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Given a coercive Hamiltonian which is quasiconvex with respect to the gradient variable and periodic
with respect to time and space, at least “far away from the origin”, we consider the solution of the Cauchy
problem of the corresponding Hamilton—Jacobi equation posed on the real line. Compact perturbations of
coercive periodic quasiconvex Hamiltonians enter into this framework, for example. We prove that the
rescaled solution converges towards the solution of the expected effective Hamilton—Jacobi equation, but
whose “flux” at the origin is “limited” in a sense made precise by Imbert and Monneau. In other words,
the homogenization of such a Hamilton—Jacobi equation yields to supplement the expected homogenized
Hamilton—Jacobi equation with a junction condition at the single discontinuous point of the effective
Hamiltonian. We also illustrate possible applications of such a result by deriving, for a traffic flow
problem, the effective flux limiter generated by the presence of a finite number of traffic lights on an ideal
road. We also provide meaningful qualitative properties of the effective limiter.
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1. Introduction

Setting of the general problem. This article is concerned with the study of the limit of the solution
u®(t, x) of the equation

uf+H(§, z, ui) =0 for (1,x)€(0,T) xR (1)

subject to the initial condition

u®(0,x) =ug(x) for x eR (2)
for a Hamiltonian H satisfying the following assumptions:
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(A0) Continuity: H: R?> — R is continuous.

(A1) Time periodicity: For all k € Z and (¢, x, p) € R3,

H(t+k,x,p)=H(t,x, p).

(A2) Uniform modulus of continuity in time: There exists a modulus of continuity @ such that, for all

t,s,x, peR,
H(t,x, p)— H(s,x, p) < o(|t —s|(1 + max(H (s, x, p), 0))).

(A3) Uniform coercivity: lim H(t, x,g)=+00
lg|l—+o00

uniformly with respect to (¢, x).

(A4) Quasiconvexity of H for large x: There exists some pg > 0 such that, for all x € R\ (—p0, 00),
there exists a continuous map ¢ pO(t, x) such that

H(t,x,-) is nonincreasing in (—oo, p°(t, x)),
H(t,x,-) isnondecreasing in (p°(t, x), +00).

(A5) Left and right Hamiltonians: There exist two Hamiltonians H, (¢, x, p), « = L, R, such that

H{,x+k,p)—Hy(t,x,p) >0 as Z3>k— —o0,
H(t,x+k,p)—Hg(t,x,p) >0 as Z>k — +oo,

uniformly with respect to (¢, x, p) € [0, 11? x R and, for all k, jeEZ, (t,x,p)€ R3 and o € {L, R},
H,(t+k, x4+ j, p) = Hy(t, x, p).

We have to impose some condition in order to ensure that effective Hamiltonians H,, are quasiconvex;
indeed, we will see that the effective equation should be solved with flux-limited solutions, recently
introduced by Imbert and Monneau [2013]; such a theory relies on the quasiconvexity of the Hamiltonians.

(B-i) Quasiconvexity of the left and right Hamiltonians: H,, « = L, R, does not depend on time and

there exists pg (independent of (¢, x)) such that
H,(x,-) isnonincreasing on (—oo, pg),
H,(x,-) is nondecreasing on ( pg, +00).

(B-ii) Convexity of the left and right Hamiltonians: For each « = L, R and for all (¢, x) € R x R, the
map p — H,(t, x, p) is convex.

Example 1.1. A simple example of such a Hamiltonian is
H(t’x’p): |p| _f(t’x)

with a continuous function f satisfying f(t +1,x) = f(¢, x) and f(¢, x) — 0 as |x| — +oc uniformly
with respect to t € R.
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Main results. Our main result is concerned with the limit of the solution u® of (1)—(2). It joins part of the
huge literature dealing with homogenization of Hamilton—Jacobi equation, starting with the pioneering
work of Lions, Papanicolaou and Varadhan [Lions et al. 1986]. In particular, we need to use the perturbed
test function introduced by Evans [1989]. As pointed out to us by the referee, there are few papers
dealing with Hamiltonians that depend on time, which implies in particular that so-called correctors also
depend on time. The reader is referred to [Barles and Souganidis 2000; Bernard and Roquejoffre 2004]
for the large time behaviour and to [Forcadel et al. 2009a; 2009b; 2012] for homogenization results.
This limit satisfies an effective Hamilton—Jacobi equation posed on the real line whose Hamiltonian is
discontinuous. More precisely, the effective Hamiltonian equals the one which is expected (see (AS))
in (—oo; 0) and (0; +00); in particular, it is discontinuous in the space variable (piecewise constant, in
fact). In order to get a unique solution, a flux limiter should be identified [Imbert and Monneau 2013],
henceforth abbreviated [IM].

Homogenized Hamiltonians and effective flux limiter. The homogenized left and right Hamiltonians are
classically determined by the study of some “cell problems”.

Proposition 1.2 (homogenized left and right Hamiltonians). Assume (A0)—(AS) and either (B-i) or (B-ii).
Then, for every p € R and o = L, R, there exists a unique ). € R such that there exists a bounded
solution v* of

{vf‘—i—Ha(t,x,p—i—v)‘f):k in RxR, 3)

VY is 72-periodic.
If Hy(p) denotes such a i, then the map p — Hy(p) is continuous, coercive and quasiconvex.

Remark 1.3. We recall that a function H,, is quasiconvex if the sets {H, < A} are convex for all A € R.
If H, is also coercive, then pY denotes in proofs some p € argmin H,.

The effective flux limiter A is the smallest A € R for which there exists a solution w of the global-in-time
Hamilton—Jacobi equation

{wt+H(t,x,wx)=A, (1, x) e RxR, @

w is 1-periodic in ¢.

Theorem 1.4 (effective flux limiter). Assume (A0)—(AS) and either (B-1) or (B-ii). The set
E = {A € R: there is a subsolution w of (4)}
is nonempty and bounded from below. Moreover, if A denotes the infimum of E, then

A>Ag:= alll'zlxR(min H,). ®))

Remark 1.5. We will see below (Theorem 4.6) that the infimum is in fact a minimum: there exists a
global corrector which, in particular, can be rescaled properly.

We can now define the effective junction condition:
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Definition 1.6. The effective junction function Fj is defined by

Fi(pL, pr) :=max(A, H (p;), Hg (Pp))s
where _ _ B
Ho () if p<pl,
Ho(p) if p>pY,

Hu(p) if p<py,

H;(p)z{ﬁ B0 if p> and ﬁ:(p)z{

where p0 € argmin H,.
The convergence result. Our main result is the following theorem:

Theorem 1.7 (junction condition by homogenization). Assume (A0)—(AS) and either (B-i) or (B-ii).
Assume that the initial datum uq is Lipschitz continuous and, for ¢ > 0, let u® be the solution of (1)—(2).
Then u® converges locally uniformly to the unique flux-limited solution u° of

u®+ Hy %) =0, t>0,x<0,
ul+ Hr(u%) =0, t>0, x>0, (6)
ud+ F;u%(t,07),u(¢,0t) =0, t>0, x=0,

subject to the initial condition (2).

Remark 1.8. The notion of flux-limited solution for (6) was introduced in [IM].

This theorem asserts in particular that the slopes of the limit solution at the origin are characterized by
the effective flux limiter A. Its proof relies on the construction of a global “corrector”, i.e., a solution
of (4) which is close to an appropriate V -shaped function after rescaling. This latter condition is necessary
so that the slopes at infinity of the corrector fit the expected slopes of the solution of the limit problem at
the origin. Here is a precise statement:

Theorem 1.9 (existence of a global corrector for the junction). Assume (A0)—(AS) and either (B-i)
or (B-ii). There exists a solution w of (4) with A = A such that the function

we(t, x) =csw(e 't 67 x)

converges locally uniformly (along a subsequence ¢, — 0) towards a function W = W (x) which satisfies

W(0) =0 and

PrX =0y + Prxlix<oy = W(x) = prxlix=o) + prxlic<o, (7N
where
PR =min Eg, . — — -
{A with Eg:={peR:Hg(p)= Hg(p) = A}, (8)
pr = max Eg,

{ﬁL:maXEL, with Ep:={peR:H; (p)=H,(p)=A}. )

pr=minEp,
The construction of this global corrector is the reason why homogenization is referred to as being

“specified”; see also related results on p. 1897. As a matter of fact, we will prove a stronger result; see
Theorem 4.6.
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Extension: application to traffic lights. The techniques developed to prove Theorem 1.7 allow us to deal
with a different situation inspired by traffic flow problems. As explained in [Imbert et al. 2013], such
problems are related to the study of some Hamilton—Jacobi equations. Theorem 1.12 below is motivated
by aiming to figuring out how the traffic flow on an ideal (infinite, straight) road is modified by the
presence of a finite number of traffic lights.

We can consider a Hamilton—Jacobi equation whose Hamiltonian does not depend on (¢, x) for x
outside a (small) interval of the form N, = (b€, by¢e), and is piecewise constant with respect to x
in (b1g, bye). At space discontinuities, junction conditions are imposed with e-time-periodic flux limiters.
The limit solution satisfies the equation after the “neighbourhood” N, disappears. We will see that the
equation keeps memory of what happened there through a flux limiter at the origin x = 0.

Let us be more precise now. We are given, for N > 1 and K € N, a finite number of junction points
—00=by<by <by<---<by<byry1=+4ccandtimes 0 =17 <71] < - <7Tg <1 =71g41.
Fora € {0, ..., N}, £, denotes b, — b,. Note that £, = +oo for o =0, N.

We then consider the solution u® of (1) where the Hamiltonian H satisfies the following conditions:

(C1) The Hamiltonian is given by

ch(P) if by <x <bgyi,

= {max(ﬁ:_mp—), He (0 aa(®) if x =by, @ #0.

