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OPERATORS OF SUBPRINCIPAL TYPE

NILS DENCKER

In this paper we consider the solvability of pseudodifferential operators when the principal symbol vanishes
of at least second order at a nonradial involutive manifold ¥,. We shall assume that the subprincipal
symbol is of principal type with Hamilton vector field tangent to X, at the characteristics, but transversal
to the symplectic leaves of ¥,. We shall also assume that the subprincipal symbol is essentially constant
on the leaves of X, and does not satisfying the Nirenberg—Treves condition (W) on X,. In the case when
the sign change is of infinite order, we also need a condition on the rate of vanishing of both the Hessian
of the principal symbol and the complex part of the gradient of the subprincipal symbol compared with
the subprincipal symbol. Under these conditions, we prove that P is not solvable.

1. Introduction

We will consider the solvability for a classical pseudodifferential operator P € W (M) on a C* manifold M.

This means that P has an expansion p,, 4+ pu_1 + - - -, where p; € S¥

hom 18 homogeneous of degree k for

all k, and p,, = o (P) is the principal symbol of the operator. A pseudodifferential operator is said to
be of principal type if the Hamilton vector field H,, of the principal symbol does not have the radial
direction & - 9 on p,1(0), in particular H »n 7 0. We shall consider the case when the principal symbol
vanishes of at least second order at an involutive manifold X,; then P is not of principal type.

P is locally solvable at a compact set K C M if the equation

Pu=v (1-1)

has a local solution # € D' (M) in a neighborhood of K for any v € C°°(M) in a set of finite codimension.
We can also define microlocal solvability of P at any compactly based cone K C T*M; see Definition 2.6.

For pseudodifferential operators of principal type, it is known [Dencker 2006; Hormander 1981] that
local solvability is equivalent to condition (W) on the principal symbol, which means that

Imap,, does not change sign from — to + along the oriented bicharacteristics of Re ap,, (1-2)

for any 0 #£ a € C*°(T*M). The oriented bicharacteristics are the positive flow-out of the Hamilton vector
field HReqp,, # 0 on which Re ap,, = 0; these are also called semibicharacteristics of p,,. Condition (1-2)
is invariant under multiplication of p,, with nonvanishing factors, and symplectic changes of variables;
thus it is invariant under conjugation of P with elliptic Fourier integral operators. Observe that the sign
changes in (1-2) are reversed when taking adjoints, and that it suffices to check (1-2) for some a # 0 for
which Hgeqp # 0, according to [Hormander 1985b, Theorem 26.4.12].
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For operators which are not of principal type, the situation is more complicated and the solvability
may depend on the lower-order terms. When the set X, where the principal symbol vanishes of second
order, is involutive, the subprincipal symbol og,,(P) = p,,—1 is invariantly defined at ¥,. In fact, on X,
it is equal to the refined principal symbol; see [Hormander 1985a, Theorem 18.1.33].

In the case where the principal symbol is real and vanishes of at least second order at the involutive
manifold, there are several results, mostly in the case when the principal symbol is a product of real
symbols of principal type. Then the operator is not solvable if the imaginary part of the subprincipal
symbol has a sign change of finite order on a bicharacteristic of one the factors of the principal symbol;
see [Egorov 1977; Popivanov 1974; Wenston 1977; 1978].

This necessary condition for solvability has been extended to some cases when the principal symbol is
real and vanishes of second order at the involutive manifold. The conditions for solvability then involve
the sign changes of the imaginary part of the subprincipal symbol on the limits of bicharacteristics from
outside the manifold, thus on the leaves of the symplectic foliation of the manifold; see [Mendoza and
Uhlmann 1983; 1984; Mendoza 1984; Yamasaki 1983]. This has been extended to more general limit
bicharacteristics of real principal symbols in [Dencker 2016].

When X, is not involutive, there are examples where the operator is solvable for any lower-order
terms. For example when P is effectively hyperbolic, then even the Cauchy problem is solvable for any
lower-order term; see [Hormander 1977; Nishitani 2004]. There are also results in the cases when the
principal symbol is a product of principal-type symbols not satisfying condition (¥); see [Cardoso and
Treves 1974; Gilioli and Treves 1974; Goldman 1975; Treves 1973; Yamasaki 1980].

In the present paper, we shall consider the case when the principal symbol (not necessarily real-
valued) vanishes of at least second order at a nonradial involutive manifold ¥,. We shall assume that
the subprincipal symbol is of principal type with Hamilton vector field tangent to X, at the charac-
teristics, but transversal to the symplectic leaves of X,. We shall also assume that the subprincipal
symbol is essentially constant on the symplectic leaves of 3, by (2-8), and does not satisfy condition
(\W); see Definition 2.4. In the case when the sign change is of infinite order, we will need a con-
dition on the rate of vanishing of both the Hessian of the principal symbol and the complex part of
the gradient of the subprincipal symbol on the semibicharacteristic of the subprincipal symbol; see
condition (2-11). Under these conditions, P is not solvable in a neighborhood of the semibichar-
acteristic; see Theorem 2.7, which is the main result of the paper. In this case P is an evolution
operator; see [Colombini et al. 2003; 2010] for some earlier results on the solvability of evolution
operators.

