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A DOUBLE WELL POTENTIAL SYSTEM

JAEYOUNG BYEON, PIERO MONTECCHIARI AND PAUL H. RABINOWITZ

A semilinear elliptic system of PDEs with a nonlinear term of double well potential type is studied
in a cylindrical domain. The existence of solutions heteroclinic to the bottom of the wells as minima
of the associated functional is established. Further applications are given, including the existence of
multitransition solutions as local minima of the functional.

1. Introduction

In this paper, the system of partial differential equations

—Au+Vy(x,u)=0, xeg, (PDE)
where 2 C R” and u : Q@ — R™, will be studied. The set 2 is a cylindrical domain in R” given by
Q = R x D, where D is a bounded open set in R?~! with D € CL. On 92, we require

3
a_”=o on Q2 = R x 9D, (BC)
v

where v is the outward-pointing unit normal to dD. Later,  will be allowed to be a more general
cylindrical domain which depends 1-periodically on xj.
As to the function V, to begin assume:

V1) Ve CI(S_2 xR™ R)and V(x1 +1,x2,...,x5,u) = V(x,u), ie., V is 1-periodic in x7.
(V3) There are points a~ # a™ such that V(x,a®) = 0 for all x € Q and V(x,u) > 0 otherwise.
(V3) There is a constant V > 0 such that liminf},| o V' (x,u) > V uniformly in x € .

(V4) For n > 2, there exist constants ¢y, C; > 0 such that
|Vu(x,u)| < c1 + Cilul?,

where 1 < p < (n+2)/(n —2) for n > 3 and there is no upper growth restriction on p if n = 2.
An example of V satisfying (V1)—(V4) is V(x,u) = |u —a~|9|lu —a™|? for g € (1,n/(n —2)) and
at #a= € R" By (V»), V is a double well potential and we are interested in the existence of classical
solutions of (PDE) that are heteroclinic in x; from a™ to a™. If n = 1 and m is arbitrary, (PDE) reduces to
a second-order Hamiltonian system of ordinary differential equations and conditions (V7)—(V3) suffice for
such an existence result. For arbitrary n and m, conditions (V7)—(V4) enable us to show (PDE) possesses
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a weak solution. As is usual, we say that U € Wléz (2, R™) is a weak solution of (PDE) and (BC) when

C

for any ¢ € Wléc’z (£2) having compact support in £2,
f (VU -V + Vyu(x,U)p) dx = 0. (1.1)
Q

The weak solution is a classical solution when n = 1. However, when n > 1, more regularity of V' and
02 is required to get a classical solution.
In Section 2, the functional

J(u)z/g(%|Vu|2+V(x,u)) de/QL(u)dx, (1.2)

whose formal Euler—Lagrange equation is (PDE), will be studied. Minimization arguments will be used
to show that J has a critical point. In particular when n = 1, our first existence result for (PDE) is:

Theorem. If V satisfies (V1)—(V3), then (PDE) possesses a solution heteroclinic from a™ to a™.

For n > 1, existence of solutions requires more work. In Section 3, a regularity theorem will be stated
as a consequence of which we have:

Theorem. If (V1)—(Vy) hold, V € C?, and 3Q € C 3 there is a classical solution U of (PDE) and (BC)
such that limy | 5400 U(x1,...,X5) = a* uniformly for (x2, ..., xp) € D.

In Section 2, we find the solution by a minimization argument in an appropriate class of functions, I',
and a detailed proof of the regularity will be given in Section 6.

Four generalizations of our existence results will be given in Section 4. The first, Theorem 4.1,
essentially replaces conditions (V2)—(V4) by the requirement that V' possesses a convex basin containing
a* —see hypothesis (V5) —to get an L (€2, R™) bound for the minimizer of Section 2 and this bound
leads in turn to the existence of a solution of (PDE) and (BC), which is heteroclinic in x; from a™
to a™. This result gives the existence of the heteroclinic solution of (PDE) and (BC) for the example of
V(x,u)=|u—a"|?|u—a"|? mentioned earlier, but now for any g > 1.

The second replaces €2 by a more general domain varying periodically in x;. The third considers a
PDE perturbation of the case of n = 1. Finally for the fourth, the case of multiwell potentials will be
discussed briefly.

In Section 5, it will be shown that variational gluing arguments in the spirit of [Montecchiari and
Rabinowitz 2016] together with the basic heteroclinic minimizers of (1.2) as well as their counterparts when
the roles of @~ and a™ are reversed can be used to construct infinitely many multitransition homoclinic
and heteroclinic solutions of (PDE). These solutions are local minima of (1.2) that as a function of x
transit back and forth between the two global minima, a®, of V. Obtaining these solutions requires a
mild nondegeneracy condition — see Proposition 5.10(ii) — on the set of heteroclinic minimizers of (1.2).
Stated very informally, we will show:

Theorem. If (V1)—(V4) are satisfied and a mild nondegeneracy condition on the heteroclinics in x1 from
a* to a™ holds, then for each k € NU{oo}, k > 2, there exist infinitely many k-transition solutions of
(PDE) and (BC).
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As has been noted above, our existence results rely on minimization arguments from the calculus
of variations. These arguments are elementary, but often delicately exploit (V1)—(V3). The regularity
arguments where (V4) and further smoothness of V' and 0D play their roles are of necessity rather
technical.

To conclude this section, some of the literature on (PDE) and (BC) will be discussed. The earliest
work we know of is for the case of n = 1, where of course D = @ and (BC) is vacuous. Thus (PDE)
becomes a second-order Hamiltonian system. Using geometrical arguments, the existence of heteroclinic
solutions for V' = V(u) was studied for a more general class of potentials by Bolotin [1978]. See also
the survey article by Kozlov [1985]. Subsequently other work was done, also for the autonomous case
where V € C3 has nondegenerate minima and m = 2, by Sternberg [1991]. Rabinowitz [1993] treated
V = V(t,u) where V € C? is periodic in ¢. He used minimization arguments from [Rabinowitz 1989],
where V' = V(u) and is periodic in the components of u. Alikakos and Fusco [2008] also treated the
autonomous case for a C? potential under a milder condition than the nondegeneracy of the minima.

For m = 1 and n > 1, where (BC) plays a role, minimization arguments similar to the ones used
in [Rabinowitz 1994] were used in [Rabinowitz 2002] and generalized in [Rabinowitz 2004] to obtain
heteroclinics in x;. The case of m,n > 1 for (PDE) has been studied extensively in several papers by
Alikakos and his collaborators, especially Fusco, mainly in the autonomous setting when V' possesses
symmetries and one seeks solutions possessing these symmetries [Alikakos 2012; 2013; Alikakos and
Fusco 2008; 2009; 2011; 2015; Alikakos and Smyrnelis 2012]. In fact it was their recent paper, [Alikakos
and Fusco 2015], together with our work [Montecchiari and Rabinowitz 2016] on systems like (PDE)
but with potentials V' (x, u) that are periodic in the components of u that led to this paper. Alikakos and
Fusco [2015] studied (PDE) and (BC), with 2 periodic in x1, essentially under the C 2 version of (V1),
and stronger forms of (V>) and (Vs). See the survey paper [Alikakos 2013] for many more references
to and related questions for (PDE). For some other related results on entire solutions of systems of
Allen—Cahn-type, see [Alessio 2013; Alessio and Montecchiari 2014; Bronsard and Reitich 1993; Gui
and Schatzman 2008; Schatzman 2002].

2. The existence of a minimizer of J

In this section, as a first step towards finding heteroclinic solutions of (PDE), a minimizer will be obtained
for the functional J, defined in (1.2). The functional will be studied on the Hilbert space

E= uer;C’Z(Q,[Rm)‘HuHZE/ |Vu|2dx+/
Q

lu|? dx < oo},
To

where fori € Z, we set T; = (i,i 4+ 1) x D. As the class of admissible functions, take

I'={uek||u—a*|p2egm— 0. i > +oo}.
Define
c = inf J(u). 2.1
uel

It is readily seen that I' # @ and 0 < ¢ < co. Then we have:
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Theorem 2.2. Suppose Q = R x D with D C R"™ a bounded domain and 3D € C. If V satisfies
(V1)-(V3), then there exists a U € I' such that J(U) = ¢ > 0. Moreover, there is a constant M > 0 such
that for any minimizer U of (2.1),

sup ”U”WIZ(T,,R’”) <M.

i€z

Before proving Theorem 2.2, the following result is useful.

Proposition 2.3. Let V satisfy (V1)—(V3), 0D € C, and v € E with J(v) < occ. Then there are 9% €
{a~,at} such that |v — T lL2(1; gmy = 0 asi — Foo.

Proof. Their proofs being the same, we will prove the result for ¢*. For x € Q, set x = (x1, X) with
x1 € Rand X € D. For x € Ty and k € Z, set v (x) = v(x; +k, %) so v € WH2(Ty, R™). Then (V)
and J(v) < oo imply

lim |[[Vvg|lp2(ry gmy = lim / V(x,vg)dx =0. (2.4)
k—o00 k—o0 To

Consequently {||Vvg || z2¢7,,zm)} is bounded independently of k € Z. By the Poincaré inequality and the
fact that D € C1, there is a constant b so that

v = [rdll L2 (7, mm) = DIV VRN L2(75,R0m). (2.5)

where [vj] denotes the mean value of vy on Ty. We claim that {vy} is bounded in L2 (T, R™). If not,
(2.5) shows {[vg]} is unbounded in R. For a set S C R”, let | S| denote the measure of S. By (2.5) again,
the sequence {vi — [vg]} converges to 0 in measure. Therefore for any § > 0, the measure of the set in Ty
where |v; — [vg]| <6 is at least %|To| for large k. Thus by (V3), for large k > 0,

| v ar=dimly. 26)
To

But (2.6) is contrary to (2.4), so {vg } is bounded in W 1-2(Ty, R™). Hence there is a v* € W12(Ty, R™)
such that along a subsequence, vy converges to v* weakly in W 12(Ty, R™) and strongly in L?(Tp, R™).
By (2.5), v* = [v*]; i.e., v* is a constant vector. Again v — v* in measure along the subsequence as
k — 00, so for any small §, we have |vi — v*| < § on a subset of T of measure > %|T0|. Therefore

/V(x,vk)dx2%|To| min  V(x, z), 2.7
To z€Bs(v*)

where Bg(v) denotes an open ball of center v and radius § in R™. If v* ¢ {a~,a™}, and § is small enough,
the right-hand side of (2.7) is positive. But as k — o0, the left-hand side of (2.7) goes to 0. Therefore
v* € {a~,a™}. For notational convenience, suppose v* = a™.