(C2) The Hamiltonians H, for « =0, ..., N are continuous, coercive and quasiconvex.

(C3) The flux limiters a, fora =1,..., N,andi =0, ..., K, satisfy
au(s+1) =ay(s) with ag(s)=Al forall sel[r, i)

with (Ag);::()l’"::jf\, satisfying Al > Maxg—q—1,o (Min I-_Iﬂ).

Remark 1.10. The Hamiltonians outside N, are denoted by H, instead of H, in order to emphasize that
they do not depend on time and space.

Remark 1.11. In view of the literature in traffic modelling, the Hamiltonians could be assumed to be
convex. But we prefer to stick to the quasiconvex framework since it seems to us that it is the natural one
(in view of [IM]).

The equation is supplemented with the initial condition

u®(0,x) =Uj(x) for x eR (10)
with

U; equi-Lipschitz continuous and Uj — ug locally uniformly. 11

Then the following convergence result holds true:
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Theorem 1.12 (time homogenization of traffic lights). Assume (C1)-(C3) and (11). Let u® be the solution
of (1) and (10) for all € > 0. Then:

(i) Homogenization: There exists some A € R such that u® converges locally uniformly as € tends to
g 8 Y y

zero towards the unique viscosity solution u® of (6) and (2) with
HL = ITI(), ITIR = HN.

(ii) Qualitative properties of A: Fora =1,..., N, (ay) denotes fol aq(s) ds. The effective limiter A

satisfies the following properties:

e Forall a, A is nonincreasing with respect to L.

o fFor N =1,
A={a). (12)
e For N > 1,
A> max (ag). (13)
a=lI,..., N
e For N > 2, there exists a critical distance dy > 0 such that
A= max (a,) if minéy > dp; (14)
a=1,...,N o
this distance dy only depends on maxy=1, . N ||dq|lco. MaXg=1, . n{ao) and the H,.
o We have
A—(a) as (y,....0xy_1) — (0,...,0), (15)

where a(t) = maxy=1,. N do (7).

Remark 1.13. Since the function a(t) is piecewise constant, the way u® satisfies (1) has to be made
precise. An L! theory in time (following for instance the approach of [Bourgoing 2008a; 2008b]) could
probably be developed for such a problem, but we will use here a different, elementary approach. The
Cauchy problem is understood as the solution of successive Cauchy problems. This is the reason why we
will first prove a global Lipschitz bound on the solution, so that there indeed exists such a solution.

Remark 1.14. The result of Theorem 1.4 still holds for (1) under assumptions (C1)—(C3), with the set E
defined for subsolutions which are moreover assumed to be globally Lipschitz (without fixed bound on
the Lipschitz constant). The reader can check that the proof is unchanged.

Remark 1.15. Tt is somewhat easy to get (12) when the Hamiltonians H, are convex by using the optimal
control interpretation of the problem. In the more general case of quasiconvex Hamiltonians, the result
still holds true but the proof is more involved.

Remark 1.16. We may have A> maxgy=1,. N{dy). It is possible to deduce it from (15) in the case N =2
by using the traffic light interpretation of the problem. If we have two traffic lights very close to each
other (let us say that the distance in between is at most the space for only one car) and if the traffic lights
have common period and are exactly in opposite phases (with, for instance, one minute for the green
phase and one minute for the red phase), then the effect of the two traffic lights together gives a very low
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flux which is much lower than the effect of a single traffic light alone (i.e., here at most one car every two
minutes will go through the two traffic lights).

Traffic flow interpretation of Theorem 1.12. We mentioned above that there are some connections
between our problem and traffic flows.

Inequality (13) has a natural traffic interpretation, saying that the average limitation on the traffic flow
created by several traffic lights on a single road is greater than or equal to the one created by the traffic
light which creates the highest limitation. Moreover, this average limitation is smaller if the distances
between traffic lights are bigger, as says the monotonicity of A with respect to the distances £.

Property (14) says that the minimal limitation is reached if the distances between the traffic lights
are bigger than a critical distance dy. The proof of this result is quite involved and is reflected in the
fact that the bounds that we have on dp are not continuous on the data (namely maxy=1,_n lld«l oo,

,,,,,, ~{ay) and the Hy).

Finally, property (15) is very natural from the point of view of traffic, since the limit corresponds to

the case where all the traffic lights would be at the same position.

Related results. Achdou and Tchou [2015] studied a singular perturbation problem which has the same
flavour as the one we are looking at in the present paper. More precisely, they consider the simplest
network (a so-called junction) embedded in a star-shaped domain. They prove that the value function of
an infinite horizon control problem converges, as the star-shaped domain “shrinks” to the junction, to the
value function of a control problem posed on the junction. We borrow from them the idea of studying the
cell problem on truncated domains with state constraints. We provide a different approach, which is in
some sense more general because it can be applied to problems outside the framework of optimal control
theory. Our approach relies in an essential way on the general theory developed in [IM].

The general theme of the lectures by P.-L.. Lions [2013-2014] at the College de France was “Elliptic or
parabolic equations and specified homogenization”. As far as first-order Hamilton—Jacobi equations are
concerned, the term “specified homogenization” refers to the problem of constructing correctors to cell
problems associated with Hamiltonians that are typically the sum of a periodic one, H, and a compactly
supported function f depending only on x, say. Lions exhibits sufficient conditions on f such that the
effective Hamilton—Jacobi equation is not perturbed. In terms of flux limiters [IM], it corresponds to
looking for sufficient conditions such that the effective flux limiter A given by Theorem 1.4 is (less than
or) equal to Ag =min H.

Barles, Briani and Chasseigne [Barles et al. 2013, Theorem 6.1] considered the case

Hx, ) =¢(%) Hep) + (1-¢ (%)) He(p)
for some continuous increasing function ¢ : R — R such that

lim ¢(s)=0 and lim ¢(s)=1.
§—>—00 §— 400

They prove that u® converges towards a value function denoted by U ~, which they characterize as the
solution to a particular optimal control problem. It is proved in [IM] that U~ is the solution of (6) with
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H, = H, and A replaced by AT = max(Ag, A*) with

Ao =max(min Hg, min H;) and A*= max (min(Hg(q), HL(q))).
g€lmin(pf, p?),max(p%, pi)]
Giga and Hamamuki [2013] develop a theory which allows them in particular to prove existence and
uniqueness for the following Hamilton—Jacobi equation (changing u to —u) in R¢:

oru~+|Vu| =0 for x # 0,
oiu+|Vu|l+c=0 at x=0.

The solutions of [Giga and Hamamuki 2013] are constructed as limits of the equation

+
o,u’ + | Vu®| —i—c(l - m) =0.
€

In the monodimensional case (d = 1), Theorem 1.7 implies that u® converges towards

oru—~+|Vu| =0 for x #0,
o;u +max(A, |Vul) =0 at x =0,

for some A € R. In view of Theorem 1.4, it is not difficult to prove that A = max(0, c). The Hamiltonian
max(c, |[Vu|) is identified in [Giga and Hamamuki 2013] and is referred to as the relaxed one.

It is known that homogenization of Hamilton—Jacobi equations is closely related to the study of the large
time behaviour of solutions. Hamamuki [2013] discusses the large time behaviour of Hamilton—Jacobi
equations with discontinuous source terms in two cases: for compactly supported ones and periodic ones.
In our setting, we can address both, and even the sum of a periodic source term and a compactly supported
one. It would be interesting to address such a problem in the case of traffic lights. Jin and Yu [2015] study
the large time behaviour of the solutions of a Hamilton—Jacobi equations with an x-periodic Hamiltonian
and what can be interpreted as a flux limiter depending periodically on time.

Further extensions. It is also possible to address the time homogenization problem of Theorem 1.12 with
any finite number of junctions (with limiter functions a, (¢) that are piecewise constants — or continuous —
and 1-periodic), either separated with distance of order O (1) or with distance of order O(¢), or mixing
both, and even on a complicated network. See also [Jin and Yu 2015] for other connections between
Hamilton—Jacobi equations and traffic light problems, and [Andreianov et al. 2010] for green waves
modelling.

Note that the method presented in this paper can be readily applied (without modifying proofs) to the
study of homogenization on a finite number of branches and not only two branches; the theory developed
in [IM] should also be used for the limit problem.

Similar questions in higher dimensions with point defects of other codimensions will be addressed in
future works.

Organization of the article. Section 2 is devoted to the proof of the convergence result (Theorem 1.7).
Section 3 is devoted to the construction of correctors far from the junction point (Proposition 1.2), while
the junction case, i.e., the proof of Theorem 4.6, is addressed in Section 4. We recall that Theorem 1.9 is
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a straightforward corollary of this stronger result. The proof of Theorem 4.6 makes use of a comparison
principle which is expected but not completely standard. This is the reason why a proof is sketched in the
Appendix, together with two others that are rather standard but included for the reader’s convenience.

Notation. A ball centred at x of radius r is denoted by B, (x). If {u®}, is locally bounded, the upper and
lower relaxed limits are defined as

lim sup, *u®(X) = limsupy _, y .o u®(Y),

{lim infy ,u®(X) =liminfy_, x co u®(Y).

In our proofs, constants may change from line to line.

2. Proof of convergence

This section is devoted to the proof of Theorem 1.7. We first construct barriers.

Lemma 2.1 (barriers). There exists a nonnegative constant C such that, for any € > 0,
lu(t, x) —up(x)| < Ct for (t,x) € (0,T) x R. (16)
Proof. Let L be the Lipschitz constant of the initial datum u¢. Taking

C= sup |H(,x,p)l <+oo,
(t,x)eRxR
[pI<Lo

owing to (AO) and (AS5), the functions u(t, x) =uo(x)£Cr are a super- and a sub-solution, respectively,
of (1)—(2) and (16) follows via comparison principle. O
We can now prove the convergence theorem.

