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ESTIMATES FOR RADIAL SOLUTIONS
OF THE HOMOGENEOUS LANDAU EQUATION WITH COULOMB POTENTIAL

MARIA PIA GUALDANI AND NESTOR GUILLEN

Motivated by the question of existence of global solutions, we obtain pointwise upper bounds for radially
symmetric and monotone solutions to the homogeneous Landau equation with Coulomb potential. The
estimates say that blow-up in the L°° norm at some finite time 7" occurs only if a certain quotient involving
f and its Newtonian potential concentrates near zero, which implies blow-up in more standard norms,
such as the L3/? norm. This quotient is shown to be always less than a universal constant, suggesting that
the problem of regularity for the Landau equation is in some sense critical.

The bounds are obtained using the comparison principle both for the Landau equation and for the
associated mass function. In particular, the method provides long-time existence results for a modified
version of the Landau equation with Coulomb potential, recently introduced by Krieger and Strain.

1. Introduction

This manuscript is concerned with the Cauchy problem for the homogeneous Landau equation. This
equation takes the general form

Wfw,0)=Q(f, f), [0 =finv), veR’, >0, (1-1)

where Q(f, f) is a quadratic operator known as the Landau collision operator:

of. )= diV(/R3A(v =NV f@) = fFVy f () dy)- (1-2)

The term A(v) denotes a positive and symmetric matrix

VRV
A(w):=Cy (JI — W)(p(lvl), v#0, C, >0,
which acts as the projection operator onto the space orthogonal to the vector v. The function ¢(|v]) is a
scalar-valued function determined from the original Boltzmann kernel describing how particles interact.
If the interaction strength between particles at a distance r is proportional to 7!, then

s—5
(o) =", y= .
s—1

Note that s = 2 corresponds to the Coulomb potential, in which case we have y = —3 [Villani 2002,
Chapter 1, Section 1.4]. Any solution to (1-1)—-(1-2) is an integrable and nonnegative scalar field

(1-3)

MSC2010: 35B65, 35K57, 35B44, 35K61, 35Q20.
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f(v,1):R?*x [0, T] — R*. Equation (1-1) describes the evolution of a plasma in spatially homogeneous
regimes, which means that the density function f depends only on the velocity component v. Landau’s
original intent in deriving this approximation was to make sense of the Boltzmann collision operator,
which always diverges when considering purely grazing collisions.

The Cauchy problem for (1-1)—(1-3) is very well understood for the case of hard potentials, which
correspond to y > 0 above. Desvillettes and Villani showed the existence of global classical solutions for
hard potentials and studied its long-time behavior; see [Desvillettes and Villani 2000a; 2000b; Villani
2002] and references therein. In this case there is a unique global smooth solution, which converges
exponentially to an equilibrium distribution, known as the Maxwellian function

1 2
_ —lvl7/2
M) = (2]‘[)3/26 v .

Analyzing the soft potentials case, y < 0, has proved to be more difficult. Using a probabilistic approach,
[Wu 2014; Fournier and Guérin 2009; Alexandre et al. 2015] show uniqueness and existence of weak
solutions for y € [—2, 0]. For y € [—3, —2], existence is known for small-time or global in-time with
smallness assumption on initial data [Alexandre et al. 2015; Arsen’ev and Peskov 1977]. Finally, for the
Coulomb case y = —3, Fournier [2010] showed the uniqueness of weak solutions as long as they remain
in L.

Villani [1998] introduced the so called H-solutions, which enjoy (weak) a priori bounds in a weighted
Sobolev space. However, the issue of their uniqueness and regularity (i.e., no finite-time breakdown
occurs) has remained open, even for smooth initial data; see [Villani 2002, Chapters 1 and 5] for further
discussion.

Guo [2002] employed a completely different approach based on perturbation theory for the existence
of periodic solutions to the spatially inhomogeneous Landau equation in R3. He showed that if the initial
data is sufficiently close to the unique equilibrium in a certain high Sobolev norm, then a unique global
solution exists. Moreover, as remarked in [loc. cit.], this approach also extends to the case of potentials
(1-3), where y might even take values below —3.

Due to the lack of a global well-posedness theory, several conjectures about possible finite-time blow-up
for general initial data have been made throughout the years. Villani [2002] discussed the possibility that
(1-1)—(1-3) could blow up for y = —3. Note that for smooth solutions, (1-1)—-(1-3) with y = —3 can be
rewritten as

0 f = div(ALfIVSf — fValf]) = Tr(ALF1D*f) + f2, (1-4)

where

ALf]i= A # f = — (]1 ”®”>*f, Aa=—f.

8|\ [vf?

Equation (1-4) can be thought of as a quasilinear nonlocal heat equation. Support for blow-up
conjectures were given by the fact that (1-4) is reminiscent of the well studied semilinear heat equation

W f=Af+f~ (1-5)

Blow-up for (1-5) is known to happen for every L? norm for p > %; see [Giga and Kohn 1985].
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However, despite the apparent similarities, (1-4) behaves differently from (1-5). The Landau equation
admits a richer class of equilibrium solution: every Maxwellian M solves Q (M, M) = 0, which holds,
in particular, for those with arbitrarily large mass.

From a different perspective, Krieger and Strain [2012] considered a modified version of (1-4),

o f =alfIAf +af?, (1-6)

and showed global existence of smooth radial solutions starting from radial initial data when o < % This
range for « later was expanded to any o < % by means of a nonlocal inequality obtained by Gressman,
Krieger and Strain [Gressman et al. 2012]. Note that when o = 1, the above equation can be written in
divergence form,

o f =div(a[fIVf — fValfD. (1-7)

These results put in evidence how a nonlinear equation with a nonlocal diffusivity such as (1-7) behaves
drastically differently from (and better than) (1-5).

Our main results in this manuscript are twofold. The first one gives necessary conditions for the
finite-time blow-up of solutions to (1-4). The second (unconditional) result says that solutions to (1-7) do
not blow up at all, and in fact become instantaneously smooth (even for initial data that might be initially
unbounded). Both results deal only with radially symmetric, decreasing initial conditions; more precisely,
we assume that

fin=0, fin€ L¥R),
/findv=1, /fin|v|2dv=3, /finlog(fin)dv<oo, (1-8)
R3 R3 R3

| < |w| = fin(v) = fin(w).

The normalization of the initial data is standard and follows a standard change of variables. The main
results are the following.

Theorem 1.1. Let fiy, be as in (1-8). Then there exist Ty > 0 and f : R3 x (0, Tp) — Ry such that f is
smooth and solves (1-4) for t € (0, Ty), with f(-,0) = fin. Moreover, Ty is maximal in the sense that
either Ty = 0o or else the L3/ norm of f accumulates near v=0ast — T,y ", in particular

Hm [|f(-, Oy =00, Vp>3.
11— 0

In fact, the above theorem is a consequence of the following sharper result.

Theorem 1.2. There is a constant &g > 91_6 such that if Ty < 00, then

2y 00 dy .
fBra[f](v,t)dv -

Neither of the above theorems are enough to guarantee long-time existence of classical solutions

limsup sup
r—0% 1€(0,Tp)

to (1-4). However, Theorem 1.2 suggests that (1-4) is in some sense “critical” for regularity. It can be
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shown (see Proposition 5.6) that for any nonnegative f € L'(R?),

FZM <3, Vr>0.
Js, alf1w)dv ~

In particular, if the g in Theorem 1.2 could be shown to be at least 3 (or in general if the upper bound
in the last inequality could be improved to something less than g¢), it would immediately follow that
solutions to the Landau equation (1-4) cannot blow up in finite time. It is not clear if this can be guaranteed
for general f without at least using some partial time regularization.

On the other hand, methods used in the proof of Theorem 1.1 and Theorem 1.2 yield long-time existence
for the modified Landau equation (1-7) (again, in the radial case).

Theorem 1.3. Let fi, be as in (1-8) and such that for some p > 6,
fin € L\I:/eak(lR3)'

Then there exists a function f : R3 x Ry — R, smooth for positive times, with f(-,0) = fin which solves,

fort >0,
o f =alf1Af + f~

We approach the analysis from the point of view of nonlinear parabolic equations. The nonlocal
dependence of the coefficients on the solution prevents the equation from satisfying a comparison
principle: if vg is a contact point of two functions f and g, i.e., f(vg) = g(vo) and everywhere else
f() < g(v), it does not follow that Q(f, f)(vo) < Q(g, g)(vy). More precisely, for the case where
Q(f, f) corresponds to (1-2) one cannot expect an inequality such as

Tr(A[f1D*£)(vo) < Tr(Alg]D*g)(vo).

In fact, due to the nonlocality of A one only has A[ f](vg) < A[gl(vo). Equality A[ f](vg) = Alg](vo)
holds only when f = g for every v € R®. The maximum principle is not useful either, since at a maximum
point for f we only obtain d; f < — f Aa[ f], which does not rule out growth of the maximum of f. The
same observations apply to Q(f, f) corresponding to (1-7).
On the other hand, if one could construct (using only properties of f that are independent of ¢) a
function U (v) such that
Tr(A[f1D?*U) + fU <0 in R,

a[f1AU 4+ fU <0 in R3,

then the comparison principle (for linear parabolic equations) would guarantee that f < cU for all times
provided f(t+ =0) < cU. Our main observation is that (under radial symmetry) the above can be made to
work with U(v) = |v|7Y, y € (0, 1). From here higher local integrability of f can be propagated, and
from there higher regularity follows by standard elliptic regularization.

A previous attempt by the authors, also based on upper barrier arguments (but meant to cover any
bounded, fast decaying initial data), was ultimately undone by a computational error. However, Theorems
1.1-1.3 show that the use of upper barriers to study (1-4) is fruitful at least for radially symmetric and
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decreasing initial conditions. On the other hand, the authors in [Gualdani and Guillen > 2016] show a
local L*°-regularization estimate using the De Giorgi iteration method for y > —2.

Remark 1.4. After the submission of this article, the authors learned of related work of Silvestre [2016]
on the Boltzmann equation, covering the spatially inhomogeneous case. In that paper, a priori estimates
rely on maximum principle arguments and make use of the regularity for parabolic integro-differential
equations, particularly recent work of Schwab and Silvestre [2016].

Outline. The rest of the paper is organized as follows. After a brief review in Section 2 on nonlinear
parabolic theory that will be needed to construct local solutions to the nonlinear problems, in Section 3
we outline the symmetry properties of (1-4). Section 4 deals with short-time existence. In Section 5
we present a barrier argument that allows us to prove conditional non-blow-up results for the Landau
equation and global well-posedness for the modified Landau equation in Section 6.

Notation. Universal constants will be denoted by c, cg, c1, Co, C1, C. Vectors in R3 will be denoted by
v, w, x, y and so on. The inner product between v and w will be written (v, w). Bg(vg) will denote the
closed ball of radius R centered at vg; if vg = 0 we simply write Br. The identity matrix will be denoted
by I, the trace of a matrix X will be denoted Tr(X). The initial condition for the Cauchy problem will
always be denoted by fiy.

The letter 2 will denote a general compact subset of R*>. O € R* x R, will be a space-time cylinder
of parabolic diameter R with R > 0 a general constant, unless otherwise specified. Finally, 9,0 will
denote the parabolic boundary of Q.

2. A rapid review of linear parabolic equations
We work with two bilinear operators, namely the one associated to (1-4),
Qc(s. f) = div(A[g]Vf — fValg]) = Tr{A[g]D*f1+ fg.
and the one associated to (1-7),

Qks(g, f)=div(alglVf — fValg]) = alglAf + fg.

As is well known, through O/ (and also Qxs), any g : R? x R, — R gives rise to a linear elliptic operator
with variable coefficients as follows:

¢ — Qr(g. ¢) :=div(A[g]Ve — ¢ Valg]) = Tr(A[g] D*) + ¢g.
¢ — Oks(g, @) :=div(alg]lVe — ¢Valg]) = alg]A¢ + ¢g.
Accordingly, given such a g and initial data fi,, one considers the linear Cauchy problem,

{3tf =0(g, /) IR xRy,

2-1
f(’,o):fin’ ( )

both for Q = O, and Q = Qks.
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Remark. Note that O, (g, f) and Qxs(g, f) can both be expressed as a divergence, so any solution to
(2-1) preserves its mass over time, i.e.,

1FC Dlnwsy = I fin()lpwsy =: Min,  VY£>0.

Lemma 2.1 (see [LadyZenskaja et al. 1968, Theorem 5.1, page 320]). Let fin:R?— Rand g :R3°xR, — R
be nonnegative functions such that for some B € (0, 1) we have
fa e LI®)NCHP R,

2-2
Algl, Valgl € CPPR(R? x Ry). @2

Then for every § > 0, there exists a unique f : R x R — R with f € C>TF1H2(R3 x Ry) which is a
classical solution of
{8zf =3Af+0(g. /) inR xRy,
F(.0) = fin,

where Q( -, -) denotes either Q = Qp or Q = Ogs.

(2-3)

Next we summarize in three theorems several classical local regularity estimates for parabolic equations

of the form
o f =div(BVf + fb),

where f: O — R and Q = Br(vy) X (to — R?%, 1p) C RY x R is the parabolic cylinder of radius R
centered at some points xg, fo. The first two theorems are, respectively, a local Holder estimate (from
De Giorgi—Nash—Moser theory) and an L* estimate for f in terms of its boundary data (Stampacchia
estimate); see [LadyZenskaja et al. 1968, Chapter III, Theorem 10.1, page 204 and Chapter IV, Theorem
10.1, page 351 of] as well as [Lieberman 1996, Chapter VI, Theorem 6.29, page 131] for the respective
proofs. The main point of these theorems is that they do not require any regularity assumption on the
diffusion matrix B (beyond ellipticity and boundedness).

Theorem 2.2 (De Giorgi—-Nash—Moser estimate). Suppose f is a weak solution of the equation
o f =div(BVf + fb),
where b is a vector field and B is a symmetric matrix such that
M <B(,t) <Al ae. in Q.
Then there is some « € (0, 1) and C > 0 such that the estimate
[flcearg,n < C(If =) + Rl ~(0)) (2-4)
holds, where Q1,2 :== Bg/2(xo) X (fo — (R/2)2, to) and o and C are determined by A, A, R and d.
Theorem 2.3 (Stampacchia estimate). If f is a weak solution of

O f =div(BVf + fDb),
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with B and b as in the previous theorem, then there exists a constant C > 0 such that

I flliLeco) < CUIfliLzo) + 1Bl Le(0))- (2-5)
As before, C is determined by A, A, d and R.

The last theorem recalls interior classical regularity estimates when the coefficients are Holder continu-
ous in time and space. See [LadyZenskaja et al. 1968, Chapter IV] or also [Lieberman 1996, Chapter III,
Theorem 6.17] for a proof.

Theorem 2.4 (Schauder estimates). If B, b € CP-#/2(Q), then there is a finite C such that

[sz]cﬁ‘ﬂ/Z(Ql/z) +[9: flcrpr2(0,)0) < C(x. A, R, |Blics.sr(gy- 1blics.snigy 1 fllL=(g))-

3. Radial symmetry

This section is devoted to some technical lemmas. The proofs of the first two propositions are rather
technical and can be found in the Appendix.

Proposition 3.1. Suppose fin and g(-, t) are both radially symmetric, and let Q( -, -) denote either Q
or Qxs. Then any solution of the linear Cauchy problem

atf: Q(g’f)’ f(U,O):fjn(U),
is radially symmetric for all t. Furthermore, if fin and g are radially decreasing, then so is f.

Let i : R — R,. Define
A*[h](v) := (A[R]()D, D), v#0, D:=vlv|"". (3-1)
There are two useful expressions for A*[Ah] and a[h] when £ is radially symmetric.

Proposition 3.2. Let h € L' (R?) be radially symmetric and nonnegative. Then

A*[h](v) = / h(w)|w|2dw+L @dw (3-2)
127 Jp, 127 Jge |wl
1 1 h(w)
alhlw) = —— | h(w)dw+ — | —= dw. (3-3)
4r|vl Jp, 4m Jpe |wl

The second formula above is simply the classical formula for the Newtonian potential in the case of
radial symmetry; the formula for A*[A] is new and the proof can be found in the Appendix.

Lemma 3.3. Let h € L' (R?) be a nonnegative, spherically symmetric function.

(1) If h is monotone decreasing with |v|, and

/ hdv>6>0
Bg\Bg,
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for some § > 0and 0 < Ry < Ry, then

OR; 1
Alh](v) > . I.
127(1+R}) 1+ v

(3-4)

(2) If h is bounded, i.e., if ||h| poo @3y = h(0) < +00, then

1721l oo w3y + 121 21 m3)
1+ |v]

Proof. (1) Let A*[h] be as in (3-2). If |v| > Ry, then

1 1
A0 = s [ hwlePdwz e [ hwl
127T|l)| Bg, 127T|l)| Bg,\Bg,

R; OR?
> 3 h(w,t)dw > 3
127T|'U| Bg,\Bg, 127T|'U|

A[h](v)fa[h]ﬂ§2( )H, Vo e R (3-5)

Note that Proposition 3.2 guarantees that A*[/] is radially decreasing. Thus,

* 0R?
A*[h](v) > 1271R13’ Yv € Bg,.

Combining both estimates, we conclude that

A*[h](v) > Ok 1
v .
T 12r(14+R3) 14+ v?

(2) If h € L, then we may use (3-3) to obtain the estimate

h(0 1
1O +— | hw dw) I
47T|U| By 4 B¢

o]

[h] = alh](W)I = <

<l + 12l e L, if v <1,
and

h h
AR < atniol < (Ve (WRle), e oy 0
27 |v| 14 |v|

Proposition 3.4. Let h be a positive and radially symmetric and decreasing function. For any y € (0, 1),
define U, (v) as
U, (v) :=v|77.

Then for Q = Qr or Q = Qks,
Q(h, Uy) < Uy (=5y (1= y)alhljv| > +h).

Proof. As U,, is radial

7y v 2 S N P U / L v v
VU, ) = U, 0) DUy(v)_Uy(v)|v|®|v|+Uy(v)|v|(]l |U|®|v|).
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Thus, in the case O = QO ,
alh] — A*[h]

O, Uy) =THAIRID’Uy) +hUy = AU} + =

Uy, +hU,.
In particular, since U)’, = —yr*IU,,, U)/,/ =yl + 1)|v|*2U,,, it follows that

0c(h, Uy) = Uy (y(y + DA*[RIIv| % = y (alh] — A*[RD[v| > + h).

The thesis follows by noticing that A*[h] < %a[h].
For the case Q = Qxs, an analogous computation shows that

Q(h,U,) =U,(—y(1 —y)alhllv| "> +h)
< U, (—3y (1 —y)alhllv| > +h),

where in the last inequality we use y € (0, 1) and a[h] > 0. O

4. Short-time existence

In this section, Q denotes either Q, or Qxs. For some nontrivial interval of existence [0, T'), a smooth
solution to
{azf =0(f. /) inR*x[0,T),
F(,0) = fin,

will be obtained by taking the limit of a sequence of functions { fi }x>0 constructed recursively (as explained
further below). The interval of existence [0, T') is maximal in the sense that either T = oo or else the L™
norm of f(-,t) blows up as ¢ approaches T, so the classical solution cannot be extended to a longer time
interval.

Remark 4.1. As mentioned in the introduction, existence and uniqueness of bounded weak solutions
to (1-4) have been obtained, respectively, by Arsen’ev and Peskov [1977] and by Fournier [2010]. It
is likely (but not at all obvious) that the method used in [Fournier 2010] will carry over to the case of
the isotropic equation (1-7). Thus, for the sake of completeness, we provide in this section a detailed
proof of existence (but not uniqueness) of a classical solution for the nonlinear problem that covers the
isotropic equation. For completely classical solutions this is certainly new for the isotropic equation
(1-7) with o« = 1, although the methods used in the proof —a priori estimates for linear equations, which
yield compactness for a sequence of approximate solutions to the nonlinear problem — are fairly well
known, but still somewhat different from the approach used in [Krieger and Strain 2012] for the case
o< %. Uniqueness for classical solutions of (1-4) is contained in Fournier’s [2010] result, since classical
solutions are in particular weak solutions, and as it was just mentioned above, it is likely that this result
can be expanded to cover (1-7).

For technical reasons we first assume that fj, satisfies (1-8) and for some ¢ > 0,

C
fin € CTPRY), |l finllc2v8(8, ) < FRNPLE Vo e R, (4-1)
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The inequality yields a rate of decay for the second derivatives of fi; which somewhat simplifies the
existence proof. The assumptions (4-1) are auxiliary, and will be removed (by an approximation argument)
in the proof of Theorem 4.14 at the end of this section.

Fix § > 0. A sequence { f,f} >0 Will be constructed recursively, so that for every k,

e L®Ry, L'®)NLE®)) NCHH 2R <Ry (4-2)

for some o € (0, 1) independent of k. The construction is done as follows: First, we set fo(v, t) := fin(v)
for all v and 7 > 0. Next, given f? | € L®(Ry, L'(R}) N L®(R3)) N C*TA1TA/2(R3 x Ry), define £
as the unique classical solution to the linear Cauchy problem

{azf =SAf+ QL ) inR xRy,
FCL0) = fin

The fact that the sequence fk‘s is well defined and satisfies (4-2) follows by repeatedly applying Lemma 2.1,
making use of the fact that for every k > 1, 8’ € (0, 1),

(4-3)

£ satisfies (4-2) and solves (4-3) = A[ {1, Va[ 2] € CF*P72(R3 x [0, 00)). (4-4)

That this is so is essentially a consequence of the fact that A[ fk‘S] and Val f,f] are convolutions of f,f
with relatively nice kernels; we do not write out the explicit proof of the above fact here, as the proof is
essentially the same as that of Lemma 4.7, where a quantified version of the assertion (4-4) is proved.
Thus, we have entirely constructed the sequence { fk‘S} x>0+ €ach fk‘s being also radially symmetric and
monotone, thanks to Proposition 3.1 and (1-8). -

Remark 4.2. Note that, for the purpose of iteration in k, the coefficients A[ fi,] and Va[ fin] (which are
independent of time) are Holder continuous in space thanks to (4-1).

Once we have constructed the sequence { f,f }¢» we focus on showing that it converges locally uniformly
in R? x [0, T*‘S) (8 fixed, k — 00) to some function f? in R x [0, Tf), where f? is a classical solution of

WP =AML+ Q% ) = fn

The proof of this fact will take most of this section, and is achieved in Theorem 4.12. The selection of
Tf will guarantee that either Tf =ooorelse | f(-,1)|lo blows up as t — T*‘s. Then, we take the limit
8 — 0 along a subsequence, making sure f? and its derivatives converge locally uniformly to a solution
of the original nonlinear problem. This is done in Theorem 4.14, where the auxiliary assumption (4-1) is
also removed.

We start by using a differential inequality argument to control the L° norm of the f,f uniformly in k
and ¢ for at least some time interval depending only on || fin |l 1. (w3)-

Lemma 4.3. Let { f,f} « be the sequence defined above. Then for every k € N we have

oy < Jn®) !
fon= =5 velo 1)
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Proof. Since fi,(0) > 0, it is immediate that the estimate holds for k£ = 0. Arguing by induction, suppose
that

5 fin(0) 1
100 = 5 ViE [ %@)

Let us prove the corresponding inequality for f,f. By virtue of f,f being smooth, radially symmetric
and monotone decaying, it follows that fk‘S 0,1t) > fk‘s(v, t) for all v and ¢ and szk‘S (0,¢) <0 for all 7.
Plugging this information into the equation solved by f,f, we obtain

3 £20,1) =27F A0, 1) + Tr(ALFE_ 100, )D*£3 (0, 1)) + £8_,(0, 1) £ (0, 1)
< f2,00,00,1).
Then we may integrate the differential inequality

3 f2(0,1) < £2_1(0,1) £2(0, 1)

in time, and it follows that

£800, 1) < fin(0)eho SO0 ds < £ (0)elo fn /=i O))ds -y & [07 7 1(0))’
mn

where the last inequality was due to the inductive hypothesis. Since

" @ |
1= f0)s ds = —log(1 — fin(0)1),
it follows, as desired, that
s Sin(0) 1
RO 25 vie [0, —fm(O)>‘ 0

Continuing with our analysis of the sequence { f,f} «» We introduce a quantity that will play a crucial
role in what follows: for every T > 0, 6 > 0, let

M(fin, T, d) :=sup ||f1§”L°°([R3><[O,T]) =sup sup £2(0,1). 4-5)
k ko

<t<T

Lemma 4.3 shows that M (fi,, T, 8) < oo for at least every T < fi,(0)~! and any § > 0. For the rest of
this section, we will be concerned only with those 7' such that

M(fin, T, 8) < 0. (4-6)

Remark 4.4. In the following series of lemmas and propositions, culminating with Theorem 4.12,
we use a series of estimates that depend on fi,, 7', § and the function M ( fin, T, §). For the sake of
brevity, throughout this section we write C(fin, T, 8), Co(fin, T, 8), C1(fin, T, 8), C'(fin, T, 8) (as well
as c(fin, T, &) et cetera) to denote constants that depend solely on fi,, 7', § and M (fin, T, §), with the
understanding that the constants may change from one line to the next.

The next proposition says that we can control the L* norm of the coefficients of (4-3) uniformly in k
and 4, as long as (4-6) holds.
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Proposition 4.5. Let 8, k be arbitrary and M (fin, T, 8) as in (4-5). Foranyt < T and v € R? we have
the pointwise bounds
2(M(fin, T, 8)+ 1))

AL, 1) <al 1, 0] < Tl I, (4-7)
M(fin, T,8)+1
\Val 21, 1)] < pp (4-8)

Proof. The bound (4-7) follows immediately from (3-2) in Lemma 3.3 applied to h = fk‘s. On the other
hand, from Newton’s formula (3-3) one sees immediately that

Valfil=——= |  fo(w,1)dw. (4-9)
T AmoP S, "
Therefore,
IVal f2 1. )] = fow, )dw.
¢ v Jp,
Using the fact that ||f,f( -, |l =1 yields
s
|Va[fk](v’ t)l S 4]T|U|2’ V(U, t)a

while

4
\Val (v, )] < ?”|v|3||f,§<-,z)||m

47 |v|?

< %M(fin, T,8), VY(v,t)e Bi(0)x][0,T].

Using that 4r|v|? = 1+ |v|? if |v] > 1, we combine the previous inequalities to obtain the bound
M(fin, T,5)+1
1+|v|?
which proves (4-8). Il

\Val fi1(v, 1)| < , Y, eRx[0,T],

For the purpose of controlling the size of f,f(v, t) for large v, it is necessary to bound the second
moment of f,f, in a manner which is uniform in k.

Proposition 4.6. Let T > 0 and § € (0, 15). For any k € N, f? satisfies the bound
/ R, nwPdv<3+1001 +M(fin, T, )T, Vtel0,T]. (4-10)
R3

Proof. Let ¢ (v) be a smooth function with compact support. Using the equation solved by fk‘S, and
integrating by parts, we obtain for every ¢ > 0

4 / fe,0pw)dv = / L (8Ap+Tr(BL1D*¢) +2(Val i1, V) dv.
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Above, B[f,f_l] denotes a[f,f_l]ﬂ or A[f,f_l] depending on whether Q = Qks or Q = Q. Integrating
in time, it follows that

f R, )¢w)dv - / R, 1)p@) dv
= / f £ (8A¢ +Tr(BLf_|1D*¢) +2(Val f_,1, Vo)) dv dt,

for all 0 <1 < 1. Next, we apply this identity to the sequence ¢;(v) = |v|2nj (v), where n; € Cj’o([R{3),
and n;(v) — 1 locally uniformly. Due to the integrability of f,f and the bounds (4-7)—(4-8), we have
enough decay at infinity to pass to the limit j — oo in the integral and conclude that the identity also
holds for the function ¢ (v) = |v|?. Therefore, given 0 < 1| < fp, we have the identity

/f,f(v,t2)|u|2dv—/f,§(v,t1)|v|2du=f2/f,§(56+2Tr(B[f,§_1])+4(Va[f,f_1],v))dvdt.

Now, the bounds (3-2)—(3-3) guarantee that in R3 x [0, T] we have

Tr(BLf2 1) <2M (fin, T, 8) +2,
(M(fim T’ 8) + l)lvl
1+ v

[(Valf_ 1, v)] < <M(fin,T,8)+1.

Therefore, as long as ¢t € [0, T'],

/ 2/f,f(86 +2Te(BI 2 ) +4(Val f2_,1, v)) dvdt
4]

S/sz,f(86+8M(fin, T,8)+8)dvdrt
151

< (68 +8+8M(fin, T,8))(t2 —11).

Taking #; = 0 it follows that for & € (0, %)

/f,f(v,tz)|v|2dvS/ﬁn|v|2dv+10(1+M(fm, T,5)T, Vtel0,T).

Since [ finlv)? dv = 3 by assumption (1-8), this proves the proposition. U

Next, we show how f2 | € LRy, L'(R}) N L®(R?)) N C**/>(R3 x Ry) implies Holder continuity
of the coefficients appearing in Q( f,f_l, f), emphasizing that the estimate is uniform in k£ for § > 0 fixed
whenever T is such that (4-6) holds.

Lemma 4.7. Let 6 € (0, %) and T > 0 be such that (4-6) holds. Then there is an absolute constant C > 0

such that for any a € (0, 1) we have, for every k > 1, the bound

[ALf N coer @i,y < C(LR N caar@sxiory + M (fin. T. 8) + 1),
[Val 1l caer@ixio.ry < C([flcaar@xiory + M(fin, T, 8) +1).

Proof. Let n € C*°(R?) be an even function such that 7 = 1 in B;(0) and 1 = 0 outside B,. Let us write

ALF1 = AL+ Al £
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Each A; (i =1, 2) is given by convolutions A;|[ f,f] =K; % f,f with the respective kernels

1 1
Ki() = — (H ”®”)n<v>, Ka(v) := (JI ”®”>(1—n<v)).

v]?  8xjyl vf?

Let us show that A, A, are Holder continuous in v ant r. We make use of the fact that there is a constant
C(n) such that

3 3
A3|K1<v>|dv+sgp Ko@)+ Yo sup Ko+ Y sup 3 Ka)] < €O,

i=1 i,j=1

where the matrix norm used is the standard L? norm |A| = Tr(AA*)!'/2. For A, it is straightforward that

|A1(ur, 1) — A1 (U2, )| < | IK1 )| (v1 — w, 1) — [ (v2 — w, )| dw
B>
< ( |K1<w>|dw> sup | f2(v1 —w, 1) — fL(v2—w, 0)l,
B> weB;(0)
the above holding for any (v;, ¢;), so that
[Al]caar < CODfElcaon.

Next we deal with A,, which in fact will be Lipschitz continuous. Fix e € S? and set K 2..(V):=(Kz2(v)e, €).
Using the equation for f,f and integration by parts,

3 (Al f21(v)e, e)
— / Ko (w—0)d; f{ dw
o

1

= [ (VuKne(w—v), (ALF 1+ 8DV £7) duw + / FEOVal £211, VKoo (w — v)) duw.
By By

Integrating by parts once again,

— | (VwKae(w —v), (ALf2_ 1+ 8DV £2) dw
B

=/ divy, ((ALf_ 1481 - Vi Ko e (w — v)) £ dw
BC

1
= f R Te(ALFE 1D} Ka o (w — v)) dw + / RoVwal fE11- Vi Ko o(w — ) dw
B B¢
+8 | fPAuKae(w—v)dw.
Bi
Gathering all of the above, it follows that

3 (A2l flle, e) = / f Te(ALFL | 1D2 Ko o (w — v)) dw
Bf

+2/ f,f(vwa[f,f_l],vaz,e(w—v))de/ ALK (w—v)dw.
By By
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Therefore, we have the bound

18, (A2l £ (e, o)
< ID*Kaelle |l ALR eIl + 20V Kol IVal o Mzell £l + I AK elloell £ 111
< K2l c2(NALR_ Tz + IVal £ T +8)
< 1K2,ellc2BM(fin, T, 8) +4),
where we used (4-7)—(4-8) and § € (0, %) in the last inequality. Since || K2 .|| < C(n) for all e,
18, (A2l ;1 W)e, )] < 4C ) (M (fin, T, 8) +1).
This immediately implies a Lipschitz bound in time for A, namely

|A2(v, 1) — Ax(v, )| < 12[|Kallc2(M (fin, T, 8) + DIti — 1], Vv eR’, 11,1 > 0.

For the spatial regularity, from the definition of A, and the triangle inequality it follows that
[Aa(vr,) = Aaoa. )] = [ 1Kot = v0) = Kaw = wn)| f . 1) dw
< C(lvi = v ff,?(w, Hdw Vv, v eR’ >0,

Then, thanks to || £ (-, )|I1 = 1, it follows that
| A2(v1, 1) = Ap(v2, )| < C)Jvr —v2l, - Yo, 02 €R%, 1> 0.
Finally, we combine the estimates in time and space to see that

[A2(v1, 1) — Az (v2, )| < |Aa(v1, 1) — Ax(v2, t1)| + |A2(v2, 1) — Aa(v2, 1)
<ISCM(fin, T,8) + D)(Jvg —va| + 11 — 12]),  Y(vi, 1), i =1, 2.

|oz/2

Since |[vi — |+t — | < |vi—n|*+ |t — B when |v; — v3], |t — 12| < 1, we conclude that

[A2]ceer@ixo,r)) < 15CM (M (fin, T, 8) +1).

The proof of Holder regularity for Va[ f,f](v, t) can be done in an entirely analogous manner, writing
the kernel as the sum of integrable and C? parts. One may also make a slightly different argument,
using the fact that since f,f is spherically symmetric, we have the identity (4-9), which yields a similar
bound. 0

For the purposes of the proof of existence of solutions, we require several parabolic estimates that
are local in space but uniform up to t = 0. Notice these are different to the interior estimates stated in
Section 2, namely Theorems 2.2, 2.3 and 2.4, which will be of chief importance in later sections. The
parabolic estimates hold in a space-time cylinder, which starts at time ¢+ = 0, and are in terms of norms
of the initial data. They guarantee in particular that under the auxiliary assumptions (4-1) on fi, the
functions f,f have spatial decay on their second derivatives.
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Lemma 4.8 (Holder estimate for regular initial data). There exists some o € (0, 1) and constant c, which
only depends on 8, fin, T and [ finlc2+6(w3), such that for any v € R3 and k > 1,

[f/?]ca,aﬁ(Bl(v)X[o,T]) = C(S» M(fim T, 8)’ [fin]Cl(Bz(v)))- (4‘11)

(Schauder estimate up to the initial time). Let 8 € (0, 1). Then for any v € R, k>1,

[ czvarrar s wyxpo.r)) < CULFE N 12 Bawyx10,71) + [finlc2+6 By () (4-12)
where C = C(fin, T, §).

Proof. For the proof of the first estimate we refer to [LadyZenskaja et al. 1968, Theorem 10.1, page 204].
Note that the constant does not depend in any way on the regularity of the coefficients in the equation
solved by fk‘s, and depends only on the ellipticity constants and the regularity of fi,. The second estimate
follows from [LadyZenskaja et al. 1968, Theorem 10.1, page 351], noting that the space-time Holder
norm of the coefficients A[ f,f_l], Val fk‘s_l] is bounded by a constant C(fi,, T, §), thanks to Lemma 4.7
and the first estimate (4-11) applied to f,il (when k > 1; f(;S = fin for k = 1, which is regular in space
and constant in time). O

Next we show that the diffusion matrices A[ fk‘S ]+ 81 are Holder continuous in a manner which is
uniform in k (but possibly depending on §). In this case, standard estimates for linear parabolic equations
yield Holder bounds on the second-order spatial derivatives and first-order temporal derivatives for f,f,
these being uniform in k. Particularly, since we are assuming a spatial decay for the second derivatives of

fin (see (2-2)), the same holds for f,f.
Proposition 4.9. Let § € (0, %) and 0 < T < oo be such that (4-6) holds. Then there is a C depending
onlyon fin, 8, T, M(fin, T, 8) such that

D2\l coB,oyxpo.ry < CA+0P)™',  YveR. (4-13)

Proof. We first show that f,f (v, t) decays as (1+|v|>)~! for v large. Fixing v € R?, the spherical symmetry
and radial monotonicity of fk‘S implies that

%nlva,f(v,t)f/ f,f(w,z)dw<i/R3f,§(w,t)|w|2dw.

=102
By \Bjy2 vl

Using the second moment bound (4-10), we arrive at the estimate

w1 < (3+10(1 +M(fin, T, 8)T)

vl
for all [v] > 1 and r € [0, T]. Since fk‘s(v, t) < M(fin, T, 8) as long as t < T, we conclude that

C/(ﬁl’la T’ 8)
1+ [v]d

with C'(fin, T, 8) := max{M, (3 + 10(1 + M(fin, T, 8))T)}. The bound follows, combining the initial
bound (4-1), the decay estimate(4-14) and the estimate (4-12) from Lemma 4.8. O

R = . Y, eRx[0,T], (4-14)
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So far we have shown the existence of the sequence { fk‘s}, and proven several uniform estimates which
are uniform in k for times 7 < T.?. Moving towards obtaining a limit from this sequence, we prove an
iterative estimate on the size of the functions { f,f — fk‘ll} i in R3 x [0, T, for 8§ > O fixed and T such that
C(fin, T, ) < o0.

Lemma 4.10. Let § € (0, 5) and T > 0 be such that (4-6) holds, and let w} := f_ — f¢ for each k > 1.

There is a number 0 < Ty < T, To = To(fin, T, ) with the following properties:
(1) Foreachk > 2,
lwi, () L@ o, zon < §l1we—1 @3 DNl @ xgo. 7o) -
(2) Foreachk>2andl =1, ..., 1y, we have
1w 0, ()| Lo @iy < F1we—; W D) e @ixgn_ynp + 21w G- D) e ge)-
Here ly € N is the largest such that (lo— 1)Ty < T, and t; :== min{{Typ, T'}.

Proof. We drop the superscript § for convenience. Using the equations for f;_; and f; we get that
Wi = fr—1 — fr satisfies

dwi = 8Awg + Tr(A[ fra1D*wi) + frmowi + Tr(Alwe—11D?fi) + fiwe—1, fort >0, (4-15)
wi =0, fort = 0.
Step 1. According to Proposition 4.9, there is a positive constant C( fi,, T, §) such that
ID*f (v, 0 < C(fin, T, YA+ P, VoeR’, 1€0,T]. (4-16)

The estimate (4-16) and the estimate (3-5) applied to wi_; imply the inequality

lwi—1C 5 Ol ooy + llwk—1 (-, Dl L1 w3
1+ )3 ’

| Tr(A[wi—11D*fi (v, )| < C(fin, T, 8)(
which holds for any (v, t) € R3 x [0, T']. On the other hand, (v)~* € L'(R3). Therefore,

lwk ()1 = /R we(, D1 )" dv < Jwe@ @)l I} @)
Substituting this in the last estimate, we arrive at the bound,
| Tr(Alwi—11D?fi (v, )] < C(fin, T, O)llwi—1 () (W) ey (1 + ) 7
Step 2. Consider the function ko (v) := (v)™* = (1 + |v|?) 2. We have

Dho(v) = —4(1+ [v[)) v,
D?*ho(v) = =41+ v T+ 241+ [vH) v @ v.
In particular,

Aho = 12(Jv[* — 1) {v) 8,
Tr(A[ fi—2)D*ho) = —4(v) ~%al fi_al +24(v) "*(A[ fizz]v, v).
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Using the inequalities [lv|> = 1], |[v|? < (v)?, the above leads to
|8 Aho| < 128(v)~°,
| Tr(A[ fi—21D*ho)| < 4(v)~%al fra] +24(v) ~Cal fr—s].

Then, recalling that § € (O, %) =128 < %, we combine the above inequalities into one,

18Aho + Tr(A[ fie21D*ho)| < 28(1 +al frima]){v) ~® < 56(1 4+ C(fin, T, 8))ho,

where we have used (4-7) to bound a[ fi—2].

Step 3. Next, let
Ho(v, 1) := RA™! (e — Dho(v),

for A, R > 0 to be determined. It is immediate that
d;Hy = AHy+ Rhy.
The last inequality in Step 2 implies that
|8 A Ho + Tr(A[ fy—21D*Ho)| + fi—2Ho < 60(1 + C(fin, T, ) Ho.
The estimates from Step 1, the definition of 4o (v) and (4-14) yield
Tr(Alwk—11D*fi) + fewk—1 < Collwk—1 (1) (v)* [l o @yo(v),
with Co = Co(fin, T, 8). In light of this, for any Ty € (0, T'), we choose A and R to be

A=60(1+C(fin,T,9)),

R=Co sup [lwi—1(t)(v)* ]| Lms)s

0<t<Ty

in which case we have, for any (v, t) € R3 x [0, To],

3 Ho > 60(1 + C(fin, T, 8))Ho + Co(llwi—1 (-, D)l Loy + llwi—1 (-, D)l 21wy ) ho
> 8 AHy + Tr(A[ fr_21D*Ho) + fi_2Ho + (Tr(A[wi—11D*fi) + frwi—1).

This means that Hy is a supersolution of (4-15), the parabolic equation solved by wy. Furthermore,
Hy(-,0) =wg(-,0) =0. Then, thanks to the comparison principle,

wp < Hy in R? x [0, Tp].
The same argument applied to —wy, yields
m < Hy in R x [0, Tp].
We have shown that there are constants Co( fin, 7', 6) and C1( fin, T, 6) such that

lwi (v, )] < Collwi—1 (v, V) | Lo @oxgo. o €SV = D)™ in R x [0, Tl
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In particular, there is a Ty, depending only on T and Cy( fin, T, &), such that

Toe(0,T) and Co(eC'VmTHT 1)< 1.

This results in the estimate

lwie W, D)) ll e s xg0.751) < 3 1Wk-1(0s D) Lo @3 x10,75 )
and the first part of the lemma is proved.
Step 4. Fix k > 2. Assume for now that 27y < T'— the same Ty as in Step 3— and define the function
H, :R3x [Ty, 00) — R by
Hi(v, 1) := RA™! (7T — Dho(0) + wi(To) (v)* | Loy o (v),
where A and R are to be determined. A straightforward computation yields

8,H1 = ReA(t_m)ho(U)
= A(RAT' (7T — Do) + lwi (To) (V)| Lo w3y ho (v)) + Rho(v) — [[wie(To) (v) 1| oo @y o (V)
= AH) + Rho(v) — |wi(To) (v)* | Lo sy o (V).

As in the previous step, we have

SAH + Tr(A[ fi 21D*Hy) + fi_2Hy + Tr(Alwi_11D*fi) + frwi—1 + 2 F A fi
< 60(1+ C(fin, T, 8)) Hy + hoCollwi—1 (v, ){0)* || Lo @ix 0. 270
= AH; + ho(R — Allwe (v, To)(v)* | Lo @) = 8 Hi

by choosing

R =Collwi—1(w, ) (0)* || o @1y, 27)) + 601 + C(fins T, SN Mwie (v, To) (w)* | o).

Likewise, H (-, Typ) > wi (-, Ty). Then, just as before, the comparison principle says that H (-, t) > wi (-, t)
for ¢ € [Ty, 2Tp],

lwi (v, )] < Co(em T — 1) lwi_y (v, )WV oo @ix 7,275 (V)

+ 1wk (v, To) (0| oo gz (€€ T — 1) () ™ + JJwk (v, To) (0| ooy (0) 7
Hence for ¢ € [Ty, 2Tp] we get
lwie (v, )o@y 2mop < 31wt @y DY o @i amy + 201wk W, To) (L + [ [ oo gy

This yields the second estimate in the case / = 2. The above argument can be repeated to obtain a further
estimate in the interval [27y, 37,], and so on. After a finite number of iterations we will reach some
lop € N such that (lp — 1)Tp < T and [pTp > T. In that case we repeat the above argument on the interval
[(lo — 1)Tp, T1], yielding the respective bound and completing the proof of the second estimate. O
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The next lemma shows that if § € (0, %) and T is a time for which (4-6) holds, the sequence £

converges uniformly in R3 x [0, T'] to a continuous limit f?.

Lemma 4.11. Let { fk‘s}k, e (0, %), and T > 0 be such that (4-6) holds. Then there is a continuous

function f 5. R3x [0, T] — R such that
lilgn I1£2 = £l e @sxgo.ryy = O,
li{n 1f° = 2Nl oo, 7,01 @y = O
Proof. Let Ty > 0 and [ and #; be as in Lemma 4.10. Define, for/ =0, 1,...,lp and k € N,
Exp = |wg @, 0)0)* | oo @i
Then Lemma 4.10 says that the recursive relations

1
Er1 < 7Ek-1.1,

Exy <4Egi—1+3Ex—14

hold for k >2 and [ =0, ..., [p. We claim that these recurrence relations guarantee the summability in k
of the sequence {Ey s} for any fixed [ =1, ..., lp. The first recurrence relation implies that Ex | decays
geometrically, thus we immediately have

0
Z Ek,] < Q.
k=3

Next, suppose that for some 1 </ < [y we have

()
Z EkJ < Q.
k=3

Taking the sum for k from 3 to N of the second recursive relation, we get

N N
1 1
k; EEk,l-H <4 ; Ev1+ §E2,1+1-

We can then pass to the limit N — 4-00, and use the summability for E ; to obtain

1
Z zEk,H-l < +o00.

Combining the summability of the sequences {Ey ;}x for every [ <y, we conclude that

Y I, 1) = fior (0, D))l @ixgo.ry) < 00
k
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Since (v) > 1 for all v, and (v)~* = (1 4+ |v|*)~2 € L' (R?), this implies that

Z I fie — fr—1ll Lo expo,77) < OOs
k
Y i = fictlle.rizi @y < 00
k

This summability implies { fi} is a Cauchy sequence in each norm, proving the lemma. U

Theorem 4.12. For each § € (O, %), there is a time Tf = Tf(fin) with 0 < Tf < oo and a function f‘S in
Col (R x [0, T,)) such that

{ W fP=8Af+Q(f° fO) inRx[0,T)),
5, 0) = fin

Moreover, either T? = oo or

) 5
limsup || f° [l Lo (0, 7; Lo (R3)) = OO
T—->TS™

Proof. Step 1. Let
T2 :=sup{T >0 | M(fn.T,8) < o).

By Lemma 4.3 we have T2 > (2 £i,(0)) ™!, thus T2 > 0. It may certainly be that 7 = co. Now, we may
apply Lemma 4.11 to ¢ and any fixed T < T2, resulting in a continuous function f¢: R3 x [0, T?) — R

such that
8 — f° uniformly in R3x[0,T), VT < T?.

On the other hand, we have the estimates from Lemma 4.8, which guarantee, by the Arzela—Ascoli
theorem, that for any subsequence k, — oo there is a subsequence k;, such that 9, f,f, and D? f,f, converge
locally uniformly in R? x [0, T;.) as n — oo. Since f¢ — f locally uniformly and {k,} was arbitrary, it
follows that (i) f° € Ci! (R x [0, T,)), and (ii) the sequences D £} and 9, f;> converge locally uniformly
to D2f? and 9, f? as k — oo, respectively.

Step 2. Let us show the matrices {A[ f,f]} x converge locally uniformly in R? x [0, T9) to A[£°]. Indeed,
let ¢ € [0, Tf ) and apply the estimate (3-5) to g = | fx (-, ) — f,f (-, t)| (which is a nonnegative, bounded,
spherically symmetric function), which leads to the bound

AL, ) — AL, O <2(1L (- D) — G D ey + 1LCoD — F2C Dl niwsy)

forall vand r < Tf. Then Lemma 4.11 shows that A[ fk‘S ] converges uniformly to A[ f 8] uniformly in
R3 x [0, T'] for every T < Tf.

Step 3. Thanks to the local uniform convergence of f,f, D? f,f, 0 f,f and A[ f,f ] proved in the previous
two steps, we can pass to the limit in the equation for fk‘S and conclude that

0 fP=8Af 4+ 0(f% ) inR3x[0,TP).
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Step 4. We show here that if T2 is finite, then the L> norm of (-, ¢) goes to infinity as ¢ approaches 7.
Arguing by contradiction, suppose that 7? is finite, and

lim sup £%(0, 1) < +o0.
T—TS

Since f? is continuous and bounded for any t < T, then f? is bounded for any t < T'? and in particular,
20, TP —e)<C, &>0.

The uniform convergence of fk‘S — f? forall t < T shows that for any small enough & > 0 there is some

ko such that
0,7 =) <2C, Yk > k. (4-17)

Since sup, fk‘S (0, Tf — &) < 400, we have that (4-17) implies
20,170 —¢)<C, Vk=1.

Then the differential inequality argument from Lemma 4.3, applied with starting time shifted to 70 — ¢,

proves that -
c 1
Vk>1,0<t<

0,170 —e41) < —
1—Ct C

Taking now ¢ = 1/(2C) and & = 1/(4C) yields
120, T2 +¢) <2C,
which contradicts the maximality of 7.2 and the theorem is proved. U

Next, we show that as long as f %(v, t) is bounded in a time interval [0, 7], the mass of f 3(v, t) cannot
escape to infinity nor concentrate at the origin. The bound is independent of §. A consequence of this
result is a local lower bound for A[ f 8] along radial directions.

Proposition 4.13. Let § € (0, %) let f? be a function given by Theorem 4.14, let T < T? and let M > 0

be such that
s
1 f°NlLoexio, 7] < M.

Then there are radii v ( fin, T, M) and R( fin, T, M) such that 0 <r < R < 0o and

f‘s(v, t)dv >

1 viep. 1. (4-18)
Br\B, 2

As a consequence, there is a positive constant co = co(fin, T, M) such that
*r £8 co 3
A [flv, 1) > ——, VYveR’, re[0,T], keN, (4-19)
1+ v3

where A*[ -] is as defined in (3-2).
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Proof. Given R > 0, the mass of f° outside Bg(0) may be estimated via its second moment

2
LN

fdv</f dv < 2/f(vt)lvl dv.
B, R
Moreover, for any r, R with R > r > 0 there is the obvious lower bound

/ o, )dv=1-— f‘s(v,t)dv—/f‘s(v,t)dv
BRr\B, By

>1——f o, H)v)?dv — 43 M, (4-20)

using the fact that || f°(-, ¢)||,1 = 1. Following exactly the same steps as in the proof of Proposition 4.6,
one can show
f i, nw?dv<3+1001+MT, Vrel0,T]. (4-21)
R3

Hence (4-18) follows from (4-20) and (4-21) by choosing
R:=23+10(1+M)T)"/?,
ri=@xzM)"'3.
Finally, (4-19) follows from (4-18), the selection of R and r above and Lemma 3.3. Il

Theorem 4.14. Given fi, as in (1-8), there is a time T, and a function f € Cloc (R3 x (0, T,,)) with initial
data fin, which solves (1-4) or (1-7). Moreover, either T, = o0 or

limsup || f1l o w3 x10,7) = O
t"T*i

The initial data is achieved in the sense that for any ¢ € C2° (R and any t € (0, T,) we have

/R}f(v,t)¢(v)dv—/w Jin(0)@ (V) dv = —/0 /(B[f]Vf—fVa[f],Wﬁ)dvdt-

Here B[ f] denotes Al f] or al f11 depending on whether we are dealing with (1-4) or (1-7).

Proof. Step 1. Let us assume first that f;, satisfies the additional assumptions (4-1); this assumption will
be removed in the final step. For each n € N, let f,, :== f% and T}, :== Tf " correspond to f% with § = 107",
as constructed in Theorem 4.12. Then each f, is a spherically symmetric, monotone solution to

Ufu= 1 Mo+ O fi) MR X0.T), /o0, 0) = fn(o).

Moreover, for each n, we have that either 7, = co or else || f, (-, t)]looc — 00 as t — T,,.

We define T, by
T, :=inf{T | liminf M (fin, T, 107") = o0}, (4-22)
n

with the understanding that 7, = oo if the set above is empty. As before, it is not difficult to see that
T, > (2 fin(0))~!. See Remark 4.15 for further discussion about the definition of 7.
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Step 2. Let us show, then, that there exists a solution in R? x (0, 7}). Let T; be a strictly increasing
sequence of times, with lim 7; = T. Fix j, then since T; < T there is a subsequence {n; i}, nj; — 00

as k — o0, such that
sup M (fin, T, 107"7%) < o0.
k

The above combined with Proposition 4.13 implies there is a constant ¢ = ¢( fiy, 7;) such that for all

k € N we have
c(fin, Tj)

o I, V(1) eRx,T)).

A[fnj,k](v7 t) Z
The interior Holder estimate (Theorem 2.2) then says that for any cylinder Q & R3 x (0, T) we have

[fn,_k]cwu/Z(Q) <C(Q,Tj), Vk.

From here, the same argument as in Lemma 4.7 shows that A[ f,, ] and Va[f,; ] are C @ @/2 yniformly
in k in compact subsets of R? x (0, T;). Accordingly, the uniform regularity of these coefficients together
with the Schauder estimates (Theorem 2.4) guarantee that for every cylinder Q € R? x (0, T;) we have a
constant C(Q, T;) independent of k such that

[fn;)crvarern gy < C(Q, T)).

Then, the Arzela—Ascoli theorem and a Cantor diagonalization argument yield local uniform convergence
of f, to a function f in R x (0, T') which will be differentiable in time and second-order differentiable
in space. In particular, fj is a spherically symmetric, monotone solution to

0 fi=0(f;. [ mR>xO.T),  f(-.0)= fa,

with fi, as in (1-8). We can take this argument one step further and apply the Arzela—Ascoli theorem one
more time to the sequence { fj }j and conclude that along a subsequence they (along with their derivatives)
converge uniformly in compact subsets of R3 x (0, T5,) to a function

fR*x (0, T)—> R

which is again a solution. In summary, we have constructed a function f : R3 x (0, T,) which is
differentiable in time and second-order differentiable in space, such that

azf:Q(fv f)

and
/r; F 060 dv - /R ) dv =~ /O f (BLFIVS — fValf]. V) dv di,
Vo € CEO(RS), te0,T,). (4-23)

Moreover, the function f has the property that for every T < T, there is a sequence ny — oo such that
the functions f,, defined in Step 1 converge to f locally uniformly in R? x [0, T].
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Step 3. It remains to show that if T, < oo, then the solution built in Step 2 blows up in L* as time
approaches T,. We argue by contradiction, similarly to the proof of Theorem 4.12, but with slight
modifications accounting for the fact that we do not know whether the functions f, have a unique limit
as n — oo (see Remark 4.15 for further discussion). Suppose C > 0 is a constant such that

lim oo (3 <C.
Hm Il Nl oo o 10, 77)

Let ¢ > 0 be a small number (to be determined). According to Step 2, there is a sequence ny — 0o such
that f,, — f locally uniformly in R3x [0, T —¢ /2]. In particular, there must be some ko > 0 such that

I fui Il By 10,7, —s7) < 2C,  Vk > ko.

As in the proof of Theorem 4.14, choosing ¢ such that 2¢(2C) < %, the differential inequality argument
guarantees that

I foi | oo @30, ey < 4C, Yk > ko.
This shows there is a positive € > 0 such that

iminf M(fin, T,107") <00, VT <T,+e.
n

This is impossible, since T is the infimum of {7 | liminf M (fin, T, 10™") = oo}. This contradiction
n
shows that )
TILUWT Il Nl Lo w310, 77) = 05

and the theorem is proved at least for fi,, for which (4-1) holds.

Step 4. In order to remove (4-1), given fj, for which only (1-8) holds, let flfln) be a sequence of functions
such that (4-1) holds for each fifln) (with a constant ¢ that may depend on n) and such that

lim | fin — fisllz= =Tim | fin — finll = 0.

Let £™ be a corresponding sequence of solutions as constructed in Steps 1-4 above. Then each £ is
defined up to some time 7 ,. The times 7, , are bounded uniformly away from O since fi, € L°°. The
functions f enjoy uniform local a priori estimates, therefore the same compactness argument from
Step 2 allows us to pick a subsequence n; — oo and a time T} such that the functions f* and their
derivatives have a local uniform limit as k — oo to a function f : R3 x (0, T,) — R which is a smooth
solution to the nonlinear equation and which blows up in L°° as time approaches T. Finally, fixing a test
function ¢ and ¢ € (0, T,), we may apply (4-23) to each f ") and conclude that f satisfies the respective
relation in the limit, proving the theorem. U

Remark 4.15. It is worth comparing the definition of 7.? in Theorem 4.12 with that of T in Theorem 4.14.
In the present situation, a priori it is unclear whether the sequence f;,, has a unique limit as n — oc.

Hence, if we define
T, :=sup{T | sup M (fin, T, 10™") < o0},
n

the existence of a subsequence bounded for times strictly greater then 7* does not contradict the definition
of T*. However, the contradiction holds if 7* is defined via the liminf as in (4-22). In the proof of the
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former theorem, matters were simplified by the fact that { fk‘s} « Was a Cauchy sequence (for § fixed),

meaning in particular that if it is shown that a subsequence of f,f remains bounded in [0, T'], then the entire

sequence remains bounded. This was key in proving the maximality of the interval of existence (0, Tf).

5. Pointwise bounds and proof of Theorem 1.1

Conditional pointwise bound. The first lemma of this section (Lemma 5.2) is the key argument for the

proofs of Theorem 1.1 and Theorem 1.3. It consists of a barrier argument based on the observation that

the function U (v) = |v|~7 is a supersolution for the elliptic operator Q( f, - ) under certain assumptions

on f (this is where the radial symmetry and monotonicity is needed). It affords control of certain spatial

L? norms of the solution, and from these higher regularity will follow by standard elliptic estimates

(Lemma 5.5).

First, we prove an elementary proposition that will be of use in proving the key lemma.

Proposition 5.1. If h is a nonnegative, radially symmetric and decreasing function, then

8 sup fBra[h](w) dw

h)  _ P S5 (W) dw
alh](v) = <y

]|v|_2, Vv e R’

Proof. First of all, since & is radially symmetric and decreasing,

h dw > h(v).
[Bjv) (0)| JB,,0) (wydw = h(v)

On the other hand, since & > 0 and (in particular) a[k] is superharmonic,
-3

1 2
h D h dw = h dw,
alkl(v) = | B2y (V)] Bz‘v‘(v)a[ Jaw) dw | By (0)] BMa[ Jaw) dw

Therefore,
h(v) _ fBIv\ h(w) dw

alhl(v) — fB‘Ul(O)a[h](w) dw’

which implies that

h(w)d
h(v) <8|v| 2 sup r? fB" (w) dw .
alh](v) r<|v|

fBr alh](w) dw

Vo e R3.

O

Lemma 5.2. Suppose f :R>x [0, T1 — Ry is a classical solution of (2-1). Let y € (0, 1) and suppose

there exists some Ry > 0 such that

g(w,t)dw 1
2 Jn, <—y(—y), Vr<R t<T.
[5 algl(w, 1) dw ~ 24

Then

3 3

-3 v/3 _ .
o =max =R (55) 7 Wl fI7s in B, x 10,71

4 4

(5-1)
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In particular, the conclusion of the lemma holds for some Ry > 0 whenever there is a modulus of continuity
w(r) and some Ry > 0 such that

{ [5 8w, 1) dw

sup sup

r<|v|t€[0,T] fB gl(w, 1) dw

Remark 5.3. It is easy to see that for any radially decreasing function 4 (v), the condition that 4 belongs

} <o(lv), VYO0<[v|<R;. (5-2)

to L? wes dk([R{3) implies that & lies below a power function of the form 1/|v|*>/?, and vice versa. More
precisely, SN
||h(v)||L\]:/eak <C&h()=< C(E) [v] /P, (5-3)

Proof of Lemma 5.2. Let U, = |v|”7. Then Proposition 3.4 says that

a4
0(s. Uy) < Uyalgl (=37 =n)lol 7 + 7).

Applying Proposition 5.1 with A = g(-, 1),

[2 fBrg(w,t)dw } 1

' 5, algl(w, 1) dw gV(l — v~

where we used (5-1) to get the last inequality. It follows that

ﬁ(v t)<8|v| rsll\lj\

0(g,U,) <0, inBg,x[0,T]. (5-4)

In particular, if there is a modulus of continuity as in (5-2), then Q(g, U,) < 0in Bg, x [0, T'] provided
Ry is chosen so that w(Ry) < 2 7
On the other hand, given that f (v, t) is radially decreasing and lies in L' (see (5-3)),

3
f, 1)< anums) = VveR? relo,T], (5-5)

3
4 |v]3’
where we used that || (-, )| ,1g3) = 1 for all ¢. Finally, the function ﬁy (v) defined by

~ . 3 y=3 3 v/3 -
by ) = max| R () il Jrol

is a supersolution for the equation solved by f in B,, x [0, T']. Moreover, clearly ﬁy lies above fi, in B,
while by (5-5), ﬁy lies above f in dBg, x [0, T']. Then the comparison principle implies that f < ﬁy in
B,, x [0, T], and the lemma is proved. Ol

The next lemma deals specifically with solutions to the nonlinear equations (1-4) or (1-7). It controls
from below the integral of a solution in some ball Bg. For the case of the Landau equation (1-4), the
constant is independent of time (by conservation of mass and second moment), while for the Krieger—Strain
equation (1-7) the bound decays exponentially in time.

Lemma 5.4. For f solving (1-4), there is a constant R > 0 such that

/ f. 0 dv>

t>0. (5-6)

I\JIP—
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For f solving (1-7) and any radii R > r > 0, there are § > 0 and Cy > 0 such that
/ f,1)dv> Coe P! / fin)dv, t>0. (5-7)
BR\Br B4R\Br/4
Proof. If f solves (1-4), then

/ f, ) dv < R2/ f, 0)v|*dv <3R2.
Br(0)° Br(0)°

Thus
f,0)dv=1 —/ f(v,t)dv>1—-3R2.

Br(0) Br(0)¢

Estimate (5-6) follows by choosing R large enough. The corresponding estimate (5-7) for f solving (1-7)

follows a similar argument used in [Krieger and Strain 2012], and the derivation of the estimate is done

in detail in the Appendix. O
The next lemma says that any solution f to (1-4) or (1-7) is a bounded function for all times, provided

that f satisfies (5-2).

Lemma 5.5. Let f : R x [0, T] — R be a radially symmetric, radially decreasing solution to (1-4) (or

(1-7)) with initial data as in (1-8) and such that for some Ry > 0, we have

[z fw,1)dw 1
Pt < —
fBra[f](w,t)dw 24

y(l—y), Vr<Rp, t<T.

Or, assume that there is some modulus of continuity w(r) such that

f(w,t)dw
sup sup §r’ fBr <o(lv]), Y0<r <R (5-8)
r<iiretorr|  Jp alflw, 1) dw
Then
sup  |If (-, Dl peomsy < Co (5-9)

1€[T/2,T]
for some constant Cq depending only on fi,, T and Ry.

Proof. The assumptions of the lemma are simply the same as those of Lemma 5.2 with g(v, t) = f (v, t),
from which it follows, using also (5-3), that

3 ,-30-1/p) ( 3 )1/17 } Yy
)| e < 2R = _ »
Sup IFC it ey = max| =Ry ™ () i fallog, 1077

L{:/eak
=: Co(fin> Ro, p)

for some p > 6. By interpolation and the Sobolev embedding, it follows that || f( -, )|l Lss) and
Valf (-, )]l p~wrs are bounded by some constant C determined by Co(fin, Ro, p). Then, applying
(2-5) from Theorem 2.3 with Q = Bg, x [0, T'], we arrive at

1l Bgypoxirr2.7) < CLUIf 20 0) + R{IIVal flll=0)} < oo

for some C = C(fin, Ry, T), and the lemma is proved. O
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Proof of Theorem 1.2. According to Theorem 4.12, for fi, € L°°, there exists a time Ty > 0 and a solution
f (v, t) to (1-4) defined in R3 x [0, Tp) and with initial values fin-
The time Ty is maximal, in the sense that 7 = oo or else

Em [ £(-, D)l ) = 00. (5-10)

t—>T,

Moreover, since f € L™ in R3 x [0, 7] for every t < Ty, interior regularity estimates (see Theorem 2.2 and
Theorem 2.4) show that f must be twice differentiable in v and differentiable in ¢ as long as ¢t € (0, T').
Finally, arguing by contradiction, let us assume that

P fBrf(v,t)dv <i
fBra[f](v,t)dv

96"
In this case, there must be some Ry > 0 such that

(v, t)dv 1
sup [r2 fB’f ]S—, Vr < Ry.

limsup sup
r—0+ 1€(0,Tp)

e | g alf1w,0)dv | = 96

This means Lemma 5.5 can be applied with T = T, and it follows that

sup  [[f (-, Dl oy < 00,
t€[To/2,To]

which contradicts (5-10), and the theorem is proved. Il
Proof of Theorem 1.1. As in the proof of Theorem 1.2, we have a solution f (v, t) defined up to some
maximal time Tp. In case Tp < oo, we know that || f(-, )|z~ goes to infinity as 1 — T,". As before, this
f (v, t) is twice differentiable in v and differentiable in ¢ for ¢t € (0, T').

Now assume the L3/? norm of f (-, t) does not concentrate at O as t — T ~. That is, suppose there is a
modulus of continuity w( -) such that

sup || f (-, D3,y < o).
1€(0,Tp)

Then there is some C > 0 such that
e Jp, f0.0dv L [z fv,0)dv -
Jp, alf1.0dv o [ al flv, ) dv ~
Then Holder’s inequality says that
P J5, @, 1) dv
fBra[f](v, t)dv

It follows that if Ry > 0 is chosen so that C'w(Ry) < L then Lemma 5.5 can be applied to conclude

C%/ f,t)dv, Vr>0,te(,Tp).
B,

<CNf(C.DlsrE) < Co).

%,
again that
sup ([ f (-, D)l ooy < 00,
t€[To/2,T0]
which as before directly contradicts lim || f(-,7)|L~ = 0o, and the theorem is proved. O

t—>T,
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To end this section, we present a computation indicating that for an arbitrary function f the quotient

appearing in the assumption of Theorem 1.2 is always smaller than or equal

Proposition 5.6. Let h € L' (R?) be a nonnegative function. Then

h(v)d
rZM 5 3’ Vr > 0
fBra[h](v) dv

Remark 5.7. It could be of use in understanding the blow-up or (non-blow-

those h for which the above quotient goes to 0 as r approaches 0. In particular, it would be useful to
understand this when 4 is not necessarily in a regular enough L? space or Morrey space, namely when £

is such that

thLi)/C2 or supl/ hdv = oo.
B,

r>0

Proof of Proposition 5.6. Let us write a(v) = a[h](v) for the sake of brevity.

to 3.

up) of (1-4) to characterize

Note that

fa(v)dx:/ a(v)XB(v)dvzi/ / h(w)|v—w|71)(3r(v)dwdv.
B, R3 47 RrR3 JR3

The goal is to compare the two integrals

i/ / h(w)|v—w| ™ x5 (v)dwdv and r2/ h(v) x5,(v) dv.
47T RrR3 JR3 R3

Note that

/fh(w)|v—w|—1xB,(v>dwdv=fh(v)(xB,*cb)w)dv, b (v) = @rlo) .
R3 JR3 R3

It is not hard to compute ®p := xp, * ® directly. Indeed, it is the unique C'
Adp =—xp, Pp — 0atoo,

which has the simple expression
L2412
Dy (x) = 6|v| +3r in B,
' 3! in B¢
3 r
It follows that

/a(v)dv:f(%rz—%lvlz)h(v)dv+£/ h(v)lvl_ldvz/(%
B, B, 3 JBe B

-

This proves the stated bound, since the last inequality guarantees that

2
/a(v)dvzr—/ h(v) dv.
B, 3 /B

1 solution of

r? = Lv?)h() dv.
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6. Mass comparison and proof of Theorem 1.3

In this section we apply the ideas from previous sections to construct global solutions (in the radial,
monotone case) for (1-7), namely

o f =alfIAf + f.

In view of Lemma 5.5, the fact that Ty = oo in Theorem 1.1 results from a bound of any L? (R?) norm
of f with p > % For (1-7), the bound of any L”(R?) norm of f with p > % will be proven by a barrier
argument done at the level of the mass function of f (v, t), which is defined by

Mg(r,t) = / f,t)dv, (r,t) e Ry x (0, Tp).
B,

Depending on which problem f solves, the associated function My (r,t) solves a one-dimensional
parabolic equation with diffusivity given by A*[ f] or a[ f].

Proposition 6.1. Let f be a solution of (1-4) or (1-7) in R3 x [0, Tyl. Then M(r, t) solves, respectively,

x 2/ My :
oMy =A"0Ms+—|——A" )0, My inRy x(0,Tp) (6-1)
r\8nr
2( My .
OM¢=ad, My~+— v —a o, My in Ry x (0, Tp). (6-2)
r\8nr

Proof. We briefly show how to obtain (6-2); for (6-1), the calculations are identical. Using the divergence
theorem and the divergence expression in (1-7), we get

WMy = [ (alfIVf — fValfl,n)do =4nr*(alf1d, f — fdalf]).

3s,
Furthermore, straightforward differentiation yields the formulas

4o, f =r?d,(r 28, My), dalfl=—@rr?) ' M;.

Substituting these in the expression for 9; M s above, we get

1 1
_ 2

Expansion and rearrangement of the terms result in

aM—(23M+aM)+MfaM—aM+2 My 9. M
M =d o f rriVL f 477,’?'2r f=ao, My i Ay a oy,

and the conclusion follows. O

Define the linear parabolic operator L in Ry x (0, T') as

2( My
Lh:=0h—ad,h——|-———alf]])onh.
r\8nr

The above proposition simply says that LM =0 in Ry x (0, T'). The next proposition identifies suitable
supersolutions for L.
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Proposition 6.2. Ifm € [0, 2] and h(r,t) =r", then Lh > 0in Ry x (0, T).

Proof. By direct computation we see that

Lh=—mr"? ((m —1a +2(ﬂ — a[f])>.
8rr

f . My
47 |v| ~ dmr

On the other hand,

’

1
a[f](r)=4—/ fdv+
Tr JB, B¢
. 1 My
which guarantees that 2a[ fl@) > rp— Thus,
m—2 Mf m—2
Lh =mr (1—m)alf]+2 a[f]—S— >mr" 2 —m)al[f] >0,
Tr

the last inequality being true for m < 2. (|
Proof of Theorem 1.3. Assume fi, € L, in which case Theorem 4.12 yields a solution f (v, ) that exists
for some time Ty > O (possibly infinite). As the bound for f (v, ¢) will not rely on the L* norm of fi,
but an Lfveak norm of fi,, the existence of a solution for unbounded initial data in L? (p > 6) will follow

by a standard density argument.
Since p > 6, there is some « > 0 and some Cy > 0 (depending only on || f|;» k) such that

My, (r,0) :/ findv < Cor'*e.
B,
Moreover, since f (-, t) has total mass 1 for every ¢t > 0, we also have
M¢e(r,t) <1, Vr>0,1e(0,T).

Proposition 6.2 says that # = Cr'*® is a supersolution of the parabolic equation solved by M £ in
R4 x (0, T'). Then, choosing C := max{Cy, 1}, the comparison principle yields

Ms(r,t) <h(r)=Cr'™, ¥re(0,1), te(0,T). (6-3)

Since f (v, t) is radially symmetric and decreasing, bound (6-3) implies that f(|v|, t) < i—gll%
v
v € By and 7 € (0, T); hence there is some p’ > % and some C, > 0 such that

”f( s t)”LP/(Bl) =< Cp’, Vit e (0, T)-

Then Lemma 5.2 says that f(v, t) is bounded in R3 x (0, Tp). By Lemma 5.5 and the characterization of
T in Theorem 4.12, it follows that Ty = 400, so the solution is global in time. O

The method of the proof for Theorem 1.3 falls short in preventing finite time blow-up for (1-4). In any
case, it at least gives another criterion for blow-up, the proof of which is essentially the same as that of
Theorem 1.3.
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Corollary 6.3. Suppose that for all t € [0, Ty] there is some ro > 0 and 0 < A < 8 such that

Mg(r,t) <ArA*(r,t), Vr <ry.

Then any solution to (1-4) is bounded for any t > 0.

Appendix
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Proof of Proposition 3.1. The radial symmetry of any solution f to (2-1) follows by the uniqueness
property of (2-1) and by the fact that Q(g, f) commutes with rotations, as shown below. We first rewrite

the collision operator as

0(g. f) = div(A[gIVf — fValg]) = alg]Af — div(A[g]Vf) + f8.
with
gIVf = /g(h') I3y|) (Vf(v), y)ydy.

Let T be a rotation operator. Since g is radially symmetric, so is a[g]. Hence
alg]A(f o) =algoTIA(foT) = (algloT)(Af oT)=(alg]Af)oT,
taking into account that the Laplacian operator commutes with rotations. Moreover,

div(Alg]V/ (Tv) =div( f g('ly—| V/(Tv).y ydy)

_ div( / W(T*sz(z)h-m ¥y dy)
T(v—
_ div( / WWJQMFM Ty)T* Ty dy)

—[I— _
:div(T* / W(sz&)lz:m, )y dy)

=:V(Tv)
= Tr(T* Jac(V) |,=1, T) + V(Tr(T*)) -V (Tv)
——
=0

=Tr(TT*Jac(V)|,=1v)
=Tr([Jac(V)._;,)

= div(f %(sz(z), )y dy) oT.

Hence Q(g, f(Tv)) = Q(g, f) o T. Now we rewrite the linear equation (2-1) in spherical coordinates:

a—A*

0 f = A%, f+ =20, f + f3,

(6-4)
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with A*[g](v) := (A[g](v)D, V), :=v/|v| and differentiate (6-4) with respect to r. The function w := 9, f
satisfies the inequality

a—A*
r

_ *
hw < A%0,,w + a—A )w

dw + wg + 8, A*8,w + a,(

If w(-,0) <0 it follows from the maximum principle that w( -, ¢t) < 0 for all # > 0. In other words, the
(negative) sign of 0, f is preserved in time. 0

Proof of Proposition 3.2. The identity (3-3) is classical and a proof can be found in [Lieb and Loss 2001,
Section 9.7]. To prove (3-2), let v € R> be nonzero and r := |v|. Then

n n 1 1 v—w v—w \. .
(A[g](v)v,v):—/ —g(w)<(]1— ® )v, v) dw.
87 Jr3 v — w| lv—w| ~ |v—w|

vV—w V—W \. . A 2
I— Q v,V | = 1 —COS(Q(U))) s
lv—w| ~ |[v—w]

where 6 denotes the angle between w — v and v. Consider, for 0 < ¢, r, the function

1 —cos(é)2
I(r,t):= —dw
9B,

Note that

lv—wl

The function I (r, t) encodes all the information about A*. In particular, integration in spherical coordinates
yields the expression

1 o
A*[h](v) = . /0 F@I(v], )dt.

As it turns out, I (r, t) has rather different behavior according to whether r < ¢ or not. By averaging in
the v variable, it is not hard to see that

2
t
I(r,t)= r—41(t, r), Vr<t.

Accordingly, we focus on I(r, t) when r > t. To do so, denote by 6 the angle between w and v and
observe that
12 — 1% cos(6)? _ 12— w%

1 —cos(0)? = sin(d)? = = ,
) in(0) b wp v wp

where w; = (w, v). Thus,

2_ .2 2_ .2
I(r,t):/ t_—wgdwzf 2t — % dw
2B, [V —w| 3B, (12 —wi + (r —wy)?)3/2

T Y S T
— w = Z
oB, (12 —2rwy +1r?)3/2 3B, 13(1 — 2(?)11 + (%)2)3/2

/ -4 td
= Z.
om (1-2(5)z1+(£)7)™
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This surface integral can be written entirely as an integral in terms of the variable z; € (—1, 1):

l—z%

1
I(r,t) =2mt /
(=25 + (5))

For brevity, set for now s = r/¢. Then

dz;

! 1—z7 g o 220425 -0 260250 252

f_l =25+ ' T 33 /57— 2s 11 395212511

25t 4253425 —2 2t 253 —25 -2
3s3(s — 1) B 3s3(s+ 1)

25t 4253425 —2 25t 4253 42542
3s3(s — 1) + 3s3(s +1)

Furthermore,
2544253425 —2 254425342542 2 st 4s—1 sSSP 4s+1
353(s — 1) 33(s + 1) __3( s—1 T )
2 (—s*+ 2 +s—DG+ D+ G+ +s+Dis—1)
353 s2—1
2 2s2—-2 4

T353 s2—1 353
Then, since s = r/¢t, we conclude that

4
I(r,t) = 87{3?, fort <r,

1
I(r,t)=8m—, fort>r.
3t
Going back to A*[h], the above leads to
r [e.¢]
A*[h](v) =/ h(t)I(r, 1) dt+/ h(t)I(r,t)dt
r

1 o0
3 =3 h(t)t dt+3/ h(t)tdt. O

Proof of Lemma 5.4. This argument is inspired by the one in [Krieger and Strain 2012, Section 2.6]. For
B, R, r (with0 <r < R, 0 < f8), consider the function

D (v, 1) :=e P (Jv] — R)*(Jv| — r)°.

