 and |u| < (Ak)~!. The bound O ((2'k)~'A14/2) follows by integration. O

Estimates for |u| > (k+1)"1A~1. We now proceed to give L' estimates for the kernels A];’l and Bf’l
for k > 1 in the region where |u| > (ka)~ L
An estimate for small x. As a first application we prove L! estimates for |x| < (2/ak) ™12, k > 1.
Lemma 8.4. Let C > 1. Then

f/ [AY (v, )| + 1B (x, w)lldx du S 2T~ A=A =D/2, (118)

(x,u):
lx|<C@lrk)=1/2

Proof. Integration by parts with respect to s yields

|AS (e w) 4+ | BE (x, w))

,SNZ Gkl / (1+Ak|ﬂ:|4u|—|x|2cott+t—1|)—1v
— t—km| <2

dt. (119
(14 Ak|u|)(@—D/2 (119)

We first integrate in u. Notice that by Lemma 8.2 we have, for fixed ¢ and fixed r < (2'rk)~12,

dv < )\._(d2+1)/2k_d2.

/OO (14 Akv)~(@=D/2yd2=1
0 (14xk|£lv|—r2cots+1-1))"

We integrate in x over a set of measure < (2'kA)~%/? and then in ¢ (over an interval of length &~ 27!) and
(118) follows. O

L' bounds for Bl;’l.
Lemma 8.5. For A > 1,0 < k < 84,

”Bl)f’l”l g (zlk)fl)\*(dlfl)/zh (120)

Proof. The bound for the region with |x| < (2/Ak)~!/2 (for which there is no significant oscillation in
the 7-integral) is proved in Lemma 8.4.

Consider the region where |x| =~ 2" QIrk)~Y2. We perform N; integrations by parts in ¢ fol-
lowed by N, integrations by parts with respect to s. Denote by &, the operator defined by ¥,g =

3 (8(1)/ (W (r, |x]) +4lul)). Then

‘ I — 32N [s=Ni M s, Do (4hst|u
Bf’l(x,u):C,\,k,,(i/A)N' //em<w(t,x)+4z|u|)( M| D k(s Do (st |ul)}]

dtd
(142219 (¢, |x]) + 4t ] D)V *
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From (94b),
|3, (W (2, 1x]) +4tlul)| 2 2% k|x|* +4lu| 222"

Moreover, for v > 2, 9/ = 0(22’”+1 ”k‘l) and v differentiations of the amplitude produce factors of 20,

Thus we obtain the bound

Colk

k,l <
|B}\ (X, M)l ~ (1 —|-4)J<|u|)(d2_1)/2

=2mN, / (14 2k|l=! = [x[? cot +4Jul]) " dr.
|t—km|<2-!
From Lemma 8.2 (with n = d5, A = Ak and p < k' max{1, 22”1~ 1})

dv < AT@ED2p=d iy (] (22m )~ (=D/2y, (121)

/OO (1 +)\‘kv)*(d2*1)/2vd2*1
v=0 (1 + Ak|v — |x|? cot? +t—1|)N

We integrate in ¢ over an interval of length O (27" and in x over the annulus {x : |x| &~ 2" (2' k)~ 1/2).

This gives
k.l Nt 2" . (dr+1)/27,—d 2my —15(dr—1)/2
|B;" (x,u)|dxdu <2727 ( ) Cy b PN max (1, 27 a5
(/ [ * 20k
X, uU):
|x|%2m(21)hk)71/2 5 (zlk)—l)\‘—(d]—1)/22—m(2N_d])max{l, (22}"}\‘—])(012—])/2}’ (122)
and, choosing N sufficiently large, the lemma follows by summation in m. (I
L' bounds for AX', 21k > 1091
Lemma 8.6. For k <8x, 2/ > 10°1/k,
1451 S @Ry~ am@mbr, (123)

Proof. We use Lemma 8.4 to obtain the appropriate L' bound in the region {(x, u) : |x| < Co(2/ak)~1/?}.
Next, consider the region where

2m2hk) V2 < x| < 2" @l ak) 12 (124)

for large m. This region is then split into two subregions, one where 4|u| = v < 1072227+ 3~ and the
complementary region.

For the region with small v, we proceed as in Lemma 8.5. From (94b), we have |y,| > kr?221 /20
and hence || > 22" H=33~1. Thus, if v < 1072221~ then |¢;| ~ k2% r? ~ 22"+ )~ Moreover,
/¢ = O (22" +v 3 =1 for v > 2. Therefore, if we perform integration by parts in ¢ several times, followed
by integrations by parts on s, we obtain the bound

Colk
(1 + Mk |u|)d=D/2

|AN (e, )| < 2—2'"Nf ) l(1+,\k||x|zcotz—t—1—4|u|\)‘Ndz.
lt—km|<2-
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In the present range, |x|?| cott]| a2 2% (Ak)~! and t~! ~ k~!, and thus we see from Lemma 8.2 that
inequality (121) in the proof of Lemma 8.5 holds. From this we proceed as in (122) to bound

|AY (v, ) dx du < (2'k) 7 AT @027 m@N =) a1, (2212,

le%zm (2[}\/{)71/2
4|M|§107222m+l}u71

For large N1, we can sum in m and obtain the bound CQU)~p=d=D/2,
Next, assume that v > 22"+ 3 ~1/100 (and still keep (124)). Then
|tv+r2tcott—1| > klv| for t € supp(nax.1)- (125)
Indeed, we have rv > 22"2/kx~' /100 > 103 and

—1 22m+l
21| cot 1] < 22’"+2(21Ak)—‘t[sin(%nz—’)] < p2m+6,—1 — mzﬁoh—l ,

where we used (124) and that sino > 2o/ for0 <o < %n. By our assumptions, 2! > IOSX/k > 10%, and
thus the right-hand side of the display is at most v/10. Now (125) is immediate by the triangle inequality.
We use (125) to get, from an N;-fold integration by parts in s,

|AS (e, w)| S 2705 4 (Rkw) =M (D72

Then
i , om d Ni— (D)2 22m+l *N1+d2;_1
|AY (x, w)| dudx <27 Q:A,l,k( ) (Ak)~ M1 <—)
g Vi2k A

|x|%2m (2[)\]()_1/2

—292m+1y —1
4lu|=107222"+ ), < p1=d1/2=d2/2 9 =l(N1=(d2=1)/2) } (d2=1)/2= N1 ym(di+dr+1-2N))

For N, large we may sum in m to finish the proof. ([

Estimates for Ai’l, 2! < A/k. In the early approaches, to prove L” boundedness for Fourier integral
operators, the oscillatory integrals were analyzed using the method of stationary phase [Peral 1980;
Miyachi 1980; Beals 1982]. This creates some difficulties in our case at points where ¢, ¢, and ¢,, vanish
simultaneously, namely at positive ¢ satisfying tant = ¢. To avoid this difficulty we use a decomposition
in the spirit of [Seeger et al. 1991].

In what follows we assume k < 81 and 2! < CoiA/k for large Cy chosen independently of A, k and /.
The choice Cy = 10'° is suitable. We decompose the interval Ji; into smaller subintervals of length
ey/k/(2'1) (which is < 27! in the range under consideration); here & 10719 (to be chosen sufficiently
small but independent of A, k and /).

This decomposition is motivated by the following considerations: According to (130), A¢ (¢, r, v) con-
tains the term —A(r —r(¢))t cot ¢ depending entirely on r and ¢. For ¢ € J; ;, this is of size Ak2!|r —r(¢)|?,
hence of order O(1) if |r —r ()| < (Ak2')~1/2. Moreover, on a subinterval I of Ji1 on which r(¢) varies
by at most a small fraction of the same size, the term —A(r — r(t))?t cott is still O(1) and contributes
to no oscillation in the integration with respect to s. Since |r'(¢)| ~ 1/k by (111), this suggests we
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choose intervals I of length < k(Ak2))~1/2 = ~/k2—Ix~1. Similarly, the first term of A¢ (z, r, v) in (130)
is of size Ak|w(t, r, v)| and does not contribute to any oscillation in the integration with respect to s
if lw(t, r,v)| < (Ak)~!. These considerations also motivate our later definitions of the set P and the
sets P,,, m > 1; see (133).

As before, we denote by 19 a C°(R) function such that ), _, no(t —mn) =1 and supp(1j0) C (—m, ).
Define, for b € mes/k2-I0 17,

_1 /a2
Mk, (S5 1) =My ki (s, t)n0(8 ! T(t —b))- (126)

AVl =" Al (127)

beT Akl

Then we may split

where T 1 C meVk27IA=1 7N Ji g (see (104)), #T; 11 = O(e~'V/A2-1k~1), and
A,;’,lb(x’ ) =Gk /f X(S)Ux,k,z,b(l)eiks(l_lxlztCon_twl)wl (Ast|4ul) dt ds. (128)

We now give some formulas relating the phase ¢ (¢, r, v) = 1 —r’t cott — tv to the geometry of the
curve (r(t), v(t)) (see (108)). By (110) and (112),

d)(tvrv U) — ¢(tv r, U) _¢(t7r(t)’ U(t))
t t
= (r(t)* —r?) cott + v(t) —v

=v(@)—v— (G —r())2r(t)cott — (r — r(t))2 cott

and, setting

w(t.r.v) = v — o) — 22—y, (129)

r'(t)

we get
0, tr Y . rv) — (r — r(0)? cotr. (130)
Moreover,
PN DAL L
t s1n r t
¢(t,r,v) t

= TS O) =), (131)

We shall need estimates describing how w (¢, r, v) changes in z. Use (130) and the expansion

w(t,r,v) —w(b,r,v)

v'(b) v'(t)  v'(b) v'(t)  v'(b)
[v(t)— (b) — ,(b)( r(t)—r(b ))} [r,(t) — r/(b)}(r—r(b))Jr[r,(t) — r,(b)}(r(t)—r(b))-

From (114), we get |r”| +k|v”| <27k~ + k=2 on J;, thus the first term in the displayed formula is
<@~ k=2 4kt —b|>. Differentiating in (112) we also get (v'/r’) =02~ 'k+k=2) on Jk.1, and see that
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the second term in the display is < (2~/k~!4+k~2)|t —b||r —r(b)| and the third is < 2~/ +k~Hk=2(t—b)?.
Hence,

(132)

|t — bl Ir—r(b)l)
k? k '

lw(t, r, v) —w(b, r, v)| 5(2—’+k—1)|r—b|( -

‘We now turn to the estimation of Aﬁlh with k > 1 and b € T, ;. Let, for b > % [=1,2,...,and

m=0,1,2,...,
P =Pm (X, 1, k; b)
:={(r,v) €(0, 00)x (0, 00):v > (Ak) ", [r—r(d)| 2" Ak2)7V2 Jw(b, r,v)| <22 (1K)} (133)

and let

Q= Q1 k: b) ::{{(x,u):(|x|,4|u|)e@o} %fm:O, (134)
{(xe,u) s (|x], 4lul) € P\ Pp—1} if m>0.

For later reference we note that, in view of 2! < A /k, |t —b| < &/k/(A2!) and the upper bound
|r' (1) <2t~ !, we have r(t) — r(b) = O(g/VkA2b), and, by (132),

lw(t, r,v) —w(b, r,v)| 2" k), (rv) € P (135)
Moreover, it is easy to check that, still for |t — b| < e/k/(A2}),
|(r —r(®))* cott — (r —r(b))* cotb| < e22™ (1k)~". (136)

Proposition 8.7. Assume that 1 <k <8A,1=1,2,...,and 2l < CoA/k (and let € in the definition (126)
be at most CO_IIO_IOO). Letb>1andb e I, ;. Then

I
// AR (L) dx du < @)~ @+D2 | 2K (137)
Qo(r,Lk;b) ' A
1
// AR (e, )| dx du <y 27N (1 ~h+D2, [ 2K (138)
QO lkb) A
Proof. Note that, for fixedk > 1,1 >1,b e T, i,
(r,v) € P = r<2mk)! and v<22Mkh (139)

This is immediate in view of 2/k < A, r(b) ~ (2'k)~" and v(b) ~ k~!, and thus

[
r< (Zlk)_l(l +2om %) <2m2Mky~,

v S k—l(l +22m)\—1) S 22mk—l.

(140)

Also recall that v = 4|u| > (Ak)~! for (x, u) € QL (A, L, k; b).
A crude size estimate yields

l
// |ASY (e, w)| dx du < 2t ol jy=(di+D)/2 2)\—" (141)
(x| 4luDePy
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Indeed, the left-hand side is < &v/k/(2!1) €, 41 $, where

dr—1

di—1 42 2my—1
9= /f (kv)~ @012y =1 di=1 gy g, < A A e >
220 \2'k M\ Ak

[r—r®)|<2m @2 2k) =12

lw(b,r,v)| <227 (hk) ™!
in view of (129) and (140). This yields (141). In regard to its dependence on m, this bound is nonoptimal
and will be used for 2" < C(¢).

We now derive an improved L' bound for the region €2,, when m is large. For (r, v) € P, \ P, we
distinguish two cases, I and /I, depending on the size of |¢ (b, r, v)|, and define for m > 0, and fixed &, /
and b,

Rp = {(r,v) € Py \ Py 2 1@ (b, 1, v)| > 27100 —r (b))},

Ry ={(r,v) € P \ P12 [ (b, 1, )| <2710 —r(0))?}.

We also have the corresponding decomposition 2, = I + Q| where Q! and Q7 consist of those
(x, u) with (|x|, 4|ul) € R! and (|x|, 4|u]) € R

m>

Case I: |¢p(b,r,v)| > 2710k (r — r(b))>. We shall show that

respectively.

k

lp(t,r,v)| 2 217" for (r,v) € R, |t —b| <e )=

5y (142)

with ¢ > 0if 0 < & <« 10719 5 chosen sufficiently small. Given (142) we can use an N,-fold integration
by parts in s to obtain a gain of 272"V over the above straightforward size estimate (141), which leads to
f / 1 AL, Ce )| dix du Sy, 2 ATRTIZN) (9l gy =i D)2 ZIT" (143)

S2m

It remains to show (142). We distinguish between two subcases. First, if |[r —r(b)| > 2m=5(nk2H)~1/2,
then by the case / assumption we have |¢ (b, r, v)| > 21_100](22””_10()Jc2l)_1 = 22m=10) -1 apq, by
(130), (135) and (136), we also get (142) provided that & < 272%.

For the second subcase we have |r — r(b)| < 2" (Ak2")~1/2. Since (r, v) ¢ P,,—1, this implies that
lw(b, r, v)| > 22" ~2(rk)~", and since the quantity b(r — r(b))?|cot b| is bounded by 2:t*b(r — r(b))* <
22m=6(b/k)x~!, we also get | (b, r, v)| = 22"31~1, by (130). Now, by (130), (135) and (136), we also
get |p(t,r, v)| > 22— ~lif ¢ is sufficiently small. Thus (142) is verified and (143) is proved.

Case II: |¢ (b, r, v)| <2719k (r — r(b))>. We show
!
¢y (2, 7, )] = 2720222 (o)A (rov) € R |t —b| < ey % (144)
and this will enable us to get a gain when integrating by parts in . To prove (144), we first establish

Ir—rb)| =2"100k2)712 for (r,v) e R, (145)
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Note that if [w(b, r, v)| < 22" 3 (k)" then |r — r(b)| > 2"~ (1k2)) 172, since R c P . Thus, to
verify (145), we may assume |w(b, r, v)| > 22m=3(0k)~!. In this case we get, from (130), (r, v) € P,
and the case /I assumption,

(r—r(b))*|cotb| > |w(b, r, v)|—b" P b, r, v)| > 22" 3 (k) =b k2! 710022 (2 ~1 > 224 ()~

and hence (r — r(b))?2** > 22"=4(xk)~!, which implies (145). In order to prove (144), we use (131)
and (145) to estimate

|1 (b, v)| = — (4Ol —r ) — 2195 ¢ )2
sin® b b
lr—r®)| (r+r) 2k (r +r®)|r —rb)|
=% coE it @l = 2br (b)?
2m—10

= 2275k (r +r (b)) = 2" REPIR G r (0272,

Ak2!
which yields (144) for t = b. We need to show the lower bound for |t — b| < &\/k/(2!1). By (95) we
have |¢; (¢, r, v)| < r?b23%* for |t — b| < &/b/(2!1), and thus

60,7, 0) = 9u(b, 7, V)| < 25722V ke, [ 5 < 27 OB ()

if ¢ « 2719 The second inequality in the last display is easy to check. If r < 2r(b), then use
r <@V A r4r(b), and, if r > 2r(b), then use r — r(b) ~ r +r(b) ~ r. In both cases the asserted
inequality holds for small ¢ and thus (144) holds for |t — b| < &/k/(2!A). We note that, under the
condition (145), the range r < 2r(b) corresponds to 2" < /A(2'k)~! and the range r > 2r(b) corresponds
to 2™ > /A (2lk)~L.

We now estimate the L' norm over the region where (r, v) € 9{% Let &, be the differential operator
defined by ¥,g = 9(g/¢;)/dt. By N integration by parts in r we get (with |x| =r, 4|u| = v)

AV G u) = iV AN / / MO AD =Ny pNi [y, 1 (s, D) (Astv)]dt dis.

To estimate the integrand use the lower bound on |¢, |, (144). Moreover, we have the upper bounds (98) for
the higher derivatives of ¥ (and then ¢), which give 3"¢ = O (2!"*Dbr?) for n > 2. Each differentiation
of the cutoff function produces a factor of (12'k~!)!/2. By the one-dimensional version of Lemma 8.1
described in the following remark, the expression AN ()\bv)(dz_l)/z‘ifiv' (M k1b(s, )y (Astv)]| can be
estimated by a sum of C(N7) terms of the form

M (146)

()»21/]()0‘/2 l_[ 2l(ﬂ+l)kr2
(

(2m231/2k1/2(r + r(b))k‘l/z)“ 53 2m231/2k1/2(r + r(b))k—1/2)ﬁ ’

wherea € {0, ..., N1}, Jisasetof integers 8 €{2, ..., N;+1} with the property that Zﬂej(ﬂ—l) =N|—a.
If J is the empty set then we interpret the product as 1. We observe that, for (r, v) € R, we have
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lr —r(b)| ~ 2" (Ak2H) ™12, Thus, if 2 < \/A(2'k)~1, we have r < (2/k)~" and r +r(b) ~ (2'k)~!, while
for 2" > \/A(2'k)~1 we have r &~ r —r(b) ~ r +r(b) ~ 2" (Ak2)~1/2.

A short computation which uses these observations shows that, in the case 2" < \/A(2'k)~!, the terms
(146) are <27« ]—[ﬂej[Z*mﬁ (2'k/2)B/>71]. In the case 2™ > /A (2'k)~1, the terms (146) are dominated
by a constant times A2~k hHe/2p—2ma ]_[/3Ej 2-mB=D Tn either case, the terms (146) are < 27N since
o+ Zﬂeﬁ B > Nj. This means that we gain a factor of 27"V over the size estimate (141). Consequently,

2'k

/f |ASL O, )| dx du S 2m @t t1=N (ol jy =(di+D/2 = (147)
Qi '

The assertion of the proposition then follows from (143) and (147). [l
L1 estimates for T xk and W; .

Proof of (59). Let us recall that k < 8. If we sum the bounds in Proposition 8.7 over b € 5, ; ;, we get

145 Il S @B~ @DR 2t =
We also have
12774V kL ARl < @y~ @mD, (148)

for the part of Kg;l where |u| < 1/(k)), this follows from Lemma 8.3 and, for the remaining part, this
follows from Lemma 8.5. Combining these two estimates, we find that

J
277D EE S @ @rhR, ol g 2; (149)
Moreover, by Lemma 8.5 and Lemma 8.6, we have
_ , 2/
127D < @I Tl2ni bR gl 10°-. (150)
Altogether this leads to
2T I T S @D, asn
and (59) follows if we sum in /. O

An estimate away from the singular support. For later use in the proof of Theorem 1.4, we need the
following observation:

Proposition 8.8. Let A > 1, let K, be the convolution kernel for the operator X()»*I«/Z)eiﬁ, where
x € F(R), and let R > 10. Then, for every N € N,

/ |K;.(x, u)| dx du < Cy(AR)™V.
max{|x. ul}=R

Moreover, the constants Cy depend only on N and a suitable Schwartz norm of x.
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Proof. This estimate is implicit in our arguments above, but it is easier to establish it as a direct consequence
of the finite propagation speed of solutions to the wave equation [Melrose 1986]. Indeed, write

X()flx/Z)e"ﬁ = X()\*I\/Z) cos /L + %% ()fl«/Z) Sirj/f

with x(s) = sx(s), and denote by ¢, and P the convolution kernels for the operators X()FI\/Z)

and cos +/L, respectively. Then % is a compactly supported distribution (of finite order). Indeed, P is
supported in the unit ball with respect to the optimal control distance associated to the Hormander
system of vector fields Xy, ..., X4, which is contained in the Euclidean ball of radius 10. Moreover,
by homogeneity, ¢, (x, u) = A4 +2d2<p(kx, kzu), with a fixed Schwartz function ¢. Note also that, by
Hulanicki’s theorem [1984], the mapping taking x to ¢ is continuous in the Schwartz topologies. Since
the convolution kernel K for the operator x (A"'WL) cos v/ is given by ¢, @, it is then easily seen
that K7 (x, u) can be estimated by CyIM x| + A% u)~N for every N € N, with a fixed constant M. A
very similar argument applies to ¥ (A\~'v/L) sin (v/L)/+/L, and thus we obtain the above integral estimate
for K. O

9. Controlling the hils 0 L! bounds for the operators I/,

In this section, we consider the operators W, = > ; Wj.n and prove the relevant estimate in Theorem 5.3.
In the proof we shall use a simple L2 bound which follows from the spectral theorem, namely, for jy > 0,

< 2 hd=h/2, (152)
L2~ 2

Preliminary considerations. Let p <1 and let f,, be an L? function satisfying

—d)2

I follz<p supp(fp) C Qp, & = {(x, u) : max{|x|, |ul} < p}, (153)

and we also assume that
/ for,wydxdu=0 if p<3. (154)

In what follows we also need notation for the expanded Euclidean “ball”
Q)O,E,*={(-x’u):max{|'x|’|M|}SC*IO}7 (155)

where C, = 10(1 4+ d, max; || J;|]).
We begin with the situation given by (154). By translation invariance and the definition of &
suffice to check that

1
iso’

it will
W follpr S (1 4n)27@ =072, (156)

We work with dyadic spectral decompositions for the operators |U| and +/L, and need to discuss how
they act on the atom f,,.
For j > 0and n > 0, let H; , be the convolution kernel defined by

XNQHL)GQITMUNSf = fxHjp.
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From (52) we see that
H;j,=0 when n> j+11.

Lemma 9.1. Let p < 1, and let f,, be as in (153). Then:

@) [Ifo* Hjnli S 1and
1o Hynll gt , 5 S @77 (157)

(i1) If f, satisfies (154) then
I fp % Hjplly S minfl, 27" p}. (158)

Proof. By Hulanicki’s theorem [1984] the convolution kernel of x; (L) is a Schwartz function g; on Ré+dz
The convolution kernel of ¢;(|U]) is 8§ ® g», where § is the Dirac measure in R?' and g is a Schwartz
function on R%. Then

Hj,(x,u) = / 212D oy (20 x, 22T w)2U TP g (21 (4 — w)) dw. (159)

Clearly ||H; »|l1 = O(1) uniformly in j and n and, since || f,||1 < 1, we get from Minkowski’s inequality
that || f, * Hjall1 S 1.

For the proof of (157) we may thus assume 2/ > 1/ p, and it suffices to verify that, for every (y, v) € Q, ,
the L! (QE\ o ) norm of the function

2J(di+2dy) 2(j+n)d

. . = dw
(1+27]x — y[+ 22 [wDM (14200 u — v —w + §(Jx, y)[)V

(x,u) —

is bounded by C(2/p)~N if Ny > N +d; + 2d,. This is straightforward. For the proof of (158), we
observe that (159) implies

27 Ve Hjplli + 277"V Hj nlls = O(1).

Moreover, 27" |||x|V,Hj ,|l1 = O(1). By the cancellation condition (154),
7o a0 = [ 1000 Hyls = you= v+ 175 3) = i) dvay
=- f fo(y, U)(fol<y, VxHj,n(x —sy,u—sv+ %s(jx, y)))
+<v + %(fx, y), VMH(x —sy,u—sv+ %S(fx, y)))ds) dydv.

We also use (jx, y) = (f(x —sy), y) and a change of variable to estimate

”fp *Hj,n“ S “fp”l 1Y [”va/',nlll + “quj,n”l + |||x|Vqu,n||1]a

and (158) follows. U
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Proof of (156). For n > 0, split

Wafo= Y. Winfot D Winfot D Winfo=tlup+Iy,+1l,,.

j=n—11 j=n—11 210m 2
2_/'p<2—10n 2—10;1§2jp§210n
The main contribution comes from the middle term and, by (66) and the estimate || f,[l; < 1, we
immediately get
L pll S (14 )27 =072, (160)

Let $, be as in (64), so that #($,) = O(2"). We use the estimate (151) in conjunction with (158), and
estimate

(e8]
Mnpli < D> Y Y 2 DRTE(f, x Hyw)y

2 p<2-10n keg, I=1

%)
< Z Z Z(zlk)—(d|+1)/22n+jp < 2—n(9+(d|—1)/2).
2ip<2-10n ke$, I=1

We turn to the estimation of the term 11, ,. Let ¥, ,, be a maximal ,/ep-separated set of [27—6, 2nt6],
For each g € T, ,, let, for large C > 1,

Nup(B) ={(x,w) : [lx| =r(B)| < VCip,

w(B. x, 4ul)| < C1p} (161)
and

BETpn
Observe that meas(N, ,(8)) Sc¢, 27" @+42=2 p3/2 (by (108) and (112)), and thus meas(N,.,) S¢, p-

We separately estimate the quantity 171, , on N, , and its complement. First, by the Cauchy—Schwarz
inequality and (152) (with 270 s 2107 =1y,

I, ol 1,y S P2, ol S 2710 p) =D 12 £l

n.p)

and, since p?/?| f,l2 < 1,
MLyl s ) < 2=5d=Dn (162)

n,p) ~J

In the complement of the exceptional set N, ,, we split the term /11, , as

o0
Myp= Y DY L, +IVy, 0,

2/ p>210n ke$, I=1
where
k.l —j(d—=1)/2 k1
=277 RPN f x Hy )Xo, e,

k,l —j(d—1)/2k,l
IVnypyj =2 i )/ sz [(fp*Hj’”)XQEE*]’
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and Q, g «isasin (155). From (157) and (151) we immediately get ||IV
and thus

i Sy @)= @221 p) =N,

> ZZHW%] 271,

2/,0>2|0" l 1 kE}n
It remains to show that

o0
ZZ Do M e ) S2TMATDR, (163)

ke}n 2/,0>210”

Let Fjnp=fp*Hjn)X0, ., s0 that | Fj, » | < 1. We shall show that, for k ~ 2",

1Ejonp % Agi ey Sw (277" p)~Nam a2 ol < 108277, (164)
and (163) follows by combining (164) with the estimates (148) and (150).

Proof of (164). We split A];_ ZbEszkl A];’/lb as in (127). For each b € J,;; ;, we may assign a
B(b) € %, , such that |B(b) — b| < Jep. Let T Zlkl be the set of b € J,,;; with B(b) = B. Then

#9751 S <2712, /21+i p. In order to see (164) it thus suffices to show that, for 2/ < 1032/~ |8 —b| < p,

k,l j— — —( di+1)/2 [—j)/2
”Fj,n,p*Azj,b”Ll((N,l_,J(ﬁ))E) SJNI (2171 o)y~ Nip—Umd+D/ 2yt =])/2, (165)

To prove this we verify the following claim: if (X, %) € Q) g« (x,u) € (N,,,p(ﬂ))ﬂ and 2¥"—itn < p,
then

(Ix = &1, 4lu — i+ 3(Jx, H)|) & P2/, 1, k; b); (166)
P, (27,1, k; b) was defined in (133). Indeed the claim implies

k,l k,l
1Fjinp A L, 808 S 1Ay, (%, w)| dx du,

/(|x|74|u|)¢@m (27,1,k;b)

since || Fj . »ll1 = O(1), and (165) follows from Proposition 8.7.
To verify the claim (166), we pick (x, u) ¢ N, ,(B) and distinguish two cases:

() |Ix|=r(B)| =
) |w(B. x|, 4lul)| = Cip and ||x| —r(B)| < V/Cip.

It is clear that the conclusion of the claim holds if we can show that, under the assumption that C; in
the definition (161) is chosen sufficiently large (depending only on J and the dimension d), we have, for
all (X, u) € Qp £ %

; ilp in case (1), (167)

|lx — %] —r(b)| =

lw(b, |x — x|, 4|u—i+ %(jx,x Nl = C;'O in case (2). (168)
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The case (1) assumption implies, for (X, i) € Q, g« (and sufficiently large C1),

v Cip
2 b

lx =X =r®)| = |Ix| = r(B)| = 1% = Ir(B) —r(B)| = C1p"* = Cop — Clb— BI27" >

which is (167).
Now assume that (x, u) satisfies the case (2) assumption. We then have, for all (x, i) € Q) £ .
|w(b. |x — %[ 4Ju— i+ 3 (Jx, £)]) — w(B. |x]. 4Ju])]
< [wb, Ix], 4lul) — w(B, x|, 4uD| + |w(b, bx — &1, 4|u — &+ L (Tx, )|) = w(b, |x], 4lul)|

The first term on the right-hand side can be estimated using (132) (with (¢, b) replaced by (b, 8)), and
we see that it is at most (C + JC 1)p under the present case (2) assumption. The second term on the
right-hand side is equal to

v'(b)
r'(b)

Aul —4lu— i+ L(Jx, B - (Ix] = |x — %D,

and, since the case (2) assumption implies |x| = O (1), we see that the displayed expression is O (p).
Thus, if C; in the definition is sufficiently large, we obtain (168). This concludes the proof of the claim
(166) and thus the estimate (164). O

We finally consider the case where % < p <1, in which condition (154) is not required. This case can
easily be handled by means of Proposition 8.8. To this end, we decompose

a(WL)eVt = 3" 27102071 LyelVE

Jj=10

with g;(s) = 2/@=D/2q(2/5)x(s). The family of functions g; is uniformly bounded in the Schwartz
space. If K; denotes the convolution kernel for the operator g;(27/ \/Z)eiﬁ , we thus obtain from
Proposition 8.8 the uniform estimates

/ |Kj(x, u)|dx du < Cy277V.
max{|x|,lu[}>100
This implies that

/ (@D £,y dxdu 11 S 1.
max{|x/|,|u|}>200
And, by Holder’s inequality,
/ @DV £y 01 dx S 1aWDe Y £l S 1 folla S 1.
max{|x/|,|u|} <200

This concludes the proof of Theorem 5.3. ]
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10. Interpolation and proof of Theorem 1.1

Using interpolation for analytic families, one can deduce Theorem 1.1 from the Hardy space estimate by

noticing that L?(G) is an interpolation space for the couple (hl (G), L*(G)) with respect to Calderén’s

1S0
complex [ -, - ]y method. One has

[h!

1S0

(G), LX(G)]y =LP(G), ®=2— % l<p<2, (169)

with equivalence of norms. It is straightforward to deduce (169) using the method of retractions and
coretractions [Triebel 1995] from an analogous formula for the Euclidean local Hardy spaces /}.; more
precisely, from a vector-valued extension for the spaces [£! (h }E), 2(L*))y =€P(LP), 9 =2—2/p. Fora
direct proof see the preprint version, arXiv:1408.3051, of this paper. However, (169) can also be seen as
a special case of a more general interpolation result by M. Taylor [2009], since hilso can be identified with

the local Hardy space associated with a left-invariant Riemannian metric on the group. We would like to
thank the referee for pointing out this reference.

Proof of Theorem 1.1. By duality we may assume 1 < p < 2. By scaling and symmetry we may
assume T = 1. Let a € S~@~D{1/P=1/2) Consider the analytic family of operators

0
A, = e Z zsz(df1)/221(d71><1/p71/2>§j(ﬁ)a(ﬁ)eiﬁ_
j=0
We need to check that «, is bounded on L? for z =2/p — 1. But, for 3 (z) = 0, the operators o, are
bounded on L?; and for R(z) = 1 we have shown that A, maps h! boundedly to L!, by Theorem 1.3.

180
We apply the abstract version of the interpolation theorem for analytic families in conjunction with (169)
and the corresponding standard version interpolation result for L? spaces; the result is that o is bounded

on L? for ¢+ =2/p — 1. This proves Theorem 1.1. ]

11. Proof of Theorem 1.4

We decompose m = Zkel my, where my is supported in (2k=1, 2k+1y and where hy = my (2% ) satisfies

o0
Zsup/ ()|t D2 dr < A.
=1 k J2

By the translation invariance and the usual Calderén—Zygmund arguments (see, e.g., [Stein 1993]) it
suffices to prove that, for all p > 0 and for all L' functions f» supported in the Koranyi ball Q, := Q,(0, 0)
and satisfying [ f, dx =0, we have

Z//QC mic (VL) fp dx S A+ lmloc. (170)
k

10p

Let x1 € C§° be supported in (1, 5) and such that x;(s) = 1 for s € [, 4]. Then, for each k, write

m (VL) = VD)2V = / (@D ™V ar.
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By scale invariance and Theorem 1.2, the L' operator norm of the operator x;(27% \/Z)eiz_kfﬁ is

O(1+ |t))@=D/2 and thus

o0

(VD) 1o S / I (D1 + [T~ D2ar.

—0o0

Also observe that, since the convolution kernel of y; (\/Z) is a Schwartz kernel, we can use the cancellation
and support properties of f, to get, for some & > 0,

11 R7*VL) foll1 < minf1, X p) Y| £, 1

Thus, the two preceding displayed inequalities yield

> VDl = Cusup [l @I+ DD Tl

k2kp<M -
Su (Umlloo +202) 11 foll1, (171)

where for the last estimate we use |ﬁk(t)| < hilloo < lImloo When 7] < 2.
We now consider the terms for 2¢p > M and M large, in the complement of the expanded Koranyi

ball Q, « = Qc, (for suitable large C > 2). By a change of variable and an application of Proposition 8.8,
. _k _ . _ ]( _ _ .

e VI @D follpige = 1Y Exi @V 2 e S @prH ™V i 2>
P* C*r*Ika

where fpzk/r is a rescaling of f, such that || pzk/r||1 =folh <1

Hence, if M is sufficiently large then, for 2%p>M,

Ime VD) folligs )

< ||fp||1[f k |ﬁk<r>|<1+|r|)<d1>/2dr+<2kp)N/
|T|>2%p

k(D)1 + 1)~ dr},
It|<2kp

and thus
D I VD) follpige ) S lmlloa+ Y At (172)

2kp>M k:2kp>M

The theorem follows from (171) and (172).
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GLOBAL WELL-POSEDNESS ON THE
DERIVATIVE NONLINEAR SCHRODINGER EQUATION

YIFEI WU

As a continuation of our previous work, we consider the global well-posedness for the derivative nonlinear
Schrodinger equation. We prove that it is globally well posed in the energy space, provided that the initial
data ug € H'(R) with |ug|,2 < 2/7.

1. Introduction

We study the following Cauchy problem of the nonlinear Schrédinger equation with derivative (DNLS):
i0u+32u=id(lul’u), teR, xeR,
u(0, x) =up(x) € H'(R).

It arises from studying the propagation of circularly polarized Alfvén waves in magnetized plasma with a

constant magnetic field; see [Mio et al. 1976; Mjolhus 1976; Sulem and Sulem 1999] and the references
therein. The equation in (1-1) is L?-critical and completely integrable. The H!-solution of (1-1) obeys

1-1)

the following mass, energy, and momentum conservation laws:
M(u()) := / lu(t, x)* dx = M (uo), (1-2)
R
Ep(u() = / (I @, 201 4 3 Tm (e, 20 Pudt, xux (2, 0) + 3lu(t, 0)[°) dx = Ep(u),  (1-3)
R

Pp(u()) := Im/ u(t, x)u,(t, x)dx — %/ lu(t, x)|4dx = Pp(ug). (1-4)
R R

Local well-posedness for the Cauchy problem (1-1) is well understood. It was proved in the energy
space H'(R) in [Hayashi 1993; Hayashi and Ozawa 1992; 1994], and earlier by Guo and Tan [1991] and
Tsutsumi and Fukuda [1980; 1981] in smooth spaces. See [Biagioni and Linares 2001; Takaoka 1999;
2001] for local well-posedness and ill-posedness results for rough data below the energy space.

The global well-posedness for (1-1) has also been widely studied. By using mass and energy conserva-
tion laws, and the gauge transformations, Hayashi and Ozawa [1994; Ozawa 1996] proved that (1-1) is
globally well-posed in the energy space H'!(R) under the condition

luollz2 < ~2m. (1-5)

The author was partially supported by the NSF of China (No. 11101042), and the Fundamental Research Funds for the Central
Universities of China.

MSC2010: primary 35Q55; secondary 35A01.

Keywords: nonlinear Schrodinger equation with derivative, global well-posedness, energy space.
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Here 27 is the mass of the ground state Q, which is the unique (up to some symmetries) positive solution
of the elliptic equation

—Qu+0-20°=0. (1-6)

As shown in [Weinstein 1983], Q = 2[cosh(2x)]~!/2. Since Q is an optimizer for the Gagliardo—Nirenberg
inequality (1-12), any function with mass strictly less than the mass of Q has positive energy.

Condition (1-5) was improved recently in [Wu 2013]. We proved that there exists a small constant
€« > 0 such that (1-1) is still globally well-posed in the energy space when the initial data satisfies
lluollz2 < V27 + ¢&,. The result implies that, for (1-1), the ground state mass 25 is not the threshold of the
global well-posedness and blow-up. This is different from the L?-critical power-type Schrodinger equation
(the nonlinearity i 0y (Ju |>u) in (1-1) is replaced by —13—6 lul*u); see [Wu 2013] for further discussion.

For related results on the well-posedness and stability theory for the derivative nonlinear Schrodinger
equation (1-1), see [Colin and Ohta 2006; Colliander et al. 2001; 2002; Griinrock and Herr 2008; Guo
and Wu 1995; Herr 2006; Miao et al. 2011; Nahmod et al. 2012; Takaoka 2001; Thomann and Tzvetkov
2010; Win 2010].

In this paper, we continue to consider the L2-assumption on initial data and obtain the global well-
posedness as follows:

Theorem 1.1. For any ug € H' (R) with
f luo(x)|? dx < 4, (1-7)
R

the Cauchy problem (1-1) is globally well-posed in H'(R) and the solution u satisfies

lull o < Cllluoll)-

As2m =0 ||%2, we notice that there is also a solitary wave solution whose mass is 47, given by

u(t, x) = AL WPy =it fA=ix/2yy (o 4 1) (1-8)
where W is the ground state of the elliptic equation

—Wyx + W3 — 2w =0. (1-9)
Up to some symmetries,
W(x) =2x>+ 1)~ V2, (1-10)

Therefore, Theorem 1.1 indicates that the Cauchy problem (1-1) is globally well-posed in H!(R) when
luoll L2 < IWl L2

Compared to Q, W is polynomial decaying at infinity. Furthermore, W is an optimal function of the
sharp Gagliardo—Nirenberg inequality (see [Agueh 2006])

1fle < Canll FIS N Al (1-11)
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where we wrote Cgx for the sharp constant Cgy = 3'/(27r)~1/%. This inequality plays an important role
in the proof of our main theorem. There is also a comparison with another sharp Gagliardo—Nirenberg
inequality (see [Weinstein 1983]),

4
17118 < ;nfu‘zznfxniz, (1-12)

in which the equality is attained by Q, which was applied previously to prove the global well-posedness
when [lugll ;2 < ~/27.

So there is an interesting problem of whether ||W||i2 = 47 is the mass threshold of the global
well-posedness and blowup for (1-1). See Section 3 below for further discussion.

Now let us have a look at the strategy of the proof of Theorem 1.1. Developed by Hayashi and Ozawa,
the gauge transformation is an important tool to study the derivative nonlinear Schrédinger equation. Let

v(t, x) 1= e A MO DYy (1-13)

then, from (1-1), v is the solution of

2

idv 4 97v = Lijv[v, — Jiv o, — S|ty (1-14)

with the initial data vg = exp (—%i f " ~ [1o(y) 1>d y)uo. Moreover, v obeys the same mass conservation
law as (1-2), the energy conservation law (1-3) becomes

E@®) = [u: (72 = 16llv® IS5 = E(vo). (1-15)

and the momentum conservation law (1-4) becomes
P(@)) := Im/ v(t, x)ve(t, x)dx + % / lv(z, x)l4 dx = P(vy). (1-16)
R R

From the argument used in [Wu 2013] to prove the global well-posedness for the DNLS, an important
consideration is the usage of the momentum conservation law. We observe that the key point is to give a
small control of the following term from (1-16):

Im/ v(t, x)v,(t, x)dx. (1-17)
R

To be more precise, one may prove that

—ImfR v(t, )i (7, x) dx < clloe @)l 2 [[v@) | L2, (1-18)

where c is a positive constant. This is trivial for ¢ = 1 by Holder’s inequality. Suppose that one can
obtain the inequality with a suitable small constant c. Then the global well-posedness will follow. In [Wu
2013], by using the rigidity of the ground state O, we proved that, if the mass is larger but close to 2
and there is a time sequence {z,} such that ||v(#,)| g1 tends to infinity, then v(z,) is close to Q up to some
symmetries. Since Q is real-valued, (1-18) can be given for small ¢ > 0.

In this paper, we present a different argument to prove the bound (1-18) under the suitable but explicit
assumption of L2-norm of the initial data. Our method here does not need to use the property of the ground
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state Q of (1-6). As was previously mentioned, it depends heavily on the sharp Gagliardo—Nirenberg
inequality (1-11). This is to be expected, since the norms involved in the inequality (1-11) are strongly
related to the energy and momentum conservation laws.
Let us expand our argument. If ||v(¢)]| 1 tends to infinity, then, by the momentum and energy
conservation laws, (1-18) is approximately
A7 = —Imfwmvx(r,xmx < cllue 2 v 22 = ellvoll 2 V() -

So, to obtain the small bound ¢, we turn to consider the quantity

@14,

o3

f@) =

Indeed, we shall prove that fZ obeys some cubic inequality. Thus, the condition for global well-posedness
is transformed to finding the solution to an elementary cubic equation.

This paper is organized as follows. In Section 2, we present the proof of Theorem 1.1. In Section 3,
we discuss some related problems.

2. The proof of Theorem 1.1
Let v be the function in (1-13), which is the solution of the equation (1-14). Note that
uy = e e |v(”wlzdy(f—ti|v|2v + vy).
Therefore, by the sharp Gagliardo—Nirenberg inequality (1-12) and mass conservation law, for any ¢ € R,
el 2 = oe® 2+ 2100 s < 10Ol + 5Ol Ol
< (14 52 ol ) w0l

That is, the boundedness of v in H!-norm implies the boundedness of u in H'-norm. Therefore, to prove
the theorem, we may consider the function v in (1-13) instead. To simplify the notations, we set

Eo = E(vo), Po= P(vo), mo= M/ (vo).

Furthermore, we assume mq > 2m. Otherwise, the global well-posedness has been proved in [Hayashi
and Ozawa 1994; Wu 2013].

Let (—7T-(vp), T+ (vg)) be the maximal lifespan of the solution v of (1-14). To prove Theorem 1.1, it
is sufficient to obtain the (indeed uniformly) a priori estimate of the solutions in H'-norm. That is,

sup lvx(@)l2 < +o0.
te(—T-_(vo), T+ (vp))

As in [Wu 2013], we argue by contradiction. Suppose that there exists a sequence {z,};- ; with limit

—T_(vp) or T4 (vg) such that
lvx ()]l 2 = +00  as n — oo. 2-1)
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Then, from the energy conservation law, we also have
[v(ta)llgs = +00  as n — oo.

Let us define the sequence { f,,}°2, by

lo@)llFs
o) 136

then we have both the lower and upper bounds of f, as follows:

fn:

Lemma 2.1. There exists a sequence &, with &, — 0 as n — o0, such that
20537 +en < fu < Mo (2-2)
Proof of Lemma 2.1. From Hélder’s inequality, we have

I} < @) 2@ 13 e = Vmollv @) 1136,
and thus

fn < /mo.

On the other hand, from the sharp Gagliardo—Nirenberg inequality (1-11) and the energy conservation
law (1-15), we have

— —2/3\3/4 3/2
(Comlv @ Igalve @l o To@lye

Jo = =
" o)1, R INCST
3/2
POV LGl
=“*G 6 1/4
(lv@)1%6 + 16 Eo)
= ZCEI;/Z + &,
where
3/2 1/4
Py @) IS = (@)1 + 16Eo)
€n = 246N p 1/4
(”v(tl’l)”LG + 16E0)
By the mean value theorem, we have
en = O(|lv(t)II;$) — 0.
This proves the lemma. O

By Lemma 2.1, and [[v(t)ll}4 = fullv(t)]35, we have
lv(ty)ll 4 — +00 as n— oo.
In the spirit of [Banica 2004], we define

(1, x) = e u(t, x),
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where the parameter o depends on ¢ and is given below. Then ¢, (¢, x) = e"** (iav(t, x) + v, (¢, x)), and

thus
b 122 = [uxlZ2 + 20 Imf Suy dx + a2 v

Subtracting 1% [¢]1% = 7% [[v]|S, from both sides yields
E(¢) = E(v) + 2« Im/ v, dx + a7,
By the mass and energy conservation laws (1-2) and (1-15), this gives
—2« Im/ v(t, X)ve (2, x) dx = —E(¢ (1)) + a’mg + Ey.

On the other hand, using (1-11), we have

E(¢(t)) = lx(t) 172 — 2l @) 119
> Con I @156 @l — 16 lld )l
= (Can @) el @) 174 — 1) 1 @115
= (Co* i = 1) I 1.

Combining this with (2-3) gives
— 1 —18 4 6 2
—2a Im/ V(tn, X)0x (tg, X) dx < (75 — Con fo M @)l5s +a“mo + Eo,

which implies, for « > 0,

_ 1 _ _ 1 1
—~ Imf V(tn, D)y (1, X) dx < = (3 — CG&* fr )o@ 186 + s amo + - Eo.

200 2 200

For convenience, we define 8, as
) —1/1 —18 ;—4 6
Bni=my (15— Con fu ) vt s
We split this into two cases:

Case 1: B, < 1 for infinitely many n. This implies that, for such r,
(£ = Cad F @S, < mo.

Therefore, from (2-4), we have

—Im [ v(t,, x)ve(t,, x)dx < Lmo + lozmo + iEQ.
2a 2 2a

In particular, choosing @ = 1, we obtain

_Im/v(tn,x)vx(tn,x)dx Smo+%E0-

(2-3)

(2-4)

(2-5)

(2-6)



GLOBAL WELL-POSEDNESS ON THE DERIVATIVE NONLINEAR SCHRODINGER EQUATION 1107
By the momentum conservation law (1-16), we have
()l = —Tm f 0ln )0 (. ) dx + Py, @7)
Hence, combining this with (2-6) and (2-7), we obtain

o) l1s < 2(2mo + Eo+2Py).

This contradicts ||v(t,)| 1+ — +0o0, and thus we can rule out this case.

Case 2: B, > 1 for all sufficiently large n. In this case, we set o = a(t,) = +/B,. Then (2-4) becomes

—Im / 0t D)0y by, ) dx = 1y Jmo(1 = 16CGL8 fr 1013 + 18, Eo. (2-8)

By (2-7) and (2-8),

0L < \Jmol = 16CGE fi v I3, +28; 12 Eo + 4P,

which implies that

Fo =\ mo(1 = 16C58 £ + 2B 2 Eo +4Po) v 2.

This provides the inequality
f2 <mof;t = 16moCoy’ + £}, (2:9)

where

Ry = 2\/1710(1 —16C5° fi H@B, P Eo +4Po) [v(t) | 5 + (2B, /2 Eo +4Po)* [v(t) ]S
Since B, > 1and 0 < 1 — 16C" £,7* < 1, we have
R < 2/mo(REq+4Po)[v(t) 1| 3 + QEo +4Po)* vl e = O(lvm)llLe)-
From Lemma 2.1, we have
[P, =0(lv)]) >0 as n— oo.

Thus, for any small fixed € > 0, by choosing n large enough we have f,f R, < €. Hence (2-9) becomes

fE<mof} —16moCght +e. (2-10)
Let X = fnz; then (2-10) becomes the inequality

X3 —myX*+b <0, (2-11)

where b = 16m0C5§8 —¢e>0. Let

F(X)=X>—moX*+b;
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then F(X) attains its minimum value at %mo in the region [0, oo0). Therefore, there are two positive
solutions X and X of the equation

X} —moX*+b=0 (2-12)

if and only if F (%mo) < 0. In other words, the inequality (2-11) has no solution in the region [0, +00) if
and only if

F(3mo) > 0. (2-13)

Hence, this leads to a contradiction under the condition (2-13).
Condition (2-13) is equivalent to

8 .3 _ 4.3
>my—gmy+b>0.

Since € is arbitrarily small, this reduces to

%mg 9’"0 + 16m0C 80,
which yields

mo<6x/_CGN—6x/_33/2(2ﬂ) 1=471.

Therefore, (1-14) is globally well-posed when my < 4. This proves the theorem.

One may expect to get some profit from the restriction X € (4C&3, mo) (rather than [0, +00)) given
by Lemma 2.1. However, we cannot get any more from it. To see this, we note that, in the case my > 47,
(2-11) is solved in the region [0, 4-00) by

X1 <X < X,
and we claim that
4Con < X1 < X2 < my. (2-14)
Indeed, when mg > 4,

2 8

8
Smg > 87 >4C50 = —=,
3Mo =3 GN 33

and, for small €, we have

F(4Cgn) = 64C5 —€ > 0,
which together imply that 4C(T]I?I < X1. Similarly, since
%mo <mo and F(mg)=b>0,

we have X, < myg. In conclusion, we have (2-14). Therefore, the inequality (2-11) is always solvable in
the region of (4CC_}13, mg) when mg > 4, and so we can not obtain the contradiction from the restriction
of (4CGN, mo). We show this case graphically in Figure 1.
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F(X)=X3—moX*+b

Figure 1. Graph of F(X).

3. Further discussion

In this section, we would like to make a few remarks and indicate some related problems which remain
open.!

First of all, whether or not the mass M (W) = 4 is the mass threshold for global well-posedness
of (1-1) is not resolved in this paper. To understand the problem, we make some remarks on W and the
equation (1-9) in the following.

As shown in [Colin and Ohta 2006; Guo and Wu 1995], (1-14) has a two-parameter family of solitary
wave solutions,

Vop.c = P, (x + )~/ FD, (3-1)
where (w, ¢) € R? and @ ¢ 18 a positive solution of the elliptic equation
—3xp+ (0 — 2c*)p + 1ep® — 24 =0. (3-2)

When ¢? < 4o, @w.c can be written as

Boc (X) = {% |:cosh(\/4a) —2x) — %] }

Guo and Wu [1995] proved that the solitary wave solutions (3-1) are orbitally stable when ¢ < 0 and ¢* < 4w.

