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ANALYSIS AND PDE
Vol. 10, No. 2, 2017

dx.doi.org/10.2140/apde.2017.10.253

SOME ENERGY INEQUALITIES
INVOLVING FRACTIONAL GJMS OPERATORS

JEFFREY S. CASE

Under a spectral assumption on the Laplacian of a Poincaré—Einstein manifold, we establish an energy
inequality relating the energy of a fractional GIMS operator of order 2y € (0, 2) or 2y € (2, 4) and the
energy of the weighted conformal Laplacian or weighted Paneitz operator, respectively. This spectral
assumption is necessary and sufficient for such an inequality to hold. We prove the energy inequalities by
introducing conformally covariant boundary operators associated to the weighted conformal Laplacian
and weighted Paneitz operator which generalize the Robin operator. As an application, we establish a new
sharp weighted Sobolev trace inequality on the upper hemisphere.

1. Introduction

Fractional GJMS operators are conformally covariant pseudodifferential operators defined on the boundary
of a Poincaré—FEinstein manifold via scattering theory which have principal symbol equal to that of the
fractional powers of the Laplacian [Graham and Zworski 2003]. Fractional GIMS operators can also be
understood as generalized Dirichlet-to-Neumann operators associated to weighted GIMS operators of a
suitable order defined in the interior [Branson and Gover 2001; Caffarelli and Silvestre 2007; Case and
Chang 2016; Chang and Gonzdlez 2011; Yang 2013]. In particular, one can identify the energy associated
to a fractional GJMS operator with the energy associated to a suitable weighted GIMS operator when
restricted to canonical extensions; see [Caffarelli and Silvestre 2007; Yang 2013] for the flat case and
[Case and Chang 2016; Chang and Gonzdlez 2011] for the curved case.

In this article, we are interested in obtaining, as a generalization of known results in the flat case
[Yang 2013], a general relationship between the energy associated to a fractional GIMS operator and
the energy associated to a suitable weighted GIMS operator for arbitrary extensions. One reason for
this interest is the role of such relationships in establishing sharp Sobolev trace inequalities (see [Ache
and Chang 2015; Escobar 1988]) and in studying the fractional Yamabe problem (see [Escobar 1992;
Gonzélez and Qing 2013]). Indeed, this article is partly motivated by a subtle issue which arises in the
works of Escobar [1992; 1994] and Gonzélez and Qing [2013] on the fractional Yamabe problem of
order y € (0, 1). In both works, one tries to find a metric on a compact manifold with boundary which
is scalar flat in the interior and for which the boundary has constant mean curvature (in a sense made
precise in Section 3) by minimizing an energy functional in the interior subject to a volume-normalization

MSC2010: primary 58J32; secondary 53A30, 58J40.

Keywords: fractional Laplacian, fractional GIMS operator, Poincaré—Einstein manifold, Robin operator, smooth metric measure
space.
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254 JEFFREY S. CASE

on the boundary. However, there is no guarantee that the energy functional is bounded below within this
class, an issue overlooked in [Escobar 1992; Gonzdlez and Qing 2013] and corrected in the special case
y = % in [Escobar 1994]. Proposition 5.1 corrects this issue by giving a spectral condition under which
the energy functional is bounded below.

The main results of this article are the following two theorems. These results establish, under spectral
assumptions on a Poincaré—FEinstein manifold, energy inequalities on suitable compactifications of the
Poincaré-Finstein manifold which relate the energy of the weighted conformal Laplacian and the weighted
Paneitz operator to the energy of the fractional GIMS operators P, in the cases y € (0, 1) and y € (1,2),
respectively. That equality holds for the special extensions U was established in [Case and Chang 2016].

Theorem 1.1. Fix y € (0, 1) and set m =1 —2y. Let (X"**1, M", g ) be a Poincaré—Einstein manifold
satisfying A1(—Ag, ) > %nz —y2. Let r be a geodesic defining function for M and let p be a defining
function such that, asymptotically near M,

p=r+0rt2 o1 t2)

for some ® € C°(M). Fix f € C°°(M) and denote by D}/ the set of functions Ue C®(X) N C%(X)
such that, asymptotically near M,

U=f+yp™ +o(p™)

for some y € C®(M). Set g = p*>g+ and h = g|Ta. Then
—1 2 -2
/ VU P4+ 2 ymy2) o ol > — 2L 99 Py f dvolh—udygg ®f2dvol,| (1-1)
X 2 dy LIm 2 M

forallUe D}/, where J(;)” is the weighted scalar curvature of (X, g, p,m, 1). Moreover, equality holds if
and only ifL’z"¢U =0.

Note that the left-hand side of (1-1) is the Dirichlet energy of the weighted conformal Laplacian LZ P
of (X, g,p,m,1). See Section 2 for a detailed explanation of the terminology and notation used in
Theorem 1.1. The spectral condition in Theorem 1.1 holds for Poincaré-Einstein manifolds for which the
conformal infinity (M", [h]) has nonnegative Yamabe constant [Lee 1995].

A key point is that the spectral assumption A1(—Ag, ) > %nz — y? is necessary; see Proposition 5.1.
This corrects the aforementioned mistake in [Gonzélez and Qing 2013]. Observe also that the left-hand
side of (1-1) involves the interior L2-norm of U. This contrasts with the sharp Sobolev trace inequalities of
Jin and Xiong [2013] which instead involve a boundary L2-norm of f =U]|p: Given a Poincaré—Einstein
manifold (X”+!, M" g.), a constant y € (0, 1), and a defining function p as in Theorem 1.1, there is a

constant A such that
n—2y

f|VU|2p1—2V dvolg +A¢ f? dvol > S(n,y)(gﬁ |f|ni’éy) ! (1-2)
X M M

for any U € DY := Uf D}/, where g = p?gy, f =U|p, and S(n, y) is the corresponding constant in
the upper half space [Gonzdlez and Qing 2013; Jin and Xiong 2013]. Under the spectral assumption
A(=Ag,)> %nz — ¥, one can use the adapted defining function [Case and Chang 2016, Subsection 6.1]
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in Theorem 1.1 to eliminate the interior L2-norm of U; indeed, combining this with (1-2) yields the sharp
fractional Sobolev inequality

§£M fPZVf+Af]§M f?z —%S(H,V)(gngflﬁ%)”y

for all f € C®°(M) (see [Hebey and Vaugon 1996; Jin and Xiong 2013]).

Theorem 1.2. Fix y € (1,2) and setm =3 —2y. Let (X" 1, M", g.) be a Poincaré—Einstein manifold
satisfying A1(—=Ag ) > %nz —(2—y)2 Let r be a geodesic defining function for M and let p be a defining
function such that, asymptotically near M,

p=r-+ p2r3 + ot 4 o(r1+2”)

for some pp, ® € C®°(M). Fix f € C°°(M) and denote by D}’ the set of functions Ue C®(X)NC%(X)

such that, asymptotically near M,

U= f+ f2p> + 90> +0(p™)
for some fo, € C®(M). Set g = p>g+ and h = g|rar. Then for any U € D}/ it holds that

/ ((A¢U)2 — (4P — (1 =2y + I )(VU.VU) + =l Q$U2)
v 2

8y(y —1) n—2y 2
(g, im0

where P is the Schouten tensor of g, J g’ and Qg’ are the weighted scalar curvature and the weighted

Q-curvature, respectively, of (X, g, p,m, 1), and integrals on X and M are evaluated with respect to
p™ dvolg and dvoly, respectively. Moreover, equality holds if and only if LT, ¢U =0.

Note that the left-hand side of (1-3) is the Dirichlet energy of the weighted Paneitz operator LZ P
of (X, g,p,m,1). See Section 2 for a detailed explanation of the terminology and notation used in
Theorem 1.1. The spectral condition in Theorem 1.2 holds for Poincaré—Einstein manifolds for which the
conformal infinity (M", [h]) has nonnegative Yamabe constant [Lee 1995].

The proofs of Theorem 1.1 and Theorem 1.2 rely on three observations. First, we introduce conformally
boundary-covariant operators associated to the weighted conformal Laplacian and the weighted Paneitz
operator in the same sense as the trace and Robin operators act as boundary operators associated to
the conformal Laplacian (cf. [Branson 1997; Branson and Gover 2001; Escobar 1990; 1992]). Second,
we show that our conformally covariant operators recover certain scattering operators when acting on
functions which lie in the kernel of the corresponding weighted GJIMS operator on a Poincaré—Einstein
manifold; this yields another approach to defining the fractional GJMS operators via extensions (cf.
[Ache and Chang 2015; Case and Chang 2016; Chang and Gonzélez 2011; Graham and Zworski 2003;
Guillarmou and Guillopé 2007]). Third, using conformal covariance, we characterize when the left-hand
sides of (1-1) and (1-3) are uniformly bounded below in terms of spectral data for the metric g4. When
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these spectral conditions are met, the left-hand sides of (1-1) and (1-3) can be minimized, and the
identification of the minimizers follows from our extension theorem.

The second step in the above outline is a refinement of previous work in [Case and Chang 2016].
In that work, it was shown that the fractional GJMS operators are generalized Dirichlet-to-Neumann
operators for the weighted GIMS operators. For example, under the assumptions of Theorem 1.1, it was
shown that if Lgfqu =0and Ulys = f, then

d)’ : m .
Py f = —533%(,0 nU —y(n—2y)®U);

see [Case and Chang 2016, Theorem 4.1]. In particular, equality holds in (1-1). The novelty introduced
in this article is to realize the right-hand side of the above display as the evaluation of a conformally
covariant boundary operator. This also allows us to establish the energy inequality of Theorem 1.1. A
similar comparison of our results to those in [Case and Chang 2016] holds in the case y € (1,2).

As an application of our results, we establish a sharp Sobolev trace inequality on the standard upper
hemisphere

Si‘“ = {x=(x0,....Xn41) € R* 12 | Xn41>0, [x|=1}

with the metric induced by the Euclidean metric. To that end, let y € (1, 2) and set

Y . Y
DY = U Dy
fece(sn)

for D}/ determined by the defining function x4 for $” =98 _'ﬁ“ as in Theorem 1.2.

Theorem 1.3. Fix y € (1,2), choose 2y <n €N, and let (S 1+1’ d0?) be the standard upper hemisphere.
Then

n—2y

c,(lzz, (¢ |f|ﬂ37%y dvol)
Sn
(n+3-2y)2-5

2 2
S/si+1[(A¢U) T s VU )

forall U € DY, where f = U|gn and

U2:|x,3lfly dvol (1-4)

c,(,zl), = 8x7

r@—y) T +2y)) (r(én))i
F(y) T(zm=2p)\ T )~

Moreover, equality holds if and only if

(Ap—2((m+3-2y)> = D) (Ap — 2(n+3-2y)>=9))U =0 (1-5)

and f(x) =c(l +a-x)_% for some ¢ € Rand a € R* T with |a| < 1.



SOME ENERGY INEQUALITIES INVOLVING FRACTIONAL GJMS OPERATORS 257

The corresponding result when y € (0, 1) is that

n—2y

n n r(tn+4-2 _
c,gl)), (¢ |f|,1372,, dvol) 5/ |:|VU|2 + (2(1 12) Uz}x;ﬁly dvol
T\ Jsn st T(3(n—2y))

for all U € DY with trace f = U|gn, where
r(1—y) T +2y)) (r(%n))%?
L) TEm—2y)\ T )

This follows easily from [Gonzalez and Qing 2013, Corollary 5.3] and conformal covariance.

cr(,l)), =27

The key observation in the proof of Theorem 1.3 is that the right-hand side of (1-4) is the energy of
the weighted Paneitz operator on (S _’f_H, do?, Xn+1,m, 1). The relation to the anigv—norrn of the trace
then follows from Theorem 1.2 and the sharp fractional Sobolev inequality [Beckner 1993; Cotsiolis and
Tavoularis 2004; Frank and Lieb 2012; Lieb 1983]. In fact, Theorem 1.3 can be extended to a much more
general class of functions U and a large class of conformally flat metrics on the upper hemisphere; see
Theorem 6.1.

This article is organized as follows:

In Section 2 we recall some facts about both the fractional GIMS operators as defined via scattering
theory [Graham and Zworski 2003] and smooth metric measure spaces as used to study fractional GIMS
operators via extensions [Case and Chang 2016].

In Section 3 we introduce conformally covariant boundary operators which, when coupled with the
weighted conformal Laplacian and weighted Paneitz operator, are formally self-adjoint.

In Section 4 we give formulae for our conformally covariant operators in terms of the asymptotics of
compactifications of Poincaré—Finstein manifolds and thereby obtain new interpretations of the fractional
GJMS operators via extensions.

In Section 5 we give characterizations for when the left-hand sides of (1-1) and (1-3) are uniformly
bounded below and also state and prove more refined versions of Theorem 1.1 and Theorem 1.2.

In Section 6 we prove the more general version of Theorem 1.3.

In the Appendix we prove a family of Sobolev trace theorems which are relevant to this article and
slightly different from the usual ones.

2. Background

Scattering theory. A Poincaré—Einstein manifold is a triple (X" 11, M™, g ) consisting of a complete
Einstein manifold (X" *1, g, ) with Ric(g4) = —ng and n > 3 such that X is diffeomorphic to the
interior of a compact manifold X with boundary M = 9X. We further require the existence of a defining
function for M i.e., a smooth nonnegative function p : X — R such that p~!(0) = M, the metric
g 1= p?g+ extends to a C"~ 1% metric on X, and |d,o|§, = 1on M. If p is a defining function for M,
then so too is €% p for any o € C°°(X), and hence only the conformal class [g|7as] on M is well-defined.
An element h € [g|Tar] is a representative of the conformal boundary, and to each such representative
there is a defining function r, unique in a neighborhood of M and called the geodesic defining function,
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such that gy = r=2(dr? + h,) near M for h, a one-parameter family of Riemannian metrics on M with
hy =h+ h(z)r2 +-o 4 h(n_l)r”_l +kr" +o(r™) if n is odd,
hy =h+ h(z)r2 +e 4 h(n_z)r"_2 +hyr" logr +kr" +o(r") if nis even,

where the terms /g for £ <n even are locally determined by / while the term k is nonlocal. For example,

1 1
he) = ———— (Ricj, ————— Ryh
@ n—2( T =) ”)

is the negative of the Schouten tensor of h. For further details, including a discussion of optimal regularity,
see [Chrusciel et al. 2005] and the references therein.

Given a Poincaré—Einstein manifold (X!, M", g.), a representative & of the conformal boundary,
and a parameter y € (O, %n) \ N such that %nz — 2 does not lie in the L2-spectrum of —A g+» We define
the fractional GIMS operator P, as follows: Let s = %n + y. For any f € C° (M), there exists a
unique solution v, denoted P(%n + )/) f, of the generalized eigenvalue problem

—Ag,v—s(n—s)v=0 (2-1a)
such that, asymptotically near M,
v=Fr" +Gr’ (2-1b)
for F,G € C®(X) and F|p = f. Then

T'(y)
I'(-y)
Among the key properties of the fractional GIMS operator P,y : C*°(M) — C*°(M) are that it is
formally self-adjoint, that its principal symbol is that of (—A)?, and that it is conformally covariant;

(2-2)

indeed, if h = 2%k is another representative of the conformal boundary, then

/)

for all f € C°°(M). In fact, this definition extends to the cases y € N by analytic continuation, and in
these cases the operators P»,, recover the GIMS operators. For further details, see [Graham and Zworski
2003].

A useful fact about the solution v of (2-1) is that, up to order rz, the Taylor series expansion of F

n+2y n—2y o

Pry(f)=e" 2 Py le 2

(resp. G) is even in r and depends only on /& and F|ps (resp. G|pr). For example,

F=f—l—;(—ﬁf—i—%(n—Zy)J_f)rz—i—o(rz), (2-3)
4(1-y)
where J is the trace (with respect to /) of the Schouten tensor P and we adopt the convention that barred
operators are defined with respect to the boundary (M", h).
The fractional GIMS operators P, can be interpreted as generalized Dirichlet-to-Neumann operators
associated to weighted GJMS operators. To state this precisely and in the widest generality in which we

are interested requires a discussion of smooth metric measure spaces.
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Smooth metric measure spaces. A smooth metric measure space is a five-tuple (X" +1, g, p, m, 1) formed
from a smooth manifold X! with (possibly empty) boundary M” = 39X, a Riemannian metric g on X,
a nonnegative function p € C(X) with p~!(0) = M, and a dimensional constant m € (1 —n, 00). Given
such a smooth metric measure space, we always denote by X the interior of X. Heuristically, the interior
of a smooth metric measure space represents the base of a warped product

(X" % S™ ¢ @ p?dh?) (2-4)

for (S™, dH?) the m-sphere with a metric of constant sectional curvature one; this is the meaning of
the 1 as the fifth element of the five-tuple defining a smooth metric measure space. The choice of the
standard m-sphere allows us to partially compactify (2-4), though not necessarily smoothly, by adding
the boundary M of X. The model case is the upper half space (R4 x R”, dy? @ dx?, y,m, 1) for y the
coordinate on R4 := (0, 00); in this case the warped product (2-4) is the flat metric on R* 1\ {0},
and the partial compactification obtained from [0, co) x R” is the whole of R? T +1,

The heuristic of passing through the warped product (2-4) is useful in that most geometric invariants
defined on a smooth metric measure space — and all which are considered in this article — can be formally
obtained by considering their Riemannian counterparts on (2-4) while restricting to the base X. More
precisely, when m € N, the warped product (2-4) makes sense and one can define invariants on X in
terms of Riemannian invariants on (2-4) by means of the canonical projection 7 : X" +1 x §7 — x7+1,
Invariants obtained in this way are polynomial in m, and can be extended to general m € (1 —n, c0) by
treating m as a formal variable. This is illustrated by means of specific examples below.

The weighted Laplacian Ay : C*°(X) — C*°(X) is defined by

AU := AU +mp~ 1 (Vp,VU).

This operator is formally self-adjoint with respect to the measure p™ dvolg ; the notation Ay is used for
consistency with the literature on smooth metric measure spaces, where one usually writes p"* = =%
and allows m to become infinite. In terms of (2-4), one readily checks that 7*AgyU = A(7*U) for A
the Laplacian of (2-4). The weighted Schouten scalar J q’;’ and the weighted Schouten tensor Pq’bn are the

tensors
1
Jhi=—— (R—2mp ' Ap— —Dp 2(IVp|> = 1)),
5 2(ern)( mp~ ' Ap—m(m—1)p~%(|Vp|> — 1))
o : —12
Pg’.—m+n_l(Rlc—mp Vp—J(;").

Denoting by P the Schouten tensor of (2-4) and by J its trace, one readily checks that J = *J q'b” and that
Pé" (Z,Z)=P(Z,Z)forall ZeTX, where Z is the horizontal lift of Z to X x S™. The weighted confor-
mal Laplacian Lg’(p 1 C®(X) — C*°(X) and the weighted Paneitz operator LT¢ C®(X) > C*®(X)
are defined by

LY sU :=—AgU + 5(m+n—1)JJU,

LY gU == (=0¢)*U + 84 (4P = (m +n—1)J'g)(VU)) + 5(m +n —3) 0§ U,
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where 83X = trg VX +mp~1 (X, Vp) is the negative of the formal adjoint of the gradient with respect

to p™ dvol,
m + n—

0F =g 2P~ gy + IR gy

is the weighted Q-curvature, and Y " = J g’ —trg Pg’. Observe that the weighted conformal Laplacian
and the weighted Paneitz operator are both formally self-adjoint with respect to o™ dvol. These definitions
recover the conformal Laplacian and the Paneitz operator, respectively, of (2-4) when restricted to the base.

An important property of the weighted conformal Laplacian and the weighted Paneitz operator is
that they are both conformally covariant. Two smooth metric measure spaces (X" 1, g, p,m, 1) and
(X"t g, p,m, 1) are pointwise conformally equivalent if there is a function o € C®(X) such that
g =e%%g and p = e“p. This is equivalent to requiring that the respective warped products (2-4) are
pointwise conformally equivalent with conformal factor independent of S™. Under this assumption, it
holds that

L/Zan)(U) _ e_m-‘r;-‘r GLm¢(em+n 10U), (2-5)
@(U) _ e_m+£1+SULgl’¢(em+2n BUU) (2-6)

for all U e C*°(X).

As defined above, the weighted conformal Laplacian and the weighted Paneitz operator are defined
only in the interior of a smooth metric measure space. The purpose of this article is to introduce and study
boundary operators associated to the weighted conformal Laplacian and the Paneitz operator, respectively,
which share their conformal covariance and formal self-adjointness properties. To do this in such a way
as to meaningfully study Poincaré—Einstein manifolds and the fractional GIMS operators requires us to
allow weaker-than-C ° regularity for both the metric g and the function p at the boundary of our smooth
metric measure spaces. This requires some definitions.

Definition 2.1. Let (X" g) be a Riemannian manifold with nonempty boundary M = 9X. Let
y € ( ) \ N and set k = |y | and m = 1 + 2k — 2y. The smooth metric measure space (X, g, 7, m, 1)
is geodesic if |[Vr|?> =1 in a neighborhood of M and if

k
g=dr’+ Y hopr¥ +o(r?) (2-7)
j=0
for sections /gy, ..., hx) of S2T*M.

The asymptotic expansion (2-7) is to be understood in the following way: Each point p € M admits
an open neighborhood U C X and a constant & > 0 such that the map

0,e)xV = U, (t,q) yq(1), (2-8)

is a diffeomorphism with image U, where V := U N M and y;; is the integral curve in the direction Vr
originating at ¢. By shrinking U if necessary, we may assume that |Vr|?> = 1in U, and hence r(y,4 (1)) =1;
note that if M is compact, then we may take U to be a neighborhood of M. The composition of the
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canonical projection [0, &) X V — V with the inverse of the diffeomorphism (2-8) givesamap 7 : U — V.
We then consider covariant tensor fields on V' as covariant tensor fields in U by pulling them back by 7.
Finally, since |Vr|? = 1 in a neighborhood of M, it is straightforward to check that there is a one-parameter
family &, of sections of S27*M such that g = dr? + h, near M. The assumption (2-7) imposes the
additional requirement that %, is even in r to order o(r??). In particular, if y > %, then M is totally
geodesic with respect to g; if also y > %, then the scalar curvature R of g satisfies d R = 0 along M.

Note that if 7 is a geodesic defining function for a Poincaré-Einstein manifold (X”+!, M", g ) and if
m,y are as in Definition 2.1, then ()? , r2g+, r,m, 1) is a geodesic smooth metric measure space.

Definition 2.2. Let X"*! be a smooth manifold with boundary M = 9X and let y € (0, %) \ N. Set
k = |y] and m = 1 4+ 2k —2y. A smooth metric measure space (X" +1, g, p,m, 1) is y-admissible if it is
pointwise conformally equivalent to a geodesic smooth metric measure space (X, go, 7, m, 1) such that

k
g = Z p(zj)ij +Or? +o(r?) (2-9)
j=0

for P0)s - -+ » P(2k)> deC®(M) and P0) = 1.

Note that if (X, g, p,m, 1) is a y-admissible smooth metric measure space and there are two geodesic
smooth metric measure spaces ()? ,gi,ri,m, 1), 1 €{1,2}, as in Definition 2.2, then r, = r; near M (see
[Graham and Lee 1991, Lemma 5.2] or [Lee 1995, Lemma 5.1]); in particular, all asymptotic statements
about y-admissible smooth metric measure spaces (e.g., (2-9)) are independent of the choice of geodesic
smooth metric measure space in Definition 2.2. Combining the expansions (2-7) and (2-9), we see that if
(X.g,p,m, 1) is a y-admissible smooth metric measure space with y > %, then M is totally geodesic
(with respect to g); if also y > % then d,R = 0 along M.

Given a Poincaré—Einstein manifold (X”T1, M" g,) and y € (0, %) \ N, a defining function p is
y-admissible if (X, p>gy,p,m,1), m=1=2|y|—2y, is a y-admissible smooth metric measure space.
In particular, the extension theorems established in [Case and Chang 2016, Theorems 4.1 and 4.4] are all
stated in terms of y-admissible smooth metric measure spaces. An important example of y-admissible
smooth metric measure spaces which arise as compactifications of Poincaré—Einstein manifolds and for
which the function ® in (2-9) is not necessarily zero are obtained from the adapted defining function
[Case and Chang 2016, Section 6.1].

In light of both our weakened regularity hypotheses and the asymptotics of solutions to the Poisson
equation (2-1), it is natural to introduce the following function spaces.

Definition 2.3. Fix y € (0,1), set m = 1 — 2y, and let (X"*1 g, p,m, 1) be a y-admissible smooth
metric measure space. Given f € C°° (M), denote by C}/ the set of all Ue C*°(X) N C%(X) such that,
asymptotically near M,

U= f+yp* +o(p*) (2-10)

for some ¥ € C*°(M). Set

= U c (2-11)
FeC>(M)
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The Sobolev spaces WOI’Z()? ,p™ dvol) and W12(X, p™ dvol) are the completions of C())’ and C?, respec-
tively, with respect to the norm

U200 = /X (VU + U?)p™ dvol.

For notational convenience, in the case y € (0, 1) we sometimes denote by D? the space C” and by
HY the space W12(X, p™ dvol).

When y € (0, 1), the Sobolev trace theorem (e.g., [Triebel 1978]) states that there is a surjective
bounded linear operator Tr: W 12(X, p™ dvol) — HY (M) such that TrU = f for every U € C}’, where
HY (M) denotes the completion of C°°(M) with respect to the norm obtained by pulling back

2
”f”Hy(Rn) —/ f2d +[n /n |f|)(cx)y|{-|(_§1)/| dx dy

to M via coordinate charts.

Definition 2.4. Fix y € (1,2), set m =3—2y, and let ()?”‘H, g, p,m, 1) be a y-admissible smooth metric
measure space. Given f, ¥ € C°°(M), denote by C f v the set of all U € C*°(X) N C%(X) such that,
asymptotically near M,

U=f+yp" 2+ f2p> + 920> +0(p*) (2-12)
for some f>, ¥p € C°(M). Set
Y ._ y _
= U (2-13)
fabeCo (M)
D= | Yo (2-14)
feC=(M)

The Sobolev spaces Woz’z()? ,p™ dvol), W22(X, p™ dvol), and H? are the completions of C())/,o’ c?,
and DY, respectively, with respect to the norm

U5 := /X(\VZU +mp 1 (8,U)2dp @ dp|* + |VU > + U?)p™ dvol. (2-15)

The particular modification of the Hessian used in (2-15) ensures that the integral is finite for all U € C?.

Given U € Cfn/f’

term in terms of the Z2-norm of Ay U, lower-order interior terms depending on curvature, and boundary

the weighted Bochner formula (see the Appendix) allows one to rewrite this Hessian
terms involving only f and .
When y € (1, 2), the Sobolev trace theorem (see the Appendix) states that there is a surjective bounded

linear operator Tr : W22(X, p™ dvol) — HY (M) @ H?>77 (M) such that Tr(U) = (f, ) for every
Ue C}’ v where HY (M) denotes the completion of C°°(M ) with respect to the norm obtained by pulling

back
é 0,/ =8 F )P
Zy o = 2 \vj 2 d J J dxd
1 Gy = [ P2+ P) x+;// Lok dxdy

to M via coordinate charts.
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We conclude with two useful observations. The first is the following relationship between a defining
function for a Poincaré—FEinstein manifold and certain weighted geometric invariants of the induced
compactification.

Lemma 2.5 [Case and Chang 2016, Lemma 3.2]. Let (X"T1, M™ g.) be a Poincaré—Einstein manifold
and p be a defining function. Fix m > 1 —n. The smooth metric measure space (X" *1, g:=p?gy,p.m, 1)

has
J+po Ap= 50+ 1)p >(IVel> = 1), (2-16)
m
JP=J——(J+p 'Ap), 2-17
& s [P Ap) (2-17)
Py =P (2-18)

Here P and J are the Schouten tensor of g and its trace, respectively.
The second is the following characterization of pointwise conformally equivalent y-admissible smooth
metric measure spaces in terms of the conformal factors.

Lemma 2.6. Fix y € (0,2)\ {1} and let (X", g, p,m, 1) be a y-admissible smooth metric measure
space withm = 1+ 2|y| —2y. Leto € C®(X) N C%X) and set § = ¢*°g and p = e°p. Then
(X" g, p,m, 1) is a y-admissible smooth metric measure space if and only if o € DY.

Proof. Let (X, go,r,m, 1) and (X, go.7,m, 1) be geodesic smooth metric measure spaces associated to
(X,g,p.m,1)and (X, g,7,m, 1), respectively, as in Definition 2.2. Suppose first that (X, g, p,m, 1) is
y-admissible. We readily check that
o0 T r
e’ = B -—.— €D,
Frop
whence o € D?. Conversely, if o € D?, we readily check that 7#/r € DY, whence (X" t1, g, p,m, 1) is

y-admissible. O

For the remainder of this article, unless otherwise specified, the measure with respect to which an
integral is evaluated is specified by context: if a smooth metric measure space (X" 1, g, p,m, 1) with
boundary M = 9X is given, all integrals over X are evaluated with respect to p” dvolg and all integrals
over M are evaluated with respect to the Riemannian volume element of g|7ps.

3. The conformally covariant boundary operators

In order to study boundary value problems associated to the weighted conformal Laplacian and the
weighted Paneitz operator — for instance, to study the fractional GJIMS operators as in [Case and Chang
2016] —it is useful to find conformally covariant boundary operators associated to these respective
operators. In the case of the weighted conformal Laplacian Lm with m = 1 — 2y, this means ﬁnding
conformally covariant operators Bg and B , such that s U V) = (L V, U) for all U V €ker B 2v
or forall U, V €ker B, y . That is, the boundary value problems (LY 5 Bzy) and (L% ¢; ) are formally
self-adjoint. In the case of the weighted Paneitz operator L7 10 with m =3 -2y, thrs means defining
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conformally covariant operators Bg v BZZ)’,'_Z, B;y, BZZJ): such that (LT ¢U, V)= (LZ1 ¢V, U)forall U,V
in the kernel of one of the pairs

2

B1 = (B, 2

2 2 2 2
Y. ByY), %2=(Boy,32yy_2), or %3=(32;_2,32;’).

That is, the boundary value problems (LT, & B;) for j € {1,2,3} are all formally self-adjoint. These
boundary value problems are all elliptic, as is apparent from the definitions of the operators given below,
and our definitions are such that the formal self-adjointness follows from simple integration-by-parts
identities; see Theorem 3.2 for the case of the weighted conformal Laplacian and Theorem 3.4 and
Theorem 3.7 for the case of the weighted Paneitz operator.

The existence of such operators when m = 0 is already known: B = n+ %H is a boundary operator
for the conformal Laplacian (see [Branson 1997; Escobar 1990]), while Branson and Gover [2001] have
constructed via the tractor calculus conformally covariant boundary operators associated to the noncritical
GJIMS operators and Grant [2003] derived the third-order boundary operator associated to the Paneitz
operator (see also [Chang and Qing 1997; Juhl 2009] for the case of critical dimension). As is apparent
from Definition 3.1, B{ = B, while the operators B} for k € {0,1,2,3} give explicit formulae for the
boundary operators associated to the Paneitz operator in the case of manifolds with totally geodesic
boundary; see [Case 2015] for the general case.

The case y € (0,1). The conformally covariant boundary operators associated to the weighted conformal
Laplacian are defined as follows.

Definition 3.1. Fix y € (0,1) and set m = 1 —2y. Let (X", g, p,m, 1) be a y-admissible smooth
metric measure space with boundary M = 90X and let (X, go.7,m, 1) be the geodesic smooth metric
measure space as in Definition 2.2. Set n = —ng r. As operators mapping C? to C*°(M),

—2y
BYU :=Uly. BXU:=lim p"(qU + ="Lusy).
0 M. By, Jim pT AU+ —, n
where 61 = trg V&n.
Note that n is the outward-pointing unit normal (with respect to g) vector field along the level sets
then 81|y = H is the mean curvature of M with

of r in a neighborhood of M. In particular, if y = %

respect to g. For this reason, we call
H,, := lim p"§
2y p—0 n

the y-mean curvature of M. Since ()?”‘H, go,7,m, 1) is uniquely determined near M by ()?, g, p,m,1),
the asymptotic assumptions of Definition 3.1 guarantee that the y-mean curvature and the operators Bg v
and BZZ;,’ are well-defined; indeed,

Hsy = —-2ny®,
2
B,YU = f,
BZU = —2y(y + L(n —21)®f),
where p and U satisfy (2-9) and (2-10), respectively, near M.
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That the operators Bg ¥ and BZZJ): are the conformally covariant boundary operators associated to the
weighted conformal Laplacian is a consequence of the following result.
Theorem 3.2. Fix y € (0,1) and set m = 1 —2y. Let (X"t g, p.m, 1) and (X"*1, g, p,m, 1) be two
pointwise conformally equivalent y-admissible smooth metric measure spaces with § = e2° g and p = e p.
Then for any U € CY it holds that

BY (U) = e~ "2 0 B (0" 70 1), (3-1)
B (W)= M B "2 00). (3-2)
Moreover, given U,V € CY, it holds that
/X VLY U + §£M ByY (V)BY(U) = Qa(U.V) (3-3)
for Qay, the symmetric bilinear form
n—2 n—2
0w )= [ (Vo + S gpuv) + 2 G 5 )87 ),

In particular, Q3 is conformally covariant.

Proof. Equation (3-1) follows immediately from the definition of Bg v,
By Lemma 2.6, we have that o € C?, and in particular o no is well-defined. On the other hand, if 7
and 7 are as in Definition 3.1, then /) = e~ °7. Hence
n—2y n+2y

pMAe” 2 U)=e" 2 “p"™(nU —L(n—2y)Uno),
™8 = e P (§n + nno).

Combining these two equations yields (3-2).
Finally, integration by parts yields (3-3). Combining (3-1) and (3-2) with (3-3) yields the conformal
covariance of Q. O

The case y € (1,2). The conformally covariant boundary operators associated to the weighted Paneitz
operator are defined as follows.

Definition 3.3. Fix y € (1,2) and set m = 3 —2y. Let (X"T1, g, p,m, 1) be a y-admissible smooth
metric measure space with boundary M = X and let 5 be as in Definition 3.1. As operators mapping
C’ to C®(M),

BYU :=U,
B3 _,U = p™yU,
2—y_ )
BYU = ——);AU—i—(VZU(n, 0 +mpLa,U) + . Y12y,
y_

n—2y
2

1 -
2 2
By U := —pmr)A¢U—ﬁApan+Szypan+ (P"nIgHU,
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where
2y _ 3-2y - _
Tfyz=—yJ—(P(n,n)——y(J+p 1Ap+P(n,n>)), (3-4)
y—1 n+1
n=2y n+2y—4\- n-2y—4 B=2y)(n—=2y+4) - _;
S .= T+—=2 " p(m.n)— T Ap+P(n, 3.5
2 ( 2 +2(y_1)) t— (n.m) 200 D) (J+p"Ap+P(n. 1) (3-5)

and we understand the right-hand sides to all be evaluated in the limit p — 0.

Due to the length of the computations, we break the proof that the operators given in Definition 3.3 are
conformally covariant boundary operators associated to the weighted Paneitz operator on y-admissible
smooth metric measure spaces into two parts. First, we show that they are conformally covariant of the
correct weight.

Theorem 3.4. Fix y € (1,2) and set m =3 —2y. Let (X"t g, p,m, 1) and (X", g, p,m, 1) be two
pointwise conformally equivalent y-admissible smooth metric measure spaces with § = e2° g and p = e p.
Then for any U € CY it holds that

By = "5 ol g2 ("5 o), (3-6)
~ n42y— n—
BY U =e"F 0Bl ("FT0U), (3-7)
BYU = "3 ol g2 (0" o), (3-8)
BU = "ol 2 (T 0), (3-9)

The proof of Theorem 3.4 is a somewhat lengthy computation. While such computations are routine in
conformal geometry (see [Branson 1985; Chang and Qing 1997]), they have not been carried out in this
form in the literature for smooth metric measure spaces, and so we sketch the details here.

Fix y € (1,2). An operator T : CY — C°°(M) defined on a y-admissible smooth metric measure space
(X", g, p,m, 1) with boundary M = 3X is natural if it can be expressed as a polynomial involving
the Levi-Civita connection and the Riemann curvature tensor of g, powers of p, the outward-pointing
normal 7 along M = 90X, and contractions thereof. A natural operator 7 is said to be homogeneous of
degree k € R if for any positive constant ¢ € R, the operators 7" and T defined on ()? n+l g,p,m, 1) and
(X"t1 g, p,m, 1), respectively, for § = c2g and p = cp, are related by

TW)=c*TW)

for all U in the domain Dom(7") of T'. Given a homogeneous operator 7" of degree k, a function o € DY,
and a fixed weight w € R, we define

9
(T(U)) = n (e-wHhral o (e¥1°0)), (3-10)
t=0

where T,20, denotes the operator 7" as defined with respect to the smooth metric measure space
(X" 1, e29g ¢%p,m, 1). One readily shows (see [Branson 1985, Corollary 1.14]) that, given a natural
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operator 7" which is homogeneous of degree k and a fixed weight w, it holds that
Tyoog(U) = W TR T (~woy)

for all 0 € DY and all U € Dom(T) if and only if (7 (U))’ = 0 for all 0 € DY and all U € Dom(T).

To prove Theorem 3.4, it thus suffices to compute the linearizations (3-10) of the operators given
in Definition 3.3 — which are all natural and homogeneous — with the fixed weight w = —%(n —2y).
We accomplish this through a pair of lemmas. We first consider operators which are homogeneous of
degree —2.

