msp






ANALYSIS AND PDE
Vol. 8, No. 7, 2015

dx.doi.org/10.2140/apde.2015.8.1757

BLOW-UP ANALYSIS OF A NONLOCAL LIOUVILLE-TYPE EQUATION
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We establish an equivalence between the Nirenberg problem on the circle and the boundary of holomorphic
immersions of the disk into the plane. More precisely we study the nonlocal Liouville-type equation

(—A)u=ke—1 in S', )

where (—A)% stands for the fractional Laplacian and « is a bounded function. The equation (1) can
actually be interpreted as the prescribed curvature equation for a curve in conformal parametrization.
Thanks to this geometric interpretation we perform a subtle blow-up and quantization analysis of (1). We
also show a relation between (1) and the analogous equation in R,

(—A)Iu=Ke' in R ®)
with K bounded on R.
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1. Introduction

A famous problem posed by Louis Nirenberg is the question of for which positive functions K on the
standard sphere (S”, gs») there exists a function # on S” such that the scalar curvature (Gauss curvature
in dimension n = 2) of the conformal metric g = e?*gg» is equal to K. This problem, prescribing the
scalar curvature within a conformal class of manifolds, has stimulated a lot of works in geometry and
analysis. In dimension n = 2 it consists in solving the so-called Liouville equation. More precisely, if
(2, go) is a smooth, closed Riemann surface with Gauss curvature K, an easy computation shows that a
function K (x) is the Gauss curvature for some metric g = e go conformally equivalent to the metric go
with u : ¥ — R if and only if there exists a solution u = u(x) of

—Agyu =Ke* — K, on X, (3)
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where A, is the Laplace—Beltrami operator on (X, go) (see, e.g., [Chang 2005] for more details).
In particular, when ¥ = R? or ¥ = §2, (3) reads, respectively,

—Au=Ke* on R? (4)
and
—Agu=Ke*—1 on §% (5)

Singular Liouville equations of the form
m
—Agut=Ke™ — Kgy—2m Y 8, on % (6)
i=1

have a role in fluid dynamics —see [Tur and Yanovsky 2004] — as well as in the study of electroweak
theory or abelian Chern—Simons vortices; see, e.g., [Tarantello 2008]. For the latter cases, singular points
represent zeroes of the scalar wave function involved in the model.

Equations (4), (5) and also (6) have been largely studied in the literature. Here we would like to recall
the famous blow-up result of Brezis and Merle [1991] concerning (4):

Theorem 1.1 [Brezis and Merle 1991, Theorem 3]. Assume that (uy) C L' (), Q an open subset
of R?, is a sequence of solutions to (4) satisfying Ky > 0, |[Kllz» < Ci, and le“ ||, » < Ca for
some 1 < p < oo. Then, up to subsequences, one of the following alternatives holds: either (uy) is
bounded in L°

loc
(blow-up) set B ={ay, ...,ayn} C Q2 such that uy(x) — —o00 on compact subsets of 2\ B. In addition, in

this last case, Kye™* converges in the sense of measure on S to ZlN:1 @84, With a; > 21/ p’.

(2), or uy(x) — —oo uniformly on compact subsets of 2, or there is a finite nonempty

The purpose of this work is to investigate an analogous prescribed curvature problem in dimension 1.
Even if this is a classical problem, it has never been studied so far (to our knowledge) from the point of
view of conformal geometry. In the case, for instance, of a planar Jordan curve (namely, a continuous
closed and simple curve) there is the possibility to parametrize it through the trace of the Riemann
mapping between the disk D? and the simply connected domain enclosed by the curve. The equation
corresponding to such a parametrization is

(—A)2r=ke*—1 in S, (7)

where e*df and ke’ df are the length form and the curvature density, respectively, of the curve in this
parametrization. The definition and relevant properties of the operator ( —A)% will be given in Appendix A.
One of the main results of this paper is the one-to-one correspondence between the solutions to the
Nirenberg problem (7) in S! and the space of holomorphic immersions of the disk D? (see Theorem 1.4
below). This correspondence can be seen as a sort of generalized Riemann mapping theorem.
This permits us to perform a complete blow-up analysis of (7) in the spirit of Theorem 1.1, even if we
do not get exactly the same dichotomy. More precisely, our first main result is the following theorem:

Theorem 1.2. Let (A\;) C L'(S', R) be a sequence with

Ly =My <L (8)
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satisfying
(—A) 2 =kpe™ —1 in S, 9)
where k; € L®(S!, R) satisfies

ikl poocsty < k. (10)

Then up to subsequence we have ke — p weakly in WIL’CP (S'\ B) for every p < oo, where 1 is a
Radon measure, B = {ay, ..., ay} is a (possibly empty) subset of S' and ky *> ko in L®(S). Set
M= (1/2m) /. g1 Ak dB. Then one of the following alternatives holds:

(i) Ay > —oo0ask — 0o, N =1and p = 27 8,,. In this case,

V= A — Ak = Voo in WEP(ST\ {ar)) for every p < oo,

where voo(e'?) = — log(2(1 —cos(f — 91))) fora; = et solving
(—A) 0o = —1 +278,, in S (11)
(i) Ay > —oc0ask — 0o, N =2 and u = 7 (84, + 84,)- In this case,

V= A — Ak — oo in WP (ST {a1, a2)) for every p < oo,

where
Voo (e'?) = =1 log(2(1 — cos( — 61))) — 2 log(2(1 —cos(6 — 6,))), ay =€, ap =€,

solves
1
(=A) 2o = —1 + 78, + 784, in S (12)

(i) |r| < C and p = koo™ + 1 (84, + - - -+ 84y) for some hoo € WI};C”(Sl \ B), with Ao, €~ € L'(S1)
and

N
(—A)2hoo = koo™ — 1+ 784, in S'. (13)

i=1
We would like to stress that we obtain a quantization-type result, namely the curvature concentrating at
each blow-up point is precisely 7, without any assumption on the sign of the curvature (this hypothesis is
crucial in [Brezis and Merle 1991]) and on the convergence of the «. Actually, several works on equations
(4) and (5) have extended the result of Brezis and Merle, showing that, under the crucial assumption
that the prescribed curvatures K; converge in C, the amount of curvature concentrating at each point is
a multiple of 47, i.e., a multiple of the total Gaussian curvature of S?; see, e.g., [Li and Shafrir 1994].
(Also, higher-dimensional extensions were studied under the same strong assumptions of convergence
of Ki in CY or even C!; see, e.g., [Druet and Robert 2006; Malchiodi 2006; Martinazzi 2009b].) In
[Brezis and Merle 1991] the functions K can belong to L?(R), with 1 < p < +o00. We believe that in
the case of the nonlocal Liouville equation (7) the quantization result by 7 does not hold once we replace

k€ L®byk € L? with 1 < p < 4o00.

The fact that we are able to get a quantization result only under the minimal (and geometrically mean-
ingful) bounds (8) and (10) is better understood through the above-mentioned one-to-one correspondence
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between the solutions to (7) and the space of holomorphic immersions of the disk D?. Precisely, given a
solution A to (7) with k € L>(S"), the function e* provides a “conformal” parametrization of a closed
curve y : S' — C in normal parametrization whose curvature at the point y (z) is exactly « (z).

Definition 1.3. A function ® € C'(D?, C) is called a holomorphic immersion if ® is holomorphic in D?
and ®'(z) := 3. (z) # O for every z € D?.

A curve y € C'(S!, ©) is said to be in normal parametrization if |y | is constant, and is in conformal
parametrization if there exists a holomorphic immersion ® € C!'(D?, C) with ®|g = y.

Then we have the following characterization:

Theorem 1.4. A function . € L'(S', C) with L := ||eA||L1(51) < 00 satisfies
(—A)2r=ke*—1 in §! (14)

for some function k : S' — R, k € L>®(S"), if and only if there exists a closed curve y € W>>°(S!, C)
with |y| = L/(2x), a holomorphic immersion ® : D*> — C and a diffeomorphism o : S' — S' such that,
forallz € S', we have ® oo (z) = y(2),

|/ (2)] = @ (15)

and the curvature of ®(S') is k. While ® uniquely determines X via (15), A determines ® up to a rotation
and a translation. Moreover,

|®'(2)] =™, zeD? (16)
where & : D*> — R is the harmonic extension of A.

Figures 1, 2 and 5 provide some examples of curves satisfying the assumptions of Theorem 1.4.
Theorem 1.4 allows us to interpret and reformulate Theorem 1.2 from the point of view of the behavior

conformal
Dy

Jordan curve

Yk
normal
S 1

an

éx R diffeomorphism

S T——
Ok

Figure 1. A domain bounded by a Jordan curve y; and biholomorphic to the unit disk D>
via a map ®; : D?> — C.
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conformal Ve
Dy normal parametrization

Sl

Figure 2. The curve y; can have self-intersections. In this case, ®; : D> — C is a
holomorphic immersion but it is not injective.

conformal Voo
Do normal parametrization

©.

Figure 3. As k — oo the curves y; can generate a pinching phenomenon. In this case,
®; can converge to a constant or, as in this figure, to a holomorphic immersion @

Sl

(singular at finitely many points of d D?) whose image “selects” one of the “components”
bounded by Y.

of the sequences of the curves y; (in normal parametrization) and of the immersions ®; corresponding to
a sequence of solutions to (9); see Figures 3 and 4.

Theorem 1.5. Let a sequence () C LY(S', R) satisfy (8)—(10), let Oy : D?* > Cbhea holomorphic
immersion satisfying (15), and let oy and y, with y, = ®y o oy be as given by Theorem 1.4. Then,
up to extracting a subsequence, there exists an at most countable family J such that for every j € J
there exist a sequence of Mobius transformations fkj : D?> — D? and a finite set of finitely many points
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fe 1 Voo ..
. con orjma normal parametrization
CDOC = llmkﬁ)+oo CDk (@) fk
Sl

Figure 4. Composing ®; as in Figure 3 with suitable Mobius transformations, one can
have &, cover a different “component” bounded by Y. In this figure one can choose
among 4 different components, or choose @, to be constant.

B; = {a{, . .a,];,j} C S! such that

Ve —= Voo in WEP(SY)  and  ®]:=dpofl = &L in WP (D*\ B)),

loc

where p < 00, the &3&, :D?\ B; — C are holomorphic immersions satisfying

(Voo)[S'1=D (DL ).[S"\ B;1,

jelJ

where, for any ¢ : S' — C and differential form w on C,
@is o= [ oo,
s

If)»,i = 10g|(&)£)/lsl | then, up to a subsequence, )»,{ — Aéo in Wl"n(Sl \ Bj), where

loc

J
i

. Nj
(—8) M, = ke —1- 75,
i=1

and/ckofkji\/cgo in L*(S', R) as k — +oo.

(7)

(13)

Theorem 1.5 says that it is always possible, up to the action of sequences of Mobius transformations,

to recover all the connected components enclosed by the limiting curve y., (see in particular (17)). We

will also see that these components are separated by what we call pinched points (see Definition 3.7),

namely (roughly speaking) a pair of points p # p’ € S! such that yso(p) = Yoo (p’). The angle between the

tangent vectors in these pairs of points is shown to necessarily be . This also explains the coefficient

in front of each §,, in (18).
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It would be interesting to compare Theorems 1.2 and 1.5 to the blow-up analysis obtained recently by
Mondino and Riviere [2014] in the case of sequences of weak conformal immersions from $2 into R™;
they study the possible limit of the Liouville equation

~Agu=Ke* —1 on §° (19)

satisfied by the conformal factor of the immersion ® (g¢ = e go) under the assumption that the
second fundamental form is bounded in L?. Also in their case, a sort of bubbling phenomenon occurs
and the choice of different sequences of Mdbius transformations of S permits them to detect all the
limiting enclosed currents. However, the 2-dimensional blow-up analysis differs substantially from the
1-dimensional case: in the 2-dimensional case the area is quantized, namely there is no production of
area in the neck region between the different bubbles, whereas in the 1-dimensional case the quantization
of the length does not hold. Precisely, Mondino and Riviere [2014] show that

%" dy = liminf | ** dv,
s2 k—+o00 S2

whereas in the present situation one can produce examples such that

Z /ekwd9<1iminf/ M do.
,J st k—>+o00 Jg1

“bubbles’

“bubbles”

We insist on the fact that “conformal” parametrizations of planar curves are relevant in different
applications. For instance, they should be one of the main tools of the Willmore plateau problem, of
the analysis of the renormalizing area of surfaces in the hyperbolic space % and of the free boundaries
problem. In particular, for the latter, Da Lio [2015] has observed that there is a one-to-one correspondence
between free boundaries and %—harmonic maps and here we show that the holomorphic immersion ¢ for
which e*® =13¢/30(z)|, z € S, is a 5-harmonic map into ¢ (S").

In forthcoming work, we are going to investigate the topological and differential structure of the
subspace of C Leghy x ¢%«(S') made of solutions (u, ) of the Nirenberg problem in § ! (the Nirenberg
moduli space). The present work should be interpreted as an attempt to describe the “boundary of the
Nirenberg moduli space”. We mention that a nonlocal version of the Nirenberg problem in dimension n > 2
has recently been studied in [Jin et al. 2014; 2015a].