Proof of Theorem 1.7. We classically consider the upper and lower relaxed semilimits

u =limsup, *u®,

u = liminf, ,u®.
Notice that these functions are well defined because of Lemma 2.1. In order to prove convergence of u®
towards 1", it is sufficient to prove that i and u are a sub- and a super-solution, respectively, of (6) and (2).
The initial condition follows immediately from (16). We focus our attention on the subsolution case,

since the supersolution one can be handled similarly.
We first check that

u(t,0)= limsup u(s,y)= limsup u(s,y). (17)
(s,y)—(,0),y>0 (s,y)—>(2,0),y<0

This is a consequence of the stability of such a “weak continuity” condition; see [IM]. Indeed, it is shown
in [IM] that classical viscosity solution can be viewed as a flux-limited one; in particular, u® solves

ug+ H (L 2w, 00) vEt (L 2w, 07)) =0 for 1> 0.

Since these e-Hamiltonians are uniformly coercive and u? is continuous, we conclude that (17) holds true.
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Let ¢ be a test function such that
(@ —@)(t,x) < (@—@)t,x)=0 forall (¢, x) € Br(t,x) \ {(z, X)}. (18)

We argue by contradiction, by assuming that

o (f, %)+ H(E, (£, %) =60 >0, (19)
where N
HR(px(1, X)) if x>0,
H (X, :(F, %)) = { Hy(px(7, %)) if <0,

Fi(px(t,07), ¢u(7,07)) if X =0.
We only treat the case where x = 0, since the case x # 0 is somewhat classical. This latter case is detailed

in Section A in the Appendix for the reader’s convenience. Using [IM, Proposition 2.5], we may suppose
that

o(t,x) =¢(t) + prxlp <o)+ prx =0}, (20)
where ¢ is a C! function defined in (0, +00). In this case, (19) becomes
¢' (D) + Fx(pr, pr) =¢'(H) + A=6 > 0. 21
Let us consider a solution w of the equation
w; + H(t, x, wy) = A, (22)

provided by Theorem 1.9, which is in particular 1-periodic with respect to time. We recall that the
function W is the limit of w® =sw(- /¢) as ¢ — 0. We claim that, if ¢ > 0 is small enough, the perturbed
test function ¢® (¢, x) = ¢ (¢) + w?(¢, x) [Evans 1989] is a viscosity supersolution of

t x 6 . -
i+ H(L T g)=5 in BG.0)

for some sufficiently small » > 0. In order to justify this fact, let 1 (¢, x) be a test function touching ¢°
from below at (11, x1) € B,(f, 0). In this way,

X1 1
w(—, —) ==Y (1, x1) — (1))
e & €
and

1
ws,y) = (b (es. €3) = (es))
for (s, y) in a neighbourhood of (¢;/¢, x;/¢). Hence, from (21)—(22),

(YIS
v
(YIS

Vi (t1, x1) + H(%1 % Yo (11, xl)) >A+¢' ()= A+¢/' (1) —

provided r is small enough. Hence, the claim is proved.
Combining (7) from Theorem 1.9 with (18) and (20), we can fix k, > 0 and ¢ > 0 small enough so that

u®+rk, <¢® on dB,(t,0).
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By the comparison principle the previous inequality holds in B, (7, 0). Passing to the limit as ¢ — 0 and
(t, x) — (t, X), we get the contradiction

The proof of convergence is now complete. 4

Remark 2.2. For the supersolution property, ¢ in (20) should be replaced with

o, x) =¢ )+ prxli<o + Prx1lic=0}.

3. Homogenized Hamiltonians

In order to prove Proposition 1.2, we first prove the following lemma. Even if the proof is standard, we
give it in full detail since we will adapt it when constructing global correctors for the junction.

Lemma 3.1 (existence of a corrector). There exists A € R for which there is a bounded (discontinuous)
viscosity solution of (3).

Remark 3.2. If H, does not depend on ¢, then it is possible to construct a corrector which does not
depend on time either. We leave the details to the reader.

Proof. For any 8 > 0, it is possible to construct a (possibly discontinuous) viscosity solution v® of
{8v5+vf+Ha(I,x,p+vi) =0 in RxR,
V¥ is Z2-periodic.
First, the comparison principle implies
16v°] < Cy, (23)
where

Co= sup |Hy(t, x, p)l.
(t,x)€[0,1]?
Second, the function

m® (x) = sup(v®)*(z, x)
teR
is a subsolution of

Hy(t(x), x, p+m’) < C,

(for some function 7(x)). Assumptions (A3) and (A5) imply that there exists C > 0 independent of §
such that

Imé|<C and v’ <C.
In particular, the comparison principle implies that, for all t e R, x e R and & > 0,
v (t+h, x) <0 (t, x) + Ch.
Combining this inequality with the time-periodicity of v°® yields

[0 (t, x) —m® (x)| < C;
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in particular,
[v (¢, x) —v°(0,0)| < C. (24)

Hence, the half-relaxed limits

o =limsup*(v* —v%(0,0)) and v= lign iélf*(v‘S —%(0,0))
§—0 -

are finite. Moreover, (23) implies that sv%(0,0) — — (at least along a subsequence). Hence, the
discontinuous stability of viscosity solutions implies that  is a Z>-periodic subsolution of (3) and v is a
Z*-periodic supersolution of the same equation. Perron’s method then allows us to construct a corrector
between v and v + C with C = sup(v — v). The proof of the lemma is now complete. O

The following lemma is completely standard; the proof is given in Section B in the Appendix for the
reader’s convenience.

Lemma 3.3 (uniqueness of A). The real number A given by Lemma 3.1 is unique. If H,(p) denotes this
real number, the function H, is continuous.

Lemma 3.4 (coercivity of H,). The continuous function H, is coercive:

lim Hy(p) = +o0.
[pl—>+00

Proof. In view of the uniform coercivity in p of H, with respect to (¢, x) (see (A3)), for any R > 0 there
exists a positive constant Cg such that

I[pl>Cr = Hy(t,x,p)>R forall (r,x) e RxR. (25)

Let v be the discontinuous corrector given by Lemma 3.1 and (7, X) the point of supremum of its upper
semicontinuous envelope (v*)*. Then we have

HO{(t_ﬁ -i’ p) S H()l(p)»
which implies
Hy(p)= R for |p| > Cg. (26)
The proof of the lemma is now complete. g

We first prove the quasiconvexity of H, under assumption (B-ii). We in fact prove more: the effective
Hamiltonian is convex in this case.

Lemma 3.5 (convexity of H, under (B-ii)). Assume (A0)—(AS) and (B-ii). Then the function H, is
convex.
Proof. For p, q € R, let v, and v, be solutions of (3) with A = Ho( p) and H, (g), respectively. We also
set

up(t,x) = Up(t7 x)+ px _tﬁa(p)

and define u, similarly.
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Step 1: uj, and u, are locally Lipschitz continuous. In this case, we have, almost everywhere,

{(up)t + Hy (2, x, (up)x) =0,
(ug)t + Ho (2, x, (ug)x) = 0.
For 1 €0, 1], let

By convexity, we get, almost everywhere,
u+ Hy(t, x,uy,) <0. (27)

We claim that the convexity of H, (in the gradient variable) implies that u is a viscosity subsolution. To
see this, we use an argument of [Bardi and Capuzzo-Dolcetta 1997, Proposition 5.1]. For P = (¢, x), we
define a mollifier ps(P) =8 2p(8~! P) and set

Us = U * Pg

Then, by convexity, we get, with Q = (s, y),

(u5): + Ho (P, (its)x) < /dQ {Ho (P, ux(Q)) — Ho(Q, ux(Q)}ps (P — Q).

The fact that u, is locally bounded and the fact that H,, is continuous imply that the right-hand side
goes to zero as § — 0. We deduce (by stability of viscosity subsolutions) that (27) holds true in the
viscosity sense. Then the comparison principle implies that

pwHo(p)+ (1 — ) Hy(q) = Ho(up + (1 — wq). (28)

Step 2: uj, and u, are continuous. We proceed in two substeps:

Step 2.1: the case of a single function u. We first want to show that if u = u , is continuous and satisfies (27)
almost everywhere, then u is a viscosity subsolution. To this end, we will use the structural assumptions
satisfied by the Hamiltonian. The ones that were useful to prove the comparison principle will be also
useful to prove the result we want, so we will revisit that proof. We also use the fact that

u(t,x) — px +tHy(p) is bounded. (29)

For v > 0, we set

_ )2 _ )
u%t,x):sup(u(s’x)_ (t—s) ):u(sv,x)— (t—sv) ‘

seR 2v 2v

As usual, we get from (29) that

It —s,| <C/v with C=C(p,T) (30)
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fort € (=T, T). In particular s, — ¢ locally uniformly. If a test function ¢ touches " from above at
some point (¢, x), then we have ¢, (¢, x) = —(t — s,)/v and
(pt(tsx)-'_HOl(t, X, (px(t’x)) S HOl(t;xa (Px(tax)) _HOZ(SVaxa (Px(tsx))
< o(|t = su[(14+max(0, Hy(sy, X, 9: (1, X)))))

o2
Sa)(%w—m), 31)

where we have used (A2) in the third line. The right-hand side goes to zero as v goes to zero since

(¢ _sv)z

— 0 locally uniformly with respect to (¢, x)
%

(recall u is continuous). Indeed, this can be checked for (¢, x) replaced by (t,, x,,) because, for any
sequence (t,, sy, x,) = (¢, t, x), we have

(t, — Sv)2
v

where the continuity of u implies the result. For a given v > 0, we see that (30) and (31) imply that

u(ty, x,) < uv(t\n Xy) = u(sy, xy) —

e, lox| < C,p.

This implies in particular that #" is Lipschitz continuous, and then
u; +H(t,x,uy) <o,(1) ae.,

where 0, (1) is locally uniform with respect to (¢, x).