Lemma 3.5. Fixy € (1,2) and set m = 3 —2y. Let (X", g, p,m, 1) be a y-admissible smooth metric
measure space with boundary M = 3X. Let o € DY and let U € CY. Fix a weight w € R. Then

(AUY = (n + 2w —2)(VU, Vo) +wU Ao,
(V2U@,m) +mp~'3,U) = (m+1)(VU, Vo) + wU(V?a (,n) + mp~'3,0),
(JU)Y = -U Ao,
(UP(.m) =-UVZa (1),
(p'UAP) = (Ao + V2o (n.0) + (1 + D)p~" 0,0)U.
Proof. Let § = e?'9g. It is well-known that
P =P —tV% + 0(t?),
V2U =V2U —1dU ®do —t do ® dU +1(VU,Vo),g.
and similarly for quantities defined in terms of the induced metric on M. The conclusion readily follows. [
We next consider operators which are homogeneous of degree —2y.
Lemma 3.6. Under the same hypotheses as Lemma 3.5, it holds that
(Ap™pU)Y = 2m +n + 2w —4)(Vp™qU, Vo) + (m +w —1)(p"nU) Ao,
(P"nAgU) = (m+n+2w—1)(Vp"nU, Vo) + wUp™nAyo
+ ((m +n 42w —1)(Va(n,n) —mp~'3,0) + wAsa)p™nU,
(Up™nJg") = —Up™nAgo.
Proof. The first identity follows immediately from Lemma 3.5 and the homogeneity of p" 1.
The conformal transformation formula for the weighted Laplacian [Case 2012] yields

(P"nAgU) = p"n((m +n+2w—1)(VU, Vo) + wUA40).
A straightforward computation shows that
p"n((VU. Vo)) = (Vo,Vp"nU) + (Vo (n.n) —mp~'0,0)p™nU,

from which the second identity follows.
Finally, the conformal transformation formula for the weighted scalar curvature (see [Case 2012,
Proposition 4.4]) yields the last identity. O
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Proof of Theorem 3.4. 1t is clear that (3-6) and (3-7) hold.
It follows immediately from Lemma 3.5 that the operator B; ,, defined by

_ n+2w-—-2 _
By U :=—AU + m—(sz(n, n) +mp13,U)

+1
(_ n+2w-—2
_w _—————
m+1
satisfies (B2, U)" = 0 for any w € R. This yields (3-8) upon observing that

(P(n, n) — nmj(ﬂ P(n.n) + p‘lAp)))U

2—
2y 14
B = 1 —B,
It follows immediately from Lemma 3.5 and Lemma 3.6 that the operator By, ,, defined by
m+n+2w—1 —

BaywU := —p"nAgU + Ap"™ U + Tz,up" nU —w(p"nJg")U,

2m+n+2w—4

m+w—-1)m+n+2w-—1)
Ty =
2m+n+2w—4

_w)f—(m+n+3w—1)P(7]»77)

mm+n+w-—1) — _
— p—— (J+P@.n)+p ' Ap)

satisfies (Bzy,,» U)" = 0 for any w € R. This yields (3-9) upon observing that B;;,’ = B2y _n—2y. O
T2

We next show that the operators given in Definition 3.3 are boundary operators associated to the
weighted Paneitz operator, in the sense that the pairing

07 xC7 5 (U.V) > (LJ4U. V) + (B2 U B V) + (B2 U, BY_,V)

is a symmetric bilinear form. Indeed, this form can be written explicitly, and is the polarization of the
energy associated to the weighted Paneitz operator on a y-admissible smooth metric measure space with
boundary.

Theorem 3.7. Fix y € (1,2) and set m = 3 —2y. Let (X"t g, p,m, 1) be a y-admissible compact
smooth metric measure space with boundary M = 9X. Given U,V € CY, it holds that

fX VLT, U + 9§M (B2 (V)BZ(U) + BZ_,(V)BY (U)) = Q2 (U, V) (3-11)
for Q»y the symmetric bilinear form
Q2y (U, V)

= / [(A¢U)(A¢ V)—(@4P—(n—2y+2)J " g)(VU, VV)—i—ﬂQZ,’UV}
X 2

1
+§/3 [ (VB3 (). VB, (V) +(TBY (V). VB3, (U)
MLY—
n—2y
2

In particular, Q3 is conformally invariant.

+

T (ByY (U)B3Y_,(V)+B3! (V)B3)_ 2(U))+¥(p’"nJ;;’)Béy(U)BSV(V)].
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Proof. Equation (3-11) follows from a straightforward computation using integration by parts, the

consequences
J=J+ P,
(1) (3-12)
P(n,VU) = P(n.mnU
of the Gauss—Codazzi equations, and (2-17).
It follows immediately from Theorem 3.4 and (3-11) that Q5, is conformally invariant. O

4. Some asymptotic expansions

For Poincaré—Einstein manifolds, the fractional GJIMS operator P; can be interpreted as the Dirichlet-to-
Neumann operator for functions in the kernel of the conformal Laplacian [Chang and Gonzdlez 2011].
There is another conformally covariant operator defined on the boundary with the same principal symbol
as Py, namely f — B 11 U for U the unique extension of f in the kernel of the conformal Laplacian
[Branson 1997]. In fact, these two operators are the same [Guillarmou and Guillopé 2007].

The boundary operators introduced in Section 3 all give conformally covariant operators as follows: Fix
y€(0,2)\{1}andset k = |y| + 1 and m = 2k — 1 —2y. Let (X"*!, M™, g ) be a Poincaré—FEinstein
manifold with n > 2y, let p be a y-admissible defining function, and consider (X, p?>g., p, m, 1). Given
a function f € C°°(M), let U be the unique extension of f in C]Z,o such that L7 U = 0. Then the map

2ka¢
By (f) = B;’,’ U is conformally covariant in the sense that

_n+2y

Bay(f) = e "2 0, (o"F 0l 1)

for all o € DY, where B is defined in terms of (X", g, p,m, 1) for § = €27 g and p = €° p. The fractional
GJIMS operators can also be regarded as generalized Dirichlet-to-Neumann operators associated to the
kernel of the weighted conformal Laplacian and the weighted Paneitz operator in the cases y € (0, 1) and
y € (1,2), respectively [Case and Chang 2016]. We show that, as in the case y = %, the operators B>y,
and P, are the same.

The case y € (0,1). A direct computation using the definition of 322;,/ and [Case and Chang 2016,
Theorem 4.1] readily shows that the fractional GIMS operator P>, and the operator B,, defined above
are the same when y € (0, 1).

Proposition 4.1. Fixy € (0, 1) and set m = 1—2y. Let (X", M", g1 ) be a Poincaré—Einstein manifold
such that %nz —y2 dopp (—Ag, ). Let p be a y-admissible defining function. Given f € C*°(M), let U
be the solution to the boundary value problem

Lg”¢U=O in (X"t p2g4, p,m, 1), @1
U=f on M.

Then

d
Py f = —ﬁB;’,’ U. (4-2)
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Proof. By conformal covariance, we may assume that p = r is the geodesic defining function associated
to g|7m . From [Case and Chang 2016, Theorem 4.1], we see that U = r_%P(%n + y)f. In particular,
UeCy and )

Pay f = =50 lim "0
for n = —0, the outward-pointing normal along M. Tt is straightforward to check that r§n — 0 as r — 0,
and hence (4-2) holds. O

The case y € (1,2). An argument similar to the one given in the proof of Proposition 4.1 shows that
Bsz is proportional to Py f if Ue C% satisfies Lm U = 0. However, much more can be said. Indeed,
this statement remains true if U € C}' " for any € C °°(M )! To make this more precise, we shall evaluate
the operators B y for s € {0,2y —2, 2,2y} when acting on elements of the kernel of the weighted Paneitz
operator in terms of scattering operators.

We begin by investigating the asymptotic behavior of the summands which appear in the definitions of
the operators By 2 For our intended applications, it suffices to compute with respect to the compactification
of a Poincaré-Einstein manifold by a geodesic defining function. We first observe the following simple
asymptotic behavior of the interior scalar curvature.

Lemma4.2. Fixy €(1,2) and setm =3—2y. Let (X"*1, M", g ) be a Poincaré-Einstein manifold and
let r be a geodesic defining function. Then, in terms of (X,r%gy,r,m, 1), it holds that, asymptotically

near M,
J=J+0(@?). (4-3)

Proof. A straightforward computation shows that
r Y Ar =—J +0@r?).
The conclusion now follows from (2-16). O

We next compute certain derivatives of elements of C?.

Lemma 4.3. Fix y € (1,2) and set m =3 —2y. Let (X"T1, M" g.) be a Poincaré—Einstein manifold
and let r be a geodesic defining function. Let U € CY have the expansion (2-12) asymptotically near M.
Then, in terms of ()?, r2g+, r,m, 1), it holds that

lm [ U] =2(1-y)y. (4-4)
lim [V2U (. n) +mr™10,U] = 42 =) f2, (4-5)
lim[-r"nAgU] =2(y — D[4y ¥z + Ay —2(y = DT Y], (4-6)

Proof. Equation (4-4) is an immediate consequence of (2-12).
We next compute that

F,(r™m3,U) =42 — ) fo + 4y var?? 2 4 0(r2772?),

from which (4-5) immediately follows.



SOME ENERGY INEQUALITIES INVOLVING FRACTIONAL GJMS OPERATORS 271

Finally,
AgU =Af+4Q—y)fa+ (42 + Ay =2y = )T Y)r?’ 7> +o(r?'72).
Differentiating yields (4-6). O

Combining Lemmas 4.2 and 4.3 yields the following evaluations of the operators Bs2 Y in terms of the
asymptotic expansion (2-12).

Proposition 4.4. Fixy € (1,2) and setm =3—2y. Let (X" 1, M", g ) be a Poincaré—Einstein manifold
and let r be a geodesic defining function. Let U € CY be such that (2-12) holds near M. In terms of
(X,r%gy,r,m, 1), it holds that

B'U = f, 4-7)
By U =2(1-7)y, 4-8)
B'U = i%ﬁ(—ﬁf +3(0=20)Jf) +42~y) f2. (4-9)
BIU =8y(y — )2 — 2y (=AY + S (n + 2y — )T y). (4-10)

Proof. Equation (4-7) is obvious, while (4-8) is (4-4). Combining (3-12) and (4-3) yields that P(n,n) =0.
Hence, by (3-12) and Lemma 4.2,

N

T2 =""V7. (4-11)
)/ f—
It then follows from (4-5) that (4-9) holds. Finally, Lemma 4.2 implies that
-2 2y —4\ -
A e G el §
2 2(y—1)
Combining this and Lemma 4.3 yields (4-10). O

—_—

Applying Proposition 4.4 to solutions of the Poisson equation (2-1) yields the following interpretation
of the operators BS2 v,

Corollary 4.5. Fix y € (1,2) and set m = 3 —2y. Let (X"T1, M", g.) be a Poincaré—Einstein man-
ifold such that %nz—yz, %112—(2—)/)2 Zopp(—Ag,). Let p be a y-admissible defining function with
expansion (2-9) near M. Fix f,y € C°(M) and set uy = ’P(%n + )/)f and uy = P(%n +2— )/)1//. Set
U= p_%(ul +uy). In terms of (X, p*>g+, p.m, 1), it holds that

L7 ,U =0,
BYU = f,
BYY U =2(1-y)Y,
BYU = 42=y) Py—2y Y,
2—y
B2 = 8y(y — 1)P2yf

dy
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Proof. By conformal covariance, we may assume that p = r is the geodesic defining function associated
to g|rTm. That L7 ¢U = 0 follows from conformal covariance and the factorization

(LY ey = (—Dgy — 40+ 2=9)*) o (Ag, — 0> +77) (4-12)

of the weighted Paneitz operator of (X”*1 g, 1,m,1); see [Case and Chang 2016, Theorem 3.1].
Using the asymptotic expansion (2-3), we observe that

1= [f+4(11— )( A & )r2+dy_1P2yfr27],

n— 4+2y

Us 7 [¢+d2 y Paoy (W)r* 727 4 e 1_ D (—Z¢+Wf¢)r2:|,

where we write A~ Bif A—B = o(r ) SetUj =r —1 uj for j € {1,2}. Applying Proposition 4.4
to U1 and U, and using the linearity of the operators By 2 for s € {0,2y —2,2,2y} yields the result. [J
By appealing to the uniqueness of solutions to L’ U = 0 with suitable boundary conditions, we

obtain two extension theorems relating the fractional GJMS operator Py, to the operator B, y . The first
result is a reformulation of [Case and Chang 2016, Theorem 4.4].

Proposition 4.6. Fix y € (1,2) and set m = 3 —2y. Let (X"*!, M" g.) be a Poincaré-Einstein
manifold such that %nz )/2 1h2_(2—y)? & opp(—Ag,). Let p be a y-admissible defining function.
Given [ € C®(M), let U be the unique solution to the boundary value problem

LT’¢U=0 in (X", p2g4,p,m, 1),
BYU=f onM, (4-13)
BZZ;,’_ZU =0 onM.

Then

by gy, (4-14)

2yf_(—1) 2y

Proof. Let u = P(%n + )/) f and set U= o = u. It follows from Proposition 4.4 and conformal
covariance that U satisfies (4-13). Hence, by uniqueness of solutions of (4-13), it holds that U = U.
Equation (4-14) now follows from Corollary 4.5. O

The second result is an analogous extension theorem formulated in terms of the iterated Dirichlet data
of a fourth-order boundary value problem.

Proposition 4.7. Fix )/ € (1,2) and set m = 3 —2y. Let (X"t1, M" g.) be a Poincaré—Einstein

2

manifold such that Zn —y~, 4n2 (2—y)? & opp(—Ag,). Let p be a y-admissible defining function.

Given f € C®(M), let U be the unique solution to the boundary value problem
L7, U=0 in(X"T p%g1,p,m,1),
BYU=f onM, (4-15)
BYU=0 onM.
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Then

dy __ pay U. (4-16)

2yf—m 2y

—2y

Proof. Letu = ’P(%n + )/) fandset U = p~ “Z"u. Tt follows from Proposition 4.4 and conformal

covariance that U satisfies (4-15). Hence, by uniqueness of solutions of (4-15), it holds that U = U.
Equation (4-16) now follows from Corollary 4.5. O

Surprisingly, the fractional GIMS operator P>, can be recovered from the boundary operator Bzzj,’
without finding a unique extension.

Proposition 4.8. Fixy € (1,2) and setm =3—2y. Let (X"+1, M", g) be a Poincaré—Einstein manifold
2

such that %nz—y , 4n2 2—y)? opp(— Ag,). Let p be a y-admissible defining function. Suppose that
U € C7 satisfies
Lm¢U =0 in(X"T p2g..p,m, 1),

gyU=f on M.

Then
dy g2
Py f =5 =D By U. (4-17)
Proof. Set
1 2
=_——B,’ ,U
VS aay

Let u; = P(%n + )/)f and u, = P(%n +2— )/)w and set U = p_nzzy (u1 + up). It follows from
Corollary 4.5 that U satisfies

Ly, U=0 in X,

BYU = f on M, (4-18)
vy~

By, ,U=2(1—y)y onM.

By uniqueness of solutions of (4-18), we have U = U. Equation (4-17) now follows from Corollary 4.5. O

5. The energy inequality

We are now ready to prove the energy inequalities stated in the Introduction. As throughout this article,
we consider the cases y € (0, 1) and y € (1,2) separately. Nevertheless, the basic ideas are the same. We
start by considering the energy functional £, : C” — R given by &£, (U) = Q5, (U, U), where Q»,, is
as in Theorem 3.2 and Theorem 3.7. Concretely, if y € (0, 1), then

2 n—2
£2,(U) = /(|VU|2 ZVJ U2)+ 2ny

U2, (5-1)
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while if y € (1,2), then

Ey(U) = /X((A¢U)2—(4P —(n—=2y+2)J4'g)(VU,VU) + n—2

2
+§1§M(V 1<v132Y(U) VBY_,(U)) :
— V(pan;”)(BéyU)z). (5-2)

n
+(n—29)T;" By (U) B3 _,(U) +

Using the fact that C f v = =U+ CO o for some, and hence any, fixed U € C}' we obtain a necessary
and sufficient condition for &, to be uniformly bounded below in C - in terms of the bottom of the
L?-spectrum of sz! ® for k = [y] + 1. When &y, is uniformly bounded below, we construct a minimizer
which necessarily solves (4-1) or (4-13). This construction together with Proposition 4.1 or Proposition 4.6,

respectively, yields the result.

The case y € (0,1). Following the outline above, we start by characterizing when &5, is uniformly
bounded below on C}/ in terms of the bottom of the spectrum of —Ag on a Poincaré-Einstein manifold
(X", M", g). This result generalizes an observation of Escobar [1994] in the case y = %, and corrects
an error in the remark following the statement of [Gonzdlez and Qing 2013, Theorem 1.4].

Proposition 5.1. Fix )/ € (O 1) and set m = 1 —2y. Let (X"T1, M" g.) be a Poincaré—Einstein
manifold such that n —y2d opp(—=Ag. ). Let p be a y-admissible defining function and consider
(X, p%g4,p,m,1). le feC®(M). Then

inf &, (U) > —o0 (5-3)
Uecy
if and only if
A(=Ag,) > in*—y2 (5-4)

Proof. Fix U € C}’, so that C}/ =U+ Cg. By definition,
M (LY ) =inf{&x (V) |V €Cy. [y VE=1}.

Since (L'2”¢)Jr =—Ag, — %nz + 2, we have that 1, (L'2”¢) > ( if and only if (5-4) holds.
Next, given any V' € C())' and ¢ € R, we compute that

Eay(U +1V) =12E2, (V) + 2t Q2y (U, V) + E25(U). (5-5)

If (5-4) does not hold, then thereisa V € Cg such that £, (V') <0. In particular, inserting this V" into (5-5)
and letting t — oo shows that (5-3) does not hold. If (5-4) holds, then Theorem 3.2 and (5-5) imply that

E2y(U +V) = Ay (LT ¢)/ V2+2([ (L?q,U)) (/X 2)2+52y(U)

forany V € C(’)/ . An application of the Cauchy—Schwarz inequality yields a lower bound for &, (U + V')
which depends only on U. In particular, (5-3) holds. O
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We next implement the minimization scheme described at the beginning of this section to prove
Theorem 1.1. For convenience, we restate the result here.

Theorem 5.2. Fixy € (0, 1) and setm =1 —2y. Let (X" 1, M", g ) be a Poincaré—Einstein manifold
which satisfies (5-4). Let p be a y-admissible defining function with expansion (2-9) and consider
(X, p%g4.,p,m,1). Forany f € C®(M), it holds that

. 2 2
/ (|VU|2 + MJ(;,"UZ),O’" dvol > _1[95 fPay f dvol degg of2 dvol] (5-6)
X 2 dy LIm 2 M

forallUe W2(X, p™ dvol) with TrU = f. Moreover, equality holds if and only if Lg”qu =0.

Proof. From (5-1) and Proposition 5.1 we observe that the left-hand side of (5-6) is uniformly bounded
below in C}/. Let Ue WI2(X, p™ dvol) be a minimizer. Necessarily U solves (4-1). Theorem 3.2 and
Proposition 4.1 then imply that

2
e V) == 1Py
14

from which (5-6) immediately follows. O

The case y € (1,2). We again start by finding a necessary and sufficient condition for the energy &, to
be uniformly bounded below on C}' "

Proposition 5.3. Fixy € (1,2) and set m =3—2y. Let (X", M", g1) be a Poincaré—Einstein manifold
such that %nz—yz, 1h2_(2—y)? Zopp(—Ag,). Let p be a y-admissible defining function and consider
(X, p%g4.,p,m,1). Fix f.y € C®(M). Then

inf &,(U)>—o0 (5-7)
Uecy,,
if and only if
/\1(LT’¢) > 0. (5-8)

Moreover, if A1(—=Ag, ) > %nz — (2—1y)?, then (5-8) holds.

Proof. Arguing as in the proof of Proposition 5.1, but using Theorem 3.7 instead of Theorem 3.2, yields
the equivalence of (5-7) and (5-8).
Suppose now that A1 (—Ag, ) > %nz —(2—y)2. It follows immediately from (4-12) that (5-8) holds. [J

We next implement the minimization scheme to derive the following improvement of Theorem 1.2.

Theorem 5.4. Fix y € (1,2) and set m =3 —2y. Let (X1, M", g.) be a Poincaré—Einstein manifold
which satisfies (5-8). Let p be a y-admissible defining function with expansion (2-9) and consider
(X, p?g4.,p,m,1). Forany f.v € C®(M), it holds that
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/ ((A¢U)2 — (4P —(n—2y + 2T ) (VU.VU) + "= Q(’;’Uz)
X

2
J8v(r=1D _n=2 2
B dy (9§M T Par 1 2 o 9§M el ) 2)’()/ 9§ VPaay¥

s (9150 + WU‘ H4 =D fY) 59)
M

forallUe W%2(X, p™ dvol) with Tr U = (f. V). Moreover, equality holds if and only ifLT’qSU =0.

Proof. From (4-8), (5-2) and Proposition 5.3, we observe that the left-hand side of (5-9) is uniformly
bounded below in C}/ Let Ue W22(X, p™ dvol) be a minimizer. Necessarily U solves (4-18). Note
that the factorization (4-12) and the assumption (5-8) together imply that 1 n%—y2, %nz—(2—y)2 g
0pp(—Ag, ). Therefore, by Theorem 3.7 and Corollary 4.5,

SV(V

£2,(U) = 1)95 FPay f +8(1—y)2—y) dy” ygﬁ Py 2y

The conclusion follows from (2—2). O

6. A sharp Sobolev inequality

As an application of Theorem 5.4, we prove the following sharp Sobolev trace inequality for y-admissible
compactifications of hyperbolic space with y € (1,2). This statement is more general than Theorem 1.3
in that it involves the full trace on C¥ and it allows for arbitrary y-admissible compactifications.

Theorem 6.1. Fixy €(1,2) and set m =3—2y. Choose n €N such that n > 2y and let p be a y-admissible
defining function on hyperbolic space (H"T1, 8™, g1). Then, in terms of (H, p*>g+, p.m, 1),

n=2y n—4+42y

_2n_\ " __2n__
e @)= B(§ 17175) T w1 (¢ i)

forall U € CY, where f is the trace of U, ® is as in (2-9), and

cu)::8nyI12——V)F(%Or+2y))(r(%n))
" T T(tm—2y)\ T

2y
n

4 4
Moreover, equality holds if and only if LZ’¢ U =0and both {727 (p?>g)|rsn and ¥ =42 (p* gy )| 7sn
are Einstein with positive scalar curvature.

Proof. Since A1(—Ag,) = %nz, Theorem 5.4 implies that

W)z LI=DG oy f 4 I Py ©1)

ZV(V

for all U e CY, where f and  are as in (2-12). The conformal covariance of the fractional GIMS operators
and the sharp fractional Sobolev inequality [Beckner 1993; Cotsiolis and Tavoularis 2004; Frank and
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Lieb 2012; Lieb 1983] together imply that

- 2)/ y ( (n—|—2)/))( ) ( 2 2y) ny ]
g, rrans =22 P () (4,01 ©2)

with equality if and only if f w3y (0?g+)|Tsn is Einstein with positive scalar curvature. Combining (6-1),
(6-2) and the corresponding result for P4—>) yields the desired result. O

Proof of Theorem 1.3. 1t is straightforward to check that (S _"FH, d0?, xp+1,m, 1) satisfies
LY 4= (—Ag + %((m +n)?— 1)) (—Ag + %((m +n)?— 9).
Since g4+ = xn?rld 62 satisfies Ricg, = —ngy, we see find that x, 41 is a y-admissible defining function
for hyperbolic space. Applying Theorem 6.1 then yields the desired conclusion. O
Appendix: Proof of the Sobolev trace theorem

The proof of Theorem 5.4 requires the Sobolev space W2-2(X"+1 p™ dvol) and its trace onto H? (M) @
H?7Y(M). Since our definitions of W22(X"+1 p™ dvol) and the trace via the space C¥ are nonstan-
dard — the usual approach is via completions of C®(X) [Triebel 1978] — we prove the existence of the
trace map.

Theorem A.1. Fixy € (1,2) and setm =3—2y. Let (X"t g, p, m, 1) be a y-admissible smooth metric
measure space with nonempty boundary M = 0X. There is a unique bounded linear operator

Tr: W22(X, p™ dvol) — HY (M) & H*V (M)

such that Tr(U) = (f, ) forall U € C f1/f Moreover, there is a continuous mapping
E:HY(M)® H> V(M) — W2*2(X, p™ dvol)

such that Tr oE is the identity map on HY (M) @ H?*™Y(M).

The proof of Theorem A.1 involves two steps. First, we prove the corresponding result in upper half
space (W, dy? ® dx?,y,m,1) for IR%:’LJrl = (0,00) x R” and y the standard coordinate on (0, c0).
Second, we use coordinate charts to pull the Euclidean result back to y-admissible smooth metric measure
spaces. Indeed, the second step is routine, and the proof will be omitted. The first step is carried
out via the extension theorems for the fractional Laplacian [Caffarelli and Silvestre 2007; Yang 2013].
To that end, define Cy and C? as in Section 2 using Schwartz functions to obtain the completion
w2 2([Ri” L oym dvol) and recall that the H?- and H2~Y-norms defined in Section 2 are equivalent to
the ones defined via Fourier transform.

Theorem A.2. Fix y € (1,2) and set m = 3 —2y. There is a unique bounded linear operator

Tr: W22RH y™ dvol) - HY (R") @ H* 7 (R") (A-1)
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such that Tr(U) = (f, ¥) for any U € C f " Moreover, there is a bounded linear operator
E:HY(R") & H* " ([R") —» W>*R%F y™ dvol) (A-2)
such that Tr oE is the identity map on HY (R") @ H?~7 (R").

Proof. Combining Theorem 5.4 and the proof of [ Yang 2013, Theorem 3.1], we find that for any U € C}' "
it holds that

8y(y—1) y dy 2y
|00 = TE=2 )i fB 44 TLT0) + S lEn TR ()
rRF! dy 2y(y =1
+
with equality if and only if U is the unique solution to
AéU =0 in (0, co) x R",
U,x)= f(x) for all x € R", (A-4)

limy 0 y"0,U(y,x) =2(y — )y forall x e R"

with Ay = A+m y~! dy. Using integration by parts, it is straightforward to check that
/ V2U +my™' @,U) dy @ dy|* = [ (A¢U)2—4<y—1>g§ (V£VY)
Rn+1 jol R

for all U € CY.

o . Combining this with (A-3) yields

Mn( & FIB+ ||< NP A

/ +1 IV2U +my~ ' (9,U)*dy ® dy|2
Ry

with the same characterization of the equality case. It follows from (A-5) that Tr: C¥ — H” @ H?*77 is
a bounded linear operator, and hence can be extended uniquely to a bounded linear operator as in (A-1).
Moreover, the map E( f, V) = U obtained by solving (A-4) is linear and, by (A-5), bounded, whence can
be extended to a bounded linear operator as in (A-2). O
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EXACT CONTROLLABILITY FOR QUASILINEAR PERTURBATIONS OF KDV

PIETRO BALDI, GIUSEPPE FLORIDIA AND EMANUELE HAUS

We prove that the KdV equation on the circle remains exactly controllable in arbitrary time with localized
control, for sufficiently small data, also in the presence of quasilinear perturbations, namely nonlinearities
containing up to three space derivatives, having a Hamiltonian structure at the highest orders. We use
a procedure of reduction to constant coefficients up to order zero (adapting a result of Baldi, Berti
and Montalto (2014)), the classical Ingham inequality and the Hilbert uniqueness method to prove the
controllability of the linearized operator. Then we prove and apply a modified version of the Nash—-Moser
implicit function theorems by Hérmander (1976, 1985).
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1. Introduction

A question in control theory for PDEs regards the persistence of controllability under perturbations. In
this paper we study the effect of quasilinear perturbations (namely nonlinearities containing derivatives
of the highest order) on the controllability of the KdV equation. We consider equations of the form

Up + Uxxx —|—N(x,u, Uy, Uy, Uyxx) =0 (I-1

on the circle x € T :=R/2nZ, with t € R, where u = u(¢, x) is real-valued, and N is a given real-valued
nonlinear function which is at least quadratic around u = 0. For solutions of small amplitude, (1-1) is a
quasilinear perturbation of the Airy equation u; + u,,, = 0, which is the linear part of KdV; then the
KdV nonlinear term uu, can be included in V.

Motivated by a question, which was posed in [Kappeler and Péschel 2003], about the possibility of
including the dependence on higher derivatives in nonlinear perturbations of KdV, equations of the form

MSC2010: 35Q53, 35Q93.
Keywords: control of PDEs, exact controllability, internal controllability, KdV equation, quasilinear PDEs, observability of
PDEs, HUM, Nash—Moser theorem.
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(1-1) have recently been studied in [Baldi, Berti, and Montalto 2014; 2016a; 2016b] in the context of
KAM theory. In this paper we study (1-1) from the point of view of control theory, proving its exact
controllability by means of an internal control, in arbitrary time, for sufficiently small data (Theorem 1.1).

Most of the known results about controllability of quasilinear PDEs deal with first-order quasilinear
hyperbolic systems of the form u; + A(u)u, = 0 (including quasilinear wave, shallow water, and Euler
equations); see, for example, [Li and Zhang 1998; Coron 2007, Chapter 6.2; Li and Rao 2003; Coron,
Glass, and Wang 2010; Alabau-Boussouira, Coron and Olive 2015]. Recent results for different kinds of
quasilinear PDEs are contained in [Alazard, Baldi, and Han-Kwan 2015] about the internal controllability
of 2-dimensional gravity-capillary water waves equations, and in [Alazard 2015] about the boundary
observability of 2- and 3-dimensional (fully nonlinear) gravity water waves. For a general introduction
to the theory of control for PDEs, see, for example, [Lions 1988; Micu and Zuazua 2005; Coron 2007],
while for important results in control for hyperbolic PDEs, see, for example, [Bardos, Lebeau, and Rauch
1992; Burq and Gérard 1997; Burq and Zworski 2012].

Regarding the KdV equation, the first controllability results are due to Zhang [1990] and Russell
[1991]. Among recent results, we mention the work by Laurent, Rosier and Zhang [2010] for large data.
A beautiful review on the literature on control for KdV can be found in [Rosier and Zhang 2009]. For
more on KdV, see the rich survey [Guan and Kuksin 2014], and the many references therein.

1A. Main result. We assume that the nonlinearity N (x, u, iy, lyy, Uyrry) is at least quadratic around
u = 0; namely the real-valued function NV : T x R* — R satisfies

IN(x, 20,21, 22, 23)| < Clz* Vz= (20,21, 22,23) € R, |z] < 1. (1-2)

We assume that the dependence of N on u,,, i, is Hamiltonian, while no structure is required on its
dependence on u, u,. More precisely, we assume that

N(X’ W, Uy, Uy, Uxxx) = N (X, U, Uy, Uxy, Uxxx) —|—N0(X, u,uy), (1-3)
where

Nl(xa Uy Uy, Uy, Unxx) = O { (0 F) (X, U, uy)} — axx{(aux]:)(X, u,uy)}
for some function F : T x R* > R. (1-4)

Note that the case N'=N7, NMy=0 corresponds to the Hamiltonian equation d;u = 9,V H (1), where the
Hamiltonian is

H(u):%/%uidx—l—/T]—"(x,u,ux)dx (1-5)

and V denotes the L?(T)-gradient. The unperturbed KdV is the case F = —%u3.

Notation. For periodic functions u(x), x € T, we expand u(x) = Zn <7 u, e, and, for s € R, we consider

the standard Sobolev space of periodic functions

HY o= H (T, R) o= {u: T — R: fluly <oo,  fulf =" lual*(n)>, (1-6)

nez
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where (n) := (1 4+ n%)!/2. We consider the space C([0, T1, H?) of functions u(t, x) that are continuous
in time with values in H;. We will use the following notation for the standard norm in C ([0, T'], H}):

lullr,s == lullcqo.ry.mzy == sup |u@)]ls. (1-7)
tel0,T]

For continuous functions a : [0, T] — R, we will define
lalr :=sup{la(?)| : t € [0, T]}. (1-8)

Theorem 1.1 (exact controllability). Let T > 0, and let o C T be a nonempty open set. There exist

positive universal constants r, s1 such that, if N in (1-1) is of class C" in its arguments and satisfies (1-2),

(1-3), (1-4), then there exists a positive constant 8, depending on T, w, N with the following property.
Let uin, ueng € H*' (T, R) with

||uin||S| + ”uend”sl < .
Then there exists a function f(t, x) satisfying
f,x)=0 forallx ¢ w, forallt €[0, T],

belonging to C([0, T, H}) N Cl([O, T1, H;_3) N CZ([O, T], H;_é)for all s < sy, such that the Cauchy
problem
{ut+uxxx +N()C, U, Uy, Uxx, uxxx):f V(t,x)el[0, T]xT, (1 9)

u(0, x) = ujn(x)

has a unique solution u(t, x) belonging to C([0, T], H}) N c'qo, 171, H§_3) NC2([0, T, H;_(’)for all
s < 81 which satisfies
u(T, x) = tena(x). (1-10)

Moreover, for all s < s1,

flu, f”C([O,T],Hg) + | 0;u, 8tf||c([o,T],H;*3) + [|0¢ru, 8ttf||c([0,T]’H;‘*6) =< Cs(lluinlls; + llttenalls,) (1-11)
for some Cy > 0 depending on s, T, w, N.

Remark 1.2. In Theorem 1.1 there is an arbitrarily small loss of regularity: if the initial and final data
Uin, Uend have Sobolev regularity H;', then the control f and the solution u are continuous in time with
values in H_ for all s < s;. Such loss of regularity is in some sense fictitious: it is due to our choice
of working with standard Sobolev spaces, but it could be avoided by working with the (slightly “worse-
looking”) weak spaces E/, introduced by Hormander [1985] (see Appendix B). What we actually prove is
that, if the initial and final data are in the weak space (H;')’ (i.e., the weak version a la Hormander [1985]
of the Sobolev space H;'), then f and u are continuous in time with values in the same space (H:')". O

Remark 1.3. Our proof of Theorem 1.1 does not use results of existence and uniqueness for the Cauchy
problem (1-9). On the contrary, our method directly proves local existence and uniqueness for (1-9)
(see Theorem 1.4). This situation occurs quite often in control problems (see Remark 4.12 of [Coron
2007)). O
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1B. Description of the proof. It would be natural to try to solve the control problem (1-9)—(1-10) using
a fixed point argument or the usual implicit function theorem. However, this seems to be impossible
because of the presence of three derivatives in the nonlinear term. A similar difficulty was overcome
in [Alazard, Baldi, and Han-Kwan 2015] by using a suitable nonlinear iteration scheme adapted to
quasilinear problems. Such a nonlinear scheme requires solving a linear control problem with variable
coefficients at each step of the iteration, with no loss of regularity with respect to the coefficients (i.e.,
the solution must have the same regularity as the coefficients). In [Alazard, Baldi, and Han-Kwan 2015]
this is achieved by means of paradifferential calculus, together with linear transformations, Ingham-type
inequalities and the Hilbert uniqueness method.

As an alternative method, in this paper we use a Nash—Moser implicit function theorem. The Nash—
Moser approach also demands the solving of a linear control problem with variable coefficients, but it has
the advantage of requiring weaker estimates, allowing losses of regularity. The proof of such weaker esti-
mates is easier to obtain, and it does not require the use of powerful techniques like paradifferential calculus.
In this sense our Nash—-Moser method is alternative to the method in [Alazard, Baldi, and Han-Kwan 2015]
(for a discussion about pseudo- and paradifferential calculus in connection with the Nash—-Moser theorem,
see, for example, [Hormander 1990; Alinhac and Gérard 2007]). On the other hand, the result that we obtain
with the Nash—Moser method is slightly weaker than the one in [Alazard, Baldi, and Han-Kwan 2015]
regarding the regularity of the solution of the nonlinear control problem with respect to the regularity of the
data: the arbitrarily small loss of regularity in Theorem 1.1 is discussed in Remark 1.2, while Theorem 1.1
of [Alazard, Baldi, and Han-Kwan 2015] has no loss of regularity also in the standard Sobolev spaces.

Nash—Moser schemes in control problems for PDEs have been used in [Beauchard 2005; 2008;
Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]. A discussion about Nash—Moser
as a method to overcome the problem of the loss of derivatives in the context of controllability for PDEs
can be found in [Coron 2007, Section 4.2.2]. Beauchard and Laurent [2010] were able to avoid the use
of the Nash—-Moser theorem in semilinear control problems thanks to a regularizing effect. We remark
that Theorem 1.1 could also be proved without Nash—Moser (for example, by adapting the method of
[Alazard, Baldi, and Han-Kwan 2015]).

Now we describe our method in more detail. Given a nonempty open set v C T, we first fix a
C® function x,(x) with values in the interval [0, 1] which vanishes outside w, and takes value yx, = 1
on a nonempty open subset of w. Thus, given initial and final data u;,, #eng, We look for u, f that solve

P(u) = xof,
u(0) = uin, (1-12)
u(T) = uend,
where
P(u) =ty 4 thyyy + N, U, Uy, Uy, Uyyy). (1-13)
We define
P@u) = Xof
O, f):= u(0) (1-14)

u(T)
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so that problem (1-12) is written as

@ (u, f) = (0, tin, tena)-

The crucial assumption to verify in order to apply any Nash—Moser theorem is the existence of a right
inverse of the linearized operator. The linearized operator ®'(u, f)[h, ¢] at the point (u, f) in the
direction (h, @) is
P'u)[h] — Xwp
@' (u, fHlh, 9] = h(0) . (1-15)
h(T)

Thus we have to prove that, given any (u, f) and any g := (g1, g2, g3) in suitable function spaces, there
exists (&, ¢) such that

'(u, Hlh, ¢l =g. (1-16)

Moreover we have to estimate (%, ¢) in terms of u, f, g in a “tame” way (an estimate is said to be tame
when it is linear in the highest norms; see (B-13) and (4-41)).

