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1. Introduction

In this paper, we consider the linearized Calderén problem with local partial data and related problems.
We first briefly review Calderén’s problem including the case of partial data. For a more complete review,
see [Uhlmann 2009].

Calderdn’s problem is, roughly speaking, the question of whether one can determine the electrical
conductivity of a medium by making voltage and current measurements at the boundary of the medium.
This inverse method is also called electrical impedance tomography. We describe the problem more
precisely below.

Let 2 C R" be a bounded domain with smooth boundary. The electrical conductivity of €2 is represented
by a bounded and positive function y (x). In the absence of sinks or sources of current, the equation for
the potential is given by

V-(yVu)=0 inQ (1-1)

since, by Ohm’s law, y Vu represents the current flux. Given a potential f € H'/2(32) on the boundary,
the induced potential u € H 1(Q) solves the Dirichlet problem

V-(yVu)=0 1in Q, (1-2)
ulae = f.
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The Dirichlet-to-Neumann (DN) map, or voltage-to-current map, is given by

0
Ay (f) = (ya—fj)

where v denotes the unit outer normal to 0€2. The inverse problem is to determine y knowing A, .

; (1-3)
191

The local Calderén problem, or the Calderén problem with partial data, is the question of whether
one can determine the conductivity by measuring the DN map on subsets of the boundary for voltages
supported in subsets of the boundary. In this paper, we consider the case when the support of the voltages
and the induced current fluxes are measured in the same open subset I'. More conditions on this open set
will be stated later. If y € C°°(£2), the DN map is a classical pseudodifferential operator of order 1. It was
shown in [Sylvester and Uhlmann 1986] that its full symbol computed in boundary normal coordinates
near a point of I' determines the Taylor series of y at the point giving another proof of the result of Kohn
and Vogelius [1984]. In particular, this shows that real-analytic conductivities can be determined by
the local DN map. This result was generalized in [Lee and Uhlmann 1989] to the case of anisotropic
conductivities using a factorization method related to the methods of this paper. Interior determination
was shown in dimension n > 3 for C? conductivities [Sylvester and Uhlmann 1987]. This was extended
to C! conductivities in [Haberman and Tataru 2013]. In two dimensions, uniqueness was proven for C?
conductivities in [Nachman 1996] and for merely L° conductivities in [Astala and Péivérinta 2006]. The
case of partial data in dimension n > 3 was considered in [Bukhgeim and Uhlmann 2002; Kenig et al.
2007; Isakov 2007; Kenig and Salo 2013; Imanuvilov and Yamamoto 2013]. The two-dimensional case
was solved in [Imanuvilov et al. 2010]. See [Kenig and Salo 2014] for a review. However, it is not known
at the present whether one can uniquely determine the conductivity if one measures the DN map on an
arbitrarily open subset of the boundary applied to functions supported in the same set. We refer to these
types of measurements as the local DN map.

The map y — A, is not linear. In this paper, we consider the linearization of the partial-data problem
at a real-analytic conductivity for real-analytic I'. We prove that the linearized map is injective. In fact,
we prove a more general statement (see Theorem 1.6)

As in many works on Calderén’s problem, one can reduce the problem to a similar one for the
Schrédinger equation (see for instance [Uhlmann 2009]). This result uses that one can determine from
the DN map the conductivity and the normal derivative of the conductivity. This result is only valid for
the local DN map. One can then consider the more general problem of determining a potential from the
corresponding DN map. The same is valid for the case of partial data and the linearization. It was shown in
[Dos Santos Ferreira et al. 2009] that the linearization of the local DN map at the O potential is injective. We
consider the linearization of the local DN map at any real-analytic potential assuming that the local DN map
is measured on an open real-analytic set. We now describe more precisely our results in this setting.

Consider the Schrodinger operator P = A — V on the open set Q2 € R”, where the boundary 0€2 is
smooth (and later assumed to be analytic in the most interesting region). Assume that O is not in the
spectrum of the Dirichlet realization of P. Let G and K denote the corresponding Green and Poisson
operators. Let y : C* () = C*®(dR) be the restriction operator and v the exterior normal. If xo € 9€2, we
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can choose local coordinates y = (y1, ..., y,), centered at xo so that 2 is given by y, > 0 and v = —9,,.
If 9LQ2 is analytic near xp, we can choose the coordinates to be analytic.
The Dirichlet-to-Neumann (DN) operator is

A=yd(x,d)K. (1-4)
Consider a smooth deformation of smooth real-valued potentials

neigh(O,R)>¢t+—> P=A-V,,

_ (1-5)
Vi(x) = V(t, x) € C*®(neigh(0, R) x Q; R).
Let G, and K, be the Green and Poisson kernels for P; so that
(?):deb-ac@%Q)xcw@Q)
has the inverse
(G: Ki).
Then, denoting ¢-derivatives by dots,
.. P . .
(Gz Kt) = (Gt Kt) (Ot) (Gt Kz) == (GtPth GtPth) ;
that is,
G =-GPG, K = -GPK, (1-6)
and consequently,
A =—-y3,GPK. (1-7)
Using the Green formula, we see that
y3,G = K", (1-8)
where K' denotes the transposed operator.
In fact, write the Green formula,
/ ((Pup)uz —uiPuz)dx = | (dyuiuz —u1dyuz)S(dx),
Q a0
put u; = Gv and u; = Kw for v € C®(Q) and w € C®(3),
/ vKw = / (yd,Gv)wS(dx),
Q Ele}
and (1-8) follows.
Equation (1-7) becomes
A=—-K'PK =K'VK. (1-9)

The linearized Calderén problem is: if V, = V + ¢, determine g from A,—g. The corresponding
partial-data problem is to recover ¢ or some information about ¢ from local information about A,—g.
From now on, we restrict the attention to t = 0. In this paper, we shall study the following linearized
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baby problem. Assume that V and 9€2 are analytic near some point xo € d2. We also assume that V
is smooth. If A (for r = 0) is an analytic pseudodifferential operator near xo, can we conclude that ¢ is
analytic near xo? Here,

A =K'qK, (1-10)

and we shall view the right-hand side as a Fourier integral operator acting on q.

Actually this problem is overdetermined in the sense that the symbol of a pseudodifferential operator
on the boundary is a function of 2(n — 1) variables while ¢ is a function on n variables and 2(n — 1) > n
for n > 2 with equality precisely for n = 2. In order to have a nonoverdetermined problem, we shall only
consider the symbol o (¥, ') of A along a half-ray in 7’; i.e., we look at o' (¥, tn;) for some fixed
1, 7 0 and for some local coordinates as above. Assuming this restricted symbol to be a classical analytic
symbol near y’ = 0 and the potential V = V} to be analytic near y = 0 (i.e., near x(), we shall show that
q is real-analytic up to the boundary near x( (corresponding to y = 0).

In order to formulate the result more precisely, we first make some remarks about the analytic singular
support of the Schwartz kernels of K and K'qK and then we recall the notion of classical analytic
pseudodifferential operators. Assume that W C R" is an open neighborhood of xp € O and that

02 and V are analytic in W. (1-11)

For simplicity, we shall use the same symbol to denote operators and their Schwartz kernels. Then:

Lemma 1.1. The Schwartz kernel K (x, y') is analytic with respect to y’, locally uniformly on the set
{(x,y)eQx@QNW) :x £ V).

