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SCALING LIMIT FOR THE KERNEL OF THE SPECTRAL PROJECTOR
AND REMAINDER ESTIMATES IN THE POINTWISE WEYL LAW

YA1zA CANZANI AND BORIS HANIN

Let (M, g) be a compact, smooth, Riemannian manifold. We obtain new off-diagonal estimates as A — oo
for the remainder in the pointwise Weyl law for the kernel of the spectral projector of the Laplacian onto
functions with frequency at most A. A corollary is that, when rescaled around a non-self-focal point,
the kernel of the spectral projector onto the frequency interval (A, A + 1] has a universal scaling limit
as A — oo (depending only on the dimension of M ). Our results also imply that, if M has no conjugate
points, then immersions of M into Euclidean space by an orthonormal basis of eigenfunctions with
frequencies in (A, A 4 1] are embeddings for all A sufficiently large.

1. Introduction

Suppose that (M, g) is a smooth, compact, Riemannian manifold without boundary of dimension n > 2.
Let A, be the nonnegative Laplacian acting on L?(M, g, R) and let {g;}; be an orthonormal basis of
eigenfunctions:

Agpj =1j9j, ()
with 0 = )\(2) < k% < k% <-.... This article concerns the A — co asymptotics of the Schwartz kernel
Ep(x.p)= ) i) () 2)
Aj <A

of the spectral projection
Ey:L*(M.g) > P ker(Ag—p?)
we(0,A]
onto functions with frequency at most A. We are primarily concerned with the behavior of E (x, y)
at points x, y € M for which the Riemannian distance distg(x, y) is less than the injectivity radius
inj(M, g), so that the inverse of the exponential map exp;1 (x) is well defined. We write
d§

n . —
. / ez)u(expy 1(x).8)gy _4S + R(x, y, M), 3)
0" g, <1 1]

where the remainder R(x, y, A) is a smooth function of x and y. The integral in (3) is over the cotangent
fiber Ty* M and it is coordinate-independent because the integration measure d§/./|gy| is the quotient

Ey(x,y)=
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of the natural symplectic form d& dy on T*M by the Riemannian volume form \/|g_y| dy. The integral
is also symmetric in x and y, which can be seen by changing variables from 7' y*M to 7'M using the
parallel transport operator (see (28)).

Our main result, Theorem 2, fits into a long history of estimates on R(x, y,A) as A — +o00 (see
Section 1.2 for some background). To state it, we need a definition from [Safarov 1988; Sogge and
Zelditch 2013]:

Definition 1. A point x € M is said to be non-self-focal if the set of unit covectors
Py ={E € SEM | exp, (&) = x for some 7 > 0} 4)
has zero measure with respect to the surface measure induced by g on Sy M.

Theorem 2. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Suppose xo € M is a non-self-focal point and let r), be a nonnegative function with limy _, o, ry, = 0. Then

sup  |R(x,p, M) = o) S)
x,y€B(x0,r))
as A — oo. Here, B(xq,r)) denotes the geodesic ball of radius r), centered at xy and the rate of

convergence depends on xy and r),.

The little-o estimate (5) is not new for x = y (i.e., r, = 0). Both Safarov [1988] and Sogge and
Zelditch [2002] show that R(x, x,A) = o(A"~!) when x belongs to a compact subset of the diagonal
in M x M consisting only of non-self-focal points (see also [Safarov and Vassiliev 1997]). Safarov
[1988] also obtained o (A" 1) estimates on R(x, y, 1) for (x, y) in a compact subset of M x M that does
not intersect the diagonal (under the assumptions of Theorem 6). Theorem 2 simultaneously allows x # y
and distg (x, y) — 0 as A — o0, closing the gap between the two already-known regimes. We refer the
reader to Section 1.2 for further discussion and motivation for Theorem 2 and to Section 2 for an outline

of the proof.
An elementary corollary of Theorem 2 is Theorem 3, which gives scaling asymptotics for the Schwartz
kernel
Ega+(x )= > ¢j(X)gi(») (6)
A<Aj=<A+1

of the orthogonal projection

Ega+=Exn1—Ex: L2(M.g) > (D ker(Ag—p?).

neM A+1]
Passing to polar coordinates in (3) and using that
' Jn—2)/2(|v])
i{v,0) — n/2 Y (n—-2)/2
/Snl e do = (2m) @277 (7)

it is straightforward to obtain the following result:
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Theorem 3. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Let xo € M be a non-self-focal point. Consider any nonnegative function r), satisfying r, — 0 as A — oo.

Then

AL J—2y 2 (A distg (x, p)) 1
sup Eqa+11(x,») — - =o(A"7"), (8)
N N (2m)2 (M distg (x, y))#=2)/2

where J, is the Bessel function of the first kind with index v, B(xq, 1)) denotes the geodesic ball of

radius r), centered at x¢, and distg is the Riemannian distance.

Remark 4. Under the assumptions of Theorem 3, relation (8) holds for E ;45 with any § > 0. The
difference is that the Bessel function term is multiplied by § and that the rate of convergence depends
on §. Our proof of Theorem 3 is insensitive to the choice of §.

In normal coordinates at xg, (8) therefore implies

sup
lul,lvl<ro

E Z B Al i(u—v,w) do! = )\n_l) 9
(o A+17| Xo + A,XO+ 2) @ e e w|=o( 9)

as A — o0o. The measure dw is the Euclidean surface measure on the unit sphere S”~! and the rate of
convergence of the error term depends on ¢ and the point xg. The integral over S”~! in (9) is the kernel
of the spectral projector onto the generalized eigenspace of eigenvalue 1 for the flat Laplacian on R” (see
[Helgason 1981; Zelditch 2008, §2.1]).

We believe (5) holds for any number of covariant derivatives V){ V)]f of the remainder R(x, y, A) with
o(A"1) replaced by o(A"~'+7+K)_ This would immediately imply that the C° convergence in (8) can be
upgraded to C k convergence for all k. Proving this is work in progress by the authors. Since E ) 1] is
the covariance kernel for asymptotically fixed frequency random waves on M (see [Sarnak and Wigman
2014; Sodin 2012; Zelditch 2009]), this C* convergence would show that the integral statistics of
monochromatic random waves near a non-self-focal point depend only on the dimension of M. We refer
the reader to Section 1.3 for further discussion and motivation for Theorem 3.

1.1. Applications. Combining Theorem 2 with prior results of Safarov [1988], we obtain little-o estimates
on R(x, y,A) without requiring x or y to be in a shrinking neighborhood of a single nonfocal point. We
recall the following definition from [Safarov 1988; Sogge and Zelditch 2013]:

Definition 5. Let (M, g) be a Riemannian manifold. We say that x, y € M are mutually nonfocal if the
set of unit covectors

L(x,y) ={E € S M |exp,(t&) = y for some t > 0} (10)
has zero measure with respect to the Euclidean surface measure induced by g on S M.