1
2

This was extended by Colin and Ohta [2006], who proved the orbital stability for any ¢? < 4.
Now we consider the other cases. From PohoZaev’s identity, there is no solution for (3-2) when 4w < 2
and ¢ <0, and, from [Berestycki and Lions 1983] (see Section 6, Theorem 5), when c? > 4w (3-2) has

no positive solution which vanishes at infinity. Hence, the only remaining case is the “zero mass” case,

IPart of the contents in this section are from discussions with Soonsik Kwon.
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¢? = 4w and ¢ > 0. Thus, the “zero mass” case can be regarded as the endpoint case in the family of the
solitary wave solutions (3-1).
For the endpoint case ¢ = 4w and ¢ > 0,

—Ouxp + 30¢° — §5¢° =0
is exactly solved by
We(x) = c2W(cx),

where W is as defined in (1-10). Moreover,
IWellZ, = [WII7, = 47.

So it is an interesting problem whether the solitary wave solution (1-8) is orbitally stable or unstable,
which is not covered in [Colin and Ohta 2006; Guo and Wu 1995]. See [Ohta 2014] for related studies.

The existence of the finite-time blow-up solution is also an open problem for (1-1). There are some
related results on the generalized derivative nonlinear Schrodinger equation,

o+ 0%u =ilu|*du, o>1. (3-3)

This is a mass supercritical equation. See [Ambrose and Simpson 2014; Hao 2007; Liu et al. 2013b] for
local and stability theories. Numerical simulations by Liu, Simpson and Sulem [Liu et al. 2013a] suggest
the existence of finite-time blow-up solutions for (3-3). However, a rigorous proof remains to be found.
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ON THE BOUNDARY VALUE PROBLEM FOR THE SCHRODINGER EQUATION
COMPATIBILITY CONDITIONS AND GLOBAL EXISTENCE

CORENTIN AUDIARD

We consider linear and nonlinear Schrodinger equations on a domain €2 with nonzero Dirichlet boundary
conditions and initial data. We first study the linear boundary value problem with boundary data of optimal
regularity (in anisotropic Sobolev spaces) with respect to the initial data. We prove well-posedness under
natural compatibility conditions. This is essential for the second part, where we prove the existence and
uniqueness of maximal solutions for nonlinear Schrodinger equations. Despite the nonconservation of
energy, we also obtain global existence in several (defocusing) cases.

On étudie des équations de Schrodinger linéaires et non linéaires sur un domaine €2 avec donnée initiale et
condition au bord de Dirichlet non nulles. Dans une premiere partie on étudie le probleme linéaire pour des
données au bord dans des espaces de Sobolev anisotropes de régularité optimale par rapport aux données
de Cauchy. On démontre la nature bien posée du probleme avec les conditions de compatibilité naturelles
a tout ordre de régularité. Ces résultats sont essentiels pour établir des résultats de type Cauchy—Lipschitz
pour le probleme non linéaire, ceux ci font I’objet de la deuxieme partie. Malgré la non conservation de
I’énergie, on obtient des solutions globales en dimension 2.

Introduction

This article is a continuation of [Audiard 2013] on the initial boundary value problem for the (linear and
nonlinear) Schrodinger equation

ideu+Au=f, (x,1)eQ2x]0,T],
ulr=0 = uo, xeQ, (IBVP)
ulpexpo,r1 =8, (x,1) € 92 x[0,TT,

where  C R, d > 2, is a smooth open set. Our main purpose is to deal with boundary data of arguably
optimal regularity, and in particular too rough to be dealt with by lifting arguments. When f depends
on u we generically refer to the nonlinear Schrodinger equation as NLS. We will study nonlinearities that
are essentially similar to A|u|%u.

A classical tool to deal with the well-posedness of NLS is Strichartz estimates. It is well known that
itA

if © = RY, the semigroup e'’~ satisfies

i 2 . d _d
le* A uoll Lo, Laay) < lluollz  when » + 72

MSC2010: primary 35A01, 35A02, 35Q41; secondary 35B45.
Keywords: boundary value problems, Schrodinger equation, global well-posedness, boundary data with sharp regularity.
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for p, g > 2, g < oo for d =2 (see [Cazenave 2003] and [Keel and Tao 1998] for the endpoint), and
more generally the scale-invariant estimates
2 .d _d

1A
le" ®uoll Lo g, Laray) < luollgs  when > + ;-2 "

s are true on bounded time intervals and simple scaling considerations

Similar estimates with % +
— s is necessary. When 2 d_ % + s =r > 0, they are often called

show that the condition > + >+ 7
Strichartz estimates with loss of » derivatives. The derivation of such estimates (and the associated well-

posedness results) for NLS on a domain with the Dirichlet (or Neumann) laplacian has been intensively

d
2

studied over the last decade in various geometric settings. We will only cite results in the case where €2 is
the exterior of a nontrapping obstacle, since it is the one studied here. Roughly speaking, a nontrapping
obstacle is an obstacle such that any ray propagating according to the laws of geometric optic leaves
any compact set in finite time (for a mathematical definition of the rays, see [Melrose and Sjostrand
1978]). In seminal work, Burq, Gérard and Tzvetkov [Burq et al. 2004] proved a local smoothing property
similar to the one on R4 (see [Constantin and Saut 1988]) and deduced Strichartz estimates with loss
of % derivative. Since then numerous improvements were obtained [Anton 2008a; 2008b; Blair et al.
2008] and eventually led to scale-invariant Strichartz estimates: see Blair, Smith and Sogge [Blair et al.
2012] in the general nontrapping case (s > 0 and limited range of exponents), [Ivanovici 2010] for the
exterior of a convex obstacle (s = 0, all exponents except endpoints). The methods used relied heavily on
spectral localization and construction of parametrices. As such they are not very convenient for the study
of nonhomogeneous boundary value problems when the boundary data are not smooth enough to reduce
the problem to a homogeneous one.

On the other hand, Morawetz and virial identities have proved to be very robust tools to study linear
and nonlinear Schrodinger equations. One of their first applications goes back to [Glassey 1977], and
it has since been massively refined (as a tool of a much larger machinery) to the point where exhaustive
attribution is now impossible (we may cite, at least, [Kenig and Merle 2006; Planchon and Vega 2009;
Colliander et al. 2008]). Such tools only rely on differentiation and integration by parts; this makes
them flexible enough to be used even with nonzero boundary data and part of our results rely on this
approach.

As already mentioned, our aim is to treat Schrodinger equations on a domain with nonzero Dirichlet
conditions. The case of dimension one is by now relatively well understood: the local Cauchy theory
on intervals is essentially on par with the theory on R (see [Holmer 2005] for local existence in H*,
0 < s <1, subcritical and critical nonlinearities). For d > 2, there are many fewer results. We might
mention the classical linear results of [Lions and Magenes 1968b], which were based on lifting arguments
and thus prevented boundary data of very low regularity. Indeed, if one takes a lifting Lg of the boundary
data, then u — Lg satisfies

i0(u—Lg)+Au—Lg)=f—(id:+A)Lg,

(u—Lg)lae =0,
(u—Lg)|t=0 =uo—Lg|i=o0.
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so that u € Cr L? would require (id; + A)Lg € L. L2. For a general L this would require g € L' H3/2,
which is a loss of one derivative in space compared to our result (see below).

Bu and Strauss [2001] obtained the existence of global weak H! solutions for defocusing nonlinear
Schrédinger equations with smooth (C3) boundary data. In the important field of control theory, linear
well-posedness and controllability in H~! was obtained for Dirichlet data in L2 when € is a smooth
bounded domain. While optimal on bounded domains, this “loss” of one derivative on the boundary data
is not natural in general. On the half line, it is generally believed that, for initial data ug € HS(R™),
optimally g € H%/2t1/4(R*) (see [Holmer 2005] for a discussion on this). This pair of spaces is
considered to be optimal for at least two reasons: if one rescales solutions as u#(Ax, A%¢) both spaces scale
as A5~1/2 and the space also appears in the famous Kato smoothing property for the Cauchy problem,
le 1193y, ||LOOHY/2+1/4 < |luollgs (see [Kenig et al. 1991]), which can be read as a trace estimate.

The natural generahzatlon of H%/2+1/4(R*) in larger dimension is the anisotropic Sobolev space
HSTV22(9Q %[0, T]) = LEH*TY/2n H7s/2+1/4L2 of functions that, roughly speaking, have twice
more regularity in space than in time. We obtained in [Audiard 2012] well-posedness for the linear
Schrodinger equation on the half space with boundary conditions having this regularity (and satisfying
some Kreiss—Lopatinskii condition). However, the method relied quite heavily on the simple geometry
of Q2. When €2 is the exterior of a nontrapping obstacle, a simple duality argument was used to obtain the
following linear result:

Theorem 0. 1 [Audiard 2013]. For f € L3 HS~Y/2 compactly supported, g € H3 /%% x [0, T)),
ug € Hyj), —5 <s < 3 , the initial boundary value problem (IBVP) has a unique transposition solution. It
satisfies

luller ms < NS Wz mrsmire +llgl g2 + ol

—1/2 1/2)/

In the case s = —%, the result is true if H is replaced by (Hy

Thanks to a virial identity, we also obtained a local smoothing property similar to the one in [Burq
et al. 2004], which allowed us to derive Strichartz estimates with a loss of L derivative. Well-posedness
in H'/2 for the expected range of nonlinearities followed by the usual ﬁxed -point argument.

This work contained, however, a number of important limitations:

¢ The virial estimate was derived when €2 is the exterior of a strictly convex obstacle.

¢ Since the natural space for our virial estimate is H 172 the local well-posedness theorem was stated
foruge H 11)/ ? rather than the energy space H!.

¢ The linear well-posedness theorem was obtained for trivial compatibility conditions, ug € H [1,/ 2(Q)
and g € Hy > (32 x [0, T)).

¢ Since such conditions are certainly not preserved by the flow, continuation arguments were not
available, so the existence of a maximal solution (let alone global solution) was out of reach.

The main purpose of this article is to lift most of the previous restrictions to provide a good local and
global Cauchy theory in the energy space. Rather than the exterior of a convex compact obstacle, we
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will only assume that €2 is the exterior of a compact star-shaped obstacle. On the other hand, we do
not improve the loss in the Strichartz estimates, so that we obtain local well-posedness for a range of
nonlinearities essentially similar to |#|%u with the limitation o < 2 /(d —2) (the whole subcritical range is
a <4/(d —?2)). In the case where Q€ is strictly convex, however, we improve it to & < 3/(d —2). These
results are true for boundary data in the almost optimal space H 3/2+#2 3nd a discussion is included
on the possibility to replace it by the optimal space. If one takes slightly smoother boundary data in
H?*T82(9Q x [0, T]), we obtain global well-posedness for o < 2/(d —2) if Q€ is star-shaped, and for
the whole subcritical range o < 4/(d —2) if Q€ is strictly convex. The existence of global solutions
for g € H3/2%%2 is much more intricate, and is only obtained in dimension 2 with a quite technical
limitation on «.

The presence of ¢ in the trace spaces can most likely be avoided up to lengthier computations that we
chose to avoid for simplicity of the proofs (see Remarks 3.5, 3.8, 4.3).

Structure of the article.

¢ The functional spaces that we use are defined in Section 1, which also provide some useful trace and
interpolation results.

¢ In Section 2 we define the natural compatibility conditions and we prove well-posedness for the
linear IBVP when such conditions are met.

¢ In Section 3 we provide the basic modifications to the proof in [Audiard 2013] that give local
smoothing through a virial estimate when 2 is star-shaped. The boundary data is assumed to be in
the almost optimal space H 3/2+22 We deduce Strichartz estimates at the H! level thanks to an
interpolation argument; this section also includes a smoothing property on d,u that is essential for
global existence issues.

e In Section 4 we prove the nonlinear well-posedness results stated above.

¢ The Appendix contains two elementary interpolation results.

1. Functional spaces and Strichartz estimates

Functional spaces. For p > 1 we denote by L?(2) the usual Lebesgue spaces. If there is no ambiguity,
when X is a Banach space we write

LP(0,T).X)=LYXx, LPR" X)=L7X.

For integer m we denote by W2 (Q2) the usual Sobolev spaces; Wom’p is the closure of C>°(2) for the
WP topology.

For s > 0, the space W*7(Q2) is defined by real interpolation; see [Tartar 2007, Sections 32 and 34].
When p = 2, the Sobolev spaces are denoted by H*, Hy. For s > 0, we set H*(Q) = (HJ(R2))".

For s > 0 and Ap the Dirichlet laplacian on €2, the space Hj, is the domain of (1 — Ap)*’2. When
% <s <1, Hls) = Hg, and when 0 < s < %, Hf, = H*. The space Hll)/2 does not coincide with

HO1 /2= g2 (it is the Lions—Magenes space Hol({ 2 but we will use the notation H Ll)/ 2)
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The Besov spaces By ,(£2) are the restrictions to €2 of functions in By , (R9) [Tartar 2007, Sections 32
and 34]. For s > 0, s £ N, we have Bls,,p = WP (see [Bergh and Lofstrom 1976; Tartar 2007]). The
spaces B;’q’o are defined as the closure of C2°(2) in B}, ,

The anisotropic Sobolev spaces on [0, 7] x 2 are defined as

H*? = LX([0. T}, H* () 0 H*2([0. T]. L*()).
Anisotropic Besov spaces can be defined in a similar way (see [Amann 2009]):

2 2
B;,q,o - LIT)B;J,q,O n B;,/q ([0’ T]’ LP(Q))-

Finally, we use the same definitions for functions defined on d$2 or 02 x [0, 7] using local maps.

We recall in the following proposition the classical rules on embeddings and traces of functional spaces:

Proposition 1.1 (Sobolev embeddings and traces [Lions and Magenes 1968b; Triebel 1983]).

e If0<sp<d, t>0,wehave BI’):ZS(Q) <~ By, . when ﬁ = %—%.

o Ifsp>d, WSP < CO%Q) and, if sp < d, then WSP < L4(Q) when é =

1_s
p d

o Ifsp > 1, the trace operator C*®(2) — C*®(dQ) extends continuously to
WP (Q) —» W1/ PP Q).

* For 0 <s' < 3, the anisotropic spaces H%2(Q x [0, T)) are embedded in HYSJ HS™2,
e Fors > %, the trace operator H2(Q2 x [0, T]) — H*~1/2:2(3Q x [0, T)) is continuous.

e Fors > 1,0 = Q or a2, there is a time-trace operator from the embedding
H*2([0, T1x 0) = C([0.T], H*~' (0)).
For s¢, s1 > 0, we have the interpolation identity (see [Triebel 1983])

) S1 _ pbOso+(1-0)s;
[Bp,qo’ By, lo.g = Bpyg :

Similar interpolation results are true for anisotropic Sobolev spaces. In [Lions and Magenes 1968b] it is
proved that for s > 0,0 =Q or 92,0 <60 <l and ¢t = s, H2([0, T]| x 0) = [L?, H*?].

In addition to their nice interpolation properties, composition rules in Besov spaces are relatively
simple: if F(0) =0and |[VF(z)| < |z|% thenfor0<s < 1,1 <¢g<o00,1 < p=<r <00, %—F%:%,
we have

IF @)y, < NulFuo llullps,: -1

this is Proposition 4.9.4 in [Cazenave 2003] when Q = R4, and it follows from the existence of a
(universal) extension operator when €2 is an exterior domain; see [Amann 2009, Sections 4.1, 4.4].

Since anisotropic Besov spaces are more intricate and scarcely used in the article, we will cite their
properties we need when relevant, pointing to the reference [Amann 2009].

Finally, we recall some Strichartz estimates known for the boundary value problem with homogeneous
boundary condition.
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Theorem 1.2 [Burq et al. 2004; Ivanovici 2010]. If 2 is the exterior of a nontrapping obstacle, then for
any T >0,

||e”ADu0||Lqu <|luollp 2 when %-ﬁ- g = %, p=2. (1-2)
If Q is the exterior of a strictly convex obstacle then
. 2 .d _d
||e”ADu0||L1;Lq < luoll 2 when > + 72 p>2. (1-3)

2. Linear well-posedness

In this section, we assume that Q2 is the exterior of a compact nontrapping obstacle. We recall what we
meant by “transposition solution” in Theorem 0.1:

Definition 2.1. Let x € Ccoo(Rd), f e LZTH_1 (2). We say that u is a transposition solution of the

problem
idju+Au=yfe L%H‘l,

uli=o = ug € (HY*(Q)), (2-1)
ulgaxpo. ] = & € L2([0, T] x 9Q)

when u € CT(HII)/Z)/ and, for any f] € L}Hjl)/z, if v is the solution of

idv+ Av = f1,
V|j=7 =0, (2-2)
v[a@x(0,7]1 = 0,

then we have the identity

T
/0 (”’f1>(H5/2)/,Hll)/2 dt=/0

where (-,-)x, x’ is the duality bracket.

T T
(]pv XU)H*I,HOI dt + /(; (ga anU)LZ(aQ) dt +i(l/l0, v(0)>(H[l)/2)’,H$/2’
(2-3)

In [Audiard 2013] we obtained by derivation/interpolation arguments well-posedness for (¢, g) in

Hj x HSH/Z’Z; the aim of this section is to extend it to (uq, f,g) € H® x HS™1/2:2 x gs+1/2.2 for

any s > —+, under natural compatibility conditions that we derive now.

Compatibility conditions. We consider the linear initial boundary value problem (IBVP)

idu+Au=f, (x,1)eQ2x]0,T],
ulr=0 = uo, xeQ, (2-4)
ulpaxpo,r) =g, (x,1) €9Qx[0, T[.

Local compatibility. If ug € HS, g € HST1/22 g > %, then u( has a trace on d2 and g has a trace
at ¢t = 0; the identity u|;=o|gq = u|yq|s=0 imposes the zeroth-order compatibility condition

uolye = gli=o- (CCO)
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The next compatibility conditions are defined inductively: set @9 = ug, ¢p+1 = %(87 fli=0— Awy); the
k-th order compatibility condition is

0 glim0 = vklsq (CCk)
which must be satisfied if ug € H*(Q), g € HSTV/22(0Q %[0, T]), f € HV/22(Qx[0, T]), s > 2k + 1.

Global compatibility. If s = %, there is a more subtle compatibility condition, the so-called “global
compatibility condition™: thanks to local maps, we can assume that ¢, g are defined by a collection of
(u(]), flg) i< j<J defined on RI-1 x RT (R corresponds to the -variable for g/ and normal space
variable for uf f7); we say that (ug, g) satisfy the zeroth-order global compatibility condition when

Vi<j<J / / (¥ 1) — g7 (x . )2 dx’dh < 00; (CCGO)

similarly, we define the global compatibility conditions of order k for s = % + 2k as

Vi<j<J /f o (') — 0 g (¢ 2)|2dx/62h < o0, (CCGk)

It is standard [Lions and Magenes 1968a] that (CCk) is stronger than (CCGk).

In what follows, we say that (ug, f,g) € H® x HS~1/22 x [st1/2:2 «gatisfy the compatibility
conditions” when all conditions that make sense are satisfied, namely (CCk) holds for k < % — %, and
also (CCGk) if s = % + 2k.

Theorem 2.2. For —5 <s <3 5. let (ug, f.g) € H? ><L2 H~ Y25 H54HY2.2 po such that | is compactly
supported and (ug, f, g) satisfy the compatibility condmons, then the solution of IBVP) is in Cy H.

Fors > % and (ug, f,g) € HSx H =Y/ 225 HST1/2:2 satisfying the compatibility conditions, u € Cy H®.

The spirit of the proof is relatively similar to the classical argument of [Rauch and Massey 1974] for
hyperbolic boundary value problems. Let us describe it and where the difficulty lies: the natural idea
is to consider Au, which is formally a solution of a similar boundary value problem; the low regularity
theorem implies Au € Cr (H, 1/2 )/, and we conclude, by an elliptic regularity argument, that u € Cp H 3/2,
However, due to the weak setting it is not clear that Au is actually a solution of the expected boundary
value problem. For “trivial” compatibility conditions it is sufficient to approximate the initial data by
(Uo,n> &ns fn) € C(Q)x CX (AN x]0, T]) x CX(2 x]0, T) that automatically satisfy the compatibility
conditions at any order. In general, the existence of smooth data that satisfy the compatibility conditions

at a sufficient order will be done in Lemma 2.4.

Lemma 2.3. If (ug. [, g) € H3/? x L%H1 x H?? with f compactly supported and (CCO) satisfied, the
unique transposition solution of (IBVP) belongs to Ct H 3/2,

Fork >2,if (ug, f,g) € H*=1/2x [2k=1.25 j2k:2 " £ compactly supported and (CCj), 0 < j <k—1
satisfied, the unique transposition solution of IBVP) belongs to Ct H 2k—=1/2

The proof is postponed until after the following approximation lemma:
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Lemma 2.4. For (ug, f,g) € H32(Q)x L2([0, T], H1 () x H*2([0, T] x 3S2) satisfying (CCO), there
exists a sequence (g k. fr. k) € H? x H?2 x H3/%2 satisfying (CCO) such that

[ (uo. f.8)— (Uo,k» Sk gk)||H3/zxL2TH1xH2,2 — 0.

Proof. By density of smooth functions in Sobolev spaces, there exists (vg, fi, gx) smooth such that
k. [ k) =k (uo, f.g) (H3? x L%H1 x H?>?); however, the sequence a priori does not satisfy
(CCO). Let us modify ug x = vk + ¢; it is sufficient to construct ¢ € H?($2) such that || || g3/2 =% 0
and

Pkloe = gklr=0 — vk laq- (2-5)

This is an underdetermined system on (af;gok)os j<1 that we close by imposing dx¢; = 0: we define
@ € H? as the lifting of (gx|;=0 — vk |9q. 0). From standard trace theory, there exists a lifting operator

L: HY?0Q) > H*(Q)
b+ v suchthatv|yg =b, d,v =0,

that extends continuously as a lifting operator H! — H 3/2 (on the half space in Fourier variables
£ = (£,&;) one may take Lb = h(EVh(Es/ /1 + E]2)//1+ |E'|Z with h smooth and compactly
supported, [hd& =1, [&1hd& = 0; see [Lions and Magenes 1968a] for more details). In particular,
we have |gli=0 — viloqllzr — lIgli=0 —uolaqll g1 = 0, which implies [|¢ || g3/2 — 0. .

Proof of Lemma 2.3. We first detail the case s = % and will deal with s = —% + 2k, k € N by induction.
Let u be the solution of (IBVP). If (CCO) is satisfied, then there exists (u¢ k, gk, fx) as in Lemma 2.4,
and we call the associated solutions uy. Since ||ux —ullcy(m)/? —k 0, it is sufficient to prove the
convergence of uy in Cr H3/2. We first check that uy, € Cp H?. Let g5, € H*2(Q x [0, T]) be a lifting
(for its existence, see [Lions and Magenes 1968b, chapitre 4, section 2]) such that

{éklaszx[o,T] = gk,
Agrlaxio,71 = Jxlaexo,71—10:&k-
‘We define

t
Wi = 6P (g 1 — Fxlim0) + / AP (a5 Agy) ds,
0

the solution of the homogeneous IBVP with initial data u¢ x — gk |;=o and forcing term fj —id,8x — Ag,
so that g = wy + gx. The embedding H3*? < Cy H? and (CCO) then imply Uok —8kli=0 € Hé and
Jre—1i0:8 —Agp € L;Hé, thus wy, € CTHg and uyp = wy + gy € CrH?* In particular, Auy, € CrlL?
and we can now check that it is the transposition solution of the IBVP

i0rvr + Avg = A Sy, (x,1) e 2 x]0,T],
Vk|r=0 = Augk, x €, (2-6)
Vi lagx(o,7] = —10:&k + fklaex[o,T]:

that is to say (2-3) is satisfied with data (Aug g, A fi, —10: gk + fi|laqx[o,7])-
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Let o € C®°([0,T], CX(R2)); we set w = f} e!t=)AD Ag s the solution of the dual boundary value
problem with data A¢. By definition of uy,

// Aukgﬁdxdt=// ur Ao dx dt
Qx[0,T] Qx[0,T]

:// ﬁcwdxdt—i-i/ uo,kWo)der// gk daw dS dt.
Qx[0,T] Q 0Q2x[0,T]

Now, since w = A f} e!t=98py g5 := Av, where v e C1 H2, we can write

// Aup@ dx dt
Qx[0,T]

=// ka_vdxdz+i/ uo,nAv(O)dx+// LT AvdS di
[0,T1x2 Q 002 x[0,T]

=// Afkﬁdxdt—lrif Auo,leO)deri/ U x 9nv(0) dx
Qx[0,T] Q Q

+// Sk 0n(—id:v + @) + frouvdS dt
02x[0,T]

:// Afkﬁdxdz+// (fk—ia,gk)anﬁdet+i/ Aug xv(0) dx
Qx[0,T] 02x[0,T] Q

ti [ woxdv@ds +il [ adwdsh
Q2 0Q

:// Afkﬁdxdz+// (fk—ia,gk)anﬁdet+i/ Aug xv(0) dx,
Qx[0,T] 02x[0,T] Q

where in the last equality we used (CCO) and the cancellation of v|,=7. Since the equality is true
for arbitrary ¢, by density of C*([0, 7], C°(R)) in L1 H 11)/ % we obtain that Auy is the transposition
solution of (2-6), and Auy converges in Cp (Hé/z)/ since Aug i, Afr, 10:gk — frlaqx[o,T] converge in
(H" 2)’D X LZTH ~1x L2, Arguing as in the end of proof of [Audiard 2013, Proposition 6], we obtain the

convergence of uy in Ct H 3/2 and its limit is u by uniqueness of the limit. This settles the case s = 3

E.
For s = —% + 2k, k > 2, we argue by induction. Let us introduce the boundary value problems
idjv+ Av=A"f, (x,t) e 2 x][0,T],
V=0 = A™uy, x e Q, (IBVPm)

vlax(o,71 = Vmlagx[o0,71-
where v, is defined inductively by Yo = g, ¥j4+1 = AJ Sflagx[o,71—19:¥j. We assume that (uo, f, g)
in H—1/2+2k o f=1+2k.2 5 [p2k.2 gatisfy (CCj), 0 < j <k —1, and A’ u is a solution of (IBVP ) for
0 < j <k —1. In particular, A*=14 is a solution of (IBVPk — 1) and the previous argument implies that
A=Yy e Cr H32 if (A*Yug, A= £y ) belong to H3/2 x L%WH1 x H?*? and satisfy the compat-
ibility condition ¥ _1|;=0 = AK~'ug|3q. The first condition is clear, since! v¥; € H*/(3Q x [0, T)),

1 Actually, the careful reader may note that the regularity of the boundary data only requires f € H 2m=3/24€.2 ¢ (), rather
than H27~1-2_ This is not important as the dispersive estimates in next section require the full regularity f € H2"~1:2,
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and for the compatibility condition we may note that

j—1
W= idy g+ Y iagral et
=0 L 1a@x[0,T]
Vi1
j=1
0 =8 ug+ Y 07 P8 fli=o.
p=0

so that Yg_1|;=0 = A1y is equivalent to (CCk — 1). Thus

Ay ecrHY?  and  ANulyg=vyj € H** D s cr P E=DT 0 0<j <k —2,

so that, by elliptic regularity, u € Cgx H**~1/2. O
We can now conclude this section:
Proof of Theorem 2.2. We have obtained well-posedness for s = —%, % The case —% <s=< % follows by

interpolation if we check that HS x H5*! /2:2 L2T H~1/2 with compatibility condition is the interpolated
space between (Hll)/z)/ x L% x L%H‘l/2 and H3/2 x H*? x L%H1 with compatibility condition; this
is proved in Lemma A.2 in the Appendix.

For s > %, let m € N be such that —% +2m<s< —% + 2(m +1). The case of equality is Lemma 2.3;
in the case of strict inequality we recall that A™u is a solution of (IBVPmz), where it is easily seen that if

(f.g) e HSV22(Qx[0, T))x HST1/2 (32 %[0, T]) then ¥, € HST1/272M Since —1 <s—2m <3, we

have from the previous case that A u € Cy H*~2™; the regularity of u follows by elliptic regularity. [

3. Dispersive estimates

From now on we assume that Q€ is star-shaped; up to translation we can also assume that it is star-shaped
with respect to 0.

Local smoothing. Let us first recall the key virial identity:

Proposition 3.1 [Audiard 2013]. If u is a smooth solution of ABVP), h € C*(Q), VEh bounded for
1 <k <4,and I(u) =21m [ Vh-Vuii dx, then, setting Vo =V —ndy,

d _ _
El(u(t)) = 4Re/ Hess(h)(Vu, Vu) — $|ul*A*h + Vh-Vu f + SuAhf dx
Q

+ Re/ 20,h|Veu|? —20,h|0,u|* —2i3,hd;uit dS + Re/ —2uAhdu + |u|?0,AhdS.
02 02
For the choice /i(x) = /1 + |x|2, we have Hess(h) > 1/(1 + |x|?)3/2, 8,h < 0 (because  is
star-shaped); this leads to the following result:
Proposition 3.2. For any ¢ > 0, (ug, f.g) € HY/2(Q) x L(Q x [0, T]) x H'1&1+8/2(3Q % [0, T))
that satisfy (CCGO), f compactly supported, we have
‘ Vu

W +10nullr200x0,77) < uoll gz + 11/ L2 + gl fri+e.2)-

L2([0,T],L*())
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Remark 3.3. The constant in < depends on ¢, T and the size of supp( /), and blows up if e = 0, T'— 0o
or supp(f) — . We chose not to emphasize this as it will not matter in the rest of the article.

Proof. The proof was essentially done in [Audiard 2013] for a strictly convex obstacle; we write it out
since it must be slightly modified for the case of a star-shaped obstacle. We use that f is compactly
supported to absorb the term [ VhVu f dx in / Hess(h)(VuVu) dx, and Q€ is star-shaped thus 9,/ <0
(n is the outer normal of €2), so integration in time gives

Vu 2

(R

L2(Qx[0,T])
< ”u”i2(9x[0,T]) + ||f||iZ(QX[O’T]) + ”g”lqu-&-e.Z(aQX[o’T]) + [ (T)| + [Tuol.

To estimate | I (u(T))|+|1(x(0))| the main issue is that Vu (HII)/Z)/, which is slightly larger than H~1/2.
Following the notations of Lemma A.2, we first remark that the assumptions of the lemma imply
(ug, g) € X'/% and we use the lifting operator H*/2 — Hs+t1/2:5/241/4(Q % [0, T)), g — Ryg. If
(1o, g) € X3/%, then (ug — R1gli=0.u(T) — Rigli=r) € (HL(R))?, while, if (1o, g) € X'/3, then
(o — R1g|i=0, u(T) — Rigli=1) € (HY®(K2))2, thus by interpolation

(o, 8) € X2 = (uo — &li=0, u(T) — &li=7) € (H} *(@)).

This implies for ¢ € [0, T']

‘/ u(t)— R1g(®)Vu-Vhdx
Q

< lulleqo,ry 172y 1€l Er1 2
On the other hand, an integration by parts formally gives

=

‘/ Rig(®)Vu-Vhdx
Q

/ udiv(R,g()Vh) dx
Q

+ ‘/ gR1g(t)d,h dx
Q2

< Ce(lu@ll 172 R1gO | grir2ve + g ()7 2)
= Celllulley g2 llgllgives + 1815 14e2).

so that by a density argument we obtain

‘ Vu

A1) = Cerlullc, gz +lIglmgi+ez + 1/ 1L2)

L2(2x[0,T])
= Cer(luollgirz + 1 fllL2 + gl gi+e2). (-1

The estimate on [|d,u| 7 2 cannot in general be obtained directly from the virial identity with A = /1 4 |x|?
since we may have, for some x € 92, d,h = x-n/+/1+ |x|? = 0. However, once local smoothing has
been obtained it is quite simple to derive an estimate on d,u. The argument that we give now is essentially
the same as the one from [Planchon and Vega 2009] for the homogeneous case. Using the identity from
Proposition 3.1 with some / smooth and compactly supported such that d,4 < 0, we obtain

T
1Ontel22 < 11@(TD] + | To)| + 22 + 1125 + gl grises + /0 /Q Hess(h)(Vu, V) dox di.
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The integral of Hess(%)(Vu, Vu) dx is no longer positive; however, since / is compactly supported, it is
controlled thanks to (3-1). O

We can now state the local smoothing property for more general regularity:

Corollary 3.4. Lete>0,1 <5<2, (uo, f,g) € H(Q)x H*~1/22(Qx[0, T)) x H*T1/2+82(3Q x[0, T])
satisfying the compatibility conditions, f compactly supported, € > 0; then the solution u € Cr H® of

(IBVP) has the local smoothing property

- + (19 2el S luollms + gl + I/
——5 u —-1/2.2 J ||Uo||HS +e+1/2.2 —-1/2,2.
(1 + |x|?)3/4 L2 Hs12 nUllgs gllHs+e Hs
Proof. The case s = % is Proposition 3.2. For s = %, we have already seen that Au is a solution of the

IBVP with forcing term A f, initial conditions Auq and boundary data —id;g + f|sax[o,7], thus the
local smoothing implies

Au

\Y
H (1 + |x|2)3/4 < ||M0||H5/2 + “f”L%HZ + ||g||H3+s.2 + ||f||H1+a,z(3QX[0’T])

L2(@x[0,T])
S luollgsiz + 1/ 2 g2 + gl gstez + 11/ | as/2te2@xio,m

S luollgsrz + 1 flla22@xqo,17) + 1€l 3 +e.G+er/2.

Elliptic regularity then implies the estimate on [|u/(1 + |x|2)3/#| 3. The control of ||8,u|| 2.2 requires
a bit more care, since we cannot directly use the estimate on d, Au: for xo € d€2, we use local coordinates
(¥1,...,yq) such that, on a neighbourhood U of xy, 0Q NU ={y; =0} and QNU C {y; > 0}, and
we define the differential operators Dy = @(y1,...,Yi—1)¥(¥q)0y,, 1 =k <d —1, with ¢, ¥ such
that supp(¢y) C U and ¥ = 1 on a neighbourhood of 0. Setting D; = 0 outside U, the Dj define
second-order differential operators on 2 and, by restriction, on dQ2. For 1 <k, p <d — 1, it can be
checked as for Au that uy, = Dy Dpu is the transposition solution of

i0;w+ Aw = Dy Dy f +[A, Dy Dplu,
w|l=0 :DkDPMOs
wlapq = Dk Dpg,

where the commutator [A, Dy D,] is a third-order differential operator. The virial identity gives

dI(ugp)
dt

= 4Re/ Hess(h)(Vugp, Vitgy) — §lugp|* A*h + Vh-Vug, (D Dp f +[A, Dy Dplu) dx
Q
+2Re/ urp Ah(Dg Dy f +[A, Dy Dplu) dx
Q
+Re[ 200h| Vet p|* = 20nh|0ntigp|* — 2i 0, suy pitg, dS
Q2

+Re/ iy Ay + lugp|*0n AR dS,
Q2
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Choosing & compactly supported such that 0,4 < 0 on supp Dy, as in the proof of Proposition 3.2 gives
an estimate on |[d,ukpll123Qx[0,7])> Provided the new terms induced by [A, Dy Dplu are controlled;
this last point is a consequence of the local smoothing

T
'4/0 /QVh.Vukp[A,DkDp]u—l—%ﬁkpAh[A,DkDp]udx dt S Nupll 2 el 2,1

2 2 2
S lluollgs/z + 1/ g2z + 181 gs4e.2-

This gives ||0nugplip2 < lluollgsz + 1l f | g2.2 + gl g3+e2. Since ¥ =1 on a neighbourhood of 0 and
Opn = 0y, on U, we have 0, Dy D, = Dy D0y, so that

I D Dpdntll L29@x10,71) < 1ol sz + 1S |22 + llgl ma+e.

Finally, since ||0,u(?)||g1 < ||u(t)| gs/2 and using a partition of unity, we get

19null L2 g2 < ol gsrz + L/ 122 + gl 3+e2

The time regularity of d,u can be obtained in a similar way by considering the IBVP satisfied by d,u;
the application of Proposition 3.2 requires d; / € L2(Q x [0, T]) and 8;u|;—¢ = i Aug—i f | ;=0 € H'/2,
both of which are ensured by f € H?*2. Since 9,3, = 0,,0;, the local smoothing property gives directly

10:0nullL20@x0, 1) < lolls2 + 11/ 22 + gl g3z

The result for % < s < 2 then follows by a (nontrivial) interpolation argument similar to Lemma A.2 that
we sketch now: Setting

Y% ={(ug, f,g) € H* x H* /22 x H*T1/2:.2 that satisfy the compatibility conditions},

it is sufficient to prove [Y'1/2,Y3/2]g 5 ¥20+1/2 for § < %. To get rid of the link between uq, f and g,

let us define Hgy (2 x[0, 7)) = {f € H*?: [|saxioy = 0}. Clearly

Y325 {(uo. f.8) € H¥* x H}3? < H*? with (CC0), (CCG)}:= Y.

The key point of Y(SO;Z is that f|,—o € HJ, so that the (f7/);< j<J introduced in the description of

global compatibility conditions automatically satisfy fooo Jra—11 fI(x’, h)|? dx’ dh/h < co. Therefore
the conditions (CC0), (CCG1) only involve u( and g, and

Y)? =1(uo.g) € H*/? x H*? with (CCO0). (CCG1)} x Hy; .
For 6 < 2, we have, from Proposition A.4, [L2, H(zo’)2 Yo = H?%2(Q x[0, T]). As a consequence, setting
X3/2 = {(ug, g) € H3/* x H*2 with (CC0), (CCG1)} (as in Lemma A.2), we are reduced to checking
that [X1/2, X3/2)y = X1/2+9 which can be done as in Lemma A.2. O

Remark 3.5. The loss of regularity on the boundary data can be avoided up to an arbitrary loss on
the local smoothing. Indeed for (ug, f,g) € HY?*te x H®2 x H'*&2 the virial estimate implies
u e L2TH 1 and from an argument similar to Corollary 3.4 we find that, for % + & <s <2, we have
(uo, f.g) € H x HS™V/22 x Hs+1/22 thenu € L2 HST1/27¢,
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We choose to focus on the case where we lose some regularity on the boundary data because it avoids
the use of peculiar numerology for the Strichartz estimates and well-posedness theorems in the rest of the
article; however, we will continue to discuss this alternative approach in Remarks 3.8 and 4.3.

The estimate is restricted to functions f compactly supported near d€2. For the well-posedness results
of next section we will also need smoothing of the normal derivative when f is supported “away from 92"

Proposition 3.6. Let w be the solution of the homogeneous boundary value problem

id;w+ Apw = f,
w|t=0 = O’
wlyg = 0;

then w satisfies the estimate

10wl g1/229x[0,7) < ||f||B§./22’2,0-

Proof. From the Strichartz estimate in [Burq et al. 2004], we have

||w||CTH11)/2{']L3W01/2’3 < ||f||L;~/2W01/2’3/2'

The virial identity gives
19001 20210, S Wllcp a2 + Wl 21 s S U1
and similarly, using the same differentiation arguments as in Corollary 3.4, we get?
Onwliz22pexp0.r) S N 32p523220p50832 132

Let us recall that, for s > 0, s € N, B;/ZZ 3/2 o(@x[0,T]) = W]s~/2’3/2L3/2 N L;/ZWOSJ/Z. Using real

interpolation with parameter 6 = % and g = 2 gives the expected result, as a consequence of

3/2v,1/2,3/2 73/211,5/2,3/2 5/4,3/213/2 1/2,2 5/2,2 _ pl2
[L Wo ’LT Wo nWT L ]1/4,23[B3/2,3/2,0’B3/2,3/2,o]1/4,2—33/2,2,0'

The first inclusion is clear, and the equality follows from the interpolation of anisotropic Sobolev spaces;
see the book of H. Amann [2009], Section 3.3 for the interpolation of anisotropic spaces on R? and
Section 4.4 for domains with corner. O

Strichartz estimates. We deduce in this section Strichartz estimates (with loss of derivatives) from the

local smoothing. Following the terminology of admissible pair (those (p, q) such that % + % = %), we
say that (p, g) is a weakly admissible pair if
1 ,d_d
-+ —==. (3-2)
P q 2
2When differentiating in time, we obtain d;u|;—¢ = —if|;=¢ € W07/6’3/2 — HO1 — Hll)/z, thus the initial data for the

problem satisfied by d;u is smooth enough to use the virial identity.
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Theorem 3.7. Let 2 C [Rid, d > 2, such that QF is star-shaped with respect to 0. Fore >0, T < 00,

% <s<2, (ug, [, g)€ HSx HS~V 2145 s +1/2+482 sutishying the compatibility conditions, f compactly

supported, and any weakly admissible (p, q) with p, q > 2, the solution u € Cy H' satisfies

lulleqo,rwsac@) < luollas + gl gs+ir2+e + S Il grs—172.1/4.

Proof. The argument from [Burq et al. 2004, Proposition 2.14] can be used with no meaningful modification
(see also [Audiard 2013, Corollary 1]). Let us sketch it briefly: we decompose u = yu + (1 — yu), x com-
pactly supported, x = 1 near 9QUsupp( /). From the local smoothing property, xu € L2 H**1/2nL¥ HS,

we have by (complex) interpolation that u € LY. H**1/?. The Sobolev embedding H*+1/7 « W4

with é = % - % and the local smoothing property from Corollary 3.4 imply yu € LgWs 4,

The function (1 — x)u extended by 0 outside supp(1 — x) satisfies a Schrodinger equation on R¥,
and the usual Strichartz estimates on R? imply (by a standard but nontrivial argument that originates in
[Staffilani and Tataru 2002])

1= x)ullL2p qo,71,ws.a) < luwolles + &l grs+1/24e2 + [ f | grs—1/2.1/4.

From L2 ([0, T]) € L?([0, T]) we obtain the expected estimate. O

Remark 3.8. Following the observations of Remark 3.5, we could also prove an alternate Strichartz
estimate with optimal boundary data in H5+1/2:2 but % + % = % + %, simply by using the embedding
Hs+1/2=¢ . Wsan 1/q; = %_ (% —g)/d.

4. Nonlinear well-posedness

We consider here nonlinear IBVPs of the form
idiu+ Au= F(u), (x,1)eQx][0,T],
ult=o = o, xeQ, (NLS)
ulpexfo,r] = & (x,1) € 02 x [0, T7,

with the following assumptions on F € C!(C): there exists & > 0 such that
|[F(2)] < |2[(1+[=[%), (4-1)
IVF(2)| < (1+z])%. (4-2)
For the smoothness of the flow we will assume F € C2(C) and
IV2F()] S (1+ |z @ 10 43)
Local well-posedness. Since our first result is local in time, we define

HPPE2RY x0Q) = {g : x(0)g € HY/*To2(RF x 9Q) forall x € CP(RH)}.

loc

We say that u € C H! is a local solution to (NLS) if it satisfies id;,u + Au = F(u) in the sense of
distributions (for u € C7 H' all quantities in the equality make sense), u la@x[0,7] = & in the usual sense
of traces and u|;—¢ = uy.
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Theorem 4.1. If F satisfies (4-1)~(4-2), then for any (ug. g) € H'(Q) x H2/* o2 (RT x Q) satisfying
(CCO) and o < 2/(d —2), there exists a unique maximal solution u € Cy+ H' of (NLS).
The solution is causal in the sense that u(t) only depends of ug and g|s<¢, and, if T* < 0o, then
limy 7+ [lu(0)l g1 = +o0.
If F satisfies (4-3) and d < 3, then for any T < T* the solution map is Lipschitz from bounded sets of
H'(Q) x H32Te2(RY x Q) 1o C([0, T], HY).
It will be convenient to introduce i, the solution of
i0i + Au = F(g), (x,1) e 2 x][0,T],
U|t=0 = uo, x e, (4-4)
ulaxpo,r =& (x,1) € 92 %[0, T,

where g € H?2(Q x [0, T]) is a compactly supported lifting of g. Thus u must satisfy
t
u=i+ f ' C=IAD (F(u)— F(8))(s)ds forall 1 €[0,T].
0
Choose ¢go such that (2, ¢qg) is weakly admissible. According to Theorems 2.2 and 3.7, we have
ii e CrH' N L2W 90 if F(§) € H'/%2. Actually F(g) is smoother than needed:
Lemma 4.2. For ¢ € H>?(Q x [0, T]) and F satisfying (4-1)—(4-2), F(¢) € H'>2.

Proof. 1t is clear that F(¢) € LZTLZ; indeed

”F((p)”LZTLZ S ”‘P”LZTLZ + ||‘P||};(01!+a) < ”‘P”LZTHI(I + ||‘/’||%2TH1)-

Since o < 2/(d — 2), there exist p, ¢ satisfying
r q 2
and Holder’s inequality gives, for any ¢ € [0, T,
IVE(@) Oz S 11+ 1e1*) Vel 2
Slelar +llelzen Vel La
Slelar + el el gz

where we used the Sobolev embedding H' < L4, 2 <q <2d/(d —2) (or ¢ < oc if d = 2). From the
embedding H?? < Cr H' we deduce, by taking the L% norm,

IVE@ 2 1 T N0lLz gy + 191700 gillellz g2 S lela22 (4 @l g2.0)-
For the time regularity we have, using Holder’s inequalities again,

IF (@) = Fle(s) I 2@ < o) = @) L2 + [le@)] + 19| Lap l90) = 9(5) | s
< lle® =@l + [l + o) g1l @) = @) 1
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thus the embedding H22 < H/2([0, T], H'(R)) gives

F(p(t))—F 2,
O

|t —s]?

2 2
< ||‘P||H1/2L2 + ||‘P||Locl>oH1 ||‘P||H1/2H1

S el (1 + lella.n)- O

Proof of Theorem 4.1. Uniqueness: The uniqueness can be done as in the case of homogeneous Dirichlet
boundary conditions from [Burq et al. 2004]. If 1, and u, are two solutions in Cz+ H!, then w = u; —u,

is a solution of
idpw—+ Aw = F(uy)— F(up), (x,t) e Qx][0,T],

w|l=0 = 09 X € Q,

Wlaaxo,77 = 0. (x,1) € 0Q2 x [0, TT.
This is a homogeneous boundary value problem for which the Strichartz estimates (1-2) give, for (p, q)
weakly admissible as in (3-2), (r/, s”) weakly admissible and 7" < T*,
lwlizser2nrrra S Iwllpy g2 + [ (uil + |u2|)aw”LrTLs < Tlwlpee 2 ++| (Jut] + |u2|)“w||L,‘TLs.

If we can choose (r, s, p1,91, P, q) satisfying

1 d_d d_ g

1 1 1 1 1 1
_+_=_ __i—_:_, 4_5
pr 2 r q q s 45
ad=2) _1 _a Lol o<k

2d q1<2’ > O<p1<a,

we get from the Sobolev embedding and Holder estimate in time that

[ (ler |+ Jua)*w|

o
L{}Ls 5 H |u1| + |Ll2| HLolplLqul ”w”Lqu
1/2—1
<r" /p(llullngoHI + luzllpse g)*llwlizrra.

and thus w = 0 for 0 <¢ < T', T small enough only depending on ||u1||zco g1 + ||t42]||fc0 1. Iterating
the argument implies # = v on [0, T*[. The system (4-5) implies

d
1+—=1+4=i+1+i+é Lyd ad=2) 2)+( —l), (4-6)
res o opi 2 ¢ g pro 2 2 2. p
which can be solved since oc(d 2)<1: Weﬁrstchoosep>2closeenought02that sa(d— 2)+———<l

then it is possible to choose p; that satisfies (4-6) and 0 < E < o; up to increasing p we can aslsume
ﬁ < % The choice of p determines the value of ¢ > 2, the choice of p; determines the value of 1 <r <2,
and then of 1 < s < 2. The only equation left is qli = % — - its solution - belongs to ]0, 1], and thus is
an acceptable Holder index.

Causality: This can be proved as for uniqueness, since if gy, g, coincide on [0, 7], the uniqueness
argument can be applied on [0, 7] and implies the associated solutions satisfy u1[o,;] = #21[0,s]-
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Local existence: We recall that (2, gg) is assumed to be weakly admissible. According to Lemma 4.2
and Theorems 2.2 and 3.7, i1 € C7 H' N L2TW1"10, since F(g) € H"2 c H'/2:2, Setting w = u — i,
the local existence will be a consequence of the existence of a local solution to

id;w+ Aw = F(u +w)— F(2),
w|r=0 =0,
w|y@x0,r] = 0.
This is a nonlinear homogeneous boundary value problem; the existence of a solution is essentially a

consequence of (the proof of) Theorem 1 in [Burq et al. 2004]. As it does not strictly cover the case of
our nonlinearity, we briefly sketch the argument. Let us define the map L as

L:Xr=CrHyNnLEW" — CrH] nLEW™,
t
w L(w) = [ DD (F(i + w) — F(§)) ds:
0

we will check that it has a fixed point for 7" small enough. Burq et al. [2004] prove that, for a convenient
choice of weakly admissible pairs (p,q), (p1,¢1) (depending on o < 2/(d — 2) and d), the map
L(w) = fé e!t=9)AD F(y) ds satisfies

= 9 1
ILwlx, S T (wlxy + lwlx®),
~ ~ 0/ .
[ Lwy — Lwallxy ST |wi —wallxr (1 + [[wily, + lwallk,) if d <4,
~ ~ 0// .
ILwi — Lwallcpp2apeipa S TY lwi —w2llepr2npe g U+ [willy, + llw2ly,) if =4,

where 6, 6, 6" are positive, and the second inequality (d < 4) also requires the assumption (4-3) on F
(this is Propositions 3.1, 3.3, 3.4 and equations (3.9)—(3.10) from [Burq et al. 2004]).