Problem (1-16) is a linear control problem. We observe that the linearized operator P’(u)[h] is a
differential operator having variable coefficients also at the highest order (which is a consequence of
linearizing a quasilinear PDE). Explicitly, it has the form

P/(u)[h] = 0:h+ (1 +a3(t, x)) Ocxxh +as(t, x) Oxch +ai(t, x) 0ch +ap(t, x)h.

We solve (1-16) in Theorem 4.5. Note that the choice of the function spaces is not given a priori: to fix a
suitable functional setting is part of the problem.

Theorem 4.5 is proved by adapting a procedure of reduction to constant coefficients developed in
[Baldi, Berti, and Montalto 2014; 2016a]. Such a procedure conjugates P’(u) to an operator Ls (see
(2-57)) having constant coefficients up to a bounded remainder. This conjugation is achieved by means of
changes of the space variable, reparametrization of time, multiplication operators, and Fourier multipliers.
Using the Ingham inequality and a perturbation argument we prove the observability of £s. Then we
prove the observability of P’(u), exploiting the explicit formulas of the transformations that conjugate
P’(u) to Ls. The linear control problem (1-16) is solved in L)% by the HUM (Hilbert uniqueness method).
Then further regularity of the solution (%, ¢) of (1-16) is proved by adapting an argument used by Dehman
and Lebeau [2009], Laurent [2010], and Alazard, Baldi, and Han-Kwan [2015].

To conclude the proof of Theorem 1.1 we apply Theorem B.1, which is a modified version of two
Nash—Moser implicit function theorems (Theorem 2.2.2 in [Hormander 1976] and the main theorem
in [Hormander 1985]; see also [Alinhac and Gérard 2007]). With respect to the abstract theorem in
[Hormander 1985], our Theorem B.1 assumes slightly stronger hypotheses on the nonlinear operator, and
it removes two conditions that are assumed in [Hormander 1985], which are the compact embeddings in
the codomain scale of Banach spaces and the continuity of the approximate right inverse of the linearized
operator with respect to the approximate linearization point. This improvement is obtained by adapting the
iteration scheme introduced in [Hormander 1976]. On the other hand, the Nash—Moser implicit function
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theorem in that work holds for Holder spaces with noninteger indices, and it does not apply to Sobolev
spaces (in particular, Theorem A.11 of [Hormander 1976] does not hold for Sobolev spaces).

This method is not confined to KdV, and it could be applied to prove controllability of other quasilinear
evolution PDEs.

The use of Ingham-type inequalities and the HUM is classical in control theory (see, for example,
[Haraux 1989; Micu and Zuazua 2005; Komornik and Loreti 2005; Kahane 1962] for Ingham-type
inequalities and [Lions 1988; Micu and Zuazua 2005; Coron 2007; Komornik 1994] for the HUM).
As mentioned above, the Nash—Moser theorem has also been used in control theory (see, for example,
[Beauchard 2005; 2008; Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]). It
was first introduced by Nash [1956], and then several refinements were developed afterwards; see, for
example, [Moser 1961; Zehnder 1975; 1976; Hamilton 1982; Gromov 1972; Hérmander 1976; 1985;
1990; Berti, Bolle, and Procesi 2010; Berti, Corsi, and Procesi 2015; Ekeland 2011; Ekeland and Séré
2015]. For our problem, Hormander’s versions [1976; 1985] seem to be the best ones concerning the loss
of regularity of the solution with respect to the regularity of the data (see also Remark 1.2). As already
said, the theorems in [Hormander 1976; 1985] cannot be applied directly, but they can be adapted to our
goal. This is the content of Appendix B.

1C. Byproduct: a local existence and uniqueness result. As a byproduct, with the same technique and
no extra work, we have the following existence and uniqueness theorem for the Cauchy problem of the
quasilinear PDE (1-1).
Theorem 1.4 (local existence and uniqueness). There exist positive universal constants r, so such that, if
N in (1-1) is of class C” in its arguments and satisfies (1-2), (1-3), (1-4), then the following property holds.
For all T > 0 there exists 8, > 0 such that for all u;, € Hy® and f € C([0, T], H®) N C' ([0, T1, HO76
(possibly f = 0) satisfying

linllso + I fll 7,50 + 102 fll7,50—6 < 8x, (1-17)

the Cauchy problem

{ut + Uxxx +N(x1 U, Uy, Uyx, Uxxx) = fa (t,x) e [0,T]xT,
u(0, x) = uin(x)

has one and only one solution u € C([0, T], H;) N ciqo, 11, H;*3) N C2([0, T, H;*6) forall s < s.
Moreover, for all s < sy,

(1-18)

[|ue ”C([O,T],H;’) + ||8lu||c([(),T]7H;'*3) + ||8It”||c([07T]’Hg*(’)
=< Cs(”uin”so + ”f”C([O,T],H)fO) + ||8tf||C([O,T],H§076)) (1-19)
for some Cy > 0 depending on s, T, N.

Remark 1.5. Theorem 1.4 is not sharp: we expect that better results for the Cauchy problem (1-18) can
be proved by using a paradifferential approach. O

Remark 1.6. The loss of regularity in Theorem 1.4 is of the same type as the one in Theorem 1.1; see
the discussion in Remark 1.2. g
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1D. Organization of the paper. In Section 2 we describe the transformations that conjugate the linearized
operator P’(u) to constant coefficients up to a bounded remainder, and we give quantitative estimates
on these transformations. In Section 3 we exploit these results to prove the observability of P’(u). In
Section 4 we use observability to solve the linear control problem (1-16) via the HUM (Theorem 4.5) and
we fix suitable function spaces (4-36)—(4-37). In Section 5 we prove Theorems 1.1 and 1.4 by applying
Theorem B.1. In Appendix A we prove well-posedness with tame estimates for all the linear operators
involved in the reduction procedure. These well-posedness results are used many times in Sections 3,
4, and 5. In Appendix B we prove our Nash—Moser theorem, Theorem B.1. In Appendix C we recall
standard tame estimates that are used in the rest of the paper.

2. Reduction of the linearized operator to constant coefficients

In this section we consider some changes of variables that conjugate the linearized operator to constant
coefficients up to a bounded remainder. This reduction procedure closely follows the analysis in [Baldi,
Berti, and Montalto 2014; 2016a], with some adaptations.

The linearized operator P’ (u) is

P/(u)[h] = ath + (1 + 613) 8xxxh +az 8xxh +a 8xh + a()h, (2‘1)
where the coefficients @; = a; (¢, x), i =0, ..., 3, are real-valued functions of (¢, x) € [0, T] x T, depending
on u by

a;i =a;(u) = (N )X, U, Uy, Uy, Uyzy), i=0,...,3 (2-2)

(recall the notation N' = N (x, zg, z1, 22, 23)). Note that a, = 29, a3 because of the Hamiltonian structure
of the component N of the nonlinearity; see (1-3)—(1-4).

Lemma 2.1. Let N € C"(T x R*, R) satisfy (1-2). Forall 1 <s <r—3, and for allu € C*([0, T], H:*?)
such that \|\u, d;u, 3 u|T4 <1, the coefficients a;(u) satisfy

llai(u), 0;ai(u), dai(W)llr,s < Cllu, d;u, dprull7, 543, i=0,1,2,3. (2-3)
Proof. Apply standard tame estimates for composition of functions; see Lemma C.2. O

Now we apply the reduction procedure to any linear operator of the form (2-1) where
aZ(t’x) :Caxa3(t,x) (2_4)

for some constant ¢ € R (note that P’ () has ¢ = 2 because of the Hamiltonian structure of V7). Regarding
the loss of regularity with respect to the space variable x, the estimates in the sequel will be not sharp. In
the whole section we consider T > 0 fixed, and, unless otherwise specified, all the constants may depend
on 7.

Remark 2.2. Given a linear operator Lo of the form (2-1), define the operator Lj as

Eéh = _ath - axxx{(l + aS)h} + axx(aZh) — O (alh) + aOh- (2'5)
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Note that —Lj is still an operator of the form (2-1), namely

—L8 =8+ (1 +a}) dxxx +a3 3y +af 3y +af, (2-6)
with
asl:=as, ay =3(a3), —an,
: o @
a) = 3(a3)xx — 2(a2)x +ay, ay = (@3)xxx — (@2)xx + (a1)x — ao.

It follows from (2-6), (2-7) that if Ly satisfies (2-4), then also —Lj satisfies (2-4) (with a different constant),
namely a3 = (3 — ¢) d,a}. In particular, if Ly satisfies (2-4) with ¢ = 2 (which is the case if Lo = P’ (1)),
then — L satisfies (2-4) with ¢ = 1. O

2A. Step 1: change of the space variable. We consider a f-dependent family of diffeomorphisms of the
circle T of the form
y=x+pB(, x), (2-8)

where B is a real-valued function, 27 periodic in x, defined for ¢ € [0, T'], with |B, (¢, x)| < % for all
(t,x) € [0, T] x T. We define the linear operator

(Ah)(t,x) :==h(t, x + B(t, x)). (2-9)

The operator A is invertible, with inverse A~ transpose A” (transpose with respect to the usual Li—scalar
product) and inverse transpose A~7 given by

(A" )@, ) = v(t, y + B (1. ),
(AT, y) = (L+ By, y) v(t, y+ B, y)), (2-10)
(AT R, ) = (1+ B (8, ) (e, x + B2, X)),
where y — y + B(t, y) is the inverse diffeomorphism of (2-8), namely
x=y+B(ty) = y=x+pB(x). Q2-11)
Given the operator
Lo:=0+ A +az(t, x)) dxxx +ax(t, x) sy +ai(t, x) 0x +ao(t, x), (2-12)
with ax(t, x) = ¢ d,a3(t, x), we calculate the conjugate A~'Ly.A. The conjugate A~'a.A of any multi-
plication operator a : h(t, x) — a(t, x)h(t, x) is the multiplication operator (A~'a) that maps v(z, y) to
(A 'a)(t, y) v(t, y). By conjugation, the differential operators become
A'{A=08,+A"B) By, A8 A={ATT1+B0)}0,.
Then A~ 9, A= (A1 9,.4) (A1 d,.A), and similarly for the conjugate of d,,,. We calculate
L= A Lo A =8 +as(t, y) yyy +as(t, y) dyy +as(t, y) dy +ar(t, y), (2-13)

where
ay = A" {(14a3)(14+8.)%}. as = A" {ay (14 B)°+3(14a3) B (14-B.)),

» | (2-14)
as =A" {Bi+(1+a3) Brxx+arPrx+ar(1+y)}, a7 =A""ay.



EXACT CONTROLLABILITY FOR QUASILINEAR PERTURBATIONS OF KDV 289

We look for B(z, x) such that the coefficient a4 (¢, y) of the highest-order derivative 9y, in (2-13) does
not depend on y; namely a4 (¢, y) = b(t) for some function b(¢) of ¢ only. This is equivalent to

(1+a3(t, x))(1+ B (1, x))> = b(1); (2-15)
namely
Bx=ro, polt,x):=b®)" 1 +ast, x)""? -1 (2-16)

Equation (2-16) has a solution 8, periodic in x, if and only if fT 0o(t, x) dx = 0 for all z. This condition
uniquely determines

1 _3
b(t) = (—/(1+a3(t,x))1/3dx) . (2-17)
2 T
Then we fix the solution (with zero average) of (2-16),
B, x) == (3; ' po) (¢, x), (2-18)
where 3! is the primitive of & with zero average in x (defined in Fourier). We have conjugated £y to
Ly = -/4_1'/:0-/4 = 0; +a4(1) 8yyy +as(t,y) 8yy +as(t, y) ay +as(t,y), (2-19)

where a4(t) := b(t) is defined in (2-17).
We prove here some bounds that will be used later.

Lemma 2.3. There exist positive constants o, 8, with the following properties. Let s > 0, and let
as(t, x), ar(t, x), a1 (t, x), ap(t, x) be four functions with a = c dcas for some ¢ € R. Moreover, assume
8”613, ata39 as, 8ta17 ai, ap € C([Ov T]? H;J’_a)' Let

8(w) = ||0y;a3, 0;a3, as, 0iay, ai, aollr,u+o Y € [0, s]. (2-20)

If 8(0) < 8, then the operator A defined in (2-9), (2-18), (2-16), (2-17) belongs to C ([0, T, L(HL)) for
all n € [0, s] and satisfies

IARN 7, < Cu(lhll7,u +8GO IR T0) ¥R € C(O, T, HY), (2-21)

for some positive C,, depending on ju. The inverse operator A~L the transpose AT and the inverse
transpose A~T all satisfy the same estimate (2-21) as A.

The functions as(t) =b(t), as(t, y), as(t, ¥), a7(t, ), B(t, x), ﬁ(t, y) defined in (2-17), (2-16), (2-18),
(2-14), (2-11) belong to C ([0, T1, HY) for all u € [0, s] and satisfy

1B, B, as, d,as, ag, diag, az || 1., + las — 1, aj|r < C.8(w). (2-22)

Finally, the coefficient as(t, y) satisfies

/ as(t, y)dy =0 Vtel[0,T]. (2-23)
.
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Proof. The proof of (2-21) and (2-22) is a straightforward application of the standard tame estimates for
products, composition of functions and changes of variable; see Appendix C.

To prove (2-23), we use the definition of b(¢) in (2-17), the equality a» = ¢ d,a3, and the change of
variables (2-11), and we compute

fvas(h y)dy=/r[az(1+,3x)2+3(1+a3),3xx(1+ﬁx)](1+/3x)dx

=b<r>{cfax“3—(”x)dx+3 de}
7 14+a3(t, x) T 1+ B.(t, x)

= b(t){cf dx log(1 +as(t, x))dx —I—3/ dx log(1 + B, (¢, x)) dx} =0. O
T T

2B. Step 2: time reparametrization. The goal of this section is to obtain a constant coefficient instead
of a4 (t). We consider a diffeomorphism i : [0, T] — [0, T'] which gives the change of the time variable

v =t & 1=y (1), (2-24)
with ¥ (0) =0 and ¥ (T) = T. We define
Bh)(t,y) :=h( (1), y), (B~ v)(r,y):=v@ (1), ). (2-25)
By conjugation, the differential operators become
B'9B=p(r)d,, B 'o,B=3d, p:=8"1), (2-26)
and therefore (2-19) is conjugated to
B'LiB=pd; + (B a) dyyy + (B as) dyy + (B ag) 9y + (B~ 'ay). (2-27)

We look for v such that the (variable) coefficients of the highest-order derivatives (9, and d,,,) are
proportional; namely

(B™'ag)(v) = mp(v) =m(B~ ¥)(0) (2-28)
for some constant m € R. Since B is invertible, this is equivalent to requiring that
ag(t) = my' (). (2-29)
Integrating on [0, T'] determines the value of the constant m, and then we fix i:
1" 1
m:= —f as(t)dt, Y(t):= —/ as(s)ds. (2-30)
T Jo m Jo
With this choice of ¥ we get

B'LiB=p Ly, Ly:=d +mdyy+as(z,y) dyy +ao(z, y) dy +aio(z, y), (2-31)
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where

1 1 1
ag(t,y) = —— (B~ las)(r,y), ao(t,y):i=—— B lag)(r,y), ai(r,y):=—- B 'a7)(z,y).
p(T) p(T) p(7) 23

Note that for all T € [0, T'] one has
1 1
dy=—— | (B! ,y)dy = / ,y)dy =0. 2-33
Aa8<r Dy = A( a0 dy = S [ aste. ) dy (2-33)

By straightforward calculations, we prove the following lemma.

Lemma 2.4. There exists §, > 0 with the following properties. Let ay € C ([0, T], R) with |as(t) — 1] <,
forallt € [0, T]. Then the operator B defined in (2-25), (2-30) is an invertible isometry of C([0, T], H)
for all s > 0; namely,

I1Bhlr,s = lhllrs Yhe CU0, T, Hy), s > 0. (2-34)

Moreover there exists a positive constant o with the following property. Let ay € C'([0, T, R), with
las(t) — 1] < 64 and |ajr(t)| <1forallt €[0,T]. Lets >0, and as, 0;as, ae, d;a6, a7 € C([0, T], H)
with fT as(t,y)dy =0 forallt €10, T]. Then the functions ag(t, x), ag(t, x), ayo(t, x), ¥(t), p(t) and
the constant m defined in (2-32), (2-30), (2-26) satisfy

m—1|+|y" =1, p— 1|7 + |las, 9:as, ay, d-a9, arollr.s < Cllas, d;as, ag, d:ac, a7l 1.5, (2-35)

where C is independent of s. Moreover one has

f ag(t,y)dy =0 ¥z el0,T]. (2-36)
T

2C. Step 3: multiplication. In this section we eliminate the term ag(t, y) d,, from the operator £,
defined in (2-31). To this end, we consider the multiplication operator M defined as

Mh(z, y) :=q(t, y)h(z, y), (2-37)
with ¢ : [0, T] x T — R. We compute

MTULIM =3, +m dyyy +a11(z, ¥) dyy +ain(t, y) 3y +ai3(z, y), (2-38)
with 3 2asqy +3 c
m a , m )
ay = ag—i-#qy, app = 6@4—%, a3 = Lq (2-39)

We want to choose ¢ such that a;; = 0, which is equivalent to
3mqy + agq = 0. (2-40)
Thanks to (2-36), equation (2-40) admits the space-periodic solution
1 1 }
= — . 2-41
4(x.y) i=exp|—5- (0 a)(x, ) (2-41)
As a consequence, we get

L3:= M ULoM =08, +mdyyy +ana(z, y) 3y +ai3(t, y). (2-42)
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The proof of the following lemma is straightforward.

Lemma 2.5. Lets > 0 and let ag € C([0, T'1, H}) with fT ag(t,y)dy =0 forall t €0, T]. Then for all
w € [0, s, the operator M defined in (2-37), (2-41) and its inverse M~ belong to C([0, T1, L(H)).
Note that M = M.

Furthermore, there exist two positive constants 8., o with the following properties. Assume that
ag, d,as, ay, day, ayp € C([0, T1, H:17) and let

S(M) = ||a89 al‘ag7 a97 alagv alO||T,M+U' (2_43)
Then if 8(0) < 8., for all u € [0, s] the operator M and its inverse M~ satisfy
IMF Rli7. < Cu(llhllze +8(wllklizo) Ve C(0,T1, HY), (2-44)

for some positive C,, depending on ju. Moreover, the functions ai>(t,y), a13(t, y), q(t, y) defined in
(2-39), (2-41) satisfy
lg —1, a1z, d;ai2, azllr,. < Cpé (). (2-45)

2D. Step 4: translation of the space variable. We consider the change of the space variable z = y+ p(7)
and the operators

Th(t,y) :=h(t,y+p@), T 'v(z,2):=v(r,z— p(1)), (2-46)

where p is a function p : [0, T] — R. The differential operators become T’IByT =9, and 7719, T
= 0; + p’(r)d,. This is a special, simple case of the transformation A of Section 2A. Thus

Ly:=T "L3T =8 +md,, +aia(z, 2) 8, +ais(z, 2), (2-47)
where
a14(t,2) == p () + (T an)(t,2),  ai5(t,2) = (T a3)(z, 2). (2-48)

Now we look for p(t) such that a4 has zero space average. We fix

1 T
pi==s | [antsydyas (2-49)
2 Jo Jr
With this choice of p, after renaming the space-time variables z = x and T = ¢, we have
L4 = 0y +m Oxxx +a14(t, x) 0x +ais(t, x), /am(t,x)dx =0 Vrel0,T]. (2-50)
T

With direct calculations we prove the following estimates.

Lemma 2.6. Let a;p € C([0, T], Li). Then the operator T defined in (2-46) and (2-49) belongs to
C([0, T, L(HY)) forall s € [0, +00). In fact T is an isometry, namely

IThllz,s =lhllzs YheC(0, T], Hy). (2-51)

Moreover, T is invertible and its transpose is T' = T
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Lets > 0, and let ay», 0;a12, a13 € C([0, T, H)fH) with ||azll.0 < 1. Then the functions aya, ais, p
defined in (2-48) and (2-49) satisfy

sup |p(H)| + llais, 0ra14, aisllt,s < Cllaiz, 9:a12, a3l s+1, (2-52)
1€[0,T]

where C is independent of s.

2E. Step 5: elimination of the order one. The goal of this section is to eliminate the term a4(¢, x) 0.
Consider an operator S of the form

Shi=h+y(t,x)d; " h, (2-53)
where y (¢, x) is a function to be determined. Note 9,9, = 8,9, ! = mo, where moh := h — 5~ [ hdx.
We directly calculate

L48 — S(B; +Mdyry) = a16 9y + a7 +ais 3y, (2-54)
where
aye :=3myx +ay, ai7:=ais+ Gmyxx +auy)mo, aig =y + My tauyy +aisy.  (2-55)
We fix y as
1 .1
=—u 2-
14 3y Ox A4 (2-56)
so that aj¢ = 0. By the following Lemma 2.7, S is invertible, and we obtain

Ls:=8"L,8=8+mdr +R, R:=8(ay7+aizd; ). (2-57)

Lemma 2.7. There exist positive constants o, &, with the following properties. Let s > 0, let a4, a;s be
two functions with a4, 0;a14, a1s € C([0, T'], H;J”’) and fT ag(t,x)dx =0. Let

3(w) = llaws, 0rara, arsllr,u+o Y €10, s]. (2-58)

If 8(0) < 8, then the operator S defined in (2-53), (2-56) belongs to C ([0, T1, L(HL)) for all i € [0, s]
and satisfies
ISkl < Culllhl7. +8WllklT.0) YR e C(0, T], HY), (2-59)

for some positive C,, depending on . The operator S is invertible, and its inverse S ~1 its transpose ST
and its inverse transpose S™T all satisfy the same estimate (2-59) as S.
The operator R defined in (2-57) belongs to C ([0, T, L(HL)) for all u € [0, s] and it satisfies

IRRN 7. < Cu(8O)IAll7,. + 8w lIhl7.0) VYR € C(0,T], HY). (2-60)
The transpose RT belongs to C ([0, T, L(H!")) and satisfies the same estimate (2-60) as R.

Proof. Estimate ||y 9, 'h Iz, by the usual tame estimates for the product of two functions (Lemma C.1),
then use Neumann series in its tame version. Il
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3. Observability

In this section we prove the observability of linear operators of the form (2-12). Such an observability
property will be used in Section 4 in order to prove controllability of the linearized problem. We split the
proof into several simple lemmas, starting with a direct consequence of the Ingham inequality. Since we
actually need observability of a Cauchy problem flowing backwards in time (see Lemma 4.2) with datum
at time 7', we will accordingly state our lemmas.

Lemma 3.1 (Ingham inequality for 0, +m 9dxxx). For every T > O there exists a positive constant C1(T)
such that, for all (wy,),ez € 2(Z,0C), allm > %,

T .
/ § : wnelmn t
0

neZ
Proof. See, for example, Theorem 4.3 in Section 4.1 of [Micu and Zuazua 2005]. The fact that the
constant C1(T") does not depend on m is obtained by closely following the proof in the above-mentioned

2
di = C\(T) ) |w,|*.

neZ

work, and taking into account the lower bound for the distance between two different eigenvalues
Imn® —mk3| >m > 1 foralln,k e Z, n #k. O

The following observability result is classical (see, e.g., [Russell and Zhang 1993] for a closely related
result); for completeness, we also give here its proof.

Lemma 3.2 (observability for d; + m 0xxx). Let T > 0, and let ® C T be an open set. Let vy € L(T),
m > % and let v satisfy

0v+mo,v=0, v(T)=vr. (3-1)
Then

T
/f|v(t,x)|2dxdrzczuvruiz, (3-2)
0 Jo *

with Cy := C1(T)|w|, where C(T) is the constant of Lemma 3.1, and |w| is the Lebesgue measure of w.

Proof. Let v (x) =Y, .y ane'™, so that v(t, x) =Y, ., wn(x)ei’"”3’, where w, (x) := el mx—mn’T) By

Lemma 3.1, for each x € T we have

/T Z wn(x)eimn3t
0

neZ
Then we integrate over x € . U

2
dt > C\(T) Y [wa () = Co(T) Y lanl* = C1(T) 7 1725

neZ nez

Lemma 3.3 (observability of L5 :=0; +m 0xxx + R). Let T > 0, let o C T be an open set and let m > %
Let R € C([0, T, E(L)ZC)), with ||R(@)h|lo < rollhllo for all h € Li, allt € [0, T], where ry is a positive
constant. Let vy € L*(T) and let v € C([0, T, L)ZC) be the solution of the Cauchy problem

v+moy,v+Rv=0, v(T)=vr, (3-3)
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which is globally well-posed by Lemma A.2(iii). Then

T
/ / o(t, 0P dxdi = Csllvr P,
0 w *

with C3 1= %CZ, provided that rg is small enough (more precisely, ro is smaller than a constant depending
only on T, Cy, where C, is the constant in Lemma 3.2).

Proof. Let v be the solution of 9;v| +m dxx,v1 =0, v1(T) = vr, and let v := v — v;. Then v, solves
(0 +m dxxx + R)v2 = —Rui,  va(T) =0. (3-4)

By (A-10), applied for s =0, « =0, f=—Ruv;, we get
lvaliz.o < 2*7°4T | Rvi lI7,0 < 24T ro | vr o (3-5)

Using the elementary inequality (a + b)> > %az —b*foralla,beR,

T 1 T T
/ /|v|2dxdtz—/ /|v1|2dxdt—/ /|v2|2dxdt.
0 w 2 0 w 0 w

The integral of |v; |2 is estimated from below by (3-2). The integral of |v2|? is bounded by T'||va ||2T’0; then
use (3-5). Il

Lemma 3.4 (observability of L4 := 9; +m 0,y + a14(t, x) 0y + ays(z, x), aj4 with zero mean). There
exists a universal constant o > O with the following property. Let T > 0, and let w C T be an open set.
Let m > % and let a14(t, x), ai5(t, x) be two functions, with a4, 9;a14, a15 € C([0, T], HY),

/ ais(t,x)dx =0 Vi e[0,T], lais, 0:a14, arslir,e <86. (3-6)
T

Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lyv=0, v(T)=vr, (3-7)

which is globally well-posed by Lemma A.3. Then

T
/ /|v(t,x>|2dxdtzc4||vr||iz,
0 Jo *

with Cy 1= %C 3, provided that § is small enough (more precisely, § is smaller than a constant depending
only on T, C3).

Proof. Following the procedure of Section 2E, we consider the transformation S in (2-53), (2-56), which
conjugates L4 to
Ls:=8"L48=08+mdr +R,

where the operator R is defined in (2-57), (2-55); it belongs to C ([0, T], £(L)%)), and satisfies the bounds
in Lemma 2.7. Let v be the solution of (3-7), and define © := S~ 'v. Then 7 solves £L50 =0, 3(T) = 3,
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where U7 := S~ (T)vr, and therefore Lemma 3.3 applies to v if § is sufficiently small. By Lemmas 2.7
and A.3 and Remark A.8 we get

T
/ / IS~ = DvlPdxdt <TI(S™' = Dol < C8vl7o < C'8* vzl
0 w

for some constant C’ depending on T. We split & = v+ (S~! — I)v, and we get

T T
/ /|5|2dxdt§2/ /|v|2dxdr+2c’52||vT||g.
0 w 0 w

Moreover |[vr|lo = [|S(T)vrllo < 2||vr|lo, and the thesis follows for § small enough. Il

Lemma 3.5 (observability of £3 := 0, +m 0xxx+a12(t, X) 0y +ai3(t, x)). There exists a universal constant
o > 0 with the following property. Let T > 0, and let  C T be an open set and let m > % Let ajp(t, x),
a3(t, x) be two functions, with a2, d;a12, a13 € C([0, T, HY),

llaiz2, d;a12, aizlirs < 9. (3-8)
Let vy € L*(T) and let v € C([0, T], L)zc) be the solution of the Cauchy problem
L3v=0, v(T)=nvr, (3-9)

which is globally well-posed by Lemma A.4. Then

T
ff|v(r,x)|2dxdzzcs||vr||iz (3-10)
0 Jo *

for some Cs > 0 depending on T, w, provided that § in (3-8) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cy).

Proof. Following the procedure of Section 2D, we consider the transformation 7~ defined in (2-46), (2-49),
which conjugates £3 to

Ly:=T "L3T =8 +mdyrx +ais(t, x) d; +ais(t, x),

where a4, ais are defined in (2-48), and f1T ai4(t, x)dx = 0. By (2-52), the function p defined in (2-49)
satisfies | p(¢)| < Cé for all t € [0, T]. Let v be the solution of the Cauchy problem (3-9). Then 7 :=7 v
solves £40 =0, 0(T) =T "(T)vr. Let w; = [«1, B1] be an interval contained in w. For § small enough,
one has

[y —p(@), pr —pO] S [a1 =68, 1 +8]Cw Vi e[0,T]

The change of variable x — p(t) =y, dx = dy gives

T T pB1—p@) T
/ |6<r,x>|2dxdr=// |v(t,y>|2dydt§/ /|v<r,y>|2dydr.
0 Joy 0 Ja—p() 0 Jw

By (2-52), for § small enough, Lemma 3.4 can be applied to v on the interval w; and the thesis follows,
since | 9(T)llo = 1T~ (T)vrllo = llvr llo. o
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Lemma 3.6 (observability of £ := 9, + m 0yxx + as(t, x) dxx + ao(t, x) 0x + ajo(t, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let ® C T be an open set and let
m > 1. Let ag(t, x), ao(t, x), aio(t, x) be three functions, with as, das, ao, das, ajg € C([0, T1, H?),

fag(t,x) dx=0 Vtel0,T], llas, 0;as, ag, d;a9, aiollr,c < 9. (3-11)
T

Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lov=0, v(T)=uvr, (3-12)

which is globally well-posed by Lemma A.5. Then

T
| [ 1ot op axar = coorl, (3-13)
0 Jo X
for some Cg > 0 depending on T, w, provided that § in (3-11) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cs).

Proof. Following the procedure of Section 2C, we consider the multiplication operator M defined in
(2-37), (2-41), which conjugates £, to

MM =L5,  L3=38 +mdyx +an(t,x)dy +aist, x),

where a5, a3 are defined in (2-39). Let v be the solution of the Cauchy problem (3-12). Then v := M~ lv
solves £30 =0, 9(T) = M~ Y(T)vr. Using (2-45), we have

T T T
/ /lv(t,x)|2dxdt=/ /|ﬁ|2dxdt+/ /|17|2(|q|2—1)dxdtz(C5—C<S)||vT||%.
0 w 0 w 0 w

The first of the two integrals has been estimated from below by applying Lemma 3.5 to £3 (by Lemma 2.5,
this can be done provided that § is sufficiently small). The second integral has been estimated using
the bound (2-45), since |¢(t) — 1| < Cllg — 1|l7.1 < C’5. Moreover, we have used the inequality
lvll7.0 < Cllvr]lo from Lemma A.4. The thesis follows with Cg := %C5 by choosing & small enough. [

Lemma 3.7 (observability of £ := 0; + a4(t) 0xxx +as(t, x) dxx + as(t, x) 0y + a7 (¢, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ay, as,
ae, a7 be four functions, with a4 € C'([0, T, R) and as, d,as, as, d;a¢, a7 € C([0, T, H?), satisfying

/as(t,x)dx=0 vt €[0,T], llas, d:as, ae, d1ae, a7ll1.0 + las — 1, aylr <34. (3-14)
T

Let vy € L*(T) and let v e C([0, T, L)zc) be the solution of the Cauchy problem
Liv=0, v(T)=vr, (3-15)

which is globally well-posed by Lemma A.6. Then

T
//|v(r,x>|2dxdrzc7||w||iz (3-16)
0 Jo *
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for some C7 > 0 depending on T, w, provided that § in (3-14) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cé).

Proof. Following the procedure of Section 2B, we consider the reparametrization of time B defined in
(2-25), (2-30), which conjugates £ to

BT'LiB=pLy, Lo=0;+mdyy+ag(t,x)dsx +ao(t, x) 3, +aio(t, x),

where p, ag, ag, ajg are defined in (2-28), (2-32) and fT ag(t,x) =0 for all T € [0, T]. Let v be the
solution of the Cauchy problem (3-15). Then ¥ := B~ 'v solves £,0 = 0, #(T) = B~'(T)vr. Using
(2-35), we have

T T
/ /|v(t,x)|2dxdt=/ /|ﬁ(w(t),x)|2dxdt
0 w 0 w

T
2/0 /Iﬂ(w(t),X)lz[ll/(t)-i-(l—lﬁ/(t))]dxdt

T T

:/ f|f)(r,x)|2dxdt—|—f /|f)(1//(t),x)|2(1—w/(t))dxdt
0 w 0 w

> (Co— C8)|lvrll3.

The first of the two integrals has been estimated from below by applying Lemma 3.6 to £, (by Lemma 2.4,
this can be done provided that § is sufficiently small). The second integral has been estimated using
the bound (2-35) for |¢/(t) — 1| and also the inequality ||9]7,0 < C||v7]lo from Lemma A.5. The thesis
follows with C7 := %C6 by choosing § small enough, since || v7]o = 1B=X(T)vrllo = llvrllo. Il

Lemma 3.8 (observability of Ly := 9; + (1 + a3) 0xxx + a2 0xx + a1 0y + ag). There exists a universal
constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ¢ € R and
as(t, x), ax(t, x), a1 (t, x), ap(t, x) be four functions with a; = c d,as,

0;:a3, d;a3, a3, da1, a1, apllt,c <9. (3-17)
Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lov=0, v(T)=uvr, (3-18)

which is globally well-posed by Lemma A.7. Then

T
//|v(z,x>|2dxdtzcs||vr||iz (3-19)
0 Jo *

for some Cg > 0 depending on T, w, provided that § in (3-17) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, C7).

Proof. Following the procedure of Section 2A, we consider the transformation .4 defined in (2-9), (2-16),
(2-17), (2-18), which conjugates Ly to

AT LoA = L1 =0, + ag(t) dyxx + as(t, X) dxx + as(t, X) dx + a7 (t, x)
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(see (2-19)), where aq4, as, ag, a7 are defined in (2-14) and fv as(t,x) =0 forall r € [0,T]. Letv
be the solution of the Cauchy problem (3-18). Then 7 := A~ 'v solves £0 =0, #(T) = 7, where
o := A7 (0)vg. Let w; = o1, B1] C w. By (2-22) in Lemma 2.3, for § sufficiently small Lemma 3.7
applies to v on wj, and

T
/ 512 dy dt > Colir |2,
0 Jw;

By Lemma 2.3, |jvr|lo = A(T)vrllo < Cllvr]lo- The change of integration variable y = x + (¢, x),
dy = (14 B, (¢, x))dx gives

T T
/ 1012 dy dt = f/wr v)(t, y)[*dy dt
0 wi

2 T
/ / 1'1(; )(Ct)lx)d dzgz/ /lv(t,x)lzdxdt,
wy () x 0 Jow

where wy (1) := {x : x + B(¢, x) € w;}. We have used the fact that, for § small enough, w,(¢) C w, and the
bound (2-22) for |B, (¢, x)| < C||Bllr2 < C’S. O

4. Controllability

In this section we prove the controllability of the linearized operator L, using its observability (Lemma 3.8),
by means of the HUM. We also prove higher regularity of the control.

Lemma 4.1 (controllability of Lgy). Let T > 0, and let w C T be an open set. Let as, ay, ay, ag be four
functions of (t, x) with a, = 20d.as satisfying (3-17). Let Ly be the linear operator

Lo =0+ (14 a3) Oxxx + a2 dxx +ay 0y + ao. 4-1)

(i) Existence. There exist constants 8o, C such that, if § in (3-17) is smaller than by, then the following
property holds. Given any three functions g,(t, x), g2(x), g3(x), with g, € C([0, T], Lﬁ) and g3, g3 € Li,
there exists a function ¢ € C([0, T1], Li) such that the solution h of the Cauchy problem

Loh = g1+ xwp, h(0)=g (4-2)
satisfies h(T) = g3. (Note that the Cauchy problem (4-2) is globally well-posed by Lemma A.7). Moreover
lellz,o = CAlgillzo+ llg2llo + 11g3llo)- (4-3)

(ii) Uniqueness. Let Lf be the linear operator
Loy = =0 — Orex {(1 + a3) ¥} + ux(a2¥) — dx(ary) + oy (4-4)

The control ¢ in (i) is the unique solution of the equation L@ = 0 such that the solution h of the Cauchy
problem (4-2) satisfies h(T) =

The proof of Lemma 4.1 is given below, and it is based on the following classical lemma. In this
section we use the standard notation (i, v) := [; uvdx.
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Lemma 4.2. Let a3, as, a1, ap be functions satisfying (3-17) and a; = 20,a3. Let L be the operator
defined in (4-4). For every (g1, g2, g3), with g1 € C([0, T, L)%) and g5, g3 € Lz, there exists a unique
@1 € L2 such that for all ¥, € L2, the solutions ¢, ¥ € C([0, T1, L2) of the Cauchy problems

{c;;<p =0, and {W =0, (4-5)
@(T) = ¢ U (T) =1
satisfy
T
/0 (81 + Xop, ¥) dt + (g2, ¥(0)) — (g3, ¥(T)) =0 (4-6)

(note that the global well-posedness of the Cauchy problems (4-5) follows by Lemma A.7 and Remark A.8).
Moreover ¢ satisfies (4-3).

