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dx.doi.org/10.2140/apde.2016.9.1523

THE FINAL-STATE PROBLEM FOR THE CUBIC-QUINTIC NLS
WITH NONVANISHING BOUNDARY CONDITIONS

ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

We construct solutions with prescribed scattering state to the cubic-quintic NLS

(3 + MY =y —as|y ¢ +as|y |y

in three spatial dimensions in the class of solutions with | (x)] — ¢ > 0 as |x| — oco. This models
disturbances in an infinite expanse of (quantum) fluid in its quiescent state — the limiting modulus ¢
corresponds to a local minimum in the energy density.

Our arguments build on work of Gustafson, Nakanishi, and Tsai on the (defocusing) Gross—Pitaevskii
equation. The presence of an energy-critical nonlinearity and changes in the geometry of the energy
functional add several new complexities. One new ingredient in our argument is a demonstration that
solutions of such (perturbed) energy-critical equations exhibit continuous dependence on the initial data
with respect to the weak topology on H..

1. Introduction
We study the cubic-quintic nonlinear Schrodinger equation (NLS) with nonvanishing boundary conditions

in three space dimensions:

(iat+A)WZal‘ﬁ—a3|‘ﬁ|2w+a5|‘ﬁ|4w, (t,X)ERXR3,
¥ (0) = vo.

We consider parameters o1, o3, &5 > 0 so that ocg —4a105 > 0, which guarantees that the polynomial

(1-1)

o1 —a3x + asx? has two distinct positive roots rg > r12 > 0. The boundary condition is given by

lim |y(t, x)| =ro. (1-2)

|x]

The choice of the larger root guarantees the energetic stability of the constant solution; it constitutes a
local minimum of the energy functional (1-7).

Equation (1-1) appears in a great variety of physical problems. It is a model in superfluidity [Ginzburg
and Pitaevskii 1958; Ginzburg and Sobyanin 1976], descriptions of bosons [Barashenkov et al. 1989] and of
defectons [Pushkarov and Kojnov 1978], the theory of ferromagnetic and molecular chains [Pushkarov and
Primatarova 1984; 1986], and in nuclear hydrodynamics [Kartavenko 1984]. The popularity of this model
can be explained by its simplicity combined with the fact that it captures an important phenomenology:
the constituents of most fluids experience an attractive interaction at low densities and a repulsion at high

MSC2010: 35Q55.
Keywords: final-state problem, wave operators, cubic-quintic NLS, nonvanishing boundary conditions.
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densities. The recent paper [Killip et al. 2014] focuses on the analogous problem with data decaying at
infinity, which constitutes a model for the dynamics of a finite body of fluid; the model (1-1) describes
the behavior of a localized disturbance in an infinite expanse of fluid that is otherwise quiescent.

By rescaling both space-time and the values of ¥, it suffices to consider the case rg =land as = 1.

This leaves one free parameter
yi=1-r?€(0,1), (1-3)

in terms of which equation (1-1) becomes

(0; + M)y = (v =D(¥I>—1+y)¥, (1-4)
¥ (0) = Yo,

with the boundary condition
lim (¢, x)=1. (1-5)

|x|—00
As discussed in [Gérard 2006] (albeit in the context of the Gross—Pitaevskii equation), finite energy func-
tions obeying (1-2) have a unique limiting phase as |x| — oo, which we can normalize to be zero, yielding
(1-5). Furthermore, the dynamics of (1-1) preserve the value of this phase, so that the boundary condition
is independent of time, as well. This breaks the gauge invariance of (1-1) and prohibits using a phase
factor to remove the linear term in this equation. The presence of the linear term leads to weaker dispersion
at low frequencies, which presents a key challenge in understanding the long-time behavior of solutions.
We are interested in perturbations of the constant solution ¥ = 1, and thus it is natural to introduce the
function ¥ = u; + iu, defined via ¥ = 1 + u. Using (1-4), we arrive at the following equation for u:
(ids + Au—2yuy = N(u),

(0) = wo, (1-6)

where N(u) = Z?=2 N;(u), with
No(u) =3By + 4)u% + yu% +2iyuqus,
N3(u) = (v +8)ui + (v + Hugud +il(y + Huiuz + yu),
Na(u) = 5u‘1l + 6u%u% + ug +i[4u?u2 + 4u1ug],
Ns(u) = |u|4u = u? +2ufu% + ugul +i[u‘1‘u2 +2u%u% + ug].

The Hamiltonian for (1-4) is given by

B =y [ VP X [ qwP-vtareg [ qP-nian )

Introducing the notation
qQu) ==Y —1=2uy + ful?,
we may write
2yur + N@) = [yqw) +q@)*1(1 +u)
and
E(l—i—u):l/ |Vu|2dx+Z/ q(u)zdx—i—l/ q(u)? dx. (1-8)
2 Jp3 4 Jp3 6 Jr3
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In the sequel we will write E(u) for E(1 4+ u); when there is no risk of confusion we will simply write
q(u) = ¢q. Note that g represents density fluctuations relative to the constant background. The quantity
f q(t, x) dx, which represents the total surplus/deficit of matter relative to the constant background, is
conserved in time; in this work we do not rely on this conservation law.

Well-posedness in the energy space. We define the energy space for (1-6) to be

&:={ue HLR? :qu)e L3[R} (1-9)
with associated metric
[de(u,v)]* := |Ju _U”fq} + [lg () —q(v)lligc,

and we let ||u||¢ := de(u, 0) denote the energy-norm.

To justify our choice of energy space, we first note that functions with finite energy-norm have finite
energy. Indeed, using Sobolev embedding and the fact that (L3 + L8) N L2 C L3, it is not hard to see
that if u € £ then ¢(u) € L2, and so | E(u)| < co. In fact,

|Eu)| < [l + )3

On the other hand, in Lemma 3.1 we will show that for y € [% 1), functions with finite energy have
finite energy-norm. When y € (0, %), the energy is not coercive unless we impose an additional smallness
assumption (see Lemma 3.2).

When the energy is not coercive, there is no unique candidate for the name “energy space”. The authors
of [Killip et al. 2012] worked with the following notion of energy space:

Ekopv := {u € HY(R*) N LY (R?) :Reu € LI(R%)}.

Note that Ekopy C £. In the same work, they also proved that (1-6) is globally well-posed for data
ug € Exopv; in particular, solutions are unconditionally unique in C(R; Exopy).

In Section 3, we prove global well-posedness and unconditional uniqueness for (1-6) in the energy
space £ (see Theorem 3.3). As in [Killip et al. 2012; Tao et al. 2007; Zhang 2006], our approach is to
regard the equation as a perturbation of the defocusing energy-critical NLS

(i3 + Ayu = |u|*u, (1-10)

which was proven to be globally well-posed, first in the radial case and then for general data in the
celebrated papers [Bourgain 1999; Colliander et al. 2008]. Proving well-posedness for a Schrodinger
equation in three dimensions that contains a quintic nonlinearity requires control over the H Y_norm of the
solution. As the energy (1-8) is not necessarily coercive for y € (0, %) conservation of the Hamiltonian
does not supply the requisite a priori bound. To resolve this issue we will require that both the energy and
the kinetic energy of the data are small when y € (0, %)

Statement of the main result. The stability of the equilibrium solution ¥ = 1 to (1-4) is equivalent to
the small-data problem for (1-6). In this direction, there are two natural problems to consider, namely,
the initial-value and the final-state problems for (1-6). For the former, the question is whether small and
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localized initial data lead to solutions that are global and decay as |t| — oco. For the latter, the question is
whether one can construct a solution that scatters to a prescribed asymptotic state. In this paper we prove
two results related to the final-state problem. We will address the initial-value problem in a forthcoming
work.

To fit (1-6) into the standard framework of dispersive equations it is convenient to diagonalize the
equation. Setting

U=|V(V)"! and H =|V|(V), with (V):=/2y—A and |V| = (—=A)2,
we arrive at the following equation for v := Vu :=u; +iUus:

(id; — H)v = Ny(u) := U Re[N(u)] +i Im[N(u)],

1-11
v(0) = Vuy. ( )
Note that ujin(¢) := V"le H V| solves the equation
(197 + A)ujin — 2y Reujjn =0 with u}jn(0) = u4; (1-12)

this is the linearization of (1-6) about u = 0.
Our main result in this paper is the following theorem:

Theorem 1.1. Suppose y € [%.,1). Foranyuy € H j+iH]}

cal eal» there exists a global solution u € C(R; £)
to (1-6) such that

([ (7)) =i @)l gy =0, (1-13)
where uyn(t) := Ve " Vy . Moreover, we have modified asymptotics in the energy space, in the
sense that this same solution u obeys

Jim de (u(t), win(£) =y (V)2 tin (1)[7) = 0. (1-14)

In the case y € (O, %), both conclusions still hold if additionally ||u+ || g1 iHL is sufficiently small.

Remark 1.2. The hypotheses on u are not sufficient to guarantee that uy,(¢) € £ at any time ¢;
correspondingly, one cannot hope to say that u is close to uy, in the energy space. Nonetheless, (1-13)
does show that the modification in (1-14) only plays a role at very low frequencies. Indeed, simple
computations show that the modification can be omitted, for example, when u is a Schwartz function.

We do not guarantee uniqueness of the solution u in Theorem 1.1. Later, we will show uniqueness
within a restricted class of solutions u for suitable scattering states u 4 ; see Theorem 1.4 and Corollary 1.7
below.

Discussion of relevant past results. To give proper context to our work, we need to discuss prior work
of Gustafson, Nakanishi, and Tsai [Gustafson et al. 2006; 2007; 2009] on the Gross—Pitaevskii equation

(0 + 2y = (> = Dy,
¥ (0) = vo. (1-15)
lim y¥(t,x)=1.

|x|—=>00
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Note that unlike in (1-4), the cubic nonlinearity here is defocusing. Writing ¥ = 1 4 u, this equation
preserves the energy
Eap(u) = l/ |Vu|2dx+l/ q(u)? dx. (1-16)
2 Jr3 4 Jn3
In contrast to (1-8), this energy density is lacking the sign-indefinite ¢ (u)3-term. Correspondingly, the
energy is coercive and the nonlinearity is energy-subcritical.

The final-state problem for the Gross—Pitaevskii equation was addressed by Gustafson et al. [2007;
2009] in two and three dimensions and in [Gustafson et al. 2006] in higher dimensions. They also
considered the initial-value problem in dimensions d > 3 in [Gustafson et al. 2006; 2009].

The jumping-off point for Theorem 1.1 is an analogous result appearing in [Gustafson et al. 2009]
for the Gross—Pitaevskii equation, which in turn builds on earlier work of Nakanishi [2001] on the
(gauge-invariant) NLS. As our strategy is modeled closely on his, it is worth discussing in detail the
following result:

Theorem 1.3 [Nakanishi 2001]. Given uy € H(R?) and % <p< %, there is a solution to
(i0; + A)u = |u|Pu (1-17)
that obeys e ""Au(t) — uy in HH(R3).

Sketch of proof. Nakanishi first defines solutions u” to (1-17) with u” (T)) = e!T2u .. As the problem is
L)zc—subcritical, these solutions are easily seen to be global with uniformly bounded H ; -norm (even in
the focusing case).

By writing (1-17) in Duhamel form and exploiting the dispersive estimate (2-2), it is not difficult to
show that for each ¢ € C2°(R?), the collection of functions

{ts (g, e Pul (1)) : T e R} (1-18)

forms an equicontinuous family on a compactification R U {00} of the real line. In particular, each such
function has limiting values as t — +00. Applying Arzela—Ascoli and the Cantor diagonal argument
(H! is separable), one can find a sequence 7, — 0o and a function u® € L H\ so that

e AT (1) — ¢TI AY (1) weakly in H; for each r € R.

This construction guarantees that ¥ has two further properties. First, the function 7 > e #25%°(¢) is
weakly H.l-continuous on RU {#o0}, that is, when H is endowed with the weak topology. Secondly,
for any ¢ € C°(R?),

(¢, e 2uTn (1)) — (¢, e "Pu (1)) asn — oo, uniformly in ¢ € R.

Using these properties it is elementary to verify that e 7?24 (t) — u as t — oo. This leaves two
obligations: firstly, one must show that #° is actually a solution to (1-17) and secondly, one must upgrade
weak convergence to norm convergence.
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Due to the H.!-subcriticality of the nonlinearity, the Rellich-Kondrashov theorem allows one to show
that #® is a weak solution to (1-17). For this problem, weak solutions with values in H ; are necessarily
strong solutions and so we may conclude that ¥ is a solution to (1-17).

Lastly, to upgrade weak convergence to strong convergence, one exploits conservation of mass and
energy and the Radon—Riesz theorem. For example, one may argue as follows: The quantity

2
F(u) ::/ |Vu|? + ——|u|P+? + |u|? dx (1-19)
R3 p+2

is conserved under the flow (1-17). Exploiting this, dispersion of the linear flow, and weak lower-
semicontinuity of norms, we deduce that

lim le™ Su® ()3, < F@™) < lim F@'(0)) = lim F@'"(Ty) = |ut |3,
[=00 x n—00 n—00 x

Given that e 7*24%(t) — u, we deduce that e ="y (¢) — uy in H. O

In order to adapt this beautiful argument to the Gross—Pitaevskii setting, the authors of [Gustafson
et al. 2009] had to overcome two significant obstacles: (i) One needs to make the (conserved) energy
(1-16) associated to (1-15) play the role of F in the argument above. It is far from obvious that this has
the requisite convexity. (ii) The simple arguments used to prove equicontinuity of the family (1-18) no
longer work. This failure stems from lower-power terms in the nonlinearity combined with the fact that
energy conservation gives poor a priori spatial decay of solutions; while it guarantees g(u) € L)zc, it only
yields u; € Li and no better than u, € Lg. This is not sufficient decay to allow direct access to any of
the integrable-in-time dispersive estimates obeyed by the propagator.

The key to obtaining equicontinuity of the analogue of the family (1-18) in the Gross—Pitaevskii setting
is to exploit certain nonresonant structures in the nonlinearity that allow one to integrate by parts in time.
In implementing this approach, one sees that it is necessary to exhibit such nonresonance in both the
quadratic and cubic terms of the nonlinearity. Such a brute force attack is rather messy. The burden
can be significantly reduced by using test functions whose Fourier support excludes the origin. We will
demonstrate this (primarily expository) improvement over the arguments from [Gustafson et al. 2009]
in the proof of Proposition 6.2 below. One particular virtue of this approach is that it makes clear from
the start that the argument is inherently completely immune to the poor dispersion manifested by the
propagator (2-4) at low frequencies.

In [Gustafson et al. 2009], the authors exploit the quadratic nonresonant structure in a more elegant
way through the use of a normal form transformation

z=ur+QC—-A)"HuPl+ivV-A/2—A)us. (1-20)

In this work they also observe (and then utilize) the further nonresonant structure at the cubic level (akin to
(6-30)). There is some flexibility in the choice of normal form that witnesses the requisite nonresonance;
however, the particular one employed in [Gustafson et al. 2009] has the dramatic additional benefit of
overcoming obstacle (i) described above. The necessary convexity of the energy functional becomes
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clearer when written in their new variables: with u and z related by (1-20),

Eap(u) = 3| V2= Az| 12 + 3| V=27 = &) u?| . (1-21)

The virtue of this identity is best understood in the context of (6-8). Because the right-most term in (1-21)
is nonnegative, combining (1-21) with (6-8) yields

Jim 1[V2=az0)|7; = 4[v2=Az|7;.

where z(¢) and z4 represent a particular solution and its putative scattering state, both in terms of the
normal form variable. This is just what is needed as input for the Radon—Riesz theorem.

Discussion of the main result. In order to prove Theorem 1.1 we will need to capitalize on all of the
ideas introduced in [Gustafson et al. 2009] to prove the analogous result for the Gross—Pitaevskii equation.
In particular, we will exploit a normal form transformation modeled closely on (1-20), namely,

z=M@u):=[ur +yQy— A" "ulP]+iv-A/Qy - A)us. (1-22)

However, several new difficulties arise above and beyond those overcome in [Gustafson et al. 2009].
(i) The first group of new difficulties is associated to the presence of energy-critical terms in the nonlinearity.
(ii) The second group of difficulties stems from the shape of the energy functional.

(1) We begin by discussing the difficulties that arise from the energy-critical terms. As discussed earlier
in the introduction, we already need to give consideration to the energy-critical terms in the proof of
Theorem 3.3, which states that (1-6) admits global solutions for initial data in the energy space £. A
more significant challenge involves establishing a form of well-posedness with respect to the weak H ;
topology (see Theorem 4.1), as we will now explain.

In the argument of Nakanishi described above, it was used that weak limits (in the H! topology
pointwise in time) of strong solutions to (1-17) are themselves strong solutions. In the subcritical case,
one sees relatively easily that such limits are weak solutions (via Rellich—Kondrashov) and can then
exploit earlier work (see [Cazenave 2003, Chapters 3—4]) showing that weak solutions with values in H ;
are strong solutions. In particular, solutions converging weakly to zero (in H!) by concentrating will
actually converge to zero in the space-time norms used to construct such solutions. In a similar way, we
see that increasingly concentrated parts of a solution (which will drop out under taking a weak limit) do
not affect parts of the solution living at unit scale.

These arguments break down in the presence of the quintic nonlinearity, which is energy-critical. In
particular, initial data that converge weakly to zero in H )} by concentrating at a point lead to solutions that
do not go to zero in the space-time norms needed for well-posedness. Correspondingly, highly concentrated
parts of a solution may have large norm and so, naively at least, have a nontrivial effect on the remainder of
the solution. Thus, it is not clear that weak limits of solutions should even be continuous in time! The key
to escaping this nightmare is to show that two parts of a solution have little effect on one another if they
live at widely separated scales. We will achieve this by employing concentration compactness techniques.

Before tackling the full equation (1-6), one should first ensure that one can prove that weak limits of
solutions are themselves solutions in the case of the energy-critical NLS equation (1-10). Questions of
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this type appear to have been studied before only in the case of the energy-critical wave equation [Bahouri
and Gérard 1999]. As there, we proceed by harnessing the full power of the associated concentration
compactness ideas. Specifically, one starts with a nonlinear profile decomposition and then further exploits
some of the decoupling ideas used in its proof. In this paper, we will implement this strategy in the setting
of (1-6); this is ample guidance for anyone seeking to reconstruct the argument for (1-10).

As a precursor to the nonlinear profile decomposition needed to prove that weak limits of solutions
to (1-6) are themselves solutions, we must first develop a linear profile decomposition adapted to (1-6);
see Proposition 4.3. Despite the fact that the linear equation underlying (1-6) differs from that underlying
(1-10), we are able to adapt the profile decomposition for the linear Schrodinger equation to our setting,
rather than proceeding ab initio. To develop the nonlinear profile decomposition, we need to construct
solutions to (1-6) associated to each linear profile. For profiles living at unit scale, existence of these
solutions (and all requisite bounds) follows from Theorem 3.3. Profiles whose characteristic length scale
diverges can be approximated by linear solutions on bounded time intervals and so require no special
attention. However, highly concentrated profiles require independent treatment; this is the content of
Proposition 4.5. There are two subtle points here: (a) Such profiles are merely H L"and so do not have finite
energy. (b) The characteristic time scale associated to such profiles is very short; thus, understanding such
solutions even on a bounded interval essentially requires an understanding of their infinite time behavior.

The nonlinear profile decomposition posits that the nonlinear evolution of the initial data can be
approximated by the sum of the nonlinear evolutions of its constituent profiles. This is verified by
demonstrating decoupling of the profiles inside the nonlinearity (see Lemma 4.7) and exploiting a suitable
stability theory for the equation (see Proposition 3.5). The latter requires certain a priori bounds, which
are shown to hold in Lemma 4.6. Once it is known that the nonlinear profile decomposition faithfully
represents the true solution, it is relatively elementary to complete the proof of well-posedness in the
weak topology, that is, the proof of Theorem 4.1.

This completes our discussion of the new difficulties (relative to [Gustafson et al. 2009]) associated to
the presence of energy-critical nonlinear terms.

(i1) We turn to the second main group of difficulties mentioned above, which stem from the shape of the
energy functional. First, the lack of coercivity when y € (0, %) was discussed already as an obstacle to
proving global well-posedness. In this case, we restore coercivity by imposing a smallness condition on
the initial data.

As also discussed above, convexity of the energy functional plays a key role in upgrading weak
convergence to strong convergence in the argument of Nakanishi, via an argument of Radon—Riesz type.

The analogue of (1-21) for our equation is as follows: For z = M (u) as in (1-22),
E) = 19212, + SV PIE, + [ o) dx. (1-23)

Unlike its analogue (1-21), this does not yield an inequality between the energy and the H ; -norm of z.
Indeed, the leading-order correction is the sign-indefinite term % / (u1)3 dx. Correspondingly, we will
need to be concerned with the structure of our solution u®°(¢) as t — oo to ensure that it does not
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contain surplus energy beyond that needed for its (putative) scattering state. Recall that #°°(¢) is merely
constructed as a weak limit of solutions 17 () defined by their values at t = T},, which gives very little a
priori information on its structure.

The resolution of this dilemma is to prove a form of energy decoupling between the part of the solution
matching the scattering state and any residual part; see Lemma 6.3. Ultimately, this energy decoupling
shows that any residual part of the solution must converge to zero in norm, which in fact obviates any
explicit implementation of the Radon—Riesz-style argument described above.

Existence of wave operators. Recall that in Theorem 1.1, we cannot guarantee uniqueness of the nonlinear
solution with prescribed scattering state. However, we are able to guarantee uniqueness under stronger
hypotheses. Specifically, for scattering states with good linear decay, we can guarantee that there is
only one nonlinear solution scattering to it with comparable decay. The decay of such solutions will be
measured in the norm

1
”u“XT ;= sup 12 ||M(t)||H;,3(R3).

t>T
Theorem 1.4. Fix y € (0, 1). There exists n > 0 so that if u4 € Hrial + i[-.Irial satisfies
Ve Vuyx, <. (1-24)
then there exists a global solution u € C(R; &) to (1-6) such that
: -1 _—itH _
ll—l>n(;o ||u(t) B V ¢ Vu+ ||Hr£al+iHrlal o O (1-25)

Moreover u is unique in the class of solutions with ||u||x, < 4n for some T > 1.

Remark 1.5. The proof of this theorem gives a quantitative rate in (1-25), namely,

-1 —itH -1
lu(t) =V~ e ! Vuy ”Hrial"'il'.lrial NUEER (1-26)
Remark 1.6. Writing ui,(t) = Ve "V, we note that u € Hrlea] + iHrleal and |[uginllx, < 00

guarantee that uy;, is uniformly bounded in the energy space & for ¢ > 1.

Finally, we observe that we can guarantee the smallness condition (1-24) by assuming control over
weighted norms.

Corollary 1.7. Lety € (0,1) and uy € H!

real

+ iHrleal‘ If
1 4 5
1) 2T (Vutll 2 + 11(x) 37 (V) Reuy | 2
is sufficiently small, then there exists a global solution u € C(R; £) to (1-6) such that (1-25) holds.

We prove Theorem 1.4 and Corollary 1.7 in Section 7. The proof, which relies primarily on dispersive
and Strichartz estimates, consists of a contraction mapping argument that simultaneously solves the
requisite PDE for z = M (u) and inverts the normal form transformation. The argument differs little from
that used to prove Theorem 1.1 in [Gustafson et al. 2007].



1532 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN

Outline of the paper. In Section 2 we set some notation and collect several useful lemmas.

Section 3 concerns the well-posedness of (1-6) in the energy space. We prove Theorem 3.3, giving
global well-posedness and unconditional uniqueness in the energy space for (1-6). We also prove a
stability result, Proposition 3.5.

The proof of the main result, Theorem 1.1, is ultimately carried out in Section 6. The strategy is
modeled on the proof of Theorem 1.3 sketched above. Recalling that proof, we can broadly describe the
three main steps as follows: (a) weak convergence uniformly in time, (b) well-posedness in the weak
topology, and (c) strong convergence. As discussed above, new difficulties in our setting prevent a naive
implementation of Nakanishi’s strategy. Thus, we need to establish some preliminary results before
launching into the proof of Theorem 1.1.

In Section 4, we consider step (b) and prove Theorem 4.1; briefly, this theorem states that if u, (0) — ug
in H Y then u, (t) — u(t) in H Y for all ¢, where u, and u are solutions to (1-6) with initial data uy (0)
and ug, respectively. As described above, ingredients include (i) a linear profile decomposition adapted
to (1-6) and (ii) a way to construct nonlinear solutions associated to the linear profiles. We prove the
linear profile decomposition Proposition 4.3 by adapting the energy-critical linear profile decomposition
for the Schrodinger propagator. For linear profiles living at unit length scales, we use Theorem 3.3 to
construct the corresponding nonlinear profiles. The construction of nonlinear profiles in the case of highly
concentrated linear profiles is more delicate and relies on the main result of [Colliander et al. 2008].
Specifically, we approximate such solutions to (1-6) by solutions to the energy-critical NLS and invoke
the stability result, Proposition 3.5. The details are carried out in Proposition 4.5.

In Section 5, we discuss the normal form transformation, which is needed for steps (a) and (c). As
discussed in the subsection on page 1526, low powers in the nonlinearity and poor spatial decay are problem-
atic for establishing the equicontinuity needed to prove weak convergence. To remedy this, we exploit non-
resonant structure in the equation via the normal form transformation M defined in (1-22). We prove some
continuity and invertibility properties of this transformation in Proposition 5.1. We also prove Lemma 5.3
relating the energy and the inverse of the normal form transformation, which plays a role in step (c).

With the results of Section 4 and Section 5 in place, we are in a position to prove Theorem 1.1 in
Section 6. Following the strategy of Nakanishi and using the normal form transformation and Theorem 4.1,
we first construct the putative scattering solution 1°°. Working with the variables z°° = M (14°°), we then
prove a weak convergence result, Proposition 6.2. Having removed the worst quadratic terms via normal
form transformation, establishing the requisite equicontinuity is a more feasible prospect; as in the work
of [Gustafson et al. 2009], however, we still need to exhibit additional nonresonance at the cubic level.

