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ON SMALL ENERGY STABILIZATION IN
THE NLS WITH A TRAPPING POTENTIAL

Scipio CUCCAGNA AND MASAYA MAEDA

We describe the asymptotic behavior of small energy solutions of an NLS with a trapping potential,
generalizing work of Soffer and Weinstein, and of Tsai and Yau. The novelty is that we allow generic
spectra associated to the potential. This is a new application of the idea of interpreting the nonlinear

Fermi golden rule as a consequence of the Hamiltonian structure.
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1. Introduction
We consider the initial value problem
iu; = Hu+ |u>u, (@t,x) e R, u(0) = uy,
where H=—A+ V. For f, g: R®> — C, we introduce the bilinear form

(o) = /R Fgds.

We assume the following:

(H1) V € $(R?), where $(R?) is the space of Schwartz functions.
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(H2) 0,(H)={e] <e; <e3 <---<e, <0}. Here we assume that all the eigenvalues have multiplicity 1.
Zero is neither an eigenvalue nor a resonance (that is, if (—A 4 V)u =0 with u € C* and |u(x)| < C|x|™!

for a fixed C, then u = 0).
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(H3) Thereisan N € N with N > |e||(min{e; —e; :i > 7D~ ! such that, if i € Z" satisfies || <4N +8
and e :=(eq, ..., e,), then we have

n-e:=pier+- -+ puep=0 < pu=0.
(H4) The following Fermi golden rule (FGR) holds: the expression
Y (8(H - L)G L), GL©)),

LeA
which is defined in the course of the paper (for A C R} see (6-25) and for G see (6-44)) and which is
always nonnegative, satisfies formula (6-47).

To each e; we associate an eigenfunction ¢;. We choose them so that (¢;, o) =38 jk and, since we
can, we also choose the ¢; to be all real valued. To each ¢; we associate nonlinear bound states.

Proposition 1.1 (bound states). Fix j € {1, ..., n}. Then there exists ag > 0 such that, for all z € B¢ (0, ap),
there is a unique Q j, € PR3, C):= ﬂtzo > (R3, 0) (for the spaces %;, see Section 2) such that
HQje+10j:’Qje = EjeQjes  Qje =20 +qjes {4z $j) =0, (1-3)

and such that we have, for any r € N:

(1) (qjz, Ejz) € C™(Bc(0,a0), Tr x R), qj. = 24;(|2]*) with ;(t*) = 12G;(t*), where §;(t) is in
C®((—ao?, ap?), T, (R, R)), and E ;, = E ;(|z|*) with E ;(t) € C®((—ao?, ap?), R).

) llgj:lls, < Clz)?, |Ej.—ej| < C|z|? for some C > 0.
For the proof of Proposition 1.1 see Appendix A.
Definition 1.2. Let by > 0 be sufficiently small so that, for z; € B¢ (0, bo), the function Q ;. exists for
all j €{1,...,n}. For such z; and for D;; and D, defined in Section 2, we set
Helzl = Helz1, ..., 20l :={n € L : Re(ifj, D;r Q:;) = Re(in, Dj; Qj;;) =0 forall j}.  (1-4)
In particular, as an elementary consequence of (1-4) and Proposition 1.1, we have
H[01={neL?: (7, ¢;) =0 forall j}. (1-5)
We denote by P. the orthogonal projection of L? onto ¥,[0].

A pair (p, q) is admissible when

2 .3 3
Z+2=2 62922 p=2 (1-6)
p T q 2 q P

The following theorem is our main result:

Theorem 1.3. Assume (H1)-(H4). Then there exist €9 > 0 and C > 0 such that, if € = |[u(0)|| g1 < €o,

the solution u(t) of (1-1) can be written uniquely for all times as

u(t)=Zsz_,-(z)+77(t) with (1) € ¥Hc[z(1)] (1-7)

j=1
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in such a way that there exist a unique jo, a py € [0, 00)" with py; =0 for j # jo and |p4| < C|lu(0)| g1,
and an ny. € H' with |[n4 || g1 < C||lu(0)|| 1, such that

. _LitA — i . = ; -
im0 =" llg =0, lim 12,01 = 4. (1-8)
Furthermore, we have n = 1 + A(t, x) such that, for all admissible pairs (p, q),
lelpe e + 17l g, ooy < Clu@ g and N2 +ie;z e, < Clu©)2, (1-9)
and such that A(t, -) € Xy forallt > 0 and
lim [|A(z, )|z, =0. (1-10)
t—+00

As an interesting corollary to Theorem 1.3, we show rather simply that the excited states are orbitally
unstable. We recall that e~ "£iz Q ;. is called orbitally stable in H'(R?) for (1-1) if

Ve>038>0 llup— Qjllpw) <8 = sup inf flu(r) — e ERQ sy < € (1-11)
te

and is orbitally unstable if (1-11) does not hold. We prove:

Theorem 1.4. Assume (H1)—(H4). Then there exists €y > 0 such that, if j > 2, and for |z| < €9, the
standing wave e "Eiz Q jz 1s orbitally unstable. Furthermore, e "B Q. is orbitally stable.

Notice that [Tsai and Yau 2002b; 2002c; 2002d; Soffer and Weinstein 2004; Gang and Weinstein 2008;
2011; Gustafson and Phan 2011; Nakanishi et al. 2012] contain only very partial proofs of the instability
of the second excited state. Theorem 1.4 will be proved in Section 7 and, until then, and in particular in
the sequel of this introduction, we will focus only on Theorem 1.3.

We recall that [Gustafson et al. 2004] proved Theorem 1.3 for |u|?u replaced by more general functions
in the case when H has one eigenvalue (for the NLS with an electromagnetic potential, we refer to [Koo
2011]). The case of two eigenvalues is discussed in the series [Tsai and Yau 2002a; 2002b; 2002c] and
in [Soffer and Weinstein 2004] under more stringent conditions on the initial data, which are such that
latg || s is small for k£ > 2 and some s large enough in [Soffer and Weinstein 2004] and ||ug|| 1~z2s small
for s > 3 in [Tsai and Yau 2002a; 2002b; 2002c]. A crucial restriction in these papers is that 2e; > e;.
They then prove versions of Theorem 1.3 involving also rates of decay of |z(z)|, of [|1(?) || L~ rs3), and of
17 ()] 2.5 w3y for appropriate s > 0.

The ideas used in proofs such as in [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004]
appear to be very difficult to extend to operators with more than 2 eigenvalues, where only partial results
like in [Nakanishi et al. 2012] are known, and for initial data small only in H'!. On one hand, the
Poincaré—Dulac normal form argument in these papers seems not suited to discuss the higher-order FGR
needed when 2e, < e1. Furthermore, in these papers there is a subdivision of the evolution into distinct
phases, which the solution enters in a somewhat irreversible fashion and which are considered one by one.
This division into distinct phases might become unclear in cases when u(¢) oscillates from one phase to
the other, as is not unlikely to happen in the H' case, or when the passage from one phase to the other
is very slow, as is certainly true in the H' case. Moreover, an increase in the number of eigenvalues
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of H increases also the number of distinct phases that need to be accounted for and the complexity of the
argument. So, any hope of proving Theorem 1.3 should rely on an argument which yields the asymptotics
in a single stroke and which does not distinguish distinct cases. This is what we do; see, for example, the
second part of Section 6. We did not check if our method yields the decay estimates of [Tsai and Yau
2002a; 2002b; 2002c; Soffer and Weinstein 2004] under more stringent conditions on ug.

We give a new application of the interpretation of the FGR in terms of the Hamiltonian structure
of the equation. This interpretation was first introduced in [Cuccagna 2009] and was then applied in
[Bambusi and Cuccagna 2011] to generalize the result of [Soffer and Weinstein 1999]. It was later
applied to the problem of asymptotic stability of ground states of the NLS, first not allowing translation
symmetries in [Cuccagna 2011a], and then with translation in [Cuccagna 2014]; see also [Cuccagna
2012].

The link between FGR and Hamiltonian structure rests in the fact that the latter yields algebraic
identities between coefficients of different coordinates in the system (compare the right-hand side in (6-13)
with the second line in (6-27)). These allow us to show that some other coefficients in the equations of
the z; have a square power structure and have a fixed sign (in the case of the NLS); see Lemma 6.8. This
then yields decay of the z;, except for at most one of the j here. We refer to pp. 287-288 in [Cuccagna
2011a] for the original intuition behind this approach to the FGR, which views the FGR as a simple
consequence of Schwartz’s lemma on mixed derivatives, and which has been used in [Bambusi and
Cuccagna 2011; Cuccagna 2009; 2011a; 2014; 2012], among others. For other applications of this theory
we refer to the references in [Cuccagna 2012; Cuccagna and Maeda 2014]. We refer also to [Cuccagna
2011b], whose treatment of the FGR is similar to the one in this paper. Earlier treatments of FGR, are
in [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004] and, still earlier, in [Buslaev and
Perel’'man 1995; Soffer and Weinstein 1999], but they seem to work only in relatively simple cases,
because they run into trouble if the normal form argument requires more than a very few steps. For more
references and comments see [Cuccagna 2011a].

As we will see below, the FGR can be seen relatively easily after one finds an appropriate effective
Hamiltonian in the right system of coordinates. This coordinate system is obtained by a normal form
argument. Right from the beginning, though, it is crucial to choose the right ansatz and system of
coordinates. For example, since H has eigenvalues, it would seem natural to split the NLS (1-1) into
a system using the coordinates of the spectral decomposition of H; see (4-2). However, this would not
be a good choice for our nonlinear system. Following [Gustafson et al. 2004], it is better to pick as
coordinates the z; of Proposition 1.1, complementing them with an appropriate continuous coordinate.
There is the natural ansatz (2-1) (the same used in [Soffer and Weinstein 2004]), which, following
[Gustafson et al. 2004], can be used to obtain the continuous coordinate, here denoted » and introduced
in Lemma 2.4.

Once we have coordinates (z, n) with z = (z1, ..., 2,), Where z; is the ground state coordinate,
z;j for j > 1 the excited states coordinates, and 7 the radiation coordinate, Theorem 1.3 can be loosely
paraphrased as

n(t)—0 in Hll,c and z;(r) — 0 except for at most one j. (1-12)
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In particular, if z(#) — O the solution u(¢) of (1-1) scatters like a solution of i = —Au in H'. Otherwise
there is one j such that u(t) scatters to ¢’ Q. , with ¥ (1) a phase term which we do not control here.
We have convergence by scattering to a ground state if j = 1, and to an excited state if j > 1. The latter
presumably occurs for the u(#) whose trajectory is contained in an appropriate manifold; see [Tsai and
Yau 2002d; Beceanu 2012; Gustafson and Phan 2011].

It is not easy to see (1-12) in the initial coordinate system. So we need a Birkhoff normal form argument
to identify an effective Hamiltonian, like in [Bambusi and Cuccagna 2011]. Unlike there, but like in
[Cuccagna 2011a], the initial coordinates, while quite natural from the point of view of the NLS (1-1), are
not Darboux coordinates for the natural symplectic form €2 in the problem; see (4-1). Hence, before doing
normal forms, we have first to implement the Darboux theorem to diagonalize the problem (of course, the
coordinates arising from the spectral decomposition of H — see (4-2) — are Darboux coordinates, but, as
we wrote, they are not suited for our nonlinear asymptotic analysis). So in this paper we need to perform
a number of coordinate changes: first a Darboux theorem and then normal form analysis. At the end
of the process we get new coordinates (z, ..., Z,, n) where the Hamiltonian is sufficiently simple that
we can prove (1-12) relatively easily using the FGR (which tells us that all the z;, except at most one,
are damped) and a semilinear NLS for n that shows scattering of n because of linear dispersion. In the
context of the theory developed in [Bambusi and Cuccagna 2011; Cuccagna 2011a] and other literature,
the work in the last system of coordinates, that is, all the material in Section 6, is rather routine.

Having proved (1-12) for the last system of coordinates (z, 1), the obvious question is why (1-12)
should hold, as Theorem 1.3 is saying, also for the initial coordinates, which we now denote by (z’, ') to
distinguish them from the final coordinates (z, ). Keeping in mind that all coordinate changes are small
nonlinear perturbations of the identity, the only simple reason why this might happen is that different
coordinates must be related in the form

=2+ 0(@zn)+ 0(772)—1-2 O(zizj) fork=1,...,n,
i#]

N =n+0Gn+0m)+)_ 0z)).
i)

(1-13)

This relation between any two systems of coordinates forbids relations like z} = z; + z%. Indeed, with the
latter relations it would not be true (except for the case z(r) — 0) that (1-12) for (z, n) implies (1-12)
for (z/, n’). So our main strategy is to prove (1-12) for the final (z, ) with some relatively standard
method using FGR and linear dispersion, and to be careful to implement only coordinate changes like
in (1-13). This latter point is the novel problem we need to face in this paper. It is not obvious from the
outset that (1-13) should hold.

As we wrote above, [Gustafson et al. 2004] suggests a very natural choice of functions z;, based on
Proposition 1.1, which can be completed in a system of independent coordinates. Loosely speaking,
the z; have the problem that they are defined somewhat independently to each other. This shows up in the
expansion of the Hamiltonian in Lemma 3.1, with a certain lack of decoupling inside the energy between
distinct z;; see (3-9) and Remark 3.2. This leads in (3-3) (see the second line) to terms whose elimination
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in a normal form argument would seem incompatible with coordinate changes satisfying (1-13). These bad
terms of the energy can be better seen in (4-45): they are the / = 0 terms in the third line. Other additional
bad terms arise in the course of the Darboux theorem transformation. Bad terms in the differential form I"
in (4-17) (used in the classical formula (4-40)) are those in /; in (4-22). Specifically, they are the first
term in the right-hand side of (4-22). The right-hand side of (4-28) is also filled with bad terms, in the
sense that they yield a coordinate change § in Lemma 4.8 leading to more / = 0 terms in the third line in
(4-45). Specifically, they originate from the pullback §* Z';Zl E(Q ;) of the first term in the right-hand
side of (3-3) (more bad terms seem to arise if we use 826 —see (4-8) —rather than the slightly more
complicated 29 — see (4-13) — as the local model of €2). In a somewhat empirical fashion, for which we
don’t have a simple conceptual reason, a plain and simple computation shows that all the bad terms cancel
out and that there are no [/ = 0 terms in (4-45). This is proved in the cancellation lemma, Lemma 4.11,
which is the main new ingredient in the paper. This lemma proves that the change of coordinates designed
to diagonalize 2 is also decoupling the discrete coordinates inside the Hamiltonian. From that point
on, the structure (1-13) for the coordinate changes is automatic and the various steps of the proof of
Theorem 1.3 are similar to arguments such as [Cuccagna 2011b; 2012], which have been repeated in a
number of papers. So they are fairly standard, even though we are able to discuss them only in a rather
technical way. We have to go into the details of the proof, rather than refer to the references, because of
some technical novelties required by the fact that in general z - 0, and what converges to O is instead the
vector Z introduced in Definition 2.2, whose components are products of distinct components of z.

In the second part of Section 6, the FGR and the asymptotics of the z; in the final coordinate system are
rather simple to see in a single stroke. Furthermore, Theorem 6.1 is more or less the same as [Cuccagna
2011a; 2011b].

One limitation in our present paper is that we do not generate examples of equations which satisfy
hypothesis (H4). Notice though that our result, for solutions only in H'!, is new even in the 2-eigenvalues
case of [Tsai and Yau 2002a; 2002b; 2002c; Soffer and Weinstein 2004], where our FGR is the same.
Still, we believe that (H4) holds for generic V. And even if it fails at one stage, this is not necessarily a
problem: the strict positive sign in the FGR is only an obstruction to performing further the normal form
argument, so, if there is a 0, in principle it is enough to proceed with some further coordinate change until,
after a finite number of steps, there will finally be a positive sign in the FGR, and so the stabilization will
occur, just at a slower rate. And if the FGR is always 0, then maybe this is because the NLS has a special
structure; see [Soffer and Weinstein 1999, p. 69] for some thoughts.

Proposition 2.2 of [Bambusi and Cuccagna 2011] proves validity in general of the FGR. Transposing
here that proof would require replacing the cubic nonlinearity with a more general nonlinearity B(|u|?)u.
This seems rather simple to do because the cubic power is only used to simplify the discussion in
Lemma 3.1. But it is not so clear how to offset here the absence of a meaningful mass term m?u, which in
[Bambusi and Cuccagna 2011, pp. 1444—-1445], by choosing m generic, is used to move some appropriate

spheres in phase space. Adding to the NLS a term m?

u would not change the spheres here.
We reiterate that Proposition 1.1 is valid for small z; € C. As z; increases there are interesting

symmetry-breaking bifurcation phenomena; see [Kirr et al. 2008; 2011] and references therein and see
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also [Fukuizumi and Sacchetti 2011; Grecchi et al. 2002; Sacchetti 2005] and references therein for the
semiclassical NLS. Notice that Theorem 1.3 should allow one to prove asymptotic breakdown of the

beating motion in the case jto, = 0 in [Grecchi et al. 2002]. Finite-dimensional approximations of the

solutions at energies close to the symmetry breaking point of [Kirr et al. 2008] have been considered by

[Goodman 2011; Marzuola and Weinstein 2010], who prove the long time existence of interesting patterns

for the full NLS. Unfortunately, it is beyond the scope of our analysis, and it remains an interesting open

problem, to understand the eventual asymptotic behavior of the solutions in [Goodman 2011; Marzuola
and Weinstein 2010].

2. Notation, coordinates and resonant sets

Notation.

We denote by N = {1, 2, ...} the set of natural numbers and set Ny = N U {0}.
We denote z = (z1, ..., 2,), |z := 2;21 |z 1%
Given a Banach space X, v € X and § > 0, we set Bx(v,§) :={x € X : |[v — x| x <}

Let A be an operator on L*(R?). Then 0,(A) C Cis the set of eigenvalues of A and 0,(A) C Cis
the essential spectrum of A.

For K=R, C, we denote by X, = %, (R3, K) for r € Ny the Banach spaces defined by the completion
of C.(R3, K) by the norms

M3, == > CUx a2 s, + 10821220 1))-
| <r
For m < 0 we consider the topological dual %,, = (X_,,)’. Notice — see [Cuccagna 2014] — that the
spaces X, can be equivalently defined using, for r € R, the norm ||u|x, :=||[(1 — A+ |x|2)’/2u||Lz.

