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EXISTENCE, UNIQUENESS AND OPTIMAL REGULARITY RESULTS
FOR VERY WEAK SOLUTIONS TO NONLINEAR ELLIPTIC SYSTEMS

MIROSLAV BULICEK, LARS DIENING AND SEBASTIAN SCHWARZACHER

We establish existence, uniqueness and optimal regularity results for very weak solutions to certain
nonlinear elliptic boundary value problems. We introduce structural asymptotic assumptions of Uhlenbeck
type on the nonlinearity, which are sufficient and in many cases also necessary for building such a theory.
We provide a unified approach that leads qualitatively to the same theory as the one available for linear
elliptic problems with continuous coefficients, e.g., the Poisson equation.

The result is based on several novel tools that are of independent interest: local and global estimates for
(non)linear elliptic systems in weighted Lebesgue spaces with Muckenhoupt weights, a generalization of
the celebrated div-curl lemma for identification of a weak limit in border line spaces and the introduction
of a Lipschitz approximation that is stable in weighted Sobolev spaces.

1. Introduction

We study the following nonlinear problem: for a given n-dimensional domain 2 C R" with n > 2, a given
f:Q — R™" with N e N arbitrary and a given mapping A : Q x R"*Y — R™N find u : @ — RV
satisfying

—div(A(x, Vu)) = —div f in €,

1-1
u=>0 on 0%2. (-1

Owing to a significant number of problems originating in various applications, it is natural to require
that A is a Carathéodory mapping, satisfying the natural coercivity, growth and (strict) monotonicity
conditions. It means that

A(-, n) is measurable for any fixed n € RN, (1-2)

A(x, -) is continuous for almost all x € €2, (1-3)
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and there exist positive constants c¢; and ¢, such that for almost all x € Q and all 51, 1, € R <N

cilmli>—ca < A(x,m)-m (coercivity), (1-4)
|AGx, )| < ca(1 4 |m1]) (growth), (1-5)
0<(A(x,n1)—A(x,n2)) (1 —n2) (monotonicity). (1-6)

If for all n; # n, the inequality (1-6) is strict, then A is said to be strictly monotone.

Under the assumptions (1-2)—(1-6), it is standard to show (with the help of the Minty method [1963])
that, for any f € L*>(Q; R™*V), there exists u € WOI’Z(Q; R™N) that solves (1-1) in the sense of distribution.
In addition if A is strictly monotone, then this solution is unique in the class of Wol’z(Q; RV)-weak
solutions.

An important question that immediately arises is whether such a result can be extended to a more
general setting. Namely,

whether for any f € L9(S2; RN with g € (1, 00)

there exists a (unique) u € WO1 1(Q; RN ) solving (1-1) in the weak sense.

2)

If g #~ 2, then we call the problem of existence and uniqueness to (1-1) beyond the natural pairing. If
g >2and f € L1(2; R"N), then f € L*(Q; R"™N) as well, and the standard monotone operator theory
in the duality pairing provides a WOI’Z(Q; RY) solution to (1-1). Thus, in this case, (2) calls only for
improvement of the integrability of Vu. If ¢ < 2, then the considered question is more challenging as
the existence of an object with which to start any kind of analysis is unclear. This is the reason why,
for 1 <g <2, WO1 1(Q; RV)-solutions are called very weak solutions.

Our general aim is to establish, for a given f € L7(Q2; R™V) with g € (1, 00) \ 2, the existence of a
(unique) WO1 1(Q; RY) solution to (1-1)—(1-6), i.e., to give the affirmative answer to (2). However, for
general operators, this is not possible due to the following two reasons:

(i) the way how the nonlinearity A(x, ) depends on 7,

(ii) the way how the nonlinearity A(x, ) depends on x.

We shall discuss each of these points from two perspectives: the available counterexamples and so far
established affirmative results (that were rather sporadic and had several limitations).

First, we consider (1-1) with A depending only on 7. If g > 2, then there always exists a (unique) weak
solution and the only difficult part is to obtain appropriate a priori estimates in the space Wg’q(Q; RM).
On the one hand, for general operators, such a priori estimates are not true for large ¢ > 2. This
follows from the counterexamples due to Necas [1977] and Sverdk and Yan [2002], where they found a
mapping A that does not depend on x and satisfies' (1-2)—(1-6) and showed that the corresponding unique
weak solution is not in ¢! or is even unbounded for smooth f. This directly contradicts the general
theory for ¢ >> 2. The singular behavior of solutions in the above-mentioned counterexamples is due to
the fact that the mapping A depends highly nonlinearly on the vectorial variable 5. On the other hand,

INot only does the mapping A satisfy (1-2)—(1-6), it has even more structure. It is given as a derivative of a uniformly convex
smooth potential F, which makes the counterexamples even stronger.
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if g €[2,2+¢), then the WOl “1(Q2; RM) theory can be built for general mappings fulfilling only (1-2)—(1-6),
where ¢ > 0 depends on ¢; and c,. For such g, it is known that, if f € L9(2; R"*N) then there exists a
solution u € Wol’q(Q; R™) to (1-1). Such a result can be obtained by using the reverse Holder inequality
(see, e.g., [Giaquinta 1983]) and holds also for more general growth conditions, including operators of
p-Laplacian type. For the p-Laplacian itself, A(x, n) := |n|?~2n with p € (1, 00), various positive results
are known for large exponents (in this case g € (p, 0o) or even BMO estimates) [Iwaniec 1983; Caffarelli
and Peral 1998; Diening et al. 2012]. The theory is built on the seminal works of Uraltseva [1968] (the
scalar case) and Uhlenbeck [1977] (the vectorial case).

For ¢ < 2, the situation is even more delicate. In this case, the existence of any solution is not
straightforward at all. Indeed, a general existence theory for operators satisfying (1-2)—(1-6) alone might
be impossible to get. Up to now, the only general result holds for g € (2 — ¢, 2 + ¢) with ¢ depending
only on ¢j and ¢; and A being uniformly monotone and also uniformly Lipschitz continuous, i.e., for all
n1, 2 € RN and almost all x € 2,

|ACe, m) — A(x, m2)| < 2l — 2. 1-7)

In this case, we know that for all f € L(Q; R"*V) there exists a unique solution u € WO1 1Q; RN)
to (1-1) whenever g € (2 —¢, 2+¢) [Bulicek 2012], and we also recall [Greco et al. 1997] for the result in
the so-called grand Lebesgue spaces L® (). Moreover, for a general operator satisfying only (1-4)—(1-5),
it may be shown with the help of the technique developed in [Bulicek 2012] that any very weak solution
to (1-1) satisfies the uniform estimate

/|Vu|qu§C(cl,cz,q,9)f|f|qu forallg e 2—¢,2+¢). (1-8)
Q Q

However, any existence theory for ¢ “away” from 2 is either missing or impossible.

More positive results are available in the scalar case N =1 (and even for a more general class of operators
including the p-Laplacian) but for the smoother right-hand side, i.e., the case when f € Wh1(Q; R")
or at least f € BV(2; R"). Then the existence of a very weak solution is known; see the pioneering
works [Boccardo and Gallouét 1992; Stampacchia 1965]. Furthermore, one can study further qualitative
properties of such a solution [Mingione 2013]. Moreover, in case f € wh1(Q; R"), the uniqueness of
a solution can be shown in the class of entropy solutions [Bénilan et al. 1995; Boccardo et al. 1996;
Dal Maso et al. 1997; 1999]. On the other hand, in case f € BV(£2; R"), or more precisely if div f is
only a Radon measure, the uniqueness is not known. An exception is the case when div f is a finite
sum of Dirac measures. In that case, the study on isolated singularities by Serrin implies the uniqueness
for very general nonlinear operators including the p-Laplace equation; see [Serrin 1965; Friedman and
Véron 1986] and references therein. To conclude this part, we would like to emphasize that all results
for smoother right-hand side surely do not cover the full generality of the result we would like to have,
which may be easily seen in the framework of the Sobolev embedding. Indeed, if f € W'!(Q; R"), then

f e L"™=D(Q: R") and we see that the case g € (2, n'(p —1)) remains untouched even in the scalar case.’

2Throughout the paper, we use the notation of dual exponents g’ :=¢g/(g — 1).
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The second obstacle, related to (ii), is the possible discontinuity of the operator with respect to the
spatial variable. To demonstrate this in more detail, we consider the linear problem

—div(a(x)Vu) = —div f in £,

(1-9)
u=>0 on 022,

with a uniformly elliptic matrix a. Note here that (1-9) is a particular case of (1-1) with A(x, n) :=a(x)n
and A fulfilling (1-2)—(1-6) with N = 1. In case a is continuous and € is a ¢'-domain, one can
use the singular operator theory and show that for any f € L9(2; R") there exists a unique weak
solution u € W(}’q (£2) to (1-9) [Dolzmann and Miiller 1995, Lemma 2]. This can be weakened to the case
when a has coefficients with vanishing mean oscillations; see [Iwaniec and Sbordone 1998] or [Di Fazio
1996]. However, the same is not true in the case that a is uniformly elliptic with general measurable
coefficients. Even worse, it was shown by Serrin [1964] that for any ¢ € (1, 2) and f = O there exists
an elliptic matrix a with measurable coefficients such that one can find a distributive solution (called a
pathological solution) v € WO1 1)\ Wol’z(Q) that satisfies (2-5). These pathological solutions should
be excluded as only the zero function itself is the natural solution, which of course is the unique weak
solution u € Wol’z(Q) in case f = 0. This indicates that any reasonable theory for ¢ € (1, 2) must be able
to avoid the existence of such pathological solutions.

Thus, to get a theory for all g € (1, 00), the counterexamples mentioned above indicate that we need to
assume more structural assumptions on A, which we shall describe in detail in the next section, where we
recall our problem, introduce the structural assumptions on A and formulate the main results of this paper.

