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RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS
FREDERIC KLOPP

Dedicated to Johannes Sjostrand on the occasion of his seventieth birthday.

The present paper is devoted to the study of resonances for one-dimensional quantum systems with a
potential that is the restriction to some large box of an ergodic potential. For discrete models, both on a
half-line and on the whole line, we study the distributions of the resonances in the limit when the size of
the box goes to infinity. For periodic and random potentials, we analyze how the spectral theory of the
limit operator influences the distribution of the resonances.

Dans cet article, nous étudions les résonances d’un systeme unidimensionnel plongé dans un potentiel
qui est la restriction a un grand intervalle d’un potentiel ergodique. Pour des modeles discrets sur la
droite et la demie droite, nous étudions la distribution des résonances dans la limite de la taille de boite
infinie. Pour des potentiels périodiques et aléatoires, nous analysons 1’influence de la théorie spectrale de
I’opérateur limite sur la distribution des résonances.
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0. Introduction

Consider V : Z — R a bounded potential and, on £2(Z), the Schrodinger operator H = —A + V defined
by
(Hu)(n) =un+ 1) +un—1)+Vmum) forallne”Z
for u € £2(Z).
The potentials V we will deal with are of two types:

It is a pleasure to thank N. Filonov for interesting discussions at the early stages of this work and T. T. Phong, C. Shirley
and M. Vogel for pointing out misprints in previous versions of the article. This work was partially supported by the grant
ANR-08-BLAN-0261-01.
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Figure 1. The meromorphic continuation.

 V periodic;

e V =V,, the random Anderson model, i.e., the entries of the diagonal matrix V are independent,
identically distributed, nonconstant random variables.

The spectral theory of such models has been studied extensively (see, e.g., [Kirsch 2008]) and it is
well known that

e when V is periodic, the spectrum of H is purely absolutely continuous;

e when V =V, is random, the spectrum of H is almost surely pure point, i.e., the operator only has
eigenvalues; moreover, the eigenfunctions decay exponentially at infinity.

Pick L € N*. The main object of our study is the operator
Hp=—-A+V1_r1117 (0-1)

when L is large. Here, [—L 41, L] is the integer interval {—L+1, ..., L}, and 1, p(n) =1ifa <n <b
and 1y, pp(n) = 0 if not.

For L large, the operator Hy is a simple Hamiltonian modeling a large sample of periodic or random
material in the void. It is well known in this case (see, e.g., [Zworski 2002]) that not only is the spectrum
of Hy of importance but also its (quantum) resonances, which we will now define.

As V1j_r 41 1y has finite rank, the essential spectrum of H, is the same as that of the discrete Laplace
operator, that is, [—2, 2], and it is purely absolutely continuous. Outside this absolutely continuous
spectrum, H;, has only discrete eigenvalues associated to exponentially decaying eigenfunctions.

We are interested in the resonances of the operator Hy, in the limit when L — +o00. They are defined
to be the poles of the meromorphic continuation of the resolvent of Hy through (—2, 2), the continuous
spectrum of Hy (see Figure 1, Theorem 1.3 and, e.g., [loc. cit.]). The resonances widths, that is, their
imaginary part, play an important role in the large time behavior of e~/ especially the resonances of
smallest width that give the leading order contribution (see [loc. cit.]).

Quantum resonances are basic objects in quantum theory. They have been the focus of a vast number of
studies, both mathematical and physical (see, e.g., [loc. cit.] and references therein). Our purpose here is
to study the resonances of H; in the asymptotic regime L — +o00. As L — 400, Hj converges to H in
the strong resolvent sense. Thus, it is natural to expect that the differences in the spectral nature between
the cases V periodic and V random should reflect into differences in the behavior of the resonances in both
cases. We shall see below that this is the case. To illustrate this as simply as possible, we begin by stating
three theorems, one for periodic potentials and two for random potentials, that underline these different
behaviors. These results can be considered as paradigmatic for our main results, presented in Section 1.
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The scattering theory or the closely related questions of resonances for the operator (0-1) or for closely
related one-dimensional models have already been discussed in various works, both in the mathematical
and physical literature (see, e.g., [Faris and Tsay 1989; 1994; Lifshits et al. 1988; Kunz and Shapiro
2006; Texier and Comtet 1999; Comtet and Texier 1997; Kunz and Shapiro 2008; Barra and Gaspard
1999; Kottos 2005; Titov and Fyodorov 2000]). We will make more comments on the literature as we
develop our results in Section 1.

0A. When V is periodic. Assume that V is p-periodic (p € N*) and does not vanish identically. Consider
H =—A+V and let X7 be its spectrum, X5 be its interior and E +— N (E) be its integrated density of
states, i.e., the number of states of the system per unit of volume below energy E (see Section 1B and,
e.g., [Teschl 2000] for precise definitions and details).

Theorem 0.1. There exist

o 9, a discrete (possibly empty) set of energies in (—2,2) N X3,

e a function h that is real analytic in a complex neighborhood of (—2,2) and that does vanish on

(=2,2)\2

such that, for I C (=2,2)\ 9 a compact interval such that either I N X7 = & or I C X5, there exists
co > 0 such that, for L sufficiently large with L € pN, one has:

o IfINX7z =0, then Hy has no resonance in I +i[—cg, 0].

o If I C X3, one has:

— There are plenty of resonances in I 4 i[—cg, 0]; more precisely,
1
i#{z €l +i[—co,0]|z aresonance of Hy} = /dN(E) +o0(1), (0-2)
I

where 0(1) — 0 as L — +oc.
— Let (z})j be the resonances of Hy in I +i[—co, 0] ordered by increasing real part; then

L-Re(zj41—zj) <1 and L-Imz;=h(Rez;)+o(l), (0-3)
the estimates in (0-3) being uniform for all the resonances in I +i[—cq, 0] when L — +o0.

After rescaling their width by L, resonances are nicely interspaced points lying on an analytic curve
(see Figure 2). We give a more precise description of the resonances in Theorem 1.7 and Propositions 1.8
and 1.9. In particular, we describe the set of energies % and the resonances near these energies: they lie
further away from the real axis, the maximal distance being of order L~ log L (see Figure 3). Theorem 0.1
only describes the resonances closest to the real axis. In Section 1B, we also give results on the resonances
located deeper in the lower half of the complex plane.

0B. When V is random. Assume now that V =V, is the Anderson potential, i.e., its entries are i.i.d.
and distributed uniformly on [0, 1] for concreteness. Consider H = —A + V,,. Let X be its almost sure
spectrum (see, e.g., [Pastur and Figotin 1992] for this and the following notions), E — n(E) its density
of states (i.e., the derivative of the integrated density of states; see also Section 1B) and E — p(E)
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resonances resonances

Figure 2. The rescaled resonances for the periodic (left) and the random (right) potential.

its Lyapunov exponent (see also Section 1C). The Lyapunov exponent is known to be continuous and
positive; the density of states satisfies n(E) > 0 for a.e. E € X (see, e.g., [Bougerol and Lacroix 1985]).
Define Hy 1 := —A 4+ V,1[—r+1,2]. We prove:

Theorem 0.2. Pick I C (—2,2) a compact interval.

o If I N X = & then there exists c; > 0 such that w-a.s., for L sufficiently large,
{z a resonance of Hy, 1 in I +i(—c,0]} = Q.

o If I C X° then, for any c > 0, w-a.s. one has
1 . . c
lim —#{z a resonance of H, 1 in I +i(—0o0, —e_z‘L]} :/mln ——, 1 |n(E)dE.
L—+oo L ’ I ,O(E)

As the first statement of Theorem 0.2 is clear, let us discuss the second. Define c1 := maxg¢; p(E).
For ¢ > ¢4, w-a.s. for L large the number of resonances in the strip {Rez € I, Imz < —e =L} is
approximately 2L [, n(E) dE; thus, in {Rez € I, —e+L <Tmz < 0}, one finds at most o(L) resonances.
We shall see that, for § > 0, w-a.s. for L large the strip {Rez € I, —e@e+HIL < Im 7 < 0} actually contains
no resonances (see Theorem 1.13).

Define c_ := ming¢; p(E). For ¢ < c_, w-a.s. for L large the strip {Rez € I, Imz < —e~ L)
contains approximately 2¢L f ;n(E)/p(E) dE resonances. We shall see that, for « € [0, 1), the number
of resonances in the strip {Rez € I, Imz < —e "} is O(L¥), thus o(L) (see Theorem 1.17).

One can also describe the resonances locally. Fix Eg € (—2, 2) N X° such that n(Eg) > 0. Let (zlL (w));
be the resonances of H,, . We first rescale them. Define

xF(w) =2Ln(Eg)(Rez- (w) — Eg) and yf(w) = log|Im zF (). (0-4)

2Lp(Eo)
Consider now the two-dimensional point process

§L(Eo, w) = Z S(xt (@), v @)

zlL resonances of H,, 1.
We prove:

Theorem 0.3. The point process & converges weakly to a Poisson process of intensity 1 in R x [0, 1].

In the random case, the structure of the (properly rescaled) resonances is quite different from that in the
periodic case (see Figure 2). The real parts of the resonances are scaled in such a way that their average
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spacing becomes of order one. By Theorem 0.2, the imaginary parts are typically exponentially small
(in L); when the resonances are rescaled as in (0-4), their imaginary parts are rewritten on a logarithmic
scale so as to become of order 1 too. Once rescaled in this way, the local picture of the resonances of
H, 1 is that of a two-dimensional cloud of Poisson points (see the right-hand side of Figure 2).

Theorem 0.3 is the analogue for resonances of the well-known result on the distribution of eigenvalues
and localization centers for the Anderson model in the localized phase (see, e.g., [Minami 1996; Killip
and Nakano 2007; Germinet and Klopp 2014]).

As in the case of the periodic potential, Theorem 0.3 only describes the resonances closest to the real
axis. In Section 1C, we also give results on resonances located deeper in the lower half of the complex
plane. Up to distances of order L~ to the real axis, the cloud of resonances (once properly rescaled)
will have the same Poissonian behavior as described above (see Theorem 1.10).

Besides proving Theorems 0.1 and 0.3, the goal of the paper is to describe the statistical properties
of the resonances and relate them (the distribution of the resonances and of the widths) to the spectral
characteristics of H = —A + V, and possibly to the distribution of its eigenvalues (see, e.g., [Germinet
and Klopp 2011]).

As they can be analyzed in a very similar way, we will discuss three models:
e The model H; defined above.

« Its analogue on the half-line N, i.e., on Hy, we impose an additional Dirichlet boundary condition
at 0.

o The “half-infinite” model on ¢2(Z), that is,

W(n)=0 f >0
H*®=—A+W, where () orn="> (0-5)
Wmn)=Vm) forn<-1,
where V is chosen as above, periodic or random.

Though in the present paper we restrict ourselves to discrete models, it is clear that continuous
one-dimensional models can be dealt with essentially using the methods developed here.

1. The main results

We now turn to our main results, a number of which were announced in [Klopp 2012]. Pick V:Z — R a
bounded potential and, for L € N, consider the operators

o H = —A+ V1o 1) on £3(Z);

o HY = —A+ Vljp 1y on £2(N) with Dirichlet boundary conditions at 0;

e H®, defined in (0-5).
Remark 1.1. Here, by “Dirichlet boundary condition at 0”, we mean that H LN is the operator HLZ
restricted to the subspace ¢2(N), i.e., if IT: £2(Z) — £>(N) is the orthogonal projector on £>(N), one has

H LN =TII1H LZH. In the literature, this is sometime called “Dirichlet boundary condition at —1” (see, e.g.,
[Teschl 2000]).
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For the sake of simplicity, in the half-line case we only consider Dirichlet boundary conditions at 0.
But the proofs show that these are not crucial; any selfadjoint boundary condition at 0 would do and,
mutatis mutandis, the results would be the same.

Note also that by a shift of the potential V, replacing L by L+ L/, studying H LZ is equivalent to studying
Hppp=—-A4+Vlj_p jon 02(Z). Thus, to derive the results of Section 0 from those in the present
section, it suffices to consider the models above, in particular H f.

For the models H L\J and H LZ, we start with a discussion of the existence of a meromorphic continuation
of the resolvent, then study the resonances when V is periodic and finally turn to the case when V is
random.

As H® is not a relatively compact perturbation of the Laplacian, the existence of a meromorphic
continuation of its resolvent depends on the nature of V; so, it will be discussed when specializing to V
periodic or random.

Remark 1.2 (notations). In the sequel, we write a < b if for some C > 0 (independent of the parameters
coming into a or b) one has a < Cbh. We write a < b ifa Sband b < a.

1A. The meromorphic continuation of the resolvent. One proves the well-known and simple:

Theorem 1.3. The operator-valued functions z +— (z — H I'J\‘)*1 andz+— (z— H LZ)*1 for z € C* admit a
meromorphic continuation from Ct to C\ ((—oo, —2]U[2, +00)) through (-2, 2) (see Figure 1) with
values in the operators from lczomp ol

Moreover, the number of poles of each of these meromorphic continuations in the lower half-plane is at

most equal to L.

The resonances are defined to be the poles of this meromorphic continuation (see Figure 1).

1B. The periodic case. We assume that, for some p > 0, one has
Vigp =V, forall n>0. (1-1)

Let Xy be the spectrum of HN = —A + V acting on £%(N) with Dirichlet boundary condition at 0
and X7 be the spectrum of HZ = —A 4 V acting on £2(Z). One has the following description for these
spectra:

e X7 is a union of intervals, i.e., 7 :=0(H) = le[E;, E].+], where E; < Ef (I<j<p)and
a;r_ | < E; (2 < j < p) (see, e.g., [van Moerbeke 1976]); the spectrum of HZ is purely absolutely

continuous and the spectral resolution can be obtained via a Bloch—Floquet decomposition (see, e.g.,
[loc. cit.]).

« On £2(N) (see, e.g., [Pavlov 1994]), one has

- Xy =2zU{v; |1 < j <n}and X7 is the absolutely continuous spectrum of H;
— the (v))o<j<n are isolated simple eigenvalues associated to exponentially decaying eigen-
functions.
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It may happen that some of the gaps are closed, i.e., that the number of connected components of X7 be
strictly less than p. There still is a natural way to write X7 := o (H) = le[E;, E;.L] (see Section 4A1),
but in this case, for some of the j, one has E;Ll = Ej_; we shall call the energies E;ll = Ej_ closed gaps
(see Definition 4.5). The existence of closed gaps is nongeneric (see [van Moerbeke 1976]).

The operators H* (for « € {N, Z}) admit an integrated density of states defined by

N(E)= lim #{eigenvalues of (—A 4+ V)|j—r,zjn. in (=00, E]}‘
L—+o00 #([[—L, L]Ne)

(1-2)

Here, the restriction of —A 4V to [—L, L] N e is taken with Dirichlet boundary conditions; this is for
concreteness as it is known that, in the limit L — 400, other selfadjoint boundary conditions would yield
the same result for the limit (1-2).

The integrated density of states is the same for H"™ and H? (see, e.g., [Pastur and Figotin 1992]). It
defines the distribution function of some probability measure on X7 that is real analytic on 5. Let n
denote the density of states of HN and HZ, that is, n(E) = dN(E)/dE.

Remark 1.4. When L gets large, as H FJ tends to H" in the strong resolvent sense, interesting phenomena
for the resonances of H 2\1 should take place near energies in Xy.

Define t; to be the shift by k steps to the left, that is, 7w V() = V(- + k). Then, for (¢; ), such that
l; - +ooand L —¢; — +o00 when L — +00, rl’z HfrlL tend to HZ in the strong resolvent sense. Thus,
interesting phenomena for the resonances of H ,? should take place near energies in Xz.

1B1. Resonance-free regions. We start with a description of resonance-free regions near the real axis.
To this end, we introduce some operators on the positive and the negative half-lattice.

Above we have defined Hyj; we shall need another auxiliary operator. On 02(Z_) (where Z_ = {n <0}),
consider the operator H, = —A + 1V with Dirichlet boundary condition at O (where 7 is defined to be
the shift by k steps to the left, thatis, 7 V(-) = V(- +k)). Let £, =0 (H, ).

As is the case for H", one knows that Oess(H), ) = Xz and that oes (H, ) is purely absolutely continuous
(see, e.g., [Teschl 2000, Chapter 7]). H, may also have discrete eigenvalues in R\ 7.

We prove:

Theorem 1.5. Let I be a compact interval in (=2, 2).
(M IfI Cc R\ Xy (resp. I C R\ Xz), then there exists ¢ > 0 such that, for L sufficiently large,
H LN (resp. H z) has no resonances in the rectangle {Rez € I, Imz € [—c, 0]}.

(2) If I C Xz, then there exists ¢ > 0 such that, for L sufficiently large, H LN and H LZ have no resonances
in the rectangle {Rez € I, Imz € [—c/L, 0]}.

(3) Fix 0 <k < p — 1 and assume the compact interval I is such that {v;} = 1°N Xy =1 N Xy and
I NX7 = (the (v;); are as defined in the beginning of Section 1B).

(a) If INX, = O then there exists ¢ > 0 such that, for L sufficiently large with L =k mod p, H LN has
a unique resonance in the rectangle {Re z € I, —c < Im z < 0}; moreover, this resonance, say z j,
is simple and satisfies Imz; < —e Pl and |7 j—Ajl=xe? L for some p ; > 0 independent of L.
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(b) If I NX," # O then there exists ¢ > 0 such that, for L sufficiently large with L = k mod p,
H Il\j has no resonance in the rectangle {Rez € I, —c <Imz < 0}.

So, below the spectral interval (—2, 2), there exists a resonance-free region of width at least of order L1
For H 2\‘, if L =k mod p each discrete eigenvalue of HN that is not an eigenvalue of H,  generates a
resonance for H F exponentially close to the real axis (when L is large). When the eigenvalue of H,~ is
also an eigenvalue of HN = H0+ ; it may also generate a resonance but only much further away in the
complex plane, at least at a distance of order 1 to the real axis.

In case (3a) of Theorem 1.5, one can give an asymptotic expansion for the resonances (see Section 5B1).

We now turn to the description of the resonances of H; near [—2, 2]. To this end, it will be useful to
introduce a number of auxiliary functions and operators.

1B2. Some auxiliary functions. To H,  defined above, we associate N, , the distribution function of its
spectral measure (which is a probability measure), i.e., for ¢ € 67°(R), we define fR @A) dN, () =
@(H;7)(0,0), where (¢(H; )(x, ¥))(x,y)e@_)> denotes the kernel of the operator ¢ (H,").

On X7, the spectral measure d N, admits a density with respect to the Lebesgue measure, say 7, , and
this density is real analytic (see Proposition 5.6).

For E € ¥, define

- E—¢ - +00 -
576y o[ E0) g ([ )
R A—E e>04\J o A—E rre A—E

The existence and analyticity of the Cauchy principal value S~ on X5 is guaranteed by the analyticity

of n; (see, e.g., [King 2009]). Moreover, for E € £, one has

_ . dN ()
Sk (E‘)I‘El_l)l'{)l+ Rm—lﬂ'nk (E) (1-4)
In the lower half-plane {Im E < 0}, define the function
—_— . dN; (A) —i arccos(E/2) dN (M) | E E\?
s = [ THp e - [T s nG) 0

where

« in the first formula, the function z — arccos z is the analytic continuation to the lower half-plane of
the branch of arccos z taking values in [—, 0] on the interval [—1, 1];

« in the second formula, the branch of the square root z — +/z2 — 1 has positive imaginary part for
ze(—1,1).

The function &, is analytic in {Im E < 0} and in a neighborhood of (—2,2) N X7. Moreover,
8, vanishes identically if and only if V = 0 (see Proposition 5.7).

From now on we assume that V = 0. In this case, in {Im £ < 0} and on (—2, 2) N X3, the analytic
function E; has only finitely many zeros, each of finite multiplicity (see Proposition 5.7).

We shall need the analogues of the above-defined functions for the already-introduced operator
H := HN = —A + V considered on ¢?(N) with Dirichlet boundary conditions at 0. We define the
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function N(;L as the distribution function of the spectral measure of H, + ie., for NS %80 (R), we define

fR @A) dN(;r(k) = go(HOJ“)(O, 0). In the same way as we have defined n; , S, and E," from H,, one can

define nar , Sar and E(")'r from HJ . They also satisfy Proposition 5.6, relation (1-4) and Proposition 5.7.
For the description of the resonances, it will be convenient to define the following functions on XJ:

g, (E) . 1
wn (E) N wn (E)

MNE) =i+ (Sp (E) + " arecos(E/2)y (1-6)

and

(S(‘)"'(E) Ll arccoS(E/Z))(Sk—(E) Lt aIccos(E/Z))
ng (E)ny (E)

T (SY(E) 4 e ecosE/) g (§(E) + e arccos(E/2)y °

T

(E):= (1-7)

We shall see that the zeros of ¢* — i play a special role for the resonances of H; ; therefore, we define
D*={zeXF|c(2) =i}. (1-8)
The set & introduced in Theorem 0.1 is the set &% N (=2, 2).

Remark 1.6. Before describing the resonances, let us explain why the operators HOJr and H, naturally
occur in this study. They respectively are the strong resolvent limits (when L — 400 with L € pN + k)
of the operator H LZ restricted to [0, L] with Dirichlet boundary conditions at 0 and L “seen” from the
left- and the right-hand side, respectively.

Indeed, define H; to be the operator H ,’J\‘ restricted to [0, L] with Dirichlet boundary conditions at L
(see Remark 1.1). Note that H; is also the operator H Z restricted to [0, L] with Dirichlet boundary
conditions at 0 and L.

Clearly, the operator HOJr is the strong resolvent limit of H;, when L — +o0.

If 71, denotes the translation by — L that unitarily maps 22([[0, L) into £2([—L, O]), then H =T HLT]
converges in the strong resolvent sense to H,~ when L — +00 and L = k mod p. Indeed, 7,V = 1, V as
V is p-periodic.

1B3. Description of the resonances closest to the real axis. Let (\)o<i< = ()»IL)Oglg 1 be the eigenvalues
of Hy (that is, the eigenvalues of H LN or H LZ restricted to [0, L] with Dirichlet boundary conditions; see
Remark 1.1) listed in increasing order. They are described in Theorem 4.2; those away from the edges
of ¥7 are shown to be nicely interspaced points at a distance roughly L~! from one another.

We first state our most general result describing the resonances in a uniform way. We then derive two
corollaries describing the behavior of the resonance, first far from the set of exceptional energies &* and
second close to an exceptional energy.

Pick a compact interval I C (=2,2) N X5. For e € {N, Z} and A; € I, for L large, define the complex

number
-1 log L
ot™ oc*| A —1i , (1-9)

where the branch of cot™! is the inverse of the branch of z — cot z that maps [0, ) x (0, —o0) onto CT\ {i}.

=M+

Ot_1 oc* |:)\.1 +

—C ——¢C
an(A)L nn(A)L
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Note that, by Proposition 5.8, for L sufficiently large we know that, for any / such that A; € I, one has

log L

Imc'()»;—i )e(0,+00)\{1}

and

Imet| a4+ — e (37— i 8L | € (0. 4000\ (1)
mc —————cot™ " oc —i € (0, 400 .
l mn(A;)L ! L
Thus, the formula (1-9) defines z; properly and in a unique way. Moreover, as the zeros of E + ¢*(E)—i
are of finite order, one checks that

—logL SL-ImZz; $—1 and 1 SL-Re(Zj,, —2)), (1-10)

~

where the implicit constants are uniform for / such that A; € .
We prove:

Theorem 1.7. Pick e € {N, Z} and k € {0, ..., p —1}. Let Ey € (=2,2) N XJ.
Then there exists ng > 0 and Ly > 0 such that, for L > L satisfying L = k mod p, for each
M €1 :=[Eo—no, Eo+nol, there exists a unique resonance of Hj, say z;, in the rectangle

[LRe( +Z_)),  Re(F +Z7,)] +il—no. OI;
this resonance is simple and it satisfies |z; — 27| S 1/(L1logL).

This result calls for a few comments. First, the picture one gets for the resonances can be described as
follows (see also Figure 3). As long as A; stays away from any zero of E — c¢*(E) — i, the resonances
are nicely spaced points, as the following proposition proves.

Proposition 1.8. Pick e € (N, Z} and k € {0, ..., p—1}. Let I C (—2,2) N X3 be a compact interval
such that I N9* = &.
Then, for L sufficiently large and each A; € 1, the resonance z; admits the expansion

1 1
*— A+ ———cotoct(A)+ 0 — |, 1-11
2 l+nn(k;)L cot™ " oc*(Ar) + <L2) (1-11)

where the remainder term is uniform in [.

The proof of Proposition 1.8 actually yields a complete asymptotic expansion in powers of L~! for the
resonances in this zone (see Section 5B5).

Proposition 1.8 implies Theorem 0.1: we choose e = Z and k = 0, then the set % of exceptional points
in Theorem 0.1 is exactly %% N (-2, 2); to obtain (0-3), it suffices to use the asymptotic form of the
Dirichlet eigenvalues given by Theorem 4.2.

Near the zeros of E +— ¢*(E) — i, the resonances take a “plunge” into the lower half of the complex
plane (see Figure 3) and their imaginary part becomes of order L~' log L. Indeed, Theorem 1.7 and (1-9)
imply:
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log L \

resonances

Figure 3. The resonances close to the real axis in the periodic case (after rescaling their
imaginary parts by L).

Proposition 1.9. Pick e € {N,Z} and k € {0, ..., p —1}. Let Ey € 9* be a zero of E +—> ¢*(E) —i of
order q in (=2,2) N XJ.
Then, for a > 0 and L sufficiently large, if | is such that |\; — Eo| < L™%, the resonance z; satisfies

2
tmas = 9 log(l = EoP + (g log L/Q@mn()L)))
' 2mn(h) 2L

(I+o(D)), (1-12)

where the remainder term is uniform in | such that |.; — Eo| < L™%.

When o = Z, the asymptotic (1-12) shows that there can be a “resonance” phenomenon for resonances:
when the two functions E, and E(J)r share a zero at the same real energy, the maximal width of the
resonances increases; indeed, the factor in front of L~!log L is proportional to the multiplicity of the
zero of B, E(J)r .

1B4. Description of the low-lying resonances. The resonances found in Theorem 1.7 are not necessarily
the only ones: deeper in the lower complex plane, one may find more resonances. They are related to the
zeros of E;” when e =N and of &, Ear when e = Z (see Proposition 5.8).

We now study what happens below the line {Im z = —n} (see Theorem 1.7) for the resonances of H 2\‘
and H LZ.

The functions E, and E(")'r are analytic in the lower half-plane and, by Proposition 5.7, they don’t
vanish in an neighborhood of —ioco. Hence, the functions &, and Ear have only finitely many zeros in
the lower half-plane.

We prove:
Theorem 1.10. Picke € {N,Z}andk € {0, ..., p—1}. Let (E;')lijil be the zeros of E +— c*(E) —i in
I +i(—00,0). Pick Eg € (=2,2) N X5.
There exists ng > 0 such that, for I = Eo+ [—no, nol and L sufficiently large with L = k mod p, one
has:
o IfEy & {Re EJ | 1 < j < J},then in the rectangle I + i(—00, 0] the only resonances oin\‘ and HI%
are those given by Theorem 1.7.

. Ione{ReE;. |1 <j<J},then
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— in the rectangle I +i[—ng, 0], the only resonances of H 2\‘ and H f are those given by Theorem 1.7,

— in the strip I +i[—00, —ng], the resonances of H; are contained in U]J.:1 D(E®, e~0L);

- in D(E;-, e~ L) the number of resonances (counted with multiplicity) is equal to the order of
EJ as azero of E+— c¢*(E) —1i.

We see that the total number of resonances below a compact subset of (=2, 2) N X7 that do not tend to

the real axis when L — +o00 is finite. These resonances are related to the resonances of H*°, to which
we turn now.

1BS. The half-line periodic perturbation. Fix p € N*. On £%(Z), we now consider the operator H>® =
A+ V,where V(n) =0forn>0and V(n+ p) =V (n) forn < —1. We prove:

Theorem 1.11. The resolvent of H> can be analytically continued from the upper half-plane through
(=2,2) N X5 to the lower half-plane. The resulting operator does not have any poles in the lower
half-plane or on (=2,2) N X5,

The resolvent of H* can be analytically continued from the upper half-plane through (=2, 2) \ Xz
(resp. 5\ [=2, 2]) to the lower half-plane; the poles of the continuation through (=2,2) \ Xz (resp.
25\ [-2, 2]) are exactly the zeros of the function E +> 1 — !B fR 1/(A—E) alNl;_1 (L) when continued
Jfrom the upper half-plane through (=2, 2) \ Xz (resp. £, \ [=2, 2]) to the lower half-plane.

Remark 1.12. In Theorem 1.11 and below, every time we consider the analytic continuation of a resolvent
through some open subset of the real line we implicitly assume the open subset to be nonempty.

In Figure 4, to illustrate Theorem 1.11, assuming that ¥7 (in blue) has a single gap that is contained
in (=2, 2), we have drawn the various analytic continuations of the resolvent of H* and the presence or
absence of resonances for the different continuations.

Using the same arguments as in the proof of Proposition 5.7, one easily sees that the continuations of
the function E > 1 —¢"®) [ 1/(h — E) dN,_ (1) to the lower half-plane through (=2,2) \ 7 and
27\ [—2, 2] have at most finitely many zeros and that these zeros are away from the real axis.

_EZ

!
resonance no resonance resonance B resonance

4

no resonance

Figure 4. The analytic continuation of the resolvent and resonances for H*°.
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This also implies that the spectrum on H* in [—2, 2] U X7 is purely absolutely continuous except
possibly at the points of dX7 U {—2, 2}, where d X7 is the set of edges of X7.

1C. The random case. We now turn to the random case. Let V = V,,, where (V,,(n)),cz are bounded
independent and identically distributed random variables. Assume that the common law of the random
variables admits a bounded compactly supported density, say g.

Set HE‘ = —A+V, on £*(N) (with Dirichlet boundary condition at 0 for concreteness). Let O’(Ha’?‘) be
the spectrum of H'. Consider also HZ = —A + V,, acting on £2(Z). Then one knows (see, e.g., [Kirsch
2008]) that, w-almost surely,

o(H2) =% :=[-2,2] +suppg. (1-13)
One has the following description for the spectra O’(Hﬁj) and J(Hf):

o w-almost surely, J(Hf) = X; the spectrum is purely punctual; it consists of simple eigenvalues
associated to exponentially decaying eigenfunctions (Anderson localization; see, e.g., [Pastur and
Figotin 1992; Kirsch 2008]); one can prove that, under the assumptions made above, the whole
spectrum is dynamically localized (see, e.g., [Cycon et al. 1987] and references therein).

e For HJ}‘ (see, e.g., [Pastur and Figotin 1992; Carmona and Lacroix 1990]), one has, w-almost surely,
a(HEJ) =X UK,, where
— X is the essential spectrum of H j}l and it consists of simple eigenvalues associated to exponentially

decaying eigenfunctions;
— the set K, is the discrete spectrum of HS, which may be empty and depends on w.

1C1. The integrated density of states and the Lyapunov exponent. It is well known (see, e.g., [Pastur and
Figotin 1992]) that the integrated density of states of H, say N (E), is defined as the limit

#leigenvalues of HZ|;_ in (—oo, E
N(E)= lim leig oli-t.cp 1 ( ]}.

(1-14)
L—+00 2L+ 1

The above limit does not depend on the boundary conditions used to define the restriction HZ|j_1 1.
It defines the distribution function of a probability measure supported on X. Under our assumptions on the
random potential, N is known to be Lipschitz continuous ([Pastur and Figotin 1992; Kirsch 2008]). Let
n(E)=dN(FE)/dE be its derivative; it exists for almost all energies. If one assumes more regularity on g,
the density of the random variables (w,),, then the density of states n can be shown to exist everywhere
and to be regular (see, e.g., [Cycon et al. 1987]).

One also defines the Lyapunov exponent, say p(E), as

1 T (E,
p(E):= lim log |7, (E, o)l
L—+00 L+1

T (E; ) = <E — V(L) _1) X e X (E_ Vo (0) _1) (1-15)

’

where

1 0 1 0
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For any E, w-almost surely, the Lyapunov exponent is known to exist and to be independent of w
(see, e.g., [Cycon et al. 1987; Pastur and Figotin 1992; Carmona and Lacroix 1990]). It is positive at all
energies. Moreover, by the Thouless formula [Cycon et al. 1987], it is continuous for all £ and is the
harmonic conjugate of n(E).

For « € {N, 7}, we now define H ALY be the operator —A* + V,,1j0,.j. The goal of the next sections
is to describe the resonances of these operators in the limit L — +o0.

As in the case of a periodic potential V, the resonances are defined as the poles of the analytic
continuation of z (H;)’L —z)~! from C* through (-2, 2) (see Theorem 1.3).

1C2. Resonance-free regions. We again start with a description of the resonance-free region near a
compact interval in (=2, 2). As in the periodic case, the size of the H; , -resonance-free region below a
given energy will depend on whether this energy belongs to o (/) or not. We prove:

Theorem 1.13. Fix e € {N, Z}. Let I be a compact interval in (—2,2). Then, w-a.s., one has:

(1) Fore e {N, Z},if I C R\ o (H}) then there exists C > 0 such that, for L sufficiently large, there are
no resonances of H; ; in the rectangle {Rez € I, 0> Imz > —1/C}.

(2) If I C X°, then for ¢ € (0, 1) there exists Lo > 0 such that, for L > Ly, there are no resonances of
H} | in the rectangle {Rez € I, 0 >Imz > —e 21PLU+O)) ywhere
o p is the maximum of the Lyapunov exponent p(E) on I,
1 ife=N,
*N.=1 : _7
7 fe=Z
(3) Pick v; = v;(w) € K, (see the description of the spectrum of HS just above Section 1C1) and
assume that {vj} = 1°N o*(Hj}J) =1 ﬂG(HE‘) and I N X = O; then there exists ¢ > 0 such that,
for L sufficiently large, H E{ 1. has a unique resonance in {Re z € I, —c < Imz < 0}; moreover, this
resonance, say zj, is simple and satisfies Imz; =< —e Pi@L gnd lzj — Al < e PiOL for some
pj(w) > 0 independent of L.

When comparing point (2) of this result with Theorem 1.5(2), it is striking that the width of the
resonance-free region below X is much smaller in the random case (it is exponentially small in L) than
in the periodic case (it is polynomially small in L). This a consequence of the localized nature of the
spectrum, i.e., of the exponential decay of the eigenfunctions of H,.

1C3. Description of the resonances closest to the real axis. We will now see that below the resonance-free
strip exhibited in Theorem 1.13 one does find resonances — actually, many of them. We prove:

Theorem 1.14. Fix e € {N, Z}. Let I be a compact interval in (—2,2) N X.
(1) Forany k € (0, 1), w-a.s. one has

#{z resonance of H; ; |[Rez€l, 0>1Imz > —e” ‘

1)
: —>/1n(E)dE.

(2) For E € I such that n(E) > 0 and A € (0, 1), define the rectangle

R(E, M, L,&8):={zeC|n(E)Rez—E| < e, —e"rEPL < 2P 7 < _omneP (VLY
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where n° is as defined in Theorem 1.13; then w-a.s. one has
) ) . #{z resonances of H; ;, in R*(E, A, L,¢,0)}
lim lim lim - =1
§—0t >0+ L>+00 Leé

(3) For E € I such that n(E) > 0, define

(1-16)

RU(E,1,L,e,8)={zeC|n(E)Rez—E| < e, — 21rBIEIL < Imz < 0};
then w-a.s. one has

Iim lim lim
§—0t e>0+ L—>+o0 Leé

# n RY.(E,1,L,¢&,8 1 if+=—,
{resonances in R’ ( € )}:{ if (1-17)

0 if +=+.

(4) For ¢ > 0, w-a.s. one has

#{z resonances of H* , in [ +i(—00, —e_ZCL]
lim { S HoL ( }zfmin(%E), 1)n(E)dE. (1-18)
I Y

L—+o0 L

The striking fact is that the resonances are much closer to the real axis than in the periodic case; the
lifetime of these resonances is much larger. The resonant states are quite stable, with lifetimes that are
exponentially large in the width of the random perturbation. Point (4) is an integral version of point (2).
Let us also note here that when « = Z, Theorem 1.14(4) is the statement of Theorem 0.2.

Note that the rectangles R*(E, A, L, ¢, 6) are very stretched along the real axis; their side-length in the
imaginary part is exponentially small in L whereas their side-length in the real part is of order 1.

To understand Theorem 1.14(2), rescale the resonances of H o.L> SaY (z," (@), as

xj=x; (E,w) =n(E)LRezj];(w)—E) and y =y (E,0)=— log [Im z; ; ().

(1-19)

For X € (0, 1), this rescaling maps the rectangle R*(E, A, L, €, §) into {|x| < %Ls, ly — Al < %8} and

the rectangles R (E, 1, L, ¢, §) are mapped into {|x| < Le/2, 1F 6 < y}, respectively. The denominator

of the quotient in (1-16) is just the area of the rescaled R*(E, 1, L, ¢, 5) for 1 € (0, 1) or the rescaled

R (E,1,L,e,8)\ R (E, 1, L,¢,0). So, (2) states that, in the limit with ¢ and § small and L large, the
rescaled resonances become uniformly distributed in the rescaled rectangles.

2n.p(E)L

We see that the structure of the set of resonances is very different from the one observed in the periodic
case (see Figure 2). We will now zoom in on the resonance even more so as to make this structure clearer.
We consider the two-dimensional point process &; (E, w) defined by

(B, 0) = D Saran (1-20)

2y, resonance of Hj ,
where x; and y; are defined by (1-19).
We prove:

Theorem 1.15. Fix E € (—2,2) N X° such that n(E) > 0. Then the point process &; (E, ) converges
weakly to a Poisson process in R x (0, 1] with intensity 1. That is, for any p > 0, if (I)1<n<p (resp.
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(Cu)1<n<p) are disjoint intervals of the real line R (resp. [0, 1]), then

14

LETOOP({Q)\#{]' | X7 L(E,0) €Ly, yi [ (E.w) € Cy =ky for n=1,....p})=]]e

—Un (/"Ln)kn
kp!

n=1

where [y, = |I,||Cy| for 1 <n < p.

This is the analogue of the celebrated result on the Poisson structure of the eigenvalues and localization
centers of a random system (see, e.g., [Molchanov 1982; Minami 1996; Germinet and Klopp 2014]).
When considering the model for ¢ = Z, Theorem 1.15 is Theorem 0.3.

In [Klopp 2011], we proved decorrelation estimates that can be used in the present setting to prove:

Theorem 1.16. Fix E € (=2,2)NX°and E' € (—=2,2)NX° such that E # E’, n(E) > 0and n(E") > 0.
Then the limits of the processes &; (E, ) and &; (E', w) are stochastically independent.

Due to the rescaling, the above results only give a picture of the resonances in a zone of the type
E +L71[—871, 871] _ l-[eon.(lJra)p(E)L’ 6*2877-,0(E)L] (1-21)

for ¢ > 0 arbitrarily small.

When L gets large, this rectangle is of a very small width and located very close to the real axis.
Theorems 1.14, 1.15 and 1.16 describe the resonances lying closest to the real axis. As a comparison
between points (1) and (2) in Theorem 1.14 shows, these resonances are the most numerous.

One can get a number of other statistics (e.g., the distribution of the spacings between the resonances)
using the techniques developed for the study of the spectral statistics of a random system in the localized
phase (see [Germinet and Klopp 2011; 2014; Klopp 2013]) combined with the analysis developed in
Section 6.

1C4. The description of the low-lying resonances. It is natural to question what happens deeper in the
complex plane. To answer this question, fix an increasing sequence of scales (£1) such that

l L
L 400 as L —> 400 and L0 as L— +o00. (1-22)
log L L

We first show that there are only a few resonances below the line {Imz = e}, namely:

Theorem 1.17. Pick (£1)1 a sequence of scales satisfying (1-22) and I as above.
Then, w almost surely, for L large one has

{z resonances of H; | in {Rezel, Imz < —e_“}} =0{y). (1-23)

As we shall show now, after proper rescaling the structure of these resonances is the same as that of
the resonances closer to the real axis.

Fix E € I such that n(E) > 0. Recall that (Z," 1 (w)); are the resonances of H,, ;. We now rescale the
resonances using the sequence (£ ) ; this rescaling will select resonances that are further away from the
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real axis. Define

x| =x[ g, (@) =n(E)L(Rezj  (w) —E) and y;=y;, (0)= log [Imz} ; (w)]. (1-24)

2nlLp(E)
Consider now the two-dimensional point process

£ (E, 0) = > Bty oty (1-25)

{ ] L]
zj ; resonance of Hw,L

We prove the following analogue of the results of Theorems 1.14, 1.15 and 1.16 for resonances lying
further away from the real axis.

Theorem 1.18. Fix E € (—2,2)NX°and E' € (—2,2)NX° such that E # E’', n(E) > 0and n(E") > 0.
Fix a sequence of scales (£1) satisfying (1-22). Then one has:

(1) For A € (0, 1], w-almost surely,

) ) . #{z resonances of H; ; in R*(E, ), £, ¢,0)}
lim lim lim : =1,
§—0t e—>0t L—>+o0 L1 eé

where R*(E, A, L, ¢, ) is as defined in Theorem 1.14.

(2) The point processes & L. (E, w)and & 1.0 (E’, w) converge weakly to Poisson processes in R x (0, +00)
of intensity 1.

(3) The limits of the processes SL (E, w) and EZ’ ((E', w) are stochastically independent.
Point (1) shows that, in (1-23), one actually has
{z resonances of H; ; in {Reze/l, Imz < —e‘“}} = L.

Notice also that the effect of the scaling (1-24) is to select resonances that live in the rectangle

E _i_gzl[_g*l’ 8*1] _ i[€*2n.(1+6)P(E)€L’ 672877.,0(15)&]

This rectangle is now much further away from the real axis than the one considered in Section 1C3.

Modulo rescaling, the picture one gets for resonances in such rectangles is the same we got above in
the rectangles (1-21). This description is valid almost all the way from distances to the real axis that are
exponentially small in L up to distances that are of order e~ 10gL)* "y > 1 (see (1-22)).

1CS. Deep resonances. One can also study the resonances that are even further away from the real axis

in a way similar to what was done in the periodic case in Section 1B4. Define the random potentials on N
and Z

~N _Jor-n for 0<n<L,
Vo (m) = 0 for L+ 1 <n,
< —
(3 for n < —1, 1 (1-26)
~ Wy, for 0<n< [EL]’
Vo (1) = 1
wr_, for [EL]—I-I <n<L,
0 for L+1<n,
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where w = (w,)en and @ = (@y)nen are i.i.d. and satisfy the assumptions of the beginning of Section 1C.
Consider the operators

o HN L =—A+ \7&’)\‘ L on £2(N) with Dirichlet boundary condition at 0,

,

« HZ, , =—A+VZ_, on (D).

Clearly, the random operator H E{ ;. (resp. H f’ ;) has the same distribution as Hﬁ‘, 1 (resp. H f’ ). Thus,
for the low lying resonances, we are now going to describe those of H E{ ; (resp. H f’ 1) instead of those
of HE{L (resp. Hf’L).

Remark 1.19. The reason for this change of operators is the same as the one why, in the case of the
periodic potential, we had to distinguish various auxiliary operators depending on the congruence of L
modulo the period p: this gives a meaning to the limiting operators when L — +o0.

Define the probability measure d N, (1) using its Borel transform by, for Imz # 0,

dNy, (M) _
/ PR (80, (Hy) — E)~'80). (1-27)
n A
Consider the function
dN, (A oo dN, (A
Ew(E)zf - “’(E) +etarccos<E/z>=/ /\L(E)JF%EJF (LE)? -1, (1-28)
R - R -

where the choice of z — arccos z and z — +/z2 — 1 are those described after (1-5).
This random function &, is the analogue of E, in the periodic case. One has the analogue of
Proposition 5.7:

Proposition 1.20. If wy # 0, one has E,(E) ~ —wyE "% as |E| — oo, Im E < 0. Thus, w-almost surely,
&, does not vanish identically in {Im E < 0}.

Pick I C X° N (=2,2) compact. Then, w-almost surely, the number of zeros of B, (counted with
multiplicity) in I + i(—o00, €] is asymptotic to f, n(E)/p(E)dE |loge| as ¢ — 0T; moreover, w-almost
surely, there exists €, > 0 such that all the zeros of B, in I +i[—¢&,, 0) are simple.

It seems reasonable to believe that, except for the zero at —ioo, w-almost surely all the zeros of &,
are simple; we do not prove it.
For the “deep” resonances, we then prove:

Theorem 1.21. Fix I C X°N(—2,2) a compact interval. There exists c > 0 such that, with probability 1,
there exists c,, > 0 such that, for L sufficiently large, one has:

(1) For each resonance of ﬁa'iL (resp. ﬁf@’L) iB I +i(—00, —e~“L], say E, there exists a unique zero
of €, (resp. E,Ey), say E, such that |E — E| < e Col,
(2) Reciprocally, to each zero (counted with multiplicity) of E, (resp. E,Eg) in the rectangle

; —cL 5 ; ; 7N 7z
I +i(—o0, —e - 1, say E, one can associate a unique resonance of H, ; (resp. Ha),&),L)’ say E,
such that |E — E| < e™¢L,
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One can combine this result with the description of the asymptotic distribution of the resonances given
by Theorem 1.18 to obtain the asymptotic distributions of the zeros of the function E, near a point E —i¢
when ¢ — 0T. Indeed, let (z;(w)); be the zeros of E,, in {Im E < 0}. Rescale the zeros:

xp¢(@) =n(E)[loge[(Rezi(w) —E) and  y . (0) = —5—————log|Imz(w)|; (1-29)
2p(E)[log ]
and consider the two-dimensional point process &, (E, w) defined by
E(E.o)= D Sweno (1-30)

z;(w) zeros of B,

Then one has:

Corollary 1.22. Fix E € I such that n(E) > 0. Then the point process &.(E, w) converges weakly to a
Poisson process in R x R with intensity 1.

The function E,, has been studied in [Kunz and Shapiro 2006; 2008], where the average density of its
zeros was computed. Here we obtain a more precise result.

1C6. The half-line random perturbation. On £*(Z), we now consider the operator H® = —A + V,,,
where V,,(n) =0 forn >0, V,(n) = w, forn < —1 and (w,),>¢ are i.i.d. and have the same distribution
as above. The spectral theory of the continuous analogue of H_°, i.e., the Schrodinger operator on the
real line with a random potential on the half-line, was studied in [Carmona 1983].

Recall that X is the almost sure spectrum of Hf (on €2(Z)). We prove:

Theorem 1.23. First, w-almost surely, the resolvent of H.° does not admit an analytic continuation from
the upper half-plane through (—2,2) N X° to any subset of the lower half plane. Nevertheless, w-almost
surely, the spectrum of H® in (—2,2) N X° is purely absolutely continuous.

Second, w-almost surely, the resolvent of H3° does admit a meromorphic continuation from the upper
half-plane through (=2, 2) \ X to the lower half-plane; the poles of this continuation are exactly the zeros
of the function E + 1 — ¢/%F) fR 1/(A — E) dN, (L) when continued from the upper half-plane through
(—2,2)\ X to the lower half-plane.

Third, w-almost surely, the spectrum of H.° in X°\ [—2, 2] is pure point associated to exponentially
decaying eigenfunctions; hence, the resolvent of H.° cannot be continued through £° \ [—2, 2].

In Figure 5, to illustrate Theorem 1.23, assuming that X7 (in blue) has a single gap that is contained in
(=2, 2), we have drawn the analytic continuation of the resolvent of H;° and the associated resonances;
we also indicate the real intervals of the spectrum through which the resolvent of H;° does not admit an
analytic continuation and the spectral type of HS° in the intervals.

Let us also note here that if 0 € supp g (where g is the density of the random variables defining the
random potential) then, by (1-13), one has [—2, 2] C X. In this case, there is no possibility to continue
the resolvent of H;° to the lower half-plane passing through [—2, 2].

Comparing Theorem 1.23 to Theorem 1.11, we see that, as for the operator H°°, when continued
through (-2, 2) N X° the operator H>° does not have any resonances, but for very different reasons.
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no analytic continutation
but absolutely continuous spectrum

_EZ

resonances

no analytic continuation "
and dense pure point spectrum

Figure 5. The analytic continuation of the resolvent and resonances for H.°.

When one does the continuation through (—2, 2) \ X, one sees that the number of resonances is finite;
“near” the real axis, the continuation of the function E > 1 —e/?®) [ 1/(A — E) dN,,(1) has nontrivial
imaginary part and near oo it does not vanish.

Theorem 1.23 also shows that the equation studied in [Kunz and Shapiro 2006; 2008], i.e., E,(E) =0,
does not describe the resonances of H° as is claimed in these papers: these resonances do not exist as there
is no analytic continuation of the resolvent of H3° through (—2,2) N X! Asis shown in Theorem 1.21, the
solutions to the equation E,,(E) = 0 give an approximation to the resonances of H E, ; (see Theorem 1.21).

1D. Outline of and reading guide to the paper. In the present section, we shall explain the main ideas
leading to the proofs of the results presented above.

In Section 2, we prove Theorem 1.3; this proof is classical. As a consequence of the proof, one sees
that, in the case of the half-lattice N (resp. lattice Z), the resonances are the eigenvalues of a rank-one
(resp. rank-two) perturbation of (—A + V)|jo,rj With Dirichlet boundary condition. The perturbation
depends in an explicit way on the resonance. This yields a closed equation for the resonances in terms
of the eigenvalues and normalized eigenfunctions of the Dirichlet restriction (—A + V)|jo,7- To obtain
a description of the resonances we then are in need of a “precise” description of the eigenvalues and
normalized eigenfunctions. Actually, the only information needed on the normalized eigenfunctions is
their weight at the point L (and the point O in the full lattice case), 0 and L being the endpoints of [0, L].

In Section 3, we solve the two equations obtained previously under the condition that the weight
of the normalized eigenfunctions at L (and 0) be much smaller than the spacing between the Dirichlet
eigenvalues. This condition entails that the resonance equation we want to solve essentially factorizes
and become very easy to solve (see Theorems 3.1, 3.2 and 3.3), i.e., it suffices to solve it near any given
Dirichlet eigenvalue.

For periodic potentials, the condition that the eigenvalue spacing is much larger than the weight of the
normalized eigenfunctions at L (and 0) is not satisfied: both quantities are of the same order of magnitude
(see Theorem 4.2) for the Dirichlet eigenvalues in the bulk of the spectrum, i.e., the vast majority of
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them. This is a consequence of the extended nature of the eigenfunctions in this case. Therefore, we find
another way to solve the resonance equation. This way goes through a more precise description of the
Dirichlet eigenvalues and normalized eigenfunctions which is the purpose of Theorem 4.2. We use this
description to reduce the resonance equation to an effective equation (see Theorem 5.1) up to errors of
order O (L~°°). It is important to obtain errors of at most that size. Indeed, the effective equation may
have solutions to any order (the order is finite and only depends on V but it is unknown); thus, to obtain
solutions to the true equation from solutions to the effective equation with a good precision, one needs
the two equations to differ by at most O (L~°°). We then solve the effective equation and, in Section 5B,
prove the results of Section 1B.

On the other hand, for random potentials, it is well known that the eigenfunctions of the Dirichlet
restriction (—A + V)|jo,.7 are exponentially localized and, for most of them localized, far from the
edge of [0, L]. Thus, their weight at L (and O in the full lattice case) is typically exponentially small
in L; the eigenvalue spacing however is typically of order L~!. We can then use the results of Section 3
to solve the resonance equation. The real part of a given resonance is directly related to a Dirichlet
eigenvalue and its imaginary part to the weight of the corresponding eigenfunction at L (and O in the
full lattice case). The main difficulty is to find the asymptotic behavior of this weight. Indeed, while
it is known that, in the random case, eigenfunctions decay exponentially away from a localization
center and that, for the full random Hamiltonian (i.e., the Hamiltonian on the line or half-line with
a random potential), at infinity this decay rate is given by the Lyapunov exponent, to the best of our
knowledge, before the present work, it was not known at which length scale this Lyapunov behavior sets
in (with a good probability). Answering this question is the purpose of Theorems 6.4 and 6.5 proved
in Section 6C: we show that, for the one-dimensional Anderson model, for § > O arbitrary, on a box of
size L sufficiently large, all the eigenfunctions exhibit an exponential decay (we obtain both an upper
and a lower bound on the eigenfunctions) at a rate equal to the Lyapunov exponent at the corresponding
energy (up to an error of size §) as soon as one is at a distance § L from the corresponding localization
center.

These bounds give estimates on the weight of most eigenfunctions at the point L (and O in the full
lattice case); this is directly related to the distance of the corresponding localization center to the points
L (and 0). One can then transform the known results on the statistics of the (rescaled) eigenvalues and
(rescaled) localization centers into statistics of the (rescaled) resonances. This is done in Section 6B and
proves most of the results in Section 1C.

Finally, Section 6D is devoted to the study of the full line Hamiltonian obtained from the free
Hamiltonian on one half-line and a random Hamiltonian on the other half-line; it contains in particular
the proof of Theorem 1.23.

2. The analytic continuation of the resolvent

Resonances for Jacobi matrices were considered in various works (see, e.g., [Brown et al. 2005; Iantchenko
and Korotyaev 2012] and references therein). For the sake of completeness, we provide an independent
proof of Theorem 1.3. It follows standard ideas that were first applied in the continuous setting, i.e., for
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Figure 6. The mapping E +— 0(E).

partial differential operators instead of finite difference operators (see, e.g., [Sjostrand and Zworski 1991]
and references therein).

The proof relies on the fact that the resolvent of the free Laplace operator can be continued holomorphi-
cally from C* to C\ ((—o0, —2]U[2, +00)) as an operator valued function from lgomp
immediate consequence of the fact that, by discrete Fourier transformation, —A is the Fourier multiplier

2 . .
to lloc. This is an

by the function 6 — 2 cos 6.
Indeed, for —A on ¢2 (Z) and Im E > 0, one has, for (n, m) € Z (assume n — m > 0),

. 1 2w efi(nfm)e 1 Zhm
(0ns (A= E) bm) = 5 - do=_—— - dz
2w Jo 2cosé —E 2im Ji=1 22— Ez+1
1 ~ i(n—m)0(E)
- (E- BT (2-1)
2 (lE)z—l SIHG(E)
2

where E =2cos@(E) and 6 = 6(E) is chosen so that Im6 > 0 and Red € (—, 0) for Im E > 0. The
choice satisfies 0(E) = 0(E).

The map E +— 6(E) can be continued analytically from C* to the cut plane C\ ((—00, —2]U[2, +00))
as shown in Figure 6.

The continuation is one-to-one and onto from C\ ((—oo, —2]U[2, 400)) to (—m, 0) +iR. It defines a
choice of E +— arccos(%E) =0(E).

Clearly, using (2-1), this continuation yields an analytic continuation of RZ := (—=A — E)~! from
{ImE > 0} to C\ ((—o0, —2]U[2, +00)) as an operator from [2 to I2

comp loc*
Let us now turn to the half-line operator, i.e., —A on N with Dirichlet condition at 0. Pick E such that

ImE > 0 and set E =2 cos 8, where 8 = 6(E) is chosen as above. If, for v € CN bounded and n > —1,
one sets v_; = 0 and

n

N 1 IR oS+ DOE) oy s
Ry (EY0)y = 5 ,-;1 v;sin((n — j)(E)) —e 2 Sn6(E) ;e vj, (2-2)

then, for Im E > 0, a direct computations shows that:

(1) For v € £*(N), the vector R(’)N(E)(v) is in the domain of the Dirichlet Laplacian on 2(N), ie.,
[RY(E)(v)]-1 =0.
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(2) For n = 0, one checks that
[RY (E)()]nt1+ [RY (E)(W)]a—1 — E[RG (E)(©)]n = vy, (2-3)
3) RON(E ) defines a bounded map from £2(N) to itself.

Thus, R(’)\‘(E ) is the resolvent of the Dirichlet Laplacian on N at energy E for Im E > 0.
Using the continuation of E — 6(E), (2-2) yields an analytic continuation of the resolvent R(')N(E ) as

2 2
an operator from Ig,., to [j ..

Remark 2.1. Note that the resolvent R(')\‘(E ) at an energy E with Im £ < 0 is given by (2-2) with 6(E)
replaced by —6(E). For (2-2), one has to assume that (v;) jen decays fast enough at co.

To deal with the perturbation V, we proceed in the same way on Z and on N. Set VL = V1o 1
(viewed as a function on N or Z depending on the case). Letting Ro(E) be either RZ(E) or R)(E), we
compute

—A+ V' —E=(-A—-E)(1+Ry(E)V") =1+ V Ry(E))(—~AL — E).

Thus it suffices to check that the operator Ro(E) V! (resp. VL R (E)) can be analytically continued as
an operator from /2 to I2 _ (resp. lczomp to lczomp). This follows directly from (2-2) and the fact VL has
finite rank.

To complete the proof of Theorem 1.3, we just note that, since

e Er> Ry(E)VE (resp. E +— VER((E)) is a finite-rank, operator-valued function, analytic on the
connected set C \ ((—oo, —2]U[2, +00)),

« —1 is not an eigenvalue of Ry(E)VL (resp. VERy(E)) for InE > 0,

by the Fredholm principle, the set of energies E for which —1 is an eigenvalue of Ro(E)V’ (resp.
VL Ry(E)) is discrete. Hence, the set of resonances is discrete.

This completes the proof of the first part of Theorem 1.3. To prove the second part, we will first write
a characteristic equation for resonances. The bound on the number of resonances will then be obtained
through a bound on the number of solutions to this equation.

2A. A characteristic equation for resonances. In the literature, we did not find a characteristic equation
for the resonances in a form suitable for our needs. The characteristic equation we derive will take
different forms depending on whether we deal with the half-line or the full line operator. But in both
cases, the coefficients of the characteristic equation will be constructed from the spectral data (i.e., the
eigenvalues and eigenfunctions) of the operator Hy (see Remark 1.6).

2B. In the half-line case. We first consider H LN on £2(N) and prove:

Theorem 2.2. Consider the operator Hy defined as H 2\1 restricted to [0, L] with Dirichlet boundary
conditions at L and define:

e (Ajo<j<r = (Aj(L))o<j<L are the Dirichlet eigenvalues of HLN ordered so that Lj < ).

N =

°
a]

a?\J (L) =lg;j (L)|?, where @;j = (9j(n))o<n<L is a normalized eigenvector associated to A ;.
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Then an energy E is a resonance of H I[\‘ if and only if
L a¥ .
Si(E) = 2{; y L == —e 0B E=2cosO(E), (2-4)
J:

O(E) being chosen so that Im60(E) > 0 and Re0(E) € (—n,0) when Im E > 0.

Let us note that
L L
a(L)>0 forall 0<j<L and > a)(L)=) lp;L)*=1. (2-5)
=0 j=0

Proof of Theorem 2.2. By the proof of the first statement of Theorem 1.3 (see the beginning of Section 2),
we know that an energy E is a resonance if and only if —1 if an eigenvalue of Ro(E)V’, where Ry (E) is
defined by (2-2). Pick E an resonance and let u = (u,),>0 be a resonant state that is an eigenvector of
Ro(E)VE associated to the eigenvalue —1. As V' =0 for n > L + 1, (2-2) yields that, for n > L + 1,
u, = Be"E) for some fixed B € C*. Asu = —Ro(E)V%u, forn > L+ 1 it satisfies u,41 + ttp—1 = Eu,.
Thus, u; 1 = e®u; and, by (2-3), u is a solution to the eigenvalues problem

Up1+Uy—1+ Vyu, = Eu, forall n €[O0, L],
u_1 =0,
ur+1 :eie(E)uL.

This can be equivalently be rewritten as

Vo 1 0 ... 0 ug ug
1 vi 1 0
Do =E| : | (2-6)

0 1 Vi 1
0O --- 0 1 VL+€i9(E) ur ur

The matrix in (2-6) is the Dirichlet restriction of H LN to [0, L] perturbed by the rank-one operator
¢'?F)§; ®38; . Thus, by rank-one perturbation theory (see, e.g., [Simon 1995]), an energy E is a resonance
if and only if satisfies (2-4).

This completes the proof of Theorem 2.2. 0

Proof of Theorem 1.3. Let us now complete the proof of Theorem 1.3 for the operator on the half-line.
Let us first note that, for Im E > 0, the imaginary part of the left-hand side of (2-4) is positive by (2-7).
On the other hand, the imaginary part of the right-hand side of (2-4) is equal to —e!™?®) sin(Re 6 (E))
and, thus, is negative (recall that Re0(E) € (—m, 0) (see Figure 1). Thus, as already emphasized, (2-4)
has no solution in the upper half-plane or on the interval (-2, 2).

Clearly, (2-4) is equivalent to the polynomial equation of degree 2L + 2 in the variable 7 = e~/9(F)
L L
[[¢—2mz+D =) al ] @ -2nz+ 1 =0. (2-7)
k=0 j=0  0<k<L

k£]
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We are looking for the solutions to (2-7) in the upper half-plane. As the polynomial in the right-hand
side of (2-7) has real coefficients, its zeros are symmetric with respect to the real axis. Moreover, one
notices that, by (2-5), 0 is a solution to (2-7). Hence, the number of solutions to (2-7) in the upper
half-plane is bounded by L. This completes the proof of Theorem 1.3. U

2C. On the whole line. Now consider H LZ on £2(Z). We prove:

Theorem 2.3. Using the notations of Theorem 2.2, an energy E is a resonance of H f if and only if

5o (L) ¢ 0)¢;(L) -
d J J J 19(E)> =0, 2-8
G(Z%M—E(%®WAD wwmﬁ>+e &9

where det(-) denotes the determinant of a square matrix, E = 2cos0(E) and 6(E) is chosen as in
Theorem 2.2.

So, an energy E is a resonance of H LZ if and only if —e~"%®) belongs to the spectrum of the 2 x 2

matrix
L

L (1o (DP w@w@v
'L (E):= . 2-9
L® bem(%®@m 0, (O 29

Proof of Theorem 2.3. The proof is the same as that of Theorem 2.2 except that now E is a resonance if
there exists a nontrivial solution u to the eigenvalues problem

Up1+Up—1+ Vyu, = Eu, forall n e[O0, L],
u_; =e'Fy,

ur4+1 = eie(E)ML.

This can equivalently be rewritten as

Vo+e® 1 0 ... 0 uo uo
1 Vi 1 0
0 1 Vi 1
0 0 1 V4@ ur ur

Thus, using rank-one perturbations twice, we find that an energy E is a resonance if and only if

l0; (0)] ; = g (L)) ; @j(L)pj(0)p; (L)g;(0)
i0(E) j i0(E) j _ 2i0(Ek) j j j j
(1+¢ Z (1 %x,-—ﬁ—e L BB

0<j.j'<L
that is, if and only if (2-8) holds. This completes the proof of Theorem 2.3. O

Let us now complete the proof of Theorem 1.3 for the operator on the full line. Let us first show
that (2-8) has no solution in the upper half-plane. If —e~?(E) belongs to the spectrum of the matrix
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defined by (2-8) and u € C? is a normalized eigenvector associated to —e?F)_ one has

N
=~ EN\e; O] '

This is impossible in the upper half-plane and on (—2, 2) as the two sides of the equation have imaginary

parts of opposite signs.
Note that

L
i\ o (10
Z( i) 0 0= 1)

Note also that —e~/%F) is an eigenvalue of (2-8) if and only if it satisfies

L 2 2 2
et OP I OF ey 5 ! i erO @)
; Aj—E 0<j,j’<L A —E)Aj—E) ¢;(L) ¢;(L)
As the eigenvalues of Hy are simple, one computes
2 2
1 ;0 ¢y O _, Z 1 L 19;(0) ¢;(0) 2-11)
0T, G = EYOy = E)lei(L) 9y (L] 7 L hi—E oy —Ajlei (L) ¢j(L)
Thus, (2-10) is equivalent to the polynomial equation of degree 2(L + 1) in the variable z = e 10(E)
L L
[J@ = rmz+ D= @alz+6D) [] @ —mz+1)=0, (2-12)
k=0 j=0 O%QS_L
J

where we have defined

3 %@»W_1M|%@W E@w@vu
Ci= = L 0 == 2-13
(M(N+Wﬂﬂ) HQMD 207 @ lor O (2-13)

and )
b L |oi@ ;0
YRty

" i (L) @

The sequence (a]Z) ; also satisfies (2-5). Taking | E| to +o00 in (2-11), one notes that

L L
1
jX::Objz-z() and jXZ:OAjbjz-z—i Z

0<j.j'<L

9;(0) ;0

= —1. 2-14
0i(L) ¢;(L) 2-14)

We are looking for the solutions to (2-12) in the upper half-plane. As the polynomial in the right-hand
side of (2-12) has real coefficients, its zeros are symmetric with respect to the real axis. Moreover, one
notices that, by (2-14), 0 is a root of order two of the polynomial in (2-12). Hence, as the polynomial has
degree 2L + 3, the number of solutions to (2-12) in the upper half-plane is bounded by L. This completes
the proof of Theorem 1.3.
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3. General estimates on resonances

By Theorems 2.2 and 2.3, we want to solve equations (2-4) and (2-8) in the lower half-plane. We first
derive some general estimates for zones in the lower half-plane free of solutions to equations (2-4)
and (2-8) (i.e., resonant-free zones for the operators H ? and H Z) and then a result on the existence of
solutions to equations (2-4) and (2-8) (i.e., resonances for the operators H i\l and H LZ).

3A. General estimates for resonant-free regions. We keep the notations of Theorems 2.2 and 2.3. To
simplify the notations in the theorems of this section, we will write a; for either a'}\J when solving (2-4)
or a]z_ when solving (2-8). We will specify the superscript only when there is risk of confusion.

We first prove:

Theorem 3.1. Fix § > 0. Then there exists C > 0 (independent of V and L) such that, for any L and
JE{0, ..., Ly with =448 <Xj_1+Aj <Ajr1+A; <434, equations (2-4) and (2-8) have no solution
in the set (see Figure 7)

Uj:={E€C|ReE €[50 +1-1).5j+1j31]. 0= C-65ImE > —a;d;|sinReO(E)|}, (3-1)
where the map E +— 0(E) is as defined in Section 2 and we have set
.= 1 . — . . —_ . ! — / -
di ==min(Aj1 —Aj, Aj—Aj_1, 1) and 05: ‘Egza_x&/zw (E)|. (3-2)

In Theorem 3.1 there are no conditions on the numbers (a;); or (d;); except their being positive. In
our application to resonances, this holds. Theorem 3.1 becomes optimal when a; < d]2.. In our application
to resonances, for periodic operators one has a; < L~ " and dj < L~ (see Theorem 5.2), and for random
operators one has a; < el and d i 2 L~* (see Theorem 6.4 and (6-10)). Thus, in the random case
Theorem 3.1 will provide an optimal strip free of resonances, whereas in the periodic case we will use a
much more precise computation (see Theorem 5.1) to obtain sharp results.

When a; < djz., one proves the existence of another resonant-free region near a energy A ;, namely:

Theorem 3.2. Fix § > 0. Pick j € {0, ..., L} such that =448 < Aj_1+XAj <Ajr1+A;j <4—34. There
exists C > 0 (depending only on 8) such that, for any L, if a; < d; / C? then equations (2-4) and (2-8)
have no solution in the set (see Figure 7)

~ ad2
U ::{EEC Re E€[3(hj+rj_1), Aj—Ca;]U[r;+Ca;, S j+1j41)]. —Ca; §ImE§—%}

d2

U{Ee@ ReE €[5(hj+Aj-1), 3(hj+Aj40)], —EjflmEf—Caj}. (3-3)

Theorem 3.2 becomes optimal when a; is small and d; is of order one. This will be sufficient to deal
with the isolated eigenvalues for both the periodic and the random potential. It will also be sufficient to
give a sharp description of the resonant-free region for random potentials. For the periodic potential, we
will rely on much more precise computations (see Theorem 5.1).

Note that Theorem 3.2 guarantees that, if d; is not too small, outside R; (see Theorem 3.3) resonances
are quite far below the real axis.
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ro Ui Aj Ajt
,,,,,,,,,,,,,,,,,,, R]
U

Figure 7. The resonance-free zones U; and U;.

Proof of Theorem 3.1. The basic idea of the proof is that, for £ close to A;, Sy (E) and the matrix 'z (E)
are either large or have a very small imaginary part while, as —4 <A; 1 +1; <X 1 +4; <4, e 0E)
has a large imaginary part. Thus, (2-4) and (2-8) have no solution in this region.