F(R3) = (=0 Zm is the space of Schwartz functions; FRHY=U
distributions.

m<0 2m 18 the space of tempered

We set z; =z +1izj; for zjg, zj; € R.

For f:C" — C,set Djrf(z) :==9f/0z;r(z) and Dj; f(z) := 9f/0z;1(2).

We set 0 := 9;, and 9; := 0z,. Here, as is customary, d,, = %(DlR —1Dyy) and 9z, = %(DIR +1Dyy).
Occasionally we use a single index £ = j, j. To define £ we use the convention ]= = j. We will also
write 77 = Z;.

We will consider vectors z = (z1, ..., z,) € C" and, for vectors u, v € (NU{0})", we set zH7" :=

n V1

2 We will set |l =Y
We have de IdeR +ide1, de :deR —ideI.
We consider the vector e = (e, .. ., ¢,) whose entries are the eigenvalues of H.

P, is the orthogonal projection of L? onto #.[0].
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» Given two Banach spaces X and Y we denote by B(X, Y) the space of bounded linear operators
X — Y with the norm of the uniform operator topology.

Coordinates. The first thing we need is an ansatz. This is provided by the following lemma:

Lemma 2.1. There exist co > 0 and C > 0 such that, for all u € H" with |u|| ;1 < co, there exists a unique
pair (z, ©) € C" x (H' N ¥, [z]) such that

n
=Y Qj;+0 with |2+ < Cllullg. -1
j=1

Finally, the map u — (z, ®) is C*®°(By1(0, co), C" x H') and satisfies the gauge property
z2euy=e"z(u) and ©O(”u)=e"Ou). (2-2)

Proof. We consider the functions
n
Fia(u,z) = Re<u -0, iDjAQij> for A=R, I
=1

We have F;z(0,0) = F;;(0,0) = 0. These functions are smooth in L? x B (0, by) for the by in
Definition 1.2. We have F;z(0,z) =Imz; + 0(z%) and Fi;1(0,z) =Rez; + 0 (z%) by Proposition 1.1.
By the implicit function theorem, there is a map u — z which is C*°(B;2(0, ¢p), C*) for cg > 0 suffi-
ciently small. Set ® :=u — Z?:l Qjz;- Then ® € C*®(By1(0, cop), H'). The inequalities follow from
|z(u)| < C||lul| g1, which follows from z € C! and z(0) = 0. Formula (2-2) follows from
n n
ePu = Zem Qjz; + e’O = Z Qjemzj +¢%0
j=1 j=1

and from the fact that ® € #.[z] implies e’ @ e #.[7'], where 7/ = ¢ z. This last fact is elementary.
Indeed, setting only for this proof z; =x; +1y; and z’; = x; +1iy}, we have

Re(ie'” O, 8x} sz}> = aX}xj Re(iel” ©, eiﬁaxf Qjz;) + ax}yf Re(ie? ®, eiﬂayj Qjz;) =0
if © € %,[z]. Similarly, Re(ie”” ®, 8, Q1) = 0. Hence © € ¥.[z] implies e?0 e H.[ez]. O

Definition 2.2. Given z € C", we denote by 7 the vector with entries (zizj) with i, j € [1,n], in
lexicographic order. We denote by Z the vector with entries (z;z;) with i, j € [1, n], in lexicographic
..... nil#FJjh
no=n(m—1), with (a; ;) € L ifand only if a; ; = a;; for all i, j. For a multiindex m = {m;; e Ng :i # j},
we set Z™ = [](z;z;)™ and |m|:= }_; . m;;.

order but only for pairs of indexes with i # j. Here, Z is in L, the subspace of C" = {(a; ;)i j=1

We need a system of independent coordinates, which the (z, ®) in (2-1) are not. The following lemma
is used to complete the z with a continuous coordinate.
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Lemma 2.3. There exists dy > 0 such that, for any z € C with |z| < dy, there exists an R-linear operator
R[z] : #[0] — .[z] such that P.|y ;] = R[z]~!, with P. the orthogonal projection of L? onto ¥,[0]; see
Definition 1.2. Furthermore, for |z| < dy and n € #.[0], we have the following properties:

(1) R[z] € C®(Bex(0,dy), B(H', HY) with B(H', H") the Banach space of R-linear bounded opera-
tors from H' into itself

(2) Forany r > 0, we have ||(R[z]— Dnllx, < ¢ lz|*|Inlls_, for a fixed c,.
(3) We have the covariance property R[e? 7] = ¢ R[z]e ™.
(4) We have, summing on repeated indexes,
Rlzln =n+(ajlzlme; with «jlzln=(B;(z),n) +(C;(2),n), (2-3)
where Bj(z) = ﬁj (2) and Cj(z) = zizga@j(i) for B and agj smooth and the Z of Definition 2.2.
(5) We have, forr € R and Z as in Definition 2.2,
1B (@) + 02,2, |5, + 1Cj(2) — 02,9z, Iz, <crlZ)%. (2-4)

Proof. Summing over repeated indexes, we search for a map R[z] : L? — %,.[z] of the form
RzIf = [+ (lz]f)¢; with a;lz]f = (B}(2)., f)+(C;@). )
such that R[z] f € ¥, [z] for all f € L2. The latter condition can be expressed as
Re(f,iDia Q1 + (¢}, iDia QlZ[)E/j —(¢;,iD1a01;,)C;) =0 forall f e L*.
This and the equalities

($j, 1DIR Q1)) =181 + (@, 1Dirqz), (Pj,1D11 Q1)) = =81 +(Pj,1Di1q17),
(¢, iDiR Q1) =181+ (P;, iDiRG1y,)s (D) iD1 Qi) =8+ (¢, D11 iz, )
yield the equalities
Dy Quz + (8j1 + (¢, Dirqiz) B, — (8ji + (¢, Dirdiz,))Cj =0,
iD;1 Qyy + (=8 +1(9;, Dllle;))E/j — (81 +1(¢pj, Di1q17,))C; =0.

They can be rewritten as

1+ g1z, + (81 + 1, 31611@))5;- —{®j, 01q17,)C; =0, 2.5)
Oqiz + (B, 9quz) B — (81 +(#, 9G1z,))Cj = 0.

For 72 = {158,7} and 72 = {Z?(SU} two n X n matrices, the solution of this system is of the form

B’ _ ad m [ Al ZzAz " Ui
(C>_Z(_1) <Z2A3 A4> <Zzu2)’ (20

m=0
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where A; = A;(|z11%, ..., |za|?) are n x n matrices and u; = u;(|z1|%, ..., |zx|?) are n x 1 matrices
for I =1 (resp. [ = 2) with entries ¢; + ;4. (resp. 9;g;;;) as j =1, ..., n. This yields the structure
B'(z) = B/(Z) and C;(z) = ziz¢Citj (Z).

Using (¢;, qjz;) =0, we can rewrite (2-5) in the form

B =—¢1—diqi, — Y_ (¢, 01912) B — (¢, 3di))C ),
Jj#
Cr=0qiz + Y _ (¢ 0q1z) By — (7. 1) C -
J#l

(2-7)

By Proposition 1.1, this implies
1B + @iz, +Cillx, < Clal®. (2-8)
Reiterating this estimate, from (2-7) and for B; defined by the following formula, we get
B

H B+ ¢ — Zi(¢j, q1z)Pj +014q1z
il

<C|z)?

r

IC1 — 3quz |z, < CIZI*.

This yields (2-4). Claim (3) follows by
aj[e”zln = e a;lzle ™" n, (2-9)
which in turn follows by claim (4). Indeed,
a;le’zln = (Bj(Z), n) + (" 212 Cie; (2). )
= "(B;(Z), e n) + ¢ (zi20Citj(Z), eV ) = P sz . O
We are now able to define a system of coordinates near the origin in L2.

Lemma 2.4. For the dy of Lemma 2.3, the map (z, n) — u defined by

u=>y_Qj;+RIzln for (z.n) € B (0. do) x (H' N [0]) (2-10)
j=1

has values in H' and is C®. Furthermore, there is a d; > 0 such that the above map is a diffeomorphism
for (z,n) € Ben (0, dy1) X (By1(0, di) N,[0]) and

|zl + 1l gy ~ Nl g (2-11)
Finally, we have the gauge properties u(e' z, ¢ n) = e u(z, n),

z(eh’u) = emz(u) and n(eiﬁu) = emn(u). (2-12)
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Proof. The smoothness follows from the smoothness in z in Proposition 1.1 and Lemma 2.3. Property
u(e?z, e n) = e u(z, n) and its equivalent formula (2-12) follow from (2-2) and Lemma 2.3(3). Notice
that u = u(z, n) is the inverse of the smooth map u — (z, ®) — (z, P.®). Formula (2-11) follows by the

estimates in Proposition 1.1 and by Lemma 2.3(2). U
Resonant sets.
Definition 2.5. Consider the set of multiindexes m as in Definition 2.2 and, for any k € {1, ..., n}, the
set

Me(r) ={m : Y} 27:1 mij(e; —e;) —ex <0 and |m| <r}, 13

Mo(r) = {m Sy Z'}Zl mjj(e; —ej) =0 and |m| < r}.
Set now

Mi(r) ={(n,v) e Ng x Ng : 212" =7, Z™ for some m € My (1)},
(2-14)

M) = Mi(r) and M =MQN +4)
k=1

Lemma 2.6. Assuming (H3) we have the following facts:

(1) If Z™ = 717", then m € Mo(2N + 4) implies w = v. In particular, m € Myo(2N + 4) implies
Zm = 71?1 - |zy|* for some (I, ..., 1) € N,

(2) For |m| <2N + 3 and any j, we have Za,b(ea —ep)mgp —ej # 0.

Proof. First of all, if i = v then z#z" = |z1|** - - - |z,|**». So the first sentence in claim (1) implies the
second sentence in claim (1). We have

n n

= ; n: mij — ": mp; —

Zm — (Zizl)mll — ZZ[ 1 ZZZ 1 — ZMZV-

1 4
i,l=1 i=1

The pair (i, v) satisfies || = |v| <2N + 4, by
lul = ZM! = Zmil =[vl.
1 il
We have (u —v)-e=0by m € Mo(2N +4) and

Z miej — Z Ve = Z mi(e; —e;) = 0.
i ) il

We conclude, by (H3), that © — v = 0. This proves the first sentence of claim (1).
The proof of claim (2) is similar. Set

n n
_ — o T mi =Y my - -
7"z = [ @™z, =1_[z,~21 D Al
ii=1 i=1
We have

(n—v)-e= Zmei —szez =Zmil(€i —e)—ej
i I il
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and

|M|:Z/’Ll:Zmil:|v|_l' (2-15)
l il

If (uw—v)-e =0 then, by |u —v| <4N + 5 and (H3), we would have u = v, which is impossible
by (2-15). O
Lemma 2.7. (1) Consider m = (m;;) € Ny" such that y_,

see (H3). Then, for any eigenvalue ey, we have

Zmij(ei—ej)—ek<0. (2-16)

i<j

i<jMij > N for N > |ej|(min{e;—e; : j >iH~1

(2) Consider m € Ng“ with |m| > 2N + 3 and the monomial z;Z™. Then there exista, b € Ng" such that
Zaij =N+1= Zbij,
i<j i<j
ajj = bij =0 foralli>j and ajj +bij <mjj+mj; forall (i, j), 2-17)
and moreover there is a pair of indexes (k, 1) such that
D aij(ei—ej)—ex <0 and Y bij(ei—e;) —e <0 (2-18)
i<j i<j
and such that, for |z| < 1,
12; 2" < |zjl 1z 2|21 Z°). (2-19)
(3) For m with |m| > 2N + 3, there exist (k, 1), a € My and b € M; such that (2-19) holds.

Proof. Equation (2-16) follows immediately from

Zmij(ei —ej)—er <—min{e; —e¢; : j>i}N —e <0,
i<j
where the latter inequality follows by the definition of N.
Givena, be Ng(’ satisfying (2-17), by claim (1) they satisfy (2-18) for any pair of indexes (k, /). Consider
now the monomial z;Z™. Since |m| > 2N + 3, there are vectors ¢, d € Ng” such that [¢]|=|d| =N +1
and ¢;; +d;j < m;; for all (i, j). Furthermore, we have

VAR zjz“Z"Z‘Zd with |u] >0 and |v| > 0. (2-20)
So, for z; a factor of z* and z; a factor of 7", and for
y o fori<j, dii+d; fori<]j,
e P AR TR S @-21)
0 for i > j, 0 for i > j,

for |z] <1 we have, from (2-20),
12, 2™ < |z;|1zk 21121 27| = |21 12% 2] |21 22

Furthermore, (2-17) is satisfied.



ON SMALL ENERGY STABILIZATION IN THE NLS WITH A TRAPPING POTENTIAL 1301

Since our (a, b) satisfy a € M and b € A;, claim (3) is a consequence of claim (2). Il

We end this section by exploiting the notation introduced in Lemma 2.3(5) to introduce two classes of
functions. First of all, notice that the linear maps n — (1, ¢;) extend to bounded linear maps X, — R
for any r € R. We set

SC={ne, :(n.¢,)=0,j=1,...nk. (2-22)

The following two classes of functions will be used in the rest of the paper. Recall that in Definition 2.2
we introduced the space L with dim L =n(n — 1). In Definitions 2.8-2.9, we denote by Z an auxiliary
variable independent of z which takes values in L.

Definition 2.8. Let B be an open subset of a Banach space. We will say that F(¢,b,z, Z,7n) in
CM(I x B x s, R), with I a neighborhood of 0 in R and s a neighborhood of 0 in C" x L x Xk, s
F = QRZK] » (. b, z, Z, n) if there exists a C > 0 and a smaller neighborhood A’ of 0 such that

|F(t,6,2, Z, )| < CInlls_c +1ZD7(Inlls_c +1Z1+12)" in I xBxsd'. (2-23)
We will specify F =%}/, (1, b, z, Z) if
|F(t,b,2, Z,n)| < CIZV|z| (2-24)
and F =Ry, (t, b, 2, ) if
|F(t,6,2.Z, )] < Clnll_, (Inllz_, + 12D (2-25)

We will omit ¢ or b if there is no dependence on such variables.

We write F = R}/ _ if F =R/, for allm > M. We write F =%}/, if, for all k > K, the above F
is the restriction of an F(¢, b, z, n) € CY (I x B X &dk, R) with sd; a neighborhood of 0 in C" x L x X¢,
and which is F = %LJM Finally we write F = QR 0000 If F = %l J for all k.

Definition 2.9. We will say that T'(¢, b, z, n) € CM(I xB x4, EK([R{3, C)), with the above notation, is
T = S;(J v (8, 0,2, Z, n) if there exists a C > 0 and a smaller neighborhood s’ of 0 such that

IT(t, 0,2, Z, Mgy < Cllnls_ +1ZD (Inllz_x +1ZI+1zD)" in I xBx ', (2-26)

We use notations S;;{M(t, b,z,Z), S;;{M(t, b, z, n), etc. as above.

Notice that we have the elementary formulas
Q]{‘;(bMS’ ]M _ SH—a ,j+b and %L;(bM%IKJM _ %l+a ]+b‘ (2-27)

Remark 2.10. For functions F (¢, b, z, n) and T'(z, b, z, n), we write F(¢t,b,z,n) = K M(t b,z,Z,n)
and T(t,b,z,n) = S Kj » (., b,z, Z, n) when the equality holds restricting the variable Z to the Z of
Definition 2.2 for symbols satisfying Definitions 2 8 2.9.

Furthermore, later, when we write R K] v and ShJ K0 We will mean %" K. M(z Z,n) and S KJ (@ Z, 1),
respectively.

Notice that F = R/, (z, Z) or T = S¢’,,(z, Z) do not mean independence from the variable 7.
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3. Invariants

Equation (1-1) admits energy and mass invariants, defined as follows:

E(u):=Egm)+ Ep(u), where FEg(u):=(Hu,u) and Ep(u) = %/ |u(x)|4dx, 3o1)
R3 -

O(u) :=(u, u).
We have E € C*(H'(R?, C), R) and Q € C®(L*(R?, C), R). We denote by dE the Fréchet derivative

of E. We define VE € C*(H'(R?, C), H"'(R?, C)) by dEX =Re(VE, X) forany X € H'. We define
also V,E and V; E by

dEX = (V,E, X)+ (VzE, X), thatis, V,E=2"'VE and V;E=2"'VE.
Notice that VE = 2Hu + 2|u|?u. Then (1-1) can be interpreted as
it = Vi E (u). (3-2)

Lemma 3.1. Consider the coordinates (z,n) v+ u in Lemma 2.4. Then there exists some functions
as in Definitions 2.8-2.9 such that, for (z,n) € Bcn (0, dy) x (By1(0, do) N #[0]), we have, for any
preassigned ro € N, the expansion (Where c.c. means complex conjugate)

n
E@u)=_E(Qj:)+ (Hn, 0)+R)% (. )
j=1
+ Z[EJZJ (Re’(quj" Zk¢k> +Re<q1{Zk’ Ej(pj)) +RC(|Qka|2kak, Ej(bj)]
Jj#k
n 2N+3
+ RN )+ N D Z"ajm Iz +Re(SEAN (2, 2), 1)

j=1 I=1 |m|=l+1

n 2N+3
+ 030 D GZ™G pm (D) M Fec)+ Y Y Z™(Gomij(2), 0’ 7Y)
jik=1 I=1 |m|=l i+j=2|m|<1
+ ) D (Gaij@, n AR (2 ) + Ep (), (3-3)
d+c=3i+j=d

where:
° (ajm7 G/km) € COO(BR(Os d()), C X Ero(R3’ q:))a
® (sz[ja Gd![) € COO(BC” (Os d())a Ero(R3’ q:) X ZI’()(R35 C))’
e for |m| =0, where, in particular, G;;(0) = 0, we have

n

D (Gonij (@, ') =Y (1Q), 10, M +2 ) Re(Qjz; Re(Q ;). ); (3-4)

i+j=2 j=1 j=l1

o« 112 (6?7, e n) =RV2 (2, n) for all 9 € R for the third term in the right-hand side of (3-3).

rp,00 rp, 00
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Remark 3.2. In (3-3) the terms of the second line could potentially derail our proof. They appear
in (3-7)—(3-9). Similarly problematic is the first term in the right-hand side in (4-18) later. All these terms
are tied up. Indeed, in Lemma 4.11 we will show that in a system of coordinates better suited to search
for an effective Hamiltonian the problematic terms in the expansion of E cancel out.