It remains to show that the entire sequence {v }, rather than a subsequence, converges to a”, i.e.,

lim vy =a". 2.8)

k—o00
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Otherwise, there exist subsequences {i,}, {ks} C N, with i, — oo as p — o0, kg — 00 as ¢ — 00,
ip <kp <ip41 forall p and such that

lim v;, =a~, lim v;, =a™.
Ip q
p—>00 q—00

Set e = %|a“L —a~|y/|To|. Therefore there is a p such that for p > p,
lvi, —a~ 2o mmy <& vk, —a ™t llL2cry.mm <&
We claim that for p possibly still larger and all p > p, there is an s, € N such that i, <sp <k, and
lvs, —a" 2o mm Z & vs, —a™ L2 mm) = &.
If not, for every ¢ between i, and k,
v —a™ llp2crgmmy <& or |vi—a™ |2, mm) < e
Replace i), and kj, by the smallest adjacent pair j, j + 1 € NN [ip, kp] such that
lvj —a" L2y mmy <& lvjs1—ab g2, mm <é (2.9)
Next observe that

=

2
/ Ux, (J +5,X)ds
0

1
041 06) — v, ()] = ‘/ vy, (51 + f +5.8) ds
0

2 1/2
< ﬁ([ vx, (j —l—s,fc)zds) .
0

Therefore

141 =il 2z ey < V20vs IL2(rour m)- (2.10)
By (2.4), for p still larger, we can assume the right-hand side of (2.10) is < e. On the other hand, by (2.9),
1vj+1 = vl L2crg.mmy > la™ —a™ | L2cry mmy — 2€

= lat —a~|/|To| — 2. (2.11)

Since 3¢ = [a™ —a~|4/|To|, (2.11) is not possible and therefore there exists a sequence {s,} as claimed.
But then

J(v) > ;/T,, L(v)dx =00

and we have a contradiction, establishing Proposition 2.3. O

To prove Theorem 2.2, let {u; } be a minimizing sequence for (2.1). Thus there is a constant M; such
that for all k € N,
J(ug) < M. (2.12)
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Letpe (0, %|a+ —a~|/|To |) Noting that I" and J are invariant under a unit phase shift in the x -direction,
it can be assumed that

lux —a™ llp2¢r, gmy < p foralli <0 and lux —a™ |l L2¢r, gmy > P (2.13)
for all k € N. Now a few observations about any u € I" are required. Set

Ty ={uel |min{llu—a" || 2, mmy. [t —a™ | p2(7, mmy} = o}
Ty = {u el |max{|u—a” | L2¢7y ). lu—a™ | L2¢r, )} < P}
I3 ={u el | max{|u—a™ | 27, mm). [ —a |l 2, mmy} < p}-

Proposition 2.14. (1) There is a constant k1 > 0 such that

d = inf/ Lu)dx > k.
To

uel’;

(2) There is a constant k > 0 such that

d= inf / Lu)dx >«.
uel’hLUI'3 ToUT;

Proof. If k1 = 0, there is a sequence {vg} in ' such that
/ L(vg)dx —0 ask — oo. (2.15)
To

Arguing as in the proof of Proposition 2.3, we again conclude (2.4)—(2.5) hold and either (i) both {vg} is
bounded in L?(Ty, R™) and {[vg]} is bounded in R™ or (ii) both sequences are unbounded. If (i) occurs, as
in the proof of Proposition 2.3, {vy} converges along a subsequence in L2 (T, R™) to a constant function
v* = [v*] and for any small §, for large k, we have |viy — v*| <6 on a subset of Ty of measure > %|T0|.
Thus (2.7) again holds. Noting that

+ 1/2 +
lv—a®||To|"? = |v—a* |2z mmy = P

for § small compared to p, (V2) and (V3) show the right-hand side of (2.7) is positive independently of v.
This contradicts (2.4) and this case is proved.

Next suppose that (ii) occurs. Then the argument centered around (2.6) again applies and this case is
impossible. Thus (1) of the proposition is proved.

For the proof of (2), we use a similar argument. Assume to the contrary that k = 0. Then there is a
sequence {vg} in I', U I'3 such that

/ L(vg)dx —0 ask — oo. (2.16)
ToUT,

Taking a subsequence if necessary, it can be assumed that {v;} C I’ or {vi} C I's. Suppose {vi} C I's.
Arguing as in the proof of (1), by (2.16),

lim (Vg r2rour, gmy = lim V(x,vx)dx =0. (2.17)
k—o0 k—o00 JToUT;
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Again by the Poincaré inequality, there is a constant b; so that

vk — [kl 2(rour, mmy < P1lIVokllL2¢rour, gy — 0 as k — oo, (2.18)

where [vg]1 denotes the mean value of v; on Ty U T;. It follows as in case (ii) of (1) that {[vi]1} is
bounded. Taking a subsequence again if necessary, it can be assumed that limy_, o [vr]1 = @ € R™. Then
we see that
20> li —a” my+ i —at m
pz lim lve —a™ | L2z, mm) + lim lve —a™ 21y mm)

= lla™ —allp2czy mmy + lat —allp2(r, gm)
=la~ —a|/|To| + |at —al|y/|Ti|
> |a~ —a™t|V/|Tol,

which contradicts that p < %|a“L —a~|+/|To|. In the remaining case where {vy } C I's, a contradiction
follows by the same argument. This proves (2). O

Remark 2.19. Observe that for any u € I' satisfying (2.12) and any i € N, either

min{|lu —a~ lL2¢1;, mmy» lu — at ||L2(Tl.,Rm)} >p (2.20)
or
min{||u —a” | 2cr; gmys lu —a+||L2(Tl.’Rm)} <p. (2.21)
Let /(u) be the number of values of i for which (2.20) holds. By (2.12) and Proposition 2.14(1),
l(u)k1 < My. (2.22)

Thus (2.22) shows /(1) is bounded from above independently of u; i.e., (2.20) holds for at most M; /k;
values of i. Next let /*(u) denote the number of values of i for which

max{|u—a~ |2, gm). lu —a+||L2(T,»+1,W)} =p
or
max{|lu —a™ |l 2z, gmy U —a” lL2(z, o)) < P-
Hence [* (u) represents the number of transitions of u from being “near” a® on 7} to being “near” a™
on 7T; 4. By Proposition 2.14(2),
I*(u)k < M. (2.23)

This means that the number of pairs of consecutive intervals on which u shifts from being near one of a™
or a™ to the other is uniformly bounded for u € I satisfying (2.12).

Bounds for the functions uj in the minimizing sequence are provided by the next result.

Proposition 2.24. If V satisfies (V1)~(V3), then there is a constant M such that |[u ||y 1.2(7, gmy < M
forallk eNandi € 7.
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Proof. We argue as in an analogous situation in [Montecchiari and Rabinowitz 2016]. It can be assumed
that uy, satisfies the normalization (2.13). By (2.12),

J(uy) = Z/ L(ug) dx < M. (2.25)

“ T;
ieZ

Therefore (2.25) and (2.13) immediately yield the desired bound for some value of M, say M5, for i <0.

For any i € Z for which |uy —a:t”LZ(Ti’Rm) < p, we get the ||ug [lw1.2(;) bound exactly as was done

for i <0 and obtain the same upper bound, M. By Remark 2.19, there are at most / values of i that

remain. They lie in

Ak ={i N lug —a"llp2(r, gmy = - lluk —a™ |2z, mmy = o}

Note that Ay CN. Leti ¢ A andi + 1 € Ag. Let X = (x2,...,Xp). For (s, %) € T; and (0, X) € Tj+1,

T Qug(t, X
g (0, %) = uk(s,)E)-i-/ et X)
s ot
SO
i+2
lug (0, %)|? < 2|ug (s, X)) +4/ |Vug (¢, %)) dt. (2.26)
i
Integrating (2.26) over s, 0, X gives
”uk ||1242(Ti+1,Rm) =< 2||Mk ”iz(T,-,Rm) + 4||Vuk ”IZJZ(TI-UT,-_;,_l,IRm)' (2.27)
Therefore by (2.25) and the above remarks,
i1 27, oy < 2M3 +8M1 = M. (2.28)

Then, if i + 2 € Ay, the argument of (2.27)—(2.28) can be repeated. Since the number of elements of Ay
is bounded by / € N, the process stops in at most [ steps, giving the desired bound with M = M (/). O

Completion of the proof of Theorem 2.2. It is convenient to introduce some notions. A set [ C Z will be
called connected if for any i, j € I withi < j, any integer between i and j is also an element in /. For
two connected sets 11, I € Z with I1 N I, = @, we write I1 < I, if i1 < i, forany iy € I; and i3 € I5.
For a connected set I C Z, the length |I| of [ is defined by |/| = sup{|i — j| | i, j € I}. Now consider
the minimizing sequence {uy } normalized by (2.13). By Remark 2.19, for each k, there are finitely many
disjoint connected sets {‘ <-oee< llzk) in Z satisfying

1(k)
{i €2 llug —a~llp2cry mmy < o} = | J IF-
ji=1

The normalization (2.13) shows that for any integer i <0, we have i € I{‘ and |1Jk| <ooforj=2,...,1(k).
Remark 2.19 also implies that the sequence {/(k)} is bounded. Taking a subsequence of k € N if necessary,
it can be assumed that /(k) is a positive integer / independent of k € N. Define

po=max{i €{1,....1} |limsup |I}| = oo}.
k—o0
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It is well-defined since |/ {‘ | = 00. Note that if pg </,

1
limsup Y |IF| < oo, (2.29)
k—o00 j=po+1

Now define p(k) to be the largest i € I;‘O. Set v (x) = up(x1 + pk),x2,...,x,) for k €N, so {vg} is
a new minimizing sequence. By Proposition 2.24, the set of norms {||v ||y 1.2(7, gm) | i € Z, k € N} is
bounded. Since 92 € C, taking a subsequence if necessary, we see that for some U € E and any i € Z,
vx converges weakly to U in W 1-2(T;), strongly to U in L?(T;, R™) and pointwise a.e. to U on T} as
k — oo. Therefore V(x, vx) — V(x, U) pointwise a.e. The weak lower semicontinuity of the |Vu|? term
in J on bounded sets implies that for any p < g € Z,

q q
VU|?dx | <liminf Vo |2 dx ).
([, voras) <tmayS(f) o)