Theorem 6. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Consider any compact set K € M x M such that, if (x, y) € K, then x and y are mutually nonfocal and
either x or y is a non-self-focal point. Then, as .. — o0, we have

sup |R(x,y,A)|=oA" ). (11)
(x,y)eK
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Remark 7. Theorem 6 applies with K = M x M if (M, g) has no conjugate points.

Theorem 6 — proved in Section 7— can be applied to studying immersions of (M, g) into Euclidean
space by arrays of high-frequency eigenfunctions. Let {¢;,,... »‘/’jmx} be an orthonormal basis for
Dir<p<r+1ker(Ag — ©?) and consider the maps

Q)"
-1
The A~(=1/2 pormalization is chosen so that the diameter of Wi a+1](M) in R™* is bounded above
and below as A — oco. Maps related to W, are studied in [Bérard et al. 1994; Jones et al. 2008; Potash
2014; Zelditch 2009]. In particular, Zelditch [2009, Proposition 2.3] showed that the maps W, )41 are
almost-isometric immersions for large A, in the sense that a certain rescaling of the pullback \If;f (geuc) of

Yot M >R, Voo (x) = (91 (X)s -+ o @i, (X)) (12)

the Euclidean metric on R™* converges pointwise to g. A consequence of Theorem 6 is that these maps
are actually embeddings for A sufficiently large:

Theorem 8. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
If every point x € M is non-self-focal and all pairs x, y € M are mutually nonfocal, then there exists Ay >0
such that the maps Wy, 411 : M — R™* are embeddings for all A > A.

We prove Theorem 8 in Section 7. Note that this result does not hold on the round spheres S C R**1,
since even spherical harmonics take on equal values at antipodal points. Since W, 3 1] are embeddings
for A large, it is natural to study W(; »+1](M) as a metric space equipped with the distance, dist,, induced

by the embedding:
disty (x, ») := W+ 1) = Yo at 110 1 gmsy
@2m)"
= W—_I(E(A,)»+l](x7 x)+ Ega+11(0:¥) = 2E@ a+11(x, »)). (13)

Theorem 9, also proved in Section 7, gives precise asymptotics for disty (x, y) in terms of distg (x, y):

Theorem 9. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no boundary.
Suppose further that every x € M is non-self-focal and all pairs x, y € M are mutually nonfocal. As
A — 00, we have

1
A2 disti, (x,)

[disti (x, ) — (VOI(Sn—l) _ (27_[)}1/2 J(n—2)/2()\ diStg(x, »)) ):| ' —o(l). (14)

u
cyem (h disty (x, ) @=D/2

1.2. Discussion of Theorem 2. Theorem 2 is an extension of Héormander’s pointwise Weyl law [1968,
Theorem 4.4]. Hormander proved that there exists & > 0 such that, if the Riemannian distance distg (x, »)

between x and y is less than ¢, then

Al . d
Ej(x,y) = / M (x,.8) _S 4 0(}]1—1)’ (15)
€lg, <1

@m)" Vi0gyl

where, in Hérmander’s terminology, the phase function v/ is adapted to the principal symbol [ |¢, of \/Ag.
After his Theorem 4.4, Hérmander [1968] remarks that the choice of i is not unique. However, every
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adapted phase function satisfies

Y x,y,6) = (x = », &) + O(Ix — y*[&]).

In particular, since (exp;l(x), E)g, = (x—».6) + O(|]x— ¥|?|€]), Taylor-expanding (15) yields, for
any ro > 0,

A A d&
sup E(x,y)— - / elk(expy (x).6) gy — O(Xn_l)
distg (x,¥)<ro/A Q)" Jigl, <1 2,

Changing from one adapted phase to another produces, a priori, an error of O(A"~1) in (15). With
the additional assumption that x and y are near a non-self-focal point, Theorem 2 therefore extends
Hormander’s result in two ways. First, our careful choice of phase function (exp;1 (x),&)g, allows us to
obtain a 0(A"~!) estimate on R while keeping the amplitude equal to 1. Second, we allow distg (x, y) to
shrink arbitrarily slowly with A.

Ho6rmander’s phase functions ¥ (x, y, &) are difficult to analyze directly when x # y, since they
are the solutions to certain Hamilton—Jacobi equations (see [Hormander 1968, Definition 3.1; 1985b,
(29.1.7)]) which we cannot describe explicitly. Instead, in proving Theorem 2, we use a parametrix for the
half-wave operator U(?) = e~/ A¢ with the geometric phase function ¢ : Rx M x T*M :— R given
by ¢(t,x,y,&) = (exp;1 (x),&) —t|€|g,. Such a parametrix was previously used by Zelditch [2009],
where a construction for the amplitude was omitted. Our construction, given in Section 3, makes clear
the off-diagonal behavior of E) (x, y) and uses the results of Laptev, Safarov and Vassiliev [Laptev et al.
1994], who treat Fourier integral operators (FIOs) with global phase functions.

Using the phase function ¢ simplifies our computations considerably, since the half-density factor

Vdetgy £(t, x, y, ), which comes up in the usual parametrix construction for U(t) acting on half-
densities, is independent of 7 and £. This makes it easy to obtain the amplitude in a parametrix for U(t)
acting on functions from that of U(¢) acting on half-densities. For more details, see the outline of the
proof of Theorem 2 given in Section 2, as well as Section 3, especially (37).

The error estimate in (15) is sharp on Zoll manifolds (see [Zelditch 1997]), such as the round sphere.
The majority of the prior estimates on R(x, y, A) actually treat the case x = y. Notably, Bérard [1977]
showed that on all compact manifolds of dimension #» > 3 with nonpositive sectional curvatures and on all
Riemannian surfaces without conjugate points we have R(x, x,A) = O(A"/logA). The O(A"~!) error
in the Weyl asymptotics for the spectral counting function

#jh; €0, A]} = fM Ej (x,x) dvg(x) = (%)" volg (M) - volgn (By) + /M R(x,x., 1) dvg(x)

has also been improved under various assumptions on the structure of closed geodesics on (M, g) (see
[Bérard 1977; Colin de Verdiere 1980; Duistermaat and Guillemin 1975; Ivrii 1984; Nicolaescu 2012;
Petridis and Toth 2002; Randol 1981; Safarov and Vassiliev 1997]). For instance, [Duistermaat and
Guillemin 1975; Ivrii 1984] prove that [, R(x,x, 1) dvg(x) = o(A" 1Yy if (M, g) is aperiodic (i.e., the
set of all closed geodesics has measure zero in S*M).
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Also related to this article are lower bounds for R(x, y,A) obtained by Jakobson and Polterovich
[2007] as well as estimates on averages of R(x, y, A) with respect to either y € M or A € R~ studied
by Lapointe, Polterovich and Safarov [Lapointe et al. 2009].