We start with (2-4). Pick E € U; for some C large to be chosen later on. Assume first that [E — A ;| <
ajd;(2+ Codj)_1 for Cy := 2¢!/€. Recall that 0 < aj,d; < 1. Note that, for C sufficiently large, for
E € U;, one has

[Ime 0E)| = MIE) |5in Re O(E)| = ™0 E—Re ENlgin Re O(E)|
> % ME|sinRe O(E)| > ¢/ |sinRe O(E)| (3-4)

and
le B <1 <e!/C. (3-5)

One estimates

a; Ay 2 Zak 1/C
ISLE)| > —— =) ——— > +Co— : >Co=2¢"C.  (3-6)
|)»j—E| I;M/(—E| dj ];mmk#l)»k—)\jl

Thus, comparing (3-6) and (3-5), we see that (2-4) has no solution in U; N{|E —A;| < a;d;(2+ Cdj)_l}.
Assume now that |E — A;| > a;d;(2+ Codj)_l. Then, for E € U, one has

[Im E| <

1 .
Qéca,dﬂstee(E)L (3-7)

Thus, for E € U; N{|E —Aj| > ajd.,-(2+Codj)_1}, one computes

aj 4
Im Sz (E)| < |ImE J +
m Sz (E)] <] |(|Aj—ReE|2+|ImE|2 d}+|ImE|2>

1
;C
4
iC

=

. Q4+ Codj)’a; 4
ajd§|s1n(Re9(E))|<# + o
J J

DD

=

(1+¢e"%)?sin(ReH(E))| < %e‘”clsin(Re 0(E))| (3-8)

>

provided C satisfies 8¢!/€ (1 4 ¢!/€)? < 05C.
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Hence, the comparison of (3-4) with (3-8) shows that (2-4) has no solution in
-1
Ui N{lE = 1j| >a;d;(2+ Cod))"}

if we choose C large enough (independent of (a;); and (A;);). Thus, we have proved that, for some
C > 0 large enough (independent of (a;); and (%)), (2-4) has no solution in U.

Let us now turn to the case of (2-8). The basic ideas are the same as for (2-4). Consider the matrix
['z (E) defined by (2-9). The summands in (2-9) are hermitian, of rank 1, and their norm is given by (2-13).
Assume that £ € U is a solution to (2-8). Define the vectors

B (L ,
v i=a;"? <ZJ,~((0))> for j€{0,...,L}.

7
Here, a; =aj.

Note that, by definition of a;, one has [|v; |> = 2. Pick u in C? a normalized eigenvector of I'z (E)

associated to the eigenvalue —e %), Thus, u satisfies

L
Z a;j(vj, u)v; — 0B, (3-9)
. Li—E
j=0
Note that, by assumption, one has
2
sup ai (Ve u)vg < 1 4 ‘Im(z ak|{vk, u)| )‘ < |Im2E|’ (3-10)
eeu; i Ay —E d; py A —E d;

where the constants are independent of C, the one defining U;.
Taking the (real) scalar product of (3-9) with u, and then the imaginary part, we obtain

aj|<Uj,I/l>|21mE —i0(E |ImE|
|)»j—E|2 (e ) de

Thus, for E € U, as a; < 1, for C in (3-1) sufficiently large (depending only on §),

a;l(v;. u)P[Im E|
hj— E|?

> %lsinRe@(E)l.

Hence, for a solution to (2-8) in U; and u as above, one has

2a|Im E| aj|lm E|
|Aj— El < [{vj, u)l | — <2 /= ,
[sinRe O (E)| [sinRe O (E)|

Hence, by the definition of U;, for C large we get

aj
Ai—E

co; 1
—. 3-11
Z > Z (3-11)

=
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By (3-10), the operator I'; (E) can be written as

a:
FL(E):)L._]Evj®vj+Rj(E)+ilj(E), (3-12)
J
where R;(E) and I;(E) are selfadjoint (/; is nonnegative) and satisfy
1 |Im E|
||Rj(E)||§z and [1;(E)| S 7 (3-13)
J J

aj
r—E

An explicit computation shows that the eigenvalues of the two-by-two matrix

: d; Im E
= Y (1+0< ’,)) or ma| < MEL
)»j—E CQS aj

where the implicit constants are independent of the one defining U ;.
Thus, by (3-12), using (3-11) and the second estimate in (3-13), we see that the eigenvalues of the

matrix 'y (E) satisfy
aj dj 2
A= 14+ 0 - or |[ImAl<—.
Aj—E Coy Coj

Clearly, for C large, no such value can be equal to —e~"%£), being too large — by (3-11) —in the first

Vi QUj +Rj(E)
satisfy

case or having too small imaginary part in the second. The proof of Theorem 3.1 is complete. U
Proof of Theorem 3.2. Again, we start with the solutions to (2-4). For z € U j» we compute

L
ayIm E aiIlmFE —apIm E
ImS.(E)=) ———= L+ > . (3-14)
par (A —Re E)*+Im“"E  (A; —ReE)*+Im~ E Okl (Ar —Re E)*+Im“ E

k#j

When —dJZ. /C <ImE < —Caj, the second equality above and (2-5) yield, for C sufficiently large,
aj [Im E| 2
<

0<ImS(E) < — =. 3-15
=ImSE) S g &+’ E ~ C G-15)
On the other hand, for some K > 0, one has
2
IIm e_,'e(E)l > |Im e—ie(ReE)| _ de‘
- C
Now, since under the assumptions of Theorem 3.2 one has
min me *®| > Lmin(v/16 — 0 +4;-1)% V16— (4 +4j30)D),  (3-16)

Ee[(hj+Aj—1)/2,(Aj+2j+1)/2]

we obtain that (2-4) has no solution in ﬁj N{—d;j/C <ImE < —Caj;}.
Now pick E € U jsuchthat —Ca; <ImE < —a jd]z /C. Then (3-5) and (2-5) yield, for C sufficiently
large,
a; ImFE Caj 1 1

ImS; (E) < <+
z( )Nc2a§+lm2E+ 2 =ctac
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The imaginary part of e *?(F) is estimated as above. Thus, for C sufficiently large, (2-4) has no solution
in U;N{—Ca; <ImE < —a;d?/C).

The case of (2-8) is studied in exactly the same way except that, as in the proof of Theorem 3.1, one has
to replace the study of Sy (E) by that of (I'y (E)u, u) for u a normalized eigenvector of I'; (E) associated
to —e~"%(E) and, thus, the coefficient a; in (3-14) gets multiplied by a factor |(vg, u)|* that is bounded
by 2.

This completes the proof of Theorem 3.2. g

3B. The resonances near an “isolated” eigenvalue. We will now solve (2-4) near a given A ; under the
additional assumptions that a; < djz.. By Theorems 3.1 and 3.2, we will do so in the rectangle R; (see
Theorem 3.3 and Figure 7). Actually, we prove that in R; there is exactly one resonance and give an
asymptotic for this resonance in terms of a;, d; and A ;. This result is going to be applied to the case of
random V and to that of isolated eigenvalues (for any V).

Using the notations of Section 3, for j € {0, ..., L} we define

| <|<pk<L>|2 (Pk_(O)(Pk(L)>. (3-17)

N
a

Sp,j(E):= k and Ty (E):=) ——

L) ;;Ak—E L ,;M—E ok (O @r(L)  |er(0)?

We prove:
Theorem 3.3. Pick j € {0, ..., L} such that —4 < Aj_1 +A; < Ajp1+A; < 4. There exists C > 1

(depending only on (Aj_1 + ;) +4 and 4 — (Xj41 + A})) such that, for any L, if a; < djz./C, 2-4)
and (2-8) have exactly one solution in the set

a;d?
R = {E eC ‘ ReEec)j+Caj[-1,1], =Ca; <ImE < — jCj } (3-18)

Moreover, the solution to (2-4), say ZJN, satisfies

N
a',
N_ 4 J N j—1y2 )
G =kt Sp,j(hj)+e 00D +OWajd; 7)) (3-19)
and the solution to (2-8), say zjz., satisfies
7 _ @;(L) —i00 -1 [P (L) 7 —1\2
C= A I'p (A -d . -2
Z; J+<<(pj(0) s (T j(Aj)+e ) 0:(0) + 0((ajd; ")) (3-20)

N

Note that, if alNdj_2 is small, (3-19) gives the asymptotic of the width of the solution z /', namely,

Imz) aj sin6(,) (1+0(1)) (3-21)
S o= o . -
T ISL. 1 00) +c0s 0GP + sin2 (i)
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Recall that sin6(A;) < 0 (see Theorem 2.2). For H 7 using the bounds (3-28) and (3-29), we see that
the asymptotic of the imaginary part of the solution z? satisfies
1
—Eajz <Imzf < -Cadfd}. (3-22)
This and (3-21) will be useful when a; < djz., as will be the case for random potentials. The case when
a; and d; are of the same order of magnitude requires more information. This is the case that we meet in
the next section when dealing with periodic potentials.
The proof of Theorem 3.3 also yields the behavior of the functions E +— Sp(E) + e 9(E) and
E +> det(T'(E) + e~"%E)) near their zeros in R ;j and, in particular, shows the following:

Proposition 3.4. Fix § > 0. Under the assumptions of Theorem 3.3, there exists ¢ > 0 such that, for
—4+8<Aj1+Aj<Ajp1+Aj <40, onehas

S (E) + o—ifE) det(T s (E) + e—i0E)
inf ISL(E) +e |ZC and inf |det(I"'. (E) +e )|ZC-

O<r<ca;.\‘dj7l \Efsz|=r r 0<r<ca/zd,.’1 IEfz?|=r r

Proposition 3.4 is a consequence of the analogues of (3-24) and (3-30) on the rectangles
Rj=%j+cajd; ' [—1,11 x [-1, 1]
for e € {N, Z} and c sufficiently small.

Proof of Theorem 3.3. Let us start with (2-4). To prove the statement in (2-4), in R; we compare the
function E — Sz (E) + e %) to the function

N

~ a'. .
E— SL,j(E) = J +SL,j()\j) _i_efze()tj).
A —E

Clearly, in C, the equation S L,j(E) =0 admits a unique solution, given by

N
- a;

Zj=Aj+ . .
J J SL’j(}\’j)_i_e—l@(}»j)

For E € AR}, the boundary of R;, one has

N
J - __

Aj—E|T 2C’ (3-23)

e B — 70D < CdlY and  [Sp j(E) = SL (M) < CaJNdj_z.

a 1

~ 1
|SL, ;i (E)| > °C and

Hence, as d; < 1, one gets

|Sp.j(E) — SL(E) — ™08
max =
E€dR; |SL,; (E)]

<4Cdd;?.

Thus, by Rouché’s theorem, (2-4) has a unique solution in R;.
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To obtain the asymptotics of the solution, it suffices to use Rouché’s theorem again with the functions
Sp.; and SL(E) 4 ¢~**® on the smaller rectangle R; = Z; + K(aJNdj’l)z[—l, 1] x [—1, 1]. One then
estimates

|SL.j(E) = SL(E) —e™ 75|
max

X = <4ck . (3-24)
E€)R; |51 (E)|

Thus, for K sufficiently large, this completes the proof of the statements on the solutions to (2-4) contained
in Theorem 3.3.

Let us turn to (2-8). On R;, we now compare I' (E) + e~ 1o the matrix-valued function

E — FL,./'(E) =

( lo;(L)I>  ¢;(0)p;(L)

0 1 00
@i (0)@; (L) 1¢;(0) >+FL’JO‘1)+€ )

A —E

The matrix

(|<oj(L)|2 <T(0><pj<L>)
9 (0p;(L) g0

has rank 1 and can be diagonalized as

( o (D)1 <T(0)<pj(L)> _ <aJZ 0) -
9;(0)g;(L) ;)] 7\o o) 7

where aJZ. is given by (2-13) and

p_ | (goj(m —gT(o))
TV \6j0) ;D) )

Thus, FL, j(E) is unitarily equivalent to

ML (40 + PITp j(hj) P +e %) (3-25)
T —E\0 o) TR
As P;TLJ (A ;) P; isreal and the imaginary part of e~ %) does not vanish, My := P;‘FLJ- (AP He 10
is invertible. By rank-1 perturbation theory (see, e.g., [Simon 2005]), we know that M is invertible if and
only if a]Z[Mo_l]u +A; # E (where [M];; is the upper right coefficient of the 2 x 2 matrix M). In this
case, one has
a’

VA

10

M ' =m! - J M—1< )M‘l. (3-26)
O dl M+ —E 0 \00) 0

Hence, 0O is an eigenvalue of M if and only if
E=2;+al[(P;TL ;)P +e 00) 1,

Yy fﬂj(L)> e —i00.)\~1 <¢j(L))> i
Aj+<<¢j(0) s (CL i) +e ) 0 )] (3-27)
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Note that, as Iy ; () is real symmetric and ||z ;(A;)]| < Cd._l, one has

— — z
(Pj(L)> T O —i0( )\ —1 (@j(L))>' a; 398
K(wjm) g+ 6| = sine e (5-28)
and T
</’j(L)) N L =00y —1 (‘Pj(L))>) ajd;sinf(4,) )
Im(<(¢j(0) i+ (U0)) = (3-29)

Using (3-25), (3-26), (3-28) and (3-29),we see that, for E € d R}, the boundary of R, fL,.,- (E) is invertible
and that one has

ITL ;B <2C and [T ;(E) =T ;) < Catd;?.
Hence, as d; < 1, taking (3-23) into account, one gets

max |1 — [Ty ;(E)]™' (TL(E) +e )| <4C%afd; .
EEBRJ‘

In the same way, one proves

max |1 — [T, ;(E) (CL(E) +e ) S K, (3-30)
E€iR;
where we recall that ﬁj =Zj+ K(a?\‘dj_l)z[—l, 1] x[-1,1]. _
Thus, we can apply Rouché’s theorem to compare the following two functions on 0R; and dR; (for K
sufficiently large):
det(T, j(E)) and det(TL(E)+e 0E),

as
|det(T'j (E)) — det(T'(E) + e~ ~ " ioE
’ - =|1—det(1=[1—=[Tz ;(E)]"NTL(E) +e "EN])|.
We then conclude as in the case of (2-4). This completes the proof of Theorem 3.3. 0

Combining Theorems 3.3, 3.1 and 3.2, we get a pretty clear picture of the resonances near the Dirichlet
eigenvalues in (—2, 2) as long as the associated a; and d; behave correctly. As said, this and the knowledge
of the spectral statistics for random operators will enable us to prove the results described in Section 1C.
For the periodic case, Theorems 3.1, 3.2 and 3.3 will prove not to be sufficient. As we shall see, in this
case, a; and d; are of the same order of magnitude. Thus, neighboring Dirichlet eigenvalues have a
sizable effect on the location of resonances. Therefore, in the next section, we compute the Dirichlet
spectral data for the truncated periodic potential.

4. The Dirichlet spectral data for periodic potentials

As we did not find any suitable reference for this material, we first derive a suitable description of the
spectral data (i.e., the (a;.) j and (4;);) for the Dirichlet restriction of a periodic operator to the interval
[[0, L] when L becomes large.
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Consider a potential V : N — R such that, for some p > 1, one has V; = V;, for all k > 0. We assume
p to be minimal, i.e., to be the period of V. In our first result, we describe the spectrum of HZ = —A+V
on ¢%(Z) and HN = —A + V on £>(N) (with Dirichlet boundary conditions at 0). In the second result we
turn to H;, the Dirichlet restriction HN to [[0, L] and describe its spectral data, i.e., its eigenvalues and
eigenfunctions.

We recall:

Theorem 4.1. The spectrum of HZ, say X7, is a union of at most p disjoint intervals that all consist in
purely absolutely continuous spectrum.

The spectrum of HN is the union of £7 and at most finitely many simple eigenvalues outside Xz,
say (vj)o<j<n. Lz consists of purely absolutely continuous spectrum and the eigenfunctions associated to
(vj)o<j<n» say (¥j)o<j<n, are exponentially decaying at infinity.

Except for the exponential decay of the eigenfunctions, the proof of the statement for the periodic
operator on Z and N is classical and can, e.g., be found in a more general setting in [Teschl 2000, Chapters
2, 3 and 7] (see also [van Moerbeke 1976; Reed and Simon 1980]). The exponential decay is an immediate
consequence of Floquet theory for the periodic Hamiltonian on Z and the fact that the eigenvalues lie in
gaps of Xz.

For HZ, one can define its Bloch quasimomentum (see the beginning of Section 4A for details), which
we denote by 6,; it is continuous and strictly increasing on X7 and real analytic on X7, the interior of X7.
Decompose X7 into its connected components, i.e., Xz = Ule B, where g < p. Let ¢, be the number
of closed gaps contained in g. Then 6, is continuous and strictly increasing on B, and real analytic on
B?, the interior of the r-th band. Moreover, on this set, its derivative can be expressed in terms of the
density of states, defined in (1-2) as

n(k) = %eg(x). (4-1)
We first describe the eigenvalues of Hy .
Theorem 4.2. One has:
(1) Foranyk € {0, ..., p— 1}, there exists hy : X7 — R, a continuous function that is real analytic in a

neighborhood of 5 such that, for L sufficiently large with L =k mod p,

(a) for 1 <r <gq, the function hy maps B, into (—(c, + D)m, (¢, + 1)7);
(b) the function

h
L—k

Op,L =0, — (4-2)

is continuous and strictly monotonous on each B, (1 <r < q);
(c) for 1 <r < gq, the eigenvalues of Hy, in B,, the r-th band of Xz, say (A;.)j, are the solutions
(in X7) to the quantization conditions

r T .
Qp,L(kj) =—— JE€ Z. 4-3)
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(2) There exists ¢ > 0 such that, if A is an eigenvalue of Hy, outside Xz, then for L = Np + k sufficiently
large there exists loo € EO+ U X, \ Xz such that one has |A — doo| < e°L.

Recall that Za’ and X, are the spectra of H(;r and H,, respectively, defined in Section 1B2.

In Theorem 4.2, when solving (4-3), one has to do it for each band B, and, for each band and each j
such that jz /(L —k) € 0,1 (B,), (4-3) admits a unique solution. But, it may happen that one has two
solutions to (4-3) for a given j belonging to neighboring bands. In the sequel, to simplify the notations,
we will not distinguish between the different bands, i.e., we will write eigenvalues (A ;) ; not referring to
the band they belong to.

Let us now describe the associated eigenfunctions.

Theorem 4.3. Recall that (1) ; are the eigenvalues of Hy in ¥z (enumerated as in Theorem 4.2).

(1) There exist p + 2 positive functions, say f0+, (fi Do<k<p—1 and f, that are real analytic in a
neighborhood of 3 such that there exists o, € {+1, —1} such that, for L = Np + k sufficiently large
and ) j in B}, the interior of r-th band of Xz, one has

z_f,:(xj)( f(x,-))‘l ) s
P =——=(1+=2) » e _—fk_(kj)|¢l(L)|’

and @ (L)@1(0) = o,¢'™ g (L) |¢1(0)| = o, ETR0 D= 10 (L) |19 (0)].  (4-4)

(2) Let A be an eigenvalue of Hy, outside X7 (see Theorem 4.2(2)). If ¢ is a normalized eigenfunction
associated to A and Hy, one has one of the following alternatives for L large:

(@) Ifhoo € ¢ \ Z; , one has
lp(L)| =< e~ " and |p(0)] < 1. (4-5)
(b) If koo € I \ Z, one has
lp(L)| =<1 and |p(0)| < e L. (4-6)
© Ifrce X, N Ea', one has
lp(L)| <1 and |e0)| < 1. 4-7)
For later use, let us define 6, 1, fo,, and fi 1 by

z = -1
fo ) ) | “s)

-1
fk,L()\):fk_O\)<l+m> and fO,L()\)Zf0+()\)<1+L—_k
where 0, hi, fo, fi and f are as defined in Theorem 4.2.
As a consequence of Theorem 4.2, we obtain:
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Corollary 4.4. For A € X5, for L =k mod p sufficiently large, one has

dN
—()w) =mn (W) = fy Mn@) = %fk_ Mo, () = %fk,L()»)e,/,,L()»), (4-9)
dN(;r +oyy — f+ N I '

— W) =ng () = fo MIn@) = — fo" (W0, () = — fo.L (M), L (). (4-10)

Here, Op, fo+ and fkf are the functions defined in Theorem 4.2.
Proof of Corollary 4.4. To prove the first equalities in (4-9) and (4-10), it suffices to prove that, for any
X €65°(22),
_ _ 1 _ - 1 _
o x (HOM) = [ x0aNz o =1 [ 2, w0170 dondk= L [ 6o ogy 00 .
R R R
(4-11)

1 - — 1
(80, X (Hg)do) = f X () ANG () = — / X0, () fy 6, () dk = — / X fF 0)6), () di,
R R R
(4-12)
the full statement then following by standard density argument. The operator H; converges to H(;’

in the norm resolvent sense. Thus, we know that (&, X(H(;L)So) = limy_ 45 {(60, x (Hr)0). Now, by
Theorem 4.2, as x is supported in X5, using the Poisson formula one computes

1 _1 Il I
(80, x (HL)80) Zx(k)llso,(o)l T % x(9 (L k)>f0L( (L k))

Gl e

jez
LY [ I G o Ga6) ) d
jEZ
Thus, using the nonstationary phase, i.e., integrating by parts, one gets, for any N > 2,
<Y Cwlixllen (1L =)~
Jj=1

< Cnxllxlley (L —k)~N. (4-13)

Here we have used the analyticity of the functions 6, ; and fo 1.

(30, x(HL)b0) — = /R X () fo.L (6, 1 (%) dx

To deal with H,~, we recall the operator H; (which is unitarily equivalent to H ) defined in Remark 1.6.
One has (8, H .61) = (80, X (HL)cSo) thus, as H_ is the strong resolvent sense limit of H., one gets
(80, x (Hy )d0) =limy oo (Sr, x (HL)SL).

Then (4-11) and (4-12) —and, thus, the first equalities in (4-9) and (4-10) —follow, as 9;,’ 1 JoL
and fi,; converge (locally uniformly on X%) to 6, fo+ and f,", respectively (see (4-8) and Theorem 4.2).

Let us now prove the second equalities in (4-9) and (4-10). To this end, we use an almost analytic
extension (see [Mather 1971]) of x, say x, that is, a function x : C — C satisfying
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(D) Xx@) =x() forz eR,

(2) supp(x) C{z€C||Im(z)| <1},

) x €e¥({zeClIm(z)| < 1}),

(4) the family of functions x — dx (x +iy)/9z-|y|™" (for 0 < |y| < 1) is bounded in ¥(R) for any n € N.

Moreover, x can be chosen so that one has the following estimates: forn >0, o >0, § > 0, there
exists Cy o, > 0 such that

0P x

X o
TR

o aﬁ —n .
Sl Iyl B_Z(x +iy)
By the definition of yx, the right-hand side of (4-14) is bounded uniformly in £ complex.

Let x € 65°(R) and x be an almost analytic extension of x (x). Then, by [Helffer and Sjostrand 1990;
Klopp 1995], we know that, for any n and w € €2,

<Cuap sup sup . (4-14)

B <n+p+20'<a xeR

sup sup
O<ly|<1l xeR

. a"‘ _
X(H.)=ﬁ/@a—;(Z)(Z—H.)_ldz/\dz, (4-15)

where H, equals H;, Hy, H or H .
Using the geometric resolvent equation (see, e.g., [Kirsch 2008, Theorem 5.20]) and the Combes—
Thomas estimate (see, e.g., [Kirsch 2008, Theorem 11.2]), we know that for some C > 0, for Imz # 0,

~ C
(80, [(HL —2) ™" = (H —2)""180)| + |(80, [(HL —2) ™' — (Hyf —2)7"180)| < me—“lm‘/ €. 4-16)

Plugging (4-16) into (4-15) and using (4-14), we get

L
> xGpleiOF - [

j=0 R

X()»)dNJ()»)‘ < 5N/ |y|N=le /€ gy < CyL™N.
lyl=l

Thus, by (4-12) and (4-13), we obtain that, for x € €3°(X3) and any N > 0, there exists Cy > 0 such
that

fﬂq{x()»)[fo,L(?»)G,/,,L(?») - f(f(l)%(?»)]dk‘

/ X (W) fo.L (M8, (M) di— / x(k)dNJ(k)‘ <CyL™N. (4-17)
R R

Now, by (4-3) and (4-8), the function fj, L@;’ L= f0+0;) admits an expansion in inverse powers of L that
converges uniformly on compact subsets of X3, namely,

fO,LQ;’L — f0+(9;7 = Z L_kOlk.
k>1

Thus, (4-17) immediately yields that, for any k > 1, one has ay = 0 on 5. Hence, fo, LQI/L L= f0+91/,

on X5. This completes the proof of Corollary 4.4. O
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4A. The proofs of Theorems 4.2 and 4.3. We will first describe some objects from the spectral theory
of HZ, use them to describe the spectral theory of H", prove Theorem 4.2 and finally prove Theorem 4.3.

4A1. The spectral theory of H%. This material is classical (see, e. g., [van Moerbeke 1976; Teschl 2000]);
we only recall it for the reader’s convenience. For 0 < j < p — 1, define fj = fj (E) to be a monodromy
matrix for the periodic finite difference operator HZ, that is,

J J
F By Tor 1 (E) T, i o [ BE) BHE) _
Ti(E)=Tj1p-1,;(E)=Tj4p-1(E)---T;(E) =: (a;_l(E) bf,_l(E)) , (4-18)
where
. _(E-V; —1 )
TJ(E)_( | O)' (4-19)

The coefficients of T"] (E) are monic polynomials in the energy E; alf;(E ) has degree p and bé(E ) has
degree p — 1. Clearly, detfj(E) =1. As j > V; is p-periodic, so is j > fj(E). Moreover, for j' < j,
one has

Ti(E)T; j(E) =Ty pi1 jrep 1 (EYTj(E) = Ty (E)Tj1(E). (4-20)

Thus, the discriminant A(E) :=tr YN"J (E) = al{;(E )+ b{;_l (E) is a polynomial of degree p that is inde-
pendent of j; so are p(E) and p~!(E), the eigenvalues of fj(E ). One defines the Bloch quasimomentum
E v 60,(E) by

A(E) = p(E) + p~'(E) = 2cos(pb,(E)). (4-21)

Let us recall some basic properties of the discriminant A and the coefficients of fj, the proofs of which
can be found in [van Moerbeke 1976]:

(1) If A/(E) =0 then |A(E)| > 2.
(2) The zeros of A’ are simple.
(3) E is a zero of A’ such that |A(E)| =2 if and only if T,-(E) € {+1d, — Id} (for any j).

(4) The polynomials b{, and a:;_l only vanish in the set {|A(E)| > 2}; they keep a fixed sign in each of
the connected components of the set {|A(E)| < 2}.

Note that A(E) is real when E is real. Thus, for E real, |A(E)| < 2 implies that o Y(E) = p(E)
and |A(E)| > 2 implies that p(E) is real. When |A(E)| < 2 we will fix p(E) := ¢/?%®) and when
|A(E)| > 2 we will fix p(E) so that |p(E)| < 1.

E belongs to the spectrum of H” (i.e., —A+V on £*(2)) if and only if |[A(E)| <2 (see, e.g., [Teschl
2000]).

Properties (1)—(3) above imply that, for Eq a zero of A’ such that A(Eg) = %2, 0, is real analytic
near Eq and 0;,(E0) #0.

Definition 4.5. E| is said to be a closed gap if and only if |A(Ep)| =2 and A’(Ey) = 0 or, equivalently,
if and only if Ty(Eo) is diagonal.
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Consider 0 Xz. It is the set of energies that are solutions to |A(E)| = 2 where fo(E ) is not diagonal; it
is also the set of roots of |[A(E)| = 2 that are not closed gaps. From the upper half of the complex plane,
one can continue E — 6,(E) analytically to the universal cover of C\ dXz. Each of the points in 0 X7 is
a branch point of 6, of square root type. Moreover, for E ¢ %7, there exist two linearly independent
solutions to the eigenvalue equation (—A + V — E)u = 0, say ¢+ (FE), satisfying, forn € Z,

pr(n+p, E) =" Do, (n, E). (4-22)
4A2. The spectral theory of HN. Let us now turn to the spectrum of the operator on the half-lattice.

The operator Hy". For the operator H” = HN (that is, —A 4+ V on ¢*(N) with Dirichlet boundary
conditions at 0), E is in the spectrum if and only if

o cither |A(E)| <2,

e or |[A(E)| > 2 and [TO(E)]"((I)) stays bounded as n — +o0.

The second condition is equivalent to requiring that [YN"j(E)]”Tj, 1(E)---To(E )((1)) stay bounded
as n — +o0.
When |A(E)| # 2 and a271 (E) # 0, one can diagonalize fO(E ) in the following way

(ag_l(E) p(E) —d5(E) )T (E)— (p(E) 0 )(ag_l(E) p(E) —ay(E) ) 4-23)

—a)_(E) a)(E)— o\ (E) 0 p '(E)) \~a)_(E) ap(E)—p ' (E)
Thus, using
)p(E)—aﬁ),(E) b9 (E) :‘mE)—a?,(E) DB o
—a) (E)  p(E)—b)_|(E) —a) |(E) ay(E)—p~'(E)
for n € Z, one computes
o (IVL(E) (B ]
(To(E)" = (to,,<E) m(E)) (4-25)
where 0 1 o
(E)—p~\(E) p(E) —a)(E)
E n P “nE P ,
Bt = "B ey B = ey
2 (B = (o () — (B —— D)
t - —’
N P B =0 TE) 426
RUE) = (o7 () - oy — 1)
o (B = p (B
d)(E) — p~\(E) p(E) —a)(E)
E):=p "(E "E)——— L
B = B B o o)

Clearly, the formulas (4-23), (4-25) and (4-26) stay valid even if a?kl (E) = 0. They also stay valid if
|A(E)| =2 and A'(E) =0. Indeed, by points (1)=(3) in Section 4A1, the functions p — p~', a) — p~',
—p — ag, bg and ag_l are analytic near and have simple zeros at such points.
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We have thus proved:
Lemma 4.6. For E ¢ 0%z, (TO(E )" has the form (4-25)—(4-26)

Simple computations then show that E is in the spectrum of H(;r if and only if one of the following
conditions is satisfied:

(1) |A(E)| < 2: moreover, the set {E£ € R | |A(E)| < 2} is contained in the absolutely continuous
spectrum of H, .

(2) |1A(E)| > 2 and
dy ((E)=0 and |a)(E)| < 1. (4-27)

Thus, on X7, the spectrum of HOJr is purely absolutely continuous; it does not contain any embedded
eigenvalues.

Note that, in case (2), [TO(E )" ((1)) actually decays exponentially fast. In this case, E is an eigenvalue
associated to the (nonnormalized) eigenfunction (u;);cn, Where, forn >0and j € {0, ..., p —1},

1 1
tnp+(E) = <Tj-1 (E) - To(E) <O> (0)> [ap(E)I" = a; (E)aj(E)", (4-28)
writing

(4-29)

Tj-1(E) - To(E) =: ( a;(E) bf(E)>.

aj_1(E)bj_1(E)

It is well known that, for any j, the zeros of a; and b; are simple (see, e.g., [Teschl 2000, Section 4]),
and the roots of a;; (resp. b;y1) interlace those of a; (resp. bj). Let E’ be an eigenvalue of H(;r .
Differentiating (4-24) at the energy E’, we compute

da® d(p —a®)
PO (EN—L=L(E E)—p WE)——L2(E)=0. 4-30
,,()dE()-I-(p()p())dE() (4-30)
The eigenvalues of the operator H, . Let us now turn to H, . Recalling (4-29) and using the representa-
tion (4-25), we obtain that the eigenvalues of H,  outside X7 satisfy

p(E) —a(E)  —d)_|(E) (ak+1(E>)_ )
( B aE) - (B) ) b)) T @3

As for H(;r , the eigenfunction associated to E and H, decays exponentially fast. Indeed, the eigenvalues
of H,” in the region |A(E)| > 2 can be analyzed in the same way as we analyzed those of H| *,ie., they are
the energies such that [T (E)]™" (?) stays bounded; this yields the quantization conditions b’;(E ) =0and
|b]1;71 (E)| < 1. In this case, E is an eigenvalue associated to the (nonnormalized) eigenfunction (u;)_;en,
where, forn >0and k € {0, ..., p—1},

u_np—k(E) = b (E) D (E)]™". (4-32)
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Common eigenvalues to HOJr and H,”. Assume now that E’ is simultaneously an eigenvalue of 4, and HOJr .
In this case, one has a)_|(E") =0, |aj(E")| < 1 and b (E"b41(E') = ar1(E) (o~ (E') — p(E")).
So (4-31) (see also (4-30)) becomes

4-
“OE) aE) - o (E) | b (B) (+33)

(d(p —a%)(E")/dE —dag_l(E/)/dE> (ak+1(E/)) o
Hence, the analytic function £ — akH(E)(ag (E)—p(E)) — bk+1(E)ag_1 (E) has a root of order at
least 2 at E’. It also implies that a; 1 (E") # 0. Indeed, if a;(E") =0, (4-33) implies by 1 (E’) =0 as
da))_\(E')/dE #0.
Conversely, if E'€ 0(H0+) issuchthat |[A(E’)| >2and E > a;41 (E)(ag(E)—,o(E))—ka (E)ag_1 (E)
has a root of order at least 2 at E’, then (4-33) holds and E’ is an eigenvalue of H, .
We have thus proved:

Lemma 4.7. Ej € O’(HJ) No(H, )\ Z if and only if |A(Ey)| > 2 and Ey is a double root of E —
ar1(E)(a)(E) — p(E)) — bk+1(E)a2_1 (E).

4A3. The Dirichlet eigenvalues for a periodic potential: the proof of Theorem 4.2. Let us now turn to the
study of the eigenvalues and eigenvectors of Hy, i.e., to the proof of Theorem 4.2. We first prove the
statements for the eigenvalues and then, in the next section, turn to the eigenvectors.

Recall that L = k mod p; we write L = Np + k. By definition, E is an eigenvalue of —A 4+ V on
[0, L] with Dirichlet boundary conditions if and only if

1 0
0= det(TL+l(E)TL(E)TL1(E) e TO(E)( ) (1»

= det(Tk(E) - To(E) - [TO(E)]N<(1)>, <(1)>> (4-34)

where Tk(E ) is the monodromy matrix defined above.
We use the notations of sections 4A2 and 4A1. Let us first show Theorem 4.2(1), namely:

=}

Lemma 4.8. For L large, one has
0%z N0 (Hy) = {Eo | ar+1(Eo) = d)_y(Eo) =0 and by(Eo) #0}.

Proof. For Eg € 0Xz, we know that |A(Ep)| =2 and TO(EO) is not diagonal. Assume A(Ep) = 2 (the
case A(Eg) = —2 is dealt with in the same way); hence, TO(EO) has a Jordan normal form, i.e., there
exists a 2 x 2 invertible matrix P and « € R* such that

To(Eo) = P~ <1 0) P, where P = (p“ pm). (4-35)
al P21 P22
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Thus, by (4-34), Eg € o (Hy) if and only if
ar+1(Eo) biy1(Eo)\ = N (] 0
( ar(Eo)  by(Eo) ) (To(Fo)) (0) ’ <1)‘

ai+1(Eo) bry1(Ep) Pl 10 P 1 0
- air(Eg)  br(Ep) Na 1 0/’ \1

1 1 —
0=(q 1) 7 (6) 7 (o) | = et Phacen (o) — Napns (- prabics (o) + pracr (Eo.

0=

; (4-36)

that is,

For N large, this expression vanishes if and only if

(det P)ax+1(Eo) =0 and  apii(—=p11bis1(Eo) + praars1(Ep)) =0.

Since P is invertible, |br11(Eo)| =+ |ax+1(Eo)| # 0 and « #~ 0, one has a;4+1(Ep) =0 and p;; =0.
In this case, using by1(Ep) # 0, we can then rewrite the eigenvalue equation (4-36) as

~ 1 1
0= ‘(TO(EO))N (O) (0>‘ = 5y (Eo). (4-37)
For E € X5 close to Ey, by (4-26) we have
(PN (E) — p™™(E))a’_,(E) N=b
1y (E) = P = pN-1 ( > pzf(E))ao_l(E).
p(E) —p~(E) = P

As p is continuous at Eg and p2(Eg) = 1, taking E to Ey we get
ay_,(Eg) =0.
As fo(EO) is not diagonal, this implies bg (Ep) # 0. This completes the proof of Lemma 4.8. Il

Now, pick E € 0Xz. Then, by Lemma 4.6, the quantization condition (4-34) becomes

%(E)— p~\(E) p(E) —a)(E)
NE I NE)——2 ) E
P E) s i T B e o) I wss)
N —N ag—l(E) .
(p7(E)—p " (E)) ajt1(E)

p(E) — p~(E)

The eigenvalues outside of £7. Let us first study the eigenvalues outside Xz, i.e., in the region |A(E)| > 2.
If, for j € N, we define

a%(E) - p~(E) ay_|(E)

P bi(E p
pE) —p &) T E s E® - E)
pE)—dy(E) a),(E)
p(E)—p="(E) 7 p(E)—p N(E)

a;(E):=a;(E)

(4-39)
and B;(E):=a;(E)
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(4-38) can be rewritten as By (E) + pZN(E)(ka(E) = (; using

Wk+1(E) + Pr+1(E) = ar41(E), (4-40)
(4-38) becomes
Bre+1(E) = —Mamw). (4-41)
1 — p?N(E)

We first show:
Lemma 4.9. There exists n > 0 such that, for L sufficiently large, o (Hy) N [(Xz + [—n, n]) \ Zz] = 2.
Proof. Using (4-39), we rewrite (4-41) as

0 0 2N+1 1—p*(E)
ai+1(E)(p(E) —a,(E)) — bry1(E)a,_(E) =p (E)l ar+1(E). (4-42)

— p*N(E)
Pick Eg € 0X7. Then, by our choice for p, for n > 0 small we know that, for £ € [Eq —n, Eq+ 1]\ Xz,
p2(E) = e VIE-E(+O0WIE=E) Hence, for E € [Eg — 1, Eg+ 1]\ =z, one has

IN+1 1—p*(E) : — 1
N < min(VIE=Eol, +)- (4-43)

Thus, if ax+1(Eo) (0 (Eo) —a?,(Eo))—bk+1 (Eo)ag_l (Eo) #0, (4-42) has no solution in [ Eg—n, Eo+n]\ 2z
for n small and L sufficiently large.
Let us now assume that ag1(Eo)(0(Ep) — ag(Eo)) — ka(Eo)ag_] (Eg)=0.

o If a1 (Ep) # 0, one computes

ar11(E)(p(E) —a)(E)) — b1 (E)a)_ (E) = ar11(Eo) (p(E) — p(E0))(1+0(1))

and
1 — p2(E) )
2N+1

E)y——— E)=—(p(E)— p(E Ey)——
P )1—p2N(E)ak+1( ) =—(p(E) — p(Eo))ak+1( O)I—pzN(E)
Hence, for n > 0 small and E € [Eg — 1, Eg+ 1]\ Xz, the two sides of (4-42) have opposite signs; there
is no solution to (4-42) in this interval.

o If ag41(Eo) =0, then by1.1 (Eg) #0, a)_ (Eg) =0, p(Eo) =a$(Eo) and (a) )’ (Eo) #0; one computes

(14+o0(1)).

ar41(E)(p(E) — a)(E)) — b1 (E)a)_ | (E) = —by1(Eo)(a)_,) (Eo)(E — Eo)(1+0(1))

and, by (4-43), for n > O small and E € [Eq — 1, Eo + 1]\ Xz,

1= p*(E) . 1
PzNH(E)makH(E) SIE - E0|m1n<\/ |E — Eol, N)

Hence, for n > 0 small and E € [Eg — n, Eg+ 1]\ Xz, there is no solution to (4-42) in this interval.

This completes the proof of Lemma 4.9. g

In Lemma 4.8, we saw that, if Ey € 0 X7 satisfies

ar11(E)) =0 and  axy1(Eo)(p(Eo) — ap(Eo)) — brs1(Eo)a)_;(Ep) =0,
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then Ej is an eigenvalue of Hy for L large.

By Lemma 4.9, it now suffices to consider energies such that |A(E)| > 2 + n for some 1 > 0. In
this case, we note that the left-hand side in (4-41) is the left-hand side of the first equation in (4-31)
(up to the factor p — p~!, which does not vanish outside £7). On the other hand, the right-hand side
in (4-41) is uniformly exponentially small for large N on {E € R | |A(E)| > 2+ n}. Thus, for L large,
the solutions to (4-41) are exponentially close to E’, which is either an eigenvalue of H(;r or one of H,_.
One distinguishes between the following cases:

(1) If E’ is an eigenvalue of H(;r but not of H,, then E’ is a simple root of the function E = Bj41(E)
(see Section 4A2); one has to distinguish two cases depending on whether a;.1(E’) vanishes or not.
Assume first ag11(E’) = 0; then, by (4-28), we know that the eigenvector of H(;r actually satisfies the
Dirichlet boundary conditions at L; thus, E’ is a solution to (4-41), i.e., an eigenvalue of H;, and (4-28)
gives a (nonnormalized) eigenvector.

Assume now that a;11(E") # 0; then, by Rouché’s theorem, the unique solution to (4-41) close to E’
satisfies 22N (B

E — E/ = TR
By ()

ar1(E"Y(1+0(p™ (E'))). (4-44)

(2) If E’ is an eigenvalue of H, but not of H0+ , mutatis mutandis, the analysis is the same as in point (1).

(3) If E’ is an eigenvalue of both H(;r and H,, then we are in a resonant tunneling situation. The
analysis done in the Appendix shows that, near E’, Hy has two eigenvalues, say E., satisfying, for some
constant o > 0,

Ei—E' =4ap™(E))(1+ OWNp(EHY)). (4-45)
This completes the proof of the statements of Theorem 4.2 for the eigenvalues outside Xz.

The eigenvalues inside ¥7. We now study the eigenvalues in the region X7. One can express p(E) in
terms of the Bloch quasimomentum 6, (E) and use o~ (E) = p(E). Notice that, on X9, one has:

e Im p(E) does not vanish.
e The function E — p(FE) is real analytic.

« The functions E > ag(E), E +— ag_l(E), E — aj41(E) and E +— by, (E) are real-valued
polynomials.

We prove:
Lemma 4.10. The function oy is analytic and does not vanish on 5.

Proof. Assume that the function x| vanishes at a point Eq in 5.

o If p(Eo) # p~' (Eo), then one has ax41(Eo)(a)(Eo) — p~ (Eo)) + by1 (Eo)ag_l (Eo) =05 as p(Ep) #
p~Y(Ep) and Eg € 9, one has p~ ' (Eg) = p(Eo) ¢ R; thus, for

ar1(Eo)(a)(Eo) — p~' (Eo)) — biy1(Eo)a)_ (Eo)
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to vanish, one needs ay1(Ep) = 0 and “2—1 (Ep) = 0 (as bgy1 and ag4; don’t vanish together); this
implies that p(Eq) = %1 and contradicts p(Eq) # p~ ' (Eyp).

o If p(Eg) = p~(Ep), such a point Ej is a simple root of the three functions ag_l, o—p !

that are analytic near Ey (see points (1)—(4) in Section 4A1). Moreover, one checks that the derivatives of

and ag —p

these functions at that point are respectively real, purely imaginary and neither real nor purely imaginary;
for E close to Ej, one has

dp_1(E) = A(E — E)(1 + O(E — Ep)),
p(E) — p~'(E) =2iC(E — E¢)(1 + O(E — Ey)), (4-46)
ay(E)—p~'(E)=(B+iC)(E — Eo)(1+ O(E — Eg)), where (A, B,C)e R*).

Now, as a1 and by are real-valued and can’t vanish at the same point, we see that ox41 (Eg) # 0.
This complete the proof of Lemma 4.10 4

Now, as L = Np + k, the characteristic equation (4-38) (valid for E € ¥7) becomes
,02N(E) — QR2INPO,(E) _ Okt (E) _ _,3k+1 (E)
a+1(E)  Bryi(E)
ai41(E) (p(E) = ad(E)) — by (E)al_(E) .
= =.e .
ar+1(E)(p(E) — ab(E)) — bk+1(E)ag_1 (E)

By Lemma 4.10, the function E — h(E) defined in (4-47) is real analytic on 5. Clearly, as we are
inside Xz, p is real only at bands’ edges or closed gaps, A takes values in wZ only at bands’ edges or
closed gaps. This implies Theorem 4.2(a). We prove:

(4-47)

Lemma 4.11. The function hy can be extended continuously from X3 to Xz; for Ey € 0¥z, one has

2472 if ar1(Eo) #0 and ag11(Eo)(p(Eo) — a)(Eo)) — bry1(Eo)a)_ (Eg) =0,

hi(Eo) € {nZ if not.

The function 0, 1 is strictly increasing on the bands of X7.

Proof. Pick Ey € 0X7. It suffices to study the behavior of, for E € X7,
E — s(E) 1= ar41(E)(p(E) — a)(E)) — biy1(E)a))_(E)

near E inside X7. Write E = E 4t for ¢ real and positive; here, the sign & depends on whether E is
a left or right edge of X7 and is chosen so that E = Eq 1% € %5 for t small.

First, t — p(Eo+1?) is analytic near 0; thus, sois f — s(Eo % 12). Solving the characteristic equation
p*(E) — A(E)p(E)+1 =0, one finds

p(Eo£1%) = p(Eg) +iat +bt*> + 0(), a€R*, beR.
Thus,
s(Eg£1%) =s(Eo) +iary1(Eg)-a-t+c-1>+ 0(@>),
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where

c:=a;,(Eo)(p(Eo)—ay(Eo))+ars1(Eo) (b—(a)) (Eo)— by (Eo)a)_ (Eo)+bi+1(Eo)(@)_ ) (Eo)).
Hence:

o If s(Eo) # 0, then s(Eg £ 1%) = s(Eg) + O(¢); hence, hy(Eq£1%) = wn + O(t) for some n € Z.

« If 5(Eo) = 0 and ax4.1 (Eo) # 0, one has s(Eo = 1%) = iax41(E) -a -1 + O(t%); thus, hy(Eg£1%) =
% +mn+ O(t) for some n € Z.

o If s(Eo) =ay41(Ep) =0, one has by 1 (Ep) #0, ag_l (E0)=0, p(Eo) =02(E0) and (a?,_l)/(Eo) #0;
thus s(Eg£1?) = —ka(Eo)(ag_l)’(Eo)tz +0(2%); hence, hy(Eq+t?) = 7n+ O(t) for some n € Z.
This completes the proof of the statement of Lemma 4.11 on the function /.

Let us now control the monotony of 6, ; (see Theorem 4.2) on the bands of X7. It is well known that,
keeping the above notations, 6,(Eq & ?) — 0,(Eo) = Lat(1 +1go(t)) with @ > 0. The computations
done in the previous paragraph show that i, (Ey 12) = hi(Eo) +at* (1 + tg1(t)), k > 1. Hence:

o If k > 1, we have 6, 1 (Eo + %) — 6, 1 (Eo) = +at (1 +1g,(1)).
e If k=1, we have 6, 1 (Eo£1%) — 6, 1.(Eo) = (2 +a/(L — k)t (1 +1g2(1)).

Hence, 0, 1, is strictly increasing inside the band near E, for L sufficiently large. Outside a neighborhood
of the edges of a band, by analyticity of Ay, as the bands are compact, we have |9;,, L= 9;,| < L' As 0,
is strictly increasing on each band, 6, 1, is also strictly increasing outside a neighborhood of the edges of
a band. This completes the proof of Lemma 4.11. O

One proves:

Lemma 4.12. Let Eg be a closed gap for H” (see Definition 4.5). Then, for any L = Np +k,
Eyeo(H) < hi(Eyp) enZ < ar+1(Ep) =0 < ar+1(Ep) € iR". (4-48)

Proof. The proof of the first equivalence follows immediately from Definition 4.5 and the quantization
condition (4-47); the second follows from (4-39) and the expansions in (4-46); the third follows from
Lemma 4.11, (4-39) and (4-47). Il

Let us note that, in particular, closed gaps where a4 vanishes are eigenvalues of Hy forall L = Np+k.

Remark 4.13. The characteristic equation (4-47) and the computations done at the end of the proof of
Lemma 4.10 show that, for L = Np + k large, an energy Eg such that p(Ey) = p~(Ep) is an eigenvalue
of Hy if and only if azy1(Ep) = 0. This is an extension of Lemma 4.8.

In view of the definition and monotony of 6, ;, the quantization condition (4-47) is clearly equivalent
to (4-3). This completes the proof Theorem 4.1 on the eigenvalues of Hy. Let us now turn to the
computation of the associated eigenfunctions.
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4Ad4. The Dirichlet eigenfunctions for a truncated periodic potential: the proof of Theorem 4.3. Recall
that we assume L = Np + k. First, if (ul] )ZL:0 is an eigenfunction associated to the eigenvalue A;, the
eigenvalue equation reads

(ulJJfl)le(Kj)(lj.l ) for 0<l <L, where ”JL+1:”]_1=O-
" U

To normalize the solution, we assume that ué = 1. The coefficients we want to compute are

L —1 L -1
|wj<L)|2=|u£|2(Z|u;|2) and |wj<0>|2=<2|u{|2) : (4-49)
=0 =0

Fix [ = np +m. Thus, using the notations of Section 4A3 and the expressions (4-25), (4-26) and (4-23),
one computes

ul ) _ S (W emG)0" ) + B ()" (1) ]
(ulj_) = Tu—1,000)(To(A))) <0> = (am_l(kj)p”(/\;) +ﬁm_1’(kj)pn’(/\j)) : (4-50)

where «,, and B,, are as defined in (4-39).

The eigenvectors associated to eigenvalues inside 7. As p~! X)) =p@A;), Bu(Aj) =ay(A;) and as
the functions (¢, )o<m<p—1 do not vanish on X5, we compute

o (hj) 3,
4] o | = 210t ()] (1+R[ (A’) P >D @-51)

(0779 j

As L = Np + k, using the quantization condition (4-47), we obtain that

=0

—22|am(k )| (1+R [ ’"E J; 2N )D+2Z|am(x )[? Z(H—R [ ’"Ekf; 2 (x; )D

=0 J R

=Npf(x; )(1+ fO )) (4-52)
where we have defined

p—1
FEY =23 lon (B (4-53)
m=0

and, using the quantization condition (4-47), computed

1 Otk+1(E))}
= 1
1) = f(E) [(Z“ & ))1—p2<E>< +ak+1<E>

Z| ap (E)| ( [M}) (4-54)
(E) am (E)aygy1(E)
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The function E +— f(E) is real analytic and does not vanish on XJ.
We prove:

Proposition 4.14. For Ey, a closed gap, one has ZZ_:B a2 (Ep) = 0.

Proof. By the definition of (a;, b;) —see (4-29) —and that of «;(E) —see (4-39) —the sequence
(aj(E)) jez satisfies the equation & j 1 +oj 1 +(V; —E)a; =0. As fo(E) =Ty 1(E)---To(E), by (4-23),
for jeZonehasaj,,(E)=p(E)a;(E). Hence, the column vector A(E) = (a1(E), ..., ap(E))" satisfies

Vi 1 0 --- 0 p(E)
1 V., 1 0 0
0 1 V3 1 0
(H,—E)A(E)=0, where H,=

0 . 0 1 Vp—l 1

p"NE) 0 - 0 1V,

Thus, we have
<(Hp—E)A(E),A(E)>R:O’ (4_55)

where (-, - )r denotes the real scalar product over C?, i.e.,

!/
<1 21 P
. . /
< : s : > = Zij.
/ j=1

Zp Zp R

The functions E — A(E) and E — p(E) being analytic over £ (see Section 4A1 and Lemma 4.10),
one can differentiate (4-55) with respect to E to obtain

0=—(A(E), A(E))r+ (0(E) — p~ " (E)) (0™ (E)p (E)a1 (E)ap(E) — ap(E)a| (E) + a1 (E)ar),(E)).

(4-56)
Here we have used the fact that, if H [’) is the transpose of the matrix H,, then
0.--- 0 -1
0.-- 0
H) — H, = (p(E) — p~ ' (E)) :
00 0
1 0 0

At Ey, a closed gap, one has p(Eo) = p~'(Ey). Hence, (4-56) implies

p—1
0= (A(Eo), A(Eo))r = Y _ oy, (Eo).

m=0

This completes the proof of Proposition 4.14. O
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In view of (4-54), the function f is real analytic on £9; indeed, the only poles of the function
Er [p(E)—p Y(E)] !in X7 are the closed gaps; they are simple poles of this function and, by
Proposition 4.14, the real analytic function E +— an_:h a,zn(E ) vanishes at these poles.

Now that we have computed the normalization constant, let us compute the coefficient u{ defined
in (4-49). As L = Np + k, the characteristic equation for A ; — that is, (4-47) —reads

a1 ADPN () = =B )p V(A j) = a1 (A ) pN (4 ). (4-57)

Hence, one computes

o (A oyt () — oA ey 1 (A )
o41(%)
—pN()»j)a?,_l()»j) _ei[Npe,,(x_,)—hk(/\,)]ag_l(kj)
PG =pT O G Jaen G @) = p7 0)) + bi ()ay_ Gvy)|
—ei”"ag_l(/\j)

a0 @) — p0) + b Gpal_ G|

w), =)™ () +ac(r )N () = p" ()

(4-58)

where we have used the quantization condition satisfied by A, the last equality in (4-47), and that

ag,l()»j) ag()»j)—/?_l()»j)
ap1(Aj) ag(r)) _| G =p7IGp)  pGy) =10 bry1(Aj) br(Aj)
Olk_,_]()»j) Olk()\.j) ag_l()\j) p()\j)_ag()\j) ak+1(kj) ak(kj)

pkj)—p~ ') p(j)—p~t(A))
and
ag(kj) —p7' (%)
p(hj)—p~t(x))
p(hj) —ad(ij)
p(rj)—p~t(h))

Lemma 4.15. Define the function fk_(E ) by

_ br(Aj) bry1(Aj)
ax(Aj) ary1(Aj)

la) ()P
|ak+1(E)(@S(E) = p~1(E) + by 1 (E)a)_ (E)[2

fi (E):=

Then the function fk_ does not vanish on ¥,
Proof. By the definition of o, one has

a5, (E)P
0(E) = p~ () Plos1 (B)

That this expression is well defined and does not vanish on X follows from Lemma 4.10 and the

fi (E)=

computations made in the proof thereof. O
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Plugging (4-58) into this and (4-51) into (4-49), recalling that ué = 1, outside the bad closed gaps we
obtain (4-4) if
« in addition to (4-53) and (4-54), we set f;F (E) := 1/ f(E) and f, (E) = f;' (E)- f, (E),

o we remember that the function 0271 only changes sign in the gaps of the spectrum X7 (see point (4)
in Section 4A1) and set o, to be the sign of —a271 on B,, the r-th band.

By (4-49) and (4-51), we obtain (4-4) using Lemma 4.15. This completes the proof of the statements
in Theorem 4.3 on the eigenfunctions of H;, associated to eigenvalues in X5.

Remark 4.16. To complete our study let us also see what happens to the eigenfunctions near the edges
of the spectrum. Pick Ey € dX7z. One then knows that, for £ € X7 with E close to Ey, one has

0p(E) —0,(Eo) = ay/|E — Eo|(1+0(1)) (4-59)

(see the proof of Lemma 4.11).
Let us rewrite f (see (4-54)) as

] 5, o) , sin(h (E))
B =~ [,;) (an ()P cos (i (E) = 21 () - PQP(E))]W
= k
+— m(E 21— 2(hi(E _hm_ E :
0 ’;)w (E)I*(1 = cos(2(hi(E) 1(E)))) (4-60)

Let us first show:

Lemma 4.17. Forany0<m <p—1, E+> 2|o¢m(E)|2/(pf(E)) can be extended continuously from 3
to Xz.

Proof. For p = 1 there is nothing to be done as 2|, (E)|>/(pf(E)) = 1.
For p > 2, wenote that forO<m <m+1<p—1,as

am+1(E) bmi1(E) _

an(E)  bu(E) |~

by (4-29),
0= an11(Eo)(a)(Eo) — p~ " (E0)) + buy1(Eo)a,_ (Eo)
= ap (Eo)(a)(Eo) — p~ ' (E0)) + bm(Eo)a)_, (Eo)

if and only if ag_l (Eo) =0 (as this implies a), (Eo) — p~ ' (Eo) =0).

Let us assume this is the case. As p > 2, we know that Zj;é |aj(E0)|2 # 0. By (4-46), for at least
one mg € {0, ..., p— 1} one has a,,(Eo) # 0 and &, (E) = bc ™ ay,(Eo) + O(J/[E — Eg]). Hence,
E +— 2|o(E)|?/(pf(E)) can be continued to Ey, setting

20w (Eo)|* |am (Eo)|?
pf(Eo)  lao(EQ)|>+- -+ lap—1(Eo)|*
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Actually, f(E) can be continued at Ej by setting

f(Eo) = lag(Eo)* +- -+ lap—1(Eo)*. (4-61)
Let us now assume that ag_l (Ep) # 0. We study the behavior of o, near Eq. Recall (4-39). Then one has

(1) either d, := a, (Eo)(a)(Eo) — p~" (Eo)) + bw(Eo)a)_, (Eo) # 0, in which case, by (4-46), one has
am(E) = (duc™" //TE = EoD(1+0(1));

(2) or dy = an(Eo)(@$)(Eo) — p~" (Eo)) +19,,,(Eo)a[0H (Eo) =0, in which case, since for some A,, € R*
and k,, > 1 one has

am(E)(@)(E) — p~ ' (E0)) + bw(E)a)_(E) = Ap(E — Eo)*" (14 0(1)),

by (4-46), one can continue «,, to Eg by setting «,, (Eg) = %am (Ep).

As “2—1 (Ep) # 0, we know that for some mq € {0, ..., p— 1} we are in case (a). Hence, one has
2 2
0 -1 0 2
fB) =~ Zoiamwo)(a,,(Eo) — p~ (E0)) + bu(E0)a’y_, (Eo)| (14 0(1)) (4-62)

and E +— 2|, (E)|?/(pf (E)) can be continued to Ey, setting

2lam(Eo)|* |dyn |*
pf(Eo) ldol?+ -+ |dp—1?

(using the notation introduced in point (a)).

This completes the proof of Lemma 4.17. |

By Lemma 4.11, we know that, for 1 < k < p and Eg € dXz, one has 2h;(Ey) € wZ. Thus, for
l<k=<p, 1<m<=<pand Ey € dXz, one has cos(hi(Eo) — 2h,,—1(Eo) — p0,(Ep)) sin(hi(Ep)) = 0.
Using the expansions leading to the proof of Lemma 4.11, one gets

cos(hi(E) = 2hpu—1(E) — p8p(E)) sin(hi(E)) = ¢/ |E — Eol(1 +o(1)).
Recalling (4-59) and the fact that p6,(Eo) € 7 Z, Lemma 4.17 implies that f can be extended continuously
up to Ey. Hence, the expansion (4-52) again yields

L

> lui = Npf @y, (4-63)

=0

Let us now review the computation (4-58) in this case. We distinguish two cases:

(1) If ag_l (Eo) =0, then (4-58) and the fact that a1 (Ep) # O (this case was dealt with in point (1)),
yields that, for [A; — Ep| sufficiently small,

lu | < /Ihj — Eol.
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By (4-61) and (4-63), we obtain

Ey|

o P = B g 00 = —. (4-64)
Np Np

Q) If ag_l(Eo) # 0, then
(a) if dr4+1 # 0 (see case (a) in the proof of Lemma 4.17), by (4-62) and (4-63) one has

|Aj — Eol |A; — Eol
RO ’N—p and  |g;(L)* = ’N—p (4-65)
(b) if dgy+1 =0, by (4-62) and (4-63) one has
|A; — Eol 1
9 O = ’N—p and |g;(L)|* = N (4-66)

The eigenvectors associated to eigenvalues outside 7. Let us now turn to the eigenfunctions associated
to eigenvalues Hy in the gaps of Xz, i.e., in the region {E | |[A(E)| > 2}. On R\ Xz, the eigenvalue
E — p(E) isreal-valued (recall that we pick it so that [p (E)| < 1) and so are all the functions (¢t )o<m<p—1
and (Bn)o<m<p—1 (see (4-39)). For 0 <m < p — 1, (4-50) yields

| = 0 (E)p™" (E) + B3, (E)p ™" (E) + 20, (E) B (E). (4-67)
As when we studied the eigenvalues of Hy, let us now distinguish the cases when E is close to an

eigenvalue of HJ or to an eigenvalue of H, :

(1) Pick E’ an eigenvalue of H(;r but not an eigenvalue of H, ; then recall that ag_l(E/ )=0=
ag(E/) — p(E"). Thus, for 0 <m < p — 1, one has B,,(E’) = 0. Assume that E is close to E’. As
E satisfies (4-44), using (4-41), (4-67) becomes

B (E")
Br1 (E
forO<m<p-1if0<n<N-landO<m<kifn=N.

Using (4-40), one computes

2

)y = P (E') | (E") — ar1 (ENp(E") — p~(EN1p* NV (E") + 0 (p* (E))

2

. / E/
nprm|” = 7" (E)|an (E') — ’?’”(—)/akﬂ (ENP*N"(E" 4+ 0 (o™ (E))| . (4-68)
Brr1 (E)
This yields
L _ p—1 N—1 p—1
Yol P=Y"%" p"(ENas(E) + O(Np*™ (E)) = =2 Y an(E')+ O(Np*™ (E)).
=0 m=0 n=0 m=0

Moreover, by (4-49), (4-67) and (4-39), as ag_l(E/) =0= ag(E’) — p(E"), we obtain

2

1_ 2 E/ 2 E’
(1= p*(E")ai,, (E) +O0(Np*™ (E))

1By, (EN2 YD 4 a2 (E")

=yp*M(E)+ O(Np* (E)),

B (E")  ar(E")
Bii1(ED) ars1(E")

lo;(L)* = p*N(E")
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where

0

N P*(E")ag,(E') (d“p—l (E’))2 =0
Bi (ENP Y gaz(EH\ dE

Hence, |@;(L)| is exponentially small in L (recall |p(E)| < 1).

(2) If E' is an eigenvalue of H, but not of H, F. then, inverting the parts of H_ and HOJr , we see that
lp;(L)| is of order 1. A precise asymptotic can be computed but it won’t be needed.

(3) If E’ is an eigenvalue of HOJr and of H,, the double well analysis done in the Appendix shows that,
for normalized eigenvectors, say ¢;, j = 1, 2, associated to the two eigenvalues of Hy close to E ' the four
coefficients |¢;(0)| and |¢;(L)|, j =1, 2, are of order 1. Again, precise asymptotics can be computed
but won’t be needed.

This completes the description of the eigenfunctions given by Theorem 4.3 and completes the proof of
this result.
5. Resonances in the periodic case

We are now in the state to prove the results stated in Section 1B. We first study the function E +— Sp (E)
and E +— I'f (E) in the complex strip I +i(—00, 0) for I C 5.

5A. The matrix T'[ in the periodic case. Using Theorem 4.2, we first prove:

Theorem 5.1. Fix I C X5 a compact interval. There exists ¢; > 0 and o; € {+1, —1} such that, for
any N > 0, there exists Cy > 0 such that, for L sufficiently large with L = k mod p, one has

sup  |TL(E)—TS$M(E)| < L™V, (5-1)
Re Eel
—er<Im E<0O
where
off 0,(E) [ e B f7(E) oV fi (E)fy (E)
FpE)=—= = T —iug (E) ¢+
sinug (E) \oyv f7(E)fy (E) e e fH(E)
Jo 1/ — E)dN_ (%) 0
T ( 0 Jr /(A= E)dNS () (5-2)

and uy (E) := (L — k)0, 1 (E) (see (4-2)),

The sign o; only depends on the spectral band containing /.
Deeper in the lower half-plane, we obtain the following simpler estimate:

Theorem 5.2. There exists C > 0 such that, for any € > 0 and L > 1 sufficiently large with L = Np + k,

one has

Jr1/Oo—E)dN, (1) 0
0 Jr /(.= E)dNS (V)

sup )’ < Ce2e~tL/C, (5-3)

Re Eel
ImE<—¢

FL(E)—(
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In Section 5B, the approximations (5-1) and (5-3) will be used to prove Theorems 1.5, 1.7 and 1.10.
Let us note that, as cotz =i + O(e~%m2) for ¢ € (0, ;) the asymptotics given by Theorems 5.1
and 5.2 coincide in the region {Re E € I, Im E € (—¢;, —¢)}; indeed, one has

O,(E) (e B f(B) oV i (B)fy (E) HQM
sinug (E) \oyvV 7 (E)fy (E) e @B fHE) |||~ '

sup

Re Eel
—er<IlmE<—¢

Let us now turn to the proofs of Theorems 5.1 and 5.2.

SA1. The proof of Theorem 5.1. To prove Theorem 5.1, we split the sum Sy (E) into two parts, one
containing the Dirichlet eigenvalues “close” to Re E, the other containing those “far” from Re E. By
“far”, we mean that the distance to Re E is bounded from below by a small constant independent of L. The
“close” eigenvalues are then described by Theorem 4.2. For the “far” eigenvalues, the strong resolvent
convergence of Hy to HOJr , that of ﬁL to H, (see Remark 1.6), and Combes—Thomas estimates enable
us to compute the limit and to show that the prelimit and the limit are O (L~°) close to each other. For
the “close” eigenvalues, the sum occurring in (2-9), the definition of [';, is a Riemann sum. We use the
Poisson summation formula to obtain a precise approximation.

As I is a compact interval in X7, we pick & > 0 such that, for E € I, one has [E —6¢, E+6¢] C £7. Let
X € 65°(R) be a nonnegative cut-off function such that y =1 on [—4e, 4¢] and x = 0 outside [—5¢, S¢].
For E € I, define xg(-)=x(- — E).

We first give the asymptotic for the sum over the Dirichlet eigenvalues far from Re E. We prove:

Lemma 5.3. For any N > 1, there exists Cy > 0 such that, for L sufficiently large with L = k mod p,

one has
L _
M( o (L) co,-<0><p,~(L>)_M [N s
et o MTE 9 (0)g; (L) lg;j(0) (E)| =CnL™7, (5-4)
where
7 Ja(l = Xre £Y(R)/ (. — E) AN (1) 0 )
M(E) := . 5.
" ( 0 Jo(l = xre EY(V) /(A — E)dNg (1) (5-5)

Proof of Lemma 5.3. Recall (see Theorem 2.2) that Hy, is the operator HJ restricted to [[O, L] with
Dirichlet boundary condition at L; as L = k mod p, it is unitarily equivalent to the operator H,  restricted
to [—L, 0] with Dirichlet boundary condition at —L (see Remark 1.6).

Pick x € €{° such that x =1 on G(H(;r) Uo (H ). First, we compute

dNS (L)
r—E

|9, (0)1?
Ai—E

L
D (= xre£)(R)) —/(1 — Xre E)(A)
j=0 "

= (80, [x (1 — xre £)I(HL)(Hy — E)™"80) — (80, [X (1 — xre £)1(H ) (Hy — E)~'80),
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lp; (L)
Aj—E

dN; (L)
A—E

Z(l — XRe£) (hj) fR(l — XRe £) (M)

=80, [X(1 — xre ©)I(HL)(H, — E)'8.) — (81, [X (1 — xre £)1(Hy ) (H — E)™'8,),

and
L

D (= xre£) )

=0

Pj (L)% (0)

— = {80, (X1 = xre p)1(HL) (Hi = E)™ o).

By the definition of xgre g, the function A > (A — E) '3 (M) (1 — xre £) (1) is %5° on R; moreover, its
seminorms (see (4-14)) are bounded uniformly in £ € C. Thus there exists an almost analytic extension
of [¥(1 — xre £)1(-)(- — E)~! such that, uniformly in E, one has (4-14).

In the same way as we obtained (4-16), we obtain
(8. [(HL—2)" = (H” —2)7"18L)| + {80 [(HL —2) " — (Hy" —2)~"180)| + (0. (HL —2)~"6L)|

c —L|Imz|/C
= me mz . (5-6)

Plugging (5-6) into (4-15) and using (4-14) for [ (1 — xre £)1(-)(- — E)~!, we get

0 Ny (A
sup LK Z(I_XReE)O\ )WJ( )| /(I—XReE)()») g(E)‘ <400 forall K eN.
L= kLI>nlodp j=0
This entails (5-4) and completes the proof of Lemma 5.3. (|

Let us now estimate the part of I'; (E) associated to the Dirichlet eigenvalues close to Re E. Define

L ) -
X (E) — XReE()\j)( |9 (L)] ‘Pj(o)(ﬂj(L))' s
LB =2 A —E \g;0p; @) lg;0) -7

j=1
We prove:
Lemma 5.4. There exists € > 0 such that, for N > 1, there exists Cy such that, for L sufficiently large
with L = k mod p, one has
sup [T} (E) —T§"(E) + M(E)| < CyL ™",

Re Eel
—e<Im E<0

where M is as defined in (5-5).
Clearly Lemmas 5.3 and 5.4 immediately yield Theorem 5.1.