By Fatou’s lemma,
q q
V(x,U)dx ) <liminf V(x,vg)dx ).
Z(/T, (x,U) x)_llcn_1>10r<1) Z(/T, (x, vg) x)
I=p 1=p
Combining these inequalities yields
q q
Z(/ L(U) dx) < limian(/ L(vk)dx) <liminf J(vg) <c.
izp T; k—o00 izp T; k—o00

Letting p — —o0 and g — oo gives
JU) <c. (2.30)

Since limy _, oo |II§‘O| = 00, we see that
U —a" |lp2¢r; gmy < p for i <0. (2.31)

By (2.30), [[VU ||p2(r; gmy — 0 as i — oo. By the Poincar€ inequality, there is a constant b, independent
of i € Z, so that
IU =[UV | L2(r; wmy < PIVU 21, gmy — 0 as i — oo, (2.32)

where [U]’ is the mean value of U on T;. Since JoV(x,U)dx < o0, as in the proof of Proposition 2.14,
it follows that lim; _,oo[U]" = a~ or a*. Thus,

hm ”U —a_HLZ(Ti,Rm) =0 or hm ||U —a+||L2(Ti,|Rm) =0.
1—>00 1—>00

If lim; 00 U —a™ || 12¢7;, gm)y = O, this contradicts (2.29) since limg o0 |U — vk || 2(; gm) = 0 for
each i € Z. Consequently,
Lim |U —a™ |2, gmy =0 (2.33)
1—>00

and U e I'. This with (2.30) shows U is a minimizer of J in (2.1). It is clear that J(U) = ¢ > 0 and
Theorem 2.2 is proved. U
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If n =1, then D = @ and Q2 = R in the problem (PDE). Thus, in this case, (PDE) reduces to a
second-order Hamiltonian system of ordinary differential equations. Moreover, we get a much stronger
conclusion than Theorem 2.2:

Theorem 2.34. Assume n = 1. If V satisfies (V1)—(V3) with D = & and Q2 = R, then any minimizer U
of (2.1) is a classical solution of (PDE).

Proof. Since n = 1, the above Wlic’z bounds imply U is continuous. Its asymptotic behavior then shows
U € L*®(R,R™). Consider ¢ € Wlééz(R) having compact support in R and ¢ € R. Then for 0 < |¢| small,
U +tgp eI'. Consequently, J(U +t¢) > J(U) or

/ LWU+tp)—LU)dx>0 (2.35)
supp ¢
for all such ¢ and ¢. Hence
/ VU -Vo+Vy(x,U)-¢dx =0 (2.36)
Q

for all such ¢, so U is a weak solution of (PDE). But for n = 1, the weak form of (PDE) implies U is a
classical solution of (PDE). O

Remark 2.37. If the minimizer U of Theorem 2.2 lies in L*°(2, R™), the argument just given in
(2.35)—(2.36) shows U is a weak solution of (PDE) even for n > 1.

Remark 2.38. This existence result for n = 1 under (V;)—(V3) seems to be new. It generalizes earlier
such results, [Bolotin 1978; Kozlov 1985; Sternberg 1991; Rabinowitz 1989; 1993; 2012; Alikakos

and Fusco 2015], which get the existence results under slightly stronger hypotheses on V in terms of

smoothness and nondegenerate behavior of V' at the equilibrium solutions a*.

To conclude this section, as a corollary of Theorem 2.34, an explicit L°° bound for any minimizer U
will be given. The bound will be useful in Section 4. First some notational preliminaries are needed.
Since U = U(xy), writing ¢ for x1, by (2.1),

JU)=c= /(%|Ut|2 + V(. U))dt, (2.39)
R
o)
/ |Us|? dt < 2e. (2.40)
R

With p < 2|at —a™|, let

T(p) = {t € R| min{|U(t) —a” | |U(t) —a™ |} = p}.

By (V1)=(V3),
B(p) = inf{V(t,u) ! teR, min{lu—a |, lu—a™t|} > p} > 0.

Therefore by (2.39),
IR < [ Vevydr e, @41)
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Corollary 2.42. If U is a minimizer of (2.1) as in Theorem 2.34, then

2 2
1U oo < p+ maxtla™], |a+|}+( ) . (2.43)

B(p)

Proof. If ||U || Leo (g, rmy < max{|a~|, |a™}, the estimate holds. Thus we may assume that ||U || oo g gm) >
max{|a~|, |at|}. Then, the maximum of |U| is achieved at some z € R. If z ¢ T'(p), it follows that

U@)| < p+max{la™|.Ja"[}.

If z € T(p), we take & to be the closest boundary point of 7'(p) to z. Then, we see from (2.40)—(2.41) that

1Ull oo s = U] < U] + ' /g Us(s) ds

EIU(E)I+(|Z—§|/E |Ut<s>|2ds)2

<|U@)|+IT ()7 (2e)? < |UE)| + (/5( ))

Since |U(£)| < p+max{|a~|, |a™T|}, (2.43) now follows. O

Remark 2.44. Suppose that V' in Theorem 2.34 is modified for |u| > K so that the resulting function, V'*
still satisfies (V1)—-(V3) (for n = 1) and

inf{V*(t,u) | teR, min{lu—a~ |, Ju—at|} > p} > B(p).

Then the corresponding functional J* has a minimizer U* € T" and since V* (¢, u) = V(¢, u) for |u| < K,
minimizing sequences {uy } for J* can be assumed to satisfy J*(uy) < J(U). Consequently

J*(U*) < J(U) (2.45)

and (2.45) and the derivation of (2.43) show any minimizer U™* of the modified problem is also bounded
in L°° by K. Thus such a modification produces no new minimizers.

3. The regularity of the weak solution

The regularity of any weak solution U of (PDE) that minimizes J on I' will be discussed in this section.
The special case of n = 1 has already been shown in Theorem 2.34. Therefore it will be assumed that
n > 2 in what follows. Using standard terminology, a solution u of (PDE) and (BC) is called a strong
solution if u € ngc,z (). Our main result is:

Theorem 3.1. Suppose V satisfies (V1)—(Va).

(1) If 0 = Rx dD € C?2, then any minimizer U of (2.1) is a weak solution of (PDE) and (BC).
Moreover, any weak solution U € E of (PDE) and (BC) is a strong solution of (PDE) and (BC), and
U € L*=®(Q).
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Q) If Viy e CHQ X R™) and 9 € C3, then U € C*>*(Q,R™) for any a € (0, 1) and U is a classical
solution of (PDE) and (BC) with limy, 400 U(x1,%X) = a* uniformly for % € D.

Regularity results for weak solutions of a single second-order quasilinear elliptic partial differential
equation satisfying Dirichlet boundary conditions can be found in the literature; see, e.g., Chapters 8-9 of
[Gilbarg and Trudinger 1983]. However, we do not know of a reference for such a result for the system
(PDE) with (BC). Therefore for completeness we will provide a proof of Theorem 3.1 but postpone it
until Section 6.

4. Some generalizations

In this section, Theorem 2.2 will be generalized in various ways. First we will show that the growth
condition, (V4), can be bypassed when a geometrical condition that leads to an L°° bound for minimizers
of (2.1) is satisfied. Next the case of a more general domain €2 that is periodic in the x;-direction will
be treated. Then a perturbation result will be given. Lastly, the case when the potential V' has multiple
minima will be discussed briefly.

To begin the first result, for any set A € R™ and a > 0, let A% = {y € R™ | dist(y, 4) < a}.

Theorem 4.1. Suppose that V satisfies (V1) and (Vs), where:

(V5) There is a convex bounded open set O C R™ with 00 € C 2 such that

(1) there are two different points a~ and at in O such that V(x,a*) = 0 for all x € Q and
V(x,u)>0foranyu e O\{a",at}, x € Q;
(2) there is a constant § > 0 such that for the outward unit normal vector i = u(u) to 00,

Vix,u) <V(x,u+tu(u)) whenxeQ,uecdo,rtel0,§].

Then there is a weak solution, U € W, !> (2, 0)NT of (PDE) and (BC). If further, V, € C1(Q x R™) and

loc

dQ € C3, the solution U is a classical solution of (PDE) and (BC) with U € C%%(RQ) for any a € (0, 1)
with limy, - 400 U(x1, %) = a® uniformly for % € D.

As a first step towards proving Theorem 4.1, a projection map P : 0% — 0 = 0 UJO will be defined.
Taking a smaller § > 0 if necessary shows that for each u € (30)%, there exists a unique s(u) € 30 with
lu —s(u)| = minyeyo | —w|. This implies s € C1((30)?, 0). Define a projection map P : 0% — O
by P(u) =u foru € O and P(u) = s(u) € 30 foru € 0%\ 0. Note that if u € 0% \ O, then

u—s@) = |u—s@)|pn(s@)). (4.2)
Making 8 smaller if necessary, the implicit function theorem shows P : 0%\ O — 90 is C.
Next to prove Theorem 4.1, a property of the function s(u) is needed.
Lemma 4.3. If u € C1(Q,R™) and u(x) € 0% for some x € Q, then, for eachi =1, ... ,n,
du(x) d(sou)(x)

0x; 0x;

> ‘
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Proof. It is a well-known result that the function s is a contraction; that is, |s(z1) — s(z2)| < |z1 — z2| for
any z1,zp € 08, Thus, for y € Q2 close to x,

@) —u)| _ s@@)) —s@x))|
ly—xl ~ |y — x|
For y = x + he;, h € R, letting || — 0, we get the inequality. |

Proposition 4.4. For anyu € C1(Q2, 0%) N W2 (R, 0%), it follows that

PoueWl(Q,0) and J(P))<J(@).

loc

Proof. For each z € (30)%, there exists a unique s(z) € d0 with |z — s(z)| = miny o |z — w|. For each
z € 90, we have (z) is the outward unit normal vector to dO at z € d0. For each z € (30)%, we define
A(z) = |z—s(z)| for z € (30)%\ O,
—|z=s(z)| for z € (30)’ n o,
and

A—(z) = min{A(z), 0}.
Observe that

s€C1((30)%,00), 1eCY((00).R), peCl(30,R™),

and

z=15(z2) + A(2)u(s(2)).

For z = u(x) € (30)%, we see that

P(u(x)) = s(u(x)) + A (x) (s (x))).

Define
0 for A >0,

—(A? +82)% +¢& for A <O.