Proof. Given ¢y, Y| € L)%, let ¢, ¥ be the solutions of the Cauchy problems (4-5), and define

T

T
B(gol,wl):zfo (s ) d, A@/n):=<g3,w<T>>—<gz,w<0>>—fO (G v)dr. (4T

The bilinear map B : L% X LJZC — R is well-defined and continuous because | x,,(x)| <1 and, by Lemma A.7
and Remark A.8, ||¢|l7.0 < Cll¢1llo, and similarly for ¢». Moreover B is coercive by Lemma 3.8 and
Remark 2.2. The linear functional A is bounded, with

IA@DI<Cliglroll¥ilo V¥ € L3, lgliz,0 :== llg1llz,0 + llg2llo + llg3llo-
Thus, by Riesz representation theorem (or Lax-Milgram), there exists a unique ¢; € L2 such that
Bpr. y1) =AW1) Vi1 €L} (4-8)
Moreover [lillo < CllAllz2.m) < C'lIgllT,0- Since llliz,0 < Cllgillo, we get (4-3). u

Proof of Lemma 4.1. (i) Let ¢ € L)ZC be the unique solution of (4-8) given by Lemma 4.2. Consider any
Y € L%, and let ¢, ¥ € C([0, T], L%) be the unique solutions of the Cauchy problems (4-5). Recalling
(4-6), (4-2) and integrating by parts, we have

T
0=/0 (91 + K@, V) dt + (g2, ¥ (0)) — (g3, Y(T)
T
=/0 (Loh. W) di + (2. Y (0)) — (g3, ¥(T)

T
= (h(T), (1)) — (h(0), ¥ (0)) +/0 (h, Loy)dt + (g2, ¥ (0)) — (g3, ¥(T))

= (W(T), ¥(T)) — (g3, ¥(T))
= (h(T) — g3, Y1),

from which it follows that 4 (T) = g3.
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(i) Assume that ¢ € C([0, T], Li) satisfies £j¢ = 0 and it has the property that the solution /& of the
Cauchy problem (4-2) satisfies h(T) = g3. Let ¢ := @(T'). The same integration by parts as above shows
that B(¢1, ¥1) = A(y) for all ¥y € L2. By the uniqueness in Lemma 4.2, @ = ¢. (|

Lemma 4.3 (higher regularity). Let T, w, a3, az, a1, ag, Lo, &1, &2, &3 be as in Lemma 4.1. There exist
two positive constants 8, o with the following property. Let s > 0 be given. Assume that ay, a1, ay, az €
C2([0, T1, HS*O). Let

Sw= > lofailruse. wel0 s,
k=0,1,2, i=0,1,2,3
Let | gllT.s :=lIg1ll7.s + l182lls + 1183lls < 00. If 6(0) < b4, then the control ¢ constructed in Lemma 4.1
and the solution h of (4-2) satisfy

e, hllz.s < Cs(llgllr.s +8(s)gllT.0) (4-9)

for some positive C depending on s, T, w. Moreover, if g, € c'(o, 11, H}), then

180, Bihli7.s43 4 1919, Bchlizs < Cs{liglT.sve + 10ig1llTs +3(s)lglr6}- (4-10)

Proof. Let g1 € C([0, T], H}) and g», g3 € H]. Let ¢, h € C([0, T], L)zc) be the solution of the control
problem constructed in Lemma 4.1, namely

Liw=0, Loh=xep+g, h0)=g, h(T)=gs. (4-11)

To prove that h, ¢ € C([0, T], H}), it is convenient to use the transformations of Section 2, to prove
higher regularity for the solution /2, ¢ of the transformed control problem, and then to go back to A, ¢
proving their higher regularity. Recall that

Lo=ABpMTSLsS ' T M B A7, (4-12)
where L5 = 0; +m dyxx +R and A, B, p, M, T, S are defined in Section 2. In particular,

o A is the change of the space variable (Ah)(z, x) = h(t, x + B(t, x)) (see (2-9)), where 8 is defined
in (2-18), (2-16), (2-17);

B is the reparametrization of time (Bh) (¢, x) = h(¥ (), x) (see (2-25)), where v is defined in (2-30);
e p(t) is the function defined in (2-26);

o M is the multiplication operator (Mh)(¢, x) = q(t, x)h(¢t, x) (see (2-37)), where ¢ is defined in
(2-41);

« 7T is the translation of the space variable (Th)(t, x) = h(t, x 4 p(t)) (see (2-46)), where p is defined
in (2-49);

 § is the pseudodifferential operator (Sh)(t, x) = h(t,x) + y (¢, x)ax_]h(t, x) (see (2-53)), where y
is defined in (2-56) and 9 U1 is the primitive of & with zero average in x (defined in Fourier);

e R is the bounded operator defined in (2-57).
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Let
L= =8 —mdpy + R, (4-13)
where RT is the L2-adjoint of R. Let
h = (ABMTS)™'h, g1 = (ABpMTS) g1,
&= (ABMTS) im0 g2, &= (ABMTS) =1 &3, (4-14)
¢ =S"T"M'B'ATp, K@= UBoMTS) " (xo(STTT M B 1 AT 1§).
Note that, except for S~!, S~7, the operator K is a multiplication operator; namely
Kg=8"¢8T¢), where(t,x):=p 'T'MZ2BTAT (14 B) xo0l. (4-15)

Since h, ¢ € C([0, T], L)%), and g1 € C([0, T], H}) and g», g3 € H;, by (4-14) and the estimates for
A, B, p, M, T,S in Section 2, one has

h,$,KgeC(0,T], L%, & €C(0,T], H)), &8 ¢€H:.
Since &, ¢ satisfy (4-11), one proves that &, ¢ satisfy
LG =0, Lsh=K¢+g, hO)=g, T)=4gs. (4-16)

The last three equations in (4-16) are straightforward. To prove that L3¢ = 0, we start from the equality

T
((p(T),v(T)>—(<p(0),v(0))=/0 (¢, Lov)dt Vv e CP(0,T]1xT)

(which is a weak form of L = 0), we recall (4-12), and apply all the changes of variables A, B, M, T, S
in the integral. Thus &, ¢ solve this control problem:

Given g1, &>, &3, find @ such that the solution 4 of the Cauchy problem @-17)

Lsh =K@+ g1, h(0) = g, satisfies 2(T) = g3, and moreover @ solves Lip=0.
The function ¢ is the unique solution of (4-17). To prove it, assume that @y € C ([0, T, L%) solves (4-17),
and let ﬁbis be the solution of the corresponding Cauchy problem Esfzbis = K @vis + 21, ﬁbis 0) = g».
Define

hpis := ABMTSEMS, Dbis := A_TBM_TT_TS_T¢biS.

Then hpis, @pis solve (4-11). By the uniqueness in Lemma 4.1(ii) it follows that ¢uis = @, hpis = h.
Therefore @pis = ¢ and fzbis =h.

Now we prove that ﬁ, ¢ € C([0,T], H}). We follow an argument used by Dehman and Lebeau [2009,
Lemma 4.2], Laurent [2010, Lemma 3.1], and Alazard, Baldi, and Han-Kwan [2015, Proposition 8.1].
First, we prove the thesis for g; =0, g3 = 0. Consider the map

S: L2 — L%, S@ =h(0), (4-18)
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obtained by the composition ¢ — ¢ — h + h(0), where @, h are the solutions of the Cauchy problems

{c;@:o, {£5ﬁ=K¢,

o(T) = ¢1, h(T) = 0. (4-19)

From the existence and uniqueness of ¢; € L% such that ¢ solves (4-17), it follows that S is an isomorphism
of L2. The initial datum g, is given, so we fix ¢; € L2 such that S§; = g,. We have to estimate
IAS@1llo < CIISA*@]lo, where A® is the Fourier multiplier of symbol (£)* := (1 4+£%)*/2 s > 0. To
study the commutator [S, A*], we compare (A*Q, Asfz) with (¢, h) defined by

Lig=0, Lsh =K@,
{_5‘p ) {_5 v (4-20)
o(T) = Ngi, h(T)=0.
The difference A*p — ¢ satisfies
LEANG—§) = o .
{ SO =T e B = (25 A% = [RT, A (4-21)
(A9 —9)(T) =0,

From Lemma A.2 and Remark A.8, [A*@ — ¢ll1.0 < CllFillT.0- We recall the classical estimate for the
commutator of A® and any multiplication operator h +— ah:

ILA*, alhllo < Cs(llallzllhlls—1 + llalls+1ll7llo)- (4-22)
By (4-22) and formulas (2-53), (2-56), (2-57), the commutator F| = [RT, A*]@ satisfies

I Fillz.0 < Cs(llais, a17, assllro 1@l 7,51 + llaia, a7, aigllzso 19170

(4-23)
< Cs(8O9ll7.5-1 + 8 1@lT.0)-
The difference ASh — h satisfies
{(EZ (:_hh_) (}‘T))::I; fAS‘Z’ O Ghere 7 = [RT, AT+ [A°, K1 (4-24)
We have |[K(A¢ —@)|lT.0 < ClIIA*® —@llr.0 < Cl|FillT.0, and therefore, by Lemma A.2,
IA%h = hliz0 < C(IFi 7.0+ I F2ll7.0)- (4-25)
Using (4-22) and (4-15), we get
1F2l17.0 < Cs (I, @ll7.s5-1 +8()1A, @li7.0)- (4-26)
By (4-23), (4-25) and (4-26) we deduce that
1A*h = hliz0 < Cs (k. @ll75-1 +8) 1A, Glir,0).
By (4-19), Lemma A.2 and Remark A.8,
17, @Mz < Cu(I@ll 7. + 8GN @.0) < Cu( @1l + 81 @1ll0). 1> 0. (4-27)

Therefore
(AR —h)(O)llo < AR —hll7,0 < Cs(I@11ls—1 +8(s) @1 ll0). (4-28)
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Since S@; = h(0) = g, we have ASh(0) = A®g>. Moreover, by the definition of S in (4-18)—(4-19),
h(0) = SA*@,. Thus
ISA*Gillo < (AR —h)(O)[lo + 1A 2(0)[lo < Cs (@1 lls—1 +8() @1 llo) + [1821ls- (4-29)

Since S is an isomorphism of L2, we have || A*g;[lo < C||SA*lo, whence

I1@1lls < Cs (182115 + @1 lls—1 + () @1 lo).- (4-30)

Since ||@1]lo < ClIg2ll0, by induction we deduce that

I@1lls < Cs(l1g2lls +8()1182llo)- (4-31)

By (4-27), we obtain
I, @lizs < Cs(I2lls +8(s)1&210), (4-32)

which is the thesis in the case g, =0, g3 =0.
Now we prove the higher regularity of /, ¢ removing the assumption g; = 0, g3 = 0. Let g; €
C([0,T], H}) and g, g3 € H}, and let fz, ¢ be the solution of (4-17). Let w be the solution of the problem

Lsw=g, w()=gs.
By Lemma A2, w € C([0, T'], H}), with
lwliz,s < Co{llg1lls + 118305 +8)UIg1 1170+ 183110)}- (4-33)

Let v:=h —w. Then
Lsv=Kp, v(0)=g—w(), vT)=0.

This means that v, ¢ solve (4-17) where (g1, &2, £3) are replaced by (0, go — w(0), 0). Hence (4-32)
applies to v, ¢, and we get

v, @liz,s < Cs(l182 — wO)ls +8(s) 182 — w(O) o). (4-34)
We estimate ||g> — w(0)||; < [|&2]ls + |wl]l7.s; we use (4-33) and ||l~z||T,s < |vlz.s + |lwlrs to conclude

Ik, @llz.s < Co{llglr.s +8()N1Ell7.0} (4-35)

where we have denoted, in short, ||g|l7,s := I81ll7.s + [I&2]ls + |&3]ls. This proves the higher regularity
for the transformed control problem (4-17). By the definitions in (4-14),

leliz.s < Cs(I@llr.s +8@lr0),  Nalzs < Co(lhllz.s +8)hllr0),
I1gl7s < Cs(ligllr,s +8)llglr.0),

and the proof of (4-9) is complete.
The bound (4-10) is deduced in a classical way from the fact that &, ¢ solve the equations Lj¢ = 0,

Loh = o0 + g1 0
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Remark 4.4. Another possible way to prove higher regularity for %, ¢ is to apply the argument of
[Dehman and Lebeau 2009; Laurent 2010; Alazard, Baldi, and Han-Kwan 2015] directly to the control
problem for Ly, instead of passing to the transformed problem (4-17), applying that argument, and then
going back to &, ¢. Such a more direct method adapted to the present case would require the construction
of two operators A, B such that

(1) Cillvlls = [[Asvllo < Callv]ls (equivalent norm in H*),
(2) the commutator [Ly, A;] is an operator of order s — 1,
(3) the difference By Ly — LAy is also of order s — 1.

The construction of such Ay, By is possible, but probably the proof given above is more straightforward,
and it fully exploits the advantages of conjugating £y to L5 (Section 2). The main point is that the
commutator [Ls, A®] is of order s — 1 (because L5 has constant coefficients up to a bounded remainder),
while [Lg, A®] is of order s 4+ 2 (because Ly, which was obtained by linearizing a quasilinear PDE, has
variable coefficients also at the highest order), so that a modified version A of A® is needed. O

In view of the application of the Nash—-Moser theorem in Section 5, we define the spaces

E,:=X,xX,, X,:=C(0,T], H*nc'(o, T1, H )N C?([0, T, H), (4-36)

Fo:={g=(g1.8 8):2€C»0,T], H;*)NC(I0, T, H}), g2, g3 € H}**} (4-37)
equipped with the norms

lw, flle, = llullx, + 1 flIx,s  Nullx, = lullzs+e + 10:uli7.s+3 + 19nulirs, (4-38)

lgllr, = llgiliT.s+6 + 19 g1ll7.s + 82, &3lls+6- (4-39)

With this notation, we have proved the following linear inversion result.

Theorem 4.5 (right inverse of the linearized operator). Let T > 0 and w C T be an open set. There exist

two universal constants T, o > 3 and a positive constant §, depending on T, w with the following property.
Let s € [0, r —t], where r is the regularity of the nonlinearity N (see Lemma 2.1). Let g = (g1, g2, &3) €

Fsand let (u, ) € Egyq, with ||u||x, < 6« Then there exists (h, ¢) ==V (u, f)lg] € Es such that

P'w)[h] — xop =81, h(0)=g>, h(T)=gs, (4-40)
and

I, @lle, < Cs(lgl s, + lullx,., IgllF), (4-41)

where Cg depends on s, T, w.

S. Proofs
In this section we prove Theorems 1.1 and 1.4.

S5A. Proof of Theorem 1.1. The spaces defined in (4-36)—(4-39), with s > 0, form scales of Banach
spaces. We define smoothing operators Sy in the following way. We fix a C* function ¢ : R — R with
O<¢p=<1,

p)=1 VI§l<1l and @@E)=0 VI§|=2.
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For any real number 6 > 1, let Sy be the Fourier multiplier with symbol ¢(&/6), namely
Sou(x) =Y g ek/0) ™, whereu(x) =Y e € L*(T). (5-1)
keZ keZ
The definition of Sy extends to functions u(f, x) = Y, , ux () etk depending on time in the obvious
way. Since Sy and 9, commute, the smoothing operators Sy are defined on the spaces E,, F defined in
(4-36)—(4-37) by setting Sy(u, f) := (Spu, Sp f) and similarly on g = (g1, g2, g3). One easily verifies
that Sy satisfies (B-1)-(B-4) on E; and F;. We define the spaces E,, with norm || - ||/, and F, with || - ||}
as constructed in Appendix B.
We observe that @ (u, f) := (P(u) — xof, u(0), u(T)) defined in (1-13)—(1-14) belongs to F; when
(u, ) € Eg13,5 €[0,r —6], with |lu||74 < 1. Its second derivative is

P"(w)lhy, ho]

" (u, Hh1, 1), (ha, 2)] = 0
0

For u in a fixed ball |lu||x, < 8o, with §p small enough, we estimate
IP" @), wlllr, < Co(llBlx Iwlx, s + Mallx, s lwlx, + lullx, s 1A lx Twlix,) (5-2)
forall s € [0,r —6]. We fix V ={(u, f) € E3: |[(u, f)llE; <00}, 61 = s,
a=1, wu=3, a =0, a=p=20, ae @Bo,r—r], (5-3)

where 84, o, T are given by Theorem 4.5, and r is the regularity of A in Theorem 1.1. The right
inverse W in Theorem 4.5 satisfies the assumptions of Theorem B.1. Thus by Theorem B.1 we obtain
that, if ¢ = (0, uip, tenq) € F ,; with ||g||/Fﬂ < 8, then there exists a solution (u, f) € E,, of the equation
D (u, f) =g, with ||u, f||/Ea < C||g||’Fﬁ (and recall that 8 = o). We fix s1 :=«a + 6, and (1-11) is proved.
In fact, we have proved slightly more than (1-11), because ||g||3p/S <Cligllr, and [|u, fllE, < Callu, f||/Ea
foralla < a.

We have found a solution (u, f) of the control problem (1-9)—(1-10). Now we prove that u is the
unique solution of the Cauchy problem (1-9), with that given f. Let u, v be two solutions of (1-9) in
E,_¢ for all s < 5;. We calculate

1
P(u)— P(v) = / P’ (v+ A —v)[u—v]dr=: Lolu —v],
0

where

~

Lo:=0 4+ +az(t, x))0xxx +az(t, x)0cx +ai(t, x)ox +ao(t, x),
1
a;(t, x) ::/ a(w+r(u—v),x)dr, i=0,1,2,3,
0

and a; (1) is defined in (2-2). Note that a, = 29,a3 because az(v + A(u — v)) = 20,a3(v + A(u — v))
for all A € [0, 1]. The difference u — v satisfies Zo(u —v) =0, (u—v)(0) =0. Hence, by Lemma A.7,
u — v = 0. The proof of Theorem 1.1 is complete. O
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5B. Proof of Theorem 1.4. We define

E,:=C([0, T1, H® N0, T1, HP)nC?([0, T1, HY),
Fy:={g=(g1,8):8 €C(0, T], H®NC'([0, T1, H), g» € H:™®}

equipped with norms

lulle, == lullr,s+6 + 10l 543 + [10rc el 7,55

lgllF, == llgillT.s+6 + 10: &1l 7.5 + 825 +6>
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(5-4)
(5-5)

(5-6)
(5-7)

and ®(u) := (P(u), u(0)). Given g := (f, uin) € Fy,, the Cauchy problem (1-18) becomes ®(u) = g.
We fix V, 61, ao, 1, ai, @, B, ay as in (5-3), where the constants o, §, are now given in Lemma A.7 and

T =0 +9 by Lemma 2.1 combined with Lemma A.7 and the definition of the spaces E;, F;. Assumption

(B-13) about the right inverse of the linearized operator is satisfied by Lemmas A.7 and 2.1. We fix

S0 := a + 6. Then Theorem B.1 applies, giving the existence part of Theorem 1.4. The uniqueness of the

solution is proved exactly as in the proof of Theorem 1.1.

Appendix A: Well-posedness of linear operators

g

LemmaA.l. Let T >0, meR, s €R, f € C(0, T1, H), with f(t,x) =3,y fa()e™™. Let A be the

linear operator defined by Af := v, where v is the solution of

v +mi,v=f V(it,x)el0, T]xT,
v(0, x) =0.
Then

A0 = X AN0E™, (AP0 = [ e

nez

Af belongs to C([0, T1, H) NC'([0, T1, HS73), and
IAfl7s =TI fN7s-
Proof. Formula (A-2) simply comes from variation of constants. By Holder’s inequality,
t 1/2
[(Af)n(D] < ﬁ(/ |fn(r>|2dr> Vi €[0,T]
0

and therefore, for each r € [0, T],

HAF O =Y 1AOP > <>t fo | (O dT(n)*

neZ nez

t t
<1 /O S @R W dr =1 /0 LF OBy dr < 211 o e

nez

Taking the sup over ¢ € [0, T'] we get the thesis.

(A-1)

(A-2)

(A-3)
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We remark that for s < 3 the operator A is well-defined in the sense of distributions. We also recall
that L(H)) is the space of linear bounded operators of H; into itself, with operator norm [|L || z(gs) :=
sup{l|Lhlls : h € HE, [|k]ly = 1}.

Lemma A.2. (i) (LWP). LetT >0, s e R, R € C([0, T, L(H})), and let

rs = Rllcqo,m, ey = sup 1RO zeay),  Ls:= 0 +mdxxx +R. (A-4)

tel0,T]

Letaa € H} and f € C([0, T], H}). If Try < % then the Cauchy problem

Lsu = f,
su=f (A-5)
u(0,x) =a(x)
has a unique solution u € C([0, T, Hy). The solution u satisfies
lullrs < A +2Tr)llalls + 2T 1 fll7,s < 2(lells + T flI7,5)- (A-0)

(ii) (tame LWP). Let T >0, s € R, 51 e Rwiths > s1,and let R e C([0, T], L(H})) N C([0, T], L(H}")).
Assume that
IROs < cillhlls +csllnlls,,  IRMANs, <cilhlly, Yhe H, (A-T)

forallt € [0, T], where c1, ¢s are positive constants. Let o € H:. If
Tep < 4, (A-8)

then the solution u € C([0, T'], H;') of the Cauchy problem (A-5) given in (i) belongs to C([0, T, H}),
with
lullrs 2T\ fllrs + (L +2Tcpllalls +4T s (T f 1.5, + llells,)- (A-9)

(iii)) (GWP). Let T >0, s e R, R € C([0, T, L(H})), and let ry be defined in (A-4). Let « € H;. Then

the Cauchy problem (A-5) has a unique global solution u € C([0, T], H), with
lulir.s <27 (lleells +4T [ fll7.5). (A-10)

(iv) (tame GWP). Let T >0, s € R, s1 e Rwiths > s1,and let R e C([0, T], L(H})) N C([0, T], L(H}")).
Assume that (A-T) holds for all t € [0, T'], where ¢y, ¢ are positive constants. Let oo € H?. Then the global
solutionu € C([0, T, H}) of the Cauchy problem (A-5) given in (iii) satisfies

Il < 2% (leells +4T¢slleellsy + 2T fll7,s +4T 25l fll7s)- (A-11)
Proof. () Write u = v 4+ w, where v(¢, x) is the solution of
GV +moyyv=0, v(0,x)=a). (A-12)
Hence u solves (A-5) if and only if w(z, x) solves

w4+ moyxw+Rw=—-Rv+ f, w(,x)=0. (A-13)
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By Lemma A.1, (A-13) is the fixed point problem
w=W(w), (A-14)
where W (w) := A[f —R(v+w)]. Let B, :={w € C([0, T], H) : |ulr,s < p}, p = 0. Then
IW)lirs < T fllzs +rsllells+rsp), W (w) —W(w)lirs < T rsllwr —wallzs (A-15)

for all w, wi, wy € B,. By assumption, Tr,; < % Therefore, for any p > 2T (|| fll7.s + rsllells), W is
a contraction in B,. In particular, we fix p = po := 2T (|| f|l,s + rsll@lls). Hence there exists a fixed
point w € By, of ¥, with ||lwll7s < po < 2T | fli7s + llalls. As a consequence, there exists a solution
u € C([0, T, Hy) of (A-5) with [lul7s < 2(T|| fll7,s + llalls). By the contraction lemma, the solution u
is unique in any ball B,, p > po, and therefore it is unique in C([0, T'], H}).

(i1) By assumption, Tc; < %, and therefore, by (i), there exists a unique solution u € C([0, T'], H}").
It remains to prove that u satisfies (A-9). By construction, u = v 4+ w, where v € C([0, T], H}) is the
solution of (A-12), with |[v(f)|ls = |||l for all # € [0, T'], and w € C([0, T'], H}') solves (A-14). By
the iterative scheme of the contraction lemma, w is the limit in C([0, T'], H;') of the sequence (w,),
where wg :=0, and w41 := ¥V (w,) for all n € N. By (A-7) and (A-3), ¥ maps C([0, T'], H}) into itself;
therefore w, € C([0, T'], H}) foralln > 0. Let h,, := w, — w,—1, n > 1, so that w, = Zzzl hy. One has
hy+1 =—ARh, forall n > 1, and

||hﬂ+1 ”T,s <Tc ”hn”T,s +Tc, ”hn ”T,sla ”hn+1 ”T,sl <Tc; ”hn”T,sl Vn > 1.
Hence, by induction, for all n > 1 we have
nllzs < (Te) Mhilrs + (= D(Te)" *Tegllhilrs,  Nhallrs < (Te) hillrs,. (A-16)

Also, |lhilirs = TN fllrs + Terlleells + Tesllells, and [[hyllz,s, < TNl fllz.s, + Terllells, . Therefore

”hnHT’S - (Tcl)n_lT”fHT,s + (TC])nHOl”s + - ])(Tcl)n—ZTCsT||f”T,S|
—{—n(TCl)n_lTCs”a“sw (A-17)
Vaallzs, < (e Tl flizs + (Te) el ¥n 1.

Since Tcy < %, the sequence w,, = ZZ:I hy converges in C([0, T'], H}) to some limit w € C([0, T'], H}).
Since w, converges to w in C([0, T'], H;'), the two limits coincide, and w € C([0, T'], H;). Since
lwliz,s <D ey Ikllz.s, we get

lwlzs <2T (I flizs +cillalls) +4Tes (T fllzs, + lells,)- (A-18)

Since u = v + w, we deduce (A-9).

@) If Try < % the result is given by (i). Let Try > % and fix N € N such that 2Tr, < N < 4Tr;,.
Let Ty := T /N, so that le < Tors < % Divide the interval [0, T'] into the union /3 U ---U Iy, where
I, :=[(n — 1)Tp, nTy]. Applying (i) on the time interval 11 = [0, Tp] gives the solution u; € C(Iy, HS),

with [uy ey, 15y < blleells + 2Tl f |l 7.5, where b := 1+ 2Tor;. Now consider the Cauchy problem on I,
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with initial datum u(Ty) = u1(Tp). Applying (i) on I, gives the solution u> € C(I», H}), with
luzllci. g < bllur(To)lls + 270l fllz.s < B2 lletlls + (1+ B)2Toll £ I 7.5

We iterate the procedure N times. At the last step, we find the solution u defined on Iy, with

N N 1
lunlicay.asy <b™ llells + (07 — 1)m2T0”f”T,s-
We define u(t) := u,(¢) for t € I,,, and the thesis follows, using that b < 2.

(iv) If Tc; < 3, the result is given by (ii). Let Tc > 3, and fix N € N such that 2T¢; < N <4T¢;. Let

To:=T/N,sothat } < Tyey < 3. Split [0, T]1=1; U---Uly, where I, := [(n — 1) Ty, nTy]. Perform the
same procedure as above. Using (A-9), and 1 4+ 27pc; < 2, by induction we get
lunllc,.mp < 2" lells + @" = D2Tol £ll7.s +n2" " 4Tocsllalls, 4 [2"(n — 1) + 114Toc Toll £l 7.5,
linlleq, gy < 2% Nelly + @ = D2To] fllzs,.
This implies (A-11), recalling that Toc; < % and also NT, =7, N > 1. O

Lemma A.3. There exist universal positive constants o, 8, with the following properties. Let s > 0,

let m > %, and let aj4(t, x), ai5(t, x) be two functions with a4, d;a14,a15 € C([0, T], H;Jr“) and

Jraia(t,x)dx =0, and let L4 := 3, +m dyxx +a14 0y +ays. Let
8(w) := llas, 0rara, arslr,u+o Y €10, s].
Assume 6(0) <. Let f € C([0,T], H}) and a € H}. Then the Cauchy problem
Lau=Ff, u)=« (A-19)
admits a unique solution u € C([0, T], H}), with
lullz,s < Cofl fllzs + lells + 8 A fll.0 + llallo)}- (A-20)

Proof. Following the procedure given in Section 2E, we define S :=1 + y (¢, x)0, I (see (2-53)) with
y(t,x):= —ﬁax_lam(t, x). We have that u solves (A-19) if and only if i := S~'u satisfies

Lsi=f, i(0)=a,
where f = S_lf, & :=S " 0)a and L5 = 9; + m 3y + R, with
R =8 Hais + (a1ay — (@1a))mo + (Lay) o7 ' }.
Then the thesis follows by Lemmas A.2 and 2.7. U

Lemma A.4. There exist universal positive constants o, 8, with the following properties. Let s > 0,
let m > %, and let ai;(t, x), a13(t, x) be two functions with a2, d;ay2, a1z € C([0, T], H;:J“’), and let

L3:=0; +m Oyyx +air 0y +ay3. Let

() = llarz, 9;a12, a3llr,u+0  Yu €10, s].
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Assume 6(0) < 8,. Let f € C([0,T1, H}) and a € H}. Then the Cauchy problem
Lyu=f, u0)=« (A-21)
admits a unique solution u € C([0, T, H}), with
lullr,s < Cs{llfllzs + leells + ) U fllmo+ llello) }- (A-22)

Proof. Following the procedure given in Section 2D, we define Th(t, x) := h(t, x + p(t)) (see (2-46)),
with p(t) := —% fot [ ai2(s, x) dx ds. We have that u solves (A-21) if and only if it := 7 ~'u satisfies

Lii=f, a0)=«a

(note that 7(0) is the identity), where f =TV f, and L4 = 8, + m dcxx + a14 d¢ + ars, with ayy, a5
given by formula (2-48). Then the thesis follows by Lemmas A.3 and 2.6. U

Lemma A.5. There exist universal positive constants o, 8, with the following properties. Let s > 0, let
m> %, and let ag(t, x), ao(t, x), ajo(t, x) be three functions with ag, d;as, ag, d;ay, ajo € C ([0, T], H;*")
and [y ag(t, x)dx =0, and let L5 := 3; +m dyxx + ag dxx +ag dx +ajo. Let

8(w) := llas, d:ag, ag, d:ag, arollT,u+o Y1 € [0, s].
Assume 6(0) < 8,. Let f € C([0,T], H}) and a € H}. Then the Cauchy problem
Lou=f, u) =« (A-23)
admits a unique solution u € C([0, T'], H}), with
lullr,s < Cs{ll fllzs + leells + 86U fllmo+ llello) }- (A-24)

Proof. Following the procedure given in Section 2C, we define Mh(t, x) := q(t, x)h(t, x) (see (2-37)),
with g (¢, x) := exp{—%m(ax_lag)(t, x)}. We have that u solves (A-23) if and only if 7 := M~y satisfies

Lii=f, @(0)=a,

where f = ./\/l_lf, & := M0, and L3 = 8; +m dyrx + a1 0y + a13, With aja, a3 given by formula
(2-39). Then the thesis follows by Lemmas A.4 and 2.5. O

Lemma A.6. There exist universal positive constants o, &, with the following properties. Let s > 0 and
let as(1), as(t, x), ag(t, x), a;(t, x) be four functions with as € C([0, T1, R) and as, d,as, ag, d;a¢, a7 €
Cc([0, T, H;Jr") and fT as(t,x)dx =0, and let L1 := 0; + a40yxxx + a505y + acdy + ay. Let

S(w):= sup las(t) — 1|+ sup |ay(t)|+ llas, d:as, as, dia6, a7ll7, 440 Vi € [0, s]. (A-25)
tel0,T] 1€(0,T)

Assume §(0) < 8,. Let f € C([0, T, H}) and a € H;. Then the Cauchy problem

Liu=f u0) =« (A-26)
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admits a unique solution u € C([0, T, H}), with

lullzs < Cs{ll fllzs + lleells + 8 fllz.0 + lleello) }- (A-27)

Proof. Following the procedure given in Section 2B, we define BA(t, x) := h({(¢), x) (see (2-25)), with
Y (1) =L [as(s)ds, where m := & fOT a4 (t) dt. We have that u solves (A-26) if and only if i := B~ 'u
satisfies

Loi=f, a0)=«a

(note that B(0) is the identity), where f =B f,and Ly = 3, + m dyxx + ag dx + ag dx + ayg, with as,
ag, ajo given by formula (2-32) (see also (2-26)). Then the thesis follows by Lemma A.5 and 2.4. U

Lemma A.7. There exist universal positive constants o, 8, with the following properties. Let s > 0 and let
as(t, x), ar(t, x), a|(t, x), ap(t, x) be four functions with as, d;a3, o;;a3, ay, o:ay, ap € C([0, T, Hf‘")
and ay = c dyas for some ¢ € R. Let

§(w) = llas, dia3, dyraz, ar, diar, aollt,u+o  Yir € [0, s]. (A-28)

Assume §(0) < 6y. Let Lo :=0; + (1 +a3) Oxxx + a2 Oxx +a1 0y +ap. Let f € C([0,T], H}) and o € H.
Then the Cauchy problem
Lou=f, u0)=« (A-29)

admits a unique solution u € C([0, T'], H}), with

lullzs < Cs{llfllzs + lleells +8) A fllT.0 + lleello) }- (A-30)

Proof. Following the procedure given in Section 2A, we define (Ah)(¢, x) := h(t, x + (¢, x)) (see (2-9)),
with B(t, x) := (0, Lpo)(t, x), where pg is defined in (2-16)—(2-17). We have that u solves (A-29) if and
only if i := A~ u satisfies

Liw=f, u@)=a,

where f =A7Vf, @ =AY 0)a, and L] = 3, + a4 dgxx + as dxx + ag dx + a7, with as not depending
on the space variable x and with a4, as, ag, a7 given by formula (2-14). Then the thesis follows by
Lemmas A.6 and 2.3. O

Remark A.8. Consider the operators Ly, ..., L5 defined in Lemmas A.2-A.7. Define
Loh = —=8h — 3xxx [(1 + a3)h] + 3y (a2h) — dx(arh) + aoh,
Lih = —8;h — agdyxxh + dxx (ash) — 3y (ah) + azh,
L3h := —08;h — m3yxxh + yx (agh) — dx(aoh) + aioh,
L3h := —3:h — mdyxch — 0y (ar2h) + aizh,
Lih = —08:h —mdyxxh — 0y (a14h) +aish,
Lih:=—8h —mdyh+Rh.
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It is straightforward to check that Lemmas A.2—A.7 also hold when the operator £ (k =0, ...,5) is
replaced by £;. The crucial observation is that for all k =0, ..., 5 (see Remark 2.2 for the case k = 0)
the operator —L; has the same structure as £ (one might need to worsen the constants o since the
coefficients of — L7 involve space derivatives of the coefficients of Ly). It is also immediate to verify that
the same estimates also hold for the backward Cauchy problems

{Ekuzf, {ﬁZuzf,

k=0,...,5. (A-31)
u(T)=a, u(T) =a,

Appendix B: Nash—Moser theorem

In this section we prove a Nash—Moser implicit function theorem that is a modified version of the theorem
in [Hormander 1985]. With respect to that paper, here (Theorem B.1) we assume slightly stronger
hypotheses on the nonlinear operator & and its second derivative. These hypotheses are naturally verified
in applications to PDEs. We use the iteration scheme of [Hormander 1976] (called the discrete Nash
method by Hormander), which is neither the Newton scheme with smoothings used in [Berti, Bolle,
and Procesi 2010; Berti, Corsi, and Procesi 2015; Baldi, Berti, and Montalto 2016a], nor the scheme in
[Hormander 1985; Alinhac and Gérard 2007]. The scheme of [Hérmander 1976] is based on a telescoping
series like in [Hormander 1985], but some corrections y, (see (B-15)) are also introduced. In this way the
scheme converges directly to a solution of the equation ®(u) = ®(0) + g, avoiding the intermediate step
in [Hormander 1985] where the Leray—Schauder theorem is applied. This makes it possible to remove
two assumptions of Hormander’s theorem [1985], which are the compact embeddings Fj, < F, in the
codomain scale of Banach spaces (F,),>0, and the continuity of the approximate right inverse W (v) with
respect to the approximate linearization point v. We point out that, unlike Theorem 2.2.2 of [Hormander
1976], our Theorem B.1 also applies to the case of Sobolev spaces.
Let us begin with recalling the construction of “weak” spaces in [Hormander 1985].

Let E,, a > 0, be a decreasing family of Banach spaces with injections E; < E, of norm < 1 when
b>a. Set Eqo =(),~o Ea With the weakest topology making the injections Eo, — E, continuous.
Assume that Sy : Eg — E for 6 > 1 are linear operators such that, with constants C bounded when a
and b are bounded,

I1Soully < Cllulla if b<a, (B-1)
ISoully < COP=ullq if a<b, (B-2)
llu — Seullp < COP~||ull, if a>b, (B-3)
d
—Spu| <OV, (B-4)
‘ do |, ‘

From (B-2)—(B-3) one can obtain the logarithmic convexity of the norms

lllrara—np < Cllulflluly™ if 0<r <1 (B-5)
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Consider the sequence {6;};en, With 1 =6y < 6; < --- — o0, such that 6;/6; is bounded. Set
Aj = 9j+1 — 9j and
Sgu S9- lu—Sg.u
Rou = ——, Ru:=—""—"7_ j>1. B-6
ou Ao U Aj = ( )
By (B-3) we deduce that, if u € Ej for some b > a, then
o0
u=YA;Ru (B-7)
j=0
with convergence in E,. Moreover, (B-4) implies that, for all b,
IRullp < Cap0? ™ llulla- (B-8)
Conversely, assume that a; < a < ap, that u; € E,, and that
llujllp < M@j’—“—‘ if b=a; or b=a. (B-9)

By (B-5) this remains true with a constant factor on the right-hand side if a; <b < as, sothatu =) Aju;
converges in Ep if b < a.

Let E/, be the set of all sums u =) Aju; with u; satisfying (B-9) and introduce the norm ||u||/, as the
infimum of M over all such decompositions. It follows that || - ||/, is stronger than || - ||, if a > b, while
(B-7) and (B-8) show that || - ||/, is weaker than || - ||,. Moreover (i) the space E/, and, up to equivalence,
its norm are independent of the choice of a; and a»; (ii) E/, is defined by (B-8) for any values of b to
the left and to the right of a; (iii) E/, does not depend on the smoothing operators; (iv) in (B-3) we can
replace ||lu||, by |ull/,, namely,

lu— Spully < C, 0" “llull, ifa>b, (B-10)

if we take another constant C;’ »» which may tend to 0o as b approaches a. These four statements (i)—(iv)
are proved in [Hormander 1985].