Proof of Lemma 5.4. Recall that the quasimomentum 6, defines a real analytic one-to-one monotonic
map from the interior of each band of spectrum onto the set (0, 7), (—m, 0) or (—m, 7) (depending on
the spectral band containing I + [—4¢, 4¢], where ¢ > 0 has been fixed above) (see, e.g., [Teschl 2000]).
Moreover, the derivative 9;, is positive in the interior of a spectral band. Thus, for L sufficiently large, the
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real part of the derivative 91/7, 1. (see (4-2)) is positive [ +[—3¢, 3¢] and 6,, ; is real analytic one-to-one on a
complex neighborhood of (1 +[—3¢, 3¢]) +i[—3¢, 3¢] (possibly at the expense of reducing & somewhat).
By (2-9), (4-8) and Theorem 4.2, one may write

ce(0 Y Grj/(L—k ;
P () = 1 ZXR £(0, 1 (mj/( )))M<9,?,1L( nj )) 5-8)

L_kjez Gp_,lL(jTj/(L_k))_E L—k

where

St () ore! LR () fk,L()»)fo,L()»)) (5-9)

M@) = ( o1/ ER0L) S for (M) Jo.L ()

and the matrix M is analytic in the rectangle (I 4+ [—3¢, 3¢]) 4+ i[—3¢, 3¢]. Thus, the Poisson formula
tells us that

e£(0,] L—k
i 2

Jjez L(nx/(L k)—E
—Z / —Zij(Lfk)Gp,L()»)X)Ij%E(E)Q;LL()\)M(A)d)»
]EZ
-y ! fMJX(E A, 1) da (5-10)
]EZ

by the definition of xg. g; here, we have set

M, (E, %, B):= e—2ij(L—k)0p.L(ﬂ+ReE)ﬂ_X(I) . 0! (B +Re EYM(B +Re E).

Let us now study the individual terms in the last sum in (5-10). Recall that, on [—4¢, 4¢], x is identically 1

and that A — 0, 1 (A +Re E) and A — M () are analytic in (I + [—3¢, 3¢]) +i[—3¢, 3¢]; moreover,
by (4-3), for some 6 > 0 one has

liminf inf L(A +ReE) > 11m1nf inf Gp 1 (E)>6. (5-11)
L— 400 Ae[—4e,4¢] —+4o00 E€l

Recall also that Im E < 0. Consider x : R — [0, 1] smooth such that ¥ =1 on [—2¢,2¢] and x =0
outside [—3¢, 3¢].
In the complex plane, consider the paths y1 : R — C defined by

ye(A) =Ax2iex ().
As —e <Im E < 0, by contour deformation we have
/ M; (E, A, A)dr= / M;  (E, X, yi(A)dr
R R
= 2ime By (EYM(E) + / M (E, &, y—(A) dA.
R

We then estimate:
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» For j <0, using a nonstationary phase argument since the integrand is the product of a smooth function
with an rapidly oscillating function (using |j|(L — k) as the large parameter), one then estimates

/R My (E, %, v+ () dr = O((JIL) ™).

The phase function is complex but its real part is nonpositive as Im6,, ; (y4(-)+Re E) > 0 on the support
of x (by (5-11)). Note that the off-diagonal terms of M ()) also carry a rapidly oscillating exponential
(see (5-9)) but it clearly does not suffice to counter the main one.

e In the same way, for j > 0, one has

/ Mj x(E, A, y-(W)dr = O((|jIL)™™).
R
Thus, we compute
/ Mj (E, %, 0)dxr=O((IjIL)™>) for j <0, (5-12)
R
/ M;(E &, A dh = =2ime 21t Bgl  (EYM(E) + O((jIL)™) for j>0. (5-13)
R

Finally, for j = 0, the contour deformation along y yields
X (A) / XreE(A) @) 0 —
—————M(A+ReE)dr= 0, (A ’ dr+ O(L
/Rx—ilmE (A +ReE) R A—E pt® (" for() +OL™™)

_/ XRe E () (de_()») 0
~Jr A—E 0  dNS()

> +O(L™)

by Corollary 4.4.
Plugging this, (5-12) and (5-13) into (5-10) and computing the geometric sum immediately yields the
asymptotic expansion (where the remainder term is uniform on the rectangle I +i[—e¢, 0))

TY(E) = —2i Ze—zl'f(L—")"nL(E)elg’L(E)M(E)+/
R

XRe E(A) (de a0
j>0

A—E 0 dNJ(A))JrO(L_OO)

e~ i(L=K)0, L(E)

~ sin(L—Kk)0,. . (E))

0y EYM(E)+ [

XRe E(2) (dN,:(A) 0
R A—E

0 dNar(A))—i_O(L_OO)' (5-14)

This completes the proof of Lemma 5.4. 0

5A2. The proof of Theorem 5.2. To prove (5-1), for Im E < —¢ it suffices to write

" 1o (0))2 / AN (N
R

— = (80, (HL — E)™'80) — (80, (H — E)™'8
25—k g = (B0, (HL = E)""do) — (8o, (Hy” — E)™"d0)

= (0, (HL — E) " '8.) (8141, (Hy — E)~'80)
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and

L e (D)2 dN; (A
3o i) -/ ) (o, (L — BY 80 (Suan, (HT — E)80),

— 3 —E A—E
L 0
Z%( 220 _ (s, (Hy — EY150)

Aj—E
and to use the Combes—Thomas estimate (5-6). This completes the proof of Theorem 5.2.

5B. The proofs of Theorems 1.5, 1.7 and 1.10. We will now use Theorems 5.1 and 5.2 to prove Theo-
rems 1.5, 1.7 and 1.10.

S5B1. The proof of Theorem 1.5. The first statement of Theorem 1.5 is an immediate consequence of the
characteristic equations for the resonances (2-4) and (2-8) and the description of the eigenvalues of Hp
given in Theorem 4.2.

When « = N, i.e., for the operator on the half-line, if I C (—2,2) does not meet Xy, there exists
C > 0 such that, for L sufficiently large, dist(/, o (Hz)) > 1/C. Thus, on the set I — i[0, +00), one has
Im §;(E) <Im E/C. Since on I one has Im 6, (E) > 1/C (see Section 2), the characteristic equation (2-4)
admits a solution E such that Re E € I only if Im E < 1/C?. This completes the proof of Theorem 1.5(1)
for e = N.

For e = Z, i.e., to study (2-8), one reasons in the same way except that one replaces the study of
St (E) by that of (I'y (E)u, u) for u an arbitrary vector in C? of unit length. This completes the proof of
Theorem 1.5(1).

Point (3a) is an immediate consequence of Theorems 3.3 and 3.2 and the description of the eigenvalues
of Hy outside X7. Notice that, in the present case, d; in Theorems 3.3 and 3.2 is bounded from below by
a constant independent of L, and a; is exponentially small and described by Theorem 4.2.

Point (3b) is an immediate consequence of the description of the eigenvalues of H; outside X7 in
Theorems 5.2(2) and 3.1. Indeed, in the present case, d; and a;. are both of order 1; thus, Theorem 3.1
guarantees, around the common eigenvalue for H,~ and H, F, a rectangle of width of order 1 free of
resonances.

Let us now turn to the proof of point (2). We first prove the following corollary of Theorem 5.1:

Corollary 5.5. Fix I C X5 compact. There exists no > 0 such that, for L sufficiently large, one has
min  |SL(E)+e B>y and min  |det(TL(E) +e 9B >no.  (5-15)
Re E€l Re Eel
Im E€[—no/L,0) Im E€[—no/L,0)

Clearly, Corollary 5.5 implies that neither (2-4) nor (2-8) can have a solution in / 4+i]—no/L, 0]. This
proves Theorem 1.5(2).

Before proving Corollary 5.5, we first prove Propositions 5.7 and 5.8, as these will be used in the proof
of Corollary 5.5.
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5B2. Results on the auxiliary functions defined in Section 1B2. Recall that N~ is defined in Section 1B2.
We prove:

Proposition 5.6. Fork € {0, ..., p — 1}, dN,  is a positive measure that is absolutely continuous on Xz.
Moreover, its density, say E +— n, (E), is real analytic on ¥ and there exists f, : ¥; — R a positive
real analytic function such that, on X5, one has n;_ (E) = f,” (E)n(E).

Proof. Proposition 5.6 is an immediate consequence of Theorems 5.1 and 5.2 and Corollary 4.4. O
For E, defined in (1-5), we prove:

Proposition 5.7. E, vanishes identically if and only if V =0, i.e., V vanishes identically. Moreover, if
V # 0 then there exists & # 0 and ) € {2, 3, ...} such that E; (E) ~ S,:E_"‘/: as |E| — oo, ImE < Q.

Proof. We will do the proofs for the function E; . Proposition 5.7 is an immediate consequence of the
fact that, in the lower half-plane, the function E — —e—iarccos(E/2) — —%E — %E 2 _ 1 (i.e., the choice
of it defined above) is equal to the Stieltjes (or Borel) transform of the spectral measure associated to
the Dirichlet Laplacian on N and the vector §p; this follows from a direct computation (see Remark 2.1
and (2-2) for n = 0). Now, if one lets W be the symmetric of t; V with respect to 0, the spectral measure
dN, 1is also the spectral measure of the Schrodinger operator Hy = —A + W on N associated to ég. The
equality of the Borel transforms implies the equality of the measures but &g is cyclic for both operators,
so the operators have equal spectral measures. This implies that the two operators are equal and, thus, the
symmetric of 7; V has to vanish identically on N. As V is periodic, V must vanish identically.

As for the second point, if the function &, were to vanish to infinite order at £ = —io0, as each
of the terms fR 1/(A— E)dN, () and —%E — ZI E? — 1 admits an infinite asymptotic expansion in
powers of E~!, these two expansions would be equal. The n-th coefficient of these expansions are the
n-th moments of the spectral measures of Hy and —A[, respectively (associated to the cyclic vector &p).
So these moments would coincide and, thus, the spectral measures would coincide. One concludes as
above. O

For c* defined in (1-6) and (1-7), we prove:

Proposition 5.8. Pick e € {N, Z}. Let I C (=2,2) N X5 be a compact interval.

There exists a neighborhood of I such that, in this neighborhood, the function E +— c*(E) is analytic
and has a positive imaginary part.

The function c" (resp. ¢?) takes the value i only at the zeros of B, (resp. E Ea’).

Proof. On {Im E < 0}, define the functions

g, (E) _ 1
wn, (E) 7n, (E)
2 (E) _ 1
nng(E) mng(E)

g (E):=i+ (S (E) 4 MecostB2)y, (5-16)

g (E) =i+ (S (E) + ¢~ arecos(E/2)y (5-17)

First, the analyticity of g, and gar is clear; indeed, all the functions involved are analytic and the
functions nar and n, stay positive on X7. Moreover, these functions can be analytically continued through
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(—2,2) N 4. By (1-4), for E real one has Im g; (E) =Im g (E) =Ime™"?®), which is positive (see
Section 2). Thus the functions £ — g, (E) and E — ga“ (E) do not vanish on /. Moreover, as

8o (E)gi (E)—1 _ 1 N 1
80 (E)+gc (E)  go(E)+g (E) 1/g5(E)+1/g (E)’
this function has a positive imaginary part on /.

This proves the first two properties of ¢* stated in Proposition 5.8. By the very definition of ¢* and g,
the last property stated in Proposition 5.8 is obviously satisfied in the case of the half-line; for the full

(5-18)

line, i.e., if « = Z, the last property is a consequence of the computation

gy —i S0 EE (B =1 (g ()~ D)(g () =)
g0 (E) +g; (E) g0 (E) +g; (E)
EJ(E)E; (E
= OE)’;&) . (5-19)
2in2ny (E)n (E)+mn, (E)Ey (E)+mng (E)E, (E)
This completes the proof of Proposition 5.8. U

5B3. The proof of Corollary 5.5. In view of Theorem 5.1, to obtain (5-15) it suffices to prove that there
exists 19 > 0 such that, for L sufficiently large, one has

0, L(E) fi (E)e~"+(®) _f ANCO) o)
sinuy (E) R A—E -

min
Re Eel
Im E€[—no/L,0)
where u; (E) := (L — k)0, 1 (E).
We compute

0, L (E)fi (E)e "t(E) - .
p,L( )fk (E)e _/ de (A) _e—IH(E) — 0;,,L(E)fk_(E)(COtML(E) _gk_(E))’ (5-20)
R

sinuy (E) A—E

where g, is as defined in (5-16).
Thus,

e 9B > |cotuy (E) — 8 (E)|

0, L(E) fi (E)e™ () / AN (V)
sinuy (E) R A—E

as, for n sufficiently small and L > 1, one has

0<  min 10, L (E) fi (E)] < Jnax 10, L. (E) fi (E)| < +o00.
Im E€[—n/L,0) Im E€[—n/L,0)

Now notice that by Corollary 4.4, for E € I, one has

AN (1) , ~ 1
Im(/R . ) = =6, L(E) f (E) = ——n; (E). (5-21)

Thus, as E — Ime~%F) is positive on I, the analytic function E &, (E) has positive imaginary
part larger than, say 27 on [; hence, it has imaginary part larger than, say, 7 in some neighborhood
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of I 4+ D(0, no) (for sufficiently small ny > 0). Let M be the maximum modulus of this function
on I + D(0, o). Then, as maxge £c1, Im Ec[—1o/L,0) |9;’L(E)| < 1, one has

max  [Imcotuy (E)| < (M*+ .
Re Eel

Im E€[—no/L,0)

|cot(ur (E))|<2M

Possibly reducing 79, this guarantees that, for Re E € [ and Im E € [—no/L, 0), one has
jcotu (E) — gr (E) 22M —M > M or Im(cotu(E)— g (E)) < —ii+ 1 = — 1.

This completes the proof of the first lower bound in (5-15) in Corollary 5.5.
To prove the second bound in (5-15), using (5-2) we compute
det(T"(E) 4 ¢71B))
n; (E)ng (E)

= (cotu (E) — g; (E))(cotur(E) — gg (E)) — sin? uy (E)

g4 (E)g; (E) — 1)
i (E)+ g (E) )’

= —(g (E) +gk_(E))<00tML(E) - (5-22)

where g, and gJ are defined by (5-16) and (5-17).

Using Proposition 5.8, one then concludes the nonvanishing of £ +— det(szf(E )+ e 9(E)) in the
complex rectangle {Re £ € I, Im E € [—no/L, 0)} (for ng sufficiently small) in the same way as above.
This completes the proof of Corollary 5.5.

5B4. The proof of Theorem 1.7. To solve (2-4) and (2-8), by Theorem 5.1, we first solve the equations

and  det(MSH(E) + e 9 E)) =0 (5-23)

HL’L(E)fk—(E)e—iuL(E) _ / de_()\') _ e_l'g(E)
sinuy (E) R A—E

in a rectangle I 4+ i[—n, —7/L]. Indeed, in such a rectangle, by Theorem 5.1 equations (2-4) and (2-8)

are equivalent to

/ - —iug (E) _
ep,L(E)fk (E)e tuy, Z/ de ()\) _e*ie(E) + O(Lioo)
sinuy (E) R A—E (5-24)
and  det(T$"(E) +e " E))y = 0(L™),
respectively, where the terms O (L~°°) are analytic in a rectangle I+i [—2n, —0) (where I C I ) and the

bound O(L~°°) holds in the supremum norm.
Thanks to (5-20) for « = N and to (5-22) for « = Z, to solve the equations (5-23) it suffices to solve

cotur(E) =c*(E), (5-25)

where we recall u; (E) := (L — k)0, 1 (E), g(')Ir and g, are as defined in (5-17) and (5-16), respectively,
and, as in Section 1B3, we have set

o N(E) = g, (E) in the case of the half-line,
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+ - _
CZ(E) — go+(E)gk (E;) 1
8o (E) + g, (E)

We want to solve (5-25) is a rectangle I 4+ i[—e, 0) for some ¢ small but fixed. Using Proposition 5.8,
we pick ¢ so small that, in the rectangle I 4 i[—¢, 0], the only zeros of ¢* — i are those on the real line
and Im c¢* is positive in 1 4+ i[—¢, 0).

To solve (5-25), we change variables u = (L — k)0, 1 (E), that is, we write

E=0' ("
PE\L k)

As, for Ly sufficiently large, inf;>7, Eer+if—e,0) Re QL’L(E) > ¢ > 0, at the cost of possibly re-
ducing ¢ this real analytic change of variables maps I + [—¢, €] 4+ i[—¢, 0) into, say, Dy such that
I +i[—n(L—k), 0] C Dy (for some n > 0), where I} = (L —k)Hp,L(I + [—%8, %8]); the inverse change
of variable maps I +i[—n(L —k), 0] into some domain, say Dy, such that [ +[—¢’, &']+i[—¢’,0] C D,
(for some 0 < &’ < ¢). Now, to find all the solutions to (5-25) in I +i[—¢’, 0), we first solve the following
equation in I +i[—n(L — k), O]:

in the case of the line.

_ u
cotu=c"o6, ] (L—_k) (5-26)
As u + cotu is w-periodic, we split Iy +i[—n(L — k), 0] into vertical strips of the type

Ix +10, 7] +i[-n(L —k),0], [~ <l<ly, (-,1})eZ”

Without loss of generality, we may assume that I; = [/_, [ ]r. To solve (5-26) on the rectangle
I +[0, w]+i[—n(L—k), 0], we shift u by [ and solve the following equation on [0, 7 ]+i[—n (L —k), 0]:

cotu=cj,; (u), where ¢} ;(-):=c"00 " ( : +l”>. (5-27)

A ~ PE\L—k
In proving Theorem 1.5, we have already shown that, for some 7 > 0 (independent of L sufficiently
large and [_ <[ < ly), (5-27) does not have a solution in [0, 7] + i[—7, 0]. The cotangent is an
analytic one-to-one mapping from [0, ) +i(—o0, 0] to C \ {i}. Thus, for L sufficiently large and 7
sufficiently small, the cotangent defines a one-to-one mapping from [0, 7) + i[—n(L — k), —n] onto

T = D(z4,r+) \ D(z—, r—), analytic in the interior of [0, w) 4+ i[—n(L — k), —7] and continuous up to
the boundary, where we have defined

ML=k 4 M 26 2e21(L=h)
Gl Tl T T o g

Moreover, the boundaries {0} +i[—n(L — k), —7n] and {7} +i[—n(L — k), —1)] are mapped onto the
interval [z_ +ir_, z4 +iry].

Let Z* denote the finite set of zeros of E > ¢*(E) —i in I. Then, by a Taylor expansion near the zeros
of ¢ — i, we know that, for n sufficiently small, there exist &g > 0 and k > 1 such that, for L sufficiently
large:
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e For ¢ € (0, &), there exists 0 < n_ such that, for /_ <[ <[, if one has

I (L
P\L—k)

then one has n_ < |Imcl"L(u) — 1| forallu € [0, 7] +i[—n(L —k), O].

>¢ forall E e 2‘,

e Foru € [0, 7]+ i[—n(L —k), 0] and E the point in Z* closest to Q;IL(ZJT/(L —k)), one has

Reu+In ~
—1
(i) g

Im | ]~* 1 528)
L—k _80,

g < —Imc,',L(u))- |:

where £ is the order of E as a zero of E c*(E)—i.
As a consequence of the above description of ¢j ; , we obtain:

Lemma 5.9. There exists 1) and 1 small such that, for L sufficiently large, for alll_ <1 <1, u+> cj ; (u)
maps the rectangle [0, 7]+ i[—n(L — k), —n] into a compact subset of D(z+,r+)\ D(z—, r_) in such a
way that

sup lcotu — ¢t ()] > (‘E §-! < ad )‘Jr L )E (5-29)
u—cy Wz -0, , -
ued ([0, 7 1+i[—n(L—k),—7]) P\ L —k L—k

where E is the root of E +— c*(E) —i closest to G;IL(lrc/(L —k)) and k is the order of this root.

Note that, under the assumptions of Lemma 5.9, (5-29) implies that

sup lcotu —cj ()] > L7k
u€d ([0, ]+i[—n(L—k),—7])

Thus we can define the analytic mapping cot™! ocj p on [0, ] +i[—n(L —k), —7]; it maps the rectangle
[0, w] 4+ i[—n(L — k), —7] into a compact subset of (0, 7) + i(—n(L — k), —7). Equation (5-27) on
[0, 7] +i[—n(L — k), —7] is, thus, equivalent to the fixed point equation on the same rectangle,

u=cot™" ocf ; (u) (5-30)

We note that, for o« € (0, 1) and L sufficiently large, if for some E €7 of multiplicity k one has
|9;1L(171/(L —k)) — El < L™%, then (5-27) has no solution in [0, 7]+ i[—n(L — k), —7n] outside of the

set
071 I —E i 1
PE\L -k Ll

Indeed, for u € ([0, #] +i[—n(L — k), —7]) \ R; 1, by (5-28), that is, for

ot (7 \_E
ri\ T %)~

. ak
Ry =0, 7] +l[—77(L — k), T log[

ak ak
O0<Reu<m and —TlongTlog

one has |¢} ; (u) —i| < L™ and |cotu —i| = L™/2,
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So if for some E € Z* one has |9;1L(171/(L —k)) — E| < L™%, it suffices to solve (5-30) on R; ;. We
compute the derivative of qr in the interior of Ry 1

L ML/ ACh LIl ) !
du P L -k L+ (ef L ()2 0! (65 ((w+1m) /(L —k)))
1 ol (utn/(L-k) 1
T L—k ¢ (u)—i L@ +i 00 (0 (w+lm)/(L—k))

Thus, fixing o € (0, 1):

o If [ is such that for some E € Z* one has |9;1L(17r/(L —k))— E| < L™, then for u € R; ; we estimate

d—u(cot_l oc} ) (u)
Tmu|] ™!
L—k

1 I ~
< LT (A,
NL—k[GP’L(L—k) Bt
1
Y (L -8, U /(L —k) — E|+ [log[l6, (7 /(L — k) — E| +7/(L = K)]]

< 1 ,
~logL

A

(5-31)

d _1 (]
E(COt ocj ) (u)

« If [ is such that for all E € Z* one has |0, } (I /(L—k))— E| > L™, foru € [0, w]+i[—n(L—k), =]
|Imu|i|_1

we estimate
1 I ~
< — |l —)-E
"’L—k|: p’L(L—k) Tk
1 1

S = = S —. (5-32)
(L=K)10, (r/(L—k)—E| ~ L™

Hence, for L sufficiently large, cot™! ocj ; is a contraction on R; ;. Equation (5-30) thus admits a
unique solution, say IZ;’ ;- in the rectangle [0, 7] +i[—n(L — k), —n]. This solution is a simple root of
ur> u—cot™! ocj ; (u). Hence, uj ; is the only solution to (5-27) in [0, w] +i[—n(L — k), —7].

By (5-24), for L sufficiently large and /_ <[ <[, both the equations

u—+lIm 00~
SLOG_I( + )+e—,e(ep.L«an)/(L—k))):0

PE\L -k ’
o (5-33)
_ u T —ige~! _
can be rewritten as
u=cot”'(c]  (u) + O(L™)) =cot ' oc} , (u) + O(L™™) (5-34)

in [0, ] +i[—n(L —k), —7].
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Thus each of the equations in (5-33) admits a single solution in [0, 7]+ i[—n(L —k), —77] and this root
is simple; moreover, this solution, say u; 1, satisfies |u;’ L= ’7‘;, 1| = O(L™); indeed, the bounds (5-31)
and (5-32) guarantee that one can apply Rouché’s theorem on the disk D(u; ; , L~*) for any k > 0.
Thus, we have proved:

Lemma 5.10. Pick I as above. Then there exists n > 0 such that, for L sufficiently large with L = Np +k,
the resonances in I +i[—n, O] are the energies (z})1_</<, defined by

. o {uitiw
3 =9p’L ﬁ > (5-35)
belonging to I +i[—n, 0].

Let us complete the proof of Theorem 1.14, that is, prove that, for n sufficiently small and L sufficiently
large such that L = k mod p, z; is the unique resonance in [% Re(z] +7;_)), % Re(z] + Zl'+1)] +i[—n, 0];

recall that Z; is defined in (1-9).
We first note that the Taylor expansion of 6 L', (4-1) and the quantization condition (4-3) imply that

o, 0[5l
a= M J'rn(kl)Lul’L L

asReu;; €[0, ) and —log L SImu;p < —1.

Moreover, as

. _la u 0 u?
daw=cas o ()]

using (1-9) and (5-35) we compute

o = 1 . tLoct| s+ 1 ~Loc(a Jlog L L0 log L g
— = ——\ U — CO ocC — CO ocC —1 .
ST a = oL ML ' nOL T L

Thus, one has

L] ~e 1 L] _1 L] _1 (] b logL 2
Z]—3 = m(ul’L —cot oc,’L[cot ocl’L(—mn(M) log L)]) + 0 7 .

As u;, 1, solves (5-34), sing (5-31) and (5-32) we thus obtain that

.« e . 1. . log L 2

|Zl_zl|§m|“u_‘30t ]ocl’L(—znn(kl)logL)|+< 2 )
_ gl +logl | flogLY' 1
Llog’ L L ~ LlogL

using again Reu; 1 € [0, 7) and —log L SImu;p S —1.
Taking into account (1-10), this completes the proof of Theorem 1.7.
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5BS. The proofs of Propositions 1.8 and 1.9. Proposition 1.9 is an immediate consequence of Theorem 1.7,
the definition (1-9) of z; and the standard asymptotics of cot near —ioo, i.e., cotz =i +2i e 214 0(e M),

To prove Proposition 1.8, it suffices to notice that, under the assumptions of Proposition 1.8, the
bound (5-32) on the derivative of cot™! ocj ; on the rectangle R; ; becomes

d 1
~(cot " oc} <.
T (cot™ ocy )| < 7

Thus, as a solution to (5-30), u; ; admits an asymptotic expansion in inverse powers of L. Plugging this
into (5-35) yields the asymptotic expansion for the resonance. Then (1-11) follows from the computation
of the first terms.

SB6. The proof of Theorem 1.10. Theorem 1.10 is an immediate consequence of Theorem 5.2, the fact
that the functions are analytic in the lower complex half-plane and have only finitely many zeros there,
and the argument principle.

5C. The half-line periodic perturbation: the proof of Theorem 1.11. Using the same notations as above,
we can write
H— [6-) (50|>
H® = ! :
<|5o)(51| —-Ay

where —A( is the Dirichlet Laplacian on £2(N).
Define the operators

T(E):=H_, — E — (So|(—Af — E)~"180)6_1) (811,
T(E) := A — E = (8-11(H=, — E)"15-1)180) (3ol.
ForIm E #0, (5_1[(H_, — E)~'16_1) and ((Sol(—A(J)r — E)7180) have a nonvanishing imaginary part
of the same sign; hence, the complex number
_ —1 - _

(8ol (A7 = E)™'180)) ™ — (8-1I(HZ, — E)™'8-1)
does not vanish. Thus, by rank-one perturbation theory, (see, e.g., [Simon 2005]), we know that I"(E)
and T'(E) are invertible and their inverses are given by
[(HZ, = E)""[8-1)(81|(HZ, = E)”'|

I YE)y:=H,-E)"'+ -
+ 1 _
((3ol(=Ag — E)~'180))  — (8_1|(HZ; — E)~![8_1)

(5-36)

and
|(=A¢ — E)7'80) (S0l (—Ag — E)7!|

I'YE):=Af—E)y'+ a .
° ((6_1|(H=, — E)"18_1)) " = (8ol (= AT — E)~180)

(5-37)

Thus, for Im E # 0, using Schur’s complement formula we compute

-1
I'(E) y(E) > ’ (5-38)

H® - E)~' = —
( ) (V*(E) )™
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where y*(E) is the adjoint of ¥ (E) and
y(E) = —|T(E)"8-1) (8ol (=A5 — E)7|.
Now, when coming from Im E > 0 and passing through (-2, 2) N X3, the complex numbers
(-1|(HZ, — E)7'15-1) and (8ol (=Ag — E)7'|80)

keep imaginary parts of the same positive sign; thus, the two operator-valued functions E > I'"1(E)
and E — (H*® — E)~! can be analytically continued through (—2,2) N 37 from the upper to the lower
complex half-plane (as operators from Zgomp(N) to EIZOC(N) and from Egomp (Z) to EIZOC (Z), respectively).
When coming from the upper half-plane and passing through (-2, 2) \ ¥7 and X7\ [-2, 2], (5-38)
also provides an analytic continuation of (H*> — E)~!. Definition (5-36) and formula (5-38) immediately

show that the poles of these continuations only occur at the zeros of the function
E> 1= (8_1|(HZ, — E) 7' [8-1) {8l (A7 — E)™'[80) = 1 — &) / B
R A—FE
when continued from the upper half-plane through the sets (-2, 2) \ ¥z and X7 \ [—2, 2] (these sets are
finite unions of open intervals).
This completes the proof of Theorem 1.11.

6. Resonances in the random case

As for the periodic potential, for the random potential we start with a description of the function
E — T'L(E) (see (2-9)), that is, with a description of the spectral data for the Dirichlet operator H,, 1 .

6A. The matrix Ty in the random case. We recall a number of results on the Dirichlet eigenvalues of
H,, 1 that will be used in our analysis.

It is well known that, under our assumptions, in dimension one the whole spectrum of H,, is in the
localization region (see, e.g., [Kunz and Souillard 1980; Cycon et al. 1987; Carmona and Lacroix 1990]),
that is:

Theorem 6.1. There exists p > 0 and o € (0, 1) such that one has

sup [E{ > eP'”|<5x,(Hw,L—E)15y>|“}<oo (6-1)
Li@‘ﬁ){ﬁ} xell0,L]
Im E#0
and
sup [E{ > e sup |<5x,f(Hw,L)5y>|}<oo, (6-2)
ey el AT

where H,y 4o := HEJ and [0, +o0]l = N. The supremum is taken over the functions f that are Borelian
and compactly supported.

As a consequence, one can define localization centers, e.g., by means of the following results:
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Lemma 6.2 [Germinet and Klopp 2014]. Fix (1)1 a sequence of scales, i.e., lp — +00 as L — +0o0.
There exists p > 0 such that, for L sufficiently large, with probability larger than 1 — e L if

(1) ¢, is a normalized eigenvector of H,, | associated to E; , in X,
(2) xj(w) € [0, L] is a maximum of x — |@; »(x)| in [0, L],

then for x € [[0, L] one has
90;.0(x)]| < VLeLe P21 (6-3)

Note that Lemma 6.2 is of interest only if £; < L; otherwise (6-3) is obvious. This result can, for
example, be applied for the scales [; =21log L. In this case, the probability estimate of the bad sets (i.e.,
when the conclusions of Lemma 6.3 does not hold) is summable. The point x; () is a localization center
for E; , or ¢j . It is not defined uniquely, but, one easily shows that there exists C > 0 such that for any
two localization centers, say x and x’, one has |x — x’| < C log L (see [Germinet and Klopp 2014]). For
concreteness, we set the localization center associated to the eigenvalue E; ,, to be the leftmost maximum
of x > 1169,

We show:

Lemma 6.3. For any p > 0, there exist C > 0 and Lo > 0 (depending on a and p) such that, for L > L,
for any sequence satisfying (1-22), with probability at least 1 — L™" there exist at most C{y eigenvalues
having a localization center in [0, £ JU[L — £z, L]l

We will now use the fact that we are dealing with one-dimensional systems to improve upon the
estimate (6-3). We prove:

Theorem 6.4. For any § > 0 and p > 0, there exist C > 0 and Lo > 0 (depending on p and §) such
that, for L > Lo, with probability at least 1 — L™? if E; , is an eigenvalue in X associated to the
eigenfunction ¢; ., and the localization center x ., then:

e Ifxj, €0, L—ClogL], one has

log |§0j,w(L)| <

—p(Ejw) =68 = <-—p(Ejo)+3. (6-4)
L —XJ',w
e Ifxj, €lClogL, L], one has
log |¢),,(0)]
—p(Ej) =8 < 21T < p(Ej0) +5. (6-5)
J.@

To analyze the resonances of H j}{ ; (resp. H f’ 1)» we shall use (6-4) (resp. (6-4) and (6-5)).
We now use these estimates as the starting point of a short digression from the main theme of this
paper. Let us first state a corollary to Theorem 6.4; we prove:

Theorem 6.5. For any § > 0 and p > 0, for L sufficiently large (depending on p and §), with probability
at least 1 — L™P,if E; , is an eigenvalue in ¥ associated to the eigenfunction ¢; ., and the localization
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center xj , then, for |x —xj ,| > 8L and 1 < x < L, one has

10g(1¢).0 ()| + 9.0 (x — 1)

—p(Ejo) =93 =<
|x_xj,w|

<—p(Ej,)+34. (6-6)

Compare (6-6) to (6-3). There are two improvements. First, the unknown rate of decay p is replaced
by the Lyapunov exponent p(E; ), which was expected to be the correct decay rate. Indeed, for the
one-dimensional discrete Anderson model on the half-axis, it is well known (see, e.g., [Bougerol and
Lacroix 1985; Carmona and Lacroix 1990; Pastur and Figotin 1992]) that, w-almost surely, the spectrum is
localized and the eigenfunctions decay exponentially at infinity at a rate given by the Lyapunov exponent.
In Theorem 6.5, we state that, with good probability, this is true for finite volume restrictions.

Second, in (6-6), we get both an upper and lower bound on the eigenfunction. This is more precise
than (6-3).

To our knowledge, such a result was not known until the present paper. The strategy that we use to
prove this result can be applied in a more general one-dimensional setting to obtain analogues of (6-6)
(see [Klopp > 2016]).

We complement this with the much simpler:

Lemma 6.6. For any C > 0 and p > 0, there exists K > 0 and Ly > 0 (depending on p and C) such that,
for L > Ly, with probability at least 1 — L™? if E; ,, is an eigenvalue in ¥ associated to the eigenfunction
¢ ;.o and the localization center x; ,, then:

e Ifxj €L —ClogL, L], one has L% <|¢; (L)
e Ifxj 4 € [0, Clog L], one has L% <|¢; ,(0)].

The proof of this result is obvious and only uses the fact that the matrices in the cocycle defining the
operator (see Section 6C) are bounded, that is, equivalently, that the solutions to the Schrodinger equation
grow at most exponentially at a rate controlled by the potential.

Let us return to the resonances in the random case and the description of the function S;,. Recall that
in (2-4) the values (A ;); are the eigenvalues (£ ,)o<j<1 of H, ; and the coefficients (a;.) ; are defined
in Theorem 2.2 and by (2-13). Thus, Theorem 6.4 describes the coefficients (a;.) j coming into Sz and I'y,
(see (2-4) and (2-8)). Let us now state a few consequences of Theorem 6.4.

Fix a compact interval I in X, the almost sure spectrum of H,,. For « € {N, Z}, define

(6-7)

Jo

o L—xjq for e =N,
min(x; ,, L —x;,) for e=17.

Taking p > 2 in Theorem 6.4 and using a Borel-Cantelli argument, we obtain:

w-almost surely, for § > 0 and L sufficiently large,

loga®,
if \j=Ej,€l and d},>ClogL then —2p(h;)—8 < ——

<—2p(A;)+35. (6-8)

[ ]
J.o
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This and the continuity of the Lyapunov exponent (see, e.g., [Bougerol and Lacroix 1985; Carmona
and Lacroix 1990; Pastur and Figotin 1992]) guarantees that

w-almost surely, for any § > 0 and L large, one has —2n, sup p(E)(1+6)L < Ainfl logaj, (6-9)
Eel J€

where 7, is as defined in Theorem 1.13.

To use the analysis performed in Section 3, we also need a description for the (1), i.e., the Dirichlet
eigenvalues of H,, ;. To this end, we will use the results of [Germinet and Klopp 2014; Klopp 2011;
2013] (see also [Germinet and Klopp 2011]).

We first recall the Minami estimate satisfied by H,, ;. (see, e.g., [Combes et al. 2009] and references
therein): there exists C > 0 such that, for / C R, one has

P(tr(1;(Ho,L)) > 2) < E(tr(1;(Hy ) [tr(1; (Ho L)) — 1]) < CHIP(L 4+ 1)*.

Here 1;(H) denotes the spectral projector for the selfadjoint operator H onto the energy interval /.
By a simple covering argument, this entails the estimate

P(|A; —A;| < L9 for some i # j) < CL™9%2,
Thus, for g > 3, a Borel-Cantelli argument yields that

w-almost surely, for L sufficiently large, n;éln |Ai — Al =L, (6-10)
i#]

6B. The proofs of the main results in the random case. We are now going to prove the results stated in
Section 1C.

6B1. The proof of Theorem 1.13. As for Theorem 1.5, this result follows from Theorem 3.1. Point (1)
is proved exactly as Theorem 1.5(1). Point (2) follows immediately from Theorem 3.1 and (6-9). This
completes the proof of Theorem 1.13.

6B2. The proof of Theorem 1.14. Recall that ¥ € (0, 1). To prove (1) we proceed as follows. The

standard result guaranteeing the existence of the density of states N (see, e.g., [Bougerol and Lacroix

1985; Carmona and Lacroix 1990; Pastur and Figotin 1992]) implies that, w-almost surely, one has
#rjel}

L1l —>/IdN(E). (6-11)

This, in particular, shows that if / C X° is a compact interval then, w-almost surely, for L sufficiently
large I is covered by intervals of the form [A;, A ;] and their number is of size < L (actually this holds
for A; € I +[—¢, ] if € > 0 is chosen small enough). Moreover, the estimate (6-10) guarantees that
dj > L9 (for any g > 3 fixed) for all A ; € I. Thus, Theorems 3.1, 3.2 and 3.3 and the estimate (6-8)
guarantee that, w-almost surely, all the resonances in the strip 7 —i[e~%", 0) are described by Theorem 3.3.
Indeed, for such a resonance the imaginary part must be larger than —e~~“; thus, by Theorem 3.1, for
every rectangle [%(kj +ij-1), %(AJ +)»j+1)] —i[e~™", 0) containing a resonance, one has a; S
Thus, a; < djz. and one can apply Theorem 3.3 to compute the resonance.
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Let us count the number of those resonances. To this end, let £;, = TL*, where t is to be chosen.
By (6-8) and (6-10), w-almost surely one has a; < a’? for all j such that A; € I as long as the Dirichlet
eigenvalue A ; is associated to a localization center in [0, L — £ ]| (actually this holds for A; € I +[—e¢, €]
if € > 0 is chosen small enough); thus, we can apply Theorems 3.3 and 3.2 to each of the (1 ;); that are
associated to a localization center in [0, L — £ ]. By (3-19), each of these eigenvalues gives rise to a single
simple resonance, the imaginary part of which is of size < a;; they lie above the line {Imz > e Pl =~ L")
for Tp = 1. Actually, the estimate (6-10) guarantees that d; > L™ (for any g > 3 fixed) and Theorem 3.2
shows that these resonances are the only ones above the line Imz > —L™9. Moreover, by Lemma 6.3, we
know there at most C¢;, eigenvalues A; that do not have their localization center in [0, L — £, ]|. Thus
we obtain, w-almost surely,

1 x
lim —#{Z resonance of H, ; with Reze I, Imz > —e L }= /dN(E).
L—+oo L I

Point (2) is proved in the same way. Pick A € (0, 1). In addition to what was used above, one uses the
continuity of the density of states E + n(E) and the Lyapunov exponent E — p(E). Assume E is as in
point (2). Then, w-almost surely, the reasoning done above shows that, for any 1 > 0, there exists &g > 0
such that, for ¢ € (0, &) and § € (0, ), for L sufficiently large one has

€
#{Al eigenvalue of HS‘L in E—l—m[—l—i—n, 1—n] with —ePENL SeZU-P(E)ALal- < _e—n.,o(E)SL}
’ n

5#{Z resonance of HC;’L in R°(E, A, L, e, 5)}

&
<#1) ei lveof HY, in E4+-——[-1—n,1
< {lelgenvaueo . IN +2n(E)[ n, 1+n]

with — eeP(E)SL < lez.p(E)ALal- < _en.p(E)BL}‘
Using Theorem 6.4 and the continuity of the Lyapunov exponent in conjunction with the definition

of a; (see (2-4) and (2-13)), we obtain that, w-almost surely, for any 1 > 0 there exists g9 > 0 such that,
for € € (0, g9) and § € (0, 8p), for L sufficiently large one has

#{eigenvalue of HSL in E+ ﬁ[—l + n, 1 — n]with localization center in 1°(L, §, —n)}
: n
5#{1 resonance of H in R°(E, A, L, e, 8)}

< #{eigenvalue of HE’L in E+ ﬁ[—l —n, 1 +n] with localization center in I°(L, §, 17)},
’ n

where IN(L, 1, 8, n) is the interval —here [r] denotes the integer part of r € R—
IN(L, A, 8, m) = [LA+[-L8(1+ ), L&(1+n)]]
and IZ(L, A, 8, n) is the union of intervals

I5(L, 2, 8,m) = ([SLA] + D=L+ 1), L1 +mT) U ([L(1 — 32)] + T—L8(L +n), L& +m]).
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Now, using the exponential localization of the eigenfunctions, one has that, w-almost surely, for any
n > 0 there exists gy > 0 such that, for € € (0, gg) and § € (0, &g), for L sufficiently large one has

#{eigenvalue of HY} ;5. oy in E [—142n,1 —2n]}

+ 2n(E)
5#{2 resonance of HJ),L in R°(E, A, L, e, 5)}

< #{eigenvalue of HE,L’M’M. in £+ ﬁ[—l —2n, 1+ Zn]}, (6-12)
where H))', , s = (H)')j1=z.x.5.p With Dirichlet boundary conditions at the edges of the interval
I*(L, X, 38,1n).

This immediately yields point (2) for A € (0, 1), using (6-11) for the operators H, E{ Lsin.e The case
A =1 is dealt with in the same way.

As already said, point (3) is an “integral” version of point (2). Using the same ideas as above,
partitioning [ = Uf::o I, so that |I,| ~ & centered in E,, one proves

P
. _ . &
#{elgenvalue of Hw’p,L’. in E,+ 2n(E,) [-142n,1— 217]}
p=0
< #{z resonance of Hj ; in I+ [—e_LK, —e_CL]}
P
&
< ) #jeigenvalueof H , in E —1—2n, 142914,
< [,2:(:, {elgenva veof H, , in E,+ 2n(E,,)[ n, 1+ n]}
where
s H, , . 1s the operator H) restricted to
- [2L%, (inf(cp™"(Ep), D =L if e =N,
- 2L, (inf(cp™"(Ep), 1)/2 = m LIVl —inf(cp~"(Ep), )/2+n)L, L = 2L ] if e = Z;
« H :j ».1.. 18 the operator H) restricted to

- [L¥/2, (inf(co™ ' (E,), 1) + n)L] if e = N,
- [[L*/2, (inf(co~Y(E ), 1)/2+n) LTV —inf(cp™ (E,), 1)/2—n)L, L — L* /2] if o = Z.

In the computation above, we used the continuity of both the density of states £ +— n(E) and the
Lyapunov exponent E — p(E). Thus, we obtain

#{z resonance of H;,; in I+ (—oc, e "1}

P
= L(Zinf(cp_] (Ep), Dn(Ep)|I,| +0(1)> +#{z resonance of H;, ; in I+ (—o0,e ']}
p=0
The last term being controlled by Theorem 1.17, one obtains point (3) as the Riemann sum in the
right-hand side above converges to the integral in the right-hand side of (1-18) as ¢ — 0. This completes
the proof of Theorem 1.14.
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6B3. The proof of Theorem 1.15. The proof of Theorem 1.15 relies on [Germinet and Klopp 2014, Theo-
rem 1.13], which describes the local distribution of the eigenvalues and localization centers (E ,, X; »);
namely, one has

p

~ kn
lim P({o|#{n|Ej,cE+L"I,, xj,€LCy}=k, for n=1,...,p}):]_[e*f*nM (6-13)

L—+o0 kn! ’
n=1

where i, :=n(E)|I,||Cy| for 1 <n < p.

Recall that (Z]L~ (w)); are the resonances of H,, ;. By the argument used in the proof of Theorem 1.14,
we know that, w-almost surely, all the resonances in K; :=[E —¢, E+¢€]+i [—e~L*, 0] are constructed
from the (4}, a;.) by formula (3-19). Thus, up to renumbering, the rescaled real and imaginary parts
(see (1-19)) become

xj=Rez (@) —E)L=;—E)L+O0(Laj) = (Ej,— E)L+ O(Le™"),

1 . logas jo
yj = =57 logllmz} ; (@) = ———++ 0(1/L) = p(E)== + o(),

where A; = E; , and d] » 18 defined as in (6-7); here we used the continuity of E +— p(E).

On the other hand, for the resonances below the line in {Im z = —e "}, one has i SLF —1. So all these
resonances are “pushed upwards” towards the upper half-plane. Hence, the statement of Theorem 1.15 is
an immediate consequence of (6-13).

6B4. The proof of Theorem 1.16. Using the computations of the previous section, as E # E’, Theorem 1.16
is a direct consequence of [Klopp 2011, Theorem 1.2] (see also [Germinet and Klopp 2014, Theorem 1.11]).

6BS. The proof of Theorem 1.17. Consider equations (2-4) and (2-8). By Theorem 6.4 and Lemma 6.3,
w-almost surely, for L large the number of (a3); larger than e~ !9 is bounded by C¢;. Solving (2-4)
and (2-8) in the strip {Re E € I, ImE < —e~ !}, we can write Sy (E) = S, (E)+ SZF(E), where

N aN

a; .
S (E):= ) ﬁ and Sf(E):= ) A:E,
J J

aije‘WL a]N>e‘1°"L

and similarly decompose I'f. (E) =T", (E) + FZF(E). For L large, one then has

sup (IS (E)|+IITL (E)|| <e . (6-14)

ImE<—e 'L
The count of the number of resonances given by the proof of Theorems 2.2 and 2.3 then shows that the
equations (2-4) and (2-8), where Sy and I'y, are respectively replaced by Szr and FZ“, have at most C¢,
solutions in the lower half-plane. We will call the equations where S;, and I';, are replaced by Szr and FZ”
the +-equations. The analogues of Theorems 3.1, 3.2 and 3.3 for the +-equations and Theorem 6.4 show

e L5 <Im E < —e™3¢2/4} are given

that the only solutions to the 4-equations in the strip {Re E € I, —
by formulas (3-19) and (3-20) for the eigenvalues of the Dirichlet problem associated to a localization

centerin [[L —2¢,, L — 3¢, ] ife=Nandin [[1¢,,2¢, JU[L —2¢,, L — 1¢, ] if e = Z. Thus, these
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Figure 8. The new path (in blue).

zeros are simple and separated by a distance at least L~* from each other (recall (6-10)). Moreover, we
can cover the interval / by intervals of the type [%(k jtA—1), %(A itAt 1)], that is, one can write

j+

e J[F0g+x-0. 505 +r40)], (6-15)
j=i~
where )\j*—l 1, )\H-j* g1, )Lj— el and )‘j+ el.
Consider now the line {Im E = —e~%} and its intersection with the vertical strip

[30 + A1), O +Aj)] —iRT
Three things may occur:

(1) et < a}d]zlsin 6(x;)|/C (the constant C is defined in Theorem 3.1); then, on the interval

[%()\j +A-1), %()uj + 4] — ie”',
one has
IST(E) +e B > 1 and |det(T} (E) +e "5y > 1; (6-16)

this follows from the proof of Theorem 3.1 (see in particular (3-5), (3-6), (3-7) and (3-8)) for some
fixed ¢ > 0; recall that, on the interval I +ie ‘%, one has |sin 6 (E)| > 1.

(2) et >C a;. (the constant C is defined in Theorem 3.2); then, on the interval
[0+ A0, 0+ Ajg)] —ie™ ",

one has again (6-16) for a possibly different constant; this follows from the proof of Theorem 3.2 (see in
particular (3-15) and (3-16)).

(3) If we are neither in case (1) nor in case (2), then the line {Im E = —e %} may cross R; (defined
in Theorem 3.3; see also Figure 7); we change the contour {Im £ = —e~%} s0 as to enter U ; until we
reach the boundary of R; and then follow this boundary, getting closer to the real axis, turning around R;
and finally reaching the line {Im E = —e %} again on the other side of R ; and following it up to the
boundary of ﬁ j (see Figure 8); on this new line, the bound (6-16) again holds; moreover, this new line is
closer to the real axis than the line {Im E = —e %},
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Let us call 6, the path obtained by gluing together the paths constructed in points (1)—~(3) for j~ < j <j*
and the half-lines 3 (% ;- +A;-_1) —i[e~‘, +00) and 1 (A;+ + A j+41) —i[e ", +00) (see (6-15)). One
can then apply Rouché’s theorem to compare the +-equations to the equations (2-4) and (2-8): by (6-14)
and (6-16), on the line 6, one has |S; | < |S; +e~"| and

|det(T'(E) + ¢~ det(T'} (E) + e 7P| < J|det(TL(E) + 7).

Thus, the number of solutions to equations (2-4) and (2-8) below the line %, is bounded by C¢;; as
%, lies above {Im E = —e %}, in the half-plane {Im E < —e L} the equations (2-4) and (2-8) have at
most C¢, solutions. We have proved Theorem 1.17.

6B6. The proof of Theorem 1.18. The first point in Theorem 1.18 is proved in the same way as point (2)
in Theorem 1.14 up to the change of scales, L being replaced by £;.. Pick scales (¢} ), satisfying (1-22)
such that £} < £;. One has:

Lemma 6.7. Fix two sequences (ar)y and (by) such that ap <by. With probability one, for L sufficiently
large,
#{eigenvalue of Hw,gL_ML/p in [ap + e_e/L, by — e_LNL]}
< #{eigenvalue of H, | in [ar, br] with localization center in [0, KL]]}
< #{eigenvalue of Hy g, 420,/ In lar — e by + e_E/L]},
where p is given by Lemma 6.2.

Proof. To prove Lemma 6.7, we apply Lemma 6.2 to L = £; + ¢} (i.e., for the operator H,, restricted to
the interval [[0, £; + K’L]]) and [; = E’L. The probability of the bad set is the O (L~°°), thus summable
in L. Using the localization estimate (6-3), one proves that

« each eigenvalue of H,, , -2t /p 1 at a distance of at most e of an eigenvalue of H, ; with
localization center in [0, £ 1];

« cach eigenvalue of H, ; with localization center in [0, £, ] is at a distance of at most et of an
eigenvalue of H,, ¢, 120, /-

Lemma 6.7 follows. O

The first point in Theorem 1.18 is then Theorem 1.14(2) for the operators H,, , L=2¢, /p and H,, ¢, 42/
and the fact that £, < £;.

/P

The proof of the second statement in Theorem 1.18 is very similar to that of Theorem 1.15. Fix
a compact interval / in X° As ¢ satisfies (1-22), one can find ¢) < {7 also satisfying (1-22) such
that e =L « e~ « e~ ‘L. For the same reasons as in the proof of Theorem 1.15, after rescaling all
the resonances in I — i(—o0, 0) outside the strip 1 — i[e_”L, e_gz) are then pushed to either O or ioco
as L — +o0.

On the other hand, the resonances in the strip I —i [e‘Z/L, e‘ez) are described by (3-19). The rescaled
real and imaginary parts of the resonances (see (1-24)) now become x; = (E;, — E){; + o(1) and

yj =p(E)djo/tL+o(D).
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Now, to compute the limit of P(#{j | x; € I, y; € J} = k), using the exponential decay property (6-3)
it suffices to use [Germinet and Klopp 2014, Theorem 1.14]. Let us note here that [Germinet and Klopp
2014, Condition (1.50)] on the scales (£, ) is slightly stronger than (1-22). That condition (1-22) suffices
is a consequence of the stronger localization property known in the present case (compare Theorem 6.4
to [Germinet and Klopp 2014, Assumption (Loc)]). This completes the proof of the second point in
Theorem 1.18. The final statement in 1.18 is proved in exactly the same way as Theorem 1.16.

The proof of Theorem 1.18 is complete.

6B7. The proofs of Proposition 1.20 and Theorem 1.21. Localization for the operator H.) can be described
by the following:

Lemma 6.8. There exists p > 0 and q > 0 such that, w-almost surely, there exists C,, > 0 such that, for
L sufficiently large, if
(1) ¢} is a normalized eigenvector of H,, | associated to Ej , in X,
(2) xj(w) € Nis a maximum of x = |@; »(x)| in N,
then, for x € N, one has
9.0 ()] < Co(l+|x; (@) )T/ 2e =PI, (6-17)
Moreover, the mapping @ — C,, is measurable and E(C,) < +00.

This result for our model is a consequence of Theorem 6.1 (see, e.g., [Kunz and Souillard 1980; Cycon
et al. 1987; Carmona and Lacroix 1990]) and [Germinet and Klopp 2014, Theorem 6.1].
We thus obtain the representation for the function E,

- (0)]2 )
Ew(E) _ Z |§1,w( )l|2 4ol arccos(E/Z). (6—18)
j e
As H) satisfies a Dirichlet boundary condition at —1, one has

0j0@]>0 forall j  and Y g0 =1 (6-19)
j

As E — —ioo, the representation (6-18) yields

Bo(E)=~E7) 10jwO)Eju+ OE™) = —E (8. Hybo) + O(E™) =~ E~> + O(E™).
J
This proves the first point in Proposition 1.20.
As a direct consequence of Theorem 6.1 and the computation leading to Theorem 5.2 (see Section 5A2),
we obtain that there exists ¢ > 0 such that, for L sufficiently large, with probability at least 1 — e~ one
has

sup
ImE<—e—¢L

dN, (A _ G
/R k_(E)—(5o, (Ho,r — E)™'80)| <™. (6-20)

Taking
L=L,~c 'loge| (6-21)
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for some sufficiently small ¢ > 0, this and Rouché’s theorem implies that, with probability 1 — &3, the
number of zeros of &, (counted with multiplicity) in I + i(—o0, €] is bounded

« from above by the number of resonances of H, ;, in I +i(—o0, —¢ — 2],
« from below by the number of resonances of H,, ;. in I, +i(—00, —¢ + 2],

where It =[a—e,b+e]land If =[a+e,b—¢e]if [ =[a,b].

Here, to apply Rouché’s theorem, we apply the same strategy as in the proof of Theorem 1.17 and con-
struct a path bounding a region larger (resp. smaller) than Ij +i(—00, —e—¢&?] (resp. I, +i(—0o0, —e+¢2])
on which one can guarantee |Sy (E) + e 9| > 1.

Now, we choose the constant ¢ (see (6-21)) to be so small that ¢ < minge; p(E). Applying point (3)
of Theorem 1.14 to H, ;. with this constant ¢, we obtain that the number of resonances of H, ;, in
Ij +i(—o00, & —¢&%] (resp. I, +i(—00, &+ 2]) is bounded from above (resp. bounded from below) by

. c
L, / mm(
I p(E)’

Hence, we obtain the second point of Proposition 1.20. The last point of this proposition is then an

|10g el

)n(E) dE (1+0(1)) = + 0(1))

(E)

= |log¢| Q dE (14 0(1)).
1 P(E)

immediate consequence of the arguments developed to obtain the second point if one takes into account
the following facts:

o The minimal distance between the Dirichlet eigenvalues of H E{ ; 1s bounded from below by L
(see (6-10)).

« The growth of the function E +— Sy (E)+e~"%E) near the resonances (i.e., its zeros) is well controlled
by Proposition 3.4.

Indeed, this implies that the resonances of H S , are simple in [ +i [—e‘ﬁ , 0) (one can choose larger
rectangles) and that near each resonance one can apply Rouché’s theorem to control the zero of E,,. Note
that this also yields, w-almost surely, there exists ¢, such that

: : |Ew(E)]
min inf 2 >1. (6-22)
zzeroof B, O<r<e,(Imz)3/2 |[E—z|=r r
ZEI‘FZ‘(*«%},O)

This completes the proof of Proposition 1.20.
Theorem 1.21 is a consequence of the following:

Theorem 6.9. There exists ¢ > 0 such that, w-almost surely, for L > 1 sufficiently large one has

(Jo 1/ = E)dNy (%) 0 )‘ Sy o (E)— /dN »(M) <o iL,

sup 'L a(E) < 0 Jr 1/ = E)dN, ()

Re Eel
ImE<—e¢L

where I'y , &(E) (resp. Sp.o(E)) is the matrix ' (E) (resp. the function Sp(E))—see (2-9)— con-
structed from the Dirichlet data on [0, L] of —A + Vfé ; (resp. —A + VNL) (see (1-26)) using
formula (2-9) (resp. (2-4)).
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Theorem 6.9 is proved exactly as Theorem 5.2 except that one uses the localization estimates (6-2)
instead of the Combes—Thomas estimates.

Theorem 1.21 is then an immediate consequence of the estimate (6-20). Indeed, this implies that if z is
a resonance for, e.g., HQIXL in I +i(—o0, eaL], then |E,(2)] < e L, By the last point of Proposition 1.20,
w-almost surely we know that the multiplicity of the zeros of &, is bounded by N,. Moreover, for the
zeros of E,, in I +i(—e&,, 0), we know the bound (6-22). This bound and (6-20) imply that

|Ew(E) = (So.L(E)+e *EN )
max max — <e .
z zeroof B, |E—z|=e~?L |Ew(E)]
z€l+i(—¢gy,e~h)
This yields Theorem 1.21(2) by an application of Rouché’s theorem. Point (1) is obtained in the same
way, using Proposition 3.4, which gives

|Eo(E) — (So.L(E)+e 75 )
max max <e .

z resonance of Hﬁ{L |E—z|=e—¢L |Sa),L(E) + e_ie(E)l

zel+i(—g,,e L)

The case of H f 5. 18 dealt with in the same way.
This completes the proof of Theorem 1.21.

6C. Estimates on the growth of eigenfunctions. In the present section we are going to prove Theo-
rems 6.4 and 6.5. At the end of the section, we also prove the simpler Lemma 6.3.

The proof of Theorem 6.4 relies on locally uniform estimates on the rate of growth of the cocycle (1-15)
attached to the Schrodinger operator, which we present now. Define

T (E,0)=T(E,wr) - -T(E, wg), (6-23)
where
T(E,0;) = (E o _(1)> .

We start with an upper bound on the large deviations of the growth rate of the cocycle that is uniform
in energy. Fix @ > 1 and § € (0, 1). For one part, the proof of Theorem 6.4 relies on the following:

Lemma 6.10. Let I C R be a compact interval. For any & > 0, there exists Ls > 0 and n > 0 such that,
for L > Ls and any K > 0, one has

o[ log ITL(E; i (w))ul|
L+1

<p(E)+8 forall 0<k <K, E€cl, |u|= 1) >1—Ke "D (6-24)

where we recall that T : Q2 — Q denotes the left shift (i.e., if © = (wp)n>0 then [T(®)], = Wyt for n > 0)

and t" =t o---07T n times.

At the heart of this result is a large deviation principle for the growth rate of the cocycle (see [Bougerol
and Lacroix 1985, Section I and Theorem 6.1]). As it also serves in the proof of Theorem 6.4, we recall
it now. One has:
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Lemma 6.11. Let I C R be a compact interval. For any § > 0, there exists Ls > 0 and n > 0 such that,
for L > Lg, one has

sup IP’(

Eel

llull=1

log [Ty (E; )ull
L+1

p(E)‘ > 6) < e A, (6-25)

While this result is not stated as is in [Bougerol and Lacroix 1985], it can be obtained from their
Lemma 6.2 and Theorem 6.1. Indeed, by inspecting the proof of these results, it is clear that the quantities
involved (in particular, the principal eigenvalue of T (z; E) = T(z) in [loc. cit., Theorem 4.3]) are
continuous functions of the energy E. Thus, taking this into account, the proof of [loc. cit., Theorem 6.1]
yields, for our cocycle, a convergence that is locally uniform in energy, that is, (6-25).

To prove Theorem 6.4, in addition to Lemma 6.10 we also need to guarantee a uniform lower bound
on the growth rate of the cocycle. We need this bound at least on the spectrum of H, ; with a good
probability. Actually, this is the best one can hope for: a uniform bound in the style of (6-24) will not hold.

We prove:

Lemma 6.12. Fix I a compact interval and § > 0. Pick u € C2 with |u||=1. For0 < J<L,ifj<L-—1,
define
> 8}

log 1T, 41, (E, T/ (@))ul

L —p(E)

> };
finally, define 57{2“(@, L,5,u)=92=3,(w,L,§, u).
Recall that (Ej ,,)o<j<1 are the eigenvalues of H,, | and let x; , be the associated localization centers.
For 0 < ¢ < L, define the sets

W (@, L8, u) = {Ee]‘

and, if 1 < j, define

log |Tj—1(E, w)ul|
J

f]{;(a),L,S,u)::{EeI‘ — p(E)

Q;(L, ,8,u):={w|L—xj,>{and Ej, € f]{;fjw(a), L,$5,u) for some j}
and

Qp(L, L, 6,u) ={w|xj,>and E;, € fK;jw(a), L,$5,u) for some j}.

Then the sets Q;(L, £, 8, u) are measurable and, for any § > 0, there exist n > 0 and £y > 0 such that,
for L > £ > £y, one has
(L+ D [e D

max (P(Q (L, £, 8, 1), P(Q5(L, €,8,u))) < epe— (6-26)
—e

Here, the constant n is the one given by (6-25).

First, let us explain the meaning of Lemma 6.12. Since by Lemma 6.10 we already control the growth
of the cocycle from above, we see that in the definitions of the sets 37{; (w, L, 6, u) and ?K;T (w, L, 6, u) it
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would have sufficed to require
log 1T, 41, (E, T/ T (@))ul
L-@G+D

log |71 (E, w)ull

—p(E)<—§ and —p(E) <=6,

respectively.

Hence, what Lemma 6.12 measures is that the probability that the cocycle at energy E, ,, leading from
a localization center x, ,, to either 0 or L decays at a rate smaller than the rate predicted by the Lyapunov
exponent.

The sets Q;(L, £, 5, u) are the sets of bad configurations, i.e., the events when the rate of decay of the
solution is far from the Lyapunov exponent. Indeed, for @ outside QfBE(L, £, 6), i.e., if the reverse of the
inequalities defining f]fj.c (w, L, 8, u) hold, when j =x, , and E = E, , we know that the eigenfunction
©n. has to decay from the center of localization x, , (Which is a local maximum of its modulus) towards
the edges of the intervals at a rate larger than y (E, ) — §. The eigenfunction being normalized, at the
localization center it is of size at least L~/2. This will entail the estimates (6-4) and (6-5) with a good
probability.

There is a major difference in the uniformity in energy obtained in Lemmas 6.12 and 6.10. In
Lemma 6.12, we do not get a lower bound on the decay rate that is uniform all over /: it is merely
uniform over the spectrum inside / (which is sufficient for our purpose, as we shall see). The reason for
this difference in the uniformity between Lemma 6.10 and 6.12 is the same that makes the Lyapunov
exponent E — p(E) in general only upper semicontinuous and not lower semicontinuous (in the present
situation, it actually is continuous).

We postpone the proofs of Lemmas 6.10 and 6.12 to the end of this section and turn to the proofs of
Theorems 6.4 and 6.5.

6C1. The proof of Theorem 6.4. By Lemma 6.10, as Ty (E, w) € SL(2, R), with probability at least

1—KLe "+D for L > Ls and any K > 0, one also has

log |7 ' (E: T ())u|
L+1

Now pick £ = C log L, where C > 0 is to be chosen later on. We know that, with probability P satisfying

VO<k<K VEel Y|u|=1

< p(E)+34.

P>1—L%"", (6-27)
for L > Ls, any [ € [¢, L] and any k € [0, L], one also has
log |17, (E; 7" (@))ul]

VEel VYul|=1 <p(E)+4. 6-28
[l 1 < p(E) (6-28)
Let ¢; ., be a normalized eigenfunction associated to the eigenvalue E;, € I with localization
center x; . By the definition of the localization center, one has
2 2
1 < ( (pj,a)(xj,a)) ) <1 and 1 < (@j,w(xj,w + 1)) <1. (6-29)
L+1 (pj,w(xj,w_l) L+1 (pj,w(xj,w)
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By the eigenvalue equation, for x € [0, L] one has

VjoXjw)

< (pj,w(-x) ) _ Tx—xj,w(E; ijyw(w))((pj’w(x]"w _ 1)> lf X Z Xj’a),

¢jwlx—1) T (E; r"(w))( Gjol¥j0) ) if X < X0
- (pj,w(xj,w - 1)

Hence, by (6-24) and (6-28), with probability at least 1 — 2L%e M — 7P if |xj,w — x| > £ then for
Xj o < x < L one has

(6-30)

e~ (P(Ejo)+8)|x—xj0l < o P(Ej)+8) =10l ( Vjw(Xjw) ) H
vVL+1 B (pj,w(xj,w_l)
< |7y, (s 790 () < #jo (%) ) “ - H < #j0) ) H 6-31)
: Pjojo—1) Pjwx—1)

and for 0 < x < x; 4, one has

(pj,w(x) )H ’Tl E: X ( (pj,a)(xj,w) )H
= (E;TYe(w
H (w./,wbc )| T BT e - )
BN et
(pj,w(xj,w_l) - L +1

On the other hand, by the definition of the Dirichlet boundary conditions, we know that

®j.0(0) o 1 @jo(L+1) _ 0
() =0 (o) o (5100") =0 ()

1 o\ j,w
00O 1 (E; ) (0) = ((p ’ ]kx(-xJ’—)n)
J,@ J,®

(pj,a)(L) <(1)> = TL—xj,,u—l(E; -L-xj,w""l(w)) (‘pj,a)(xj,a) + 1)) .

©Vjo(Xjw)

> e~ (PEj o)) |x—xj 0l

(6-32)

Thus,

and

Thus, for w ¢ Q;(L, £,8,uy)UQg(L, L, 8, u_), where we have set u_ := ((1)) and uy = ((1)), we
know that

e—(p(E_,'vm)—(s)(L—Xj_a,) S ” TL__lxj’w_] (E, -[x_i<u)+1 (C()))M+ ” and e_(p(E_/,a))—ls)X_f,a) S || ij'm71 (E’ C())Mf ” X

Thus we obtain that, for o ¢ Q;(L, £,8,u)UQy(L,¢,8,u_),one has

‘ ((pj,a)(xj,a) + l))
(pj,a)(xj,a))

( (pj,a)(xj,w) )
wj,w(xj,w - 1)

—1
< ¢~ P(Ej0)=8)(L—xj0—1) (6-33)

, 0
@10(L)] = ‘ 1, (Tt @) (1)‘

and

—1

9.0 (0)] = < em P =0T, (6-34)

T, (E; 79 () (?) ‘
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The estimates given by Lemma 6.12 on the probability of Q;(L, £,8,uy) and Qy(L, ¢, 8, u_) for
¢ = Clog L and the estimate (6-27) then imply that, with a probability at least 1 —4L2e™ "¢~ — =P,
the bounds (6-31), (6-32), (6-33) and (6-34) hold. Thus, picking £ = C log L for C > 0 sufficiently large
(depending only on n and, thus, on § and p), these bounds hold with a probability at least 1 — L™". This
completes the proof of Theorem 6.4.

Remark 6.13. One may wonder whether the uniform growth estimate given by Lemmas 6.10 and 6.12 is
actually necessary in the proof of Theorem 6.4. That they are necessary is due to the fact that both the
eigenvalue E; ., and the localization center x; ,, (and, thus, the vector

o220
PjoXjo—1)

also) depend on w. Thus, (6-25) is not sufficient to estimate the second term in the left-hand sides of (6-31)
and (6-32).

6C2. The proof of Theorem 6.5. To prove Theorem 6.5, we follow the strategy that led to the proof of
Theorem 6.4. First, note that (6-31) and (6-32) provide the expected lower bounds on the eigenfunction
with the right probability. As for the upper bound, by (6-30), using the conclusions of Theorem 6.4 and
the bounds given by Lemma 6.10, we know that, e.g., for 0 < x < x; 4,

(21|
Dot — 1)

if (14+C)x <(C—Dxjg i€, 2(0+C) 7 xj g < xj0—x.
For x > x; , one reasons similarly and, thus, completes the proof of Theorem 6.5.

1 . _ N8k _ oy s
TX(E, a)) (0) H |(p‘]’w(0)| < e(p(Ej.<u)+5)xe (IO(E_/,w) S)X_],U) <e (p(Ej.w) Co)lx xj.wl

Remark 6.14. Actually, as the proof shows, the results one obtains are more precise than the claims
made in Theorem 6.5 (see [Klopp > 2016]).