Approximating P(u)(x) by s(u(x)) + fe(A(u(x)))u(s(u(x))) and letting ¢ — 0 shows that P(u) €
WléC’Z(Q, 0), and for u(x) € 0%\ 0, we have VP (u)(x) = Vs ou(x), while for u(x) € O, we have
VP(u)(x) = Vu(x). Now Lemma 4.3 implies that |V P(u)| < |Vu/|. Thus

foh) = {

/Q|VP(u(x))|2dx§/Q|Vu(x)|2dx. (4.5)
Moreover, hypothesis (Vs) implies that

/Q V(x, P(u(x))dx < /Q V(x,u(x)) dx. (4.6)
Then (4.5) and (4.6) show J(P(u)) < J(u). O

Proof of Theorem 4.1. As a class of admissible functions, take

=u €< ux) e orx €, |Uu—a 2(7. mm)y —~> U, I — OOy,
ro° E |u(x) e 0’ f Q 2 mmy = 0.1 > £
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Define
c(0% = inf J(u). 4.7)
uel'(0%)
Since O is convex, it is readily seen that I'(0%) # @ and 0 < ¢(0%) < oo. Let {ux} C T(0%) be a
minimizing sequence for (4.7). By the density of C1($2, R™) N T(0?%) in T'(0?), we may assume that
{ur} € CHQ,R™)NT(0%). Since P is a contraction on O and is the identity map on O, for any
z€ 0% and w € O, we have | P(z) —w| < |z —w|. Thus

1P ) —a* | p2qr, mmy < lu—aF |2, gmy = 0. i — Fo0.

Hence Proposition 4.4 implies that { P (1)} is also a minimizing sequence for (4.7) which is contained in
Wléc’z (2, 0)NT(0?%). The proof of Theorem 2.2 shows that there exists a p(k) € Z such that a subse-
quence of {P(ur(- + (p(k),0,...,0)))} converges weakly in WI;C’Z(Q, R™), strongly in Lﬁ)C(SZ, R™)
and pointwise a.e. to a minimizer U € WléC’Z(Q, 0)NT(0%) of (2.1). Since U(x) € O for any x € Q
and O is bounded, by Remark 2.37, U is a weak solution of (PDE) and (BC).

Following the argument in the Completion of the Proof of Theorem 3.1, we get that if V,, € C! and
0Q e C3 then U € C%>*(Q, 0)NT and U is a classical (PDE) and (BC) with limy, 400 U(x1,X) = a*

uniformly for X € D. O
For our second result, as earlier, let e; be a unit vector in the positive x;-direction, 1 <i < n. Assume:

(1) Q C R x D for some bounded set D C R*~1, 9Q is a C3 manifold, and for all x € , we have
x+e € Q.

(22) Q is a connected set.

Define the functional J as earlier with this new choice of €2 and for i, j € Z with i < j, set T; =
xeQli<xi<i+1}and T/ ={xeQ|i<xi </}

Then we have:

Theorem 4.8. Suppose that V satisfies (V1)—-(V3) and 2 satisfies (21), (22). Let
I'h = {u ek } ||u —a:l:”LZ(Ti,Rm) —0,i — :EOO}

Then there is a U € I'1 such that
J(U) = inf J(u). 4.9)
uel'y

Proof. The proof of Theorem 2.2 uses Proposition 2.14 and Remark 2.19 to show that a minimizing
sequence {uy} satisfying the normalization (2.13) and the bounds given by Proposition 2.24 has a
subsequence which converges to a minimizer U of the functional J on I'. Since Proposition 2.14 and
Remark 2.19 can be proved in the same manner for a domain 2 satisfying (€21) and (£22), the proof
carries over to the present setting provided that the bounds of Proposition 2.24 are also valid here; i.e., if
{uy} is a minimizing sequence for (4.9), there is a constant M > 0 such that

||uk||Wl,2(Ti,|Rm) < M (410)

for all k € N and i € Z. We will show that this is the case. The proof uses the following result.
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Lemma 4.11. Assume that (21) and (22) hold. Then for any fixed k > 3, there exists a constant C > 0,
independent of i € Z, such that for any u € WI’Z(SZ, R™Yand jel{i+1,...,i +k—2},

loc
||u||L2(Tj,Rm) = C(||Vu||L2(Tii+k,Rm) + ||u||W1~2(T,-,[R’“) + ||u||L2(T,-+k_1,Rm))-
Proof. By a translation in Ze1, it suffices to show that there exists a constant C > 0 such that for any

ueWh(Q,R™)and j €{1,....k—2},

loc
lell 2z, momy < € (1VUll 2 gomy + Il L2 momy + 1l 27y o))
To the contrary, suppose that the inequality above does not hold. Then there is a sequence {w;} C

W2 (Q,R™) and j € {1,...,k —2} such that

lwill2(r; mmy =1 (4.12)
and

IVwill L2z gy + Nwill L2z memy + ¥l L2z oy =0 as T — oo (4.13)

Let Qé be a connected component of 7; and Q/ a connected component of Té‘ containing Qé. If
Q/ N (TyUTy_1) = @, then 7 is an isolated connected component of . But k > 3, so this contradicts
the connectedness of Q. Thus 7/ N (To U T—;) # @. Assume that Q/ N Ty # @. Then by the Poincaré
inequality, there exists ¢ > 0, independent of /, such that

lwr = [wiljl 2@/ wmy = cllVwillL2(@s gemy. (4.14)
where [w;]; = (1/]£2;]) fQ_,- wy dx. Since limj_ o0 |wy || 2(7;,,gm) = 0 and
lwr = [wiljll L2/ nre.rmy < lwr —[wiljllL2@i gmy < cllVwillL2i gm)
< el Vwil gt .
(4.13) implies that lim;_, o [w;]; = 0. Then (4.14) shows that
lwill L2 (gf gomy = lwillL2(@s pmy >0 as [ — o0,

If Q/ N Ty # @, we obtain the same conclusion. Thus, for each connected component o , we have
lim;_, o0 ||w; ||L2(96,Rm) = 0. This implies lim; o [|wi |2 (7, gy = 0, contradicting (4.12) and com-
pleting the proof. U

Now, we argue as in the proof of Proposition 2.14. Since Proposition 2.14 and Remark 2.19 hold for

a domain 2 satisfying (£21) and (£25), there exists L € N, independent of k, such that the number of
elements of

A ={i eNllug —a” |l p2qr wmy = oo llug —a™ [l 2z, omy = 0}

is bounded by L for each k € N. Note that if i ¢ A,

-1 1
kN2 (7, mmy < p+max{la™ |, |a™ |}|To|2.
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Then, applying Lemma 4.11, we get the boundedness (4.10). For the completion of the proof of
Theorem 4.8, we follow exactly the same argument as in the Completion of the Proof of Theorem 2.2.
Then, we get a minimizer U € I'y of J. O

As a consequence of Theorem 4.8 and Theorem 3.1, we have:

Corollary 4.15. If in addition to the hypotheses of Theorem 4.8, (Vy) is satisfied, Vy, € C1(Q x R™) and
0Q € C3, then U € C%*(Q,R™) for any o € (0,1) and U is a classical solution of (PDE) and (BC)
with limy, > +00 U(x1, X) = a* uniformly for X € D. If V satisfies (Vs), then (PDE) and (BC) possess a
solution U € C**(Q,0)NT}y.

Theorem 3.1 and Corollary 4.15 require condition (V4), which allows us to get an L°° bound for the
solution. When n = 1, condition (V4) is not required; conditions (V7)—(V3) suffice. Next an example
will be given showing that a PDE perturbation of that case without any further conditions other than
VecC? gives classical solutions of (PDE) and (BC). Thus consider (PDE) and (BC) for n = 1. To better
distinguish between the cases of n = 1 and the general case, set

Lo = {u € W 2(R.R™) | [lu —azxll 2 i 1gmmy — 0. +i — 00}

loc

and
Jo(u) = /(%le |2 + V(x1, M)) dxy.
R
Then in Section 2, it was shown that
co = inf Jo(u)
uely

has a minimizer, Uy = Up(x1), which is a classical solution of (PDE). With the same choice of V, take
any bounded domain D C R”~! with Q@ = R x D and I as in Section 2, J as in (1.2) and ¢ as in (2.1).
Note that Uy € T" so J(Up) = |D|Jo(Up) > c.

Proposition 4.16. J(Up) = ¢ and any minimizer U € C>%(Q) N L () of (2.1) depends only on xy.

Proof. Let {u; } be a minimizing sequence for (2.1). Write x = (x1, X) for x € R" and fix k € N. Then
by Fubini’s theorem, there exists a set Ay C D with |Ax| = |D| such that for any x € Ay,

/Q(%IVuk(m, R+ Vixr.ug(x1, £))) dxy < oo. (4.17)
Therefore by Proposition 2.3, there exist e;f (%) € {a~,a™} such that
. A + A
i_lgfinoo g (-, X) — e (Ol L2 i +1,rm) = 0- (4.18)
We claim that e,:c': (%) = a® for all & € Ay. Indeed for each i € Z, set

@) = /[ |l D =P dn,
i,i
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Then each function fijE is measurable on D and by Fubini’s theorem again,

lim /f,.i(;e)d)e= lim /f lug(x1, %) —aT |2 dx1 d 3
D D J[i,i+1]

i—+o0 i—>to00

= lim |juy —a® =0
dim vk lz2(1;)

since u; € I'. But fl.jE (X) >0, so fl.jE — 0in L'(D) as i — #oo. Hence there exist subsequences

i /.i — +00 such that

fli (X) >0 forae. x €D. (4.19)
J

Comparing (4.19) to (4.18) shows the existence of a set By C Ay, with |By| =|Ax| = |D| and ekﬂ: (%) =a*
for all X € By. Defining B = (), Bk, we have |B| = |D|, and for any X € B and k € N, we have

up(+. %) e WA (RR™) and  lim Jug(-, %) —a® |24 17.0m) — O-
i—*+o00
This implies that for each X € B, we have uy (x1, X) € I'g. Therefore, for each X € B,
Jo(ui (-, %)) = Jo(Up). (4.20)

Integrating (4.20) over D then shows J(uy) > J(Up), which implies J(Up) = c, yielding the first part of
the proposition.
For the second part, suppose that ¢ is attained by U € C2%(Q2) N L>(R2). As in (4.20), for a.e. £ € D,

Jo(U(-., X)) = Jo(Uo).
Since J(U) = c, this implies that for a.e. X € D,
Jo(U(-, X)) = Jo(Ubp).

