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PARTIAL DATA INVERSE PROBLEMS FOR THE HODGE LAPLACIAN
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We prove uniqueness results for a Calderén-type inverse problem for the Hodge Laplacian acting on
graded forms on certain manifolds in three dimensions. In particular, we show that partial measurements
of the relative-to-absolute or absolute-to-relative boundary value maps uniquely determine a zeroth-order
potential. The method is based on Carleman estimates for the Hodge Laplacian with relative or absolute
boundary conditions, and on the construction of complex geometrical optics solutions which reduce the
Calderoén-type problem to a tomography problem for 2-tensors. The arguments in this paper allow us to
establish partial data results for elliptic systems that generalize the scalar results due to Kenig, Sjostrand
and Uhlmann.
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1. Introduction

This article is concerned with inverse problems with partial data for elliptic systems. We first discuss
the prototype for such problems, which comes from the scalar case: the inverse problem of Calderén
asks to determine the electrical conductivity y of a medium €2 from electrical measurements made on its
boundary. More precisely, let 2 C R"” be a bounded domain with smooth boundary and let y € L°°(£2)
satisfy y > ¢ > 0 a.e. in Q2. The full boundary measurements are given by the Dirichlet-to-Neumann map
(DN map)

ADN:HE(39Q) > H2(09),  f > ydyulg.
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where u € H!(Q) is the unique solution of div(yVu) = 0 in Q with u|yq = f, and the conormal
derivative yd,u|yq is defined in the weak sense. Equivalently, one can consider the Neumann-to-Dirichlet
map (ND map)

_1
AP HI2(0Q) - H2(09), g+ vlag,

where div(yVv) = 0 in Q with yd,v|yq = g, and HQ_%(BQ) consists of those elements in H_%(BQ)
that are orthogonal to constants. The inverse problem of Calderén asks to determine the conductivity y
from the knowledge of the DN map or (equivalently) the ND map. There is a substantial literature on this
problem, with pioneering works including [Faddeev 1965; Calder6én 1980; Sylvester and Uhlmann 1987,
Novikov and Khenkin 1987; Nachman 1988; Novikov 1988]. We refer to the surveys [Novikov 2008;
Uhlmann 2014] for more information.

The Calderén problem with partial data corresponds to the case where one can only make measurements
on subsets of the boundary. Let I'p and 'y be open subsets of d€2, and assume that we measure voltages
on I'p and currents on I'y. If the potential is grounded on d€2 \ I'p but can be prescribed on I'p, the partial
boundary measurements are given by the partial DN map

APNflr, forall f € H2(3R) with supp(f) C Tp.

If instead we can freely prescribe currents on 'y but no current is input on 02 \ I'y, then we know the
partial ND map:

_1
A§ng|rD for all g € H, ?(02) with supp(g) C I'n.

The basic uniqueness question is whether a (sufficiently smooth) conductivity is determined by such bound-
ary measurements. We remark that in the partial data case there seems to be no direct way of obtaining the
partial DN map from the partial ND map or vice versa, and the two cases need to be considered separately.

By now there are many uniqueness results for the Calderén problem with partial data involving varying
assumptions on the sets I'p and I'y. For further information we refer to the survey [Kenig and Salo 2014]
for results in dimensions # > 3 and [Guillarmou and Tzou 2013] for the case n = 2. We only list here
some of the main results for the partial DN map:

e When n > 3, we know I'p can be possibly very small but I'y has to be slightly larger than the
complement of I'p [Kenig et al. 2007].

e When n > 3, we know I'p = I'y = I and the complement of I" has to be part of a hyperplane or a
sphere [Isakov 2007].

e When n =2, we know I'p = I'v = I can be an arbitrary open set [Imanuvilov et al. 2010].

e When n > 3, we know I'p = 'y = I and the complement of I" has to be (conformally) flat in one
direction and a certain ray transform needs to be injective [Kenig and Salo 2013] (a special case of
this was proved independently in [Imanuvilov and Yamamoto 2013]).

The approach of [Kenig et al. 2007] is based on Carleman estimates with boundary terms and the approach
of [Isakov 2007] is based on reflection arguments. The paper [Kenig and Salo 2013] combines these
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two approaches and extends both. There seem to be fewer results for the partial ND map, especially in
dimensions n > 3; see [Isakov 2007; Chung 2015]. In fact, in dimensions n > 3 the Carleman estimate
approach for the partial ND map seems to be more involved than for the partial DN map. We remark that
there are counterexamples for uniqueness when I'p and I'y are disjoint [Daudé et al. 2015].

The purpose of this paper is to consider analogous partial data results for elliptic systems. In the full
data case (I'p = 'y = d2), many uniqueness results are available for linear elliptic systems such as the
Maxwell system [Ola et al. 1993; Kenig et al. 2011; Caro and Zhou 2014], Dirac systems [Nakamura and
Tsuchida 2000; Salo and Tzou 2009], the Schrodinger equation with Yang—Mills potentials [Eskin 2001],
elasticity [Nakamura and Uhlmann 1994; 2003; Eskin and Ralston 2002], and equations in fluid flow
[Heck et al. 2007; Li and Wang 2007]. In contrast, the only earlier partial data results for such systems
in dimensions n > 3 that we are aware of are [Caro et al. 2009] for the Maxwell system and [Salo and
Tzou 2010] for the Dirac system. One reason for the lack of partial data results for systems is the fact
that Carleman estimates for systems often come with boundary terms that do not seem helpful for partial
data inverse problems (see [Eller 2008; Salo and Tzou 2009] for some such estimates).

In this paper we establish partial data results analogous to [Kenig et al. 2007] for systems involving
the Hodge Laplacian for graded differential forms, on certain Riemannian manifolds in dimensions n > 3.
These are elliptic systems that generalize the scalar Schrodinger equation (—A 4¢)u =0 and are very close
to the time-harmonic Maxwell equations when n = 3. In fact, using the results of the present paper, we have
finally been able to extend the partial data result of [Kenig et al. 2007] to the Maxwell system [Chung et al.
2015]. The main technical contribution of the present paper is a Carleman estimate for the Hodge Laplacian,
with limiting Carleman weights, that has boundary terms involving the relative and absolute boundary
values of graded forms. The boundary terms are of such a form that allows us to carry over the Carleman es-
timate approach of [Kenig et al. 2007] to the Hodge Laplace system. As far as we know, this is the first ana-
logue of [Kenig et al. 2007] for systems besides [Salo and Tzou 2010], which considered a very special case.

In a sense, to deal with boundary terms for systems in a flexible way, one first needs a good understanding
of the different splittings of Cauchy data in the scalar case. This encompasses both the scalar DN and
ND maps simultaneously, since the “relative-to-absolute” map defined in Section 2 generalizes both the
notion of the DN and ND maps. Therefore the methods developed in [Chung 2015] for the partial ND
map, involving Fourier analysis to treat the boundary terms in Carleman estimates, will be very useful in
our approach. We expect that the methods developed in this paper open the way for obtaining partial data
results via Carleman estimates for various elliptic systems. This has already been achieved for Maxwell
equations [Chung et al. 2015].

The plan of this document is as follows. Section 1 is the introduction, and Section 2 contains precise
statements of the main results. Section 3 collects notation and identities used throughout the paper. In the
interest of brevity, we have omitted the proofs of these identities and interested readers can find them in
the arXiv version of this paper [Chung et al. 2013, Appendix]. Sections 4-6 will be devoted to the proofs
of the Carleman estimates. In Section 4, we will give the basic integration by parts argument for k-forms
and simplify the boundary terms. In Section 5, we prove the Carleman estimates for O-forms using the
arguments from [Chung 2015; Kenig and Salo 2013]. We will conclude the argument in Section 6 by
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showing that the Carleman estimates for graded forms follow from an induction argument, given the
corresponding result for O-forms. In Section 7 we will construct relevant complex geometrical optics
solutions, following the ideas in [Dos Santos Ferreira et al. 2009a]. In Section 8 we will present the
Green’s theorem argument and give the density result based on injectivity of a tensor tomography problem,
which finishes the proofs of Theorems 2.1 and 2.2. Section 9 will contain the proof of Theorem 2.3 and
make some remarks about the case of dimensions n > 4.

2. Statement of results

The results in this paper are new even in Euclidean space, but it will be convenient to state them on certain
Riemannian manifolds following [Dos Santos Ferreira et al. 2009a; 2016; Kenig and Salo 2013]. Suppose
(Mo, go) is a compact oriented manifold with smooth boundary, and consider a manifold 7 = R x My
equipped with a Riemannian metric of the form g = c(e & go), where ¢ is a smooth conformal factor
and (R, e) is the real line with Euclidean metric. A compact manifold (M, g) of dimension n > 3,
with boundary dM, is said to be CTA (conformally transversally anisotropic) if it can be expressed as a
submanifold of such a 7. A CTA manifold is called admissible if additionally (M, go) can be chosen to
be simple, meaning that dMj is strictly convex and for any point x € My, the exponential map exp,, is a
diffeomorphism from some closed neighbourhood of 0 in Tx My onto My (see [Sharafutdinov 1994]).
Most of the geometric notions defined here will be from [Taylor 1996] and we refer the reader there for a
more thorough treatment of the subject.

Let AK M be the k-th exterior power of the cotangent bundle on M, and let AM be the corresponding
graded algebra. The corresponding spaces of sections (smooth differential forms) are denoted by % M
and QM. We will define A to be the Hodge Laplacian on M, acting on graded forms:

—A=dds+dd.

Here d is the exterior derivative and § is the codifferential (adjoint of d in the L? inner product). Suppose
Q is an L* endomorphism of A M ; that is, Q associates to almost every point x € M a linear map Q(x)
from A, M to itself, and the map x — || Q(x)|| is bounded and measurable. Later will consider continuous
endomorphisms, meaning that x +— Q(x) is continuous in M. The continuity of Q will simplify matters
since the recovery of Q from boundary measurements involves integrals over geodesics, and continuity
ensures that these integrals are well defined.

We would like to consider boundary value problems for the operator —A + Q. In order to do this, we
will define the tangential trace ¢ : QM — QJIM by

t:o—i*w,

where i : IM — M is the natural inclusion map. Then the first natural boundary value problem to consider
for —A + Q, acting on graded forms u, is the relative boundary problem

(—A+Q)u=0 inM,
tu=f on oM,
tbu =g on dM.
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If Q is such that 0 is not an eigenvalue for this problem, then this problem has a unique solution [Taylor
1996, Section 5.9] and we may define a relative-to-absolute map

NEA: H2 (M. AOM) x H™2 (IM. AOM) — H2 (M. AOM) x H™ 2 (3M, AdM)
by
NSA(f,g) = (t*xu,t§*xu),

where * is the Hodge star operator on M.
The second natural boundary value problem to consider is the absolute boundary value problem

(—A+Qu=0 inM,
txu=f on M,
t6xu=g on JIM.

Assuming 0 is not an eigenvalue, this defines an absolute-to-relative map

NGR: H2 (M, AOM) x H™2 (IM. AOM) — H2 (M. AOM) x H™%(3M, AdM)
by
NER(f. ) = (tu, 15u)

for appropriate Q. For more details on the relative and absolute boundary value problems for the Hodge
Laplacian, see [Taylor 1996, Section 5.9].

These maps both give rise to a Calderén-type inverse problem which asks if knowledge of N SA or N SR
suffices to determine Q. If we restrict ourselves to considering the case of O-forms only and if Q acts on
0-forms by multiplication by a function g € L°°(M ), then the relative-to-absolute and absolute-to-relative
maps become the DN and ND maps, respectively, for the Schrodinger equation

(—A+q@u=0 in M,

where u is now a function on M and A is the Laplace-Beltrami operator on functions. Our problem is
therefore a generalization of the standard partial data problem for the scalar Schrédinger equation on a
compact manifold with boundary.

Let us review some earlier results for the Schrodinger problem in the scalar case, in dimensions n > 3.
If M is Euclidean, Sylvester and Uhlmann [1987] proved that knowledge of the full DN map uniquely
determines the potential g. Versions of this problem on admissible and CTA manifolds as defined above
have been considered in [Dos Santos Ferreira et al. 2009a; 2016]. Partial data results for the DN map
have been proven in [Bukhgeim and Uhlmann 2002; Isakov 2007; Kenig et al. 2007] for the Euclidean
case, and more recently in [Kenig and Salo 2013], the last of which contains the previous three results
and extends them to the manifold case. Improved results in the linearized case are in [Dos Santos Ferreira
et al. 2009b]. Partial data results for the ND map, analogous to the ones in [Kenig et al. 2007], were
proven in [Chung 2015]. Other partial data results for scalar equations with first-order potentials as well
were obtained in [Dos Santos Ferreira et al. 2007; Chung 2014], and some of those techniques will be
useful to us in this paper as well.
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For the Hodge Laplacian acting on graded forms, we are not aware of previous results dealing with
the determination of a potential from the relative-to-absolute or absolute-to-relative maps. However,
[Krupchyk et al. 2011] reconstructs a real analytic metric from these maps in the case of no potential,
and [Sharafutdinov and Shonkwiler 2013; Shonkwiler 2013; Belishev and Sharafutdinov 2008; Joshi and
Lionheart 2005] recover various kinds of topological information about the manifold from variants of
these maps, again in the case of no potential. We remark that full data problems for the Hodge Laplacian
in Euclidean space can be solved in a very similar way as in the scalar case (see Section 9), but full data
problems on manifolds and partial data problems even in Euclidean space are more involved.

In order to describe the main results precisely, we will define “front” and “back” sets of the boundary dM
as in [Kenig et al. 2007]. If M C T = R x My is CTA, we can use coordinates (x1, x’), where xp is
the Euclidean variable, and define the function ¢ : T — R by ¢(x1,x’) = x1. As discussed in [Dos
Santos Ferreira et al. 2009a], ¢ is a natural limiting Carleman weight in M. Now define

OMy = {p € M | 0,¢(p) > 0},
IM_ = {p € dM | dyp(p) <0}.