2. Results

As discussed above, we study the problem (1-1) with a mapping A fulfilling (1-2)—(1-6). Further, inspired
by the counterexamples recalled in the previous section and also by the available positive results, we shall
assume in what follows that the mapping A is asymptotically Uhlenbeck; i.e., we will assume that there
exists a continuous mapping A:Q— RN 5 grxN fulfilling the following:

for all ¢ > 0, there exists k > 0 such that ~

’ ' A —A < . 2-1
for almost all x € € and all n € R™*V satisfying || > k, |AGe m) ol < elnl -1)

This assumption combined with (1-4)—(1-6) implies that A necessarily satisfies

ciln* < Ax)n-n <caln)* forall n e RN, (2-2)

Although the above assumption might seem to be restrictive, it enables us to cover many cases used in
applications. The prototypical example is of the form

ACe,m) =a(x, [y with lim a(x, 2) = a(x), where @ € €(Q). (2-3)
—> 00

Note that @ may be measurable with respect to x and the required continuity must hold only for a. The
assumptions (1-4)—(1-6) are met if a is strictly positive and bounded and if the function a(x, A)A is
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nondecreasing with respect to A for almost all x € Q. The fact that, besides (1-2)—(1-6), we will not
assume anything more than (2-1) makes our approach general.

Moreover, to obtain the uniqueness of the solution, we will consider a stronger version of (2-1). Namely,
we shall assume that A is strongly asymptotically Uhlenbeck; i.e., we will assume that there exists a
continuous mapping A : @ — RN x RV fulfilling the following:

— A(x)

for all & > 0, there exists k > 0 such that, ‘ 0A(x,n) - 2-4)
= <e. -

RHXN an

for almost all x € Q and all n € satisfying |n| > k,

Concerning the example (2-3), the condition (2-4) follows if a(x, A) is differentiable with respect to A for
A > 1 and limy_, |a’(x, A)A| = 0. This includes the approximations for the p-Laplace operator

a(x, |n) =max{u, |n|"~?}  for p e (1,2),
a(x, |n) =min{ ", [n|P~2}  for p € (2, 00),

which are (for small w) arbitrary close to the original setting.
The first main result of the paper giving the answer to (2) is the following:

Theorem 2.1. Let Q be a bounded €'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f e L9(2; R™NY with g € (1, 00), there exists u € Wol’q(Q; R"™NY such that

/ A(x, Vu) - Vo dx :/ f-Vedx forall g€y (2 RY). (2-5)
Q Q
Moreover, every very weak solution u € WOl ’q(Q, RN) to (2-5) with some G > 1 satisfies

/|Vﬁ|qu§C(A,q,§2)<l+/|f|qu). (2-6)
Q Q

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., (2-4) holds, then the
solution is unique in any class Wol’q(Q; RN with g > 1.

Notice here that (2-5) is nothing else than the weak formulation of (1-1). Next, we would like to
emphasize the novelty of the above result. First, to derive the estimate (2-6), one can use the comparison
of (2-5) with the system with A(x, n) replaced by A(x)n to end up with (2-6) provided that the left-hand
side of (2-6) is finite a priori. From this point of view, the a priori estimate (2-6) is indeed clear. On the
other hand, and what is not obvious, is that (2-6) holds for all very weak solutions to (2-5) that belong to
some W(;’é(Q; RY) for some g > 1.

Second, Theorem 2.1 implies that we can construct solutions for the whole range q € (1, 00), which
makes the existence theory identical to the theory for linear operators with continuous coefficients since
we know that the linear theory is not true for ¢ =1 or g = oo.

Third, Theorem 2.1 provides the uniqueness of the very weak solution for vector-valued nonlinear
elliptic systems without any additional qualitative properties of a solution, e.g., the entropy inequality. In
particular, the result of Theorem 2.1 directly leads to the uniqueness of a solution when div f is a general
vector-valued Radon measure. As this is of independent interest, we formulate this result in the following
corollary, where we shall denote by the symbol J((£2; R") the space of R"-valued Radon measures.
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Corollary 2.2. Let Q be a bounded 6€'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f € M(2; RN), there exists u € Wol’" “8(Q; R™N)Y with arbitrary & > 0 such that

/A(x,Vu)-Vgodx: (f.9) forall g€y (2 RY). (2-7)
Q
Moreover, every very weak solution i € Wol’q(Q, RN) to (2-7) with some § > 1 satisfies for all g € (1, n")

/Q|Vﬁ|q dx < C(A, g, DA+ FI5)- (2-8)

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., (2-4) holds, then the
solution is unique in any class W(:’q(Q; RN) with g > 1.

Although Theorem 2.1 gives the final answer to (2), it is actually a consequence of the following
stronger result. It shows the existence of a solution that is optimally smooth with respect to the right-hand
side in weighted spaces. For p € [1, 00), we denote by o, the Muckenhoupt class of nonnegative weights
on R" (see Section 3 for the precise definition) and define the weighted Lebesgue space L5 (RQ) :=
{(f e LY (Q); f9|f|1’a)dx < 00}. Then we have the following result.

Theorem 2.3. Let Q be a bounded 6'-domain, A satisfy (1-2)—(1-6) and (2-1) and f € L0 (Q; RN
for some pg € (1, 00) and wy € A p,. Then there exists au € Wol’l(Q; RYN) solving (2-5) such that for all
p € (1, 00) and all weights w € ., the estimate

fqulpwdx §C(Ap(a)),§2,A,p)(1—|—/|f|pa)dx) (2-9)
Q Q

holds whenever the right-hand side is finite. Moreover, every very weak solution u € WO1 ’6(9, RV)
10 (2-5) with some g > 1 satisfies (2-9). In addition, if A is strictly monotone and strongly asymptotically
Uhlenbeck, i.e., (2-4) holds, then the solution is unique in any class Wol’q(Q; RN) with g > 1.

Clearly, Theorem 2.1 is an immediate consequence of Theorem 2.3. Observe that (2-9) is an optimal
existence result with respect to the weighted spaces. It cannot be generalized to more general weights,
which is demonstrated by the theory for the Laplace equation in the whole R”, where one can prove that
(2-9) holds in general if and only if @ € ${,. This follows from the singular integral representation of the
solution and the fundamental result of Muckenhoupt [1972] on the continuity of the maximal function in
weighted spaces.

At this point, we wish to present the following corollary of Theorem 2.3. It shows that if f €
L4(Q; R™N) the solution constructed by Theorem 2.3 implies an estimate in terms of a Hilbert space
that therefore inherits the spirit of duality. Denoting by M f the Hardy-Littlewood maximal function (see
the Section 3 for the precise definition), we have the following corollary.

Corollary 2.4. Let Q be a bounded €'-domain and A satisfy (1-2)—(1-6) and (2-1). Then for any
f e L9(Q; R™>N) wit}f q € (1, 2], there exists u € Wol’q(Q; RN) satisfying (2-5). Moreover, any very
weak solution i € Wol’q(Q; RN) with some § > 1 fulfilling (2-5) satisfies the estimate

fﬂdx<C(A Q f)(1+f|f|qu> (2-10)
o (I+Mpyra =048 o ‘
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As mentioned above, the estimate (2-10) preserves the natural duality pairing in terms of weighted L2
spaces, and as will be seen in the proof, the estimate (2-10) plays the key role in the convergence analysis
of approximate solutions to the desired one. Indeed, the weighted L? integrability is the key property
of the system, and we wish to emphasize that the only L?-a priori information (with ¢ < 2) does not
seem to be sufficient to pass to the limit with the nonlinearity of approximating sequences. The reason
for such a speculation is that all known methods for identification of the weak limit in the nonlinearity
A(Vu) are based on the identification of the “weak” limit of A(Vu) - Vu on “large” sets. However,
having only L7-estimates with ¢ < 2, any identification of this type is impossible. On the other hand,
we believe (based on the result of the paper) that the key estimate should reflect the duality pairing with
possibly Muckenhoupt weight exactly as in (2-10). Having such an estimate, the new technique developed
in the paper allows us to reconstruct the nonlinearity, although it is governed by a weakly converging
subsequence only. It highly relies on the weighted theory that allows us to use the weighted biting div-curl
lemma; see Theorem 2.6. To support the conjecture about the only possible choice of estimates in the
weighted spaces preserving the duality pairing and reflecting the right-hand side, we quote the recent result
[Bulicek and Schwarzacher 2016]. Here the theory for general operators with measurable coefficients and
having a p-Laplacian-like structure is developed for all ¢ € (p — ¢, p] with € > 0 depending only on the
nonlinearity. Observe that the L?-estimates for these p-Laplacian-like operators and g € (p — ¢, p] have
been known for some time [Lewis 1993; Greco et al. 1997] but the existence even in that case was not
possible. Moreover, we wish to mention that the proof for the a priori estimates by Lewis [1993] already
relied on the characterization of Muckenhoupt weights via the maximal operator. Therefore, we strongly
believe that the effort to establish the very weak solution for the p-Laplace problem should not be blindly
focused on obtaining L?-estimates for ¢ < p but we should rather focus on the weighted L?”-estimates.

Next, we formulate new results that are on the one hand essential for the proof of Theorems 2.3 and 2.1
but on the other hand of independent interest in the fields of harmonic analysis and the compensated
compactness theory. These results are mainly related to two critical problems: first to the a priori
estimate (2-9) and second to the stability of the nonlinearity A(x, Vu) under the weak convergence of Vu.
To solve the first problem, we use the linear system as a comparison to provide (2-9). The weighted theory
for linear problems is known for 2 = R” in the case of constant coefficients (see, e.g., [Coifman and
Fefferman 1974, p. 244]) but seems to be missing for bounded domains and linear operators continuously
depending on x. Therefore, another essential contribution of this paper is the following theorem.

Theorem 2.5. Let Q@ C R" be a bounded 6'-domain, v € A, for some p € (1, 00) be arbitrary and
A € G RN Ny sarisfy for all z € R™N and all x € Q

cilnl> < Ax)n-n <clnl? (2-11)

with some positive constants c¢; and ¢;. Then for any [ € L5 (Q: RN there exists unique v €
W, (2 RN) solving

fA(x)Vv(x)-VgD(x)dx:f fx)- Vo) dx forall g €)' (2 RY) (2-12)
Q Q
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and fulfilling
fIVvI”wdx < C(@ sl (@), p,cl,cz>/ flPwdx. (2-13)
Q Q

In addition, if o € Wy (2; RY) for some q > 1 fulfills (2-12), then v = v.

We wish to point out that we include natural local weighted estimates in the interior as well as on the
boundary that are certainly of independent interest (see Lemmas 5.1 and 5.2).

The second obstacle we have to deal with is an identification of the weak limit, and for this purpose,
we invent a generalization of the celebrated div-curl lemma.