We next upgrade to strong convergence, still at the level of z°°. This relies largely on an energy
decoupling lemma, Lemma 6.3. Finally, to complete the proof of Theorem 1.1, we show that strong
convergence for z®° implies the desired convergence properties for ©°°. For this, we make use of results
proved in Section 5 concerning the inverse of the normal form transformation (e.g., Lemma 5.3).

Finally, in Section 7 we prove Theorem 1.4 and Corollary 1.7. These results are much simpler than
Theorem 1.1; they follow from a contraction mapping argument and rely primarily on Strichartz/dispersive
estimates.
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2. Notation and useful lemmas

Some notation. We write A < B or A = O(B) to indicate that A < CB for some constant C > 0.
Dependence of implicit constants on various parameters will be indicated with subscripts. For example,
A <y B means that A < CB for some C = C(¢). The dependence of implicit constants on the parameter y
defined in (1-3) will not be explicitly indicated. We write A ~ B if A < B and B < A. We write A < B
if A <c¢B for some small ¢ > 0.

We write a complex-valued function u as u = u; +iu. When X is a monomial, we use the notation
@(X) to denote a finite linear combination of products of the factors of X, where Mikhlin multipliers
(e.g., Littlewood—Paley projections) and/or complex conjugation may be additionally applied in each
factor. We extend @ to polynomials via @(X +Y) = B(X) + Q(Y).

For a time interval I we write L(,ZL; (I x R3) for the Banach space of functions u : I x R® — C
equipped with the norm

1
q
Il rcrsen = ([ IO sy 1)

with the usual adjustments when ¢ or  is infinity. If ¢ = r we write LY L% = L?, - We often abbreviate
||”||L?L§(IX[R<3) = ||”||L§1L§C and [[u|zr @3y = llullzy. We also write C(I; X) to denote the space of
continuous functions on / taking values in X.

We use the following convention for the Fourier transform on R3:

F©=0n [ e pear sota fo=en [ @ as

The fractional differential operator |V|® is defined by |W &) =I&° f (£). We will also make use of
the following Fourier multiplier operators (and powers thereof):

(€) = vy + €)%, (V) =v2y — A,
UE) =vVIEPQy+1EP  U=V(=MQy—A)T"
HE) = VIEPQy + 8P, H=V(=M@2y-»).

Fix y € (0, 1) as in (1-3). We define homogeneous and inhomogeneous Sobolev norms HY" and HY"

as the completion of Schwartz functions under the norms

L gsr =182 fllpy, and || fllggr = 1@y —A) flLs,

respectively. When r = 2 we abbreviate H ;,2 =H S and H ;’2 = H3. Note that this definition of the
H3-norm is equivalent (up to constants depending on y) to the standard one, which uses the operator
(1—A)3.

Basic harmonic analysis. We employ the standard Littlewood—Paley theory. Let ¢ be a radial bump
function supported in {|§| < %} and equal to 1 on the unit ball. For N € 27 we define the Littlewood—Paley
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projections

Poyu(€) = ¢(6)aE).  Pyu@) =[¢(H€) — ¢ H]aE). and Py =1d—Poy.
These operators commute with all other Fourier multiplier operators. They are self-adjoint and bounded
on every L% and H? space for 1 < p <ooand s > 0. We write Pj, = P<; and P = P>1.
The Littlewood—Paley projections obey the following standard estimates.

Lemma 2.1 (Bernstein estimates). For 1 <r < g < oo and s > 0 we have

VIS P<yu|

@) S N IP<vullpr@s).

||P>Nu||L§([R3) < N_SH |V|SP>N14‘ L% (R3)
3_3
[P<Nullpagsy S N7 @ |P<nulLr w3
We will need the following:

Lemma 2.2 (fractional chain rule, [Christ and Weinstein 1991]). Suppose G € C(C) and s € (0, 1]. Let
l<rrp<ooandl <ry <oosatisfy 1/r1+1/rp =1/r. Then

[IVEG@) | < IG @)l [IVFul

We will also need the following result concerning bilinear Fourier multipliers. For a real-valued

rp.
L2

function B (&1, €,) we define the operator B|[ f, g] via
B/.8]¢) := (2m)? [R BO.g=n)f(gE—n)dn. 2-1)

Lemma 2.3 (Coifman—Meyer bilinear estimate, [Coifman and Meyer 1978; Meyer and Coifman 1991]).
If the symbol B(&1, &) satisfies

102 92 B(E1.£2)| Saup (1E1] + [E2) (I HIAD

2

for all multi-indices o, B up to sufficiently high order, then

IBLS. gllley < IFllprllglyr
foralll <r <oocand 1 <ry,ry <oosatisfying 1/r =1/r1 4+ 1/rs.
Linear estimates. We record here the dispersive and Strichartz estimates for the propagators e'!2

and e~ 1tH

As is well known, the linear Schrodinger propagator in three space dimensions can be written as
. ; ilx—y|?
€8 110 = i [ B pay
R3

for ¢ # 0. This yields the dispersive estimates

i (33
le™® Fllry S CD N Ny o (2-2)

fort #0, where 2<r <ooand 1/r +1/r’ = 1. This estimate can be used to prove the standard Strichartz

estimates for e/’2. We state the result we need in three space dimensions.
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Proposition 2.4 (Strichartz estimates for elt A, [Ginibre and Velo 1992; Keel and Tao 1998; Strichartz
19771). For a space-time slab I x R3 and 2 < q,§ <ocowith2/q +3/r =2/G +3/F = % we have

t
e”Aqo—i-/ el(t_s)AF(s)ds
0

Sllelizz +IFI

q/ f/ 3y
LY L% (IxR3) Ly Ly (IxR%)

Using stationary phase, one can prove a similar dispersive estimate for e “**# (see [Gustafson et al. 2006;
2009]). In fact, there is a small gain at low frequencies compared to the estimates for the linear Schrédinger
propagator; while the dispersion relation for this propagator has less curvature in the radial direction than
that for Schrodinger, this is more than compensated for by the increased curvature in the angular directions.

Proposition 2.5 (estimates for e 1H [Gustafson et al. 2006, 2009]). For2 < r < oo we have

1

—i (3.3 1_1
le ™ Fllpp@s S 1mCEN0T £l o (2-3)
fort # 0. In particular, for a space-time slab I xR3 and2 < q,§ <ocowith2/q+3/r =2/G+3/F = %
we have

Sllelizz +I1FI

t
eTitHy 4 f e 1CIH p(5) ds o :
0 LYL(IxR3) L Ly (Ix®%)

For an interval I and s > 0 we define the Strichartz norm by

. — s . 2 .3 3
””"SS(I)_S“p{H'V' " 25q500,5+;_—}.

LYLL(IxR3) 2

The Strichartz space S (1) is then defined to be the closure of test functions under this norm. We let
NS(I) denote the corresponding dual Strichartz space.

In several places it will be more convenient to work with (1-6) rather than the diagonalized (1-11).
The linear propagator associated with (1-6) takes the form

. cos(tH Usin(tH

Y N _ (tH) (tH) || / 04
1 —Utsin(tH) cos(tH) 1

for any function f = f1 +if,. We will make use of the following Strichartz estimates for this propagator:

Lemma 2.6. Fix T > 0. Given2 <q,qg <ocowith2/q+3/r=2/G+3/F = %, we have

< Fl,a, %, 2-5

t
H ylemitHy, +/ Vv le =D  yE(5) ds
0

LILY,
where all space-time norms are over [T, T] x R>.

Proof. As we are excluding the endpoint, it suffices (via a 7 T* argument) to prove the result when
F = 0; moreover, it clearly suffices to consider each entry in the matrix (2-4) separately. In view of
the boundedness of U, three out of four of these matrix elements obey the same Strichartz estimates

as e"1"H ; see Proposition 2.5. As Py;U ! is also bounded, we need only prove Strichartz estimates for
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Pi,U~!sin(tH). However, this is easily done via Holder and Bernstein’s inequality:
-1 . L -1 .
1
<1 ||‘/’||L§(R3)' (2-6)
This completes the proof of the lemma. O
—itH

At high frequencies, the operator e closely resembles the Schrodinger propagator (on bounded

time intervals); specifically, we have

VIEPQy +[E[2) = [EP +y +m(§) with |m(§)] < (§)7> (2-7)

Indeed, it is not difficult to verify that m(§) defines a Mikhlin multiplier. This observation will play a key
role in our treatment of highly concentrated profiles in Section 4. For the moment, however, we simply
use it to obtain a crude local smoothing estimate.

Lemma 2.7 (local smoothing). Given T > 0 and R > 0,

Lo =1 —itH
VPV Vo 2 qsrixnizry SR 10lL3- (2-8)

Proof. We treat high and low frequencies separately. In the low-frequency regime, we exploit (2-4) and
argue as in (2-6) to deduce that

1 -1, —itH 3
[V PV e™ Vel querixgaizry < T2 A+ Dlgls-

In the high-frequency regime, we can use the usual local smoothing estimate for the Schrédinger equation
together with

(V12 Py = e = OO 2 g <ryy S TNz
which follows from (2-7). O
In practice, we will use the following corollary.
Corollary 2.8. Let K be a compact subset of I xR for some interval I C R. Then the following estimates

hold:

1 2
itA < itA 3 3
19211z iy S 1€ 1 10 ey 115

IVVTe VLl a0y Sk WV T V110 1 1510

Proof. Fix N > 0. By the Bernstein and Holder inequalities,

itA < itA
||VP5N6’ f”L%x(K) ~K N”e f”L}gC(IX[R?’)'

By the local smoothing estimate for ¢/*2 and Bernstein, we also have

. 1 _1
||VP>N€”Af||L%_x(K) <K ”|V|2P>Nf”LgC Sk N 2||Vf||L§-

Optimizing in the choice of N yields the first estimate.
To obtain the second estimate one argues in exactly the same way, making use of Lemma 2.7. O
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3. Global well-posedness in the energy space

In this section we discuss the well-posedness of (1-6) in the energy space. We begin by justifying the
name “energy space” given to the set £ defined in (1-9). Recall from the Introduction that if u € &,
then |E(u)| < oo. The following two lemmas prove that if the energy of u is finite, then u € £; when
y € (0, %), this requires an additional smallness condition.

Lemma3.1. If y € (3,1) and E(u) < oo, then u € € with ||u||2 < E(u). If y = % and E(u) < oo, then
u € & with
||V”||i§ S E(u) and ||Q||i§ S E@) +[Ew).

Proof. When y > % we use the fact that ¢ > —1 in (1-8) to write

1 2 4 _2\,2
E(u)22/|Vu| dx+4/(1 3y) dx,

which immediately implies the result.
We now turn to the case when y = % In this case, the energy takes the form

E(u):%[|Vu|2dx+é[q2(q+l)dx.

As ¢ > —1, we have g%(¢ +1) > 0. Thus u € H)}([R3) and ||Vu||i2 < E(u).

~

To estimate the L%—norm of g, we note that

2d 2 d .
fo =2 s varsEw

2

On the other hand, if ¢ < —% then |uq| > %; thus, by Chebyshev’s inequality and Sobolev embedding,

2 6 6 6 3
/{q<_1 q-dx <4 “ul”L?c < ”VMHL% < [Ew)]>. -

2
We next consider the full range y € (0, 1). In this case, we can guarantee coercivity of the energy
under an appropriate smallness assumption.
Lemma 3.2. Forany y € (0, 1) there exists §,, > 0 so that the following hold:
() If E(u) < oo and | Vu; ||i2 <8y, thenu € & with ||ul|2 < E(u).

(ii) For any ball B,
|V, Hii(m) <48, = /Bc %|vu|2 + %qu + %q3 dx > 0. (3-1)

(iii) If u : I x R3 — C is a solution to (1-6) with E(u) < %5}, and ||V Re u(l0)||12”2€ <&y for sometg €1,
then

[VReul 8y and ||u||ioo(1;g)§E(u).

2
<
L®L3(IxR3) —
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Proof. We begin by writing
EG) = [ 41uP + ke + Ll + 37) dx
> /%|W|2+ 74’ dx+/ L s97(a+3y)ax.
{a<—3v}
For g < ——)/ we have |u;| > g 3. Thus, by Chebyshev’s inequality and Sobolev embedding, we have
8 6
g <-3y)] < (5) 16 S 701V,

Recalling that ¢ > —1, we find that for ||Vu; ||i2 < y% we have

‘[ q+4)/)dx
g<—3y

E@w) > / LIvuf? 4 Lyg? dx.,

<y <1 2
y I Vur||$ 12 = 3lVuilza.

Thus

which yields conclusion (i) of the lemma. Claim (iii) also follows from this and a continuity argument.
To obtain (ii), we repeat the argument above, using the fact that Sobolev embedding holds in the
exterior of any ball B. O

We next turn to the question of global well- posedness for (1-6) with initial data up € £. From the

lemmas above we see that u(z) € £ and ||Vu(¢)||?, < E(up) for all times of existence, whenever

L2 ~
Hye [ ) or (2)y e ( ) and E(up) and ||V Re u0|| 12 are sufficiently small. This a priori bound
on | Vu(s)|| 12 allows us to treat (1-6) as a perturbation of the defocusing energy-critical NLS, which
was proven to be globally well-posed with finite space-time bounds in [Colliander et al. 2008]. See also

[Killip et al. 2012; Tao et al. 2007] for similar perturbative arguments.

Theorem 3.3 (global well-posedness and unconditional uniqueness). For y € [%, 1) and ug € &, there
exists a unique global solution u € C(R; £) to (1-6).

Fory € ( ) if ug € € satisfies |V Re uo||L2 <8y and E(up) < 5y, then there exists a unique
global solution u € C(R; €) to (1-6). Here 8, is as in Lemma 3.2.

In both cases the solution remains uniformly bounded in £ and for any T > 0,

”u”Sl([—T,T]) <rl

Remark 3.4. When y € (O, %), smallness of the initial data is only exploited to prove global existence;
the proof we present below guarantees uniqueness of any solution in C(/;£) on any time interval / € R.

Proof. As mentioned above, Lemmas 3.1 and 3.2 imply that under the hypotheses of Theorem 3.3 we
have ||Vu(t)||]% < E(uy) for all times ¢ of existence. This allows us to treat (1-6) as a perturbation of
the defocusing energy—crltlcal NLS. Indeed, we may rewrite (1-6) as

(i3 + Au = |u|*u + R(u),
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where R(u) =2y Reu + Z =2 Nj(u). Noting that the “error” R(u) is energy-subcritical, one may argue
as in [Killip et al. 2012, Section 4.2] to construct a global solution u € C(R; &) N LIOH 15 (R x R3) to
(1-6). A key ingredient in this argument is the main result in [Colliander et al. 2008] which guarantees
that the defocusing energy-critical NLS is globally well-posed with finite L0 H 13 (R x R3) norm. We
omit the details of this argument. Instead, we present the proof of uniqueness of solutions in the energy
space, because the choice of energy space in this paper does not allow for a direct implementation of the
methods in [Killip et al. 2012, Section 4.3].

Fix a compact time interval / = [0, 7] with t > 0 small. Let u € C(R; &) N L}OH;’%(IR x R3) be
the solution to (1-6) constructed via the perturbative argument described above. Suppose ti € C(/;E) is
another solution such that 7 (0) = u(0). We wish to show that ¥ = & almost everywhere on / x R3,

To this end, we define w = # —u and let 0 < < 1 be a small parameter to be determined below. As
w(0)=0and we C(I; H 1), we can choose T small enough so that

”w”L‘,X’H}(IxW) =1. (3-2)

30
As Vu € LIOL 3 (I x R?), we may also use Sobolev embedding and choose t possibly even smaller to
guarantee that

lellzio (7xm3) <1 (3-3)

We also note that as u and # are bounded in £, we have that g(u), ¢(i1) are bounded in L)ZC; u, U are
bounded in L8; and uy, i1 are bounded in L3 N LS.

We will first show that w is bounded in Strichartz spaces on I x R3. To see this, we write
({0 + A)w =2yu1 + N) — [2yur + N(u)],
where N(u) is as in (1-6). We make use of ¢ (1) and ¢ (i) to rewrite
(0 + Myw = O[> + [ul®) + O] * + [ul*) + Ol + |ul?)
+yq(i) + 2y + 43 + 2iyiiyiia — [yqgu) + Qy + 4ui + 2iyuius].
As w(0) = 0, we can use Strichartz to estimate
lwllpzps +lwlpapz+lwlpee s S 102 o5+ 172 pors a1 a3
el a2 l1a 2 el
+“‘I(ﬁ)”L}L)Zc‘i‘||Q(”)||L}L§C+||ﬁﬁl||L}L§+||uu1||L}L§v
where all space-time norms are over I x R3, Using Holder, we find
1l 2 pers < Pl oo e Nutllparspze S o Ml oo por 10 lL1 2 S lulloo s,
laoll1z2 < Tlg@lipeerz.  Nuulligz < tlullpsopelunllpoors.

and we can estimate similarly for z. Thus we conclude

”w”L%LS’C+||w”L‘}L§-+”w”L<;°L§ < 00. (3-4)
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We will show that, in fact,
”w”L%L§+”w”L‘,‘L§+”w”L§X’L§ =0, (3-5)

which implies w = 0 almost everywhere, as desired. To this end, we again rewrite the equation for w,
using z to indicate that either w or ¥ may appear. We have

(9 + A)w = O(lwlul* + [w|* + [w||z]> + [w 2> + [w]|z] + |w]).
We now use Strichartz, (3-2) and (3-3) to estimate
||w||L%L)6€+||w||L;1L)3(+||w||L<;OL)2(

4 5 3 2
S lwuliproro psons + 1wl 2 pors +wz=ll 2 pors + w2zl pars 3o+ lwzlpr 2 + w2
4 4 TR
Sl lwlizzpe +Hlwlpee pellwlizzre + 4l 0 o lwliLsrs
e :
+T “Z”L?oLgnw”LfLﬁ‘i‘f ”Z”L‘;C’L?C“w”L‘,‘L;Z+T||w”L‘,’°L§

1
< pt Z
=N ||w||L%L§C+T4||w||L;1L§C+T||w||L<;°L§-

Choosing 7, t sufficiently small and using (3-4), we conclude that (3-5) holds and so ¥ = % almost
everywhere on I x R3. As uniqueness is a local property, this yields uniqueness in the energy space for
solutions to (1-6). O

Next we develop a stability theory for (1-6), which we will need in Section 4.

Proposition 3.5 (stability theory). Fix T > 0 and let it : [T, T] x R3 — C be a solution to the perturbed
equation
(id;+ A—2yRe)i=N(u)+e

for some function e. Suppose that

”ﬁ”L?OH}([—T,T]xW) + ”Vﬁ||L}0L)3¢0/13([—T,T]XR3) <L (3-6)

for some constant L > 0. Let ug € H (R3) and assume that

<eg 3-7)

t
15(0) — uoll 1 + H/ =AY (s) ds <
o 0 LR L2NLY3 (=T, T1xR3)
t X t.x ’

for some & < eo(L, T). Then for eo(L, T) sufficiently small there exists a solution u : [-T, T] x R> — C
to (1-6) with data u(0) = ug and

V(@ — < C(L.T)e, (3-8)

Wl Lo 120010 1)
”u”Sl([—T,T]) <C(L,T). (3-9)
Proof. The existence of the solution u# on a small neighborhood of ¢ = 0 follows from the arguments

described in Theorem 3.3. In that setting, the solution could be extended globally due to energy control.
That argument does not apply here as ug € H ; by itself does not guarantee finiteness of the energy;
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furthermore, we permit here large data even when y < %, in which case the energy need not be coercive.
However, these earlier arguments do show that if a solution should blow up in finite time, then the
S1-norm must diverge. Consequently, we can prove that the solution exists and obeys (3-8) and (3-9) on
the whole interval [—7, 7| by showing that it obeys (3-8) and (3-9) on any subinterval 0> [ € [T, T
on which it does exist. This is what we do.

For brevity, we define the following norm: given a time interval [a, b] C R,

”u”Y([a,b]) = Hvu”L?OL)%HL}.OXH([a,b]XI]@)'
Given 0 < n < 1 to be chosen later, we divide [ into intervals J where
|J|<n and ”vg”L}OLiO/B(JxW) <n. (3-10)

The number K of such intervals depends only on L, T', and 7. Below we will show that for n sufficiently
small,

inf [u(to) —uCo) g1 <n = lu—ulyy) =<4 inf [[u(0) —u(o)ll 41 (3-11)
toeJ x toeJ x

for some absolute constant A on such intervals J. Iterating this completes the proof of (3-8) and yields
constants
go=AKETMy and C(L,T) = K(L, T, n)AKELTD,

We now verify (3-11). Writing u = % + v, we use Strichartz and (3-7) to estimate
[0llye) < inf 106}l 1 + [ VING + ) = N@I gosy + 17 1100 1+
0

where N(-) denotes the nonlinearity, as in (1-6). Moreover,

5
~ ~ ~ 5—k ~ i ke— _
[VINGE + ) = N o) < 1Vl o gaoalioll o D2 1155 (57 + ol )

5
Sk ()~ k—1 k—1)
P
FI0l oo 311 (1l +1olse ).

where all space-time norms are over J x R3. Using Sobolev embedding and (3-10), we therefore obtain

5
. 5—k
lollve < jinf o)l gy + s I5 ) +e
k=1

Choosing 7 sufficiently small, a simple bootstrap argument yields (3-11).
Using the fact that u is a solution to (1-6), a further application of the Strichartz inequality gives (3-9). O

We also record the following corollary.
Corollary 3.6 (small-data space-time bounds). Given T > 0 there exists n(T) > 0 such that
luoll gy < (™) = Nullgir.rp <7 ol

where u denotes the solution to (1-6) with data u(0) = uy.
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Proof. We apply Proposition 3.5 with i = e!’®ug. By the Strichartz inequality,

1o sy IV 020713 sy S 0o

while a little computation yields

t
H[ el(t_S)Ae(s) ds
0

5
5=k k
) SZT 4 ”uO”Hl-
SIC-T.T)  joy x

Proposition 3.5 now gives the claim, provided 7(7) is taken sufficiently small. O

4. Well-posedness in the weak topology

In this section we prove the following well-posedness result in the weak H 1 topology. As described in
the Introduction, this theorem will play a key role in the proof of Theorem 1.1 in Section 6.

Theorem 4.1 (weak topology well-posedness). Let y € (0, 1) and let {u,(0)},>1 be a bounded sequence
in E. Assume that u, (0) — ug weakly in H; R3>. If y e (O, %) we assume additionally that

IVReu,(0)| 2 <8, and E(un(0)) = %5%

where 8 is as in Theorem 3.3. Then there exists a unique solution u € C(R; £) to (1-6) with u(0) = uy,
and for all t € R we have
un(t) = u(t) weakly in H}(R?), 4-1)

where u, € C(R; &) denotes the solution to (1-6) with initial data u, (0), whose existence is guaranteed
by Theorem 3.3.

We begin with the following lemma, which guarantees that the limit u¢ belongs to the energy space
and obeys the necessary smallness conditions when y € (0, %) so that the existence and uniqueness of
the solution u € C(R; &) follow from Theorem 3.3.

Lemma 4.2. Fixy € (0, 1) and suppose {u,}n>1 is a bounded sequence in £ that satisfies up (X —xp) —
uo(x) weakly in H; (R3) for some sequence {xn}n>1 € R> Then ug € £. Moreover, if y > % then

E(uo) <liminf E(up). 4-2)
n—oo
Ifye (O, %) and |V Re uy ”12} <4y, then |V Reug ||i2 <48y and (4-2) holds. Here 8y is as in Theorem 3.3.
Proof. Without loss of generality, we may assume that x, = 0.
To prove that ug € &, it suffices to show that g(ug) € L2. As u, — uo weakly in H}(R3), invoking
Rellich-Kondrashov and passing to a subsequence, we deduce that u, — g in LZ(K) forany 2 < p <6
and any compact set K C R3. Therefore, for any ball B C R,

/ lg(uo(x))|? dx = lim / g (un (x))? dxfliminf/ lq(un (x))|? dx < oo.
B n—oo [p n—>00 Jp3

As the bound does not depend on B, this proves ¢ (u¢) € L2.
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Proceeding similarly and using (weak) lower semicontinuity of the H ;— and Lfc—norrns, we obtain
/ 3IVuol? + $vq(uo)® + £q(uo)? dx < l,iniiééf/ 3 VU + 5vqn)? + $qun)? dx
B B

for any ball B. It is crucial here that the sextic term in the energy appears with a positive coefficient.
When y € [%, 1), the energy density is positive and so the right-hand side above is majorized by

liminf E(u,). When y € (O, %), we use instead (3-1) to reach the same conclusion. As ug € £, the

dominated convergence theorem yields (4-2). O

We next prove a linear profile decomposition adapted to (1-12) for H _bounded sequences. Beginning
with the profile decomposition for the linear Schrodinger equation, we group the profiles according to
the behavior of their associated parameters. We also show that the error term vanishes in the limit under

propagation by V~le "*H 1/ (in addition to propagation by e*4).

Proposition 4.3 (linear profile decomposition). Suppose { fn }n>1 is a bounded sequence in H L(R3) and
let T > 0. Passing to a subsequence, there exists J* € {0,1,2, ...} U {oo} and for each finite 1 < j < J*
there exist a nonzero profile ¢’ € H L(R3), scales {)&] tn>1 C (0, 00), and positions {(t;, , X3 ) in>1 C RXR>
conforming to one of the following two scenarios:

e Ml =1landt] =0,
e A = 0asn— ooand eithert;, =0ort] (A})2 — +oo asn — oo,
so that for any finite 0 < J < J* we have the decomposition

J : X — xj
fal) = Y e [(m—dﬂ( — ”)]+w,{(x>
i=1

n

satisfying the following properties:

(Aj)%(eit'{Afn)(/\jx —I-X,{) — ¢j weakly in H;, 4-3)
1 —tH itAJ _
i tim supl |V TV o syl S0 g qorixan] =00 @4
J
) 2 iz ndn2 | )
sup timsup | f L1971y =l 2|0 @)
()L,J;)%(e”f{Aw,{)(k{;x —}—x,{) — 0 weakly in H)} forall 1 <j </, (4-6)
/\j /\l J_ 12 l‘j —l‘l
lim —;’+—'}+|x”jx"| +|",~ 1l oo forail j£1. (4-7)
noo AL ATl AIAL

Proof. Using the linear profile decomposition for the Schrodinger propagator for bounded sequences in
H ; (see, for example, [Keraani 2001] or [Visan 2014, Theorem 4.1]), we obtain a decomposition

A x— xJ
Falx) = Z o—ith A |:(AJ)—¢J ( Y 1 ):| +r)(x) (4-8)
j=1

n
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satisfying (4-3), (4-5), (4-6), and (4-7) (with w,{ replaced by r;,’ ), as well as

im, hnﬂl)solip le'*4 ||L;gc([—T,T]xR3) =0. (4-9)

We will first show that we may assume the parameters conform to the two scenarios described above;
in particular, we will show that we may absorb any other bubbles of concentration into the error r , while
maintaining condition (4-9). To complete the proof of the proposition, we will show that condition (4-9)
(for the new error term) suffices to prove (4-4). Note that it is essential in what follows that we work on a
compact time interval.