Then the main results of this paper are the following.

Theorem 2.1. Let M C R x My be a three-dimensional admissible manifold with conformal factor ¢ = 1,
and let Q1 and Q7 be continuous endomorphisms of AM such that N R‘T‘, N 5’; are defined. Let Ty C M
be a neighbourhood of IM 4, and let T~ C OM be a neighbourhood of O0M_. Suppose

NG @Iry = NG (S 9)Iry

forall (f,g) € H%(BM, AOM) x H_%(aM, ANIM) supported in T'_. Then Q1 = Q».

Theorem 2.2. Let M be a three-dimensional admissible manifold with conformal factor ¢ = 1, and let
01 and Q, be continuous endomorphisms of AM such that N 6?, N 6‘; are defined. Let T+ C OM be a
neighbourhood of dM 4, and let T_ C OM be a neighbourhood of IM_. Suppose

NGY(f.@)Iry = Nos(f.9)Iry
forall (f,g) € H%(aM, AOM) x H_%(E)M, ANIM) supported in T'_. Then Q1 = Q».
In the case that M is a domain in Euclidean space, we can also extend the results to higher dimensions.

Theorem 2.3. Let M be a bounded smooth domain in R”", with n > 3, and let Q1 and Q> be continuous

endomorphisms of AM such that N 5‘?, N 5‘;‘ are defined. Fix a unit vector «, and let ¢(x) = o - x. Let

't C IM be a neighbourhood of IM 4, and let T— C dM be a neighbourhood of 0M_. Suppose
NG f.9)Iry = N§S(f. )Ir,

forall (f,g) € H? (0M, AoM) x H™> (oM, AoM) supportedin I'_. Then Q1 = Q. The same result
holds if we replace the relative-to-absolute map with the absolute-to-relative one.
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Theorem 2.1 is a generalization to certain systems of the scalar partial data result of [Kenig et al. 2007]
for the DN map, and similarly Theorem 2.2 is an extension to systems of the scalar result of [Chung 2015]
for the ND map. To be precise, the above theorems are stated for the linear Carleman weight and not for
the logarithmic weight as in [Kenig et al. 2007; Chung 2015]. This restriction comes from the lack of
conformal invariance of the full Hodge Laplacian. However, in the scalar case we could use the conformal
invariance of the scalar Schrédinger operator together with a reduction from [Kenig and Salo 2013] to
recover the logarithmic weight results of [Kenig et al. 2007; Chung 2015] from the above theorems.

The proofs of Theorems 2.1 and 2.2 involve three main ingredients — the construction of complex
geometrical optics (CGO) solutions, a Green’s theorem argument, and a density argument relating this
inverse problem to a tensor tomography problem where one determines a tensor field from its integrals
along geodesics (see Section 8). Both the construction of CGO solutions and the Green’s theorem
argument require appropriate Carleman estimates.

To describe them, we will introduce the following notation. For a CTA manifold M, let N be the
inward pointing normal vector field along dM. We can extend N to be a vector field in a neighbourhood
of M by parallel transporting along normal geodesics, and then to a vector field on M by multiplying
by a cutoff function. For u € QM we will let

uy =N N NU,
where N° is the 1-form corresponding to N and iy is the interior product, and
Ug=u—uj.
Let V denote the Levi-Civita connection on M, and V’ denote the pullback connection on the boundary. Let
Ay = e%the_%,

where ¢ is a limiting Carleman weight as described in [Dos Santos Ferreira et al. 2009a]. Note that by
[loc. cit.] such weights exist globally if M is a CTA manifold. Then the Carleman estimates are as follows.

Theorem 2.4. Let M be a CTA manifold, and let Q be an L°° endomorphism of AM. Define '+ C OM
to be a neighbourhood of M .. Suppose u € H*(M, AM) satisfies the boundary conditions

ulr, =0 to first order,
tu|l‘5r =0, (2-1)

th(Se_%LdFSr = hative_%u
for some smooth endomorphism o independent of h. Then there exists ho such that if 0 < h < hy,
I(=Ap + 1> Qull 200y Z hllull g1 ary + & lusllfre) + h3 1AV uill L2 re -
Here H! signifies the semiclassical H! space with semiclassical parameter 4, and for instance

||M||H1(M) = ||M||L2(M) + ||hV74||L2(M)-
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The constant implied in the = sign is meant to be independent of 4. Note that the last boundary condition
in (2-1) can be rewritten as

thdulapy = —tigou —hotiyu.

Theorem 2.5. Let M be a CTA manifold, and let Q be an L°° endomorphism of AM. Define I'y. C oM
to be a neighbourhood of dM .. Suppose u € H*(M, AM) satisfies the boundary conditions

ulr, =0 o first order,
t*x u|Fi = O, (2'2)

_@ . _®
thé xe hu|1~5r =hoti,xe hu
for some smooth endomorphism o independent of h. Then there exists hg such that if 0 < h < hy,

1 1
I(=Ag + > Q)ullz20ar) 2 hllull g ary + 12 lenll ey + A2 1RV UL L2(rg )

Note that Theorem 2.5 is actually Theorem 2.4 with u replaced by xu. Therefore it suffices to prove
Theorem 2.5 only. It is also worth noting that the Carleman estimates are proved for CTA manifolds in
general, with no restriction on either the dimension, the conformal factor, or the transversal manifold
(Mo, go). Theorems 2.4 and 2.5 are extensions to the Hodge Laplace system on CTA manifolds of the
scalar and Euclidean Carleman estimates in [Kenig et al. 2007; Chung 2015].

Finally, we sketch the main ideas in the proofs of the theorems and highlight the new features in our
approach. The main difficulty in proving the Carleman estimates is the fact that the standard integration
by parts argument, which gives a useful Carleman estimate for scalar equations with Dirichlet boundary
condition [Kenig et al. 2007], results in complicated boundary terms when one is dealing with a system of
equations (see Proposition 4.1). The Fourier analytic methods of [Chung 2015] will be crucial in handling
these boundary terms. We first prove Theorem 2.5 for O-forms (i.e., scalar equations) by adapting the
Euclidean arguments of [Chung 2015] to the manifold case. After an initial estimate for the vectorial
boundary terms in Proposition 4.2, Theorem 2.5 is proved for k-forms by induction on k. The proof
of the Carleman estimates is long and technical, due to the work required to simplify and estimate the
boundary terms.

After proving the Carleman estimates, the construction of CGO solutions proceeds as in the scalar
case [Kenig et al. 2007; Dos Santos Ferreira et al. 2009a] and in the full data Maxwell case [Kenig et al.
2011]. The end result is given in Lemma 7.6. There the amplitude in the solutions is vector-valued, and
later one needs to use the flexibility in choosing the components of this vector. The inverse problem is
solved by inserting the CGO solutions in a standard integral identity, Lemma 8.1. Here an unexpected
feature appears: recovering the matrix potential reduces to inverting mixed Fourier/attenuated geodesic
ray transforms as in the scalar case [Dos Santos Ferreira et al. 2009a], but the components of the matrix
turn out to depend on the geodesic along which they are integrated. We resolve this difficulty when
dim(M) = 3 by making use of ray transforms on tensors of order < 2 and using recent results on tensor
tomography [Paternain et al. 2013]. When the underlying space is Euclidean, we can use classical Fourier
arguments and prove the uniqueness result also when dim(M) > 4.
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3. Notation and identities

As stated before, the basic reference for the following facts on Riemannian geometry is [Taylor 1996].
Let (M, g) be a smooth (= C°°) n-dimensional Riemannian manifold with or without boundary. All
manifolds will be assumed to be oriented. We write (v, w) for the g-inner product of tangent vectors,
and |v| = (v, v)% for the g-norm. If x = (x1,..., x,) are local coordinates and d; are the corresponding
vector fields, we write g;x = (9, d¢) for the metric in these coordinates. The determinant of (g;x) is
denoted by |g|, and (g/%) is the matrix inverse of (gjk)-

We shall sometimes do computations in normal coordinates. These are coordinates x defined in a
neighbourhood of a point p € M™ such that x(p) = 0 and geodesics through p correspond to rays
through the origin in the x-coordinates. The metric in these coordinates satisfies

gik(0) =8k, 0918k (0) =0.

The Einstein convention of summing over repeated upper and lower indices will be used. We convert
vector fields to 1-forms and vice versa by the musical isomorphisms, which are given by

(Xjaj)b = Xk dxk, Xk = gijj,
(o dxk)”zwjaj, w’ =gjka)k.

The set of smooth k-forms on M is denoted by Qk M, and the graded algebra of differential forms is
written as

n
oM =P e m.
k=0
The set of k-forms with L2 or H* coefficients are denoted by L2(M, AKM) and HS (M, A* M), respec-
tively. Here H® for s € R are the usual Sobolev spaces on M. The inner product (-, -) and norm |- |
are extended to forms and more generally tensors on M in the usual way, and we also extend the inner
product (-, -) to complex-valued tensors as a complex bilinear form.

Letd : QXM — Q¥+ M be the exterior derivative, and let * : QM — Q"% M be the Hodge star
operator. We introduce the sesquilinear inner product on Qk M,

(n|;)=/M<n,é>dV=/MnA*é=(*n|*c).

Here dV =x1 = |g|% dx'-.. dx" is the volume form. The codifferential § : Q¥ M — Q*~1 M is defined
as the formal adjoint of d in the inner product on real-valued forms, so that

dn|¢)y=(m|8¢) forne Q% 1M and e Qkm compactly supported and real.
These operators satisfy the following relations on k-forms in M :

ok — (_l)k(n—k), § = (_l)k(n—k)—n+k—1 xd *.
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If X is a vector field, the interior product iy : Q¥ M — QK= M is defined by
ixo(Y1,.... Y1) =o(X, Y1, Y1)

If § is a 1-form then the interior product ig = igs is the formal adjoint of £A in the inner product on
real-valued forms, and on k-forms it has the expression

ig = (—1)"ED x £ A%,
The interior and exterior products interact by the formula
i A B = (iea) A B+ (—D)Fa nigB,

where « is a k-form and B an m-form. In particular if o and £ are 1-forms then

iga AB+anigh=(a)p.
In addition, the differential and codifferential satisfy the product rules

d(fn) =df nn+ fdn. 8(fn) =—iarn+ fén.
The Hodge Laplacian on k-forms is defined by
—A=(d+8)>=ds+6d.

It satisfies Ax = xA. The above quantities may be naturally extended to graded forms.
We will also have to deal with forms that are not compactly supported on M. We have already
introduced the tangential trace t : QM — QJIM by

to—i*w,
so if u is a graded form on M, then tu is a graded form on dM. Then

(tu [ 1v)am

is interpreted in the same manner as (u | v)ps above. If u and v are graded forms on M, we will also
define

(u | v)om =/ (u,v)dS =/ tivu A*x0dS,
oM oM

where dS is the volume form on dM. Now if n € QKM and ¢ € QKM then d and § satisfy the
integration by parts formulas
dnlm =AM + @1 8)m, (3-1)
¢ mm =—Gl I mom + €l dn)m. (3-2)
Note also that
(S Imom = WAN[Dom -

Here v denotes both the unit outer normal of dM and the corresponding 1-form.
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Applying these formulas for the Hodge Laplacian gives
(—Au[v)p = (u | =Av)p + (v A Su | v)ay — (vdu [v)gnr — (vu [ dv)gpr + (v Au | 8v)ap

where u and v are k-forms, or graded forms. We can also redo the integration by parts to write the
boundary terms in terms of absolute and relative boundary conditions, so

(—Au|v)pr =W | —Av)pr 4+ Qu | tivdv)gp +ESxu | tiyxv)gps + ( xu | tivd *v)gpr + (ESu | iy v)gps-

The Levi-Civita connection, defined on tensors in M, is denoted by V and it satisfies Vyx = «Vy.
We will sometimes write V f (where f is any function) for the metric gradient of f, defined by

Vf=df) =g, fo.
If X is a vector field and 7, ¢ are differential forms we have
Vx(MA8) = (Vxn) AE+nA(VxD).
If X, Y are vector fields then
[Vx,iy] =ivyy.

We can also express d using the V operator, as follows: if w is a k-form on M, and X1, ..., X4 are
vector fields on M, then

k+1
do(X1..... XeeD) = Y (DTN (Vx,0) (X1, X X)),
=1
where X ; means that we omit the X; argument. Moreover if eq, ..., e, are an orthonormal frame of TM

defined in a neighbourhood U C M we have
n
—dw = Z le; Ve, w.
j=1
For the statements of the Carleman estimates, we introduced the notation
U =Nb/\iNu and yy=u—ug,

where N is a smooth vector field which coincides with the inward pointing normal vector field at the
boundary 0M, and is extended into M by parallel transport. Note that iyuy=0, N Au;=0,andtu; =0
at dM. In addition, if ¥ and v are graded forms on M, then

(tu | tv)gpr = Cun | tv)anr = (ui | vi)om
and

(tinu|tiyv)opy = (tiyuy [tinvi)op = (UL | v1)om-

If X is a vector field, we can break down X into parallel and perpendicular components in the same way
by using (X III’)1¢ and (Xi)ﬁ. The L and |l signs are interchanged by the Hodge star operator:

*(uy) = (xu)L  and  * (u1) = (xu)).
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Note that by its definition in terms of parallel transport, Vy N = 0. Thus Vy commutes with N A and iy .

If we view dM as a submanifold embedded into M, then TM splits into 70M & NIM, where
T oM is the tangent bundle of 0M and N dM is the normal bundle. Then the second fundamental form
Il :TOM & TOM — NOM of OM relative to this embedding is defined by

IHH(X,Y)=(VxY | N)N.
The second fundamental form can also be defined in terms of the shape operator s : ToM — T dM by

s(X) = VxN.
Then
H(X,Y)=(s(X)|Y)N.