Since @ is a C!*! function with compact support, we have

i/ f,H)®(w)dv= —/ (an—fVa,VCD)dv=/ fdiV(aVCD)dv—l—/ f(Va, Vo) dv.
dt R3 R3 R3 R3
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Hence,

div(@V®) + (Va, V®) = aA® +2(Va, V)

2 +o00
_a<I>//+ﬁ(a+|v|a)<D _aCI>”+| |<I>/ sf(s,t)ds.
v [v]

We have
D) =2(R—s5)(s—=r)(—(s—=r)+R—5)=2(R—s)(s —r)(R+r —25),
®"(s) =2(R—=s)(r +R—2s) —2(s —r)(r+ R —2s) —4(R—s)(s —r),
®'(r) = d'(R) =0, ®"(r) = d"(R) =2(R —r)?,
|®"], |®'| < Cs,r.r P, lv| € (1+8)r, (1 =3)R).

Hence in a small neighborhood of |v| = R and |v| = r one can show that — / f,t)d(w)dv > 0;
more precisely,

div(aV®) 4+ (Va,V®) >0 in B\ Ba—syr U B(1+5)r \ By.

Since a[g](v) <

1 3
”g”fﬂ, it follows that
v

/ S, )@ ()dv > CarR”g”Ll(R f S, )@ (v)dv
r B(i—8)r\B(1+6)r

||g||L1(R*)C / Fv. D W) dv.

This above differential inequality implies

f f, H® W) dv> eﬁTf fin®(W)dv, Vt<T,
R3 R3
where 8 = C g.ollgll ;1. Finally, since

®(v) < 3(R—r)> inBg\B,, @)= 3R>

we conclude that

R2r2
f f,t)dv > —4e—ﬂTf fin()®()dv, Vit<T. O
Br\B, (R—r) Bry2\Bas
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FORWARD SELF-SIMILAR SOLUTIONS
OF THE NAVIER-STOKES EQUATIONS IN THE HALF SPACE

MIKHAIL KOROBKOV AND TAI-PENG TSAI

For the incompressible Navier—Stokes equations in the 3D half space, we show the existence of forward
self-similar solutions for arbitrarily large self-similar initial data.

1. Introduction

Let [R{f’|r = {x = (x1, x2, x3) : x3 > 0} be a half space with boundary aRi = {x = (x1, x2,0)}. Con-
sider the 3D incompressible Navier—Stokes equations for velocity u : Ri x [0, 00) — R3 and pressure
p:[R{ix[O,oo)—HR,

oou—Au+w-VYu+Vp=0, divu=0, (1-1)

in [Rii x [0, 00), coupled with the boundary condition
”|3[Rg3+ =0, (1-2)
and the initial condition
Ulj—g=a, diva=20, a|3R3+=0. (1-3)
The system (1-1) enjoys a scaling property: if u(x, t) is a solution, then so is

u® (x,1) :=Au(ix, )»21‘) (1-4)

for any A > 0. We say that u(x, t) is self-similar (SS) if u = u™ for every A > 0. In that case,
u(x,t):Lu(L), (1-5)

V2t \V2r

where U (x) = u(x, }). It is called discretely self-similar (DSS) if u = u* for one particular A > 1. To

get self-similar solutions u(x, t) we usually assume the initial data a(x) is also self-similar, i.e.,

a(x) . X
a(x) = X =—. (1-6)
|x|
In view of the above, it is natural to look for solutions satisfying
C(Cy)

|x|

lu(x, )] < or Ju(-, )Lz = C(Cy), (1-7)

MSC2010: 35Q30, 76DO05.
Keywords: Forward self-similar solutions, Navier-Stokes equations, half space.
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where C, is some norm of the initial data a. For 1 < g, r < oo, we denote the Lorentz spaces by L?".
In such classes, with sufficiently small C,, the unique existence of mild solutions — solutions of the
integral equation version of (1-1)—(1-3) via a contraction mapping argument— has been obtained by
Giga and Miyakawa [1989] and refined by Kato [1992], Cannone, Meyer and Planchon [Cannone et al.
1994; Cannone and Planchon 1996], and Barraza [1996]. It is also obtained in the broader class BMO~!
in [Koch and Tataru 2001]. In the context of the half space (and smooth exterior domains), it follows
from [Yamazaki 2000]. As a consequence, if a(x) is SS or DSS with small norm C, and u(x, ) is a
corresponding solution satisfying (1-7) with small C(C,), the uniqueness property ensures that u(x, t) is
also SS or DSS, because u™ is another solution with the same bound and same initial data a® = a. For
large C,, mild solutions still make sense but there is no existence theory since perturbative methods like
the contraction mapping no longer work.

Alternatively, one may try to extend the concept of weak solutions (which requires uo € L?(R?)) to more

2
uloc?

[2002]. However, there is no uniqueness theorem for them and hence the existence of large SS or DSS

general initial data. One such theory is local-Leray solutions in L constructed by Lemarié-Rieusset
solutions was unknown. Recently, Jia and Sverék [2014] constructed SS solutions for every SS ug which
is locally Holder continuous. Their main tool is a local Holder estimate for local-Leray solutions near
t = 0, assuming minimal control of the initial data in the large. This estimate enables them to prove
a priori estimates of SS solutions, and then to show their existence by the Leray—Schauder degree theorem.
This result is extended by Tsai [2014] to the existence of discretely self-similar solutions.

When the domain is the half space R3 , however, there is so far no analogous theory of local-Leray
solutions. Hence the method of [Jia and Sverak 2014; Tsai 2014] is not applicable.

In this note, our goal is to construct SS solutions in the half space for arbitrary large data. By BC,, we
denote bounded and weak-* continuous functions. Our main theorem is the following.

Theorem 1.1. Let Q2 = Ri and let A be the Stokes operator in Q2 (see (5-5)—(5-7)). For any self-similar

vector field a € Clloc(ﬁ\{O}) satisfying diva = 0, alyq = 0, there is a smooth self-similar mild solution

u e BCy,(0, 00); L(3;°°(Q)) of (1-1) with u(0) = a and
lu(t) — e~ all 2@ = Ct', V@) —e @)l 2 =Ct™1, Vi>0. (1-8)
Comments on Theorem 1.1:

(1) There is no restriction on the size of a.
(2) It is concerned only with existence. There is no assertion on uniqueness.

(3) Our approach also gives a second construction of large self-similar solutions in the whole space R?,
but for initial data more restrictive (C') than those of [Jia and Sverdk 2014]. In fact, it would show
the existence of self-similar solutions in the cones

Ky,={0<¢p=<a}, forO<a=<m,

—AJ2

(in spherical coordinates), if one could verify Assumption 3.1 for e a. We are able to verify it

only fora =% and o = 7.
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(4) We have the uniform bound (1-7) for ug(t) = e "4a and we show |ug(x, )| < (\/? + |x|)_1 in
Section 6. We expect ug(t) ¢ L1(2) for any ¢ < 3, and ||ug(¢)||rs — oo as t — 04 for g > 3. The
difference v = u — ug is more localized: by interpolating (1-8), ||v(¢)|lz« — 0 as t — 04 for all
q € [2,3). Although [[v(#)][3(q) = C fort > 0, v(z) weakly converges to 0 in L3 ast— 0, as
easily shown by approximating the test function by L? N L3/? functions. Both u((¢) and v(¢) belong
to L®(Ry; L3> (RY)).

We now outline our proof. Unlike previous approaches based on the evolution equations, we directly
prove the existence of the profile U in (1-5). It is based on the a priori estimates for U using the classical
Leray—Schauder fixed point theorem and the Leray reductio ad absurdum argument (which has been
fruitfully applied in recent papers of Korobkov, Pileckas and Russo [Korobkov et al. 2013; 2014a; 2014b;
2015a; 2015b] on the boundary value problem of stationary Navier—Stokes equations). Specifically, the
profile U (x) satisfies the Leray equations

—AU—-U—-x-VU+ U -V)U+VP =0, divU=0 (1-9)
in IR& with zero boundary condition and, in a suitable sense,
U(x) — Up(x) := (e 4%a)(x) as |x| = oo. (1-10)

System (1-9) was proposed by Leray [1934], with the opposite sign for U + x - VU, for the study of
singular backward self-similar solutions of (1-1) in R* of the form u(x, t) = U (x/+/—2t)/+/=2t. Their
triviality was first established in [Necas et al. 1996] if U € L3(R?), in particular if U € H'(R?) as assumed
in [Leray 1934], and then extended in [Tsai 1998] to U € L4 (R3),3 < q < 00. In the forward case and in
the whole space setting, we have

Vo) ~1x|™", V@) :=Ux) —Usx), [V@)|SIxI™> for x| > 1; (1-11)

see [Jia and Sverak 2014; Tsai 2014]. In the half space setting, it is not clear if one can show a pointwise
decay bound for V. We show, however, that V (x) is a priori bounded in HO1 ([Ri), and use this a priori
bound to construct a solution. Due to lack of compactness of H(} at spatial infinity, we use the invading
method introduced by Leray [1933]: we approximate 2 = [Ri by Qi =QNBr, k=1,2,3,..., where
By is an increasing sequence of concentric balls, construct solutions Vj in €2 of the difference equation
(3-3) with zero boundary condition, and extract a subsequence converging to a desired solution V' in [R{i.

Our proof is structured as follows. We first recall some properties for Euler flows in Section 2, and
then use it to show that the V; are uniformly bounded in HO1 (2;) in Section 3. In Section 4, we construct
Vi using the a priori bound and a linear version of the Leray—Schauder theorem, and extract a weak
limit V using the uniform bound. The arguments in Sections 2—4 are valid as long as one can show that
Uy = e~ 49/2q, Aq being the Stokes operator in 2, satisfies certain decay properties to be specified in
Assumption 3.1. In Section 5 we show that, for Q = Ri and those initial data a considered in Theorem 1.1,
Uy indeed satisfies Assumption 3.1. We finally verify that u(x, ¢) defined by (1-5) satisfies the assertions
of Theorem 1.1 in Section 6.
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Because our existence proof does not use the evolution equation, we do not need the nonlinear version
of the Leray—Schauder theorem as in [Jia and Sverdk 2014; Tsai 2014]. As a side benefit, we do not need
to check the small-large uniqueness (cf. [Tsai 2014, Lemma 4.1]).

2. Some properties of solutions to the Euler system

For g > 1, denote by D'4(Q) the set of functions f € WI})’Cq (£2) such that || £l p1.¢ (2) =V fllLa(@) < 00.
Recall, that by the Sobolev embedding theorem, if ¢ < n then for any f € D9 (R") there exists a constant
¢ € Rsuch that f —c € LP(R") with p =nqg/(n — q). In particular,

feDV®)= f-cel'®R),  feD"VPR)=f-ce P®). -

Further, denote by D(l)’z(Q) the closure of the set of all smooth functions having compact supports in €2
with respect to the norm || - || p1.2(g), and H(2) = {v € Dé’Z(Q) : div v = 0}. In particular,

H(Q) — L%(Q). (2-2)

(Recall that by the Sobolev inequality, || f || zsm3) < CIV f .23 holds for every function f € CC?O([R@)
having compact support in R?; see [Adams and Fournier 2003, Theorem 4.31].)
Assume that the following conditions are fulfilled:

(E) Let © be a domain in R with (possibly unbounded) connected Lipschitz boundary I' = 82, and the
functions v € H() and p € D13/2(Q)NL3(Q) satisfy the Euler system

(v-V)v4+Vp=0 inQQ,
dive=0 in, (2-3)
v=0 onadf.

The next statement was proved in [Kapitanskii and Piletskas 1983, Lemma 4] and in [Amick 1984,
Theorem 2.2]; see also [Amirat et al. 1999, Lemma 4].

Theorem 2.1. Let the conditions (E) be fulfilled. Then
ApoeR:  px)=po for H2-almost all x € I (2-4)
Here and henceforth we denote by $)™ the m-dimensional Hausdorff measure ™ (F) =lim;_, o+ 97" (F),
where 7" (F) = inf{}_ | (diam F;})" : diam F; <1, F C U2, F;}.
3. A priori bound for Leray equations

Recall that the profile U (x) in (1-5) satisfies Leray equations (1-9) with zero boundary condition and
U (x) — Up(x) at spatial infinity. Decompose

U=Uy+V, Uj=e . (3-1)
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tA

Because a is self-similar, ug( -, ) = e "4a is also self-similar, i.e., ug(x, ) = Aug(rx, A%t) for all A > 0.

Differentiating in A and evaluating at A =1 and r = % we get
0=Up+x-VU+duo(x,3) =Uo+x-VUy+ AUy — VP (3-2)

for some scalar Py. Thus, the difference V (x) satisfies

—AV -V —x.-VV4+VP=Fy+ F(V), divV =0 (3-3)

for some scalar P, where
Fy=—Uy-VUj, (3-4)
Fi(V)=—Uy+V)-VV =V -VUy, (3-5)

and V vanishes at the boundary and the spatial infinity.
For a Sobolev function f € W!2(Q), set

1/2
£l i) o= <fQ|Vf|2+%|f|2) : (3-6)

Denote by HO1 (R2) the closure of the set of all smooth functions having compact supports in €2 with respect
to the norm | - || 1 (g), and

Hy 5 () = {f € Hy () : div f = 0.

Note that Hj () = {f € W'2(Q2) : flao =0, || fll 1) < oo} for bounded Lipschitz domains.
We assume the following.

Assumption 3.1 (boundary data at infinity). Let 2 be a domain in R>. The vector field Uj : @ — R?

satisfies div Uy = 0 and
I1Uoll Loy < 00, IVUollr2(q) < 00. (3-7)

Note that from Assumption 3.1 and (3-4) it follows, in particular, that

/F0'77 /(n~V)Uo-n
Q Q

for any n € Hy () with [n]| 1l (@ = 1 (by virtue of the evident imbedding Hy () < L for all
p €2,6]. ’

If it is valid in €2, it is also valid in any subdomain of € with the same constant C. We show in
Section 5 that for Q = [R?i and a satisfying (5-1), Uy = e~A/2q satisfies (5-3) and hence Assumption 3.1.
This is also true if Q@ = R3 and « is self-similar, divergence free, and locally Holder continuous.

=C, =C (3-8)

Theorem 3.2 (a priori estimate for bounded domain). Let Q2 be a bounded domain in R® with connected
Lipschitz boundary 0K2, and assume Assumption 3.1 for Uy. Then for any function V € HO1 (R2) satisfying

—AV+VP =XV +x-VV+F+F((V)), divV=0 (3-9)
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for some X\ € [0, 1], we have the a priori bound
IV = [ (VVE+AIVE) < CCto .
Q

Remark. Note that C(Up, €2) is independent of A € [0, 1].

Proof. Let the assumptions of the theorem be fulfilled. Suppose that its assertion is not true. Then there
exists a sequence of numbers A € [0, 1] and functions Vj € HOl (€2) such that

—AV, — M Vi —Mx - VVi + VP =AM (Fo+ Fi1(Vy)), divV, =0, (3-10)
and moreover,
J? :=f IVVi|?> = oo. (3-11)
Q
Multiplying (3-10) by Vi and integrating by parts in €2, we obtain the identity
2, M 2
Ji+— | IVil"=x | (Fo—Vi-VUp)Vi. (3-12)
2 Ja Q
Consider the normalized sequence of functions
D=ty B=—0p (3-13)
Since
VVilP =1,
Q

we could extract a subsequence, still denoted by Vi, which converges weakly in W!2() to some function
V € H} (), and strongly in L3(€2). Also we could assume without loss of generality that ¢ — Ao € [0, 1].
Multiplying the identity (3-12) by 1/ sz and taking a limit as k — oo, we have

A
1+—°/ |V|2=—A0/(V-VU0)V=k0/(V-VV)Uo. (3-14)
2 Jo Q Q

In particular, Ay is separated from zero for large k.
Multiplying (3-10) by 1/(Ax sz), we see that the pairs (f/\k, Py satisfy the equation

Wvﬁwv@:Jlk(klkA@+@+x-v?k+JikFo—Uo.v?k—Vk-vvo). (3-15)

Take an arbitrary function n € CZ% (€2). Multiplying (3-15) by 7, integrating by parts and taking a
limit, we obtain finally

/(V-VV)-n:O. (3-16)
Q
Since n € Cgoo (R2) is arbitrary, we see that V is a weak solution to the Euler equation

(V-V)V4+VP=0 in £,
divV =0 in Q, (3-17)
V=0 onod<,
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for some P € D32(Q)N L3 (Q). By Theorem 2.1, there exists a constant pg € R such that P(x) = pg
on 3. Of course, we can assume without loss of generality that pg =0, i.e., P(x) =0 on d2. Then by
(3-14) and the first line of (3-17), we get

A
2 Ja o o
The obtained contradiction finishes the proof of the theorem. O

Theorem 3.3 (a priori bound for invading method). Let Q = R3, and assume Assumption 3.1 for U,.
Take a sequence of balls By = B(0, Ry) C R3 with R, — 0o, and consider half-balls Q = Q2N By. Then
for functions Vi € HO1 () satisfying

—AV,— Vi —x-VVi + VP, = Fy+ Fi1(Vy), divV, =0, (3-18)
we have the a priori bound

f (IVVil> + 51 Vil?) < C(Up),
Qe

where the constant C (Uy) is independent of k.

Proof. Let the assumptions of the theorem be fulfilled. Suppose that its assertion is not true. Then there
exists a sequence of domains €2 and a sequence of solutions V; € HO1 (2) of (3-18) such that

R = 1Velg = [ (VU4 3IVE) > o (3-19)
Q
Multiplying (3-18) by Vi and integrating by parts in €2, we obtain the identity
JE= | (Fo—Vi-VUy)Vi. (3-20)
Qe

Consider the normalized sequence of functions

Py. (3-21)

~
w-&,‘\,| —-

Multiplying (3-18) by 1/ sz, we see that the pairs (f/\k, f’\k) satisfy the equation

-~ o~ o~ 1 ~ o~ -~ -~ o~
Vi - VVi+ VP, = ]—(AVk +Vi+x-VVi+Fy—Uy-VVi — Vi - VUj). (3-22)
k
Since

fg(|w7k|2+§|x7k|2)zl,
k

we could extract a subsequence, still denoted by Vi, which converges weakly in W1 2(Q) to some function
Ve HO1 (R2), and strongly in L?(E) for any E € Q.
Multiplying the identity (3-20) by 1/ sz and taking a limit as k — oo, we have

1= / (=V-VUp)V. (3-23)
Q
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Take an arbitrary function n € C2%, (€2). Multiplying (3-22) by 7, integrating by parts and taking a limit,
we obtain finally

/(V-VV)-n:O. (3-24)
Q
Since n € CZ%, (R2) is arbitrary, we see that V is a weak solution to the Euler equation

(V.-V)V4+VP=0 inQ,
divV =0 1in Q, (3-25)
V=0 onoQ,

with some P € D'-3/2(Q)NL3(2). More precisely, since V, VV € L?(R2), we have P € D'-4(Q) for every
q € [1, %] Consequently, P € L*(2) for each s € [%, 3]. In particular, P € L3(Q) and VP € L9/8(Q).
Furthermore,

oo
|P|4/3=—R2/ / 4 (1Pr)[*) dodr
st R Js}t dr

1/9 8/9
5/ |P|1/3|VP|5(/ |P|3) (/ |VP|9/8) ,
|x|>R |x|>R |x|>R

where S; = {x € Q: |x| = R} is the corresponding half-sphere. Hence, we conclude that
f |P|*3 >0 asR— oo. (3-26)
Sk
Analogously, from the assumption Uy € LO(Q), VU € L3(R), it is very easy to deduce that
/ |Upl* = 0 as R — oo. (3-27)
Sk
On the other hand, by (3-23) and the first line of (3-25) we obtain

1=/(V-V)V-U0=—/VP-U0=— lim div(P - Up) = — lim PUy-n)=0, (3-28)
Q Q R R— o0 S;

—> 00 QR
where Qr = QN B(0, R) and the last equality follows from (3-26)—(3-27). The obtained contradiction
finishes the proof of the theorem. g

4. Existence for Leray equations

The proof of the existence theorem for the system of equations (3-3)—(3-5) in bounded domains €2 is
based on the following fundamental fact.

Theorem 4.1 (Leray—Schauder theorem). Let S : X — X be a continuous and compact mapping of a
Banach space X into itself, such that the set

{x € X : x =ASx for some A € [0, 1]}

is bounded. Then S has a fixed point x, = Sx,.
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Let © be a domain in R? with connected Lipschitz boundary I' = 3, and set X = H(}’U (2).
For functions Vi, V, € H(}’J(Q), write (Vi, o)y = fQ VV; - VV,. Then the system (3-3)—(3-5) is
equivalent to the following identities:

<V,;>H=/QG<V>-;, Vi eCE (9, (1)

where G(V)=V +x-VV+ F(V), F(V)=Fy+ F(V),
Fo(x) =—-Up-VUy, 4-2)
Fi(V)=—=Uy+V)-VV =V .VU,. (4-3)

Since Hol’ o () = LO(), by the Riesz representation theorem, for any f € L%/5(Q) there exists a unique
mapping 7' (f) € Hol’g(Q) such that

(T(f),§)H:Lf‘§, Vi e CoL(Q), (4-4)
and moreover,

IT(ONE <1 flx,

I fllx = sup /f-é“-
cecx @, ltln<t Ja

Then the system (3-3)—(3-5)~(4-1) is equivalent to the equality

where

V=T(G(V)). 4-5)

Theorem 4.2 (compactness). If Q is a bounded domain in R® with connected Lipschitz boundary T = 9%,
and Assumption 3.1 holds for Uy, then for X = HOI’U(Q) the operator S : X 5 V= T(G(V)) € X is
continuous and compact.

Proof. (i) For V, Ve X, setting v = V— v,

F(V) —F(V)==WUp+V+v)-Vv—v-V(Up+ V).
Thus we have
IS(V) = S(V)lIx
Sl + 1Voll2 + IF(V) = F(V)l o5
Slollzz + 1Vvllz2 + 10l s I Vull2 + 1V + vl 3Vl 2 + IV Uoll 2 llvll s + 01l 31V V I 22
SA+IVIx+ vl vl (4-6)

(i) By the Sobolev theorems, we have the compact embedding X — L"(2) for all r € [1, 6). Thus if a
sequence Vi € X is bounded in X, i.e., | Villr2() + IV Vkll12(@) < C, then we can extract a subsequence
Vi, which converges to some V € X in L3(Q2) norm: ||V}, — V3@ — 0asl— oo. Then using the
condition Vi, = V =0 on 0€2 and integration by parts, it is easy to see that || F'(V;,) — F (V)| x» — 0 and,
consequently, |G (V) —G(V)|lx = 0as ! — oco. O
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Corollary 4.3 (existence in bounded domains). Let Q be a bounded domain in R? with connected Lipschitz
boundary 02, and assume Assumption 3.1 for Uy. Then the system (3-3)—(3-5) has a solution V € HOI’ - (82).

Proof. This is a direct consequence of Theorems 4.1-4.2 and 3.2. O

Theorem 4.4 (existence in unbounded domains). Let Q = R> , and assume Assumption 3.1 for Uy. Then
the system (3-3)—(3-5) has a solution V € HOI’(T (2).

Proof. Take balls By = B(0, k) and consider the increasing sequence of domains 2; = Q N By from
Theorem 3.3. By Corollary 4.3 there exists a sequence of solutions V € HOI’U () of the system (3-3)—(3-5)
in ;. By Theorem 3.3, the norms || Vi || 5 ! (o are uniformly bounded, thus we can extract a subsequence
Vi, such that the weak convergence Vj, —~Vin W12(Q') holds for any bounded subdomain Q' C Q. It
is easy to check that the limit function V is a solution of the system (3-3)—(3-5) in 2. O

5. Boundary data at infinity in the half space

In this section we restrict ourselves to the half space Q2 = Ri with boundary ¥ = 8[R§3+ and study the

—AJ2

decay property of Uy =e a. Our goal is to prove the following lemma, which ensures Assumption 3.1

under the conditions of Theorem 1.1.
Write x* = (x/, —x3) given x = (x/, x3) € R, and (z) = (1 + |z|%)!/? for z € R™.

Lemma 5.1. Suppose a is a vector field in Q = Ri satisfying

ae Clloc(ﬁ\{OL R3), diva = 0, Cl|ag2 = 0,

(5-1)
a(x)=ra(Ax), VxeQ, VA>0.
Let Uy = e~ 4/%a, where A is the Stokes operator in Q. Then
VKU ()| < clali(1+x3)" ™01+ x)~!, VhkeZy ={0,1,2,...}, (5-2)
and, forany 0 < § < 1, s
VU ()| < cslalixy®(x)® 72, (5-3)

where [a];, = sup,,. x|=1 [VEa(x)|.
If we further assume a € C))., m > 2, and 8§a|g =0fork <m, then |VkU0(x)| < ck[a]m(x3)_k (x)~!
fork <m.

Estimates (5-2) and (5-3) imply, in particular,
Upe LY Q) NL>®(Q), VUe LX), (5-4)
and hence Assumption 3.1 for Uy is satisfied.

Green tensor for the nonstationary Stokes system in the half space. Consider the nonstationary Stokes
system in the half space R3

v—Av+Vp=0, divv=0, forxeRi,t>0, (5-5)

V|;=0=0, v|=0=a. (5-6)
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In our notation,
v(t) = e . (5-7)

It is shown by Solonnikov [2003, §2] that, if a = a satisfies

diva =0, 513|x3:0=0, (5-8)
then
0, 1) = / Gy (s v, 5 (v) dy (5-9)
Ry
with
Gij(x,y, N =8;T(x—y. 0+Gjx, y.1), (5-10)
d
G (s v, 1) = =8, T (x — ¥, 1) — 4(1 = 8,3) = / D Ea— T —y .1 dz.
J Y J 3xJ R2x[0,x3] a

where E(x) = /(47 |x]) and T'(x, 1) = (4rt)~3/2e~1*I"/(4) are the fundamental solutions of the Laplace
and heat equations in R3. (A sign difference occurs since E(x) = —1/(4m|x|) in [Solonnikov 2003].)
Moreover, G;.“j satisfies the pointwise bound

18, DEDLGE (x, v, 0] S 17752 (Vi 4 x3) 7 (Vi = y)) I (5-11)

foralls e N=1{0,1,2,...}and k, £ € N3 [Solonnikov 2003, (2.38)].

Note that é,- ; 1s not the Green tensor in the strict sense since it requires (5-8). There is no known
pointwise estimate for the Green tensor; cf. [Solonnikov 1964; Kang 2004].

We now estimate Uy = e~4/2a for a satisfying (5-1). By (5-9) and (5-10),

Upi(x) = /R Tlr=y. 5aiydy+ /R Gii(xy. )aj(dy = Ui +U2i).  (5-12)

+

By (5-11), for k € Z, and using only |a(y)| < 1/]y],

i L

|VkU2(x)|§/ (I+x3)* (U +xs+ 1 —y e N

< (14 k/ (' =y )7 Ly
=2 [ aii-zp? L
R2 |Z|
SU+x3) 21+ 12!
= (1 +x3) (a3 + 117 (5-13)

where x = x’/(1 + x3). To estimate Uy, fix a cut-off function ¢ (x) € C?([R@) with ¢(x) =1 for |x| < 1.
We have

VUL (x) = fR T(x =y, 3)Va((=(ai(y) dy + / VED(x =y, D)CMai(y))dy,  (5-14)

+
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using aly = 0. Hence, for k <1,
VAU ()] < / LR S A L T £ L (5-15)
R3

We can get the same estimate for k > 2 if we assume V*q is defined and has the same decay. On the
other hand, we can show |V)’§ Ui (x)| < (x)72 for k > 2 if we place the extra derivatives on I' in the first
integral of (5-14).

Combining (5-13) and (5-15), we get (5-2) and the last statement of Lemma 5.1.

Write
Q =xeQ:l+x3> x|}, Q={xeQ:1+x3=<|x|}. (5-16)

By (5-13) and (5-15), we have shown (5-3) in Q_ (with § = 0).
It remains to show (5-3) in Q.

Estimates using boundary layer integrals. Set ¢; =1 for j <3 and e3 = —1. Thus x;‘ =¢;x;. Leta(x)
be an extension of a(x) to x € R3 with

aj(x)=¢ja;j(x*), ifx3<0.

Since diva =0 in Ri and a|y = 0, it follows that diva = 0 in R3. Let u(x, r) be the solution of the
nonstationary Stokes system in R® with initial data @, given simply by

u,-(x, t) = /SF()’» t)('_ll(x _)’)dy
R

It follows that u; (x, ) = g;u; (x*, t). Thus

Aui(x, )]y =0, fori<3; us(x, )|y =0. (5-17)
We have |V¥a(y)| < |y|~'7* for k < 1. By the same estimates leading to (5-15) for U;, we have

|VEu; (x, 3)] S () 710 for k < 2. (5-18)
Thus u(x, 1) satisfies (5-3).
Using the self-similarity condition

u(x, 1) =ru(hx, X’t), Vi>0, (5-19)

from (5-18) we get
(xl+v7)" ™" m=<1,

520
V2 (x| + 1) m=2. 620

IV;”ui(x,t)IS{

Now decompose
v=u—w.

Then w satisfies the nonstationary Stokes system in Ri with zero force, zero initial data, and has boundary

value
wj(x, 1)g=0=u;(x",0,1), ifj<3; w3(x, 1)]x;=0 = 0. (5-21)
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Using (5-21), it is given by the boundary layer integral

w;(x,t) = Z //K,j(x 2 s)uj(Z,0,t—s)d7 ds, (5-22)
Jj=1.2
where, for j < 3,
Kij(xat):_zaija3r—%aja', (5-23)

N N (5-24)
£ x[0,x3] ly — x|

[Solonnikov 1964, pp. 40, 48]. (Note that the K;3 (j = 3) have extra terms.) They satisfy for j < 3
187 D40k Ci(x, )] < etV (x5 4+ /1) T (1) + 1) T (5-25)

[Solonnikov 1964, pp. 41, 48].
We now show (5-3) for w(x, 1) in the region Q. : 1 +x3 < [x'].
For ¢t = % and i, k €{1, 2, 3},

1/2
Iy wi(x, 3) = / f—akC(x 7, $)0,u;(2,0, 5 —s)dZ ds
j=1.2

12
-1, / / 20,037 (x — 2/, )u; (2, 0, % —s)d7 ds
0o Jx
=1+ 1. (5-26)

Above, we have integrated by parts in tangential directions x; in ;.
By (5-20) and (5-25),

1/2
Ihlsf /5_1/2(X3+\/E)_1(|x—Z/I—l—«/E)_z(lz’l—I—,/%—s)_zdz/ds.

FixO0<e<s3 Sphttlng (O ) as (O 3‘] U (3—1, %), and making the change of variable s — % —sin (%, %),

we get
1/4
|11|</ f (= x4 ) L+ D)2 de ds

1/4
+/ 3+ D7 =2+ + D72 ++/5) 7 dZ ds.
0 x

Integrating first in time and using, for0 <b <00,0<a <1 <a+b,and 0 < N < o0, that

L ds - C 57
o SUN +s5)b = Natb=1(N 4 1)l-a’ (5-27)

! d 1 2N 42
/ — ¥ Cmin ,log 2, (5-28)
0 S4(N +s)l-a N1-a N
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where the constant C is independent of N, we get

TARS / X7 =2 ) (Y = s+ DTE(L |+ D2 dY
)

1 21717 +2
+/(x3—|—1)1(|x’—z’|+x3+1)2min< 5, log 12 ;_ )d !
> 1z’ 1z’

Dividing the integration domain into |z’| < %lx’|, %lx’| < |Z/| <2|x'|, and |Z/| > 2|x/|, we get
1| S x3 % (x) ™2, forx € Qy (5-29)
for any 0 < § < 1. Taking ¢ = %8 and ¢ = % we get
(L+x)|h ] S x5 (x) 2, forx € Q4. (5-30)

To estimate I, for i < 3 (note I, = 0 if i = 3), we separate two cases. If k < 3, integration by parts

gives 2
12=—/ /283F(x—z', $)d,ui (2,0, 3 —s)dZ ds.
0 z

Using ue ™ < Co(1 +u)~¢ for u > 0 and any £ > 0,

-3
B (x,s) = cs_zxjie_xz/‘“ <cs™? <1 + %) = s (Ixl+45) . (5-31)
A h)

Hence I, can be estimated in the same way as [, and (5-30) is valid if I; is replaced by I and k < 3.
When k = 3, by ;" = AI" and integration by parts,

172
[
0o Jx ‘

j<3
12
:Z/ fZBjF(x—z/,s)azju,-(z/,O,%—s)dz/ds
j<3 0 z

12
+/ / 20 (x — 2/, 8) dyui (2,0, 3 —s)dZ ds
0o Js

— lim (f M (x =2, 5 — pw)ui(Z, 0, M)dz—f 2N (x — 2/ wou (2, 0,%—M)d2)
z z

n—>04

=L+ 14+ lim (Is, + Ig ;).
u—>04

Here I3 can be estimated in the same way as /1, and (5-30) is valid if /; is replaced by I5. For 14, since
d;u; = Au;, by estimate (5-20) for V2u,

1/2 Ix—z/lz -3/2 7 —1/2 1 -2
|14] ,S/ /s‘3/2(1+ ) <——s) <|z’|+ ——s> d7' ds. (5-32)
0 D) 4s 2 2
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We have a similar estimate as /; with the following difference: we have to use the estimate (5-27) during
the integration over each subinterval s € [0, 1] and s € [§, 3]; for the second subinterval we apply (5-27)
witha=1,b=1,N=17|%.
For the boundary terms, the integrand of /5 , is bounded by e~ =21/ 21z/I”! and converges to 0 as
n — 04 for each 7z’ € X. Thus lim I5s ;, = 0 by the Lebesgue dominated convergence theorem. For Ig ,,
ol S 120 [ a2y Lz St L (5-33)
b

which converges to 0 as u — 04 for any x € Q.
We conclude that, for either k < 3 or k = 3, (5-30) is valid if /; is replaced by I, and hence, for any

0<8<k1,
(14 x3)|[dewi (x, 1) Sx3°(x) 721, Ve Qy, Vi, k <3. (5-34)

Combining (5-18) and (5-34), we have shown (5-3) in Q, concluding the proof of Lemma 5.1. Il

6. Self-similar solutions in the half space

In this section we first complete the proof of Theorem 1.1, and then give a few comments.

Proof of Theorem 1.1. By Lemma 5.1, for those a satisfying the assumptions of Theorem 1.1, Uy =e~*/2a

satisfies (5-2) and (5-3), and hence Assumption 3.1 is satisfied. By Theorem 4.4, there is a solution
V e Hy ,(R}) of the system (3-3)~(3-5).

Noting Uy € C Oo(IR%F) by (5-2), the system (3-3)—(3-5) is a perturbation of the stationary Navier—
Stokes system with smooth coefficients. The regularity theory for the Navier—Stokes system implies that
VecCXx ([Rii) The vector field U = Uy + V is thus a smooth solution of the Leray equations (1-9) in Ri.

loc

The vector field u(x, t) defined by (1-5), u(x, t) = U(x/+/2t)/+/2t, is thus smooth and self-similar.

Moreover, |
v(x, ) =ulx,t)—e o= — V(L>
2t 2t

satisfies
WO o) = IV 1 Loge) @O and Vol 2@y = 1V V2, 2074
This finishes the proof of Theorem 1.1. U

Remark. Let ug(x, t) = (e7"4a)(x) = Up(x/~/2t) /~/2t. We have ug(-, t) — a as t — 0 in L3> (R3).
Indeed, by (5-2), [Up(x)| S (x)~' € L>*NLY, g > 3. We have [lug()) |l o w3y = Vol 1o g, 20) P20~/
which remains finite as ¢t — 04 only if ¢ = (3, 00), and

1 1 1
Vi1 Ixl/VE Vit Ix]

This is consistent with the whole space case Q = R>.

luo(x, )| < (6-1)

For the difference V (x), we only have its L"([Ri) bounds, and not pointwise bounds as (1-11) in [Jia
and Sverdk 2014; Tsai 2014].
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DECAY OF SOLUTIONS OF MAXWELL-KLEIN-GORDON EQUATIONS
WITH ARBITRARY MAXWELL FIELD

SHIWU YANG

In the author’s previous work, it has been shown that solutions of Maxwell-Klein—Gordon equations in
R3*+! possess some form of global strong decay properties with data bounded in some weighted energy
space. In this paper, we prove pointwise decay estimates for the solutions for the case when the initial
data are merely small on the scalar field but can be arbitrarily large on the Maxwell field. This extends the
previous result of Lindblad and Sterbenz, in which smallness was assumed both for the scalar field and
the Maxwell field.

1. Introduction

In this paper, we study the pointwise decay of solutions to the Maxwell-Klein—-Gordon equations on R3*+!
with large Cauchy data. To define the equations, let A = A, dx* be a 1-form. The covariant derivative

associated to this 1-form is
D,=0,+~—-1A,,

which can be viewed as a U (1) connection on the complex line bundle over R3*! with the standard flat
metric m,,,. Then the curvature 2-form F associated to this connection is given by

Fu=—~—=1[D,, D,]=0,A, —0,A, = (dA),,.
This is a closed 2-form, that is, F satisfies the Bianchi identity
0y Fyyp +0,Fyy +0,F,, =0. (D)

The Maxwell-Klein—Gordon equations (MKG) is a system for the connection field A and the complex
scalar field ¢:

{a”F,w =3(¢- Dudp) = Jy, (MKG)

DFD,¢ =0Ux¢ =0.
These are Euler-Lagrange equations of the functional
L[A, ¢] = /Rm (3FwF"™ + 1D,¢ D) dx dt.
A basic feature of this system is that it is gauge invariant under the gauge transformation
pr> e, A A—dy.

MSC2010: 35Q61.
Keywords: Maxwell-Klein—Gordon, decay.
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More precisely, if (A, ¢) solves (MKG), then (A —d, e'X¢) is also a solution for any potential function .
Note that U (1) is abelian. The Maxwell field F is invariant under the above gauge transformation, and
(MKGQG) is said to be an abelian gauge theory. For the more general theory when U (1) is replaced by a
compact Lie group, the corresponding equations are referred to as Yang—Mills—Higgs equations.

In this paper, we consider the Cauchy problem to (MKG). The initial data set (E, H, ¢, ¢1) consists
of the initial electric field £ and the magnetic field H, together with initial data (¢g, ¢;) for the scalar
field. In terms of the solution (F, ¢), on the initial hypersurface, these are

Foi=Ei, “Foi=H;, ¢0,x)=¢o, D:¢p(0,x)=¢i,
where *F is the Hodge dual of the 2-form F'. In local coordinates (z, x),
(Hy, Hy, H3) = (F23, F31, F12).
The data set is said to be admissible if it satisfies the compatibility condition
div(E) = I(¢o - ¢1) = Joli=0,  div(H) =0, 2)

where the divergence is taken on the initial hypersurface R>. For solutions of (MKG), the energy
E[F. $](1) := / |EP? +|H|* +|D¢|* dx
R.
is conserved. Another important conserved quantity is the total charge

e N
T /R S-Ddydr =g | div(E)ax (3)

which can be defined at any fixed time ¢. The existence of nonzero charge plays a crucial role in the
asymptotic behavior of solutions of (MKG). It makes the analysis more complicated and subtle. This is
obvious from the above definition as the electric field E; = Fy, has a tail qor*3xi at any fixed time ¢.
The Cauchy problem to (MKG) has been studied extensively. One of the most remarkable results is
due to Eardley and Moncrief [1982a; 1982b], in which it was shown that there is always a global solution
to the general Yang—Mills—Higgs equations for sufficiently smooth initial data. This was later improved
to data merely bounded in the energy space for MKG by Klainerman and Machedon [1994] and for the
nonabelian case of Yang—Mills equations in, e.g., [Klainerman and Machedon 1995; Oh 2015; Selberg
and Tesfahun 2010]. Since then there has been extensive literature on generalizations and extensions of
this classical result, aiming at improving the regularity of the initial data in order to construct a global
solution; see [Krieger et al. 2015; Keel et al. 2011; Krieger and Lithrmann 2015; Machedon and Sterbenz
2004; Oh and Tataru 2016; Rodnianski and Tao 2004] and references therein. A common feature of all
these works is to construct a local solution with rough data. Then the global well-posedness follows by
establishing a priori bounds for some appropriate norms of the solution. For example, a local solution
was constructed in [Eardley and Moncrief 1982a], while in [Eardley and Moncrief 1982b], they showed
that the L°° norm of the solution never blows up even though it may grow in time ¢. As a consequence,
the solution can be extended to all time; however, the decay property of the solution is unknown. In view
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of this, although the solution of (MKG) exists globally with rough initial data, very little is known about
the decay properties.

Asymptotic behavior and decay estimates are well understood for linear fields (see, e.g., [Christodoulou
and Klainerman 1990]) and nonlinear fields with sufficiently small initial data (see, e.g., [Choquet-Bruhat
and Christodoulou 1981b; Shu 1991]). These results rely on the conformal symmetry of the system,
either by conformally compactifying the Minkowski space or by using the conformal Killing vector field
(12 +r%)d, + 2trd, as multiplier. Nevertheless the use of the conformal symmetry requires strong decay
of the initial data, and thus in general does not allow the presence of nonzero charge except when the
initial data are essentially compactly supported. For the case with nonzero charge, the first related work
regarding the asymptotic properties was due to W. Shu [1992]. However, that work only considered
the case when the solution is trivial outside a fixed forward light cone. Details for the general case
were not carried out. A complete proof towards this program was later contributed by Lindblad and
Sterbenz [2006]; also see the more recent work [Bieri et al. 2014].

The presence of nonzero charge has a long range effect on the asymptotic behavior of the solutions, at
least in a neighborhood of the spatial infinity. This can be seen from the conservation law of the total
charge as the electric field E decays at most 7 ~2 as r — oo at any fixed time. This weak decay rate makes
the analysis more complicated even for small initial data. To deal with this difficulty, Lindblad—Sterbenz
decomposed the Maxwell field into charged and chargeless components (see discussions in the end of
this section) and made use of the fractional Morawetz estimates obtained by using the vector fields
u?9, +v?9, as multipliers. The latter work [Bieri et al. 2014] relied on the observation that the angular
derivative of the Maxwell field has zero charge. The Maxwell field then can be estimated by using the
Poincaré inequality.

The asymptotic behavior of solutions of MKG with general large data remains unknown until recently
in [Yang 2015¢] quantitative decay estimates were obtained for solutions with data bounded in some
weighted energy space. Pointwise decay requires the energy estimates for the derivatives of the solution.
However, commuting the equations with derivatives generates nonlinear terms. The aim of this paper is
to identify a class of large data for MKG equations such that we can derive the pointwise decay of the
solutions.

We define some necessary notations in order to state our main result. We use the standard polar
local coordinate system (¢, r, w) of Minkowski space as well as the null coordinates u = %(t —r),
V= %(t + 7). Let V denote the covariant derivative on R> and Q be the set of angular momentum vector
fields 2;; = x;0; — x;9;. Without loss of generality we only prove estimates in the future, i.e., # > 0. Next
we introduce a null frame {L, L, ey, e»}, where

L=av=8t+ar, L=8u=8t—8r

and {e;, e} is an orthonormal basis of the sphere with constant radius r. We use D to denote the covariant
derivative associated to the connection field A on the sphere with radius r. For any 2-form F, denote the
null decomposition under the above null frame by

o =Fpe, ai=Fr, p=3%F, o=F,., ic{l,2}. (4)
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We assume that the initial data set (E, H, ¢y, ¢1) is admissible. Let go be the charge defined in (3) which
is uniquely determined by the initial data of the scalar field (¢, ¢1). We assume that the data for the
scalar field is small, but the data for the Maxwell field is arbitrary. However the data cannot be assigned
freely. They satisfy the compatibility condition (2). To measure the size of the initial data for the scalar
field and the Maxwell field, let (EY, E°f) be the Hodge decomposition of the electronic field E with
EY the divergence-free part and E°' the curl-free part. Then the compatibility condition (2) on E is
equivalent to
div ES' = (¢ - 1).

This implies that E °f can be uniquely determined by (¢, ¢1) (With a suitable decay assumption on E).
Therefore, for the initial data set (E, H, ¢y, ¢1) for (MKG) we can freely assign ¢, ¢ and E 4 H as
long as div H =0, div E df — (. The total charge gg is a constant determined by (¢, ¢1).

We now define the norms of the initial data. For some positive constant 0 < yp < 1, we define the
second-order weighted Sobolev norm respectively for the initial data of the Maxwell field (E, H) and the
initial data of the scalar field (¢g, ¢):

M = Z/ (1 +r)1+y0(|QlEdf|2 + |QIH|2 + |ledf|2 + |le|2) dx,
R3
1<2

£:= Zf%(1+r)l+y°(|691¢0|2+ 12117+ [V gol” + V11 + o) dx.
R.
<2

We remark here that the definition for £ is not gauge invariant. The gauge invariant norm depends on
the connection field A, which up to a gauge transformation can be determined by the initial data of the
Maxwell field (EY, H). However, in our setting M is arbitrarily large while £ is assumed to be small
depending on M. To measure the smallness of the scalar field, we choose the above gauge dependent
norm for the scalar field. We will show later (see Lemma 58 in Section 5) that the gauge invariant norm
is in fact equivalent to the above Sobolev norm up to a constant depending only on M.

We now can state our main theorem:

Theorem 1. Consider the Cauchy problem to (MKG) with admissible initial data set (E, H, ¢g, ¢1).
There exists a positive constant €y, depending on M and yy, such that for all £ < €, the solution (F, ¢)
of MKG) satisfies the following decay estimates:

DL, v, 0) <CEA+uD™' 77, JralP(u, v, 0) < C(1+[u)) ™77
rP(IDLrd) > + PP, v, @) < CEA+u)P777, 0<p <1+ p;
rP(frel +lro ), v, ) < CA+ )P, 0<p <1+
P20 — qor P xpar=n P, v, 0) <CA+ P77, 0<p<I;
rP1p1*(u, v, ) < CEA+ul)P 27", 1<p=<2;
IDI*(t, x) +|p1*(t, x) <CEA+0)"77,  |FP(t,x) <C(1+0)"""", Vx| <R;
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forall (u, v, w) € R¥' N {|x| > R} and for some constant C depending on M, yy, p. Here qo is the total
charge and X(;4+2<r) is the characteristic function on the exterior region {t +2 <r}.

We make several remarks.

Remark 2. The second-order derivatives of the initial data are the minimum regularity we need to derive
the above pointwise decay of the solution. Similar decay estimates hold for the higher-order derivatives
of the solution if higher-order weighted Sobolev norms of the initial data are known.

Remark 3. The restriction O < yp < 1 on yy is merely for the sake of brevity. If yp > 1, then the decay
property of the solutions propagates in the exterior region (t +2 < r). In other words, we have the same
decay estimates as in the theorem for T < 0. However in the interior region where t > 0, the maximal
decay rate is TJ:Z (corresponding to yp = 1), that is, the decay rate in the interior region for yp > 1 in
general cannot be better than that of yp = 1.

Compared to the previous result of Lindblad and Sterbenz [2006], we have made the following
improvements: first of all, we obtain pointwise decay estimates for solutions of (MKGQG) for a class of
large initial data. We only require smallness on the scalar field. In particular our initial data for (MKG)
can be arbitrarily large. Combining the method in [Yang 2015a], we can even make the data on the scalar
field large in the energy space. Secondly, we have lower regularity on the initial data. In [Lindblad and
Sterbenz 2006], it was assumed that the derivative of the initial data decays one order better, that is,
VK(EY, H), D¥(Dé¢y, ¢1) belong to the weighted Sobolev space with weights (1 + r) 1t +2K while
in this paper we only assume that the angular derivatives of the data obey this improved decay (see the
definition of M, &). For the other derivatives, the weight is merely (1 4 )7, This makes the analysis
more delicate. Moreover, as the solution decays weaker initially, our decay rate is weaker than that in
[Lindblad and Sterbenz 2006] (only decay rate in u, the decay in r is the same). However if we assume
the same decay of the initial data as in [Lindblad and Sterbenz 2006], then we are able to obtain the same
decay for the solution.

We use a new approach developed in [Yang 2015c¢] to study the asymptotic behavior of solutions of
(MKG). This new method was originally introduced by Dafermos and Rodnianski [2010] for the study of
decay of linear waves on black hole spacetimes. This novel method starts by proving the energy flux decay
of the solutions of linear equations through the forward light cone X, (see definitions in Section 2). The
pointwise decay then follows by commuting the equation with d; and the angular momentum €2. In the
abstract framework set by Dafermos and Rodnianski [2010], the energy flux decay relies on three kinds
of basic ingredients and estimates: a uniform energy bound, an integrated local energy decay estimate
and a hierarchy of r-weighted energy estimates in a neighborhood of the null infinity, which can be
obtained by using the vector fields d;, f(r)d,, r”(9; + 9,) as multipliers, respectively. Combining these
three estimates, a pigeonhole argument then leads to the energy flux decay.

As the initial data for the scalar field is small, we can use the perturbation method to prove the pointwise
decay of the solution. With a suitable bootstrap assumption on the nonlinearity J[¢] = J(¢ - D¢), we
first can use the new method to prove energy decay estimates for the Maxwell field up to the second-order
derivatives. Once we have these decay estimates for the Maxwell field, we then can show the energy
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decay as well as pointwise decay for the scalar field, which can then be used to improve the bootstrap
assumption. The smallness of the scalar field is used here to close the bootstrap assumptions.

The existence of nonzero charge has a long-range effect on the asymptotic behavior of the solution in
the exterior region {f +2 < r}, which has been discussed in [Yang 2015c] when the charge is large. To
deal with this difficulty, we define the chargeless 2-form

F=F— X{t+2§r}q0r_2 dt Adr.

We first carry out estimates for F on the exterior region {t +2 < r}, which in particular controls the
energy flux through {r +2 = r} (the intersection of the interior region and the exterior region). We then
can use the new method to obtain estimates for the Maxwell field F in the interior region. The Maxwell
equation commutes with the Lie derivatives of F' (see Lemma 4). It is not hard to obtain energy decay
estimates for the derivatives of the Maxwell field under suitable bootstrap assumptions on the nonlinearity
J[¢] by using the new approach.

The main difficulty lies in showing the energy decay estimates for the scalar field due to the fact that
the covariant derivative D does not commute with the covariant wave operator [14. The interaction terms
of the Maxwell field and the scalar field arise from the commutator. To control those interaction terms,
previous results [Bieri et al. 2014; Lindblad and Sterbenz 2006] rely on the smallness of the Maxwell
field, and those terms could be absorbed. The key observation allowing the Maxwell field to be large in
this paper is that the robust new method makes use of the decay in u (equivalent to T up to a constant)
and those terms could be controlled using Gronwall’s inequality without any smallness assumption on
the Maxwell field. Traditionally, Gronwall’s inequality is used with respect to the foliation ¢t = constant.
Therefore strong decay in ¢ is necessary. As the new method foliates the spacetime by using the null
hypersurfaces H,, it enables us to make use of the weaker decay in u in order to apply Gronwall’s
inequality.

The paper is organized as follows. We define additional notations and derive the transport equations for
the curvature components of the Maxwell field in Section 2. Since we only commute the equations with
d; or the angular momentum €2, these transport equations will be used to recover the missing derivative in
order to derive pointwise estimates for the Maxwell field. Section 3 is devoted to reviewing the energy
estimates (an integrated local energy estimate and a hierarchy of r-weighted energy estimates) both
for the scalar field verifying the linear covariant wave equation [14¢ = 0 and the linear Maxwell field.
The idea to prove these estimates is very similar to that in the author’s other preprint [ Yang 2015c], in
which decay properties of solutions of MKG are discussed with data merely bounded in some weighted
energy space. There the energy estimates are carried out for the full solution (A, ¢) of the nonlinear
MKG equations, and one of the difficulties is to deal with the arbitrarily large charge gg. This paper
aims at the pointwise decay of the solutions with some special initial data. In particular, energy decay
estimates are also necessary for the derivatives of the solutions. We thus need energy estimates for the
linearized equations. To make this paper self-contained, we give detailed proof for these energy estimates
in Section 3. In Section 4, we use the new method to obtain decay estimates for the linear Maxwell field
and the linear scalar field. More specifically, in Section 4.1, we derive energy flux decay estimates for
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the linear Maxwell fields under suitable assumptions on the inhomogeneous term J, = V' F,,,. Then
in Section 4.2, we obtain pointwise decay estimates by commuting the equation with vector fields in
I' = {9;, 2} merely twice. This lower regularity result relies on the elliptic estimates in the bounded
region {r < R} and the transport equations for the curvature components when » > R. The most technical
part of this paper lies in Section 4.3, in which energy decay estimates are obtained for the scalar field up
to second-order derivatives. The main difficulty is that the covariant wave operator [J4 does not commute
with the covariant derivative D. It heavily relies on the null structure of the commutators. Finally, in
Section 5 we improve the bootstrap assumption and conclude our main theorem.

2. Preliminaries and notations

We define some additional notation used in the sequel. Recall the null frame {L, L, e1, e»} defined in the
introduction. At any fixed point (¢, x), we may choose e, e, such that

1 1 .
[L9ei]:_;ei’ [L?ei]:;ei’ [61’62]:0’ l 6{132}
This helps to compute those geometric quantities which are independent of the choice of the local
coordinates. We then can compute the covariant derivatives for the null frame at any fixed point:

VLL = O, VLL/ = O, VLel- = O, VLL = 0, Vée,- = 0,

— 1, — 1, — — . | )
VeL=r""¢e;, VoL=-r""¢, Veger=V,e1=0, Vg ei=—r" 0.

Here V is the covariant derivatives in Minkowski space and V is the spatial component. We also use d to
abbreviate the partial derivatives (d;, 91, do, d3) in Minkowski space under the coordinates (¢, x) and ¥ to
denote the covariant derivative on the sphere with radius r.

Now we define the foliation of the spacetime {r > 0}. Let H, be the outgoing null hypersurface
{t —r =2u} and H, be the incoming null hypersurface {r +r = 2v}. Let R > 1 be a fixed constant. We
now use this fixed constant R to define the foliation. For all T € R, denote
« _T—R

7

In the exterior region where f + R < r, we use the foliation

T

Y, =H.-N{t>0}, 1=<0,
while in the interior region where ¢ + R > r, the foliation is defined as
Yoi={r=1,|x| = R}U(HN{|x] = R}).

Unless we specify it, in the following the outgoing null hypersurface H, stands for H, N {¢t > 0} in the
exterior region and H, N {|x| > R} in the interior region. Note that the boundary of the region bounded
by X, and X, is part of the future null infinity where the decay behavior of the solution is unknown. To
make the energy estimates rigorous, we instead consider the finite truncated hypersurfaces

=% N{v<w}, H:=H,N{v<vy}, H""?:=H,N{uy <u<uy}.
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On the initial hypersurface {t = 0}, we denote the annulus with radii r; < r, by
B2 ={ri <|x|<r}, B,=B>.

Next we define the domains. In the exterior region, for 7, < t; < 0, define D;Z to be the Cauchy
development of the annulus {R — 7] < |x| < R — 12}, or more precisely

D2 ={,x) ||Ix|+7f+15|+1 <7 -5}, m<m =0,
while in the interior region, for any 1, > 71 > 0, we define D;f to be the region
DR ={tx)|(t,x) €T, 011 =T <12}

bounded by X, and £,,. We may also use Z_?g =Dz N{|x| > R} to denote the region outside the cylinder
{r < R}. Finally, we write D for the region D;*° if T > 0 or the region D, *° when 7 < 0. The following
Penrose diagram may be of help for the various pieces of notation described above.

We use E[¢](X) to denote the energy flux of the complex scalar field ¢ and E[F](X) for the energy
flux of the 2-form F' through the hypersurface ¥ in Minkowski space. The derivative on the scalar field
is with respect to the covariant derivative D. For our interested hypersurfaces, we can compute

E[qﬂ(zf):f |D¢|2dx+f (IDLo1> + |Po|*)r? dv do,

{t=1,r<R} H

E[F](zf)=/ P 1ol + hal + ey + [ (0 +1oP + o dvdo,
{l:l’,}’SR} HI*

El¢)(H,) = / (DLOP +PoPy dvdo, E[FI(H,) = f 0+ 102+ laP)r dv do.
ﬂg ﬂﬂ

Here p, 0, o, o are the null components of the 2-form F' defined in line (4), and we recall that t* = %(‘L’ —R).
Since we only consider estimates in the future when ¢ > 0, the set {t = t, r < R} should be interpreted as

the empty set when 7 < 0.



DECAY OF SOLUTIONS OF MAXWELL-KLEIN-GORDON EQUATIONS 1837

Next we define some useful weighted Sobolev norms either on domains or on surfaces. For any function
f (scalar or vector valued or tensors) we denote the spacetime integral on D in Minkowski space

Ij’[f](D):=fu’ir£|f|2, o= tr s =1+l
D

for any real numbers p, g. Here D can be the domain or hypersurface in the Minkowski space. For
example, when D is H,, then

IPLf1(H,) = f rPul | f1Pr? dvdw.

H,

To define the norms of the derivatives of the solution, we need vector fields used as commutators which,
in this paper, are the Killing vector field 9; together with the angular momentum €2 with components
Q;j = x;0; — x;0;. We define the set

I'= {0, 2;;}.

For the scalar field, it is natural to take the covariant derivative Dy = X* D,, associated to the connection
A for any vector field X = X#9,,. This covariant derivative has already been defined for the purpose of
defining the equations in the beginning of the introduction. For the Maxwell field F, which is a 2-form,
we define the Lie derivative

LzF)pw = Z(Fuy) = F(LzVp, Vo) = F(Vu, L2Vy), (Lz))p =Z(J) = J(LzV,)

for any 2-form F and any 1-form J, respectively. Here £z X = [Z, X] for all vector fields Z, X.
If the vector field Z is Killing, that is, V#ZY 4+ VY Z* =0 for all u, v, then we can show that

VAL F)yy = Z(V*Fy) + VA ZY' N, Fyy + V, ZV VI Fyy + V, ZV VEE,,
= Z(V*F,) + Yy Z' VI F,, = (L8F),.

Here we denote 6 F, = V¥ F,, as the divergence of the 2-form F. We use Elé or D’é to denote the k-th

derivatives, that is,
[/kZ = L‘»Zl£22 . 'ﬁzk.

Similarly for D%. The vector fields Z/ are any vector fields in the set I' = {9;, Q;;}.
Based on these calculations, we have the following commutator lemma.

Lemma 4. For any Killing vector field Z, we have
[DA7 DZ]¢ = 2inFp,vDM¢ +iVM(ZVFp.v)¢a
VM(EZG);W = (EZaG)v
for any complex scalar field ¢ and any 2-form G.

For the energy estimates of the solutions of (MKG), the initial energies M, £ defined in the introduction
cannot be used directly as £ is not gauge invariant. Note that the vector fields used as commutators
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are I' = {0;, }. For any 2-form F satisfying the Bianchi identity and any scalar field ¢, for the given
connection field A, we define the weighted k-th order initial energies

El(;[F] ::Z/I;P r-}-+y0|£le|2(0, x)dx,

= (©)
Efl¢]l:= > /W r 71D, D¢ (0, x) dx.
I<k,j<3"™

Here D; denotes the spatial covariant derivative and 0 < y < 1 is the constant in the main theorem. We
remark here that F may not be the full Maxwell field of the solution of (MKG). In application, it can be
the chargeless part of the full solution which also satisfies the Bianchi identity. However, the connection
field A is associated to the full Maxwell field. In fact the full Maxwell field does not belong to this
weighted Sobolev space due to the existence of nonzero charge.

We end this section by writing the Maxwell equation under the null frame {L, L, e;, e>}. In other
words, we derive the transport equations for the curvature components. Let F),, be the 2-form verifying
the Bianchi identity. Let J =48 F, thatis, J, = V"F,.

Lemma 5. Under the null frame {L, L, e}, e2}, the MKG equations are the following transport equations

for the curvature components:

L(r*p) —di¥ (r’) =r*J,  L(r*p)+di¥ (r’a) = r*Jp, (7
Vi(ra) =r¥ep =1V Feey =1Je, 1=1, 2, (8)
L(r’o) =r*(exa1 — e102),  L(r’o) =r(ezay — e1a2), ©)
VL(ra,-)—l—rWe’_p—rWeeriej =rty, =12 (10)

Here diy is the divergence operator on the sphere with radius r.

Proof. From the Maxwell equation, J; = (§F)(L). Use the formula
(VxF)Y,Z2)=XF(Y,Z)—F(VxY,Z)—F(Y,VxZ)

for all vector fields X, Y, Z. By using (5), we then can compute

—(8F)(L) = —5(VLF)(L, L) — 3(VLF)(L, L) + (Ve F)(e;, L)
=Lp—eia;i— F(=2r'9,, L) — F(e;, —r " 'e;)
=Lp—2r""'p—dif ().

Multiply both sides by 2. We then get the first equation of (7). The second equation follows similarly.
For (8) and (10), we need to use the Bianchi identity (1) which is equivalent to

(VxF)Y, Z)+ (Vy F)(Z, X) + (VzF)(X,Y) =0
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for all vector fields X, Y, Z. Let’s only prove (8). We can show that

—(F)(ei) = —3(VLF)(L. &) = 3(VLF)(L, &) + (Vo, F)(e;. ;)
= —5La;+ 5(VLF)(ei, L) + 5(Ve, F)(L. L) + € Foje, — F(=2r '8, €;) — F(e;, —r~'d,)
=—La;+ep—SF(—r e, L)—3F(L,r ey +e;Fe,e, +7 ' F(3,, )
=—Lait+eiptejFee —r .

This leads to (8).
The first transport equation (9) for o follows from the Bianchi identity:

0= (VLF)(e1,e2) + (Ve F)(ez, L) + (Ve, F)(L, 1)
=Lo —ejay— F(ey, —r ey +era) — F(—r ey, e1)

=Lo —ejar+era) — 2r o,

The dual one follows if we replace L with L. (|

3. Energy method

In this section, we review the energy method for solutions of the covariant linear wave equations and
Maxwell equations using the new method developed in [Yang 2015¢]. This new method was originally
introduced by Dafermos and Rodnianski [2010] for proving the decay of solutions of linear wave equations
in Minkowski space. It has been successfully applied to MKG equations by the author in [Yang 2015¢]
to obtain the decay properties of the solutions for all data bounded in some weighted energy space.
There the necessary new ingredients (see Propositions 7—10 in this section) were carried out for the full
solution (¢, F). In this paper, the data for the scalar field are assumed to be small, and we also need to
derive the decay estimates for the derivatives of the solutions in order to obtain the pointwise decay of
the solutions. We thus need all the new ingredients both for the scalar field and the Maxwell field. The
ideas to derive these new estimates are the same as those in [Yang 2015¢]. For the readers’ convenience,
we repeat the proofs here.

3.1. Energy identity for the scalar field. Denote by dvol the volume form in the Minkowski space. In
the local coordinate system (¢, x), we have dvol = dx dt. Here we have chosen  to be the time orientation.
For any complex scalar field ¢, we define the associated energy momentum tensor

T[$luw = R(DudpDyg) — 3m,,DY$D, .

Here m,, is the flat metric of Minkowski spacetime and the covariant derivative D is defined with respect
to the given connection field A. For any vector field X, we have the following identity

VAT (¢l X") = R(Oadp X" D) + XV F,p, J7 [§1+ T[91V 7,

where T[;fv = %Exm,w is the deformation tensor of the vector field X in Minkowski space, L14 is the

covariant wave operator associated to the connection A, F = dA is the exterior derivative of the 1-form
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A which gives us a 2-form and JY [¢] = J(¢ - DTqS). For any function x, we have
IV XVl = Viux 191 = x Dup D¢ — 50y - 181 + xR(Oad - §).
We now define the vector field JX [¢] with components
TX91 =TIpluw X" = 5Vux - 191 + 5 x Vulg* + Y, (11)
for some vector field ¥ which may also depend on the complex scalar field ¢p. We then have the equality
VETX[¢] = R(Oag(Dxd + x$) +div(Y) + X" F,, J '[9+ T[¢1" 1, + x D D' — 10x - 1.

Here the operator [J is the wave operator in Minkowski space. Now for any region D in R**!, using
Stokes’ formula, we derive the energy identity

[ [ 10D+ 1+ div ) 4 X Fy 1814 TV, + X DD~ 40 -IoF dl
D

:f/ v#fjf[mdvol:/ i jxig dvol, (12)
D oD

where 0D denotes the boundary of the domain D and iz dvol denotes the contraction of the volume form
dvol with the vector field Z which gives the surface measure of the boundary. For example, for any basis
{ey, e, ..., e,}, we have

ie,(dey Ndea N---Ndey) =dey Ades A--- Nde.

Throughout this paper, the domain D will be regular regions bounded by the ¢-constant slices, the outgoing
null hypersurfaces H,, the incoming null hypersurfaces H, or the surface with constant r. We now
compute iy, dvol on each of these hypersurfaces.

On t = constant slice, the surface measure is a function times dx. Recall the volume form

dvol =dx dt = —dt dx.

Here note that dx is a 3-form. We thus can show that

ijxpgy dvol = —(JX[¢])° dx = —(N(D'¢Dx¢) — 3 X’ DY $ Dy — 39" x|91” + 3 x8'|91” +Y°) dx. (13)
On the surface with constant r, the surface measure is 72 dt dw. Therefore we have

ijxp dvol = (W(D"GDx¢) — s X" DY ¢ D, ¢ — 30" x 161> + 3 x0"|91> + Y2 drdw.  (14)
On the outgoing null hypersurface H,, we can write the volume form
dvol =dxdt =r*drdtdo =2r*dvdudo = —2du dv do.

Here dw is the standard surface measure on the unit sphere. Notice that L = d,. We can compute

ijx(g dVOl = —2(R(DLPDx¢) — 5XEDV$D, ¢ — 3 VEX1B)* + 5x VEIGI + YE) P dvde.  (15)
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Similarly, on the v-constant incoming null hypersurfaces H,, we have
ijx(p) A0l =2(W(DLPDx¢) — s X D¢ Dy — 3V x|¢* + 5x VE 1> + YE)rP dudw.  (16)
We remark here that the above formula hold for any vector fields X, Y and any function .

3.2. Energy identities for the Maxwell field. Let F be any 2-form satisfying the Bianchi identity (1).
The associated energy momentum tensor is

T[Flyw = Fuy F) — %mquyﬁFyﬁ-
For any vector field X, we have the divergence formula

VAT[FluwX" =V*Fu FY X"+ T[F1"'n)),,

where as defined previously, va = %ﬁ xm,,, is the deformation tensor of the vector field X in Minkowski

space. Define the vector field J X[F] by
JX[Fl, =T[F]nX".

Then for any domain D in R3**!, we have the following energy identity for the Maxwell field F:

// VMFMVFVVXU+T[F]Mv7'[li(vdV01:// VMJ;([F]CIVOl:/ iJX[F]dVOI. (17)
D D aD
For the terms on the boundary, similar to (13)—(16), we can compute
/ LJX[F] dVOlz—/ (FOMFWXV—lXOFMvF“”> dx;
{t=const.} {t=const.} 4

/ i yx(pdvol = / (F”‘FWXU - lX’F;WF”")r2 dt dw;
{r=const.} {r=const.} 4 (18)

1

i yx( ) dvol = —2[ (FL“FWX” - ZXLFWF’“’)erv dw;

H,

1

LX[F] dV01:2/ (FL“FWX”—ZXLFWF“”)eruda).

J,
),
3.3. The integrated local energy estimates using the multiplier f (r)d,. For the full solution (¢, F) of
the Maxwell-Klein—Gordon equations, including the case with large charge, the integrated local energy
estimates together with the r-weighted energy estimates in the next subsection have been studied in the
author’s work [Yang 2015c]. To obtain estimates for higher-order derivatives of the solutions, we need to
commute the equations with derivatives, and hence nonlinear terms arise. Furthermore, in our setting, the
data for the Maxwell field are large while the data for the complex scalar field are small. We thus need to
obtain estimates separately for the Maxwell field and the scalar field.

We first consider the integrated local energy estimates for the scalar field. In the energy identity (12)
for the scalar field, we choose the vector fields X, Y as follows:

X=f@)d, Y=0
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for some function f(r). We then can compute
T(¢1"7, + x Dup D¢ — 50x |61
= (' f=x+ 3D+ (x + 5 —r T )IDP + (x — 5 1) 1PoI* — 50x161%.

The idea is to choose the functions f, x so that the coefficients are positive. Let € be a small positive
constant, depending only on yy (e.g., € = 1072y;). Construct the functions f and x so that

—1

=2 71— , = -1 .
fr)=2e T f
We can compute
RS IS PN T S S I WS b
Xor Sy = Ay = e T T f e

When r > 1, we have the following improved estimate for y — % f

2¢ !l 142¢7!
R T S (19)
r r(l4+r) —r

1.
JRE— >
X 2f_

This improved estimate will be used to show the improved integrated local energy estimate for the
covariant angular derivative of the scalar field ¢.

From the above calculation, we see that for this particular choice of vector field X and the function y,
the last three terms in the first line of (12) have positive signs. We treat the first two terms as nonlinear
terms. To get an integrated local energy estimate for the scalar field ¢, it suffices to control the boundary
terms arising from the Stokes’ formula (12). This requires a version of Hardy’s inequality. Before
stating the lemma, we make a convention that the notation A Sx B means that there exists a constant C,
depending only on the constants R, yp, € and the set K such that A < CB. For the particular case when
K is empty, we omit the index K.

Lemma 6. Assume 0 <y < 1 and the complex scalar field ¢ vanishes at null infinity, that is,
lim ¢(v,u,w) =0
v—> 00

for all u, w. Then we have

f r )P dvdw < / 0P (u, v(u), w) dw+f YD (r¢)|* dvdew (20)
H, [0} H,
forallu € R. Here v(u) = —u when u < —%R that is in the exterior region and v(u) = 2R + u when

u > —%R that is in the interior region. In particular, we have

/ (62 dv de < E[$](H,), / 61 dv' do < E[$)(Z0). 1)
H,

T

Here v/ = v whenr > R and v/ = r otherwise.
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Proof. It suffices to notice that the connection D is compatible with the inner product (, ) on the complex
plane. Then the proof when y = 0 goes the same as the case when the connection field A is trivial; see,
e.g., Lemma 2 of [Yang 2013] or Proposition 11.2 of [Dafermos and Rodnianski 2009]. Another quick
way to reduce the proof of the lemma to the case with trivial connection field A is to choose a particular
gauge such that the scalar field ¢ is real. We can do this is due to the fact that all the norms in this paper
are gauge invariant. For general y, based on the above argument, the proof goes similar to the proof of
the standard Hardy’s inequality. Let {» = r¢. Note that y < 1. We can show that

o 1 o0
/ /ryzwlzdvda):—/ /|1ﬁ|2dwdr”1
vy Jo )/—1 vo Jo

o
°°+L/ /ry_lDLw-wdvda)
vo 1—)/ vo Jo

rv1

o0
SL/r1+V|¢|2(u,vo,w)dw+1/ /r”_2|w|2dvda)
1—)/ ® 2 vo Jo

8 > 2
+—/ /rV|DL1p| dvdw.
=92 Jy Jo

The estimate (20) then follows by absorbing the second term and taking vy = v(u). U
We then can derive the following integrated local energy estimate for the scalar field ¢.

Proposition 7. Assume the complex scalar field ¢ vanishes at null infinity and the spatial infinity initially.
Then in the interior region {r < R +t}, we have the energy estimates

1PoI?
72 1+7

dx dt

Iy~ [DYI(D) + E[$1(r,) + EISI(HY ™) + / /

E[$1(Ze) + I, [Dag] (D“)Jr// |FroJ (@]l + [ FroJ " [@lldx dt - (22)

forall0 <t <mandv> %(tz + R), where we let DqS = (D¢, r;1¢) and F = dA. Similarly, in the
exterior region {r > t + R}, we have

Iy '"“[D¢1(DE) + El$](H,. %) + E[1(H" ")
< El$1(Brog) + [ [O4p1(D2) + / / VFL O+ I FLd Il dx de - (23)
D3

forall Ty < 11 <0. Here see the notations in Section 2 and J*[¢] = I(¢p - D*¢), T* = %(1’ —R).
Proof. For all vy > %(‘L’z + R), take the region D to be Dg N {v < vp}, which is bounded by the surfaces

* %k
0

Eﬂ? Z‘[z’ HUO
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and the functions f, x as above and the vector field Y = 0 in the energy identity (12). The boundary
terms can be controlled by the energy flux according to Hardy’s inequality of Lemma 6. For more details
regarding this bound, we refer to, e.g., Proposition 1 in [Yang 2013]. Therefore the above calculations
lead to the following integrated local energy estimate:

Dg|? 2 )
// DOP_ 1PO 1Oy,
D2np=uy (LHMHE T T4r T r(l4r)e

* ok
Tl ,fz

S E[9I(Z) + E[$1(Z) + E[¢](H v, )+//I |04 (Dx¢ + xP)| + | Fp T [$]| dx dit.
D73

Next, we take the vector fields X = 9;, ¥ = 0 and the function x = 0 in the energy identity (12) for the
scalar field. Consider the region D72 N {v < vo}. We retrieve the classical energy estimate

ok
TI,TZ

E[¢I(Z) + E[¢](Hvw' ) = E[#)(Z}0) —2 f / ., N(OapDi¢) + FouJ (@] dx dt.
,Dtl m{USUO}
Combined with the previous integrated local energy estimate and letting vy — oo, we derive that
17D S EQNE)+ [ [ [040D0] +1FLud 1911+ |Fuu 91 dx dr
Dy

We apply the Cauchy—Schwarz inequality to the integral of [ AqﬁlT]b:
2|TapDo| < e1r 7 DG + €7 F T2 Ve > 0.

Choose € to be sufficiently small depending only on €, Yy, R so that the integral of the first term can
be absorbed. We thus can derive the integrated local energy estimate for the scalar field. Then in the
above classical energy estimate, we can use the Cauchy—Schwarz inequality again to bound R(CJ4¢ D, )
which gives control of the energy flux E[¢](H:;). This energy estimate together with the previous
integrated local energy estimate imply the energy estimate (22) of the proposition in the interior region.
The improved estimate for the angular covariant derivative is due to the improve estimate (19).

The proof for the estimate (23) in the exterior region is similar. The only point we need to emphasize
is that we use the fact that the ¢ goes to zero as r — oo on the initial hypersurface. We thus can use
the Hardy’s inequality to control the integral of ik /A +r)2. This is also the reason that we have
E[¢](Bg_r,) instead of E[¢](BS_") on the right-hand side of (23). O

7

In our setting, F is the Maxwell field, which is no longer small. In particular this means that the
integral of |Fr,J"[¢]] on the right-hand side of (22), (23) could not be absorbed. The key to controlling
those terms is to use the r-weighted energy estimates in the next section.