Step 2.2: application. Applying Step 2.1, we get, for z = p, ¢,
W)+ H(t, x, u))y) <o,(1) ae.,
where 0, (1) is locally uniform with respect to (¢, x). Step 1 implies that

i’ = pu, + (1 —pwuy,
is a viscosity subsolution of
(@") + Ho (2, x, (@")x) < 0u(1),

where 0, (1) is locally uniform with respect to (¢, x). In the limit v — 0, we recover (by stability of
subsolutions) that u is a viscosity subsolution, i.e., satisfies (27) in the viscosity sense. This then gives
the same conclusion as in Step 1.

Step 3: the general case. To cover the general case, we simply replace u, by u,, the solution to the
Cauchy problem

{(ﬁp)t + Hy(t, x, (1)) =0 for (t,x) € (0, +00) x R,
u,(0,x) = px.
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Then i, is continuous and satisfies |, —u,| < C. Proceeding similarly with i, and using Step 2, we
deduce the desired inequality (28). The proof is now complete. (|

We finally prove the quasiconvexity of H, under assumption (B-i).

Lemma 3.6 (quasiconvexity of H,, under (B-i)). Assume (A0)—(AS) and (B-i). Then the function H is
quasiconvex.

Proof. We reduce quasiconvexity to convexity by composing with an increasing function y; note that
such a reduction was already used in optimization and in partial differential equations; see, for instance,
[Lions 1981; Kawohl 1985].

We first assume that H, satisfies

H, € C?,
D} Hy(x, pY) >0,
DpHOl(-xa p) <0 for pE (—OO, Pg)» (32)

D,Hy(x,p)>0  for pe (pl, +o0),
Hy(x, p) > +00 as |p| — +oo uniformly with respect to x € R.

For a function y such that
y isconvex, V€ C*(R) and y' >8>0,
we have
D’ (yoHy) >0
if and only if
DI%[)HO,()C, P)
(Dthx(xa P))2

where Jrojt (x, ) is the only real number r such that £r > 0 and H, (x, r) = 1. Because D

(ny") (1) > — for p=mZ(x,1) and A > H,(x, p), (33)

> Ha(x, pg) >0,
we see that the right-hand side is negative for A close enough to H, (x, pg) and it is indeed possible to
construct such a function y.
In view of Remark 3.2, we can construct a solution of 5v5+y oH,(x, p+v§§) =0 with —§v° — yo—Ha (p)
as 6 — 0, and a solution of
y o Hy(x, p+v:) =y o Ho(p).
This shows that

Ha:y_loyoHa.

Thanks to Lemmas 3.4 and 3.5, we know that y o H, is coercive and convex. Hence, H, is quasiconvex.
If now H, does not satisfies (32) then, for all ¢ > 0, there exists H € C? such that

(Df,,,Hj)(x, pd) >0,

D,HE:(x, p) <0 for p € (—oo, pY),
D,H;(x,p)>0 for p e (pg, +00),
|HS — Hy| < e.
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Then we can argue as in the proof of continuity of H, and deduce that
Ho(p) = lim H (p).
e—0
Moreover, the previous case implies that H ¢ is quasiconvex. Hence, so is H,. The proof of the lemma is
now complete. U

Proof of Proposition 1.2. Combine Lemmas 3.1, 3.3, 3.4, 3.5 and 3.6. U

4. Truncated cell problems
We consider the following problem: find A, € R and w such that

w,+H(t, x, wy) =4, for (t,x) e R x (—p, p),
w,+H™(t,x,wy) =4, for (t,x) e Rx{—p},
w,+ HY (@, x,wy) =4, for (z,x) € Rx {p},

w is 1-periodic in ¢.

(34)

Even if our approach is different, we borrow here an idea from [Achdou and Tchou 2015] by truncating
the domain and considering correctors in [—p, p] with p — 4o00.

A comparison principle.

Proposition 4.1 (comparison principle for a mixed boundary value problem). Let py > p; > pg and A € R
and v be a supersolution of the boundary value problem

vt+H(taxavx)2)" fOl’ (I,X)GRX(I()I,IOZ),
v+ HY (1, x,0) > A for (1,x) € Rx {p2},

(35)
v(t, x) = Up(1) Jor (t,x) € R x {p1},
v is 1-periodic in t,
where Uy is continuous and, for &y > 0, let u be a subsolution of
u+H(t, x,uy) <A —gy  for (1, x) €Rx (p1, p2),
u+HT(t,x,ux) <h—eo for (t,x) € Rx {pa}, 36)

u(t, x) < Uo(r) for (t,x) € R x {p1},

u is 1-periodic in t.
Thenu <vin R x [p1, p2].
Remark 4.2. A similar result holds true if the Dirichlet condition is imposed at x = p, and junction

conditions
v+ H (8, x,00) = A at x = py,

ur+H (t,x,uy) <A—gy atx=pj,

are imposed at x = py.
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The proof of Proposition 4.1 is very similar to (in fact simpler than) the proof of the comparison
principle for Hamilton—Jacobi equations on networks contained in [IM]. The main difference lies in the
fact that, in our case, u and v are global in time and the space domain is bounded. A sketch of the proof is
provided in Section C in the Appendix, shedding some light on the main differences. Here, the parameter
&o > 0in (36) is used in place of the standard correction term —n /(T — t) for a Cauchy problem.

Correctors on truncated domains.

Proposition 4.3 (existence and properties of a corrector on a truncated domain). There exists a unique
Ap € R such that there exists a solution w” = w of (34). Moreover, there exists a constant C > 0
independent of p € (py, +00) and a function m”: [—p, p] — R such that

A, = C,
Im?(x) —m?(y)| < Clx —y| for x,y€[-p,pl, (37
lw? (¢, x) —mP(x)| < C for (t,x) e Rx[—p, p].

Proof. In order to construct a corrector on the truncated domain, we proceed classically by considering

(Sw‘s—i—wf-l—H(t,x,wﬁ):O for (t,x) e R x (—p, p),
sw’ + wf + H™(t, x, wﬁ) =0 for (t,x) e R x {—p},
Swl +wl + H(t,x,w) =0 for (¢,x) € R x {p},

w? is 1-periodic in 7.

(38)

A discontinuous viscosity solution of (38) is constructed by Perron’s method (in the class of 1-periodic
functions in time) since -8~ C are trivial super- and sub-solutions if C is chosen to be

C=sup|H(t,x,0).

teR
xeR
In particular, the solution w? satisfies, by construction,
C
w’| < —.
8

(39)
We next consider

m® (x) = sup(w®)*(z, x).
teR

We remark that the supremum is reached since w? is periodic in time; we also remark that m® is a viscosity
subsolution of
H(t(x), x,my) <C. x€(=p,p),

(for some function #(x)). In view of (A3), we conclude that m® is globally Lipschitz continuous and
m}] < C (40)
for some constant C which still only depends on H. Assumption (A3) also implies that

wffC
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(with C only depending on H). In particular, the comparison principle implies that, for all ¢ € R,
x€(—p,p)and h >0,
w’(t +h, x) <w(t,x)+ Ch.

Combining this information with the periodicity of w? in ¢, we conclude that, for t € R and x € (—p, p),

lw’ (£, x) —m®(x)| < C.
In particular,
lw’(t, x) —w’(0,0)| < C.

We then consider

= limsup *(w® — w?(0,0)) and w:myﬂgw—wﬁamy
8

We next remark that (39) and (40) imply that there exists §, — 0 such that

m® —m®(0) > m°  as n — +o0,

8,,w5"(0, 0) > —A, as n— +oQ,
(the first convergence being locally uniform). In particular, A, w, w and m”® satisfy
Apl =C,
[w—m’|<C,
lw—m”| <C,
imf| < C.

Discontinuous stability of viscosity solutions of Hamilton—Jacobi equations implies that w — 2C and w
are a sub- and a super-solution, respectively, of (34), and

w—2C < w.

Perron’s method is used once again in order to construct a solution w” of (34) which is 1-periodic in time.
In view of the previous estimates, A,, m” and w? satisfy (37). Proving the uniqueness of A, is classical,
so we skip it. The proof of the proposition is now complete. U

Proposition 4.4 (first definition of the effective flux limiter). The map p > A, is nondecreasing and
bounded in (0, +00). In particular,

exists and A > Ap for all p > 0.

Proof. For p’ > p > 0, we see that the restriction of w” to [—p, p] is a subsolution, as a consequence of
[IM, Proposition 2.15]. The boundedness of the map follows from Proposition 4.3. O

We next prove that we can control w” from below under appropriate assumptions on A.
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Proposition 4.5 (control of slopes on a truncated domain). Assume first that A > min Hg. Then, for
all § > 0, there exists ps > 0 and Cs > 0 (independent of p) such that, for x > ps and h > 0,

w’(t, x +h) —w(t,x) > (pr — 8)h — Cs. 41)
If we now assume that A > min H; then, for x < —ps and h > 0,

w’(t,x —h) —w(t,x) > (—pL —8)h—Cs (42)
for some ps > 0 and Cs > 0 as above.

Proof. We only prove (41), since the proof of (42) follows along the same lines. Let § > 0. In view
of (A5), we know that there exists ps such that

|H(t,x, p) — Hg(t,x, p)l =& for x = ps. (43)
Assume that A > min Hg. Then Proposition 1.2 implies that we can pick p‘SR such that
Hg(p}) = Hy (ph) =1, — 28

for p > pp and § < §p, by choosing pp large enough and §g small enough.

We now fix p > ps and xg € [ps, p]. In view of Proposition 1.2 applied to p = p‘;e, we know that there
exists a corrector vg solving (3) with o = R. Since it is Zz—periodic, itis bounded and wg = p%x +ug(t, x)
solves

(wr): + Hg(t, x, (Wr)x) = A, —28 for (r,x) e RxR.