We finally prove a link between (7) and the analogous nonlocal equation in R. Precisely, if u € L 1 (R)
(see (130)), ¢* € L'(R) and u satisfies

(=AY u=Ke" in R (20)

for some K € L™ (R), then A(z) := u(T1(z)) —log(1 +sin z) (where IT: S'\ {—i} — R is the stereographic
projection) satisfies

(—A)2A =K oTle* — 14+ Q2x — [(—=A)2ul1)6_; in S Q1)

Owing to this correspondence from Theorem 1.2, we can deduce the following compactness result in R:
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Theorem 1.6. Let u; € L1 (R) be a sequence of solutions to
2
1 .
(=A)2up = Kpe™ in R

with | Kyl L~ < C and ||e"*|| ;1 < C. Then, up to subsequence, we have Kye"* — 1 weakly in WIL’CP(R\ B)
for every p < 0o, where L is a finite Radon measure in R, B :={ay, ..., an} is a (possibly empty) subset
of R and Ky 2 K in L°(R). Moreover, one of the following alternatives holds:

(1) ulr\ = Kooe"> for some uqy € Wl’p(R B) satisfying
\

loc

N
(—D)2use = Koce"™ + > 78, in R. (22)
i=1

(i) ulpg =0, N <2 and uy — —o0 locally uniformly in R\ B.
In particular, we can deduce the following:

Corollary 1.7. Under the hypotheses of Theorem 1.6, if K; > 0 and
f Kie"* dx < 2m,
R

then either N = 1 and u; — —oo locally uniformly R\ {a1}, or N = 0 and uy — us in WHP(R)
as k — +00, where us, solves
(—A) 2ty = Koge"™. (23)

We will give the proof of Theorem 1.6 and Corollary 1.7 in a forthcoming paper.
An interesting consequence of Theorem 1.4 is a proof of the classification of the solutions to the
nonlocal equation
(—A)lu=¢" inR (24)
under the integrability condition

L:= / e dx < oo. (25)
R
Equation (24) is a special case of the problem
(—=A)"?u=(@n—1)1™ in R", V.= / e dx < oo, (26)

which has been studied by several authors in the last decades (see, e.g., [Chen and Li 1991; Chang and
Yang 1997; Lin 1998; Jin et al. 2015b; Martinazzi 2009a]). Geometrically, if u solves (26) and n > 2,
then the metric ¢*|dx|? on R" has constant Q-curvature (n — 1)! and volume V; see, e.g., [Chang 2004].
All the above-mentioned works rely on the application of a moving-plane technique, in order to show that
under certain growth conditions at infinity (needed only when n > 3) the solutions to (26) have the form

2u

— " xeR 27
I+ 2x—x2 @D

Uy x(x) :=1og
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for some > 0 and xo € R". For the case n = 1, instead of using the moving-plane technique, we will
use stereographic projection to transform (24) into (14), and use the geometric interpretation of the latter
(Theorem 1.4) to compute all its solutions (Corollary 2.3 below). This will yield:

Theorem 1.8. Every functionu € L 1 (R) solving (24)—(25) is of the form (27) for some p > 0 and xg € R.

We also remark that, by changing the sign of the nonlinearity in (24), the problem has no solutions.
More precisely:

Proposition 1.9. Given a function K € L*(R) with K < 0, the equation
(—A):u=Ke" inR
has no solution satisfying (25).

The proof of Proposition 1.9 is a simple application of the maximum principle for the operator (—A) %,
but it is worth remarking that, for n > 4, even solutions to (26) with (n — 1)! replaced by —(n — 1)! (or
any negative constant) do exist, as shown in [Martinazzi 2008].

The paper is organized as follows. In Section 2 we introduce the nonlocal Liouville equation (7) in S'
and we explain its geometric interpretation. In Section 3 we perform the blow-up and quantization analysis

of (7) and in particular we prove Theorems 1.2 and 1.5. Section 4 is devoted to the description of the
relation between equations (7) and (20). Finally, in Section 5 we prove Theorem 1.8 and Proposition 1.9.

Notations. We denote by (x, y) the scalar product of x, y e R". Let h : Q C C — Rand let y : S — C be
a curve. We denote by [ y h(z) |dz| or fy h(z) dO the line integral of & along y. Given z € C, we denote
by M (z) and J(z) its real and imaginary part, respectively.

2. Nonlocal Liouville equation in S!
In this section we study the nonlocal Liouville-type equation
1 u . 1
(—A)2u=«xe"—1 in §°,

where u € L1(S1), (—A)%u stands for the fractional Laplacian and « : S! — R is a bounded function. In
Appendix A we recall the definition and some properties of the fractional Laplacian in S!.

Geometric interpretation of the Liouville equation in S'. The first key step in our analysis is the geo-
metric interpretation of (7). Roughly speaking, such an equation prescribes the curvature of a closed
curve in conformal parametrization.

It is easy to verify that for ¢ € L'(S') we have

(—2)2p®) = Inlp(m)e™ = %( (28)

neZ

@)_8%(@
90 ) 90

where % is the Hilbert transform on S! defined by

H(F)O) =Y —isignn) fme™,  feD'(Sh.

nez
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We recall that the Hilbert transform has the following property, a proof of which can be found, e.g., in
[Katznelson 2004, Chapter I11].

Lemma 2.1. The Hilbert transform ¥ is bounded from LP(S") into itself for 1 < p < 400 and it is of
weak type (1, 1). A function f :=u+iv withu, v € L'(S', R) can be extended to a holomorphic function
in D? if and only if v = ¥(u) + a for some a € C.

Proof of Theorem 1.4. (1) Let ® € C'(D* C)bea holomorphic immersion. Set A := (log |®'|)|¢1. Since
@' : D? — C)\ {0} is holomorphic, ®'|¢1 = e*T¥*+% for some 6 € [0, 27r), where p := #()) is the
Hilbert transform of A. Indeed, by Lemma 2.1, the function f := A + ip has a holomorphic extension
f to D?; hence, e/ is holomorphic in D? and e/ g1 = e/ = "+, But |e/| = ¢* = (|®'|) 1, so that by
Lemma B.1 we have @'/ e/ = ¢/% for some constant 6p. Up to a rotation of ® we can assume that 6y = 0.
Up to such a rotation and a translation, ® is determined by A, and we have

00 ; j
: éz) (2) = ie*@FiP@+i0 (29)
Now let 0
5 (i
5(9) ::/ £ do’.
0 a0’

We have s : [0, 27] — [0, L], where L = ||0®/0360| 11(s1) is the length of the curve d(Sh), and up to a
scaling we will assume that L = 2. Let 6 := s~V : [0, 27] = [0, 27]. One can also easily see that
6 € C'([0, 271, [0, 27]). Then, using (29) and that

§(0) = |/ ()| =M >0, O(s)=e ",
we compute

(s) = %(b(eie(s)) = 0/ (09)i O (5) = g(eie(s))e_x(eiam)‘

Notice that |7| = 1, i.e., the curve y : €/ > ®(e?®)) is parametrized by arc-length and 7 is its unit
tangent vector. Using (28), (29) and identifying s with e’*, the curvature of y is given by
€)= (1), 1)) = [iz(s), S reine" o)
dp(e®)
_ 1)6 (30)
( T (s)
= ((—A)IAE D) + D",

From (30) it follows that A satisfies (14) with k (¢"5®) := (it (s(6)), T(s(8))). Since |k (¢')| = |7 (e'*)] is
in L°(S"), we also have y € W>>2(S!, C).

(2) Conversely, let us assume that A € L'(S') with ¢* € L(S!) weakly satisfies (14) for some x € L>(S!).
By regularity theory, A € WP(S!) for any p < co. We set p := #(1). Let ¢ € W'P(D?, C) be the
holomorphic extension of the function e*+* ¢ Whr(S') and set

d(z) ;= d(w)dw, ze D? (31)
EO,Z
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Figure 5. Plot of the curve % (cos(2s sin0) + i sin(2w sin®))), 6 € [0, 2rr]. It has the
same kind of self-intersections as the curve ®(¢'?) = ez’”’e, whose plot is difficult to
inspect, since |®(z)| oscillates between ¢>* and e~

where X ; is any path in D? connecting 0 and z. Then ® € W2P(D?, C) satisfies (29). From part (1) we
see that « is the curvature of the curve ®(S') in normal parametrization.
Let @ : D? — C be another holomorphic immersion such that |<i>/ (2)| =@, 7 € S'. We claim that

®=e%d+q in D> forsome € R, a € C. (32)
Indeed, the function A := &’/ @’ never vanishes in D? and satisfies

@) _ &M

_ 1
o T e0 - T

|h(z)| =

It follows from Lemma B.1 that / is a constant of modulus 1, say & = €% and (32) follows at once. [J

Remark 2.2. In Theorem 1.4, we cannot expect that ® is a biholomorphism from D? onto ®(D?).
For instance, the function ®(z) := e%* for any a > 0 is an immersion and ® (S 1) has self-intersections
whenever a > r, as is easily seen by writing (see Figure 5)

®(e'”) = e"“*Y (cos(a sin@) +i sin(a sin9)).

Corollary 2.3. All functions » € L'(S') with ¢* € L'(S") that are solutions to
(—A) A =Coe* —1 on S, (33)
where Cy is an arbitrary positive constant, are given by

0 z—ap

01 —az

r(6) =log —log Cy (34)

for some ay in D?.
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Proof. Up to the translation A = A + log Cy we can assume Cy = 1. By Theorem 1.4, the function A
determines a holomorphic immersion ® € C ! (52, C) such that ®(S 1) is a curve of curvature 1; hence,
up to a translation, (S Yy € §!, and therefore it is a Mobius transformation of the disk. From (15) we

infer that A = log|<I>’| st |, and we conclude. O

The following corollary is an easy consequence of Theorem 1.4 and Corollary 2.3:

Corollary 2.4. Let ®, ) and k be as in Theorem 1.4 and let f : D*> — D? be a Mobius diffeomorphism.
Set ®:=®do f, A :=log‘&>/|5|‘ and K :=k o f|g1. Then

J=ho flgi+log|flsi| and (=AY K =ke —1.
Remark 2.5. One can also give an analogous geometric characterization for an equation of the type
(—A)A=ke* —n in S! (35)

with n > 1. In this case there is a correspondence between the solutions of (35) and holomorphic functions
® : D> — C of the form ®'(z) = W(z)h(z), where W is the Blaschke product

n
Z — ag
\Il(z):zl_[ —, al,...,an_leDz,

and h(z) # 0 for every z € D?. In this case, n — 1 =i W -9W¥ /00 = deg V.

Next, we show that the existence of a holomorphic immersion of the disk D? is equivalent to the
existence of a positive diffeomorphism of the disc D?. Such a result can be seen as a sort of generalized
Riemann mapping theorem in the case of closed curves which are not necessarily injective. We start with
the following lemma, giving better regularity up to the boundary of a holomorphic immersion u : D> — C
under the assumption that the curve u|g has a W>*-constant-speed parametrization.

Lemma 2.6. Let u € C°(D?, C) be holomorphic in D* with d.u # 0 in D* and suppose there is
y € W22(S!, C) with |y| constant and a homeomorphism o : S' — S' such that y = uoo. Then
u € W»P(D?, C) for every p < +o0 and d,u(z) # 0 forall z € S'.

Proof. Let zg € S'. Since y(zo) # 0, we can find some p > 0 such that y(S' N B(zo, p)) coincides up to
a rotation with a piece of the graph of a function ¢ € C Le(R) that satisfies ¢’ (u1(xg)) = 0. We may also
assume that u = u; + iu, takes values in the set {(£, n) € R* | n > ¢(&)}. Define

u=uy+it, with ua;:=u, 122:=l42—(p(l/t1).

Claim. The function i, satisfies

?xi (aij 8xjﬁ2) =0 ln B(xo, p) N Dlz, (36)
up, =0 in B(xg, p)NS",
where the matrix
_ 12 <P/(M%)
1+ (¢ 1+ (¢’
(a;j) = /(rp) (u1) (0= (u1) 37)
@' (uy) 1 1

1+ @) T+ @)



BLOW-UP ANALYSIS OF A NONLOCAL LIOUVILLE-TYPE EQUATION 1769

is in L>°(D?) and uniformly elliptic.

Proof. We can write u = @i +i¢(u;). Since, by hypothesis, d:u(z) = 0 for all z € D?, the following

estimates hold:
dzuy = —iozuy,

0z01(z) = —i@ (u1)dzu1 = —¢' (u1)dzu2,
ozuU| +i82122(Z) = _iw/(ul)azuh

l
dsuty = —————0:015(2),
= T gy
. ') .
Bzt = —————0:i1 ().
= T gy @
Therefore,
. A @' (u1) .
Aily = 43(0,0;u) = —43| 0,| —————9; . 38
us $(0,0zu) 9|: z|:1+i(p’(ul) z”2(Z):|:| (38)
Writing

¢’ (u1) 82 (2) = @' (1) Oxiin + @' (u1)dx, 2 + 1Oyl — @' (u1) 0y, U2)
L+ig/(u) ~ L+ (¢")2(ur) 2 ’

we compute the right-hand side of (38) and get

(9" (uy)
Therefore i, satisfies (36)—(37) and the claim is proven. Il

. N . @ (ur) . A .
Alty = —~9|:(3x1 —i0y,) T l [(Ox,tt2 + ¢ (1) 0y, 12) + i (D, lln — </)/(M1)3xluz)]}.