Let F be any 2-form satisfying the Bianchi identity (1). Let J/ =6 F or J, = V" F,, be the divergence of
F. This notation J can be viewed as the inhomogeneous term of the linear Maxwell equation. In (MKG),
this J is identical to J[¢], which is quadratic in the scalar field ¢. Under the null frame {L, L, ey, e>},
write J = (Jg,, Je,). We derive an analogue of Proposition 7 for the Maxwell field F.
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Proposition 8. In the interior region {r <t 4 R}, we have the integrated local energy estimates
—1- e T ,O + | 1"1 29
Iy T [FI(DP) + d dt + E[F1(Huv *)+ E[F1(Zy,)
E[F1(Z¢) + I 1] + 1711(D?) +f/ Y |JLllpldx dt  (24)
Dy

forall0 <t < 13 and vy > %(fz + R). Similarly, in the exterior region {r < R+t}, forall vy <11 <0
we have

Ioflfe[ ](DTZ)—{-E[F]( rz Tl)—I—E[ ](H%rz*)
sE[F](B,’i:,’f)+13+€[|JL|+|ﬂ|](Df2)+f/ illpldxdr. (25)

Proof. The idea to prove this proposition is the same as that of the previous proposition for the scalar
field. However, the calculations are slightly different for the Maxwell field F. In the energy identity (17)
for the Maxwell field, we take the vector field

X = f(r)d, =2¢ (1 —-r;90,.
Set w; = r_lxi. We then can compute
T[F]“”rrlfv =TIF1/(f'wiw;+r " f8ij —r ' fwo))
= 1@ = OFW ™ (f = R P = fFo P

where the Greek indices w, v run from O to 3 and the Latin indices i, j run from 1 to 3. Using the null
decomposition of the 2-form under the null frame {L, L, e;, e;} defined in line (4), we can show that

FiwF" = =2p —2a-a +2/o,
FouF” = —1(4p> +2a - a + o + [af),
FF" = —44p? + 20 - o — |er? — |af).
Therefore we have
TIFY 7y, = (r ' f =50 + 101 + 3 /(e + lal). (26)
The calculations before line (19) imply that the coefficients r~! f — % f" and f’ have positive signs. To

obtain the similar integrated local energy estimates for the Maxwell field F, we need to control the
boundary terms arising from the Stokes’ formula (17). Using the formula (18), we can compute that

20iyxppydvol| = flaf* — ||| dx < |F|*dx =2 fi u g dvol,
20ijxpydvol| = f|—p* + |a> — |o|*|r* dvdw < f(p* + |a|* + |o ) r* dvdw = 2 i yu gy dvol,
20ijxpp dvol| = f|—p* + |al* — o || r* dudw < f(p* + |a|* + |01 r? dudw = 2 fi ja g dvol,

on the ¢ = constant slice, the outgoing null hypersurface and the incoming null hypersurface, respectively,
for all positive functions f. This in particular implies that the boundary terms corresponding to the



1846 SHIWU YANG

vector field fd, can be bounded by the energy flux for all positive bounded functions f. Therefore, for
the particular choice of vector field X, the energy identity (17) on the domain D72 N {v < vo} for all
0<71 <1mandyy > %(rz + R) leads to

|F|2 /0 + Ialz v v T
/ /UO (1+r>1+€ e dxdt S E[FI(Z)°) + E[FI(Z{) + E[F1(Hy )
z

1)
+/ |J7||Fry — Fpy)ldx dt.
T1 Ef

Here notice that we have the improved estimate (19) for the coefficient of p2 + |o'|?. If we take the vector
field X = 0; on the same domain, we then can derive the classical energy identity

12}
/ / JY(Fy + Fr)dx dv = E[F1(SY) — E[F|(H, HO ’2) E[F](ZY).
T1 E:O -
Let vg — oo and apply Cauchy—Schwarz to the inhomogeneous term J# (| Fp |+ |FL,|) foru =1L, ey, es:

|JENFLLl 4+ 1T Fre | + 1 Fre,) S e (Ll + 10D i + el FIPr ¢, e > 0.

The integral of the second term could be absorbed for sufficiently small €;. For the component when
= L, we estimate

[JEFLLl S Vellel.
Then the above energy identity together with the integrated local energy estimates imply the integrated
local energy estimate (24) in the interior region. The energy estimate (25) in the exterior region follows
in a similar way. O

3.4. The r-weighted energy estimates using the multiplier r? L. In this section, we establish the robust
r-weighted energy estimates both for the scalar field and the Maxwell field. This estimate for solutions
of linear wave equation in Minkowski space was first introduced by Dafermos and Rodnianski [2010].
We study the r-weighted energy estimate either in the exterior region {r > R + ¢t} for the domain D7? for
7> < 71 <0 or in the interior region for domain Dg for O < 71 < 1» which is bounded by the outgoing
null hypersurfaces Hr+, Hy and the cylinder {r = R}.

Through out this paper, we denote ¢ = r¢ as the r-weighted scalar field. We have the following
r-weighted energy estimates for the complex scalar field.

Proposition 9. Assume that the complex scalar field ¢ vanishes at null infinity. Then in the interior region,
forall 0 <t <13 and vy > %(rz + R), we have the r-weighted energy estimate

/ FP Dy 2 dvdw+f/ P (I DLW+ (2 — p)|zbw|>dvdwdr+fMrpupwlzdudw
H* H. x vl

0

S f rP|Dy 2 dvde + Lo TP 0401 (D2) + E[@)(Sx,) + I T [0ag) (D2

+// |FL;LJM[¢]|+|FL,uJﬂ[¢]|dth+// rP|FrJ" (@]l dx dt
D Dy (27)
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forall 0 < p < 2. Similarly, in the exterior region, for all Ty < 11 <0, we have

/ FPI DL dvdw+f/ P (I DLy P+ 2= p) DY >dvdwdu+/ o 1PV dudo
H=k ‘i

o )

ng rP(IDLY P+ [Py ) dr do+ Ly [Dag) Df2)+f/ rP|Fr,J" (¢]ldx dt  (28)

R—q

forall0 < p <2. Here  =r¢.

Proof. Apply the energy identity (12) to the region DTZ N{v < vo}, which is bounded by Hz+, Hy;, {r = R}
and H U(') " with the vector fields X, Y and the function y as follows:

X=rPL, Y= %pr”_2|¢|2L, X = rP1
Define v = r¢ to be the weighted scalar field. We have the equalities

r?|Dr¢l> = DLy |* — L(rlgl?),
r?|Pol* =Py,
r?|DLgl> = DLy |* + L(rlgl?).

We then can compute

div(Y) + T[¢1*' 7\, + x DF¢ Dy — 50x 9|
=1pr2L(rP1¢1") + 3r?H(pIDLoI* + 2 — p)P9I*) — Sp(p — DrP ¢
=13 (pIDLy P+ 2 - p) Py 1?).

We next compute the boundary terms using the formula (18). We have
f jxpy dvol = f ) rP DLy )? — L7t ¢) dv do,
HY? HY

/r* o ijx[¢]dV01=—/T* " rp|lD1,0|2+%L(rp+1|¢|2)duda),
HL1’2 H.172

g Hog

2
/ iix[¢]dv01:/ f%rp(|DLtﬁ|2—|lZ)W|2)—%8,(rp+1|¢|2)da)dt.
{r=RIN{T1<1<m} 7 Jo

Now notice that there is a cancellation for the boundary terms:

—/ L(rp+1|¢|2)dudw—f L L") dudo
HI;(? H:}(l),fz
‘[l £

2
+/ OL(r”+1|¢)|2)dvdw+/ /a,(rp+1|¢|2)dwdt:0.
H' 71 Jo

¥
)
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Therefore in the interior region for the domain 1_72 N{v < vy}, the above calculations lead to the r-weighted
energy identity

/u PPy dvdw+f / PP pIDL I+ 2= p) DY >dvdwdr+f DY dudo
H M

r2 H, 0

=/ r”|DLw|2dvdw—1f/r”<|DLw|2—|W|2>dwdr
H:,? 2 71 Jw
1

12
— / / rp_IER(DAd)DLw) +rPFr, J" [¢ldxdt. (29)
T] HTLQ
Similarly, in the exterior region {r < R + ¢t} for the domain Dg for all 7, < 11 <0, we have

/T* rp|DLw|2dvdw+f/ rP1<p|DLw|2+<2—p>|1/>w|2>dvdwdu+/ PPy dudo
H.? Dy 2
7 0
:%/ r‘”<|DLw|2+|zz>w|2>drd‘“‘f/ 7T IR@a¢DLY) + P Fry Mgl dx di. (30)
B

R-1| R

For the inhomogeneous term, when p > 1 + €, we apply the Cauchy—Schwarz inequality directly:
2r" 04 - Do | S rPul DLy P+ P 2ul e Dag .

The integral of the first term in the above inequality can be controlled using Gronwall’s inequality both in
(29) and (30). In particular this shows that estimate (28) follows from (30).
When p < 1+ €, we note that

p p

Then we can estimate the inhomogeneous term as follows:

2Pt Oa¢- DLyl < err™ " ulP DLy P+ € T Ul | D0l
SEl(rp —1- G)p/(l+€)(rp 1)1 p/(1+€)|D w| +€—1 1+€+2M£|DA¢|2

<er’ul " DLy P +errP T DLy P+ e Rl |00

for all €; > 0. The integral of the first term can be controlled using Gronwall’s inequality. The integral of
the second term can be absorbed for sufficiently small €;. Then estimate (28) follows.

For the r-weighted energy estimate (27) in the interior region, we need to control the boundary term
on {r = R}. It suffices to estimate it for p = 0 in (29) by making use of the energy estimate (22). From
Hardy’s inequality in Lemma 6, we note that

f DLy P dodv S E[¢](Z).
H‘[
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By using the integrated local energy estimate (22), we therefore can show that

rP(IDLy|* — | py1?) dodt

12}
5RP/ |DL1//|2dvda>+/ / r_llmllflzdvda)dr+/r*t* Py dudw
H? n JHY Hy'?

2
2
+/UO|DLw|2dvdw+f /UO r RO apDLY)| + | Fr I [p]l dx dt
H* T Hr*

T

5E[¢](Er1)+I()1+€[DA¢](D;2)+//I |FLuJ (o1l + | FrL J (@]l dx dt.
D7

The inhomogeneous term can be bounded using the Cauchy—Schwarz inequality together with the
integrated local energy estimates. Once we have the bound for the boundary terms on {r = R}, the
r-weighted energy estimate (27) follows from the identity (29) and Gronwall’s inequality. U

Next we establish the r-weighted energy estimate for the Maxwell field.

Proposition 10. Let F be any 2-form satisfying the Bianchi identity (1). Then in the interior region, for
all0 <11 < 1) and vg > %(72 + R), we have the r-weighted energy estimate

/ rPP2|a)? dvdw

o*

17)
+// rp+1(P|Ol|2+(2—p)(,02+|0|2))dvdwdf+/**i’p+2(02+|0|2)d”dw
T* HTI,TZ

)

< / rP e dvdo+ I 5 S D) + @ — p) T 1T D)

+ELFIE) + 1+ W0 + [ [ anlielaras G
D7

forall 0 < p < 2. Similarly in the exterior region, forall 7, < 71 <0and 0 < p <2, we have
/ Pt dvde
H,?
a
// P (plal? 4+ 2= p)(p* + o] ))dvdwdu+/ et rP(p* + o) rtdudw
H s

5/ e TP dx + B O) + @ = p) 7 T 0. (32)

R*Tl
Proof. Take the vector field
X:rpL:fat-i-far
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in the energy identity (17) for the Maxwell field. Using the computations before (26), we have
TIF*r), =TIFY n)¥ + TF*n !
= (7' =30 +1o ) + 3 (ol +lel®) + 1 (el — la )
=3r"7HQ@ = p)(* +1o ) + plal?).
For the boundary terms corresponding to the vector field X = r” L, we have
ijxppydvol = 2rP(la)* + p> + o) dx, ixppydvol = 1rP(la]* — p* — o) r dt do,
i yxpdvol = rPlal?r? dvdow, iyxppdvol = —rP(p* + 101 r’ dudw

on {t =1}, {r = R}, H, and H,, respectively. Therefore forall0 <t <1 and vy > 5 (‘Ez + R), if we
take the region D bounded by Hy+, Hys, {r = R}, I_i , we get the r-weighted energy 1dent1ty

/ rPla)?r? dvdw
H”Q

f f P (plal + 2 = p)(o> + o 1P)r dvdwdr+f » PP+l P du do

=/v rPlaf’r dvdw——/ /r"(lal —p*—lo)r dwdt—f / rPJ,FY dxdt.  (33)
H'Y

Similarly, in the exterior region {r > R + t}, consider the region D;Z for 7, < 11 < 0. We have the
following identity:

/ rPlal?r? dvdw
H.,?

T

/f P plal*+ @2 = p)(p* + o] ))dvdwdu—l—/ . L PP+ o)t dude
o

=l/ rp(|a|2+/02+|0|2)dx—// rPJyFy dxdt. (34)
2 BR712 ’Dglz

R—1;
To obtain (32), we first note that under the null frame {L, L, e}, e},
Ff=—1Fi=p, Ff=0, F’=a; j=12.
We can use the same method to treat the term r”|J,; F f‘f | as that for LJs¢ - Dy v in Proposition 9 (simply
replace Ll4¢ with J,; and Dy with ra ;). For the term involving p, we estimate

2

rPYJL - pl < (2 p)r’tpl? +3 pr"+3|f|

The integral of the first term could be absorbed. Then the r-weighted energy estimate (32) follows from
the above r-weighted energy identity (34).
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We can treat the inhomogeneous term the same way for the r-weighted energy estimate in the interior
region from the r-weighted energy identity (33). Like the case for the scalar field, the boundary term on
{r = R} can be bounded by taking p = 0 in (33) and then by making use of the integrated local energy
estimate (24):

(%)
f / rP () = p? = oY) r? dwdt
T1 w

)
5/ / (,02—|-|0|2)rdvda)dt+/ (PP FloPrrdude
] H,U»? ETI'TZ

v
\/'
H

0
*
2

%)
|a|2r2dvda)+[ |a|2r2dvdw+// |, F} | dx dt
HY n JHY

T

B
S EIFIE) + B+ 010 + [ [ 1iiplaxar
DY

This combined with Gronwall’s inequality implies the r-weighted energy estimate for the Maxwell field
in the interior region. O

4. Decay estimates for the linear solutions

In this section we derive energy flux decay for both the linear Maxwell field and the linear complex
scalar field under appropriate assumptions. We use a bootstrap argument to construct global solutions of
the nonlinear (MKG). The first step is to study the decay properties of the linear solutions. Recall that
F = dA with A the connection used to define the covariant derivative D. Our strategy is that we make
assumptions on J, = V' F,,, to obtain estimates for the linear solution F. We then use these estimates
to derive estimates for the solutions of the linear covariant wave equation [J4¢ = 0. As in (MKG) the
nonlinearity J[¢] is quadratic in ¢, so by making use of the smallness of the scalar field we then can
improve the bootstrap assumption on J. The difficulties are that the Maxwell field F is no longer small
and that there exists nonzero charge.

Assume that the Maxwell field F = dA has charge g and splits into the charge part and chargeless part

F = X{,>,+R}q0r_2 dt Ndr+ F.
Let J = § F be the divergence of F and J = (J,,, J.,) be the angular component. Let

me =Y LTPILL N = RY + 1577°1L, ) ({r = R) + 1 L5010+ 125 T 11 = 0)
1<k

1 L T = O + 1Yy, [VL T1({r < 2R)) + g0l sup rfy‘)/fpwlhlrz dx dt,

<0

My =my + ES[F1+ 1+ |qol, (35)
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where we recall from (6) in Section 2 that E{;[F ] denotes the weighted Sobolev norm of the Maxwell
field F with weights r}fyo on the initial hypersurface ¢ = 0. The integral of | J|r~2 is used to control the
interaction of the nonzero charge with the nonlinearity J in the exterior region.

To derive the energy decay for the Maxwell field, we assume that M is finite. This can be fulfilled
as follows: the charge gq is a constant depending on the initial data of the scalar field. E’(j[l? ] denotes
the size of the initial data for the chargeless part of the Maxwell field. Recall that the nonlinearity J is
quadratic in the scalar field ¢. By using the bootstrap assumption, it is small.

4.1. Energy decay for the Maxwell field. We derive energy flux decay for the Maxwell field F under
the assumption that M is finite.

Proposition 11. In the interior region for all 0 < 11 < 15 and vy > %(‘Ez + R), we have the following
energy flux decay for the Maxwell ﬁeld :

IJI‘G[F](D”H/ f e +| drdr 4 ELF I(H™) + EIFI(S) S ()7 7" My, 36)
In the exterior region {r < R+t} forall o <11 <0and 0 < p <1+ yy, we have

I [FI(D2) + E[F1(H™. ")+E[F](H )+ (T) ] / PRl dvdo < (1) "My, (37)

o
Here and throughout the paper, T+ = 1+ |t| for all real numbers t.

Proof. Let’s first consider the estimates in the exterior region. By the definition of M(, we derive that

f e PPIFP e+ 10 W@ + 1 @) S ) Mo, 0= p <14y
B

R—-1q
Here note that in the exterior region, r > %u+. Then the r-weighted energy estimate (32) implies that
/ PP dvdw + // P o+ 5% + o) dvdwdu < (1)7” 77 M.
H_.? D7
1

This estimate can be used to bound the integral of |J.||p| on the right-hand side of (25). Recall that
p =qor >+ p when r > R +t. We then can show that

// |JL||p|dxdr</f (ol 1o 1r= + 15127 e + 1L Pr=<u)y d di < Mo(e) 7.

The decay estimate (37) then follows from the energy estimate (25) as
FIBR-2) + 1001+ 1L 1(D2) S (m); " M.

For the decay estimates in the interior region, we use the pigeonhole argument in [Dafermos and Rodnianski
2010]. First, by interpolation, we derive from the definition of My that

1 1 —1-
L P S D) + 17 D) S ()T T My
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forall e < p <1+ y9. To bound |J.||pl|, we use the Cauchy—Schwarz inequality:

// Y [Jellpldxdt S /f I2(61|p|2ri—1 +e;lr}r—6|Jé|2)dxdt, Ve > 0.
D D3

Here note that in the interior region, p = p. For € < p <1+ yp and sufficiently small €; the first term
could be absorbed from the r-weighted energy estimates (31) and the second term is bounded above by
Mo(t1);' 7 by the definition of M.

To apply the pigeonhole argument, we need to control the weighted energy flux through the initial
hypersurface Xy of the interior region. Note that H_g /> = Hp:. The bound for the weighted energy flux
through Hy- follows from the decay estimate (37) in the exterior region:

E[F](Ho*)-i—/ e dvdo < M.
Hyx

Here we note that on the boundary Hp+ the charge part has bounded energy. Hence take p = 1 + yp,
71 = 0 in the r-weighted energy estimate (31). We derive that

2
/ r3+V0|a|2dvda)+/ f r)/0+2(|a|2+|g|2—|—p2)dvda)§Mo, V1, > 0.
H_x 0 Hyx
TZ T

We conclude that there exists a dyadic sequence {t,}, n > 3 such that

/ " Plafdvdo < (1) "My, A, < g1 < AT,
H,x

n

for some constant A depending only on yy, €, R. Interpolation implies that

/ r 22 dvde < (t) " Mo.
H

To bound |Jr||p| on the right-hand side of the energy estimate (24), we interpolate |p| between the
integrated local energy estimate and the above r-weighted energy estimate:

foIJLIIpIdx dt§// Tz(e]|p|2(rf*1+r1°r;1‘y°)+e;1r$r$€|JL|2) dx dt
D D
Sely TUFIDE) + e ' Mo(r) T, V1> € > 0.

Here we have used the bound
ri—lt_:k < r;l—e _|_.E_:1—V0r_}i/_0‘
Take € to be sufficiently small. From the energy estimate (24), we then obtain
—1—= —1-
Iy [FI(D2) + E[FI(Zc,) S E[FI(Zc) + (1) Mo

forall 0 <t < 13 and 0 < €] < 1. In particular, we have

2
f / \FI2dx dt < E[F1(Z,) + (1) 7" M.
7, J{r<R}N{t=t}
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Then combine this integrated local energy estimate with the r-weighted energy estimate (31) with p = 1.
For all 7,, < 15, we derive that

19 (%) 1%
/ E[F](z,)drgf f |F|2dxdr—|—f (a)? + o)+ pHridvdew
Tn Tn {VSR}m{t=f} Tn H‘[*

< f " a? dvdo+ E[F1(Z,,) + (1)1 Mo

S E[FI(Z-,) + (1) My.
On the other hand, for all T < 1, we have
E[F](%;,) < E[F](v) + (f)llfyOMo S E[FI(Zo) + Mo S M.
Then from the previous estimate, we can show that
(12 = ) E[F1(Zr,) S E[F1(Z,) + (1) Mo S Mo.
The above estimate holds for all 7, > t,,. In particular, we obtain the coarse bound
E[FI(Z,) Sti'Mp, YT >0.

Based on this coarse bound, we can take ) = 7,4 in the previous estimate. We then can show that

(Twt1 — W) ELF1(Ze,,,) S (T) ™" M.
As {1,} is dyadic, we conclude that

E[F1(Z;) S (t)™ "My, Vnz3.
Then using the energy estimate, we can show that for T € [1,, 7,41] we have

E[FI(Z0) S E[F1(m) + (m)T "My S (m)F' Mo S 757" M.

Having this energy flux decay, the integrated local energy decay (36) follows from the integrated local
energy estimate (24). O

Since the Lie derivative £z commutes with the linear Maxwell equation from the commutator by
Lemma 4, as a corollary of the above energy decay proposition, we also have the energy decay estimates
for the higher-order derivatives of the Maxwell field.

Corollary 12. We have the following energy flux decay for the k-th derivative of the Maxwell field:
EILLFI(S) S (@ 7'My, VreR (38)

This decay estimate then leads to the integrated local energy and r-weighted energy estimates for the
Maxwell field.
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Remark 13. By using the finite speed of propagation, the estimates in the above proposition and corollary
in the exterior region depend only on the data and J in the exterior region {t + R < r} instead of the
whole spacetime. Therefore the quantity M} can be replaced by the corresponding one defined in the
exterior region. However, the estimates in the interior region rely on the data in the whole space.

4.2. Pointwise bounds for the Maxwell field. The energy decay estimates derived in the previous section
are sufficient to obtain pointwise bounds for the Maxwell field F after commuting the equation with
vector fields in I' = {9;, €2} sufficiently many times; e.g., in [Yang 2015b], four derivatives were used to
show the pointwise bound for the solution. The aim of this section is to derive the pointwise bound for
the Maxwell field F merely assuming M is finite, that is, we commute the equation with I" only twice.
The difficulty is that we are not able to use Klainerman—Sobolev embedding to derive the decay of the
solution directly as in [Lindblad and Sterbenz 2006]. Our idea is that in the inner region {r < R} we rely
on elliptic estimates. In the outer region {r > R}, we analyze the solutions under the null coordinates
(u, v, w). The angular momentum €2 can be viewed as the derivative on w. The pointwise bound then
follows by using a trace theorem on the null hypersurfaces and a Sobolev embedding on the sphere. Since
we do not commute the equation with L nor L, those necessary energy estimates heavily rely on the null
equations given in Lemma 5.

Let’s first consider the pointwise bound for the Maxwell field in the inner region {r < R}. To derive
the pointwise bound, we use the vector fields d; and the angular momentum €2 as commutators. Note that
the angular momentum vanishes at r = 0. In particular we are not able to get the robust estimates for the
solution in the bounded region {r < R} merely from the angular momentum. We thus rely on the Killing
vector field 9, and elliptic estimates. The following proposition gives the estimates for the Maxwell field
F on the bounded region {r < R}.

Proposition 14. For all 0 < t and 0 < 11 < 13, we have

(9] 1%
(/ SHPIFF(Lx)dfii/ /1 IV2F ) dx dt < Ma(t); ", (39)
T 171 Jr<R

1 |x|I<=R

IFPP(r,x) SMar ™", Vix| <R. (40)

Remark 15. Estimate (40) gives the pointwise bound for F in the inner region {r < R} but it is weaker
than the integral version (39) in the sense of decay rate. It is this integrated decay estimate that allows us
to control the nonlinearities in the inner region. In other words, it is not necessary to show the improved
decay of the solution in the inner region by using our approach; see, e.g., [Luk 2010]. However this does
not mean that our method is not able to obtain the improved decay in the inner region. The improved
decay can be derived by commuting the equation with the vector field L. For details about this, we refer
to [Schlue 2013].

Proof of Proposition 14. We use elliptic estimates to prove this proposition. At fixed time #, let E and
H be the electric and magnetic parts of the Maxwell field F. Let B, be the ball with radius r, that is,
B, ={t | |x| <r}. The Maxwell equation can be written as



1856 SHIWU YANG
div(E) = Jy, 8, H +curl(E) =0
div(H)=0, &E —curl(H)=1J,

where J = (J1, J», J3) is the spatial part of J. Therefore, using elliptic theory we derive that

2 : k 2 2 : k 2 k § : k k+1
”at F”HXI(B3R/2) = ”81‘H”HX1(B3R/2)+”8 E||H1(B3R/2)N ”8 J”LZ(B )+||8 F”LZ(BZR)
k<l k<l k<1

Make use of the above estimates with k = 1. Differentiate the linear Maxwell equation with the spatial
covariant derivative V. Using elliptic estimates again, we then obtain

”VF“HI(B )~ ”V‘]”LZ(B )+ ”a F”LZ(BZR)'

Here we omitted the lower-order terms. Integrate the above inequality from time 7; to 7,. We derive

f f |V2F|? dxdt</ / 102F >+ |VJ|* dx dt
r<2R

S IO F ](D D)+ 1, 08, J1(DR) + IIVINDE N {r <2R})
T
< Ma(); 7.

Here ri = max{t; — R, 0}. The estimate (39) then follows using Sobolev embedding.

For the pointwise bound (40), first we note that

/ IVJ| dx<2/ \VLh I dxdr < Myt .
r<2R k<1

Consider the energy estimate on the region D; bounded by ¥+, t+ = max{tr — R,0} and r =7, T > 0.
From the energy estimate (24), we conclude that

f (LY F2dx = EIL3FI(r < 2R)  EILLFI(Se) + IH1L5 11D S Myt 7
r<2R

Thus the pointwise bound (40) holds. Il

To show the decay of the solution via the energy flux through the null hypersurface, we rely on the
following trace theorem.

Lemma 16. Let f(r, w) be a smooth function defined on [a, b] x S*. Then

1/2 b
(/|f|“(ro,w>dw) sCf/|f|2+|arf|2+|awf|2dwdr, Vro € [a, b) (41)

for some constant C independent of ry.

Proof. The condition implies that f € H,{w. By using the trace theorem, we have

1 0. 2 < CllF gy, Vro € la bl.

The lemma then follows using Sobolev embedding on the sphere. U
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Using this lemma, we are now able to show the pointwise bound for the Maxwell field when {r > R}.

Proposition 17. Let Z_?rl =D, N{r > R}. Then we have

2
1Ll a5, ) S M2ty 7 k=0, (42)
ral?(z, v, ) S Myt 7, (43)
rP(ral +1ro )t v,0) SMat! T 0<p <1+, (44)
rPlrpl(r, v, 0) SMatd T, 0<p<l—e, (45)
—1—
llr X U||L2LooL2(D)NM2T+ e k<. (46)

Here recall that Z is a vector field in the set I" = {9;, Q;;}.

Remark 18. In terms of decay rate, the integral version (42) is stronger than the pointwise bound (43).
We are not able to improve the u decay of the Maxwell field due to the weak decay rate of the initial data.
However the integral version improves one order of decay in u (or T as u = %(r — R)). This is the key
point that allows us to construct the global solution with the weak decay rate of the initial data.

Proof of Proposition 17. For the integral estimate (42), we rely on the transport equation (8) for . For
the case in the exterior region, one can choose the initial hypersurface {t = 0}. In the interior region, for
all 0 < 11 < 12, we can choose the incoming null hypersurface H H' (0 i R)/2" Let’s only consider the case in
the interior region. From (8) for @ under the null frame, for k = 0 or 1, we can show that

I L ELLYal(HD P o) + Iy 1L5al(D2) + /92 L Ll (ra) |12

L2L2L2 (D) S (r2+R)/2 121212 (D)

S Ma(r); 7 + 1P IO L o)+ 125 o )2

1
120202 (DY) o et g1(D2

lepet2
SMZ('EI)+ oree,

Here we use interpolation to bound p and o. Indeed, the integrated local energy estimate implies that

// re (L )2 4125 0 P du dv dw < My(z) .

7

On the other hand, the r-weighted energy estimate shows that
// P (L5 o2 1 125 o 12 du dv do < M.
Pl

Interpolation then implies the estimate for p and o. Thus estimate (42) holds.

For the pointwise bound (43) for o, we rely on the energy flux on the incoming null hypersurface
together with Lemma 16. Consider the point (7, v, ®). In the exterior region when 7 <0, let H, = H 5* v
be the incoming null hypersurface extending to the initial hypersurface {# = 0}. In the interior region
when 7 > 0, we instead let H, be H 5’2”_R, which is the incoming null hypersurface truncated by {r = R}.
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From the energy estimates (24) and (25), we conclude that
| irthef dudo < ELC PN S MarT 0 vE <2,
H-

As Z may be 0; or the angular momentum €2, to apply Lemma 16, we need the energy flux of the tangential
derivative L(«). We make use of the structure equation (8), which implies that

/H ILLY (ra)* dudw S fH (ILLY (ra) > + | Lo, L5 (ra)|*) du dw

< f (LS p P+ 15 o P+ 125 e 1P+ 1£5 ra) 1) du do
H,

S ELLST FIH ) + 10125 1Dy
<My, 7" k<.

Here note that 2 = (rey, rep). Then by Lemma 16, for all v and fixed 7,

1/2
rcbal*(t, v, 0)do ) <My, k<.
7= ~ +
w

Estimate (43) then follows using Sobolev embedding on the sphere.

For the pointwise bound (44), (45) for «, o, p, the proof for « is slightly different from that of o
and p. However, the idea is the same. Let’s consider « first. Consider H,+, T € R. The r-weighted energy
estimates (31), (32) imply that

/ rPiral? dvdo < Mzrf_l_yo, YVO<p<l+y, k=<2.
Hox

To apply Lemma 16, we need the energy flux of the tangential derivative L(r¢). Similar to the case of «,
we make use of (10) and the 9, derivative:

/ rP|L(rL’<Za)|2dvdw5/ rP(\L(rL5a) | + |ro, Lo a)?) dvdw
H H «

S / rP(L7 P +1L7 o P ILL P+ 17 )P dv de
Hx

T

SMprl +/ r(LS ol + L5 o P + P LY (r )P dv do
Hs

< Mot? T 4 ELLY FI(H ) + 11257 11Dy
< Mzrf_l_yo

for k < 1. The estimate for « then follows from Lemma 16 together with Sobolev embedding on the unit

sphere.
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For p, o, we make use of the r-weighted energy estimates (31), (32) through the incoming null
hypersurface H . defined as above. First, we have

/ rP2LE P o) P+ 1L5 (FPo) D) dudo < Mﬂf“‘”’, k<2.

To derive the tangential derivative L(r*p), L(r’c), we use the equations (7) and (9). We can show that
| L pP dudo s [ e s iR P dudo
H-: H:

S ELST FIH ) + L1257 I1(D))
SMor? ' k=0,1

for all 0 < p <1 —e€. We cannot extend p to the full range of [0, 14 ] due the weak assumption on Jg.
The equation (9) for o does not involve J.. We hence have the full range 0 < p <1+ for 0. Lemma 16
and Sobolev embedding on the sphere then lead to the pointwise bound for p and o. We thus have shown
estimates (44), (45).

Finally, for the integrated decay estimates (46), we proceed by integrating along the incoming null
hypersurface. In the interior region case we integrate from {r = R}, while in the exterior region we
integrate from the initial hypersurface {t = 0}. Let’s only prove (46) for the interior region case. In
particular, take D, to be Z_Dg for 0 < t; < 1. First, using the decay estimate (39) for F' when r < R, we
can show that on the boundary {r = R},

%) o
f / |L§F|2(T, R, w)dwdt 5/ / |V£§F|2dx dt S Mz(tl);l—yo.
e 71 Jr<R

Then from the transport equations (7) and (9), we can show that

)
||r£kZo||iszL2(D12)§/ |L’;F|2(z,R,w)da)dr+/ r|Lho ) +1L50 - L Lh0))) dudvdw
vHu Ho 7] 7 2

Dy

<Mooy +/ 7(2(r1+€|£’§o|2 + 75 e ?) dudv doo

Dfl
. S 1yt
SMy(r)y P+ M)y TS Mo(r)y T

Here we have used the r-weighted energy estimates for o with p = € and the integrated local energy
estimates to bound «. This proves (46). (|

4.3. Energy decay for the scalar field. In this section, we study the energy decay for the complex scalar
field ¢ satisfying the linear covariant wave equation. When the connection field A is trivial, the energy
decay has been well studied using the new approach; see, e.g., [Yang 2013]. For a general connection
field A, presumably not small, new difficulty arises as there are interaction terms between the curvature
dA and the scalar field. In the previous subsection, we derived the energy flux decay for the Maxwell
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field F = dA with appropriate bound on J = § F. The purpose of this section is to derive energy flux
decay for the complex scalar field.

In addition to the assumption that M} is finite, for the general complex scalar field ¢, we assume the
inhomogeneous term [14¢ and the initial data are bounded in the norm

&gl = Efl@1+ Y +177° 1D, 0ag1((r = 01 + 111 (D401 ({1 = 0)). (47)
I<k
Here in this section we will estimate the general complex scalar field ¢ in terms of the initial data and
the inhomogeneous term [J4¢. For solutions of (MKG), the complex scalar field ¢ verifies the linear
covariant wave equation [J4¢ = 0. In particular, if (¢, A) solves (MKG), then &[¢] = E’g [¢], which
denotes the weighted Sobolev norm of the initial data for the complex scalar field.

As the estimates in the interior region require information on the boundary Xy, which contains the
boundary Hy+ of the exterior region, we need first to obtain the energy decay estimates in the exterior
region. The main difficulty in the presence of a nontrivial connection field is to control the interaction term
(dA),;., J"[¢] under mild assumptions on the curvature dA. In the integrated local energy estimate (23)
for the scalar field, it is not possible to control or absorb those terms as there is no smallness assumption
on dA. The idea is to make use of the null structure of J"[¢] together with the r-weighted energy estimate
(28). More precisely, we first control those terms in the r-weighted energy estimate via Gronwall’s
inequality. Then we estimate those terms in the integrated local energy estimates. Once we have control
of those interaction terms, the decay of the energy flux follows from the standard argument of the new
approach, similar to that of the energy decay for the Maxwell field in the previous section.

We first prove a lemma used to control the scalar field ¢ by using the r-weighted energy.

Lemma 19. Assume ¢ vanishes at null infinity. In the exterior region on H,, we have

/|r¢| (u, v, a))da)</ ro|?(u, —u, w) do+pu; f fr1+f’|DL(r¢)|2dvdw, VB >0. (48)

In the interior region on X, for 1 < p <2, we have

2 _
/ 1612 do < (E[91(E0) (14T [r ' DL )1 (He)) ™, 5, = % (49)
w Yo
Moreover on X;, T € R, we have
r/ 191> do < erI/ 191> dv dw + € E[¢](Z) (50)
w )

forall0 <€) < 1. Here (v, w) = (v, w) whenr > R or (r, w) whenr < R.

Proof. Estimate (48) follows from the inequality

v

rl(, v, ) < I, —u,w>+/ DL(r)| dv

u

followed by the Cauchy—Schwarz inequality.
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In the interior region, the problem is that we cannot integrate from the initial hypersurface nor the
boundary Hy+ nor the null infinity as the behavior of r¢ at null infinity is unknown (generically not
zero). However, the scalar field ¢ vanishes at null infinity. We thus can bound r|¢|? by the energy flux
through X;. More precisely, on ¥ we can show that

r/ |¢|2dw,§/ |¢|2dﬁda)+/ r|Dso||p| d dw
2} Z >,
561/ IDa¢|2r2dadw+(e;1+1)/ 1p|* db dew
P pom
,SelE[¢]<zf)+e11/ 2 di do.
o

This gives estimate (50). In particular, for €; = 1, from Hardy’s inequality (21) we conclude that estimate
(49) holds for p = 1. To prove it for all 1 < p <2, it suffices to show the estimate with p = 2. Consider
the sphere with radius r = %(‘L’* 4+ v) on Hy+ C X;. Choose the sphere with radius r; = %(r* + v1) such
that

A = E9IED T [ DL dvdo.
Hyx
If r < rq, then (49) with p = 2 follows from (49) with p = 1. Otherwise, we have r; < r. Then

/|r¢|2<r*,v,w)dw§/ |r¢|2<r*,v1,w>+r;”’/ 101D, () 2 dv deo
w w H

SHEBN(S) 47 1,7~ DLyl (He)
S (E[¢](Zr))y°/(l+’/°)(IOHVO [F~ Dy (Hype)) VO F70),

Here we recall the notation / defined in Section 2. O
The following lemma is very simple but it turns out to be very useful.

Lemma 20. Suppose f(t) is smooth. Then for any B # 0, we have the identity
%) 1%} 12} 2
/ sP f(s)ds =ﬂ/ 1’31/ f(s)ds dr+rf5/ f(s)ds.
T T T 7

4.3.1. Energy decay in the exterior region. In the exterior region, as r > %u+, it suffices to consider the

r-weighted energy estimate for the largest p = 1 + yy. First we can show the following proposition.

Proposition 21. In the exterior region, for all Ty < 11 <0, we have

// r1+’”°|FLuJ"[¢]|dxdtSM2E8[¢]—l—Mz/MI]_G/FHV"lDLT/flszdwdu
DZ u v

+ Iqol / f r(IDLr) > + P (rd) ) dvdu do.
D3 (51)



1862 SHIWU YANG

Proof. As F = dA has different decay properties for different components, we estimate the integral
according to the index p. Denote ¥ = r¢. Note that r>J[¢] = J[r¢]. For u = L, we have

|FreJ5 101l S v 2lgol IDLY 1| + I DLy |19l (52)

The first term on the right-hand side will be absorbed with the smallness assumption on the charge gq (as
the data for the scalar field is small). Indeed, using Lemma 6 we can show that

2f/rVO—I|DL¢||¢|dudvdw5//rVO|DL¢|2dvdudw+//rV0|¢|2dvdudw
gf/ rV°|DL1//|2dvduda)+//(rl+y0|¢|2)(u, —u, w)dwdu

S // | Dpy|? dvdudw + EJ[¢).

For the second term on the right-hand side of (52), the idea is that we use the Cauchy—Schwarz inequality
and make use of the r-weighted energy estimate. First, we can estimate that

1470 = 1 21— I4e 21 =21 2
2r B DLy 1Y) < r DLy Puy T u TR gl

The first term will be controlled through Gronwall’s inequality. For the second term, we can first use
Sobolev embedding on the unit sphere to bound p and then apply Lemma 19:

// ultr?|pPr' " |¢* du dv dw

5/@“/2#/ |L£2/3|2da)-/r1+”0|¢|2dwdvdu
u v w w

Jj=2
5/u1++€—15[c§F](Hu)(u_V£/ |r¢|2(u,—u,w)dw+//r1+”°|D“/f|2dvdw) du
u w v w

gsz ri T 218120, x)dx+M2/u;l—G/rHVﬂDLmzdvdwdu.
[x|>=R u v

The first term is bounded by the weighted Sobolev norm of the initial data. The second term can be
controlled by using Gronwall’s inequality. Thus estimate (51) holds for the case u = L.
For u = e; or ey, first we can bound

I ~ 2, 1.3 20412
rIP FL [T < e\ W 1P 4 e r 0 al (gl Ve > 0.

We choose sufficiently small €; so that the integral of the first term can be absorbed. For the second term,
we first use Sobolev embedding on the unit sphere to bound « and then Lemma 19 to control ¢:
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// P a2 r 1 01> du dv dow

f A ‘/ 3+€Z/|£Qa| do- (/ |r¢|2(u,—u,w>dw+uly°ffr‘+V°|DLw|2dvdw> du

§M2/ r 16120, x)dx+M2/ / 1490 D, |2 dv dew du
[x|=R

S M258[¢]+M2[ufrl_é/rHVOIDLwlzdv dwdu.
u v

As the data for the scalar field is small, the charge is also small. In particular, we can choose €; = |go| (if
qo = 0, let €] be small depending only on €, 3 and R). Therefore estimate (51) holds for the case when
W = eq or e;. This completes the proof. O

As a corollary, we show the r-weighted energy flux decay of the scalar field in the exterior region.

Corollary 22. Assume that the charge qq is sufficiently small, depending only on €, R, yy. Then in the
exterior region, we have the energy flux decay

/ rplDLlﬁI dvda)+// rP= ‘(p|DL¢| + | Dy )dvdwdu+/ 2* *rplﬂ)wl dudw

2

S, Eolpl(t)h M vo<p<l+4w Yo<u<0, Yy=rp. (53)

Proof. 1t suffices to prove the corollary for p = 14 yp. For sufficiently small go depending only on €, yy
and R, from the r-weighted energy estimate (28) and the estimate (51) for the error term, the integral of
0 (|Dp(r¢)|> + | P(r¢)|?) can be absorbed. Then estimate (53) follows from Gronwall’s inequality. [

Next we make use of the r-weighted energy decay to show the energy flux decay and the integrated
energy decay for the scalar field in the exterior region. From the integrated energy estimate (23), it suffices
to bound the interaction term of the gauge field and the scalar field.

Proposition 23. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
7 < 11 <0, we have

/f |[FLoJ (@]l + | FLyJ " (]l dx dt
D7

7‘[

5611(;‘—6[D¢]<D’2>+CM26,(so¢]<n>+ (7). / v E[p)(H ”')dv) (54)

for all €; > 0 and some constant Cyy, ¢, depending on My and €.

Proof. The integral of (dA),J"[¢] has been controlled in the previous Proposition 21 as Corollary 22
implies that the right-hand side of (51) can be bounded by a constant depending on M, €, yy and R.
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Since in the exterior region r > %qu, we easily obtain the desired bound:

/f Fuod (01l dx dt Su, (23 &0,
DR

It remains to estimate the integral of F,J"[¢]. The r-weighted energy decay gives control for the “good”
derivative of the scalar field. The problem is that we do not have any control for the “bad” derivative Dy ¢.
In addition, since the charge is nonzero, we are not able to absorb the charge part gor —2 Jir[¢] in the
integrated local energy estimate (23) as there is a small € loss of decay in [, _1_€[l~)¢] on the left-hand
side. The idea to treat this term is to make use of the energy flux on the incoming null hypersurface H"* ”1
and then apply Gronwall’s inequality. Let’s first consider the easier terms in the integral of Fr,J "[qb].
For v = ¢y or e, we have

|FLoJ 911 S lel 1D 191

Note that from estimate (48) of Lemma 19 and Corollary 22, we obtain

/IF¢I (u, v, w)do S, u+/( 2u)[¢ (0, —2u, )|* do + Eolplu}™.

Here we parametrize ¢ in (¢, r, ) coordinates. We then use Sobolev embedding on the initial hypersurface
{t = 0} to derive the decay of ¢:

/Ir¢| (u, v, w)dw Sy, Eolplu " (59)

From the r-weighted energy estimate (53), we have an estimate for the weighted angular derivative of the
scalar field on the incoming null hypersurface:

/ DGR dudew S, £l
HZ
'

In the exterior region, note that » > %v. Therefore we can show that

// |Fre; |17/ [$]| dx dt
Dy
7
-1 prf
/ f fr2|g||z»¢||¢|dwdudv
— .[* %
2 1
S/ / r_;(3+yo)( Z/ |£Qa| dco) <r3+)/0/ |$¢|2da)/ |r¢|2da)) du dv
-7 J—v Y i

J=2

S Eol1? (@) f :v—%““‘”( (£2AY(Hy ")) Eolp)* dv

$vo— 314y —

S, Eol1Ce0), * S, Soldl ey
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When v = L, first we have
|Fol 17811 S lgolr =2 1DLol 9] + 151 DLl I9].
The second term is easy to bound. We may use the Cauchy—Schwarz inequality. Indeed,
2161 1DLgl 1] < 1| DLpPr™' " e P lplPr e, Ve > 0.

For sufficiently small €}, the integral of the first term on the right-hand side can be absorbed from the
integrated energy estimate (23). For the second term, we make use of estimate (55) to show that

SR .
// 1p)%r 3+€|¢|2dvdudw§/ / Z/ﬂwgmzda)-rl“/ 11> dew dv du
Dfl T J—u j<2 Yo 10}
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Finally, we need to bound the charge part, namely the integral of |go|r > |D1@||¢|. As we have explained
previously, this term cannot be absorbed even though the charge g is small due to the loss of decay in
the integrated local energy I, - E[D(;S](sz) in (23). The idea is to make use of the energy flux in the
incoming null hypersurface H X *] and then apply Gronwall’s inequality. From estimate (55) and noting

1
that r > 5
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v in the exterior reglon we can show that
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S El@Nm) T+ () f v ElB)(H, ") dv.

Combining all the previous estimates, we then have shown (54). U

As a corollary we then can show the energy flux decay as well as the integrated local energy decay of
the scalar field in the exterior region.
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Corollary 24. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
7 < 11 <0, we have

I~ 1DYIDE) + EQI(H ™ ) + EII(HET) Sur, (1) €0l (56)

Proof. First choose €; in the estimate (54) to be sufficiently small, depending only on €, yp and R, so that
after combining estimate (54) and the integrated energy estimate (23), the term €1, l7€[D<15](D§f) on the
right-hand side of (54) can be absorbed by 1, 1_E[l~)¢](D§f) on the left-hand side of (23). Then notice
that we have the uniform bound
X
(‘L’l)i_/ zv_l_€ dvs<1l, V<t <0.
_TI*
Using Gronwall’s inequality (fix 7; < 0 and take 7, < 7] as variable), we then obtain (56). O
4.3.2. Energy decay in the interior region. Once we have the energy flux and the r-weighted energy
decay estimates for the scalar field in the exterior region, we in particular have the energy flux bound
for the scalar field on the boundary H_g/>. This is necessary to consider the energy flux decay in the
interior region. Compared to the case in the exterior region, the charge is not a problem as the charge only
effects the decay property of the Maxwell field in the exterior region. However, new difficulties arise in
the interior region case. First of all there is no lower bound for r/7,. That means we may need estimates
for general p for the r-weighted energy estimates instead of simply the largest p. Secondly, as we have
explained before, we are not able to absorb the interaction term between the gauge field A and the scalar
field due to the fact that dA is no longer small in our setting. Thus we need to rely on the r-weighted
energy estimates and make use of the null structure of J[¢]. In the exterior region, the idea is first to
derive the r-weighted energy decay and then to obtain the integrated local energy and energy flux decay.
In the interior region, we see from the r-weighted energy estimates (27) that the term | Fr, J"[¢]| also
appears on the right-hand side. This suggests that we have to consider the r-weighted energy estimate
and the integrated local energy estimates simultaneously.
We first estimate the interaction terms of dA and J[¢] in the r-weighted energy estimate (27).

Proposition 25. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then in the
interior region, forall 0 <t <t and 1 < p <14y, we have

// rP|Fr, JH 911 dx dr S € f/ PP PP dvdodt +17,_ [~ DL(r$)|(DE)
D2 Dy

+ Mae;! (6,, f ElpI(Sncy " “dr+(1- 8,,)11T32[r—1DL<r¢>](2‘>:7>) (57)

7
forall ey > 0. Here §,, = 2+ yo — p)/(1 +yo) is given in Lemma 19 in line (49).
Proof. Denote ¢ = r¢ and F = dA. First we have

2rP | [911r® < rPIDLy e = P o Pl Pot +ar’ Py P+ e PP e lg)?

for all €; > 0. The first term can be absorbed using Gronwall’s inequality. The third term will be absorbed
for sufficiently small €; depending only on €, yy and R. For the second term, we use the energy flux of p
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on H;~ to bound p, and estimate (49) of Lemma 19 to bound ¢. For the last term, we use the r-weighted
energy estimate to bound «. Then similarly to the proof of Proposition 21 we can show that

%)
// PPy 2 + PP )¢ dv dw dt
T ¥

L Z

§sz T (E[BI(E)) Iy 7l DLy 1 (Ho-)) 0 de

/ 2Ll 4P| LhaP do - /rp|¢|2da)dvdu
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Jj=2

§M2(8 / ”E[m(zf)fj”*l* dv+(1 =81 [rlDLw]@z)).

T

The proposition then follows. U
Next we estimate the interaction terms in the energy estimate (22). We show the following:

Proposition 26. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have

// |FroJ (@1l + | FroJ " [¢]] dx dt
D3

Sely T [DPI(DE) + ¢! / g(DEGN(S) dt+ 1137 [r~'DL(r¢)I(D2)  (58)

forall 0 < €1 < 1, where

8(0) =) IS TLGFIE)+ ) / (Ll + Lol dvde + sup [FI(z, x).
J=<2 j=<2 [x|<R
Proof. For the integral on {r > R}, we use Sobolev embedding on the unit sphere to bound the curvature,
and the proof is quite similar to that of the previous proposition. On the finite region {r < R}, we make
use of the L2L%° norm of the curvature given in Proposition 14. For the case when r > R, first we have

|FLoJ 1911+ | FLo V1011 S (1ol + )| Dol 1¢] + || | P4
SearI Dol + €7 (ol + el riTIo* + |l 1Pl d].

The first term can be absorbed in the energy estimate (22) for sufficiently small ;. For the second term,
we can use estimate (49) to bound ¢ by the energy flux through H;+ and the r-weighted energy to control
the curvature terms. The last term is the most difficult one to control. The reason is that we do not have
powerful estimates for «. The estimates we have are the integrated local energy estimate and the energy
flux decay through the incoming null hypersurface. Unlike the case in the exterior region, where we can
make use of the energy flux through the incoming null hypersurface for o, that method fails in the interior
region. The main reason is that the energy flux E[F ](I_-I ZI*’T;) decays in t; instead of v. A possible way
to solve this issue is to assume a pointwise bound for . However the problem is that the pointwise
decay for « is too weak (due to the assumption on the initial data, as explained in the introduction) to
be useful. We thus can only rely on the integrated local energy estimate for o. As there is an € decay
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loss in the integrated local energy estimate for o, we are not able to bound ¢ simply by using the energy
flux through Hy .. Instead, we need to make use of the r-weighted energy estimate. This means that we
cannot obtain a uniform energy bound from the energy estimate (22). We need to combine it with the

r-weighted energy estimate.
For the integral of |«||P¢||¢|, from estimate (49) with p = 1 4+ €, we can show that

12
f f || | P 1¢1r? dw dv d
T1 Ht*

1 1
T poo ) 3 3

5/ / (Zfrlelﬁézgdzdw) ([ "2|l0¢|2da)-/ ”l+€|¢|2d(u> dv dt
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<Z/ I5551C Q](ZI)E[¢](Er)dr+/ .E ¢](zt)df+11§foy0[r—IDL(r¢)](73g)_

j=<2 o

Here § = (14 y9—€)/(1+y0), and in the last step we have used Jensen’s inequality as well as the relation

1 1 1 1 1 €
§+6—§5(1+6)—(2+V0)<§—§5)—zryo>0

In the above estimate the first two terms will be estimated using Gronwall’s inequality. We keep the last
term involving the r-weighted energy estimates. For the integral of (|p RESTIEY, Jlfe |$|?, we use estimate
(49) to bound ¢. We have

(%)
/ (Ipl* +la?) ritlp|*r? dw dv dt
11 J Hpx

<[ e

<z/ / 2+e(|£ O{| +|£ p| Ydvdw - E[¢](X;) dT.

Jj=2

/ re(chal + L5 do - /r|¢|2da)dvdr
2

j<

This term will be controlled in the energy estimate (22) using Gronwall’s inequality.
For the integral on the region {r < R}, we can show that

/f | Fpnd (0]l + | Fiod” [¢>|dxdr<e1// DoPdxdr +e /f \FPRIo P dx d

2
// |D¢>| DoV o ae +61/ sup |F|?- E[¢1(Z,)dT

<R rJr L |x|<R

for all €; > 0. The first term will be absorbed for small €;. The second term can be controlled using
Gronwall’s inequality. Combining all these estimates above, we thus have shown estimate (58). O
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As a corollary, the energy estimate (22) leads to the following:

Corollary 27. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then in the
interior region, we have the estimate

17 DGO + BN + [ [ 1P 911+ 1o 01 dx dr
D

<y EIPN(E) + ()7 Eolgl+ 1137 [r ' DLrp))(DB). (59)

Proof. First choose €; sufficiently small in the estimate (58) so that combining the energy estimate (22)
with (58), the integrated local energy term I, 1*[D(,ZS](DZ) could be absorbed. By our notation, the
smallness of €; depends only on €, yy and R. Then for the second term on the right-hand side of (58), to
apply Gronwall’s inequality, we show that g(7) (defined after line (58)) is integrable. From the integrated
local energy estimates (36) and the r-weighted energy estimates (31) for the Maxwell field, we conclude
from the previous section that

I L FIDR) < Mi(o)y 7,

2}
/ f PP al? + 1L 017 dvdwdt S Mi(r) T
Therefore, using Lemma 20 and Proposition 14, we can show that

k%)
/ g(0)dt < Ma(r) "+ I L ILL PR
T j<2

M)+ f T2 Iy T L FIDR) dt + (1) I T L, FI(DR)
Jj=2

©
< May(r)"T + My / o T b+ My(n)
T

< Mo(r) T
By using this uniform bound, the second term on the right-hand side of (58) can be absorbed using
Gronwall’s inequality. The corollary then follows. (|

We now can use Proposition 25 and the above corollary to obtain the necessary r-weighted energy
estimates. To derive energy decay estimates, we at least need the r-weighted energy estimates with p =1
and p =1+ yp (some p bigger than one, the decay rate depending on this largest p). In any case, we first
choose €] in estimate (57) sufficiently small, so that combining it with the r-weighted energy estimate
(27), the first term on the right-hand side of (57) can be absorbed (note that 3y < 1). The second term
on the right-hand side of (57) can be controlled using Gronwall’s inequality. Let’s first combine the
r-weighted energy estimate (27) for p = 1 with the integrated local energy estimate (59) to derive the
bound for the integral of the energy flux.
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Proposition 28. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then in the
interior region, for all 0 < 1) < 1o, we have

/ E[$1(S,) dr
Sus / FIDLY P dv do+ E[$1(e) + (1) &l¢1 + 1137, [r ' DLr$)I(DE).  (60)
Hes

Proof. In (¢, r, ®) coordinates, using Sobolev embedding, we have
/ 6P (. Row)do < / 6+ Dy P dx.
w r<R
Then we can show that

/QEw](E»drg/Q/ |D¢|2dmr+/f2/ DL + D) dvdodr
T 71 Jr<R 7] *

+fr2/ 161%(1, R, w) dw
515"6[l3¢](1>2)+/2/ DL )2 + D) dvdwdr.
T1 J Hpx

Therefore, take p = 1 in the r-weighted energy estimate (27). From the above argument, we obtain the
following bound for the integral of the energy flux:

/ El$1(E0dr < / FIDLY P dvdo+ My f El$)(Z0 s de
7] Hrl*

7
+Coy (E[91(Be) + (0) 7 Colg) + 157 [r ' DL (r$))(D2))
for some constant Cy, depending on M>. For the second term, we further can bound

—e _ (,—1/e_—1—€\e/(1+€) 1/(14€) €  —lfe__1- €]
T, =(e "1} yela+e et/ €§—1+661 T, 6—i——1+6, Ve > 0.

Choose € sufficiently small, so that the second term can be absorbed. Then the first term can be bounded
using Corollary 27. Therefore, the previous estimate amounts to estimate (60). U

We have the following corollary.

Corollary 29. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have

/ ZrI“E[m(Er)dr < f P10 D Y P dvdo + (1) T E[1(S:)

"
T

+ &I+ I3 r ' DL (DR). (61)

Proof. Using estimate (49) of Lemma 19, we have the bound

/ |DL(r¢)|2dvda)§/ D¢ > r? dvdw + lim /r|¢|2dw§E[¢](2,).
H. H. ' Ju
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For all €; > 0, we have the inequality

VO 1+y0 —1- Yo—¢€
U 1- -, — (e Y0, 14y 1= e)l/(1+yo)(€ .L,Vo 6))/0/(1+yo) < T, Yo€1T ¢
i “ - B I+ L+

In particular, the above inequality holds for » = 1. Moreover, we also have

(Tl)yo € (r1+7/°)1/(1+y0)((‘El)}:—VO_G(HVU)NO)VO/(HVO) §r1+y0+(1'1)_1|_+y0_€-

Denote ¢ = r¢. From estimate (60), we can show that

f A ( f r|DL¢|2dvdw+E[qﬂ(zf)+r+y°5o[¢>]+1i§f(;0[r—lDL<r¢>]<@?)) dr

¥

193 12}
561“’/ ‘L'_:l_E/ r1+V°|DLt//|2a’vda)dr+61/ T E[$1(S,) dT
T] Hr* 7]

te f o7 EDI(S,) dr + &1+ 1571 DL ) I(DR).

T
On the right-hand side of the above estimate, the first term can be grouped with the last term. The second
term will be absorbed for small €;. The third term can be bounded using estimate (59). Therefore, using
Lemma 20 and Proposition 28, we can show that

/2 WE[GI(Z.) dT Sa 61/ NCE[QI(Z.) dT +€, " / rIDL Y P dvdo + e, " Elp)

T] T HT1

e P EBI(E) + € I T DL (r)1(DR).

2

Let €; be sufficiently small, depending on M>, €, yp and R. We obtain estimate (61). U
Estimate (61) can now be used to derive the r-weighted energy estimate with p = 1 + yp.

Proposition 30. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have

15}
/r1+V°|DLw|2dvdw+f/ (DY) + | Py P dvdwdt
= 1 J Hpx

S, / P10 Dy P dvdo + Elpl + (1) T EGI(E).  (62)
where r = r¢.

Proof. By taking € in estimate (57) to be sufficiently small and combining it with the r-weighted energy
estimate (27) for p = 1 4 yp, from Corollary 27 we obtain

12
/r1+7’0|DL1//|2dvda)+// PADLYIE + 1 PYID) dv dode
Hr* T1 ¥
2

5/ r1+V°|DLK//|2dvdw+50[¢]+Mz(/fE[¢](E )T de+ 1L ‘IDLW]@Z)

71

+ Caty (EL®N(S) + ()] 7 &lp] + 1157 ' DLy 1(D2))
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for some constant Cy;, depending on M. Estimate (62) then follows from estimate (61) together with
Gronwall’s inequality. (|

Take 71 = 0 in (62). From the energy estimate (56) and the r-weighted energy estimate (53) in the
exterior region, we conclude that the right-hand side of (62) is bounded. Since t; > t; is arbitrary there,
we in particular have the r-weighted energy estimate for the scalar field in the interior region.

Corollary 31. Let v = r¢. Assume that the charge qq is sufficiently small, so that Corollary 22 holds.

Then for all 0 < 11 < 13, we have

(%]
| bt avdos [ DR+ IpyP dvdods Sugilol (63)
H_x 71 S Hpx

2

Proof. From the r-weighted energy estimate (53) in the exterior region with p =14 yp, 71 =0, we derive

/ r DLy P dv de = / rIDLY P S, Sl
Ho H_Ry2

The energy estimate (56) in the exterior region implies that

E[¢](20) = E[¢]({t =0,r < R}) + E[¢](H_r2) S Eolo].
Then estimate (63) follows from (62) by taking 7, = 0. Il

This uniform bound for the r-weighted energy estimate in the interior region is crucial for the energy
flux decay. It in particular implies that the terms involving the r-weighted energy flux on the right-hand
side of the energy estimate (59) and the integral of the energy flux estimate (60) have the right decay in
order to show the energy flux decay.

Proposition 32. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then in the

interior region, we have the energy flux decay
E[¢1(Z) Su, Eolples ", V=0, (64)
Proof. Estimate (63) implies that

Il;”_/(;,o[r_lDLw](Z_?Z) S, (1)1 &P, VO<T <.

Then using a pigeonhole argument like in the proof of Proposition 11 for the energy flux decay of the
Maxwell field in the interior, the energy decay estimate (64) for the scalar field follows from the energy
estimate (59), the integral of the energy flux estimate (60) and the r-weighted energy estimate (63). For a
detailed proof for this, we refer to Proposition 2 of [Yang 2015b]. U

4.3.3. Energy decay estimates for the first-order derivative of the scalar field. In this section, we derive
the energy flux decay estimates for the derivative of the scalar field. The difficulty is that the covariant
wave operator [ 14 does not commute with Dz. Commutators are quadratic in the Maxwell field and the
scalar field. In our setting, the Maxwell field is large. In particular, those terms cannot be absorbed. The
idea is to exploit the null structure of the commutators and to use Gronwall’s inequality adapted to our
foliation X;.
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In the following, we always use i to denote the weighted scalar field r¢, that is, v = r¢. The
first-order derivative of ¢ is abbreviated ¢, and the second-order derivative ¢,. More precisely, we denote
o1 =Dz, ¢ = D%qﬁ with Z any vector field in the set I' = {9;, 2;; = x;0; — x;0;}. We use the same
notation for the weighted scalar field ¥, e.g., ¥ =r Dz¢. For any function f, under the null coordinates
(u, v, w), we define

e e AR
w

v o u

where (u, v, w) are the null coordinates on the region D. Similarly, we have the notation || f [l ;2512 (p)-
We can also define L7 LY L’ norms for general p, g, r.

To apply Corollary 24 for the exterior region and Proposition 32 for the interior region, it suffices to
control the commutator terms. However, we are not able to bound the commutator terms directly by using
the zero’s order energy estimates. One has to make use of the energy flux of the first-order derivative of
the solution and then apply Gronwall’s inequality. However, for the energy estimate for the first-order
derivative of the solution, the key is to understand the commutator [[14, Dz] with Z = 9, or the angular
momentum. The cases of d; and the angular momentum are quite different. The main reason is that the
angular momentum contains weights in » while d; does not. For the case when Z = 9;, it is easy to bound
[Ua. Dy, 1¢. The only place we need to be careful is the charge part. For the case of Z = €, the problem
is that the commutator [[J4, Dgq] produces a term of the form Z" F,,, D¢ which cannot be written as a
linear combination of Dz¢. The estimate for the commutator terms heavily rely on the null structure. We
first show the following lemma for the commutator terms.

Lemma 33. When |x| > R, we have
(04, DZ1¢1 S ol DLy |+ (el + 7 pDI DLy | + I[Pl + (1| +rIfl + ol +r 7 oDl (65)

When r < R, we have
I[Ca, Dz1¢| SIFIID@|+|J]19]. (66)
Here F = dA and J = 6F.

Remark 34. In this paper, all the quantities involving Z should be interpreted as the sum of the quantity
for all possible vector fields Z in I" unless otherwise specified.

Proof. Let v = r¢. First, from Lemma 4 we can write
[Oa, Dz]o = 2ir’IZ”F,wD“1p +iVFFLZ ¢ + i¢(—2Z"F,wr’1V“r +VH*Z"F,).  (67)

We need to exploit the null structure of the above commutator terms. The first term is the main one.
Since we will rely on the r-weighted energy estimates, it suggests writing the main term in terms of
the weighted solution r¢. The second term is easy, as V¥ F},, is a nonlinear term of ¢ by the Maxwell
equation. Let’s first estimate the third term. When Z = Q, note that 7 ~'Q is a linear combination of e;
and e;. We then can show that

r ' ZVFu DM (r )| S el IDL(rh)| + || DL (r ).
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This is the null structure we need: the “bad” component ¢ of the curvature does not interact with the
“bad” component Dy (r¢) of the scalar field. Similarly, when Z = 9;, the “bad” term rflgDL (r¢) does
not appear. More precisely, we have

P12 Fu D rg)) S el + DI P g) |+ pl 1D (rg).
For the second term on the right-hand side of (67), we note that V# F},, is a nonlinear term of ¢p. We have
IVEFWZ 1 S (1 +r1dDIgl.
For the third term on the right-hand side of (67), we show that
lip (=22 Fpur 'V r + V*Z Fu)| S (ol + 7o)

The case when Z = 0, is trivial. To check the above inequality for the case when Z = €, it suffices to
prove it for the component €2, = x;d; — x4d;. Then we can show that

—2QVF,,r Vi 4 VEQVF,, = 2Fj; — 2F (3,, Quj)
= 2F(a)j8r + aj —a)jar, wi 0y + 0 — wi0,) — 2F (0, ij)
=2F(3; — w;d, % — widy).

Here recall that w; = r_lxj. Since d; — w;d, is orthogonal to L and L for all j =1, 2, 3, we conclude
that 9; — w;d, is a linear combination of e; and e;. The desired estimate then follows, as the norm of the
vector fields 9; — w; 0, is less than 1. O

We begin a series of propositions in order to estimate the weighted spacetime norm of the commutators.
The estimates in the bounded region {r < R} are easy to obtain as the weights are finite. We now
concentrate on the region {r > R}. Let D, =D, N{|x| > R} and recall that D, = D} when T > 0, or
D; = D;*° otherwise. We first consider |a||Dg(r¢)|.

Proposition 35. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
€1 > 0, we have

DL 210012 p.) Sias Eolpler ' T " + €1 Iy T [r ™' DLDL(r))(Ds). (68)

Proof. The idea is to bound sup | D (r¢)| by the L? norm of Dy Dy (r¢). In the exterior region when
D, = D;°°, we can integrate from the initial hypersurface {t = 0}. In the interior region, choose the
incoming null hypersurface H ! e i R)/2 85 the starting surface. Denote i = r¢. We show estimate (68)
for the interior region case, that is, when 0 < 7; < 1. On the outgoing null hypersurface H,+, for all
0<71 <71 <1, We have

swp [ DLOOPE v 0 do
v>T+R) /2o
R
< [10u0o (e 2R 0)do+ [ 1DDLEDI DGO v do.
[ H_«

T
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Integrate the above estimate from t; to 7, and apply the Cauchy—Schwarz inequality to the last term.
From the integrated local energy estimate (59) and the energy decay estimate (64), we then derive

(%) —
/ sup / IDL(r¢) > dwdt Sy, Eoller () " + eIy [r~' DL DLy 1(DR)
71 v=(R+1)/2 Jo

for all €; > 0. The case in the exterior region follows in a similar way. O
We also need the analogous estimate for Dy (r¢).

Proposition 36. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all

€1>0and0 < p <14y, we have

1P DLy 5., Sits €1 E0ld1@) 7 + eI 1r ™ DLDL(r$)(Do). (69)

Here py = max{1 +e, p} and p, =min{1 + 1e, p}.

Proof. Similar to the proof of the previous proposition, we choose the starting surface for Dy (r¢) to be
Hq+ in the interior region and the initial hypersurface {r = 0} in the exterior region. We only prove the
proposition for the exterior region case. Denote v =r¢. On H U_“’T*, v > —1*, we can show that

,,p/ |DLw|2dw5/(rp|Dpr|2)(—v,v,w)dw

+f (PN DLW P+ P 1Dy || DLDL(r)]) du do.
HUT

The integral of the first term can be bounded by the assumption on the data. We control the second term
by using the r-weighted energy estimate. We bound the last term as follows:

rP\DLy | IDLDLY| S errP ul? DL DLy P + e P2 PP u DLy ?, Ve > 0.

When 2p > p;, we can use the r-weighted energy estimate (53) to bound the weighted integral of | Dy y/|.
Otherwise one can use interpolation and the integrated local energy decay estimate (56). For any case,
from the energy decay estimates (53), (56), (63) and (64) for ¢, one can always show that

/f PP Py P Dy P dudvdo Sy, 50[¢]rj3‘1‘70.
D:

Another way to understand the above estimate is to use interpolation. It suffices to show the above estimate
with p =0 and p = 1 4 yy. The former case follows by using the integrated local energy estimates for ¢,
while the later situation relies on the r-weighted energy estimate. Estimate (69) for the exterior region
case then follows. The interior region case holds in a similar way. U

As we only commute the equation with 9; or the angular momentum €2, to estimate the weighted
spacetime integral of D; Dy (r¢) in terms of Dz¢, we use the equation of ¢ under the null frame.

Lemma 37. Under the null frame, we can write the covariant wave operator [14 as
r0a¢ =rD"Dy¢ = —=DiDL(r$) + P*(r$) —ip-ré = =D Dr(r$) + P*r$) +ip-r¢  (70)
for any complex scalar field ¢. Here P* = P D,, + D*P,, and p = %(dA)LL.
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Proof. The lemma follows by direct computation. U
This lemma leads to the following estimate for D; Dy (r¢) and Dy Dy (r¢).

Proposition 38. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
14+€<p<1+4yp, wehave

I paelr M ADLDLY | + IDLDLY DID:) Sury Eold] + 11 < [DG11(D) + I IPYi1(Dr). (71)

Here ¢y = Dz, vy = Dz (r¢) and v = r¢.

Proof. Let’s only consider the estimate for Dy Dy (r¢) in the interior region. The proof easily implies the

%u+. It hence

suffices to show the estimate for p = 1 + 34, which is similar to the proof for the interior region case.

estimates for Dy Dy (r¢). The case in the exterior region is easier since in that region r >

Take D, to be 1_)2 for 0 < 11 =t < 1p. From the equation (70) for ¢ under the null frame, we derive
rPIDLDL®)P SrP10adlr® + 1P rgpl* +rP|r~ P Dy .

Here we note that | P2/ |> < |r~! P Dqr|. The integral of the first term on the right-hand side can be
bounded by &y[¢]. For the second term, we control ¢ by using Lemma 19. The last term is favorable as it
is a form of D Dz1r. We absorb those terms with the help of the small constant €; from Propositions 35
and 36. According to our notation in this section, let ¢} = Dov. Forall 1 +€ < p <14 yy, we have

24+yo—p—2€_ p-—-2 I+y—€ —1—
r+y P==€yp Sr}’°+r+y r—/—¢ r>R.

Since the energy flux for ¢ decays from Proposition 32, using Lemma 19 we conclude that

/ PP des Supy Eold1(T)E 2™,

Therefore, for all 1 +€ < p <14 y we can show that

// ti+yo*p*2€rp|DLDL(r¢)|2dv dudw
. L

D

S B p2DadlD2) + 111 < [DG11(DR) + I [PY11(DE)

1%) o0 .
+/ ri”"‘p‘zé/ /rl’|¢|2dw.2/r2|£§zp‘|2da)dudu
T l(r+R) w j<2 w

S, Eoldl + 11+y0 [D¢11(DE) + 1]’ [Py 1(DF)
This finishes the proof. O
Next we estimate the weighted spacetime norm of ||| Dy (r¢)|.
Proposition 39. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Denote

Y=rp. Foralll1 +e€ < p <14y, €1 > 0, we have

/ / PP 1P DL (r) P dx di S, Eoldler T+ e [T DLDLr N (D). (72)
D,
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Proof. Make use of Proposition 35. For all 1 +€ < p <1+ yy, we can show that

2 2 2 2)+1 12
/ / rPlaPIDL(r )P dxdt SUDLY IR, < pe o 1P PP e
Dr u™v [0) T u v T

2 D+1 pJj
SIDLYNT: e 5, Z”r(l’/ gl
Jj=2

—1_p—2-2 —1— _ —
S Solpley T T b et T T L T DL DL Y1 (Dy)

2
L®L212 (D)

for all €; > 0. As the above estimate holds for all T € R, from Lemma 20, we conclude that
/ / WP | Dy (rg) P dx dt Say Eoller T el Elr T DLDLYI(Dy).
D:

This finishes the proof for estimate (72). O

Next we estimate the weighted spacetime integral of (|a| + r~YpD|DL(r¢)|. One possible way to
bound this term, in particular ¢, is to make use of the energy flux through the incoming null hypersurface.
It turns out that we lose a little bit of decay in u# and we are not able to close the bootstrap argument later.
An alternative way is to use sup,, fw |a|? dw, which has to exploit the equation for F. For t € R, denote

k 2 |£§F ey
h@ =Y L6 e o+ - —r’dido. (73)
k<1 k<2 /¥ T4

Here (v, w) are coordinates of X, that is, (v, w) = (r, w) when r < R and (v, w) = (v, w) otherwise. We
cannot show that i (7) decays in 7. However, we can show the following:

Corollary 40. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then the
function h(v) is integrable in t:

2
/ Tl h(r) dr S MyT / ELh(E) AT S Mo 74
7 <t

forall0 <t <tyandt <O.

Proof. Using Lemma 20, the corollary follows from estimate (42) and the integrated local energy estimates
(24) and (25) for the Maxwell field F. O

We now can estimate the weighted spacetime integral of ||| Dy |.

Proposition 41. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
1+e<p=<1+yw,e >0,wehave

/ f WGP Dy (r) P dix di

D

<u elf/D TP () PP | DL(r D) dv dw dT + €7 Eolplry . 75
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Proof. Let v =r¢ and Y = Dz (r¢). We first use Sobolev embedding on the unit sphere to bound
2 _
lirel DLyl < (Irelf, + IrLoalys) - (e IDLY I, +ellDeDLyl;,). € > 0.

The proof for this estimate for all connections A follows from the case when A is trivial, as the norm
is gauge invariant. We in particular can choose a gauge so that the function is real, then make use of
estimate (42) of Proposition 17. We therefore can show that

p/2., Q+yot+e—p)/2 2
||r uy |rel |DL1//|HL§L%L£)(TDI)

2

2 20 1/2 —1/2
S Iek el - w2 (I Da DL 2 +€

k<l
~2+yot+e—pq  ~ 2 2 2 2 -1 2 2
SET TP R@ (el DL Dy 1 Ta s + el ray s s + e IrP DLyl ) |

IDLYll2)

LiL]

~24y0te—py ~ 2 ~ 1 1+ 2 p/2 2
éfl/u WYPRE) | rPIDoyn P dvdodT 4 e a T hG) | g luy T PRyppl Dryllecpar2
‘E Hf* u v w

~14+e— 1+ 2 2 2
+ellal T n G TP !

ra”LooLZLoo”u w”LSOLgoLEJ

,SMZ €1 // fi+y0+€—ph(f)rp|DLwl|2 dv d(l)du +€1—1€0[¢]T;V0+36'
D,

Here we have used the r-weighted energy estimates (27) and (28) and estimate (49) to bound ¢. O
For |r~!p||Dpv|, we have extra decay in r, which allows us to use Proposition 36.

Proposition 42. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
€1 > 0, we have

/f W p PIDL () Prit Y dx dt Sy, o I T DL DL r )1 (DR) + € 6], (76)
D,

Proof. The idea is that we bound p by using the energy flux through the incoming null hypersurface and
Dy (r¢) by using Proposition 36. In the exterior region, we need to specially consider the effect of the
nonzero charge. Other than that, the proof is the same for the interior region case. We thus take D; to be
D, with 7 <0. Let Y =r¢. Forall 1 +¢€ < p <1+ yp, we can show that

// |r—1p|2|DLw|2rdedt§f/ |5|2|Dm|2rf’dudvdw+/ lqo’| DLy Pr? ™ dudv des
D, D: D.

2 —112 —1-2
SMZ ||DL¢||L2LOCL2 (D: )”r/o”LooLZLoo(D ) +80 ¢]T+ "

1— _ 1-2
Swaty LT DD (D) + e Sl .
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The above estimate also holds for the interior region case when D, = D;Z forall0 <17 =1 < 1. From
Lemma 20, we then can show, taking the interior region for example, that

// o pPIDLY PP dx d
D

1)
S 61](}+6[r—1DLDL1//](D;2)+61/ f;1]&+e[r—lDLDLw](D;2)dr—|—e]—150[¢]

1

San, @1 DLDLY (DR + €7 Sl
Here we note that Int < 7. O
Next we estimate r 1| F| |D(ro)|.

Proposition 43. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
€1 > 0, we have

/ f L R D) P dx di S, € Eold] 461 / E ) E[Dyd](He) dE. (TT)

Proof. The idea is to use the energy flux through the outgoing null hypersurface to bound D (r¢) = Dq¢
and the integrated local energy estimate to control F. We only show the estimate in the exterior region.
Take D, to be D, for any 7 < 0. In the exterior region we have the relation r > 3 . Therefore, from
estimate (50) and the definition (73) of i(t), we can show that

//D ui+y°|F|2|lZ)(r¢)|2rl+V° dudvdw

/ 1+y0/2< - f |c’§2F|2+|qor2|2)dw)-/r|DQ¢|2dwdvdu

k=<2
ol |ID¢|2d J 40, o[ -1 2.2 : .
e dx t+ ~(7:)Jr h(T)| €, |lD¢| rrdvdo+e E[Dz¢](Hz+) | dt

<u, Solplry T + / O h@)e El@l(Hz) dT + € / hQ2u + R)E[Dz¢1(H,) du

u

S, €7 Eolgles TP e / T h(F)E[D2¢](Hs) d7.
T

Here we assumed that 3y < 1 and € is sufficiently small. For the case yy = 1, the above estimate also
holds but in a different form where we have to rely on the r-weighted energy estimate. For the sake of
simplicity, we do not discuss this in detail when yp > 1. g

Finally, we estimate the weighted spacetime norm of (|J|+ |rJ| + |o| + Ir~'o])|¢|. We show:
Proposition 44. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
14+€e<p =<1+, wehave

/ / (TP + 1P 01+ 1012+ Ir oS RrP P dx di <, E9lTes ™ (78)
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Proof. Let’s first consider (J12+ o>+ |r_1,0|2)|¢|2. The idea is that we bound ¢ by the energy flux.
Note that the nonzero charge only affects the estimates in the exterior region where r > %u+. From the
embedding (49) and the energy decay estimates (56) and (64), we can show that

// (I + 10>+ 1r pPIePrr 2> P du dv de
D,

N/ 2yote—p Zr!’“/ (1L 1>+ 1L50 P+ 1r 1 L8551 + Igor™ 3|2)dw'/rl¢|2dwdvdu
V k<2 ¢

<, Eol@] f uyte” "/ Zrl’“/ (IL&T P +1L50 1> +1r 7' 2551 + 1gor = 1) dw dv du
u v k<2 w
5M2 T—: y0+€
Here we used the r-weighted energy estimates (31) and (32) to bound the curvature components and the
definition for M, to control J. For |r/J|?|$|?, the only difference is that we need to put more r weights
on ¢. By using the embedding inequality (49) and the energy decay estimates (56) and (64), we conclude

that
/ rl+[J—)/0|¢|2 dw SMZ _L,_’Ij_l_ZVO‘
w

Therefore, we have

// WP g1 PP dudv do

S [ yorer f Dot / Lol de- / P do du dv

V k<2
S E0l$1) / / LT3 L5 g2 deo do du
k<2
SMz 50[¢]T+
Estimate (78) follows. O

Now it remains to consider the spacetime norm on the bounded region {r < R}.