Theorem 2.6 (weighted, biting div-curl lemma). Let Q@ C R" be an open bounded set. Assume that
for some p € (1,00) and given w € A, we have a sequence of vector-valued measurable functions
(@, b2, Q@ — R" x R" such that

sup/ la*|Pw + |bF|P @ dx < oo. (2-14)
keN JQ

Furthermore, assume that, for every bounded sequence {c"},‘c’i1 from W(} "°(Q) that fulfills

Vek —~*0  weakly* in L®(Q),

there holds
lim [ b*-Vcfdx =0, (2-15)
k—o0 Jo
lim | afdc* —d5o,cfdx=0 foralli,j=1,... n. (2-16)

k—o0 Jo

Then there exists a subsequence (a*, b*) that we do not relabel, and there exists a nondecreasing sequence
of measurable subsets E; C Q with |2\ E;| — 0 as j — oo such that

a* —a weakly in L' (2; R"), 2-17)
b* —b weakly in L'(Q; R"), (2-18)
a* - bfw —~a-bw weakly in Ll(Ej)for all j € N. (2-19)

The original version of this lemma, first invented by Murat [1978; 1981] and Tartar [1978; 1979], was
designed to identify many types of nonlinearities appearing in many types of partial differential equations.
However, they assumed stronger assumptions on a* and b* than (2-15)—(2-16), which lead to (2-19)
for E; = Q. To be more specific, they did not assume weighted spaces and considered w = 1 and they
required that (2-15) hold for any c* converging weakly in W'? and (2-16) for any c¢* converging weakly
in W!-7', The first result more in the spirit of Theorem 2.6 is due to Conti et al. [2011], who worked
with w = 1 and kept (2-15)—(2-16) but assumed the equi-integrability of the sequence a* - b*. Such a
result is then based on the proper use of the Lipschitz approximation of Sobolev functions introduced
in [Acerbi and Fusco 1984], which we shall use here as well. The first use of the biting version of this
result is in [Buli¢ek 2015], where the very similar technique for identification of the nonlinearity as in
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this paper is used but yet without the presence of Muckenhoupt weights. In this paper, we finally use
the full strength of the weighted biting div-curl lemma, which is able to cover a borderline case in two
ways: the integrability assumptions on a* and b* are minimal with respect to Lebesgue spaces (2-14)
and the convergence assumptions (2-15)—(2-16) on div(b*) and curl(a¥) are minimal. In addition, exactly
this version of the div-curl lemma was one of the key results of this manuscript used in the recent paper
[Buli¢ek and Schwarzacher 2016] to treat the p-Laplacian problem.

The proof of Theorem 2.6 relies on the original proof but is completed by using the Chacon biting
lemma [Brooks and Chacon 1980; Ball and Murat 1989] and also a very improved Lipschitz approximation
method in the framework of weighted spaces, which is yet another essential result of the paper.

Theorem 2.7 (Lipschitz approximation). Let Q2 C R" be an open set with Lipschitz boundary. Let
g€ Wol’l(Q; RN). Then for all » > 0, there exists a Lipschitz truncation g* € Wol’oo(Q; RN such that

g-=g and Vg =Vyg in {M(Vg) <}, (2-20)
|Vgh| < IVelxmve<ny +CAximve)=ry almost everywhere. (2-21)

Further, if Vg € LL(Q; RN for some 1 < p < oo and w € Ay, then

fWgHPwdx < C(sy (), 2, N, p)/ VelPwdx,
« @ (2-22)

/ V(g — g" P dx < Csly (), 2, N, p) VelPwdx.
Q QN{M(Vg)>Ar}

This result has its origin in the paper [Acerbi and Fusco 1988]. The approach was considerably
improved and successfully used for the existence theory in the context of fluid mechanics; see, e.g.,
[Frehse et al. 2000; Diening et al. 2008; 2013; Diening 2013] or [Breit et al. 2012; 2013] for divergence-
free Lipschitz approximation. However, these results do not contain the weighted estimates (2-22) and
for this reason we also provide its proof in this paper.

Finally, for the sake of completeness, we present straightforward generalizations of the above results.
First, we establish the theory for the nonhomogeneous Dirichlet problem.

Theorem 2.8. Let Q be a bounded €' -domain, A satisfy (1-2)—(1-6) and (2-1), f € Lf;g(Q; RN and
ug € WH1(Q; RY) be such that Vug Lg,g(Q; IR"XN)for some pg € (1, 00) and wy € A p,. Then there
exists a solution u of (2-5) such that u — ugy € WOI’I(Q; R™N), and for all p € (1, 00) and all weights
w € s, the estimate

/|W|Pwdx 5C(Ap(a)),Q,A,p)(1+/(|f|p+|Vuo|p)a)dx> (2-23)
Q Q

holds whenever the right hand side is finite. Moreover, every very weak solution u of (2-5) fulfilling U—1ugp€
WO1 1(Q, RN) with some § > 1 satisfies (2-23). In addition, if A is strictly monotone and strongly asymp-
totically Uhlenbeck, i.e., (2-4) holds, then the solution is unique in any class W59(Q; RN) with § > 1.

Second, we remark that, for the theory for (1-1), the assumptions (2-1)—(2-4) are not necessary and
can be weakened.
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Remark 2.9. At this point, we wish to discuss possible relaxations of the conditions (2-1) and (2-4)
that might be useful for further application of the theory developed here. The proofs of existence or
uniqueness do not require that the matrix A(x, n) converge uniformly to a continuous target matrix A(x)
but rather that the two matrices are “close” for values || > k for some k. Indeed, it is possible to quantify
the necessary closeness in accordance with the ellipticity and continuity parameters of A(x) and 9€2. A
different relaxation of (2-1) and (2-4) could be done in a nonpointwise manner by replacing the pointwise
asymptotic conditions by asymptotic conditions in terms of vanishing mean oscillations (VMO).

We conclude this section by highlighting the essential novelties of this paper:

(1) A complete unified WO1 1(Q; RN)-theory for nonlinear elliptic systems with the asymptotic Uhlenbeck
structure satisfying (1-2)—(1-6), (2-1) and (2-4) has been developed in such a way that the theory is
identical with that for linear operators with continuous coefficients: Theorems 2.1 and 2.8. Moreover,
the new estimate suitable for numerical purposes is established in Corollary 2.4.

(2) A maximal regularity in weighted spaces of any very weak solution is established as well as its
uniqueness, which in particular leads to the uniqueness of very weak solutions to the problems with
measure right-hand side: Theorem 2.3 for the nonlinear case and Theorem 2.5 for the linear setting.

(3) A new tool in harmonic analysis, the Lipschitz approximation method in weighted spaces, is
developed: Theorem 2.7.

(4) A new tool for identification of a weak limit of the nonlinear operator, the biting weighted div-curl
lemma, is invented: Theorem 2.6. Such a tool has a potential to improve the known methods in
compensated compactness theory in significant manner.

To summarize, this paper proposes a new way to attack more general elliptic problems than those discussed
in Section 2. Indeed, it seems that the only missing point in the analysis of more general problems,
e.g., the p-Laplace equation, is the formal a priori estimates beyond the duality pairing. Once such
a priori estimates are available, one can follow the method introduced in this paper and gain an existence
and uniqueness theory for general problems beyond the natural duality. Indeed, the first step in this
direction was already done in [Buli¢ek and Schwarzacher 2016], where more general operators having
the p structure are treated.

The structure of the paper is somewhat in reversed order. After introducing some auxiliary tools and
some necessary notation in Section 3, we first prove the main Theorems 2.1 and 2.3 in Section 4. For that
result, we use the (technical) theorems, which are each independently proved in Sections 5-8. Finally
Section 9 is dedicated to the proofs of the corollaries.

3. Auxiliary tools

3A. Muckenhoupt weights and the maximal function. We start this part by recalling the definition of
the Hardy-Littlewood maximal function. For any f € Ll (R"), we define

loc

Mf(x) = sup ]é IFay i ][ O] dy = )] dy,

R>0 Br(x) |BR(X)| JBr(x)
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where Bg(x) denotes a ball with radius R centered at x € R". We shall use similar notation for vector- or
tensor-valued functions as well. Note here that we could replace balls in the definition of the maximal
function by cubes with sides parallel to the axes without any change. We will also use in what follows
the standard notion for Lebesgue and Sobolev spaces. Further, we say that o : R* — R is a weight if it
is a measurable function that is almost everywhere finite and positive. For such a weight and arbitrary
measurable 2 C R”, we denote the space L5 () with p € [1, 00) as

1/p
LP(Q) = :u (Q—= R fllgr = (/;z|u(x)|pa)(x) dx) < oo}.

Note that our weights are defined on the whole space R". Next, for p € [1, c0), we say that a weight w
belongs to the Muckenhoupt class s, if and only if there exists a positive constant A such that for every

ball B C R"
, /(p'=D
(][ a)dx)(][ a)(pl)dx) <A if p € (1, 00), (3-1)
B B

Mw(x) < Aw(x) if p=1. 3-2)

In what follows, we denote by A ,(w) the smallest constant A for which the inequality (3-1) or (3-2)
holds. Due to the celebrated result of Muckenhoupt [1972], we know that w € &, is for 1 < p < o0
equivalent to the existence of a constant A" such that for all f € LP(R")

/IMflpa)dx SA’/lflpa)dx. (3-3)

Further, if p €[1, 00) and w € A, then we have an embedding L2(Q)— Ll () since for all balls B c R”

loc

1/p ) 1/p' 1 1/p
JACE (][Ifl”de) (][ o= '=D dx) < (wpw))”f’(—fuv’wdx) .
B B B w(B) Jp

In particular, the distributional derivatives of all f € LY are well defined. Next, we summarize some
properties of Muckenhoupt weights in the following lemma.

Lemma 3.1 [Turesson 2000, Lemma 1.2.12]. Let w € A, for some p € [1, 00). Then w € s, for all g > p.

Moreover, there exists s = s(p, Ap(w)) > 1 such that w € L},

1/s
<][ o’ dx) < C(n, Ap(a)))][ wdx. 3-4)
B B

Further, if p € (1, 00), then there exists 0 = o (p, Ap(w)) € [1, p) such that w € A,. In addition, w €
is equivalent to ="'~V Ay

(R™) and we have the reverse Holder
inequality, i.e.,

In the paper, we also use the following improved embedding L5 (2) < L{ () valid for all w € s,
with p € (1, 00) and some g € [1, p) depending only on A, (). Such an embedding can be deduced by a
direct application of Lemma 3.1. Indeed, since w € 4, we have o~ P ey p- Thus, using Lemma 3.1,
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there exists s = s(A,(w)) > 1 such that

1/s
(][ a)_s(p_l)dx) < C(Ap(a)))][ w™ P dy.
B B

Consequently, for g :=sp/(p+s —1) € (1, p), we can use the Holder inequality to deduce that

1/q I/p ) 1/(sp)
(farrae) = (frvese) (fo o)
B B B

1 1/p
SC(Ap(w))(melflpde) ; (3-5)

which implies the desired embedding.
The next result makes another link between the maximal function and # ,-weight.