We will use the notation

; J
b0 =2 e (- o )|

We begin with the following lemma.
Lemma 4.4. If |t,{| + /\,’,. — 00 as n — oo, then
: itA 4 j
A le S bnllLto 171 = 0-
Proof. A direct computation gives

(A L) A
le"™ Sl -1 rixr) = 1€ 207 110 (1xm3):
where

Iz[—t,{—T —t,{+T}
a2 (A2

If )L£ — 00, then the lengths of the time intervals appearing on the right-hand side of the equality
above shrink to zero; consequently, by the dominated convergence theorem combined with the Strichartz
inequality, we deduce the claim.

Passing to a subsequence, we may henceforth assume that )L,Ji' — A/ € [0, 00). In this case, we have
|t,{ | = o0, and so the time intervals escape to infinity. Thus the claim follows once again from the
dominated convergence theorem combined with the Strichartz inequality. O

Discarding the bubbles of concentration whose parameters satisfy the hypotheses of Lemma 4.4, we can
now see that we may reduce attention to the two scenarios described in Proposition 4.3. Indeed, passing to
a subsequence, we may assume that )L] — A/ €0, 00) and tn — 1/ e (—o0,00). If M # 0, then we may
assume that /\,], =1 and t,{ = 0 by redefining the correspondlng profile to be (A/)~ it Alp/ (- /).
The error incurred by this modification can be absorbed into r ; indeed, we have

_, —l/ 7 X — xn
# =GO tA[‘i’j( ¥ )]HH
<fonter () -ento ()], ¢
An Hl

—ity] A _ =it/ M| (/=3 pd i)}” ’
e =yt (5 N
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which tends to zero as n — oo by the strong convergence of the linear Schrodinger propagator. If instead
A7/ =0, then passing to a further subsequence we may assume that either t,{ =0or t,{ (/\{;)_2 — +o00
as n — o0. Indeed, if there is a subsequence along which t,{ (/\,’,.)_2 — 1 € (—00, 00), then we redefine
the profile to be e #*2¢/ and t,{ = 0. It is easy to see that the resulting error can be absorbed into rnJ .
It remains to prove that the new error w;] (which consists of r;/ plus the bubbles of concentration whose
parameters satisfy the hypotheses of Lemma 4.4) obeys (4-4). This is a consequence of the following: if
J1_1>rr11* lim sup||e’"Aw) ||L}%([_T’T]XR3) =0,

n—>oo

then

Jlim lim sup” ylemitH yy =0.

J
ST* poseo n HL}PX([—T,T]XW)
To prove this final implication, we argue as follows: In view of the representation (2-4) and the boundedness
of U and Py U1, it suffices to verify that e T/*H ¢ F1A and P U~ sin(tH )e™'*2 are Mikhlin multipliers
with bounds that are uniform for ¢ € [T, T']. In the former case, this follows from (2-7); with regard to
the latter, see (2-6).

This completes the proof of Proposition 4.3. O

In the proof of Theorem 4.1, we will construct solutions to (1-6) associated to each ¢,{ . For profiles
conforming to the first scenario in Proposition 4.3, we can achieve this by an application of Lemma 4.2
and Theorem 3.3. For profiles conforming to the second scenario, this is a more difficult problem, which
we address in the following proposition.

Proposition 4.5 (highly concentrated nonlinear profiles). Let ¢ € H LT(R3) and T > 0. Assume {p}n>1 C
(0, 00) and {(tn, xn)}n>1 C R x R3 satisfy A, — 0 and either t, = 0 or tn)&,jz — to00. Then for n
sufficiently large, there exists a solution uy to (1-6) with initial data

n(0.) = g )= 100 [0 b (S|

satisfying
||un||$1([—T,T]) = C(”d’”[—[}) (4-10)

Moreover, for all & > 0 there exist ¢g, e € C°([—T, T] x R?) such that

o1 (f—t, x—x
lim sup un(t,x)—e_’ytkn2¢g(—2", n) <e, (4-11)
n—00 An An LI%([-T.T]xR3)
limsup|| Vun (£, x) =7 V' A * Y| =5 —— || 10 <e. (4-12)
7=>00 An o An L (-1 xR

Proof. As (1-6) is space-translation invariant, without loss of generality we may assume that x, = 0.
We proceed via a perturbative argument. Specifically, using a solution to the defocusing energy-critical
NLS, we will construct an approximate solution i, to (1-6) with initial data asymptotically matching ¢;,.
This approximate solution will have good space-time bounds inherited from the solution to the defocusing
energy-critical NLS. Using the stability result Proposition 3.5, we will then deduce that for n sufficiently
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large, there exist true solutions u, to (1-6) with u,(0) = ¢, that inherits the space-time bounds of i,
thus proving (4-10). We turn to the details.
If t, = 0, let v be the solution to the defocusing energy-critical NLS

(i9; + Ay = v[*v (4-13)

with initial data v(0) = ¢. If tn)t,f — 400, let v be the solution to (4-13) which scatters in H ; to e/ ¢
as t — £oo. By the main result in [Colliander et al. 2008], we have

lollgt gy < CCIBl -

We are now in a position to introduce the approximate solutions i, to (1-6). For n > 1, we define

~ —7 —L t_tn X
ln(t,x):=e VA 2v( —)

The phase factor e 7 is necessary. It replaces the linear factor in (1-6) by a nonresonant term; see (4-15).
Note that

”ﬁn“S‘l(R) = ”v”Sl(R) = C(”¢”H%) (4-14)

Moreover, i, (0) asymptotically matches the initial data u, (0) = ¢,; indeed, by construction, we have

. (_t_") _ e—i(tn/xg)%‘

n

—0 as n— oo.

142 (0) = ¢ ll 1 = .
X H}

To invoke the stability result Proposition 3.5 and deduce claim (4-10), it remains to show that i, is an
approximate solution to (1-6) on the interval [-7, 7] as n — co. A computation yields

4
en = (i0; + A—2y Re)ily — N(iin) = —yii, — Y _ Nj(iln). (4-15)
j=2

To establish (4-10), we have to verify that the error e, satisfies the smallness condition in (3-7) for n
sufficiently large.
Let § > 0 to be chosen later. There exist 77, 7> > 0 sufficiently large so that

1Vl L1o, qie1> 7y 3y <8 (4-16)
v(t)—e Py g <8 for £1> Ty, (4-17)
Al

where v4 denote the asymptotic states for the solution v. Note that the existence of vt is a consequence
of the global space-time bounds for v, as discussed in [Colliander et al. 2008].

We first estimate the contribution of the higher-order terms appearing in e, on the space-time slab
[T, T] x R3. Defining

Li={lt—ta] <A2Ti}N[-T.T] and I{={[t—ts]>A.T1}N[-T,T],
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we use Strichartz, Holder, (4-14) and (4-16) to obtain

t 4
‘/ U N " N (i) (s5) ds
0 k=2

LeL3NL}OL 3
S IVN2(in)li 20119 30116 + IV N3 (n)ll 574 3019 + IV Naiin) || 2013 30122
< [1Vitn ”L}OLi"/”{“ﬁ” 22017 1107, 53y T lin ”L?‘J/”L}P(Iﬁxmé)}

+ ”Vun”LIIOL;CO/B”un”L}SC{||un||Lf/3L)lCO(1an3) + ||un||L§/3L;Co(,ng3)}

~ ~ N2 ~ ~
+ ”V”n”L}OLiO/””“"”L}g{”“””LfO”L}P(lan) + ””n”L?O”L}CO([’ng)}
4

Stoly 2 AORT)™F + 17376},

k=2
Taking § sufficiently small depending on T and n sufficiently large, we see this contribution is acceptable.
Next we consider the contribution of the linear term appearing in e,, again on the space-time slab
[T, T] x R3. First, we observe that by Strichartz and (4-14), we have

t —
‘ / e E=AG (s)ds
0

To continue, using (4-17) we cover R by three disjoint intervals 7.0 and 75 such that

L2H LS (=T.T]xR3) = ”ﬁ"||LtlH§([—T,T]xR3) §||¢||H)1C T. (4-18)
(= 1,1]X

. . 1 .
|10] <2A2T, and ﬁ,,—e—’V’e’“—’")A[A 21&( )] <. (4-19)
An ) HLoe FY (1 xm3)
By Strichartz, Holder, (4-14), and (4-19), we have
‘i A O 2
‘ [ IR i ds| < nls o igsy Siol 0 A2To (@20)
0 L®H}([-T,T]xR3) x
Using the triangle inequality, Strichartz, and (4-19),
t
H f T8y s ()itn(s)ds|
0 7 L®HI([-T,TIxR3)
£ 1 .
5 TS + / el(t+tn_2S)A)(Ii(S)elyS/\n2@(—) ds (4_21)
0 Z An L H}([-T,T1xR?)

Now for any —T <a < b < T, an application of Plancherel gives

b
/ eis(y—ZA)A;EE(;) ds
a An

b S~
/ eSH2ED) 202 T3 (EA,) ds
a

2
Ly

-
< |0 + 206278143 75 €A ez

J (4-22)

2
gy [ —
2|§|2+ Az
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which converges to zero as n — oo by the dominated convergence theorem. Collecting (4-20), (4-21),
and (4-22), we obtain that

t
/ e C=IAG (5)ds
0

_ 5“(15"1,{1 )L,ZIT2+T5+0(1) as n — oo.
L HI(-T,T1xR3) x
Interpolating with (4-18) and taking § sufficiently small depending on 7 and taking » sufficiently large,
we see that the contribution of the linear term in e, is also acceptable. This completes the proof of (4-10).

Finally, we turn to (4-11) and (4-12). For & > 0, we approximate v by ¢, s € C°(R x R3) such that

1 1
v _¢8||L}&(RX[R3) <3¢& and [|[Vv— 1/’8””&/3(@)(@3) <3¢&

and take n sufficiently large so that

||un - ﬁn ”L}gcﬂL;O/3H;'10/3([—T,T]xR3) < %8.
The two claims now follow easily from the triangle inequality. O
Finally we turn to the proof of Theorem 4.1.

Proof of Theorem 4.1. As mentioned above, by Lemma 4.2 and Theorem 3.3 we have that u and all of the
up are global-in-time solutions to (1-6).

Fix T > 0. We will show that for any subsequence in n there exists a further subsequence so that
along that subsequence, u, (f) — u(r) weakly in H Yforallt € [T, T]. As the limit is independent of
the original subsequence, this will prove the theorem.

Given a subsequence in 1, we apply Proposition 4.3 to u,(0) — uo and pass to a further subsequence
to obtain the decomposition

J . )
un(0) —uo =Y ¢ +w;  with ¢ (x) :=e—f’%A[(/\{;)—i¢f(x a )]

J
= ¥

which satisfies the conclusions of that proposition. By hypothesis, u,(0) —uo — 0 weakly in H ;; using
also (4-6) and (4-7), this implies that for all j > 1 we must have

w,{ — 0 weakly in H; and (k,{)_l + |t,{| + |x,Jl| — 00 as n— 00. (4-23)

Indeed, one can first prove the divergence of the parameters by a contradiction argument. Briefly, if some
()L{;)_l + It,‘{ | + IX;{ | were to remain bounded as n — oo then one could use (4-6) and (4-7) to deduce
that ¢/ = 0, a contradiction. Once the divergence of the parameters is established, the weak convergence
of w; to zero then follows.

Throughout the proof we write

0

X—X i
n )i| with parameters )Lg =1, Z,? =0, x,?

0.
A

¢0(x) := e~inA [(A?,)—%uo(
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In view of (4-23), the decomposition
J .
un(0) =Y ¢) +w;
j =

satisfies the conclusions of Proposition 4.3.

We next construct nonlinear profiles associated to each d)n If j conforms to the first scenario described
in Proposition 4.3, then (4-3) and Lemma 4.2 guarantee that #; € & and moreover, ||V Re ¢n I 2 = 3y
and E (¢n) < 15y if y € ( ) Thus by Theorem 3.3 there exists a unique solution u;, to (1-6) with
data u; (0) = ¢;; in particular, ||u,], I $1(—1.r7) < °°- Note that u9 is simply the solution u from the
statement of Theorem 4.1.

If j conforms to the second scenario described in Proposition 4.3, we let u{, denote the solution to
(1-6) with data u,Jl 0) = ¢,{ constructed in Proposition 4.5.

In either scenario, for all & > 0 there exists qﬁg , ng € CX([-T, T] x R?) such that

J (%) — e~V () ﬂx—x,ﬁ)

ul(t,x)—e A 2¢/] ((A‘,ﬁ)z’ )L,j,.

. —t) x—x]
Vuy (t,x) — _’yt(ﬂ)_iws ( ¢ ' ")
A2 A

lim sup
n—>0o0

<e, (4-24)
L% ([-T.T1xR3)

lim sup
n—-oo

<e. (4-25)
L% (T, T1xr3)

Note that the phase e ¥’ has no significance for j conforming to the first scenario described in
Proposition 4.3; we simply incorporate it so as to treat both cases uniformly. For these j, both ¢6
and ;] are chosen to approximate e'?’u;, 7

As a consequence of (4-24), (4-25), and the asymptotic orthogonality of parameters given by (4-7), for

all j # [ we have
ludunllys + g Vgl s 1sis + 1V Vg [l s 153 = 0. (4-26)

where all space-time norms are over [—7, T] x R3,
We next claim that for j > 1 we have

u{, (t) =~ 0 weakly in H; (R3) as n — oo for every ¢ € [T, T]. (4-27)

Indeed, if j conforms to the first scenario, then (4-23) implies that |x,{ | = oo and hence (4-27) follows
from the space-translation invariance of (1-6) together with uniqueness. If j conforms to the second
scenario, then we have )L{; — 0; however, as (1-6) is not scale invariant, the argument just described
does not apply directly. For this case, we recall that according to the construction in Proposition 4.5,
u{, are asymptotically close in L% H; (up to a phase factor) to rescaled solutions to the defocusing
energy-critical NLS as n — oco. Using the scaling symmetry and uniqueness for (4-13), we see that these
rescaled solutions converge weakly to 0 in H ; at each time; by construction, u,jl inherit this property.

To continue, we define
J

u,{(t) = Z u{, )+ y~leTitH Vw,{.
j=0
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Note that u,{ (0) = u,(0). In what follows we will prove that for n and J sufficiently large, u,{ is
an approximate solution to (1-6) with uniform space-time bounds on [T, T] x R3. An application of
Proposition 3.5 will then yield that for any & > O there exist n and J sufficiently large so that
J
lven =5 | oo 1 (-7, 71xm3) = &

On the other hand, using (4-23) and (4-27) and recalling u = u9, we see that for J fixed, u ,{ t)—u()—0
weakly in H ) for all € [T, T). Thus by the triangle inequality, for any ¢ € C>°(R?), we have

[(un () —u(1). )| < [{un(t) —uy (1), @)| + |(u;) (1) —u(?). ¢)|
< Jun(@) =5 Ol i l@ll g1 + |5 (1) = u(@), 9}
See+o(l) asn— oo,

which proves the claim in Theorem 4.1.

Thus it remains to show that for n and J sufficiently large, u,{ are approximate solutions to (1-6) with

uniform space-time bounds on [T, T] x R3,
Our first step in this direction is the following lemma.

Lemma 4.6 (finite space-time bounds). Given T > 0, we have
: J J
suplim sup [z 1110, @,y + 1V o 300107 ] 1 (4-28)

Moreover, for any n > 0 there exists J' = J'(n) sufficiently large so that

J J
lim supH ul + Vu/ i| <n (4-29)
n—»00 j;/ " LI ([-T,T]xR3) jzzj/ " L10L30/10 (T, T]xR3)

uniformly in J > J'.

Proof. By the asymptotic decoupling of the H ; -norm in (4-5), there exists Jo = Jo(7') such that for all
j = Jo we have || ¢/ ”H} <n(T), where n(T) is as in Corollary 3.6. In particular,

g g1 gy ST 197 g1 forall j = Jo. (4-30)

On the space-time slab [T, T'] x R? we use Lemma 2.6 to estimate

J 2

[l 12,0 S IVl H vl |2, + H(Zu,g)
t.x t.x '—o
Z

5
Lt.x

J

Stlwy 13y + D 1700+ g ls -
Jj=0 J#l

This suffices to show that the first term on the left-hand side of (4-28) is finite. Indeed, we use (4-5)

and (4-30) to bound the first two summands and (4-26) to bound the last (double) sum. An analogous

argument yields that the second term on the left-hand side of (4-28) is also bounded.
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To prove (4-29) one argues as above, taking J’ > J large enough that

D eI <.

j=J’
Note that this is possible because of (4-5). O
We next prove that the u,{ are indeed approximate solutions to (1-6).

Lemma 4.7 (asymptotic solution to (1-6)). We have

lim hmsupHV[(lat + A =2y Re)u N(u,{)

J=>J* n—oo

]HNO([—T,T]) =0.

Proof. Throughout the proof of the lemma, all space-time norms will be over [T, T] x R3. Writing

Wy ==V le tH Yy we have

e,{ = (i0¢ +A—2)/Re)u,{ —N(u,{)
J

J
= 3 M) —N(Z J) N (ud =)= N,
j=0 j=0
Computations similar to those employed in the proof of Proposition 3.5 yield
5 A
‘ Soky I, k—2
H [Z NGup) = N(Z ’)]HN S T Vil sy 1
j=0 k=2 j#l m=0

which converges to zero as n — oo in view of (4-26) and (4-30).
Thus, it remains to show that

~J . — -
Sim hnrisupﬂv[zv(u — ;) = Nu)]| goqrry =0 (4-31)
We argue as follows: First, we estimate
”V[N(“J—wj)_N(”J)]”NO([—TT])
71\
<1Vl o303 1057l xo ZT (e 1738 + 103 177)
k=2
+ [V, ||L10Lzo/132T ||wJ||Lm + g Yoyl s, sz ||uJ||Lm
k=2 k=2

That the first two summands above go to zero as n — 0o and then J — oo follows from (4-4) and Lemma 4.6.
Thus, (4-31) will follow from Lemma 4.6 once we establish

11m lim sup [|u;) Vb ||L5L15/8 =0. (4-32)
J—

T+ e (~T,TIxR3)
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We will prove that the left-hand side of (4-32) is < n for arbitrary 1 > 0. By the definition of u , the
triangle inequality, and Holder, we estimate

Jo.~J
”un an ”L?L)ICS/S
J'—1

Z uJVw

j=0

J
Uy

||Vw ||L10L30/13 +

< "'J "'J
< [y, ”L}‘; [V, ||L;OL)3€0/13 + L?L)ICS/S’

j=J’ I

where J' = J'(n) is as in the statement of Lemma 4.6. Using (4-4) and (4-29), we see that the contribution
of the first two summands on the right-hand side of the formula above is acceptable.
It remains to prove that

lim lim sup ||u) Vi, ||L5L15/8 =0 foreach 0<j <J' (4-33)
J=>J*

m—— (-T.T1xR3)
Assume first that 0 < j < J’ conforms to the first scenario in Proposition 4.3. Fix ¢ > 0. Invoking

(4-24) and using the triangle inequality, Holder, interpolation, and Corollary 2.8, we estimate
I Vi3 s 1575 = g (2. 0)=e 7 L (1. x=x) | 1o (VD5 | 10 30013+ 167 Vs (et 5 157

<e+|¢ 2| V) (x4x7) v
197111121 ”w IV

J J J
~¢J 8+||w “L”’ ”w “6 1||Vw ||L10L30/1%

By (4-4), we see that (4-33) follows in this case.

Now assume that 1 < j < J’ conforms to the second scenario in Proposition 4.3. We split 11),{ into
low and high frequencies and estimate them separately, starting with the low-frequency piece. Fix ¢ > 0.
Arguing as before, using (4-24), Holder, and Bernstein, we estimate

J J
||unP<(lJ) lvw ”LS 15/3 Set ” (/\j)_jgﬁs (—tn a _xn)
)2 An

Se+ ||¢€J ||L}°Li°/l3||wn “L}(}

P . VII)J
pogsornal =iy Y Pl

In view of (4-4), this contribution is acceptable.
We now consider the high-frequency piece. Using (2-7) we can deduce

| Pon — Pone™ =DVl Y|y 1 <7 N7

uniformly for N > 1 and ¢ € [T, T]. Thus

106V Py B3 s L1555 ey
AT \2 j J
Sr ”Mn PZ(A’J;)flvelt wy, ”L?L)ICS/S([—T,T]XR3) + (/\iz) ||M}J1||Ltlgc([_T,T]x[R3)”wn ”H}
j it A
Sret ||¢a{ Ve'! fn”L?L}(S/S(I,,x[RE% +o(1) as n— oo,
where

FaX) = Psi(M) 2w Aix +x]) and 1, = {lt — 1| < A)*T).
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To continue, we estimate in much the same manner as for j conforming to the first scenario:

j itA itA itA
I82VE full 11578 g iy S 18 ge 22192 f Ve full 030151

(SUPP¢£ NI, xR3)
it A A
~¢1 ||el fn|L10 ., x[R{3)”f"”;11 ||Ve” fn”

itA J”

L1°L3°“3(1 xR3)

7 AT
||6 1||V€” ||

i € L. |

n L0307 (T, T1xR3)’
where we have again used Corollary 2.8. Recalling (4-4), we see that the contribution of the high-frequency
piece is acceptable. This completes the proof of (4-33) and hence the proof of Lemma 4.7. O

The final step in checking the hypotheses of Proposition 3.5, which will finish the proof of Theorem 4.1,
is to verify that

lim sup lim sup ;] ||LooH L([=T.T]xr3) ST 1.
J—>J* n—>00

In view of Lemma 2.6, we have

e oo g1 -1 71xm3) <7 Nt Ol gy + 1V oz 79y + VN oz, 77)-

The requisite bounds on the right-hand side now follow from Lemmas 4.6 and 4.7. O

5. Normal form transformation

In this section we discuss the normal form transformation that we use throughout the rest of the paper. The
use of normal form transformations originates in work of Shatah [1985] and has since become a widely
used technique in the setting of nonlinear dispersive equations. The transformation we use is similar to
the one used by Gustafson et al. [2006; 2007; 2009] in the setting of the Gross—Pitaevskii equation.

Suppose u is a solution to (1-6). As mentioned in the Introduction, the quadratic terms in the nonlinearity
are the most problematic when it comes to questions of long-time behavior; in particular, the worst terms
are those containing u#, = Im u, since in the diagonal variables we have u, = U ~1y,. We would like to
find a normal form transformation that eliminates if not all, at least the worst quadratic terms.

To this end, we let B1[-,-] and Bj[-, -] be arbitrary bilinear Fourier multiplier operators defined as in
(2-1), with symmetric real-valued symbols By (&1, &>) and B2 (€1, £2). Then

U:=u+ Bilui,u1] + Baluz, us]
satisfies the equation

(i3 + A)ii — 2y@i; =
By +Hui — 2y — A)Bifu1, ui] (5-1)

+yus — 2y — A) By [uz. us] (5-2)

+ 2i (yuuz + Bi[uy, —Auz] — Bauz, 2y — Auy]) (5-3)

+ cubic and higher order terms.
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While the symmetry of B; and B, makes it impossible to eliminate all of the quadratic terms, we see
that if we choose

By((1.5)=yQy + |81+ 67 e, Balf gl =v(V)2(fg),

then (5-2) = 0. This allows us to eliminate the worst quadratic term, namely, the one containing two
copies of uy. Moreover, choosing B; = B, we get

i =u+y(V)?ul,
with
G-)=Qy +4u? and (5-3)=—4iy(V)"2V-[u;Vus].

The derivative appearing in front of u5 is a welcome addition in light of the problem at low frequencies.
Similarly one can compute the higher-order terms. In general, one finds that for k € {3, 4, 5} the terms
of order k are given by

Ni(u) +2i {B1[u1, Im(Ng_1 (u))] — B2[u2. Re(Ng_1 ()]},
where the N, are as in (1-6). Notice that there are no sixth-order terms, since B; = B, and 1 Im(N5(u)) =
us Re(Ns(u)).

Finally, we employ the transformation V'u = u1 4 i Uu, to diagonalize the equation. Our normal form
transformation is therefore given by

2= M) = Vu+y(V)?|ul?, (5-4)
and z satisfies the equation
(10: —H)z = Nz(u) (5-5)
with
Re[N; (u)] = U Re[N (1) — y|u|?]
= U[Qy+4ui + (v +8)ui + (v + Hurud + (Suf + 6ujus +us) + [ul*u1)],
v
(V)2

\Y
=—wp [4yu1 Vuz | + U [(y + Hutuz + yu3 + dugus|ul® + [ul*us)].

We should briefly pause to point out the improvements present in (5-5) with respect to (1-6). Firstly,

Im[N; (u)] = — [4yurVuz + V(y[ulPuz + ¢*uz)]

(5-5) does not contain a quadratic term involving two copies of u,. Secondly, the remaining quadratic
terms involving u, exhibit a derivative of this problematic term. Lastly, all the remaining terms appear
with a derivative at low frequencies, which is helpful throughout.