In the proof of Lemma 3.1 we use the following lemma:
Lemma 3.3. We have, for j #k and SE;;; := Ej;, —ej,
Ej:iqrz #j) + (| Qkz Qe 07 = Erg (Ques ) + SEjz i (qrz> j)- (3-5)
Proof. We apply (-, ¢;) to
Hakz, + 1Ok ” Ok = 28 Ekey bt + Exzy Gy
to get the following equality, which, from e; = E;;; — S E;;, yields (3-5):
ej{qkzs 87) + | Quae I* Chay 85) = Exey Gy 8))- O

Proof of Lemma 3.1. First of all, we have the Taylor expansion

E<u>=E(ZQJ-z,)+Re<VE(ZQn) [z]n>+2 Re<v2 (ZQJZ) [zIn, R z]n>+E3(n)

j=1 j=1
(3-6)
with
E3(n) = / (1-1) Re<[v2Ep(Z Qjz; + tR[z]n) VZEp < > Qﬂ,)]R[z]n, R[zn >
j=1
Step 1. We consider the expansion of the first term in the right-hand side of (3-6). We have
4 _
> 05| =3 105,11 +43 7105, P Re(Q;:, O
J#k
+23 10, P1Qus P+ Re(Qjz, Oz ) Re(Qj, Oz )44 102,17 Re(Quz, Qi)
Jj<k JjFk k<l

J#EK J#kl

All terms are invariant under the change of variable z ~~ ¢!’ z. The second line is O(|Z|?). We conclude
that

4

Z QjZ.i

j=l,..n j#k
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where
1 — — —
Ri:=) f 1Q)e, P1Quei P +5 ) f Re(Qjz; Okz) Re(Qjrz, Oz ) +2 Y f 102, P Re(Qys, Orz,)
j<k jFk k<l
Font J#k,1
=0(zP).

By Proposition 1.1 and by (3-5), the second summation in the last line of (3-7) equals

D IEj; Re(Qjz;. Oks) +Re(Qj, 2 Qs ke, )]
J#k

=Y [Ej:;Relqje, . Zude) + Relqis,. 207)) + Re(| Qe 1 Q- Zjb))] + R (3-8)

J#k

where

Ry= " Ej; Re(qj;. Gks) + Re(|Qury 1 Qhzy- Gjz,) = O Z ).

i JZjo dKZk 2k > 1z
J#k

The summation in (3-8) is O(|z|*|Z]) and not of the form O(|Z|?). Indeed, in the particular case when
7k = px and z; = p; are real numbers, we have what follows, which is not O(p,%,ojz.):

E;. Re(q;:;, Zxdr) + Exz Re(quzy, 2j0,) + Re(| Qrr 1> Okzy, 270
= pipi[Ejp, 074G (03 d1) + Exp 0 4Gk (1) &) + ¢ ((Br + Gk (0D). 6)]- (3-9)

Finally, we observe that R + Ry = O(|Z|?) summed up together yield the first two terms on the third
line of (3-3).
Indeed, since R + R; is gauge invariant, by Lemma B.3 in Appendix B we have

n 2N+3

Ri+R=) %" > Z"bjm(z;I) +0(ZP") (3-10)

j=1 I=1 |m|=I+1

with O (|Z|*N*3) smooth in z, independent of n and gauge invariant.

We have discussed the contribution to (3-3) of the first term in the expansion (3-6). Now we consider
the other terms in (3-6).
Step 2. We consider the expansion of the second term in the right-hand side of (3-6).

By Re(VE(Qj:,), Rlzln) = 2Re Ej. (O}, R[zln) = 0, which follows from R[z]n € ¥.[z] and
10z, = —2j1DjrQj:; + 2jrDj1 Q jz;; —see (11) in [Gustafson et al. 2004] (and which is an immediate
consequence of Q.. =€ Q. | for z; = €|z;|)— we have

Re<VE ( > sz_,), IW;>
j=1
0

1
=Re(VE(Q1,). RIzIn) +f d, Re<VE(Q1Z. +1y sz_,), R[Z]n>dt
0

j>1
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= Re<VE<Z szj), R[z]n>+/[0 . 05 0y Re<VEp (sle1 +t Z le,), R[z]77> dtds

j>1 >1
n—1
_ Zf[o . 3,9, Re<VEp (sQ,-Zj +1y le), R[z]n>dt ds, (3-11)
j=1 ’ I>j

where the last line is obtained by repeating the argument in the first three lines. For @ Pi= ; Qiz, by
VEp(u) =2|u|*u, the last line of (3-11) is, in the notation of Lemma 2.3,

n_l =< p— o~ =< o~ =< o~
23 "Re(20):,10; P +210;:, 70, + Q3,0+ 0):, 03, 1+¢;((By(Z), M+ ZizeCitj(Z), n))).
j=1

Further expanding Qj = Zl>j Qi and using Oy, = z;(¢r + 41(1z11%)), the above term is of the form

S Y G2 G @) +ec).

j=1|m|=1

As in Step 1, by Lemma B.4, this can be expanded into

Yo Y GZ"GumuP ) +ec)+ Y (Z2"(Gm(2), n) +cc.). (3-12)

j=11<|m|<2N+3 lm|=2N+4
Thus the last line in (3-11) can be absorbed in the third and fourth lines of (3-3).

Step 3. We consider the expansion of the third term in the right-hand side of (3-6). Using V?>Eg (1) =2H
and proceeding as for (3-6), we obtain

2! Re<V2E<Z 0 jz,.>R[z]n, R[z]n>
j=1

=27! Re<v2EK(Z 0 jz,.)R[z]n, R[z]n>+2—l > "Re(VZEp(Qj:,)RIzIn. RIzIn)

j=1 j=1

+27! i/
; [
j=1

0,1]2

n

0,0, Re<v2Ep <SQ o+t Y szl)R[z]n, R[z]n>dt ds.
I=j+1

The third line is absorbed in the Z™ (Gami;(z), n' /) + R 12

rp, 00

(z, n) with [m| =1 terms in (3-3). From
the second line, using (2-3)—(2-4) and, in particular, o ;[z]n = RL1 (2, n) for the last equality, we have

rp,00

27! Re<v2EK(Z Q jz_,)R[z]n, m} = (HRIzIn, R[zIn)
Jj=1 n

= (Hn,n) +2 ) _Re[(;lzIn)(Hp;, ]+ Y ejlajlzinl®

j=1 Jk=1
= 1,2
=(Hn,n) + R, (z,n),
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which yield the second and third terms in the right-hand side of (3-3). For

27! Y VPER(Qj)n =) 10" +2) " Q) Re(Q):; ),

j=1 j=1 j=1

we have, for Gg;;(z) as in (3-4),

271 Y "Re(VZER(Q):)RIzIn, RIzIn) = R} @om + D (Gaij(2). n'0Y). (3-13)
j=1 i+j=2

This ®12 _(z, n) defines the third term in the right-hand side of (3-3). Notice that ®!-2 (el”z, ¢'"1) =

rp,00 rp,00

RL2 (z,n) because this invariance is satisfied both by the left-hand side of (3-13) (by the invariance

rp,00

of E, (2-2) and Lemma 2.3) and by the last summation in the right-hand side of (3-13), by formula (3-4).

Step 4. We now turn to the E3(n) term in (3-6). By elementary computations,

E3(n) =f (1 —1) d3Ep(Z 0;;, +srR[z]n) (RIzI)’ dt ds
(0,11

j=1
= Ep(R[z]n)
+ / t(1—1)d*Ep (r >0 +StR[z]n) C(R[zI* Y Qjzydtdsdr  (3-14)
[0,11

Jj=1 j>1

with d3Ep(u) - v° the trilinear differential form applied to (v, v, v) and d*Ep(u) - v®w the 4-linear
differential form applied to (v, v, v, w).
In particular, we have used the fact that, since d/ Ep(0) =0 for 0 < j < 2, we have

Ep(R[z]n) = / t(1—1t)d’Ep(stR[z]n) - (R[z]n)> dt ds. (3-15)
[0,1]2

For B(u) = |u|*, and using the fact that d*8(u) € B*(C, R) is constant in u, the last line of (3-14) is

1

7 [, 48 (REIG)’ Y0, () dx,

j=1

and can be absorbed in the (G4;;(z), n' ﬁj)QRO"' (z, ) terms in (3-3). We expand Ep(R[z]n) as a sum

rp,o0
of similar terms and of Ep (). Il

In order to extract from the functional in (3-3) an effective Hamiltonian well suited for the FGR
and dispersive estimates, we need to implement a Birkhoff normal form argument; see Section 5. This
requires an intermediate change of coordinates, which will partially normalize the symplectic form €2
defined in (4-1) below, and diagonalize the homological equations. Notice that, as a bonus, this change of
coordinates erases the bad terms in the expansion of E in (3-3) discussed in Remark 3.2.
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4. Darboux theorem
System (3-2) is Hamiltonian with respect to the symplectic form in H'(R?, C),
QX,Y):=i(X,Y)—i(X,Y)=2Im(X, Y). 4-1)
In terms of the spectral decomposition of H (recall ¢ i =),
n
X =) (X.9;)¢; + PX, (4-2)
j=1

QX V) =i) (X, )Y, ;) = (X, ;)Y $;)) +i(PX, P.Y) —i(PX, PY).  (4-3)
j=1

However, in terms of the coordinates in Lemma 2.4, 2 admits a quite more complicated representation,
as we shall see. This will require us to adjust these coordinates.
Our first observation is that, for the coordinates in Lemma 2.4, we have the following facts:

Lemma 4.1. The Fréchet derivatives of n(u) and z; are given by the formulas

dnw)y=— Y > PcDjaqjz;dzja+ P, (4-4)

j=1,...n A=I,R

dzj=(-,¢;) — Z Z <DkAkak»¢j>deA—Z Z Daajlzlndzia —ajlz]odn. 4-5)

kik#j A=I,R k=1 A=I,R
Analogous formulas for dz ;g and dz j; are obtained by applying Re and Im to (4-5).

Proof. We start with (4-4). By the independence of z and 7, we have

0 )
e =M, =0 (4-6)
IZjR 9z;1
where
a n
92ia DjaQje; + Z D a(ar[zIn) ¢k (4-7)
/ k=1

Next, for & € 9.[0] we have what follows, which implies dn R[z] P, = 1|3.[01:

=&

d
dn R[z]P.§ = EH(Q]'Z]- + R[z](n +1£))
t=0

Sodn = Z(aj dzjr +bjdzjr) + P, where we used P.R[z] = 1. Then a; and b; can be computed
applying ) (ajdzjr +bjdzj1) + P to the vectors (4-7) and using (4-6). Finally (4-5) follows by

zj(u) =<u — ke, — RIzIn, ¢,,-> = <u — Y Qi ¢j> —ajz]n. O
k=1

kik#j
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We consider the function 7(«). Notice that dn(u) X =dn(u +tX)/dt |t=0 =dn(u) X. Now we introduce
a new symplectic form. Notice that our final choice of symplectic form is not the €2, defined here in (4-8),
but rather the 2g defined in (4-13).

Lemma 4.2. Set

n
Q= 2ZdeR Ndzjr+1i{dn, dn) —i{dn, dn)
j=1

" ‘ (4-8)
and  Byi= Y (zjrdzji —2j1dzjr) = 5 (. dn) = (n. 7).
j=1
Then d By = Q and Q = Q, at u = 0 for the Q of (4-1). Furthermore,
®*B)= B, for ®u)=¢"u for any fixed ¥ € R. (4-9)

Proof. The equality d B, = €, is elementary. Indeed, d(zjr dzj; —zj1 dzjr) =2dzjr Adzj; and, for a
pair of constant vector fields X and Y, since d’n(X, Y) = d*n(Y, X) we have

d(m, dn)(X,Y)=X{@,dnY)=Y(,dnX) ={dn X,dnY)—{dnY,dnX).

This yields d (7, dn) = (dn, dn) — (dn, dn) and also d(n, di) = —d(n, dn) = (dn, dn) — (dn, dn).
To compute Q(’) at u = 0, we observe that, by Lemma 4.1, we have dn = P, at u = 0, so that

i(dnX,dnY)—i{dnX,dnY)=i(P.X, P.Y) —i(P.X, P.Y) at u=0. (4-10)

By Lemma 4.1 and Proposition 1.1, at u = 0 we have dz;g =Re(-, ¢;) and dz;; =Im(-, ¢;). Summing
on repeated indexes, we have

(X, (Y. d)) — (X, ;)(Y. ¢;)) = —2Im((X, $;)(Y, ¢;))
=2(Re(X, ¢;) Im(Y, ¢;) —Re(Y, ¢;) Im(X, ¢;))
=2Re(-, ¢j) ANIm(-, ¢;)(X,Y)
=2dsz/\dzj,|u=0(X, Y). “4-11)

By (4-10)—(4-11), we get Q2 = 96 at u = 0. Finally, (4-9) follows immediately by

n
By =) _Im(Z;dz;) +Im(7j. dn). 4-12)
j=1

This concludes the proof. (|

Summing on repeated indexes and using the notation in Proposition 1.1, we introduce the differential

forms
Qo = Q) +iy;(Iz;1%) dz; AdZ,

where ¥ (Iz;1%) == (q;(I2;1%). 4; (12 1*) +21z;1*(G; (2,19, 4 (12,19), (4-13)
and BoZ:Bé—Im(Dqu_ij,q]'Zj>deA
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with c}; (t) =dgq;/dt. We have the following lemma:
Lemma 4.3. We have yj(lzj|2) = Q'tgb(?oo(|zj|2). We have d By = Q2o and
®*By= By for ®u)=e"u forany fixed ¥ € R. (4-14)

Proof. The identity y;(|z; 12) = Q{gb(?oo(|z j 12) is elementary from Proposition 1.1 and Definition 2.8. Next,
d By = Qg follows by d B, = Q;, and
—dIm(Djaqjz;, qjz;) dzja =Im(Djaqjz;, Djpqjz;) dzja Ndzjp
=2Im(Djrgjz; Djrqjz;) dzjr Adzji
=2y (lz;1) dzjr Adzjs
=iy;(1z;1*) dz; A dZ;,
where gj;; = 2;q;(12;1%).
Turning to the proof of (4-14), we have
O*(iy; (121 dzj A dZ)) =iy(lz;1P) d(@*z;) Ad(®*Z)) =iy (Iz;*) dz; AdZ;. O
Lemma 4.4. We have d B = Q with B the differential form in the manifold H"' defined by
Bw)X :=1Im(u, X). (4-15)

Consider, for u € By1(0, dy) with the dy of Lemma 2.3, the function v € C*°(By1(0, dy), R) and the
differential form I (u) defined by

V@) =Y Im(Gje,, u) + ) Im(e;lzlnZ)), (4-16)
j=1 j=I1
I'(u) := B(u) — Bo(u) +dyr (u). 4-17)

Then the map (z,n) — I'(u(z,n)), where u(z, n) is the right-hand side of (2-10), which is initially
defined in Ben (0, dy) x (H 1N 9%.[0]), extends to Ben (0, do) x 3¢, for any r € N. In particular, we have
I'=Tadzja+ (I, dn) + (I's, dn) with, in the sense of Remark 2.10,

Tia=Ry . Z,n) and Te=Sy' (2. Z,n) for E=n.7. (4-18)
Furthermore, I satisfies an invariance property in By (0, dp):
T =T for ®(u) = u for any fixed ¥ € R. (4-19)
Proof. By the definition of the exterior differential, and focusing on constant vector fields X and Y,

dB(X,Y)=XB@)Y —YBw)X =Im(X,Y) —Im(Y, X) = Q(X, Y).
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This is enough to prove d B = Q. Next, using R[z]ln =n+ Zj a;[z]ng;, we expand

Bu)=) Im(Qj,. ) +Im(R[z]n, -)
J
=Y Im(Z;¢;, ) +Im(@, )+ Y _Im(Gjz;, ) + Y Im(e,[zIn{g;. - ). (4-20)
J J J

By the definition of By in (4-13), we have

B—By=5+hL+I+Y In(DjaGjs,. qjz,)dzja+ Y Im(Gj,. ), (4-21)
J,A J
where

=Y ImZ;((g), ) —dzp)).  Li=—Im(i.dn—P.), I —Zlm[a][z]nwj,-n.
J

We replace dn using (4-4) and (¢;, -) using (4-5). For «/[z] o dn, the linear operator defined by
aj[z]odn(X) :=aj[z]dn(X), we then get

L =Im(Djaqjz;, ZkPx) dzja +1Im(Z; Draa;lzln) dzia +1Im(z e [z] o dn)
=Y Rl dzja+ImEa lz]odn), (4-22)

where, as anticipated in Remark 2.10, here we set QRZKJM = 9]%;;{M(z, Z.n) and S;{M = S;{M (z,Z,n),
where Z is as defined in Definition 2.2.
The second term in the last line of (4-22) is incorporated into the first sum in (4-25). We have

L =Im(ij, Djaqjz,)dzja = Y Ra odzja. (4-23)
Substituting with (4-5), we have "
L= R%! dzja+(Shl . dn) + (SK)s. d7). (4-24)
Hence, we get "

B— BO_ZIm(z,aJ[z]odn)—i—ZQR dzJA—I—(SOOOO,d) (Sgoloo,dﬁ)

JjA
+Zlm jAQJz, Qsz)deA+ZIm qu, ). (4-25)
JA J
Set now {;(u) =— Z;'.zl Im(gj;;, u). Then it is elementary that we have
dyr = Z m(gjz;, ) — Zlm<DjAéij7 qjz;)dzja+ ZQ{}X}OO dzja. (4-26)
=1 j.A J.A

By the Leibniz rule we have

Im(zjaj[z]odn) =dIm(zja;(z] n) —Im(d(Z;a;[z]) n). (4-27)
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The contribution to ) j Im(zaj[z] odn) in (4-25) of the last term in the right-hand side of (4-27) can be
absorbed into the term Y~ , R dz;4. Then

B—Bo+dy =) RL dzja+ (L. dm) + (L. d).
jA

Here we have used that the first two terms in the right-hand side of (4-26) cancel with the last two
sums in (4-25) and that there is a cancellation between the contribution to ) | j Im(zaj[z] odn) of the
dIm(z;a;[z] n) in (4-27) and the differential of the last term in (4-16). This yields (4-18).