Now let us suppose that we have another family F, of decreasing Banach spaces with smoothing
operators having the same properties as above. We use the same notation also for the smoothing operators.
Unlike [Hormander 1985], here we do not need to assume that the embedding Fj;, < F, is compact for
b>a.

Theorem B.1. Let ay, az, o, B, ag, it be real numbers with
O<ay<pu<a, a+if<e<ai+p<a, 2a<ai+a. (B-11)

Let 'V be a convex neighborhood of 0 in E,. Let ® be a map from V to Fy such that ® : VN E,, — F,
is of class szor all a €10, a — ], with

19" @) (v, wllla < C(Nvllaspllwllag + 10 llao 1wl 4 el 1V ]lao 1w e ) (B-12)
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forallu €e VN Eq.,, v,w € Eqy,. Also assume that ®'(v) for v € Eo NV belonging to some ball
lvlla, <681 has a right inverse W (v) mapping Fy to E,,, and that

W Wglla < Cllgllatp—a +lgllollvllars) Va € lar, aal. (B-13)

There exists § > 0 such that, for every g € F/é in the ball ||g||;3 <8, there exists u € E,,, with ||lu]|!, < C||g||:3,
solving ®(u) = &) + g.

Proof. We follow the proof in [Hormander 1985] where possible, but we use a different iteration scheme.
Let6; :=j+1,sothat A; =1forall j. Let g € F/; and g; := R;g. Thus

o.¢]
b—p—1
g=> 8. lgills=Ct! " liglly Vb e[0,+00). (B-14)
Jj=0

We claim that if || g||;3 is small enough, then we can define a sequence u; € V N E,, with ug := 0 by the
recursion formula

Ujyl = I/tj-l-]’lj, vj 1= nguj, hj = \If(vj)(gj+y,~) Vj>0, (B-15)
where yg :=0,
j—2
Y1 :=—3Sg,e0, yji=—S8pej—1— Rj_1 Zei Vj=2, (B-16)
=0
and ¢; := ej’. + ej’.’,
e;- = <I>(uj+hj)—d>(uj)—d>’(uj)hj, e;-/ = (CD/(uj)—CD/(vj))hj. (B-17)

We prove that for all j > 0,

I7jlla < K1llgllg 9;’_“_1 Va € [ay, a2], (B-18)
lvjlla < Kaliglp 077"  Vaelai+ B, a2+ B, (B-19)
luj —villa < K3liglp 6™  Vael0,al. (B-20)

For j =0, (B-19) and (B-20) are trivially satisfied, and (B-18) follows from (B-14) because sy = ¥ (0)go
and 6y = 1.

Now assume that (B-18), (B-19), (B-20) hold for j =0, ..., k, for some k > 0. First we prove (B-20)
for j =k+ 1. Since uyy; = Z];:o hj, the definition of the norm of E,, and (B-18) for j =0, ..., k imply
that [lu+1ll;, < K1llglls. By (B-10) one has

g1 —virillo < CKillglg6 s (B-21)

where the constant C depends on «. From now until the end of this proof we denote by C any constant
(possibly different from line to line) depending only on a;, a2, @, 8, i, ag, which are fixed parameters.
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From (B-18) with j =0, ..., k we get

k
lueilla < Killglly D077 Va e lar, asl. (B-22)
j=0
We note that .
Yol < %e,f’H Vp > 0. (B-23)
j=0

For a = ay, by (B-1) one gets ||vk+1lla, < Clluk+1lla,- Thus, using (B-23) at p = ar —«,

k1 — visllay < Cllusilla, < CK1llgllp05, (B-24)

Using (B-5) to interpolate between (B-21) and (B-24), we get (B-20) for j =k + 1, for all a € [0, a3],
provided that K3 > CK;.
To prove (B-19) for j =k + 1, we use (B-2), (B-22) and (B-23) and we get

k
—ar— —aj— +B—a—1 -
oirilla < COL Pllunstlla+p < COL PR NgIE D 0 P47 < CKyligly 077
j=0

for all a € [a; + B, ax + B]. This gives (B-19) for j = k + 1 provided that K, > CK].
To prove (B-18) for j = k + 1, we begin with proving that

yisills < CK V(K1 + K9 gl30, f ™ Vb e[0.ay+ B —al. (B-25)

Since uj, vj, uj + hj belong to V forall j =0, ..., k, we use Taylor’s formula and (B-12) to deduce that,
for j=0,...,kand a € [0, a, — u],

lejla < € (Wjllao A s + Mot e W 12, A 125 o 1107 — 10 llape
1l llvj = tllag + 1 ot o l0; — w5lla) . (B-26)
Hence at j = k, using (B-2) and then (B-26), we have

4
IS0, exllay+p—a < COyllexllar+p—a—p

< COLyy (Mllag I llg + Nk llg g5, + 1Ak lag llog — ullg
+ Akl lloe — ullag + Nk llg Wk llag lve — illag), — (B-27)

where p :=max{0,8 —o +pu} and g :=ax+ B —a — p 4+ . Note that ap + 8 —a — p > 0 because
ap > . Since g < ap, using also (B-23) we have

k—1 k—1
—a—1 —
luilly < lugllay <> Mhsllay < Killglly > 6027 < CKyllglly60 . (B-28)
j=0 j=0

By (B-28), (B-18), (B-20), and since ay < aj, the bound (B-27) implies that

Da—1 —3a—
1S, €k llar+p—a < CK1(K1+ K3)|IglF07, (0 17271 g t2a =31y
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provided that K ||g||:3 < 1. We assume that
Killglly < 1. (B-29)

Both the exponents a;+¢g—2a—1 and ay+2a;—3a—1 are < ap—a—1—p because a; < o and
a;+ B+ u <2«. Thus
160, €kl 50 < CK1L (K + K3l gll76027°. (B-30)
Now we estimate || Sg,,, exllo. Since ag, u < ay, by (B-1) and (B-26) we get
| So,1exllo < Cllexllo < C(1+ ||Mk||u)(||hk||§l + 1akllay vk — ullay)- (B-31)

By (B-18) and (B-29),

k—1 00
Motk < Nuicllay <D Mjllar < Kollglly D05~ = CKyllglly < C. (B-32)
j=0 j=0
We use (B-18), (B-20) and (B-32) in (B-31), and the bound Okzi‘lda*l < 9,;’31_1, to deduce that
16, exllo < CK1(K1 + K3 gl 760" (B-33)
Using (B-5) to interpolate between (B-30) and (B-33), we obtain
IS0, exlls < CK1(Ky + K3)ligllF00, 1 Vb el0.ay+ B —al. (B-34)

Now we estimate the other terms in yx+1 (see (B-16)). By (B-8), (B-26), (B-18), (B-20) and (B-23),
k—1 k—1
Y lIReeills <Y €O eilay—
=0 i=0

k—1
< CK (Ky + K3)|[glgoy, @ty goe2e! (B-35)
i=0

for all b € [0, ax + B — «]. Since a; + a; — 2« > 0, we apply (B-23) to the last sum in (B-35). Then,
recalling that 6y, /641 € [% 1], and using the bound a; +  + u < 2«, we deduce that
k—1
> lIReilly < CK1(K1 + K)lIgllF6.,1 ' Vb el0,a+p —al. (B-36)
i=0
The sum of (B-34) and (B-36) completes the proof of (B-25).
Now we are ready to prove (B-18) at j =k 4 1. By (B-1) and (B-22) we have ||vit1lq; < Clluk+1lla, <

CK, ||g||},, and we assume that CK ||g||}} < 81, so that W (v ) is defined. By (B-15), (B-13), (B-14),
(B-25), (B-19) one has, for all a € [ay, a3],

lhisilla < Cllglp {1+ (K1 + K3)Killgll} 071" (B-37)

provided that K> ||g|l; < 1. Bound (B-37) implies (B-18) provided that C{1 + (K1 + K3)K1llglls} < K.
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The induction proof of (B-18), (B-19), (B-20) is complete if K, K», K3, ||g||i3 satisfy
K3>CoKi, Ky>CoKi, CoKiligly <1, Kallglly <1, Co{l+(Ki+K3)Kilgly} < K1,

where Cy is the largest of the constants appearing above. First we fix K; > 2Cy. Then we fix K, and K3
larger than Cy K, and finally we fix §o > 0 such that the last three inequalities hold for all || g ||)’3 < p.
This completes the proof of (B-18), (B-19), (B-20).

Bound (B-18) implies that the sequence (u;) converges in E, for all a € [0, «). We call u its limit.
Since u = Z?io h;j and each term h; satisfies (B-18), it follows that u € E, and |ju|, < K; ||g||;3 by the
definition of the norm in E,.

Finally, we prove the convergence of the Nash—-Moser scheme. By (B-16) and (B-6) one proves by
induction that

k k—1
Z(ej—l—yj):ek—l—rk, where r; = (I—Sgk)Zej, Vk > 1.
j=0 j=0

Hence, by (B-15) and (B-17), recalling that ®'(v;)W (v;) is the identity map, one has

k k

D(ups1) — D) = Y _[D(ujp1) — Pl =Y (e +g;+) =G +ex+ri,
j=0 Jj=0

where Gy := Zl;:o gj- By (B-14), |Gy —gllp — O as k — oo for all b € [0, B). Leta € [a) — p, a — ).
By (B-22) and (B-29) we get ||uj a4, < C. By (B-26), (B-18) and (B-20) we deduce that

lejlla < CK1(Ky + K3)llgll7 o2, (B-38)

Hence |lex|ls — 0 as k — oo because a; +a + u — 2o < 0, and, moreover, Z;io llejlla converges. By
(B-3) and (B-38), for all p € [0, a) we have

k—1 k—1
rell, < DI = Saell, <C Y08 llejlla < COL™, (B-39)
Jj=0 Jj=0

so that ||r¢|l, — 0 as k — oo. We have proved that || P (ur) — P (up) — gll, — 0 as k — oo for all p in
the interval 0 < p < min{a — i, B}. Since uy — u in E, for all a € [0, ), it follows that ® (1) — D (u)
in Fj, forall b € [0, ¢ — ). O

Appendix C: Tame estimates

In this appendix we recall classical tame estimates for products, compositions of functions and changes
of variables which are repeatedly used in the paper. Recall the notation (1-6) for functions u(x), x € T,
in the Sobolev space H® := H*(T, R).

Lemma C.1. Let 59, 51, 52, s denote nonnegative real numbers, with sy > % There exist positive con-
stants Cy, s > sq, with the following properties.
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o (embedding and algebra) For all u, v € H*,

lullLe < Collullsy,  Muvllsy = Cypllulisyllvllsy- (C-1)
e (interpolation) For 0 <s; <s <sp and s = As1 + (1 — X)sp, forallu € H*®,

leells < Naall, el g5 (C-2)

e (tame product) For s > sg, forall u, v € H",
[uvlls = Cso llullsllvllsy + Csllulls 10]ls, (C-3)

and for s € [0, sol, forallu € H*® and v € H",

[uvlls = Cyollullsy V15 (C-4)

Proof. The lemma can be proved by using Fourier series and the Holder inequality. Otherwise, for
(C-2) see, e.g., [Alinhac and Gérard 2007, p. 82] or [Moser 1966, p. 269]; for (C-3) adapt [Berti,
Bolle, and Procesi 2010, Appendix] or [Alinhac and Gérard 2007, p. 84]. For (C-4) use the bound
Zjez(n)zs ()™ (n— j)™20 < C, forall n € Z, all 0 < s < 59, which can be proved by splitting the two
cases 2|j| < |n| and 2|j| > |n]|. O

A function f : T x B — R, where B :={y € R”*! : |y| < R}, induces the composition operator

F@)@) = f(x,u@), u' ), " @), ..., u'? (x)), (C-5)
where u® (x) denotes the k-th derivative of u(x). Let B p be aball in WP-°°(T, R) such that, if u € B),,
then the vector (u(x), u'(x),..., u(p)(x)) belongs to B for all x € T.

Lemma C.2 (composition of functions). Assume f € C"(T x B). Then, for allu € HS*P N B,, s€[0,r],
the composition operator (C-5) is well-defined and

IF@ls < ClfllerUlullssp + 1),

where C depends on r, p. If, in addition, [ € C"*2, then, foru,h € H P withu,u+h € B,, one has

If@+h)— fa@ls < Cllfllers (1llstp + M llweee lullssp),
I fu+h)— f) — f@ihllls < Clflera Mallweee (1llssp + IRl weee ullstp)-

Proof. For s € N see [Moser 1966, pp. 272-275] and [Rabinowitz 1967, Lemma 7, pp. 202-203]. For
s ¢ N see [Alinhac and Gérard 2007, Proposition 2.2, p. 87]. O

Lemma C.3 (change of variable). Let p € W (T, R), s > 1, with || p|lwie < % Let f(x) =x+ p(x).
Then f is invertible, its inverse is {1 (y) = g(y) = y +q(y), where q is 2w -periodic, g € WS>®(T, R),
and ||q||ws. < C||p|lws.~, where C depends on d, s.

Moreover, ifu € H*(T,R), thenu o f(x) = u(x 4+ p(x)) also belongs to H*, and

llwo flls +lluoglls = Clulls + 1l pllwsee lull1)- (C-6)
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Proof. For s € N see, e.g., [Baldi 2013, Lemma B.4], where this lemma is proved by adapting [Hamilton
1982, Lemma 2.3.6, p. 149]. For s ¢ N the lemma can be proved by studying the conjugate of the
pseudodifferential operator | D,|* by a change of variable, either by Egorov’s theorem, see [Taylor 1981,
Chapter VIII, Section 1, p. 150] and [Alazard, Baldi, and Han-Kwan 2015, Appendix C, Section C.1], or

by an asymptotic formula, see [Alinhac and Gérard 2007, Proposition 7.1, p. 37]. O

Remark C.4. For time-dependent functions u(¢, x), u € C([0, T], H*(T, R)), all the estimates of the

present appendix hold with [lu|[; replaced by |lul|7,s := sup,cjo. 7y lu(®) ;- O
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OPERATORS OF SUBPRINCIPAL TYPE

NILS DENCKER

In this paper we consider the solvability of pseudodifferential operators when the principal symbol vanishes
of at least second order at a nonradial involutive manifold ¥,. We shall assume that the subprincipal
symbol is of principal type with Hamilton vector field tangent to X, at the characteristics, but transversal
to the symplectic leaves of ¥,. We shall also assume that the subprincipal symbol is essentially constant
on the leaves of X, and does not satisfying the Nirenberg—Treves condition (W) on X,. In the case when
the sign change is of infinite order, we also need a condition on the rate of vanishing of both the Hessian
of the principal symbol and the complex part of the gradient of the subprincipal symbol compared with
the subprincipal symbol. Under these conditions, we prove that P is not solvable.

1. Introduction

We will consider the solvability for a classical pseudodifferential operator P € W (M) on a C* manifold M.

This means that P has an expansion p,, 4+ pu_1 + - - -, where p; € S¥

hom 18 homogeneous of degree k for

all k, and p,, = o (P) is the principal symbol of the operator. A pseudodifferential operator is said to
be of principal type if the Hamilton vector field H,, of the principal symbol does not have the radial
direction & - 9 on p,1(0), in particular H »n 7 0. We shall consider the case when the principal symbol
vanishes of at least second order at an involutive manifold X,; then P is not of principal type.

P is locally solvable at a compact set K C M if the equation

Pu=v (1-1)

has a local solution # € D' (M) in a neighborhood of K for any v € C°°(M) in a set of finite codimension.
We can also define microlocal solvability of P at any compactly based cone K C T*M; see Definition 2.6.

For pseudodifferential operators of principal type, it is known [Dencker 2006; Hormander 1981] that
local solvability is equivalent to condition (W) on the principal symbol, which means that

Imap,, does not change sign from — to + along the oriented bicharacteristics of Re ap,, (1-2)

for any 0 #£ a € C*°(T*M). The oriented bicharacteristics are the positive flow-out of the Hamilton vector
field HReqp,, # 0 on which Re ap,, = 0; these are also called semibicharacteristics of p,,. Condition (1-2)
is invariant under multiplication of p,, with nonvanishing factors, and symplectic changes of variables;
thus it is invariant under conjugation of P with elliptic Fourier integral operators. Observe that the sign
changes in (1-2) are reversed when taking adjoints, and that it suffices to check (1-2) for some a # 0 for
which Hgeqp # 0, according to [Hormander 1985b, Theorem 26.4.12].
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For operators which are not of principal type, the situation is more complicated and the solvability
may depend on the lower-order terms. When the set X, where the principal symbol vanishes of second
order, is involutive, the subprincipal symbol og,,(P) = p,,—1 is invariantly defined at ¥,. In fact, on X,
it is equal to the refined principal symbol; see [Hormander 1985a, Theorem 18.1.33].

In the case where the principal symbol is real and vanishes of at least second order at the involutive
manifold, there are several results, mostly in the case when the principal symbol is a product of real
symbols of principal type. Then the operator is not solvable if the imaginary part of the subprincipal
symbol has a sign change of finite order on a bicharacteristic of one the factors of the principal symbol;
see [Egorov 1977; Popivanov 1974; Wenston 1977; 1978].

This necessary condition for solvability has been extended to some cases when the principal symbol is
real and vanishes of second order at the involutive manifold. The conditions for solvability then involve
the sign changes of the imaginary part of the subprincipal symbol on the limits of bicharacteristics from
outside the manifold, thus on the leaves of the symplectic foliation of the manifold; see [Mendoza and
Uhlmann 1983; 1984; Mendoza 1984; Yamasaki 1983]. This has been extended to more general limit
bicharacteristics of real principal symbols in [Dencker 2016].

When X, is not involutive, there are examples where the operator is solvable for any lower-order
terms. For example when P is effectively hyperbolic, then even the Cauchy problem is solvable for any
lower-order term; see [Hormander 1977; Nishitani 2004]. There are also results in the cases when the
principal symbol is a product of principal-type symbols not satisfying condition (¥); see [Cardoso and
Treves 1974; Gilioli and Treves 1974; Goldman 1975; Treves 1973; Yamasaki 1980].

In the present paper, we shall consider the case when the principal symbol (not necessarily real-
valued) vanishes of at least second order at a nonradial involutive manifold ¥,. We shall assume that
the subprincipal symbol is of principal type with Hamilton vector field tangent to X, at the charac-
teristics, but transversal to the symplectic leaves of X,. We shall also assume that the subprincipal
symbol is essentially constant on the symplectic leaves of 3, by (2-8), and does not satisfy condition
(\W); see Definition 2.4. In the case when the sign change is of infinite order, we will need a con-
dition on the rate of vanishing of both the Hessian of the principal symbol and the complex part of
the gradient of the subprincipal symbol on the semibicharacteristic of the subprincipal symbol; see
condition (2-11). Under these conditions, P is not solvable in a neighborhood of the semibichar-
acteristic; see Theorem 2.7, which is the main result of the paper. In this case P is an evolution
operator; see [Colombini et al. 2003; 2010] for some earlier results on the solvability of evolution
operators.

2. Statement of results

Leto(P)=peS"

hom D€ the homogeneous principal symbol. We shall assume that

o (P) vanishes of at least second order at X5, 2-1)

where

3, is a nonradial involutive manifold. (2-2)
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Here nonradial means that the radial direction (£, 0¢) is not in the span of the Hamilton vector fields
of the manifold, i.e., not equal to Hy on X, for some f € C' vanishing at £,. Then by a change of
homogeneous symplectic coordinates we may assume that

T ={=0}, &=, &) eR xR"* (2-3)

for some k > 0; this can be achieved by conjugation by elliptic Fourier integral operators. If P is of
principal type near X, then, since solvability is an open property, we find that a necessary condition for P
to be solvable at ¥, is that condition (W) for the principal symbol is satisfied in some neighborhood of 3.
Naturally, this condition is empty on X,, where we instead need some conditions on the subprincipal
symbol

Ps=Pu-1+% D 00 p, (2-4)
j
which is equal to p,,—; on X, and invariantly defined as a function on 3, under symplectic changes of
coordinates and conjugation with elliptic pseudodifferential operators. (In the Weyl quantization, the
subprincipal symbol is equal to p,,—;.) When composing P with an elliptic pseudodifferential operator C,
the value of the subprincipal symbol of CP is equal to cp; + %i H,c=cp;, at X5, where c =0 (C). Observe
that the subprincipal symbol is complexly conjugated when taking the adjoint of the operator.
Let TX§ be the symplectic polar to 7' %5, which spans the symplectic leaves of X,. If X = {§' = 0}
and x = (x’, x”) € R¥ x R"7*, then the leaves are spanned by 9. Let

T°%,=T%,/TX5, (2-5)
which is a symplectic space over X,, which in these coordinates is given by
T %, = {((x0, 0, &)): (0,¥”,0,7) : (v", n") € T*R"*}. (2-6)

Next, we are going to study the Hamilton vector field H,,, , at X,. If H, | C T, at X, then we find
that dp; vanishes on T X5 so dp; is well defined on T° X,. In fact, p; = p,,—1 on X so if we choose

coordinates so that (2-3) holds, then H,, _, C T % is equivalent to

m—1
H,, & =—0ypu_1=—0vp;=0 when& =0, (2-7)

which is invariant under multiplication with nonvanishing factors when p; = 0. Let H, be the Hamilton
vector field of pg with respect the symplectic structure on the symplectic manifold 77 X,. In the chosen
coordinates we have

HI’x = 85”17‘? Oy — ax”ps agu

modulo 9y, which is nonvanishing if d,¢» p; # 0. Since p; = p,,—1 on X, the difference between H),,
and H), is tangent to the leaves of X,. Actually, since the subprincipal symbol is only well defined on X,
the vector field H), is only well defined up to terms tangent to the leaves.

Because of that, we would need that the subprincipal symbol p; is constant on the leaves of X,, but
that condition is not invariant under multiplication with nonvanishing factors when p; # 0. Instead we
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shall use the invariant condition
|dps|7L| < Colpsl (2-8)

for any leaf L of 3,. Then p; is constant on the leaves modulo nonvanishing factors, according to the
following lemma.

Lemma 2.1. If dpg|rex, # 0, then condition (2-8) is equivalent to the fact that py is constant on the
leaves of X, after multiplication with a smooth nonvanishing factor. Thus, if X, = {&€' = 0} then (2-8)
gives pg(x,0,E") =c(x, Mg (x", ") with0 #£ ¢ € C*.

Proof. Choose coordinates so that ¥, = {§¢' = 0}. If p; # 0 at a point wg € X; then (2-8) gives that
dy log ps is uniformly bounded near wg, where log p; is a branch of the complex logarithm. Thus, by
integrating with respect to x” in a simply connected neighborhood starting at x” = x(;, we find that

ps(x,0,&") =c(x, Mg (x", "), (2-9)

where g (x”, £") = py(x{, x”,0,£") € C*, 50 0 # ¢ € C* satisfies c(x(, x”, £”) = 1. When p; =0 we
find that d Re zps|7o5, # 0 for some z € C\ {0} by assumption. Thus we obtain locally that

ps(x,0,8") = cx(x, E")gqe(x",§") on Sy ={£Rezp;(x,0,&") > 0},

where g+ (x", ") = py(x(, x”,0,8"), 0 # c+ € C* and c+(x), x”, ") =1 on S+. Then we find that
p; 1(0) is independent of x” and

8% 90+ (x" ") = 9%,0L, po(x(. x", 0, ") Vo, B, on S,

so by taking the limit at S = {Rezp; = 0}, we find that the functions g4 extend to g € C*. Since
c+q =c_q = ps at S, we find that c; = c_ at S when g # 0. When ¢ = 0 at S, we may differentiate
in the normal direction of S to obtain c_d,q = ¢4 d,¢, and since d,g # 0, the functions c+ extend to a
continuous function c. By differentiating and taking the limit, we find that

Ve_qg+c¢Vg=Vp;=Vciqg+cVg ats,

which similarly gives that Vc_ = Ve, at S, so ¢ € C!. By repeatedly differentiating c1q, we find by
induction that ¢ € C*, so we get smooth quotients ¢ and ¢ in (2-9). O

Now, a semibicharacteristic of p; will be a bicharacteristic of Reap; on T? ¥,, where C*° 3 a # 0,
with the natural orientation. Observe that condition (2-7) is only invariant under multiplication with
nonvanishing factors when p; = 0.

Definition 2.2. We say that the operator P is of subprincipal type if, when p; = 0 on X5, the following
hOld Hp,7171 |EZ g TZZ’

dpslros, # 0, (2-10)
and the corresponding Hamilton vector field H), of (2-10) does not have the radial direction. We call

H, the subprincipal Hamilton vector field and the (semi)bicharacteristics are called the subprincipal
(semi)bicharacteristics on 2.
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Clearly, if (2-3) holds, then the condition that the Hamilton vector field does not have the radial
direction means that 9z p; # 0 or 9, ps Y €” when p;, =0 on Xy = {§' = 0}.

In the case when the principal symbol p is real, a necessary condition for solvability of the operator
is that the imaginary part of the subprincipal symbol does not change sign from — to + when going in
the positive direction on a C* limit of normalized bicharacteristics of the principal symbol p at X;; see
[Dencker 2016]. When p vanishes of exactly second order on ¥, = {£’ = 0}, such limit bicharacteristics
are tangent to the leaves of X,. In fact, then Taylor’s formula gives H, = (B&’, d,/) + O(|&’ 1), where
B # 0, so the normalized Hamilton vector fields have limits that are tangent to the leaves. When the
principal symbol is proportional to a real-valued symbol, this gives examples of nonsolvability when the
subprincipal symbol is not constant on the leaves of ¥,. Thus condition (2-8) is natural if there are no
other conditions on the principal symbol.

Remark 2.3. If p; is real-valued, then by the proof of Lemma 2.1 it follows from (2-8) that p, has
constant sign on the leaves of ,, since then ¢ > 0 in (2-9).

Definition 2.4. We say that P satisfies condition Sub(W) if Im ap, does not change sign from — to +
when going in the positive direction on the subprincipal bicharacteristics of Re ap; for any 0 # a € C*.

Thus, condition Sub(W) is condition (W) given by (1-2) on the subprincipal symbol p,. Observe that
since py is only defined on X, the Hamilton vector field H,, is only well defined in 7° X, =T %, /T X5
thus it is well defined modulo 9,.. But if (2-8) holds then we find that Sub(W¥) is a condition on pjg
with respect to the symplectic structure of 77 X,. In fact, by the invariance of condition (V) given by
[Hormander 1985b, Lemma 26.4.10], condition Sub(¥) holds for any a # 0 such that Hge oy, # 0, so we
may assume by Lemma 2.1 that p; is constant on the leaves of X.

Since condition Sub(W¥) is invariant under symplectic changes of variables and multiplication with
nonvanishing functions, it is invariant under conjugation of the operator by elliptic Fourier integral
operators. Observe that the sign change is reversed when taking the adjoint of the operator.

Recall that the Hessian of the principal symbol Hess p is the quadratic form given by 32 p at X, which
is defined on the normal bundle N3, since it vanishes on T X;. By the calculus, Hess p is invariant,
modulo nonvanishing smooth factors, under symplectic changes of variables and multiplication of P with
elliptic pseudodifferential operators.

Next, we assume that condition Sub(W) is not satisfied on a semibicharacteristic I' of p;; that is,
Imap, changes sign from — to + on the positive flow-out of Hgeqp, 7 0 for some 0 # a € C*°. Now
if the sign change is not of finite order, we shall also need an extra condition on the rate of vanishing
of both the Hessian of the principal symbol and the complex part of the gradient of the subprincipal
symbol on the subprincipal semibicharacteristic. Then, we shall assume that there exists C > 0, ¢ > 0
and 0 # a € C™ so that d Re ap;|rs, # 0 and

|Hess p|| + |dps Adps| < C|ps|® when Reapy =0 on X, 2-11)

near I". Since (2-11) also holds for smaller ¢ and larger C, it is no restriction to assume ¢ < 1. The
motivation for (2-11) is to prevent the transport equation (6-1) from dispersing the support of the solution
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before the sign change of the imaginary part of the subprincipal symbol localizes it; see Remark 3.1. We
also find that V p; is proportional to a real vector when p; = 0 since then dps; A d ps;=0.

Remark 2.5. Condition (2-11) is invariant under multiplication of P with elliptic pseudodifferential
operators, and symplectic changes of coordinates. If (2-8) also holds, then we obtain

|d Hess plr. | < CilpsI*/? (2-12)
for any leaf L of ¥, when Reap; = 0 near I'.

In fact, multiplication with an elliptic pseudodifferential operator with principal symbol ¢ changes the
principal symbol into cp, the Hessian of the principal symbol into ¢ Hess p and the subprincipal symbol
into _

cps + %Hpc at ¥,

where the last term vanishes at 3, and contains the factor Hess p, modulo terms vanishing of second
order at ¥,. Now we have

|deps A dcps| < |c|*|dps Adpsl + Clpsl.

Thus we find that (2-11) holds with p replaced by cp, ps replaced by cps and a replaced with a/c.
If (2-8) also holds and we choose coordinates so that X, = {&’ = 0}, then we obtain from Lemma 2.1 that
|ps(x’, x”,0,E")| = | ps(x), x”,0,&")| when |x" — x| < c. Thus (2-11) gives

[Hess p(x', x",0,8")|| < Calps(xp, x", 0, ") when |x" —xp| <c.

To show (2-12) it suffices to consider an element b (x’, x”, 0, £”) of Hess p. Clearly |b;| < |[Hess p|,
so by adding C;|ps(xo, x”, 0, E”)|?, we obtain

0<bjr(x',x",0,&") <2Cs|ps(x0,x",0,&")° when |x" —x)| <c.

Then we find that

190b jx (x0, x”, 0, E") < C/bjx (x0, ", 0, E") < C’| ps(x0, X", 0, ") [/

by [Hormander 1983, Lemma 7.7.2].
We shall study the microlocal solvability of the operator, which is given by the following definition.
Recall that H(lf)c (X) is the set of distributions that are locally in the L? Sobolev space H)(X).

Definition 2.6. If K C S*X is a compact set, then we say that P is microlocally solvable at K if there
exists an integer N so that for every f € H(IX,C)(X ) there exists u € D'(X) such that K "WF(Pu — f) =@.

Observe that solvability at a compact set M C X is equivalent to solvability at S*X |, by [Hormander
1985b, Theorem 26.4.2], and that solvability at a set implies solvability at a subset. Also, by [Hormander
1985b, Proposition 26.4.4] the microlocal solvability is invariant under conjugation by elliptic Fourier
integral operators and multiplication by elliptic pseudodifferential operators. We can now state the main
result of the paper.
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Theorem 2.7. Assume that P € W (X) has principal symbol that vanishes of at least second order at
a nonradial involutive manifold ¥,, is of subprincipal type, does not satisfy condition Sub(W) on the
subprincipal semibicharacteristic I' C X, and satisfies (2-8) near I'. In the case the sign change in
Sub(W) is of infinite order, we also assume condition (2-11) near I'. Then P is not locally solvable at T.

Example 2.8. Let
P=D|D;+ B(x, Dy) (2-13)

with B € \Ilcll. Then o (B) is the subprincipal symbol on ¥, = {§; = & = 0}. Mendoza and Uhlmann
[1983] proved that P is not solvable if Im o (B) changes sign as x; or x; increases on X, and they proved
in [Mendoza and Uhlmann 1984] that P is solvable if Imo(B) # 0 on X,. From this it is natural to
conjecture that the condition for solvability of P is that Im o (B) does not change sign on the leaves of X,
which are foliated by dy, and d,. But the following is a counterexample to that conjecture. Let

P=D\Dy+ D, +if(t,x, Dy) (2-14)

with real and homogeneous f (¢, x, &) € Sﬁom satisfying ijf = O(| f|) for j =1, 2. This operator is of
subprincipal type and satisfies (2-8). Then Theorem 2.7 gives that P is not solvable if  — f(t, x, &)
changes sign of finite order from — to +, but observe that f has constant sign on the leaves of X,
by Remark 2.3. Thus the solvability of the operator P in (2-13) also depends on the real part of the
subprincipal symbol at ¥,. In fact, with the above conditions one can prove that D{ D, +if (¢, x, Dy) is
solvable.

Example 2.9. The linearized Navier—Stokes equation

Btu—i—Zaj(t,x)axju—i-Axu:f, aj(x) e C%, (2-15)
J

is of subprincipal type. The symbol is
ity aj(t,0)E — & (2-16)
J

so the subprincipal symbol is proportional to a real symbol on ¥, = {§ = 0}. Thus condition Sub(¥) is
satisfied.

Now let S*M C T*M be the cosphere bundle where |£| = 1, and let ||u|| ) be the L? Sobolev norm of
order k, u € C°. In the following, P* will be the L? adjoint of P. To prove Theorem 2.7 we shall use the
following result.

Remark 2.10. If P is microlocally solvable at I' C S*R", then [Hormander 1985b, Lemma 26.4.5] gives
that for any ¥ € R” such that ' C S*Y, there exists an integer v and a pseudodifferential operator A so
that WF(A)NT" = & and

lull-ny < CUIP* ullwy + lull-n-n) + 1 Aull), u € CG(Y), (2-17)

where N is given by Definition 2.6.
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We shall prove Theorem 2.7 in Section 8 by constructing localized approximate solutions to P*u =0
and use (2-17) to show that P is not microlocally solvable at I. We shall first find a normal form for the
adjoint operator.

3. The normal form

Assume that P* has the symbol expansion p,, + p,—1+- - -, where p; € s/

hom 18 homogeneous of degree ;.

By multiplying P* with an elliptic pseudodifferential operator, we may assume that m = 2. Choose local
symplectic coordinates (¢, x, y, 7, &, 1) so that ¥, = {n = 0}, which is foliated by leaves spanned by 9, .
Since p, vanishes of at least second order at X, we find that

pat.x.y. T.E ) =Y Bi(t, x,y. T, & Nk,
jk
where B is homogeneous of degree O for all j, k.
The differential inequality (2-8) in these coordinates means that |0, p1| < C|p1| when n = 0, which by
Lemma 2.1 gives that

pit,x,y,7,6,0 =g, x,y,t,85r(t x,1,8)

near I, where ¢ is a nonvanishing smooth homogeneous function. By multiplying with pseudodifferential

operators with principal symbol equal to ¢!

on X,, we may assume that ¢ = 1 and that p; is constant
on the leaves of X,. The Hamilton vector field of p; is then tangent to 3, by (2-7).

We have assumed that P does not satisfy condition Sub(W) on a semibicharacteristic I" of p; on X,.
Since we are now considering the adjoint P* this means that Im ap; changes sign from + to — on the
flow-out I' of Hgeqp, On Re apl_1 (0) for some 0 # a € C*°. By the invariance of condition Sub(¥) given
by [Hormander 1985b, Lemma 26.4.10], it is no restriction to assume that a is homogeneous and constant
in y. By multiplication with an elliptic pseudodifferential operator having principal symbol a~!, we may
assume that a = 1. Since Im p; changes sign on T, there is a maximal semibicharacteristic ' C T" on
which Im p; = 0. Here I'’ could be a point, which is always the case if the sign change is of finite order.

Since P is of subprincipal type, we find that 9; , ; ¢ Re p; # 0 on I'” by (2-10), so I'" is transversal
to the leaves of X,. Since Im p;|r has opposite signs near the boundary of I'’, we may shrink I" so
that it is not a closed curve. Since Hge p, is tangent to X, we can complete T = Re p; to a symplectic
coordinate system in a convex neighborhood of I'’ so that n = 0 on X;, which preserves the leaves. In
fact, this is obtained by solving the equation H,n = 0 with initial value on a submanifold transversal
to H;. The change of variables can be then done by conjugation with suitable elliptic Fourier integral
operators.

Now, using Malgrange’s preparation theorem in a neighborhood of I'” in X,, we find that

pl(t’x’ Y, T,S,O) ZQ(taxa I,E)(T+r(t,x,$)), q 750’

near I, since p; is constant on the leaves of ¥,. In fact, on I'" we have p; = 0 and dp; # 0, so the
division can be done locally and by a partition of unity globally near I' after possibly shrinking I". Then
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using Taylor’s formula on p;, we find since g 7 0 that

pl(tvx9 Y, tvé? 77) :CI(I,X’ tvé)(t—i_r(tvx’%‘)—i_A(tvx’ Y, ‘E’é’ 77)77) (3'1)

By multiplying P with an elliptic pseudodifferential operator, we may again assume g = 1. Since p;
vanishes of second order at 3, this only changes A with terms which have Hess p; as a factor and terms
that vanish at X»,.

We can write r = r| +ir, and A = Ay + i A, with real-valued r; and A;, j = 1, 2. Now we may
complete

Repi=t+r(t,x,8§)+A1(t,x,y,7,6,n) 7

to a symplectic coordinate system in a convex neighborhood of I". Since Hge , € T X, at X, we may
keep ¥, = {n = 0}, which preserves the leaves of X, on which p; is constant. Thus, we find that

pl:T+if(t,x7$)+iA(f,x,y,T»f,77)'77’ (3'2)
where f =r; and A = A are real-valued. We also find that
' ={(, x0, y0,0,%0,0)}, tr€l, (3-3)

where [ is an interval in R. The symplectic change of coordinates can be made by conjugation with
elliptic Fourier integral operators, which only changes A with terms having Hess p» as a factor and terms
that vanish at 3,. Observe that A need not be real-valued after these changes.

