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The present paper is devoted to the study of resonances for one-dimensional quantum systems with a
potential that is the restriction to some large box of an ergodic potential. For discrete models, both on a
half-line and on the whole line, we study the distributions of the resonances in the limit when the size of
the box goes to infinity. For periodic and random potentials, we analyze how the spectral theory of the
limit operator influences the distribution of the resonances.

Dans cet article, nous étudions les résonances d’un systeme unidimensionnel plongé dans un potentiel
qui est la restriction a un grand intervalle d’un potentiel ergodique. Pour des modeles discrets sur la
droite et la demie droite, nous étudions la distribution des résonances dans la limite de la taille de boite
infinie. Pour des potentiels périodiques et aléatoires, nous analysons 1’influence de la théorie spectrale de
I’opérateur limite sur la distribution des résonances.
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0. Introduction

Consider V : Z — R a bounded potential and, on £2(Z), the Schrodinger operator H = —A + V defined
by
(Hu)(n) =un+ 1) +un—1)+Vmum) forallne”Z
for u € £2(Z).
The potentials V we will deal with are of two types:
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Figure 1. The meromorphic continuation.

 V periodic;

e V =V,, the random Anderson model, i.e., the entries of the diagonal matrix V are independent,
identically distributed, nonconstant random variables.

The spectral theory of such models has been studied extensively (see, e.g., [Kirsch 2008]) and it is
well known that

e when V is periodic, the spectrum of H is purely absolutely continuous;

e when V =V, is random, the spectrum of H is almost surely pure point, i.e., the operator only has
eigenvalues; moreover, the eigenfunctions decay exponentially at infinity.

Pick L € N*. The main object of our study is the operator
Hp=—-A+V1_r1117 (0-1)

when L is large. Here, [—L 41, L] is the integer interval {—L+1, ..., L}, and 1, p(n) =1ifa <n <b
and 1y, pp(n) = 0 if not.

For L large, the operator Hy is a simple Hamiltonian modeling a large sample of periodic or random
material in the void. It is well known in this case (see, e.g., [Zworski 2002]) that not only is the spectrum
of Hy of importance but also its (quantum) resonances, which we will now define.

As V1j_r 41 1y has finite rank, the essential spectrum of H, is the same as that of the discrete Laplace
operator, that is, [—2, 2], and it is purely absolutely continuous. Outside this absolutely continuous
spectrum, H;, has only discrete eigenvalues associated to exponentially decaying eigenfunctions.

We are interested in the resonances of the operator Hy, in the limit when L — +o00. They are defined
to be the poles of the meromorphic continuation of the resolvent of Hy through (—2, 2), the continuous
spectrum of Hy (see Figure 1, Theorem 1.3 and, e.g., [loc. cit.]). The resonances widths, that is, their
imaginary part, play an important role in the large time behavior of e~/ especially the resonances of
smallest width that give the leading order contribution (see [loc. cit.]).

Quantum resonances are basic objects in quantum theory. They have been the focus of a vast number of
studies, both mathematical and physical (see, e.g., [loc. cit.] and references therein). Our purpose here is
to study the resonances of H; in the asymptotic regime L — +o00. As L — 400, Hj converges to H in
the strong resolvent sense. Thus, it is natural to expect that the differences in the spectral nature between
the cases V periodic and V random should reflect into differences in the behavior of the resonances in both
cases. We shall see below that this is the case. To illustrate this as simply as possible, we begin by stating
three theorems, one for periodic potentials and two for random potentials, that underline these different
behaviors. These results can be considered as paradigmatic for our main results, presented in Section 1.



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 261

The scattering theory or the closely related questions of resonances for the operator (0-1) or for closely
related one-dimensional models have already been discussed in various works, both in the mathematical
and physical literature (see, e.g., [Faris and Tsay 1989; 1994; Lifshits et al. 1988; Kunz and Shapiro
2006; Texier and Comtet 1999; Comtet and Texier 1997; Kunz and Shapiro 2008; Barra and Gaspard
1999; Kottos 2005; Titov and Fyodorov 2000]). We will make more comments on the literature as we
develop our results in Section 1.

0A. When V is periodic. Assume that V is p-periodic (p € N*) and does not vanish identically. Consider
H =—A+V and let X7 be its spectrum, X5 be its interior and E +— N (E) be its integrated density of
states, i.e., the number of states of the system per unit of volume below energy E (see Section 1B and,
e.g., [Teschl 2000] for precise definitions and details).

Theorem 0.1. There exist

o 9, a discrete (possibly empty) set of energies in (—2,2) N X3,

e a function h that is real analytic in a complex neighborhood of (—2,2) and that does vanish on

(=2,2)\2

such that, for I C (=2,2)\ 9 a compact interval such that either I N X7 = & or I C X5, there exists
co > 0 such that, for L sufficiently large with L € pN, one has:

o IfINX7z =0, then Hy has no resonance in I +i[—cg, 0].

o If I C X3, one has:

— There are plenty of resonances in I 4 i[—cg, 0]; more precisely,
1
i#{z €l +i[—co,0]|z aresonance of Hy} = /dN(E) +o0(1), (0-2)
I

where 0(1) — 0 as L — +oc.
— Let (z})j be the resonances of Hy in I +i[—co, 0] ordered by increasing real part; then

L-Re(zj41—zj) <1 and L-Imz;=h(Rez;)+o(l), (0-3)
the estimates in (0-3) being uniform for all the resonances in I +i[—cq, 0] when L — +o0.

After rescaling their width by L, resonances are nicely interspaced points lying on an analytic curve
(see Figure 2). We give a more precise description of the resonances in Theorem 1.7 and Propositions 1.8
and 1.9. In particular, we describe the set of energies % and the resonances near these energies: they lie
further away from the real axis, the maximal distance being of order L~ log L (see Figure 3). Theorem 0.1
only describes the resonances closest to the real axis. In Section 1B, we also give results on the resonances
located deeper in the lower half of the complex plane.

0B. When V is random. Assume now that V =V, is the Anderson potential, i.e., its entries are i.i.d.
and distributed uniformly on [0, 1] for concreteness. Consider H = —A + V,,. Let X be its almost sure
spectrum (see, e.g., [Pastur and Figotin 1992] for this and the following notions), E — n(E) its density
of states (i.e., the derivative of the integrated density of states; see also Section 1B) and E — p(E)
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Figure 2. The rescaled resonances for the periodic (left) and the random (right) potential.

its Lyapunov exponent (see also Section 1C). The Lyapunov exponent is known to be continuous and
positive; the density of states satisfies n(E) > 0 for a.e. E € X (see, e.g., [Bougerol and Lacroix 1985]).
Define Hy 1 := —A 4+ V,1[—r+1,2]. We prove:

Theorem 0.2. Pick I C (—2,2) a compact interval.

o If I N X = & then there exists c; > 0 such that w-a.s., for L sufficiently large,
{z a resonance of Hy, 1 in I +i(—c,0]} = Q.

o If I C X° then, for any c > 0, w-a.s. one has
1 . . c
lim —#{z a resonance of H, 1 in I +i(—0o0, —e_z‘L]} :/mln ——, 1 |n(E)dE.
L—+oo L ’ I ,O(E)

As the first statement of Theorem 0.2 is clear, let us discuss the second. Define c1 := maxg¢; p(E).
For ¢ > ¢4, w-a.s. for L large the number of resonances in the strip {Rez € I, Imz < —e =L} is
approximately 2L [, n(E) dE; thus, in {Rez € I, —e+L <Tmz < 0}, one finds at most o(L) resonances.
We shall see that, for § > 0, w-a.s. for L large the strip {Rez € I, —e@e+HIL < Im 7 < 0} actually contains
no resonances (see Theorem 1.13).

Define c_ := ming¢; p(E). For ¢ < c_, w-a.s. for L large the strip {Rez € I, Imz < —e~ L)
contains approximately 2¢L f ;n(E)/p(E) dE resonances. We shall see that, for « € [0, 1), the number
of resonances in the strip {Rez € I, Imz < —e "} is O(L¥), thus o(L) (see Theorem 1.17).

One can also describe the resonances locally. Fix Eg € (—2, 2) N X° such that n(Eg) > 0. Let (zlL (w));
be the resonances of H,, . We first rescale them. Define

xF(w) =2Ln(Eg)(Rez- (w) — Eg) and yf(w) = log|Im zF (). (0-4)

2Lp(Eo)
Consider now the two-dimensional point process

§L(Eo, w) = Z S(xt (@), v @)

zlL resonances of H,, 1.
We prove:

Theorem 0.3. The point process & converges weakly to a Poisson process of intensity 1 in R x [0, 1].

In the random case, the structure of the (properly rescaled) resonances is quite different from that in the
periodic case (see Figure 2). The real parts of the resonances are scaled in such a way that their average
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spacing becomes of order one. By Theorem 0.2, the imaginary parts are typically exponentially small
(in L); when the resonances are rescaled as in (0-4), their imaginary parts are rewritten on a logarithmic
scale so as to become of order 1 too. Once rescaled in this way, the local picture of the resonances of
H, 1 is that of a two-dimensional cloud of Poisson points (see the right-hand side of Figure 2).

Theorem 0.3 is the analogue for resonances of the well-known result on the distribution of eigenvalues
and localization centers for the Anderson model in the localized phase (see, e.g., [Minami 1996; Killip
and Nakano 2007; Germinet and Klopp 2014]).

As in the case of the periodic potential, Theorem 0.3 only describes the resonances closest to the real
axis. In Section 1C, we also give results on resonances located deeper in the lower half of the complex
plane. Up to distances of order L~ to the real axis, the cloud of resonances (once properly rescaled)
will have the same Poissonian behavior as described above (see Theorem 1.10).

Besides proving Theorems 0.1 and 0.3, the goal of the paper is to describe the statistical properties
of the resonances and relate them (the distribution of the resonances and of the widths) to the spectral
characteristics of H = —A + V, and possibly to the distribution of its eigenvalues (see, e.g., [Germinet
and Klopp 2011]).

As they can be analyzed in a very similar way, we will discuss three models:
e The model H; defined above.

« Its analogue on the half-line N, i.e., on Hy, we impose an additional Dirichlet boundary condition
at 0.

o The “half-infinite” model on ¢2(Z), that is,

W(n)=0 f >0
H*®=—A+W, where () orn="> (0-5)
Wmn)=Vm) forn<-1,
where V is chosen as above, periodic or random.

Though in the present paper we restrict ourselves to discrete models, it is clear that continuous
one-dimensional models can be dealt with essentially using the methods developed here.

1. The main results

We now turn to our main results, a number of which were announced in [Klopp 2012]. Pick V:Z — R a
bounded potential and, for L € N, consider the operators

o H = —A+ V1o 1) on £3(Z);

o HY = —A+ Vljp 1y on £2(N) with Dirichlet boundary conditions at 0;

e H®, defined in (0-5).
Remark 1.1. Here, by “Dirichlet boundary condition at 0”, we mean that H LN is the operator HLZ
restricted to the subspace ¢2(N), i.e., if IT: £2(Z) — £>(N) is the orthogonal projector on £>(N), one has

H LN =TII1H LZH. In the literature, this is sometime called “Dirichlet boundary condition at —1” (see, e.g.,
[Teschl 2000]).
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For the sake of simplicity, in the half-line case we only consider Dirichlet boundary conditions at 0.
But the proofs show that these are not crucial; any selfadjoint boundary condition at 0 would do and,
mutatis mutandis, the results would be the same.

Note also that by a shift of the potential V, replacing L by L+ L/, studying H LZ is equivalent to studying
Hppp=—-A4+Vlj_p jon 02(Z). Thus, to derive the results of Section 0 from those in the present
section, it suffices to consider the models above, in particular H f.

For the models H L\J and H LZ, we start with a discussion of the existence of a meromorphic continuation
of the resolvent, then study the resonances when V is periodic and finally turn to the case when V is
random.

As H® is not a relatively compact perturbation of the Laplacian, the existence of a meromorphic
continuation of its resolvent depends on the nature of V; so, it will be discussed when specializing to V
periodic or random.

Remark 1.2 (notations). In the sequel, we write a < b if for some C > 0 (independent of the parameters
coming into a or b) one has a < Cbh. We write a < b ifa Sband b < a.

1A. The meromorphic continuation of the resolvent. One proves the well-known and simple:

Theorem 1.3. The operator-valued functions z +— (z — H I'J\‘)*1 andz+— (z— H LZ)*1 for z € C* admit a
meromorphic continuation from Ct to C\ ((—oo, —2]U[2, +00)) through (-2, 2) (see Figure 1) with
values in the operators from lczomp ol

Moreover, the number of poles of each of these meromorphic continuations in the lower half-plane is at

most equal to L.

The resonances are defined to be the poles of this meromorphic continuation (see Figure 1).

1B. The periodic case. We assume that, for some p > 0, one has
Vigp =V, forall n>0. (1-1)

Let Xy be the spectrum of HN = —A + V acting on £%(N) with Dirichlet boundary condition at 0
and X7 be the spectrum of HZ = —A 4 V acting on £2(Z). One has the following description for these
spectra:

e X7 is a union of intervals, i.e., 7 :=0(H) = le[E;, E].+], where E; < Ef (I<j<p)and
a;r_ | < E; (2 < j < p) (see, e.g., [van Moerbeke 1976]); the spectrum of HZ is purely absolutely

continuous and the spectral resolution can be obtained via a Bloch—Floquet decomposition (see, e.g.,
[loc. cit.]).

« On £2(N) (see, e.g., [Pavlov 1994]), one has

- Xy =2zU{v; |1 < j <n}and X7 is the absolutely continuous spectrum of H;
— the (v))o<j<n are isolated simple eigenvalues associated to exponentially decaying eigen-
functions.
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It may happen that some of the gaps are closed, i.e., that the number of connected components of X7 be
strictly less than p. There still is a natural way to write X7 := o (H) = le[E;, E;.L] (see Section 4A1),
but in this case, for some of the j, one has E;Ll = Ej_; we shall call the energies E;ll = Ej_ closed gaps
(see Definition 4.5). The existence of closed gaps is nongeneric (see [van Moerbeke 1976]).

The operators H* (for « € {N, Z}) admit an integrated density of states defined by

N(E)= lim #{eigenvalues of (—A 4+ V)|j—r,zjn. in (=00, E]}‘
L—+o00 #([[—L, L]Ne)

(1-2)

Here, the restriction of —A 4V to [—L, L] N e is taken with Dirichlet boundary conditions; this is for
concreteness as it is known that, in the limit L — 400, other selfadjoint boundary conditions would yield
the same result for the limit (1-2).

The integrated density of states is the same for H"™ and H? (see, e.g., [Pastur and Figotin 1992]). It
defines the distribution function of some probability measure on X7 that is real analytic on 5. Let n
denote the density of states of HN and HZ, that is, n(E) = dN(E)/dE.

Remark 1.4. When L gets large, as H FJ tends to H" in the strong resolvent sense, interesting phenomena
for the resonances of H 2\1 should take place near energies in Xy.

Define t; to be the shift by k steps to the left, that is, 7w V() = V(- + k). Then, for (¢; ), such that
l; - +ooand L —¢; — +o00 when L — +00, rl’z HfrlL tend to HZ in the strong resolvent sense. Thus,
interesting phenomena for the resonances of H ,? should take place near energies in Xz.

1B1. Resonance-free regions. We start with a description of resonance-free regions near the real axis.
To this end, we introduce some operators on the positive and the negative half-lattice.

Above we have defined Hyj; we shall need another auxiliary operator. On 02(Z_) (where Z_ = {n <0}),
consider the operator H, = —A + 1V with Dirichlet boundary condition at O (where 7 is defined to be
the shift by k steps to the left, thatis, 7 V(-) = V(- +k)). Let £, =0 (H, ).

As is the case for H", one knows that Oess(H), ) = Xz and that oes (H, ) is purely absolutely continuous
(see, e.g., [Teschl 2000, Chapter 7]). H, may also have discrete eigenvalues in R\ 7.

We prove:

Theorem 1.5. Let I be a compact interval in (=2, 2).
(M IfI Cc R\ Xy (resp. I C R\ Xz), then there exists ¢ > 0 such that, for L sufficiently large,
H LN (resp. H z) has no resonances in the rectangle {Rez € I, Imz € [—c, 0]}.

(2) If I C Xz, then there exists ¢ > 0 such that, for L sufficiently large, H LN and H LZ have no resonances
in the rectangle {Rez € I, Imz € [—c/L, 0]}.

(3) Fix 0 <k < p — 1 and assume the compact interval I is such that {v;} = 1°N Xy =1 N Xy and
I NX7 = (the (v;); are as defined in the beginning of Section 1B).

(a) If INX, = O then there exists ¢ > 0 such that, for L sufficiently large with L =k mod p, H LN has
a unique resonance in the rectangle {Re z € I, —c < Im z < 0}; moreover, this resonance, say z j,
is simple and satisfies Imz; < —e Pl and |7 j—Ajl=xe? L for some p ; > 0 independent of L.
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(b) If I NX," # O then there exists ¢ > 0 such that, for L sufficiently large with L = k mod p,
H Il\j has no resonance in the rectangle {Rez € I, —c <Imz < 0}.

So, below the spectral interval (—2, 2), there exists a resonance-free region of width at least of order L1
For H 2\‘, if L =k mod p each discrete eigenvalue of HN that is not an eigenvalue of H,  generates a
resonance for H F exponentially close to the real axis (when L is large). When the eigenvalue of H,~ is
also an eigenvalue of HN = H0+ ; it may also generate a resonance but only much further away in the
complex plane, at least at a distance of order 1 to the real axis.

In case (3a) of Theorem 1.5, one can give an asymptotic expansion for the resonances (see Section 5B1).

We now turn to the description of the resonances of H; near [—2, 2]. To this end, it will be useful to
introduce a number of auxiliary functions and operators.

1B2. Some auxiliary functions. To H,  defined above, we associate N, , the distribution function of its
spectral measure (which is a probability measure), i.e., for ¢ € 67°(R), we define fR @A) dN, () =
@(H;7)(0,0), where (¢(H; )(x, ¥))(x,y)e@_)> denotes the kernel of the operator ¢ (H,").

On X7, the spectral measure d N, admits a density with respect to the Lebesgue measure, say 7, , and
this density is real analytic (see Proposition 5.6).

For E € ¥, define

- E—¢ - +00 -
576y o[ E0) g ([ )
R A—E e>04\J o A—E rre A—E

The existence and analyticity of the Cauchy principal value S~ on X5 is guaranteed by the analyticity

of n; (see, e.g., [King 2009]). Moreover, for E € £, one has

_ . dN ()
Sk (E‘)I‘El_l)l'{)l+ Rm—lﬂ'nk (E) (1-4)
In the lower half-plane {Im E < 0}, define the function
—_— . dN; (A) —i arccos(E/2) dN (M) | E E\?
s = [ THp e - [T s nG) 0

where

« in the first formula, the function z — arccos z is the analytic continuation to the lower half-plane of
the branch of arccos z taking values in [—, 0] on the interval [—1, 1];

« in the second formula, the branch of the square root z — +/z2 — 1 has positive imaginary part for
ze(—1,1).

The function &, is analytic in {Im E < 0} and in a neighborhood of (—2,2) N X7. Moreover,
8, vanishes identically if and only if V = 0 (see Proposition 5.7).

From now on we assume that V = 0. In this case, in {Im £ < 0} and on (—2, 2) N X3, the analytic
function E; has only finitely many zeros, each of finite multiplicity (see Proposition 5.7).

We shall need the analogues of the above-defined functions for the already-introduced operator
H := HN = —A + V considered on ¢?(N) with Dirichlet boundary conditions at 0. We define the



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 267

function N(;L as the distribution function of the spectral measure of H, + ie., for NS %80 (R), we define

fR @A) dN(;r(k) = go(HOJ“)(O, 0). In the same way as we have defined n; , S, and E," from H,, one can

define nar , Sar and E(")'r from HJ . They also satisfy Proposition 5.6, relation (1-4) and Proposition 5.7.
For the description of the resonances, it will be convenient to define the following functions on XJ:

g, (E) . 1
wn (E) N wn (E)

MNE) =i+ (Sp (E) + " arecos(E/2)y (1-6)

and

(S(‘)"'(E) Ll arccoS(E/Z))(Sk—(E) Lt aIccos(E/Z))
ng (E)ny (E)

T (SY(E) 4 e ecosE/) g (§(E) + e arccos(E/2)y °

T

(E):= (1-7)

We shall see that the zeros of ¢* — i play a special role for the resonances of H; ; therefore, we define
D*={zeXF|c(2) =i}. (1-8)
The set & introduced in Theorem 0.1 is the set &% N (=2, 2).

Remark 1.6. Before describing the resonances, let us explain why the operators HOJr and H, naturally
occur in this study. They respectively are the strong resolvent limits (when L — 400 with L € pN + k)
of the operator H LZ restricted to [0, L] with Dirichlet boundary conditions at 0 and L “seen” from the
left- and the right-hand side, respectively.

Indeed, define H; to be the operator H ,’J\‘ restricted to [0, L] with Dirichlet boundary conditions at L
(see Remark 1.1). Note that H; is also the operator H Z restricted to [0, L] with Dirichlet boundary
conditions at 0 and L.

Clearly, the operator HOJr is the strong resolvent limit of H;, when L — +o0.

If 71, denotes the translation by — L that unitarily maps 22([[0, L) into £2([—L, O]), then H =T HLT]
converges in the strong resolvent sense to H,~ when L — +00 and L = k mod p. Indeed, 7,V = 1, V as
V is p-periodic.

1B3. Description of the resonances closest to the real axis. Let (\)o<i< = ()»IL)Oglg 1 be the eigenvalues
of Hy (that is, the eigenvalues of H LN or H LZ restricted to [0, L] with Dirichlet boundary conditions; see
Remark 1.1) listed in increasing order. They are described in Theorem 4.2; those away from the edges
of ¥7 are shown to be nicely interspaced points at a distance roughly L~! from one another.

We first state our most general result describing the resonances in a uniform way. We then derive two
corollaries describing the behavior of the resonance, first far from the set of exceptional energies &* and
second close to an exceptional energy.

Pick a compact interval I C (=2,2) N X5. For e € {N, Z} and A; € I, for L large, define the complex

number
-1 log L
ot™ oc*| A —1i , (1-9)

where the branch of cot™! is the inverse of the branch of z — cot z that maps [0, ) x (0, —o0) onto CT\ {i}.

=M+

Ot_1 oc* |:)\.1 +

—C ——¢C
an(A)L nn(A)L
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Note that, by Proposition 5.8, for L sufficiently large we know that, for any / such that A; € I, one has

log L

Imc'()»;—i )e(0,+00)\{1}

and

Imet| a4+ — e (37— i 8L | € (0. 4000\ (1)
mc —————cot™ " oc —i € (0, 400 .
l mn(A;)L ! L
Thus, the formula (1-9) defines z; properly and in a unique way. Moreover, as the zeros of E + ¢*(E)—i
are of finite order, one checks that

—logL SL-ImZz; $—1 and 1 SL-Re(Zj,, —2)), (1-10)

~

where the implicit constants are uniform for / such that A; € .
We prove:

Theorem 1.7. Pick e € {N, Z} and k € {0, ..., p —1}. Let Ey € (=2,2) N XJ.
Then there exists ng > 0 and Ly > 0 such that, for L > L satisfying L = k mod p, for each
M €1 :=[Eo—no, Eo+nol, there exists a unique resonance of Hj, say z;, in the rectangle

[LRe( +Z_)),  Re(F +Z7,)] +il—no. OI;
this resonance is simple and it satisfies |z; — 27| S 1/(L1logL).

This result calls for a few comments. First, the picture one gets for the resonances can be described as
follows (see also Figure 3). As long as A; stays away from any zero of E — c¢*(E) — i, the resonances
are nicely spaced points, as the following proposition proves.

Proposition 1.8. Pick e € (N, Z} and k € {0, ..., p—1}. Let I C (—2,2) N X3 be a compact interval
such that I N9* = &.
Then, for L sufficiently large and each A; € 1, the resonance z; admits the expansion

1 1
*— A+ ———cotoct(A)+ 0 — |, 1-11
2 l+nn(k;)L cot™ " oc*(Ar) + <L2) (1-11)

where the remainder term is uniform in [.

The proof of Proposition 1.8 actually yields a complete asymptotic expansion in powers of L~! for the
resonances in this zone (see Section 5B5).

Proposition 1.8 implies Theorem 0.1: we choose e = Z and k = 0, then the set % of exceptional points
in Theorem 0.1 is exactly %% N (-2, 2); to obtain (0-3), it suffices to use the asymptotic form of the
Dirichlet eigenvalues given by Theorem 4.2.

Near the zeros of E +— ¢*(E) — i, the resonances take a “plunge” into the lower half of the complex
plane (see Figure 3) and their imaginary part becomes of order L~' log L. Indeed, Theorem 1.7 and (1-9)
imply:
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log L \

resonances

Figure 3. The resonances close to the real axis in the periodic case (after rescaling their
imaginary parts by L).

Proposition 1.9. Pick e € {N,Z} and k € {0, ..., p —1}. Let Ey € 9* be a zero of E +—> ¢*(E) —i of
order q in (=2,2) N XJ.
Then, for a > 0 and L sufficiently large, if | is such that |\; — Eo| < L™%, the resonance z; satisfies

2
tmas = 9 log(l = EoP + (g log L/Q@mn()L)))
' 2mn(h) 2L

(I+o(D)), (1-12)

where the remainder term is uniform in | such that |.; — Eo| < L™%.

When o = Z, the asymptotic (1-12) shows that there can be a “resonance” phenomenon for resonances:
when the two functions E, and E(J)r share a zero at the same real energy, the maximal width of the
resonances increases; indeed, the factor in front of L~!log L is proportional to the multiplicity of the
zero of B, E(J)r .

1B4. Description of the low-lying resonances. The resonances found in Theorem 1.7 are not necessarily
the only ones: deeper in the lower complex plane, one may find more resonances. They are related to the
zeros of E;” when e =N and of &, Ear when e = Z (see Proposition 5.8).

We now study what happens below the line {Im z = —n} (see Theorem 1.7) for the resonances of H 2\‘
and H LZ.

The functions E, and E(")'r are analytic in the lower half-plane and, by Proposition 5.7, they don’t
vanish in an neighborhood of —ioco. Hence, the functions &, and Ear have only finitely many zeros in
the lower half-plane.

We prove:
Theorem 1.10. Picke € {N,Z}andk € {0, ..., p—1}. Let (E;')lijil be the zeros of E +— c*(E) —i in
I +i(—00,0). Pick Eg € (=2,2) N X5.
There exists ng > 0 such that, for I = Eo+ [—no, nol and L sufficiently large with L = k mod p, one
has:
o IfEy & {Re EJ | 1 < j < J},then in the rectangle I + i(—00, 0] the only resonances oin\‘ and HI%
are those given by Theorem 1.7.

. Ione{ReE;. |1 <j<J},then
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— in the rectangle I +i[—ng, 0], the only resonances of H 2\‘ and H f are those given by Theorem 1.7,

— in the strip I +i[—00, —ng], the resonances of H; are contained in U]J.:1 D(E®, e~0L);

- in D(E;-, e~ L) the number of resonances (counted with multiplicity) is equal to the order of
EJ as azero of E+— c¢*(E) —1i.

We see that the total number of resonances below a compact subset of (=2, 2) N X7 that do not tend to

the real axis when L — +o00 is finite. These resonances are related to the resonances of H*°, to which
we turn now.

1BS. The half-line periodic perturbation. Fix p € N*. On £%(Z), we now consider the operator H>® =
A+ V,where V(n) =0forn>0and V(n+ p) =V (n) forn < —1. We prove:

Theorem 1.11. The resolvent of H> can be analytically continued from the upper half-plane through
(=2,2) N X5 to the lower half-plane. The resulting operator does not have any poles in the lower
half-plane or on (=2,2) N X5,

The resolvent of H* can be analytically continued from the upper half-plane through (=2, 2) \ Xz
(resp. 5\ [=2, 2]) to the lower half-plane; the poles of the continuation through (=2,2) \ Xz (resp.
25\ [-2, 2]) are exactly the zeros of the function E +> 1 — !B fR 1/(A—E) alNl;_1 (L) when continued
Jfrom the upper half-plane through (=2, 2) \ Xz (resp. £, \ [=2, 2]) to the lower half-plane.

Remark 1.12. In Theorem 1.11 and below, every time we consider the analytic continuation of a resolvent
through some open subset of the real line we implicitly assume the open subset to be nonempty.

In Figure 4, to illustrate Theorem 1.11, assuming that ¥7 (in blue) has a single gap that is contained
in (=2, 2), we have drawn the various analytic continuations of the resolvent of H* and the presence or
absence of resonances for the different continuations.