Lastly we consider (4-19). We have ®* By = By by (4-14), while ®*B = B follows immediately from
the definition of B in (4-15). Finally, ®*yy = ¢ follows immediately from ®*(q;.;, u) = (g, u), which
follows from g;;,(¢'”z) = €”qj,(z), and from (2-9) and (2-12), which imply

O*(Z;alzln) = e Pzl z]e n = Z (2. O

Lemma 4.5. Consider the differential form Q2— 2, which is defined in By1(0, dy) for the dy of Lemma 2.3.
Then, summing on repeated indexes, we have
Q-Qo=Qijapdzia Adzjp+ Y dzia AMQiag, dE)+ Y (Qee dE, dE), (4-28)
§=n,7) §.8'=n.7

where, expressed as functions of (z, ), the coefficients extend into functions defined in Ben (0, do) x €,
for any r € N and, in particular, we have ﬁ,-Ag = Séé?oo(z, Z.n)), QUAB = %é’o‘?oo(z, Z, 1) in the sense of
Remark 2.10 and 55/5 = 0O Sclx’)foo(z, Z,n) — (Bg/S;éfoo(z, Z, 1n))* (with the two instances of S distinct).
We furthermore have

P (QR-Q) =R —Q for ®(z,n) = (ez, e n) for any fixed V¥ € R. (4-29)

Proof. We have

Q—Qy=dl =d2%ébl,oodz.iA +dZ<Séé{oo’ dg).
J.A §

Summing over k, B and &, we have
d@RY o dzjp) =0, RN dzg Adzja+ (R o, dE) Adzja
with the Bg%é’ol’oo € #.[0] defined, summing on repeated indexes and for F with values in R, by
dFX =8,,Fdzip X + (3: F,dé X) forany X € L*(R*, C).

It is easy to see that 8597{(1)5{00 = S(lé(,)oo and 8ZkBQR<1>6],oo = @t})é?oo.
Furthermore, summing on repeated indexes we have
d(SL' o, dE) = dzip A (0,800 o0 dE) + (3 S o dE', dE) — (dE, 8 SL! o dE')
= dzip A (02580 o0s AE) + (0 S oo dE', dE) — (9 S ) * dE, dE), (4-30)
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where, for T € CI(ULz, L2) with U;» an open subset in L?, 0:T € B(¥.[0], L2) is defined by
dTX =9,,Tdzp X +3:Tdé X forany X € L*(R’, C).

Summing on £ in (4-30) we get terms which are absorbed into the last two terms of (4-28).
Formula (4-29) follows from (4-19), Q2o =d By and 2 =dB. O

Lemma 4.6. Consider the form 2; := Qo+t (Q— Q) and set ix 2, (Y) :=Q,(X, Y). For any preassigned
r € N recall by, (4-8), (4-13) and Lemmas 4.4 and 4.5, that Q2 — Qo and I" extend to forms defined in
Ben (0, do) x XE .. Then there is &y € (0, do) such that, for any (¢, z, n) € (=4, 4) x Ben (0, 80) X Bxe (0, o),
there exists exactly one solution ¥'(z, n) € L? of the equation ix: 2, = —I". Furthermore, we have the
following facts:

(1) X'(z,n) € X, and, if we set %;A(Z, n) = dzja%'(z,n) and %Z(L n) = dn%'(z,n), we have
%;A(Z, n) = QR};OIO(I, z, Z,n) and %;(z, n) = S,l’*olo(t, z, Z, n) in the sense of Remark 2.10.
(2) For & := dz; X' and % := dn %', we have &', (eVz,e"n) = ei”%;(z, n) and %;(emz, en) =
e (z, ).
Proof. We define Y such that inZ/ = —TI, which yields Y;r = ——FJI and le = ]R (both 97{1 ! o)
= —iI'; and Y5 = iI'; (both S o) Weuse ig,x Q) =ix (20— Q+ tQ) where Q=Q- QO, to
define in L? the operator K,. We clalm the following lemma:

Lemma 4.7. For appropriate symbols 97%3)&800 (t,z,Z,n) and Séé(,)oo (t, z, Z, ), which differ from one term
to the other, and for Z as in Definition 2.2, we have

(KiX)ja=> RO Xig+ Y (SL0. Xe

B £=n.n
(4-31)
(K X)e = Z SL0 Xip + Z 0 SLl ot 2, Z,m) — (9 SL! o (1,2, Z, ) ) Xe.
Sl
We assume for a moment Lemma 4.7 and complete the proof of Lemma 4.6. The equation ig: 2; = —I"

becomes ¥’ + K;¥' =Y. Indeed, suppose ¥’ + K,%' =Y holds. Then, by definition of K,, we have
i%t(Q, — Q/) =ik, 96 and so iy, Q= iy, 96 +ik,a, 96 =—-T.
By Lemma 4.7, in coordinates and for & = n, 7, the last equation is schematically of the form

%;A+Z%109€f D OAShL AL =Rl
§=n.n

(4-32)
T+ SHO, + Z (Sl (t. 2 Zom) — (9 SL) (1. 2. Z, ) )% = S, 0
(B

Notice that (3¢ S1;',,) S} is C* in (7, z, Z, 1) with values in X,. We have

1S5 ) Sh s, < 110:S% Bz, 2 IISh a5,
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By (2-26), we have 9; S%;', (z, 0,0, 0). This implies

185 S ol B, 5 < Clinlls_ +1Z] + I2] (4-33)
and so
10: S5 ) Sh o lls, < Cimlls_ +1ZDInlls_ +1Z1+ |2

So (981 SLL, = SZL.
Inequality (4-33), a Neumann expansion and formulas (2-27) yield claim (1) in Lemma 4.6.
Claim (2) in Lemma 4.6 follows from

ipotgn ®* Q= — @ T = —T = ign Q= ig-150 R,

where ®*I" =T is (4-19) and we use (4-14) and (4-29) to conclude ®*Q, = ;. Then @;196’ =%,
which is equivalent to ®, %’ = &"’. For the other formulas in claim (2), we have, for instance,

Lz, ") = LGP W) = dz; (X' (PW))) = dz; (P& () =d(zj 0 D)X () = L', (w).
This ends the proof of Lemma 4.6, assuming Lemma 4.7. 4
Proof of Lemma 4.7. By (4-13) and summing over the indexes (j, A, B), we can write

Qo — Q=R dzjandzip = ix(Q0— Q) =R X jrdz +RE Xjrdzir.  (4-34)
So, if we define K'X by setting i g’ x 2 = ix (R0 — ), by comparing (4-34) with

ik xQ=2(K'X)jrdzj; —2(K'X) jrdzjg +1{(K'X)y, X5) —1((K'X)5, X;),
we obtain
(K'X)ja=RY Xja and  (K'X)e=0 for £ =1,7. (4-35)

Summing on (j, 1, A, B, &, &), we have
1Q=Rdzja ndzp+dzia ASL . dE) +1{(39: 8% o (2. Z, ) — (B¢ SY o (2. Z, m))*) dt, dE).
Hence,
tixQ= R Xjadzip + (SK0ss Xe) dzja+ X ja(Sh0s. dE) + ([8: Sk — (05 Sh! ) *1Xe, dE').

So, if we define K" X by setting ig»x 2, = tix 2, we obtain

(K"X)ja —Z.@tl DocXen+ Y (Siloor Xe
§=n.n

(4-36)
(K"X); Z S Xis+ Y [0eSL! — (: Sk )" 1Xer.
§=n.7
Since K; = K’ + K", summing up (4-35) and (4-36) we get (4-31), and so Lemma 4.7. O

Having established that ¥’(z, n) has components which are restrictions of symbols as in Definitions
2.8 and 2.9, we have the following result:
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Lemma 4.8. Fixr € N and for the 8y and the ¥ (z, n) of Lemma 4.6, consider the following system, which
is well defined in (t, z, ) € (—=4,4) x Ben (0, 80) x Bsec (0, 8o) forallk € ZN[—r,r]:

=%z n) and 7=%(z,n). (4-37)
Then the following facts hold.:
(1) For &1 € (0, 8¢) sufficiently small, system (4-37) generates flows, for all k € ZN[—r, r],

3" € C™((=2,2) x Ben (0, 81) x By (0, 81), Ben (0, 80) x B (0, 89)),

(4-38)
§' € C™((—2,2) x Ben (0, 81) X Byipge.101(0, 81), Ber (0, 80) X Bpinge, 070, 80)).
In particular, for ZS‘ ==z;08 (z,n) and n' :=noF (z,n), we have
Z; :Zj+Sj(t’ Z’TI) and 77t =7]—|—S,7(I,Z, 77) (4_39)

with Si(t,z,n) = %}”;O(t, z,Z,n) and S,(t,z,n) = Srl”olo(t, z, Z, n) in the sense of Remark 2.10.
(2) § =3 is alocal diffeomorphism of H' into itself near the origin such that §*Q = Q.
(3) Sj(t, €%z, e"n) =€V S;(t,z,n) and S, (t, €z, P ) = €V S, (2, 2, ).
Proof. The first sentence has been established in Lemma 4.6. Elementary theory of ODEs yields (4-38).
The rest of claim (1) is a special case of a more general result; see Lemma 4.9 below. We get claim (2)
by the classical formula, for Ly the Lie derivative,

3 (3" Q) = F (Lo + 8,Q) = §'" (dige 2 +dT) = 0. (4-40)

Notice that (4-40) is well defined here, while it has no clear meaning for the NLS with translation treated
in [Cuccagna 2012; 2014], where the flows § are not differentiable (see [Cuccagna 2012] for a rigorous
argument on how to get around this problem). The symmetry in claim (3) is elementary and we skip it. [

Lemma 4.9. Consider a system
zi=X(t,z,n) and 1=X,{t, z,n), (4-41)

where X ; = %j‘,’,’l (t,z,Z,n) forall j and X, = Sﬁ,‘nl (t, z, Z, n) for fixed pairs (r,m), (a, b) and (c, d).
Assume m, b, d > 1, with possibly m = 0o, and r > 0. Then, for the flow (', n") = §' (z, ), we have

di=2j+Sit,z,n) and n' =n+ St z,7) (4-42)
for appropriate functions S; = QRf,f; (t,z,Z,n)and S, = Sf”,j‘f (t, z, Z, n) in the sense of Remark 2.10.

Proof. Consider the vectors Z of Definition 2.2. Notice that Z = Q{f’jll’b (t,z, Z, n), and this equation can
be extended to a whole neighborhood of 0 in the space L. Pairing the latter equation with equations (4-42),
a system remains defined which has a flow §(z, Z, n) that is C™ in (¢, z, Z, n) and which reduces to
the flow in (4-41) when we restrict to the vectors Z of Definition 2.2, by construction. The inequalities
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(2-23) and (2-26), required to prove §; = QRZ;Z and S, = Sﬁ’,;’, can be obtained as follows. We have, for
all k| <r,

t
=z < / RED (5, 25, 25 )] ds
0
t
sc/ ('l +1Z° D0 (U s, + 125+ 12°)° ds,
0
t
I =1l s/ 18545, 2*. Z° . ")l ds
0
t
sc/ ('l +1Z° D0 s, 41271+ 12 ds,
0
t
IZ‘—Z|§/ RED (5, 25, 25 )] ds
0
t
<c f Ul +1Z° D (' s, + 1271+ 12 ds. (4-43)
0

By Gronwall’s inequality we get that |Z’| and ||n'||x_, are bounded by C(|Z| + ||n||x_,). Plugging this
into the right-hand side of (4-43), we obtain the last part of the statement. g

We discuss the pullback of the energy E by the map § := F' in Lemma 4.8(2). We set Hy(z, 1) =
Z;f: 1¢€1z) |>+ (Hn, 7). Our first preliminary result is the following one:

Lemma 4.10. Consider the &, of Lemma 4.8, the &g of Lemma 4.6 and set r = ry with ry the index in
Lemma 3.1. Then, for the map § in Lemma 4.8(2), we have

§(Ber (0, 81) x (By1(0,81) N [01)) C Ben (0, 89) x (By1(0, 8o) NH.[0]) (4-44)

and §| Ben (0,81)x ( B,;1(0,81)N%.[0]) is a diffeomorphism between its domain and an open neighborhood of the
origin in C" x (H' N%.[0]). Furthermore, the functional K := E o § admits an expansion

K(z, )
=Hemn+ Y il

J=L..
2N+3 n 2N+3
- 1
Y > 2l P YD Y D G2 Gz, n) e
=0 |m|=i+1 j=1 1=0 |m|=l
F R (2 )+ RYNT (2, Z,n) +Re( SNz, Z, ), )
| o | .
+ 3 > MG )+ Y Y (G AR @+ Ep(n),  (4-45)
i+j=2|m|<1 d+c=3i+j=d
whereri =rp—2, G;ln)l G;,)”.j and Gflll; are S?{,Ooo’ a,(,,l)(lm |2, e, Iznlz) = 9185900(1), c.c. means complex

. 1
conjugate, and )\j(lz.,-|2) = 97{%5(?00(|zj|2). For |m| = 0, Gén)”j

Finally, we have the invariance 97%}{?00 €z, e n) = %}]’?Oo (z, n).

(z,m) = Gomij(2) is the same as (3-4).
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Proof. Consider the expansion (3-3) for E(u(z’, n')), and substitute the formulas z;. =2z;+S;(z,n) and
' =n+Sy(z, ), with Se(z, 7)) =Se(1, z, n) for £= j, j, 0, 7, with S;=8,. By S;(z, ) =R} (2. Z, )
and S, (z,n) = S,lo”loo (z, Z, n), it is elementary to see that the last three lines of (3-3) yield terms that can
be absorbed into the last three lines (4-45) (with / > 1 in the third line). Notice that the z dependence of
the a,(,,l) in terms of (|z1]%, ..., |za|?) follows by Lemmas 4.8 and B.3. The z dependence of the G% is

obtained by Lemma B.4. Notice also that, if an %i:go(z) depends only on z, then it is an 9]1;3 0o (2).
We have 12 (2, n) =R12 (2, Z, ). Note that, by the invariance of ‘%}6,200 (z, n) and Lemma 4.8(3),

VQ,OQ . rp,o0
we have 971}(;?00 €%z, Z,e"n) = 97%}(;?00 (z, Z, n). By Taylor expansion (using the conventions under (3-14))
1
RE(@ Z,n) =RE% (2, Z,0) +dy P2 (2, Z, 0)n + / (1= DR (2, Z, 1) di P, (4-46)
0

Each of the terms in the right-hand side is invariant by change of variables (z, ) ~~ (e”z, ¢ ). We have

1
Rrioo@ ZoMly=0 =Ro@ D) = Y dz (@ 02+ R @, Z)

rp,00
k<2N+4 "
2N+4
=R 2D+ Y 2w
1=2 |m|=I+1
2N+4 n

=9]té’oz:évo+5(z,l)+2 Z ZmZij(|Zj|2),

=2 |m|=l+1 =1

where, as in Step 1 in Lemma 3.1, the last equality is obtained by the invariance with respect to
(z,n) ~ (eVz, e n) and by smoothness. We have, proceeding as above,

d,R2 (z,Z,00n =Re(St! (z,2),7)

rp,00 rp,00

1 _ _
= Y LRe(d;S) (2,0, MZ" +Re(SN e, Z,m), )
k<2N+3
n 2N+3

=Re(S2X MG Zom M+ ) Y Y G2 Az, m) +cc),

j=1 i=1 |m|=l

Finally, for an RL2 (7, P n) =RL2 (7, ) we have — see Definition 2.8 —

rp,00 rp,00

1
f (1= 02RL2 (2 Z. o) di n? = L2 (2 1)
0

By (4-46) and the subsequent formulas, we see that %}6,200 (', 1) is absorbed into the last three lines of

(4-45) (with [ > 1 in the third line). The term (Hy', 7/} = (Hn, 7) + R, (2, Z. n) behaves similarly,
recalling that r; = ro — 2. Here too we have ?Ri(;z_z’oo(emz, Z,¢%n) = %}62—2,00@’ Z, n). This function
can be treated like the %}6,200 (z, Z, n) discussed earlier.

The terms E(Q ;) and, for j # k, Re(q;z;, 2k Pr) = 9{(1)51’00(1, Z) can be expanded similarly. But this

time we need [ = 0 in the third line. O
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The expansion in Lemma 4.10 is too crude. We have the following additional and crucial fact:
Lemma 4.11 (cancellation lemma). In the third line of (4-45) all the terms with | = 0 are zeros.

Proof. We first observe that the terms in the third line of (4-45) with [ = 0 can be written as

ZZ Z Z]AkaA(Zk)+ZRe Ar(z), 7). (4-47)

k=1 j#k A=R,I
Indeed, they are

Yo 2"l (P P+ Y @G Uz ) m e, (4-48)
j=1

lm|=1

and it is obvious that the second term of (4-48) is the second term of (4-47). Arguing as in Lemma 3.1,
the first term of (4-48) can be written as

n

1
YN zmag, ().
k=1 |m|=1

Further, for Z™ = z;7;, we can assume that i or j must be equal to k, because, if not, it can be absorbed
into the terms with [ > 1. Set Ny :={m : [m| =1, m; ; =0 if i #k and j # k}. We have

n n n

1 1
Y oY Za(uH =) Y 2" () =Y > (may, (%) + wZjag,  (2l?).
k=1 |m|=1 k=1 meNy k=1 j#k

So, we can write the term in the form of the first term of (4-47).
Next, notice that, for p, = (0, ...,0, zx, ..., 0; 0),

bja(z) =3, Kz, m|, and  Ag(zi) = VK (pr). (4-49)

Therefore, it suffices to show the right sides in (4-49) are both zero. Recall u(z, n) = Z?: 1 Qjz; + Rlzn.
We have
8, Kz |, =8, B @ mn.n'@m)l|,

=Re(VE(u( (pi), ' (p1))), 8z,,0u(2' @ ), 'z )], ).