Since F(u + w) — F(g) has trace 0 on 02 x [0, T'], we can use these estimates. We recall g is in
H*? — LPH' N LZW40; therefore, setting M (w) = ||wl|x, + litllx; + gl f3/2.> the estimates
give, directly in our case,

ILwlx, S TO(M + (M)'H), 4-7)

ILwy — Lwalx, S T lwi —wallx, (1+ (M (wr) + M(w,))*) if d <4, (4-8)
ILwy — Lwallcp2nre Lo

ST \wi —walepr2npe g (14 (M(wi) + M(wy)®)  if d =4, (4-9)

If d < 4, from (4-7)—(4-8) we can apply the Picard—Banach fixed-point theorem in C7 H I'n L;Wl’q
for some T'(|luoll g1 + 1€l gr3/2+e23qx(0,77)) and it also implies that the flow is Lipschitz. If d > 4,
(4-7) implies that L sends some ball of X7 to itself, and from (4-9) it is contractive in the weaker
space Cr L% N L’;‘ L9'. By a standard argument, the metric space {u : ||u||x, < M} with distance
du,v)=|u— v||Lc%oLsz1;Lq is complete (e.g., [Cazenave 2003, Theorem 1.2.5]), so that the existence
of a solution is again a consequence of the Picard—Banach fixed point theorem.
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Blow-up alternative: This is a direct consequence of the fact that the time of local existence only
depends on |lugll g1 + |gllg3/2+-. Let u be a solution on [0, 7*[ such that lim||u(?)||g1 = C < o0
and let 8 be such that 7'(2C + [|g| g3/2+e.2((7*—1,7*+1]xe)) = 2. Up to decreasing §, we can assume
lu(T* —8)| g1 <2C. Since u € Cr H' and u|yq = g the pair u(T* —§), gl[T*—8,+o00f satisfies (CCO)
on Q2 x {T* —§}, thus (NLS) has a local solution on the time interval [T* — 8, T* 4 §]. Thanks to the
uniqueness on [T* —§, T*[, this allows us to extend the solution on [0, 7* + §]. O

Remark 4.3. If one chooses to use instead the Strichartz estimate from Remark 3.8, namely

1, d_d | 2

ul|lrp <l 1+ 3/2 + s2.1/4 When — 4 — = — + —,

lullLowra < lluollg + gl a IS /2 s T2T,
the restriction on & becomes (supposedly) o < (2 —4¢)/(d — 2). Consequently, well-posedness for the
whole range o < 2/(d —2) and boundary data in the optimal space H3/2-2 can most likely be obtained,

up to more involved estimates with some ¢ in all indices.

Since our Strichartz estimates for the IBVP only give a gain of half a derivative, the natural limitation
on the nonlinearity is o« < 2/(d — 2) (as in [Burq et al. 2004]). However better (scale-invariant) estimates
are available for the homogeneous boundary value problem, and they can be combined with our estimates
to improve the range of «. The following theorem illustrates this idea.

Theorem 4.4. If Q2 is the exterior of a smooth strictly convex obstacle, then Theorem 4.1 is true for
a<3/(d-2).
Proof. From [Ivanovici 2010], the usual Strichartz estimates with (p, ¢) such that 2 —|— c=3,p>2,
are true for the semigroup e’22 . The uniqueness in LT H ! follows from standard arguments see, e.g.,
[Cazenave 2003, Section 4.2]. The existence part is again an application of the Picard—Banach fixed point
theorem: let (p, ¢) be weakly admissible, p > 2, such that
2 1
1+-). 4-1
<753 ( + » (4-10)

Weset Xr =CrH' N L;Wl’q and, as in Theorem 4.1,

L:we L(w) = / t e U=AD (F (i1 +w) — F(g)) ds.
0

From the Sobolev embedding, § € H*2 < L2H>NCrH' — Xr. Let ¢; be such that 2 + -~ = %.
From the scale-invariant Strichartz estimates we have
||Lw||XT < ”Lw”L‘%OHlmL;Wlsql SIF@+w)— F(§)||L177~/Wl'q/1+L%~H1’
and we will prove that there exists 8 > 0 such that
IF)| STO(+ o) h/472). (@-11)

LP/ 1ql—‘,—Ll HL ™

Let v € C®(R1) with = 1 for x > 1 and ¥ = 0 for x < % Since supp(1 — ¥ (Jv|?)) C {|v| < 1}, we
have
Hl—W(IUIZ)F(U)HLl m S vlpr g = Tl
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On the other hand, for any 8 > «,

[y (v F)| < '™, [V (v Fw)| < [v]f|Vul.

Since

oz (14 25 D) ) - < 2

there exists 8 > a such that 2 < (1 + 8)q} < 2d/(d —2), and this choice leads to

1+8 1+8 1/p ||, 1+

To estimate V(1 (|v]?) F(v)), we use Holder’s inequality on |v|# Vv combined with the Sobolev embedding
whres s, 1=1_1
> s r .

[PV, 0 Sl ||LI,W1,,||Vv||Lm, (4-12)

where

1 1(1 1) 1(1 2) (Holder in time)

—=—(—=-=)==(1-Z= older in time),

p B\p p) B p

1 o1/1 1\ 1 1 3 o ,

~=—|—5—=)+5=-|1+—-5=] (Holder in space and Sobolev embedding).

q B\d4y ¢/ d d Bp
Note that ¢, p, g are defined by p and 8. If we can choose p > 2 and 8 > « such that

1 d d 1 1 1

1
~ = < =, = (4-13)
p ¢ 2 p 2 q 4

<1
_27

this gives (4-11); indeed, for such p, B,if 1/p; +d/q = d/2 we have L?Wl’é C Xr, 1/p1 <1/p,
and (4-12) gives

v 7B/ p— 1/p1)||v||

- 1+
ppralVolrze < B ralVollLopa S TAABUPD 8 (4u14)

Let us now check that there exists a choice of 8 and p for which (4-13) holds. The first two conditions

become 1 2 3 d 1 d
s(1-3)+(1+5,)>5 = 5 =8(5-1)-1
Hi-d)<h e 1o4ot

Or, more compactly,

The condition 1 — 8 < é is automatically satisfied. To ensure 1/¢ < 1/§ < 2, we must have

2714
> pd=2)

and -
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so that the condition is finally equivalent to

d 1 _ B(d-2)
i — — I N S S —
p (2 1) L=< p—- 6
and there exist solutions p > 2, § > « if and only if 8 < 3/(d — 2), which is always compatible with
B > o and the initial assumption (4-10).

From (4-11), we infer
IZwlxy < T°(1+ (il + Il +181x,)* @),

so that for 7" small enough, L maps the ball of radius one in X7 to itself. It is not clear if L is contractive
in X7 even for smaller 7, however contractivity for the weaker topology induced by L‘}"L2 NLPLYis
an easy consequence of the previous estimates and the assumptions on F":

|F(ii +wy) — F(i +w2)| < [wy —wa| + (lwy | + [wa] + @) wy —wal,
and (4-14) gives
|Lwy — Lws||x,
S lwy=wallpy 2+ [lwr = wal + (il + fwal + @) lwr = wal | o

S TP (it sy 4w ey + 0 ey )Py =w2ll g o+ Ty —wa 2. (4-15)

As for Theorem 4.1, the contractivity of L for the L;Lq N L‘Y’?L2 topology and the mapping of a ball
of X7 to itself gives the existence of a solution as a fixed point. O

Remark 4.5. The only thing limiting us to o < 3/(d — 2) is that i only belongs to Cz H' N L2W 1:90
with % + % = %. If this limitation was lifted the fixed point argument on w could be performed in the
usual scale-invariant spaces.

Remark 4.6. Theorem 4.4 is only an example of how one may mix optimal and nonoptimal Strichartz
estimates. If 2 is only assumed to be the exterior of a nontrapping obstacle, [Blair et al. 2012] proved
scale-invariant Strichartz estimates with loss of derivatives, namely

; . 2 1 1
18D uglpora < lluollge with 2+%=9 4 Lyl
p q 2 P q

| —

Such estimates could probably be used to improve the range of « if Q€ is only star-shaped. Since the
method seems similar and with numerous specific cases, we chose not to develop this issue.

Global well-posedness. In order to obtain global well-posedness for the defocusing nonlinear Schrodinger
equation
P0;u 4+ Au = |ul*u, (x,t) e Qx][0,T],
u|,=0 =1Uy, X e, (NLSD)
uly@x[o,7] = & (x,1) € 9Q x[0, T,
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the argument based on local well-posedness and conservation of energy cannot be trivially applied. Indeed
we only have the formal identities

& Swpar=-mm [ sugas @16)
Q Q2
i/ llvulz_}_Llurx%—de:Re/ 0 uatgdS (4_17)
dt Jq 2 o+2 90 n

If g € H%?2, the control of lullc; g1 Tequires us to control ||dpul| gr2—s.2. In particular, for the almost
optimal regularity s = % + ¢, we must have some control on d,u € H'/2782(3Q x [0, T]), which is its
(almost) optimal space of regularity.

We will first deal with the simpler case g € H?2; in this case we only need to control ||d,u|| 2. This
can be done thanks to a nonlinear variation of the virial identity from Proposition 3.1.

Theorem 4.7. (1) Forany 0 <a <2/(d —2), if (ug, g) € H(Q) x Hliéz(lR{+ x 0€2) satisfy (CCO), then
(NLSD) has a unique global solution u € C(R*, H').

(2) If Q€ is strictly convex and there exists € > 0 such that g € H*>T82 then the theorem is true for
a<4/(d-2).

Proof. The case (1) is a simple consequence of the virial identity and the blow-up alternative, indeed the
(nonlinear) virial identity writes

d
0)
:4Re/ Hess(h)(Vu,W)—%|u|2A2h+Vh-Vu|u|“ﬁ+%L?Ah|u|“udx
Q
+Re/ 2anh|v,g|2—2anh|anu|2—2ianha,ggdS+Re/ 28 Ahdpu+|g|*0,AhdS
Q o
_ Sy 11,12 A2 a+2 11
_4Re/QHess(h)(Vu,Vu) Llu2 A2 + [ul Ah(2 —a+2)dx
—|—Re/ 20,1\ Veg|* —20,h|0pu|* —2i0,hd,gii dS
I

|g|a+2

oa—+2

+Re/ 28 Ahdpu + |g|*dnAh + dnh dS.
o

As for Proposition 3.2, we choose 4 = /1 + |x|? so that Hess(/), Ah > 0, 0,4 < 0 and integrate in time.
From the embedding H22(3Q x [0, T]) < HZ/ T gQd=2/@+1) , 12@+D/(d=3) 30 x [0, T))
(or L*® ifd =2, L? for any 2 < p < oo if d = 3) we have

T
+2 a+2
/0 /3 gl dS dr 5 15 oy

If K is a compact neighbourhood of 02, we deduce

/ |Vu|? + u]*+? dxdt—/ |8pue>x -ndS dt < M(T)(1+ ||ullg, g0+ 1€11%55)-
K x[0,T] 02x[0,T]
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If x-n <0 on 0€, this gives directly a control of ||0,u||;2; if not then we can argue as in Proposition 3.2
by using some function /s compactly supported in K such that d,/4 < 0. For this choice, A/ and Hess(%)
|Ot+

are no longer signed, but using the estimate ||u||La+2([0 TIxK) S <1+ ||u|| T lgl|%5% we get

241
lonull L2 < M(T)(A + llullcp g + g5 30).

Plugging this in the “conservation” laws (4-16)—(4-17) implies

2 2 2 a/2+1
Il g1 = luollzry + 19null2llgl g2 S 1+ luollgy: + (lullcrmr + 1215533 gl 2.2

and thus

1 2 2 2+2
a2, g S 1+ luoly + 121523 G axto. -

As a consequence, # remains locally bounded in A! and the solution must be global.

The case (2) is a bit more intricate, indeed even the local existence of a solution for 3/(d —2) <« <
4/(d — 2) has not been covered yet. The main argument is that we can modify # from problem (4-4)
so that it belongs to C7 H'! N LZTWI"IO, 14+d/qo =d/2: since g € H>*52, we have from (CCO) that
uolag = gli—o € H' 752, Let vy € H3/2T4(Q) be a lifting of u¢|yq; we define ¥ as the solution of the
linear IBVP ~ - ~

i0;0+ Av = F(g),
U]s=0 = Vo,
Vla@x(0,11 = &

Since F(g) € H"? (see Lemma 4.2), g € H21&2 vy € H3/2, the Strichartz estimates imply v is in
LZTW3/2"1 s L%Wl’q‘), where 1 + d/qo = d/2. We are now left to solve the homogeneous boundary
value problem

0w+ Aw = F(0+w)— F(2),

wl=0 =g —vo € Hy ,

w|yqx[o0,71 = 0,

or equivalently obtain a fixed point to the map
t
Lw = "D (uy —vg) + / e U=IAD (F(§ 4 w) — F(%)) ds.
0

Since v, g€ L H I'n L%Wl’q", the fixed point argument can be done as in the R case, e.g., [Cazenave
2003, Section 4.4], leading to local existence. We can still use the virial identity as in case (1) since
a+2<(d+2)/(d—-2)<2(d+1)/(d—3), and the energy argument is ended in the same way. [

If we only assume g € H 32482 global existence becomes a much more delicate issue since we need
to control ||d,u|| g1/2.2. Let us sketch the main issue: the linear smoothing gives a control ||0,u|| g1/2.2 <
luollgt + llglls/2462 + I /Il g1/2.2, where f = |u|*u has scaling 1+ o. In order to estimate the time
regularity of f we need to again use the equation, which adds another power « to the scaling Using
various chain rules, the conservation laws (4-16)—(4-17) should give at best ||u||2 CrH! S <TTlul X where

> aj =1+ 2« and, for all j, X; < Cr H'. Eventually, ||u||2 for some B dependmg

rH1~ ”u”C HI
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on «, and this allows us to close the estimate if 8 < 2. It is clear that such an approach will be limited to
small values of «. Nevertheless, this is the method used in the following theorem, where the restriction
on « is of course purely technical.

Theorem 4.8. For d = 2, % <a< %, and (ug, g) € H' x H32%82 satisfying the compatibility

conditions, the problem (NLSD) has a unique global solution in C(RT, H').

Proof. The existence of a maximal solution is Theorem 4.1; it remains to prove that u is locally bounded
in H'!. In this proof, < means that the inequality is true up to a multiplicative constant that may depend
on T, g and an additive constant that may depend on 7', g and uy. We use § as a placeholder for some
positive quantity that can be chosen arbitrarily small.

As in Theorem 4.7, we can use the nonlinear virial identity provided g € L**t2(9Q x [0, T]), which
is ensured by H3/22 < H%/ZHI/Z(E)Q) — LP(0Q x [0, T]) for any 2 < p < co. From the nonlinear
virial identity we obtain

1/2 1/2 1+a/2 1/2 1/2
l0ntell 2 12+ 1Vull 2 2 S Nl il 2+ gl i S Tl g2 g2 s 4-18)

plugging this in (4-16) gives

2 1/2 1/2
lullg, 2 S 19null 2 r2llgl e ro S (el Nl gl? 2 + gl grsase)ligl 2 g2,
thus
1/3
lulle 22 S Nl g (4-19)
1/2+1/6 2/3

and lull 2 g1 S ul = Jul (4-20)

CrH! CrH!

For later use, let us note that Holder’s inequality and the Sobolev embedding H' < L” for 2 <r < oo
imply

lullzo < ull /T2l 35970 forall ¢ >2, 0 <8 <2/q. (4-21)
On the other hand, (4-16)—(4-17) give

2 2 2
lullg., o + Nl Fa2s < luollzys + gl garzven|9null grsaa. (4-22)

To estimate d,u, we fix x € C° (Q) such that x = 1 on a neighbourhood of 9L, and split u = u; + us,
where ©; and u, are solutions of

i0;uq + Auy = xlu|%u, [0y + Auy = (1 — ) |u|%u,
uilr=0 = uo, and Uzlr=0 =0,
uilyexpo,r] = & uzlyexo,r] = 0.

Corollary 3.4 gives

10nurllgrivzz S luoll gy + gl msrzres + I xlul®ull g2
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We estimate the nonlinear term using H les B, / [Triebel 1983, Section 3.3] and (4-19)—(4-20):

1/2+6 1/2—6
Ixlulullz grove < [0l | Lo g el 2 guvza < Nl il /22 Nl

1)
S lullE it (4-23)

For the time regularity, we use the composition rules and interpolation of anisotropic Sobolev spaces
[Lions and Magenes 1968b, chapitre 4, paragraphe 2.1]. For ¥ such that ¥ = 1 on supp g,

lxlel*ullggivsge < |1l oo pallel gaa pa S MUl oo paa I Xl gr1rs a2

1/2

S Nl o pau IRuly s N2

Since id; xu + Axu = X|ul|*u + [A, X]u, we have
19eXull L2 g1 S WXullp2 g+ IXul®ull 2 g1 + el g2,

and since H~! D L9 for 1 < g <2 we get

~ 2/3 ~ 2/3 1+a)/3
19l 2 - < Nl 750 g+ 0Kl Ul 2 g2 S Tl 758 0 + Nl o550

1/2 1/2

Next we use [[Full 1722 5 1Tl gy g I %l s0 that
~ 2/3 1+a)/3\1/2)~ 11/2 2/3 3t+a)/6
Py (1 s ] e R b 1 ey S P st

This implies, using (4-19)—(4-21),

1/3 34 12 1/3
Il ull sz < Nl o paa (el + Tl 50 ) el 2
13a/12+1/4+5

< 1/3+a+8

L‘%OHI + ” ”

Combining the estimate above with (4-23) gives the following estimate on d,1:

1/34a+6 13a/12+1/4+3

||8nu1||H1/2;2 5 ”u”CTHl + || ”C H!

(4-24)

We now treat d,u,. The situation is less favourable since we can not use the smoothing property

||X”||L2TH1 < ”””i{;Hl' In particular we only have

4+4a)/6
10 = 0ull 1722 = lull o + Tl 31° (4-25)

Using Proposition 3.6, we have

0nu2 || gri/223@xj0,r7) < (1 — X)|”|au||L3/zBl L3/2

2”33/2 2
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For the first norm we write
I =0l ull gy L S 10 = 01l ullgoprve

S %o o Il 50 1

1/3 —1/3468

< Nl 52 o Nl o i el e
+7/9+8

S ”u”(éTHl .

el

For the other norm, the composition rules and (4-25) give similarly

o o
1000l g2 pva S 1% 0] 272,

a—2/9+6 4+a)/6
Sl Pl ey + el &)
a+7/9+6 Ta/6+4/94+8
= Nullgr 2 o | 45,
so that
a+7/9+8 To/6+4/9

||3nu2||H1/2,25 ||u||LC7>-°H1 +”””L%°H1
Combining this estimate with (4-24) in (4-22), we finally obtain (as previously, < still means “up to
multiplicative and additive quantities only depending on 7" and the data”)
lull, o S Nl s

with § = max(% + o, 13a/12 4+ %,a + %, T /6 + g) + 6. If B <2 then ||u(?)| g1 is locally bounded,

and hence the solution is global. The condition § < 2 is equivalent to « < %. O

Appendix: Two interpolation lemmas

In this section we give two results on the interpolation of Sobolev spaces. They do not seem standard as
they involve compatibility conditions in some way. We do not claim that these results are new, however
we did not find them in the literature, thus we decided to include reasonably self-contained proofs.

Definition A.1 (real interpolation). If Xy, X are two functional spaces embedded in %'(2), we define,
foru € Xy + X4,

K(t,u) = inf u +t||u .
(= _ it ol + e,

For 0 < 6 < 1, the interpolated space [Xp, X1]g 4 is the set of functions such that

o0 dt
q
/0 | K(t, u)?| 16 < Q0.

Lemma A.2. Let

X0 = {(uo, g) € H™1/2+20 Hz‘)’é’(asz x [0, T)) that satisfy the compatibility conditions},
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where for 0 = 0 we take (Hll)/z)’ instead of H='/2. Then, for 0 <6 < 1,

(X0 X'y = Xx°.
Remark A.3. While it is a bit tedious, the case 8 = % really needs to be treated, as it corresponds to the
natural space for the virial estimates.

Proof. We clearly have
H'?(Q) x H2 (32 %[0, T]) € X' € H32(Q) x H>2(3Q x [0, T)).
The interpolation of Sobolev spaces [Lions and Magenes 1968a; Lions and Magenes 1968b, chapitres 1, 4],
gives, for 0 < %
[(Hy?Y (). Hy?lg = H?7V2, [H** G2 x [0, T, Hy *lg = H?*?,
(Y Q). B g = HP7V2 [HO 02 x [0, T), H>?]g = H?*?;

the two left-hand identities are not explicitly written in [Lions and Magenes 1968a], however (H 11)/ 2)/ does
not cause any new difficulty since it can be bypassed using (Hll)/z)’ =[H !, H2]1/6 =[H!, Hé]1/6
[Lions and Magenes 1968a, paragraphes 12.3, 12.4], and the reiteration theorem [[X, Y]g,.[X, Y]g,]o =
[X.Y](1-6)6,+66,- We deduce that, for 0 < 6 < %,

X0 = B2 g0 - X0 ¥,  X°.
For 6 > 1/2 we first apply the Lions—Peetre reiteration theorem
(X0, X o =X X35 [X°, X N1]80/5-3/5 = (X33, X'so/5-3/5.

so that we are reduced to proving [X3/8, X1], = XG0+3)/8 for % < 0 < 1. To this end, we use the
existence of a lifting operator independent of % <s<1,}?

R:X°— H2s+1/2,s+1/4(Q x [0’ T]),
(1o, g) = u such that u|gxpo, 71 =g. Ulr=0 = o,
Such an operator can be constructed as follows: for any (g, ug) € X*, there exists a map
Ry : H¥5Q x[0, T]) - H¥TV2sT1/4Q %[0, T)),
g Rig:

on the half space, Fx; R1b = g(&, 1)p(v/1 + |&'|? + |t]?x4) with ¢(0) = 1, ¢ smooth enough, works.
There is also a map
R, : Hés—l/Z(Q) N Hés+1/2,s+1/4(9 <R).

ug = Rouyg;

3 R is usually called a coretraction of the trace operator u — (u|;—g, u la@x[0,77)-
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in this case, one might take R (u¢) = ¢((1 — Ap)t)ug (this is a very special case of [Lions and Magenes
1968a, chapitre 1, théoreme 4.2]; see also [Lions and Magenes 1968b, chapitre 4, théoreme 2.3]). With
these two operators, we can now define

R(ug, g) = Ra(ug— R1(g)]r=0) + R1(g):

R is a continuous map X° — H2%322 for s > 4, smce uop— Rgli=0 € HF ™ 12 For s > 3 ! this is a
consequence of H} = Hg and (CCO), while for s = 5 this comes from H 1/2 = H,, 1/ 2 and (CCGO). We
can conclude by introducing

T: H¥TU22(Qx [0, T]) —» H¥* V2(Q) x H*2(0Q x [0, T)).
u > (u|;=0. ulpaxo,17)-

By construction, T o R = Id on X3/% and X!, so that [X3/8, X1 = T([(H3/43/8, H3/2:5/4]y). From
basic results on anisotropic Sobolev spaces [Lions and Magenes 1968b, chapitre 4, proposition 2.1,
théoréme 2.3] we obtain, as expected,

T([H5/4’2(Q x [O, T]), H5/2’2]9) — T(H(59+5)/4,2) — X(50+3)/8. O

Let H*

o 2(QxR,) = {ue H>*(Qx[0,T)) : ulyaxgoy = 0}

Proposition A.4. For 6 < 3 3 [L?, 0) ]9 , = H?92,

The result is to be expected, since the trace on ¢ = 0 sends H2%2(3Q x [0, T]) to H*~1(Q), for
which there is a trace on 0€2 if and only if 260 — 1 > %, or equivalently 6 > %.

Proof. The inclusion C is obvious; we focus on the reverse inclusion.

Let R be the restriction operator H2%2(R% x [0, T]) — H?%2(Q x [0, T]); since R is continuous
for 0 < 6 <1 and surjective with value to H 20,2 e only need to check that for H(ZO’)Z, 99 (R? xR;) =
{ue H>?: ulpaxqoy = 0} we have

[L2, Higyyqlo = H**?(RY xR,) forall 6 < 3 (A-1)

Using a partition of the unity, we can reduce the problem to the case Q2 = R9~! x {0} and for conciseness
we write H(o) 3Q(|Rd xR;) = (0) Let u € H?92(R? x R;); then, since L2 C H*?2, it is easily seen
from Definition A.1 that u € [L2, H, (0) ]9 5 if

o0
> 2% K@Y u)? <o, where K(t,u)= inf luollzz + tllurll g2z, (A-2)
j=0 u=ug+u L2+ (20) ©
We define an anisotropic Littlewood—Paley decomposition as follows: the dual variables of x and ¢
are (§,7) = (¢,&,, r) and we set u = ) ;> Aju(x, 1), where, for j = 1, _A/j\u(&‘, 1) is supported in
(&2 + |2 ~ 27, Aou is supported in |£|2 + |7| < 1, and we set Sju = Zl]c=0 Agu, Rju =u—Sju.
From the Plancherel theorem and f[Rd Ajulju = 0 for | j — ] large enough (“almost orthogonality”), we
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have
IAjull g2z ~ |Ajull 22 = ullF0 ~ 224’ 1Ajul7 2 (A-3)
j=0
Let us write

u=(Rju+ Sju(x’,0,0)y;(xq,1)) + (Sju— Sju(x’',0,0)y;(xg,1)) = ug + u,

where @j = ¢ 273 1 (je, 12 412])1/22i With ¢ such that ¥;(0) = 1. Since vol((|£4|? + |7])1/% ~27) ~ 23/,
¢j is uniformly bounded in j. For this choice it is clear that (u¢, u;) € L% x H(zo,z. The decomposition
u = Sju + Rju would correspond to the standard interpolation [L?, H?*?]y, thus we will only focus on
how to estimate in (A-2)

1Su(x", 0,009 (xa, Oll 2 + 2727 | Sju(x’, 0,009 (xq, )| gr2.2.
We first note that
TS 0,000 (5. 0) = 5 ) [ Syuce'n.0)dnds,
so that F(S;u(x’,0,0)¥;(xy4,1)) is supported in (|&]? + |z)1/2 < 27. We deduce
27 NISju(x’, 0,009 (xa, Ol grz2+11Sju(x’, 0,009 (g, D)l L2 S I1Sju(x’, 0,009 (xa, 1) .2
S 1 lee [ IS8’ n. D)z, dnds.

Again using vol((|&4|2 + |7])V/2 ~ 27) ~ 237 we have I¥illp2 ~ 2737237/2 = 273i/2 Moreover,
Axu(g', n,8) is supported in (7|2 +|8])'/? < 2% independently of &', thus the Cauchy—Schwartz inequality
implies

J J
[ VSuE 0 g dnds < [ ST N n. 8z, dndS 5 3 gl 22,
k=0 k=0

Plugging this in (A-2) (and omitting the estimate on Sju, R;u),

o o j 2
Z 240j KQ ¥ u)? < Z 7(46-3)j ( Z ||Aku||L2229k 2(3/2_29)k)
j=0 = 2

o0 J | X
= Z( Z | Agul| 227 2(3/2—20)(k—,))
j=0 “k=0
= ”a * b||122’

where (ax) x>0 = (| Axullp22%%) >0 € 17 and (b)gso = (22073/Dk), - €1, we can conclude by
Young’s inequality and (A-3) that

o0

> 2% K27 < (flall 216 13)* < Nullpae.2.
0
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thus H2%2 C[L2, Hg}lo. O

Remark A.5. Using a similar argument, it is not difficult to check that [L?, H (20’)2]9’2 = H(ZO(;’Z for 0 > %.

Of course the identification in the case 8 = % is less clear.
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ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS
ON RIEMANNIAN MANIFOLDS

B0o GUAN, SHUJUN SHI AND ZHENAN SUI

We present some new ideas to derive a priori second-order estimates for a wide class of fully nonlinear
parabolic equations. Our methods, which produce new existence results for the initial-boundary value
problems in R”, are powerful enough to work in general Riemannian manifolds.

1. Introduction

Let M" be a compact Riemannian manifold of dimension n > 2 with smooth boundary d M, which may
be empty (then M is closed), and f a smooth symmetric function of n variables. We consider the fully
nonlinear parabolic equation

FONVu+x) =€ in M x{r>0}, (1-1)

where x is a smooth (0, 2)-tensor on M = M UM, V>u denotes the spatial Hessian of u, u, = du/dt,
and L(A) = (A1, ..., A,) will be the eigenvalues of a (0, 2)-tensor A; throughout the paper we shall use V
to denote the Levi-Civita connection of (M", g) and assume ¥ € C®°(M x {t > 0}).

While most attention in previous work had been on the two canonical cases, y =0 and x = g, both of
which occur, for instance, in the classical Darboux equations in isometric embedding, there are many
important quantities of the form V2u + x in differential geometry and other areas. A well-known example
is the gradient Ricci soliton equation

V2u + Ric = Ag,

which has been studied intensively, where Ric denotes the Ricci tensor of (M", g). In a different context,
V2u+Ric is known as the Bakry—Emery Ricci tensor of the Riemannian measure space (M", g, e "d Vol,),
on which there are interesting recent results; see, e.g., [Wei and Wylie 2009] and references therein.
When yx as well as ¢ is allowed to depend on u and Vu, there are even more equations of the form (1-1)
and their elliptic counterparts, which arise naturally in connection with important geometric problems,
such as the generalized Minkowski and Christoffel-Minkowski problems in classical geometry, fully
nonlinear versions of the Yamabe problem in conformal geometry, and in other applications including the
Monge—Kantorovich optimal mass transport problem. From both the theoretic point of view and that of
applications, it is important and highly desirable to establish a general existence and regularity theory
Guan and Shi were supported in part by NSF grants and a scholarship from China Scholarship Council, respectively.
MSC2010: primary 35K55; secondary 35B45, 58J35.

Keywords: fully nonlinear parabolic equations, a priori estimates, subsolutions, concavity.
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for (1-1) with as few technical assumptions as possible, so that it covers a wide range of applications in
different areas.

In order to study (1-1) in the context of parabolic theory, we follow [Caffarelli et al. 1985] and
assume that f is defined in an open, symmetric, convex cone I" C R" with vertex at the origin, I',, :=
{AeR":A; >0 forall 1 <i<n}CT, and satisfies

0
f=fu=L 0 inr, 1zizn (1-2)
oA
f 1is a concave function in T, (1-3)
and
sup f := sup lim f(A) <O. (1-4)
ar ro€dT A—>2o

Equation (1-1) is parabolic for solutions u € C>'(Mr) with Au]:=A(VZu+yx)elforxe Mandt >0
(see [Caffarelli et al. 1985]); we shall call such functions admissible.

The structure conditions (1-2)—(1-4) are fundamental to the classical solvability of fully nonlinear elliptic
and parabolic equations, and have been standard in the literature since the work of Caffarelli, Nirenberg
and Spruck [Caffarelli et al. 1985]. Condition (1-4) prevents (1-1) from being degenerate, which may occur
if \ful e T =T UAT. So both conditions (1-2) and (1-4) are natural for the nondegenerate parabolicity of
(1-1), without which the C?+%1+%/2 estimates may fail. An important fact is that conditions (1-2) and (1-4)
ensure that (1-1) becomes uniformly parabolic once global a priori C>! estimates are established for
admissible solutions. Consequently, one may obtain C>+%1+%/2 estimates by the Evans—Krylov theorem,
which depends on the concavity condition (1-3).

The short-time existence of admissible solutions is well known from the classical theory of parabolic
equations for given admissible initial data (and boundary data as well when dM # O&) with suitable
smoothness assumptions. The global (long-time) existence and behavior of solutions depend on the
establishment of a priori estimates in C*>!(M7). Our primary goal in this paper is to derive second-order
estimates for fully nonlinear parabolic equations on Riemannian manifolds.

For fixed T > 0, let My = M x (0,T], My = M x (0, T], and let dM7 := d,M7 U 3, My be the
parabolic boundary of My, where

My =0M x[0,T), My =M x {t=0}.
Throughout the paper we assume ¢” := ¢|,—g € C*(M) with
Me"lel,  fOle") >0 in M, (1-5)

and ¢* 1= @lamx=0) € CP@OM x {t > 0}). Let u € C**(M7) N C>'(M7) be an admissible solution
of (1-1) satisfying the initial-boundary conditions

ulimo=¢® in M, u=¢* on d;Mr. (1-6)

The main result of this paper is the following second-order estimates:
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Theorem 1.1. Suppose that there exists an admissible subsolution u € C>'(Mr) satisfying

fOlul) = etV in My (1-7)
Then, under conditions (1-2)—(1-4),
sup | V2u| < Cy(1 + max |VZul). (1-8)
My oMt
In particular, when M is closed,
IV2u| <Ci in Mr. (1-9)
Suppose in addition that
u<g® on My, u=¢' on M. (1-10)
Then
max |V2u| < C,. (1-11)
My

Remark 1.2. In Theorem 1.1 and the rest of this paper, unless otherwise indicated, the constant C; in
(1-8) will depend on

|M|C1(ATT)’ hplcll(];TT)» |’:‘|C2,1(1\TT)a %\f[lfdiSt()\[’J]a or), (1-12)
T
and
A :=sup f —supe“tV (1-13)
r My

as well as geometric quantities of M, while C, in (1-11) will depend in addition on |g0b | C2(iy [0° | ca1 o, myy s
infys, "™V and geometric quantities of dM. If f satisfies

lim [A[*) " fi = o0, (1-14)

[A]— 00
then C; can be chosen independently of A and |u;, |C°( My)> See Remark 2.4.

Remark 1.3. The assumption u € C*2(M7)NC*Y(M7) does not restrict the applications of Theorem 1.1.
This can be seen as follows. By the short-time existence theorem, (1-1) admits a unique admissible
solution u € C®(M x (0, t5]) N C°(M x [0, 1p]) satisfying the initial-boundary condition (1-10) for
some fy > 0. We can then consider a new initial time, say ¢ = #y/2, in place of t = 0, and may therefore
assume the compatibility condition

fle’h=e”"™ onM and ¢'=¢" on aM x {t =0). (1-15)

Theorem 1.1 is an important step towards solving the initial-boundary problem (1-1) and (1-6) under
optimal structure conditions. It can be applied in many interesting cases to prove new long-time existence
results. Let us give a few examples here.

First, for a bounded smooth domain (with boundary of arbitrary geometric shape) in R" we have
the following result, which is essentially optimal, both in terms of the generality of f and that of the
underlying domain:
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Theorem 1.4. Let M be a bounded smooth domain in R",0 < T < oo, and f satisfy (1-2)—(1-5). There
exists a unique admissible solution u € C X(M7)NCO(My) of (1-1) satisfying (1-6) provided that there
exists an admissible subsolution u € C 21(M7p) satisfying (1-7) and (1-10).

The first initial-boundary value problem for (1-1), or (1-20) below, in R" was treated, among many
others, by Ivochkina and Ladyzhenskaya [1995], who used essentially the same assumptions as in the
elliptic case introduced in [Caffarelli et al. 1985]; see [Lieberman 1996] for further improvements and
references. Jiao and Sui [2015] studied (1-20) on Riemannian manifolds under additional assumptions.
To the best of our knowledge, Theorem 1.4 had not been proved before in the current generality.

We remark that since there are no geometric restrictions on d M, (1-1) and (1-6) may fail to admit a
long-term admissible solution without the subsolution assumption. This is well known and may be seen
from simple examples.

Theorem 1.5. When I =Ty, Theorem 1.4 holds for compact Riemannian manifolds.

Theorem 1.1 applies to a very general class of equations, including f = o, K and f = (o1 o)/ D,
1 <1 < k < n, where oy is the k-th elementary symmetric function defined on the cone I'; :=
{AeR":0;(1) >0 for all 1 <j <k}. Another interesting example is f =log Py, to which Theorem 1.10
applies, where
P = [] Gi+-+r), 1<k=n,
I <--<ig

defined in the cone
Pri={reR": X+ --+x,>0forall 1 <ij <---<ix <n}.

Theorem 1.6. Let f = (04/0)/* D and T =Ty for 0 <1 < k < n, withog = 1, or f = log P,
and I = Py. The parabolic problem (1-1) and (1-6) with smooth data has a unique admissible solution
u € C®(Mr7)NCOMry) provided that there exists an admissible subsolution uecC 2N (M7) satisfying
(1-7) and (1-10).

Theorem 1.6 is known for f = o*kl/k, but seems to be new for f = (ok/ol)l/(k_’) or f =log Py, even
when M is a bounded smooth domain in R"; see also [Jiao and Sui 2015].

Remark 1.7. In Theorem 1.1, the constants C; and C, depend on T only implicitly. For instance, if
the quantities listed in (1-12) are all independent of T, then so is C;. The independence of T from the
estimates is important to understanding the asymptotic behaviors of solutions as ¢ goes to infinity. If one
allows C to depend on T (explicitly), (1-8) can be derived under much weaker conditions, and more
easily.

Theorem 1.8. Under assumptions (1-2), (1-3) and (1-5),
IVZu(x, 1) < CeP'(1 +max |V2ul) forall (x,t) € Mr, (1-16)
T

where C and B depend on |Vul oz, lp? lc2(i7) and other known data. In particular, if M is closed then
IV2u(x, )] < CeB’.



ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS ON RIEMANNIAN MANIFOLDS 1149
Note that, by (1-5), the function
. b . b
u = ¢’ +tmin{log f (A[¢"]) — v/}
M

is admissible and satisfies (1-7).
An immediate consequence of Theorem 1.8 is the following characterization of finite-time blow-up
solutions on closed manifolds:

Corollary 1.9. Assume M is closed and f satisfies (1-2)—(1-4). Then (1-1) admits a unique admissible
solution u € C®(M x R™) with initial value function ¢® satisfying (1-5) provided that the a priori gradient
estimate

sup |Vu|<C forall T >0 (1-17)
Mr

holds, where C may depend on T. In other words, if u has a finite-time blow-up at T < oo, then

lim max [Vu(x, t)| = oco.
t—T- xeM

So, the long-time existence of solutions in 0 <t < oo reduces to establishing the gradient estimate (1-17).
This is also true when M # &. Using Theorem 1.1, we can prove the following existence results:

Theorem 1.10. Assume that (1-2)—(1-5), (1-7), and (1-10) hold for T € (0, oo]. There exists a unique
admissible solution u € C*®°(M7)NC%(M7) of (1-1) satisfying (1-6) provided that any one of the following
conditions holds:

1) I'=Ty;
(i) (M, g) has nonnegative sectional curvature;
(iii) there is 8o > O such that, if A; <0,
fi=80 ) fi ondI? forall o> 0; (1-18)

(iv) VZw >y for some function w € C? (1\7) and

> fri=0 inT. (1-19)

The assumptions (i)—(iv) are only needed in deriving the gradient estimates. It would be interesting to
remove these assumptions. When d M = &, Theorem 1.10 holds without the subsolution assumption.

The rest of the article is divided into three sections. In Sections 2 and 3, we derive (1-8) and (1-11),
respectively, completing the proofs of Theorems 1.1 and 1.8. Instead of (1-1), we shall deal with the
equation

fONVu+x) =u+y (1-20)
under essentially the same assumptions on f, with the exception that (1-4) is replaced by

inf (¢; +¢) —sup f >0, (1-21)
s Mt or
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which is needed in the proof of (1-11) . Accordingly, the functions ¢? and u € C>'(M7) are assumed to
satisfy k[gob] el in M and, respectively,

fu) >u;+¢ in My (1-22)

in place of (1-7). Note that if f > 0in " and f satisfies (1-2), (1-3), and (1-19), then the function log f
still satisfies theses assumptions. So (1-1) is covered by (1-20) in most cases, and we shall derive the
estimates for (1-20). In Section 4 we briefly discuss the proof of the existence results and the preliminary
estimates needed in the proof.

At the end of this introduction we recall the following commonly used notations:

3/ u
|l et oty = Z IVl o +Z ;
8[ CO(M )
81
|ulck+a/+ﬁ(MT) — |M|Ck[(MT) + |V M|ca(MT) + a[l )
CH(Mr)
where 0 <o, B <land k,l =1, 2, ..., for a function u sufficiently smooth on M7 . We shall also write

|u |C"(/\TT) = |M |Ck’k(ﬂ77") .
2. Global estimates for second derivatives

A substantial difficulty in deriving the global estimate (1-8), which is our primary goal in this section, is
caused by curvature of M; another is the lack of (globally defined) functions or geometric quantities with
desirable properties. In our proof, the use of the admissible subsolution u is critical. We shall consider
(1-20) in place of (1-1).

Let u € C*2(M7) N C?>'(M7) be an admissible solution of (1-20) and u € C>!(M7) an admissible
function. We assume that u admits an a priori C' bound

lul o1 iy < C- 2-1)
Let ¢ (s) = —log(1 — bs?) and

n=¢(+|Vu—w))+aw—u—3s), (2-2)

where a, b, § > 0 are constants and u € C%Y(M7) is an admissible function; we shall choose § = 1 or 0,

a sufficiently large, and b small enough, namely

1
b<—s, bi=l+sup|Vu—u). (2-3)
8by My
Consider the quantity

W= sup max  (Vegu+ x(§,§))e".
(x’t)eMTEETXanlslzl

Suppose W is achieved at an interior point (xo, fp) € Mt for a unit vector § € T,,M". Letey, ..., e,
be smooth orthonormal local frames about x¢ such that e; =&, V;e; =0 and the U;; := V;ju + x;; are
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diagonal at (xg, fp). So W = Uy (xo, 1o)e"*0-10) 'We wish to derive a bound

U1 (xo, 10) < C. (2-4)
Write (1-20) in the form
u=FU) -y, U={U;}, (2-5)
where F is defined by
F(A) = f(A[A]D
for an n x n symmetric matrices A = {A;;} with eigenvalues A[A] € I". Differentiating (2-5) gives
Uy = FijUijt — Y,
Viu, = FUViUy; — Vi for all &, (2-6)
Vi, = FIV Ui+ FURN UV Uy — Vi

Throughout the paper we denote

. JF y 3?F
Fl=_—_—(U), F/*=_———""(U).
0A;; 0A;j0Ay
The matrix {F"/} has eigenvalues fi, ..., f,, and therefore is positive-definite when f satisfies (1-2),

while (1-3) implies that F is a concave function; see [Caffarelli et al. 1985]. Moreover, the following
identities hold:

FiU; =" fiki. FlUpUg=Y_ fid].
We also note that the F'/ are diagonal at (xo, f).

Proposition 2.1. For any a, C; > 0, there exists a constant b > 0 satisfying (2-3) such that, at (xo, ty), if
U > C]Cl/«/z then

gF”'U,%. +aF' Vi —u)—a, —u)+as <CY F'+C. (2-7)
Proof. We shall assume Uy (xg, tp) > 1. At (xg, t), where the function log Uy 4+ 1 has its maximum,
\Y% ViU
G om0, Y vz 1<i<n, 2-8)
Un Un
and
1 Qs 2 ii
o F ViiU11—U—2F (ViU11)*+ F"'Viin < 0. (2-9)

11 1
We recall the identities, on a Riemannian manifold,
V,‘jkv—Vj,‘kU:R,la-jvlv, (2-10)
Vijkiv — Viijv = Rl’;-’kVimv + ViRl’;-’kav + R Vimv + R;"ilemv + R;-"”Vkmv + VkR;"ilev. (2-11)

It follows that
FiiVUn = F'V Uy — CUy Y FY, (2-12)
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where C depends on [Vu| CO(ir) and geometric quantities of M. By (2-8), (2-9), (2-12), and (2-6), we
obtain

i | B, | B vy i
F'i'Viin—n, < — FI¥Y Ui ViU + — F(ViU)? — +CY Fii, 2-13
il = = e 1UijViUu 07 (ViU11) Un Z (2-13)
Let
J={i:3U; <-Uyn}, K={i>1:3U;>-U}.

As in [Guan 2014b], which uses an idea of Urbas [2002], one derives
lig, o o < i (7.2 11 _ 2_M ii :
FiiVn n,_;F (Vim)?+CF ;(v,n) Ur +CY F (2-14)
For convenience, we write w =u —u, s =1+ |Vw|2, and calculate
Vin =2¢'ViwViyw +aViw,
n: = 2¢'Viw(Viw), +aw, —aé,
Vi =26/ (Virw Vigw + Viw Vigw) + 46" (VewViw)® + aViw,

while
Por= 2 e = gy
§)=—, S)=——"—55 > .
1 — bs? (1 — bs?)?
Hence,
D FTVim? 8@ Y F (ViwViw)? +2[Vwla® ) F" (2-15)
ieJ iel ieJ
and
D (Vi) < Ca® + C(¢)’ U, (2-16)
i¢J

By (2-6) and (2-10), we obtain
FiiVin —n, = ¢/ F'U2 +2¢" F' (ViwVigw)? + a F' Visw — aw, +ad — c¢’(1 +3 F”). (2-17)

It follows from (2-14)—(2-17) that

y y y \V N
¢ FiU2+aF ' Vyiw—aw+as<Ca® Y F”+C(a2+(¢/)2U121)F“—Z}—]W—FC(QS/—FZ Fi*). (2-18)
. 11
ieJ
Note that )
y N U y
FiUk = FUUR + Y FP0R = FUU + =L ) P, (2-19)
ieJ ie
We may fix b small to derive (2-7) when U;; > Ca/ Jb. O

To proceed, we need the following lemma, which is key to the proof of Theorem 1.1, both for (1-8) in this
section and (1-11) in the next section; compare with Lemma 2.1 in [Guan 2014a]. Let vy = Df (L) /|Df (1)|
denote the unit normal vector to the level surface of f through A.
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Lemma 2.2. Let K be a compact subset of I and > 0. There is a constant € > 0 such that, for any
w e K and A € T with |v, —vy| > B,

> G =) = f0 = fO)+e(1+ 3 fi0). (2-20)
Proof. Since v, is smooth in u € I" and K is compact, there is €y > 0 such that, for any 0 < e < ¢y,
K¢ ={u*:=pu—el:pnek}
is still a compact subset of I and
[V —vpel < g forall u € K.

Consequently, if 4 € K and A € I satisfy |v, — vy| > B then |v,c — vy | > B/2.
By the smoothness of the level surfaces of f, there exists § > 0 (which depends on 8 but is uniform
in € € [0, €]) such that
min min dist(d BY/* (1), 97/ #) > 0,

nek 0<e<ep

where E)Bgg /2 (u€) denotes the spherical cap

€ € — I’Le 2
BBf/z(u)={§eaB5(,u): vue.g 2§ 1—ﬁ—}.
Therefore,
0 = min min min  {f()— f(u)}>0. (2-21)
;LEK 056560 {'Ean/z(Me)

Let P be the two-plane through u¢ spanned by v, and v, (translated to «€), and L the line on P
through 1€ and perpendicular to v;. Since 0 < vye-v; <1 — B2%/8, L intersects an/z(ue) at a unique
point ¢. By the concavity of f, we see that

DA =) =Y fi0)E = A)

> f()—fQ)
>0+ f(u)— f(1) forall 0<e <e. (2-22)

Next, by the continuity of f we may choose 0 < €] < €y with | f(u') — f(u)| < %9. Hence
D HM (i —er—xi) = f(w) — F) +30. (2-23)
This proves (2-20) with ¢ = min{6/2, €;}. [l
Remark 2.3. Alternatively, one can first prove
YA —2) =0+ f() — fO).
Then choose € > 0 small such that 0 < f(u) — f(u®) < 6/2. By the concavity of f,

S A0 =) 2 FRO— ) = Fw — FO) -5 (2-24)
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Now add these two inequalities to obtain (2-20).

We now continue to prove (2-4). Assume first that u is a subsolution, i.e., u satisfies (1-22). Since
Alu] falls in a compact subset of I,

B := 1 mindist(vy(,, 3T,) > 0. (2-25)
My
Let A = Alu](xo, to) and u = Alu](xo, to). If |v, —vx| > B then, by Lemma 2.2,

FiVw —wi = Y i) =20 = fGo+ F0) = e(1+ ) F7). (2-26)

The first inequality follows from Lemma 6.2 in [Caffarelli et al. 1985]; see [Guan 2014b]. We may fix a
sufficiently large to derive a bound Uy (xg, o) < C by (2-7).
Suppose now that |v, — v;| < B and therefore vy — 1 € I';,. It follows that

.. ,B Kk .
Fii > EZF forall 1 <i <n. (2-27)

Since u is a subsolution, F/V;;w — w, > 0 by the concavity of f. By (2-7) and (2-27), we obtain

bp
2/n

If we allow § = 1, a bound Uy (xg, fo) < C would follow when « is sufficiently large. This gives (1-16)

——UR Y Fit+as<CY F+cC. (2-28)

in Theorem 1.8.
We now consider the case § = 0. First, by the concavity of f,

1
MY fi = UMD = FO)+ D fidi = FUMD) = f() — I Y=Y fie (229

Hence,
2 i ll 11 i

U D F" = 2 S(f(UnD —u = w>——ZF e > FT (2-30)
when Uy is sufficiently large. A bound U (xg, o) < C therefore follows from (2—28). The proof of (1-8)
in Theorem 1.1 is complete.
Remark 2.4. If (1-14) holds, a bound Uy (xg, ty) < C follows from (2-28) directly and is independent
of |Mt |CO(ATT)
Remark 2.5. If u is an admissible strict subsolution, i.e.,

Su) >u+¢¥+6 in My (2-31)

for some § > 0, then we can choose € > 0 such that A[u] := A[u] —€l € I" and
FOu) > u+ v + % in Mr. (2-32)

By the concavity of f, we see that

S G GiTu] = Ailu)) = £OTud) = F D =, —u,+ 5.
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Therefore, one can derive (2-4) directly from Proposition 2.1. This can be used to prove Theorem 1.8 as
u = @ 4 At is a strict subsolution of (1-20) for any constant A < infy; f(A[¢”]) — sup My V-

3. Second-order boundary estimates

Let u € C>'(Mr) be an admissible solution of (1-20) and (1-6), and u e C%Y(M7) an admissible
subsolution satisfying (1-22) and (1-10). In this section, we derive (1-11) under conditions (1-2), (1-3)
and (1-21) on f. Clearly we only need to focus on d; M.

For a point xy € 0 M we shall choose smooth orthonormal local frames ey, ..., e, around x¢ such
that e,, when restricted to 0 M, is the interior unit normal to dM. By the boundary condition u = ¢*
on d; M, we obtain

[Vopu(xop, )| <C forall l <o,B<n, 0<t<T. (3-1)

Let p(x) and d(x) denote the distances from x € M to xo and dM, respectively. Let M? =
{(x,t) €e Mt : p(x) < 6}, and 8M§ be the parabolic boundary of M?.,

OMS. = M3\ M3..

We fix §p > O sufficiently small that both p and d are smooth in M?O. Let & denote the linear parabolic
operator

Fw = FijVijw — wy.

‘We construct a barrier function of the form

W= A+ A’ — A3 Y IViu—9)I, (3-2)
I<n
where
Nd?
v:u—y+sd—T. (3-3)

Lemma 3.1. Assume that (1-2), (1-3) and (1-21) hold. For constant K > 0, there exist uniform positive
constants s, 8 sufficiently small, and A\, Ay, Az, N sufficiently large, such that ¥ > K (d + ,02) in M‘ST
and

PW < —K(1+Zf,-|,\,-| +Zf,~) in M3. (3-4)

Proof. This is a parabolic version of Lemma 3.1 in [Guan 2014a]. Since there are some substantial
differences in several places, for completeness we include a detailed proof.
First we note that, since u is a subsolution, £(u — u) < 0 by the concavity of f, and, by (2-6),

Vi =@ < C(1+ Y fill+ Y i) forall 1<k <n. (3-5)
It follows that

SNV — P =2 Y FIUaUp—C(1+ Y filkl + Y fi). (3-6)

I<n l<n
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By Proposition 2.19 in [Guan 2014b], there exists an index r such that
Y FUiUuU = 3 > fikd (3-7)
I<n i#r
At a fixed point (x, 1), denote u = A(Vzg + x) and A = A(V2u + x). As in Section 2 we consider two
cases separately: (a) v, —v;| < B, and (b) |v, —v;| > B, where B is as given in (2-25).