These two operators carry information about the shape of the dM in M, and thus show up in our boundary
computations.

Now we move to some more specific technical formulas used in the paper. The proofs involve routine
computations and are omitted, but interested readers may find the proofs in the arXiv version of this paper
[Chung et al. 2013, Appendix]. We begin with a simple computation.

Lemma 3.1. If £ and n are real-valued 1-forms on M and if u is a k-form, then
Enigpu+igmAu)+nAigu+in(§E Au) =2, nu.
We also give an expression for the conjugated Laplacian.

Lemma 3.2. Let (M, g) be an oriented Riemannian manifold, let p € C*(M) be a complex-valued
function, and let s be a complex number. If u is a k-form on M, then

P (—=A)(e™*Pu) = —s?(dp, dp)u + 5[2Vgrad(p) + Aplu — Au.
Next, an expansion for the expression #4.
Lemma 3.3. Letu € Q¥(M). Then
—t(8u) = —8"tuy+ (S — (n — Dr)tiyuy +tVyiyu,

where k is the mean curvature of M, and S : Q¥ (OM) — QK=1(dM) is defined by

k—1
So(X1..... X—1) =Y _oX1.....sX¢. ... Xp_y),
=1

with s : TOM — T OM being the shape operator of oM.
Now for tiyd.
Lemma 3.4. Letu € Q¥(M). Then on M,

tiydu = tVyuy+ Stuy—d'tiyu.
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We also need an expansion for ¢6B, where B is the operator
h ) . h
= l—[d Oigy, tidgp.0d —doc NS§—8(doc A -)]: ?[ZVW,C + Age].

Lemma 3.5. If u € Q% (M) is such that tu = 0, then
t8Bu = §'tBu + 2ihVEV%)"tVNiNu —2ihd,@ct VN Vninu
+ ih(2((n — Dk —8)0ypc + 282(pc + A(pc)tVNzNu +2ih(S —(n— I)K)tV(W,L)"lNu
+ ih((S —(n—Dr)Apc + VNA(pc)nNu
+2ihtin R(N, V(ge)Du1 + 2ihtV[(V¢,c)",N]iNu — Zihis(v(pc)"tVNu".
Finally, we will need to do a computation to split the Hodge Laplacian into normal and tangential parts.
To do this, we will take advantage of a Weitzenbdck identity, which says
A=A+R,

where R is a zeroth-order linear operator depending only on the curvature of M, A is the Hodge Laplacian,
and A is the connection Laplacian:

Au = V*Vu.
We then have the following result for A.

Lemma 3.6. Let u € Q% (M) satisfy tu = 0. Then
l‘l'NAu = A/l‘iNu +tVyVyiyu + tr(sz)iNu —SHinu,

where Sow(X1, ..., Xk—1) —Zl_la) 82X, ).

4. Carleman estimates and boundary terms

As noted in the Introduction, Theorem 2.4 follows from Theorem 2.5, so it enough to show that we can
prove Theorem 2.5.

In proving the Carleman estimates, it will suffice to work with smooth sections of AM and apply a
density argument to get the final result. Let QX (M) denote the space of smooth sections of A¥ M, and
Q(M) denote the space of smooth sections of AM.

In this section we give an initial form of the Carleman estimates by using an integration by parts
argument as in [Kenig et al. 2007]. To do this, we will first need to understand the relevant boundary
terms. We will use the integration by parts formulas

(du vy =V Au|v)gy + (u | 8v)m, (4-1)
(Su | v)p = —(vu | v)opy + (u | dv)y (4-2)

for u,v € Q(M).
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As in [Kenig et al. 2007], we will need to work with the convexified weight

h 2

Yc=¢+ 2_(;;
Then

—Ay, =€ (=h2N)e™ T .
Writing
dp, = e hde™ % =hd —dgcn,
e =€ hSe™H =h8+ig,,,

we have

—Ap =dy bp. +8p.dy, -
By Lemma 3.2 we can write this as A + i B, where A and B are self-adjoint operators given by
A=—h*A—(dpc Nigg, +idg, (doc A ) =—h*A—|dec |,
B = lﬁ[d Oigp, +idg, 0d —dpe N§—8(dpc A +)] = ?[WV% + Age].
Let || - || indicate the L2 norm on M, unless otherwise stated. Then, for u € Q¥ (M),
|Apul* = ((A+iB)u | (A +iB)u) = | Au|® + || Bu||* +i(Bu | Au) —i(Au | Bu).
Integrating by parts gives
(Bu | Au) = (Bu { h2dsu +h28du—|d(pc|2u)
= (hdBu | hdu) + (héBu | héu) — (|d<pc|2Bu u) + h(Bu | vAhSu—iyhdu)yy
= (ABu | u) +h(hdBu | vAu)gpy —h(hdBu | ivu)gps + h(Bu | v AhSu—iyhdu)yy

and after a short computation

2h
(Au | Bu) = (BAu |u) — —((@vgpc) Au [u)ap-
This finishes the basic integration by parts argument and shows the following:
Proposition 4.1. If u € QM, then
1Agul® = | Aul|® + || Bul® + G [A, Blu | u) +ih(hdBu | v Au)an
—ih(héBu | iyu)gp +ih(Bu | vAhSu—iyhdu)gps +2h((0y@c) Au | u)gpr.  (4-3)
Now we invoke the absolute boundary conditions to estimate the nonboundary terms and to simplify
the boundary terms in (4-3). It is enough to consider differential forms u € Q% (M) for fixed k.
Proposition 4.2. Let u € Q¥ (M) such that
txu =0,
(4-4)
thd xu = —tigy, *u+hotiy *u

for some smooth bounded endomorphism o whose bounds are uniform in h.
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Then the nonboundary terms in (4-3) satisfy

. h? h3
Al Bl + LA, BT ) 2 = 31 gy = — (001 gy + 1IN ) 5)

for h € ¢ K 1. Also, the boundary terms in (4-3) have the form

21y Vnvu | Vvus)an —2h(up(ldel? +10vePun | u) o, + R. (4-6)

where
3

h h
[R| < Kh3||Vtul| 55, + ElluullﬁM + EIIVlelﬁM
for any large enough K independent of h.

Proof of Proposition 4.2. We will prove (4-5) first. The argument follows the one given in [Chung 2015]
for scalar functions.

Note that A and B have the same scalar principal symbols as they do for O-forms: that is, given a local
basis dx1,...,dx™ for the cotangent space with dx! =dx" Ao Adxik,

A=As+hE;,  As(fdx') = (Af)dx’,
and

B = Bg+hEy, Bs(fdx')=(Bf)dx?,

where £ and Ey are first- and zeroth-order operators, respectively, with uniform bounds in / and ¢.
Therefore locally

[4, B](fdx") = (A, B f)dx" + h([E1, Bs] + [As, Eo] + hR)(fdx"),

where R is a first-order operator with uniform bounds in /2 and . Choosing a partition of unity y1,..., ym
of M such that this operation can be performed near each supp(y;), the argument for scalar functions in
the proof of Proposition 3.1 from [Chung 2015] implies

m 2
i([A. Blu|u) =) i([A Blu| xju) = 4%”(1 +he  o)ul)2, + h(BBBu | u) + h*(Qu | u),
j=1

where QO is a second-order operator. Recall that
h
B = 7(d Oigg, tidyp.0d —dpc NS—(dpc N ))
i

so using integration by parts with the above formula, we get
h(BBBu | u) = h(BBu | Bu) —ih*(ivBBu | igy,w)aps — ih*(v Nigy, BBU | U)ap
—ih?*(v ABBu | dpe Au)gys — ih* (i (dpe ABBu) | u)gpy
= h(BBu | Bu) —ih*(d@c AivBBu | u)aps —ih* (v Nigy. BBU | u)aps
—ih?(igp,v ABBu | w)apg — ih*(iv(d@e ABBU) | u)ap -
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By Lemma 3.1 we obtain
h(BBBu | u) = h(BBu | Bu) —2ih*(d,¢cBBu | u)aps .
The absolute boundary condition says that # x u = 0, so u# = 0 at the boundary. Therefore
h(BBBu | u) = h(BBu | Bu) —2ih*(dypc fBu | wy)aps = h(BBu | Bu) —2ih*(tdypc fBu | tuy)an -

The boundary term in the last expression is bounded by

he! ”tBu”]zJZ(aM) + he! ||M||||1242(3M)~
At the boundary,

h h
tBu = ?I[ZVV(/,C + Apclu = ?[—28v(pctVNu|| —20y@ctVyuy + ZZ‘V(V%)HMH + A(pcl‘u"],
SO
le Bul|7 < lleh Vvl +thVyuL |} +thV 17 +h2 ||ty 7
Ulir2m) ~ NUIL2(91) NULIL20M) (Ve Uil L2 3ar) Uil Z2amr)
< ||[thuII||1%2(3M) + ”tthuJ_H]zJZ(aM) + ||u||||%11(3M)~

Now by Lemma 3.4,

tiyhdu = thVyuy+ hStuy—hd'tiyu.

Since t xu = 0, we have i yu,u | = 0 at the boundary, and thus

tinhdu = thVyuy+ hStu.

Therefore
”thVNuII”iz(aM) < ||tithu||iZ(3M) + hz””ll”iZ(aM)

< ltin * (08 %10) 123 gpgy + 1200122000,
< |lehé xu ||]%2(3M) + hz”“ll”iz(aM)
5 ”u”%}(aM),

where in the last step we invoked the absolute boundary condition. Therefore

16 Bu 2 ongy < NRVNL 2200y + a1l oagy-

and thus
h? 2 h 2 h? 2
h(BBBu |u) < ?”BMHLZ + ?HMIIHHI((')M) + ?”hVNuJ_“LZ(aM)-
Similarly
12(Qu | u) S h2 2y + 12 el 21 gy + 2N VNL I a1
Therefore

) h? h? _ _
(AL Bl )2 22 = = Bl = 12l = he ™ el gpgy = 26 AN UL 250
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Meanwhile, since ¢t * u = 0 on dM we can write
h2([hdull3, + [|hull7 ) = h*((hd *u, hd xu) + (h8 *u, h§ x u))
= h2(=h? Asu | *u) — 13 (v ARSsu | *u)gpy
= 12 (Au | u) + W2 (|dge)u | u) — h> (v ARS*u | %u)py
= h2(Au | u) + B2 (|dge|u | u) + h3 (thSu | tinu)ypy.
Using the absolute boundary conditions again, we have
thd xu = —tigy,*u +hotiy xu

= dy@tiy *u + hotiy *u,
)

1 .
R ([hdull}, + [|hdull72) < fIIAulliz + KhHul 7> + B2 ull7 > + R Ntin * ull 220
or
lAulZ> 2 Kh2(|hdull7s + |h8ullFo) = K*h* [ull7> — Kh*|ull 7o — KRl 7 gpy -

~

We take K ~ % with « large and fixed. Putting this together with the inequality for (i [4, B]u | u) and
Gaffney’s inequality |u| g1 ~ ||ullz2 + |hdul|z2 + ||héul| ;2 when ¢ * u = 0, we obtain

. h? _
Al + Bl + GLA. Bl | ) 2 =l = 0™ (lualys goary + 15V L1 000))

for h < & <« 1. This proves (4-5).
We will now show the expression (4-6) for the boundary terms in (4-3). Recall that these boundary
terms are given by

ih(hdBu |vAu)gpr —ih(h6Bu |iyu)gpy +ih(Bu | vAhSu—iyhdu)gpy +2h((0y@c)Au | u)gar. (4-7)
Note that
ih(hdB*u|vAxu)gp—ih(h6B*u|iy*u)gp +ih(Bxu|vAhSxu—iyhd *u)gps +2h((0p@c) Axu | *u)gpy

=ih(hdBu |vAu)ypy—ih(héBu |iyu)gpr+ih(Bu | vAhSu—iyhdu)gpr +2h((0v@c) Au | u)ypy .

Moreover, if u satisfies the absolute boundary conditions (4-4), then *xu satisfies the relative boundary

conditions
tu =0,
(4-3)
théu = —tigou + hotiyu,

and vice versa. Therefore it suffices to prove that if u satisfies (4-8) then the boundary terms (4-7) become

=213 @y Vvun | Vvun)asr — 2k (0ve(|de> +10v@*)uL | ui)y,, + R, (4-9)
where
3 /s 2 h 2 h3 2
RIS Kn?|Vitinullgpy + 2w sliaar + 5 Vviilaa (4-10)

for any large enough K independent of /.
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So let’s return to (4-7), and assume u satisfies (4-8). The condition fu = O implies the first term
ih(hdBu | v Au)ypy is zero. Therefore we are left with

—ih(héBu | iyu)gpr +ih(Bu | v AhSu)gp —ih(Bu | iyhdu)gps + 2h((0ypc) Au | u)gps -

We calculate each of the terms individually.

Firstly,
ih(Bu | vAhSu)gpyy =ih(Bu | vARSu))opm
= —ih(iy Bu | h(Su)1)ypm
=—ih(tiyBu|théu)yp.
Now
h
Bu = lf(ZVv(pC + Apc)u,
o)
. h .
tiyBu = thlN(2V(V(pC)" —20y¢:.VN + A(pc)u
h . . .
= ?(2V(V(p0)”t1N — 28,9t VNIN + 1 Agcin)u.
Therefore,

—ih(tiy Bu | théu)yp
=2h(dy@cthVyiyu | théu)yy —2h(hV(V¢,C)"tiNu | th8u)aps — h?(t Ageinu | théu)apy.