Proof. Using (1-8), we can write K (x, y’) = yd,u(y’), where u = G(x, -) solves the Dirichlet problem
A=V)u=656(-—x), yu=0,

and from analytic regularity for elliptic boundary-value problems, we get the lemma. (When x € 02, we
view G(x, y) away from y = x as the limit of G(x;, y) when Q5 x; — x.) O

Lemma 1.2. The Schwartz kernel (K'qK)(x', y') is analytic on the set
(@) e@NW)*:x" #). (1-12)

Proof. Let (x(), y;) belong to the set (1-12). After decomposing ¢ into a sum of two terms, we may assume
that x;, ¢ supp(q) or that y; ¢ supp(q). In the first case, it follows from Lemma 1.1 that (K'q K)(x’, y') is
analytic in x’ uniformly for (x’, y’) in a neighborhood of (x{, y,)), and since the kernel is symmetric, we
can exchange the roles of x” and y” and conclude that (K'qg K)(x’, y’) is analytic in y’ uniformly for (x’, y’)
in a neighborhood of (x)), y;). In the second case, we have the same conclusion about analyticity in x” and
in y’ separately. It then follows that (K¢ K)(x’, y’) is analytic near (x,, y;) (by using the Fourier—Bros—
Iagolnitzer (FBI) definition of the analytic wave-front set and which can also (most likely) be deduced from
a classical result on logarithmic convexity of Reinhardt domains [Hormander 1990, Theorem 2.4.6]). [



LOCAL ANALYTIC REGULARITY IN THE LINEARIZED CALDERON PROBLEM 519

Remark 1.3. By the same proof, K'q K (x', y’) is analytic near
(. x) € @QNW)? 1 (', 0) ¢ suppg}.

We next define the notion of a symbol up to exponentially small contributions. For that purpose, we
assume that X is an analytic manifold and consider an operator

A:C(‘)’O(X)—>C°°(X) (1-13)
that is also continuous
&'(X) - D'(X). (1-14)

Assume (as we have verified for K'q K with n replaced by n— 1 and with X = QN W) that the distribution
kernel A(x, y) is analytic away from the diagonal. After restricting to a local analytic coordinate chart,
we may assume that X C R” is an open set. The symbol of A is formally given on 7*X by

oalx,E) =e AN = / e T A(x, y) dy.

In the usual case of C*°-theory, we give a meaning to this symbol up to O({£)~°°) by introducing a
cutoff x (x, y) € C*°(X x X) that is properly supported and equal to 1 near the diagonal. In the analytic
category, we would like to have an exponentially small indeterminacy, and the use of special cutoffs
becoming more complicated, we prefer to make a contour deformation.

For x in a compact subset of X, let > 0 be small enough and define for £ %0

o (x, £) = / SO Ak, y) dy, (1-15)
x+Te

where

[re:B0O,r)>t— t+ix<§>ré—| eC"
and y € C*°(B(0, 1); [0, 1]) is a radial function that vanishes on B(0, %) and is equal to 1 near d B(0, 1).
Thus, the contour x + I, ¢ coincides with R"” near y = x and becomes complex for ¢ close to the boundary
of B(0, r). Notice that along this contour

|| = X/ rIrIE]

is bounded by 1 and for 7 close to 9 B(0, r) it is exponentially decaying in |&|. Thus, from Stokes’ formula,
it is clear that o4 (x, &) will change only by an exponentially small term if we modify ». More generally,
for (x, £) in a conic neighborhood of a fixed point (xg, &) € X x §"~!, we change o4(x, &) only by an
exponentially small term if we replace the contour in (1-15) by xo +I',.¢,, and we then get a function that
has a holomorphic extension to a conic neighborhood of (xg, &) in C" x (C" \ {0}).

Remark 1.4. Instead of using contour deformation to define o4, we can use an almost-analytic cutoff in
the following way. Choose C > 0 so that

1= f Ch™"2e= =712 gy
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and put
= —n/2 —(y—1)2/2h
e(y) = X(y —)Ch "2 0=/

where x € C°(R") is equal to 1 near 0 and has its support in a small neighborhood of that point. Then if
X is another cutoff of the same type, we see by contour deformation that

oalx,£)=e "% A( f 2<r>ete<'>f)

up to an exponentially decreasing term.

Definition 1.5. We say that A is a classical analytic pseudodifferential operator of order m € R if o4 is a
classical analytic symbol (cl.a.s.) of order m on X x R" in the following sense.
There exist holomorphic functions p,,_;(x, &) on a fixed complex conic neighborhood V' of X x R”
such that
pi(x, &) is positively homogeneous of degree k in &, (1-16)
forall K € V N{(x,&) : |§] = 1}, there exists C = Cx such that |p,,—_;(x,&)| < C/*'j/ on K, (1-17)

for all K € X and every C| > 0 large enough, there exists C» > 0

such that

oA )= D pujlr, 5)‘ < Coe™ V2 with (x,8) € K xR" and [£] 2 1. (1-18)
0<j=<I&1/C

The formal sum ZSO Pm—j(x, &) is called a formal cl.a.s. when (1-16) and (1-17) hold. We define cl.a.s.
and formal cl.a.s. on open conic subsets of X x R” and on other similar sets by the obvious modifications
of the above definitions. If p(x, &) is acl.a.s. on X x R" and if & € R", then

q(x, 1) := p(x, &)
isacla.s.on X x Ry.

The main result of this work is:

Theorem 1.6. Let xo € 092, and assume that 92 and V are analytic near that point. Let g € L*°(Q2).
Choose local analytic coordinates y' = (y1, . .., yn_1) on neigh(xg, 0K2), centered at xy, so that the symbol
oi(y', 1) becomes well defined up to an exponentially small term on neigh(0) x R, Let o € Rr1
Ifoi (', Tny) is a cla.s. on neigh(0, R"~1) x Ry, then q is analytic up to the boundary in a neighbor-
hood of xy.
We also have the converse statement.

We have a simpler direct result.

Proposition 1.7. Let xq, 02, and V be as in Theorem 1.6, and choose analytic coordinates as done there.

If g € L>() is analytic up to the boundary near xo, then A is an analytic pseudodifferential operator
/

near y' = 0.

We get the following immediate consequence.
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Corollary 1.8. Under the conditions of the previous theorem, the map
g — A
is injective.

This follows from the previous result since ¢ must be analytic on W and, if the Taylor series of ¢
vanishes on W, then ¢ = 0 on the set where ¢ is analytic.

Most of the paper will be devoted to the proof of Theorem 1.6, and in Section 7, we will prove
Proposition 1.7.

2. Heuristics and some remarks about the Laplace transform

Let us first explain heuristically why some kind of Laplace transform will appear. Assume that xo € 92
and that V and 0€2 are analytic near that point. Choose local analytic coordinates

Y=oy YuetsYn) = (s yu)

centered at xo such that the set 2 coincides near xg (i.e., y = 0) with the half-space R", ={y e R" : y, > 0}.
Assume also (for this heuristic discussion) that we know that ¢(y) = ¢(y’, y,) is analytic in y’ and that
the original Laplace operator remains the standard Laplace operator also in the y coordinates. Then up to
a smoothing operator, the Poisson operator is of the form

Ku(y) =

(27)n-1 / SOy, u(w') dw' dif

where the symbol a is equal to 1 to leading order. We can view K, g, and K' as pseudodifferential
operators in y" with operator-valued symbols. K has the operator-valued symbol

K&\ 1) :C3zm ze ™ Ma(y, n') € L2([0, +o0l,,). (2-1)

The symbol of multiplication with ¢ is independent of n’ and equals multiplication with g(y’, -). The
symbol of K is

o0
K'(G/ ") s L2(10, +00ly,) 3 f () = / e Ma(y, =) f (ya) dyn € C. (2-2)
0
For simplicity, we set a = 1 in the following discussion. To leading order, the symbol of A is

o0
oi(y. n) = /0 e gy, ya) dy = (Lq (¥, ) Q2I')). (2-3)
where

Ef(r):/ooe‘”f(t)dt
0

is the Laplace transform.
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Now we fix 1 € R"~! and assume that oi(y', Tng) is a clas. on neigh(0, R x R,
x
o (LT ~ Y m(y, o), (2-4)
1

where ny, is analytic in y’ in a fixed complex neighborhood of 0, (positively) homogeneous of degree —k
in 7, and satisfies
e (', D < CHIK 7 (2-5)

More precisely for C > 0 large enough, there exists C > 0 such that

ln'1/C1
o T — Ym0

1

< Cexp(—1/C) (2-6)

on the real domain.
From (2-3), we also have

[/ C1
‘(ﬁq(y’, NQInlD = Y w7

1

<exp(—1/C) 2-7)

for y' € neigh(0, R"~!) and v > 1. In this heuristic discussion, we assume that (2-7) extends to y’ €
neigh(0, C"~1). It then follows that ¢(y’, y,) is analytic for y, in a neighborhood of 0, from the following
certainly classic result about Borel transforms.