We next discuss the invertibility of the transformation (5-4). Note that by using the definition of (V)2
we can rewrite the transformation as

M) =U?u; +y(V)2q+iUus, (5-6)

where ¢ = q(u) = 2uy + |ul%
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This normal form transformation is a homeomorphism from a neighborhood of zero in £ onto a
neighborhood of zero in H ; To prove this, we make use of the neighborhoods

MEq.eo ={u €€ E(u) < Eg. |lull g < eo}.
Ny o =S € HY: | fllz < CEp. [1fll6 < Ceohs
where C denotes an absolute constant depending on y.
Proposition 5.1. Fix Eg > 0 and g9 > 0.
(i) Ifye (% 1), then M : ME, ¢, —>NEO,80+8% continuously.
G If y = %, then M : MEg, ¢, — Eo+E3 co+e2 continuously.

(i) If y € (0, %), then M : Mg, e, N{|Vu1|3 < 8y} — NE0,80+8(2) continuously, where §, is as in
Lemma 3.2.

(iv) Given E1 > 0, there exists 1 = £1(E1) and a continuous mapping
R 2/\/'51581 — &
such that M o R =1d on Ng, ¢, and |R(f)|le < E1 for f € NE, ¢,-

(v) Suppose y > % Given E3 > 0, there exists €3 = €2(E3) so that M is a homeomorphism of ME, ¢,
onto a subset of H ; (R3) and has inverse R. In particular, M is injective on M Eyer- Ify < % then
the analogous assertions hold on Mg, ¢, N{||Vuq ||% <&y}

Remark 5.2. We warn the reader that just because M (u) is small in Lg, one cannot guarantee that
u = (Ro M)(u). However, this would follow if u were sufficiently small in L?C. This subtlety contributes
nontrivially to the complexity of the proof of Theorem 1.1.

Proof. The proofs of the first three claims parallel one another closely. We will only present the details
when y € (% l).
Letu € Mg, ¢, Recall from Lemma 3.1 that

lu? < Eu) < E2.

We first show that M (u) € Ny 2. Using the representation (5-6), we estimate

0.60+¢
1M1 < 102Ul + 1Y) gl g + 1Uuall gy < lull s + gl 2 < Eo.
Using the representation (5-4) and Sobolev embedding, we estimate
1Mol s < lurllge + 1Un2lls + (V)]
< lullge + V1Y) 2l L2
S llullps + IIMIIig
<eo+ 8(2).

Collecting these estimates, we conclude M (u) € N/ Eo.c0+e2"
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To prove the continuity of M, we note that for u, v € £ we may write
M(u) — M) = U*(ur —v1) + y(V)2[g () = q(v)] + i U(uz = v2).
Estimating as above we find

I M) = M) 1 < de . v).

We turn now to the fourth claim in the statement of the proposition. Let f € Ng, o,. We aim to show
that for &1 = £1(E1) > 0 sufficiently small, we can find a unique u € £ such that M (u) = f, that is,

u, =U"11,,
ur = fi—y(V)2U o] —y(V)2ui.
To this end, we define

Rr(uy) = fi—y(V)2[U! fo]? — (V) 2ui.

We will show that for &1 = £1(E1) sufficiently small, Ry is a contraction on

. 1 3
B:={ui € Hy : |urll gy < CEx1, Juil g < Cle1 +¢7 E7)}

with respect to the metric d(u1,v1) = ||u1 —v1 || g1, where C denotes an absolute constant depending
X
on y.
We first show that Ry : B — B. We have

IR e)lg <1 fills + (V)20 ol o + 1OV) 3 (5-7)

The first term in (5-7) is controlled by e; by assumption. For the second term in (5-7), we use Sobolev
embedding, Bernstein, and interpolation to estimate

+ |l 20w )]

o 1(v)? L3

< IVPUT Sl U™ foll e + 1 PO foll 21U fol e
1 3

SN

For the third term in (5-7), we have

[(9)207 Pl % | Pt~ P

_ L,
V)il g < NIVIZIV) 2ud] L2 < sl
Thus, for u; € B and &1 = £1(E1) sufficiently small we obtain
1 3
IRy 1)l e < Cler + e E7).
To continue, we estimate

IR o)l < 1Al + 109207 L1 g + 109203 1. (5-8)
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The first term in (5-8) is controlled by E by assumption. For the second term in (5-8), we argue as above
to find

o — \Y — \Y - — 1 2
)20 Py < | et 2| | Sl 0@ ]| U1
For the third term in (5-8) we estimate

_ 3 _
V) 2udll g S [IVI2V) 20 22 < lull g 1Vl 2.

Thus for u1 € B and ¢; = ¢1(E1) sufficiently small we have
IR ()l 1 < CEn.

Collecting these estimates, we conclude that Ry : B — B.
Next we show that Ry is a contraction with respect to the H ! -norm. We first use Sobolev embedding,
Bernstein, and interpolation to estimate

H(Vlﬁ[(ul + v1)(u1 —v1)] ‘H}

ME
< [(u1 +v1) Priuy —v1)] 1
Hy

(V)2

+H(Vlﬁ[P10(M1 + Ul) Plo(ul - Ul)]'

L3?

(V)? H}
Sl +villpe 1 PriCur —vi)ligz + IV Py +v)ll gz llur —vill e

+ lur + vl e IV Po(ur — o)l 3 + [ Priur +vo)llpz lur —vilige

+ HL[Phi(M +v1) Pio(u1 — “1)]'

1 1 1 1
< (heall7 o unll %+ loal Ze vl ) len = vill - (5-9)
Lx Hx Lx Hx X

In particular, for &1 = &1 (E) sufficiently small we deduce that

IR 1) = Ry D)l g1 < 3lur —vill g1

Therefore, by the contraction mapping theorem there exists a unique u1 € B such that Rr(u1) = u;.
We define R(f):=u; +iU~! f5. By construction, we have M(R(f)) = f.
It remains to see that u := R(f) € £ with |u|le < E1. As u; € B, we have
el gy < llueall gy + ||U_1f2||H)g SEi+ | 2lg: S Ev
Moreover, by Holder,
lgollze = 121+ UuPl2 < 1/ 12 + 10,2
SE+ ||V@[(Plou)2]||L§ + 19w Priv) |l 2
S Ev+ IV Poull 2 | PoullLge + lull ol Privll L3
SE+ ||u||gx1[||Plou||L§° + ||Phiu||L§C]-
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Using Bernstein, Holder, and interpolation, we estimate

1 4
_1 = 3
Pl S lnll g + 1Pl foll o S Tunllg + 1 foll zos < It g + 1l 1211

and
1 1

1 1
[ Privell s < 1 Phivallpz + 1Pnifallps < ||u1||z§||u1||;ﬂ + ||f2||22||f2||12~ﬁ-
Taking &1 = £1(E1) sufficiently small, this proves ||q(u)||L)2( < E;.

To complete the proof of the proposition, it remains to address part (v). From (5-4) and (5-9), we see
that M is injective on Mg, ., provided &3 is sufficiently small depending on E>. By shrinking &5, if
necessary, we can further ensure that M (Mg, ,) is contained in a region where R is defined (this relies
on all the other parts of the proposition). It then follows that M is a homeomorphism on M(ME, ,)
with inverse R. O

The last result of this section relates the energy and the inverse of the normal form transformation; this
will be useful in the proof of Theorem 1.1.

Lemma 5.3. Let {z,}y>1 C H} be uniformly bounded and assume that z, — 0 in LS. Then
E(R(zp)) = %||z,,||§l% +o(l) as n— oco.

Proof. By Proposition 5.1 (and its proof), we have that R(z,) exists for n large and

limsup [|[R(zx)|le £1 and  lim ||Re R(zx)| 6 = 0. (5-10)
n n—>0o0 X
We first claim that
R(zpy) =V 'z, +0(1) in H}as n— occ. (5-11)

Indeed, from the construction of R via the fixed point argument in Proposition 5.1, this amounts to
proving that

1(9) 72U m 2Pl gy + (V) 2[Re RGPy = o(1) a5 = oc.
To see this, we use the decomposition
[U™ ' Imz,)* = [PU ' Imz,]* + O[(U' Im z,) PiiU ™' Im z,, | (5-12)
together with Bernstein, Holder, (5-10), and the hypotheses of the lemma to estimate
[V U™ Imza?| g2 < [IVIEPOU ™ Imzg)? | 2 + (U Imzy) PyU ™ Imzs |

S Mmzy| 31U Imzy | o
1 1
Slzalllzall 7> znll gy = 0(1) as n — oo,
— 3 —
[(V)72Re R(zn)P?|| gy < |IVIZ(V)?[Re R(za)I? | 32

S IVRe R(zn)ll 2 IRe R(zn)ll g = o(1) as n — oo.

This completes the proof of (5-11).
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We now turn our attention to the terms in the formula for £(R(z,)) containing g(R(z,)). Using the
representation (5-6), we observe that

M) = %q(u) — %U2(|u|2) +iUImu andso ¢(R(zx)) =2Rez, + U?(|R(z)]?).
We next claim that
q(R(zn)) =2Rezy +0(1) in Li as n — oo. (5-13)

To prove this, we note that Im R(z,) = U ~!Imz, and use the decomposition (5-12), as well as the
analogous decomposition for Re R(z,). Arguing as for (5-11), we estimate

10U Imza P2 < [IVIPOU ™ Imz]? | o + (U™ Imzp) PiU ™ Imzy || 2 = 0(1),
IU[Re R(za)Pll 2 < [IVI[PioRe R(zn)I? | 372 + | (Re R(zn)) Pri Re R(zn) | .2
SIVRe R(zn) 2 [ Re R(zn) |l 16 + | Re R(zn)ll 6 || Pi Re R(za) |l 2
SIVRGE) 2 Re R(zn)ll s = 0(1) as n — oo.

This completes the proof of (5-13).
Finally, we note that

qg(R(zy)) =0(1) in Lfc as n — oo. (5-14)
Indeed, arguing as above we find
1 1
IRezullLa 5 Izal} lznll g = 0(1) a5 n— oo,
IU%[Re R(z))%llz3 S IRe R(zn)7 o =0(1) as n— oo,
10 [Im Rza)P N3 < [IVIPU ™ Imza) | 13 + (U™ Imzp) PiU ™ Imzy |
< Imzn||L§ H|V|_1 Im z, HL§ + ”U_l Imzn||L§,C [ ImZnIILg;
S lzallzglznllyy =o0(1) asn —oc.

Putting together (5-11), (5-13), and (5-14) completes the proof of the lemma. O

6. Proof of the main result

In this section we prove the main result, Theorem 1.1. As discussed in the Introduction, the proof is
based off of a strategy of Nakanishi; see especially Theorem 1.3 and the sketch of proof thereafter. For
the convenience of the reader, we restate the main theorem here.

. '1
atiH

real’

Theorem 6.1. Suppose y € [%, 1). Foranyuy € H!

o there exists a global solution u € C(R; £)
to (1-6) such that

[l (@) —wiin (D) ]| g1 =0, (6-1)

lim
t—>00



1560 ROWAN KILLIP, JASON MURPHY AND MONICA VISAN
where uyin(t) := V" le ™ "tH yy  Moreover,

Jlim de (u(®). win(1) =y (V)" una(1)]?) = 0. (6-2)
Fory € (O, %), these conclusions hold if ||u4+ ”Hréal-‘riHrleal is sufficiently small.

Proof of Theorem 6.1. Let uy € Hréal + iHrleal. We define z4 = Vuy € H} and we let Eg := ||Z+||H)%.
We first claim that
lim |le~"*H
t—>00

Ztllpe =0. (6-3)

Indeed, given > 0 we may find ¢ € S(R?) such that ||z —¢|| Al <1 Using the dispersive estimate
(2-3) and Sobolev embedding, we find

—itH —itH

le™ ™z e <lle™ ™ ollpe +llz+ =@l gy <l el ors + .
which yields (6-3).

Next, we choose ¢¢ sufficiently small depending on E¢ as in Proposition 5.1. By (6-3), there exists
To > 0 such that e/ 7 ¢ NEg,s0 for t > Ty; thus for any T > Ty, we may define R TH; yeg
so that M(R(e™'THz,)) = e ' THz  with |R(e7'THz,)|¢ < Eo.

By Theorem 3.3, there exists a global solution u” € C(R; &) to (1-6) with u” (T) = R(e™'THz,).

Note that when y € (0, %), we require Eg to be sufficiently small to guarantee that
IVRe@" (O)]7, <8, and E@’(0)) < 36, (6-4)
uniformly in 7, where §,, is as in Theorem 3.3. We define
qT = q(uT) = 2u¥w + |uT|2 and zT := M(uT).
Note that (u”, zT) solves (5-4)—(5-5) with zT(T') = e 7iTH ;. Furthermore, we have

12" Oy + " Ol g + g Ollpzazs + ] Ollzaze SEo 1 (6-5)

uniformly in ¢ and 7.

As a consequence of (6-5), there exists a sequence 7, — oo and a function ug € H; such that
uTn(0) = ug weakly in H 1. As (6-5) and (6-4) imply that {uT7(0)} satisfy the hypotheses of Theorem 4.1,
we may apply this theorem to deduce that

uln(t) ~ u™®(r) weakly in H! forall 7 € R, (6-6)

where u® € C(R; £) denotes the solution to (1-6) with initial data ¥®°(0) = ugo € £.

We define z%° := M (u°°) and note that (u°, z°°) solves (5-4)—(5-5). We will prove that u®° is a
solution to (1-6) that satisfies the conclusions of Theorem 1.1. A first step in this direction is the following
weak convergence result.

Proposition 6.2. We have

e 7900ty ~ 2z, weakly in H} as t — oo.
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Assuming Proposition 6.2 for now, we proceed with the proof of Theorem 1.1. We begin by upgrading
the weak convergence from Proposition 6.2 to strong convergence, namely,

lim [z°°(t) —e "z |1 =0. (6-7)
t—>00 X
Using Lemma 4.2 combined with (6-6) and Lemma 5.3 combined with (6-3), we can first write
E@™) <liminf E(u™") = liminf E(R(e ™" "7 21)) = 3|24 112, (6-8)
n—00 n—00 x

At this moment, it is tempting to attempt a Radon—Riesz-style argument. Recall that the Radon—Riesz
theorem says that if x,, — x weakly in some Banach space X and limsup F(x,) < F(x) for some
uniformly convex function F : X — R, then x,, — x in norm. (This is most often quoted in the case of a
uniformly convex Banach space with F being the norm.)

The ideas just sketched were adapted beautifully to the Gross—Pitaevskii setting treated in [Gustafson
et al. 2009]. As discussed in the Introduction, those authors exploit

Egp(u) = $IM)I%, + SIURPI2, = JIM@)),,

which holds under no additional hypotheses. As also discussed there (see (1-23), in particular) the energy
functional for the cubic-quintic problem admits no such global inequality. Correspondingly, we need to
keep track of the structure of z%°(t,) as t,, — oo and then demonstrate the requisite coercivity is available

in this particular limiting regime. To achieve this goal we will use the following lemma. Note that the

2

result on E plays a key role in controlling the kinetic energy of the real part when y < 5

Lemma 6.3. Let {uy},>1 C & be uniformly bounded. Assume that we may write u, = &, + rp, where &,
satisfies

Sl;:p ”é/':””Hrial—l—iHrial <1 and nll)n;o ”E”HL,%ﬂL?C =0.
Then

Furthermore, if E denotes the reduced energy defined via

E(f) = / LV FPR 4 Lylg(H)Pde = LE(H) — L / a(/)? dx.
then
E(un) = E(rn) + 31 Vénly + 3 Re(M(rn). Vén) gy +0(1) as n — oo, (6-10)

Proof. We will only prove (6-9). Claim (6-10) can be read off from the proof we give below.
To begin we observe that

q(up) =q(rn) +2Reé, + |§"n|2 + 2Re(§nrn)-
By hypothesis, r, = u, — &, is uniformly bounded in L. Using this and our assumptions on &,, we see

qun) =q(rn) +2Re&, +0(1) in L)2C as n — 0o,
q(un) =q(rn) +o(1) in L3 as n — oo.
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Moreover, as u, is bounded in £ and Re &, is bounded in L)ZC, we deduce that ¢ (ry,) is uniformly bounded
in both L2 and L3.
Therefore, we obtain
E(un) = E(rn) + / %|v$n|2 =+ Re(vénvrn) +yq(rn) Reén + y(Re i"n)2 dx +o(1)
=E(ry) + %”VS”HJZLQ + Re((2y —AN)YM(ry), Vén)szc 4+o0(l) as n— oo. O
We return now to the proof of (6-7). Let us begin by showing that

Eu®) > 3lz4|l (6-11)

2

HY
which combined with (6-8) fully identifies £ (x°°). While natural, this is not (in and of itself) essential
to the argument; it does, however, force us to control the contributions of parts of the energy with the

unhelpful sign. It will be this control that will ultimately allows us to complete the proof of (6-7).
Let ¢, — oo be an arbitrary sequence. We apply Lemma 6.3 with

up = u>®(t,) and &, := (d®Pspy, )V te iz, (6-12)
where N, € 2% converges to zero sufficiently slowly to guarantee that
HE”HLEHL? —0 asn— oo. (6-13)
Note that this is possible because of (6-3). In view of (6-9), we obtain
E@®) = E(ra) + 3| 1d @ P2y, )e " 2y |31
+ Re(M(rn), (Id @Pan)e_ithZ_F)H/\]/ 4+0(l) as n—oo. (6-14)

By Proposition 6.2, e/ Mu>(t,)) = e'"H z%°(t,) — z; weakly in H!. On the other hand, by
(6-13), we have

M@ (1)) = e~z + M(rp) — P<y, Tme™ "7 21 4 y (V) 7?[|&, > + 2Re(Enrn)]
=e¢ i ;4 M(r,)4+0(1) in H! as n — oo. (6-15)

Thus, we may deduce that
I M) —0 weakly in H; as n — oo.

Combining this with the dominated convergence theorem (which allows us to replace Py, by Id), (6-14)
becomes

E@®) = E(rn) + 5llz4[3,, +o(1) as n— oc. (6-16)
Arguing similarly and using (6-10) in place of (6-9), we obtain

EW®) = E(rp) + %||Z+||§ﬂ +o(l) as n— oco. (6-17)



FINAL-STATE PROBLEM FOR CUBIC-QUINTIC NLS WITH NONVANISHING BOUNDARY CONDITIONS 1563

Note that (6-11) follows immediately from (6-16), provided that E(r,) > 0. By Lemma 3.1, this is im-
mediate if y € [, 1). In view of Lemma 3.2, if y € (0, %) we simply have to verify that ||V Re r,, | 72 = 8y.
This, however, follows from (6-8) and (6-17), provided Ey is chosen sufficiently small dependmg on y.

Combining (6-8) with (6-11) and (6-16), we deduce that

Eu®) = %||Z+||Zl and  E(rp) >0 as n— oo.
By the argument in the preceding paragraph, this implies
Iralle >0 as n— oo. (6-18)

Therefore, using the representation (5-6) for M, we see that

1M1 < 10 Il + 102 Re rull gy + 1Y) 24 )l g1

<lrall gy + la(a)ll2 >0 as n — oo,
Combining this with (6-15), we get
12%°(tn) —e_it”HZ+||H)% —0 as n— oo.

As the sequence ¢, — oo was arbitrary, this completes the proof of (6-7).

We next prove that (6-7) implies the conclusions of Theorem 6.1. We first show that (6-7) implies
(6-1). Let t,, — oo be an arbitrary sequence and define u, and &, as in (6-12). Using (6-13) and (6-18),
we deduce that u®°(#,) — 0 in Lg. Furthermore, by (6-7) and (6-3), we have that z°°(z,) — 0 in Lfc.
Using Proposition 5.1(v), we find that u®°(t,) = R(z°°(t,)) for n sufficiently large. Arguing as in
Lemma 5.3 and using (5-11), we may write u®(t,) = V~"1z%(t,) +0(1) in I-'I;, which together with
(6-7) yields (6-1).

We now turn to (6-2). We begin with the following strengthening of (6-3):

. -1 _—itH _
zlglolo |U™ e Z+”L§ =0. (6-19)
Given 0 < N < 1, we have
IU™" Pawe ™™ 2416 SIVUT Paye™ P2y |12 S | P<nzt 2,
WU Paye™™ 2 )6 S NTHle 2y 6.

In view of (6-3), choosing N sufficiently small and then sending ¢t — oo yields (6-19).
Using (6-19), we now show that the modification y (V)2 |uji,|? appearing in (6-2) is negligible in the
H ; -norm. Indeed, we have the stronger statement
” <V>_1 |ulin(l‘)|2 HH' = H V] 2uhn(t) HL3 ”uhn(l‘)”L6
S Va2 U e 2y | 16

Szl U e 2y |6 -0 as t — oo. (6-20)
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It remains to show
Jim [ (u* (@) =g (uin() =¥ {V) > huin(@)?) | 12 = 0. (6-21)

As demonstrated above, u®(t) = R(z™(t)) for ¢ sufficiently large and z%°(t) — 0 in LS as t — oo.
Thus, arguing as for (5-13) and using (6-7), we deduce that

qu™(t)) = 2Reupin(t) +0(1) in L2 as t — ooc.
On the other hand, a straightforward computation yields
g (uin(t) — (V) "2 uin (1) 1?)
= 2Re ugin(r) + U ugin(1)]* + [V(V)_2|ulin(f)|2]2 =2y [(V) "2 luiin (1) |* | Re uin (2).

Thus, to prove (6-21) it suffices to show that the last three terms on the right-hand side above are o(1)
in L2 as 1 — oo. Indeed, we may estimate

||U2|M1m(f)|2||L)2€ < ||(V)_1|Mnn(f)|2||g;,
— 2 1 — 2 —1 —i
IO 2 huin PP [ 2 S NIV ) P75 S 107 e 2y )2,
H[(v>_2|ulin(t)|2]Reulin(t)”L)ZC < ||U_1€_itHZ+||ig,
and so by (6-19) and (6-20), we have
q(win(t) — Y (V) "2 |uiin(t)|*) = 2Re usin(t) + 0(1) in L2 as t — oo.
This completes the proof of (6-21) and hence that of Theorem 1.1. O
It remains to prove Proposition 6.2.

Proof of Proposition 6.2. We first claim that
zTn(t) = z°(t) weakly in H! forall € R. (6-22)

This relies in an essential way on Theorem 4.1 via (6-6). Henceforth, we let f € R be fixed. Using (6-6)
and Rellich—Kondrashov and passing to a subsequence, we have u7 () — u®(t) strongly in L2(K) for
any compact K C R3. Now fix ¢ € C2°(R?). Then (V)2¢ € S(R?); in particular, for any & > 0 there
exists @ € C2°(R?) such that
V)20 —Gell 372 <.
Using this, Holder, (6-5), and (6-6), we obtain
(zT(0).0) = (' (1), Vo) + y ("™ )1, @) + y{[u )1 (V)20 — @)

= " (1), Vo) +y ([ ()%, @e) + O(e)

— (U=(1), Vo) + y([u® @) >, ¢) + O(e)

= (z%(). ¢) + O(e).
As ¢ > 0 was arbitrary, this proves (6-22).
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To continue, we write
eitHZOO(Z)—Z+
_ [eitHZoo(t)_eiToHZoo(TO)] +[eiT0HZoo(T0)_eiToHZTn (To)] +[eiT0HZTn (To)—e' TnH 2 Tn (Tw)].
As the above is bounded in H ;, it suffices to prove weak convergence when testing against a dense
set of functions in H 1. In this role, we take ¢ € S(R?) with € CZ(R3\ {0}). To continue, we

choose Ng € 27 so that supp @ C {|&] > 100Ny} and fix & > 0. By (6-22), there exists n sufficiently large
(depending on Tj) so that

("0 2%0(To) — &' ToH 21 (Tp), )| <. (6-23)
To handle the remaining two differences, we will prove the inequality
(€27 2(t2) — " H 2 (1), 0)| S 12|77 (6-24)

uniformly for #, > 1, where z denotes any of the functions z77. In view of (6-22), we see that (6-24)
also holds (with the same implicit constant) for z = z°°. Thus, taking Ty large enough depending on ¢
and then n large enough so that 7;, > Ty and (6-23) holds, we get

sup (" z°() — 21, 9)| Sy &.
t>To

As ¢ > 0 was arbitrary, this proves Proposition 6.2.

It remains to verify (6-24). By Duhamel’s formula, we have
. . 5] .
‘(el”HZ(tz)—e”lHZ(tl),qJ)} 5/ (N2 (u(s)), e H )| ds. (6-25)

151

To continue, we decompose the nonlinearity as
Nz(u) = N (u) = yNZ (),
where
N; () = U[37+2¢*+q*ur—yui—5ylul*|-2yi (V) 2V-[gVur—ui Vuo]+i U [yutus+¢>us),
NZ(u)=U(uiu3)—1iU?(u3).
We first estimate the contribution of N 21 (u) to (6-25). By Holder and the dispersive estimate (2-3), we
can estimate

153 . %} .
/ (N (u(s)).e7*H )| ds / [N @)l 2nille™ gl 12 ds

n 15}

15 5
-2 n1
So [ BTN @Dl ger s
t

1

Most of the terms appearing in Re(N,}) can be handled using Hélder and (6-5):

[U[3y +2¢% + ¢*us = yui]| pom S 1al7oem +llalF s lunlizg + Nl sonn S 1.
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To estimate the remaining term in Re(N. Zl) we also use the fractional chain rule and Sobolev embedding:

4 3 4 3 3 4
WOl 2 S IV Q) o S IV u] sl e < 10l < 1
To estimate the terms in Im(,}), we use Holder and (6-5):

2 2 2
(V) ™2V - [gVuz —uiVus] HL}CZ/“ S IVuallzllglyrers + 1Vuallpz lull; a5 < 1,
X

20,2 2 < 2 2
”U [yuiuz +q-us] HLLZ/“ < ”v(ull‘Z)HLkZ/” + |lg u2||L}v2/11
2
S lurlipallullpellVull2 + ||Q||L§/3||u2||L§; <L

Putting everything together, we find

/, C N uls)). e H )| ds <y 1.