2. Statement of results

Leto(P)=peS"

hom D€ the homogeneous principal symbol. We shall assume that

o (P) vanishes of at least second order at X5, 2-1)

where

3, is a nonradial involutive manifold. (2-2)
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Here nonradial means that the radial direction (£, 0¢) is not in the span of the Hamilton vector fields
of the manifold, i.e., not equal to Hy on X, for some f € C' vanishing at £,. Then by a change of
homogeneous symplectic coordinates we may assume that

T ={=0}, &=, &) eR xR"* (2-3)

for some k > 0; this can be achieved by conjugation by elliptic Fourier integral operators. If P is of
principal type near X, then, since solvability is an open property, we find that a necessary condition for P
to be solvable at ¥, is that condition (W) for the principal symbol is satisfied in some neighborhood of 3.
Naturally, this condition is empty on X,, where we instead need some conditions on the subprincipal
symbol

Ps=Pu-1+% D 00 p, (2-4)
j
which is equal to p,,—; on X, and invariantly defined as a function on 3, under symplectic changes of
coordinates and conjugation with elliptic pseudodifferential operators. (In the Weyl quantization, the
subprincipal symbol is equal to p,,—;.) When composing P with an elliptic pseudodifferential operator C,
the value of the subprincipal symbol of CP is equal to cp; + %i H,c=cp;, at X5, where c =0 (C). Observe
that the subprincipal symbol is complexly conjugated when taking the adjoint of the operator.
Let TX§ be the symplectic polar to 7' %5, which spans the symplectic leaves of X,. If X = {§' = 0}
and x = (x’, x”) € R¥ x R"7*, then the leaves are spanned by 9. Let

T°%,=T%,/TX5, (2-5)
which is a symplectic space over X,, which in these coordinates is given by
T %, = {((x0, 0, &)): (0,¥”,0,7) : (v", n") € T*R"*}. (2-6)

Next, we are going to study the Hamilton vector field H,,, , at X,. If H, | C T, at X, then we find
that dp; vanishes on T X5 so dp; is well defined on T° X,. In fact, p; = p,,—1 on X so if we choose

coordinates so that (2-3) holds, then H,, _, C T % is equivalent to

m—1
H,, & =—0ypu_1=—0vp;=0 when& =0, (2-7)

which is invariant under multiplication with nonvanishing factors when p; = 0. Let H, be the Hamilton
vector field of pg with respect the symplectic structure on the symplectic manifold 77 X,. In the chosen
coordinates we have

HI’x = 85”17‘? Oy — ax”ps agu

modulo 9y, which is nonvanishing if d,¢» p; # 0. Since p; = p,,—1 on X, the difference between H),,
and H), is tangent to the leaves of X,. Actually, since the subprincipal symbol is only well defined on X,
the vector field H), is only well defined up to terms tangent to the leaves.

Because of that, we would need that the subprincipal symbol p; is constant on the leaves of X,, but
that condition is not invariant under multiplication with nonvanishing factors when p; # 0. Instead we
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shall use the invariant condition
|dps|7L| < Colpsl (2-8)

for any leaf L of 3,. Then p; is constant on the leaves modulo nonvanishing factors, according to the
following lemma.

Lemma 2.1. If dpg|rex, # 0, then condition (2-8) is equivalent to the fact that py is constant on the
leaves of X, after multiplication with a smooth nonvanishing factor. Thus, if X, = {&€' = 0} then (2-8)
gives pg(x,0,E") =c(x, Mg (x", ") with0 #£ ¢ € C*.

Proof. Choose coordinates so that ¥, = {§¢' = 0}. If p; # 0 at a point wg € X; then (2-8) gives that
dy log ps is uniformly bounded near wg, where log p; is a branch of the complex logarithm. Thus, by
integrating with respect to x” in a simply connected neighborhood starting at x” = x(;, we find that

ps(x,0,&") =c(x, Mg (x", "), (2-9)

where g (x”, £") = py(x{, x”,0,£") € C*, 50 0 # ¢ € C* satisfies c(x(, x”, £”) = 1. When p; =0 we
find that d Re zps|7o5, # 0 for some z € C\ {0} by assumption. Thus we obtain locally that

ps(x,0,8") = cx(x, E")gqe(x",§") on Sy ={£Rezp;(x,0,&") > 0},

where g+ (x", ") = py(x(, x”,0,8"), 0 # c+ € C* and c+(x), x”, ") =1 on S+. Then we find that
p; 1(0) is independent of x” and

8% 90+ (x" ") = 9%,0L, po(x(. x", 0, ") Vo, B, on S,

so by taking the limit at S = {Rezp; = 0}, we find that the functions g4 extend to g € C*. Since
c+q =c_q = ps at S, we find that c; = c_ at S when g # 0. When ¢ = 0 at S, we may differentiate
in the normal direction of S to obtain c_d,q = ¢4 d,¢, and since d,g # 0, the functions c+ extend to a
continuous function c. By differentiating and taking the limit, we find that

Ve_qg+c¢Vg=Vp;=Vciqg+cVg ats,

which similarly gives that Vc_ = Ve, at S, so ¢ € C!. By repeatedly differentiating c1q, we find by
induction that ¢ € C*, so we get smooth quotients ¢ and ¢ in (2-9). O

Now, a semibicharacteristic of p; will be a bicharacteristic of Reap; on T? ¥,, where C*° 3 a # 0,
with the natural orientation. Observe that condition (2-7) is only invariant under multiplication with
nonvanishing factors when p; = 0.