By Lemma 4.8, we have
@' (p) ' (PO) = pr. (4-50)
So
VE @ (pi), n'(pi) = VE(Qkz) = 2Eiz; Quzy-

By Proposition 1.1 and by (4-50), for z; = ¢'” p; we have

:_1_<Z Q]z' +R[Z] )

d

— _ 1 —_ 1 8 il?k _
— I_kak = 1€ Qkpk - kaka

Y 90, 30,

aﬁk

Pk
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where the first equality follows by definition of push forward, the second by (4-50) and the third by
Proposition 1.1. Similarly, by the definition of push forward, we have

0c,au(@ @), 'z, = Fudeyul -
Therefore, byj(zx) = 0 follows by
aZjAK(Zs 77)|pk - 2Eka Im(g*aﬂklpka g*aZjA |pk> - _EkaQO(aﬁka aZj_A)|pk = 0

To get Ay (zx) =0, fix B € #.[0] and set py z(t) :=(0,...,0,2,0,...,0; tE). Then, for all E,

d
= —E(u(z'(pr,2()). ' (pra())))

=0 dt
.

— a
) S*E> = _EkaQO <_, E)
Pk IV

5. Birkhoff normal form

d
Re(VK (pr), 8) = - K(pr.a(t))

t=0

d
_ Re<VE(kak), (e (s ). 1 (e 1)

=0 = Ap(z)=0. O
Pk

ad
— 2Ekzk Im<S* E

In this section, where we search for the effective Hamiltonian, the main result is Theorem 5.9.

We consider the symplectic form Qg introduced in (4-13). We introduce an index £ = j, j, for ]= =]
with j =1,...,n. We write 9; = 9., and 8; = dz;, ;= Zj. With this notation, summing on j, by (4-8)
and (4-34) for y;(|z;1*) = R2%, (Iz;|*) we have

Qo =i(1 +y;(Iz;1») dz; AdZ; +ildn, dij) —i(d7, dn). (5-1)

Given F € C!(U, R) with U an open subset of C" x X¢, its Hamiltonian vector field X r is defined by
ix.S20=dF. We have, summing on j,
ix,Q0=1i(1+;(1z; " ((XF); dZ; — (XF)jdzj) +1((XF)y, di) —1((XF)g, dn)
=0jFdz;+0;F dzj+(V,F,dn) +(V3F,dn).
So, comparing the components of the two sides, we get for 1 + wj(lzj|2) =1+ yj(lzj|2))*1, where
wi(z1%) = R0 (Iz; 1),
(Xp)j =—i(l+@;(z;1)0;F,  (Xp)y =—iVyF,

. 2 . (5-2)
(XF)JT: 1(1+w'j(|Zj| ))ajF, (XF)ﬁZ 1V,7F.
Given G € C'(U,R) and F € C1(U, E) with E a Banach space, we set {F, G} :=dF Xg.

Definition 5.1 (normal form). Recall Definition 2.5 and, in particular, (2-13). Fix r € Ny. A real-valued
function Z(z, 1) is in normal form if Z = Zy + Z|, where Zy and Z; are finite sums of the following
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type for I > 1:

ZiZm=) Y GZ"™Gm(z*),n) +cc), (5-3)
i=1 |m|=l
’ mleﬂl/tj(l)

Zoz Z)y= Y Z"an(l’ ..., |zl (5-4)

lm|=1+1
medly(I+1)

where Gjm(|Zj|2):S2’OOO(|Zj|2), Z is as in Definition 2.2 and a;, (|21 1%, . . ., Izn|2)=%9”go(lzllz, ooz,

Remark 5.2. By Lemma 2.6, Z™ = |z{|*"! - - - |z,|*™ for all m € Mo(2N + 4) for an m € N with
2|m|=|m|. By Lemma 2.6 for |m| <2N+3, either ) _, ,(e,—ep)map—e;>0o0r ) ,(ea—ep)map—e; <O0.

For I <2N +4 we will consider flows associated to Hamiltonian vector fields X, with real-valued
functions x of the form

x= > Z"bm(zl .. e+ Y GZ™Bim(z1D), m+cc)  (5-5)

lm|=1+1 j=1 |m|=l
mé.o(+1) mgM; (1)
with b, = %9:20(|z1|2, ...y ]zal?) and Bjm = S?:go(lzjlz) for some r € N defined in Bc» (0, d) for

some d > 0.
The Hamiltonian vector field X, can be explicitly computed using (5-2). We have

X =@i+ T Xdy==1>_ > 2;Z"Bjm(z;1), (5-6)
j=1 |m|=I
mgﬂ/tj(l)

where
(Yy)j(z ) = —i(l + @ (|z; )
x[ Y bw(ail o lzl)a;2"

|m|=1+1

+ > (Bem 1z m3;GeZ™) + (Biam (|217). ﬁ>a;<zk2'"))},

k=1 |m|=Il
(Vy)j(z. ) = —idl +wj<|z,-|2>>[ D S (Y SN [ A Ty A
|m|=1+1
+ D UB) 1z D). )z P27 + (B (1217, ﬁ>z§2m>]. (5-7)

lm|=l

Notice that (Y,); = %i:fw, (?X)j = 97%#’0‘51 and (X,), = S,I;éo. We now introduce a new space.
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Definition 5.3. We denote by X, (I) the space formed by

{(b, B) = ({bm}mesaay: {Bju}jer....nnem;) : bm € C, Bjy € I}
and x (b, B) is real valued for all z € Ber(o,4)},

where
Al :={m:im|=1+1, m & Mol + 1)},

Bi) = (n:Inl =1, n gM;I+ D),
where we have assigned some order in the coordinates and where
Xb.BY= D Z"bw+Y Y (ZZ™(Bjm.n)+cc).
mesi(l) j=lmeR;)
We give X, (I) the norm

n
1. B)lx,oy= > 1bul+Y_ > [IBjmlls,.

mesi(l) j=1me®;()
Set 0(2) = (01(2), - - -, 0n(2)) With ;(z) = |z |*.
Lemma 5.4. Consider the x in (5-5) for fixed r > 0 and l > 1, with coefficients (b(0(z)), B(0(z))) in
C*(Bcn (0, d), X, (1)) and with Bim(0(z)) = Bjm(0;(2)). Consider the system
zj=Xy)jz,m) and n=(Xy)y(z n),

which is defined in (t,z) € R x Ben(0,d) and n € X forallk € ZN[—r,r] (orn € H'N%,[0]). Let
8 € (0, min(d, 61)) with &, the constant of Lemma 4.8. Then the following properties hold:

() If
A1+ 18 (b(@), B |1 son0.).x, 0y < L (5-8)

then, for allk € Z N [—r, r), for the flow ¢’ (z, n) we have

¢' € C®((~2,2) x Bex (0, 8/2) x By (0, 8/2), Bon (0, 8) x B (0, 8))

(5-9)
and ¢t (S Coo((—Z, 2) X B(Dn (O, 8/2) X BHIQ%C[O](O’ 8/2), B(]:n (0, 8) X BHIO%C[O](O’ 8))
In particular, for z;. =2zj0¢'(z,n) and n' :=no@'(z,n), and in the sense of Remark 2.10,
t t
z.=z;+S;(t,z,n) and n' =n+S,(t,z,n)
j J J n (5-10)

with S;(t,z,m) =RyE (t,2,Z,n) and Sy(t,z,n) = S}L(t,z. Z,n).

(2) We have Sj(t, €z, e n) =€ S;(t, z,n) and S, (t, €z, €7 n) = €7 S, (1, z, ).
(3) The flow @' is canonical, that is, ¢"* Qo = Q in Ben (0, 8/2) X Byinge, (0, 8/2).
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Proof. Claim (2) is elementary. The same is true for (3), given that ¢’ is a standard, sufficiently regular
flow. In claim (1), (5-10) is a consequence of Lemma 4.9. The first part of claim (1) follows from
elementary estimates such as

[(Xy)j(z, M =I(1+w;(|z; |2))3]X(Z, M <A+l llLeBe©.50) T+DI Dy B) |l wio(Ben (o,(so),x,(l))fs(lfrl
for (z, n) € Ber (0, 8) x Bxe (0, §). Notice that, taking o sufficiently small in Lemma 4.6, we can arrange
l@jllLoe(Be0,50)) < 1. We also have
(X )0z M5, < 110, B) |22 (Bon 0,60), X, @S0
Then if (5-8) holds we obtain (5-9). Il
The main part of ¢’ will be given by the following lemma:

Lemma 5.5. Consider a function x as in (5-5). For a parameter o € [0, 00)", consider the field W,
defined as follows (notice that W, (z, 1, 0(z)) = Y, (z, n)):

W)z, n,0):=—-i(1+@;()))

x [ Z bm(0)0;Z"™
mi=t+1
+3 ) ((Bim(@i), )05k Z™) + (Biam (0k), ﬁ>zka;Z'")}, (5-11)
k=1 |m|=l
W)y m,0):=—=i)_ Y % Z" Bim(or)-
k=1 |m|=l
Denote by (w', 6') = ¢{(z, n) the flow associated to the system
w; = (Wy);(w,o,0(2)), w;0)=z;,
o =Wy)s(w,0,0(2), 0o0)=n.
Let § € (0, min(d, 61)), as in Lemma 5.4. Then the following facts hold:
(1) If (5-8) holds, then, for B(0(z)) = (B jm(0;(2)) jm,

wi =z;+T;(t, b(0(2)), Bo(2)),z,n) and o' =n+Ty(t,b(e(2), Be(2)), z,n), (5-13)
T and T, are C* for (t,b, B, z, 1) € (=2,2) x Bx, (0, ¢) x Bcx(0, §) x Bx_, (0, 8) (5-14)

(5-12)

with values in C and %, respectively. Furthermore, we have

Ti(t,b,B,z,n) =R _(t,b,B,z,Z, 1),

,00

L (5-15)
Tn(tv b’ B’ Zs n) = Sl':OO(t’ ba B? Z7 Za n)
(2) We have the gauge covariance, for any fixed ¥ € R,
T:(t,b, B, ez, ¢"n) = T;(t,b, B, z, 1),
! ’ (5-16)

T,(t,b, B, ez, " n) = e T, (t,b, B, z,1).
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(3) Consider the Hamiltonian flow (7', n') = ¢'(z, n) associated to y; see Lemma 5.4. Then

d—w' =RMN ¢, 2, Z,n), 0 —o' =S4, 2, Z, ). (5-17)

, 00 ,00

Proof. We have (5-13)—(5-14) by standard ODE theory. For W = (w;w);«; like the Z in Definition 2.2,

w3~=z]~—i(1+wJ'(Qj(Z)))[ Y bule(2) fo (3;W™)* ds

|m|=1+1

3y (<Bkm<ak<z)), /0 o (35 (D W™))’ ds>

k=1 |m|=l
+<Ekm(gk(z)), /0 6Swi<a;vW'>‘ds>>} (5-18)

where (BIVW’)S = a;vWﬂw:ws. Similarly, we have

o'=n=i)_ > Bim(0r(2)) /0 wy (W™)* ds. (5-19)

k=1 |m|=l

Like in Lemma 4.9, we have also W' = Z + fot R (s, b(0(2)), B(0(2)), 2, Z, 1) ds. We can apply

x
Gronwall’s inequality like in Lemma 4.9 in these formulas to obtain (5-15). This yields claim (1).

Next, . _ 4
(W) (e w, e o, 0(2)) = e (Wy)(w, 0, 0(2)),

(W)’ w, eV o, 0(2)) = e (Wy),(w, o, 0(2))

yield claim (2).
Consider claim (3). Observe that (5-17) holds replacing I + 1 by I. By (5-6), we have, for a fixed C,

2= W] < 1(Wy)j(z ) — (Wy);(w, o)+ RyE (¢, 2, Z, )

<Clz—w|+Cln—olls, +I%R (1,2, Z, ).
Similarly, we have

17 —ollz, = 1(Wy)y(z, 1, 0(2) — (Wyy(w, 0, 0(2)lls, = Clz—w|+Cln—olls_,.
We then conclude, by Gronwall’s inequality,
' —w'+ I =o'l < R 2, Z,m)l,
which, along with (5-17) with I 4 1 replaced by [, yields (5-17), ending Lemma 5.5. U
Using Lemma 5.5, we expand the ¢! given in Lemma 5.4.

Lemma 5.6. Let (7', n') = ¢'(z, 1), where ¢' is the canonical flow given in Lemma 5.4. We have:

(1) For (b, B,z,n) =R3%~1, T,(b, B, z,n) =832 and T ;, T, smooth in (b, B, z, 1),

2y =2+ Y, m+7;(be@), B@), z,1) + %yt (5-20)
g

N =1+ X0 m+ T, (b)), B®), z, 1) + LT
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(2) For 51' (b,B,z,n) = QR}ZI smooth in (b, B, z, 1),

1517 = 1217+ 2, (V)G + 2, (V) G + T (b(e(2)), Be()). z.m) + Ry 2. (5-21)

Remark 5.7. Forl>2, J ; and 7, are absorbed in @ilé‘g and Efl:é‘g !"and do not appear in the homological
equations in Theorem 5.9. But, if [ = 1, they do, although as small perturbations.

Proof. First of all, by (5-7) and by Definition 5.3, we have Z;(Y,); +2;(Y,); = 2Re(Z;(Y,),) = 0. So,
using the following formula to define % ;, we have

%|zj|2 =7, (X)) +2;(X); =7;(Y); +2;(Y); =Y (z, ). (5-22)
Notice that %; is 9719;{,3 L. Therefore, we have
51— 217 = R) L (5-23)
This implies
b)) —ble(@) =R} and  B(o(x") — B(e(@) = it (5-24)
Similarly — see right before (5-2) — we have
(12517 — (17, ) = RpE (5-25)
Now we show (1). By (5-6) and (5-11), using (5-24) and (5-25), we have
(V)0 = (W) s (@) =Ry F. (5-26)

By (5-6), (5-10), (5-17) and (5-26), we have
1 1 1 -
Z}:Zﬁ/o (Wx)j(zs,ns,g(z))ds—l-/o ((YX)]'(ZS,ns)—(WX)j(Zs,nS,Q(Z)))dS-i-/O Y, n")ds

1
=zj+ / (W) (w' +Rp o+ 58 o) ds+y S
0

1
=z,-+/ (Wy)j(w’,0°, 0(2) ds+%y 5!
0
=z;+(W,),(z,n, Q(z))+9j+97z};f;1,

where J; = fol(WX)j(ws, 0°,0(z))ds — (Wy);(z,n,0(z)) and the last %}:é‘gl in the second line is
different from the %1451 in the third line. Finally, by Lemma 5.5(1) and the fact (W,); = R, we have
T j =%}2" with I ; smooth in (¢, b, B, z, n). The argument for »’ is similar.

We next show (2). Set ¥ (z, 1, 0) := Z;(Wy) (2, 1, 0) +2;(Wy) ; (z, 1, ©). As in (5-23)~(5-24), we

have
Wi 0’ 0(@) =Y, ) = REEF2,
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where % ; is as defined in (5-22). So we have
1 1
|17 = Iz1|2+/ Vi@, n")ds = |Zj|2+/ Y 0@)ds + A2
0 0
1
=|z,-|2+/ Yi(w', 0%, 0@))ds + RV = |2, P+ Wz, )+ T ; + R,
0
where 9~'j = fol O’lv}j(ws, o%,0(2)ds —@j(z, n). As in (1), 97} =12 and T is C™ for (b, B, 7, n). O

,00

After a coordinate change ¢ = ¢! as in Lemma 5.4 the Hamiltonian expands like in (4-45).

Lemma 5.8 (structure lemma). Consider a function K which admits an expansion as in (4-45), defined for
(z,m) € B (0, 8) X (By1(0, 8) NH,[0]) for some small § > 0 and with ry replaced by an r'. Suppose also
that the | =0 terms in the third line are zero. Consider a function x such as in (5-5) with 1 <l <2N+4, with
1Dy B llwi.oo(Ben 0,8), x, (1)) < C and with C a preassigned number. Suppose also that 2c;(2N +4)8C < 1
with ¢, the constant of Lemma 5.4. Denote by ¢ = ¢! the corresponding flow. Then Lemma 5.4(1)—(3)
hold and, for (z, n) € Bcn (0, 8/2) x (By1(0,8/2) NH.[0]), r =r' —2 and Z as in Definition 2.2, we have
an expansion

n 2N+3
Kog(z,m)=Hazm+ ) rillz;H+ Y. D Z"an(al ... 1z
j=1 I=1 |m|=I+1

n 2N+3

+Y Y Y GZ™G w1z M A ec) +RyL @ ) +RE P (2, Z, )
j=1 I=1 |m|=I

+Re(S2M @ Zom )+ Y D Z™(Gamij(om), 0 )
i+j=2|m|<1

+ > D {Gaij@m ' YR @ m) + Ep (), (5-27)
d4c=3i+j=d
where G jm, Gomij and G4;j are SB’C?O and the a,, are gig*o(?oo. For |m| =0, we have Gopij(z, n) = Gomij(2)
are the functions in (3-4) and the )»j(|zj|2) are the same as those of (4-45). Furthermore, the term
R}-2 (2, m) in (5-27) satisfies R}Z (€7 z, € n) = R}Z (2, ).
Proof. Like in Lemma 4.10, we consider the expansion (4-45) for K (z’, ), and substitute the formulas
z;. =2z;+S;(z, n) and n' =n+ S, (z, n). Proceeding like in Lemma 4.10, we have

R ) =Ry @) RGN (@ Zn) +Re(S 2N 2, Z, ), 1) + 6, (5-28)

where G consists of terms like in the second and third sums of (5-27).
Similarly, for a G like S, we have

(Hn',7) = (Hn, 1)+ 5 (2, Z,n)

'—2,00
= (Hn, m)+ %5 @m+RE (@ Z) +Re(S), (2 Z. ), 7)

= (Hn, M+ @om+ RN, Z, ) +Re(8 N @ 2o, )+ 6. (5-29)

'—2,00 r'—2,00 r'—2,00
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Consider a A (|z; [2) in (4-45). Then, by (5-21), we have
AP =z + R @ 2 m) = nllz)) + Ry @ 2. ). (5-30)

The latter admits an expansion like in (4-46) and what follows it.

The term %lgo (z, ) in the second line of (5-27) is either the first in the right-hand side in (5-28) for
[ > 1 in Lemma 4.8, or the sum of that with the %},I_JEIOO (z, ) originating from (5-29)—(5-30) for/ =1 in
Lemma 4.8. In either case it satisfies %}go ez, n) = QR}OZO (z, n). Other terms in (4-45) computed at

(z’, ) by similar elementary expansions are similarly absorbed in (5-27). U

All of the above lemmas are preparation for the following result, which will give us an effective
Hamiltonian by picking ¢ = 2N + 4.