Using the same arguments as in the proof of Proposition 5.7, one easily sees that the continuations of
the function E > 1 —¢"®) [ 1/(h — E) dN,_ (1) to the lower half-plane through (=2,2) \ 7 and
27\ [—2, 2] have at most finitely many zeros and that these zeros are away from the real axis.

_EZ

!
resonance no resonance resonance B resonance

4

no resonance

Figure 4. The analytic continuation of the resolvent and resonances for H*°.
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This also implies that the spectrum on H* in [—2, 2] U X7 is purely absolutely continuous except
possibly at the points of dX7 U {—2, 2}, where d X7 is the set of edges of X7.

1C. The random case. We now turn to the random case. Let V = V,,, where (V,,(n)),cz are bounded
independent and identically distributed random variables. Assume that the common law of the random
variables admits a bounded compactly supported density, say g.

Set HE‘ = —A+V, on £*(N) (with Dirichlet boundary condition at 0 for concreteness). Let O’(Ha’?‘) be
the spectrum of H'. Consider also HZ = —A + V,, acting on £2(Z). Then one knows (see, e.g., [Kirsch
2008]) that, w-almost surely,

o(H2) =% :=[-2,2] +suppg. (1-13)
One has the following description for the spectra O’(Hﬁj) and J(Hf):

o w-almost surely, J(Hf) = X; the spectrum is purely punctual; it consists of simple eigenvalues
associated to exponentially decaying eigenfunctions (Anderson localization; see, e.g., [Pastur and
Figotin 1992; Kirsch 2008]); one can prove that, under the assumptions made above, the whole
spectrum is dynamically localized (see, e.g., [Cycon et al. 1987] and references therein).

e For HJ}‘ (see, e.g., [Pastur and Figotin 1992; Carmona and Lacroix 1990]), one has, w-almost surely,
a(HEJ) =X UK,, where
— X is the essential spectrum of H j}l and it consists of simple eigenvalues associated to exponentially

decaying eigenfunctions;
— the set K, is the discrete spectrum of HS, which may be empty and depends on w.

1C1. The integrated density of states and the Lyapunov exponent. It is well known (see, e.g., [Pastur and
Figotin 1992]) that the integrated density of states of H, say N (E), is defined as the limit

#leigenvalues of HZ|;_ in (—oo, E
N(E)= lim leig oli-t.cp 1 ( ]}.

(1-14)
L—+00 2L+ 1

The above limit does not depend on the boundary conditions used to define the restriction HZ|j_1 1.
It defines the distribution function of a probability measure supported on X. Under our assumptions on the
random potential, N is known to be Lipschitz continuous ([Pastur and Figotin 1992; Kirsch 2008]). Let
n(E)=dN(FE)/dE be its derivative; it exists for almost all energies. If one assumes more regularity on g,
the density of the random variables (w,),, then the density of states n can be shown to exist everywhere
and to be regular (see, e.g., [Cycon et al. 1987]).

One also defines the Lyapunov exponent, say p(E), as

1 T (E,
p(E):= lim log |7, (E, o)l
L—+00 L+1

T (E; ) = <E — V(L) _1) X e X (E_ Vo (0) _1) (1-15)

’

where

1 0 1 0
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For any E, w-almost surely, the Lyapunov exponent is known to exist and to be independent of w
(see, e.g., [Cycon et al. 1987; Pastur and Figotin 1992; Carmona and Lacroix 1990]). It is positive at all
energies. Moreover, by the Thouless formula [Cycon et al. 1987], it is continuous for all £ and is the
harmonic conjugate of n(E).

For « € {N, 7}, we now define H ALY be the operator —A* + V,,1j0,.j. The goal of the next sections
is to describe the resonances of these operators in the limit L — +o0.

As in the case of a periodic potential V, the resonances are defined as the poles of the analytic
continuation of z (H;)’L —z)~! from C* through (-2, 2) (see Theorem 1.3).

1C2. Resonance-free regions. We again start with a description of the resonance-free region near a
compact interval in (=2, 2). As in the periodic case, the size of the H; , -resonance-free region below a
given energy will depend on whether this energy belongs to o (/) or not. We prove:

Theorem 1.13. Fix e € {N, Z}. Let I be a compact interval in (—2,2). Then, w-a.s., one has:

(1) Fore e {N, Z},if I C R\ o (H}) then there exists C > 0 such that, for L sufficiently large, there are
no resonances of H; ; in the rectangle {Rez € I, 0> Imz > —1/C}.

(2) If I C X°, then for ¢ € (0, 1) there exists Lo > 0 such that, for L > Ly, there are no resonances of
H} | in the rectangle {Rez € I, 0 >Imz > —e 21PLU+O)) ywhere
o p is the maximum of the Lyapunov exponent p(E) on I,
1 ife=N,
*N.=1 : _7
7 fe=Z
(3) Pick v; = v;(w) € K, (see the description of the spectrum of HS just above Section 1C1) and
assume that {vj} = 1°N o*(Hj}J) =1 ﬂG(HE‘) and I N X = O; then there exists ¢ > 0 such that,
for L sufficiently large, H E{ 1. has a unique resonance in {Re z € I, —c < Imz < 0}; moreover, this
resonance, say zj, is simple and satisfies Imz; =< —e Pi@L gnd lzj — Al < e PiOL for some
pj(w) > 0 independent of L.

When comparing point (2) of this result with Theorem 1.5(2), it is striking that the width of the
resonance-free region below X is much smaller in the random case (it is exponentially small in L) than
in the periodic case (it is polynomially small in L). This a consequence of the localized nature of the
spectrum, i.e., of the exponential decay of the eigenfunctions of H,.

1C3. Description of the resonances closest to the real axis. We will now see that below the resonance-free
strip exhibited in Theorem 1.13 one does find resonances — actually, many of them. We prove:

Theorem 1.14. Fix e € {N, Z}. Let I be a compact interval in (—2,2) N X.
(1) Forany k € (0, 1), w-a.s. one has

#{z resonance of H; ; |[Rez€l, 0>1Imz > —e” ‘

1)
: —>/1n(E)dE.

(2) For E € I such that n(E) > 0 and A € (0, 1), define the rectangle

R(E, M, L,&8):={zeC|n(E)Rez—E| < e, —e"rEPL < 2P 7 < _omneP (VLY
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where n° is as defined in Theorem 1.13; then w-a.s. one has
) ) . #{z resonances of H; ;, in R*(E, A, L,¢,0)}
lim lim lim - =1
§—0t >0+ L>+00 Leé

(3) For E € I such that n(E) > 0, define

(1-16)

RU(E,1,L,e,8)={zeC|n(E)Rez—E| < e, — 21rBIEIL < Imz < 0};
then w-a.s. one has

Iim lim lim
§—0t e>0+ L—>+o0 Leé

# n RY.(E,1,L,¢&,8 1 if+=—,
{resonances in R’ ( € )}:{ if (1-17)

0 if +=+.

(4) For ¢ > 0, w-a.s. one has

#{z resonances of H* , in [ +i(—00, —e_ZCL]
lim { S HoL ( }zfmin(%E), 1)n(E)dE. (1-18)
I Y

L—+o0 L

The striking fact is that the resonances are much closer to the real axis than in the periodic case; the
lifetime of these resonances is much larger. The resonant states are quite stable, with lifetimes that are
exponentially large in the width of the random perturbation. Point (4) is an integral version of point (2).
Let us also note here that when « = Z, Theorem 1.14(4) is the statement of Theorem 0.2.

Note that the rectangles R*(E, A, L, ¢, 6) are very stretched along the real axis; their side-length in the
imaginary part is exponentially small in L whereas their side-length in the real part is of order 1.

To understand Theorem 1.14(2), rescale the resonances of H o.L> SaY (z," (@), as

xj=x; (E,w) =n(E)LRezj];(w)—E) and y =y (E,0)=— log [Im z; ; ().

(1-19)

For X € (0, 1), this rescaling maps the rectangle R*(E, A, L, €, §) into {|x| < %Ls, ly — Al < %8} and

the rectangles R (E, 1, L, ¢, §) are mapped into {|x| < Le/2, 1F 6 < y}, respectively. The denominator

of the quotient in (1-16) is just the area of the rescaled R*(E, 1, L, ¢, 5) for 1 € (0, 1) or the rescaled

R (E,1,L,e,8)\ R (E, 1, L,¢,0). So, (2) states that, in the limit with ¢ and § small and L large, the
rescaled resonances become uniformly distributed in the rescaled rectangles.

2n.p(E)L

We see that the structure of the set of resonances is very different from the one observed in the periodic
case (see Figure 2). We will now zoom in on the resonance even more so as to make this structure clearer.
We consider the two-dimensional point process &; (E, w) defined by

(B, 0) = D Saran (1-20)

2y, resonance of Hj ,
where x; and y; are defined by (1-19).
We prove:

Theorem 1.15. Fix E € (—2,2) N X° such that n(E) > 0. Then the point process &; (E, ) converges
weakly to a Poisson process in R x (0, 1] with intensity 1. That is, for any p > 0, if (I)1<n<p (resp.
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(Cu)1<n<p) are disjoint intervals of the real line R (resp. [0, 1]), then

14

LETOOP({Q)\#{]' | X7 L(E,0) €Ly, yi [ (E.w) € Cy =ky for n=1,....p})=]]e

—Un (/"Ln)kn
kp!

n=1

where [y, = |I,||Cy| for 1 <n < p.

This is the analogue of the celebrated result on the Poisson structure of the eigenvalues and localization
centers of a random system (see, e.g., [Molchanov 1982; Minami 1996; Germinet and Klopp 2014]).
When considering the model for ¢ = Z, Theorem 1.15 is Theorem 0.3.

In [Klopp 2011], we proved decorrelation estimates that can be used in the present setting to prove:

Theorem 1.16. Fix E € (=2,2)NX°and E' € (—=2,2)NX° such that E # E’, n(E) > 0and n(E") > 0.
Then the limits of the processes &; (E, ) and &; (E', w) are stochastically independent.

Due to the rescaling, the above results only give a picture of the resonances in a zone of the type
E +L71[—871, 871] _ l-[eon.(lJra)p(E)L’ 6*2877-,0(E)L] (1-21)

for ¢ > 0 arbitrarily small.

When L gets large, this rectangle is of a very small width and located very close to the real axis.
Theorems 1.14, 1.15 and 1.16 describe the resonances lying closest to the real axis. As a comparison
between points (1) and (2) in Theorem 1.14 shows, these resonances are the most numerous.

One can get a number of other statistics (e.g., the distribution of the spacings between the resonances)
using the techniques developed for the study of the spectral statistics of a random system in the localized
phase (see [Germinet and Klopp 2011; 2014; Klopp 2013]) combined with the analysis developed in
Section 6.

1C4. The description of the low-lying resonances. It is natural to question what happens deeper in the
complex plane. To answer this question, fix an increasing sequence of scales (£1) such that

l L
L 400 as L —> 400 and L0 as L— +o00. (1-22)
log L L

We first show that there are only a few resonances below the line {Imz = e}, namely:

Theorem 1.17. Pick (£1)1 a sequence of scales satisfying (1-22) and I as above.
Then, w almost surely, for L large one has

{z resonances of H; | in {Rezel, Imz < —e_“}} =0{y). (1-23)

As we shall show now, after proper rescaling the structure of these resonances is the same as that of
the resonances closer to the real axis.

Fix E € I such that n(E) > 0. Recall that (Z," 1 (w)); are the resonances of H,, ;. We now rescale the
resonances using the sequence (£ ) ; this rescaling will select resonances that are further away from the
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real axis. Define

x| =x[ g, (@) =n(E)L(Rezj  (w) —E) and y;=y;, (0)= log [Imz} ; (w)]. (1-24)

2nlLp(E)
Consider now the two-dimensional point process

£ (E, 0) = > Bty oty (1-25)

{ ] L]
zj ; resonance of Hw,L

We prove the following analogue of the results of Theorems 1.14, 1.15 and 1.16 for resonances lying
further away from the real axis.

Theorem 1.18. Fix E € (—2,2)NX°and E' € (—2,2)NX° such that E # E’', n(E) > 0and n(E") > 0.
Fix a sequence of scales (£1) satisfying (1-22). Then one has:

(1) For A € (0, 1], w-almost surely,

) ) . #{z resonances of H; ; in R*(E, ), £, ¢,0)}
lim lim lim : =1,
§—0t e—>0t L—>+o0 L1 eé

where R*(E, A, L, ¢, ) is as defined in Theorem 1.14.

(2) The point processes & L. (E, w)and & 1.0 (E’, w) converge weakly to Poisson processes in R x (0, +00)
of intensity 1.

(3) The limits of the processes SL (E, w) and EZ’ ((E', w) are stochastically independent.
Point (1) shows that, in (1-23), one actually has
{z resonances of H; ; in {Reze/l, Imz < —e‘“}} = L.

Notice also that the effect of the scaling (1-24) is to select resonances that live in the rectangle

E _i_gzl[_g*l’ 8*1] _ i[€*2n.(1+6)P(E)€L’ 672877.,0(15)&]

This rectangle is now much further away from the real axis than the one considered in Section 1C3.

Modulo rescaling, the picture one gets for resonances in such rectangles is the same we got above in
the rectangles (1-21). This description is valid almost all the way from distances to the real axis that are
exponentially small in L up to distances that are of order e~ 10gL)* "y > 1 (see (1-22)).

1CS. Deep resonances. One can also study the resonances that are even further away from the real axis

in a way similar to what was done in the periodic case in Section 1B4. Define the random potentials on N
and Z

~N _Jor-n for 0<n<L,
Vo (m) = 0 for L+ 1 <n,
< —
(3 for n < —1, 1 (1-26)
~ Wy, for 0<n< [EL]’
Vo (1) = 1
wr_, for [EL]—I-I <n<L,
0 for L+1<n,
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where w = (w,)en and @ = (@y)nen are i.i.d. and satisfy the assumptions of the beginning of Section 1C.
Consider the operators

o HN L =—A+ \7&’)\‘ L on £2(N) with Dirichlet boundary condition at 0,

,

« HZ, , =—A+VZ_, on (D).

Clearly, the random operator H E{ ;. (resp. H f’ ;) has the same distribution as Hﬁ‘, 1 (resp. H f’ ). Thus,
for the low lying resonances, we are now going to describe those of H E{ ; (resp. H f’ 1) instead of those
of HE{L (resp. Hf’L).

Remark 1.19. The reason for this change of operators is the same as the one why, in the case of the
periodic potential, we had to distinguish various auxiliary operators depending on the congruence of L
modulo the period p: this gives a meaning to the limiting operators when L — +o0.

Define the probability measure d N, (1) using its Borel transform by, for Imz # 0,

dNy, (M) _
/ PR (80, (Hy) — E)~'80). (1-27)
n A
Consider the function
dN, (A oo dN, (A
Ew(E)zf - “’(E) +etarccos<E/z>=/ /\L(E)JF%EJF (LE)? -1, (1-28)
R - R -

where the choice of z — arccos z and z — +/z2 — 1 are those described after (1-5).
This random function &, is the analogue of E, in the periodic case. One has the analogue of
Proposition 5.7:

Proposition 1.20. If wy # 0, one has E,(E) ~ —wyE "% as |E| — oo, Im E < 0. Thus, w-almost surely,
&, does not vanish identically in {Im E < 0}.

Pick I C X° N (=2,2) compact. Then, w-almost surely, the number of zeros of B, (counted with
multiplicity) in I + i(—o00, €] is asymptotic to f, n(E)/p(E)dE |loge| as ¢ — 0T; moreover, w-almost
surely, there exists €, > 0 such that all the zeros of B, in I +i[—¢&,, 0) are simple.

It seems reasonable to believe that, except for the zero at —ioo, w-almost surely all the zeros of &,
are simple; we do not prove it.
For the “deep” resonances, we then prove:

Theorem 1.21. Fix I C X°N(—2,2) a compact interval. There exists c > 0 such that, with probability 1,
there exists c,, > 0 such that, for L sufficiently large, one has:

(1) For each resonance of ﬁa'iL (resp. ﬁf@’L) iB I +i(—00, —e~“L], say E, there exists a unique zero
of €, (resp. E,Ey), say E, such that |E — E| < e Col,
(2) Reciprocally, to each zero (counted with multiplicity) of E, (resp. E,Eg) in the rectangle

; —cL 5 ; ; 7N 7z
I +i(—o0, —e - 1, say E, one can associate a unique resonance of H, ; (resp. Ha),&),L)’ say E,
such that |E — E| < e™¢L,
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One can combine this result with the description of the asymptotic distribution of the resonances given
by Theorem 1.18 to obtain the asymptotic distributions of the zeros of the function E, near a point E —i¢
when ¢ — 0T. Indeed, let (z;(w)); be the zeros of E,, in {Im E < 0}. Rescale the zeros:

xp¢(@) =n(E)[loge[(Rezi(w) —E) and  y . (0) = —5—————log|Imz(w)|; (1-29)
2p(E)[log ]
and consider the two-dimensional point process &, (E, w) defined by
E(E.o)= D Sweno (1-30)

z;(w) zeros of B,

Then one has:

Corollary 1.22. Fix E € I such that n(E) > 0. Then the point process &.(E, w) converges weakly to a
Poisson process in R x R with intensity 1.

The function E,, has been studied in [Kunz and Shapiro 2006; 2008], where the average density of its
zeros was computed. Here we obtain a more precise result.

1C6. The half-line random perturbation. On £*(Z), we now consider the operator H® = —A + V,,,
where V,,(n) =0 forn >0, V,(n) = w, forn < —1 and (w,),>¢ are i.i.d. and have the same distribution
as above. The spectral theory of the continuous analogue of H_°, i.e., the Schrodinger operator on the
real line with a random potential on the half-line, was studied in [Carmona 1983].

Recall that X is the almost sure spectrum of Hf (on €2(Z)). We prove:

Theorem 1.23. First, w-almost surely, the resolvent of H.° does not admit an analytic continuation from
the upper half-plane through (—2,2) N X° to any subset of the lower half plane. Nevertheless, w-almost
surely, the spectrum of H® in (—2,2) N X° is purely absolutely continuous.

Second, w-almost surely, the resolvent of H3° does admit a meromorphic continuation from the upper
half-plane through (=2, 2) \ X to the lower half-plane; the poles of this continuation are exactly the zeros
of the function E + 1 — ¢/%F) fR 1/(A — E) dN, (L) when continued from the upper half-plane through
(—2,2)\ X to the lower half-plane.

Third, w-almost surely, the spectrum of H.° in X°\ [—2, 2] is pure point associated to exponentially
decaying eigenfunctions; hence, the resolvent of H.° cannot be continued through £° \ [—2, 2].

In Figure 5, to illustrate Theorem 1.23, assuming that X7 (in blue) has a single gap that is contained in
(=2, 2), we have drawn the analytic continuation of the resolvent of H;° and the associated resonances;
we also indicate the real intervals of the spectrum through which the resolvent of H;° does not admit an
analytic continuation and the spectral type of HS° in the intervals.

Let us also note here that if 0 € supp g (where g is the density of the random variables defining the
random potential) then, by (1-13), one has [—2, 2] C X. In this case, there is no possibility to continue
the resolvent of H;° to the lower half-plane passing through [—2, 2].

Comparing Theorem 1.23 to Theorem 1.11, we see that, as for the operator H°°, when continued
through (-2, 2) N X° the operator H>° does not have any resonances, but for very different reasons.
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no analytic continutation
but absolutely continuous spectrum

_EZ

resonances

no analytic continuation "
and dense pure point spectrum

Figure 5. The analytic continuation of the resolvent and resonances for H.°.

When one does the continuation through (—2, 2) \ X, one sees that the number of resonances is finite;
“near” the real axis, the continuation of the function E > 1 —e/?®) [ 1/(A — E) dN,,(1) has nontrivial
imaginary part and near oo it does not vanish.

Theorem 1.23 also shows that the equation studied in [Kunz and Shapiro 2006; 2008], i.e., E,(E) =0,
does not describe the resonances of H° as is claimed in these papers: these resonances do not exist as there
is no analytic continuation of the resolvent of H3° through (—2,2) N X! Asis shown in Theorem 1.21, the
solutions to the equation E,,(E) = 0 give an approximation to the resonances of H E, ; (see Theorem 1.21).

1D. Outline of and reading guide to the paper. In the present section, we shall explain the main ideas
leading to the proofs of the results presented above.

In Section 2, we prove Theorem 1.3; this proof is classical. As a consequence of the proof, one sees
that, in the case of the half-lattice N (resp. lattice Z), the resonances are the eigenvalues of a rank-one
(resp. rank-two) perturbation of (—A + V)|jo,rj With Dirichlet boundary condition. The perturbation
depends in an explicit way on the resonance. This yields a closed equation for the resonances in terms
of the eigenvalues and normalized eigenfunctions of the Dirichlet restriction (—A + V)|jo,7- To obtain
a description of the resonances we then are in need of a “precise” description of the eigenvalues and
normalized eigenfunctions. Actually, the only information needed on the normalized eigenfunctions is
their weight at the point L (and the point O in the full lattice case), 0 and L being the endpoints of [0, L].

In Section 3, we solve the two equations obtained previously under the condition that the weight
of the normalized eigenfunctions at L (and 0) be much smaller than the spacing between the Dirichlet
eigenvalues. This condition entails that the resonance equation we want to solve essentially factorizes
and become very easy to solve (see Theorems 3.1, 3.2 and 3.3), i.e., it suffices to solve it near any given
Dirichlet eigenvalue.

For periodic potentials, the condition that the eigenvalue spacing is much larger than the weight of the
normalized eigenfunctions at L (and 0) is not satisfied: both quantities are of the same order of magnitude
(see Theorem 4.2) for the Dirichlet eigenvalues in the bulk of the spectrum, i.e., the vast majority of



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 279

them. This is a consequence of the extended nature of the eigenfunctions in this case. Therefore, we find
another way to solve the resonance equation. This way goes through a more precise description of the
Dirichlet eigenvalues and normalized eigenfunctions which is the purpose of Theorem 4.2. We use this
description to reduce the resonance equation to an effective equation (see Theorem 5.1) up to errors of
order O (L~°°). It is important to obtain errors of at most that size. Indeed, the effective equation may
have solutions to any order (the order is finite and only depends on V but it is unknown); thus, to obtain
solutions to the true equation from solutions to the effective equation with a good precision, one needs
the two equations to differ by at most O (L~°°). We then solve the effective equation and, in Section 5B,
prove the results of Section 1B.

On the other hand, for random potentials, it is well known that the eigenfunctions of the Dirichlet
restriction (—A + V)|jo,.7 are exponentially localized and, for most of them localized, far from the
edge of [0, L]. Thus, their weight at L (and O in the full lattice case) is typically exponentially small
in L; the eigenvalue spacing however is typically of order L~!. We can then use the results of Section 3
to solve the resonance equation. The real part of a given resonance is directly related to a Dirichlet
eigenvalue and its imaginary part to the weight of the corresponding eigenfunction at L (and O in the
full lattice case). The main difficulty is to find the asymptotic behavior of this weight. Indeed, while
it is known that, in the random case, eigenfunctions decay exponentially away from a localization
center and that, for the full random Hamiltonian (i.e., the Hamiltonian on the line or half-line with
a random potential), at infinity this decay rate is given by the Lyapunov exponent, to the best of our
knowledge, before the present work, it was not known at which length scale this Lyapunov behavior sets
in (with a good probability). Answering this question is the purpose of Theorems 6.4 and 6.5 proved
in Section 6C: we show that, for the one-dimensional Anderson model, for § > O arbitrary, on a box of
size L sufficiently large, all the eigenfunctions exhibit an exponential decay (we obtain both an upper
and a lower bound on the eigenfunctions) at a rate equal to the Lyapunov exponent at the corresponding
energy (up to an error of size §) as soon as one is at a distance § L from the corresponding localization
center.

These bounds give estimates on the weight of most eigenfunctions at the point L (and O in the full
lattice case); this is directly related to the distance of the corresponding localization center to the points
L (and 0). One can then transform the known results on the statistics of the (rescaled) eigenvalues and
(rescaled) localization centers into statistics of the (rescaled) resonances. This is done in Section 6B and
proves most of the results in Section 1C.

Finally, Section 6D is devoted to the study of the full line Hamiltonian obtained from the free
Hamiltonian on one half-line and a random Hamiltonian on the other half-line; it contains in particular
the proof of Theorem 1.23.

2. The analytic continuation of the resolvent

Resonances for Jacobi matrices were considered in various works (see, e.g., [Brown et al. 2005; Iantchenko
and Korotyaev 2012] and references therein). For the sake of completeness, we provide an independent
proof of Theorem 1.3. It follows standard ideas that were first applied in the continuous setting, i.e., for
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Figure 6. The mapping E +— 0(E).

partial differential operators instead of finite difference operators (see, e.g., [Sjostrand and Zworski 1991]
and references therein).

The proof relies on the fact that the resolvent of the free Laplace operator can be continued holomorphi-
cally from C* to C\ ((—o0, —2]U[2, +00)) as an operator valued function from lgomp
immediate consequence of the fact that, by discrete Fourier transformation, —A is the Fourier multiplier

2 . .
to lloc. This is an

by the function 6 — 2 cos 6.
Indeed, for —A on ¢2 (Z) and Im E > 0, one has, for (n, m) € Z (assume n — m > 0),

. 1 2w efi(nfm)e 1 Zhm
(0ns (A= E) bm) = 5 - do=_—— - dz
2w Jo 2cosé —E 2im Ji=1 22— Ez+1
1 ~ i(n—m)0(E)
- (E- BT (2-1)
2 (lE)z—l SIHG(E)
2

where E =2cos@(E) and 6 = 6(E) is chosen so that Im6 > 0 and Red € (—, 0) for Im E > 0. The
choice satisfies 0(E) = 0(E).

The map E +— 6(E) can be continued analytically from C* to the cut plane C\ ((—00, —2]U[2, +00))
as shown in Figure 6.

The continuation is one-to-one and onto from C\ ((—oo, —2]U[2, 400)) to (—m, 0) +iR. It defines a
choice of E +— arccos(%E) =0(E).

Clearly, using (2-1), this continuation yields an analytic continuation of RZ := (—=A — E)~! from
{ImE > 0} to C\ ((—o0, —2]U[2, +00)) as an operator from [2 to I2

comp loc*
Let us now turn to the half-line operator, i.e., —A on N with Dirichlet condition at 0. Pick E such that

ImE > 0 and set E =2 cos 8, where 8 = 6(E) is chosen as above. If, for v € CN bounded and n > —1,
one sets v_; = 0 and

n

N 1 IR oS+ DOE) oy s
Ry (EY0)y = 5 ,-;1 v;sin((n — j)(E)) —e 2 Sn6(E) ;e vj, (2-2)

then, for Im E > 0, a direct computations shows that:

(1) For v € £*(N), the vector R(’)N(E)(v) is in the domain of the Dirichlet Laplacian on 2(N), ie.,
[RY(E)(v)]-1 =0.
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(2) For n = 0, one checks that
[RY (E)()]nt1+ [RY (E)(W)]a—1 — E[RG (E)(©)]n = vy, (2-3)
3) RON(E ) defines a bounded map from £2(N) to itself.

Thus, R(’)\‘(E ) is the resolvent of the Dirichlet Laplacian on N at energy E for Im E > 0.
Using the continuation of E — 6(E), (2-2) yields an analytic continuation of the resolvent R(')N(E ) as

2 2
an operator from Ig,., to [j ..

Remark 2.1. Note that the resolvent R(')\‘(E ) at an energy E with Im £ < 0 is given by (2-2) with 6(E)
replaced by —6(E). For (2-2), one has to assume that (v;) jen decays fast enough at co.

To deal with the perturbation V, we proceed in the same way on Z and on N. Set VL = V1o 1
(viewed as a function on N or Z depending on the case). Letting Ro(E) be either RZ(E) or R)(E), we
compute

—A+ V' —E=(-A—-E)(1+Ry(E)V") =1+ V Ry(E))(—~AL — E).

Thus it suffices to check that the operator Ro(E) V! (resp. VL R (E)) can be analytically continued as
an operator from /2 to I2 _ (resp. lczomp to lczomp). This follows directly from (2-2) and the fact VL has
finite rank.

To complete the proof of Theorem 1.3, we just note that, since

e Er> Ry(E)VE (resp. E +— VER((E)) is a finite-rank, operator-valued function, analytic on the
connected set C \ ((—oo, —2]U[2, +00)),

« —1 is not an eigenvalue of Ry(E)VL (resp. VERy(E)) for InE > 0,

by the Fredholm principle, the set of energies E for which —1 is an eigenvalue of Ro(E)V’ (resp.
VL Ry(E)) is discrete. Hence, the set of resonances is discrete.

This completes the proof of the first part of Theorem 1.3. To prove the second part, we will first write
a characteristic equation for resonances. The bound on the number of resonances will then be obtained
through a bound on the number of solutions to this equation.