Now if théulapy = —tigou + hotiyu and tu = 0, then
théulgyr = 0y + ho)tiyu. (4-11)
Therefore
—ih(tiyBu | th(Su))gpy = 2h(8v(pcthVNiNu ‘ (8v<p+ho)tiNu)aM
—2h(hV (v tinu | (Qup +ho)tinu) sy,
—h*(tAgeinu | (dpg+ho)tinu)y,, .
Moreover, by Lemma 3.3,

th(8u) = h8'tuy+ h((n — )k — S)tiyuy —thVyiyu.

Since tu =0,
th(éu) =h((n — Dk —S)tiyuy —thVyiyu.

Substituting this into (4-11) gives

thVyinu = (=dvg —ho +h(n — D)k —hS)tiyu. (4-12)
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Therefore
—ih(tiy Bu | th(§u))ap = —2h(dv@c(dvp +ho—h(n—1)k +hS)tiyu ! (8,,(,0+h0)tiNu)aM
—2h(hV(V(pc)"tiNu ! (av(p—l—ho)tiNu)aM
—h*(tAgcinu | (9 +ho)tinu)y,, .

We can write this as

ih(Bu | v ARSu)gpr = —2h(dveldve|*tinu | tinu)y,, + Ra. (4-13)

where R, satisfies the bound on R in (4-10).

Secondly,

—ih(Bu | iyhdu)ap = ih((Bu)y | inhdu)yp
=ih(t(Bu)|tinhdu)ypy.
By Lemma 3.4,
tiyhdu = thVyuy+ hStuy—hd'tiyu,
soif tu =0,
tinhdu = thVyu,—hd'tiyu.

Therefore

—ih(Bu | ivhdu)aps = ih(tBu | thVyuy—hd'tiyu),,,.

Expanding B, this becomes

h(th(—28v<pcVNu —I—ZV(W,C)"u + (Agoc)u) ‘ thVNu"—hd/tiNu)

oM *
Since tu = 0, the last expression is equal to
—21(3v@cthVyu—thV (g, u | thVyuy—hd'tinu),,,. (4-14)
The
—2h(vpcthVyuy | —hd'tiyu)an
part has the same type of bound as in (4-10), so
—ih(Bu | ivhdu)apyy = —2h(0v@cthVnuy | thVyuy)as + R3, (4-15)

where R3 has the same bound as in (4-10).
Thirdly,

ih(héBu | iyu)apr = ih(h(SBu)y | ivu)am
— —ih(ht(8Bu) | tinu)gy .-
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By Lemma 3.5,
ht8Bu = hd'tBu+2ih*V (g, (VNiNu=2ih*dypct VN VNiNu
+ih* (2((n—1)k—8)dypc+205 0+ Ape )1 Vyinu
+2ih* (S—(n—=1))1 V(g inu+ih* (S—(n—1)k) Ape+Vn Age ) tinu
+2ih2tin R(N, V(@) L+2i R V(7. NN U=2ih2i5 ()t VN U

The terms on the last two lines, when paired with i itiyu, are bounded by (4-10).
Moreover, using the boundary conditions in the form of equation (4-12) on the

R ((2((n =1k —8)dp@e +2050c + Age )t Vninu | tinu),,

term shows that this too is bounded by (4-10). Therefore we need only worry about the first three terms.
For the —ih(hé't Bu | tiyu) term, we can integrate by parts to get

—ih(tBu | hd'tiyu)gps = —2h(ht Vg u+3hAgctu | hd'tinu) .
Since tu = 0, we get
ih(tBu | hd'tinu)gpy = 2h(htVygu | hd'tinu)gp -

Now

1V ()t = 1VV(pey L +1VV(pe) Ui
since tu = (. Therefore
|ih(tBu | hd'tinw)ape| < KRV tinu|3y, + KR lu )55, + K|V,

and so this term is bounded by (4-10).

For the 2h3(VEV(pc)"tVNiNu ‘ tiy u)aM term, we can use equation (4-12) to get

2h3(VEV%)"ZVNiNM ‘ tiNu)aM = —2h2(VEV%)"(—8v(p—h0+h(n—l)K—hS)tiNu ‘ tiNu)aM.
and then use Cauchy—Schwarz, so this term is bounded by (4-10) too. Therefore

—ih(h8Bu | iyu)apr = 20> Byt VN Vvinu | tiyu)z,, + Ri. (4-16)

where R; is bounded by (4-10).
Finally,
2h((Bvpe) Au | u)aps = 2h((dvpe) Aut | u L)y,
= 2h((Bve) (Au) 1 | UL) gy
= 2h((8v(pc)ziNAu ! tiNu)aM

because of the boundary condition tu = 0. Now 4 = —h%A — |dg.|?, so

2h((8v(pc)ziNAu | ziNu)aM = —2h((8v(pc)h2tiNAu ‘ fiNM)aM —2h((8v<pc)|d<pc|2ti1vu ‘ tiNu)aM.
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Using the Weitzenbock identity, we can write —2h((3v<pc)h2ti NAu | tin u) W
—2h((8v<pc)hztiNAu ‘ tiNu)aM + 2h((3v<pc)h2RziNu ’ tiNu)aM.
The second term is bounded by (4-10). For the first term, we can apply Lemma 3.6 to get
—2h ((8v<pc)h2tVNVNiNu ’tiNu)aM—2h((8v(pc)h2A'tiNu!tiNu)aM+h3(tr(sz)iNu—SziNu ‘tiNu)aM,

where Sow(X1,..., Xp_1) = Z;:ll w(...,s2X;,...). The last term is bounded again by (4-10) and
we can integrate by parts in the A’ part to get something bounded by (4-10) as well. Therefore

2h((3ype) Au | u)ans = —2h((vpe)ldoc[Ptinu | tinu) gy, —2h((0vpe)h*tVn Vninu | tinu)y,, + Ra,

where R4 is bounded by (4-10).
Now putting this together with (4-13), (4-15), and (4-16), we get that the boundary terms in (4-3) have
the form

—2h(8v<p|8v<p|2ti]vu ‘ tiNu)aM—2h(8v<pcthVNu" ‘ thVNu")aM—|—2h3(8v<pctVNVNiNu ‘ tivu)aM
—2h((dvge)ldec|*tinu | tiNu)aM—2h((8vgoc)h2tVNVNiNu | tiNu) g +R.
The :i:2h3(8v<pctVN VNinu ! tivu)aM terms cancel, leaving us with
—2h(3yp|dvePtinu | tinu)yy,—2h(0v@ct hVn | thVNun) 3y, —20((Ovpe)ldec | *tinu | tinu) 5, +R.
We can replace ¢, by ¢ and incorporate the error into R, without affecting the bound on R, to get
—2h(3yp|dvePtinu | tinu)yy, —2h(0v@thVnuy | thVNw) 9y, — 20 (0velde*tinu | tinu) gy, + R

and the proposition follows. O

5. The 0-form case

We will now prove Theorem 2.5 in the O-form case. In the case where (M, g) is a domain in Euclidean
space, Theorem 2.5 for O-forms is the Carleman estimate given in [Chung 2015, Theorem 1.3]. In this
section we will deal with the added complication of being on a CTA manifold, rather than in Euclidean
space. Most of the ideas are from [Chung 2015] with necessary modifications added to adapt to the
manifold case.

If u is a zero form, then iyu =0, so u; = 0 and ¥ = u. Theorem 2.5 reduces to the estimate

1
I(=Ay + 1> Q)ullL2ary 2 hllull g1 ary + 12 lenll ez rs )y (5-1)

where O € L®(M) and 0 < h < hg, for functions u € H?(M) with ulr, = 0 to first order and
ha, (e_% u) = hoe™%u on IS . By arguing as in the beginning of Section 6 below, the estimate (5-1)
will be a consequence of the following proposition.
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Proposition 5.1. Suppose u is a function in H? (M) which satisfies the following boundary conditions:
u,dpu =0 on I'y,

(5-2)
hav(e_%u) — hoe hu on rs

for some smooth function o independent of h.
Then

1 3
h2 |V ull 2wy S I Ageull2any + hllullman + A2 lullz2 s )

We will prove this proposition in the case where the metric g has the form g = e & go. However, if g
were of the form g = c(e & go), we could write

—Yc
h

Yc.
IAg ullz 2y = 1177 Acemgore™ " ull2aan

2 $c __9Yc
2 Nnten Deggoe™ mullp2ary — hllull g ary- (5-3)
Therefore the proposition remains true even in the case when the conformal factor is not constant. More

generally, the proofs of the Carleman estimates work for any smooth conformal factor, and thus as noted
earlier, the Carleman estimates hold on CTA manifolds in general.

The operators. Here we introduce the operators we will use in the proof of Proposition 5.1. Similar

operators are found in [Chung 2014; 2015]. Suppose F(£) is a complex-valued function on R”~1, with the

properties that | F(£)[,Re F(§) ~ 1 + [£]. Fix coordinates (x1,x") on R”", and define R} to be the subset

of R" with x1 > 0. Define S(R}) as the set of restrictions to R”, of Schwartz functions on R". Finally, if

u € S(R), then define #(x1, £) to be the semiclassical Fourier transform of u in the x” variables only.
Now for u € S(R” ), define J by

Tu(xi,€) = (F(€) + hdy)i(x1, §).
This has adjoint J* defined by
T*u(x1, §) = (F(€) —hd)a(x1, £).

These operators have right inverses given by

1 1 [*. F(g)=2L
J u= 7 ut,&)e A dt,
0

1 1 o Fe)yX—t
JTT u= 7 ut, &e hdt.
x1

Now we have the following boundedness result, given in [Chung 2015].

Lemma 5.2. The operators J, J*, J 1 and J*71, initially defined on S([R{’_"_), extend to bounded
operators
J,J* HY(RY) — L*(RY),
JTLINLARY) — HY(RY).

Moreover, these extensions for J* and J*~1 are isomorphisms.
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Note that similar mapping properties hold between H ! (R ) and H 2([R§’_L), by the same reasoning.

We’ll record the other operator fact from [Chung 2015] here, too.

Let m, k € Z, with m, k > 0. Suppose a(x, £, y) are smooth functions on R?~1 x R*~! x R that satisfy
the bounds

9808 0)a(x, & y)| < Cop(1+[£)™ 1™

for all multiindices @ and B, and for 0 < j < k. In other words, each Bf;a(x, &, y) is a symbol on Rr—1
of order m, with bounds uniform in y, for 0 < j < k. Then we can define an operator A on Schwartz
functions in R” by applying the pseudodifferential operator on R*~! with symbol a(x, &, y), defined by
the Kohn—Nirenberg quantization, to f(x, y) for each fixed y.

Lemma 5.3. If A is as above, then A extends to a bounded operator from HKt™(R?) 10 H* (R™).

The graph case. Suppose f : My — R is smooth. In this section, we’ll examine the case where M lies
in the set {x; > f(x')} and T'{ lies in the graph {x; = f(x')}. For this section we’ll make two additional
assumptions on f and M.

First, we’ll assume g¢ is nearly constant; that is, there exists a choice of coordinates on the subset
P (M) which consists of the projection of M onto Mj such that when represented in these coordinates,

lgo—11<6

on P(M), where § is a positive constant to be chosen later.
Second, we’ll assume f is such that Vg, f is nearly constant on P (M ); that is, there exists a constant
vector field K on T My such that
Voo S = Klgo < 6.

where § is the same constant from above. The choice of § will depend ultimately only on K. In the next
subsection we’ll see how to remove these two assumptions.

Now we can do the change of variables (x1,x’) = (x; — f(x'), x’). Define M’ and fﬁr to be the
images of M and Ty respectively under this map. Note that {x; > f(x’)} maps to (0, 00) x My, and I"{
maps to a subset of 0 x M. Observe that in the new coordinates, ¢(x) = x1 + f(x').

Now it suffices to prove the following proposition.

Proposition 5.4. Suppose w € H2(M'), and
w,d,w =0 on f‘ﬁr,
W+ Vg, f -hVgow —how (5-4)
1+ [Vg, f? ’

where o is smooth and bounded on M'. Then

1 ~/ 3
h2 ”hvgow”LZ(ch_') < ”E(p,ew”LZ(M/) +h||w”H1(M/) +h2 ||w||L2(f:’z_f),
where
Lo o= (14 Vg [N —2(a + Vg f -hVgo)hdy + 2 + 2 A
©,& 0] 1 £0 g0 1 g0

ando =1+ %(xl + f(x')). Note that on M', we know « is very close o 1.
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This proposition implies Proposition 5.1 in the graph case described above.

Proof of Proposition 5.1 in the graph case. Suppose u € H?(M), and u satisfies (5-2). Let w be the
function on M defined by w(x1, x’) = u(x; + f(x),x’). Then w € H2(M’), and w satisfies (5-4).
Therefore by Proposition 5.4,
1 ~/ 3
WAV w2y S WEg el + Il iy + 3 10l o ey

Now by a change of variables,

lullz2qre ) = ||w||Lz(f$),

HMHHI(M) = ”w”Hl(A}/)’
and

1V ull sy = 1 Vo w2 o)

Moreover,

(Z(;,aw)(xl - f(x,), x/) = E(p,s(u(xl, x/)) +hEju(xy, x/),

where E is a first-order semiclassical differential operator. Therefore by a change of variables,

~
I£g.ewll 2057y S N Lo.cttllL2ary + 2llell 1 any-

Putting this all together gives
1 3
h2|hVgoull2rey S 1£g.ettlli2any +Alull g oany + 12 [l 2(re)- O

We can do a second change of variables to move to Euclidean space. By our assumption on My, we
can choose coordinates on P(M’) = P (M) such that

lgo—1]=<86.

Now we have a change of variables giving a map from P(M ') to a subset of R*~!, and hence a map
from M’ to a subset of R’ where the image of ff,_ lies in the plane x; = 0. Let M and f’+ be the images
of M’ and F; respectively under this map. We’ll use the notation (x1, x”) to describe points in R”, where
now x’ ranges over R”~!. Now it suffices to prove the following proposition.