6C3. The proof of Lemma 6.12. The proofs for the two sets QfBE(L, £, 8, u) are the same. We will only
write out the one for Q;(L, £,8,u). Let us first address the measurability issue for Q;(L, £,6,u).
The functions w — E; , and o +— ¢, ,, are continuous (as the eigenvalues and eigenvectors of finite-
dimensional matrices depending continuously on the parameter @ = (@;)o<j<z). Thus, for fixed j, the
sets {w | Ej , € 57{; (w,L,8,u)} and {w | x;, > j} are open (we used the definition of x; ,, as the leftmost
localization center (see Theorem 6.4)). This yields the measurability of QJB“ (L,2,6,u).

We claim that
L+1—¢

1
—Latw.esu = Z (8, 135*@ L. (Ho,1)dj), (6-35)

L+1

where 1%+(a} L.s.0)(Ho,1) denotes the spectral projector associated to H, 1 on the set 37{+ (w,L,$,u).
Indeed, 1f one has E; , ¢ ?7{+ @, L,5,u) for all j then the left-hand side of (6-35) Vamshes and
the right-hand side is nonnegatwe On the other hand, if, for some j, one has 0 < x;, < L — ¢ and
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Ejoe€ ?7{;, (@, L,8,u), then we compute

o~

L— L—¢
1 1
2 2
(o1, ljﬁj(w’L’g,u)(Hw,L)Bﬂ = E E [0k, (D" = 1¢),0(Xj0)” > I+1 Tl = I+1 n llgg(L,e,a,u)
0 =0 k

~

Epo€X ] (0,L,8,u)
by the definition of x; .
An important fact is that, by construction (see Lemma 6.12), the set of energies 57{;“ (w, L, 5, u) does not
depend on w;. Hence, denoting by E,, () the expectation with respect to w; and E;, (-) the expectation
with respect to @; = (wy )k, We compute

L—¢ L—¢

[E( Z<81’ lﬂfj(w,L,s,u)(Hw,Lwﬂ) = Z [Er?)_,- (Ew,- (<5jv lﬂfj(w,L,s,u)(Hw,L)‘Sj)))-

j=0 j=0

As w; is assumed to have a bounded, compactly supported distribution and as 37{;.“ (w, L, §, u) does not
depend on w;, a standard spectral averaging lemma (see, e.g., [Simon 2005, Theorem 11.8]) yields

Eoy (8 Vo, 1.0, (Ho2)87)) < 157 (@, L, 8,0,

where | - | denotes the Lebesgue measure. Thus, we obtain

L—¢ L—t L—2¢
[E(Z«S,-, 1?,¢<w,L,,;,u>(Hw,L)aj>> < Eo (1] (@, L8, wl) = Y E(1%] (@, L, 8,w)l).  (6-36)
j=0 j=0 j=0

By Lemma 6.11 and the Fubini—Tonelli theorem, we know that

E(|3{j(a), L,8,wl) = [E(f lﬂfj(w,L,s,u)(E) dE) = / [E(lﬁfj(w,L,a,u)(E))dE
1 1

log |7, .. (E, w)ull
< |1|supﬂﬂ>(‘ L 2’*”.
—J

—/O(E)‘ > 5)

Eel
< |]|r—'7(L—j)_

Taking the expectation of both sides of (6-35) and plugging this into (6-36), we obtain

L—¢
o i (L D[I]e™ 7D
4 (€1 (
PQf(L. £.8.w) < (L+DII|e”" jgoe R e

In the same way, one obtains

—n(t=1)
< (L+Dlle .

[Ij) Q_ L, ‘e, 57 u
(82 ) 1—en
This completes the proof of Lemma 6.12.

Remark 6.15. This proof can be seen as the analogue for products of finitely many random matrices of
the so-called Kotani trick (see, e.g., [Cycon et al. 1987]).
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6C4. The proof of Lemma 6.10. The basic idea of this proof is to use the estimate (6-25), in particular,
the exponentially small probability and some perturbation theory for the cocycles so as to obtain a uniform
estimate.

Let n be given by (6-25). Fix n’ < %n and write

I=|JIE;.Ejn], where Le™7UFD <Ej —Ej <2077 D (6-37)
jeJ
thus, #J < e L+D,
We now want to estimate what happens for E € [E;, Ej1]. Using (1-15) and

E-Vom) =1\ (Ej=Vom) -1\ _ . 0
( | O)—(’ | 0>_(E E;))AT, where AT._‘(O)><(O)

we compute

L
TL(E.0)=TL(Ej, )+ Y (E—E)'S), (6-38)
=1
where

Sit= Y Ty (Bt M) X AT X Ty gy 1 (Ej, T20) X AT X+ x AT X Ty 1 (Ej, 7" )

ny<ny<--<nj
. (N\/(1
1m0 (o (o)

I
1 1
= Y 1’[<(0), T s -1 (Ej, T 0) (O)> Toow-1(Ej, T"w).
Clearly, as the random variables have compact support, one has the uniform bound

ny<ny<--<n; m=2

sup [|TL(E: w)|| < e (6-39)
Eel
weR
Thus one has
sup [| S]] < L'e“*. (6-40)
we
Hence, for [ fixed, one computes
L L L
D UE—ENS| <Y (E-ENISI<) et Lt < (6-41)
I=ly 1=l 1=l

if n'lp > 2C and L is sufficiently large (depending only on " and C).

We now assume that [y satisfies n’'ly > 2C and pick 1 <1 < [y. Pick &y € (0, 1) small, to be fixed
later. Assume moreover that L is such that §L > Lg, where L; is as defined in Lemma 6.11. Then, by
Lemma 6.11, for m € {2, ..., [} one has

(1) either n,, —n,,_1 < Lg, in which case one has

1T 11 (B T ) | < €07y
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(2) or n, —nyu—1 > Ls, in which case, by (6-25), with probability at least equal to 1 — e Nm=nm-1)/2
one has

1Ty -1 (Ej, T )| < =m0 0 ED D,

Define

w={me2 ... )| nm—nm_1>Ls} and By, _n=1{2.....0}\Gn,

..........

By definition, one has

Y (w—nn-)<IL; and Y (g —nn1) = L—ILs. (6-42)

MEBy..n meGn,..n

For a fixed sequence n; <ny < --- < ny, the random variables (7, ,—p, , —1(Ej, T"" ®))1<m'<m are

independent. Hence, by (6-25), for a fixed (m1, ..., mg) € G, ... 5, one has

.....

K
[D( i]?f ||Tnmk_nmk—l_1(Ej’ "k ) H > e(P(Ej)-I—S)(nmk—nmkfl)) <e 2 k=1 Mo =N =1
1<k<K

Thus, for € € (0, 1), one has

I]:D lnf ”Tl’l —n 1 (E’ ‘L’nmkila))” > e(p(Ej)+8)(n)71k 7”»11(—1)
1<k<K my my—1 J -
K
for some (my,...,mg) € Gy, , with ank — M1 > eL) < Lle7meL,
k=1
Hence, with probability at least 1 — L'e="¢L we know that there exists (mj, ..., mg) € Gy,....n, SUCh
that
K
m, -1 Ej)+6 my —Mmy —
ank —Nmy—1 = L —ILs—¢eL and ”Tnmk—"mk—l—l(Ejv 7" )| < e(ﬂ( )+8) (g —1my —1)
k=1

for all 1 <k < K. Using the estimates (6-42) and (6-39) for the remaining terms in the product below,
for any given m-tuple (ny, ..., n,) one obtains

1
[p)( l_[ ||Tnm—nm_1—1(Eja fnmk_l(,l))” < e(p(Ej)-HS)(l—8)(L—1L5)+C(8L+1L5)) 2 1 —Lle_USL.

m=1

Hence, with probability at least 1 — loLhe™"eL for 1 <[ <1y we estimate

)
Ist= > [T 1Tnp—1 (Ej. T 0|

ni<ny<--<n;m=l1
< Ll EDFO A=) L+CeL+(C—(p(E)+8)(1—e)lLs

< L1 lPENH5+(C—p(E)=8)eIL+C—(p(E)+5)(1—e) Ll

< Lol P(ENF+HC—p(E))=D)eIL+HC—(p(E)+8) 1) Lslo (6-43)
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It remains now to choose the quantities 7', [y and ¢ so that the following requirements are satisfied:

8 ,
n'ly>2C, (C—p(Ej})—38)e< > loLPoe el T4 1

[C—(p(Ej)+ (1 —e)]lLslo - )

and =< .
L+1 2(p(Ej)+96)

(6-44)

Fixing & small, picking 0 < n’ < %ne and setting /o = L%, where @ € (0, 1), we see that all the conditions
in (6-44) are satisfied for L sufficiently large. Moreover, one has

longe—r)sLer) (L+1) < e—nsL/Z‘

Plugging this and the last estimate in (6-43) into (6-38), we obtain that, with probability at least 1 —e7L/2,
for any j € J (see (6-37)) and E € [Ej, E;1] one has

lo
ITL(E, ®) — TL(E;, o)|| <1+ Z oML+ [ 1, (p(Ej)+28)L <1+ o PEN+28)(L+1) (6-45)
=1

As p is continuous (see, e.g., [Bougerol and Lacroix 1985]), one gets that, for any § > 0 and L sufficiently

large, with probability at least 1 — e~ "¢L/2 one has, for any E € I,

I TL(E, w)| < ePEIH2)LAD

Hence, as T1(E, ) € SL(2, R), one has || T, ' (E, w)|| < e@E)+2)UAD,
Using the fact that the probability measure on €2 is invariant under the shift (it is a product measure),
we obtain (6-24). This completes the proof of Lemma 6.10.

6CS. The proof of Lemma 6.3. Assume the realization w is such that the conclusions of Lemma 6.2
hold in [ for the scales I; = 2log L. Fix a > 0 and let €, ,, be the set of indices of the eigenvalues
(Ejw)o<j<r of H,  having a localization center in [L — £;, L]. Fix C > a > 0 and consider the
projector Il¢ :=1j.—c¢, .17 In 22([[o, L.

Consider the Gram matrices

G(ELw) = ()0 ¢</’w>))(n,m)e%L,wX‘i‘éLw =1Idy,
where N = #¢&; , and
Gn(%L,w) = (((HC(/’j,wv chj*‘”)))(n,m)e‘é’L.wX‘éL,w'

By definition, the rank of G, (€L ) is bounded by the rank of I1¢, i.e., by C£;. Moreover, as by (6-3)
one has [[(1 —TI¢c)g; ol < L9e~P1CtL one has

HIdN _G”(%L,w)” < L2+qe—,011CEL < L2+‘1—CP71.

Thus, picking Cnp > g + 2 yields that, for L sufficiently large, G, (€L ) is invertible and its rank
is N. This yields #€; , = N < C{;, and the proof of Lemma 6.3 is complete.
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6D. The half-line random perturbation: the proof of Theorem 1.23. Using the same notations as in
Hoo:( H,_, |5—1>(50|>’
180} (811  —Agy

. —Aa’ is the Dirichlet Laplacian on 2(N),

Section 5C, we can write

where

*H, =—A+YV,on £?({n < —1}) with Dirichlet boundary conditions at 0.
Define the operators
Fo(E) = —Ag — E = (6_1|(H,, _; = E)~"16-1)10) (o],
Fo(E) = Hy | — E — (8ol(=AF — E)"180)18-1){8_1].

For Im E # 0, the numbers (8_;|(H, _; — E)~"|8_1) and (8o|(—Aj — E)~'|80) have nonvanishing
imaginary parts of the same sign; hence, the complex number

(8-11(H, _y = E) 16_1) ™" = (8ol (—Ag — E)~'180)

does not vanish. Thus, by rank-one perturbation theory (see, e.g., [Simon 2005]), we thus know that
T, (E) and T',,(E) are invertible for Im E # 0 and that

|(=Ag = E)"'180) (0l (=Ag — E)'|

T NE)=(—Af —E)'+ — (6-46)

((6-11(Hy _y = E)718-1)) = (Bol(=Ag — E)~!15)

~ H, | —E)y'5_)(6_1I(H, _,—E)!

F;I(E) _ (Haj_l _ E)_l + |( w,—1 ) | 7i>( 1|( w,—1 ) I ) (6_47)

’ ((Sol(=Ag = E)~180))  — (8-11(H, _; — E)~'61)

Thus, for Im E # 0, using Schur’s complement formula we compute
L _(TSNE) y(E) )

H® —E)y'=( @« ‘= , 6-48
R R (49

where y*(E) is the adjoint of y (E) and
y(E) = —|(H, _, — E)~"8_1)(80[T " (E)]

6D1. The continuation through (—2,2)\ X. Let us start with the analytic continuation through (-2, 2)\ X.

One easily checks that the function E +— (§_1|(H,, _|—E )~ 116_1) ! is analytic outside X, the essential
spectrum of H, |, and has simple zeros at the isolated eigenvalues of H ;. Hence, E — I'1(E) can
be analytically continued near an isolated eigenvalue of H, | different from —2 and 2.

As for F; ! using the spectral decomposition of (H o1 E)~!, as for any eigenvector of H,
say ¢, one has (8_1, ¢) # 0; for Ej an isolated eigenvalue of H, , different from —2 and 2, doing a
polar decomposition of Fa_)l near Eg one checks that £ +— F;l (E) can be analytically continued to a

neighborhood of Ej.
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Finally let us check what happens with y. We compute
Y(E)=—(_1|(H, _, —E)~"16_1) " |(H, _, — E) '18_1)(Sol(—AF — E)7'.

As E+— (8,1|(H(;_1 —E)~! |8,1)_1(H;_1 —E)lis analytic near any isolated eigenvalue of Hl;_l,
we see that £ — y (E) can be can be analytically continued to a neighborhood of an isolated eigenvalue
of H o1

Hence, the representation (6-48) immediately shows that the resolvent (H° — E )~! can be continued

through (=2, 2) \ X, the poles of the continuation being given by the zeros of the function

. _ . ; dN,(2)
E> 1—(8o|(—A — E)~'180)(8-1|(H,, _; — E) 1|8_1>=1—e9<E)fRﬁ.

6D2. No continuation through (—2,2) N X° Let us study the analytic continuation through (-2, 2) N X°.
Considering the lower right coefficient of this matrix, we see that, when coming from upper half-plane
through (=2,2)NX° Ew (H —E )~! can be continued meromorphically to the lower half plane (as
an operator from 2 (Z) to £>. (2)) only if £+ I', 1(E) can be continued meromorphically (as an

comp loc

operator from 22 (N) to £2._(N)).

comp loc

As E +— (—A(}L — E)~! can be analytically continued (see Section 2), by (6-46) the meromorphic
continuation of E + I'!(E) will exist if and only if the complex-valued map

1
((6-11(Hy _y — E)=118-1)) " — (8ol (—AF — E)~"[80)

E > go(E) =

can be meromorphically continued from the upper half-plane through (—2, 2) N X°. Fix w such that the
spectrum of H_ _, is equal to ¥ and pure point (this is almost sure; see, e.g., [Carmona and Lacroix

w,
1990; Pastur and Figotin 1992]). As §_; is a cyclic vector for H w10 for E an eigenvalue of .1 One

then has

lim ((8-11(H, _, —E—ig)"'5_y)) " =0. (6-49)
£— ’

Hence, if the analytic continuation of g, would exist on (—2, 2) N X° it would be equal to

1

ga)(E +IO) = - (80|(—A§ _E_ iO)_1|80> .

(6-50)

By analyticity of both sides, this in turn would imply that (6-50) holds on the whole upper half-plane;
thus, in view of the definition of g, that (6-49) holds on the whole upper half plane: this is absurd! Thus,
we have proved that, w-almost surely, E — (H° — E)~! does not admit a meromorphic continuation
through (—2,2)N X°.

6D3. Absolutely continuity of the spectrum of H>° in (—2,2) N X° Let us now prove that the spectral
measure of H3° in (—2,2) N X° is purely absolutely continuous. It suffices (see, e.g., [Teschl 2000,
Section 2.5; Simon 2005, Theorem 11.6]) to prove that, for all E € (—2,2) N X°, one has

limsup|(8o, (H2® — E —ie)~'8o)| + [(8_1, (H® — E —ig)~'6_1)| < +oo0.

e—0F
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Using (6-46), (6-47) and (6-48), for Im E # 0 we compute

(61, (H® —E)'s_) = OorlHy 1 = B) 181 (6-51)
—1 (Hy TG0l (— A — E) oo - (51 l(H,,_, — E) o)’

—B_,l(HT = E)Y8_1) (8| (=AF — E)~1Y8,,
(5, (HE — E)15,) = (8-nl( w,+_1 )" 18-1)(Sol( Ao )" 0m) 6-52)
1= (8ol(=Ag — E)~!80) - (8-11(H, _; — E)71[8-1)

forn >1and m <0, and

(8ol(=Ag — E)~"180)

80, (H® — E)~'80) = '
(00, (H," = E)™" o) 1= (8ol (=AF = E)~1180) - (8-11(H,, _; — E)~"18-1)

(6-53)

Thus, to prove the absolute continuity of the spectral measure of H2° in (=2, 2) N X°, it suffices to
prove that, for £ € (—2,2) N X°, one has

1
limsup(‘ —
=0t \I((8-1|(H,, _; — E—ie)78-1))" — (Sol(=Ag — E —ie)~1[80)

1
((Sol(—Ag — E — 1'8)‘1|50))_1 —(8-1l(H, _; —E—ie)~15_1)

) <.

« the signs of the imaginary parts of —((8_1 I(H, _, —E—ie) 16, ))_1 and (8| (—AE)F—E—is)_1 |60)
are the same (negative if Im £ < 0 and positive if Im E > 0),

o for E € (—2,2), (8o|(—Af — E —ig)~!|8) has a finite limit when & — 0T,

This is the case, as

« for E € (-2, 2), the imaginary part of (8o|(—A§ —E —ig)~"|8o) does not vanish in the limit & — 0.

So, we have proved the part of Theorem 1.23 concerning the absence of analytic continuation of the
resolvent of H.° through (—2, 2) N X° and the nature of its spectrum in this set.

6D4. The spectrum of H.° is pure point in ¥° \ [—2, 2]. Let us now prove the last part of Theorem 1.23.
The proof relies again on (6-48). We pick B € (0, yo), where « is determined by Theorem 6.1 for H o1
Then, for n > 1 and m < 0, using the Cauchy—Schwartz inequality, for Im E # 0 we compute

E(|(3-n, (HZ — E)'8,)|")°
< [ol(—=AF — E)~"18,) > - E(| 6l (H _, — E) "1 15_)| )

1
(| oo
1 —=(dol(=Ag — E)"d0) - (6-1|(H,, _; = E)7'[6-1)

For a compact interval J C (—2, 2) \ X, we know that, forn > 1 and m <0,

28
). (6-54)

. supImE#O{ ((Sol(—Aar —E)7! |8m){ < e7 " by the Combes—Thomas estimates;

* SUPyy, £ [E(|((S_,1|(H;_1 —E)7'5_)) ’2’3) < e~ 2Prn by the characterization (6-1) of localization
in X for Ha:_l.
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It suffices now to estimate the last term in (6-54) using a standard decomposition of rank-one perturba-
tions (see, e.g., [Simon 2005; Aizenman and Molchanov 1993]); one writes
1 N w_1— b
1 — (Sol(—=AF — E)~"180) - (8_11(H, _, —E)~'16_1) w-1—a’

where a and b only depend on (w_,),>2. Thus, as (w_,),>1 have a bounded density, for Im E # 0 one

has
2p
w_1—b
> S [E(a),,,),,zz |:EC‘)fl (' !

w_1—a

1
| =miarzrm o5
1—=(Sol(=Ag —E)~"1d0)- (6-11(H,, _; —E)~'[6-1)

28
)5C,g<+oo.

Thus, we have proved that, for a compact interval J C X\ [—2, 2], for § € (0, %a) and some p > 0,
for n > 1 and m < 0 one has

sup E(|(5_,, (HS —E)~'8,)|") < CpePmm.
Im E#0
ReEel

In the same way, using (6-51) and (6-53), one proves that

sup E(| (S0, (HZ — E)~'80)|” + (61, (HZ — E)~'8_1)|") < +o0.
Im E#0
Re Eel

Thus, we have proved that, for some p > 0, one has

) B
sup sup [E(Ze”(m_”) (8_p, (H® —E)7'8,,) ) < +o0.
ImE£0meZ \ )=
Re Eel

Hence, we know that the spectrum of HJ° in X \ [-2, 2] (as J can be taken arbitrarily, contained
in this set) is pure point associated to exponentially decaying eigenfunctions (see, e.g., [Aizenman and
Molchanov 1993; Aizenman 1994; Aizenman et al. 2001]). This completes the proof of Theorem 1.23.

Appendix

In this section we study the eigenvalues and eigenvectors of H; (see Remark 1.6) near an energy E’ that
is an eigenvalue of both H(;r and H,~ (see the ends of Sections 4A3 and 4A4). We keep the notations of
Sections 4A3 and 4A4.

Let ¢t € £2(N) (resp. ¢~ € £%(Z_)) be normalized eigenvectors of HOJr (resp. H, ) associated to E_.
Thus, by (4-28) and (4-32), we can pick, forn >0and/ € {0, ..., p — 1},

Quo =Ccai(ENp"(E") and ¢, =c b (E)p"(E"). (A-1)
Assume L = Np +k and, for [ € {0, ..., L}, define o™F € ¢£2([[0, L) by

L. L L. L. - —L -L._ -
‘P1+ =9, (pi_l :(pz_-i-l =91 =0, ¢ "i=¢_, and ¢ =@ =9, =0. (A-2)
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Thus, one has

Hig™t =E'otr +of (81, Ho ' =E¢~"+97; 8 and (p™F 97" = 0WNp"(E)).
(A-3)
Recall that a; (E") # 0 # by (E’) (see Sections 4A3 and 4A4); thus, by (A-1), one has

0”11 = Ip(EDNN" <l - (A-4)

Moreover, as Hy converges to H(;r in the strong resolvent sense, for ¢ > 0 sufficiently small and L
sufficiently large, H; has no spectrum in the compact E’ + [—28, —%8] U [%8 28]. Let I, be the spectral
projector onto the interval [—73e, 3¢, that is, TT;, = 1/(2im) f‘z (Hy —2)~'dz. By (A-3), one
computes

—FE'|=¢

+

% _ _

1-Tpett = ﬁ/ (E'—2)"YW(HL — 2780 dz.
|[z—E'|=¢

Thus, one gets

(1 =T+ 11 =T e ™5 < 1p(EDY. (A-5)
Define . |
~+,L +,L ~—,L —L
X = Mee™" and X" = — g™
[T o+ L Tl oL

The Gram matrix of (y +%, ¥ 1) then reads Id4+O (Np" (E)). Orthonormalizing (3 **, ¥ %) into

+.L X"L ) and computing the matrix elements of I1; (H; — E’) in this basis, we obtain

01
10

(x

( (pz_.f_l <8L’ (p+’L> go—[-!,—] <805 ¢+’L>

AT A I ¢—7L>>+O(NZPZN<E>>=apN<E>( )+O(N2,02N(E))
L1V ~L—1190

Thus, we obtain that the eigenvalues of H; near E’ are given by E' +ap” (E)+ O (N 2p2N(E)) and the
eigenvectors by \/Li(goJ“L +¢ =LY+ 0(p"(E)). In particular, their components at 0 and L are asymptotic
to nonvanishing constants.
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ON CHARACTERIZATION OF THE SHARP STRICHARTZ INEQUALITY
FOR THE SCHRODINGER EQUATION

JIN-CHENG JIANG AND SHUANGLIN SHAO

We study the extremal problem for the Strichartz inequality for the Schrodinger equation on R x R
We show that the solutions to the associated Euler—Lagrange equation are exponentially decaying in the
Fourier space and thus can be extended to be complex analytic. Consequently, we provide a new proof of
the characterization of the extremal functions: the only extremals are Gaussian functions, as investigated
previously by Foschi, Hundertmark and Zharnitsky.

1. Introduction

We begin with some notation. For a Schwarz function f on R, d > 1, define the Fourier transform

F)E) = (&) = / e f(rydx, £ R

Rd
The inverse of the Fourier transform,

1 .
TN = 0= [ de verd
Q2m)? Jpa
The linear Strichartz inequality for the Schrédinger equation [Keel and Tao 1998; Tao 2006] asserts that
le"™® fll 24474 oy < Call £ll 2 (M

where ¢/'2 f(x) = (1/2m)?) [ra xR £(£) d&. We specify d = 2 and consider

1" Flls ey < RIS 2@y 2)
where A
e fll s mumre
R:= sup: LD r e 2, f;so}. 3)
1Nl 22y

We define an extremal function or extremal to (2) to be a nonzero function f € L? such that the
inequality is optimized, in the sense that
1" Fll s @xrey = RISl 2e)- (4)
The extremal problem of (2) concerns:
(1) Whether there exists an extremal function?
MSC2010: 35J10.

Keywords: Schrodinger equation, Strichartz inequality and extremals.
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(i1)) How to characterize the extremal functions? What are the explicit forms of extremal functions? Are
they unique up to the symmetry of the inequality?

From Foschi [2007] and Hundertmark and Zharnitsky [2006], it is known that the Gaussian functions
are the only extremal functions of the linear Strichartz inequality (2) for the dimensions d = 1, 2. Here
Gaussian functions R? — C, d = 1, 2, are of the form

eA\x|2+B-x+C

with A, C € C, B € C? and the real part of A negative. The existence of extremizers was established
previously by Kunze [2003] for the Strichartz inequality (1) when d = 1. When d > 3, existence of
extremizers is proved by the second author in [Shao 2009] .

In this note, we are interested in the problem of how to characterize extremals for (2) via the study of
the associated Euler-Lagrange equation. We show that the solutions of this generalized Euler—Lagrange
equation enjoy fast decay in the Fourier space and thus can be extended to be complex analytic; see
Theorem 1.1. Then, as an easy consequence, we give an alternative proof that all extremal functions to
(2) are Gaussians, based on solving a functional equation of extremizers derived in [Foschi 2007]; see (7)
and Theorem 1.2. Indeed, in the proof given below we use the information that f is twice continuously
differentiable, i.e., f € C?, which can be lowered to continuity by a more refined argument. The functional
inequality (7) is a key ingredient in Foschi’s proof. To prove f in (7) to be a Gaussian function, local
integrability of f is assumed in [Foschi 2007], which is further reduced to measurable functions in
[Charalambides 2013].

Let f be an extremal function to (2) with the constant R. Then f satisfies the generalized Euler—
Lagrange equation

wl(g, f)=2(g. f. f. f) forall geL? (5)

where w = A(f, f, f, f)/||f||%2 > 0 and 2(f1, f2, f3, fa) is the integral
/( . F1En f2 /@) /16086 +& — & — 80861 + &l — 16 — |6 déi d2dgs déa (©)

for f; € L*(R?), 1 <i <4, and §(§) = (27)™ [, €/** dx in the distribution sense for d = 1, 2. The
proof of (5) is standard; see, e.g., [Evans 2010, p. 489] or [Hundertmark and Lee 2012, Section 2] for
similar derivations of Euler—Lagrange equations.

Theorem 1.1. If f solves the generalized Euler—Lagrange equation (5) for some w > 0, then there exists
> 0 such that
MEP f e L2RY).

Furthermore, f can be extended to be complex analytic on C?.

To prove this theorem, we follow the argument in [Hundertmark and Shao 2012]. Similar reasoning
has appeared previously in [Erdogan et al. 2011; Hundertmark and Lee 2009]. It relies on a multilinear
weighted Strichartz estimate and a continuity argument. See Lemmas 2.1 and 2.2.
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Next we prove that the extremals to (2) are Gaussian functions. We start with the study of the functional
equation derived in [Foschi 2007], which reads

F@ ) =fw)f(2) (7)

for any x, y, w, z € R? such that
x+y=w+z and |x]*+[y[* =|wl*+]z|* (8)

Note that x, y, w, z € R? satisfy the relation (8) if and only if these four points form a rectangle in R?
with vertices x, y, w and z. Indeed, by (8), these four points x, y, w and z form a parallelogram on R?
and x-y = w-z. Secondly, w—x is perpendicular to z—x, since (w—x)-(z—x) =w-z—w-x —x-z+|x|*> =
w-z—(x+y)-x+|x|>?=w-z—y-x =0. This proves that x, y, w and z form a rectangle on R?.
In [Foschi 2007], it is proven that f € L? satisfies (7) if and only if f is an extremal function to (2).
Basically, this comes from two aspects. One is that, in the Foschi’s proof of the sharp Strichartz inequality,
only the Cauchy—Schwarz inequality is used at one place besides equality. So the equality in the Strichartz
inequality (2), or equivalently the equality in Cauchy-Schwarz, yields the same functional equation as (7),
where f is replaced by f . The other one is that the Strichartz norm for the Schrodinger equation satisfies
the identity
€2 fllsxre) = Clle™ £ | Lsure) ©)

for some C > 0.

Foschi [2007] is able to show that all the solutions to (7) are Gaussians under the assumption that f is
a locally integrable function. This can be viewed as an investigation of the Cauchy functional equation (7)
for functions supported on the paraboloids. To characterize the extremals for the Tomas—Stein inequality
for the sphere in R3, [Christ and Shao 2012] studies the same functional equation (7) for functions
supported on the sphere and prove that they are exponentially affine functions. Charalambides [2013]
generalizes the analysis in [Christ and Shao 2012] to some general hypersurfaces in R” that include the
sphere, paraboloids and cones as special examples and proves that the solutions are exponentially affine
functions. In [Charalambides 2013; Christ and Shao 2012], the functions are assumed to be measurable
functions.

By the analyticity established in Theorem 1.1, equations (7) and (8) have the following easy consequence,
which recovers the result in [Foschi 2007; Hundertmark and Zharnitsky 2006].

Theorem 1.2. Suppose that f is an extremal function to (2). Then

flx) = eA|x|2+B-x+C’ (10)

where A, C € C, B € C? and N(A) < 0.

Let f be an extremal function to (2). Then, by Theorem 1.1, f is continuous. This, together with (7)
and (8), implies that any nontrivial f is nowhere vanishing on R?; see, e.g., [Foschi 2007, Lemma 7.13].
For any a € R2, there is a disk D(a,r) C C?, r > 0, such that fis C? by Theorem 1.1 and f is nowhere
vanishing. Then log f is C? on D(a, r); see, e.g., [Krantz 1992, Lemma 6.1.9]. Similar claims can be
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made for log f2. Then, up to a multiple of 27,

log f*(a) =log f (a) +log f ().

After restriction to R?, f satisfies (7) for x, y, w and z satisfying (8). So, by taking r sufficiently small,

log f(x) +1log f(y) =log f(w) +log f(z)

for x, y, w, z € B(a,r) C R? related as in (8). Since log f is twice differentiable, it is not hard to see
that log f is a quadratic polynomial on B(a, r). So log f is a quadratic polynomial on R?. Indeed, let
a=0and ¢(x1) =log f(x1,0), ¥(0, x2) =log f(0, xp). Then, since the four points (x1, x2), (x2, —X1),
(x1 +x2, x2 — x1) and (0, 0) satisfy (8), we see that

[@(x1) + ¥ ()] + [ (x2) + Y (—x)] = [ (x1 +x2) + ¥ (x2 — x1)] +log £(0, 0).

By differentiating firstly in x; and then in x;, we see that ¢” = 1" is a constant. Thus f is a quadratic
polynomial. It is easy to see that this argument generalizes to any a € R>.

2. Complex analyticity

In this section, we show that the solutions to the generalized Euler—Lagrange equation (5) can be extended
to be complex analytic.
We define
n:=(n,m, 13, 14) € R,
a(n) :=n1+nm—n3— N4,
b(n) = [ * +mal? = 31 = [nal.

Let ¢ > 0 and > 0. For & € R?, define

45
F =F = — 11
é) (&) T+ elef (11)
Define the weighted multilinear integral for /; € L*(R?,1<i<4, by
\ 4
Mp(hy, hy, h3, hy) = / eF L= FOD T h(n)18(a(m))8(b(n)) dn. (12)
(R2)4

j=1

The multilinear estimate we need shows the weak interaction of Schrodinger waves between the high and
low frequency. More precisely:

Lemma 2.1. Let h; € LZ(RZ), 1 <i<4,andlets > 1 be alarge number. If the Fourier transforms of h
and hy are supported in {& : |&| < s} and {§ : || > Ns} with N > 1 a large number, respectively, then

4
Mp(hy, by, hs, ha) < CNTV2 T 1l 2 (13)
j=1
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Proof. The proof of this lemma needs the following two inequalities:

4
Mp(hy, ha, hs, hy) < f T Tins@pisaeswan) dn (14)
Re)* %
j=1
and
le"®hie" hall 2 < CN7V2 ka2l 2. (15)

Together with the Cauchy—Schwarz inequality and the L? — L* Strichartz inequality, the inequality (13)
follows from (14) and (15). Note that (15) is established in [Bourgain 1998]. Thus it remains to
establish (14), where we follow [Erdogan et al. 2011; Hundertmark and Shao 2012].

On the support of 1 determined by &(a(n)) and §(b(n)), we have

m+m=n+ns and |ni*+1nal* = s> + Inal®.
Thus,
Imi % < Il + I3l + Inal®.

Since the function x — x/(1 4+ ex) is increasing on the interval [0, co), we have

m? Xl Z Inj <2“: ;>
T+elml> ~ 14+ 38, eln 12 31+ 0 sl = T+eln;?
This implies that F (1) < Y7_, F(n;). since ;1 > 0. Hence,
PO Fo) < 1.
Therefore (14) follows by taking the absolute value in the integral. U

If f € L? satisfies the generalized Euler-Lagrange equation (5), the following bootstrap lemma shows
that f gains certain regularity; namely, there is a constant u > 0 depending on the function f such
that et/” f € L. This is enough to conclude that f can be extended to be complex analytic.

Lemma 2.2. [If f solves the generalized Euler—Lagrange equation (5) for some w > Qand || f||;2 =1,

then for f; = flstz with s > 0, there is a large constant s > 1 such that, for 1 = s,

olle O foll2 < o1 foll 2 +Clle O 12, + Clle™ O £ 13, + 02 (1), (16)

where limg_, o 0; (1) = O uniformly for all ¢ > 0, i =1, 2, and the constant C > 0 is independent of ¢
and s.

Proof. Define h(€) = e"® f (&) and h- (&) = e ® f_, where f. = f1s. Let P denote the symbol of
differentiation —id,; under the Fourier transform, P= |&€|. Correspondingly, we write F(P) with the
Fourier symbol u|€]|%/(1 +¢|£]?).

We expand

e follz, = (eF O f ey = (2O fy =P £, ).
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Thus, in the generalized Euler—Lagrange equation (5), setting g = ¢*F'®) £, we see that

wlle™ P f12, = QP £, £ f ). (17)

Since f =e¢ F®p and 2F® f_ = FOp_,

QP f f )= f 2FE) F_(£) o (E2) f(83) falE)S(@(©)8(b(&)) dE

(RH)*

:/ eFER_ () e FEh(&)e T n(E)e T h(£4)8(a(£))8(b(E)) dE
(RH)*
B /<R2)4 M EVRI T () h(E2)h(E:)h(EDS @) (B(E)) ds,

where a(§) = & +& — & — & and b(§) = |§1° + |&2]> — |67 — |&4]* for & = (51, 6,83, &) € (R2)4.
Thus,

wlle™ P foll7, < Mp(he, b, h, h). (18)

Define
h~ :h1~95|§|552’h<< :h1‘§|<s and h< :h<<+h~.

We split the integral Mg (h-, h, h, h) into the following pieces:

Mp(ha,hoho,h )+ )0 Mp(he, hjy, hyy, hy) = A+ B,
J2:J3,J4
where h j, is either h. or h_, but at least one is ... We further split A into two terms,
MF(h>’ h<<a h<7 h<) + MF(h>’ hN’ h<’ h<)9
we estimate this term by using Lemma 2.1:
ASsT Pz llh el 2 1 <llFs + s 2 lh 2 1<l S s 2™ 2 hell 2 + a2 A< 172
Since || fllz2 =1,
4 el
lhllpe <e™ |l fllp2 =e",
lhell2 < e,
4
Ml <e™ || fllrz,
where f._ is defined by fl = f ly<|¢|<s2- Thus we have
ASEN b2 (s~ e | 2. (19)

Similarly we estimate the term B. We split B as By + B,, where B = ij,js,j4 Mp(h=,hj,, hj, hj,)

contains exactly one h. in {hj,, hj,, h;}, while B, = ij s Mpg(h-,hj, hj,, hj,) contains two or

more A .
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To estimate Bj,
4 2 —1/2 pus?—pst 2ust 2, —1/2 us?—ust
Bi S e Ao 3o a2 (s ™2 R 1) fullz) S e s lI7a (s 2™ M 1 foll2). (20)

To estimate Bj,
4
By S a3 llhcll e + 1R ll]2 S e a8y + 7= (21)

Thus, from (19), (20) and (21), we obtain

F() ;f 12
[

3ust —1/2 pus?—pus* 2t 2 —1/2 us?—ust 4 3 4
Sl 2 (572 T | £l ) e ha 17 (5T 2T | £l ) e A 4 Al

Since limy_, o || f- || ;2 = 0, we take s sufficiently large and set u = s~*:
e foll <orlle™ ) foll 2+ Clle™ ) folT + Clle™ ™ L1174+ 02(D), (22)
which completes the proof of Lemma 2.2. (|

Remark 2.3. Clearly the choice of u in the preceding lemma depends on the function f itself.
Now we conclude that f in Lemma 2.2 gains certain regularity.

Proof of Theorem 1.1. Let f € L? and f # 0. We normalize f so that || f|;2 = 1. In Lemma 2.2, we
choose s sufficiently large such that 0,(1) < %a) and 05(1) < %M, where M = sup{G (x) : x € [0, c0)},
and

Gx):= %wx —Cx?—Cx?, x€el0,00), (23)

and C is the same constant as in (16). It is easy to see that 0 < M < oco. Then G(x) < M for all
x € [0, 00) by Lemma 2.2. Also the function G is continuous on [0, 00). On the other hand, G”(x) <0
for all x € (0, c0); thus G is concave. The line G = %M intersects at two points of the positive x axis,
x=xpand x = x; > 0.

We define H : (0, co) — [0, c0) via

H(s) = </ |eFS—4_€(§)f|2 d§>2'
&|>s2

The function H is continuous on (0, co) by the dominated convergence theorem and H (0, oo) is connected.
Hence G~'([0, %M]) is either contained in [0, xo] or [x1, 00); only one alternative holds. For ¢ = 1
and s sufficiently large, H (1) > x; is impossible. Hence the first alternative holds.

Therefore G~! ([0, %M ]) C [0, xo], which yields that

le" ) fullz < Co,  thatis, fle SRR £y < 0, 24)
uniformly in all € > 0. By the monotone convergence theorem,

—4 2 A
et B f1l2 < Co < 0.
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It is clear that ¢ € /1, > € L?. Therefore,
e B fer?.

Let 1+ = s~*. This proves the first half of Theorem 1.1.
To prove that f can be extended to be complex analytic on C?, we observe that, by the Cauchy—Schwarz
inequality, for any A € R,

e*‘é'f@) — ellél—ﬂlé\zeMEFfA(s) c Lz(RZ). (25)

So it is not hard to see that f can be extended to be complex analytic on C?; see, e.g., [Reed and Simon
1975, Theorem IX.13]. Alternatively, analyticity can be obtained in the following way. Similarly to in
(25) for k e NU{0}, |&[e*! f € LY(R?). For z € C2, we choose A > |z], then

F@r=@m? [ e de.

Then, by taking differentiation under the integral sign, complex analyticity follows. (|
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FUTURE ASYMPTOTICS AND GEODESIC COMPLETENESS
OF POLARIZED T2-SYMMETRIC SPACETIMES

PHILIPPE G. LEFLOCH AND JACQUES SMULEVICI

We investigate the late-time asymptotics of future-expanding, polarized vacuum Einstein spacetimes with
T2-symmetry on T, which, by definition, admit two spacelike Killing fields. Our main result is the
existence of a stable asymptotic regime within this class; that is, we provide here a full description of
the late-time asymptotics of the solutions to the Einstein equations when the initial data set is close to
the asymptotic regime. Our proof is based on several energy functionals with lower-order corrections (as
is standard for such problems) and the derivation of a simplified model that we exhibit here. Roughly
speaking, the Einstein equations in the symmetry class under consideration consist of a system of wave
equations coupled to constraint equations plus a system of ordinary differential equations. The unknowns
involved in the system of ordinary equations are blowing up in the future timelike directions. One of
our main contributions is the derivation of novel effective equations for suitably renormalized unknowns.
Interestingly, this renormalization is not performed with respect to a fixed background, but does involve
the energy of the coupled system of wave equations. In addition, we construct an open set of initial data
that are arbitrarily close to the expected asymptotic behavior. We emphasize that, in comparison, the class
of Gowdy spacetimes exhibits a very different dynamical behavior to the one we uncover in the present
work for general polarized T2-symmetric spacetimes. Furthermore, all the conclusions of this paper are
valid within the framework of weakly 72-symmetric spacetimes previously introduced by the authors.

1. Introduction

This is the third of a series of papers [LeFloch and Smulevici 2015; 2016] devoted to the study of
weakly regular, T'2-symmetric, vacuum spacetimes. There has been extensive work on the mathematical
analysis of T'2-symmetric spacetimes with high regularity and we refer for instance to the introduction of
[Smulevici 2011] for related literature. Our motivation in studying these spacetimes is two-fold. First
of all, given the high degree of symmetry, one can study these solutions under much weaker regularity
than in the general case. In [LeFloch and Smulevici 2015], we introduced the notion of weakly regular,
T?-symmetric, vacuum spacetime and we established a future-expanding, global existence theory in the
so-called areal coordinates — generalizing a previous result in the smooth setup [Berger et al. 1997]. Our
notion of weakly regular spacetimes extended a notion first proposed by Christodoulou [1993] (see also
[LeFloch and Sormani 2015]) for radially symmetric spacetimes and later by [LeFloch 2015; LeFloch
and Mardare 2007; LeFloch and Rendall 2011; LeFloch and Stewart 2005; LeFloch and Stewart 2011]

MSC2010: 83C05, 83C20, 35Q76.
Keywords: Einstein equations, T2-symmetry, future expanding spacetime, late-time asymptotics, geodesic completeness.

363


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2016.9-2
http://dx.doi.org/10.2140/apde.2016.9.363
http://msp.org

364 PHILIPPE G. LEFLOCH AND JACQUES SMULEVICI

for Gowdy symmetric spacetimes. See also the more recent developments in [Grubic and LeFloch 2013;
2015].

Our second motivation comes from the fact that, apart from special cases (see, for instance, [Chrusciel
et al. 1990; Ringstrom 2004; 2009]), a complete description of the late-time asymptotics of 72-symmetric
spacetimes has not been given yet even for smooth initial data sets. In fact, the techniques available until
now provide the existence of future developments, but are not sufficient to prove that these spacetimes
are future geodesically complete or not.

Recall that a 72-symmetric, vacuum spacetime is a solution to the vacuum Einstein equations Ric(g) =0
arising from an initial data set which is assumed to be invariant under an action of the Lie group 72. We
are concerned here with the study of 72-symmetric spacetime arising from initial data given on 7. For
such spacetimes, it is known [Chrusciel 1990] that, unless the spacetime is flat (and therefore the solution
is trivial) the area of the orbits of symmetry, say R, admits a timelike gradient and, therefore, can be used
as time coordinate and leads one to define the so-called areal gauge. By convention, we can choose the
time direction so that R increases toward the future. In the present paper, we restrict attention to polarized
T?-symmetric spacetimes, which are T?-symmetric spacetimes for which the Killing fields generating
the T2 symmetry can be chosen to be mutually orthogonal.

Our main result is a complete description of the future time-asymptotics of polarized, 72-symmetric,
vacuum spacetimes, under the assumption that one starts sufficiently close to the expected asymptotic
regime. As a consequence, it follows that these spacetimes are future geodesically complete. We refer to
Theorems 7.1 and 8.1 for precise statements. These results are new even for smooth initial data, but we
also emphasize that all of our estimates are valid within the framework of weakly regular, T2-symmetric
spacetimes introduced in [LeFloch and Smulevici 2015].

Prior to the present work, two important subclasses of T2-symmetric solutions were studied in the
literature. First of all, when the initial data set is invariant not only by an action of 72 on T? but by
the action of 73 on itself, then the spacetime is homogeneous, i.e., admits three independent spatial
Killing fields. The Einstein equations then reduce to a set of ordinary differential equations. Second,
another subclass of solutions is the class of Gowdy spacetimes, which, by definition, are 72-symmetric
solutions for which the family of 2-planes orthogonal to the orbits of symmetry is integrable. One of
the main differences between the Gowdy solutions and the general 72-symmetric solutions is that the
equations in areal gauge are semilinear in the Gowdy case, while they are quasilinear in general. The
future time-asymptotics of Gowdy spacetimes were derived by Ringstrom [2004] (see also [Chrusciel
et al. 1990] for polarized Gowdy spacetimes).

The following question thus arises. Are the asymptotics of homogeneous 7'2-symmetric or Gowdy
spacetimes stable within the whole set of T2-symmetric solutions? For homogeneous solutions, it turns
out that there are not even stable within the class of Gowdy spacetimes [Ringstréom 2004]. As far as
Gowdy spacetimes are concerned, the asymptotics derived in the present work show that they are not
stable within the set of T2-symmetric solutions. For instance, according to Theorem 7.1, the norm of the
gradient of R behaves like R~2, while it decays exponentially in the Gowdy case. Of course, one question
which remains open is whether the future asymptotic behavior that we uncover here is stable, first within
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the whole class of T2—syrnmetric solutions (i.e., for nonpolarized solutions) and, then, within the class of
solutions arising from arbitrary initial data defined on T3. We observe that many of the estimates we
prove below can be generalized to the nonpolarized case.

Independently of this work, Ringstrom [2015] has recently obtained interesting and complementary
results on T2-symmetric spacetimes. His main results can be summarized as follows. For any 72-
symmetric spacetime that is nonflat and non-Gowdy, there is a certain geometric quantity! which, if
bounded as R — +oo, implies that the solution is homogeneous. This result does not give sharp
asymptotics on the solutions, but it is a large-data result and therefore, it is so far the strongest result
available for T2-symmetric spacetimes with arbitrary data. It implies, in particular, that the asymptotics
of non-Gowdy, nonhomogeneous solutions are quite different from the asymptotics of homogeneous or
Gowdy solutions. A second set of results proved in [Ringstrom 2015] concerns polarized 72-symmetric
under a smallness assumption (which is slightly different from the initial data assumption that we make
here). A partial set of asymptotics is then obtained therein, while, in the present work, we derive a full set
of late-time asymptotics; it is interesting to point out that the methods of proof appear to be quite different.

The rest of this paper is organized as follows. In the following section, we introduce standard material
on T2-symmetric and polarized solutions, which we will use throughout. In particular, we recall the
global existence of areal foliation for weakly regular initial data established in [LLeFloch and Smulevici
2015]. Apart from this result, this paper is essentially self-contained. We conclude the preliminary section
by presenting the general strategy that we will use in order to derive the asymptotics. In Section 3, we
derive some formulas for the evolution of certain mean values and we also provide some estimates about
the commutator associated with the time derivative operator and the spatial average operator. Section 4 is
devoted to the analysis of the corrected energy. In Section 5, we introduce several renormalized unknowns,
derive a system of evolution equations for them and provide estimates on various error terms arising in
the analysis. In Section 6, we introduce and close a small bootstrap argument, linking all the previous
estimates together. In Sections 7 and 8, we present and give the proofs of the main results of this paper,
concerning the full set of asymptotics and the geodesic completeness of these spacetimes, respectively.
Finally, in Section 9, we construct an open set of initial data satisfying the assumptions of Theorem 7.1.

2. Preliminaries on 72-symmetric polarized solutions

2A. Einstein equations in areal coordinates. Let (., g) be a weakly regular, T2-symmetric spacetime,
understood in the sense introduced in [LeFloch and Smulevici 2015]. From the existence theory therein,
we know that if R : Ml — R denotes the area of the orbits of the symmetry group then its gradient vector
field VR is timelike (and future oriented thanks to the standard normalization adopted in [LeFloch and
Smulevici 2015]) and, consequently, the area can be used as a time coordinate. In these areal coordinates,
the variable R exhausts the interval [R(, +00), where Ry > 0 is the (assumed) constant value of the area
on the initial slice and the metric takes the form

g=e*""(—dR*+a72do*) +e*V (dx + Ady + (G + AH) d0)* + e Y R*(dy + H d9)*. (2-1)

n the notation of this paper, it coincides with the quantity & introduced in (2-19).
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Here, the independent variables x, y and 6 belong to S' (the 1-dimensional torus or circle) and the
metric coefficients U, A, n, a, G and H are functions of (R, 6), only. We will, for convenience in the
presentation, identify S! with the interval [0, 277] and functions defined on S! with 2;r-periodic functions.
The vector fields 9, and 9, are Killing fields for the above metric and so are any linear combinations of
0y and 9.

We are interested here in polarized T?-symmetric spacetimes, defined as follows.

Definition 2.1. A T?-symmetric spacetime is said to be polarized if one can choose linear combinations
X and Y of the vector fields 0, and 0, generating the T? symmetry such that g(X, Y) =0.

For a polarized spacetime, it follows that the metric can be rewritten (possibly after a change of the
coordinates x and y) as

g=e""V(—dR?> +a7%d6*) +e*Y (dx + G dO)* + e *YR*(dy + H db)*. (2-2)

Now, the Einstein equations for T2-symmetric spacetimes written in areal coordinates have been
derived in [Berger et al. 1997] for smooth solutions (see also [Chrusciel 1990] for the existence of areal
time). In [LeFloch and Smulevici 2015], we introduced the weak version of the Einstein equations for
weakly regular, T2-symmetric spacetimes and we proved that, using areal coordinates, we could still
reduce the Einstein equations to those obtained in [Berger et al. 1997]. In the polarized case, we are thus
left with the following system of partial differential equations:

(1) Three evolution equations for the metric coefficients U, n and a:

(Ra~'Ug)g — (RaUy)y =0, (2-3)
_ 1 _
(@™ nR)k = (@ng)g = Q" = =5 (R @ Hr)w, (2-4)
KZ
Qlna)g = —Fezn, (2-5)
where K is a real constant and Q7 := —aq~! UI% + aUez.

(2) Two constraint equations for the metric coefficient n:
2

K 2
77R+m6’ "=aRE, (2-6)

N6 = RF, (2-7)

where E := a_1U12e +aU92 and F :=2URUpy.

(3) Two equations for the twists:

K
Gr=0 and Hg= Fa—1e2'7. (2-8)

Here, K is the twist constant and K = 0 corresponds geometrically to the integrability of the family of
2-planes orthogonal to d, and d,. The special solutions with K = 0 are called Gowdy spacetimes (with
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T3 topology). Since the dynamics of Gowdy spacetimes are well known [Ringstrom 2004], we focus
here exclusively on the case K # 0.

Note that the metric functions G and H do not appear in the equations apart from (2-8). These latter
equations can simply be integrated in R, once enough information on their right-hand sides is obtained.
They will therefore be ignored in most parts of this paper. Note also that (2-4) is actually a redundant

equation, i.e., can be deduced from the other equations.?
Finally, observe that the identity
e
(—) =2REe™ (2-9)
a Jr

will be useful later in this paper; it can be easily derived from the Einstein equations (2-5) and (2-6).

2B. Global existence in areal coordinates. In [LeFloch and Smulevici 2015], we proved local and
global existence results for general 72-symmetric spacetimes in areal coordinates. In the specific case of
polarized, T?-symmetric spacetimes, these results imply the following conclusion:

Theorem 2.2 (global existence theory in areal coordinates). Fix any constants K, Ry > 0. Consider any
initial data (Uy, Uy) € H'(S") x L*(S"), ag € W>'(SY) and ng € WH1(SY) such that ay > 0. Suppose
moreover that the constraint equation (2-7) is satisfied initially, i.e.,

o (m0) =2RoU; 39 (Vo). (2-10)
Let € be the class of functions (U, n, a) such that

U € C'([Ry, +00), L*(S1)) N CO([Ry, +-00); H'(Sh)),
n € C°([Ry, +-00); Wh1(shy),
a € CO([Ry, +00); WH(sh).

Then there exists a unique solution (U, n, a) € € of the Einstein equations (2-3)—(2-7) which assumes the
given initial data at R = Ry, in the sense

U(Ro) =Uy, Ugr(Ro) =Ui, n(Ro)=no, a(Rpy)=ap.

Moreover, on any compact time interval, the solution can be uniformly approximated by smooth solutions
in the norm associated with 6.

Since all of our estimates here will be compatible with the density property stated at the end of the
above theorem, it is sufficient to perform our analysis by assuming our initial data to be smooth.

ZMore precisely, (2-4) can be obtained by multiplying (2-6) and (2-7) by a landa, respectively, differentiating the resulting
equations in R and 6 and taking their differences before replacing second derivatives of U and first derivatives of a using the
evolution equations.
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2C. Energy functionals. Important control on the metric coefficients, mostly on their first-order deriva-
tives, is obtained by analyzing the energy functionals

&(R) :=/ E(R,0)dd, E=a'U}+aU}, (2-11)
Sl
and
K2
&k (R) :=/ Ex(R,0)df, Egx:=E+—a ‘e, (2-12)
Sl 4R4

Using the Einstein equations (2-3)—(2-7), it follows that both functionals are nonincreasing in time, with

d K? 2
—&R) = ——— EeZ”dO——/ a~Y(Ug)* do,
s! R Jsi (2-13)
d K -1,2 2 -1 2
— 6k (R)=—— [ a'e®do—= | a""(Ur)?db.
Sl R Sl

As a direct consequence, we have the following result:

Lemma 2.3 (uniform energy bounds for 72-symmetric spacetimes). The following uniform bounds hold:

sup  &(R) <&(Ry) and sup  Ex(R) < &k (Ro), (2-14)
Re[Ry,+00) Re[Ry,+00)

as well as the spacetime bounds

+00
/ (a 'l (Ur)* +acV (Us)*) dR dO < £(Ro), (2-15)
Ry S!
400 K2
/ — | €"a"'dRdb < &x(Ry), (2-16)
R, R Jg
with
2 K? K?
U._ 2 U ._ 2
o .—E—Fme T and ¢ = R3¢ T,

2D. Heuristics and general strategy. To understand the asymptotic behavior of the solutions to wave
equations such as (2-3), it is important to note that, while for the flat wave operator in 1 4 1 dimensions
there is no decay of solutions, the R-weights present in (2-3) reflect some expansion of our spacetime
and that, in general, waves decay on expanding spacetimes.

The general strategy to capture this decay is to first observe that the global energy dissipation
bound (2-15) associated with the energy functional &(R) gives an integrated energy decay estimate
but with weaker weights for Uy than for Uy (see the missing 2/R in ci] compared to c(l)j ). To match the

weights between Ug and Uy, we will work instead with the modified energy functional

E(R):=&R)+9Y(R) (2-17)

with
U 1 -1
@V .= — | (U—-(U)Ugra"'4ab,
R Sl
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in which the average (f) of a function f = f () is not defined with respect to the flat measure d6 but
with respect to a weighted measure a~! d6, i.e.,

fa~tde
(fy iz Lo S

= 2-18
fSlail do ( )

Our strategy is then to “trade” a time derivative for a space derivative. This method of proof was previously
used in [Ringstrom 2004; Choquet-Bruhat and Moncrief 2001; Choquet-Bruhat 2003].

The following notation will be useful. We introduce the length 2 of the circle S' with respect to the
measure a~! df, that is,

2T
P(R) ::/0 a~'do, (2-19)

which we refer to as the perimeter. The geometric interpretation of this quantity is that the principal
symbol of the wave operator appearing in the wave equation (2-3) for U is that of the 2-dimensional
metric

ds* = —dR*+a"*do*.

Thus, &2 is the volume of the constant-R slice for this metric.
Naively, one may expect the following behavior as R — +o00. In view of the energy identity (2-13)
satisfied by & and focusing on the second integral term, one may expect that

d
—& < ——¢& (modulo higher-order terms),
dR R

so that & should decay like 1/R?2. This behavior is indeed correct for spatially homogeneous spacetimes,
as can be checked directly. However, for nonspatially homogeneous solutions, a space derivative must be
recovered from a time derivative, using the corrected energy & defined in (2-17), as we already explained
above. This would lead to a rate of decay determined by

o~

d 1 ~
d_Rg(R) < —Eé"(R) (modulo higher-order terms),

so that & should decay like 1/R. If one can then check that the correction term in & is of order o(1 /R),
it should follow that &(R) is of order 1/R. This is indeed the rate of decay established by Ringstrém
[2004] for (sufficiently regular) Gowdy spacetimes.

For the more general class of spacetimes under consideration in the present paper, and due to the
variation of the metric coefficients a and n, the behavior & ~ 1/R is not consistent with the field equations,
as we now check formally. At this stage of the discussion, we are working under the (later invalidated,
below) assumption that the first term in (2-13) is negligible, say specifically

2
lle=| Lo (sy) < 1

T S e €70 (2-20)

From (2-5) we would deduce
2n
e
(na)g = —sz €Lk,
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hence the coefficient a would then admit a finite limit as R — +o0o. Next, in view of

in which | g1 RE d6 is bounded thanks to our energy assumption, it would then follow that /. 1 IR behaves
like 1 and thus |, s, 1~ R (modulo a multiplicative constant). In turn, this invalidates our original
assumption (2-20).

This means that the first term in (2-13) should not be neglected and that it contributes significantly to
the energy decay. We will prove that, modulo an error term due to the spatial variation of 7, this term can
be rewritten as —(Xr/ )&, where & is the perimeter defined by (2-19).

Taking this into account, it follows, assuming that all the error terms can be controlled, that the rescaled
energy

F = P& (2-21)

should decay like 1/R and, in other words, the energy & should decay like 1/#?R. This brings more
decay into our analysis, provided the perimeter & is growing as R — +o0o0— as we will actually show
later. Indeed, we will establish that the perimeter and metric coefficients have the asymptotic behavior
(possibly up to multiplicative constants)

P(R)~R?,  Pr(R)~R7'V2, M~R*® a~R'2 (2-22)

For the energy, we will therefore have & ~ R~3/2. Surprisingly, all the multiplicative constants in the
above asymptotic behavior are linked to each other. For instance, we will show that R?2~ & — %
as R — +o00. One of the main difficulties lies in fact in trying to understand these relations. Thus, our

work really consists of three ingredients:

(1) A version of the corrected energy functionals adapted to polarized, T2-symmetric spacetimes
(Sections 3 and 4).

(2) A derivation and analysis of a dynamical system to understand the interplay between &2 and the
energy functionals (Section 5).

(3) Estimates on all the error terms involved in the above two steps and the interplay between all the
previous estimates. Since all the estimates involved in the above estimates depend on each other, we
use a small bootstrap argument to obtain closure (Section 6).

Once these elements have been obtained, deriving the asymptotics of the solutions consists mostly
in revisiting the previous estimates in the proper order (see Section 7). Finally, we prove the geo-
desic completeness by using the approach already developed in [LeFloch and Smulevici 2016] (see
Section 8).
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3. Evolution of the mean values

3A. The length variable. In addition to the perimeter &?(R) introduced in (2-19), the metric coefficient a
also determines a length function

0
90, R) :=/ a'do, 6¢eS', (3-1)
0

and its inverse ® = ® (¥, R) (for each fixed R). In other words, we set @ (9 (6, R), R) =6 forall 6 € S,
so that

v
@(ﬁ,R):/ a(@®®, R), R)dv¥', O(Z(R), R)=2m. (3-2)
0

Using the change of variable determined by the length function, we can parameterize any function
f=f(R,0)into f = f(R, ®), defined by

f(R,¥) = f(R, O, R)). (3-3)

This is nothing but a change of coordinates from (R, 6) to (R, ¥), but we insist on keeping the “tilde
notation” in order to avoid confusion (when taking averages and R-derivatives).

The average of any L!(S!) function f is now naturally computed with respect to the measure d1, that
is,
2

T 2M®) Jy

_ 1 P(R) -

(f(R)) := —/ F(R)dY f(R)a(R)™ db = (f(R)), (3-4)
Z(R) Jo

which, as stated, obviously coincides with { f (R)) as defined by (2-18). Note that the periodicity property

is preserved in the new variable, that is,

F(R, 9+ 2(R) = f(R, )

for all relevant values of R and ¢.
Using the above notation, we can for instance rewrite the correction ¢V introduced in (2-17) in the
form

1 [2® " "
7Y (R) :=Ef0 (U(R) — (U(R)))Ug(R) dv. (3-5)

This form has some advantages when differentiating with respect to R, since it directly involves the
perimeter and its derivative, which have a geometric meaning.

3B. Derivatives of the mean values. We will be taking time derivatives of the above quantities but,
since the time-derivative operator and the spatial averaging operator do not commute, an analysis of the
corresponding “commutator” will be required. The following properties will be used throughout the rest
of this article.
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Lemma 3.1 (general identities for the mean values). For any (sufficiently regular) function f = f (R, 6),

one has )
d - - K- ~ R =
_ — - 2ny - &
dR(f) (fR>+2R3(f ) y(f),
d ~ ~ K2 =
E(L@(f)) = P2(fr)+ «@mwe ),
in which f is defined by (3-3).
Proof. From the definition
B 1 P » 1 2 .
<f>:§/0 fdﬂ:ﬁo f(R,0)a"" do,
we deduce that )
d - ~ 1 T - Pr =
— = — do — —
=t [ raeds -2
B 1 2 K2€217 | PR~
e JR— - d@ P
<fR>+g/,f0 foa 2
- K? ~ Pp .~
= (/o) + 5 (20 = ).
which leads us to the two identities stated in the lemma. O

The above lemma allows us to derive the following estimate:

Lemma 3.2 (commutator estimate). The commutator associated with the time-differentiation and averag-
ing operators satisfies, for all functions f,

d

- - K2 .
=) = %(Ifl)ll(ez”)elluwl)-

Proof. From the above lemma, the expression of &g and the evolution equation satisfied by a, we deduce

d 5 » 2 2 | 5 2w 5 .
—(f)— <— (R, 0)|e*"(R,0)2 — "a~"(R,6")d0'| do
) <fR>_2R392f0 Fla~\(R. 6)|¢>(R, 6) /0 1a~ (R, 0)
jTKZ r 2 o 2 N —1 / /
< (1f1) sup |e” (R, 0)F — e*(R,60Ya (R, 0") do
R3Z pes! 0
with
2w
sup ezﬂ(R,e)ﬁf—f e?"(R,0)a""(R,0")do’ 5@(sup62”—milnez’7)§9||(62”)9||L1(51). O
fes! 0 sl N

The following conserved quantity will also be useful in our analysis. It follows simply after a global
integration in space of the wave equation (2-3) and an integration in R on [R;, R].

Lemma 3.3. For all R > R\, the following conservation law holds:

RZ(Ug) = RiZ(R)(Ug)(Ry).
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4. Evolution of the modified energy functional

4A. Evolution of correction terms. Using Lemma 3.1, we can compute the time derivative of the
corrector Y in (3-5); indeed:

. Zﬂ(U (U))Uga™" do
dR- " R R\, Re .
1 1 [ 1 (7 ~ K? PR ~\ ~
=——gV4_ Uza='do —/ —(Ug) — —= (Ueny + Z=(U) | Ug dv
R +R/0 rG +R0 (Ur) = 55 (Uet) + —2(U) Uk
1 2 "
+— | (U—(U)Uga")rdb,
R Jo
so that, by using the field equation (2-3) satisfied by U,
d 1 1 (7~ P~ K?
— gV =_—_gV —/ Uz d® — —((Ug))? — — 2 (Ug)(Ue2
T 2 +R0 R 7 (URD" = 5 Z(Ur)(Ue)

AR
+R()(R)+RO(—())—

URa*I

+ (aUe).g) do.

Integrating by parts the last term, we obtain

2 1 (7 ~ 1 (7~ P~ K? ~ —~—  Pp o~ ~
— gV 4 — Uzdz‘}——/ Us do — == ((Ug))* — — P(Ug)(Uey + == (U)(Ug).
= +R/O Rd9 =5 | Usdd = 2 (Ur)* = 5q 2Ur) U™ + 25 (U)(Ur)

After reorganizing some of the terms, this leads us to

d v _ I/Qﬁzdﬁjtlfyﬁzdﬁ Lyu PRV 4 4-1)
dR°- ~ RJy, ? RJ, F R ez 9o
with
PR oy P o~ 5 1 K o Pp o~
Quu="—gV - Z((Ug))? = =9Y — — 2(Ug)(Ue>) + == (U)(Ug). 4-2
=" R(( R)) z TR (Ug){Ue") + R( )(Ur) 4-2)

The term Q4 v will be shown to be an “error term”, while the remaining terms in the right-hand side
of (4-1) will contribute to the derivation of a sharp energy decay estimate. In (4-1) and (4-2), we have
added and subtracted the term (Z2g/ )%V, as this will simplify some of our estimates.

4B. Evolution of the corrected energy. Summing together the contributions of the energy and the
correction ¥V, we find

2 21

d 2
—(E+GY) = —— Ee*do — = “1Uu2yde
daRCTT) =k ), e R J,@ VR

4 /zn ~lukde lfgszdﬁ‘ Prgu_ Ly g
— a [E— —_—— [E—
R Jo R RJy 7° ez R 7

P 1
:_?f(5+gl’)—§(g+g”)+szg+9gu, (4-3)
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where the error terms are Q24v, defined by (4-2), and

P K2 27
Qe = —Rg——/ Ee¥ do.
7 2R? ),

4C. Estimate for the energy correction. We will need the following 1-dimensional Poincaré (or Wirtinger)
inequality: for any a > 0, if f is an a-periodic function in H'(0, a) and has mean value 0 on this interval,

then
2 a2 12
fo= o) fe (4-4)
[0,a] [0,a]

This is easily checked by, for instance, using a Fourier decomposition of f. Using the above notation, we
have the following lemma:

Lemma 4.1 (estimate of the 4V correction of the energy). We have

|9V (R)| < ( )

z SR

Proof. We apply the inequality ab < %(a2 +b?) to the integrand of R%Y, but we insert weights of 22 /(27)
S0 as to obtain

2 [7 ~ 2 (7~ o~ P [ 2 7~ 2
RyY| < U2do+— U—(U 2d19<—/ Uza~—'do —/ U2dy=—"—¢&. O
| = 47 /0 R +232/0 ( () ~4r )y R4 +47r 0 v 47

4D. Estimates for the error terms. In this section, we estimate all the error arising in the corrected
energy formula (4-3).

Lemma 4.2 (estimate for the |Q2¢| error term). We have

2 K2 21 eZn
Qg < g—/ QRE™ = &— — .
2R3 a )p

P KZ 2 2 -1
ZR_ —%/ ezna_la@(/ a_lde) ,
P 2R J 0

so that

K2 2w P
'——/ EeZ”dH—I——Ré"‘ <
0 P

Proof. Recall that

2 2
f E(R, 9)d0/ a ' (R,0)]e*"(R,0") — e*(R, 0)| dO’
0 0

2R3 2R3
2 2
(5“‘% 12ng]e>" dO
KZ 271 K2 n
<&— 2RE™MdO = & — (-) do,
2R3 2R3 a )g

where we have used the constraint equation (2-7) for ny and the identity (2-9). Il
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Next, we analyze the error term Q4v. It is convenient to split it into three components as follows:
Qyu = 1) 4+ I + I3, where I, I and I3 are defined as

I =——9Y,

R

Pr U PR o~ o~ K2 —
Hh=—¥ — (UMW Ug) — — 22 (Ug){(Ue?"),
2= = AONUR) = Sz P (UR) (Ue)
I = -2 (Tr)?
3= R R

113] < o
= R2(R)
where d is a nonnegative constant determined by the initial data:
sl = R{Z(R)*(Ur)*(R)).

Proof. The estimates on I} and /3 follow immediately from Lemmas 4.1 and 3.3, respectively. We then
estimate I, as follows. Note first that

L=2Rqu o R Gy >—K—2@(ﬁ V(U en)
2Ty R RIS Ra TR

KZ 2 o , 27 B , .
ZW/O Ur(R,0"a 1(R,e)(/o e” (R, 0)a 1(R,9)[U(R,9)—U(R,e)]de)de;

hence,

K? - sy _ PR, 12 pij2n2 _ PR
‘2 J, 0 R R

2R 0

4E. Combining the estimates for the corrected energy. Collecting all the estimates for the error terms
above and noting that I3 has a sign, we obtain the estimate

d 1 2R P Pr K2 [ (e
—(E&+9Y —+ = )Ee+9Y) < E+ 28 @@—/ —.
ar T )+<R+@)( TS R TR T ks o \a /g

from which it follows that

RZ(&+9Y)(R)
R 2

& R R K2 2 eQr]
< R0@(£+5¢U)(Ro) +/ p dR + PrPEAR + PE 5 / <—> dodR'.
Ro 47 R Ro Ro 2R’“ Jo a /g
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Similarly, we can obtain

d U o 92 2 21 6277
—(RP2(E+%9 >—————E+ PPRE+ PE— —, 4-5
dgR RPEHT N = =5 = gE TS TRET 2R2/o (a)R &>
leading to
R 925
RZ(E+9Y)(R) = Ry2(& +%Y)(Ro) — dR'
Ro 47TR/
R ) R KZ 21 eZn , R A ,
— PrAPEAR — PE— — ) d6dR — 2dR,
Ro Ro 2R* Jo a Jr Ro R’

where A is the constant in Lemma 4.3.