Lemma 3.2 [Torchinsky 1986, p. 229-230; Turesson 2000, p. 5]. Let f € LIIOC(R") be such that M f < 0o

almost everywhere in R". Then for all a € (0, 1), we have (M f)* € . Furthermore, for all p € (1, 00)
and all « € (0, 1), there holds (Mf)™ P~ € o,

We would also like to point out that the maximum w; V w; and minimum w; A w; of two s ,-weights
are again o ,-weights. For p =2, we even have A (w1 A w2) < A(w;) + Az(w2), which follows from the
simple computation

1 1 1
][wlszdx][ dxf[(][wldx)/\(][ wzdxﬂ — 4+ —dx
B B W1 N3 B B B W] [0))

< Az(w1) + Azx(wn). (3-6)

3B. Convergence tools. The results recalled in the previous sections shall give us a direct method for
a priori estimates for an approximative problem (1-1). However, to identify the limit correctly, we use
Theorem 2.6, which is based on the following biting lemma.

Lemma 3.3 (Chacon’s biting lemma [Ball and Murat 1989]). Let Q be a bounded domain in R", and let
{v"}72 | be a bounded sequence in LY (). Then there exists a nondecreasing sequence of measurable

subsets E; C Q with |2\ Ej| — 0 as j — 00 such that {v"},en is precompact in the weak topology
ole(Ej),for each j € N.

Note here that precompactness of v" is equivalent to the following: for every j € N and every ¢ > 0,
there exists a § > 0 such that for all A C E; with [A| <J and alln e N

/ W dy <e. 3-7)
A

3C. Li-theory for linear systems with continuous coefficients. The starting point for getting all a priori
estimates in the paper is the following:

Lemma 3.4 [Dolzmann and Miiller 1995, Lemma 2]. Let Q2 be a €'-domain and B € €($2, RN *nxN)y

be a continuous, elliptic tensor that satisfies for all n € RN and all x € Q

cilnl* < B(x)n-n < ealnl? (3-8)
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for some cy, c; > 0. Then for any f € L1(Q2; R"N) with q € (1, 00), there exists unique w € Wol’q(Q; RM)
solving
—div(BVw) =—divf inQ

in the sense of distribution. Moreover, there exists a constant C depending only on B, q and the shape
of Q such that

IVwllra@) < C(B,q, D fllLa)- (3-9)

4. Proof of Theorems 2.1 and 2.3

First, it is evident that Theorem 2.1 directly follows from Theorem 2.3 by setting w = 1, which is surely
an A ,-weight. Therefore, we focus on the proof of Theorem 2.3. We split the proof into several steps.
We start with the uniform estimates, which heavily rely on Theorem 2.5, then provide the existence proof,
for which we use the result of Theorem 2.6, and finally show the uniqueness of the solution, again based
on Theorem 2.5.

4A. Uniform estimates. We start the proof by showing the uniform estimate (2-9) for arbitrary u €
WO1 4(Q; RY) with ¢ > 1 solving (2-5). Without loss of generality, we can restrict ourselves to the case
q € (1, 2). First, we consider the case when f € Li(Q; R"*N) with some weight € ;. For j € N, we
define the auxiliary weight w; :=w A j(1 + M|Vu|)? ~2. Then it follows from Lemma 3.2 and the fact
that ¢ € (1, 2) that w; € ;. Moreover, we have

Ar(@)) < As(@) + Ar(j (1 + M| Vu)T7?) = As(@) + Ao((1+ M|Vu)?7?) < Cu, )

and also that Vu, f € quj (2; R™N). Next, using (2-5), we see that for all ¢ € ‘68’1(9; RY)

/A(x)w.wdx=/(f—A(x,Vu)JrA(x)w)-v(pdx. (4-1)
Q Q

Since the right-hand side belongs to LLZO/_ (Q; R™N), we can use Theorem 2.5 and the assumptions (1-5)
and (2-2) to get the estimate

f|Vu|2w,~dx§C(A,A2(wj),sz,cl,cz)/|f—A(x,Vu)+A(x)Vu|2wjdx
Q Q
SC(A,u,w,Q,cl,cz)(/|f|2wjdx+/|A(x,Vu)—A(x)Vu|2wjdx)
Q Q

sC(A,u,w,Q,cl,cz>f<|f|2+k2>wjdx
Q -
|A(x, Vu) — A(x)Vul|?

{1Vul=k) |Vul?

+C(A,u,w,§2,c1,cz) IVulzwjdx.

Finally, we set
2 1

£ = =
2C(A,u, w, 2, ¢y, 2)
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and according to (2-1) we can find k such that
|A(x, Vu) — A(x)Vul? - 1
|Vul|? T2C(A,u, w,Q,c1,02)

provided that |Vu| > k. Inserting this inequality above, we deduce that

~ 1
/ Vulw;dx < C(A,u, 0,2, cl,c2>/<|f|2+k2)wjdx+ 5[ Vulo; dx.
Q Q Q

Since we already know that Vu € cho]_ (Q; R™N) and k is fixed independently of j, we can absorb the
last term into the left-hand side to get

/|Vu|2a)j dx5C(A,u,w,9,61,62)/(|f|2+1)w‘/dx-
Q Q

Next, we let j — oo in the above inequality. For the right-hand side, we use the fact that w; < w, and for
the left-hand side, we use the monotone convergence theorem (notice here that w; /" w since M|Vu| < 0o
almost everywhere) to obtain

/|Vu|2a)dx§C(A~,u,a),§2,c1,cz)<l+/|f|2a)dx).
Q Q

Although this estimate is not uniform yet, since the right-hand side still depends on the A, constant
of (1 + M|Vu|)?~2, it implies that Vu € Li(Q; R"*N) for the original weight w. Therefore, we can
reiterate this procedure; i.e., going back to (4-1) and applying Theorem 2.5, we find that

/szwdxsc(fi, Az«u),9,cl,cz>/|f—A<x,w>+A<x>W|2wdx
Q Q

<C@, Az<w>,Q,cl,cz>/(|f|2+k>wdx
Q ~

|A(x, Vi) — A(x)Vul?
(IVulzk) |Vul?

+C(A, A2 (), 2, c1, ¢2) |Vu|*wdx.

Since we already know that Vu € L?U(Q; R"N), we can use the same procedure as above and absorb the
last term into the left-hand side to get

/|Vu|2wdx SC(cl,cz,Az(w),Q,A)(1+f|f|2wdx>. (4-2)
Q Q

We would like to emphasize that the constant C in (4-2) depends on w only through its Aj-constant.
Therefore, by the miracle of extrapolation [Cruz-Uribe et al. 2006, Theorem 3.1] (see also [Rubio de
Francia 1984]) applied to the couples (Vu, f), we can extend this estimate valid for all s,-weights to all
s ,-weights. In particular, we find that

/qu|pa)dx§C(cl,cz,Ap(a)),Q,A)<1+/|f|pa)dx) forall 1 < p<ooandw e o),
Q Q

which is just (2-9) from our claim.
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4B. Existence of a solution. Let f € LI (Q; R™N) with some p € (1,00) and w € s p be arbitrary.
Then according to (3-5), there exists some gg € (1, 2) such that L2 (Q) < L%(Q). Therefore, defining
wo = (14+Mf)%~2, we can use Lemma 3.2 to obtain that wy € s and it is evident that f € L2, (2; R™N).

The construction of the solution is based on a proper approximation of the right-hand-side f and a
limiting procedure. We first extend f outside of Q by zero and define f* := f Xilf1<k)- Then f k are
bounded functions, | f¥| 7 | f| and

f*— f strongly in L}, N L (R R™N). (4-3)

For such an approximative f*, we can use the standard monotone operator theory to find a solution
uk € Wy (92 RV) fulfilling

/ A(x, Vub) . Vo dx = / f*. Vedx forallge WOI’Z(Q; RY). 4-4)
Q Q
Hence, we can use the already proven estimate (2-9) to deduce that
/ Vi Py dx < C(cr e2, Az(wp), 2, A)(l + / |f"|2wodx)
Q Q
= C(c1, €2, qo, f, Az(wo), A)<1 +/ | f1Pwo dx)
Q
<Cler, 02, 2, A, f, w). 4-5)

Using the estimate (4-5), the reflexivity of the corresponding spaces, the embedding LZ)O(Q) — L9(Q)
and the growth assumption (1-5), we can pass to a subsequence (still denoted by u*) such that

u¥* —~u  weakly in WOI’qO(Q; RM), (4-6)
Vit — Vu  weakly in L2 N L% (Q; R™N), (4-7)
A(x,Vu*) ~ A weakly in L] NL%(Q; R™M). (4-8)

Next, using (4-5)—(4-7), the weak lower semicontinuity and the unique identification of the limit u
in Wh1(Q), we obtain

/ ViuPon dx < Cer, e, As (o), 2, A)(l + / | f Py dx). (4-9)
Q Q

The last step is to show that u is a solution to our problem, i.e., that it satisfies (2-5). Using (4-4), (4-3)
and (4-8), it follows that

/A.V¢dx:ff-vwdx foralltpe%g’l(ﬂ; RY). (4-10)
Q Q

Hence, to complete the existence part of the proof of Theorem 2.3, it remains to show that

A(x) = A(x, Vu(x)) in Q. (4-11)
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To do so, we use® Theorem 2.6. We denote a* := Vu* and b* := A(x, Vu). By using (4-5) and (1-5),
we find that (2-14) is satisfied with the weight wy. Also the assumption (2-15) holds, which follows
from (4-3), (4-4) and (4-10). Finally, (2-16) is valid trivially since a¥ is a gradient. Therefore, Theorem 2.6
can be applied, which implies the existence of a nondecreasing sequence of measurable sets E; such that
|2\ E;| — 0 and

A(x, Vu*) - ViFwg — A-Vuwy  weakly in L'(E;). (4-12)
For any B € LZ)O(Q; R"*N), we have that Bwg and also A(-, B)wo belong to L%/wO(Q; R"*N), and
therefore using (4-7) and (4-8), we can observe that

(A(x, Vu*) — A(x, B)) - (Vu* — B)wg — (A — A(x, B)) - (Vu — B)wy weakly in L' (E;). (4-13)

Due to the monotonicity of A, we see that the term on the left-hand side is nonnegative and consequently
its weak limit is nonnegative as well and we have that

/ (A—A(x, B)) - (Vu— B)wydx > 0 forall B € L2 (2 R"”Y) and all j € N. (4-14)
E.