1.3. Discussion of Theorem 3. The scaling asymptotics (9) were first stated — without proof and without
any assumptions on %, — by Zelditch [2001, Theorem 2.1]. When (M, g) = (S?, ground) is the standard
2-sphere, the square roots of the Laplace eigenvalues are Ay =k-/1 + 1/k fork € Z4,and £x, = S3 M,
since the geodesic flow is 27-periodic. There is therefore no xo € S? satisfying the assumptions of
Theorem 3. Nonetheless, (8) holds with E; replaced by the kernel of the spectral projection onto the
k,zc eigenspace and is known as Mehler—Heine asymptotics (see §8.1 in [Szegd 1975]). More generally,
on any Zoll manifold, the square roots of Laplace eigenvalues come in clusters that concentrate along
an arithmetic progression. The width of the k-th cluster is on the order of k! and we conjecture that
the scaling asymptotics (8) hold for the spectral projectors onto these clusters (see [Zelditch 1997] for
background on the spectrum of Zoll manifolds).

If one perturbs the standard metric on S? or on a Zoll surface, one can create smooth metrics
possessing self-focal points x¢ where only a fraction of the measure of initial directions at xo give
geodesics that return to xy. These points complicate the remainder estimate for the general case.
Indeed, it was pointed out to the authors by Safarov that even on the diagonal there is a two-term
asymptotic formula with the second term of the form Q(x,A)A"~!, where Q is a bounded function.
The function Q is identically zero if x¢ is non-self-focal or if a full measure of geodesics emanating
from xq return to xq at the same time. In general, however, O will contribute an extra term on the
order of A"~ ! to the asymptotics in (8). We refer the interested reader to §1.8 in [Safarov and Vassiliev
1997].

1.4. Notation. Given a Riemannian manifold (M, g), let volg (M) be its volume, disty : M x M — R
be the induced distance function, and inj(M, g) be its injectivity radius. For x € M we write S} M for
the unit sphere in the cotangent fiber 7M. We denote by (-, )¢, : TeM x TYM — R the Riemannian
inner product on 7)M and by |- |, the corresponding norm. When M = R” we simply write (-,-)
and | -|. In addition, for (x, &) € T*M , we will sometimes write g,lc/ 2("g‘) for the square root of the matrix
gx applied to the covector £ and we write |gx| for the determinant of g .

We denote by S k the space of classical symbols of degree k, and we will write Sl{‘om C S* for those
symbols that are homogeneous of degree k. We also denote by wk(m ) the class of pseudodifferential
operators of order kK on M.

2. Outline for the proof of Theorem 2

Fix (M, g) and a non-self-focal point xo € M. Theorem 2 follows from the existence of a constant ¢ > 0
such that, for all & > 0, there exist A, > 0, an open neighborhood AU, of xy and a positive constant ¢,
such that

sup |R(x, p, A)| < ceA 1 4 co A2 (16)
X,y €U
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for all A > )18. Indeed, if r) is a positive function with limy_,,, 73 = 0, then it suffices to choose
Ae := max{Ag, inf{A : B(xq, 7)) CUg}} to get

sup |R(x, y,A)| < el 14 ¢ A"2 forall A > A,

x,y€B(x0,r1)

By the definition of R in (3) and the definition of E, (2), we seek to find a constant ¢ > 0 such that,
for all & > 0, there exist A, > 0, an open neighborhood A, of xo and a positive constant ¢, satisfying

n / eik(exp;l(x)yé)gy ﬁ
@) Jel,, < Vigy|

for all A > A,. We prove (17) using the so-called wave kernel method. That is, we use that the derivative

sup <ceM 42 17)

X,y€Ug

Ek(x’y)_

of the spectral function is the inverse Fourier transform of the fundamental solution of the half-wave
equation on (M, g):

A A
Ej(x.y) = [0 36— 1) () () dpp = /0 F L (U 7)) () dpe. (18)
J

where %! denotes the inverse Fourier transform and U(z, x, y) is the Schwartz kernel of e~/ A¢_ The
singularities of U(t, x, y) control the A — oo behavior of E;. We first study the contribution of the
singularity of U(#, x, y) coming at ¢ = distg(x, y) by taking a Schwartz function p € ¥(R) that satisfies

supp(p) < (—inj(M, g),inj(M., g)) and
p(ty=1 forall |t] <%inj(M,g). (19)
We prove in Section 5 the following proposition, which shows that (17) holds with E replaced by p* E.

Proposition 10 (smoothed projector). Let (M, g) be a compact, smooth, Riemannian manifold of dimen-
sion n > 2 with no boundary. Then there exist constants ¢, C > 0 such that

- d
pxEy(x,y)— / o lexpy 1 (%)) gy § < cdistg(x, YA oA (20)
Elgy <A

Vieyl

forall x, y € M with distg (x, y) < %inj(M, g)andall A > 0.

Qm)"

Note that Proposition 10 does not assume that x and y are near a non-self-focal point. The reason is
that convolving E) with p multiplies the half-wave kernel U(z, x, y) in (18) by the Fourier transform
p(t), which cuts out all but the singularity at ¢ = distg (x, y). The proof of (20) relies on the construction
in Section 3 of a short-time parametrix for U(¢), which differs from the celebrated Hérmander parametrix
because it uses the coordinate-independent phase function

$(1.x,.8) = (exp, ' (x).)g, —1lElg,. (t.x.7.6) eRXM xT*M. 1)

It remains to estimate the difference | E (x, ) — p * Ej (x, )|, which is the content of the following
result:
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Proposition 11 (smooth vs. rough projector). Let (M, g) be a compact, smooth, Riemannian manifold of
dimension n > 2 with no boundary. Let xo € M be a non-self-focal point. Then there exists ¢ > 0 such
that, for all € > 0, there exist an open neighborhood U, of xo and a positive constant c, with

sup |Ej(x,y)—p* Ey(x, )| < ced" 1 4 A" 2 (22)
x’yeou‘s

forall A > 1.

The assumption that x and y are near a non-self-focal point xy guarantees that the dominant contribution
to E; (x, y) comes from the singularity of U(¢, x, y) at t = distg (x, ). Following the technique in [Sogge
and Zelditch 2002], we prove Proposition 11 in Section 6 by microlocalizing U(¢) near xq (see Section 4)
and applying two Tauberian-type theorems (presented in Section 6.1). Relation (17), and consequently
Theorem 2, are a direct consequence of combining Proposition 10 with Proposition 11.

3. Parametrix for the half-wave group

The half-wave group is the one-parameter family of unitary operators U(r) = e ™/~ ¢ acting on L2(M, g).
It solves the initial value problem

(lla, +VAg)U@®) =0, U©) =14,

and its Schwartz kernel U(z, x, y) is related to the kernel of the spectral projector E) (x, y) via (18).
It is well known (see [Duistermaat and Guillemin 1975; Hormander 1985b]) that U is a FIO in
I~ Y4(R x M, M;T) associated to the canonical relation

F={tt.x,0.0.8) eT*RxM xM)|t=—lg,,G'(»,§) = (x,n)}, (23)

where G! denotes geodesic flow.