Case (a): v, —vy| < B. We have, by (2-27),

Z%ka forall 1 <i <n. (3-3)
n

We next show that this implies the following inequality for any index r:

Y firtzeo) frii—Coy . fi (3-9)
i#r
for some ¢, Co > 0.
Since ) A; > 0, we see that

2
Sais(-Xu) =y (3-10)
)\,l'<0 }\,i<0 )\i >0

Therefore, by (3-8) and (3-10), we obtain, if A, <0,

fAr<nf, Y A< :;_Zf,xz

Ai>0 Ai>0
On the other hand, by the concavity of f,
A
Zﬁ(b—M)Zf(bl)—f(/\)=f(b1)—uz—¢25 (3-11)

for b > 0 sufficiently large. It follows that, if A, > 0,

fhe b)Y fi= D fiki

ri<0
By (3-8) and the Schwarz inequality,

Bl Zf <f2A2<2b2<Zﬁ> +2> K D> f <2(Zm2+b22ﬁ)2fk

<0 ri<0 1i<0

This finishes the proof of (3-9).
Letting b = n|A| in (3-11), we see that

A
4+ DAY fi= Y filnldl =2 = f@IAD = £0) = 5. (3-12)

and consequently, by (3-8),

S 2 ﬁl?»l

(3-13)

_BIAL A
(n+1)f 2
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provided that |A| > R for R sufficiently large.
It now follows from (3-6), (3-7), (3-9), (3-13) and the Schwarz inequality that, when |A| > R,

Y VI —@)P =1 Y ikl 42l -C—=C1 Y f; (3-14)

I<n

for some ¢y, C; > 0. We now fix R > C/cy.
Turning to the function v, we note that, by (3-8),

Pv < Lu—u)+C(s+Nd) Yy F' = NFIV;dV;d < (C(s + Nd) — 57]\’) dOFT (319
n

since £(u —u) <0 and |Vd| = 1. For N sufficiently large, we have
$v<—> fi in M}, (3-16)
and therefore, in view of (3-14) and (3-16),
PU < —Asey <|A| +3 ﬁkf) A+ CA+CiAD Y fi (3-17)

when |A| > R for any s € (0, 1] as long as § is sufficiently small. From now on Aj is fixed such that
AszciR > K, so Az > CK/C%.
Suppose now that |A| < R. By (1-2) and (1-3), we have

2R fi= Y fiki+ fFQRD = f(1) = —R Y _ fi+ f(2R1) — f(R1). (3-18)
Therefore,
2R1) — f(R1
S e JCRSRY
3R
It follows from (2-27) that there is a uniform lower bound
C
fiZ%ZﬁcElB\/ﬁR forall 1 <i <n. (3-19)
Consequently, since |Vd| =1,
y B
i.dV. L )
Fiv,dV;d > 2ﬁ(cR+Zﬁ)'

From (3-15) we see that, when ¢ is sufficiently small and N sufficiently large,
v < —(1 +3° f,~> in M2 (3-20)
Combining (3-6), (3-7), (3-9), and (3-20) yields
W < —Ascr ) fidi +(—A1+CA+CA) Y fi— AL+ CA;s (3-21)

We now fix N such that (3-16) holds when |A| > R, while (3-20) holds when |A| < R, for any s and §
sufficiently small.
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Case (b): v, —vy| > B. It follows from Lemma 2.2 that, for some ¢ > 0,
Pu—wz Y fiwi—r) — @—wize(1+ 3 f).

By (3-15), we may fix s and § sufficiently small such that v > 0 on 1\7% and

€ .
gv=-S(14)f) in M. (3-22)
Finally, we choose A; large such that

(Ay—K)p* = A3 ) [Viu—@)* on dMj,

I<n

and then fix A; sufficiently large so that (3-4) holds. In case (a) this follows from (3-17) when |A| > R,
and from (3-21) when |A| < R. In case (b) we note that, from (3-6) and (3-7),

PU < Ao+ ArEp? — As Zﬁ,\%+CA3(1 +3 filkil +Zf,~)
i#r
< A% —A3Zfl-/\%+CA3(1 +Zf,-|x,-|) +C(A2+43) ) fi.
i#r
Suppose now that A, < 0. Then,
Yo Alil=2) " fii=Y firi<ed fili—Lv+C Y fi+C.
1i>0 1i>0
Similarly, if A, > 0,
DAkl =Y fini =2 fihi<e Y fii+Fv+C)Y | fi+C.
)\.[<O )\,‘<O
By (3-22) we obtain (3-4) when A is chosen sufficiently large. O

Applying Lemma 3.1, by (3-5) we immediately derive a bound for the mixed tangential-normal
derivatives at any point (xg, fo) € oM,

|Vaatt(x0, 10)] < C forall a < n. (3-23)
It remains to establish the double normal derivative estimate
|Vinu (xo, 19)| < C. (3-24)

As in [Guan 2014a; 2014b], we use an idea originally due to Trudinger [1995].

For (x,t) € o, M7, let U (x, t) be the restriction to 7,0M of U(x, t), viewed as a bilinear map on
the tangent space of M at x, and let ’(U) denote the eigenvalues of U with respect to the induced
metric on d M. We next show that there are uniform positive constants cg, Ry such that, for all R > Ry,
(M (U (x,1),R) T and

F(NO @, 1), R) = f(MU(x, 1)) +co, forall 0<t<T, x€dM. (3-25)
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It is known that (3-25) implies (3-24); see, e.g., [Guan 2014b].
For R > 0 sufficiently large, let

mp = min[f 3 (0), B) = fFRW))],
cr = min[ f /(). B) = FOU))].

Note that ('(U(x, 1)), R) € I and (A'(U(x, 1)), R) € T for all (x, ) € 3, Mr and all R large, and it is
clear that both mg and cg are increasing in R. We wish to show that, for some uniform ¢y > 0,

m:= lim mg > cp.
R— o0

Assume m < oo (otherwise we are done) and fix R > O such that cg > 0 and mg > m/2. Let
(x0, t9) € 0, M7 be such that mg = f()J(Z?(xo, 1)), R). Choose local orthonormal frames ey, ..., e,
around xo as before such that e, is the interior normal to M along the boundary and Uyg(xo, 1)
(1 <a, B <n-—1)isdiagonal. Since u —u =0 on d; M, we have

Usp —Uup = —Vu(u —u)ogsg on oMy, (3-26)
where o = (Vyep, e,). Similarly,
Uap — Vap® — Xap = —Vu(u —@)ogp on d;Mr. (3-27)
For an (n — 1) x (n — 1) symmetric matrix {ry g} with ()»/({I"a,}g}), R) e I', define

Flrap) == f (M ({ra.p}), R)

and
aF
8I’aﬂ

FS"S = [Uap (x0, 10)].
We see that F is concave since f is, and therefore, by (3-26),

Vi (u — u)(xo, fo)ﬁgﬁaaﬁ(xo) > F[Uqp(x0, 10)] — FUgp(x0, 10)] = cg —mp.

Suppose that

~ CR
V(e = ) (xo. 10) F o (x0) <
then mg > cg/2 and we are done. So we shall assume
~ CR
V(e = 1) (x0. 10) Fg o (x0) > -
Consequently,
~Oéﬁ CR
FO Oup (xg) > > 2€iCcR (3-28)

2V (u —u)(xo, t0)
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for some constant €; > 0 depending on maxjy, s, |Vu|. By continuity, we may assume 7 := Fg b Ouf = €1CR

on ]\7% by requiring § to be small (which may depend on the fixed R). Define, in M2,

P =-V,(u—9p)+ % (3-29)

where

0 = FP (Vap + Xap — Unp (X0, 10)) — tt; — ¥ + 14; (x0, o) + ¥ (x0, fo)

is smooth in M%. By (3-5), we have

§£¢§—§£Vnu+c(1+ZF”>§C(1+Zﬁlxi|+2ﬁ). (3-30)
From (3-27), we see that @ (xg, #9) = 0 and
® >0 on MMMy, (3-31)
since, for (x, t) € d; Mr, by the concavity of F ,
Fo? (Uap (x, 1) = Uag (x0, 10)) = F (U (x, 1) = F(U (x0, 10))
= F(U(x, 1)) = mg — ;(xo, 1o) = (xo, o)
> Y (x, 1) +u(x, 1) —u(xo, o) — ¥ (xo, fo).
On the other hand, on 8bM% we have V(1 — ¢) = 0 and therefore, by (3-31),
@(x,0)>d(x,0)—Cd(x) > —Cd(x), (3-32)

where C depends on C! bounds of V2¢(-,0), u,(-,0), and ¥ (-,0) on M, and £ € OM satisfies
d(x) =dist(x, x) for x € M; when d(x) is sufficiently small, x is unique.
Finally, note that |@| < C in M % So we may apply Lemma 3.1 to derive ¥ + @ > 0 on E)M% and

PW+P)<0 in Mi (3-33)

for Aj, A, and As sufficiently large. By the maximum principle, ¥ + @ > 0 in M%. This gives
V@ (xg, tg) = —V, ¥ (x0, t9) = —C, since ® + ¥ = 0 at (xg, ty), and, therefore, V,,,u(xg, t9) < C.
Consequently, we have obtained a priori bounds for all second derivatives of u at (xg, fo). It follows that
A(U (xo, tp)) is contained in a compact subset of I' (independent of u) by assumption (1-4). Therefore,
_ f(AMU(xo, 10)) + Rey) = f(2(U (x0, 10)))

= 0,
Co B >

where e, = (0,...,0, 1) € R". By Lemma 1.2 in [Caffarelli et al. 1985], we have

m>=mp > f (MU (x0,10)) + R'en) —co— f (AU (x0, 10))) > co

for R’ > R sufficiently large. The proof of (1-11) in Theorem 1.1 is complete.
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Remark 3.2. When M is a bounded smooth domain in R", one can make use of an identity in [Caffarelli
et al. 1985], and modify the operator &, to derive the boundary estimates without using assumption (1-19).
We omit the proof here since it is similar to the elliptic case in [Guan 2014a], which we refer the reader
to for details.

4. Existence and C! estimates
In order to prove Theorem 1.10, it remains to derive the C! estimate

lulcogizyy + _max (IVul+ ) < € @-1)
M

x[10,T]

for any ty € (0, T'), where C may depend on fq. Indeed, by assumption (1-4) we see that (1-1) becomes
uniformly parabolic once the C?! estimate

|l 2t 3 xpno. ) = €

is established, which yields |u]cotai+a/2 (375 [0, 77) < C DY the Evans—Krylov theorem (see, e.g., [Lieberman
1996]). Higher-order estimates now follow from the classical Schauder theory of linear parabolic equations,
and one obtains a smooth admissible solution in 0 <t < T by the short-time existence and continuation.
We refer the reader to [Lieberman 1996] for details.

Let h € C*(M7) be the solution of Ah + try =0in My with h = @ on dMy. By the maximum
principle we have u < u < h, which gives a bound

lul cociayy +max |Vul < €. (4-2)

For the bound of u,, we have the following maximum principle:

Lemma 4.1. We have

lur (x, )] <max |u;| +1sup Y| forall (x.1) € Mr. (4-3)
T

My

Suppose moreover that there is a strictly convex function h € C*(M) with V?h > cog for some co > 0.
Then

2|h|C0(117[)

sup |u;| < max |u,| +2sup ||+ sup | V2] (4-4)
My aMr My My

Proof. We have the identities Lu, = ¢, and

L+ )| = |FIVip) < V2 ) FY.
Therefore,
L(+u; — Bt) =4y, + B >0

for B > sup,,, |Y:|. This gives (4-3), by the maximum principle. Similarly, (4-4) follows from

(& +9) + Bh) = (coB— |V>Y]) Y F* >0



1162 BO GUAN, SHUJUN SHI AND ZHENAN SUI

for B > ¢, Usup My |V24/| and the maximum principle. ]

It remains to derive the gradient estimate

sup | Vu|> < C(|ul oz, + sup [Vul?) (4-5)
My oMr
in each of the cases (i)—(iv) in Theorem 1.10. We shall omit case (i), which is trivial, and consider
cases (ii)—(iv), following ideas from [Li 1990; Urbas 2002; Guan 2014b] in the elliptic case.

Let ¢ be a function to be chosen and assume that |Vu|e? achieves a maximum at an interior point
(x0, t0) € M7. As before, we choose local orthonormal frames at xo such that both U;; and F iJ are
diagonal at (xg, to), where

Vkuvku, VkuViku .
>0, ————4V;¢p=0 foralli=1,...,n, 4-6
wap T T TV l ' o
i VkuViigu + VieuVigu (ViuViu)? i
Fii —2F Fiiv,¢ <0. 4-7
Vil Vult + i < (4-7)
We have, forany 0 <€ < 1,
C
Y (Vi) =) (Ui = xiw)* = (1 = Uji == (4-8)
k k
and
? C
(kauviku) < +e)|V,~u|2U,-2,-+?|Vu|2. (4-9)
k

Lete =1 and J = {i : 2(n +2)|V;u|> > |Vu|*}; note that J # @ and, by (4-8) and (4-9),

i i C
2 FH(VuPViu Vi = 2(VeuVign)?) 2 ) F (VulP(1 =€) =201+ ) [Viu)U7) = [ Val?
i¢J i¢J
> —%qulz. (4-10)
We derive, from (2-10), (4-6), (4-7) and (4-10),
YFUUL = 2\Vul? Y FUVigP 4 [VuP(F Vi — ¢) < C(1 = Ko|Vul) Y F" +C|Vul, (4-11)
ieJ
where K() = infk,l Rklkl-
Let
¢ = —log(1 —bv?) + A(u + w — Br),

where v is a positive function, and A, B and b are constant, all to be determined; » will be chosen
sufficiently small such that 14bv? < 1 in My, while A = 0 in cases (ii) and (iii). By straightforward

calculations,

2bvV;v 2bvv,
Vig = = b2 +AViu+w), ¢ = T= b2

+ A(u; — B)



ON ESTIMATES FOR FULLY NONLINEAR PARABOLIC EQUATIONS ON RIEMANNIAN MANIFOLDS 1163

and
Vo 2bvV;iv +2b|V;v|? 4b2v2|V,-v|2+Av 4+ )
o — U+ w
N 1 —bv? (1 —bv2)? e
2bvViiv  2b(1 +bv?)|Vv|?
_ 2bvVyv (1+bv7)| Vv AVt w).

=1 (1 —bv?)?
Plugging these into (4-11), we obtain
N (b1 =Tbv?)|V;v|?
1 piigr2 2 ii ! 2
F'U;+|V F —CA
3 ll+| I/ll ; ((n+2)(1—bv2)2

2bv|Vul?
1 —bv?

(F'"Viiv —v) + AIVul*(F" Vi (u + w) — u; + B)
<C(1=Ko|Vu) Y F'+C|Vu|. (4-12)
In both cases (ii) and (iv), we take

v=u—u+sup(u—u)+1>1.
My
Let i = A(V2u(xo, t0) + x(x0)), A = A(V?u(xo, o) + x(x0)), and B as in (2-25). Suppose first that
|v, —va| > B. By Lemma 2.2 and the assumptions that ) fiA; > 0 and V2w > yx, we see that

FiVii(+w) —u,+ B> F'Vijv—v+(B—u)>ey Fl+e+(B—u)

forsome ¢ > 0. Let A=A K, /¢, K, =max{—Kj, 0}, and fix Ay, B sufficiently large. A bound |[Vu|=<C
follows from (4-12) in both cases (ii) and (iv).
We now consider the case |v, —v;| < B. By (2-27) and (4-12), we see that, if [Vu| is sufficiently large,

ﬁ(mz +c1|Vul Z F'' < F'U2 4 2¢1|Vul* Z Fil < C(1=Ko|Vul? Z Fi' 4 C|Vu|, (4-13)

Jn

where c¢; > 0.

ieJ

Suppose |A| > R for R sufficiently large. Then

B 2 4 i 2Bt o o - )
N )Y F 2 =1Vl > Fl> | Vu (4-14)
for some uniform ¢, > 0. We obtain from (4-13) and (4-14) a bound for |Vu(xq, ty)|.

Suppose now that |A| < R. Then }_ F'’ has a positive lower bound, by (3-18) and (3-19). Therefore, a
bound |Vu(xg, to)| follows from (4-13) again. This completes the proof of (4-5) in cases (ii) and (iv).

For case (iii) we choose A =0 and ¢ = (u — gfu +1)2. By (4-12)
T

IVul* Y F* < C(1 = Ko|Vul®) Y F' 4 C|Vul. (4-15)
ieJ
By (4-6) we see that U;; < 0 for each i € J if |Vu| is sufficiently large, and a bound for |Vu(xg, t9)|
therefore follows from (4-15) and assumption (1-18).
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CONCENTRATION PHENOMENA
FOR THE NONLOCAL SCHRODINGER EQUATION
WITH DIRICHLET DATUM

JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

For a smooth, bounded domain €2, s € (0, 1), p € (1, (n+2s)/(n —2s)) we consider the nonlocal equation
e (=AY u+u=u" inQ

with zero Dirichlet datum and a small parameter ¢ > 0. We construct a family of solutions that concentrate
as ¢ — 0 at an interior point of the domain in the form of a scaling of the ground state in entire space.
Unlike the classical case s = 1, the leading order of the associated reduced energy functional in a
variational reduction procedure is of polynomial instead of exponential order on the distance from the
boundary, due to the nonlocal effect. Delicate analysis is needed to overcome the lack of localization, in
particular establishing the rather unexpected asymptotics for the Green function of £2(—A)* + 1 in the
expanding domain & ~'Q with zero exterior datum.

1. Introduction 1165
2. Estimates on the Robin function H, and on the leading term of the energy functional 1169
3. Estimates on iz and first approximation of the solution 1177
4. Energy estimates and functional expansion in i 1181
5. Decay of the ground state w 1185
6. Some regularity estimates 1190
7. The Lyapunov—Schmidt reduction 1194
8. Proof of Theorem 1.1 1228
Appendix: Some physical motivation 1230
Acknowledgements 1234
References 1234

1. Introduction

Givens € (0,1),n e Nwithn > 2s, p € (1, (n+2s)/(n — 2s)) and a bounded smooth domain Q2 C R”,
we consider the fractional Laplacian problem

{eZS(—A)SU +U=U? in Q,

1-1
U=0 in R"\ Q, (-1

where ¢ > 0 is a small parameter.

MSC2010: 35R11.
Keywords: nonlocal quantum mechanics, Green functions, concentration phenomena.

1165


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2015.8-5
http://dx.doi.org/10.2140/apde.2015.8.1165
http://msp.org

1166 JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

As usual, the operator (—A)* is the fractional Laplacian, defined at any point x € R" as

2U(x)—U(x—|—y)—U(x—y)dy

(=A)'U(x) :=c(n,s) |y|n+2s

R
for a suitable positive normalizing constant c(n, s). We refer to [Landkof 1972; Silvestre 2005; Di Nezza
et al. 2012] for an introduction to the fractional Laplacian operator.

We provide in the Appendix a heuristic physical motivation of the problem considered and of the
relevance of our results in the light of a nonlocal quantum mechanics theory.

The goal of this paper is to construct solutions of problem (1-1) that concentrate at interior points
of the domain for sufficiently small values of &. More precisely, we shall establish the existence of a
solution U, that at main order looks like

Ug(x)f’t:w<x_8$8>. (1-2)

Here &, is a point lying at a uniformly positive distance from the boundary 92 and w designates the
unique radial positive least energy solution of the problem

(—A)'w+w=w?l, weH R". (1-3)

See, for instance, [Felmer et al. 2012] for the existence of such a solution and its basic properties. See
[Amick and Toland 1991; Frank and Lenzmann 2013; Fall and Valdinoci 2014] for the (delicate) proof of
uniqueness in special situations and [Frank et al. 2015] for the general case. The solution w is smooth
and has the asymptotic behavior

alx|7T2) Cwx) < Blx| T for x| > 1 (1-4)

for some positive constants «, 8; see Theorem 1.5 of [Felmer et al. 2012] and the lower bound in
formula (IV.6) of [Carmona et al. 1990].
Our main result is the following:

Theorem 1.1. If ¢ is sufficiently small, there exist a point &; € Q and a solution U, of problem (1-1) such
that

’Us(x)—w(x;&)‘ < Ce"t (1-5)

and dist(€;, 32) > c. Here, ¢ and C are positive constants independent of € and S2.
Further, the point &, := g-‘g/e is such that

He(Ee) = é{relgl He(E) + O (") (1-6)
for the functional H(§) defined in (1-17) below, where

Q. ::g:{g‘xeﬁ}. (1-7)
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The basic idea of the proof, which also leads to the characterization (1-6) of the location of the point &,
goes as follows. Letting u(x) := U(ex), problem (1-1) becomes

{(—A)Su—i—u =uP in Q,, (1-8)

u=20 in R"\ Q,,
where €2, is as defined in (1-7).

For a given & € €, a first approximation u¢ for the solution of problem (1-8) consistent with the
desired form (1-2) and the Dirichlet exterior condition can be taken as the solution of the linear problem

{(—A)sag +ig=w] in Q. (1:9)

],_[S = O in Rn \ Qg,
where

we (x) :=wx —§).

The actual solution will be obtained as a small perturbation from i¢ for a suitable point & = &,. Problem
(1-8) is variational. It corresponds to the Euler—Lagrange equation for the functional

L(u) = % (A @)+ () dx - ﬁ Wt dy, we @), (-10)

where
Hy(Q) ={uec H'R") |u=0 ae. in R"\ Q.}.

Since the solution we look for should be close to itg for & = &, the functional & — I, (ug) should have a
critical point near & = &,. We shall next argue that this functional actually has a global minimizer located
at distance ~ 1/¢ from 0€2,.

The expansion of I, (ug) involves the regular part of the Green function for the operator (—A)* + 1
in 2., which we define next. In R" the operator (—A)® 41 has a unique decaying fundamental solution I',
which solves

(=A)T +T = §. (1-11)

The function I" is radially symmetric, positive and satisfies

o B
M <I'(x) < N (1-12)
for |x| > 1 and «, B > 0; see for instance Lemma C.1 in [Frank et al. 2015].
The Green function G, for (—A)®* 4+ 1 in 2, solves
(=AY Ge(x,y) +Ge(x,y) =6, if x € Q, (1-13)
Ge(x,y)=0 if x e R"\ Q..

In other words,
Ge(x,y)=T'(x—y)— H.(x, ), (1-14)
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where H.(x, y), the regular part, satisfies, for fixed y € R",

{(—A)SHa(x, y)+ He(x,y) =0 if x € Q,,

. (1-15)
Ho(x,y)=T(x—y) if x e R*\ Q.

We will show in Theorem 4.1 that, for dist(§, 0€2;) > §/¢, with § > 0 fixed and appropriately small,
we have that

Ie(ig) = Io + 5 He (§) +0(e" ™), (1-16)
where [y is the energy of w computed in R” and H,(§) is given by
He(§) = / / H, (x, yywf (0wl (v) dx dy. (1-17)
Qe J Qe

We will show that H, satisfies

o B
S H(E) < = ,
dist(&, 92, )n+4s ©) dist(&, 9§2,)n+4s

(1-18)

where «, 8 > 0, for all points & € 2, such that dist(§, 0€2,) €[5, s /] for § > 0 fixed, suitably small,
and & < 8.

From (1-18) and estimate (1-16), we deduce the existence of a global minimizer &, for the functional
I;(ug) for all small & > 0, which is located at distance ~ 1/& from 9€2,. The actual proof reduces the
problem of finding a solution close to wg via a Lyapunov—Schmidt procedure to that of finding a critical
point &, of a functional with a similar expansion to (1-16), as we will see in Section 7.

In the classical case (i.e., when s = 1 and the operator boils down to the classical Laplacian), there is a
broad literature on concentration phenomena; we recall here the seminal papers [Ni and Wei 1995; Li and
Nirenberg 1998] and we refer to [Ambrosetti and Malchiodi 2006] for detailed discussions and more
precise references. In particular, we recall that [Ni and Wei 1995; Li and Nirenberg 1998; del Pino and
Felmer 1999; del Pino et al. 2000] construct solutions of the classical Dirichlet problem that concentrate
at points which maximize the distance from the boundary; in this sense, Theorem 1.1 may be seen as the
nonlocal counterpart of these results. In our case, the determination of the concentrating point is less
explicit than in the classical case, due to the nonlocal behavior of the energy expansion. More precisely,
for s = 1 one gets the expansion parallel to (1-16),

Ie(tg) = lo + 3 He (§) + O (e7 F dEIE),

where now
Hg(éj_) ~ e—ZdiSt(S,aﬁs)/E; (1_19)

see for instance Y. Li and L. Nirenberg [1998] (compare (1-19) with (1-18)).

In the nonlocal case, much less is known. Multipeak solutions of a fractional Schrédinger equation set
in the whole of R"” were considered recently in [D4vila et al. 2014]. The analysis needed in this paper is
considerably more involved. Concentrating solutions for fractional problems involving critical or almost
critical exponents were considered in [Choi et al. 2014]. See also [Chen and Zheng 2014] for some
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concentration phenomena in particular cases, and also [Secchi 2013] and references therein for related
problems about Schrodinger-type equations in a fractional setting.

The paper is organized as follows. The rather delicate analysis of the behavior of the regular part of
Green’s function is contained in Section 2. We estimate the function u¢ in Section 3, thus obtaining a
first approximation of the energy expansion in Section 4.

The remainders of this expansion need to be carefully estimated; for this, we provide some decay and
regularity estimates in Sections 5 and 6.

The Lyapunov—Schmidt method will be resumed in Section 7, where we discuss the linear theory and
the bifurcation from it. A key ingredient is the linear nondegeneracy of the least energy solution w; this
is an important result that was completely achieved only recently in [Frank et al. 2015], after preliminary
works in particular cases discussed in [Amick and Toland 1991; Frank and Lenzmann 2013; Fall and
Valdinoci 2014]. Then we complete the proof of Theorem 1.1 in Section 8.

2. Estimates on the Robin function H, and on the leading term of the energy functional

Given & € Q. and x € R", we define
Be (%) :=/ M=) —2)dz.
R\ Q2

Notice that, for any x € 2, and z € R" \ 2, we have

(=AY +DI'(x —z) =8g(x —2) =0, 2-1)
and so
((—A)S+1),85(x)=/R @ Fz—&8) (=AY +DI'x —z)dz=0 (2-2)

for any x € .. Our purpose is to use B¢ (x) as a barrier, from above and below, for the Robin function
H,(x, &), using (1-15), (2-2) and the comparison principle. For this scope, we estimate the behavior of B
outside €2,:

Lemma 2.1. There exists ¢ € (0, 1) such that
CHy(x,§) < fe(x) < ¢ He(x, §) (2-3)

forany x e R"\ Q; and & € Q. with
dist(&, 02,) > 1. 2-4)

Proof. First we observe that, for any x € R" \ €.,
[B1/2(x) \ 2] > ¢ (2-5)
for a suitable ¢, > 0. For concreteness, one can take c, as the measure of the spherical segment

Y= {z:(z’,zn)e[R{”_1 x[R{‘ 1z <% and z,, > ‘—1‘}
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To prove (2-5), we argue as follows. If By,;(x) C (R" \ €2¢) we are done. If not, let p € (3€2:) N By/2(x)
with dist(x, 0€2;) = |x — p|. Notice that the ball centered at x of radius |x — p| is tangent to €2, from the
outside at p, and |x — p| < %
Up to a rigid motion, we suppose that p = 0 and x = |x|e,. By scaling back, the ball of radius |X|
centered at X := ex = ¢|x|e, is tangent to 2 from the outside at the origin, and |X| =¢|x| =¢|x — p| < /2.
From the regularity of €2, we have that there exists a ball of universal radius r, > 0 touching 2 from
the outside at any point, so in particular B, (r,e,) touches €2 from the outside at the origin, hence

B, (roen) € R” \ 2. (2-6)
‘We observe that
X+eX C B, (roen). 2-7

Indeed, if z=(Z, z,) €X+eX thene X 3z—x = (7, z,—|X|) and so z,,—|x| €[e/4, ¢ /2] and |Z'| < |z| < &/2.
Hence, for small ¢, we have thatr, —z,, > r,—|X|—&/2>r,—e >0andr,—z, <r,—|X|—¢e/4 <r,—¢e/4,
and so
)
|2Zn —Tol =70 — 2n <r0_17
which gives

2 2 2 2
€ e e e 2r,e
|z—roen|2=|z/|2+|zn—r0|2<(5) +(r0——) =ri+—+-—- <7,

if ¢ is sufficiently small. This proves (2-7).
As a consequence of (2-6) and (2-7), we conclude that x + eX C R" \ €, that is, by scaling back,
x + X CR*\ Q. Accordingly,

(Bi2(x)\ Q) 2 Bipx)N(x+X)=x+X

and this ends the proof of (2-5).
Now we observe that if a, b € R” satisfy |a —b| < |b —&|/2 and min{|la — &|, |b — &|} > 1 then

[(a—-§) <CI'(b-§) (2-8)
for some C > 0. Indeed,
|b—&]|

la=§l21b—=§l—la—b|>—

and so, from (1-12),

C 21 C
<

n+2s ~2
la — £|nt2s = |b— g|nt2s <2 CTMb-8).

Ia-$§) <

This proves (2-8), up to relabeling the constants. As a consequence, given x € R" \ 2., we apply (2-8)
witha :=x and b :=z € By2(x) \ ¢, we recall (2-4) and (2-5), and we obtain that

ﬂs(x)2f F(z—s>r<x—z>dz>c—1/ Mo — 6T (x —2)dz
Bi/2(x)\S2 Biy2(x)\ €2

>C7'T(x— &) inf T'(»)|Bip()\ Q| >c.C7'T(x —£) inf T(y).
yEBl/z )’EBI/Z
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This proves the first inequality in (2-3), since x € R" \ 2, and so

F(x —§) = He(x,§). (2-9)

Now we prove the second inequality in (2-3). For this, we use (2-8) once again (applied here with a := z,
b := x and recalling (2-4)) and the fact that

/ T(z)dz =1 (2-10)

to see that
I ;:/ r(z_g)r(x—z)dzgc/ Fx—&I'(x—-2dz<Cr(x—§). (2-11)
Bio—g2(x0)\ 2 Bx—g12(x)

On the other hand, if z & Bjx_g|/2(x), we have that |x — z| > [x — &|/2 and so, by (1-12),

C 2 C
+25 ~2
'(x—2) < |x_Z|n+23 S Ix_£:|n+2s <27PC F'(x =8).

Consequently,

I :=/ r(z—s>r(x—z)dz<c’/ -6 —&)dz < CT(x — &)
R"\Bx—g|/2(x) R\ Bx—g|/2(x)
for some C’ > 0, thanks to (2-10). From this and (2-11) we obtain that
Be(xX) <L+ L <C'T(x—§)

for some C” > 0. This, together with (2-9), completes the proof of (2-3). O

Corollary 2.2. There exists ¢ € (0, 1) such that

CHe(x,€) < Be(x) < ' He(x, §)
for any x € R" and & € Q with dist(&, 02;) > 1.

Proof. The desired estimate holds true outside €2., thanks to (2-3). Then it holds true inside €2, as well,
in virtue of (2-2), (1-15) and the comparison principle. [l

The above result implies an interesting lower bound on the symmetric version of the Robin function

H. (&, &), and in general for the values of the Robin function sufficiently close to the diagonal, according
to the following:

Proposition 2.3. Let § € (0, 1). Let & € Q. with

s
d :=dist(&,09,) € [2, —:|.
3
Letx,y € By/a(§). Then

Co

Hy(x,y) > W

for a suitable c, € (0, 1), as long as § is sufficiently small.
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Proof. Let z € R" \ Q.. Notice that

d _|z—§|
—y < =< 2-12
1§ =yl > > (2-12)
and so
2=y <lz—&1+15 -yl <3lz—&l (2-13)
Similarly,
lz—x| < 3|z —&]. (2-14)
Another consequence of (2-12) is that
lz—§] _d
lz=ylZlz=§[—1§ -yl = > >§>1, (2-15)

hence dist(y, 0€2.) > 1 (as a matter of fact, till now we only exploited that d > 2). Notice that in the
same way, one has that

lz—x| > 1. (2-16)

Therefore we can use Corollary 2.2 with & replaced by y and so, recalling (1-12), (2-15), (2-16), (2-13)
and (2-14), we conclude that

Hg(x,y) 2 cBy(x)

=c/ Fz—y)'(x—2)dz
R\,

c 1
Z 2 +2s +2s dz
C” Jrng, |y —z|" =[x — z|" =
1
/
>c fRn\Q,—Iz—SIZ”“S dz (2-17)

for a suitable ¢’ > 0.

Now we introduce some geometric considerations. By the smoothness of the domain, we can touch 2
from the outside at any point with balls of universal radius, say r, > 0. By scaling, we can touch 2, from
the exterior by balls of radius roe~ 1, and so of radius d (notice indeed that d < 8e~! < rpe~! if § is small
enough). Let n € 0€2, be such that |§ — n| = d. By the above considerations, we can touch €2, from the
outside at n with a ball B of radius d (i.e., of diameter 2d). We stress that B C R" \ 2., that |B| > c¢d" for
some ¢ > 0, and that if z € B then

lz—&l<lz—nl+In—§1<2d+d=3d.
These observations and (2-17) yield that
1 - —_— -_— [—
He(x,y)>c L Hm dz > ' (3d) (2n+4S)|B| — /3~ @tz g (n+4s)’
as desired. O

There is also an upper bound similar to the lower bound obtained in Proposition 2.3:
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Proposition 2.4. Let & € Q, withd :=dist(§,0Q;) > 2,and x, y € By/2(§). Then

o

Hy(x,y) < W

for a suitable C, > 0.
Proof. As noticed in the proof of Proposition 2.3, we can use Corollary 2.2 with & replaced by y. Then,
since B;(§) C 2., we have (R"\ 2,) € (R*\ B;(£)), and therefore we obtain that

He(x,y)<c_‘ﬂy(X)<c_‘/ Fz=8l'(x —2)dz.
R\ By (&)

Also, if z € R"\ B;(&), we have that

d
i—x|Zlz—§[—[§ —x[2d—|§ —x| = 7,
hence, by (1-12),

Hs(xa )’) < C_ICZ/ 21 5 dz < C_1C2<2>n+2s/‘ 1 . dz.
Ri\By(€) |2 — &M [z — x| d Ri\B,(6) |2 — E1"T%

By computing the latter integral in polar coordinates, we obtain the desired result. |

It will be convenient to define, for any & € €.,
Me(x,8):= [ Helx, y)w{(y)dy. (2-18)
Qe
As a consequence of Proposition 2.4, we have:
Lemma 2.5. Let & € Q. withd .= dist(§, 0Q2;) > 2. Let x € By/3(§). Then

C

I (x,8) < gt

for some C > 0, where I, (x, &) is as defined in (2-18).

Proof. We split the integral into two contributions, one in By,4(§) and one outside such ball.
We can use Proposition 2.4 to obtain that, for y € 2, N By/4(§), it holds that H,(x, y) < C,d™ "%
and so

4 1=/ He (x, yyw{ (»)dy < Cod”‘“f w{ () dy < Crd "%,
QuNBuja(§) R"

for some C; > 0.
Now we consider the case in which y € Q. \ By/4(§). We use (1-4) to see that wg (V) <Cyly—& | ~p(n+2s)
for some C, > 0. Also, in this case,

oo | X
oo

I

ly—xI=ly—-&l—-Ix—-§| >
hence, by the maximum principle,

Cs Cy

He(x,y) ST'(x —y) < |x_y|n+2s S qn+2s

(2-19)
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for some C3, C4 > 0. As a consequence,

2G4 — p(n+2s) Cs
) ;:/ Hg(x,y)wp(y)dy<+/ ly — &Pt gp —
Q:\By/a(&) § dn+2s R\ By /4 (&) d2s+pn+2s)

for some Cs > 0. In particular, since d > 1 and p > 1, we see that 7o < Csd™"~* and therefore,
recalling (2-18), we conclude that [T, (x, &) <7 +m < (C1 + Cs)d™"=. O

The function #H, defined in (1-17) will represent the first interesting order in the expansion of the
reduced energy functional (see Theorem 4.1 for a precise statement). To show that this reduced energy
functional has a local minimum, we will show that H, (and so the reduced energy functional itself) attains,
in a certain domain, values that are smaller than the ones attained at the boundary (concretely, this domain
will be given by the subset of €2, with points of distance 6/¢ from the boundary for some § € (0, 1) fixed
suitably small, possibly dependent on n, s and €2).

To this extent, a detailed statement will be given in Proposition 2.8 and the necessary bounds on H,
will be given in Corollaries 2.6 and 2.7, which in turn follow from Propositions 2.3 and 2.4, respectively.

Corollary 2.6. Let § € (0, 1). Let & € Q2. with

d = dist(, 9Q,) € [2, g]
Then
C

for a suitable ¢ > 0 as long as § is sufficiently small.

Proof. Notice that By (§) € By/2(€) € Q. So, by Proposition 2.3, H (x, y) = c,d ") if x, y € By (&)
and

2
He(6) 2 / He (x, ywf (x)wf (y) dx dy > cod—<"+4s>< / w’(2) dz) : O
B (§) J Bi(§) B
Corollary 2.7. Let & € Q. withd :=dist(§, 0Q2,) > 5. Then
C
He(8) < pravn

for a suitable C > 0.

Proof. We split the integral in (1-17) into three contributions: first we treat the case in which x, y € By/»(§),
then the case in which x, y € R"\ B;/2(§), and finally the case in which x € B;/2(§) and y € R"\ By /2(§)
(the case in which y € B;2(§) and x € R" \ By/»(§) is, of course, symmetrical to this one).

In the first case, we use Proposition 2.4, obtaining that

2
f dx / dy He(x, yywf (x)wf (y) <c,,d—<"+4s>( f w?(z) dz)
B2 (8) Baj2(8) Baj»

2
< C()d_(n+4S) (/ wp(Z) dZ) . (2-20)
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In the second case, we twice use the decay of w given in (1-4), (2-19) and (2-10), obtaining that

/ dx / dy Hy(x, yywl (ow! (v)
R\ By/2(§) R™\Ba/2(§)

<c¥ / dx f dy |x — &P |y — | 7P (x — y)
R"\B4/2(§) R"\Bg/2(§)
< C2P(d)2) P02 f dx / dy [x — [P0 (x - )
R\ By /2 (§) R"\Bg2(§)

g C2p(d/2)—p(n+25) /

dn f do ||~ P tIr(6)
R"\Bd/z n

C/d—Zp(n+25)+n
C

NN

/d—(n+4s) (2-21)

for some C’ > 0.

As for the third case, we take x € By/2(§) and y € R" \ B;/2(§) and we distinguish two subcases: either
[x —y|<d/6or|x—y|>d]/6.

In the first subcase, we use a translated version of Proposition 2.4. If x € By/2(§), y € R"\ By2(§)
and |x — y| < d/6, we take é (x 4+ y)/2. Notice that

d  d
E—yI<lE—xl+lr—y <5+
and therefore
2 d d d 7d
20—l =l +y) 28 <x—gl+ly g1 <+ (5+E) =5
As a consequence,
d = dist(€, 082,) > dist(€, 9S2) — |E —£| > d—% = ?(21 (2-22)
In particular,
d>?2. (2-23)
Also, by construction, x —é = é —y=(x—1y)/2, and so
2 2 1 d
—El=)f—y|=2x—y| < =,
i —El=18—yl=5lr—ylI< 5
This and (2-22) say that
x,y € Baja(§) € By, (€). (2-24)

Thanks to (2-23) and (2-24), we can now use Proposition 2.4 with £ and d replaced by é and d, respectively.
So we obtain that, in this case,
C, C

He(x,y) < Gntds < W

(2-25)

for some C > 0, where (2-22) was used again in the last inequality.
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So, we make use of (1-4) and (2-25) to obtain that

/ de dy He(x, y)w{ (x)wf ()
Basa (&) Baj6(x)\Bay2(§)

< Cpé d—(n+4s)/

dx f dy wf (x)|y — &P+
B2 (§) Baj6(x)\Bay2(§)

< Cpé d—(n+4s)/ d)C/ dz W§(x)|Z|_p(n+2S)
n n\Bd/Z

—4s—p(n+2s)

d
Cd~+49), (2-26)

NN

Finally, we consider the subcase in which x € By/2(§), y € R" \ By/2(§) and |x — y| > d/6. In this
circumstance we use (1-4), (2-19) and (1-12) to conclude that

p P
/B o dx /R"\Bd/z@ dy He(x, y)wg (x)wg (y)
a/2 {lx—yl>d/6)

scr — p _ &1—pn+2s)
<¢ /B &) dx R™\By/2(€) dyT'(x = y)wg (x)|y — §|
" {lx—y|>d/6)

<C /B A [ g gy ey 41— W )Ly — g0
2@ Hxyl=d/6)

< Q(d/6)—(n+2s) / dx / dy wé’(x)ly _$|—p(n+2s)
. "\Bay2(§)

6d—2s—p(n+2s)

NN

Cd~+4s) (2-27)

for suitable C, C > 0. From (2-26) and (2-27) we complete the third case, namely when x € By/»(§) and
y € R"\ By/2(§), by obtaining that

/ dx f dy He(x, yywf () wf (y) < (C+ C)d~"*%), (2-28)
Bap(§) R™\By/2(§)

The desired result follows from (1-17), (2-20), (2-21) and (2-28). [l
For concreteness, we summarize the results of Corollaries 2.6 and 2.7 in the following:

Proposition 2.8. Let § > 0 be suitably small and
Qe = {x € Q| dist(x, 02;) > §/¢}. (2-29)

Then H, attains an interior minimum in 2. 5, namely there exist c1, co > 0 such that

. s g\ t4s .
minH, < cie <ol = < min H,.
Qs 8 0.5
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Proof. Let 6, be the maximal distance that a point of 2 may attain from the boundary of 2. By scaling,
the maximal distance that a point of 2, may attain from the boundary of €2, is §,/¢. Let &, be such a
point, i.e.,
Ss
d, = dist(&,, 0Q2,) = —.
€

For § sufficiently small we have that &, € Q; 5. So, by Corollary 2.7,

C  Ce"t¥

— n+4s
df +4s S il +4s

=C1€

rgrzlin He < He(é) <

£,8
for a suitable ¢; > 0. On the other hand, by Corollary 2.6,

an+4s

which implies the desired result for § appropriately small. ([l

3. Estimates on u;¢ and first approximation of the solution

Now we make some estimates on the function u¢ introduced in (1-9), by using in particular the auxiliary
function I, in (2-18). For this, we define, for any & € €,

Ag (x) :=/R . wi (NT (x — y) dy. (3-1)

We have the following estimate for Ag:

Lemma 3.1. Let x, £ € Q.. Assume that d := dist(&, 02;) > 1. Then

0< Ae() S T

where C > 0 depends on n, p, s and €.
Proof. If y € R"\ Q; then |y — &| > dist(§, 0€2;) > 1; therefore, by (1-4),

we () = lw(y =) < Cly — £~ < Cd=0F2),

As a consequence of this, and recalling (2-10), we deduce that

[ wtora-nay<@a @y [ ra-yay<ca 0
R™\Q, R\

Lemma 3.2. Let x, £ € Q.. Assume that d := dist(&, 02;) > 1. Then

g (x) = we (x) — Ag (x) — Tl (x, §) (3-2)

and
C

0< wg(x) —ﬁg(x) —Ig(x,8) < W

(3-3)

for a suitable C > 0 that depends on n, p, s and Q.
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Proof. First of all, notice that w = w? % I', since they both satisfy (1-3), thanks to (1-11), and uniqueness
holds. As a consequence

we) = w6 = [ we—g—yrody= [ wlore-pd. G

n

Similarly, recalling (1-9), (1-13) and the symmetry of G, we see that
i (x) = fg 7 (2)8,(2) dz
:/Q i (2)((—A) + DG (z, x) dz
~ [ Wl @G0z
- [ were-nd- [ w@med

:/ wé’(z)l‘(x—z)dz—/ wé’(z)l“(x—z)dz—f wé’(z)Hs(x,z)dz-
R” R\,

&

This, (2-18), (3-1) and (3-4) imply (3-2), which, together with Lemma 3.1, implies (3-3). O
Lemma 3.3. Let & € Q.. Assume that d := dist(&, 02,) > 2. Then

-1 c
[ Wl AT (x, §) dx € oo

&

for a suitable C > 0 that depends on n, p, s and Q.
Proof. First of all, we notice that for y € R" \ 2, we have |y —&| > d > 1, and therefore, thanks to (1-4),
we ()| = w(y =) < Cly — €17 < Ca™ ).

Hence, recalling (3-1),

/wé’l(x)Aé(X)Ha(X,E)dx:/ wé)l(x)(fﬂ\ W§’<y>r(x—y)dy>“8("’5>d"

& & &

< Cd‘“’“s)!’/ dx/ dy wl™ ()T (x — ) (x, £)
Qe "\ Qe

< Carr / dx / dyw{™ (O (x = )T (x. §)
{lx—§l<d/4} RM\Qe

+Cd™ P f dy w!™ ()T (x — ) (x, )
{Ix—§|>d/4}
=1+ . (3-5)
Now, thanks to (3-3), we have that I, (x, §) < wg(x), and so

wl ™ ()M (x, §) < wf (). (3-6)
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Therefore, 1| can be estimated as follows:

Il < Cd—(n-i-ZS)p/
{lx—§l<d/4}

<Cd_(”+25)p/ dx/ dy wg(x)F(x—y).
{lx—§l<d/4} R"™\By/2(§)

‘We notice that, in the above domain,

dx/ dy wé’(x)l"(x—y)
R\Q,

x—ylZly=§l-Ix=§|=25-7=

9’

ST

d
4

ST

hence
Fx—y) < m

Now, we can compute in polar coordinates the following integral:

/’ 1 gy < C

- y —_,
RI\Bya(e) 16— YIMTET  d
up to renaming the constant C. This and the fact that wg is integrable give
we (x)

11 < Cld—(n-‘rZs)p/

dx/ < Czd—(n+2s)pd—2s/
{lx—§1<d/4} R™"\Ba/2(8)

y |x _ y|n+2x

< CSd_(VH-ZS)pd_Zs,
for suitable Cy, Cp, C3 > 0. Now, if |x — &| > d /4 then, thanks to (1-4),
lwe (x)| = [w(x —£)] < Clx — &7,

This, together with (3-6) and (2-10), implies that

L, < Cd~+2p / dx f dy wg(x)F(x —y)
|x—&|>d/4} R™\Qg

{
- F(x—y)
{lx—¢&|>d/4) rQ, X —§&| p

< C//d—(n+2s)pd—(n+25)p+n

{lx—§|<d/4}

1179

wg7 (x)dx

(3-7)

(3-8)

for suitable C’, C” > 0, where in the last inequality we have computed the integral in dx in polar
coordinates and used (2-10). Putting together (3-7) and (3-8) and recalling (3-5), we get the desired

estimate.

Lemma 3.4. Let £ € Q, and p := min{p, 2}. Assume that d := dist(§, 02;) = 2. Then

p—1 2
[t o i < i

for a suitable C > 0 that depends on n, p, s and Q.

O
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Proof. First we observe that
2(n+4s) = pn+4s)=pn+2s+2s) > pn+2s)+2s if p>2,
pn+4s) > pn+4s)=pn+2s+2s)>pn+2s)+2s if 1 <p <2, (3-9)
nm+2)(p+1)—n=pn+2s)+2s > pn+2s)+2s.
Now, we can write the integral that we want to estimate as

/ wf ™ (O (x, §) dx = / wf ™ (T (x,§) dx + f w M (. §) dx

Qe {lx—&[<d/8} {lx—&[>d/8}
= I + D (3-10)

If p > 2, then to estimate /; we use Lemma 2.5 together with the fact that wg s integrable to get

C

s oy

(3-11)
If 1 < p <2, we notice that, thanks to (3-3), IT;(x, §) < we(x) and so
wl T OTM2(x, 6) = wl ™ N2 P (x, HIE (x, §) < wl ™ w] " OT2 (x, §) = we ()L (x, £).

Therefore, again using Lemma 2.5 and the fact that we is integrable, we obtain

wg (x) dx < (3-12)

I </ we ()2 (x, &) dx < —_—.
(n-tl<dmy drintas)

=
dret) Ju ei<ass)

To estimate />, we use (3-3) to obtain that I, (x, §) < we(x), and so wg_l(x)l'[g(x, &) < wé’“(x). This
implies that

h< / wg“(x) dx.
{lx—&[>d/8}
Since |x — &| > d/8, thanks to (1-4) we have that
lwe (x)| = [w(x —£)] < Clx — &7,

Therefore, computing the integral in polar coordinates,

C C
s /{|x—g|>d/3} |x — &|(n+25)(p+1) dx < dn+25)(p+D)—n"

(3-13)
Putting together (3-11), (3-12) and (3-13) and recalling (3-10), we obtain the result (one can use (3-9) to
obtain a simpler common exponent). U

Lemma 3.5. Let 6 € (0, 1). Let & € Q; be such that d := dist(&, 02;) = &/¢e. Then

/ wl T () A (x) dx < Ce2P O

£

for a suitable C > 0 that depends on n, p, s, § and 2.
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Proof. We use Lemma 3.1 and the fact that €2 is bounded to obtain that

p—1 2 C p—1 ' c” Cg2pP(1+2s)
/Qs wf (X)A§ ()C) dx < d2p(n+2s) /S;S wf (x) dx S d2p(n+2s) |Q€| S d2p(n+23)8n S 82p(n+23)8n

for suitable C’, C” > 0. This implies the desired estimate. O

4. Energy estimates and functional expansion in

In this section we make some estimates for the energy functional (1-10). For this, we consider the
functional associated to problem (1-3):

I(u) = % /Rn((—A)Su(x)u(x) +ul(x))dx — ﬁ 5 Wy dx, we H'RY.  (4-1)

Theorem 4.1. Fix § € (0, 1) and & € Q2 such that d .= dist(&, 092;) = &/¢. Then, we have
Ie(ig) = I (w) + 3He (§) + 0" ) (4-2)

as ¢ — 0, where I is given by (4-1), w is the solution to (1-3) and H.(§) is defined in (1-17), as long as §
is sufficiently small.

The following simple observation will be used often in the sequel:

Lemma 4.2. Leté > 1 and g > 1. Then

C
q
we (z)dz < —
/[R"\Bg(é) H Snlg—1)+2sq

for some C > 0.