Elliptic estimates imply that i, € W2 (B(zo, r/4) N D?) for every p < +o0; in particular, it is in
C"(B(zo, r/4)N D?) for every « € (0, 1). Now, since i1, > 0 in D? and fi»(zp) = 0, Hopf’s lemma
yields that 9,15 (z9) # 0. Since u = it + i@ (uy), it follows that

dru(z0) = 0,11 (z0) +i0,U2(20) +1i @' (u1(z0)) 0ri1(20) # 0
h\f—/
-0

and, since zo € S' was arbitrary, we conclude that d,u # 0 everywhere on S ! Then, since u is conformal
up to the boundary, we also have d,u # 0 on S'. U

We introduce the set

J:= {y St ¢ | yE w2 |y | constant, and there is W € Cl(ﬁz, C) with detJac(¥(z)) >0, z € D?,
and (W o0)(z) = ¥(2), z € §', for some diffeomorphism o : ! — §! }

Theorem 2.7 (generalized Riemann mapping theorem ). A curve y is in I if and only if there exists a

holomorphic immersion ® : D> — C and a diffeomorphism o : S — S! such that oo = y.

Proof. (1) Suppose that there exists a holomorphic immersion ® : D> — C and a diffeomorphism
o : 8" — S! such that ® oo = y. Then one can take ¥ = &. Therefore, y € 7.

(2) Conversely, let W € C'(D?, C) with V| =y and detJac(¥) > 0 in D?.
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(2i) Consider the pull-back of the Euclidean metric g on R? by W,

hij := (35, W, 9y; W).
Since detJac(y) > 0, we have
¢85 < (hij) < c8ij.
We can write
h=hydx*>+2hdx dy + hy dy?. (39)
Setting z = x + iy, one can write % in the form

h=v|dz+pndz)?

where v is a positive continuous function on U and u is a complex-valued continuous function with
|l oo 2y < 1 0on U. Actually, v and p are given by

V= %(hn + hoy + 2V hy1hay — h3y),

= hiy —ha +2ihy
hit +ho +2Vhi1hy — b,

Moreover, W solves the equation

95V (w)

= in D. 40
30U (w) p(w) in (40)
The function p is the so-called Beltrami coefficient associated to the metric 2. Now we extend u by O
outside D? (we still denote this extension by ). Then there exists a unique homeomorphism & : C — C

(here C = C U {00} >~ §?) which satisfies, in a distributional sense,

825 = u(z) azé: in C

and the normalization conditions

£0)=0, &1)=1§&(c0)=00.

Moreover, & € Wlf)’cp (C) for some p > 2 and 9,£ # 0 a.e. in C. The function & is called a quasiconformal
map with dilation coefficient u (see, e.g., Theorem 4.30 in [Imayoshi and Taniguchi 1992]).
Since & is a homeomorphism, & (S 1) is a Jordan curve.

(2ii) Consider now W := Wo&~!: £(D?) — C. From [Imayoshi and Taniguchi 1992, Proposition 4.13]
it follows that the complex dilatation of W is 0 in £(D?); therefore, 3:W = 0 and W is holomorphic
in £(D?); see [Imayoshi and Taniguchi 1992, Lemma 4.6].

(2iii) Now we apply the Riemann mapping theorem: there exists a biholomorphic map u from D?
onto £(D?). In particular, d,u # 0 in D?. Take ® := W o &~ ou. We observe that det Jac(¥) > 0 implies
3, # 0 in D?. Therefore,

3, D =0, (Wo & Nou+ 05V ot )i =0,(Wo& Nou—+05Wot Nozu =d,(Vo& Ho,u.
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We observe that ® is holomorphic in D? because it is the composition of two holomorphic maps

and 3.® # 0 in D?. From Lemma 2.6, it follows that 3.® # 0 in D? and we conclude the proof of
Theorem 2.7. (|

From the next lemma we can deduce that if y € J then the winding number (or equivalently the degree)
of yis 1.

Lemma 2.8. Let ® € W>P(D?, C) for some 1 < p < 400 be a holomorphic function such that 3,® # 0
in D*. Then
2 ) q)’ aZcD ’
deg<I>:L Md@zl—i—# f(z)dZ:l, (41)
27 Jo |0 P|? 2mi Joi f(2)

where f(z) = ®'(2).

We note that Lemma 2.8 is a direct corollary of Theorem 1.4. Indeed, deg |1 = (1/2m) f g1kl | df =
(1/27) [g1 ke* do but, since (=A)2) = ke* — 1, integrating gives [g1 ke’ df =2m.
Anyway, we provide a direct proof for the reader’s convenience:

Proof. We recall that

1 _inf/0D 0D
D)=z ——-— )= .
(@) =3¢ (ar r80) A
Since @ is holomorphic, we have
0P | 0D
otz 42)
or r 06
Hence,
—0 9 i aNe 00 i9d
'@, _/ 5 (or —ran) 7 (o —F ) .
N —i0 9 i 9D
st /@) S (5 —79%)
9 _id i —i60d
o Gr—rae) (=7 59)
—/;1 70 700 dz (by (42))
r r 90
2090 _ i 9% _ 190
:/ ior2 99 r9rd0  y25%
S1 __l@
r 00
220 )’
. . . 2
=—/ e_’edz—i-/ e araqu dz/ e BQBCD dz (sincer =1on S
S1 S1 _ZZW S! _21W
i [ 5?2;; L[ _gezz?e
—_— —_— r _ —_—
= —27i 2‘/0 @de 2[() a_q)de
3 J
2w 82CI>
= —2mi — f 2899 ag (by (42)). (43)
0 —_—
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On the other hand, we have

2 (i 99D, 32D 2 9932, P 27 (3 P92, D
/ (%%, %) >d9=1/ Bt d9+1/ s (44)
0 |0p | 2Jo 3D 2 )0 3P0
We observe that
27 19, P92 D . 2t 92 ® . 27
1/ 9_—92019:—’-/ Jp ®—2 2d9—’—/ |86 @176 (180 P %) dO
2 0 89<I)89(D 2 0 |89CI>| 2 0
. 21 92 P
:_l_f Gapry (45)
2 0 39CD
It follows that
2 /s 2 27 22
0 ®, 5P 35, P
/ Mo—‘;)cm:—i/ %~ 46, (46)
0 |0p P| 0o 0p®
By combining the estimates (43)—(46), we get
/ 27 52 P 2T (16, D. 92D
/L,f@dz:——i. - d9=_1+L/ (i85 P, 3 P) .
¢1 270 f(2) 2ri Jy  9pd 27 |09 D2

Connection with half-harmonic maps. In this subsection we show an interesting connection between
the solutions of (7) and the half-harmonic maps into a given curve I'.

Let $ = ® € C'(D?, C) be the map given by Theorem 2.7 and set ¢ := ®|q1. Then @ is conformal up
to the boundary, i.e., 3¢ /36 - d¢/3r =0 on S'. Since d¢/0r| _, = (—A)2 ¢, we deduce

¢

(—A)2¢ LTI, e, @-(—A)%:O on @'(S1). (47)

Equation (47) says that ¢ is a %-harmonic map into I' (see [Da Lio and Riviere 2011]).

We would like to recall a characterization of %—harmonic maps of S' into submanifolds of R", which
has been already observed in [Da Lio 2015] and then in [Millot and Sire 2015].

Theorem 2.9 [Da Lio et al. > 2015]. Letue H > (S1, N), where N is a k-dimensional smooth submanifold
of R™ without boundary. Then u is a weak %-harmom'c map, i.e., (—A)%u 1 T,N, if and only if its
harmonic extension it € W2(D?, R™) is conformal, in which case

ot LT,N in 9'(ShH. (48)

Proof. Letue H > (ST, N) be a weak %—harmonic map and let i € WL2(D, R™) be the harmonic extension
of u. Then

1 ~
B = [ \-a)uplazi= [ vaPidzl
St D?
Claim. For every Xe C>®(D?, R?) such that X(z) .z=0forzeS',

(% /Dz|v12(z+tf((z))|2|dz|) =0. (49)

t=0
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Proof of the claim. It has been proved in [Da Lio and Riviere 2011] that, if u is %—harmonic, then
u € C®(S"); in particular, u satisfies

d 1 2
(E /Sl|(—A)4u(z+tX(z))| |dz|)
for every X € C*(S").

Let X € C®(D?, R?) be such that X (z)-z =0 for z € S!. We observe that, forall z € S', Y :=dii- X =
du-X € T,N and

(% /Dz IVii(z+1X(2)) IdZI)

where the last equality follows from (50). U

=0 (50)
t=0

:/ va-vmm:/ arﬂ-Yldzlz—/ (—A)2u-Y |dz] =0,
=0 D2 Sl Sl

From Proposition 2.10 below and the regularity of & up to the boundary, it follows that & is also
conformal in D2, i.e.,
|0y, it = |Ox,it|, Oy it - Oy, it = 0.

. .. . . . ~ 1
Conversely, suppose the harmonic extension # of u is conformal and satisfies (48). Since d,u = —(—A)2u,
we deduce that u is %—harmonic. O

Proposition 2.10 [Riviere 2012, Proposition I1.2]. Let ii be a map in W'2(D?, R™) satisfying
=0, u(x):=ulx+1X(x)),

d =2
(dt /Dzlvml |d2|) .

forevery X € C>®(D?, R?) such that (X (x), x) = Oforx e SY. Then i is conformal in D?.

In the case of %—harmonic maps u : S' — S!, we deduce from Theorem 2.9 the following:

Corollary 2.11. Letu € H? (S!, SV with degu = 1. Then u is a weak %—harmonic map if and only if its
harmonic extension ii - D*> — D? is a Mobius map, namely it has the form

g < —d
1—az

i(z)=é'

for some |a| < 1 and 6y € [0, 27).
3. Compactness of the Liouville equation in S!

In this section we analyze the asymptotics of solutions to (7).

The e-regularity lemma and first compactness result. A key point in the proof of Theorem 1.2 is an
e-regularity lemma, asserting, roughly speaking, that if the L' norm in conformal parametrization of the
curvature (kxe’) is small (less than 77) in a neighborhood of a point, then A — Cy is uniformly bounded
in the same neighborhood for some constant Cy. This result (Lemma 3.3) depends on Theorem 3.2 below.

Lemma 3.1 (fundamental solution of (—A)% on SY). The function

G(@) = —% log(2(1 —cos 9))
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belongs to BMO(S"), can be decomposed as

G6) = %log % YH@), Oel-mnal~S',  with HeCSY), (51)
and satisfies
(—AG=8—-— inS\, / G()do =0, (52)
27 st

and, for every function u € L' (S") with (—A)%u e L'(SY), one has

u-ﬁ:G*(—A)iu::/

G(-— 9)(—A)%u(9) dO for almost every t € st (53)
s1

Proof. The identity (52) follows at once from Lemma 4.3. That G € BMO(S 1 follows from parametrizing
S'=[—m, m]/{m ~ —n}, writing 1 —cosf = %92 + 0(8*) as 8 — 0 and therefore

_ L
21

as & — 0. Similarly, (51) follows from the explicit expression of G, since

G(6) = —5—(log(16%) +log(1+ 0(6%)))

llogi=C-|—10g(1—i—0(t9)2)—>C as 6 —> 0

H(0)=G(0)— - log 17

and H(#) — —(log2)/(2m) as |#| — m, so that H € CO(S").
To prove (53) for u € C*°, we write

w(0) —ii = <51 _ % u> = (—=A)?G, u) = /Sl G(0)(=A)>u(0)do

and, translating, one gets (53) also for ¢+ #= 0. For a general function u € H i’l(S 1), take a sequence
(ur) C C*°(S") with
we—u, (—A)ug— (—A)Zu in L'(SY),

which can be easily obtained by convolution. Then

u E6H uk:f G(.—Q)(—A)“'uk(G)dy&/ G(-—6)(=A)' (6) de.
S1 l

S

the convergence on the right following from (51) and Fubini’s theorem:

J

as k — oo. Since the convergence in L' implies a.e. convergence (up to a subsequence), (53) follows.

dt < |G|l snll(=A) ux — (=A) ull 151y — 0

f Gt —OD(—=A) ux(0) — (—A)'u(®)1do
S]

The last claim follows at once from the explicit expression of G. g

The following theorem, which is a generalization of Theorem I in [Brezis and Merle 1991], is a sort of
Moser—Trudinger inequality and it is crucial for proving Lemma 3.3.
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Theorem 3.2. There exist constants Cy, Co > 0 such that, for any ¢ € (0, ), one has

Ci< sup ¢ / Ol gp < €, (54)
u=Gxf sl
1F 11 s, <1
and, in particular,
C < sup e / Ol gg < ;. (55)
ueL'(sh: st

1
(=) Zu—at]| 1 g1, <1
for some a€R

Proof. Clearly the second inequality in (55) follows from the second inequality in (54) and (52). Let us
now prove (54). Given f with || f|[1s1) < 1 and setting u = G * f, we get

1 t+m T t+m
|u(t)|:‘;/ 1og(|9 )f(e)d9+/ H(@—t)f(@)d@‘

t+m
<1 lo <|9” )|f(9)|d9+C

T t—m

With Jensen’s inequality and Fubini’s theorem, and using that || f|[,1 g1y < 1, it follows that

P ~ T _ t+m
f e(na)lu(z‘)uldt<cf exp(u/ lo < T )|f(9)|d9)dt
_” T Ji_x |9
t+m
< £ log —— 0)| do dt
- f_f_ exp( o " )If( )

7 1-£
=C/ | f(0)] <L) dld@fg. (56)
- —z \ 10 —1| €

This proves the second inequality in (54).
To prove the first inequalities in (54) and in (55), fix € € (0, ), choose (f) C C*®(S') nonnegative
such that fi — Jp weakly in the sense of measures with || fil[1(s1) = 1, and let uy solve
1 . . L . 1 -
(=A)2uy = f = in S, u,=0.