2A. A characteristic equation for resonances. In the literature, we did not find a characteristic equation
for the resonances in a form suitable for our needs. The characteristic equation we derive will take
different forms depending on whether we deal with the half-line or the full line operator. But in both
cases, the coefficients of the characteristic equation will be constructed from the spectral data (i.e., the
eigenvalues and eigenfunctions) of the operator Hy (see Remark 1.6).

2B. In the half-line case. We first consider H LN on £2(N) and prove:

Theorem 2.2. Consider the operator Hy defined as H 2\1 restricted to [0, L] with Dirichlet boundary
conditions at L and define:

e (Ajo<j<r = (Aj(L))o<j<L are the Dirichlet eigenvalues of HLN ordered so that Lj < ).

N =

°
a]

a?\J (L) =lg;j (L)|?, where @;j = (9j(n))o<n<L is a normalized eigenvector associated to A ;.
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Then an energy E is a resonance of H I[\‘ if and only if
L a¥ .
Si(E) = 2{; y L == —e 0B E=2cosO(E), (2-4)
J:

O(E) being chosen so that Im60(E) > 0 and Re0(E) € (—n,0) when Im E > 0.

Let us note that
L L
a(L)>0 forall 0<j<L and > a)(L)=) lp;L)*=1. (2-5)
=0 j=0

Proof of Theorem 2.2. By the proof of the first statement of Theorem 1.3 (see the beginning of Section 2),
we know that an energy E is a resonance if and only if —1 if an eigenvalue of Ro(E)V’, where Ry (E) is
defined by (2-2). Pick E an resonance and let u = (u,),>0 be a resonant state that is an eigenvector of
Ro(E)VE associated to the eigenvalue —1. As V' =0 for n > L + 1, (2-2) yields that, for n > L + 1,
u, = Be"E) for some fixed B € C*. Asu = —Ro(E)V%u, forn > L+ 1 it satisfies u,41 + ttp—1 = Eu,.
Thus, u; 1 = e®u; and, by (2-3), u is a solution to the eigenvalues problem

Up1+Uy—1+ Vyu, = Eu, forall n €[O0, L],
u_1 =0,
ur+1 :eie(E)uL.

This can be equivalently be rewritten as

Vo 1 0 ... 0 ug ug
1 vi 1 0
Do =E| : | (2-6)

0 1 Vi 1
0O --- 0 1 VL+€i9(E) ur ur

The matrix in (2-6) is the Dirichlet restriction of H LN to [0, L] perturbed by the rank-one operator
¢'?F)§; ®38; . Thus, by rank-one perturbation theory (see, e.g., [Simon 1995]), an energy E is a resonance
if and only if satisfies (2-4).

This completes the proof of Theorem 2.2. 0

Proof of Theorem 1.3. Let us now complete the proof of Theorem 1.3 for the operator on the half-line.
Let us first note that, for Im E > 0, the imaginary part of the left-hand side of (2-4) is positive by (2-7).
On the other hand, the imaginary part of the right-hand side of (2-4) is equal to —e!™?®) sin(Re 6 (E))
and, thus, is negative (recall that Re0(E) € (—m, 0) (see Figure 1). Thus, as already emphasized, (2-4)
has no solution in the upper half-plane or on the interval (-2, 2).

Clearly, (2-4) is equivalent to the polynomial equation of degree 2L + 2 in the variable 7 = e~/9(F)
L L
[[¢—2mz+D =) al ] @ -2nz+ 1 =0. (2-7)
k=0 j=0  0<k<L

k£]
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We are looking for the solutions to (2-7) in the upper half-plane. As the polynomial in the right-hand
side of (2-7) has real coefficients, its zeros are symmetric with respect to the real axis. Moreover, one
notices that, by (2-5), 0 is a solution to (2-7). Hence, the number of solutions to (2-7) in the upper
half-plane is bounded by L. This completes the proof of Theorem 1.3. U

2C. On the whole line. Now consider H LZ on £2(Z). We prove:

Theorem 2.3. Using the notations of Theorem 2.2, an energy E is a resonance of H f if and only if

5o (L) ¢ 0)¢;(L) -
d J J J 19(E)> =0, 2-8
G(Z%M—E(%®WAD wwmﬁ>+e &9

where det(-) denotes the determinant of a square matrix, E = 2cos0(E) and 6(E) is chosen as in
Theorem 2.2.

So, an energy E is a resonance of H LZ if and only if —e~"%®) belongs to the spectrum of the 2 x 2

matrix
L

L (1o (DP w@w@v
'L (E):= . 2-9
L® bem(%®@m 0, (O 29

Proof of Theorem 2.3. The proof is the same as that of Theorem 2.2 except that now E is a resonance if
there exists a nontrivial solution u to the eigenvalues problem

Up1+Up—1+ Vyu, = Eu, forall n e[O0, L],
u_; =e'Fy,

ur4+1 = eie(E)ML.

This can equivalently be rewritten as

Vo+e® 1 0 ... 0 uo uo
1 Vi 1 0
0 1 Vi 1
0 0 1 V4@ ur ur

Thus, using rank-one perturbations twice, we find that an energy E is a resonance if and only if

l0; (0)] ; = g (L)) ; @j(L)pj(0)p; (L)g;(0)
i0(E) j i0(E) j _ 2i0(Ek) j j j j
(1+¢ Z (1 %x,-—ﬁ—e L BB

0<j.j'<L
that is, if and only if (2-8) holds. This completes the proof of Theorem 2.3. O

Let us now complete the proof of Theorem 1.3 for the operator on the full line. Let us first show
that (2-8) has no solution in the upper half-plane. If —e~?(E) belongs to the spectrum of the matrix
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defined by (2-8) and u € C? is a normalized eigenvector associated to —e?F)_ one has

N
=~ EN\e; O] '

This is impossible in the upper half-plane and on (—2, 2) as the two sides of the equation have imaginary

parts of opposite signs.
Note that

L
i\ o (10
Z( i) 0 0= 1)

Note also that —e~/%F) is an eigenvalue of (2-8) if and only if it satisfies

L 2 2 2
et OP I OF ey 5 ! i erO @)
; Aj—E 0<j,j’<L A —E)Aj—E) ¢;(L) ¢;(L)
As the eigenvalues of Hy are simple, one computes
2 2
1 ;0 ¢y O _, Z 1 L 19;(0) ¢;(0) 2-11)
0T, G = EYOy = E)lei(L) 9y (L] 7 L hi—E oy —Ajlei (L) ¢j(L)
Thus, (2-10) is equivalent to the polynomial equation of degree 2(L + 1) in the variable z = e 10(E)
L L
[J@ = rmz+ D= @alz+6D) [] @ —mz+1)=0, (2-12)
k=0 j=0 O%QS_L
J

where we have defined

3 %@»W_1M|%@W E@w@vu
Ci= = L 0 == 2-13
(M(N+Wﬂﬂ) HQMD 207 @ lor O (2-13)

and )
b L |oi@ ;0
YRty

" i (L) @

The sequence (a]Z) ; also satisfies (2-5). Taking | E| to +o00 in (2-11), one notes that

L L
1
jX::Objz-z() and jXZ:OAjbjz-z—i Z

0<j.j'<L

9;(0) ;0

= —1. 2-14
0i(L) ¢;(L) 2-14)

We are looking for the solutions to (2-12) in the upper half-plane. As the polynomial in the right-hand
side of (2-12) has real coefficients, its zeros are symmetric with respect to the real axis. Moreover, one
notices that, by (2-14), 0 is a root of order two of the polynomial in (2-12). Hence, as the polynomial has
degree 2L + 3, the number of solutions to (2-12) in the upper half-plane is bounded by L. This completes
the proof of Theorem 1.3.
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3. General estimates on resonances

By Theorems 2.2 and 2.3, we want to solve equations (2-4) and (2-8) in the lower half-plane. We first
derive some general estimates for zones in the lower half-plane free of solutions to equations (2-4)
and (2-8) (i.e., resonant-free zones for the operators H ? and H Z) and then a result on the existence of
solutions to equations (2-4) and (2-8) (i.e., resonances for the operators H i\l and H LZ).

3A. General estimates for resonant-free regions. We keep the notations of Theorems 2.2 and 2.3. To
simplify the notations in the theorems of this section, we will write a; for either a'}\J when solving (2-4)
or a]z_ when solving (2-8). We will specify the superscript only when there is risk of confusion.

We first prove:

Theorem 3.1. Fix § > 0. Then there exists C > 0 (independent of V and L) such that, for any L and
JE{0, ..., Ly with =448 <Xj_1+Aj <Ajr1+A; <434, equations (2-4) and (2-8) have no solution
in the set (see Figure 7)

Uj:={E€C|ReE €[50 +1-1).5j+1j31]. 0= C-65ImE > —a;d;|sinReO(E)|}, (3-1)
where the map E +— 0(E) is as defined in Section 2 and we have set
.= 1 . — . . —_ . ! — / -
di ==min(Aj1 —Aj, Aj—Aj_1, 1) and 05: ‘Egza_x&/zw (E)|. (3-2)

In Theorem 3.1 there are no conditions on the numbers (a;); or (d;); except their being positive. In
our application to resonances, this holds. Theorem 3.1 becomes optimal when a; < d]2.. In our application
to resonances, for periodic operators one has a; < L~ " and dj < L~ (see Theorem 5.2), and for random
operators one has a; < el and d i 2 L~* (see Theorem 6.4 and (6-10)). Thus, in the random case
Theorem 3.1 will provide an optimal strip free of resonances, whereas in the periodic case we will use a
much more precise computation (see Theorem 5.1) to obtain sharp results.

When a; < djz., one proves the existence of another resonant-free region near a energy A ;, namely:

Theorem 3.2. Fix § > 0. Pick j € {0, ..., L} such that =448 < Aj_1+XAj <Ajr1+A;j <4—34. There
exists C > 0 (depending only on 8) such that, for any L, if a; < d; / C? then equations (2-4) and (2-8)
have no solution in the set (see Figure 7)

~ ad2
U ::{EEC Re E€[3(hj+rj_1), Aj—Ca;]U[r;+Ca;, S j+1j41)]. —Ca; §ImE§—%}

d2

U{Ee@ ReE €[5(hj+Aj-1), 3(hj+Aj40)], —EjflmEf—Caj}. (3-3)

Theorem 3.2 becomes optimal when a; is small and d; is of order one. This will be sufficient to deal
with the isolated eigenvalues for both the periodic and the random potential. It will also be sufficient to
give a sharp description of the resonant-free region for random potentials. For the periodic potential, we
will rely on much more precise computations (see Theorem 5.1).

Note that Theorem 3.2 guarantees that, if d; is not too small, outside R; (see Theorem 3.3) resonances
are quite far below the real axis.
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ro Ui Aj Ajt
,,,,,,,,,,,,,,,,,,, R]
U

Figure 7. The resonance-free zones U; and U;.

Proof of Theorem 3.1. The basic idea of the proof is that, for £ close to A;, Sy (E) and the matrix 'z (E)
are either large or have a very small imaginary part while, as —4 <A; 1 +1; <X 1 +4; <4, e 0E)
has a large imaginary part. Thus, (2-4) and (2-8) have no solution in this region.

We start with (2-4). Pick E € U; for some C large to be chosen later on. Assume first that [E — A ;| <
ajd;(2+ Codj)_1 for Cy := 2¢!/€. Recall that 0 < aj,d; < 1. Note that, for C sufficiently large, for
E € U;, one has

[Ime 0E)| = MIE) |5in Re O(E)| = ™0 E—Re ENlgin Re O(E)|
> % ME|sinRe O(E)| > ¢/ |sinRe O(E)| (3-4)

and
le B <1 <e!/C. (3-5)

One estimates

a; Ay 2 Zak 1/C
ISLE)| > —— =) ——— > +Co— : >Co=2¢"C.  (3-6)
|)»j—E| I;M/(—E| dj ];mmk#l)»k—)\jl

Thus, comparing (3-6) and (3-5), we see that (2-4) has no solution in U; N{|E —A;| < a;d;(2+ Cdj)_l}.
Assume now that |E — A;| > a;d;(2+ Codj)_l. Then, for E € U, one has

[Im E| <

1 .
Qéca,dﬂstee(E)L (3-7)

Thus, for E € U; N{|E —Aj| > ajd.,-(2+Codj)_1}, one computes

aj 4
Im Sz (E)| < |ImE J +
m Sz (E)] <] |(|Aj—ReE|2+|ImE|2 d}+|ImE|2>

1
;C
4
iC

=

. Q4+ Codj)’a; 4
ajd§|s1n(Re9(E))|<# + o
J J

DD

=

(1+¢e"%)?sin(ReH(E))| < %e‘”clsin(Re 0(E))| (3-8)

>

provided C satisfies 8¢!/€ (1 4 ¢!/€)? < 05C.
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Hence, the comparison of (3-4) with (3-8) shows that (2-4) has no solution in
-1
Ui N{lE = 1j| >a;d;(2+ Cod))"}

if we choose C large enough (independent of (a;); and (A;);). Thus, we have proved that, for some
C > 0 large enough (independent of (a;); and (%)), (2-4) has no solution in U.

Let us now turn to the case of (2-8). The basic ideas are the same as for (2-4). Consider the matrix
['z (E) defined by (2-9). The summands in (2-9) are hermitian, of rank 1, and their norm is given by (2-13).
Assume that £ € U is a solution to (2-8). Define the vectors

B (L ,
v i=a;"? <ZJ,~((0))> for j€{0,...,L}.

7
Here, a; =aj.

Note that, by definition of a;, one has [|v; |> = 2. Pick u in C? a normalized eigenvector of I'z (E)

associated to the eigenvalue —e %), Thus, u satisfies

L
Z a;j(vj, u)v; — 0B, (3-9)
. Li—E
j=0
Note that, by assumption, one has
2
sup ai (Ve u)vg < 1 4 ‘Im(z ak|{vk, u)| )‘ < |Im2E|’ (3-10)
eeu; i Ay —E d; py A —E d;

where the constants are independent of C, the one defining U;.
Taking the (real) scalar product of (3-9) with u, and then the imaginary part, we obtain

aj|<Uj,I/l>|21mE —i0(E |ImE|
|)»j—E|2 (e ) de

Thus, for E € U, as a; < 1, for C in (3-1) sufficiently large (depending only on §),

a;l(v;. u)P[Im E|
hj— E|?

> %lsinRe@(E)l.

Hence, for a solution to (2-8) in U; and u as above, one has

2a|Im E| aj|lm E|
|Aj— El < [{vj, u)l | — <2 /= ,
[sinRe O (E)| [sinRe O (E)|

Hence, by the definition of U;, for C large we get

aj
Ai—E

co; 1
—. 3-11
Z > Z (3-11)

=
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By (3-10), the operator I'; (E) can be written as

a:
FL(E):)L._]Evj®vj+Rj(E)+ilj(E), (3-12)
J
where R;(E) and I;(E) are selfadjoint (/; is nonnegative) and satisfy
1 |Im E|
||Rj(E)||§z and [1;(E)| S 7 (3-13)
J J

aj
r—E

An explicit computation shows that the eigenvalues of the two-by-two matrix

: d; Im E
= Y (1+0< ’,)) or ma| < MEL
)»j—E CQS aj

where the implicit constants are independent of the one defining U ;.
Thus, by (3-12), using (3-11) and the second estimate in (3-13), we see that the eigenvalues of the

matrix 'y (E) satisfy
aj dj 2
A= 14+ 0 - or |[ImAl<—.
Aj—E Coy Coj

Clearly, for C large, no such value can be equal to —e~"%£), being too large — by (3-11) —in the first

Vi QUj +Rj(E)
satisfy

case or having too small imaginary part in the second. The proof of Theorem 3.1 is complete. U
Proof of Theorem 3.2. Again, we start with the solutions to (2-4). For z € U j» we compute

L
ayIm E aiIlmFE —apIm E
ImS.(E)=) ———= L+ > . (3-14)
par (A —Re E)*+Im“"E  (A; —ReE)*+Im~ E Okl (Ar —Re E)*+Im“ E

k#j

When —dJZ. /C <ImE < —Caj, the second equality above and (2-5) yield, for C sufficiently large,
aj [Im E| 2
<

0<ImS(E) < — =. 3-15
=ImSE) S g &+’ E ~ C G-15)
On the other hand, for some K > 0, one has
2
IIm e_,'e(E)l > |Im e—ie(ReE)| _ de‘
- C
Now, since under the assumptions of Theorem 3.2 one has
min me *®| > Lmin(v/16 — 0 +4;-1)% V16— (4 +4j30)D),  (3-16)

Ee[(hj+Aj—1)/2,(Aj+2j+1)/2]

we obtain that (2-4) has no solution in ﬁj N{—d;j/C <ImE < —Caj;}.
Now pick E € U jsuchthat —Ca; <ImE < —a jd]z /C. Then (3-5) and (2-5) yield, for C sufficiently
large,
a; ImFE Caj 1 1

ImS; (E) < <+
z( )Nc2a§+lm2E+ 2 =ctac
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The imaginary part of e *?(F) is estimated as above. Thus, for C sufficiently large, (2-4) has no solution
in U;N{—Ca; <ImE < —a;d?/C).

The case of (2-8) is studied in exactly the same way except that, as in the proof of Theorem 3.1, one has
to replace the study of Sy (E) by that of (I'y (E)u, u) for u a normalized eigenvector of I'; (E) associated
to —e~"%(E) and, thus, the coefficient a; in (3-14) gets multiplied by a factor |(vg, u)|* that is bounded
by 2.

This completes the proof of Theorem 3.2. g

3B. The resonances near an “isolated” eigenvalue. We will now solve (2-4) near a given A ; under the
additional assumptions that a; < djz.. By Theorems 3.1 and 3.2, we will do so in the rectangle R; (see
Theorem 3.3 and Figure 7). Actually, we prove that in R; there is exactly one resonance and give an
asymptotic for this resonance in terms of a;, d; and A ;. This result is going to be applied to the case of
random V and to that of isolated eigenvalues (for any V).

Using the notations of Section 3, for j € {0, ..., L} we define

| <|<pk<L>|2 (Pk_(O)(Pk(L)>. (3-17)

N
a

Sp,j(E):= k and Ty (E):=) ——

L) ;;Ak—E L ,;M—E ok (O @r(L)  |er(0)?

We prove:
Theorem 3.3. Pick j € {0, ..., L} such that —4 < Aj_1 +A; < Ajp1+A; < 4. There exists C > 1

(depending only on (Aj_1 + ;) +4 and 4 — (Xj41 + A})) such that, for any L, if a; < djz./C, 2-4)
and (2-8) have exactly one solution in the set

a;d?
R = {E eC ‘ ReEec)j+Caj[-1,1], =Ca; <ImE < — jCj } (3-18)

Moreover, the solution to (2-4), say ZJN, satisfies

N
a',
N_ 4 J N j—1y2 )
G =kt Sp,j(hj)+e 00D +OWajd; 7)) (3-19)
and the solution to (2-8), say zjz., satisfies
7 _ @;(L) —i00 -1 [P (L) 7 —1\2
C= A I'p (A -d . -2
Z; J+<<(pj(0) s (T j(Aj)+e ) 0:(0) + 0((ajd; ")) (3-20)

N

Note that, if alNdj_2 is small, (3-19) gives the asymptotic of the width of the solution z /', namely,

Imz) aj sin6(,) (1+0(1)) (3-21)
S o= o . -
T ISL. 1 00) +c0s 0GP + sin2 (i)
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Recall that sin6(A;) < 0 (see Theorem 2.2). For H 7 using the bounds (3-28) and (3-29), we see that
the asymptotic of the imaginary part of the solution z? satisfies
1
—Eajz <Imzf < -Cadfd}. (3-22)
This and (3-21) will be useful when a; < djz., as will be the case for random potentials. The case when
a; and d; are of the same order of magnitude requires more information. This is the case that we meet in
the next section when dealing with periodic potentials.
The proof of Theorem 3.3 also yields the behavior of the functions E +— Sp(E) + e 9(E) and
E +> det(T'(E) + e~"%E)) near their zeros in R ;j and, in particular, shows the following:

Proposition 3.4. Fix § > 0. Under the assumptions of Theorem 3.3, there exists ¢ > 0 such that, for
—4+8<Aj1+Aj<Ajp1+Aj <40, onehas

S (E) + o—ifE) det(T s (E) + e—i0E)
inf ISL(E) +e |ZC and inf |det(I"'. (E) +e )|ZC-

O<r<ca;.\‘dj7l \Efsz|=r r 0<r<ca/zd,.’1 IEfz?|=r r

Proposition 3.4 is a consequence of the analogues of (3-24) and (3-30) on the rectangles
Rj=%j+cajd; ' [—1,11 x [-1, 1]
for e € {N, Z} and c sufficiently small.

Proof of Theorem 3.3. Let us start with (2-4). To prove the statement in (2-4), in R; we compare the
function E — Sz (E) + e %) to the function

N

~ a'. .
E— SL,j(E) = J +SL,j()\j) _i_efze()tj).
A —E

Clearly, in C, the equation S L,j(E) =0 admits a unique solution, given by

N
- a;

Zj=Aj+ . .
J J SL’j(}\’j)_i_e—l@(}»j)

For E € AR}, the boundary of R;, one has

N
J - __

Aj—E|T 2C’ (3-23)

e B — 70D < CdlY and  [Sp j(E) = SL (M) < CaJNdj_z.

a 1

~ 1
|SL, ;i (E)| > °C and

Hence, as d; < 1, one gets

|Sp.j(E) — SL(E) — ™08
max =
E€dR; |SL,; (E)]

<4Cdd;?.

Thus, by Rouché’s theorem, (2-4) has a unique solution in R;.
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To obtain the asymptotics of the solution, it suffices to use Rouché’s theorem again with the functions
Sp.; and SL(E) 4 ¢~**® on the smaller rectangle R; = Z; + K(aJNdj’l)z[—l, 1] x [—1, 1]. One then
estimates

|SL.j(E) = SL(E) —e™ 75|
max

X = <4ck . (3-24)
E€)R; |51 (E)|

Thus, for K sufficiently large, this completes the proof of the statements on the solutions to (2-4) contained
in Theorem 3.3.

Let us turn to (2-8). On R;, we now compare I' (E) + e~ 1o the matrix-valued function

E — FL,./'(E) =

( lo;(L)I>  ¢;(0)p;(L)

0 1 00
@i (0)@; (L) 1¢;(0) >+FL’JO‘1)+€ )

A —E

The matrix

(|<oj(L)|2 <T(0><pj<L>)
9 (0p;(L) g0

has rank 1 and can be diagonalized as

( o (D)1 <T(0)<pj(L)> _ <aJZ 0) -
9;(0)g;(L) ;)] 7\o o) 7

where aJZ. is given by (2-13) and

p_ | (goj(m —gT(o))
TV \6j0) ;D) )

Thus, FL, j(E) is unitarily equivalent to

ML (40 + PITp j(hj) P +e %) (3-25)
T —E\0 o) TR
As P;TLJ (A ;) P; isreal and the imaginary part of e~ %) does not vanish, My := P;‘FLJ- (AP He 10
is invertible. By rank-1 perturbation theory (see, e.g., [Simon 2005]), we know that M is invertible if and
only if a]Z[Mo_l]u +A; # E (where [M];; is the upper right coefficient of the 2 x 2 matrix M). In this
case, one has
a’

VA

10

M ' =m! - J M—1< )M‘l. (3-26)
O dl M+ —E 0 \00) 0

Hence, 0O is an eigenvalue of M if and only if
E=2;+al[(P;TL ;)P +e 00) 1,

Yy fﬂj(L)> e —i00.)\~1 <¢j(L))> i
Aj+<<¢j(0) s (CL i) +e ) 0 )] (3-27)
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Note that, as Iy ; () is real symmetric and ||z ;(A;)]| < Cd._l, one has

— — z
(Pj(L)> T O —i0( )\ —1 (@j(L))>' a; 398
K(wjm) g+ 6| = sine e (5-28)
and T
</’j(L)) N L =00y —1 (‘Pj(L))>) ajd;sinf(4,) )
Im(<(¢j(0) i+ (U0)) = (3-29)

Using (3-25), (3-26), (3-28) and (3-29),we see that, for E € d R}, the boundary of R, fL,.,- (E) is invertible
and that one has

ITL ;B <2C and [T ;(E) =T ;) < Catd;?.
Hence, as d; < 1, taking (3-23) into account, one gets

max |1 — [Ty ;(E)]™' (TL(E) +e )| <4C%afd; .
EEBRJ‘

In the same way, one proves

max |1 — [T, ;(E) (CL(E) +e ) S K, (3-30)
E€iR;
where we recall that ﬁj =Zj+ K(a?\‘dj_l)z[—l, 1] x[-1,1]. _
Thus, we can apply Rouché’s theorem to compare the following two functions on 0R; and dR; (for K
sufficiently large):
det(T, j(E)) and det(TL(E)+e 0E),

as
|det(T'j (E)) — det(T'(E) + e~ ~ " ioE
’ - =|1—det(1=[1—=[Tz ;(E)]"NTL(E) +e "EN])|.
We then conclude as in the case of (2-4). This completes the proof of Theorem 3.3. 0

Combining Theorems 3.3, 3.1 and 3.2, we get a pretty clear picture of the resonances near the Dirichlet
eigenvalues in (—2, 2) as long as the associated a; and d; behave correctly. As said, this and the knowledge
of the spectral statistics for random operators will enable us to prove the results described in Section 1C.
For the periodic case, Theorems 3.1, 3.2 and 3.3 will prove not to be sufficient. As we shall see, in this
case, a; and d; are of the same order of magnitude. Thus, neighboring Dirichlet eigenvalues have a
sizable effect on the location of resonances. Therefore, in the next section, we compute the Dirichlet
spectral data for the truncated periodic potential.

4. The Dirichlet spectral data for periodic potentials

As we did not find any suitable reference for this material, we first derive a suitable description of the
spectral data (i.e., the (a;.) j and (4;);) for the Dirichlet restriction of a periodic operator to the interval
[[0, L] when L becomes large.



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 293

Consider a potential V : N — R such that, for some p > 1, one has V; = V;, for all k > 0. We assume
p to be minimal, i.e., to be the period of V. In our first result, we describe the spectrum of HZ = —A+V
on ¢%(Z) and HN = —A + V on £>(N) (with Dirichlet boundary conditions at 0). In the second result we
turn to H;, the Dirichlet restriction HN to [[0, L] and describe its spectral data, i.e., its eigenvalues and
eigenfunctions.

We recall:

Theorem 4.1. The spectrum of HZ, say X7, is a union of at most p disjoint intervals that all consist in
purely absolutely continuous spectrum.

The spectrum of HN is the union of £7 and at most finitely many simple eigenvalues outside Xz,
say (vj)o<j<n. Lz consists of purely absolutely continuous spectrum and the eigenfunctions associated to
(vj)o<j<n» say (¥j)o<j<n, are exponentially decaying at infinity.

Except for the exponential decay of the eigenfunctions, the proof of the statement for the periodic
operator on Z and N is classical and can, e.g., be found in a more general setting in [Teschl 2000, Chapters
2, 3 and 7] (see also [van Moerbeke 1976; Reed and Simon 1980]). The exponential decay is an immediate
consequence of Floquet theory for the periodic Hamiltonian on Z and the fact that the eigenvalues lie in
gaps of Xz.

For HZ, one can define its Bloch quasimomentum (see the beginning of Section 4A for details), which
we denote by 6,; it is continuous and strictly increasing on X7 and real analytic on X7, the interior of X7.
Decompose X7 into its connected components, i.e., Xz = Ule B, where g < p. Let ¢, be the number
of closed gaps contained in g. Then 6, is continuous and strictly increasing on B, and real analytic on
B?, the interior of the r-th band. Moreover, on this set, its derivative can be expressed in terms of the
density of states, defined in (1-2) as

n(k) = %eg(x). (4-1)
We first describe the eigenvalues of Hy .
Theorem 4.2. One has:
(1) Foranyk € {0, ..., p— 1}, there exists hy : X7 — R, a continuous function that is real analytic in a

neighborhood of 5 such that, for L sufficiently large with L =k mod p,

(a) for 1 <r <gq, the function hy maps B, into (—(c, + D)m, (¢, + 1)7);
(b) the function

h
L—k

Op,L =0, — (4-2)

is continuous and strictly monotonous on each B, (1 <r < q);
(c) for 1 <r < gq, the eigenvalues of Hy, in B,, the r-th band of Xz, say (A;.)j, are the solutions
(in X7) to the quantization conditions

r T .
Qp,L(kj) =—— JE€ Z. 4-3)
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(2) There exists ¢ > 0 such that, if A is an eigenvalue of Hy, outside Xz, then for L = Np + k sufficiently
large there exists loo € EO+ U X, \ Xz such that one has |A — doo| < e°L.

Recall that Za’ and X, are the spectra of H(;r and H,, respectively, defined in Section 1B2.