Then, for a.e. X € D,

02U(xq1, X A
FOCLD _y, (o1, Uxr. #)) =0,
0xy
This implies that
92U(xy, %
AU zAU—%zO for any x; € R;
X1

i.e., U(x1, X) as a function of X is harmonic. Thus using the boundary condition (BC) shows that U(x1, X)
does not depend on x € D. This completes the proof. O

Now the perturbation result can be formulated. Suppose:

(Vo) For some &g > 0, there exists a function W € C1((—¢, ) x Q x R™) such that for each ¢ € (—&, o),
W (e, -) satisfies (V1)—(V3) and W(0, x,u) = V(x1, u).
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For |¢| < &9, consider the family of equations

—Au+ Wy(e,x,u)=0, xeQ, 4.21)
with boundary conditions
ad
P _0 onog. (4.22)
av

Then we have:

Theorem 4.23. Suppose (Vy) is satisfied and 2 € C 3. Then there is an g1 € (0, £g) such that the problem
(4.21)—(4.22) has a classical solution U, for each |e| < €.

Proof. Let ug be any minimizer of Jo on I'g. Then (2.43) provides an upper bound K for [[ug || z.co g,rm)
and any such ug. To obtain the solutions Ug, the family of functions W(e,-) will be truncated. Let
Wk € C((—e, &) x Q@ x R™) satisfy (Vo) with

(1) Wk (0, x, u) independent of x,

(2) Wk(e,x,u) = W(e, x,u) for |u| <2K,

3) |(Wk)u(e, x,u)| < K; for some constant Ky,

(4) liminf},| o0 Wk (e, x,u) >V > 0 uniformly for x € Q and |¢| < &o,

5) inf{WK(O,x,u) | t €R, min{flu—a”|,|u—at|} > p} > B(p),

where B(p) = inf{V(xl, u) | x1 €R, min{|lu —a~ |, |lu—at|} > p}. It is straightforward to construct
such a family of functions. By (V) and Theorem 2.2, the functional

JE,K(M)E/ (%|Vu|2+WK(8,x,u))dxz/ Le x(u)dx,
Q Q

corresponding to (4.21) with W replaced by Wk has a minimizer U, g € I' for each |¢| < g9. By (3) of
the properties of Wx and Theorem 3.1(1), there is a constant M ; that is independent of ¢ but depends
on K such that

1Us, & | oo (,m) < M 1.

Thus by Theorem 3.1(2), each component of Ug g can be viewed as a C 2, (2, R) solution of a linear
elliptic equation of the form
—Av=f, xeQ,

with dv/dv =0, x € Q2 and f € L*°(2, R). Applying the ngc’q estimates for such equations gives a
constant M, > 0 that is independent of ¢ but depends on K such that

[ Ua,K ||W2.f1(Q,[R) < ]\72.

Taking ¢ > n and applying the Schauder estimates for each component yields a constant M > 0 that is
independent of ¢ but depends on K such that

”US’K”CZ.&(Q’RWI) S M (424)
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Thus, Uy, k is a classical solution of (4.21)—(4.22). It can be assumed that the functions U g are normalized
as in (2.13). We claim there is an &1 € (0, go] such that for |¢| < &1, we have ||Ug g || o0 (@,rm) < 2K. If
s0, Wk (e,x,Ug k(x)) = W(e, x,Ug x(x)) and U, g is the desired solution of (4.21)—(4.22) for |e| < &1.
To show that such an &7 exists, suppose that there exists &; € (—&g, £9) with lim;_, o &7 = 0 such that

limsup | U, k||oo (2 rm) = 2K. (4.25)

[—o00

By (4.24), it can be assumed that Uy, g converges in CI%)C(S_Z, R™) to a solution U* of (4.21)—(4.22) for
¢ = 0. Due to equations (4.21)—(4.22) again, the convergence is in Cliéa (2, R™) so by (4.24),

1U* [l c2.0(q mm) < M. (4.26)

Suppose for the moment that U* minimizes Jo g on I'. Then by Remark 2.44, ||U*||poo(@,rm) < K and
(4.26) is in contradiction to (4.25). Hence ¢; exists and the theorem is proved.

It remains to verify that U* minimizes Jo g on I. As a first step, let w € C (R, R™) with w(t) = a~
for t < —1 and w(t) = a™ for t > 1. We define w(x1,%) = w(x1). Then there is a constant M

independent of ¢ but depending on K such that
Je.k (W) < M. 4.27)

Thus Jg x (Ug,x) < M; for |e| < g9. Now for any R > 0, due to the Cl(l)C convergence of U; g,

/ Lo,k (U*)dx = lim Lek(Ugk)dx <M.
[-R,R]xD &0 J[—R,R]xD
Thus letting R — oo shows
Jox(U™) <M. (4.28)
By (4.28), as |i| — oo,
/ Lo.x(U*)dx — 0. (4.29)

12

Due to the bounds (4.26) and the Poincaré inequality,

IU* —aE w12, gy = 0, |i] — 0. (4.30)
Employing the bounds, (4.26) again with (4.30) and an interpolation inequality shows

IU* —a®|ci (g, gy — 0. i — Foo. (4.31)

The estimate (4.31) also holds for any u¢ minimizing Jo g on I'. Let o > 0. By (4.31), there is a
q = q(0) € N such that for u = U™ or u = uy,

lu—a®llcir, gy <0, +i>gq. (4.32)

By (4.28) again, by taking ¢ larger if need be, it can be assumed that

/ Lo.xk(U*)dx <o and / Lo.x(ug)dx <o. (4.33)
{lx11=g+1}xD {lx11=g+1}xD
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Next observe that U *, being a limit of minimizers, possesses a minimality property. Indeed since Uy g
minimizes J, g over T, for any ¢ € W12(Q, R™) having compact support,

L(LS,K(Ua,K +¢)— Ls,K(Ua,K)) dx = / (Ls,K(Us,K +¢)— Ls,K(Us,K)) dx>0. (4.34)
supp ¢

Thus taking ¢ — 0 in (4.34) yields
/ (LO,K(U* +¢)— LO,K(U*)) dx > 0. (4.35)
supp ¢

Taking ¢ = q(0), choose ¢ = f;, where

ug—U* for |x1] <gq,
(x1—q—DU*—ug) forqg<x;<qg-+1,
(=g —1=x)(U* —ug) for —g—1=<x1 <—q,
0 for |x1|>q+1.

fq(x) =

With this choice of ¢, (4.35) becomes

/ Lo,k (uo) dx+/ Lok (U* + fg)dx z/ Lox(U*)dx. (4.36)
[—q.9]1xD T_g—1UT, [—g—1,g+1]xD

The choice of f; and (4.32) show

| Lex@ s fpdx =y
T_4q—1UTy
where y(0) — 0 as 0 — 0. Recall that by Remark 2.44 and Proposition 4.16,
co,x = inf Jo g(u) = inf J(u) =c.
uel uel
Consequently, letting 0 — 0, ¢ — oo and (4.36) implies
¢ =J(uo) > Jox(U™) > co.x

and Theorem 4.23 is proved. O

Remark 4.37. One can also allow for perturbations of the domain in the setting of Theorem 4.23. For
example, with a condition like:

(R0) For some g > 0 and each |¢| < g¢, there is a domain 2, C R”, where Q2 satisfies (£21)-(£23), the
map & — 2, is continuous, and Q¢ = R x D.

To conclude this section, we will briefly mention the case of (V>) replaced by:
(V) There are points a' € R™ such that V(x,a’) =0, 1<i <s, forall x € , and V(x, u) > 0 otherwise,

i.e., V is a multiwell potential. Existence and multiplicity results for such multiwell potentials and even
infinite well potentials have been studied, e.g., in [Montecchiari and Rabinowitz 2016]. Using the methods
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of this paper, such treatments can readily be extended to the current setting. For example, suppose that V'
is an s-well potential and set
A={d',... a%}.

Then it is straightforward to show:

Theorem 4.38. Suppose that V satisfies (V1), (V), (V3), (Va), Vu € CL Q=R xD withD CR" 1 a
bounded open set and 9D a C3 manifold. Then:

(1) Forany a’ € A, there exists ana’ € A withi # j and corresponding classical solution Ui,; of (PDE)
and (BC) such that U;; is heteroclinic in x1 from a' toa’ and Ui,; minimizes J over the set

{ucE }kli:lloo lu—a' | 27, o) =kli)n;o lu —a’ || 2(7, gmy=0 for some j #i}.

(2) For any al,al € A, with i # ], there exists a (minimal) heteroclinic chain of solutions U p,,
Up,,p»+---+Up,,j of (PDE) and (BC), where Uy ; are as in (1) and the integers i, p1...., ps, J are
distinct. Moreover, if

where

L= {u ek ‘ [lu —ai||L2(Tk,Rm) —0, k— —o0; ||u —aj||Lz(Tk,Rm) -0, k— oo},
then
¢i,j =JWip)+-+ J(Up,,j)

5. Multitransition solutions

In this section, it will be shown how the approach of [Montecchiari and Rabinowitz 2016] can be mirrored
to construct multitransition homoclinic and heteroclinic solutions of (PDE). More precisely, we seek
solutions of (PDE) that as a function of x; make multiple transitions between small neighborhoods of a™
and a™. In order to find such solutions, we need a mild nondegeneracy condition on the set of minimizing
heteroclinics given by Theorem 2.2. To make this precise, we replace I' by I'(a—,a™) and ¢ by c(a™,a™).
Thus interchanging the roles of a~ and a™ gives us I'(a*,a™) and c(a™,a™). For £ € {a™,a™}, and
nefat.a”}\{§}, set
ME m={uelEn|Jw) =cE )}

Define

SE.n) = {ulr, [ue M(E, n)}
and put the W 12(Ty, R™) topology on this set. Then we have:
Proposition 5.1. Suppose V satisfies (V1)~(Va), Ve € C1(Q x R™) and 9Q € C3. Then

(1) S n) =SE nULETU ),
(2) S(&,n) is compact.
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Proof. Due to the asymptotic behavior of the members u of M(§, n), we know u(xy + j,x2,...,Xn)
converges in LZ(Tp, R™) to n as j — oo and to £ as j — —oo. Then, by the L> uniform boundedness
of minimizers U € S(£, n) in Proposition 6.2 and elliptic estimates, we see that {£} U {n} € S(&. n).