Such uy can easily be constructed using the Fourier formula for (—A)%; see (123). Then, by Lemma 3.1,

1 t+m T
|uk<r>|z/ G(r—e)fkw)dez—f lo ( )fkw)de c.
s! T Ji—w |60 —

Multiplying by 7 — &, exponentiating, integrating on S! and taking the limit as k — oo, one gets

1 (" T—e [T 7T
lim | 79Ol gt > lim —/ exp —/ log fe(0)do
k—o0 Jgi k—oo C J_, T —m |9 t|
b 1-£ C
|f| C J_\|tl €

which proves (54) and also (55), since u; = 0. O
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Lemma 3.3 (¢-regularity lemma). Let u € L'(S") be a solution of

(—A)u=rke' — 1 (57)
with k € L®(SV), e* € L'(S") and A = ||k e" | 1. Assume that, for some arc A C st

/|K|€ do <m—¢ (58)
for some & > 0. Then, for every arc A’ € A with dist(A¢, A") =6,

lu —ullLoan < C@6, €, A). (59)

Proof. Set f := (—A)%u. We split f = fi + f2, where

fi=ke'xa, fr=Ke"xae.
Let us now define
u;(t) ;= Gx* fi(t) :/ Gt—-0)f;0)do, i=1,2,
Sl
where G is as in Lemma 3.1. From (52) and (53) it follows that
u—u=Gx*ke"—1)=Gx(ke") =u; +u».

Choose an arc A” with A’ € A” € A and dist(A”, A°) = dist(A’, (A")¢) = %8. With (51) we easily
bound
luzllLcary < C1 = Ci(A, 95). (60)

It follows from (58) and Theorem 3.2 that [e!“!!|| Lr(sty < Cpe for some p > 1 and, consequently,
also e < C. Then, for t € A’ we have

u (1) < f Gt —0) (|| @ 2O+t _ 1) go
A

§||K||Lw<ecl+u/ G(r—@)eul<">d9+/ G(z—@)e“<9>d9+c)
A// A\A//

<cC. (1 )
where in (1) we use that G € L9(S") for g € [1, 0o) and in (2) we use that G € L®(A’ x (A\ A”)). O

Lemma 3.4. Let 1 : S' — S! satisfy (—A)%)\ e L'(S") and let X be the harmonic extension of A to D?.
Then
~ 1
VAl Lo p2y < CI(=A)2A] L1sy) (61)
and, for any ball B, (xy),

1 ~ ~
— / |V)\.| dx < C”VMlL(Z»OO)(B,(xo)ﬂDZ)- (62)
B, (xg)ND?
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Proof Let : S' — §! satisfy (—A)%k e L'(S") and let X be the harmonic extension of A to D2. Then
we can write

- 8)1 1
k(x):/ G(x,y)a—(y)dyzf G(x, y)(=A)2A(y)dy, (63)
s1 Vv s1

where G is the Green function associated to the Neumann problem. It is known that V,(G(x, y)) is in
L2 (S1) (see, e.g., [Kenig 1994]). Therefore, VA(x) € L?°(D?) as well and (61) holds.
The proof of (62) follows from O’Neil’s inequality [1963]
f VAl dx < llxall oo VAl Le ) = VIAIIVA o)
A
for any A C D?. O

Theorem 3.5. Let (A;) be a sequence as in Theorem 1.2 and let (dy) C C'(D?, C) be holomorphic
immersions with h(z) = log |®) (2)| for z € S! and @, (1) =0 (compare to Theorem 1.4) Then, up to
extracting a subsequence, the set

B::{aeS1

lim limsup/ k| dO > n} ={ay,...,ay) (64)
r—>0%t koo JB(a,r)nS!

is finite and, for functions v, € L(st, R) and @ € W1’2(D2, C) we have, for 1 < p < o0,

Mo—hi = v in WEP(S'\B), k= 2i A do, (65)
T Jsi

and
O —~ doy in WP (D*\ B,C) and in W"3(D?, C). (66)

Moreover, one of the following alternatives holds:

(1) The sequence (L) C R is bounded and ®« is a holomorphic immersion of D*\ B (i.e., it is
holomorphic in D? and 3, ®, # 0 for z € D*\ B).

(2) Ak — —oo locally uniformly as k — +00 and @, = Q for some constant Q € C.

Proof. The sequence of measures |«i|e** d6 on S ! is bounded (for the total variation norm); hence,
up to extracting a subsequence, we have |k;|e** dx %~ i weakly in the sense of measures for a Radon
measure 4 € M(SY). Let B:={a € S' | u({a}) > ). Then B is clearly finite, say B = {ay, ..., ay}, and
is characterized by the first identity in (64). Indeed, if 1({a}) > 7, then for every r > 0 and ¢ € C°(S")
supported in B(a,r)N S! such that 0 < ¢ < 1 = ¢(a) one has

lim sup/ lkele™ do >limsup | |kxl|e™* o do = / pdu>mnp(a) =m,
B(a,r)nS! St St

k— 00 k— 00

and, conversely, if u({a}) < m, then w(B(a, ro) N S1) < 7 for some ro > 0; hence, taking ¢ € cosh
supported in B(a, ro) N S'with0<¢ <1and ¢ =1 on B(a, ro/2)N S!, one gets

lim sup/ |/<k|e)"‘ df <lim sup |/ck|e’\kg0 do = / odu < u(B(a,ry) <m.
B(a,rp/2)NS! st N

k— 00 k— 00
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We now show that for every compact K C S'\ B there exists a constant cx depending on L and & in
(8)—(10) such that

e Loy < i (67)
and

e — Al ooy < ckc- (68)

Indeed, cover K with finitely many arcs A; NSy such that

kx|l dO < 7.
A;NS!

From Lemma 3.3 it follows that A; — A is bounded in each A;, and (68) follows. Moreover, considering
that || || ;.1 sy =Lk = L, it follows that A; and A are bounded above, and this proves (67). Now, writing
A — Ak = G * (kge™ — 1) as in (53) of Lemma 3.1, we can bootstrap regularity and obtain that A, — A is
bounded in WP (K) for every p < 0o, and (65) follows from weak compactness.

Let ):k be the harmonic extension of A;. From (68), (61) and (62) we get

Ak — )_Lk||Loo(3(Dz\U1{v=lB(ai’5))) <Cs forevery § > 0;
hence,
(e — i) is bounded in W7 (D?\ B). (69)

loc

Since @, is harmonic and conformal,
f Ve < 3L (70)
D

Since @ (1) = 0, it follows that the sequence (Py) is bounded in W12(D?) and, up to a subsequence,
) — Oy weakly in W12(D?), where @ is holomorphic.
From (16) it follows that |V®| is bounded in Wlf)’cp (S'\ B), so ®; is bounded in Wli’cp (S'\ B) and

up to a subsequence one gets & — P in Wli’cp (D' \ B), as desired.
Further, if Ay — —oo then (69) yields V&, — 0 uniformly locally in D? \ B; hence, @, is constant.
Similarly, if A > —C then |V®y] is locally uniformly lower bounded on D?\ B; hence, V®y, # 0

in D>\ B. O

Blow-up analysis. In this section we associate to a sequence (Ay) satisfying (8)—(10) a sequence of curves
(yx) C W22 (S!, C) with bounded lengths Ly < L, curvatures bounded by i, and |yx| = Ly /(2m); a
sequence (®y) C C 1(D?, C) of holomorphic immersions such that [(P})[si1| = e and a sequence of
diffeomorphisms oy : S I 5 ST such that ®; ooy = ykx. Up to a translation we can assume that (1) =0
and, by the Arzela—Ascoli theorem, ¥, — o in C'(S', C) for a curve yo € W22(S!, €).

Notice that (®;) and (Ay) satisfy the hypothesis of Theorem 3.5 and, up to a subsequence, we
can assume that (65) and (66) hold for a finite set B = {aj, ..., ay} and functions vs € L'(S', R)
and @, € WI2(D?, C). Moreover, either (1) or (2) in Theorem 3.5 holds.
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We introduce the following distance function Dy : S' x §' — R*:

Di(q,q")
1 1
=inf{(/0 | DL (Ar(0)) | A ()] dr) ‘Akewl%[o 11, D), Ar(0)=0x(q), Ax(1)= ak(q>} (71)

It is well known that the infimum in (71) is attained by a path Ay such that |® (Ax(#))|| A} (¢)] is constant.
For such a path we then have

1 1 1
(fo |<I>;<<Ak(z)>|2|A/<r>|2dz) =/0 |¢;<Ak<r)>||A;<z>|dz=:/ |D(2)] 1zl

Ay
In the sequel we sometimes identify the parametrization of a curve A with its image.
Proposition 3.6. (1) The function Dy is Lipschitz continuous with ||V Dy||L~ < 1 and it converges
uniformly.
(2) The infimum in (71) is attained by a curve Ay in normal parametrization such that the curvature of

@ o Ay is bounded by || k|| 1.
Proof. (1) Letq, q', G, g’ € S'. The following estimate holds:

~ ~/

Di(q,q") < Di(q, §") + larc (v (q), vk (@) + larc (v (g, ve(@ )| < Di(G. G+ 1g — Gl + 19" — 4l

where arc( -, -) is the shortest arc between two points. By exchanging (¢, ¢’) and (¢, ¢'), we get that

|Dk(q.9") — Di(q, ) <lg—ql+1q" =4I,
and we conclude.
(2) For a geodesic A with respect to Dy, the curve ®; o A is a geodesic in C under the constraint
that & o A C ®x(D?). This must be a union of segments (contained in ®;(D?)) and arcs of the curve yg,
where the segments touch the curve y; tangentially. Hence the curvature of ®; o A is bounded by ||« || .
This completes the proof of Proposition 3.6. U

We give next the definition of a pinched point for the curve y.

Definition 3.7. A point p € S! is called a pinched point for the sequence (y;) if there exists p’ € S, p # p/,
such that limy_, ;o Dr(p, p’) = 0. We call p’ the “dual” of p and we will show in Lemma 3.12 below
that this dual is unique. We denote by % the set of the pinched points of Y.

Remark 3.8. The definition of pinched point is independent of ®; and oy in the sense that if O = Pro Jr
where fj : D?* — D? is a Mébius transformation, and if 6 = fk_1 o oy, then

11m / |DL(AM)]|A (1) dt =0 — 11m / |CI>k(A(t))||A(t)|dt

Proposition 3.9. Assume that we are in case (2) of Theorem 3.5, i.e.,  — Q in ClOC (D? \{ai,...,an})
for a constant Q € C. Then N € {1,2}. If N = 2, let €, and 6_ be the connected components
of S'\ {a1, a»}. Then ak_l — p* locally uniformly on €., where p*, p~ € P are dual. Moreover,



1780 FRANCESCA DA LIO, LUCA MARTINAZZI AND TRISTAN RIVIERE

0 = Yoo (pT) = Yoo (p7) and yoo(p) = =Yoo (p7), and ixe* 2> 70(84, + 84,) and vy = kg — A = Voo
in Wlt’cp (S! \ {a1, a2}), where v, solves (12). If N = 1 then vy — v that solves (11).

Proof. By Theorem 3.5 we have Ay — —oo and A, — —oo uniformly locally in S'\ B = {ay, ..., an}.
In particular, since the signed Radon measures ke dx are uniformly bounded, we have p; =  for a
Radon measure supported in B, which we can then write as u = Z,N: 1 % 84;. Moreover, since

/ Kkekk do =2,
N

we infer that 3% | o; = 2.

Let us assume that N > 2. We want to prove that o; = 7 for every i, so necessarily N = 2. In order to
prove that o; = 7, up to a rotation we can reduce to proving that oy = v and assume that a; =i. We
can also assume that N =2 and a, = —i. If this is not the case, it suffices to compose ®; with Mobius
diffeomorphisms f;(z) = (z —itx)/(1 +itxz) with #; 1 1 slowly enough that CIDk = @ o fi is still as in
case (2) of Theorem 3.5, with B = {a; =i, a, = —i}.