Proposition 2.1. Let g € L°°([0, 1]), and assume that for some C, C>0

[x/C] B
‘ <e V¢ >0, (2-8)

Lg(t)— > qr **D
0

| < C*H1kk, (2-9)

Then q is analytic in a neighborhood of t = 0. The converse also holds.

Proof. We shall first show the converse statement, namely that, if g is analytic near t = 0, then (2-8)
and (2-9) hold. We start by computing the Laplace transform of powers of 7.
Fort>0,a>0,andk e N,

oo —tt 4k k!
/0 et = . (2-10)

In fact, the integral to the left is equal to

(=0.)* ( / e‘”dr) = (=3(2).
0 T
Next, for a > 0, we look at

1 a 1 ‘L'k+1 00 1 00 Sk
— | e ikdr = l— — ek dr ) = —(1-— et —ds ). (2-11)
k' Jo Th+l k', Th+l . k!
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First let T € ]0, oo[ be large. For 0 < 6 < 1 to be optimally chosen, we write for s > 0

ie—s — gk ©s)" o0 p=(1=0)s — g—k ,—(1-0)s
k! k! - '
——
<1
Thus,
00 k 00 —k ,—(1—0)at
0
/ e ds = 9"/ e Uo7 ¢ (2-12)
ar k! ar 1-6

We will estimate this for k < at/O(1). Under the a priori assumption that 8 <1—1/0(1), we look for 6
that minimizes the numerator

e_ke_(l_g)at —[(I—G)ar—i—klné)].

=e

Setting the derivative of the exponent equal to 0, we are led to the choice 8 = k/(at). Assume that

k
LR (2-13)
aTt
Then,
(1—6)at +kInd =ar(1—ﬁ+ilni) =at<1 —f(i)),
at at at at
where

1
f)=x4+xIn—, 0<x<1.
x

Clearly f(0)=0and f(1)=1, and for 0 < x < 1, we have f'(x) =1In(1/x) > 0, so f is strictly increasing
on [0, 1]. In view of (2-13),

(1—-0)at+klnb > at(1— f(6)),
and (2-12) gives

o gk e—at(1=£(60)
ds<—n . (2-14)
e k! 1—6
Using this in (2-11), we get
1 a
— | e dr = —— (1 +01)e /€O for <6y < 1, where C(6p) > 0. (2-15)
k! Jo k+1 at

Now, assume that g € C([0, 1]) is analytic near t = 0. Then for ¢ € [0, 2a], 0 < a <« 1, we have

> a®
gn=3 O

K
0
where
lg® O]  ~ 1
k! EC(za)k’ (2-16)
SO
[/l ko N
‘q(t)_ > k!( Y4 <€, 0=ziza.




524 JOHANNES SJOSTRAND AND GUNTHER UHLMANN

Hence,
[z/C]

(k)(())
cg=> 7 T T O ) + L) @)
0
=0(e™ 7/C)

and we obtain (2-8) with g; = ¢®(0) while (2-9) follows from (2-16).
We now prove the direct statement in the proposition, so we take g € L>([0, 1]) satisfying (2-8)
and (2-9). For a > 0 small, put

G(1) = q() = lo.a(1) Z gk,

The proof of the converse part shows that
1£G(r)] <e7/E, (2-17)
where C is a new positive constant, and it suffices to show that
g vanishes in a neighborhood of 0. (2-18)

We notice that £g is a bounded holomorphic function in the right half-plane. We can therefore apply
the Phragmén-Lindelof theorem in each sector arg T € [0, %] and arg T € [—%, 0] to the holomorphic
function

e g (v)

and conclude that this function is bounded in the right half-plane:
1£4(0)] < O(Me ™/ g >0, (2-19)
Now, Lg(io) = Fq (o), where F denotes the Fourier transform, and the Paley—Wiener theorem allows us
to conclude that suppg C [1/ C, 1]. O
3. The Fourier integral operator ¢ — o

Assume that 92 and V are analytic near the boundary point xo. Let y' = (y1, ..., y,—1) be local analytic
coordinates on 92, centered at xo. Then we can extend y’ to analytic coordinates y = (y1, ..., Yu_1, Yn) =
(', yn) in a full neighborhood of xy, where y’ is an extension of the given coordinates on the boundary
and such that €2 is given (near xg) by y, > 0 and

—P =D; +R(y. Dy), (3-1)

where R is a second-order elliptic differential operator in y” with positive principal symbol r(y, ). (Here
we neglect a contribution f'(y)dy,, which can be eliminated by conjugation.) Then there is a neighborhood
W CR"of y=0andacl.as. a(y, £y on W x R"~! of order 0 such that

Ku(y) = f/ G080y, EYu(5) dF dE' + Kat(y) (3-2)

(271)" 1
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for y € W and u € C3°(W N 9<2). The distribution kernel of K|, is analytic on W x (W N9<2), and we
choose a realization of a that is analytic in y. Here ¢ is the solution of the Hamilton—Jacobi problem

(0y,0)° +r(y. ¢}) =0, 3dy,¢ >0,
¢(y',0,8)=y"-&"
This means that we choose ¢ to be the solution of

3y, —ir(y, ;)" =0 (3-4)

(3-3)

with the natural branch of r!/? with a cut along the real negative axis.

To see this, recall (by the analytic Wentzel-Kramers—Brillouin (WKB) method [Sjostrand 1982,
Chapter 9]) that we can construct the first term Kyopu in the right-hand side of (3-2) such that P Ky,
has analytic distribution kernel and y K¢op, = 1. It then follows from local analytic regularity in elliptic
boundary-value problems that the remainder operator K, has analytic distribution kernel.

We notice that

K(e™€) = e Da(y, )+ 0@ V) (3-5)

since the first term to the right solves the problem
Pu=0, u|y,,:0=€iy/'$”

with an exponentially small error in the first equation. K is a real operator, so K (¢!*(=8)) = K (e/*€).
It follows that

o0y, —€)=—-¢(.8), a(y, —&)=a(y, &) (3-6)
without any error in the last equation when viewing a as a formal cl.a.s. Notice also that, since K is real,
K'=K*.

We shall now view A = K'gK = K*¢K as a pseudodifferential operator in the classical quantization.

In this section, we proceed formally in order to study the associated geometry. A more efficient analytic
description will be given later for the left composition with an FBI transform in x’. The symbol becomes

GA(X/, E/) — e*ix’,s/./\'/—(ei(')'g/) — (zn)lfn // ei(x/'(ﬁ/*i’)*fﬁ*(y,f]’)+¢(y§/))a*(y’ n/)a(y, S/)q(y) dy dn/’

where in general we write f*(z) = f(Z) for the holomorphic extension of the complex conjugate of a
function f.