Let {w;} be a sequence in S(§, n). Then the proof of (1)—(2) is complete if a subsequence of {w; }
converges to a member of S(&, n) U{§}U{n}. If a subsequence of w; converges to & or 1, we are done. Thus
suppose this is not the case. For any j, we have w; = W;|r,, where W; € M(§,n), so J(W;) =c(§,n).
By Proposition 6.2 and elliptic estimates, there exists K > 0 such that ||Wj||c2.e(q gm) < K. Then, a
subsequence of W; converges in Clﬁc(Q, R™) to a function W € E N C?(22,R™) and W is a classical
solution of (PDE). In particular w; — w = W|r, # &, n. Since for each p < g € Z,

q q
> [ Lwyar= tim 3 [ Lowax = s = e,
i=p° i i=p~"!

letting ¢, — p — oo shows
> [ Lovyax=son) <. 52)
iez ! Ti
Equation (5.2) and (V) imply there are points £* € {€, n} such that | W —£* lL2(r; gmy — 0 as i — %00,
respectively. We must show £~ = £ and £ = 1. Arguing indirectly, suppose that £~ # &, so £~ = 1.
Let ¢ > 0. Then there is a negative integer io = ig(¢) € Z such that |W —nly1.2(7, gmy < € for all
i <io+2. Forlarge k = k(ip) and i € {ip—1,...,io + 2}, we have || Wi — nlly1.2(1, gm) < 2¢. Define
Jie € T'(§.n) by

Wy for x1 <ip—1,
(x1—io + Dn+ (o —x1) Wi for ip — 1 < x1 <o,

fe=14n for ip < x1 <ip+1, (5.3)
(x1—io— D)W +(2+io—x1)n for ip+1=<x1 <ip+2,
Wi for ip + 2 < x1.

Note that
(W) — I ()] = ‘ / (LW = L(fe) dx| < (o). (5.4)
U2 T;

i=ip—1

where k(¢) — 0 as ¢ — 0. Therefore by (5.4),

c.n) =JWe) = J(fi) —K(e). (5.5)

Further define functions gz € I' (&€, n) and Ay via

for x1 <ip,
or = {f" _ (5.6)
n  for x1 >io,
f <i 1
b =11 orstot (5.7)
Jk  for x1 >ip+1,

so by construction,
J (i) = J(gk) + J (). (5.8)
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By (5.5) and (5.8),

c(§.n) = J(gk) + J(hi) —x(e) = c(§.n) + J(hi) —k(e).
Thus, we get
k(e) = J(hi) = L(fi)dx = L(fx)dx. (5.9)
i=i20—:|-1 fTi igo/Ti

where the last inequality follows since ig is negative. But on Ty, we have f; = wx — w in W12(Ty, R™)
as k — oo and w # a+. Therefore |. TOL( fr) dx > w > 0 for all large k. Since the left-hand side of (5.9)
goes to 0 as ¢ — 0, we have a contradiction. Thus £~ = £. Similarly, £ = 5 and the proposition is
proved. O

Next define C¢ (&, 1) to be the connected component of S(&,n) to which & belongs and define Cy (€, 1)
similarly. Then the following alternative holds.

Proposition 5.10. One of the following items holds:

(i) Ce(§.m) =Cy(&. )5
(ii) Cg(§.m) = 1€} and Cy(§, 1) = {n}.
If (ii) holds, there exist nonempty disjoint compact sets Ke(§,7n), Ky(§,n) C S(&,n) such that

(@) £ € Ke(§,m), ne Ky(&,n),
(c) dist(Kg(&,m), Ky(§,m) =5r(&,n) >0.

Proof. The proofs of these statements are exactly the same as their counterparts in Proposition 2.43 of
[Montecchiari and Rabinowitz 2016]. O

Remark 5.11. Note that Proposition 5.10(i) occurs if V' is independent of x;.

To continue, we assume that the nondegeneracy condition, alternative (ii) of Proposition 5.10, holds for
both C¢ (&, 1) and Cg(n, £). Since the arguments are very close to those of [Montecchiari and Rabinowitz
2016], we will give the proof for the simplest case of two transition solutions and merely set up the
variational problem that finds the multitransition solutions as local minima of J, referring to [Montecchiari
and Rabinowitz 2016] for further results and details.

Recalling the definition of p given after (2.12), by Proposition 5.10,

F =min(p,r(a—,ay),r(ay,a-)) > 0.
Define the set

AE ) ={ueTEn | lu—Ke& 0wz mm =7 or lu— Ky w2y gm =7}
and

dn) = ue}\né’n) J(u). (5.12)
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Arguing as in the proof of Proposition 2.47 of [Montecchiari and Rabinowitz 2016] shows

d§.n) > c.n). (5.13)
To set up the variational framework to find the simplest two transition solutions of (PDE) and (BC),
following [Montecchiari and Rabinowitz 2016], let m = (m1,...,my) € 7* and | € N be such that

mi+2 <my—2l <my+2l <msz—2l <msz+2 <my—2I.
Finally define
As = Ax(m,l) = {u € E | u satisfies (5.14)},

where
Ny (Kq_(a—,a4)), j<mp+l,

Ny (Kay(a—,ay)), ma—1=<j<my+lI,

c+J € 5.14
AT €\ N Ky (@san). ma—1=j <my+l, 19
Nr(K(l_(a-F’a—))’ m4_l S]
Here N, (A) = {u € W2(To, R™) | disty1.2(7, gmy(u, A) < r} for any A ¢ WL2(ToR™).
We seek 2-transition solutions as minima of J on A4,. Define
by = by(m,l) = inf J(u). (5.15)
ucAs

Theorem 5.16. Suppose (V1)—~(V4) are satisfied and that Proposition 5.10(ii) holds for Ce (&, ) whenever
£ #£nefa—,a4}. There exists an mo € N such that if | > mo and mj+1 —m; — 6l > mg fori =1,2,3,
then

M(by)={uec Ay | J(u) = by} # 2.

Moreover, any U € M(b3) is a classical solution of (PDE) satisfying (BC) and ||U —a—|| w121, mm) =0
as p — too.

Proof. Let {uy} C A, be such that J(ur) — bp. Arguments similar to the ones used to prove
Propositions 2.14 and 2.24 show that {|[ug | 1.2(7; gm)}iez, ken is bounded. Then, along a subsequence
(denoted again by {uy}), ur — U weakly in E. Since A, is weakly closed, we have U € A, and J is
weakly lower semicontinuous, so J(U) = b,. Since J(U) < +o0,

distyr12(7, gy (U, {a—, a4+}) >0 as p — +oo,

and by the definition of Ay, it follows that lim4 o0 |U — a—|lw1.2(7, gy = 0. To show that U is a
classical solution of (PDE) satisfying (BC), the arguments of Section 3 can be applied here once we have
verified that U is a weak solution of (PDE), i.e.,

/VU-Vgo—I—Vu(x,U)'godx:O for any ¢ € Cg°(R", R™). (5.17)
Q

To verify (5.17), it suffices to show that if m is large enough, U satisfies the inequalities defining A, with
strict inequalities. Towards this end, define K1 =K,_(a—.,a+), Kx =K, (a—,a+), K3=K4 (a+.a-),
Ki=K,; (a+,a-),anda;=as=a—_, ap =az=a. If U does not satisfy one of the inequalities defining
Ay with strict inequality, then
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(x) there exist integers j € {1,...,4} and
(—oo,m1+1]NZ if j =1,
pi€mi—Ilmi+1)NZ ifl<j<4,
[mga—1,+00)NZ if j =4,

for which

r= diStwl.Z(To,Rm)(U(' + Pj€1)|Tov KJ)

We show here below how () is not possible if mg is large enough. The arguments are slightly different

depending on whether j = 1,4 (the “boundary” case) or j = 2, 3 (the “interior” case). We will show

here how to get a contradiction only for the interior case, the other being very similar (and simpler).
Assume that for some j € {2, 3} there exists a p € [m;—1,m;+1) such that

r=disty1.2¢7, gy (U(- + pe1)lr,, Kj) (5.18)
Let ¢ € (0, 7). First note that if m¢ is sufficiently large then
by <c(a—,a4+)+clay,a-)+2 (5.19)

independently of the choice on m — see the simple argument at the beginning of the proof of Proposi-
tion 3.29 in [Montecchiari and Rabinowitz 2016]. Moreover, taking mg larger if need be, observe that for
any j €{l,...,4} there exists (; € [m; —] +2,m; + 1 —2) N Z such that

U —ajllwr2cr, gmy <& fori €y =2, +2]NZ. (5.20)

Indeed, suppose for every X; = U;;zl—z Ty C [m; —1,m; 4+ 1] x D, there exists 7; C X; such that
U —a; ||W1,2(Tj’|Rm) >¢e. Since U € Ay, it follows that diSth.Z(Tj’Rm)(U, {a—,a+}) > e. Then, the

argument in Proposition 2.14 shows ij L(U)dx > B(g) > 0. Therefore

by = J1(U) = 521 + 1)B(e) = 3mop(e),

which is in contradiction with (5.19) for large values of my.
By (5.20), there are integers i— € (m/f_1 —1+2, mj_, +[l—2)andi4 € (m/r_‘_1 —1+2, msq +1-2)
and corresponding regions X;_ and X, such thatif 7; C X;_ and T} C X;_, then

WU —a;_ilwizqmm <& and |U—ajillwizmrm <e (5.21)

Define
a;_y for x1 <i_,
f=1U fori—+1<xy<iy—1, (5.22)
a]T_H for iy <xq,

with interpolations as in (5.3) in the other regions.
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By construction, f € F(aj_l,ajH) and since f = U on T, by (5.18) we have f € A(af_l,aj+1).
Then, by (5.13) and (5.22),
d(aj_l’aj.;_l) <J(f)

§/i N L(U)dx+/ L(f)dx—i—/ L(f)dx
U,-t.;.l T; Ti_ Tiy—1
< / P2 L(U)dx + 2k (e). (5.23)
isy1 Ti
If mg is large enough, there exists u € M(a o145 +1) such that

lu—a;_ylwr2q,mm <€ foranyg<mj_,+I,

lu—aj; w2, mmy <€ foranyg=m; -1

Define
U for x1 <i_ -2,
a;_y fori_—1<x1<i_,
d=<u for i 4+1<x; <iy—1, (5.24)

a]T+1 for i+§x1 §i+—|-1,

U for x; > iy +2,
making the usual interpolations in the remaining regions. Observe that ® € A,. Consequently, with the
aid of (5.23), we obtain

0§J(<I>)—J(U):/,. . L(®)—L(U)dx
Uii[__z Ti
5/;' 3 L(u)dx+21<(e)—[i L(U)dx
iii_l+1 T; Uii?—_l—z T;
sclaj_yajyy)—dlag_y.azy)+4ac(e).
a contradiction to (5.13) if 4x () < d(a 7—1’aj+1) — c(ajf_1 , ajrﬂ). An analogous argument leads to a

J
contradiction in the boundary case. Thus (*) cannot occur and the theorem is proved. O

Remark 5.25. Varying the values of m, Theorem 5.16 provides the existence of infinitely many 2-transition
solutions of (PDE) homoclinic to a—. Reversing the roles of a_ and a ., an analogous result is obtained
giving infinitely many solutions homoclinic to a .