1

We turn now to estimating the contribution of N2(u) to (6-25). To complete the proof of (6-24) and so
that of the proposition, we must show that

15} . .
/ ((N2u(s)). e ™55 g) | ds <y 11| 626)

151

Recalling that supp ¢ C {|&| > 100Ny}, we see that
(P<aon N7 (u(s)),e o) =0.
Writing u = P<py,u2 + P> nyu2, we may decompose the remaining part of N, 2(u) as

Po2oNg N2 (1) = Po2ongUD(u1uz Ps Ngti2) + Ps2ong U@ (ua| P> nou2l?)
+ Po2oN U [P>sNou1l[P<nou2]? — iU ([P>snou2l[P<nou2l?)}-

Writing u; = v+ iUuy (withv = Vu) and a := [P5N0M2]2, we arrive at the decomposition

P>20N0N22(u) =
Po20N, UD(u1uz Ps notin) + Pooong U@ (w2 P Nyti2]?) (6-27)
+iP>20n, U {aU(P>gnou2) — U (aP>gnyu2)} (6-28)
+ Ps2onoU{aPs>gn,0}. (6-29)

As we will see, the terms in (6-27) and (6-28) are small. However, there is no reason to believe that
(6-29) is small pointwise in time; instead, we will show that this term is nonresonant.
We first consider (6-27). Using Holder, Bernstein, and (6-5), we estimate

2
162Dl g2t < Tl Tl 1P ozl 2 + g | P nitez 2
2 3
o Il g Va2, + Va3 < 1.

Thus, the contribution of this term to (6-26) is acceptable.
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We now turn to (6-28), which includes the commutator [a, U]. We regard this term as a bilinear
operator T'(a, P-gn,u2) with symbol given by

10w ) Jrerve —ven ()

L U®GT%) [ E ][ & )}
‘{ 2V<s><sz>(|sz|<s>+|$|<sz>>[l ¢(20N0)]¢(4N0 £1.

where ¢ denotes the standard Littlewood—Paley multiplier. Observing that the multiplier inside the braces

is amenable to Lemma 2.3, we may estimate

16-28)[1 1211 < [IVall 32 [ P>gnouzlipa Sno IV P<nouzll 2 1 P<nou2lips [Vuallpz.

In view of (6-5), the contribution of this term to (6-26) is acceptable.
Finally, we consider (6-29). Using (1-11), we find
. - g U N ~—— _itg U
ide(aPosnyd. e To0) = (U@Psn,0). 7 g) 4 (aPoghy Nu (). e H S20)
2H 2H
- g U .. - _ig U
+ <[a, H]P-gn,U,e 1 ﬁ<p> + l<aP>8N0v, e !t ﬁ(p>.

By the fundamental theorem of calculus, we may thus estimate the contribution of (6-29) to (6-26) as

i .
/ (UaPss,0). e *H p)| ds
t

1

. 2 - .
< sup |(a Pogn, 0, e (V) 29| +/ (@ P=gng No(u), e 7 (V) "2g)| ds
t

[ 2431 1
%)

2 . .
+ / (V)2 (la, H]P>gny D). e o) ds + / (@ Psso 0. e 75 (V) 20| ds. (6-30)
t

1 11

To estimate the terms on the right-hand side of (6-30), we note that in view of (6-5),

IVa@)ll 32010 + laOlLznzee + IV0ONL2 + 10@) 2008 Sno 1 (6-31)
uniformly for ¢t € R. Using this, Holder, and (2-3), we estimate the first term on the right-hand side of
(6-30) as

= —itH ;o\ —2 —itH pg\—2 -1
sup [{aP>sng 0, e V) 20)| < llallpeo 3 0]l peo 3 sup le™ (VY 20l 3 Sp.n 111172
1>t t Hx X s X

Thus, the contribution of this term to (6-26) is acceptable.
Next we consider the second term on the right-hand side of (6-30). By Hélder and (2-3),

15 . 1
/ [(aPsng Ny (). e 7 (V) 20)| ds < 1172 aPosng No () | oo 1
3]

Note that

5
Ny(u) =) UDWF) +0@").

k=2
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To estimate the contribution of the quadratic terms in Ny (u), we use Bernstein, (6-5), and (6-31):
aP-sno[UBW) + 0] ooy Sho lall e 2 IVOW)] ooy 32
<N ”a”Lg’oLi ||V”||L;>°L§ ||u||L§’°L§ Sap 1
Similarly, we can estimate the cubic terms in N, (u) via
JaP-sno[UB@2) + 80| oo 1 S8 Nall oo 161 VOO s
<N ”a”L?"L?C ||Vu||L;>°L§C ”u”i}x’Lg Sap 1
We estimate the quartic and quintic terms in Ny (1) using Holder, (6-5), and (6-31):

1’

A

JaP-sno [V + B | oo 1 < lall o3 1l

JaP-sno [V + )] | oo 1 < lall o Il o

A

1.

Putting everything together, we see that the contribution of the second term on the right-hand side of
(6-30) to (6-26) is acceptable.
We now turn to the third term on the right-hand side of (6-30). By Holder and (2-3),

/t ’ |<(V>_2([a, H]P>8NOI_)), e_iSH(pH ds S¢ |1 |_% H (V)_z([a, H]P>3Nol_)) HL;’OL}&“ 1.

We regard the term on the right-hand side above as a bilinear operator 7'(a, v) with symbol given by

HE) = HE) [ & 0\
GE ¢(4No)[l‘¢(m)]""@1’52)'5“

where

Oy EPHIEPE428) (& Va2
82 = =T (6 e + EIED ¢(4N0)[1 ¢(8N0)]

is a bounded bilinear multiplier in view of Lemma 2.3. Using also (6-31), we get
1{V) > (la. H]P>gn,?) HL;wL)lczm SIVallpeop32llvlipeers <o 1.

Thus, the contribution of the third term on the right-hand side of (6-30) to (6-26) is acceptable.
We now turn to the fourth and last term on the right-hand side of (6-30). By Hoélder, (2-3), and
Bernstein,

1%} . 1
(@ Pssnyt. e SH (V) 20)| ds <y [t1]7 2|l oo p2 | P>snpvll oo 2
t t X t X
1

_1 .
Sw,No |tl| 2 ||P§N0M2||L<;°L§C ||”2||L‘;°L2 ||VU||L<;°L§C~
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In view of (6-5) and (6-31), we need only bound Py, in L?OL?C. To this end, we use (1-6), Bernstein,
and (6-5):
5

IP<notizll oo 3 S 1P<no 2y = Mt llpeors + D I P<ng@@ )l poor 3
k=2

5
k
SNo lutllpgors + D Nl oo o So 1

k=2
Thus, the contribution of the fourth term on the right-hand side of (6-30) to (6-26) is acceptable. This
completes the justification of (6-26) and so the proof of Proposition 6.2. O

7. Proof of Theorem 1.4

In this section we prove Theorem 1.4 and Corollary 1.7. We recall the norm
1
el o= sup £ (@)l 15 oy
t>T

The proof of Theorem 1.4 will be effected by running a contraction mapping argument simultaneously
for u and z = M(u). The necessity of exploiting the normal form transformation can be seen when one
endeavors to estimate the quadratic terms appearing in the nonlinearity.

Proof of Theorem 1.4.. We define maps
[@1(u, 2)](1) = V7' z(0) =y (V)2 u(0) P,

[@,w)](1) = e ™M Vuy +i / T it Nz (u(s)) ds,
t

where N; is as in (5-5).

We will show that the map (u,z) — ®(u,z) := (P1(u, z), P2(u)) is a contraction on a suitable
complete metric space, and so deduce that ® has a unique fixed point (u, z) in this space, which then
necessarily solves (5-4)—(5-5).

For 0 <n<1and T > 1 to be determined below, we define

B, = {” : ”u”L?C’(HrlalJriHrial) = 4||u+”Héa1+iHria1’ lullx, < 47)}»

and
— . . -1
By = {Z . ”Z”L?OH; = 2”u+”Hrlal+iHéa1’ V™ zllx, < 27]},

where here and in what follows all space-time norms are taken over (7, 00) x R3 unless stated otherwise.
We define B = B x B and equip B with the metric

d((u,2), (@, 2)) = lu =alx, + 81V (z = Dllxy-
We first show that @ : B — B. By Sobolev embedding, for (v,z) € Bandt >T > 1,

[ 2@ P gy + [V 2P s < @ P a2 < w5 < 0P
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Thus choosing T = T (|Ju+ ||H1 HL ) large enough, we have

[ @10 IO g1 i WV 2Ol g o + Y[V | gy <2020 20 g1

real

Similarly,
1
[1®100. 1O | 13 < 1V 20| s + ¥ [(9) 2@ | 15 < e 3,

provided 7 is chosen small enough. Thus ®; : B — Bj.
We next show that &, : B; — B,. We first estimate N (u), which satisfies

U_UQW):®w2+u3+u5+f)+U_%§%.@Wvuy+U@W3+u4+uﬁ,
We estimate the quadratic terms at fixed time ¢t > T > 1, as
[0 + U™ G- 06v] 0],y S I, S

Similarly, for k € {2, 3, 4} we have
[[26*) + UG ] @) ] 132

S O3 @) 1.5

1—1 _k+1 k+1 _k+1 1
SNVIFu@I] 3 @l grs S 72l <02 g

Combining the above, we deduce that
4
||U_1Nz(u(t))||H1,3/z < Z t_%nkﬂ uniformly for ¢ > T > 1.

To continue, we use Strichartz and (7-3) to estimate

”(D2(”)||L;>°H1 = ||V“+||L°°H1 +C||Nz(”)||L4/3H1=3/2

< lutllg 4 +C Z ©

k=1

real I-HH

provided T = T (Jlu+|| H 4 Hrleal) is chosen sufficiently large.

(7-1)

(7-2)

(7-3)

We turn to estimating V=1 ®, (u) in the X -norm for u € B;. By hypothesis, the dispersive estimate

(2-3), and (7-3), for t > T > 1 we have

. (XD .
IV @201 | gra < IV e HVuy || s+ ”/ vV ie T COHEN, (u(s))] ds
X X t

<nt7T 4 / OOHe—iU—S)H U™ Nz ()] 1.5 ds

fnt_i—l—C/ |t —s|~ Zs = k+1ds<nt 2+CZI 277 L<opr2,

k=1
provided 7 is chosen sufficiently small. This cornpletes the proof that ® : B — B.

1
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We next claim that ® is a contraction with respect to the metric defined above. First, for (u, z), (ii,Z) € B,
we estimate

|@1(u,2) = @1, 2) [y, < IV =D)lxy + v [(V)2(ul® = 1a)]
< Lld((u,z),(@,2)+C sup 2 e+ ) () =) 0] 32
< Yd((u.2). (1.2)) + CnT 72 |u —iillx,
< 2d((u,2), (@, 2)),

provided 7 is sufficiently small.
By (2-3), fort > T > 1 we estimate

[v- ld>z(u>—<bz(u>l<t)|\Hw<H f “Hie " COH N, (u(s)) — N2 (i(s))]) ds

H;.3
< /, 6 =57 U [Nz (u(5)) = Nz ()] | 1.3/2 ds.

Writing w to indicate that either u or & may appear, we have
-1y

(V)2

We estimate the contribution of the quadratic terms via

o0 1
[ 1 =57
t

U™ [Nz (w)— Nz(u>]—2®[wk(u i+ o)

k=1

Ju—u)Vw +wV(u— u)]—i—UZ@[wk(u u)].
k=2

-1

Blw(u —a)](s) + U—ZV Jw—u)Vw + wV(u —u)](s)

) ds

H;’3/2

. &0 1 _1 .
§||w||XT||u—M||Xr/ |t —s|72s 7 ds <t 2nllu—i|x, .
t

Arguing as in (7-2), we obtain

00 4
f =572 | Y @w* u —)](s) + UBwX (u — )] (s) ds
! k=2

H;.3/2

- k . & = R .
< lwlly, llv —ullx, [t—s|72s7 2 ds St72n" lu—x,.
t

>~

Thus for 5 sufficiently small we get

8 VH@2(u) — D2(@)]| . < 3d((u. 2), (@, 7).

This completes the proof that ® is a contraction on B. Hence there exists a unique (u,z) € B such
that ®(u, z) = (u, z). In particular z = M(u) and (u, z) solves (5-4)—(5-5) on (T, o0) x R3. We note that
by construction we have u; € H! and u € L3 N LS. In particular, ¢(u) = |u|?* + 2u; € L2 and hence
u(t)e&fort>T.
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For y € [% 1), Theorem 3.3 guarantees that the solution u can be extended (in a unique way) to be
global in time. For y € (0, ), global existence follows from [Killip et al. 2012, Theorem 1.3], while
uniqueness in the energy space follows from Theorem 3.3 (see also Remark 3.4).

Next we show that (1-25) holds; indeed, we prove the stronger claim (1-26). We first note that Strichartz
combined with (7-3) gives

I

_ —itH < 4
20— e H Vuy ) <173,

which in turn implies

[Vvlz) - vl vy HH‘,1+iH‘ St

real

As z = M(u), for t > T we have

V=20 = gy, ST OP |y S (@ P] 32 <07 el -
Therefore, by the triangle inequality we may conclude that

Ju) = V=le Va1 <1

1 +iH]

real

By the arguments presented so far, it is clear that u is the unique solution in Bj that obeys (1-25). This

is slightly weaker than is claimed in Theorem 1.4, which places no restrictions on the Hr}?al + il:lréal—norm

of alternate solutions v (), nor any restriction on the value of 7" for which [|v|x, < 4n; however, any
solution v(¢) obeying (1-25) must have
Il Lo ooyt iy = s lmy 1iny,

for some T large enough. Thus the equality of v(¢) and u(¢) follows from the contraction mapping
argument above with 7" large enough combined with uniqueness in the energy space. O

Finally, we prove Corollary 1.7.

Proof of Corollary 1.7. The proof consists of showing that smallness of the weighted norms implies the
smallness condition (1-24). In view of (2-4), it suffices to show

. 1 : _ _1
e ™ u i gis Slel72n and e U Reur | g5 S e 720,
By the dispersive estimate (2-3) and Holder,
+itH 1 1 1

le* s S 2Vl a2 S 172 ()25 (V) | 2

and
; Ly .5
le*" U Reu | ;15 S1E[72|UTS(V)Reuy |, 3.
X X

Using Holder and Sobolev embedding, we obtain
_s 1
IVUTe Reu || 32 S I{V)urll a2 5 1) 2 (Vg | 2.

1U™8 Reuy lpa2 5| IVI3U =8 Reu |57 < (x)3T (V)8 Reuy Iz 0
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MAGNETIC WELLS IN DIMENSION THREE

BERNARD HELFFER, YURI KORDYUKOV, NICOLAS RAYMOND AND SAN VU NGOC

This paper deals with semiclassical asymptotics of the three-dimensional magnetic Laplacian in the
presence of magnetic confinement. Using generic assumptions on the geometry of the confinement, we
exhibit three semiclassical scales and their corresponding effective quantum Hamiltonians, by means of
three microlocal normal forms a la Birkhoff. As a consequence, when the magnetic field admits a unique
and nondegenerate minimum, we are able to reduce the spectral analysis of the low-lying eigenvalues to a
one-dimensional A-pseudodifferential operator whose Weyl’s symbol admits an asymptotic expansion in
powers of A2

1. Introduction

1A. Motivation and context. The analysis of the magnetic Laplacian (—i AV — A)? in the semiclassical
limit # — 0 has been the object of many developments in the last twenty years. The existence of the
discrete spectrum for this operator, together with the analysis of the eigenvalues, is related to the notion
of a “magnetic bottle”, or quantum confinement by a pure magnetic field, and has important applications
in physics. Moreover, motivated by investigations of the third critical field in Ginzburg—Landau theory
for superconductivity, there has been great attention focused on estimates of the lowest eigenvalue. In the
last decade, it appears that the spectral analysis of the magnetic Laplacian has acquired a life of its own.
For a story and discussions about the subject, the reader is referred to the recent reviews [Fournais and
Helffer 2010; Helffer and Kordyukov 2014; Raymond 2016].

In contrast to the wealth of studies exploring the semiclassical approximations of the Schrodinger
operator —h2A + V, the classical picture associated with the Hamiltonian || p — A (¢g)||* has almost never
been investigated to describe the semiclassical bound states (i.e., the eigenfunctions of low energy) of
the magnetic Laplacian. The paper [Raymond and Vi Ngoc 2015] is to our knowledge the first rigorous
work in this direction. In that paper, which deals with the two-dimensional case, the notion of magnetic
drift, well known to physicists, is cast in a symplectic framework, and using a semiclassical Birkhoff
normal form (see, for instance, [Vl Ngoc 2006; 2009; Charles and Vi Ngoc 2008]) it becomes possible
to describe all the eigenvalues of order O(#). Independently, the asymptotic expansion of a smaller set of
eigenvalues was established in [Helffer and Kordyukov 2011; 2015] through different methods which act
directly on the quantum side: explicit unitary transforms and a Grushin-like reduction are used to reduce
the two-dimensional operator to an effective one-dimensional operator.

MSC2010: primary 81Q20, 35P15; secondary 37G05, 70H15.
Keywords: magnetic fields, Birkhoff normal forms, microlocal analysis.
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The three-dimensional case happens to be much harder. The only known results in this case that provide
a full asymptotic expansion of a given eigenvalue concern toy models where the confinement is obtained
by a boundary carrying a Neumann condition on a half-space [Raymond 2012] or on a wedge in [Popoff
and Raymond 2013]. In the case of smooth confinement without boundary, a construction of quasimodes
by Helffer and Kordyukov [2013] suggests what the expansions of the low-lying eigenvalues could be.
But, as was expected by Colin de Verdiere [1996] in his list of open questions, extending the symplectic
and microlocal techniques to the three-dimensional case contains an intrinsic difficulty in the fact that the
symplectic form cannot be nondegenerate on the characteristic hypersurface. The goal of our paper is to
answer this question by fully carrying out this strategy. After averaging the cyclotron motion, the effect
of the degeneracy of the symplectic form can be observed on the fact that the reduced operator is only
partially elliptic. Hence, the key ingredient will be a separation of scales via the introduction of a new
semiclassical parameter for only one part of the variables. These semiclassical scales are reminiscent of
the three scales that have been exhibited in the classical picture in the large field limit; see [Benettin and
Sempio 1994; Cheverry 2015]. They are also related to the Born—-Oppenheimer-type of approximation
in quantum mechanics (see, for instance, [Born and Oppenheimer 1927; Martinez 2007]). In fact, in a
partially semiclassical context and under generic assumptions, a full asymptotic expansion of the first
magnetic eigenvalues (and the corresponding WKB expansions) has been recently established in any
dimension in the paper by Bonnaillie-Noél, Hérau and Raymond [Bonnaillie-Noél et al. 2016].

1B. Magnetic geometry. Let us now describe the geometry of the problem. The configuration space is
R® = {q1e1 +q2e2 +q3e3 | q; €R, j =1,2,3},
where (e;);=1,2,3 is the canonical basis of R3. The phase space is
R® ={(¢, p) € R xR%}
and we endow it with the canonical 2-form
wo =dp1 Adg1 +dp2 Adgr +dp3 Adgs. (1-1)

We will use the standard Euclidean scalar product (-, -) on R3 and || - ||, the associated norm. In particular,
Wwe can rewrite wq as

wo((u1,u2), (V1,v2)) = (v1,u2) — (v2,u1)  Vur,uz,v1,v2 € R
The main object of this paper is the magnetic Hamiltonian, defined for all (¢, p) € R® by
H(q.p)=lp—A@I* (1-2)

where A € C®(R3, R3).
Let us now introduce the magnetic field. The vector field A = (A1, Aa, A3) is associated (via the
Euclidean structure) with the 1-form

a = A1dq + Axdgs + Azdgs
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and its exterior derivative is a 2-form, called the magnetic 2-form and expressed as
do = (0142 — 9241)dq1 Adg2 + (9143 —93A41)dg1 Adg3 + (0243 — 93A42)dg2 Adgs.
The form do may be identified with a vector field. If we let
B =VxA = (0243—03A43, 03410143, 01A2—0241) = (B1, B2, B3),

then we can write

da = Bizdg; Adga — Bodgy Adgs + Bidga Adgs. (1-3)

The vector field B is called the magnetic field. Notice that we can express the 2-form do thanks to the
magnetic matrix

0 B3z —B;
Mp=|—-Bs 0 B
B, -B; 0
Indeed we have
da(U, V)= (U MgV)=(U,VxB)=[UV,B] YUV)eR}xR (1-4)
where [ -, -, -] is the canonical mixed product on R3. We note that B belongs to the kernels of Mp and da.

An important role will be played by the characteristic hypersurface
¥ = H Y0),
which is the submanifold defined by the parametrization
R*5 ¢ j(q):=(q.A(g)) € R’ xR>.
We may notice the relation between X, the symplectic structure and the magnetic field given by
J¥wo = da, (1-5)
where do is defined in (1-3).

1C. Confinement assumptions and discrete spectrum. This paper is devoted to the semiclassical analy-
sis of the discrete spectrum of the magnetic Laplacian Lj 4 :=(—ihV4—A (9))?, which is the semiclassical
Weyl quantization of H (see (2-1)). This means that we will consider that % belongs to (0, Ag) with %g
small enough.

If £ is a self-adjoint operator, we denote its spectrum by s(£). The discrete spectrum of £ consists of
the isolated eigenvalues with finite multiplicity. The essential spectrum is by definition the complement
in s(L) of the discrete spectrum and is denoted by sess(£). It is empty when £ has compact resolvent.

It is known (see, for example, [Avron et al. 1978]) that L3 4 is essentially self-adjoint and we always
consider with the same notation its self-adjoint extension.
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Let us recall the assumptions under which the discrete spectrum actually exists. In two dimensions,
with a nonvanishing magnetic field, a standard estimate (see [Avron et al. 1978; Cycon et al. 1987]) gives

[ 1B@I@ dg < (Caau 1) Vue G @). (1-6)

This implies that, as B(g) — +0o0, the magnetic Laplacian has compact resolvent. Except in special
cases when some components of the magnetic field have constant sign, this doesn’t hold anymore in
higher dimensions (see [Dufresnoy 1983]). One can give examples where | B(q)| — +oo and the operator
doesn’t have a compact resolvent. We should impose a control of the oscillations of B at infinity. Under
this condition, we get an estimate similar to (1-6) at the price of a small loss. When there exists a constant
C > 0 such that

IVB(g)| < C(1+b(q) YqeR, (1-7)

and b(q) := || B (g)|| tends to 400, one can show again that the magnetic Laplacian has compact resolvent
[Helffer and Mohamed 1996].

In the semiclassical context, we would like to consider the case of R? and, in addition to (1-7), a
confining assumption which allows the presence of the essential spectrum above a certain threshold. More
precisely:

Assumption 1.1. We assume that (1-7) holds and

b(q) = bo := inf b(g) > 0. (1-8)
geRrR3

Under Assumption 1.1, it is proven in [Helffer and Mohamed 1996, Theorem 3.1] that there exist
ho > 0 and Cp > 0 such that, for all # € (0, hyp),

n(1=Cond) [ b@ln@Pdg < (Cpauln) VuecF®), (19)

In this case, if we do not assume that h(q) — +00, the spectrum is not necessarily discrete, but using
this inequality and Persson’s theorem [1960], we obtain that the bottom of the essential spectrum is
asymptotically above Ab;, where

b1 := liminf b(g).
lg|—+o0

More precisely, under Assumption 1.1, there exist #g > 0 and Co > 0 such that, for all % € (0, k),
1
Sess(L,a) C [Ab1(1— Coh#), +00). (1-10)

Assumption 1.2. We assume that
0<bg<by. (1-11)

Moreover, we will assume that there exists a point gg € R3 and & > 0, ,30 € (bg, by) such that

{b(q) < Po} C D(qo.e). (1-12)
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where D(qo, €) is the Euclidean ball centered at g¢ and of radius ¢. For the rest of the article we let
Bo € (bg, Bo). Without loss of generality, we can assume that go = 0 and that A (0) = 0 (which can be
obtained with a change of gauge).

Note that Assumption 1.2 implies that the minimal value of b is attained inside D(qo, €).

Throughout this paper, we will strengthen the assumptions on the nature of the point go. At some stage
of our investigation, go will be the unique minimum of ». Note in particular that (1-12) is satisfied as
soon as b admits a unique and nondegenerate minimum.

1D. Informal description of the results. Let us now informally walk through the main results of this
paper. We will assume (as precisely formulated in (1-11)—(1-12)) that the magnetic field does not vanish
and is confining.

Of course, for eigenvalues of order O (%), the corresponding eigenfunctions are microlocalized in the
semiclassical sense near the characteristic manifold X (see, for instance, [Robert 1987; Zworski 2012]).
Moreover, the confinement assumption implies that the eigenfunctions of £, 4 associated with eigenvalues
less than Bo# enjoy localization estimates & la Agmon. Therefore we will be reduced to investigating the
magnetic geometry locally in space near a point g9 = 0 € R3 belonging to the confinement region and
which, for notational simplicity, we may assume to be the origin.

Then, in a neighborhood of (0, A (0)) € X, there exist symplectic coordinates (x1, &1, x2, &2, x3,&3)
such that ¥ = {x; = & = £ = 0} and (0, A(0)) has coordinates 0 € R®. Hence ¥ is parametrized by

(x2, €2, x3).
1D1. First Birkhoff form. In these coordinates suited for the magnetic geometry, it is possible to perform

a semiclassical Birkhoff normal form and microlocally unitarily conjugate £; 4 to a first normal form
Ny, = Op}’ (Ny,) with an operator-valued symbol N, depending on (x2, &2, x3, £3) in the form

Ny = £5 +b(x2, 62, X3)T5, + f*(h, Ty, X2, £2, X3, £3) + O(| T4, |£3]%),

where 7, = h2 D2 L+ x% is the first encountered harmonic oscillator and where (%, I, x2, &>, x3,£3) —
fH(h. 1, x2, 62, x3, §3) satisfies, for I € (0, Io),

* 3 3
|f*(h 1. x2.62. x3.63)| < C(I |2 + &3> + 72).