J

Therefore, it follows that

/(A—A(x,B))-(Vu—B)wodxz/ (A—A(x, B))- (Vu — B)wy dx,
Q Q\E;

and letting j — oo (note that the integral is well defined due to (4-7) and (4-8)) and using the fact that
|2\ Ej| — 0 as j — oo and the Lebesgue dominated convergence theorem, we obtain

/ (A—A(x, B))-(Vu—B)wpdx >0 forall B e LiO(Q; RNy,
Q
Hence, setting B := Vu — eG where G € L™ (Q2; R"V) is arbitrary and dividing by &, we get
/ (A—A(x,Vu—eG))-Gwpdx >0 forall G e L¥(Q; R"N).
Q

Finally, using the Lebesgue dominated convergence theorem, the assumption (1-5) and the continuity
of A with respect to the second variable, we can let ¢ — 04 to deduce

/ (A— A(x, Vi) - Gapdx >0 forall G € L®(Q; R™N).
Q

Since wy is strictly positive almost everywhere in €2, the relation (4-11) easily follows by setting, e.g.,

A—A(x, Vu)
1+ |A—A(x, Vu)|

Thus, (4-10) follows and u is a very weak solution.

3 Although Theorem 2.6 is formulated for vector-valued functions, it is an easy extension to use it also for matrix-valued
functions, which is the case here.
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4C. Uniqueness. Letuy, up € Wol’q(Q; RY) with ¢ > 1 be two very weak solutions to (2-5) for some
given f e LH(Q; R™N), where p € (1, 00) and w € . Then it directly follows that

/ (A(x, Vi) — A(x, Vup)) - Vo dx =0 for all ¢ € €' (2; R™M). (4-15)
Q

First, consider the case that f € L?(2; R™). Then using the result of the previous part, we see that
Ui, Uy € W(} ’Z(Q; RY), and therefore due to the growth assumption (1-5), we see that (4-15) is valid for all
(RS WO1 ’Z(Q; RY). Consequently, the choice ¢ := u; — u» is admissible, and due to the strict monotonicity
of A, we conclude that Vu; = Vu, almost everywhere in 2 and due to the zero trace also that u; = u5.

Thus, it remains to discuss the case f ¢ L2(Q; R"*V). But since f € LY (Q; R™N) with p > 1 and @
being the o ,-weight, we can deduce that f € LP0(Q; R™N) for some pg > 1; see (3-5). Consequently,
following Lemma 3.2, we can define the s{,-weight wq := (1+M f)P°~% and we get that f € LZ)O (Q; RPN,
Therefore, the weighted a priori estimates imply that Vu; € quo(Q; R"N) for i = 1, 2. Hence, defining
a new weight w” := 1 A (nwp), which is bounded, we also get that for each n the solutions satisfy
Vu; € L2, (S2; R"N). Moreover, we have the estimate A, (w") < A2(1)+ As(nwy) = 1+ A (wp) < C(f).

"

Hence, rewriting the identity (4-15) into the form
/in(x)(w1 —Vuy)-Vedx :fg(/i(x)w] — A(x, Vuy) — (A(x)Vus — A(x, Vur))) - Vo dx, (4-16)
which is valid for all ¢ € ‘68’1 (2; R™N), we can use Theorem 2.5 to obtain
fgwul — Vus*o" dx < C/QM(X)Wl — A(x, Vup) — (A(x)Vup — A(x, Vup)) P dx  (4-17)

with some constant C independent of n. Moreover, due to the properties of the solution and ", we can
deduce that the integral appearing on the right-hand side is finite. In order to continue, we first recall the
following algebraic result, whose proof can be found at the end of this subsection.

Lemma 4.1. Let A fulfill (1-4), (1-5), (2-1) and (2-4). Then for every & > 0, there exists C such that for
all x € Q and all 9y, 7y € RN

|A(x, 1) — ACx, m2) — A) (1 — m2)| < 811 — mal + C(3). (4-18)

Next, using the estimate (4-18) in (4-17), we find that for all § > 0
/Q|Vu1 —VuPo"dx < C /Q 8|Vu — Vus 0" + C(8)w" dx. (4-19)
Thus, setting § := 1/(2C), we can deduce that
/lem — VuPw" dx < C(S)/Qa)” dx <C, (4-20)

where the last inequality follows from the fact that €2 is bounded and @™ < 1. Hence, letting n — o0 in
(4-20), using that w" ' 1 (which follows from the fact that wg > 0 almost everywhere) and using the



1132 MIROSLAV BULICEK, LARS DIENING AND SEBASTIAN SCHWARZACHER

monotone convergence theorem, we find that

/ |Vu; — Vus)? dx < C.
Q
Hence, we see that u; —uy € WOI’Z(Q; RY). In addition, using (4-18) again,
/lA(x,Vul)—A(x,Vu2)|2dx
Q

ng|A(x,Vu1)—A(x)Vu1—A(x,Vu2)+A(x)vM2|2dx+2/|A(x)Vu1—A(x)Vu2|2dx
Q Q

§C(1+f|w1 —Vu2|2dx) <C.
Q

Therefore, (4-15) holds for all ¢ € Wol’z(Q; R"*N) and consequently also for ¢ := u; — u, and the strict
monotonicity finishes the proof of the uniqueness. It remains to prove Lemma 4.1.

Proof of Lemma 4.1. Let § be given and fixed. According to (2-1) and (2-4), we can find k > 0 (depending
on §) such that for all x € Q and all |n| >k

|A(x, 7)) — A(x)n] PA@JD
il an

To prove (4-18), we shall discus all possible cases of values 1 and n,. Recall here that § and k are already
fixed.

—A(x)| < %. (4-21)

The case |n1| < 2k and |n;| < 2k. In this case, we can simply use (1-5) to show that
|AGe, 1) — Alx, m2) — A@) (i — m2)| < CA+ ]+ [n2]) < C(1 +4k)

and (4-18) follows.
The case |n1| < 2k and |n;| > 2k. In this case, we again use (1-5), which combined with (4-21) leads to

. A — A(x, )
mumo—Aumﬁ—Awmn—mnscu+mm+-(””Mﬂ@””Mﬂsca+%H~%ﬁ

<c 8|m2 —mi|
< (1+2k+|m|)+T < C(1+4k)+8|n—nil.

Therefore, (4-18) holds. Moreover, the case |n1| > 2k and || < 2k is treated similarly.

The case |n1| > 2k and |n;| > 2k. First, let us also assume that

2l <2[m —n2| and || < 2|n; — 2. (4-22)
In this setting, we use (4-21) to conclude

A(x)na — A(x, m2)
|m|+' [n2]
(2]

A)n — Ax, 1)
1]

)
< Z(Iml +[n21) < 8Im —nal,

|A(x, m1) — A(x, n2) — Ax) (1 — )| <
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which again directly implies (4-18). Finally, it remains to discuss the case when at least one of the
inequalities in (4-22) does not hold. For simplicity, we consider only the case when || > 2|n; — 12|
since the second case can be treated similarly. First of all, using the assumption on 1, and 1,, we deduce
that for all # € [0, 1]

71l
[ty + (A =il =1In1 =t —n2)| = |Im| —tInt —n2l = |Im| = In1 — 2| 27 > k.

Hence, since any convex combination of 1 and 1, is outside of the ball or radius k, we can use the
assumption (4-21) to conclude

|A(x, m2) — A(x, 1) — Ax) (2 — 1)

hd .
/0E(A(x,tanr(l—t)m)—A(X)(tnz+(1—t)m))dz

/1 (aA(x, tm+ 1 —1)n)
0 At + 1 —1)n)

and (4-18) follows. O

i
. )
—A(X))(ﬂz—m)dl 5/ Z|772—771|dl§5|772—771|
0

5. Proof of Theorem 2.5

We start the proof by getting the a priori estimate in the standard nonweighted Lebesgue spaces, which is
available due to Lemma 3.4. Let us fix a ball Q¢ such that 2 C Q. Since w € s ,,, we can use (3-5) to show
that for some ¢ > 1 we have L (Qo) — L9(Qy). Thus, f e Ll(Q; R™N) implies that f € LI(Q; RN,
The starting point of further analysis is the use of Lemma 3.4, which leads to the existence of a unique
solution u € Wo1 ’q(Q; R™) to (2-12) with the a priori bound

y 1/q B 1/q
</|Vu|‘fdx> sC(A,q,m(/vrfdx) .
Q Q

Consequently, using (3-5), we deduce

1 i 1/q 1 » 1/p
—_ \Y% dx <C(A,p, 2, d dx . 5-1
(|Qo|fg' ! ) =cp "<°°))<w(Qo)/g'f"” ) e

It remains to prove the a priori estimate (2-13). We divide the proof into several steps. In the first one, we

shall prove the local (in €2) estimates. Then we extend such a result up to the boundary, and finally we
combine them to get Theorem 2.5.

5A. Interior estimates. This part is devoted to the estimates that are local in €2; i.e., we shall prove the
following:

Lemma 5.1. Let B CR" be a ball, w € 1, arbitrary with some p € (1, 00) and A € L*°(2B; R XN xnxNYy
arbitrary satisfying

ciln> < A@)n-n<can|* forall x € 2B and all n € R™V.
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Then there exists § > 0 depending only on p, cy, c2 and A ,(w) such that, if
|[A(x) — A(y)| <6 forallx,ye€?2B,

then for arbitrary f € L5 (2B; R"™*NY and u € WH4(2B; RN) with some § > 1 satisfying

/ A(x)Vu(x)-w(x)dx:f f(x)-Veo(x)dx forall p € €)' 2B; RY),
2B 2B

the following holds:

1/p 1/p 1/p 5 1/q
(fquV’wdx) §C< |f|pa)dx) +C(][ wdx) (][ |Vu|qu> , (5-2)
B 2B 2B 2B

where the constant C depends only on p, c1, ¢ and A, ().