We have assumed that condition Sub(W) is not satisfied for P on the subprincipal semibicharacteristic I.
Thus the imaginary part of the subprincipal symbol of P* on ¥,

1= f(t, X0, &) (3-4)

changes sign from + to — as ¢ increases on I/ C R. Similarly, we have f =0 on I'), where I'" is given
by (3-3) with I replaced by I’ C I. By reducing to minimal bicharacteristics on which r — f(t, x, &)
changes sign as in [Hormander 1981, p. 75], we may assume that f vanishes of infinite order on a
bicharacteristic I' arbitrarily close to the original bicharacteristic, if I'” is not a point (see [Wittsten 2012,
Section 2] for a more refined analysis). If I’ is not a point then it is a one-dimensional bicharacteristic
by [Hormander 1981, Definition 3.5], which means that the Hamilton vector field on I'" is proportional to
a real vector.
In fact, if f(a, x9, &0) > 0 > f(b, x0, &) for some a < b, then we can define

L(x,&)=inf{t —s:a <s <t <b suchthat f(s,x,6) >0> f(r,x,8)}

when (x, &) is close to (xo, £0), and we put Lo = liminf(y ¢)— (&) L(x, &). Then for every ¢ > O there
exists an open neighborhood V; of (xg, &y) such that the diameter of V, is less than ¢ and L(x, &) > Lo—e¢/2
when (x, &) € V,. By definition, there exists (x;,&;) € V. anda < s, <t, <bsothatt, —s. < Lo+¢/2
and f(se, xe, &) > 0> f(te, xc, &). Then it is easy to see that

020 f(t, %0, 6)=0 Va,p whens,+e<t<t,—e (3-5)
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since else we would have a sign change in an interval with length less than Ly —¢/2 in V,. We may
choose a sequence &; — 0 so that se; — so and 7¢; — fo. Then Lo = 79 — s and (3-5) holds at (xo, §o) for
So <t <Iy.
We also obtain the following condition from (2-11).
Remark 3.1. If the sign change of t — f(t, x, &) is of infinite order on I, then we find from assump-
tion (2-11) that
I{Bji}jill + 1Al +1dfI S| fI° near I' on Ep (3-6)

for some ¢ > 0. Here a < b (and b 2 a) means that a < Cb for some C > 0.

In fact, terms having Hess p>|s, = { B} jx as a factor can be estimated by (2-11), so we may assume
that (3-2) holds with real A. The subprincipal symbol is equal to ps = p;+i Y ik 8yj B jini modulo terms
that are O(|5]?), so p; = p; on . By Remark 2.5 and (2-8), we can estimate the terms 9y, B jxdny in
dp;s by replacing ¢ with €/2 in (2-11), so we may replace ps by p; in the estimate. Let 0 #a =a; +ia
with real-valued a; in (2-11) so that d Re api|rs, # 0. We have dp; =dt +i(df + Adn) on X, so

ldpy Adpil = |dfI+]A]  on Zy.
Thus we find from (2-11) that |df |+ |A| =0 on I'" Since d Reap|rx, # 0, we find that a; # 0 on I’
On X, we have Reap; =a;t —ay f =0 when t = a, f/a;. We obtain
Imap, =at+a f = |a|2f/a1 when Reap; =0 on X, near I,

which gives (3-6) from (2-11).
We obtain the following normal form for these operators of subprincipal type:

P*:DI+F(t’x7y7Dl‘aD)ﬁDy)? (3_7)

where F' ~ F, + Fj + - - - with homogeneous F; € C*(R, Slfom). Here F, vanishes of at least second
order on X, = {n = 0}, so we find by Taylor’s formula that

Fy(t,x,y, 7,6, =B, x,y, 7,61 =Y Bjlt,x,y, 7, & mMnm (3-8)
jk
with homogeneous Bj;. Then {Bji} jk|s, = Hess F>(t, x, y, 7, &, 0). Also we have that F; vanishes on
the semibicharacteristic I’ and

Fit,x,y,t.8§,n)=if(t,x,§) + A(t,x, y,7,8,1) 1. (3-9)

Here f is real and homogeneous of degree 1 and A|x, = 9, Fi|x,. We have that the principal symbol o (P*)
is equal to F», and the subprincipal symbol oy, (P*) is equal to T4i f on ;. Thus we obtain the following
result.

Proposition 3.2. Assume that P satisfies the conditions in Theorem 2.7. Then by conjugation with elliptic
Fourier integral operators and multiplication with an elliptic pseudodifferential operator, we may assume

P*=D,+F(t,x,y, Dy, Dy, Dy) (3-10)
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microlocally near I = {(t, xo, Y0, 0, &, 0) : t € I} C Xy, where SC21 SF=Fh+F +--- withF; € s/

hom
is homogeneous of degree j and

Fy(t,x,y, T, 6.m) =Y Bji(t, %, 3, T, £, M0k € Spomy
Jjk
vanishes of second order on ¥,. We may also assume

Fit,x,y,t,&,n) =if(t,x, )+ A, x,y,1,6,n) -1

is homogeneous of degree 1 and f is real-valued such that t — f (¢, xg, &) changes sign from + to — as
t increases on I C R. If f(t, x9, &) = 0 on a subinterval I' C I such that |I'| # 0, then we may assume
that afagaff(z, X0, &0) = 0 for all k, o, B, fort € I If the sign change of f is of infinite order then (3-6)
is satisfied near T..

For the proof of Theorem 2.7, we shall modify the Moyer—Hormander construction of approximate
solutions of the type

it x, y) = DN g x, TN, az 1, (3-11)
j=0
with N to be determined later. Here the phase function w (¢, x) will be complex-valued, but Im w > 0 and

d Rew # 0 when Imw = 0. Letting z = (¢, x, y), we therefore have the formal expansion

p(z, D)(exp(ilw)g) ~ exp(iiw) Z 3¢ p(z, A0;0(2))Ra (@, A, D)$(2) /!, (3-12)

where Rq (@, A, D) (z) = D% (exp(ird(z, w))$ (w))|, __ and
oz, w) =ww) —w@)+ (z—w)lw(z).

Observe that the values of the symbol are given by an almost analytic extension; see Theorem 3.1 in
Chapter VI and Chapter X:4 in [Treéves 1980]. This gives

e P p = (M0, 0+A  B(t, X, Y, 01 x,y@) LS (1,X, 0x0)—AI; B(1, X, y, 0y 2 y0) D30 /2) )
+Dip+A0y B(t, X, y, 8 x y) Dyp+0; B(t, X, y, 0y x,y0) D3p /2

+ioe f(t,x,0cw)Dyp+A(t, x,y, Bt,xvya))Dyd>+Z)»_jRj (t,x,y,Dsxy)p, (3-13)
j=0
where Ro(t,x,y) = Fo(t,x,y, 0;x,yw). Here the values of the symbols at (¢, x, y, 9 ,,yw) will be
replaced by finite Taylor expansions at (¢, x, y, 0; x,y Re w). In fact, the almost analytic extensions are
determined by these Taylor expansions.
Because of the inhomogeneity coming from the terms of B, we shall use a phase function w(, x)
which is constant in y so that

u(t,x,y) =N i, x, N, a1 (3-14)
Jj=0
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When 0, = 0 the expansion (3-13) becomes
e MOP* M = A(Bwtif (1, X, 0x0)$+Di 3, B(t, X, y, 8,1, 0) Dy /2

+A(t.X, Y, 050, 0)Dy+ide f (£, x, 0:0) Dep+ Y A/ Rj(t.x,y, Dy ()¢, (3-15)
Jj=0
where Ry(t, x,y) = Fo(t,x,y, 0; @, 0), and R, (¢, x,y, D; ) are differential operators of order j
in ¢, order k in x and order £ in y, where j +k 4+ £ < m + 2 for m > 0. In fact, this follows since
7 aga,ka € Sk=i=leI=Ifl by homogeneity.

4. The eikonal equation

We shall first solve the eikonal equation approximately, which is given by the highest-order term of (3-15)

dw+if(t,x, dw) =0, (4-1)

where t — f(t, x, £) changes sign from + to — for some (x, &) as ¢ increases in a neighborhood of
'={(¢, x0, &) :t € I} on which f (¢, x, &) vanishes. If | /| # 0 then by reducing to minimal bicharacteristics
as in Section 3, we may assume that f vanishes of infinite order at I. We shall choose the phase function
so that Imw > 0 and 8)% Imw > 0 near the interval. By changing coordinates, it is no restriction to
assume 0 € /. We shall use the approach by Hormander [1981] in the principal-type case and use the
phase function to localize in ¢ and x. Observe that since w does not depend on y, the localization in the
y-variables will be done in the amplitude ¢.
We shall take the Taylor expansion of w in x:

o(t,x) =wo(t) + (x = x0(). &O) + Y wa(t)(x — x0(1)*/a!. (4-2)

2<|a|=K

Here o = (aq, a2, ... ), withar; € N, a!=]_[jozj!and || = a1 +ap + - --. Then we find that

do(t, x) = wy(r) — (x(1), E(1)) + (x — x0(2), &(1))
+ Y WO —x0O) el = D Wage, ((x —x0(0))*x) (/). (4-3)
2<|al<K 1<|a|<K—1
k
where ¢, = (0,...,0,1,0,...,0) is the k-th unit vector. We also find
Ay, (1, x) =&, (1) + Z Werte,; (1) (x — x0())* /ol = &0 (1) +0(t, x). (4-4)
I1<|e|<K~—1

Here &)(t) = (§0,1(?), ...) and 0 = {0}, is a finite expansion in powers of Ax = x — xo. We define the
value of f(t, x, 0,w) by the Taylor expansion

f(tvxv axw) == f(t’xv $O+G)
= (6.5, E0)+ Y O ft.x. E0)0;+ D 0, f (1. x, E0)0j0k /24 - . (4-5)
J

Jjk
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Now the value at x = xo of (4-1) is equal to w((t) — (x((t), &0 (1)) +if (¢, xo(t), &o(¢)). This vanishes if
Re wy (1) = (x4(1), &(1)),
Im wy (1) = — f(t, xo(t), &(1)),

so by putting wo(0) = 0, this will determine wq once we have (xo(t), £o(2)).
We shall simplify the notation and put wy = {wuk!/a!}jq)=k so that wy is a multilinear form. The

(4-6)

first-order terms in x — xo of (4-1) vanish if

£0(1) — wa(t)x((1) + i (0 f (1, x0(2), E0(1)) + g f (1, x0(2), Eo(1)wa (1)) = 0.
We find by taking real and imaginary parts that
&y =Re wax) + 3¢ f (¢, x0, &) Im wy,
xf = (Im wp) (@, £ (¢, X0, £0) + & £ (¢, X0, &) Re w)

with (x9(0), £&0(0)) = (x0, £&0), which will determine xo(z) and &y(¢) if | Im w;| # O.
The second-order terms in x — xo vanish if

(4-7)

wh/2 — w3xg/2+i (3 fws/2+ 0F /24 0,0 fwr + wadf fwn/2) =0,

which gives
wé = w3x6 —i(agfwg+8§f+28x8§fw2+w28§2fw2) (4-8)

with initial data w,(0) such that Im w,(0) > 0.
We find that the terms of order k > 2 vanish if

wy, — wi1X = Fi (2, x0, &0, {w;}), (4-9)

where we may choose wy(0) = 0. Here F} is a linear combination of the derivatives of f of order < k
multiplied by polynomials in w; with 2 < j <k+1. When k = K we get w}, = Fg (¢, xo, &, {w;}), where
Jj < K. The equations (4-7)—(4-9) form a quasilinear system of differential equations, which can be solved
in a convex neighborhood of 0. In the case when |/| # 0, we have assumed that Bt"f v f(t, x0,%) =0
for all o, for t € I. Then we find from (4-7)-(4-9) that xq, &y and wy are constant in ¢ € I, so we may
solve (4-7)—(4-9) in a convex neighborhood of /. Observe that the higher-order terms cannot change the
condition that Im Bfa) >c>0and Imw(t, x) > 0if |[x —xp(¢)| < 1. Summing up, we have proved the
following result.

Proposition 4.1. Let I" = {(z, xo, &) : t € 1} and assume that 8," 0y aff(t, X0, &) =O0forallt €I in the
case |I| # 0. Then we may solve (4-1) with w(t, x) given by (4-2) in a convex neighborhood Q2 of T’
modulo O(|x — xo(1)|M) for any M such that (xo(t), £ (1)) = (xo, &) when t € I and wi(t) € C* such
that wo(t) =0, Imwy(#) > 0 and wi(t) =0, k > 2, whent e 1.

Then we obtain Imw(, x) > c|x — xo(¢)|* near T, with ¢ > 0, so the errors that are O(]x — xo|")

M2

in the eikonal equation will give terms that are bounded by CyA™ But we have to show that

t— f(t,x0(t), E(t)) also changes sign from + to — as ¢ increases for some choice of (xg, &). This
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problem will be studied in the next section, with a special emphasis on the finite vanishing case. By (4-6) we
then obtain that # — Im wq(¢) has a local minimum on / which can be equal to O by subtracting a constant.

5. The change of sign

We have assumed that condition Sub(W) for P is not satisfied near the subprincipal semibicharacteristic
' ={(t, xo, &) : t € I}, so that t — f(t, x, &) changes sign from + to — for some (x, £) as ¢ increases
near I. But after solving the eikonal equation, we have to know that t +— f (¢, xo(¢), §o(¢)) has the
same sign change, possibly after changing the starting point (xg, &). In order to do so, we shall use the
invariance of condition Sub(W), but note that condition (3-6) is only assumed when the change of sign is
of infinite order. Therefore we shall first consider the case when the sign change is of finite order and
show that this condition is preserved after solving the eikonal equation. Thus assume that

0f £ (t0, x0, ) <O and 3] f(to, x0,£0) =0 for j <k -1

for some odd integer k, where we may assume #y = 0. Now, if the order of the zero is not constant in
a neighborhood of (xg, &) then in any neighborhood the mapping ¢ — f (¢, x, £) must have a zero of
odd order with sign change from + to —, and the order of vanishing is constant almost everywhere on
£~1(0). We obtain this because 8;‘ f#0, t— f(t,x,§) goes from + to — and the set where the order
of the zero changes is nowhere dense in f ~1(0) since it is the union of boundaries of closed sets in the
relative topology. By possibly changing (#y, xo, &), we may assume that (5-1) holds with #y = 0, and that
the order of the zero is odd and constant near (xg, &). Then the zeros form a smooth manifold by the
implicit function theorem. Using Taylor’s formula, we find that f (¢, w) = a(t, w)(t — fo(w))X, where
k>1lisodd, w=(x, &), to(wg) =0 and a < 0 in a neighborhood of (0, wg) = (0, xg, &y). Then we find

A f = dwa(t — to)* — ak(t — 19)* ' dyto, (5-2)
which vanishes of at least order k — 1 in ¢ at f~'(0). Let w(r) = (xo(2), &(¢)). Then

f@,w@) = £, wo) + 8, f (¢, wo) Aw(t) + O(|Aw (1)),

where Aw(t) = w(t) —wg. Now ¢ — f (¢, wo) vanishes of order k in ¢ at O and 7 > 9y, f (¢, wp) vanishes
of at least order k — 1, so if r — Aw(¢) vanishes of at least order k > 1 then by (5-2) we find that
t — f(t, w(t)) vanishes of order k. Since (d/dt) Aw(t) = w’'(t), we will need the following result.

Lemma 5.1. Let (xo(t), &9(¢)) be the solution to equation (4-7) with Im w,(0) # 0 and assume that
t — 0y f(t, x0, &) vanishes of orderr > 1 att = 0. Then (x(/)(t), Sé(z‘)) vanishes of order r and Aw(t)
vanishes of order r+1 att = 0.

Proof. By (4-7) we have
w'(1) = (xp (1), &5(1) = Ay £ (1, w(®)),  w(0) = wo. (5-3)

Here we have |A(0)| # 0 if Im w5 (0) # 0; in fact w’(0) =0 then gives 9 f (0, wg) =0 and 9, £ (0, wg) =0
by (4-7).
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Now we define ¢ (1) = 3y, f (¢, wo) and ¢1 (1) = 3y, f (z, w(r)). Then we have w'(r) = A(¢)¢1(¢) and
the condition is that ¢g(#) vanishes of order r > 1 at 0. We shall proceed by induction, and first assume
that r = 1. Since w(0) = wg we find ¢ (0) = ¢y(0) = 0 and thus w’(0) = 0.

Next, for r > 1 we assume by induction that w’(¢) vanishes of order r — 1 at 0 so w®(0)=0fork <r,
and then we shall show that w’(0) = 0 so that w’ vanishes of order r. Using the chain rule we obtain

||

oy (gt w®) =Y ciad] gt w) [ [w @) (5-4)
S =

for any g(z, w) € C*. Thus, for g = 9, f we find that
P (0) = ¢ (0) + 85182 £(0, x0, E0)w'(0) + - - - + 32 £ (0, x0, £)w®(0) = ¢ (0) =0

for k < r, since the other terms have some factor w’(0) =0, j < k, which implies that ¢; (¢) vanishes
of order r. Since w’ = A¢, we find that w’(¢) vanishes of order r, which gives the induction step and
the proof. g

Now, if f(f, wo) vanishes of order k then 9, f (f, wy) vanishes of order k — 1. Thus w’(¢) vanishes
of order k — 1 by Lemma 5.1, and since w(0) = wo we find that Aw(¢) vanishes of order k. Thus, we
find that f (¢, w(t)) — f (¢, wo) vanishes of order 2k — 1, so these terms vanish of same order if k > 1. In
the case k = 1, we shall use an argument of Hormander [1981] for the principal-type case. We obtain
from (4-6) that 9,(f (t, w(t))) = — Im w (¢); thus

Im wg (0) = —3, (0, wo) — 3¢ £ (0, wo) - & — 8x f (0, wo) - xg, (5-5)
where 9, f (0, wg) = —c < 0. We find from (4-7) that
£0(0) = Re w1(0)x(0) + 3¢ f (0, wo) Im w3 (0),

. . (5-6)
x(0) = (Im w2(0)) ™" (3, £ (0, wo) + 3 £ (0, wo) Re wy(0)).
If 9¢ (0, wo) = 0 then we find that x(/,(O) = (Im w>(0)) 19, £ (0, wp) and obtain
Im wg(O) =c — 0y f(0, wo)(Im wz(O))_laxf(O, wo) >c¢/2>0 (5-7)

by choosing Im w>(0) = « Id with « > 1. If 9¢ £ (0, wg) # 0 then we may choose Re w;(0) so that
dx (0, wo) + 9¢ £(0, wo) Re wo(0) =0. (5-8)
Then we find x;(0) = 0 and we obtain
Im wg(O) =c¢— 0 f(0, wo) Imw,(0)3¢ (0, wo) >¢/2>0 (5-9)

by choosing Im w5 (0) = k Id with 0 < k¥ < 1. Thus in both cases we find that d; f (¢, w(¢)) =Im w()(t) <0
att =0.
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We find that # — f (¢, w(?)) changes sign from + to — of order k as ¢ increases at t = 0. We may then
rewrite the equation as

Imwj(t) = t*e(), (5-10)
where c(¢) > 0 in a neighborhood of the origin. Since Im w;(0) > 0 we find that
s I PR I W 17 P T} (5-11)

Thus the errors that are O(|x —xo|*) in the eikonal equation will give terms that are bounded by C A ~M/2,

We shall also consider the case when ¢ — f (¢, x, &) changes sign from + to — of infinite order near I'.
If ' is not a point, then by reducing to a minimal bicharacteristic as in Section 3, we may assume that
f(t, x, &) vanishes of infinite order at I. We then obtain an approximate solution to the eikonal equation
by solving (4-7)—(4-9) with initial data w = (x, £) and wg(0), k > 2, which gives a change of coordinates
(t, w) — (¢, w(?)). If in any neighborhood of " = {(¢, xo, &) : ¢ € I} there exist points in f~!(0) where
d; f <0, then as before we can construct approximate solutions in any neighborhood of I" satisfying (5-11)
withk=1.If 3, f > 0on f~'(0) in some neighborhood of I', then by the invariance of condition (W) there
will still exist a change of sign of # — f (¢, w(¢)) from + to — in any neighborhood of I" after the change
of coordinates; see [Hormander 1985b, Lemma 26.4.11]. (Recall that conditions (2-8) and (2-11) hold in
some neighborhood of T".) Thus if F'(t) = —Im w(’)(t) = f(t, w(t)) then t — F(¢) has a local maximum
at some ¢ = t(, and after subtraction the maximum can be assumed to be equal to 0. By choosing suitable
initial value (xg, &) for (4-7) at t = 1y, we obtain

pihe(1.x) < e)»(F(t)—ch—xolz)’ Ix — xo0| < 1, (5-12)
where F’(t) = f (¢, w(t)) so that max; F(r) = 0 with F(¢) < 0 for some 7 ¢ I near 1.

Proposition 5.2. Assume that t — f(t, xo, &) changes sign from + to — as t increases near 1 and that
a,kagaff(t, Xx0,&0) =0 forall t € I when |I| # 0. Then we may solve (4-1) in a neighborhood 2 of
I ={(t, x0, &) : t € I} modulo O(|x —xo(t)|M) for any M, with w(t, x) given by (4-2) such that the curve
t = (xo(1), &(2)), t € (11, 1), is arbitrarily close to T, wi(t) € C*°, Imw;(t) > ¢ > 0whent € (11, o),
ming, ) Imwo(t) =0 and Imwy(t;)) =c >0, j =1,2.

Observe that since Im wg > 0 we find that f (ty, xo(%), &0 (f9)) = — Im wé (1) =0 at a minimum f( €
(t1, 1). As before, the errors that are O(|x —xo|") in the eikonal equation will give terms that are bounded
by CyA~M/2 for all M. Observe that cutting off where Im wq > 0 will give errors that are O(A~¥) for
all M.

6. The transport equations

Next, we shall solve the transport equations given by the following terms in (3-15):
D¢+ 0, B(t, x, y, 920, 0)D}p/24 A(t, x, y, 0 x, 0) Dyp

+ide f (1, x, @)Dy + ) AR (1,3, 7. Diey)d (6.1
j=0
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near I' = {(¢, xo0, Y0, 0, &0, 0) : ¢ € I}. Here Ro(t, x, y) = Fy(¢, x, y, 0; x», 0) and when m > 0 we have
that R, (¢, x, y, D; x,y) are differential operators of order j in ¢, order k in x and order £ in y, where
Jj+k+4¢<m+2. Assuming the conclusions in Proposition 5.2 hold, we shall choose suitable initial
values of the amplitude ¢ at ¢ = fy, which is chosen so that Im wq(f9) = 0. Observe that the second-order
differential operator given by the first four terms in (6-1) need not be solvable in general. Instead, by
Lemma 6.1 we can treat the D, and D, terms as perturbations, using condition (3-6) in the infinite
vanishing case.

Since the phase function w (¢, x) is complex-valued, we will replace the values of the symbols at
(t,&) = 9, xw(t, x) by finite Taylor expansions at (Re w()(t), &o(1)). By (4-3) and (4-4) this will give
expansions in powers of x — xo(f) and Im w(/)(t) = —f(t, x0(t), & (¢)). Then, we shall solve the transport
equations up to arbitrarily high powers of x — x(¢) and f. Since the imaginary part of the phase function
Im w > 0 vanishes of second order at x = xo(¢), we will obtain by Lemma 6.1 below that this will give a
solution modulo any negative power of A.

We shall use the amplitude expansion

¢, x, )= 0 gu(t,x,) (6-2)
k=0
and solve the transport equation recursively in k. Here ¢, depends on o but with uniform bounds in a
suitable symbol class, and ¢ = A!/¥ with N to be determined later. By doing the change of variables
(t,x,y)— (t —t9, x —x0(t), y — yo), we find that D, changes into D, — x()(t)Dx, which does not change
the order of R; as differential operator. Thus we may assume 7y =0, xo(¢) =0 and yo = 0.
Next, we apply (6-1) on ¢ given by (6-2). Since o = A!/N

Dig+ Ao(t, ) Dy + Ar (1, x, Y) Dy + As(t, x, D3¢+ Y 0 VRi(t,x,y, Dy ), (6-3)
j=0

, we obtain the terms

where

Ao(t, x) = idg f (2, x, Eo(t) + 0 (1, x)) — x(2),
Ai(t,x,y) = A(t,x, y, do(t, x), &) + o (t, x), 0), (6-4)
Ax(t,x,y) =0 By(t. x, y, o (t, x), &(t) + o (1, x),0) /2. (6-5)

Here o (¢, x) is given by (4-4) and 0, (¢, x) by (4-3), where the expansion will be up to a sufficiently
high order in x. Observe that after the change of variables we have o (¢, 0) = 0. The values of the symbols
will as before be defined by finite Taylor expansions in the 7- and &-variables, which gives expansions in
powers of x and f (¢, 0, &(1)).

We are going to construct solutions ¢ (¢, x, y) = ¢« (, x, 0y) so that y — @ (z, x, y) € C;° uniformly
in o, which gives localization in |y| < o ~!. Therefore we shall choose gy as new y-coordinates. Then (6-3)
becomes

D;¢+ Ao(t, x) Dy +0Ai(t, x, y/0) Dy + 0 As(t, x, y/0) Db

+Y 07 VRj(t.y/0. x. Dy, Dy, @Dy)¢.  (6-6)
j=0
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By Proposition 5.2 the phase function ¢/**-*) gives the cut-off in x, and we shall expand the symbols
in powers of x. Now the Taylor expansion of x — 02A,(z, x, y/0) will give terms that are O(p%x).
Therefore we take o”x as new x-coordinates, which gives

D,¢ + 0> Ao(t, x/0*) Dxdp +0A1(t, /0%, y/0)Dyd +0* Ax(1, x /0%, y /@) D}¢p
+> 0 VR;(t.y/0.x/0*. D;. 0’ Dy, 0Dy)$. (6-7)
j=0

Now the phase function e**@-% is O(e=¢""'1*") in the new coordinates. So if we take N > 4, it
suffices to solve the transport equation up to a sufficiently high order of x; then we may cut off where
|x| < 1, which corresponds to |x| < 072 in the original coordinates. Thus we expand in x:

Gi(t, %, 3) =Y dralt, )X Pralt,y) € CFF, (6-8)
k,o

Ao(t, x/@) Dy = Ao (1) !x“ Dy,

a,j

Aj(t,x/0% y/0) =) Ajalt,y/0)0 ?*x",  j>0,
o

Ri(t.x/0% y/0.0Dy. @*Dx) = Y Riaewnlt.y/@)o @ MHe DD DY (6:9)
o, b, v,

Here £ + |v] + || < k + 2 so we have at most the factor o?/VI*1#l < o%+4 in (6-9). When k = 0 we have
£+ v+ || =0and
Ro(t,x/0% y/0) = Rou(t.y/0)o *"!x".
o

Observe that the coefficients in the expansions are given by expansions in powers of f(t, 0, £(¢)). After
cut-off in x we find in the original coordinates that ¢ (t, x, y) = @i (t, 0°x, 0y), where ¢ for any 7 is
uniformly bounded in C§°.

We shall first apply (6-7) on ¢ and expand in x. Then we find that the terms that are independent of x are

Do o—io* ZAO,O,]' (1)o.c;+0A10(t,y/0) Dyo.0+0> Az o(t, y/Q)D§¢o,0+R0,o(l, y/0)$o,0. (6-10)
J

We shall need the following result, which gives estimates on f and A ; on the interval of integration. It will
be proved in the next section. In the following, we shall denote f () = f (¢, 0, &y(¢)) and F () = fot f(s)ds.
Observe that f(0) = 0 since Im w6 0)=0.

Lemma 6.1. Assume that the conclusions in Proposition 5.2 hold and that (3-6) holds if t — f(t) vanishes
of infinite order at 0. Then there exists € and C > 1 with the property that if N > C, o = AN > C and

If(t)l-F‘/0 |Ao(s, 0)] +141(s, 0, y/0)| + [ Aa(s, 0, y/0) | ds| = C /o’ (6-11)

holds for some |y| < o/C, then AF(s) < —A%/C for some s in the interval connecting 0 and t.
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Observe that if Lemma 6.1 holds for some ¢ and C, then it trivially holds for smaller ¢ and larger C.
We shall assume that ¢ < 1 and that both N and A are large enough so that the conclusion in Lemma 6.1

holds. Since (6-11) does not hold when ¢ = 0, we can choose the maximal interval / containing O such
that (6-11) does not hold in 7; thus

t
If(f)|+‘/o |Ao(s, 0)| +141(s, 0, y/0)| + | Aa2(s5, 0, y/0) | ds| < C/o®, 1€, (6-12)

when |y| <o/ C. By definition we obtain that (6-11) holds for some |y| <o/C whent € 91, so Lemma 6.1
gives that AF < —Af at 31, for some open interval Iy C I that contains 0. This means that ¢/*®*0) =
W < Cya~N for any N at 31y when A > 1. Since F’ = f is uniformly bounded and the left-hand side
of (6-12) is Lipschitz continuous, we may cut off near Iy with x (t) € S(1, AN dt?) c S(1, A>~2¢d¢?) for
N > 1 so that x(0) #0, AF () < —A% in supp x’ and (6-12) holds with some C when ¢ € supp x and
|y] < o/C. Then as before, the cut-off errors can be absorbed by the exponential and the expansion in
powers of f(¢,0,&(0)) = f(¢) is justified. In fact, f(¢) = O ?) in supp x, which gives errors of any
negative power of ¢ = A!/"N. The bound on the integral in (6-12) means that we can ignore the A j terms
in (6-10) in supp x modulo lower-order terms in g. In the following we shall change the notation and let
I = supp x. We need to measure the error terms in the following way.

Definition 6.2. For a(t) € L°°(R) and « > 0, we say that a(¢) € I (k) if fot a(s)ds =O(k) forall ¢ € I.

For example, f(t) € 1 (9_3), and since the integral in (6-12) is O(Q_3) in /, the integrand is in / (Q_3).
Then according to (6-12) it suffices to solve

D:¢o.0=—Roob00, tel, (6-13)

to obtain that the terms in (6-10) are in I (0~'); here Ro o(t, y/0) € C* uniformly since o > 1. Now we
can solve (6-13) with ¢¢,0(0, y) = ¢(y) € C;° uniformly with support where |y| < 1 such that ¢ (0) = 1.
In fact, the solution is ¢ o(f, y) = E(¢, y)¢(y), where

t
E(t,y):exp(—i/ Ro,o(s,y/g)ds>, tel,
0

is uniformly bounded in C°. Thus ¢ (¢, y) € C* uniformly and by choosing ¢ (y) with sufficiently
small support, we obtain for any ¢ € [ that ¢ o(¢, - ) has support in a sufficiently small compact set in
which (6-12) holds.

The coefficients of the terms in (6-7) which are homogeneous of degree o 7~ 0 in x are

Di¢o.a+Ro0(t, y/0)p0.a—i Y, Ao j()@;+1=B)Poare,—p+ Y, Arp(t,y/0)Didoa—p (6-14)
1B1=1 1Bl=1
J

modulo (o™ 1). Letting ®; ; = {¢r,a}ja|=j and Oy = {Py ;}; for k, j > 0, we find that (6-14) vanishes
if @ satisfies the system

D@y = Sg,ofbo,k + S(’§,1<I>o,k71, (6-15)
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where S(])(,o(f) is a uniformly bounded matrix depending on ¢, and Sé,l (t,y/0, Dy) is a system of uniformly
bounded differential operators of order 2 in y when |y| < 0. Let E () be the fundamental solution to
D, Eqx = S§ o Eo.x so that Eg ;(0) =1d. Then letting

Do (2, y) = Eo k() Wox(t, y),

the system (6-15) reduces to

Do (1, y) = Eoi/lSISJEO,k‘IJO,k—l , ).

This is a recursion equation which we can solve uniformly in / with Wy (¢, y) having initial values
Wy (0, y) =0 for 0 < k < M. Observe that since the initial data ®¢ (0, y) has compact support, we
find that ®g ¢ (¢, y) € C* uniformly. For any # we find that ®g 4 (¢, y) has support in a sufficiently small
compact set so that (6-12) holds for any 7 € 1.

We shall now apply (6-7) to ¢ given by the full expansion (6-8). We find that the coefficients of the
terms in (6-7) which are homogeneous of degree « # 0 in x are equal to

0! <D,¢1,Q+Ro,o<t,y/g)«bl,a—i > Aop i (D)@ 1=B)Grate,—p+ Y A2 p(t.y/Q)Did1a—p
1B1=1 18]=1
J

+ Y ALp(t.y/@)Didoa-p—i0> Y Aoo.;(0)(@j+1)p0.ute;+0> Aot y/Q)D§¢0,a) (6-16)
1BlI=1 J

modulo / (Q_z). We find that (6-16) vanishes if ®; satisfies the system
D;®q =S]f,o<1>1,k+51f’1<1>1,k—1 + A%y, (6-17)

where S{"O(t) is a uniformly bounded matrix depending on ¢, S{“l (t,y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < ¢ and A? is a differential operator in y of order 2
with coefficients in 7 (1) because of (6-12). By letting @ = E WV x with the fundamental solution E ¢
to D/E1 = S’f’OEl,k, E1 x(0) = 1d, this reduces to the equation

DV =E[ St Evg1Vii—1 + E; Al

Thus we can solve (6-17) in [ recursively with uniformly bounded & ; having initial values ®; ¢ (0, y) =0,
k > 0. But observe that ®; is not in C* uniformly; instead we have Dt] o = (’)(93) if j > 1, since
10/ Af| < Cjo? for all j by (6-16). For that reason, we shall define S3 C C* by

18/0%p(t, )| < Cja0® Vj,a (6-18)

when ¢ € Sg. Observe that ¢ € Sg if and only if ¢ (¢, y) = x (01, y), where x € C* uniformly, and that
the operator 03D, maps SS > SS. Note that the expansion of the symbols also contains terms with
factors Q3 fk, k > 1, which are uniformly bounded in SS for t € I by (6-12). Since fot A(l) dt € SS in/,
we find that ®; € SS inI.
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Recursively, the coefficients of the terms in (6-7) that are homogeneous in x of degree « are

o™ <Dt¢k,a_i Z Ao,p,j (Dt j+1=B))Pkr2-218l.a+¢;—p
B#0

+> Ap(t.y/0) Dydiri-2ipla—pt Y A2 p(t. ¥/0) Didrs2-2pla—p
B0 B0

—ig’ Z A0.0.j () (@j+1D)Pr—1,a+e; +0°A1,0(t, y/0) Dypr—2.a+0° Az 0 (t, Y/Q)D§¢k—l,a
J

+ Z 0 NR; gt y/Q)Ca,/S,VQ2|ﬁ|+2|v+|m+i+3£(@SDt)KDg(bk—i,oH-v—ﬂ)
L+|vl+Hpl<j+2
(6-19)
modulo I(Q*kfl). Here the last sum has € + |v| 4 || = 0 when j =0, (Q*3Dt)ZD§‘ maps SS — Sg and
the values of the symbols are given by a finite expansion in powers of f(¢).
Since ¢; € SS we obtain that the terms in (6-19) are in / (Q_k_l) if

Do —i Z Aopj ()t + 1= Bj)Pri2-2pl.a+e;—p + Z A1p(t, y/0) Dybrt1-2ipl.a—p

B#0 B#0
+) " Arp(t. y/Q)Didira-aipla—p =i D Ao (@) + D tate,
B#0 J
+0°A10(t, y/0)Dypr—2.4 + 0> Az o(t, y/Q)D§¢k—1,a
=— > Rjpowult.y/0)Capv(@ D) Dipiasv—p. (6-20)

i+30+2|v|+|p|=jN+2|B]
v+ pl=j+2

When j =0 we find that £ 4 |v| 4 |u| =0, i =2|8| and we only have an expansion in § in the last sum.
Nowif j >0, £+ |v|+|ul <j+2andi+3¢+2|v|+ |u| = jN +2|B8| then we find that

JN <i+3042v|+|u|l <i+3( +2),
which givesi > j(N —3) —6> N —9>1if N > 10. Thus we find that (6-20) can be written as
D, @ = Af®; +Af Dy +AF D o+, (6-21)
where fot NJ‘. dt is a uniformly bounded differential operator on SS fort € I and j > 0. We have
(AP = 8L 0Py + S, Prjo1.

where S,{’O(t) is a uniformly bounded matrix depending on ¢, and S,{’ (&, y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < 0. By letting & ; = Ej ;Wi ; with the fundamental
solution Ey ; to D, Ey j = S,f’OEk, j» Er j(0) =1d, (6-21) becomes a system of recursion equations in j
and k. Thus (6-21) can be solved in [ with ®; € SS having initial values ®;(0) =0, k£ > 0. We find
from (6-8) and the definition of SS that ¢ (¢, x, ¥) = ¢ (0°t, 0%x, 0y), where ¢, € C* uniformly when
t € I. Thus we can solve the transport equation (6-1) up to any negative power of A. Observe that by
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cutting off in # and x, we may assume that ¢, € C3° has fixed compact support in (x, y) and support
where |¢| < 3. It follows that the support of ¢ can be chosen in an arbitrarily small neighborhood of T
for large enough . Changing to the original coordinates, we obtain the following result.

Proposition 6.3. Assume that the conclusions in Proposition 5.2 hold, and that (3-6) is satisfied near I'
when the sign change of t — f(t, xo, &) is of infinite order. If 0 = X'V for sufficiently large N,
then for any K and M we can solve the transport equations (6-20) for k < K and |o| < M near
{(t, xo(t), yo) : t € [t1, 12]}. By (6-8) this gives

oi(t, x,y) = ¢ (0°(t — 10), 0% (x — x0(1)), 0(y — y0)), k<K,

where ¢y (t, x, y) € C™ uniformly, has support where |x| +|y| < 1 and |t| < 03, and ¢0(0,0,0) =1 for
some ty € (11, tp) such that Im wy(ty) = 0.