Definition 2.2. We say that the operator P is of subprincipal type if, when p; = 0 on X5, the following
hOld Hp,7171 |EZ g TZZ’

dpslros, # 0, (2-10)
and the corresponding Hamilton vector field H), of (2-10) does not have the radial direction. We call

H, the subprincipal Hamilton vector field and the (semi)bicharacteristics are called the subprincipal
(semi)bicharacteristics on 2.
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Clearly, if (2-3) holds, then the condition that the Hamilton vector field does not have the radial
direction means that 9z p; # 0 or 9, ps Y €” when p;, =0 on Xy = {§' = 0}.

In the case when the principal symbol p is real, a necessary condition for solvability of the operator
is that the imaginary part of the subprincipal symbol does not change sign from — to + when going in
the positive direction on a C* limit of normalized bicharacteristics of the principal symbol p at X;; see
[Dencker 2016]. When p vanishes of exactly second order on ¥, = {£’ = 0}, such limit bicharacteristics
are tangent to the leaves of X,. In fact, then Taylor’s formula gives H, = (B&’, d,/) + O(|&’ 1), where
B # 0, so the normalized Hamilton vector fields have limits that are tangent to the leaves. When the
principal symbol is proportional to a real-valued symbol, this gives examples of nonsolvability when the
subprincipal symbol is not constant on the leaves of ¥,. Thus condition (2-8) is natural if there are no
other conditions on the principal symbol.

Remark 2.3. If p; is real-valued, then by the proof of Lemma 2.1 it follows from (2-8) that p, has
constant sign on the leaves of ,, since then ¢ > 0 in (2-9).

Definition 2.4. We say that P satisfies condition Sub(W) if Im ap, does not change sign from — to +
when going in the positive direction on the subprincipal bicharacteristics of Re ap; for any 0 # a € C*.

Thus, condition Sub(W) is condition (W) given by (1-2) on the subprincipal symbol p,. Observe that
since py is only defined on X, the Hamilton vector field H,, is only well defined in 7° X, =T %, /T X5
thus it is well defined modulo 9,.. But if (2-8) holds then we find that Sub(W¥) is a condition on pjg
with respect to the symplectic structure of 77 X,. In fact, by the invariance of condition (V) given by
[Hormander 1985b, Lemma 26.4.10], condition Sub(¥) holds for any a # 0 such that Hge oy, # 0, so we
may assume by Lemma 2.1 that p; is constant on the leaves of X.

Since condition Sub(W¥) is invariant under symplectic changes of variables and multiplication with
nonvanishing functions, it is invariant under conjugation of the operator by elliptic Fourier integral
operators. Observe that the sign change is reversed when taking the adjoint of the operator.

Recall that the Hessian of the principal symbol Hess p is the quadratic form given by 32 p at X, which
is defined on the normal bundle N3, since it vanishes on T X;. By the calculus, Hess p is invariant,
modulo nonvanishing smooth factors, under symplectic changes of variables and multiplication of P with
elliptic pseudodifferential operators.

Next, we assume that condition Sub(W) is not satisfied on a semibicharacteristic I' of p;; that is,
Imap, changes sign from — to + on the positive flow-out of Hgeqp, 7 0 for some 0 # a € C*°. Now
if the sign change is not of finite order, we shall also need an extra condition on the rate of vanishing
of both the Hessian of the principal symbol and the complex part of the gradient of the subprincipal
symbol on the subprincipal semibicharacteristic. Then, we shall assume that there exists C > 0, ¢ > 0
and 0 # a € C™ so that d Re ap;|rs, # 0 and

|Hess p|| + |dps Adps| < C|ps|® when Reapy =0 on X, 2-11)

near I". Since (2-11) also holds for smaller ¢ and larger C, it is no restriction to assume ¢ < 1. The
motivation for (2-11) is to prevent the transport equation (6-1) from dispersing the support of the solution
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before the sign change of the imaginary part of the subprincipal symbol localizes it; see Remark 3.1. We
also find that V p; is proportional to a real vector when p; = 0 since then dps; A d ps;=0.

Remark 2.5. Condition (2-11) is invariant under multiplication of P with elliptic pseudodifferential
operators, and symplectic changes of coordinates. If (2-8) also holds, then we obtain

|d Hess plr. | < CilpsI*/? (2-12)
for any leaf L of ¥, when Reap; = 0 near I'.

In fact, multiplication with an elliptic pseudodifferential operator with principal symbol ¢ changes the
principal symbol into cp, the Hessian of the principal symbol into ¢ Hess p and the subprincipal symbol
into _

cps + %Hpc at ¥,

where the last term vanishes at 3, and contains the factor Hess p, modulo terms vanishing of second
order at ¥,. Now we have

|deps A dcps| < |c|*|dps Adpsl + Clpsl.