5. A dynamical system for the renormalized unknowns

SA. The dynamical system. In the previous section, we have obtained differential inequalities for the
quantity 2(& +%Y), with error terms depending mostly on & and 2. In this section, we will try to obtain
effective equations in order to control the asymptotic behavior of &?. For convenience, we introduce the
notation

F:=2& and G:= 2(E+9Y).

We have thus seen that % satisfies “good” differential inequalities while it is ultimately & that we want to
control, as it is a manifestly coercive quantity (contrary to ). We will rely on the guess that the function ¢
decays like 1/R, but we will not use yet the differential inequalities derived for % in the previous section.
In fact, ¢ will appear here only in the form RY /4.

The system of ODEs: spatial integration and first error terms. Let & = |, g1 %K 2e?1a=1 df. After integra-
tion in the spatial variable of the Einstein equations (2-5)—(2-6), we obtain

9
PR = e (5-1)
Vg =2RFLP 2+ Qy, (5-2)
where €25 is given by
K’ 2 -1
Q9 =2R —Ee — 2789 ).
S1 2
As in Lemma 4.2, Q24 satisfies the estimate
2 eZn
1€29] = RKzgf (—) df =2REAp. (5-3)
0 a Jr

Renormalization. According to our previous discussion, we expect & to blow-up in the limit. One can

1/29

check heuristically that “%” growing like R and “9 growing like R3/%?” seem the only possibilities

(as powers of R) compatible with the equations, under the assumption that 2& behaves like R™! (see
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-12

the discussion at the end of Section 2D). Thus, one may try to introduce variables ¢ = ZR and

d = 9R~5/% and prove that ¢ and d converge to some finite values. Using (5-2), the equation for d is then

_d
R

dp =% (2RF 272 - %) + Q.

From this equation and the coupled equation for ¢, it is not clear whether & and d converge. However,
assuming 29 to be a negligible term, it suggests that 2RF 22 — % as R — 4-o00. Equivalently, it
suggests that 22/ RF'/? — % Similarly, one can guess that 9/(R3%F'/?) — \% We thus introduce a
new set of variables ¢ and d, replacing & and 9, based on these considerations.

However, since it is actually % that satisfies “good” differential inequalities, we define ¢ and d as

ci=—— (5-4)

d:= PN (5-5)
where we recall that g = 22(& +%Y). Once again, we emphasize that, while % behaves asymptotically
as %, it is important to use this normalization rather than the one based on %, since the normalization
procedure will introduce a derivative of % in the equation and it is this derivative (rather than that of %)
that we can control directly.

Note that, while & is manifestly nonnegative, this is not the case for %. In the rest of this section, we
will assume that % > 0, which ensures that all the computations below (as well as the definitions of ¢
and d) make sense. In the next section, a lower bound on % using a bootstrap argument will be recovered.

An easy computation shows that (c, d) satisfies

d ¢ c¥9
/— ______ -
‘TR R 29 (5-6)
F2dcr 3 dy Q
e B R (5-7)

9 R R 29 R3J9

(5-8)

which is obtained from the previous one by replacing %/% by 1, dropping the error term 9 /(R3v/%)
and replacing —%9'/4 by 1/R.

Looking now for a static point (¢, dxo) Of the above system, we find that there is only one solution:

Coo = % and dy, = %5 Thus, let us introduce c; and d; by

2 1
ci=c—— and di=d-— —. (5-9)
1 V5 : NG
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We finally deduce the equations satisfied by ¢; and d; from the equations (5-6)—(5-7); that is,

di+ L +c1 L—i—Cng/
g 7 Y (5-10)
R R 2 4
1
g2 di+ 3( 1) ( )aa/ Q0
=P a+—=)-(d+— (5-11)
TOR(Z4a) RUTAS NN

Looking first at (5-10), we rewrite it in the form

,_1d 1C1 C1 1+R(Ql 1 l—I-R(g/
“TRUYT2R 2R 4) " RS G )

From (5-11), elementary calculations (keeping in mind the linearization of the system) lead us to

g S di( 1 LN 11 RY
TR R U2 29 R2J5 )

1
1 2 (F di+ Q9

+ fld,c)+— (——1) + —,

R(C1+f)2 4 (%—FC])Z R3\/@

where f(ci, dy) is a polynomial in ¢ and d; with vanishing linear part (the first terms are quadratic in ¢
and d;). Thus, we have

5
[ =501+ QU+ Q2+ 2 + Q5+, (5-12)

, d] C1
Cl ==
R

NS

T Qi + 1, (5-13)

where the terms Qfd contain all the error terms, i.e.,

lm ( + = > (5-14)

1
o =175 ) 1)
1
Q) = ————— f(dcp), (5-16)
R(61 + f)
2 (F d+ L
g:_(__1) . e (5-17)
R\ (ﬁ-i-cl)
Qo
Q= , 5-18
TRV 19
o = (14 kY (5-19)
lin — 2R (g ’ -
Qo= ! <1+ch/) (5-20)
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C]

Setting now u := (!

), we rewrite the system under consideration as

RN (s BN VI Z.0 V% W
U =— - = — u+ow,
rR\\-30/ 2 g )7

where w contains all the terms Qf’d apart from Qﬂn and 2} and I, is the identity matrix. Consider the

matrix
—1
A:( ; 0)
2

1 YR
B=—(14—)D.

and also let

2 4
Then, we find

RA+B R RA+B
u= expf ; dR u(Rop) —I—/ [expf 1—:” dR”]w(R/) dR’. (5-21)
Ry Ro !

Note next that

RA+B R A R p R A Ro%(Ro) \?
exp/ +/ dR’=exp/ —/dR’exp/ —/dR/=exp/ —dR’ (M)
x R & R « R % R RY(R)

0

and that the eigenvalues of A are AL = —}1 + @. Hence,

RaA Ro\?*
exp [ = dR| <Ca =2
% R R

for some constant C4 > 0 depending on the matrix A and we have the following result:

Proposition 5.1. Provided the corrected energy § is positive for all R € [Ro, R1], one has, for all
R € [Ro, R1],

Ro\* [ Ro%(Ro) \2 R R\ ( RG(R)\? , ,
lu(R)] SCA(?> (W(R)) |M(R0)|+/RO CA<E> <W(R)) lw(R)|IdR, (5-22)
where

lo] < C(1Q4]+1Q4] + Q4] + Q4] + Q).

It remains to combine the above inequality with our differential inequalities for % and estimates on the
error terms.

5B. Source terms of the dynamical system. We now combine our results in the latter two sections and
we estimate the source terms of the dynamical system. We will assume here that 4 is strictly positive, a
property that we shall retrieve below in a bootstrap argument.



380 PHILIPPE G. LEFLOCH AND JACQUES SMULEVICI

Estimate for |Q9 /(R3v/%)|. Since we have
3 @

9 =dR’V9 and 9 dR3«/_+3dR2x/—+d
R = dR 2 \/@

it follows that

| _serd +6Ré"d+Réad(g/
R3\/@ - R R 2

Observe that, while some terms in the right-hand side have no sign, their sum does (because 2 is
positive).

Estimating RY /% + 1. From the corrected energy estimate, we get

G, 8| 2 o 4 +gl@ /62" LS
P PR|”4nR>  R2Z(R) 2R\Js a Jp R

hence,

RY 2 F d FK? e F A For FJG
1 ) — ) Y PR o T 4d. (5-23
‘ g " ‘ 4n RC§+‘QR2+<§2R2(/51 a)R+<g Rty 91Ty */_ (5-23)

Estimates for Q’l It follows from the estimate (5-23) and the definition of €{ and Q‘f that there exists a
constant C > 0 such that, fori =d, c,

o Cf A For FJG
|QH|SE(—C§R2+QF+%4 c+— fd) (5-24)

Estimates for 74" and Q4. Using Lemma 4.1, we have

1 22 P2 F
Z 1= < < —.
“4n7R 9% T 47RY

7 (5-25)

‘% ‘ ’%—@‘_‘@gl’

As a Consequence provided that c; is sufficiently small —so that [ + ¢ is bounded from below by,
say, f —we find

o

Q< c(dy|+1 =
|25 < C(ldi|+ )4nR2<g

(5-26)

for some constant C > 0.
Note that at this point, we have estimates on all the error terms arising in (5-14)—(5-20), apart from Qg
which will be estimated directly in the next section (using a smallness assumption on c, d).

Estimates on 9. After integration of the corrected energy estimate, we find

11 R o For  FO
|RG — RyG(Ry)| < &Q(R— - —) +/ ( F+ K4 ) dR'. (5-27)
0 Ry

R 47 R/ R'?2 R’

The last term can be rewritten in terms of Py, giving

11 ke 2 FAR ,
[RG— RoG(Ro)| < ol o — = | + F+ +F P ) dR'. (5-28)
0 Ry

R 4T R’ R'?
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6. Small data theory

6A. Assumption on the initial data. We now restrict ourselves to small data in the following sense. Fix
C; >0, A €[0,+00) and Ry > 0, as well as some € > 0. Consider the class of initial data satisfying

Ro%(Ry) — 4 >(C; >0, (6-1)
Ro

[c1](Ro) <, (6-2)

|d1|(Ro) <€, (6-3)

s 1[(Ry) <1 6-4

i 0) <1, (6-4)
o

Y(Ro) + — <e, (6-5)
RO

where s = R} ([ a_IUR)z(RO).

Note that the first assumption implies in particular that 4 > 0. The second and third assumptions imply
that &2 and £y are close to their expected asymptotic behavior (which depends on &, hence the need
for normalized quantities). The fourth condition implies that the correction term ¢V is “not too large”
compared to the energy &. The last inequality means that the (rescaled) energy is small.

Let R, be the largest time R such that the following bootstrap assumptions are valid in 3B := [Rg, Rp).
For all R € 9%, we have

e (R) < €'/, (6-6)
ldi|(R) < €'/%, (6-7)
’%—1‘(1?) <2, (6-8)
%
0 <%(Ry) < (ROCQ(RO) + %) % (6-9)

The set 9B is clearly open in [Ry, +00). Moreover, & is nonempty, by the smallness assumptions.
As an immediate consequence of (6-6) and (6-7), if € is sufficiently small then we have, in A,

1 1
—(Rp) = ————(Rp) <2, (6-10)
A (cl—l-%z ’
Icl='ﬁ+f:1 <1, (6-11)
1
d=|—+d 1. 6-12
|d]| '\/§+ 1< ( )

Furthermore, from (6-9) and (6-5), we have immediately, in %,

G <22 Y(Ro) + <22 <2 (6-13)
— — €— < 2e. -
- R 0 Rg - R T
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We now consider Cy and & as fixed in (6-1). We will show that there exists an €y > 0 and a constant
r > 0 such that, for all 0 < € < €g and Ry > r, the set B is closed; this will be done by “improving” each
of the bootstrap assumptions (6-6)—(6-9). Moreover, €y will depend only on a lower bound for r (as well
as o and Cy).

6B. Improving the assumption on %$~1. In view of the estimate (5-25), we have

1/2
3¢9 3&61/2
T 4n T 4m

A
G

by using the bootstrap assumptions (6-8) and (6-11), and using (6-13). This improves (6-8).
Throughout, the letter C will be used to denote numerical constants that are independent of € and R

; (6-14)

‘ F

and may change at each occurrence. Thus, the above estimate reads
(o1
21| =cen

A
%)

Improving the G assumption. From the corrected energy estimate (5-28), we have
oA R g/ P A2 P
R% < Ry%(Ro) + — + Re—| ——+ = 4+ 22 ) dR
< Ro%(Ro) Ro ]I;o (§<47TR/2 R’3 R’ )
hence,

Dy R | P 2 PR
g<= 1+ Ce'/? QxR 73 ,
= R oXp RO( + Ce )[4nR’2+( R + R

where Do = Ry9(Ry) + /Ry and we have used the improved inequality (6-14).
The integral fé(@/@nR/z)) dR’' can be estimated using (6-13):

dR' < Ce'l?

1/2 pl/2
ko ,:/R cR'!/? dR,</R Ce!'/’R,
Ro 47TR/2 Ro 47TR/2 B Ro 4JTR/3/2

for some fixed numerical constant C > 0.
For the other integrals, we integrate by parts:

R R
9% PR\ .., 92 2 3 @ )
L LR AR <=+ = ~— +=_|dR
/I;O(R13+R/> —R3+R+R0|:R/4+R/2:|
R
3d
§(c+d)(91/2+/ i‘gl/z(R’)dR/
Ry K
R pl/2

R
SCel/z—l—Cf Se PdR
Ry R

< Cell2,
Combining this result with the previous estimate, we have thus obtained
RG < Dyexp((1 + Ce'/?)Ce'/?) < 3Dy (6-15)

providing that € is small enough. This improves (6-9).
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A lower bound on 4. We derive here a lower bound on R%. From the corrected energy inequality in
differential form (4-5) and the estimates on the error term, we have

d A F P Ar  Pr
—(R%) > —— — RY| — — . 6-16
R FO= " [% (471R/2 TRt R )} (6-16)

Let

4

o _F( 2 2% Pk
mRTRITR)

The estimates of the previous sections have shown that

R
/ Q' dR < Ce'/?,
Ro

We can rewrite (6-16) as

d s ,
= (R9) > —— — R4,
dR R2

leading to
d R A R
— R‘gexpf Q' dR' Z——expf Q' dR'
dR R, R2T o
d (A R
-2 (= exp/ Q' dR,
dR\ R R
d (s k A k
=— —exp/ Q' dR' ——Q/exp/ Q'dR'.
dR R RO R R()
Thus,

d A R A R
—|| RY¢— — expf Q' dR’ z——Q/expf Q' dR’,
dR R & R "

which leads after integration to

s sl sl s c
RG—= > (RyG(Ry) — — |(1 —Ce'?) = ZCe'? =C (1 —Ce'/?) — Z=Ce'? > =L
R Ro Ro Ro 2

(6-17)

provided that € is sufficiently small, depending on &, C; and a lower bound on Ry.
Since A > 0, we have thus obtained R > %C 1. In particular, we have improved the lower bound
bootstrap inequality for 4.

Remark 6.1. Instead of starting from the corrected energy inequality in differential form, one could use
here the estimate (5-28) as well as the estimates of the previous section to estimate the term containing 4
in the error term. This would lead to an estimate of the form

RY> Cy — DyCe'/?

and would therefore require € to be small compared to Dy. The above method has the advantage of not
constraining € any further.
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Improving the c| and dy assumptions. Using the lower bound on 4 just obtained, the bootstrap assumption
(6-9), the initial data assumptions (6-2) and (6-3) and the fact that R’/R < 1 if R’ € [Ry, R], it follows
from (5-22) that

1 1 1
CaDp\2 4Dy\2 (R 4D, R/RN\1*
|u|§< AC(’) e+c(—C°) <|s26|+|szd|+|szd|>d1e/+c( 0) / (—) (1241 +124] dR.
R

1 1 RO Cl 0 R
(6-18)
We now estimate all the error terms in w. First, we have
C g C/2d4 9
196, Q¢ < = S|+ R _<c +C R+c<g1/2) (6-19)
1 R

using (5-23), (5-24) and (6-8). The first term in the parentheses in the right-hand side of the last inequality
will contribute to (6-18) as

1

4D0)2/R 2 A 1/2 1 A —1\1)2 12
220 2 " 4R < C—D Ry' < C——5——(DoR;H"? < C(Cy, R, sh)e'?,
( Ci g, C1R? 3/2 Cf/zR(l)/2 0

by using the smallness assumption (6-5). The second term can be estimated using an integration by parts,

1 1
ci) Jo R2°T ~ 7\

Since Dy/Cy =1—24/(C1Ry), we thus obtain

1
LR
c(& 2/ 2R dR < Ce'2,
C, Ro R’3 -

by choosing € sufficiently small, depending only on a lower bound on C; and & and a lower bound on Ry.
The last term in (6-19) can be estimated using (6-13) leading to

12
[79% <o
Ry R

The estimates for Q9 and ¢ are straightforward using the bootstrap assumptions
2 3 g g p p

leading to the estimate

C C
|Q§l| < Eel/z and |Q§’| < Eel/z.

For QZ, we note that, in view of (5-18) and (5-3), we have

€2 < .
R3V%
Then, we note that
% %
P cRYl/?

hence,

gg12_ L (7
cR\% )
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Using the bootstrap assumptions, this leads to

1929
Q4] < ‘gR_R COrR73, (6-20)
C

where we have used that 2 > 0 in the last estimate. Its integral can then be estimated by integration by
parts, as we have already done previously.
Combining all these estimates leads us to

1
2D \2
lu| < C(C—O) €+ C(Cy, Ry, sh)e'/* < C (s, Ry, Cy)e'’?,
1

which improves (6-6) and (6-7). In conclusion, we have improved all of the bootstrap inequalities and it
follows that

= [Ro, +00).
7. The asymptotic regime

In this section, we state and prove our main result.

Theorem 7.1 (late-time asymptotics of 7'2-symmetric polarized vacuum spacetimes). Let s > 0 and let
Ci1 > 0andr > 0 be fixed constants. Then there exists an €g such that, if 0 < € < €9 and Ry > r then,
for any initial data set satisfying the smallness conditions (6-1)—(6-5), the associated solution has the
following asymptotic behavior: for all times R > Ry and all @ € S',

lul(R,6) = O(R™'/%), (7-1)
|IRY(R) — Cool = O(R™'/?), (7-2)
‘Q(R) jg CIZRV2| = O(RY%), (7-3)
‘QZ(R) jg Cl2R3?| = O(RY%), (7-4)
o

‘m)— % =O0R™Y, (7-5)

1 / / —-1/2
'E/SI n(R,0)do —n(R,0)| = O(R™?), (7-6)
|K?e* (R, 0) — R*| = O(R""), (7-7)
la”'(R,0)2 ' (R) — )| = O(R™'/?), (7-8)
2;/ U(R,0)do —U(R,0)| = O(R™'?), (7-9)
\U(R,0) —Cy| = O(R™/?), (7-10)
‘H(R,@)— il/_c;ng‘/zge(@) = O(R'%), (7-11)
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where Coo > 0 and Cy; are constants depending on the solution and £(0) is a W1 (S") strictly positive
Sfunction.

Proof. Most of the above estimates are simply obtained by revisiting the proof in the previous section and
checking that the error terms are now integrable.
For instance, in order to prove (7-1), note that, from (5-22) and the estimates of Section 6, we have

R
|u| §CR_1/4<1+f R’1/4|a)(R’)|dR’). (7-12)
R

0

From (6-19) and (6-20), one can easily see that the contributions of Q, Q‘f and Qﬁ are integrable in R.
For instance, using an integration by parts,

/R 2R <C 2 +c/R 2 dR’
re R3-VA T T R4 R, R/4-1/4 ’

o) . k
= /2 p—1/4 -
= CR?:cgl/Z (R(Q) R +C/RO R’341/2

(R/(g)l/zR/—S/4 dR/,

R
§CR_1/4+C/ R ~/*dR'
Ro

<C.

For 52‘31 , it follows from (5-26) and the estimates of the previous section that |Q‘31| < CR73/%. Thus, its
contribution to the integral of (7-12) is integrable. Since, moreover, |S2§ | <(C/ R)|u|?, (7-12) has now
been reduced to

R
lu| < CR1/4<1+/ R’3/4|u|2(R’)dR/>. (7-13)
Ro

172

Since we already know from the estimates of the previous section that |u| < Ce /<, an application of

Gronwall’s lemma gives us the weak bound
RY4|u| < CR<"”.

It then follows that R—3/#|u|?> < CR™/**€ and thus, for € sufficiently small, (7-13) now implies the
desired estimate (7-1).

Similarly, to prove (7-2), first note that d(R%)/dR is integrable, using the estimates of Section 6
and (5-23). Thus, there exists a constant Cs, such that R§ — Co, as R — +00. Since RY is uniformly
bounded from below in view of (6-17), we have C, > 0. To get the rate of convergence, it then suffices
to write RY — Coo = fl?o (d(R'9)/dR) dR’ and to estimate the integral as before.

Then, (7-3), (7-4) and (7-5) follow from the definitions of #2, 9 and &.

For (7-6), using (2-7), the simple estimate F < E and (7-5), we have, for all R > Ry and 6 € S,

1
o /S1 n(R,0")d6" —n(R, 0)

5/ Ingl(R,Q/)dQ/ff RFd9/§/ RE <CR™'/?
Sl Sl Sl
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for some C > 0. For (7-7), we use (7-6), (7-3) and (7-4) as well as

@%Kzley(R’ 0) — / a—l (R, 9/)%K2€2(17(R,O)—n(R,B’)-i—n(R,Q’)) d@/
S!

N / a” (R, 6" K22NRITOERTD) g
S1
=9(1+ O(R™/?).

For (7-8), we first differentiate (2-5) in 6; that is,

2

K?
(21na)R9:—Fe 2779. (7—14)

Note that the right-hand side is integrable in L([Rp, +00) X S 1) since

Jo ks

in view of (7-5). This implies that (Ina)y(R, ) converges in L'(S") as R — +oo to some function

KZ
e

R
dodR < / CR'R& < C, (7-15)
Ro

R(0) € L'(S") and, moreover, we have the estimate

I(na)s — Rl 151y = OR™/?),

by using (7-15).
Integrating over [0, '], we get

[%
= exp< R(O") dO" + O(R_1/2)>.

Integrating again in the 0’ variable, we get

a(R, 9)@ o / efge/ RO") dO" a0’
S1

<C(exp(O(R™?)—1)= 0(R™'.

For (7-11), it is sufficient to note that, with the knowledge of the asymptotic behavior of a and 7,
and (2-8), we can integrate Hy directly and then compute the integral up to some error.
The property (7-9) is an easy consequence of (7-8), (7-3) and (7-5). For (7-10), we observe that

d 2w 2w 2 %
—/ Udf| = f Urdf| < 2m)'/? / Uz do
dR Jo 0 0

2 2 2
<[ Uz d@)(R) = (/ alaU3 d@)(R) < sup a(R,0) | a'Uido
0 0

[0,27] 0

<(i+ ())L/h “luz de
2720 fy ¢ K

C
<

and
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for some C > 0. Here we have used (7-8) together with the fact & is bounded away from zero uniformly,
as well as (7-3) and (7-5).
This implies that

d [ C
— / Udo| < —
dR Jo R
and, by integration and (7-9), we obtain the rough bound on U,
Ul <CInR.

Applying now the commutator estimate from Lemma 3.2, we have that

d ~ ~ 7K? ~ 2
d—R<U)—(UR) 5?<IU|)II(6 dollLicsy)- (7-16)
From the above rough bound on U, we have
U] < ClnR.

Moreover, one can estimate || (e27)g | L1(sh as before to get
||(€2n)9||Ll(sl) < CR%?.
Thus, the right-hand side of (7-16) is integrable in R. Since, moreover,

- 1 2 : RO 2 .
Up)=— Ura (R,0)d0 = — Ura " (Ry, 0)d6
(Ug) 32/0 ra_ (R, 0) L@R/O ra (Ro, 0)

using the conservation law in Lemma 3.3, it follows that (ﬁ g) and, therefore, d (ﬁ )/d R are integrable.
By having checked the convergence of all the integrals involved in our analysis, this completes the proof
of (7-10) and, thus, of Theorem 7.1. O

8. Future geodesic completeness

In this section, we complete the proof of the geodesic completeness property under the smallness
assumption (6-1)—(6-5). There are only small modifications in comparison to the proof already presented
by the authors in [LeFloch and Smulevici 2016] for weakly regular Gowdy spacetimes. One of difficulties
(observed and solved in [loc. cit.]) is that, with limited control of the Christoffel symbols in the L'or L?
norms (in space) only, the local existence of geodesics is not guaranteed by the standard Cauchy—Lipschitz
theorem. Instead, we first established that the Christoffel symbols admit traces along timelike curves and
we relied on a compactness argument a la Arzeld—Ascoli in order to establish the existence of geodesics.
This part of the analysis can be repeated here almost identically in our T2 setting, by using the estimates
in [LeFloch and Smulevici 2015] for the compactness argument. (This compactness is required in the
proof of existence of traces, as explained in Proposition 3.5 of [LeFloch and Smulevici 2016]). We do
not repeat these arguments here and directly assume the existence of geodesics (which, for instance, is
immediate in the smooth case).
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Theorem 8.1 (future geodesic completeness). Let (AL, g) be a nonflat, polarized, T?-symmetric, vacuum
spacetime with weak regularity whose initial data set satisfies the conditions (6-1)—(6-5). Then all future
timelike geodesics are future complete.

Proof. For simplicity in the presentation, we focus on the smooth case. Let £ be a future maximal timelike
geodesic defined on an interval [sg, s1). We have g(sé , é) < 0and

£+ 15,807 =0. (8-1)
Following [LeFloch and Smulevici 2016], we observe that, since X and Y are Killing fields, Jx = g(é , X)
and Jy = g(£, Y) are constant along &, so that Jx = 2V (EX + GEY) and Jy = e 2UR2(£Y 4+ HEY) are
constants along £. We use the same strategy as in [ibid., Section 4]. First, by standard arguments (see [ibid.,
Lemma 4.10]), it follows that R(£(s)) — o0 as s — s1. Then, since R(£(s)) — R(£(s)) = jsf) ER ds, it
follows that any bound of the form €% < CR? for p < 1 implies that s; = 4+o00. Note also that, since

R(&(s)) — 400, given any R’ > 0 we may assume, without loss of generality, that R(&(so)) > R'.
We now analyze the structure of the equation satisfied by £X,

ER 41§ EPEr =0. (8-2)
The term ngé p éV =0 is decomposed in the form
T EPEY =T RRERER 4 TJLE0E0 + 2T R ERE0 1T [ 8767 + T 78",

where {a, b} = {X, Y}. Recall now that

Trr =ng — Ug, -3
U ~2(n-U)
Fgo = nR—ZR - a_;; + PV URG?e™20170) 4 (e_zURZHZ)Re—, (8-4)
a a 2
Fllgg =1nNp — UG’ (8_5)
Observe also that
Ur=R((Ug - 2 2 +a*U} S
MREER=E\RTaR) T ) TR TRt
while 1
—Uyg=2R|Ur — — |Uy.
Ne 0 ( R ZR) 0

As a consequence, it follows that the following quadratic form inequality holds:

1 K?
(nr —Ur)(dR*+a2d6*) +2(ny — Up) dR d6 + <ﬁ + me2’7>(d}fe2 +a72d6*)>0. (8-6)

Returning now to (8-2), this leads us to

ER < (—1 + —2 ez”)((é’*)2 +a2(E9H + R (£9)?
~\4R 4R3 al
—2(n-U)

e—)(é(’)z—zr(ﬁzées’” IR g,

_ (€2U URG2e—2(T]—U) + (e—ZU R2H2)R 2
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Note that the term containing ag /a* has the right sign and can absorb the term KZe?" (E9)2/(4R3). Using

moreover the estimate (7-7) and the fact that |a='£?| < £, for all € > 0 we may assume that R&(so) is
sufficiently large that

cR_ (3T€N zr2 R i0za _ R fagb Wy 2, —20-0) 4 20 p2 g2y € DN e
§0 = | g ) €N —2raE7E —TE s — (e UrGoe HE T RIH ) p——— | (7).

Recalling now that d R /ds = £ R, the last inequality can be rewritten as
d .
L (R3/A—€iR
ds( £7)
< R—3/4—€ (—(€2U URGZe—Z(U—U) + (e—ZURZHZ)R%6—2(77—(]))(5'9)2 _ 21"52“;:-95'(1 _ Ffbéaéb)~ (8_7)
For the three terms in the right-hand side, recall that
R =e 21V UG,
1—159 — %e_z(n_u)(e_ZUR2H)R,
R =e 214U,
F§Y =0,
ng — %e—Z(n—U) (e_ZURZ)R.
These terms can be combined with the terms containing H 2 and G? above arising from Fée@ as follows:
PRy E)? 420§ E7EX + 2V URG2e 2V () = e 20DV U X + GEY) = e Uk U3
and
ng(éy)z +2F§Yéeéy + (e—zuRsz)R%e—z(n—U)(ée)z
— %e—Z(U—U) ((e—ZURZ)R(é-Y 4 Hé@)z 4 e—ZURZZHHR(éG)Z + 26_2U HRRZS'QS'Y)
= 1e2" D (e VR RR e Iy + 2HREDTY).

Nowlet,u:n—U—l—ilnR—%lna. Note that

1 2
2772
/JLR:R((UR—ﬁ) “+a U@)ZO

Then, using that U is uniformly bounded and (7-7), we easily have the estimates

1
le*"Ug J§| < CR™? (R”zu}{z + E)’ (8-8)

—2(n-U) 1
eT(e_ZURZ)RR_4e4UJ§ < CR_4(R_1/2/’L1R/2+E>, (89)

for some constant C > 0. Moreover, in view of (2-8), (7-7) and the estimate |éel < aéR,

U 4y £ ER
le =201 U)HR59JY|SCF.
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Returning to (8-7), we obtain

R
di(R73/47e§ ) < CR™13/4- “(u 1/2+ R™1/%) +C5
S
The second term in the right-hand side is integrable since £® = d R&(s) /ds. Moreover, R~13/4=€R=1/2 js
decreasing in R and, therefore, integrable on any bounded interval [sg, s1]. Thus, it remains only to show
that R_13/4_€/¢L}e/2 is integrable.
Let M?2 = —g(£, £). Then we have

- £° -, M2e—20—0)
(sR) - ER2

Let x = M2e_2(”_U)/(éR)2 <1landlet p=n—U. Then we find?

d .
d—p+——< R = SEER = (1= (1= 0 P)aré® = Jxun€®. (8-10)

In particular, dp/ds + %a’(ln R)/ds — (aR/(Za))éR > 0. As a consequence, we have

dp  1d AR £ R\ ng—2,20iR
<2 Ly 2 LRy - ZRER ) p2e20ER,
MR = (ds+4ds(n )= 5.8 e’g

Now, recall from (7-7) that

ar 1 5/4
———=—+0(R"
2a 4R +0( )-

In particular, there exists some R, > 0 such that, for all s with R(£(s)) > Ry,

ar _ 1+¢

2a — 4R

’

and we can assume that R(£(sg)) > R». Thus, we have

do 1+5d 5 2p:
<2 PER
1K (ds 2 ds ) ers

where the quantity in the parentheses is positive.
Thus, we conclude that

1
dp 1+5d . dp 1+5d .
1/2< M- P PERVI2 < P 20 4 CER

V2 (ds 2 ds )e@)— ds 2 ds T8

It follows that

€
R13/4- u <CR 13/4— e(d_lo H_z—(lnR)) 2p+CR713/4feé-R’

ds 2 d

3We would like here to consider d /ds, however, this would introduce the quantity ag, for which we do not directly have an
evolution equation.
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where the last term is clearly integrable since S R —dR(£(s))/ds and % — € > 1. Finally, using (7-7) and
an integration by parts to estimate the term containing dp/ds, we have, for any s € [sg, 1)

s do 1+5d
R—13/4—e el 2_1 R Zpd
/SO as Ty gy nR)etds

2 €
— /S R—”M*lﬂ ds +/s R—13/4—€1+_2i(1n R)e2p ds
5 2 ds s 2 ds

< CeZpR—l3/4—e +C /S R_17/4_€éR€2p ds +C /S R—9/4é.R ds < C.

S0 S0

Thus, we have shown that d(R—3/4=€£R)/ds is integrable and, therefore, that €8 < CR3/4*< for
some C > 0. This completes the proof of Theorem 8.1. 0

9. Existence of initial data sets close to the asymptotic regime

In this section, we prove the following result:

Proposition 9.1 (existence of a class of initial data sets). Fix C; > 0 and A € [0, +00). For any € > 0,
there exists Ry > 0, (Up, Uy) € H'(S") x L>(SY), ag > 0 € W>1(SY) and ny € W1(S") such that
(Uyp, Uy, ag, no) satisfies the constraint equation (2-7), that is,

99 (no) =2RoU1 99 (), -1

and such that the conditions (6-1)—(6-5) are all satisfied with U (Ry, 8) = Ug(0), Ur(Ry,0) = U1(0),
n(Roy, 0) = no(@) and a(Ry, 0) = ap(0). As a consequence, there exists an nonempty set of initial
data satisfying (6-1)—(6-5) which is open in the natural topology associated with the initial data on
H'(S") x L2(S") x W21(8sh) x whI(sh.

While our construction requires us to choose a sufficiently large Ry (depending on €), the € satisfying
the assumption of Theorem 7.1 depends only on a lower bound on Ry. Hence, the data constructed above
satisfy the requirements of Theorem 7.1 provided Ry is chosen sufficiently large.

Proof. Let C; > 0 and A € [0, +00) be fixed. We define ag to be

2

@ ="
PRO/

where p > 0 is a constant. Thus the associated term & reads & = pRé/ 2. We then define U, as

so that

27 2
(RO / U1a0_1d9> =dl.
0

Consider now any nonconstant Uy € H Lsh. We will impose several conditions on Uy.
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Let € = f ey 'u 12 + ao(Uo)é) do be the energy associated with our initial data set. Note that the
energy correction® 'V = (1/Rp) fSl (Up— < Uy >)U1a0_] dR equals 0 since Ulao_l is constant.

Let F=2& and = 2(& +T'Y) be the rescaled energy and the rescaled corrected energy associated
with Uy, U; and ag. Note that 4 = F since I'V = 0, so that (5-25) trivially holds. Observe that

2 A 27
F=2 | (a5 U +aoUp);)do = — +2m / (Uo)3 do.
0 Ry 0
Suppose now that foh (Uo)é df =C1/(2n Ry), where C{ > 0. Then we have

_d G
R R

o
In order to satisfy (6-2), we now fix p in terms of C; by setting
(200
r=\—=)-

2 P
J5 RoG'/?

Then we compute

|2 2
V5 ReF2

1| = ‘
On the other hand, we have

» pRY? 2 <1+ A )1
RoFY2 " Ro(sd/R3+C1/R)'V> 5\  RoCi)

This shows that (6-2) is satisfied provided that sd/(RoC}) is sufficiently small, which we can always
ensure by choosing Ry sufficiently large compared to s4/Cj.

One can then easily check that (6-1) and (6-5) hold true provided Ry is sufficiently large. It remains to
define 5 so that (6-3) and the constraint equation (9-1) is satisfied.

For (6-3), we only need to ensure that ’Q/RS@VZ — %’ < €. Recall that 2 = fozﬂ %Kzez'mao_1 deé. By
fixing no(6 = 0) we can certainly ensure that

2
K oyt = L pagir,
2 2m/5

Now we define 1 for all other values of 8, so that (9-1) is satisfied:
6
1n0(0) = 10(0) +2Ro/ U1(Uo)e d6 = no(0) +2RoU1(Up(8) — Up(0)).
0
From the above, we see that ng € W11(S!) (and in fact it is in H'(S!)) and that

170(0) (9)|</2ﬂ| d6 < Ry < —— R(&ﬁ+cl)< 2
noV) — 7o = Mo = Ro— = o\ 5 T5 ) =€,
0 z pRé/2 R} Ro

4We would like to thank an anonymous referee for pointing out this nice simplification.
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again by choosing Ry sufficiently large, depending only on C; and «i. We then check that

2
‘i - L‘ = # Q_an_ezﬂO(o)a—l
R3F'V2 /5| R}F? 2 0
1 K2 2
< £ 200, / 120@-100) _ 1| 4p < Ce? < e
= RSQ’TI/Z ) 0 0 = =
provided ¢ is sufficiently small. (]
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OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM

KAREN YERESSIAN

We study the regularity of the free boundary at its intersection with the line {x; = 0} in the obstacle
problem
Au = |x1| x>0y in D,

where D C R? is a bounded domain such that D N {x; = 0} # @.

We obtain a uniform C!*! bound on cubic blowups; we find all homogeneous global solutions; we
prove the uniqueness of the blowup limit; we prove the convergence of the free boundary to the free
boundary of the blowup limit; at the points with lowest Weiss balanced energy, we prove the convergence
of the normal of the free boundary to the normal of the free boundary of the blowup limit and that locally
the free boundary is a graph; and, finally, for a particular case we prove that the free boundary is not C!-*
regular near to a degenerate point for any 0 < o < 1.

1. Introduction

Let D C R? be a bounded domain such that D N {x; =0} # @. Let g € H'(D) such that g > 0 on dD.
Let u € H'(D) be the unique minimiser of the functional

/ (\Vu)* + 2|x1|u) dx (1-1)
D

in the admissible set of functions
{u>0ae.in D and u = g on dD}.

For the existence and uniqueness of the minimiser # one may refer to [Kinderlehrer and Stampacchia
1980].
It is known (see [Petrosyan et al. 2012]) that u € Cl(l)él (D) and

Au = |xi|xu>0y in D (1-2)
in the sense of distributions.
Let us denote by €2 the noncoincidence set and by I' the free boundary, i.e.,

Q={xeD|ulx)>0} and I'=DNIN.

Let us consider two examples. Set D = (—1, 1)2. For the first example we take g(x) = 11—6(x1 +x7)T
and for the second example we take g(x) = x{"(c — |x2)T, where ¢ & 0.42559. The noncoincidence set
and the free boundary are depicted in Figure 1 for both examples.

MSC2010: primary 35R35; secondary 35J60.
Keywords: free boundary, obstacle problem, degenerate, blowup, regularity.
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X9 €2
1 F1
I
Q T
Q
—1 1 —1 1
1 ' 1
11 1
@ g(x) = F£(xp +x2)T. (b) g(x) =x]"(c —|x2])* with ¢ ~ 0.42559.

Figure 1. Q2 and I in the examples.

In the case of the nondegenerate obstacle problem, i.e., when instead of |x;| we have f satisfying
f > cin D for some ¢ > 0, the Lipschitz and C! regularity of the free boundary was proved for the first
time in [Caffarelli 1977]. A good reference for nondegenerate obstacle problems is [Caffarelli 1998] and
a good reference for obstacle-type problems is [Petrosyan et al. 2012].

In [Yeressian 2015], for a class of degenerate obstacle problems the optimal nondegeneracy of the
solution is obtained. The proof of the optimal nondegeneracy is based on specially constructed comparison
functions using harmonic polynomials. In this paper the nondegeneracy result in [Yeressian 2015] will be
used numerous times.

Our approach to prove the regularity of the free boundaries is based on some directional monotonicity
properties satisfied by the solutions. This method is based on the proof of C! regularity in [Petrosyan
et al. 2012] and is closely related to [Alt 1977].

We use Hopf’s lemma to prove the irregularity of the free boundary in a particular case which
corresponds to the free boundary near to the origin in the example depicted in Figure 1(b). A related
irregularity result has been proved in [Shahgholian et al. 2007], where the authors considered a two-phase
membrane problem and in higher dimensions they proved that the free boundary is, in a neighbourhood
of each branch point, the union of two C !-graphs, but in general these graphs are not C 1-Pini (C1,Dini
includes all C* for 0 < o < 1).

Studying obstacle problems with a degenerate force term reveals rather unexpected behaviour of the
solution, such as the fact that the free boundary usually forms a certain angle at its intersections with the
line {x; = 0}, where the force term is degenerate.

In the problem of the free boundary near contact points with the fixed boundary — see [Shahgholian
and Uraltseva 2003] — where the solution satisfies a homogeneous Dirichlet boundary condition, a similar
strong influence of the data of the problem on the structure of the free boundary has been observed.

Varvaruca and Weiss [2011; 2012; 2014] have studied 2-dimensional or axisymmetric, 3-dimensional,
inviscid, incompressible fluids acted on by gravity and with a free surface. These problems are in the class
of Bernoulli free boundary problems, but the degeneracies in the force terms give rise to similar situations
as encountered in this paper and has been a motivation for considering the problem in this paper.
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This paper is structured as follows. In Section 2, the main results of this paper are presented. In
Section 3, we prove uniform C!*! bounds on cubic blowups. In Section 4, using the Weiss balanced
energy we prove the homogeneity of the blowup limits. In Section 5, we classify all possible homogeneous
global solutions. In Section 6, using the fact that possible blowup limits form a discrete set we prove the
uniqueness of the blowup limits. In Section 7, using a lower bound for homogeneous global solutions
and the optimal nondegeneracy result in [Yeressian 2015] we prove the convergence of the free boundary
to the free boundary of the blowup limit. In Section 8, we prove the convergence of the normal of the
free boundary to the normal of the free boundary of the blowup limit at regular points. In Section 9, we
prove that in a neighbourhood of a regular point the free boundary can be given as a graph. In Section 10,
we prove that under some assumptions the free boundary near to a degenerate point is either flat or not
C1® for any 0 < a < 1. In Section 11, we conclude this paper with a discussion about further directions
of research on obstacle problems with degenerate forces.

2. Main results
Let us define a cubic blowup of u as follows:

Definition 1. Let B,, C D, then we define, for 0 < r < ro,

ur(x) = u(:;C) for x € By

and call u, the (cubic) blowup of u at 0.
In the following theorem we prove that for 7 > 0 the family u, is uniformly bounded in C 11 (By).

Theorem 2 (uniform C'>! bounds on blowups). There exists a C > 0 such that, if u is a solution in D,
ro >0, By, C D and 0 € I', then we have the estimate

lurllcrngy=C (2-1)

for0<r < %ro.

The proof of this theorem is based on the optimal growth result proved in [ Yeressian 2015].

From the uniform bound (2-1) it follows that, for any sequence r; such that r; — 0, there exists a
subsequence rj, and v € C11(By) such that uj, — v in Cl(B)).

Let us consider for u € H!(B,) the Weiss balanced energy

1 3
W(r,u) = —6/ (|Vu|2+2|x1|u)dx——7/ u? do(x). (2-2)
r= JB, r-JoB,

The Weiss balanced energy [1998; 1999] was introduced to study the free boundary in the nondegenerate
obstacle problem. The energy in (2-2) has been adapted to the first-order homogeneity of the force term |x|.
For the Weiss balanced energy for different homogeneities, one may refer to [Petrosyan et al. 2012].

As we will see, for u a solution in D with 0 € D, by a monotonicity result for the Weiss balanced
energy, the right limit W(+0, u) exists but might be —oo. If 0 € I" then W(+0, u) > —o0.
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£ E =

{ups(x) > 0} {ups(=x1,x2) >0} {ups(x) + ups(—x1, x2) > 0}
{uy(x) >0} {uy(x1,—x2) > 0} {ty (x) + ty(xy, —x2) > 0}

Figure 2. The only possible noncoincidence sets of nontrivial homogeneous global solutions.

Definition 3. Let u be a solution in D, 0 € D and 0 € T'. Then we call v € C'!(B)) a blowup limit if
there exists r; — 0 such that u,, — v in CY(B)).

Using the Weiss balanced energy, if v is a blowup limit at O then v is a third-order homogeneous global
solution and W (40, u) = W(1,v).
So we are led to find all the solutions of the obstacle problem

Au = |x1|xu>0}y in R?, (2-3)
u third-order homogeneous.
Clearly u = 0 is a trivial solution of (2-3).
Let us define
ups(x) = 517 and  ww(x) = (glx11> + 133 — §xT%2) X ool - (2-4)

Theorem 4 (classification of homogeneous global solutions). The only nontrivial solutions of (2-3) are
U, U (X1, =X2), U + U (X1, =X2), Ups, Ups(—X1,X2) and ups + ups(—X1, X2).

To prove Theorem 4 we first find all the solutions of the corresponding no-sign obstacle problem and
then among these solutions we find the nonnegative ones.

All possible noncoincidence sets of nontrivial homogeneous global solutions, i.e., the noncoincidence
sets of the nontrivial solutions of (2-3), are depicted in Figure 2.

It is easy to see that W(1,uy) = W, uyw(x1,—x2)), W, uy + uyw(xy,—x2)) = 2W(1, uy),
W, upe) = W, upg(—x1,x2)), W, upg +ups(—x1,x2)) =2W(1, ups) and, by direct computation,
we see that 0 < W(1, uy) and

2W(, uy) < W(L, upyg).
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So we have the following four possible energy levels together with the order between them:
W, uy) <2W(1,uy) < W, upg) <2W(, upy).
Let us define, for y e ' N{x; =0} and r > 0,
W(r,y,u) = W(r,u(- +y)). (2-5)

Based on the four possible values of W(+0, x, u) (the value 0 is excluded by the nondegeneracy)
for x € I' N {x; = 0}, the points of I' N {x; = 0} get classified in four types.

Definition 5. We call y € I' N {x; = 0} a degenerate free boundary point if there exists r; — 0 such that
(- + p)r; = ups o8 u(- + )y, (x) = ups(—x1,x2) in C'(By).

We use this name for points where a blowup limit is g or upg(—x1, X5) by following the naming for
similar points in the problem studied in [Varvaruca and Weiss 2011].

In the example depicted in Figure 1(b), the origin is a degenerate free boundary point with uy, as a
blowup limit.

By our uniform bounds on the blowups it follows that 0 is degenerate if and only if W (40, u) =
W, upy).

Definition 6. We call y € I' N {x; = 0} a regular free boundary point if there exists r; — 0 such that
u(- + )y = uw oru(- + y)p (x) = uy(xy, —xz) in CY(B)).

In the example depicted in Figure 1(a) a point close to the origin is a regular free boundary point with
Uy as a blowup limit.

By our uniform bounds on the blowups it follows that 0 is regular if and only if W (40, u) = W(1, uy),
i.e., it has the lowest Weiss balanced energy.

Theorem 7 (uniqueness of blowup limits). If u is a solution in D, 0 € D and 0 € " then the blowup limit
at the origin is unique.

Let us define, for § >0 and k =0, 1,

0k (8) = sup |ur —uolcr(m,) (2-6)

0<r=<§

where u¢ is the unique blowup limit.

Theorem 8 (convergence of the free boundary). There exists C; > 0 and C, > 0 such that if u is a solution
in D,0e€ D and0 €T then, for x € ' close enough to the origin, if W(+0,u) € {W(1,uy),2W(1,uy)}
then we have

d(x.Tuy) < C1 (00(Ca|x])) /). 2-7)

where Ty, is the free boundary of the unique blowup limit, and, if W(+0,u) € {W (1, ups), 2W(1, ups)},
then

Ix1] < C1 (00(Calx) > |x]. 2-8)
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The proof of this theorem is based on a lower bound for the nontrivial homogeneous global solutions
and the nondegeneracy result proved in [ Yeressian 2015].

From Theorem 8, it follows that all points of TN {x; = 0} N{W(+0, x,u) € {W (1, uy),2W(1,uy)}}
are isolated points of I' N {x; = 0} (in the topology of {x; = 0}), in particular.

Theorem 9 (convergence of normals and the free boundary as a graph at regular points). There exists
C1 > 0 and Cy > 0 such that if u is a solution in D, 0 € D and 0 € T is a regular free boundary point
with blowup limit uy, then there exists € > 0 and

y € C(—g€ 3¢) N CH((—5€. 3e)\(0})

such that
I {|xi| < €} N Be = {(x1,7(x1)) | x1 € (—3€. 36) }.
|y (x1) = |xi]| < Cy (Go(C2|X1|))1/2|X1| for x1 € (—1e, Le).
Y= = Clon(ClaD) for x1 € (—e. je)\{0}.

The proof of this theorem is mainly based on a directional monotonicity result proved in Lemma 37.
There we prove that d,u > 0 in B, (x) for x € ' N{x; > 0} N3dB 4 if, for a given v € 9B with v-vy, >0,
r is small enough and u is close enough to uy, in C 1(Bl). The vector vy, is the normal to the free
boundary of uy, in the half-plane {x; > 0}, pointing into the noncoincidence set of u,. This directional
monotonicity result establishes the convergence of the normal of the free boundary to the normal of the
free boundary of the blowup limit.

As we will see, from Theorem 9 it follows that, in the case when the origin is a regular point but with
Uy (X1, —Xx3) as blowup limit, and in the case when W (40, u) = 2W(1, uy,), the free boundary is a graph
or the union of two graphs, respectively.

In the following theorem, in particular cases we show that the free boundary near to a degenerate point
is not C1** smooth.

Theorem 10 (an irregularity result at degenerate points). Let u be a solution in D with 0 € D. Sup-
pose also that there exists § > 0 such that Bs C D, 0x,u < 0 in Bs N {x; > 0,x, > 0}, there exists
pE C([O, %5)) nct ([O, %8)) such that p(0) = p'(+0) =0, p>0in (O, %5), p is convex and

QﬂB(gﬂ{xl>0,O<x2<%8}=B50{0<x2<%5, ,0(x2)<x1}.

Then either p =0 and u = uyg in QN BgN {x1 >0,0<x;,< %8} or the free boundary part T’ N {x1 > 0}
is not C 1% regular at 0 for any 0 <« < 1.

Let us note that the conditions in this theorem correspond to the example depicted in Figure 1(b).
The proof of this theorem relies on considering the nonnegative function v = —dx,u and using the
quantitative Hopf lemma (see [Han and Lin 2011]).
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3. Uniform bounds on blowups

The following theorem is a consequence of the Harnack inequality and is a special case of the optimal
growth theorem in [Yeressian 2015].

Theorem 11. There exists a C > 0 such that if B,(y) C D then we have

u(x) < Cy)+r2(r+1nl) for x € Bya(y).

Based on this optimal growth estimate, in the following theorem we prove an estimate on the growth
of the solution near the free boundary.

Lemma 12. There exists a C > 0 such that if u is a solutionin D, y € Q,d = d(y,T") and Bs;(y) C D
then

u(x) <Cd*(d +|y1]) for x € B4(»). (3-1)

Proof. Let z € T be such that d = |y — z|. We have, for r = 4d,

By (z) = B44(2) C Baay|y—z/(y) = Bsa(y) C D.
By Theorem 11 we have that, because z € " and B,(z) C D,
u(x) < Clrz(r +|z1]) for x € B,/5(2). (3-2)
We have
Bi(y) C Bat|y—z/(2) = B24(2) = By /2(2). (3-3)
By (3-2) and (3-3) we obtain
u(x) < Cr?(r +|z1]) = C1(4d)* (4d +|z1|) < Cod*(d +|z1])
< Cod*(d +|z1—y1]+[31])

< Cd?*(2d +|y1]) < C3d*(d +|y1])  for x € By(y),
which proves the lemma. O

Let us define
y(t)=1lt]* forteR (3-4)
and, for 7y € R,
Wieo (1) = Y (1) = Y (to) — ¥ (o) (t —t9) for t €R.
Then there exists C > 0 such that for #, 7y € R we have
i (1) = Clt = to]*(lt0] + 1t 10 (3-5)

Proof of Theorem 2. We have

1 1 1
lurllLooBy) = r_3||”||L°°(B,-)’ IVurllLey) = r_2||vu||L°°(Br)» [Vurlcor( g, = ;[VM]COJ(B,)-
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So, if we prove that for some C > 0 we have
lullLoocB,) < Cr3,
IVu| Loo(p,) < Cr,
[V“]C‘“(Br) <Cr,

then the lemma is proved.
There exists C > 0 such that for v a harmonic function in B; we have

IVv(0)| = CllvliLee(s,) and [VV]coa(p, ) = ClvliLes(sy)-

By scaling we obtain that for v harmonic in B, we have

C
Vu(0)] = ;IIUIILOO(B,?)

C
[Vvlcoa(s,,,) = n_2||v||L°°(B,7)-
For x € Q let d = d(x, T"); then we have
Bsq(x) C Bsa+|x| C Bs|x|+|x| = Be|x|:

so if x € B(1/6)r, then Bsg(x) C D.
Now, by Lemma 12, we obtain that for x € B(j/¢),, We have

lullLoo(By(xyy < Cd?(d + |x1]).

Let0<r < %ro.

To prove (3-6), we compute, for x € B;,

u()] = llullLoo(B, ) < Cd?(d + |x1) < Clx(Ix| + |xi]) = 2C |x|* < 2C7r°,

To prove (3-7), using wgcl (x1) =0, (3-9), (3-11) and (3-5), we compute, for x € B,,
C
[Vu(x)| = [V(u —wx, ) (x)] < 7”” — Wy, Lo (B4 (x))

Cq Cq
=< i lull Loo(B,(x)) + 7”wx1 Lo (B, (x))
< Cod(d + |x1|) + C3d(d + |x1|) = Cad(d + |x1]).

From (3-12) it follows that
[Vu(x)| < 2C4|x|* < 2C4r?.

It remains to prove (3-8). We should show that

[Vu(x)—Vu(y)| <Cr|x—y| forall x,ye€ B,.

(3-6)
(3-7)
(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

Fix x, y € B,. In the case B|x_y|(%(x + y)) C Q let us denote z = %(x + y). We have d =

d(z,T) = |x =yl
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By (3-10) and (3-11), we compute

[Vu(x) = Vu(y)|
|x — y| f [VM]CO,I (B|x—y|/2(z))

= [Vulcoa(,),(2))

< [V(u—wz)]c01(By () T [0 1001 (B2 (2))
C

< d2 — llu—wz, ||L°°(Bd(z)) + Wz lc2(By )2 (2))

<5 ||u||L°°(Bd(z)) L& VE lwz, Lo (8, + [We2(8a 20
G Cq

< ﬁczdz(d +la+ 23 —C3d*(d + |z1) + Ca(d + |21 )

= Cs(d + |z1])

=< 2C5}".

In the case B|x_y|(%(x + 1)) NQ° # @, by (3-12) we compute

|Vu(x) = Vu(y)| = [Vu(x)| + [Vu(y)|
=Cd(x,I)d(x,T)+[x1) +Cd(y, D)y, T) + |y1])
<3Clx—yldx.T)+|x1) +3Clx = y|d(y.T) + 1))
= Cirlx—y|

and this finishes the proof of the theorem. O

4. Homogeneity of blowup limits

Most of the results in this section are well known; one may refer to [Petrosyan et al. 2012; Weiss 1998;
1999]. But for the sake of completeness we include the proofs.
The Weiss balanced energy W (r, u) is defined in (2-2).

Lemma 13. Forr,s > 0and u € H'(B,s), we have W(rs,u) = W(s, u,).
Forue H! (Bry), W(r,u) as a function of 0 <r < rg is locally bounded and absolutely continuous.
For u a solution in By, and 0 <r < ry, we have

iW(r, u) =2r (0,u,)? do(x). (4-1)
dr 0B,

For u a third-order homogeneous solution in By, we have

W(l,u)=/ |x1|udx. (4-2)
B
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Proof. Let r, s >0 and u € H'(B,s). We compute

3
/ (IVu|? + 2|ox1 |u) dx — —— / u? do(x)
(rs)" Jom,,

1
|Vu(rx)|2+2r|x1|u(rx))dx—i7—6/ u?(rx) do(x)
5716 Jom,

W(rs,u) =

1
56

1 3
=& [ (VP 2t dv =5 [ ot =W,
s JBy s' JoB,

which proves the first claim.
Let u € H'(By,); then, for 0 < r < rg, by direct computation using polar coordinates we have

1
/ u?do(x) = =2r / o u(x)Vu(x)-xdx + — / u?(x)do(x). (4-3)
0B, Bro\B; [X] ro JoBy,
The equation (4-3) together with the fact that if f € L10C
bounded and absolutely continuous proves the second claim.

Let u be a solution in B,,, then we have (see [Petrosyan et al. 2012]) u € Clz)cl (Bry)- Let 0 <r <y,

(R?) then fBr f dx as a function of r is

then we compute

1d
Sdr W(r u)
2d W(1 ur)
= l(/ (2Vu, (x) - Voruy (x) + 2|x1|0,u,) dx—6/ UpOriy da(x))
2\Jp, 3B,

=/ (Vur(x)~V8rur(x)+|x1|8rur)dx—3/ Uy druy do(x)
B 0B}

=/ (—Au,(x)arur(x)—i-|x1|8ru,) dx—l—/ 8vur(x)8ru,(x)do'(x)—3/ Uy 0ruy do(x)
B,

B B

= / (avu,(x) - 3u,)8rur do(x).
0B
It is easy to see that on dB; we have

dyuy(x)—3u, =r d,u,,

which proves the third claim.
Let u be a solution in B;. We compute

W(l,u) =/B (|Vu(x)|2+2|x1|u) dx_3/33 u? do(x)

=/Bl(—Au(x))u(x) dx+/831 dyu(x)u(x) dU(X)+/Bl 2|xq|u dx—3/ u? do(x)

B

:/831 dyu(x)u(x) do(x)—i—/Bl |x1|udx—3/aB1 12 do (x)
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=/ [x1|udx + (dyu —3u)udo(x).
B 0B

For a third-order homogeneous function we have d,u = 3u; thus the last integral is null and this proves
the last claim. O

If u is a solution in B, for some ry > 0 then, by (4-1), W(r, u) is nondecreasing in 0 < r < rp; thus
the limit lim, ¢ >0 W(r,u) = W(40, u) exists but might be —oo. If 0 € I" then by Theorem 2 we have
lurllLoo(B,) < C for small enough 0 < r and from this it follows that

1

—— u?do(x) = —/ uf do(x) > —cq;
r 0B, 0B}

thus W(r,u) > —3c¢y and W(+0,u) > —3¢; > —oo0.
For y e 'N{xy =0} and r > 0, W(r, y, u) is defined in (2-5).

Lemma 14. W (40, x, u) is an upper-semicontinuous function of x € I' N {x; = 0}.

Proof. For x € I' N {x; = 0}, by the monotonicity of W(r, x, u) as a function of r > 0 and its continuity
as a function of x it follows that W(+0, x,u) = lim, ¢ >0 W(r, x,u) is upper-semicontinuous in
rn {X 1= 0}. O

Assume v is a third-order homogeneous function in By, i.e., v(0) = 0 and v(x) = v(x/(2|x|))(2|x|)?
for all x € B1\{0}. Then we might extend v as a third-order homogeneous function in R? as v(x) =
v(x/(2|x]))(2]x])? forall x e B{. Let us note that the term on the right-hand side is well defined because
for x € B we have x/(2|x|) € B;. From this definition of extension it follows that v(rx) = r3v(x) for
all x e R? and r > 0.

The following theorem is a special case of the main theorem in [ Yeressian 2015].

Theorem 15. There exists a ¢ > 0 such that if u is a solution in D, y € Q and B,(y) € D then we have

sup  u=u(y)+cer?(r + |y1l).
QNIB; (y)

A blowup limit is defined in Definition 3.

Lemma 16. Let v be a blowup limit. Then v is a third-order nontrivial homogeneous solution in By, the
third-order homogeneous extension of v in R? is a global solution, and W(+0,u) = W(r,v) for r > 0.

Proof. Assume v € C>1(B) is a blowup limit and Up, —> vin Cl1(B)).

From u,; > 0 in By it follows that v > 0 in By. By the convergence u,; — v in C1(By) it follows
that Au,, — Av in H~'(B;) and in particular as distributions. Also Xur, >0} = X{v>03 in L'(B;) and
thus |x; |X{u,~j >0} = |X1]|x{v>0y as distributions. Now (1-2) holds for u,; in By, so passing to the limit
as j — oo we obtain that v satisfies (1-2) in By. This together with v > 0 in B proves that v is a solution
to the obstacle problem in Bj.

For 0 < s <1 we compute

W(+0,u) = lim W(srj,u) = lim W(s,u,;) = W(s,v). (4-4)
Jj—0o0 j—o0
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Thus W(s, v) is independent of 0 < s < 1.
Now, by (4-1), we obtain that for 0 < s < 1

d

0= %W(s, v) =2s /831 (05v5)? do(x).

From here it follows that Vv - x —3v = 0 in B; and hence v is third-order homogeneous in B;.
Now let us prove that v is not 0 in By, i.e., v is nontrivial.
Let§>0and Bs C D. Let 0 <r <§ and y € B,/, N 2; then we have

Byj4(y) C Brjat|y| C Brjayr/a = Byrja €D,
thus by Theorem 15 we have
sup u>u(y)+ c(%r)3.

aBr/4()’)
We compute
0By /4(¥) C Brj2(¥) C Byjayiy| C By,
so we have
supu > sup u > u(y)+c(%r)3 > gser’
B, 0B, /4(»)
and thus
supu, = 4%6.
B,

From this inequality, taking r = r; — 0, we obtain that v is not identically 0 in Bj.

Let us again denote by v the extension of v in R2. Then it is easy to see that, because v is a solution
in B and v(rx) = r3v(x) for x € R? and r > 0, v is a solution in R?, i.e., a global solution.

By third-order homogeneity of v we have W(r,v) = W(% v) for » > 0 and this together with (4-4)
proves the last claim of the lemma. O

5. Homogeneous global solutions

In this section we classify all possible solutions of the problem (2-3). The solutions of (2-3) form the
subset of nonnegative solutions of the following no-sign obstacle problem (see [Petrosyan et al. 2012] for
more on no-sign obstacle problems)

Au = |x1|xQu) in R2,
Q(u) = {u = [Vu| = 0}°, (5-1)
u third-order homogeneous.

We first classify the nontrivial solutions of (5-1) and then find the subset of nonnegative and nontrivial
solutions of (5-1), and thus obtain the classification of the nontrivial solutions of the problem (2-3).

In the rest of this section we always assume that u # 0 in R?, i.e., we discuss only the nontrivial
solutions, so Q2 # @.
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In both problems, by homogeneity, the set 2 is an open cone in R?\{0}, i.e., for x € Q and r > 0 we
have rx € Q.

Either Q is equal to R?\{0} or it is at most a countable union of disjoint connected open cones
in R2\{0}.

To classify the solutions in both problems we first establish if there exists a solution with @ = R?\{0}.
Then we find all the connected cones  not equal to RZ\{0} for which there exists a corresponding
solution.

Let us define

U®) = u(e'?) — Lidgu(e™).

Lemma 17. If u is a third-order homogeneous function in a connected open cone Q C R?* such that
Au = |x1| then there exists a € C such that

U= %|cos 0| cos(@)eie + ge3i? (5-2)
for all é* 9 ¢ Q (in the rest of this section we identify R? with the complex plane C).

Proof. Let us write v(x) = u(x) — ¥ (x1) with ¥ as defined in (3-4); then v is a third-order homogeneous
harmonic function in the connected open cone 2 C R?. Thus there exists a € C such that

v(x) = N(@(xy +ixy)3) forall x €.

So we have
u(e'?y = %lcos 013 + R(ae) (5-3)
for all e’ € Q.
Differentiating (5-3) with respect to 6 we obtain the desired equation. O

By the homogeneity of u it follows that
{xeQ|ulx)=|Vu(x)| =0} ={re’® eQ|U®) =0, r >0}

If Q@ = R2\{0} then, for u to be a solution to (5-1), U should be a periodic function with period
27 such that U(0) # 0 for all 8 € R and if, in addition, u is a solution to (2-3) then we should have
RU(B) > 0 for all 6 € R.

In the case that 2 is an open connected cone not equal to R?\{0}, there exist 6, f, € R such that
0 < 0y <6y + 27 and Q = {re'? | r >0, 60; <0 < 6,}. In this case, if u is a solution to (5-1)
with Q = Q(u), then U should satisfy U(68;) = U(6,) =0 and U(#) # 0 for 8 < 6 < 6,. If, in addition,
u is a solution to (2-3) then we should have RU(8) > 0 for 6; < 0 < 6,.

Let us define

V(0) = |cos 6] cos(6)e??. (5-4)

It follows that

6¢310U (9) = V(0) + 6a. (5-5)

Lemma 18. The function u is a solution of (5-1) with Q@ = R?\{0} if and only if —6a & V(R).
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Figure 3. The set V(R).

Proof. The function u is a solution of (5-1) with Q = R?\{0} if and only if U is 27-periodic and U(6) # 0
for all 8 € R.

From (5-2) it follows that U is 2 -periodic and, by (5-5), it is clear that U(#) # 0 for all 8 € R if and
only if —6a & V(R). O

From the definition of V' in (5-4) it is clear that B{ C (V(R))¢, so by Lemma 18 it follows that there
are many solutions of (5-1) with @ = R2\{0}.

Let us note that for a connected cone specified by 6; and 6,, the solution with such a cone is unique.
This follows from the fact that, because U(6;) = 0, by (5-2) « is uniquely obtained and for this value
of a the solution u is uniquely given by (5-3). Based on this observation, in the following we do not
distinguish between a connected cone and the corresponding solution.

Lemma 19. The function u is a solution of (5-1) with a connected open cone Q # R>\{0} if and only if
one of the following cases hold.:

() 01 €Zn +{Z. %, 3%} and 6, = 0, + 2.

(i) 0; € Zm + % and 0, = 6, + 7.
(111) 91 eZn + % and 92 = 91 + %
(iv) 01 € Zn + 3 and 0, = 0, + 3Z.
Proof. Let us remember that we should have 6, 6, € R, 6; <6, <01 + 27, U(61) = U(6,) =0 and
U(0) # 0 for 8, < 6 < 0,. Tt is possible to find all such 6; and 8, by algebraic computations, but for
ease of presentation we resort to geometric arguments.

By (5-5), U(6) = 0 if and only if —6a = V(0), hence we should have 01, 6, € R, 6; < 0, < 601 + 2,
V(61) = V(6,) and V(0) # V(6,) for 8; < 6 < 0,. Thus we should find the smallest closed loops in the
range graph of V. The range graph of V, i.e., the set V(R) is depicted in Figure 3.

Then we have the following four cases:

(i) —6a = V(6,) € V([RE)\{O, i%} with 0, € R\(Zrx + {% s 37”}) and the smallest loop is when
0, =601 +2m.
(i) —6a = V(6) = 0 with 6; € Zn + 7 and the smallest loop is when 6, = 0 + 7.
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(iii) —6a = V(6,) € {j:%} with 0y € Zm + Z and the smallest loop is when 6, = 6; + %.

(iv) —6a =V (6)) € {j:%} with 0; € Zx + 3% and the smallest loop is when 6, = 6; + 3.

|
There is some redundancy in the solutions specified in the previous lemma. In the following lemma
we prove that if for two solutions the corresponding connected cones are rotations of each other by a

multiple of 7 then the corresponding solutions are also rotated by the same angle.

Lemma 20. Let a, a’ € C and let U, U’ be the corresponding functions. If n € Z and 6y € R are such
that U'(0g + nm) = U(0y) then U’ (0 +nm) = U(0) forall 0 € R.

Proof. For any n € Z and 6 € R we have
U'(0 +nr) =a e300 4 l|cos(9 + n1)| cos(6 + nm)et @ +nm)
= (=1)"@e*? + Licos | cos(9)e’® = (—1)"a’ —a)e3 ' +U(0),

from which the lemma follows because if U’(6y + nm) = U(6) for some 6, then (—1)"a’ —a = 0, from
which in turn it follows that U’ (6 + nm) = U(0) for all 6. |

Corollary 21. Let u and u' be solutions of (5-1) with Q(u) = {re'? | 0; <0 < 65, r > 0} and Q') =
{ret? | 0] <6 <0, r>0}, where 0 <0, <0y 421 and 0] < 0, < 0] + 2n. If there exists n € Z such
that 0] = 01 +nm and 05, = 6, + nn, then u' (€' Oty = 4y (e19) for 6, < 6 < 6,.

Proof. Let U(0) correspond to u(x) and U’(6) to u'(x). Then U(#;) = 0 and U’(0]) = 0. Thus
U(6,) =U"(0;) = U'(6; +nm). Now by Lemma 20 the corollary is proved. O

By this corollary we are able to remove some of the redundancies in Lemma 19, as stated in the
following corollary:

Corollary 22. The function u is a solution of (5-1) with a connected open cone Q # R>\{0} if and only
if one of the following cases hold:

(i) 61 € [0, 271)\{% s 37”, ST”, 37” 77”} and 6, = 6, + 2m: the solutions correspanding to 01 in

[7, 27r)\{5”, 3z 7”} are equal to the solutions corresponding to 6 € [0, m)\{Z, 72’ 324 rotated
by m, respectively.

ii) 0y € {5, 5F} and 0, = 01 + 7w: the solution corresponding to 0y = =F is equal to the solution

(i) 61 € {Z.,3F} and 6, = 6 he soluti ponding to 01 = 3 is equal to the soluti
corresponding to 01 = % rotated by m,

iii) 01 € {%, =} and 0, = 01 + %: the solution corresponding to 01 = = is equal to the solution

(iii) 0y € {Z, 2%} and 6, = 6; + Z: the soluti ponding to 0; = 2 is equal to the soluti
corresponding to 01 = % rotated by .

iv) 01 € {=F, F}and 0, = 6, : the solution corresponding to 01 = = is equal to the solution

(iv) 01 € {3F, 2%} and 0, = 61 + 2Z: the sol ding to 0 qual to the sol

corresponding to 61 = 37” rotated by m.