Proposition 5.5. Suppose w € H 2(M ), and

w,d,w =0 on f+,
w+ B-hVyw—how (5-5)
L+ yl? ’

haywh”“gr =

where o is smooth and bounded on M, and B and y are a vector-valued and scalar-valued function,
respectively, which coincide with the coordinate representations of Vg, f and |V, f |g,- Then

1 ~ 3
h2 ||hvx/w||L2(fgr) < ||£rp,8w||L2(1\7j) + h”w”Hl(](/j) +h2 ”w”LZ(fﬁr)’
where
Foe=(1+|y)h29? - ) 2, 12
0.8 = YIH)h?07 —2(e + B+ hVx)hdy +a” + h°L,
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and L is the second-order differential operator in the x'-variables given by
L=glo;0;.

Proposition 5.4 can be obtained from Proposition 5.5 in the same manner as before, with errors
from the change of variables being absorbed into the appropriate terms. Therefore it suffices to prove
Proposition 5.5.

To do this, we’ll split w into small and large frequency parts, using a Fourier transform. Recall that we
are assuming

IVegof —Klgo <6.

Translating down to M, and recalling that g is nearly the identity, we get that there is a constant vector
field K on M such that
IB—K|=Cs and [y—|K||=Cs,

where Cg goes to zero as § goes to zero. Now choose my > m1 > 0 and p; and p, such that
K| 1 K|

—<M1<,u2<§—|——<1.
V1+ K| 24/1+ K2

The eventual choice of (1; and m; will depend only on K.

Define p € Cg§°(R") such that p(§) = 1 if [§] < u1 and |K - €| < my, and p(§) = 0 if |£] > py or
K €| > ms. ~ B

Now suppose w € C°°(M) such that w = 0 in a neighbourhood of ', and w satisfies (5-5). We can
extend w by zero to the rest of R’ . Then w € S(R” ), and we can write our desired estimate as

1 ~ 3
h?2 ||w||H1(3Rrer) SlLoewllrz@e) +hllwl i@y + 22 lwlL2prn)-

Recall that W(x1, §) is the semiclassical Fourier transform of w in the x’-directions, and define wg
and wy by Wy = pw and Wy = (1 — p)w, so w = wg + wy.
Now we can address each of these parts separately.

Proposition 5.6. Suppose w is as above. There exist choices of my1, ma, 1, and L2, depending only
on K, such that if § is small enough,

1 ~ 3
h2 lws|l g1 (or) < 1£gewllL2@ey +Allwlgr @y + 72wl L2rm -

Before proceeding to the proof, let’s make some definitions. If V € R”~! and a € R, define A4 (a, V, £)
by

1+iV-E£ /A +iV-£)2—(1+a?)(1—|&]?)

In other words, A+ (a, V, &) are defined to be the roots of the polynomial

A+ aHX? =200 +iV-EX + (1 —|E).
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In the definition, we’ll choose the branch of the square root which has nonnegative real part, so the branch
cut occurs on the negative real axis.

Proof. Now consider the behaviour of Ai(|IZ [, K, £€) on the support of p, or equivalently, on the support
of ws. If n > 0, we can choose (5 such that on the support of Wy,

L= +[KP)(~1E2) <n.
Then on the support of Wy, the expression
(1+iK-6)° =1+ [KP)(1~[§7)
has real part confined to the interval [—E 2 m% n 4+ m%], and imaginary part confined to the interval

[—2m3, 2m5]. Therefore, by correct choice of 1 and m5, we can ensure

A+(K|, K —
Red= (K| K. > e

on the support of wg. This allows us to fix the choice of w1, w2, m1, and m,. Note that the choices
depend only on K, as promised.

The bounds on Ai(|g|, K, &) allow us to choose F so that Fi = Ai(|1€|, K, ) on the support
of Wy, and ReFy, | F1| >~ 1+ |&] on R”, with constant depending only on K. Therefore F; and F_ both
satisfy the conditions on F' in Section 2. If Ty, represents the operator with Fourier multiplier ¥ (in the
x’-variables), then it follows that the operators 79, — T . and hdy — Tr_ both have the properties of J*
in that section.

Up until now, the operator Z(p,g has only been applied to functions supported in M. However, we can
extend the coefficients of Z(p,g to R’ while retaining the |8 — K| < Cs and ’)/ — K || < Cs conditions.
Then

1Zg.cwslizagy) = [ ((A+1y P20 —2(+B-hVx)hdy +a® +h> L)ws | L2
> [((1+]K1P)h202=2(1+ K-hVx)hdy +1+h* A )wg |}L2(R1)—C8||Ws||m(m>
for sufficiently small # and some Cg which goes to zero as § goes to zero. Meanwhile,
(1+ K1) (hdy = Tr, ) (hdy = Tr_)ws = (1 + | K1} (18] — Tr, r_hdy + Tr, r_)w;.
Since Fy = A+ (K, K, €) on the support of Wy, this can be written as
(1+|K?)(h?03 = Tay 1 a_hdy + Tay 4 )ws = ((1+|K[HR?92 —2(1 + K-hVx)hdy + 1 +h> Ay )w.
Therefore
1Zg.ewsllzany = | (hdy = T, ) (hdy = Trows | 2y ) = Cs lws e,
Now by the boundedness properties,

” (hay — TF+)(h3y — TF_)ws HLZ(IRﬁ_) = ”ws ||H2(R1)’
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so for small enough 4,
||£<p 8WS||L2(R” ) <~ ||U)S||H2(R” )
Then by the semiclassical trace formula,
”ﬁ(/—’ eWs ”LZ(R” ) =~ h | ws “Hl(aR”
Finally, note that
||£¢,sws||L2(R”+) = ||£w,spr||L2(R1)
2\—15%
<N+ Ep e Towll2gan)
2\—17
ST (1 +y[%) Ecp,sw||L2(|R1) + ”hElw“Lz(R’jr),

where 1 E1 comes from the commutator of 7, and (1 + |y|2)_1£~(p,8. By Lemma 5.3, E is bounded
from H'! (R"}) to LZ(R ), so

IIZ(p,swsllLZ(m) < ||Z¢,8wI|L2(R1) +hlwl g ey
Therefore
”‘Cvi Ew”LZ(IR” ) + h”w”Hl(R” ) ~ =~ h2 ”wSHI'.Il(a[Ri)
as desired. O

Now we have to deal with the large frequency term.

Proposition 5.7. Suppose w is the extension by zero to R’} of a function in C °°(1\7I ) which is 0 in a
neighbourhood of Ty, and satisfies (5-5), and let wy be defined as above. Then if § is small enough,

1 ~ 3
h2well g oy S N1Co.ew 2@y + AWl gty + 2 [wllz2my )

Proof. Suppose V € R". Recall that we defined

1+iV-E£ (1 +iV-6)2—(1+al®)(1—E]?)

Ax(a, V€)= T |aP

so A1 (a,V,§&) are roots of the polynomial
(1+1al>)X?=2(1+iV-)X + (1—[g*).

Now let’s define

a+iVEE @iV 82— (1 +laP) e — gl &&)

&
b V’ =
1@ V.9 1+ [a]?

so A% (V. &) are the roots of the polynomial

(+aHX2 =2 +iV-E)X + (@* - g§ &:¢)).
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(Recall that « is defined by o = 1 4 %(xl + f(x’ )).) Again we’ll use the branch of the square root with
nonnegative real part.
Now set ¢ € COOO([R{”_I) to be a smooth cutoff function such that ¢ = 1 if

K| 1

et 5,
V 1+ |K?

R-gl<im and g <2

and £ = 0if |[K-£| = my or [§] = 1.
Now define
Gi(a,V.§)=(1-0Ax(@,V.§)+¢
and

Gi(@.V.§)=(1-0)A%@.V.§) + ¢

Consider the singular support of A% (y, B,&). These are smooth as functions of x and & except when
the argument of the square root falls on the nonpositive real axis. This occurs when §-& = 0 and

2 2
eg < 2V

Now for § sufficiently small, depending on K, this does not occur on the support of 1 —¢. Therefore

Gi(.B.5) =(U-DAL(.B.E) +¢

are smooth, and one can check that they are symbols of first order on R”.
Then by properties of pseudodifferential operators,

A+ Y12 (hdy = Tgs ,8.6) (hdy — TGz (7,8,))
= (L+1yP)(h?3] = T5 (r.8.6)+G2 08,01y + 165 (1,8.6G= (r8.6) + hE1.
where Ej is bounded from H! (IR{’_’,_H) to Lz([Rif"_H). This last line can be written out as
(14 [y[)h*0; —2(a + B-hV)hdy Ty ¢ Tiqg + (@ + B> L)T(y_¢y2 + hE1 + T2 —2h0, Ty
by modifying E as necessary. Now Tzwy = 0, so

(1 + Iy ?)(hdy — Tz ,8.6) (hdy = TGe (y,8.6)We = Lo,swe —hE1wy.
Therefore

I1£g.cwe ”L%R’jjl) ~ H (hdy — TGi(y,B,S))(hay —TGe (r,8.6)We HLZ(RT‘) —hllwell gy ®1h:

Now
G%.(y, B.5) = G+(IK|, K. &) + (G (v, B. &) — G+ (K|, K, £)),
and

T6s (r.8.6-61(RLR 9
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involves multiplication by functions bounded by O(9), so

1765 0..60-61 81L& &)V lL2@itty S 8Vl gty
Therefore

1£6,ewe ||L2(R1+1) 2 “ (hdy — TG+(|E|,E,5))(h3y — TG (v,8,6)We ”Lz(R’_’ﬁl)
= hlwell sy = 811y = T 1,8, )Wel gyt
Now we can check that G4 (| K|, K, £) satisfies the necessary properties of F from this section, so
||Z¢,8w€||L2(R"++1) 2 (hdy — TGE_(V,ﬂ,E))w€||H1(R"++1) - h”we”Hl([R’f'l)
—08[(hdy = Tge (rp.e)Well g 1y
Then for small enough 4,
||Z(p,ewe||L2(Rr_;_+l) R Nhdy = Tge grpe)well gty = hllwell g oy

1
 h2|(hdy = Tge v.p.6)wellL2@y) = hllwell g gy

Now by (5-9),
w4+ B-hVyw + how
1+ 1y
on dR” , so
wy + B+ Vxwy
hoywy = ———————— +hEqw
T TP ’

on dR” , where E is bounded from L?(R"~') to L?(R"~!). Therefore

1

we + B+ Vywy
L+ 1y

N

3
—hlwell g1 gy =72 w2 oreny
L2(3R")

||Z<p,sw€ ||L2(R1) 2 h —TGe (y,8,6)We

1 3
R 2 well g ogey = llwell e @y — 22 w2 owr)-

Now
lwell gy S lwlla @)
and
IZpewello@y) S 1Zpewli2y) +hllwllg @)
Therefore
IZgcwliagyy +hlwl gy +h3 ol 2 2 wel e,
as desired. O

Now combing the results of Propositions 5.6 and 5.7 gives

1 1 ~ 3
W2 well g oy + 12 Wsll 1 oy y S 1200w 2y + Wl g gty + 02 wllL2omr -
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Since w = wys + wy, we get
1 ~ 3
h2wll g grey S 1Lo.ewlL2@y) + AW g1 gr+ry +h2 w2 ore)

for w € C% (M) such that w = 0 in a neighbourhood of "4, and w satisfies (5-5). A density argument
now proves Proposition 5.5, and hence Proposition 5.1, at least under the assumptions on gg and f made
at the beginning of this section.

Finishing the proof. Now we need to remove the graph conditions on I'S , and the conditions on the
metric go. Since '+ is a neighbourhood of M, in a small enough neighbourhood U around any point p
on IS, we know I'{ coincides locally with a subset of a graph of the form x; = f(x’), with M N U
lying in the set x1 > f(x’). Moreover, for any § > 0, if Vg, f(p) = K, then in some small neighbourhood
of p, we have |Vg, f — K|g, < 8. Additionally, since we can choose coordinates at p such that gg = I
in those coordinates, for any § > 0 we can ensure that there are coordinates such that |go— /| <{§ in a
small neighbourhood of p. We can choose § to be small enough for Proposition 5.1 to hold, by the proof
in the previous subsection.

Now we can let U; be open sets in M such that {Uy, ..., Uy} is a finite open cover of M such that
each M N U; has smooth boundary, and each I'{. N U; is represented as a graph of the form x; = f; (x"),
with |V, f; — Kj|g, < §;, and there is a choice of coordinates on the projection of M N U; in which
|go — 1| < J;, where §; are small enough for

1 3
h2|hVvilie2 s nuyy S 1£e.evillL2anyy + 21V lH (anwy) + 12 1V llL2(re nojy
to hold for all v; € H2(M N U;) such that
vi,0pv; =0 on d(U; N M)\TS,
j ; j . J + (5-6)
hoy(e"7vj)=hoe nv; onT{NU;.

Without loss of generality we may assume each U; is compactly contained in U ]Q x (0, 1), where U jo isa
coordinate chart of M.

Now let x1,. ... ym be a partition of unity subordinate to Uy, ..., Uy, and for w € H?(M) satisfying
(5-2), define w; = y; w. Then if Fi NU; # @, we know w; satisfies (5-6) for some o, and so

1 3
h2|hVewjllL2cre nuyy < 1£p.eWillL2manuyy +Alwillarwnuy) + 12 [wjll2cre no))-

Adding together these estimates gives

m
1 3
hz[hViwlare) < Z 1£o.ewjllL2cary +Rlwllarany +h2 lwll2re )
Jj=1
Each || Ly cwj L2 (m) = 1 £.e Xj Wl L2 (ar) is bounded by a constant times || Ly ew||z2(ar) + Al W g1 (ar)s
SO
1 3
h2[hViwliarg) S 1£g.cwllz2an +llwlaran +h2 [wllzzre)-

This finishes the proof of Proposition 5.1.
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6. The k-form case

We will prove Theorem 2.5 for u € QK (M) by induction. If k = 0, then iyu =0, so u; = 0 and u = uj.
Then Theorem 2.5 for k = 0 becomes the Carleman estimate (5-1) that was established in Section 5.