Thus we find that (2-11) holds with p replaced by cp, ps replaced by cps and a replaced with a/c.
If (2-8) also holds and we choose coordinates so that X, = {&’ = 0}, then we obtain from Lemma 2.1 that
|ps(x’, x”,0,E")| = | ps(x), x”,0,&")| when |x" — x| < c. Thus (2-11) gives

[Hess p(x', x",0,8")|| < Calps(xp, x", 0, ") when |x" —xp| <c.

To show (2-12) it suffices to consider an element b (x’, x”, 0, £”) of Hess p. Clearly |b;| < |[Hess p|,
so by adding C;|ps(xo, x”, 0, E”)|?, we obtain

0<bjr(x',x",0,&") <2Cs|ps(x0,x",0,&")° when |x" —x)| <c.

Then we find that

190b jx (x0, x”, 0, E") < C/bjx (x0, ", 0, E") < C’| ps(x0, X", 0, ") [/

by [Hormander 1983, Lemma 7.7.2].
We shall study the microlocal solvability of the operator, which is given by the following definition.
Recall that H(lf)c (X) is the set of distributions that are locally in the L? Sobolev space H)(X).

Definition 2.6. If K C S*X is a compact set, then we say that P is microlocally solvable at K if there
exists an integer N so that for every f € H(IX,C)(X ) there exists u € D'(X) such that K "WF(Pu — f) =@.

Observe that solvability at a compact set M C X is equivalent to solvability at S*X |, by [Hormander
1985b, Theorem 26.4.2], and that solvability at a set implies solvability at a subset. Also, by [Hormander
1985b, Proposition 26.4.4] the microlocal solvability is invariant under conjugation by elliptic Fourier
integral operators and multiplication by elliptic pseudodifferential operators. We can now state the main
result of the paper.
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Theorem 2.7. Assume that P € W (X) has principal symbol that vanishes of at least second order at
a nonradial involutive manifold ¥,, is of subprincipal type, does not satisfy condition Sub(W) on the
subprincipal semibicharacteristic I' C X, and satisfies (2-8) near I'. In the case the sign change in
Sub(W) is of infinite order, we also assume condition (2-11) near I'. Then P is not locally solvable at T.

Example 2.8. Let
P=D|D;+ B(x, Dy) (2-13)

with B € \Ilcll. Then o (B) is the subprincipal symbol on ¥, = {§; = & = 0}. Mendoza and Uhlmann
[1983] proved that P is not solvable if Im o (B) changes sign as x; or x; increases on X, and they proved
in [Mendoza and Uhlmann 1984] that P is solvable if Imo(B) # 0 on X,. From this it is natural to
conjecture that the condition for solvability of P is that Im o (B) does not change sign on the leaves of X,
which are foliated by dy, and d,. But the following is a counterexample to that conjecture. Let

P=D\Dy+ D, +if(t,x, Dy) (2-14)

with real and homogeneous f (¢, x, &) € Sﬁom satisfying ijf = O(| f|) for j =1, 2. This operator is of
subprincipal type and satisfies (2-8). Then Theorem 2.7 gives that P is not solvable if  — f(t, x, &)
changes sign of finite order from — to +, but observe that f has constant sign on the leaves of X,
by Remark 2.3. Thus the solvability of the operator P in (2-13) also depends on the real part of the
subprincipal symbol at ¥,. In fact, with the above conditions one can prove that D{ D, +if (¢, x, Dy) is
solvable.

Example 2.9. The linearized Navier—Stokes equation

Btu—i—Zaj(t,x)axju—i-Axu:f, aj(x) e C%, (2-15)
J

is of subprincipal type. The symbol is
ity aj(t,0)E — & (2-16)
J

so the subprincipal symbol is proportional to a real symbol on ¥, = {§ = 0}. Thus condition Sub(¥) is
satisfied.

Now let S*M C T*M be the cosphere bundle where |£| = 1, and let ||u|| ) be the L? Sobolev norm of
order k, u € C°. In the following, P* will be the L? adjoint of P. To prove Theorem 2.7 we shall use the
following result.

Remark 2.10. If P is microlocally solvable at I' C S*R", then [Hormander 1985b, Lemma 26.4.5] gives
that for any ¥ € R” such that ' C S*Y, there exists an integer v and a pseudodifferential operator A so
that WF(A)NT" = & and

lull-ny < CUIP* ullwy + lull-n-n) + 1 Aull), u € CG(Y), (2-17)

where N is given by Definition 2.6.
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We shall prove Theorem 2.7 in Section 8 by constructing localized approximate solutions to P*u =0
and use (2-17) to show that P is not microlocally solvable at I. We shall first find a normal form for the
adjoint operator.

3. The normal form

Assume that P* has the symbol expansion p,, + p,—1+- - -, where p; € s/

hom 18 homogeneous of degree ;.