Proof. First of all, we observe that

n—1—-m+2s)g<n—1—n+2s)=—1—-25s <—1

400 1= (n425) 5n—(n+2s)q
n=1=(n+28)q 4, — . 4-3
/5‘ p P (n+2s)g—n (4-3)

and therefore

Now, we use (1-4) to see that

/ q C T i (t2s)
w(z)dz</ —dz:C// ptT i g,
RIBs(6) = Jresye) [x — £ 5

for some C’ > 0. This and (4-3) imply the desired result. (I
Corollary 4.3. Let & € Q,, withd :=dist(&, 0Q2;) > 1. Then

p+1 C
< -
/R"\Qe We (@)dz< dnp+2s(p+1)

for some C > 0.

Proof. Notice that (R" \ ;) C (R"\ B;(§)) and exploit Lemma 4.2. U
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Proof of Theorem 4.1. Using (1-9) and (3-2), we have

I (ug) = é ((=A)'ug(x) + g (x)ig (x) dx — p—li-l ‘é’“(x) dx
= % /8 wg(x)ﬁg(x) dx — ﬁ o ﬁ§+1(_x) dx
= / w? () (wg () — Ag (x) — T, (x, §) dx
QS
1
“oxi )y (we (x) — Ag (x) — T (x, €))7 dx
1 1 1

:(§_m>/ p+1(x)dx 2/98 wép(x)(Ag(x)+l'[s(x,$))dx

1

o o [T 00— e — e — T, )7 dx. -4y

We note that the first term in the right-hand side of (4-4) can be written as

(5->57) /Q w/M@dr=(5--77) / wM@dx (5 37) /M wf™ () dx

11 wht!
= I(w )—( pH)/W (x) dx.

since w is a solution to (1-3). Therefore,

~ 1 1 1
Ig(ug)zz(w)_(z_m) /W\Q w! ™ () dx - 2/95 wf (0 (Ag(x) + e (x, §)) dx
1
+m‘/g[ er1()6)—(wg(x)—Ag(x)—1‘[ (x,§)PH ] dx
1 I I
=1 = (5= )= 3+ (4-5)

where

Iy = / w! ™ (x) dx,
R™\Q

him [ A+ TG, ) d

and J3:= /Q [l () — (we (x) — Ae(x) — Te(x, §)7 ] dx

Now, we estimate separately Ji, J, and J3. Thanks to Corollary 4.3, we have that

_ wPT! ¢ ¢ np+2s(p+1)
Ji= ,/l;gn\g () dx < dnp+2s(p+1) S 5np+25(p+1)8 : (4-6)

Concerning J,, we write it as
Jo = Jo1 + Joa,
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where

D1 :=/ wg(x)Ag(x)dx,
o 47)
J22::/Q wg )T (x, §) dx.

Recalling the definition of A¢ in (3-1) and the estimate in (1-4), we have that

I =f dX/ o dy wf (x)ywg (NT (x—y)

dx dv w (X)M
X "Q. Yt |y—&|(+29p
P
< d(,lJr—zs)p/ dx/n\g dy wg (x)I"(x—y)

d(nm)p(/ dx/ e dng’(x)r(x—y)Jr/Q dx/ . dng’(x)r(x—y)) (4-8)

{lx— y|<d/2 {lx—yl>d/2}
We notice that, if x € 2, and y € R" \ Q, with |x — y| < d/2, then

d _d
x—&lZ2ly—§l-lx—ylzd=-5=7.
Therefore, using (1-4), (2-10) and the fact that €2 is bounded, we have
F(x—y)
p
/Q dxf g, DWeIIE—y) < / dx/ R™\Q, W

{lx—yl<d/2} {lx— y|<d/2}

'(y)
/de / Y x—geor

< C"(1/d)" TP Q|

C///

< d(n+25)p8n

C/// ( ) )
n+2s)p—n -
< 5(n+2s)p€ (4 9)
for suitable constants C’, C”, C"”” > 0. Moreover, if |x — y| > d /2, we use (1-12) to get
we (x) - C
14 —2s 2s
/ dX/ R\, dy ws (X)F(X—y) /n d.X/ RN\Q, m<€d <8TSS
{lx=y|>d/2} {lx—yl>d/2}

for some C > 0. Putting together (4-9) and (4-10) and recalling (4-8), we obtain

" ~
I < ¢ ¢ 8(n+2s)pfn+£82s
21 = d@+25)p \ §(n42s)p §2s

C il € i c , 25t
n+2s)p n+2s)p—n s A np+2s(p+ _
< St (—3 rEerrtd + e ) < Ce 4-11)
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for suitable C > 0. Therefore,

o= Jn+o("™) = f wf () (x, §) dx +0(e"*). (4-12)

&

To estimate J3 we expand wé) + (x) in the following way:

wl ) = al ™ @)+ (p+ Dwf () (we (x) — il (6)) + cparl ™ () (we (x) — e (x))?,

where 0 < ug < ag < we and ¢, is a positive constant depending only on p. Therefore, recalling (3-2)
and (4-7),

o= [Tl 00— (e — e~ Mo, €7 d
2,
= [ e - al wids
Q

:(p+1)/ wg(x)(Aé(x)JrHg(x,s))dercp/ ag_l(x)(Ag(x)—i—Hg(x,é))zdx
Q,

&

= (p+ D (a1 +Jn) +¢p f ol 0 (Ag () + Mo (x, )7 dx. (4-13)

£

Since ag (x) < we(x), we have that

[ 7 e + M )2 dx

&

< [ e+ M £ d

:[ wgl(x)Ag(x)derf
Qe Q

Hence, from Lemmata 3.3, 3.4 and 3.5 (together with the fact that d > §/¢) we deduce that

wé’*l(x)l'lg(x, &E)dx +2/ wé’*l(x)Ag(x)Hg(x, &E)dx.

£ &

/ O(g_l(x)(Ag(X) L (x, )2 dx < Cy(e2P0H29)n 4 p(r42)5425 | (n2)p 425

€

for some Cs, where p = min{p, 2}. The last estimate, (4-11) and (4-13) give
Ji=(p+DIn+oE"™)=(p+1) fQ wf ()T (x, &) dx + 0(e" ). (4-14)
Putting together (4-6), (4-12) and (4-14) and using (4—5); we get
I (ug) = I (w) + % /Q wf () (x, ) dx +o(e" ).

&

Thus, recalling the definitions of I1, and H, in (2-18) and (1-17), respectively, we obtain (4-2). U
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5. Decay of the ground state w

1185

In this section we recall some basic (though not optimal) decay properties of the ground state and of its

derivatives.
For this, we start with a general convolution result:

Lemma 5.1. Leta,b>n,C,, Cp, >0and f, g € L*(R") with
|f )| < Cal+1x)7 and  |g(x)| < Cp(1+|x)~".
Then there exists C > 0 such that
I(fxg) () < C(+|x)~°
with ¢ := min{a, b}.
Proof. Fix x € R" and r := |x|/2, and observe that if y € B, (x) then

| x|
Iy|>|x|—|x—y|>IXI—r=7.

Asa consequence,

Cu Cb Ca Cb
5 dy < 5 dy
By I+ 1x—yD* (I +yl) By (I +1x —yD* (1 +(1x[/2))

1
< < b/ dy < =
(I +1xD)? Jgn (T4 |x — yD? (I +1x])
up to renaming constants. On the other hand, if y € R" \ B,(x) then |x — y| > r = |x|/2, thus

Ca Cb Ca Cb
> dy < 5 dy
r\B,(x) (1 +1x—yD* (A +1y]) r\B, (v) (1 +(1x]/2))¢ (1+[y])
C 1
< > dy < :
(I+1[xD Jgre (14 1y (14 [xD?
Putting together (5-1) and (5-2), we obtain the desired result.

Now we fix & € 2, and we define, for any i € {1, ..., n},

8w5
Zii=—,
8)6,'

(5-1)

(5-2)

(5-3)

where we is the ground state solution centered at §. Moreover, we denote by Z the linear space spanned

by the functions Z;.
We prove first the following lemmata:

Lemma 5.2. There exists a positive constant C such that, foranyi =1, ...,n,
1Zi| < Clx =& forany |x —§| > 1,

where vy :=min{(n 4+ 2s + 1), p(n + 2s)}.
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Proof. Given R > 0, we take I'1 g € C®°(R"), with O < T g < T in R" and I'; g =T outside Bg, and
we define I'y g : =T —1I"1 g. We use (1-11) to write

w:F*w”:FLR*wP—i—Fz’R*w”. (5-4)

We assume, up to translation, that £ = 0. Then, our goal is to prove that, for any k € N, we have that

'%(x) < Cr(1+|xh ™0, (5-5)

where

v(k) :=min{(n +2s + 1), p(n+2s), k(p — D)(n +2s)} = min{v, k(p — 1)(n + 2s)}
for some Cy > 0. Indeed, the desired claim would follow from (5-5) simply by taking the smallest k for
which k(p — 1) > p.

To prove (5-5) we perform an inductive argument. So, we first check (5-5) when k = 0. For this, we
use the fact that w € L*°(R") and that " € L' (R") to find R > 0 sufficiently small that

/ F(y)dy < CT T
Br pllwll Lo g

This fixes R once and for all for the proof of (5-5) when k = 0. Hence, we use the sign of I'| g and the
fact that I'; g = 0 outside By to obtain that

1
/ 2 r(y)dy 2/ [ r(y)dy < f CirO)+ T r(Wdy < - ——. (5-6)
" Bx B 2pllw|l oo gy

Then, for any ¢ € (0, 1), we define D;w(x) := (w(x +te;) — w(x))/t and we infer from (5-4) that
Dyw = (D" g) * w? 4+ Ty g x (Dyw?). 5-7)
Also, from formula (3.2) of [Felmer et al. 2012] we know that
IV (x)| < Clx|~" 24D forany |x| > 1. (5-8)

As a consequence, if |x| > 2 and 1 € Bj(x), we have that

X[ ..
|n|>IXI—|x—n|>7> I;
hence,
ID(x +te)) —T(x)| <t sup |VI(p)| < Crlx|~"+>+D,
nEB; (x)
up to renaming C. This gives that [D,T'(x)| < C(14]x|)~"2+D 50 | D, Ty g(x)| < C(1 4 |x[)~+2+D,

Accordingly, we have that

|(DiT1R) * w| < ||w||iocw)f IDT1r()|dy < C. (59)
Rn
Also,
WP (x + te7) — wP ()| < pllw|| ey lw(x +1er) — w ().
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This says that
-1
| Dyw? ()] < pllwly i | Dew ).

Moreover,
2|lw | oo (e

|D;w(x)| < f;

hence we can define
M (t) := sup |D;w(x)|,

xeRr
S0 we obtain that
| Drw? (x)] < pIIwIILOO(Rn M(r)
for every x € R", and thus

_ M(t)
Ty, g % (Dyw?) ()] < / o k(I Dw? (x — y)| dy < p||w||§ootRn)M<t)/ F2r()dy < ——.
n Rn

thanks to (5-6). Using this and (5-9) in (5-7), we conclude that

Mt )
Diw<C+——
2
By taking the supremum, we obtain that
t
M) <C+ %

and this gives, up to renaming C, that M () < C. By sending ¢ N\ 0, we complete the proof of (5-5)
when k = 0.

Now we suppose that (5-5) holds true for some k and we prove it for k + 1. The proof is indeed similar
to the case k = 0: here we take R := 1 and use the shorthand notation I'y :=1I"{ g and I'2 :=I"2 g. By (5-5)
for k = 0 and the regularity theory (applied to the equation for D,w), we know that w € C!(R); hence,
we can differentiate (5-4) and obtain that

0 ol ad
T wr Iy pwP™! ad (5-10)
8.Xl' axl axl
So, we use (1-4), (5-8) and Lemma 5.1 to obtain
or .
‘ 1 swP(x)| <CU + |x|)—mln{(n+2s+1),p(n+25)}. (5-11)

Moreover, we notice that

(p—1D(n+2s)+vk) =min{(p —1)(n+2s)+ v, (k+ 1) (p — D)(n+2s)}
>min{vy, (k+ D (p—1D(n+2s)} =vk+1).
Hence, using (5-5) for k and (1-4) we see that

< C(1 + |x])~ P DEF29=vEO < O (1 4 |x|) &, (5-12)

0w
‘pwﬂ 18—<x)

Xi
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up to renaming constants (possibly depending on p). Now, we observe that
1+1x—yl>3(1+x]) if xeR" and |y| < 1.

Indeed, if |x| > 2 and |y| < 1, then

x|
lx —y| = Ix| =1yl = R

which implies (5-13) in this case. If instead |x| < 2 and |y| < 1, we have that
1+ x| <3 <314+ x—yl]),

and this finishes the proof of (5-13).
Therefore, since I'; vanishes outside By, using (5-12) and (5-13) we have

_, 0w I2(y)
r Pl —— <C/
2 (” o ) 0 5, (14 [x — y)r&rD

(5-13)

cof T e € e €
S Ly A @D S Ay o, Y T e

This and (5-11) establish (5-5) for k 4 1, thus completing the inductive argument.

Lemma 5.3. There exists a positive constant C such that, foranyi =1, ...,n,
IVZi|<Clx—§|7" forany |x —§| > 1,

where vy ;= min{(n 4+ 2s + 2), p(n +2s)}.

Proof. From formula (3.2) of [Felmer et al. 2012], we know that

|D?T(x)| < Clx|"" 220 x| > 1.

Hence the proof of Lemma 5.3 follows as that of Lemma 5.2, by using (5-14) instead of (5-8).

Lemma 5.4. For any k € N there exists a positive constant Cy such that, foranyi =1, ...,n,
ID*Zi| < Clx — €™ forany |x —§| > 1.
Proof. From Lemma C.1(ii) of [Frank et al. 2015], we have that
DT )] < Celx ™", x| > 1.
The proof of Lemma 5.4 follows as that of Lemma 5.2 by using (5-15) instead of (5-8).

We note that
/Zl.zdx:/ Z]zdx forany i, j=1,...,n.

o :=/ Zfdx,

We set

0

(5-14)

(5-15)

(5-16)

(5-17)
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and so, thanks to (5-16), we observe that

/ Z}dx=a forany i=1,...,n. (5-18)
Lemma 5.5. The Z; satisfy the following condition:
/nZ,-Zjdx:ouS,-j. (5-19)
Also, if T, € L*([0, +00)), T(x) := 7,(|x — &|) for any x € R" and Z; :=1Z;, then
f ) Z,Z;dx = aé;j, (5-20)
where'
a ::/ Z\Z; dx. (5-21)

Proof. We first observe that the function w is radial (see, for instance, [Felmer et al. 2012]) and therefore,
recalling the definition of Z; in (5-3), we have that

— &
z; ——(x—s)—wgux—
| —&
Hence, using the change of variable y =x — &, forany i, j =1, ..., n, we have
~ 2 (x; gl)(x ;)
/ zizjdxzf To(lx — &N |w'(Jx — €] sj|2 L= dx
2 )i
=fR (Dl (3D 3 dy. (522)

Therefore, if i # j,

v [ o[ 2o

since the function r(,(|y|)|w’(|y|)|2yl-/|y|2 is odd. This proves (5-20) when i # j. On the other hand,
if i = j, formula (5-22) becomes

/' Z,-zidxsz w1y |w (yD = . |2 dy.

We observe that the latter integral is invariant under rotation; hence,

2
~ 2y ~
f %z dxzf D'y P2 dy =
n R)l

This establishes (5-20) also when i = j. Then, (5-19) follows from (5-20) by choosing 7, := 1 and
comparing (5-18) and (5-21). [l

n particular, we note that, if 7, has a sign and does not vanish identically then & # 0 (and we will often implicitly assume
that this is so in the sequel).
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Corollary 5.6. The Z; satisfy the condition

/ Zl'Zj dx 20681']' + O(SV)
with v > n +4s.

Proof. From Lemma 5.5, we have that

/ ZiZjdxz/ Z,'Zjdx—/ Z,'Zjdx:oz&'j—/ Z,'Zjdx.
e R R\ Q¢ R\ Q2

Moreover, from Lemma 5.2, we obtain that

1 2vi—n
Z;Z;dx < C ——dx < CeM,
R\, rR\Q, |x — &

which implies the desired result. ]

6. Some regularity estimates

Here we perform some uniform estimates on the solutions of our differential equations. For this, we
introduce some notation: given & € Q. with

dist(£, 92,) > g for some ¢ € (0, 1), 6-1)
and n/2 < u < n+2s, we define, for any x € R",
(x) ! (6-2)
pe(x) i= ——mm—. -
g (14 |x — €D~

Moreover, we set

1l = llog " ¥l Lo
Lemma 6.1. Let g € L*(R™) N L®(R") and let € H*(R") be a solution to the problem

{(—A)Sw+w+g=0 in Q, 63
¥ =0 in R"\ Q..

Then, there exists a positive constant C such that

1l e + sup L)V O

Xy < C(llgllLee@eny + 1&gl L2 mn))-
xXF#y -

Proof. From Theorem 8.2 in [Dipierro et al. 2014], we have that ¢ € L°°(R") and there exists a
constant C > 0 such that

Y1l Lee@ny < CUlgllLoe® + 1Y 1l L2@n))- (6-4)
Now, we show that
1Y 2wy < 18122 (Rn)- (6-5)
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Indeed, we multiply the equation in (6-3) by vy and we integrate over €2, obtaining that
fg (=AY Yy + ¢ + gy dx =0.
We notice that, thanks to formula (1.5) in [Ros-Oton and Serra 2014b],

(—Afwwdx=/mu—Awadx>u
Qe Qe

/ vrdx < / —gY¥rdx.
Q¢ Q¢
So, using Holder’s inequality, we get

() ([ e

and therefore, dividing by ([, ¥ dx)l/ * we obtain (6-5).
From (6-4) and (6-5), we have that

Hence, from (6-6) we have

[V [l ey < CUIg L@y + 1181l L2wm))-

1191

(6-6)

Now, since both ¢y and g are bounded, from the regularity results in [Silvestre 2007] we have that ¥

is C% in the interior of 2, for some « € (0, 2s).

It remains to prove that ¢ is C* near the boundary of 2.. For this, we fix a point p € Q2. and we

look at the equation in the ball B{(p).

We notice that |(—A)*y| is bounded, since both ¥ and g are in L°°(R"), and therefore we can apply

Proposition 3.5 in [Ros-Oton and Serra 2014a], obtaining that, for any x, y € B;(p) N Q2,

YY)
&) d()

S CrIY Lo wny + gl Lo @),

(6-7)

where d(x) := dist(x, 0€2,). In particular, we can fix y € B;(p) N 2, such that d(y) = % Since V¥ is

bounded, from (6-7) we have that

v (x)
d*(x)

< C2([[¥ 1l Lee@ny + 181 Loe )
which gives that
¥ (x) < Ca([[ ¥ ]l Loowny + g ll ooy d® (x).
This implies that ¢ is C*® also near the boundary and concludes the proof of the lemma.

Lemma 6.2. Let & € Q., B be a bounded subset of R", and Ry > 0 be such that

Bg,(§) 2 B.
Let W € L*®(R") be such that

m:= inf W > 0.
R"\B

(6-8)

(6-9)
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Let also g € L*(R"), with llglle < +00, and let v € H*(R") be a solution to

(=AY +WYy+g=0 in .,

Y =0 in R"\ Q..
Then, there exists a positive constant C, possibly depending on m, Ry and | W ||~ (and also on n, s,
and Q), such that*

[Vl < CUY o)+ 1181x8)- (6-10)

Proof. We define
Wi =myg+Wyxrns and G:=m—-W)xp¥ —g. (6-11)

‘We observe that
Gl < Sug(l +x =ED" M +WE)Y(x) + 1186
xe

21+ R)*“IWll ey 1l ooy + 118 Nl
Collv Loy + 11gll4,e (6-12)

for a suitable Cp > 0 possibly depending on Ry and [|W| L= ®») (notice that (6-8) was used here). Also,

<
<

Y is a solution of
(=AY + Wy =W-W)Y—g=W-Wxrn\g—Wxp)y —g=mxs—Wxp)y —g=G (6-13)
and, in virtue of (6-9),
W = myp+mxgns=m. (6-14)
We let pg := (1 + |x])™* and take n € H*(R") to be a solution of
(=A)'n+mn = po. (6-15)

We refer to formula (2.4) in [Davila et al. 2014] for the existence of such solution and to Lemma 2.2
there for the following estimate:
sup (14 [x)*n(x) < Cy sup (1 + [x])* po(x) = Cy (6-16)
xeR? xeRn?

for some C; > 0, possibly depending on m. Also, by Lemma 2.4 in [Dévila et al. 2014], we have that n > 0,
and so, recalling (6-14), we obtain that

(W(x) —m)n(x —§) = 0. (6-17)
Now we define ng (x) :=n(x —§),
Co = Gllxs (6-18)

and w := C,n¢ &= . We remark that the quantity C, plays a different role from the other constants Cy,
C1 and C3: indeed, while Co, C and C; depend only on m, Ry and ||[W| L~ ny (as well on n, s and £2),
the quantity C, also depends on G, and this will be made explicit at the end of the proof.

2In (6-10) we use the standard convention that ||y Lo () := 0 when B := & (equivalently, if B = &, the term ||/ || Lo (3)
can be neglected in the proof of Lemma 6.2, since, in this case, G and g are the same from (6-11) on).
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Notice also that pg(x — &) = pz(x), due to the definition in (6-2), and
Cape (x) £ G (x) = pe () (Co — p; ' ()G (x)]) = pz (X)(Co = G lug) = 0. (6-19)
Thus we infer that
(D) o+ Wo = Co(—A) s + Wig) £ (=AY + W) = Cops + Co(W —m)ns £G >0 (6-20)

in €, thanks to (6-13), (6-15), (6-17) and (6-19). Furthermore, in R" \ 2, we have that w = C,ng > 0. As
a consequence of this, (6-20) and the maximum principle (see, e.g., Lemma 6 in [Servadei and Valdinoci
2014]), we conclude that w > 0 in the whole of R".

Accordingly, for any x € R",

Fo; (Y x) = p; ' (X)(Cane (x) — w(x))
< Cupy ' () (x)

< Cysup p; ' (D (y)
yeR)l

=Cusup o ' (Y + 5 (v +6)
yeR?

=C, sup(1+|yD*n(y)
yeR”?

< CIC*’
where (6-16) was used in the last step. Hence, recalling (6-18) and (6-12),
105 V)] < CrlIG e < CLColl¥ Il + lgllee),
which implies (6-10). [l
As a consequence of Lemma 6.2, we obtain the following two corollaries:

Corollary 6.3. Let g € L>(R"), with llglle <400, and let v € H*(R") be a solution to

(=AY +Y—pw[ Y+g=0 in Q.

v =0 in R"\ Q.

Then, there exist positive constants C and R such that

IVllse < CUWY I LoBrE) + 18]l8)- (6-21)

Proof. We apply Lemma 6.2 with W :=1— pwéj ~land B:=B g (&) (notice that, with this notation, (6-21)
would follow from (6-10)). So, we only need to check that (6-9) holds true with a suitable choice of R.
For this, we use that w decays at infinity (recall (1-4)); hence we can fix R large enough that

pwP~l(x) < % for every x € R" \ Bg.

Accordingly, W2>1— 35 = %, which establishes (6-9) with m := %
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Corollary 6.4. Let g € L>(R"), with llglle < +00, and let v € H*(R") be a solution to

{(—A)S¢+W+g=0 in S,
v =0 in R\ Q..

Then, there exists a positive constant C such that
[V lee < Cligle-

Proof. For this we use Lemma 6.2 with W := 1 and B := & (recall the footnote on page 1192). ]

7. The Lyapunov-Schmidt reduction

In this section we deal with the linear theory associated to the scaled problem (1-8). For this, we introduce
the functional space

Vi={y e H'R") |¢=0in R"\Q and [, ¥Zidx=0 forany i=1,...,n},

where the Z; were introduced in (5-3). We remark that the condition
/ YZ;dx=0 forany i=1,...,n
Q2

means that ¥ is orthogonal to the space Z (that is the space spanned by Z;) with respect to the scalar
product in L?(2;).
We look for a solution to (1-8) of the form

U= ug =g+, (7-1)

where u¢ is the solution to (1-9) and v is a small function (for ¢ sufficiently small) which belongs to W.
Inserting u (given in (7-1)) into (1-8) and recalling that u¢ is a solution to (1-9), we have that, in order
to obtain a solution to (1-8), ¥ must satisfy

(=AY +y —pwl T Y = EQ)+NEY) in Q. (7-2)
where?

1

E(W) = (@ +¥)" — (we +¥)” and N = (s + ) —wf —pwl~™'y.  (7-3)

Instead of solving (7-2), we will consider a projected version of the problem. Namely we will look for
a solution ¥ € H*(R") of the equation

(A Y +y —pw! Y =EQ)+NW)+ D aZ in Q (7-4)

i=1

3 As a matter of fact, one should write the positive parts in (7-3), namely set E () := (ug + W)i — (wg + l//)ﬁ and N (¢) :=
(wg + l//)i - wg - pwg - Y, but, a posteriori, this is the same by maximum principle. So, we preferred, with a slight abuse of

notation, to drop the positive parts for simplicity of notation.
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for some coefficients ¢; € R, i € {1, ..., n}. Moreover, we require that i satisfies the conditions
Y =0 in R"\ Q. (7-5)
and
YZidx=0 forany i=1,...,n. (7-6)
Q

We will prove that problem (7-4)—(7-6) admits a unique solution, which is small if ¢ is sufficiently small,
and then we will show that the coefficients ¢; are equal to zero for every i € {1, ..., n} for a suitable &.
This will give us a solution i € ¥ to (7-2), and therefore a solution u of (1-8), thanks to the definition
in (7-1).

Linear theory. In this subsection we develop a general theory that will give us the existence result for
the linear problem (7-4)—(7-6).

Theorem 7.1. Let g € L*>(R") with llgll..e <-+o00. If e > 0 is sufficiently small, there exist a unique € ¥
and numbers c; € R foranyi € {1, ..., n} such that

A Y+ —pwl Y +eg=) aZi in Q. (7-7)
i=1

Moreover, there exists a constant C > 0 such that

[Vl < Cllglse- (7-8)

Before proving Theorem 7.1 we need some preliminary lemmata. In the next lemma we show that
we can uniquely determine the coefficients ¢; in (7-7) in terms of ¥ and g. Actually, we will show that
the estimate on the ¢; holds in a more general case; that is, we do not need the orthogonality condition
in (7-6).

Lemma 7.2. Let g € L?(R™) with llgll.e < —+o00. Suppose that y € H*(R") satisfies

{(—A)sww—pwg‘lwgzz?:l ¢z in Q. 7.9)
v =0 in R"\ Q,,
forsomec; eR,i=1,...,n
Then, for ¢ > 0 sufficiently small and for any i € {1, ..., n}, the coefficient c; is given by
=1 [ szx+ s (7-10
o Jrn

where « is as defined in (5-17), for a suitable f; € R that satisfies

|fil < Ce"2IY 2@y + 18l o) (7-11)

for some positive constant C.
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Proof. We start with some considerations in Fourier space on a function T € C 2(R") N H*(R"). First of
all, for any j € {1, ..., n},

17T 12 gy = IF QTN 2y = €7 T 17 2 gy = fR EIT @) de.
Moreover, by convexity,
n 2 n
&1* = (Zs}) <2) &,
j=1 j=1
and therefore .
2D T oy = D 2003 T 72y > fR 11T ()1 dé.
j=1
As a consequence, J
(=AY T 2 gy = IFA=AY T2y = NEP T2 0,
=/W |s|‘”|f<s>|2ds</W<1+|s|4>|f<s)|2ds

SIT 172y + 20D T 172y < CIT 2y (7-12)
for some C > 0.
Now, without loss of generality, we may suppose that

Bc/s(&) - Qg (7'13)

for some ¢ > 0. Fix ¢ > 0, and choose 7, € C*°(R", [0, 1]) with 7, =11in B(c/¢)-1(§), T =0 outside B,/ (§)
and |V, < C. We set T, j := Z;1.. Hence, from (7-12) and Lemmata 5.3 and 5.4,

(=AY Te 172y < C (7-14)

for some C > 0, independent of ¢ and ;.

Moreover, the function T; ; belongs to H*(R") and vanishes outside B./;(§), and so in particular
outside 2., thanks to (7-13).

Thus (see, e.g., formula (1.5) in [Ros-Oton and Serra 2014b]),

fQ (=AY T, ;dx = /Q (=AY (=A)YPT, jdx = /Q Y (—A)'T, ; dx. (7-15)

Asa consequenc;, recalling (7-14), g 8
; (=AY Tejdx| <Yl 20) (=2 Te jll 120,y < CIY Il L2y (7-16)
Now, we fix j € {1, ..., n}, we multiply the equation in (7-9) by T ; and we integrate over £2.. We

obtain

Zci/ ZiTa,jdx:/ Ta,j((—A)sl//-Hﬁ—pwgle+g)dx- (7-17)
i=1 Y% §2
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Now, we observe that, thanks to (7-15), we can write
/ (=AY T, jdx = f Y(=A)'T; jdx = f Y(=A)(T,,j—Zj)dx —i—f Y(=A)'Zjdx. (7-18)
Qg Qg QE QE

Using Holder’s inequality and (7-12), we have that

<MY 2@ (=2 (T, j — Z ) || L2@en)

‘/ V(=AY (T, j —Z;)dx
Q,
S ClYllee@ylTe; — Zjll g2 wey- (7-19)

Let us estimate the H?-norm of T, ; — Z;. First, we have that
1Te.j = Zill 2, = / (e = 1)*Z7dx < / , Z;dx,
R” B /-1 (8)
since 7, = 1 in B./._1(§) and takes values in (0, 1). Hence, from Lemma 5.2, we deduce that
I Te i — Z;1%, <C/ ;dx<C8”
&, ny X X ’
J JUL2(RY) B;’/S,I(E) |x _5|2u1
up to renaming C. Therefore,
ITej = Zjll 2y < Ce™2. (7-20)

Moreover, we have that
IV(Tej = Z) 72y = /R (T = DVZj+ VT Z;| dx
= Rn(rg—1)2|vzj|2+|vf5|zz§+2(rg—1)zjvzj-vfgdx.

Using the fact that both 7, — 1 and V7, have support outside B./.—1(§), and Lemmata 5.2 and 5.3, we
obtain that

IV(T.j — Z)l 2@y < Ce™2. (7-21)

Finally, using again the fact that 7, — 1, Vt, and D?7, have support outside B./.—1(§), and Lemmata 5.2,
5.3 and 5.4, we obtain that

ID*(T.; — Z)l 2y < C™/2.
Using this, (7-20) and (7-21) we have that

2
”T&‘,j - Z] ||H2(|Rn) § C8n/ ,

and so, from (7-19), we obtain

/ V(=) (To,) — Z))dx| < C"2 I 2 6. (7-22)
Q,
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Now, using (7-18), we have that

| Tty - pul ™ dx

&

:/ V(=AY Z;+ T ¥ — pwl YT jdx+ | w(=A) (Tu; — Z;) dx.
Q, £

Since wg is a solution to (1-3), we have that Z; solves

1

(=AY Zj+Z;=pw Zj,

and this implies that

/ T (—A W + 9 — pul™ p) dx

&

:/Q w(Ts,j—zj)—pwg’“w(Tg,,—zj)deer Y (=AY (Tp,; — Z,) dx.

Hence, using the fact that we is bounded (see (1-4)) and Holder’s inequality, we have that

‘/Q To (=AY + 9 — pw!™ ) dx

< C(ll‘/f||L2([R<n)||Ts,j —Zjll2@ny + ‘/ V(=AY (T, j —Z;)dx )
Qe
< Ce" Y |l 2@ (7-23)

where we have used (7-20) and (7-22) in the last step.
Now, we can write

/Ts»jgdx:f (Te,j_Zj)gdx+f ngdx
B Q Qe

=/ (Tg,j—Zj)gdx—i—/ ngdx—/ Zjgdx. (7-24)
Q. R R\ €2

Using Holder’s inequality and (7-20), we can estimate

2
<. ;= Zill 2y gl 2y < C"2lgl 2

’/ (Tg’j —Zj)gdx
2,

Moreover, from Holder’s inequality and Lemma 5.2 (and recalling that dist(§, 0€2,) > c¢/¢), we obtain
that

C 2
/ Zjgdx| < ||g||L2(R")</ —hdx) < Ce"?lgll 2
R"\Q rR\Q, X — &7

The last two estimates and (7-24) imply that

/Tg,jgdx=/ ngdx—i—fj,
Q. Rr
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where
3 2
|5l < Ce™?ligll 2 @m-

From this, (7-17) and (7-23), we have that

n
ZC,’/ ZiTg’jdx=/ ngdX+fj,
i1 Q. R~
where
| il < eIl 2@y + 8 2wy

up to renaming the constants.
On the other hand, we can write

/ZiTgyjdXZ/ Zi(TS’j_Zj)dx—i_/ Z,'Zjdx.

From Holder’s inequality, (7-20) and Lemma 5.2, we have that

1
2
< (/ zfdx) ITe,; — Zjll 2 ey < CE™2
Qe

/ Zi(TS’j — Zj)dx
Q
Using this and Corollary 5.6 in (7-27), we obtain that

/ ZiTe jdx = ad;; + O(e"?).

&

So, we consider the matrix A € Mat(n x n) defined as

Aji 2=/ ZiTe’j dx.
Qe

1199

(7-25)

(7-26)

(7-27)

(7-28)

(7-29)

Thanks to (7-28), the matrix ' A is a perturbation of the identity and so it is invertible for ¢ sufficiently

small, with inverse equal to the identity plus a smaller order term of size £"/2. Hence, the matrix A is

invertible too, with inverse
AN =a 18+ 0.

So we consider the vector d = (dy, . .., d,) defined by
dj Z=/ ngdX—F]Ej.
Rﬂ
We observe that

SglezeylZjll 2@y < Clgll2we)

’/ gZjdx
Rn

thanks to Lemma 5.2. As a consequence, recalling (7-26), we obtain that

ld| < CUIV 2@y + 1181l L2wny)s

up to renaming C.

(7-30)

(7-31)

(7-32)
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With the setting above, (7-25) reads

n
ZCiAji :/ ngdX+fj Zdj;
._ Rn
i=1
that is, in matrix notation, Ac = d. We can invert this relation using (7-30) and write

c=A"ld=a"'d+ f*
with
|fE < Ce"?ld] < Ce" (1Y ey + gl 2@y (7-33)

in virtue of (7-32). So, using (7-31),

ci=a 'd; + fit =o ! / gZidx+a ' fi+ fin.
This proves (7-10) with R"
fir=a it fF,
and then (7-11) follows from (7-26) and (7-33). U

Now, we show that solutions to (7-7) satisfy an a priori estimate. We remark that the result in
the following lemma is different from the one in Corollary 6.4, since here also a combination of Z;

fori =1, ..., n appears in the equation satisfied by .
Lemma 7.3. Let g € L*(R") with llgll..e <+o00. Let fy € W be a solution to (7-7) for some coefficients
ci €R,i=1,...,n,and for ¢ sufficiently small.

Then,

[Vl < ClIglue-

Proof. Suppose by contradiction that there exists a sequence ¢; (0 as j — +o00 such that, for any j € N,
the function v; satisfies

. —1 / j .
(=AY +vj —pwp Wj+gj =30 ¢/Z inQ,

¥ =0 in R"\ Q. (7-34)
Z dx = orany i =1,...,n,
fQ Y Z,] d 0 f yi=1
e
for suitable g; € L?*(R") and §j € 2, where
z/ = ngj.
! 8x,~
Moreover,
[¥jllse; =1 forany jeN (7-35)
and [lgjllg; O as j— +oo. (7-36)

Notice that the fact that the equation in (7-34) is linear with respect to ¥;, g; and Zl.j allows us to take
the sequences ¥; and g; as in (7-35) and (7-36).
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We claim that, for any given R > 0,
IVl (Brey — 0 as j — 4o00. (7-37)

For this, we argue by contradiction and we assume that there exists § > 0 and jo € N such that, for
any j > jo, we have that [|[¥; || Loo(Bg(g;)) = 9.
Thanks to Lemmata 7.2 and 5.2, we have that

. C,
J n/2
/1< l5lhg, + Coff
for suitable positive constants C; and C,. Hence, from (7-36), we obtain that
cij\O as j — +oo forany i € {1,...,n}. (7-38)

Now, from Lemma 6.1, we have that

1V (x) — ¢
sup ;
xXF£y |X—Y|A

<<

We observe that

thanks to the decay of Z :] in Lemma 5.2 and the fact that wépj ~!is bounded (recall (1-4)). So, from (7-36),
(7-38) and (7-35), we obtain that

n n
o . o 1
gj+ZcijZl.j+pw§ Y +‘gj+ZcijZij+pw§j Y
i=1 i=1

). (7-39)
L>®(R") L2(R")

n
< c(ugu*,gj +Y I+ ||w,~||*,gj>,
L (Rm)

n
o
gi+ Dz +pwi
i=1 i=1

n
‘81’ +Y dlzl +pwlly, <C (7-40)
i=1 Leo(@®")
for a suitable constant C > 0 independent of j.
We claim that
n
gi+ Y.z +pwl Ty, <C, (7-41)
i=1 L2(R")

where C > 0 does not depend on j. Indeed,

1 1
2 2
lgjll2mm = (f g?dx) < IIngI*,g,(/ P, dx)
R R
1

1 2
< ”gj”*’Sj(,/[Rn de) < C||gj||,,,§j <C,
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since 24 > n and (7-36) holds. Moreover,

n

J 7]
E c; Zl.
i=1

thanks to (7-38) and Lemma 5.2. Finally, using (1-4), the fact that 2 > n, and (7-35), we have that

1
2(p—1 2
<pljlleg | | we? "ol dx
L2Rm) Rr J J

1
1 3
< C||x/fj||*,g,( dx) <c.

g (14 [x — £;])2p=D0H25)+20

n
< >INz pe@n < C.
L (Rn) i—1

~1
prgpj Vi

Putting together the above estimates, we obtain (7-41).
Hence, from (7-39), (7-40) and (7-41), we have that the v; are equicontinuous.
For any j =1, ..., n, we define the function

Vi) =y +§)
and the set
Qji={x=y—§&|yeQ,}.
We notice that ¥/ ; satisfies

n
(=AY + 9 —pw” '+ 3= c/Z inQy (7-42)
i=1

where g;(x) := g(x +£;) and Zi = dw/dx;. Moreover,
¥ =0 in R"\Q;. (7-43)

Now, thanks to (6-1), we have that B. /¢, (§;) C €2,;. Hence, B/e; C Q j» which means that Q j converges
to R" when j — +o0.
Furthermore, we have that

1WillLoBe =8 and  [|(14 [x)" 9| Lon) = L. (7-44)

Now, since the v; are equicontinuous, the v ;j are equicontinuous too, and therefore there exists a
function ¥ such that, up to subsequences, the ¥ ;j converge to ¥ uniformly on compact sets.
The function 1& is in L?(R"). Indeed, by Fatou’s Theorem and (7-35), and recalling that 2 > n, we

have
1

Oxx—g ™
(1 |x =& )

<

V2 dx < liminf 1//]2 dx < l_iminf||¢j||i§j /
R~ Jj—+00 Jpn j—>4o00 R

Moreover, ¥ satisfies the conditions

1 || oo (B)

5 (7-45)
and  ||(1+ |x)*¢ || oorny < 1.

(7-46)

NV



CONCENTRATION PHENOMENA FOR THE NONLOCAL SCHRODINGER EQUATION

We prove that i/ solves the equation

(=AY + ¢ = pwP~ 'y in R".

1203

(7-47)

Indeed, we multiply the equation in (7-42) by a function n € C§° (fl ;) and we integrate over R". We notice
that both n and 1} ; are equal to zero outside Q j (recall (7-43)), and therefore we can use formula (1.5) in

[Ros-Oton and Serra 2014b], and we get
n .
(=AN)’n+n —pw”_ln)x/fj dx —l—/ gindx = chj / Zindx.
Rf’l Rﬂ i:1 n

Now, we have that

18jll0=18jllxg, O as j— 4o0.

‘ / gjndx
Rll

since 24 > n, which implies that

Moreover,

<1135l / pondx < Cllg; 1o,
Rl’l

fgjndx—>0 as j — +o0.
Also,

n .
Z c;’ / Zindx
i=1 R

and so, thanks to (7-38), we obtain that

n
<CY Idl,
i=1

n

E clj/ Zindx — 0 as j— +00.
. R

i=1

Finally, we fix r > 0 and we estimate

) (=AY n+n—pw!'n¥; dx —/R (=AY'n+n—pwl 'n¥dx

< =D n+n—pwlnlly; —¥ldx
R)‘l

=fB (=AY n+n—pwP~ 'yl —:/'f|dx+[R (=AY n+n—pw~"nll¥; —¥ldx.

"\ B,
We define the function

7:=(=A)n+n—pw’ 'y
and we notice that it satisfies the decay

Ci

nx)| < W

(7-48)

(7-49)

(7-50)

(7-51)

(7-52)



1204 JUAN DAVILA, MANUEL DEL PINO, SERENA DIPIERRO AND ENRICO VALDINOCI

Hence,

1

—A)* —pw” Iyl — ¥ dx < Ci1W; — V|l /—d
[ V=8 = pwr i1y = < T = e [ g 4

< CllYj — ¥l
which implies that

/I(—A)Sn+n—pw”_1n||t/7j—JfldX\O as j > 400 (7-53)
B,

due to the uniform convergence of j to ¥ on compact sets. On the other hand, from (7-44), (7-46)
and (7-52), we have that

- _ 1
(=AY 0+ 11— puw gl — ¥l dx <2C4 / S —
/.;n\g, ’ e\, (14 [x])+2
1
<2C —d
1 /IAQ"\B, |x|n+2s x
< C3r*25.
Hence, sending r — 400, we obtain that
/R (=AY n-+1— pwP Iyl [§; — §ldx \,O. (7-54)
n\Br

Putting together (7-51), (7-53) and (7-54), we obtain that

(=A)n+n—pw?'ny;dx — / (=A)n+n—pw’'pydx as j—> +oo.
R~ R~
This, (7-49), (7-50) and (7-48) imply that
(=AYn+n—pw’ 'nPdx=0
Rn

for any n € C3°(R"). This means that 1& is a weak solution to (7-47), and so a strong solution, thanks to
[Servadei and Valdinoci 2014].
Hence, recalling the nondegeneracy result in [Frank et al. 2015], we have that

_ "9
=y 55
i=1

for some coefficients 8; € R.
On the other hand, the orthogonality condition in (7-34) passes to the limit, that is,

VZidx=0 forany i=1,...,n. (7-56)
R»
Indeed, we fix r > 0 and we compute

N b — V) Zidx = fB (W — V) Zidx +/R W — V) Z; dx. (7-57)

"\B;
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Concerning the first term on the right-hand side, we use the uniform convergence of v j to ¥ on compact
sets together with the fact that Z; is bounded to obtain that

/ (&—ﬁj)z,-dx—>0 as j — +oo.
B,
As for the second term, we use (7-44), (7-46) and Lemma 5.2 and we get

- 1
f (Y —v;)Zidx < C/ ———dx < Cr™%,
R™\B,

R\ B, |x|n+2s

which tends to zero as r — +o00. Using the above two formulas in (7-57) we obtain that
0= IZjZ,‘dX-) &Zidx,
R R

which implies (7-56).

Therefore, recalling (5-3) also, (7-55) and (7-56) imply that ¥ =0, thus contradicting (7-45). This
proves (7-37).

Now, from Corollary 6.3 (notice that we can take R sufficiently big in order to apply the corollary), we
have that

*,§j>

n . .
Szl )
i=1 *&j
n

L
Szl )
i=1 Lee@®")

< C(lllﬂj Lo Bre)) + 187156, + Z ¢! I),

i=1

n
1¥ilg; < C 17 LR + ‘ gi+y ¢z
i=1

< C(lllﬂj lLooBrig;) + 187 llxe; +
= C<|Ilﬂj lz(Brg)) T 1811w +

up to renaming C, where we have used the decay of Zl.j (see Lemma 5.2) and the fact that u© < n + 2s.
Therefore, (7-36), (7-37) and (7-38) imply that

I¥illee; =0 as j— +oo,
which contradicts (7-35) and concludes the proof. O

Now we consider an auxiliary problem: we look for a solution ¢ € ¥ of

n

Ay +y+g=) aZi inQ, (7-58)
i=1
and we prove the following:

Proposition 7.4. Let g € L>(R") with llgll..e <-+00. Then, there exists a unique solution y € W to (7-58).
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Furthermore, there exists a constant C > 0 such that

[Vl < Cllglue- (7-59)

Proof. We first prove the existence of a solution to (7-58).
First of all, we notice that formula (1.5) in [Ros-Oton and Serra 2014b] implies that, for any v, ¢ € W,

(=AY Yodx = [ (=AY (=A)pdx= | ¥(=A) pdx.
Rn Rr Rr

Now, given g € L2(R"), we look for a solution ¥ € ¥ of the problem

(=AY 2y (=AY o dx + / Vodx + f gpdx =0 (7-60)
Rﬂ Rn RI’L

for any ¢ € W. Subsequently we will show that ¢ is a solution to the original problem (7-58).
We observe that

(W, @) = Rn(—A)S%(—A)%dH N Yo dx

defines an inner product in W, and that

F(p) = —/ gpdx
Rn

is a linear and continuous functional on W. Hence, from Riesz’s theorem, we have that there exists a
unique function ¢ € ¥ which solves (7-60).
We claim that
Y is a strong solution to (7-58). (7-61)

For this, we take a radial cutoff T € C§°(£2¢) of the form 7(x) = 7,(]x — &) for some smooth and
compactly supported real function, and we use Lemma 5.5. So, for any ¢ € H*(R") such that ¢ =0
outside 2., we define
n
b=0—> Lid)Zi,
i=1
where

ri@@)=a' | ¢z dx, (7-62)
R"l

and Zi and @ are as in Lemma 5.5. We remark that Zi vanishes outside 2., hence so does q~5 Furthermore,
forany j € {1,...,n},

éZjdXZ/ (/SZjdxz ¢Zjdx—Z)\.i(¢)f Z,’Zjdx:/ ¢Zjdx_z)‘i(¢)&5ij
R i=1 R R i=1

Q, R?

= /.; ¢Zj dx — )‘j ((]5)&
=0,
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thanks to Lemma 5.5 and (7-62). This shows that q~3 ev,
As a consequence, we can use q~5 as a test function in (7-60) and conclude that

| carrucay” <¢ ~3 <¢)Z~) des [ w<¢ ~3 (</>>Z,-) dx
i=1 i=1
+/ g<¢—2ki(¢)2i) dx =0,
Re i=1

that is,

(=AY (= AP dx + w¢>dx+/ g¢ dx
Rn Rt

[R)l
=/R W+ ) 1@ Zi dx+/[R (=AY > Ai($)Z; dx
i=1 i=1
=2 M@) | Wtg+ (A WIZidx, (7-63)
i=1
Now, we define

b :=a"" /R (Y + g+ (=A)Y)Z; dx,

we recall (7-62) and we write (7-63) as

/ (—A)S/Zl//(—A)S/qudx—i—/ wqﬁdx—l—/ g¢dx:Zki(¢)&bi=Zbi/ ¢Zidx.
R R R i=1 i=1 YR

Since ¢ is any test function, this means that ¥ is a solution of

(MY +Y+g=) biZ

i=1

in a weak sense, and therefore in a strong sense, thanks to [Servadei and Valdinoci 2014], thus prov-
ing (7-61).