By Lemma 18 we have obtained the solutions of (5-1) with = R2\{0} and by Corollary 22 we have
obtained all the solutions of (5-1) with a connected open cone  # R?\{0}. Now we turn to finding the
nonnegative solutions among these solutions.

To check the nonnegativity of a solution u, in the following lemma we write u(¢’?) in a closed form.
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Lemma 23. Let 61 < 0, < 61 + 27 and let u be a solution to (5-1) in the cone corresponding to 61 and 0.
Then we have

6u(ei9) = |cos 8]* —|cos 6; | cos(B;) cos(36 —26)). (5-6)
Proof. Because U(6;) = 0, by (5-5) we have 6a = —V (6;).
Now, by (5-3) we compute
6u(e'?) = |cos 0° + R (6ae3%) = |cos 8]> — R(V (6;)e>?)
= |cos 6> — R(|cos 0| cos(6)e 21016319
= |cos 0> — R(|cos 0| cos(@l)e(39_291)i)
= |cos 8|3 — |cos B; | cos(8; )R (e GO—2007)
= |cos 0> —|cos 6; | cos(B;) cos(36 —26),
which proves (5-6). O
Lemma 24. There exists no solution to the problem (2-3) with Q = {u > 0} = R2\{0}.

Proof. On the line segments {x; = 0}\{0}, i.e., for & = =7, we have

6u(e™™/?) = !cos(:l:%)‘3 — |cos 01| cos(61) cos(:l:%” —264)
= —|cos 01| cos(6y) cos(:l:%” — 291)

= +|cos 81| cos(8;) sin(261). (5-7)

If |cos 01| cos(61) sin(281) =0 then u(eii%) =0, which is in contradiction with Q = {u > 0} =R?\{0}.

If |cos 01| cos(61) sin(26;) # 0 then we can choose § = 7 or § = —7 and obtain u(e'?) < 0, which is
again in contradiction with Q@ = {u > 0} = R?\{0}. |

Lemma 25. The function u is a solution of (2-3) with a connected open cone Q # R>\{0} if and only if
one of the following cases hold.:

1 6; € {%, 37”} and 0y = 01 + m: the solution corresponding to 01 = 37” is equal to the solution
corresponding to 60y = % rotated by .
(i) 6; € {% ST”} and 0 = 6 + % the solution corresponding to 0; = ST” is equal to the solution

corresponding to 01 = % rotated by 7.

Proof. We first show that the solutions given in parts (i) and (iv) of Corollary 22 are not nonnegative and
then we show that the solutions given in parts (ii) and (iii) are nonnegative.

To prove the failure of nonnegativity of solutions given in part (i) of Corollary 22 we need only to
consider 6; €0, n)\{%, 7 37”} with 8, = 81 + 27 and, to prove the failure of nonnegativity of solutions
given in part (iv), we need only to consider 0, = 37” with 6, = 6; + 37”

For all these cases let us consider 6 = 37”, then 6; < 6 < 6, and, by a similar computation as in (5-7),
we obtain that

6u(e™/%) = —|cos 0; | cos(6;) sin(26;).
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Because for 6; € [0, 7) we have
|cos 6y | cos(8;) sin(26;) = 2|cos 0; | cos?(6;) sin6; > 0,

this proves that the respective solutions take a nonpositive value at 8 = 37” If u(e371/2) < 0 then u is
not nonnegative. If u(e37/2) = 0 and u was nonnegative then we would have dgu(e37%/2) = 0, which is
in contradiction with the connectedness of 2.

To prove that the solutions given in Corollary 22(ii) are solutions of (2-3), we need only to consider
the case when 0, = % and 0, = 6; + w. We compute

6u(e’?) = |cos 0] — |cos Z| cos(Z) cos(30 —2(%)) = |cos 6| (5-8)

and, because |cos 0| > 0 for 5 < 0 < 37”, we obtain that u is a solution of (2-3).
To prove that the solutions given in Corollary 22(iii) are solutions of (2-3), we need only to consider
the case when 6, = % and 6, = 6; + % We compute

6u(e’®) =|cos 0] ~|cos T | cos(Z) cos(30—Z) = |cos O]* 1 cos(30—Z ) =|cos 0>~ 1L 5in(36). (5-9)
Let 0 = Z +y for =% <y < ; then
6u(e! /2y = |cos(% + )/)‘3 - % sin(3(% +y)) = Isin v} + % cos(3y).

It follows that 61 (e!"/2+7)) = 6u(e("/277)) s0 we need only to consider 0 < y < T.For0<y<Z
we have sin y > 0, thus

6u(e! 12Ty =in y + %005(3)/) = %0053()/)(tan y—1D2Qtany +1) > 0;
therefore we obtain that u is a solution of (2-3). O

Lemma 26. In the original variable x € R?, the only solutions of (2-3) with a connected open cone

Q # R2\{0} are the following four solutions together with their noncoincidence cone Q and their free

boundary I":
u(x) = ups(x), Q= {x; >0}, I ={x; =0}
u(x) = ups(—x1,x2), Q={x; <0}, I={x; =0}
U(X) = ty(x), Q={x2>[x1l}, T'={x2=|xl}
u(x) =uw(xy, —x2), QL={x2<-[x1l}, I ={x2=—|x1]}.

Proof. We compute the solutions given in Lemma 25 in the original variable.
For solutions given in Lemma 25(i), we only consider the case when 6, = % and 0, = 01 + . We
have
{xzreie }r>0, %<9<37”}={x1 < 0}.

Now, for x = re’? € {x; < 0}, using the computation in (5-8) we compute

6u(x) = 6u(rei9) =6r3u(e’?) = r3eos O] =r3|xy/rP =P = (xl_)3.
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For solutions given in Lemma 25(ii) we only consider the case when 6; = Z and 6, = 0, + 5. We
have

{x=rei9‘r>0, %<9<3T”}={x2>|x1|}.
Now, for x = re’? € {x, > |x;|}, using the computation in (5-9) we compute
6u(x) = 6u(rei9) = 6r3u(ei9) = r3(|c089|3 — % sin(39))
= r3(|cos 6|3 — %(3 cos?(#) sin 6 — sin? 9))
=73 (|x1/r]? = 3(3(x1/r)*x2/1 — (x2/1)?))
= |x1|? = $(3x7x2 —x3),
which completes the proof of the lemma. O

Proof of Theorem 4. By Lemma 24 there exists no solution to the problem (2-3) with Q = {u > 0} =R\ {0}.

So we are left only with solutions whose noncoincidence open cone €2 is a countable union of disjoint
connected open cones. But, considering the only possible connected open cones as noncoincidence sets
enumerated in Lemma 26, we come to the conclusion that, except for the solutions with connected cones,
there exist two additional solutions, uy, + (X1, —X3) and upg + ups(—X1, X3), each a combination of
two solutions with connected open cones. O
Lemma 27. We have

1 8
W, ups) =& and W(l,uy) = 155 (7 — 3).

Proof. For any solution of (2-3) with connected open cone, we have, using (4-2),

1 1
W(l,u) =/ |x1|u dx =/ / |x1|udo(x)dr =f / lry1|lu(ry)r do(y)dr
B, 0 JIB, 0 BBl

1
:/ r5dr/ |yilu(y)do(y)
0 0B,

1 (% :
== cos O|u(e'?) do.
6

01

For the half-space solution uyg, we compute, using (5-8),

1 3m/2 1 /2 T
W(l,uhs):%//2 |cos@|4d9:§/0 cos49d9:%.
b3

For the wedge solution u,,, we compute, using (5-9),

3n/4
W(1,uw):%//4 (Icos B]* — Licos 0] sin(36)) d
T

1 /2 . 1 /2 ' 1 .
= 1_8/71/4 cos Gde—%[ﬂ/“ cos(6) sin(36) d6 = m(”—g),

which completes the proof of the lemma. O
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Corollary 28. We have

0< W, uy) =W, uy(x1,—x2)) < W, uy + ty(x1,—x2)) =2W(1, uy)
<W(ups) = W upg(—x1,x2)) < W, upg +ups(—x1,x2)) =2W(1, up).

Proof. The only inequality that is not clear is the inequality 2W (1, uy,) < W(1, ups). But this is verified
by the explicit values computed in the previous lemma. O

Corollary 29. The set I'N{x; = 0} might be decomposed into four disjoint sets according to four possible
values of the Weiss balanced energy. The closure of the set of points with a given energy w is a subset of
the set of points with energy larger than or equal to w.

Proof. Let y € I' N {x1 = 0}; then, by the translation u(x + y), we might assume that y = 0. Let 0 < § be
such that Bs C D. Let us consider the family u, for 0 <r < %8. By Theorem 2 this family is uniformly
bounded in C'!(B;). Thus there exists r; — 0 and v € C1:1(By) such that uy; —> vin C!(B)). By
Lemma 16, v is a nontrivial homogeneous global solution and W(+0, u) = W(1, v). The possible values
of W(1, v) are only of the four values given in the previous corollary and this shows that the free boundary
points I' N {x; = 0} divide into four disjoint sets depending on the Weiss balanced energy of the blowups
at that point.

The last claim follows from the upper semicontinuity of W(+0, x, u) stated in Lemma 14. O

For example, from Corollary 29 it follows that the set T N {x; = 0} N{W(+0, x,u) = 2W(1, upg)} is
closed. Actually, at the end of Section 7 we will show that all points of I' N {x; = 0} N {W (40, x, u) in
{W(,uy),2W(1, uy)}} are isolated points of I' N {x; = 0}.

In the following lemma we obtain a lower bound for the homogeneous global solutions, which will be
used in Lemma 32.

Lemma 30. There exists a ¢ > 0 such that for all homogeneous global solutions u we have
u(x) = cd?(x,{u=0})(d(x,{u=0}) +|x1|) for x e R% (5-10)

Proof. It is easy to see that we need to prove (5-10) for the cases when u = uy, or u = uyy.
In the case u = uy,, for x; < 0 both sides of the inequality (5-10) are 0. For x; > 0 we have
d(x,{ups = 0}) = x1, hence

ups(X) = £7 = $d>(x, {ups = 01 (3 (x, fups = 0}) + $x1)
= 15d” (x, {uns = O (d(x, fups = 0}) + x1)
and this proves (5-10) for u = uy;.

In the case u = uy,, for x5 < |x1| both sides of the inequality are 0. Also, by the symmetry uy, (xy, X3) =
Uyw(—x1,x3) we need only to consider the case x, > x1 > 0.
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For x5 > x1 > 0 it is easy to see that d(x, {uy =0}) = %(xz —X1), thus for x, > x; > 0 we compute

3 3 2
Uy (x) = %x1 + %xz _%x X2 = L2(362 —x1)7(2x1 + x2)

= L (V2d(x, {uy = 01))* (31 + V2d(x, {uyy = 0}))
V2d? (x, {uy = 0} (d(x, {tw = 0}) + x1),

which proves the desired inequality. O

A%
A= ._.l
N

In the next lemma we prove directional monotonicity type inequalities, which will be used in Lemma 37.

Lemma 31. There exists a C > 0 such that adyuy —uy > 0in By N {(1 +€)x1 > x > x1 > 0} if
v=el0Bm/4HY) e 0, -2 <y <Zand C(1/a+ 1)e <cosy.

Proof. For x, > x; > 0 we have

2
Uy(x) = %xf + ll—zxg — %xlxz = 15 (x2 —x1)7(2x1 + x2)
Oy Uw(x) = %xlz—%xlxz =——(x2—x1)x1,
1.2 1.2 _
8X2uw(x) 3% — 7% 4(x2_x1)(x1 +x2)

Thus we may compute, for x, > x; > 0,
Ayt (x) —ty(x) = a(vi(—1 (o —x1)x1) +v2(3(x2 = x1) (X1 4+ x2))) — 15 (x2 — x1)*(2x1 +x7)
=202 —xp)(a(—vixs +v2(3(x1 +x2))) — 2(x2 — x1)(2x1 + x2)). (5-11)
Thus, to have a9, 1y (X) — iy (x) > 0 for x € R? satisfying x, > x; > 0 we should have
a(—vixy +v2(3(x1 +x2))) = £(x2 —x1)(2x1 +X2)

and, rearranging this further, we get the equivalent inequality
vy — vy = —(Xz —Xl)(—(2X1 +x2) — Vz)

Now, for x € B; we have the bounds x; < 1 and x, < 1. Also, if 0 < x; < x5 then x, —x; > 0. So it
is sufficient to have the inequality

1 1
vy — vy = T(xz—xl)(a—vz)- (5-12)

By 0 < x; <Xxp < (1+¢€)x; we have 0 < (x, —Xx1)/x1 <e€. Thus, if 1 /a—v, > 0 then we should have

1
amnz5(ion)

and if 1/a — v, <0 then we should have v, —v{ > 0. Because v, > —1, for both cases it is sufficient to
have
by — vy > E(l+1). (5-13)
— 2\a
We compute
(3T 3 _ f
vy — vy =sin(3E +y) —cos(3F +y) = v2cosy. (5-14)
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From (5-13) and (5-14) it follows that it is sufficient to have

\/5 ( 1
>N2(2 1)
cosy L +1)e
and, taking C > —‘?, the second part is also proved. O

6. Uniqueness of blowup limits

Proof of Theorem 7. By Lemma 16 a blowup limit at the origin is a third-order homogeneous global
solution.

By Theorem 4 we have six nontrivial homogeneous global solutions. Let us enumerate them by u’ for
i=1,...,6.

Assume by contradiction that there exist r; — 0 and 7; — 0 such that u,, — u' and u 5o u
in C1(By).

There exists € > 0 such that [|u’ —u! lcp,)>e€fori=2,...,6.

2

Let us write f(r) = ||u, —u! lc(By)-
Because u is uniformly continuous in a neighbourhood of 0 we have that f(r) is continuous for small
enough r > 0. We have also /(rj) — 0 and f(7j) — |u* —u'|c(p,) > €. Thus there exists #j — 0 such

that f(7;) = Le.

By Theorem 2, u3; is uniformly bounded in C L1(By) for large j. Thus there exists a subsequence ji
such that u 7, converges in C!. By Lemma 16 the limit of u P is a third-order nontrivial homogeneous
global solution. This is in contradiction with f(7}, ) = %e and the choice of €. O

7. Convergence of the free boundary to the free boundary of the blowup limit

In the following lemma, roughly speaking, we prove two inclusions. First, if u is close to a nontrivial
homogeneous global solution u then, for x far from {u¢ = 0}, we have u(x) > 0. Second, if u is close
to a solution u¢ then, for x far from {u¢ > 0}, we have x € {u = 0}°.

Lemma 32. There exists ¢ > 0 such that if ug is a nontrivial homogeneous global solution and u is a
solution in By, then we have

{x € B, ‘ cdz(x, {ug = 0})(d(x, {ug=0}) + |x1|) > ||u _uO”LOO(Bl)} C {u > 0}; (7-1)

here {ug =0} = {x € R? | uo(x) = 0} and {u > 0} = {x € By | u(x) > 0}.
If ug and u are solutions in By and

lu—uollLooBy) <,
then

{x € Byya | ed?(x.Aug > O (d(x. futg > 0) + x1]) > u—uollzoesy} Clu =01 (7-2)

here {ug =0} ={x € By |ug(x) =0} and {u =0} ={x € By |u(x) =0}.
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Proof. Assume u is a nontrivial homogeneous global solution and u is a solution in By. Using Lemma 30
for x € B; we compute
u(x) = uo(x) +u(x) —uo(x) = ug(x) — lu —uol Lo (B))
> c1d?(x, {ug = 0})(d(x, {ug = 0}) + |x1|) — llu —uoll Lo (B,):

here c; is the constant in Lemma 30. So, if

llu—uollLoo(py) < 3e1d*(x, {ug = OP(d(x, {ug = 0}) + |x1])
then
u(x) > gerd®(x, {ug = 0})(d(x, {uo = 0}) + |x1])

and this proves (7-1) with 0 < ¢ < %cl.
Assume uq and u are solutions in B;. By Theorem 15 there exists ¢, > 0 such that, if y € By, u(y) >0
and B,(y) € By, then we have

sup u>=u(y)+car®(r + y1)).
{u>0}N3B(y)

Thus, if y € By, u(y) >0, B.(y) € {ug =0YN By and cor%(r + |y1|) > |lu — uo|lLoo(B,)» then we
have

0= sup Uy = sup (u— (u—uyp))
{u>0}N3B, () {u>0}N3B;(y)
> sup  u—|lu—uglLe(s)
{u>0}N3B, ()

> u(y) +car?(r + |y1]) — lu — uollLeo(y)
> cor?(r + |y1]) — llu — uollLoo(By):

a contradiction. Thus, if y € By, B,(y) € {uo = 0} N By and cr%(r + |y1|) > |u — uollLoo(B,)
then u(y) = 0.
For y € ({ug =0} N By)°, setting r = %d(y, uo =0}N Bl)c) it follows that if

1e2d*(y, ({ug = 04 N B1)) (3 (v, Quo =0} N B1)S) + [ y1]) > llu —uo |l Loo(By)
then u(y) = 0. This proves that
{x € By | xc2d?(x, ({uo = 03N B1))(d (x. ({uo =0} N B1)) + |x1]) > llu —uollLoo(py)} C {u =0}
By the continuity of d (x, ({uo =0} N Bl)c) as a function of x it follows that

{x € By | §c2d?(x. (fuo = 0} N B1))(d (x. ({uo = 0} N B1)°) + |x1]) > lu —uollLoo(s)}
Clu=0)°. (7-3)

Let x € By/,; then we compute

d(x, ({ug=0}NB1)°) =d(x, {ug>0}UBS) =min(d(x, {ug>0}),d(x, BS)) >min(d (x, {ug>0}), 3).



OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM 419

so we have
d*(x, ({ug = 0} N By)°) (d (x. ({uo = 0} N B1)°) + |x1])
= min(d2(x, {uo > 0D(d(x, {uo > 0} + x11). (3)* (4 + x1]))
> min(d > (x, {ug > 0})(d(x. {uo > 0}) + |x1]), %) (7-4)

So, by (7-3) and (7-4), if
lu —uollLoo(By) < o5€2

then
{x € Bija | gead®(x, {ug > 0N (d(x,{uo > 0}) + |x1]) > u —uoll ooy} Clu =0} (7-5)
and, by choosing 0 < ¢ < &cz, this finishes the proof of the lemma. |

By the inclusions proved in the previous lemma, in the following lemma we show that for u a solution
and u( a nontrivial homogeneous global solution, if # is close enough to u# then the free boundary of u
is in a quantitatively specified neighbourhood of the free boundary of u.

Lemma 33. There exists ¢ > 0 such that, if u is a solution in By and uq is a nontrivial homogeneous
global solution, then if
llu —uollLoo(my) <c (7-6)
we have
[N By C {ed?(x, Tug)(d(x, Tug) + |x1]) < llu—uollLoo(By) }-

Proof. If u = ug in B then the claim is obvious, so we assume that u¢ 7# u in Bj.
Assume there exists x € I' N By, such that

cd?(x, Tug)(d(x, Tug) + |x1]) > [l — uollLoo(By):

here ¢ > 0 is as in Lemma 32.
Then, because
d(x,Tyy) = max(d(x, {ug = 0}),d(x, {ug > 0})),

we should have either

cd?(x, {ug = 0})(d(x, {uo = 0}) + |x1]) > lu —uollLo=(8) (7-7)
or
cd®(x . {uo > 0})(d(x. {uo > 0}) + |x1]) > [lu — ol Loo(B))- (7-8)

In the case when (7-7) holds then, by (7-1), we obtain that u(x) > 0, which is in contradiction
with x € I'.

In the case when (7-8) holds then, because also (7-6) holds by (7-2), we obtain that x € {u = 0}°,
which is in contradiction with x € I" and this finishes the proof of the lemma. O
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Lemma 34. There exists ¢ > 0 such that if ug is a nontrivial homogeneous global solution, u is a solution
inD,0€ D and0 €T then, for x € I" such that By C D and

llua)x) —tollLoo(By) <c»
we have
cd®(x, Tug)(d(x, Tug) + x11) < |x* [ uajx) — ol Loo(By)-

Proof. Let ¢ be as in Lemma 32.
Let » > 0 and assume

lur —uollLoo(By) <¢;
then, by Lemma 33, we have

T, N Bz C {ed* (3. Tug)(d(y. Tug) + [¥1]) < llur —uollLoo(sy)}-
Then, because I',, is a cone and I'y N B, ;5 = r(I'y, N Bj/,), we obtain
TuN Byjs C{ry € Byya | ¢d? (9. Tug)(d(v. Tug) + 131) = llur —uollzoocny )
e () 03+ 21) 2 er -tan
={x € B,5 | cd?(x,Tup)(d(x,Tuy) + |x11) < > llur —uollLoo(sy)}-

For those x € I', such that By || C D, we may consider r = 4|x|.
So, if

ltta)x| —uollLoo(By) <€
then, because x € I'y N By|x|, we have
cd? (x, Tug)(d(x, Tug) + |x11) < 4% x| [ ug)x) — o]l Loo () O

Proof of Theorem 8. Let us consider the case W(+0, u) = W(1, uy,) with the blowup limit u,. Then for
xe{x; >0, x;>—x;} wehave d(x,I'y,) = “/T§|x2 —x1] and, for x € {x; > 0, x, < —x1}, we have

d(x,Ty,)=|x|= §|x2 —x1/|. Thus we compute, for x; > 0,
d(x,Tu,) + x1] = 38v2]x0 — x| + x| = eq]x]. (7-9)

By symmetry we obtain the same inequality for x; < 0.

Now, by Lemma 34 we obtain the inequality (2-7). For the remaining cases, when W(4-0, u) is in
{W(,uy),2W(1,uy)}, we can compute similarly.

In the cases when W (40, u) € {W (1, ups), 2W(1,ups)} we have I'yy = {x; =0} and d(x, I'y,) = |x1],
so (2-8) follows immediately from Lemma 34. O

Corollary 35. Let u be a solution in D; then the points of
L N{xy =03 N{W(+0,x,u) € {W(1, uyw), 2W(1, uyw)}}

are isolated points of I' N {x1 = 0} (in the topology of {x; = 0}).
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Proof. Assume W (40, u) € {W(1, uy),2W(1,uy)}; then, by (2-7), the free boundary should converge
to the free boundary of the blowup limit tangentially. But this is not the case if the origin is not an isolated
point of I' N {x; = 0}. |

8. Convergence of the normal of the free boundary to the normal of the free boundary
of the blowup limit at regular points

In the following lemma we prove a nondegeneracy type result for u — ad,u far from the degeneracy
line {x; = 0}.

Lemma 36. Ifu is a solution in D, y € 2, B,(y) €@ DN {x1 > 11—6} and u(y) — %Bvu(y) > 0, then we

have

%rzf sup  (u—adyu).
QNIBr(y)

—_

Proof. Let y and r be as in the statement of the theorem.
We define, for a > 0 and ¢ > 0,

h(x) = u(x) = adyu(x) = u(y) —adsu(y)) —clx — y|*.
We compute

Ah(x) = |x1|—avixi/|x1| —4c> L —a—4c in QNi{x; > L},

16 16
so if we choose a = % and ¢ = ﬁ then we have
Ah=0 in QN{x; >} (8-1)
Also we have
h(y)=0. (8-2)

For x € I" we have u(x) — 31—2 dyu(x) =0, thus if u(y) — % dyu(y) > 0 then we have
h(x)z—(u(y)—31—28,,u(y))—llﬁ|x—y|2 <0 onT. (8-3)

Because B(y) C {x1 > £}, by (8-1) we have that / is subharmonic in the domain © N B, ().
Applying the maximum principle for the domain N B, (y) and the subharmonic function /2, we have

h(y)< sup h. (8-4)
QN B ()
By (8-2) and (8-4), we obtain
0= sup  h. (8-5)
a(QNB ()

Because
AQN B () = (02N By (y) U(RNIBr()),

by (8-3) and (8-5) we obtain

0< sup h. (8-6)
QNaBr(¥)
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By the definition of /, from (8-6) we get the inequality

)=y gt S sup (=5 ) (8-7)
rJy

and this proves the lemma. O
Let vy, be the normal to ', N {x; > 0} pointing into {u,, > 0}, i.e.,
=L
Vy = ﬁ( 1, 1).

In the following lemma we prove a crucial directional monotonicity result, which will be used in the
proof of the convergence of normals.

Lemma 37. There exists ¢ > 0 such that, if u is a solution in By, x, € I'y N B4 N{x1 >0}, v € 0B

and r > 0 are such that
1/2

||u—uw||cl(31)

+r = cv-vy,

then
%avu_uio il’l QﬂBr(Xu).

Proof. We have
Xuy b =Tu, N0By4N{xy >0}, where xy, = “/TE(I, 1).
Step 1. In this step we show that there exists C; > 0 such that
16w = Xu | < Crllu —ttw | 2 5, (8-8)
By Lemma 33 there exists ¢ > 0 such that if ||u —uy| oo (B,) < ¢ then
Ty NV Byyy C{e(d(x, Ty, )2 (d(x. Tuy) + [X11) < lu — || Loo(By) - (8-9)
We have x, € T', N 3By /4 N {x; > 0}; thus, by (8-9),
¢(d (¥, Ty, ) (d (Y. D) + 161 D) < e = wwll oo (s (8-10)
As in (7-9) there exists ¢; > 0 such that
d(Xu, Tuy) + 1xu1] = c1|xul = §e1. (8-11)
Also, because x;, € dB1/4 N {x1 > 0} there exists C; > 0 such that
|Xu = Xuy, | < Cad(xy, Tyy,). (8-12)
Now, by (8-10), (8-11) and (8-12), it follows that there exists C5 > 0 such that
[ =, | < Callu—wll o2 . (8-13)

Step 2. In this step we show that there exists § > 0 such that if

1

|u—uwlreop) <6 and 0 <r < g5
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then, for x € Q N By/48(xy), if u(x) — ;—zavu(x) > ( we have

ﬁrzf sup (u—%avu).

QNIB, (x)
By Step 1, if
1/2 1
Csllu — ”w”Loo(Bl) < 73
then |xy — xy,, | < 75 Thus xy,1 > Xy,,,1 — 418 and

1 1 1
Bl/48(xu) - {Xl > Xuw,1— a8 R} = {xl > Xy 1 _ﬂ}

and, for x € Bj/43(xy), we have

B11as(x) C {1 > X1~ 353} = (1> 31— 1g) = (1> g} Clr > § =g} = {1 > 1.

Now, by Lemma 36, if

1

O<l"<m,

x € QN By48(xy) and u(x) — ;—zavu(x) > (, then we have

1.2
ogf < sup (u 328vu)
QNIB;(x)

Step 3. In this step we show that there exists C4 > 0 such that % Oyl —Uy >01in By(xy, ) if0<n< %,
veIB; and Cqn < v -vy.
Assume x € By(xy,,) with 0 <71 < 7. Then

1
R>

11

16 16

V2
8

oo|—

X1 > Xyyy, 1 — 1> Xy 1 —ﬁ =
and
X X2 — X Xy — X
AL R S 51+u <1416|x3—x1| =1+ 168/2d(x, {x2 = x1})
X1 X1 X1

<14 16v2|x —xy, | <1+ 16427
hence by Lemma 31 we have ;—zavuw(x) —uy(x)=>0if v € dB; and

C(i/53 +1)16v2n) <v-vy
with C > 0 as in Lemma 31.
Step 4. In this step we show that there exists §; > 0 and Cs > 0 such that, if

1

lu—uwlLoos) <81, 0<r<g5., 0<ri<gzg, (8-14)

vedBr Colr+ri+Callu—unll /2 p,)) <v-vu. (8-15)
1/2

C5||”—uw||cl(31) <r, (8']6)

then
— L u<0 in QN B, (x). (8-17)



424 KAREN YERESSIAN

By Step 1 there exists 0 < §; < § such that if

[ — uwl|Loo(By) < 61
then
Xy — Xu,, | < ﬁ
Let
1

O0<r<gg and 0<r <

€1
48"

Assume now that both (8-18) and (8-20) hold.
We define
n=r+r+|xy—Xu,l;

then by (8-19) and (8-20) we have
0<n< %.

By Step 2 for x € QN By, (xy), if u(x) — ;—Zavu(x) > ( then

12 1
sl < sup  (u—450,u).
QNIB(x)

By (8-21) and Step 3 we have 55 0yuy — Uy = 0 in By(xy,,) if

vedB; and Cyn=<v-vy,.

Assume now that (8-23) holds.
We have

(8-18)

(8-19)

(8-20)

(8-21)

(8-22)

(8-23)

B (x) C Br—i—lx—xul(xu) C Br+|x—xu|+\xu—xuw|(xuw) - Br+r1+|xu—xuw|(xuw) C Bp(xu,).

We compute

sup (u—;—zavu)f sup (uw—;—za,,uw)—i- sup  (u—

QNIB;(x) QNAB;(x) QNIB;(x)
= Cslu—uwlcica,)-
Therefore, by (8-22), if
3572 > Collu—uwllcip))
then

u—%athfO in QN By, (xu).

Step 5. In this step we finish the proof of the lemma.

Choosing
1/2

r= 2C5”“_uw”C1(B1)’

(8-16) holds. Noticing that v - vy, <1 we obtain that, by choosing ¢ > 0 small enough, if

1/2
v € 0B, ||”_”w||c/l(31)+r1 <cv-vy

3% dyu — (i — ;—zavuw))
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holds then (8-14) and (8-15) hold and thus, by Step 4, (8-17) holds and this proves the lemma. O
For 0 < § < 1 let us define the open cone
Cs ={x € R? | x - vy > 8|x]}.

Corollary 38. If u is a solution in By, x € ' NdB;/4N{x; >0}, 0 <8 <1 and r > 0 are such that

1/2
”u _uw”CI(Bl) +r = cé
with ¢ > 0 as in Lemma 37, then
B,(x)N(x+Cs) C{u>0} and B,(x)N(x—Cs) C{u =0} (8-24)

Proof. By Lemma 37 and the definition of Cs we have that, for all v € Cg,
dyu >0 in By(xy). (8-25)
From (8-30), because u > 0,
zeBy(x) and u(z)=0 = B,(x)N(z—Cs) C{u=0}. (8-26)
In particular, because u(x) = 0 we have
B, (x)N(x —Cs) C {u =0}.

Now assume there exists y € By (x) N (x + Cs) such that u(y) = 0. By (8-26) we have that u = 0 in
B, (x)N(y—Cs). From y € x + Cy it follows that x € y—Cs, thus X is in the interior of B, (x)N(y—Cs),
where we have shown that u = 0 and this contradicts x € I". O

It is easy to see that, for the cone C 8/ conjugate to the cone Cg, we have

Cé:{xe[R{2|x-yZOf0rallyeC5}=5m. (8-27)

Theorem 39. There exists C1 > 0 such that, if u is a solution in D, 0 € D and 0 € T is a regular point
with blowup limit u,, then there exists € > 0 such that all points of I’ N{x; > 0}N B¢ are usual (for x1 >0
the force term is nondegenerate) regular free boundary points and
1/2
1) = vao| = Ci g =l 1 (8-28)
for x e T N{x; > 0} N Be, where n(x) is the normal to T at x, pointing into Q2.

Proof. If there exists ¥ > 0 such that u = uy, in B, then the claim of the theorem holds trivially. So we
might assume that for all » > 0 we have u # uy, in B,.

Let x € ' N {x; > 0} N By. By the uniqueness of the blowup limit and Theorem 2 we have that
Ug|x| —> Uy in C!(By) as x — 0. Thus there exists € > 0 such that for |x| < € we have

c 2
ltax) —uwllcrepyy < (5) (8-29)

with ¢ > 0 as in Lemma 37.
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Let y = 4x/|x|. Then y € Ty, N 3By N{x; > 0}. By (8-29), if we choose

2 1/2
§= E||u4|xl - uw||C1(Bl) (8-30)
then0 < é < 1.
Also let us set
1/2
r = lttage) =l T (8-31)

Then, by (8-30) and (8-31) we have
ltage —wwll o, + 1 =8 (8-32)
and consequently, by Corollary 38, we have
By (y)N(y +Cs) Clugix) >0} and By (y) N (y —Cs) C {ugx = 0}. (8-33)
From (8-33) it follows that
Byjxr (x) N (x +Cs) C{u>0} and By (x) N (x —Cs) C{u =0} (8-34)

Now, if x is a singular free boundary point then the blowup limit is a nonzero homogeneous quadratic
polynomial. But, by (8-34), this polynomial should be equal to 0 in —Cg, which brings us to contradiction.
Thus all points of I' N {x; > 0} N B are regular points.

Now assume |x| < €; then, because x is a regular point, I" has a normal at this point. Let n(x) be the
normal to I" pointing into 2. From (8-34) it follows that n(x) € C 5/ . Now, by (8-27), we have

nx)eC 5
o)
n(x) vy > V1-352
We compute
252
In(x) —vp|> =2—=2n(x) vy <2-2V1-86>= — <26 (8-35)
N N 1+v1=8

and (8-28) follows from (8-30) and (8-35). O

9. Free boundary as a graph near regular points

The following two lemmas will be used in Lemma 42.

Lemma 40. Ifu is a solution in D, 0 € D and 0 € I is a regular free boundary point with blowup limit
Uy, then there exists an € > 0 such that u(0,1) > 0 for 0 <t < e and (0,t) € {u = 0}° for —e <t < 0.

Proof. Let x = (0,t) € Be, 0 <t < €, then we compute
d? (3 /x|, {ww = 03) (d (3/ x|, {uw = 0}) + | 3x1/Ix][) = d° (5x/1x], {uw = 0})
=d*(Jer fuw = 03) = (%2)". O-D
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For small enough e, if |x| < € then

3
)| — twll ooy < ¢(242) (9-2)

with ¢ as in Lemma 32. Thus, by (9-1), (9-2) and (7-1), we have u2|x|(%x/|x|) >0, so u(x) > 0.
Let x = (0,¢) € Be, —€ <t <0, then we compute

d? (/x| A > 03) (d (g /|x |, {uw > 0) + [gx1/Ix]|) = d° (3x/1x], {uw > 0})

(9-3)
= d*(—je2. {uw > 0}) = 5.
For small enough ¢, if |x| < € then
lt0415) — uwll Loo(By) < 75¢- (9-4)
Thus, by (9-3), (9-4) and (7-2), we have x/(4|x|) € {us)x| = 0}°, so x € {u = 0}°. |

Lemma 41. If u is a solution in D, 0 € D and 0 € T is a regular free boundary point with blowup
limit uy,, then there exists an € > 0 such that for every 0 < x; < %6 there exists a unique x, such that
x = (x1,x2) € I' N Be and, for (x1,t) € Be, we have u(xq,t) > 0 if t > x5 and (x1,t) € {u = 0}°
ift < Xxj.

Proof. First we show that there exists € > 0 such that for all 0 < x; < %e there exists x, such that
(X],Xz) eI' N Be.
Let € > 0, to be chosen later. Let 0 < x1 < %e; then we compute
3.2 1,)2 3.\2_ 10,2 2.
|(x1.7€)|" < (3€)" + (3€)" = 15€” <™
thus (xl, %e) € Bc. We compute
d((xi/e.3). uw =0}) = L2 (3 —xi1/e) = (3 -1) =4
and
3
dz((XI/G, %)’ {uw = 0})(d((X1/€, %)v {uw = 0}) + |X1/€|) Z d3((X1/€, %)9 {”w = O}) Z (JTE) .
Thus, if € is small enough that
3
e —ty ||L°°(B1) < C(JTE)
with ¢ as in Lemma 32, then by (7-1) we obtain that
ue(xy /e, %) >0

and therefore
u(xy,3€) > 0. (9-5)

Let0<x; < %e; then we compute

(1 =5 < (50 + (36)” = (42)” < (39)"
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thus (xl,—%e) € B¢jx C Be.
We compute
d((x1 /e ~1). > 03) = 1
and
d*((x1/e.=3). uw > 0})(d ((x1/€.~ 7). uw > 0}) + [x1/€]) = 5.
Thus, if € is small enough that

lue —uy ||L°°(B1) < 4%6’

then by (7-2) we obtain that
(x1/€,—1) € {ue = 0}°
and therefore
(x1.—Le) e fu = 0}°. (9-6)

From (9-5), (9-6) and the continuity of u it follows that there exists —%6 < Xy < %6 such that

(x1,x,) € I. This finishes the proof of the existence of x;.
By Corollary 38 there exists ¢ > 0 such that, if y € [', N {y; > 0} and

2
”u4|y| —uw”Cl(Bl) = (%C) ,
then
Bey(»)N(y+Cija) Clu>0} and By () N (y —Cyy2) Clu=0;. (9-7)

Now let € be small enough that o (4¢) < (%c)z. Then (9-7) holds for y € T, N Bc N {y; > 0}.
Because x = (x1,x3) € I'y N Be N {x; > 0}, by (9-7) we have

Box|(x)N(x +Cy/2) Cu>0} and By (x) N (x = Cyy) C{u =0}, (9-8)

Assume there exists (x1,7) € Be such that ¢ > x, and u(z, x) = 0. Let ¢* be the infimum of such ¢,
ie.,
t* =inf{t > x, | (x1,7) € Be and u(t, x,) = 0}.

From the first inclusion in (9-8) we have that * > x,. Thus for x, < s < * we have u(xy,s) > 0,
therefore (x,¢*) is on the boundary of {u > 0}. We obtain that (x;,7*) € I',. But now, because
(x1,t*) € Ty N Be N {x; > 0}, by the second inclusion in (9-7) at the point (x1,%*) we come to a
contradiction.

Now assume that there exists (xj,7) € Be such that 1 < x, and (¢, x;) € {u > 0}. Let t* be the
supremum of such 7, i.e.,

t* = sup{t < x5 | (x1,1) € Be N {u > 0}}.

From the second inclusion in (9-8) we have that 7* < x,. Thus for t* <s < x, we have (x1, s) € {u =0}°,
therefore (x1,1*) € T',. But now, because (x1,t*) € T, N B¢ N {x; > 0}, by the first inclusion in (9-7) at
the point (x1,¢*) we come to a contradiction. O

In the following lemma we prove that near to regular points the free boundary is a continuous graph.
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Lemma 42. If u is a solution in D, 0 € D and 0 € T is a regular free boundary point with blowup
limit uyy, then there exists an € > 0 and y € C([O, %6)) such that y (0) = 0, we have (x1,y(x1)) € Be for
0<x; < %e, and

{u =0}ﬂB€ﬂ{O§x1 < %e} = {x € B, }Ofxl < %e, Xs f)/(xl)}. (9-9)

Proof. By Lemma 41 there exists an € > 0 such that, for every 0 < x; < %e, there exists a unique x, such
that x = (x1,x3) € I' N Be; let us define y(x1) = x,. Let us also define y(0) = 0.

Then, by Lemmas 40 and 41, we have (9-9).

Now let us show that y is continuous. Assume there exists 0 < y < %6 such that y is discontinuous
at y. Then there exists x; — y such that y(x;) — z and either z > y(y) or z < y(»).

In the case z > y(y) we have u(y,z) > 0, which is in contradiction with u(x;, y(x;j)) = 0 and the
continuity of u.

In the case z < y(y) we have (y, z) € {u = 0}°, which is in contradiction with (x;, y(x;)) e . O

In the following lemma we formulate the convergence of the free boundary in terms of the function .

Lemma 43. There exists C; > 0 and Cy > 0 such that, if u is a solutionin D, 0 € D and 0 € T isa
regular free boundary point with blowup limit u,, then, with € > 0 and y as in Lemma 42, we have

1/2
[y (x1) = x1] < C1(00(Ca|x1])) / Ix1| for 0<x; < g€,
where oy is as defined in (2-6).
Proof. By Theorem 8 we have
1/2
d(x.Tu,,) = C1(00(CalxD) /],
For x; > 0 we estimate
d(x.Ty,) = %2[x2 = xi :
thus
1/2 1/2
[y (x1) = x1| < C3(00(Ca|x])) " “|x] = Ca(00(Calx])) " (ly (x| + [x11)
1/2
< Ca(oo(CalxD) " (Iy (er) — x| + 211 ). (9-10)

By the continuity of y at 0 we have that y(x;) — y(0) =0 as x; — 0. Hence |x| < C5(|y(x1)| +|x1 |) -0
as x; — 0. From this convergence we obtain g¢(C,|x|) — 0 as x; — 0.
Thus, from (9-10) it follows that

|V(X1)—X1|SCG(UO(C2|X|))1/2|X1|- 9-11)
In turn, from (9-11) it follows that
1/2
x| < Cs(Iy @)l + |x1]) < Cs(Iy () = x1 ]+ 2fx1]) < Cs(Co (00(Calx )i [+ 2101)

= Cs(Cs(Uo(C2|X|))1/2 +2)|x1|
< C7lxq]. (9-12)
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Now, by (9-11) and (9-12) the lemma is proved. o
In the following lemma we formulate the convergence of the normals in terms of the function y.

Lemma 44. There exists C; > 0 and Cy > 0 such that, if u is a solutionin D, 0 € D and 0 € T isa
regular free boundary point with blowup limit uy,, and € > 0 and y are as in Lemma 42, then we have
y € CI(O, %e) and
1/2
' (x1) = 1] = Ci (01 (Calxi ) 2,

where oy is as defined in (2-6).

Proof. By Theorem 39, for small enough € > 0 all points of I' N {x; > 0} N B¢ are usual regular points.
Let0<x; < ie. Hence (see [Petrosyan et al. 2012]) T" is a C'! curve in a neighbourhood of (x;, ¥ (x1)).
From (8-28) it follows that for small enough € and |x| < € we have n(x) & {—ey,e1}. It follows that
y'(x1) exists and

(') D)
VIO GD)

From here it follows that there exists C > 0 such that for #(x) close enough to v, we have

n(x) =

Y/ (x1) — 1] = Cln(x) — . (9-13)
Now, by (8-28) and (9-13) we obtain
1/2
Y Cen) =1 = Calluagg — w5, - (9-14)
By (9-12) together with the definition of o and (9-14), the lemma is proved. O

Proof of Theorem 9. This follows from Lemmas 42, 43 and 44 and the symmetry of the problem with
respect to the line {x; = 0}. O

In the case when 0 is a regular point but with u,(x1, —x,) as the blowup limit, we consider the even
reflection #(xq, x) = u(xy, —x3), apply Theorem 9 to & and obtain that the free boundary of u is a
graph with properties as in Theorem 9 but reflected with respect to the line {x, = 0}.

By the following two lemmas we prove that if W(+0, u) = 2W(1, uy,) then u might be decomposed
into the sum of two functions each having 0 as a regular point.

Lemma 45. If u is a solutionin D, 0 € D, 0 € " and W (40, u) = 2W (1, uy,), then there exists an € > 0
such that u(x1,0) = 0 for |x1| <e.

Proof. Let ug = ty + ty(x1, —x2). We have

d(+ter, fug > 0}) = L2,

We compute
d*(£4er, {ug > 0})(d(£ker, {ug > 0}) + 1) = (%)2(% L1y,
Now, if |x| > 0 is small enough that

luajx,) —uollLoo(B,) < C(%)z(%g LY
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with ¢ as in Lemma 32 then, by (7-2), we have ug)y,|(£4e1) = 0. Thus u(x1,0) = 0. O

Lemma 46. If u is a solutionin D, 0 € D, 0 € " and W (40, u) = 2W (1, uy,), then there exists an € > 0
such that uy = Y (x,>0yu and u— = Y (x,<oyu are solutions in Be. We have W(+0,u+) = W(1,uy), the
blowup limit of u is uy, and the blowup limit of u— is uy (X1, —X3).

Proof. By Lemma 45 there exists an € > 0 such that u(x;,0) = 0 for |x;| <e.
Because u > 0, u € CléC(D) and u(xy,0) = 0 for |x1| < ¢, it follows that Vu(x,0) = 0 for |x;| < €.
From this it follows that # 4 and u_ are solutions in Be. We have 1, (X) — ty 41y (X1, —x2) in C1(By)
as r — 0. Thus Y(x,>0yur —> Uy in CY'(By) and uy ,(x) = r_3X{XZ>0}(rx)u(rx) = X{xy>0}Ur(X);
hence uy ,(x) — uy in C'(B;) and

W(+0,us) = lim W(r,uy)= lim W, uy,) =W, uy).
r—>+0 r—>—+0

We argue similarly for u_. O

In the case W(40,u) =2W(1,uy), by Lemma 46 and Theorem 9 it follows that the free boundary
near to 0 is the union of two graphs, one graph as in Theorem 9 and the other a graph with properties as
in Theorem 9 but reflected with respect to the line {x, = 0}.

10. An irregularity result for the free boundary near degenerate points

Lemma 47. Let u be a solution in D with 0 € D. Suppose also that there exists § > 0 such that Bs C D,
Ox,u <0in BsN{x; >0, x>0}, TNBsN{x; =0, x, >0} # T and BsN{x; >0, x, >0} CQ;
then u = uyg in BsN{xy >0, x, > 0}.

Proof. For ease of notation let us write v = —dx,u. We have that v is harmonic in  and v > 0 in
BsN{x; >0, x, >0}

Assume y € I'N BsN{x; =0, x > 0}, then by the optimal growth (Theorem 11) we have dx, v(y) =0.
For small enough r > 0 we have B,(re; + y) C . Now, because v is nonnegative and harmonic in
B, (re; + y) and dx,v(y) = 0, by Hopf’s lemma we conclude that v = 0 in B,(re; + x). Because v is
harmonic in € we obtain that v =0 in BgN{x{ >0, x, > 0}. Hence u = u(x;) in BsN{x; >0, x, > 0}.
By this and the assumption I' N Bs N {x; = 0, x5 > 0} # & the claim follows. |

Lemma 48. Let u be a solution in D with 0 € D. Suppose also that there exists § > 0 such that
Bs C D, 0x,u <0in BsN{x; >0, xo > 0}, and there exists p € C([O, %5)) N Cl([O, %3)) such that
p(0)=p(+0) =0, p>0in (0, %8) p is convex and

QNBsN{x;>0,0<x; <38} =BsN{0<x3 <168, plxa) <x1); (10-1)
then for every q > 1 there exist ¢ > 0 and ty > 0 such that
pt)>ct? and p'(t)>ct?™l for 0 <t <t. (10-2)

Proof. Again, for ease of notation let us write v = —dx, u. The proof is divided into multiple steps.
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Step 1. In this step we show that v > 0 in Bs N {0 < x, < 38, p(x2) < x1}.

If there is x € Bg N {O <xp < %5, p(x) < xl} such that v(x) = 0 then, because v is harmonic and
nonnegative in BgN {0 <Xy < %8, p(xy) < xl}, it follows that v =0 in BgN {O <Xy < %8, p(x2) < xq },
but then because u(p(t),t) =0 for 0 <t < %5 we come to contradiction with (10-1).

Step 2. In this step we show that for each ¢ > 1 and 1 > (tan(n / (Zq)))_1 there exist ¢; > 0 (depending
on u) and #; > 0 such that

v(xs) > cqt?? for 0 <t <1, (10-3)
where
xr = (nt,t) e Q.
Letg > 1 and
a, ==
q — 2q

Because p'(40) = 0 there exists #; > 0 such that p(¢) < ¢/tancg for 0 <7 < 1.
Let us denote

_lq

 tanog

Tq
It follows that
Q={x=re? |0<r<r;, 0<<a}CQ.

Let us define the function

vg(x) = r*9sin(2gh) for x = re'? e Q.

We have
0(39q) = SqU 4q.
where
Sq={x=re® |0=<r<lrg 0€{0 0}
and

Ag={x=re |r=1r,, 00 <a,}.

Leta = %rqel and b = %rqei“q be the endpoints of the arc A,. We have b € @2, hence v(b) > 0. Either
v(a) > 0 or v(a) = 0 and, by Hopf’s lemma, we have dy,v(a) > 0. Also we have v > 0 on 4,\{a,b}.
Thus there exists € > 0 such that

€vg <v on A4 (10-4)
We have v; = 0 and v > 0 on Sy, thus

€vg <v on . (10-5)
Putting (10-4) and (10-5) together we have

evg <v on 3(1Q).
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Now, by the maximum principle, we obtain that

€vg <v in 7Qq. (10-6)
We compute |x;| = /1 + n?t, so for
2 1+ 7’]2
we have |x;| < %rq; also we compute
Xt,2 1
—= = — <tanoy,
Xt,1
thus we have
1 1 I'q
xtezﬁq for 0 <t < -———— (10-7)

2 /1+7’2.

Now, by (10-6) and (10-7) we have

. 1 2 1 I'q
v(xs) > evg(x;) = €|x; |4 sm(Zq arctan —) =ct°? for 0 <t < z—r—,
t q Xt t ” 2 Jim
where
c; =e(1+n*)? sin<2q arctan %) > 0.

Step 3. In this step we show that there exists ¢, > 0 (independent of u) and #, > 0 such that if
0<t<t, and n<1
then there exists y; = (p(¥s,2), ¥¢,2) € I’ with 0 < y; » <14 such that

de = |yt — x| =d(T, x¢)
and
€2
On(yv(ye) Z -(x0). (10-8)
t
Here n(y) is the normal to I" at y, pointing into £2.
Let
Iy ={0<x; <r1g, 0 <x3 <ty};
then we have
Fg=TNIg ={(p().1) [0 <1 <14}
One may see that
d(x;,0T1g) = min{nt, rg —nt, 1, ty—1} =nt (10-9)
if

Z
t<min(r—q, 4 ) and n<1.
2n 1417
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Because 1 > (tana,) ™! and 0 < ¢ < 1,4, we have that p(¢) < t/tana, < nt. Also we have p(t) > 0,
thus

d(xs, (p(2), 1)) = nt — p(r) <nt.
Now, because (p(?), ) € I'; we have
d(x;,T") <nt. (10-10)
By (10-9) and (10-10) there exists y; € I'y such that
dy = |ye — x| = d(T, x,). (10-11)
Because
d(x0. 8T1g) = nt > d(T.x) = dy.

we have
By, (x;) CIly C Q.

Because y; € 0By, (x;), by the quantitative Hopf lemma (see [Han and Lin 2011]) there exists ¢, > 0
(independent of u and ¢) such that (10-8) holds.

Step 4. In this step we show that
8,,(y)v(y) =-—ny(y)y1 for yely. (10-12)

By the equation Au = |x1]x{,>0} and the smoothness of the free boundary I'y, i.e., smoothness of p,
it follows that in a neighbourhood of y € I'; we have

Av = —ny|xq|%LT. (10-13)
From (10-1) and (10-13), the equation (10-12) follows.

Step 5. In this step we show that for 0 < ¢ < f, we have

Vea <4+t (10-14)
We have . .
n(y) = —LZPW) I, (10-15)
V14 (0 (32))?
and
Ve =xr—dm(yr).
Thus /( )
Vea =t di—t
V1+ (0" (y1,2)
and

Vip <t+d;<t+nt=1+nt.
Step 6. In this step we show that there exists ¢3 > 0 and #3 > 0 such that

P(Ve2)p (Ve2) = e3t* 1 for 0 <t <t;. (10-16)
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Set t3 = min(t;, t;). From (10-3), (10-8) and (10-12) it follows that
. Co (&) 2g
_nZ(yt)yt,l = an(yt)v(y,) > d—v(x,) > d—Cll for 0 <t <t5. (10-17)
t t
From (10-17), (10-15), (10-10) and (10-11) we get

P/()’t,z) Ve
VI+ (' (ye2)?

€2 2 1 2g—1 2g—1
=—n2(ye) Y1 = d—le 7> ﬁclczl = =379
t

pe2)P (e2) =P (Ve2)yen =

Step 7. In this step, using the convexity of p we finish the proof of the lemma.
By the convexity of p, the function pp’ is nondecreasing; hence, by (10-14) and (10-16), we have

p((L+mD)p (1 +m1) = p(ye2)0 (yi2) Z 32?971 for 0 <1 <13.

Letting t = (1 4 1)t we have that

2g—1
p(0)P'(t) = ¢3 (#77) =427 for 0 <1 < (14 n)t3 = 10.

It follows that
(p?) (t) = 2¢4t®™! for 0<t <79
and by integration we obtain

p(t) >c¢st?  for 0 <71 < 19.
From the convexity of p it follows that p'(t) > p(t); hence
/ q—1
p () =csT for 0 <7 <19
and this completes the proof of the lemma. O

Proof of Theorem 10. By Lemmas 47 and 48 we have that either p = 0 in (O, %5) and u = uy, in
QN BsN{x; >0, x, >0} or, for all ¢ > 1, there exist ¢ > 0 and ¢y > 0 such that (10-2) holds.

In the latter case, if I' is C'** regular for some 0 < o < 1 at the origin, then there exists C > 0 and
81 > 0 such that

0/ (x2) = p'(+0)] = Clx2|*  for 0 <xy <§y.
But, because p’(+0) = 0 and p’(x) > 0, we should have
p'(x2) <Cx§  for 0 <xy <$y.

This contradicts with (10-2) if we take 1 < ¢ < 1 +«. O
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11. Further directions

The problem considered in this paper might be thought of as a prototype of free boundary problems,
especially the obstacle problem, with a degenerate force term. There are many open questions in these
problems and we are working to complete some works on these questions.

Some further directions are as follows:

(1) Higher dimension. It is interesting to consider the same problem in higher dimensions with possibly
different dimensions for the set where the force term vanishes. In [Yeressian 2015] the key nondegeneracy
result is proved for such higher-dimensional problems when the force term vanishes on a linear subspace.

(2) More general force terms. Partial results show that, when the force term is of the form |x|* for a > 0,
the number of homogeneous global solutions — and together with it the possible Weiss balanced energy
levels — grows linearly with o > 0. Again in [Yeressian 2015] the key nondegeneracy result is proved
for such general force terms. Many results in this paper could be written for such more general forces,
but to have a reasonable bound on the size of the paper we have opted to consider the case « = 1 only.

(3) Degenerate free boundary points and points where W(+0, x, u) = 2W(1, up,). We know that at
these points the free boundary converges tangentially to the line {x; = 0} and we know some topological
structure of the set of these points based on the upper semicontinuity of the Weiss balanced energy.
Also, in a particular case we have proved an irregularity result for the free boundary at such points. It is
interesting to study the structure of the free boundary near to such points in more detail.

(4) Uniform results. For the nondegenerate obstacle problems there are many results which hold uniformly
for a class of problems; see [Petrosyan et al. 2012]. But in this paper we have only considered a single
solution alone.

(5) Parabolic problem. The problem considered in this paper has a parabolic analogue. It is interesting to
know the exact influence of the degeneracy of the force term in the parabolic problems.
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A COUNTEREXAMPLE TO THE HOPF-OLEINIK LEMMA (ELLIPTIC CASE)

DARYA E. APUSHKINSKAYA AND ALEXANDER I. NAZAROV

Dedicated to Professor M.V. Safonov

We construct a new counterexample to the Hopf—Oleinik boundary point lemma. It shows that for convex
domains, the C'P" assumption on d<2 is the necessary and sufficient condition providing the estimates
of Hopf—Oleinik type.

1. Introduction

The influence of the properties of a domain on the behavior of a solution is one of the most important
topics in the qualitative analysis of partial differential equations.

The significant result in this field is the Hopf—Oleinik lemma, known also as the “boundary point
principle”. This celebrated lemma states:

Lemma. Let u be a nonconstant solution to a second-order homogeneous uniformly elliptic nondivergence
equation with bounded measurable coefficients, and let u attend its extremum at a point x° located on the
boundary of a domain Q C R™. Then (du/dn)(x°) is necessarily nonzero provided that 0Q satisfies the
proper assumptions at x°.

This result was established in a pioneering paper of S. Zaremba [1910] for the Laplace equation in
a 3-dimensional domain 2 having an interior touching ball at x° and generalized by G. Giraud [1932;
1933] to equations with Holder-continuous leading coefficients and continuous lower-order coefficients in
domains €2 belonging to the class C1** with « € (0, 1).

Notice that a related assertion about the negativity on d€2 of the normal derivative of the Green’s
function corresponding to the Dirichlet problem for the Laplace operator was proved much earlier for
2-dimensional smooth domains by C. Neumann [1888] (see also [Korn 1901]). The result of [Neumann
1888] was extended for operators with lower-order coefficients by L. Lichtenstein [1924]. The same
version of the boundary point principle for the Laplacian and 3-dimensional domains satisfying a more
flexible interior paraboloid condition was obtained by M. V. Keldysch and M. A. Lavrent’ev [1937].

A crucial step in studying the boundary point principle was made by E. Hopf [1952] and O. A. Oleinik
[1952], who simultaneously and independently proved the statement for the general elliptic equations
with bounded coefficients and domains satisfying an interior ball condition at x°.

Later the efforts of many mathematicians were focused on the generalization of the boundary point
principle in several directions (for the details, we refer the reader to [Alvarado et al. 2011; Alvarado

MSC2010: 35J15, 35B45.
Keywords: elliptic equations, Hopf—Oleinik lemma, Dini continuity, counterexample.
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2011] and references therein). Among these directions are the extension of the class of operators and the
class of solutions, as well as the weakening of assumptions on the boundary.

The widening of the class of operators to singular/degenerate ones was made in the papers [Kamynin and
Himcenko 1975; 1977; Alvarado et al. 2011], while the uniform elliptic operators with unbounded lower-
order coefficients were studied in [Safonov 2010; Nazarov 2012] (see also [Nazarov and Uraltseva 2009]).
We mention also the publications [Tolksdorf 1983; Mikayelyan and Shahgholian 2015], where the boundary
point principle was established for a class of degenerate quasilinear operators including the p-Laplacian.

We note that before 2010, all the results were formulated for classical solutions, i.e., u € C 2(Q). The
class of solutions was expanded in [Safonov 2010] to strong generalized solutions with Sobolev’s second-
order derivatives. The latter requirement seems to be natural in the study of nondivergent elliptic equations.

The reduction of the assumptions on the boundary of £ up to C !-Pini

-regularity was realized for various
elliptic operators in the papers [Widman 1967; Himcenko 1970; Lieberman 1985] (see also [Safonov
2008]). A weakened form of the Hopf-Oleinik lemma (the existence of a boundary point x! in any
neighborhood of x° and a direction £ such that (du/d€)(x!) # 0) was proved in [Nadirashvili 1983] for
a much wider class of domains including all Lipschitz ones. We mention also the paper [Sweers 1997],
where the behavior of superharmonic functions near the boundary of a 2-dimensional domain with corners
is described in terms of the main eigenfunction of the Dirichlet Laplacian.

The sharpness of some requirements was confirmed by corresponding counterexamples constructed in
[Widman 1967; Himcenko 1970; Kamynin and Him¢enko 1975; Safonov 2008; Alvarado et al. 2011;
Nazarov 2012]. In particular, the counterexamples from [Widman 1967; Him¢enko 1970; Safonov 2008]
show that the Hopf—Oleinik result fails for domains lying entirely in non-Dini paraboloids.

The main result of our paper is a new counterexample (see Theorem 4.2) showing the sharpness of the
Dini condition for the boundary of €2. The simplest version of this counterexample can be formulated as
follows:

Counterexample. Let Q2 be a convex domain in R", let 0Q2 in a neighborhood of the origin be described
by the equation x, = F(x") with F = 0 and F(0) =0, and let u € an’loc(Q) N C(Q) be a solution of the
uniformly elliptic equation

—a" (x)DiDju=0 in Q.
Suppose also that u|yq vanishes at a neighborhood of the origin. If, in addition, the function

8(r) = sup Fx)

|x’|<r |x/|

is not Dini-continuous at zero, then (du/dn)(0) = 0.

Thus, it turns out that for convex domains, the Dini-continuity assumption on §(r) is necessary and
sufficient for the validity of the boundary point principle. We emphasize that in our counterexample the
Dini condition fails for the supremum of F(x’)/|x’|, while in all the previous results of this kind, it fails
for the infimum of F(x")/|x’|. In other words, we show that violating the Dini condition just in one
direction causes the failure of the Hopf—Oleinik lemma.
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Notation and conventions. Throughout the paper we use the following notation:
e x =(x',xy) = (X1,...,Xp_1,Xy) is a point in R”".
e R ={xeR": x,>0}.
e |x|, |x’| are the Euclidean norms in the corresponding spaces.
e x¢ denotes the characteristic function of the set £ C R”.
e Q is a bounded domain in R” with boundary 0€2.
o Prp(x)={x eR" : |x'—X'| <r, 0 <xn <h}and Pr(X) =Py, (X).
* Prn = Prp(0) and P, = P, (0).
o B,(x?) is the open ball in R” with center x° and radius r; B, = B, (0).
e For ry < ry, we define the annulus B(x°, r{,72) = By, (x°) \ m.
e v; = max{v, 0} and v— = max{—v, 0}.
* || loo, denotes the norm in Lo (£2).

e We adopt the convention that the indices i and j run from 1 to n. We also adopt the convention
regarding summation with respect to repeated indices.

e D; denotes the operator of (weak) differentiation with respect to x;.
° D: (D/7Dn) = (Dl,w-,Dn—l’Dn)-

e L is a linear uniformly elliptic operator with measurable coefficients
Lu = —aij(x)DiDju + bi(x)Diu, VI, < (aij(x)) <v71z,, (1)

where Z,, is the n x n identity matrix. We define b(x) = (b!(x),...,b"(x)).

e We use the letters C and N (with or without indices) to denote various constants. To indicate that,
say, C depends on some parameters, we list them in parentheses: C(---).

Definition 1.1. We say that a function o : [0, 1] - R belongs to the class Dy if
e o is increasing, 6(0) =0, and o (1) = 1;
e o(t)/t is summable and decreasing.

Remark 1.2. Our assumption about the decay of a(¢)/7 is not restrictive. Indeed, for any increasing
function o : [0, 1] = R4 satisfying 6(0) = 0 and o (1) = 1 and having summable o (¢)/¢, we can define

o(t)y=1t sup ﬂ, te(0,1).
re[r,1] T
It is easy to see that 6 € Dy, 6(¢)/t decreases and o (¢) < & (¢) for all £ € (0, 1].

Definition 1.3. Let a function o belong to the class D;. We define the function 7, as

[0 .

To(s) := (2)

0
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Remark 1.4. The decreasing of o(¢)/¢ implies

o(t) < Js(t) vVt €0, 1]. 3)
In addition, for ¢t <ty < 1, we have
_al(t/1t) o(t) _ o)
o(t/tg) = T t/to < ” t/to = — 4)
and, similarly,
Jo(1/10) < “7‘;0(0. (5)

Definition 1.5. We say that a function ¢ satisfies the Dini condition at zero if

£ < Co(r),
and o belongs to the class D;.

2. Preliminaries

Properties of . Let Q2 be a bounded domain in R”. Without loss of generality, we may assume 0 € 92.
Suppose that €2 is locally convex in a neighborhood of the origin. Without restriction, the latter means
that for some 0 < Ry < 1, we have

Pro N = {(x",xp) €R" : [x'| SR, F(X') <xn <Ro},
where F is a convex nonnegative function satisfying F(0) = 0.
For r € (0, Rg), we define the functions § = §(r) and §; = §;(r) by the formulas
F /
8(r) := max (_x) 81(r):= max |VF(x')|. (6)
x<r X |x/|<r

Lemma 2.1. The following statements hold:

(@) 81(r) >0asr — 0ifand only if 5(r) > 0asr — 0.

(b) 61(r) satisfies the Dini condition at zero if and only if 5(r) satisfies the Dini condition at zero.

Proof. By the convexity of F, we have for any x’" and z’, the estimate

F(Z)=F(xX")+VF(x')- (2 —=Xx"). (7)
Therefore,
/ F /
VFQ) = V) oz T
x| = x|
and, consequently,
$1(r) = 8(r). (8)

On the other hand, for any r < %RO, we can find a point x, such that

IVF(x)| =81(r).
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Choosing

VF(x))
It *
CT TR
we easily deduce from (7) the inequalities

|Z/| <2r and F(z') =7r8;(r),

which provide

8(2r) = 8(1']) = 181 (r). 9)
Combining (8) and (9), we conclude that statement (a) is obvious and the integrals
R05 R08
/ﬂdr and / 1) dr
r r
0 0
converge simultaneously. O

If §(r) does not converge to zero as r — 0, we can easily see that the domain 2 is contained in a
dihedral wedge with the angle less than & and the edge going through the origin. For this case, the
statement of Theorem 4.2 is proved already in [Apushkinskaya and Nazarov 2000, Theorem 4.3]. For
this reason, we will assume throughout this paper that

§(r)—0 asr—0. (10)
In view of (10), it is evident that § and §; are moduli of continuity at the origin of the functions
F(x')/|x'| and |V F(x")|, respectively.

Properties of X (). Let X(£2) be a function space with the norm || - || v, . For 2 C €2, we will assume

I/l = 1/ - xa, lx.-
We suppose that X'(€2) has the following properties:
(i) For an arbitrary measurable function g defined in @ and any function f € X'(2), the inequality
g0 < [f(x)] implies ¢ € X(2) and |[gllx.@ < [/ ]lx.-
(ii) For f; € X (), the convergence f \ 0 a.e. in Q implies || fx |/ x,o — 0.

Using the terminology of the classic monograph of Kantorovich and Akilov [1982], we may say
that X' (€2) is the ideal functional space with order continuous monotone norm (see [Kantorovich and
Akilov 1982, §3, Chapter 1V, Part I] for more details).

We will also assume that
(iii) Xjoc(§2) contains the Orlicz space L joc(§2) with ®(§) = ef—E—1.

Finally, the basic assumption about X' (£2) is the Aleksandrov-type maximum principle. Namely,
we denote by W}Y 10c(§2) the set of the functions u satisfying D(Du) € Ajoc(£2), and suppose that
ifue szc,loc(Q) NC(Q), u|yg <0, and |b| € X(Q) then

u < No(n,v, [[b]lx,e)-diam() - || (Lut) + ]| 2 {u>03- (1D
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Remark 2.2. It is well known from [Aleksandrov 1960; 1963; Bakel’man 1961] (see also the survey
[Nazarov 2005] for further references) that L,(€2) has property (11). It is also evident that properties
(1)—(iii) are satisfied in L, (S2). Therefore, L,(£2) can be treated as a “basic” example of X' (£2). As other
examples of the space X' (£2), we mention some Lebesgue weighted spaces with power weights (see
[Nazarov 2001]).

Remark 2.3. Unlike the natural properties (i)—(ii), assumption (iii) is a rather “technical” one. With-
out (iii), our arguments from the proof of Step 3 in Theorem 4.1 are not applicable to the approximating
operator L. So, we cannot withdraw (iii) in abstract setting. However, in all known examples of X' (£2),
property (iii) is satisfied.

Remark 2.4. Some of the statements that will be referred to in the sequel were proved earlier just for the
case X(2) = L,(R2). However, if all the arguments are based only on the Aleksandrov-type maximum
principle, these statements remain valid for an arbitrary considered space X (£2). In such cases, we will
refer to this remark without any further explanation.

We also need the following convergence lemmas.

Lemma 2.5. Let { fj} be a sequence of measurable functions on Q, and let € X(K2). Suppose also that
Ji = 0in measure on Q, and | fj(x)| < | f(x)].

Then
| fillx,a =0 as j— oo. (12)

Proof. We argue by a contradiction. Suppose (12) fails. Then there exists a subsequence { f;, } satisfying
I fislvg=e>0 VkeN. (13)
Due to the Riesz theorem, there exists also a subsubsequence { fjk, } such that
fsz — 0 a.e. in Q.

For simplicity of notation, we renumber the latter subsequence { f; %, } and denote its elements again by f;.
Setting fi := supj> | fj|, we can easily see that f; ~\ 0 a.e. in Q. Now, taking into account
properties (i) and (ii) of the space X' (£2), we immediately get a contradiction with inequalities (13). O

Lemma 2.6. Let f € X(2), and let u(p) := sup || f'llx,B, (x)nQ-

Q
Then e

w(p) —>0 as p—0.
Proof. For every p > 0, there exists a point x* = x*(p) € Q such that

1128, ne = 51(0).

Next, for the sequence f, := f - xB, (x*), it is evident that | f,| — 0 in measure on £2. An application
of Lemma 2.5 finishes the proof. O

Remark 2.7. We call j.(p):=supyeq || /|l x B, (x)ne the modulus of continuity of the function /" in X'(€2).
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Lemma 2.8. Let D(Du) € X(R2), let L be defined by (1), and let Lu € X (). There exists the family of
operators
Le = —d (x)D; Dj + bL(x)D;

with smooth coefficients ag and bounded coefficients b[’; satisfying

v, < (af;j(x)) < v_II,,, x e Q, (14)
bLx)| < b/ (x)]. xeQ, (15)
(L—Lullx.q =0 ase—0. (16)

Proof. We start with the extension of @/ on the whole R” by the identity matrix and denote by a“3

the standard mollification of extended functions ¢/ . By construction, the coefficients a; are smooth

functions converging as ¢ — 0 to ”/ a.e. in . Moreover, it is clear that inequalities (14) are true.
Further, we set

bl (x) := min{|b’ (x)|. £~} -sign b’ (x). (17)

In view of (17), it is evident that I;éDiu converges as € — 0 to b'D;u a.e. in Q. We claim that it is
possible to change bé such that the “corrected coefficients” bé satisfy

\biDju| < |p*Dju| in Q. (18)

Indeed, if |5£D,-u| < |b' Diu| in Q then (18) holds with . = 5é Otherwise, consider a point x° € ,
where [bL(x%) Dju(x%)| > |b! (x°) Diu(x0)).