Note that it suffices to prove Theorem 2.5 for u € Qk (M), with the appropriate boundary conditions,
for each k, and Q = 0. Then the final theorem follows by adding the resulting estimates and noting that
the extra 42 Qu term on the right can be absorbed into the terms on the left for sufficiently small /.

Proof of Theorem 2.5 for k > 1. Suppose u € Qk(M) with k > 1. First note that if we impose the
boundary conditions (2-2) of Theorem 2.5, substituting the result of Proposition 4.2 into (4-3) gives

1Apeull® = | Aul® + || Bull® + G [A, Blu | u) =21 @vpVnui | VNui)re
—h(Bve(lde*+|dve[ )y | un)pgr + R, (6-1)
where

h h?
3 2 2 :
IR| < C(Kh IV'auillpe + 2 lhallpe + fHVNuJ-”I‘j_)‘

Recall also from Proposition 4.2 that the nonboundary terms ||Au||? + || Bu||? + (i[A, B]u | u) satisfy
2 2 h* o h? 2 2
4wl + | BulP + (LA, Bl ) 2 "l 1y = (B gagy + 1IN0 o pgy)  (62)

for h < ¢ <« 1. We now return to (6-1) and examine the boundary terms. On Fi, there exists g1 > 0
such that d,¢ < —e1. Using this together with (6-1) and (6-2) gives
A 2 kR3IV tudll2 h 2 h? v 2 >h2 2 PEIY, 2 2
|8 geul+ KRV rulFEg + Tl + Vv 2 = 1l gy +07 IV e +llnliB
for large enough K. The last two terms on the left side can be absorbed into the right side, giving
1Ageull® + KR ||V tul|7e 2 h—2||u||2 oy R IVNUL e + Rl e -
@c re ~ H1(M) re re

Now we want to analyze the boundary term on the left, and this is the part where we will use induction
on k:

Lemma 6.1. If u € Q¥ (M) and u satisfies the boundary conditions (2-2), then
h3||V/lun||%gr SNAgull? + 12 ulf 4y + h2||ull||12*i- (6-3)

If (6-3) is granted, fix K sufficiently large and then take & << & < 1 to obtain

h2
2 2 3 2 2 3 l 2
1A8geull™ 2 Nl gy + A7 I VN LT +Rlhallpe + A7V ol -

Rewriting without the squares,

h 1 1
[Apeull Z —=lullgrany + 72 [1AVNuLlpg + 22 [l g )

NG
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2
Now if u satisfies (2-2) then so does e % u since ¢ is fixed. Therefore

02

‘/’7 ‘/’7
le 5wl g1 agy + 12 |h Ve = ulrg +h2 e uill g re -

2
Since e 2 is smooth and bounded on M, we get
1 1
IAgull Z hllull gy ay + 72 [1AVNU LD + 22 [l e -
Thus Theorem 2.5 for k > 1 will follow after we have proved Lemma 6.1.

Proof of Lemma 6.1. For the O-form case, this follows from Theorem 2.5 for O-forms, which in this section
we are assuming has been proved. Therefore we can seek to prove (6-3) for k-forms by induction on k.

Let k > 0, and assume (6-3) holds for (k—1)-forms satisfying (2-2). Now let Uy, ...,U, C T be an
open cover of I'{ such that each U; N T'{ has a coordinate patch, and let x1,. .., xm be a partition of
unity with respect to {U; } such that ) y; = 1 near I'{ and Vi y; = 0 for each i. It will suffice to show

h3||V'lXiuu||pc SNAgull? + 12 [ullF ay +h2||74u||pc :

Now on U; NT'Y, let {ey, ..., ey—1} be an orthonormal frame for the tangent space, and extend these
vector fields into M by parallel transport along normal geodesics.
Observe for all w € Qk(UJ N T¢) one can write

1n—l . .
= e nigo. (6-4)
j=1
Therefore we can write
n—1 n—1
Vityiug= —V’Ze INFRYOTES —V/Ze Alig; yiu.
j= j=

Then it suffices to show
. 2
WV Atie i) [ S 18l + 02l o+ H2 ol

or equivalently,
3| V'tie, Xiull||%5r SNAgull? + 12 ulf o + hZIIMuII%i- (6-5)

Now we want to apply the induction hypothesis to i, x;u|, so we have to check that it satisfies the bound-
ary conditions (2-2). In fact we will have to modify 7., y;u slightly to achieve this. Let p(x) be a function
defined in a neighbourhood of the boundary as the distance to the boundary along a normal geodesic, and
extend it to the rest of M by multiplication by a cutoff function. Then the claim is that v =i, y; (uy+h(1—
e_%)Z u)) satisfies the absolute boundary conditions (2-2), where Z is an endomorphism yet to be chosen.

Since u satisfies (2-2), ie; x;uy and ie; y; (h(1 — e_%)Zu") both vanish to first order on I' . Therefore
v does as well.
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Moreover, f xi¢; xjuj = 0on I'{ if inie; xiuy= —yxiie;inuy =0 on I'{, and this again follows from
the fact that u satisfies (2-2). Note that (1 — e_%) =0atdM,sot*v=0o0nTY.
Finally, by Lemma 3.3,

—18 % i; yiuy = —8't (xie, xiu)y+ (S — (n — D) tin (xie; xiun) L+t VNIN * le; Xiu).
Since ¢ *i¢; x;uy = 0 on T'{, the first term vanishes there as well. Therefore on I'{,

—thd *ie; xiuy=h(S — (n — D)tin (kie; xiun) L +1hVN XilN *ie;uy.

Now
thVN XiiN * ie;u) = l‘hVN)(,'iNe? A *uu(—l)k_l
= l‘hVN)(l'l'Ne; A (*M)J_(—l)k_l
= thVN)(iiNe; A *u(—l)k_l
= (—l)k)(,'ejb AthVNIN * U,
SO

—thé xie, yiuy = h(S — (n — Di)tin (xie, xiun)L + (—l)k)(ie? AthVyiyn *u. (6-6)

Applying the same calculation to the i.; y; (1 — e_%)Z u) term gives
—thS xie ie; xih(1— e_%)Zu" = (—l)k)(ie? Ath?Vy(1 —e_%)iN * Zuy;
the other term vanishes since (1 — e_%) = 0 at the boundary. Thus
—thS % ig,ie, xih(1 — e~ ) Zuy = (=1 yieh Atiy x hZuy.

Meanwhile, by Lemma 3.3 and by (2-2),

—thdxu =h(S —(n—D))tiy(xu)L +thVyiy(xu) =tig, *u —hotiy *u.
Viewing this as an equation for 121 Vy iy (*u) and substituting into (6-6) gives
—th8 xie, xiuy=h(S — (n — D))tiy (xie; xiun) L

+ (=¥ pieb A (=h(S — (n — DK)tin (¥u) L + tigy * u —hotiy *u).
Therefore
—th8 * ie, yi(uy+h(1 —e™7) Zuy)
=h(S — (n— DK)tin (*ie; xiun) L
+ (—l)k)(iejb A (—h(S —(m—Di)tin(ku) L +tigy *u—hotiy *u+tiy * hZu").

Now if we let
Z=xNA(S+0—(n—1Dk)iyx*,

where here we identify S and o with their extensions by parallel transport to a neighbourhood of the
boundary, then

tinxZuyy=(S+o—m—D)tiy *xuy=(S +o0—m—Dx)tiy *u,
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and
—thS *ie; xi (uy+ h(l— e W) Zuy) = h(S — (n — Di)tin (kie; yxiun) L + (—D"meﬁ Atigy *u.
Since ¢ ¥ u = 0 on I'{, we can replace the dg in tig, * u with its normal component:
tigoxu = —0yQLiN *U.
Then
X,'e]b- A—ligy *u = 8v<p)(,~e; ALiN(*u)

= avgo)(ie; ALIN * U

= —8v<ptiN)(ie? A KU

= dvptin *ie; xirn(—1)~.
Since ¢ ¢, yjuy=0on 'Y,

Xie})' N—tigy*xu = —tigy * e, Xiull(—l)k
and
(—l)k)(l-e? AN—tigo*u = —ligy *ie; XiU.

Therefore

—thé *xie; xi(uy+ h(1 —e M) Zuy) = tigy * ie; xiun—ho'tin *ie; yiuy,

where o’ is a smooth bounded endomorphism. We can replace uy on the right side by uy+ A(1 —e_%)Z uj,
since (1 — e_%) is zero at the boundary. Therefore v = i, y; (uy+h(l1— e_%)Z u ) satisfies the boundary
conditions (2-2), and so by the induction hypothesis,

W IV'tvlIEe S 18001 + 120115 gy + A2 01
Keeping in mind that the second term of v is zero at the boundary, and O(h) elsewhere, we get

B3| V'tie; XiuII“%gr SlAgv|? + hzlluullél(M) + hzllunllﬁi. (6-7)
Now
. . _P
[Ag vl < [[Ag.ie; xivill + hl[Ag.ie; xi (1 —e™ ) Zuy]|.

The commutators of Ay, with ie; x; and i, y; (1 — e_%)Z are O(h) and first-order, so

. . )
A vl < llie; xi Apeunll + hllie; xi (1 —e™#) ZAg uyll + Allunll g1 (ary
S 1Agewnll + 2l g1 (ar -
Substituting back into (6-7) gives
W (\V'tie ximllte S 1| Ageanll® + B2l 7y gy + 22 e

This proves (6-5), which finishes the proof of the lemma. O
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7. Complex geometrical optics solutions

We will begin by constructing CGOs for the relative boundary case. To start, we can use the Carleman
estimate from Theorem 2.4 to generate solutions via a Hahn—Banach argument. The notations are as in
Section 2.

Proposition 7.1. Let Q be an L°° endomorphism on AM, and let Ty be a neighbourhood of dM L. For
allve L2(M,AM), and f,g € L>(M, AOM) with support in T, there exists u € L2(M, AM) such
that
(=AM +h2Q"u=v onM,
tu=f onTg,
thé_ou=g onTS,
with
_ 1 1
lullz2cary S B Ml L2 any + B2 I lL2rey +h2lgllL2re )
Proof. Suppose w € Q(M) satisfies the relative boundary conditions (2-1) with 0 = 0, and examine the
expression

(W v) = (tivhdyw | hf)rg — (tivw | hg)rs |. (7-1)

This is bounded above by
— 1. 1 1.
hllwll2anh ™ 1vll2any + B2 Itivhdpwll2cre yh2 | fll2rg ) + h2 It wllzz e llgllzz re )-

By Lemma 3.4,
tivhdyw = he " tVy (e~ hw)+ hStwy—heh d'tiy (e~ Fw).

Since tw =0,
tivhdyw = hiVywy—heh d'tiy (e w).

Therefore
lzivhdowlir2(rey < 1FVNwillL2(rg) + TwLlla(re)-
Then by Theorem 2.4,
|(w [ ) + (tivhdgw | Af )re + (tivw | hg)re |
S =g + 12 Q) wllL2an) (7 10l 2ary + h2 1 iL2re) + A2 gl L2(rs))-
Therefore on the subspace

{(=0y + 1 Q)w | w € Q(M) satisfies (2-1) with o = 0} C L*(M, AM),
the map
(=8¢ +h*Q)w = (w | v) = (tivhdyw | hf )re = (tivw | hg)re

defines a bounded linear functional with the bound

_ 1 1
= w2y + B2 1A 2rey +h2lgli2re)-
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By Hahn—Banach, this functional extends to the whole space, and thus there exists a u € L2(M ,AM)
such that

- 1 L
el z2ary < B0 L2 @y +R2 1 IL2rg) + A2 g Lo (re)
and
(w|v) = (tivhdyw | hf)p:L —(tiyw | hg)pgr = ((—A¢ +h2Q)w ! u)
Integrating by parts and applying the boundary conditions (2-1) gives

(w | v) = (tivhdgw | Af )re — (tiyw | hg)re
= (w | (A +h*Q™)u) — h(tivhdyw | tw)gpr — h(tivw | thé_yu)om
for all w € Q(M) satisfying the relative boundary conditions (2-1) with 0 = 0. Varying w over the
compactly supported elements of $2(M) one sees that (—A_, + h?Q*)u = v on M, which reduces the
above relation to
—(tivhdyw | hf)l“i —(tiyw | hg)r'i = —h(tivhdyw | tu)yp —h(tivw | thé_pu)yp

for all w € Q(M) satisfying the relative boundary conditions (2-1) with ¢ = 0. We now vary w satisfying
condition (2-1) with 0 = 0 and i,w = 0 to obtain fu = f on I'§ . Finally, by varying w over all forms
satisfying conditions (2-1) with o = 0, we see that th§_yu = g on I'{.

To summarize, we can see that

(—A_p +h*Q"u=v on M,
tu=f onTY,
as desired. O

To match notations with previous papers, we will begin by rewriting this result, along with the Carleman
estimate, in T notation, as follows.
Theorem 2.4 becomes the following.

Theorem 7.2. Let Q be an L*° endomorphism on AM. Define I'y. C M to be a neighbourhood of OM .
Suppose u € H>(M, AM) satisfies the boundary conditions

ulr, =0 and Vyu|r, =0,
tulrg =0, (7-2)
tSe_"pulpgr =otiye “Yu
for some smooth endomorphism o independent of t. Then there exists tg > 0 such that if T > 19,
[(=Az+ Qullp2my 2 Tllull2an) + IVullLz oy + v3 luiliz2re)y

1 . 1
+ 2| V'tinul 2y + T2 Vvl L2(re ).
where
A =e™Ae "%
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By choice of coordinates, note that the same theorem holds for t < 0, with I';- replaced by I'_.
Then Proposition 7.1 becomes the following.