Proposition 45. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then on the
bounded region {r < R}, for all 0 < 1| < 1) we have

/: HVO/ [0, D219 dx dt Su, Eolpl(r)T " (79)

1

Proof. First we conclude from the energy estimate (64) that the energy flux of the scalar field decays:
E[¢)(Z) Smy T 1, VT 20.

From the commutator estimate (66), we have

(04, Dz1¢| S IFI1Dg| +|J11¢].
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For the first term, we make use of estimate (39):

/ 1+)/0/ |F| |D¢|dxdt</ sup |F?(z, x) E[¢](Z, )tl+y0dr
T

1 |xI<R
17)

Su, Eold] sup |F|*(z, x)dt

7 |xX|<R

<u, Solplx) ;' 7.

For |J||¢|, we use Sobolev embedding on the ball Bg with radius R at fixed time 7:

193 T2
1+ 2 2 1+ 2 2
[ el [ rrieRaxars [ eIy g, 190, do
7 r<R 7 o "

[5) .
SMZ/ 50[¢]/ IVJI>+|J|>dxdt
7] r<R

<, Eolgl )y .
Thus, estimate (79) holds. |

Now, from Lemma 33, combine estimates (72) and (75)-(79). We can bound the first-order commutator.

Corollary 46. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
positive constants €| < 1, we have

177104, D211t = 0) + 1,1 °[[Da, DZ1¢1({ = 0))
a1 D@11 = O + e 1Py ] ({t = 0} N {r = R}) + Elple; !

+61/r++y°h(‘c)E[Dz¢](E,)d‘r—}—61// P (P Dy P dvdwdT.  (80)
R

Here ¢1 = Dzd), 1/[1 = Dz(l”(ﬁ) and Z € F{a;, Q,‘j}.

Proof. From Lemma 33, estimate (80) is a consequence of estimates (72), (75), (77), (76), (78) and (79).

11t [r =Dy Dy 1(D) can further be controlled by using Proposition 38 with p =1+e¢. O

The term lte

Now we are able to derive the energy decay estimates for the first-order derivative of the scalar field.
Based on the result for the decay estimates for ¢ in the previous subsection, it suffices to bound E[Dz¢].

Proposition 47. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have
the bound
EolDz¢] Sm, E1lP]. (81)

Proof. First, by definition,

ElDz¢) < &[]+ 111 [[0a. DZ1@)({t = O} + 1[T< [[Da. DZ1¢1({r = O)).



1882 SHIWU YANG

Then from the previous estimate (80), the above inequality leads to
EolDz9] Su, €115 < IDDzp1({t = O + € I [PY11({r = 0} N {r = RY) + Erlgple; !

+q/ T h(T)E[D2¢)(2,) dt +61f/ PP () P Dy 2 dv dw dT
R

for all 0 < €; < 1. Here ¢1 = Dz¢, ¥, = Dz(r¢) and the implicit constant is independent of €.
Now from the integrated local energy estimates (56) and (59) combined with Lemma 20, we can show

that
I < IDD2¢1({t = 0}) S, EolDz4).

By the energy decay estimates (23) and (64), we have the energy decay for Dz¢:
E[Dz¢1(E0) Sw, &l Dzl ", Vrek.

Moreover, the r-weighted energy estimates (53) and (63) imply that
rfy“’/ rP|DL(rDZ¢)|2dvdw+fR/ r®|P(rDz¢)|* dvdwdt Sy, ElDze).
Recall the deﬁnitioé for h(t) in line (73). By Corollary 40, we then can demonstrate that
/ TR E[D2¢)(30) dT Sy Eol Dz¢]/ h(v)dt Sm, EolDz¢],

/ / WLy P Dy P dv dw dT Sy, Eol Dz f T () dT Sm, Eo[Dz o).
We therefore derive that
EolDz¢1 S, €160[ Dzl +€; 'E1lpl, VO <€ < 1.

Take € to be sufficiently small, depending only on M», y, R and €. We then obtain estimate (81). [

The above argument implies all the desired energy decay estimates for the first-order derivative of the
scalar field in terms of £[¢]. Moreover, estimate (80) can be improved as follows:

Corollary 48. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
positive constants €| < 1, we have

L1104, D211t = 0D + 1,104, DZ11((t = 0D Sup, €1E1[@] + Eoldler . (82)

4.3.4. Energy decay estimates for the second-order derivatives of the scalar field. In this subsection, we
establish the energy decay estimates for the second-order derivative of the scalar field. Note that the
definition of M, records the size and regularity of the connection field A, which is independent of the
scalar field. In particular, Proposition 47 and Corollary 48 apply to ¢; = Dz¢:

EolDzd1] Sm, Erldn],

LU0, D211 = 0D + 17104, D211t = 0)) Sur, €1E1[b11+ Erlle; !
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for all 0 < €; < 1. Here &[¢1] Su, E1l¢] by Proposition 47. To derive the energy decay estimates for
the second-order derivative of the solution, it suffices to bound &;[¢1]. As ¢; = Dz¢, by definition

Eil1] = Eoldr] + Elen] + 11, 7°1Dz0a¢i1({r = O} + 1} 7 [Dz0achy 1({r = 0})
< &1+ 117 1Dz[04. DZ1¢1({t = 0} + 1[1 [D2[0a, DZ1¢1({r = 0)
< &lpl+ 111Dz, [Oa. DGt = 0D + 1} [[Dz. [Da. Dz11¢1({r = 0})
+ 17104, DZ1DZe)({t = 0} + 1174 [[Da. DZ)Dze)({t = O})
i S2001+ 1T 1IDz. [Da. DZN@I({t = 01 + 1[1< [[Dz. [Da. DZ11$1({t = 0})
+e&ilgi]+Eilgle!
for 0 < €; < 1. Let €] be sufficiently small. We then conclude that

Elg1] Su, &1+ 111Dz, [Da. DZNGI({t = O) + I[15 [[Dz. [Da., DZ11$1({r > 0)).

Therefore, bounding &[¢,] is reduced to controlling the second-order commutator [Dz, [[J4, Dz]]¢.
First, we have the following analogue of Lemma 33.

Lemma 49. Forall X,Y €', whenr > R, we have
[Dx. [Oa. Dy11¢| SOz 4. D21@l+ (IFI> + lrallral + ro > + [rpl (2l + )¢l (83)
When r < R, we have
[Dx, [Da. DyN¢| SOz 4. D21+ |[Da. DZ1¢] + [F|o). (84)
Here we note that L;F = L7z dA =dLzA.

Proof. First, from Lemma 4, we can write
[O4, Dx1¢ =2iX"F,,,D"¢ +iV"(F,, X")¢.
We need to compute the double commutator [ Dy, [[14, Dx]]¢ for X, Y € I'. We can compute that
[Dy, [Oa, Dx11¢ = Ly 2i X" Fjy D" +iV*(Fuu X))
=2i(LyF)(D¢, X)+2iF([Dy, D¢], X) +2iF(D¢,[Y, X]) +iY (V*(F,, X"))¢.

Here
[DY5D¢]:DM¢[Y3V,U_]+ DY’ ¢a

=iFyv, oV —(VIY"+V'Y")D,¢0,.
As X, Y €T for I' ={0;, ;;}, we conclude that X, ¥ are Killing:

VAXY 4+ VVXH =0, VAY"4+V'YH=0.
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This implies that the following term can be simplified:
Y(VM(Fuw X)) =Y, VFIF(V,, X) + V¥ (Ly F)(V,, X) + VFF(LyV,, X) + V¥ F(V,, Ly X)
=VH(LyF)(V,, X)+VFF(V,,[Y, X]).
Therefore, we can write the double commutator as
[Dy, [Oa, Dx11¢ =2i(Ly F)(D¢, X) +iV*(Ly F)(Vy, X)
+2iF (D¢, [Y, X)) +iV*F(V,, [Y, X1)¢p — 2Fy Fy .
Note that [X, Y] € span{I"} for X, Y € I' = {9,, €2;;}. We thus can write
2iF(D¢, [Y, X]) +id" F(3,, [Y, X1)¢ = [[a, Dyy.x11¢,

which can be bounded using Lemma 33. The term

2i(LyF)(D¢, X)+iV*(LyF)(V,, X)

has the same form with [[4, Dx]¢ if we replace F' with Ly F. In particular, the bound follows from
Lemma 33. Therefore, to show this lemma, it remains to control Fj Fy,¢ for X, Y € I'. This term has
crucial null structure we need to exploit when » > R. The main difficulty is that the angular momentum
Q2 contains weights in r. If both X, Y € ©, then

|Fl Fyy Slrallral + |ro .
If X=Y =09,, then
|Fy Fyu| SIFI%.

If one and only one of X, Y is d;, then the null structure is as follows:
|FY Fyyl S rIFf Fopl +r|Ff Fol
Srel+loD(al+ lab.
We see that the “bad” term r|«|> does not appear on the right-hand side. Hence
|Fy Fyul SIFI>+rallral+Iro > +rpl>, VX,Y €T.

Therefore, estimate (83) holds. On the bounded region {r < R}, null structure is not necessary and
estimate (84) follows trivially. O

The above lemma shows that the double commutator [ Dz, [[14, Dz]]¢ consists of the quadratic part
[ £k Dz]¢, which can be bounded similarly to [[14, Dz]¢ as we can put one more derivative Dz on
the scalar field ¢ when we do Sobolev embedding. It thus suffices to control those cubic terms in (83).
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Proposition 50. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have

Y I 10 40 DI = 0D + 1510 4, D211 > 0)
k<1

i, @l IS D@ ({1 = 0)) + e P IPYa]({t = 0Y N {r = RY) + Ei[gle;!

+€1/TJlr+yOh(T)E[¢2](Er)dT+€1// P () PP | DY P dvdw dT (85)
R R J Ho

for all positive constants €. Here ¢ = D%qﬁ, Yy = D% (r¢). The function h(t) is defined in (73).

Proof. From Corollary 46 and the decay estimates for the first-order derivative of the scalar field, it
suffices to consider estimate (85) with k = 1. The difference between estimate (80) and estimate (85)
is that F' is replaced with £z F in (85). However, we are allowed to put one more derivative on the
scalar field (¢; = D¢ is replaced with D2 7®). Note that for the proof of estimate (80), the higher-order
derivative comes in when we use Sobolev embedding on the sphere to bound || F - D¢|| L2

IF Dol S ILSFll - IIDgl2 or Y LS Flp2 - IDDyg 2.
k<2 k<1

For estimate (85), the corresponding term Lz F - D¢ can be bounded as follows:

ILzF Dz S Y NLSLZFll2 - IDDs¢ll 2 or (LzF 2~ DD,z
k=<1 k<2

This is how we can transfer one derivative on F to the scalar field ¢. In particular, estimate (85) holds. [J

From Lemma 49, to bound the double commutator, it suffices to control the cubic terms in (83) and (84).
We rely on the pointwise bound for the Maxwell field summarized in Propositions 14 and 17.

Proposition 51. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
14+€ <p <14y, we have

I e oJlUF P+ Irallral + rol” +Irpl (2] + lal)Igl1({t = 0, r = R})
+ 1 e P PIBIIAE = 0, r < RY) Sus, E1¢). (86)

Proof. On the bounded region {r < R}, the weights r” have an upper bound. The Maxwell field F' can
be bounded by using the pointwise estimate (40). We then can estimate the scalar field by using the
integrated local energy estimates. Indeed, for all 0 < 7] < 7, we can show that

12}
/f rJlr+V°|F|4|¢|2dxdr§/ o7 sup | FI* |6 dx dt
T1 r<R

71

Su, () EB).
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For the cubic terms on the region {r > R}, let’s first consider |ra||ra||¢|. We use the r-weighted energy
estimates (31) and (32) for the Maxwell field to control «, and the integrated decay estimate (42) of
Proposition 17 to bound «. The reason that we cannot use the pointwise bound (43) is the weak decay
rate there. The scalar field ¢ can be bounded by using Lemma 19. Indeed, for 1 +¢ < p <1+ yp, we can
show that

1 vepliralirel1811((r = 0} N {r = R))

~

52//ui+yo+€"’rl+y0/ |r£§a|2dw-/ |rckzg|2dw-/rl’“—yﬂw’;mzdwdvdu
u v w w w

k<1

Sus 51[¢]foui+e_y°rl+yof IrEkZozlzda)-/ |r£kzg|2da)dv du
u v w w

k<l

< // ui+70+€*17rp+2|ra|2|rg|2|¢|2dudvda)

<u, 51[¢]Z/u1++6‘y°/r1“0/ |r£kZo¢|2da)dv-supf IrLhal* do du
v w v w

k<14

Sus 51[¢>]/ T}fe_yoh(r) dt
R

SJMZ 51 [¢]

Here recall the definition of /(7) in (73), and the last step follows from Corollary 40.

For |F|?|¢|, we use the pointwise estimates (43) and (44) of Proposition 17 to bound the Maxwell
field F. The scalar field ¢ can be bounded using Lemma 19 as above. In the exterior region where the
Maxwell field contains the charge part gor ~> dt A dr, we have the relation r, > %u+. We can show that

[IF|?-¢1({t > 0} N {r > R))

2+yo+e— 21014 412 2 2+yo+e— 2—-8 .12
5//u+ WTEmPyP 2| F 1461 du dv dw + |qo| f/+R u TP P81 du dv dow
t <r

IP
24+yo+e—p

<u / / W TP TR0 24 / r1o1? dwdv du + E[¢]
u v w

< E1[6] / / WP gy
u v

Swm, Sl

For |ro|?|¢|, for the same reason as in the case of |ra||ra||¢|, we are not allowed to use the pointwise
bound (44) to control o due to the strong r weights here. Instead, we use the r-weighted energy estimate
for o on the incoming null hypersurface together with the integrated decay estimate (46). We can show
that
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ff rPlro !¢l a’xdt<2// 1+V°/|rcko| do- /lrcza| do- / PRI O dw dv du

<, E1lpl(x) T ZVOZ// 1+V0/ Ircto?dodu - sup/ Ircho? do dv

k<l

—1+p-2
S QSN Ty W L5015,
k<1

<u, E1lpl(x) TP,

This holds for all 7; € R. Since

243p—€—p>2+pw+e—p, 0<p<Il+y,

from Lemma 20, we obtain

1 vepllro Pol(is =0} 0 {r = RY) S, E1l¢).

Finally, for |rp|(Ja| + ||)|¢]|, we need to take into consideration the charge effect in the exterior region.
Except for this charge, the proof for the interior region case is the same. Let’s merely estimate this cubic
term in the exterior region. In particular, take D, to be D,, for some 7; < 0. By using the r-weighted
energy estimate for o and the pointwise bound (43) and (44) for F, for 0 < p <1+ yp we then can show
that

f/ P2 rplP (e + la )l dudv de
D,l
5/f |qo|rp(|a|2+|g|2)|¢|2dudvdw+// PP p P (ol + 1e)1¢)? du dvdo
Dy, Dy,

Swm, E1ld] (T1)+1 2y°+2ffrp 1/ L%, |2da)-sup(|rg|2+|roz|2)-/r|£l§¢|2da)dvdu

k<l

S EUSIEDT T+ EDIETY f f PP 5 du dv deo

k<l

<u, E1lplx) 7.

Here the last term is bounded by using the r-weighted energy estimates for p. As 1 is arbitrary, from
Lemma 20, we derive that

Ly veplro- (el +lah) - 91t = 0)N{r = R) Sm, E1l¢),  1+e<p<l+n.
To summarize, we have shown (86). O

Propositions 50 and 51 together with Lemma 49 lead to the desired estimates for the double commutator
[Dx, [Ha, Dy]] for X, Y € I". Then by the argument at the beginning of this section, we have control of
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&o[Dx Dy@]. By using the same argument as Proposition 47, we then can bound &[Dx Dy ¢] by & [¢].
This then implies the decay of the second-order derivative of the scalar field.

Proposition 52. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then for all
X, Y eT', we have the bound

E[DxDydl Su, E2lP1. (87)
Proof. From the argument at the beginning of this section (before Lemma 49), we derive that
E[Dx Dy$] Su, 211+ 1T 1Dx. [Da. Dyll¢1((r = 0} + I[75 [[Dx. [Da. Dyllgl((r = 0)).

Then by Lemma 49 and Proposition 50, for all 0 < €; < 1 and X, Y € I', we conclude that
Eo[Dx Dy ol S, Ellff];ie[Dm]({t > 0D + e I’ [Pv2]({r = 0} N{r = R))
+&ilgler +e / T (D Eld)(Z0) dT + e / f TP e (1) 1P| DLy dv dw dr,
R R J Hyx

where ¢ = DxDy¢ and ¥, = DxDy(r¢). The proposition then follows by the same argument as
Proposition 47. O

4.4. Pointwise bound for the scalar field. Once we have the bound (87), from Proposition 32 and
Corollary 24, we obtain the energy flux decay estimates as well as the r-weighted energy estimates for
the second-order derivatives of the scalar field. In other words, simply assuming M, is finite (see the
definition of M; in (35)) and the charge gq is small, we then can derive the energy decay estimates for
the second-order derivatives of the scalar field. For the MKG equations, J = § F = J[¢] is quadratic in
¢. To construct global solutions, we need to bound these nonlinear terms. In this section, we show the
pointwise bound for the scalar field with the assumption that M, is finite.

We start with an analogue of Proposition 14 regarding the pointwise bound of the scalar field in the
finite region {r < R}. Similarly to the pointwise bound of the Maxwell field, we use elliptic estimates.
However as the connection field A is general, we are not able to apply the elliptic estimates for the flat
case directly. We therefore establish an elliptic lemma for the operator Ay = Z?:l D; D; first. Let Bg,
be the ball with radius R; in R3. Define

1l ix sy = D 105 Djy -+~ Djyllasy ) + 1l sy k= 1.

1=;;=<3

Then we have the following lemma.
Lemma 53. We have the elliptic estimates
101 2B,y ShrRiRo 1D AB L2 + (1+ 1 Fll Lo (Bry) + ||J||H1(BR2))||¢||H1(BR2) (88)

forall Ry < Ry. Here the constant M, is defined in line (35) and J = §(dA) or J; = Bi(dA),'j.
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Proof. The proof is similar to the case when the connection field A is trivial. For the case when the scalar
field ¢ is compactly supported in some ball Bg,, using integration by parts we can show that

/D,-Dj¢-D,-Dj¢dx=—/ D;D;D;¢- D;¢ dx
Bg, Bg,

_ _/ D; DiDig - Db dx —/ [D;D;, Dj1¢ - D; dx
Bg, B,

:/ |Aag)Pdx — | ~/—1(2F;;Di¢+8;Fij¢) - D;¢p dx.
Bg,

Bg,

Estimate (88) then follows.
For a general complex function ¢, we can choose a real cut-off function x which is supported on the
ball Bg, and equal to 1 on the smaller ball Bg,. By direct computation, we can show that

IAAXP 128y = X A4 +20ix - Digp+ Ax - Pl 2By,
S NAAGN 2By, + @11 (By,)-
The lemma then follows from the above argument for the compactly supported case. O

We assume [14¢ verifies the extra bound
(2}
/ / IDOA¢ > + Dz D04 dx dt < CE&IPI(T), ", 0<t <D (89)
71 Jr<2R

for some constant C depending only on R. For solutions of (MKG), one has [14¢ = 0 and the above
bound trivially holds. The above elliptic estimate adapted to the connection field A implies the following
pointwise bound for the scalar field ¢ on the compact region {r < R}.

Proposition 54. Assume that the charge qq is sufficiently small, so that Corollary 22 holds and the
inhomogeneous term [J 4 ¢ verifies the bound (89). Then for all 0 < 1 and 0 < 11 < 1o, we have

f2sup(|D¢|2+|¢|2><r,x>dr§/Zf DD+ 1oL dx di Sup, SIS, (90)
T 71 Jr<R

1 1x|I=R
ID$I*(z, %) + |6 (x, ¥) S, SIPITL ™, Vx| < R. 1)
Proof. At the fixed time t > 0, consider the elliptic equation for the scalar field ¢, = D’éd):
Aa¢ = DiDygy + Di0agp + [Oa, DEI.

Proposition 14 together with Proposition 17 indicate that the Maxwell field F' is bounded. The definition
of M, shows that

T+1
||J||§,1(BZR)§f IVIP+18,VIP + P+ 18,J P dx di S M.
T
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Here Bpg, denotes the ball with radius R; at time 7. Then by the previous Lemma 53, we conclude that
1Bk 31230 ) Sz 1P Deill72 ) + I DZEABNT2 5,y + 140 DZIGN T, ) + 10k 371y
This gives the H? estimates for D,¢ and ¢. To obtain estimates for D ¢, commute the equation with D;:
AsDjp =D;D;Di¢p+ D;0s¢p+[As, Djl¢p = D;D;Dip + D;0sp +~—1(2F;; Dip + 0; Fj ).

Then using Lemma 53 again, we obtain

2 2 2
||D]¢”H2(BR) gMz ||Dj¢”H'(B3R/2) + ||AADJ¢||L2(33R/2)

2 2 112 2
gMz ||¢||H2(B3R/2) + ||Dth¢||L2(33R/2) + ”Djl:lAd)”LZ(BgR/z)'

Here we have used the facts |F|> < M, and ||J ”%'II(BZR) < M,. Then for the pointwise bound (91), we

need to show the energy flux decay through B,y at time t. This can be fulfilled by considering the energy
estimate obtained by using the vector field d;, as multiplier on the region bounded by {r =t} and X,;_g
(recall that ¥, = H;~ for negative t < 0). Corollary 27 together with Propositions 32 and 52 then imply
that

E[DY¢1(Bog) < EIDSGI(S_g) + (r — R T &[DY ) Sup, Ekldlr ™", k<2

For the flux of the inhomogeneous term D[J4¢ and the commutator term [Dz, [14]¢, we can make use
of the integrated local energy estimates. More precisely, combine the above H? estimates for ¢, = D’é(l),
k=0,1, and D;¢. We can show that

2 E : 2
||Df¢”H2(BR)+ ||¢k||H2(BR)
k<l

Smr Y EIDY¢1(Bag) + D042, + 1104, D216,
<2

T+1
Sm, Salglry T+ / / |DOAg|* + | D DO dx dT + I [Dz[Ca, DZ1¢1(D_g)
T r<2R
Sus 52[¢]T4:1_VO-
Here we have used the bound

115 D504, DZ1811 = 0) Sa, Exs1ldl, k=0, 1,

which is a consequence of the proof in the previous section (see the argument in the beginning of
Section 4.3.4). Then Sobolev embedding implies the pointwise bound (91) for ¢.
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For the integrated decay estimate (90), we integrate the H> norm of D ;¢ from time 1 to 5:

2
2
/;I ”D('b”Hz(B )dT <M2/ Z ”D ¢||L2(BZR) + ||D|:|A¢||L2(BZR) + ||[|:|A, DZ]¢”L2(BZR) dt

<2

Sy Y Iy TEIDLeN(DE R)+/ /<2R|DDA¢| dx dv + I§[[Dz, O4191(D7_p)

<2

<u, Eald1(T); .

Here we have used the integrated local energy estimates for the second-order derivative of the scalar field.
Then Sobolev embedding implies the integrated decay estimate (90). O

Remark 55. For the Sobolev embedding adapted to the connection A, it suffices to establish the L?
embedding in terms of the H' norm. As the norm is gauge invariant, we can choose a particular gauge
so that the function is real. For a real function f we have the trivial bound || Dy fl;2 > ||af || ;2. This
explains the Sobolev embedding we have used in this paper adapted to the general connection field A.

Next we consider the pointwise bound for the scalar field outside the cylinder {r < R}. The decay
estimate for ¢ easily follows from Lemma 19, as we have energy decay estimates for second-order
derivatives of ¢. However, this does not apply to the derivative of ¢ due to the limited regularity (only
two derivatives). Like with the Maxwell field in Proposition 17, we rely on Lemma 16.

Proposition 56. Assume that the charge qq is sufficiently small, so that Corollary 22 holds. Then we have
the pointwise bound

DL DY) 1210012 5.y Sits Eria )T 7 k=0,1, 92)

de—1—
||’”p/2DL(”Dz¢)||LzLooLz(D ) NMz gk—H [¢](T1)P+ €— VO 0 < p < 1 +VO —46, k= 0, 1, (93)

rP(IDLr )+ D)) (T, v, @) S, Exlplr? ™77, 0<p<l+m, (94)
IDL(rp) (T, v, @) Sap, Exlplry 7, (95)
P11 (T, v, @) S, Eal@lT! 2T, l<p<2. (96)

Remark 57. If we have one more derivative (assume M3), then we have a better estimate for P (r¢), as
we can write it as Dz¢.

Proof. Estimate (92) follows from (68) and (71) together with the r-weighted energy and integrated local
energy estimates for the scalar field DX 7®, k < 2. Estimate (93) is a consequence of (69) and (71).

For the pointwise bound for the scalar field, let ¢y = D’}qﬁ, Y = D’é(rqﬁ), k < 2. First, the r-weighted
energy estimates (53) and (63) imply that

/ PRI dvdo Su, EdGTET 0, k<2, 0<p<l+y.
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From the r-weighted energy estimate for F and Lemma 19, we can bound the commutator:

f FPILD, DTy dv dw,S/ PP FpL Dyt P+ 1L Frwr ) dv deo
Hr* HT*

52/ rP (1LY oy + IrLyal 1Y) dv de
H,x

=1
S 52[¢]|QO|‘L'£_3_VO + 52[¢]T£—1—2y0
TR ) LA

Here the charge part only appears when 7 < 0. The previous two estimates lead to

/ rPIDYD, DLy P dvde S, &1l ", k+1<2, 0<p<l+p.

Hyx

To apply Lemma 16, we need the energy flux for Dy Dy . From the null equation (70) for the scalar
field, on the outgoing null hypersurface H,+, for k =0, 1, we can show that

/ rP|Dy Dy |* dv dw 5/ rP(p-répl* + Ir ' P Doy > + rOadk|*) dv dw
H. H.

1
Su, Exrlpley 7.

Here the first term p - 7y has been bounded in the above commutator estimate for [D2, D;]y. The
second term |r ~! D Dok | can be bounded by the energy flux of EZZF through H;+ as p < 2. The bound
for 4 ¢y follows from the argument in Section 4.3.4 where we have shown that &;[¢x] Sur, Ealr—11]
for k =0, 1. Now commute Dy with i = D’éw. First, we can show that

|DL[DL, Dz | S ILFLzI 1|+ FzL|IDL|
S (LGra)|+IrLzal+ [LpDIY |+ (ol + raD| DLyl

On the right-hand side, the second term is easy to bound as we can control the Maxwell field p, ra by
the L° norm shown in Proposition 17 and the scalar field i by the r-weighted energy estimates. For the
first term, we have to use the null structure equations of Lemma 5 to control L(r«), Lp. Indeed, we can
show that

/rP|DL[DL,DzJdedw5M2/ rPIDEDLY > +rP(IL(re)|* + |rLzal* + | Lp|*) &[] dv dw
H* HT*

T

<, E2l] (rﬁ‘“” + /
H.

ok

rP(1La(p, o, ) >+ |rd 1> +p|*) dv dw)

NA 52[¢]t£717y0-
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Here we can bound p, o, o0 by the energy flux as p < 2. For the inhomogeneous term J we can use one
more derivative Lj,. In particular, we can show that

Z/ rP(|D; DD,y > + | Do DY D,y |* + DD,y |?) dvdw
k<1 H «

s Z/ rP(IDy Dy 1> +|DLIDz, DLW +|DLDL Dz |* + Dy, DDz |*) dv dw
1<2 *

1=
S, Exprlpled ™ .

Then using Lemma 16 and Sobolev embedding, we derive the pointwise estimate for Dy ¥ (see Remark 55
for the Sobolev embedding adapted to the connection A). This proves the first part of (94).

For Dy and P (r¢), we make use of the energy flux through the incoming null hypersurface H.,
which is defined as H ;v’f* when 7 <0Qor H f,*’ Y when 7 > 0. From the energy estimates (53), (56), (63)
and (64), we obtain the energy flux decay

/ DLDAY P+ | PDEy 2+ 2" DD+ 12| Dy Db du dw <pg, g™
H.

fork <2and 0 < p <14 y. As D(r¢) = Dq@, the above estimates together with Lemma 16 indicate
that L
r’|Dagl® S, E2[$1TL 0, 0<p<l+n.

Thus the second part of (94) holds.
For Dy, we need to pass the D, derivative to ¥. We can compute the commutator:

D%, DLIy| S (IrLzal +|LzpD) || + (Irel + o)) Dz .

We can bound v using Lemma 19 and p, o using the energy flux through H .. Then the previous energy
estimate implies that

fH |DYD, DYy +1r ' DYy 1P dudw S, Elpley' T, k+1<2. 97)
To apply Lemma 16, we also need an estimate for Dy Dy . We use the null equation (70) to show that
/ |DL D> dudw Sy, 52[¢]T;1_y°, k<1.
H,

The proof of this estimate is similar to that through the outgoing null hypersurface we have done above.
To pass the Dy derivative to ¥, we commute Dy with ¥ = Dz

|DLIDL, Dz1y| S I1DLyr|(ral+ 1D + 1Y (Lel + |L(re)| + [0 (ra)]).

Again we can bound Dy using the energy flux and ra, p by the L* norm. For the second term, ¥ can
be bounded using Lemma 19, and the curvature components Lp, L(ra) are controlled by using the null
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structure equations (7) and (8). More precisely, we can show that

Z/ |DLD§DL¢|2duda)§/ |DL[Dz, DLW |*+|D, D, D5y |* +|Dy, D, Dy > du dw
kfl HT HT

<u, EalplT T

This estimate and (97) combined with Lemma 16 imply the pointwise bound (95) for Dy .
The pointwise bound (96) for ¢ follows from Lemma 19:

[ 1Dk v 00 do S 101 k2 1=p =2
w
together with Sobolev embedding on the sphere. O

5. Bootstrap argument

We use a bootstrap argument to prove the main theorem. In the exterior region, we decompose the full
Maxwell field F into the chargeless part and the charge part:

F= I_;'+C]OX{rzz+R}r_2 dt Adr.

We make the bootstrap assumption
my <2& (98)

on the nonlinearity J, = V"F,, = J3(¢ - lm) = J,[¢]. Here recall the definition of m, in (35). Since
the nonlinearity J is quadratic in ¢, m, has size £2. By assuming that £ is sufficiently small, we then
can improve the above bootstrap assumption and hence conclude our main theorem. The smallness of £
depends on M. Without loss of generality, we assume £ <1 and M > 1.

In the definition (35) for M», the main contribution is E%[F ] with F the chargeless part of the Maxwell
field on the initial hypersurface {t = 0}. As the scalar field ¢ solves the linear equation [J4¢ =0, we
derive from the definition (47) for &[¢] that &[¢] = E}[¢]. The definition for E5[F] and E5[¢] has
been given in (6). To proceed, we need to bound E(%[lE ] and &[¢] in terms of M and &, which is shown
in the following lemma.

Lemma 58. Assume that the initial data set (E, H, ¢g, ¢1) satisfies the compatibility condition (2) and
that the norms M, & defined before Theorem I are finite. Then we can bound Eg[I? ] and Eg [@] as follows:

ESIFISM, Ejl¢lSmE.

Proof. To define the norm Eg [¢], we need to know the connection field A on the initial hypersurface {r =0}.
As the norm E’g [¢] is gauge invariant, we may choose a particular gauge. Let A = (A}, A,, A3)(0, x),
Ao = Ap(0, x). We want to choose a particular connection field (Ag, A) on the initial hypersurface to
define the gauge invariant norm E’g [p].

It is convenient to choose the Coulomb gauge to make use of the divergence-free part E and the
curl-free part Ef of E. More precisely, on the initial hypersurface {t = 0}, we choose (Ao, A) so that
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div(A) = 0. Then the compatibility condition (2) is equivalent to
AAg=—3(¢o-¢1) =—Jp(0), VxA=H.

Define the weighed Sobolev space

WP = {f ‘ Z |+ x> Ealf|,, < oo}.
[Bl<s

For the special case p =2, let Hy 5 = Wis. Denote I' = {©2,0;},6 = %(l + Y0). By the definition of M,

<M'? k<2, ZeT.

~

L% H |y,

Then from Theorem 0 of [McOwen 1979] or Theorem 5.1 of [Choquet-Bruhat and Christodoulou 1981a],

we conclude that _ - .
”LkZA”Hm—l SJM]/Z’ k§2’ Zel.

This is the desired estimate for the gauge field A. With this connection field A, we then can define the
covariant derivative D = V 4 +/—1 A in the spatial direction. Therefore,

I1DG (O, )l o5 = I Dpoll s + 1911105 S €'+ 1 Allyz, Idollwe,
< V2014 M2y < V2112,
By the same argument, and commuting the equations with D, we obtain the same estimates for D ¢:
IDD4 (O, Hla,, SEVPM'2 k<2,

To define the covariant derivative Dy, we need estimates for Ag. The difficulty is the nonzero charge.
Take a cut-off function y (x) = x (Jx|) such that x = 1 when |x| > R and vanishes for |x| < %R. Denote
the chargeless part of Ag and Jy as follows:

Ag= Ao+ xqor™",  Jo(0) := Jo— A(xqor ™).
By the definition of the charge gg, we then have
AAg = —Jo(0), / Jo(0) dx =0.
R3
Recall that Jy(0) = J(¢ - ¢1). Using Sobolev embedding, we can bound
IIJ_o(O)IIW(;_/Zz5 S 1ol +181llw2 ligollws, < 1gol +ldillwz Ndollwz, S E-
Then from Theorem 0 of [McOwen 1979] again, we conclude that

A <
1Aollyzz S €.
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Here the condition that Ay is chargeless guarantees A to belong to the above weighted Sobolev space.

Then using the Gagliardo—Nirenberg interpolation inequality, we derive that
=7 =7 12 So7 12
IV Aol o512 S IV A0S, - IVV AN, S €.

0,26—1 0,28

By definition, one has E = 3, A — V A(. By our gauge choice, ;A is divergence-free and V Ay is curl-free.
In particular, we derive that EY = 3,A and E" = —V A(. Take the chargeless part. We obtain that
E' = VA, when |x| > R. Therefore, we can bound the weighted Sobolev norm of the chargeless part of
the Maxwell field F on the initial hypersurface as follows:

IFltos < I F xqx1<r) | Hos + ICE, HD Xqx1=R) | Ho s
5 ||FX{‘X‘SR}”HO,5 + ||(Edfs H)X{|X|ZR}||H0,5 + ”ECfX{\X\ZR}”H(),g

<MV 4 IV Aol S MV2.

~

Similarly, we have the same estimates for Ekz F, k <2, that is,

<MV k<.

~

L =

1C5 Fll

To derive estimates for D’§¢ and £kZF on the initial hypersurface, we use the equations
WE—-VxH=3(-Dp), ,H+VxE=0, D,p=DD¢

to replace the time derivatives with the spatial derivatives. The inhomogeneous term J(¢ - D¢) or the
commutators [D;, D] could be controlled using Sobolev embedding together with Holder’s inequality.
The lemma then follows. U

The above lemma then leads to the following corollary:

Corollary 59. Let (¢, A) be the solution of (MKG). Under the bootstrap assumption (98), we have
My SM, &[pl1SmE.
Proof. The corollary follows from the definition of M, and &[¢] in (35) and (47) together Lemma 58. [

From now on, we allow the implicit constant in < to also depend on M, that is, B < K means that
B < CK for some constant C depending on yp, R, € and M. The rest of this section is devoted to
improving the bootstrap assumption.

To improve the bootstrap assumption, we need to estimate m, defined in (35). On the finite region
{r < R}, the null structure of J[¢] is not necessary as the weights of » are bounded above. When r > R,
the null structure of J[¢] plays a crucial role. Note that J; and J = (/J,,, J,,) are easy to control as
they already contain “good” components D¢ or Dy (r¢). The difficulty is to exploit the null structure of
the component J; which is not a standard null form as defined in [Klainerman 1984; 1986]. The null
structure of the system is that J; does not interact with the “bad” component « of the Maxwell field.

For nonnegative integers k, write ¢y = D’%qﬁ, Yy = D’} (ro), Fr = EkZF in this section. First we expand
the second-order derivative of J[¢] = J(¢ - D).
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Lemma 60. Let X be L, L, ey, e5. Then we have
1L2T1+ VL2 S ID@1||DP| + |p1|1D*¢| + || |D*¢1 | + IVF| 1> + |F| D@l ¢], x| < R;

)
PILLIx IS Wl IDx Vol + ) 1LY Fax!| [ ¥, x| > R.
k=<2 hi+h+I13<1

Proof. By the definition of the Lie derivative £z, we can compute

LzJx=Z(Jx)—Je,x =3(Dz¢-Dxd+¢-DzDxdp —¢- Dz x14)
S(p1-Dxp+¢-Dxdpr+¢-([Dz, Dx]— Diz x))®)

= :9(¢[ . DX¢1—[) - FZX|¢|2'

Here we note that [Dz, Dx] — Dz x1 = ~/—1Fyx for any vector fields Z, X, and we omitted the
summation sign for / = 0, 1. Take one more derivative V (recall that V is the covariant derivative in the
spatial direction). The estimate on the region {r < R} then follows.

Similarly, the second-order derivative expands as follows:

Eyﬁz.]x = Yﬁz‘]x - ﬁz.][y’x]
=Y3(¢r- Dx¢1-1) — Y (Fzx|$|*) — 3(¢r - Dy x1¢1-1) + Fziy x|
=3(¢x - Dxpa—i) — (LyFzx + 117[}/,2])()|¢7|2 +3(—1¢;- Fyxpr—1) — Fzx Y ||

for any vector fields X, Y, Z € I'. Here we have omitted the summation sign for k =0, 1,2 and / =0, 1.
Note that
3(¢-Dxp) =r?I(r¢- Dx(rg)), [Y.Z]=0or eT.

The estimate on the region {r > R} then follows. Thus the proof of the lemma is finished. (|
Next we use the above bound for J[¢] to improve the bootstrap assumption.

Proposition 61. Assume that the charge qq is sufficiently small, depending only on €, R and yy, so that
Corollary 22 holds. Then we have

my < CE? (99)
for some constant C depending on M, €, R and yy.

Proof. Since M, S M, all the estimates in the previous section hold. In particular, we have the energy
flux and the r-weighted energy decay estimates for the scalar field and the chargeless part of the Maxwell
field up to second-order derivatives. Moreover, the pointwise estimates in Propositions 14, 17, 54 and 56
hold.

Let’s first consider the estimate of |J|r~2 in the exterior region. We have the simple bound that
|JL| < |Dr¢||¢|. We can control Dy ¢ by using the energy flux through the incoming null hypersurface
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H, and ¢ by the L*° norm. In particular, for any t < 0 we can show that

0 1/2 1/2
// |JL|r—2dxdt§/ (/ |DL¢|2r2duda)) (/ |¢|2r_2dudw> dv
;OO —T* H, H,
00 1/2
5/ r;(HVO)/Z(/ r4t;y°duda)> dv
—T* H,

o0
< / P DUF 202,372 gy < g1,
7-[*

N

A

We remark here that we cannot use the integrated local energy to bound the above term due to the exact
total decay rate of |Jp| r~2. As |qo| < &, we therefore obtain

|q0|supr_1ﬁy°// |Jplr2dxdt <&, Yt <O.
Dy ®

<0

Next we consider the estimates on the compact region {r < 2R}. As |¢1| = |Dz¢| < |D¢| when |x| < R,
we can bound ¢y, ¢, D¢ and F by the L™ norm obtained in (40) and (91). Then D?¢; and VF can be
controlled using the integral decay estimates (39) and (90) on {r < R}. To derive estimates for D¢y or
V F on the region {R <r < 2R}, we use (MKG). From Lemma 37 and Lemma 5, we can show that

|D*¢1|+EIVF| S Dol + IDLDLY | + | FlIgi |+ E(I1L2FI+1L(Pp, rPo, ra)| + |L(ra))
S Dol + [Hadt| + | Fligi +ELZF|+ [ T)]).

Here we omitted the easier lower-order terms. On the region {R <r < 2R}, the set I" only misses one
derivative, which could be recovered from the equation. From Lemma 60, we can show that

Iy 2 [1LZ |+ IV L2 T 1(r < 2RY)

o0
55/ rff |D%¢1)? + E|IVF|* +|Dp|? dx dt
0 r<2R

o0
562+€f rf/ DG |? +|0agi > + I F g1 1> + ENLZFI* + TP dx dt
0 R<r<2R

SEFERTapI(r = RY + EXLIJI(r = RY) S €%

Here the implicit constant also depends on M and we only consider the highest-order terms. The second
to last step follows as the integral from time 1 to tp decays in 7. Hence the spacetime integral is bounded,
using Lemma 20. The bound for [14¢; follows from Proposition 47 and the spacetime norm for J is
controlled by the bootstrap assumption.

Next, we consider the case when |x| > R, where the null structure of J plays a crucial role. For |£22 Jil,
Lemma 60 implies that

P12 00 Sl DLkl 4+ (rLhal + 125 oD W, | 111, -



DECAY OF SOLUTIONS OF MAXWELL-KLEIN-GORDON EQUATIONS 1899

Here the indices k, 2 —k, 1 —1; — I, I1, [, are nonnegative integers and we only consider the highest-order
term as the lower-order terms are easier and could be bounded in a similar way. On the right-hand side of
the above inequality, after using Sobolev embedding on the sphere, we can bound || using Lemma 19
and Dy, |a|, p using the integrated local energy estimates. Indeed we can show that

LA Vo 2/ (V= 3)

/ / C R 2L 0 P dudow d

2
< [ [ [ apdo: [ 1DywaPdo+ [ riiap + 165 do. (f vl dw) dvd
12
/ / 1 €golr Tt 1*”’*26(/ |w2|2dw) dvdt
<0 w

D¢, |? Ly F|? _
<(€/ 1+2€/ | ¢2| dxdt +€2/ 1+2€/ | | dx dr+€2|q0| /r+4+€+V0 dvdrt
H,

* r+ H x r+ <0

SEL DIt = 00 + EX 1L S ILL F1({t > 0) + Igol*E2 S &2

Here, after using Sobolev embedding on the sphere, we dropped the lower-order terms like i1, ¥. In
the above estimate, we have used the decay estimates fw Wi l>do < E r;yo by Lemma 19. The last step
follows from the integrated local energy decay (see, e.g., estimate (64)) and Lemma 20. We also note that
in the exterior region, ry > %ur.

For J;, Lemma 60 indicates that

P12 00 Sl DLk 4+ (r Lhal + 1£5 oD W, | 111y, -

Similarly, after using Sobolev embedding, we control ¥, by using Lemma 19. Then for Dy v, |£"Za| we
can apply the r-weighted energy estimates. For p, we split it into the charge part gor ~2 and the chargeless
part which can be bounded by using the energy flux decay estimates. More precisely, for € < p <14 yy,
using the estimate r ! /L, i l> do < Erj_yo we can show that

1P 1e2Jdr = RY)

I+yo+e—p
_ p—1_l4+yt+e—p, 2,2 5 |2
_//H PPleh r202 ;12 dv do dt
T*

<g// rP TP IDL | dwdvdr+52// rPeT P (e Lha +1£5 017 do dv dt

_ 4 1- _
+52/ frp Haol?r 4o, "™ P dvdr
<0 Jv

—p—1— —p—yo—1— —p—1—
582/1'_7_ P V0+P+tj_ P—0 V0+P+.L.j_ P Yo dT+52|QO|2552.
T
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Next, for /, Lemma 60 shows that

i i i
P1LLH S Wl | DYkl + (Lo | + | Le + | L) [y, | [V, -1,
Like the previous estimates for Jr, Jr, for all € < p <y we can show that

nirCZ 0 = RY)

= / / P P2 R dv deo e
T Hr*
’S’ 5,/,/ rﬁp-fj-_pHDWﬂzda)dv dT +52// rﬁri_p_y0(|r£lzlo.|2+ |£lZI(gv a)IZ) da)dvdf
T Hr* T .

gsff r1°(|4m/f2|2+5|rc’zl(a,a)|2)dwdudr+52/f ri=€|tha? dwdvde
T J Hpx T J Hpx

<&
Here /1 < 1. The last term is bounded by using the integrated local energy estimates. This relies on the
assumption that yp <1—¢€ < 1. For y > 1, we then can use the improved integrated local energy estimate

for the angular derivatives of ¢ or o, or we can move the r weights to ¢y.
Combining the above estimates, we have (99). O

By choosing £ sufficiently small depending only on M, €, R and Yy, we then can improve the bootstrap
assumption (98). To prove Theorem 1, we can choose R = 2. Then for sufficiently small £, we can bound
mo and M>. The pointwise estimates in the main Theorem 1 follow from Propositions 14, 17, 54 and 56.
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INVARIANT DISTRIBUTIONS AND THE GEODESIC RAY TRANSFORM

GABRIEL P. PATERNAIN AND HANMING ZHOU

We establish an equivalence principle between the solenoidal injectivity of the geodesic ray transform
acting on symmetric m-tensors and the existence of invariant distributions or smooth first integrals with
prescribed projection over the set of solenoidal m-tensors. We work with compact simple manifolds, but
several of our results apply to nontrapping manifolds with strictly convex boundary.

1. Introduction

The present paper studies the geodesic ray transform of a compact simply connected Riemannian manifold
with no conjugate points and strictly convex boundary. Our main objective is to establish an equivalence
principle between injectivity of the ray transform acting on solenoidal symmetric m-tensors and the
existence of solutions to the transport equation (associated with the geodesic vector field) with prescribed
projection over the set of solenoidal m-tensors.

The Radon transform in the plane is the most fundamental example of the geodesic ray transform. It
packs the integrals of a function f in R? over straight lines:

o0
Rf(s,a))=/ fsw+tot)dt, seR, weSk
—00

Here w is the rotation of @ by 90 degrees counterclockwise. The properties of this transform are well
studied [Helgason 1999] and constitute the theoretical underpinnings for many medical imaging methods
such as CT and PET. Generalizations of the Radon transform are often needed. In seismic and ultrasound
imaging one finds ray transforms where the measurements are given by integrals over more general
families of curves, often modeled as the geodesics of a Riemannian metric. Moreover, integrals of tensor
fields over geodesics are ubiquitous in rigidity questions in differential geometry and dynamics.

In this paper we will relate the injectivity properties of the geodesic ray transform with a well-studied
subject in classical mechanics: the existence of special first integrals of motion along geodesics. Some
Riemannian metrics admit distinguished first integrals; e.g., the geodesic flow of an ellipsoid in R> admits
a nontrivial first integral which is quadratic in momenta. As recently shown in [Kruglikov and Matveev
2016], a generic metric does not admit a nontrivial first integral that is polynomial in momenta, but here
we will show a complementary statement going in the opposite direction: from the injectivity of the
geodesic ray transform on tensors, we will show that it is possible to construct a smooth first integral
with any prescribed polynomial part. In other words, given a polynomial F of degree m in momenta

MSC2010: primary 53C65; secondary 58J40.
Keywords: geodesic ray transform, first integral, tensor tomography, invariant distribution.
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satisfying a natural restriction condition (related with the transport equation, see Section 7), we will show
that we can find a smooth function G whose dependence on momenta is of order > m such that F 4+ G is
a first integral of the geodesic flow. Generically G is nonvanishing and not polynomial in momenta.

Let us now explain our results in more detail. The geodesic ray transform acts on functions defined on the
unit sphere bundle of a compact oriented n-dimensional Riemannian manifold (M, g) with boundary oM
(n > 2). Let SM denote the unit sphere bundle on M i.e.,

SM = {(x.§) € TM : €] = 1}.

We define the volume form on SM by d 22" 1(x,£) = |dV"™(x) AdQx ()|, where d V" is the volume
form on M and d Q2x (&) is the volume form on the fiber Sy M. The boundary of SM is given by 0SM :=
{(x,€) € SM : x € M }. On 3SM the natural volume form is d £2"2(x, &) = |d V" 1 (x) Ad Q. (£)],
where d V"1 is the volume form on M. We define two subsets of dSM,

0+ SM :={(x,§) € 0SM : £(§,v(x))g <0},
where v(x) is the outward unit normal vector on M at x. It is easy to see that
0+SM NI_SM = S(OM).

Given (x,§) € SM, we denote by yy ¢ the unique geodesic with y, ¢(0) = x and y, £(0) = § and let
7(x, &) be the first time when the geodesic y, ¢ exits M.
We say that (M, g) is nontrapping if t(x, &) < oo for all (x,§) € SM.

Definition 1.1. The geodesic ray transform of a function f € C°°(SM) is the function

(x,)
If(x.8) = /0 F e pee®) i, (x.8) € 94 SM.

Note that if the manifold (M, g) is nontrapping and has strictly convex boundary, then I : C*°(SM) —
C>®(d4SM), and Santal6’s formula (see Section 2) implies that / is also a bounded map L2(SM) —
Li(8+SM), where du(x, &) = |(v(x), £)|dX?"2(x, £) and Li(8+SM) is the space of functions on
d4+SM with inner product

(u,v);2 =/ uv di.
Li@+SM) = |, o\

Given f € C*°(SM), what properties of f may be determined from the knowledge of 7 ? Clearly a
general function f on SM is not determined by its geodesic ray transform alone, since f depends on
more variables than / f. In applications one often encounters the transform / acting on special functions
on SM that arise from symmetric tensor fields, and we will now consider this case.

We denote by C°(S™(T*M)) the space of smooth covariant symmetric tensor fields of rank m on M
with L? inner product

(u,v) :=/ Uj iy VI d VT,
M
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where v1™im = gt/ ... gimimy, . There is a natural map
Uy : C®(S™(T*M)) — C*(SM)

given by £, () (x, &) := fx (&, ..., ). We can now define the geodesic ray transform acting on symmetric
m-tensors simply by setting I, := I o{,,. Let d = o'V be the symmetric inner differentiation, where V
is the Levi-Civita connection associated with g, and o denotes symmetrization. It is easy to check that
if v = dp for some p € C®(S™ 1(T*M)) with p|sps = 0, then I,,v = 0. The tensor tomography
problem asks the following question: are such tensors the only obstructions for [, to be injective? If
this is the case, then we say [ is solenoidal injective or s-injective for short. The problem is wide open
for compact nontrapping manifolds with strictly convex boundary (but see [Uhlmann and Vasy 2016;
Stefanov et al. 2014]). There are more results if one assumes the stronger condition of being simple, i.e.,
(M, g) is simply connected, has no conjugate points and strictly convex boundary. For simple surfaces,
the tensor tomography problem has been completely solved [Paternain et al. 2013]. For simple manifolds
of any dimension, solenoidal injectivity is known for Iy and /; [Muhometov 1977; Anikonov and
Romanov 1997]. For m-tensors, m > 2, the tensor tomography problem is still open, but some substantial
partial results were established under additional assumptions; see, e.g., [Pestov and Sharafutdinov 1988;
Sharafutdinov 1994; Stefanov and Uhlmann 2005; Paternain et al. 2015a; Stefanov et al. 2014].

Let us explain a bit further the term “solenoidal injective”. Consider the Sobolev space HX (S™(T*M))
naturally associated with the .2 inner product defined above. By [Sharafutdinov 1994; Sharafutdinov et al.
2005], there is an orthogonal decomposition of L? symmetric tensors fields. Given v € H k(sm(T*M)),
k > 0, there exist uniquely determined v* € H*¥(S™(T*M)) and p € HK+t1(S™=1(T*M)) such that

v=v'+dp, v =0, play =0,
where § is the divergence. We call v¥ and dp the solenoidal part and potential part of v respectively.

Moreover, we denote by H*(S™ (T*M)) and C (8™ (T*M)) the subspaces of H*(S™(T*M)) and

sol sol
C®(S™(T*M)) respectively whose elements are solenoidal symmetric tensor fields. Solenoidal injec-

tivity of I, simply means that /,, is injective when restricted to C*° (S, (T*M)).
Let /* denote the adjoint of / using the L? inner products defined above; that is,

(Tu, ) = (u.1*p)
foru € L>(SM), ¢ € Li(8+ SM). A simple application of Santalé’s formula yields
I*¢ = ¢,
where ¢f(x, £) := (p(yx,g(—r(x, —£)). Vx e(—7(x, —E))) (see Section 2 for details). Observe that by
definition, (pﬁ is constant along orbits of the geodesic flow. If we are now interested in /,;;, we note that

X =(%ol*

and hence we just need to compute £,. This is easy (see Section 2) and one finds

L f o= € F Vi, = iy G fS R 7 2 (6)
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The fundamental microlocal property of the geodesic ray transform is that, for simple manifolds, 1}, I,
is a pseudodifferential operator of order —1 on a slightly larger open manifold engulfing M. Moreover, it
has a suitable ellipticity property when acting on solenoidal tensors [Sharafutdinov et al. 2005]. This has
been exploited to great effect to derive surjectivity of /,;, knowing injectivity of 7, [Pestov and Uhlmann
2005; Dairbekov and Uhlmann 2010] for m = 0, 1. Since the range of /) is contained in the space of
solenoidal tensors, by saying I, is surjective we mean that the range of ,; equals the latter. Surjectivity
of I,;, for tensors of order 0 and 1 has been the key for the recent success in the solution of several long
standing questions in 2D [Salo and Uhlmann 2011; Pestov and Uhlmann 2005; Paternain et al. 2012;
2013; 2014; Guillarmou 2014]. However, very little is known about surjectivity for m > 2 and this largely
motivates the present paper.

The surjectivity properties of the adjoint of the geodesic ray transform reveal themselves in the existence
of solutions f* to the transport equation X f = 0 with prescribed values for L, f in the space of solenoidal
tensors. Here X is the geodesic vector field acting on distributions by duality (recall that X preserves
the volume form d £2"~1). A distribution f on SM is said to be invariant if it satisfies X = 0. As we
already mentioned, in this paper we mainly study the relation among the injectivity of I, the surjectivity
of its adjoint 7, on solenoidal tensor fields and the existence of some invariant distributions or smooth
first integrals associated with solenoidal tensor fields. On a compact nontrapping manifold with strictly
convex boundary, the geodesic ray transform 7, is extendable to a bounded operator

I - HE(S™(T*M)) - H*(0,.SM)
for all k > 0 [Sharafutdinov 1994, Theorem 4.2.1]. Moreover, it can be easily checked that
I (HE(S™(T*M))) C HE (34.SM)
and hence we can define /), by duality acting on negative Sobolev spaces to obtain a bounded operator:

I*: H*0,.SM) — H*(S™(T*M)).

m

In other words, for ¢ € H~%(d,1SM), we have Iy ¢ is defined by (/,;¢,u) = (¢, [yu) for all u €
H(]f (S™(T*M)). Let C°(04+SM) denote the set of smooth functions ¢ for which ¥ is also smooth.
Our main result is the following theorem:

Theorem 1.2. Let M be a compact simple Riemannian manifold. Then the following are equivalent:
(1) Iy, is s-injective on C*°(S™(T*M)).

(2) Foreveryu € L>(S™(T*M)), there exists g € H™1 (1. SM) such that u = I,%¢.

(3) For everyu € L2(SS'(')’1(T*M)), there exists f € H™Y(SM) satisfying Xf =0andu = L,y f.

(4) For everyu € C®°(S(T*M)), there exists ¢ € CJ°(0+SM) such that u = I, ¢.

sol

(5) For everyu € C®(SI(T*M)), there exists f € C°(SM) with Xf = 0 such that Ly, f = u.

We observe that by [Sharafutdinov et al. 2005, Theorem 1.1], s-injectivity of I,,, on L2(S™(T*M)) is
equivalent to s-injectivity of I, on C*°(S™(T*M)).
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Let us return to the subject of special first integrals associated with the geodesic flow. By considering
the vertical Laplacian A on each fiber Sy M of SM, we have a natural L? decomposition LZ(SM) =
D,,>0 Hn(SM) into vertical spherical harmonics. We set Qp, 1= H,,(SM) N C*°(SM). Then a
function u belongs to 2, if and only if Au = m(m + n —2)u, where n = dim M. The maps

[m/2]
U : CR(S™(T*M)) > (D Q-2
k=0
and
[m/2]
Lm: @ Qu—ok — C(S™(T*M))
k=0

are isomorphisms. These maps give natural identification between functions in €2,, and trace-free
symmetric m-tensors (for details on this, see [Guillemin and Kazhdan 1980b; Dairbekov and Sharafutdinov
2010; Paternain et al. 2015a]). If (M, g) is a simple manifold with [, s-injective, Theorem 1.2(5) says
that given any u € C*°(S" (T*M)) there is a first integral of the geodesic flow f such that L, /' = u.
In other words, if we let F = L lu € EB/E”;/OZ ] Q,—or and G = f — F, we see that F is polynomial of
degree m in velocities and it can be completed by adding G to obtain a first integral. We also see that
(taking the even or odd part of f if necessary) G € @y~ 2m+2k- These were the functions mentioned
earlier in the introduction. If G were to be zero, then there would be a first integral that is polynomial in
velocities and generically these do not exist. We note that the paper [Paternain et al. 2015a] also constructs
invariant distributions (they are not smooth in general) with prescribed m:-th polynomial component using
a different method (a Beurling transform), but it requires nonpositive curvature for it to work. As already
mentioned, here we use instead the normal operator 7, I,.

The results in [Pestov and Uhlmann 2005; Dairbekov and Uhlmann 2010] prove that (1) implies (4)
or (5) in Theorem 1.2 for m = 0, 1, so the main contribution in the theorem is to cover the case m > 2
and also to provide additional invariant distributions associated with L? solenoidal tensors. The proof of
Theorem 1.2 relies on a solenoidal extension of tensor fields. For m = 0 no extension is needed and for
m = 1 the situation is considerably simpler and an extension result is already available in [Kato et al.
2000]. Paradoxically the need for a solenoidal extension does not arise in the more complicated setting of
Anosov manifolds since there is no boundary. In this setting, an analogous result to Theorem 1.2 (in the
L? setting) has been recently proved by C. Guillarmou [2014, Corollary 3.7] and these ideas gave rise to
a full solution to the tensor tomography problem on an Anosov surface.

Since in 2D the tensor tomography problem has been fully solved [Paternain et al. 2013], we derive:

Corollary 1.3. Let (M, g) be a compact simple surface. For every u € C*®° (Sl (T*M)), there exists
feC>®(SM) with Xf =0 such that Ly, f = u.

We shall also give an alternative proof of the corollary using results from [Paternain et al. 2015b]. The
alternative proof avoids the smooth solenoidal extension and sheds some light on the relationship between
the transport equation and the solenoidal condition.
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The rest of the paper is organized as follows. Section 2 contains some preliminaries. In Section 3 we
establish the L2 and C* compactly supported solenoidal extension of tensor fields. This necessitates
at some point the use of the generic nonexistence of nontrivial Killing tensor fields recently proved
in [Kruglikov and Matveev 2016]. Section 4 uses the well-established microlocal analysis to prove a
surjectivity result for /,; I, following the strategy in [Dairbekov and Uhlmann 2010]. Section 5 establishes
various boundedness properties on Sobolev spaces that allow us to extend the relevant operators to negative
Sobolev spaces (i.e., distributions). Section 6 bundles up everything together and proves Theorem 1.2.
Section 7 gives an alternative proof of Corollary 1.3 and clarifies the connection between solenoidal
tensors and the transport equation.

2. Preliminaries

In this section we provide details about the regularity properties of the operators introduced in the previous
section. First we describe the basic notation we will use frequently in the rest of the paper. Given a
compact Riemannian manifold M with boundary, we define

CO(M™) :={f € C®(M) :supp f C M™},
HF(M™) := {f € H*(M) : supp f ¢ M™} fork € Z.

Then for any s > 0, s € Z, we say Hy (M) is the completion of C® (M) under the H* norm.
Now let M be a compact manifold. Given f € C°°(SM) and u € C*°(S™(T*M)), we have

Cmu, ) = /SM Ujy oy (X)EI - EIM f(x,E) dZ?!
=/ ujl---jm(x)/ F B EIm dQL(8) AV (x).
M SM

This means that
Ly = E;"n :C®(SM)— C®(S™(T*M))

is given by
Linf (Vi = 8o B [ SO -6 A2 (0)
Since the metric tensor g is smooth, for the sake of simplicity, we identify L, f with its dual,
L f @) = [ fe o8 d.(6).
SxM
On the other hand, it is easy to see that the map £,, can be extend to the bounded operator
U s HS(S™(T*M)) —> HX(SM)
for any integer £ > 0. In particular Zm(Hé‘ (S™(T*M))) C H(’;C (SM). Therefore we can define
Lm: H*(SM) — H*(S™(T*M)) (1)

in the sense of distributions and it is bounded.
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Next, if M is compact nontrapping with strictly convex boundary, we study the properties of / and its
adjoint 7*. Recall a useful integral identity called Santal6’s formula.

Lemma 2.1 [Sharafutdinov 1999, Lemma 3.3.2]. Let M be a compact nontrapping Riemannian manifold
with strictly convex boundary. For every function f € C(SM), the equality

/ Fe.£)ds21 (x.£) = / du(x.€) [ O (e, Fus ) di
SM 3L SM 0 | |

holds.

Notice that the definition of compact dissipative Riemannian manifold (CDRM) in [Sharafutdinov
1999] is equivalent to compact nontrapping manifolds with strictly convex boundary.
Now let ¢ € CZ°(0+SM) and f € C°°(SM). By Santald’s formula,

I an [ e e(0)d
(If.p) = /a g PO /0 F(ree(®). pee(®) di

(x,§)
- [ du / O (e 7.6 (0) f (7.6 0). (D)) di
3+SM 0

=/ of fdx>l,
SM

Thus I*¢ = ¢¥ with
I*:CS°(04+SM) — C®(SM)

bounded. By the proof of [Sharafutdinov 1994, Theorem 4.2.1], one can extend / to a bounded operator
I:H*(SM) — H*(0,.5M)

and I(Hé‘ (SM)) C Hé‘ (0+SM) for any integer k > 0 (notice that I(CX((SM)™™)) C CX((04+SM)n)).
Thus we can define the bounded operator

I*: H*0,.SM) - H*(SM) 2)

in the sense of distributions.
Givenu € Hé‘ (S™(T*M)) and ¢ € H % (9. SM), we have I,y ¢ is defined in the sense of distributions:

Lemma 2.2. Given a compact nontrapping Riemannian manifold M with strictly convex boundary,
I¥=Lyol*: H*0,8M)) — H*(S™(T*M))

is a bounded operator.
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To conclude this section, we briefly discuss X, the generating vector field of the geodesic flow on the
unit sphere bundle SM, acting on distributions. Since X is a differential operator on SM, it is obvious
that

X : H* Y (SM) — H*(SM), k>o0.

For f € H%(SM) and h € HET1(SM) (so Xh € HE(SM)), we define Xf € H™*~1(SM) in the
sense of distributions (notice that the volume form d 2"~ is invariant under the geodesic flow):

(X[ h) = (f.=Xh).

3. Solenoidal extensions

In the paper [Kato et al. 2000], the authors proved the existence of compactly supported solenoidal
extensions of solenoidal 1-forms to some larger manifold in both L? and smooth cases.

Proposition 3.1. Let 2 be a bounded simply connected domain, with smooth boundary, contained in
some Riemannian manifold M. Let U be an open neighborhood of Q2 with dU smooth. Then there
exists a bounded map & - Lszol(T*Q) — L%]’Sol(T*/\/l) such that £|q = 1d. Moreover, E(C3(T*Q)) C
C f}f’sol(T*/\/l).

Here L ((T*M) and C3°, (T *M) denote the subspaces of L2 (T*M) and C3(T* M) respec-
tively consisting of elements supported in U.

Our goal is to extend this result to symmetric tensor fields of higher rank. However, for tensor fields of
higher rank, new ideas are required and the argument is more involved.

L? solenoidal extensions. We first prove the extension in the L? category by solving a suitable elliptic
system.

Proposition 3.2. Let 2 be a bounded simply connected domain, with smooth boundary, contained in
some Riemannian manifold (M, g). Let U be an open neighborhood of 2 with dU smooth. Then given
m>2, K >2ande >0, there exist a Riemannian metric g and a bounded map & : L2(S;’(31(Ték Q) -
L2(S{5”501(Tg./\/l)) such that |§ — g|lcx <€, &lg = g and E|q =1d.

Proof. Suppose u € L?(S™ (Té;k Q)), i.e., u = 0 in the sense of distributions. By the Green’s formula for

sol
symmetric tensor fields (see [Sharafutdinov 1994]) one can define the boundary contraction of u with the

outward unit normal vector v on 9S2 in the sense of distributions; i.e., for v e H1(S™~! (T; 2)) we have

(u, dv)o = (juut, v)aq. 3)

Since the trace operator T : H'(S™ 1(TFQ)) — HY2(S™1(dT}Q)), Tv = vlyq, is surjective,
jou € H=Y2(Sm=1(T}Q)) is well-defined, and in local coordinates

(jvu)iliz"'im—l = u,-ll-z...,-m_ljvj.

By (3), for v e H'(S™~!(T}Q)) with dv = 0 (Killing tensor fields on £2), we have (j,u,v)yq = 0.
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It is known that generic (in the C X-topology for K > 2) metrics admit only trivial integrals polynomial
in momenta [Kruglikov and Matveev 2016]; i.e., for a generic metric /4, the only Killing tensor fields are
of the form chk, where ¢ € R and

W =oh@---®h
—_——
k
is the symmetric tensor product of k copies of 4. Thus given any € > 0 and K > 2, there is a smooth
metric g with [[g¢ — g|lcx < € and g|g = g so that (U\R, &) (thus (U, g)) does not have nontrivial
Killing tensor fields.

Define )
_|—Jjvu on 0%,

/= 0 on dU.

Let D := U\ and consider the following boundary value problem for systems of second-order partial

differential equations:
ddw=0 in D,

Jjudw = f € H7V/2(Sm~1 (3T} D)), )
we HY(S" (T} D)).
Here p is the outward unit normal vector on dD for D; notice |y = —v. We claim that the system (4)
is a regular elliptic system (also called coercive in some texts). Assume that the claim is true for the
moment and let us continue the proof.
Next, we study the solutions of the homogeneous problem. Let §dv = 0 and j,dv|yp = 0 for some
ve HY(S m_l(Tgf‘ D)); by ellipticity, v is smooth. Applying Green’s formula, one has

/ (dv,dv)ydV"(x) = —/ (de,v)dV”(x)-l—/ (Judv,v)dV"(x) =0,
D D oD
i.e., dv = 0. So the solution set of the homogeneous problem is
—1 % . —
K={veC®(S" (T} D)):dv=0},

the set of Killing tensor fields of rank m — 1 on D.

Now by [McLean 2000, Theorem 4.11], (4) is solvable in H1($™~! (Tgik D)) for the given boundary
condition f if and only if (v, f)yp = 0 for all v € K. Note that (D, g) does not have nontrivial Killing
tensor fields. If m is even, the only Killing (m—1)-tensor field is v = 0; then (v, f)sp = (0, f)gp =0. If
m is odd, the Killing (m—1)-tensor fields in D are of the form v = ¢ ~1/2|p. Thus we can extend v
to v = cg™~1/2|;, which is also a Killing tensor field in Q. By the definition of f,

(v, flap = —(v, juu)sq = —(v,d0u)q — (dv,u)g =0,
since Su =0, dv =0 1in Q.
Thus the system (4) is solvable. Let w € H!(S™! (Té;k D)) be a solution of (4) (the set of all solutions

is w + K) and define .
u in Q,

Eu=<dw in D,
0 in M\U.
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It is easy to see that fu € Lz(Sm(TgM)) and supp Eu C U. In particular, for v € Hl(Sm_l(TgM)),
($Eu, v)pm = —(Eu, dv)y = —(dw,dv)p — (u,dv)g
=—(judw,v)jp — (o1, v)so
= —(=jvut. v)sg — (jvu. v)so
=0.

Thus £u is solenoidal in the sense of distributions, and Eu € L2(S Us Ol(Tg M)).
Moreover, by [McLean 2000, Theorem 4.11], we have the stability estimate

lulZ2 00 = el + w22y < Il32i0 + Cllivttg-1/236) < C'Mul2c0-
i.e., £ is bounded. O
The only thing left to prove is the claim about ellipticity.
Lemma 3.3. The system (4) above is a regular elliptic system.

Proof. 1t is well known that 8d is a self-adjoint elliptic operator; see, for example, [Sharafutdinov 1994].
We just need to show that the Neumann boundary value problem satisfies the Lopatinskii condition.

To check the Lopatinskii condition, we follow a similar procedure to that in the proof of [Sharafutdinov
1994, Theorem 3.3.2]. We choose local coordinates (x!, x2,...,x*~!, x® =¢ > 0) in a neighborhood W
of xo = (x’,0) € 9D in D so that D N W = {t =0} and g;; (xo) = 6;;. Define dy = 0,d and 69 = 0,6,
the principal symbols of d and § respectively. Then we need to show that the boundary value problem for
systems of ordinary differential equations

80(}(,, O’ E,’ Dt)do(xlv 07 glv Dt)U)(t) = ()’
j_%do(x/’o’ £, D)w(t)]r=0 = fo

has a unique solution in V. for all £ € R*~1\{0} and fo € S™ 1 (R"), symmetric (m—1)-tensors on R”.
Here D; = —id/dt, and for the sake of simplicity, we drop the space variables (x’, 0) from the symbols so

Ny = {w € 8" H(R")| x1x[0,00) : S0(E', D)do(E', Dy)w = 0 and
w decays rapidly together with all derivatives as t — +oo}.

Since the equation det(8o (&, {)do (€, ¢)) = 0 has real coefficients with no real root for £’ # 0, it is not
difficult to see that dim Ny = dim S™~!(R"). Thus it is sufficient to show that the homogeneous problem

80(§". D1)do(§'. Dr)w(t) =0,

5
J_ado(§', Dw(r)]r=0 =0 ®)

has only the zero solution in N5 .
By a similar computation to that in the proof of [Sharafutdinov 1994, Theorem 3.3.2], we have the
following Green’s formula. Let v(¢) € C*([0, 00) — S™(R")) and w(z) € C*([0, c0) — S™ 1 (R"))
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such that both of them decay rapidly together with all derivatives as t — +oo. If j_ 2 v(0) = 0 (notice
at
that different from [Sharafutdinov 1994], here we use the Neumann boundary condition at t = 0) then

| o€ Dwewhdi = [ (v.doe’. Doy . ©)
Now if w(t) € N4 is a solution to (5), let v(z) = do(&¢’, D;)w(¢). By (6) we obtain

do('. Dr)w(r) = 0.
Notice that

. m
(VWi iy = D E W
k=1

where the ~ over iy means this index is omitted. Let i, = n and § = (¢, D;). We obtain the system
of first-order ordinary differential equations

(do(E'. DY Wniy iy = {(£+1)th“ cimer ¥ ) G Wi =0
lk?én
where £ = £(i1,...,im—1) is the number of occurrences of the index n in (iy,...,im—1). Since

lim;— 400 w(¢) = 0, by induction on £, the only solution to the above first-order homogeneous system
is w = 0, and this shows that (4) satisfies the Lopatinskii condition. O

Smooth solenoidal extensions. In this subsection we achieve C°° solenoidal extensions for tensors of
arbitrary rank. Observe that the approach we use is quite different from the one of [Kato et al. 2000].

Proposition 3.4. Let 2 be a bounded connected domain, with smooth boundary, contained in some
Riemannian manifold (M, g). Let U be an open neighborhood of Q with dU smooth. Then given
sol(Tg;k Q)) -
LZ(SU sol(T§ M) for some integer k > 2 such that |g — gllcx <€, glg =&, €lq =1d and

m>2, K >2ande > 0, there exist a Riemannian metric & and a bounded map € : H k (S

E(C® (ST Q) C C°°(S{J”,501(Tg/\/l)).

To prove the proposition, we start with the following lemma on the existence of solenoidal extensions
that might not be compactly supported.

Lemma 3.5. Let Q2 be a bounded connected domain, with smooth boundary, contained in some Riemann-
ian manifold (M, g). There exists an open neighborhood U of 2 such that every u € C*°(S SOI(T"‘S_Z))
can be extended to it € C°(SI(T*U)) with ii|g = u.

Proof. Letu € C°°(S§01(T*Q)), i.e., 6u = 0, in local coordinates u = ujl...jmdxj‘ ® - ®dx/m and

Sy oipy = & ¥ Viugiy i =0, (7

where

vjukh"'imil = ajukl'lmimfl _F/kulll “Im—1 Z jlvuekil"'lf;"'l'm_l' (8)
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Pick xo € 0Q2. We follow the idea of the proof in [Stefanov and Uhlmann 2005, Lemma 4.1] and choose
semigeodesic coordinates (x!,...x" "1 x™) = (x’, x™) near xo with 3Q = {x” = 0} and 9,, = v the unit
outward (with respect to £2) vector normal to d€2; thus

=gk, T8 =Tk =0 forallk=1,2,...,n

n

We extend the components uj,...j,,, js < n for all 1 <s < m, smoothly to U (note that U \Q is

determined by the semigeodesic neighborhood of d€2), and denote the extensions by vj,...;,,. We will
construct the other components in {x” > 0} by induction on the number of appearances of n in ]1 e Jm-
By equations (7) and (8), if i1, ...,im—1 <H,
. _ Jk
s=1/{<n J.k<n
m—1
_ £ ~
-3 (a et =Y et~ LT, ) ®
Jj.k<n l<n s=1{<n

Notice that the right side of (9) is known, so it gives a system of first-order linear ODEs. Given the
initial values uy;,...;,, _, (x",0) = vpi,.i,,_, (X', 0), there exists a unique solution to (9). Thus we obtain

continuous vy, ..i,,_, With iy, ..., im—1 <n near M. In particular, vy;,..;, _, (x’, x") depends smoothly

Im—1
on x’, the first n — 1 variables.

By differentiating (9) repeatedly with respect to x”, we get that 95 vy, ..i,,_, (x', x™), s > 0, are
continuous in x” > 0 and smooth with respect to x’. Moreover, by (9) and the fact that u is solenoidal we

carry out an induction on s, so
05 Uniy iy (X7,0)
=G} .. _, (3flvnj1~~~jm71 , 8f;vjl...jm,Bflakvjl...jm;ﬁ <8 J1sees Jmet1s Jm.k <n)(x',0)
=G} . _, (350t > 050 fy s OGOk € <831y Jmet s sk < 1) (X, 0)
=05 Unj iy, (x",0)
for all s > 0; i.e., 35 Vpj, iy, are consistent with 95uy;,...i,,_, at (x’,0).

Next by induction on the number of appearances of n and repeatedly using equations (7) and (8), one
can get unique

Vnigeim—1>s Unniyim—as ey Un-niy» Un--n,
which together with their normal derivatives with respect to x” of all orders, are continuous (smooth

with respect to x”) and consistent with the corresponding 07*u,...,, at (x’, 0). Therefore we get a smooth
solenoidal m-tensor

u onQ,
v onU\Q. |

<
Il
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Proof of Proposition 3.4. There exist two precompact open neighborhoods V, U of €2 which satisfy
QCcQcvcVvcUcUcM.

Givenu € C*°(S7 (T*<2)), by Lemma 3.5, we can extend u to get uy € C°(S7(T*V)) withuy|g =u.
Then we extend 1y to a smooth m-tensor w on M with suppw C U. Let f = §w and D = U\ open,
sosupp f CU\V C D.

Similar to the perturbation-of-metrics argument in the proof of Proposition 3.2, given any € > 0 and
K > 2, there is a smooth metric g with ||g—g||cx <€ and g|y = g so that (D, g) does not have nontrivial

Killing tensor fields. Now if m is even, the only Killing (m—1)-tensor field on (D, g) is v = 0. Then
(v, f)p =(0, f)p =0.