Now, we prove the uniqueness of the solution to (7-58). For this, suppose by contradiction that there
exist Y1 and v, in W that solve (7-58). We set

V=Y — Yo,
and we observe that ¥ is in W and solves

(AP +¥ =) aZ inQ (7-64)
i=1

for suitable coefficients a; e R, i =1, ..., n.
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We multiply the equation in (7-64) by v/ and we integrate over €2, obtaining that
(=AY PP + 92 dx =0,
Qe
since 1} € W (and so it is orthogonal to Z; in L*(,) for any i =1,...,n). Since 1} =0 outside 2., we
can apply formula (1.5) in [Ros-Oton and Serra 2014b] and we obtain that
(=AY + 92 dx =0,
Rn
that is,
1V 0l s ey = 0,

which implies that ¥ = 0. Thus ¥; = ¥, and this concludes the proof of the uniqueness.
It remains to establish (7-59). Thanks to (7-58) and Corollary 6.4, we have that

n n

¥ lle < cHg > azi| < c(ngn*,s +D iz ) (7-65)
i=1 *§ i=1 *§
First, we observe that, foranyi =1, ..., n,
1Zille =sup|p; ' Zi] < Ci,
Rn
due to Lemma 5.2 and the fact that & < n + 2s (recall also (6-2)). Hence,
n n n
‘ Zc,-z,-' <Y leill Zille < €1 Y _leil- (7-66)
i=1 *& =] i=1
Now, we claim that
n
Yoazi| < CYlleg) +ligleg)- (7-67)
i=1 *§
Indeed, we recall Lemma 5.5, we multiply (7-58) by Z jfor j e{l,..., n}, and we integrate over R",
obtaining that
(—AYYZ;+¥Z;+gZ;dx =ac;, (7-68)
Rn

where Z j and & are as in Lemma 5.5. Thanks to formula (1.5) in [Ros-Oton and Serra 2014b], we have
that

<MD Zjl 2wy 1V | 2y »

(=AY Z;dx
RVL

- ‘/ Y (—A)Z;dx
Rn
where we have used Holder’s inequality. Therefore, this and (7-68) give that

alejl SN=AY Zillgn 1V | 2wy + 121 2@ 19 2@y + 1251 2@y 1811 2260

which, together with (7-66), implies (7-67), since both ||[(—A)* Z jllz2@ey and ||Z jllz2 @) are bounded
(recall Lemma 5.4).
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Now, we observe that
1l 2@y < 8l L2y (7-69)

Indeed, we multiply (7-58) by iy and we integrate over €2,: we obtain
| Carwuytsguar=o
Q

since ¥ € W. We notice that the first term in the above formula is quadratic, and so, using Holder’s
inequality, we have that

/Q Y2 dx </Q (=) ¥ dx < lIgl 2w 1V I 2®n)

which implies (7-69).
Therefore, from (7-67) and (7-69), we deduce that

n

Zcizi

i=1

< 2GC3 gl 2 -
*’E

Moreover,

1

1
2 1 2
gl 2eey < g, (f p2dx> = ligll.. (f —dx) <Cliglhe,
e e e (T4 x =g :

since 24 > n. The above two formulas give that

n

ZC,‘Z,‘

i=1

This and (7-65) show (7-59), and conclude the proof. [l

< Callgllve-
*k

Now, for any g € L>(R") with llgll.e <400, we denote by A[g] the unique solution to (7-58). We
notice that Proposition 7.4 implies that the operator 4 is well defined and that

IALgIe < Cliglue-

We also remark that 4 is a linear operator.
We consider the Banach space

YVor={y :R" > R| |¥].¢ <400} (7-70)

endowed with the norm || - ||, ¢.
With this notation we can prove the main theorem of the linear theory, Theorem 7.1.
Proof of Theorem 7.1. We notice that solving (7-7) is equivalent to finding a function ¢ € W such that
¥ — Al-pw!~'y1= Algl. (7-71)

For this, we set
Bly) = Al-pw! ™ y]. (7-72)
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Recalling the definition of Y, given in (7-70), we observe that
if y €Y, then Bly]eY,. (7-73)

Indeed, from Proposition 7.4 we deduce that B[y/] € W solves (7-58) with g := — pwg 71@[/, and so

1Bl < Cll — pwl ™ Wllee < Cllrllae

for some C > 0 (recall that we is bounded thanks to (1-4)), which proves (7-73).
We claim that

B defines a compact operator in Y, with respect to the norm || - ||, . (7-74)

Indeed, let (;); a bounded sequence in Y, with respect to the norm || - ||, ¢. Then, thanks to Lemma 6.1,
the fact that wé’ ~!and Z! are bounded and wé] 71,05 and Z; belong to L?>(R"), and Lemma 7.2, we have
that

IB[Y;1(x) — Bly;1(y)|
sup
xF#£y |X —)’|S

o |
L2(Rm)

n n
o | o
< cz(nw,- ooy + Y 1 1Z] L@ + 195 e lwf ™ pell 2y + D Ic] 1127 ||L2<Rn>)

i=1 i=1

n
< cg(nwjn*,g +>° |c,4|>
i=1

< Cy

n n
-1 i -1 i
'—pwé’ l//j+ZciJZi] —i—H—pwé7 W,-—I—ZC{Z{
i—1 i—1

Lo(R")

for suitable positive constants Cy, C, C3 and C4. This gives the equicontinuity of the sequence B[y ],
and so it converges to a function b uniformly on compact sets. Hence, for any R > 0, we have

IBLY;1 = bllLBeey — 0 as j — 4o00. (7-75)
On the other hand, for any x € R" \ Bg (&), we have the estimate

Wl ™ @Y )] < 1Y e lwl ™ (1) pe ()]

S GCsl¥jllee £ (X)

(1 + v — €)D"
1 2 -1
< C5||1ﬁ]||*,§,05+(n+ s)(p )/M(x)

for some Cs > 0, where we have used the decay of we in (1-4) and the expression of pg given in (6-2).
This implies that

-1 —1
sup  |p; wg Yl <CsllYjllee  sup pf (x),
xeRM\Bg (&) xeR"\Br(§)
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where
n+2s)(p—1)
o =—F" ">

7

Hence, since v is a uniformly bounded sequence with respect to the norm || - ||, ¢, we obtain that

0. (7-76)

sup |pg 'Blyj1l<Cs  sup  pf (x). (7-77)
X€RM\Br(§) x€RMBR(&)
It follows that
sup |p;'bI<Co sup  pf (x). (7-78)
xeR"M\Bg (&) x€R™\Br(§)

We observe that

sup | oz ' (Bly;1 - b)| = Sgﬂgz‘p;‘(z%w,-] — b)xye) + 05 BIY;1— ) xwn\Bece) |

xeR?
< sup (loz ' BIY 1= b)Y xseew) | + 05 (Bl j1— b) xmm sece) |)
xeR"
< sup | p; (Bl j1—b) x| + sup |y (Bl 1 — b) xrosece) |
xeRn xeR”

= sup |o; ' Bly;1=-b)+ sup o (Bly;1-b).
x€Br(£) xeRM\Bg(§)

Therefore, we obtain that
IBIYj1—bllve = sup |p; ' (Bly;1—b)|
xeRn

< sup o 'Bly1-b)|+  sup  |p; (Blyl—b)|

x€Bgr (&) XeR™\Bgr(§)
< sup |p ' BIY,;1-b)|+C7; sup  pf(x), (7-79)
X€BRr(&) xeRM\Bg(§)

where we have also used (7-77) and (7-78). Concerning the first term in the right-hand side, we have

sup |7 '(Blyj1—b)| = sup [(1+|x — &) (Blw;]1—b)|
X€BR(§) X€EBR(E)

< (1+ R™BIY 1 — bl =8 &))-

Therefore, sending j — +oo and recalling (7-75), we obtain that

sup |p; '(Bly;1—b)| >0 as j— +oo. (7-80)
xeBg(&)

Now, we send R — —+o00 and, recalling (7-76), we get

sup  pg(x) >0 as R— +oo. (7-81)
x€R™\Br(§)

Putting together (7-79), (7-80) and (7-81), we obtain that

IBIY;]— bl — 0as j — +oo,
and this shows (7-74).
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From (7-59) in Proposition 7.4, we deduce that if g = 0 then ¥ = A[g] = O is the unique solution
to (7-58), and so by Fredholm’s alternative we obtain that, for any g € Y,, there exists a unique y that
solves (7-71) (recall (7-72) and (7-74)). This gives existence and uniqueness of the solution to (7-7),
while the estimate (7-8) follows from Lemma 7.3. This concludes the proof of Theorem 7.1. O

In the next proposition we deal with the differentiability of the solution ¥ to (7-7) with respect to the
parameter & (we recall Theorem 7.1 for the existence and uniqueness of the solution).

For this, we denote by 7¢ the operator that associates to any g € L*(R™) with || gll+.e < -+o0 the solution
to (7-7), that is,

Y :=Te[g] is the unique solution to (7-7) in Y, (7-82)

where Y, is as given in (7-70).
We notice that, thanks to Theorem 7.1, 7¢ is a linear and continuous operator from Y, to Y, endowed
with the norm || - ||, ¢, and we will write 7z € L(Y,).

constant C such that

Proposition 7.5. The map & — Te on Qg is continuously differentiable. Moreover, there exists a positive
H T¢lg] dg

- i 7-83

Proof. First, let us prove (7-83) assuming the differentiability of & — 7¢. Given & € Q, [t| <1 with7 #0
and a function f, we let 5]’. ‘=& +tej and

< C(Ilgll*,g + H
*’s

_FEH-f®

t

te.
Djf-
forany j=1,...,n.
Also, we set

¢ =Dy and dj;:= Dic;. (7-84)

Using the fact that ¥ is a solution to (7-7), we have that ga; solves

n n
—1 —1 .
(—A) ¢!+ ¢, — pwl ™ ¢l = p(Diw! Yy — Dig+Y aDiZi+Y dl;Z; in Q.  (7-85)

i=1 i=1

Moreover, we have that gz);. € H*(R") and go; = 0 outside £2,.
Now, for the fixed index j, for any i € {1, ..., n} we define

nie=a! [ gzia (7-6)
RH

where & is as defined in (5-21), and

n
@ =0 = M@ Zi, (7-87)
i=1



CONCENTRATION PHENOMENA FOR THE NONLOCAL SCHRODINGER EQUATION 1213

where the Z,- are the ones in Lemma 5.5. We remark that gpj. and Z,- vanish outside €2, by construction.
Hence (Z); vanishes outside 2, as well. Moreover,

n
/%dex_/R%dex_Z)‘(%)/ Zdex—/ <p;-dex—Z)»,-(go;)o78ik

n

i=1 i=1

2/ ¢ Zr dx — hi(¢})a
Rn

=0,
thanks to Lemma 5.5 and (7-86). This yields that
gj e (7-88)
By plugging (7-87) into (7-85), we obtain that
n
~ ~ —1 ~ ~
(=A@ 4+, —pwl @ =g+ > _dl,Z, (7-89)

i=1
where

n n n n
gii=— (=AY M @DZi= Y @D Zi+pwl T Y M@ Zi+ p(Diw! Ty —Dig+Y D' Z:.

i=1 i=1 i=1

(7-90)
From (7-89), (7-88) and Lemma 7.3, we obtain that
1@ 1lxe < ClZ;llne- (7-91)
Now we observe that
n
S h@DZi| <Cliglhe. (7-92)
i=1

To prove this, we notice that the orthogonality condition ¢ € W implies that

/(p;zkdx=—/ lﬂD;dex
Q; Qe

for any k € {1, ..., n}. Hence, recalling (7-87), (7-88) and Lemma 5.5,

—/ wD;zkdxz/ <¢]+ZA(¢])Z)dex_ZA( )/ Z:Zp dx
Qs

= Zki(fﬂj)a&'k

i—1
=M (@))a.
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Therefore,

|xk<¢;)|=|&—‘|/ YD Zy dx <|&“|/ p: 1V pe| D Zi] dx
Q. Q.

< |&—1|||w||*,5/ pe| D' Z4 | dix
Rn

<ClYlse,

thanks to Lemma 5.3. Using this and Lemma 5.2, and possibly renaming the constants, we obtain that

n
> @) Z
i=1

On the other hand, by Lemma 7.3, we have that ||/ ||, ¢ < C||gl..&, so the above estimate implies (7-92),
as desired.

n n
<Y IM@D N Zillee < C Y 1@ < Cl e
& = i=1

Now we claim that

S Cllglle- (7-93)
*§

H (=AY Y M@ Z;
i=1

Indeed, Z; is compactly supported in a neighborhood of &, hence (—A)* Z; decays like |x —&|7""% at
infinity. Accordingly, ||[(—A)* Z,- ll+£ is finite, and then we obtain

*& *&

H (—A)' D X)) Zi PIRAICAICTNYA
i=1 i=1

n
<Y IM@DII=A) Zi e

i=1
n
<CY @)
i=1

<Cliglse.

due to (7-92), and this establishes (7-93).
Now we claim that
ID'w!l < C (7-94)

with C independent of ¢. Indeed,

Diw! ™ (x) = %(wp_l(x —E—tep)—wP T (x —£))

t
:%fo %wp_l(x—é—fej)df
-1 1" _ d
=pt /pr 2(X_S_Tej)Ew(x_s_Tej)dT

t
= _pT—I/ wP(x —& —te;)Vw(x —& —1e;) - ¢, dt.
0
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Also, by formulas (IV.2) and (IV.6) of [Carmona et al. 1990], we know that

1

w(x) is bounded both from above and from below by a constant times ———— .
1+ | X |n+23

Thus, supposing without loss of generality that # > 0, and recalling Lemma 5.2, we have that

t
D! ()] < pT_lf w2 (x =& —7e)|Vwlx —§ —te;)|de
0

t
< g f (I+|x =& —1e; )" P22 (A4 |x — & —1e; )"+ dr
0

t
:%/ (1+|x —& —te; )P~ D0+ g7
0
C t
g—/ 1dz
t Jo
—cC,

and this proves (7-94).
From (7-94) and Lemma 7.3 we obtain that

-1
I(DjwE™ e < ClYlleg < Clighe-

Now we use Lemmata 5.3, 7.2 and 7.3 to see that

n n n n
Y Dz S D 1eilllD Zille C Y leil =C Y
i=1 * i=1 i=1 i=1

1
aAnngdx+ﬁ)

< C(||8||L2(R") + Z |fi|) S CUY 2@y + 1181 2 @)
i=1
SCUY e +l1glke) < Cliglle-
By plugging (7-92), (7-93), (7-96) and (7-97) into (7-90), we obtain that

18llve < CUIgle + 1D} gllse)-
Therefore, by (7-91),

18716 < ClIglve + 1D} gllwe)-
This and (7-92) imply that

<Clglve +1IDiglwe)-

i)
*’S

9
< C(Ilgll*,s + H—
§

Il < 15l +

n
> r@)Z;
i=1 *§

Hence, we send 7 N\ 0 and we obtain

9y
i

3

1215

(7-95)

(7-96)

(7-97)
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H d7elg] g

08 aE g)

Using the previous computation and the implicit function theorem, a standard argument shows that

< C(Ilgll*,s + H
xE

& — 7T is continuously differentiable (see, e.g., Section 2.2.1 in [Ambrosetti and Malchiodi 2006], and
in particular Lemma 2.11 there, or [Davila et al. 2014] below formula (4.20)). ]

The nonlinear projected problem. In this subsection we solve the nonlinear projected problem

(A Y+ —pwl Y =EQ)+ N+ Y- ¢ Z in Q,,
=0 in R\ Q,, (7-98)
fQEwZ,-dx=0 forany i =1,...,n,

where E () and N () are as given in (7-3).

Theorem 7.6. If ¢ > 0 is sufficiently small, there exists a unique solution v € H*(R") to (7-98) for
suitable real coefficients c¢;, i =1, ..., n, such that there exists a positive constant C such that

W lles < Ce™. (7-99)
Before proving Theorem 7.6, we show some estimates for the error terms E (i) and N (y).

Lemma 7.7. There exists a positive constant C such that
litg — wg| < Ce"t. (7-100)
Proof. To prove (7-100), we define ng := itz — we, and we observe that 7 satisfies

{(—A)SUerns =0 in Q,,

. (7-101)
Ne = —Wg in R"\ €,

due to (1-3) and (1-9).
We have
Ine] = lwg| < Ce™™  outside Q,,

thanks to (1-4). Hence, this together with (7-101) and the maximum principle give
el < Ce"> in R”,
which implies the thesis (recall the definition of 7g). O
Moreover, we can prove the following:

Lemma 7.8. There exists a positive constant C such that

due e |  on (7-102)
9 oF

with vy :=min{(n +2s + 1), p(n + 2s)}.
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Proof. We set ng := g — we. From (1-3) and (1-9), we have that ¢ solves
(—A)’nz+n: =0 in Q..
Therefore, the derivative of ¢ with respect to & satisfies

e 9
Ay ZE LT o in g

T oF .- (7-103)
Moreover, since ug = 0 outside €2,, we have that
Ne =g —wg = —wg  in R\ Q,
which implies
0 0 ad
e _ T _ 2% 5 R ..
0& o0& ox
Therefore, from Lemma 5.2 (recall also (5-3)), we have that
d
a1 < Ce™  outside Q.
9§
From this, (7-103) and the maximum principle, we deduce that
d
a3 < Ce” in R,
9§
which gives the desired estimate (recall the definition of n¢). [l

In the next lemma we estimate the x-norm of the error term E (). For this, we recall the definition of
the space Y, given in (7-70).

Lemma 7.9. Let y € Y, with ||V |l.¢ < 1. Then, there exists a positive constant C such that
IE@) e < Ce™*™.

Proof. Using (7-100) and Lemma 2.1 in [Dipierro et al. > 2015] with a := wg + ¥ and b := ug — we, we
obtain that

|EW)| = |(itg — we +ws + )7 — (ws + )| < Cr(we + )P itg — we| < Coe" > (we +y)7 7.
Hence, since ||wg ||..¢ and ||/ ||+ ¢ are bounded, we have

IE@W) g < C3e"2,
which gives the desired result. O

Now, we give a bound for the x-norm of the error term N ().

Lemma 7.10. Let € Y,. Then, there exists a positive constant C such that

ING e < CAVIZ + 1917,
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Proof. We take ¢ € Y, and we estimate

INW)| = |(ws + )P —wf — pwl ™y < CAY 2+ [y17)

for some positive constant C (see, for instance, Corollary 2.2 in [Dipierro et al. > 2015], applied here
with a := w¢ and b := ). Hence,

p: ' INWHI < Co (W P+ 1 17) S Clo 1Y 1P+ o 1w IP) S CAY I e + 19170,
which implies the desired estimate. O
For further reference, we now recall an estimate of elementary nature:
Lemma 7.11. Fixed k > 0, there exists a constant C,, > 0 such that, for any a, b € [0, k], we have
laP~' — P~ < Cela — b4, (7-104)

where
g :==min{l, p —1}. (7-105)

Proof. Fixing « € (0, 1), for any ¢ > 0 we define

@+ D=1
h(t) := —
Using 1’Hospital’s rule, we see that
l—«
limh(t) =lim ——— =0;
V) O (1 + 1)1«

hence we can extend & to a continuous function on [0, +00) with A (0) := 0. Moreover,

Jim ) =1
hence there exists
Mo:= sup h(t) <—+oo. (7-106)
1€[0,400)

Now we prove (7-104). For this, we may and do assume that a > b. If p > 2, we have that
a
abl =Pl =(p—1) / ™" 2dr < (p—Da’a—b) < (p— D« 2(a—D),
b

that is, (7-104) in this case. On the other hand, if p € (1,2) wetake t :=a/b—1>0and @ := p — 1, so

_(a/pyP7t—1 a7t —pr7!
Mo >hio) = (a/b—1r=' " (@—byp-1"’

thanks to (7-106), and this establishes (7-104) also in this case. U

Now we are ready to complete the proof of Theorem 7.6.
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Proof of Theorem 7.6. Recalling the definition of the operator 7 in (7-82), we can write
U =TIEW)+NW)I.
We will prove Theorem 7.6 by a contraction argument. To do this, we set
Ke () :=Te[E(W) + N@)I. (7-107)

Moreover, we take a constant Cy > 0 and ¢ > 0 small (we will specify the choice of Cy and ¢ in (7-118)),
and we define the set
Bi={y €V, | I¥l.c < Coe"™},

where Y, was introduced in (7-70).
We claim that

K¢ as in (7-107) is a contraction mapping from B into itself with respect to the norm || - ||, .
(7-108)
First, we prove that
if v €B then K¢(¥) € B. (7-109)
Indeed, if i € B, we have that
INW)e < Cl(lWHE,g + ”‘//”f’g)’ (7-110)

thanks to Lemma 7.10.
Now, thanks to (7-8), we have that

IKe W) llwe = ITelEW) +N@W)]lle < CIEW) + N@W) .
This, Lemma 7.9 and (7-110) give that
I1Ke (V) Il < CUEW) g + 1IN W) Il )

SCUEW) [l + Cl(lllﬁllf,g + 117 :)
< C(Ce"™ +C1Coe* "™ + €, CeP 2
[cc , _ ‘
= Cpe" ™ (C— +CC Coe"™ +CCiCh ls@—”("”“), (7-111)
0
since ¥ € B. We assume
Co>2CC (7-112)
n 2CC(Co+ Y™y~ e+ if p>2
€<= CCy(C P=I\N=1/(p=D(n+2s) (7-113)
1(Co+Cy ) if 1l <p<2.

With this choice of Cy and &, (7-111) implies that

IKCe () llee < Coe™™,
which proves (7-109).
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Now, we take ¥{, ¥, € B. Then,
—1
IN@1) = NW)| = [(we + ¥r1)” — (wg +¥2)” — pwf™ (Y1 — ¥2)|

< (Yl + ¥l + 1y 1P~ + [l P Dy — vl
This and the fact that 1, ¥, € B give that

IN @) = N@) e < Co(lWtllee + 1Vl + 191125 + 1920105 D IlY1 — Valleg
C2(2Coe™ % +2CL W= D29y 1y — ],

<
<2C2(Co+ CL™ N2 1y — o, (7-114)

where ¢ is as defined in (7-105).
We claim that

|E(W) — E(Y2)| < Clitg — we|?[Yr1 — 2, (7-115)

where ¢ is as given in (7-105).
Fixing x € €2, given 7 in a bounded subset of R we consider the function

e(t) == (g (x) + 1)P — (we (x) + )"
We have that
e/ (T)] = pl(ite (x) +7)7 " — (e (x) + )P < Clitg — we?,

where we used (7-104) with a := itz (x) + 7 and b := we (x) + 7. This gives that
le(t1) — e(ra)| < Cliig — wel?|71 — T (7-116)

Now we take 71 := ¥1(x) and 7 := ¥»(x); we remark that 7; and 7, range in a bounded set, by our
definition of B, and that e(t;) = E(y;). Thus (7-115) follows from (7-116)
Hence, from (7-115) and (7-100), we obtain that

IEWr1) — E(2) e < Cel 2|y — o v
This, (7-114) and (7-8) give that

1K (Y1) = Ke W) llag < C(IEW1) = EW2)llvg + INW1) = N2 llug)

C2CH(Co+ CL™ et ™2 1 Cet@H20) 1y — |, . (7-117)

NN

Now, we let
1
1 q(n+2s)
&y 1= p—l = .
CQRC(Co+Cy H+O)

Therefore, recalling also (7-112) and (7-113), we obtain that if

Cop>2CC and & < min{e, &} (7-118)
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then, from (7-117), we have that

1 (V1) — Ke (W) e < 11 — V2llue,

which concludes the proof of (7-108).
From (7-108), we obtain the existence of a unique solution to (7-98) which belongs to B. This
shows (7-99) and concludes the proof of Theorem 7.6. O

For any & € Q,, we say that
W (&) is the unique solution to (7-98). (7-119)

Arguing as the proof of Proposition 5.1 in [Ddvila et al. 2014], one can also prove the following:

Proposition 7.12. The map & — Y (£) is of class C', and

|5 )
*&

9§
Derivative estimates. Here we deal with the derivatives of the solution ¥ = W (§) to (7-98) with respect

IE(W(E))
9§

< C<||E(‘I’($))||*,g + “
*§

for some constant C > (.

to £. This will also imply derivative estimates for the error term & — E (W (§)).
We first show the following:

Lemma 7.13. Let € ¥ be a solution* to (7-98) with IWVllee < Ce"t%. Then, there exist positive
constants C and y such that
+ 8”) ,
*’S

Proof. First of all, we observe that, thanks to Proposition 7.5 (applied here with g := —(E(Y) + N (v))),
the function dyr/0& is well defined.
We make the following computations: from (7-3) we have that

Iy

43

H IE(Y)
9§

< C<8q(n+ZS)

*&
where q is as defined in (7-105).

SEWD |y (P 00 (e o
e =rr o (G g ) - ps et (G4 5)
0 _ _ _ _ ., o0u .0
=p%[<u5+w ' e+ 00 ) G = g
oy _ _ _ _ [0 9
= oL@+ = (we + 9)P ]+ pliae + )P 1(%;—%;)
0
+ plas + )P~ — (we + W*l]ai;.

4We remark that a solution that fulfils the assumptions of Lemma 7.13 is provided by Theorem 7.6, as long as ¢ is sufficiently
small.
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Thus, recalling (7-104), (7-100) and (7-102), we infer that

IE() ‘ v |9 dwg dwe
<Cp g —we|? + p(lug| + ¥ NP~ +Cplug —w I"
‘ 08 og | F ¢ 05 0E BT
)
<C a? 1029 4 C(lig| + |y )P 4 Ce?H29) au‘; (7-120)

for some C > 0. Now, we claim that

sup (14 |x — £ |ig (x)|P e < Ce” and  sup (1 + |x —EDH|Y(x)|P~ e <Ce”  (7-121)

xeR” xeR"

for suitable C > 0 and y > 0. Let us prove the first inequality in (7-121). For this, we use that itz vanishes
outside €2, together with (7-100) and (1-4), to see that

sup (1 + |x — &))" it (x)|P~e”

xeRn?

= sup (1 + |x — &) |itg (x)|7 '™

xe€e

<sup(1+|x— gl)ﬂs(P—l)(n-i-Zs)sm + sup (1 + |x _é—|)u|ws(x)|p—18v1

xe€Qe X€Q

< Ce HeP=Dt2s) v + sup (1 + |x —§|)“(1’_1)|w§ (x)|17—1(1 + |x _§|)lt(2—17)8w

xe,
< Cs~ r g (p=D(n+2s5) Lvi + ||wg||fg18_“(2_p)+8vl
<Cs™™ K (p=D)(n+2s5) Lv1 + Ce HC=D+ gy (7-122)

Now we observe that

—p+(p—1Dm+2s)+v
=minf—-pu+(p—-—1Dn+2s)+n+2s+1,—pu+(p—-—1)n+2s)+ pn+2s)}
>min{—-n+2s)+(p—1)n+2s)+n+2s+1,—(n+2s)+(p—1)(n+2s) + p(n + 2s)}
=min{(p—1)n+25)+1,2p—-2)(n+2s5)} > 0. (7-123)

Moreover, if p > 2, then
—u@2—=p)++vi=v>0,
while, if 1 < p < 2, then
—u2—=p)++vi=min{—p2—-p)+n+2s+1, —u2—p)+ pn+2s))}

>min{—(n+2s)2—p)+n+2s+1,—(n+2s)2— p) + p(n +2s)}
=min{(p—1)n+25)+1,2p—-2)(n+2s)} > 0.
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Using this and (7-123) in (7-122), we obtain the first formula in (7-121). Now, we focus on the second
inequality: From the assumptions on i we have

sup (1 + |x —ED* [P (x)|7 e = sup (1 + |x — EH [P (x)|7 "

xeRn XEQe

sup (14 |x —EDHP Dy ()P~ + |x —EPHC—Pgn

BISION

<Nyl e @ren
< CS(P*D(’WZS)S*M(2*P)+€V1. (7-124)
If p > 2 we get the second inequality in (7-121), as desired, hence we focus on the case 1 < p < 2. For
this, we notice that
(P—=Dn+2s) —pn2—p)y+vi
=min{(p—1D)(n+2s)—u@R—-—p)+n+2s+1,(p—1D(n+2s) —u@2—p)+ pn+2s)}
>min{(p—1)(n+2s)—2—p)n+2s)+n+2s+1,(p—1)(n+2s)—2—p)(n+2s)+ p(n+2s)}
=min{2p—-2)(n+2s)+1, Bp—3)(n+2s)} >0,
and this, together with (7-124), implies the second inequality in (7-121) also in this case. Hence the proof
of (7-121) is finished.
Exploiting (7-121) and Lemma 5.2, we infer from (7-120) that
aE(w ay
0§

for suitable C > 0 and y > 0, and this concludes the proof of Lemma 7.13, up to renaming the constants. []

< CEq(n-i—Zs)

+Ce” (7-125)

*

Lemma 7.14. Let y € WV be a solution to (7-98) with |||, ¢ < Ce"t2 . Then, there exists a positive
constant C such that

5

*E
Proof. We observe that, thanks to Proposition 7.5 (applied here with g := —(E () + N(¢))),
oY ( HaE(llf) HaN(l/f) )
e Cl|IE &+ IIN *E T + ’
H " IEW g + INWDle+ | ==+ 55|

Therefore, from Lemmata 7.9, 7.10 and 7.13, we obtain that

IN (V)
— | <1440 H— ) 7-126
08 < % ot |, (7120
Now we observe that, from (7—3),
IN(Y) _ifdwg Y p-19We 20w, 10V
0E = p(wg +¥)” ( $+ g) PWy 0E p(p 1)wg gxlf wy ag
_ 8 _1.0
= plws +y)"~" —w!™ a?+p[(wg+w>!’ f—wf 1]%—p(p—1)w§ P e
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As a consequence, using (7-104) once again,

P
5| <5

oy _
9% \—sH”wé’ 2

We
E‘Wl' (7-127)

Now we claim that
awg
&

for some C > 0. When p > 2, (7-128) follows from (1-4) and Lemma 5.2, hence we focus on the

wg (7-128)

case p € (1, 2). In this case, we take v; as in Lemma 5.2 and we notice that

Vi=v—Q—p)n+2s)=min{n+2s+1+(p—2)(n+2s), 2p —2)(n +25)}
=min{(p—1Dm+2s)+1, 2p—-2)(n+2s)} > 0.

Then we use (7-95) and we obtain that

ng

9§

Since we is positive and smooth in the vicinity of &, this proves (7-128).

Now, using (7-128) into (7-127), we obtain that

<Clx —&|@ POy g™ = C|x —&|7".

wg

ON () oy dwe
‘ 7 <C|w|"[¥ +‘¥]+C|w|. (7-129)

We claim that SN G) 5
a e Clw s 7-130
5], <emee |5 15 Jrems 120

Indeed, the claim plainly follows from (7-129) if g =1 (that is, p > 2), hence we focus on the case g = p—1
(that is, 1 < p < 2). In this case, we observe that

Iy
9§

awg
9§

], |dwe
9 | | og

(I+]x— EI)“II/fIq[

H—(1+|x ENMIYIT(1+]x —SI)”[ H(1+| —&p~M

au)g
< Cly i, ,
*§
and this implies (7-130) also in this case.
Hence, using our assumptions on ¥, we deduce that
‘ ING) < Cs‘“"””[H + 1} +C,
GI (P 98 4 ¢

up to renaming constants. By inserting this into (7-126) we conclude that

el <<l

as long as ¢ is sufficiently small. By reabsorblng one term into the left-hand side, we obtain the desired
result. (]
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Lemma 7.15. Let v € W be a solution to (7-98) with ||[{|l.¢ < Ce"t%. Then, there exist positive
constants C and y such that

H IEW) < e
GI P
Proof. The proof easily follows from Lemmata 7.13 and 7.14, up to renaming the constants. ]

The variational reduction. We seek for solutions to (1-8) of the form (7-1), that is, recalling also (7-119),
ug =ug +W(§). (7-131)

We observe that, thanks to (1-9) and (7-98), the function u; satisfies the equation

n
(—A)'ug+ug=ul +Y ciZi in Q. (7-132)

i=1
Notice that if ¢; =0 for any i =1, ..., n then we will have a solution to (1-8). Hence, the aim of this
subsection is to find a suitable point & € 2, such that all the coefficients ¢;, i = 1, ..., n, in (7-132)

vanish.
In order to do this, we define the functional J, : Q. — R as

Je(§) =L (ug + V(&) = I:(ug) forany & € Q, (7-133)

where I, was introduced in (1-10). We have the following characterization:

Lemma 7.16. If ¢ > 0 is sufficiently small, the coefficients c;, i =1, ..., n, in (7-132) are equal to zero if
and only if & satisfies the condition
aJe
=0.
08 (é)
Proof. We first write £ = (&1, ...,§,) and, forany j =1, ..., n, we take the derivative of ug with respect

to ri:j.
We observe that
dug  dug  IW(E)

= (7-134)
0&; 0§ 0
Thanks to (7-102), we have that
ou 0
2 L o). (7-135)
08, 0§
Moreover, from Proposition 7.12 and Lemmata 7.9 and 7.15, we obtain that
Y
©) = 0(&"), (7-136)
0

where y > 0. Hence, (7-134), (7-135) and (7-136) imply that

dug dwe
— =1 0(),
0&; 0&;
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which means, recalling (5-3) and using the fact that dw /d§; = —dwg /0x;, that

Oug
—=—Z;,+0(").
d&; ’

In particular,

ad
/ agg dx—/ Z,'(—Zj—i—O(ey))dx:—/ Z,’Zjdx+0(8y)
e J e Qe

and, from Lemma 5.2, we deduce that

aug
0&;

With this, we introduce the matrix M € Mat(n x n) whose entries are given by

0
Mj,' 2=f Z,-ﬁdx.

<Ci(Zl+¢") <

We claim that

M is invertible.

(7-137)

(7-138)

(7-139)

(7-140)

(7-141)

To prove this, we use (7-138), Corollary 5.6 and the fact that o« > 0 (recall (5-17)); namely, we compute

Mji = —f ZiZj dx+0(V) = —Ol&'j + 0(7).
Q

This says that the matrix —a~'M is a perturbation of the identity and therefore it is invertible for &

sufficiently small, hence (7-141) readily follows.
Now, we multiply (7-132) by dug /0§, obtaining that

ou - ou
—A) —ul)E ="z, F in Q.

and therefore

ou u
(oD | < o

9§

This, together with (7-139) and Lemma 5.2, implies that the function ((—A)*ug +ug — ué’)aug/aé is

in L>(£,), and so in L'(£2,) uniformly with respect to &.
This allows us to compute the derivative of J; with respect to &; as follows:

dJ; a s 1 1
EE) = — % L(ug) = (/ ~(=A) ”S”E"‘i”g i p+1 dx)

0&; é‘ 0&;
1 .aug Jug  Oug 8u5
= (=AY —ug + 5 ( A)'u +—u dx
/Qg 2 o8, " SoE; | og; "8 9g

:/ ((—A) ug —l—ug—us)—sdx—Zc,/ ug dx
Qe

(7-142)



CONCENTRATION PHENOMENA FOR THE NONLOCAL SCHRODINGER EQUATION 1227

where we have used (7-132) in the last step. Thus, recalling (7-140), we can write

Weer=Y cmy,

08 i=1
for any j € {1, ..., n}, that is, the vector
%(S) = <%(S), e %(S)>
£ 91 &y
is equal to the product between the matrix M and the vector ¢ := (cy, ..., ¢;). From (7-141) we obtain
that 0J,(&)/0& is equal to zero if and only if ¢ is equal to zero, as desired. ([l

Thanks to Lemma 7.16, the problem of finding a solution to (1-8) reduces to the one of finding critical
points of the functional defined in (7-133).To this end, we obtain an expansion of J:

Theorem 7.17. We have the following expansion of the functional J,:
Jo(§) = I (g) + o(e" ).

Proof. We know that
Je(§) = L (1 + W (§)).

Hence, we can Taylor expand in the vicinity of ug, obtaining
Te(§) = L (itg) + I () [V (E)] + 1" (@) [W (), W(E)]+ 0 (W ()]

=Is(ﬁs)+/9 (—A) W () + i1 W(E) — W (E) dx
+ /Q (A W(E)W(E) + W2 (E) — pal T WHE) dx + 0¥ (E)P)
:18(1,7,;)+/Q ((—A)Sug—i-ug—ug)lll(é)dx—/g (=) (ug —itg) +ug —itg —uf +uf)W () dx

+f9 (A WEW(E) + W2 (E) — pial T WAE) dx + O(WE)P).
Therefore, using (7-131), we have that

Js(r‘E):Is(ﬁs)-i-/Q ((—A)sug-i-us—ug)‘l’(é)dx-i-/;z Wl =l — pil " WENV(E) dx+ OV @),
: : (7-143)
‘We notice that

((=A)’ug +ug — ué’)lIJ(S) dx =0,
Qe

thanks to (7-132) and the fact that W(£) is orthogonal in L?($2,) to any function in the space Z.
Hence, (7-143) becomes

Jo(€) = L (is) +/Q Wl —al — pal ' w(E)W(E) dx + 0(WE)P). (7-144)
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Now, we observe that
_ _p—1 - _p—1 _p—1
uf —af — pal " wE)| < |uf —al|+ plal W) < Clal T W)

for a positive constant C, and so, also using (7-100), we have

g i - pil ()W (&) dx

< c/ 2P W (&) 2 dx
Qe

<CIv@I [ 1l pddx
Q

&

< C||1D($)||f’§/ |lwe + 0(8n+2s-)|p—1p§2dx
Q

£

<CIVE)Ie f |we P~ pF dx + Ce PV W) |7 f pdx. (7-145)
Qe Q

&

Recalling the definition of pg in (6-2) and the fact that u > n/2, we have that

/ p2dx < C) (7-146)

&

for a suitable constant C; > 0. Moreover, thanks to (7-99) (recall also (7-119)), we obtain

g(P=D(n+2s) ||‘I'(5)”%,€ < ng(pfl)(n+2s)82(n+2s) — C28(p+l)(n+2s)’
which, together with (7-146), says that

CeP D2 1w ()3, f pg dx = o(e"tH). (7-147)
Q

e

Also, using (1-4), we have that

1 1
p—1 2d < C / d < C
/Qs el g } o, (14 |x —EN@-DO+29) (1 4 |x — &])21 * 4

and so, using also (7-99) we have that

ClwE2, fg el p2 dx = o),

&

This, (7-144), (7-145) and (7-147) give the desired claim in Theorem 7.17. ]

8. Proof of Theorem 1.1

In this section we complete the proof of Theorem 1.1. For this, we notice that, thanks to Theorems 4.1
and 7.17, we have that, for any £ € Q, with dist(§¢, 0€2.) > §/¢ (for some § € (0, 1)),

Je(€) = 1(w) + 3He (§) +0(e"H), 8-1)
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where J; and [ are as defined in (7-133) and (4-1), respectively (see also (7-119)) and H, is given
by (1-17).

Also, we recall the definition of the set €2, s given in (2-29), and we claim that J; has an interior
minimum, namely

there exists £ € Q.5 such that J,(§) = min J,(&). (8-2)
sEQs,B

For this, we observe that J; is a continuous functional, and therefore

J. admits a minimizer § € S_Zg,g. (8-3)
We have that
£ € Qs (8-4)

Indeed, suppose by contradiction that & € 32, 5. Then, from (8-1), we have that

Je€) =I(w) + 1H () +o(e"™) > T(w) + 1 min #, + o(e"tH). (8-5)

On the other hand, by Proposition 2.8, we know that /. has a strict interior minimum: more precisely,
there exists &, € Q2 s such that

He(6) =minH, < cy gt (8-6)
£,8
and
. P n—+4s
min A, > ex( ) (8-7)
£,8

for suitable ¢, ¢; > 0. Also, the minimality of £ and (8-1) say that
Jo(§) = gms,izn Je(€) < Je(&,) = I(w) + 3Ho (&) + 0(e" ).
€85
By comparing this with (8-5), and using (8-6) and (8-7), we obtain
628n+4s
2§ntas

+o(e"™) < 3 min He +0(" ) < Je(E) —1(w) < FHe(E) +0(e" ™) < gere" ™ o).
e,8

So, a division by "4

and a limit argument give that
_e2 _a
2 §ntas 2
This is a contradiction when § is sufficiently small, thus (8-4) is proved. Hence (8-2) follows from (8-3)
and (8-4).
From (8-2), since €2, s is open, we conclude that

o -
7 ©=0

Therefore, from Lemma 7.16 we obtain the existence of a solution to (1-1) that satisfies (1-5) for
¢ sufficiently small, and this concludes the proof of Theorem 1.1.
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Appendix: Some physical motivation

Equation (1-1) is a particular case of the fractional Schrodinger equation
indy = h* (=AY 'y + VY, (A-1)

when the wave function v is a standing wave (i.e., ¥ (x, t) = U (x)e'! /My and the potential V' is a suitable
power of the density function (i.e., V = V(|y|) = —|¥|?~1). As usual, 4 is the Planck’s constant (then
we write € := £ in (1-1)) and ¢ = v (x, ) is the quantum mechanical probability amplitude for a given
particle (of unit mass, for simplicity) to have position x at time ¢ (the corresponding probability density
is | [).

In this setting our Theorem 1.1 describes the confinement of a particle inside a given domain €2: for
small values of /i the wave function concentrates to a material particle well inside the domain.

Equation (A-1) is now quite popular (enough to have its own Wikipedia page: see [Wikipedia 2009—
2015]) and it is based on the classical Schrodinger equation (corresponding to the case s = 1) in which
the Brownian motion of the quantum paths is replaced by a Lévy flight. We refer to [Laskin 2000; 2002;
2012] for a throughout physical discussion and detailed motivation of equation (A-1) (see in particular
formula (18) in [Laskin 2000]), but here we sketch some heuristics about it.

The idea is that the evolution of the wave function ¥ (x, t) from its initial state vyo(x) := ¥ (x, 0) is
run by a quantum mechanics kernel (or amplitude) K which produces the forthcoming values of the wave
function by integration with the initial state, that is,

Vx, 1) = /Rn dy K(x,y, )¥o(y). (A-2)

The main assumption is that this amplitude K (x, y, t) is modulated by an action functional S; via the
contributions of all the possible paths y that join x to y in time ¢, that is,

K(x,y, t)= / dy e IS/ (A-3)
F(x,y.1)

The above integral denotes the Feynman path integral over “all possible histories of the system”, that is,
over “all possible” continuous paths y : [0, ] — R" with y(0) = y and y () = x; see [Feynman 1948].
We remark that this integral is indeed a functional integral, that is, the domain of integration F(x, y, t)
is not a region of a finite-dimensional space, but a space of functions. The mathematical treatment of
Feynman path integrals is by no means trivial; as a matter of fact, the convergence must rely on the highly
oscillatory behavior of the system, which produces the necessary cancellations. In some cases, a rigorous
justification can be provided by the theory of Wiener spaces, but a complete treatment of this topic is far
beyond the scopes of this appendix (see, e.g., [Cameron 1960; Cameron and Storvick 1983; Grosche and
Steiner 1998; Albeverio et al. 2008]).

The next structural ansatz we take is that the action functional S; is the superposition of a (complex)
diffusive operator Hy and a potential term V.
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Though the diffusion and the potential operate “simultaneously”, with some approximation we may
suppose that, at each tiny time step, they operate just one at a time, interchanging their action’ at a
very high frequency. Namely, we discretize a path y into N adjacent paths of time range /N, say
Yi,..., YN :[0,1/N] — R", with y1(0) = y and yn(t/N) = x, and we suppose that along each y; the
action reduces to the subsequent nonoverlapping superpositions of diffusion and potential terms, according

to the formula
eI — Jim (¢~ THo/(WN) =it V(NN (A-4)
N—+4o00
Once more, we do not indulge into a rigorous mathematical discussion of such a limit and we just
plug (A-3) and (A-4) into (A-2). We obtain

Y (x, 1) = / dy / dy e SOy (y)
¢ F(x,y,t)

— NEI}EOOf dy f( )d)/ (efttHo/(hN)e*ltV/(hN))Nwo(y) (A-S)
n F(x,y,t

Therefore, if we formally® apply the time derivative to (A-5), we obtain that

5In a sense, this is the quantum mechanics version of the Lie-Trotter product formula
AYB _ fim  (eA/NB/N\N
N—+o00

e

for A, B € Mat(n x n). The procedure of disentangling mixed exponentials is indeed crucial in quantum mechanics computations;
see, e.g., [Feynman 1951]. In our computation, a more rigorous approximation scheme lies in explicitly writing S;(y) as an
integral from O to ¢ of the Lagrangian along the path y, then splitting the integral in N time steps of size /N by supposing that
in each of these time steps the Lagrangian is approximately constant. One may also suppose that the Lagrangian involved in
the action is a classical one, i.e., it is the sum of a kinetic term and the potential V. Then the effect of taking the integral over
all possible paths averages out the kinetic part, reducing it to a diffusive operator. Since here we are not aiming at a rigorous
justification of all these delicate procedures (such as infinite-dimensional integrals, limit exchanges, and so on), for simplicity we
are just taking H to be a diffusive operator from the beginning. In this spirit, it is also convenient to suppose that the potential is
an operator, that is, we identify V with the operation of multiplying a function by V.

5The disentangling procedure allows us to take the derivative of the exponentials of the operators “as if they were commuting
ones”. Namely, the Zassenhaus formula,

o (ATB) —_ (1A 1B 0% _ (1A 1B (1 4 0(12),

in our case gives
¢~itHo/(AN) =itV /(hN) _ =it (Ho+V)/(N) (1 1 012/ N2))

and so
(e~itHo/(AN) (=it V/(WNY)N _ =it (Ho+V)/R () 4 02 /N2)).
Hence,
lim 8 (e—iHO/(N) j=itV/(NON _ e THOEV) itV 4 02 N2 + 0N = — 0TV
N—+00 N—>+400 h h

Moreover, we point out that a couple of additional approximations are likely to be hidden in the computation in (A-6). Namely,
first of all, we do not differentiate the functional domain of the Feynman integral. This is consistent with the ansatz that the set
of the paths joining two points at a macroscopic scale in time ¢ “does not vary much” for small variations of 7. Furthermore,
we replace the action of H( and V along the infinitesimal paths with their effective action after averaging, so that we can take
(Hp + V) outside the integral.
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ih@,l//(x, t) — 1lm de d)/ N(ﬂe—ilHo/(hN)e—ilV/(le) _|_ Ke—ilH()/(ﬁN)e—ilV/(hN)>
N=+oo Jge * JF@, ) N N

. (e—itHo/(hN)e—itV/(hN))N—l 1#0()7)

— lim dy/ d)/ (Hoe—ilH()/(ﬁN)e—ilV/(hN) + Ve—il‘H()/(FlN)e—il‘V/(ﬁN))
N—+o00 R~ F(x,y.10)

) (e—itHo/(hN)e—itV/(hN))N—lwo(y)

—Ho+v) [ ay f dy eSOy ()
R~ F(x,y,1)
— (Ho+V)v (A-6)

by (A-2), (A-3) and (A-4). The classical Schrodinger equation follows by taking Hy := —h2A, that is, the
Gaussian diffusive process, while (A-1) follows by taking Hy := 1% (—A)*, that is, the 2s-stable diffusive
process with polynomial tail.

Having given a brief justification of (A-1), we also recall that the fractional Schrodinger case presents
interesting differences with respect to the classical one. For instance, the energy of a particle of unit mass
is proportional to |p|* (instead of |p|?; see, e.g., formula (12) in [Laskin 2000]). Also the space/time
scaling of the process gives that the fractal dimension of the Lévy paths is 2s (differently from the classical
Brownian case, in which it is 2); see pages 300-301 of [Laskin 2000].

Now, for completeness, we discuss a nonlocal notion of canonical quantization, together with the
associated Heisenberg uncertainty principle (see, for example, pages 17-28 of [Giulini 2003] for the
classical canonical quantization and related issues).

For this, we introduce the canonical operators, for k € {1, ..., n},

Pr = —ih* % (—A)V2 and  Qp = xt. (A-7)

Notice that Qy is the classical position operator, namely the multiplication by the k-th space coordinate.
On the other hand, P; is a fractional momentum operator, that reduces’ to the classical momentum —i/4dy
when s = 1. In this setting, our goal is to check that the commutator

[Q. P1:=) [« Pi]

k=1
does not vanish. For this, we suppose 0 < o < n/2 and use the Riesz potential representation of the
inverse of the fractional Laplacian of order o, that is,

Yx—y) v(y)

(M) Yyx)=cn,s) | ———dy=cn,s) | ————-
Rr re X — I

(A-8)
ly|n=20

for a suitable c(n, s) > 0, see [Landkof 1972].

70f course, the fractional momentum is not a momentum, since it has physical dimension [Planck constant]®/[length]®,
while the classical momentum has physical dimension [Planck constant]/[length]. Namely, the physical dimension of the
fractional momentum is a fractional power of the physical dimension of the classical momentum. Clearly, the same phenomenon
occurs for the physical dimension of the fractional Laplace operators in terms of the usual Laplacian.
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In our case we use (A-8) witho := (1 —s)/2 € ( ) C (0,n/2). Then

v (y)

P = —cnointy, [ IOy gimnts 1y [ BZWVD),
Rr Ix _y|n+s

R |x _ y|n+s+1

and so
(xx = YO ¥ ()

P Qi (x) = Pe(xxyr (x)) = c(n, $)in* (n+s — 1)

oyl
This gives that
OLPY — PoOwp = cn. )il (n 45— 1) Xk — Y)Y (y) dy — (xx — yk)ykf/f(y) dy
" |x_y|n+s+l Rn |x_y|n+s+1

Xk — Y)* Y ()

= k] .hs - 1 ’
c(n,s)ii"(n+s ) =y

and so, by summing up® and recalling (A-8), we conclude that

v (y)

ot 4 =il ts = DA (=AY~ 2y,

[Q, PIY =c(n,s)ik*(n+s—1)

Re [X —y
Notice that, as s — 1, this formula reduces to the classical Heisenberg uncertainty principle.
We also point out that a similar computation shows that, differently from the local quantum momen-
tum, the k-th fractional quantum momentum does not commute with the m-th spatial coordinates even
when k # m; namely, [Q,,, Pc]¥ (x) is, up to normalizing constants,

(Xm — Ym) (Xx — yk)W(y)

LS
ih |x_y|n+v+1

Rn

This Heisenberg uncertainty principle is also compatible with (A-1), in the sense that the diffusive
operator Hy is exactly the one obtained by the canonical quantization in (A-7); indeed,

Y pl= Z(—zh (=LY V2) (—ihn* 3 (— ) D7) hZSZak( Ay

k=1 k=1
_hZSA(_A)s—l — hZS(_A)s = H,

Moreover, we mention that the fractional Laplace operator also arises naturally in the high energy
Hamiltonians of relativistic theories. For further motivation of the fractional Laplacian in modern physics
see, for example, [Chen 2004] and the references therein.

8Alternatively, one can perform the commutator calculation in Fourier space and then reduce to the original variable by an

inverse Fourier transform. This computation can be done easily by using the facts that the Fourier transform sends products into
convolutions and that (up to constants)

(i 8)(&) = F F~ g (1)) (€) = fR dx /R dy e Oy =i fR dx fR L4y e O (y)
=i / dx / dy e Oy e(y) =i / dx e S F g (1) = i F(F L0k 9))(6) = idig (6).
n n Rn

Then we leave to the reader the computation of F([Q, P]¥)(§).
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LOCAL SPECTRAL ASYMPTOTICS
FOR METRIC PERTURBATIONS OF THE LANDAU HAMILTONIAN

TOMAS LUNGENSTRASS AND GEORGI RAIKOV

We consider metric perturbations of the Landau Hamiltonian. We investigate the asymptotic behavior
of the discrete spectrum of the perturbed operator near the Landau levels, for perturbations of compact
support, and of exponential or power-like decay at infinity.

1. Introduction

Let
Hy = (—iV — Ap)?

with Ag = (Ao,1, Ao2) := %b(—xz, x1) be the Landau Hamiltonian, self-adjoint in L?*(R?), and essentially
self-adjoint on C§° (R?). In other words, Hy is the two-dimensional Schrodinger operator with constant
scalar magnetic field b > 0, that is, the Hamiltonian of a two-dimensional, spinless, nonrelativistic
quantum particle subject to a constant magnetic field. As is well known, the spectrum o (Hy) consists of
infinitely degenerate eigenvalues A, :=b(2q +1),q € Z :=1{0, 1,2, ...}, called Landau levels (see,
e.g., [Fock 1928; Landau 1930]).

In the present article we consider metric perturbations of Hy. Namely, let

m(x) = {mjx(x)}jr=12, xe€R?

be a Hermitian 2 x 2 matrix such that m(x) > 0 for all x € R2. Throughout the article we assume that
miy € Cgo(Rz), Jhk=12ie,mj € C*®(R?), and the entries m ji together with all their derivatives
are bounded on R2. Set 5
I,:=—i——Agp;, j=1,2, 1-1
Jj 8xj 0,j J ( )
so that Hy = 1'[% + 1'[%. On Dom H), define the operators

Hy= " T £mj)Tl = Hy+ W,
jok=1,2
where W := Z.i,k=1,2 IT;m j; Iy; in the case of H_, we suppose additionally that sup, g2 [m(x)| < 1.
Thus, the matrices g+ (x) = {gjik (x)}jk=1,2 with gjtk :=d i == m j are positive definite for each x R2.
Under these assumptions, the operators H. are self-adjoint in L?(R?), and essentially self-adjoint on
Cy° (R?) (see the Appendix).

MSC2010: 35310, 35P20, 47G30, 81Q10.
Keywords: Landau Hamiltonian, metric perturbations, position-dependent mass, spectral asymptotics.
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From a mathematical physics point of view, the operators H4 are special cases of Schrodinger operators
with position-dependent mass, which have a long history (see, e.g., [Bastard et al. 1975; von Roos 1983]),
but have received increased attention during the last decade (see, e.g., [Midya et al. 2010; Gadella
and Smolyanov 2008; Killingbeck 2011]). We would like to mention especially [de Souza Dutra and
de Oliveira 2009], where the model considered is quite close to the operators Hy discussed here.