(a) Let b! L(x®)Diu(x0) > b (x%) Dju(x®) = 0. In this case, we decrease all the coefficients bt L(x9)
corresponding to the positive summands such that the sums % D;u and b’ D;u become equal.

(b) Let l;é(xo)D,-u(xo) < b (x%)D;u(x®) < 0. In this case, we decrease all the coefficients l;j;(xo)
corresponding to the negative summands such that the sums bé D;u and b* D;u become equal.

(¢) Finally, let Eé(xO)Diu(xo) and b%(x°)D;u(x®) have different signs. In this case, we apply to
—bL(x?) the arguments from case (a) or from case (b), respectively.

Due to construction, the “corrected sum” b’ D;u also converges as & — 0 to b’ D;u a.e. in 2, and the
pointwise inequalities (15) hold true.
Finally, taking into account (18) and applying Lemma 2.5, we get (16). |

3. Gradient estimates near the boundary
Lemma 3.1. Let N C R be an open set, let y = v/vn—1,let p> 0, and let
O,={yeR" : |yil<pfori=1,....n—1;0<y, <yp}.
We assume that |b| € X (N') and a function v satisfies the conditions

erf\f,loc(-/\ov v=0 in Iy, v =k = constant >0 on AN NT,.
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Then
v = Cik — Gk|lbllx, nnm, — C3pl(Lv)~llx,nnm1, in NN Bre(2),

where z=(0,....,0, 2yp), while C; = {c(1=y?), Co = Co(n, v, ||b|x,n), and C3 = C3(n, v, ||b]|x, x).

Proof. The proof is similar in spirit to [Apushkinskaya and Ural’tseva 1995, Lemma 1].

2 2
y |yl
vor=k((1-22) - 27).
vp o
An elementary computation gives

2n—1) _, 2
v —
/02 )/2102

Consider the barrier function

k
El//sk( v)—|—|b||Dw|SN1(n,v)|b|— inIT,.
P

Moreover, setting
Sy ={yedWNNIy) : |yi|=p forsome i =1,...,n—1},

Sy ={yedWNNIp) : yn =yp},
we have

wlS]USz <0=v,

Wa/\mﬁp <k < v‘aNmﬁp'
Applying inequality (11) in "N I1,, to the difference ¥ — v, we obtain
¥ —v < No-diam(I1p) - [ (LY — LY) 4 | x, o1, in NN T,

and, consequently,

3 2 2.2

7P yop

vkl (1-4=) - 5 | = Cklbllx, nvnm, — Capll(Lv)-|lx, x0T,
Yp 16p

= 1 (1 —y)k = Cok|b| x, vnm, — Capl (L)~ |2, anm, in NN Bup (2). g
Our next statement is a version of [Nazarov 2012, Theorem 2.3].

Lemma 3.2. Let v € W)zf,loc(Q) NC(R), let v|yq = 0, and let |b| € X (). Suppose also that for all
P < px < 1, the inequalities

16" 2. p,n0 < Bo(p/px).  1(LV)+llx,p,ne < To(p/px)

hold true. Here B and § are some positive constants, while the function o belongs to D;.

Then ©. %)
v\u, X _
sup ———= < Cup™" sup v+FTo(p/px)) Yp < pa. (19)
O<xp<p Xn PpNQ

Here the constant Cy4 depends on n, v, B, o, and on the moduli of continuity of |b'| in X(P,, N Q),
whereas Jy is a function defined by formula (2).
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Remark 3.3. We recall that 0 € 0%2.

Proof. First, we assume that p < p, where p < p, will be fixed later. Following [Nazarov 2012], we
introduce the sequence of cylinders P, ,, with k = 0, where py = 27%p and hy = & px, while the
sequence i | 0 will be chosen later.

We set wy = v — My x,, where the quantities My, with k = 1, are defined as

y o o)
k= sup ————— = sup )
Poge hg—y N2 X Dn. el {Ponie—y \Pogem 302 X1

It is easy to see that wy <0 on QNP
cylinder Py, p, .
Let x° € P o—hy by N $2. Taking into account Remark 2.4, we apply the so-called “boundary growth

or,hy» While the definition of M gives wy < 0 on the top of the

lemma” (see, for instance, [Ladyzhenskaya and Ural’tseva 1985, Lemma 2.5'], [Safonov 2010, Lemma 2.6]
or [Nazarov 2012, Lemma 2.2]) to the (positive) function Myhy — wy in Py, (x%) N Q. It gives for
X € Phy/2.hy, xnQ,

Myhy —wi(x) = Mphi [0 — Na||blx,p,, ne] — Nahe | (Cwi)+ 2,74, x> (20)

where & = ¥ (n,v,0,B) € (0, 1) and the positive constant N, depends on the same parameters as ¥,
whereas the positive constant N3 is completely defined by the values of n, v and 8. We suppose that p is
so small that the quantity in the square brackets is greater than /2. Further, direct calculation shows that
the assumptions of our lemma imply
1w+l x,p,, xonng < NLV+1x,p,, xone + Milb 1P, o
< (§ + MiB)o (pr/ px)-

Substituting the last inequality into (20) and taking the supremum with respect to x°, we obtain

sup  wg < Mihy(1—0/2+ NaBo(pi/ ps)) + N3hiFo (o / p«)-

Poj—hpe . 1€
Repeating previous arguments provides for all integers m < py /hy the inequalities

o (pr/ px)
9/2

o (pr/px)

sup wy < My hy ((1 —19/2)" 4+ N,B 3/

Ppk_th’hka

)+N3hk3'

Setting m = | pg+1/hi ], we arrive at

My hy ,0k+1) o(pr/px) o (pr/px)
< A NoB RPN o Nyhy§ —— kL
Pk 1—0/2("’“’( e ) TR Ty ) NS T s

Pogq1-hy
where A = —1In (1 —9/2) > 0.
Therefore, for x € Pos1h N Q,

w (x) o(pr/px) 28k
max (o gy} et NS e ey

21
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12 A o (pr/ px)
V"‘l—ﬁ/zm'(e"p( 2@)”% 5/2 )

where

Estimate (21) implies

o (pr/px) ) 28y

Mp 1 < Mip(1+y,)+ N
k+1 k(1 +vi) + N3§ (1—19/2)19/2 Chet1

1‘[(1 +)) +2N:3 - Za(p,/p*)

Jj=1 j=

1_[(1+Vl)

We set &, = 1/(k+ko) and choose kg so large and p/ p« so small that y; < 5. Note that kg = ko (n, v, 0, B),
whereas p/px depends on the same parameters as k¢ and, in addition, on the moduli of continuity of |5’|
in X(Pp, N).

Now we observe that the first term in Y}, forms a convergent series. The same is true for the second

term, since
00 o0
> 0@ p/pn) = [ a7 p/p0) ds = Talp/po).
k=1 .

Therefore, the infinite product IT = [ ; (1 + yx) also converges, and we obtain for & > 1, the inequality

My <1I- (M1+2N3§ ZU(PJ/P*)f )
Jj+

j=1
< - (M + Na(n,v,0,.B)F To(p/ px)). (22)
Thus, all M}, are bounded. It remains only to note that
M; < 1 sup v. (23)
hl Po/2NQ
Combining (22) and (23), we arrive at
v(0, x _
sp 202 < 0, B)(p~' sup v+ FTo(p/px))- (24)
O<xp<p/2 Xn Pp/2NK2

Further, it is easy to find a majorant for v(0, x,)/x, for any x, € [p/2, p) since

0, _ _

sup V(0. xn) <2p7 ! sup v(0,x,) <2p7 ' sup v. (25)
p/2<xp<p  n p/2<xp<p PpNL

Combining (24) and (25) implies (19) with C4 = max {Ns, 2} for p < p.

Now, we consider p > p. If x, < p then the estimate

09 n -
PO Ny (571 sup v+ 8 (0/p4) (26)
Xn PpNE

follows from the above arguments. Otherwise, i.e., for x;,, = p, inequality (26) is especially true. Thus,
for p > p, we again arrive at (19) with C4 = max {Ns,2}p L. O
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4. Main results

Recall that €2 satisfies the assumptions on page 442. Throughout this section, we shall suppose that £ is
defined by (1), |b| € X(R2), and a function u satisfies the assumptions

UEWT 1 (Q)NCQ),  Lu=0 in Q, U]y Pr, = 0- (27)
Theorem 4.1. Let the inequality

sup 16" lx,p, x)ne < Bo(p/Ro)

X€PRy/2
hold true for all p < %Ro. Here ‘B is a positive constant, and a function o € Dy satisfies
Jo(t) =0(8(t)) ast—0. (28)

Then, there exists a sufficiently small positive number Ry completely defined by n, v, Ry, ‘B, by the
functions o, §, and by the moduli of continuity of |b’| in X (2) such that for any r € (0, %Ro), we have

< (1 —x6(r)) osc u(x).
QNP Xp

u(x)

0sc (29)

QNPr/a Xp
Here the constant x € (0, 1) is completely determined by n, v.

Proof. The proof will be divided into 3 steps.

Step 1: Our arguments are adapted from [Apushkinskaya and Ural’tseva 1995, Lemma 2; Ural’tseva
1996, Lemma 3]. Let us denote
+ u(x) u(x)

m— = sup =% ., w=m"4+m = osc .
QNP Xn QNP Xp

Since u|yq = 0, we have m® > 0. Therefore, at least one of the numbers m¥ is not less than %a), and
both of the numbers m™® are less than w.

Tx, — u(x)

Let m™ > %a) for definiteness. Then we consider the nonnegative function v(x) = m
in QN Pysifm™ > %a) then we consider the function v(x) = m™x, + u(x).

Due to the definition of §, for any sufficiently small » > 0, we can find a point x* € P, N 92 such

that x,; = rd(r). Without loss of generality, we may assume that x{ =r and x; =0fort=2,...,n—1.
Next we assign to x* a local orthogonal coordinate system y1, ..., y, such that
(a) the y;-axis is directed along the projection of the vector (x{,...,x7_,) onto a tangential hyperplane
to 02 at x*;
(b) the y5-, ..., y,—1-axes are parallel to the x,-, ..., x,_1-axes, respectively;

(c) the yy-axis is directed inside 2.

Due to the extremal property of x*, the axes yi,..., y,—1 lie in the supporting hyperplane to 02
at x*. Moreover, if x* is a smooth point of 92 then y, is directed along the inward normal to 0€2.
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Xn A

Figure 1. Schematic view of IT and B, (z°).

Setting y = v/+/n — 1, we consider in y-coordinates the cylinder
Il:= {yGR" : ‘yl —%r| < %r, [ye] < %r, 0<yn< %yr},

and the ball Bpo(zo) with pg = %yr and z0 = (%r, 0,...,0, %yr).
It should be emphasized that from now on, all considerations will be carried out in x-coordinates.

We claim that
B, (z%) C Q. (30)

Indeed, assume that (30) fails. Then there is a point X € By, (20) satisfying (in x-coordinates) the
inequalities
F(®') =%y = zp — po. (31)

Since £ € B, (z0), it is clear that |£'| < 2r and
F(X') <2r8(2r).
On the other hand, denoting by ¢ the angle between the x,- and y,-axes (see Figure 1), we conclude that
z,? —po=roé(r)+ %r sin¢ + %yr cos ¢ — %yr = %yr(2cos¢) —1).

Thus (31) is transformed into
y(2cosp—1) <165(2r). (32)

In view of (10) and Lemma 2.1, one can choose Ry so small that §; (Rp) < %. It guarantees for all
r< %RO, the inequalities

! = : = 1 = A—‘
Vidtan2g  1+82(r)  14+82(Ro) 5
Now, combining (33) and (32), we get a contradiction with relation (10) provided §(Ry) is small enough.
The proof of (30) is complete.

cos ¢ = (33)
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Step 2: With (30) at hand, we observe that
inf{x, : x€e QNII}=ré(r).
On the other hand, the condition # = 0 for x € Q2 N I1 gives the estimate

v=m+xn2%a)xn on 02 NII.
Hence,
v= %a)rS(r) =:ko on dQ2NII. (34)

So, we can apply Lemma 3.1 to the function v in cylinder IT. This gives the estimate

inf v = (ko(C1 = Callbllx. 0P, ) — Cior 6" x.207, ) 4
By, (29)

where C;, C; and Cj are the constants from Lemma 3.1. Decreasing Ry, if necessary, we may assume

that ||b||X’Qm>R0 < C1/(2C,). Thus, we arrive at

inf v = (ko3C1 — Cs0r||b" || x.0nP,, )
By, (29)

L =tky. (35)
Consider now an arbitrary point Z = (Z/, %r + % po) such that |Z'| < %r. Observe also that B, (Z) C €2,
otherwise we get a contradiction with the definition of §(r).
We claim that

inf _v= (koCi — Cror |b" | x.20py, )
Bpo/8(z)

. (36)
where C; = Cy(n, v), whereas C, is determined completely by n, v, and ||b|| x,o. Indeed, due to the
convexity of €2, for / running from 1 to a finite number 9t = 91(n, v) chosen so that
4
3po
and for points zI!1 := 20 — (1/9%)(z° — Z), we have B,, (zI1) C Q. It should be emphasized that the lower
and the upper bounds in (37) do not depend on r.

|z°—z|sfnspl|z°—2|, (37)
0

In view of (35), we can compare in B(z[l], % 00, Po) the function v with the standard barrier function
e —201)=5 — g

(§00) " —pp*

w(x) =k

If s = nv~2 then elementary calculation guarantees the estimates
Lw < |b]|Dw| < c(n,v)kilbloy"  in BE, gpo. o).
w(x) =k <v(x) on the sphere |x —z[l]| = %,00,
w(x) =0<v(x) on the sphere |x —Z[l]| = 0p.
Applying the maximum principle (11) in B(z[!, L p, po) to the difference w — v gives us the inequality

v(x) = (ki (w(x) =2 Nollbllx.2nps, ) = Nogyrolb" | x.onp,, ) ;-
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Since B, 5(z[21) € B(z!!, £ po. 2 o), the evident bound w = 6(n, v) holds true in B, 5(z?)).
Decreasing Ry, if necessary, we ensure that || b ||X,Qm>R0 < (4¢Ny)~'6. This implies

inf v(x) = (5k160 — Nogyrollb"|lx.enp, ), =: k.
By /8(z2)

Repeating this procedure for B(Z[l], %,00, ,00) and/ =2,...,M, we arrive at (36) with 6’1 = (%G)W and

Furthermore, it is clear that
(koCy = Coro||b" | x.20p,) 4 = @r(3C18(r) = C2Bo (r/Ro)) ..

while inequalities (3) and (4) guarantee that

To (1)

o(r/Ro) < Ry

Decreasing R again and taking into account the assumption (28) and the above inequalities, we can
transform (36) into the form

inf v=1Clwrd(r) =:k. (38)
By s 4

Step 3: Now, we take a small > 0, define the set
Ay :=B(Z, §p0.Zn) NQ N {x € Pr, : F(X') 41 <xn <Ro}
and introduce in A, the barrier function

X2 —(En)~°

(3p0) " = Gn)~s

W(x) = ,ulg

where s =nv=2 and 0 < u < 1.

Notice that D(Du) € X(A;). Using Lemma 2.8, we construct the family of operators L, satisfying
| Leut]lx, 4, — 0 ase—0.

Arguing in the spirit of the proof of Lemma 4.2 [Ladyzhenskaya and Ural’tseva 1988], we define vq (x)
and v, (x) as solutions of the problems

{csvlzbgDiW in Ay, {EgvzzbéDiW—bngr in Ay,

vy =v on d.Ay, v, =0 on 0.Ay.

It is well known (see, for instance, [Krylov 2008, Chapter 6]) that D(Dv;) and D(Dv,) belong to
the space BMOjoc(Ay). Moreover, the John—Nirenberg theorem [1961] (see also [Duoandikoetxea 2001,
§4, Chapter 6]) implies that D(Dv;), with i = 1, 2, belong to the Orlicz space L joc(Ay) With ®(§) =
et —&—1. So, taking into account the property (iii), we may conclude that v; € W}moc (Ap), withi =1,2.
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Furthermore, in view of (38) and by direct calculation, we have the inequalities

LW <bLD;W in Ay,

On the rest of d.A;, we have x, = F(x’) + n and, consequently, dist{x, 3Q} < . Since u € C(Q), the
latter inequality implies the estimate u < H () there, and therefore,

+ 1

Xp—u=s0x,— H®),

vi(x) =v(x)=m 3

where H is a nonnegative function tending to zero as n — 0.
In addition, it is easy to verify that

W(x) < uNg(n, v)éla)é(r)xn in 5’(2, %,00,2,1).
Choosing i = min{l, (2N661)_1}, we get
vi(x) = W(x)—H(n) on 0A4,.
The maximum principle (11) applied to the difference W — H(n) — v; in A; provides the inequality
v1(x) = W(x) — H(1) = uN7(n,v)C08(r) Gn — |x —Z)) — H().
It follows from the last inequality with x = (£, x,) € Q and 0 < x, < Z, — % Po = %r that
v1(Z', xn) = Ng(n,v)  8(r)xn — H(n). (39)

Next, we look for a majorant for v,. With this aim in view, we extend the coefficients aij continuously
and the coefficients bé by zero to the whole annulus B (2, % 005 Zn), and denote by 0, (x) the solution of
the problem

s _{(cevm in Ay,
eV2 = . ~ 1 ~
0 in B(Z, §p0.Zn) \ Ay,

U, =0 on dB(Z, %po,in).
The maximum principle guarantees
vy S Uy in Ay (40)
Direct computations show that for p < %r the barrier function W satisfies in the set
Ep:="Pp(Z.0)NB(Z, 1 po. Zn)

the following inequalities

k
| D, W|<|DW| < No(n,v) u — < Ngw§(r),
r

k 8
D'W|< Nop=5 < Now (i)".
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So, in view of (15) and (10), we have for all p < r the bounds

1(LeT2)+ N, < ND" e, (T + 1D W llos,e,) + 15" 2,6, 1 D'W oo,

leo(n,v)w(%o(Rio) 8) iy I, )

Since the function p > (Bo(p/Ro) + (8(r)/r)p||b’ ||, -An) satisfies the Dini condition at zero, there
exist the uniquely defined function o; € D; and a constant B such that

8
Ba(2) 4 210 a, = B ()

Thus, we may apply Lemma 3.2 to the function v,. It gives for p = %r the estimate
7) (2/’ Xn) 1.7\—1 -
sup ——— $C4((Zr) sup v2+N10w%ljal(l)). 41)
O<xp<r/4 Xn Er/a

It is easy to see that

B2y (1) = 85 (37 ) + O v,
Furthermore, applying (11) to U, and to the operator L. in B (2, % 005 Zn), we obtain

suply < sup By < Nuy(nv. [Bllv@) or (Bo () +80)1 ., ).
57/4 B(ZMOO/S!ZH)

Substitution of the above estimates in (41) and consideration of (3) provide

sup 2 < v o5 () 800 s, ) “2)

0<x,<r/4 Xn

where the constant N, depends only on 7, v and ||| v q.
Taking into account the inequality (5), the assumption (28), and the evident relation ||b’|| v, 4 = o(1)
as r — 0, we decrease Ry such that the property

85 (- ) +50IF s, < 5-50) @)

holds true for all r < Ry.
Finally, combining (39)—(40) with (42)-(43), we arrive at the estimate

v1 (2, xn) —v2(E', xp) = N3 8(r)x, — H(n) (44)

for r < Ro and x = (Z, x,) € Q with x, € [F(Z') + 1, %r].
Considering in A; the function v3(x) = v(x) —v;(x) + v2(x), one can easily see that

Levy =—Leu—0 in X(Ay) as € — 0.
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In addition, v3 = 0 on 0.4;. Applying the maximum principle (11) to £v3 and to the operator Lg, we
obtain that the difference v;(x) — v2(x) converges to v(x) uniformly in A;. Therefore, passing in (44)
first to the limit as ¢ — 0 and then as n — 0, we get

v(x

o = $Nswd () (45)

for r < Ry and x = (2, x,) € Q with x,, € [F(Z), %r].
Since Z’ can be chosen arbitrarily with only |Z/| < %r, the estimate (45) gives (29) with » = %N g. O

Theorem 4.2 (main theorem). Let the assumptions of Theorem 4.1 hold, and suppose

8(r) = max Fx)

Ix/|<r |X]

does not satisfy the Dini condition at zero.
Then for any function u satisfying (27), the equality

ou

—(0)=0

8n( )
holds true.

Proof. Consider the sequence r; = 8 % Ry, with k = 0, where Ry is the constant from Theorem 4.1.
Applying Theorem 4.1 to u guarantees for k > 0 the inequalities

k
u() oo u(x) w@) o
m(;jsri+l s <(1 x5(2rk))ggspcrk x, $Qg§JCRO x, ,E)(l x8(377))-

Since .

. | < " 5(r)

Zln(l —x8(3r5)) < — 28(5}7) < —/ Tdr = —00,

Jj=0 Jj=0 0
we have

k
(1 —%5(%17)) —0 as k — oo.
i=0

J

We recall also that Lemma 3.2 implies the finiteness of the quantity Qosc (u(x)/xn).
NPR,
Thus, taking into account that u|3gmpRO =0, we get

0 0,
—“(0)‘= im YO i | ose XX 2o, 0
on Xn—>0  Xp k—oo|QNP, Xp
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GROUND STATES OF LARGE BOSONIC SYSTEMS:
THE GROSS-PITAEVSKII LIMIT REVISITED

PHAN THANH NAM, NICOLAS ROUGERIE AND ROBERT SEIRINGER

We study the ground state of a dilute Bose gas in a scaling limit where the Gross—Pitaevskii functional
emerges. This is a repulsive nonlinear Schrodinger functional whose quartic term is proportional to
the scattering length of the interparticle interaction potential. We propose a new derivation of this limit
problem, with a method that bypasses some of the technical difficulties that previous derivations had to
face. The new method is based on a combination of Dyson’s lemma, the quantum de Finetti theorem and
a second moment estimate for ground states of the effective Dyson Hamiltonian. It applies equally well to
the case where magnetic fields or rotation are present.
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1. Introduction

The rigorous derivation of effective nonlinear theories from many-body quantum mechanics has been
studied extensively in recent years, motivated in part by experiments in cold atom physics. For bosons,
the emergence of the limit theories can be interpreted as due to most of the particles occupying the same
quantum state: this is the Bose—FEinstein condensation phenomenon, observed first in dilute alkali vapors
some twenty years ago.

The parameter regime most relevant for the description of the actual physical setup is the Gross—
Pitaevskii limit. It is also the most mathematically demanding regime considered in the literature so far;
see [Lieb and Yngvason 1998; Lieb et al. 2000; Lieb and Seiringer 2002; 2006] for the derivation of
equilibrium states and [Erdds et al. 2009; 2010; Benedikter et al. 2015; Pickl 2015] for dynamics (more
extensive lists of references may be found in [Lieb et al. 2005b; Rougerie 2015; Benedikter et al. 2016]).
The main reason for this sophistication is the fact that interparticle correlations due to two-body scattering
play a leading-order role in this regime. The goal of this paper is to present a method for the derivation
of Gross—Pitaevskii theory at the level of the ground state that is conceptually and technically simpler

MSC2010: 35Q40, 81V70.
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than existing proofs, in particular that of [Lieb and Seiringer 2006], which was so far the only method
applicable when an external magnetic field is present.

Our setting is as follows: we consider N interacting bosons in the three-dimensional space R3, described
by the many-body Schrédinger Hamiltonian

N
HN:Zhj+ Z wn (X —Xg) (1-1)
Jj=1 1<j<k<N

acting on the space HV = ®£§m L?(R3) of permutation-symmetric square integrable functions. The
one-body operator is given by
hi=(—iV+ A(x))* + V(x),

with a magnetic (or a rotation) field A satisfying

AeLd (R R3, lim |A(x)le®Fl =0, (1-2)
|x|—=>00
for some constant » > 0 and an external potential V' satisfying
0<VelLl (R, lim V(x)=+oo. (1-3)
|x|—00

We thus consider nonrelativistic particles in a trapping potential, possibly under the influence of an
effective magnetic field, which might be due to rotation of the sample or the interaction with optical fields.
The particles interact pairwise via a repulsive potential wy given by

wy (x) = N?w(Nx), (1-4)

where w is a fixed function which is nonnegative, radial and of finite range, i.e., 1(|x| > Ro)w(x) =0
for some constant Ry > 0. Different scalings of the interaction potential of the form

wp n () = NP w(NPx), (1-5)

with 0 < 8 < 1, have been considered in the literature. The N ! prefactor makes the interaction energy
in (1-1) of the same order as the one-particle energy. Indeed, if § > 0, then

N3Bw(N'3x)m (/ w)80 (1-6)

weakly and thus the interaction potential wg n should be thought of as leading to a bounded interaction
energy per pair of particles. Generally speaking, the larger the parameter f, the faster the potential
converges to a point interaction, and thus the harder the analysis. Note that the cases § < % and B > %
correspond to two physically rather different scenarios: in the former, the range of the potential is much

larger than the typical interparticle distance N —1/3

, and we should expect many weak collisions; while in
the latter, we rather have very few but very strong collisions. In this paper, we consider the most interesting
case B = 1, where the naive approximation (1-6) does not capture the leading-order behavior of the
physical system. In fact, the strong correlations at short distances O(N ~!) yield a nonlinear correction,

which essentially amounts to replacing the coupling constant [ w by (87) x (the scattering length of w).
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Let us quickly recall the definition of the scattering length; a more complete discussion can be found
in [Lieb et al. 2005b, Appendix C]. Under our assumption on w, the zero-energy scattering equation

(2A+wkx))f(x), lim f(x)=1,
|x|—=00
has a unique solution and it satisfies
f@=1=75 Vixl > Ro
X

for some constant a = 0 which is called the scattering length of w. In particular, if w is the potential
for hard spheres, namely w(x) = +o0 when |x| < Rp and w(x) = 0 when |x| = Ry, then the scattering
length of w is exactly Ryp. In a dilute gas, the scattering length can be interpreted as an effective range of
the interaction: a quantum particle far from the others is felt by them as a hard sphere of radius a. A
useful variational characterization of a is

8nazinf%/32|Vf|2+w|f|2, |1|im f(x)=1¢. (1-7)
R X|—>00

Consequently, 87ra is smaller than [ w (the strict inequality can be seen by taking the trial function
1 — g with g € C2(R3, R) satisfying g(x) = 1 when |x| < Ry, and A > 0 sufficiently small). Moreover,
a simple scaling shows that the scattering length of wy = N2w(N -)isa/N.

We are going to prove that the ground-state energy and ground states of Hp converge to those of the
Gross—Pitaevskii functional

Eap(u) == (u, hu) —{—471(1/ lu(x)|* dx (1-8)
R3

in a suitable sense. Note that the occurrence of the scattering length in (1-8) is subtle: this functional is
not obtained by testing Hy with factorized states of the form u®" (which would lead to a functional
with 4 a replaced by % J w). Taking into account the short-range correlation structure which gives rise
to (1-8) is the main difficulty in the proof of the following theorem, which is our main result.

Theorem 1.1 (Derivation of the Gross—Pitaevskii functional).
Under conditions (1-2), (1-3) and (1-4), we have

. . (W, Hy W) .
lim infi —— = inf Egp(u) =: egp. (1-9)
N—oo || W] v =1 N el 2 g3y=1

Moreover, if Yy is an approximate ground state for Hy , namely

i (YN HNYN)
m —————— =eégp,
N—o0 N

then there exists a subsequence YV, and a Borel probability measure |1 supported on the set of minimizers
of Egp(u) such that

lim Tr
{—00

y\(y’je —/ u®Y w®* | du)| =0 Yk eN, (1-10)
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where )/\(I,k]\), = Trp41- N |YN)(UN]| is the k-particle reduced density matrix of Wy. In particular,
if Egp(u) subject to ||u|;2 = 1 has a unique minimizer uo (up to a complex phase), then there is complete
Bose—Einstein condensation

: (k) ®ky 1, k|| _
NlinooTr‘yq,N—WO Yug“l| =0 VkeN. (1-11)

The energy upper bound in (1-9) was proved in [Lieb et al. 2000; Seiringer 2003] (see also [Benedikter
et al. 2016, Appendix A] for an alternative approach). The energy lower bound in (1-9) and the convergence
of one-particle density matrices were proved in [Lieb and Seiringer 2006]. The simpler case A =0 has been
treated before in [Lieb et al. 2000] (ground-state energy) and [Lieb and Seiringer 2002] (condensation). In
this case, the uniqueness of the Gross—Pitaevskii minimizer u follows from a simple convexity argument.
The result in Theorem 1.1 is thus not new, but the existing proofs are fairly difficult, in particular that of
[Lieb and Seiringer 2006] which deals with the case A # 0.

In the present paper, we will provide alternative proofs of the energy lower bound and the convergence
of states using the quantum de Finetti theorem in the same spirit as in [Lewin et al. 2014; 2015a]. Our
proofs are conceptually and technically simpler than those provided in [Lieb and Seiringer 2006]. The
overall strategy will be explained in the next section.

Our result covers the case of a rotating gas where the minimizers of the Gross—Pitaevskii functional
can develop quantized vortices. This corresponds to taking A(x) = Q A x, with Q being the angular
velocity vector. In this case, V' should be interpreted as the trapping potential minus %(Q A x)2. The
assumption V(x) — oo as |x| — oo is to ensure that all particles are confined to the system. Here our
conditions on A and V are slightly more general than those of [Lieb and Seiringer 2006], where A4 is
assumed to grow at most polynomially and V' is assumed to grow at least logarithmically.

The finite range assumption on w is not a serious restriction because we can always restrict the
support of w to a finite ball without changing the scattering length significantly. In fact, it is sufficient
to assume that w is integrable at infinity, in which case the scattering length is well-defined. We
can also work with a more general interaction wy = 0 (with scattering length a ) rather than the
specific choice (1-4), as long as its range goes to zero and limy_, Nay exists; then the result in
Theorem 1.1 still holds with a replaced by limy_, o, Nay . In particular, if wy is chosen as in (1-6) for
some 0 < B < 1, then Nay — (87)! J w. The critical case g = 1 considered in this paper is much
more interesting because in the limit, the true scattering length appears instead of its first-order Born
approximation (87)~1 [‘w.

2. Overall strategy

In this section we give an outline of the proofs of our main results, in order to better emphasize the key
new points for the energy lower bound and the convergence of states.
We shall use the following notation: Let 6 : R3 — R be a radial smooth Heaviside-like function; i.e.,

0<6<l, f(x)=0 for x| <1 and f(x)=1 for |x|=2.
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Let U : R?® — R be a radial smooth function supported on the annulus % < |x] < 1 such that

U(x)=0 and /U=4na.
R3

For every R > 0, define
i =0(3). vac= o (3).

The smooth cut-off function 8 will be used to perform cut-offs in both space and momentum variables,
the latter being always denoted by
p=—iV.

The potential Ug will be used to replace the original one. The important points will be that the integral
of Up yields the correct physical scattering length, and that we will have some freedom in choosing the
range R of Ug.

Step 1 (Dyson’s lemma). The main difficulty in dealing with the Gross—Pitaevskii limit is that an
ansatz u®" does not give the correct energy asymptotics. In this regime, correlations between particles
do matter, and one should rather think of an ansatz of the form

N
[Tucc) [ SCu—x, (2-1)
i=1 1<i<j<N
or a close variant, where f is linked to the two-body scattering process. We shall follow the approach of
[Lieb and Seiringer 2006], relying on a generalization of an idea due to Dyson [1957]. The following
lemma, proved in [Lieb et al. 2005a], allows us to bound our Hamiltonian from below by an effective one
which is much less singular, but still encodes the scattering length of the original interaction potential.

Lemma 2.1 (Generalized Dyson lemma).
Foralls >0, 1 >&>0and R>2Ro/N, we have

N
(1—¢)? N2R?s°
Hy > hi —(1—¢)p?0s(p; Wy —C———, 2-2
N J;(j ( 8)pj s(pj))+ N N e (2-2)
where N
Wy ;:ZUR(xl-—xj) l_[ Orr (X — Xf). (2-3)
i#j k#i,j

Here and in the sequel, C stands for a generic positive constant.

Proof. Recall that the scattering length of wy is @/ N . Therefore, from equation (50) and the first estimate
in (52) in [Lieb et al. 2005a], with (v, a, x, s) replaced by (wy,a/N, 6s, s~1), one has

N-1 N—1
2 1 . 1—¢ . CaR?s®
P0s(p)+ 5 3 wn (=) 2 1 3T UrGe— ) = S
Jj=1 j=1
on L?(R3) for all given points y j satisfying min;cx |y; — yx| = 2R. Since the left side is nonnegative,
we can relax the condition min; xx [y; — yk| = 2R by multiplying the right side by [ [, O2r(¥; — y&)-
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Thus for everyi =1,2,..., N,

N
1 1—¢ CaR?s>
pi0s(pi) + 5 > wy(xi—x)) = N > Ur(xi—x;) [] 0200 —x0) - —
J# J#i k#i,j
Multiplying both sides by 1 — ¢ and summing over i, we obtain (2-2). O

Clarification. The reader should keep in mind that we will choose R = R(N) — 0 (actually N —1/2
R>> N~2/3) then s — oo and & — 0.

The main point of Dyson’s lemma is that we can replace the hard interaction potential wy by a softer
one Ugr which encodes the scattering length conveniently as [ Ug = 4ma. The price we have to pay for
this advantage is twofold, however: first, we have to use all the high-momentum part of the kinetic energy
(note that 65(p) = 1 when p = 2s); and second, the new potential Ugr(x; — x;) comes with the cut-off
nk;éi, j 6(x; — xx). Together they really describe a “nearest neighbor” potential instead of an ordinary
two-body potential. While the first problem is not too annoying, as the low part of the momentum is
sufficient to recover the full energy in the limit, the second problem is much more serious.

Step 2 (Second moment estimate). The lower bound (2-2) leads us to consider the effective Hamiltonian

~ ~ (1—¢)?
HN.:;hj—i- Wi, (2-4)
where
E::h—(l—e)p29s(p)—lcs,s, Ke,s ::infa(h—(l—e)pZGS(p)—1). (2-5)

Here we use the freedom to add and remove the constant N« s to the Hamiltonian to reduce to the
case i1 = 1. In order to ensure that k, s is finite, we need the extra condition
2
|[A(X)|=
im =0,
lx|>00  V(x)

which can be removed at a later stage, as we shall explain below.

(2-6)

We will now seek a lower bound to the ground-state energy of (2-4). The philosophy, as in the previous
work [Lieb and Seiringer 2006], is that if W is the ground state of the original Hamiltonian, then roughly

\IJN %\AI}N 1_[ f(xl-—x,-),
1<i<j<N
where f encodes the two-body scattering process and Uy is a ground state for (2-4). Thus the Dyson
lemma allows to extract the short-range correlation structure, and we now want to justify that Uy can be
approximated by a tensor power u®% ; that is, we want to justify the mean-field approximation at the
level of the ground state of (2-4).
There are two key difficulties left:

e The effective Hamiltonian is genuinely many-body. It can be bounded below by a three-body
Hamiltonian, but obviously one will ultimately have to show that the three-body contribution can
be neglected.
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~1/3 in order to be able to

e To recover the correct energy in the limit, we need to take R < N
neglect the three-body contribution in the effective Hamiltonian. We thus still have to deal with the
mean-field approximation in the “rare but strong collisions” limit. In other words, even though the
effective Hamiltonian is much less singular than the original one, we do not have the freedom to

reduce the singularity as much as we would like.

It is in treating these two difficulties that our new method significantly departs from the previous works
[Lewin et al. 2015a; Lieb and Seiringer 2006]. We shall rely on a strong a priori estimate for ground
states of (2-4). In Lemma 3.1, we assume (2-6) and show that (provided R > N —2/3_which is sufficient
for our purpose)

AN
~ -
(Hy)* 2 3 (Z h,) : 2-7)
J=1
Note that a bound of this kind is not available for the original Hy due to the singularity of its interaction
potential. In particular, (2-7) implies that every ground state 7 N of H N satisfies the strong a priori estimate

(@N,ﬁlﬁz"i[\f) ng’s. (2—8)

This second moment estimate is the key point in our analysis in the next steps. It is reminiscent of similar
estimates used in the literature for the time-dependent problem [Erdds et al. 2007; 2009; 2010; Erdés
and Yau 2001].

Notation. We always denote by C; (or Cg ¢) a (generic) constant independent of s, N and R (or inde-
pendent of N and R, respectively).

Step 3 (Three-body estimate). Next we have to remove the cut-off
1_[ 0(x; —xx)
k#i,j

in Wy to obtain a lower bound in terms of a two-body Hamiltonian. Using the elementary inequality (see
[Lieb and Seiringer 2006, equation (22)])

[T GrGxj—xi)=1= D" (1=62r(x; —x1)),

k:k#i,j kil
we have
N
Wy =Y Ur(xi—x))— Y. Ur(xi —x))(1—62r(x; — xp)). (2-9)
oy keti )k

and we thus have only a three-body term to estimate. Since the summand in this term is zero except
when |x; —x;| < R and |x; —xg| < 4R, the last sum of (2-9) can be removed if the probability of having
three or more particles in a region of diameter O(R) is small enough. This should be the case if R is

1/3

much smaller than N ™"/~ the average distance between particles, but it is rather difficult to confirm this

intuition rigorously.
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In [Lieb and Seiringer 2006], a three-body estimate was established using a subtle argument based on
path integrals (the Trotter product formula). In this paper, we will follow a different, simpler approach.
Instead of working directly with a ground state of Hpy as in [Lieb and Seiringer 2006], we will consider
a ground state U n of the effective Hamiltonian H ~ . Thanks to the second moment estimate (2-7), we
can show that (see Lemma 3.4)

N
D (N, Ur(x1 = x2)02r(x2 = x4) U ) < Ce,s NR?. (2-10)
k=3

The right side of (2-10) is small with our choice N~'/2 > R.

Step 4 (Mean-field approximation). With the cut-off in Wy removed, H n turns into the two-body
Hamiltonian

Ky := %ﬁ- + A—e)” > Ur(xi —x))
= i —

j=1 J N E !
for which we can validate the mean-field approximation. This is the simplest approximation for Bose gases
where one restricts the many-body wave functions to the pure tensor products u®¥ . Since Ug converges
to the delta-interaction with mass [ Ur = 4ma, we formally obtain the following approximation for the
ground-state energy

enL(e,s) ;= inf ((u,ﬁu)+(1—e)24na/|u|4).

llull, 2=1
In Section 4A, we will show that
Alm % =enL(s, 5). (2-11)
A similar result was proved in [Lieb and Seiringer 2006] using a coherent state method, which is a
generalization of the c-number substitution in [Lieb et al. 2005c¢]. In the present paper, we will provide
an alternative proof of (2-11) using the quantum de Finetti theorem of Stgrmer [1969] and Hudson and
Moody [1976]. We note that this theorem has proved useful also in the derivation of the Gross—Pitaevskii
equation in the dynamical case; see [Chen et al. 2015]. The following formulation is taken from [Lewin
et al. 2014, Corollary 2.4] (see [Rougerie 2015] for a general discussion and more references):

Theorem 2.2 (Quantum de Finetti).

Let R be an arbitrary separable Hilbert space and let Wy € ®£\y]mﬁ with |Wy || = 1. Assume that the
o . . 1) )

sequence of one-particle density matrices Yy, converges strongly in trace class when N — oco. Then, up

to a subsequence, there exists a (unique) Borel probability measure [ on the unit sphere S R, invariant

under the group action of S, such that

vy —/ @Y u® | du)| =0 Yk eN. 2-12)

lim Tr
N—o0

This theorem validates the mean-field approximation for a large class of trapped Bose gases, in particular
(see [Lewin et al. 2014] and references therein) when the strength of the interaction is proportional to the
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inverse of the particle number, case 8 = 0 in (1-6). However, when the interaction becomes stronger, the
mean-field approximation is harder to justify. The convergence (2-11) with R > N —2/15 was proved in
[Lewin et al. 2015a] by using a quantitative version of Theorem 2.2 valid for finite-dimensional spaces
[Christandl et al. 2007; Chiribella 2011; Lewin et al. 2015b]. However, this range of R is too small for
our purpose because we are forced to choose R < N —1/2

In this paper, thanks to the strong a priori estimate (2-8), we are able to prove (2-11) for the larger
range R > N ~2/3_ As in [Lewin et al. 2015a; Lieb and Seiringer 2006], we localize the problem onto

energy levels of the one-body Hamiltonian h lying below a chosen cut-off A. At fixed A, it turns out that

in the previous steps.

the projected Hamiltonian is bounded proportionally to N. We are thus in a usual mean-field scaling if
we are allowed to take N — oo first, and then A — oo later. Taking limits in this order demands a very
strong control on the localization error made by projecting the Hamiltonian, however. This control is
provided again by the moment estimate (2-8).

Combining the arguments in Steps 1-4, we can pass to the limit N — oo; then s — co and ¢ — 0
to obtain the energy convergence (1-9) under the extra condition (2-6). In Section 4B, we remove this
technical assumption using a concavity argument from [Lieb and Seiringer 2006] and a binding inequality
which goes back to an idea in [Lieb 1984].

Step 5 (Convergence of ground states). In Section 4C, we prove the convergence of (approximate)
ground states using the convergence of the ground state energy of a perturbed Hamiltonian and the
Feynman—Hellmann principle. A similar approach was used in [Lieb and Seiringer 2006] to prove the
convergence of the 1-particle density matrix. However, the quantum de Finetti theorem helps us to avoid
the complicated convex analysis in [Lieb and Seiringer 2006], simplifying the proof significantly and
giving access to higher-order density matrices.

3. Second moment estimate

In this section, we consider the effective Hamiltonian obtained after applying the generalized Dyson
lemma to the original problem, namely

N
~ - (1—¢)?
Hy = hi W,
N Z i+ N N>
Jj=1

where / and Wy are defined in (2-5) and (2-3), respectively. We will work under the extra assumption (2-6).
Since A € L3 (R® R?) and V grows faster than |A|? at infinity, for every & > 0, we have

(% ~2e71AP) e L3R,
and hence

€),2 K_ “11 412 > _
(5)r*+5 =274 = —C..

In combination with the Cauchy—Schwarz inequality, we get

h=(1=e)p20s(p) = 0% =267 AR +V = £p? + 2~ Co.
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Therefore, info(h) —1 = k¢ s = —C, and
h=Co(—A+V+1). (3-1)
The key estimate in this section is the following:

Lemma 3.1 (Second moment estimate).
Assume that (2-6) holds. For every 1 > ¢ > 0and s > 0, if

R=R(N)>» N72/3

when N — oo, then for N large enough, we have the operator bound
1 N
~ -
(n)? L (Zl h,)
j =

We will show in Section 3C that a convenient lower bound to Dyson’s potential Wy in terms of truly

2
: (3-2)

two-body operators follows from Lemma 3.1.
Before proving Lemma 3.1 in Section 3B, we first collect some useful inequalities on a generic
translation-invariant interaction operator W (x — y) that will be used throughout the paper.

3A. Operator inequalities for interaction potentials. We state several useful inequalities in the following
lemma. In fact, (3-3) is well-known, and (3-4) with § = 0 was proved earlier in [Erdés and Yau 2001,
Lemma 5.3]. In the sequel, we will crucially rely on the improvement to § > 0, and on (3-5), which seem
to be new.

Lemma 3.2 (Inequalities for a repulsive interaction potential).
For every 0 < W e L' N L2(R3), the multiplication operator W(x — y) on L*((R3)?) satisfies

0< W(x—y) < ClWllps2@ms)(—Ax), (3-3)
and, for any 0 < § < %,
0< W(x—y) < Cs| Wl — A0 0 (1= (3-4)
Moreover, forall 1 > >0, s >0, A€ L130C([R§3, R3) and 0 <V ¢ LIIOC(R3),
hxW(x =)+ W(x = p)hy = =C(|W 22 + (1 + ) [Wga2) (1= A1 = Ay). (3-5)

Proof of Lemma 3.2. We will prove this in several steps.

Proof of (3-3). From Holder’s and Sobolev’s inequalities, we have

(/L W(x=»)f) =/ W(x = )| f(x,y)[? dx dy

2/3 1/3
s/([ W(x—y>3/2dx) (/|f<x,y)|6dx) dy

SC||W||L3/2(R3)/(/|fo(xvy)|2dx) dy

for every function f € H'((R3)?). Therefore, (3-3) follows immediately.
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Proof of (3-4). The estimate (3-4) with § = 0 was first derived in [Erdés and Yau 2001]. The following
proof is adapted from the proof (again for § = 0) in [Lieb and Seiringer 2006]. Note that for every
operator K, we have K*K < 1 if and only if KK* < 1. Therefore, (3-4) is equivalent to

VW =) A=A 1= A LYW —y) < Cs|W 1. (3-6)

Let G be the Green function of (1 — A)3~! whose Fourier transform is given by

1
(1 + 4m2|k[2)1=5"

G k) := / e 2TXRG(x)dx =
R3

For every function f € L?((R3)?), one has
(VW =)A= A 1= A W —y) f)
= / FE VW —9)Gx—x)G(y — Y ) VW' —y) f(xX',y) dx dy dx' dy’

_ / W =G —xNPf )P+ WE = y)GO —y) P f (. 9))?
h 2

= Cs[Wllpi (/. f),

where

. dk
Cs = G2=/ GI* = ,
5 /' | S (1 + 42|k |2)2(0-8)

which is finite for all 0 < § < %. Thus (3-6), and hence (3-4), holds true.

Simpler version of (3-5). We are going to deduce (3-5) from the inequality
(FADW(x =) + W(x = y)(=Ax) = =C (W32 + [WllL2) (1= Ax)(1 = Ay). (3-7)

By an approximation argument, one can assume that W is smooth. For every f € H?(R3 x R3?), a
straightforward calculation using integration by parts, and the identity Vy(W(x —y)) = =V, (W(x —y))
gives us

(i (AW —y) + W — )(~Ay) f)
g // Vo PG )V W(x — ) £(x. ) dx dy

=2 // Ve £ Ce )P W — ) + 200 // Vs ) Ve (W(x — 1) f(x. y) dx dy
> _ogi [/ Ve T )V (W(x — ) f(x. y) dx dy
— o [f Yy (Ve FGro ) £ (s ) Wx — y) dix dy

— o // (Vi TG0V £ (0 1) + Vi (Vi P 0) £ (6 ) W(x — ) dx dy.,
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Using Cauchy—Schwarz and Sobolev’s inequality (3-3), we get

Ve f(x, )| +1|V )P
s//l fx.p)l erl yf(x. )l W(x— )| dx dy

S ClWlpar2{f. (=Ax)(=4y) f).
Moreover, by the Cauchy—Schwarz inequality again and (3-4) (with § = 0 and W replaced by W?2),

| // (Y Ve FGr ) S (. y) W = v) dx |

1/2 1/2
< (//IVnyf(x,y)lzdxdy) (//|f(x,y)|2|W<x—y>|2dxdy)

SCIW 2. (1=Ax) (A= A)) f).

‘ f/ Vi T )Yy £ (e )Wk — ) dox dy

Thus we obtain

(£ (AW (x = p) + W(x =) (=A%) f) 2 =CUAW I 372 + W L2){f. (1 = Ax) (1= Ay) f)
for all £ € H?(R3 x R3). This proves (3-7).
Proof of (3-5). From the commutator relation
pxWx—y) =W(x —y)px + (=i VaW)(x —y),
we find that
(PxA(X) + A(X) px + [AX) )W (x = ) + W(x = y) (px Ax) + Ax) px + [4(x)[?)
=2(pxW(x = y)A(x) + AX)W(x = y) px + [AX) PW(x = y))

=2(px + AX)W(x —y)(px + A(x)) =2pxW(x — y) px.
Using

(px + AW (x = y)(px + A(x)) 2 0
and estimating px W(x — y) px by Sobolev’s inequality (3-3), we get
(PxA(x) + AX) px + |AX)P)W(x = y) + W(x — y)(prAX) + A(X) px + [A()?)
= —C|Wp32(=Ax)(—Ay). (3-8)
Finally, by (3-3) again and the Cauchy—Schwarz inequality for operators

:I:(XY—I—Y*X*)§8XX*—|—8_1Y*Y Vs >0, (3-9)
we obtain

PR =Os(px))W(x = y) + W(x = y) p3(1 = bs(px))
= —8p3(1 =5 (p))W(x = y) p3(1 = bs(px)) + 87 W(x - y)
= —C||Wp32(8p3(1 =65 (px)* +67")(=Ax)
for all § > 0. Using 1 — 6;(p) < 1(| p| < 2s) and choosing § ~ s~2 gives

Pr(1=0s(px)W(x = y) + W(x = y) p(1 = 05(px)) = —=C5>[|[W || L3/2(=Ax). (3-10)
From (3-7), (3-8) and (3-10), the bound (3-5) follows. O
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3B. Proof of Lemma 3.1. Before completing the proof of Lemma 3.1, we make a remark on the simpler
case with the Dyson potential Wy replaced by a truly two-body interaction.

Remark 3.3 (Second moment estimate with two-body interactions).

Consider the model case
Yo (=P
Ky = Zhj+ N ZUR(xi—Xj).
Jj=1 i#]

By expanding KIZ\, and using the fact that /; = 0 commutes with Ug (x i —Xg) =0wheni # j andi #k,
and then using (3-5) to estimate terms of the form

hiUR(xi — x;) + U(x; — x;)hi,
we obtain
Kyzx D> hily (3-11)

1<i#j<N

W | —

provided that R = R(N) > N ~2/3_ A similar estimate also holds when / is replaced by the original
kinetic operator /.

We stress once again that we do not expect (3-11) to hold for our original Hamiltonian Hy, which is
in the more singular regime R ~ N ~!. We thus need to work with the Dyson Hamiltonian, and its rather
intricate nature makes the actual proof of Lemma 3.1 more difficult than the one we have sketched for
(3-11). We now proceed with this proof.

Proof of Lemma 3.1. We have

N 2 2 N 4
~ ~ 1— ~ ~ 1-
(HN)z— ( hj) = (1-¢) E (thN—I-WNhe)-{-(N—ZE)WAZI. (3-12)
j=1 (=1

N

As in Remark 3.3, the goal is to bound hy Wx + Wyhy from below. We first decompose the interaction
operator as

Wy =Wa+ Wp,
where
Wa= > Ur(xi—xj) [] 2r(xj —x0).
1e{i,j} k#i,j
Wo= Y Ur(xi—x;) [] 6ar(xj—x0).
i,j=2 ki, j

Estimate of W,. By the Cauchy—Schwarz inequality (3-9), we get

+(hy1Wa + Wahy) < N"'hyWahy + NW,. (3-13)
Let us show that c
Wa < 25 (3-14)
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Indeed, for every given (x1, X2, ...,xy) € (R3)V, the product
Ur(ri—x)) [] 62r(xj —xi)
k#1,j

is bounded by ||Ug||= < CR™3 and it is zero except in the case
X1—Xj|<R<2R< min |x; —xg|.
| il k¢1’j| J 11
By the triangle inequality, the latter condition implies that
|x1 —xj| < R < min |x; —xg|,
k#1,j

and it is satisfied by at most one index j # 1. Therefore,

C
D Ur(ri—x)) [ 6ar(xj—xi) < 45

jiz2 k#1,j
Similarly, we have
Y Ur(xi—x1) [ ber(xi—xp) < %
i=2 k#1,i
and hence (3-14) holds true. From (3-13) and (3-14), we obtain
(I W + Wah) < <3 (1) + 2N 1;} Ur(x; —x,-)k];[ 2R 05— ). (3-15)
i, i,

Here we do not need to estimate the second term on the right side of (3-15) because this term is part
of Wy, which will be controlled by W2 in H2.

Estimate of W;,. We need a further decomposition

Wy, = Z UR(Xi—Xj) 1_[ 92R(xj_xk):Wc_Wd,

i,j=2 k#i,j
where
We:= > Ur(xi—x;) [] 6ar(xj—xp).
i,j=2 k#1,i,j
Wgi= Y Ur(xi—x)(1—=6r(xj—x1)) [] 62r(xj—xp).
i,j=2 k#1,i,j
Note that

We=0, Wz;=0 and hiW,=W.h;=0.
On the other hand, by the Cauchy—Schwarz inequality (3-9) again,
(7 Wy + Wahy) < 8l Wahy + 87 Wy, (3-16)
We have two different ways to bound Wy . First, by (3-3) and (3-1),

(1= 602r(x; —x1)) < CI[1 =02l L3/2(1 — A1) < CsR?y.
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Since here i, j = 2, both sides of the latter estimate commute with

Ur(xi—xj) [] 62r0xj —x0).
k#1,i,j
and we deduce that

(1= 621 (x; —xD))Ur(xi —=x;) || 62r(xj —x1) < CeRPhiUr(xi —x;) [ 62r(xj —xp).
k#1,i,j k#1,i,j

Taking the sum over i, j = 2, we obtain

Wy < CeR2hy W,. (3-17)
Second, let us show that
C
Wi < e (3-18)
Indeed, for every given (x1,Xx2,...,XN) € ([R{3)N , the product
Ur(xi —x;)(1 — O2r(xj — x1)) l_[ Oar(xj — xi)
k#1,i,j
is zero except in the case
|x;i —xj| <R, |xj—x1|<4R, min |x; —xg|>2R. (3-19)
k#1,i,j
By the triangle inequality, (3-19) implies that the ball B(xy,5R) contains B(x;, 2 R), B(x;, % R), and

the balls B(x,', %R) B(x], %R) do not intersect with B(xk, %R) for all k # 1,1, j. Since B(x1,5R)
can contain only a finite number of disjoint balls of radius %R, we see that there are only a finite number
of pairs (i, j) satisfying (3-19). Thus we can conclude that

W; < C||Ur|lpe~ < CR™3.
From (3-16), (3-17) and (3-18), we obtain

. . - - Cs ~ CeR?\ ~
hIWb+thl=h1Wd+Wdh1+2h1Wc>—ﬁ(hl) +{2—- 5 hyWe.

Choosing § ~ R?, we get
- . C. -
Wy + Wyht = === (), (3-20)

Conclusion. From (3-15) and (3-20), we get

C

. - (C
MWy +Wyhy = (NR3

Ce\ -~
+7)(h1)2—2N Y UrCxi—x;) [ 62r(xj —xp).

1€{i,j} k#i,j

Summing the similar estimates with 1 replaced by £ and using

N
> > Urxi—x)) [] 62r(xj —xi) =2Wy,

L=14Le{i,j} k+#i,j
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we find that
N 8 C G\ -
heWn +Wyhg) =2 —| —5 + — hg)®> —2NWy.
> (W + Wihy) (NR3+R)Z(€) N
Therefore, coming back to (3-12), we conclude that (completing a square in the last inequality)

(Fn)? — (Zh)z_(l—e) Z(;;ZWNJFWN}EK)JF(I[;—?“W,%

N
c G -, 2 (1-e)* ,
> (o 1) 2 (ho* =201 —ey Wiy &+ i W

N
>+ =2 i) — N2
(N2R3 + NR);( 2

When R > N_2/3, we have

TIPS
N2R3  NR '
and hence
~ ~ N ~
(Hy)?> 22 hihj + (1—=0(1)) > (hy)*— N2,
1<i<j<N (=1
which yields the result, recalling that in our convention, h=>1. O

3C. Three-body estimate. A first consequence of the second moment estimate in Lemma 3.1 is that we
can conveniently bound Dyson’s Hamiltonian from below by a two-body Hamiltonian. This is done
by first using a simple bound in terms of a three-body Hamiltonian, and then bounding the unwanted
three-body part.

Lemma 3.4 (Three-body estimate).
Assume the extra condition (2-6) holds. For every 1 >¢>0ands > 0,if R= R(N) > N72/3 then

R? =
> URGxi =x7) Y (1= 0ar(xj = xi0)) < Ces i (An)*. (3-21)
i#j k#i,J
Consequently,
al (1 _8)2 2 ~ 4
Hy > Zh, + Y Ur(xi —x;) = Ceys 2(HN) : (3-22)
Jj= i#]

Note the error term involving (ﬁ ~)*, which is well under control since we are interested in its
expectation value in a ground state.

Proof. By (3-3) and (3-1), we have

(1—602r(x2 —xg)) < CesR?hy  fork = 3.
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Since Ur(x1 — x2) commutes with both sides, we get

Ur(x1—x2) Y (1=02r(x2—xk)) < Ce,s RPUR(x1—X2) ) _ I3
k=3 k>3

= 3Ce s R*(Hy—h1—ha—(1—6)> N ' Wy ) Ur (x1—x2)
+3Ce s RRUR(x1—x2) (HN—h1—hy—(1—€)* N ™' Wy)
< 3Ces R* (AN UR(x1—x2)+Ur(x1—x2) Hy)
2
+3CesR? ) " (hjUr(x1—x2)+Ur(x1—x2)h;). (3-23)
j=1
In the last estimate, we have used Wy = 0. Thanks to (3-5) and (3-1), we get forall j = 1,2,
hjUr(x1 —x2) + Ur(x1 —x2)hj = —Ce s R/2(1 = A1) (1 — Az) = —Ce s R h1hy. (3-24)
On the other hand, by the Cauchy—Schwarz inequality (3-9) and (3-4) (with § = 0 and W = Up),

AyNUg(x1 —x2) + Ur(x1 —x2) Hy < 8HyUr(x1 —x2) Hy + 8" Ur(x1 — x2)
< Cg,saﬁ]vﬁlﬁzﬁjv +Cg’s8_1ﬁlﬁz (3-25)
for all § > 0. Choosing § = N ! and using R™3/2 < N, we deduce from (3-23), (3-24) and (3-25) that
Ur(x1 —x2) Y (1 =62r(xa—x)) < Ces R*(N "' Hyhrhoy Hy + Nhihs).
k=3
By symmetrization with respect to the indices, we find that
Z Ugr(x1 —x2) Z (1- 92R(Xj —xp)) < Cg’st(N_lﬁN Z Eiﬁjﬁ]\l + N Z ﬁ,ﬁj)
i) ki, i#) i#)
Combining with the second moment estimate (3-2), we obtain (3-21). From the three-body estimate (3-21)
and the elementary inequality (2-9), the operator bound (3-22) follows. O

4. Energy lower bound and convergence of states

4A. Mean-field approximation. We are now reduced to justifying the mean-field approximation for a
new Hamiltonian with the two-body interaction Ug(x — y), which converges to a Dirac delta much slower
than the original one. The analysis in this section provides an alternative to the coherent states method
of [Lieb and Seiringer 2006].

Proposition 4.1 (Mean-field approximation).
Assume that (2-6) holds. For every 1 > &> 0and s > 0, if

N7Y2> R=R(N)>» N~2/3
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then _
. info(Hy)
lim ————=
N—o0 N

= | llinf_l((u,ﬁu) +(1 —8)247'[61/ |u|4) =:enL(e, 5). 4-1)

Proof. The upper bound in (4-1) can be obtained easily using trial states of the form u®" . For the lower
bound, let us consider a ground state 7 N of H ~ (which exists because & has compact resolvent). Using
the ground-state equation, we find that

(Uy. (Hy)*Ty) = (info (Hn))* < (CosN)* (4-2)
for all k € N. In particular, the second moment estimate (3-2) implies that
(Oy,hi1haUy) < Cey, (4-3)
and the operator estimate (3-22) implies that

. Uy, HyUy)
liminf ——M

1) 2 ) _
lim ini N >hm1nf(Tr(hy )+(1 £)* Tr(Uryg, )). (4-4)

(k) .

Here Vg is the k-particle density matrix of Wy and Ug is understood as the multiplication operator

Ur(x — y) on $2. Since Tr(hy£ ) ) is bounded uniformly in N and h has compact resolvent, up to

a subsequence we can assume that y( )

converges strongly in trace class. By the quantum de Finetti
theorem, Theorem 2.2, up to a subsequence we can find a Borel probability measure fi on the unit

sphere S$) such that

lim Trjy
N—o0

=0 VkeN. (4-5)

(k) / |M®k ®k|dM(U)

We will show that
liminf(Tr(};)/gl) )+ (1—¢)? Tr(UR)/Lz) ) = /((u, ﬁu) + (1 —¢)?*4na / |u|4) dp(u), (4-6)
N —o0 L2 Wy

and then the lower bound in (4-1) follows immediately. Since his positive and independent of N,
(4-5) and Fatou’s lemma imply

11m1nfTr(hy(1)) > /(u,ﬁu)d,&(u). 4-7

It remains to prove
hm 1nfT1r(UR)/~ 2) )=4na / [l ||L4 dp(u). (4-8)

Note that (4-8) does not follow from (4-5) and Fatou’s lemma easily because Ur depends on R = R(N).
We need to replace Ug by an operator bounded independently of N. Since h has compact resolvent, for
every A = 1, the projection

Pr:=1(h <A)

has finite rank. Let us denote
R X2
M:=15p—Py".
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Since Ugr = 0, we can apply the Cauchy—Schwarz inequality (3-9) with
X = P82UL? and Y =UL*n

to obtain
Ug = (P2* + IHUR(PE* +10)

= PR?URPY? + IURTI + P2*URT + IUR P2
> PR2UR PR — 6 'IURTI — 6P 2*URPY?
for all § > 0. Using the operator bound (3-4) and the fact that the %—th power is operator monotone [Bhatia
1997], we have
Ur(x1 —x2) < C[URlIp1 (1= AD*3(1 = A2)*° < Cos (h)* P (h2)*°. (4-9)
Therefore,

PEPURP®? < Coshihy and TIURIL < Cos A Y50 0.

Here in the second estimate, we have used 1g — Py < ATV 5(l;)l/ >, which is a consequence of the
definition of Pp. Thus

Ur— P22URPY? = —Cos (871 + 8A™V%)h1hs.
@
Yy

Tr(URygjl) —Tr(PfZURP,%Zyg)V) > _Cy A0, (4-10)

If we choose § = A~1/10 and take the trace against y~ , then by the a priori estimate (4-3), we find

On the other hand, from (4-9) and the definition of Pj, it follows that the operator norm || Pff’z Ur sz I
is bounded uniformly in N for fixed A. Therefore, the strong convergence (4-5) implies that

: ®2 ®2,,(2) ®2 ®2\ 7~ —
Nh_r)noo(Tr(PA UrPy yqlN) —/((PAu) ,UR(Ppu) )du(u)) =0. 4-11)
Since the left side of (4-7) is finite, every function u in the support of d i belongs to the quadratic
form domain Q(h) of h, and hence Ppu — u strongly in Q(h). Using the continuous embeddings
Q(h)yCc H' C L*, we get
lim lim ((PAu)®2, Ug(PAu)®?) = lim || Ppullfs = |lull7..
i Lim ((PAw)®2, Ur(Paw)®2) = lim || Paullfs = fulls
By Fatou’s lemma,
liminfliminf/((PAu)®2,UR(PAu)®2)d/1(u) >4na/ ull7 o d fiu). (4-12)

A—oo N—>oo

The desired convergence (4-8) follows from (4-10), (4-11) and (4-12). O

Remark 4.2 (Mean-field approximation with two-body interactions).

From the preceding proposition, we obtain easily the convergence (2-11) mentioned in Section 2 because
H N < Ky . In fact, K satisfies the second moment estimate (3-11) (see Remark 3.3), and hence (2-11)
can be proved directly. In particular, the method can be used to derive the energy asymptotics when the
interaction potential is given by (1-5); for 8 < 2, Step 1 (and thus also Step 3) in the proof are not needed.
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One can also obtain some explicit error estimate in Proposition 4.1 and (2-11) by using a quantitative
version of the quantum de Finetti theorem as in [Lewin et al. 2015a, Lemma 3.4].

4B. Convergence of ground-state energy. We now conclude the proof of the convergence of the ground-
state energy. There are two things left to do: remove the high momentum cut-off in the final effective
functional, and relax the additional assumption (2-6).

Proof of energy convergence (1-9). The upper bound in (1-9) was proved in [Seiringer 2003]. The proof
of the lower bound is divided into three steps.

Step 1. We start with the simple case when the extra condition (2-6) holds true. Recall that we are choosing
N2 R=R(N)> N~2/3,
From Lemma 2.1 and Proposition 4.1, it follows that for every 1 > ¢ > 0 and s > 0,

fiminf LUV oy e EO N
N N

+ kK =enL(E,5) + ke s-
N 00 N o0 s,s) N ( ) &,8
Thus to obtain the lower bound in (1-9), it remains to show that

lim lim (enp(e,5) + ke,s) = eGp- (4-13)
e—>0s5—>00

The upper bound in (4-13) is trivial as Enp.(u) + ke,s < Egp(u). The lower bound in (4-13) can be done
by a standard compactness argument provided in [Lieb and Seiringer 2006]. We recall this here for the
reader’s convenience. Let u. ¢ be a ground state for enp (¢, 5), namely

eNL(& S) = (“a,s, Eus,s) + (1 _8)24”a/ |u8,S|4-

From (3-1), it follows that (us s, (—A + V)ugs) is bounded uniformly in s. Since —A 4 V' has compact
resolvent, for every given ¢ > 0, there exists a subsequence s; — oo such that u. s, converges strongly
in L2 and pointwise (in both p-space and x-space) to a function u,. By Fatou’s lemma, we have

li.minf/|u8,sj(x)|4dx2/|ue(x)|4dx»
J—>00

timind [ 21— 6, (lies; (D dp > [ p2lac(p) dp.
Next, using (2-6) as before, we have

ep> + pA+Ap+|AP+V +Ce=0
for some Cy > 0. Using Fatou’s lemma again and the strong convergence in L2, we deduce

li.minf(ug,sj, (8p2 +pA+Ap+|AP+V + Ke,s)ug,sj) > (ug, (8p2 + pA+Ap +|A]* + V)ug).
(e.°]

J—>
Combining these estimates, we get
h,minf(eNL(S, Sj) + Ks,s,-) = (Ms, hus) +(1 —8)247[61 / |M£|4 = (1 _g)zeGP-
j—o00 ;

Taking ¢ — 0, we obtain the lower bound in (4-13).
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Step 2. From now on we do not assume (2-6). Let us introduce the Hamiltonian

M

Hy ny = Zh/-{- Z wy (X; —Xx;)

j=1 1<i<j<M

and denote by E(M, N) its (bosonic) ground-state energy. In this step, we will prove the lower bound
in (1-9) using the additional assumption

E(N,N)—E(N —1,N)<C. (4-14)

We will find a function f : R3> — R4 growing faster than | A|, namely
A
A _,

im =0, (4-15)
x|>o00 f(x)
such that for a ground state ¥ for Hpy, we have
(Wy, f2(x1)Wy) <C. (4-16)

Once this is achieved, we get
info(Hy) _ info(Hy +nY 0 £2(x))) 3
N N
for every n > 0. Since the growth condition (2-6) holds true with V' replaced by V + 2, we can apply

Cn

the result in Step 1 to the Hamiltonian
N
Hy+nY_ f2(x))
j=1

for every given 1 > 0. Then the lower bound in (1-9) follows by taking n — 0.
Now we find such a function f. We will establish a simple binding inequality using an idea in [Lieb
1984]. From the ground-state equation Hy y Wy = E(N, N)Wy, it follows that

E(N.N)(Wy. [2(xn)¥N) = W(UN. [2(xn) HN N UN). (4-17)
By the variational principle and (4-14), we have
HyN—hny =2 Hy-1 N = E(N—-1,N)= E(N,N)—-C.

Note that f2(xy) commutes with all terms in the latter inequality. If f is bounded and sufficiently
regular, we have the IMS-type formula

SPh+hf) = fhf =V 2V 2= V[P, (4-18)
and we deduce from (4-17) that

(Un. (Ven) f2(en) = IV fxen) > = Cf2(xn))¥N) < 0. (4-19)
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Note that if we choose f(x) = e?™*| for some constant 5 > 0, then (4-15) follows from the assumption (1-2).
Moreover, heuristically, (4-16) follows from (4-19) as V /2 grows faster than |V f |2 4+ C f2. To make
this idea rigorous, let us apply (4-19) with f(x) replaced by

gr(x) = exp[b[r —[lx| —r[] ]
Note that g, (x) = e?*| when |x| < r and g,(x) = 1 when |x| = 2r. We can thus apply (4-18) to g,.
Moreover,
Ver —IVegr?—Cgl = (V== C)g?
>g2—(b*+C+ D21V <bh>+C +1)
> g7 — Co
for some constant Cg independent of » > 0. Here we have used the fact that g%l(V <b?+C +1)isbounded
independently of r > 0, which follows from the assumption lim| |, V' (x) = +00. Thus (4-19) gives us

(Wn.gr(xn)¥n) < Co

for all r > 0. Taking r — oo, we obtain (4-16) with f(x) = e?*!.