If m is odd, Killing (m—1)-tensor fields on (D, g) are of the form v = cg(m—l)/2|D. Thus we can
extend v to v = g™~ D/2|y;, which is also a Killing tensor field in . By Green’s formula,

(U? f)D = (U, SUJ)D = —(dl), w)D + (U, jﬂw)aD = —(U, jvu)aﬂ = —(U,(SM)Q - (dv’ M)Q =0.

since u = 0 and dv = 0 in Q. Here u = —v is the unit outward normal vector on dD and
(jl/«w)iliz'"im—l = wi1i2~-~im_1j/1“j-

Now by [Delay 2012, Theorem 1.3], there exist up € C°(S™(T* M)) with suppup C U\ such that
dup = — f. Tt is not difficult to check that the symmetric differentiation d satisfies the kernel restriction
condition (KRC) and the asymptotic Poincaré inequality (API) of [Delay 2012]. We define Eu = w +up.
Then §u = 6w +déup = f— f =0;ie., u e Cm(Sﬁsol(Tg/\/l)). Moreover, Eu|g = u.

The argument above gives a construction for compactly supported smooth solenoidal extensions.
One can further check that the extension can be constructed in a stable way. In view of the ODEs (9),
the solution is controlled by the initial value and the nonhomogeneous term on the right side under

Sobolev norms; see, e.g., [Han 2011]. By induction on the number of appearances of n and repeatedly
differentiating (9), we have that

v g1 gy < € (umunml(am + 1 @y)iyiy ||Hk2(v\m)
ig<n
for some k1,k> > 1. Note that in boundary normal coordinates & = —d,, and we have full freedom
to control the elements (uy);,..i,,» With iy < n for all 1 <s < m, by u|g due to the fact that § is an
underdetermined elliptic operator. Thus

luv |z ongy = Cllullge )

for some integer k > 2. Then ||w|| g1y < Cllull g (q) by extending uy to w in a stable way.

Next we control the L2 norm of 1. Roughly speaking, up is the symmetric differentiation of some
smooth (m—1)-tensor p, multiplied by a smooth nonnegative weight which vanishes exponentially at the
boundary of D; concretely up = ¥2¢p%dp with ¢ a boundary-defining function on D and v vanishes
exponentially at the boundary dD. By [Delay 2012, Lemma 10.2], ”p”H;w(D) < C||¢—28w||sz(D),
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where H q%,w and sz are some weighted Sobolev spaces; see [Delay 2012] for more details. Then one
can check that the following inequality with unweighted Sobolev norms holds:
lubll 2py = Cllwlla@)-
Now we combine the estimates above to obtain
I€ull L2 < CrlwllL2wy + lup llL2py) < Callwllgi @y < Cllullgeg)

for some C > 0 independent of u. Since C°°(S7,(T*2)) is dense in H¥ (S (T*<2)) under the H¥ norm,
we can extend £ to a bounded map from H k to L2 with the same properties, which completes the proof. [J

Remark 3.6. We expect that the L2 norm of £u can be bounded by the L2 norm of u|gq through sharper
estimates, similar to the result under the L? setting in the previous subsection. However, the H k space is
enough for carrying out the argument under the smooth setting in the next section; see Lemma 4.3.

4. Surjectivity of the normal operator 1,1,

Since M is simple we can consider an extension M of M which is open (M = M™) and whose compact
closure is also simple. It is well known that the normal operator N = Iy, I, is a pseudodifferential
operator of order —1 on M ; see, for example, [Sharafutdinov 1994; Stefanov and Uhlmann 2004; 2008;
Sharafutdinov et al. 2005]. Below is a lemma that, roughly speaking, gives a right parametrix for N on
the space of solenoidal tensor fields. The proof is similar to [Sharafutdinov et al. 2005, Theorem 3.1].

Lemma 4.1. Let S be a parametrix for the operator §d. There exists a pseudodifferential operator Q of
order 1 on the bundle of symmetric m-tensor fields S™(T* M) such that

E=NQ+dS§+K, (10)
where E is the identity operator and K is a smoothing operator.
Proof. Let A(§) be the principal symbol of the pseudodifferential operator N and

STy M) = {u € S™(TEM) : jpu =0},
where jg = —io,(5): Sm(T;‘M) — gm-1 (Tx*]q). By [Sharafutdinov 1994, Theorem 2.12.1],
AE) : S (T M) — SE'(T3 M)

is an isomorphism for & # 0. Thus there exists p(&§) such that A(§) p(§) =1d on S g”(T;‘ M). Namely, we
can find some pseudodifferential operator P of order 1 such that on S Ig_m(T);k M),

NP =E—-B

for some operator B of order —1. Now multiplying both sides by the “solenoidal projection” E —d S,
which is of order 0, one has
NP(E—-dS3)=E—-dS§—R (11

defined on S™(T*M).
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Then we multiply both sides of (11) by § to get SR = R’ with R’ some smoothing operator. Let
C=>%20 R¥, whichisa pseudodifferential operator of order O and a parametrix for £ — R. Write (11) as

NP(E —dS§)+dS§ = E—R,

and multiply both sides by C to get

o0
NP(E—dS8)C +dS§+dS§ Y R¥=(E-R)C =E+ R,
k=1

with R” a smoothing operator. Since §R is smoothing, dS§ Y 7o, RF is smoothing too. We arrive at
the equation

NP(E—dS8)C +dS§+K =E,

where K is a smoothing operator. Denote P(E — dS§)C by Q (note that one can make Q properly
supported). Then we get (10), which finishes the proof. O

Let U be a small open neighborhood of M in M. Denote the restriction operator from MtoM by .
Then the following holds:

Lemma 4.2. Suppose M is a compact simple Riemannian manifold, and assume I, is s-injective on
C®(S™(T*M)). Then the operator
ru N : H-Y(S™(T*M)) — L>(S™(T*M))

sol
is surjective.

Note that elements in H. 1 (S M (T*M)) are defined in the sense of distributions, which are compactly
supported in M.

Proof. We adopt the approach of [Dairbekov and Uhlmann 2010] for showing the surjectivity of N on
1-forms. By Lemma 4.1,

NQu =u+ Ku

for all u € L%(S n (T*]V[ )) with K a smoothing operator on M. Since the simplicity is stable under

sol
small C2-perturbations of the metric g, by Proposition 3.2, we perturb the metric of M\ M a little bit
(still denoted by g) so that under the new metric M is still simple and there exists a bounded operator

E:L2(SM(T*M)) — L2(SP (T*M)) such that on L2(S™(T*M)),

sol sol

rMNOE = E + ryrKE.

Since K is a smoothing operator, rps K€ is compact on LZ(SS'(’)ZI(T*M )), which implies that £ + rps K&
has closed range and finite codimension. Thus we have rpy NQE : L2(S™(T*M)) — L*(S™(T*M))

sol sol
has closed range and finite codimension. By the inclusion relation

ru NQEL*(SI(T*M))) Cryy N(HZ ' (S™(T* M) C L*(Siy(T* M),

sol sol
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the intermediate space rMN(HC_I(Sm(T*M))) is also closed in LZ(S;f)’l(T*M)). Thus it suffices to
show that the adjoint (rps N)™* is injective, which will imply the surjectivity of rps N.
For L2 symmetric m-tensor fields, we have the decomposition

LA(S™(T*M)) = L*(S™(T*M)) & L*(SF(T*M)), (12)

sol

where L2(S »(T*M)) is the potential part. Thus the dual operator of ras N is

(ru N)* : L2(S™(T*M)) — (HZ1(S™(T*M)))*.

sol

For u € L?>(S™(T*M)) and v € Hc_l(Sm(T*IVI)), if we denote by &yu the extension of u to M by

sol
zero (note that generally Egu is not solenoidal on M), we have

((rae N)*u,v) = (u, rpyg Nv) = (Eou, Nv) = (NEou, v),

ie., ryN)* = N&.
Therefore given u € LZ(SS'S’I(T*M)), if NEou = 0, then

0= (N&u, Eou) = ||1m50u||§2(3+sﬂ) = InEou =0.

Since Eu = 0 outside M and M is simple, this implies
Iyu =0.

By [Sharafutdinov et al. 2005, Theorem 1.1], u is smooth and du = 0. The s-injectivity assumption
implies u = 0. This completes the proof of the lemma. O

Next we prove the lemma in the smooth setting:
Lemma 4.3. Suppose M is a compact simple Riemannian manifold, and assume I, is s-injective on
C®(S™(T*M)). Then the operator
ru N : C(S™(T*M)) — C®(S™(T*M))

sol
is surjective.

Proof. By Lemma 4.1,
NQu=u+ Ku

for all u € Cfo(Ss'gl(T*]\Z )) with K a smoothing operator on M. Since the simplicity is stable under
small C2-perturbations of the metric g, by Proposition 3.4, we perturb the metric of M \M a little
bit (still denoted by g) so that under the new metric M is still simple and there exists a bounded
operator & : Hk(Ss’gl(T*M)) — LZ(S(’]”’S()I(T*M)) for some integer k > 2 with E(C*® (ST (T*M))) C

Co(Sp . (T*M)) such that on H*(S™(T*M)),

sol

rMNOQE=FE +ryKE.

Now the argument of [Dairbekov and Uhlmann 2010, Lemma 2.2] can be applied to tensors of any
order to finish the proof. O
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Remark 4.4. One can actually prove Lemmas 4.2 and 4.3 just by applying Lemma 3.5. Given a smooth
solenoidal tensor ¥ on M, by Lemma 3.5 we first extend it to a smooth solenoidal tensor % on an arbitrarily
small open neighborhood U; then we extend & smoothly to M with compact support, denoted by Eu.
Note that generally Eu is not solenoidal. Since the Schwartz kernel of the parametrix S of §d is smooth

away from the diagonal A j; we can choose S to make the support of its Schwartz kernel sufficiently

<>
close to Az 7 so that dS 8%4 = 0 in an open neighborhood of M. This implies that r3s dS §Eu = 0,
ie, ryNQEU = u + ryr KEu. It also works for L? solenoidal tensors.

On the other hand, the original proof of [Dairbekov and Uhlmann 2010, Lemma 2.2] uses the existence
of compactly supported solenoidal extensions of solenoidal 1-forms one more time at the very end to show
that the adjoint (rps N)* is injective. However, one can also avoid this. Notice that given a 1-form f in the
kernel of (rps N)*, by [Dairbekov and Uhlmann 2010, equation (2.33)], f = dp for some distribution p
on M with sing supp p C dM and p|, 7 = 0. Moreover, since supp f C M, we have dp = 0 outside M.
As p is smooth outside M and p = 0 on dM, strict convexity of dM implies p = 0in M\ M. Now given
a smooth solenoidal 1-form u on M, by Lemma 3.5 let £u be the smooth compactly supported extension
of u to M which is solenoidal in a small open neighborhood (# M ) of M. Since the supports of §&u
and p are disjoint, we have

(f.&u) = (dp, Eu) = (p,8&u) =0,

which implies that f =0, i.e., (rps N)* has trivial kernel. The argument works for tensors of arbitrary
rank.

At this point, we see that one can prove the surjectivity of rps N just using Lemma 3.5, without the need
of knowing the generic absence of nontrivial Killing tensors [Kruglikov and Matveev 2016]. However, a
perturbation of the metric seems still necessary so far for the proof of the existence of compactly supported
solenoidal extensions, and Propositions 3.2 and 3.4 may find their applications in other areas.

5. Analysis of the adjoint 1,

Before proving the main result, we need to extend the definition of the geodesic ray transform 7, so that
it acts on negative Sobolev spaces. To this end, we will study the regularity property of the adjoint of the
geodesic ray transform, /).

As discussed in the Introduction, given M a compact nontrapping manifold with strictly convex
boundary, the operator I, : C°(04+SM) — C°(S™(T*M)) is the product of two operators, i.e.,
Iy = Ly ol* We instead study the regularity properties of /* and L,,. We start with the latter.

Lemma 5.1. Given a compact Riemannian manifold M (with or without boundary), the operator
Ly HX(SM) — H*(S™(T*M))
is bounded for every integer k > 0.

Proof. Our purpose is to show that there exists a constant C > 0 such that for any w € HX(SM), the
following holds:

ILm f e < CHS N e (13)
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Since M is compact, by a partition of unit, it suffices to show the above inequality in local charts. Let U
be a domain in SM with local coordinate system (z!, ..., z2"*~1). We assume supp f C U. Let V be a
domain in M with local coordinate system (x!, ..., x™), and ¥ be a smooth function with support in V.
We will show

IVLm f N mxsma=vyy = ClIf lae@)-
By the definition of the H* norm of tensors, we only need to show the above inequality is true for each
component of the tensor.

We start with f € C*°(SM) with support in U; then L, f is also smooth. Let J = (ji -+ j») and
EJ = SJI ...%‘jm. Then

DYy (x)Lim f(x)”]
D¢ [x/f(X) [ s dszx@)}

=) [ F b’ (o P dsn |

= X B [ e DYTE o P ] 4R

a1 tarxtoz=a
= ) ch“w(X)/ D f(x,£)- DP[E P(x. n(x,£)]- P'(x.§) dQx(§). (14)
o] tasxtaz=a SxM

Here P and P’ are corresponding Jacobians.
For |a| < k, according to (14),

DS O Ml = 3 Cpa [, [ 1DE £ 6P 4206

B=<o

= ¥ G [ ID2SPdz = CIf sy
lyI<lel
Thus the estimate (13) is proved when w € C*°(SM).
For f € HX(SM), since C®(SM) is dense in H*(SM), by an approximation argument, it is easy to
show that L, f € HK(S™(T*M)) and the estimate (13) holds too. This proves the lemma. |

Now we turn to the analysis of the operator /*, which basically is an invariant extension, along the
geodesic flow, of functions on d4+ SM to functions on SM. It is well known that given ¢ € C*°(d+SM),
(pﬁ = I *(¢) is not necessarily in C°°(SM). The following subspace of C*°(d+SM) has already been
considered in the Introduction:

C(04+SM) = {p € C®01SM) : p* € C®(SM)}.
In particular, by [Pestov and Uhlmann 2005, Lemma 1.1], if M is compact nontrapping with strictly

convex boundary,
C(04+8M) = {(p €C®(04+SM): Agp € C°°(8SM)}
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where
@(x, ), (x,£) €04 SM,
PV, (—T(x, =§)), Vx e (—1(x,—§))), (x.§) € I_SM.

Since Ag is smooth in both (31 SM)™ and (0_SM )™, the singularities can only come from S(0M).
We introduce the space H(i‘ (0+SM), k > 0, to be the completion of C°(d+SM) under the H k norm.
Obviously H2(0+SM) = L?(3+SM). 1t is easy to show that C2°((d4+SM)™) C C°(3+SM) (this
is from the fact that d4+ SM is compact and the boundary dM is strictly convex), which implies that
HE04+SM) c HE@1SM).

Ag(x.§) =

Lemma 5.2. Given a compact nontrapping manifold M with strictly convex boundary, the operator
I*:HF@SM) — H*(sM)

is bounded for any integer k > Q.

Proof. The idea is similar to the proof of Lemma 5.1. First we consider the case ¢ € C;°(04+SM);

thus @# € C°°(SM). Let U be a domain in 9 SM with local coordinate systems (y', ..., y2"~2). We

assume supp ¢ C U. Let V be a domain in SM with local coordinate systems (z!,...,z2"~!), and ¥ be
a smooth function with support in V. Since M is compact, it suffices to show

1ol ey < Cllollgxw).-
Since

DY ()pt()] = > DIy(2)-DEet(2),

B+y=a
we obtain that for || < k,
2
D2y = Y Cpa [ IDEHGIR =
B=a

Now let D = {(y,t): y € 9+SM, 0 <t < 7(y)} be a closed domain in - SM x R. Define the map
V:D—>SMbyz=V¥(y,t)= ()/y @), vy (t)). By [Sharafutdinov 1994, Lemma 4.2.2],

(¥)
/V DG )Pdz< Y Cpo fU /0 DY DI (v, )P [[EG). v ()| de dy

lo|+s=|B|

(») 4 ) ) 4 "
= % Coa [ [ IDERR 0P dtdy)  Gince DIDGY = DD}
lo|=IBl

= ). Cﬂ,a/Uf(y)lD;’w(y)lzdu(y)
lo1=18]

< Y G [ 10500)P dir) = Cllelge oy
lo|=I8

Therefore, [|0* | g« (spry < Cloll g, sa) for ¢ € CL2 (04 SM).
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Ifpe H(ff (04 SM), since C°(0+SM) is dense in Ho]f (04+SM), by an approximation argument, it is
easy to show that o% € H¥(SM) and the operator I * is bounded, which proves the lemma. O
Combining the two lemmas above, we obtain the desired regularity property of 7.

Proposition 5.3. Given a compact nontrapping Riemannian manifold M with strictly convex boundary,
the adjoint operator of the geodesic ray transform on symmetric m-tensors

1Y =Lpmol*: HX0.SM) — H*(S™(T*M))
is bounded for any integer k > Q.

Now we can extend the definition of the geodesic ray transform so that it acts on (H*(S™(T*M)))*
(the dual space is with respect to the L2 inner product) for integers k > 1. Let u € (HK(S™(T*M)))*
and ¢ € H(ff (0+SM). We define I,,u in the sense of distributions:

(Imu, 9) == (u, I,9). 15)
By Proposition 5.3, the right-hand side of (15) is well-defined. We derive the following corollary:

Corollary 5.4. Given M, a compact nontrapping manifold with strictly convex boundary, the operator
I+ (HK(S™(T*M)))* — (HJ (94 SM))*
defined by (15) is bounded.
Here the dual space (H(flc (04 SM))* is also with respect to the L? inner product. Note H(l)‘ (0+SM) C
HE (D1 SM); thus (HX (3 SM))* € H7 (91 SM). On the other hand, since C°(S™(T*M)) is dense
in H*(S™(T*M)) under the H*-norm, it is clear that H X (S™(T*M™)) C (H*(S™(T*M)))*; we

will use the weaker map in the next section:

I - H7R(S™(T*M™)) — H™% (0, SM). (16)

6. Proof of Theorem 1.2

Now we are in a position to prove our main theorem. We start by showing that (1), (2) and (3) are
equivalent.

Proof. (1) = (2): Since M is simple, given u € LZ(SS'(’)'I(T*M)), by Lemma 4.2, there exists v €
HC_I(S’"(T*M)) such that rps 1, I,v = u. Then (16) implies the existence of some ¢ = [,V €
H~1(04SM) such that u = ryy I ¢. Forw € HO1 (S™(T*M)), we define the distribution ¢ acting on
I (Hg (S™(T*M))) by

(@, Imw) := (@, InW) = (1, W),

where W € Ho1 (S™(T*M)) is the extension of w which is zero outside M. We claim that there exists
C > 0 such that
[(¢. Imw)| = C | Imw] g1
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for all w € HO1 (S™(T*M)). Assuming the claim, note that I,,w € Ho1 (0+SM) and by the Hahn—Banach
theorem, ¢ can be extended to a bounded linear functional on HO1 (04+SM), still denoted by ¢, i.e.,
¢ € H™1(0,SM). By the definition of ¢,

(@, Imw)| = |(@. ImW)| < C | I;mW| g1

Therefore to prove the claim, it suffices to show that

||Imu~)||1-11(3+51f4')EC”Imw”Hl(a_,_SM) (17)

for some C > 0.

Assume at this point that inequality (17) holds and let us continue with the proof. Now ¢ € H (31 SM)
is well-defined. Let w € Ho1 (S™(T*M)), and let 1 be the extension of w into M which is zero outside M,
so W € Hy (S™(T*M)). Then

(M Iy w) = (I, W) = (g, In®) = (¢, Imw) = (I, w).
Thus u = ry 1,,,¢ = I,;¢. (The choice of ¢ is not unique.)
(2) = (3): Givenu € Lz(Ss”o’](T*M)), by the assumption, there is ¢ € H~1(d+SM) such that u = I%¢.
Since 1} = Ly o I*, we define f = [*¢; then f € H '(SM) and u = Ly, f. Furthermore, given
he HZ(SM),
(Xfh) = (f,—Xh) = (I*@,—Xh) = (p,—I(Xh)) =0,

ie., Xf =0.

(3) = (1): Assume I,,u = 0 for some u € C°°(S(T*M)). Then it is well known that there exists
h e C*®(SM) with h|ygpr = 0 such that

Xh == _emu.

Moreover, by [Sharafutdinov 2002, Lemma 2.3] there exists p € C®(S™~1(T*M)) with p|ypr = 0 such
that u|gps = dplopr- When m = 0, this just means 1|3, = 0. Calculations in local coordinates show that
X(m—1p) = Lmdp. Thus we obtain

X(h+&m—1p) = —tm(u —dp),

with (h + €m—1p)|asm = 0.

Under the projection 7 : SM — M, the pullback of the unit normal vector v to dM is the unit normal
vector 1 to dSM, and in local coordinates

.9 .9
el T i ogjek Y

where l"jl: « are the Christoffel symbols. By taking the boundary normal coordinates (x", x™) near x € oM
(so v(x) = u(x,&) = 9/0x™), together with the fact that (h + £,,—1 p)|gsp = 0, we obtain that for
(x.§) € ISM,

0=—Lmu—dp)(x,§) = X(h+lm-1p)(x,§) = E"0xn(h + Lm—1p)(x,£).
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The first equality comes from the fact u —dp|yps = 0. Thus 0, (h + €p—1p)(x, &) =0 for all £ ¢ SxIM.
But since /2 and p are smooth, and the measure of Sy 0M is zero on Sx M, we get 9, (h+£pm—1p)(x,£) =0
forall § € SxM, s0 h+ {m—1p € HF(SM).

On the other hand, there exists ' € H~!(SM) with X = 0 such that u = L, f. It follows that

0= (Xfoh+Llm-1p) = (f=X(h+Llm-1p)) = (f.bm(u —dp)) = (L fou —dp) = |ul?,

where the last equality comes from the fact that u is orthogonal to dp. Thus u = 0, which implies the
s-injectivity. O

Remark 6.1. By carrying out an argument similar to the one of [Stefanov and Uhlmann 2005, Lemma 4.1],
one can actually show that there exists p € C®(S™ 1(T*M)) with p|sp = O such that 3’5u|3M =
8’5dp|3M for all integers k > 0. When m = 0, this means the boundary jet of u is zero, i.e., 8’5u|aM =0
for all k > 0. Note that [Stefanov and Uhlmann 2005] only considers the case that u is a symmetric
2-tensor field, but the proof works for tensors of any rank. On the other hand, given a’gu lopr = B{f dplom,
one should be able to prove that h 4+ £,,—1p € H§+2(SM) for all k > 0, i.e., i + £,,,—1 p also has zero
boundary jet. However, for our purposes k = 0 is enough.

The thing left to prove is the inequality (17). Actually the H* norms of I,,w and I, are equivalent
for arbitrary k > 0, provided that w is in Hé‘ (S™(T*M)). A simple calculation shows that ||Imd)||i2 =
(W, Iy ImW)=(w,ry Ly ImW) = (w, I Inw) = || I mw ”22‘ We assume M and M are sufficiently close.

Lemma 6.2. Let M be a compact nontrapping manifold with strictly convex boundary. Given w €
H(])c (S™(T*M)), k> 1,letw € Hé‘(Sm(T*M)) be the extension of w to M by zero. Then there exists
C > 1 such that

1 -
E||1mw||Hk(a+SM) < Mm@l i, siy < CIMmwl e, sm- (18)

Proof. We only need to show (17), which is half of (18). Since dM and M are close, we can assume
the closure of M is still compact nontrapping with strictly convex boundary. Given a geodesic yy ¢
on M determined by (x,§) € 01 SM, we can uniquely extend it to a geodesic yy , on M determined by
(y,n) € 34 S M. 1t is not difficult to see that the map

T:04.SM —9,SM, with T(x,£&) = (y,7),

is a diffeomorphism from d+SM onto its image 7 (d4+SM). On the other hand, by the definition of w,
Imw(x,§) = Inw(T(x,§)) = ImW(y,n) and Lnw(y,n) = 0 for (y,n) 0+ SM\T(3+SM).

Since 0+ SM and 04+ S M are compact, similar to the proofs of Lemmas 5.1 and 5.2, we will work in
local charts. Let U be a domain in 9+ S M with local coordinates (!, ...,%2"~2) and ¢ be a smooth
function on 045 M with suppe C U. In the mean time, there is a domain V in d4+SM with local
coordinates (z!,...,z2""2) such that T~"" (U NT(3:-SM)) C V, and ¥ is a smooth function on 9+ SM
with 7= (U NT(@+SM)) Csuppy C Vand ¥ =1 on T~1(U NT(0+SM)). We first consider the
case w € C2°(S™(T*M)™™) and show that there exists C > 0 such that

|l - ImII)”Hk(U) <Clv- Imw”Hk(V)'
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Notice that for || <k,
Dlp-Imidl= Y. Dlp-DE L.

Bt+y=a
Thus
~ 2 _ y
”D(ZNX[(plmW]HLZ(U) =< Z C,B,a/ |D§Imw|2 ds
B=<a v
B<a UnT(04+SM)
= 2 C"’“/ | DY Lnib(T (2))|* ] dz
lo| <l T=1(UNT(3+SM))
EC/ / |Dg(w]mU))(Z)}2dZ
ol<je| T UNT@+SM))
2
=¢ Z /V|Dg(w'l’”w)(z)‘ dZSCHl/f'lmeI%;k(V),
lo|<le

where J is the Jacobian related to the diffeomorphism 7. Therefore

Mm@l o, s gy < CIMmwll x oy sany
for w € CX(S™(T*M)™).

Now for w € Hé‘(Sm(T*M)), there is a sequence wy € CX(S™(T*M)™), k = 1,2,..., which
converges to w in the H* norm. Then it is not difficult to see that the sequence 1y € C, (S m(T*M))
converges to w € H(])C (S™(T*M)). By the boundedness of the operator I,,, we know I, wy and I,
converge to I, w and I, w respectively in the H k norm. This implies that above estimates are valid for
any w € HE(S™(T*M)). O

The following proposition that holds on compact nontrapping manifolds with strictly convex boundary

shows that items (4) and (5) in Theorem 1.2 are equivalent and any of them implies item (1).

Proposition 6.3. Let M be a compact nontrapping Riemannian manifold with strictly convex boundary
and letu € C°(SI(T*M)). The following are equivalent:

(i) There exists ¢ € CZ°(0+SM) such that u = I} ¢.

(ii) There exists f € C*®(SM) satisfying Xf =0andu = L, f.
Either of these two conditions implies s-injectivity of Ip,.
Proof. (i) = (ii): By the assumption, there is ¢ € C°(04+SM) such that u = I;,¢ = L, o [*¢.
Define f = [*¢ = ¢* € C®°(SM) (since ¢ € CX(04+SM)); then u = L,, f. Moreover, it is clear that
Xf = X¢* = 0 by definition.
(ii) = (i): If there exists f € C*°(SM) with Xf = 0, this implies that /" = I*(f]5, spr). We define
¢ = flo,sm € C>(0+SM). However, since of = f € C®(SM), we know ¢ actually sits in the space
CZ°(04+SM). By the assumption, u = L, f = Lol ¢ = I¢.
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The argument that shows that any of these conditions imply s-injectivity of I, is even easier than the
proof that (3) implies (1) in Theorem 1.2 since we do not have to worry about paring X f with an element
in HO2 (SM). Assuming (ii), integration by parts yields right away that

0= (Xf.h) = (fi=Xh) = (f:bm(W) = (L fou) = [|u]|?. 0

Finally we show that in Theorem 1.2, item (1) implies item (4):

Since M is simple, given u € C*°(S7 (T*M)), by Lemma 4.3, there exists v € Ccoo(S’”(T*]VI))
such that ras I,y I,v = u. Then it is a standard argument that if we define ¢ = I*(Imv)|3+SM, then
Iy ¢ = u. Moreover, since I *(I,,v) is smooth in the interior of S M, we have ¢ € CZ°(d+SM).

The proof of Theorem 1.2 is now complete.

7. Alternative proof of Corollary 1.3

Before giving the alternative proof, we will explain how the solenoidal condition of a tensor manifests
itself at the level of the transport equation. It seems that this basic relation has not appeared before in the
literature, although we believe it was known to experts.

As we already pointed out in the Introduction, by considering the vertical Laplacian A on each fiber
SxM of SM, we have a natural L? decomposition L2(SM) = @,,~.o Hm(SM) into vertical spherical
harmonics. We set 25, := H,,(SM) N C*>°(SM). Then a function u belongs to 2, if and only if
Au =m(m + n —2)u, where n = dim M. The maps

[m/2]
U : C®(S™(T*M)) > (D Q-2
k=0
and
[m/2]
L D Qo = C(S™(T* M)
k=0

are isomorphisms. These maps give natural identification between functions in €2,, and trace-free
symmetric m-tensors (for details on this, see [Guillemin and Kazhdan 1980b; Dairbekov and Sharafutdinov
2010; Paternain et al. 2015a]). The geodesic vector field X maps €2, to 2,,—1 @ Q41 and hence we
can splititas X = X4+ + X_, where X4 : Q, — Q41 and X_T_ = —X_. Note that

Xlp—1=4md.

Given f € @g":/()z ] Qu_2k, in general X f € @I[C(Z;' h/2] Qm+1—2k- The next simple lemma charac-
terizes the solenoidal condition in terms of X f.

Lemma 7.1. Xf € Q41 if and only if Ly, f is a solenoidal tensor.

Proof. Note that L,, f is solenoidal if and only if (L,, f.dh) = 0 for any h € C®(S™ 1 (T*M)) with
hlap = 0. But
(L f.dh) = (f,€mdh) = (f, Xlm—1h) = —(Xf, m—1h)
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and the last term is zero if and only if (Xf),,_ox—1 = 0 for 0 < k < [(m — 1)/2] since {;,—1h €

@[(m D2lg Qp_1-2k- O

Another way to look at the condition X f € ©,,+1 is that the following equations should hold:
X— fm—2k + X4 fn—2k—2 =0 for0 <k <[(m—1)/2].
Lemma 7.2. The following are equivalent:

(1) Given a nonnegative integer m and apy, € Qup with X_apy, = 0, there exists w € C*°(SM) such that
Xw =0 and wy, = ay,.

(2) Given a nonnegative integer m and f =Y p_o fi such that Xf € Qm ® Qm+1, there exists
w € C®(SM) such that Xw =0and Y j—_owr = f.

Proof. The fact that (2) implies (1) is quite obvious from the fact that a;, € Q;, with X_a;, = 0 implies
Xay, = X+am € Qm+1.

To prove that (1) implies (2) we proceed by induction on m. The case m = 0 follows right away since
Xf()EQ] andX_f():O

Suppose the claim holds for m and let f = Zm'H fir be given with Xf € Q41 @ Q2. This is
equivalent to saying that X(Zk:o fk) € Q@ RLpyy1 and X_ 41 + X+ frnm1 =0.

By the induction hypothesis, there exists w € C°°(SM) such that Xw = 0 and wy = f for all kK <m.
The equation Xw = 0 in degree m is

X-wm+1+ Xy fm—1=0
and thus
X—(fm+1—wm+1) =0.

Using item (1) in the lemma, there exists w’' = Zm+1 wk € C*®°(SM) such that Xw' =0 and w;, , , =
fm+1— Wm+1. Then X(w + w’) =0 and Zm+1(w +w'), = f as desired. O

Finally we show:
Proposition 7.3. The following are equivalent:

(1) Given a nonnegative integer m and u € C*°(S"(T*M)), there exists f € C*®°(SM) with Xf =0
such that Ly, [ = u.

(2) Given a nonnegative integer m and a, € Q, with X_ay, = 0, there exists w € C*°(SM) such that
Xw =0 and wy, = a,.

Proof. Assume (1) holds. Given a,, € Q;, with X_a,, = 0, we see using Lemma 7.1 that L,,a,, is a
solenoidal tensor. Hence there is f such that Xf =0 and f, = L)' Ly f = am (note that Ly, fx =0
for k > m). Thus (2) holds.

Conversely if (2) holds, then item (2) in Lemma 7.2 holds. Thus there exists f € C°°(SM) such that
Xf =0and Z][C"ZOZ] fm—nk = L;,'u and (1) holds. O
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Proof of Corollary 1.3. On account of Proposition 7.3, it suffices to show that given a,, € 2, with
X_ay, =0, there exists w € C*°(SM) such that Xw = 0 and w,, = a,,. What makes this possible in
dimension two is [Paternain et al. 2015b, Lemma 5.6], whose content we now explain.

If (M, g) is an oriented Riemannian surface, there is a global orthonormal frame {X, X, V} of SM
equipped with the Sasaki metric, where X is the geodesic vector field, V' is the vertical vector field and
X1 =[X,V]. We define the Guillemin—Kazhdan operators [1980a]

Ny = %(X +iX)).

If x = (x1, x2) are oriented isothermal coordinates near some point of M, we obtain local coordinates
(x,0) on SM, where 6 is the angle between & and d/dx;. In these coordinates V = d/06 and 14+ and
n— are d- and 5—type operators; see [Paternain et al. 2015a, Appendix B].
For any m € Z we define
Am={ueC>®(SM):Vu=imu}.

In the (x, 6)-coordinates elements of A, look locally like /(x)e’™?. Spherical harmonics may be further
decomposed as
Q2o = Ao,
Qu=An®A_,, form>1.

Any u € C*®(SM) has a decomposition u = > o>y, where uy, € A,,. The geodesic vector field
decomposes as
X =n++1n-,

where n+ : Ay = Ap+q. If m > 1, the action of X4 on 4, is given by
Xi(em+e—m) =n+em +ngxe_m, e €A,

and for m = 0, we have X |q, =7+ + 71— and X_|g, = 0.

With these preliminaries out of the way, [Paternain et al. 2015b, Lemma 5.6] says that given f € A,
there is a smooth w € C*°(SM) with Xw = 0 and w,, = f. For m = 0, this gives the desired result
right away.

Given a;;, € Qp with X_ay,, = 0 and m > 1, we write a, = e, + e—, with e; € Aj. Then
N—em + nye—y = 0. Consider now smooth p, g with Xp = Xg =0 and p,, = e, and g—,, = e—p,. Then

—m o0
w = ZCIk + Zpk
—0oQ m
satisfies Xw = 0 and wy, = ay,. O
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MULTIPLE VECTOR-VALUED INEQUALITIES
VIA THE HELICOIDAL METHOD

CRISTINA BENEA AND CAMIL MUSCALU

We develop a new method of proving vector-valued estimates in harmonic analysis, which we call “the
helicoidal method”. As a consequence of it, we are able to give affirmative answers to several questions
that have been circulating for some time. In particular, we show that the tensor product BHT ® IT between
the bilinear Hilbert transform BHT and a paraproduct IT satisfies the same L? estimates as the BHT itself,
solving completely a problem introduced by Muscalu et al. (Acta Math. 1&:2) (2004), 269-296). Then,
we prove that for “locally L? exponents” the corresponding vector-valued BHT satisfies (again) the same
L? estimates as the BHT itself. Before the present work there was not even a single example of such
exponents.

Finally, we prove a biparameter Leibniz rule in mixed norm L7 spaces, answering a question of Kenig
in nonlinear dispersive PDE.

1. Introduction

Vector-valued estimates for classical Calderén—Zygmund operators are known from the work of Burkholder
[1983], Benedek, Calderén and Panzone [Benedek et al. 1962], Rubio de Francia, Ruiz and Torrea [Rubio
de Francia et al. 1986], to mention a few. A customary way of proving such vector-valued estimates
is through weighted norm inequalities and extrapolation, as explained in [Garcia-Cuerva and Rubio de
Francia 1985]. Initially, the vector-valued approach unified the existing theory for maximal operators,
square functions, and singular integrals. Later on, the setting was generalized to Banach spaces which
have the unconditional martingale difference property, and it was shown by Bourgain [1986] that this is
in fact a necessary condition for this theory.

For bilinear operators, however, the theory is far from being fully understood, even in the scalar case. In
this paper, we study vector-valued estimates for the bilinear Hilbert transform and for paraproducts. Our
initial motivation was an AKNS system-related problem, which can be reduced to understanding a Rubio de
Francia operator for iterated Fourier integrals. Because of the specific nature of this question, our general
approach is concrete, rather than abstract. As much as possible, the present article aims to be self-contained.

Central to time-frequency analysis is the bilinear Hilbert transform operator, defined by

d
BHT(f, £)(x) = p.. [R fer-nglr+0
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(0,0,1)

Figure 1. Range for BHT operator.

This operator was first introduced by Calderén, in connection with his work on the Cauchy integral on
Lipschitz curves. L2 estimates for BHT were proved nearly thirty years later, by M. Lacey and C. Thiele,
without establishing the optimality of the range.

Theorem 1 [Lacey and Thiele 1999]. BHT is a bounded bilinear operator from L? x L4 into L*® for any
1< p,qg <00, 0<s<oo,satisfying%+é=%and%<s<oo.

The range of the operator Range(BHT) consists of the set of triples (p, g, s) satisfying the conditions
above. The question that remains open is whether the bilinear Hilbert transform is bounded also for
s € (% %] The Holder-type condition %—i—% = % reflects the scaling invariance of the operator, and it can
be rlefolrmllﬂated as %+%1+§ =1, where s’ is the conjugate exponent of s. Thus (p, ¢, s) € Range(BHT)

if (5’ 7 ?) lies in the plane {(x,y,z) € R® | x + y +z = 1}, and is contained inside the convex hull of

the points
0,0,1), (1,0,0), (1,4,-3). (3.1.-3). (0.10)

(see Figure 1). Regarded as a bilinear multiplier operator, BHT becomes equivalent to

(f.g)r : F(&) &) 2™ gy, (1)
<n

The method of the proof, which breaks down when % + % > %, consists of approximating BHT by a model
operator obtained through a Whitney decomposition of the frequency region {§ < n}. In essence, this
model operator is a superposition of “almost orthogonal” objects of a lower complexity, called discretized
paraproducts.

Paraproducts play an important role on their own, especially in the analysis of PDE. A paraproduct is
an expression of the form

(fig) fR /R Flx—1)g(x —s)k(s.1) ds dt. @)
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where k(s, t) is a Calderén—Zygmund kernel in the plane R2 Alternatively, a paraproduct can be regarded
as a bilinear multiplier operator

(foye [ mnf@emem ¢ agan,

where m is a classical Marcinkiewicz—Mikhlin—H6rmander multiplier in two variables, sufficiently smooth
away from the origin. The singularity of the multiplier m consists of one point: (£, 7) = (0, 0). On the
other hand, we can see from (1) that the BHT multiplier is singular along the line £ = 1.

We have the following result on paraproducts:

Theorem 2 [Meyer and Coifman 1997]. Any bilinear multiplier operator associated to a symbol m(&, )
satisfying |0%m (&, n)| < |(§, )| ™% for sufficiently many multi-indices a, maps L? (R) x LY (R) into L*(R)
1

. 1 1,1
provided that 1 < p,q < o0, §<s<oo,and;+a=§.

Following the presentation in [Muscalu and Schlag 2013], any bilinear operator of this form can be
essentially written as a finite sum of paraproducts of the form

(&) Y ((f %) (g % ¥i)) %@ (x) = D> PO f - Ok®) M
k k

(&) Y ((f %01 (g% Vi) % Yic(x) = > Ok (Pef - Q) (I)
k k

(£8P Y ((f V1) (€% 0)) * Vi (x) =D Ok (Qi S - Prcg). (III)
k k

From now on, a paraproduct will designate any of the expressions (I), (Il) or (III), and will be denoted
by TI( f, g). Here ¥ (x) = 259 (2%x), or(x) = 2502k x), ¢(£) =1 on [—% %] and is supported on
[—1,1] and ¥ (§) = @(§/2) —@(&). The { Qp } represent Littlewood-Paley projections onto the frequency
|&] ~ 2k, while { Py }x are convolution operators associated with dyadic dilations of a nice bump function
of integral 1.

A classical application of Theorem 2 is the Leibniz rule

ID*(f - s SND* fllpy gllgr + 1f llp2 1D g llgo. 3)

%, 1< pi,gi <o0,and 1/(1+a) <s < oo. In particular,

if s > 1, which is the case in most applications, the Leibniz rule holds for any o > 0.

which holds for any o > 0, as long as ﬁ + % =

For functions on R?, with (fractional) partial derivatives in both variables, a corresponding Leibniz
rule is

|D¢DS(f -9,
SIDEDE Flip gl + 1 1o IDEDE gllas + 1DE £ llps 1 DL gllgs + 108 £llps 1Dl gu- 4

The proof of the above inequality relies on discrete biparameter paraproducts IT® Il, which are expressions
of the form

D * (e ® V) - (8% (Vi ® 91)) * Ve ® Yy (x, ). 5)

k,l
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Muscalu, Pipher, Thiele, and Tao proved the following theorem:

Theorem 3 [Muscalu et al. 2004a]. T ® I1 is a bounded operator from LP (R?) x L4(R?) into L*(R?)

. 1,1 _1
provided that 1 < p,q <00, -+ o = ,and 0 <s < 00.

P4
This further implies that (4) is true whenever
1 1 1 1 1
— = . . < - -
pi+Qi o 1 <pi,gi <oo, and max(1+a,1+ﬁ)<r<oo.

If r > 1 the last condition is redundant, so (4) holds for any «, § > 0.
Related to this, Carlos Kenig asked the following question, which has been circulating for some time:

Question 1. Assuming that 1 < 51,52 < 00, and a, B > 0, is there a Leibniz rule for mixed norm LP
spaces of the form

|D¢DE(f -9

‘ < o ﬂ o ﬁ
v SIDYDS fllzpg Nglig e + 1 g ps 1D Do gl ga s
+1DF £l 25 26 1DE gl a5 o6 + 1 D5 fll o7 os DS gll a7 a5

Here the mixed norms are defined by

1

1 zgns = el = ([ (. |f<x,y>|qdy)g )’ ©)

A result of a similar type appeared in [Kenig et al. 1993], as an important tool in establishing local
well-posedness for the generalized Korteweg—de Vries equation. This is a dispersive, nonlinear equation
given by

ou  03u pou

— =0, t,xeR kezZ™,
or T T ax x %

u(x,0) =ug(x).
In order to prove existence, the authors use the contraction principle, but to be able to do so, they need to

construct a suitable Banach space. The norm of the Banach space involves mixed L? norms of fractional
derivatives in the first variable DY, and the Leibniz rule employed in this paper is

[DS(f @)~ - D¥g=D%f gl 0 S CIDE Fllpi pon IDEgl 02 0o ®)

Here @ € (0, 1), o1 + o = o and % + é ==, —+ - = é. Also, p, p1, P2.4,491,92 € (1,00), but
one can allow g1 = oo if o1 = 0.

The fractional derivatives appear as a consequence of the smoothness requirement on the initial data:
ug is assumed to be in some Sobolev space H“(R), where o depends on the value of k in (7).

Question 1 is an extension of (8), and we managed to provide an answer by proving estimates for
I ® IT in L? spaces with mixed norms.

Biparameter bilinear operators were first studied in [Journé 1985], where he introduced a new way of
generalizing Calder6n—Zygmund operators on product spaces. More exactly, in that work he proved that
“bicommutators of Calderén-Coifman-type” are bounded, which translates to “IT ® IT maps L?(R?) x

L*®(R?) into L2(R?)”. The full range of estimates for IT ® IT was established in [Muscalu et al. 2004a],



MULTIPLE VECTOR VALUED INEQUALITIES VIA THE HELICOIDAL METHOD 1935

where was also noticed that BHT ® BHT does not satisfy any L? estimates. What remained undecided
for some time was the following question:

Question 2. Does the tensor product BHT ® I1 satisfy any LP estimates? Would it be possible to prove it
satisfies the same estimates as the BHT itself?

Some significant progress in answering this question was made by Silva [2014]. It was showed that
BHT ® I1 maps L? x L4 into L® under the constraints that % + % <2 and é + % < 2. Our helicoidal
method allows us to remove these restrictions, proving in this way that BHT ® I1 satisfies indeed the
same L? estimates as BHT.

As it turned out, the study of Question 1 and Question 2 is related to proving (sometimes multiple)
vector-valued inequalities for IT and BHT. Let ¥ = (rq,rp,7) be atuple sothat 1 <ry,rp; <00, 1 <r < oo
and % + % = % We say that an inequality of the type

H (S gk>|’)} (= |fk|“)” (= |gk|’2)r2

represents L7 estimates for vector-valued BHT, corresponding to the exponent 7; in short, we have
L? estimates for ﬁ";.

Some L? estimates for vector-valued BHT have been proved recently by Silva [2014], provided r €
(%, 4). UMD-valued extensions for the quartile operator (the Fourier—Walsh analogue of BHT) were stud-
ied by Hytonen, Lacey and Parissis [Hytonen et al. 2013]. Their results, transferred to the L2 setting, hold

under the same constraint that r € (%, 4). Moreover, through this method it is impossible to obtain vector-

)

<
s

p q

valued extensions when L! or L spaces are involved, as these are not UMD spaces. A similar abstract ap-
proach was taken in [Di Plinio and Ou 2015], where Banach-valued estimates for paraproducts were proved.
In spite of these results, some important questions remained unsettled:

- . . =TI .
Question 3. Are there any exponents r as before for which the corresponding vector-valued BHT; satisfy
the same LP estimates as the BHT itself?

As the question suggests, until the present work, there was not even a single example of such an
exponent. We show that whenever 7 is in the “local £? range” (that is, 0 < %, % L <3) BHT: satisfies
the same L? estimates as the BHT operator. Moreover, whenever 2 < p, g < oo, we show L? estimates
exist for any exponent ¥ = (ry,r2,7).

To summarize, the main task of the present work is to give affirmative answers to Question 1, Question 2,
and Question 3 described above. In what follows, we will present our main results, sometimes in a more

general setting.

Theorem 4. For any o, 8 > 0,
| ¥ DS (f-9)]

! < anb anb
LS L;Z ~ ”Dl Dz f”Lfglsz ”g”Lzle2 + ||f”L§3Lf,74 ”Dl D2 g”LZ3Lz4
+ 1D £l 25 26 1DE gl a5 a6 + 105 Fll 27 os | DS gl a7 a5

whenever 1 < p;,q; < oo, % <81 <00, 1 <5y <00, with 1_+a < §1 < 00, and the indices satisfy the
natural Holder-type conditions.
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This answers Question 1 in the affirmative. Of course, one may wonder if Theorem 4 holds in arbitrary
dimensions. As the careful reader will notice, our methods allow for such a generalization, with the
outer-most Lebesgue exponent possibly less than 1, if all the indices p;, g; involved are strictly between 1
and co. However, in applications L°° norms appear, so it will be of interest to have a more general
theorem for 1 < p;,q; < oco. Although we cannot obtain this result in this paper due to some delicate
technical issues, we plan to return to this problem sometime in the future.

An n-dimensional version of a Leibniz rule was presented in [Torres and Ward 2015] for indices that
are again strictly between 1 and oo:

IDECF 131 152 oy
SIDE £ 11 122 Gy 181 191 122 @y + 1120 122 ey 1 DB €191 192 iy

This can be regarded as an n-dimensional generalization of (8), and it is simpler than our variant of the
Leibniz rule because it doesn’t require a multiparameter analysis.

Our Theorem 4 is a consequence, modulo technical but “classical” complications, of the following
result:

Theorem 5 (mixed norm estimates for paraproducts on the bidisc). Let 1 < pj,q; < oo, % < 851 <00,
1<sy<o0,s0that -+ L =L 1<j<2 Then
pj qj Sj

[l Ly SN/ lglig g

The above theorem provides L? estimates for IT ® IT in mixed norm L? spaces. Through our
methods, we can also recover the results from [Muscalu et al. 2006a], stating that I1 ® - -- ® IT maps
L?(R") x L4(R") into L*(R") whenever 1 < p,q < o0, 3+ <s < oo and % + é = % Moreover, we
answer Question 2 by proving that BHT ® IT and BHT ® I1®” satisfy the same L” estimates as BHT:

Theorem 6. Foranyp,q,rwith%—l—% = %,with 1<p,q fooand% <r < 00,

|BHT @ @ @ T(£. &) 1 at1) S I ooy 18]l ansy-
The same is true for T ®--- QM QBHTR I ® - - - ® I1.

For n > 2, no such results were known previously, and furthermore, a new approach was necessary for
n > 3. This will be explained later in part (3) of the Remark on page 1939.

Some mixed norm L? estimates for [1®91 @ BHT ® T1®92 can also be proved (see Section 5.1). For
IT ® BHT, they are similar to [Di Plinio and Ou 2015] in the case n = 1. We recently learned that in
[loc. cit.] mixed norm estimates for IT ® IT, close to our Theorem 5, are also obtained.

In proving the results mentioned above, multiple vector-valued extensions for BHT and IT play a very
important role. Given a totally o-finite measure space (W, X, i), and f, g : Rx W — C, we define

d
BHT(f, g)(x,w) :=p.v. /R flx—t,w)g(x +1, w)Tt.

Note that for a fixed value w € W, we have BHT( f, g)(x, w) =BHT( fy, gw)(x), where f, (x)= f(x,w).
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Figure 2. Range for vector-valued BHT when - 7 % i, <

=

Theorem 7. For any triple (r1,r2,r) with 1 <ry,rp <o0, 1 <r < oo and so that + - = %, there
exists a nonempty set Dy, ., , of triples (p.q. s) satisfying £ > T E = L for which

BHT : L?(R; L™ (W, n)) x LY(R; L"™2(W, ) — L*(R; L" (W, n)).

This means that there exists a constant C so that

[IBHT (£ )l 0,0 | Loy < C IS Nzri w0 | Loy 18122090 | Lo y-

Depending on the values of r1,12,1’, we can give an explicit characterization of Dy, ra,r» as follows:

G 1f L, L L <1 then D, ,,» = Range(BHT).

G Ifr L, L < % and % % then Dy, ,, r corresponds to the tuples (p, q, s) € Range(BHT) for which

(i) If % 7 =<3 and = > 5, then the range of exponents is similar to the one in (ii), with the roles
of ri and ry mterchanged That is, Dy, r, r consists of tuples (p,q,s) € Range(BHT) for which

2 r"
av) If % % < % and % % then Drl,rz r corresponds to the tuples (p,q,s) € Range(BHT) for
whichOf%,é <%—|—%and—% < s, <1.

See Figures 2—4 for the ranges of BHT in the cases above.

We emphasize that whenever (p, ¢, s) are such that 0 < ; é < (and consequently 1 <5 < 00),
vector-valued estimates exist for any tuple (ry, r2,r). These are the first examples of tuples (p, g, s)
which allow for any Bﬁ“; extension.

Theorem 7 can be further generalized to multiple vector-valued inequalities. For an n-tuple P =

(1. ..., pn), the mixed L® norm on the product space

n n n
(W, %, 1) = (HW-, [1= Huj)
j=1 Jj=1 Jj=1
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Figure 3. Range for vector-valued BHT when % > %
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Figure 4. Range for vector-valued BHT when % >

is defined as

Pn p’;;l ]}T
Ifllp = ‘f(wl,---,wn)‘ dpn(wn) - dpy(wr) .
Wi W;,
Consider the tuples Ry = (rll, oI, Ry = (rzl, ...,ry)and R = (.. satisfying for every
1<j=<n,
l<rl.rf<oo, 1<r/<oo l-i-i:l
17 2 — k) — k) : . J

J J
81 r r

(from now on, this will be writtenas 1 < Ry, R, <00, 1 < R < 00, and RL] + R% = %) Then we have
the following multiple vector-valued result:

Theorem 8. Let Ry, Ry and R be as above. If the tuples R, Ry, R satisfy the condition (r{, r2j, rj) €

fDrlj‘—i-l’ij-{-l,rj_i_] forevery 1 < j <n—1, then there exists a set Dg, r,,r of triples (p,q,s) for which

BHT : L?(R: LR (W, n)) x LY(R; LR2(W, n)) — L5 (R; LR(W, n)).

In addition, DR, R, R = Drll,r% i
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Remark. (1) The vector spaces L"(W;, X;, ;) can be both discrete £” spaces or the Euclidean L" (R)
spaces. For our applications, they are going to be either of these.

(2) If the exponents Ry = (rll, o 11), Ry = (rzl, ...,ry)and R = (r',....r™) are in the “local L2~
range, then the multiple vector-valued inequalities hold for any (p, ¢, s) € Range(BHT). As particular
cases, we mention

BHT : L2 (£2(£%°)) x L9 (£ (£?)) — L*(£%(£?)),
BHT : L?(£2(£%°)) x LI(£%(£?)) — L (L1 (£?))
for any (p, ¢, s) € Range(BHT).
Also, for proving an equivalent of Theorem 6 in mixed norm spaces, we need the more complex version

BHT : L2V (LP>(£%°(£%))) x LI (L9>(£2(£%))) — L3 (L3 (€% (£1))).

(3) As mentioned earlier, multiple vector-valued estimates for BHT play an important role in estimating
BHT ® IT®". In the case n = 1, one can obtain estimates for BHT ® IT in the Banach range by using
duality and vector-valued inequalities of the type

BHT: L?(¢?) x LY((™®) — L*({?) and BHT:LP({™®)x L9((?) — L*(£?).
However, £1-valued estimates cannot be avoided for n > 3, for example, if [T ® [T ® IT has the form
NRIRTI(f.g)(x.y.2)= > QrO7Pa(PLO]ON - QrPFO)(x.y.2).
k,l,m

This is in part the novelty of our approach in Theorem 6, and it contrasts with the situation of classical
Calder6n—Zygmund operators, where £!-valued estimates cannot be expected.

(4) The optimality of the range in Theorem 7 or that in Theorem 8 remains without answer, for now.
Since we use in our proofs the model operator for BHT, the obstructions appearing are similar to those in
[Lacey and Thiele 1999]. These are described in the constraint C(ry, 72, r’) on page 1954.

Equally important are multiple vector-valued inequalities for paraproducts, as they are essential in
proving Theorem 4.

Theorem 9. For any tuples Ry = (rl,....r%), Ry = (r},....,r%) and R = (r!,...,r") satisfying
componentwise 1 < Ri, R, <00, 1 < R < o0, and R% + RLZ = %,

T2 L7 (R; LRY(W, ) x LI®R; LR (W, ) — L° (R LR(W, ),

provided 1 < p,q < oo, %<s<oo,and%+é:%.

In other words, vector-valued estimates for paraproducts exist within the same range as that of scalar
paraproducts. This is also the case with classical Calderén—Zygmund operators.
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Original motivation. We now describe the previously mentioned Rubio de Francia operator for iterated
Fourier integrals, and the context where it appeared. AKNS systems are systems of differential equations

of the form

u' =ilDu+ Au, (10)
where v = [uy,...,uy]" is a vector-valued function defined on R, D is a diagonal n x n matrix with real
and distinct entries di, d>,...,dy, and A = (a jk('))7 x—1 18 a matrix-valued function defined on R and

such thata;; =0forall 1 < j <n.
Then one would like to prove that the solutions uf (which depend on A as well) are bounded “for all
times”; that is,
||u%||oo<oo forae. Aandall 1 <j <n. (11)

We want to have such an estimate under the weakest possible assumptions, so we only require the entries
of the potential matrix A to be integrable in some L? spaces:

ajp(-) € LPkR) forall1 < j k<n, j#k.

In the case of an upper triangular matrix 4, whose entries are functions g € LP¥, the solutions u; ()
at a fixed time ¢ are a finite sum of expressions of the form

C / g1(x1)-- .gm(xm)el'l(alx1+~~+(xmxm) dxy -+ dxpm.
X <<Xp <t

Here m < n and «y # O for all k, as a consequence of dy # --- # d,,. Hence the problem (11) reduces to
estimating

iA(ayx)+~4amxm) dX1 dxm )

f g10x1) -+ gmCxm)e
X1 <o <Xy <t

It was proved by Christ and Kiselv [2001a; 2001b] that 5,% is a bounded operator:

C%(g1,82, ., gm)(A) := sup

m
HC;;“'L(gl’ s ’gm)HSm < 1_[ ”gk”pk
k=1
1
P’
On the other hand, if the entries of the matrix A are L? functions, the previous expression becomes

foralll§pk<2suchthat%=p#+---+
m 1

equivalent to

sup
t

/ F1(x1) -+ fon (em) @@ X1FF@mxm) gy g, | (12)
X1 <<xXp<t

denoted C5(f1.. ..., fm)(A). For m = 1, this is exactly the Carleson operator, while m = 2 corresponds
to the bi-Carleson operator of [Muscalu et al. 2006b], both of which are known to be bounded operators
(with the remark that for the bi-Carleson, the oz need to satisfy some nondegeneracy condition):

1G5 (h1. k) |ls, < A1 llpy 12211,
1

1 1 2
< 4 =41 2 <
for 1 < p1, pp < 00, 53 D1 + vz’and 3 <82 <00
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Moreover, if instead of considering the sup in the expression (12), we look at the limiting behavior
lim; o u; (¢), then we encounter iterated Fourier integrals, for example, the BHT operator as seen in
(1), or the bi-est operator of [Muscalu et al. 2004b]:

/S ‘ Efl(él)]?2(52)f3(§3)e2mx($1+§2+$3)déld§2d§3-

Now we consider the following mixed problem: The matrix A is the sum of a lower triangular matrix
with entries f; € L? and an upper triangular matrix with entries g3 € L%, where 1 < p; < 2. Using
Picard iteration, the solutions u; (¢) can be expressed as a series of terms of the form

C /R SuE) - fim Em)g21(x21) - g2ns (¥2ms) - i1 En) -+ fimy Eim,) dx dE.

where R = {£11 <+ <E&1m; <Xx21 <+ <Xop, <-+- <& <--- <&y, <t}
The simplest of these operators, where the sup is dropped, is given by

M(f1, f2,8)(E) = / f1(x1) fa(x2) g (x3) 2T HEE+¥24%3) ) ey dcs, (13)

X1<X2<Xx3
where f1 € LP1, f, € LP2 1 < p1, pp <00, and g € L? with 1 < p < 2. The techniques from [Christ
and Kiselev 1998; 2001a; 2001b], akin to those used by Paley [1931], are based on a dyadic filtration
associated to one of the functions. This involves a structure on R similar to that of the dyadic mesh: on
every level of the filtration, one has a partition of R, and passing to the next level of the filtration means
refining the previous partition. We want to use g in order to obtain this structure and for simplicity we
assume || g||, = 1. Define the function

o(x) = f 8|7 dy.

—00
Its image is the unit interval [0, 1], and the filtration will consist of preimages through ¢ of the collection D
of dyadic intervals in [0, 1]. Because ¢ is increasing, whenever x, < x3 we have 0 < ¢(x2) < ¢(x3) < 1.
Hence there exists a unique dyadic interval w C [0, 1] such that ¢(x5) is contained in the left half of w,
which we denote wy,, while ¢(x3) is contained in the right half wg. To simplify notation, we identify
¢ Hw) with .
Then the operator M can be written as
> f1(x1) fa(x2)g (x3) X EC1H22F33) Gy vy dxy

X1<X2
WED Y X2€W[,,X3€EWR

= Z 1<ty F1(x1) f2(x2) g (x3) PP ECIEX2EX) g vy dxs (14)
w

X1,X2€W[,,X3EWR
+Z[ x1<Lwp) fl(X1)f2(x2)g(x3)eZm'S(x1+x2+x3) dxydxydxs.  (15)
w xzele,x:;éwR

Here L(wy) denotes the left endpoint of the interval wy. We call the operators in (14) and (15) M,
and M respectively. The first term M; accounts for the occurrence of arbitrary intervals (they are in fact
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(0,0,1)

Figure 5. Range for 7} operator for 1 <r <2.

¢~ Y(wr)), and this combined with Holder’s inequality motivates the operator

N

T,(f.0)(x) = (Z

k=1

)r. (16)

/ F(E1) 8(62) 2 FEHED) g ag,
ax<€1<€r<byi

We have the following result:

Theorem 10. If 1 <r <2, then
IT-(f. s S NS Npllgllq

whenever % + é = %, and p,q, s satisfy

1 1 1

0=5.¢g<z2t% 7 <5

11
p’q

On the other hand, if r > 2, then T} is a bounded operator with the same range as the BHT operator;
see Figure 5.

In Section 7 we will show how both M; and M, are bounded operators:

Theorem 11. The operators My and M» satisfy the following:
. [Pl P2 P q ; 1, 1,1 _ 1
My LPPx LP2x LP - L provzded1<p<2andpl—i—pz—l—p,—q,
while

. 1 P1 D2 p q ; 1 4, 1 1, 1t ., 1 _1
My LY X L2 x LY - L provzded1<p<2,p2+p/<1andpl—|—p2+p,—q.

Hence M = M1+ M5 is a bounded operator from LP' x LP2x LP — L4 provided 1 < p <2, é + # <1
and L+ L 1 _1
2P T g

However, as Robert Kesler [2015] noticed, the boundedness of the operator M can also be proved
by making use of a vector-valued extension for the “linear” operator BHT( f1, - ). The constraint for the
exponents is given by é + # < 1. So even if M splits as M = M; + M, and the range of M is larger,
one gets the same range for M through both methods.
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Because the intervals {[ag, by ]}x are disjoint and arbitrary, we refer to 7, as a bilinear Rubio de Francia
operator for iterated Fourier integrals. Recall that Rubio de Francia’s square function is the operator

N

2 4 !
) - (Z |P1kf<x)|2) ,
k=1

where {I; = [ag, br]}1<k<n is a family of disjoint intervals, and Py (/') denotes the Fourier projection

N
[~ RE(f)(x) := (kz
=1

/1 £ (&) gt

of f onto the interval /. Using vector-valued singular integrals theory, Rubio de Francia [1985] proved the
boundedness of the RF operator on L? for p > 2. Interpolating this result with estimates for Carleson’s
operator [1966], one gets more generally that the operator
v !
RE, () (x) = (Z 11, f(x)l”)
k=1
is bounded on L2, as long as % + % <.

In the particular case of a lacunary family of intervals (that is, I = [2K~1,2¥] and k € Z), the above
operator corresponds to a Littlewood—Paley square function with sharp cutoffs, which is bounded on
LP(R) for any 1 < p < co. Even more, the L? norm of the square function is comparable to the L? norm
of the initial function:

C;lllfIIpSH(k% 2)§

Rubio de Francia’s theorem addresses the boundedness of a square function associated to an arbitrary

=Gl fllp-
p

/R Lotz ooty £ (6) 2717 d

family of intervals, and in this sense it is optimal: in the case v = 2, the condition p > 2 is necessary,
while for v > 2, we need the strict inequality v > p’.

Returning to our operator 7, note that it can also be regarded as a vector-valued bilinear Hilbert
transform

[

Tr(f, &) (x) = (Z}BHT(Pka, szg>(x)|’)’,

k

because the multiplier of the BHT operator is equivalent to 1y, <¢,1, as seen in (1).
Using solely Khintchine’s inequality, it was proved in [Grafakos and Li 2006] that

”(;}Bmfk,gk)!zf (;uﬁf (;mﬁf

This implies the boundedness of 7 for » > 2, p,q > 2. But this is a very limited range, and in order to

<

s p q

obtain estimates in the case p < 2 or ¢ < 2, one needs the full power of vector-valued extensions.
We note that our estimates for the operator 7, are sharp, in the sense that the same estimates are
satisfied by

1
7

(fe) (Z!sz fx)- szg(x)}’) (17)
k
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In (17), BHT(Py, f, Py, g) is replaced by the product of the functions Py, f - Py, g. In general, the best
one can hope for a bilinear Fourier multiplier operator is that it satisfies the same L? estimates as the
product ( f, g) — f - g, and this is the case for 7.

Moreover, in the special case of lacunary dyadic intervals, for any 1 < r < oo, we have that

(fg) > (Z

k

1
r)r

is a bounded operator from L? x L9 to L* for any (p, ¢, s) € Range(BHT). The cases p = oo and ¢ = 00

/ F©) 8T ED gg ay
2k <f<p<2k+1

cannot be obtained directly, but follow by duality.

Our initial proof of Theorem 10 did not involve vector-valued bilinear Hilbert transform operators,
but it was built around localizations of BHT, in conjunction with several stopping times. Afterwards we
realized that this method is suitable for other general situations, which eventually led to the development
of the helicoidal method. This applies to paraproducts, BHT, the Carleson operator, the Rubio de Francia
operator, etc. In the study of the 7, operator, the stopping times were dictated by level sets of linear
Rubio de Francia operators: RF,, (/) and RF,, (g). For the vector-valued BHT, the three stopping times
that are used for estimating the trilinear form are dictated by level sets of

(kavl)”, (ngvz)” and (me“)”.
k k k

The method of the proof is described in more detail in Section 2.5.

Lastly, we want to point out an interesting connection with another open problem in time-frequency
analysis: the boundedness of the Hilbert transform along vector fields. More exactly, if v : R? — R? is a
nonvanishing measurable vector field, then one defines the Hilbert transform along v as

d
va<x,y>=p.v./Rf((x,y)—t-v(x,y))T’.

It was conjectured by Stein that H,, is a bounded operator on L? whenever v is Lipschitz. Some partial
results in this direction are known in the case of a one-variable vector field. M. Bateman and C. Thiele
[2013] proved the L? boundedness of H, for % < p < 0o and provided that v(x, y) = v(x,0).

The proof makes use of the Littlewood—Paley square function in the second variable and restrictions to
certain fixed sets G and H, together with single annulus estimates for H, from [Bateman 2013]. In the
special case when f(x, y) = g(x)h(y), estimates for the variational Carleson from [Oberlin et al. 2012]
yield the same result whenever p > %. It is still not known if this can be extended to general functions
f(x,y), or whether one can push the lower bound for p below %.

Silva [2014] uses ideas similar to the ones described above, obtaining in this way vector-valued
extensions for BHT whenever % < r < 4. Our methods allow us to prove that vector-valued extensions
exist for any 1 < r < oo (in fact, for any triple (rq, 72, r)). It would be interesting to understand whether
the localization argument that we are employing can be transferred to the study of the Hilbert transform

along vector fields.



MULTIPLE VECTOR VALUED INEQUALITIES VIA THE HELICOIDAL METHOD 1945

Besides having sharp estimates for the local version of the operator, the structure of the intervals chosen
through the triple stopping time can play a role in itself. The collections of intervals constitute a maximal
covering for the level sets of certain maximal operators, and for that reason, they form a sparse collection
of intervals (in the sense of [Lerner 2013]). From here, weighted estimates can be deduced, and a similar
approach was carried out in [Culiuc et al. 2016].

The rest of the paper is organized as follows: in Section 2 we recall some definitions and results
regarding multilinear operators. The helicoidal method is described in detail in Section 2.5. Multiple
vector-valued extensions for BHT are presented in Section 3, and those for paraproducts in Section 4.
Following in Section 5 are the estimates for BHT ® I1®". The Leibniz rules are a modification of mixed
norm L7 estimates for I1 ® IT and are discussed in Section 6. The Rubio de Francia theorem for iterated
Fourier integrals and its application to the AKNS system problem appear in Section 7.

2. Some classical results on the bilinear Hilbert transform

In this paper we use Chapter 6 of [Muscalu and Schlag 2013] as a black box, but we recall a few definitions
and results to ease the reading of the presentation. Essential here are the notions of size and energy, which
are quantities associated to certain subsets of the phase-frequency space.

Notation. For any interval I C R, define

dist(x, 1) )‘“’0

x1(x) = (1+ 7]

The mesh of dyadic intervals is denoted by D.

Definition 12. A file is a rectangle P = Ip x wp with the property that Ip, wp € D or wp is in a shifted
variant of D. We define a tritile to be a tuple P = (P1, P», P3) where each P; is a tile as defined above
and the spatial intervals are the same: /p, = Ip forall 1 <i <3.

Definition 13 (order relation). Given two tiles P and P’, we say P’ < P if Ip» € Ip and wp C 3wp/,
and P’/ <Pif PP<Por P'=P. Also, PP < Pif IprCIp and wp C100wps,and P' < ' Pif P/ < P
but P’ £ P.

Definition 14. A collection [P of tritiles is said to have rank I if for any P, P’ € P the following conditions
are satisfied:

o If the tritiles are distinct, i.e., P # P’, then P]f # P forall 1 < j <3.

o If wp; = a)PJ(O for some jo, then wp; = a)PJ( forall 1 <j <3.

o If P].’O < Pj, for some jjo, then PJf S Pjforalll1 <j <3.

e If in addition to PJfO < Pj, one also assumes |I/p/| < |Ip|, then PJf < Pj forall j # jo.

Definition 15. Let [P be a sparse rank 1 collection of tritiles, and let 1 < j < 3. A subcollection 7" of P
is called a j-tree if and only if there exists a tritile Pr (called the top of the tree) such that P; < Pt ;
for all P € T. We write I for Ip, and wT; for wp, ; and we say T is a tree if it is a j-tree for some
1<j<3.
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Definition 16. Let 1 <i < 3. A finite sequence of trees 77, ..., Ty is said to be a chain of strongly
i-disjoint trees if and only if
(i) P; # P/ forevery P € Ty, and P’ € T}, with [1 # I5;

(i) whenever P € Tj, and P’ € Ty, with [; # [> are such that 2wp; N 2wpi/ # &, then if |wp,; | < |a)Pl/|,
one has Ip/ N ITll = &, and if |a)Pl/| < |wp;|, one has Ip N Ile =J.

(iii) whenever P € T;, and P’ € T, with [; <[5 are such that 2wp, ﬂZa)Pl/ # @ and |wp, | = |a)Pi/|, then
IprN I T, = .

Definition 17. Let P be a tile. A wave packet on P is a smooth function ¢p which has Fourier support

inside %a)p and is L?-adapted to Ip in the sense that

. -M
I 1 dist(x, Ip)
69 ()] < Cropp — (1+ (18)
|Ip|2+ [1p|
for sufficiently many derivatives / and any M > 0.
2.1. Model operator for BHT. A discretized model operator for BHT is given by
1
BHTp(f.8)(x) = Y ——(f.¢p,)(g. 93,93, (x). (19)
pep |1P|2

where the family P of tritiles is sparse and has rank 1, while (¢ Ij;j )pep are wave packets associated to
the tiles P;. In some sense, the bilinear Hilbert transform is the canonical example of such an operator.
Above we also included the definitions of trees and chains of strongly disjoint trees because they are
essential in understanding such singular bilinear operators.

The model operator from (19) was introduced in [Lacey and Thiele 1999], and the bilinear Hilbert
transform itself can be represented as an average of such shifted model operators. The detailed reduction
can be found in [Muscalu and Schlag 2013, Chapter 6]. As a consequence, the boundedness of the bilinear
Hilbert transform within Range(BHT) can be deduced from similar estimates for the model operator. Simi-
larly, estimates for vector-valued and for the localized bilinear Hilbert transform will follow once we prove
their equivalents for the model operator, and we will not insist on the exact distinction between the two.

It is worth mentioning however, that the model operator fails to be bounded for s < %, leaving undecided
2,
Bilinear operators are often studied with the use of the associated trilinear form. In the case of the

the boundedness of the bilinear Hilbert transform itself for % <s<

(model operator for the) BHT operator, the trilinear form is given by
1
Apurp(f,8.0) = ) —— (frdp,) (2. 65,)(h, ¢3,). (20)
pep lIpP|?

Definition 18. If P is a collection of tritiles and /g is a dyadic interval, we denote by P(/p) the tiles P
in P whose spatial interval Ip is contained in /:

P(lp):={P €P: Ip C Io}.
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Definition 19. Let P be a finite collection of tritiles, let j € {1,2, 3}, and let f be an arbitrary function.
We define the size of the sequence ( f, ¢ Ij,j )p by

size((f,qﬁ;;j)p) = sup (|IT| Z I{ fqﬁpj |2) (21)

rep PeT
where T ranges over all trees in [P that are i -trees for some i # j.

Lemma 20 [Muscalu and Schlag 2013, Lemma 6.13]. Let j €{1,2, 3} and let E be a set of finite measure.
Then for every | f| < 1g one has
. j <
sive((f:04,)7) 5 sup = [ i d

Pep

Sfor all M > 0, with implicit constants depending on M.

Thanks to Lemma 20, which is a consequence of the John—Nirenberg inequality, we can work with the
simpler “sizes”

: 1 M
size f ~ sup —— | [f]- X, dx
pep lIp| Jr

where M is some large number to be chosen later.

We will also need a size that behaves well with respect to localization. In the formula above we
consider the supremum over the spacial intervals Ip of the collection P. In our proofs, we will need to
compare sizep(z,) f and (1/]1o]) [l f |- X1, dx, so the following definition is natural:

Definition 21. If [y is a fixed dyadic interval, then we deﬁne
= [l . 2)

sizep(ry) f = sup
JC31y |J |
APeP(ly),IpJ
We note that for any function f,
SiZCp([O) f < sizep(lo)f.

Definition 22. Let P’ be a finite collection of tritiles, j € {1,2,3} and let f be a fixed function. We
define the energy of the sequence ( f, ¢ Ij>j )p by

D=

energy((f, ¢} )p) = sup2" sup( > |1T|) , (23)

nez T TeT

where T ranges over all chains of strongly j-disjoint trees in P (which are i -trees for some i # j) having
the property that

1
(Z |<f,¢,£j>|2) > 27|17}
PeT
for all T € T and such that

1
. 2 |
(X wrege) <2t
PeT’ '
for all subtrees 7/ C T € T.
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We have the following estimates for the trilinear form and energy:

Proposition 23 [Muscalu and Schlag 2013, Proposition 6.12]. Let P be a finite collection of tritiles. Then
3

Asurp(fi, fo. 13) S [ ] (size((f5. 05,)p))” (enerey( 5, 9, p) ™"

j=1
for any 0 < 0y1,0,,03 < 1 with 01 + 0, + 03 = 1; the implicit constants depend on the 8; but are

independent of the other parameters.

Lemma 24 [Muscalu and Schlag 2013, Lemma 6.14]. Let j € {1,2,3} and f € L*(R). Then
energy((f: 63, )7) < 11/ I

However, for our specific problem we need more accurate estimates for the localized trilinear form.
This will follow in Sections 2.4 and 3.1.

2.2. Interpolation. Since this is a fundamental tool in harmonic analysis, we recall a few facts about
interpolation methods. We adapt the results from [Thiele 2006] and emphasize how the constants change
through interpolation. In our applications, we need to keep track of the constants. Many of the proofs in
the following sections are iterative, and the operatorial norm obtained after interpolation becomes a “size”
on the subsequent step of the induction. We recall a few definitions and results, but we will be mainly
using their generalization to Banach spaces.

Definition 25. For a subset E C R of finite measure, define

X(E)={f:1fl=1g ae}.

We will denote by V' the linear span of all X(F), which plays an important role because it is a dense
subspace of all L? spaces for 1 < p < oo.

Definition 26. A tuple o = («y, ..., oy) is called admissible if for all 1 <i <n,
—oco<ai<1l and a;+---4+o,=1,
and there is at most one index jo so that «;, < 0. We call an index good if o; > 0 and bad if a; < 0.