Our goal in this section is to construct a short-time parametrix for U(z) that is similar to Hérmander’s
parametrix [1968; 1985b, §29] but uses the coordinate-independent phase function ¢ : Rx M x T*M — R
defined in (21). Such a parametrix was used by Zelditch [2009], where a detailed construction was
omitted. To construct the amplitude we follow [Laptev et al. 1994], who give a detailed treatment of FIOs
that are built using global phase functions such as ¢. Denote by x € C°°([0, 4+00), [0, 1]) a compactly
supported, smooth cut-off function with

supp x C [0,inj(M.g))  and  x(s)=1 for s € [0,1inj(M,g)).
Further, following [Bérard et al. 1994; Berger et al. 1971, Proposition C.I11.2], define
O(x, y) :=|detg Dexp;l(y) expy |- (24)

The subscript g means that we use the inner products on Texpgl(y)(TxM ) and Ty* M induced from g and,

as explained in [Berger et al. 1971], ®(x, y) = y/|gx| in normal coordinates at y. The main result of this
section is the following:
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Proposition 12. For |t| < inj(M, g) we have

x(distg (x, »)) dg
Qm)"O(x, V2 Jrrm Vi

where the equality is modulo smoothing kernels. The amplitude A, which is an order-0 polyhomogeneous

Ut x, ) = XD A, y, 8)

(25)

symbol, is uniquely determined by ¢ modulo S™%° and satisfies:
s Forally e M and & € TYM,
A0, y,8) =1. (26)
e For|t| <inj(M, g) and all (y,§) € TyM , we have
A, y,&)—1e S L (27)

There are many choices of amplitude functions in (25) that depend on ¢, x, y and £&. When we
write that A is uniquely determined modulo S$™°°, we mean that it is unique among amplitudes that are
independent of x. The proof of Proposition 12 is divided into two steps. First, we prove in Section 3.1
that ¢ parametrizes I'. Then, in Section 3.2, we construct the amplitude 4.

3.1. Properties of the phase function. Throughout this section, we will denote by Ty, x : T ;‘M —TIM
the parallel transport operator (along the unique shortest geodesic from x to y) for all x and y sufficiently

close. We will use that
Ty—sx exp;1 (x) =—expy'(y) and Ty =97 (28)

x—>y:

Lemma 13. The phase function ¢(t, x, v, ) parametrizes the canonical relation T for |t| < inj(M, g)
and distg (x, y) < %inj (M, g), in the sense that

T =iy(Cy) (29)

t
=, )

under the immersion iy(t,x, y.§) = (t,d¢p, x, dx ¢, y, —dy ).

is the image of the critical set

Cy = {(t,x,y,é)eRxMxT*M

Proof. When [t| <inj(M, g), we have that (z,x, ,£) € Cy if and only if # = 0 and x = y, or

, £ exp;, ! (x)
t =distg(x,y) #0 and = — .
& |§|gy dlStg(x’ y)

To prove (29) when ¢ = 0, we must show that

ig(0,x,x,8) ={(0.—||g,. x. €. x.6) [§ € T{M } =T 1=o. (30)

Since dx|x=y exp;1 (x) is the identity on 7)M ,

dx|x=y9(0,x,y,§) =&.



1716 YAIZA CANZANI AND BORIS HANIN

Next, using (28), we have
¢(09 X, ), S) = <_ CXP;I (y)? gyﬁxé)gx-

Therefore,

dy|y=x¢(0» X, ), %-) = _S’
which proves (30). To establish (29) when # # 0, we write

0P (1., 9.8) = ) g Moy lexpy (g, k=1....n.

i!j

Since dy distg (x, y) = —expy L(»)/ distg (x, y), evaluating (31) at

-1
Xp), -~ (x)
= 6l o
istg (x, )’
we obtain
&g, . .
dxp(t,x,y,8) = 5 dx[dlstg(x,y)z]: |€|g, dx distg (x, y) = —|&|g,

2distg(x, y)
Since G'(y, exp;1 (x)) = (x, —expy ! (»)), it remains to check that

1
—dy(t,x.p.§) = |§|gy#x(,y))

which we verify in normal coordinates at y. We have that
dz|z=y|$|z =0 and aZk|Z=y(esz_1(x))j = _Skj-
Thus,
azk |z=y¢(t’ X, 2z, E) = _Sk'

Evaluating at £ = |&| - x/|x|, we find that

B exp), ! (x)
_ y¢(t,x,y,§)—|§|'| | |E|gym

as desired.

We need one more lemma before constructing the amplitude A in Proposition 12.

distg (x, y)

€1y

(32)

Lemma 14. Let 8 : M x M — R be any smooth function such that B(x, x) = 1. The kernel of the identity
operator acting on functions relative to the Riemannian volume form ./|gy|dy admits the following

representation as an oscillatory integral:

wﬁ( y) e—i(expzl(}’)an)gx dT]

Q2m)n \/|gx|
= X(dlStg(x y)) )/ i(exp;l(x),é)gy dé .
V1gyl

8(x,y) =

Q)"

(33)
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Proof. Fix x € M and let f € C°°(M). Without loss of generality, assume that f is supported in an
open set U C B(x,inj(M, g)) that contains the point x. Set V = exp; ! (U) C R" and consider normal
coordinates at x:

h:V —=>U, h(z)=-exp,(z). (34)

The pairing of the right-hand side of (33) with f is then

(2]1),1 /R/ B x(121) £ (h(2)B(0, 2)y/|gnez) | d= dn = x(10) £ (h(0))/|gh0)|B(0,0) = f(x).

This proves (33). To explain why the two oscillatory integrals in the statement of the present lemma
define the same distribution, we will use the parallel transport operator (see (28)). We write (33) as

X(dlStg(); y))ﬂ( y)[ eXpyl(x) )}—>x77) d?’] . (35)
(2m) V1gx|
Let (y',..., ™) be any local coordinates near x. We note that, for every y, the collection of covectors
{gl/ 2 dy’ |y}”_1 is an orthonormal basis for T*M Hence, the Lebesgue measure on T*M in our
coordinates is |gy|1/2 dyl|, A+ Ady™|, and, since T, is an isometry,
i . |gy|1/2

This allows us to change variables in (35) to obtain the integral over Ty* M in the statement of the
lemma. O

3.2. Construction of the amplitude. To construct the amplitude A in Proposition 12, let us write U ()
for the wave operator acting on sections of the half-density bundle €2 1/2(M). Lemma 13 combined with
Theorem 3.4 in [Laptev et al. 1994] (or Proposition 25.1.5 in [Hormander 1985b]) shows that there exists
a polyhomogeneous symbol A4 of order 0 that is supported in a neighborhood of Cy for which

x(distg (x, )
(2m)" M

dy = [ detdy g¢| € QY2 (M) ® Q52 (M)

is a %—density in x and a (—%)—density in y. Since d§ behaves like a 1-density in y, U (t,x,y) isin
Q )lc/ 2(M ) ® Q2 Jl,/ 2(M ). The square root of the Riemannian volume form,

U, x,y)= PO Az, y,8) dy(t,x,y,£)dE  (mod C®), (36)

where

1/4 |g |1/4|dy|1/2691/2(M)
identifies L2 global sections I'($21/2(M)) with L2(M) via