In Theorem 4.2, when solving (4-3), one has to do it for each band B, and, for each band and each j
such that jz /(L —k) € 0,1 (B,), (4-3) admits a unique solution. But, it may happen that one has two
solutions to (4-3) for a given j belonging to neighboring bands. In the sequel, to simplify the notations,
we will not distinguish between the different bands, i.e., we will write eigenvalues (A ;) ; not referring to
the band they belong to.

Let us now describe the associated eigenfunctions.

Theorem 4.3. Recall that (1) ; are the eigenvalues of Hy in ¥z (enumerated as in Theorem 4.2).

(1) There exist p + 2 positive functions, say f0+, (fi Do<k<p—1 and f, that are real analytic in a
neighborhood of 3 such that there exists o, € {+1, —1} such that, for L = Np + k sufficiently large
and ) j in B}, the interior of r-th band of Xz, one has

z_f,:(xj)( f(x,-))‘l ) s
P =——=(1+=2) » e _—fk_(kj)|¢l(L)|’

and @ (L)@1(0) = o,¢'™ g (L) |¢1(0)| = o, ETR0 D= 10 (L) |19 (0)].  (4-4)

(2) Let A be an eigenvalue of Hy, outside X7 (see Theorem 4.2(2)). If ¢ is a normalized eigenfunction
associated to A and Hy, one has one of the following alternatives for L large:

(@) Ifhoo € ¢ \ Z; , one has
lp(L)| =< e~ " and |p(0)] < 1. (4-5)
(b) If koo € I \ Z, one has
lp(L)| =<1 and |p(0)| < e L. (4-6)
© Ifrce X, N Ea', one has
lp(L)| <1 and |e0)| < 1. 4-7)
For later use, let us define 6, 1, fo,, and fi 1 by

z = -1
fo ) ) | “s)

-1
fk,L()\):fk_O\)<l+m> and fO,L()\)Zf0+()\)<1+L—_k
where 0, hi, fo, fi and f are as defined in Theorem 4.2.
As a consequence of Theorem 4.2, we obtain:
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Corollary 4.4. For A € X5, for L =k mod p sufficiently large, one has

dN
—()w) =mn (W) = fy Mn@) = %fk_ Mo, () = %fk,L()»)e,/,,L()»), (4-9)
dN(;r +oyy — f+ N I '

— W) =ng () = fo MIn@) = — fo" (W0, () = — fo.L (M), L (). (4-10)

Here, Op, fo+ and fkf are the functions defined in Theorem 4.2.
Proof of Corollary 4.4. To prove the first equalities in (4-9) and (4-10), it suffices to prove that, for any
X €65°(22),
_ _ 1 _ - 1 _
o x (HOM) = [ x0aNz o =1 [ 2, w0170 dondk= L [ 6o ogy 00 .
R R R
(4-11)

1 - — 1
(80, X (Hg)do) = f X () ANG () = — / X0, () fy 6, () dk = — / X fF 0)6), () di,
R R R
(4-12)
the full statement then following by standard density argument. The operator H; converges to H(;’

in the norm resolvent sense. Thus, we know that (&, X(H(;L)So) = limy_ 45 {(60, x (Hr)0). Now, by
Theorem 4.2, as x is supported in X5, using the Poisson formula one computes

1 _1 Il I
(80, x (HL)80) Zx(k)llso,(o)l T % x(9 (L k)>f0L( (L k))

Gl e

jez
LY [ I G o Ga6) ) d
jEZ
Thus, using the nonstationary phase, i.e., integrating by parts, one gets, for any N > 2,
<Y Cwlixllen (1L =)~
Jj=1

< Cnxllxlley (L —k)~N. (4-13)

Here we have used the analyticity of the functions 6, ; and fo 1.

(30, x(HL)b0) — = /R X () fo.L (6, 1 (%) dx

To deal with H,~, we recall the operator H; (which is unitarily equivalent to H ) defined in Remark 1.6.
One has (8, H .61) = (80, X (HL)cSo) thus, as H_ is the strong resolvent sense limit of H., one gets
(80, x (Hy )d0) =limy oo (Sr, x (HL)SL).

Then (4-11) and (4-12) —and, thus, the first equalities in (4-9) and (4-10) —follow, as 9;,’ 1 JoL
and fi,; converge (locally uniformly on X%) to 6, fo+ and f,", respectively (see (4-8) and Theorem 4.2).

Let us now prove the second equalities in (4-9) and (4-10). To this end, we use an almost analytic
extension (see [Mather 1971]) of x, say x, that is, a function x : C — C satisfying
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(D) Xx@) =x() forz eR,

(2) supp(x) C{z€C||Im(z)| <1},

) x €e¥({zeClIm(z)| < 1}),

(4) the family of functions x — dx (x +iy)/9z-|y|™" (for 0 < |y| < 1) is bounded in ¥(R) for any n € N.

Moreover, x can be chosen so that one has the following estimates: forn >0, o >0, § > 0, there
exists Cy o, > 0 such that

0P x

X o
TR

o aﬁ —n .
Sl Iyl B_Z(x +iy)
By the definition of yx, the right-hand side of (4-14) is bounded uniformly in £ complex.

Let x € 65°(R) and x be an almost analytic extension of x (x). Then, by [Helffer and Sjostrand 1990;
Klopp 1995], we know that, for any n and w € €2,

<Cuap sup sup . (4-14)

B <n+p+20'<a xeR

sup sup
O<ly|<1l xeR

. a"‘ _
X(H.)=ﬁ/@a—;(Z)(Z—H.)_ldz/\dz, (4-15)

where H, equals H;, Hy, H or H .
Using the geometric resolvent equation (see, e.g., [Kirsch 2008, Theorem 5.20]) and the Combes—
Thomas estimate (see, e.g., [Kirsch 2008, Theorem 11.2]), we know that for some C > 0, for Imz # 0,

~ C
(80, [(HL —2) ™" = (H —2)""180)| + |(80, [(HL —2) ™' — (Hyf —2)7"180)| < me—“lm‘/ €. 4-16)

Plugging (4-16) into (4-15) and using (4-14), we get

L
> xGpleiOF - [

j=0 R

X()»)dNJ()»)‘ < 5N/ |y|N=le /€ gy < CyL™N.
lyl=l

Thus, by (4-12) and (4-13), we obtain that, for x € €3°(X3) and any N > 0, there exists Cy > 0 such
that

fﬂq{x()»)[fo,L(?»)G,/,,L(?») - f(f(l)%(?»)]dk‘

/ X (W) fo.L (M8, (M) di— / x(k)dNJ(k)‘ <CyL™N. (4-17)
R R

Now, by (4-3) and (4-8), the function fj, L@;’ L= f0+0;) admits an expansion in inverse powers of L that
converges uniformly on compact subsets of X3, namely,

fO,LQ;’L — f0+(9;7 = Z L_kOlk.
k>1

Thus, (4-17) immediately yields that, for any k > 1, one has ay = 0 on 5. Hence, fo, LQI/L L= f0+91/,

on X5. This completes the proof of Corollary 4.4. O
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4A. The proofs of Theorems 4.2 and 4.3. We will first describe some objects from the spectral theory
of HZ, use them to describe the spectral theory of H", prove Theorem 4.2 and finally prove Theorem 4.3.

4A1. The spectral theory of H%. This material is classical (see, e. g., [van Moerbeke 1976; Teschl 2000]);
we only recall it for the reader’s convenience. For 0 < j < p — 1, define fj = fj (E) to be a monodromy
matrix for the periodic finite difference operator HZ, that is,

J J
F By Tor 1 (E) T, i o [ BE) BHE) _
Ti(E)=Tj1p-1,;(E)=Tj4p-1(E)---T;(E) =: (a;_l(E) bf,_l(E)) , (4-18)
where
. _(E-V; —1 )
TJ(E)_( | O)' (4-19)

The coefficients of T"] (E) are monic polynomials in the energy E; alf;(E ) has degree p and bé(E ) has
degree p — 1. Clearly, detfj(E) =1. As j > V; is p-periodic, so is j > fj(E). Moreover, for j' < j,
one has

Ti(E)T; j(E) =Ty pi1 jrep 1 (EYTj(E) = Ty (E)Tj1(E). (4-20)

Thus, the discriminant A(E) :=tr YN"J (E) = al{;(E )+ b{;_l (E) is a polynomial of degree p that is inde-
pendent of j; so are p(E) and p~!(E), the eigenvalues of fj(E ). One defines the Bloch quasimomentum
E v 60,(E) by

A(E) = p(E) + p~'(E) = 2cos(pb,(E)). (4-21)

Let us recall some basic properties of the discriminant A and the coefficients of fj, the proofs of which
can be found in [van Moerbeke 1976]:

(1) If A/(E) =0 then |A(E)| > 2.
(2) The zeros of A’ are simple.
(3) E is a zero of A’ such that |A(E)| =2 if and only if T,-(E) € {+1d, — Id} (for any j).

(4) The polynomials b{, and a:;_l only vanish in the set {|A(E)| > 2}; they keep a fixed sign in each of
the connected components of the set {|A(E)| < 2}.

Note that A(E) is real when E is real. Thus, for E real, |A(E)| < 2 implies that o Y(E) = p(E)
and |A(E)| > 2 implies that p(E) is real. When |A(E)| < 2 we will fix p(E) := ¢/?%®) and when
|A(E)| > 2 we will fix p(E) so that |p(E)| < 1.

E belongs to the spectrum of H” (i.e., —A+V on £*(2)) if and only if |[A(E)| <2 (see, e.g., [Teschl
2000]).

Properties (1)—(3) above imply that, for Eq a zero of A’ such that A(Eg) = %2, 0, is real analytic
near Eq and 0;,(E0) #0.

Definition 4.5. E| is said to be a closed gap if and only if |A(Ep)| =2 and A’(Ey) = 0 or, equivalently,
if and only if Ty(Eo) is diagonal.
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Consider 0 Xz. It is the set of energies that are solutions to |A(E)| = 2 where fo(E ) is not diagonal; it
is also the set of roots of |[A(E)| = 2 that are not closed gaps. From the upper half of the complex plane,
one can continue E — 6,(E) analytically to the universal cover of C\ dXz. Each of the points in 0 X7 is
a branch point of 6, of square root type. Moreover, for E ¢ %7, there exist two linearly independent
solutions to the eigenvalue equation (—A + V — E)u = 0, say ¢+ (FE), satisfying, forn € Z,

pr(n+p, E) =" Do, (n, E). (4-22)
4A2. The spectral theory of HN. Let us now turn to the spectrum of the operator on the half-lattice.

The operator Hy". For the operator H” = HN (that is, —A 4+ V on ¢*(N) with Dirichlet boundary
conditions at 0), E is in the spectrum if and only if

o cither |A(E)| <2,

e or |[A(E)| > 2 and [TO(E)]"((I)) stays bounded as n — +o0.

The second condition is equivalent to requiring that [YN"j(E)]”Tj, 1(E)---To(E )((1)) stay bounded
as n — +o0.
When |A(E)| # 2 and a271 (E) # 0, one can diagonalize fO(E ) in the following way

(ag_l(E) p(E) —d5(E) )T (E)— (p(E) 0 )(ag_l(E) p(E) —ay(E) ) 4-23)

—a)_(E) a)(E)— o\ (E) 0 p '(E)) \~a)_(E) ap(E)—p ' (E)
Thus, using
)p(E)—aﬁ),(E) b9 (E) :‘mE)—a?,(E) DB o
—a) (E)  p(E)—b)_|(E) —a) |(E) ay(E)—p~'(E)
for n € Z, one computes
o (IVL(E) (B ]
(To(E)" = (to,,<E) m(E)) (4-25)
where 0 1 o
(E)—p~\(E) p(E) —a)(E)
E n P “nE P ,
Bt = "B ey B = ey
2 (B = (o () — (B —— D)
t - —’
N P B =0 TE) 426
RUE) = (o7 () - oy — 1)
o (B = p (B
d)(E) — p~\(E) p(E) —a)(E)
E):=p "(E "E)——— L
B = B B o o)

Clearly, the formulas (4-23), (4-25) and (4-26) stay valid even if a?kl (E) = 0. They also stay valid if
|A(E)| =2 and A'(E) =0. Indeed, by points (1)=(3) in Section 4A1, the functions p — p~', a) — p~',
—p — ag, bg and ag_l are analytic near and have simple zeros at such points.
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We have thus proved:
Lemma 4.6. For E ¢ 0%z, (TO(E )" has the form (4-25)—(4-26)

Simple computations then show that E is in the spectrum of H(;r if and only if one of the following
conditions is satisfied:

(1) |A(E)| < 2: moreover, the set {E£ € R | |A(E)| < 2} is contained in the absolutely continuous
spectrum of H, .

(2) |1A(E)| > 2 and
dy ((E)=0 and |a)(E)| < 1. (4-27)

Thus, on X7, the spectrum of HOJr is purely absolutely continuous; it does not contain any embedded
eigenvalues.

Note that, in case (2), [TO(E )" ((1)) actually decays exponentially fast. In this case, E is an eigenvalue
associated to the (nonnormalized) eigenfunction (u;);cn, Where, forn >0and j € {0, ..., p —1},

1 1
tnp+(E) = <Tj-1 (E) - To(E) <O> (0)> [ap(E)I" = a; (E)aj(E)", (4-28)
writing

(4-29)

Tj-1(E) - To(E) =: ( a;(E) bf(E)>.

aj_1(E)bj_1(E)

It is well known that, for any j, the zeros of a; and b; are simple (see, e.g., [Teschl 2000, Section 4]),
and the roots of a;; (resp. b;y1) interlace those of a; (resp. bj). Let E’ be an eigenvalue of H(;r .
Differentiating (4-24) at the energy E’, we compute

da® d(p —a®)
PO (EN—L=L(E E)—p WE)——L2(E)=0. 4-30
,,()dE()-I-(p()p())dE() (4-30)
The eigenvalues of the operator H, . Let us now turn to H, . Recalling (4-29) and using the representa-
tion (4-25), we obtain that the eigenvalues of H,  outside X7 satisfy

p(E) —a(E)  —d)_|(E) (ak+1(E>)_ )
( B aE) - (B) ) b)) T @3

As for H(;r , the eigenfunction associated to E and H, decays exponentially fast. Indeed, the eigenvalues
of H,” in the region |A(E)| > 2 can be analyzed in the same way as we analyzed those of H| *,ie., they are
the energies such that [T (E)]™" (?) stays bounded; this yields the quantization conditions b’;(E ) =0and
|b]1;71 (E)| < 1. In this case, E is an eigenvalue associated to the (nonnormalized) eigenfunction (u;)_;en,
where, forn >0and k € {0, ..., p—1},

u_np—k(E) = b (E) D (E)]™". (4-32)
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Common eigenvalues to HOJr and H,”. Assume now that E’ is simultaneously an eigenvalue of 4, and HOJr .
In this case, one has a)_|(E") =0, |aj(E")| < 1 and b (E"b41(E') = ar1(E) (o~ (E') — p(E")).
So (4-31) (see also (4-30)) becomes

4-
“OE) aE) - o (E) | b (B) (+33)

(d(p —a%)(E")/dE —dag_l(E/)/dE> (ak+1(E/)) o
Hence, the analytic function £ — akH(E)(ag (E)—p(E)) — bk+1(E)ag_1 (E) has a root of order at
least 2 at E’. It also implies that a; 1 (E") # 0. Indeed, if a;(E") =0, (4-33) implies by 1 (E’) =0 as
da))_\(E')/dE #0.
Conversely, if E'€ 0(H0+) issuchthat |[A(E’)| >2and E > a;41 (E)(ag(E)—,o(E))—ka (E)ag_1 (E)
has a root of order at least 2 at E’, then (4-33) holds and E’ is an eigenvalue of H, .
We have thus proved:

Lemma 4.7. Ej € O’(HJ) No(H, )\ Z if and only if |A(Ey)| > 2 and Ey is a double root of E —
ar1(E)(a)(E) — p(E)) — bk+1(E)a2_1 (E).

4A3. The Dirichlet eigenvalues for a periodic potential: the proof of Theorem 4.2. Let us now turn to the
study of the eigenvalues and eigenvectors of Hy, i.e., to the proof of Theorem 4.2. We first prove the
statements for the eigenvalues and then, in the next section, turn to the eigenvectors.

Recall that L = k mod p; we write L = Np + k. By definition, E is an eigenvalue of —A 4+ V on
[0, L] with Dirichlet boundary conditions if and only if

1 0
0= det(TL+l(E)TL(E)TL1(E) e TO(E)( ) (1»

= det(Tk(E) - To(E) - [TO(E)]N<(1)>, <(1)>> (4-34)

where Tk(E ) is the monodromy matrix defined above.
We use the notations of sections 4A2 and 4A1. Let us first show Theorem 4.2(1), namely:

=}

Lemma 4.8. For L large, one has
0%z N0 (Hy) = {Eo | ar+1(Eo) = d)_y(Eo) =0 and by(Eo) #0}.

Proof. For Eg € 0Xz, we know that |A(Ep)| =2 and TO(EO) is not diagonal. Assume A(Ep) = 2 (the
case A(Eg) = —2 is dealt with in the same way); hence, TO(EO) has a Jordan normal form, i.e., there
exists a 2 x 2 invertible matrix P and « € R* such that

To(Eo) = P~ <1 0) P, where P = (p“ pm). (4-35)
al P21 P22
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Thus, by (4-34), Eg € o (Hy) if and only if
ar+1(Eo) biy1(Eo)\ = N (] 0
( ar(Eo)  by(Eo) ) (To(Fo)) (0) ’ <1)‘

ai+1(Eo) bry1(Ep) Pl 10 P 1 0
- air(Eg)  br(Ep) Na 1 0/’ \1

1 1 —
0=(q 1) 7 (6) 7 (o) | = et Phacen (o) — Napns (- prabics (o) + pracr (Eo.

0=

; (4-36)

that is,

For N large, this expression vanishes if and only if

(det P)ax+1(Eo) =0 and  apii(—=p11bis1(Eo) + praars1(Ep)) =0.

Since P is invertible, |br11(Eo)| =+ |ax+1(Eo)| # 0 and « #~ 0, one has a;4+1(Ep) =0 and p;; =0.
In this case, using by1(Ep) # 0, we can then rewrite the eigenvalue equation (4-36) as

~ 1 1
0= ‘(TO(EO))N (O) (0>‘ = 5y (Eo). (4-37)
For E € X5 close to Ey, by (4-26) we have
(PN (E) — p™™(E))a’_,(E) N=b
1y (E) = P = pN-1 ( > pzf(E))ao_l(E).
p(E) —p~(E) = P

As p is continuous at Eg and p2(Eg) = 1, taking E to Ey we get
ay_,(Eg) =0.
As fo(EO) is not diagonal, this implies bg (Ep) # 0. This completes the proof of Lemma 4.8. Il

Now, pick E € 0Xz. Then, by Lemma 4.6, the quantization condition (4-34) becomes

%(E)— p~\(E) p(E) —a)(E)
NE I NE)——2 ) E
P E) s i T B e o) I wss)
N —N ag—l(E) .
(p7(E)—p " (E)) ajt1(E)

p(E) — p~(E)

The eigenvalues outside of £7. Let us first study the eigenvalues outside Xz, i.e., in the region |A(E)| > 2.
If, for j € N, we define

a%(E) - p~(E) ay_|(E)

P bi(E p
pE) —p &) T E s E® - E)
pE)—dy(E) a),(E)
p(E)—p="(E) 7 p(E)—p N(E)

a;(E):=a;(E)

(4-39)
and B;(E):=a;(E)
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(4-38) can be rewritten as By (E) + pZN(E)(ka(E) = (; using

Wk+1(E) + Pr+1(E) = ar41(E), (4-40)
(4-38) becomes
Bre+1(E) = —Mamw). (4-41)
1 — p?N(E)

We first show:
Lemma 4.9. There exists n > 0 such that, for L sufficiently large, o (Hy) N [(Xz + [—n, n]) \ Zz] = 2.
Proof. Using (4-39), we rewrite (4-41) as

0 0 2N+1 1—p*(E)
ai+1(E)(p(E) —a,(E)) — bry1(E)a,_(E) =p (E)l ar+1(E). (4-42)

— p*N(E)
Pick Eg € 0X7. Then, by our choice for p, for n > 0 small we know that, for £ € [Eq —n, Eq+ 1]\ Xz,
p2(E) = e VIE-E(+O0WIE=E) Hence, for E € [Eg — 1, Eg+ 1]\ =z, one has

IN+1 1—p*(E) : — 1
N < min(VIE=Eol, +)- (4-43)

Thus, if ax+1(Eo) (0 (Eo) —a?,(Eo))—bk+1 (Eo)ag_l (Eo) #0, (4-42) has no solution in [ Eg—n, Eo+n]\ 2z
for n small and L sufficiently large.
Let us now assume that ag1(Eo)(0(Ep) — ag(Eo)) — ka(Eo)ag_] (Eg)=0.

o If a1 (Ep) # 0, one computes

ar11(E)(p(E) —a)(E)) — b1 (E)a)_ (E) = ar11(Eo) (p(E) — p(E0))(1+0(1))

and
1 — p2(E) )
2N+1

E)y——— E)=—(p(E)— p(E Ey)——
P )1—p2N(E)ak+1( ) =—(p(E) — p(Eo))ak+1( O)I—pzN(E)
Hence, for n > 0 small and E € [Eg — 1, Eg+ 1]\ Xz, the two sides of (4-42) have opposite signs; there
is no solution to (4-42) in this interval.

o If ag41(Eo) =0, then by1.1 (Eg) #0, a)_ (Eg) =0, p(Eo) =a$(Eo) and (a) )’ (Eo) #0; one computes

(14+o0(1)).

ar41(E)(p(E) — a)(E)) — b1 (E)a)_ | (E) = —by1(Eo)(a)_,) (Eo)(E — Eo)(1+0(1))

and, by (4-43), for n > O small and E € [Eq — 1, Eo + 1]\ Xz,

1= p*(E) . 1
PzNH(E)makH(E) SIE - E0|m1n<\/ |E — Eol, N)

Hence, for n > 0 small and E € [Eg — n, Eg+ 1]\ Xz, there is no solution to (4-42) in this interval.

This completes the proof of Lemma 4.9. g

In Lemma 4.8, we saw that, if Ey € 0 X7 satisfies

ar11(E)) =0 and  axy1(Eo)(p(Eo) — ap(Eo)) — brs1(Eo)a)_;(Ep) =0,
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then Ej is an eigenvalue of Hy for L large.

By Lemma 4.9, it now suffices to consider energies such that |A(E)| > 2 + n for some 1 > 0. In
this case, we note that the left-hand side in (4-41) is the left-hand side of the first equation in (4-31)
(up to the factor p — p~!, which does not vanish outside £7). On the other hand, the right-hand side
in (4-41) is uniformly exponentially small for large N on {E € R | |A(E)| > 2+ n}. Thus, for L large,
the solutions to (4-41) are exponentially close to E’, which is either an eigenvalue of H(;r or one of H,_.
One distinguishes between the following cases:

(1) If E’ is an eigenvalue of H(;r but not of H,, then E’ is a simple root of the function E = Bj41(E)
(see Section 4A2); one has to distinguish two cases depending on whether a;.1(E’) vanishes or not.
Assume first ag11(E’) = 0; then, by (4-28), we know that the eigenvector of H(;r actually satisfies the
Dirichlet boundary conditions at L; thus, E’ is a solution to (4-41), i.e., an eigenvalue of H;, and (4-28)
gives a (nonnormalized) eigenvector.

Assume now that a;11(E") # 0; then, by Rouché’s theorem, the unique solution to (4-41) close to E’
satisfies 22N (B

E — E/ = TR
By ()

ar1(E"Y(1+0(p™ (E'))). (4-44)

(2) If E’ is an eigenvalue of H, but not of H0+ , mutatis mutandis, the analysis is the same as in point (1).

(3) If E’ is an eigenvalue of both H(;r and H,, then we are in a resonant tunneling situation. The
analysis done in the Appendix shows that, near E’, Hy has two eigenvalues, say E., satisfying, for some
constant o > 0,

Ei—E' =4ap™(E))(1+ OWNp(EHY)). (4-45)
This completes the proof of the statements of Theorem 4.2 for the eigenvalues outside Xz.

The eigenvalues inside ¥7. We now study the eigenvalues in the region X7. One can express p(E) in
terms of the Bloch quasimomentum 6, (E) and use o~ (E) = p(E). Notice that, on X9, one has:

e Im p(E) does not vanish.
e The function E — p(FE) is real analytic.

« The functions E > ag(E), E +— ag_l(E), E — aj41(E) and E +— by, (E) are real-valued
polynomials.

We prove:
Lemma 4.10. The function oy is analytic and does not vanish on 5.

Proof. Assume that the function x| vanishes at a point Eq in 5.

o If p(Eo) # p~' (Eo), then one has ax41(Eo)(a)(Eo) — p~ (Eo)) + by1 (Eo)ag_l (Eo) =05 as p(Ep) #
p~Y(Ep) and Eg € 9, one has p~ ' (Eg) = p(Eo) ¢ R; thus, for

ar1(Eo)(a)(Eo) — p~' (Eo)) — biy1(Eo)a)_ (Eo)
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to vanish, one needs ay1(Ep) = 0 and “2—1 (Ep) = 0 (as bgy1 and ag4; don’t vanish together); this
implies that p(Eq) = %1 and contradicts p(Eq) # p~ ' (Eyp).

o If p(Eg) = p~(Ep), such a point Ej is a simple root of the three functions ag_l, o—p !

that are analytic near Ey (see points (1)—(4) in Section 4A1). Moreover, one checks that the derivatives of

and ag —p

these functions at that point are respectively real, purely imaginary and neither real nor purely imaginary;
for E close to Ej, one has

dp_1(E) = A(E — E)(1 + O(E — Ep)),
p(E) — p~'(E) =2iC(E — E¢)(1 + O(E — Ey)), (4-46)
ay(E)—p~'(E)=(B+iC)(E — Eo)(1+ O(E — Eg)), where (A, B,C)e R*).

Now, as a1 and by are real-valued and can’t vanish at the same point, we see that ox41 (Eg) # 0.
This complete the proof of Lemma 4.10 4

Now, as L = Np + k, the characteristic equation (4-38) (valid for E € ¥7) becomes
,02N(E) — QR2INPO,(E) _ Okt (E) _ _,3k+1 (E)
a+1(E)  Bryi(E)
ai41(E) (p(E) = ad(E)) — by (E)al_(E) .
= =.e .
ar+1(E)(p(E) — ab(E)) — bk+1(E)ag_1 (E)

By Lemma 4.10, the function E — h(E) defined in (4-47) is real analytic on 5. Clearly, as we are
inside Xz, p is real only at bands’ edges or closed gaps, A takes values in wZ only at bands’ edges or
closed gaps. This implies Theorem 4.2(a). We prove:

(4-47)

Lemma 4.11. The function hy can be extended continuously from X3 to Xz; for Ey € 0¥z, one has

2472 if ar1(Eo) #0 and ag11(Eo)(p(Eo) — a)(Eo)) — bry1(Eo)a)_ (Eg) =0,

hi(Eo) € {nZ if not.

The function 0, 1 is strictly increasing on the bands of X7.

Proof. Pick Ey € 0X7. It suffices to study the behavior of, for E € X7,
E — s(E) 1= ar41(E)(p(E) — a)(E)) — biy1(E)a))_(E)

near E inside X7. Write E = E 4t for ¢ real and positive; here, the sign & depends on whether E is
a left or right edge of X7 and is chosen so that E = Eq 1% € %5 for t small.

First, t — p(Eo+1?) is analytic near 0; thus, sois f — s(Eo % 12). Solving the characteristic equation
p*(E) — A(E)p(E)+1 =0, one finds

p(Eo£1%) = p(Eg) +iat +bt*> + 0(), a€R*, beR.
Thus,
s(Eg£1%) =s(Eo) +iary1(Eg)-a-t+c-1>+ 0(@>),
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where

c:=a;,(Eo)(p(Eo)—ay(Eo))+ars1(Eo) (b—(a)) (Eo)— by (Eo)a)_ (Eo)+bi+1(Eo)(@)_ ) (Eo)).
Hence:

o If s(Eo) # 0, then s(Eg £ 1%) = s(Eg) + O(¢); hence, hy(Eq£1%) = wn + O(t) for some n € Z.

« If 5(Eo) = 0 and ax4.1 (Eo) # 0, one has s(Eo = 1%) = iax41(E) -a -1 + O(t%); thus, hy(Eg£1%) =
% +mn+ O(t) for some n € Z.

o If s(Eo) =ay41(Ep) =0, one has by 1 (Ep) #0, ag_l (E0)=0, p(Eo) =02(E0) and (a?,_l)/(Eo) #0;
thus s(Eg£1?) = —ka(Eo)(ag_l)’(Eo)tz +0(2%); hence, hy(Eq+t?) = 7n+ O(t) for some n € Z.
This completes the proof of the statement of Lemma 4.11 on the function /.