In particular, the restriction of wg to [ps, p] satisfies (see [IM, Proposition 2.15])

i(wR)z-l-HR(t,x, (WR)x) =Ap—28 for (¢,x) € Rx (ps. p),
(wg); —I—H;(t,x, (WR)x) <Ap,—28 for (r,x) € Rx {p}.

In view of (43), this implies

{(wR)z +H(t,x, (wp)y) <rp,—38  for (t,x) € R x (ps, p),
(wr); + HT (¢, x, (wg)y) <A, —38 for (r,x) € R x {p}.

Now we remark that v = w?” — w” (0, xo) and u = wr — wg(0, xg) —2C — 2||vR || satisty
v(t, xo0) = —2C > u(t, xo),

where C is given by (37). Thanks to the comparison principle from Proposition 4.1, we thus get,
for x € [xo, o],

wP (t, x) — w(t, x0) > p%(x — x0) — Cs,

where C;s is a large constant which does not depend on p. In particular, we get (41), reducing § if
necessary. O
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Construction of global correctors. We now state and prove a result which implies Theorem 1.9, stated
in the introduction.

Theorem 4.6 (existence of a global corrector for the junction). Assume (A0)—(AS) and either (B-i)
or (B-ii).

(i) General properties: There exists a solution w of (4) with A = A such that, for all (t, x) € R?,

lw(t, x) —m(x)| < C (44)
for some globally Lipschitz continuous function m, and
A > Ap.

(i1) Bound from below at infinity: If A > maxy=y, g(min H,) then there exists 8o > 0 such that, for
every 8§ € (0, 8g), there exists ps > po such that w satisfies

{w(t,x—l—h)—w(t,x)Z(ﬁR—S)h—Q for x > ps and h > 0, 45)

w(t, x —h)—w(t,x)>(—pL—8h—Cs for x <—ps and h > 0.
The first line of (45) also holds if we have only A > min Hg, while the second line of (45) also holds
if we have only A > min H; .
(iii) Rescaling w: For ¢ > 0, we set
we(t, x) =cw(e ', e x).
Then (along a subsequence €, — 0) we have that w® converges locally uniformly towards a function
W = W(x) which satisfies

IW(x)— W)l <Clx —y] Jorall x,yeR,
Hr(Wy)=A and pr>W,> pg for x € (0, +00), (46)
H(W)=A and pp<W,<pL forxe(—o0,0).

In particular, we have W (0) = 0 and
PrRX1 >0y + prxli<oy = W(x) > prxlix=oy + prxlix<o)- 47)
Proof. We consider (up to some subsequence)

w = limsup *(w” — w”(0,0)), w =liminf,(w” —w”(0,0)) and m= lim (m” —m”(0)).
p——+00 p—>+00 p—>+00

We derive from (37) that w and w are finite and
m—C<w=<w=<m+C.

Moreover, discontinuous stability of viscosity solutions implies that w — 2C and w are a sub- and a
super-solution, respectively, of (4) with A = A (recall Proposition 4.4). Hence, a discontinuous viscosity
solution w of (4) can be constructed by Perron’s method (in the class of functions that are 1-periodic in
time).
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Using (37) again, w and m satisfy (44). We also get (45) from Proposition 4.5 (use (37) and pass to
the limit with m instead of w if necessary).
We now study w?(¢, x) = sw(e~'t, e 'x). Note that (37) implies in particular that
wé(t, x) =em(e"'x) + O(e).
In particular, we can find a sequence &, — 0 such that
w (¢, x) - W(x) locally uniformly as n — +o0,
with W(0) = 0. Arguing as in the proof of convergence away from the junction point (see the case x # 0
in Section A in the Appendix), we deduce that W satisfies
Hr(W,)=A for x >0,
H (W) =A for x <O0.
We also deduce from (45) that, for all § > 0 and x > 0,

Wx > ﬁR )
in the case where A > min Hg. Assume now that A = min Hg. This implies that
PR < Wy < pr

and, in all cases, we thus get (47) for x > 0.
Similarly, we can prove for x < 0 that

pL<W.<pL
and the proof of (46) of is achieved. This implies (47). The proof of Theorem 4.6 is now complete. [

Proof of Theorem 1.4. Let A denote the limit of A o (see Proposition 4.4). We want to prove that A=infE,
where we recall that
E = {)\ € R : there exists a subsolution w of (4)}.

In view of (4), subsolutions are assumed to be periodic in time; we will see that they also automatically
satisfy some growth conditions at infinity, see (48) below.

We argue by contradiction, by assuming that there exist A < A and a subsolution w;, of (4). The
function

m;(x) = sup(w;)*(t, x)
teR

satisfies
H(t(x), x, (my),) <C

(for some function #(x)). Assumption (A3) implies that m; is globally Lipschitz continuous. Moreover,
since w; is 1-periodic in time and (w,); < C,

|lw; (2, x) —m; (x)| < C.
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Hence,
ws (t, x) = sw; (e 7', e71x)
has a limit W* which satisfies
Hr(WH <a for x > 0.

In particular, for x > 0,
W} < pg:=max{p € R: Hr(p) = A} < p,

where pp is as defined in (8). Similarly,

w* > ﬁﬁ :=min{p e R: H (p) =1} > pr

x =

with p, as defined in (9). These two inequalities imply in particular that, for all § > 0, there exists Cs

such that B
(Pr+8)x+Cs for x >0,

- 48
(132+5)X+C5 for x < 0. (48)

wy(t, x) < {
In particular,
wy, <w for |x|>R
if § is small enough and R is large enough. Hence,

wy, <w+Cg for x e R.

Note finally that u(t, x) = w(t, x) + Cg — At is a solution and u; (7, x) = w; (¢, x) — At is a subsolution
of (1) with ¢ =1 and u, (0, x) < u(0, x). Hence, the comparison principle implies that

wy (2, x) — At < w(t, x) — At + Cg.
Dividing by ¢ and letting ¢t — 4-00, we get the contradiction

A<

The proof is now complete. g

5. Proof of Theorem 1.12

This section is devoted to the proof of Theorem 1.12. As pointed out in Remark 1.13 above, the notion of
solutions for (1) has to first be made precise, because the Hamiltonian is discontinuous with respect to
time.

Notion of solutions for (1). For e =1, a function u is a solution of (1) if it is globally Lipschitz continuous
(in space and time) and it solves successively the Cauchy problems on time intervals [t; + &, Tj+1 + k)
fori=0,...,K and k e N.

Because of this definition and approach, we have to show that, if the initial datum u is globally Lipschitz
continuous, then the solution to the successive Cauchy problems is also globally Lipschitz continuous
(which of course ensures its uniqueness from the classical comparison principle). See Lemma 5.1 below.
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Proof of Theorem 1.12(i). In view of the proof of Theorem 1.7, the reader can check that it is enough to
get a global Lipschitz bound on the solution u® and to construct a global corrector in this new framework.
The proof of these two facts is postponed; see Lemmas 5.1 and 5.2 following this proof. Notice that
half-relaxed limits are not necessary anymore and that the reasoning can be completed by considering
locally converging subsequences of {1#°}. Notice also that the perturbed test function method of [Evans
1989] still works. As usual, if the viscosity subsolution inequality is not satisfied at the limit, this implies
that the perturbed test function is a supersolution except at times £(Z + {to, ..., Tk }). Still, a localized
comparison principle in each slice of times for each Cauchy problem is sufficient to conclude. U

Lemma 5.1 (global Lipschitz bound). The function u® is equi-Lipschitz continuous with respect to time
and space.

Proof. It is enough to get the result for & = 1, since u(t, x) =&~ 'u®(et, ex) satisfies the equation with & = 1
and the initial condition
ub(x) = e UE (ex)

is equi-Lipschitz continuous. For the sake of clarity, we drop the & superscript in u( and simply write u,.
We first derive bounds on the time interval [tp, 1) = [0, 71). In order to do so, we assume that the
initial data satisfies |(ug)x| < L. Then, as usual, there is a constant C > 0 such that

u®(t, x) = uo(x) £ Ct
are super- and sub-solutions of (1) and (10) with H given by (C1) with, for instance,

C:=max( max |asloc, max (max |Hy(p)|)). (49)
1,...N 0,...N " |pl=L

a=l1,..., a=0,...,

Let u be the standard (continuous) viscosity solution of (1) on the time interval (0, 7;) with initial data
given by ug (recall that ¢ = 1). Then, for any & > 0 small enough, we have —Ch <u(h, x) —u(0, x) < Ch.
The comparison principle implies, for ¢ € (0, t; — h),

—Ch<u(t+h,x)—u(t,x) <Ch,
which shows the Lipschitz bound in time, on the time interval [0, 77),
lu| < C. (50)

From the Hamilton—Jacobi equation, we now deduce the following Lipschitz bound in space on the time
interval (0, 71):
|Ho(ux(t, ) Loy by <C for a=0,..., N. (51

We can now derive bounds on the time interval [z}, 73) as follows. We deduce first that (51) still holds
true at time ¢ = 7;. Combined with our definition (49) of the constant C, we also deduce that

vE(t, x) = u(t, x) £ CUt —11)

are sub- and super-solutions of (6) for ¢ € (71, 72), where H is given by (C1). Reasoning as above, we get
bounds (50) and (51) on the time interval [71, 7).



1914 GIULIO GALISE, CYRIL IMBERT AND REGIS MONNEAU

Such reasoning can be used iteratively to get the Lipschitz bounds (50) and (51) for ¢ € [0, +00). The
proof of the lemma is now complete. O

Lemma 5.2. The conclusion of Theorem 4.6 still holds true in this new framework.

Proof. The proof proceeds in several steps.

Step 1: construction of a time-periodic corrector w* on [—p, p]. We first construct a Lipschitz corrector
on a truncated domain. This, too, requires several steps.