Proof. First, we introduce some more notation. For w, we denote w (S) := f g dx. Next, using Lemma 3.1,
we can find g € (1, g) such that w € s4,/,. Note here that u € wh42B; RY), which follows from the
fact that 2B is bounded. In what follows, we fix such ¢ and introduce the centered maximal operator

1/q
(Mq(g))(x):sup(][ Igl"dy> :
r>0 B, (x)

Since M, (g) = (M(|g|?))"/4, we see from the definition and the choice of ¢ (which leads to w € Ay (R"))
that the operator M, is bounded in LI (R™). We shall also use the restricted maximal operator

with power ¢

l/q
(M7 () (x) = sup (ﬁ ( )|g|‘fdy> ,

p=>r>0

and it directly follows that for every Lebesgue point x of g
18 ()] < (M7P()(x) < (My(8))(x).
The inequality (5-2) will be proven using the proper estimates on the level sets for |Vu| defined through
0, :={x e R"; My(xoVu)(x) > A}.

Please observe that O, are open. Next, we use the Calderén—Zygmund decomposition. Thus, for fixed
A > 0and x € BN O}, using the continuity of the integral with respect to the integration domain, we can
find a ball Q, (x) such that

2 < ][ |x2Vul?dx <219 and ][ |x28Vul?dx <249 forallr >r,. (5-3)
er(x) 0, (x)

Next, using the Besicovich covering theorem, we can extract a countable subset Q; := O, (x;) such that
the Q; have finite intersection, i.e., there exists a constant C depending only on #n such that for all i € N

#jeN, 0:NQ; #a}<C.
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In addition, it follows from the construction that

0.NB=|_JQinB). (5-4)

ieN

1/q
A:=( |Vu|qu) ,
2B

and it directly follows that for any O C R"

1/q |ZB| 1/q
][IXzBVulqu <|—] A
0 10|

Consequently, assuming that A > 22" A, we can deduce for every Q; that

1/q 1/q 1/q
VA <)< ( IXZBVulqu> < (IZﬂ) A= 22n/q<ﬂ> A
0i |0l 120;]

Since g > 1, this inequality directly leads to |2Q;| < |B|. Therefore, using the fact that Q; = O, (x;)
with some x; € B, we observe that 2Q; C 2B. Moreover, it is evident that for some constant C depending

Then we set

only on the dimension n
1Qil = C(n)|Qi N BY. (5-5)

Since w € H,, the above relation implies (see, e.g., [Stein 1993, §V.1.7])
w(Qi) = Cn, Ap(w)w(Q; N B). (5-6)
Next, for arbitrary ¢ > 0 and k£ > 1, we introduce the redistributional set
Ul = O Nix € R"; My(f x28)(x) < €A}
Finally, we shall assume the following (recall that § comes from the assumption of Lemma 5.1):

there exists kK > 1 depending only on cy, ¢3, n, p,

a NUXNB|<C(cy,ca, Qil. (5-7
and A, (@) such that for all s€ (0, 1) and all 1 =27 o |21 VerNBI=C e mEDIQ. G-7)

We postpone the proof of (5-7) and continue assuming that it holds true with fixed k such that (5-7)
is valid. Hence, using (5-7), the Holder inequality and the reverse Holder inequality (which follows for
A ,-weights from (3-4)) and (5-6), we obtain for some r > 1 depending only on n, p and A ,(w)

10 N U?,k N B|)l/r/
0]
<Cn, p, Ap(@), c1,c2)(E+8)"w(Qi) < Cn, p, Ap(®), c1, c2)(e + ) 0(Q; N B).

1/r
@(QiNULNB) < C(n>|Qi|(][Q} " dx) <

By using the finite intersection property of the Q;, we find

(U NB) < Cn, Ap(),c1,c2)(e+8)" 0 (0, N B). (5-8)
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Finally, using the Fubini theorem, we obtain
o0 x
/ |VulPwdx = p/ o({(Vu)xg > ADAP~1dr < APw(B) +p/ A lw(0,NB)dr.  (5-9)
B 0 A
Therefore, to get the estimate (5-2), we need to estimate the last term on the right-hand side. To do so,
we use the definition of U Q « and the substitution theorem, which leads for all m > kA to

m m m )\’
[ wteinmas [ rlewifnmas | )\Pla)<{Mq(fX23)>8z})d)»
k k ’

A A kA

5-8) e ™ kP
<C(e+9) rf AP w(O/\/kﬂB)d)»-i-—/ My (f x28)|Pwdx
kA peP Jgn

, m/k
<C(p,q,¢, Ap(w))/ |f|pa)dx+Ck"(8+8)1/'/ AP lw (0, N B) da
2B A

kA
<C(p,q,e, Ap(w))/ |f|Pwdx+CkP(e+5)1/”/ AP w(0, N B)da
2B A

m
+ CkP (s +8)'/" / AP w(0, N B)da,
kA

where we used the fact that w € ,,/,. Finally, assuming (note that k is already fixed by (5-7), and at
this point, we fix the maximal value of § arising in the assumption of Lemma 5.1) that § is so small
that CkP8'/"" < % we can find ¢ € (0, 1) such that Ck? (e + 8)1/’/ < % Consequently, we absorb the last
term into the left-hand side, and letting m — oo, we find that

/m M w(0,NBYdA < Clk, p.g. A,,(w))(/ |f1Pe d +pr(3>).
kA 2B

Substituting this into (5-9), we find (5-2). To finish the proof, it remains to find k > 1 such that (5-7)
holds.
Hence, assume that 9; " BNU E)‘ « 7 9. Then it follows from the definition of U, g)‘ . that

1/q
(f Iflqu> <2"gh. (5-10)
20;

For A > 22" A (which implies 2Q; C 2B), we compare the original problem with

—div(A;Vh)=0 in20Q;,

(5-11)
h=u ond2Q;),

where the matrix A; is defined as A; := A(x;). Lemma 3.4 ensures the existence of such a solution (just
consider u — h with zero boundary data). Moreover, the matrix A; is constant and elliptic and therefore
we have the local L>® — L! estimate for 4, i.e.,

sup |Vh| < C][ \Vh| dx, (5-12)
(3/2)0; 20;
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where the constant C depends only on n, c; and c,. Further, since u solves our original problem, we find
—div(A;V(u —h)) =—div((A—A;))Vu— f) in2Q;,
u—h=0 on 020Q;.
Therefore, we can use Lemma 3.4 to observe
][ |[V(u—h)|?dx < C][ |A— A;|9|Vu|? dx—i—C][ | f19dx < C(e? +689)29, (5-13)
2Q,‘ 2Qi 2Qi

where for the second inequality we used (5-3), (5-10) and the assumption that |[A(x) — A(y)| < 6 for
all x, y € B. Then using the definition of Q;, we see that, for all y € Q; and all r > r; /2, we have that
B, (y) C B3,(x;) and Q; C B3, (x;). Consequently,

][ [x28Vul? dx§3"][ |x28Vu|?dx <6"117,
B (y) Bsy (x;)

where we used (5-3). Choosing & > 6" and assuming that ¢, < 1, we get by the previous estimate,
the sublinearity of the maximal operator and the weak Harnack inequality (5-12) that for all x € Q; N
{M,(Vu) > ki}

My (Vu)(x) = M7 (Vu)(x) < M7 2(Vh)(x) + M (Vu = Vi) (x)

1/q
< C(][ |Vh|1 dx> + M2 (Vu = Vh)(x) < Ch4+M;"*(Vu — V) (x).
20;

Hence, setting k := max{C + 1, 6"}, we can use the weak L?-estimate for the maximal functions and the
estimate (5-13) to conclude

M, (V) > K3 0 Qi) = 1MV = Vi 2 )0 Qi = 3 [ V=i d
20;
<CE+)0il,

which finishes the proof of (5-7) and Lemma 5.1. [l

5B. Estimates near the boundary. In this part, we generalize the result from the previous paragraph and
extend its validity also to the neighborhood of the boundary.

Lemma 5.2. Let Q C R" be a domain with €' boundary, » € A p be arbitrary with some p € (1, 00) and
A € L®(Q; RPN>nXNy be grbitrary satisfying

ciln> < A@)n-n<canl* forall x € 2B and all n € R™V.
Then there exists r* > 0 and § > 0 depending only on 2, p, c1, ¢ and A ,(w) such that, if

sup  |A(x) —A(Y)[ =9,

x,yeQ; | x—y|<r*
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then for arbitrary f € L (Q; R™N) and u € WO]”;(Q; RN) with some G > 1 satisfying
f AVu-dex:f f-Vedx forallgoe%g’l(ﬂ; RV, (5-14)
Q Q

we have for all xy € Q and all r < r* the estimate

B r/q
][ |Vu|pa)dx§][ lelpa)dx+][ a)dx<][ CIVulqu) . (5-15)
By (x0)N2 Bor (x0)N<2 Boyr (x0)N<2 Bor (x0)N<2

First notice that in case By, (xg) C 2 the inequality (5-15) follows from Lemma 5.1. Therefore, we
focus only on the behavior near the boundary. Hence, let xq € 32 be arbitrary. Since Q € ¢!, we know
that there exist «, 8 > 0 and rg > 0 such that (after a possible change of coordinates)

B = {(x', x); X | <, a(x) — B <xy <a(x)} CQ,
B, ={(x", xp): ¥ <, a(x) <x, <a(x)+ B} C Q.

Here, we abbreviated (x1, ..., x,) := (x/, x,). Moreover, we know that for all r < ry/2 it holds that
Byr(x0) N C Bt and By, (x0) N Q¢ C Bj,. In addition, we have a € €' ([—a, «]""!) and Va(0) = 0.
For later purposes, we also denote

By, :=BFUB U{(x,x); x| <, a(x) =x,)
and define a mapping 7 : B} — B, as
T(x', x) := (¥, 2a(x") —x,)  with J(x) := VT (x),ie., (J(x));j := 8x;(T (x));.

It directly follows from the definition that |det J(x)| = 1 and also that T and T~ are ¢' mappings.
Finally, we extend all quantities into B, as follows:

. u(x) for x € B},
u(x) = 1 0
—u(T~'(x)) forxe B, ,
- A(x) for x € B},
A(x) = -1 1\ T (-1 2
J(T " x)AT'x)J' (T'x) forxe B, ,
~ (x) forx € B}t,
fo={/® o
—J(T " x)f(T7"(x)) forxe B,
- w(x) for x € BT,
w(x) = _1 o
(T (x)) forxe B, .