Let us now control the monotony of 6, ; (see Theorem 4.2) on the bands of X7. It is well known that,
keeping the above notations, 6,(Eq & ?) — 0,(Eo) = Lat(1 +1go(t)) with @ > 0. The computations
done in the previous paragraph show that i, (Ey 12) = hi(Eo) +at* (1 + tg1(t)), k > 1. Hence:

o If k > 1, we have 6, 1 (Eo + %) — 6, 1 (Eo) = +at (1 +1g,(1)).
e If k=1, we have 6, 1 (Eo£1%) — 6, 1.(Eo) = (2 +a/(L — k)t (1 +1g2(1)).

Hence, 0, 1, is strictly increasing inside the band near E, for L sufficiently large. Outside a neighborhood
of the edges of a band, by analyticity of Ay, as the bands are compact, we have |9;,, L= 9;,| < L' As 0,
is strictly increasing on each band, 6, 1, is also strictly increasing outside a neighborhood of the edges of
a band. This completes the proof of Lemma 4.11. O

One proves:

Lemma 4.12. Let Eg be a closed gap for H” (see Definition 4.5). Then, for any L = Np +k,
Eyeo(H) < hi(Eyp) enZ < ar+1(Ep) =0 < ar+1(Ep) € iR". (4-48)

Proof. The proof of the first equivalence follows immediately from Definition 4.5 and the quantization
condition (4-47); the second follows from (4-39) and the expansions in (4-46); the third follows from
Lemma 4.11, (4-39) and (4-47). Il

Let us note that, in particular, closed gaps where a4 vanishes are eigenvalues of Hy forall L = Np+k.

Remark 4.13. The characteristic equation (4-47) and the computations done at the end of the proof of
Lemma 4.10 show that, for L = Np + k large, an energy Eg such that p(Ey) = p~(Ep) is an eigenvalue
of Hy if and only if azy1(Ep) = 0. This is an extension of Lemma 4.8.

In view of the definition and monotony of 6, ;, the quantization condition (4-47) is clearly equivalent
to (4-3). This completes the proof Theorem 4.1 on the eigenvalues of Hy. Let us now turn to the
computation of the associated eigenfunctions.
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4Ad4. The Dirichlet eigenfunctions for a truncated periodic potential: the proof of Theorem 4.3. Recall
that we assume L = Np + k. First, if (ul] )ZL:0 is an eigenfunction associated to the eigenvalue A;, the
eigenvalue equation reads

(ulJJfl)le(Kj)(lj.l ) for 0<l <L, where ”JL+1:”]_1=O-
" U

To normalize the solution, we assume that ué = 1. The coefficients we want to compute are

L —1 L -1
|wj<L)|2=|u£|2(Z|u;|2) and |wj<0>|2=<2|u{|2) : (4-49)
=0 =0

Fix [ = np +m. Thus, using the notations of Section 4A3 and the expressions (4-25), (4-26) and (4-23),
one computes

ul ) _ S (W emG)0" ) + B ()" (1) ]
(ulj_) = Tu—1,000)(To(A))) <0> = (am_l(kj)p”(/\;) +ﬁm_1’(kj)pn’(/\j)) : (4-50)

where «,, and B,, are as defined in (4-39).

The eigenvectors associated to eigenvalues inside 7. As p~! X)) =p@A;), Bu(Aj) =ay(A;) and as
the functions (¢, )o<m<p—1 do not vanish on X5, we compute

o (hj) 3,
4] o | = 210t ()] (1+R[ (A’) P >D @-51)

(0779 j

As L = Np + k, using the quantization condition (4-47), we obtain that

=0

—22|am(k )| (1+R [ ’"E J; 2N )D+2Z|am(x )[? Z(H—R [ ’"Ekf; 2 (x; )D

=0 J R

=Npf(x; )(1+ fO )) (4-52)
where we have defined

p—1
FEY =23 lon (B (4-53)
m=0

and, using the quantization condition (4-47), computed

1 Otk+1(E))}
= 1
1) = f(E) [(Z“ & ))1—p2<E>< +ak+1<E>

Z| ap (E)| ( [M}) (4-54)
(E) am (E)aygy1(E)
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The function E +— f(E) is real analytic and does not vanish on XJ.
We prove:

Proposition 4.14. For Ey, a closed gap, one has ZZ_:B a2 (Ep) = 0.

Proof. By the definition of (a;, b;) —see (4-29) —and that of «;(E) —see (4-39) —the sequence
(aj(E)) jez satisfies the equation & j 1 +oj 1 +(V; —E)a; =0. As fo(E) =Ty 1(E)---To(E), by (4-23),
for jeZonehasaj,,(E)=p(E)a;(E). Hence, the column vector A(E) = (a1(E), ..., ap(E))" satisfies

Vi 1 0 --- 0 p(E)
1 V., 1 0 0
0 1 V3 1 0
(H,—E)A(E)=0, where H,=

0 . 0 1 Vp—l 1

p"NE) 0 - 0 1V,

Thus, we have
<(Hp—E)A(E),A(E)>R:O’ (4_55)

where (-, - )r denotes the real scalar product over C?, i.e.,

!/
<1 21 P
. . /
< : s : > = Zij.
/ j=1

Zp Zp R

The functions E — A(E) and E — p(E) being analytic over £ (see Section 4A1 and Lemma 4.10),
one can differentiate (4-55) with respect to E to obtain

0=—(A(E), A(E))r+ (0(E) — p~ " (E)) (0™ (E)p (E)a1 (E)ap(E) — ap(E)a| (E) + a1 (E)ar),(E)).

(4-56)
Here we have used the fact that, if H [’) is the transpose of the matrix H,, then
0.--- 0 -1
0.-- 0
H) — H, = (p(E) — p~ ' (E)) :
00 0
1 0 0

At Ey, a closed gap, one has p(Eo) = p~'(Ey). Hence, (4-56) implies

p—1
0= (A(Eo), A(Eo))r = Y _ oy, (Eo).

m=0

This completes the proof of Proposition 4.14. O
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In view of (4-54), the function f is real analytic on £9; indeed, the only poles of the function
Er [p(E)—p Y(E)] !in X7 are the closed gaps; they are simple poles of this function and, by
Proposition 4.14, the real analytic function E +— an_:h a,zn(E ) vanishes at these poles.

Now that we have computed the normalization constant, let us compute the coefficient u{ defined
in (4-49). As L = Np + k, the characteristic equation for A ; — that is, (4-47) —reads

a1 ADPN () = =B )p V(A j) = a1 (A ) pN (4 ). (4-57)

Hence, one computes

o (A oyt () — oA ey 1 (A )
o41(%)
—pN()»j)a?,_l()»j) _ei[Npe,,(x_,)—hk(/\,)]ag_l(kj)
PG =pT O G Jaen G @) = p7 0)) + bi ()ay_ Gvy)|
—ei”"ag_l(/\j)

a0 @) — p0) + b Gpal_ G|

w), =)™ () +ac(r )N () = p" ()

(4-58)

where we have used the quantization condition satisfied by A, the last equality in (4-47), and that

ag,l()»j) ag()»j)—/?_l()»j)
ap1(Aj) ag(r)) _| G =p7IGp)  pGy) =10 bry1(Aj) br(Aj)
Olk_,_]()»j) Olk()\.j) ag_l()\j) p()\j)_ag()\j) ak+1(kj) ak(kj)

pkj)—p~ ') p(j)—p~t(A))
and
ag(kj) —p7' (%)
p(hj)—p~t(x))
p(hj) —ad(ij)
p(rj)—p~t(h))

Lemma 4.15. Define the function fk_(E ) by

_ br(Aj) bry1(Aj)
ax(Aj) ary1(Aj)

la) ()P
|ak+1(E)(@S(E) = p~1(E) + by 1 (E)a)_ (E)[2

fi (E):=

Then the function fk_ does not vanish on ¥,
Proof. By the definition of o, one has

a5, (E)P
0(E) = p~ () Plos1 (B)

That this expression is well defined and does not vanish on X follows from Lemma 4.10 and the

fi (E)=

computations made in the proof thereof. O
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Plugging (4-58) into this and (4-51) into (4-49), recalling that ué = 1, outside the bad closed gaps we
obtain (4-4) if
« in addition to (4-53) and (4-54), we set f;F (E) := 1/ f(E) and f, (E) = f;' (E)- f, (E),

o we remember that the function 0271 only changes sign in the gaps of the spectrum X7 (see point (4)
in Section 4A1) and set o, to be the sign of —a271 on B,, the r-th band.

By (4-49) and (4-51), we obtain (4-4) using Lemma 4.15. This completes the proof of the statements
in Theorem 4.3 on the eigenfunctions of H;, associated to eigenvalues in X5.

Remark 4.16. To complete our study let us also see what happens to the eigenfunctions near the edges
of the spectrum. Pick Ey € dX7z. One then knows that, for £ € X7 with E close to Ey, one has

0p(E) —0,(Eo) = ay/|E — Eo|(1+0(1)) (4-59)

(see the proof of Lemma 4.11).
Let us rewrite f (see (4-54)) as

] 5, o) , sin(h (E))
B =~ [,;) (an ()P cos (i (E) = 21 () - PQP(E))]W
= k
+— m(E 21— 2(hi(E _hm_ E :
0 ’;)w (E)I*(1 = cos(2(hi(E) 1(E)))) (4-60)

Let us first show:

Lemma 4.17. Forany0<m <p—1, E+> 2|o¢m(E)|2/(pf(E)) can be extended continuously from 3
to Xz.

Proof. For p = 1 there is nothing to be done as 2|, (E)|>/(pf(E)) = 1.
For p > 2, wenote that forO<m <m+1<p—1,as

am+1(E) bmi1(E) _

an(E)  bu(E) |~

by (4-29),
0= an11(Eo)(a)(Eo) — p~ " (E0)) + buy1(Eo)a,_ (Eo)
= ap (Eo)(a)(Eo) — p~ ' (E0)) + bm(Eo)a)_, (Eo)

if and only if ag_l (Eo) =0 (as this implies a), (Eo) — p~ ' (Eo) =0).

Let us assume this is the case. As p > 2, we know that Zj;é |aj(E0)|2 # 0. By (4-46), for at least
one mg € {0, ..., p— 1} one has a,,(Eo) # 0 and &, (E) = bc ™ ay,(Eo) + O(J/[E — Eg]). Hence,
E +— 2|o(E)|?/(pf(E)) can be continued to Ey, setting

20w (Eo)|* |am (Eo)|?
pf(Eo)  lao(EQ)|>+- -+ lap—1(Eo)|*
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Actually, f(E) can be continued at Ej by setting

f(Eo) = lag(Eo)* +- -+ lap—1(Eo)*. (4-61)
Let us now assume that ag_l (Ep) # 0. We study the behavior of o, near Eq. Recall (4-39). Then one has

(1) either d, := a, (Eo)(a)(Eo) — p~" (Eo)) + bw(Eo)a)_, (Eo) # 0, in which case, by (4-46), one has
am(E) = (duc™" //TE = EoD(1+0(1));

(2) or dy = an(Eo)(@$)(Eo) — p~" (Eo)) +19,,,(Eo)a[0H (Eo) =0, in which case, since for some A,, € R*
and k,, > 1 one has

am(E)(@)(E) — p~ ' (E0)) + bw(E)a)_(E) = Ap(E — Eo)*" (14 0(1)),

by (4-46), one can continue «,, to Eg by setting «,, (Eg) = %am (Ep).

As “2—1 (Ep) # 0, we know that for some mq € {0, ..., p— 1} we are in case (a). Hence, one has
2 2
0 -1 0 2
fB) =~ Zoiamwo)(a,,(Eo) — p~ (E0)) + bu(E0)a’y_, (Eo)| (14 0(1)) (4-62)

and E +— 2|, (E)|?/(pf (E)) can be continued to Ey, setting

2lam(Eo)|* |dyn |*
pf(Eo) ldol?+ -+ |dp—1?

(using the notation introduced in point (a)).

This completes the proof of Lemma 4.17. |

By Lemma 4.11, we know that, for 1 < k < p and Eg € dXz, one has 2h;(Ey) € wZ. Thus, for
l<k=<p, 1<m<=<pand Ey € dXz, one has cos(hi(Eo) — 2h,,—1(Eo) — p0,(Ep)) sin(hi(Ep)) = 0.
Using the expansions leading to the proof of Lemma 4.11, one gets

cos(hi(E) = 2hpu—1(E) — p8p(E)) sin(hi(E)) = ¢/ |E — Eol(1 +o(1)).
Recalling (4-59) and the fact that p6,(Eo) € 7 Z, Lemma 4.17 implies that f can be extended continuously
up to Ey. Hence, the expansion (4-52) again yields

L

> lui = Npf @y, (4-63)

=0

Let us now review the computation (4-58) in this case. We distinguish two cases:

(1) If ag_l (Eo) =0, then (4-58) and the fact that a1 (Ep) # O (this case was dealt with in point (1)),
yields that, for [A; — Ep| sufficiently small,

lu | < /Ihj — Eol.
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By (4-61) and (4-63), we obtain

Ey|

o P = B g 00 = —. (4-64)
Np Np

Q) If ag_l(Eo) # 0, then
(a) if dr4+1 # 0 (see case (a) in the proof of Lemma 4.17), by (4-62) and (4-63) one has

|Aj — Eol |A; — Eol
RO ’N—p and  |g;(L)* = ’N—p (4-65)
(b) if dgy+1 =0, by (4-62) and (4-63) one has
|A; — Eol 1
9 O = ’N—p and |g;(L)|* = N (4-66)

The eigenvectors associated to eigenvalues outside 7. Let us now turn to the eigenfunctions associated
to eigenvalues Hy in the gaps of Xz, i.e., in the region {E | |[A(E)| > 2}. On R\ Xz, the eigenvalue
E — p(E) isreal-valued (recall that we pick it so that [p (E)| < 1) and so are all the functions (¢t )o<m<p—1
and (Bn)o<m<p—1 (see (4-39)). For 0 <m < p — 1, (4-50) yields

| = 0 (E)p™" (E) + B3, (E)p ™" (E) + 20, (E) B (E). (4-67)
As when we studied the eigenvalues of Hy, let us now distinguish the cases when E is close to an

eigenvalue of HJ or to an eigenvalue of H, :

(1) Pick E’ an eigenvalue of H(;r but not an eigenvalue of H, ; then recall that ag_l(E/ )=0=
ag(E/) — p(E"). Thus, for 0 <m < p — 1, one has B,,(E’) = 0. Assume that E is close to E’. As
E satisfies (4-44), using (4-41), (4-67) becomes

B (E")
Br1 (E
forO<m<p-1if0<n<N-landO<m<kifn=N.

Using (4-40), one computes

2

)y = P (E') | (E") — ar1 (ENp(E") — p~(EN1p* NV (E") + 0 (p* (E))

2

. / E/
nprm|” = 7" (E)|an (E') — ’?’”(—)/akﬂ (ENP*N"(E" 4+ 0 (o™ (E))| . (4-68)
Brr1 (E)
This yields
L _ p—1 N—1 p—1
Yol P=Y"%" p"(ENas(E) + O(Np*™ (E)) = =2 Y an(E')+ O(Np*™ (E)).
=0 m=0 n=0 m=0

Moreover, by (4-49), (4-67) and (4-39), as ag_l(E/) =0= ag(E’) — p(E"), we obtain

2

1_ 2 E/ 2 E’
(1= p*(E")ai,, (E) +O0(Np*™ (E))

1By, (EN2 YD 4 a2 (E")

=yp*M(E)+ O(Np* (E)),

B (E")  ar(E")
Bii1(ED) ars1(E")

lo;(L)* = p*N(E")
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where

0

N P*(E")ag,(E') (d“p—l (E’))2 =0
Bi (ENP Y gaz(EH\ dE

Hence, |@;(L)| is exponentially small in L (recall |p(E)| < 1).

(2) If E' is an eigenvalue of H, but not of H, F. then, inverting the parts of H_ and HOJr , we see that
lp;(L)| is of order 1. A precise asymptotic can be computed but it won’t be needed.

(3) If E’ is an eigenvalue of HOJr and of H,, the double well analysis done in the Appendix shows that,
for normalized eigenvectors, say ¢;, j = 1, 2, associated to the two eigenvalues of Hy close to E ' the four
coefficients |¢;(0)| and |¢;(L)|, j =1, 2, are of order 1. Again, precise asymptotics can be computed
but won’t be needed.

This completes the description of the eigenfunctions given by Theorem 4.3 and completes the proof of
this result.
5. Resonances in the periodic case

We are now in the state to prove the results stated in Section 1B. We first study the function E +— Sp (E)
and E +— I'f (E) in the complex strip I +i(—00, 0) for I C 5.

5A. The matrix T'[ in the periodic case. Using Theorem 4.2, we first prove:

Theorem 5.1. Fix I C X5 a compact interval. There exists ¢; > 0 and o; € {+1, —1} such that, for
any N > 0, there exists Cy > 0 such that, for L sufficiently large with L = k mod p, one has

sup  |TL(E)—TS$M(E)| < L™V, (5-1)
Re Eel
—er<Im E<0O
where
off 0,(E) [ e B f7(E) oV fi (E)fy (E)
FpE)=—= = T —iug (E) ¢+
sinug (E) \oyv f7(E)fy (E) e e fH(E)
Jo 1/ — E)dN_ (%) 0
T ( 0 Jr /(A= E)dNS () (5-2)

and uy (E) := (L — k)0, 1 (E) (see (4-2)),

The sign o; only depends on the spectral band containing /.
Deeper in the lower half-plane, we obtain the following simpler estimate:

Theorem 5.2. There exists C > 0 such that, for any € > 0 and L > 1 sufficiently large with L = Np + k,

one has

Jr1/Oo—E)dN, (1) 0
0 Jr /(.= E)dNS (V)

sup )’ < Ce2e~tL/C, (5-3)

Re Eel
ImE<—¢

FL(E)—(
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In Section 5B, the approximations (5-1) and (5-3) will be used to prove Theorems 1.5, 1.7 and 1.10.
Let us note that, as cotz =i + O(e~%m2) for ¢ € (0, ;) the asymptotics given by Theorems 5.1
and 5.2 coincide in the region {Re E € I, Im E € (—¢;, —¢)}; indeed, one has

O,(E) (e B f(B) oV i (B)fy (E) HQM
sinug (E) \oyvV 7 (E)fy (E) e @B fHE) |||~ '

sup

Re Eel
—er<IlmE<—¢

Let us now turn to the proofs of Theorems 5.1 and 5.2.

SA1. The proof of Theorem 5.1. To prove Theorem 5.1, we split the sum Sy (E) into two parts, one
containing the Dirichlet eigenvalues “close” to Re E, the other containing those “far” from Re E. By
“far”, we mean that the distance to Re E is bounded from below by a small constant independent of L. The
“close” eigenvalues are then described by Theorem 4.2. For the “far” eigenvalues, the strong resolvent
convergence of Hy to HOJr , that of ﬁL to H, (see Remark 1.6), and Combes—Thomas estimates enable
us to compute the limit and to show that the prelimit and the limit are O (L~°) close to each other. For
the “close” eigenvalues, the sum occurring in (2-9), the definition of [';, is a Riemann sum. We use the
Poisson summation formula to obtain a precise approximation.

As I is a compact interval in X7, we pick & > 0 such that, for E € I, one has [E —6¢, E+6¢] C £7. Let
X € 65°(R) be a nonnegative cut-off function such that y =1 on [—4e, 4¢] and x = 0 outside [—5¢, S¢].
For E € I, define xg(-)=x(- — E).

We first give the asymptotic for the sum over the Dirichlet eigenvalues far from Re E. We prove:

Lemma 5.3. For any N > 1, there exists Cy > 0 such that, for L sufficiently large with L = k mod p,

one has
L _
M( o (L) co,-<0><p,~(L>)_M [N s
et o MTE 9 (0)g; (L) lg;j(0) (E)| =CnL™7, (5-4)
where
7 Ja(l = Xre £Y(R)/ (. — E) AN (1) 0 )
M(E) := . 5.
" ( 0 Jo(l = xre EY(V) /(A — E)dNg (1) (5-5)

Proof of Lemma 5.3. Recall (see Theorem 2.2) that Hy, is the operator HJ restricted to [[O, L] with
Dirichlet boundary condition at L; as L = k mod p, it is unitarily equivalent to the operator H,  restricted
to [—L, 0] with Dirichlet boundary condition at —L (see Remark 1.6).

Pick x € €{° such that x =1 on G(H(;r) Uo (H ). First, we compute

dNS (L)
r—E

|9, (0)1?
Ai—E

L
D (= xre£)(R)) —/(1 — Xre E)(A)
j=0 "

= (80, [x (1 — xre £)I(HL)(Hy — E)™"80) — (80, [X (1 — xre £)1(H ) (Hy — E)~'80),
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lp; (L)
Aj—E

dN; (L)
A—E

Z(l — XRe£) (hj) fR(l — XRe £) (M)

=80, [X(1 — xre ©)I(HL)(H, — E)'8.) — (81, [X (1 — xre £)1(Hy ) (H — E)™'8,),

and
L

D (= xre£) )

=0

Pj (L)% (0)

— = {80, (X1 = xre p)1(HL) (Hi = E)™ o).

By the definition of xgre g, the function A > (A — E) '3 (M) (1 — xre £) (1) is %5° on R; moreover, its
seminorms (see (4-14)) are bounded uniformly in £ € C. Thus there exists an almost analytic extension
of [¥(1 — xre £)1(-)(- — E)~! such that, uniformly in E, one has (4-14).

In the same way as we obtained (4-16), we obtain
(8. [(HL—2)" = (H” —2)7"18L)| + {80 [(HL —2) " — (Hy" —2)~"180)| + (0. (HL —2)~"6L)|

c —L|Imz|/C
= me mz . (5-6)

Plugging (5-6) into (4-15) and using (4-14) for [ (1 — xre £)1(-)(- — E)~!, we get

0 Ny (A
sup LK Z(I_XReE)O\ )WJ( )| /(I—XReE)()») g(E)‘ <400 forall K eN.
L= kLI>nlodp j=0
This entails (5-4) and completes the proof of Lemma 5.3. (|

Let us now estimate the part of I'; (E) associated to the Dirichlet eigenvalues close to Re E. Define

L ) -
X (E) — XReE()\j)( |9 (L)] ‘Pj(o)(ﬂj(L))' s
LB =2 A —E \g;0p; @) lg;0) -7

j=1
We prove:
Lemma 5.4. There exists € > 0 such that, for N > 1, there exists Cy such that, for L sufficiently large
with L = k mod p, one has
sup [T} (E) —T§"(E) + M(E)| < CyL ™",

Re Eel
—e<Im E<0

where M is as defined in (5-5).
Clearly Lemmas 5.3 and 5.4 immediately yield Theorem 5.1.

Proof of Lemma 5.4. Recall that the quasimomentum 6, defines a real analytic one-to-one monotonic
map from the interior of each band of spectrum onto the set (0, 7), (—m, 0) or (—m, 7) (depending on
the spectral band containing I + [—4¢, 4¢], where ¢ > 0 has been fixed above) (see, e.g., [Teschl 2000]).
Moreover, the derivative 9;, is positive in the interior of a spectral band. Thus, for L sufficiently large, the
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real part of the derivative 91/7, 1. (see (4-2)) is positive [ +[—3¢, 3¢] and 6,, ; is real analytic one-to-one on a
complex neighborhood of (1 +[—3¢, 3¢]) +i[—3¢, 3¢] (possibly at the expense of reducing & somewhat).
By (2-9), (4-8) and Theorem 4.2, one may write

ce(0 Y Grj/(L—k ;
P () = 1 ZXR £(0, 1 (mj/( )))M<9,?,1L( nj )) 5-8)

L_kjez Gp_,lL(jTj/(L_k))_E L—k

where

St () ore! LR () fk,L()»)fo,L()»)) (5-9)

M@) = ( o1/ ER0L) S for (M) Jo.L ()

and the matrix M is analytic in the rectangle (I 4+ [—3¢, 3¢]) 4+ i[—3¢, 3¢]. Thus, the Poisson formula
tells us that

e£(0,] L—k
i 2

Jjez L(nx/(L k)—E
—Z / —Zij(Lfk)Gp,L()»)X)Ij%E(E)Q;LL()\)M(A)d)»
]EZ
-y ! fMJX(E A, 1) da (5-10)
]EZ

by the definition of xg. g; here, we have set

M, (E, %, B):= e—2ij(L—k)0p.L(ﬂ+ReE)ﬂ_X(I) . 0! (B +Re EYM(B +Re E).

Let us now study the individual terms in the last sum in (5-10). Recall that, on [—4¢, 4¢], x is identically 1

and that A — 0, 1 (A +Re E) and A — M () are analytic in (I + [—3¢, 3¢]) +i[—3¢, 3¢]; moreover,
by (4-3), for some 6 > 0 one has

liminf inf L(A +ReE) > 11m1nf inf Gp 1 (E)>6. (5-11)
L— 400 Ae[—4e,4¢] —+4o00 E€l

Recall also that Im E < 0. Consider x : R — [0, 1] smooth such that ¥ =1 on [—2¢,2¢] and x =0
outside [—3¢, 3¢].
In the complex plane, consider the paths y1 : R — C defined by

ye(A) =Ax2iex ().
As —e <Im E < 0, by contour deformation we have
/ M; (E, A, A)dr= / M;  (E, X, yi(A)dr
R R
= 2ime By (EYM(E) + / M (E, &, y—(A) dA.
R

We then estimate:
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» For j <0, using a nonstationary phase argument since the integrand is the product of a smooth function
with an rapidly oscillating function (using |j|(L — k) as the large parameter), one then estimates

/R My (E, %, v+ () dr = O((JIL) ™).

The phase function is complex but its real part is nonpositive as Im6,, ; (y4(-)+Re E) > 0 on the support
of x (by (5-11)). Note that the off-diagonal terms of M ()) also carry a rapidly oscillating exponential
(see (5-9)) but it clearly does not suffice to counter the main one.

e In the same way, for j > 0, one has

/ Mj x(E, A, y-(W)dr = O((|jIL)™™).
R
Thus, we compute
/ Mj (E, %, 0)dxr=O((IjIL)™>) for j <0, (5-12)
R
/ M;(E &, A dh = =2ime 21t Bgl  (EYM(E) + O((jIL)™) for j>0. (5-13)
R

Finally, for j = 0, the contour deformation along y yields
X (A) / XreE(A) @) 0 —
—————M(A+ReE)dr= 0, (A ’ dr+ O(L
/Rx—ilmE (A +ReE) R A—E pt® (" for() +OL™™)

_/ XRe E () (de_()») 0
~Jr A—E 0  dNS()

> +O(L™)

by Corollary 4.4.
Plugging this, (5-12) and (5-13) into (5-10) and computing the geometric sum immediately yields the
asymptotic expansion (where the remainder term is uniform on the rectangle I +i[—e¢, 0))

TY(E) = —2i Ze—zl'f(L—")"nL(E)elg’L(E)M(E)+/
R

XRe E(A) (de a0
j>0

A—E 0 dNJ(A))JrO(L_OO)

e~ i(L=K)0, L(E)

~ sin(L—Kk)0,. . (E))

0y EYM(E)+ [

XRe E(2) (dN,:(A) 0
R A—E

0 dNar(A))—i_O(L_OO)' (5-14)

This completes the proof of Lemma 5.4. 0

5A2. The proof of Theorem 5.2. To prove (5-1), for Im E < —¢ it suffices to write

" 1o (0))2 / AN (N
R

— = (80, (HL — E)™'80) — (80, (H — E)™'8
25—k g = (B0, (HL = E)""do) — (8o, (Hy” — E)™"d0)

= (0, (HL — E) " '8.) (8141, (Hy — E)~'80)
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and

L e (D)2 dN; (A
3o i) -/ ) (o, (L — BY 80 (Suan, (HT — E)80),

— 3 —E A—E
L 0
Z%( 220 _ (s, (Hy — EY150)

Aj—E
and to use the Combes—Thomas estimate (5-6). This completes the proof of Theorem 5.2.

5B. The proofs of Theorems 1.5, 1.7 and 1.10. We will now use Theorems 5.1 and 5.2 to prove Theo-
rems 1.5, 1.7 and 1.10.

S5B1. The proof of Theorem 1.5. The first statement of Theorem 1.5 is an immediate consequence of the
characteristic equations for the resonances (2-4) and (2-8) and the description of the eigenvalues of Hp
given in Theorem 4.2.