Theorem 5.9 (Birkhoff normal form). For any € NN [2,2N + 4] there is a §, > 0, a polynomial x, as
in(5-5)withl =1,d =6, andr =r, =rog—2(t + 1) such that, for all k € Z N [—r (1), r(t)], we have for
each x, a flow (for 8| the constant in Lemma 4.10)

¢ € C*((=2,2) x Ben(0,8,) x By (0,8,), Ben(0,8,-1) X Bxe(0,8,-1))

(5-31)
and ¢f € COO((—Z, 2) x Ben (0, 8,) X Bying,[0(0, 8.), Ben (0, 8,-1) X Byinge, 1070, 3[—1))

and such that, for FY:=Fopro--- o, with§ the transformation in Lemma 4.8 and ¢; = qb[],for
(z,n) € Ben(0,8,) x (Bg1(0, 8,) N#.[0]) and for Z as in Definition 2.2, we have

HY(z,n) :=EoFY(z,n)

n 2N+3
=Hyzm+Y 2z +20CZm+ Y Y. Z"aP(al’ .zl
j:] 1=t |m|=l+1

n 2N43
+Y Y Y GZMG D) m +ee) + Ry 2@ M+ REE T, Z, )

j=1 I=t |m|=l
+Re(SO @z + > Y ZMGh @) ' )
i+j=2|m|<1

+ >0 Y G @ W )YRE @) + Ep (), (5-32)
d+e=3i+j=d

where, for coefficients like in Definition 5.1 for (r, m) = (r,, 00),
n
z0= 3" Z"an(z1l’. ... Jzl?) +Z( Y LZ™Gm1zi1). ) +c.c.>. (5-33)
melo(t) Jj=1 “meM;(@—1)

We have B2 =R12 and R)2 (€72, €7n) = REE (2, 1)

2,00 2,00
In particular, we have, for § y := dyn 14 and for the 8y in Lemma 4.6,

FENHTY(Ben(0,8) x (Byi(0,87) NH[01) C Ben (0, 80) x (B (0, 8o) N ¥[0]) (5-34)
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with §|Bea (0,8 )% (By1 (0,8 )N%[0]) & diffeomorphism between its domain and an open neighborhood of the
origin in C" x (H' N %.[0)).
Furthermore, for r = ro—4N — 10, there is a pair 97{1 ' and S1 L such that, for (z', ') =F*N 9z, n),

d=2+R0L @ Zy) and 1y =n+S'i(z Z,n). (5-35)

By taking all the §, > 0 sufficiently small, we can assume that all the symbols in the proof, i.e., the symbols
in (5-35) and the symbols in the expansions (5-32), satisfy the estimates of Definitions 2.8 and 2.9 for

|z| <6, and ||nllx,.,, <&, for their respective .

(1)

Proof. Notice that the functional K in Lemma 4.10 satisfies the case : = 1. The proof will be by induction
on (. We assume that H® satisfies the statement for some ¢ > 1 and prove that there is a ¢, such that
HD .= HW o ¢, satisfies the statement for ¢ + 1. We consider the representation (5-27) for H @,
which is guaranteed by Lemma 5.8. Using (5-27), we set h = HY(z, Z,n), interpreting (z, Z, n) as
independent variables. Then we have, for I =,

; lm| < 2N +4, (5-36)

1
a1zl = — 07 h
m (2.1, 2)=(2:0,0)

1
G (12 = TUALL . |m|<2N+3. (5-37)

(z.n,2)=(0,...,2;,0,...,0;0,0)

The inductive hypothesis on H“ is a statement on the Taylor coefficients in (5-36)—(5-37), that is, that,
for I = (see Definition 2.5 and Remark 5.2),

ay =0 forall m & My(), (5-38)

=0 forall (j,m) with m & M;(I—1). (5-39)

h|(znZ) (z;0,0)
vh|(znZ) (,.. ..,0;0,0)

We consider now an as yet unknown x as in (5-5) withl =, r =r, and a yet to be determined d =§ > 0. Set
¢ := ¢!, where ¢' is the flow of Lemma 5.4. We are seeking x such that H © o ¢ satisfies the conclusions
of Theorem 5.9 for ¢+ 1, i.e., that using Lemma 5.8 again and setting this time h = (H(‘) od)(z,n, Z), we
will have (5-38)—(5-39) for I = ¢+ 1. Notice that, for any x, (5-38)—(5-39) are automatically true for I = t.
This is because H”(z, 1, Z) and (H® o ¢)(z, n, Z) have the same derivatives in (5-36) for |m| < ¢, and
in (5-37) for [m| < ¢ — 1. So it is enough to consider (5-38) for |m| =+ 1 and (5-39) for |m| = . This
will be true for a specific choice of x whose coefficients solve the homological equations, which we set
up in the sequel.
By (5-20) and G35y, (z. n) = Ga0;(2), we have

n
HOGC n)y=Hy@ )+ Y 212D +20C 2 )+ R4 E )+ D (Gaoij @) 77)
j=1 i+j=2

++ Y Z"al) (2 )+ZZ(ZJZ'" G (1251 n) +ec),  (5-40)

|m|=1+1 j=llm|=t
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where h := (%)(z, n, Z) satisfies (5-38)—(5-39) for I = ¢+ 1. In the sequel, we will use (*) with this
meaning. Let (z, n') = ¢ (z, n). We have

D e G +2;(Y) i )

j=1
= Z ie - (uim) —vm)bw(|z11?, ..., |za|H) Z™
m|=t+1
+ >0 (18- (i (m) — B;m))(Bjm (27, m)Z, 27 +c.c)  (5-41)
j lml=t
for

Zm — Z”“(m)Z”(m),
Z;Zm =M, (5-42)
¢@) = (a(l+ a1z, ..., ea(l + @u(|2al*)),
and, summing on repeated indexes,
(Hn, X5z m) + (H(X )y, n), 7)) =iz, Z™(H B m(|z;|*), n) +c.c. (5-43)

So, by Lemma 5.6, (5-41)—(5-43) and using the notation in (5-42), we have

n
Hy(@ 0y =) ejld; P+ (Hn' 1)

j=1
=Hyz )+ Y & (uim) —vm)bu(lzil* ..., 1zl 2"
|m|=1+1
mgMo(l+1)
+) 0> (i{(e- (@ m) —5;m)) + H)Bjm(I2; ). n)7, 2" +c.c.)
o Im|=l
! m;nMj(l)
+9Rfj§g(b, B,z,Z,n)+ (%), (5-44)

where c.c. refers only to the third line and, in the last line,

n
Ry (b, B2, Z,) = e;T j+ (Hn, T,) + (HT, 1) + (HT, T),
j=1
where here and in the sequel of this proof we abuse notation, denoting by (b, B) the element in X, (1) —
see Definition 5.3 — with entries by (|211%, . . ., [2,]?) and Bju(|zj|%). The term R2-2 (b, B, z, Z, 1) can

be absorbed in (x) if ¢ > 2, but if ¢ = 1 needs to be considered explicitly. By A;(|z;|*) = ®3Y,, and
(5-21), we have

MU =2z D) +REE N B B 2 Zm) + (), (5-45)
Next, we claim
Z9 Z )y=2ZC Z, )+ RS (b, B2, Z, ) + (%). (5-46)
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Let us take a term Z™ay, (0(z)) in the first sum in (5-33). Notice that, by Lemma 2.6, we have necessarily
|m| > 2. Furthermore, by (5-21) it is easy to see that we can omit the factor a,, (0(z)). For definiteness,
let Z™ = |z1|?|z2|? (so |m| = 2; the case |m| > 2 is simpler). By (5-21) we have

2 2 2 0,t+1 2 0,0+1\ __ 2 2 2,0+1
1211712517 = (z11” + R D (z2* + RpED = |21 |22l + RysS (b, B, 2, Z, ),

where we used information, such as J = 971}3; contained in Lemma 5.6 and the fact, easy to check, that

Zj(Y)j (@ m +2;(Y,);(z, ) = RY5E (b, B, z, Z, 7).
To complete the proof of (5-46) let us take now a term of the form z,Z™ (G(|z2]%), ). Here we can
write G = G(|z2]?), ignoring the dependence on |z2|? and we can focus on |m| = 1. For definiteness,

let Z™ = z1z,. By Lemma 5.6,
ZEHG ) = (@1 + Ryt G+ Ry b )X G+ SHL).

which for ¢ > 1 is of the form zlzg(G, n) + (x), and for ¢ = 1, using (5-20), yields (5-46).
By Lemma 5.4(1) and d, %} % (z,n) - S} (b, B, z,n) =R (b, B, 2, Z, ), we get

R o2 ) =Ry 320 + (%)
1
=Ry 5z + () + /O AR (2, n+ TSI (b, Bz, m) - SEL (b, Bz, ) dT

=RI2 (2, ) +dy R (@ m) - S (b, Bz, )+ (+). (5-47)

Like in (5-47) and using (5-20) and Ga0;;(z) = RZ%, (z) —see (3-4) — we have

D (Gaoij @) 7y = Y (Ganij (@), 0" )+ ()

i+j=2 i+j=2
= Y (Ganij@), ' W) + R} B, B2, Z,m) + (). (5-48)
i+j=2
Therefore, we seek x, such that the following holds, with o(z) = (|z; 12, ..., |z»|?) and the notation in

(5-42):

(%) = Z ie - (u(m) —v(m))bm(0())Z"™

lm|=i+1
méMo(i+1)
+Y 0 Y (@ (ujm) —v;m)) + H)Bjm(|2j1%), m)Z; 2™ +c.c.) + RS (b, B2, Z, 1)
" i n
+ Y ZmaRe@)+ Y Y. (Z2™Gh (M. m +ec). (5-49)
|m|=+1 j=1 |m|=

mgMo(+1) mg; (1)
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By a Taylor expansion, we can write
RSN b, B2, Z,m)
=®+ Y. Z"awb, B, 0®)

[m|=141
mgMo(t+1)

n
+3 03 (FHZ™Cm®O. ... 12j%.0....,0), BO,....|z;%,0,....0). |z;I»). n) +c.c.),

j=1 |ml=
mg; (1)

where a (b, B, 0(2)) = R19, (b, B, 0(2)) and

Ljm(b(0, ..., 12;1%0,...,0), B(O,...,|z;1*0,...,0),|z;|}
= S39.(b(0, ..., 1zj*,0,...,0), BO, ..., |z;1*,0,...,0), |z;].

Furthermore, by (5-42) and @ (|z j|2) = R>0 (|z j|2), the sum in the second line of (5-49) has an

ro,00
expansion

D) (ilter (uym) —vim) + R0 (1217 + H)Bjm(12; %), 17, 2™ +c.c.) + (%).
J Im|=
mgM; ()

Then we reduce to the following system:
i

b @) = gy L (@) + et ((u (@D (Bjn 05 jn: €(2)) -

Bjm(lz;1%) = iRp (e - (12, (m) — v;(m)) + R0 (12;1%) (5-50)
X [Gin (12 +Tjm (b0, .. 122, 0,00, BO, ..., zj*, 0., 0), |z %)].

The b (0(2)) and B (|z;|*) can be found by the implicit function theorem for |z| < §/ for 8] sufficiently
small. This gives us the desired polynomial y, yielding H“*". Formulas (5-31) for the flow ¢’ of x
are obtained choosing 8, > 0 sufficiently small, by Lemma 5.4(1). For the composition F*N+4  we
obtain (5-34) as a consequence of (5-31) and of (4-44). O

6. Dispersion

We apply Theorem 5.9, set % = H N4 5o that

n
Wiz m) = Hazm+ Y hj(z;H+ 2V, Z, ) + R, (6-1)
j=1
where
. 1,2 0,2 5 0,2N+4 =
Ri=RE2 (2, ) + RO (2, Z, ) +Re(S2N (2, Z, ), )

+ 3 Z™Gomij G )+ Y Y (Gaijon), n ARG ) + Ep(n). (6-2)

i+j=2|m|<1 d+c=3i+j=d
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Using formula (5-33) for t = 2N + 4, we have

Zx,-(|zj|2)+z<2N+4>(z,z,n)=zo<z>+2< > zjzm<cjm(|zj|2),n>+c.c.> (6-3)

j=1 Jj=1 “me;(2N+3)

n
with  Zo(z):= Y Az + Y. Z"am(z1l ..., 1zl

j=1 meMo(2N-+4)
=%o(lz1l .- lzal),
where the last equality holds for some %o(|z;|?, ..., |z,|?) by Lemma 2.6.

Theorem 6.1 (main estimates). There exist €y > 0 and Co > 0 such that, if the constant 0 < € of
Theorem 1.3 satisfies € < €, then for I = [0, 00) and C = Cy we have

||17||Lp(1 whay = Ce for all admissible pairs (p, q), (6-4)
IIZjZ'"||er(I) <Ce forall (j,m) with me M;(2N +4), (6-5)
”Zj”th,oo(l)SCE forall je{l,...,n}. (6-6)

Furthermore, there exists p; € [0, 00)" and a jo with py; =0 for j # jo, and an 1y € H' such that
|p+ — |z(0)|| < Ce and ||ny|l g1 < Ce, such that

: itA _ ; . — . -
tllfrnoo In(, x) —e “ni(x)llgr =0, tllgloo 12 ()] = p+j- (6-7)
Proof that Theorem 6.1 implies Theorem 1.3. Denote by (z, ) the initial coordinate system. By (5-35),
7=z +%}”olo(z, Z,n) and n ' =n+ S,l”olo(z, Z,n).

Notice that (6-7) implies lim,_, ;o Z(t) = 0, and by standard arguments for s > 3 we have

2
tligrnoo le"*nill 25y =0 forany ny € L. (6-8)
These two limits, Definitions 2.8-2.9 and (6-7) imply
Jim Riae(z Z,m)=0 inC" and Jim S'u@ Z, =0 in %,
This means that
. / ir A _ . / _ .
dim /(1,0 =" (0l =0 and - lim|2(0)] = s, (6-9)

so that (1-8) is true. Notice also that if we set 7 = n and A(¢, x) = Srlolo (z, Z, ), we obtain the desired
decomposition of 7’ satisfying (1-9) and (1-10). Finally, we have

L L d
tiejdy =1 +iejzj+ T Ring(@ 2 + Ry (2, Zm) = O(€),
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where z; +iejz; = O(e?) by (6-27) below, ®)1,(z, Z, n) = O(€?) by (2-23) and dR )"} (z, Z, n)/dt =
O (€?). To check the last of these, we write (it is easy that dw%};;o (z,Z,n) = 9]1}20 (z, Z,n)forw=2z,27Z)

d ) . .
%%};go(z, Z) =R Z, i+ R0z, Z,MZ+d, R (2 Z,n) 0,

with d,,?]t};olo the partial derivative in 7. By a simple use of Taylor expansions and Definition 2.8,

Idy R} 2z, Z, )llse, e < Cllzl + IInlls_,)-

Then, by equations (6-12) and (6-27) below, we have d%}go (z, Z,n)/dt = O (€?). This yields the second
inequality claimed in (1-9). O

By a standard argument, (6-4)—(6-6) for I = [0, co) are a consequence of the following proposition:

Proposition 6.2. There exists a constant cy > 0 such that, for any Cy > cy, there is a value €y = €3(Cp)
such that, if the inequalities (6-4)—(6-6) hold for 1 = [0, T] for some T > 0, for C = C¢ and for 0 < € < €,
then, in fact, for I = [0, T'] the inequalities (6-4)—(6-6) hold for C = Cy/2.

Proof. We will proceed via a series of lemmas.

Lemma 6.3. Assume the hypotheses of Proposition 6.2 and take the M of Definition 2.5. Then there is a
fixed c such that

”n”Ltp([O,T],WLq) <ce+c Z |ZMZV|L,2(0,T) for all admissible pairs (p, q). (6-10)
(n,v)eM
Proof. First of all, for |z| < 87 and [|n]l g1ng,0) < 8¢ defining the domain of the Hamiltonian #(z, n)
in (6-1), we will pick € € (0, § ) sufficiently small. Let € € (0, €p), where € = |[u(0)| 51. By (2-11), we
have |z (0)| + |7’ (0)||x < c1€, where (z'(0), ’(0)) are the coordinates in the initial system of coordinates
introduced in Lemma 2.4. Let (z(0), n(0)) be the corresponding coordinates in the final system of
coordinates. Then, by the relation (5-35), if €q is sufficiently small we conclude that

2]+ 7)1 < cle (6-11)

for some other fixed constant c’l. We now turn to the equation of . We have, for G jm = G jim(0),

n 2N+3
i=in. ) =Hn+Y_ > Y z;Z"Gjm+A, (6-12)
j=1 i1=1 |m|=l
where
n 2N+3
A:= 2 Z"(G jm(12j1*) — G jm] + Vih.
j=1 I=1 |m|=l
We rewrite
n 2N+3

G Z"Gim= Y 7'2°G. (6-13)
j=1 I=1 |m|=l (w,v)eM
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Notice that (6-5) is the same as

122"l 2 < Ce  forall (u,v) e M. (6-14)
Suppose we can show that, for Iy := [0, T'],

AN L2017 115y 4 L1 a7 11y < C(S, Co)e. (6-15)

Then, if € is small enough and € € (0, €y), we obtain (6-10) by H'S(R3) — W!L6/5(R3), by (6-11),
(6-14) and (6-15) and by the Strichartz estimates, which, for P. the orthogonal projection of L? onto #[0],
are valid for P.H by [Yajima 1995] (here notice that all the terms in (6-12) belong to [0]).