It also directly follows from the definition and the fact that u has zero trace on 9€2 that it € wha (Byy; RMY).
Finally, we show that for all ¢ € %8’1 (B,,; RY) the following identity holds:

J

AVii -V dx :/ f-Vedx. (5-16)
By,

0
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i RY)and g :=goT €€y (B} RY)

(Avﬁ_f)v(pdx=/ (ANV( )auV(X) f”( )> a(paﬂ“(X)

By, By, Xj

v ~ 1
:/ (_AZV(X)—a(" T e ))—BW(T CD g
.

o 0x; 0x;

_ T gy NI 0)
_/,-0( Ay (x)—B(T—l(x))kaf (T (x)— f; (x)>—a(T T (T~ ' (x)) dx

For this, we observe that for any ¢ € C@g "B

ro’

dx

Xi

a"l/v
@t (x) d
Xm

=/B+ (—Aﬁj”(Tx) a( )J,;l( V) = fHTx)J (x )>

- /B+ (AX)Vu(x) — f(x)) - V@(x) dx.

In particular, for all ¢ € <€0 (B : RY)

r()’

(AVﬁ—f)-V(<poT—1)dx:—/ (AVu — f)-Vedx. (5-17)
Brg By,
Thus, if we define for ¢ € ‘68’1(Br0; RV the function

_ {gooT_1 on B, ,

® on Bt

ro’

then @ € €)' (B,,; RY) and (5-17) implies
/ (AVii— f)-Vgdx =0.
By,
Therefore,
| @vi-frvear= [ Gvi-f)-ve-grac= [ Gvi-f)-vie-pan
By, By, By,
Using (5-17) again, we get
/ (AVii— f)-Vodx = —/ (AVu— f)-V((g —p) o T ") dx.
B B

ro 0

Since (¢ — @) o T~! =0 on 92, we finally deduce with the help of (5-14) that

/ (AVii— f)-Vedx =0
By,

forall ¢ € %8’1(Br0; RY), which proves (5-16).

Consequently, we see that (5-16) holds, and therefore, we shall apply the local result stated in Lemma 5.1.
To do so, we need to check the assumptions. First, the ellipticity of A can be shown directly from the
definition and the fact that J is a regular matrix. Moreover, the constant of ellipticity of A depends only
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on the same constant for A and on the shape of €2. Further, to be able to use (5-2), we need to show small
oscillations of A. Since 7T is 6!,

sup [A(x) — A< sup [J@AXITx) —JMAMIT )]

x,yeB,-B x,yeB,J(r)
<C sup |[A(x)—AW|+C sup [J(x)—=J)I
x,yEBrg x,yEB,JB

Similarly, we can also deduce that

sup  JA(x) — A< sup [J)AX)JIT(x) — A®Y)]

xeB,?),yeB,JB x,yeBrJ(r)
<C sup |[A(x)—AM)|+C sup [J(x)AX)J (x) — Ax)]
x,yeB,T) xeB,JB
<C sup |A(x)—A(y)|+C sup [Vax")|.
x,yeB% xeBrJ(r)

Therefore, due to the continuity of J and the fact that Va(0) = 0, we see that for any § > 0 we can find
r* > 0 such that

8
C sup |[J(x)—J(y)|+C sup |Va(x’)|<§.

+ +
x,yeBr* xeBr,F

Thus, assuming that

1)
sup |A(x) — A(y)] =5
x,yeQ;Clx—y|<r*

we can conclude that

sup |A(x) — A(y)| < 8.

X,YEB,x

We find é > 0 and fix r* such that all assumptions of Lemma 5.1 are satisfied and we consequently have

1/p _ 1/p I/p 3 1/q
(][ |V12|pc75dx> §C<][ |f|p&3dx> —I—C<][ c~odx> <][ |Vft|”dx>
B, (x0) By, (x0) By, (x0) By, (x0)

and (5-15) follows directly.

5C. Global estimates. Finally, we focus on the proof of Theorem 2.5. Recall that the ball Qy is a superset
of Q. Since A is continuous, we can find for any § > 0 some r* such that

sup  |A(x) —A(Y)|[ =3.

X, Y€ |x—y|<r*

Therefore on any sufficiently small ball, we can use the estimate (5-15). Since  has ¢! boundary, we
can find a finite covering of Q2 by balls B; of radius at most equal to »* such that | B; N Q2| > ¢|B;|. Then
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it follows from (5-15) and (5-1) that
(ZB) 5 r/q
/qu|”a)dx<C/|f|”a)dx+CZ 2B (/Qwuwdx)

r/q
sc/|f|Pwdx+C<p,c7,A,sz)w(Q@(fWur?dx) sC(A,sz,Ap<w>>f|f|f’wdx,
Q Q Q

which finishes the proof of Theorem 2.5.

6. Proof of Theorem 2.6

We start the proof by observing that (2-14) leads to the estimate
/ la* - b¥|w dx < f 1d“|Pw + PP wdx < C.
Q Q

Consequently, we can use Lemma 3.3 to conclude that there is a nondecreasing sequence of measurable
sets £; C Q2 fulfilling |22\ E;| — 0 as j — oo such that for any j € N and any ¢ > 0 there exists a § > 0
such that for each U C E; fulfilling |U| < §

sup/ la* - bF|w dx §sup/ ld¥|1Pw + [PX|P wdx <. (6-1)
keN JU keNJU

Consequently, for any E;, we can extract a subsequence that we do not relabel such that
a* -b*w —a-bw weaklyin L'(E)), (6-2)
where a - bw denotes in our notation the weak limit. Further, since L% (Q) and LC’(’,/(Q) are reflexive, we
can pass to a (nonrelabeled) subsequence with
ar —a weakly in L?(Q; R"),

, (6-3)
by — b weaklyin L? (Q; R").

Our goal is to show that
a-bw=a-bw almosteverywhere in €. (6-4)

Indeed, if this is the case, then it follows that not only a subsequence but the whole sequence fulfills (6-2).
Since w € HA,, we can find by (3-5) some g > 1 such that LP(Q) — L4(). This implies

a* —~a weakly in L9(Q; R"). (6-5)
Moreover, since the mapping g — gw!/* is an isometry from L? () to L*(2), we also have
a* 0P —~ aw'’?  weakly in LP(2; R"), (6-6)
bro'/? —~ bo'/P" weakly in LP (Q; R"). (6-7)
Then, extending a* by zero outside €2, we can introduce d* such that

Ad* =a* in R":
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i.e., we set d* :=a* x G, where G denotes the Green function of the Laplace operator on the whole R".
Then, using (6-5), we see that

d* —~d weakly in W24 (R"; R"), (6-8)
where
Ad=a inR"

In addition, using (2-14) and the weighted theory for Laplace equation on R” [Coifman and Fefferman
1974, p. 244], we can deduce

V2d* -~ Vv2d  weakly in LP (R"; R"*"™"). (6-9)

Hence, to show (6-4), it is enough to check whether

bt (@* —Vdivd")w —~b-(a—Vdivd)o weakly in L'(E)), (6-10)
bk -V (divd)w — b - V(divd)w weakly in L'(E}), (6-11)
forall j e N.
First, we focus on (6-10). Assume for a moment that we know
lim /|ak—a—|—V(div(d—dk))|rdx:O (6-12)
k— 00 Q

for all nonnegative T € %(£2). Then for any ¢ € L*(E)),

lim bk . (ak —Vdiv dk)a)go dx
k—o00 E;

= lim [ b" (a—=Vdivd)wpdx + lim f b* - (a* — a4 V div(d — d*))we dx

k— 00 E; k—o00 E;
D / b-(a=Vdivdopds + lim | b*- (@ —a+Vdivd —d)op dx
E_/ — 00 Ej

and (6-10) follows provided that the second limit in the above formula vanishes. However, we first notice
that (for a subsequence) (6-12) implies that

b* - (a* —a+ V div(d — d*))wp — 0  almost everywhere in Q. (6-13)

Second, using (6-8) and (6-6), we see that for any U C E

1/p'
/|b"-(ak—a+Vdiv(d—d’<)>ww|dx50||<o||oo||a’<—a||Lg<m(/ |b’<|Pwdx) :
U U

Then the equi-integrability (6-1) also guarantees the equi-integrability of the sequence (6-13), and
consequently, the Vitali theorem leads to

lim | b*-(a*—a+ Vdiv(d — d*)wedx =0,

k— 00 E;
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which finishes the proof of (6-10) provided we show (6-12). First, it follows from (2-16) and (6-5) that
for a subsequence that we do not relabel 8xia§ - ijaf — Oy;aj — 0x;a; strongly in (Wol’r(SZ))* for all

i, j=1,...,n. Therefore, by the regularity theory for Poisson’s equation, we find that
O dt — 0y,df — dy,d; — dy,d;  strongly in Wi/ () (6-14)
foralli, j=1,...,nandallr €[1, g), where g > 1 comes from (6-5). Moreover, using the definition of d*,

n n
af =3 divd* =) 9L df —dy,0y,dp = D 0x, (3, df — dx,dy,),
m=1 m=1

and with the help of (6-14), we see that (6-12) directly follows and the proof of (6-10) is complete.
The rest of this section is devoted to the most difficult part of the proof, which is the validity of (6-11).
For simplicity, we denote e* .= divd¥, and due to (6-8) and (6-9),
ek —~e  weakly in W0 (R"), (6-15)
Vet — Ve weakly in LI (R"; R"), (6-16)

where e = divd. Since we are interested only in the convergence result in 2, we localize e by a proper
cutting outside 2. To be more precise on the ball B (recall that it is a ball such that Q2 C B), we set

N 4
ep=e'rt

with T € 9(B) being identically one in €2. In addition, we can observe that

ek —~ep  weakly in Wy (B), (6-17)
Vel — Vep weakly in LP(B; R"). (6-18)
Indeed, the relation (6-17) is a trivial consequence of (6-15), and for the validity of (6-18), it is enough to
show that
/ |Vek|Pwdx < C.
B

Since |Ve’;3| < C|Vek| + Clek — (55| + C|(e*) 5|, where 611; denotes the mean value of ¢* over B, it
follows from (6-15) and (6-16) that we just need to estimate the term involving lek — (¢¥)g|. But using
the pointwise estimate lek — (K g| < C(BYM (VeX),

/B|e’;g — () p|Pwdx < C/R IM(VeN)|Pwdx < CA,(w) . Ve |Pwdx < C,

where we used the properties of o ,-weights. Finally, since e’l‘g € Wol’l(B), we can apply the Lipschitz
approximation (Theorem 2.7), which implies that for arbitrary fixed A > Ao and for any k£ we find the
Lipschitz approximation of e% on the set B and denote it by egk. Then thanks to Theorem 2.7, for any A,
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we can find a subsequence (that is not relabeled) such that

Vel ~* Veh  weakly* in L(B; R"), (6-19)
Velfg’A — Vey  weakly in LP(B; R"), (6-20)
el strongly in €(B). (6-21)

Please notice that we do not have any a priori knowledge of how the limit e% can be found; we just know
that it exists.