Then let & be as above, with ®; — Q in Wli’cp(ﬁ2 \ {i, —i}). Set

Vi(z) = e_i"(fbk(z) — ®(0), v =log|V/lsi| = At — A
By Theorem 3.5 we have
Uk — Voo in WRP(SU\ {i, —i}) and in F'(SV),

loc
where v solves

(—A)Ive = a8 + 27 —a)s_; — 1 (72)

for some « € R. Similarly, V;, — V4 in Wli’cp (D? \ {i, —i}). Solutions to (72) can be computed explicitly

using Lemma 3.1, so that

o . 27—«
= log(2(1 —sinB)) — =

Notice that, writing z = x + iy, for z = e'? € S! we have

Voo (€'?) = — log(2(1 + sin6)).

2(1—sin@) =x>+y>—2y+1=1|z—i|?

and, similarly, 2(1 4sinf) = |z +i |>. In particular, v, can be extended to a holomorphic function

27—«

o
T

2
The estimate (69) together with (16) implies that

D00(2) 1= —5— log(lz —i[%) — log(lz+il%), ze D*\{i, —i}. (73)

¢;' <|V/|<c; on D*\(B(i,8)UB(~i,8)) forevery § > 0.

Therefore, Vi — Vo as k — 400 in Wli’cp (D*\{i, —i}), where V4, is a conformal immersion of D?\ {i, —i}.

Moreover, still using (16), from (73) we obtain

1
|Z_l'|ot/n|z_|_l‘|2—oz/n'

Vo@D =
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Since V/ is holomorphic in D?, up to a rotation (i.e., multiplication by a constant ¢/%) we obtain

/ — 1 — ) dZ
Voold) = e iy V= /0 (z =)/ (z+i)?-o/m

Up to possibly switching i with —i, we may assume that @ < w. The function V, is also known as
the Schwarz—Christoffel mapping! and sends the two arcs €., €_ C S' joining i and —i (chosen so

that £1 € €..) into two parallel straight lines if « = 7 and into two half-lines meeting at V (i), forming
an angle of m — « there if @ < 7.

Claim 1. As k — oo we have o' — p* in LX.(6.), where p*, p~ € S' with p* # p~.

loc

Proof. Notice that ®; — Q in Wli’cp (D? \ {i, —i}) implies that

-1
doy,

29 — 0 uniformly locally in S'\ {i, —i} as k — +o0.

This proves the first part of the claim. Assume for contradiction that p* = p~. Set pki = ok_l (£1) — p*.
By assumption, |arc( p,j, P )| — 0 (here arc( p,j, Py ) denotes the shortest arc connecting p,j to py ).
Since oy is a diffeomorphism, oy (arc(p,j, Dy ) contains either S'NB(i, 8) or S'NB(—i, 8) for small § > 0.
Suppose it contains S' N B(i, §). Then

A AL ; Ly + -
et do = | Dy (e)|db < |Vl d0 = S—larc(py, p )l — 0 (74)
S'NB(i.8) SINB(i.8) arc(p;” pp) 27

as k — oo. This contradicts that i € B and concludes the proof of Claim 1. O
Claim 2. p™* is a pinched point and p~ is dual to it.

Proof. Let p,ﬁc = akfl(jzl) be as above. Consider the path
A =arc(og(p™), ) Uarc(ox(p™), =) U[—1, 1],
where [—1, 1] is the segment in D? joining —1 to 1. Since, as k — 0o, we have

Lylarc(piE, p®)|

f |®, (') d6 = / 7| d6 = -0 (75)
arc(ox (p£),£1) arc(piF, p*) 27

and
/ 1@} [dz] <2 sup &} [dz] — O,
[—1,1] [—1,1]

we immediately infer that
| 1il1dz1 - o
Ak
hence, p* is dual to p~. This proves Claim 2. O

1Up to composition with a conformal transformation, since Schwarz—Christoffel maps are usually defined on the half-plane
{z € C: Nz > 0} instead of the unit disk.
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or(pp e

or(py) =—
7e(Py)
ve(pi) \
Ve(pp e %) = yi(pfe™)
Figure 6. Case 1 in the proof of Proposition 3.9.
Now,
Dy (£1) D (£1)

2r 90 90 WoolED 3, 5 @)

- o e N 1 .

Lk Vk(pk) |8c1>k(i1)| ek M (ED =i 96 ¢ to(l) as k—o0 (76)

In particular, denoting by (v, w)” the angle between two vectors, we have

Voo (1) 8Vc><>(—1))A
90 80

V(PO (o N — ( =a. (77)

We consider different cases:

Case 1: 0 <o < m. Since p,fc — p*and ptis pinched to p—, and since

V(PO =y (PO < Di(pyl, pi) < Di(p™ p)+ (IarC(p L P Flare(p™, p)I) =0 as k— oo,

taking (77) and the bound k on the curvature of y; into account we see that for positive numbers 8,:!: —0
(as k — o0) we have

- .
ve(p e ) = yi(pye %), (78)

i.e., the two curves 1 — yi( p,ﬁcei"’ ) cross in short time (see Figure 6).
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Because Ski — 0, we have
Le(8; +87)
2

Now let Ay :[0,1] — D? be a geodesic realizing the distance on the left-hand side of (79). Then (78)
implies that ®; o A is a closed curve (nonconstant, since p,;'re"‘sk+ %= p,:e_i‘s; for k large), so that the

Dk(p,jeisg, pre %) < Di(pf, )+ — 0 as k— oo. (79)

integral of its curvature is at least v (see Lemma 3.10 below). On the other hand, Proposition 3.6 implies
that the curvature of ®; o A is bounded by « and, since the length of this geodesic is going to 0 according
to (79), we get a contradiction.

Case 2: o = 0. Similarly to case 1, if the curves y;( p,fei"’ ) cross for small times (S,it — 0, we conclude
as before. If not, we can at least say that, up to a rotation of the axis,

Voo(D?) ={x +iy:y <0} (80)
and that, for small times 5ki — 0,
ot -
Ry (pfe®)) = R(ye(py e %)) (81)
and, without loss of generality,
o -
S (pie®)) > S(y(p e %)), (82)

where, for x, y € R, we use the notation 3 (x +iy) = x, J(x +iy) =y (see Figure 7). Moreover, since
the curvature of y is uniformly bounded and 5ki — 0, using (76) and (80) we infer?

. PPEE .
ve(pre)  wi(pp)

i (piEeide)] (PO

+o(1)=—1+o0(1), (83)

i.e., the curves t — y( p,ﬁceiit ) at the time ¢t = (S;E are almost horizontal and pointing into opposite
directions (notice the change of orientation between the curves ¢ — y; (') and t > y; ( Di e~'")). As before,
(79) holds, so let Ag : [0, 1] — D?*be a geodesic realizing the distance in (79), with Ag(0) = yi( p,:re"‘sk+ )
and A(1) = yi(p e
satisfies | A (f)| = 1. Since the map Py preserves the orientation, from (83) we infer

« ). Up to a reparametrization we can assume that Ap:=®r0A,:[0,L]— C

S(AR0) <0+0(D), (A1) = 0+0(D),

i.e., up to o(1) — 0 as k — oo we have that Zk(O) points downwards, while Zk(l) points upwards. Now
using (81) we see that the curve Ay has total curvature at least %T[ —o(1) (see Lemma 3.11 below), again
contradicting Proposition 3.6 and (79).

Case 3: o < 0. Let A be the straight segment in D? (seen as a smooth path) joining —1 to 1. Since
A C D>\ {i, —i} we have that V, o A — V4, o A and, by the explicit form of Vs, we deduce that the
unit tangent vector of the curve Vs, o A describes an arc in ' of length at least |«| + 7 (we are using

+ +ist

PN . .
* i) ) denotes the derivative of the curve f — yj (¢'?) evaluated for ¢!/ = p; €~ °k and not the derivative

2The symbol yy (p;"e
of the curve t — y (p]:(tei”) evaluated for r = 8;(':.
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T
Ok (Pk e )

or(p) =—1

Dre
Py

et
n(pie™) ()

Figure 7. Case 2 in the proof of Proposition 3.9.

that A touches S' perpendicularly and V,, is conformal). This implies that, for k large enough, any
C! curve of the form ®; o A for a curve A € C!([0, 1], D?) with A(0) = —1 and A(1) = 1 has a unit
tangent vector describing an arc of length no less than || — o(1). If such a curve minimizes Dy, since, by
Proposition 3.6, its curvature is bounded by «, its length cannot go to zero as k — co. But this contradicts
that p™ and p~ are pinched points, since, if Ay is a geodesic minimizing Dy (o (p™), ox(p™)) (with
length going to 0 since p™ and p~ are pinched), then joining A; with the two arcs arc(oy ( pi), +1) and
using (75) one would obtain paths joining —1 to 1 of Dy-length going to 0.

The only case left is « = 7, which completes the proof of Proposition 3.9. g
In the proof of Proposition 3.9 we have used the following:

Lemma 3.10. Let A € W2([0, L], C) be a curve satisfying |A(t)| =1 for every t € [0, L] and

A0) = A(L). Then
L
/ |k (t)|dt >,
0

where Kk is the curvature of A.
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Proof. Let 6 : [0, L] — R be a continuous function such that A(¢) = /@ for 7 € [0, L]. Then it is easy
to see that & = «. We have 6([0, L]) =[0-, 6+] C R for some 6_, 6, € R. Assume now that
0. —60_<m (84)

and set

0:=104-0-), vi=e".
Then, since |0(¢) — 0] < %n for every t € [0, L], we have

L (A®),0) = (AW, v) = (0, ) 20,

with equality possible only for a proper subset of [0, L], where |9 (¢) — 6| = %n. But this contradicts that

A(0) = A(L). In particular, (84) cannot hold, and we get
L L
/ |K(l)|dl:/ |0(t)|dt > 0scO =60, —0_ > . O
0 0

Lemma 3.11. Let A € W2°([0, L], C) be a curve satisfying |A(t) = 1| for every t € [0, L]. Assume that

NR(A0) =R(AL)), S(A0)) < I(A(L)), (85)
and that for some (small) ¢ > 0 one has
J(A0) <& and I(A(L)) > —e. (86)
Then
L
/ k()| dt > T — Ce,
O 2

where K is the curvature of A and C is a universal constant.

Proof. Let 0 € Whoo([0, L], R) be as in the proof of Lemma 3.10. Then (85) implies that for some
1, t, € [0, L] one has %(e?™) < 0 and R(e?™) > 0 (otherwise A would always be pointing right,
or always left). Condition (86) implies that J(?®) < ¢ and J(e? D)) > —¢. Then we immediately
infer that the oscillation of 6 is at least %71 — C¢ and we conclude as in the proof of Lemma 3.10, using
that « = 6. g

Next we prove some properties concerning the set %:

Lemma 3.12. Let pT and p~ be dual pinched points and assume that oy (p*) = +1. Then ®y is as in
case (2) of Theorem 3.5, B = {ay, ay} and +1 & B. Moreover, every pinched point p has only one dual p’
and |arc(p, p")| = C/k.

Proof. Let us start with the first claim. If ®; is as in case (1) of Theorem 3.5, then

/ |q);((z)| |dz| = C forevery Ap with Ap(0) =—1, Ax(1) =1, (87)
Ak
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in contrast with the fact that p™ and p~ are pinched. Thus we are in case (2) of Theorem 3.5 and,
by Proposition 3.9, we have N € {1, 2}. Assume now that a; = 1 = oy (p™) (the reasoning is similar
if a; = —1). Then we compose ®; with the Mobius diffeomorphism f;(z) = (z — ) /(1 — t,z), where
tr 1 1 is chosen so that for a fixed small § > O we have, for k large enough,

/ @y 0 fi) (2)] |dz] = 21 (88)
SlﬂBa(l) K

In other words, the effect of f is to stretch the disk to remove the concentration at the point a; = 1,
concentrating the disk towards —1. Then &Dk := ®; o fi is necessarily as in case (1) of Theorem 3.5.
Moreover, the corresponding oy := fk’1 o oy still satisfies 63 (pT) = %1, since f; leaves %1 fixed. This,
together with (88), contradicts that p* and p~ are pinched, since, by conformality and convergence of &y,
in a neighborhood Bj/>(1) we have |d~>;€| > C; hence, (87) holds with &, instead of ®. Therefore, going
back to the original maps &, we have proven that £1 ¢ B.

To rule out the case N = 1 it suffices to observe that in this case oy (p™") and o4 (p~) would belong to
the same connected component of .S 1 \ B; hence, since @y is as in case (2) of Theorem 3.5, we would get
larc(o ' (1), o' (1))| — 0, which is absurd, since o, ' (£1) = p* and p* # p~.

Claim 1. Every pinched point p has a unique dual p'.