LX(M) > T(@QV2(M)), fO0) e f()-g)/*
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Then, computing in normal coordinates at y, we have

1 1
1/4 _—1/4 __ —
de(t,x,y,6)8,' " g% _'|gx|1/4 _'()(x,y)l/z' (37)

In addition, since U(z, x, y) = U (1, x, y)g;1/4g;1/4, relation (37) gives

x (distg (xx, »)) P8 41, y,8) &
Qm)rO(x, W2 Jrpm Viesl

Write 4 ~ > j=0 A—j for the polyhomogeneous expansion of 4. Note that

Ut x,y)= (mod C*°). (38)

Ao(t,y,E) =1 forall t,

because the principal symbol U (r) is independent of ¢ and equals 1 at + = 0 [Laptev et al. 1994,
Theorem 4.1]. Next, since

_ x(distg(x, y))

l7(0,x,y) = dg

T £(0, p, &) dy(t, x, y, E) ———

(2m)" M Vigyl
is a kernel for the identity modulo C® and A (0, y, £) is uniquely determined by ¢ mod S~ (Theorem 3.4
in [Laptev et al. 1994]), it follows from Lemma 14 and (37), with 8(x, y) = O(x, y)_l/z, that
A_j(0,y,§)=0 forall j>1,

as desired.

4. Microlocalizing the identity operator at non-self-focal points

In this section we microlocalize the identity operator near a non-self-focal point xy. For every ¢ > 0
we make a microlocal decomposition of the identity, Id = B, 4+ C; near x(, where the operator B is
supported on the set of “bad” loopset directions and is built so that its support has measure smaller than ¢.
This construction follows closely that of Sogge and Zelditch [2002].

Lemma 15. There exists a constant y > 0 such that, for every € > 0, there is a neighborhood O¢ of x,
a function Y € C°(M) and real-valued operators B, Ce € WO(M) supported in O satisfying the
following properties:

(1) For every ¢, supp(¥s) C Og and ¥, = 1 on a neighborhood of x.
(2) For every ¢,
Bs+Ce = Y2 (39)
(3) U(t)C/ is a smoothing operator for %inj(M, g)<|t| < %
(4) Denote by by and cg the principal symbols of Be and Cyg respectively. Then, for all x € M , we have

1/ Ibo(x. &) +/ co(x. E)P dE <y (40)
|Elgy =<1 [Elgx <1

&

and both by and cg are constant in an open neighborhood of x.
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Proof. For every x, y € M and & € S} M, define the loopset function

E¥(x, p.6) =inf{t > 0| exp, (1§) = y}

with £*(x, y, &) = 400 if the infimum is taken over the empty set. Unlike the loopset function studied
in [Sogge and Zelditch 2002], we are interested in x # y (but with distg (x, y) < %inj (M, g)).

Fix a coordinate chart (kx,,Vx,) containing xo with kx, : Vx, C R” — M. We first note that the
function f : Vy, X Vx, x S"~! — R defined as f(x, y,&) = 1/£*(x, y,£) is upper semicontinuous and
so, by the proof of [Sogge and Zelditch 2002, Lemma 3.1], there exist a neighborhood N¢ C V', of xg
and an open set Q, C S”~! for which

LHx,p.E) > 1 in N x N x Q6 (41)
|Qe| <e. (42)

In addition, there exists a function g, € C*®°(S§"~1,[0, 1]) satisfying that o, = 1 on Q¢, 0¢(§) = 0(—£)
for all £ € S”~! and | supp(os)| < 2¢. In particular,

1
P*(x,,€) > o on Ne x Ne x supp(1 — 0¢).

As in [Sogge and Zelditch 2002], we choose a real-valued function 1/}3 € C°(R™) with supp(1/~/8) C Ng
that is equal to 1 in a neighborhood of K;Ol (x0). Define symbols on R*” by

. . ; i N ;

be(x. y.§) = ws(x)ws(y)ge(m and  Ce(x, p,8) = Ye(x)¥e(¥)| 1 —0e )
and consider their respective quantizations Op(l;g), Op(Gs) € WO(R™). Properties (1) and (2) follow from
setting

B = (/c;ol)* Op(l;g), C,:= (K;Ol)* Op(¢¢)
and

Og = Kkxy(Ne),  Ye:i= (K;Ol)*‘/;e-

Note that if, for some time, %inj(M, g)<t< % we have exp, (t£/|&]) = p for some x, y € M
and £ € TYM, then £*(x, y, £/|€]) < %, and the latter implies ¢, (x, y, &) = 0. Therefore, we see that, if
we write ¢g for the symbol of Cg, then

ce(x.3.6)=0 if  (t,x,y;r.Em el with Jinj(M,g) <r <1
where I is the canonical relation underlying U(¢) (see (23)). Thus, the kernel of U(¢)C/ is a smooth
function for %inj M,g) <t < % and for (x, y) in Oz x O, which is precisely statement (3). For all
x € N¢, we have that the principal symbols by and cq satisfy the inequality (40), since |supp o.| < 2.
Also, since b, and ¢, are real valued and invariant under & — —&, we have that B, and C; are real valued
as well. O
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Remark 16. By construction, the subprincipal symbols of B, and C; (acting on half-densities) are zero in
aneighborhood of x¢. Indeed, the principal symbols are constant as functions of x in a neighborhood of x
and, in the coordinates k, used in Lemma 15, the total symbols of B, and C are homogeneous functions
of order zero. Thus, in any coordinates, the parts of order —1 of the polyhomogeneous expansions of the
total symbols of B; and C, vanish in a neighborhood of xy.

Remark 17. We record precise asymptotics for the on-diagonal behavior of QEQ*(x, x, u) for all
x €0 and Q € {Id, B, C¢}. Write ¢ for the principal symbol of Q. Using that the subprincipal symbols
of both Q and Q Q* (acting on half-densities) vanish identically in a neighborhood O of Xo, Lemmas 3.2
and 3.3 in [Sogge and Zelditch 2002] show that there exist constants ¢, ¢, > 0 such that, for all x € 68,

* _ 1 2
QEQ™(x,x,A) = ) /IE Alqo(x,é)I d&+ Ro(x,x,A)

|gx<
with
|Ro(x,x,A)| < ceA ! 4 A" 72 (43)

for all A > 1. We note that a similar result is obtained in [Safarov and Vassiliev 1997, Theorem 1.8.7],
with the difference that the latter is proved for points x that are nonfocal.

5. Smoothed projector: proof of Proposition 10

Proposition 18 below is our main technical estimate on Ej (x, ). We use it to prove Propositions 10
and 11 in Sections 5 and 6, respectively.