Step 1.1: first Cauchy problem on (0, +00). The method presented in the proof of Proposition 4.3,
using a term Sw?, has the inconvenience that it would not clearly provide a Lipschitz solution. In
order to stick to our notion of globally Lipschitz solutions, we simply solve the Cauchy problem for
p > po :=maxe—1,..N |bal,
w/ +H(t, x,wf) =0 on (0,400) X (—p, p),
w/ +Hy(wf)=0  on (0, 400) x {—p},
w + Hf(w) =0 on (0, +00) x {p},
w0, x)=0 for x € [—p, p].

(52)

As in the proof of the previous lemma, we get global Lipschitz bounds with a constant C (independent
of p > 0 and the distances €, = by+1 — by,):

[l I, 1Ho(WE (DL (o bas)N(—ppyy < C for a=0,..., N. (53)
Arguing as in [Forcadel et al. 2009a], for instance, we deduce that there exists a real number A, with
Apl =C
and a constant Cy (that depends on p) such that
lw?(t, x) + A,pt] < Co. (54)

Details are given in Section D in the Appendix for the reader’s convenience.

Step 1.2: getting global sub- and super-solutions. Let us now define the following function (up to some
subsequence k,, — +00):

wh(t,x) = lim (W’ (t+ky, x) +Apky),

n—> 100
which still satisfies (53) and (54). Then we also define the two functions
wh (1, x) = ling(wé’o(t +k,x)+kxr,) and wh (t,x) =sup(wh (t +k,x)+kx,).
€ keZ

They still satisfy (53) and (54) and are a super- and a sub-solution, respectively, of the problem
in R x [—p, p]. They moreover satisfy that weo(#, x) + Ayt and who(t, x) + Apt are l-periodic in
time, which implies the bounds

|2, (1, x) — W2 (0, x) + A, 0| <C and  |w (¢, x) — w0, x) + A t] < C.
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Step 1.3: a new Cauchy problem on (0, +00) and construction of a time-periodic solution. We note that
w5, 4+ 2Co > w% and we now solve the Cauchy problem with new initial data w5, (0, x) instead of the
zero initial data and call w” the solution of this new Cauchy problem. From the comparison principle, we
get

wh, < w” < wh, +2Co.
In particular,
This implies, by comparison, that

WP (k+1,x) = 07 (k, x) — Xp. (55)

Moreover w” still satisfies (53) (indeed with the same constant because, by construction, this is also the
case for w’,). We now define (up to some subsequence k, — 400)

wh (t,x) = lim (W°(t+ky, x) +Apky),
ky,—+00
which, because of (55) and the fact that w” (¢, x) + A ¢ is bounded, satisfies

wh (k+ 1, x) + 1 = w8, (k, x)
and then w5 (¢, x) + A pt 18 1-periodic in time. Moreover w5 is still a solution of the Cauchy problem

and satisfies (53). We define
w? = wh, + Apt,
which satisfies (37) and then provides the analogue of the function given in Proposition 4.3.

Step 2: construction of w on R. The result of Theorem 4.6 still holds true for

w= lim (w”—w”(0,0)),
p—>+00

which is globally Lipschitz continuous in space and time and satisfies (53) with p = +o00, and

A= lim A,. O

Proof of (12) from Theorem 1.12. We recall that H;, = Hy and Hg = H, and set a = a; and (up to
translation) by = 0.

Step 1: the convex case; identification of A.

Step 1.1: a convex subcase. We first work in the particular case where both H,, for « = L, R are convex
and given by the Legendre—Fenchel transform of convex Lagrangians L, which satisfy, for some compact
interval I,,

finite if g € I,

L“(p)={+oo ifqdl,. (56)
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Then it is known (see for instance the section on optimal control in [IM]) that the solution of (1) on the
time interval [0, e11) is given by

ub(t, x) = inf( inf {us(O, X (0)) —I—f L.(s, X(s), X(s)) ds}) (57)
YER\ X€S80,y:1,x 0
with _
Hj(p) if x <0,
Lo(s,x,p)={ Hy(p) if x >0,

min(—a(s‘ls), MiNg=r. R La(O)) if x=0,

and, for s < ¢, the set of trajectories
Ss,y;t,x ={Xe LIP((S, ;R X(s) =y, X() =x}.

Combining this formula with the other one on the time interval [e7], £€T3), and iterating on all necessary
intervals, we get that (57) is a representation formula of the solution u® of (1) for all # > 0. We also know
(see the section on optimal control in [IM]), that the optimal trajectories from (0, y) to (#y, xo) intersect
the axis x = 0 at most on a time interval [#{, £5] with 0 < #] < #; < 1. If this interval is not empty, then
we have tf — tl.o for i = 1, 2 and we can easily pass to the limit in (57). In general, u® converges to u°

given by the formula

uo(t,x)=inﬂ£< inf {uO(O,X(O))+/ Lo(s,X(s),X(s))ds}>
Y€ x

Xe 0,y:t,x

with _
Hi(p) if x <0,
Lo(s,x, p) =1 Hi(p) if x >0,

min(—(a), ming_z, g La(O)) if x=0,
and, from [IM], we see that u" is the unique solution of (6) and (2) with A= (a).

Step 1.2: the general convex case. The general case of convex Hamiltonians is recovered, because,
for Lipschitz continuous initial data up, we know that the solution is globally Lipschitz continuous.
Therefore, we can always modify the Hamiltonians H, outside some compact intervals so that the
modified Hamiltonians satisfy (56).

Step 2: general quasiconvex Hamiltonians; identification of A.
Step 2.1: subsolution inequality. From Theorem 2.10 in [IM], we know that w(¢, 0), as a function of time
only, satisfies, in the viscosity sense,
w(t,0)+a) <A foralltg¢ | ) w+2
i=1,...K+1

Using the 1-periodicity in time of w, we see that the integration in time on one period implies

(a) < A. (58)
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Step 2.2: supersolution inequality. Recall that A>(a) > Ag:= maXy=r, R min(H,). If A = Ay, then
obviously we get A = (a). Hence, it remains to treat the case A > Ay.

Step 2.3: construction of a supersolution for x # 0. Recall that pr and p; are defined in (8) and (9) and
the minimum of H, is reached for p0, o = R, L. Since A > Ay, there exists some § > 0 such that

pL+28<p? and p% < pr—26. (59)
If w denotes a global corrector given by Lemma 5.2 (or Theorem 4.6), let us define
wr(t, x) = gg(w(z, x+h) — p¥h) for x >0
and similarly
wp(t,x) = ]iglg(w(t, x—h)+p;h) for x <0.
From (45) with ps = 0, we deduce that we have, for some /4 > 0,
w(t, x) = wr(t, x) = w(t, x +h) — pph > w(t, x) + (pr — 8 — pp)h — Cs.

From (59), this implies

- C
0<h< ?5 (60)
and, using the fact that w is globally Lipschitz continuous, we deduce that, for « = R,
w=>we =w—C. (61)

Moreover, by construction — as an infimum of (globally Lipschitz continuous) supersolutions — wg is a
(globally Lipschitz continuous) supersolution of the problem in R x (0, +00). We also have, for x =y 4z
with z > 0,
wr(t, x) —wr(t, y) =w(t, x +h) = prh — wg(t, y)
> w(t, x +h) — pyh— (w(t,y +h+2z) — pyr(h+2))

> ppz = pp(x —y),
which shows that

(WR)x = Po. (62)

Similarly (and we can also use a symmetry argument to see it), we get that wy is a (globally Lipschitz
continuous) supersolution in R x (—o0, 0), it satisfies (61) with « = L, and

(Wr)x < po. (63)
We now define
wg(f, x) if x>0,
w(r, x) = qwr(t,x) if x <0, (64)

min(wy (¢, 0), wg(,0)) if x =0,

which, by construction is lower semicontinuous and satisfies (61), and is a supersolution for x # 0.
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Step 2.4: checking the supersolution property at x = 0. Let ¢ be a test function touching w from below at
(t0,0) with 1o ¢ | J;—; g1 Ti +Z. We want to check that

.....

(pl(ZOv O) + Fa(l‘o) (@x (t()’ 0_)7 Px ([0, 0+)) = A (65)
We may assume that
w(1o, 0) = wr(t, 0),

since the case w(fy, 0) = wy (fo, 0) is completely similar. Let h > 0 be such that
wr(io, 0) = w(to, 0+ h) — pigh.
We distinguish two cases. Assume first that h > 0. Then we have, for all 4 > 0,
@(1,0) < w(t,0+h) = prh,
with equality for (¢, h) = (t, h). This implies the viscosity inequality
@i(t0, 0) + Hr(pg) = A,

which implies (65), because F ) (@x (fo, 07), ¢x (to, 01)) > a(ty) > Ag > min Hg = Hp (ﬁ(;g)-
Assume now that 4 = 0. Then we have ¢ < w < w, with equality at (fy, 0). This immediately
implies (65).