Actually, rather than letting &’ tend to oo, we replace &’ with &’/ h, where the new &’ is of length =< 1
and h — 0. This amounts to viewing A as a semiclassical pseudodifferential operator with semiclassical
symbol o (x', §'; h) = o (x', &'/ h). Thus,

i (' Es ) = e E AT OE T
— Qrh)'™" // /MG =)= )+ ED g * (y s hya(y, &' h)q(y) dy dn,

where a(y, &'; h) = a(y, &'/ h) and similarly for a*.
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We have
¢y, EN =y -E+v( &), ¢ v, )=y 0" +v* (v, ), (3-7)
where

SYLIYF =y, NP NP =002) (3-8)

uniformly on every compact set that does not intersect the zero section. Equation (3-6) tells us that 9y is
odd and 3 is even with respect to the fiber variables £’ (and also positively homogeneous of degree 1 of
course). Using (3-7) in the formula for the symbol of A, we get

ohC 1) = @) // eUMINCEE T g* (y, ' hyaly, €' g (y) dy dn’
:ZMQ(X/,S/; ]’l), (3_9)
where

Sy E Ly, )= =) =E)+ Y, &) = (v, 1) (3-10)
and n’ are the fiber variables. We shall see that this is a nondegenerate phase function in the sense of
Hormander [1971] except for the fact that @, is not homogeneous in 1’ alone, so g — Mpq(x’, &) .=

Mq(x', &'; h) is a semiclassical Fourier integral operator, at least formally.
We fix a vector &; € R"~! and consider @ in a neighborhood of (x', y, &', n) = (0,0, &), &) €

CHn=D+1 — =3, The critical set Cg,, of the phase ®); is given by 3y @y = 0, which means that
x' =y =8y y*(y,n) =0 or equivalently

X' =y 4y, ). (3-11)

This is a smooth submanifold of codimension n — 1 in C**~3 that is parametrized by (y, 7', &) €
neigh((0, &), 56), C3"~2). We also see that ®; is a nondegenerate phase function in the sense that d 8,7/1 Dy,

..., ddy @y are linearly independent on Co,,. Using the above parametrization, we express the graph
4(n—1)
C

X (where we notice that 4(n — 1) > 2n with

of the corresponding canonical relation « : Cif’y* —
equality for n = 2 and strict inequality for n > 3):

graph(x) = {(x", &', 0y Py, 3 Pars y, —0yPu) : (X', &', y, 1) € Co,, )
={(/+ v . 0). &0 =&, 0¥ (v, &) — 0y Y™ (v, n);
Y, =y (y, EN+ oy (v ) +n =&, =0, (v, )+ 3y, ¥ (v, 1))} (3-12)

The restriction to y,, = 0 of this graph is the set of points
(y/’ 5/, 77/ - S/v 0’ y/’ 0’ 77/ - 5/7 _aynw(y/’ O’ é/) + ayn w*()’/, O’ 77/)) (3_13)
It contains the point

(0,&},0,0; 0,0, 23, ¥ (0, £)) = (0, &), 0, 0; 0, 0, —2ir (0, &)"/?). (3-14)
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The tangent space at a point where y, = 0 is given by

{8y + 0™ 8y, 8ers 8y — Ser, (Wl (v, EN =¥ (v, )8y,
8ys (=Wl (1 ENV U (08, + 8y — S,
" / x// / 1 *//
(_wyn’y(y’ S ) + w yn,y(ys n ))(Sy + (_wyn,f’as/ + W yn,n’gr],))}' (3_15)

From (3-15), we see that, at every point of graph(x) with y, = 0 and with n’ ~ &/,

(1) the projection graph(x) — Cif’y* has surjective differential and

4(n—1)
xl’%‘/’xl*vsr*

(2) the projection graph(k) — C has injective differential.

In fact, since « is a canonical relation, (1) and (2) are pointwise equivalent, so it suffices to verify (2). In
other words, we have to show that, if

_ x//
O — (Sy/ + l// n/’yngyn,

0= 55/,
(3-16)
0=24, —d¢,
0=, 0 &) =™, (v, 1)y,
then §,y =0, §,, =0, 6e =0, and §,y =0.
When y, = 0, we have ¢* = —, and when in addition ' ~ &', we see that the (n — 1) x 1 matrix in

the fourth equation is nonvanishing, so this equation implies that §,, = 0. Then the first equation gives
8y =0, and from the second and third equations, we get §z = 0 and §,; = 0 and we have verified (2).

As an exercise, let us determine the image under « of the complexified conormal bundle of the boundary,
given by y, =0 and y*' = 0. From (3-13), we see that this image is the set of all points

(x',£,0,0). (3-17)
The subset of real points in (3-17) is the image of the set of points (y’, 0, 0, y¥) such that y’ is real and
y: € —IR+
Now restrict (x’, &) to the set of (x’, ;) with x" € C" ! and t € C, where 0 # ny € R"~!. This means
that we restrict the symbol of A/ to the radial direction £’ € Cny, and consider
oi (X' tny; b)) = Mq(x', tny; h) =: Myewq (X', £5 1)
= Q) [[ et sty €5 gy dydn's G18)

where

@ty (X' 1, y5 1) = Par (X g, yi ) =W (v, tng) =)+ & —y) - —1mp). (3-19)
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We will soon drop the subscripts “new” when no confusion is possible. This is again a nondegenerate
2n has the graph

phase function. The new canonical relation kpey : (Ci”y* — Cx, -

graph(knew) = { (¥ + 3y ™ (v, ), £.0" — tng, my - 8 (v, 11g) — m - B ™ (v, ')
¥, =0y W (y, tng) + 0y (v, ')+ 0" — tng, =0y, ¥ (v, tng) + 0y, ¥ (v, 1))} (3-20)
This graph is conic with respect to the dilations
Ry oA (), Ar, Ax"™, 1%y, Ay™).
The restriction of the graph to y, =0 is
{1, —1n5,0;¥',0,0" —tng, =3y, ¥ (', 0, tng) + 8y, ¥ (', 0, "))},

where
A, (v, 0,6)=ir(y,0,EN2 8, ¥*(,0,&) = —ir(y,0,&)'2,

so the restriction is
(O 0 =g, 05, 00" — 15, =i (r (5, 0, 1) +r12(y', 0, 1)) (3-21)
If we take 1 = ¢, and use that r1/2 is homogeneous of degree 1 in the fiber variables, we get
{(/,1,0,0;y,0,0, =2itr'2(y', 0, np))}. (3-22)
This is the graph of a diffeomorphism
neigh(0, 32) x (—i[RR;%) — neigh(0; 9Q) x RF.
The tangent space at a point where y, = 0 is given by

{ (8)7, + (1//*)/7]//’))”8))” ’ 8[7 817/ - 81"76’ 77(/) : (’ll/é//,yn - (w*):,//,yn)(sy,, ;

Bys (=l s+ (W)l )8y, + 8y — Butlly (=W + (WY )8y — Yl b+ (W L 8y)). (3-23)
The projection onto the first component is injective as can be seen exactly as in the proof of the property (2)
stated after (3-15). Now ey 1S a canonical relation between spaces of the same dimension, so we conclude

that kyey 1S a canonical transformation or more precisely near each point of its graph. Combining this
with the observation right after (3-22), we get:

Proposition 3.1. Equation (3-20) is the graph of a bijective canonical transformation
Knew : neigh((0; 0, —i), Cg X C';*) — neigh((0, 1; 0), C, , x CZ’*,:*)'

The neighborhoods can be taken to be conic with respect to the actions Ry 3 A+ (y, \y™) and Ry 5 A —
(x, A, Ax"*, t%), and Kney intertwines the two actions (5o knew is positively homogeneous of degree 1 with
y* as the fiber variables on the departure side and with t and x'* as the fiber variables on the arrival side).
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Basically, the same exercise as the one leading to (3-17) shows that the image under ke of the
complexified conormal bundle, given by y, =0 and (y*)’ = 0, is the zero section
{1 (", %) =0)). (3-24)
Consider the image of 7*9€ x iR = {(y, y*): v, (") eR" y, =0, y* € iR~} under kpeyw. On
that image,
¥ =y eR!
n —tnye R
" =g e (y, tng) —ng - ™ (v, n') = 0.