7. The rate of change of sign

We have showed that t — f (¢, x, &) changes sign from + to — on an interval /. Then

t t
F(t)=/ f(S,XO(S),So(S))dS=f f(s)ds (7-1)

has a local maximum in the interval. By choosing that maximum as the starting point, we may assume it
is equal to O so that F(¢) < 0. By changing ¢-coordinate, we may assume F(0) = 0. We shall study how
the size of the derivative f affects the size of the function F.

Lemma 7.1. Assume that 0 > F(t) € C* has local maximum at t = 0, and let I, be the closed interval
joining 0 and ty € R. If

II}aXIF'(t)I =|F' ()=« =<1
0

with |to| = k© for some ¢ > 0, then we have min;, F (1) < —CQK”Q. The constant C, > 0 only depends
on o and the bounds on F in C*.

Proof. Let f = F'. Then since F(t) = F(0) + fol f(s)ds < fot f(s)ds, it is no restriction to assume the
maximum F(0) = 0. By switching ¢ to —¢, we may assume fp < —k©¢ < 0. Let

g(t) =" f(to+1k°). (7-2)
Then [g(0)| =1, |g(t)|<1for0<t <1 and
8™ 01 =1V M @+ 16)] < Cy
when N > 1/p for 0 <t < 1. Using the Taylor expansion at t =0 for N > 1/0, we find
g®)=p@®) +r(), (7-3)

where p is the Taylor polynomial of order N — 1 of g at 0, and

1
r (1) =IN/ gM sy —s)Ntds/(N —1)! (7-4)
0
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is uniformly bounded in C* for 0 <¢ < 1 and r(0) = 0. Since g also is bounded on the interval, we
find that p(¢) is uniformly bounded in 0 < ¢ < 1. Since all norms on the finite-dimensional space of
polynomials of fixed degree are equivalent, we find that p® (0) = g®(0) are uniformly bounded for
0 <k < N which implies that g(¢) is uniformly bounded in C* for 0 < < 1. Since |g(0)| = 1, there
exists a uniformly bounded § —1'> 1 such that lg(t)| > % when 0 <t < §; thus g has the same sign in that
interval. Since g(s) = k! f(to + s«?), we find
to+3k°
K_Q/ kL f () dt
fo

s
/ g(s)ds
0

Since 7y + 6x© < 0, we find that the variation of F(¢) on [#g, 0] is greater than Silte /2 and since F <0,
we find that the minimum of F on I, is smaller than —8x !¢ /2. g

Proof of Lemma 6.1. As before we let F(t) satisfy F(0) =0and F'(z) = f(¢), where f () = f(¢, 0, &(2))
satisfies f(0) = 0. We have assumed that the estimate (3-6) holds near I" if f(¢) vanishes of infinite order
at t = 0. Observe that the term x(’) (t) in Ag can be estimated by |9, f (¢, 0, &o(¢))| by (4-7), which gives
that |Ag(z, 0)| < [0y f (2, 0, &(1))]. We find from (4-3), (4-6) and (4-7) that

100 (2, )| S 1f ()] + 10w f (2, 0, &0 ()]

§/2 <

: (7-5)

Thus (6-11) follows if

| f O+

t
/ | £ ()] + Ao(s, 0) + A (s, 0, y/0) + Aa(s, 0, y/0) ds| 2 07, (7-6)
0
where
Ao(1) = 0, f (2,0, E0(1)],
Ai(t, y/0) =1A(t,0, y/0.0, £(t), 0)], (7-7)
Ax(t,y/e) =10, B(t,0. y/0. 0. &(1). 0)]. (7-8)

In the following we shall suppress the y-variables in (7-6); the results will be uniform when |y| < co for
some ¢ > 0 since (3-6) holds near I". Observe that if | f(s)| and A (s) are < o3 for0<j<2whensis
between 0 and ¢, then (7-6) does not hold.

We shall first consider the case when | f(¢)| = |¢|™ vanishes of finite order at r = 0. Then the order
must be odd so we find F(¢) = f(; f(s)ds <0and ¢ < |F(t)|/t** < C < 0 for some k > 0. Thus we find

-3
0 S

/ | £ ()] + Ao(s) + A1 (s) + Ax(s) ds| S|t SIF ()| (7-9)
0

implies that | F(¢)| > 0. Since A = oV, we then obtain AF (r) < —oV %% < —o =AYV if N > 6k. The
case when [¢|*~1 = | f(r)| = 073 gives that [t| > 073/ Ck=D 50 AF (1) < —oV /=D < _pif N > 6.
Now one of these cases must hold if (6-11) holds, so we get the result in the finite vanishing case.
Next, we consider the infinite vanishing case. Then we have assumed that condition (3-6) holds, which
means that )
YA SIFOF,

Jj=0
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which implies that A;(0) = 0 for all j. Now we assume that (7-6) holds at 7; by switching 7 and —¢, we
may assume ¢ > 0. Then we obtain for some s € [0, 7] that | f(s)| > co™> or Aj(s) > co ™3 for some ¢ > 0
and j. Now we define f( as the smallest #y > O such that | f(#p)| = CQ_3 or Aj(tg) = CQ_3 for some j;
then 7y < ¢. Then we obtain from condition (3-6) in the first case that co > = | f (to)| <|f(t)|® and in

the second case that
o =A;(t0) SIf W)l (7-10)

1/N

Since o = A"/, we find in both cases that

1N =k <elfo)l, >0, (7-11)

where A >> 1 if and only if k¥ < 1. By taking the smallest #y > 0 such that (7-11) is satisfied, we find that
|f(@)] <|f(to)] for 0 <t <ty. Since f(¢) vanishes of infinite order at # =0, we find using Taylor’s formula
that | f(1)] < Cp|t|M for any positive integer M. (Actually, it suffices to take M = 1.) Condition (7-11)
then gives

KM < F o) MM S ol (7-12)

so using Lemma 7.1 with o = 1/M, we find that

Omin F(s) < —"HUM — ) 3A+MEN =5 s 1. (7-13)
=<s=Io

Thus we find that ming<s<;, F(s) S —x¢~forsome ¢ > 0if 3(1+1/M)/eN <1, thatis, N >3(1+1/M) /e,
which gives Lemma 6.1. U

8. The proof of Theorem 2.7

We shall use the following modification of [Hormander 1985b, Lemma 26.4.15]. Recall that ||u|| ) is the
L? Sobolev norm of order k of u € C$° and let D = {u € D' : WF(u) C '} for I’ € T*R".

Lemma 8.1. Let
M

. (x) = A7 2 exp(ide () Y ¢ (WPx)nTIe =1, (8-1)
j=0

withg >0, 0 <8 <1, w € C*(R") satisfying Imw >0, |[dRew| > ¢ >0, and ¢p; € C°(R"). Here w
and ¢ ; may depend on A but uniformly, and ¢; has fixed compact support in all but one of the variables,
for which the support is bounded by CA%. Then for any integer N we have

lusll-py < CA7N, A =1 (8-2)
If ¢po(xg) # 0 and Im w(xg) = 0 for some xq then there exists ¢ > 0 so that
s~y > A~ NTHEFO=D2 s v N (8-3)
Let ¥ =51 U, supp &; (A% .) and let T be the cone generated by

{(x,d0(x)) :x € £, Imw(x) =0}. (8-4)
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Then for any k we find A*u;, — 0 in D/-, so AXAu;, — 0 in C™® if A is a pseudodifferential operator such
that WE(A) NT = @. The estimates are uniform if w € C* uniformly with fixed lower bound on |d Re w|,
and ¢; € C$° uniformly with the support condition.

In the expansion (8-1), we shall take o = 1/N and § = 3/N with N > 3, and the cone I" will be
generated by

{(z. x0(0), y0.0,&(1),0) : 1 € I}, (8-5)

where I = {t : Imwgo(t) = 0}. Observe that the phase function in (4-2) will satisfy the conditions in
Lemma 8.1 near {(¢, xo(¢), yo) : t € I} since &y(¢) # 0 and Im w(t, x) > O by Proposition 5.2. Also, we
find from Proposition 6.3 that the functions ¢, will satisfy the conditions in Lemma 8.1 with § =3/N
after making the change of variables (¢, x, y) — (t —tg, x — x0(t), y — yo) since ¢o(fo, xo(t0), yo) = 1.
Observe that the conclusions of Lemma 8.1 are invariant under uniform changes of coordinates.

Proof of Lemma 8.1. We shall modify the proof of [Hormander 1985b, Lemma 26.4.15] to this case. We
have

M
5 (8) :A(”_I)S/ZZA_jS/ei)‘w(x)_i(xf)(bj()uax)dx. (8-6)
j=0

Let U be a neighborhood of the projection on the second component of the set in (8-4). When £/ ¢ U,
for A > 1 we find that

Jsuppg; (A° ) x> Qoo (x) — (x, )/ O+ &)

J

is in a compact set of functions with nonnegative imaginary part with a fixed lower bound on the gradient
of the real part. Thus, by integrating by parts we find for any positive integer k that

|05, (&) < CA DG enTR D ga ¢ U, AL, (8-7)

which gives any negative power of A for k large enough, since § < 1. If V is bounded and 0 ¢ V then
since u;, is uniformly bounded in L2 we find

/ 0 EPA+ ED Y e <y, (8-8)
AV

which together with (8-7) gives (8-2). If x € C3° then we may apply (8-7) to xu,; thus we find for any
positive integer k that

X0, (&) < CA=D2H G ek gew, A1, (8-9)

if W is any closed cone with (supp x x W) N T = @. Thus we find that Afu; — 0 in Dr. for every k. To
prove (8-3) we may assume that xo = 0 and take ¥ € C°. If Im w(0) = 0 and ¢(0) # O then since § < 1,
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we obtain

)Ln—(n—l)S/Ze—ikRew(O) <u)” '(/f()\. . )> — / eik(w(x/x)—Rew(O))w(x) Z¢] (Aﬁ—lx))\‘—j(s d.x
J

N /ei<Rean(O)’x>lﬁ(x)¢o(0) dx, AI— 00, (8—10)

which is not equal to zero for some suitable ¥ € Ci°. Since
Y O Hllwy < CyaN 72, (8-11)
we obtain from (8-10) that 0 < ¢ < AN+”/2_("_1)5/2||uk||(_N), which gives (8-3) and the lemma. O

Proof of Theorem 2.7. By conjugating with elliptic Fourier integral operators and multiplying with
pseudodifferential operators, we obtain that P* € \Dc21 is of the form given by Proposition 3.2 microlocally
near I' = {(¢, x¢, y0, 0, &0, 0) : t € I}. Thus we may assume

P*:D1+F(t»x»y,Dt,Dx»Dy)+R’ (8_12)

where R € \IICZ1 satisfies WF(R)NT" = @.

Now we can construct approximate solutions u; of the form (3-14) by using the expansion (3-15). By
reducing to minimal bicharacteristics, we may solve first the eikonal equation by using Proposition 5.2 and
then the transport equations (6-20) by using Proposition 6.3 with ¢ = A/ for N > 3. Thus after making
the change of coordinates (¢, x, y) — (¢ —ty, x — xo(¢), y — Yo), we obtain approximate solutions u;, of
the form (8-1) in Lemma 8.1 with o =1/N and § =3/N. For N large enough, we may choose K and M
in Proposition 6.3 so that [(D; + F)u;| < A for any k. Now differentiation of (D; 4+ F)u, can at most
give a factor A since § < 1, and a loss of a factor x — xo(¢) gives at most a factor 1172, Because of the
bounds on the support of u,, we may obtain

I(Dy + Fus |y = O N (8-13)

for any chosen v. Since ¢g(ty, xo(f9), yo) = 1 by Proposition 6.3 and Im w(#g, xo(p)) =0 by Proposition 5.2,
we find by (8-2)—(8-3) that

)\‘—N—n/z < )\‘—N—n/2+(n—l)6/2 S ||M||(—N) ,S )“—N VN, A > 1. (8_14)

Since u, has support in a fixed compact set that shrinks towards {(¢, xo(¢), yo) : t € I} as L — 00, we
find from Lemma 8.1 that ||Ru||(,) and ||Aul|) are O(X~N=") if WF(A) does not intersect I". Thus
we find from (8-13) and (8-14) that (2-17) does not hold when A — 00, so P is not solvable at I" by
Remark 2.10. O
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ANISOTROPIC ORNSTEIN NONINEQUALITIES

KRYSTIAN KAZANIECKI, DMITRIY M. STOLYAROV AND MICHAL WOJCIECHOWSKI

We investigate the existence of a priori estimates for differential operators in the L' norm: for anisotropic
homogeneous differential operators 71, ..., T;, we study the conditions under which the inequality

14
1T f @ty S DN f ey
j=2

holds true. Properties of homogeneous rank-one convex functions play the major role in the subject. We
generalize the notions of quasi- and rank-one convexity to fit the anisotropic situation. We also discuss a
similar problem for martingale transforms and provide various conjectures.

1. Introduction

In his seminal paper, Ornstein [1962] proved the following: let {Tj}’;:1 be homogeneous differential
operators of the same order in d variables (with constant coefficients); if the inequality

14
1T f ey S DTl ey
j=2

holds true for any f € C{° (R9), then T; can be expressed as a linear combination of the other T;. Here
and in what follows “a < b” means “there exists a constant ¢ such that a < cb uniformly”; the meaning
of the word “uniformly” will be clear from the context. For example, in the statement above, the constant
should be uniform with respect to all functions f. The aim of the present paper is to extend this theorem
to the case where the differential operators are anisotropic homogeneous; see also [Kazaniecki and
Wojciechowski 2014], where partial progress in this direction was obtained by a simple Riesz product
technique.

To formulate the results, we have to introduce a few notions. Each differential polynomial P(9) in
d variables has a Newton diagram which matches a set of integral points in R to each such polynomial. The

. m
monomial ad;

‘8&" z... 8:1"" corresponds to the point m = (my, my, ..., my); for an arbitrary polynomial,
its Newton diagram is the union of the Newton diagrams of its monomials.

Let A be an affine hyperplane in R? that intersects all the positive semiaxes. We call such a plane
a pattern of homogeneity. We say that a differential polynomial is homogeneous with respect to A (or

simply A-homogeneous) if its Newton diagram lies on A.

Stolyarov was supported by RFBR grant no. 14-01-00198.
MSC2010: 26B35, 26B25.
Keywords: Ornstein noninequalities, Bellman function, martingale transform.
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Conjecture 1. Let A be a pattern of homogeneity in R and let {TJ'}§'=1 be a collection of A-homogeneous
differential operators. If the inequality

£
1T Ny S DT F Ly

j=2
holds true for any f € C° (RY), then Ty can be expressed as a linear combination of the other T;.

This conjecture may seem to be a simple generalization of Ornstein’s theorem. We warn the reader that
sometimes the anisotropic character of homogeneity brings new difficulties to inequalities for differential
operators (the main one being the lack of geometric tools such as the isoperimetric inequality, or the
coarea formula, etc.). For example, the classical embedding

W (RY) < Laj@a-1

due to Gagliardo and Nirenberg was generalized to the anisotropic case only in [Solonnikov 1972] and
additionally considered in [Kolyada 1993]; if one deals with similar embeddings for vector fields, the
isotropic case was successfully considered in [Van Schaftingen 2013] (see also the survey [Van Schaftingen
2014]), but there is almost no progress for the anisotropic case (however, see [Kislyakov et al. 2013; 2015]).

The method we use to attack the conjecture differs from that of Ornstein (though there are some
similarities). However, it is not new. It was noticed in [Conti et al. 2005] that Ornstein’s theorem is
related to the behavior of certain rank-one convex functions (for some special operators this link had
already been known; see [Iwaniec 2002]). The case d =2 was considered there. As for the general case
of Ornstein’s (isotropic) theorem, its proof via rank-one convexity was announced in [Kirchheim and
Kristensen 2011] (and the proof is now available in the very recent preprint [Kirchheim and Kristensen
2016]). In a sense, we follow the plan suggested in [Kirchheim and Kristensen 2011]. However, the
notions of quasiconvexity, rank-one convexity and others should be properly adjusted to the anisotropic
world; we have not seen such an adjustment anywhere. For all these notions in the classical setting
of the first gradient, their relationship with each other, properties, etc., we refer the reader to the book
[Dacorogna 2008]. There are certain problems in the general anisotropic case that are not present in the
classical setting. For example, the existence of the elementary laminate is not quite clear; at least, the
classical reasoning does not work. Quasiconvexity still implies the rank-one convexity, but this requires a
new proof. The approach of rank-one convexity reduces Conjecture 1 to a certain geometric problem about
separately convex functions (Theorem 14) that is covered by Theorem 1 in [Kirchheim and Kristensen
2011] (Theorem 1.1 in [Kirchheim and Kristensen 2016]). We give a simple proof of this fact, which
is the second advantage of our paper (though our proof does not give the more advanced Theorem 1 of
[Kirchheim and Kristensen 2011]). We did not know of the preprint [Kirchheim and Kristensen 2016]
until shortly before the publication of the present text, and did our work independently. Discussion with
the authors of this preprint has shown that though the spirit of our approach in the geometric part is
similar to theirs, the presentation and details appear to be different.

We will prove a particular case of Conjecture 1, which still seems to be rather general (in particular, it
covers the classical isotropic case).
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Theorem 2. Let A be a pattern of homogeneity in R? and let {Tj}ﬁ.:1 be A-homogeneous differential
operators. Suppose all the monomials present in the T; have the same parity of degree. If the inequality

¢
1Tl ey S DT F Ly (D
j=2

holds true for any f € Cy° (RY), then Ty can be expressed as a linear combination of the other T;.

We note that the differential operators here are not necessarily scalar; i.e., one can prove the same
theorem for the case where operators act on vector fields. It is one of the advantages of the general
rank-one convexity approach. However, to facilitate the notation, we work on the scalar case.

We outline the structure of the paper. We begin with restating inequality (1) as an extremal problem
described by a certain Bellman function (if inequality (1) holds, then the corresponding Bellman function
is nonnegative). We also study the properties of our Bellman function (they are gathered in Theorem 6),
the most important of which is the quasiconvexity. All this material constitutes Section 2. It turns out that
quasiconvexity leads to a softer, but easier to work with, property of rank-one convexity. The proof of
this fact is given in Section 3; see Theorem 9. So, the Bellman function in question is rank-one convex.
In Section 4, we prove that rank-one convex functions homogeneous of order one are nonnegative, which
gives us Theorem 2. In fact, it suffices to show a similar principle for separately convex functions on R?,
which is formalized in Theorem 14. This theorem is purely convex geometric. Finally, we discuss related
questions in Section 5.

2. Bellman function and its properties

Inequality (1) can be rewritten as

14
inf ITjellL, ey —clTigllL [R{d> =0, 2
<P€C80([Oyl]d)(j§2 J 1(RY) 1(RY)

where c is a sufficiently small positive constant.

Definition 3. Suppose 3% o € A, are all the partial derivatives that are present in the 7; (thus A is a
subset of A NZ4). Consider the Hilbert space E with an orthonormal basis e, indexed with the set A.
For each function ¢ and each point x, we have a mapping

[0. 11 5. x 1> Vigln) = ) 8°[¢](x)eq € E.

aEA

We call the function V[¢] the generalized gradient of ¢.
The operator V[ -] is an analogue of the usual gradient suitable for our problem.

Example 4. Let 7; = o,; for j =1, ..., d. In this case the generalized gradient turns out to be the usual
gradient on the Euclidean space R
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Example 5. Let us take the differential operators
Tilp) = 82" V[p] =9 Vgl Dolpl =94V, Tile]l=0"Vpl, Tilpl=3""?[p]. (3)
We can list all the partial derivatives present in the operators:
A= {3(0,0,2)’ 9060 540,00 50.3.1) 8(2,0,1)}_

All the operators T; are A-homogeneous, where A = {x € R : (x,(3,2,6)) = 12}. In this case the
generalized gradient is of the form

Vigl = (30%2[g], 80V [p], §*400[g], 903 D(g], 8>0D[g]) € R,

We also consider the function V : E — R given by the rule

14

V(e) = (Z|T,-e| —c|f1e|>, )

j=2
where the 7; are the linear functionals on E such that Tj(e) = 3", ¢y jeq if Tj = 4 ¢, ;8% With this

bit of abstract linear algebra, we rewrite formula (2) as

inf / V(VIpl(x))dx =0.
@eC(10,11) Jio, 1

The main idea is to consider a perturbation of this extremal problem, i.e., the function B : E — R given
by the formula

B(e) = inf / V(e+ Vipl(x))dx. &)
eeCF (0,119 Jio,1}@

Theorem 6. Suppose that inequality (2) holds true. Then, the function B possesses the properties listed
below.

(1) It satisfies the inequalities —|le|| < B(e) < |le]l and B < V.
(2) It is one-homogeneous; i.e., B(le) = |A|B(e).
(3) It is a Lipschitz function.

(4) It is a generalized quasiconvex function; i.e., for any ¢ € C3°([0, 11%) and any e € E the inequality

B(e) </ B(e+ V[pl(x))dx (6)
[0,11¢

holds true.

Proof. (1) We get the upper estimates on the function B by plugging ¢ = 0 in the formula for it:

B(e><f01 Vie+ Vel = V() < llell.
[0,1]4
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We obtain the lower bounds on the function B from inequality (2) and the triangle inequality:

L L
f[o » (Zﬁ}(ewmn—cm (6+V[90])|) > /[0 . (Z T (e+VIg])|—c| Ty (V[go])|—c|fle|)

j=2 <
14 _ ¢ ) ]
2/[0111(leTj(eJrv[‘pm_X:|T1(V[«)])I—c|Tle|)
1\ &

14

B /[0 13 (Z(|i}(6+v[¢])|_|7~}(V[§0])|)—c|7~"1e|)

j=2
¢
> = |Tjel—cl|Tiel,
j=2
where ¢ € C;°([0, 119) is an arbitrary function. We take infimum of the above inequality over all
admissible ¢:
¢
—llell S =) _ ITyel —c|Tie| < B(e).
j=2

(2) Since V is a one-homogeneous function, the following equality holds for every A # O:

B(\e) = inf / V(e + V]p]) = inf f AV (e+ VA p)).
peCF(10.11) Jo, 174 peC(10,11) Jio, 174

We know that A_ICSO([O, 119) = Coe ([0, 11%) for every A # 0; therefore
B(ke) = inf / MV (e+ VA o] =|A| inf / Vie+ Vip]) = |A|B(e).
eCee (10,114 Jo,1)¢ @eCee (10,114 Jo,1}¢

(3) In order to get the Lipschitz continuity of B, we rewrite the formula for it:

forallee E, B(e)= inf Vi (e),
9eCE([0,11)

where
Vy(e) = / V(e+ VIpl(x)) dx.
[0,1}4

It follows from the Lipschitz continuity of V that every function V,, is a Lipschitz function with the
Lipschitz constant bounded by L, where L is the Lipschitz constant of the function V. For every two
points vy, v; € E, we can find a sequence of functions V, such that B(v;) = inf,en Vp, (v;) for j € {1, 2}.
We define

= in 'V, .
filey= min V()
For every k € N the function fj is the Lipschitz function with the Lipschitz constant bounded by L. Hence

|B(vi) — B(v2)] =k1ilgo|fk(v1) — fr(w)| < Lljvy — vl
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(4) Before we prove the generalized quasiconvexity of this function, we need to introduce some notation.
We know that all « € A have common pattern of homogeneity A; thus we can find a vector y € N¢ and a
number k € N such that (o, y) = k for every « € A.

For every A € R and x € R?, we define

Xy = (Ax1, APxa, ..., AVxy).

For every A € N we define the partition of the unit cube [0, 1]¢ into small parallelepipeds:

d
Oy=y+ l_[[(), A7 forevery y €Y,

j=1
where
— ., _ (KL X2 Xa. . Vi
Y_{ye[O,l] .y_<AV1’AVZ’...’ka) for/cjeNU{O}andK.,<)\f}.

Here Y is the set of “leftmost lowest™ vertices of the parallelepipeds Q,. The parallelepipeds Q, are
disjoint up to sets of measure zero and Uyey 0, =0, 119 Let us fix @ € C°([0, 119). Since Vig] is
a uniformly continuous function on [0, 1]1¢ and the diameter of the parallelepipeds Q, tends to zero
uniformly with the growth of A, we can choose X sufficiently large to obtain

forall ye ¥, forallz,ve Q. |Vipl2) - Viglw)| < = (7)

where L is the Lipschitz constant of the function V. Let {1/, },cy be a family of functions in C5° ([0, 119).
For these functions, we use the rescaling

Yy a () = A5y ((x — 9)3).

Let us observe that the rescaling (x — y), transforms the cube [0, 11 into Qy; thus supp ¥, 5 C Q.
Moreover, we know that

3% [y 1(r) = A~ F a0 ) g% [ 1((x = 1)) = 3% [ 1 ((x — 1))
for every a € A. By (5), we have
B(e) < /[o,l]d 1% (e + }; VIY,1(x) + V[go](x)) dx = yEZY /Q) V(e+ VI, 1(x) + Vpl(x)) dx.
We assumed that (7) holds; therefore, for arbitrary v, € Q, we have the estimate
/Q V(e+ VIyal() + Viplx)) dx < /Q V(e+ VIyal() + Vipl(vy) dx + ] 0, |
= [ Ve I = )+ Vighw) dx + €10,

Qy

d
Since A~ (Zj—17) — |Qyl, we have

f V(e+VIyyl((x = y)1) + Vigl(vy)) dx = Q,| . V(e+VIyyl2) + Vigl(v))) dz
0 [0, 114

y
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for z = (x — y),. Now for every y € Y and v, € O, we can choose ¥, such that

/ Vet VY 1@) + Vipl(wy)) dz < Ble+ Vigl(vy) +e
[0,1]
(this choice depends on vy, however, we treat vy as of a fixed parameter). We obtain
B(e) <) _|0y| Ble+ Vigl(v,)) +2e
yeY

from the above inequalities. We take mean integrals of this inequality over each cube Q, with respect
to vy, which gives us

B(e) < Z/ B(e+ V] (p](vy))dvy+28—f B(e+ V[p](x))dx + 2e.

yey [0.13¢
Since ¢ was an arbitrary positive number, we have proved the generalized quasiconvexity of B. (|

The proof of the fourth point seems very similar to the standard Bellman induction step (see [Nazarov
et al. 2001; Osgkowski 2012; Stolyarov and Zatitskiy 2016; Volberg 2011] or any other paper on the
Bellman function method in probability or harmonic analysis); moreover, the function B itself is, in a
sense, a Bellman function and inequality (6) is a Bellman inequality. We suspect that this “similarity”
should be more well-studied.

3. Rank-one convexity

Inequality (6) looks like a convexity inequality. Sometimes that is really the case.

Definition 7. We call a vector e, € E a generalized rank-one vector if it is of the form
Z jleltlolyee © x e RY o € A.
acA

Remark 8. In Theorem 2, we only consider the case where every « € A has the same parity as the other
elements of A. Therefore, i/*/*1%! ¢ R for every ap, @ € A. Hence the coefficients of the generalized
rank-one vector are real.

Theorem 9. The function B is a generalized rank-one convex function; i.e., it is convex in the directions
of generalized rank-one vectors.

To prove the theorem, we need two auxiliary lemmas.

Lemma 10. For every x € R and every €,8 > 0, there exists a function I, ¢ 5 € C;°([0, 11%) and a set
B C [0, 11¢ such that the following hold.

(D) Vx5l < llex]l +e.
(2) Bl =1-4.
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(3) The function V[l ¢ s]1|p with respect to the measure @ = |B|~Vdx|p is equimeasurable with the
function cos(2mt)ey,, t€[0, 1]; i.e.,

w({VIlyesl € W)= [{r €10, 1] : cos@Qmt)e, € W}|
for every Borel set W in E.

Proof. For a given x € RY we take the same y and k as in the proof of the fourth point of Theorem 6. We
consider the function

d
Lees(®) =17 cos(Z ryijs,) (&),
j=1
where @ is the smooth hat function:
1, £e28,1-287,
(&) =10, £el0, 11\[8, 1 -6,
O®E) €[0,1], otherwise

for &' sufficiently small (in particular, we need 2(28")¢ < §8). Similarly to the fourth point of Theorem 6,
we define the set of proper parallelepipeds

d .
tYix;
Y,:{Q: Q:(kjvj)jzl ,,,,, d—I—l_[l[O, U)j], kjE{]}U{kjENI kj < 271] _1}},
]:

where v; =w; = 271t_)’ij_1 if xj #0and v; =4', w; = (1 —28’) otherwise. For any &', we can choose ¢

to be so large that
‘ U Q‘ >1-3.

QeY;
oc[28,1-28'1¢

We put B to be this union, i.e., the union of the parallelepipeds Q from the family Y; that belong to
[28', 1 —28"]¢ entirely.
If ¢ is sufficiently large, then for every B € N“ satisfying 0 < (B, y) < k, we have

sup |t71aP[®](E) <& (8)
£€[0,114

For any S € N¢,
d d
3P [cos(Zt”ijgj)} =187 xP3P[cos] (Z t}’ijfj).
j=1 j=l1

Since all @ € A have the same parity, we either have 3%[cos](£) = (—1)!%I/2 cos(&) for every o € A
or 3%[cos](x) = (—1)U«+D/25in(&) for every o € A. Without loss of generality we may assume 2 ‘ le],
because the functions sine and cosine are equimeasurable on their periodic domains. Therefore, for every
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£ €[0,1]¢ and « € A we have

d d
3“[15,8,5](€)=®(§)3“[fkCOS(ZIVjXJEj)}JF > Co:’,ﬂtkaa/|:COS<mej§j(x)>:|3ﬂ[q)]
j=1

o' +B=a j=I
B#(0,0,...,0)
d d
= @ (£)x*9%[cos] <Z z%ij§j> + > cwpt® 9% cos] (Zzy-ijgj(x)) P[]
j=1 o' +p=a j=1
B#(0,0....,0)
d
= (—1)ll/2y COS(Z t”ij";‘j) + error, 9)
j=1

where the coefficients ¢,/ g come from the Leibniz formula. The error is O (¢’) in absolute value by (8) and
is equal to zero on the set [28', 1 — 268’ 1¢ (because the function ® is constant there). For every & € [0, 114
we have

d
Vll.e 1) =) 8%lle.csl@)ea = Z((—l)'“'/zx“ COS(Z mx,-g,-) + error) e

acA acA j=1
d

= e, COs (Z t’”‘ijfg“j) -+ error.

j=1
Thus, for every & € [0, 114 and &’ sufficiently small, we obtain
IVI.e.s1(E)I < llex | + llerror| < [lex|| +&.
Since the error is equal to zero on the set [28, 1 — 25’ 1¢, it follows from (9) that for every £ € B we have
d
Vil es51(6) = COS(Z 17 x; €j>€x-
j=1

We note that the function COS(Z?Z L1 x; Sj)ex restricted to any Q € Y; is equimeasurable (with respect
to the measure dx/|Q| on Q) with the function cos(2r¢)ey, t €[0, 1] (one can verify this fact using an
appropriate dilation). Since B is a union of several parallelepipeds Q, the same holds with Q replaced
by B. (]

Lemma 11. Suppose v : R — R is a Lipschitz function such that
1
v(x) </ v(x +Acos(2mt)) dt (10)
0

forany x, . € R. Then v is convex.

Proof. We are going to verify that v is convex as a distribution, or equivalently, that the distribution v”
is nonnegative. For that, we multiply inequality (10) by a positive function ¢ € C3°(R). Since v is a
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Lipschitz function, we can integrate it over R:
1 1
/ v(x)e(x)dx < / / v(x + Acosmt))e(x)dtdx = / / v(x)e(x —Acos(2mt)) dt dx
R R Jo R Jo
1
= /v(x)/ (p(x) — hcos2rt)g (x) + 222 cos? 2 )" (x) + 0(A?)) dt dx
R 0

1
= / (v(x)go(x) +u(x)g” (x) 122 ( / cosz(Znt)) +0(A2)> dx.
R 0

Therefore,

1/ (" p 0(3%)
ogz(fo Cosz(Znt)dt>/Rv(x)<p (x)dx—i—T.

Letting A — 0, we show that v” as a distribution satisfies v”(¢) > 0 for all ¢ € Cj°(R) and ¢ > 0. From
the Schwartz theorem it follows that v” is a nonnegative measure of locally finite variation. Thus v’ is an
increasing function and therefore v is convex. g

Proof of Theorem 9. The function B is a generalized quasiconvex function; hence it satisfies (6) for every

¢ € C3°([0, 119). Let us fix x € R% 1 € R. We plug Al ¢ s into (6). We get (for every e € E)

B(e) S/ B(e+V[Mx,s,a])=/ B(e+V[Mx,s,a])+/ B(e+ V[Alyes])
(0,114 B [0,119\B

</B(6+V[Ux,s,a])+0(M||€I|+||€x||+8)5)
B

by Lemma 10. Since V[/; . s]| g is equimeasurable (B equipped with the measure dx /| B|) with cos(2rt)ey,

d
/B(HVWX,S,S])—)‘:/ B(e + A cos(2mt)e,) dt.
B Bl Jio.1

Therefore,

B(e) <|B| /[O l]B(e+kcos(2nt)ex)dt+ O (Allell + llex || +£)8).
Since for § — 0, we have |B| — 1, we get
B(e) < /[0 1]B(e—i—)»cos(27tt)ex)dt. an
For a fixed e € E, consider the function R > s — B(e + se,). By (11),

B(e+se,) < / B(e+se, +AcosQmt)e,)dt.
[0,1]

Thus, by Lemma 11, the function R > s — B(e + sey) is convex (one simply applies the lemma to this

function). Since e € E and x € RY 1 € R were arbitrary, this proves the generalized rank-one convexity

of the function B. O
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4. Separately convex homogeneous functions and proof of Theorem 2
Lemma 12. Generalized rank-one vectors span E.

Proof. Since E is a finite-dimensional Hilbert space, every functional on E is of the form ¢*(-) =
(ZaeA Ay, > We get

¥ (er) = ) agx®i'It!

aeA

for every x € RY. If E is not a span of generalized rank-one vectors, then there exists a nontrivial ¢* such
that

0=¢"(ex) = ) agx®i*I*l

aeA

for every x € RY. However, x® are linearly independent monomials. Therefore, a, = 0 for every o € A.
Hence ¢* = 0 and the generalized rank-one vectors span E. UJ

We recall that our aim was to show that 77 is a linear combination of the other 7;. By comparing the
kernels of the fj, it is equivalent to the fact that V > 0 everywhere. By the evident inequality B < V, it
suffices to prove that B is nonnegative. By Lemma 12 and Theorem 9, this will follow from the theorem
below. Hence it suffices to prove Theorem 14 to get Theorem 2.

Definition 13. A function F : R? — R is separately convex if it is convex with respect to each variable.

Theorem 14. A function F : R? — R that is separately convex and homogeneous of order one is
nonnegative.

Before moving to the proof, we cite [Dacorogna 2008, Theorem 2.31], which says that a separately
convex function is continuous. This fact will be implicitly used several times in the reasoning below.

Proof. We proceed by induction. Suppose the statement of the theorem holds true for the dimension d — 1.
We then prove it for the dimension d. Construct the function G : R?~! — R by the formula

G(x)=F(x,1), xeRL

This function is separately convex and convex with respect to radius, i.e., for every x € R¢~! the function
R+ > ¢ G(tx) is a convex function. Indeed, the function F is one-homogeneous and separately convex;
thus for 7,7 > 0 and 7 € (0, 1) we have

tGx)+ (1 —-1)Gox)=tF@x, D)+ A —1)F(rx, 1)

X, %) +(1— 'L')rF(x, %)
tt+ (1 —1)r )

‘L’l‘F(
=(tt+({1 - r)r)(

1
= (Tt+(l—T)F)F(.X, m)

=F((zt+ (1 =or)x, 1) =G((rt + 1 — 1)r)x).
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We claim that for each x € R¢~!, the function R 5 # — G(rx) is convex. Since the function G is
continuous, it suffices to prove that G(tx) + G(—tx) = G(0) for all # € R. Consider another function V:

V(x) = lim G(x)+G(—tx)—2G(0) ’
t—0+ t

e R

The limit exists due to the convexity with respect to radius. This function V is one-homogeneous and
separately convex. However, it may have attained the value —oo. Fortunately, this is not the case. If there
exists x € R? such that V (x) = —oo then

2V(@O0, x0, ..., xg) S V(xy, ..., x0) +V(—x1,...,x4) = —00.

Therefore V (0, x3, ..., xg) = —o0. We repeat the above reasoning with x», ..., x4 instead of x; and we
get V(0) = —oo, but from the definition of V we know that

V)= lim G0)+G(0)—-2G(0) _0
t—0+ t

Hence V(x) is finite for every x € R¢~!. Thus, by the induction hypothesis, V is nonnegative. So,
R >t +— G(tx) is a convex function.

By symmetry, G(x) + G(—x) = 2F (x, 0). On the other hand, lim,_, +o, G(tx)/t = F(x, 0). So, the
convexity of t — G(tx) gives the inequality |G (x) — G(—x)| < 2F (x, 0). Adding these two inequalities,
we get F(x,1) > 0. O

Proof of Theorem 2. Assume that inequality (1) holds. Then, by Theorem 6, the function B given by (5)
is Lipschitz, one-homogeneous, generalized quasiconvex, and satisfies the inequality B < V, where the
function V is given by formula (4). Then, by Theorem 9, B is a generalized rank-one convex function.

Let e € E be an arbitrary point. By Lemma 12, ¢ is a linear combination of generalized rank-one
VECtors ey, €x,, ..., €x,. We may assume that they are linearly independent. Consider the function
F : R¥ — R given by the rule

F(z1,22, ..., 2k) = B(z1ex, +20ex, +- - -+ ziex,).