As in [Montecchiari and Rabinowitz 2016], Theorem 5.16 can be generalized also to the case of
k-transition and infinite transition solutions. We state here the case of k-transition solutions referring to
[Montecchiari and Rabinowitz 2016] for more details.

For k € N, let {ai, ..., as} € {a_,ay}** be such that

air #ax =az# -+ # gk = dof—1 7 Aok-
Consider also the family of sets {K1, ..., Ko;} defined as

Kyj—1=Ka,;_(azj—1,a2j) and Kjj = Kg,,(azj—1,a2j), j=1,...,k.
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Given/ e Nand m = (my,...,my) € 72%¢ with mj—mj_1>2lfor j =2,...,2k, consider the set

A(k,m,l) ={u € E | u satisfies (5.26)},

where
N# (K1), pe€(—oo,mi+1)NZ,
u(- +pe)lry € yN#(K;), pelm;j—I,m;+1)NZ,2<j<2k—1, (5.26)
N7 (Kak), p€lmy—1,+o0)NZ,
and let
by =bk,m,l) = inf J(u). (5.27
ucA(k,m,l)

Theorem 5.28. Under the hypotheses of Theorem 5.16, there is an mgy € N for which if k € N, [ > my
andmjs1—m; —6l >mg fori =1,...,2k —1, then

M(br) = {u € Alle,m, 1) | Ju)=b(k,m,1)} # 2.

Moreover, any U € M(by) is a classical solution of (PDE) satisfying (BC).

6. Proof of Theorem 3.1

In this section the proof of Theorem 3.1 will be carried out. It is similar to the proof of the corresponding
scalar case. The proof consists of several steps. First note that since (V1)—(V3) are satisfied and Q2 =
R x 0D € C1, by Theorem 2.2, there exists a minimizer U € T" of (2.1). For any ¢ € WI;C’Z(Q) with

compact support in Q and ¢ € R, we see that U +t¢ € T. Since V(x,-) € C1(R™) for each x € Q and
(V4) holds, lim;—o(J(U +tp) — J(U))/t exists. Since J(U) < J(U + tgp) for any t € R, we see that

. JWU+19)—J(U)
lim =

t—0 t

This implies that U is a weak solution of (PDE) and (BC).
Now two rather technical steps are required and will be stated as separate propositions. The first

/ VU -V + Vyu(x,U)pdx = 0.
Q

provides an L°° bound for any weak solution U of (PDE) and (BC). When m = 1, such results are well
known; see, e.g., [Gilbarg and Trudinger 1983]. In general, they are not true for systems, but we will show
that due to the semilinear structure of (PDE) and (V4), variants of arguments in [Gilbarg and Trudinger
1983], that in turn go back to work of Moser, can be modified to treat the current setting.

Note that for any U € E, there is a constant M4 > 0 depending on U such that

|VU|2dx+sup/ |U?dx < Mj. (6.1)
Q T;

i€z
Proposition 6.2. Suppose V satisfies (V1)—~(V4), and that 92 = R x 9D € C L. Then for any weak solution
U € E of (PDE) and (BC), there exists a constant M5 > 0 depending on U such that

|U || Loo(,rm) < Ms.

If U is a minimizer of (2.1), M4 and M5 are independent of U.
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Proof. First observe that by Proposition 2.24, M4 can be chosen independently of U if U is a minimizer
of (2.1). Let n € C(R, [0, 1]) have compact support. Then 71 extends to a C !-function on 2 by defining
n(x1,...,xn) =n(xy1). Foreacho > 0and i = 1,...,m, define a function U? by U? (x) =U;(x) if
|Ui(x)| <o, by U? (x)=0 if Uj(x)>0 and by U? (x)=—0 if Uj(x)<—o0. If U = (U1, ..., Up), set
U°=(U7....,Up). Let B > 0 and take ¢; = anj|Ujf’|2‘3, 1 < j <m. Then, taking ¢ = ¢;e;, with ¢;
the j-th unit vector in R™, we see that ¢ € WI;C’Z (£2) and the support of ¢ is compact. Thus, (1.1) implies
that for 1 < j <m,

/ VU; - V(U (U *P) + Vi, (x, U)n?U; [UZ 2P dx = 0. (6.3)
Note that "’
VU; - VPU;UF PP
= 1P \U7 PP IVU; 2 + 2812 U |UF PPV U; - VIUT | + 20U U7 PPV U - V. (64)
Observing that the middle term on the right in (6.4) satisfies
280U, |US PPV, - V(U | = 0, (6.5)
substituting (6.4)—(6.5) in (6.3) and using (V4) shows for some constant C, > 0, independent of o, J, 8,
/Q U7 PP VU, dx < 2/9 n|U; [|UP 1P |V U; ||V dx+c2/9 U [|UP [P (14+|U|P) dx. (6.6)
Simplifying the right-hand side of (6.6) gives
/Q n?|U° 12|V U; | dx

1
= E/anlUJUPﬂWUdeX—FS/;Z |UJ|2|UJU|2/3|Vn|2dx+C2/Qn2|UJG|2ﬂ(|Uj|+|U|p+1)dx
Hence there is a constant C3 > 0, independent of o, j, 8, such that
/ n?|U7 2P |VU;|? dx

Q
= C3/ [+ 1VnlLeo)* (U | + U DIUZ PP + 2 luf PP lu 1Pt dx. (6.7)
QNsupp(7n)

Since
2
VU IUP 1P)|* <208 + D22 U PP |V U; 1+ 2(U)2 | UP 1P | v 2,

using this estimate in (6.7) shows there is a constant C4 > 0, independent of o, j, 8, such that
[ 1 GU g IR + R PUp PP dx

< Ca(B+1)? /Q - )[(1 +IVilLe)2(1U; | + U PDIUP PP + 2 |UP PP U P+ dx. (6.8)
supp(n
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Due to the Sobolev inequality and (6.8), there exists a constant Cs > 0, independent of o, j, 8, such that

n—2

(fawpeena ax) "
Q

=GB+ 1)2/ [+ [ VnlLo)2|U; PIUZ P2 + 2 Uf PP U P+ ] dx
QNsupp(n)

=M(j,o,pB). (6.9)
Suppose for the moment that n > 3. Define 1 by

2n
n—2
The restriction on p in (V4) implies B > 0. By this choice of 1, (6.1) and the Sobolev inequality,

21+ D) +p—1=

M(j, o, B1) is bounded independently of 0. Consequently letting 0 — oo and choosing 7 so that n(x1) =1
for |x1 —i| <, (6.9) shows there is a constant K = K(f1,[) such that for each [ > 1,

/ (U5 dx < K(Br, 1) (6.10)
QN{jx;—il<l}

independently of i. For t € N with ¢ > 2, define 8; via

2(,3t+1)+P—1:2(,3t—1+1)n_2

and repeat the above argument, obtaining
/ (U P+ dx < K(By—1,1 +1—1) 6.11)
QN{lx—il<l}

independently of i. Since 8;+1 — B =n/(n —2)(B; — Br—1) and B2 — B1 > 0, it follows that §; — co
as t — 00. Thus for each fixed ¢ >0and [ > 1,

/ U dx
Qn{lx—il<l}

is bounded independently of i, the bound depending on ¢, n, M4 and the constants in (V3).
Now the Moser iteration argument will be used to get the L.°° bound of the proposition. Returning to
(6.9), our above observations show there is a constant Cg > 0, independent of 7 and 8 > 0, such that

n—2

(/ (n2|U|(2ﬂ+2))nizdx) n
Q

s@w+N/ [(1 4 [Valze)?(+ UDIUPEH 4 2| U PEH2 71 dx. (6.12)
QNsupp(n)

Consider the last term in (6.12). Let & > 0. Note that

/ ?72|U|ZB+2+[7—1 dx=/ 02|U|23+2+p—1 dx+/ n2|U|2ﬂ+2+p—1 dx511+12’ (613)
QNsupp(n) Ry R>
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where Ry = {x € Q Nsupp(n) | |U| <h} and R, = {x € Q Nsupp(n) | |U| > h}. Then

L §h1’_1/ n?|U*P+2 dx. (6.14)
Q

By Holder’s inequality,

2 n=2
I, < (/ |U|Mp=D/2 dx) (/ (?|UPP+2ya= dx) = I51,. (6.15)
R> Q

Noting that %n( p—1)<2n/(n—2) and setting d = %( p — 1)(n —2), another application of Holder’s
inequality implies

n d
17 < |Ry|'™ (/ |U |2 (=2) dx) . (6.16)
R>
Since
Rl = |{x € @ Osupp(n) | U] > W} <h20/02) [ jupnie2ay,
QNsupp(n)
(6.16) can be rewritten as
4(1—d) on g
I3 <h™ "n—2 (/ |U|n—2 dx) . (6.17)
QNsupp(n)

Combining (6.13)—(6.17), (6.12) becomes

n—2

(/ (n2|U|25+2)n£2dx) n
Q

< Cs(B+ 1) / (1 + [ValLe2 (U PE* + U PB+2) dx
QNsupp(n)

+Co(B+ 1)2[h1’—1 / PIURE+ dx
Q

2 n—2
+h (/ U |2 dx) (/ (P |U 2B +2) i dx)
QNsupp(n) Q

Using the freedom in the choice of &, we require that

2
Co(B+ 1)°h "% (/ U dx) —1
$2Nsupp(n)

n n\ #(1=d)
h=(2C6(ﬂ+1)2(/ U |22 dx) ) :
QNsupp(n)

]. (6.18)

or equivalently
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This makes the coefficient of the last integral term in (6.18) equal to % so it can be absorbed on the
left-hand side of the inequality (6.18). Thus (6.18) becomes

n—2

([ oroes st ax)”
Q

<2Cs(B+ 1) / (1 + [Vl (U PP+ U PE+2) dx
QNsupp(n)

2(n=2)(p—1)
4n(1—d)