The operators Hy admit also a geometric interpretation, since they are related to the Bochner Laplacians
corresponding to connections with constant nonvanishing curvature (see, e.g., [Rosenberg 1997; Colin de
Verdiere 1986]); we discuss this relation in more detail at the end of Section 2. Further, assume that

lim mj(x)=0, jk=1,2. (1-2)

|x]—o00

Thus m models a localized perturbation with respect to a reference medium. Under condition (1-2), the
resolvent difference H - Hy Visa compact operator (see the Appendix), and therefore the essential
spectra of Hy and Hj coincide:

oo
Oess(Hx) = 0ess(Ho) = 0 (Hp) = U{Aq}-

q=0
The spectrum o (Hy) on R\ UZO:(){Aq} may consist of discrete eigenvalues whose only possible accumu-
lation points are the Landau levels. Moreover, taking into account that W > 0, and applying [Birman and
Solomjak 1987, Section 9.4, Theorem 7], we find that the eigenvalues of Hy (resp. H_) may accumulate
to a given Landau level A, only from above (resp. from below). Fix g € Z. Let {2 q} be the eigenvalues
of H_ lying on the interval (A,_1, A,) with A_; := —o0, counted with multiplicities and enumerated in
increasing order. Similarly, let {)\,J; ;) be the eigenvalues of H, lying on the interval (A4, Ag41), counted
with multiplicities and enumerated in decreasing order.

The aim of the article is to investigate the rate of convergence of )L,f g —Dgas k — oo, withg € Z
fixed, for perturbations m of compact support, of exponential decay, or of power-like decay at infinity.

The properties of the discrete spectrum generated by perturbative second-order differential operators
with decaying coefficients have been considered also in [Alama et al. 1994; Boyarchenko and Levendorskit
1997; Briet et al. 2009; Raikov 2015].

The article is organized as follows. In Section 2 we formulate our main results and briefly comment
on them. In Section 3 we reduce our analysis to the study of operators of Berezin—Toeplitz type, and
in Section 4 we establish several useful unitary equivalences for these operators. Section 5 contains the
proofs of our results in the case of rapid decay, i.e., of compact support or exponential decay, while the
proofs for slow, i.e., power-like decay, can be found in Section 6. Finally, in the Appendix we address
some standard issues concerning the domain of the operators Hy and the compactness of the resolvent
difference H; - Hy L

2. Main results

First, we formulate our results concerning perturbations m of compact support. Denote by m _(x)
and m-. (x), with m - (x) < m- (x), the two eigenvalues of the matrix m(x), x € R
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Theorem 2.1. Assume that the support of the matrix m is compact, and its smaller eigenvalue m - does

not vanish identically. Fix g € 7. Then we have
ln(:t()\,fq—Aq))=—klnk+ O(k), k— oo. 2-1)

Remarks. (i) Under additional technical hypotheses on m >, we could make the asymptotic relation (2-1)
more precise. Namely, assume that there exists a nonincreasing sequence {s;} ey such thats; > 0, j € N,
lim;_, o, 5; =0, and the level lines

xeR* m_(x)=s;}, jeN,

are bounded Lipschitz curves. In particular, the existence of such a sequence follows from the Sard lemma
(see, e.g., [Sternberg 1964, Chapter 2, Theorem 3.1]) if we assume that m_ € C 2([RQQ). Further, denote
by 6> the logarithmic capacities (see, e.g., [Landkof 1972, Chapter II, Section 4]) of supp m>. Then we
have

b6~ n b6*
1+1In > k+o(k) <In(£(*;, —Ag)+klnk < | 1+In > k+o(k) (2-2)
as k — oo. We omit the details of the proof of (2-2), which is inspired by [Filonov and Pushnitski 2006].
(ii) Forg € Z4 and A > 0, set
Ny =#keZ, | i(xk%q —Ay) > AL (2-3)
Then, a less precise version of (2-1), namely
In (£, — Ag)) = —kInk(1+0(1)), k— oo,

is equivalent to
[In A|

NEQ) =
d ) In|lnA|

(140(1)), ar}0. (2-4)

Further, we state our results concerning perturbations of exponential decay. Assume that there exist
constants 8 > 0 and y > 0 such that

Inms(x) = —ylx|* + O(n|x|), |x| — oo. (2-5)

Remark. In (2-5), we suppose that the values of y and g are the same for m - and m~.. Of course, the
remainder O (In |x|) could be different for m . and m-..

Given 8 > 0 and y > 0, set u := y(2/b)?, b > 0 being the constant magnetic field.
Theorem 2.2. Let m> satisfy (2-5). Fixq € Z.

() If B € (0, 1), then there exist constants f; = f;j(B, u), j € N, with f\ = u, such that

In (i(,\;fq —Ay) =— Z fik PVt L 0@nk), k— oo. (2-6)
I<j<1/(1-p)
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(i) If B =1, then
In (£, — Ag)) = —(n (1 4+ )k + O(Ink), k — oo. (2-7)
(iii) If B € (1, 00), then there exist constants g; = g;(B, ), j € N, such that
In (A, — Ag))
—1 —1-1 ;
= —’B—klnk+ (M)k — Z g kBT L 0@Ink), k- oco. (2-8)
p p 1<j<B/(B—1)
Remarks. (i) Let us describe explicitly the coefficients f; and g;, j € N, appearing in (2-6) and (2-8)
respectively. Assume first that § € (0, 1). For s > 0 and € € R, |¢| « 1, introduce the function
F(s;€):=s—Ins+eus’. (2-9)

Denote by s (¢) the unique positive solution of the equation s = 1 —e€f ws?, so that dF (s~ (€); €) /s =0.
Set

f(€):=F(s<(e); €). (2-10)
Note that f is a real analytic function for small |e|. Then f; := (1/j!) d’f(0)/de’, j eN.
Let now 8 € (1, 00). For s > 0 and € € R, |¢| < 1, introduce the function

G(s; €):=us? —Ins +es. (2-11)

Denote by s- (¢) the unique positive solution of the equation Bus? =1—es, so that 3G (s (¢€); €)/ds = 0.
Define

g(€) == G(s=(€); €), (2-12)
which is a real analytic function for small |€|. Then g; := (1/;!) dig(0)/de’, j e N.

(i1) If, instead of (2-5), we assume that
Inmz(x) = =y (1+o(1), |x| = o0, (2-13)
then we can prove less precise versions of (2-6), (2-7), and (2-8), namely

—ukP (14 0(1)) if Be(0,1),
In(£Gf, = Ag) = | —(n (1 + k(L +o(1)) if f=1, k — o0,
—%klnk(wo(l)) if Be(l,o0),

which are equivalent to

w PP (14 0(1) if Be (0, 1),

1 . _

N;E(A)z m”nM(l‘f'O(l)) if =1, A 0. (2-14)
B _lni|

B—11n|InA|

(14+0(1)) if Be(l1,00),
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Note that in (2-13), similarly to (2-5), we assume that the values of y and g are the same for m - and m-..
However, since the coefficient in (2-14) with 8 > 1 does not depend on v, in this case we could assume
different values of y > 0 for m_ and m...

Finally, we consider perturbations m which admit a power-like decay at infinity. For p > 0 recall the
definition of the Hormander class

PR = (Y € COR) | ID Y ()| < cafr) "7, x e R, @ € 23},
where (x) := (1 + |x|?)!/2, x € R?. Let ¢ : R? — R satisfy lim|y|— 00 ¥ (x) = 0. Set
Dy(A):=|{x e R | Y (x) > A}, A>0, (2-15)
where | - | denotes the Lebesgue measure. Fix g € Z., and introduce the function
Te(x) = %(Aq Trm(x) —2bImmip(x)), x € RZ. (2-16)
Note that 7, (x) > O for any x € R?>and g € Z,.

Theorem 2.3. Let mj; € PP(R?), j,k=1,2, with p > 0. Fix g € Z. Suppose that there exists a
function0 <1, € C (S such that

. X
lim [x|?T,(x) =14 — ).
|x|—o00 |x|

Then we have

+ b -2/
Ny ) = =g, (M)A +o(1)) <2777, 1] 0, (2-17)
27 1
which is equivalent to
b 2w
lim A*/P N7 (L) =6 :=—f 7,(cos 6, sin0)*/* de, (2-18)
A0 4 Jo
or to
£, — Ay =€k (1+0(1),  k— oo, (2-19)

Remarks. (i) Relation (2-17) could be regarded as a semiclassical one, although here the semiclassical
interpretation is somewhat implicit. In Propositions 4.1 and 4.3 below, we show that the effective
Hamiltonian, which governs the asymptotics of N’ ;t (1) as A | 0, is a pseudodifferential operator with
anti-Wick symbol wy j, := wy o R, defined by (4-8) and (4-31). Under the assumptions of Theorem 2.3,
T b :=T40Ry (see (2-16) and (4-31)) can be considered as the principal part of the symbol wy ,, while
the difference between the anti-Wick and the Weyl quantization is negligible. Then (1/27)®g, (1) =
(b/2m) Py, (1) is just the main semiclassical asymptotic term for the eigenvalue counting function for a
compact pseudodifferential operator with Weyl symbol 7, 5.

(i) There exists an extensive family of alternative sets of assumptions for Theorem 2.3 (see, e.g., [Ivrii
1998; Dauge and Robert 1987]). We have chosen here hypotheses which, for certain, are not the most
general ones, but are quite explicit and, hopefully, easy to absorb.
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Let us comment briefly on our results. Nowadays, there exists a relatively wide literature on the local
spectral asymptotics for various magnetic quantum Hamiltonians. Let us concentrate here on three types
of perturbations of Hy which are considered to be of particular interest (see, e.g., [Ivrii 1998; Mao 2012]):

o Electric perturbations Hy + Q where Q : R?> — R plays the role of the perturbative electric potential.

o Magnetic perturbations (—iV — Ay — A)2, where A = (A, Ay), and B := 0Ay/0x1 —dA1/0x7 is
the perturbative magnetic field.

e Metric perturbations Zj k12 11j(8jx +m )T, where m = {mj}; =12 is an appropriate pertur-
bative matrix-valued function.

Typically, the perturbations Q, B, or m are supposed to decay in a suitable sense at infinity. Slowly
decaying Q, for example Q € $~P(R?) with p > 0, were considered in [Raikov 1990], and the main
asymptotic terms of the corresponding counting functions N ;JIE (1) as & | O were found, utilizing, in
particular, anti-Wick pseudodifferential operators. In [Ivrii 1998, Theorem 11.3.17], the case of combined
electric, magnetic, and metric slowly decaying perturbations was investigated; the main asymptotic terms
of N' 25 (1) as A | 0, as well as certain remainder estimates were obtained. The semiclassical microlocal
analysis applied in [Ivrii 1998] imposed restrictions on the symbols involved, which, in some sense or
another, had to decay at infinity less rapidly than their derivatives. These restrictions excluded some rapidly
decaying perturbations, e.g., those of compact support, or of exponential decay with g > % (see (2-9)).

Raikov and Warzel [2002] used a different approach based on the spectral analysis of Berezin—Toeplitz
operators and obtained the main asymptotic terms of N’ f]t (A) as 1 | O in the case of potential perturbations Q
of exponential decay or of compact support. In particular, in [Raikov and Warzel 2002], formulas of the
type (2-4) or (2-14) appeared for the first time. Here, we essentially improve the methods developed
in [Raikov and Warzel 2002]. These improvements lead also to more precise results for certain rapidly
decaying electric perturbations. Namely, assume that Q > 0 admits a decay at infinity which is compatible
in a suitable sense with the decay of m. Then the results of the article extend quite easily to operators of
the form

Hi+0, (2-20)

so that Hy &+ Q are perturbations of Hy having a definite sign. We do not include these generalizations
just in order to avoid an unreasonable increase of the size of the article due to results which do not require
any really new arguments.

Combined perturbations of Hy by compactly supported B and Q were considered in [Rozenblum
and Tashchiyan 2008], where the main asymptotic terms of N éﬁ (1) as A | 0 were found. Note that the
magnetic perturbations of Hy are never of fixed sign, which creates specific difficulties, successfully
overcome in [Rozenblum and Tashchiyan 2008].

To our best knowledge, no results on the spectral asymptotics for rapidly decaying metric perturbations
of Hy appeared before in the literature. We also included in the article our result on slowly decaying
metric perturbations (see Theorem 2.3), since it is coherent with the unified approach of the article and is
proved by methods quite different from those in [Ivrii 1998].
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Finally, let us discuss briefly the relation of Hy to the Bochner Laplacians. Assume that the elements
of m are real. In R? introduce a Riemannian metric generated by the inverse of g*, and the connection
I-form )~ , Ao, dx;. Set y+ := (det g*)~!/2. Then the standard positive-definite Bochner Laplacian,
self-adjoint in L2(RZ; y+ dx), is written in local coordinates as

Feo=yi' Y Tghyell.
k=12

Let Uy : L*(R?; y+dx) — L?*(R?; dx) be the unitary operator defined by Us. f := yi/zf. Then we have

Us$+Uy =Hi+ Q4 (2-21)

81n)/:|:81n)/:|: d 811’1)/:|:
(gfi" R R U '
k=12 Xk Xj )Cj Xk

Generally speaking, the functions Q1 do not have a definite sign coinciding with the sign of the operators
Hy — Hy; hence, the operators on the right-hand side of (2-21) are not exactly of the form of (2-20). The
fact that the symbol of a Toeplitz operator does not have a definite sign may cause considerable difficulties

where

0+ =

A

in the study of the spectral asymptotics of this operator if the symbol decays rapidly, and, in particular,
when its support is compact (see, e.g., [Pushnitski and Rozenblum 2011]). Hopefully, we will overcome
these difficulties in a future work, where we would consider the local spectral asymptotics of &.

3. Reduction to Berezin—Toeplitz operators

In this section we reduce the analysis of the functions N ;'E (1) as A | O to the spectral asymptotics for
certain compact operators of Berezin—Toeplitz type. To this end, we will need some more notations, and
several auxiliary results from the abstract theory of compact operators in Hilbert space.

In what follows, we denote by 1), the characteristic function of the set M. Let T be a self-adjoint
operator in a Hilbert space,' and $ C R be an interval. Set

Ng(T) :=rank 14(T),

where, in accordance with our general notations, 14(7') is the spectral projection of T corresponding to .
Thus, if $ Noess(T) = I, then Ng(T) is just the number of the eigenvalues of T lying on $ and counted
with their multiplicities. In particular,
N, ) =N, ap-0(H-), g€y, 2€(0,2D), (3-1)
NT () = Nag4an,(Hy), q€Zy, L€ (0,2b), (3-2)
the functions N qi being defined in (2-3). Let T = T* be a linear compact operator in a Hilbert space.

For s > 0, set
ni(s; T) := Ns,00) (£T);

1 All the Hilbert spaces considered in the article are assumed to be separable.
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thus, n4(s; T) (resp. n—(s; T)) is just the number of the eigenvalues of the operator T larger than s (resp.
smaller than —s), counted with multiplicities. If T; = Tj?k, j = 1,2, are two linear compact operators
acting in a given Hilbert space, then the Weyl inequalities

ni(s1+s2; T + 1) <ni(s1; Tr) +ns(sz; Tn) (3-3)

hold for s5; > 0 (see, e.g., [Birman and Solomjak 1987, Section 9.2, Theorem 9]).
Fix g € Z and denote by P, the orthogonal projection onto Ker(Hy — A,). Since the operator
Hy ! WH, !'is compact, the operator P,WP, = Aé P,Hy ! WH, 1Pq is compact as well. Similarly, the

operators H ! WH, 12 are compact, and hence the operators

PyWHL'W Py = NG Py(Hy ' WHL ) (H "W H D P,

are compact as well.

Proposition 3.1. Under the general assumptions of the article we have

ni((1+e)r; PB,WP, F P,WHL'WP,)+ O(1)
<NTO) np((L—e)h; WP FP,WHL ' WP)+0(1), 110, (3-4)

for each ¢ € (0, 1).

Proof. The argument is close in spirit to the proof of [Raikov and Warzel 2002, Proposition 4.1],
and is based again on the (generalized) Birman—Schwinger principle. However, since the operator
H, 1 ZWHO_ 2 is only bounded but not compact, we cannot apply the Birman—Schwinger principle to
the operator pair (Ho, H+), and apply it instead to the resolvent pair (H, L Hy 1. First of all, note that
there exist A_ and A with A_ € (0, Ag) if g =0, A_ € (Ay—1,Ay) if g €N, and Ay € (Ay, Ags1)
if g € Z, such that

Ny Q) =N a,—n(H-), 2e€(0,A;—A), (3-5)
N;;()») =N, +r00)(Hy), A€(0, A4 —Ay). (3-6)

Further, evidently,
N(A,,Aq—)»)(H—) = N((Aq_)\)fl’A:l)(H:l) = N((Aq_k)fl’A:l)(H()_l + T_), (3'7)
Neagsranpy(He) = Nyt gy (HED = Nyt iy (Hy ' =T, (3-8)
with 7_:= H~' — H, Vand 7, := H, - HJ:]. Note that the operators 7. are nonnegative and compact.

By the generalized Birman—Schwinger principle (see, e.g., [Alama et al. 1989, Theorem 1.3]) we have

-1
Neag—ay-ra-H(Hy +T-)

—n(1; T )—dimKer(H_-—A_), (3-9)

_ —1\— 1/2 1/2 _ N - 1/2
(A=) =HyHY T —ny (1 TP AT = Hg YT
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and
-1
N(A’l,(A +)\)*1)(H -1y
—n (1 TP (Hy ' = (A g+ D' T = (1 T2 (H ' = AT ' T —dim Ker(Hy — A y). - (3-10)

Since the operators T+ are compact and A+ € o (Hy), we find that the two last terms on the right-hand
side of (3-9) and (3-10), which are independent of A, are finite. Next, the Weyl inequalities (3-3) imply

ny (14 T2 (A=) =HyHY T P, 1Y) =0 (e TP (A =) = HyH T (U = PHT?)
<ni(1; T”2((A —n = Hy YT
<ni(1—& T (Ag =0 = HyH ' P, T

ny (e T (A =0 = Hy Y1 = PHTY?) (3-11)

for any ¢ € (0, 1). The operator T_l/z((Aq . Ho_l)_1 I - Pq)T_l/2 tends in norm as A | O to the

compact operator
1/2( Z (A‘ . h-lp ) T2

J€Zi\{q}

Therefore,

1/2

na(e; T2 (Mg =0 = HyY ' d = PHTA =0@1), A0, (3-12)

for any € > 0. Next, for any s > 0 we have

n+(s Tl/2

(Mg =W = HyHY TP TY ) =0 (53 (Mg =07 = A D' TR, TV
=ny(sh(Ag—N)'AS PT_P). (3-13)
Hence, (3-9) and (3-11)—(3-13) yield
ny((1+eAAg — ) TASY P T_P) + O(1)
< N((A[I_M,I’Aiu)(Ho_l +T2) <ni((I—e)r(Ag—N)'AL P TP+ 0(1), 110, (3-14)
for any ¢ € (0, 1). Similarly, (3-10) and the analogues of (3-11)—(3-13) for positive perturbations imply
ny((L+er(Ag+ 07 AL P TP+ O(1)

< Njyo W(Hy ' =T <np((L=er(Ag +0)7'A Py TP+ O(1), 210, (3-15)

T (Ag+M)”
By the resolvent identity, we have 7o = H," ! WH, = Hy 'WHL IWH(; I so that
PyT+Py = A;*(PyW P, ¥ PyWHL'WP,).

Thus,
ny(s; PyTsPy) =ny(sA); P,WP, ¥ P,WHL'WP,), s >0. (3-16)

Putting together (3-5)—(3-8) and (3-14)—(3-16), we easily obtain (3-4). [l
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4. Unitary equivalence for Berezin—Toeplitz operators

Our first goal in this section is to show that, under certain regularity conditions on the matrix m, the operator
P,WP,,qeZ,,withdomain P, L*(R?), is unitarily equivalent to Pyw, Py with domain PyL?(R?), where
wy is the multiplier by a suitable function wy : R? — C. In fact, we will need a slightly more general
result, and that is why we introduce first the appropriate notations.

As usual, for x = (x1, x2) € R? we set z := x| +ix, and Z := x| — i X2, so that

d _1(9d .9 d _1( 9 4i 9
—==l—-1—), —==z—+i—).
9z 2 8x1 axZ 0z 2 8)61 8x2

Introduce the magnetic annihilation operator

a:= —2ie_b|x‘2/4i_eb|x|2/4 = -2 i_ + b_z
07 dz 4

and the magnetic creation operator

0 e —ieblla D b _ (9 b2
0z dz 4

with common domain Doma = Dom a* = Dom HOl /2 The operators a and a* are closed and mutually

adjoint in L?(R?). On Dom Hy we have [a, a*] = 2b and
Hy=a"a+b=aa*—b= %(aa*+a*a}. 4-1)

1/2
Moreover, on Dom HO/ we have

M= Sata®), Mh=L@—a, 4-2)
2 2i

the operators I1;, j =1, 2, being introduced in (1-1). Next, define the operator A : Dom HO1 212 (R%; C?)
by

%
Au = (a u) , u eDomHol/z.
au

Then, (4-1) implies that Hy = %A*A. Further, introduce the Hermitian matrix-valued function
Q= <w11 6012)
w21 W22
with wjy € LOO(RZ), j.k=1,2. Fix g € Z and define the operator
P,A*QAP, = A P Hy PA*QAH, 7P, (4-3)
which is bounded and self-adjoint in P, L*(R?). Utilizing (4-2), we easily find that

P,WP, = 1P,A*UAP,, (4-4)
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where
1 /1 1
=0"m0, 0:=— 4-
so that
uyy = 5(Trm —2Immy,),
U:(M” ulz) with u222=%(Trm+21mm12),
Uzy ux

U =uy = %(mn —ma —2i Remyy).
Introduce the Laguerre polynomials

g .
—1)/
L;’") ::E :(q+m)¥ teR, geZ,, meZ; (4-6)
; qg—J J:
Jj=0

as usual, we write Léo) =L, and for notational convenience we set gL, =0 for g = 0. By [Gradshteyn
and Ryzhik 1965, Equation 8.974.3] we have

q
YL@ =LV @), teR, geZy, meZ,. (4-7)
j=0

Proposition 4.1. Let Q be a Hermitian 2 x 2 matrix-valued function with entries w j; € Cp° (R?), J. k=12
Fix g € 7. Then the operator P;A*QA P, with domain PqLZ(IRz) is unitarily equivalent to the operator
Powy Py with domain PyL*(R?), where

Wy = wy (£2)
AN 9? .
_[2pa g (=5 Jon + 2L, (5 Jom —8ReLY (<55) 542 raz1 @)
2bL1( 2b>w“ ifqg=0

and A = Zj 12 82/8x2 so that, in accordance with (4-6), L(m)( A/(2b)) withs € Zy andm € Z is
just the differential operator ", i=0 (H’m) AT /(j1(2b)7) of order 2s with constant coefficients.

k)2
Po,k(X) 1= 4/ nyk' (b) ke P4 e R ke Z.,

$q.k(x) 1= (2b)q 1@)g0x(x), xeR’ keZy, geN.

Proof. Set

Then {@y t}rez, 1s an orthonormal basis of Pqu([Rz), sometimes called the angular momentum basis
(see, e.g., [Raikov and Warzel 2002] or [Bruneau et al. 2004, Section 9.1]). Evidently, for k € Z we
have

vV 2b — ) 2 19
a0k =206+ D1k, qE€Zy,  aggix= {0 T¥a-1k Z o (4-9)
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Define the unitary operator W : PqLQ([RZ) — PyL*(R?) by W : u — v, where

U=y i V=D ok lcihez, € CZy). (4-10)
keZ + keZ
We will show that
P, A*QAP, = W* Pyw, PyW. @-11)

For V € C°(R?), m,s € Zy, and k, £ € Z, set

Em,s(V; ka Z) = (V(pm,k’ @s,f)»

where (-, -) denotes the scalar product in L*(R?). Taking into account (4-9) and (4-10), we easily find
that

(PAA* QAP u, u) =2b Y Y ((q+ DEqr1g41(@11; k) +qEq 141 (@5 k, )ckéy

kEZ+ ZEZ+
+2bv/q(g+1)2Re Y D Bypigo1(@nik Oy (4-12)
keZ, teZ
if g > 1, and
(POA*QAPou, u) =2b Y > Bi1(wn; k. O)ckéy. (4-13)
keZ, teZ
Moreover,
(Powg Pov, v) = Y Y Boo(wg: k. O)ckée.  q € Zy. (4-14)
k€Z+ €€Z+

In [Bruneau et al. 2004, Lemma 9.2] (see also the remark after Equation (2.2) in [Bony et al. 2014]), it

was shown that

A
Epm(Vik, 0) = Eo,o(Lm (—ﬂ)v; k, e), mez,. (4-15)

Now (4-13), (4-15) with m = 1 and V = w;1, and (4-14) with ¢ = 0 imply (4-11) in the case g = 0.
Assume g > 1. By (4-15), we have

A
Eg+1q+1(w11; k, €) = Eo,0 (Lq+1 (_E>w“; k, E), (4-16)
~ ~ A
Ey—1,g-1(@n: k, £) = Eoo| Ly—1 % wuik, ). 4-17)
Let us now consider the quantity E,41,4,-1(V; k, £). Using (4-9), we easily find that, for ¢ > 2, we have
1 —1
Byt g1 (Vik )= ——-B, . (V,a*l; k, )+ [L==E, . 2 (V; k, £), 4-18
q+1l,q 1( ) G + 1) q.9 1([V,a™] ) g+1 q.q 2( ) ( )

- - —1
Eqq-1(V, a1k, &) = Ey-1.4-1([V, a1, a*1; &, €) + |4 StV @k 0. (@-19)

1
V2bg
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Moreover, [V, a*]| =2idV /dz, and

. 32V
[[V,a"],a"] = —4——. (4-20)
072
Using (4-19), it is not difficult to prove by induction that
.
Eyq1([V,a* ]k, £) = Z g;;(lV,a*l,a*l; k,€), ¢q=>1. (4-21)
Now (4-15), (4-20), and (4-7) imply
qj g, ([lV,a*],a*1; k, £) —qil Eool —4L;( — o’y k, ¢
. ~7,] ,a |,d |5 K, _' =0,0 ] 2b 825 )
Jj=0 Jj=0
A\ 2%V
= ar [ = . _
= ._40,0< 4Lq—l< Zb) 52 ik, E). (4-22)
Setting
A\ 92
a1 (_2V T -
Dy = 4Lq_1( 2b)8z , q€N, (4-23)
we find that (4-21) and (4-22) imply
1
Egq-1([V,a" T k, £) = mm,o(@qv; k, ). (4-24)
Bearing in mind (4-18), (4-15), and (4-24), it is not difficult to prove by induction that
1 q
g (Vik, )= ———=  E00(@,V:k 0 (4-25)
Sg+1l,q9—1 s Ny - —(0), s Ry .
B 2b/q(q+1) =
Note that (4-7) and (4-25) imply
q 2
A\ 0
gt (_=2)Y2 _
S g, = 4Lq_1< 2b> s (4-26)

s=1

Now, (4-25) and (4-26) entail

AN 92
2bv/q(g + D Eqi14-1(@213 k, £) = uoo( L (——)%-k 6). (4-27)

Finally, (4-12) and (4-14) combined with (4-16), (4-17), and (4-27) yield (4-11) with g > 1. [l
In the rest of the section we establish two other suitable representations for the operators P,V P,,q € Z,

with V : R?> — C.

Proposition 4.2. (i) [Ferndndez and Raikov 2004, Lemma 3.1; Bony et al. 2014, Section 2.3] Let

Ve Ll (R?) satisfy lim |0 V(x) = 0. Then, for each q € 7, the operator P,V P, is compact.

loc
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(i) [Raikov and Warzel 2002, Lemma 3.3] Assume in addition that V is radially symmetric, i.e., there
exists v : [0, 00) — C such that V (x) = v(|x|), x € R2. Then the eigenvalues of the operator P,V P, with
domain PqLZ(RZ), counted with multiplicities, coincide with the set

{Veq.k> 9q.k) kez, - (4-28)

In particular, the eigenvalues of PyV Py coincide with

00 1
% v((%)z)ewk dt, keZ,. (4-29)
- JO

Remarks. (i) Let us recall that, if f is, say, a bounded function of exponential decay, then

Mf)(z) = /‘OO for'dt, zeC, Rez>0,
0

is sometimes called the Mellin transform of f. Some of the asymptotic properties as k — oo of the
integrals (4-29), which we will later obtain and use in the proofs of Theorems 2.1 and 2.2, could possibly
be deduced from the general theory of the Mellin transform.

(i) Combining Propositions 4.1 and 4.2, we find that, if the matrix-valued function €2 is radially symmetric
and diagonal, then the operator P,A*QAP, acting in Pqu([Rz) is unitarily equivalent to a diagonal
operator in £2(Z..). If Q is just radially symmetric, then P,A*QAP, is unitarily equivalent to a tridiagonal
operator acting in £>(Z..).

The last proposition in this section concerns the unitary equivalence between the Berezin—Toeplitz
operator PyW Py and a certain Weyl pseudodifferential operator. Let us recall the definition of Weyl
pseudodifferential operators acting in L*(R). Denote by I"(R?) the set of functions 1 : R — C such that

A"y (y, 1)

ayza)’)m < Q.

[V lr@we == sup  sup
(y,r])esz,mZO,l

Then the operator Op" (v), defined initially as a mapping between the Schwartz class ¥(R) and its dual
class ¥ (R) by

O e =5 [ [0 )0 e dy an. y e

extends uniquely to an operator bounded in L?(R). Moreover, there exists a constant ¢ such that

10p" (W)l < cllY @ (4-30)
(see, e.g., [Boulkhemair 1999, Corollary 2.5(1)]).

Remark. Inequalities of the type (4-30) are known as Calderon—Vaillancourt estimates.

01
— _p12 -
Rp :=—b (1 O>’ (4-31)

Put
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and, for V : R? — C, define
Vp(x) :=V(@Rpx), xeR> b>0.

Moreover, set 4(x) := e‘|x|2/n, x € R%.

Proposition 4.3 [Pushnitski et al. 2013, Theorem 2.11, Corollary 2.8]. Let V € L'(R?) + L™(R?). Then
the operator PyV Py with domain PyL2(R?) is unitarily equivalent to the operator Op" (V) x ).

Remark. The operator Op®” (v/) := Op™ (¢ * 9) is called a pseudodifferential operator with anti-Wick
symbol ¥ (see, e.g., [Shubin 2001, Section 24]).

5. Proofs of Theorems 2.1 and 2.2

In this section we complete the proofs of Theorems 2.1 and 2.2, concerning perturbations of compact
support and of exponential decay.
Let T = T* be a compact operator in a Hilbert space such that rank 19 ~)(7) = co. Denote by
{vi(T)}32, the nonincreasing sequence of the positive eigenvalues of 7', counted with multiplicities.
Recall that m - (x) <m- (x) are the eigenvalues of the matrix m(x) for x € R2. Since the matrix U (see
(4-5)) is unitarily equivalent to m, m> are also the eigenvalues of U. Next, we check that Proposition 3.1
implies the following:

Corollary 5.1. Under the general assumptions of the article, there exist constants 0 < cf < Cf < o0 and
ko € Z4 such that
+ * + + *
CVkyky (PP A"m _AP,) < :I:(kk’q —Ay) < Tk (P,A* M AP) (5-1)
for sufficiently large k € N.
Proof. 1t is easy to see that
0<P,WH'WP, <csP,WP, (5-2)
with
cx = [H PWHL ') < sup [m(x) (T £m(x)~"].
xeR?
Note that 0 < c_ < oo and 0 < c; < 1. Moreover, by (4-4) and the mini-max principle,
ny(2s; PAA*m APy) <ny(s; P,WP,) <ni(2s; P,A*m.AP;), s>0. (5-3)

Now, (3-4), (5-2), and (5-3) imply that, for any ¢ € (0, 1), we have

nyA(1+¢); PLA*m AP+ 0(1) < Ny ) =ni a1l —e); (1 + c)P,A*m AP, + O(1), (5-4)
ny QA1 —¢); P,A*m-APy) + O(1) > N;r(k) >n A1 +¢); (1 —c) P, A" m AP+ O0(1)  (5-5)
as A | 0, and estimates (5-4)—(5-5) yield (5-1) with

_ 1 _ 14+c_ n 1—cy n 1
cC.=—7~, .=—""7"T-"~=7 C(C_.=-~"/7""-, (=",
2(1+¢) 2(1 —¢) 2(1+e¢) 2(1 —e)

and sufficiently large ko € N. ]
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Let us now complete the proof of Theorem 2.1. Let ¢ € CSO(RZ), £1>0,¢ =1 onsuppm-. Set
$2(x) = (maxy gz m= (¥))61(x), x € R2. Evidently, m-. < ¢ on R2, so that

V(P A*moAP,) < w(PAYGAPR,), kel (5-6)

Further, by Proposition 4.1, the operator P,A*¢,A P, is unitarily equivalent to the operator Py¢3 Py, where

=2b DL A L A
$3:=2b((q + L4411 ~% +qLly— ~% 0.

vk (PyAAP)) = vi(Pos3 Po), kel,. (5-7)

Therefore,

Let R- > 0 be so large that the disk Bg_(0) of radius R. centered at the origin contains the support of ¢3.
Then,

v (Pog3 Po) < max 183 v (Polp,_0)Po), keZ. (5-3)
Xe
Putting together (5-6), (5-7), and (5-8), we find that there exists a constant K. < oo such that

Uk(PqA*m>APq) < K>I)k(P()lBR> (O)PO), ke Z_;,_. (5-9)
On the other hand,
vk(PqA*m<APq) > vk(anm<a*Pq). (5-10)

Applying (4-9), we easily find that the operators P,am a* P, and 2b(q + 1) P, .1m . P, are unitarily
equivalent. Hence,

ve(Pgam .a*Py) =2b(q + D (Pypprim<Pyi1), keZ,. (5-11)

Further, since m . is nonnegative, continuous, and does not vanish identically, there exist ¢y > 0,
R_ € (0, 00), and x¢ € R? such that m_(x) > colpy_(xo)(X), x € R2. Therefore,

Uk(Pq+1m<Pq+1) > COVk(Pq+llBR<(xo)Pq+1), k e Z+. (5-12)

The operators Py111p,_(xg) Py+1 and Pyi11p,_(0) Py+1 are unitarily equivalent under the magnetic trans-
lation which maps xg into O (see, e.g., [Raikov and Warzel 2002, Equation (4.21)]). Therefore,

Ve (Py+11Bg_ (xo) Pg+1) = vie(Pg+11Bp_0) Py+1), k€ Z4. (5-13)
Combining (5-10)—(5-13), we find that there exists a constant K - such that
K vi(Pyi1lp,_0)Pys1) S i(PA*m APy, kelZy. (5-14)

By (5-9) and (5-14), it remains to study the asymptotic behavior as k — 00 of vi(Py1p0)Pn), With
m e Z4 and R € (0, co) fixed. This asymptotic analysis relies on the representation (4-28), and results
sufficient for our purposes are available in the literature. Namely, we have:
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Lemma 5.2 [Combes et al. 2004, Section 4, Corollary 2]. Let m € Z, R € (0, 00), b € (0, 00). Set
0:=bR?/2. Then
e*QQ7m+lk2mflgk

m!k!

Vi (P 1B Pn) = (140(1)), k— oo. (5-15)

Now, asymptotic relation (2-1) follows from (5-1), (5-9), (5-14), (5-15), and the elementary fact that
Ink!=kInk+ O (k) as k — oo.

In the remaining part of this section we prove Theorem 2.2 concerning perturbations m of exponential
decay. Assume that m satisfies (2-5). Then there exist §> € R, . < J-, and r > 1 such that

— 28 _ 28
xP<e M gy g 0y (1) Smo(x) <ms(x) < x| e Lo, g o) (x) +maxm ()15, o) (x),  x € R
yeR2
(5-16)
Let n>0 € C*®(R2; [0, 1]) be two radially symmetric functions such that n. 9 = 1 on R2 \ B,+1(0),
n<.o0=0on B,(0), and n- o =1 on R*\ B,(0), n-.0 =0 on B,_(0). For x € R? set

_ 28
ne1(x) = |x<e "My o(x),

_ 28
1=1(%) 1= x [ e 0 () + maxm () (1= 1,0(x):
ye
Evidently, n> € leo([Rz), and by (5-16),
Ne1(x) <mo(x), m-(x)<n-;1(x), xeR%.

Therefore, for k € Z, we have

1)k(PqA)km<qu) = Uk(PqA*n<,lAPq),
Ve (PeA*moAPy) < v (P,A - 1AP,).

A A
nz2:=2bl(q+ DLg+1| — % +qLlg—1 —35 ) )1z

According to Proposition 4.1, the operators P,A*n> 1AP,, g € Z,, and Pynx 2 Py are unitarily equivalent.

(5-17)

Further, set

Therefore,

vk (PyAnz 1APy) = wi(PonzoPy), kel,. (5-18)

Next, a tedious but straightforward calculation shows that

nz2(x) =nz3(x)(1+o(D)), |x| = o0, (5-19)
where
_ 53 gl |1 it B€(0,3%], 22\ (0
Nz3(x) = Cqplx[*= DD i pe(Log), TS \ 03,
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and C, g > 0 are some constants. Even though the exact values of C, g will not play any role in the

sequel, we indicate here these values for the sake of the completeness of the exposition:
2A

. 1
. . if ge(0,5),
_@2By) ) (_(Zﬂ)/) )) a1
Cop= 25((q + Dlgir (= 507) + Ly (=55 th=z
(2,3V)2(q+1) ) |
—(Zb)qq‘ if ,3 (S (i’ OO)
Hence, by (5-19), there exists R € (0, 0o) such that for x € R? we have
N<2 > 30<31p2\Br0) — C<LBr(0) = N<4(x), (5-20)
N>2 < 315 3100\ Be(0) + €5 1Be(0) =2 1> 4(x) (5-21)
with ¢z :=max, g2 [z 2(y)|. Thus, for any admissible k € Z,., we have

Vi (Pon<,2Po) = vii(Pon<,aPo),  vi(Pons,2Po) < vi(Pon-,4FPo). (5-22)
In order to complete the proof of Theorem 2.2, we need a couple of auxiliary results. For 8 > 0, u > 0,
and o > 0, set

00 5 o
. (k) :=/ e Mk dr, €,(k) :=/ e 'tk
0 0

t"dt, k> —1, (5-23)
and, for§ e R, cop > 0 and c; € R, put
CO},B, (k+5)+01% (k—3_)
Lk) =%g 11,05k; co, c1) := i NTESY @ ,  k>max{—-1, -8 -1},
where §_ := max{0, —4§}.
Lemmas53. Let 8 >0,u>0,0>0,c0>0,and§ e R, c; eR.
(1) The asymptotic relations
=Y izjo1yap fikPTVI 4+ O(Ink) if Be(0,1),
—In(1+wn)k+ O(Ink) if B=1,
In%(k) = _ 1 5-24
© —%klnk—kk(%) (5-24)

— D 1<j<B/(B-D) gikWP=Ditl L o(nk) if Be(1,00),

hold true as k — o0, the coefficients f; and g; being introduced in the statement of Theorem 2.2.
(i) We have &' (k) < 0 for sufficiently large k.

Proof. First, let § = 0. Assume § € (0, 1), k > 0, and make the change of variable ¢ — ks in the first
integral in (5-23). Thus we find that

}ﬂ,u(k) S /OO e*kF(s;kﬂ*I) ds.
0

(5-25)
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The function F(s; kf~') defined in (2-9) attains its unique minimum at s (kP=1), and we have
2F (s-(kP~1); kP=1)/8s> = 1 4+ o(1), k — oo. Therefore, applying a standard argument close to the
usual Laplace method for asymptotic evaluation of integrals depending on a large parameter, we easily
find that

o0
f e kPG g = () 2 RFO<WDRTD=12(1 1 o(1)), k — o0 (5-26)
0

Bearing in mind that F(s_ (k#~1); k#~1) = f(kP~1) (see (2-10)), f(0) =1, and
InC(k+1)=klnk—k+3Ink+0(l), k— oo, (5-27)

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.1.40]), we find that (5-25)—(5-26) imply

o@ﬂ,u(k) 7 B—1
ln<—r‘(k+l))_k kf (k") + O(Ink)

1d
—k—k Z 'd{(O)k(ﬂ Di 4+ O(®nk)
0<j<1/01-p) 1 4€

1d

=— Y ‘df(O)k(ﬂ DI+ 4 O(Ink)
1<j<1/(1-8) J

=— Y KV Lok, k- 0. (5-28)
1<j<1/(1-8)

In the case 8 =1, we simply have

Fpulk) / oDk k-1,
Tk+1) F(k+1) Fdr=(et 1)

that is,

},B,M(k) _ _
In (m) =—(n(1+u)k+0(1), k— oo. (5-29)

Now let B € (1, 00). Making the change of variable 7 — k'/fs with k > 0 in (5-23), we find

$p.u(k) = k*FD/B / eTKOERIPD) g (5-30)
0

The function G(s; k'/#~1) defined in (2-11), attains its unique minimum at s (k'/#~1), and we have

392G

77 (0= (PD kP = B(up)P (1 +o(1)), k= oo,

Arguing as in the derivation of (5-26), we obtain

o0
/ e KGRI go — DB (up) VB kG- RIPNRIT 121 4 6(1Y), k= 00, (5-31)
0
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Bearing in mind that G (s~ (k'/#=1); k1/F=1) = g(k'/=1) (see (2-12)), and g(0) = (1 +1In (uB))/B, we
find that (5-30), (5-31), and (5-27) imply

Fpu®)y _ B-1 _ 1/8—1
ln<r(k+1)>_ G kInk k= kg7~ 4 0(nk)

1 1d ;
=—ﬁ7klnk+k—k > —Z8 0)k/B-Di 4 O(Ink)

_ jldel
0<j<B/(B-1)
-1
=———kInk+k(1-gO)— Y
p 1<j<p/6-1 7

—1 —1-1 ,
- _ﬂ—klnk+k<w> — Z g kP=DIt L o(nk), (5-32)
B B 1<j<B/(B-1)

as k — oo. Let us now consider general § € R. By (5-27),

1 d’ :
=SS OKIPDIH 1 0 (ink)

Ck+35+1)
—— = )| =8lnk+0(), k . 5-33
n( T D ) nk+ O(1) — 00 (5-33)
Putting together (5-28), (5-29), (5-32), and (5-33), we find that
k+48 k
(222K (25BN 500k, k> oo (5-34)
Ck+1) Ck+1)
Finally, by (5-15), we easily find that, for each fixed § € R, we have
Eolk —6_ k+6
ok =0) _ (e (5-35)
Ck+1) Ck+1)

The combination of (5-28), (5-29), (5-32), (5-34), and (5-35) implies (5-24).
For (ii), we have

P, k+8)  T'(k+1) Eyk—38-) T'(k+1)
Tk+1) _F(k+1)2§6’3’“(k+3))+61( T(k+1) T(k+1)2

o0 Q
gg,u(k)zf e Mtk In g dr, %’Q(k):/ e~'t“Int dt,
0 0

¥ (k) =co< %Q(k—é_)), (5-36)

and

I(k+1) 1 L
T k4 — 40K, Kk ,
Fha D) — nkFop F0k™), k—=co

(see, e.g., [Abramowitz and Stegun 1964, Equation 6.3.18]). Performing an asymptotic analysis similar to
the one in the proof of the first part of the lemma, we find that there exists a function ¥ = Wg , 5 such
that W (k) < O for k large enough, and

$pk+8)  T'(k+1)
F(k+1) T(k+1)?
Ey(k—38-) T'(k+1)
Tk+1) Tk+1)2

Pk +8) =W (k)(1+o0(1)), (5-37)

Eolk—5_) =0(¥(k)) (5-38)
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as k — oo. Putting together (5-36), (5-37), and (5-38), we conclude that &£'(k) < O for sufficiently
large k. (I

Taking into account the definition of the functions 1> 4 in (5-20)—(5-21), the mini-max principle,
representation (4-29), as well as Lemma 5.3(ii), we find that there exist constants ¢; > > 0, j =0, 1,
52 € R, and ko € Z such that

vk(Pon<aPo) =Ly o5 (k+ko; co<, —¢1,<)
A (5-39)
vk(PonsaPo) =%g , .5 (ki cos,c15),
for u =y (2/b)?, 0 = bR?/2, and sufficiently large k € Z ;.
Putting together (5-1), (5-17), (5-18), (5-22), (5-39), and (5-24), we obtain (2-6)—(2-8).
6. Proof of Theorem 2.3

Estimates (3-4) combined with the Weyl inequalities (3-3) and the mini-max principle entail
n (L (1+€); PyW Py) + O(1)
<N, W) <y (1 —e)% PyWP) +ny(he(1—e); LWH-'WP) 4+ 0(1), (6-1)

and
ny(M(1+8)% P,WP) —ny(he(l+e); P,WH'WP,)+0(1)
<Ny () <ny((1—e); BLWP)+0() (6-2)

as A |} 0. It is easy to check that we have

P,WHL'WP, < Cy +P,A*(-)"*AP,

with
_ 2
Cix = | Hy 2 HZ 2|17 (sup (x)Pm- ().
xeR?
Therefore, for any s > 0,
ny(s; P,WHL'WP,) <ny(s; C1+ P,A*(-)"2PAP,). (6-3)

Further, by Proposition 4.1, the operator P, W P, (resp. P,A*(- )_2pAPq) is unitarily equivalent to
%Powq (U) Py (resp. Powgy((- y~2°T) Py). Hence, for any s > 0,

ny(s; PyWP,) =ny(2s; Powy(U)Py), (6-4)
ni(s; PyA* () T2PAP)) = n(s; Powg({-) ™" I)Pp) < ny(s; C2Po(- )" Py) (6-5)

with Cy := sup, g (x) 2 |wy ({x) 72°1)|. Now, write

%wq(U) =7y +J0:q’
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the symbol T, being defined in (2-16), and note the crucial circumstance that g g € $~P72(R?). Then the
Weyl inequalities (3-3) entail
ny(s(1+¢); PoTy Po) —n_(se; PoTy Po) < ny (255 Pywy(U) Py)
<ny(s(1—e); Py T Po) +ny(ses T P)  (6-6)
for any s > 0 and ¢ € (0, 1). Evidently,
n(s3 PoT g Po) <ny(s; C3Po(-) P72 P), 5> 0, (6-7)

with C3 :=sup, g2 (x)p+2|§q (x)]. Recalling Proposition 4.3, we find that we have reduced the asymptotic
analysis of N qi (1) as A | O to the eigenvalue asymptotics for a pseudodifferential operator with elliptic anti-
Wick symbol of negative order. The spectral asymptotics for operators of this type has been extensively
studied in the literature since the 1970s. In particular, we have the following:

Proposition 6.1. Let 0 < ¢ € P=P(R?), p > 0. Assume that there exists 0 < Yo € C®(S") such that
limy|— o0 [X|° (x) = Yo(x/|x|). Then we have

ny(; 0p™ () = 2m) ' oy (W) (1 +o(1)), 10, (6-8)
which is equivalent to
1 2
lim A%Pn . (A; Op™ (¥)) = €(Yo) := 5= |  Volcosd, sin)** dg.
240 4z J,

Proof. Evidently, for each ¢ € (0, 1) there exist real functions ¥ . € C (R?) such that

Yoo () SY0) S Ppe(), xeR%
_ =1y, —p X 2
Vie(x)=(1Fe) x| %(m), x eR% x| = R,
for some R € (0, 0o). Applying the monotonicity of the anti-Wick quantization with respect to the symbol
(see, e.g., [Shubin 2001, Proposition 24.1]), the mini-max principle, and the Weyl inequalities, we obtain
ny((1+&)x; OpY (Y- e)) —n—(eh; (Op™(¥— ) — Op“ (Y ¢)))
<ny (A Op™ (1Y) < ny (1 —&)&; OpY (V4.6)) + 1y (845 (Op™ (Yrpe) —Op™(Y1.6))).  (6-9)
By [Dauge and Robert 1987], we have the semiclassical result
4 (5 0pY (Y e)) = @) ' Dy, (WA +0(1), 24 0. (6-10)

Further, by [Shubin 2001, Theorem 24.1] the differences Op*" (¥4 .) — Op” (1 ) are pseudodifferential
operators of lower order than Op™ (/1 .), so that we easily obtain

13?01 APy (eh; (Op™ (Yae) —OpY (Y p))) =0, &> 0. (6-11)
Now, (6-9)—(6-11) imply

(14&)™76(Yo) < Himinf3"n (b; Op™ (¥) = limsup ¥/ 74 (4 Op™ (¥)) = (1= &)™ 6 (o)
140
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for ¢ € (0, 1). Letting ¢ | 0, we obtain (6-8). [l
By Propositions 4.3 and 6.1, we have
1 b
ny(A; PoT 4 Po) =n(A; Op™ (T g ) = 77 27, MU +o() =g, M) (1+o(D), 110, (6-12)
with T ), =T, o Ry, Ry being defined in (4-31). Finally, for pp > p, we have
ny (ks Po(- )P Po) = 00.7H7) = o(®g, (1), A1 0. (6-13)
Now, (2-17) easily follows from (6-1)—(6-8), (6-12), and (6-13). The equivalence of (2-18) and (2-19)
can be checked by arguing as in the proof of [Shubin 2001, Proposition 13.1].
Appendix: Compactness of the resolvent differences

A priori, the operators Hy and H., self-adjoint in L?(R?), could be defined as the Friedrichs extensions
of the operators =12 I"[? and ) jr=1211 jgﬁl'lk defined on C{° (R?). Such a definition implies
immediately that

Dom Hy/* =Dom H}* = {u € L*(R?) | Tju € L*R?), j =1,2},

—1/2 12 g 1

and that the operators H’ 12 H, '~ and H, /% are bounded. By [Gérard et al. 1991, Proposition A.2],
the operators Hy and Hy are essentially self—adjomt on Cgo([Rz) and have a common domain

Dom Hy = Dom Hy = {u € L*(R%) | 1, Tu € L*(R?), j, k=1,2}.
Let us now prove the compactness of the operator H, I Hy Uin L2(R?). Since we have
Hy'—-H'=+H,'WH;' =+H,'WH; 'HyH'
0 + = 0 + = 0 o oMt

it suffices to prove the compactness of H," ! WH, ! The operators H, ! WH, I= %HO_ "A*u AH, Uand
%HO_ IA*m>AHO_ !"are bounded, self-adjoint, and positive. Moreover,

Hy'A*UAH, ' < Hy 'A*m_AH,; . (A-1)
On the other hand,
Hy'A*m AHy ' = Hy'a*m.aHy ' + Hy 'am-a*H; . (A-2)
By (A-1) and (A-2), it suffices to prove the compactness of the operator m1>/ za*HO_ ! We have
1/2 *H 1_ 1/2H—1/2(H—1/2 *—|—2bH_1/2 *H )

The operator H, V2% 4 2bH, 1 za*HO_ ! is bounded, so that it suffices to prove the compactness of

m1>/ 2 H, /2 which follows from m- € L*¥(R?), lim|y | 0o m~ (x) =0, and the diamagnetic inequality (see,

e.g., [Avron et al. 1978, Theorem 2.5]).
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HILBERT TRANSFORM ALONG MEASURABLE VECTOR FIELDS
CONSTANT ON LIPSCHITZ CURVES: L?> BOUNDEDNESS

SHAOMING GUO

We prove the L? boundedness of the directional Hilbert transform in the plane relative to measurable
vector fields which are constant on suitable Lipschitz curves. One novelty of our proof lies in the definition
of the adapted Littlewood—Paley projection (see Definition 3.3). The other novelty is that we will use
Jones’ beta numbers to control certain commutator in the critical Lipschitz regularity (see Lemma 5.5).