If we restrict the attention to 7 € Ry so that n' = (y*) + 5}, € R"~!, we see that
Vi =—=0d, ¥ (', 0,tn0) +dy, ¥ (', 0,n) €iR™.
Thus, the image contains locally
(1, (%), 0): X, () eR™ teRTY,

which has the right dimension 2(n — 1) + 1

Similarly, the image of 7*9<2 x neigh(iR ., C,:) is obtained by dropping the reality condition on ¢

* 9
Yn

but keeping that on n’ — 7, and we get

Knew (T*0Q x neigh(iR ., Cx)) = {(x', 1, x,0):x, (x*) e R*™L, 1 € neigh(RT, C)). (3-25)

I’
4. Some function spaces and their FBI transforms

We continue to work locally near a point xo where the boundary is analytic, and we use analytic coordinates

y centered at xq as specified in the beginning of Section 3.

We start by defining some piecewise-smooth I-Lagrangian manifolds, some of which will be associated
with function spaces below.

o The cotangent space T*2 that we identify with (neigh(0) "R’ ) x R".

e The real conormal bundle N*9Q2 C T*R". In the local coordinates y,
N*3Q={(y.n) eR¥:y, =0, 5 =0}.

It will sometimes be convenient to write N*0Q2 = Q2 x R*, where of course the second expression
appeals to the use of special coordinates as above. More invariantly, N*9€2 is the inverse image of
the zero-section in 7*9<2 for the natural projection map 7r+yq : TyoR" — T*0Q.

We will also need some complex sets.

» The complexified zero-section in the complexification T*Rn = C} x €}, defined to be
neigh(0, C") x {n =0} C C} x Cj.

We denote it by C§ x 0, for short.
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o The complexification N*3%2 of N*32 defined to be
{(vy.n) € C} xC} : y € neigh(0,C"), y, =0, n' =0}

o The space 7~ (T*92), where 7 : TjoR"®C — T*dQ®C is the natural projection and ®C indicates
fiberwise complexification. In special coordinates, it is {(y, n) : (y/, n') € R2®=D y, =0, 5, € C}.
We will denote it by 7%9€2 x C or T*9€2 x C,,, for simplicity. It contains the subset 7*9$2 x C/
(easy to define invariantly), where C™ is the open lower half-plane. Notice that

T IQ x aC_ =T*IQ x R=T,oR".
o The piecewise-smooth (Lipschitz) manifold
F=T*QU(T*IQ x C,)-

Notice that the two components to the right have T;,R" as their common boundary.

o The piecewise-smooth (Lipschitz) manifold (Cg’, x 0,) UN*0€2, where the two constituents contain
IS x 0,. Here 32 denotes a complexification of the boundary (near xp).

Let
Tut = Ch [ ey, zee, (1)

n

be a standard FBI transform [Sjostrand 1982], sending distributions with compact support on R" to
holomorphic functions on (in general some subdomains of) C". For simplicity, we let ¢ be a holomorphic
quadratic form so that 7' can also be viewed as a generalized Bargmann transform and a metaplectic
Fourier integral operator (see for instance [Sjostrand 1990]). We work under the standard assumptions

3¢/, >0, detg! 0. (4-2)
We let C > 0 be the unique positive constant for which T : L2(R?) — Hg,(C") is unitary, where

Dp(z) = suﬂg —J¢(z,y) = -3¢ (z, y(2)) 4-3)
yeR?

is a strictly plurisubharmonic (real) quadratic form on C" and Hg, is the complex Hilbert space
Hol(C") N L2 (e~ 2%/ [(dz)) with L(dz) denoting the Lebesgue measure on C" ~ R2". Let

iy :C" 5 (y, =, (2, ) = (2, $L(z, y)) € C" (4-4)

be the complex (linear) canonical transformation associated to 7', and let

Ao, = i(z, 3®(@> 1z EC”}
i 0z
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be the R-symplectic' and I-Lagrangian? manifold of C?*, actually a real-linear subspace since ¢ is
quadratic. Then we know that

Ao, = k7 (R™). (4-5)
More explicitly,
—1, 29%o 2n
kr (2 - ) =0 @),n@k) e R™, (4-6)
i 0z
where y(z) appeared in (4-3).
Let
O (z) = sup —J¢(z,y) = =9 (z2, §(2)), 4-7)
yedRL

where (z) = (3'(z), 0) and 7'(z) is the unique point of maximum in R"~! of y/ > —J¢ (2, y', 0). If
suppu C {y e R" : y, >0}, then Tu € Hl"lc, where

~ Do(z)  if yu(2) 20,
®1(z) = sup —JI¢(z, y) ={ Sxt . I (4-8)
yeRY CDI () if ya(2) <0.
Notice that
e —30,,¢(z, y(z)) = 0 in the first case and
o —3J9y,¢(z, $(z)) <0 in the second case.
Notice that
200, 2090 _ - ;-
-— @)=~ —=(=39¢) |(z,¥(2)) = ¢.(z, ¥(2))
i 0z i\0z
and 7j(z) = —¢,(z, y(2)) satisfies 77'(z) € R"~!. When ®;(z) = *(2),
i@ eR™,  Siu2) <0. (4-9)
This means that
A,:D?xt = KT(T*aQ X Cj;n)
and that
Ao, = k7 (F), (4-10)
where F was defined above:
F=T*(Q)U{(y,0;n",n,):(Y,n)eT*Q, In, <0}. 4-11)

It is a Lipschitz manifold. The second component is a union of complex half-lines; consequently in the
region where ®; < ®g, Ay, is a union of complex half-lines. If we project these lines to the complex
z-space, we get a foliation of C! into complex half-lines and the restriction of ®; to each of these is
harmonic.

lie., symplectic with respect to fio, where o = d¢ A dz is the complex symplectic form
Zie., Lagrangian with respect to Jo
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We introduce the real hyperplane
H = k7 (TjoR"),
which is the common boundary of the two half-spaces
Hy = w7 (T*Q),
H_=mr({(y,0;m): V', n) € T*3Q, In, <0}).

Here, 7, : C7 x Cf — C" is the natural projection. We have

=0 in H+,
Dy — D 4-12
0= {x dist(z, H)> in H_. (“-12)

Similarly, recall the definition of the complexified normal bundle N*9% at the beginning of this section.
It is a C-Lagrangian manifold.> We have k7 (N*3Q) = Ag,, where @ is pluriharmonic:

®3(2) = Vey et (=36 (2, ', 0)).

Similarly «7(CY§ x 0,) (with the notation from the beginning of this section) is of the form Ag,, where

Dy(z) = veyen (=P (2, y)).