In the next step, we identify the weak limit of bk - Ve];”\ . Due to (6-3) and (6-19), we see that
this sequence is equi-integrable and consequently poses a weakly converging (in the topology of L')
subsequence. Therefore, to identify it, it is enough to show that for all n € D(2)

lim bk-Ve]l;’Andx=f b-Ve%ndx.
Q

k—oo Jo

However, using (2-15), (6-19) and (6-21), we can deduce that

lim | b*- Vel ndx = lim bk-(w’;k—wg)ndx+/b-Vegndxzfb-Vegndx
k—oo Jo k—oo Jo Q Q

and therefore

b Vel ~b.Vely  weakly in L1(Q). (6-22)

Finally, let ¢ € L>°(E}) be arbitrary and C := C(J|¢|l«). Then we check the validity of (6-11) as follows:

lim / (b* - V(divd*) —b - V(divd))wp dx| = lim / (b*-Vek —b-Vep)wp dx
k—o00 E; k—o00 E;
< lim / (B - Ve —b-Veh)we dx +Climsup/ 1611V (& — i) w dx
k—oo|/JE; k—o0 JE;
+/ b-V(eB—eg)a)(pdx
Ej
bk Vekt —b.veh 215 | Vel + |b|| Ve
< lim/ (b Vep B2 4 +Climsup/ e (D71IVey”| 1P eBDdx‘
k—o0| JE; l+ew k—oo |JE; l+ew

+Climsup/ |bk||V(e]1§ —elfg"\)la)dx-l—
Ej

k— 00

/ b-V(egp — e)l\g)a)(p dx
E,

J

. ea?|bM|Vep"| | vk _ ok
< C limsup ———  + Climsup 16|V (e —epg™)wdx
E 1+ew E;

k— 00 I k— 00

2 A
. +C / o WIIVeRl 4 4+ aD + () + AV),  (6-23)
E

14+cew

/ b-V(egp — e%)a)(p dx
E.

J J
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where the last identity follows from (6-22) since ¢/ (1 + ew) is a bounded function whenever ¢ > 0. In
the next step, we show that all terms on the right-hand side vanish when we let ¢ — 0 and A — oco. To
do so, we first observe that thanks to Theorem 2.7 and the weak lower semicontinuity

Vet — Vel weakly in L2 (Q; R"), (6-24)
P~ ek weakly in Wh(R), (6-25)
fgwegw + | Ve |Podx < agy@w’;w +|Vek|Pwdx < C. (6-26)

Therefore, applying the Holder inequality, we have the estimate
/ b||Veylwdx < C.
Ej

Consequently, using the Lebesgue dominated convergence theorem (and also the fact that w is finite
almost everywhere), we deduce

lim IV) = C lim |b||VeB|

e—>04 e»JrE

dx =0. (6-27)
o

For the second term involving ¢ the key property is the uniform equi-integrability of b¥ stated in (6-1).
Indeed, applying the Holder inequality and (6-26) we have

lim (I)—Chrnsuphmsup/ bX||Ve l;klga) %ol dx

e—04 e—>0; k—o00
sw 1/p' 1/p
gcnmsuphmsup(/ 16517 w ) (/ Ve |1’a)dx>
e—=>0y k—o0
) ) by EO® s
< C lim sup lim sup 1% w dx
e—0y k—oo EjN{w>A} I+ew

;o Ew I/p
4+ C lim sup lim sup(/ 16K 1P w dx)
e—>0y k—o0 E;jN{w=<i} l4+ew

) 1/p
§Climsup(/ Ibk|”a)dx) )
k— 00 E;jn{w>A}

Since |[{w > A}| < C/X, we can use (6-1) and let . — oo in the last inequality to deduce

2

€
limsuplimsuplimsupf |bk||Ve’§A| lol
Ej 1 +ew

A—o00 &0y k—o0

dx =0. (6-28)
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Next, we let A — oo in all remaining terms on the right-hand side of (6-23). Using (2-22) and the Holder
inequality,
lim sup(Il) = C lim sup lim sup / |bk||V(e]l§ — elfg’}‘)la) dx
Ej

L—00 rA—o00  k—oo

= C lim sup lim sup IkaIV(elfg —elfg’k)kt)dx

r—o0  k—o0o /E_/-O{M(Ve’;)>)L}

A—>o0 k>0

1/p’
< Climsup lim sup( f |bk|P (udx) =0, (6-29)
E;N{M(Vek)>a)

where the last inequality follows from the fact that [{M (Ve’lg) > A}| < C/X and (6-1). Finally, we are left
to show

f b-Vieg —e}\;)axpdx‘ =0. (6-30)
E

lim (1) = lim
A— 00 A—>00 ;

However, to get (6-30), it is enough to show that
Vel — Vep weakly in L”(Q; R").
Due to (6-26), we however have that there is some ez € W'4() such that
e% — ep weakly in W4 (),
Vel — Ve weakly in L?(Q; R").

Hence, due to the uniqueness of the weak limit, it is enough to check that eg = eg. To do so, we use the
compact embedding W Q) > L1(Q) to get

leg —egll1 = lim /|e)f,—eg|dx= lim lim |el§)”—e];;|dx
A—00 Jo rA—o00k—00 Jo

. . ko
= lim lim leg —elgldx
A—>00k—00 Jon(M(Vek)>a)

< lim lim [le&* — ek, 12N (M (Vek) > )]V < € 1im A7V =0,
L—00 k—00 A—>00

and consequently (6-30) holds. Hence, using (6-27)—(6-30) in (6-23), we deduce (6-11) and the proof is
complete.

7. Proof of Theorem 2.7

This part of the paper is devoted to the proof of Theorem 2.7. All statements except (2-22) are already
contained in [Diening et al. 2013, Theorem 13] (see also [Diening 2013] for a survey on the Lipschitz
truncation). The first inequality of (2-22) follows directly from the second one, so it is enough to prove
the second estimate.

It follows from (2-20) and (2-21) that

IV(g— &My <IV(g— g xmegs=ullr
<IVgxmwe=ulliLr +cllixmg=allpr-
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We need to control the second term in the last estimate. Let us consider the open set {M(Vg) > A}. For
every x € {M(Vg) > A}, there exists a ball B,(,)(x) with

k<][ [Vg|dx <2A. (7-1)
By (x)

These balls cover {M (Vg) > A}. Next, using the Besicovich covering theorem, we can extract from this
cover a countable subset B; that is locally finite, i.e.,

#{jeN; BiNB; # 3} < C(n). (7-2)
Using (7-1) and (7-2), we have the estimate

I xmwe=nly, = o(M(Ve) > 1) <) A w(B)

P l 1/(p'=1)
§Z<][ |Vg|dx) o)=Y f |Vg|f’wdx<][ W=D dx) o(B)
i Bi i Bi Bi
55&,,(0))2/ [Vgl?wdx SC(n)sﬁp(w)/ IVg|Pwdx.
— /B, (M(Vg)>1)

This directly leads to the inequality
I xm@g=nlly < C)sty @) P IVEXiM(vg)=1 21

which proves the desired estimate (2-22).

8. Proof of Theorem 2.8

We present only a sketch of the proof here since all steps were already justified in the proof of Theorem 2.3.
Hence, to obtain the a priori estimate (2-23), we observe that

/Q A(x)(Vu — Vug) - Vo dx = /Q(f — A(x)Vug + A(x)Vu — A(x, Vu)) - Vo dx,
which by the use of Theorem 2.5 (note here that u — ug has zero trace) and (2-1) leads to
wiu — Vuo|Pwdx <C fg(|f|f’ + Vol + |A(x)Vu — A(x, Vu)|?)w dx
< C(e)/s;(lflp + [ Vugl? + 1)wdx+8/Q|Vu|pa)dx.

Consequently, choosing ¢ small enough and using the triangle inequality, we find (2-9). The existence is
then identically the same; we just also need to approximate ug by a sequence of smooth functions such that

u](j — up strongly in whi(Q; RY).
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Finally, for the uniqueness proof, we use a similar procedure and see that if | and u, are two solutions then
/ Ax)(Vu; —Vuy) - Vo dx = / (A(xX)(Vuy — Vuz) + A(x, Vuy) — A(x, Vuz)) - Vo dx,
Q Q
and since u| —us € Wol’q (Q; RY), we may now follow step by step the proof of Theorem 2.3.

9. Proofs of corollaries

Proof of Corollary 2.2. The proof of Corollary 2.2 is rather straightforward. Indeed, for a given measure
f € M(Q; RY), we can use the classical theory and find v € Wol’" ~(Q; RY) for all ¢ > 0 solving

f Vu-Vedx = (f,¢) forallpee)' (Q;RY).
Q
Then it follows that u is a solution to (2-7) if and only if it solves
f A(x, Vu) - Vo dx :f Vu-Vedx forall g € €)' (2 RY). 9-1)
Q Q

Thus, we can now apply Theorem 2.1 with f := Vv and all statements in Corollary 2.2 directly follow. [J

Proof of Corollary 2.4. We show that Corollary 2.4 can be directly proved by using Theorem 2.3. Indeed,
by setting
w=(1+M)"2 =M1+,

where we extended f by zero outside €2, we can use Lemma 3.2 to deduce that w € s, provided that
lg —2| < 1. Since g € (1, 2), we always have |g — 2| < 1 and therefore w € sd,. Consequently, we can
construct a solution u according to Theorem 2.3. Next, using (2-9) and the continuity of the maximal
function, we can deduce

/%dx=/|Vu|2wdx<C(Az(a)) Q)(1+/|f|2a)dx)
o (1+Mf)2-q Q - ' Q

_ |f1?
EC(Az(w),Q)<1+f(Mf)qu) EC(f,Q,q)(l-i-/lfl”dX),
Q Q

which is nothing else than (2-10). O
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