Proof. It suffices to prove that, given any pinched points p™ and p~ dual to each other, Yoo (p1) = — o0 (p7)
(since then a third point p dual to p* would be also dual to p~, whence Y (p) would have to coincide
both with y(p™) and its opposite, which is impossible). Let us therefore consider two pinched points
pT and p~, dual to each other. By considering &Dk = &0 fr and 63 = fk_1 o oy for suitable Mo6bius
transformations f, we can assume that 65 (p=) = £1. Then, by the previous part of the lemma, ®; blows
up at two points a; and a5 different from &1. To such a ®; we can then apply Proposition 3.9 with 6.
being the connected component of S "\{a1, az} containing £1. We then infer that o (p™) = — Yo (p7). O

Claim 2. We have |arc(p, p’)| > C/k.

Proof. This follows from the fact that both arcs s¢; and s4; joining &; (p*) = %1 contain a blow-up point,
aj or ap, so that

/|;zk|eik Idzlz/ licle™ |dz| = 7 — o(1). 0
A Sie(sdy)

This concludes the proof of Lemma 3.12. 0
Lemma 3.13. The set P is closed.

Proof. Let {p,} and {p, } be a sequence of pinched points and their duals, respectively, with p, — peo
and p, — p. as k — +oo.

We first observe that |p, — p,| > C > 0forall n > 0, 80 pso # pls.

For each p, there exists a curve A, ; € D? with A,k ={ok(pn), o (p),)} and

lim |®,(2)| |dz| = 0.

k—+o0 An X
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Since yx — Yoo in C'(S') as k — 400, we have

limlim 17 ()] dt =0,
— 400 n—+00
arc(pn, Poo) (89)
lim  lim I ()] dt = 0.
k—+o0 n—>+00 afC(p;,,péo)

We set

Ap = Ay Uarc(ox(pn), ox(poo)) Uarc(ox(pr), ok (Pso))-

For all k, we have An,k — Aoo,k as n — +oo with 8&;{,00 = {0k (Po), 0k (PL,)} and, since @y o o = i
on S! from (89), we have

li D, dz| = i li D, dz|=0.
Jim Akml (@lldz| = lim  lim AMI (@) dz|
Hence po is by definition a pinched point and p_ is its dual. U

We now introduce the following equivalence relation on the set S'\ {#}:

Definition 3.14. Given p, g € S'\ {?}, we say that p ~ ¢ if and only if there exists a sequence of paths
A 1 [0, 1] — D?* with Ax(0) = or(p) and Ay (1) = ox(g) such that

liminf di (Ag, 0x(P)) > 0, (90)
k—+o00

where d; : D? x D* — R™ is the distance defined as

1 3
di(z, w) :inf{(/ |q>;(A(z))|2|A(z)|2dt) ‘A e Wh2([0, 11, D%, A(0) =z, A(l):w}.
0

Proposition 3.15. Let g € S' \ {P}, and let Ay and B, be the equivalence class and the connected
component containing q, respectively. Then B, C .

Proof. Let g € S'\ {?}. We show that Ay NB, is open and closed in B,
(1) dy NRB, is open in RB,: Choose § > 0 small enough so that ellq e SU\ {P} for t € [-28, 28] and

T
f [P ()] ldz] < —. 1)
oy (arc(e=28 g, e q)) 2Kk

Now set g = e %q, g1 = g and ¢» = ¢/®g. Let f; be the sequence of Mdbius transformations of D>
such that 64 (go) = 1, 61(q1) = e¥*'/3 and 61 (q2) = e**'/3. We apply Theorem 3.5 to &y := ¢ o f; and
notice that if we are in case (2) of Theorem 3.5, then there are one or two blow-up points. In the latter

case, away from the blow-up points {a;, a>}, we have that ak_l locally converges to two pinched points,
which implies that one of the ¢; lies in P, a contradiction. In the former case, for one pair of points, say

/ |y'(z>|dr=/ 1B [dz] — 0,
arc(q1,42) arc(6x(q1),0x(¢2))

contradicting that || is bounded away from O and |arc(q1, ¢2)| = 8.

g1 and g3, one has
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Therefore we are in case (1) of Theorem 3.5 and &Dk — &)oo in W-2(D?) and in Wli’cp(lsz \ B), where
Cf>Oo is a holomorphic immersion in D? \ B, B={aj,...,ay} and e2imi/3 ¢ B for j =0, 1, 2. Since
1B | > Cs > 0in D2\JX, Bs(a;), for every p € arc(qo, ¢2), choosing as A the segment joining o (p)
to oy (g) that satisfies (90) shows that Bs(g) N S! C Ay
(2) sy N, is closed in By: Let g, € s, NB, be such that g, — goo € B,. For every n there exists Ak
with A% (0) = 04 (g,) and A% (1) = 0% (q), and

liminf di (A%, o (P)) > 0. (92)
k— 400

n’
Consider now the path Zﬁ = arc(0x(goo), 0k (qn)) U A’,‘l joining 0% (geo) to ox(g). We claim that
lim inf dy (2%, 03, (#)) > 0.
k— 00
Indeed, considering (92), it suffices to prove that, for n sufficiently large,
lim inf di (arc 0% (¢c) . 0 (q)). o1(#)) > 0. (93)

Assume for contradiction that the lim inf in (93) is zero.
For every k and n, let qif € arc(goco, gn) and pﬁ € P be such that

liminf Dy (¢*, pk) = 0.
k—+00
Up to a subsequence, g¥ — goo and p* — po € P as n, k — oo, and

lim lim Dk(q,’;,p’;)zklirfooDk(qoo,poo)=0,

k— +00 n—+00
but this contradicts that go, ¢ %. This contradiction proves that g, € s, N%B,; hence, A, N R, is closed
in RB,. O
Proposition 3.16. Let sl be an equivalence class in S'\ {P}. Then there exists a sequence fi : D* — D>
of Mobius transformations such that Cbk =®po fr — &Doo in Wli’cp(ﬁ2 \ B), B={ay,...,an}, and, as

usual letting oy be such that yy = ®;. 0 Gk, one has 5,:1 — Yo in Wli’cp (S'\ B),

Yoo (S'\ B) = ol (94)
and Yoo () = Do (S'\ B). In fact, (Yeo)«[4] = (Poo)«[S'\ B].

Proof. Given g € d, take f as in the proof of Proposition 3.15 and set ®; := ®; o f;. We have shown
that ®; — P in W'2(D?) and in Wli’cp(ljz \ B) for a finite set B = {aj, ..., ay}, where ® is a
holomorphic immersion (Theorem 3.5, case (1)). In particular, this implies that ¥ := o, ! is bounded in
Wli};p (S'\ B) and, up to a subsequence, Yy — Yoo in Wli’cp (S'\ B). Clearly,

Voo (S'\ B) C 4.

Conversely, given p & ¥ (S!\ B), we want to show that p ¢ . Given such a p we have 6;(p) — a;
for some a; € B, since otherwise we would have p = ¥ 0 6x(p) = Yoo(ps) for p, € S'\ B. Since
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V&, € L*(D?), from Fubini’s theorem we can find a sequence 8; — 0 such that
. = 2
lim VO ()7 |dz] = 0. (95)
n=>+ J3B(a;,81)ND?

For every a;, set {p,i{”;, p,"{’;zr} = 6,;1 (0 B(a;, 8;'[) NS'). We have |p,"{”; — pf{’;l > Cy for any n and k large
enough, since by definition of the blow-up points one has, for k large enough,

f - I)?k(f)ldf=/ MO 1dz) > I
arc(py . pi ) B(a;,8,)NS! 2

Therefore, up to a subsequence, p,’c; — pi= and P;CJ,: — pi with pit # pL; and
Jim DG (pi). Ge(p)) =0

In particular, p’;~ and p are pinched. Then condition (95) implies that any path Ay joining 6% (q)
and 6 (p) for k large enough is close to 6x(p;) € 6x(P), so p € ST\ o.
Finally,

(Voo)slst] = ;ig(yoo)*[woo <S1 \ U B@, 5))},

a,—eB

e T ~—1( ¢l ,
= g oo (1 ) |
a;€B

T . = 1 )
= lim lim (<I>k>*[s \ U B, 8)],

a;,eB
— 11 7 1 .
—;g%@oo)*[s \UBB@,S)},

a; €

= (®no)«[S"\ B]. O

Quantization result: proof of Theorems 1.2 and 1.5. In this section we prove Theorems 1.2 and 1.5. In
Theorem 1.2 we will show that, under the hypothesis of Theorem 3.5, kye** — u weakly in the sense of
Radon measures, where 1 is a Radon measure which is the sum of a locally bounded (possibly vanishing)
function and a (possibly empty) sum of Dirac masses. We also give precise estimates on the coefficients
of the Dirac masses. In Theorem 1.5, we show that up to a suitable choice of Mobius transformations we
can “detect” all the connected components arising in the limit.

Proof of Theorem 1.2. From Theorem 3.5 there is a (possibly empty) set B = {ay, ..., ay} C S' such that
(65) holds. Moreover, from (8) and (10) it follows that ||(—A)%kk|| (st < C. Therefore, (53) implies

A — AellLagsty < C  for every q < +oo.
Up to extracting a further subsequence, we have v := Ay — Ay — Voo in L94(S') and

ke 1 and (—A)%vki\(—A)%vooZM—l in M(S"), (96)
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where .IL(S') denotes the space of finite signed measures on S'. Up to a subsequence we also have
Kk A Koo in L®(S1). We now distinguish three cases.

Case 1: Suppose that we are in case (2) of Theorem 3.5 and N =1, i.e., Ay — —o0 locally uniformly
in S'\ {a1}. Then u = ¢18,, and, since

f /cke’xk do =2m,
Sl

it follows at once that ¢; = 27. The explicit form of vy, follows from Lemma 3.1.

Case 2: Suppose that we are in case (2) of Theorem 3.5 and N > 1. Then we conclude by applying
Proposition 3.9, which in particular implies that N =2 and p = 78,4, + 78,,. Again, the explicit form
of vy follows from Lemma 3.1.

Case 3: Suppose that we are in case (1) of Theorem 3.5, i.e., Ay > —C. Then Ay — Ay weakly in
WIL’CP(Sl \ B) and for every ¢ € C>°(S'\ B) we have

0=tim [ G-ty — (e D) d = fim [ Goe(=D) g = (u= 1) db.
k—o0 Jg1 k—o0 Jgi
In particular, the distribution
Too i= (—A) Aoy — w+1

is supported in B and, since, by (96), T, € M(S 1, the order of T, (as a distribution) is 0; hence,

N
Too = ZC‘]’&;J..
j=1

In order to compute the coefficients c;, let xs : § ' 5> RbelonS'N U7=1 B(aj, 8) and O otherwise. We
rewrite (9) as follows:

(—A) g = (1 — xo)kpe™ + xskpe™ — 1. 97)
Since
lim (1 — xs)kxe™ = (1 — xs)kooe™ in @' (S,
k— 00

testing (97) with ¢ € C*°(S!) and letting k — oo we get

Groo(=A) b — (1 = xa)icoe™™ g+ ) d6 = lim f Kok do
N k— 00 sl

and, letting § — 0, we infer

(Tso, ¢) = lim lim 1 xskre @ do.
S

§—>0k—>o00

By choosing ¢ = 1 in a neighborhood of a; for a fixed j and ¢ = 0 in a neighborhood of B\ {a;}, we get

¢j = lim lim ke do.
§—>0k—o00 SlﬂB(aj,S)
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We now want to compute ¢; for a fixed j € {1, ..., N}. Consider the Mobius transformation f(z) =
(z—traj)/(1 —trajz), and ®y := o fi, for a sequence # 1 1 to be chosen. By Corollary 2.4 we have

A i=log |®,| = Avo fi +log | fll, &k :=xko frs
and
(—A)20p = e — 1.

Since log | f/| = —oc locally uniformly in D>\ {a;} and log | f/(aj)| — oo, it is not difficult to see
that, if # 1 1 slowly enough, then A; — —oo uniformly locally in D?\ {a;, —a,} and we can apply
Proposition 3.9 to ®; and obtain that

e 2 7 (8, + 8.

With a change of variable we then get

7 =lim lim Kre™ do = lim lim ke do = c;,
§—>0k—o00 SlﬂB(aj,(S) §—>0k—o00 fk(S'ﬂB(aj,S))
where the last identity holds up to having #;, 1 1 slowly enough. O

Proof of Theorem 1.5. From Proposition 3.15 it follows that S' \ {?} = Ujej A;, where J is an at
most countable set and ¢ ; is an equivalence class generated by the relation in Definition 3.14. From
Proposition 3.16 it follows that for every class o ; there is a sequence of Mdbius transformations fkj (z)

such that
o/ o J T . 2,0/ 2 ) oyl J
&y =0 ff — P, in W I (D7\ Bj), Bj={b ,...ij},

loc

where ééo :D? \B; — R2 is a conformal immersion and Yoo(dj) = &DéO(S ! \ B;). Moreover, we have

(Vo) [S\P1 =D (DL).[S"\ Bj1.

jeJ
We have
D oodalst 1= (PL).[S"\ B)]
jeJ jeJ
and it remains to prove that
(Vo) [P =0.