Definition 27. A multilinear form A : V x---xV — C s of restricted type o = (&1, . . ., ot5) with 0 <q; <1
if there exists a constant C (possibly depending on «) such that for each tuple £ = (Eq, ..., E,) of
measurable subsets of R and for each tuple f = (f1,..., fu) with f; € X(E;), we have

IACfi . )] <CTTIE Y.
J

Theorem 28 (similar to [Thiele 2006, Theorem 3.2]). Let 8 = (B1, ..., Bn) be a tuple of real numbers
such that Z jBj=1land Bj >0 forall j. Assume A is of restricted type « for all o in a neighborhood
of B satisfying > j oj = 1, with constant C(e) depending continuously on o.. Then A is of strong type B
with constant C(f):

\A(fl,...,fn)}scw)]"[lnﬂnﬁlj forall fj €V.
o
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For multilinear operators, it often happens that the target space is an L? space with 0 < p < 1. This is
not a Banach space, but we can conclude the desired outcome by interpolating weak-L4 estimates for g
in a neighborhood of p. Additionally, L9°°° norms are dualized in the following way:

Lemma 29 [Muscalu and Schlag 2013, Lemma 2.5]. Let 0 < r < 1, and A > 0. Then the following
statements are equivalent:

@ 11 llr00 = A
(ii) For every set E with 0 < |E| < oo, there exists a major subset E' C E (i.e., |E'| > | E|/2) so that
1
[(f,1Eg/)| S A|E|7", where % + % = 1. (Note that for r # 1, we have r’ is a negative number.)
Definition 30. Let « be an n-tuple of real numbers and assume «; < 1 for all j. An n-linear form A is

called of generalized restricted type « if there is a constant C (possibly depending on «) such that for
all tuples £ = (Eq, ..., Ep), there is an index jo and a major subset EJ’.O C Ej, so that for all tuples

f =1, fo) with fj € X(Ej) for j # jo and fj, € X(E} ),

n

IACHL . )| =CTTIE/ 1. (24)
ji=1
If a tuple o« = (a1, ..., ay) is good, then generalized restricted-type estimates coincide with restricted-

type estimates:

Proposition 31 (similar to [Thiele 2006, Lemma 3.6]). If « = («1,...,ay) is a good tuple, and A is of
generalized restricted type a with constant C(«) and the major subset corresponds to the index jo, then
A is of restricted type a with constant C(a)/(1 —277/0),

Theorem 32 [Thiele 2006, Theorem 3.8]. Assume

A= (T(f],---,fn—l)v fn)

is of generalized restricted type B, where ) i Bj = 1. Assume By >0 for1 <k <n—1and p, <0.
Assume A is also of generalized restricted type a with constant C(«) (continuously depending on o) for
all o in a neighborhood of B satisfying ; @j = 1. Then the multilinear operator T satisfies

(1—8n)

n—1
|7Cfre ] <CB [T L (25)
j=1 ’

2.3. Interpolation for Banach-valued functions. The Banach space interpolation theory is very similar
to the scalar version, the difference consisting in replacing the norm | - | on C by ||-||x on a Banach space X.
We say that F € L?(R; X) provided

1

p
I FllLr@x) = (/R |LF(x)[I% dx) < 0.

The question of integrability of F(x) is reduced to the Lebesgue integrability of x — || F(x)||x. The set
of vector-valued step functions is dense in L?(R; X) and for this reason, similarly to the scalar case, it
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will be enough to deal with function in
{F N F(x)|lx <1g(x) a.e. E C R subset of finite measure}.

The linear span of such sets will be denoted Vy.
The multilinear form associated with an operator is obtained through dualization. More exactly,

/R (G(x). F(x) dx

| FllLr@wx) = sup
1G 1 ey <1

whenever 1 < p < o0.
We will deal with a vector-valued multilinear (or multisublinear) operator of the form

T:LPY(R:; X1) x-+-x L2V (R; Xp_1) — L?"(R; X»).
The multilinear form associated with this operator, A : Vx, x---x Vx, | x Vyx — C, is given by
A(F1, ..., Fy_1, Fy) = /(T(Fl,...,Fn_l)(x),Fn(x))dx.
R

The definitions and proofs from the scalar case are adaptable to the vector-valued situation. For complete-
ness, we present them here, adapting the equivalent statements from [Thiele 2006].

Definition 33. A tuple @ = («1,...,ay) is called admissible if ¢y +---+a, =1, @1,...,0, <1 and
for at most one index jo we have aj, < 0.

A multisublinear form A as above is of restricted type & = (a1, ..., ®y) for a good admissible tuple o
if there exists a constant C so that for each tuple £ = (E1, ..., E,) of measurable subsets of R, and for
each tuple F = (F1,..., Fy) with || Fj|lx <1E;, we have

|A(F1, ..., Fp)| < C|E1|* - | Ep|*".

Proposition 34 (equivalent of [Thiele 2006, Theorem 3.2]). Let B = (B1, ..., Bn) be an admissible tuple
of real numbers such that B; > 0 for all j. Assume that A is of restricted type o for all admissible tuples o
in a neighborhood of B. Then there is a constant C such that for all F; € Vx;,

|A(F1, cee Fn)‘ <Cl|F ”LI/B] ®R; X)) " ”Fn“Ll/Bn(R;Xn)'

Definition 35. Let o be an admissible tuple; the n-sublinear form A is of generalized restricted type o if
there is a constant C such that for all tuples £ = (E1, ..., E,) there is an index jo and a major subset £ ]’.0
of Ej,(that is, |E]’.O| > | Ejy|/2) such that for all tuples F = (F1,. .., Fy) with || Fj[|x; < 1g; for j # jo,
and ||FJ-0||Xj0 < lEj/_O, we have

|A(Fi.....Fy)| < C[]IE/ 1%
J

Proposition 36. If A is of generalized restricted type o = (a1, ..., ay), and aj > 0 for all j, then A is
of restricted type «.
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On the other hand, if one of the indices ¢/ is < 0, the generalized restricted-type implies only weak-L?
estimates. This works in the case when the multisublinear form is given by

A(F1, ..., Fy) = A(T(Fl,...,Fn_l)(x),F,,(x))dx, (26)

and corresponds to an operator T defined on Vx, x++-x Vx,_, and taking values in Vy,,.

Proposition 37. Let A be a multisublinear form as in (26), and « = («q, ..., ®,) an admissible tuple
with an < 0. Assuming that A is of generalized restricted type o, we have

. 1 n—1
M | TP Fa)@)| g, > AT < AT 1B/
Jj=1

forall tuples F = (Fy, ..., Fp—1) with || f;llx, <1E;.

Proposition 38. Assume A is of generalized restricted type 3, where B is an admissible tuple with 8, <O.
Assume A is also of generalized restricted type o for all admissible tuples o in a neighborhood of 8. Then
T satisfies

n—1

I7CFu - Fae) | pamsm@oxny = € TTIF L0 i @7)
j=1

The proofs of the last two propositions follow exactly the same ideas as those corresponding to the

scalar case, with very minor differences.

2.4. A few technical lemmas. In this section, we present a few results that will be useful later on for
estimating a trilinear form associated to a collection [P of tritiles well-localized in space: Ip C I for all
P eP.

Lemma 39. If Iy is a fixed dyadic interval, k € 7+, and f is a function such that

k=1 dist(supp £, Ip) -

ok
- [1o] -

then

M
energyp(zy) £ < 251 £ l2.

Proof. Following Definition 22, there exists a collection T of j-disjoint trees T € T C P(/yp), so that
2
(energypr) /)2~ Y D |(fiop)".
TeT PeT

We define 7 := e Uper P, the collection of all tiles in T, and estimate the right-hand side of the

expression above:
Y lhenl X X Y lenl):

TeT PeT m=>0 I1CIy PeT
[1|=2""Io| Ip=1
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The collection of tiles P € 7 with Ip = I for a fixed interval I are all disjoint in frequency. In fact
since they are of the same scale, they are translations of some fixed tile and hence

S (g /qunz( d““x’?)ade.

PeT |I|
Ip=1I

This implies

PIDMFZIA DI /lf(x>|2( d“t(“)) dx

1
TeT PeT m=>0 ICly | |
[1|=27""Io]

<y oy pe ()
~ 2

m=>0 I1CIy |I|
[1|=27""Io]
2 A—2kM —mM
SIfI3272M Y o
m>0

—2kM
S| f13 272k, O

On the other hand, if f is supported inside 5/o, we know from Lemma 24, that energyp(s,) / < || f ll2

Since the collection P(/p) is localized in space on the interval /o, we have the following estimate for
the trilinear form Agyr;p(7,):

Lemma 40 (refinement of [Muscalu and Schlag 2013, Proposition 6.12]). The trilinear form Agyr;p(1,)
satisfies

‘ABHT;IP(IO)(fv g h)}

. . . - iy - _
< (sizep(ry) £)?' Gizep(ry) €)% (sizepry W 1 f - F1olly " g - 10113 “0h 77" @8

forany 0 < 0y1,0,,03 < 1, with 01 + 0> + 03 = 1; the implicit constants depend on the 0;, but are
independent of the other parameters.

Proof. For any | > 1, we define Z; := 2”‘1[0 \ 2110, and Zp := 2/p. In this way, for any x € 7;,
1+ dist(x, o) /| o] ~ 2"

We will be using the following decompositions:

=Y fa=), [, (29)
k1=0 k1=>0
and similarly,

=Y Gioi=_ g g, hi=) hgi=Y hlg.

k>>0 k2>>0 k3>0 k3>0
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From Proposition 23, the trilinear form can be estimated by

ABHT;P(I()) (ﬁ g h)| s Z }ABHT;P(I()) (fk] > 8k > hk3)}
ki,k2.k3

S Y (sizepqr) fi)? Sizen(ry) 8k,) % (sizep(rg) hy)
k1.k2.k3 (ener 1-6, 1-6, L 1—65
gYP(1p) Jry) (energYP(IO)gkz) (energyp(lo) k3) .

We will only employ the extra decay in the energy; for the size, we have simply
sizep(ry) Ji, S sizep(1y) f
uniformly in k.
On the other hand, since fi, is supported on 7y, Lemma 39 implies
energyp(r) fio < 27M | fiy 2.

Hence we obtain

| Asrr:pre) (f 8 )| < (sizep(ry) )7 (sizep(y) €)% (sizep(g) h) P

Y QTEMY £ 1) @M g, 1) R @RI My 1)
kl’k2yk3

The expressions in the last line are summable, via Holder’s inequality; more exactly, since 6; < 1,

Z 2—k1M% (2—k1

k1>0

1+6 1-6
2 2

1-64

M 1—0 —ky M 9L —k 2,
T o) (TR ) T (DR g)
ki ki

~ 1-6
SNl ™

for M sufficiently large. Note the implicit constants will depend on 6; only. This proves inequality (28). O

2.5. The helicoidal method. With the intention of bringing to light the ideas behind our proofs, we
present the main strategy in a simplified setting. Unfortunately, we cannot avoid the specific terminology,
but one should think of the sizes as being averages, while the energies are L? quantities that reflect
orthogonality. For estimating the norms |BHT( f; g)||s, we use interpolation results for the trilinear
form Apur(f, g.h) = (BHT(f. g),h). In what follows, A, (f, g, h) denotes a space localization of
Aur(f, g, h) to the fixed interval Iy. More specifically, it is the form associated to a model operator of
BHT as in (19), where the spatial intervals of the tiles lie inside the fixed dyadic interval Iy. Similarly,
A’I’0 (f. g, h) denotes a space localization of the corresponding trilinear form in the multiple vector-valued
setting.

The helicoidal method is an iterated induction procedure suitable for proving vector-valued estimates
for linear and multilinear operators. We describe the main ideas in the case of the BHT operator, and
later on we will indicate the equivalent statements for paraproducts and the Carleson operator. At the
heart of our argument lies the following induction statement:
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Induction statement. Let n > 0. We fix I a dyadic interval, and F, G, H' subsets of R of finite
measure. Let Ry = (r],....r1), Ry = (r3,...,r¥) and R’ = ((+")!,...,(r")") be n-tuples so that
RLI + R% + % =1, while f, g and & are vector-valued functions satisfying

£ o < 1F@). 120 R0 <16(r) and R r oy 0 < L ().

Then we have the following estimate P(n) for the trilinear form A}’O:

—_— 0 — 0 — P
A7 (frg.h)| < (izer, 1 p) 22 ~€ (Sizegy 16) 2 2 € (Sizogy 1) 2+ 2 < |1
for every 0 < 0y, 65,03 <1, 61 + 0 + 03 = 1, satisfying an extra condition C(R1, Rz, R').

In the local L? case the condition C(R1, R2, R') is satisfied automatically: that is, the P(n) statement
is true for all 0 < 61, 85, 03 as above. This condition is the main obstruction in obtaining for Iﬁf; the
same range of L? estimates as that of the scalar BHT; in (37) we point out the source of this constraint.
Now we present the proofs of the induction statements P(0) and P(n) = P(n + 1). Also, for the reader’s
convenience, we include the P(0) = P(1) step.

As we will see later on, the fact that P(n) implies our Theorems 7 and 8 is based on a standard triple
stopping time argument, involving the above localized sizes.

Check P(0): This is the scalar BHT case, with | f| <1fp, |g| <1g and |k| < 1g. This situation is well
understood, and we have from Proposition 23:

|A1,(f, 8. h)| < (sizegy £)% (Sizer, )2 (sizeryh)% (energy;, £)' %" (energy;, )% (energy;, i)'~

for any 0 < 6y, 62, 03 < 1 such that 0; + 6, + 63 = 1.
Since we are considering a localized model of BHT, where all the tiles have their spatial intervals /p
lying in /o, one can refine Lemma 20 by replacing energy;, f with || f - ¥1, 2. Noticing that

~ _— 1 1
I/ X1oll2 < (sizery1F)2 | 1o]2

1—-61 1—63 1—63
and |Io| 72 |lo|"2 |lo| 2 =|lo|, we obtain the desired P(0).

Check P(0) = P(1). Assume that

1 1 1
r o B r’
(§:|fk|“) <1r, (§:|gk|'2) <15 and (§:|hk|') = (30)
k k k

Given that we know P(0), we will prove P(1), given by

N

— 1,91 — 1,02 — 1,93
< (sizelolp)5+7_€ (SiZC[OIG)§+7_€ (sizelolH/)2+ 3¢ [1o]

> A (i gk i)
k

for any 0 < 0y, 6,, 605 <1, 61 + 0, + 03 = 1, satisfying the constraint C(ry, r2,7’), given by

1+6 1 1+6 1 14+6 1
+ 01 0 + 0> 0 +3__>0‘

/

2 r1 ’ o ’ 2 r
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Agur;pro) (fn-1F.gn-16.hn-1g7)

T 146, 146, 1 1463 |

(sizery 1p) 2 71 (sizejy1g) 2 72 (sizep, lyr) 2 77

i '||1F'X10||r1 ||1G'i10||r2 ||1H")?I()||r/
Agur;pg) (f2 1F.82-1G, ha-1g7)

T

Agur;pg) (f1-1F.81- 16, h1-1g7)

Iy

Figure 6. Output of the localization process.

Here an intermediate step is necessary in order to get a finer estimate for each Ay, (fx. 8k, hx). That s,
we need to prove

Arg(fx-1F. gk - 1. hi - 1g7) S WALl fr - Xaollry 18k - Xao s Wk - X1 Nl (31

where the operatorial norm is given by

1+61 _ 1 1+62 1 1+63 1

”Alo”:(éi\z_élolF) 2 _ﬁ_e(sfi\z_f’:lol(;) 2 _E_e(gi\z_éloll_],) 3 T €

Once we have such an estimate, we sum in k, use Holder’s inequality and (30) to further estimate (31) by

||1F ')?10”7‘1 HIG')?Io”I‘z ||1H"Xlo||r’|

”AIO” 1 1 1
|Io| "1 NE [To| 7"

Io|.
This is illustrated in Figure 6 and it proves P(1).

The proof of (31) is a slight modification of the proof of the boundedness of the bilinear Hilbert
transform. Using interpolation methods, we can assume that | fx| < 1g,, |gx| <1E,, |hx| <1Eg;. So we
need to show

Ary(fi-1F. gk 16, hg - 1) S AL || E1|*Y | E2|*? | E3|*3,

1 1 1

where (a1, a2, ®3) is an admissible tuple arbitrarily close to (;, 7 7). In order to get the desired

expression for || Ay, ||, we need another stopping time inside /o. This is illustrated in Figure 7.
Let I C Iy be a subinterval of Iy. Now we use P(0) as follows:

\Ar(fie-1F. 8k -1G. hi-1m7)
146
2

- ﬂ_e - ﬂ—e - 3_¢
< (sizef(1p-1g,)) 2 ~“(sizef(1g -1g,)) 2~ (sizey(1g'-1E5)) 1]

—_— 1+6, e — 1+6, e —~— 1+63 P
S (sizep 1p) 2 %17 ¢ (sizep 1g) 2“2 ¢ (sizep 1) 2 %3

- (sizeg 1)) (size 15,)* (sizer15)*3 |11
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Ar(fn-1r.gn1G,hn-147) Ap(fn-lr,gn1G,hn-1gr) A (fn-1r.gn-1G,hn-1gr)

T T T

i i i

Ar(f21F,82:1G,h2-1y7) Ay (f21F,82:1G,h21g7) A (f21F,82:1G,h2-1g7)
Ar(fi-lp,g1-1G,h1-1y/) Ay (fi-lr,g1-1G,h1-1g7) A (fi-lp,g1-1G,h1-1g7)
7 J k I/ J k I”

Figure 7. Extra stopping time.

In order to obtain the last inequality, we have to make sure that the exponents

1+ 6, 146, 1+ 03
— 01 —€, — 0y —€, — Q3 —€
2 2
are all positive, which is always the case in the local L? situation. Since (a1, a2, &3) are arbitrarily close
to (%, %, r—) this is the origin of the constraint C(ry, r2,r’) on page 1954.

Summing over the intervals I given by the alluded to triple stopping time over the corresponding
averages, we recover |E1|%! | E;|*2 | E3|*3. We note that the operatorial norm given by interpolation is

1+g 1 1+6 1_g —_— 1+63 1
(s1zeIOIF) (s1zelolg) (sizeg 1)~ 2 7€,

where € is slightly larger than the initial €, but the difference between the two is irrelevant.

Check P(n) = P(n+1). Lastly, we present the general induction step, in the case of iterated £? spaces.
We have multi-indices 71 = (r{.....r{), F2 = (ry.....r%), ' = (()',.... (")), and | f |7, <1F,
Igllz, <1g., lIh|l; < 1m’. Then P(n) is equivalent to

A2 (fog.h)| = ‘ / ZBHTPUO)(f,,g,)(x) hi(x) dx

< G 1 p) 33 Girer 16) 2+ 7€ Srerg 1w 32 < 1 32
< Io1F) (sizery1G) (sizery1a7) o, (32)

whenever [ is a dyadic interval. For P(n + 1) we consider n + 1 iterated £? spaces, given by the

multi-indices: Ry = (r1,71), Ry = (r2,72) and R = (r', r ), while f, g and & are vector-valued functions
satisfying

1 1
3 r/
||f||§1:=(2||fk||;1) <tr. lglg, = (ankn) <lg. Ihlz:= (Znhkn’) <1y
k

(33)
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We want a result similar to (32), so we need to estimate
AFN(fog ) = /R YD BHTRo) ([ j 8 ) - hy j () dox = Y7 Af (fier gk )
ko7 k

We can’t directly apply P(n), and instead we will need the following result, similar to (31):

| AT s gie i) | S UAT I i~ Raollr g - Zao llea i - o (34)
1+‘9 1 1+9 L € (T 403 1 _
where ||A" | = (s1ze101 F) 2 (3126101g) (sizeg, 1)~ 2 7 €. Once we have such

a result, T(n + 1) follows easily by Holder, exactly as before.
We will prove (34) by using restricted-type interpolation. Instead of estimating the trilinear form A”O,
we will deal with

APEOH (i ki) i= Mgy (fie 1F. g 16 hie - 1m0). (35)

This is natural since condition (33) implies that the functions fj are supported on F, and similarly the
functions gy are supported on G and /&, on H'. By interpolation theory, we can assume that

I fellz, <1E,,  l8kllz, 1E,, and  |lhg| - < 1,
and it suffices to prove
AT ECH (fie. g )| S IAG 1| | Eo|*2| B3| (36)

for (o1, @2, a3) in a small neighborhood of (— - —) Similarly to the case P(0) = P(1), we will have

ri’r2’r’
a stopping time inside /g, so in fact we need to estimate A" .G H (fx» &k hy) for some I C Iy. Itis
here that we use hypothesis P(n):

,F,G,H’
|A} (k- 8k-hi)| = | AT (fi - 1F. gk - 1G. hi - 1m7)|,
with || fx - 1F llz, <1FnE,. 18k 167, < 16nE, and ||y - 15/ > < 1m0 E,. More precisely,

(APECH (1 er )|

—_— [ —_— 0 —_— 6
< (Sizer (1p - 15))2 3 7 (57 (16 - 15,)) 2 7 7€ Sizey (g - 153))2 2 7€)1

— 1.9 0 e — 1.9 _ o — 1,9 . _
< (sizeg 1F)2 T2 71 € (sizeg, 1) 2 T2 ~*2 7€ (sizey, 1gr)2 2 T3 7E
- (sizer1g, )™ (sizes1g,)*2 (sizes 1,)* |1

for (o1, @2, @3) in a neighborhood of (;, % r—) Due to the stopping time, which is performed with

respect to the three sizes, we know the expressions (s1zeI 1£,)%" add up to |E(|*' and it is similar for the
sizes of 1g, and 1g,. Interpolating, we get the desired (36). From the above equation, we can see why
the operatorial norm has the form

1+9 1 = 1+63 1

3_7/_g

Size - L€ 1463
”A;’Onz(smelolp) 2 (SlZC]Ol(;) (sizeg )2 7
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The € (which is a slight modification on the € in the P(n) statement), appears as an interpolation error;
moreover, the conditions

1+6;, 1 146, 1 1+6; 1
T Loy E Lo, IHs 1oy (37)
2 r1 2 r 2 r’

are necessary, and they imply the constraint C(R1, Ry, R’). This ends the proof of the induction step.

The same method applies in the case of paraproducts. The difference here is that the energies are
L' quantities, and for that reason we don’t have any extra assumptions; the range of the multiple vector-
valued extensions is the same as that of the paraproducts. The model operator for paraproducts I1
corresponds to a “rank 0 family of tritiles; that is, once we know the spatial interval /p, there is no other
degree of freedom and the frequency intervals are [1 /lp|,2/|1p |] or [O, 1/|1p |]. The exact definitions
will be introduced in Section 4.

Induction statement (paraproducts case). Under the same assumptions as in the induction statement on
page 1954, the localized trilinear form for paraproducts satisfies P(n), given by

| AT (f.g.h)| < (sizery1 7)€ (sizegy 1) € (sizego 1mr) ' ¢ | ol
provided
1m0 < 1), 180 L raa,0 < 16()  and  [RC)Lrap 0 < 1o ().

Finally, we want to point out that the helicoidal method applies equally in the case of (sub)linear
operators. One last example is that of the Carleson operator

Crf(x) = sup / £(&)e277 d
N |J&<N

for which UMD-valued extensions are already known from the work of Hytonen and Lacey [2013].
Demeter and Silva [2015] gave an alternative proof for £2-valued inequalities for the Carleson operator.
In fact, they present a new principle, built around ideas from [Bateman and Thiele 2013], for dealing
with £2-valued inequalities for sublinear operators which are not of Calderén—Zygmund type.
We do not present all the details here, but the essential statement for proving multiple vector-valued
inequalities for the Carleson operator, using the helicoidal method, is the following:

Induction statement (Carleson operator). Under the same assumptions as in the induction statement on
page 1954, the localized bilinear form for the discretized Carleson operator satisfies P(n), given by

| Al 1) (f8)] S Gizery17) ' < (sizery16)' < |Lol,
provided that
GO &1ow, )y =1F(x) and  [[g(0)l| g R2 o, ) < 16 ().

Comparing the main statements of the above three examples, we can see from the exponents of the
sizes that the range of L? estimates for the vector-valued Carleson operator and for the vector-valued
paraproduct IT will coincide with the range of the scalar operator. However, for BHT things are more
complicated.
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3. Multiple vector-valued estimates for BHT

In this section we describe the detailed proof of our Theorems 7 and 8.

3.1. Estimates for localized BHT. Here we assume that F, G and H’ are fixed subsets of R of finite
measure and I is a fixed dyadic interval. We are interested in finding estimates for the bilinear operator

1

BHT, “H (f.o)(0) = )

(f1F.¢p ) (g 1G.95,) dp, (X)1g(x).
peply) |IP

|2

In doing so, we first study the associated trilinear form

/ 1
Ay (g =Y 15 0h) (16 8, (h- L 03,
pep(y) 11PI2

While this operator satisfies the same estimates as the bilinear Hilbert transform, the localization to the
sets F, G and H’, and the restriction to the tiles in [P(/y) will bring some extra decay. First we prove a
%, %, % < % In this situation the proof is simpler, because we are
employing “energies”, which are L? expressions, and they can easily be related to L”i averages when

ri > 2.

result in the “local L? case”, when

Proposition 41 (the case r1, rp, ' >2). Let P be a family of tritiles, Iy a dyadic interval and F, G, H' CR
sets of finite measure. Then one can find positive numbers a1, a» and as so that

At (fog. )]

< (sizep(ro) 1F)?! (sizep(ro) 16)** (sizep(ro) 1u )N f - K10 lri 1€ - K1 lra 1 Fao Ml (38)
We can choose aj = 1— % —¢€ > 0 for avery small € > 0.

Proof. In this case we are proving restricted-type estimates by applying directly Proposition 23: let
E1, E;, E3 be sets of finite measure, and | /| <1g,, |g| <1E,, |h| <1Eg;. We have
Agur(f 17, & 16, h-1g7) 5 (sizepro) (f - 1) (sizep(re) (g - 16) (sizep(rg) (h - 1) *

- (energy(f - 17))" ™ (energy(g - 16))'~* (energy (- 1)) =% (39)
for any 0 < 61, 65, 03 < 1 such that ) + 6> + 63 = 1. Recall that the sizes can be estimated by

. 1 M
sizep(r)(f*1F) < sup —— | 1g, -1F “XIp dx,
Pep(ly) | 1P

where M can be chosen as large as we wish. Then we observe that if E; is supported away from /g, the
sizes will decay fast, giving the desired || f - Y1, ||, on the right-hand side. It is similar for £, and E3.
For this reason, we can assume that the sets E, E5, E3 are supported on 5/ and then we will need to
show only that

|Asur:pre) (f1F. g 1G. h-1p)| < (sizep(ry) 17)?! (sizep(1y) 16)“2 (sizepro) V) > | f |7y 1€ N1 s 11211
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We are using the energies precisely for estimating the norms of f, g and &, so the sizes are playing the
role of a constant here. As we have seen in Lemma 24, the energies are bounded by L? norms, so from
(39), we have

F.G,H' . . . 1-64 1—6> 1—63
Agirrime (s & 1) S (izep(ro) 1r)? (sizep 1) 16) % (sizep(r) 1) | E1 |2 |Ea| 2 |Ea| 2.

By varying 61, 6> and 603, we see that these restricted-type estimates are true in a very small neighborhood
of (% % %), and the interpolation, Theorem 28, yields strong-type estimates. Note that the constant in
this case is

(sizep(1y) 17)?! (sizep(zq) 16)% (sizep(ry) 111) %,
which depends on the functions 17, 1g, 1/, the fixed interval [y, the values of 61, 85, and 63, but not
on the functions f, g, h. |

11

Now we deal with the general Banach triangle case, where ( T

, %) is an admissible tuple satisfying

The proof is going to be more complicated because we will need to use the sizes as well for reconstructing
the norms of f, g, h. In addition, we will also need to use the sizes of 15, 1g and 1 later on.

Proposition 42. Let F, G and H' be as above and let P(Iy) be a family of tritiles localized to the dyadic
interval 1y. Then there exist positive numbers ay, a and as so that

At (fog. )]

< (Sizep(10) 1F) ™ (8izep(10)16) ™ (Sizepo) L) PN f - K10 lr 18- Fro a1 Fro I, (40)
where % + % + % = 1. In fact, for € > 0 small enough,

1+6; 1 1+6, 1 1+65; 1
- ———e, ar= ———e, az= ———¢, (41)
2 ri 2 ra 2 r!

a

where 01, 0, 03 are so that 0 < 01, 0,03 < 1, 01 + 0 + 03 = 1, and the expressions in (41) are positive.

Proof. In this case, we will use the interpolation, Theorem 32, and for this reason we cannot obtain directly
the expression in the right-hand side of (40), which represents localized L? norms. However, as we will
see soon, it will be enough to prove that Agyr,p(y,) is of generalized restricted type o = (a1, a2, a3) for
o in a small neighborhood of (% % %) Then the result in (40) will be a consequence of the fast decay
of the wave packets away from /.
We start with sets of finite measure E;, E5, E3 and define Q to be the exceptional set
Q:=x: M(1g,) > c@} U %x : M(1g,) > c@ .
|E3| |E3]

Let E} := E3\ €. We want to prove that (40) holds for any functions f, g,k so that | /| < 1g,. |g] <1E,,
and |h| < lEé. For simplicity, we assume that 1 + dist(Ip, Q€)/|Ip| ~ 29 for every tile P € P(Iy).
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Equivalently, we could decompose the collection of tiles into subcollections for which this property holds
for all d > 0. In the end, however, the estimate (40) will be independent of such a decomposition.
With the above assumption, for every P € P(lp), we have

1 - E] 1 - E2
e Jyte A <2 e o [ tae x5 22
R R

B

This is important because now we can perform a stopping time which will allow us to estimate the “sizes’
of the functions 1g - For each of the functions 1r-1g,, 1-1g, and 15/ -1 E» We will be looking for
maximal dyadic intervals J which are maximizers for

sup L/ 1g, - 1p -7 dx. (42)
Jclo ] Jr
IPePWy), IpSJ

This is the reason we introduced the new size in Definition 21.

The selection of the intervals and tiles is described in more detail in Section 3.2, so here we only sketch
this process.

We start with the largest possible value 27/t < 2¢|E|/| E;| and define J;, to be the collection of
maximal dyadic intervals I with the property that it contains some I/p € [P({g) which is not contained in
any of the intervals previously selected, and / also has the property that

yhi o L 1g, - 15 - ¥ dx <271,
] Jw

Then for each I € J;; we find the relevant tiles P with /p C I, and move them into P(/). Afterwards we
restart the algorithm for the collection P(Zo) \ U;¢9 I P(1).

The algorithm continues by decreasing 271 until all tiles in (o) are exhausted. In this way, for any
[y and any I € J;,, we have Si/;é[p( ng, -1p) ~ 20, Similarly we define the collections of dyadic
intervals J;, associated with the functions 1g, -1 as long as 271 <24 |Ey| /| E3|. ~

For the third component, the collections J;, are nonempty as long as 273 < 27Md and in that case,
forany I €J 13, We have sfi\z?:p( ng -1 Eg) ~ 2773, The extra decay is due to the fact that EY is actually
supported on Q€.

Given [1, [, I3 as above, we define J/1:12:/3 .= J1, NJ1, NJg,. This is also going to be a collection of
dyadic intervals, and any tile in P(/y) will be contained in some P(1), with I € J/-/2:53_In fact, these
collections depend on the parameter d as well, which controls the distance from the exceptional set. We

riy=J U U PW.

d 11,1203 Iejfll’lz’@'

have

but we suppress the dependency on d in the notation. Thus

F,G,H' _ F.G,H'
Agiripey) (/- 8: 1) = Z Z Agiripr (S 80 h)- (43)

I,15,13 T€9'1:12:13
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AFGH

Every Agiripn

(f. g, h) is going to be estimated by Lemma 40:

G,H’ ot ot Syt
Aoy (f8:1) S Gizepy (g, - 17) " Gizep(ry (g, - 16) % Gizep) (A gy - 1) %

NN VRS 74 Pl | V23S VNP 79 Pancd D VPV V2271 Pl
For the particular function 1g, -1 and an interval I € 311’12’13, we have
1
(/ 1g, 157 dx) <2731} 5 Gizepay (g, - 17) 112,
R
In this way, as long as
1+6 1 1+6 1 1+6 1
T Ly, Lo, B, (44)
2 r1 r 2 r’
we can estimate Agﬁ%’[ﬁ}o)( f.g.h)as
AF-GH’
Agfir: P(Io)(fg h)
< Y Y Gizepay (L, 1R Gizep(r) (1£,16)® Gizep(r) (1 gy 1a) ™
11.15.1
(e ™ (2 oot ¥ (5 [t T
e 1p g dx £l 3 dx E’H’Xx I
e 00 e 727 1] !
1+61 1 1+62 1 — 1+63—l—e
< Gizepugylr) 2 71 Gizepgle) 2 72 (Sizepugyla) 2 7

n b
Y Y 2Ty @)

11,l0,131€7/1:12:13
The quantity
1+91 1 1+0 1 146 1

A U3
Gizepglr) 2 71 (sizepg)le) 2 72 (izepo)lur) 2 7

is going to represent the operatorial norm ||ABHT P( I )|| associated to the trilinear form A%
seen in (40).
We are left with estimating ) _; cy7.45.15 |/ |, which can be realized in three different ways; for example,

PUEDIUES DIV

Iegl1-12-13 Ieﬂl1 IEJ

GH s
BHT:P(Io)°

<

~

1,00

> 2 Mg -1y

Ief]]l

< 2" Eq].

1,00

For this reason, whenever 0 < «; < 1, with @1 + @2 + a3 = 1, we have

> IS @YE™ 22| E2)* (25| Ef ).

16311’12‘13
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This yields

! l
Y Y 2nnrh@ry

1,015,153 1eji1:12:13
Z 2—11(%—al)2—12(%—(12)2—13(%4-6—0{1)|E1 |a1 |E2|(x2 |E3|a3
I,15,13

——051 75— —
Hd | E1l Hd [Eal\72 (2~ Md)(rtemas) | gy o By 02 | B3|
| E3| |E3|

1 1 1
<2710 By |70 | Ey| 72 | E5l .
Summing over d, this proves (40) in the particular case of characteristic functions. Upon interpolating,
we lose an e-power of stEp( 10)1F and si’%p( 1)1 respectively, to get

F.G,H’ - - -— ~ ~ ~
|Agi (1) 8| S (izepro) LF)®! (sizep(10)16)* (sizep(rg) L) | f - Tao llry 118 Ko llra V- T 1 -
We note that the “weights” ), will not affect the interpolation process; once we have an inequality
that holds for characteristic functions of finite sets, interpolation implies a similar result in full generality.
The exponents a1, a, and as can be described as
1+ 6; 1 _1+92 1 _1+93 1

———€, ap= —— —€, az=
2 r ’ 2 rno 2 r!

a; = - —
for some sufficiently small €, and for 0 < 0y, 65, 63 < 1, satisfying 6; 4+ 6, 4+ 03 = 1, that will be chosen
later. O

Corollary 43 (the case r =1). Let 1 <rq, rp <00 be such that %—i—% =1, and 01, 0, satisfy %(1—1—91) > %
and %(1 +6,) > % Then

F,G,H'
”BHTP(IO) (f;8)lh

1+9 1 1+9 1 —6 —_— 1+63 — ~ -
< (sizepr)1F) 2 ¢ (sizep(rple) 2 (sizepr) L) 2 SIS Xiollr 1€ X0 llrs-

Proof. A careful inspection of (45) shows that one can choose any triple (81, B2, 83) with 81+ 2+ 83=1,

even with 83 <0, in the place of (r—, % r—) In this case we get

[Agiitie( (-8 1)

< Gzepiplr) 2 P @ pugle) 2 P (epagln) 2 ¢ |E1 [P EalP2 | Esl.

The restrictions are that f; < 1 5(1 + 6;), which works well for very small or negative values of 3.
T ,0) we get the

conclusion. In this case, the interpolation is used for estimating the L! norm of the operator, and not the
F.G,H’ o
BHT;P(Io)

Interpolating between tuples (ﬂ1 B2, B3) that lie in a small open neighborhood of (

trilinear form A
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3.2. Proof of Theorem 7. Recall that the vector-valued BHT is defined by

dt
BHT(f. g)(x,w) = /R Sx—t,w)g(x +1,w) - = BHT( fw, gw)(X)-
Then the trilinear form associated with it is
Awi(fg.h) = [ [ BHT(L 9)6r w)htr. w) dyew) dx.
RJW

First we prove generalized restricted-type estimates for Aggt(f, g, /1), and the general result will
follow from the vector-valued interpolation result presented in Proposition 38. Let F, G and H be sets of
finite measure. In what follows, we will construct a major subset H” C H and show

|Asute(f.g. W) < |FI*|GI** |H|* (46)

whenever || £ (x. )|zt (w0 < 1r (). 18|z < 16 () and A ) o,y < 1o/ (x). For
simplicity, assume |H | = 1. The exceptional set is defined as

Q:={x: M(1F) > C|F|}U{x: M(1g) > C|G|}.

Because of the L1 — L1** boundedness of the maximal operator, for a constant C large enough, we
have |Q2| < 1.
We partition the collection of tritiles according to the scaled distance from the exceptional set
dist(Ip, 2°)
1P|

and we will prove estimates equivalent to (46) for the family P4, with an extra 27199 decay:

Pi=)PcP:1+ ~ 24

—10d 1 1 1
|Agitpa (f. 8. )| S 271 F|7 |Gl4|H[v. (47)

We suppress the d -dependency for the moment, but all the subcollections IJ;” and J"1"*2:"3 will actually
depend on this parameter. At the very end we sum in d, and use interpolation, so that the final estimate
depends only on the fixed interval I, and the fixed sets F, G, H'.

Now we construct a collection {J{'},,>7, of relevant dyadic intervals, according to the concentration
of 1p:

o Start with 711 such that 2771 ~ 24 | F| and let [P’%l_l =[P (here I]j’;1 will play the role of stock, or the
collection of available tiles).

* Define J’Ii‘ to be the collection of maximal dyadic intervals I with the property that there exists at least
one tile P € IP;-” with Ip € I and

1 _

T / 1r - M dx ~ 27, (48)
e For every such interval /, let P5, (/) be the collection of tiles P € P;h with the property that Ip C 1.
e Set P;ﬂ =P\ UIGJ?I [FD;,I (1).
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e Repeat the procedure for all n; > . Let J f ! denote the collection of maximal dyadic intervals which
contain a time interval Ip for some P € I]j’;”_1 (which was not selected previously) and such that
1
mi—l < T 1p- M dx <27,
* As before, Py, (1) :={P € P, :Ip C I}.

* SetP), =Pp 1 \Ulejfl Py, (1) and notice that after a finite number of steps, P, = .

o Note that we always have 271 < 29| F|.

For d sufficiently large, the intervals Ip for P € P4 are going to be essentially disjoint and the intervals
I e J'l“ can be selected in an easier way, but this is not the case, for example, when d = 0, which
corresponds to /p N Q€ # &. However, for every n1, the intervals in J'l“ are going to be disjoint and this
is going to be used later in the proof.

Similarly, J;’ 2 denotes the collection of maximal dyadic intervals I containing at least some Ip C I
for some P € Pd, and

1
m/lg-zydx~z—"2 <24|G]|.

For 15/, let J;’ 3 be the collection of maximal dyadic intervals / containing at least some /p for some
P € P4 and such that

1
m/lH/-;zf,” dx ~27" <27 Md

We define J" 172513 .= J@ 952 NJ53, and we further partition P9 as P4 = Unynzins Uregninans P(I1).

For I € J'l“, we have size[pnl )1 F ~27"1. When we consider the intersection I’ of different intervals
in 7', 952 and J3°, all we can say is that stEP( 1)1F < 27" This fact is the technical obstruction in
obtaining vector-valued BHT estimates for any p, g, s in the whole range of BHT.

In a similar way, the relation (1/[7]) [ 1F - )?}” dx ~ 27" for I € J{' becomes for an interval
I’ € 37" NIJ3? NI3? an inequality: (1/|1']) [ 1F )Z?’,’ dx <27,

The trilinear form in (47) becomes

> > Agmemn(figh)

ni,n2,n3 [€Jn1:12:13

= 2 > /R/WBHTum(I)(fw,gw)(X)-hw(X)d;L(w)dx

ni,nz,n3 [ €J1-n2.n3
= [ ( )IEDS / BHTp(1)(fuw- 17+ 80 -16) (%) L (x)-hop (x) dX) dp(w).
WA nina,n3 regninzng IR
Note that the functions f,, are supported on F, the g, on G and the &y, on H’, for a.e. w. We can apply
the localization, Proposition 42, to get

F.G,H’'
‘ABHT;p(I)(fw»gw,hw)‘
S (Sizellﬂ’(l)lF)a1 (Sizellﬂ’(l)lG)a2 (Size[P’(I)lH’)a3 | fw - X1 llr &w - X1 llrs 1w - X1 M7

1 1 1 _
where;—i-g—i-p—l
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Recall the expressions for a; from (41):

1+6; 1 1+6, 1 1+65 1
= ———€, a3 = —— —€, a3z =
2 ri 2 s 2 r’

a

’

where the only conditions we have on 01, 0> and 03 are that 61 + 0> + 603 = 1 and a; > 0. Using Holder’s
inequality, the initial trilinear form can be estimated by

> > [N}ABHT;P(I)(fw,gw,hw)|

nyi,n2,n3 [ €jni:n2.13

S D D Gizeenylp)® Gizepr)16)® Gizepr) 1) ™

ni,h2,n3 [€jni-n2.1n3 .
T

(/ - 2210 du(w))” (f ||gw~i1||:§du<w))” (/ ||hw-zz||:idu(w>)’
W % W

S YD) (izepn1p)® (sizep(ry1e)® (Sizep(r) L)
ni,n2,n3 [€J"1:12.13

tE - Frley 16 - Fr s - 7l
1 1 1
e

7]
< Y Y 2P Pamlety)y),
ni,n2,n3 [€Jn1:n2.13

In the last inequality we need to assume % <ai+ % = %(1 + 61) and similarly é < %(1 + 65). We will
be summing |/ | when [ € J"1*2:"3 Note that

YooM= Y =Y U
Ie3)!

Jejni-nz.n3 16371

<
1,00

<2"M|F|.

1,00

> 2" M1p) -1y

Ie3}!

Similarly, > ;cgnynoms |[I] S 2"2|G| and D jcgnynyns [ 1] < 2"3|H| and interpolating these three in-
equalities we get
D HIS@MIFN @G @ | H]),

leJjn-n2.n3

where 0 <y; <1 and y1 + y2 + y3 = 1. Finally,

_ny _np 1463
> Arm;pm(ﬁg,h)‘s Y 2T 2T 2T QMFN(2™(G)) (2" H )
ni,n2,n3 J€Jn112.13 ni,n2,n3
< Y amGomgmmalior) yma (o) |pn e,
ni,n2,n3

The above series converges if we can pick y; such that

1 1 1+ 65
—>y1, —>y2 and
q

> V3.
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This will be possible as long as
I 1 1463

P 4 2

If the above conditions are satisfied, we get generalized restricted-type estimates

11
|Asat(f. 8. M| S |F|7 |G

> 1. (49)

There are four distinct cases:

G = r1 , rz, r, < 2 In this case, if we pick 8; = 6, ~ 0 and 63 ~ 1, all the conditions hold and the range
of L? estimates for BHT}; is going to be the convex hull of the points

(0,0, l)v (1’070)’ (17;v__)v (%71’_%)7 (0,1,0)
That is, we get the same range as that of the BHT operator: p,qg > 1, s > % and % + % =

(>ii) % % < % and % > % For the condition %(1 +91)—% > 0 to hold, we have to choose 6; > %—1 and

this will imply that the range of the operator, described as a region in the hyperplane 81+ >+ 83 =1,
is the convex hull of the points

1 1 3_1 _1 3 1_1
(07071)? (I’an)a (1a27__)7 (ﬁ?f_ﬁv_f), (0 __H,H—E)
(iii) rl l, <5 Land L 1 > 5 L Similarly to the previous case, the range of the operator is the convex hull of

mﬂJ% 010, (L3=3) G-z G-7505-3)

r’r’ 2 r’ 7’ r 2/

1
5

sy 101 1 11 :
@iv) e =2 and -7 > 5. The range is the convex hull of

00D, (3+703-7): G+rz—3) Gatr—7) Oz+r3-7)

3.3. The cases r =1 or r; = oo. The proof is similar to the one in the previous Section 3.2. We first
consider the case r = 1. Because the dual space of L1(W, i) is L>(W, 1), the functions appearing in
the trilinear form satisfy

1/ G Loy <1r (). g, )lLzwp =16 (x),  [[h(x,)|Lecw,p < 1a7
All the details are identical to the case r > 1; the restrictions are given by only two inequalities:
1+ 64 1 1+ 6, 1

2 ri ’ 2 rp '
In the case r; = rp =2 and r = 1, these are automatically satisfied and D;, ,, , = Range(BHT).

When r; = oo, we use the fact that the adjoint BHT**! of BHT is a bilinear operator of the same kind,
which is bounded from L” x L” — L'; more precisely,

Asiir(foo- gw. ) = [R BHT(f. g0)(x) - (x) dx = fR fw (1) -BHT™ (g ) (x) dx.

In proving the boundedness of vector-valued BHT via interpolation, we assume

/e eeqw,wy <1F (), 10, llLrawy <1e (), 1RGN L o,y < 1o
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Then

| Aparp(r) (fu: 8w hw)|
HBHTP(I)(gw 'IH’)'IFH1

1, ﬂ_i_e ~ ~
r (SIZCP(I)IH/) 2 r7 “gw X1 “r “hw X1 ”r’-

< (51ze,p(1)1F)

The rest follows as before. Note that in the case (0o, 2, 2) we have no constraints on p, ¢, and s except
those coming from the original BHT operator itself: indeed, for 6,, 63 > 0, we have

1+6, 1 1+65; 1
>0, ——=>0.
2 2 2 2

34. Iterated LP (W, ) spaces estimates for BHT. Previously, we proved that for any tuple (r1, 72, 7)
with%+%=%, l1<r<oo,and 1 < rq,ry < oo, we have

BHT: L?(R; L™ (W, p)) x LY (R; L">(W, ) — L*(R; L™ (W, n))

whenever p, g, r are in a certain range D, ,, », Which can be described in a precise manner. The general
ideas for proving multiple vector-valued estimates for BHT (as presented in Theorem 8) via the helicoidal
method were described in the Introduction. In this section, we present in more detail the proof in the case
of two iterated spaces £°(£") in order to simplify the notation. First, we prove the following localized
vector-valued result:

Proposition 44.

’

q

1
H(Z\BHTP(IO)(fk 1r. 8k 16)| ) g

N 1
2
(Z|gk|'2) o
k=1

<CH(Z Al ) o

1463 _L_e

~ —_— 146 _l_e —_— ]+62,_l_€ -
where C = (sizep(j)1F) 2 7 " (sizepy)leg) 2 ¢  (sizepy)ly’) 2 ¥

Proof. This is going to be a refinement of the proof of Theorem 7 from the previous section. In constructing
the collection of intervals f];.” , we note that we only need to select intervals / that are already contained
in /g, because all the tiles in P(/y) are such that Ip C Ij.
As before, we prove generalized restricted-type estimates, and we assume that the functions have the
properties
1

1 1
l‘] r2 7 r
(Ziar)' <te (Siar) <te (Sl <1s
k k

k
The exceptional set is defined by

Q= %M(IEI) > C@} U {M(IEZ) >C
|E3|

and we assume the tiles to be such that 1 4 dist(/p, ch)/|]p| ~ 24,

|Ezl}
|Esl)’
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For intervals I € f]'l” , we have

When we consider intervals I € 3'1“ N 3'21 N 3'31 3, the above approximations become inequalities. We also
need to point out that

- - 1 =~ o
31zep(1)(1E1 . IF) =< SlZCp([O)(IE1 'IF) and m/ 1E1 . IF 7{?4 dx < SIZGH:D(IO)(IEI 'IF).
R

Now we add the trilinear forms in order to obtain generalized restricted-type estimates:

Z}ABHT;p(IO)(fk-lF 8k 1G. hi-1m7)
k

= 2 > Y Asureionn (Sl gele hila)

ni,n2,n3 [ €J"-"2.13 [

— 40 1 o — 46 1,
Y > Gizepy(g,1p)) 2 71 S Gizepy(gy16) 2 72
ninz,n3[€j"1-n2.13

—~ 463 1 N1g, Ap-Frllr e A6 71 i, e H X1
.(Slze[p(l)(lEé.lH/)) 2 7€ 1 - r 2 o ra 3 -
|77 |1]" ]

|1].
Using the modified sizes from Definition 21, this implies

> Ao (e 1F - gk - 16 hic - 1a7)
k

- 46 _1_ — M6 1 —~ 463 1
< (sizep(r) (g, -1F)) 2 77" (sizepry)(1E, - 16)) 2 @ " (sizep(r)(gs - 1m7)) 2

. Z Z 2_%2_%2—n3(§+6)|[|‘

ni,n2,n3 [€Jni:n2.13

7 1
The last part adds up to something < 2~ M4 |E |» |E2|é |E3] SL’, which is precisely what we were aiming
in the beginning.

The cases when one of r1, 1, or r’ = oo follow in a similar manner. O

—

The above proposition is an intermediate step in the proof of L? estimates for BHT > in the case of
two iterated vector spaces, which is presented below.
Proposition 45.

(] | =<l ) )] ()

Proof. Once again, we use generalized restricted-type interpolation; F, G, H are sets of finite measure,
with | H| = 1. The exceptional set is defined as usual, and H' = H \ €. The sequences of functions will

p q
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be such that

1 1
7

(S(Zr) ) =t (S(Swr)) <o (S(Smr)) <

The collections 3}” are going to be chosen in the same way as in the proof of Theorem 7, depending
on the sizes and averages of the characteristic functions 1r, 1, 1. Proposition 44 yields the following:

Z!ABHT;P(I)(fkl,gkl )|

k
1+6, 1 1+65 1 1463 1

< Gizepnylp) 2 51 “(sizepple) 2 2 (sizepplm) 2 v € (50)
1 1 1
o L A\ -
H (Z Ifkll”) Xr (Z |gkl|r2) b (Z |hxil” ) X1
k k k

Then we sum (51) over [ as well, and apply Holder on the triple (s1, 52, s"). In this way, we recover
I1F - x1lls,, and the corresponding quantities for the second and third entries. We have

D

S1 K s’

> Asur(fer» gkrs her)
k.1

— 46 1 — 46 1 — 1463 1 _
< Z Z (sizepylp) 2 51 " (sizeplg) 2 52 (sizep(lmgr) 2 Y
ni,np,n3 Jn1.12.n3

NF Xillsi 6 xrlls, e xrlls
1 1 1
1] 1] 7]+

1]

Wi ﬂ—l—é @l m—l—f wli l+93—i,—6
< Y Y Sl T S s nle) 2 (S sl 2
ni,np,n3 Jny.n.n3

277 a7 (T ),

Remark. The “sizes” appearing in the line above are not exactly the ones from Definition 19, but the
modified ones from Definition 21 . Note that

—_— 1 —_—
maX(Silep(I)lF, |T|/ 177 dX) < “size”p()1F.
R

This is the step where we can prove also the localized version of the statement in Proposition 45. Assuming
all the tiles are sitting above an interval /o, we can obtain the same result with operatorial norm

— 4601 1 — 46, 1, —~— 403 _1_ .
(sizep(ro)1F) 2 7 " (sizepp)lg) 2 9 " (sizeppylmr) 2 VS
The rest of the proof is identical to the simpler vector case of Theorem 7; the quantities on the left-hand
1 1
side add up to | F| 7 |G |4, provided

1+6; 1 1+6, 1 1+65 1
> —, > —, > —, O
2 p 2 q 2 s’
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4. Similar results for paraproducts: proof of Theorem 9

The paraproduct case is similar to BHT, even though the bilinear Hilbert transform is a much more
complicated object. The extra difficulties are hidden in Proposition 23, but we will see from the proof of
the vector-valued extensions that the complexity of the paraproduct case is comparable to the “local L2
case for BHT. In both situations, we recover the maximal range for vector-valued estimates.

We will be working with the discretized paraproduct of the functions f and g, which is defined by

N =3 ﬁ(f, b1) (8. 8167 (0).

I€]

Here J is a family of dyadic intervals, and the wave packets {¢{ }1e9 are so that two of the families are
lacunary (qb{ is a wave packet on [ x [1/|I],2/]1|] ), and the third one is nonlacunary (qb{o is a wave
packet on I x[0,1/|I]]). Again, we present the case of £Z spaces for simplicity. The operator we are
interested in is

N 1
fl,(fg) = (Z\n(fk,gk)V) |

k=1

Remark. We could alternatively look at operators of the form

1
I
’

N
(fo = (XMool )
k=1

where each paraproduct Iy is associated to a family J; of dyadic intervals. The II; don’t need to be
precisely the same, but they display a similar behavior. Similarly, for BHT we could have a “perturbation”
BHT,, for each w € W, and the method of the proof applies in that case as well.

4.1. A few results about paraproducts. The concepts of sizes and energies are similar to the correspond-
ing ones for the bilinear Hilbert transform; we don’t need to organize the tiles into trees because the
family of tiles is of rank 0. We recall some definitions below.

Definition 46. Let J be a family of dyadic intervals. For any 1 < j < 3, we define

: j (Lol .
sizeg(( /. g Vreg) = sup ——— if (¢7 )1 is nonlacunary
Ies |I]2
and
1 1
: : 1 AR o i s
31zeg((f, (]5;)[63) = sup — ( Z =y, if (¢;)1 is lacunary.
Ip€ed |I0|§ J=i |I| 1,00
I1CIy

Similarly to the BHT case, energy is defined as

energy; ((f, 9] )1e1) := sup 2" sup(z III),
ne

D IeD
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where D) ranges over all collections of disjoint intervals /o with the property that

(.7, ~
~ Il S ot (¢7)1 is nonlacunary
[1o]2
and
: 1
1 . Jy\|12 b3 .
— (Z M.ll) >2" if (¢7)1 is lacunary.
[olli\ 4o ] 1,00
I1CIy

We have estimates similar to Lemmas 20 and 24. However, because we don’t need to use orthogonality
of trees, the energy becomes an L! quantity.

Lemma 47 [Muscalu and Schlag 2013, Lemma 2.13]. If F is an L1 functionand 1 < j <3, then

51zej((F ¢1)Iej Supl |/|F|X

for M > 0, with implicit constants depending on M.

Lemma 48 [Muscalu and Schlag 2013, Lemma 2.14]. If F is an L' function and 1 < j < 3, then

energyg((F, ¢IJ)Iej) SIF-

Proposition 49 [Muscalu and Schlag 2013, Proposition 2.12]. Given a paraproduct T1 associated with a
family J of intervals,

S 81 e 82 D)

Ten 12

An(f1. f2. f3)] =

1_[ (sizel (f5, 67V ren)'™ (enefgygj)((f/ ¢1)IeJ))

for any 0 < 01, 85, 03 < 1 such that 61 + 6, + 03 = 1, where the implicit constant depends on 61, 6, 03
only.

While the above proposition is the main ingredient, we need “localized” estimates. If I is some fixed
dyadic interval, then we define

M(Io)(f.8)(x) = Y _ |<f¢,><g,¢?>¢?<x).

1€J |
I1CIy

Here again we need some localization results which play the role of Proposition 42 and Corollary 43
from the BHT case.
The trilinear form associated to the localized paraproduct is given by

AFTI (fig.h) o= Angg (f 1F. g 16.h 1),
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Proposition 50. Let I be a fixed dyadic interval and F, G, H' C R sets of finite measure. Then there
exist some positive numbers 0 < ay,a»,as <1 so that

F.G.H' —~ — — ~ i N
Atz (fr8 )] < Gizegugy1r)™ (sizegcro)16)™ (Sizeag) L) IS - Frollri 18 - Faollrs 1+ Fro

whenever - + L + L =1, and 1 <r1,ra, 1’ < c0. Here a; =1-1_c
ri ra r r_,

Proof. The idea of the proof is very similar to that of Proposition 41. Restricted-type estimates are proved
by performing a triple stopping time and then the result follows by interpolation. We leave the routine
details to the reader. O

The case r = 1 is obtained through interpolation of restricted-type estimates only. This comes in

contrast with the r = 1 case for BHT, where generalized restricted-type interpolation is necessary. More

1 1

exactly, for the BHT operator, in order to conclude estimates for (ﬁ, 7 O), one needs to interpolate

between good (B; > 0) and bad (B3 < 0) tuples S = (B1, B2, B3).

Proposition 51. If H' is a fixed set of finite measure,

| A1) (/2 8. 107)

whenever%—i— % =1l,and 1 < p,q < o0.

< sizeso) L | f - Faollp 1€ - 1ol (52)

Proof. In this case Az, (f.g.15/) becomes a bilinear form with respect to the first two entries.
Because of the decay of jy,, it will be sufficient to prove the proposition in the case supp f, g € 5/p. By
Theorem 28, it will be enough to show restricted-type estimates for the bilinear form

(f.8) = Ay (f. g 15/).

Let F and G be sets of finite measure and | f| < 1f and |g| < 1. Using Proposition 49 with 63 =0
and estimating ﬁ%g(lo)f <1 and ﬁ%g(lo)g <1, we get

| Aty (f: 8. 107)

where 01 + 6, = 1 and 0 < 61, 8, < 1. This proves restricted-type estimates in a small neighborhood

of (3. 3)- O

< sizeg(ro)la | F|% |G|%2,

4.2. Proof of Theorem 8: a particular case. We will be using vector-valued interpolation theorems, as
usual. Hence, we fix sets of ﬁlnite measure F, G and I-{ and we assume |H| = 1. Let f = { fx}x and

& =&k, with (g | fel™)™ <1F and (3 18k|™) 72 < 1g.
The exceptional set will be

Q= {x : M(1p)(x) > C|F|} U {x: M(1g)(x) > C|G|}

~ L
and H' = H \ Q. We have a sequence of functions {hx }x with (3 |hg|”)"” < 1.
For every d > 0,

dist(,2°) g

74.=)1ed: 1+
1]
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When estimating paraproducts associated to the collection J¢, we get an extra 2~1%¢ decay and thus the
d-dependency of the paraproducts can be assumed to be implicit. As before, for each of the sets F, G
and H' we define collections of disjoint maximal intervals J7'!, J,'* and [J; > respectively. For example,
if I € 7", then

1
2mi—l < ol 1p-jrdx <27" <|F|.
R

Returning to the operator I:I,, we have for the associated multilinear form

< > > D A Ui gk b))

ni,n2,n3 J[opegn1-12:"3 k

> An(f gk hi)
k

Now we use the localization results of Proposition 50 to estimate the above expression by

n
Z Z Z(Sizeg(lo)lp)bl (sizeg(lo)lg)bz (Sizeg(lo)lH/)b3
n,n2,n3 Joegn"1:12:13 k=1

WS Xaollr gk - X1ollra ke - Ko Il

S Y Y Gizeu R Gizeyug 16)™ Gizeyug) 1a)”

ni,nz,n3 Joegni-n2.13

11F - x1ollry 116 - Yol ||1Hf')?1ro||r'|

1 T T lo|.
[To| 1 |1o| 2 [To| 7

Here we choose some 0 <b; <a;, which we can do because the sizes are subunitary. Whenever 0 <y, <1
are so that y; + y2 +y3 =1,

Yo ol S@MIFDQIG) (2" H ).

Ioejnl.nz,n3

Adding all the pieces together we have

< Y 2 (014511 gma(batG=r2) p=na(bs+3-73) | p 71 |G |72

> An(fes gk he)
K

nina,ns
1 1
SIFI7|Gla.

Of course, the last inequality is true provided we can choose y1, 2, y3 so that the series converges.
Choosing the 0; and «; carefully, one can prove that the restricted weak-type estimates hold arbitrarily
close to the points

(0,0,1), (1,0,0), (0,1,0), (1,1,-1).
Then the general result follows by interpolation.

Remark. With a few adjustments, the proof is valid in the case r =1 as well.
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5. Tensor products BHT ® IT®"
In this section, we will prove the boundedness of the tensor product

BHT® I® =BHTQIN ®---Q I1: L2(R"™) x LI®*" ™) — L7 (R
Whenever%=%+é,with%<r<oo,l§p,q<oo.
If 77 : LP(R") x LY4(R") — L"(R*') and T, : L?(R"2) x L9(R"2) — L"(R"2) are two bilinear
operators, then the tensor product

T1 ® Tp: LP(R"72) x L4 (R"1T72) — L7 (R"1172)

will act as 77 in the first variable and as 75 in the second variable. In our case, the operators are given by
singular multipliers, and in this situation we can give a characterization of the tensor product. Assume

(o= [ FEngem i@ e @t g g,

and similarly

Taf00) = [ FOm Eman. 1) e >+ dy dn.
Then the multiplier of the tensor product is precisely m1 (&1, &2) - ma(n1, n2):

Tn@TL(f. g)(x,y)
= f FELm) gEa, n2)mi(Er, E2)ma (1, np) 2T X E1HE) 24N G, gy dyy dy,.

The multiplier associated with BHT is sgn(&1 — &>), while the multiplier of a paraproduct of two functions
on the real line is a classical Marcinkiewicz—Mikhlin—H6érmander multiplier m(£1, £>), smooth away from
the origin, satisfying the condition |8%m(£)| < |€]71¢! for sufficiently many multi-indices . The decay
in m and a Fourier series decomposition allows one to approximate the multiplier by a finite number of
sums of the form

D ENVED Ve + 6. Y UiEDGE) Yk E +E) or D v (E) Yk (E2) @i (61 + ).
k k k

Recall that Qy is the Littlewood-Paley projection onto {|&| ~ 2k } (which is really the convolution
with ¥ (+)), and Py is the projection onto {|¢| < 2%}, corresponding to the convolution with ¢i. Then
we can regard paraproducts as being expressions of the form

D 0k(Pef - 0k)(x.y). D O0r(Qif Peg)(x.y) or Y Pr(Qrf 0kg)x.y). (53)
k k k

It is important in the following proofs that the outermost functions ¢ (&1 + &) and Vg (&1 + &) are
identically equal to 1 on the supports of ¥x (£1)- Vg (€2) and Y (£1) - @k (£2) respectively. This can always
be achieved with the price of an extra decomposition.
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Proposition 52. Let T, : L?(R") x LY(R"*) — L"(R") be a bilinear operator with smooth symbol m,
and 1 : L?(R) x L4(R) — L"(R) a paraproduct as described above.

(1) If Tis given by 3 4 Ok (Pr f - Qig)(x. y), then

(T ® TD(f, &) (x,y) = Z Qi (Tm(P] f. Q7)) (x) = Z Tm(PL £, Q3 8)(X).

(2) If W is given by Y Pr(Qk f - Ok 8)(X,y), then
(T ® TI)(f. g)(x.y) = Z PZ(Tw(Q3 f. Q78))(x) = Z Tm(Q3 f. Q7)(x).

Here we need to explain the notation: Q lzc denotes the projection onto &3] ~ 2 in the second variable,
and P];y f is a function of x only, with the variable y fixed. The exact formulas are

P f(x) = /R () f(x.y—s)ds. P2f(x.y) = /R o (5) f(x.y —5) ds.
Y f(x) = /R V() (e y —s)ds. Q2 f(x.y) = /R Vi() £ (x.y —s) ds.

Proof. The proof is a series of direct computations, and we only present the case (1):
(T @ I)(f, ) (x, »)

_ / F )@ Ea n)m(En. £2)
R2n+2

(Z G (1) Vi (2) Ve (m + nz))ezm@ﬁfﬁezmﬂm+"2> dE dn
k

= Z/ f &) 8 m(Er £2) () Vi (12)
(/ Vi (s)e™ 2mis(n1+n2) ds)eanx(El—f-’;'z) 2xiy(n1+n2) d dn

=3 [ TP £.07 o)) ds
k

= 0iTw(Pl 1. 07 2)(x). O
k

A final ingredient that we will need in the proof of Theorem 6 is the following lemma, which appears
in [Ruan 2010]:
Lemma 53. Let f € S(R"),and 1 <1 <n,and {iy,...,i;} C{l,...,n}. Then

(2 Jotetrr)].,

kly 7

1ALy <

forany 0 < p < oo.
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Lemma 53 above states that the L? norm of f is bounded by the L? norm of a square function
associated with the variables x;,, ..., x;,, even when 0 < p < 1. In the case p > 1, it is well known that
the two norms are equivalent. When p < 1, the proof makes use of multiparameter Hardy spaces.

5.1. Proof of Theorem 6. We start with the proof in the case BHT ® I1, in order to make the presentation
clear.

(a) Assume that TI( f, g) =) ; Ok (Pk f-Qkg). Then Proposition 52 implies that BHT®II( £, g)(x, y) =
Yk Q,%BHT(PI;Vf, Q]J:g)(x). Lemma 53 yields

”BHT ® IT ”Ls (RZ) S

(Z|Q,€BHT(P,3f, Q,{g>|2)2
k

Ls(R2)

For the paraproducts that we are considering, Q (P f - Qrg)(¥) = Pr f(¥) - Qrg(¥), so we need to
estimate

Ls (RZ)'

H (Z\BHT(P,? /. Q,ﬁgnz)z
k

1
We first estimate the L* norm of x — (3" |BHT(P];V 1, QZ g) (x)|2) 2, and Fubini will imply the desired
result for BHT ® I1. Here we use the vector-valued extension for the bilinear Hilbert transform

BHT : L?(£™®) x L1(¢?) — L*(£?),

which holds whenever (p, ¢, s) € Range(BHT). More exactly,

y y 2 2
IBHT ® I|| s w2y < H (Z\BHT(Pk [ 079)()| )
k

Ly s

A

Hsgp 1P S L

(Z IQZg|2)2

k LiliLs

‘(Z |ng|2)2
k

3 HsgplefleL,fg

V4

SIS lpligly-

To get the conclusion, we are using Fubini again, and the boundedness of the maximal and square function
operators.

(b) The case TI(f. g) = D i Px(Qk f. Qrg) is more direct, but the ideas are similar. The functions ¢ in
the paraproduct definition are such that IT1(f, g) = Y ,(OQk f - Ok g). so we have

BHT ® T1(f, 8)(x, y) = Y BHT(Q} /. 03 8)(x).
k
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Now we use the vector-valued extension BHT : L? (£2) x L9 ({?) — L*(£') (which is well-defined for
any (p, ¢, s) € Range(BHT)) together with Fubini and the boundedness of the square function to get

IBHT @ T s g < Y1070
% LS
< H(DQ,UF) (Z|ng|2)
k LS L5
<171 lgll

The general case of Theorem 6 is similar, but slightly more technical. We present it below for
completeness. The paraproducts can be of three types, as seen in (53). This generates a partition of
{1,...,n} into three subsets of indices Z1, 7, and Z3 so that if k € 71, then

(£, )(») =Y Ok(Pif - Qkg)(y).
k

and similarly for 7, and Z3.
Because the projections on different coordinates commute, i.e., Q}'c PIJ = Pl] Q;c and Q;{ Qll = Qlj Q}'{,
we can assume

=40} T={+1,...04+d), Ty=1{+d+1,... n.

Of course, we allow the possibility that one or even two of these sets of indices are empty. With this
assumption, Proposition 52 applied iteratively yields

BHT® M ®:--- @ TI(f. g)(x,y1,...,Yn)
1 l I+1 I+d l+d+1 n
Z le"'kakaH' Qk1+d kivati o Pr,o
ki,....kn

Vi Vi A Yi+1 YI+d Yi+d+1
BHT(Pkl' P le+1' anfQ : Q Pkl_H k1+d Qk1+d+1. an )(X)

The outer-most expressions Q! ki .. Q! k) Q]l;:l . Q,l;rfd ,i;;‘ii}

Expressions of the type Py will be associated with £! norms, and the Qy w1th 2 norms and square
functions. Here we want to apply Lemma 53, so we need to deal with the O functions first. Once we do
this, we can estimate the L” norm of BHT® [1 ® -- - I1( f, g) by

2)5

P” are extremely important.

( Z Z Pl+d+1"'P]?nBHT(P]:ll"'le—‘rl f Q . yl-’rl le+d+l . )

kita+1 ki+1 k1+1 kita+1
,,,,, kita kitat1skn r
24
< Y1 Vit . plIHL, Vitd+1
~ ‘( Z Z ‘BHT(P"I Qk1+l fQ k1+1 QkH—d-I-l )|
ki,okita kiva+1s.kn r

SIS llpllgllg-
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For the last part we used the following vector-valued estimates for the BHT:

LP(@OO(...(500(52(...(32(52(...(32))...) % LQ(gZ(...(52(300(...(500@2(...(@2))...)
— —— —— —— —m,— —

l d n—Il—d ! p i
! d n—l—d

together with the boundedness of the maximal operator and square function.

Similarly, we can obtain estimates for N®"' @ BHT ® IT®** within the same range as that of BHT.
Some partial results in mixed norm L? spaces can be obtained too, but the general case, for arbitrary
values of d; and d, remains open. We present a few particular cases that illustrate the main ideas, without
being too technical.

(i) Here, we prove mixed norm L? estimates for I1; ® BHT ® I3, where IT; = ) Q,i(Pk1 . Q}C),
M=) Q;'(Ql3 . Pl3)’ and the exponents p;,q; are in [2, 00). We note that

M @ BHT ® I3(f, 8)(x,y.2) = Y Qx Q}BHT(PF Qf f, Q5 P7 2)(»).
k,l

and we want to estimate the above expression in the space || - ||, s1 ;52 s3. The key observation is that
X y z
whenever 1 < 55, 53 < 00,

<
LY L)L

(54)

9
5 5 s
LMLY?L23

1
" 0L0}F(x.y.2) (Z\Q;Q?F(x,y,znz)z
k.l k,l
which is a Banach-valued equivalent of Lemma 53. This result, for s; > 1, can be found in [Fernandez
1987; Rubio de Francia et al. 1986], and it follows from the boundedness of Calderén—Zygmund operators
(the dual of the square function is such an operator) on L? spaces with mixed norms. The proof in the
case 51 < 1 is a Banach space adaptation of the proof of Lemma 53. Given the special properties of the
[0) ]i and Ql3 operators, we obtain

1
2

M BT S M), e = | (BTG 0 £ 08 PP )
k.l

LY LPLY
The multiple vector-valued estimates
BHT : L2(L2*(£°(€%)))) x LY (LT (2 (€)))) — L2 (LF (L2 (L)),
which exist in the local L? case at least, together with Holder’s inequality imply

| T @ BHT @ M3(f28) | 11 5203
1
2
sip(z |PF lef(y)|2)
I

< ||f||L§1Lf2Lf3 ”g”LZl L‘y12L213-

<

LY Ly L3 LY L2 L

(Z!s?p | Q;’ﬁPfg(y)I}z)2
k
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The last inequality follows again from Banach-valued extensions of convolution operators. Since our proof
makes use of multiple vector-valued estimates for BHT, we cannot obtain mixed norm L? estimates for
all the exponents in the Banach range. From the above example, one can see that besides the constraints
imposed by the square functions and maximal operators, we also need (p3.¢3,53) € Dp, g5.55-

(ii) If dy = 0 and d = 1, we have

BHT® IT: L' LI? x L' L9? — L3 L}?
whenever 1 < pa,q2,52 <00, 1 < p1,q1 <00, % <81 <00 and (p2.92,52) € Dp,.q1,51-
(iii) If d; = 1 and dp = 0, we have

O®BHT: LY L2 x LI LI? — LY LY

whenever 1 < p2,¢2,52 <00, 1 < p1,q1 < 00, % < §1 < 00. Since the “target” spaces (that is, inner
spaces in the mixed norms) are strictly between 1 and oo, the outer L.°° cases (that is, p; = 0o or g1 = 00)
follow easily from similar estimates on the adjoints.

We note that mixed norm estimates for IT ® BHT appear also in [Di Plinio and Ou 2015], where all the
inner spaces involved are L? spaces with 1 < p < co (in our notation, that means 1 < p», g2, §2 < 00).

6. Leibniz rules: Theorem 4

Now we present some ideas behind the proof of Theorem 4. Littlewood—Paley projections play an
important role when dealing with derivatives:

DEDY(f-)x.3) = [(f %ok ® 1) (g% Vi ® Y| * (DY ® D5y (x. y)

k,l
=Y [(f %o ® 1) (g% Ve ® Y1) % 29 @ 2P ) (x. y).
k,l
where
he© =Ly & Bim=1
k - 2k0( Wk(é) an Wl (77) - Z,B Wl(’l)

Then one can move the 25 inside, and couple it with the ¥ because 2%y (x) = D (x). Here

2 2ke
Vi (§) = Wlﬂk@)-

In this way, we obtain D‘l"D’zg (f-g)= I ﬁ( f D‘l"D‘z3 g) + eight other similar tErms. We can
estimate IT ® IT in L? spaces with mixed norms, as long as the “outside” functions v and ¢y are
constantly equal to 1 on 2K=2 < |¢| < 2K+2 and |¢| < 2K*2 respectively. The operators 11 are slightly
different, but using Fourier series we can write fI(F ,G) as

(F.G)> Y en S [F % (0x ® 1) G (i @ Y)Y ® Frn(x. ¥).

nez  k,l
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Here the coefficients satisfy |c,| < n ™™, and Yien(X) =Y (x + 27%n). Now notice that the right-hand
side above becomes

S Y QNP F. 0,6 ().
n I

which is a superposition of IT ® IT operators.
The proof of the Leibniz rule follows from

(1) (multiple) vector-valued estimates for the paraproduct

fife) =S [(f xen-(g*vn]* v,

l
(2) the boundedness of the shifted maximal and square functions:

< log(m) 1./ llp-
p

Jsup g1l % Togtn) 11y ﬂ(z|fw,n|)

Returning to the Leibniz rules, we have for 51,52 > 1,

n
§Z|cn|
n

[1D¢DE (£ )52 (P}, F.07,G)

52
y

N
LY
\)

1
~ = 2
(Zimmr,r.d7,07)
1 LY

(Zi8r,00)
[

52
Ly

<X leal[Isuo 177, Fllog:| .
n

a2
Ly L?{l

SN pr2 IDEDE gl o oo,
Here we used the vector-valued estimates
m:Ly (LP2(£%°)) x LI (L9 (%)) — L3 (L3 (£%)).

as well as the boundedness of the square function and maximal operator. We note that the square function
is in the y-variable, and for that reason at first we cannot allow p, = oo or g» = co. However, this
obstruction can be removed by using duality.

The same proof works in the case % <81 < 1,if 1 < pa, g2 < oo. In this case, we use the subadditivity
of || - |5!. The case % <1 < 1 and py = oo requires a slightly different reasoning, and can be deduced
from the corresponding mixed norm estimates for IT ® I1. This will be presented at the end of this section.

A slightly more difficult case of the Leibniz rule is when one of the last components is a ¢-type

function:

DEDY(f-g)(x.y) =Y [(f * ¥k ® 1) (g * Vi ® ¥1)] * (DSer ® DS v)(x. y)

k,l

=Y [(f* Ve @) (g% Vi ® Y] x 2*F @ 2P ) (x. y).
k,l
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In this case
&1*

G =5

ke

Pr (§),

but ¢ doesn’t behave as nicely as {5; since ¢ is not smooth at the origin, the decay in ¢ is much slower:

o(x) < ———.
We use a Fourier series decomposition of ék on its support

~ 2ring 1 ~ _2ming
Pr(E) =) cae 2 -Gr(E). where c,,:z—k/[R(pk(g)e ko dE.

nez

In this case we only have |c,| < 1/(1 + |n|)! T, but this is enough for the coefficients to sum up, if
s1 > 1/(1 + ). Since 52 > 1, we will not have a similar issue when doing the decomposition in the
second variable.

Following the same line of ideas, the problem reduces to estimating

D en 20 PATI(OF 4 F. 0F,G) (),
n k
and it would imply “mixed square functions” estimates of the form
%
(Z10z.68)
n

This is bounded as long as 1 < g1, g2 < 00, and in order to recover the case p; = 0o or ¢; = 00 we want to

LI LT

make sure that the square functions are in the innermost variable, which is y. So we need a decomposition
of v, as before. Also, we will need vector-valued estimates for the “generalized paraproduct”

(&) Y (f %V g %) * Pre.
k

where the last component @ has slow decay. The vector spaces involved are (£2, £, (%) or (£2,£2,¢1),
and such estimates can be proved using ideas similar to those in Section 4, modulo standard technical
difficulties, as discussed in [Muscalu and Schlag 2013].

We now present the proof of the mixed norm estimates for the biparameter paraproducts:

Proof of Theorem 5. Since the other cases are very similar, we can assume that IT,,, the paraproduct acting
on the variable y, is of the form

My (-, ) =Y Q(Pr(-), Qk(+)).
k
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Then we can write IT ® IT as TT ® I1( /. g)(x. y) = Y Q2 (P}, 03)(x). Then we have
Ly

|
'(Xk:IQ,{g(x)lz)

In the above inequality we used the multiple vector-valued estimate

S 02n(r! . 02)() H (Z}nwg, Qi)(x)|2)2
k k

<
52 52
Ly Li] Ly

< [llsupl 2 7o) g2

Lt
X Ly2 L)qcl

My : LY (LY2(€%%)) x LI (LI () — LY (L (£%)).

which is a consequence of Theorem 9.
Now we focus on the case p, = 00,1 < gy = g < 00, since g = oo is symmetric. We want to prove
that

M@ : L2 LP x LY LY — L3 LY,

by using Banach-valued restricted-type interpolation. That is, for any sets of finite measure F, G, H, we
can find a major subset H' C H, and we will prove that

'/ N II(f.g)(x. ) h(x,y)dxdy| S |FI*|G|**|H|* (55)
R2
for any functions f, g and / satisfying

/G llege =1p (), gx. )Ly =16 (). hlx. )l ¢ = La(x),

and (o1, a2, a3) any tuple satisfying oy + op + @3 = 1, situated in the neighborhood of (%, %, %)
A triple stopping time similar to the one appearing in the proof of Theorem 7 will allow us to recover
any exterior Lf;j norms, while the interior norms are fixed: L°S°, Lg, Lg.
We will consider localizations of the paraproduct acting on the x-variable. More exactly, the following
estimate, the proof of which is a combination of Proposition 50 and L7 estimates for I1 ® II, is key:
If Iy is a fixed dyadic interval, then HZ’G’H ®IT: LPL X L?CLg — L?ch with operatorial norm
H 1-[F,G,H !