The complex zero-section Cy, x 0, and T*R" intersect transversally along the real zero-section R x 0;,.
Correspondingly, we check that

®o(z) — Pa(z) = dist(z, 7, 0 k7 (R" x 0,))2. (4-13)
Similarly,
DT (2) — P3(2) = dist(z, 7 0 k7 (32 x 0) x T ))?, (4-14)

where 02 x 0 denotes the zero-section in 7*9€2, so that
(02 x 0) x C;n =NIQ®C

is the fiberwise complexification of N*9<2. (Here we work locally near y = 0.)
Let u be real-analytic in a neighborhood of , and consider

v(z) =T (lqu)(2), (4-15)

where we restrict our attention to z € C" such that the critical point y¢, (z) in the definition of ®4(z) belongs
to a small complex neighborhood of & or equivalently to z € C" in a small neighborhood of k7 (2 x 0,).
By the method of steepest descent, we see that v € H, l°5°, where first of all &5 < ®; and further

N Q

®5(z) = P4(z) when both { (\yq>4(z) €3 _ (4-16)
|~3)7<D4 (Z)| << dlSt(g{yQM (Z)’ 89)5
N Q

®s5(z) = ®3(z) when both { (\yq>4(z) £, _ (4-17)
I¥ye, (2)| K dist(Nys, (2), 9€2).

3ie,a holomorphic manifold that is Lagrangian for the complex symplectic form o
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Actually, in the last case, we can relax the condition that ys,(z) belongs to a small (z-dependent)
neighborhood of Q. The appropriate restriction is then that the critical point ye,(z) € 92 in the definition
of &3 belongs to a small (#-dependent) neighborhood of 9£2.

5. Expressing M with the help of FBI transforms

From now on, we work with Myey, @y, and kpew and we drop the corresponding subscript “new”.
Then from (3-18),

1 . ’ N
Ma( 0 = o [[ ermenmat gt aty. i gy (s

with &, given in (3-19).

We want to express Mg with the help of Tq, where T is as in (4-1), and we start by recalling some
general facts about metaplectic Fourier integral operators of this form, following [Sjostrand 1982] for the
local theory and [Sjostrand 1990] for the simplified global theory in the metaplectic framework (i.e., all
phases are quadratic and all amplitudes are constant). To start with, we weaken the assumptions on the
quadratic phase in T and assume only that ¢ (x, y) is a holomorphic quadratic form on C" x C" satisfying
the second part of (4-2):

det ,(x, ) #0. (5-2)

To T we can still associate a linear canonical transformation «r as in (4-4). Let ®; and @, be plurisub-
harmonic quadratic forms on C” related by

Ao, =k7(Ao)). (5-3)

Then we can define T : Hy, — Hg, as a bounded operator as in (4-1) with the modification that R"
should be replaced by a so-called good contour, which is an affine subspace of C" of real dimension #,
passing through the nondegenerate critical point y.(x) the function

y =3¢(x, y) + @i (y) (5-4)

and along which this function is ®(x) — (< |y — y. x)?). (Actually in this situation, it would have been

—n/2

better to replace the power 4 ~3"/% by h since we would then get a uniform bound on the norm.)

Remark 5.1. Recall also that, if only ®; is given as above, the existence of a quadratic form &, as in
(5-3) is equivalent to the fact that (5-4) has a nondegenerate critical point and the plurisubharmonicity
of &, is equivalent to the fact that the signature of the critical point is (n, —n) (which represents the
maximal number of negative eigenvalues of the Hessian of a plurisubharmonic quadratic form). This in
turn is equivalent to the existence of an affine good contour as above.

In this situation, T : Hy, — He, is bijective with the inverse

Svu(y) =T 'v(y)=Ch™"* / e~ (M9 y(2) dz, (5-5)
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which can be realized the same way with a good contour, and here the constant C does not depend on the
choice of ®;, j =1, 2.

Remark 5.2. Let us introduce the formal adjoints of 7 and S,

T(y) = Ch_3"/4/ /My (x) dx, yeC”,

n

Stu(x):5h—"/4/e—<"/h>¢<X~>’>u(y) dy.

Let W; and ¥, be plurisubharmonic quadratic forms such that xst«(Ag,) = Ay,. Then as above,
T':Hy, — Hy, and S': Hy, — Hy, are bijective and S' = const(T)~!. We claim that S' is the
inverse of T". In fact, this statement is independent of the choice of ® j and W; as above, and we can
choose them to be pluriharmonic in such a way that Ag; intersects A_y; transversally for one value of j
and then automatically for the other value. Then for j = 1, 2, we can define

(u | v) :/ u(x)v(x)dx
vi

foru € Ho,; and v € Hy; (or rather for functions that are O(e®i’"y and e%i/", respectively — the space

of such functions is of dimension 1, which suffices for our purposes) if we let y; be a good contour
for ®; +W;. Foru = O(e®/"y and v = O(e*2/") nonzero,

0% (u|v)=(TSu|v)=(Sul|TW) = (u]|S'T),
and knowing already that S'T"" is a multiple of the identity, we see that it has to be equal to the identity.

Now return to the discussion of an FBI transform 7" whose phase satisfies (4-2). When letting 7" act on
suitable Hg-spaces, it has the inverse S in (5-5). However, if we let T act on L*(R") so that Tu € Ho,
(with Ag, = k7 (R?")), the best possible contour in (5-5) is

I'(y)=1{zeC":y(@) =y}

This follows from the property

®o(2) + ¢ (z, y) < dist(z, T(»))? < [y(z) — yI%, (5-6)

s0 ®o(z) +Jp(z, y) =0 on I'(y) and e~ /M9 @+/M®P0G) s hounded there. This is not sufficient for a
straightforward definition of Sv(y), v € Hg,, since we would need some extra exponential decay along
the contour near infinity, but it does suffice to give a precise meaning up to exponentially small errors of
the formula

Tu=(TS)Tu (5-7)

in a local situation, where T : L2 — Hg, is a second FBI transform and where TS: Hop, — Hg, is
defined by means of a good contour.
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Proposition 5.3. Let (yg, no) € R, (zo, ¢o) = k1 (Yo, N0), and (wg, wo) = k5 (yo, no). We realize Tu
and Tu (T Su modulo exponentially small terms) in Hg, ;, and Hg, ,,, (and Hg, ., ) by choosing good
contours restricted to neighborhoods of yo and yo (and zg), respectively. Then (5-7) holds (modulo an
exponentially small error) in Hg, ., . Here u € D'(R™) is either independent of h or of temperate growth
in D'(R") as a function of h.

Proof. The left-hand side of (5-7) is
const h=3n/4n / / / T/ D@D =BCXHOEI y (y) dy d d.,

and all good contours being homotopic, we can write it as
Chnn/s / (consth_" // /P HDEN Hi DPw.) g dz)u(y) dy.

The expression in the big parentheses is nothing but 7'S'(e// ’1)‘5(“’“))( y), which by Remark 5.2 is equal
to /Méw.y) and (5-7) follows. (In the proof, we have chosen not to spell out the various exponentially
small errors due to the fact that the integration contours are confined to various small neighborhoods of
certain points.) O

We now return to the operator M in (5-1). Choose adapted analytic coordinates centered at xg as
in the beginning of Section 3. In that section (see (3-25)), we have seen that there is a well defined
canonical transformation «,; from a neighborhood of (0, 0, —i) € Cgf’n to a neighborhood of (0, 1, 0, 0)
in CZTI x C; x Cﬁ;l x Cy+ mapping T*0Q2 x iR_ to [R{ZTI x Ry x [R{Z,Zl x {t* = 0}. This means that we
have a microlocal description of Mg near (0, 1, 0, 0) and not a local one near x’ = 0 and ¢t = 0. We shall
therefore microlocalize in (x’, x'*) by means of an FBI transform in the x’ variables.