So now we prove (6-15). We have, forr — 1> § > %,

12, 2" 1G jm (121 = G jm]ll 20ty 115y < 12 2™ 201, )G jm (251%) = G jm | ooiar 11)
< Coe sup{|| G, (I2; )1z, : 12,1 < 8o} Lo rr.0)
< CCye’ < ce. (6-16)
We have, for a fixed ¢; > 0,
IVoEp(IlLiy, my =2l |77|277”L1(IT,H1) <c ”n”L"O(IT,Hl)”n”iZ(IT’Lé) = 01C863- (6-17)
We finally show that, for an arbitrarily preassigned S > 2,
IRl 21y, 115y < C(S. Co)e®  for Ry =V, (R~ Ep(n)). (6-18)
R is a sum of various terms obtained from the expansion (6-2). Let us start by showing
V39,5 @ Dl 207 115y < C (S, Co)e™. (6-19)
Recalling (2-25), it is elementary to show that Vﬁ%};go (z,n) = Srlolo (z,1n) and

1,1
1Sy 00 @ M2¢7 115y < Crllnlls, + 12Dz Inllz2ay s,

< Gl + 12D lzsecm Il L2¢zy.26) < C(S, Coe.
We next show
VROV (2, Z, )l 2ty sy < C(S, Co)e?. (6-20)

We have, for a remainder ”0(”’7”22_,)”>3r < C||77||22_r,
VRO (2, Z, ) = S0z, 2, ) = SPEV T2, Z) + dy SPEV T2, Z,0) -+ O Ik
We have, by Lemma 2.7,

0,2N+4 0,0 2N+4
1S % @ D2y, 15y < Crosup 18,5z, 2, I1Z] (FEIS
|z|=Coe

<Glzl=y Y D> 12 lesan 122 l2ay
Jj (p,v)eM;(N+1)
< C(S, Cy)e.
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We have
Idy St (2, Z,0) 0l 20y 115 < CLD M 20y 5. sup l1dy Sy (2, Z,0) |5, -,
|z]<Coe
2 3
< Co(S)Inllz2¢ry 16y sup [ZPNT
|z|=<Coe

< C(S, Cp)e>.

Hence (6-20) is proved. Other terms in R; can be bounded with similarly elementary arguments,
yielding (6-18). Then (6-16), (6-17) and (6-18) imply (6-15). O

Setting M = M (2N + 4) — see Definition 2.5 — we now introduce a new variable g, setting

g=n+Y with Y:= Y 7%PRf(e-(B—a)Gap. (6-21)
(a,p)eM

Lemma 6.4. Assume the hypotheses of Proposition 6.2 and fix S > %. Then there is a c1(S) > 0 such that,
for any Cy, there is an €y = €9(Cy, S) > 0 such that, for € € (0, €g) in Theorem 1.3, we have

lgllz2q0,71,02-5) < c1(S)e. (6-22)
Proof. We have
ig=Hg+A+T, where T:= Z[aij(iij—e]'Zj)—{-aij(i%j +€j2j)]. (6-23)
J
We then have
t
g() =e Hin)+ e HY(0) —i / e U= (A(5) + T (s)) ds. (6-24)
0

We have, for fixed constants, by (6-11) and (6-15), the inequalities

i

—iH —iH
le ™ nO) | L2077, .2-5ya < c2lle ™ n(O) | 20,716y < 2 lM(O) I 2 < c3e,

t
/ e HU=IN\(5) ds
0

2
< c2llAll 2o, 71, 515)+L1 0,71, 1Y < C(Co, S)e”.
L2([0,T],L%~S)

For a proof of the following standard lemma see, for instance, the proof of [Cuccagna 2003, Lemma 5.4].

Lemma 6.5. Let A be a compact subset of (0, 00) and let S > %. Then there exists a fixed c(S, A) such
that, for every t > 0 and ) € A,

le IR (W) Pevoll sy < (S, A1) 2| Pevoll 2s ey for all vy € L*5(R?).
By Lemma 6.5, (6-11) and Gp = P.Gp, we have

le Y Ol 2qorr.02-5 < D 12O O le ™ Ry (e - (B — ) Gapll 120,71,12-5)
(a,p)eM

< (EM) € |1 (1) 2 120.7y¢ (S MIGagllz2s < C(N, Co, S)e
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with M the cardinality of M and a fixed c¢;, and where the set A is as in Lemma 6.5,
A:={(v—p)-e:(u,v)e M}. (6-25)

We finally consider, for definiteness (the term 9z, Y (iZ j +ejz;) can be treated similarly),

/0 e HEIRE (e (B — ) Gapdy, Y (5)(i2) — ejzj)(s) ds

LZ([O,T],LZ—S)
|24 )P () ..
<c(S.A) Y IGasllzash; /( — ) P (6 — ez (s) | ds
(a,p)eM z2j(s) L2(0.T)
7%(s)z?
<c(S. Nz Y B (iz; —ejz)) (6-26)
(a,p)eM Z] LZ(O,T)
for fixed c,. We have
iz; = (L+@;(z;))(e;z; +az,%o<|m|2 N A D B )
2 , 2 z“ —
+ 405 Y v G+ Y W 01 Gue)
(n,v)eM (' vyeM
+ (1 +@;(z;1») 1212 Z"™ (G s 1) + 25 Z™(G s 1) |- (6-27)
J J J
medl;(2N+3)

To bound (6-26), we substitute (iz; —e;z;) by the other terms in (6-27) in the last line of (6-26) . So, for
example, we have 8gj2£o(|11|2, ooy lznl?) ~ z;O(€), which by (6-14) yields

a.,p
7%z _
Bj 8z,%o(lml S lzal® < C(CO)EHZaZﬂ”LZ(O,T) < C(Co)Coe?.
J L2(0,T)
For (i, v) € M, we have, in (0, T),
74P 717V %P 747
Bivi (0. Guw)|  <Bvi|=—"2—| NGuwl slnllers < C(Coe’.
7 Zj L Zj Zj e

A similar argument works for the terms in the second summation in the second line of (6-27). Finally,

7%7F 7%7°
Bi|——d:;,% < B, 18, %1 20,7) < C(Co)é’
Zj L2(0,T) Zj NL=,1)
is a consequence of the bound
18z, Rl ro,7) < C(Co)e*  forany p € [1, 00]. (6-28)

Here we need to check (6-28) term by term for the sum in the right-hand side of (6-2). This is straightfor-
ward using (2-23), (2-25) and (2-26) and the fact, stated in Lemma 5.8, that G, and Gy;; are SO 0.0
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We turn now to the Fermi golden rule (FGR). We substitute (6-21) into (6-27), getting

17 2 2 5 ZhTBzvta N
izj = +@;(|z;] ))(eij—i-szEZo(lzﬂ R ) Z V(R (e- (ﬂ—Ot))Gag, G o)
(rv)eM 2
(@.B)eM
ZV’+a’ZM,+ﬂ,
- Z M}—Z, (Ry(e- (B —a')Gop, Guw) +F;, (6-29)
W )eM J
(. B)eM
where
AL
gi1=<1+w}'<le|2>>8z_f97i+wj(lzJ-I2>[ Y ot m G Y ws <ﬁ,Gw)}
(n,v)eM (W', v)eM J
+ Z U’ z Z ”J z (8, Guw)
(n,v)eM 2 (w',v)eM
4oz |Zj|ZZ'”<G}m,n>+z§2m(5}m,ﬁ>}. (6-30)
meM;j(2N+3)

We introduce the new variable ¢, defined by

. vjz“+’32”+“ o 3
GTes Z ((u=v)-e—(ax—pB)-e)z; (Ry(e- (B —a)Gap. Gpuv)
(n,v)eM
(o, B)eM
gt e
- —a)Gup, Gu), (631
(/Z/ (' =p)-e— (M’—U’).e)zj< nle: (B —a)) g Guv)s ( )
wvyem
(o ,freM

where we are summing only on pairs where the formula makes sense (i.e., only on pairs not in the same
set My for an L € A; see (6-33) below). It is easy to see that

IE = zll 20,7 < ¢(N, Co)e* and || —zllz(0,7) < ¢(N, Co)e>. (6-32)

Recall now the set A = {(v — ) -e: (i, v) € M} defined in (6-25). For any L € A, set

My ={(u,v)eM:(v—pu)-e=1L}. (6-33)
We then get
. 5 ) ;M—I—ﬁgv—i-a N _
15 =+ (|zj1))(e;{;+0;%0 (1117, - NI Z Z —— (R (e-(B—a))Gap, Guv)
LeA (u,v)eMy £
(a,)eMy,
gV Eu / _
-> > w —< ae- (B —aNGup. Guv)+9;.  (6-34)
LeA(u' v)eM, £

(' BeM,
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where, for some Axuguv, Brapuv, We have

G =F;+ A+ (z;PN0;%o(z1, .. |2 = 0%, - . (2 ]P)]

) vjz,u—i-ﬂzv—i-a N _
—e;j j Rl (e - (B—a))Gyup, G
ejm (121 )[(E);M G- p) o, Kt B=anGup. G
(a.p)eM
M/ z” '+a Z/L’-i-,B’

(7% ’)eM
(5 Z)EM

;H—ﬁ v+a Zu—i—ﬂzv—i-a

+> > (iZk — ex2) = Aragn + 2 — €x2k Z—Bkaﬂuv (6-35)
k (u,v)eM J

(o, B)eM
Lemma 6.6. There are fixed c4 and €g > 0 such that, for € € (0, €y), we have
16, jll 10,77 < (1+ Co)ca€’. (6-36)

Proof. We consider separately the terms in the right-hand side of (6-35) and (6-30). By (6-6), (6-28)
and (6-32),
192, %R 51l L1077 < C(Co)e”.

For fixed constants ¢, and c3, by (6-4) and (6-22) we have

it dd Ej

Zj

7#z ”C,

Zj

2
i lgllz2q0,77,22-5) < c3Co€”. (6-37)
12[0.7]

(g, Guw) <o

L'[0,7]
To get (6-37) we exploit Lemma 6.4 and the following bound:
ZHzY Ej nzv
<j

I¢; — Zjll220.77 < c2Co€ + C(Co)e® (6-38)
L>®[0,T]

V; <vllz"Z" I 20,77 + v

L2[0,T]

Zj
for fixed c;, where we used (6-14) and (6-32). Terms such as (6-37), that is, the terms from the second
term in the right-hand side of (6-30), are the ones responsible for the Coca€? in (6-36), where Cy could

be large. The other terms are O (e?) with fixed constants if €y is small enough.
By (6-4) and (6-5), for m € M ;(2N +4) we have

Iz;1*Z™ (G’ im M iloor < callzj¢ille 12 Z™ 200y 1l 20,71 22-5) < C(Co)e®. (6-39)
Let & be the sum of the second to fourth lines in (6-35). It is easy to see by (6-32) that
1€ (&)l 200,71 = C(Co)e’; (6-40)
see [Cuccagna 2011b, Lemma 4.11]. Furthermore,

100;:%0 (12117 - . 1zal®) — 95%0 (12117 - 18aIDIE Nl 200,77 < C(Co)e™s (6-41)
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see [Cuccagna 2011b, Lemma 4.10]. Finally we have, for (1, v) € M,

2 ZMZU
@i(|z;1)vj——(n, Gu)¢;
J L}
2 w=v 2. 2T
< llwj(z;19v;z"z (n, Gl + ||@ (2 F)v; 3 m, Gu) (& —z;) 1
J L]
< C(Cy)é’
by @;(|z;1%) = O(|z;1%), (6-4)—~(6-6) and (6-32). This completes the proof of Lemma 6.6. O
We now consider
0
o d -
271 D el 16 = = 3D e i1+ (12 Pes g 40, Fo (e, 16al)E ]
J J
=3 e mlG L1+ > Iml Y veec" PR (L) Gap. G
j LeA (u,v)EM],
(a,B)eM
+ Y W RL (LG, G ). (6-42)
(W vheMy
(o .pHeM,

We can now substitute le-; (Ly=P.V.(1/(H—-L))£iné(H — L).
Lemma 6.7. The contributions to (6-42) from P.V.(1/(H — L)) cancel out:

- 1 _
Im|: Z v .eé‘ﬂ+ﬁcv+a<P.V.mGa’3, GMV>

(1,v)EM
(a,)eM,
’ ’= / 1 —
+ Z /_/L, . eé-l) +a é-l‘v +8 <P-V-mG0{/ﬂ/’ GH/V,>:| =0. (6-43)
(n'v)eMy
(@', p)eMy
Proof. We set (o, B/) = (i, v) and (i, V') = (a, B) in the second sum of (6-43). With these choices,
1

/ -, ’ - - 1 -
M/ . eCV +o CM +8 <PV T—1 Ga’ﬂ’, G[L/l)/> = - e§M+ﬂ§v+a<P.V.ﬁGaﬁ, Glu)>-

Then 2 times the left-hand side of (6-43) becomes

21m|: Z (oz+v).e;u+ﬂ5u+a<P.V.ﬁC_}a5,G,w>:|

(n,v)eMy,
(a,B)eMy,

_ 1 _
= Z Im|:(ot + U) . €§M+ﬂgu+a<P.V.ﬁGaﬂ, Gl‘v”>
(1.v)eM B
(@.B)eM; B vt |-
+(u+p)-ec" P <P-V-mGuu,Gaﬂ>]
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=Im|: Z (a+v).e<;u+ﬂ5u+a<p,V.H1_L5aﬂ,G,w>+c.c.)]=O,

(u,v)eEMy,
(o, B)eMr

where we exploited the fact that, if (1, v) and («, B) both belong to My, then (¢ +v)-e=(u+p)-e.

Lemma 6.8. Set, forany L € A,

GLQ)=vT Y "G (6-44)
(u,v)eMy
Then we have

Im[in > vee"PES(H — L)Gap, Guo) i ) u/-eg“*“fﬂ’*ﬁ%a(H—L)Gafﬁ/,ém]

(u,v)eMy (W' ,v)eMp
(a,B)eM |, (', BeM;,

=L{§(H = L)GL(£), GL({)) = 0. (6-45)

Proof. First of all, the last inequality is a consequence of the formula

(F,8(H—L)G)= F()G () do (&)

2VL Jigi=vL
with F and G the Fourier transforms of F and G associated to H; see [Taylor 1997, Chapter 9, Proposi-
tion 2.2].

To prove the equality in (6-45), set (&', B') = («, B) and (i, v') = (i, v) in the second sum of (6-45).
Then the left-hand side of (6-45) equals

L

m Re[ Yo - e tM IV S(H — L)Gop, GW} = L(8(H—-L)G.(¢),GL(¢)). O
(m,v)eMy
(a,B)eM

From (6-42) and Lemmas 6.7-6.8, we obtain

LeA

_ d _
2 LBH =DGLE), GL@) = — ) lejlIg1+2) Je; Im[;8 ;1. (6-46)
J J

We are able to restate, precisely this time, hypothesis (H4):

(H4) For some fixed constants, we have

D BH - L)GLE). GL@)~ Y [¢"P forall ¢ €C" with |¢] < 1. (6-47)
LeA (u,v)eM

We now complete the proof of Proposition 6.2. We claim we have, for a fixed c,

< ce?. (6-48)

D el — 12,0 F)
J
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Indeed, first of all we have |£;(0)| < c’e by € := |lug|| 1. Observe that, for (z’, n’) the initial coordinates
in Lemma 2.4, by Proposition 1.1 and Lemma 2.3 it is easy to see that we have

n n 2
e > lluolf> = lu@|> = H(Zz}(r)qu + n’(r)) + (Zqﬁ;m +(RIZ' (0]~ l)n’(t)>
=1 =1 L?
=Y 1 OP + 10 Ol 4+ 01201 + 12110 0117.).
j=1
This gives the following version of (2-11):
DI OP+ 1 017 < 262, (6-49)

j=1

This yields an analogous formula for the last system of coordinates, (z, n) in (5-35). Finally, this yields
the following inequality for the variables ¢ introduced in (6-31):

D lgi 0 <362 (6-50)
j=I

Hence the claim (6-48) is proved. By Lemma 6.6, the hypothesis (6-47), (6-32) and (6-48), for € € (0, €)
with €y small enough we obtain, for a fixed c,

Y 12 < c€” 4 cCoe’. (6-51)

(n,v)eM
Now, (6-51) tells us that [|z/*+”|7, 05 S Cge? implies || 2477, O = €2+ Coe? for all (i, v) € M. This
means that we can take Cy ~ 1. This completes the proof of Proposition 6.2. O

Proof of the asymptotics (6-9). We write (6-12) in the form i) = —An + Vi + B. Then 8, (e 2'n) =
—ie~ 2 (n 4+ B) and so

. . 5] .
e B (ty) — e Blp(t) = —i / eVt +B@))dt for 1 <.
141

Then, for a fixed c;, by the Strichartz estimates,

~in —ia
le™22n(12) — e D)l g < c2(Inll 2w, . wre) + IBOI L1 00, HY+L2(0 0], W) ) -

Since we have

B = Z 22" G v +A,
(n,v)eM

and by (6-14) and (6-15), valid now in [0, c0), for a fixed C we have

Z 2H7"G

(n,v)eM

2
<Ce, NAl2@, wresrri@,. uy < Ce,
L2(R+,W1’6/5)
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so we conclude that there exists an n, € H' with

—iAt

lim e A'p(t)=ny in H'  and  |n@t) —e®nill; < Ce forall > 0.
t— 400

So we have the first limit in (6-7) and the inequality ||| g1 < C|lu(0)| g1 in Theorem 6.1.
We prove now the existence of z, and the facts about it in Theorem 6.1. First of all, from (6-27),

15 gl = Sy 5w Gl + 3 i .G |
(n,v)eM (w,v)eM

Since the right-hand side has L' (0, o) norm bounded by Ce? for a fixed C, we conclude that the limit

t_l)igloo(lzl(t)l, v |za@®D) = (o415 - ., pyn)  exists with  [py| < Cllu(0)] g1-
Since lim,_, 1 oo Z(t) = 0, we conclude that all but at most one of the p, ; are equal to 0. U

7. Proof of Theorem 1.4

The stability of e *£1= Q. is known. By [Grillakis et al. 1987, Theorem 1], the stability of e *£1=Q_, or
equivalently of e £ 9, o for p > 0, is a consequence of the following two points:
(1) The self-adjoint operator L_, := H — Ey, + |Q1,O|2 has kernel ker L_, = {Qj,} and L_, > 0
in {Qi,}*.
(2) The self-adjoint operator L, = H — E, + 3|0 p|2 is strictly positive: Ly, > 0.
If [Q1,(x)| > O for all x, then (2) is an immediate consequence of (1). The fact that ker L_, ={Q1,}

follows by the facts that Q, € ker L_, and that, for |p| < €y with ¢y > 0 small, the number E, ~ e; is
the smallest eigenvalue of H +[Q1, |2, since e is the smallest eigenvalue of H.