Proposition 7.3. Let Q be an L*® endomorphism on AM. For all v € L>(M,AM) and f.g €
L*(T¢ , ATS), there exists u € L*(M, AM) such that

(—=A_:+0Mu=v onM,

tu=f onT§,

t6_cu=g onT4,

with
- 1 _3
el 2ary < T Hollz2any + 721 f 2y + 772 Mg lLa(rs)-

Now we turn to the construction of the CGOs themselves. From now on we will invoke the assumption
that the conformal factor ¢ in the definition of M as an admissible manifold satisfies ¢ = 1. Below
we will consider complex-valued 1-forms, and (-, -) will denote the complex bilinear extension of the

Riemannian inner product to complex-valued forms.
We assume

(M,g) € Rx Mo, g), g=e®go,
where (M, go) is a compact (n—1)-dimensional manifold with smooth boundary. We write x = (x1, x’)

for points in R x My, where x; is the Euclidean coordinate and x’ is a point in My. Let Q be an L
endomorphism of AM. We next wish to construct solutions to the equation

(—A+Q)Z=0 in M,
where Z is a graded differential form in L2(M, A M) having the form
Z=e "1 (A+R).

Here s = v + i A is a complex parameter where 7, A € R and |z| is large, the graded form A is a smooth
amplitude, and R will be a correction term obtained from the Carleman estimate. Inserting the expression
for Z in the equation results in
e (—A+ Q)e P 'R=—F,
where
F =1 (—A+ Q)e ¥ 1 A.

The point is to choose A so that || F|[z2¢r) = O(1) as |t| — oo.
By Lemma 3.2, we have

F=(—A—5*+25Vy, + Q)A.

We wish to choose A so that V3, A = 0. The following lemma explains this condition. Below, we identify
a differential form in M with the corresponding differential form in R x My which is constant in x.
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Lemma 7.4. If u is a k-form in R x My with local coordinate expression u = uy dx’, then
Vyu=0 <= ur=us(x’) foralll.
If Vy,u = 0, then there is a unique decomposition
u=dx' A +u”
where u' is a (k—1)-form in Moy and u” is a k-form in My. For such a k-form u, one has
Au=dx" AApu' + A,
where A and Ay are the Hodge Laplacians in R x My and in My, respectively.

Proof. In the (x1, x")-coordinates g has the form

g(xl’x/) = (é go?x/)) .

Consequently, for any k, / the Christoffel symbols satisfy
F{k = %glm(algkm + 0k &1m — Im&1k) = 0.
This shows Vj, dx! =0 for all I, and therefore any k-form u = u; dx! satisfies
Vo, (ug de) = dyuy dx’.

Thus Vj,u = 0 if and only if each u; only depends on x’. In general, if u is a k-form on R x My we
have the unique decomposition

u=dx' nu' +u”
where u’(x1,-) is a (k—1)-form in My and u”(x1,-) is a k-form in My, depending smoothly on the
parameter x1. If Vy u =0, then u = dx' Au’ +u”, where u’ and u” are differential forms in M.

Suppose now that u = dx! Au’ + u”, where u’ and u” are forms in My. Denote by d,/ and 8, the
exterior derivative and codifferential in x’. Clearly

d(dx' nu')y = —dx" Adod!,  du” =dou”.

The identity § = — 27=1 le; Ve, , Where e; is an orthonormal frame in T'(R x Mo) with e; = d1, together
with the fact that Vy, u” = 0, implies

Su” =8,u”.

Finally, computing in Riemannian normal coordinates at p gives

n
8(dx" A, == iy, Vo, (uy dx' ndx”)l,
j=1

n
== iy (dx" AVyu')]p = —dx" ASxl|.
j=2
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Thus
§(dx' Au'y = —dx! NSy,
It follows directly from these facts that
Aldx! Au' +u")y = —(d§ +8d)(dx* A’ +u”)
=dx' ANAu' + A O
Returning to the expression for F, the assumption Vi A = 0 gives
F =(—A—5s%>+ Q)A.

Writing Y* for the k-form part of a graded form ¥ and decomposing A¥ = dx! A (4¥) 4 (A¥)" as in
Lemma 7.4, we obtain

F¥ = dx' A (A —52)(AXY + (=Ax —s2)(A%) + (0.
Thus, in order to have || F[|z2(pr) = O(1) as |t| — oo, it is enough to find for each k a smooth (k—1)-form
(A and a smooth k-form (AX)” in My such that

I(=8w =AY 2080) = O 1A L2000y = O(D).

I(=2x =) (A L2y = O (A9 2201 = OD).
If (Mo, go) is simple, there is a straightforward quasimode construction for achieving this.

Lemma 7.5. Let (Mg, go) be a simple m-dimensional manifold, and let 0 < k < m. Suppose (1\20, go)
is another simple manifold with (Mo, go) € (Mo, g0), fix a point w € 1\25"‘ \ My, and let (r, 0) be polar
normal coordinates in (1\20, go) with centre w. Suppose n', ..., 0" is a global orthonormal frame of
T*Mo withn' = dr and Vy, n/ =0for2 < j <m,and let {n'} be a corresponding orthonormal frame
of A¥ My. Then for any A € R and for any (7:) complex functions by € C®(S™™1), the smooth k-form

u=e""\go(r, Q)I_% ZbI(Q)nl,
I

with s = T + i A for T real, satisfies

I(=Ax = sPull 2y = O), Nullz2eage) = O(1)
as |t| — oo.

Proof. We first try to find the quasimode in the form u = e’¥a for some smooth real-valued phase
function ¥ and some smooth k-form a. Lemma 3.2 implies

(—Ax —s)("*Va) = "V [s*(|dY|* — Da —is[2Vguaa + (Ax)al — Ayal.

Let (7, 6) be polar normal coordinates as in the statement of the lemma, and note that

go(r.6) = (é h(ro 9))

globally in My for some (m — 1) x (m — 1) symmetric positive definite matrix 4.
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Define
Y(r,0)=r.

Then y € C*®(Mp) and |d/|? = 1, so that the 52 term will be zero. We next want to choose a so that
zvgrad(W)a + (Ax¥)a = 0. Note that

— _ 19r|g0(r,0)|
Vi) =¥ V3 o0

. 1. .
Thus, choosing a = |go|™%a for some k-form 4, it is enough to arrange that

Vy.d = 0.

r

Using the frame {7/} above, with ! = dr, we write
a=n'na +a"
where a@’ is a (k—1)-form and a” is a k-form in My of the form

P= Y agr = Y B’

Jc{2,....m} Jc{2,....m}
|J|=k—1 |J|=k
for some functions o1,y and By in Mo. Now, the form of the metric implies Vj_ n! =0, and by assumption
Vs, n/ =0 for 2 < j <m. Therefore

Va,d = Z 8rOfl,Jn1 /\771 + Z ar,BJ77J-
Jc{2,...m} Jc{2,...m}
|J|=k—1 |J|=k

In the definitions of @’ and a”, we may now choose
a1,0 =bgyus(0), Br=0by(0),

. . _ . ; S DU
where b are the given functions in C*°(S™~1). The resulting k-form u = e’V |go|~%a satisfies the
required conditions. O

The next result gives the full construction of the complex geometrical optics solutions.

Lemma 7.6. Let (M, g) € (R x My, g), where g = e ® go, assume (Mg, go) is simple, and let Q be
an L*° endomorphism of AM. Let (Mo, go) be another simple manifold with (Mg, go) € (1\710, g0), fix
a point w € 1\25“‘ \ My, and let (r, 0) be polar normal coordinates in (1\710, go) with centre w. Suppose
nl,....n" is a global orthonormal frame of T*(R x Mo) with n* = dx', n> = dr,and V,, n/ =0 for
3 < j <n,and let {n'} be a corresponding orthonormal frame of A(R x My). Let also A € R. If || is
sufficiently large and if s = T + i A, then for any 2" complex functions by € C®(S"~?) there exists a
solution Z € L*>(M, AM) of the equation

(—A+0)Z=0 inM
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having the form

z =0 o6 | bron! |+ & |
1

where ||R|| 2y = O(|t|™Y). Further, one can arrange that the relative boundary values of Z vanish
on 'S or I'S (depending on the sign of ).
Proof. Try first Z = e™**1(A + R), where V3, A = 0. By the discussion in this section, we need to solve
the equation
EN(=A+ Q)(e ¥ R)=—F,
where
F=(-A-5>+Q)A.

Decomposing the k-form part of A as A¥ = n' A (4%) + (4¥)” as in Lemma 7.4, where n! = dx’, we
obtain
FE =0t A= Dy =) (A9 + (=Aw =549 + (04,

Letn!,...,n" and {n1} be orthonormal frames as in the statement of the result. We can use Lemma 7.5
to find, for any (}_}) functions b’ (6) and for any (", ') functions 5’} (9), quasimodes

i _1
ARy =" |go| 75 Y by (O,
Jc{2,...,n}
|J|=k—1

; _1
(ARY =€ |go[75 Y b0,
Jc{2,...,n}
|J|=k
Recalling that A¥ = n! A (4%)' + (4%)" and relabeling functions, this shows that for any (}) functions
by € C*®°(5™2) we may find A¥ of the form

i _1
AR =eTgo[75 D br(O)n”,

I1c{1,...,n}
|I|=k

with || (—A —SZ)Ak”Lz(M) = O(1) and ||Ak||L2(M) = O(1) as |t| — oo. Repeating this construction
for all k, we obtain the amplitude

: _1
A= |go(r.0) 75 > by (@),
1

with the same norm estimates as those for A¥. Then also | FllL2(ary = O(1). Then Proposition 7.3 allows
us to find R with the right properties. O

Note that if Z is a solution to (—A + *Q*~1)Z = 0in M, and Z has relative boundary values that
vanish on I'{, then *Z is a solution to (—A + Q) * Z = 0 in M, and *Z has absolute boundary values
that vanish on I'{ . Thus this construction also gives us solutions with vanishing absolute boundary values
on €.

+
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8. The tensor tomography problem

Now we can begin the proof of Theorems 2.1 and 2.2. First we will use the hypotheses of Theorem 2.1 to
obtain some vanishing integrals involving (Q2 — Q1).

Lemma 8.1. Suppose the hypotheses of Theorem 2.1 hold. Using the notation in Lemma 7.6, let
Z1.Zy € L2(M, AM) be solutions of (—A + Q1)Z1 = (—A+ 02)Z> =0 in M of the form

2= gl L erom’ |+ &),

1

Zy=e [eisr|g0|_‘l‘ [Z dr (9)771} + Rz],
1
with vanishing relative boundary conditions on T' and 'S respectively. Then

((Q2—01)Z1| Z2)m =0.

Note that while the orthogonality condition derived in the lemma does not use the particular form of
the solution, we will only apply this identity to solutions of the given form.

Proof. Let Y be a solution of (—A 4+ Q»)Y = 0 in M with the same relative boundary conditions as Z1;
such a solution exists by the assumption on ;. Then consider the integral

(NGA=NEN(Z1.18Z1) | (tind % Za.tin % Z2)) g3 -
By definition of the NRA map, this is
(t%(Z1=Y). 18 % (Z1=Y)) | (tind % Z2, tiy * Z2)),,,
= (t+(Z1=Y) | tind % Z2) gy + (185 (Z1=Y) | tin % Z2) 5y
Recall from the section on notation and identities that
(—Au|v)pr =W | —Av)pr+ (tu | tiydv)gp + (8 xu | tiyxv)gpr +( *xu | tivd *v)gpr + (08U | tiyv)gps -

Since the relative boundary values of (Z; — Y) vanish, by definition, the integration by parts formula
above implies

(tx(Z1=Y) | tind % Z2) gy, +(18%(Z1=Y ) | tin % Z2) g0 = (—D(Z1=Y ) | Zo)—(Z1=Y | =D Zo)y
=(02Y-01Z1| Zo)m—(Z1-Y | —02Z2)m
=((02-01)Z1|Z2)m-

Meanwhile, by the hypothesis on N g? and N 5‘;, we have N 5’?(2 1—Y)=N g/;(z 1—Y)onI'y.

Therefore

(t%(Z1=Y) | tind % Z2) gy, + (18%(Z1=Y) | tin % Z2)am
= (t*(Z1-Y) | tind *Zo)pe + (16%(Z1-Y) | tin *Z2) e -
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Now by construction, Z; has relative boundary values that vanish on I'{ . But
= (xZ2)1lre =0
= *(Z2ilre =0
= (Z2ilre =0

— tZZ|Fj_ =0.

tiN*ZZh"j'r =0

Similarly,
tiNd*Zz|Fj_ =0 <= Z‘S*Zzh*i =0.

Therefore the fact that Z; has relative boundary values that vanish on I'{ implies

(t%(Z1=Y) | tind *xZa)pe + (t8%(Z1—=Y) | tin*Z2)pe =0.
+ +
Therefore
((02—01)Z11Z2)m =0
for each such pair of CGO solutions Z; and Z5,. 0

Remark. The proof of the Lemma 8.1 does not use the actual forms of the CGO solutions. The integral
identity holds for all solutions Z; and Z, with vanishing relative boundary conditions on I'¢ and I'{
respectively. However, the identity is only of interest to us for the particular forms of CGO solutions
which we stated.

Working through the same argument with xZ; and *Z, gives us the following lemma as well.

Lemma 8.2. Suppose the hypotheses of Theorem 2.2 hold. Using the notation in Lemma 7.6, let
xZ1,%Z> € L2(M, AM) be solutions of (—A+ Q1) * Z1 = (—=A + Q2) * Z» =0 in M of the form

Zy =" [eisr|g0|_‘11 [Z cr (9)771] + R1j|,
1

Zo= e [ lgol 4 i o |+ o),
1

Then
((Q2—01)Z1| Z2)m =0.