+(2Cs(B+ DH)'T poD02) (/ Uiz dx) / U2 dx. (6.19)
Q Q

Nsupp(77)

Now for eachi € Z and j € N, choose n; € C*°(R) such that n;(x1) =1 for [x; —i| <1+ 2=/=1
nj(x1) =0 for |x; —i| > 1427/ and ||V, || <2/72 By (6.1) and the Sobolev inequality, there
exists a constant M’ > 0, independent of i € Z and j € N, such that

/ \U|i22 dx < M.
QNsupp(n;)

Set § =n/(n—2) and for each j € N, define y; by y; = 26/. Then, taking n = n; and 28 +2 = y; in
(6.19), simple estimates show there is a constant C7 > 1, independent of j € N and i € Z, so that

n—2

(/ |U|29j+1 dx)n
{xeQ||x;—i|<1+2—7/—1}

b . A
< C7((20)% + % 1+ 5057)) (U Uy dx
{xeQ||x1—i|<14+277}

)(1=2) 5 (|U|29j_1+|U|20j)dX- (6.20)

< C7((29) 4+ 91+(p4(1 ) /
{xeQ||x1—i|<1+27}

1
(/ |U|20j dx)zef
{xeQ||x;—i|<14277}

. _1_ i
UPY " dx < [{x € Q| v —i] < 2}]207 (4,)°% 7" 6.21)

Thus setting

A4j
by the Holder inequality,
/{xem Ix1—il<14+277}

With the aid of (6.21), there is a constant Cg > 1, independent of j € N and i € Z, such that (6.20) yields
the simpler inequality

. 1
L 1 \207
Ajy1 <(Cg)267 (1 4+ — Aj. (6.22)
j (1+ )4
1 \27 1
. 207
Since (1 + 4; ) <1+ 207 A , (6.22) implies
e 1
Aj41 =< (Cg)20/ (Aj + m) (6.23)



1768 JAEYOUNG BYEON, PIERO MONTECCHIARI AND PAUL H. RABINOWITZ

This inequality can be further rewritten as

Co
20/°
where the constant Cg > 1 is independent of j e Nand i € Z. Since D = ZjeN 7/ (267) < 00, by (6.24),

Ajs1 < (Cg)27 A; + (6.24)

I Co A e U J_ Cy Cy
Ajr1 = (Cg)20/ Aj + 5% = (Cg)207 720771 Aj 1 +(Co)207 g + 07
00

J=1
Consequently there exists a constant M5 > 0, independent of i € Z, such that for any weak solution U
of (1.1),

1U | Loo(gxeq|x1—i|<1}) Zjl_i)n;o Aj < Ms

as claimed. Note that M5 depends on n, M4, and the constants in (Vy).
When n = 2, by the Sobolev inequality, for any g > 2, there exists a constant, C¢, depending on ¢
but independent of i, such that

1U e ((xe)xi—il<2p) < CrollU lwr2¢xeqix;—il<2})- (6.26)

Therefore the case of n > 3 can be simplified and modified by, e.g., replacing our earlier ¢; by
n?U i |Uj |2(ﬂ+1). This leads to a simpler version of (6.8). Then employing (6.26) in going from (6.8) to
(6.9) leads to the following variant of (6.12)with ¢ replacing n/(n — 2):

1
q
(L<n|Uj|2“’+“)qu) cug+n? [ LTl ?10 1 P P PP+ d
supp(n

for any g > 2, where C11 depends on g. Then continuing as earlier completes the proof for this case. [
As the next step in the proof of Theorem 3.1, we have:

Proposition 6.27. Suppose that V satisfies (V1)—-(Va) and 0Q € CL. If U € E is a weak solution of
(PDE) and (BC), then:

(1) Forany Q' CC Q, we have U € W22(Q).
Q) If Vy € CHQ X R™, R™), then U € le);“(SZ, R™) for any o € (0, 1) and satisfies (PDE) in .
(3) If QR € C?, then U e WZ’Z(S_Z) and U is a strong solution of (PDE) and (BC).

loc
Proof. First since U is a weak solution of (PDE) and by Theorem 3.1, V(x,U) € L2(Q",R™), (1) follows
from Theorem 8.8 of [Gilbarg and Trudinger 1983]. Moreover, this additional differentiability shows U
is a strong solution of (PDE). Next by Theorem 3.1 again, V,(-,U) € L4(Q', R™) for any g > 1 so by
Theorem 9.11 of [Gilbarg and Trudinger 1983], U € W?2-4(Q’, R™). The Sobolev inequality then implies
U e CH¥(Q/,R™) for any o € (0,1). Then, since Vi, (x,U) € C1(Q’), invoking the linear Schauder
theory then gives U € C2%(Q’, R™) and (2) holds. Lastly the proof of Theorem 4 in §6.3.2 of [Evans
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1998] with the modification that U € W12 rather than U € Wol’2 yields the first part of (3). For the
second, taking any ¢ € Wléc’z(Q) with compact support in , by (2.36) and integration by parts due to
the fact U € ngc’z(S_Z) — ngf(asz), we get

U
/(—AU—i—Vu(x,U))-(pdx—/ —-@dS =0.
Q o v

Thus since U satisfies (PDE),
U
/ a—-(pdS=O (6.28)

forall ¢ € W]1 2(Q) — LIOC(E)Q) having compact support and (6.28) implies (BC). Thus, U is a strong
solution of (PDE) and (BC). O

Completion of proof of Theorem 3.1. Tt remains to show the regularity of U in a neighborhood of 02
when 9Q € C3. Since in Section 4 we consider a more general domain than Q = R x D, the special nature
of 2 will be suppressed here so that our argument also adapts easily to the case treated elsewhere. Let

={x eR"|x, >0} and z € 92 = Rx dD. Slightly modifying the proof of Theorem 8.12 of [Gilbarg
and Trudinger 1983], there exists a C 3 diffeomorphism W defined on B (z) such that W(Bg(z)NQ) CR™,
W(Br(z) N9R) CIR". Choose 0 < R and set BY = By(2) N2, D' = W(B,(z)),and DT = W(B™).
Then setting ® = ¥~ ! and w = U o ®, (PDE) in B™ is transformed into the equation

- > a u(y) Zb(y) S+ V(@) w) =0 in D' (6.29)

1<i,j<n

where
n

aij(y) = Z

l_
bi(y) = (AY;)(P(y)), i=1,...,n.
Moreover, since U € wh

oo (Q, R™), we know w € WL2(DT R™).
Next we will show that an appropriate choice of W, or equivalently of ®, allows us to get the regularity

(CD(y)) l<i,j=<n,

of U near z and satisfy (BC). Translate and rotate variables for convenience so that z becomes 0 and 8R1
is the tangent space to dQ at z = 0. Since 92 is a C > manifold, for r small, there is a C> R-valued map ¢
defined on B, (0) N dR", with ¢(0) =0 = [V¢(0)| and such that near 0, the boundary 9<2 is given by

{0V, o) |y € B (0)NIRT}.

Then, for y=(y’, yn)=(y1,...,¥n), extend ¢ to &= (Pq,...,d,): B, (0) >R" withCD:Br(O)ﬂ[RT’j_—>§_2
via
¢ /
Yi— (y) for j=1,....n—1,
®j(y) =
yn+¢(y’) for j =n.
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This extension of ¢ makes ® a C? function with ®(0) = 0 and ®'(0) = /, the identity matrix. Thus ® is
a diffeomorphism in B, (0) for » small and

00 = (<4 0= 001
V1 Yn—1
is the inward normal to d€2. Hence for small » > 0 and an open neighborhood N of 0 in R”, the map
D IRTZL N B,(0) - N N Q is a diffeomorphism. Let ¥ : N N Q — m N B, (0) be the inverse of the
map ®. Note that VW, (®(y’, 0)) is orthogonal to the surface {(y’, ¥ (y)) | y' € By (0) NoR7 } C 0Q

since W, vanishes on the surface {(y’. ¥ (y")) | y’ € B,(0) N 0R" }. Fori € {1,. — 1}, we know
V; (®(y’,0)) is orthogonal to the surface

{(y/_an¢(y/)»Yn +¢(") | y' € B, (0)N aRﬁ-J’n > 0 and fixed yi}

at (y',¢(y’)). This implies that VW; (®(y’,0)) is in the tangent space of 2 at ®(y’,0). Thus for
iefl,...,n—1},

VW, (D', 0)) - VI (B()', 0)) = 0.
Hence a;j, = a,; =0when y, =0andi =1,...,n— 1. Now for (y’, y,) € B,(0), we define
aij(y', yn):aij(y/vb’nD ifi,j<n-—1,

am(y Yn) = alj(y lynl) ifl1<i<n-—1,

InI

dnn(y/’ Yn) = ann(y/v [ynl)-

We also define b; (y', yn) = bi (y/, |ynl|) fori =1,...,n—1, and b, (y’, yn) = —bu(y’, y»). For the
solution w, we define a function w on B, (0) by w(y’, y,) = w(y’, |yn|). Then, we see that w is a strong
solution of

2

- Y a @i} () 3030 +Zb<y)—+vu(<b<y) @) =0, y € B (0).

1<i,j<n

Since a;; is continuous and 17, Vy € L, Theorem 9.11 in [Gilbarg and Trudinger 1983] shows first that
W € WP (B (0)) for any p > 1, and then w € C % (B (0)). This implies that U € C>*(2) N Cl*(Q).
Now, returning to the original equation (PDE) and applying Theorem 6.31 of [Gilbarg and Trudinger
1983], we get the regularity U € C2%(Q).
It remains to show

+

lim U(x1,X)=a uniformly for X € D. (6.30)

x1—>%o00
From the proof of Theorem 2.2, we have
lim (|V(U —a* gy + U —a® | 27, gmy) = 0.
i_}goo(ﬂ (U = a5 2y wmy + 1U = a2z, momy)
By Theorem 3.1, Proposition 6.2, and (PDE), there is a constant, M* > 0 such that [|U || c2.a(q gm)y < M ™

Therefore standard interpolation inequalities imply ||U —a® || Loo(T;) — 0, 1 — 00, which gives (6.30)
and completes the proof of Theorem 3.1. O
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Remark 6.31. The arguments we have given to establish the regularity of solutions of (PDE) and (BC),
in particular Proposition 6.2 obtaining an L bound for the solution, Proposition 6.27 giving interior
regularity, and the final arguments establishing regularity up to the boundary, work equally well for any
divergence structure semilinear elliptic system of PDEs satisfying (V) provided the coefficients are
sufficiently smooth.
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