Proposition 18. Let (M, g) be a compact, smooth, Riemannian manifold of dimension n > 2 with no
boundary. Let ¢ > 0 and Q € {Id, B, C.} for Bs and C,, as introduced in Lemma 15. Let qo be the
principal symbol of Q. Then, for all x, y € Oy with distg(x, y) < %inj(M, g)and all u > 1, we have

Au(p* EQ*)(x,y. 1)
n—1

_ Iad |:/ i{exp; 1 (x),w) do
= [
Qm)"O(x, M2 Jsrm gyl

+/SW 05 b O (1, 0) 12 ]+W(x,y,u). (44)

gy
Here, dw is the Euclldean surface measure on S M and the function © is as defined in (24). The function
DQ belongs to S~ and there exists C > 0 such that, for every € > 0,

DE(y,6)+ D (3, 6) =0 forall y €0, 45)
oiexpy 1 (0),0) ¢y €
sup / »D* (y, w) <Ce. (46)
x,y€0:1J S M ! v|gy|

In addition, W is a smooth function in (x, y) for which there exists C > 0 such that, for all u > 0,

sup (W (x,y, w)] < C(u" 2 distg (x, ) + (1 + )" ). (47)
diStg (Xry)S% ln](Msg)
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Proof. Let x, y € M with distg(x, y) < %inj(M, g). Note that

+oo |
o EQ) .y =5 [ EMOU0Q" ) dr 48)

—0o0

We start by rewriting U(¢) Q*(x, y) using the parametrix (25) for U(z). We have

U(Z)Q*(x,y) — X(dg(xs )’))1 : [ ei(eXp;l(x)’E)gy_ﬂE'gyDQ([,y,s) dg (49)
Q)"0 (x, »)1/2 Jrrm 2]

for some D€ € SO with polyhomogeneous expansion DZ ~ > >0 D_Qj. We claim that

D0, y.£) =qo(».%) (50)
and that, for all ¢ > 0,
DE(0,y.8) + D[ (0. y.£) =0, (51)
sup / e e 0l p2 (0, 1. £) 0 | < Cs, (52)
x,y€0:|J S M V |gy|

where C is a constant independent of ¢. Indeed, let U () Q* denote the operator U(1) Q* when regarded
as acting on half-densities and note that, by the same computations that deduce (38) from (36), we have

X(dg(x, y))

i(exp;l(x)s$>g_1;_t|$|gy DQ t d t d .
o Jreu© (t,,8) dy(t, x, p.§) d§

Ut)0*(x,y) =

Since the principal symbols of both U and Q are independent of ¢, and U (0) = Id, we know

DE(t,y.8) = q0(1.§).

Moreover, note that DE‘I (0, y,£) = 0 by Proposition 12 and that D' is uniquely determined modulo S~
by the phase function ¢ (see [Laptev et al. 1994]). This proves (51), since on O, we have Id = B, + C;.
Finally, by the construction of B, we see that the size of the support of Df‘f (0, y, &) is smaller than a
constant times €. This proves (52) for Q = B; and hence for Q = C, since fo = —Dfi.

Combining (48) and (49) and changing coordinates & — urw, where (r, ) € [0, +00) x Sy* M, we
obtain up to an O(u~°) error that

O(x, »)/?- 8, (0 EQ*)(x, y, 1)

n o0 X . _
= / / ﬁ(r)ew—’)x(r)r"—l( / e’“”expy1<x>’w>gyDQ(z,y,mw>dw) drdt, (53)
(2m) R Jo SEM

Y

where x € C2°(R) is a cut-off function that is identically 1 near r = 1 and vanishes for r ¢ [% %] Indeed,
on the support of 1 — ¥, the operator L = (1/ip(1 —r)) d; is well defined, preserves e’*(1=7) "and its
adjoint L* satisfies that, for all k € ZT,

L (0 pomp [ o o0 D2 oy )| = 1410y
¥y
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for some c; > 0. Define
SOt 7.8 = q0(».8) + D2 (1. 7.8)

to be the two leading terms of D2. Since D€ —S< € S72, up to a O("~3) error we have
O(x, »)'?-du(px EQ")(x. y. 1)

n o0 . . _
_ Mn+1 / / ﬁ(l)el“t(l_r)x(r)r"_l (/ otHr (expy, Lx),0)gy SQ(I, ¥, V/La))da)) drdt. (54)
(27) R Jo SEM

i
According to [Sogge 1993, Theorem 1.2.1], there exist smooth functions a4, b1 € C*°(M x R") such
that, for all (y,n) € M x T M,

. d )
/S*Mel("’w)”"’SQ(t,y,Ww) |: | =Y e @y +r' ™ betym) (59
y y +
and
0%ax (v, )| < Ca(l + [n]g,) = D/27led, (56)
1800%b4 (¢, y. )| < Co p(1 + 1], )"~ D/ 2l (57)

for all multi-indices & > 0 and B > 0 and for some Cy, C, g > 0 independent of 7, y and 1. Hence,
(54) equals

w" © .
—(27r)"+1 Z /R/O emWi(t,r,x,y)gi(t, rx,y,udrdt, (58)
+

where ¥4 (t,7,x,y) =t(1 —r) £rdistg(x, y) and

ge(t.rx,y. p) = r" U p(0) (ax(y rexp, (X)) + 17 T b (1, y rexp, ' (x))). (59)

@Qm)"

Note that the critical points of {1 are (tci, rci) = (£ distg(x, ), 1) and that

det(Hess wi(tci, rci,x, y)=1.
Hence, we apply the method of stationary phase to get that (58) is

T e RS N N g (1 rE x o) — i T 0,0, (1 1L XL Y. )
+
+0(u"?  sup sup 0908 g (t.r.x,y. 10)]). (60)
(t,r)esupp(g4) a+B=<7

We take 7 derivatives in the last term, since, in stationary phase with a quadratic phase over R, the
remainder after the first N terms is bounded by k + 1 + 2N derivatives of the amplitude. Note that
d:p(t) = 0 for t = +distg (x, y). Hence, since a+ are independent of ¢, we have

in1 0,0, g2 (" rE X,y ) = O(u™?). (61)
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Moreover, by (56) and (57), the derivatives of g in ¢ and r are uniformly bounded. Hence,

n—1

I
@m)"

dw

[ o0y @)y (g4 (v, ) + ' D2, (distg (x, ), y, @) +ou"3). (62
SEM

|gy|

Taylor-expanding D_Q1 (distg(x, ), y, ) = D_Q1 (0, y,w) + O(distg (x, y)) and recalling (51) and (52)
completes the proof. O

Proof of Proposition 10. Proposition 10 follows by integrating (44) with respect to p from 0 to A applied
to Q = Id. We have

o ey ()00, 4 ’
p*E(x,y,A) = ([ etHiexpy LX) Wley )du+/ W(x,y, w)dp. (63)
0o 2m)"O(x, y)1/2 SEM V1gyl 0

Changing coordinates to £ = pw, we find

n A
p* E(x,y. 1) = (2n)n®k(x’y)1/2 /|5|gy<1 oMy () )y \/% +/0 W(x,p, ) dp. — (64)
Note that
O(x, )~ Y2 =14 O(distg (x. y)?)
and

—1
_ Oy () o ke 08y — pikexpy ! (.60ey
i\ distg(x, y)?