Therefore both of the main theorems reduce to using the condition (QZ1, Z2)12(pr) = 0 for solutions
of the type given in Lemma 7.6 to show Q = 0.

The next result shows that from the condition (QZ1, Z2)12(ar) = 0 for solutions of the type given
in Lemma 7.6, it follows that certain exponentially attenuated integrals over geodesics in (Mo, go) of
matrix elements of Q, further Fourier transformed in x;, must vanish.

Proposition 8.3. Assume the hypotheses in Theorem 2.1 or 2.2, with Q = Q, — Q1 extended by zero to
Rx My. Fix a geodesic y : [0, L] — Mg with y(0), y(L) € dMy, let 0, be the vector field in M tangent to
geodesic rays starting at y(0), and suppose {n'} is an orthonormal frame of A(R x M(i)m) with n' = dx?,
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n? =dr, and Vs, n/ =0 for3 < j <n. (Such a frame always exists.) Then for any A € R and any I, J
one has
L oo )
/ e AT [/ e 22X 01 y(r)n! . ) dxl] dr =0.
0 —00
Proof. Using the notation in Lemma 7.6, let Z; € L?>(M, AM) be solutions of (—A + Q1)Z; =
(—A+ 02)Z> = 0in M of the form

zi= e g St |+ i |
1

Za= e [0l A i o |+ e,
1

where s = 74+iA, v > 0islarge, A € R, and 7., dj € C*°(S"2). We can assume | R; || 2pr) = O(x 1)
as T — oo, and that the relative (absolute) boundary values of Z; are supported in F and the relative
(absolute) boundary values of Z5 are supported in B. By Lemma 8.1 (Lemma 8.2), we have

0= lim (QZ1, Z2)r2(m)
o.¢] oo . .
:/ / e—w[z[/ e—“xl(Q(xl,r,e)n’,r;f)dxl}c,(e)dj(e)} dr de.
Sn=2J0 7. LI—oe

We now extend the Myp-geodesic y to 1\20, choose w = y(—¢) for small & > 0, and choose 8y so that
y(t) = (¢, 6p). The functions ¢; and d; can be chosen freely, and by varying them we obtain

0 00 .
/ e—“’[/ e—zl“l(Q(xl,r,eo)n’,n’)dxl]dr:o
0

—OoQ
for each fixed I and J. Since Q is compactly supported in M(i)m, this implies the required result.

It remains to show that a frame {5} with the required properties exists. Let @ = y(0), and let (]\20, go)
be a simple manifold with (Mg, go) € (1\710, go) such that the Mo—geodesic starting at @ in direction v(w)
never meets My. (It is enough to embed (M, g¢) in some closed manifold and to take ]\710 strictly convex
and slightly larger than My.) Let (7, 6) be polar normal coordinates in ]@0 with centre w = y(0), fix ro >0
so that the geodesic ball B(w, rg) is contained in M™ and let § € S"~2 be the direction of v(w). Choose
some orthonormal frame 73, ..., n" of the cotangent space of dB(w, ro) \ {(ro, é)}, and extend these as
1-forms in M(i)nt by parallel transporting along integral curves of d,. We thus obtain a global orthonormal
frame 2, ..., n" of T”‘M(i)nt with n? = dr and Varnj =0 for 3 < j <n. Moreover, n!,...,n" will be a
global orthonormal frame of 7* (R x M(i)m) inducing an orthonormal frame {7’} of A (R x M(i)m). O

We will now show how the coefficients are uniquely determined by the integrals in Proposition 8.3.
This follows by inverting attenuated ray transforms, a topic of considerable independent interest (see the
survey [Finch 2003] for results in the Euclidean case, and the survey [Paternain et al. 2014] and references
below for the manifold case). The transform in Proposition 8.3 is not exactly the same kind of attenuated
ray transform/Fourier transform as in the scalar case, for instance, in [Dos Santos Ferreira et al. 2009a],
since the matrix element of Q that appears in the integral may actually depend on the geodesic y (note
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that the 1-forms 1 depend on y). To clarify this point, we fix some global orthonormal frame {e!, ..., "}
of T*(R x Mp) with ! = dx!, and let {¢/} be the corresponding orthonormal frame of A (R x Mp).
Define the matrix elements

qr,; = (Qe’ . &”).

Define also
o0

é1,1(§1,x/)=[ e X181y 7 (x1,x) dxy.

—00

Then the conclusion in Proposition 8.3 implies

L
e a el Y ey dr =0
for any A € R, for any 7, J, and for any maximal geodesic y in M. (Note that the inner products (n!, &/ /)
do not depend on x;.)

Up until now everything discussed in this paper has held for any dimension n > 3. Now, however,
we will invoke the assumption that n = 3. Then gy s is an 8 x 8 matrix. In this case we may choose
n'=dx!, n?=dr, and n® = %4, dr, where dr is the 1-form dual to y on the geodesic y. Let also {e;}
be the orthonormal frame of vector fields dual to {s/} (which is assumed to be positively oriented). It
follows that

N=1 (&) =0 (n', &)
(i e') =0, (&%) =(e2,7),  (n*.&°)
(rP.el) =0, (1°.e%) = (e, 7). (n.&)

—
=

—
™

, €

0,

(e, 7).
{e2, 7).

The relations for n'1-2} =p! An?, 5i3:1} {23} and ¢{1:2} 3.1 {23} can be determined from the above

relations by duality. Finally, (n°, /) = 1if I = 0 and 0 otherwise, and the other relations for 1°, £,

S
=
I

nt1:2:3} and £41:2:3} are similar.
Now choosing I = J =1 (here we identify 1 with {1}) we obtain

L
/ 72441122, y(r) dr =0 forall X and y.
0

This means that the usual attenuated geodesic ray transform of the function g1 (21, ) in My vanishes
for all A. First we have §¢1,1(24,-) € C*(My) for all A [Frigyik et al. 2008, Proposition 3], and then
d1,1(24,-) = 0 for all A by the injectivity of the attenuated ray transform [Salo and Uhlmann 2011] and
so g1,1 = 0. The same argument applies for all pairs (/, J) where

1,7 €{0,1,{2,3}.{1,2,3}}.

Now consider the case where I = 1 and J = 2. Then

L
/0 ¢ (61220, () {e2. 7) + Q13 QA. y(r)es. 7)) dr = 0.
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Then the injectivity result for the attenuated ray transform on 1-tensors [Salo and Uhlmann 2011] together
with the regularity result [Holman and Stefanov 2010, Proposition 1] says

41,222, X)e* + 41,324, x)&> =0
for all A # 0, from which we can conclude
q1,2=¢1,3=0.
The same argument then applies for all pairs (/, J) where
1€{0.1,{2,3},{1,2,3}} and J€{2,3,{1.2}.{3.1}},

or vice versa.
Finally, consider the case when I = J = 2. For brevity, we’ll write (ej,y) as y;. Then I = J =2
gives

L
/ e 2 (G2,293 + 4237273 + 327372 +43,373) dr = 0. 8-1)
0
The integrand here can be represented as the symmetric 2-tensor

f22._ 42,2 1323 +332)
5(32,3+33,2) 433

(in coordinates provided by {&2, £3}) applied to (7, ). This shows that the attenuated ray transform of
the 2-tensor f2°2 in (Mo, go), with constant attenuation —2A, vanishes identically.

We will now make use of the methods of [Paternain et al. 2013] in this tensor tomography problem. We
only give the details in the case where Q (and hence f2:2)is C®. The result also holds for continuous Q
by using an elliptic regularity result for the normal operator, but in the present weighted case for 2-tensors
the required result may not be in the literature. We only say that such a result can be proved by adapting
the methods of [Holman and Stefanov 2010] to the 2-tensor case (in particular one needs a solenoidal
decomposition f = f* 4 dp of a 2-tensor f and a further solenoidal decomposition 8 = 8% + d¢ of
the 1-form B, and one then shows that the normal operator acting on “solenoidal triples” ( %, 8%, ¢) is
elliptic because the weight comes from a nonvanishing attenuation).

Since 22 is C, the injectivity result for the attenuated ray transform on symmetric 2-tensors (see
[Assylbekov 2012], following [Paternain et al. 2013]) says

f2? = —Xu+2\u,

where X is the geodesic vector field on (Mo, go), and u is a smooth function on the unit circle bundle S M
that corresponds to the sum of a 1-tensor and scalar function, with

u|3MO =0.
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Here we have identified f 2:2 and u with functions on S My as in [Paternain et al. 2013]. We can also
express u and f 22 in terms of Fourier components as in [loc. cit.],

U=u—1+upg+uy,
2,2 2,2 2,2
f2’2:f_2 +fo +f2 .

Here ug € C°°(My), u1 + u—q corresponds to a smooth 1-tensor in My, and ug, u1, u—; vanish on dMy.
Then

—X(u—y +uo +ur) + 22(u—1 +uo+ur) = 237+ f77 + £
Now parity implies the equations
2A(u—1 +u1) = Xup and —Xwu—q1+uy)+2A(ug) = f_zéz + f02’2 + f22’2.

Assume A is nonzero. Using the first equation in the second one implies

~ X?(uo)
21

+ 2/\140 = f2’2, (8'2)

where X 2uq corresponds to the covariant Hessian V2ug of ug. The first equation implies ¢ vanishes to
first order on dMj.

Unfortunately, this is not enough to conclude that the coefficients of f2:2 are 0. However, going back
and choosing (1, J) = (2, 3), (3,2), and (3, 3) gives us three additional equations of this type with the
same elements gy y. More specifically,

23 = 2,3 3(@33—342,2)
1(33,3—42,2) —§3. '
£32 2 3,2 $(33,3—42,2)
1(33,3—42,2) —{2,3 '
3,3 _ ‘?3,3 _%(é2,3+5}3,2)
7= . . )
—5(42,3+43,2) 42,2

are all of the same form. Therefore it follows that f22 + £33 and f2:3 — £32 are as well. But these
are both scalar matrices, and if
X2 (uo)
)

+ 2)Lu0

is a scalar matrix, then also the covariant Hessian VZu is a scalar matrix in the {&2, £3} basis.

To make the previous statement more explicit, identify (M, go) with the unit disk in R? and choose
an isothermal coordinate system (x!, x2) in which the metric is given by e?*§ ik for some € C°(Mp).
Choosing e; = e #d1 and e3 = e 05, the condition V2ug(es, er) — VZM()(€3, e3) = 0 implies

Bfuo—aguo +b-Vuyg=0 1in My
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for some vector field b € C (M, R?) depending on jt. Since ¢ vanishes to first order on dMy, extending
up by zero to R? we have
a%uo - 8%140 +b-Vug=0 in R?

where u¢ € H?(R?) is compactly supported and b is some smooth compactly supported vector field.
Uniqueness for hyperbolic equations [Taylor 1996, Section 2.8] implies ug = 0.

The above argument shows that f22 4+ £33 and 23 — £32 are 0. Thus §2» + §3,3 = 0 and
42,3 —G3,2 = 0, showing that f 2.2 and f2>3 are trace-free. Taking traces in (8-2) and using that u
vanishes to first order on dM( implies 1o = 0 by unique continuation for elliptic equations. Thus 2?2 =0
and similarly f2’3 =0, which shows that g3 2, 92,3, ¢3,2, and g3 3 are zero as well.

The same argument now works for the remaining entries of ¢, and this finishes the proof.

9. Higher dimensions

In higher dimensions, n > 3, as noted above, everything up to and including the proof of Proposition 8.3
still holds. However, this does not reduce easily into a tensor tomography problem, as in the three-
dimensional case, because we cannot choose the basis {7} so that 73, ..., n* to depend on n? = dr in a
tensorial manner.

More precisely, in general we lack tensors T; for which ' = T;(52,...,n?) for i > 3, as is the case in
three dimensions. Moreover, even if the results of Proposition 8.3 can be reduced to a tensor tomography
problem, there is no guarantee that it will be one for which there are useful injectivity results, since there
are very few such results for k-tensors with k > 2.

However, in the Euclidean case we can do better, since we have the extra freedom to vary the Carleman
weight ¢. In particular, we can construct CGOs to reduce the problem in Lemmas 8.1 and 8.2 to a Fourier
transform, as has been done for inverse problems for scalar functions, e.g., in [Bukhgeim and Uhlmann
2002]. Therefore we can conclude this paper by a proof for higher dimensions, in the Euclidean case.

Proof of Theorem 2.3. Fix coordinates x1, ..., X, on R™ The corresponding basis for the cotangent space
is dx!, ..., dx" and this gives a corresponding basis {dx!} for AM.
Now note that if f is a scalar function, A(fdx!) = (A f)dx!. Therefore if o and B are unit vectors
such that « - 8 = 0, then
(@+iB)x

e~ T A=A+ 0Q)e h dx!)=0Mh*)dx.

Therefore Proposition 7.1 implies there exists r € L2(M, AM) such that

(=& + Q) (e “ " (dx! + 7)) =0,

with |[7llz2(p) = O(h), and Z = P (dx' 4 r) has relative boundary conditions which vanish

onTI¢.
+
Now if k& and £ are mutually orthogonal unit vectors which are both orthogonal to o, then we can set
B1 =L+ hk and B, = £ — hk, and create

(—a+iB1)-x I (a+iBp)x I
Zi=e g (dx' +r1) and Zy=e & (dx" +r)
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so that (—A + Q1)Z1 = (—A + 02)Z> =0, and Z; and Z;, have relative boundary conditions that
vanish on I'C and I'§ respectively.
Then Lemma 8.1, together with the hypotheses of Theorem 2.3, implies

(01— 02| e %% =0.

This can be done for any k orthogonal to «. Since o can be varied slightly without preventing the relative
boundary conditions of the solutions from vanishing on the correct set, this is in fact true for k£ in an open
set, from which we can conclude that Q1 = O, on M.

The absolute boundary value version works similarly, with the appropriate change in the CGOs. [
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