By multiplying P* with an elliptic pseudodifferential operator, we may assume that m = 2. Choose local
symplectic coordinates (¢, x, y, 7, &, 1) so that ¥, = {n = 0}, which is foliated by leaves spanned by 9, .
Since p, vanishes of at least second order at X, we find that

pat.x.y. T.E ) =Y Bi(t, x,y. T, & Nk,
jk
where B is homogeneous of degree O for all j, k.
The differential inequality (2-8) in these coordinates means that |0, p1| < C|p1| when n = 0, which by
Lemma 2.1 gives that

pit,x,y,7,6,0 =g, x,y,t,85r(t x,1,8)

near I, where ¢ is a nonvanishing smooth homogeneous function. By multiplying with pseudodifferential

operators with principal symbol equal to ¢!

on X,, we may assume that ¢ = 1 and that p; is constant
on the leaves of X,. The Hamilton vector field of p; is then tangent to 3, by (2-7).

We have assumed that P does not satisfy condition Sub(W) on a semibicharacteristic I" of p; on X,.
Since we are now considering the adjoint P* this means that Im ap; changes sign from + to — on the
flow-out I' of Hgeqp, On Re apl_1 (0) for some 0 # a € C*°. By the invariance of condition Sub(¥) given
by [Hormander 1985b, Lemma 26.4.10], it is no restriction to assume that a is homogeneous and constant
in y. By multiplication with an elliptic pseudodifferential operator having principal symbol a~!, we may
assume that a = 1. Since Im p; changes sign on T, there is a maximal semibicharacteristic ' C T" on
which Im p; = 0. Here I'’ could be a point, which is always the case if the sign change is of finite order.

Since P is of subprincipal type, we find that 9; , ; ¢ Re p; # 0 on I'” by (2-10), so I'" is transversal
to the leaves of X,. Since Im p;|r has opposite signs near the boundary of I'’, we may shrink I" so
that it is not a closed curve. Since Hge p, is tangent to X, we can complete T = Re p; to a symplectic
coordinate system in a convex neighborhood of I'’ so that n = 0 on X;, which preserves the leaves. In
fact, this is obtained by solving the equation H,n = 0 with initial value on a submanifold transversal
to H;. The change of variables can be then done by conjugation with suitable elliptic Fourier integral
operators.

Now, using Malgrange’s preparation theorem in a neighborhood of I'” in X,, we find that

pl(t’x’ Y, T,S,O) ZQ(taxa I,E)(T+r(t,x,$)), q 750’

near I, since p; is constant on the leaves of ¥,. In fact, on I'" we have p; = 0 and dp; # 0, so the
division can be done locally and by a partition of unity globally near I' after possibly shrinking I". Then
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using Taylor’s formula on p;, we find since g 7 0 that

pl(tvx9 Y, tvé? 77) :CI(I,X’ tvé)(t—i_r(tvx’%‘)—i_A(tvx’ Y, ‘E’é’ 77)77) (3'1)

By multiplying P with an elliptic pseudodifferential operator, we may again assume g = 1. Since p;
vanishes of second order at 3, this only changes A with terms which have Hess p; as a factor and terms
that vanish at X»,.

We can write r = r| +ir, and A = Ay + i A, with real-valued r; and A;, j = 1, 2. Now we may
complete

Repi=t+r(t,x,8§)+A1(t,x,y,7,6,n) 7

to a symplectic coordinate system in a convex neighborhood of I". Since Hge , € T X, at X, we may
keep ¥, = {n = 0}, which preserves the leaves of X, on which p; is constant. Thus, we find that

pl:T+if(t,x7$)+iA(f,x,y,T»f,77)'77’ (3'2)
where f =r; and A = A are real-valued. We also find that
' ={(, x0, y0,0,%0,0)}, tr€l, (3-3)

where [ is an interval in R. The symplectic change of coordinates can be made by conjugation with
elliptic Fourier integral operators, which only changes A with terms having Hess p» as a factor and terms
that vanish at 3,. Observe that A need not be real-valued after these changes.

We have assumed that condition Sub(W) is not satisfied for P on the subprincipal semibicharacteristic I.
Thus the imaginary part of the subprincipal symbol of P* on ¥,

1= f(t, X0, &) (3-4)

changes sign from + to — as ¢ increases on I/ C R. Similarly, we have f =0 on I'), where I'" is given
by (3-3) with I replaced by I’ C I. By reducing to minimal bicharacteristics on which r — f(t, x, &)
changes sign as in [Hormander 1981, p. 75], we may assume that f vanishes of infinite order on a
bicharacteristic I' arbitrarily close to the original bicharacteristic, if I'” is not a point (see [Wittsten 2012,
Section 2] for a more refined analysis). If I’ is not a point then it is a one-dimensional bicharacteristic
by [Hormander 1981, Definition 3.5], which means that the Hamilton vector field on I'" is proportional to
a real vector.
In fact, if f(a, x9, &0) > 0 > f(b, x0, &) for some a < b, then we can define

L(x,&)=inf{t —s:a <s <t <b suchthat f(s,x,6) >0> f(r,x,8)}

when (x, &) is close to (xo, £0), and we put Lo = liminf(y ¢)— (&) L(x, &). Then for every ¢ > O there
exists an open neighborhood V; of (xg, &y) such that the diameter of V, is less than ¢ and L(x, &) > Lo—e¢/2
when (x, &) € V,. By definition, there exists (x;,&;) € V. anda < s, <t, <bsothatt, —s. < Lo+¢/2
and f(se, xe, &) > 0> f(te, xc, &). Then it is easy to see that

020 f(t, %0, 6)=0 Va,p whens,+e<t<t,—e (3-5)
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since else we would have a sign change in an interval with length less than Ly —¢/2 in V,. We may
choose a sequence &; — 0 so that se; — so and 7¢; — fo. Then Lo = 79 — s and (3-5) holds at (xo, §o) for
So <t <Iy.
We also obtain the following condition from (2-11).
Remark 3.1. If the sign change of t — f(t, x, &) is of infinite order on I, then we find from assump-
tion (2-11) that
I{Bji}jill + 1Al +1dfI S| fI° near I' on Ep (3-6)

for some ¢ > 0. Here a < b (and b 2 a) means that a < Cb for some C > 0.