Since we wish to describe the spectrum in a spectral window containing at least the lowest eigenvalues,
we are led to replace Z by its lowest eigenvalue % and thus, we are reduced to the two-dimensional
pseudodifferential operator NfEl] = Opy’ (N;EI]), where

N;El] =3 +b(x2, &2, x3)h + ¥ (h, b, X2, E2, X3, E3) + OB, |£3]%).

1D2. Second Birkhoff form. If we want to continue the normalization, we shall assume a new nondegen-
eracy condition (the first one was the positivity of b).

Now we assume that, for any (x5, &) in a neighborhood of (0, 0), the function x3 — b(x3, &2, x3)
admits a unique and nondegenerate minimum denoted by s(x2, £2). Then, by using a new symplectic
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transformation in order to center the analysis at the partial minimum s (x5, £>), we get a new operator A/ E]
whose Weyl symbol is in the form
N =02 (x2, £) (3 + 1x2) + hb(x2, 2, 5(x2, £2)) + remainders,
with
1

v(x2.62) = (393b(x2. &2, 5(x2. £2))) * (1-13)
and where the remainders have been properly normalized to be at least formal perturbations of the second
harmonic oscillator §32 + hx% . Since the frequency of this oscillator is 7% in the classical picture, we
are naturally led to introduce the new semiclassical parameter

h=h?

and the new impulsion

so that
Opy (€5 + hx3) = h> Op}! (€5 + x3).

We therefore get the 4-symbol of %1]’
NI = R202(x2, hE2)(E3 + x3) + h2b(x2, hEa, 5(x2, hE2)) + remainders.

We can again perform a Birkhoff analysis in the space of formal series given by & = . [[x3, &3, h]}, where
Z is a space of symbols in the form c(h, x2, h&>). We get the new operator M, = Op;’ (M), with

My = h2b(x2, hEa, s(x2, hE2)) + W2 J), OpY v2(x2, hEr) + h2g* (h, Th, X2, hE2) + remainders,

where Jj, = Op}/ (§§ + x%) and g*(h, J, x2, &) is of order three with respect to (J%, h%). Motivated
again by the perspective of describing the low-lying eigenvalues, we replace J3 by h and rewrite the
symbol with the old semiclassical parameter % to get the operator M E] = Op; (ME]) = Op;’ (M;EI]),
with

MY = hb (2, 62, 5(x2, £2)) + 1302 (2, 62) + hig* (B3 1, 2, £) + remainders.  (1-14)

1D3. Third Birkhoff form. The last generic assumption is the uniqueness and nondegeneracy of the
minimum of the new “principal” symbol

(x2,82) = b(x2,62,5(x2,62))

that implies that b admits a unique and nondegenerate minimum at (0, 0,0). Up to an h%—dependent
translation in the phase space and a rotation, we are essentially reduced to a standard Birkhoff normal
form with respect to the third harmonic oscillator Kz = th)zcz + x% .

Note that all our normal forms may be used to describe the classical dynamics of a charged particle in
a confining magnetic field (see Figure 1).
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Figure 1. The dashed line represents the integral curve of the confining magnetic field
B = curlA through go = (0.5,0.6,0.7) for B(x, y,z) = (3, 32. v/1 + x2) and the full
line represents the projection in the g-space of the Hamiltonian trajectory with initial
condition (qo, po) (With pg = (—0.6,0.01,0.2)) ending at (g1, p1). The motion is easier
to follow on a video: see http://tinyurl.com/3DMagneticFlow.

1D4. Microlocalization. Of course, at each step, we will have to provide accurate microlocal estimates
of the eigenfunctions of the different operators to get a good control of the different remainders. In a
first approximation, we will get localizations at the scales x1, &1, &3 ~ 8 (6 > 0 is small enough) and
X2, &2, x3 ~ 1. In a second approximation, we will get x3, §3 ~ #%. In the final step, we will refine the
localization by x,, £ ~ H°.

1E. A semiclassical eigenvalue estimate. Let us already state one of the consequences of our investiga-
tion. It will follow from the third normal form that we have a complete description of the spectrum below
the threshold bo# + 3v2(0, O)h%. This description is reminiscent of the results a la Bohr—Sommerfeld of
[Helffer and Robert 1984; Helffer and Sjostrand 1989, Appendix B] (see also [Helffer and Kordyukov
2015, Remark 1.4]) obtained in the case of one-dimensional semiclassical operators.

Theorem 1.3. Assume that b admits a unique and nondegenerate minimum at qq. Define

5o Hessg,b (B (q0), B(q0)) o det Hessg, b
2b3 ’ Hessgob (B (qo). B(q0))

(1-15)
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There exists a function k* € Cg° (R?) with arbitrarily small compact support, and
k*(h2, Z) = O((h +Z])?)

when (h, Z) — (0, 0), such that the following holds:
Forall ¢ € (0, 3), the spectrum of Ly, 4 below boh+co 2h3 coincides modulo O(Ah%) with the spectrum
of the operator Fy, acting on L?(Ry) given by

Fy = boh +0%h% _%hz +h(%9’6h +k*(h%,/C;,))’ K = th?zf + 22,

with some constant C.

Remark 1.4. The constant ¢ in Theorem 1.3 is given by the formula
¢ =[IVv2(0,0)[?,
where the function v is given in (1-13). Observe also that o = v#(0, 0).

Corollary 1.5. Under the hypothesis of Theorem 1.3, let (A, (h))m=1 be the nondecreasing sequence of
the eigenvalues of Ly, 4. For any ¢ € (0, 3), let

Npc := {m € N* | Ay (k) < hbo + co2h?}.

Then the cardinal of Ny, . is of order h_%, and there exist v1, Uy € R and hg > 0 such that

Am(h) =hbo+02h3 + |:«9(m - %}hz +ur(m—L)h3 vy (m—1)’H3 + 0h3)

uniformly for h € (0, o) and m € Ny, ..
In particular, the splitting between two consecutive eigenvalues satisfies

Ams1 () = A (h) = OK% + O(h3).

Proof. If the support of k* is small enough, the hypothesis k*(h%, Z)=0(h+|Z |)%) implies that,
when % is small enough,

(U 1) = K+ Sk (%K) = (1= 1)y,

for some small n > 0. Therefore, since the eigenvalues of K are (2m — 1)k, m € N*, the variational
principle implies that the number of eigenvalues of Kz +(2/6)k* (h% , K1) below a threshold Cy, belongs to

[ G 1( G
[E(h(l sl 1)’ E(ha 7 1)]

Taking C; = (2/0)(c — l)a%h% + (¢/6?)h, and applying the theorem, we obtain the estimate for the
cardinal of Ny .. The corresponding eigenvalues of L 4 are of the form

Am(h) = hbo + 0 2h2 — %hz +h[0(m—1)h+ k* (h2,2m — D]+ 0®™),
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with (2m — 1) < Cy /(1 — n). Therefore there exists a constant C >0, independent of #, such that all
m € Ny, . satisfy the inequality (2m —1)A < Chx. Writing

k*(h2, Z) = coh® + vih? (L1 Z) + e1h® + va(LZ2)” + ushZ + W2 O(h + | Z|)* + O(Z?),
we see that, for m € N, .,
k*(h, 2m — k) = vih3 (m— L) + vah®(m — 1)> + 0h3),
which gives the result. O

Remark 1.6. An upper bound of A, (#) for fixed #i-independent m with remainder in O (% %) was obtained
in [Helffer and Kordyukov 2013] through a quasimodes construction involving powers of A% To the
authors’ knowledge, Corollary 1.5 gives the most accurate description of magnetic eigenvalues in three
dimensions, in such a large spectral window. Note also that the nondegeneracy assumption on the norm
of B is not purely technical. Indeed, at the quantum level, it appears through microlocal reductions
matching with the splitting of the Hamiltonian dynamics into three scales: the cyclotron motion around
field lines, the center-guide oscillation along the field lines, and the oscillation within the space of field
lines.

1F. Organization of the paper. The paper is organized as follows. In Section 2, we state our main results.
Section 3 is devoted to the investigation of the first normal form (see Theorem 2.1 and Corollary 2.4). In
Section 4 we analyze the second normal form (see Theorems 2.8 and 2.11 and Corollaries 2.9 and 2.13).
Section 5 is devoted to the third normal form (see Theorem 2.15 and Corollary 2.16).

2. Statements of the main results

We recall (see [Dimassi and Sjostrand 1999, Chapter 7]) that a function m : RY — [0, 00) is an order
function if there exist constants Ng, Co > 0 such that

m(X) < Co(X —Y)YNom(Y)

forany X,Y € R4, The symbol class S(m) is the space of smooth %-dependent functions ay, : R? »C
such that, for all o € Nd,
|0%as(x)| < Cqm(x) Vhe(0,1].

Throughout this paper, we assume that the components of the vector potential A belong to a symbol
class S(m). Note that this implies that B € S(m), and conversely, if B € S(m), then there exist a
potential A and another order function m’ such that A € S(m’). Moreover, the magnetic Hamiltonian
H(x,£) = ||&§ — A(x)||? belongs to S(m") for an order function m” on R®.

We will work with the Weyl quantization; for a classical symbol aj = a(x, &; k) € S(m), it is defined as

1 .
O a() = g [ (R e vies@. @

The Weyl quantization of H is the magnetic Laplacian £, 4 = (—ihV — A)%
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2A. Normal forms and spectral reductions. Let us introduce our first Birkhoff normal form A

Theorem 2.1. If B(0) #£0, there exists a neighborhood of (0, A (0)) endowed with symplectic coordinates
(x1. 81, x2, 62, x3, £3) inwhich & = {x1 = & = & = 0} and (0, A(0)) has coordinates 0 € R®, and there
exist an associated unitary Fourier integral operator Uy and a smooth function f*(h, Z, x2, &2, x3, £3)
compactly supported with respect to Z and &3, whose Taylor series with respect to Z , &3, h is

S Y w463 2L

k=3 20+2m+B=k

such that
Uy Ly aUp = Nj + Ry, (2-2)
with
Ny = h>D3, +T;, 0p b+ Opy f*(h. Ty, x2. 62, x3.£3).
and where

(a) we have I, = h* DI + x{,

(b) the operator Opy’ f*(h, Iy, x2,62.x3,£3) has to be understood as the Weyl quantization of an
operator-valued symbol,

(c) the remainder Ry, is a pseudodifferential operator such that, in a neighborhood of the origin, the

Taylor series of its symbol with respect to (x1,&1,&3,h) is 0.

Remark 2.2. In Theorem 2.1, the direction of B considered as a vector field on X is d/dx3 and the function
b € C*(R®) stands for b oj&1 om, where 7 : R® — ¥ : mw(xq, €1, x2, €2, x3,83) = (0,0, x2, £2, x3,0).
In addition, note that the support of f* in Z and &3 may be chosen as small as we want.

Remark 2.3. In the context of Weyl’s asymptotics, a close version of this theorem appears in [Ivrii 1998,
Chapter 6].

In order to investigate the spectrum of £j; 4 near the low-lying energies, we introduce the pseudodif-
ferential operator

N =#2D2 4 hOpY b+OpY f*(h,h, x2,62, %3, £3),
obtained by replacing Z; by #.
Corollary 2.4. We introduce
Nf = Opp (N, (2-3)
with
N =8 +Tab(x2.£2.x3) + [ F (1. Ty, %2, 62, 33, 63),
and where b is a smooth extension of b away from D(0, ¢) such that (1-12) still holds and where

% = y(xa, &2, x3) f*, with y a smooth cutoff function that is 1 in a neighborhood of D(0, €). We also
define the operator attached to the first eigenvalue of T,

NG = opp (Vi) (2-4)

where N;EI]’ﬂ = §32 + hb(x2,E2, x3) + [ (h b, X2, 2, X3, E3).
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If & and the support of * are small enough, then we have:
(a) The spectra of Ly, 4 and ./\/;31i below Boh coincide modulo O(h®°).
(b) Forall ¢ € (0,min(3bg, Bo)), the spectra of Ly, 4 and N,El]’ﬁ below ch coincide modulo O(h®°).

Let us now state our results concerning the normal form of N;EI] (or N;EIM) under the following
assumption.

Notation 2.5. If f = f(z) is a differentiable function, we denote by 77 f(-) its tangent map at the
point z. Moreover, if f is twice differentiable, the second derivative of f is denoted by 7.2 f(-,).

Assumption 2.6. We assume that Tozb(B (0), B(0)) > 0.

Remark 2.7. If the function b admits a unique and positive minimum at 0 and it is nondegenerate, then
Assumption 2.6 is satisfied.

Under Assumption 2.6, we have d35(0,0,0)=0 and, in the coordinates (x2, £2, x3) given in Theorem 2.1,
335(0,0,0) > 0. (2-5)

It follows from (2-5) and the implicit function theorem that, for small x;, there exists a smooth function
(x2,&2) > s(x2, &), with s(0,0) = 0, such that

03D(x2,62,5(x2,82)) = 0. (2-6)

The point s(x2, &) is the unique (in a neighborhood of (0, 0, 0)) minimum of x3 — b(x3, &, x3). We
define ]

v(x2. &) 1= (303b(x2. &2.5(x2. £2)))*.
Theorem 2.8. Under Assumption 2.6, there exist a neighborhood Vg of 0 and a Fourier integral operator
Vi which is microlocally unitary near Vo and such that

Vi Ng v = A = opp (v,
where N%l] =12 (x3, 52)(53? + hx%) + hb(x2,&2,58(x2,82)) + ry and ry, is a semiclassical symbol such
that ry = O(hx3) + O(h£2) + O(&3) + O(h?).
Corollary 2.9. Let us introduce

1], 1],
N = opp (V).

where J_VE]’# = v2(x2. £2) (€3 + hx3) + hb(x2. &, 5(x2,62)) + zi, with ri = x(x2,82,x3,83)rs, and
where v denotes a smooth and constant (with a positive constant) extension of the function v.
There exists a constant ¢ > 0 such that, for any cut-off function y equal to 1 on D(0, ) with support in
D(0,2¢), we have:
(a) The spectra of N EM and N;EIM below (bo + ¢€?)h coincide modulo O(h*™).
(b) Forall ¢ € (0, min(3bg, bo +¢&2)), the spectra of Ly 4 and A/'gll]"i below ch coincide modulo O (h®°).
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Notation 2.10 (change of semiclassical parameter). We let 1 = Bz and, if Ay is a semiclassical symbol
on T*R2, admitting a semiclassical expansion in h%, we write

.Ah = Op;lu Ah = Opz) Ah = th,
with
An(x2,62,x3,§3) = Ap2(x2, hé2, x3, hE3).

Thus, Ay, and 2, represent the same operator when & = # %, but the former is viewed as an #-quantization
of the symbol Ay, while the latter is an h-pseudodifferential operator with symbol Aj;. Notice that,
if Az belongs to some class S(m), then Ay € S(m) as well. This is of course not true the other way
around.

Theorem 2.11. Under Assumption 2.6, there exists a unitary operator Wy, as well as a smooth function
g*(h, Z, x2, &), with compact support as small as we want with respect to Z and with compact support
in (x2,&2), whose Taylor series with respect to Z, h is

Y emulx2. £2)Z™hY
2m+2£=3
such that
Wy W, =2y, = Op (My),
with
My = h2b(x2, héa, 5(x2, ha)) + B> Ty O} v2(x2, héa) + h>g* (h, Th, X2, hE2) + h>Ry + h*™ S (1),
where

(a) the operator ’)_Tgll]’ﬂ is N E]’ﬂ (but written in the h-quantization),
(b) we have let J, = Opj, (§§ + x3),
(c) the function Ry, satisfies Ry (x2, h§2, X3, 53) = O((x3, 53)0").
Remark 2.12. Note that the support of g* with respect to Z may be chosen as small as we want. Note

also that we have used 9_1;11],11 instead of ‘ltgll]: since W}, is exactly unitary, we get a direct comparison of
the spectra.

Corollary 2.13. We introduce
9, = Op} (M},),

with

M}, = 12D (x2, ha, 5(x2, hE2)) + W2 T3v2 (x2, h2) + h2g* (h, Ty, X2, hE2).
We also define

o, 1 = opp (i),

with

MEPE = 12b(x, héa, s(x2, hE2)) + B3V (x2, hEs) + h2g* (h, h, x2, hE>).
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If € and the support of g* are small enough, we have:
(a) For all n > 0, the spectra of ‘)_?E]’ﬂ and smi below boh? 4+ O(h>1™) coincide modulo O(h™®).
(b) Forc € (0, 3), the spectra ofmi and imE:m below boh? + ca2h3 coincide modulo O(h®°).
(c) Ifc €(0,3), the spectra of Ly, 4 and Mgll]’# = S)JTE]’tt below boh + co2h? coincide modulo O(h).

Finally, we can perform a last Birkhoff normal form for the operator Mgll]’ﬁ as soon as (xz, &) —
b(x2,&,5(x2,&2)) admits a unique and nondegenerate minimum at (0, 0). Under this additional assump-
tion, b admits a unique and nondegenerate minimum at (0, 0, 0).

Therefore we will use the following stronger assumption.

Assumption 2.14. The function b admits a unique and positive minimum at 0 and it is nondegenerate.

Theorem 2.15. Under Assumption 2.14, there exists a unitary h-Fourier integral operator Qy1/2 whose
. . . 1
phase admits an expansion in powers of h2 such that

Q;Zl/zMEs,l]’ﬂthﬂ = Fi + G,

where

(a) Fy is defined in Theorem 1.3,

(b) the remainder is in the form Gy, = Opy’ (Gy,), with Gy, = hO(|z2]*).
Corollary 2.16. If & and the support of k* are small enough, we have:

(a) Forallne (0, %), the spectra ij\/l%l]"i and Fy, below boh + O(h'T7) coincide modulo O(h*°).
(b) Forall c € (0,3), the spectra of Ly, 4 and F below boh + co2h? coincide modulo O(h™).
Remark 2.17. Since the spectral analysis of F is straightforward, Corollary 2.16(b) implies Theorem 1.3.

The next sections are devoted to the proofs of our main results.

—_— 1]
Ni ™ Corollary 2.4(0) . Vi \
23 he,
1\(\60‘6‘“ Tem 28 "
ﬁh,A M;,
change of
semiclassical
parameter
Theorem 1.3 m%l]

Theorem 2.11

Ao

The change of 2\
Orem 25 semiclassical Co@\\r‘g‘}
parameter [1]
mh

M < _
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3. First Birkhoff normal form

We assume that B (0) # 0 so that in some neighborhood €2 of 0 the magnetic field does not vanish. Up to
a rotation in R? (extended to a symplectic transformation in R®) we may assume that B (0) = || B(0)|es.
In this neighborhood, we may define the unit vector

B

and find vectors ¢ and d depending smoothly on ¢ such that (b, ¢, d) is a direct orthonormal basis.

3A. Symplectic coordinates.

3A1l. Straightening the magnetic vector field. Let € be a small neighborhood of 0 € R% We consider the
form do and we would like to find a diffeomorphism y, defined on €, such that x¥(da) = dg; Adqa,
where we use the notation y(§) = ¢. First, it is easy to find a local diffeomorphism ¢ such that

93¢(q) = b(9(q))

and ¢(g1,42,0) = (41, g2, 0). This is just the standard straightening lemma for the nonvanishing vector
field b.

The vector e3 is in the kernel of ¢*(da), which implies that we have ¢*(da) = f(§)dg1 A dga for
some smooth function f.

But since the form ¢*(da) is closed, f does not depend on §3. It is then easy to find another
diffeomorphism v, corresponding to the change of variables

4§ =v@) = (¥1(q1.42). ¥2(G1.42). G3).
such that
¥ (¢*(dar)) = dg1 Adgo.

We let y = ¢ oy and we notice that

x*(do) = dg1 AdGa,  03x(q) = b(x(q)). (3-2)
Remark 3.1. It follows from (3-2) and (1-4) that det Ty = || B ||~
3A2. Symplectic coordinates. Let us consider the new parametrization of ¥ given by

Q> 3,

g (x(@). Ai1(x(@)). A2(x(D)). A3(x(9))).

which gives a basis (f1, f2, f3) of TX,
fi=(Tx(ej), TAoTy(ej)), j=1.2.3.

Using (1-5), and the fact that f3 is in the kernel of da, we find wo(f;, f3) =0, j = 1,2. Finally,
wo(f1, f2) =da(Tyey, Tyez) = x*(da)(ey, ez) = 1.
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The following vectors of R x R3 form a basis of the symplectic orthogonal of Ty %:

1
fa=B]72(c. ("Ty@gA)e).

1 (3-3)
fs=BI72(d.('TygyA)d).

so that

wo(fa, f5) =—1.

We let f6 = (0,b) + p1 f1 + p2 f2, where p1 and p; are determined so that wo(f;, fs) =0 for j =1, 2.
We notice that wo(fj, f6) =0 for j =4,5 and wo( f3, f6) = —1.

3A3. Diagonalizing the Hessian. We recall that

H(g,p)=lp—-A@I?
so that, at a critical point p = A (g), the Hessian is
T?H((U, V1), (U2, V2)) = 2(Vi = T, A(Ur), V2 — T, A(U2)).

Let us notice that
T?H(fs. f5s)=2|B| " (B xc,Bxd) =0,

T?H(f4, fo) =2(B xc,b) =0,
T?H(fs, fo) =2(B xd,b) =0.

The Hessian, restricted to the symplectic orthogonal of 7)) X, is diagonal in the basis (f4, f5, f6)-
Moreover we have

T?H(fa, fa) = H(f5. f5) =2|B| 7' |1B xcl> =2|B| "B xd|>=2|B|.
Finally we have

T2H(fs. f6) = 2.

Now we consider the local diffeomorphism

(x.8) > 1(x2, 62, x3) + x1 fa(x2, 82, x3) + &1 f5(x2. 62, x3) + &3 f6(x2, &2, X3).

The Jacobian of this map is a symplectic matrix on . We may apply the Moser—Weinstein argument
(see [Weinstein 1971]) to make this map locally symplectic near ¥ modulo a change of variable which is
tangent to the identity.

Near %, in these new coordinates, the Hamiltonian H admits the expansion

H=H"+0(x: + & + &), (3-4)
where H denotes H in the coordinates (x1, X2, x3, &1, &2, £3), and with

H® =&+ b(x2.5.x3)(x] + 7). b =|B(x2.6.x3)|. (3-5)
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3B. Semiclassical Birkhoff normal form.

3B1. Birkhoff procedure in formal series. Let us consider the space &£ of formal power series in (x1,£1, €3, /)
with coefficients smoothly depending on X = (x3, &, x3):

5 = C)?;,EZ,X3 [[Xl ’ Sl ’ 535 h]]

We endow & with the semiclassical Moyal product (with respect to all variables (x1, x2, X3, £1, &2, £3))
denoted by * and the commutator of two series k1 and k» is defined as

[k1, k2] = K1 * ko2 — K2 % K7.

The degree of x| E‘lxzéghe = Z‘leghe isay + a2+ B +2¢ = |a| + B + 2£. The space of monomials of
degree N is denoted Dy, and Oy is the space of formal series with valuation at least N. For any 7,y € £,
we define ad; y = [z, y].

Proposition 3.2. Given y € Os, there exist formal power series t,k € O3 such that
pih " ade (HO+y)= HC +«,
with [k, |z1]*] = 0.
Proof. Let N = 1. Assume that we have, for ty € O3,
e iy (HO 4 y) = HO 4 K3+ -+ K41+ Ry12 + Oy,

with K; € D;, [K;,|z1]?] =0and Ry 12 € Dy 42.
Let t’ € Dy 5. Then we have

¢ ey 4 (HO 4 y) = HO+ Ks+---+ K1+ Knta + Oy 13,
with Ky 45 € Dy 45 such that
Knio=Rnisr+ihtady HO+Op s
Let us temporarily admit that (see Lemma 3.3 below)
inYady H® =in~'hady |z1|? + On 43.

We obtain
Kn+42 = Ryi2+bady |z1]%

which we rewrite as

Ryir=Kn42+ in~h adj; 2 U =Kyqo2+ b{|21|2, '},
Since b(¥) # 0, we deduce the existence of v’ and K 4, such that K, commutes with |zq|2. O
Lemma 3.3. For v’ € Dy 42, we have

invady HO =i 'bady |z1|> + Onys.
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Proof. We observe that
in~vady H® = in'ady €3 +in~ady (b(F)|21 7).

Let us write

U= Y agpi (RS R
lo|+B+21=N+2

Then, for the first term, we have

o ot’ dag gy .

e B =l )= 2y =2 Y RO T € O,
lo|+B+26=N+2

We also have

aot’ ab ot’ ab at’ ab
it Uady b(F)) =1/, b} + H20N = — TR IR O

.. 0b _
= > Ba(F)5—z%1z11%65 T ht + On 41 € Oy
| +B+26=N+2 0x3

Therefore, for the second term, we get
in ady (b(%)|211%) =ih™ (ade b(R)) |21 1% + 87 b(X) ady |21
=ih'b(%)ady 21> + On 13,
which completes the proof of the lemma. O

3B2. Quantizing the formal procedure. Let us now prove Theorem 2.1. Using (3-4) and applying the
Egorov theorem (see [Robert 1987; Zworski 2012] or Theorem A.2), we can find a unitary Fourier integral
operator Uy such that

ULy, 4Up = Coh + Opy (H®) + Op¥ (r4),

where the Taylor series (with respect to x1, &1, €3, ) of ry satisfies r{ =y € O3 and Cy is the value
at the origin of the subprincipal symbol of U;" Ly, 4 Uy. One can choose Uy, such that the subprincipal
symbol is preserved by conjugation,! which implies Co = 0. Applying Proposition 3.2, we obtain 7 and
in O3 such that

eih_lad’(H0+y) =HO +«,

with [k, |z1]?] = 0.
We can introduce a smooth symbol aj with compact support such that we have a ; =7 in a neighborhood
of the origin. By Proposition 3.2 and Theorem A.4, we obtain that the operator

¢! 0Pk (@n) (Op (H ) + OpY (ry))e ™" Opi (@)

IThis is sometimes called the improved Egorov theorem. It was first discovered by Weinstein [1975] in the homogeneous
setting. For the semiclassical case, see, for instance, [Helffer and Sjostrand 1989, Appendix A].
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is a pseudodifferential operator such that the formal Taylor series of its symbol is H® + k. In this
application of Theorem A.4, we have used the filtration O; defined in Section 3B1. Since k commutes
with |z1|% we can write it as a formal series in |z1]?:

k=Y Y e m(x2, 62, x3) |21 [2"EL .

k=3 20+2m+B=k

This formal series can be reordered by using monomials (|z1]?)*":

=3 det (b xa) (21 )L
k=3 2¢{+2m+pB=k

Thanks to the Borel lemma, we may find a smooth function f™*(#, I, x2, &2, x3, £3), with compact support
as small as we want with respect to #, I and &3, such that its Taylor series with respect to %, [, £3 is

Z Z hzce*,m(xz, 52,X3)1m§f-
k=3 20+2m+p=k
This achieves the proof of Theorem 2.1.
3C. Spectral reduction to the first normal form. This section is devoted to the proof of Corollary 2.4.
3C1. Numbers of eigenvalues.
Lemma 3.4. Under Assumption 1.2, there exists hg > 0 and g¢ > 0 such that, for all i € (0, ho), the

essential spectrum of /\/';li admits the lower bound

inf sess(NF) = (Bo + o).