We recall that [Tsai and Yau 2002b; 2002c; 2002d; Soffer and Weinstein 2004; Gang and Weinstein
2008; 2011; Gustafson and Phan 2011; Nakanishi et al. 2012] give partial proofs of the instability of the
second excited state, and only for 2e, > e;. We now prove the instability of the excited states.

Fix j > 1 and assume that Q ;, is orbitally stable. Then Q ;, is asymptotically stable, by Theorem 1.3.
So, if |u(0) — Qjrll g1 K 1, then [Ju(t) — Qjz; — ey || y1 — 0 for t — oo and |zj ()| — p with p #0
and close to r. In this case we have

E(0) = lim Eu(t)) = lim E(Q., ¢ +¢€“'n4),
11— 00 — 00
lu(O)lI7. = Hm [1Q;z;0) + € ny 2.
iAt

Since (€' 4|26 < |In 22, there exists £, — oo such that ||eiAt"r]||L(; — 0. So, since |2y, | ;4 — 0,
X P

Ik Ve 2y, |?>dx — 0, and the cross terms in (3-3) disappear, we have
E@u(0) = lim E(Qjz,q,) +¢*"n+) = E(Qjp) + V4] 72.
w72 = lm Q26+ € nill2 = 1Q)oll 72 + Ine 7.
n—oo

We claim that for j > 2 we can construct a curve on H'! with the following property:
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Lemma 7.1. For sufficiently small 8, there exists a map [0, 8) — H', & — W(e) such that:
c V(0 =03
s @7 =103
*« E(W(e)) < E(Qjr) ife>0.

Before proving the lemma, we show that the assumption that Q ;, is asymptotically stable and the
existence of W lead to a contradiction.

Proof of instability. Since || Q j, |Ii2 =r24+ 0% by Proposition 1.1, || erlli2 is strictly increasing in r
for r small. By Proposition 1.1, we have E'(Q;,) = (e + O(rz))Q’(Qj,). This implies that E(Q ;) is a
strictly decreasing function of r. Setting u(0) = W (¢e), we have

1012 = W @12 = 10122 + In+12:.

Therefore we have || er“%z > |l ijlliz. This implies r > p and so E(Q;,) > E(Q ). But, looking at
the energy, we get the following contradiction, which ends the proof of Theorem 1.4:

E(Qjr) > E(¥(e)) = E(Qjo) + V4|2, = E(Qjp) = E(Qjr). g
We now construct the curve W.

Proof of Lemma 7.1. We set W(e) = B(e)Q;,» + ¢ and choose () to make ||II’(8)||%2 = er||22:

1Q)rll7.8%+26(Qjr. p1)B+&" = Q7. =0.

So, we have
(0 d1)e +[(Qrr 810262 — 11012262 — 110, 12)
P =— e TP T - e+ g0,
jrilyz2
1

mm:”Qﬂ4wng @ﬂ¢n>|wﬂﬁmgwy (e #1)),

— _ (th o1) _ _<QJra¢1>
0= o T e

We now show E(W¥(¢)) < E(Q;,,) for & > 0. It suffices to show Sg; (W (¢)) < Sg;, (@), where
Se, ) = E@) — Ej|lul7..
Notice that we have S;Ej,-(Q jr) = 0. Therefore, setting y (¢) = B(¢) — 1, we have
SE;, (W(€) =Sg, (Qjr +v(©)Qjr+ed1)
S, (Qjr) +53(SE, (@) (v (€) Qs + 1), ¥ () Qjr + 1) + 0l (€) Qjr + 1113,
If g2(r) =0, we have y(¢) = O (£%r~?) and we conclude

Sg;, (W(e)) =Sg,;,(Qjr)+e¢ (SE,,(Q]r)¢1,¢1)+0(82)
=S8k, (Qjr) te 2(e1—ej) + O(e*r) +o(e?) < Se;, (Qjr).
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If g2(r) #0, we have y(¢) = O(re) and

Sk, (¥(e)) = Sg, (Qjr) +&°(e1 —ej) + O(re) < Sk, (Qj).

Therefore Lemma 7.1 is proved. This also completes the proof of Theorem 1.4. (|

Appendix A: A generalization of Proposition 1.1
For reference purposes, we generalize (1-1) as
i, = —Au+Vu+B(ulPu, (t,x)eR xR, (A-1)

and assume that (0) =0, g € C*(R, R) and, further, there exists p € (1, 5) such that, for every k > 0,
there is a fixed C; with

dk
‘Wﬁ(vz) < CrlvlP7F=1if > 1.

Proposition A.1. Fix j € {1,...,n}. Then there is ap > 0 such that, for all z; € Bc(0, ap), there is a
unique Q ;. € PR3, C):= M=o > (R3, ©) such that

(—A+V)Q)., + B0, 1NQ):, =Ejz, Q) Qjz, =20 +4jz;,  (q)z;. ) =0, (A-2)
and such that we have, for any r € N:

(1) (qjz;» Ejz;) € C™(Belao), Br x R); we have qj; = 2;q;(1z; %) with §;(t1*) = 12§;(t%), where
qj(1) € C®((—ao*, ap?), T, (R, R)), and Ej; = E(|12;1%) with E (1) € C®((—ap?, ap*), R).

(2) There exists C > 0 such that ||qjz; |z, < Clzjl3 and |Ej;; —ej| < C|Zj|2.

The rest of this section is devoted to the proof of Proposition A.1.
The first step is the following lemma, which follows by a direct computation:

Lemma A.2. Letm € Ny and k € {1, 2, 3}. Then we have

[—A, x| = =2mQ2m + D|x|*" % = 4m|x|*" " *x - V,
[—A, [x|""x; ] = —=2mQ2m +3) |x|*" " 2xp — dmxg |x|*" "2 -V = 2|x|*™ 3, (A-3)
Our second step is the following lemma:
Lemma A.3. The eigenfunctions ¢; of —A +V satisfy ¢p; € ¥ RY).
Proof. First, ¢; € L*(R%), so we have ¢; € H*(R?) by
(A —ej)pj=—-V9;.

Furthermore, if we have ¢; € H*"(R?), then we have ¢; € H*"+2(R®). This implies ¢; € (o, H™.
Next, by Lemma A.2, we have

(A —ej)xpj=—20yp; — Vxip;
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for k =1, 2, 3. Therefore, we have x,¢; € H 2([R§3). Again, by Lemma A.2, we have
(—A —ep)|x|*p; = —6¢; —4x -V, — Vxigp,.

So, by x - V¢; = V(x¢;) —3¢; € L*(R*), we have |x|*¢; € H>.
Now, suppose |x|2m¢j e H*(R3). By Lemma A.2, we have

(—A —e)) x| xppj = —2mQ2m +3) [x["" " 2xppj — dmxp | x[*"2x - Ve — 20x |0y, 0 — Vx| xx ;.

Since
X2 3 pj = By, (Ix|*"j) — dm|x|*" 2x1p; € L*(RY),

we have |x|*"xi¢ i €H 2(R?). Finally, since
(—A —ep)|x[*"2p; = —20m+ D) 2m +3)|x|*"p; — 4(m + D|x[*"x - Vo, — V|x|*" 3¢,

and |x|*"x - V¢; = V- (Ix|*"x¢;) — (4m + 3)|x|*"¢; € L*(R®), we have [x|*"2¢; € H*(R?). By
induction, we have ¢; € ¥y, for any m > 1. O

The next step is the following lemma:

Lemma Ad4. Fix j € {1,...,n} and r € N with r > 2. Then there exists 5, > 0 such that, for all
zj € Be(0, 6y), there is a unique Q j; € > (R3, ©) satisfying (1-3) and Proposition 1.1(1)—(2).

Proof. In this proof we write g(u) := B(Ju|?)u. Notice that it suffices to show the claim of Lemma A.4
for z; € R with real-valued Q; ;.. Indeed, if we define

Qj.,,=e’Qj, and E;., =Ej (A-4)

for z = ¢ p, then Q, and E |, satisfy (1-3) if Q;, and E;, satisfy (1-3). Further, if Br(0, ) - X, x R,
2> (Qjz, Ej;) is C*, then, by (A-4), we have B¢ (0,8) %, xR, z+— (Qj ;, Ej ;) is C*.
Fix j €{0, 1, ..., n}. For simplicity we set z; =z, ¢; = e and ¢; = ¢. Set

Qj:=2¢+z21"¥v() and E;.=e+|z|’f(2).
We solve (1-3) under the above ansatz. Substituting the ansatz into (1-3), we have
Hy 427382+ 229) =ev + fo+ 22 f Y. (A-5)
Set Pu =u — (u, ¢)¢. Then, we have
Hy 427 P+ 229) =ey + 27 f¥, (g +2°¥)), ¢) = .

Therefore, it suffices to solve

(H—e)y =—2Pgz(@+2"¥) +2 ' (g(z(p +27¥)). ¢) . (A-6)
Now, set ¢(z) := ¢ + 229 (z). Then,

1
4@ = BH)zd =2 fo 82202 ds .
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So, (A-6) can be rewritten as

1
(H—e)y = —P( /0 B (s> ¢%) ds </33) + (BN, D). (A-7)

To show that z — ¥ (z) € X, exists and is C*°, we use the inverse function theorem. Set

1
(z, ¥) :=—(H — e>—‘P( fo B (sz*$*) ds &3) + (B, ¢)(H —e) 'y
and
Fz,¥) =y — ®(z, ¥).
Then, F:Rx PX, — P, is C*. Next, since
FO,¥)=vy+pB0)(H—e) ' P,
we have
F(0,—p'(0)(H —e)~'P¢?) =0.
We now compute Fy (z, ¥):

1 1
Dy (z, w)hz—zz“(H—e)—‘P( / ﬁ”(sz%z?)sds¢S4h)—3z2(H—e)—‘P( f ﬁ’(sz2¢32>ds¢32h)
0 0
+22(B(22¢7)¢°h. o) (H — )y +2°(B(*$*)h. §) (H —e) Y +(B (4. §) (H —e)h.

So, we have
Fy (0, y)h =h.
Therefore, by the inverse function theorem we have the conclusion of the lemma. 0
The final step is to show that the 6, > 0 can be chosen independent of r.
Lemma A.S. Consider the Q j;; in Lemma A.4. Then there is a § > 0 such that Q ;. € P(R3) for |z <.

Proof. We use a bootstrap argument similar to the proof of Lemma A.3. We can consider the Q. given
in Lemma A.4 with r = 4. It is enough to consider z = p € (0, §) with § < §4. For § > O sufficiently

small, we also have E;, < %ej < 0. By (A-2) we have

1
(—A=Ejp)Qjp=-VQjy —/O B'(sQ3,)ds 03, (A-8)

We proceed as in Lemma A.3. Since the commutator term and —V Q ;, are the same as in Lemma A.3,
we conclude that Lemma A.5 is a consequence of the following two simple facts for m > 2:

(i) If Q) € H™, then B(0%)Q;, = [, B'(sQ2)) ds 03, € H".
(i) If [x[*"Q;, € L*(R%), then |x|*"*2 /0‘ B'(sQ%)ds Q3 € L%

Fact (i) follows from the fact that H™(R?) is a ring for m > 2. We now look at (ii). Since Q, is
a continuous function with Q;,(x) — 0 as |x| — oo, the range of Q;, (i.e., {Q,(x) eR:x € R3})
is relatively compact. So, since ¢t — fol B'(st?)ds is a continuous function from R — R, the range of
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s Q< )ds is relatively compact. Therefore, we have sQ< )ds € . On the other hand,
o B'(sQ2)) ds is relatively compact. Theref have [y B'(sQ2,)ds € L. On the other hand, by
Qjp € X4 we have [x|Qj, € X3 < L. Therefore, we have

1 1
X2+ /0 B'(50%,)ds 03, = /0 B'(s02,) ds (1x1Q;)*xI?" Q) € LA(RY).
This proves (ii) and completes the proof of Lemma A.S5. g

Finally, Proposition A.1 is a consequence of Lemmas A.2—-A.S5.

Appendix B: Expansions of gauge invariant functions

We prove here (3-10) and (3-12), which are direct consequences of Lemmas B.3 and B.4.

Lemma B.1. Let a(z) € C®(Bc(0,8), R) and a(éz) = a(z) for any 6 € R. Then there exists o in
C>([0, 8%); R) such that a(|z]?) = a(z).

Proof. For z = re” we have a(z) = a(r +1i0). Since x — a(x + i0) is even and smooth, we have
a(x +1i0) = a(x?) with a(x) smooth; see [Whitney 1943]. So a(z) = a(|z|?). O

Lemma B.2. Let § > 0. Suppose a € C*° (B¢ (0, §); R) satisfies a@®zy, ..., é%z,) =a(z, ..., Zn) for
alld e Rand a(0, ...,0) =0. Then, for any M > 0, there exists by, such that

azi, ... z) =Y iz + DY 2wz, ) + RO (2, Z), (B-1)
j=1

Im|=1
where ozj(|zj|2) =a(0,...,0,z;,0,...,0). Furthermore, by, € C* (B¢ (0, 8); R) and satisfies
bu(ez1, ..., ¢%2,) =bm(z1,...,22) forall 6 €R.
Proof. First, we expand a as
1 n
a(zy,...,zn) =a(z1,0,...,0) +/ (Z dja(z1, 122, ..., 1zp)zj + 05a(z1, 122, . . ., l‘Zn)Zj) dt.
0 \“
j=2

Then, by
1 n
a0, Z2,...,zn)=/ (Zaja(o, 122, ... tz)2j + 35a(0, tz2,...,tzn)2j> dt,
0 .
j=2

we have
a(zls LR ] Zn)

1 n
=a(z1,0,...,0)4+a0,z2,...,2) —I—/ Z[(E)ja(m, 122, ...,t2,) — 0ja(0, 1z, ..., 12,))7;j
0
j=2

+ (3;a(z1, 122, . .., 120) — 35a(0, 122, . . ., 12,))Z ] dt
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=a(z1,0,...,0+a(0,z2,...,2)

1 pl
+Z/O/O [(010ja(sz1, 122, ..., tzp))z12j + (370;a(s21, 122, . . ., 120))Z1Z;

Jj=2

+ (9185a(521, 122, . . ., 1za)) 2125 + (8005a(s21, 12, . . . 120))Z21Z ] ds dt.

Iterating this argument first for a(0, z, ..., z,) and then for a(0, ..., 0, z, ..., 2,), we have

a(zy,...,zn) =a(z1,0,...,0)0+a(0,z2,0,...,004+---+a(0,...,0,z,)

n—l 1 pl
+Y > // [(akaja(o,...,o,szk,zzk+1,...,zzn))zkzj
0J0

k=1 j>k+1
+(050ja(0,...,0, 52k, 1Zkt1, - -, 12n))ZkZj

+ (00;a(0, ..., 0, 52k, tZk41, - - -, 120))2kZ;

+(3p050(0, .., 0, 52, 12y - zzn))zkz,-] dsdi. (B-2)

By Lemma B.1, there exist smooth «; such that o (|z; 1) =a(0,...,0, Zj,0,...,0). Furthermore, the
sum of the middle two terms in the integral of (B-2) has the same form as the second term in the right-hand
side of (B-1). So, it remains to handle the terms in the second and fifth lines of (B-2). Since they can be
treated similarly, we focus only the second line of (B-2). Set

1 el
ﬂjk(zk,---,zn)=// (0k0ja(0,...,0,s2k, t2k41, - .., 12,)) ds dt
0Jo

with j > k + 1. Notice that 3*9%a(0, ..., 0) # 0 by the gauge invariance of « is easily shown to imply
le| = |B|. This in particular implies B, (0, ..., 0) = 0. So, as in (B-2), we have

n—1 1,1
+Z Z /0/0 [(amalﬂjk(o,...,O,SZm,th_H,...,th))Zle

m=k [>m+1
+ (anﬁalﬂjk((L s 0,82, tZm s - o5 220)) 2T

+ (81118[_/3]]((0’ ey 0’ SZm> th—H, L) tzn))zmzl

+ @ 0iBjk (0, ..., 0, 5Zm, tZmi1, - - -, tzn))ZmZI] dsdt. (B-3)

Since zlz,Bjk ©,...,0,2,0,...,0) is gauge invariant by Lemma B.1, we have

ZBik(0, ..., 0,2,0,...,0) = Bir(1z) = Bjas (0) + B Ozt > + v (211 |z *
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for some smooth ,5’ ki and yji;. By the smoothness of i, we have ,3 ik (0) = ,3},(1 (0) = 0. Therefore,
Bir(0,...,0,2,,0,...,00zz; = yju(zl*zz;jz;  with &k <min{j,[}.

This can be absorbed in the second term of the right-hand side of (B-1). The same is true of the contribution
of the last two lines of (B-3). The term

1,1
// (0m 01 Bjk(0, ..., 0,8Zm, tZmt1s -+ -» 120))Zm2uz 2k ds dt (B-4)
0Jo

does not have as factors components of Z = (z;zZ;);x; butitis O(|Z 12). Treating (B-4) the way we treated
the second line of (B-2), and repeating the procedure a sufficient number of times, we can express (B-4)
as a sum of a summation like the second in the right-hand side of (B-1) and of a term that is O(|Z M) for
an arbitrary M. Furthermore, notice that, since we can think of the dependence on Z = (z;Zz);»; to be
polynomial, and so the remainder term R% (z, Z) in (B-1) can be thought to depend polynomially on

Z = (z;Zj)i+j, it can be thought as the restriction of a functionin Z € L. Il
Lemma B.3. Take a(z1, ..., z,) like in Lemma B.2. Then, for any M > 0, there exist smooth a; and b,
such that, for Olj(le|2) =a(0,...,0,z;,0,...,0), we have
n
azi,. )=y i+ Y Z"bim(z; )+ Rz, 2). (B-5)
Jj=1 1<|m|<M—1
Proof. To prove (B-5), one only has to repeatedly use Lemma B.2. U
Lemma B.4. Suppose that a : C" — & is smooth from Bren (0, 6,) to X, for arbitrary r € R and satisfies
a?zy,...,eé%,)=a(z1, ..., za),a(0,...,0)=0. Then, for any M > 0, there exist smooth a; and G j
such that,foraj(lzjlz) =a(0,...,0,z;,0,...,0), we have
n
azr, ...z =y @i+ D Z"Gim(z;)+8"M (2, Z). (B-6)
j=1 1<im|<M—1
Proof. The proof is same as the proof of Lemmas B.1-B.3 U
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