In fact, terms having Hess p>|s, = { B} jx as a factor can be estimated by (2-11), so we may assume
that (3-2) holds with real A. The subprincipal symbol is equal to ps = p;+i Y ik 8yj B jini modulo terms
that are O(|5]?), so p; = p; on . By Remark 2.5 and (2-8), we can estimate the terms 9y, B jxdny in
dp;s by replacing ¢ with €/2 in (2-11), so we may replace ps by p; in the estimate. Let 0 #a =a; +ia
with real-valued a; in (2-11) so that d Re api|rs, # 0. We have dp; =dt +i(df + Adn) on X, so

ldpy Adpil = |dfI+]A]  on Zy.
Thus we find from (2-11) that |df |+ |A| =0 on I'" Since d Reap|rx, # 0, we find that a; # 0 on I’
On X, we have Reap; =a;t —ay f =0 when t = a, f/a;. We obtain
Imap, =at+a f = |a|2f/a1 when Reap; =0 on X, near I,

which gives (3-6) from (2-11).
We obtain the following normal form for these operators of subprincipal type:

P*:DI+F(t’x7y7Dl‘aD)ﬁDy)? (3_7)

where F' ~ F, + Fj + - - - with homogeneous F; € C*(R, Slfom). Here F, vanishes of at least second
order on X, = {n = 0}, so we find by Taylor’s formula that

Fy(t,x,y, 7,6, =B, x,y, 7,61 =Y Bjlt,x,y, 7, & mMnm (3-8)
jk
with homogeneous Bj;. Then {Bji} jk|s, = Hess F>(t, x, y, 7, &, 0). Also we have that F; vanishes on
the semibicharacteristic I’ and

Fit,x,y,t.8§,n)=if(t,x,§) + A(t,x, y,7,8,1) 1. (3-9)

Here f is real and homogeneous of degree 1 and A|x, = 9, Fi|x,. We have that the principal symbol o (P*)
is equal to F», and the subprincipal symbol oy, (P*) is equal to T4i f on ;. Thus we obtain the following
result.

Proposition 3.2. Assume that P satisfies the conditions in Theorem 2.7. Then by conjugation with elliptic
Fourier integral operators and multiplication with an elliptic pseudodifferential operator, we may assume

P*=D,+F(t,x,y, Dy, Dy, Dy) (3-10)
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microlocally near I = {(t, xo, Y0, 0, &, 0) : t € I} C Xy, where SC21 SF=Fh+F +--- withF; € s/

hom
is homogeneous of degree j and

Fy(t,x,y, T, 6.m) =Y Bji(t, %, 3, T, £, M0k € Spomy
Jjk
vanishes of second order on ¥,. We may also assume

Fit,x,y,t,&,n) =if(t,x, )+ A, x,y,1,6,n) -1

is homogeneous of degree 1 and f is real-valued such that t — f (¢, xg, &) changes sign from + to — as
t increases on I C R. If f(t, x9, &) = 0 on a subinterval I' C I such that |I'| # 0, then we may assume
that afagaff(z, X0, &0) = 0 for all k, o, B, fort € I If the sign change of f is of infinite order then (3-6)
is satisfied near T..

For the proof of Theorem 2.7, we shall modify the Moyer—Hormander construction of approximate
solutions of the type

it x, y) = DN g x, TN, az 1, (3-11)
j=0
with N to be determined later. Here the phase function w (¢, x) will be complex-valued, but Im w > 0 and

d Rew # 0 when Imw = 0. Letting z = (¢, x, y), we therefore have the formal expansion

p(z, D)(exp(ilw)g) ~ exp(iiw) Z 3¢ p(z, A0;0(2))Ra (@, A, D)$(2) /!, (3-12)

where Rq (@, A, D) (z) = D% (exp(ird(z, w))$ (w))|, __ and
oz, w) =ww) —w@)+ (z—w)lw(z).