Proof. By using the assumption, we may consider a smooth function y with compact support and g9 > 0
such that

E2 + b(x2, £2, x3) + x(x2, X3, £2, £3) = Bo + 2e0.

Then, given n € (0, 1) and estimating the second term in (2-3) by using that the support of f™* is chosen
small enough and the semiclassical Calderon—Vaillancourt theorem, we notice that, for # small enough,

Ni = (1=m) Opf (8 + |71 b (x2. &2, x3)). (3-6)
Since the essential spectrum is invariant by (relatively) compact perturbations, we have
5ess(J\/;t;t + (1 - Tl)h Opg] X(XZ, X3, 52’ 53)) = 5ess(-/\/£)-

Hence
inf sess (W) = infs(NF + (1 =) OpY x(x2, x3, £2, £3)).

In order to bound the right-hand side from below, we write
N;?'F(l—??)h Op}’ x(x2,x3,£2,€3) = (1—n)Op}’ (£3+]21 b (x2, £2, x3))+(1—=mhOp} x(x2,x3.62.63)

> h(1-n) OpY (E3+b(x2. €2, X3)+ 1 (x2.X3,£2.£3))
= h(1-n)(Bo+2e0—Ch),
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where we have used the semiclassical Garding inequality. Taking 1 and then # small enough, this
concludes the proof. O

By using the Hilbertian decomposition given by the Hermite functions (ex #)r>1 associated with Zj,
we notice that

§_ [k].4
Nh - @Nh ’
k=1
where
N,E"]’ﬁ = 12D + (2k — )h Op¥ b+ Op¥ f*¥(h, (2k — 1)h, x2. 62, X3.£3) (3-7)

acting on L2(R?).

Lemma 3.5. Forall n € (0, 1), there exist C > 0 and ho > 0 such that, for all k = 1 and h € (0, hg), we
have inf s(VFM) > (1 - 25)bo 2k — 1)

Proof. Applying (3-6) to ¥ (x1, x2, x3) = ¢(x2, X3)ek (x1), we infer that

WG 4) = 2k — 1)R(1 = 1) (OpY (b)g, ¢).

With the Garding inequality, we get

(Opy, (bY@, ¢) = (bo — Ch) g%,
and the conclusion follows by the min-max principle. O
We immediately deduce the following proposition.
Proposition 3.6. We have the following descriptions of the low-lying spectrum of J\/';li .

(a) There exist iy > 0 and K € N such that, for h € (0, hg), the spectrum Of/\/fit lying below Boh is

contained in the union Ule sp(N;Ek]’ﬁ).

(b) If ¢ € (0, min(3byg, Bo)), then there exists kg > 0 such that for all h € (0, hg) the eigenvalues 0]‘/\/}1i
lying below ch coincide with the eigenvalues of Nfgl]’ﬂ below ch.

Notation 3.7. If £ is a self-adjoint operator and E < infses(L), we denote by N(£, E) the number of
eigenvalues of £ lying in (—oo, E).

We deduce the following proposition.

Corollary 3.8. Under assumption (1-11), we have
_3 —
N(Lha,Boh) = O(h™3), NWE, Boh) = O(h72).

Proof. To get the first estimate, we use the Lieb—Thirring inequalities (which provide an upper bound
on the number of eigenvalues in dimension three) and the diamagnetic inequality (see [Raymond and
Vii Ngoc 2015] and (1-9)). To get the second estimate, we use the first point in Proposition 3.6. Moreover,
given n € (0, 1), by using # € (0, 1) we infer

(N;Ek]’ﬂlﬂ ¥) = (1 —n)h(OpY (€3 + b(x2, 2. x3)) ¥, V).
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Note that the last inequality is very rough. By the min-max principle, we deduce that

NV, Boh) < N(OpY (6 +b(x2. £2.x3)). (1=1) " Bo).
Then, we conclude by using the Weyl asymptotics and our confinement assumption:
N(Op}! (63 +b(x2.62.x3)). (1=n)' o) = O 2). O
Since /\/';ll1 commutes with 75, we also deduce the following corollary.

Corollary 3.9. For any eigenvalue A of N, 5 such that A < Boh, we may consider an orthonormal eigenbasis
of the space kel‘(./\/';? — A) formed with functions in the form ey 3 (x1)pn(x2,x3) with k € {1,..., K}.
Moreover, we have 1(_ oo gon)(N3) = O(h™?) and each eigenfunction associated with A < Boh is a linear

combination of at most O(h™?) such tensor products.

3C2. Microlocalization estimates. The following proposition follows from the same lines as in dimension
two (see [Helffer and Mohamed 1996, Theorem 2.1]).

Proposition 3.10. Under Assumptions 1.1 and 1.2, for any & > 0, there exist C(g) > 0 and ho(g) > 0 such
that, for any eigenpair (A, V) of Ly 4 with A < Bo h, we have for h € (0, ho(¢)),
_ 5 _1
/Rs U@y 2 dg < Cle) expleh™2) v/

_ 1 1
Q4 (1™OPDIAZ 4y < C(e) exp(eh™2) ||y |12,

where ¢ is the distance to the bounded set {|B(q)| < Bo} for the Agmon metric (||(B(q)| — Bo)+&,
with g the standard metric.

Proposition 3.11. Under Assumptions 1.1 and 1.2, we consider 0 < by < Bo < by and there exist C > 0
and ho > 0 such that, for any eigenpair (A, ) of Ly 4 with A < Boh, we have for h € (0, ho) and
5 (0.3).

¥ =10 L) @y + 0G|V,

where xo is a cutoff function compactly supported in the ball of center 0 and radius 1 and where x1 is a
compactly supported smooth cutoff function that is 1 in an open neighborhood of {||B(q)|l < Bo}-

Let us now investigate the microlocalization of the eigenfunctions of N, f .

Proposition 3.12. Let y be a smooth cutoff function that is 0 on {b < Bo} and 1 on the set {b = Bo + ¢}.
If A is an eigenvalue of /\/'g such that A < Boh and if  is an associated eigenfunction, then we have

Opj, (x(x2.62,x3))y = O(A™)||¥]|.

Proof. Due to Corollary 3.9, it is sufficient to prove the estimate for a function in the form ¥ (xy, x2, x3) =
ek n(x1)@(x2,x3), where k lies in {1, ..., K} and we have

Niy =2y, orequivalenty N[Eg =29,
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where we recall (3-7). Then, we write

k1, k],

and it follows that
(V2 Opg ()9, OB (¢} = 211 OpF (Oll” + (N5 . OpY (0. OpY (0)e):  (3-8)
Rough pseudodifferential estimates imply that there exist C > 0, &g > 0 such that, for all % € (0, %),
(V3. Opg ()l Opf ()9
< Ch2|Op¥ (0)¢| + Ch|OpY ()¢ | + Ch(OpY (33 1)¢. OPY (£3) OpY ()¢).  (3-9)

Combining (3-9) and (3-8), we get

|OpY (£3) OPY ()¢ | < CHZ |OPY ()¢ |- (3-10)

where y is a smooth cutoff function living on a slightly larger support than y. By using (3-10), we can
improve the commutator estimate

(VTR 0p2 ()le, O (1)9)| < Ch2 | O0pY (e |

We infer that, there exist C > 0, k¢ > 0 such that for % € (0, k),

(NVEFHE Op¥ (). Op (1)) < Bor|OBY ()¢ || > + C2 |Op¥ (e |
By using the semiclassical Garding inequality and the support of y, we get
WP Op (9. OpY (1)¢) = (Bo + £0) | OpY ()¢ |
and we deduce
[opy G0 ||* < etz |opy (e
The conclusion follows by a standard iteration argument. O
The following proposition is concerned with the microlocalization with respect to £3.

Proposition 3.13. Let yo be a smooth cutoff function that is O in a neighborhood of 0 and let § € (0, %)
If A is an eigenvalue of Nf such that A < Boh and if  is an associated eigenfunction, then we have

OpY (xo(h°E3))y = OH™) ||y |I.

Proof. We write again ¥/ (x1, X2, X3) = e #(x1)@(x2, x3) withk € {1, ..., K} and we have /\/,Ek]’#(p =Ag.
We use again the formula (3-8) with xo(A~%£3). We get the commutator estimate

(VLR OpY (o (B2 £3))]0, OPY (xo(h~*£3))0)| < Ch2 =4 OpY (xo(h P E3))0 >

We have
Opy ((h°£3)? x§(h°&3)) = Op¥i_s (E3 x5 (£3)).
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so that, with the Garding inequality,

(Op¥ (P E3)* 43 (W2 E3)) 0. 0) = (1 — CHI ) ||g )%
We infer
(528 (1— CR') — Bon) | OpY (xo(h P 3))0||> < CHE | OpY (xo(h 3 E3))0 | O

Using Opy’ f*(h, Ty, X2, 62, x3.£3) = Op}’ f(h,|z1|%, x2. &2, x3, £3), we deduce the following in the
same way.

Proposition 3.14. Let y1 be a smooth cutoff function that is 0 in a neighborhood of 0 and let § € (0, %)
If A is an eigenvalue of ./\/;31i such that A < Boh and if  is an associated eigenfunction, then we have

Op} (11 (= (x1.60))¥ = OG®) |y .
Proposition 3.15. The spectra of Ly, 4 and N}g below Boh coincide modulo O(h%°).
Proof. We refer to [Raymond and Vi Ngoc 2015, Section 4.3], which contains similar arguments. [

This proposition provides Corollary 2.4(a). With Proposition 3.6, we deduce point (b).

4. Second Birkhoff normal form

4A. Birkhoff analysis of the first level. This section is devoted to the proofs of Theorems 2.8 and 2.11.
The goal now is to normalize an %-pseudodifferential operator N,El] on R? whose Weyl symbol has the
form
N;EI] = £5 + hb(x2. &2, x3) + rj(x2. £2. X3, 3),
where ry is a classical symbol with the asymptotic expansion
rn=ro+hr +h%r 4

(in the symbol class topology), where each r; has a formal expansion in &3 of the form

re(x2,62,x3,63) ~ Z Ce,ﬂ(xz,gz,xa)éf- (4-1)

2(+p=3
The leading terms of N;EI] are

N;EI] = E2 4+ hb(x2. &2, x3) + ¢1.1(x2, E2, X3)hE3 + O(hE2) + O(E3) + O(h?). 4-2)
4A1.A First lzormalization of the symbol. We consider the local change of variables ¢(x2, &2, x3,£3) =
(%2, &2, X3,&3), where

X2 = X2 +£3025(x2,62), X3:=x3—5(x2,82),
Er =& + E3015(x2.62), E3 1= &3

It is easy to check that the differential of ¢ is invertible as soon as &3 is small enough. Moreover, we have

(4-3)

P wo —wo = O(|&3]).
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By the Darboux—Weinstein theorem (see, for instance, [Raymond and Vii Ngoc 2015, Lemma 2.4]), there
exists a local diffeomorphism i such that

Y =Id+ 02 and ¥*@*wo = wo. (4-4)

Using the improved Egorov theorem, one can find a unitary Fourier integral operator V3 such that
the Weyl symbol of Vh*J\/}El]V;, is ﬁh = NiEI] o @ o + O(h?). From (4-4), and (4-3), we see that
P := 14 0@ oy is still of the form (4-1), with modified coefficients ¢ g. Thus, using the new variables
and a Taylor expansion in &3, we get

Ny =E+1b(324+0E3), 2+ 0(83), %3 +5(R2+O(E3), E2+0(E3)) + O(E3)) + O(E3) + 74 + O(h?)
and thus
Ny, = E2 4 1b (%2, 2, X3+ 5(R2, £2)) + hsg(Ra, 2, %3) + OhE2) + 7 + O(E3) + O(R?)  (4-5)

for some smooth function g(x», éz, X3).
Therefore Nj has the form

Ny = E2 + 1b(Ra, 2, 3 +5(R2, £2)) + 61,1 (x2, &2, 3)hE3 + O(hED) + O(E3) + O(h2).

4A2. Where the second harmonic oscillator appears. We now drop all the hats off the variables. We use
a Taylor expansion with respect to x3, which, in view of (2-6), yields

b(x2.62.x3 4 5(x2.£2)) = b(x2.£2.5(x2.£2)) + 3x303b(x2, 2. 5(x2, £2)) + O(x3).
We let
V= (%agb(xz, £2,5(x2, 52)))% and y =Inv. (4-6)

We introduce the change of coordinates (X5, X3, 52, 53) = C(x2, x3, &2, £3) defined by

. dy : dy

X2 = Xp + 7-X383, &2 =§&2— 7 —X383,

962 §. f2=% dx2 J (4-7)
X3 = vXx3, g3 =118,

for which one can check that C*wy — wg = O(x3£3) = O(&3). As before, we can make this local

diffeomorphism symplectic by the Darboux—Weinstein theorem, which modifies (4-7) by O(E%). In the

new variables (which we call (x2, x3, &2, £3) again), the symbol ]\7;1 has the form

Np, = v2(x2, £2) (€2 + hx3) + hib(x2, £2, 5(x2, £2)) + 1,1 (X2, £2, x3) k3
+O(hx3) + O(hE3) + O(E3) + O(h?)

for some smooth function ¢1,1(x2, &2, x3).
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4A3. Normalizing the remainder. The next step is to get rid of the term ¢1,1(x2, &2, x3)hé3. Let

1[5,
a(xz,§2,x3) 1= _5/ C1,1(x2,&2,1) dt.
0

Since ¢,1 is compactly supported, a is bounded, and one can form the unitary pseudodifferential
operator exp(iA), where A = Op}’ (a). We have

exp(—iA) Opy (Ny) exp(iA) = Opy (N3) + exp(~i A)[Op} (N4), exp(id)].
The symbol of [exp(—iA) Op}’ (]\vfh), exp(iA)] is

lﬁe—fa{N, ¢!V + O(h?) = h{Ny, a} + O(h?) = h{No,a} + O(h?),

where Ny is the principal symbol of Z\7h, which satisfies
7 &2 3
No = &5 + O(&3).
Therefore {N;,, ay= {532, ay+ (’)(ég). Since
da .
{§.a} = 2538— = —€3C1,1,
X3

we get
exp(—iA) OpY (Ny) exp(i A) = OpY (Nj, — héscr1 + O(hEZ) + O(h?)),

which shows that we can remove the coefficient of #£3. The new operator given by the conjugation
formula \V E] = exp(—iA) Opy’ (Nh) exp(iA) has a symbol of the form

N =025, £2)(83 +5x3) + hb(x2. £2.5(x2. £2)) + 1, *+3)

where rj, = O(hx3) + O(h€2) + O(E3) + O(h?).
This proves Theorem 2.8.

4Ad. The second Birkhoff normal form. We now want to perform a Birkhoff normal form for A/ ,[}ll]’ﬁ
relative to the “second harmonic oscillator”

v2(x2, £2) (63 + h1x3).
Using Notation 2.10, we introduce the new semiclassical parameter & = # %, and use the relation
Opy (N ) = opy (N, ).
Thus, let §,~ = h_%éj. The new symbol NE}M has the form
NEV (2. 82, x3. 83) = W2 (v2 (2. hE2) (83 + x3) + D (xa. h. 5(x2. hE2)) + h™2r Y, (xa. ha. x5 hE3)).
We introduce momentarily a new parameter ;. and define

N R (0. 82, 303, 830 10) 1= 02 (02, 10E2) (B3 + x3) + b (w2, 1o, s (52, j182)) + h 21 (xa., o, x3, hE3).
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Notice that Ngll]’#(xz, §2,x3, §3;h) = h_zugl]’#(xz, §Z,X3, §3). We define now a space of functions
suitable for the Birkhoff normal form in (x3, &3, /). Let us now use the notation of the Appendix
introduced in (A-4) in the case when the family of smooth linear maps R? — R? is given by

P2 (X2, £) = (x2, u2).
Let
7 :=C(1)ge.

where the index R? means that we consider symbols on R2 More explicitly, we have

F ={d st.3c € S1:[0, 1] x (0, D)z | d(x2, E2: 11, h) = (g, g (x2.€2): 11, )}

Then we define
&= c?[[)63, 53, h]],

endowed with the full Poisson bracket

df dg  dg df
sxE3(fg)ifigh= Y Foo- L e,

and the corresponding Moyal bracket [ f, g]. We remark that the formal Taylor series of the symbol

N%l]’ﬂ(xz, &, x3, £3; ) with respect to (x3, &3 ,~h) kielongs to &. We may apply the semiclassical Birkhoff

normal form relative to the main term vZ (x>, /L%'z)(é:,,z —i—x%) exactly as in Section 3B1 (and also [Raymond

and Vii Ngoc 2015, Proposition 2.7]), where we use the fact that the function

(x2, €2, X3, &3 1, ) > (02 (x2, ) ™!

belongs to & because v2 > C > 0 uniformly with respect to s. Let us consider y € &, the formal Taylor
expansion of h_zfiz (x2, ué2, x3, h€3) with respect to (x3, £3, h). The series y is of valuation 3 and we
obtain two formal series k, T € & of valuation at least 3 such that

e x3 +831=0
and
. _1 ~ ~ ~ ~

e (2 (2. w2 (83 + x3) +y) = 02 (2, mE2) (65 + 43) + k.
The coefficients of t are in S(1) and one can find a smooth function t; € S(1) with compact support
with respect to (x3, £3, 1) and whose Taylor series in (x3, £3, k) is t. By the Borel summation, t; will
actually lie in S(m’) with m’ (x2, &2, x3, £3) = ((x3, &3)) % for any k > 0, uniformly for small 4 > 0 and
jt € [0, 1]. Notice that NI € ¢(m) with m = ((x3,£3))2 = 1, and that mm’ = O(1).

Then, we can apply Theorem A.3 with the family of endomorphisms of R* defined by

Ot (x2.62.x3,3) = (x2., ué2. x3. &3).

Thus, the new operator
mh — eih_l OpZ’ ‘Eh;lt%l]#e—ih_] Opz) ™
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is a pseudodifferential operator whose Weyl symbol belongs to the class C(m) modulo 2°°S(1) (see the
notation of Theorem 2.11). Moreover, thanks to Theorem A.4, its symbol M, admits the following Taylor
expansion (with respect to (x3, €3, /1))

b(xa, ukz, s(x2, 162)) + 02 (x2, n&2) (83 + x3) + k.

We write kK = Y 1 553 Cm (X2, u§2)|23|*2mhe and we may find a smooth function g* (x2, ;ng, Z,h)
such that its Taylor series with respect to Z, & is

Y emu(xa. nE2) 2™
2m+2023

We may now replace u by &, which achieves the proof of Theorem 2.11.

4B. Spectral reduction to the second normal form. This section is devoted to the proof of Corollary 2.13.

4B1. From /\/;EI]’ﬁ to N E]’ﬁ. In this section, we prove Corollary 2.9.
Lemma 4.1. We have
NG, Bom) = 0 ™2), N Boh) = O(h™2).
Proof. The first estimate comes from Proposition 3.6 and Corollary 3.8. The second estimate can be
obtained by the same method as in the proof of Corollary 3.8. |

Let us now summarize the microlocalization properties of the eigenfunctions of A %1]’# in the following
proposition.

Proposition 4.2. Let yo be a smooth cutoff function on R that is 0 in a neighborhood of 0 and let
§ € (0, %) Let y be a smooth cutoff function that is O on the bounded set {x3 + b(x2, &2, 5(x2, £2)) < Bo}
and 1 on the set {x3 + b(x2, &2, 5(x2, 62)) = Bo + &}, with & > 0. If A is an eigenvalue of /_\/—E],ﬁ such that
A < Boh and if ¥ is an associated eigenfunction, then we have

Opy, (x(x2,82,x3)¢ = ORP)|y |,
and

Opy (xo(h™*E3)) ¥ = OG™) [
Proof. The proof follows exactly the same lines as for Propositions 3.12 and 3.13. |

Lemma 4.1 and Proposition 4.2 on the one hand and Propositions 3.12 and 3.13 on the other hand are
enough to deduce Corollary 2.9(a) from Theorem 2.8. Part (b) easily follows from Corollary 2.4.

4B2. From ’J_TEIIM to Dﬁi Let us now prove Corollary 2.13(a). We get the following rough estimate of
the number of eigenvalues.

Lemma 4.3. We have
NRIE, Boh?) = Ny, oh?) = (™), (4-9)
NEE, Boh?) = O(h ™). (4-10)
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Proof. First, we notice that ‘ltgll]’ﬁ and 9, are unitarily equivalent so that (4-9) holds. Then, given 1 > 0
and & small enough and up to shrinking the support of g* and by using the Calderon—Vaillancourt theorem
(as in the proof of Lemma 3.4), S)ﬁi > ,‘Jﬁz in the sense of quadratic forms, with

9312 = Op}’ (h*b(x2, hés, s(xa, hgz))) + h? T, Opy (v (x2, hé2)) — 7).
Since v2 = ¢ > 0, we get
Opj; (h?b(x2. hé2. 5 (x2. h§2))) + h> Ty O}y ((v*(x2. hé2)) —11)
> Op} (b (x2. hEz. 5(x2. hE2))) + 5ch? T
We deduce the upper bound (4-10) by separation of variables and the min-max principle. O
The following proposition deals with the microlocal properties of the eigenfunctions of ‘J_TEII]’ﬂ.

Proposition 4.4. Letn € (0,1), § € (0, %n), and C > 0. Let y be a smooth cutoff function that is 0 on
{b(x2,8,5(x2,&2)) < Bo} and 1 on the set {b(x2, &2, 5(x2,82)) = Bo + &}, with & > 0. Let also 1 be a
smooth cutoff function on R? that is 0 in a neighborhood of 0.

If A is an eigenvalue of ’l’(gll]’ﬁ such that A < Boh? and if V is an associated eigenfunction, we have

OpY (x(x2, h&2)) ¥ = O(h™®) |y || (4-11)

and if A is an eigenvalue of ‘ltgll]’ﬂ such that A < boh? + Ch?>*" and if v is an associated eigenfunction,
we have

OpY (x1(h7% (x3,&))) ¥ = Oh™®)|v|. (4-12)

Proof. The estimate (4-11) is a consequence of Proposition 4.2. Then, let us write the symbol of ‘l‘(g]’ﬁ,

NP = h202 (g, hE2) (B2 + x2) + h2b(x2. hEa. s(x2. hE2) + 1, (x2. ha. x3.hE3).
We write
(RUF Opl (1 (178 (x5, £3))) ¥, OPY (1 (A% (x3, 3))))
= A 0pp (1 (W8 (x3, &) ¥ || > + ([ Op (1 (h P (x5, E3))) ], OPY (1 (h % (x3.E3))) ¥).
We get
(90 0pY (11 (h (x3,£3)))]. OPY (x1(h % (x3.£3)))¥) < Ch | OpY (1 (h 8 (x3.83))) v/ |

where we have used (4-11). Then, we use that

2

b(x2, héz, s(x2,hE2)) = bo, v2(x2,hE2) = co >0, A< boh?+Ch*t7,
and the Garding inequality to deduce

h2(Ch? — Ch)||OpY (x1(h =% (x3.E3))) ¥ ||* < Ch*|OpY (1 (P (x5, &) v |2

The desired estimate follows by an iteration argument. O
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In the same way we can deal with 9.7(2

Proposition 4.5. Let n € (0,1), § € (O, %n), and C > 0. Let y be a smooth cutoff function that is 0
on {b(xa,&2,5(x2,82)) < Bo} and 1 on the set {b(x2,&2,5(x2,82)) = Bo + &}, withe > 0. If A is an
eigenvalue of Emi such that A < Boh? and if V is an associated eigenfunction, we have

OpY (x(x2, hE2)) ¥ = Oh™®) |y || (4-13)

and if A is an eigenvalue of 93?2 such that & < boh? + Ch?>*™" and if ¥ is an associated eigenfunction,
we have

OpY (x1(h™%(x3,83)))¥ = O(h*™) ||y |I. (4-14)

Proof. In order to get (4-13), it is enough to go back to the representation with semiclassical #, that
is, imi = Mg Indeed the microlocal estimate follows by the same arguments as in Propositions 3.12
and 3.13. Then, (4-14) follows as in Proposition 4.4. O

Propositions 4.4 and 4.5 and Theorem 2.11 standardly imply Corollary 2.13(a).

4B3. From imi to S)J?Ell]’ﬁ. Let us now prove Corollary 2.13(b). Note that part (c) is just a reformulation
of (b).
Let us consider the Hilbertian decomposition mh = D1 sm}f]’ﬁ, where the symbol Mg(]’ﬂ of im%k]’ﬂ is

h2b(x2, héa, s(x2, hé2)) + (2k — 1)h3v2 (x2, héz) + h2g* (h, 2k — 1)h, x2, hé,).
There exists /g > 0 such that for all k = 1 and & € (0, hy),
(R y ) = (0p (h2b(x2, ha, s (x2, hE2)) + (2k — DI (VP (x2, ha) — ) ¥, ).