Let

Tu(w') = Chd—m/2 / /MW X 1y gy e L, (5-8)
Rnfl

be a second FBI transform as in (4-1) though acting on n — 1 variables and with a different normalization.
Assume (for concreteness) that
Kk(C' (o)) = €1 x {0}, (5-9)
Then
kp(T*R"™) = Ag,, (5-10)
where @ is a strictly plurisubharmonic quadratic form. In view of (5-9) and the fact that the zero-section
C"! x {0} is strictly positive with respect to the real phase space, we also know that

Do(w') < |w'? (5-11)

or equivalently that the quadratic form 60 is strictly convex.
By slight abuse of notation, we also let T act (as To 0) on functions of n variables by

Tw(w', 1) = (Tu(-,0)(w).
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The presence of T leads to a formula for 7 M that is simpler than the one for M in (5-1):
?Mq(u/, 1) = f(e—(i/h)(')'N]{)Ktq[((e(i/h)(-)~lﬂ6))(w/)

_ Cpi-n / / f e E/ MG I e (3 g (1)K (v, x)e /DY 4’ dy dF

— / K(e(i/h)(q;(w/")_(')'t"é’))(y)q(y)K(e(i/h)(')'tn6)(y) dy.
Up to exponentially small errors, we have (see (3-5))

K(e(i/h)(')'fnf))(y) — e(i/h)lb(%“?(/))a(y’ ”76; h)
and
K (/M@ 0) (y) = @/ MV Dy el ),

where b is an elliptic analytic symbol of order 0 and v is the solution of the eikonal equation in y
oy, =ir(y. oy i)' Ply—0 =’ y) =y 1.

Thus, up to exponentially small errors, we get for g € L ()
TMgw', 1) = f WMV e 1,y g (y)dy,  (w',1) €neigh((0,1),C"' xC),  (5-12)

where c is an elliptic analytic symbol of order O and

Y 1 y) =P 1, y) +¢(y. 1))
satisfies
Yly—0= W', ), (5-13)
ay,ﬂ/’l)m=0 = i(r(y/a 0’ 8)7,¢§(w/v y/) - tr’/o)l/z +r(y/7 Ov tné))l/z) (5-14)
Assume for simplicity that (0, 0, nj) = %. Then, at the point (w' =0,7=1, y =0),
Ow Y, 3, =0y, —0y,¥) = (0,0, 0, —i),
s0 k7,,(0,0, —i) = (0, 1, 0, 0).* Also, K7y = K7 oKy and
KM(()’ 05 _l) = (09 1’ 05 0)9

k7(0,1,0,0)=(0, 1,0, 0).
Recall from (3-25) that

K : eigh((0; 0, —i), T*92 x C.) — neigh((0, 150, 0), R x €, x R x {t* = 0}),
SO
K7y : neigh((0, 0, —i), T*92 x C}») — neigh((0, 1,0, 0), Ag g0)-

4We can verify directly that detd,,s ;9y ¥ # 0.
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On the other hand, we have seen in Section 4 that k7 (F) = A, and that the part 7*9€2 x C;* of Fis
mapped to A gex. More locally,

kr :neigh((0, 0, —i), T*9Q x (Dy_;:) — neigh(x7 (0, 0, —i), Agex)
ks : neigh(xr (0, 0, —i), Agen) = neigh((0, 0, —i), T*92 x C;,:).
Using also (3-25), we get
k7 - neigh(m ket (0, 0, —i), Aq;.?xt) — neigh((0, 1, 0, 0), Ag g0)- (5-15)
We then also know that
Do(w') = vey (=Y (W', 1, ) + 3¢ (2, ¥).

This means that the formal composition
TMSv(w', 1) =Ch™/* // UMW =Gr G ey 1, y; h)v(z) dz dy (5-16)
gives a well defined operator
T™S: Hoex 717.0,0,—i) = Héo00.00.1) (5-17)

that can be realized with the help of a good contour.
We shall next show that

TMu=(TMS)Tu in Hg g 01 (5-18)

when u is supported in {y, > 0}. The proof is the same as the one for (5-7). The right-hand side in (5-18)

is equal to
const " /// /W 10=01 GO+ (1 x: hyu(y) dy dz dx.

where the y-integration is over R}, and we may assume without loss of generality that u has its support
in a small neighborhood of y = 0. The dz dx integration is, to start with, over the good contour in (5-16).
This last integration can be viewed as T'S' acting on e@/M¥®'t.)¢(w/ ¢, . h), and here T'S' is the
identity operator that can be realized with a good contour, so we get

TMS)Tuw', t) = / /MY WLL0 e ¢ s hyu(x)dx = TMu(w', 1),

and we have verified (5-18).
Above, we have established (5-17) as the quantum version of (5-15). It follows by an easy adaptation
of the exercise leading to (3-17) that

ke (neigh((0, 0, —i), C"~! x {0} x C; )) = neigh((0, 0, 1, 0), €' x {x* =0} x C, x {t*=0}), (5-19)

and hence,
k7 ys(neigh(kr (0,0, —i), Ag,)) =neigh((0, 0, 1, 0), Aogo). (5-20)
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The quantum version of (5-20) is
= .l 1
TMS : Hgy o (neigh(er 0.0~ — How0,0.1)- (5-21)

We also know that 7 M S is an elliptic Fourier integral operator. Consequently, (5-17) and (5-21) have
continuous inverses. We also have the following result.

”w 1 7 1 1
Proposition 5.4. Ifu € Hcg’f’ﬂl(neigh(w(o’o’_[.))) and TM Su € Hoce)aco,(o,l)’ then u € Hg:’nz(neigh(w(0’0’_1.))).
6. End of the proof of the main result

We will work with FBI and Laplace transforms of functions that are independent of % or that have some
special h-dependence. Consider a formal Fourier integral operator u — Tu, given by

Tu(x; h) = Ch® f e/ MOy vy dy, (6-1)

where ¢ = ¢ is a quadratic form on Cﬁf’y satisfying

det ¢;’y #0 (6-2)
and hence generating a canonical transformation that will be used below.

Proposition 6.1. If u is independent of h,

1
(hDh—{—EPa(x,hD;h))Tu =0, (6-3)
where
Py = p(x, hD) +ih(a+ L w@l, ¢, " ¢l.0L "), (6-4)

P, &) = Splx - x +x - (€ —¢lx) + 1ol T ol gl T E — ¢lx) - (6 — lx)
= =3¢l x x+ 30000 T Bl Pl x x

txE—l el T el s+ el T 9l el T E . (65)
Proof. We have

hDy, (/M) = L imecn,

h
hDy(h®) = <1,
l

1 .
hDATuCe; ) =~ / IMOCN ey ¢ (x, y)u(y) dy.

Try to write ¢ (x, y) = p(x, ¢.(x, y)) for a suitable quadratic form p(x, &) (that will turn out to be the
one given in (6-5)). We have

P(x.y) =3¢l x-x+)y-x+ 505y, (6-6)
O =¢lx+ oLy, ie.y=al (@) — L), 6-7)
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and using the last relation from (6-7) in (6-6), we get
¢(-x’ y) 2¢)’C/x'x X + ¢}x'x ¢x/\7 (¢ ¢)/c/xx) + 2¢;/y¢” 71(¢ ¢)/C/)C ) ¢// 71(¢)’( - ¢;/(/xx)’ (6_8)

where the ¢y, and qﬁ)/c’y_ in the second term cancel and we get p(x, ¢.) with p as in (6-5).
To verify (6-4), it suffices to notice that

e (MO p(x, hD)(e/MPY) — p(x, @) = 3¢y, @), 81, hDx-(8))

%¢ ', hDy - (87,%)
-1

—¢;’x¢” Byt

r —1

" —1

= (gl o0 *1). 0

Remark 6.2. Let k7 : (y, —¢>; (x,y)) = (x, ¢.(x, y)) be the canonical transformation associated to T,
which can also be written

Kk 2 (y, —(Pyx + 5, 3) > (x, ¢ x + ¢, y)
or still k7 : (y, n) — (x, &), where
x=—¢ " (+¢ly).
e O R 0 S A

We see that the following three statements are equivalent.