When « = N, i.e., for the operator on the half-line, if I C (—2,2) does not meet Xy, there exists
C > 0 such that, for L sufficiently large, dist(/, o (Hz)) > 1/C. Thus, on the set I — i[0, +00), one has
Im §;(E) <Im E/C. Since on I one has Im 6, (E) > 1/C (see Section 2), the characteristic equation (2-4)
admits a solution E such that Re E € I only if Im E < 1/C?. This completes the proof of Theorem 1.5(1)
for e = N.

For e = Z, i.e., to study (2-8), one reasons in the same way except that one replaces the study of
St (E) by that of (I'y (E)u, u) for u an arbitrary vector in C? of unit length. This completes the proof of
Theorem 1.5(1).

Point (3a) is an immediate consequence of Theorems 3.3 and 3.2 and the description of the eigenvalues
of Hy outside X7. Notice that, in the present case, d; in Theorems 3.3 and 3.2 is bounded from below by
a constant independent of L, and a; is exponentially small and described by Theorem 4.2.

Point (3b) is an immediate consequence of the description of the eigenvalues of H; outside X7 in
Theorems 5.2(2) and 3.1. Indeed, in the present case, d; and a;. are both of order 1; thus, Theorem 3.1
guarantees, around the common eigenvalue for H,~ and H, F, a rectangle of width of order 1 free of
resonances.

Let us now turn to the proof of point (2). We first prove the following corollary of Theorem 5.1:

Corollary 5.5. Fix I C X5 compact. There exists no > 0 such that, for L sufficiently large, one has
min  |SL(E)+e B>y and min  |det(TL(E) +e 9B >no.  (5-15)
Re E€l Re Eel
Im E€[—no/L,0) Im E€[—no/L,0)

Clearly, Corollary 5.5 implies that neither (2-4) nor (2-8) can have a solution in / 4+i]—no/L, 0]. This
proves Theorem 1.5(2).

Before proving Corollary 5.5, we first prove Propositions 5.7 and 5.8, as these will be used in the proof
of Corollary 5.5.
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5B2. Results on the auxiliary functions defined in Section 1B2. Recall that N~ is defined in Section 1B2.
We prove:

Proposition 5.6. Fork € {0, ..., p — 1}, dN,  is a positive measure that is absolutely continuous on Xz.
Moreover, its density, say E +— n, (E), is real analytic on ¥ and there exists f, : ¥; — R a positive
real analytic function such that, on X5, one has n;_ (E) = f,” (E)n(E).

Proof. Proposition 5.6 is an immediate consequence of Theorems 5.1 and 5.2 and Corollary 4.4. O
For E, defined in (1-5), we prove:

Proposition 5.7. E, vanishes identically if and only if V =0, i.e., V vanishes identically. Moreover, if
V # 0 then there exists & # 0 and ) € {2, 3, ...} such that E; (E) ~ S,:E_"‘/: as |E| — oo, ImE < Q.

Proof. We will do the proofs for the function E; . Proposition 5.7 is an immediate consequence of the
fact that, in the lower half-plane, the function E — —e—iarccos(E/2) — —%E — %E 2 _ 1 (i.e., the choice
of it defined above) is equal to the Stieltjes (or Borel) transform of the spectral measure associated to
the Dirichlet Laplacian on N and the vector §p; this follows from a direct computation (see Remark 2.1
and (2-2) for n = 0). Now, if one lets W be the symmetric of t; V with respect to 0, the spectral measure
dN, 1is also the spectral measure of the Schrodinger operator Hy = —A + W on N associated to ég. The
equality of the Borel transforms implies the equality of the measures but &g is cyclic for both operators,
so the operators have equal spectral measures. This implies that the two operators are equal and, thus, the
symmetric of 7; V has to vanish identically on N. As V is periodic, V must vanish identically.

As for the second point, if the function &, were to vanish to infinite order at £ = —io0, as each
of the terms fR 1/(A— E)dN, () and —%E — ZI E? — 1 admits an infinite asymptotic expansion in
powers of E~!, these two expansions would be equal. The n-th coefficient of these expansions are the
n-th moments of the spectral measures of Hy and —A[, respectively (associated to the cyclic vector &p).
So these moments would coincide and, thus, the spectral measures would coincide. One concludes as
above. O

For c* defined in (1-6) and (1-7), we prove:

Proposition 5.8. Pick e € {N, Z}. Let I C (=2,2) N X5 be a compact interval.

There exists a neighborhood of I such that, in this neighborhood, the function E +— c*(E) is analytic
and has a positive imaginary part.

The function c" (resp. ¢?) takes the value i only at the zeros of B, (resp. E Ea’).

Proof. On {Im E < 0}, define the functions

g, (E) _ 1
wn, (E) 7n, (E)
2 (E) _ 1
nng(E) mng(E)

g (E):=i+ (S (E) 4 MecostB2)y, (5-16)

g (E) =i+ (S (E) + ¢~ arecos(E/2)y (5-17)

First, the analyticity of g, and gar is clear; indeed, all the functions involved are analytic and the
functions nar and n, stay positive on X7. Moreover, these functions can be analytically continued through
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(—2,2) N 4. By (1-4), for E real one has Im g; (E) =Im g (E) =Ime™"?®), which is positive (see
Section 2). Thus the functions £ — g, (E) and E — ga“ (E) do not vanish on /. Moreover, as

8o (E)gi (E)—1 _ 1 N 1
80 (E)+gc (E)  go(E)+g (E) 1/g5(E)+1/g (E)’
this function has a positive imaginary part on /.

This proves the first two properties of ¢* stated in Proposition 5.8. By the very definition of ¢* and g,
the last property stated in Proposition 5.8 is obviously satisfied in the case of the half-line; for the full

(5-18)

line, i.e., if « = Z, the last property is a consequence of the computation

gy —i S0 EE (B =1 (g ()~ D)(g () =)
g0 (E) +g; (E) g0 (E) +g; (E)
EJ(E)E; (E
= OE)’;&) . (5-19)
2in2ny (E)n (E)+mn, (E)Ey (E)+mng (E)E, (E)
This completes the proof of Proposition 5.8. U

5B3. The proof of Corollary 5.5. In view of Theorem 5.1, to obtain (5-15) it suffices to prove that there
exists 19 > 0 such that, for L sufficiently large, one has

0, L(E) fi (E)e~"+(®) _f ANCO) o)
sinuy (E) R A—E -

min
Re Eel
Im E€[—no/L,0)
where u; (E) := (L — k)0, 1 (E).
We compute

0, L (E)fi (E)e "t(E) - .
p,L( )fk (E)e _/ de (A) _e—IH(E) — 0;,,L(E)fk_(E)(COtML(E) _gk_(E))’ (5-20)
R

sinuy (E) A—E

where g, is as defined in (5-16).
Thus,

e 9B > |cotuy (E) — 8 (E)|

0, L(E) fi (E)e™ () / AN (V)
sinuy (E) R A—E

as, for n sufficiently small and L > 1, one has

0<  min 10, L (E) fi (E)] < Jnax 10, L. (E) fi (E)| < +o00.
Im E€[—n/L,0) Im E€[—n/L,0)

Now notice that by Corollary 4.4, for E € I, one has

AN (1) , ~ 1
Im(/R . ) = =6, L(E) f (E) = ——n; (E). (5-21)

Thus, as E — Ime~%F) is positive on I, the analytic function E &, (E) has positive imaginary
part larger than, say 27 on [; hence, it has imaginary part larger than, say, 7 in some neighborhood
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of I 4+ D(0, no) (for sufficiently small ny > 0). Let M be the maximum modulus of this function
on I + D(0, o). Then, as maxge £c1, Im Ec[—1o/L,0) |9;’L(E)| < 1, one has

max  [Imcotuy (E)| < (M*+ .
Re Eel

Im E€[—no/L,0)

|cot(ur (E))|<2M

Possibly reducing 79, this guarantees that, for Re E € [ and Im E € [—no/L, 0), one has
jcotu (E) — gr (E) 22M —M > M or Im(cotu(E)— g (E)) < —ii+ 1 = — 1.

This completes the proof of the first lower bound in (5-15) in Corollary 5.5.
To prove the second bound in (5-15), using (5-2) we compute
det(T"(E) 4 ¢71B))
n; (E)ng (E)

= (cotu (E) — g; (E))(cotur(E) — gg (E)) — sin? uy (E)

g4 (E)g; (E) — 1)
i (E)+ g (E) )’

= —(g (E) +gk_(E))<00tML(E) - (5-22)

where g, and gJ are defined by (5-16) and (5-17).

Using Proposition 5.8, one then concludes the nonvanishing of £ +— det(szf(E )+ e 9(E)) in the
complex rectangle {Re £ € I, Im E € [—no/L, 0)} (for ng sufficiently small) in the same way as above.
This completes the proof of Corollary 5.5.

5B4. The proof of Theorem 1.7. To solve (2-4) and (2-8), by Theorem 5.1, we first solve the equations

and  det(MSH(E) + e 9 E)) =0 (5-23)

HL’L(E)fk—(E)e—iuL(E) _ / de_()\') _ e_l'g(E)
sinuy (E) R A—E

in a rectangle I 4+ i[—n, —7/L]. Indeed, in such a rectangle, by Theorem 5.1 equations (2-4) and (2-8)

are equivalent to

/ - —iug (E) _
ep,L(E)fk (E)e tuy, Z/ de ()\) _e*ie(E) + O(Lioo)
sinuy (E) R A—E (5-24)
and  det(T$"(E) +e " E))y = 0(L™),
respectively, where the terms O (L~°°) are analytic in a rectangle I+i [—2n, —0) (where I C I ) and the

bound O(L~°°) holds in the supremum norm.
Thanks to (5-20) for « = N and to (5-22) for « = Z, to solve the equations (5-23) it suffices to solve

cotur(E) =c*(E), (5-25)

where we recall u; (E) := (L — k)0, 1 (E), g(')Ir and g, are as defined in (5-17) and (5-16), respectively,
and, as in Section 1B3, we have set

o N(E) = g, (E) in the case of the half-line,
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+ - _
CZ(E) — go+(E)gk (E;) 1
8o (E) + g, (E)

We want to solve (5-25) is a rectangle I 4+ i[—e, 0) for some ¢ small but fixed. Using Proposition 5.8,
we pick ¢ so small that, in the rectangle I 4 i[—¢, 0], the only zeros of ¢* — i are those on the real line
and Im c¢* is positive in 1 4+ i[—¢, 0).

To solve (5-25), we change variables u = (L — k)0, 1 (E), that is, we write

E=0' ("
PE\L k)

As, for Ly sufficiently large, inf;>7, Eer+if—e,0) Re QL’L(E) > ¢ > 0, at the cost of possibly re-
ducing ¢ this real analytic change of variables maps I + [—¢, €] 4+ i[—¢, 0) into, say, Dy such that
I +i[—n(L—k), 0] C Dy (for some n > 0), where I} = (L —k)Hp,L(I + [—%8, %8]); the inverse change
of variable maps I +i[—n(L —k), 0] into some domain, say Dy, such that [ +[—¢’, &']+i[—¢’,0] C D,
(for some 0 < &’ < ¢). Now, to find all the solutions to (5-25) in I +i[—¢’, 0), we first solve the following
equation in I +i[—n(L — k), O]:

in the case of the line.

_ u
cotu=c"o6, ] (L—_k) (5-26)
As u + cotu is w-periodic, we split Iy +i[—n(L — k), 0] into vertical strips of the type

Ix +10, 7] +i[-n(L —k),0], [~ <l<ly, (-,1})eZ”

Without loss of generality, we may assume that I; = [/_, [ ]r. To solve (5-26) on the rectangle
I +[0, w]+i[—n(L—k), 0], we shift u by [ and solve the following equation on [0, 7 ]+i[—n (L —k), 0]:

cotu=cj,; (u), where ¢} ;(-):=c"00 " ( : +l”>. (5-27)

A ~ PE\L—k
In proving Theorem 1.5, we have already shown that, for some 7 > 0 (independent of L sufficiently
large and [_ <[ < ly), (5-27) does not have a solution in [0, 7] + i[—7, 0]. The cotangent is an
analytic one-to-one mapping from [0, ) +i(—o0, 0] to C \ {i}. Thus, for L sufficiently large and 7
sufficiently small, the cotangent defines a one-to-one mapping from [0, 7) + i[—n(L — k), —n] onto

T = D(z4,r+) \ D(z—, r—), analytic in the interior of [0, w) 4+ i[—n(L — k), —7] and continuous up to
the boundary, where we have defined

ML=k 4 M 26 2e21(L=h)
Gl Tl T T o g

Moreover, the boundaries {0} +i[—n(L — k), —7n] and {7} +i[—n(L — k), —1)] are mapped onto the
interval [z_ +ir_, z4 +iry].

Let Z* denote the finite set of zeros of E > ¢*(E) —i in I. Then, by a Taylor expansion near the zeros
of ¢ — i, we know that, for n sufficiently small, there exist &g > 0 and k > 1 such that, for L sufficiently
large:
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e For ¢ € (0, &), there exists 0 < n_ such that, for /_ <[ <[, if one has

I (L
P\L—k)

then one has n_ < |Imcl"L(u) — 1| forallu € [0, 7] +i[—n(L —k), O].

>¢ forall E e 2‘,

e Foru € [0, 7]+ i[—n(L —k), 0] and E the point in Z* closest to Q;IL(ZJT/(L —k)), one has

Reu+In ~
—1
(i) g

Im | ]~* 1 528)
L—k _80,

g < —Imc,',L(u))- |:

where £ is the order of E as a zero of E c*(E)—i.
As a consequence of the above description of ¢j ; , we obtain:

Lemma 5.9. There exists 1) and 1 small such that, for L sufficiently large, for alll_ <1 <1, u+> cj ; (u)
maps the rectangle [0, 7]+ i[—n(L — k), —n] into a compact subset of D(z+,r+)\ D(z—, r_) in such a
way that

sup lcotu — ¢t ()] > (‘E §-! < ad )‘Jr L )E (5-29)
u—cy Wz -0, , -
ued ([0, 7 1+i[—n(L—k),—7]) P\ L —k L—k

where E is the root of E +— c*(E) —i closest to G;IL(lrc/(L —k)) and k is the order of this root.

Note that, under the assumptions of Lemma 5.9, (5-29) implies that

sup lcotu —cj ()] > L7k
u€d ([0, ]+i[—n(L—k),—7])

Thus we can define the analytic mapping cot™! ocj p on [0, ] +i[—n(L —k), —7]; it maps the rectangle
[0, w] 4+ i[—n(L — k), —7] into a compact subset of (0, 7) + i(—n(L — k), —7). Equation (5-27) on
[0, 7] +i[—n(L — k), —7] is, thus, equivalent to the fixed point equation on the same rectangle,

u=cot™" ocf ; (u) (5-30)

We note that, for o« € (0, 1) and L sufficiently large, if for some E €7 of multiplicity k one has
|9;1L(171/(L —k)) — El < L™%, then (5-27) has no solution in [0, 7]+ i[—n(L — k), —7n] outside of the

set
071 I —E i 1
PE\L -k Ll

Indeed, for u € ([0, #] +i[—n(L — k), —7]) \ R; 1, by (5-28), that is, for

ot (7 \_E
ri\ T %)~

. ak
Ry =0, 7] +l[—77(L — k), T log[

ak ak
O0<Reu<m and —TlongTlog

one has |¢} ; (u) —i| < L™ and |cotu —i| = L™/2,
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So if for some E € Z* one has |9;1L(171/(L —k)) — E| < L™%, it suffices to solve (5-30) on R; ;. We
compute the derivative of qr in the interior of Ry 1

L ML/ ACh LIl ) !
du P L -k L+ (ef L ()2 0! (65 ((w+1m) /(L —k)))
1 ol (utn/(L-k) 1
T L—k ¢ (u)—i L@ +i 00 (0 (w+lm)/(L—k))

Thus, fixing o € (0, 1):

o If [ is such that for some E € Z* one has |9;1L(17r/(L —k))— E| < L™, then for u € R; ; we estimate

d—u(cot_l oc} ) (u)
Tmu|] ™!
L—k

1 I ~
< LT (A,
NL—k[GP’L(L—k) Bt
1
Y (L -8, U /(L —k) — E|+ [log[l6, (7 /(L — k) — E| +7/(L = K)]]

< 1 ,
~logL

A

(5-31)

d _1 (]
E(COt ocj ) (u)

« If [ is such that for all E € Z* one has |0, } (I /(L—k))— E| > L™, foru € [0, w]+i[—n(L—k), =]
|Imu|i|_1

we estimate
1 I ~
< — |l —)-E
"’L—k|: p’L(L—k) Tk
1 1

S = = S —. (5-32)
(L=K)10, (r/(L—k)—E| ~ L™

Hence, for L sufficiently large, cot™! ocj ; is a contraction on R; ;. Equation (5-30) thus admits a
unique solution, say IZ;’ ;- in the rectangle [0, 7] +i[—n(L — k), —n]. This solution is a simple root of
ur> u—cot™! ocj ; (u). Hence, uj ; is the only solution to (5-27) in [0, w] +i[—n(L — k), —7].

By (5-24), for L sufficiently large and /_ <[ <[, both the equations

u—+lIm 00~
SLOG_I( + )+e—,e(ep.L«an)/(L—k))):0

PE\L -k ’
o (5-33)
_ u T —ige~! _
can be rewritten as
u=cot”'(c]  (u) + O(L™)) =cot ' oc} , (u) + O(L™™) (5-34)

in [0, ] +i[—n(L —k), —7].
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Thus each of the equations in (5-33) admits a single solution in [0, 7]+ i[—n(L —k), —77] and this root
is simple; moreover, this solution, say u; 1, satisfies |u;’ L= ’7‘;, 1| = O(L™); indeed, the bounds (5-31)
and (5-32) guarantee that one can apply Rouché’s theorem on the disk D(u; ; , L~*) for any k > 0.
Thus, we have proved:

Lemma 5.10. Pick I as above. Then there exists n > 0 such that, for L sufficiently large with L = Np +k,
the resonances in I +i[—n, O] are the energies (z})1_</<, defined by

. o {uitiw
3 =9p’L ﬁ > (5-35)
belonging to I +i[—n, 0].

Let us complete the proof of Theorem 1.14, that is, prove that, for n sufficiently small and L sufficiently
large such that L = k mod p, z; is the unique resonance in [% Re(z] +7;_)), % Re(z] + Zl'+1)] +i[—n, 0];

recall that Z; is defined in (1-9).
We first note that the Taylor expansion of 6 L', (4-1) and the quantization condition (4-3) imply that

o, 0[5l
a= M J'rn(kl)Lul’L L

asReu;; €[0, ) and —log L SImu;p < —1.

Moreover, as

. _la u 0 u?
daw=cas o ()]

using (1-9) and (5-35) we compute

o = 1 . tLoct| s+ 1 ~Loc(a Jlog L L0 log L g
— = ——\ U — CO ocC — CO ocC —1 .
ST a = oL ML ' nOL T L

Thus, one has

L] ~e 1 L] _1 L] _1 (] b logL 2
Z]—3 = m(ul’L —cot oc,’L[cot ocl’L(—mn(M) log L)]) + 0 7 .

As u;, 1, solves (5-34), sing (5-31) and (5-32) we thus obtain that

.« e . 1. . log L 2

|Zl_zl|§m|“u_‘30t ]ocl’L(—znn(kl)logL)|+< 2 )
_ gl +logl | flogLY' 1
Llog’ L L ~ LlogL

using again Reu; 1 € [0, 7) and —log L SImu;p S —1.
Taking into account (1-10), this completes the proof of Theorem 1.7.



RESONANCES FOR LARGE ONE-DIMENSIONAL “ERGODIC” SYSTEMS 325

5BS. The proofs of Propositions 1.8 and 1.9. Proposition 1.9 is an immediate consequence of Theorem 1.7,
the definition (1-9) of z; and the standard asymptotics of cot near —ioo, i.e., cotz =i +2i e 214 0(e M),

To prove Proposition 1.8, it suffices to notice that, under the assumptions of Proposition 1.8, the
bound (5-32) on the derivative of cot™! ocj ; on the rectangle R; ; becomes

d 1
~(cot " oc} <.
T (cot™ ocy )| < 7

Thus, as a solution to (5-30), u; ; admits an asymptotic expansion in inverse powers of L. Plugging this
into (5-35) yields the asymptotic expansion for the resonance. Then (1-11) follows from the computation
of the first terms.

SB6. The proof of Theorem 1.10. Theorem 1.10 is an immediate consequence of Theorem 5.2, the fact
that the functions are analytic in the lower complex half-plane and have only finitely many zeros there,
and the argument principle.

5C. The half-line periodic perturbation: the proof of Theorem 1.11. Using the same notations as above,
we can write
H— [6-) (50|>
H® = ! :
<|5o)(51| —-Ay

where —A( is the Dirichlet Laplacian on £2(N).
Define the operators

T(E):=H_, — E — (So|(—Af — E)~"180)6_1) (811,
T(E) := A — E = (8-11(H=, — E)"15-1)180) (3ol.
ForIm E #0, (5_1[(H_, — E)~'16_1) and ((Sol(—A(J)r — E)7180) have a nonvanishing imaginary part
of the same sign; hence, the complex number
_ —1 - _

(8ol (A7 = E)™'180)) ™ — (8-1I(HZ, — E)™'8-1)
does not vanish. Thus, by rank-one perturbation theory, (see, e.g., [Simon 2005]), we know that I"(E)
and T'(E) are invertible and their inverses are given by
[(HZ, = E)""[8-1)(81|(HZ, = E)”'|

I YE)y:=H,-E)"'+ -
+ 1 _
((3ol(=Ag — E)~'180))  — (8_1|(HZ; — E)~![8_1)

(5-36)

and
|(=A¢ — E)7'80) (S0l (—Ag — E)7!|

I'YE):=Af—E)y'+ a .
° ((6_1|(H=, — E)"18_1)) " = (8ol (= AT — E)~180)

(5-37)

Thus, for Im E # 0, using Schur’s complement formula we compute

-1
I'(E) y(E) > ’ (5-38)

H® - E)~' = —
( ) (V*(E) )™
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where y*(E) is the adjoint of ¥ (E) and
y(E) = —|T(E)"8-1) (8ol (=A5 — E)7|.
Now, when coming from Im E > 0 and passing through (-2, 2) N X3, the complex numbers
(-1|(HZ, — E)7'15-1) and (8ol (=Ag — E)7'|80)

keep imaginary parts of the same positive sign; thus, the two operator-valued functions E > I'"1(E)
and E — (H*® — E)~! can be analytically continued through (—2,2) N 37 from the upper to the lower
complex half-plane (as operators from Zgomp(N) to EIZOC(N) and from Egomp (Z) to EIZOC (Z), respectively).
When coming from the upper half-plane and passing through (-2, 2) \ ¥7 and X7\ [-2, 2], (5-38)
also provides an analytic continuation of (H*> — E)~!. Definition (5-36) and formula (5-38) immediately

show that the poles of these continuations only occur at the zeros of the function
E> 1= (8_1|(HZ, — E) 7' [8-1) {8l (A7 — E)™'[80) = 1 — &) / B
R A—FE
when continued from the upper half-plane through the sets (-2, 2) \ ¥z and X7 \ [—2, 2] (these sets are
finite unions of open intervals).
This completes the proof of Theorem 1.11.

6. Resonances in the random case

As for the periodic potential, for the random potential we start with a description of the function
E — T'L(E) (see (2-9)), that is, with a description of the spectral data for the Dirichlet operator H,, 1 .

6A. The matrix Ty in the random case. We recall a number of results on the Dirichlet eigenvalues of
H,, 1 that will be used in our analysis.

It is well known that, under our assumptions, in dimension one the whole spectrum of H,, is in the
localization region (see, e.g., [Kunz and Souillard 1980; Cycon et al. 1987; Carmona and Lacroix 1990]),
that is:

Theorem 6.1. There exists p > 0 and o € (0, 1) such that one has

sup [E{ > eP'”|<5x,(Hw,L—E)15y>|“}<oo (6-1)
Li@‘ﬁ){ﬁ} xell0,L]
Im E#0
and
sup [E{ > e sup |<5x,f(Hw,L)5y>|}<oo, (6-2)
ey el AT

where H,y 4o := HEJ and [0, +o0]l = N. The supremum is taken over the functions f that are Borelian
and compactly supported.

As a consequence, one can define localization centers, e.g., by means of the following results:
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Lemma 6.2 [Germinet and Klopp 2014]. Fix (1)1 a sequence of scales, i.e., lp — +00 as L — +0o0.
There exists p > 0 such that, for L sufficiently large, with probability larger than 1 — e L if

(1) ¢, is a normalized eigenvector of H,, | associated to E; , in X,
(2) xj(w) € [0, L] is a maximum of x — |@; »(x)| in [0, L],

then for x € [[0, L] one has
90;.0(x)]| < VLeLe P21 (6-3)

Note that Lemma 6.2 is of interest only if £; < L; otherwise (6-3) is obvious. This result can, for
example, be applied for the scales [; =21log L. In this case, the probability estimate of the bad sets (i.e.,
when the conclusions of Lemma 6.3 does not hold) is summable. The point x; () is a localization center
for E; , or ¢j . It is not defined uniquely, but, one easily shows that there exists C > 0 such that for any
two localization centers, say x and x’, one has |x — x’| < C log L (see [Germinet and Klopp 2014]). For
concreteness, we set the localization center associated to the eigenvalue E; ,, to be the leftmost maximum
of x > 1169,

We show:

Lemma 6.3. For any p > 0, there exist C > 0 and Lo > 0 (depending on a and p) such that, for L > L,
for any sequence satisfying (1-22), with probability at least 1 — L™" there exist at most C{y eigenvalues
having a localization center in [0, £ JU[L — £z, L]l

We will now use the fact that we are dealing with one-dimensional systems to improve upon the
estimate (6-3). We prove:

Theorem 6.4. For any § > 0 and p > 0, there exist C > 0 and Lo > 0 (depending on p and §) such
that, for L > Lo, with probability at least 1 — L™? if E; , is an eigenvalue in X associated to the
eigenfunction ¢; ., and the localization center x ., then:

e Ifxj, €0, L—ClogL], one has

log |§0j,w(L)| <

—p(Ejw) =68 = <-—p(Ejo)+3. (6-4)
L —XJ',w
e Ifxj, €lClogL, L], one has
log |¢),,(0)]
—p(Ej) =8 < 21T < p(Ej0) +5. (6-5)
J.@

To analyze the resonances of H j}{ ; (resp. H f’ 1)» we shall use (6-4) (resp. (6-4) and (6-5)).
We now use these estimates as the starting point of a short digression from the main theme of this
paper. Let us first state a corollary to Theorem 6.4; we prove:

Theorem 6.5. For any § > 0 and p > 0, for L sufficiently large (depending on p and §), with probability
at least 1 — L™P,if E; , is an eigenvalue in ¥ associated to the eigenfunction ¢; ., and the localization
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center xj , then, for |x —xj ,| > 8L and 1 < x < L, one has

10g(1¢).0 ()| + 9.0 (x — 1)

—p(Ejo) =93 =<
|x_xj,w|

<—p(Ej,)+34. (6-6)

Compare (6-6) to (6-3). There are two improvements. First, the unknown rate of decay p is replaced
by the Lyapunov exponent p(E; ), which was expected to be the correct decay rate. Indeed, for the
one-dimensional discrete Anderson model on the half-axis, it is well known (see, e.g., [Bougerol and
Lacroix 1985; Carmona and Lacroix 1990; Pastur and Figotin 1992]) that, w-almost surely, the spectrum is
localized and the eigenfunctions decay exponentially at infinity at a rate given by the Lyapunov exponent.
In Theorem 6.5, we state that, with good probability, this is true for finite volume restrictions.

Second, in (6-6), we get both an upper and lower bound on the eigenfunction. This is more precise
than (6-3).

To our knowledge, such a result was not known until the present paper. The strategy that we use to
prove this result can be applied in a more general one-dimensional setting to obtain analogues of (6-6)
(see [Klopp > 2016]).

We complement this with the much simpler:

Lemma 6.6. For any C > 0 and p > 0, there exists K > 0 and Ly > 0 (depending on p and C) such that,
for L > Ly, with probability at least 1 — L™? if E; ,, is an eigenvalue in ¥ associated to the eigenfunction
¢ ;.o and the localization center x; ,, then:

e Ifxj €L —ClogL, L], one has L% <|¢; (L)
e Ifxj 4 € [0, Clog L], one has L% <|¢; ,(0)].

The proof of this result is obvious and only uses the fact that the matrices in the cocycle defining the
operator (see Section 6C) are bounded, that is, equivalently, that the solutions to the Schrodinger equation
grow at most exponentially at a rate controlled by the potential.

Let us return to the resonances in the random case and the description of the function S;,. Recall that
in (2-4) the values (A ;); are the eigenvalues (£ ,)o<j<1 of H, ; and the coefficients (a;.) ; are defined
in Theorem 2.2 and by (2-13). Thus, Theorem 6.4 describes the coefficients (a;.) j coming into Sz and I'y,
(see (2-4) and (2-8)). Let us now state a few consequences of Theorem 6.4.