Step 2.5: conclusion. We deduce that w is a supersolution on R x R. Now let us consider a C! function
¥ () such that
V() = w(,0),

with equality at ¢ = 7. Because of (62) and (63), we see that

o(t, x) =Y () + pyxlc<o) + PRrx1ix=0)
satisfies
o <w,

with equality at (¢p, 0). This implies (65) and, at almost every point fy where the Lipschitz continuous
function w(¢, 0) is differentiable, we have

wi(to, 0) +a(to) = A.
Because w is 1-periodic in time, we get, after an integration on one period,
(a) > A. (66)
Together with (58), we deduce that (a) = A, which is the desired result, for N = 1. O

Proof of (13) in Theorem 1.12. . We simply remark, using the subsolution viscosity inequality at each
junction condition, that, fora =1,..., N,

AE (aq),
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which is the desired result. This achieves the proof of (12) and (13). Il

Proof of the monotonicity of A in Theorem 1.12. Let N > 2 and, for i = ¢, d, let us assume some given
bi << bﬂ\,. and let us call w' a global corrector given by Lemma 5.2 (or Theorem 4.6) with A = A’
and H = H' for i =c, d, respectively.
We let ¢/, = b! .| — bl > 0 and assume that
0 <l —€, =8y forsome age{l,...,N—1}
and
¢4 =¢¢ forall wefl,...,N—1})\{ao).

o o

Calling 1520 a point of global minimum of H,,, we define

wc(t,x—bgo—i—bgo) ifxgbzo—l—ﬁgo/Z =1x_,
wé(t, x) = we(t, x_ — bgo +by,) + ﬁgo(x —Xx_) if x_ <x<xg,
W, x —b% L+ b )+ P,y —x) if x = b8 — €5 /2= x4

Recall that w', i = ¢, d, are globally Lipschitz continuous in space and time. This shows that @ is also
Lipschitz continuous in space and time by construction, because it is continuous at x = x_, x;. Moreover,
w? is 1-periodic in time. We now want to check that w? is a subsolution of the equation satisfied by w?
with A¢ on the right-hand side instead of A?. We only have to check it for all times 7 ¢ {10, ..., g}
and x € [x_, x4], i.e., we have to show that

W (T, X) + Hoy (0 (7, X)) < A forall ¥ €[x_, xy]. (67)

Assume that ¢ is a test function touching w? from above at such a point (7, x) with X € [x_, x4 ]. Then
this implies in particular that ¥ (¢, x) = (¢, x) — [720 (x —x_) touches W9 (-, x_) = w(-, xo) from above
at time ¢ with xo = b + £, /2. Recall that w* is a solution of

wy + Hoy(wi) = A on (b, b5 1))

.
From the characterization of subsolutions (see Theorem 2.10 in [IM]), we then deduce that
Y (D) + Hao (pY,) < A°.
If X € (x_, x;), then we have ¢, (f, X) = 1320. This means, in particular,
@+ Hoy(px) < A° at (1, %) if ¥ € (x_, x3). (68)
Now, using (68), and Theorem 2.10 in [IM] again, we deduce that we have, in the viscosity sense,
Wi (F, %) +max(H, (W (T, ¥1)), Hf (7, 57))) < A° for X = xz. (69)

Therefore, (68) and (69) imply (67).

Let us now call H¢ the Hamiltonian in assumption (C1) constructed with the points {bfx’}azl ~. Then

.....

we have
w4+ H(t, x, 0% < A° forall 1 & (x, ... Tk}
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Note that the proof of Theorem 1.4 is unchanged for the present problem and then Theorem 1.4 still holds
true. This shows that

Al < A°, (70)
which is the expected monotonicity. The proof is now complete. O

Remark 5.3. In the previous proof, it would also be possible to compare the subsolution given by the
restriction of ¢ on some interval [—p, p] for p > 0 large enough (see Proposition 2.16 in [IM]) with
the approximation w*-* of w? on [—p, p] with A? > A? — A¢ as p — +o0. The comparison for large
times would imply Aﬁ < A°. As p — +00, this would give the same conclusion (70).

Proof of (14) in Theorem 1.12. Let w be a global corrector associated to A.
Recall that

A>Ag:= max (ay)>A¢:= max A} with A= max (minHpg). (71)

a=1,..,N a=1,..,N p=o—1,a
Our goal is to prove (14), i.e., that A = Ay when all the distances £, are large enough. Let us assume that
A > Ag.
Step 1: considering another corrector with the same (4y) = Ao. Let iy > 0 be such that
Oy = Mo +ay Wwith (Gy) =A¢ forall a=1,...,N.

Let us call w the corresponding corrector with associated constant A. Then Theorem 1.4 (still valid here)
implies that
A > A> Ao.
We also split the set {1, ..., N} into two disjoint sets,
Iy={aefl,...,N}: Ag = AZ}
and

L=f{aell,...,N}: Ay > AZ}.

Note that, by (71), if a € Iy then (a,) = Aj and then, by (C3), we have a,(¢) = const = A{ for all 7 € R.
For later use, we then claim that w satisfies

W (t, x) +max(Hy (y(t, xT)), H (0 (t, x7))) = A forall (1,x) € Rx {by} (72)

and not only for t € R\(Z+ {0, ..., Tx}). Let us show this for subsolutions (the proof being similar for
supersolutions). Let ¢ be a test function touching w from above at some point (¢, X) = (j + %, by) for
some j €Z,ke€{0,..., K}. Assume also that the contact between ¢ and W only holds at that point (z, X).
The proof is a variant of a standard argument. For 1 > 0, let us consider the test function

00t %) = @(t, x) + % for ¢ € (—o0, 7).
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Then, for r > 0 fixed, we have

inf (g —w)(t, x) = (¢ — W) (1, xy)
(1.x)€B, (7.%)
t<t

with B
{Pnz(tn,xn)%(f,i)zP as n— 0,

@(P) <limsup, () (Py).

This implies that w is a relaxed viscosity subsolution at (7, X) in the sense of Definition 2.2 in [IM]. By
Proposition 2.5 in [IM], we deduce that w is also a standard (i.e., not relaxed) viscosity subsolution
at (¢, x). Finally, we get (72).

Step 2: defining a space supersolution. Let us define the function
M (x) =inf w(z, x).
teR

Because w is globally Lipschitz continuous, we deduce that M is also globally Lipschitz continuous.
Moreover, we have the viscosity supersolution inequality

Ho(M (x))> A > Ay forall x € (by, bgi1), «=0,...,N.
Let us call, foraa =0, ..., N,
Por=minE,g with E,gr={peR:H(p)=Hy(p)= Ao},
ﬁa,L=maXEa,L with Ea,L={P€R3ﬁ;(l?)=ﬁa(l7)=1&0}-

Let us now consider « =0, ..., N and two points x_ < x4 with x1 € (by, by+1). Let us assume that
there is a test function ¢ touching M from below at x.. Then we have

Hoy(9F (x2)) = A > Ay
with
+ — + ~
¢y (x£) = pa,r OF @ (Xx+) < Pa,L-

Moreover, if Ag > min H,, then we have

- _0 -

Po,L < Py < Pa,R
for any [32 which is a point of global minimum of H,.

Step 3: a property of the space supersolution. We now claim that the following case is impossible:

p =g (x) <@f(xy)=:pt and inf H, <A.

Indeed, if p € (p~, p*) is such that H,(p) < A, then the geometry of the graph of the function M
implies that

inf ](M(x) —xp)=M(x)—xp forsome x € (x_, x4)

Xe[x_, x4
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and then we have the viscosity supersolution inequality, at x,
Hu(p) = A,
which leads to a contradiction. Therefore (in either case, Ag > min H, or Ay = min H,), it is possible to

check that there is a point xy € [by, by+1] such that the Lipschitz continuous function M satisfies, in the

viscosity sense,
{Mx = ﬁa,R in (bou )Ea)a
_Mx = _p_a,L in ()Eou ba+l)-

Moreover, from Theorem 4.6(ii1) (see Lemma 5.2), we deduce from A> max(min Hy, min Hp) that

xy =400 and x9= —o0.
In particular, we deduce that there exists at least one o € {1, ..., N} such that
)an - bao > %an and bO{o _)E()[o—l > %K(xo—l- (73)

Step 4: the case aq € Iy. In this case, we see that there exists a time 7 such that the test function

Dao, R(X — byy) for x > by,,

p(t,x)= { _

Pao—1,L(X — bgy) for x < by,,

is a test function touching (up to some additive constant) W from below at (¢, bg,). By (72), this implies

Ao = max(Huy (Pag,8)s Hag—1(Pag-1,1)) = A > A.
This is a contradiction.

Step 5: consequences on w. From the fact that w is 1-periodic in time and C-Lipschitz continuous in

time (with a constant C depending only on maxy—1.. n ||dqllco and the H g see (49)), we deduce that we

.....

have

{ﬁ)(l‘,x +h) —W(t, x) = po,gh —2C  for x, x +h € (by, Xa), 74)

w(t,x —h) —w(t,x) > —pe.rh —2C for x, x +h € (X, by+1)-
Step 6: the case o € 1; definition of a spacetime supersolution. Proceeding similarly to Step 3 of the
proof of (12), we define
g r(1.X) = Inf (@5 +h) = pgh) for buy < x < buy + flay

@
and

Dao-).L(t, X) = inf (D, x—h)+ po,_1h) for by — jlay—1 <X < ba.
Lay-1)/4=h=0
From (74), we deduce that we have, for some / € [0, %Zao],

W(t, X) = Wag & (1, %) = W(t, x +h) = poh = B, X) + (Pag.r — Pa,)h — 2C,

which implies

Poo,R _pao
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As in Step 3 of the proof of (12), if

£ 2C
el > ﬁ, (75)
4 Pag.R — Py,
this implies that Wy, g is a supersolution for x € (bao, by, + %an). Similarly, if
Lo 2C
LU (76)

-0 _
4 pao_] _pClO—l,L

then We,—1,7 is a supersolution for x € (by, — %an_l, ba, ). We now define

@ao,R(Za Xx) if x € (bl)lov bao + thgolo)v
W(t,x) = § Wey_1.(, X) if x € (bay — $Lao—1, bay )
min(@ao—l,L(Zv b(xo)’ @ao,R(tv bOl())) lf X = boto'
Then, as in Steps 4 and 5 of the proof of (12), we deduce that w is a supersolution up to the junction
point x = by, and that
Ag=(Gg,) = A = A.
This is a contradiction.