Observe that the values of the symbol are given by an almost analytic extension; see Theorem 3.1 in
Chapter VI and Chapter X:4 in [Treéves 1980]. This gives

e P p = (M0, 0+A  B(t, X, Y, 01 x,y@) LS (1,X, 0x0)—AI; B(1, X, y, 0y 2 y0) D30 /2) )
+Dip+A0y B(t, X, y, 8 x y) Dyp+0; B(t, X, y, 0y x,y0) D3p /2

+ioe f(t,x,0cw)Dyp+A(t, x,y, Bt,xvya))Dyd>+Z)»_jRj (t,x,y,Dsxy)p, (3-13)
j=0
where Ro(t,x,y) = Fo(t,x,y, 0;x,yw). Here the values of the symbols at (¢, x, y, 9 ,,yw) will be
replaced by finite Taylor expansions at (¢, x, y, 0; x,y Re w). In fact, the almost analytic extensions are
determined by these Taylor expansions.
Because of the inhomogeneity coming from the terms of B, we shall use a phase function w(, x)
which is constant in y so that

u(t,x,y) =N i, x, N, a1 (3-14)
Jj=0
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When 0, = 0 the expansion (3-13) becomes
e MOP* M = A(Bwtif (1, X, 0x0)$+Di 3, B(t, X, y, 8,1, 0) Dy /2

+A(t.X, Y, 050, 0)Dy+ide f (£, x, 0:0) Dep+ Y A/ Rj(t.x,y, Dy ()¢, (3-15)
Jj=0
where Ry(t, x,y) = Fo(t,x,y, 0; @, 0), and R, (¢, x,y, D; ) are differential operators of order j
in ¢, order k in x and order £ in y, where j +k 4+ £ < m + 2 for m > 0. In fact, this follows since
7 aga,ka € Sk=i=leI=Ifl by homogeneity.

4. The eikonal equation

We shall first solve the eikonal equation approximately, which is given by the highest-order term of (3-15)

dw+if(t,x, dw) =0, (4-1)

where t — f(t, x, £) changes sign from + to — for some (x, &) as ¢ increases in a neighborhood of
'={(¢, x0, &) :t € I} on which f (¢, x, &) vanishes. If | /| # 0 then by reducing to minimal bicharacteristics
as in Section 3, we may assume that f vanishes of infinite order at I. We shall choose the phase function
so that Imw > 0 and 8)% Imw > 0 near the interval. By changing coordinates, it is no restriction to
assume 0 € /. We shall use the approach by Hormander [1981] in the principal-type case and use the
phase function to localize in ¢ and x. Observe that since w does not depend on y, the localization in the
y-variables will be done in the amplitude ¢.
We shall take the Taylor expansion of w in x:

o(t,x) =wo(t) + (x = x0(). &O) + Y wa(t)(x — x0(1)*/a!. (4-2)

2<|a|=K

Here o = (aq, a2, ... ), withar; € N, a!=]_[jozj!and || = a1 +ap + - --. Then we find that

do(t, x) = wy(r) — (x(1), E(1)) + (x — x0(2), &(1))
+ Y WO —x0O) el = D Wage, ((x —x0(0))*x) (/). (4-3)
2<|al<K 1<|a|<K—1
k
where ¢, = (0,...,0,1,0,...,0) is the k-th unit vector. We also find
Ay, (1, x) =&, (1) + Z Werte,; (1) (x — x0())* /ol = &0 (1) +0(t, x). (4-4)
I1<|e|<K~—1

Here &)(t) = (§0,1(?), ...) and 0 = {0}, is a finite expansion in powers of Ax = x — xo. We define the
value of f(t, x, 0,w) by the Taylor expansion

f(tvxv axw) == f(t’xv $O+G)
= (6.5, E0)+ Y O ft.x. E0)0;+ D 0, f (1. x, E0)0j0k /24 - . (4-5)
J

Jjk



OPERATORS OF SUBPRINCIPAL TYPE 335

Now the value at x = xo of (4-1) is equal to w((t) — (x((t), &0 (1)) +if (¢, xo(t), &o(¢)). This vanishes if
Re wy (1) = (x4(1), &(1)),
Im wy (1) = — f(t, xo(t), &(1)),

so by putting wo(0) = 0, this will determine wq once we have (xo(t), £o(2)).
We shall simplify the notation and put wy = {wuk!/a!}jq)=k so that wy is a multilinear form. The

(4-6)

first-order terms in x — xo of (4-1) vanish if

£0(1) — wa(t)x((1) + i (0 f (1, x0(2), E0(1)) + g f (1, x0(2), Eo(1)wa (1)) = 0.
We find by taking real and imaginary parts that
&y =Re wax) + 3¢ f (¢, x0, &) Im wy,
xf = (Im wp) (@, £ (¢, X0, £0) + & £ (¢, X0, &) Re w)

with (x9(0), £&0(0)) = (x0, £&0), which will determine xo(z) and &y(¢) if | Im w;| # O.
The second-order terms in x — xo vanish if

(4-7)

wh/2 — w3xg/2+i (3 fws/2+ 0F /24 0,0 fwr + wadf fwn/2) =0,

which gives
wé = w3x6 —i(agfwg+8§f+28x8§fw2+w28§2fw2) (4-8)

with initial data w,(0) such that Im w,(0) > 0.
We find that the terms of order k > 2 vanish if

wy, — wi1X = Fi (2, x0, &0, {w;}), (4-9)

where we may choose wy(0) = 0. Here F} is a linear combination of the derivatives of f of order < k
multiplied by polynomials in w; with 2 < j <k+1. When k = K we get w}, = Fg (¢, xo, &, {w;}), where
Jj < K. The equations (4-7)—(4-9) form a quasilinear system of differential equations, which can be solved
in a convex neighborhood of 0. In the case when |/| # 0, we have assumed that Bt"f v f(t, x0,%) =0
for all o, for t € I. Then we find from (4-7)-(4-9) that xq, &y and wy are constant in ¢ € I, so we may
solve (4-7)—(4-9) in a convex neighborhood of /. Observe that the higher-order terms cannot change the
condition that Im Bfa) >c>0and Imw(t, x) > 0if |[x —xp(¢)| < 1. Summing up, we have proved the
following result.