Fix a compact interval I in X, the almost sure spectrum of H,,. For « € {N, Z}, define

(6-7)

Jo

o L—xjq for e =N,
min(x; ,, L —x;,) for e=17.

Taking p > 2 in Theorem 6.4 and using a Borel-Cantelli argument, we obtain:

w-almost surely, for § > 0 and L sufficiently large,

loga®,
if \j=Ej,€l and d},>ClogL then —2p(h;)—8 < ——

<—2p(A;)+35. (6-8)

[ ]
J.o
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This and the continuity of the Lyapunov exponent (see, e.g., [Bougerol and Lacroix 1985; Carmona
and Lacroix 1990; Pastur and Figotin 1992]) guarantees that

w-almost surely, for any § > 0 and L large, one has —2n, sup p(E)(1+6)L < Ainfl logaj, (6-9)
Eel J€

where 7, is as defined in Theorem 1.13.

To use the analysis performed in Section 3, we also need a description for the (1), i.e., the Dirichlet
eigenvalues of H,, ;. To this end, we will use the results of [Germinet and Klopp 2014; Klopp 2011;
2013] (see also [Germinet and Klopp 2011]).

We first recall the Minami estimate satisfied by H,, ;. (see, e.g., [Combes et al. 2009] and references
therein): there exists C > 0 such that, for / C R, one has

P(tr(1;(Ho,L)) > 2) < E(tr(1;(Hy ) [tr(1; (Ho L)) — 1]) < CHIP(L 4+ 1)*.

Here 1;(H) denotes the spectral projector for the selfadjoint operator H onto the energy interval /.
By a simple covering argument, this entails the estimate

P(|A; —A;| < L9 for some i # j) < CL™9%2,
Thus, for g > 3, a Borel-Cantelli argument yields that

w-almost surely, for L sufficiently large, n;éln |Ai — Al =L, (6-10)
i#]

6B. The proofs of the main results in the random case. We are now going to prove the results stated in
Section 1C.

6B1. The proof of Theorem 1.13. As for Theorem 1.5, this result follows from Theorem 3.1. Point (1)
is proved exactly as Theorem 1.5(1). Point (2) follows immediately from Theorem 3.1 and (6-9). This
completes the proof of Theorem 1.13.

6B2. The proof of Theorem 1.14. Recall that ¥ € (0, 1). To prove (1) we proceed as follows. The

standard result guaranteeing the existence of the density of states N (see, e.g., [Bougerol and Lacroix

1985; Carmona and Lacroix 1990; Pastur and Figotin 1992]) implies that, w-almost surely, one has
#rjel}

L1l —>/IdN(E). (6-11)

This, in particular, shows that if / C X° is a compact interval then, w-almost surely, for L sufficiently
large I is covered by intervals of the form [A;, A ;] and their number is of size < L (actually this holds
for A; € I +[—¢, ] if € > 0 is chosen small enough). Moreover, the estimate (6-10) guarantees that
dj > L9 (for any g > 3 fixed) for all A ; € I. Thus, Theorems 3.1, 3.2 and 3.3 and the estimate (6-8)
guarantee that, w-almost surely, all the resonances in the strip 7 —i[e~%", 0) are described by Theorem 3.3.
Indeed, for such a resonance the imaginary part must be larger than —e~~“; thus, by Theorem 3.1, for
every rectangle [%(kj +ij-1), %(AJ +)»j+1)] —i[e~™", 0) containing a resonance, one has a; S
Thus, a; < djz. and one can apply Theorem 3.3 to compute the resonance.
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Let us count the number of those resonances. To this end, let £;, = TL*, where t is to be chosen.
By (6-8) and (6-10), w-almost surely one has a; < a’? for all j such that A; € I as long as the Dirichlet
eigenvalue A ; is associated to a localization center in [0, L — £ ]| (actually this holds for A; € I +[—e¢, €]
if € > 0 is chosen small enough); thus, we can apply Theorems 3.3 and 3.2 to each of the (1 ;); that are
associated to a localization center in [0, L — £ ]. By (3-19), each of these eigenvalues gives rise to a single
simple resonance, the imaginary part of which is of size < a;; they lie above the line {Imz > e Pl =~ L")
for Tp = 1. Actually, the estimate (6-10) guarantees that d; > L™ (for any g > 3 fixed) and Theorem 3.2
shows that these resonances are the only ones above the line Imz > —L™9. Moreover, by Lemma 6.3, we
know there at most C¢;, eigenvalues A; that do not have their localization center in [0, L — £, ]|. Thus
we obtain, w-almost surely,

1 x
lim —#{Z resonance of H, ; with Reze I, Imz > —e L }= /dN(E).
L—+oo L I

Point (2) is proved in the same way. Pick A € (0, 1). In addition to what was used above, one uses the
continuity of the density of states E + n(E) and the Lyapunov exponent E — p(E). Assume E is as in
point (2). Then, w-almost surely, the reasoning done above shows that, for any 1 > 0, there exists &g > 0
such that, for ¢ € (0, &) and § € (0, ), for L sufficiently large one has

€
#{Al eigenvalue of HS‘L in E—l—m[—l—i—n, 1—n] with —ePENL SeZU-P(E)ALal- < _e—n.,o(E)SL}
’ n

5#{Z resonance of HC;’L in R°(E, A, L, e, 5)}

&
<#1) ei lveof HY, in E4+-——[-1—n,1
< {lelgenvaueo . IN +2n(E)[ n, 1+n]

with — eeP(E)SL < lez.p(E)ALal- < _en.p(E)BL}‘
Using Theorem 6.4 and the continuity of the Lyapunov exponent in conjunction with the definition

of a; (see (2-4) and (2-13)), we obtain that, w-almost surely, for any 1 > 0 there exists g9 > 0 such that,
for € € (0, g9) and § € (0, 8p), for L sufficiently large one has

#{eigenvalue of HSL in E+ ﬁ[—l + n, 1 — n]with localization center in 1°(L, §, —n)}
: n
5#{1 resonance of H in R°(E, A, L, e, 8)}

< #{eigenvalue of HE’L in E+ ﬁ[—l —n, 1 +n] with localization center in I°(L, §, 17)},
’ n

where IN(L, 1, 8, n) is the interval —here [r] denotes the integer part of r € R—
IN(L, A, 8, m) = [LA+[-L8(1+ ), L&(1+n)]]
and IZ(L, A, 8, n) is the union of intervals

I5(L, 2, 8,m) = ([SLA] + D=L+ 1), L1 +mT) U ([L(1 — 32)] + T—L8(L +n), L& +m]).
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Now, using the exponential localization of the eigenfunctions, one has that, w-almost surely, for any
n > 0 there exists gy > 0 such that, for € € (0, gg) and § € (0, &g), for L sufficiently large one has

#{eigenvalue of HY} ;5. oy in E [—142n,1 —2n]}

+ 2n(E)
5#{2 resonance of HJ),L in R°(E, A, L, e, 5)}

< #{eigenvalue of HE,L’M’M. in £+ ﬁ[—l —2n, 1+ Zn]}, (6-12)
where H))', , s = (H)')j1=z.x.5.p With Dirichlet boundary conditions at the edges of the interval
I*(L, X, 38,1n).

This immediately yields point (2) for A € (0, 1), using (6-11) for the operators H, E{ Lsin.e The case
A =1 is dealt with in the same way.

As already said, point (3) is an “integral” version of point (2). Using the same ideas as above,
partitioning [ = Uf::o I, so that |I,| ~ & centered in E,, one proves

P
. _ . &
#{elgenvalue of Hw’p,L’. in E,+ 2n(E,) [-142n,1— 217]}
p=0
< #{z resonance of Hj ; in I+ [—e_LK, —e_CL]}
P
&
< ) #jeigenvalueof H , in E —1—2n, 142914,
< [,2:(:, {elgenva veof H, , in E,+ 2n(E,,)[ n, 1+ n]}
where
s H, , . 1s the operator H) restricted to
- [2L%, (inf(cp™"(Ep), D =L if e =N,
- 2L, (inf(cp™"(Ep), 1)/2 = m LIVl —inf(cp~"(Ep), )/2+n)L, L = 2L ] if e = Z;
« H :j ».1.. 18 the operator H) restricted to

- [L¥/2, (inf(co™ ' (E,), 1) + n)L] if e = N,
- [[L*/2, (inf(co~Y(E ), 1)/2+n) LTV —inf(cp™ (E,), 1)/2—n)L, L — L* /2] if o = Z.

In the computation above, we used the continuity of both the density of states £ +— n(E) and the
Lyapunov exponent E — p(E). Thus, we obtain

#{z resonance of H;,; in I+ (—oc, e "1}

P
= L(Zinf(cp_] (Ep), Dn(Ep)|I,| +0(1)> +#{z resonance of H;, ; in I+ (—o0,e ']}
p=0
The last term being controlled by Theorem 1.17, one obtains point (3) as the Riemann sum in the
right-hand side above converges to the integral in the right-hand side of (1-18) as ¢ — 0. This completes
the proof of Theorem 1.14.
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6B3. The proof of Theorem 1.15. The proof of Theorem 1.15 relies on [Germinet and Klopp 2014, Theo-
rem 1.13], which describes the local distribution of the eigenvalues and localization centers (E ,, X; »);
namely, one has

p

~ kn
lim P({o|#{n|Ej,cE+L"I,, xj,€LCy}=k, for n=1,...,p}):]_[e*f*nM (6-13)

L—+o0 kn! ’
n=1

where i, :=n(E)|I,||Cy| for 1 <n < p.

Recall that (Z]L~ (w)); are the resonances of H,, ;. By the argument used in the proof of Theorem 1.14,
we know that, w-almost surely, all the resonances in K; :=[E —¢, E+¢€]+i [—e~L*, 0] are constructed
from the (4}, a;.) by formula (3-19). Thus, up to renumbering, the rescaled real and imaginary parts
(see (1-19)) become

xj=Rez (@) —E)L=;—E)L+O0(Laj) = (Ej,— E)L+ O(Le™"),

1 . logas jo
yj = =57 logllmz} ; (@) = ———++ 0(1/L) = p(E)== + o(),

where A; = E; , and d] » 18 defined as in (6-7); here we used the continuity of E +— p(E).

On the other hand, for the resonances below the line in {Im z = —e "}, one has i SLF —1. So all these
resonances are “pushed upwards” towards the upper half-plane. Hence, the statement of Theorem 1.15 is
an immediate consequence of (6-13).

6B4. The proof of Theorem 1.16. Using the computations of the previous section, as E # E’, Theorem 1.16
is a direct consequence of [Klopp 2011, Theorem 1.2] (see also [Germinet and Klopp 2014, Theorem 1.11]).

6BS. The proof of Theorem 1.17. Consider equations (2-4) and (2-8). By Theorem 6.4 and Lemma 6.3,
w-almost surely, for L large the number of (a3); larger than e~ !9 is bounded by C¢;. Solving (2-4)
and (2-8) in the strip {Re E € I, ImE < —e~ !}, we can write Sy (E) = S, (E)+ SZF(E), where

N aN

a; .
S (E):= ) ﬁ and Sf(E):= ) A:E,
J J

aije‘WL a]N>e‘1°"L

and similarly decompose I'f. (E) =T", (E) + FZF(E). For L large, one then has

sup (IS (E)|+IITL (E)|| <e . (6-14)

ImE<—e 'L
The count of the number of resonances given by the proof of Theorems 2.2 and 2.3 then shows that the
equations (2-4) and (2-8), where Sy and I'y, are respectively replaced by Szr and FZ“, have at most C¢,
solutions in the lower half-plane. We will call the equations where S;, and I';, are replaced by Szr and FZ”
the +-equations. The analogues of Theorems 3.1, 3.2 and 3.3 for the +-equations and Theorem 6.4 show

e L5 <Im E < —e™3¢2/4} are given

that the only solutions to the 4-equations in the strip {Re E € I, —
by formulas (3-19) and (3-20) for the eigenvalues of the Dirichlet problem associated to a localization

centerin [[L —2¢,, L — 3¢, ] ife=Nandin [[1¢,,2¢, JU[L —2¢,, L — 1¢, ] if e = Z. Thus, these
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Figure 8. The new path (in blue).

zeros are simple and separated by a distance at least L~* from each other (recall (6-10)). Moreover, we
can cover the interval / by intervals of the type [%(k jtA—1), %(A itAt 1)], that is, one can write

j+

e J[F0g+x-0. 505 +r40)], (6-15)
j=i~
where )\j*—l 1, )\H-j* g1, )Lj— el and )‘j+ el.
Consider now the line {Im E = —e~%} and its intersection with the vertical strip

[30 + A1), O +Aj)] —iRT
Three things may occur:

(1) et < a}d]zlsin 6(x;)|/C (the constant C is defined in Theorem 3.1); then, on the interval

[%()\j +A-1), %()uj + 4] — ie”',
one has
IST(E) +e B > 1 and |det(T} (E) +e "5y > 1; (6-16)

this follows from the proof of Theorem 3.1 (see in particular (3-5), (3-6), (3-7) and (3-8)) for some
fixed ¢ > 0; recall that, on the interval I +ie ‘%, one has |sin 6 (E)| > 1.

(2) et >C a;. (the constant C is defined in Theorem 3.2); then, on the interval
[0+ A0, 0+ Ajg)] —ie™ ",

one has again (6-16) for a possibly different constant; this follows from the proof of Theorem 3.2 (see in
particular (3-15) and (3-16)).

(3) If we are neither in case (1) nor in case (2), then the line {Im E = —e %} may cross R; (defined
in Theorem 3.3; see also Figure 7); we change the contour {Im £ = —e~%} s0 as to enter U ; until we
reach the boundary of R; and then follow this boundary, getting closer to the real axis, turning around R;
and finally reaching the line {Im E = —e %} again on the other side of R ; and following it up to the
boundary of ﬁ j (see Figure 8); on this new line, the bound (6-16) again holds; moreover, this new line is
closer to the real axis than the line {Im E = —e %},
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Let us call 6, the path obtained by gluing together the paths constructed in points (1)—~(3) for j~ < j <j*
and the half-lines 3 (% ;- +A;-_1) —i[e~‘, +00) and 1 (A;+ + A j+41) —i[e ", +00) (see (6-15)). One
can then apply Rouché’s theorem to compare the +-equations to the equations (2-4) and (2-8): by (6-14)
and (6-16), on the line 6, one has |S; | < |S; +e~"| and

|det(T'(E) + ¢~ det(T'} (E) + e 7P| < J|det(TL(E) + 7).

Thus, the number of solutions to equations (2-4) and (2-8) below the line %, is bounded by C¢;; as
%, lies above {Im E = —e %}, in the half-plane {Im E < —e L} the equations (2-4) and (2-8) have at
most C¢, solutions. We have proved Theorem 1.17.

6B6. The proof of Theorem 1.18. The first point in Theorem 1.18 is proved in the same way as point (2)
in Theorem 1.14 up to the change of scales, L being replaced by £;.. Pick scales (¢} ), satisfying (1-22)
such that £} < £;. One has:

Lemma 6.7. Fix two sequences (ar)y and (by) such that ap <by. With probability one, for L sufficiently
large,
#{eigenvalue of Hw,gL_ML/p in [ap + e_e/L, by — e_LNL]}
< #{eigenvalue of H, | in [ar, br] with localization center in [0, KL]]}
< #{eigenvalue of Hy g, 420,/ In lar — e by + e_E/L]},
where p is given by Lemma 6.2.

Proof. To prove Lemma 6.7, we apply Lemma 6.2 to L = £; + ¢} (i.e., for the operator H,, restricted to
the interval [[0, £; + K’L]]) and [; = E’L. The probability of the bad set is the O (L~°°), thus summable
in L. Using the localization estimate (6-3), one proves that

« each eigenvalue of H,, , -2t /p 1 at a distance of at most e of an eigenvalue of H, ; with
localization center in [0, £ 1];

« cach eigenvalue of H, ; with localization center in [0, £, ] is at a distance of at most et of an
eigenvalue of H,, ¢, 120, /-

Lemma 6.7 follows. O

The first point in Theorem 1.18 is then Theorem 1.14(2) for the operators H,, , L=2¢, /p and H,, ¢, 42/
and the fact that £, < £;.

/P

The proof of the second statement in Theorem 1.18 is very similar to that of Theorem 1.15. Fix
a compact interval / in X° As ¢ satisfies (1-22), one can find ¢) < {7 also satisfying (1-22) such
that e =L « e~ « e~ ‘L. For the same reasons as in the proof of Theorem 1.15, after rescaling all
the resonances in I — i(—o0, 0) outside the strip 1 — i[e_”L, e_gz) are then pushed to either O or ioco
as L — +o0.

On the other hand, the resonances in the strip I —i [e‘Z/L, e‘ez) are described by (3-19). The rescaled
real and imaginary parts of the resonances (see (1-24)) now become x; = (E;, — E){; + o(1) and

yj =p(E)djo/tL+o(D).
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Now, to compute the limit of P(#{j | x; € I, y; € J} = k), using the exponential decay property (6-3)
it suffices to use [Germinet and Klopp 2014, Theorem 1.14]. Let us note here that [Germinet and Klopp
2014, Condition (1.50)] on the scales (£, ) is slightly stronger than (1-22). That condition (1-22) suffices
is a consequence of the stronger localization property known in the present case (compare Theorem 6.4
to [Germinet and Klopp 2014, Assumption (Loc)]). This completes the proof of the second point in
Theorem 1.18. The final statement in 1.18 is proved in exactly the same way as Theorem 1.16.

The proof of Theorem 1.18 is complete.

6B7. The proofs of Proposition 1.20 and Theorem 1.21. Localization for the operator H.) can be described
by the following:

Lemma 6.8. There exists p > 0 and q > 0 such that, w-almost surely, there exists C,, > 0 such that, for
L sufficiently large, if
(1) ¢} is a normalized eigenvector of H,, | associated to Ej , in X,
(2) xj(w) € Nis a maximum of x = |@; »(x)| in N,
then, for x € N, one has
9.0 ()] < Co(l+|x; (@) )T/ 2e =PI, (6-17)
Moreover, the mapping @ — C,, is measurable and E(C,) < +00.

This result for our model is a consequence of Theorem 6.1 (see, e.g., [Kunz and Souillard 1980; Cycon
et al. 1987; Carmona and Lacroix 1990]) and [Germinet and Klopp 2014, Theorem 6.1].
We thus obtain the representation for the function E,

- (0)]2 )
Ew(E) _ Z |§1,w( )l|2 4ol arccos(E/Z). (6—18)
j e
As H) satisfies a Dirichlet boundary condition at —1, one has

0j0@]>0 forall j  and Y g0 =1 (6-19)
j

As E — —ioo, the representation (6-18) yields

Bo(E)=~E7) 10jwO)Eju+ OE™) = —E (8. Hybo) + O(E™) =~ E~> + O(E™).
J
This proves the first point in Proposition 1.20.
As a direct consequence of Theorem 6.1 and the computation leading to Theorem 5.2 (see Section 5A2),
we obtain that there exists ¢ > 0 such that, for L sufficiently large, with probability at least 1 — e~ one
has

sup
ImE<—e—¢L

dN, (A _ G
/R k_(E)—(5o, (Ho,r — E)™'80)| <™. (6-20)

Taking
L=L,~c 'loge| (6-21)
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for some sufficiently small ¢ > 0, this and Rouché’s theorem implies that, with probability 1 — &3, the
number of zeros of &, (counted with multiplicity) in I + i(—o0, €] is bounded

« from above by the number of resonances of H, ;, in I +i(—o0, —¢ — 2],
« from below by the number of resonances of H,, ;. in I, +i(—00, —¢ + 2],

where It =[a—e,b+e]land If =[a+e,b—¢e]if [ =[a,b].

Here, to apply Rouché’s theorem, we apply the same strategy as in the proof of Theorem 1.17 and con-
struct a path bounding a region larger (resp. smaller) than Ij +i(—00, —e—¢&?] (resp. I, +i(—0o0, —e+¢2])
on which one can guarantee |Sy (E) + e 9| > 1.

Now, we choose the constant ¢ (see (6-21)) to be so small that ¢ < minge; p(E). Applying point (3)
of Theorem 1.14 to H, ;. with this constant ¢, we obtain that the number of resonances of H, ;, in
Ij +i(—o00, & —¢&%] (resp. I, +i(—00, &+ 2]) is bounded from above (resp. bounded from below) by

. c
L, / mm(
I p(E)’

Hence, we obtain the second point of Proposition 1.20. The last point of this proposition is then an

|10g el

)n(E) dE (1+0(1)) = + 0(1))

(E)

= |log¢| Q dE (14 0(1)).
1 P(E)

immediate consequence of the arguments developed to obtain the second point if one takes into account
the following facts:

o The minimal distance between the Dirichlet eigenvalues of H E{ ; 1s bounded from below by L
(see (6-10)).

« The growth of the function E +— Sy (E)+e~"%E) near the resonances (i.e., its zeros) is well controlled
by Proposition 3.4.

Indeed, this implies that the resonances of H S , are simple in [ +i [—e‘ﬁ , 0) (one can choose larger
rectangles) and that near each resonance one can apply Rouché’s theorem to control the zero of E,,. Note
that this also yields, w-almost surely, there exists ¢, such that

: : |Ew(E)]
min inf 2 >1. (6-22)
zzeroof B, O<r<e,(Imz)3/2 |[E—z|=r r
ZEI‘FZ‘(*«%},O)

This completes the proof of Proposition 1.20.
Theorem 1.21 is a consequence of the following:

Theorem 6.9. There exists ¢ > 0 such that, w-almost surely, for L > 1 sufficiently large one has

(Jo 1/ = E)dNy (%) 0 )‘ Sy o (E)— /dN »(M) <o iL,

sup 'L a(E) < 0 Jr 1/ = E)dN, ()

Re Eel
ImE<—e¢L

where I'y , &(E) (resp. Sp.o(E)) is the matrix ' (E) (resp. the function Sp(E))—see (2-9)— con-
structed from the Dirichlet data on [0, L] of —A + Vfé ; (resp. —A + VNL) (see (1-26)) using
formula (2-9) (resp. (2-4)).
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Theorem 6.9 is proved exactly as Theorem 5.2 except that one uses the localization estimates (6-2)
instead of the Combes—Thomas estimates.

Theorem 1.21 is then an immediate consequence of the estimate (6-20). Indeed, this implies that if z is
a resonance for, e.g., HQIXL in I +i(—o0, eaL], then |E,(2)] < e L, By the last point of Proposition 1.20,
w-almost surely we know that the multiplicity of the zeros of &, is bounded by N,. Moreover, for the
zeros of E,, in I +i(—e&,, 0), we know the bound (6-22). This bound and (6-20) imply that

|Ew(E) = (So.L(E)+e *EN )
max max — <e .
z zeroof B, |E—z|=e~?L |Ew(E)]
z€l+i(—¢gy,e~h)
This yields Theorem 1.21(2) by an application of Rouché’s theorem. Point (1) is obtained in the same
way, using Proposition 3.4, which gives

|Eo(E) — (So.L(E)+e 75 )
max max <e .

z resonance of Hﬁ{L |E—z|=e—¢L |Sa),L(E) + e_ie(E)l

zel+i(—g,,e L)

The case of H f 5. 18 dealt with in the same way.
This completes the proof of Theorem 1.21.

6C. Estimates on the growth of eigenfunctions. In the present section we are going to prove Theo-
rems 6.4 and 6.5. At the end of the section, we also prove the simpler Lemma 6.3.

The proof of Theorem 6.4 relies on locally uniform estimates on the rate of growth of the cocycle (1-15)
attached to the Schrodinger operator, which we present now. Define

T (E,0)=T(E,wr) - -T(E, wg), (6-23)
where
T(E,0;) = (E o _(1)> .

We start with an upper bound on the large deviations of the growth rate of the cocycle that is uniform
in energy. Fix @ > 1 and § € (0, 1). For one part, the proof of Theorem 6.4 relies on the following:

Lemma 6.10. Let I C R be a compact interval. For any & > 0, there exists Ls > 0 and n > 0 such that,
for L > Ls and any K > 0, one has

o[ log ITL(E; i (w))ul|
L+1

<p(E)+8 forall 0<k <K, E€cl, |u|= 1) >1—Ke "D (6-24)

where we recall that T : Q2 — Q denotes the left shift (i.e., if © = (wp)n>0 then [T(®)], = Wyt for n > 0)

and t" =t o---07T n times.

At the heart of this result is a large deviation principle for the growth rate of the cocycle (see [Bougerol
and Lacroix 1985, Section I and Theorem 6.1]). As it also serves in the proof of Theorem 6.4, we recall
it now. One has:
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Lemma 6.11. Let I C R be a compact interval. For any § > 0, there exists Ls > 0 and n > 0 such that,
for L > Lg, one has

sup IP’(

Eel

llull=1

log [Ty (E; )ull
L+1

p(E)‘ > 6) < e A, (6-25)

While this result is not stated as is in [Bougerol and Lacroix 1985], it can be obtained from their
Lemma 6.2 and Theorem 6.1. Indeed, by inspecting the proof of these results, it is clear that the quantities
involved (in particular, the principal eigenvalue of T (z; E) = T(z) in [loc. cit., Theorem 4.3]) are
continuous functions of the energy E. Thus, taking this into account, the proof of [loc. cit., Theorem 6.1]
yields, for our cocycle, a convergence that is locally uniform in energy, that is, (6-25).

To prove Theorem 6.4, in addition to Lemma 6.10 we also need to guarantee a uniform lower bound
on the growth rate of the cocycle. We need this bound at least on the spectrum of H, ; with a good
probability. Actually, this is the best one can hope for: a uniform bound in the style of (6-24) will not hold.

We prove:

Lemma 6.12. Fix I a compact interval and § > 0. Pick u € C2 with |u||=1. For0 < J<L,ifj<L-—1,
define
> 8}

log 1T, 41, (E, T/ (@))ul

L —p(E)

> };
finally, define 57{2“(@, L,5,u)=92=3,(w,L,§, u).
Recall that (Ej ,,)o<j<1 are the eigenvalues of H,, | and let x; , be the associated localization centers.
For 0 < ¢ < L, define the sets

W (@, L8, u) = {Ee]‘

and, if 1 < j, define

log |Tj—1(E, w)ul|
J

f]{;(a),L,S,u)::{EeI‘ — p(E)

Q;(L, ,8,u):={w|L—xj,>{and Ej, € f]{;fjw(a), L,$5,u) for some j}
and

Qp(L, L, 6,u) ={w|xj,>and E;, € fK;jw(a), L,$5,u) for some j}.

Then the sets Q;(L, £, 8, u) are measurable and, for any § > 0, there exist n > 0 and £y > 0 such that,
for L > £ > £y, one has
(L+ D [e D

max (P(Q (L, £, 8, 1), P(Q5(L, €,8,u))) < epe— (6-26)
—e

Here, the constant n is the one given by (6-25).

First, let us explain the meaning of Lemma 6.12. Since by Lemma 6.10 we already control the growth
of the cocycle from above, we see that in the definitions of the sets 37{; (w, L, 6, u) and ?K;T (w, L, 6, u) it
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would have sufficed to require
log 1T, 41, (E, T/ T (@))ul
L-@G+D

log |71 (E, w)ull

—p(E)<—§ and —p(E) <=6,

respectively.

Hence, what Lemma 6.12 measures is that the probability that the cocycle at energy E, ,, leading from
a localization center x, ,, to either 0 or L decays at a rate smaller than the rate predicted by the Lyapunov
exponent.

The sets Q;(L, £, 5, u) are the sets of bad configurations, i.e., the events when the rate of decay of the
solution is far from the Lyapunov exponent. Indeed, for @ outside QfBE(L, £, 6), i.e., if the reverse of the
inequalities defining f]fj.c (w, L, 8, u) hold, when j =x, , and E = E, , we know that the eigenfunction
©n. has to decay from the center of localization x, , (Which is a local maximum of its modulus) towards
the edges of the intervals at a rate larger than y (E, ) — §. The eigenfunction being normalized, at the
localization center it is of size at least L~/2. This will entail the estimates (6-4) and (6-5) with a good
probability.

There is a major difference in the uniformity in energy obtained in Lemmas 6.12 and 6.10. In
Lemma 6.12, we do not get a lower bound on the decay rate that is uniform all over /: it is merely
uniform over the spectrum inside / (which is sufficient for our purpose, as we shall see). The reason for
this difference in the uniformity between Lemma 6.10 and 6.12 is the same that makes the Lyapunov
exponent E — p(E) in general only upper semicontinuous and not lower semicontinuous (in the present
situation, it actually is continuous).

We postpone the proofs of Lemmas 6.10 and 6.12 to the end of this section and turn to the proofs of
Theorems 6.4 and 6.5.