Therefore, we may integrate by parts once in (64) to obtain

n ) 1 dg A
% E(x, p, L) = / et Mexpy T (xX).E)gy 75 +/ W(x,y, ) dup
@m)" Jiglg, <1 Vigyl Jo
+ O(distg(x, y))\‘n—l / ei)»(exp;l()(),w)gy dCO)
|$|gy:1
Since

sup
distg (x,y)<inj(M,g)

distg (x. ») oMoy 1 ().0)e,y da)‘ =o(1)
£y =1

as A — oo, we find that

n

p*x E(x,y,A) = an)

L d A
/ oiMexp; L(x),6) gy _é + / Wi(x,y, ) du + O(Xn_l).
|&]gy <1 0

Viey

By (47), we have

sup
x,y€B(x0,inj(M,g)/2)

A
/ W(x, p, ) du| < cdistg (x, p)A" 1 + CA" 2
0

for some ¢, C > 0 as claimed. O
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6. Smooth vs. rough projector: proof of Proposition 11

Let xo € M be a non-self-focal point and fix ¢ > 0. The proof of Proposition 11 amounts to showing
that there exists ¢ > 0 such that, for all ¢ > 0, there is an open neighborhood AU, of x( and a positive
constant ¢, with

sup |Ej(x,y)—p* Ey(x, y)| < cel™ 1 4 A2 (65)
X,YEMUg

for all A > 1. It is at this point that the assumption that x( is a non-self-focal point is needed. In
Section 4 we construct a partition of the identity operator localized to xo. We use this partition to
split | Ej (x, y) — p* Ej (x, y)| into different pieces, each of which we shall control using two types
of Tauberian theorems, described in Section 6.1. We conclude this section by presenting the proof of
Proposition 11 in Section 6.2.

To ease the notation, we will write

E(x,y.A) = Ep(x, ).
To prove (65), we use the operators B, and C, and the function ¥, constructed in Lemma 15. We set
we(x,y, 1) == ECS(x,y. 1) + 5(E(x,x,1) + C.ECF (., y. ), (66)
Be(x.p, 1) = px ECF(x,y.A) + 2(E(x,x,A) + C.ECF (1. p, 1)), (67)
where x and y are any two points in M . Note that
s (x. p. A) = Be(x, ¥, M| = [ECS (x, . 1) — p* ECT (x, y, M.

In addition, observe that

ac(x, 3, 4) =5 Y [0i(x) + (Ceg)) 0]
)»j <A

and so ag(x, y, A) is an increasing function of A for any fixed x and y. We also set
ge(x,y,A) == EB}(x,y,A)—p*x EB}(x,y,}). (68)

Since B; + C; = %z and ¥ = 1 in a neighborhood of x, relation (65) would hold if we proved that
there exist positive constants ¢ and ¢, with ¢ independent of ¢, and a neighborhood AU, of xg, such that,
forall A > 1,

sup Jotg(xx, v, &) — Be(x, v, A)| < cel 1 4 A2, (69)
X,Y€ENUe
sup |ge(x. », )| < e+ A2 (70)
X,YE€NUe

6.1. Tauberian theorems. To control |ag(x, y,A) — Be(x, y,A)| and |g-(x, y, A)| we use two different
Tauberian-type theorems. To state the first one, fix a positive function ¢ € ¥(R) such that supp¢p < (—1, 1)
and ¢(0) = 1. We have written f for the Fourier transform of f. Define, for each a > 0,

Pa(R) := écé(%) (71)
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so that ¢?a(l) = ¢A>(al).
Lemma 19 (Tauberian theorem for monotone functions). Let o be an increasing temperate function with

a(0) = 0 and let B be a function of locally bounded variation with B(0) = 0. Suppose further that there
exist My > 0, a > 0 and a constant c, such that:

(a) There exists m € N such that

u+a
/ (Bl < aMo(1 + i)™ + calul™™2 forall 1= 0.
n—a

(b) There exist k € Z\ {—1} withk <m —1, and My > 0, such that

[(doe —dPB) * pa ()| = Ma(l + | forall p=0.

Then there exists ¢ > 0 depending only on ¢ such that
() = B < (@Ml ™" + cal ™2 + Ma(1+ | 1) (72)
forall p > 0.
Proof. The proof is identical to argument for Lemma 17.5.6 in [Hormander 1985a]. O
We will also need the following result:

Lemma 20 (Tauberian theorem for nonmonotone functions [Hormander 1968]). Let g be a piecewise
continuous function such that there exists a > 0 with g(t) = 0 for |t| < a. Suppose further that, for all
U € R, there exist constants m € N and cy, ¢ > 0 such that

lg(u+5) =g < cr(L+ )™ + 21 + )™ forall s €]0,1]. (73)
Then there exists a positive constant ¢ q, depending only on m and a, such that, for all i,
12(0] = emaler(L+ )™ + e+ u))™ 7).
6.2. Proof of Proposition 11. As explained above, the proof of Proposition 11 reduces to establishing
relations (69) and (70).

Proof of (69). We seek to apply Lemma 19 to o and B,. Let a = ¢, m = n and k = —2. We first verify
condition (a). From Remark 17, it follows that there exist an open neighborhood U, of x( and constants
1, ¢e > 0 such that, for all x, y € U, and all A > 1,

Ate
A (100 EGeox, )]+ 10(CECH o)) dv = 3 (g (00 + (Coy ()2
—& [Aj—A|<e

<Ml 4 A2, (74)

Combining (74) with the estimate in Proposition 18 applied to Q = C,, we see that there exist positive
constants M and ¢, for which

Ate
sup / 10, B (x, y, V)| dv < MoeA™™ ! 4 ¢, A" 2
A

X,YE€ENUg —&
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for all A > 1. Tt remains to verify condition (b). Note that

O (@e(x, ,) = Be(x, 7,)) % P (W) = F, L, (1= pO) e (VU @) CF)(x, ) (R),
where ¥ is the Fourier transform and ¢, is defined in (71). According to Lemma 15, U(¢)C/} is a
smoothing operator for %inj(M ,8) <t < % Hence, since
supp ¢ C {t:]t] < %} and supp(1—p) C {t:[t] > %inj(M, 9}

we find that, for each N, there are constants ¢y ¢ depending on N and ¢ that satisfy

SUPM}ax(aa(x, yo )= Be(x.3.) xpeM)| < ene(1+ ANV
X,y€

for all A > 0. O

Proof of (70). We seek to apply Lemma 20 to g.. First, note that, since
ge(x,y,A) = EB}(x,y,A)—p* EB}(x,y,)),

the function g.(x, y,-) is piecewise continuous in the A variable. Next, we check that g.(¢) =0 in a
neighborhood of # = 0. We have

0.ge(x, y, 1) = FL, (1= p@)(U@) BY)(x, ) (V).
Since p=1 on (—% inj(M, g), %inj(M, g)), we have F; _,, (03 2:(x, y,-))(t) = 0 for |¢| < L inj(M, g).
Equivalently,
£ Frsr(gelx. . N0 =0, 1] < 7inj(M, g).
In addition, we must have %) _,,(g:(x, »,-))(0) = 0, for otherwise g.(x, y,-) would include a sum of

derivatives of delta functions but this is not possible, since g.(x, y, -) is piecewise continuous. It follows
that