In order to do that, let 7 : ? — P be the bijection which, to a pinched point p, associates its dual. For a
differential form ¢ : C — L(C, C), we have

(Voo)*[@](qb)=f@¢()/oo(t)))?oo(t) dr. (93)
Now recall that

Yoo (1) = Yoo (T(1)),  Voo(t) = =Yoo (T(1)). 99)
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For a sequence 1, €  with t, — t € P as n — oo, we have

Yoo (tn) = Yoo (1) + Yoo (1) (tn — 1) + 0(ty — 1), (100)
Yoo (T (1)) = Yoo (T (1)) + Yoo (T (D)) (T () — (1)) + 0(T (1) — T(1)),

where for simplicity of notation we identified S I with the interval [0, 277], with zero corresponding to a
point in '\ . Using (99) and (100) we infer that

T(t) — (1)

lim —1.
n— 00 tn —t
Then, at a density point of %, we have d7/dt = —1 in the sense of approximate differentials (if the density

of % is everywhere O then |2| = 0 and we are done). Therefore,
f @ (Yoo (1)) Voo (1) dt = — / D (Voo (T(1))) Yoo (T (1)) dt = — / ¢ (Yoo (1) Voo (1) dit,
P P (P)=P
where in the first identity we used (99) and in the second identity we made a change of variable. This
proves that the integral in (98) vanishes for every differential form ¢; hence, (y)«[?] = 0.
Since, for every j € J, the sequence (dNDIJ;) is asin case (1) of Theorem 3.5, i.e., setting A,{ = 1og|(<i>,{)’|51|
we have |)_\,]<| < C, we can apply Theorem 1.2(iii) and it follows at once that the blow-up set of )L,Jc is B;. O

4. Relation between the Liouville equations in R and S!

Consider the conformal map G : D?> — R? given by

iz+1  z+z+i(z]>—1)
i 1+ |zP+iGz—2)

G(z) =

We will use on the domain D? the coordinate z = £ + in and on the target R? the coordinates (x, y)
or x +iy. Writing G in components,

28 £+’ -1
G'=RG@)=——, G@D=3CG@)=—>——>,
(2) (2) dxmitee (2) (2) AT mit e
and using the polar coordinates (r, #) on D? one easily verifies
oGl _, 0G| _ 1 G 1 oG _
or |.—,  or |_, 149 80 |_, 14+n 80| _

Notice that G|gi1 (£ +in) = &/(1 +n), i.e., [T := G'| is the classical stereographic projection from
ST\ {—i} onto R. Its inverse is

M) = — i -1+ —2-), (101)
1+ x2 14+ x2

If we write TT7!(x) = /¥, we get the useful relation

2
14+x2" 14T11(6)2

1 +sin(@(x)) = — 1 +sin6, (102)
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which follows easily from sin(6(x)) = J(M~ 1 (x)) = (1 —x?)/(1 +x?).

Proposition 4.1. Givenu:R — R, setv:=uoll:S' — R, where I1:=G'|q1. Then u € L%([R) if and
only ifve L'(SY). In this case,

(—A)2u)(TT(e™))

. /ol .
I Tsind in (S \ {-i}), (103)

(—A) () =

that is,
(=A)2v, ) = (=A)2u, po TI"Y)  forevery ¢ € CSO(S'\ {—i}).

Further, if(—A)%u e L'(R) or, equivalently, (—A)%vlsl\{,i} e L'(SY), then

AV i |
(=AY ety = (AW o arsh), y=/(—A)2udx. (104)
1+4sin6 R
Proof. Since
—1
|v|d9=/ 2pdeD],
sl R 1+X2

it is clear that v € L'(S") if and only if u € Li(R).

Given now @ € CX(S'\ {—1}), set ¥ := oIl € CX(R) and let g € C*(D?) and Y € C*NL>(R%)
be the harmonic extensions of ¢ and ¥ given by the Poisson formulas (125) and (132), respectively. It is
not difficult to see that, setting G = (G', —G?), VoG| p2 18 continuous, harmonic in D? and it coincides
with @ on S'. Then, by the maximum principle, ¢ = V¥ oG in D?\ {—i}.

Using polar coordinates we compute

3¢ - 3(@oG 1) aG! +a(¢oG*1)aGZ | 14x?
—_— O = = —— .
or |,_; dx or |,_; ay or |,_; dy y=0 2
Then, using Propositions A.1 and A.3, we get
96
((—A)iv,go):f w22 ag
Sl 81" r=1
g 2
:/(vol'l_l(x)) Pl onm () dx
R or =1 ]+x2

53
:—/ u—w dx
R ay y:O

= ((=A)2u, ¥),

so that (103) is proven.
In order to prove (104), set f := ((—A)%v)lsl\{,i} € @'(S'\ {—i}) and notice that

1
I/ lersy = (=2 2ull gy = v-
Since f € L'(S") c @'(S"), we have

T:=(=A)tv— f e (sh (105)
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and supp(T) C {—i}. We claim that T = c8_; for some constant c. By a rotation of S', it is convenient to
assume that 7 is supported at {1}. In this case, we can write

N
T = Z ¢ D¥8
k=0

for some N € N and ¢y, ..., cy € C, which leads to
N N L
(T.@) =) c(=DfDroy =) e Y (—=in)*¢(n) for ¢ € B(SH). (106)
k=0 k=0 nez

On the other hand, according to (124) we have, for ¢ € @(S b,

(=80 = [ 0®) Y inipime ™" ao

neN

:Zqu)/ v(@)e " 4o
Sl

neN

=21 ) Inlo(m)g(n), (107)

neN

where the sum can be moved outside the integral because ) _, . []|@(n)| < oo. Similarly,

(f,o) =21 f(m)p(n) for g €B(S"). (108)

neN

Clearly (105), (106), (107) and (108) are compatible only if ¢y =0 for k=1, ..., N, hence proving (up
to rotating back) that T = cod_;, as claimed. Finally, testing with ¢ = 1 we obtain

0=((=A)2v, 1) = (£, 1) +(T, 1) = (= A) 2ullp1 +co,
which implies that ¢y = —||(—A)%u||L1. O
Now, given u € L 1 (R) we want to define a function A € L!(S') such that
IT*(e2 |dx |?) = ¢? |d6)2,

where IT* denotes the pull-back of the stereographic projection, while |dx|> and |d6|? are the standard
metrics on R and S', respectively. Since

2
H*(€2u|d.x|2) — 8_1_[ eZM(H(Q))|d9|2,
a0

we find

A(0) = u(I1(9)) +log 9

oIl .
_‘ =u(T1(9)) —log(1 4 sin @) (109)

or equivalently, using (102),

2
u(x) :A(l‘[_l(x))—l—logm. (110)
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Using Proposition 4.1 we can now easily relate (—A)%u and (—A)%A.

Proposntlon 4.2. Givenu : R — R, set X as in (109). Then u € L1 (R) if and only if A € L'(S"), and
(— A)2u e L'(R) if and only if (— A)ZA e L'(S'\ {—i}). In this case, u solves (20) if and only if A solves

(—A) A =ke* — 14+ Qr —c)s_; in S (111)
with k= V o Tl and ¢ = ||(=A)2ull 1 g)-
Proof. This follows at once from Proposition 4.2 and Lemma 4.3, below. U

Lemma 4.3. We have
1
(—A)2log(1+sinf) =1—-2m6_;.

Proof. Notice that by (102) we can write

log(1 +sin®) =u1 o(I1(0)), wuio(x) =log T2

Then Propositions 5.1 and 4.1 imply

1
(—=A)2u(T(6) 1 eo@en 5, [ 41000) gy
R

(—A)7 log(1 +sin6) = I(=A)2ull 18- =

1+sinf 1+sinf
=1-2mé_;. O

5. Proof of Theorem 1.8 and Proposition 1.9

Before proving Theorem 1.8, we show that the functions defined in (27) are indeed solutions of (24)—(25).

Proposition 5.1. For every i > 0 and xo € R, the function u, ,, defined in (27) belongs to L 1 (R),
satisfies (25) with L =2, and solves (24).

Proof. Thatu, ,, €L 1 (R) and fR e dx =2 is elementary. The equation is invariant under translations
and dilations in the sense that, for all xo € R and A > 0, if « is a solution of (24) then u (A (x +xp)) +1og(X)
is a solution of (24) as well; hence, it suffices to prove that u; o(x) =log(2/(1 +x2)) is a solution. From
Proposition A.3 we get, integrating by parts,

32

log ;
T(—A)2uy o(x) = lim —+’“2dy
-0 R\[x—&,x+¢] (x - y)
2 142
i { log 1y s log 7y e / 2y }
= limy ————— + ——————-dy
=0 Yy—X |-~ Y—=X lxje R\[x—e,x+¢] y—x)1+y?)
2 2
2 arctan y 4 x log (y ) x—¢ 2arctany + x log (y ) 00
= lim{ . +y° }
2 2
e—0 1+x —c0 14+x xte
il = e, O

:1+x2



1796 FRANCESCA DA LIO, LUCA MARTINAZZI AND TRISTAN RIVIERE

Theorem 5.2. There exist constants Cy, Co > 0 such that for any ¢ € (0, ) one has

I
Ci < sup —/&H”“ do < C», (112)
ueHY (1) 11 J1
I=2)3ull 1 <1

where ' (1) == {u € L'(R) : supp(u) C I, (—A)2u € L'(R)}.

Lemma 5.3. The Green function of (—A)% on the interval I = (—1, 1) can be decomposed as
Gix,y)=Fi(lx =y +Hi(x, ),

where F% (x):=1/m)log(1/|x|) and H% is bounded above.

Proof. This follows from the explicit expression of G (x, y) (see, e.g., [Blumenthal et al. 1961; Bucur
2015]), namely

ro(x,y) 1
Gy =5 [ s dr = Lloa(no(e )+ Vil ) + .

where

g

A= xHA =1y
”O(Xs)’) = |x_y|2 .

Proof of Theorem 5.2. Up to a translation and dilation we can assume that I = (—1, 1). With Lemma 5.3
we write, for u € I:Ii’l(l) and f := (—A)%u,

’

()| = ‘/I Gr. ) f () dy

and we bound

G(x,y)§%10g< )+C, x,y,€l,

lx — yl
hence

2
u@)| 5%/110g<|x_y|)lf(y)ldy+C (113)

and, exactly as in (56), one gets

2 \'7
/e(”e)”(x)ldx < C/ |f ()] f<—> dxdy < <
! I r\|x—yl €

The rest of the proof is also similar to the proof of Theorem 3.2. 0

Remark 5.4. A slight modification of (112) is

&
C < sup —fe(”_s)“"d@ <C,, (114)
u=F1/2>kf |I| 1
supp(f)CL [ fll1 gy <1
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where F% is as in Lemma 5.3. The proof of (114) is similar to the proof of (112), since u = F% * f
obviously satisfies (113). An alternative proof of a nonsharp version of (114), namely

sup /e‘sl"_[" do <C, forsome 8§ >0 and u :=][udx,
u=Fyxf I I
supp(ICL 1 fll 1y =1
can be obtained noticing that, for u = F% * f, one has [u]lpmo) < C[F%]BMO(R) Il fllL1(r)> and one can
apply the John—Niremberg inequality.
Proposition 5.5. Letu € L 1 (R) satisfy (24)—(25). Then there is a constant Cy € R such that
1
u(x) = - / 1og<ﬂ)e"<y> dy + Co. (115)
T JR lx — ¥l

In the proof of Proposition 5.5 we use two lemmata.