By the generalized rank-one convexity of B, we see that F is separately convex. It is also one-

homogeneous; thus F > 0 by Theorem 14. Therefore, B(e) is also nonnegative for arbitrary e € E.
Since B > 0, we have V > 0. In such a case, it follows from formula (4) that Ker Tl D ﬂi:z Ker TJ

Therefore, T is a linear combination of the other 7. Il

5. Related questions

5.1. Towards Conjecture 1. The following statement plays the same role in view of Conjecture 1 as
Theorem 14 plays in the proof of Theorem 2.

Conjecture 15. Let F : R?? — R be a Lipschitz homogeneous function of order one. Suppose that for
any j =1,2,...,d the function F is subharmonic with respect to the variables (x;, xj1q). Then, F is
nonnegative.



ANISOTROPIC ORNSTEIN NONINEQUALITIES 363

Indeed, plugging the cosine function into (6) as we did in the proof of Theorem 9 leads to “sub-

harmonicity”!

of the function B in the directions of projections of a generalized rank-one vector onto
subspaces generated by odd and even monomials in A correspondingly. Therefore, Conjecture 1 follows
from Conjecture 15.

We are not able to prove Conjecture 15. However, we know the following: in the case d = 1, the
function F is not only nonnegative, but, in fact, convex (i.e., a one-homogeneous subharmonic function is
convex). On the other hand, there is not much hope for simplifications: a subharmonic one-homogeneous

function in R? (and thus in RY, d > 3) can attain negative values; e.g., in R* one may take the function
g g y
xl2 + x% + x32 — xf

/.2 2 2
X +x2+x3

There are also reasons that differ from the ones discussed in the present paper that may “break”
inequality (1). One of them is a certain geometric property of the spaces generated by the operators T;.

Not stating any general theorem or conjecture, we treat an instructive example. Consider the noninequality

18582 £ NI, S 17 £, + 1185 FllL,- (12)

Conjecture 1 suggests that it cannot be true. We will disprove it on the torus T? and leave to the reader
the rigorous formulation and proof of the corresponding transference principle, whose heuristic form is
“inequalities of the sort (1) are true or untrue simultaneously on the torus and the Euclidean space”. Consider
two anisotropic homogeneous Sobolev spaces W and W,, which are obtained from the set of trigonometric
polynomials by completion and factorization over the null-space with respect to the seminorms

I llw, =107 Flle, F 105 FllLs I f lwy = 18302 f L, + 187 FllL, + 193 flL,-

If inequality (12) holds true, then these two spaces are, in fact, equal (the identity operator is a Banach-
space isomorphism between these spaces). However, it follows from the results of [Petczyniski and
Wojciechowski 1992] (see [Wojciechowski 1991; 1993] as well) that W, has a complemented translation-
invariant Hilbert subspace,2 whereas W, does not, a contradiction.

Martingale transforms. Let S ={S,},, n € {0} UN, be an increasing filtration of finite algebras on the
standard probability space. We suppose that it differentiates L (i.e., for any f € L{(€2) the sequence
E(f|S,) tends to f almost surely). We will be working with martingales adapted to this filtration.

Definition 16. Let o = {«,}, be a bounded sequence. The linear operator

To[f1=) aj-1(fj = fi-1), f={fuln is an L; martingale,

j=1
is called a martingale transform.

IThe “subharmonicity” means that DB > 0 as a distribution, where D is an elliptic symmetric differential operator of second
order (with constant real coefficients); one can then pass to usual subharmonicity by an appropriate change of variable.

2That means that there exists a subspace X C Wj such that g € X whenever g(- +¢) € X, t € T2 Xis isomorphic to an
infinite-dimensional Hilbert space, and there exists a continuous projector P : W — X.



364 KRYSTIAN KAZANIECKI, DMITRIY M. STOLYAROV AND MICHAL WOJCIECHOW SKI

Our definition is not as general as the usual one, and we refer the reader to the book [Osgkowski 2012] for
the information about such operators. We only mention that martingale transforms serve as a probabilistic
analogue for the Calderén—Zygmund operators. Here is the probabilistic version of Conjecture 1.

Conjecture 17. Suppose o', a?, ..., a' are bounded sequences. Suppose that the algebras S, uniformly

grow; i.e., there exists y < 1 such that each atom a of S, is split in S,+1 into atoms of probability not
greater than y|a| each. The inequality

l
1T flley S Y 1T £l (13)
j=2

holds for any martingale f adapted to {S,}, if and only if a' is a sum of a linear combination of the o/
and an £ sequence.

We do not know whether the condition of uniform growth fits this conjecture. Anyway, it is clear that
one should require some condition of this sort (otherwise one may take S, = S,41 =+ = S, very
often and lose all the control of the sequences / on these time intervals). Again, we are not able to prove
the conjecture in the full generality, but will deal with an important particular case.

2

Theorem 18. Suppose o', a?, ..., a’ to be bounded periodic sequences. The inequality

4
1T flley S Y 1T £l

j=2
holds if and only if «' is a linear combination of the other o,

Proof. To avoid technicalities, we will be working with finite martingales (denote the class of such
martingales by M). The general case can be derived by stopping time. Assume that inequality (13) holds
true. Consider the Bellman function B : R* — R given by the formula

£
B(x)= fig{(;Hw + Tl £, = el + Tal[f1||Ll)-

It is easy to verify that this function is one-homogeneous and Lipschitz. Moreover, B is convex in the

. . 1 2
direction of (e, o},

.., &) for each n (by the assumption of periodicity, there is only a finite number
of these vectors); the proof of this assertion is a simplification of Theorem 9 (here we do not have
to make additional approximations; however, see [Stolyarov and Zatitskiy 2016, Lemma 2.17] for a
very similar reasoning). Thus, by Theorem 14, B is nonnegative on the span of {(a,}, a2, ..., a5)},.
1

Since B(x) < ). i>2 |x;| — c|x1], the aforementioned span does not contain the xi-axis. Therefore, a" is

a linear combination of the other o O

Case p > 1. Inequality (1) may become valid provided one replaces the L; norm with the L, one,
I < p < 0. Let ¢, be the best possible constant in the inequality

L
p p
ITLf 1] gty <€ D NTFNT g (14)
j=2
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It is interesting to compute the asymptotics of ¢, as p — 1. Some particular cases have been considered
in [Berkson et al. 2001]; we also refer the reader there for a discussion of similar questions.

Conjecture 19. Let A be a pattern of homogeneity in R? and let {T; }i.:] be a collection of A-homogeneous
1

differential operators. If T\ cannot be expressed as a linear combination of the other T;, then c), 2, T

The conjecture claims that if there is no continuity at the endpoint, then the inequality behaves at least
as if it had a weak type (1, 1) there (it is also interesting to study when there is a weak type (1, 1) indeed).
First, we note that this question is interesting even when there are only two polynomials. Second, this is
only a bound from below for c;,. Even in the case of two polynomials, ¢, can be as big as (p — 1!
(and thus the endpoint inequality may not be of weak type (1, 1), at least when d > 3); see [Berkson et al.
2001] for the example.

Conjecture 19 will follow from the corresponding geometric statement in the spirit of Theorem 14.

Conjecture 20. Let F :R? — R be a separately convex p-homogeneous function (i.e., F (Ax) = |A|P F (x)).
Suppose F(x) < |x|P. Then, F(x) 2 (1 — p)|x|P.

Conjecture 19 is derived from Conjecture 20 in the same way as Theorem 2 is derived from Theorem 14:
one considers the Bellman function (5) with the function V' given by the formula

¢
vwr=@»§jﬁkv—wﬁdﬁ,
j=2
proves its generalized quasiconvexity, which leads to the generalized rank-one convexity, and then uses
Conjecture 20 to estimate c;, from below.
It is not difficult to verify the case d = 2 of Conjecture 20. Therefore, there exists a C{°-function f),
such that

(p = D102 fpll, @ 2 (197 £l @) + 195 Fp L, @2))-
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A NOTE ON STABILITY SHIFTING FOR THE MUSKAT PROBLEM, II:
FROM STABLE TO UNSTABLE AND BACK TO STABLE

DIEGO CORDOBA, JAVIER GOMEZ-SERRANO AND ANDREJ ZLATOS

In this note, we show that there exist solutions of the Muskat problem which shift stability regimes in
the following sense: they start stable, then become unstable, and finally return back to the stable regime.
This proves the existence of double stability shifting in the direction opposite to (as well as more difficult
and more surprising than) the one shown by Cordoba et al. (Philos. Trans. Roy. Soc. A 373:2050 (2015),
art. id. 20140278).

1. Introduction

In this paper, we study two incompressible fluids with the same viscosity but different densities, o™
and p~, evolving in a two-dimensional porous medium with constant permeability «. The velocity v is
determined by Darcy’s law

u%z—vp—g(g), (1-1)

where p is the pressure, u > 0 viscosity, and g > 0 gravitational acceleration. In addition, v is incom-

pressible:
V-v=0. (1-2)

By rescaling properly, we can assume k = = g = 1. The fluids also satisfy the conservation of mass
equation
ap+v-Vp=0. (1-3)

This is known as the Muskat problem [1937]. We denote by Q7 the region occupied by the fluid with
density p* and by Q~ the region occupied by the fluid with density p~ # p™. The point (0, c0) belongs
to Q*, whereas the point (0, —o0) belongs to 7. All quantities with superindex + will refer to Q*
respectively. The interface between both fluids at any time ¢ is a planar curve z( -, t). We will work in the
setting of horizontally periodic interfaces, although our results can be extended to the flat-at-infinity case.

A quantity that will play a major role in this paper is the Rayleigh—Taylor condition, which is defined as

RT(x,1) = —[Vp~(z(x, ) = Vp*(z(x,10)] - 8} 2(x, ),

where we use the convention (i, v)* = (—v, u). If RT(x, ) > 0 for all x € R, then we say that the curve
is in the Rayleigh—Taylor stable regime at time ¢, and if RT(x, #) <0 for some x € R, then we say that
the curve is in the Rayleigh—Taylor unstable regime.

MSC2010: primary 35Q35; secondary 35R35, 65G30, 76B03.
Keywords: Muskat problem, interface, incompressible fluid, porous media, Rayleigh—Taylor, computer-assisted.
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One can rewrite the system (1-1)—(1-3) in terms of the curve z = (z!, z?), obtaining
-+ L 1) — 2l (v. 1
P pP'V‘/z(x,) z(y, 1)

27T R|Z(x’t)_Z(y’t)|2
In the horizontally periodic case with z(x 4+ 27, t) = z(x, t) + (27, 0), the formula

0:z(x,t) = (0xz(x, 1) —dyz(y, 1)) dy. (1-4)

1 .y 1 2y
—cot= = — -
2% yJFZ V2 — (27n)?

n=1

can be used to show [Castro et al. 2012] that the velocity satisfies

o~ —pt sin(z!(x, 1) — 21 (y, 1)) (3x2(x, 1) — 3y2(y, 1))
4w Jy cosh(z*(x, 1) —z*(y, 1)) —cos(z! (x, 1) — 2! (¥, 1))
A simple calculation of the Rayleigh—Taylor condition in terms of z yields
RT(x,1) = (p~ = p")dez' (x,1).
When the interface is a graph, parametrized as z(x, t) = (x, f(x, t)), equation (1-4) becomes
——pT in(x — y)(d ,1)—0 ,t
o f.n="""" / sin(x —y) (@ f(x, 1) — 3y f (¥, 1)) (1-6)
4w Jy cosh(f (x, 1) — f(y,1)) —cos(x —y)

and the Rayleigh—Taylor condition simplifies to
RT(x,t)=p —p™.

The curve is now in the RT stable regime whenever p™ < p~; that is, the denser fluid is at the bottom.
From now on, we assume that p~ — p* = 47, which can be done after an appropriate scaling in time.

The Muskat problem has been studied in many works. A proof of local existence of classical solutions in
the Rayleigh—Taylor stable regime in H? and ill-posedness in the unstable regime appears in [C6rdoba and
Gancedo 2007]. See also [Constantin et al. 2016b] for an improvement on the regularity (to W>? spaces).
In the one-phase case (i.e., when one of the densities and permeabilities is zero) local existence in H?
was proved in [Cheng et al. 2016].

A maximum principle for ||9, f (-, t)]L~ can be found in [Cérdoba and Gancedo 2009]. Moreover, the
authors showed in [Cérdoba and Gancedo 2009] that if |0y fol | < 1, then [|0, f (-, £)] Lo < [|0x foll Lo
for all ¢ > 0. Further work has shown existence of finite-time turning [Castro et al. 2012] (i.e., the curve
ceases to be a graph in finite time and the Rayleigh—Taylor condition changes sign to negative somewhere
along the curve). The gap between these two results (i.e., the question whether the constant 1 is sharp or
not for guaranteeing global existence) is still an open question, and there is numerical evidence of data
with |9y foll Lo = 50 which turns over [Cérdoba et al. 2015].

As was demonstrated in [Castro et al. 2013], the curve may lose regularity after shifting from the stable
regime to the unstable regime. However, the possibility of it recoiling and returning to the stable regime
has not been excluded. The occurrence of this phenomenon is the main result of this note, Theorem 2.1.
(In Theorem 2.3 we also extend this to a proof of existence of the quadruple stability shift scenario
unstable — stable — unstable — stable — unstable.) In [Cdrdoba et al. 2015] we showed that there
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exist curves which undergo the unstable — stable — unstable transition, so this settles the question about
existence of double stability shift scenarios in both directions. We stress that existence of the stable —
unstable — stable scenario is in fact by no means expected, as well as considerably more challenging to
establish than the unstable — stable — unstable one.

More general models, which take into account finite depth or nonconstant permeability, and which
also exhibit (single) turning were studied in [Berselli et al. 2014; Gémez-Serrano and Granero-Belinchén
2014]. The estimates in [GOmez-Serrano and Granero-Belinch6n 2014] were carried out by rigorous
computer-assisted methods, as opposed to the traditional pencil and paper ones in [Berselli et al. 2014].

Concerning global existence, the first proof for small initial data was carried out in [Siegel et al. 2004] in
the case where the fluids have different viscosities and the same densities (see also [Cordoba and Gancedo
2007] for the setting of the present paper — different densities and the same viscosities — and also [Cheng
et al. 2016] for the general case). Global existence for medium-sized initial data was established in
[Constantin et al. 2013; 2016a]. In the case where surface tension is taken into account, global existence
was shown in [Escher and Matioc 2011; Friedman and Tao 2003]. Global existence for the confined case
was treated in [Granero-Belinch6n 2014]. A blow-up criterion was found in [Constantin et al. 2016b].

Recent advances in computing power have made possible rigorous computer-assisted proofs. Of course,
floating-point operations can result in numerical errors, and we will employ interval arithmetics to deal
with this issue. Instead of working with arbitrary real numbers, we perform computations over intervals
which have representable numbers as endpoints. On these objects, an arithmetic is defined in such a way
that we are guaranteed that for every x € X,y €Y,

xxyeXxY

for any operation *. For example,

[x, X]+ [y, YI=[x+y, X+,

[x, %] x [y, y] = [min{xy, x¥, Xy, ¥¥}, max{xy, x¥, ¥y, ¥7}].
We can also define the interval version of a function f(X) as an interval I that satisfies that for every
x € X, we have f(x) € I. Rigorous computation of integrals has been theoretically developed since the
seminal works of Moore and many others (see [Berz and Makino 1999; Kriamer and Wedner 1996; Lang
2001; Moore 1979; Tucker 2011] for just a small sample). For readability purposes, instead of writing
the intervals as, for instance, [123456, 123789], we will sometimes instead refer to them as 123‘7‘?58.

This note is organized as follows. In Section 2 we prove Theorems 2.1 and 2.3, and in Section 3

we provide technical details regarding the performance and implementation of the computations. The
appendix, found in an online supplement, contains a detailed derivation and enumeration of all the
necessary integrals which have to be rigorously computed, their enclosures, and the performance of the
computations.

2. The main result

The following theorem is the main result of this paper (see also Theorem 2.3 below).
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1.5

Figure 1. The curve z.(x, 0) from Lemma 2.2 with A(e) = 1.08050. Inset: closeup
around x = 0. Thick curve: ¢ = 107, thin curve: ¢ = 0. We remark that both curves are
indistinguishable at the larger scale.

Theorem 2.1. There exist T > v > 0 and a spatially analytic solution z to (1-5) on the time interval
[—T, T] such that z( - , t) is a graph of a smooth function of x when |t| € [T — vy, T] (i.e., z is in the stable
regime near t = £T) but z( -, t) is not a graph of a function of x when |t| <y (i.e., z is in the unstable
regime near t = 0).

The intuition behind this result comes from the numerical experiments which were started in [Cérdoba
et al. 2015]. These suggested existence of curves which are (barely) in the unstable regime, and such that
the evolution both forward and backwards in time transports them into the stable regime. (We note that
neither the velocity nor any other quantity was observed to become degenerate in these experiments). We
remark that this behavior is purely nonlinear and thus nonlinear effects may dominate the linear ones
under certain conditions. The following lemma constructs a family of such curves (see Figure 1).

Lemma 2.2. Let ¢ > 0 and consider the initial curve z;(x, 0) = (z; (x,0), z? (x,0)), with
zi(x, 0) =x —sin(x) —esin(x) and zg(x, 0) = A(e) sin(2x).
(1) For any ¢ € [0, 107°], there exists A(e) € (1.08050, 1.08055) such that if ze solves (1-5) with initial

data z¢(x, 0), then
3,0,2.(0,0)=0.

(2) There are T > 0 and C > 1, independent of ¢, such that for any ¢ € |0, 10=°] and A(e) from (1),
there is a unique analytic solution z, of (1-5) on the time interval (—T, T) with initial data z.(x, 0),
and it satisfies

019,24 (0, 0) > 30, (2-1)
as well as
10,02, (x, )] 4 10:072¢ (x, 1) + 187072, (x, )] + 18] 0x 2, (x, )] < C (2-2)
foreach (x,t) e T x (=T, T).
Proof. The proofs of (1) and (2-1) are computer-assisted, and the codes can be found in the online
supplement.
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Let us start with (1). Since 0, sz; (0, 0) (i.e., the spatial derivative of the first coordinate of the right-
hand side of (1-5) at (x, t) = (0, 0)) is a continuous function of A(¢), it suffices to show that the signs of
0y ang (0, 0) for A(e) = 1.08050 and for A(e) = 1.08055 are different for each ¢ € [0, 10°]. This holds
because for each such ¢ we obtain the bounds

3,0,21(0,0) €0.0009)  for A(e) = 1.08050,

1 28 (2-3)
0,0x2,(0,0) € —0.000g; for A(e) = 1.08055.

Existence and uniqueness of the solution z. in (2) follows directly from the proof of Theorem 5.1 in
[Castro et al. 2012], which proves local well-posedness for (1-5) in the class of analytic functions of x.
The time 7' > 0 is then uniform in all small ¢ (and sup, ||8)'§z8( -, 1)]| e is also uniformly bounded for
each k) because the same is true for all the estimates in that proof.

Then (2-1) follows by taking A(e) = [1.08050, 1.08055] (the full interval, since we do not know A(e)
explicitly) and propagating this interval in the relevant computations. Specifically, we obtain

319,21 (0, 0) € [38.706, 48.787].
The proof of Theorem 5.1 in [Castro et al. 2012] shows that the chord-arc constant

sup |yl
x,y€T, y£0 |ze(x, 1) — zg(x — y, 1)]

(where T = [—m, 7] with £7 identified) is bounded uniformly in all €, ¢ under consideration (provided
T > 0 is small enough). Thus there is D < oo such that

1 D

<
cosh(z2(x, 1) —z2(x — y, 1)) —cos(zl(x, 1) —zl(x — y, 1)) | — ¥?

for all these ¢, ¢ and all x, y € T. This allows us to obtain (2-2) by brute force, differentiating and
estimating all the resulting terms separately. The most singular term in 9,0y zi x,0)(j=1,3)is

/ sin(z (x, 1) — 2l (e =y, )@ T e ) — 8T 2 (e — v, 1) 4
1 cosh(z2(x, 1) —z2(x — y, 1)) —cos(z}(x, 1) —z}(x — y, 1))

y <2x D3Iz (- )|l < C

for some C which is uniform in ¢ due to the above-mentioned uniform bounds on ||8)’§z8( <, )| L.
Analogously, the most singular term in 3292z (x, #) is given by

/ sin(zg (¥, 1) = 2 (x =, 0)) (8,872, (x, 1) = 8,97z, (x — y, 1))
-

dy <27 D|8,0%z} (-, )|l 1,
COSh(Zg(x’t)_Zg(x_y’t))_COS(Zé(x7t)_Z;(x_yvt)) y==r || ' XZS( )”L

and the last term can be bounded by a uniform C in the same way as 0o, agz; (x, t). Finally, the most
singular term in 929,z! (x, 1) is

/ sin(z}(x, 1) — z (x — y, )32z} (x, 1) — 3202z} (x — y, 1))
.

dy <27 D||3?83zL (-, 1) 1,
cosh(zZ(x, 1) — z2(x — y, 1)) —cos(z} (x, 1) — z} (x — y, 1)) y =2m D978z (- Dlie

which is bounded by a uniform C in the same way as 9>

the uniformly bounded quantity [|37z}(-, #)||z). O

32z} (x, ) (with the bound this time involving
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Proof of Theorem 2.1. Let T, C be from Lemma 2.2. Then (2-2) shows that for any small enough ¢ > 0
and any |t| < /¢ and |x| € [2C"/2e!/4, 7] we have 9,z (x, t) > 0. Indeed, this is because

1—(1+¢)cos2C'?e™y—C /e >0

when ¢ > 0 is small (since C is fixed).
Next let |#] < /¢ and |x| <2C'/?¢!/*. Then there are |x|, |x*| < |x| and |t*| < \/& such that

dezi(x, 1) =8,z) (x, 0) +19,0x 24 (x, 0) + 31207 0x 20 (x, 0) + 270, Dy 20 (x, %)
= —ecos(x) + [1 —cos(x)] +1[3,dx25 (0, 0) +x3,8522 (0, 0) + $x28,8;z1 (x*, 0)]
+ 312[870:22(0, 0) +x8707 2, (x™, 0)] + 21797 0,2} (x, 1)
> —e+x(3 = 5Cltl) + (15 = 3Clx| = 5Cle),

where we used the estimates from Lemma 2.2 and also that 3,32z1(0, 0) = 0 by oddness of z.. Since
|t] < /€ and |x| < 2C'/2¢!/4, taking small enough & > 0 now yields d,z.(x, t) > 14t — & > 0 for all
|t] € [34/7, /€] and |x| <2C'/2¢!/*. The theorem then follows with z =z,, T = /&, and y = £/(2C)
for such ¢ (here we also used (2-2) and 8)61; 0,0) = —e¢). O

We next show that our approach allows for the proof of existence of solutions which exhibit even more
complicated stability shifting. We will construct a solution with an unstable — stable — unstable —
stable — unstable stability regime profile.

We start by noticing that it suffices to consider solutions to (1-4) with periodicity of the form

Z(x +8Nm,t) =z(x,t)+ (8N, 0)

for some integer N > 1, because then Z(x, 1) = 1/(4N)z(4Nx,4Nt) also solves (1-4) and z(x +2x, 1) =
Z(x, 1)+ (2w, 0). Our initial data will be a perturbation of the 8 N -periodic extension of the odd function

2(x,0) = Za0) () x10,n21(IX ) + 21.08055(X) X (N, 3871 (IX]) + Z1.08050 (X) X 3Nz 4N 71 (1X 1), (2-4)

with zp(x) = (x —sinx, B sin(2x)) and A(0) € (1.08050, 1.08055) from Lemma 2.2. If N is large, the
estimates from the lemma and its proof show that at time r = 0, the corresponding solution wants to make
the shifts stable — unstable — stable at x = 0, stable — unstable at |x| = 2N, and unstable — stable
at |[x| =4Nm. An appropriate perturbation of this initial data, which makes the unstable phase of the
first shift last a positive length of time, delays the second shift, and brings the third shift forward in time,
would then achieve our goal.

We will also need this perturbation to resolve some other issues. Specifically, the initial condition
must be analytic so that we can solve the PDE both forward and backward in time, and the solution must
remain stable near x = 2nm for any integer n with |n| € (0, 2N) \ {N} (note that the tangent to z( -, 0) is
vertical at these points). For any large N we therefore let

By, a(x)
=[A+(1.08055—A)¢ (|x|—N7) ] x10,3571(|x ) +[1.08050+0.00005¢ BN 7 +1—|x|) | x 3N an1 (XD,
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1.08055

1.08052 +
1.0805
—A4NT —2Nﬂ 0 ZNn AN
X

Figure 2. By s(x) for A =1.08052.

with A € [1.08050, 1.08055] and 0 < ¢ < 1 smooth such that ¢(y) =0 for y <0 and ¢(y) =1 for y > 1,
and we extend By, 4 to R periodically (with period 8 N). See Figure 2 for a depiction of By 4(x). Next
we let §, be the delta function at y € R, and define the 8 N -periodic odd functions

Zn.A(x) = (x —sinx, By 4(x) sin(2x))

and
N Arac(,0) =P xZya+ Py % (aBn,o+ cBnong + cBn,—onz + BN anx, 0),
with
P.(x) = 1 r
)= 7w x24r?

the Poisson kernel for the half-plane (note that P, x Idg = Idg) and By, ,(x) = By (x — y), where By is
the (unique and 8 N ir-periodic) primitive of

1
% - Z 88N7m

nez

which has ffiv;ﬂ By (x)dx = 0. This and the smoothness of ¢ means zy 4 ,4.c(-,0) can be extended

analytically to the strip S, = R x [—r, ] and this extension satisfies for each k > 0,
sup 105 2N 4 e (- +i8, 0|z < 00.

N>1, A€[1.08050,1.08055]
r.a,cel0,1/2], |¢|<r

Before we continue, let us discuss the different components of the function zy 4 r.q.c(-, 0). First, Zy 4
is just a smooth version of the function from (2-4), and we convolve it with P, because we need the
initial condition to be analytic. Since BXZ}V’ 4 = 0, this yields 9,zn,4,r,a,c(+,0) > 0 for any r > 0. That
would mean that for a short (positive and negative) time, the solution would remain stable everywhere —
in particular, near x = 2n for any integer n with |n| € (0, 2N) \ {N} as we want (see above). However,
we do not want this to be the case near x € 2N Z, which is where the term P; * (- - -) comes in. It is
analytic and we will choose a, ¢ to be close to the unique ay , > 0 such that (2-9) and (2-10) below
hold. In fact, we will have a = ay, — 8 and ¢ = ay,, — € for some small 0 < § ~3¢/(8N — 1) K< 1,
chosen so that sz}v’A’,’a’c(x, 0) > 0 forx € 2NnZ \ SN Z and (2-12) holds. We will then finally
choose A = Ay 5. € (1.08050, 1.08055) so that (2-11) also holds, and all this will ensure that zy A .4.c
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undergoes the stability shifts described after (2-4). We note that we will first have to choose N large and
r > 0 small so that (2-5), (2-6), and (2-8) below hold for all a, ¢ &~ ay, (which is small if r is). This will
then specify ay,,, after which sufficiently small ¢, § will be chosen and they will determine Ay, 5.¢.
The proof of Theorem 5.1 in [Castro et al. 2012] shows that for each r > 0 there is 7, (depending only
on r) such that (1-4) has a unique analytic solution zy 4 4. On the time interval (-7, 7,) with initial
condition zy A rq.c(-, 0) (moreover, 0;Zn, 4 r.q.c 1S also analytic), and this satisfies for each k > 0,
sup (195 2N A e DIl + 182N 4 ra.c (. DllLe) < 00.

N=>1, A€[1.08050,1.08055]
r,a,cel0,1/2], [t|<T,

Below we always consider A € [1.08050, 1.08055] and r, a, ¢ € [0, 1].
This means that the bound (2-2) extends to each zy 4 4. and (x, 1) € R x (=T, T;) (where Ty = 0),
with a uniform C. We also have

0 0xZN A rac@NT, 00> 107" and 332y 5,40 (F2N7, 0) < —107°, (2-5)

as well as
010x2y, 1 08050,r0,c(0: 0) 2 1070 and 31852y 1 80s5,1,4,0 (0. 0) < —107°, (2-6)
both when N~! +r 4+ a + ¢ is small enough. This follows from the bounds (2-3) and from
10528, A rae (-, 0) = 5Zn allLoyy >0  as N '+r+a+c—0 (2-7)
for each k, where Iy =J,.;(2Nnn — N,2Nmn+ N). Similarly, (2-2) and (2-7) also prove
1052 4 r.a.c(0,0) =20 (2-8)

for small enough N~! 4+ +a + ¢. Fix now N so that (2-5), (2-6), and (2-8) hold for all small enough
r+a-+c.

We next notice that for each r > 0 we have axz}\,’ A,r,0,0(x) =1 — (P, xcos)(x), which is a 2 -periodic
function with a positive minimum at x = 0 (independent of N, A). Thus there is a unique ay , > 0 (small
if » > 0 is small) such that

TN A ran,.an, CNTN,0) =0 (2-9)
for each n € Z, and
0xZN. A r.an, an, X2 0) >0 (2-10)

for x ¢ 2NnZ. Finally, for any 8, € € [0, an,,) let Ay 5 . € (1.08050, 1.08055) be such that

at axZ}vsAN,r,B,SsrsaN‘r_‘SvaN,r_8 (0’ 0) = 0’ (2_1 1)

which exists due to (2-6) and the continuity of o; 8xz11v’ Aty —8.ay,—e (0,0)in A.

For the sake of simplicity of notation, define z = 2y, Ay, 4, .r.ay,—8.ay,—e- We NOW let r > 0 be small
enough, and then pick 8, ¢ € (0, ay) small enough (we will need ¢ <« 10~°7,, see below) such that

2

0<-8:2'0,0 <[5 min_ d:z'@Nn,0)],

2-12
C ne{-1,1,2) ( )
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with C the constant from (2-2) for zy 4 r.q4.c- (Thatis, ¢ > 0 is chosen small and § slightly smaller than
the value that makes 3,z' (0, 0) = O for this &, which means that

3e £
= -0 —=);
8N —1 N2

moreover, then all three values inside the min are & ¢ /7.) Then we claim that this z is the desired solution.

Indeed, 8,z'(0, t) < O for all small enough |¢| and the argument from the proof of Theorem 2.1 shows
that 8,z'(x, 1) > 0 for all x € R when

&
10,20, 0)|"? < |t < —.
Crn
Finally, (2-5) and a uniform bound on 979,z 4 ,., . (obtained similarly to (2-2)) show that
3z (4Nm, —1) <0 and 9,z'(£2Nm, 1) <0

for all r = 10% if &€ « 107°7} is small enough (because 9,z (4N, 0) ~ ¢/ ~ 3,z (£2N 7, 0)).
We thus proved the following result.

Theorem 2.3. There exist T > T' >y > 0 and a spatially analytic solution z to (1-5) on the time interval
[—T, T such that z( -, t) is a graph of a smooth function of x when |t| € [T —y, T+ y]but z(-,t) is
not a graph of a function of x when |t| € [0, y]U[T —y, T].

3. Technical details of the numerical implementation

In this section, we give some technical details of the implementation of the computer-assisted part of
the proof of Lemma 2.2. In order to perform the rigorous computations we used the C-XSC library
[Hofschuster and Krdamer 2004]. We refer the reader to the appendices, found in the online supplement,
to see a detailed expression of the integral terms involved in the calculations. For the sake of readability,
we kept the same names for the integrals in the paper and in the code. The code can also be found in the
online supplement.

The implementation is split into several files, and many of the headers of the functions (such as the
integration methods) contain pointers to functions (the integrands) so that they can be reused for an
arbitrary number of integrals with minimal changes and easy and safe debugging. For the sake of clarity,
and at the cost of numerical performance and duplicity in the code, we decided to treat many simple
integrals instead of a single big one.

We start discussing the details of the first part of Lemma 2.2, corresponding to the one-dimensional
integrals. The three integrals can be found in Appendix A. We split them into two parts: a nonsingular
one over the interval [§, ] and a singular one over the interval [0, §]. The nonsingular part is calculated
using a Gauss—Legendre quadrature of order 2, given by

b b—a(_ (b—a~3 b+ta b—a~3 b+a 1 s 4
faf(n)dne 5 (f( >3 T3 )+f<— >3 T3 )>+4320(b—a)f([a,b]).

Moreover, the integration is done in an adaptive way. For each region, we accepted or rejected the result

depending on the width in an absolute and a relative way. It is important to notice that because of the


http://msp.org/apde/2017/10-2/apde-v10-n2-x05-supplement.zip
http://msp.org/apde/2017/10-2/apde-v10-n2-x05-supplement.zip
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uncertainty in & and/or overestimation, division by zero might occur, even in small integration intervals.
We used § =22 and tolerances AbsTol and Re1Tol equal to 107,

In the singular region, the singularity around y = 0 is integrable; hence the integral is finite. We
performed a Taylor expansion around y = 0 in both the numerator and denominator (resp. of orders 2,
2 and 4 for A;, A and A3), simplified the powers of y and then integrated. Potentially this could fail
because the uncertainty in the parameters or overestimation could yield a Taylor series in which 0 belongs
to the coefficient of the first nonsimplified power of the denominator. Whenever this happens, we try to
integrate instead using a Gauss—Legendre quadrature of order 2.

The maximum number of subdivision levels was 18 (2'® intervals) for the bounded region and 12
(22 intervals) for the singular one. The splitting of the intervals is done in an arithmetic way; i.e, we split
an integration interval [a, b] into [a, %(a + b)] and [%(a +b), b].

In the second part of Lemma 2.2 we have to deal with 41 two-dimensional integrals (see Appendix B
for a detailed list of them and their derivation). The first step is to exploit the symmetry of the integrands
in (y, z)-variables to integrate only over the region [0, 7] x [—m, 7 ]. We will distinguish four different
regions labeled in the following way: nonsingular ([§, 7] x [§, w]) U ([8, =] X [—m, —8]), singular-
first-coordinate ([0, §] x [§, w]) U ([0, 6] x [—m, —&]), singular-second-coordinate [§, w] x [—§, 6] and
singular-center [0, 6] x [—3, §].

The nonsingular region was integrated as before, using a 2D Gauss—Legendre quadrature of order 2. The
singular-center region was integrated in the following way. Assuming sign(a) = sign(b), sign(c) =sign(d)
and that we expand up to orders num_y, den_y, num_z, den_z:

/ /d Num(y Z) d / / num y'num z! ;umiya?um*ZNum(A, B)ynumfyznumfz
€

dydz
Den(y Z) 8den_yagen_zDen(A’ B)yden,yzden,z y

den_y!den_z! y'den Z!

1 den_y!den_z!

- T+ num_y —den_y 1 4+num_z — den_z num_y!num_z!
dy " oMM<Num(A, B)

35" %" “Den(A, B)

z=d | y=b

1+num_y—den_y z 14+num_z—den_z

k)

=c ly=a

where A is the convex hull of {0, a, b} and B is the convex hull of {0, ¢, d}. For the singular-first-coordinate
and singular-second-coordinate regions the same procedure was applied taking num_z = den_z = 0,
B =|[c,d] and num_y =den_y =0, A = [a, b] respectively. A detailed list of the orders of each of the
integrals can be found in Table 1 in Appendix C. Whenever the Taylor-based formulas failed because of 0
being enclosed in the denominator terms, we tried to integrate using 2D Gauss—Legendre of order 2.

In this two-dimensional setting, we used a geometric splitting (in both coordinates) in the nonsingular
region, arithmetic in the singular-center and singular-first-coordinate and hybrid in the singular-second-
coordinate (see below). The geometric splitting consists in splitting by the geometric mean as opposed
to the arithmetic one (i.e., assuming a and b have the same sign and are nonzero, we split [a, b] into
la, Jab sign(a)] and [\/E sign(a), b]). While the arithmetic division minimizes the length of the longest
piece after the division, the geometric one minimizes the piece with the biggest ratio between its endpoints.
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This can be particularly useful in many cases: for example in order to avoid divisions by zero for integrands
of the type 1/(y — A sin(y)), which is a simplified version of some of the denominators that appear in all
the terms. Detailed results of the breakdown by region and by term can be found in Table 2 of Appendix C.

We chose 8§ = 27>, and AbsTol and RelTol equal to 107 We changed the number of maximum
subdivision levels depending on the region and (possibly) depending on the terms. For the nonsingular
region, the maximum number was 10 (220 intervals). In the singular-first-coordinate, the maximum
number of subdivisions was 8 (2!6 intervals), and that number was also used in the singular-center region.
The singular-second-coordinate region was treated differently: all terms other than Bs; and Bss were
further split into three subregions: [, 0.65] x[—§, &], [0.65, 0.95] x[—4, §] and [0.95, w] x[—4, §] and
setting the maximum number of subdivisions to 9 in each subregion. The first and second subregions
were computed using arithmetic splitting, whereas the third one was split geometrically only in the first
coordinate, and arithmetically in the second.

The singular-second-coordinate regions of the terms Bs; and Bss are highly singular because of
the cubic denominators and they required special precision. They were subdivided into six subre-
gions: namely [§, 0.325]x[—§, §], [0.325, 0.65]x[—6, 8], [0.65, 0.775]x[-4, 8], [0.775, 0.95]x[—$, &1,
[0.95, 1.5]x[—4, 8] and [1.5, w]x[—§, 6]. The maximum number of subdivisions was 10 in each subregion.
The last two subregions were split geometrically in the first coordinate, arithmetically in the second. The
other four subregions were split arithmetically in each of the coordinates.

The simulations were run on the NewComp cluster at Princeton University. Each of the programs was
run on a core of 2 Xeon X5680 CPUs (6 cores each, 12 in total) at 3.33 GHz and 8 GB of RAM. The total
runtime was about 3.5 min for the first part of Lemma 2.2. For the second part, the different runtimes are
summarized in Table 3 of Appendix C.
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