1. Introduction and statement of the main result

On R?, a direction is given by vector v, = (1, u), where u € R. Below, we will suppress the dependence
of v upon u. Consider the directional Hilbert transform in the plane defined for a fixed direction v = (1, u)
as

d
H,f(x,y) :=p.V./Rf(x—t,y—ut)Tt (1-1)

for any test function f. By the dilation symmetry, the length of the vector v is irrelevant for the value
of H,, which explains our normalization of the first component. By an application of Fubini’s theorem
and the L? bounds for the classical Hilbert transform, one obtains a priori L? bounds for H,. On the
other hand, the corresponding maximal operator sup,, |H, f (x, y)| for varying directions is well known to
not satisfy any a priori L” bounds; see the work of Karagulyan [2007].

Bateman and Thiele [2013] proved that

[sup 1S G vy | oy < Coll Al (1-2)
ue

for the range % < p < 00. Note that the supremum falls between the computation of the norm in y and in
x, compared to being completely inside or outside as in the first paragraph. The case p = 2 of (1-2) goes
back to Coifman and El Kohen (see page 1578 of [Bateman and Thiele 2013] for a detailed discussion),
who noticed that a Fourier transform in the y direction makes (1-2) for p = 2 equivalent to L? bounds for
Carleson’s operator.

Estimate (1-2) highlights a biparameter structure of the directional Hilbert transform. The biparameter
structure arises since the kernel is a tensor product between a Hilbert kernel in direction v and a Dirac
delta distribution in the perpendicular direction.

MSC2010: 42B20, 42B25.
Keywords: singular integrals, differentiation theory, Jones’ beta numbers, Littlewood—Paley theory on Lipschitz curves, Carleson

embedding theorem.
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If one considers the linearized maximal operator

d
H, f(x,y) ¢=P-V-/f(x—t,y—u(x,y)t)7t (1-3)

for some function u, then inequality (1-2) can be rephrased as a bound for the linearized maximal operator
under the assumption that « is constant on every vertical line x = xq for all xo € R. Such vector fields v
of the form (1, u(xg)) for some measurable function u : R — R are called one-variable vector fields in
[Bateman and Thiele 2013].

The purpose of the present paper is to relax this rigid assumption on u, and prove an analogue of (1-2)
for vector fields which are constant along suitable families of Lipschitz curves. To formulate such a result,
we perturb (1-2) by a bi-Lipschitz horizontal distortion, that is,

(x,y) = (g(x, ), y) (1-4)
with
(x" = x)/ap < g(x', y) —g(x,y) < ao(x'—x) (1-5)
for every x < x’ and every y, so that the transformation (1-4) maps vertical lines to near vertical Lipschitz
curves:

lg(x, ¥) —g(x, YD < boly’ =yl (1-6)
for all x, y, y'. These two conditions can be rephrased as
1/ap <0918 <ap and |02g|<by ae. (1-7)
Under these assumptions, L? norms are distorted boundedly under the transformation (1-4). Namely,
(1-5) implies for every y that
ay 1 e Dy < 1F @G ) Moy < @0l £ oy (1-8)

and we may integrate this in the y direction to obtain equivalence of L” norms in the plane. Hence the
change of measure is not the main point of the following theorem, but rather the effect of the transformation
on the linearizing function u, which is now constant along the family of Lipschitz curves which are the
images of the lines x = x( under the map (1-4).

Theorem 1.1 (main theorem). Let g : R> — R satisfy assumption (1-5) for some ag and assumption (1-6)

for some by. Then, for any cg € (0, 1), we have

| sup NH,f(gCe, 9, M2 [ o = CIF N (1-9)

lul=<co/bo
Here C is a constant depending only on ag and cy.
Remark 1.2. The constant C is independent of by due to the anisotropic scaling symmetry x — x, y — Ay.

In view of the implicit function theorem (see [Azzam and Schul 2012] for recent developments), our
result covers a large class of vector fields which are of the critical Lipschitz regularity. Indeed, it implies
the following:
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Corollary 1.3. For a measurable unit vector field vy : R> — S, suppose that:

(i) there exists a bi-Lipschitz map go : R* — R? such that
vo(go(x, y)) is constant in y; (1-10)

(i1) there exists dy > O such that, for all x € R,

L(8280(x, ¥), £vo(go(x, ¥))) = do  y-a.e.in R. (1-11)

Then the associated Hilbert transform, which is defined as
dt
Hy, f(x,y) :=/ f((x,y)—tvo(x,y))? (1-12)
R

is bounded in L?, with the operator norm depending only on dy and the bi-Lipschitz norm of go.

Remark 1.4. The structure theorem for Lipschitz functions by Azzam and Schul [2012] states exactly
that any Lipschitz function  : R*> — R (any Lipschitz unit vector field vy in our case) can be precomposed
with a bi-Lipschitz function g : R2 — R? so that u o go is Lipschitz in the first coordinate and constant in
the second coordinate, when restricted to a “large” portion of the domain.

Remark 1.5. Without the assumption that dp > 0, the operator H,, might be unbounded in L? for
any p > 1. The counterexample is based on the Besicovitch—Kakeya set construction, which will be
discussed at the end of the proof of the corollary.

To our knowledge, this is the first result in the context of the directional Hilbert transform with a
Lipschitz assumption in the hypothesis. Lipschitz regularity is critical for the directional Hilbert transform,
as we will elaborate shortly.

To use the assumption that v is constant along Lipschitz curves, we apply an adapted Littlewood—Paley
theory along the level lines of v. This is a refinement of the analysis of Coifman and EI Kohen, who use
a Fourier transform in the y variable and the analysis of Bateman and Thiele [2013], who use a classical
Littlewood—Paley theory in the y variable. This adapted Littlewood—Paley theory is the main novelty of
the present paper. It is in the spirit of prior work on the Cauchy integral on Lipschitz curves, for example
[Coifman et al. 1989], but it differs from this classical theme in that it is more of biparameter type as it is
governed by a whole fibration into Lipschitz curves. We crucially use Jones’ beta numbers as a tool to
control the adapted Littlewood—Paley theory. To our knowledge this is also the first use of Jones’ beta
numbers in the context of the directional Hilbert transform.

In this paper we focus on the case L, since our goal here is to highlight the use of the adapted
Littlewood—Paley theory and Jones’ beta numbers in the technically most simple case. We expect to
address the more general case L? with a range of p, as in the Bateman—Thiele theorem, in forthcoming
work.

While Coifman and El Kohen use the difficult bounds on Carleson’s operator as a black box, Bateman
and Thiele [2013] have to unravel this black box following the work of Lacey and Li [2006; 2010] and
use time-frequency analysis to prove bounds for a suitable generalization of Carleson’s operator. Luckily,
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in the present work we do not have to delve into time-frequency analysis as we can largely recycle the
work of Bateman and Thiele for this aspect of the argument.

An upper bound such as |u| < c¢o/bg is necessary in our theorem. By a limiting argument we may
recover the theorem of Bateman and Thiele, using the scaling to tighten the Lipschitz constant by at the
same time as relaxing the condition |u| < co/by.

An interesting open question remains whether the same holds true for cp = 1. We do not know of a soft
argument to achieve this relaxation. Our estimate of the norms become unbounded as ¢y approaches 1.
This question suggests itself for further study.

Part of our motivation is a long history of studies of the linearized maximal operator (1-3) under various
assumptions on the linearizing function u. If one truncates (1-3) as

€0

d
Hy e f(x,y):=p.v. fx—t,y—u(x, y)r) TI

—€

then it is reasonable to ask for pure regularity assumptions on u to obtain boundedness of H, ,. It is
known that Lipschitz regularity of u is critical, since a counterexample in [Lacey and Li 2010] based
on a construction of the Besicovitch—Kakeya set shows that no bounds are possible for C* regularity
with o < 1. However, it remains open whether Lipschitz regularity suffices for bounds for H, ¢,. On the
regularity scale, the only known result is for real analytic vector fields v by Stein and Street [2012]. A
prior partial result in this direction appears in [Christ et al. 1999].

It is our hope that our result corners some of the difficulties of approaching Lipschitz regularity in
the classical problem. Further substantial progress (including the case ¢y = 1) is likely to use Lipschitz
regularity not only of the level curves of u but also of u itself across the level curves. For example, one
possibility would be to cut the plane into different pieces by the theorem of Azzam and Schul stated in
Remark 1.4, and to analyze each piece separately using Theorem 1.1. We leave this for future study.

Related to the directional Hilbert transform, and thus additional motivation for the present work, is the
directional maximal operator

€
Muf ()i= swp o [ 1fG =ty =ute ynld, (1-13)
O<e<eg —€

which arises for example in Lebesgue-type differentiation questions and has an even longer history of
interest than the directional Hilbert transform. Hilbert transforms and maximal operators share many
features; in particular, they have the same scaling and thus share the same potential L? bounds. The
maximal operator is in some ways easier as it is positive and does not have a singular kernel. For example,
bounds for the maximal operator under the assumption of real analytic vector fields were proved much
earlier by Bourgain [1989].

An instance of bounds satisfied by the maximal operator but not the Hilbert transform arises when one
restricts the range of the function u instead of the regularity. For certain sets of directions characterized
by Bateman [2009a] there are bounds for the maximal operator (for example for the set of lacunary
directions), while Karagulyan [2007] proves that no such bounds are possible for the Hilbert transform.
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On the other hand, the Hilbert transform is easier in some other aspects; most notably it is a linear
operator. For example, bounds for the bilinear Hilbert transform mapping into L! were known [Lacey
and Thiele 1997; 1998] before the corresponding maximal operator bounds [Lacey 2000], due to the fact
that orthogonality between different tiles is preserved under the Hilbert transform but not the maximal
operator. In particular we do not know at the moment whether the analogue of our main theorem holds
for the directional maximal operator. This may be an interesting subject for further investigation.

Outline of paper. In Section 2 we will prove Corollary 1.3 by reducing it to the main theorem. The
reduction will also be used later in the proof of the main theorem.

In Section 3 we will state the strategy of the proof for the main theorem. As it appears that our result is
a Lipschitz perturbation of the one by Bateman and Thiele, this turns out also to be the case for the proof:
if we denote by Py a Littlewood—Paley operator in the y-variable, the main observation in Bateman and
Thiele’s proof is that H, commutes with Pi. In our case, this is no longer true. However, we can make
use of an adapted version of the Littlewood—Paley projection operator Py, (see Definition 3.3) to partially
recover the orthogonality. We split the operator H, into a main term and a commutator term

Y HyP(f) =Y (HyPi(f) — PcHy Pi(f) + PiHy Pe(f)). (1-14)

keZ keZ

The boundedness of the main term Zkel Isk H, P, (f) is essentially due to Lacey and Li [2010], with
conditionality on certain maximal operator estimate. In Section 4 we modify Bateman’s argument [2009b;
2013] to the case of vector fields constant on Lipschitz curves and remove the conditionality on that
maximal operator.

The main novelty is the boundedness of the commutator term

> (HyPo(f) = PcHy P(f)), (1-15)

keZ

which will be presented in Section 5. To achieve this, we will view Lipschitz curves as perturbations of
straight lines and use Jones’ beta number condition for Lipschitz curves and the Carleson embedding
theorem to control the commutator. Here we shall emphasize again that the commutator estimate is free
of time-frequency analysis.

Notations. Throughout this paper, we will write x < y to mean that x < y/10, x < y to mean that there
exists a universal constant C such that x < Cy, and x ~ y to mean that x < y and y < x. Lastly, 1 will
always denote the characteristic function of the set E.

2. Proof of Corollary 1.3

In this section we prove Corollary 1.3, by reducing it to the main theorem. The reduction is based on
a cutting and pasting argument. Some parts of the reduction will also be used in the proof of the main
theorem in the rest of the paper.
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We first divide the unit circle S' into N arcs of equal length, with the angle of each arc being 27 /N.
Choose
N > 67 /dy, 2-1)
so that 27 /N < dy/3. Denote these arcs as Q, 2, ..., Qy. For each Q;, define

Hvof(x,y) lf Uo(xvy)EQl’
0 else.

Hy, o f(x,y) = {

If we were able to prove that ||H,, g, |l2—2 is bounded by a constant C which is independent of
i €{l,2,..., N}, then we could conclude that

| Hyyll2—>2 < CN(dy). (2-2)

Now fix one €2;; we want to show the boundedness of H,, o,. Choose a new coordinate so that the
x-axis passes through €2; and bisects it. Then all the vectors in €2; form an angle less than dy/6 with the
x-axis. As we assume that

£(0280, £vo(go)) = do > 0, (2-3)

we see that the vector d,go forms an angle less than (& — dp) /2 with the y-axis.
Renormalize the unit vector vy so that the first component is 1, and write vy = (1, ugp); then, by the
fact that vg forms an angle less than dy/6 with the x-axis, we obtain

luol < tan(do/6). (2-4)

Next we construct the Lipschitz function g in the main theorem from the bi-Lipschitz map go, and
the coordinate we will use here is still the one associated to €2; as above. Under this linear change of
variables, we know that gy is still bi-Lipschitz. We renormalize the bi-Lipschitz map in such a way that

go(x,0) = (x,0) forall x eR. (2-5)

Fix x € R, the map go, when restricted on the vertical line {(x, y) : y € R}, is still bi-Lipschitz. We denote
by I', the image of this bi-Lipschitz map, i.e.,

[yi={golx,y):y eR}. (2-6)
Define the function g by the relation
(&(x, ¥), ¥) = go(x, y7), (27

for some y’. By the fact that g is bi-Lipschitz, we know that such y exists and is unique.

From the above construction and the fact that d,go forms an angle less than (7 — dy)/2 with the y-axis,
we see easily that

lg(x, y1) —g(x, y2)| < cot(do/2)|y1 — y2| forall x, y;, y2 € R. (2-8)

Hence, it remains to show that condition (1-5) is also satisfied with a constant ay depending only on dy
and the bi-Lipschitz constant of gy. One side of the equivalence, (x| — x2)/ag < g(x1, ¥) — g(x2, y), is
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Figure 1. Illustration of the bi-Lipschitz map go.

quite clear from Figure 1: the bi-Lipschitz map go sends the points P, Q to (g(x1, y), ¥), (g(x2, y), ¥)
separately, then, by definition of a bi-Lipschitz map, there exists constant ag such that

1 1
glx1,y) —g(x2,y) > —|P — Q| > —(x; — x2). (2-9)
ao ap

For the other side, we argue by contradiction. If, for any M € N large, there exists x1, x3, y € R such
that

g(x1, y) — g(x2, y) = M(x1 —x2), (2-10)
then, together with (2-8), this implies that
dist(K, I'y,) > M sin(dp/2)(x1 — x2). (2-11)

But this is not allowed as, by the definition of the bi-Lipschitz map g¢ and the Lipschitz function g,
dist(K, I'y,) must be comparable to |x; — x2|.
So far, we have verified all the conditions in the main theorem with

_tan (dp/6)

bo = cot(dy/2 d =
0o =cot(do/2) and co cot(d0/2)<

(2-12)

Hence we can apply the main theorem to obtain the boundedness of H,, o, .

In the end, as claimed in the corollary, we still need to show that the operator norm in L? (for all p > 1)
blows up without the assumption that dy > 0. For the range p < 2, the counterexample is simply a Knapp
example: let B1(0) denote the ball of radius one centered at origin, take the function f(x) = 13, ) (x),
let " be the upper cone which forms an angle less than 7 /4 with the vertical axis. First define the vector
field v(x) = x/|x| for x € ' \ B1(0), then extend the definition to the whole plane properly such that v
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Figure 2. The projection P (x, y).

satisfies the condition (1-10). It is then easy to see that

|Hl)f()c)|~|—1| forall x e I'\ B((0), (2-13)
X

which does not belong to L?(R?) for p < 2. For the range p > 2, the counterexample is given by the
standard Besicovitch—Kakeya set construction, which can be found in [Bateman 2013, page 1022] and
[Lacey and Li 2010, page 7].

3. Strategy of the proof of the main theorem

If we linearize the maximal operator in the main theorem, what we need to prove turns to be the following

dt
Hf flgle,y)—t,y—tu(x)) —|| SIfla2, (3-1)
R s

where u : R — R is a measurable function such that ||#||sc < co/bo. The change of coordinates

(x, y) = (g(x, ), y) (3-2)

in (1-4) also changes the measure on the plane. However, we still want to use the original Lebesgue
measure for the Littlewood—Paley decomposition. Hence we invert (1-4) and denote the inversion by

(x’y)H(P(x’y)ay)s (3'3)

where “P” stands for “projection”. Figure 2 illustrates why we call the map (3-3) a projection.
The change of coordinates in (3-3) turns the estimate (3-1) into the equivalent form

dt
Af&—nw4MHLwD7 <1l (3-4)
2

Moreover, we will denote

d
EJ@J%=Af@—Ly—m@@Jm%%- (3-5)
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In the rest of the paper, we want to make the convention that whenever H, appears it denotes the Hilbert
transform along the vector field v(x, y) = (1, u(P(x, y))), that is, the above (3-5), to distinguish it from
the various H, that have appeared in the introduction.

To prove the above estimate, we first make several reductions: by the anisotropic scaling
X=X, YAy, (3-6)

we can without loss of generality assume that by = 1072, By a similar cutting and pasting argument to
that in the proof of Corollary 1.3, we can assume that ¢y < 1072, that is, the vector field v is of the form
(1, u) with |u| < 1.

Now we start the proof. It was already observed in [Bateman 2013, page 1024] that, under the
assumption |u| < 1, we can without loss of generality assume that supp f lies in a two-ended cone which
forms an angle less than 7 /4 with the vertical axis, as, for functions f with frequency supported on the
cone near the horizontal axis, we have that

H, f(x,y) =Hao f(x, ), (3-7)

which is the Hilbert transform along the constant vector field (1, 0). But H(j ¢ is bounded by Fubini’s
theorem and the L? boundedness of the Hilbert transform.

For the frequencies outside the cone near the horizontal axis, the proof consists of two steps. In the
first step we will prove the boundedness of H, when acting on functions with frequency supported in a
single annulus. To be precise, let I' be the cone which forms an angle less than 7 /4 with the vertical axis
and I be the projection operator on I', i.e.,

M f =% "1 %/, (3-8)

where & stands for the Fourier transform and %! the inverse transform. Let P, be the k-th Littlewood—
Paley projection operator in the vertical direction; as we are always concerned with the frequency in I',
later for simplicity we will just write Py instead of P Il for short. Then what we will prove first is:

Proposition 3.1. Under the same assumptions as in the main theorem, we have for p € (1, 00) that

IHy PO S TPCON (3-9)

with the constant being independent of k € Z.

In order to prove the boundedness of H,, we need to put all the frequency pieces together. In the case
of C!*¢ vector fields for any « > 0, Lacey and Li’s idea [2010] is to prove the almost orthogonality
between different frequency annuli. In the case where the vector field is constant along vertical lines, an
important observation in [Bateman and Thiele 2013] is that H, and Py commute, which then makes it
possible to apply a Littlewood—Paley square function estimate.

In our case, Bateman and Thiele’s observation is no longer true. We need to take into account that the
vector field is constant along Lipschitz curves, which gives rise to an adapted Littlewood—Paley projection
operator (Definition 3.3).
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Figure 3. The setting of Lemma 3.2.

Before defining this operator, we first need to make some preparation. Fix one x € R, take the curve
I'; which passes through (x, 0); recall that I'; is given by the set {(g(x, y), ¥) : ¥ € R}, where g is the
Lipschitz function in the main theorem. By the definition of the operator H, we know that the vector
field v is equal to the constant vector (1, u(x)) along I';. Change the coordinate so that the horizontal
x'-axis is parallel to (1, u(X)). The following lemma says that, in the new coordinate, the curve I'; can
still be realized as the graph of a Lipschitz function.

Lemma 3.2. For any fixed X € R, there exists a Lipschitz function x' = gz(y') such that Tz can be
reparametrized as {(gz(y'), y') : y' € R}. Moreover, we have that || gz||Lip < (14 bo)/(1 — bg), where by
is the constant in the main theorem.

Proof. Denote by 6 the angle between the vector (1, u#(x)) and the x-axis as in Figure 3.
The new coordinate of the point (g(x, y), y) will be given by

;o - _ . 1+sin?6 _
x,y)=|ysinf0+g(x,y)———, ycosfd —g(x, y)sinf ). (3-10)
cosf
Looking at the identity for the second component,
y'=5Fcosd —g(x, ) sin6, (3-11)

we want to solve ¥ in terms of y’ by using the implicit function theorem. As
dy’ 0
D cosh — 28 sine, (3-12)
dy ay
by the fact that |u| < 1 and |dg/d¥| < by < 10~2 we obtain that
_ /
1 — by - d_y~ < l+b0’
V2 Tdy T V2

from which it is clear that the implicit function theorem is applicable.

(3-13)
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After solving y in terms of y’, we just need to substitute ¥ into the identity for the first component
in (3-10), which is
1+sin’

, 3-14
os 6 ( )

x'=ysin0+g(x,y)
to get an implicit expression of x’ in terms of y’, which we will denote as x' = gz (y").
To estimate the Lipschitz norm of the function gz, we just need to observe that, when doing the above
change of variables, we have rotated the axis by an angle 6 which satisfies |0| < 7 /4. Together with the
fact that [0g/0y| < by, we can then derive that

14+ by
< 9
“1-by

‘ag; (3-15)

ay’

which finishes the proof of Lemma 3.2. (Il

Definition 3.3 (adapted Littlewood—Paley projection). Select a Schwartz function vy with support on
[%, %] U [—%, —%] such that
Z Yo *r)=1 forall ¢ #0. (3-16)

keZ

For f : R — R and for every fixed ¥ € R, define the adapted (one-dimensional) Littlewood—Paley
projection on I'; by

By = fR Flgr(@). DUy — 2 dz = PP, (3-17)

where (x', y') = (gz(y), y') denotes one point in Tz, ¥ (- ) := ¥o(27%-) and we use f(-) to denote the
function f(gz(-),-), and Py the one-dimensional Littlewood—Paley projection operator.

Now it is instructive to regard the Lipschitz curves as perturbations of the straight lines, or, equivalently,
to think that H, Py f still has frequency supported near the k-th frequency band, which has already been
used by Lacey and Li [2010] in their almost orthogonality estimate for C!** vector fields. We then
subtract the term f’k H, P.(f) from H, Py(f), and estimate the commutator.

To be precise, we first write

Y HWP(f) =Y (HyPi(f) — PiHy Pi(f) + PeHy Pe(f)), (3-18)
k k
then, by the triangle inequality, we have
‘ Y HP(f)| S ‘ > (HyP(f) = PHy P(F))|| + (D PeHuPi(f) ” : (3-19)
k 2 k 2 k 2

We call the second term the main term, and the first term the commutator term. The L? boundedness
of the main term will follow from an orthogonality argument, which is an adapted Littlewood—Paley
theorem:
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Lemma 3.4. For p € (1, +00), we have the following variants of the Littlewood—Paley estimates:

“(Z |Pe(f)] ) ~ 1 flps (3-20)
keZ

H(Z |ﬁk*<f)|2)2 ~ £l (3-21)
keZ p

with constants depending only on ay.

Proof. In (1-8) from the introduction, we have already explained the coarea formula

f|f<x,y)|dxdy~f[/ IfIde]di. (3-22)
R2 rLJr;

We apply this formula to the left-hand side of (3-20) to obtain

H(le’k(ﬁl) ff (Z|Pk<f>|) dss di. (3-23)

keZ keZ

For every fixed X, by Definition 3.3, the right-hand side of (3-23) becomes
p

/ [ / (Z |Pk(ﬁ;>(y/)|2)2 dy’] 3 (3-24)
R R

k

where f3(y") = f(gz(y"), ). Then the classical Littlewood—Paley theory applies and we can bound the
last expression by

/R 11 4% S IFIE (3-25)

For the boundedness of the adjoint operator, it suffices to prove that

D AP S SUF e (Dm) ) (3-26)
keZ keZ
First, by linearity and Holder’s inequality, we derive
D (B, fi) =<f, Zﬁk<fk)> SIfe | Y- BeCfo| (3-27)
kez kez kez Lr
Applying the coarea formula (3-22), we obtain
14 L
~ ~\7
> Pk<fk> o ( f ( / > P(fi) ds;) dx) : (3-28)
keZ RAJT: ez
By Definition 3.3, for every fixed x € R, the inner integration in the last expression becomes
p/
/ dy’, (3-29)
R

keZ
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where fk ) = fi(gz (), y"). Now the classical Littlewood—Paley theory applies and we bound the
term in (3-29) by

/(me(m) dy/</ (Dm) dstH(Dm)

kez keZ keZ

(3-30)

LY (T)

Then, to prove (3-26), we just need to integrate dx in (3-30) and apply the coarea formula (3-22) to derive

> P Lﬁ( (Zw) i ) H(gm)

keZ keZ
Thus we have finished the proof of Lemma 3.4. (I

Now we will show how to prove the L? boundedness of the main term using Lemma 3.4 and
Proposition 3.1: first by duality, we have

= sup
2 llgll=1

<ZH P(f), By (g)>‘

Applying the Cauchy—Schwartz inequality and Holder’s inequality, we can bound the last term by

<Z|H Pk(f>|> <Z|Pk<g)|)

For the former term, Proposition 3.1 implies that

“(Z |Hka<f>|2)2 < (Z IIHka(f)II%)2 S (Z ||Pk<f)||%)2 SISl
X 2

keZ kez
For the latter term, Lemma 3.4 implies that

H(Z |P:<g>|2>2 “ Slgla (3-32)
k 2

Thus we have proved the L? boundedness the main term, modulo Proposition 3.1.

<Z PeH, Pe(f), g>‘ = sup

ligll2=1

sup
lgll2=1

(3-31)

As the second step, we will prove the L? boundedness of the commutator, which is

Sfl2e (3-33)
2

To do this, we first split the operator H, into a dyadic sum: Select a Schwartz function ¥y such that g is
supported on [ ] let

Vi(®) = Yo (27'1); (3-34)
by choosing v/ properly, we can construct a partition of unity for R™, i.e.,
Looo =Y ¥ (3-35)

leZ
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Let
Hih(x, y) :Zfl/vfz(t)h(x—t,y—tu(P(x,y)))dt; (3-36)

then the operator H, can be decomposed into the sum

H,=-1+2) H,. (3-37)
leZ

Hence, to bound the commutator, it is equivalent to bound

D (HiPf = PcH P S). (3-38)

keZ leZ

Notice that, by definition, H; P, f vanishes for [ > k, which simplifies the last expression to

O (Hi i Pif — PcHi i Pif). (3-39)

>0 keZ

By the triangle inequality, it suffices to prove:

Proposition 3.5. Under the same assumption as in the main theorem, there exists y > 0 such that

> (Hi 1 Pif — PeHy i P f) ” <2770 D, (3-40)
kez 2

with the constant independent of [ € N.

So far, we have reduced the proof of the main theorem to that of Proposition 3.1 and Proposition 3.5,
which we will present separately in the following sections.

4. Boundedness of the Lipschitz—Kakeya maximal function and proof of Proposition 3.1

In their prominent work, Lacey and Li [2010] have reduced the L? boundedness of the operator H, ¢, to
the boundedness of an operator they introduced, the so called Lipschitz—Kakeya maximal operator. As
soon as this operator is bounded, we can then repeat the argument in Chapter 4 of [Lacey and Li 2010] to
obtain Proposition 3.1 as a corollary.

Here we follow [Bateman 2013], where a slightly different version of the Lipschitz—Kakeya maximal
operator is used; see Lemma 4.3. The only place in [Bateman 2013] where the one-variable vector field
plays a special role is Lemma 6.2 on page 1037. Hence, to prove Proposition 3.1, we just need to replace
this lemma by Lemma 4.3, and leave the rest of the argument unchanged.

In this section, we make an observation that both the boundedness of the Lipschitz—Kakeya maximal
operator (Corollary 4.4) and its variant (Lemma 4.3) can be proved by adapting Bateman’s argument
[2009b] to our case, where the vector fields are constant only on Lipschitz curves.

Before defining the Lipschitz—Kakeya maximal operator, we first need to introduce several definitions.
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Definition 4.1 (popularity). For a rectangle R C R?, with [(R) its length and w(R) its width, we define
its uncertainty interval EX(R) C R to be the interval of width w(R)/I(R) and centered at slope(R).
Then the popularity of the rectangle R is defined to be

popg 1= |{(x. y) € R? 1u(P(x. ) € EX(R)}| / IRI. (-1)

Definition 4.2. Given two rectangles R; and R, in R?, we write R; < R, whenever R; C CR, and
EX(Ry) C EX(R;), where C is some properly chosen large constant and C R; is the rectangle with the
same center as R; but dilated by the factor C.

Denote R; , :={R € R : slope(R) € [—1, 1], popr = 5, w(R) = w}, where R is the collection of all
the rectangles in R?. Then the Lipschitz—Kakeya maximal function is defined as

1

M (@)= swp oo [ 171, 42)
XERERS |R| R

Lemma 4.3. Let u and P be the functions given in the definition of the operator H, in (3-5). Suppose

Ro is a collection of pairwise incomparable (under “<”) rectangles of uniform width such that, for each

R € R, we have

|(uo P)""(EX(R))NR| > s

4-3
R (4-3)
(i.e., popg > 8) and
il

— | 1> . (4-4)

IR| Jr
Then, for each p > 1,

YIRS iy (4-5)

™~ SAP

RG%O

The same covering lemma argument as in Lemma 3.1 of [Bateman 2009b] shows the boundedness of
Lacey and Li’s Lipschitz—Kakeya maximal operator as a corollary of Lemma 4.3.

Corollary 4.4. For all p € (1, 00) we have the bound

1
1M, 1|7~ 17 = C(p. a0) 5 (4-6)

Proof of Lemma 4.3. The proof is essentially due to Bateman [2009b], with just one minor modification
in order to adapt to the family of Lipschitz curves on with the vector field is constant.

Definition 4.5 (rectangles adapted to the vector field). For a rectangle R € Rs ,,, with its two long sides
lying on the parallel lines y = kx + b and y = kx + b, for some k € [—1, 1] and by, by € R, define R to
be the adapted version of R, which is given by the set

{(x,y): P(x,y) e P(R)}N{(x,kx+b) : x e R, b €[by, ba]}, 4-7)

where P is the projection operator in (3-3).
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What we need to do is just to replace the rectangles R in [Bateman 2009b] by R, and observe that
the two key quantities — length and popularity of rectangles — are both preserved under the projection
operator P up to a constant depending on the constant ag in the main theorem. Hence, we leave out the
details. O

5. Proof of Proposition 3.5

This section consists of two subsections. In Section SA we will introduce some notations, most of which
we adopt from Bateman [2013] with minor changes for our purpose. In Section 5B we will use Jones’
beta numbers and the Carleson embedding theorem to prove Proposition 3.5.

5A. Discretization. The content of this subsection is basically taken from Bateman [2013], with minor
changes as we are now dealing with all frequencies instead of a single frequency annulus.

Discretizing the functions. Fix [ > 0; we write & as the collection of the dyadic intervals of length 2~
contained in [—2, 2]. Fix a smooth positive function 8 : R — R such that

Bx)=1 forall |x|<1 and B(x)=0 forall |x|>2. (5-1)

Also choose 8 so that /B is a smooth function. Then fix an integer ¢ (whose exact value is unimportant),
and, for each w € 9;, define

Bo(¥) = BR(x — cu))), (5-2)
where w; is the right half of w and ¢, is its center.
Define
Bix) =) Bulx); (5-3)
weY;
note that
Bi(x+27H)=pB(x) forall x e[—-2,2—27"]. (5-4)
Define |
=3 / Bi(x +1) dt: (5-5)
-1

because of the above periodicity, we know that y; is constant for x € [—1, 1], independent of /. Say
y1(x) = § > 0; hence,

1
g)/l(x)l[—l,l](x) =11,11(). (5-6)

Define another multiplier 8 : R — R with support in [%, %] and B(x) = 1 for x € [1, 2]. We define the
corresponding multiplier on R?,

e m = @ n)ﬁw(s)mkms m = ﬂ(z—kn)ﬁ,<z+%)m,ms,n)=/§<2—kn>n<%)

)

Then what we need to bound can be written as

ZZHZ H/ ZZsz( mkl*f)

keZ leZ 1 ez 1>0

> He z( mklt*f)H dt,
p

keZ 1>0
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where the terms H; Py for [ > k in the sum vanish as explained before.
So it suffices to prove a uniform bound on ¢ € [—1, 1]; without loss of generality we will just consider
the case t = 0, which is

YO Hii(mgox )= Hi ([5(2k77)51 (S ):| * f)- (5-7)

keZ 1>0 keZ 1>0 n

Constructing the tiles. For each k € Z and w € %; with [ > 0, let Uy, be a partition of R? by rectangles
of width 27% and length 27%*/ whose long sides have slope 6, where tan § = —c(w), which is the center
of the interval w. If s € Uy, we will write w; := w, and wy 1 to be the right half of @ and w; » the left
half.

An element of Uy ,, for some w € ¥ is called a “tile”. Choose ¢y, such that

Pk.ol® = Fitg i (5-8)

then ¢y ,, is smooth by our assumption on 8 mentioned above.
For a tile s € Uy, define

@s(p) == VIsl¢k,w(p —c(s)), (5-9)
where c(s) is the center of s. Notice that
||<ps||§=/ 15197 o = |s|/ Mo =1, (5-10)
R2 R2

i.e., g is L? normalized.
The purpose of constructing of the tiles above, by the uncertainty principle, is to localize the function
further in space, which is realized through:

Lemma 5.1 [Bateman 2013, page 1030]. Under the above notations, for the frequency-localized function
[ xmyg o, we have the representation

1
fEmpe(x) = lim —/ (fsos(p+ Nes(p+x)dp (5-11)
N=o0 4N2 [_N’N]z SE%«)

The above lemma allows us to pass to the model sum

SN H(frm =355 Y (f ) Hi (),

kezZ 1>0 keZ 1>0 wed; sl o
define
Vs = Y log(length(s)) » (5-12)
and
s (x,y) = / Ve (Dgs(x — 1,y — tu(P(x, y))) dt; (5-13)

then the model sum becomes

D000 D fends. (5-14)

keZ 1>0 we%; s€VUy 4
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Lemma 5.2. We have that ¢s(x, y) = 0 unless —u(P(x, y)) € ws .

The proof of Lemma 5.2 is by the Plancherel theorem; we just need to observe that the frequency
support of ¥y and ¢ will be disjoint at the point (x, y) unless —u(P(x, y)) € w;.».

5B. Boundedness of the commutator and proof of Proposition 3.5. This subsection is devoted to the
proof of Proposition 3.5, which is largely motivated by the proof of the 7'(b) theorem and the boundedness
of the paraproduct; see [Auscher et al. 2002; Coifman et al. 1989], for example.

In our case, unlike Bateman and Thiele’s proof for the one-variable vector fields, it’s no longer true
that H, P f still has frequency in the k-th annulus. In order to get enough orthogonality for the term
H, P, f to apply the Littlewood—Paley theory, we need to subtract the term H, Py f — I5k H, P f, which
should be viewed as a family of paraproducts.

We proceed with the details of the proof. If we expand the summation on the left-hand side of
Proposition 3.5 with (5-14), what we need to bound can be rewritten as

‘ Y3 foe s — Pigy)
2

k 0ed; s€Uy
In order to use the orthogonality of different wave packets, we will prove the L? bound for the dual

SN (h ¢ — Beg)es (5-16)

k e seVUy 4

<271 £l (5-15)

operator, which is

Notice that, for s; € Uy, o, and s2 € Uy, o, With (k1, w1) # (k1, w2), we have

(@515 95,) =0 (5-17)

by the definition of the wavelet function ¢ in (5-9). Also, if we know that s; and s; are in the same Uy,
for some k and w, then we can find m, ng € Z such that

c(s2) = c(s1) + (mo - L(s1), no - w(s1)), (5-18)
where c(s) is the center of the tile s, I(s) its length and w(s) its width. Then, by the nonstationary phase
method, for any N € N, there exists a constant C depending only on N such that
| < Cw .

(Imol +Inol + DN

Here we want to make a remark that the exact value of N is not important, it just denotes some large

(5-19)

| <(ps1 s (psz>

number which might vary from line to line if we use the same notation later.

For any sy, s2 € Uy, there exist mg, ng € Z such that

c(s2) = c(s1) + (mo - I(s1), no - w(s1)), (5-20)

Applying the above two estimates, (5-17) and (5-19), we obtain

DX D (b — P ZZ DT> s — Puthy,) (@5, 0) (B b5, — Prhsy).

k a)E@I Seﬁuk w k a)EQB[ S1 eﬁuk w SQEOU,/( w
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so the above sum can be rewritten as

DTN (e — Pedhs M@, 05, h. b, — Prhyy) (5-21)
mo,no€Z keZ wed; s1€U, ¢
with s1, s7 satisfying the relation (5-20).
Now fix mg, ng € Z; by the estimate in (5-19), we know that

DT Wty — it ) @sr 0 (e by, — Pidpyy)|

k  we; s1€Uk o

1 ~ ~
S G T E O ST DT i bs — P ). by, — Pey).

k a)GQD[ 51 eﬁuk,w

and, by the Cauchy—Schwarz inequality, the last term is bounded by

1 ~
(Imo| + |nol + DV DD D N — Poo)l, (5-22)

k we@l SGOUVk,w

so it suffices to prove that

YT ST thge— P> S22l (5-23)

k wed; selUy o

First we estimate every single term (h, ¢, — ﬁkd&) for a fixed tile s: let s, , be the shift of s by (m, n)
units, that is,
Sma = {(x,y) ER*: (x —m-1(s), y —n-w(s)) € s} (5-24)

then, by the triangle inequality, we know that

. (5-25)

|(h, s — Peop)| < D

m,nel

/ h- (g5 — Prgs) dy dx

Recall that in Definition 4.5 we use R to denote the adapted version of the rectangle R to the family of
Lipschitz curves; then clearly Sy, , D $p.,. Thus

(B, s — Pegp)| < D : (5-26)

m,nez

f h- (¢ — Pugpy) dy dx
Sm.,n
By the coarea formula (3-22), we obtain

|(h, s — Peops)| < ) |[ h-(¢s — Prgpy) dy dx|

m,nez * Smn
S Zf / |- (¢ — Peps)| ds, dx,
m,l’lEZ P(Sm,n) I‘)cmgm,n

where ds, stands for the arc-length measure of the Lipschitz curve Iy.
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Now, for the inner integration along the curve 'y, we do the same change of coordinates and the same
parametrization of I', as in Definition 3.3, i.e., we choose coordinates such that the horizontal axis is
parallel to (1, u(x)), and represent the curve I', by the Lipschitz function g, (-). If we let J(x, Sy )
denote the projection of I'y N5, , on the new vertical axis, the last expression becomes

|

f |78 (9), ) (s (8x (1), ¥) = Pelobs (82 (¥), 1) | dy dx. (5-27)
m,nez P(smn) 4T (X,8m.n)

To bound the above term, Jones’ beta number will play a crucial role.

Definition 5.3 [Jones 1989]. For a Lipschitz function A : R — R, we first take the Calder6n decomposition
of a(x) = A’(x), which yields the representation

ax)y= Y ay(x), (5-28)
I dyadic
where 1/, is some mean-zero function supported on 37 with |} (x)| < |/ |~!. For each dyadic interval 7,
let
ar= Y aryicr) (5-29)
[J1=I1]
denote the “average slope” of the Lipschitz curve near I, where c; stands for the center of /, and define

the beta number
[A(x) — A(cp) —ar(x —cy)]

Bo(I) := sup , (5-30)
xe31l |I|
and the jp-th beta number
A(x)—A — -
Bi(I) = sup |A(x) — Alep) —oy(x CI)|‘ (531)

xe3jol [1]
For beta numbers, we have the following Carleson condition:

Lemma 5.4 [Jones 1989]. For any Lipschitz function A, we have

sup— D BT S IAN (5-32)
|J| 1cJ
and also, for any jy € N,
sup m > B DITS JGIAIIE- (5-33)
1cJ

After introducing Jones’ beta number, we are ready to state:

Lemma 5.5. for x € P(s;,.n), we have the estimate

/J( | )|h(gx(y),y)(¢s(gx(y),y)—Pk[¢>s(gx(y),y)])|dy

2—31/2

<
J% (ol Il + Il + DN

IBJ() (xs Sm,n)[h]x,sm,,, 1{—u(x)€wx_z} (x)a
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where Bj, (X, Si.n) is the jo-th beta number for the Lipschitz curve g (-) on the interval J(x, s, ) and
[h]x.s,, , is the average of the function h on the interval J(x, Sy ),

[h]x,s,,,,n =

|h(gx(y), y)dy. (5-34)
W) J 7 smn)

The proof of Lemma 5.5 will be postponed to the end. Substitute the estimate in Lemma 5.5 into the
estimate for the term (h, ¢, — I3k¢s); we then have that

hoo~Pig s Y [

m,n P

<Z/

( )fj( )‘h(gx(Y),y)(¢s(gx(y),y)—Pk[tzﬁs(gx(y),y)])!dydx

2—31/2
(Ijol +|m|+|n|+ DN

ﬂjo (xa Sm,n)[h]x,smﬂ1{—u(x)€ws,2}(x) dx,
P(sm.n) JjoeN

hence

DD D0 Wb — Py

k (1)6@1 Seouk w

=3l 2

S22 Z (IJoI+|mI+|n|+1)N

k weD; selUg,q, m,n,

2—21
< m,n h —u(x)ews
Z (|J0|+|m|+|n|+ HN Z Z Z w(s)/ 'Bm(x Sm.n)[ ]x smn H—u()€w, 2} (X) dx.

k wed; seUy,

/ :Bjo (x, sm,n)[h]x,sm,,, 1{—u(x)€w3_2}(x) dx
P(SWI n)

Lemma 5.6. For any fixed x, m, n, jo,
DD D wELp(s, OB, X sm I Liumen () S Jg o, (5-35)
k  we%; selU, 4

Proof. This lemma is akin to the Carleson embedding theorem, as we have the Carleson-type condition

1
> B3 (J (x5 Dwisy, ) S jg Lip* (Tx), (5-36)

o 1T $mn)]
X,
S, M S ot I (X8 ) CI (X S )

where the term 1;_,(x)ew, ,) has the following purpose: originally there are 2! groups of dyadic rectangles

UU U Gsma} (5-37)

k a)EQ)[ N Eouk_a,

in the summation 3, > g D cay,,» Which means that there are also 2! groups of dyadic intervals
UU U va swa (5-38)
k weD; seVU,q

which are the projections of the intersection of the dyadic rectangles with I'y on the vertical axis; the
term 1(_y(x)cw, ,) just guarantees that there is just one such collection that contributes, i.e., which has the
right orientation in the sense of Lemma 5.2.
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Then the desired estimate will just follow from the Carleson embedding theorem, for which we refer
to Lemma 5.1 in [Auscher et al. 2002]. O

Continuing the calculation before the above lemma,
—20 ;3
277 Js

DX Wb — PP S Y <|jo|+|m|+|n|+1)N/R”h”i“mdx52_21”}‘”%'

k  0ed; seUy m,n, jo

This finishes the proof for (5-23) and then Proposition 3.5, modulo Lemma 5.5, which we will present
now.

Proof of Lemma 5.5. We assume that —u(x) € w; 2, which means the vector (1, u(x)) is roughly parallel
to the long side of s, ,, otherwise the left-hand side in Lemma 5.5 will also vanish due to Lemma 5.2.
After the change of variables in (5-27), the vector (1, u(x)) becomes (1, 0).

Proof by ignoring the tails. In order to explain how Jones’ beta number appears, we first sketch the proof
by ignoring the tails of the wavelet functions and the tail of the kernel of the Littlewood—Paley projection
operator Pg.

By the above simplification, we only need to consider the case m = n = 0. What we need to “prove’
becomes

fj ( )\h(gx@),y)(mgx(y),y)—Pk[¢s<gx<y>,y>])|dy52‘3’/2ﬂou<x,s>>[h]x,s. (5-39)

For fixed x, we denote by 7, ;y + b the line of “average slope” we picked in the definition of the beta
number for the Lipschitz curve g, (-) on the interval J (x, s); for the sake of simplicity we assume b = 0.
Moreover, as both x and s are fixed, we will also just write 7 instead of t, ;. Then we make the crucial
observation that

Pk[‘bf(fy,y)] =¢f(1—y’ y)’ (5'40)
where

¢ (ty, ) :=/R¢s(t)sos(ry—t,y) dr, (5-41)

due to the fact that, for any function ¢, with frequency supported on the k-th annulus, if we restrict the
function to a straight line, it will still have frequency supported on the k-th annulus (with one dimension
less).

In comparison with the definition of ¢y in (5-13), ¢ (ty, y) is defined as the Hilbert transform along
the vector (1, u(x)) (which is (1, 0) after the change of the variables we made in Lemma 3.2 and in the
expression (5-27)) instead of the direction of the vector field v at the point (ty, y).

Hence, from the identity in (5-40), we obtain

&s(8x (1), ) — Prls (85 (1), ] = 5 (8x (1), ¥) — Pils (8x(3), ¥) — &5 (Ty, y) + 5 (ty, ¥)]
=¢s(8x (), ¥) — 5 (ty, y) — Pilos(gx (), ¥) — 5 (zy, y)]. (5-42)

As we have also ignored the tails of the kernel of P, it is easy to see that the former and the latter terms
in the last expression can essentially be handled in the same way. Hence in the following we will only
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consider the former term, which corresponds to the term
/ |h(gx (), ) (b5 (8x (M), ¥) — &y (ty. )| dy. (5-43)
J(x,s)

By the definitions of ¢, and ¢;, we have

s (gx(¥), y) — 5 (Ty, y)| = /Rihz(t)qos(gx(y)—t,y)dt—/Rl/vfkz(t)ws(fy—t,y)dt

— 2k—l

/R Yo gy (y) — 1, 2) dt — /R Yo ) (ty — 1, y) dt

=2k / [Vt + ge () — 73) — V02X ') o5 (zy — 1, 2) dt|.  (5-44)
R
By the definition of the beta numbers, we have that
lgx(») — Ty < Bolx, )27, (5-45)
which implies that
1ot 4+ g2 (v) — Tv) — Yo ') S 27 Bo(x, 5) (5-46)

by the fundamental theorem. In the end, by substituting the above estimate into (5-44) and (5-43), we
obtain the desired estimate (5-39).

The full proof. The main idea is still the same, and the difference is that we need to be more careful with
the tails of the wavelet functions and the kernel of Py.

For fixed x, m and n, denote by t(x, s;,.,)y + b the line of “average slope” for the Lipschitz curve
gx(-) on the interval J (x, s, ,); for the sake of simplicity we assume b = 0. Then the crucial observation
(5-40) becomes

Peloy (T(x, Smn)y, V)] =& (T(X, Smn)y, ¥). (5-47)

Hence, similar to (5-42), we obtain from (5-47) that

&5 (gx(¥), ¥) — Prlps(gx (), y)]
=@ (8x (), ¥) — &5 (T(X, Sm.n) Y, ¥) — Prlos(8x(¥), y) — @7 (T(xX, Sm,n)y, ¥)1.

Denote
I, , = /] . h(gx(¥), ¥) - (b5 (8x (1), ¥) — &3 (T(X, Smn)Y. ¥)) dy‘ (5-48)

and also
1, , = /J(xﬂsm) h(gx (), ¥) - Pi[obs (8x (), ¥) — @3 (T(x, Sm.n) y)]dy" (5-49)

Lemma 5.7. Under the above notations, for z € J(x, $i.n) + j02*k with jo € Z, we have the pointwise
estimate

Bl (x. Span)2K2731/2
(min{|m| + |n|, |m| 4 |n| = |jol} + DV

|$s(8x(2), 2) — b3 (T(X, )2, 2D S (5-50)
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Let us first complete the proof of Lemma 5.5: For the first term I, , we take jj in Lemma 5.7 to be

zero, then
Bo(x, sy n)2k273/2

) — ¢ ) ) < , 5-51
lps(gx(2), 2) ¢s (r(x sm,n)Z 2)| ~ (|m|+|n|+1)N ( )
which implies that
2-31/2
L, S , h : 5-52
Smon ~o (|m| + |n|+1)Nﬂ0('x sm,n)[ ]X,SmY,, ( )

For the second term /I, by the definition of P,

Sm,n?

| Peleps (82 (3), ¥) — @ (T(x, Sm)y, W]

/R (¢5(8x(2), 2) — PF (T (X, Smn)Z, 2)) 2590 2* (v — 2)) dz

Z /;( 2 (¢s (8x(2),2) — ¢f (t(x, Sm.n)Z, Z))Zk%(Zk(y ) dz
X, Smn)F o2k

joGZ

Fory e J(x,smp) and z € J(x, $i.) + j02_k, by the nonstationary phase method we have that

1Yo (y — )| < (5-53)

o+ DN’
Together with the estimate in Lemma 5.7, we arrive at

IBIjol(xs Sm,n)2k2_3l/2 1
(minf{|m| + |n|, [m| + |n| = |jol} + DN (jo+ DN

| Pels (82 (1), ¥) — 3 (T (%, i)y WIS D

Jo€Z

< Z ,3|j0|(x, smvn)zszy/z
== (Im|+nl +1jol + HN”

Substituting the last expression into the estimate for /7 we get the desired estimate.
So far we have finished the proof of Lemma 5.5 except for Lemma 5.7, which we will do now.

Sm,n?

Proof of Lemma 5.7. As x and s, , are fixed now, for simplicity we will just write T instead of 7, .
Notice that in the new coordinate we chose for I'y, the vector field along I', points in the direction
of (1, 0). Then, by the definition of ¢, and ¢}, we have

s (gx(2), 2) — ¥ (2, 2)| = 25!

f [0 (1 + g:(2) = 12) = Y02 'D)]ps (rz 1. 2) d1 |.
R
By the definition of the beta numbers, we have that

|82 (2) — T2 < Bljol (X5 Smn)2 7, (5-54)
which implies that

1Yo (2 (1 + gx(2) — 12)) — Yo 1) < 271 Bjoi (X, Simn) (5-55)
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by the fundamental theorem of calculus. The nonstationary phase method leads to the final estimate:

27 B (x, S, 0)24/220D12

2! / Yo 1+ 8: (D=1 Y02 D s (rz—1, D) di | S — . :
Al ’ Jo. (min{|m| + [, lm| +|n| = |jol} + DV
Thus we have finished the proof of Lemma 5.7, and hence Lemma 5.5. ([
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