/—1

o k7 maps the Lagrangian space n =0to & =0.
.« ¢l — @l by P, =0.
e p(x,0)=0and pé(x, 0) for all x.

Example 6.3. Consider

TLu(x: h) = Ch(l—n)/z/e(i/h)(¢(x/,}")+ixnyn)u(y)dy’ 6= or.
If P'(x’, hD,; h) is the operator associated to Tinn—1 variables, we get when u is independent of &
1 ~
(hDh + E(P/(X/’ hD,; h) +xnthn)> TLu=0. (6-9)

Similarly (though not a direct consequence of Proposition 6.1 but rather of its method of proof), we have
for £ alone that

1
(hDh + anthn)Eu =0. (6-10)

Example 6.4. Let T be as above, and assume that we are in the situation of Remark 6.2 so that p(x, 0) =0
and pé (x,0) =0. Then
p(x,hD)=bhD-hD,
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where b is a constant symmetric matrix. Then

Pu=p.hD)+ih(@+fo). fo=3.
and (6-3) reads
(hDp+ (hbD - D +i(o+ fo)))Tu =0. (6-11)

fTu=Y"" h*v; € Hy and u is independent of %, we can plug this expression into (6-11) and get the
sequence of equations

m .
(7+l(a+f0)>vm =0,
m+1
(—i +i(0l+fo)>vm+1 +bD - Dv, =0,

m+2
(T +i(a +f0)>vm+2 +bD - Dvyyq =0,

so unless v = 0, we get m = « + fy. We can choose v, € Hy arbitrarily, and vy, 41, U2, . .. are then
uniquely determined.

Now, consider the situation in Theorem 1.6 and let g € L°°(2) be independent of & and such that
oi(y', tng) is a cla.s. on neigh({0} x R, R"~! x R,) of order —1 (see (2-4)):

o
oAy tp) ~ Y ey 1), (6-12)
1

where ng(y’, t) is homogeneous of degree —k in 7.
(', 0] < CHEE 75,y € neigh(0, €. (6-13)

For the moment, we shall only work with formal cl.a.s. and neglect remainders in the asymptotic expansions.
The semiclassical symbol of A is then

o0

oAy o/ ) ~ Y iy /) =) h'm(y, 0, (1) €neigh((0, D, R xRy, (6-14)
1 1

Recall that o3 (¥, tny/h) = Mq(y’, t; h). From (6-14), we infer that TMq isacla.s.nearw =0
andr =1:

o0
TMgq -~ hmw', 1), (6-15)
1

Formally,
TM=TML L. (6-16)

The canonical transformation k- is given by

y.m) = O ine 0 iyn).
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It maps the complex manifold n” =0 and y, =0 to the manifold {(z, 0)} and the point (0; 0, —i) to (0, 1; 0),
SO Kp-1 = KZI maps £ =0 to n’ =0 and y, = 0. We noticed in (3-24) (see (3-22)) that x; takes the
complexified conormal bundle to the zero-section, and it maps the point (0; 0, —i) to (0, 1; 0). Thus,
k-1 maps the zero-section ¢ = 0 to the zero-section and in particular (0, 1; 0) to (0, 1; 0). (We may
notice that this is global in the sense that we can extend z,, to an annulus, and we then get ¢ in an annulus.)
Since k7 maps the zero-section to the zero-section, we have the same facts for k7.

From the above, it is clear that T M £~ maps formal cl.a.s. to formal cl.a.s.

Recalling (6-14) for o4 (y', tny/h) = Mq(y’, t; h) and using that TML'isan elliptic Fourier integral
operator whose canonical transformation maps the zero-section to the zero-section, we see that there
exists a unique formal cl.a.s.

o
v~ (@, z)h*, 2 €neigh((0, 1), C"), (6-17)
1
such that in the sense of formal stationary phase
TMqg=TML 'v. (6-18)
Now ¢ is independent of &, so Mg satisfies a compatibility equation of the form
1
(hDh—l—}—leM)Mq =0. (6-19)

This gives rise to a similar compatibility condition for v

1
(hDh—I-E [:M—lf—l'fM)UZO
or simply |
hDp+ —P =0,
( h+h L)v

which is the same as (6-10):

(hdp, + 2,9, )v =0. (6-20)
Application of this to (6-17) gives
(k + 2,8, )vx =0, (6-21)
ie.,
v(@) =gz, (@) < RS (6-22)
Thus,

o0 " k o0 h k+1
I _ n{
v Z]:qk(z )<zn) = XO:Qk+1(Z )(zn> ,
and we see as in Section 2 that

o0
s N ()
v~ LGE . G0) = loaOn Y T, (6-23)
Tk

with a > 0 small enough to assure the convergence of the power series.
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More precisely (and now we end the limitation to formal symbols), as in (5-18) and (5-7), we check that
TMG=(TML™")LG in Ho 1) (6-24)

(up to an exponentially small error). By the construction of g, the right-hand side is = ™ q in the same
space.
Putr =g —¢g. Then

TMr=0 inHy ). (6-25)
Now, we replace £ with T and consider in light of (5-18)
(TMS)Tr=0 in Hy ). (6-26)
which implies that Tr € Hg, satisfies
Tr=0 in Hee 70 0:0,—i)- (6-27)
As we saw in Section 4, Ag, contains the closure I' of the complex curve
[ =17 ({(0; 0, 1) : I < O}),

and «7((0; 0, —i)) € I'. Consequently, @1, is harmonic and (6-27) and the maximum principle imply
that

Tr=0 1in He, on (D). (6-28)

In particular,
Tr=0 1in Hg, o (6-29)

and a fortiori
Tr=0 1in Heg,o. (6-30)

This implies that r = 0 near y = 0. Hence, ¢ = g near y = 0, which gives the theorem.

7. Proof of Proposition 1.7

We choose local coordinates y = (y’, y,) as in the beginning of Section 2. As in Proposition 1.7, we assume
that g is analytic in a neighborhood of 0. We adopt the alternative definition of symbols in Remark 1.4.
It will also be convenient to consider the semiclassical symbol of A, o (¥, n'; h) = o4 (y', '/ h). For
y" € neigh(0, R*~1),

o (¥, 1’ h) = —d,, GqK( f x(@ew (-5 hyemh dﬂ) (', 0)e= " n/h, (7-1)

where x and e, were defined in Remark 1.4 with n there replaced by n — 1. By analytic WKB (as we
already used), we have up to an exponentially small error

K(er(-; h)e' My = ch=m"2q(y, y/; h)e!#O-1m/h, (7-2)
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where ¢ is the solution of the eikonal problem

. i
dy, 0 =ir(y, dy®)'*,  @ly,—o=y -1+ E(y/ —1)? (7-3)

and a is an cl.a.s. of order O obtained from solving a sequence of transport equations with the “initial”
condition a(y’, 0, n’; h) = 1.

Using again the analytic WKB method, we can find a cl.a.s. b of order O in /& that solves the following
inhomogeneous problem up to exponentially small errors:

(A = R*V)(RE2b(y, t, s e/ MPO110) = CRO=M2ge 19
{ b(y',0,t,n';h) =0.

Then up to exponentially small errors,
GqK (e,(-; h)ei(')'"//h) = h(3*n)/2b(y’ 1, h)e(i/h)tb(y:taﬂ’)
and similarly for the gradients, so
— (@5, =0GaK (er (-3 )71y = =2, b)Yy, 0, 1, ' e/ IOTHEDOD,

Multiplying with x (¢') and integrating in ¢, we see that o3 (¥, n’; h) is a cl.a.s. in the semiclassical sense,
and this implies that o5 (y', ) is a cl.a.s.
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