Since each eigenfunction of zm[ I associated with an eigenvalue less than Boh? provides an eigenfunction
of smﬂ we infer that the elgenfunctlons of sm[ M are uniformly microlocalized in an (x5, £2)-neighborhood
of (0, 0) as small as we want. Therefore, on the range of 1(_o, bOhZ)Cm[ l ﬁ) we have

k s
(IR g ) = (Op (Kb (x2, ha, s (x2. hE2)) + (2k — DR (b3(0,0) — 26)) ¥, ),
and, with the Garding inequality in the A-quantization, we get
k1,
LRy ) = (Opl (h2bo + (2k — 1R (b3(0,0) — &) — Ch*)y, ).
This implies Corollary 2.13(b).
5. Third Birkhoff normal form

5A. Birkhoff analysis of the first level. In this section we prove Theorem 2.15.
We consider M;[;]’ﬁ = Opy’ (M;EI]’ﬁ), with

3 L1
M = hb(xa. 62, 5(x2. £2)) + h2v2(x2.82) + hg* (2, 72, x2, £2).
By using a Taylor expansion, we get,

[1].4 1 3 2 3 3 L 3
Mh =hbo+5hHess(O,O)l_9(x2,Ez,s(xz,sz))—l—hw (0,0)+cxph2+d&xh2+hO((h2,22)7), (5-1)
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where ¢ = 0 X2v2(0, 0)and d = 3521)2(0, 0), and we have identified the Hessian with its quadratic form
in (XZ, %’2)

Then, there exists a linear symplectic change of variables that diagonalizes the Hessian, so that, if Ly
is the associated unitary transform,

LMLy, = opp (11,1),
Wlth 3 3 A 3 1
M"Y = hbo + 1862 + £2) + h202(0,0) + éx2h + dExh +hO((h2,22)%),
where

6= \/det Hess(,0)b (X2, 62, 5(x2,§2)).

Since (dx,b)(x2,&2,5(x2,&2)) = 0 and (0, 0) is a critical point of s, we notice that 3§2x3b(0, 0,0) =
agmb(o, 0,0) = 0. Thus
det Hess(g,0,0)b (0.0, 0) = 679%,5(0,0,0).
Using that b is identified with b o y (see Remarks 2.2 and 3.1), this provides the expression given in (1-15).
Note that ¢2 4+ d2 = ||(Vy
we have

), gzvz)(O, 0)||? since the symplectic transform is in fact a rotation. Moreover,

A%\ 2 G212 22 52
N h dh > d
9(x%+s§)+éxzh%+dézhi=9((x2—‘92) +(52—72) )—h‘ St

Thus, there exists a unitary transform ﬁhl /2, which is in fact an A-Fourier integral operator whose phase

. . 1
admits a Taylor expansion in powers of 72, such that

0% o LEMYVYE L, 0o = Fiy = OpY (Fp),
where
1(Vx,,£,1%)(0,0)[1
20

Now we perform a semiclassical Birkhoff normal form in the space of formal series R[[x2, &2, h%]]
equipped with the degree such that xg Eé”h% is £ +m + n and endowed with the Moyal product. Let F ;
be the full Taylor series of F'z. We find a formal series t(x2, &3, h%) with a valuation at least 3 such that

Fy = hbo +h2v2(0,0) —

12 + (160|222 + O((h2 . 2)%)).

ihlad; oT _ T
el a Eh — Fh ,
where FhT is a formal series of the form
(Vs ,£,v2)(0,0) |1
260

and k7 is a formal series in [R[[h%, |z2|?]] (and that can be also written as a formal series in Moyal power
of |z2|2 say (kT)*).
Let T(x2, &2, ) be a compactly supported function whose Taylor expansion at (0, 0, 0) is equal to

FT = hbo + 13v%(0,0) — %+ L0h)2)2 + 1k T (2, |22 ),

T(x2, &, ). By the Egorov theorem (Theorem A.2), uniformly with respect to the parameter j, we obtain

e~ih P (@) Opy (E/,Vz)eih_l Op (D) —: Op¥ (F),)
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is an A-pseudodifferential operator depending smoothly on . Expanding F, w in powers of u in the S(1)
topology, and letting u = Vi, we see that F Nk Fy + @h, where

1(Vi,,£,v2)(0,0) ||
20

with k£ a smooth function with support as small as desired with respect to its second variable, and

Gy = hO(|z2|*°). It remains to notice that Op;’ (k(h%, |22|2)) can be written as k*(h%,lC;,) modulo

Op;’ (O(|z2]*°)). This achieves the proof of Theorem 2.15.

Fy, = hbo + 13 v2(0,0) —

2+ L0h| 252 + hk(h7, |22)?),

5B. Spectral reduction to the third normal form. Corollary 2.16 is a consequence of the following
lemma and proposition.

Lemma 5.1. We have
N(ME],’#, IBOh) = O(h_z)’ N(fh,b()h + Ch1+7]) — O(h_l_i_n)‘

Proof. The first estimate follows from Lemma 4.3 and the second one from a comparison with the
harmonic oscillator in x5. O

The last proposition concerns the microlocalization of the eigenfunctions.

Proposition 5.2. Let n <€ (0,1), § € (0, %n), and C > 0. Let y be a smooth cutoff function that is 0 in a
bounded neighborhood of (0,0) and 1 outside a bounded neighborhood of (0,0). If A is an eigenvalue of
/\/l;[}ll]"i or of Fy, such that A < boh + Ch'™" and if  is an associated eigenfunction, we have

OpY (x(h 8 (x2, £2))) ¥ = O(h™).

Proof. The proof is similar to that of Proposition 4.4. O

Appendix: Egorov theorems

We start with the classical result (see, for instance, [Zworski 2012, Theorem 11.1; Robert 1987,
Théoréeme IV.10]).

Theorem A.1 [Zworski 2012, Theorem 11.1, Remark (ii) on p. 251]. Let P and Q be h-pseudodifferential
operators on R4, with P € Op;/ (S(1)) and Q € Op; (S(1)). Then the operator eilPe 72 isa
pseudodifferential operator in Op;’ (S(1)), and

e;l;QPe_%Q —OPZ)(pOK) € hOphw(S(l))-

Here p is the Weyl symbol of P, and the canonical transformation k is the time-1 Hamiltonian flow
associated with principal symbol of Q.

From this classical version of Egorov’s theorem, one can deduce the following refinement that is useful
when p does not belong to S(1) (as is the case in this paper).
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Theorem A.2. Let P and Q be h-pseudodifferential operators on R%, with P € Op;, (S(m)) and Q €
Opj’ (S(m")), where m and m’ are order functions such that
m' =01), mm' =0(). (A-1)
Then the operator ei2Pe 7% isa pseudodifferential whose symbol is in S(m), and e QPe 2 —
Op;, (pok) € hOpy (S(1)).

Proof. The proof is based on the following observation. In order to compare Op;’(p ok!)and e TOpe Q
we consider the derivative

d /it —gy —it itg (i - d —z) —it
E(ehQOp;f(poxt e hQ)=eh (E[Q,Op,’f(pmct I)]—FEOPZ)(pOKt r)).e n Q.
From hypothesis (A-1), the term [Q, Op}’(p o k'~7)] belongs to Opj; (S(1)); moreover, if we denote

by ¢o the principal symbol of O, we have

d _ _
EOpZ’(pOKt ) = —Op} ({90, po k'),

which implies that this term is also in Op;’ (S(1)). By symbolic calculus, we see that

£10.0p} (p ok )] + < Op¥ (p o' ~7) € h Op} (S(1) (A2)

uniformly for ¢, T in compact sets. It follows by integration from O to ¢ that
4 . t . .
e 2pe= i@ :Opf(po;c’)—}—h/ e QP i(s)e 12 ds (A-3)
0
for some Py (s) € Op;’ (S(1)), uniformly for s € [0, ¢]. Applying Theorem A.1 to the integrand, we see
that e # € Pe=% 2 —Op¥ (p ok’) € h OpY (S(1)). O

In order to quantize the formal Birkhoff procedure of Section 4A4, one needs to consider symbols
in a class C stable under the Moyal product. For that purpose we first define the families of symbols
S(m; [0, 1] x (0, 1]), that is, of smooth functions a : R24 x [0, 1] x (0, 1] — C such that, for any o € N2,
there exists Cy such that, for all (z; u, h) € R24 x [0,1] x (0, 1],

|0%a(z; p, h)| < Cqm(z)

and where m is an order function on R24. The pair (i, h) is considered as a parameter.
Then, let (¢1),.e[0,1] be a smooth family of linear maps R24 > R24 and define the following families
of symbols on R2d by

C(m) = {a € S(m; [0, 1] x (0, 1]) | a(z;p,h) =aleu(z); w, h) with a € S(m; [0, 1] x (0, 1])}. (A-4)

Theorem A.3. Let P and Q be h-pseudodifferential operators on R4, with P € Opj, (C(m)) and Q €
Op;, (C(m")), where m and m’ are order functions such that

m=1, m'=0(1), mm =0(Q).

Then eh @ Pe=52 = P + R, where P € Opj’ (C(m)), R € h™ Opy (S(1)), and with ﬁ—Opf (pok) €
h Opy, (C(1)).
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Proof. Since ¢, is linear, one can see (using, for instance, [Zworski 2012, Theorem 4.17]) that C is stable
under the formal Moyal product, i.e., for all order functions m; and my, we have

(C(m1)) * (C(m2)) C C(myimz) +h*S(1).

Let k be the canonical transformation associated with Q. Then, since m = 1, we have p ok € C(m);
indeed, if we write the Hamiltonian flow of Q in terms of the variable Z = ¢, (z), we see from the
linearity of ¢, that the components of the transformed vector field belong to C(m’). Therefore ¢, ok is
of the form k, o ¢, for some diffeomorphism «,, depending smoothly on .

Therefore, both terms in (A-2) belong to Op;’ (C(1)). Applying this argument inductively in (A-3), we
may write, for any k > 0,

ehQPe=hQ —OpP (pok)— (hPy + k2 Py + -+ ik Br) € 1 0pP (5(1)),
vi/\ith 13J € Op; (C(1)). By a Borel summation in &, parametrized by Z = ¢, (z), we can find a symbol
P € Opy’(C(1)) such that we have the asymptotic expansion in Op;’ (S(1))
P~hP +h?Py+---.
We conclude by letting P = Op; (pok) + P. O

We will also need to examine how the Egorov theorem behaves with respect to taking formal power
series of symbols. For this, it is convenient to introduce a filtration of S(m).

Theorem A.4. Let m be an order function on R24 and let (O))jen be a filtration of S(m), i.e.,
Op = S(m), Oj+1 CO;.

Let P = Op;’ p and Q = Op}’ q be h-pseudodifferential operators on R4, with p € S(m) and q € S(m’),
where m’ is an order function such that m’ and mm'’ are bounded.
Assume that )
’Eadq(oj) COj41 Vj=0. (A-5)

Then for any k = 0, the Weyl symbol of the pseudodifferential operator
. . k 1 . .
el pemi? — Z F(% adg)’ P
Jj=0

belongs to Opy’ (Ok11). In other words, the series of exp(,% adQ)P converges to ehQPeHQ for the
filtration (Oj) jen.

Proof. By the Taylor formula, we can write

. . k 1 . 1 1 ” ”
eiQpe Q= Z —(ad;p—19)’ P + ——(ad;p-1 Q)k'"1 / (1 —t)keWQPe_WQ dt.
Jj=0

By Theorem A.2, we see that the integral belongs to Opj’ (S(m)) = Op;’ (Oq). Therefore, by assump-
tion (A-5), the remainder in the Taylor formula lies in Opj, (O 41). O



MAGNETIC WELLS IN DIMENSION THREE 1607

Acknowledgments

The authors would like to thank Yves Colin de Verdiere for stimulating discussions. This work was partially
supported by the ANR (Agence Nationale de la Recherche), project NOSEVOL n°® ANR-11-BS01-0019
and by the Centre Henri Lebesgue (program “Investissements d’avenir”—n® ANR-11-LABX-0020-01).
Kordyukov was partially supported by the Russian Foundation of Basic Research, project 13-01-91052-
NCNI-a. During the completion of this work, Helffer was Simons foundation visiting fellow at the Isaac
Newton Institute in Cambridge.

References

[Avron et al. 1978] J. Avron, 1. Herbst, and B. Simon, “Schrodinger operators with magnetic fields, I: General interactions”,
Duke Math. J. 45:4 (1978), 847-883. MR 518109 Zbl 0399.35029

[Benettin and Sempio 1994] G. Benettin and P. Sempio, “Adiabatic invariants and trapping of a point charge in a strong
nonuniform magnetic field”, Nonlinearity 7:1 (1994), 281-303. MR 1260143 Zbl 0856.70010

[Bonnaillie-Noél et al. 2016] V. Bonnaillie-Noél, F. Hérau, and N. Raymond, “Magnetic WKB constructions”, Arch. Ration.
Mech. Anal. 221:2 (2016), 817-891. MR 3488538 Zbl 1338.35379

[Born and Oppenheimer 1927] M. Born and R. Oppenheimer, “Zur Quantentheorie der Molekeln”, Ann. Phys. 84:20 (1927),
457-484. JFM 53.0845.04

[Charles and Vii Ngoc 2008] L. Charles and S. Vii Ngoc, “Spectral asymptotics via the semiclassical Birkhoff normal form”,
Duke Math. J. 143:3 (2008), 463-511. MR 2423760 Zbl 1154.58015

[Cheverry 2015] C. Cheverry, “Can one hear whistler waves?”’, Comm. Math. Phys. 338:2 (2015), 641-703. MR 3351054
Zbl 1333.35290

[Colin de Verdiere 1996] Y. Colin de Verdiere, “La méthode de moyennisation en mécanique semi-classique”, pp. exposé no. 5
in Journées “Equations aux Dérivées Partielles” (Saint-Jean-de-Monts, 1996), Ecole Polytech., Palaiseau, 1996. MR 1417729
Zbl 0898.35080

[Cycon et al. 1987] H. L. Cycon, R. G. Froese, W. Kirsch, and B. Simon, Schridinger operators with application to quantum
mechanics and global geometry, Springer, 1987. MR 883643 Zbl 0619.47005

[Dimassi and Sjostrand 1999] M. Dimassi and J. Sjostrand, Spectral asymptotics in the semi-classical limit, London Mathematical
Society Lecture Note Series 268, Cambridge University Press, 1999. MR 1735654 Zbl 0926.35002

[Dufresnoy 1983] A. Dufresnoy, “Un exemple de champ magnétique dans R"”, Duke Math. J. 50:3 (1983), 729-734. MR 714827
Zbl 0532.35021

[Fournais and Helffer 2010] S. Fournais and B. Helffer, Spectral methods in surface superconductivity, Progress in Nonlinear
Differential Equations and their Applications 77, Birkhduser, Boston, 2010. MR 2662319 Zbl 1256.35001

[Helffer and Kordyukov 2011] B. Helffer and Y. A. Kordyukov, “Semiclassical spectral asymptotics for a two-dimensional
magnetic Schrodinger operator: the case of discrete wells”, pp. 55-78 in Spectral theory and geometric analysis, Contemp.
Math. 535, Amer. Math. Soc., Providence, RI, 2011. MR 2560751 Zbl 1218.58017

[Helffer and Kordyukov 2013] B. Helffer and Y. A. Kordyukov, “Eigenvalue estimates for a three-dimensional magnetic
Schrodinger operator”, Asymptot. Anal. 82:1-2 (2013), 65-89. MR 3088341 Zbl 1325.35123

[Helffer and Kordyukov 2014] B. Helffer and Y. A. Kordyukov, “Semiclassical spectral asymptotics for a magnetic Schrodinger
operator with non-vanishing magnetic field”, pp. 259-278 in Geometric Methods in Physics (Bialowieza, Poland, 2013), edited
by P. Kielanowski et al., Birkhiuser, Basel, 2014. Zbl 1317.81101

[Helffer and Kordyukov 2015] B. Helffer and Y. A. Kordyukov, “Accurate semiclassical spectral asymptotics for a two-
dimensional magnetic Schrodinger operator”, Ann. Henri Poincaré 16:7 (2015), 1651-1688. MR 3356100 Zbl 1338.81187

[Helffer and Mohamed 1996] B. Helffer and A. Mohamed, “Semiclassical analysis for the ground state energy of a Schrodinger
operator with magnetic wells”, J. Funct. Anal. 138:1 (1996), 40-81. MR 1391630 Zbl 0851.58046

[Helffer and Robert 1984] B. Helffer and D. Robert, “Puits de potentiel généralisés et asymptotique semi-classique”, Ann. Inst.
H. Poincaré Phys. Théor. 41:3 (1984),291-331. MR 776281 Zbl 0565.35082


http://projecteuclid.org/euclid.dmj/1077313102
http://msp.org/idx/mr/518109
http://msp.org/idx/zbl/0399.35029
http://stacks.iop.org/0951-7715/7/281
http://stacks.iop.org/0951-7715/7/281
http://msp.org/idx/mr/1260143
http://msp.org/idx/zbl/0856.70010
http://dx.doi.org/10.1007/s00205-016-0987-x
http://msp.org/idx/mr/3488538
http://msp.org/idx/zbl/1338.35379
http://dx.doi.org/10.1002/andp.19273892002
http://msp.org/idx/jfm/53.0845.04
http://dx.doi.org/10.1215/00127094-2008-026
http://msp.org/idx/mr/2423760
http://msp.org/idx/zbl/1154.58015
http://dx.doi.org/10.1007/s00220-015-2389-6
http://msp.org/idx/mr/3351054
http://msp.org/idx/zbl/1333.35290
http://archive.numdam.org/ARCHIVE/JEDP/JEDP_1996___/JEDP_1996____A5_0/JEDP_1996____A5_0.pdf
http://msp.org/idx/mr/1417729
http://msp.org/idx/zbl/0898.35080
http://msp.org/idx/mr/883643
http://msp.org/idx/zbl/0619.47005
http://dx.doi.org/10.1017/CBO9780511662195
http://msp.org/idx/mr/1735654
http://msp.org/idx/zbl/0926.35002
http://projecteuclid.org/euclid.dmj/1077303332
http://msp.org/idx/mr/714827
http://msp.org/idx/zbl/0532.35021
http://msp.org/idx/mr/2662319
http://msp.org/idx/zbl/1256.35001
http://dx.doi.org/10.1090/conm/535/10535
http://dx.doi.org/10.1090/conm/535/10535
http://msp.org/idx/mr/2560751
http://msp.org/idx/zbl/1218.58017
http://dx.doi.org/10.3233/ASY-2012-1136
http://dx.doi.org/10.3233/ASY-2012-1136
http://msp.org/idx/mr/3088341
http://msp.org/idx/zbl/1325.35123
http://dx.doi.org/10.1007/978-3-319-06248-8_23
http://dx.doi.org/10.1007/978-3-319-06248-8_23
http://msp.org/idx/zbl/1317.81101
http://dx.doi.org/10.1007/s00023-014-0356-y
http://dx.doi.org/10.1007/s00023-014-0356-y
http://msp.org/idx/mr/3356100
http://msp.org/idx/zbl/1338.81187
http://dx.doi.org/10.1006/jfan.1996.0056
http://dx.doi.org/10.1006/jfan.1996.0056
http://msp.org/idx/mr/1391630
http://msp.org/idx/zbl/0851.58046
http://www.numdam.org/item?id=AIHPB_1984__41_3_291_0
http://msp.org/idx/mr/776281
http://msp.org/idx/zbl/0565.35082

1608 BERNARD HELFFER, YURI KORDYUKOV, NICOLAS RAYMOND AND SAN VU NGOC

[Helffer and Sjostrand 1989] B. Helffer and J. Sjostrand, Semiclassical analysis for Harper’s equation, IlI: Cantor structure of
the spectrum, Mém. Soc. Math. France (N.S.) 39, Soc. Math. France, Paris, 1989. MR 1041490

[Ivrii 1998] V. Ivrii, Microlocal analysis and precise spectral asymptotics, Springer, 1998. MR 1631419 Zbl 0906.35003

[Martinez 2007] A. Martinez, “A general effective Hamiltonian method”, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend.
Lincei (9) Mat. Appl. 18:3 (2007), 269-277. MR 2318820 Zbl 1139.35383

[Persson 1960] A. Persson, “Bounds for the discrete part of the spectrum of a semi-bounded Schrodinger operator”, Math. Scand.
8 (1960), 143-153. MR 0133586 Zbl 0145.14901

[Popoft and Raymond 2013] N. Popoff and N. Raymond, “When the 3D magnetic Laplacian meets a curved edge in the
semiclassical limit”, STAM J. Math. Anal. 45:4 (2013), 2354-2395. MR 3085117 Zbl 06219425

[Raymond 2012] N. Raymond, “Semiclassical 3D Neumann Laplacian with variable magnetic field: a toy model”, Comm.
Partial Differential Equations 37:9 (2012), 1528-1552. MR 2969489 Zbl 1254.35167

[Raymond 2016] N. Raymond, “Bound states of the magnetic Schrodinger operator”, preprint, 2016, available at https:/
blogperso.univ-rennes|.fr/nicolas.raymond/public/Magnetic-Book.pdf.

[Raymond and Vii Ngoc 2015] N. Raymond and S. Vii Ngoc, “Geometry and spectrum in 2D magnetic wells”, Ann. Inst. Fourier
(Grenoble) 65:1 (2015), 137-169. MR 3449150 Zbl 1327.81207

[Robert 1987] D. Robert, Autour de I’approximation semi-classique, Progress in Mathematics 68, Birkhduser, Boston, 1987.
MR 897108 Zbl 0621.35001

[Vii Ngoc 2006] S. Vii Ngoc, Systémes intégrables semi-classiques: du local au global, Panoramas et Syntheses 22, Soc. Math.
France, Paris, 2006. MR 2331010 Zbl 1118.37001

[Vii Ngoc 2009] S. Vii Ngoc, “Quantum Birkhoff normal forms and semiclassical analysis”, pp. 99-116 in Noncommutativity
and singularities, Adv. Stud. Pure Math. §5, Math. Soc. Japan, Tokyo, 2009. MR 2463493 Zbl 1185.58012

[Weinstein 1971] A. Weinstein, “Symplectic manifolds and their Lagrangian submanifolds”, Advances in Math. 6 (1971),
329-346. MR 0286137 Zbl 0213.48203

[Weinstein 1975] A. Weinstein, “Fourier integral operators, quantization, and the spectra of Riemannian manifolds”, pp. 289-298
in Géométrie symplectique et physique mathématique (Aix-en-Provence, 1974), Editions Centre Nat. Recherche Sci., Paris,
1975. MR 0650990 Zbl 0327.58013

[Zworski 2012] M. Zworski, Semiclassical analysis, Graduate Studies in Mathematics 138, American Mathematical Society,
Providence, RI, 2012. MR 2952218 Zbl 1252.58001

Received 29 Sep 2015. Revised 6 Jun 2016. Accepted 9 Jul 2016.

BERNARD HELFFER: bernard.helffer@math.u-psud.fr

Département de Mathématiques, Bat. 425, Université Paris-Sud et CNRS, 91405 Orsay Cedex, France

and

Laboratoire de Mathématiques Jean Leray, Université de Nantes, 2 rue de la Houssiniére, BP 92208, 44322 Nantes Cedex 3,

France

YURI KORDYUKOV: yurikor@matem.anrb.ru
Institute of Mathematics, Russian Academy of Sciences, 112 Chernyshevsky str., 450008 Ufa, Russia

NICOLAS RAYMOND: nicolas.raymond@univ-rennesl.fr
Institut de Recherches Mathématiques de Rennes (UMR 6625), Université de Rennes 1, Campus de Beaulieu,
35042 Rennes Cedex, France

SAN VU NGOC: san.vu-ngocQuniv-rennesl.fr
Institut de Recherches Mathématiques de Rennes (UMR 6625), Université de Rennes 1, Campus de Beaulieu,
35042 Rennes Cedex, France

and

Institut Universitaire de France, 1 rue Descartes, 75231 Paris Cedex 5, France

:'msp

mathematical sciences publishers


http://archive.numdam.org/ARCHIVE/MSMF/MSMF_1989_2_39_/MSMF_1989_2_39__1_0/MSMF_1989_2_39__1_0.pdf
http://archive.numdam.org/ARCHIVE/MSMF/MSMF_1989_2_39_/MSMF_1989_2_39__1_0/MSMF_1989_2_39__1_0.pdf
http://msp.org/idx/mr/1041490
http://dx.doi.org/10.1007/978-3-662-12496-3
http://msp.org/idx/mr/1631419
http://msp.org/idx/zbl/0906.35003
http://dx.doi.org/10.4171/RLM/494
http://msp.org/idx/mr/2318820
http://msp.org/idx/zbl/1139.35383
http://www.mscand.dk/article/view/10602/8623
http://msp.org/idx/mr/0133586
http://msp.org/idx/zbl/0145.14901
http://dx.doi.org/10.1137/130906003
http://dx.doi.org/10.1137/130906003
http://msp.org/idx/mr/3085117
http://msp.org/idx/zbl/06219425
http://dx.doi.org/10.1080/03605302.2012.680558
http://msp.org/idx/mr/2969489
http://msp.org/idx/zbl/1254.35167
https://blogperso.univ-rennes1.fr/nicolas.raymond/public/Magnetic-Book.pdf
http://aif.cedram.org/item?id=AIF_2015__65_1_137_0
http://msp.org/idx/mr/3449150
http://msp.org/idx/zbl/1327.81207
http://msp.org/idx/mr/897108
http://msp.org/idx/zbl/0621.35001
http://msp.org/idx/mr/2331010
http://msp.org/idx/zbl/1118.37001
http://msp.org/idx/mr/2463493
http://msp.org/idx/zbl/1185.58012
http://msp.org/idx/mr/0286137
http://msp.org/idx/zbl/0213.48203
http://msp.org/idx/mr/0650990
http://msp.org/idx/zbl/0327.58013
http://dx.doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
mailto:bernard.helffer@math.u-psud.fr
mailto:yurikor@matem.anrb.ru
mailto:nicolas.raymond@univ-rennes1.fr
mailto:san.vu-ngoc@univ-rennes1.fr
http://msp.org