Froe(ge(x, ¥, )(@) =0, 1] < 3inj(M, g),
as desired. It therefore remains to check that g, satisfies (73). Let s € [0, 1], A € R and write

gs(x»y,)&‘f‘s)_ga(X,y,)\)
=EB}(x,y,A+s)—EB}(x,y,A)+p*x EBY(x,y,A+s)—px EB}(x,y,A). (75)

To estimate EB}(x, y, A +s)— EB}(x, y, 1) we apply the Cauchy—Schwarz inequality:

EB}(x,y,A+5)—EBX(x,y,0) = Y 9j(x)Begj(y)
A=Aj<A+s
5( > (wj(X))z)Z( > (Bs‘PJ(J/))Z)Z'

A=A <A+s A< <A+s
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Applying Remark 17 to Q =1Id and Q = Bg, there exist an open neighborhood AU, of xo and constants
¢, ¢g > 0 such that

|[EB}(x,y,A+s)—EB}(x,y,A)| < cel e A2 (76)

forall A > 1,5 €[0,1] and x, y € U,. The ¢ factor is due to the fact that ||bg||; < e.
To estimate p*x EB} (x, y,A+5)—p* EB}(x, y,A) we apply Proposition 18 to the operator Q = B;.
Since there exists ¢ > 0 with

1050 % EBX(x, p, M) <&(|bol|1 A" +A"72) forall A>1
and ||bg |1 < &, we get (after possibly enlarging ¢ and ¢;) that
lp* EBX(x,y,A+5)—p* EBX(x,p,1)| <ced™ ! 4+ ¢ A""% forall A> 1. (77)
Combining (76) and (77) into (75), we conclude the existence of positive constants ¢ and ¢, such that
ge(x, v, A +5) — ge(x, p, M) < ceA™ 1 ¢ A""2 forall A > 1

and s € [0, 1], as desired. Applying Lemma 20 with m = n and a = %inj(M , g) proves (70). |

7. Proof of Theorems 6-9

Proof of Theorem 6. Suppose that (M, g) is a smooth, compact, Riemannian manifold with no boundary.
Let K € M x M be a compact set satisfying that any pair of points in it are mutually nonfocal. We aim
to show that there exists ¢ > 0 such that, for every ¢ > 0, there are constants A, > 0 and ¢, > 0 such that

sup | R(x, y,A)| < ceA™ 1 4 A2
(x,y)eK

for all A > A,. Fix ¢ > 0 and write A € M x M for the diagonal. Define

K=KnNA.
By (16), there exists A > 0, a finite collection {x; : j = 1,..., N} and open neighborhoods ay’ of Xj
such that
K c| g’ xauy’
J

and

sup  |R(x, y, A)| < ceA™ 1 4 c A2 (78)

x,yeoujj

for all A > Ag. Define
K=K\ Jug’ <z’
J
Safarov [1988, Theorem 3.3] proved under the mutually nonfocal assumption that

sup | R(x, p, )| = 0,(A"71). (79)
(Xa.)/)eKs
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Combining (78) and (79) completes the proof. o

Proof of Theorem 8. The injectivity of the maps W(; 411: M — R™* for A large enough is implied by
the existence of positive constants ¢y, ¢, ro and A, such that, if A > A,,, then

inf dist} (x, p) > ¢ %0
X,y:)\.disltg(x,y)zro ! A( ) 1 (80)

and
dist? (x, )

inf —_r -
x,y:Adistg (x,y)<rg A2 distg (x, ¥)?

We first prove (80). By Theorem 6, for all x, y € M,

dist? (x, p) = f(Adistg(x, ¥)) + R(x, ¥, 1), (82)

> (. (81)

where supy e |§(x, y,A)|=o0(1)and f :]0,+00) — R is the function

f(r):= / (1—e'") dw.
Sn—1
Observe that f(r) > 0, with f(r) = 0 only if r = 0. Moreover,
f) =0 +0G~ " V2 asr 500 and  f(r)=r%f(r) (83)

for some smooth and positive function f , where o, is the volume of S”~!. According to the first relation
in (83), we may choose ry > 0 so that

Adistg(x,y) =19 = |f(Adistg(x,y)) —on| < %O’n. (84)
Moreover, by Theorem 6 we may choose A, so that, if A > A,,, then

sup |§(x,y,k)| < %an. (85)
X, yeEM

Combining (82) , (84) and (85), we find that, for all A > A,, and all x, y € M with A distg (x, y) > ro,
disti (x,y) > %O’n,

as desired. To verify (81), write, as above,

2n)"

diSt)% (X, y) = W

(Egar11(x. X))+ Eq a0, ¥) —2E@ a+11(x, 1))

and note that the first derivatives of disti (x, y) in x and y all vanish when x = y. Moreover, by [Zelditch
2009, Proposition 2.3], we have that the Hessian of E(j ;4 1) may be written as

dx ®dy|x=yE(k,k+l](xv y) = Cn)\n—ng +0(}‘n+1),

where g, is the metric g on Tx M, and Equation (1.2) in [Potash 2014] shows that
 nQuo)r

Cn
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Therefore, applying Taylor’s theorem, there exists Cy > 0 for which

disti (x,y) On

(s y) < Cy- M distg (x, ). (86)
A2 distz,(x,y) 2n ° gt )

The extra factor of A on the right-hand side of (86) comes from the fact that
lS}lp |0%x=y Eqp+11(x, »)| = O(myA?),
o|=3
which is proved, for example, in [Xu 2006, Equation (2.7)]. Equation (86) shows that

disti(x,y) _ On

inf —_ > > 0.
Adistg (x,¥) <0, /(4nCo) )»zdé% (x, y) 2n

If rog < 0,/(4nCy), then the claim (81) follows. Otherwise, it remains to show that there exists ¢, > 0
with
disti (x,»)

inf —_ > 87
an/(4nC0)§l)Lndistg(x,y)<r0 szé(x, y) “ 87)

for all A sufficiently large. Theorem 6 shows that, after possibly enlarging A,,, we have

2
sup |R(x,y, )| < (J—”CO) inf £ (r)

x,yEM r<ro

for all A > A,,. Then the second relation in (83) combined with (82) yields that, for all A > A,

2
. . On . ~
inf dist? xX,y)=>— inf f(r)>0.
01 /(4nCo) <A distg (x,y)<rg }”( y) (4nC0) r<ro f( )
This completes the proof of (81). O

Proof of Theorem 9. By (13) and Theorem 6 we have that

sup
x,yeM

dist; (x, y) —/ (1 — et diste(x. 7)oy da)' =o(1)
Sn—1

as A — o0o. Combining this with

1 a o
1— iAdistg (x,¥)w1 dow = “n 0 )\2 di t2 ,
A2 distg (x, y)? Sn—l( ¢ )dw 2n T 007 diste (x. 7))
and (86) completes the proof. O
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