_ F,G,H' *,1
Io ® H|}L§°L$OXL§’CL3—>L§’CL; = H(Hlo ® 1) HL?C/LgleZLg—)L}CL},'

The latter is bounded above by

[ & @ m=!

—_— 1 —_— 1 —_—
B 4 — . — — B 1—
| L4 g rgpipy S (izer L) e (sizery16) 7 (sizery 17) 1™

which is a consequence of the localized multiple vector-valued estimates that always appear in the iterative
step of the helicoidal method.
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More exactly, we have
F,G,H

I @ I(f.g)(x. y)h(x,y) dx dy|

< (sizeg, 1) e € (size,16) " € (sizep, 1p) ' ¢

[ g+ ol zgerg-

This implies, after performing the usual stopping times, that

2. 2.

ni,n2,n3 Ioy

Z Z(STZEIO 15)' =€ (sizegy16) "~ (sizegy 1) =€ |To|.

ny,n2,n3 Iy

[ mem e dxdy| < [ ES @) e, ) dxdy

From here, the desired L? estimates follow almost immediately. O

7. Rubio de Francia theorem for iterated Fourier integrals

We end by answering the initial question that motivated the study of vector-valued BHT. More exactly, we
prove Theorem 10, which is a consequence of Theorem 7, with 1, r» chosen carefully so that + - = —.

Proof of Theorem 10. We start with the case r > 2; this follows from Theorem 7:

1 1
1 n
(ZlPkalr') (Z|Plkg|r2)
k p k q

” (Z IBHT(Py, . szg>(x)|2)2 S (56)
k N

2
'3
This is implied by Rubio de Francia’s theorem, if one can find r; and r, w1th + = = % and

forany 1 < p,q <o00,% <s <o00.

This is possible as long as % =57t
for the range of BHT.
The case 1 <r < 2 is similar; for p, ¢, and s as above, one needs to find r; and r, > 2 so that

1

Note that <5 =1- + 5 2, and similarly for g. Because of this restriction, the operator 75

i rz—r’
is bounded as long as adm1s51ble triple (% % l/) is in the convex hull of the points
1,11 _1 11,1 _1 1,1 1_ 1 1,1 1_ 1
©0.0.1). G+7.3.-) Gaty—w) G+y03-%) (O3+5.53-57) O
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Remark. An alternative way of proving the boundedness of 7, within the range mentioned in Theorem 10
is by interpolating between
LP' x L9 — [S1(¢?) with p1,q1,s; in the range of the BHT operator, and (57)
LP2x L9 — [2(0Y)  with pp,qo > 1, 55 > 1. (58)

7.1. Boundedness of operators M1 and M,. In what follows we prove the boundedness of operators M
and M presented in (14) and (15):

X1<X2
@ X1,X2€wW[,,X3€WR

My(f1. f.)E) =) / f1061) fa(x2) g (x3) 2 EC1TX2H33) ey iy dics

and

Mo )@ =30 [ i) falra)glen) 2TEN R dxy dag diva

(] X2€Wr, ,X3€EWR

For both operators, we are going to use the triangle inequality in L, the target space for operators M
and M». However, if r < 1, this inequality is not available anymore for the quasinorm || - ||, and instead
we use the triangle inequality for | - ||%. This is the only difference between the Banach and quasi-Banach
case, and for simplicity we assume r > 1. Also, as previously stated, we assume ||g||, = 1.

Proposition 54. Let1 < p <2 and% = % + % = % + é + %. Then
IMi(fr f2. 0, S 1l I 2l llg -

Proof. Recall that w € D is the mesh of dyadic intervals contained in [0, 1], and we identify them with
their preimage: w ~ ¢~ (w). We rewrite M as

Mi(fi. f2.8)€) = > BHT(Py, fi. Puy [2)(E) g Lug (6).

Then

M1 (fi 20|, S| D BHT(Puy fi. Py f2)+8 g

r

S ( Z |BHT(Pa)Lf1, Pa)LfZ)‘p)p

(T e

1
p’)”/
lw|=2—*

1
— I\ 7
(T 1et)”

ol=27*

r

S ( Z |BHT(Pa)Lf1a Pa)LfZ)‘p)p

N

We estimate ||g/-1w\R|| p S g Logllpy = 2_% using the Hausdorff—Young theorem. Also, there are
2k dyadic intervals of length 2% in [0, 1] and because of this

1

( Z |BHT(Pwa1,Pwa2)|p)p

lo|=2"k

HMl(fl,fz,g)Hr < Zz—k(%_i)

k>0

N
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If we estimate the last term using the operator 7}, directly, we will not obtain the full range stated above,
as there will appear extra constraints of the type

1 1 3
+—<§.

1 1 3
—_ _<_ —_
p1+p 2 p2 ' p

Instead, using Holder and the fact that 1 < p < 2, we have

HBHT(P")L fl’ P“’L fz) Hél’(w) = HBHT(PG)L flv PwL fz) ng(w) zk(%_%)-

1_ 1
Using the boundedness of 75, we have || M1(f1, 2. &)lr S Y k=0 G Al fllps. O

Proposition 55. Let1 < p <2 and% = % + # = % + é + #. Then
|M2(f1. fo. )|, < I fullpy L £21lps g s

- 1 1
provided 2T < 1.

Proof. First, we remark that

|Ma(fr, fo. )E)] <D ICHEN Puy, o) IEDRE),

where C is the Carleson operator, bounded on L? whenever 1 < p < co. From here on the estimates are
similar to those in Proposition 54, but instead of the bilinear operator 75 ( f, g) we will have to use the
more restrictive Rubio de Francia operator RF,:

Cfl( )3 |Pwa2|p)p( ) |E'17R|P/)”’

IMa(fis fon0)], =S

k=0 |w|=27* |w|=2k r
1 1
» — _\ 7
<Y IChily, ( ) |Pwa2|p) ( ) ||g-1wR||5,)
k>0 lw|=2—% P2 N p|=2—k
1 1
k(Ll_1 v — \7
<Y 2*G-Djcal, ( ) |Pwa2|") ( ) ||g~1wR||,’,’/)
k>0 lw|=2—% P2 N p|=2—F
—k(1-1L,
< 3G £, IRE () s
k>0

If p» > 2,we can take v = 2 and there are no other restrictions. In the case p, < 2, Rubio de Francia

requires % + é < 1. This and the condition % — % > 0 (so that the geometric series above is finite) can

be summarized as é + # < 1. O
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Note added in proof

We recently improved Theorems 4 and 5, allowing for the exponent s, to be < 1. This is a consequence
of new multiple quasi-Banach valued inequalities for IT. In [Benea and Muscalu 2016], we also prove
multiple quasi-Banach valued inequalities for the bilinear Hilbert transform operator, extending also
Theorem 7.
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STRUCTURE OF MODULAR INVARIANT SUBALGEBRAS
IN FREE ARAKI-WOODS FACTORS

REMI BOUTONNET AND CYRIL HOUDAYER

We show that any amenable von Neumann subalgebra of any free Araki—Woods factor that is globally
invariant under the modular automorphism group of the free quasifree state is necessarily contained in the
almost periodic free summand.

1. Introduction

Free Araki-Woods factors were introduced in [Shlyakhtenko 1997]. In the framework of Voiculescu’s
free probability theory, they can be regarded as the type III counterparts of free group factors using
the free Gaussian functor [Voiculescu 1985; Voiculescu et al. 1992]. Following Shlyakhtenko, to any
orthogonal representation U : R ~ Hg on a real Hilbert space, one associates the free Araki—-Woods von
Neumann algebra I'(Hg, U)”. The von Neumann algebra I'(Hg, U)"” comes equipped with a unique free
quasifree state ¢y which is always normal and faithful (see Section 2 for a detailed construction). We
have I'(Hg, U)" = L(Fgim(#y)) Wwhen U = 1y, and I'(Hg, U)” is a full type III factor when U # 1.

Let U : R ~ Hr be any orthogonal representation. Using Zorn’s lemma, we may decompose
Hp=Hi’ @ HY™ and U = UY™ @ U™, where U™ : R ~ Hy is the almost periodic, and U™ : R ~ HY™
the weakly mixing, subrepresentation of U : R ~ Hg. Write M = I'(Hg, U)", N = T'(HY, U*)" and
P =T(HZ™, U"™)", so that we have the free product splitting

(M’ </’U) = (Nv ¢Uﬂp)*(P, ¢me)'

Our main result provides a general structural decomposition for any von Neumann subalgebra Q C M
that is globally invariant under the modular automorphism group o % and shows that when Q is also
assumed to be amenable then Q sits inside N. It generalizes Theorem C of [Houdayer and Raum 2015]
to arbitrary free Araki—Woods factors.

Main Theorem. Keep the same notation as above. Let Q C M be any unital von Neumann subalgebra
that is globally invariant under the modular automorphism group o%V. Then there exists a unique central
projection 7 € Z(Q) C M¥V = N¥U* such that
e Qz is amenable and Qz C zNz, and
e Qz* has no nonzero amenable direct summand and (Q' N M®)z+ = (Q' N M)zt is atomic for any
nonprincipal ultrafilter o € B(N) \ N.

MSC2010: 46110, 46154, 461.36.
Keywords: free Araki-Woods factors, Popa’s asymptotic orthogonality property, type III factors, ultraproduct von Neumann
algebras.
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In particular, for any unital amenable von Neumann subalgebra Q C M that is globally invariant under
the modular automorphism group o %V, we have Q C N.

Our main theorem should be compared to [Houdayer 2014b, Theorem D], which provides a similar
result for crossed product II; factors arising from free Bogoljubov actions of amenable groups.

The core of our argument is Theorem 3.1 which generalizes [Houdayer and Raum 2015, Theorem 4.3] to
arbitrary free Araki—-Woods factors. Let us point out that Theorem 3.1 is reminiscent of Popa’s asymptotic
orthogonality property in free group factors [Popa 1983] which is based on the study of central sequences
in the ultraproduct framework. Unlike other results on this theme [Houdayer 2014b; 2015; Houdayer
and Ueda 2016], we do not assume here that the subalgebra Q C M has a diffuse intersection with the
free summand N of the free product splitting (M, ¢y) = (N, ¢yw») * (P, ¢ywn), and so we cannot exploit
commutation relations of Q-central sequences with elements in N. Instead, we use the facts that Q admits
central sequences that are invariant under the modular automorphism group o#v of the ultraproduct state
¢y and that the modular automorphism group o #? is weakly mixing on P.

2. Preliminaries

For any von Neumann algebra M, we denote by Z(M) the center of M, by U (M) the group of unitaries
in M, by Ball(M) the unit ball of M with respect to the uniform norm and by (M, L2(M), J, LZ(M)+)
the standard form of M. We say that an inclusion of von Neumann algebras P C M is with expectation if
there exists a faithful normal conditional expectation Ep : M — P. All the von Neumann algebras we
consider in this paper are always assumed to be o -finite.

Let M be any o-finite von Neumann algebra with predual M, and ¢ € M, any faithful state. We
write ||x|, = @(x*x)1/2 for all x € M. Recall that on Ball(M), the topology given by || - ||, coincides
with the o-strong topology. Denote by &, € L?(M),. the unique representing vector of ¢. The mapping
M—L*M):x+— x&, defines an embedding with dense image such that ||x[l, = [[x&yll 2y, for all
x € M. We denote by ¥ the modular automorphism group of the state ¢. The centralizer M¥ of the
state ¢ is by definition the fixed point algebra of (M, o¥).

Recall from [Houdayer 2014a, Section 2.1] that two subspaces E, FF C H of a Hilbert space are said
to be g-orthogonal for some 0 < e < 1if (€, n)| <el|&|||In|l for all £ € E and all n € F. We then simply
write E 1, F.

Ultraproduct von Neumann algebras. Let M be any o -finite von Neumann algebra and w € S(N) \ N
any nonprincipal ultrafilter. Define

Ty (M) = {(xp)n € L°(M) : x,, — 0 *-strongly as n — w},
MO (M) = {(xp)n € £°(M) : (X)n Loy(M) C I,(M) and Z,(M) (x,,),, C Zon(M)}.

The multiplier algebra M®(M) is a C*-algebra and Z,(M) C M®(M) is a norm closed two-sided
ideal. Following [Ocneanu 1985, §5.1], we define the ultraproduct von Neumann algebra M® by
M?® := M®(M)/Z,(M), which is indeed known to be a von Neumann algebra. We denote the image of
(Xn)n € M?(M) by (x,)” € M®.
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For every x € M, the constant sequence (x), lies in the multiplier algebra M“(M). We then identify
M with (M +Z,(M))/Z,(M) and regard M C M as a von Neumann subalgebra. The map

E,: M®— M, (x,)°~ o-weak lim x,
n—-w

is a faithful normal conditional expectation. For every faithful state ¢ € M,, the formula ¢® := @ o E,
defines a faithful normal state on M“. Observe that ¢“((x,)*) = lim,_,, ¢(x,) for all (x,)” € M®.

Let QO C M be any von Neumann subalgebra with faithful normal conditional expectation Eg : M — Q.
Choose a faithful state ¢ € M, in such a way that ¢ =@ oEy. We have £>°(Q) C £*(M), Z,(Q) CZ,(M)
and M“(Q) C M?(M). We then identify Q¥ = M®(Q)/Z1,(Q) with (M*(Q) +Z,(M))/L,(M) and
may regard O C M® as a von Neumann subalgebra. Observe that the norm || - [|(y|5)» on Q% is the
restriction of the norm || - [[y» to Q. Observe moreover that (Eg(x,)), € Z,(Q) for all (x,), € Z,(M)
and (Eg(x,)), € M®(Q) for all (x,), € M®(M). Therefore, the mapping Ego : M” — Q¢ given
by (x,)“ = (Eg(x,))* is a well-defined conditional expectation satisfying ¢“ o Ego = ¢®. Hence,
Ego : M® — Q¢ is a faithful normal conditional expectation. For more on ultraproduct von Neumann
algebras, we refer the reader to [Ando and Haagerup 2014; Ocneanu 1985].

Free Araki-Woods factors. Let Hr be any real Hilbert space and U : R ~ Hk any orthogonal representa-
tion. Denote by H = Hr ®r C = Hr ®1Hp the complexified Hilbert space, by I : H - H : £ +in+— & —ip
the canonical anti-unitary involution on H and by A the infinitesimal generator of U : R ~ H, that is,
U, = A" for all t € R. Moreover, we have JAI = A~!. Observe that j : Hx — H : ¢ — 2/(A~ ' +1)1/?¢
defines an isometric embedding of Hp into H. Put K := j (Hp). It is easy to see that KrNiKg = {0} and
that Kp +iKp is dense in H. Write T = IA~'/2. Then T is a conjugate-linear closed invertible operator
on H satisfying T = T~! and T*T = A~'. Such an operator is called an involution on H. Moreover, we
have dom(7) = dom(A~"/?) and Kp = {§ € dom(7T) : T€ = &}. In what follows, we simply write

E+in:=TE+in) =& —in, VE,n € K.

We introduce the full Fock space of H:

oo
F(H)=CQo P H®".
n=1
The unit vector €2 is known as the vacuum vector. For all &£ € H, we define the left creation operator
L&) : F(H)— F(H) by

{E(S)Q=§,
LE)EQ - ®E)=EQ86HQ - ®&.

We have ||[£(§)]lco = |€|l, and £(§) is an isometry if ||£]| = 1. For all £ € K, put W(&) := £(&) + £(&§)*.
The crucial result of Voiculescu [Voiculescu et al. 1992, Lemma 2.6.3] is that the distribution of the
self-adjoint operator W (&) with respect to the vector state gy = (- €2, 2) is the semicircular law of
Wigner supported on the interval [—[|&]|, [|£]]].
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Definition 2.1 [Shlyakhtenko 1997]. Let Hg be any real Hilbert space and U : R ~ Hk any orthogonal
representation. The free Araki-Woods von Neumann algebra associated with U : R ~ Hp is defined by

[(Hg, U)":={W():§ € Kg}".
We denote by I'(Hg, U) the unital C*-algebra generated by 1 and by all the elements W (§) for & € K.
The vector state gy = (- 2, Q) is called the free quasifree state and is faithful on I'(Hg, U)". Let
&, ne Kg and write ¢ =& +in. Put
W(&) 1= W(E) +iW () = £(5) + ()"

Note that the modular automorphism group o#? of the free quasifree state ¢y is given by o,”Y = Ad(F(U,)),
where F(U;) = lea © D, U®". In particular, it satisfies

oV (W) =W(U;g), V¢eKr+iKg,VteR.

It is easy to see that foralln > 1 and all ¢, ...,¢, € Kp+iKg, (1 ® - ® ¢, € I'(Hg, U)'Q2. When
1, ..., &y are all nonzero, we denote by W({1 ® -+ - ® ¢,) € I'(Hg, U)” the unique element such that

H® - ®G=W(® - ®)R.

Such an element is called a reduced word. By [Houdayer and Raum 2015, Proposition 2.1(i)] (see also
[Houdayer 2014a, Proposition 2.4]), the reduced word W (¢ ® - - - ® ¢,,) satisfies the Wick formula given
by "
W@ @)=Y L&) LELEs)* - £E)*.
k=0

Note that since inner products are assumed to be linear in the first variable, for all £, n € H we
have £(£)*¢(n) = (&, n)1 = (n, &) 1. In particular, the Wick formula from [Houdayer and Raum 2015,
Proposition 2.1(ii)] is

WE® - QEIWI @ @15)
=WEQ QM ® - ®n)+E ) WE Q- Q&_NDW(I Q- Qny)

forall &,...,&,n1,...,ns € Kr +1Kr. We repeatedly use this fact in the next section. We refer to
[Houdayer and Raum 2015, Section 2] for further details.

3. Asymptotic orthogonality property in free Araki-Woods factors

Let U : R~ HR be any orthogonal representation. By Zorn’s lemma, we may decompose Hg = H[;pea Hy™
and U =U""@U?, where U : R~ Hﬂ%p is the almost periodic, and U™ : R ~ HZ™ the weakly mixing,
subrepresentation of U : R ~ Hg. Write M = '(Hg, U)", N =T (HY, U*®)" and P = C(HR™, UM™)",
so that

(M, puy) = (N, py=) * (P, pywm).

For notational convenience, we simply write ¢ := ¢y .
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The main result of this section, Theorem 3.1 below, strengthens and generalizes [Houdayer and Raum
2015, Theorem 4.3].

Theorem 3.1. Keep the same notation as above. Let w € B(N) \ N be any nonprincipal ultrafilter. For
allae MO N,allbe M andall x,y € (M®)*" N (M® & M), we have

e“(b*y*ax) =0.

Proof. Denote, as usual, by H := Hr Qg C the complexified Hilbert space and by U : R ~ H the
corresponding unitary representation. Put H% := Hﬁp ®rC and H¥™ := HZ"™ ®Qr C. Put K := j(Hp),
K[E“Ep =j(H[;p) and K™ := j(HR™), where j is the isometric embedding & € Hy Q/A+A" )2t ecH.
Denote by H = F(H) the full Fock space of H. For every t € R, put k; = lco ® D,,-, UP" € UH).
For every t € R and every x € M, we have o, (x)Q = k;(x2). We implicitly identif_y the full Fock
space F(H) with the standard Hilbert space L%(M) and the vacuum vector Q € # with the canonical
representing vector &, € L>(M),.

Put Ko ==, | 1j3-1,1(A)(Kr+iKR). Observe that K,, C Kg+iKp is a dense subspace of elements
n € Kr+iKpg for which the map R — Kr+iKg : t — U;n extends to a (Kg +1Kr)-valued entire analytic
function, and that K,, = K,,. For all n € Kan, the element W () is analytic with respect to the modular
automorphism group o¢ and we have o (W (1)) = W (Ai<p) for all z € C.

Denote by W the set of reduced words of the form W (£, ®- - -®&,) for whichn>1and &y, ..., &, € Ka.
By linearity/density, in order to prove Theorem 3.1, we may assume without loss of generality that a and
b are reduced words in V. Since moreover a € M © N, we can assume that at least one of its letters &;
lies in K™ +iKR™. More precisely, we can write

a=dWE® - ®§,)d",
b=b'W(n®: - -@n)b"

with p > 1, ¢ > 0 and for reduced words a’, a”, b’, b” in N with letters in K,, N (KD%p +1K§p), and for
&, Ep_1.1m2, . Ng—1 € Kan and &1, &, 1, ng € Kan N (K™ +1KR™). By convention, when g =0,
W(m ®---®nyg) is the trivial word 1, so that b = b'b".

Denote by L C K™ +i1Kp™ the finite dimensional subspace generated by &1, £, 1, 1, and such that
L=L.If g =0, then L is simply the subspace generated by &;, & D £, p»- Denote by

e X(1,r) C H the closed linear subspace generated by all the reduced words of the forme; ® - - - ® e,
withr >0, n>r+1,e,...,¢ € K&p—i—il([;p and e, € L;

e X(2,r) C H the closed linear subspace generated by all the reduced words of the forme; ® - - - Q@ ey,
withr >0, n>r+1,e,—, € Land ey_y11,...,€, € K[;{p—l—iK;{p;

e YV C H the closed linear subspace generated by all the reduced words of the form e; ® - - - ® e,, with

n>1lande, e, € Lt.

When r = 0, we simply write X} := X (1, 0) and &, := X' (2, 0). Observe that we have the orthogonal

decomposition
H=CQe X +X2)]).
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Claim 3.2. Let ¢ > 0 and t € R such that U;(L) L) gimr L. Then for all i € {1, 2} and all r > 0, we have
k(X (@, 1)) Le X(i,r).

Proof of Claim 3.2. Choose an orthonormal basis ({1, ..., gimz) of L. We first prove the claim for i = 1.
We identify X' (1, r) with L ® ((H*)®" ® H) using the unitary defined by

VI, r): HQH® @H) > H: LUV L®L Q.

Observe that «k,V(1,r) = V(1,r)(U; ® (U;)® Q«;) for every t € R. Let Eq, E, € X (1, r) be such that
=Y ®6! and B, = Z‘j};ﬂf ¢j ® ©F with ©], ©F € (H*®)®" ® H. We have

i=1

dim L

k(B =Y Ui&) @k, (8)),
i=1

and hence
dim L

(e (B1), B2)l < ) U@, e IO 111O7].

i, j=1

Since [(U;(¢;), ¢;)| <&/ dim L, we obtain |(k;(E1), Ez)| <¢| E1]|[| E2|| by the Cauchy—Schwarz inequality.
The proof of the claim for i = 2 is entirely analogous. O

Given a closed subspace K C H, we denote by Py : H — K the orthogonal projection onto K.
Claim 3.3. Tuke z = (z,)” € (M®)¢" and let w1, wy € N be any elements of the following forms:
o Eitherwi=1lorw =W Q- - Q&) withr > 1land iy, ..., € KipnN (K[E{p +1K§{p).

o Eitherwy=1orw,=W(u1 Q- ---Qus) withs > land uq, ..., us € Kgn N (Kﬂ%p—FiKu%p).
Then for all i € {1, 2}, we have lim,_,, || Px,(w1z,w282)|| = 0.
Proof of Claim 3.3. Observe that wz,w,Q = w Jafi/z(wz‘)fznﬂ. Firstly, we have
PX(I,r)(JO-fi/Q(w;)JZnQ) = dei/z(wﬁ)JPX(l,r)(ZnQ),
Px2,5)(W12,2) = w1 Px2,5)(2,82).
Secondly, for all E € H, we have

Py, (w1 E) = Px, (w1 Px(1,n(E8)),
Py, (Jo?, h(w3)JE) = Px,(Jo?, ,(w3)J Pre,s) ().
This implies that
Pa, (w12,u282) = P, (w1 J 0%, 5 (w3)J Px(1,r) (22 2)),
P, (w12,w2R) = P, (w1 J 0¥, 5 (w3)J Px,s) (22 ),

and we are left to show that lim,, ., | Px1,r) (2, 2) | =lim,—, | Px2,5)(2,2)[| = 0.
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Leti € {1,2} and k € {r, s}. Fix N > 0. Since the orthogonal representation U : R ~ Hy™ is weakly
mixing and L C H"™ is a finite dimensional subspace, we may choose inductively ¢1, ..., ty € R such
that Uy, (L) L(n dimry- Ur;, (L) forall 1 < j; < jp» < N. By Claim 3.2, this implies that

Ktj](X(i’k)) J—I/N Ktjz(X(i’ k))’ VIS.Jl <]2§N
For all t € R and all n € N, we have

I Pty a2 1* = (Pripy (24R2), 24R2)
= (k; (Px (i k) (222)), k1 (2,2)) (since k; € U(H))
= (P, (xi.0)) (K (2282)), k1 (2,2)).

By [Ando and Haagerup 2014, Theorem 4.1], for all # € R, we have (z,)® =z =0 (2) = (67 (z0))®.
This implies that lim,—, [lo; (zx) — zall, = 0, and hence lim, ., ||k (2,2) — z,22|| =0 for all z € R. In
particular, since the sequence (z,€2), is bounded in H, we deduce that for all € R,

lim || Prg.i (242112 = 1im (P, (0 (202), 20 2).
n—sw n—w

Applying this equality to our well chosen reals (7;)1<;<y, taking a convex combination and applying
the Cauchy—Schwarz inequality, we obtain

N
. .1
Jim [ P (@I = i 5> (P (040 @ D). 20 2)

=1
-1 1 - ; Q Q
—ngrcl()N<jX:;PK,j(X(z,k))(Zn ) Zn >
N
5’112130— ZPK,j(X(i,k))(ZnQ) 1znllg-

Then for all n € N, we have

N 2 N
ZPKt_,-(X(i,k))(ZnQ) = Z <P/<,jl(X(i,k))(ZnQ)’thjz(X(i,k))(ZnQ»
Jj=1 Jt.j2=1
u s lzl?
<D 1P ik @DIP+ Y —F
j=1 J1#
lzallZ

< Nllzally +N*—*

2N |zall;-

Altogether, we have obtained the inequality lim,_, , || Px (i k) (2, €2) 12 <2 ||z||éw /~/N. As N is arbitrarily
large, this finishes the proof of Claim 3.3. The above argument is inspired by [Wen 2016, Lemma 10].
Alternatively, we could have used [Houdayer 2014a, Proposition 2.3]. O
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Claim 3.4. The subspaces W(§1 ® --- ® £,)Y and Jofi/z(W(ﬁq ®---®1n1))JY are orthogonal in H.
Here, in the case g = 0, the vector space Jafi/z(W(ﬁq ®---®mn1))JY is nothing but ).

Proof of Claim 3.4. Let m,n> 1 and ey, ..., en, f1,..., fu € H with e, ey, f1, fu € L+, so that the
vectors e; ®@ - - Qe and f1 Q-+ - Q f, belong to ). Since f;:p Lo, f,, 1 nand & L f1, we have

(WE®---08)(e® - ®ep), Jo¥ ,(W(ij @ - @M)J (fi®- - f,))
=(WE® - ®)WEr® - ®en)Q, Jof ,(W(iy ® - @nIW(fi®- - ® f)RQ)
=(WE® Q)W (Er®  ®en)Q W i® QL)W ®- - Qny)Q)
=(WE® 0500 e W(i® Q@ LONS- Q1))

=(51®  ®,Qe1® Qe I® QR LOMB - Q1)
=0.

Note that in the case g = 0, the above calculation still makes sense. Indeed, we have
(WEI® @)@ ®en), (/1@ ®f))=(61® - ®,Qe1® - Qew, 1Q--® fr)=0.

Since the linear span of all such reduced words e; ® - - - ® e, generate ) (and likewise the span of the
words fi ®---® f,), we obtain that the subspaces W(§; ®---®§,)) and Jofi/z(W(ﬁq Q---@n))JY
are orthogonal in H. O

Let x, y € (M®)*" N (M® S M). We have
@ (b*y*ax) = (ax&yw, ybé o)
= nlg%(axng@’ ané‘_(p)
= lim (a'W(E @+ ®§,)d"x,Q, ya bW @ - - @ 1y)b" Q)
n—-w
= lim (W& ® - ®&p)a"x,0%,(0") Q. Jo¥, (W (ilg @ - @i11))J (@) yub Q).
Put z, = a”xnafi((b”)*) and z), = (a’)*y,b’. By Claim 3.3, we have that

lim | P (2, @) = lim || Py (2, )] =0, Vi € {1,2).

Since moreover E,, (x) = E, (y) =0, we see that lim,,_,,, || Pcq(z,2) || = lim,_,,, || Pca(z,2)|| = 0. Since
H=CQD (X]+ A,) ®Y, we obtain

nh_I>n |z, 2 — Py(z,2)|| =0 and nh_r)rtlv 2,22 — Py(z,2)|| =0.
By Claim 3.4, we finally obtain
¢w(b*)’*ax) = lim (W(Sl - ®$p)zng2, Jo'fi/z(W(ﬁq K--® ﬁl))]Zl/,lQ)
n—-w
= lim (W& @+ ®&,) Py(za), Jo¥, ,(W(ilg @ - - @ 1)) Py(2,)) = 0.
n—-w /

This finishes the proof of Theorem 3.1. O
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4. Proof of the Main Theorem

We start by proving the following intermediate result.

Theorem 4.1. Let (M, ¢) = (I'(Hg, U)", pu) be any free Araki-Woods factor endowed with its free
quasifree state. Keep the same notation as in the introduction. Let g € M? = N¥U*® be any nonzero
projection. Write o, = ¢(q - q)/¢(q). Then for any amenable von Neumann subalgebra Q C gMq that is
globally invariant under the modular automorphism group %1, we have Q C gNgq.

Proof. We may assume that Q has separable predual. Indeed, let x € Q be any element and denote by
Qo C Q the von Neumann subalgebra generated by x € Q that is globally invariant under the modular
automorphism group o %. Then Qy is amenable and has separable predual. Therefore, we may assume
without loss of generality that Oy = Q, that is, QO has separable predual.

Special case. We first prove the result when Q C g M q is globally invariant under o % and is an irreducible
subfactor, meaning that Q' NgMqg = Cgq.

Let a € Q be any element. Since Q is amenable and has separable predual, Q' N (g Mq)® is diffuse
and sois Q' N((gM q)“’)“’fzu by [Houdayer and Raum 2015, Theorem 2.3]. In particular, there exists a
unitary u € U(Q' N ((qu)“’)‘pg)) such that 2 (u) = 0. Note that E,,(u) € Q"N gMq = Cq, and hence
E,(u) = <p;"(u) =0, so that u € (M®)?" N (M® & M). Theorem 3.1 yields ¢®(a*u*(a — Ey(a))u) =0.
Since moreover au = ua and u € U((qu)w‘;), we have

lall2 = llaull. = ¢”u*a*au) = ¢*(@*u*au)
= ¢“(a*u* By (a)u) = ¢”(ua*u* Ey(a)) = p(a* Ex(a)) = || Ex (a)]l5.-
This shows that a = Ex(a) € N.

General case. We next prove the result when Q C g Mg is any amenable subalgebra globally invariant
under o %.

Denote by z € Z(Q) C N¥ the unique central projection such that Qz is atomic and Q(1 — z) is diffuse.
Since Qz is atomic and globally invariant under the modular automorphism group ¢, we have that
¢:| 0 1s almost periodic and hence Qz C N. It remains to prove that Q(1 —z) C N. Cutting down by
1 — z if necessary, we may assume that Q itself is diffuse.

Since Q C gMgq is diffuse and with expectation and since M is solid (see [Houdayer and Raum 2015,
Theorem A] and [Houdayer and Isono 2016, Theorem 7.1], which does not require separability of the
predual), the relative commutant Q' N g Mg is amenable. Up to replacing Q by Q v Q' NgMgq, which is
still amenable and globally invariant under the modular automorphism group o %, we may assume that
Q0'NgMg = Z(Q). Denote by (z,), a sequence of central projections in Z(Q) such that ), z, = ¢,
(Qz0) NzoMzo = Z(Q)zy is diffuse and (Qz,) Nz,Mz, = Cz, for every n > 1.

« By the special case above, we know that Qz, C N for all n > 1.

 Since Z(Q)zo P (1 —z0) N (1 —zp) is diffuse and with expectation in N, its relative commutant inside
M is contained in N by [Houdayer and Ueda 2016, Proposition 2.7(1)]. In particular, Qzo C N.

Therefore, we have Q C N. O
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Proof of the main theorem. Put ¢ := @y. Denote by z € Z(Q) C MY = N the unique central projection
such that Qz is amenable and Qz* has no nonzero amenable direct summand. By Theorem 4.1, we have
Qz C zNz. Fix any nonprincipal ultrafilter € (N) \ N. Then (Q' N\ M®)z+ = (Q' N M)zt is atomic,
by [Houdayer and Raum 2015, Theorem A] (see also [Houdayer and Isono 2016, Theorem 7.1]). ]
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FINITE-TIME BLOWUP FOR
A SUPERCRITICAL DEFOCUSING NONLINEAR WAVE SYSTEM

TERENCE TAO

We consider the global regularity problem for defocusing nonlinear wave systems

Hu = (va F)(u)

on Minkowski spacetime R! 9 with d’ Alembertian [0 := —92+ Y% 9%, where the field u : R'+¢ — R™

is vector-valued, and F : R” — R is a smooth potential which is positive and homogeneous of order p + 1
outside of the unit ball for some p > 1. This generalises the scalar defocusing nonlinear wave (NLW)
equation, in which m = 1 and F(v) = 1/(p + 1)|v|?*L It is well known that in the energy-subcritical
and energy-critical cases whend <2 ord >3 and p <1+4/(d —2), one has global existence of smooth
solutions from arbitrary smooth initial data u(0), d,u(0), at least for dimensions d < 7. We study the
supercritical case where d = 3 and p > 5. We show that in this case, there exists a smooth potential F
for some sufficiently large m (in fact we can take m = 40), positive and homogeneous of order p + 1
outside of the unit ball, and a smooth choice of initial data u(0), d,¢(0) for which the solution develops a
finite-time singularity. In fact the solution is discretely self-similar in a backwards light cone. The basic
strategy is to first select the mass and energy densities of u, then u itself, and then finally design the
potential F' in order to solve the required equation. The Nash embedding theorem is used in the second
step, explaining the need to take m relatively large.

1. Introduction

Let R™ be a Euclidean space, with the usual Euclidean norm v — ||v||gm and Euclidean inner product
v,w > (v, w)rm. A function F : R™ — R” is said to be homogeneous of order a for some real « if
we have

F(iv) =AYF(v) (1-1)

for all A > 0 and v € R™. In particular, differentiating this at A = 1 we obtain Euler’s identity
(v, (Vem F)(v))pm = aF(v), (1-2)

where Vgm denotes the gradient in R, assuming of course that the gradient Vgm F of F exists at v.
When « is not an integer, it is not possible for such homogeneous functions to be smooth at the origin
unless they are identically zero (this can be seen by performing a Taylor expansion of F around the
origin). To avoid this technical issue, we also introduce the notion of F being homogeneous of order o
outside of the unit ball, by which we mean that (1-1) holds for A > 1 and v € R™ with ||v|gn > 1.

MSC2010: primary 35Q30, 35L71; secondary 35L67.
Keywords: nonlinear wave equation, Nash embedding theorem.
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Define a potential to be a function F : R” — R that is smooth away from the origin; if F is also
smooth at the origin, we call it a smooth potential. We say that the potential is defocusing if F is positive
away from the origin, and focusing if F is negative away from the origin. In this paper we consider
nonlinear wave systems of the form

Ou = (Vrm F)(u), (1-3)

d

where the unknown field u : R'*¢ — R” is assumed to be smooth, [ = %3y = —9% + Y ¢,

d’ Alembertian operator on Minkowski spacetime

Bii is the

R!T .= {t, x1,...,xq):t,x1,...,.xg R} ={(t,x):teR,x € [R{d}
with the usual Minkowski metric
Napx®xP = =12 £ x24 . 4 2

and the usual Einstein summation, raising, and lowering conventions, 72, d > 1 are integers, and F :R"”" — R
is a smooth potential. This is a Lagrangian field equation, in the sense that (1-3) is (formally, at least) the
Euler-Lagrange equations for the Lagrangian

/1+d %<aa“’ dout)pm + F(u) dn.
R

We will restrict attention to potentials F* which are homogeneous outside of the unit ball of order p + 1
for some exponent p > 1. The well-studied nonlinear wave equation (NLW) corresponds to the case
when m = 1 and F(v) = |[v|?*!/(p + 1) (for the defocusing NLW) or F(v) = —|v|?T!/(p 4+ 1) (for
the focusing NLW), with the caveat that one needs to restrict p to be an odd integer if one wants these
potentials to be smooth. Later in the paper we will restrict attention to the physical case d = 3, basically
to take advantage of a form of the sharp Huygens’ principle.

The natural initial value problem to study here is the Cauchy initial value problem, in which one
specifies a smooth initial position ug : R? — R™ and initial velocity u; : R? — R™ and asks for a
smooth solution u to (1-3) with u(0, x) = ug(x) and d;u(0, x) = u(x). Standard energy methods (see,
e.g., [Shatah and Struwe 1998]) show that for any choice of smooth initial data uq, u1 : RY — R™,
one can construct a solution # to (1-3) in an open neighbourhood €2 in R+ of the initial time slice
{(0,x):x € R4} with this initial data. Furthermore, either such a solution can be extended to be globally
defined in R' 4, or else there is a solution u defined on some open neighbourhood €2 of {(0, x) : x € R?}
that “blows up” in the sense that it cannot be smoothly continued to some boundary point (¢, xx) of €.
The global regularity problem for a given choice of potential F asks if the latter situation does not occur,
that is to say that for every choice of smooth initial data there is a smooth global solution. Note that as
the equation (1-3) enjoys finite speed of propagation, there is no need to specify any decay hypotheses on
the initial data as this will not affect the answer to the global regularity problem.

For focusing potentials F, there are well-known blowup examples that show that global regularity fails.
For instance, if m = 1 and F : R — R is given by

F(v):=— v P! (1-4)

(p—1)?
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for all |v| > 1 (and extended arbitrarily in some smooth fashion to the region |v| < 1 while remaining
negative away from the origin), then F is a focusing potential that is homogeneous of order p + 1 outside
of the unit ball, and the function u : {(z,x) € R!t? : 0 < ¢ < 1} — R defined by

u(t, x) = 7T (1-5)

solves (1-3) but blows up at the boundary ¢ = 0; applying the time reversal symmetry (¢, x) — (1 —¢, x),
we obtain a counterexample to global regularity for this choice of F. We will thus henceforth restrict
attention to defocusing potentials F, which excludes ODE-type blowup examples (1-5) in which u(z, x)
depends only on 7.

The energy (or Hamiltonian)

E[U(t)] = /[Rd %”atu(lvx)”ém + %Hvxu(t’x)”ém@)Rd + F(Z/I(Z,X)) dx (1'6)

is (formally, at least) conserved by the flow (1-3). A dimensional analysis of this quantity then naturally
splits the range of parameters (d, p) into three cases:

e The energy-subcritical case when d <2, or whend >3 and p <1+ ﬁ
e The energy-critical case when d >3 and p = 1 + ﬁ
e The energy-supercritical case whend > 3 and p > 1+ ﬁ

In the energy-subcritical and energy-critical cases one has global regularity for any defocusing NLW
system, at least when d <7, see! [Jorgens 1961] for the subcritical case, and [Grillakis 1990; 1992; Struwe
1988; Shatah and Struwe 1998] for the critical case. These results were also extended to the logarithmically
supercritical case (in which the potential F' grows faster than the energy-critical potential by a logarithmic
factor) in [Tao 2007; Roy 2009]. A major ingredient in the proof of global regularity in these cases is
the conservation of the energy (1-6), which is nonnegative in the defocusing case. In the energy-critical
(and logarithmically supercritical) case, one also takes advantage of Morawetz inequalities such as

/ / F(u(l X)) dx dt < CE[u(0)] (47
Rd

R
for any time interval [0, T'] on which the solution exists. These bounds can be deduced from the properties
of the stress-energy tensor

Typ := (0qu, dgu) — %naﬂ((ayu, dyu)pm + F(u))

and in particular in the divergence-free nature 98 Ty = 0 of this tensor.

It thus remains to address the energy-supercritical case for defocusing smooth potentials F'. In this
case it is known that the Cauchy problem is ill-posed in various technical senses at low regularities
[Lebeau 2001; 2005; Christ et al. 2003; Brenner and Kumlin 2000; Burq et al. 2007; Ibrahim et al. 2011],

ISeveral of these references restrict attention to the scalar NLW or to three spatial dimensions, but the arguments extend
without difficulty to the energy-critical NLW systems considered here in the range 3 < d < 7. There are technical difficulties
establishing global regularity in extremely high dimension, even when the potential F and all of its derivatives are bounded; see,
e.g., [Brenner and von Wahl 1981].
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despite the existence of global weak solutions [Segal 1963; Strauss 1989], as well as global smooth
solutions from sufficiently small initial data [Lindblad and Sogge 1996] (assuming that F vanishes to
sufficiently high order at the origin); see also [Zheng 1991] for a partial regularity result. However, to the
author’s knowledge, finite-time blowup of smooth solutions has not actually been demonstrated for such
equations. The main result of this paper is to establish such a finite-time blowup for at least some choices
of defocusing potential F and parameters d, p, m:

Theorem 1.1 (finite-time blowup). Letd = 3,let p > 1 + ﬁ, and let

(d+1)2(d+6)’(d+1)2(d+4)+5)+2

m > 2max(

be an integer. Then there exists a defocusing smooth potential F : R™ — R that is homogeneous of
order p + 1 outside of the unit ball, and a smooth choice of initial data ugy,u; : R — R™ such that

Rl—i—d

there is no global smooth solution u : — R™ to the nonlinear wave system (1-3) with initial data

u(0) = ug, 0,u(0) = u;.

Of course, since d is set equal to 3, the conditions on p and m reduce to p > 5 and m > 40 respectively.
However, our restriction to the d = 3 case is largely for technical reasons (basically in order to exploit the
strong Huygens principle), and we believe the results should extend to higher values of d, with the indicated
constraints on d and p, though we will not pursue this matter here. The rather large value of m is due
to our use of the Nash embedding theorem (!) at one stage of the argument. It would of course be greatly
desirable to lower the number m of degrees of freedom down to 1, in order to establish blowup for the
scalar defocusing supercritical NLW, but our methods crucially need a large value of m in order to ensure
that a certain map from a (1+d)-dimensional space into the sphere S”~! is embedded, which is where
the Nash embedding theorem comes in. Nevertheless, even though Theorem 1.1 does not directly show
that the scalar defocusing supercritical NLW exhibits finite-time blowup, it does demonstrate a significant
barrier to any attempt to prove global regularity for this equation, as such an attempt must necessarily
use some special property of the scalar equation that is not shared by the more general system (1-3).

We briefly discuss the methods used to prove Theorem 1.1. The singularity constructed is a discretely
self-similar blowup in a backwards light cone; see the reduction to Theorem 2.1 below. In particular, the
blowup is “locally of type II” in the sense that scale-invariant norms inside the light cone stay bounded,
but not “globally of type II”, as a significant amount of energy (as measured using scale-invariant norms)
radiates out of the backwards light cone at all scales. This is compatible with the results in [Kenig and
Merle 2008; Killip and Visan 2011a; 2011b], which rule out “global” type II blowup, but not “local”
type II blowup. It would be natural to seek a continuously self-similar smooth blowup solution, but it
turns out? that these are ruled out; see Proposition 2.2 below. Hence we will not restrict attention to

20n the other hand, it is possible to use perturbative methods to create rough solutions to (1-3) that are continuously
self-similar: see [Planchon 2000; Ribaud and Youssfi 2002]. However, these methods do not seem to be adaptable to generate
smooth solutions, and indeed Proposition 2.2 suggests that there are strong obstacles in trying to create such an adaptation. The
negative result here also stands in contrast to the situation of high-dimensional wave maps into negatively curved targets, where
ODE methods were used in [Cazenave et al. 1998] to construct continuously self-similar blowup examples in seven and higher
spatial dimensions.
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continuously self-similar solutions. It also turns out to be convenient not to initially restrict attention to
spherically symmetric solutions, although we will eventually do so later in the argument.

Traditionally, one thinks of the potential F' as being prescribed in advance, and the field u as the
unknown to be solved for. However, as we have the freedom to select F' in Theorem 1.1, it turns out to
be more convenient to prescribe u first, and only then design an F for which the equation (1-3) is obeyed.
This turns out to be possible as long as the map

u(t, x)
[l (2, ) |gem
has certain nondegeneracy properties, and if the stress-energy tensor 7,g (which can be defined purely in

0:(t,x)—~

terms of u) is divergence-free; see the reduction to Theorem 3.2 below. The stress-energy tensor 7, (or
more precisely, some related fields which we call the mass density M and the energy tensor Eyg) can
be viewed as prescribing the metric geometry of the map 6, and the Nash embedding theorem can then
be used to locate a choice of 6 with the desired nondegeneracy properties and the prescribed metric, so
long as the fields M and E,g obey a number of conditions (one of which relates to the divergence-free
nature of the stress-energy tensor, and another to the positive definiteness of the Gram matrix of u). This
reduces the problem to a certain “semidefinite program” (see Theorem 4.1), in which one now only needs
to specify the fields M and Eg, rather than the original field u or the potential F.

It is at this point (after some additional technical reductions in which certain fields are allowed to
degenerate to zero) that it finally becomes convenient to make symmetry reductions, working with fields
M, Eg that are both continuously self-similar and spherically symmetric, and assuming that there are
no angular components to the energy tensor. In three spatial dimensions, this reduces the divergence-free
nature of the stress-energy tensor to a single transport equation for the null energy e (which, in terms
of the original field u, is given in polar coordinates by e = %H(B, + 8,)(ru)||12q), in terms of a certain
“potential energy density” V' (which, in terms of the original data u and F, is given by V = rF(u)); see
Theorem 5.4 for a precise statement. The strategy is then to solve for these fields e,V first, and then
choose all the remaining unknown fields in such a way that the remaining requirements of the semidefinite
program are satisfied. This turns out to be possible if the fields e,V are chosen to concentrate close to
the boundary of the light cone.

2. Reduction to discretely self-similar solution

We begin the proof of Theorem 1.1.

We first observe that from finite speed of propagation and the symmetries of the equation, Theorem 1.1
follows from the claim below, in which the solution is restricted to a truncated light cone and is discretely
self-similar and the potential is now homogeneous everywhere (not just outside of the unit ball), but no
longer required to be smooth. This reduction does not use any of the hypotheses on m, d, p.

Theorem 2.1 (first reduction). Let d =3, let p > 1 + %=, and let

(d+1)2(d+6),(d+1)2(d+4)+5)+2

m = 2max(
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be an integer. Then there exists a defocusing potential F : R™ — R which is homogeneous of order p + 1
and a smooth function u : Ty — R™\{0} on the light cone Ty := {(t,x) € R'"*9 : ¢ > 0; |x| <1} that
solves (1-3) on its domain and is nowhere vanishing, and also discretely self-similar in the sense that
there exists S > 0 such that
S, 8y — ,—351S
u(e”t,e®x)=e r1°u(t, x) 2-1)

forall (t,x) € T'y.

A key point here is that u is smooth all the way up to the boundary of the light cone I'y, rather
2

than merely being smooth in the interior. The exponent —5=T is mandated by dimensional analysis
considerations. It would be natural to consider solutions that are continuously self-similar in the sense
that (2-1) holds for all S € R, but as we shall shortly see, it will not be possible to generate such solutions
in the three-dimensional defocusing setting.

Let us assume Theorem 2.1 for the moment, and show how it implies Theorem 1.1. Let F, S, u be as
in Theorem 2.1. Since  is smooth and nonzero on the compact region {(¢, x) € [y :e™5 <t <1}, itis
bounded from below in this region. By replacing u with Cu and F with v+~ C? F(v/C) for some large
constant C, we may thus assume that

llue(z, ) || > 1

whenever (7, x) € I'y with e™5 < < 1. Using the discrete self-similarity property (2-1), we then have
this bound for all 0 < ¢ < 1; in fact we have a lower bound on |u(z, x)||grm that goes to infinity as t — 0,
ensuring in particular that # has no smooth extension to (0, 0).

Using a smooth cutoff function, one can find a smooth defocusing potential F:R™ — R that agrees with
F in the region {v € R™ : ||v||gm > 1}. Then u solves (1-3) with this potential in the truncated light cone
{(t,x) e R'"9 :0 <1 < 1;|x| <t} with F replaced by F. Choose smooth initial data vy, vy : RY — R™
such that

vo(x) = u(l, x)
and
v1(x) =—0d:u(l,x)

for all |x| < 1 (where we use |x|:= ||x||gs to denote the magnitude of x € R9); such data exists from
standard smooth extension theorems (see, e.g., [Seeley 1964]) since the functions u(1, x), d;u(1, x) are
smooth on the closed ball {x : |x| < 1}. Suppose for contradiction that Theorem 1.1 failed (with F
replaced by F ); then we have a global smooth solution v : Rt 5 R™ o (1-3) (for F ) with initial data
v(0) = vg, d;v(0) = vy. The function # : (¢, x) — v(l —t, x) is then another global smooth solution
to (1-3) (for F) such that #(l,x) =u(l,x) and d,u(1,x) = d;u(1, x) for all |x| < 1. Finite speed
of propagation (see, e.g., [Tao 2006, Proposition 3.3]) then shows that & and u agree in the region
{(t,x) e R4 :0 <1 < 1;|x| <t}; as @ is smoothly extendible to (0, 0), we know u is also, giving the
desired contradiction. This concludes the derivation of Theorem 1.1 from Theorem 2.1.

It remains to prove Theorem 2.1. This will be the focus of the remaining sections of the paper. For
now, let us show why continuously self-similar solutions are not available in the defocusing case, at
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least for some choices of parameters d, p. The point will be that continuous self-similarity gives a new
monotonicity formula for a certain quantity f(¢, r) (measuring a sort of “equipartition of energy”) that
can be used to derive a contradiction.

Proposition 2.2 (no self-similar defocusing solutions). Let d > 3 and p > 1 be such that % — ﬁ <0,
let m be a natural number, and let F : R™ — R be a defocusing potential that is homogeneous of
order p + 1. Then there does not exist a smooth solution u : I'g — R™\{0} to (1-3) that is homogeneous
of order —ﬁ.

Note in particular that in the physical case d = 3, the condition % — ﬁ < 0 is automatic, and so
no self-similar defocusing solutions exist in this case. We do not know if this condition is necessary in

the above proposition.
Proof. Suppose for contradiction that such a u exists. Equation (1-3) in polar coordinates (¢, r, w) reads

_attu + arru + %8;«1/{ + }’%Awu = (VF)(H),

where A, is the Laplace-Beltrami operator on the sphere S?~!. Making the substitution

ot r,w):= rd%lu(t,r, ), (2-2)
this becomes
016+ rrp — 5 (0 + LI )G = 5w )T g) 2-3)

for r > 0.
We introduce the scaling vector field S := ¢d; + rd, and the Lorentz boost L := rd; + ¢d,. Observe
that L and S commute with

—S?+ L2 = (1 —r*) (=01 + 0rr) (2-4)
and thus
~(S%¢p. Lopypm + (L2, Lopypm = (12 = r*) (=011 + dr¢. L)rom.
As u is assumed homogeneous of order —%, we know ¢ is homogeneous of order % — %. From
Euler’s identity (1-2) we thus have ¢ an eigenfunction of S,
d—1 2
S¢ = ( 2 p—1)¢’

and thus (by the commutativity of L and S)
(Lp. S )rm = (LS¢. S$)rm = 3 LI| Sl|gm.

We also have
(L. L*¢)mm = 3 L[| L7

Putting all of these facts together, we conclude that

L(_% |S¢“ém + %”L¢”ém) = (Zz _rz)(—att¢ + 3”¢, Ld))[}@m,
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A computation similar to (2-4) shows that

~|S@IEm + [ Lollrm = % = r2)(—[19:D |1 Zm + 18- Em)-

2

Since #? — r? is annihilated by L, we conclude that

L(=319:@l1m + 519r¢lm) = (=011 + Brr . $)rm

By (2-3), the right-hand side is equal to

(d—-1)(d-3)

i (6. LoYwn 1 T (VE) T 9). Lo}y

1
) (_Aw(p? L¢>Rm +
r

To deal with the angular Laplacian, we integrate over S 4=1 and then integrate by parts to conclude that

L /S (—310:8113m + 319, $113m) deo

! (d—1)(d ~3) s
= [gd_l Zr—zL”Vw(,b”ém@Rd + TL”¢”RW, +V ((VF)(}" ¢) L¢>Rm w,

where we use the fact that the Lorentz boost L. commutes with angular derivatives, and where dw denotes
surface measure on S¢~.
From the chain and product rules, noting that Lr = ¢, we have

d=1 _  _d—1 d—1t1
Lp=r 2 L(r 2¢)+T—¢
r

and thus (using (1-2))

d—1t

(VP50 Lol =1 T (L0500 + 2 L 5 0. 0P 5 ) )

d-1D(p+1)t
2

— (LF(r—d?«p) + ~F(r ‘¢))

Putting all this together, we see that if we introduce the quantity

1 1
Feryi= [ 30080+ 51081 = 351 g

d—1)(d-3 _ _d=1
D g1 1 R ) do
then we have the formula
d—1)(d—-3)t d—1)(p—1)t ,4_ _d=1
Lf = [, 1Tl + Tl + =D ) o

for any r > 0. In particular, f(cosh y, sinh ) is a strictly function of y for y > 0, since

;—yf(cosh y,sinh y) = (Lf)(cosh y,sinh y) > 0
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with the strict positivity coming from the defocusing nature of F. On the other hand, when y — 0T, we
see from (2-2) that all the negative integrands in the definition of f(cosh y, sinh y) go to zero, and thus

lim f(cosh y,sinh y) > 0.
y—0+

Combining these two facts, we conclude in particular that

lim f(cosh y,sinh y) > 0. (2-5)

y—>+o00
On the other hand, as ¢ is homogeneous of order % — ﬁ and F is homogeneous of order p 41, we see
that the integrand in the definition of f'(¢, r) is homogeneous of order 2(@ — ﬁ), which is negative

by hypothesis. This implies that f(cosh y, sinh y) goes to zero as y — +o00, contradicting (2-5). O

3. Eliminating the potential

We now exploit the freedom to select the defocusing potential F' by eliminating it from the equations
of motion. To motivate this elimination, let us temporarily make the a priori assumption that we have a
solution u to (1-3) in the light cone I'y from Theorem 2.1 that is nowhere vanishing. Taking the inner
product of (1-3) with © and using (1-2) then gives an equation for F(u):

1
Fu)= ——u,Ou)pm. 3-1
(u) PR ( R (3-1)
In particular, since F is defocusing and u is nowhere vanishing, we have the defocusing property
(Ll, Du)Rm >0 (3-2)
throughout I'y. Next, if do denotes one of the d + 1 derivative operators d;, dx,, . . ., 0x,, we have from

the chain rule that
0o F(u) = (0 ut, (VF)(u))gm

and hence from (1-3) and (3-1) we have the equation
O (v, Du)pm = (p + 1) {(0gu, Ou)gm. (3-3)
Remark 3.1. One can rewrite the equation (3-3) in the more familiar form
#T,5=0,

where T,g is the stress-energy tensor

1
Taﬂ = (dqu, 8/314)[Rm — T]aﬂ(%«”’u, 8yu)Rm + m(u, Du))

Now assume that u obeys the discrete self-similarity hypothesis (2-1). Let 6 := u/|u||gm denote the
direction vector of u; then 6 is smooth map from I'; to the unit sphere S~ ! := {v e R : ||v||gm = 1}
of R™. From the discrete self-similarity (2-1) we see that 8 is invariant under the dilation action of the
multiplicative group e37Z := {eS :n € Z} on T'y. Thus 6 descends to a smooth map 6:Ty JeSt — gm—1
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on the compact quotient Iy /eZ, which is a smooth surface with boundary (diffeomorphic to the product
of a d-dimensional closed ball and a circle). Under some nondegeneracy hypotheses on this map, we can
now eliminate the potential F, reducing Theorem 2.1 to the following claim:

Theorem 3.2 (second reduction). Letd = 3,let p > 1+ ﬁ, and let

d+1)d+6) (d+1)d+4)
2 ' 2

m=>2 max( + 5) +2

be an integer. Then there exists S > 0 and a smooth nowhere vanishing function u : Uy — R™\{0} which is
discretely self-similar in the sense of (2-1) and obeys the defocusing property (3-2) and the equations (3-3)
throughout T z. Furthermore, the map 0 : Tz /A% — S™~1 defined as above is injective, and immersed in
the sense that the d + 1 derivatives 04,0(t, x) fora =0, ..., d are linearly independent in R™ for each
(t,x) e Ty

Let us assume Theorem 3.2 for now and see how it implies Theorem 2.1. As in the previous section,
our arguments here will not depend on our hypotheses on m,d, p.

Since the map 6: I'y/eS” — ™1 is assumed to be injective and immersed, it is a smooth embedding
of the set 'y /eS% to S, so that 6 (Tz/e5%) = 6(T,) is a smooth manifold with boundary contained
in $”~1. We define a function Fy : §(I'y) — R by the formula

N A S PRV
’ (P + Dlu(. x)l[gm
for any (¢, x) € T';. As 6 is injective and u is nowhere vanishing and discretely self-similar, one verifies
that Fy is well-defined. As the map 6 is immersed, we also see that Fj is smooth. From (3-2) we see
that Fy is positive on 8(I"y). Intuitively, Fy is going to be our choice for F on the set 8(I";) (this choice
is forced upon us by (3-1) and homogeneity).

We define an auxiliary function 7" : 8(T';) — R™ by the formula

u(t, x) . 1 B 1 i
T(| ) = ||u(t,x)||§m Ou(z, x) —||u(t,x)||§;:2 (u(l,x), I:lu(t,x))Rmu(t,x) (3-5)

|M(I,X)||Rm

for all (¢, x) € T';; geometrically, this is the orthogonal projection of (1/ ||u||fRfm)Du to the tangent plane
of S™ at u/||u|jrm, and will be our choice for the S”~! gradient

u u u u u
V m—lF e— = V mF — s V mF _—
Vs )(nun) (Ve )(nuan) <||u||Rm (Vi )(||u||)>Rm||u||Rm

of Fatu/||u|gm.
As 0 is injective and u is nowhere vanishing and discretely self-similar, one verifies as before that

T is well-defined, and from the immersed nature of 6 we see that 7" is smooth. Clearly T (w) is also
orthogonal to w for any w € 6(I'y). We also claim that T is an extension of the gradient Vy(r,) Fo of Fy
on O(T';), in the sense that

(v, Vo, Fo(@))rm = (v, T (®))gm (3-6)
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for any w € 8(I'y) and tangent vectors v € T,0(I'y) to 8(I'y) at w. To verify (3-6), we write
_oult,x)w
@)l el
for some (¢, x) € I'y; henceforth we suppress the explicit dependence on (z, x) for brevity. The tangent
space to 0(I'y) at w is spanned by 04 (u/||u||) for 04 = 9, 0x,, ..., dx,, so it suffices to show that

u
do 7 Vor Fo(w)> = < (w)>
< Ul O T\ el
for each d,. But from the chain and product rules and (3-4), (3-3) and (3-5) we have

< “Tull VO‘”)F°(‘”)> 8"‘F"(HZ_H)

1 1
= a u,Du m
Pl “(u i )

_ _(u 8au)Rm( W) 0o (1, Ou)gm
(] feas (p + Dllulgs’

(M,aaLt)[Rm (8au, Du)Rm
= s W Huen + ——
”u”Rm ”u”Rm

|
= {ater 7 ()
[k lleellgem ] [
et ()
”u”Rm ”u”Rm Rm

as desired, where in the final line comes from the orthogonality of 7"(u/ | u||rm) with scalar multiples of u.
We now claim that we may find an open neighbourhood U of 6(I';) in $™~! and a smooth extension
F;:U — R of Fy, with the property that

Vem-1Fi(w) =T (w) (3-7)
for all w € (T'y). Indeed, we can define
Fi(w+v) = Fo(@) + (v, T'(w))rm

for all w € 8(Ty) and sufficiently small v € R” orthogonal to the tangent space T,,60(I'y/e5%) with
o +v € S™1; one can verify that this is well-defined as a smooth extension of Fj to a sufficiently small
normal neighbourhood of 6(T";) with the desired gradient property (3-7) (here we use (3-6) to deal with
tangential components of the gradient), and one may smoothly extend this to an open neighbourhood of
0(I'y) by Seeley’s theorem [1964].

Next, if we extend F; by zero to all of S”~! and define F, : S”~! — R to be the function F, :=
W F1+(1—) for some smooth function v : S”*~! — [0, 1] supported in U that equals 1 on a neighbourhood
of §(I'y), then F, is a smooth extension of Fy to S™~! that is strictly positive, and which also obeys
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(3-7). If we then set F : R™ — R to be the function

F(\w) := AP,y (w)

forall A > 0 and @ € S, then F is a defocusing potential, homogeneous of order p + 1, which

extends F, and such that
Vem-1F(w) =T (w)

for w € 6(I'y). By homogeneity (1-1), the radial derivative (w, Vrm F(w))gm is
(p+DF(w)=(p+1)Fo(w)
for such w, and hence for @ = u/||u|| by (3-5) and (3-4) we have
Vrm F(w) =T () + (p + 1) Fo(w)w

1 (u, Ou) p+1 (. Ol u
= u— u u, u)———-
[uel| lulP*2" " (p+ Dllul|?+! [[ue]]
1
= Ou;
[[ue]|?

since Vrm F' is homogeneous of order p, this gives (1-3) as required.

It remains to establish Theorem 3.2. This will be the focus of the remaining sections of the paper.

4. Eliminating the field

Having eliminated the potential F from the problem, the next step is (perhaps surprisingly) to eliminate

the unknown field u, replacing it with quadratic data such as the mass density
M(t.x) = u(t,x)|3m

and the energy tensor
Eqp(t, x) := (0qu(t, x), dgu(t, x)).

(4-1)

(4-2)

If u has the discrete self-similarity property (2-1), then M and E similarly obey the discrete self-similarity

properties
4
M(eSt,e5x) = e_ﬁSM(t, X)
and

2p+1)
Eaﬂ(est,esx) — e p SEaﬂ(t,x).

Next, observe from the product rule that
(u, Ou)gm = SOM —nP7 Eg,,,
where 7 is the Minkowski metric. Thus, the defocusing property (3-2) can be rewritten as

1OM —y*PEyg > 0.

(4-3)

(4-4)

(4-5)

(4-6)
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In a similar spirit, we have
(aa”, Du) = 8ﬂEaﬂ - %aa (Uﬁy Eﬁy)

and hence the equation (3-3) can be expressed in terms of M and E as

9o (LOM — P Eg,) = (p + 1)(3P Eup — L0a(nPY E))). 4-7)
Finally, observe that the (2 4+ d) x (2 + d) Gram matrix
<M(I,X),U(I,X)>|Rm <M(I,X), 8[M(I,X)>Rm (U(Z,X),axdu(t,X))Rm
(atU(l,X),u(l,X))Rm (atu(l,X),atU(l,X»Rm (Btu(t,x),axdu(t,x))Rm (4-8)
(O u(t,x), u(t,x))pm (Ox,u(t,x),0;u(t,x))pm -+ (Ox,u(t,x),0x, u(t,x))pm

can be expressed in terms of E, M as

M(t,x)  39M(t,x) -+ 33x,M(t,x)
%8;M(t,x) Eooq,x) EodFt,x) (4-9)

$0x,M(t.X) Eqo(t,x) -+ Eqq(t,x)

In particular, the matrix (4-9) is positive semidefinite for every ¢, x.

It turns out that with the aid of the Nash embedding theorem and our hypothesis that m is large, we
can largely reverse the above observations, reducing Theorem 3.2 to the following claim that no longer
directly involves the field u (or the range dimension m1).

Theorem 4.1 (third reduction). Let d = 3, and let p > 1 + ﬁ. Then there exists S > 0 and smooth
functions M : Ty —Rand Eqg:T'qg — R fora, B =0,...,d which are discretely self-similar in the sense
of (4-3) and (4-4), obey the defocusing property (4-6) and the equation (4-7) on Uy foralla =0,...,d,
and such that the matrix (4-9) is strictly positive definite on Iy (in particular, this forces M to be strictly
positive).

Let us assume Theorem 4.1 for the moment and show Theorem 3.2. Let d, p, S, M, Eqg be as in
Theorem 4.1, and let m be as in Theorem 3.2. Our task is to obtain a function u : I'; — R™\{0} obeying
all the properties claimed in Theorem 3.2.

The idea is to build u in such a fashion that (4-1) and (4-2) are obeyed. Accordingly, we will use an

ansatz
u(t, x) := M(z,x)20(t, x) (4-10)

for some smooth 6 : I'; — S ! to be constructed shortly. As M is strictly positive, such a function u
will be smooth on I" and obey (4-1); differentiating, we see that

(u, dgu)rm = 304 M (4-11)
fora =0,...,d. If 6 obeys the discrete self-similarity property

0(eSt,eSx) = 0(t, x) (4-12)
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then u will obey (2-1). Thus we shall impose (4-12); that is to say we assume that 6 is lifted from a
smooth map 6 : Ty /eS% — §™~1,
From the product rule, (4-1) and (4-11) we have (after some calculation)

(8a0, ag@)Rm = M_l (aau, 8'31/!>Rm — M_2(8O,M)85M
Thus, if we wish for (4-2) to be obeyed, then the (1 + d) x (1 + d) Gram matrix

({020, 0g0)rm) o, p=0,....d

must be equal to

M (Eqp— (aaM)M_laﬂM)a,Bzo ..... 4 (4-13)

The matrix in (4-13) is a Schur complement of the matrix in (4-9). Since the matrix in (4-9) is assumed
to be strictly positive definite, we conclude that (4-13) is also.
If we denote the matrix in (4-13) by g(¢, x), then from (4-3) and (4-4) we have the discrete self-similarity
property
g(eSt,eSx) =e_2Sg(t,x). (4-14)

As g is a positive definite and symmetric (1 4+d) x (1 +d) matrix, we can view g as a smooth Riemannian
metric on ;. Given that the dilation operator (¢, x) — (eS¢, ¢S x) dilates tangent vectors to Iy by a
factor of e, we see that the metric g is lifted from a smooth Riemannian metric § on the quotient space
[y/e5”.

The space (I'y/eSZ, &) is a smooth compact (1+d)-dimensional Riemannian manifold with boundary;
it is easy to embed it in a smooth compact (1+d)-dimensional Riemannian manifold without boundary (for
instance by using the theorems in [Seeley 1964]). Applying the Nash embedding theorem (for instance in
the form in [Giinther 1991]), we can thus isometrically embed (I /5%, &) in a Euclidean space R? with

d+1)(d+6) (d+1)(d+4) +5)

D= max( ,
2 2
The embedded copy of (I'y/eS%, &) is compact and is thus contained in a cube [-R, R]P for some
finite R. We use a generic? linear isometry from R? to RP*! to embed [-R, R]P to some com-
pact subset of RP+1. The image of this isometry is a generic hyperplane, which can be chosen to
avoid the lattice (1/+/2D +2)ZP*1, and thus we can embed [~ R, R]? isometrically into the torus
[RD'H/((I/\/D——H)ZD‘H), which is isometric to (1/+/D + 1)(S')P*+1. But from Pythagoras’ theo-
rem, (1/+/D + 1)(S")P+1 is contained in S2P+1, which is in turn contained in S”~! by the largeness
hypothesis on m. Thus we have an isometric embedding 6:Ty /eSL — §™=1 from (y/eS%, §) into
the round sphere S~ 1. In particular, 6 is injective and immersed, and lifting 6 back to I';, we obtain a
smoothmap 6 : 'y — S m=1 with Gram matrix (4-13) that is discretely self-similar in the sense of (4-12),
so that the function u defined by (4-10) obeys (2-1). Reversing the calculations that led to (4-13), we

3We thank Marc Nardmann for this argument, which improved the value of m from our previous argument by a factor of
approximately two.
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see that the Gram matrix (4-8) of u is given by (4-9). In particular, (4-2) holds. Reversing the derivation
of (4-6), we now obtain (3-2), while from reversing the derivation of (4-7), we obtain (3-3). We have
now obtained all the required properties claimed by Theorem 3.2, as desired.

It remains to establish Theorem 4.1. This will be the focus of the remaining sections of the paper.

5. Reduction to a self-similar (141)-dimensional problem

In reducing Theorem 1.1 to Theorem 4.1, we have achieved the somewhat remarkable feat of converting a
nonlinear PDE problem to a convex (or positive semidefinite) PDE problem, in that all of the constraints*
on the remaining unknowns M, Eg are linear equalities and inequalities, or assertions that certain
matrices are positive definite. Among other things, this shows that if one has a given solution M, Eyg to
Theorem 4.1, and then one averages that solution over some compact symmetry group that acts on the space
of such solutions, then the average will also be a solution to Theorem 4.1. In particular, one can then reduce
without any loss of generality to considering solutions that are invariant with respect to that symmetry.

For instance, given that M, E,g are already discretely self-similar by (4-3) and (4-4), the space of
solutions has an action of the compact dilation group RT /eSZ, with (the quotient representative of) any
real number A > 0 acting on M, E,g by the action

1 [ X
and

1 t x
(A~ Eqp)(t, x) := WEaﬁ(X’ X);
Tz

this is initially an action of the multiplicative group R, but descends to an action of R* /eSZ thanks
to (4-3) and (4-4). By the preceding discussion, we may restrict without loss of generality to the case

when M, E,g are invariant with respect to this R* /eSZ, or equivalently that M, Ep are homogeneous

4 2(p+1)
=T and o1

may be discarded.

of order — respectively. With this restriction, the parameter S no longer plays a role and

Remark 5.1. This reduction may seem at first glance to be in conflict with the negative result in
Proposition 2.2. However, the requirement that the mass density M and the energy tensor Eqg be
homogeneous is strictly weaker than the hypothesis that the field u itself is homogeneous. For instance,
one could imagine a “twisted self-similar” solution in which the homogeneity condition (1-1) on u is
replaced with a more general condition of the form

u(ht, hx) = A7 exp(J log A)u(z, x)

for all (¢,x) € I'y and A > 0, where J : R™ — R is a fixed skew-adjoint linear transformation. (To be
compatible with (1-3), one would also wish to require that the potential F is invariant with respect to the
orthogonal transformations exp(sJ) for s € R.) Such solutions # would not be homogeneous, but the
associated densities M, Eyg would still be homogeneous of the order specified above.

4Compare with the “kernel trick” in machine learning, or with semidefinite relaxation in optimization.
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We may similarly apply the above reductions to the orthogonal group O(d), which acts on the scalar
field M and on the 2-tensor Eyg in the usual fashion; thus
(UM)(t,x):= M, U 'x)
and
(UE)qp(t, x)(Uv)“(Uv)ﬂ = Eqp(t, U_lx)v“v‘g

forall (1,x) € Ty, U € O(d), and v € R4 where U acts on R4 by (¢, x) — (¢, Ux). This allows us
to reduce to fields M, E,g which are O(d)-invariant; thus M is spherically symmetric, and E,g takes

the form?
Eoo = Ets, (5-1)
Xi
Eoi = Eio = 7Etr, (5-2)
XiXj
Eij = =5(Err = Eow) + 8ij Evo (5-3)
fori, j =1,...,d and some spherically symmetric scalar functions E;;, E¢r, Eyr, Ewpe, Where r := | x|

is the radial variable and §;; is the Kronecker delta. Observe that if Es;, E,r, Eye : I'1 — R are smooth
even functions and E;, : 'y — R is a smooth odd function on the (1+1)-dimensional light cone

I ={t.rNeR™ i r>0—r<r<p}

with E;, — Eye vanishing to second order at r = 0, then the above equations define a smooth field Eyg
on I';, which will be homogeneous of order —% if E¢¢, Ety, Evr, Egpe are.
Using polar coordinates, we have

1 1 d—1
EDM - nﬂyEﬂy = z(_attM + 0, M + TM) —(=Ey+ Err +(d—1)Epy):
thus the condition (4-6) is now
%(—a,tM 40, M + #M) —(=Et+ Err 4+ (d = 1) Egp) > 0. (5-4)
By rotating x to be of the form x = re;, we see that the matrix (4-9) is conjugate to
(M 39:M 33,M 0 - 0 )
1M Ey  Ey 0 0
30,M Eyp  Ep 0 oo 0
0 0 0 Epp - O
\ 0 0 0 0 - Eup)

5To see that E g must be of this form, rotate the spatial variable x to equal x = rey, then use the orthogonal transformation
(X1, X2,..., Xg) > (X1, —X2, ..., —X,), which preserves rey, to see that Eg; = Eq; =0foralli =2,..., d; further use of
orthogonal transformations preserving re; can be then used to show that E;; = 0 and E;; = Ejj for2 <i < j < d (basically
because the only matrices that commute with all orthogonal transformations are scalar multiples of the identity). This places
E g in the desired form in the x = rey case, and the general case follows from rotation.
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so the positive definiteness of (4-9) is equivalent to the positive definiteness of the 3 x 3 matrix

M oM to.M
30M  Ey  Eg (5-5)
30-M  Eir Epy

together with the positivity of £, . It will be convenient to isolate the r = 0 case of this condition (in order
to degenerate E,, to zero at r = 0 later in the argument). In this case, the odd functions 9, M and E;,
vanish, and E,, is equal to E, so the condition reduces to the positive definiteness of the 2 x 2 matrix

M oM
| (5-6)
10/M  Ey

together with the aforementioned positivity of E .

Finally, we turn to the condition (4-7). Again, we can rotate the position x to be of the form x =re;. In
the angular cases @ =2, ..., d, both sides of (4-7) automatically vanish, basically because dy f(re1) =0
for any spherically symmetric f (and because E,g vanishes to second order for any B # a). So the only
nontrivial cases of (4-7) are « = 0 and o = 1. Applying (5-1), (5-2), and (5-3), we can write these cases
of (4-7) as

e[ 5 (=00 M + 0,0 M + @M) —(~Eu+ Err +(d = D)Eoo) |

d—1 1
=(p+ 1)[_atEtt +0rE¢r + TEtr - zat(_Ett +Epp +(d— I)Eww)] (5-7)

and
[ (<M + 0 M4 41 )= (~Eut+ Epr +(d =) Eow)|
r 2 tt rr r tt rr ww
d—1 1
= (p+ D[ =0 Eur + 0, Epr + 2 (Err = Eww) = 50, (—Eut + Erp +(d = DEow) | (5-8)
respectively.