Step 3. Now we explain how to remove the additional assumption (4-14). This can be done by following

the strategy in [Lieb and Seiringer 2006], which we recall quickly below for the reader’s convenience.

®N

By choosing trial states u®*', we get the upper bound

E(N,N)<CyN
for some constant Cy > 2egp. Forevery N €N, we denote by M = M (N') the largest integer < N such that
EM(N),N)—EM(N)—1,N) < Cp. (4-20)
Then by the choice of M(N), we obtain
E(N,N)—E(M(N),N)= (N —M(N))Co. (4-21)
We can find a subsequence N; — oo such that M(N;)/N; — A € [0,1]. Since (4-20) holds with

M = M(Nj;), we can apply the result in Step 2 with w replaced by Aw and find that

E(M(Nj), N;
lim inf M = egp(Aa) = degp(a). (4-22)
Jj—o00 M j
Here egp(La) is the Gross—Pitaevskii energy with a replaced by Aa and the last inequality in (4-22) is
obtained by simply ignoring part of the one-body energy in the corresponding Gross—Pitaevskii functional.

From (4-21) and (4-22), it follows that
egp(a) = iming Z-ND oy inf(—E(M(Nf)’ NI | ey M= MW M(Nf))
Jj—>00 fi Jj—o0 N; N;
> A2egp(a) + Co(1—A).
Since
ecp(a) < A?egp(a) + 2(1 — A)egp(a)
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and Cy > 2egp(a), we must have A = 1. Thus M(N)/N — 1 for the whole sequence and

E(N,N . . .E(N;,N;
lim ian =lim mfu = egp(a).
N—->o0 Jj—o00 Jj
This completes the proof of the energy convergence (1-9). a

4C. Convergence of density matrices. Now we prove the convergence of ground states in (1-10) by
means of the Feynman—Hellmann principle. For v € L?(R3) and £ € N, we will perturb Hy by

Su,e = N1 Z B (0B iy,

1<ij<-<i¢y<N

Here [v®¢) (v®¢);,
ig-th variables. We have the following extension of (1-9).

i, denotes the operator |v®) (v®¢| acting on the £-body Hilbert space of the i1-th,. ..,

.....

Lemma 4.3 (Energy lower bound for perturbed Hamiltonians).
We assume (1-2), (1-3) and (1-4). For every v € L*(R3) and £ € N, we have

liming TLOUIN =500 e eanu) — [o.u) 29, (4-23)

N—00 N IIuIILz—

Proof. We first work under the extra condition (2-6), and then explain how to remove it at the end. Let
1>e>0ands>0and
N™Y2s R=R(N)> N7?/3,

Recall that from (2-2), we have
Hy — Sy = Hy — Sy + Nkes — Ce s NR. (4-24)

Let ® be a ground state for Hy— Sy.¢- Since ||Sy ¢||/N is bounded uniformly in N, (4-2) still holds
true with ¥y replaced by ®p, namely

(Dn, (Hy)*dn) < (CesN)F (4-25)

for all k € N. Combining (4-25) with the three-body estimate in Lemma 3.4, we get the following
analogue of (4-4):
info(Hy — Sv.0) (Pw. (Hy — Su,0)PN)

lim inf = liminf
N—o0 N N—>o0 N (4-26)

> liminf(Tr(hyg) ) + (1 =) TrUryg ) = Tr([v®) (0% 17, ).
N

Moreover, (4-25) and the second moment estimate (3-2) imply the a priori estimate (P, ftlfzz Wy) < Ce.
Therefore, we can estimate the right side of (4-26) by proceeding exactly as in the proof of Proposition 4.1.
More precisely, by the quantum de Finetti theorem, Theorem 2.2, we can find a Borel probability
measure (t¢ on the unit sphere S$ such that, up to a subsequence,

hm Tr|y
N—

9 /|u®k W duew)| =0 VkeN.
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Using (4-6) with U replaced by @y and employing the fact that [v®¢) (v®¢| is bounded, we obtain

hmlnf(Tr(hy(l))-i-(l 8)2Tr(UR)/ )) Tr(| )<U®6|V<(1>?,))

z/(<u,h"u)+(1—g)24m/|u|4—|<v,u>|”) dpe). (4-27)

From (4-24), (4-26) and (4-27), it follows that

info(Hy — Sy.0)

lim inf — > inf ((u,ﬁu)+(1—s)24na/|u|4—|(v,u)|2z)+K8,s.
N—>oo N lull, 2=1

The lower bound (4-23) follows by passing to the limits s — 0 and then ¢ — 0 as in the proof of (4-13).

To remove the assumption (2-6), we may use the argument in Section 4B. The only extra difficulty
is that when dealing with the analogue of (4-17) with Hy n replaced by Hy y — S, ¢, we have to take
care of the operator f2|v)(v| = |f2v){v|, which may be unbounded as f(x) = ?!*! with b > 0 and v is
merely in L2(R3). However, we can still proceed with all functions v in L2(R3) which have compact
support. Then after obtaining the lower bound (4-23) with those nice functions v, we can extend the
lower bound to all functions v in L?(R3) by a standard density argument. O

Now we are able to prove the convergence of density matrices.

Proof of state convergence (1-10). Let W be an approximate ground state for Hp as in Theorem 1.1. For
every v € L2(R?) and £ € N, from the upper bound in (1-9) and the lower bound in Lemma 4.3, we have

Yy, HyW Uy, (Hy — Sy o)V
lim sup Tr([v®¢) (v ®€|)/(Z))=limsup(< N HNYN) (YN, (HN = Su0) N))
. (info(HN) info(Hy — S, 6))
< lim sup — )
N—o0 N N
<egp— inf (Egp(u)—|{v,u)|?b).
lull 2=

Here v is not necessarily normalized. Therefore, we can replace v by A2y with A > 0 and obtain

limsupTr(| Y ®e|y(£)) l(er—” IIlIlf (Eap(u) — Al{v, ”)|24)) (4-28)

N—oo A ull 2=1

With given v and £, for every A > 0, let 1, be a (normalized) minimizer for u — Egp(u) — A| (v, u)|?¢.
Since (u, hu, ) is bounded and /2 has compact resolvent, there exists a subsequence A; — 0 such that u
converges to Ug in L2, By Fatou’s lemma, u¢ is a minimizer of Egp(u). Moreover,

hmsup; (ecp— inf (Egp(u)—A;(v, ”)|2£))
J—>00 "u”LZ_

<hmsup)L (Eap(up,) — (Eap(uz,) — Aj[(vouz, ) 1*9) = [(v.ug) . (4-29)

J—>00
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From (4-28) and (4-29), we conclude that for every v € L?(R3) and £ € N,

lim sup Tr(|v®z)(v®e|yg])v) < sup |{v,u) %, (4-30)
N—o0 uEMgp
where Mgp is the set of minimizers of Egp(u).

Note that also in [Lieb and Seiringer 2006], the upper bound (4-30) with £ = 1 was proved, and
from it, the convergence of the one-particle density matrices was deduced using an abstract argument of
convex analysis. In the following, we will provide a simpler way to conclude the convergence of density
matrices from (4-30), using the quantum de Finetti theorem. Indeed, by Theorem 2.2 as before, up to
a subsequence of Wy, there exists a Borel probability measure p on the unit sphere S§) such that

Iim Tr
N—>o00

vy —/ @Y u® | du)| =0 Yk eN. 4-31)
We will show that p is supported on Mgp. From (4-30) and (4-31), we get

[|(v,u)|2k du@) < sup |(v,u)|?* VveL*(R3), k eN. (4-32)
UuEMgcp
We assume for contradiction that there exists vg in the support of y and vg ¢ Mgp. We claim that
we could then find § € (0, %) such that
l(v,u)| <1-38% Yue Mgp, Yv e B, (4-33)

where B is the set of all points in the support of y within an L2-distance less than § from vg. Indeed,
if that were not the case, we would have two sequences strongly converging in L2,

vy — Vo, Uy — Uy € Mgp,

with |[u, — vp|| — 0, and thus vy € Mgp. Here we have used that Mgp is a compact subset of L2(R?3).
On the other hand, by the triangle inequality,

2 2l — 2
|(v,u)|>”u” +||v||2 =l >1-28> VYu,veB. (4-34)

Combining (4-32), (4-33) and (4-34), we find that

(1(B))X(1 287 < /B /B (0. 10) ¥ dpau) dps(v)

<[ s Jwa)PFdee) < By -8 (4-35)
B ueMgp

for all k£ € N, and hence, taking k — oo, we have u(B) = 0. This, however, is a contradiction to the

fact that vg belongs to the support of © and p is a Borel measure. Thus we conclude that p is supported

on Mgp and the proof is complete. O
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NONTRANSVERSAL INTERSECTION OF FREE AND FIXED BOUNDARIES FOR
FULLY NONLINEAR ELLIPTIC OPERATORS IN TWO DIMENSIONS

EMANUEL INDREI AND ANDREAS MINNE

In the study of classical obstacle problems, it is well known that in many configurations, the free boundary
intersects the fixed boundary tangentially. The arguments involved in producing results of this type
rely on the linear structure of the operator. In this paper, we employ a different approach and prove
tangential touch of free and fixed boundaries in two dimensions for fully nonlinear elliptic operators.
Along the way, several n-dimensional results of independent interest are obtained, such as BMO-estimates,
C!!-regularity up to the fixed boundary, and a description of the behavior of blow-up solutions.

1. Introduction

Optimal interior regularity results have recently been obtained for solutions to fully nonlinear free boundary
problems [Figalli and Shahgholian 2014; Indrei and Minne 2015] via methods inspired by [Andersson
et al. 2013]. Under further thickness assumptions, these results imply C !-regularity of the free boundary.
However, a description of the dynamics on how the free boundaries intersect the fixed boundary has
remained an open problem for at least a decade in the fully nonlinear setting (although partial results
have been obtained in [Matevosyan and Markowich 2004] under strong density and growth assumptions
involving the solutions and a homogeneity assumption on the operator). On the other hand, extensive
work has been carried out to investigate this question for the classical problem

Au = yy>o0 inBlJr,
u=>0 ian_,
u=20 on {x, = 0}

and its variations [Apushkinskaya and Uraltseva 1995; Shahgholian and Uraltseva 2003; Matevosyan
2005; Andersson et al. 2006; Andersson 2007]. The conclusions have varied as a function of the boundary
data, but in the homogeneous case, it has been shown that the free boundary touches the fixed boundary
tangentially. Dynamics of this type have also been the object of study in the classical dam problem
[Caffarelli and Gilardi 1980; Alt and Gilardi 1982], which is a mathematical model describing the filtration
of water through a porous medium split into wet and dry parts via a free boundary.

The methods utilized in establishing the above-mentioned results strongly rely on the linear structure of
the operator, e.g., in arguments involving Green’s functions and monotonicity formulas. In particular, the
Alt—Caffarelli-Friedman and Weiss monotonicity formulas are frequently applied — tools only available

MSC2010: primary 35JXX, 35QXX; secondary 49SXX.
Keywords: obstacle problem, tangential touch, fully nonlinear equations, nontransverse intersection, free boundary problem.
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in the setting of linear operators in divergence form; see [Petrosyan et al. 2012, Chapter 8]. Thus the
tangential touch problem for fully nonlinear operators requires a different approach.
In this article, we prove nontransversal intersection of free and fixed boundaries in two dimensions for

the problem
F(D?u) = yqo ae.in By,

u=20 on B,

where Q@ = ({u # 0} U {Vu # 0}) N {x2 > 0} C R? and the free boundary is R3 N 9. The starting
point of our method is to first consider functions u € W?2" (BlJr ) satisfying

F(D*u)=1 ae.in B NQ,
|D?u| <K ae.in BIJF\Q, (1)

u=0 on B,

where Q C BlJr is an (unknown) open set, K > 0, F is C! and satisfies standard structural assumptions
(see Section 3).

Since by assumption D?u is bounded in the complement of €, it follows that F(D?u) is bounded
in B 1+ and u is a strong L"-solution to a fully nonlinear elliptic equation with bounded right-hand side
[Caffarelli et al. 1996]. Under our structural assumptions on F, we have that L"-solutions are also
viscosity solutions, and it follows that u € ngc’P (BfL ) for all p < oo [Petrosyan et al. 2012]. If u > 0
and = {u # 0}, then since D?u = 0 a.e. in the set {u = 0}, the Hessian condition in (1) is trivially
satisfied; thus, (1) encodes the classical obstacle problem and likewise the equations F(D?u) = Xu#0
F(D?*u) = Xvu+0, and F(D?*u) = X{Vus0yu{uz0} Via the appropriate selection of £2.

A heuristic description of our strategy is as follows: We consider

M :=limsup € sup  deu(x).
x>0 X7 gesn—2ngt
By extending interior C !>!-results (see Section 3), it follows that M is finite, and we extract infor-
mation on the nature of blow-up solutions by considering possible values for M. In particular, if
{Vu # 0} N {x, > 0} C 2 and the origin is a contact point, we show that either all blow-ups are of the
form bx,% if M =0, or there is a sequence producing a blow-up having the form ax; x, + bx,zl iftM#0
(Theorem 2.1).

We then show that in [F\Ri, if @ = ({u #0}U{Vu # 0}) N {x2 > 0} and ax;x, + bx2 is a blow-up
solution, then d(Int{u = 0}) stays away from the origin (Lemma 2.2) and this enables us to prove
that blow-ups at the origin are unique (Theorem 2.4). Thereafter, a standard argument readily yields
nontransversal intersection of the free and fixed boundaries at contact points (Theorem 2.5).

The rest of the paper is organized as follows: in the remainder of this section, we set up the problem
and discuss relevant notation; Section 2 is the core of the paper where we rigorously develop the heuristics
described above; Section 3 is devoted to the C!-regularity up to the boundary of solutions, which
follows as in [Indrei and Minne 2015] once a suitable BMO result is established. The results of Section 3
are used in Section 2. We have chosen to reverse the logical ordering of these sections in order to make
the tangential touch section more accessible.
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Setup and notation. We study fully nonlinear elliptic partial differential equations of the form

F(D?u,x) = f(x) ae.in BlJr Nne,
|D2u| <K a.e. in BIJF\Q, 2)

u=20 on B,

where u : B{" — R is assumed to be in WZ’”(BI‘"), QC Bl"' is an open set, B1(x) ={x e R" : |x| < 1},
BT (x) = B, (x) N{x, >0}, B.(x) = Br(x) N {x, =0}, and B, = B,(0).
Furthermore, F is assumed to satisfy the following structural conditions:

(H1) F(0,x)=0.
(H2) F is uniformly elliptic with ellipticity constants Ao, A1 > O such that
P (M —N)<F(M,x)—F(N,x)<PY(M—-N) VxeBj,
where M and N are symmetric matrices and P+ are the Pucci operators

P (M) := inf TrNM and PT(M):= sup TrNM.
Aold<N<A;Id Aold<N <A Id

(H3) F(-,x) is concave or convex for all x € Bl+.
(H4) |F(M,x)— F(M, )| < C(M |+ Dlx—y|*
for some @ € (0,1] and x, y € B1+.

Moreover, let

F(M,x)—F(M, x°
ﬁ(x,XO) = sup | ( X) ( X )|’
MeS |M|+1

where S is the space of n x n symmetric real valued matrices.

Points in R” are generally denoted by x, x°, y etc., while subscripts are used for components, i.e.,
X = (x1,...,Xp), scalar sequences, and functions. The notation x’ is used for (n—1)-dimensional vectors.
Similarly, V and V’ will be used, respectively, for the gradient and the gradient with respect to the first
n — 1 variables. We will also use the following:

R% s the upper half space {x € R" : x,, > 0};
Q is an open set in R” ;
I' isthe set R N0Q;
I'; s the set R N o Int{u = 0};
B, (x%) s the open ball {x e R" : |x —x°| < r};
B (x%) is the truncated open ball {x € R"” : |x —x°| <, x, > O};

OB (x%) s the topological boundary of B (x%) in R”;
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B! istheball {x" e R"™ : |x| <r};
S" ! isthe (n—1)-sphere {x € R" : |x| =1};

et s the vector space orthogonal to e € S” -1,

che (2) denotes the usual Holder space;

cke (£2) denotes the local Holder space;

loc
wk.p (2) denotes the usual Sobolev space.

0>

The term “blow-ups of u at x”” will be used for limits of the form

. u(x%+rx)
lim ————,
j—00 ri

where r; is a sequence such that r; — 0™ as j — oo, and Int{u = 0} = {u = 0}° means the interior of the
set {u =0} :={x € R’} : u(x)=0}. Finally, S() denotes the space of viscosity solutions corresponding
to ¢ and the ellipticity constants Ag and A1 in (H2); see [Caffarelli and Cabré 1995].

2. Main result

Our first result gives a natural dichotomy of blow-ups of solutions to (1) in any dimension.!

Theorem 2.1 (blow-up alternative). Let u be a solution to (1) and suppose {Vu # 0} N {x, > 0} C 2,
0 € {u # 0}, and Vu(0) = 0. Then exactly one of the following holds:

(i) All blow-ups of u at the origin are of the form uo(x) = bx2 for some unique b > 0.

(ii) There exists a blow-up of u at the origin of the form
ug(x) = axix, + bx,zl
fora #0,b eR.

Proof. Firstly, since u(x’,0) = 0, it follows that dy,u(x’,0) = 0 for all i € {1,...,n — 1}. By
C !1_regularity (Theorem 3.1), there is a constant C > 0 such that

1
gaxl—“(xl, Xn)

= ‘xi(axiu(xl,)(fn) - 8x,’u(x,’0))| = C’ Xn > 0.
n
Define
M :=lim supL sup  deu(x).

x>0 7 pesn—2net
Xp>

In particular, 0 < M < C < oo and there exists a sequence xJ — 0 with x,{ > 0 and directions e, ; € sn2

such that
lim L.aexju(xj) =M.

Jj—00 xé

I Regularity results from Section 3 will be utilized in the proof of Theorem 2.1.
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Moreover, there exists e € S”~2 such that (up to a subsequence) e,.; — e. Next note

Vu(x/) e—M‘ Vu(xj) (e—exi)| +

1 .
jV’u(x/)-exj—M‘

X7 Xn

<Cle—e,j|+

1 .
—jV’u(x/)-exj—M‘ -0

xn
as j — oo. Thus, up to a rotation,

1
lim —Bxlu(xf) =
]—)OO xn
Thanks to uniform boundedness, consider a sequence {s;} such that s; — 0" and the corresponding
blow-up procedure so that
u(s; j X)

uj(x):=

—> M()(X)
j

inCl a([R{ ) for any « € [0, 1), and uy satisfies

loc

F(D?ug) =1 ae.in R% NQo,
|Vuol =0 in R" \Qo, 3)

— n—1
u=20 0n|R+ ,

where Q¢ = {Vug # 0} N {x, > 0} (via nondegeneracy). The definition of M implies

M = 1| 26D | 50| _ [ 0() W
J SjXn J Xn Xn
foralli € {1,...,n—1}. In particular, let v = dx, u¢ so that in R" ,
[v(x)]| < M xy,. (5)

If M =0, then (4) implies dx;uo =0 forall i € {1,...,n—1} so that ug(x) = uo(x,). However, since
uo(0) = |Vu(0)| =0, 0€{up# 0} and ug satisfies (3), the uniform ellipticity of F readily implies

uo(x) = bxﬁ

for some unique » > 0. This shows that if M = 0, then any blow-up at the origin is of the form in (i).
Now suppose M > 0. In order to prove (ii), we cook up a specific blow-up: let r; := |x7| (recall

that {x/} is the sequence achieving the lim sup in the definition of M) so that as before

u(rj X)

uj(x):=

—> up(x)
j
inC a([R ) for any « € [0, 1), and u satisfies (3), (4), and (5). Set y/ = x/ [rj €S"T 'N{x, >0}, and

loc
note that along a subsequence, y/ — y € S*~1 N {x, > 0}. Moreover, by the choice of the sequence {x/}
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and the C 1""—convergence of u;j to uo, if y, > 0, then

_u(y)) o 8x1uj(yj) o ax1”(xj) _
hm—j = lim 7 = lim ; =
N d Yn d Xn

’

so that
v(y) = Myn, (6)
and note that (6) also holds if y, = 0. We consider several possibilities, keeping in mind that M > 0.

Case 1: If y € Q2¢, then by differentiating (3), we get the elliptic equation
aijdij (v(x) —Mxn) =0

for some measurable a;;, and by (5), (6), and the maximum principle, it follows that v(x) = Mx,
in the connected component of ¢ containing y, say Qg. If there exists x € 893 N {x, > 0}, then
M x, = v(x) =0, so we must have M = 0, a contradiction. Thus, v(x) = M x, in R’ and by integrating,

up(x) = Mxix, +h(xa, ..., xn).

Now, the C2*®-estimate up to the boundary given by the Krylov—Safonov theorem (see, e.g., Theorem 3.3)
applied to uo(Rx)/R? yields

|D?uo(x) = D?ug(y)] _ C

P €B+a
r—ye  “re 7Y

and taking R — oo implies that D?uq is a constant matrix, and thus / is a second-order polynomial.
Since ug vanishes on {x, = 0}, it follows that

h(xa,...,xXn) = Xp Zaixi +bx,%,
i#n
and so up to a rotation,
uo(x) = axi X, +bx;.
with a or b # 0.
Case 2: If y € Q29 N {x, > 0}, then My, = v(y) = 0, a contradiction.

Case3: If y € Qg, then for all but finitely many j, we have yj € Qg and since {Vug # 0} C Qo, it
follows that v(y/) = 0if j > N for some N € N. However, y; > 0 and so

j
0 =lim v(yj ) _m,
i

a contradiction.

Case 4: If y € Q29 N {x,, = 0}, by differentiating (3) in 2, it can be seen that for r > 0 (to be picked
later), v satisfies

Lv =0 in B,(y)" NQy,
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where L = F;;(D?u)d;; is elliptic. Since ug € C1(B;F(y)), it follows that the F;; (D?uy) are bounded
and measurable on B, (y).

We know that M x,—v(x) >0 in R" , and if equality holds everywhere, uo(x) = axjx, +bx2 just as
in Case 1. If there is a point z where strict inequality holds, that is, M z,,—v(z) > 0, then we can choose
a ball B, (y) so that, by continuity of v, we have v(x) < M x,, in a neighborhood Bs(z), where z is a
boundary point of B, (y). Note that this strict inequality necessarily occurs on dB," (y)N{x, > 0} since
both v and M x, are zero on the hyperplane {x, =0}. Now choose a smooth nonnegative (but not identically
zero) function ¢ supported on Bg(z) small enough such that M x,—¢(x) > v(x) and M x,—¢(x) >0
in R’} (this can be done since Bg(z) is some distance away from the hyperplane {x, = 0}). Then if

Lw=0 in B;F (),
w=Mx,—¢ ondB}(y),

we have that w > 0 in B,"(y) by the strong maximum principle since M x,, — ¢ (x) > 0. In particular,
w > v = 0 on 92, and since v < w on 3B, (y), the strong maximum principle again gives w > v in
B (y) N Q. Note also by linearity that w = M x,, — h, where & solves

Lh=0 in B} (y),
h=¢ ondBF(y).
Once more, the strong maximum principle shows that 4 > 0 in B, (), so the boundary Harnack

comparison principle implies that cx, < h(x) in B;;Z(y), where ¢ > 0 depends on ellipticity constants
and ¢. With this,

J Mx, —
. . w(x . Xp —CX
M = lim (y. ) < limsup () < lim —on oo =M —c,
70y xp—>0+t  n xn—>0" Xn
+ xeBt,(y)
x€B.,(y) r/aly
a contradiction. O

The next lemma shows that in two dimensions, if (ii) in Theorem 2.1 occurs, then I'; = R", N9 Int{u = 0}
stays away from the origin.

Lemma 2.2. Let u be a solution to (1) with Q = ({u #0}U{Vu # 0}) N{xy >0} C Rﬁ_. If there exists
{ri} CRY such thatrj — 0 as j — oo and
uj(x):= u(réx) —ug(x) =axixy + bx%
re
J

in Cl’a(R’i) as j — oo fora #0,b € R, then there exists § € (0, 1) such that BS+ Nl =o.

loc

Proof. We may assume a > 0. Set v; := dju; and let R > 2, u € (0, 1), and 8 € (0, ). Then select
jo = jo(R, i, 8) > 0 such that for all j > jo,

|Vuj(x)| >0, xeB%\By, (7)
vj(x) >0, xeB}'ﬂ{xzzu} (8)
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(the two-dimensional setting is crucial for (7)). Consider z € dB1 N {x = 0} and note that
B3,(2) C By \ By

Thanks to (7), u; satisfies F(D?u;) = 11in B;r/4 (z) for all j > jo. C?*%-estimates up to the boundary

(see Theorem 3.3) imply

su Uuj < Q.
Jp ” J ||C2.a(3;4(z))

Thus, along a subsequence, v; — axp =: v in C%1 (C? is compactly contained in C 1) and so

FS P  (116) B 160) R U163 e 165 BN

x,yeB;4(z) ¥ =yl
x#y

In particular, since v; (x1,0) = v(x1,0) = 0, it follows that

vV;(X)—ax
) —axal _
X2

and so
vj(x) > (a—cj)xa.

Now we select j large such that v;(x) > 0 on dB;. Note that Lv; =0 in BIJr N (u;), where L is an
elliptic second-order operator obtained by differentiating (1). Indeed, u; satisfies

F(D?uj)=1 ae.in B;L/rj NQ(u;),

A /
u; =0 onBl/rj,

where Q(u;) is the dilated set 2/r;, and without loss we may assume r; < %

Since v; vanishes on 0€2(u;) and is nonnegative on 9B, the maximum principle implies v ;> 0in
B 1+ N €2(u;) (note that v; is not identically zero by (8)). If I'; (u;) N B ; # @, consider a ball N in the
interior of {u; =0} N B;. For t € R, let Ny = N +te;. Note that by taking ¢ negative, we can move N;
to the left so that eventually N; C B \B(;F . Consider the strip S = | J,;cg N;. The next claim is that
there exists a ball in the set (S N BlJr )\ B; such that u; # 0 in this ball: if not, then for each point
ze(SN B1+) \ B;", there exists a sequence {zj} C {uj = 0} such that zx — z; by continuity, u;(z) =0,
sou; =0in (SN B{" )\ B;", and therefore the gradient also vanishes there, a contradiction to (7). Denote
the ball by E C Q(u;) and note that u; < 0 on E since for each z € E, there exists ¢, > 0 such that
z+eit; €{u; =0} and v; > 0in BlJr NQ(u;). Thus, E C Q(u;)N{u; <0}. Now move E to the right
until the first time it touches {#; = 0}, and let y be the contact point.

If Vu;(y) = 0, we immediately obtain a contradiction via Hopf’s lemma. Thus we may assume
Vu;(y) # 0, which implies y € Q(u;), whence v;(y) > 0 (recall that v; > 0 in Q(u;)). By conti-
nuity, v; > 0 in B,(y) for some r > 0, so in particular v;(y + te1) > 0 for all > 0 small. Since
{y+ter :1€(0,r)} CQ(uj), weknow t4 :=sup{t >0:y-+re; € Q(u;)} is positive. Note that y +1eq
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will eventually enter N as ¢t gets larger. However,

L
uj(y +tser) —u;(y) =/ vj(y +se1)ds >0,
0

and this implies 0 = u; (y + txe1) > u;(y) = 0, a contradiction. Thus I'; (u;) N B; = @ and the result
follows. O

Before proving uniqueness of blow-ups and tangential touch, we require one more lemma.
Lemma 2.3. Let u be a solution to (1) with Q2 = ({u # 0} U {Vu % 0}) N {x, > 0}. If s € (0, 1] and
(B;F\ Q)° =, then |Bf \ Q| = 0.
Proof. Since u € W2 (B;), it follows that D?u = 0 a.e. on B;" \ Q. Let Z := {D%u = 0} N (B;"\ Q)
and note that |Z| = |B;t \ ©|. Thus if Z C (B;F \ )°, then the result follows. Let x° € Z and suppose
x0 ¢ (B;7\ Q)°. Then consider a sequence of points x/ — x such that u(x/) # 0 and let r; := [x° —x/|.
Nondegeneracy (see, e.g., [Indrei and Minne 2015, Lemma 3.1]) implies that for j large,

sup >c>0,

u
2
0B, (x0) '

or in other words,

0 .
u(x® +rjx) > e

sup > 0.

9B1(0) T

Now for each j large enough, let y/ € dB;(0) be the element achieving the supremum in the previous
expression; note that since
u(x%) = |Vu(x®)| = |D?u(x°)| =0,
we have
u(x® +ry7) = o(r?),
a contradiction. O

Theorem 2.1, Lemma 2.2, and Lemma 2.3 imply uniqueness of blow-ups in two dimensions.

Theorem 2.4 (uniqueness of blow-ups). Let u be a solution to (1) with Q = ({u #0}U{Vu #0})N
{x2 >0} C [Ri. If 0 € {u # 0} and Vu(0) = 0, then all blow-up limits ug of u at the origin are of the

form
Uuo(x) =axyx2 + bx%,

where a, b € R with at least one of them nonzero.

Proof. We divide the proof into two cases.

Case 1: 0 € T';. Lemma 2.2 implies the nonexistence of a blow-up u¢ of u of the form
axixa + bx%,

a # 0, b € R, from which it follows that (i) holds in Theorem 2.1. Note that » is uniquely determined by
the equation.
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Case 2: 0 ¢ T';. In this case, there exists § > 0 such that I'; N B(;" = @. Since 0 € {u # 0} (by assumption),
it follows that Bgr Z {u =0}°and as I; N B(;r = &, we may conclude that {u = 0}°N B; = . Thus
the hypotheses of Lemma 2.3 are satisfied, and by applying the lemma, we obtain that F(D?u) = 1
a.e. in B; . Therefore u € C 2’“(3(;;2) and the blow-up limit ©¢ is uniquely given by

. u(rx) . u(0) + Vu(0) - rx + (rx, D?>u(0)rx) + o(r?)
lim —— = lim
r—>0 r

r—0 r2
= (x, D>u(0)x) = axxs + bx3.
The last equality follows from the boundary condition. Furthermore, #¢ solves the same equation as u, so
F(D?%ug) = F(D?*u(0)) =1
and thus @ and b cannot both be zero due to (H1). O

If blow-ups are unique and of the form given above, it is rather standard to show that the free boundary
touches the fixed boundary tangentially (see, e.g., [Petrosyan et al. 2012, Chapter 8]). The proof is
included for completeness.

Theorem 2.5 (tangential touch). Let u be a solution to (1) with Q@ = ({u # 0}U{Vu # 0}) N{x2 >0} CR3.
Then there exists a constant ro > 0 and a modulus of continuity wy, (r) such that

r'w)n BrJF0 C {x Xy < a)u(|x|)|x|}
if 0 € T(u), where T'(u) := 0Q NRZ..

Proof. By Theorem 2.4, the blow-up of u at the origin is not identically zero and is given by ug(x) =
axixz+ bx%. In particular, I'(ug) = @. It suffices to show that for any € > 0, there exists pe = pe(u) >0
such that

Fw)nBf cBf\cC

where Ce 1= {x3 > €|x1|}. Suppose not. Then there exists a solution u to (1) satisfying the hypotheses of
the theorem and € > 0 such that for all k € N, there exists

xkerm)mB;ka.

Let rg := |x*| and y¥ := x¥ /r; € 3B, N Cc. Note that along a subsequence

yk — y €0dB1 NCe.
Define

so that up — ug in Cl(l);a (R".) (along a subsequence). In particular, y € I'(1o) by nondegeneracy, which

contradicts that I'(up) = . O
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3. C 11 regularity up to the boundary

We now show BMO-estimates as well as C !>!-regularity up to the fixed boundary of solutions to (2).

Theorem 3.1 (C 1!-regularity). Let f € C "‘(BfL ) be a given function and Q2 C BIJr a domain such that
u: Bl+ — R is a W?"-solution of (2). Assume F satisfies (H1)—(H4). Then there exists a constant C
d di d uni l tant h that

epending on ”u”Wl”(B;L)’ ”f”C‘X(BlJF)’ and universal constants such tha

|D?u| < C a.e.in Bl+/2.

There are three key tools needed to prove this theorem. The first two are C2:*- and W2-P-estimates
up to the boundary for the following classical fully nonlinear problem

F(D?u,x) = f(x) ae.in Bl‘",

u=20 on Bj,

©)

and the last involves BMO-estimates. The C2*- and W2:P-estimates are well-known [Wang 1992;
Safonov 1994; Winter 2009; Krylov 1982]. We have been unable to find a reference for the BMO-
estimates and thus provide a proof, which is an adaptation of the interior case. For convenience, we record
the following estimates; see, e.g., [Winter 2009, Theorem 4.3; Safonov 1994, Theorem 7.1]. Recall the
definition of 8,

F(M,x)— F(M, x°
B(x.x) = sup |F(M, x) (M, x%)|
MeS |M|+1

Theorem 3.2 (W2P-regularity). Let u be a W?P-viscosity solution to (9) and f € LP(B}) for
n<p<oo. If B(x°y) < Boin BF(x%n BlJr for all x° ¢ BlJr and 0 < r < rg, where By and rg

are universal constants, then u € WP (Bl+/2) and

2 s,y = €Ul oogaty + 1 st

where C = C(n, Ao, A1,@,C, p) > 0.

Theorem 3.3 (C?“-regularity). Let u be a W?"-viscosity solution to (9) and f € C&(BI“L). Then if
ﬂ(xo, y) <Poin Br‘" (xO) N B1+f0r all x° e BlJr and 0 < r <rg, where B¢ and rqg are universal constants,

then u € Cz’“(Bf'/z) and
Il gaaay = € (1l ey + 15 lcasn):

where C = C(n, Ao, A1, @, C_) > 0.
The next results are technical tools utilized in the proof of the BMO-estimate (i.e., Proposition 3.6).
The first is an approximation lemma; see, e.g., [Wang 1992, Lemma 1.4].
Lemma 3.4 (approximation). Let € >0, u € W2P(B; (x°)), and let v solve
F(D?v,x% =a in Bl"}z(xo),

v=u on 8B1+/2(x0).
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Then there exists 6 > 0 and n > 0 such that if

F(M,x)—F(M,x°
,B(X,.XO) ‘= sup | ( X) ( X )l Sn
MesS |M|+1

and | f(x) —a| <8 a.e. for f(x):= F(D?u(x),x) in Bfr(xo), then

lu—v|<e in Bl+/2.

Lemma 3.5. Letu € W27 (Bf') satisfy | F(D?u(x), x)| <8 a.e. in Bl"'for 8 as in Lemma 3.4. Moreover,
assume |u| < 1 and that B(x,y) satisfies (H4). Then there exists a universal constant p > 0 and

+ _ such that

second-order polynomials Py o for any k € No and x0 e Bl/2

|D2Pk,x0 - Dsz—1,x0| <Co(n,ro, A1),

F(D?P; 40.x%) =0,

u(x) = Py go(x)| < p** inside B;;n(pk,l)(xo).

Proof. For k = 0 and k = —1, the statement is true for Py ,o(x) = 0 by assumption (recall (H1)). If we
assume it is true up to some k, define

. u(p*x +x0) — Py Lo(pFx +x0)
Uk -= 2k ’

F.(M,x) = F(M + DZPk’xo,pkx +x0), x € B N{xy, > —x,?/pk}.
Then | Fi (D?uy, x)| = ‘F((Dzu)(pkx + x9), pkx +x°)| <4 a.e. Also,

M|+ 1

Bi(x,0) = sup
Mes

|F(M + D?Py 0. pFx +x°) — F(M + D? Py _10.x°)]

= sup

MeS |M|+1
|[F(M. p*x +x°) — F(M. x°)|
= sup 3
Mes |M — D=Py o] + 1
|F(M, p*x + x% — F(M, x%)| M|+ 1
= Ssu
s M|+ 1 M —D2P | +1
M|+1
< kx+x0 xo su |
<Pl ’ )Me% |M — D2 Py yo| +1
_ M| +1
< Cpak sup | | +

Mes |[IM|—|D2P; ol +1

[A

Cp™* (ID? Py yol +1),
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where the last inequality follows from a calculation of the maximum of the function

x+1

m, x,a>0.
However, from the induction hypothesis,
k
|D? Py ol < D |D?Pj_y yo— D*P; 40| < Cok,
j=1

SO
Cp**(ID? Py yo| + 1) < Cp® Cok <

if p is chosen small enough (depending only on universal constants) and 7 as in Lemma 3.4. Thus
|vg —ug| <€in Byjp N{x :xp > —x,(,)/pk} by Lemma 3.4, where vy solves

Fi(D?vg,0) =0 in Byjp N{x: x> —x0/ 0%},
Vg = U on d(By/2 N{x : xp >—x2/pk}).
Since
1kl Loo (B oty >—x9/0k3) = kel Lo (B, jpnxiny =200k =1
by the maximum principle, Theorem 3.3 gives

el 2., gnxix, =29/t = Co- (10)

Now define f’k’ .0 as the second-order Taylor expansion of vy, at the origin, and note that Fy (D? f’k, 0,0)=
Fi.(D?v;(0),0) = 0. Then

lvg — Isk,xo| < Cop*t® in B,N{x:x, > —x,(l)/,ok}
for p < L, which gives
lug — ﬁk,x()' <|ug —vg|+ |vg — Isk,xo| <e+Cop*™™ in ByN{x:x, > —x,?/pk}.
For p% < ﬁ and € < %pz, we get
|lup — Isk,xo| <p? in By N{x:x, > —x,?/,ok},

or, in other words,
20(k+1) + 0
|”_Pk+1,x0|§p ( ) in Bpk-H(x )

for

2k p x—x°
Pk-i—l,xo(x) = Pk,xo(x) +p Pk,x0 ,Ok :

Also, since Fj (Dzﬁk’xo, 0) =0, by (10) we have

F(D?*Ppy1.50.x°) = F(D?Py o + D? Py 0, x°) = Fi.(D? Py 10,0) =0,
|D? Py 1 0 — D> Py co| = |D? Py o] = |D?vx(0)] < Co. O
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Proposition 3.6 (BMO-estimate). Let u be a solution to (9), f bounded, and Py xo and p be as in
Lemma 3.5. Then

o |D2u(y) — Dsz,xo|2 <C, x%e¢ ET/Z,

(0)
pk/z(x )

if p is smaller than a constant that depends only on |ully2.»(g,), /> C in (H4), and universal constants.

Proof. Let x° € B ;r/z and define

(X — L p(r2m X
v(x) = M(R) and G(M,x):= RzF(R M, R)
for R=R(C, f, K. §) (C as in (H4)) chosen so that |G(D?v,x)| <§ in B} for § as in Lemma 3.4. Note
also that
IBG(X y) ‘= sup |G(M’x)_G(ny)|
’ MeS |M| +1

satisfies (H4). Then v solves

G(D?v,x) = f(x/R)/R* ae.in B} N(RQ),
|D2v| < K/R? a.e.in B{\(RQ),
v=0 on B;e’

and there is a polynomial Isk, o for which G(DZISk’ 40, Rx%) =0, and a constant 5 such that
v(x) = Peyo(x) < 57, x € BE(Rx®),

that is,
u(x) = Pp o) < RZp?, x e BY(x°),

for Py yo(x) := Isk,xo (Rx) and p* := ¥ /R. Note also that

Rx®
R

F(D?Py y0,x°) = F(R2D? Py 4o, o) = R*G(D2 Py 40, Rx) = 0.

In particular, for

u(pkx +x0) — Py o(pkx +x0)
p2k ’

Fr(M,x):= F(M + D?Py 40, p*x + x9),

ug(x) =

and By as in the proof of Lemma 3.5, we have |ug| < R?, Br(x,y) <n and | Fi (ug, x)| < C. Therefore
we can apply Theorem 3.2 to deduce

kw22 (B, /5000 >—x0/0kp) = €
or

f3+ o |D*u(x) — D* Py col? dx < C. O
X

ok /2
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From this it is straightforward to show that if u is a function satisfying (2), there exists a second-order
polynomial P, yo(x) with F (DzPr,xo, x%) = f(x°) such that

swp | 1D2u() - DBl dy < C.
re0,1/4)J B (x0) ’
where x° € B ;F/Z(O). The proof of C !!-regularity now follows as in [Indrei and Minne 2015] up to minor
modifications (see also [Figalli and Shahgholian 2014]). The idea is that D2Pr, 0(x) provides a suitable
approximation to D2u(x°) and one may consider two cases: first, if DZP,’xo (x) stays bounded in r,
then one can show that D2u(x?) is also bounded by a constant depending only on the initial ingredients;
next, if D? P, ,o(x) blows up in r, one can show that the set

(B (x))\) —x°
r

Ar(x%) = = BI\((Q—x°)/r)N{y iyn > —xp/1}

decays fast enough to ensure yet again a bound on D?u(x°).
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CORRECTION TO THE ARTICLE
SCATTERING THRESHOLD FOR THE
FOCUSING NONLINEAR KLEIN-GORDON EQUATION

SLIM IBRAHIM, NADER MASMOUDI AND KENJI NAKANISHI

Volume 4:3 (2011), 405-460

This article resolves some errors in the paper “Scattering threshold for the focusing nonlinear Klein—
Gordon equation”, Anal. PDE 4:3 (2011), 405-460. The errors are in the energy-critical cases in two and
higher dimensions.

1. The errors and the missing ingredient

This article resolves some errors in [Ibrahim et al. 2011]. One correction affects also [Ibrahim et al. 2014;
2015]; henceforth, we refer to these papers by their years only. The major errors are the following three,
one in [2011, Section 2] for the existence of mass-shifted ground state in the two-dimensional energy-
critical case, and two in [2011, Section 5] for the nonlinear profile decomposition in the higher-dimensional

energy-critical case:

(1) In the proof of [2011, Lemma 2.6], it is not precluded that the weak limit Q in [2011, (2-67)] is zero.
Hence the existence of Q in the case ¢ < 1 is not proved.

(2) In [2011, (5-56)], we do not have ||V, (t4) — Veo(Ta) 2 — O when Ao, = 0, Too = %00 and
liminf,,_ |‘L’nh5 | > 0. Indeed, assuming that rnh% — m € [—o0, oo] after extraction of a subsequence,

we have i
1™ /@YD — Dy ll2 (Im| < 00),

‘7;1 n) — ‘700 n 2 1_1

(3) In the proof of [2011, Lemma 5.6], the global bound [2011, (5-96)] does not follow from the uniform
bound on finite time intervals, since the required largeness of n depends on the size of the interval 1.

(1) is concerned only with a very critical case of exponential nonlinearity in two dimensions (d = 2).

More precisely, it is problematic only if

0 < limsup e ™"’ |2 £ (1) < oo, (1-2)
|u|—o00

MSC2010: 35B40, 35L70, 47J30, 35B44.
Keywords: nonlinear Klein—Gordon equation, scattering theory, blow-up solution, ground state, Sobolev critical exponent,
Trudinger—-Moser inequality.
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where kg is the exponent in [2011, (1-29)]. Errors (2)—(3) are crucial only in the H ! critical case of higher
dimensions d > 3, with s, = 0: the concentration by scaling in the nonlinear profile, where we need to
modify the definition of the nonlinear concentrating waves and then solve the massless limit problem for
the nonlinear Klein—Gordon equation (NLKG) (see Theorem 3.1 below). In the other case, i.e., with the
subcritical or exponential nonlinearity or with s,, = 1, we still need to take care of (3), but it is a rather
superficial change.

2. Correction for (1)

We do not know if [2011, Lemma 2.6] holds true in the very critical case (1-2). So we add the assumption

lim sup e |4|2 £ (u) € {0, o0} 2-1)
|u|—o0
in [2011, Proposition 1.2(3)] and [2011, Lemma 2.6]. The existence of Q was used in [2011] only to
characterize the threshold energy m, so the rest of the paper is not affected by it.
In [2014, (1.24)], the existence of Q is mentioned to characterize the threshold m(©. It should also be
restricted by (2-1), but the rest of [2014] does not really need Q. Removing Q, [2014, (2.3)] should be
replaced with

m < H(p). 22)
[2014, (2.6)] should be replaced with
m < J90p)=HY (hp) < HY (9), (2-3)

and [2014, (2.7)] with
§=Q+p)lilly.+2pHNP @) —m) = @+ e)|lill}. + (1 — oellully +2p(H (u) —m)
> (14 38)3%/y + (1 —o)ey. (2-4)
The existence of Q is also mentioned in [2015, Theorem 5.1]. It should be also restricted by (2-1).
The rest of [2015] remains unaffected.

We still need to prove [2011, Lemma 2.6] under the new restriction (2-1). If the limit (2-1) is infinite,
then [2015, Theorem 1.5(B)] implies CTy;(F) = oo > 1. In this case, the proof of [2011, Lemma 2.6]
remains valid. If the limit (2-1) is zero, then [2015, Theorem 1.5(B)] implies C,,(F) < oo. In this case,
we do not argue as in [2011], but rely on the compactness [2015, Theorem 1.5(C)]. Let ¢, € H I(R?) be a
normalized maximizing sequence for C}(F), i.e.,

lgallz =1, ol Veulj. <4m,  2F(@y) > C := Ciy(F) € (0, 00). (2-5)

By the standard rearrangement and the H' boundedness, we may assume that the ¢,, are radially decreasing
and ¢, — ¢ weakly in H'(R?) for some ¢. By [2015, Theorem 1.5(C)], we have 2F (¢,) = 2F (¢) =C > 0.
In particular, ¢ # 0. Since K0||V(p||%2 <4m and ||¢| ;2 < 1 by the weak convergence, we deduce from
the definition of C%,,(F) that ||¢| .2 = 1 and ¢ is a maximizer. Hence, for a Lagrange multiplier u > 0,

(@) —Co=—pAgp. (2-6)
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That u # 0 is obvious by the decay order of f’ as ¢ — 0. Hence u > 0 and so K()||V(p||%2 =4, since
otherwise we could increase both F(g) and [[Ve||7, by the L* scaling ¢} _, with A > 0, using the L?
supercritical condition [2011, (1-21)]. Then Q(x) := ¢(u~'/%x) € H*(R?) satisfies

—AQ+CQ=f(Q), klVQI:,=4r, 2F(Q)=C|Ql3.. (2-7)

Hence J©(Q)=1|VQ 17, = 27 /Ko. The rest of the proof of [2011, Lemma 2.6], namely the proof of
My g = mo,| = 27 /Ko, remains valid.

3. Correction for (2)-(3)

For (2)—(3), we do not have to modify the main results, but need to correct the proof, including the
definition of the nonlinear profile decomposition. Henceforth, we always assume that 0 < h, — ho,
(tp, xp) € R and 1, = —1, /hy, = T € [—00, 00] are sequences. The main problematic case is when
the energy concentrates, namely /1, = 0, which can happen only in the energy critical case [2011, (1-28)]
lul* . 2

, 2X=——. (3-1)
2* d—2

First we modify the vector notation in [2011, (4-1)]. For any real-valued function a (¢, x), the complex-

d=3, fu)=

valued functions d, a and @ are defined by
a:=(V)—id)a, a:=({V),—id)a, d:=(V)y—ida, (3-2)
where (V), = /h2 — A as in [2011, (5-1)]. Hence a is recovered from either of them by

1@ =Re (V) la. (3-3)

o0

a=Re (V) 'd=Re (V)

n
Note that (@, a) was denoted by (a, a) in [2011], but it was confusing. Indeed, u,) in [2011, (5-55)] did
not make sense if 1o, = 0, since U, in [2011, (5-54)] was not in the form [2011, (4-1)]. So we replace
[2011, (5-54)] with

i) = TuUin (¢ = 1)/ hn), (3-4)
where U, is defined by

t
Too

Then u,y = h, T,Uw)((t —t,)/ hy) is a solution of NLKG satisfying
Jim [y = Un) (thn + 1)l 22 = 0. (3-6)

In other words, we keep NLKG in defining the profiles, even if o, = 0. Note that if Ao, = 1 then
U(n) = Uy and so U 1s unchanged.
By the change of [2011, (5-54)] to (3-4), the problematic [2011, (5-56)] is replaced with

0 (zrnhrl+tn) .
/ e—zs(V)f/(u(n)) ds
Toohn+t,

— 0. (3-7)

um&—mmwm=‘
L2
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In order to prove the last limit as well as the global Strichartz approximation for (3), we need the
convergence in the massless limit of the H' critical NLKG:

Theorem 3.1. Assume [2011, (1-28)] and hoo = 0. Let Uy, be the solution of

!

| A / IV (U ) ds. (3-8)
Too

Let U(n) be the solution of (3-5) and U, (t) :=T, U(n)((t —1,)/ hy). Suppose that U, € [W]5(J) for some

interval J whose closure in [—00, 00] contains 1. Then for any bounded subinterval I C J we have,

asn — 0o,
1Uwm) — Usoll Lo

tel

L2 + 10w — Usollqwisnimigy ) + luen liwiosy = 0, (3.9)
ot o) Il (w10 (T +20) ™~ WU s lqwignimigy oy + o(1).

Postponing the proof of the above theorem to the next section, we continue to correct [2011, Section 5].

Equation (3-7) in the case of i, = 0 follows from the above estimate and t, — T, via Strichartz:
21
5 ”f/(u(n))”[W*(l)]z(In) 5 ”M(n)”([W]ZQ[M]O)(In)

\
S NUsolfwisnp i oD =01, (3-10)

where I, := (0, toohy, + 1) U (Tochy, + 1, 0) and J,, := (7,1, Too) U (Too, Tn)-

We modify the definition of ST in [2011, (5-59)—(5-60)] in the H'! critical case [2011, (1-28)] to
Wl (h$ =1),
Wl (h$ =0).

0
/ e ' (un) ds
roohn+tn

ST=[Wh, ST*=[WV L+LIL2 STS:= { (3-11)
Indeed, [K ], and [K*(], norms are not needed in the H' critical case. Then we simply discard the
estimates [2011, (5-61)—(5-62)].

Next we reprove [2011, Lemma 5.5], extending it to unbounded intervals /. The above theorem implies
that we can replace [2011, (5-64)] with the stronger!

lim sup [lul,, st < UL, (3-12)

| ¢
n— 00 ST (®)

if hl, =0, while it is trivial if 47, = 1. The proof of [2011, (5-65)] for hZ, = 1 did not use the boundedness
of 1, so we may assume that all h%, are 0. Then the above theorem implies that ||u(<n’§ liwioa) — 0 asn— o0,
so it suffices to estimate the homogeneous norm [W]5(R). We have

d
lugh lwigen ~ D> i, (3-13)
=1 <k L7 co LY
with (1/p, 1/¢,s) = W and
iy, =28, I TIUL ((t — 1))/ ). (3-14)

IRecall that ﬁolo in [2011] is denoted by U‘O/O in this correction according to (3-2).
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Defining i i’ by [2011, (5-77)], we have

nmR

V]l sm gl j
1620, = i kllr 1o SN2 80U N Lre2 19 Ge 4 mixj=m) =~ 0 as R — o0, (3-15)

which is still uniform in n since, by the above theorem, U (Jn) is approximated by UojO in [W]5(R), which
is equivalent to the last norm without the restriction by R. Thus we obtain [2011, (5-65)] by the disjoint
support property for large n.

According to the change of u{n), we replace the nonlinear decomposition [2011, (5-66)] with the
simpler form

=0, (3-16)
ST*(I)

W) =D f )

j<k

lim ‘
n—oo

which is the same as [2011, (5-66)] if héo = 1. In that case, however, we used that / was bounded in
[2011, (5-82)]. We replace it with an interpolation between [2011, (4-84)] and

+1
||f5(u)||[((1 00) K+ W)* D (1) ~ ||u||[K]2(I)||M||[K To(I) ~ ||M||f)11( (1) (3-17)

where we can choose some 6y € (0, 1) since p; > 4/d (choosing p; close enough to 4/d if necessary).
Since Z := ((1 — 6p) K 4+ 6oW)*( is an interior dual-admissible exponent, we can find some 0; € (0, 1)
such that 6;Y + (1 — 61)Z is also a dual-admissible exponent. Interpolating (3-17) with [2011, (4-84)],

we have
p1+1-6;

6
”fé(”) - fé(v)”[el Y4+(1-0)ZhU) S ” (u, v) ”[K]Z(I)m[Q]Zpl 93 llu — U”[}D]z([)‘ (3-18)
Thus we obtain [2011, (5-66)] on any subset [ in the subcritical and exponential cases. In the H' critical
case [2011, (1-28)], we discard ”{M in [2011, (5-85)] and prove (3-16) directly, putting

R(t x) = xr(t, x)U(n)(t,x) x1_[{(1—th,zR)(t—t,{’l,x—x,{’l) |1<l<k, h,R<h]}. (3-19)

It is still uniformly bounded in ([H]5 N [W]3)(R), and U j XRU(n) — 0in [M]p(R) as n — o0 thanks
to the above theorem as well as in [L]O, and also XR U’ A s U( ) as R — oco. Hence we may replace u’ )
in (3-16) by u( VR = h’ Tj R((t — t,,)/h ) using [2011, (4-62)] for d <5, and a similar interpolation
argument as above for d > 6; see (4-16)—(4-19) below. Then we obtain (3-16) by the disjoint support
property, in the same way as [2011, (5-94)].

With the above corrections, we now reprove [2011, Lemma 5.6]. First, [2011, (5-100)] holds for any
subset I C R, by the above improvement of [2011, Lemma 5.5]. Now, thanks to the change of u'(in), [2011,
(5-101)] is simplified to

eq(uil) = /i) = > f' ). (3-20)
Jj<k
which is vanishing by (3-16). Hence we obtain [2011, (5-103)]. We also obtain [2011, (5-104)] on R by
the same nonlinear estimates as we used above. Then, applying [2011, Lemma 4.5] on R, we obtain the
desired [2011, Lemma 5.6].
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Section 6 of [2011] is almost unchanged, except for the obvious modification in [2011, (6-6)] due to
the change of u,), namely
W,y =T] UL (=] 1)), (3-21)

and the notational change in [2011, (6-7)—(6-9)] from (1730, 1730) to (Ugo, Ugo) due to (3-2). Since the
case ho = 0 is eliminated in the proof of [2011, Lemma 6.1], the errors (2)—(3) do not affect the rest of
the paper.

4. Massless limit of scattering for the critical NLKG

It remains to prove Theorem 3.1. Throughout this section, we assume [2011, (1-28)]. The main idea is

to decompose the time interval into a bounded subinterval and neighborhoods of £00. On the bounded

part, we have strong convergence in the massless limit. In the neighborhoods of t = 00, we do not have

strong convergence, but the Strichartz norms are uniformly controlled via the asymptotic free profiles.
The first ingredient concerns the uniform Strichartz bound for free waves.

Lemma 4.1. Let U, = ¢V Ty, hoo =0, Voo = €"Vlyy, and let Z € [0, 5] x [0, 1) x [0, 1) satisfy
reg’(Z) = 1 and str'®(Z) < 0, namely a wave-admissible Strichartz exponent except for the energy norm.
Then we have

lim sup [|va ll1z1,0,00) S IVeclliz1300,00)  and — lim || P<1vlliz1,0,00) =0, (4-1)
n—oo n—oo

where P_, denotes the smooth cut-off for the Fourier region |&| < 2a defined by P, = a® Ao(ax)*q, with
Ao e L (RY) in the proof of [2011, Lemma 5.1]. If Z3 =0, then we have also ||v, |1 21,0,00) = | Vool [210(0,00)-

Proof. Let v,(t) =T, ‘7,1 (t/ hy). The Strichartz estimate for the Klein—Gordon and the wave equations
lvnllizno.00) S NTa¥rll2 = 1Y ll2, 1 Voollizig.000 S ¥ 1I22 (4-2)

implies that it suffices to consider ¥ in a dense subset of L*(R?). Hence we may assume that F is C>®
with a compact supp F % 0. Since 0 < (£), — (£) o, < h2/IE],

n
(€)= e EE || S el €7 + &1 (4-3)
and so, under the above assumption on i, for any s € R and any sequence S,, > 0,
1V = Vooll L (0.5,: 1) < (Sn)haC (s, ). (4-4)
Hence, by Sobolev in x and Holder in z,
1V = Vool zisnizin .5, < (S} T4 ha C s, ¥). (4-5)
We deduce that if S, — oo and S}*21h2 — 0 then, using the (approximate) scale-invariance of [Z]5,
Vnll12120.1,8,) ~ 1Vnlliz130.1,8,) + | P<1Vn 121001, 5,) 5

lvnllizis©.,80 ~ 1Vallizis.s,) = 11 Veolli215(0.00)

I P=1nll1210(0.,5) ~ 122 Pt Valliz1o0.5,) — O,
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and similarly, if Z3 =0 then (v, [l[z100.2,5,) = | Valliz100.5,) = | Voo ll1216(0.00)-
Next, the dispersive decay of wave-type for the Klein—-Gordon equation

le"Vollgo, S117“ D Npls, . a=4—1e[0.5]. 5= @+ Da, (4-6)
together with the embedding LY c Bg,’z implies that

lva@)llpe, S 14D (VYT Ty = 79D R e vy B Ty, (4-7)

q2 ™
and so, putting o = % — 7,
1o lliZ1o 55,000 < COR,™ 20z o
~ COh, B ST = Ccp sy 0, (4-8)
where we used that reg’(Z) = Z3 — Z; + da = 1 in the last identity and
a—1+2Z3=reg?(Z) +st®(Z2)—1—-2Z, <0 (4-9)

in taking the limit. Note that the above exponent is zero at the energy space Z = (O, %, 1), which

is excluded by the assumption. The estimate in [Z]y(h,S,, o0) for Z3 = 0 is done in the same way.
Combining them with the above estimates on (0, %,,S,) leads to the conclusion via a density argument. [

The second ingredient is convergence or propagation of small disturbance on finite intervals, which is
uniformly controlled by the Strichartz norm of U.

Lemma 4.2. Forany 0 < M, & < 00, there exists 6 = §(e, M) € (0, 1) with the following property. Let
hoo =0 and let U be a solution of NLW on some interval J satisfying ||Us || ((H13niwis) ) < M. Then, for
any bounded subinterval I C J with 0 € I and any ¢, € L*>(R?) with ||@, |2 < 8, the unique solution U,

of
B2 = A+hHU, = f'(U,), Upy(0) = Uy (0) + ¢, (4-10)

exists on 1 for large n, satisfying
1Un = Usoll o121y + 1Un = Usollqwignimio () < € (4-11)
and ||h, T, U, ((t — tn)/hn)ll[WJO(h,,I+t,,) S S for large n.

Proof. We give the detail only in the harder case d > 6, where we need the exotic Strichartz norms. Let
Yo :=U,—Ux and ¥, := U, — Us, then

8 — MY = f'Uso + V) = [ (Uso) = h2Up. (4-12)

Note however that ', is not written only by y,,. It suffices to prove the following:

Claim. There exist constants 6 € (0, 1) and C > 1 such that if

||Uoo||([W]§m[A71]5p)(o,s) <n 17,0l <1, (4-13)
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for some 0 < S <ooand 0 < n K 1, where p =2*—2=4/(d —2), then
1Vl 0,5:22) + 1¥allwiz.s) < CU V0Ol 2 + 11 7, ()| 0P FDE=9], (4-14)
Proof of the claim. The exotic Strichartz estimate for the wave equation yields, on the time interval (0, S),
1allify S 17a O 22+ 1Lf (Voo + va) = f'Ueo) vy, + ||h,21Un||L}L)2C» (4-15)

while the nonlinear estimate in the Besov space yields
1" Woo +yvu) = £ WUe) iyt S N Woos v Iy, 1Vl igg + 1l U, Vn)”fi[];p ¥ ll v (4-16)
and we have [[7,(0)[| 2 < 17, (0) [l .2 +o(1). The L} L2 norm is estimated by
AU 12 < WAnTall gz < haS1 ¥+ Uoollper2. (4-17)

Define W, O € [O, %]3 by

. I 1 \_(d-1 d*-2d—1

V—V‘_W_§<O’2’1>_<2(d+1)’ 2d(d+1) ’0)’
d+2)(d—1) d>+d*—6d—4 1)

2(d+1)(d—2)" 2(d—2)d(d+1)’ 2)°

Then O is an interior dual exponent of the standard Strichartz, and so there is small 6 € (0, 1) such that

(4-18)

0:=W+pW=(

0Y + (1 —0)O0 is also a dual exponent. Hence the standard Strichartz yields, for any wave-admissible
exponent Z,

lyallizy + 17l o2 S POl 2+ 1F' Uoo +va) = £/ Uo oy +1-oy013 + 1A Unll 172, (4-19)
where the nonlinear part is already estimated in [Y]5, while

1
| f'Wos + v ltors + ILf Wso)llpors S 07! 4 vl - (4-20)
Hence we have

1yallize S 1720122 + A+ B,
1valliwigniing, + [Pallierz < 17Oz + A%+ [yalliwr) 770 + B,
AS O+ Iallging ) 1all -
B S Shall V,ullpeer2 +o(1).

(4-21)

Assuming that ||y, ||| i, < 1 and that || 7, || er2 1s bounded in n, we deduce from the above estimates

that
AL vl S 72 @)llz2 +o(1),  B=o(1),
- - - 6 _(1-6)(p+1) (4-22)
Iallowigoiig, + 17allcz S 17O 22 + 17O +o(1).
It remains to prove the uniform bound on || ¥, [l . L2 Let Voo, Vi, vy, be the free solutions defined by

Voo :=€VUs(0), V,:=e"VnU,0), Tp=T,Vu(t/hy). (4-23)
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For any 0 < R, — O such that 4,/R, — 0, we have

1F VillLeo,s:22q8> Ry S 1Pnllzoso,5;22) +o(1). (4-24)
For the lower frequency, we have, by the energy inequality, Holder and Soboleyv,

”Un - Vn”LtOCH;l(o,S) g ”f/(U”)”L}H[l(O,S)

+1 3 - 1
5 S||Un||£§>oHl(o’S) 5 S(||Uoo||L,°°L§(0,S) + ||)/n||L,°CL§(0,S))p+ ) (4-25)

L0, Since [(£), — (§) ool < hn, we have also ||V, (r) —

and similarly || Uy — VOOHL;,O a0.8 S S||l700||it& L2

Voo Iz S 1t1hnl| U (0)]] 12 + 8. Hence

IF ¥V ull L 0.5: 221 <Ry
< RallUn = Vall e 10,50 + Ve = Veoll o208 + Rall Voo = Uscll i 0 5)

SoMSITallyLya .5 8 +0(1) (4-26)

Adding this to (4-24), we obtain

_ _pt
I Vaulleer20.5) S WPnllerzo.s) +0(1)S”Vn”i;L§(o,S) +48+o(D). (4-27)

Combining this with the estimates (4-22), we deduce that both 3/, and ¥, are bounded in L Li ©,9). O

To prove (4-11) from this claim, we decompose I into subintervals /; such that || U || AWi3nLins,) ) =71
P
for each j. Then applying the above claim iteratively to the subintervals for small § > 0 yields (4-11),
where the bound on [M]y is derived by interpolation and Sobolev embedding of [H]; and [W]5.
For the estimate in [ W]y, we have, by scaling,
1hn Ty Un (¢ = 12) / ) W 1-41,)
~ P Unlliwiony S B2 MU llowisy + 1P<vonliwioey + B 21 Pan, (Un = Vi) lwiory,— (4-28)

where ‘7,1 = eV f]n (0) and v, =T, \7,, (t/ hy,). The first term on the right is vanishing since ||U, ||[W]5(1)
is bounded as shown above. The second term is O(8) by Lemma 4.1. The third term is bounded — using
Sobolev, Holder and the same estimate as in (4-25) —by

[T RPN G — Vol e 2y S ()P D (Ul e 2y + )P = 0(1), (4-29)

hence (4-28) is O(§) for large n. This concludes the proof of the lemma for d > 6.
The case d < 5 is the same, but the nonlinear estimate is much simpler. In (4-13), (M 5, is replaced
with [M ]y, and by the standard Strichartz we have

lalliwisnian, + 1allzerz S 17Ol + 1L Ueo + ) — £/ Weo) oy + 102Ul 12 (4-30)

and
| Weo + ) = £ W liw=gg S 1 Woss i) I igyarans 17 liwizinss

S 0+ 1Yalliwisneane)? el iwignia, - (4-31)
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Then, estimating ||h% Unll 122(0.8) in the same way as for d > 6, we obtain (4-14) without the last term.
Equation (4-28) is the same as above. O

Proof of Theorem 3.1. Let vy, V,,, Vs be the free solutions defined by

-

Vi=e"Viny V=€V, 5, =T,V ((t — 1)/ hn), (4-32)
and
M = ||Usslliwis(s)- (4-33)

First consider the case 7o, = 0c. Let 0 < ¢ < 1 and choose § > 0 so large that
80 == Vool qwignimig)(s,00) < 8(e, M), (4-34)
where §( -, -) is given by Lemma 4.2. Then Lemma 4.1 implies that
lvn [l EW1nEM10) (i S+1.00) S S0 (4-35)

for large n. If 5y < 1, then the standard scattering argument for NLKG using the Strichartz norms implies
that u, exists on (h,S +1t,, 00), satisfying

N - 2*—1
i) = Vnll Lo 12y 5+1,.00) F Nty = Vnll qwn(M10) (o S+1,00) S T K o (4-36)

and also, for NLW,

1U00 = Vaoll 220 2(5,00) + 100 = Vool awiznimions.00 < 85 < o (4-37)

Thus we obtain
2ty [l AW LN IM10) G St1.00) S I Voo llawisnimio)(s.00) ~ 1 U lqwigniamio)(s.00) (4-38)

and, for large n,
1T (S) — V()2 + 1V, (S) — Vool 22 + Voo (8) = Uno(S) [l 12 < So. (4-39)

The next step is to go from S to the negative time direction. If J is bounded from below, then
let S’ := inf J. Otherwise, choose S’ < S so that

I Uso llqwisnimie)(—o0,57) < €. (4-40)
Applying Lemma 4.2 to U, and U,) backward in time from ¢ = §, we obtain
10y — l7<>o||L,°°L§(s',S) + 11Uy — Usollqwisnimioycs.s) < € (4-41)

and || n) lltw1o (hy §'+1,. 1, 5+1,) S S0 for large n.
If J is unbounded from below, we have still to go from S’ to —oo. The standard argument for small
data scattering of NLW for + — —oo implies that

IRe V|~ eV Use () | wisniaio)=s.0) ~ 1Usoll qwisnimio)(—oc.s) < & (4-42)
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Then Lemma 4.1 applied backward in ¢ implies, for large #,
IRe (V) ™" ™M T, Uoo (S | qwianimio) (=o0.0) S & (4-43)

Let w, be the solution of NLKG with w,(0) = T, U(n)(S’). Then the above estimate together with
I U(n)(S’) —Uso(S) 2 < & and the scattering for NLKG implies

lwa [ Wm0y (—00.0) S &- (4-44)
Since w, = hp, T,Uny(t/ hy + S") = u@y(t + h, S’ +1,), we deduce that
IU ) lawisnimioy(—oo,s) ~ Nl lawisnimio)(—oo, i, s'+1,)
S ey |l qwhnim1e) (=00, hn S'+4) = 1Wa | qWhN M) (—00,0) S €- (4-45)
Thus we obtain, in the case 7o, = 00,
Uty — Usollawisnimioy ) + N lliwioa s 44 S € + 80 (4-46)
for large n. Since ¢ and §p can be chosen as small as we wish, this implies
Jim [[U) = Usollawisnimion ) + lenlliwio i, 7-+1,) = 0 (4-47)
and, by scaling,
e ooy Il w10 (i T +1) ~ TU ol awisnimioy () + ey liwio G T+ = 1 Uso lqwisnimigy () +o(1). (4-48)

Since S — oo and S’ — inf J as ¢, § — +0, we also obtain

lim U = Uscllzer2) =0 (4-49)
n—oo i
for any finite subinterval /. The case 7o, = —o0 is the same by the time symmetry.

If oo € R then || (7(n)(roo) — Uso(To0) || 2 — 0. Hence the same argument as we used above to go from
S to —oo yields

0= nlglolo I1Um) = Usoll Lo 12(57,200) = nlggo Uy — Usoll qw1sn[M1o) Ginf J.70) (4-50)

for any S’ € (inf J, 7o), and also on (7, sup J) by the time symmetry. Thus we obtain (4-47) and (4-49)
for any 7o, € [—00, o0]. Il
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