6C1. The proof of Theorem 6.4. By Lemma 6.10, as Ty (E, w) € SL(2, R), with probability at least

1—KLe "+D for L > Ls and any K > 0, one also has

log |7 ' (E: T ())u|
L+1

Now pick £ = C log L, where C > 0 is to be chosen later on. We know that, with probability P satisfying

VO<k<K VEel Y|u|=1

< p(E)+34.

P>1—L%"", (6-27)
for L > Ls, any [ € [¢, L] and any k € [0, L], one also has
log |17, (E; 7" (@))ul]

VEel VYul|=1 <p(E)+4. 6-28
[l 1 < p(E) (6-28)
Let ¢; ., be a normalized eigenfunction associated to the eigenvalue E;, € I with localization
center x; . By the definition of the localization center, one has
2 2
1 < ( (pj,a)(xj,a)) ) <1 and 1 < (@j,w(xj,w + 1)) <1. (6-29)
L+1 (pj,w(xj,w_l) L+1 (pj,w(xj,w)
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By the eigenvalue equation, for x € [0, L] one has

VjoXjw)

< (pj,w(-x) ) _ Tx—xj,w(E; ijyw(w))((pj’w(x]"w _ 1)> lf X Z Xj’a),

¢jwlx—1) T (E; r"(w))( Gjol¥j0) ) if X < X0
- (pj,w(xj,w - 1)

Hence, by (6-24) and (6-28), with probability at least 1 — 2L%e M — 7P if |xj,w — x| > £ then for
Xj o < x < L one has

(6-30)

e~ (P(Ejo)+8)|x—xj0l < o P(Ej)+8) =10l ( Vjw(Xjw) ) H
vVL+1 B (pj,w(xj,w_l)
< |7y, (s 790 () < #jo (%) ) “ - H < #j0) ) H 6-31)
: Pjojo—1) Pjwx—1)

and for 0 < x < x; 4, one has

(pj,w(x) )H ’Tl E: X ( (pj,a)(xj,w) )H
= (E;TYe(w
H (w./,wbc )| T BT e - )
BN et
(pj,w(xj,w_l) - L +1

On the other hand, by the definition of the Dirichlet boundary conditions, we know that

®j.0(0) o 1 @jo(L+1) _ 0
() =0 (o) o (5100") =0 ()

1 o\ j,w
00O 1 (E; ) (0) = ((p ’ ]kx(-xJ’—)n)
J,@ J,®

(pj,a)(L) <(1)> = TL—xj,,u—l(E; -L-xj,w""l(w)) (‘pj,a)(xj,a) + 1)) .

©Vjo(Xjw)

> e~ (PEj o)) |x—xj 0l

(6-32)

Thus,

and

Thus, for w ¢ Q;(L, £,8,uy)UQg(L, L, 8, u_), where we have set u_ := ((1)) and uy = ((1)), we
know that

e—(p(E_,'vm)—(s)(L—Xj_a,) S ” TL__lxj’w_] (E, -[x_i<u)+1 (C()))M+ ” and e_(p(E_/,a))—ls)X_f,a) S || ij'm71 (E’ C())Mf ” X

Thus we obtain that, for o ¢ Q;(L, £,8,u)UQy(L,¢,8,u_),one has

‘ ((pj,a)(xj,a) + l))
(pj,a)(xj,a))

( (pj,a)(xj,w) )
wj,w(xj,w - 1)

—1
< ¢~ P(Ej0)=8)(L—xj0—1) (6-33)

, 0
@10(L)] = ‘ 1, (Tt @) (1)‘

and

—1

9.0 (0)] = < em P =0T, (6-34)

T, (E; 79 () (?) ‘
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The estimates given by Lemma 6.12 on the probability of Q;(L, £,8,uy) and Qy(L, ¢, 8, u_) for
¢ = Clog L and the estimate (6-27) then imply that, with a probability at least 1 —4L2e™ "¢~ — =P,
the bounds (6-31), (6-32), (6-33) and (6-34) hold. Thus, picking £ = C log L for C > 0 sufficiently large
(depending only on n and, thus, on § and p), these bounds hold with a probability at least 1 — L™". This
completes the proof of Theorem 6.4.

Remark 6.13. One may wonder whether the uniform growth estimate given by Lemmas 6.10 and 6.12 is
actually necessary in the proof of Theorem 6.4. That they are necessary is due to the fact that both the
eigenvalue E; ., and the localization center x; ,, (and, thus, the vector

o220
PjoXjo—1)

also) depend on w. Thus, (6-25) is not sufficient to estimate the second term in the left-hand sides of (6-31)
and (6-32).

6C2. The proof of Theorem 6.5. To prove Theorem 6.5, we follow the strategy that led to the proof of
Theorem 6.4. First, note that (6-31) and (6-32) provide the expected lower bounds on the eigenfunction
with the right probability. As for the upper bound, by (6-30), using the conclusions of Theorem 6.4 and
the bounds given by Lemma 6.10, we know that, e.g., for 0 < x < x; 4,

(21|
Dot — 1)

if (14+C)x <(C—Dxjg i€, 2(0+C) 7 xj g < xj0—x.
For x > x; , one reasons similarly and, thus, completes the proof of Theorem 6.5.

1 . _ N8k _ oy s
TX(E, a)) (0) H |(p‘]’w(0)| < e(p(Ej.<u)+5)xe (IO(E_/,w) S)X_],U) <e (p(Ej.w) Co)lx xj.wl

Remark 6.14. Actually, as the proof shows, the results one obtains are more precise than the claims
made in Theorem 6.5 (see [Klopp > 2016]).

6C3. The proof of Lemma 6.12. The proofs for the two sets QfBE(L, £, 8, u) are the same. We will only
write out the one for Q;(L, £,8,u). Let us first address the measurability issue for Q;(L, £,6,u).
The functions w — E; , and o +— ¢, ,, are continuous (as the eigenvalues and eigenvectors of finite-
dimensional matrices depending continuously on the parameter @ = (@;)o<j<z). Thus, for fixed j, the
sets {w | Ej , € 57{; (w,L,8,u)} and {w | x;, > j} are open (we used the definition of x; ,, as the leftmost
localization center (see Theorem 6.4)). This yields the measurability of QJB“ (L,2,6,u).

We claim that
L+1—¢

1
—Latw.esu = Z (8, 135*@ L. (Ho,1)dj), (6-35)

L+1

where 1%+(a} L.s.0)(Ho,1) denotes the spectral projector associated to H, 1 on the set 37{+ (w,L,$,u).
Indeed, 1f one has E; , ¢ ?7{+ @, L,5,u) for all j then the left-hand side of (6-35) Vamshes and
the right-hand side is nonnegatwe On the other hand, if, for some j, one has 0 < x;, < L — ¢ and



342 FREDERIC KLOPP

Ejoe€ ?7{;, (@, L,8,u), then we compute

o~

L— L—¢
1 1
2 2
(o1, ljﬁj(w’L’g,u)(Hw,L)Bﬂ = E E [0k, (D" = 1¢),0(Xj0)” > I+1 Tl = I+1 n llgg(L,e,a,u)
0 =0 k

~

Epo€X ] (0,L,8,u)
by the definition of x; .
An important fact is that, by construction (see Lemma 6.12), the set of energies 57{;“ (w, L, 5, u) does not
depend on w;. Hence, denoting by E,, () the expectation with respect to w; and E;, (-) the expectation
with respect to @; = (wy )k, We compute

L—¢ L—¢

[E( Z<81’ lﬂfj(w,L,s,u)(Hw,Lwﬂ) = Z [Er?)_,- (Ew,- (<5jv lﬂfj(w,L,s,u)(Hw,L)‘Sj)))-

j=0 j=0

As w; is assumed to have a bounded, compactly supported distribution and as 37{;.“ (w, L, §, u) does not
depend on w;, a standard spectral averaging lemma (see, e.g., [Simon 2005, Theorem 11.8]) yields

Eoy (8 Vo, 1.0, (Ho2)87)) < 157 (@, L, 8,0,

where | - | denotes the Lebesgue measure. Thus, we obtain

L—¢ L—t L—2¢
[E(Z«S,-, 1?,¢<w,L,,;,u>(Hw,L)aj>> < Eo (1] (@, L8, wl) = Y E(1%] (@, L, 8,w)l).  (6-36)
j=0 j=0 j=0

By Lemma 6.11 and the Fubini—Tonelli theorem, we know that

E(|3{j(a), L,8,wl) = [E(f lﬂfj(w,L,s,u)(E) dE) = / [E(lﬁfj(w,L,a,u)(E))dE
1 1

log |7, .. (E, w)ull
< |1|supﬂﬂ>(‘ L 2’*”.
—J

—/O(E)‘ > 5)

Eel
< |]|r—'7(L—j)_

Taking the expectation of both sides of (6-35) and plugging this into (6-36), we obtain

L—¢
o i (L D[I]e™ 7D
4 (€1 (
PQf(L. £.8.w) < (L+DII|e”" jgoe R e

In the same way, one obtains

—n(t=1)
< (L+Dlle .

[Ij) Q_ L, ‘e, 57 u
(82 ) 1—en
This completes the proof of Lemma 6.12.

Remark 6.15. This proof can be seen as the analogue for products of finitely many random matrices of
the so-called Kotani trick (see, e.g., [Cycon et al. 1987]).
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6C4. The proof of Lemma 6.10. The basic idea of this proof is to use the estimate (6-25), in particular,
the exponentially small probability and some perturbation theory for the cocycles so as to obtain a uniform
estimate.

Let n be given by (6-25). Fix n’ < %n and write

I=|JIE;.Ejn], where Le™7UFD <Ej —Ej <2077 D (6-37)
jeJ
thus, #J < e L+D,
We now want to estimate what happens for E € [E;, Ej1]. Using (1-15) and

E-Vom) =1\ (Ej=Vom) -1\ _ . 0
( | O)—(’ | 0>_(E E;))AT, where AT._‘(O)><(O)

we compute

L
TL(E.0)=TL(Ej, )+ Y (E—E)'S), (6-38)
=1
where

Sit= Y Ty (Bt M) X AT X Ty gy 1 (Ej, T20) X AT X+ x AT X Ty 1 (Ej, 7" )

ny<ny<--<nj
. (N\/(1
1m0 (o (o)

I
1 1
= Y 1’[<(0), T s -1 (Ej, T 0) (O)> Toow-1(Ej, T"w).
Clearly, as the random variables have compact support, one has the uniform bound

ny<ny<--<n; m=2

sup [|TL(E: w)|| < e (6-39)
Eel
weR
Thus one has
sup [| S]] < L'e“*. (6-40)
we
Hence, for [ fixed, one computes
L L L
D UE—ENS| <Y (E-ENISI<) et Lt < (6-41)
I=ly 1=l 1=l

if n'lp > 2C and L is sufficiently large (depending only on " and C).

We now assume that [y satisfies n’'ly > 2C and pick 1 <1 < [y. Pick &y € (0, 1) small, to be fixed
later. Assume moreover that L is such that §L > Lg, where L; is as defined in Lemma 6.11. Then, by
Lemma 6.11, for m € {2, ..., [} one has

(1) either n,, —n,,_1 < Lg, in which case one has

1T 11 (B T ) | < €07y
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(2) or n, —nyu—1 > Ls, in which case, by (6-25), with probability at least equal to 1 — e Nm=nm-1)/2
one has

1Ty -1 (Ej, T )| < =m0 0 ED D,

Define

w={me2 ... )| nm—nm_1>Ls} and By, _n=1{2.....0}\Gn,

..........

By definition, one has

Y (w—nn-)<IL; and Y (g —nn1) = L—ILs. (6-42)

MEBy..n meGn,..n

For a fixed sequence n; <ny < --- < ny, the random variables (7, ,—p, , —1(Ej, T"" ®))1<m'<m are

independent. Hence, by (6-25), for a fixed (m1, ..., mg) € G, ... 5, one has

.....

K
[D( i]?f ||Tnmk_nmk—l_1(Ej’ "k ) H > e(P(Ej)-I—S)(nmk—nmkfl)) <e 2 k=1 Mo =N =1
1<k<K

Thus, for € € (0, 1), one has

I]:D lnf ”Tl’l —n 1 (E’ ‘L’nmkila))” > e(p(Ej)+8)(n)71k 7”»11(—1)
1<k<K my my—1 J -
K
for some (my,...,mg) € Gy, , with ank — M1 > eL) < Lle7meL,
k=1
Hence, with probability at least 1 — L'e="¢L we know that there exists (mj, ..., mg) € Gy,....n, SUCh
that
K
m, -1 Ej)+6 my —Mmy —
ank —Nmy—1 = L —ILs—¢eL and ”Tnmk—"mk—l—l(Ejv 7" )| < e(ﬂ( )+8) (g —1my —1)
k=1

for all 1 <k < K. Using the estimates (6-42) and (6-39) for the remaining terms in the product below,
for any given m-tuple (ny, ..., n,) one obtains

1
[p)( l_[ ||Tnm—nm_1—1(Eja fnmk_l(,l))” < e(p(Ej)-HS)(l—8)(L—1L5)+C(8L+1L5)) 2 1 —Lle_USL.

m=1

Hence, with probability at least 1 — loLhe™"eL for 1 <[ <1y we estimate

)
Ist= > [T 1Tnp—1 (Ej. T 0|

ni<ny<--<n;m=l1
< Ll EDFO A=) L+CeL+(C—(p(E)+8)(1—e)lLs

< L1 lPENH5+(C—p(E)=8)eIL+C—(p(E)+5)(1—e) Ll

< Lol P(ENF+HC—p(E))=D)eIL+HC—(p(E)+8) 1) Lslo (6-43)
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It remains now to choose the quantities 7', [y and ¢ so that the following requirements are satisfied:

8 ,
n'ly>2C, (C—p(Ej})—38)e< > loLPoe el T4 1

[C—(p(Ej)+ (1 —e)]lLslo - )

and =< .
L+1 2(p(Ej)+96)

(6-44)

Fixing & small, picking 0 < n’ < %ne and setting /o = L%, where @ € (0, 1), we see that all the conditions
in (6-44) are satisfied for L sufficiently large. Moreover, one has

longe—r)sLer) (L+1) < e—nsL/Z‘

Plugging this and the last estimate in (6-43) into (6-38), we obtain that, with probability at least 1 —e7L/2,
for any j € J (see (6-37)) and E € [Ej, E;1] one has

lo
ITL(E, ®) — TL(E;, o)|| <1+ Z oML+ [ 1, (p(Ej)+28)L <1+ o PEN+28)(L+1) (6-45)
=1

As p is continuous (see, e.g., [Bougerol and Lacroix 1985]), one gets that, for any § > 0 and L sufficiently

large, with probability at least 1 — e~ "¢L/2 one has, for any E € I,

I TL(E, w)| < ePEIH2)LAD

Hence, as T1(E, ) € SL(2, R), one has || T, ' (E, w)|| < e@E)+2)UAD,
Using the fact that the probability measure on €2 is invariant under the shift (it is a product measure),
we obtain (6-24). This completes the proof of Lemma 6.10.

6CS. The proof of Lemma 6.3. Assume the realization w is such that the conclusions of Lemma 6.2
hold in [ for the scales I; = 2log L. Fix a > 0 and let €, ,, be the set of indices of the eigenvalues
(Ejw)o<j<r of H,  having a localization center in [L — £;, L]. Fix C > a > 0 and consider the
projector Il¢ :=1j.—c¢, .17 In 22([[o, L.

Consider the Gram matrices

G(ELw) = ()0 ¢</’w>))(n,m)e%L,wX‘i‘éLw =1Idy,
where N = #¢&; , and
Gn(%L,w) = (((HC(/’j,wv chj*‘”)))(n,m)e‘é’L.wX‘éL,w'

By definition, the rank of G, (€L ) is bounded by the rank of I1¢, i.e., by C£;. Moreover, as by (6-3)
one has [[(1 —TI¢c)g; ol < L9e~P1CtL one has

HIdN _G”(%L,w)” < L2+qe—,011CEL < L2+‘1—CP71.

Thus, picking Cnp > g + 2 yields that, for L sufficiently large, G, (€L ) is invertible and its rank
is N. This yields #€; , = N < C{;, and the proof of Lemma 6.3 is complete.
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6D. The half-line random perturbation: the proof of Theorem 1.23. Using the same notations as in
Hoo:( H,_, |5—1>(50|>’
180} (811  —Agy

. —Aa’ is the Dirichlet Laplacian on 2(N),

Section 5C, we can write

where

*H, =—A+YV,on £?({n < —1}) with Dirichlet boundary conditions at 0.
Define the operators
Fo(E) = —Ag — E = (6_1|(H,, _; = E)~"16-1)10) (o],
Fo(E) = Hy | — E — (8ol(=AF — E)"180)18-1){8_1].

For Im E # 0, the numbers (8_;|(H, _; — E)~"|8_1) and (8o|(—Aj — E)~'|80) have nonvanishing
imaginary parts of the same sign; hence, the complex number

(8-11(H, _y = E) 16_1) ™" = (8ol (—Ag — E)~'180)

does not vanish. Thus, by rank-one perturbation theory (see, e.g., [Simon 2005]), we thus know that
T, (E) and T',,(E) are invertible for Im E # 0 and that

|(=Ag = E)"'180) (0l (=Ag — E)'|

T NE)=(—Af —E)'+ — (6-46)

((6-11(Hy _y = E)718-1)) = (Bol(=Ag — E)~!15)

~ H, | —E)y'5_)(6_1I(H, _,—E)!

F;I(E) _ (Haj_l _ E)_l + |( w,—1 ) | 7i>( 1|( w,—1 ) I ) (6_47)

’ ((Sol(=Ag = E)~180))  — (8-11(H, _; — E)~'61)

Thus, for Im E # 0, using Schur’s complement formula we compute
L _(TSNE) y(E) )

H® —E)y'=( @« ‘= , 6-48
R R (49

where y*(E) is the adjoint of y (E) and
y(E) = —|(H, _, — E)~"8_1)(80[T " (E)]

6D1. The continuation through (—2,2)\ X. Let us start with the analytic continuation through (-2, 2)\ X.

One easily checks that the function E +— (§_1|(H,, _|—E )~ 116_1) ! is analytic outside X, the essential
spectrum of H, |, and has simple zeros at the isolated eigenvalues of H ;. Hence, E — I'1(E) can
be analytically continued near an isolated eigenvalue of H, | different from —2 and 2.

As for F; ! using the spectral decomposition of (H o1 E)~!, as for any eigenvector of H,
say ¢, one has (8_1, ¢) # 0; for Ej an isolated eigenvalue of H, , different from —2 and 2, doing a
polar decomposition of Fa_)l near Eg one checks that £ +— F;l (E) can be analytically continued to a

neighborhood of Ej.
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Finally let us check what happens with y. We compute
Y(E)=—(_1|(H, _, —E)~"16_1) " |(H, _, — E) '18_1)(Sol(—AF — E)7'.

As E+— (8,1|(H(;_1 —E)~! |8,1)_1(H;_1 —E)lis analytic near any isolated eigenvalue of Hl;_l,
we see that £ — y (E) can be can be analytically continued to a neighborhood of an isolated eigenvalue
of H o1

Hence, the representation (6-48) immediately shows that the resolvent (H° — E )~! can be continued

through (=2, 2) \ X, the poles of the continuation being given by the zeros of the function

. _ . ; dN,(2)
E> 1—(8o|(—A — E)~'180)(8-1|(H,, _; — E) 1|8_1>=1—e9<E)fRﬁ.

6D2. No continuation through (—2,2) N X° Let us study the analytic continuation through (-2, 2) N X°.
Considering the lower right coefficient of this matrix, we see that, when coming from upper half-plane
through (=2,2)NX° Ew (H —E )~! can be continued meromorphically to the lower half plane (as
an operator from 2 (Z) to £>. (2)) only if £+ I', 1(E) can be continued meromorphically (as an

comp loc

operator from 22 (N) to £2._(N)).

comp loc

As E +— (—A(}L — E)~! can be analytically continued (see Section 2), by (6-46) the meromorphic
continuation of E + I'!(E) will exist if and only if the complex-valued map

1
((6-11(Hy _y — E)=118-1)) " — (8ol (—AF — E)~"[80)

E > go(E) =

can be meromorphically continued from the upper half-plane through (—2, 2) N X°. Fix w such that the
spectrum of H_ _, is equal to ¥ and pure point (this is almost sure; see, e.g., [Carmona and Lacroix

w,
1990; Pastur and Figotin 1992]). As §_; is a cyclic vector for H w10 for E an eigenvalue of .1 One

then has

lim ((8-11(H, _, —E—ig)"'5_y)) " =0. (6-49)
£— ’

Hence, if the analytic continuation of g, would exist on (—2, 2) N X° it would be equal to

1

ga)(E +IO) = - (80|(—A§ _E_ iO)_1|80> .

(6-50)

By analyticity of both sides, this in turn would imply that (6-50) holds on the whole upper half-plane;
thus, in view of the definition of g, that (6-49) holds on the whole upper half plane: this is absurd! Thus,
we have proved that, w-almost surely, E — (H° — E)~! does not admit a meromorphic continuation
through (—2,2)N X°.

6D3. Absolutely continuity of the spectrum of H>° in (—2,2) N X° Let us now prove that the spectral
measure of H3° in (—2,2) N X° is purely absolutely continuous. It suffices (see, e.g., [Teschl 2000,
Section 2.5; Simon 2005, Theorem 11.6]) to prove that, for all E € (—2,2) N X°, one has

limsup|(8o, (H2® — E —ie)~'8o)| + [(8_1, (H® — E —ig)~'6_1)| < +oo0.

e—0F
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Using (6-46), (6-47) and (6-48), for Im E # 0 we compute

(61, (H® —E)'s_) = OorlHy 1 = B) 181 (6-51)
—1 (Hy TG0l (— A — E) oo - (51 l(H,,_, — E) o)’

—B_,l(HT = E)Y8_1) (8| (=AF — E)~1Y8,,
(5, (HE — E)15,) = (8-nl( w,+_1 )" 18-1)(Sol( Ao )" 0m) 6-52)
1= (8ol(=Ag — E)~!80) - (8-11(H, _; — E)71[8-1)

forn >1and m <0, and

(8ol(=Ag — E)~"180)

80, (H® — E)~'80) = '
(00, (H," = E)™" o) 1= (8ol (=AF = E)~1180) - (8-11(H,, _; — E)~"18-1)

(6-53)

Thus, to prove the absolute continuity of the spectral measure of H2° in (=2, 2) N X°, it suffices to
prove that, for £ € (—2,2) N X°, one has

1
limsup(‘ —
=0t \I((8-1|(H,, _; — E—ie)78-1))" — (Sol(=Ag — E —ie)~1[80)

1
((Sol(—Ag — E — 1'8)‘1|50))_1 —(8-1l(H, _; —E—ie)~15_1)

) <.

« the signs of the imaginary parts of —((8_1 I(H, _, —E—ie) 16, ))_1 and (8| (—AE)F—E—is)_1 |60)
are the same (negative if Im £ < 0 and positive if Im E > 0),

o for E € (—2,2), (8o|(—Af — E —ig)~!|8) has a finite limit when & — 0T,

This is the case, as

« for E € (-2, 2), the imaginary part of (8o|(—A§ —E —ig)~"|8o) does not vanish in the limit & — 0.

So, we have proved the part of Theorem 1.23 concerning the absence of analytic continuation of the
resolvent of H.° through (—2, 2) N X° and the nature of its spectrum in this set.

6D4. The spectrum of H.° is pure point in ¥° \ [—2, 2]. Let us now prove the last part of Theorem 1.23.
The proof relies again on (6-48). We pick B € (0, yo), where « is determined by Theorem 6.1 for H o1
Then, for n > 1 and m < 0, using the Cauchy—Schwartz inequality, for Im E # 0 we compute

E(|(3-n, (HZ — E)'8,)|")°
< [ol(—=AF — E)~"18,) > - E(| 6l (H _, — E) "1 15_)| )

1
(| oo
1 —=(dol(=Ag — E)"d0) - (6-1|(H,, _; = E)7'[6-1)

For a compact interval J C (—2, 2) \ X, we know that, forn > 1 and m <0,

28
). (6-54)

. supImE#O{ ((Sol(—Aar —E)7! |8m){ < e7 " by the Combes—Thomas estimates;

* SUPyy, £ [E(|((S_,1|(H;_1 —E)7'5_)) ’2’3) < e~ 2Prn by the characterization (6-1) of localization
in X for Ha:_l.
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It suffices now to estimate the last term in (6-54) using a standard decomposition of rank-one perturba-
tions (see, e.g., [Simon 2005; Aizenman and Molchanov 1993]); one writes
1 N w_1— b
1 — (Sol(—=AF — E)~"180) - (8_11(H, _, —E)~'16_1) w-1—a’

where a and b only depend on (w_,),>2. Thus, as (w_,),>1 have a bounded density, for Im E # 0 one

has
2p
w_1—b
> S [E(a),,,),,zz |:EC‘)fl (' !

w_1—a

1
| =miarzrm o5
1—=(Sol(=Ag —E)~"1d0)- (6-11(H,, _; —E)~'[6-1)

28
)5C,g<+oo.

Thus, we have proved that, for a compact interval J C X\ [—2, 2], for § € (0, %a) and some p > 0,
for n > 1 and m < 0 one has

sup E(|(5_,, (HS —E)~'8,)|") < CpePmm.
Im E#0
ReEel

In the same way, using (6-51) and (6-53), one proves that

sup E(| (S0, (HZ — E)~'80)|” + (61, (HZ — E)~'8_1)|") < +o0.
Im E#0
Re Eel

Thus, we have proved that, for some p > 0, one has

) B
sup sup [E(Ze”(m_”) (8_p, (H® —E)7'8,,) ) < +o0.
ImE£0meZ \ )=
Re Eel

Hence, we know that the spectrum of HJ° in X \ [-2, 2] (as J can be taken arbitrarily, contained
in this set) is pure point associated to exponentially decaying eigenfunctions (see, e.g., [Aizenman and
Molchanov 1993; Aizenman 1994; Aizenman et al. 2001]). This completes the proof of Theorem 1.23.

Appendix

In this section we study the eigenvalues and eigenvectors of H; (see Remark 1.6) near an energy E’ that
is an eigenvalue of both H(;r and H,~ (see the ends of Sections 4A3 and 4A4). We keep the notations of
Sections 4A3 and 4A4.

Let ¢t € £2(N) (resp. ¢~ € £%(Z_)) be normalized eigenvectors of HOJr (resp. H, ) associated to E_.
Thus, by (4-28) and (4-32), we can pick, forn >0and/ € {0, ..., p — 1},

Quo =Ccai(ENp"(E") and ¢, =c b (E)p"(E"). (A-1)
Assume L = Np +k and, for [ € {0, ..., L}, define o™F € ¢£2([[0, L) by

L. L L. L. - —L -L._ -
‘P1+ =9, (pi_l :(pz_-i-l =91 =0, ¢ "i=¢_, and ¢ =@ =9, =0. (A-2)
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Thus, one has

Hig™t =E'otr +of (81, Ho ' =E¢~"+97; 8 and (p™F 97" = 0WNp"(E)).
(A-3)
Recall that a; (E") # 0 # by (E’) (see Sections 4A3 and 4A4); thus, by (A-1), one has

0”11 = Ip(EDNN" <l - (A-4)

Moreover, as Hy converges to H(;r in the strong resolvent sense, for ¢ > 0 sufficiently small and L
sufficiently large, H; has no spectrum in the compact E’ + [—28, —%8] U [%8 28]. Let I, be the spectral
projector onto the interval [—73e, 3¢, that is, TT;, = 1/(2im) f‘z (Hy —2)~'dz. By (A-3), one
computes

—FE'|=¢

+

% _ _

1-Tpett = ﬁ/ (E'—2)"YW(HL — 2780 dz.
|[z—E'|=¢

Thus, one gets

(1 =T+ 11 =T e ™5 < 1p(EDY. (A-5)
Define . |
~+,L +,L ~—,L —L
X = Mee™" and X" = — g™
[T o+ L Tl oL

The Gram matrix of (y +%, ¥ 1) then reads Id4+O (Np" (E)). Orthonormalizing (3 **, ¥ %) into

+.L X"L ) and computing the matrix elements of I1; (H; — E’) in this basis, we obtain

01
10

(x

( (pz_.f_l <8L’ (p+’L> go—[-!,—] <805 ¢+’L>

AT A I ¢—7L>>+O(NZPZN<E>>=apN<E>( )+O(N2,02N(E))
L1V ~L—1190

Thus, we obtain that the eigenvalues of H; near E’ are given by E' +ap” (E)+ O (N 2p2N(E)) and the
eigenvectors by \/Li(goJ“L +¢ =LY+ 0(p"(E)). In particular, their components at 0 and L are asymptotic
to nonvanishing constants.
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