Lemma 5.6. For any f € L' (R) the function

1
we = 917160 := £ [ oe( (2 rnay (116)
T Jr |x =yl
is well defined, belongs to L 1 (R) and satisfies
(—A)w=f in¥. (117)

Proof of Lemma 5.6. Let us first assume that f belongs to the Schwartz space ¥. Remember that, for
F(x):=(1/m)log(1/]x]), we have (see, e.g., [Vladimirov 1971, p. 132])

ﬁ(g):@éﬁcso in ¢, (118)
where P(1/1&]) € ¥’ is the tempered distribution defined by
1 @(§) —¢(0) / @(§)
P—. )= ————dE+ —=d§, g. 119
< &1 <p> ./|s§1 13 5 lgl>1 1§ 5 e (1)

For every f € C2°(R) one easily sees that F x f € C*°(R) and F * f € L%(R). Then
(DHE P9y i= [ (F )T eld) d
= [ F7sa iy ax
= [ FoE (T e ) dx
— 3 [ PG dx

1 A
:E/ngodgz—/Rf(pdx, (120)
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where in order to apply (119) in the fifth identity can approximate the function ¥ (§) = f €] by a
sequence of functions ¥, = f ngé € F(R) with n, € C*°(R) suitably chosen (see, for instance, [Jin et al.
2015b]). Hence, (—A)%(F x f) = f in @'(R) and, since f € @(R), the identity also holds in a strong
sense. Moreover, since obviously

(4 [ et + b say) =o.

we see that (117) is satisfied when f € D(R).
For a general function f € L'(R) we can find a sequence (fr) C D(R) with fr — f in L'(R) and
take ¢ € F(R). Then

(D = (A2 I fil, @) = (fe, @) = (f. )

as k — oo, while

(D= (§[fk],(_A)é‘P>:/Rg)[fk](x)l//(x)d%

where i 1= (—A)%q) satisfies
[y ()] < C(1+ [x]?). (121)
It remains to show that

/ﬁ[fk—f](x)w(x)dxe 0 as k— oo.
R

Define g, := fy — f — 0 in L'(R). Then, from ||h; shollpr < Al b2, we get

1+1yl
/ log( gr(y)dy| <log(2+ [xDllgkll L w) + Cllgkll
B(x,1) lx —yl

and, using that for |[x — y| > 1 we have log((1+ |y])/|x —y]) < C(1 +log(|x|)),

1+ |yl
log gx(y)dy| < C(1+log|x|)llgllz-
R\B(x,1) lx — ¥l

Therefore, taking (121) into account, we see that
(D = (ILf1, (—A)2@) as k— oo;
hence, we conclude that (—A)%w = f in ¥ (R). O
Lemma 5.7. Let f € L%([RE) satisfy (—A)%f = 0. Then f is constant.
Proof. This is identical to the proof of Lemma 14 in [Jin et al. 2015b]. O

Proof of Proposition 5.5. Set w(x) as in (116) with f(y) := "), Then (—A)% (u —w)=0by Lemma 5.6;
hence, by Lemma 5.7, u — w = Cy for some Cyp € R. O

Proposition 5.8. Letu e L 1 (R) satisfy (24)—(25). Then u € C*°(R).
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1
/ M dx < ¢,
-1

Proof. Up to scaling, assume that

where & will be fixed later.
Let us split u = u; + uo, where

1 1
1+ 1
o= [ a2 )y o= [ e Jer s e a

Then (115) implies that u; is defined by the same formula, integrating over R\ [—1, 1] instead of R. It is
easy to see that

luall o1 1 SC/eu(x)dx<oo.
([—3,3D R

From (114) if follows that, given p < 0o, choosing ¢ > 0 small enough (depending on p) we have

ele LP([—1,1]),s0e* € LP[—1, 1].

The same argument, together with translations and dilations, can be performed in a neighborhood of
every point in R, giving " € Lf;c([R{) for 1 < p < 0o. Going back to (115) it is easy to bootstrap regularity
and prove that u is actually smooth. U

Corollary 5.9. Every function » € L'(S") solving (33) with (—A)%)\ e L'(SY) is smooth.

Proof. By Proposition 4.2 the function u : R — R given by (110) is in L 1 (R) and it solves (24). Then, by
Proposition 5.8, u is smooth; hence, A € C*°(S '\ {—i}). Since (33) is invariant under rotations, we have
that actually A € C*®(S!). O

Lemma 5.10. Foru € L% (R)NCHR) solving (24)—(25), set

a::/e“(") dx.
R

Proof. This argument is taken from [Xu 2005] and is based on a Pohozaev-type identity. Differentiating

Then oo = 27.

(115) (for instance, by splitting the domain of integration into [—a, a] and R\ [—a, a] for some a > |x]|
and using elementary calculus) we obtain

xa—u __1 PV/ L ey dy.
0x b4 RX—Y

Multiplying by ™) and integrating with respect to x on the interval [— R, R], we get

R Ju 1 (R X
(I ::f x—e" W dx = ——f PV/ ——e"O dy "™ dx =: (II).
_r 0x T J_r RX—Y

Integrating by parts we find

R eu(x) R
(I) :f x dx = R(e"® 4 =Ry —/ e"dx — —a as R — oo,
_R Ox —-R
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u(R)

where we used that, at least on a subsequence, R(e — =Ry 5 0 as R — oo, otherwise (25) would

be violated. As for (/I), we compute

R R 2
(II)=—L/ /e”(y)dye”(")dx—L/ PV/ me”(y)dye”(x) dx — ——— 40
2 J_p JR 2 J_g RX—Y 2

as R — oo. Therefore, from (/) = (II) we infer o = az/(27r), ie., 0 =27. Il

Proof of Theorem 1.8. Given u € L 1 (R) satisfying (24)—(25), by Proposition 4.2 the function A(6) :=
u(I1(8)) —log(1 + sin ) solves

(—A)r=e* — 14+ Q2m—a)s_; in S
and, by Lemma 5.10, « = 27; hence,
(—A)2h=e —1 in S'.

By Corollary 2.3, A is of the form given by (34) for some a € D?.
To complete the proof, write a = ae!® = (¢ +is) with a, , s € R. We have

2(1—a?)

u(x):koH_l(x)+log log

1+x2 T l—a+inI 1)1 +x2)
The right-hand side can be computed using (101):
u(x) =log 22(1 o) NP
1+a_2m1+j$2_x ) _l.azsxti(i;x ) (14 x2)
~ log 2(1—a?)

x2(1 —2as +a?) —datx + 14+ 2as + o2’

Completing the square in the denominator on the right-hand side, we get

(x) =1 20 =a) | 2u
u(x) =10g 5 75 = log 3 3
_ N 2at d—oa%) 14+ p?(x — xp)
(1 —2as +a )(x 1—2as+a2> +1—2as+a2
with
20t 1 —2as + o2 0
Xi — T A~ 5> - .
0 1 —2as +ao? H 1 — a2

The following can been seen as a nonlocal version of the classical mean value property of harmonic
functions. It appears in [Silvestre 2007, Proposition 2.2.6] in a slightly different case, but with a proof
which readily extends to the following case.

Proposition 5.11. There exists a positive function y; € CH1(R) with fR y1dx = 1 such that, setting
Yo (x) := (1 /M) y1(x /X)), we have
u(xo) = u * y(xo)

for every . > 0 and every u € L%(IR) satisfying (—A)%u > 0.
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Proof of Proposition 1.9. Since (—A)%u < 0, we have, by Proposition 5.11 below,
u(0) <uxy,(0) forevery A >0,

where y, is as in Proposition 5.11. Since du; (x) := y,(—x) dx satisfies fR du, = 1, from Jensen’s

R R

On the other hand, since du; < (C/A) dx, we estimate

inequality we get

A A
/e”dxz—/e”dukz—e”(o)eoo as A — 00,
R CJr C

contradicting (25). O

Appendix A: The fractional Laplacian

The half-Laplacian on S'. Given u € L'(S"), we define its Fourier coefficients as
~ 1 —in6
un)=— u@)e do, nel.
2 sl
If u is smooth, we can define

(=2)2u@) =Y Inli(n)e™. (123)

nez

For u € L'(S'), we can define (—A)%u € @'(S!) as a distribution as

(—A)2u, @) :=/ u(—A)2@df, ¢eC™(SY). (124)

s
Notice that ¢ € C*®(S") implies that (—A)%go e C*®(S") (here, (—A)%q) is defined as in (123)). In fact,
given ¢ € L'(S1), we have ¢ € C*(S") if and only if ¢(n) = o(|n|~%) for every k > 0.

We can also give a definition of (—A)%u in terms of harmonic extensions. If u € L'(S"), let ii(r, 0) be
its harmonic extension in D2, explicitly given by the Poisson formula

2 2

~ 1 ; 1—r
,0) = =— P(r,0 —tu(t)dt, P(r,0)= Inlgint — 125
ur, 9) 271/0 r Jut) . 6) gr ¢ 1 —2rcosf+r? (125

Then one can define (using polar coordinates)
1 du . /ol
(—A)2u=8—r in 9'(SY), (126)
r=1

where the distribution du/dr ’r:l is defined as

9ii / ¥,
- s = u—
or | %1 Ja "ar

where ¢ € C®(S') and ¢ is the harmonic extension of ¢ in D?.

de,

r=1
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Notice that, if u € C*®(S"), the equivalence of (123), (124) and, in fact, (126) is elementary, and (126)
holds pointwise. For instance, the equivalence of (123) and (126) follows at once from

i(r,0) = Z a(n)r™len?,

nez

Proposition A.1. The definitions (124) and (126) are equivalent.

Proof. Since (126) holds pointwise for smooth functions, one has, for u € L'(SY and ¢ € C®(Sh),
0Q ou
u(—A)%adx:/‘ u—¢d9 =:<—u ,g0>. Il
r=1

or
For u € C1%(S"), there is also the following pointwise definition of (—A)%u:

(—=A)7u, @) :=/

S1

Proposition A.2. Ifu € C1¥(S") for some a € (0, 1], then (—A)2u € C**(S') and

1 /27[ u(eiQ)_u(eit)
0

Tu(e?y = L me )yzue )
(=8)u(e”) = PV > 3os@ 1) dt, (127)

where the principal value is well defined because 2 —2r cos(0 —t) = (0 —1)> + O0((0 —)*) ast — 6.

Proof. Considering Proposition A.1, it suffices to show the equivalence of (126) and (127). Set i as
in (125). Then

di(r, 0) GO u(e')
ar |._; rtl r—1
) 1 (1 —r2)(u(e'®) — u(e'))
=lim dt
M2 (r—1) Jo 1 —2rcos(0 —t)+r2

1 [T+ uE) —ue))
=lim —
2w Jo 1 —2rcos(@ —1t)+r?

27 iy it
:lPV/ u(e’)y —u(e') dr. 0
0

T 2—2rcos(d —1t)

The half-Laplacian on R. For u € ¥ (the Schwarz space of rapidly decaying functions), we set

(—A)u() = [5la@).  f@&) = /R fx)e™™ dx. (128)
One can prove that
1 1 u(x) —u(y) 1. u(x) —u(y)
—A)2 =—P ————dy:=—1 ——dy, 129
( )ulz) T /I% (x — )’)2 Y T 82% R\[—e+x,x+¢] (x — y)2 Y ( )

from which it follows that

sup [(1 +x2)(=A)2p(x)| < oo forevery ¢ € 4.

xeR
Then one can set

Li(R) '={ueL1 (R)‘/de<oo} (130)
5 : loc R1+x2 ’
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and, for every u € L 1 (R), one defines the tempered distribution (—A)%u as
(=A)2u, @) = / u(—A)2gdx = / uF (|E|¢(E)) dx  for every ¢ € 4. (131)
R R

An alternative definition of (—A)% can be given via the Poisson integral. For u € L 1 (R), define the
Poisson integral

1 yu(y)
u(x,y):= / .45, y>0, (132)
r (V2 +(x—§)?)
which is harmonic in R x (0, co) and whose trace on R x {0} is #. Then we have
1 ou
(—A)iy=—— (133)
ay y:O

where the identity is pointwise if u is regular enough (for instance, C 1103 (R)), and has to be read in the
sense of distributions in general, with

< oi > < ¢
—_—— ’(p u ——
9y |y=o dy

Proposntlon A3. Ifu e L] (R) N CloC ((a, b)) for some interval (a,b) C R and some o € (0, 1),
then (—A)2 : u, the tempered dzsmbutzon defined in (131), coincides on the interval (a, b) with the functions
given by (129) and (133). For general u € L% (R), the definitions (131) and (133) are equivalent, where
the right-hand side of (133) is defined by (134).

Proof. Assume that u € L; (IR{) nch “((a, b)). Following [Caffarelli and Silvestre 2007], we have,
for x € (a, b),

>, ped, ¢ asin (132). (134)
y=0

More precisely:

loc

du(x, y) — lim u(x, y) —a(x,0) lim L u(€) —u(x) gt = lPV/ u(€) —u(x)
dy R (E—x)?

y=0 Y0 y y=0T Jg y2+ (€ —x)? 4
where the last convergence follows from dominated convergence outside B;(x) and by a Taylor expansion

dg,

in a neighborhood of x. This proves the equivalence of (129) and (133). The equivalence between (129)
and (131) amounts to showing that

f uF(E10(€)) dx = L / PV / Mdyw(x)dx (135)

whenever ¢ € & is supported in (a, b). When u € &, the equlvalence is shown, e.g., in [Caffarelli and
Silvestre 2007] (passing through the definition given in (128)). In the general case, one approximates u with
functions uj € &¥ converging to u uniformly locally in (a, b) and in L 1 (R), as shown in Proposition 2.1.4
of [Silvestre 2007] (in order to have convergence in (135) as u; — u, it is convenient to consider ¢
compactly supported first, in case (a, b) is not bounded).

The last statement follows at once by noticing that, applying (133) to ¢ € ¥, one gets

(o5
u —_——
dy

> (U, (=A)2g). 0
y=0
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Appendix B: Useful results from complex analysis

Lemma B.1. Ler h € C°(D?, C) be holomorphic in D* with h(S') C S' and 0 & h(D?). Then h is
constant.

Proof. Since h never vanishes, log || is well defined, harmonic and vanishes on S!, hence everywhere.
This implies that || = 1 and, from the conformality of 4, it follows that % is constant. UJ

The following is a generalization of Lemma B.1:

Lemma B.2 [Burckel 1979]. Ifh e C%(D2, C) be holomorphic in D?withh(SY) c S' and degh|q1=n>0,
then h is a Blaschke product of degree n, i.e.,
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