To summarise, we have reduced Theorem 4.1 to

Theorem 5.2 (fourth reduction). Let d = 3, and let p > 1 + ﬁ. Then there exist smooth even functions
M, Est, Evr, Ege : T't = R and a smooth odd function E;p : T'y — R, with M homogeneous of
order —ﬁ and E¢¢, E¢r, Ery, Epe homogeneous of order —%, and with E,, — E ¢ vanishes to
second order at r = 0, obeying the defocusing property (5-4) and the equations (5-7) and (5-8) on I'y,

such that
Eypw >0 (5-9)

and the 3 x 3 matrix (5-5) is strictly positive definite on Ty with v # 0, and the 2 x 2 matrix (5-6) is
positive definite when r = 0.
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It remains to prove Theorem 5.2. To do so, we make a few technical relaxations. Firstly, we claim that
we may relax the strict conditions (5-4) and (5-9) to their nonstrict counterparts

1 d—1
(=00 M 40, M + =M ) = (—Eui+ Epp +(d = 1) Eww) 20 (5-10)

and
Eye = 0. (5-11)

To see this, suppose that M, E;;, E¢y, E,r, Epe obey the conclusions of Theorem 5.2 with the conditions
(5-4), (5-9) replaced by (5-10), (5-11). We let € > 0 be a small quantity to be chosen later, and define new
fields M ¢ E¢, E7,, Ef

¢ Et. E: by the formulae$

__4
ME:= M —cest” 1,
2(p+1)
Ef, :=E;—(d+ et™ I ,
Efr = E[r7

e _2(p+1)
E,, :=E; +et »1,

. _2(+D
Epo i =Evo+et 71,

where c is the constant such that

¢ 4 pH3 L _pEl
2p—1p—1 2

Clearly these new fields M, Ef,, E?,, Ef,, E; , are still smooth, with M %, E?,, Ef,, Ef  even
and E7, odd, with M ¢ homogeneous of order —% and E;,, Ef,, Ef,, E{ , homogeneous of order
—%, with E7, — E;  vanishing to second order at ¥ = 0. A calculation using the definition of ¢
shows that the equations (5-7) and (5-8) continue to be obeyed when the fields M, Es, E¢r, Err, Epw
are replaced by M ¢, E¢,, E¢,, Ef,, E; ,. With this replacement, the left-hand side of (5-10) increases by

p_+1 £ 1_%

> ,
and so (5-4) now holds. The remaining task is to show that with these new fields M %, E¥;, E},, E;,,
E¢ ., (5-5) is positive definite when r # 0 and (5-6) is positive definite when r = 0. By the scale
invariance it suffices to verify these latter properties when # = 1. The positive definiteness of (5-6) when
r = 0 then follows by continuity for ¢ small enough. For (5-5), we have to take a little care because the

condition 7 % 0 is noncompact. We need to ensure the positive definiteness of

M —ce %8,M+%s %8,M
%a[M-i-%S Ett—(d+1)8 E[r

% orM Eyy E,r +¢
6The ability to freely manipulate the fields M, Ey¢, E¢r, Ery, Ep in this fashion is a major advantage of the formulation of

Theorem 5.2. It would be very difficult to perform analogous manipulations if the original field u or the potential F* were still
present.
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when ¢ = 1 and r # 0 for & small enough. Continuity will ensure this if |r| is bounded away from zero
(independently of ¢), so we may assume that r is in a small neighbourhood of the origin (independent
of £). Given that the above matrix is already positive definite when ¢ = 0, it suffices by a continuity
argument to show that the above matrix has positive determinant for sufficiently small ¢; by the hypothesis
(5-5) and the fundamental theorem of calculus, it thus suffices to show that

p M —ce 18 M+ 2¢ T€ %G,M
d—det —81M+ >—1¢ Ett—(d+1)8 Etr >0
&
éarM Eyy E,r+¢

for r near zero and sufficiently small ¢. But since d, M, E¢,, E,, vanish at r = 0, we can use cofactor
expansion to write the left-hand side as

( M(1,0)  1a,M(1,0)

19,M(1,0)  E(1.0) ) + 0D+ 0t)

and the claim then follows from the hypothesis (5-5). This concludes the relaxation of the conditions
(5-4), (5-9) to (5-10), (5-11).

Now that we allow equality in (5-11), we sacrifice some generality by restricting to the special case
E 4, = 0 (which basically corresponds to considering spherically symmetric blowup solutions). While
this gives up some flexibility, this will simplify our calculations a bit as we now only have four fields M,
E:, E;y, E,, to deal with, rather than five.

Until now we have avoided using the hypothesis d = 3. Now we will embrace this hypothesis. In
Proposition 2.2 it was convenient to make the change of variables ¢ =r ' 4 = ru to eliminate lower-order
terms such as (@)aru; this change of variables is particularly pleasant in the three-dimensional case
as the lower-order term involving the coefficient %(d — 1)(d — 3) vanishes completely (this vanishing is
closely tied to the strong Huygens principle in three dimensions). The corresponding change of variables

in this setting, aimed at eliminating the lower-order terms (d 1)E and (d 1)E rr in (5-7) and (5-8), is
to replace the fields M, Es;, E;;, E,, by the fields M E,,, E,r, E,r 'y — RT defined by

M :=r*M,

Ett = rzEth

.2 1 2 1, =

Etr =r Et,+2r8,M—r E,,—l—zratM,

Err :=V2Err+V8rM+M=1’2Err+%arﬂ_i2]\7[.
r

Observe that if M. , E tts E rr are smooth and even, and E ¢ 1s odd, with M s E ¢+ vanishing to second
order at r =0,

vanishing to third order, and
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to fourth order, then these fields determine smooth fields M, E;;, E “trs E,, with M, E;, E,, even, E;,
2p—6

odd, and £ rr vanishing to second order at r = 0 Furthermore, if M is homogeneous of order =1 and
E tt E tr E »r are homogeneous of order — p , then we know M will be homogeneous of order —ﬁ
and E;s, E¢y, E,» will be homogeneous of order 2(::1).
If we introduce the quantity
1 1 ~ ~ ~ ~
- m(z(—anM + 0y, ) + Evi — By ) (5-12)
then a brief calculation shows that
__ ((~uM +0 M+2M> (—Eui+ Erp))
- ) (p + 1) tt rr " tt rr
and so the condition (5-10) is equivalent to
V >0. (5-13)

The equations (5-7) and (5-8) can now be expressed as

1 2 1
at[r—zv] =—0,Ey+0,E/ + ;Etr - zat(—En +E;)

and

1 2 1
ar I:V_ZV] = _atEtr + arErr + ;Err - Ear(_Ett + Err),

which rearrange as an energy conservation law

1 2
at( Ett+2Err+ V) =8rEtr+;Etr

and a momentum conservation law
1 1 1 2
0rEtr = 0y (_Ett + S Ep— _ZV) + =Epr;
2 2 r r
multiplying these equations by r? and writing Ey;, E¢y, Eyp in terms of E tt E tr E,r and M one
obtains (after some calculation, as well as (5-12) in the case of (5-15)) the slightly simpler equations

3 (LEw+1LE,, +V)=0,E, (5-14)

and

3E;r=0,(Ey +1E;, —V)— V. (5-15)

The expressions in (5-14) are even, while the expressions in (5-15) are odd. Thus we may combine these
equations into a single equation by adding them together, which after some rearranging becomes the
transport-type equation

(0r = Bp)es + @ +8,)V ===V, (5-16)
where e is the null energy density

ey :=%1E;+3E. + Ey. (5-17)
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Remark 5.3. It may be instructive to derive these equations in the specific context of a solution # : I's = R
to the scalar defocusing NLW

Ou = |u|?u,
which in polar coordinates becomes
—8,tu+8r,u+;u= |ul?~ u.

Making the change of variables ¢ = ru, this becomes

p—1
i+ e =22
Introducing the null energy

ey = %|8,¢ + 0,4/
and the potential energy
_ 1 P!
Cop+1orpl

as well as the additional densities
M :=1¢|*, Eu:=10:>. Err:=1,0*. Eir:=03:00,9.

one can readlly verify the identities (5-12), (5-16), and (5-17). It is similar for the other properties of M ,
E,,, E,,, E,, identified in this section.

Finally, we translate the pos1t1ve definiteness of (5-5) (when r # 0) and (5-6) (when r = 0) into
conditions involving the fields M E tt E rre E ¢r. From the identity

M o.M 1o, m Looy( M 30M 39,M\ 1191
M En  En |=r2(010||30,M En E., |[010]
~ ~ ~ 1
M En Epy POV \So,m Ey E, ) \0O1
we see (for r # 0) that (5-5) is strictly positive definite if and only if the matrix
M o.M Lo, M
1o,M E, Eu (5-18)
M En Epy

is strictly positive definite. Now we turn to (5-6) when r = 0. By homogeneity, it suffices to verify
this condition when (¢,7) = (1,0). From (1-1), we have 9, M(1,0) = —%M(l, 0), so the positive
definiteness of (5-6) is equivalent to the condition

2

E«w(1,0) > (p 1

)M(l 0) >0,
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which in terms of E s M becomes

2

rrErr(1,0) > (p ) dyr M (1,0) > 0. (5-19)

Summarising the above discussion, we now see that Theorem 5.2 is a consequence of the following:

Theorem 5.4 (fifth reduction). Let p > 5. Then there exist smooth even functions ]\Z E tts E o1 —R
and Ette Eyp, Err

and a smooth odd function E:r Fl — R, with M homogeneous of order 2 p

homogeneous of order —p%, with M , E ¢t vanishing to second order atr = 0,

~ 1 ~
Eif——0:M
tr =50 0t

vanishing to third order, and

1, ~ 1 ~
rr — ;arM + r_zM
to fourth order. Furthermore, if one defines the fields V,e4 : I'y — R by (5-12) and (5-17), we have the
weak defocusing property (5-13) and the null transport equation (5-16). Finally, the matrix (5-18) is
strictly positive definite for r # 0, and for r = 0 one has the condition (5-19).

It remains to establish Theorem 5.4. This will be the focus of the final section of the paper.

6. Constructing the mass and energy fields

Fix p > 5. We will need a large constant A > 1 depending only on p, and then sufficiently small parameter
d > 0 (depending on p, A) to be chosen later. We use the notation X <Y, Y 2 X,or X = O(Y) to
denote an estimate of the form | X| < CY, where C can depend on p but is independent of 6, A.

We need to construct smooth fields M E tts E rr E ¢tr - I'1 = R which generate some further fields
V, e+ : 'y = R, which are all required to obey a certain number of constraints. The problem is rather
underdetermined, and so there will be some flexibility in selecting these fields; most of these fields will
end up being concentrated in the region {(¢,7) € I'y : ¥ = (£1 + O(8))¢} near the boundary of the light
cone. Given that the constraint (5-16) only involves the two fields V' and e, it is natural to proceed by
constructing V' and ey first. In fact we will proceed as follows.

Selection of e + in the left half of the cone. We begin by making a choice for the function et : 'y - R
in the left half l"ll :={(t,r) € I'1 : ¥ <0} of the cone. When ¢ = 1, we choose ¢4 (1, r) to be a smooth
function with the following properties:

¢ One has .
ex(1,r)=0+4r)y r 1 (6-1)
for—14+46<r <0.
¢ One has .
ex(l,r)y=0+r)y r1 (6-2)

for —1 + %8 <r < —1+9$. Furthermore, one has

—148 .
/ er(1,r)dr = A8 -1, (6-3)
—1+16
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e One has
57T Ser(lr) S A8To T (6-4)
and
‘%e.,_(l,r) < A5 (6-5)

for—1 <r <-—-1456.

Clearly we can find a smooth function r — e (1, r) on [—1, 0] with these properties. We then extend e
to the entire left half Fll of the cone by requiring it to be homogeneous of order —%; thus

4
ey(t,r):= Z_P—le+(1,§). (6-6)
In particular, e is smooth on this half of the cone, and we have
ep(t.r) = (t +7r)7 7T

for —(1 —=6)t <r <0.
The properties (6-1)—(6-5) are largely used to ensure that the potential energy V' that we will construct
below is nonnegative.

Selection of V in the left half of the cone. Once e has been selected on '/, we construct V on Fll by
solving (5-16), or more explicitly by the formula

0
V(t,r) = / 151771 (g — p)e)(t —r + 5, 5) ds (6-7)

2|r|P=!

for —t <r < 0. Note that as (d; — 9, )e+ vanishes for —(1 —§)t < r < 0, the potential energy V vanishes
on this region also, and so one can smoothly extend V to all of Fll. It is easy to see that V' is homogeneous
of order —%. From the fundamental theorem of calculus and the chain rule, we have

@ +3)(Ir1P~1V) = [r|P7H (3 — By e

for —t < r < 0, and hence by the product rule we see that (5-16) is obeyed for —¢ < r < 0, and hence to
all of Fll by smoothness. We have already seen that V' vanishes in the region —(1 —§)¢ <r < 0. In the
region —t <r < —(1—4§)t, we have the following estimate and nonnegativity property:

Proposition 6.1. For —t <r < —(1—46)t, we have
__4_ . p=S
0<V(t,r) S At »=1§p-T1,
We remark that to get the lower bound V (¢, r), the supercriticality hypothesis p > 5 will be crucial.

Proof. By homogeneity we may assume that f —r = 2, sothatt = 1 — O(6) and r = —1 4+ O($), and it
will suffice to show that

0<V(t,r) < ASP1. (6-8)
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Write ey (¢,7) = (t + r)_ﬁ + f(t,r); then from (6-7) we have

1 0
Vi = 5o [P @m0 N+ s ds (©-9)
2r|p=t J;
The function f is homogeneous of order —ﬁ; hence by (1-2)
X 4
(10 +10,) f =——— 1.
p—1
From the identity
t+r 2
0 —0p =———(0;+0,) + ——(t3; +t0,)
t—r t—r

and the chain rule, we thus have
) d 4
(0 —=0,) )2+ s,5)=—(1+ S)$f(2 +5,8)— Ff@ +5,5).

Inserting this into (6-9) and integrating by parts, we conclude that

1
2|r[P~!

which by the product rule is equal to

0
Ve =2l ren+ / 1P (1) @+ 5.5) |s|1’—1ﬁf(2 1 5.5 ds.

p—5+(p—1)(1+S)
p—1

1+r 1 o
Vit,ry=——Ff@t,r)+——1] |s|? fQ2+s,s)ds. (6-10)
2 2[r|p=t )y

Note that f(2 + s,s) is only nonzero when s = —1 4+ O(§), in which case it is of size O(AS_ﬁ)
thanks to (6-2) and (6-4). This gives the upper bound in (6-8). Now we turn to the lower bound. First
suppose that —(1 — %5)t <r;then f is nonnegative in all of its appearances in (6-10). As we are in the
supercritical case p > 5, the factor

p=5, (=D +s)

_.l_

p—1 S

is positive (indeed it is = 1) for § small enough, and the claim follows in this case.

It remains to consider the case when —t <r < —(1 — %S)I. In this case we can use the lower bound
_4
S r)=—(@+r)s

-5
and conclude that the term %(1 4+ r) f(t,r) is at least —0(8571). A similar argument shows that the
contribution to (6-10) coming from those s with

—(24s5)<s=<—(1-%8)Q2+s)
-5
is at least —0(8%). On the other hand, from (6-3), the contribution of those s with
s>—(1-128)2+s)

-5
is 2 (4— 0(1))5%. As A is assumed to be large, the claim follows. O
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On the support of V in I, we see from (6-5) and (6-6) that
0, — 8, )eq = O(Ar~ P15 7T)
and hence by (5-16) and Proposition 6.1,
B +0,)V = O(Ar~ 72187 7T). 6-11)

Selection of V in the right half of the cone. Once V has been constructed in the left half F{ of the light
cone, we extend it to the right half I'{ := {(z,r) € I'; : r = 0} by even extension; thus

Vit,r):=V(t,—r)

for all (z,r) € I'[. Since V' vanished for —(1 — &)t < r <0, we see that V' is smooth on all of I';, and
vanishing in the interior cone {(¢,7) € I'y : |r| < (1 —6)t}. It also obeys the nonnegativity property (5-13).
From reflecting (6-11) and Proposition 6.1 we have the bounds

V= O(Ar 785 1) (6-12)
and
0, —8,)V = O(Ar~ P15~ 52T) (6-13)
when (1 =68)t <r <t.

Selection of e + in the right half of the cone. Thus far, V' has been defined on all of I'{, and ey defined
on Fll . We now extend e to I'{ by solving (5-16), or more precisely by setting

er(t,r)y:=eq(t+r,0) —i—/ @+ 0Vt +r—s,5)+ pT_lV(t +r—s,8)ds (6-14)
0

for 0 < r <t; note that thi integral is well-defined since V' vanishes near the time axis. One easily checks
that e (, r)4= (t+r) =1 for 0 <r < (1—46)t, and so e4 extends smoothly to all of I'; and is equal
to (£ +r) P—1 in the interior cone {(¢,7) € 'y : |[r| < (1 —6)t}. It is also clear from construction that
e+ is homogeneous of order —%. From the fundamental theorem of calculus we see that e+ and V
obey (5-16) on I'", and hence on all of I'y. From (6-12) and (6-13) we see that the integrand is of size
O(Al_ll%lscS_ﬁ) when r = (1 — O($))t, and vanishes otherwise, which leads (for § small enough) to
the crude upper and lower bounds

]
w
S
w

N (N T (6-15)
throughout I'].

Selection of e_ and E, r- We reflect the function e; around the time axis to create a new function
e—:I'1 = R:
e_(t,r):=e4(t,1).

Like e, the function e_ is smooth and homogeneous of order —ﬁ. It equals (z — r)_ﬁ in the interior
cone {(t,r) €Ty :|r| < (1=46)t}. On Fll it obeys the crude upper and lower bounds

_bpt3 _p+t3
t 1T <e_(t,r) <t p1 (6-16)
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and in the region (1 —§)t <r <t we have the bounds

(8177 S e (t.r) S A1) T (6-17)
thanks to (6-4).

Recall from (5-17) that the field e is intended to ultimately be of the form %E rr+ %Err + E tre
Similarly, e_ is intended to be of the form
e =3Eu+5Er —Eir. (6-18)
Accordingly, we may now define E tr as
Ep=2 ;e‘. (6-19)

This is clearly smooth, odd, and homogeneous of order —%. We also see that the quantity E i+ E rr
is now specified:
Ey+Eyfp=eq e (6-20)

We are left with two remaining unknown scalar fields to specify: the mass density M and the energy
equipartition —E;; + E,,, which determines the fields E;; and E,, by (6-20). The requirements needed
for Theorem 5.4 that have not already been verified are as follows:

2p—6

e M is smooth, even, and homogeneous of order =1 and —E;; + E,, is smooth, even, and

4
homogeneous of order — =T

. M, E,t vanish to second order at r = 0, Etr - %8,1171 vanishes to third order, and E,, — %8,]\71 +
rLZM to fourth order.

¢ One has the equations (5-12) and (5-17) (and hence also (6-18)).
e The matrix (5-18) is strictly positive definite for » # 0, and for » = 0 one has the condition (5-19).

As there is only one equation (beyond homogeneity and reflection symmetry) constraining M and
—E o+ E rr —namely, (5-12) —the problem of selecting these two fields is underdetermined, and thus
subject to a certain amount of arbitrary choices. We will select these fields first in the exterior region
{ t,ryel:|rl > %}, and then fill in the interior using a different method.

Selection of M, -E + E rr away from the time axis. In the exterior region {(t, ryel:|r|> %}, we
shall simply select the field M to be a small but otherwise rather arbitrary field, and then use (5-12) to
determine —E,t + E,p.

More precisely, let M (1, r) be a smooth even function on the region {r : % <|rl < 1} obeying the
following properties:

e For % <|r| = %, one has

2p—6

M) =8((1+r) 7T +(1—r)7T). 6-21)

(This condition will not be used directly in this part of the construction, but is needed for compatibility
with the next part.)
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e For % <|r| <1, one has the bounds

§<M(1,r)<$ (6-22)
and
d d?
d—M(l r) M(l r) = 0(6). (6-23)
It is clear that one can select such a function. We then extend M to {(l, rely:|rl=5 } by requiring
that M be homogeneous of order 2;__16. Then M is smooth and even, and one has the bounds
2p=6 _ ~ 2p=6
8t =T S M(t,r) S 6t prT, (6-24)
d d =5
—M(t "), M(t r) = 0(@tr1), (6-25)
2 d __4_
02 M(z r) M(l r)= 0(t r-T) (6-26)

in the region {(l ryel;: |r| >3 }
We then define — E 1+ E #r on this region by enforcing (5-12); thus

_Ett+Err = %(_attﬁ’;[‘FarrM)_(p"i_l)V- (6'27)

Combining this with (6-20), this defines E +¢ and E rr. It is easy to see that these fields are smooth, even
and homogeneous of order —ﬁ on {(t ryel :|r| = }

We now claim that the matrix (5-18) is strictly positive definite in the region {(t, ryely:|r|> %}
By homogeneity and reflection symmetry, it suffices to verify this when = 1 and % <r =< 1. Using the

identity
M L@+ @008\ 1 oo\ ( M 39 30,M\ 110 o
@+0,) M ey —~Ey+E, |=|0 11||ia,M E, E. 01 —1],
3@0—)M —Eu+E,  2e 0-11/\lo,m E, E,/)\01 1
it suffices to show that the matrix
M 1@ +oM L@, -0, M
3@ +0)M  2eq —Ei+Epr
%(at - E)r)]\’Z —En + Err 2e_

is strictly positive definite.
If r < 1—4, then all off-diagonal terms are O(8) thanks to (6-23) and (6-27), while the diagonal terms
re 2 8, = 1, and Z 1 respectively, and the positive definiteness is easily verified, since the associated
quadratic form is at least

> 8x2 4+ x2 4+ x2 — 0(8]x1||x2]) — O(B|x1]x3]) — O X2 |x3]),

which is easily seen to be positive for § small enough If r < 1 —4, then the off-diagonal terms are O(§)
in the top row and left column, and O(A5 = ) in the bottom right minor by (6-12), while the diagonal
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terms are = §, = 1, and = S_ﬁ by (6-22), (6-15) and (6-17), so the associated quadratic form is

__4 =5
2 6x} x5 + 6777 x] = O(8|xi [[x2]) = OB|xy[]x63]) — (4877 [xa| s )).
-5
which is again positive definite (note that A8 »=1 can be chosen to be much smaller than the geometric
4
mean of § and 6 »-T).

Selection of M, En, E rr Rear the time axis. Now we restrict attention to the interior region Fi =
{(t, ryely:|r| < %}, all identities and estimates here are understood to be on this region unless otherwise
specified.

We will now reverse the Gram matrix reduction from previous sections, and construct M , E tts E rr N
F{ from an (infinite-dimensional) vector-valued solution to the (free, (14 1)-dimensional) wave equation.
Let H be a Hilbert space and let # — f'(¢) be a family of vectors f(¢) in H smoothly parmeterised by a
parameter ¢ € (0, +00) (so that all derivatives in ¢ exist in the strong sense and are continuous); we will
select this family more precisely later. We introduce the smooth vector-valued field ¢ : F{ — H by the
formula

¢ r)y:=f+r)—ft—r)
and we will define ]\2, En, Er, : I'{ — R by the formulae

M(t.r) = {¢(.r). ¢ 1) H.
Euf(t.r):= (9:¢(1.7).8:9(t.7) 1.
Epp(t.1) = (3rp(t.7). 0, (1. 1)) 11
Since ¢ is smooth and odd in r, these functions are smooth and even in r. If we impose the additional

hypothesis that the Gram matrix ( f/(s), f(¢)) g has the scaling symmetry

2p—6

(fs), f)) g =271 (f(s), f(D)H (6-28)
for s,¢,A > 0, then M will be homogeneous of order 2;__16; furthermore, by differentiating (6-28) with
respect to both s and ¢ we see that

. __4_
(f's), £ g =277 (f(5). [/ (D) (6-29)
4

(where f’ denotes the derivative of /) and so E tt E rr Will be homogeneous of order ———.

p—1
Observe that _ _
3Eu+ 3 Err + (0:0.9:0) 1 = 3110: + 1) 3y

=2/l /" + 1)y
and similarly

SEu+3Er— (009, 0,0)m =20/t — 1)

Thus, if we impose the additional normalisation

I e = (6-30)

1
NG
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and hence by (6-29),

Tore %,—,ﬁl,

we see from the identities e (¢,7) = (¢ + r)_/%l in I‘{ that
%Ett + %Err +(0:4,0,P)H = ex.
In particular, (6-20) holds, and from (6-19) one has
Ety = (3:0,9,¢) 1.

We also obtain the equations (5-17) and (6-18).
Next, it is clear that ¢ solves the wave equation

_att¢ + arr¢ =0,
so in particular

(¢, _att¢ + arr¢)H =0,
which implies in particular (cf. (4-5)) that
%(—3”]\2 + 3 r M)+ Eyy— Erp =0.

Since V vanishes on I';, we conclude that (5-12) holds.
Next, from differentiating the formula for M , one has

and
19, M = (¢, 0,:0)m

and so the quadratic form associated with (5-18) factorises as

X1 + x20:¢ + x30,0| %

2027

(6-31)

This is clearly positive semidefinite at least; to make it positive definite for r # 0, it will suffice to enforce

the condition
f(s), (@), f'(s), f'(t) linearly independent

for all distinct s, ¢ > 0.
Suppose we assume the long-range orthogonality condition

(f(). f@O))a =0

(6-32)

(6-33)

whenever £ > 1.1 or $ > 1.1. Then in the region {(¢,r) € 'l : |r| = £} away from the time axis, we have

from Pythagoras’ theorem that

M@, ry=1f+n3+ 11—l
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In particular, if we also impose the normalisation
I/ Dla =8 (6-34)
then (from (6-28)) we have
M) =8t +r) 7T +(@—r)rt)

in the region {(t, r) e F{ drl = %} In particular from (6-21) and homogeneity we see that M on F{
joins up smoothly with its counterpart in the exterior region {(t, ryely:|rl > %}, by (5-12) we see
that —En + E,r does too. By (6-20) and (6-19) we now see that all of the fields M, Ett, Err, Et, are
smooth on all of I'y.

Now we study the vanishing properties of the various fields constructed at r = 0 for a fixed value of 7.
From Taylor expansion we have

¢(t.r)=2rf"(O)+ 3% 1) + O(Ir|®)

as r — 0 (where the error term denotes a quantity in / of norm O(|r|®), and the implied constant can
depend on ¢ and ¢). Furthermore, these asymptotics behave in the expected fashion with respect to
differentiation in time or space; thus for instance

0, r)=21") +r2 f" () + O(r|*),
8:p(t.r) = 2rf"(0) + 37 OO + O(Ir ).
Taking inner products, we conclude the asymptotics
M(.r) =471/ Ol + 57 @ S O)a + O],
En(t,r) =4r2| 1" )3 + Or]*),
Eur(t,r) =4r(f'@), [" O + O(r ),
Epr =41/ Ol +47(f'0). /" )1 + Or[*).
The asymptotic for M behaves well with respect to derivatives; thus for instance

0 M (1,r) =8> (f'(0), 1" (O) i + O(r|*),
0 M (1,r) =8r || /'O + (/@) [ @) + O(r ).
Among other things, this shows (using (6-30)) that the condition (5-19) reduces to

I/ MW > (6-35)

2 1
p—12
It is also clear from these asymptotics that Eand E ¢+ vanish to second order, and E tr— %8 ,M’ vanishes
to third order; a brief calculation also shows that E rr— %8,]\2 + r%]\} vanishes to fourth order.

To summarise: in order to conclude all the required properties for Theorem 5.4, it suffices to locate a
smooth curve ¢ — f(¢) in a Hilbert space H which obeys the hypotheses (6-28), (6-30), (6-32), (6-33),
(6-34) and (6-35).
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We take the Hilbert space H to be the space L?(R) of square-integrable real-valued functions on R
with Lebesgue measure. The functions f(¢) € H will take the form
-3
S()(x) = 17Ty (x ~log1),
where ¥ : R — R is a bump function whose (closed) support is precisely [0, 0.01] (that is to say, the
set {{ # 0} is a dense subset of [0,0.01]) depending on § and p to be chosen shortly. It is clear from
construction that (6-28) and (6-33) hold. The condition (6-34) becomes

[ V(x)dx =36,
R
while the condition (6-30) becomes

/Rw/(xﬁdx = 1.

It is easy to see that we can select Y with closed support precisely [0, 0.01] with both of these normalisations,
basically because the Dirichlet form (¢’, v') is unbounded on L2 ([0, 0.01]).

Now we verify the linear independence claim (6-32). We may assume without loss of generality that
s =1and > 1. Then we have a linear dependence between ¥ and ¥/’ in a neighbourhood of 0; since v, ¥’
vanish to the left of 0, the Picard uniqueness theorem for ODEs then implies that iy vanishes a little to
the right of 0 also, contradicting the hypothesis that { has closed support containing 0. This gives (6-32).

A similar argument shows that f’(1) and f”(1) are linearly independent. Squaring and differentiating
(6-31) atr =1 gives

N —

2
/ " _
(). S ===
and (6-35) then follows from (6-30) and the Cauchy—Schwarz inequality, using the linear independence
to get the strict inequality. This (finally) completes the proof of Theorem 5.4 and hence Theorem 1.1.
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A LONG C? WITHOUT HOLOMORPHIC FUNCTIONS

LUKA BOoC THALER AND FRANC FORSTNERIC

Dedicated to John Erik Forneess

We construct for every integer n > 1 a complex manifold of dimension n which is exhausted by an
increasing sequence of biholomorphic images of C" (i.e., a long C"), but does not admit any nonconstant
holomorphic or plurisubharmonic functions. Furthermore, we introduce new holomorphic invariants of
a complex manifold X, the stable core and the strongly stable core, which are based on the long-term
behavior of hulls of compact sets with respect to an exhaustion of X. We show that every compact
polynomially convex set B C C" such that B = B° is the strongly stable core of a long C”; in particular,
holomorphically nonequivalent sets give rise to nonequivalent long C"’s. Furthermore, for every open set
U C C" there exists a long C" whose stable core is dense in U. It follows that for any n > 1 there is a
continuum of pairwise nonequivalent long C"’s with no nonconstant plurisubharmonic functions and no
nontrivial holomorphic automorphisms. These results answer several long-standing open problems.

1. Introduction

A complex manifold X of dimension 7 is said to be a long C" if it is the union of an increasing sequence
of domains X C X, C X35 C---C U‘J’i] X; = X such that each X; is biholomorphic to the complex
Euclidean space C". It is immediate that any long C is biholomorphic to C. However, for n > 1, this
class of complex manifolds is still very mysterious. The long-standing question, whether there exists a
long C"* which is not biholomorphic to C", was answered in 2010 by E. F. Wold [2010], who constructed
a long C" that is not holomorphically convex, hence not a Stein manifold. Wold’s construction is based
on his examples of non-Runge Fatou-Bieberbach domains in C" (see [Wold 2008]; an exposition of both
results can be found in [Forstneri¢ 2011, Section 4.20]). In spite of these interesting examples, the theory
has not been developed since. In particular, it remained unknown whether there exist long C2’s without
nonconstant holomorphic functions, and whether there exist at least two nonequivalent non-Stein long C2’s.
We begin with the following result, which answers the first question affirmatively.

Theorem 1.1. For every integer n > 1 there exists a long C" without any nonconstant holomorphic or
plurisubharmonic functions.

Theorem 1.1 is proved in Section 3. It contributes to the line of counterexamples to the classical union
problem for Stein manifolds: is an increasing union of Stein manifolds always Stein? For domains in C"
this question was raised by Behnke and Thullen [1934], and an affirmative answer was given in [Behnke
and Stein 1939]. Some progress on the general question was made by Stein [1956] and Docquier and
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Grauert [1960]. The first counterexample was given in any dimension n > 3 by J. E. Fornass [1976]; he
found an increasing union of balls that is not holomorphically convex, hence not Stein. The key ingredient
in his proof is a construction of a biholomorphic map ® : Q@ — ® () C C? on a bounded neighborhood
Q C C3 of any compact set K C C* with nonempty interior such that the polynomial hull of ®(K) is
not contained in ®(£2). (A phenomenon of this type was first described by Wermer [1959].) Fornass
and Stout [1977] constructed an increasing union of three-dimensional polydiscs without nonconstant
holomorphic functions. Fornass [1978] gave a counterexample to the union problem in dimension 2.
Increasing unions of hyperbolic Stein manifolds were studied further by Fornass and Sibony [1981] and
Fornzass [2004]. Wold [2010] constructed the first example of a non-Stein long C2. For the connection
with Bedford’s conjecture, see the survey [Abbondandolo et al. 2013].

Another question that has been asked repeatedly over a long period of time is whether there exist
infinitely many nonequivalent long C"’s for any or all n > 1. Up to now, only two different long C?’s have
been known, namely the standard C? and a non-Stein long C? constructed by Wold [2010]. In dimension
n > 2 one can get a few more examples by considering Cartesian products of long C¥’s for different
values of k. In this paper, we introduce new biholomorphic invariants of a complex manifold, the stable
core and the strongly stable core (see Definition 1.5), which allow us to distinguish certain long C"’s
from one another. In our opinion, this is the main new contribution of the paper from the conceptual
point of view. With the help of these invariants, we answer the above mentioned question affirmatively by
proving the following result.

Recall that a compact subset B of a topological space X is said to be regular if it is the closure of its

interior, B = B°.
Theorem 1.2. Let n > 1. To every regular compact polynomially convex set B C C" we can associate
a complex manifold X (B), which is a long C" containing a biholomorphic copy of B, such that every
biholomorphic map ® : X (B) — X (C) between two such manifolds takes B onto C. In particular, for
every holomorphic automorphism ® € Aut(X (B)), the restriction ®|p is an automorphism of B. We can
choose X (B) such that it has no nonconstant holomorphic or plurisubharmonic functions.

It follows that the manifold X (B) can be biholomorphic to X (C) only if B is biholomorphic to C. Our
construction likely gives many nonequivalent long C"’s associated to the same set B. A more precise
result is given by Theorem 1.6 below.

By considering the special case when B is the closure of a strongly pseudoconvex domain, Theorem 1.2
shows that the moduli space of long C"’s contains the moduli space of germs of smooth strongly
pseudoconvex real hypersurfaces in C". This establishes a surprising connection between long C*’s and
the Cauchy—Riemann geometry. It has been known since Poincaré’s paper [1907] that most pairs of
smoothly bounded strongly pseudoconvex domains in C" are not biholomorphic to each other, at least not
by maps extending smoothly to the closed domains. It was shown much later by C. Fefferman [1974]
that the latter condition is automatically fulfilled. (For elementary proofs of Fefferman’s theorem, see
[Pinchuk and Khasanov 1987; Forstneri¢ 1992].) A complete set of local holomorphic invariants of a
strongly pseudoconvex real-analytic hypersurface is provided by the Chern—Moser normal form; see
[Chern and Moser 1974]. Most such domains have no holomorphic automorphisms other than the identity
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map. (For surveys of this topic, see, e.g., [Baouendi et al. 1999; Forstneri¢ 1993].) Hence, Theorem 1.2
implies the following corollary.

Corollary 1.3. For every n > 1 there is a continuum of pairwise nonequivalent long C"’s with no
nonconstant holomorphic or plurisubharmonic functions and no nontrivial holomorphic automorphisms.

We now describe the new biholomorphic invariants alluded to above, the stable core and the strongly
stable core of a complex manifold. Their definition is based on the stable hull property defined below,
which a compact set in a complex manifold may or may not have. Given a pair of compact sets K C L in
a complex manifold X, we write

Kowy={xeL:|f(x)| <sup|f|forall f e O(L)}, (1-1)
K

where ¢'(L) is the algebra of holomorphic functions on neighborhoods of L.

Definition 1.4 (the stable hull property). A compact set K in a complex manifold X has the stable hull
property (SHP) if there exists an exhaustion K| C Ko C --- C U<]>o:l K; = X by compact sets such that
K CK|,K;CK J?’ 1 for every j € N, and the increasing sequence of hulls K, o(K;) stabilizes, i.e., there is
a jo € N such that N N
Ko =Ko, forall j= jo. (1-2)
Obviously, SHP is a biholomorphically invariant property: if a compact set K C X satisfies condition
(1-2) with respect to some exhaustion (K;) jen of X, then for any biholomorphic map F : X — Y the
set F'(K) C Y satisfies (1-2) with respect to the exhaustion L; = F(K;) of Y. What is less obvious, but
needed to make this condition useful, is its independence of the choice of the exhaustion; see Lemma 4.1.

Definition 1.5. Let X be a complex manifold.

(1) The stable core of X, denoted SC(X), is the open set consisting of all points x € X which admit a
compact neighborhood K C X with the stable hull property.

(i1) A regular compact set B C X is called the strongly stable core of X, denoted SSC(X), if B has the
stable hull property, but no compact set K C X with K°\ B # & has the stable hull property.

Clearly, the stable core always exists and is a biholomorphic invariant, in the sense that any biholomor-
phic map X — Y maps SC(X) onto SC(Y). In particular, every holomorphic automorphism of X maps
the stable core SC(X) onto itself. The strongly stable core SSC(X) need not exist in general; if it does,
then its interior equals the stable core SC(X) and SSC(X) = SC—(X) In (ii), we must restrict attention to
regular compact sets since otherwise the definition would be ambiguous.

Theorem 1.6. Letn > 1.

(a) For every regular compact polynomially convex set B C C" (i.e., B = B°) there exists a long C",
X (B), which admits no nonconstant plurisubharmonic functions and whose strongly stable core
equals B: SSC(X(B)) = B.

(b) For every open set U C C" there exists a long C", X, which admits no nonconstant holomorphic
functions and satisfies SC(X) C U and U = SC(X).
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In Theorem 1.6 we have identified the sets B, U C C" with their images in the long C*, X = U,fil X,
by identifying C" with the first domain X; C X.
Assuming Theorem 1.6, we now prove Theorem 1.2.

Proof of Theorem 1.2. Let B be a regular compact polynomially convex set in C" for some n > 1. By
Theorem 1.6 there exists a long C"*, X = X (B), whose strongly stable core is B. Assume that F' € Aut(X).
Then F(B) has SHP (see Definition 1.4). Since B is the biggest regular compact subset of X with
SHP (see (ii) in Definition 1.5), we have that ®(B) C B. Applying the same argument to the inverse
automorphism ®~! € Aut(X) gives ®~!(B) C B, and hence B C ®(B). Both properties together imply
that ®(B) = B, and hence ®|p € Aut(B).

In the same way, we see that a biholomorphic map X (B) — X (C) between two long C"’s, furnished
by part (a) in Theorem 1.6, maps B biholomorphically onto C. Hence, if B is not biholomorphic to C,
then X (B) is not biholomorphic to X (C). O

Theorem 1.6 is proved in Section 4. We construct manifolds with these properties by improving the
recursive procedure devised by Wold [2008; 2010]. The following key ingredient was introduced in [Wold
2008]; it will henceforth be called the Wold process (see Remark 3.2).

Given a compact holomorphically convex set L C C* x C"~! with nonempty interior, there is a
holomorphic automorphism ¥ € Aut(C* x C"~!) such that the polynomial hull 1/7(?) of the set ¥ (L)
intersects the hyperplane {0} x C"~!. By precomposing v with a suitably chosen Fatou-Bieberbach map
6 : C" — C* x C"!, we obtain a Fatou-Bieberbach map ¢ = 1/ 06 : C"* — C" such that, for a given
polynomially convex set K C C" with nonempty interior, we have that (15/(1?) Z ¢(C).

At every step of the recursion we perform the Wold process simultaneously on finitely many pairwise
disjoint compact sets K1, ..., K,, in the complement of the given regular polynomially convex set B C C",
chosen such that U'}‘Zl K; U B is polynomially convex, thereby ensuring that polynomial hulls of their
images ¢ (K;) escape from the range of the injective holomorphic map ¢ : C" < C" constructed in the
recursive step. At the same time, we ensure that ¢ is close to the identity map on a neighborhood of B,
and hence the image ¢ (B) remains polynomially convex. In practice, the sets K; will be small pairwise
disjoint closed balls in the complement of B whose number will increase during the process. We devise
the process so that every point in a certain countable dense set A = {a j};”;] C X \ B is the center of a
decreasing sequence of balls whose &'(X})-hulls escape from each compact set in X; hence none of these
balls has the stable hull property. This implies that B is the strongly stable core of X.

To prove part (b), we modify the recursion by introducing a new small ball B* C U \ B at every stage.
Thus, the set B acquires additional connected components during the recursive process. The sequence
of added balls B; is chosen such that their union is dense in the given open subset U C C”, while the
sequence of sets K; on which the Wold process is performed densely fills the complement X \ U. It
follows that the stable core of the limit manifold X = | J;~, Xy is contained in U and is everywhere dense
inU.

By combining the technique used in the proof of Theorem 1.1 (see Section 3) with those in [Forstneri¢
2012, proof of Theorem 1.1], one can easily obtain the following result for holomorphic families of long
C"’s. (Compare with [Forstneri¢ 2012, Theorem 1.1].) We leave out the details.
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Theorem 1.7. Let Y be a Stein manifold, and let A and B be disjoint finite or countable sets in Y. For
every integer n > 1 there exists a complex manifold X of dimension dim Y +n and a surjective holomorphic
submersion w : X — Y with the following properties:

o the fiber X, = 7~ (y) over any point y € Y is a long C";
e X, is biholomorphic to C" if y € A;
* X, does not admit any nonconstant plurisubharmonic function if y € B.

If the base Y is CP, then X may be chosen to be a long CP™™".

Note that one or both of the sets A and B in Theorem 1.7 may be chosen everywhere dense in Y. The
same result holds if A is a union of at most countably many closed complex subvarieties of Y and the set
B is countable.

Several interesting questions on long C"’s remain open; we record some of them.

Problem 1.8. (A) Does there exist a long C*> which admits a nonconstant holomorphic function, but is
not Stein?

(B) To what extent is it possible to prescribe the algebra ¢(X) of a long C"?
(C) Does there exist a long C" for any n > 1 which is a Stein manifold different from C"?
(D) Does there exist a long C" without nonconstant meromorphic functions?

(E) What can be said about the (non)existence of complex analytic subvarieties of positive dimension in
non-Stein long C*’s?

In dimensions n > 2, an affirmative answer to problem (A) is provided by the product X = C? x X" =P
forany p =1,...,n — 2, where X"~7 is a long C"~” without nonconstant holomorphic functions,
furnished by Theorem 1.1. Note that & (C? x X"~P) = ¢'(CP) is the algebra of functions coming from
the base. Indeed, any example furnished by Theorem 1.7, with ¥ = C? as base (p > 1) and B dense
in CP?, is of this kind.

Regarding question (D), note that the Fatou—-Bieberbach maps ¢y : C" < C" used in our constructions
have rationally convex images, in the sense that for any compact polynomially convex set K C C”" its
image ¢y (K) is a rationally convex set in C"; this gives rise to nontrivial meromorphic functions on the
resulting long C"’s.

Since every long C" is an Oka manifold [Larusson 2010; Forstneri¢ 2011, Proposition 5.5.6, p. 200], the
results of this paper also contribute to our understanding of the class of Oka manifolds, that is, manifolds
which are the most natural targets for holomorphic maps from Stein manifolds and reduced Stein spaces.

Note that every long C" is a topological cell according to a theorem of Brown [1961]. Furthermore, it
was shown by Wold [2010, Theorem 1.2] that, if X = U,fil Xy is along C" and (X, Xi+1) is a Runge
pair for every k € N, then X is biholomorphic to C". Since the Runge property always holds in the €
category, i.e., for smooth diffeomorphisms of Euclidean spaces, his proof can be adjusted to show that
every long C" is also diffeomorphic to R?". Hence, Theorems 1.2 and 1.6 imply the following corollary.
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Corollary 1.9. For every n > 1 there exists a continuum of pairwise nonequivalent Oka manifolds of
complex dimension n which are all diffeomorphic to R*".

In Section 5 we show that C" for any n > 1 can also be represented as an increasing union of non-Runge
Fatou-Bieberbach domains.

2. Preliminaries

In this section, we introduce the notation and recall the basic ingredients.

We denote by &'(X) the algebra of all holomorphic functions on a complex manifold X. For a compact
set K C X, 0(K) stands for the algebra of functions holomorphic in open neighborhoods of K (in the
sense of germs on K). The &(X)-convex hull of K is

Koo ={x € X310l < supl ] forall f € 6(X)).

When X = C", the set K = k\ﬁ(cn) is the polynomial hull of X. If k\ﬁ(x) = K, we say that K is
holomorphically convex in X; if X = C”" then K is polynomially convex. More generally, if K C L are
compact sets in X, we define the hull K o) by (1-1).

Given a point p € C", we denote by B(p; r) the closed ball of radius r centered at p.

We shall frequently use the following basic result; see, e.g., [Stout 1971; 2007] for the first part (which
is a simple application of E. Kallin’s lemma) and [Forstneri¢ 1986] for the second part.

Lemma 2.1. Assume that B C C" is a compact polynomially convex set. For any py, ..., p, € C*'\ B
and for all sufficiently small numbers r1 > 0, ..., ry, > 0, the set U;f’:l B(p;,r;) U B is polynomially
convex. Furthermore, if B is the closure of a bounded strongly pseudoconvex domain with €* boundary,
then any sufficiently €*-small deformation of B in C" is still polynomially convex.

The key ingredient in our proofs is the main result of the Andersén—-Lempert theory as formulated by
Forstneri¢ and Rosay [1993, Theorem 1.1]; see Theorem 2.3 below. We use it not only for C”, but also
for X = C* x C"~!. The result holds for any Stein manifold which enjoys the following density property
introduced by Varolin [2001]. (See also [Forstneri¢ 2011, Definition 4.10.1].)

Definition 2.2. A complex manifold X enjoys the (holomorphic) density property if every holomor-
phic vector field on X can be approximated, uniformly on compacts, by Lie combinations (sums and
commutators) of C-complete holomorphic vector fields on X.

By [Andersén 1990; Andersén and Lempert 1992], the complex Euclidean space C" for n > 1 enjoys
the density property. More generally, Varolin proved that any complex manifold X = (C*)f x C! with
k+1>?2and![ > 1 enjoys the density property [Varolin 2001]. For surveys of this subject, see for instance
[Forstneri¢ 2011, Chapter 4; Kaliman and Kutzschebauch 2011].

Theorem 2.3. Let X be a Stein manifold with the density property, and let
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be a smooth isotopy of biholomorphic maps of Q2 onto Runge domains Q; C X such that ®o =1dg,. Then,
the map ®1 : Qo — 21 can be approximated uniformly on compacts in Qg by holomorphic automorphisms
of X.

This is a version of [Forstneri¢ and Rosay 1993, Theorem 1.1] in which C" is replaced by an arbitrary
Stein manifold with the density property; see also [Forstneri¢ 2011, Theorem 4.10.6]. For a detailed
proof of Theorem 2.3, see [Forstneri¢ and Rosay 1993, Theorem 1.1] for the case X = C”" and [Ritter
2013, Theorem 8] for the general case (which follows the one in [Forstneri¢ and Rosay 1993] essentially
verbatim).

3. Construction of a long C" without holomorphic functions

In this section, we prove Theorem 1.1. We begin by recalling the general construction of a long C"; see
[Wold 2010] or [Forstneri¢ 2011, Section 4.20].

Recall that a Fatou—Bieberbach map is an injective holomorphic map ¢ : C* < C" such that ¢ (C") C C";
the image ¢ (C") of such a map is called a Fatou—Bieberbach domain. Every complex manifold X which
is a long C" is determined by a sequence of Fatou—Bieberbach maps ¢ : C" — C" (k =1,2,3,...).
The elements of X are represented by infinite strings x = (x;, x;+1, ...), where i € N and for every
k=i,i+1,... wehave x; € C" and x4 = ¢r(xx). Another string y = (y;, yj+1, .. .) determines the
same element of X if and only if one of the following possibilities holds:

e i = j and x; = y; (and hence x; = y; for all k > i);
ei<jandy;=¢; 10---0¢;(x;);
e j<iandx; =¢;_j10---0¢;(y)).

For each k € N, let y : C" < X be the injective map sending z € C”" to the equivalence class of the string
(2, Dk (2), Pr41(P(2)), - ..). Set Xy = Y (C") and let ¢ : Xy < Xy41 be the inclusion map induced by
left shift (xx, Xg+1, Xk+2, - . .) = (Xk+1, Xk+2, . ..). Then

oV =vYrr100r, k=1,2,.... (3-1)

Recall that a compact set L in a complex manifold X is said to be holomorphically contractible if
there exist a neighborhood U C X of L and a smooth 1-parameter family of injective holomorphic maps
F, : U — U (¢t € [0, 1)) such that Fy is the identity map on U, F;(L) C L for every ¢t € [0, 1], and
lim,_,; F; is a constant map L — p € L.

The first part of the following lemma is the key ingredient in the construction of the sequence (¢ )ren
determining a long C" as in Theorem 1.1. The same construction gives the second part, which we include
for future applications. We write C* = C\ {0}.

Lemma 3.1. Let K be a compact set with nonempty interior in C" for some n > 1. For every point
a € C" there exists an injective holomorphic map ¢ : C" — C" such that the polynomial hull of the set
¢ (K) contains the point ¢ (a). More generally, if L C C" is a compact holomorphically contractible set
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disjoint from K such that K U L is polynomially convex, then there exists an injective holomorphic map
¢ : C" — C" such that ¢ (L) C ¢p(K) and ¢p(K)\ ¢ (C") # @.

Proof. To simplify the notation, we consider the case n = 2; it will be obvious that the same proof applies
in any dimension n > 2. We follow Wold’s construction [2008; 2010] up to a certain point, adding a new
twist at the end.

Let M be a compact set in C* x C enjoying the following properties:

(1) M is a disjoint union of two smooth, embedded, totally real discs.
(2) M is holomorphically convex in C* x C.
(3) the polynomial hull M of M contains the origin (0, 0) € C2.

A set M with these properties was constructed by Stolzenberg [1966]; it has been reproduced in [Stout
1971, pp. 392-396; Wold 2008, Section 2; Forstneri¢ 2011, Section 4.20].

Choose a Fatou-Bieberbach map 6 : C2 — C* x C whose image 6(C?) is Runge in C2. For example,
we may take the basin of an attracting fixed point of a holomorphic automorphism of C? which fixes
{0} x C; see [Rosay and Rudin 1988] for explicit examples. Replacing the set K by its polynomial
hull K , we may assume that K is polynomially convex. Since 6(C?) is Runge in C2, the set O(K) is
also polynomially convex, and hence &(C* x C)-convex. By [Wold 2008, Lemma 3.2], there exists a
holomorphic automorphism ¢ € Aut(C* x C) such that

V(M) CO(K®).

The construction of such an automorphism i uses Theorem 2.3 applied to the manifold X = C* x C. We
include a brief outline.

By shrinking each of the two discs in M within themselves until they become very small and then
translating them into K ° within C* x C, we find an isotopy of diffeomorphisms 4, : M = My — M, C C*xC
(t €0, 1]), where each M; = h,;(M) is a totally real &(C* x C)-convex submanifold of C* x C, such that
M, C K°. Since C* x C has the holomorphic density property (see [Varolin 2001]), each diffeomorphism
h; can be approximated uniformly on M (and even in the smooth topology on M) by holomorphic
automorphisms of C* x C. This is done in two steps. First, we approximate #; by a smooth isotopy of
biholomorphic maps f; : Uy — U; from a neighborhood Uy of M onto a neighborhood U, of M;; this is
done as in [Forstneri¢ and Lgw 1997]. Since the submanifold M, is totally real and &'(C* x C)-convex for
each ¢ € [0, 1], we can arrange that the neighborhood U; is Runge in C* x C for each ¢ € [0, 1]. Hence,
Theorem 2.3 furnishes an automorphism ¥ € Aut(C* x C) which approximates the diffeomorphism
hy: M — M, sufficiently closely such that y» (M) C B. It follows that the injective holomorphic map
d=1v"1ob:C?— C* x C satisfies M C $(K°). Note that K’ := $(K) is a compact &' (C* x C)-convex
set which contains M in its interior. Therefore, its polynomial hull K’ contains a neighborhood of M,
and hence a neighborhood V C C? of the origin (0, 0) € C>. We may assume that VN K’ = @.

Leta e C2. If ¢(a) € K', then we take ¢ = ¢ and we are done. If this is not the case, we choose a point
a’ € VN (C* x C) and apply Theorem 2.3 to find a holomorphic automorphism 7 € Aut(C* x C) which
is close to the identity map on K’ and satisfies 7(¢(a)) = a’. Such 7 exists since the union of K’ with a
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single point of C* x C is ¢(C* x C)-convex, so it suffices to apply the cited result to an isotopy of injective
holomorphic maps which is the identity near K’ and which moves ¢ (a) to a’ in C* x C\ K’. Assuming
that 7 is sufficiently close to the identity map on K’, we have M C t(K'), and hence a’ € Mc ?K\’)
Clearly, the map ¢ =7 0 ¢ : C> — C* x C satisfies ¢ (a) € q@ This proves the first part of the lemma.

The second part is proved similarly. Since the set L’ := 6 (L) C C* x C is holomorphically contractible
and K’ UL’ is 0(C* x C)-convex, there exists an automorphism t € Aut(C* x C) which approximates
the identity map on K’ and satisfies (L") € V N (C* x C). (To find such t, we apply Theorem 2.3
to a smooth isotopy h; : U — h,(U) C C* x C (¢ € [0, 1]) of injective holomorphic maps on a small
neighborhood U € C* x C of K’ U L’ such that Ay is the identity on U, h, is the identity near K’ for every
t €[0,1], and A1 (L") C V. On the set L', h, first squeezes L’ within itself almost to a point and then
moves it to a position within V. Clearly, such an isotopy can be found such that #,(K'UL’") = K; Uh,(L’)
is 0(C* x C)-convex for all 7 € [0, 1].) If 7 is sufficiently close to the identity on K’, then the polynomial
hull @ still contains V, and hence (L") C V C ;K\’) The map ¢ =710 43 : C? - C* x C then
satisfies the desired conclusion. g

Proof of Theorem 1.1. Pick a compact set K C C" with nonempty interior and a countable dense sequence
{aj}jen in C". Set Ky = K. Lemma 3.1 furnishes an injective holomorphic map ¢; : C" — C”" such that

d1(ar) € g1 (K1) =: Ky. (3-2)

Applying Lemma 3.1 to the set K, and the point ¢;(az) € C" gives an injective holomorphic map
¢, : C" — C" such that -
$2(d1(a2)) € $2(K2) =: K3.

From the first step we also have ¢ (a;) € K>, and hence ¢, (¢;(a;)) € K3.
Continuing inductively, we obtain a sequence ¢; : C" < C" of injective holomorphic maps for
j=1,2,...such that, setting &y = ¢ o---o0¢; : C" — C”", we have

®i(a)) € Dp(K) forall j=1,... k. (3-3)

In the limit manifold X = U,fil X} (the long C") determined by the sequence (¢ )72 |, the ¢(X)-hull
of the initial set K C C" = X| C X clearly contains the set ®;(K) C X4 foreachk=1,2,.... (We
have identified the k-th copy of C" in the sequence with its image 1 (C") = Xy C X.) It follows from
(3-3) that the hull K o(x) contains the set {a;};eny C C" = X;. Since this set is everywhere dense in C",
every holomorphic function on X is bounded on X; = C”, and hence constant. By the identity principle,
it follows that the function is constant on all of X.

The same argument shows that the plurisubharmonic hull [,(\Psh(x) of K contains the set Ay :={a;}jen C
C" = X1, and hence every plurisubharmonic function u € Psh(X) is bounded from above on A;. Since A is
dense in X1, it follows that u is bounded from above on X ;. (This is obvious if u is continuous; the general
case follows by observing that u can be approximated from above, uniformly on compacts in X| = C",
by continuous plurisubharmonic functions.) It follows from Liouville’s theorem for plurisubharmonic
functions that u is constant on X.
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In order to ensure that u is constant on each copy Xy = C" (k € N) in the given exhaustion of X, we
modify the construction as follows. After choosing the first Fatou—Bieberbach map ¢, : C* < C” such
that ¢1(ay) € m (see (3-2)), we choose a countable dense set A}, = {aé’l, aé’z, ...} in C"\ ¢1(C")
and set A, = ¢1(A) U A’2 to get a countable dense set in X, = C". Next, we find a Fatou—Bieberbach
map ¢, : C" — C" such that the first two points ¢ (ay), ¢1(az) of the set ¢ (A;), and also the first point
“5,1 of A’,, are mapped by ¢, into the polynomial hull of ¢, (¢;(K)). We continue inductively. At the
k-th stage of the construction we have chosen a Fatou—Bieberbach map ¢ : C" — C", and we take
Apr1 = O (Ap) U A§<+1’ where A;{H is a countable dense set in C" \ ¢y (Ay). In the manifold X we thus
get an increasing sequence A| C Ay C --- whose union A := U,fil Ay 1s dense in X and such that
every point of A ends up in the hull K,x,) = Kpsn(x,) for all sufficiently big k € N. (See the proof of
Theorem 1.6 for more details in a related context.) Hence, the plurisubharmonic hull I’(\psh( x) contains
the countable dense subset A of X. We conclude as before that any plurisubharmonic function on X is
bounded on every X; = C", and hence constant. O

Remark 3.2 (Wold process). The key ingredient in the proof of Lemma 3.1 is the method, introduced
by E. F. Wold [2008], of stretching the image of a compact set in C* x C"~! by an automorphism of
C* x C"! so that its image swallows a compact set M whose polynomial hull in C" intersects the
hyperplane {0} x C"~!. This is called the Wold process. A recursive application of this method, possibly
at several places simultaneously and with additional approximation of the identity map on a certain other
compact polynomially convex set (see Lemma 4.3), causes the hulls of the respective sets to reach out of
all domains X; = C" in the exhaustion of X.

4. Construction of manifolds X (B)

In this section, we construct long C"’s satisfying Theorems 1.2 and 1.6.
We begin by showing that the stable hull property of a compact set in a complex manifold X (see
Definition 1.4) is independent of the choice of exhaustion of X by compact sets.

Lemma 4.1. Let X = Uj’ozl K;, where K; C K ;’ 1 Is a sequence of compact sets. Let B be a compact set
in X. Assume that there exists an integer jo € N such that B C K;, and

§ﬁ(](j) = §ﬁ(Kj0) fOV allj > j(). (4-1)

Then B satisfies the same condition with respect to any exhaustion of X by an increasing sequence of
compact sets.

o

I+1
for all / € N. Pick an integer /o € N such that C C L;,. Since both sequences K ;’ and L; exhaust X, we

Proof. Set C := Eﬁ(](jo). Let (L;);en be another exhaustion of X by compact sets satisfying L; C L

can find sequences of integers j; < jo < j3 <--- andl; <[y <3 <--- such that jy < ji, lp </;, and
KjyCL,CK;y CL,CK;,CL;;C---.
From this and (4-1) we obtain

C= Bﬁ(KjO) - Bﬁ(Lll) C Bﬁ([{jl) =CC Bﬁ(le) - Bﬁ([(jz) =CcC---.
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It follows that Eﬁ(Llj) = C for all j € N. Since the sequence of hulls E\ﬁ(Ll) is increasing with [, we

conclude that N
Bﬁ(Ll) =C foralll>1.

Hence, B has the stable hull property with respect to the exhaustion (L;);en of X. O

Remark 4.2. If a complex manifold X is exhausted by an increasing sequence of Stein domains
XiCXpC--- C U _; Xj = X (this holds for example if X is a long C" or a short C", where the latter
term refers to a manifold exhausted by biholomorphic copies of the ball), then we can choose an exhaustion
KiCcK,C---C UJ 1 K; = X such that K; is a compact set contained in X; and (K )0(X )= = K for
every j € N. If K is a compact set contained in some K, then clearly K oK) = K, (X)) for all j > jy. In
such case, K has the stable hull property if and only if the sequence of hulls K o(x;) stabilizes. This notion
is especially interesting for a long C". Imagining the exhaustion X; = C" of X as an increasing sequence
of universes, the stable hull property means that K only influences finitely many of these universes in a
nontrivial way, while a set without SHP has nontrivial influence on all subsequent universes. O

We shall need the following lemma, which generalizes [Wold 2008, Lemma 3.2].

Lemma 4.3. Let n > 1. Assume that B is a compact polynomially convex set in C", Ky, ..., K,, are
pairwise disjoint compact sets with nonempty interiors in C" \ B such that B U (U'/": 1 K j) is polynomially
convex, and B C C"\ (B U (UT:I K ,)) is a finite set. Then there exists a Fatou—Bieberbach map
¢ : C" — C" satisfying the following conditions:

(i) $(B) = $(B);
(i) ¢(K;) ¢ $(C") forall j=1,....m
(iii) ¢ (B) C $(K1).
Furthermore, we can choose ¢ such that ¢| is as close as desired to the identity map.

Proof. For simplicity of notation we give the proof for n = 2; the same argument applies for any n > 2.
By enlarging B slightly, we may assume that it is a compact strongly pseudoconvex and polynomially

convex domain in C". Choose a closed ball B C C? containing B in its interior. Let A C C?\ B be an

affine complex line. Up to an affine change of coordinates on C?> we may assume that A = {0} x C.

As in the proof of Lemma 3.1, we find an injective holomorphic map 6, : C?> < C* x C whose image
is Runge in C2, and hence the set 6 (B) is polynomially convex. Since B is contractible, we can connect
the identity map on B to 61|35 by an isotopy of biholomorphic maps #; : B — B; (¢ € [0, 1]) with Runge
images in C* x C. Theorem 2.3 furnishes an automorphism 6, € Aut(C* x C) such that 6, approximates
0, on 6, (B). The composition & = 6, 0 6; : C2 < C* x C is then an injective holomorphic map which
is close to the identity on B. Assuming that the approximation is close enough, the set B’ := 6(B) is
polynomially convex in view of Lemma 2.1.

Set K = UT:l Kj, K; =0(K;) for j =1,...,m, and K’ = 6(K) = U'j’-’zl K. Note that the set
B'UK'=0(BUK) C C*x Cis 0(C* x C)-convex.

Choose m pairwise disjoint copies My, ..., M,, C (C* x C) \ B’ of Stolzenberg’s [1966] compact set
M described in the proof of Lemma 3.1. Explicitly, each set M; is ¢(C* x C)-convex and its polynomial



2042 LUKA BOC THALER AND FRANC FORSTNERIC

hull M ; intersects the complex line {0} x C (which lies in the complement of 6(C?)). By placing the
sets M; sufficiently far apart and away from B’, we may assume that the compact set B' U (U?:1 M j) is
0(C* x C)-convex. Pick a slightly bigger compact set B” C 6(C?), containing B’ in its interior, such that
the sets B” U (U;.":1 KJ/) and B”U (U, M;) are still 0(C* x C)-convex.

We claim that for every € > 0 there is an automorphism i € Aut(C* x C) such that

(@) |[¥(zx) —z| <eforall ze B”, and
(b) 1//(Mj)CKJ/.f0rj=1,...,m.

To obtain such a v, we apply the construction in the proof of Lemma 3.1 to find an isotopy of smooth
diffeomorphisms .
MJW=LM@+Af=mmnc@xc,temJL
j=1
such that hg =1d |y, the set M = UT: 1 (M) consists of smooth totally real submanifolds, B"NM' =&
forall r € [0, 1], B”UM" is 6(C* x C)-convex for all ¢ € [0, 1], and h1(M;) C Kj/.° for j=1,...,m. It
follows that &; can be approximated uniformly on M by a holomorphic automorphism ¢ € Aut(C* x C)
which at the same time approximates the identity map on B”. (For the details in a similar context, see
[Forstneri¢ and Rosay 1993, proof of Theorem 2.3] or [Forstneri¢ 2011, proof of Corollary 4.12.4].) The
injective holomorphic map
¢p:=9'oh:C*—C*xC
then approximates the identity map on a neighborhood of B and satisfies M; C ¢(K;) for j =1, ..., m.

It follows that -
P(K)N{0} xC)#2 forall j=1,...,m.

If the approximation v/ |g» ~ Id in (a) is close enough, then the set ¢ (B) = y~!(B’) is still polynomially
convex by Lemma 2.1. Clearly, ¢ satisfies properties (i) and (ii), and property (iii) can be achieved by
applying Lemma 3.1. 0

Proof of Theorem 1.6(a). Let B be the given regular compact polynomially convex set in C". To begin
the induction, set B := B C C" = X and choose a pair of disjoint countable set

C"\ B,
C"\ B

A1={all:l€N}CG:"\Bl, Zl
M ={y/:leN}CC"\ (A UB)), T,

Let B(a 11, r1) denote the closed ball of radius r; centered at all. By choosing r; > 0 small enough we may
ensure that [EB(all, rHNB =9, yll ¢ [B(all, r1) U By, and the set B(all, r1) U By is polynomially convex
(see Lemma 2.1). Lemma 4.3 furnishes an injective holomorphic map ¢; : C" < C”" such that the set
By := ¢1(By) C C" is polynomially convex, while the compact set

Cly = ¢1(B@al, ) cC"
satisfies . N
Cli\o1(C) #£2 and ¢1(y)) €Cf ;.
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We proceed recursively. Suppose that for some k£ € N we have found

« injective holomorphic maps ¢1, ..., ¢y : C" — C",
o compact polynomially convex sets By, By, ..., Bx+1 in C" such that B; 1| = ¢;(B;) fori =1, ...k,
e countable sets Ay, ..., Ay C C" such that for everyi =1, ..., k we have

A;CC'\B;, A;=C'\B, Ai=¢i_1(Ai_)U{a}:1eN}
(where we set Ay = @),
 countable sets 'y, ..., 'y C C" such that foreveryi =1, ..., k we have
I CC'\A;UB;, T;,=C'\B}, Ti=¢1(Ii-)U{y/:1eN}
(where we set I'g = @), and
e numbers r; > --->r; >0
such that, setting for all (i, /) € N>with 1 <i+1<k+1
bl =0 odia) € Ax iGN #K D, b i=a],
Bii=dio-opiyDeTh i GD#GK D,  Blu=v,
the following conditions hold for all pairs (i, [) € N2 withi +1 <k + 1:
(1x) the closed balls [EB(bi’ ;» ') are pairwise disjoint and contained in C" \ By, and

Brii+l<k+1in | BG,.n)=2
i+l<k+1

(since Ay NIy = &, the latter condition holds provided r; > 0 is small enough);
(2) the set | J; <kl [B(bfc’ i» Tx) U By is polynomially convex;
(3x) the set (¢py_10---0 ¢,-)_1([B(b,l(’l., rr)) is contained in B(af, r,-/2k);
(4¢) the set Cy ; := g (B(by ;. ri)) satisfies E,lj \ ¢ (C") # @
(50 1u(BL) i+l <k+1)CCL.

We now explain the inductive step. We begin by adding to ¢ (A;) countably many points in
C"\ (¢r(Ax) U Bry1) to get a countable set

A1 = di(A) Ufay, 11 €N} C C"\ By
such that 3

In the same way, we find the next countable set

Tks1 = de(T) Uiyl i1 €N} C C"\ (Ags1 U Bigr)
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such that
Tir1 =C"\ By

For every pair of indices (i, 1) € N2 with i +1 < k + 2, we set

by =¢coodi(a) € Ay IFGD#G+LD, bl =a,,.
Bisri=dko-odi(y)eTipm fGD#EKG+LD,  Biiisst =Visr

Choose a number 4| with O < 741 < r and so small that the following conditions hold for all (i, /) € N?
withi +[ <k+2:

(1x+1) the closed balls [B(b,i YL rr+1) are pairwise disjoint and contained in C" \ By, and

{ﬂ/lc-i-l,i il =<k+2iN ( U B(b/ch,,-, Frg1) U Bk+1) =,
i+l<k+2

(2k+1) the set Ui l<k42 B(bi YL rt+1) U Bry1 1s polynomially convex;
Grr1) the set (@ o---0¢) " (B(bj, ;. rk41)) is contained in B(al, r; /2FF1).

Lemma 4.3 gives a Fatou-Bieberbach map ¢y : C* < C" such that the compact set By17:=dr+1(Br+1)
is polynomially convex, while the compact sets

Chipii= b1 BBy i), i+l <k+2

satisfy the following conditions:
(4r+1) C,ch’l. \ P41 (C") # @ forall (i,1) e N?> withi +1 <k +2;

Sir) {Brr1(Bryy) i+ <k+2) CClyy
This completes the induction step and the recursion may continue.
Let X = U,‘:‘;l Xy be the long C" determined by the sequence (¢x);2,. Since the set By C C" is

polynomially convex and Byi; = ¢r(Bx) for all £k € N, the sequence (Bj)ren determines a subset

B = B| C X such that
Box,) =B forall ke N. 4-2)

This means that the initial compact set B C C" = X has the stable hull property in X.

By the construction, the countable sets Ay C C" \ By satisfy ¢ (Ar) C Ap4 for each k € N, and hence
they determine a countable set A C X \ B. Furthermore, since Ay = C" \ By, for every k € N, it follows
that A = X \ B°. Similarly, the family (I'y)xen determines a countable set I' C X \ B such that T = X \ B°.

We now show that B is the biggest regular compact set in X with the stable hull property. Note that
/+1’ ,+ in the next generation
according to condition (34 ) (and hence it contains one of the sets C,l{/ ey forevery j =1, 2,...), implies

condition (4y), together with the fact that each set C ,lc ; contains one of the sets C ,l{

(c,’{,,.)ﬁ(ka) \Xiij#@ forall j=0,1,2,.... (4-3)
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Thus, none of the sets C ,l( ; has the stable hull property. Our construction ensures that the centers of
these sets form a dense sequence in X \ B, consisting of all points in the set A determined by the family
(Ar)ken, in Which every point appears infinitely often. Furthermore, condition (3;) shows that every
compact set K C X with K°\ B # @ contains one (in fact, infinitely many) of the sets C ,’” In view of
(4-3), it follows that there is an integer ky € N (depending on K) such that

k\g(xkﬂ) ¢ Xy forall k > k.

This means that K does not have the stable hull property. It follows that the set B is the strongly stable
core of X.

Finally, condition (5;) ensures that the &'(X)-hull of a compact ball centered at the point all €A
contains the countable set I' C X determined by the family {I';}xen. Since I' is dense in X \ B, it
follows that the manifold X does not admit any nonconstant plurisubharmonic function. (See the proof of
Theorem 1.1 for the details.)

This proves part (a) of Theorem 1.6. U

Proof of Theorem 1.6(b). Let U C C" be an open set. Pick a regular compact polynomially convex set B
contained in U. We modify the recursion in the proof of part (a) by adding to B a new small closed ball
B’ C U\ B at every stage. In this way, we inductively build an increasing sequence B=B' c B>C---CU
of compact polynomially convex sets whose union B := ;2 B¥ C U is everywhere dense in U, and a
sequence of Fatou-Bieberbach maps ¢y : C" < C" such that, writing

Bf =B" and BY  =¢;(B}) forall jkeN,
the following two conditions hold:

(i) BX¥ = B*1u B for all k > 1, where B* is a small closed ball in U \ B*~!;

(ii) the set B is polynomially convex for all j, k € N.

At the k-th stage of the construction we have already chosen Fatou—Bieberbach maps ¢1, .. ., ¢, but we
can nevertheless achieve condition (ii) for all j =1, ...,k + 1 by choosing the ball B* sufficiently small.
Indeed, the image of a small ball by an injective holomorphic map is a small strongly convex domain, and
hence the polynomial convexity of the set Bf for j=1,...,k+1 follows from Lemma 2.1. For values
Jj > k—+1, (ii) is achieved by the construction in the proof of Lemma 4.3; indeed, each of the subsequent
maps ¢x+1, Pr+2, - - - in the sequence preserves polynomial convexity of B,’{‘ Iy

By identifying the sets U and B* = B{‘ (considered as subsets of C" = X ) with their images in the
limit manifold X = (J;2; Xk, we thus obtain the following analogue of (4-2):

(B)px, = B* forall j,keN.

This means that each set BX (k € N) lies in the stable core SC(X). Since U,fil B* is dense in U by the
construction, we have that U C SC(X).

On the other hand, writing Uy = U and U4 :=¢ro---0¢1(U) fork=1,2, ..., the balls B(bf{’i, rr)
chosen at the k-th stage of the construction (see the proof of part (a)) are contained in C" \ U and, as
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k increases, they include more and more points from a countable dense set A C X \ U, which is built
inductively as in the proof of part (a). By performing the Wold process on each of the balls B(b! T
(see condition (4;) above) at every stage, we can ensure that none of the points of A belongs to the stable
core SC(X). Since SC(X) is an open set by the definition and A = X \ U, we conclude that SC(X) C U.
We have seen above that U  SC(X), and hence SC(X) = U.

It remains to show that X can be chosen such that it does not admit any nonconstant holomorphic
function. By the same argument as in the proof of part (a), we can find a countable dense set I' C X\ (AUU)
which is dense in X \ U and is contained in the ¢(X)-hull of a certain compact set in X \ U. It follows
that every plurisubharmonic function f on X is bounded above on I', and hence on I = X \ U. If U is
compact, the maximum principle implies that f is also bounded on U; hence it is bounded on X and
therefore constant. If U is not relatively compact then we are unable to make this conclusion. However,
we can easily ensure that X \ U contains a Fatou—Bieberbach domain; indeed, it suffices to choose the
first Fatou—Bieberbach map ¢, : C* — C" in the sequence determining X such that C" \ ¢;(C") contains
a Fatou-Bieberbach domain 2. In this case, every holomorphic function f € ¢(X) is bounded on I', and
hence on €2, so it is constant on = C". Therefore it is constant on X by the identity principle.

This proves part (b) and hence completes the proof of Theorem 1.6. U

5. An exhaustion of C? by non-Runge Fatou-Bieberbach domains
In this section, we show the following result (see also [Boc Thaler 2016, Section 4.4]).

Proposition 5.1. Let n > 1. There exists an increasing sequence X\ C X2 C --- C Upe; Xk = C" of
Fatou-Bieberbach domains in C" which are not Runge in C".

We shall construct such an example by ensuring that all Fatou—-Bieberbach maps ¢y : C" < C”" in the
sequence (see Section 3) have non-Runge images, but they approximate the identity map on increasingly
large balls centered at the origin. For this purpose, we shall need the following lemma.

Lemma 5.2. Let B and B be a pair of closed disjoint balls in C" (n > 1). For every € > 0 there exists a
Fatou—Bieberbach map ¢ : C" — C" satisfying the following conditions:

@ ll¢lp—1d|| <&
() ¢~ —1d|l <e;
(c) ¢ (B) is not polynomially convex.

Proof. Pick a slightly bigger ball B’ containing B in the interior such that B’ N\ B = &. By an affine
linear change of coordinates, we may assume that B’ C C* x C"~!. Choose a Fatou—Bieberbach map
6 : C" < C* x C"~! such that 6| is close to the identity. (See the proof of Lemma 4.3.) Theorem 2.3
provides a ¢ € Aut(C* x C" 1) which approximates the identity map on 6(B’) and such that ¥ (6 (B))
is not polynomially convex (in fact, its polynomial hull intersects the hyperplane {0} x C"~!). The
composition ¢ = 0 : C" < C* x C"~! then satisfies condition (a) on B’, and condition (c). If ¢ is
sufficiently close to the identity on B’, then it also satisfies condition (b) since B C B'°. O
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Proof of Proposition 5.1. Let B, = B(0, k) C C" denote the closed ball of radius k centered at the origin.
Choose an integer n; € N and a small ball B 1 disjoint from B,,. Let ¢; : C* — C" be a Fatou-Bieberbach
map satisfying the following conditions:

(1) g1 —1d|l < &1 on By,;
(2) llg;" —1d|| < &1 on By,
(3) ¢(B") is not polynomially convex.

Suppose inductively that for some k € N we have already found Fatou—Bieberbach maps ¢, ..., ¢,
integers n; < np < --- < ny, and balls B/ cC" \ By, for j =1, ..., k such that the following conditions
hold:

(1x) ll¢x —1d|| < & on By,;
21) llgg" —1d|| < &k on By
Br) Pk (B*) is not polynomially convex.

Choose an integer ng4; > ny such that

Dk (Bu1) Uk (i1 (Buy_12)) U+ - Ui (- -+ (h1(Bny14))) Ur(B) C By,

and pick a ball B¥*! c C"\ B,, .- By Lemma 5.2, there exists a Fatou-Bieberbach map ¢ : C" < C"
satisfying the following conditions:

(Ix+1) a1 —1d|l < &x41 0n By,
Qes1) oy —1dI| < &xg1 on By, s
(Bk+1) ¢rr1(B) is not polynomially convex.

This closes the induction step.
Let X = U,‘:il Xy be the long C" determined by the sequence (¢ )x, let ¢ : Xy <> X4 denote the
inclusion map, and let v : C* — X} C X denote the biholomorphic map from C" onto the k-th element

of the exhaustion such that
Lkowk=wk+lo¢kv k=1,2,

(See Section 3, in particular (3-1).) By the construction, the sequence V«(B,,) is a Runge exhaustion of X.
If the sequence &, > 0 has been chosen to be summable, then the sequence v converges on every ball B,
and the limit map W = limg_, » ¥ : C" — X is a biholomorphism (see [Forstneri¢ 2011, Corollary 4.4.2,
p. 115]). In the terminology of Dixon and Esterle [1986, Theorem 5.2], we have that

(i, Bp,) = (W, C")  as k — oo,

where W (C") = X and W is biholomorphic. O

Remark 5.3. If we only assume that the images of Fatou—Bieberbach maps ¢ : C" < C" contain large
enough balls centered at the origin, we get an exhaustion of a long C" with Runge images of balls. By
[Arosio et al. 2013, Theorem 3.4], such a long C" is biholomorphic to a Stein Runge domain in C”".
Therefore, the following problem is closely related to problem (C) stated in the introduction.
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(C") If along C" is exhausted by Runge images of balls, is it necessarily biholomorphic to C"?

In this connection, we mention that the first author proved in his thesis [Boc Thaler 2016, Theorem IV.15,
p. 62] that C”" is the only Stein manifold with the density property (see Definition 2.2) having an exhaustion
by Runge images of balls.
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