Step T: conclusion. If (75) and (76) hold true for any «g € I, then we deduce that A < Ay, which
implies A = Ay. This ends the proof of (14) in Theorem 1.12. 4

Proof of (15) in Theorem 1.12. Let us consider

a(t) = max ay(t)
a=1,....N

and (w, Z) a solution (given by Theorem 4.6 (see also Lemma 5.2)) of

w, + Ho(wy) = A if x <0,
w, + Hy(wy) = A if x>0,
wy (¢, 0) + max (a(), Hy (we(t,07)), Hf (w,(1,07)) =A if x =0,
w 1is 1-periodic in f.

From Theorem 1.12, we also know that

A=(a).

For N>2,wesetl=({], ..., ¢n—_1)€ (0, +00)Y~! and consider by = —o00 < b; < -+<by<byy1=+00
with
by =byr1 —by fora=1,...,N—1.

We now call (w¢, A%) a global corrector, given by Theorem 4.6 (see also Lemma 5.2). The remainder of
the proof is divided into several steps.
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Step 1: bound from above on A*. We define

w(t, x —by) if x <by,
W(t, x) = w(t, 0)+pY(x —be) + D p_y o1 Pgbps1—bp) if by <x <bgy1, @ €{l,...,N—1},
w(t,x—bN)—i—Zﬂ:] ..... N—1 ﬁ?}(bﬂ-i-l —bﬂ) if x> by.

Proceeding as in Step 1 of the proof of Theorem 1.12(ii), it is easy to check that w is a subsolution of the
equation satisfied by w’ with A on the right-hand side instead of A¢. Then Theorem 1.4 implies that

Al <A =a). (77)

Step 2: bound from below on A*. From Theorem 2.10 in [IM], we deduce that we have, in the viscosity
sense (in time only),

K
wy (1, by) +an(t) < A° forall ¢ ¢ | J{z +72).
k=0
Let us call
A =liminf A®.
{—0

We also know that w* is 1-periodic and globally Lipschitz continuous with a constant which is independent
of £. Therefore, there exists a 1-periodic and Lipschitz continuous function g = g(¢) such that

w'(t,by) — g(t) as £—0 foralla=1,...,N.

The stability of viscosity solutions implies, in the viscosity sense,

K
g +ay() <A foralla=1,....N and t ¢ | J{z +2).
k=0

Because g is Lipschitz continuous, this inequality also holds for almost every ¢ € R. This implies
g)+ait)y<A forae. teR.
An integration on one period gives
(a) < A. (78)

Step 3: conclusion. Combining (77) with (78) finally yields that A® — (a) as £ — 0. The proof of (15)
in Theorem 1.12 is now complete. U

Appendix: Proofs of some technical results

A. The case x # 0 in the proof of convergence. We only deal with the subcase x > 0, since the subcase
X < 0 is treated in the same way. Reducing 7 if necessary, we may assume that B; (7, X) is compactly
embedded in the set {(¢, x) € (0, +00) x (0, +00) : x > 0}, because there exists a positive constant c;
such that

(t,x) € Bi(t,X) = x > c;5. (79)
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Let p = ¢, (7, x) and let vR® = vR(z, x) be a solution of the cell problem
v+ He(t, x, p+v8) = Hr(p) in RxR. (80)
We claim that, if € > 0 is small enough, the perturbed test function [Evans 1989]
“(t,x) = (1, (L 5)
(1, x) =@(t, x) + v i
satisfies, in the viscosity sense, the inequality
I x 0 . -
o+ H(L 2 )25 in B D (81)

for sufficiently small » > 0. To see this, let ¢ be a test function touching ¢° from below at (¢, x;) in
B, (t, X) € B;(t, x). In this way, the function

1
n(s, y) =~ (¥ (es, ey) —g(es, €y))
touches v® from below at (s1, y1) = (t1 /¢, x1/¢) and (80) yields

4]

Y (t1, x1) — @ (11, x1) +HR<8 , % P+ (ti, x1) _(Px(thxl)) > Hr(p). (82)

Since (79) implies that x /e — 400, as € — 0, uniformly with respect to (¢, x) € B (z, X), we can find,
owing to (AS), an gy > 0 independent of ¢ and (¢1, x1) such that the inequality

X I X 0
H Ty T Tl’x(tlaxl) ZHR _a_al/fx(h’x]) - 7 (83)

e ¢ e € 4

holds true for ¢ < g9. Combining (19), (82) and (83) and using the continuity of ¢, and ¢;, we have
X1
Wt(tl, xl) + H(;la ?7 Wx(th xl))
X
Z Wt(t],x]) +HR<;’ ?’ P+wx(tl»x]) _(px(tl»x])>

I X n x - _
+ Hpg g,?ﬂ/fx(ll,xl) — Hp ;,?,(Px(l,X)+E/fx(l1,xl)—(ﬂx(tl,xl) -

FNES

=

oD

if r is sufficiently close to 0. The claim (81) is proved.
Since ¢ is strictly above u, if € and r are small enough then

u® 4+, <¢® on 0B,(f, x)
for a suitable positive constant «,. By the comparison principle we deduce

u® + Kk, <¢° in B.(t,X)
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and, passing to the limit as ¢ — 0 and (¢, x) — (7, X) on both sides of the previous inequality, we produce
the contradiction
ut,x) <u(t,x)+k <o, x)=1u(t,x).
B. Proof of Lemma 3.3. We first address uniqueness. Let us assume that we have two solutions of (3),
(', A') fori =1, 2. Let
ul (¢, x) =0 (1, x) + px — At
Then u' solves
u; + H, (¢, x, ui) =0
with
u' (0, x) <u?(0, x) +C.

The comparison principle implies
u' <u*+C forall >0

and then A! > A2. Similarly, we get the reverse inequality and then 1! = A2.

We now turn to the continuity of the map p — H(p). It follows from the stability of viscosity sub-
and super-solutions, from the fact that the constant C in (24) is bounded for bounded p and from the
comparison principle. This achieves the proof of the lemma.

C. Sketch of the proof of Proposition 4.1. Consider

M, = sup {u(t, x)—v(s,x)—

x€lp1,02]
s, teR

(t —s)?
2v }

We want to prove that
M =1im M, <0.

v—>0

We argue by contradiction by assuming that M > 0. The supremum defining M, is reached; let s,, t,
and x, denote a maximizer. Choose v small enough so that M, > %M > 0. We classically get

[ty —sy| < C\/;

If there exists v, — O such that x,, = p; for all n € N, then
%M <M,, <Uy(t,,) — Uy(s,,) <wo(ty, —sv,) < wo(Cy/vy),

where wq denotes the modulus of continuity of Uy. The contradiction M < 0 is obtained by letting n go
to +00.

Hence, we can assume that, for v small enough, x, > p;. Reasoning as in [IM, Theorem 7.8], we
can easily reduce to the case where H(t,, x,, - ) reaches its minimum for p = py = 0. We can also
consider the vertex test function GV associated with the single Hamiltonian H (using the notation of [IM],
it corresponds to the case N = 1) and the free parameter y. If x, < p;, then GY (x, y) reduces to the
standard test function %(x —y)2.
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We next consider

(1 —s)? Vo=l o—1 v
M, = sup u(t,x)—uv(s,y)— 5 —eGV (e " x, e y)—@ (t,5,%) ¢,
X,}’G[Plypz]nBr(xu) v
s,teR

where r = r,, is chosen so that p; ¢ m and ¢V is the localization function

0"t 5,0) = 3((1 = 1,)° 4+ (s = 5)% + (x —x)?).
The supremum defining M, . is reached and, if (¢, s, x, y) denotes a maximizer, then

(t,s,x,y) — (t,, 8y, Xy, xy) as (g,y) — 0.

In particular, x, y € B, (x,) for ¢ and y small enough. The remaining of the proof is completely analogous
(in fact much simpler).
D. Construction of A, in the proof of Lemma 5.2. In order to get A, it is enough to apply the following
lemma:

Lemma D.1. Let u be the solution of a Hamilton—Jacobi equation of evolution type subject to the initial
condition u(0, x) = 0 and posed on a compact set K. Assume that:

e the comparison principle holds true;
e u is L-globally Lipschitz continuous in time and space;
e u(k+-,-)+ C is asolution for all k e N and C € R.

There then exists A € R such that
lu(t, x) —At| < Co
and
Al <L,
where Co = L(2 4 3p) if p denotes the diameter of K.
Proof. Define

u@HT.0)—u@0) (T — inf u(t +T,0) —u(t, 0)

AT = sup nf T

>0 T
Note that T +— +TA*(T) is subadditive. The fact that u is L-Lipschitz continuous with respect to time
implies that A*(T) are both finite:
AT < L.

The ergodic theorem implies that A*(7') converges towards A* and

AT =inf AT(T) and A~ =supA (7).
T>0 =0
If, moreover,

C
(T =2~ (D) < I (84)
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then the proof of the lemma is complete. Indeed, (84) implies in particular that A = A~ and

I +rmy_a < &
7 <A (M-r=aT M) -rs T

This implies that |u (¢, 0) — Af| < C. Finally, we get
lu(t, x) —Art| < C+ Lp.
It remains to prove (84). There exists k € Z and B € [0, 1) such that T™ =k + v~ + B. Moreover,
u(zt, x)<u(r” +B,x)+u(xt,0)—u(r™+8,0)+2Lp,

where p = diam K. Now note that u(t~ + 8 +1, x) + D is a solution in [t T, +00) for all constant D.
Hence, we get by comparison that, for all # > 0 and x € K,

ut+t,x)<u(t  +B+t,x)+u(r,0) —u(x” +p,0)+2Lp.

In particular,
u(Tt+T,0)—u(rt,0) <u(x™ +B+T,0)—u(t™+B,0)+2Lp <u(t™+T,0)—u(r ", 0)+2L(1+p).

Finally, we get (after letting & — 0)

2L(1 + p)

+ —
M =D+ —

Similarly, we can get
2L(14 p)
—r

This implies (84) with C =2L(1 4 p). The proof of the lemma is now complete. O

AH(T) =27 (T) -
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