Proposition 4.1. Let I" = {(z, xo, &) : t € 1} and assume that 8," 0y aff(t, X0, &) =O0forallt €I in the
case |I| # 0. Then we may solve (4-1) with w(t, x) given by (4-2) in a convex neighborhood Q2 of T’
modulo O(|x — xo(1)|M) for any M such that (xo(t), £ (1)) = (xo, &) when t € I and wi(t) € C* such
that wo(t) =0, Imwy(#) > 0 and wi(t) =0, k > 2, whent e 1.

Then we obtain Imw(, x) > c|x — xo(¢)|* near T, with ¢ > 0, so the errors that are O(]x — xo|")

M2

in the eikonal equation will give terms that are bounded by CyA™ But we have to show that

t— f(t,x0(t), E(t)) also changes sign from + to — as ¢ increases for some choice of (xg, &). This
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problem will be studied in the next section, with a special emphasis on the finite vanishing case. By (4-6) we
then obtain that # — Im wq(¢) has a local minimum on / which can be equal to O by subtracting a constant.

5. The change of sign

We have assumed that condition Sub(W) for P is not satisfied near the subprincipal semibicharacteristic
' ={(t, xo, &) : t € I}, so that t — f(t, x, &) changes sign from + to — for some (x, £) as ¢ increases
near I. But after solving the eikonal equation, we have to know that t +— f (¢, xo(¢), §o(¢)) has the
same sign change, possibly after changing the starting point (xg, &). In order to do so, we shall use the
invariance of condition Sub(W), but note that condition (3-6) is only assumed when the change of sign is
of infinite order. Therefore we shall first consider the case when the sign change is of finite order and
show that this condition is preserved after solving the eikonal equation. Thus assume that

0f £ (t0, x0, ) <O and 3] f(to, x0,£0) =0 for j <k -1

for some odd integer k, where we may assume #y = 0. Now, if the order of the zero is not constant in
a neighborhood of (xg, &) then in any neighborhood the mapping ¢ — f (¢, x, £) must have a zero of
odd order with sign change from + to —, and the order of vanishing is constant almost everywhere on
£~1(0). We obtain this because 8;‘ f#0, t— f(t,x,§) goes from + to — and the set where the order
of the zero changes is nowhere dense in f ~1(0) since it is the union of boundaries of closed sets in the
relative topology. By possibly changing (#y, xo, &), we may assume that (5-1) holds with #y = 0, and that
the order of the zero is odd and constant near (xg, &). Then the zeros form a smooth manifold by the
implicit function theorem. Using Taylor’s formula, we find that f (¢, w) = a(t, w)(t — fo(w))X, where
k>1lisodd, w=(x, &), to(wg) =0 and a < 0 in a neighborhood of (0, wg) = (0, xg, &y). Then we find

A f = dwa(t — to)* — ak(t — 19)* ' dyto, (5-2)
which vanishes of at least order k — 1 in ¢ at f~'(0). Let w(r) = (xo(2), &(¢)). Then

f@,w@) = £, wo) + 8, f (¢, wo) Aw(t) + O(|Aw (1)),

where Aw(t) = w(t) —wg. Now ¢ — f (¢, wo) vanishes of order k in ¢ at O and 7 > 9y, f (¢, wp) vanishes
of at least order k — 1, so if r — Aw(¢) vanishes of at least order k > 1 then by (5-2) we find that
t — f(t, w(t)) vanishes of order k. Since (d/dt) Aw(t) = w’'(t), we will need the following result.

Lemma 5.1. Let (xo(t), &9(¢)) be the solution to equation (4-7) with Im w,(0) # 0 and assume that
t — 0y f(t, x0, &) vanishes of orderr > 1 att = 0. Then (x(/)(t), Sé(z‘)) vanishes of order r and Aw(t)
vanishes of order r+1 att = 0.

Proof. By (4-7) we have
w'(1) = (xp (1), &5(1) = Ay £ (1, w(®)),  w(0) = wo. (5-3)

Here we have |A(0)| # 0 if Im w5 (0) # 0; in fact w’(0) =0 then gives 9 f (0, wg) =0 and 9, £ (0, wg) =0
by (4-7).
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Now we define ¢ (1) = 3y, f (¢, wo) and ¢1 (1) = 3y, f (z, w(r)). Then we have w'(r) = A(¢)¢1(¢) and
the condition is that ¢g(#) vanishes of order r > 1 at 0. We shall proceed by induction, and first assume
that r = 1. Since w(0) = wg we find ¢ (0) = ¢y(0) = 0 and thus w’(0) = 0.

Next, for r > 1 we assume by induction that w’(¢) vanishes of order r — 1 at 0 so w®(0)=0fork <r,
and then we shall show that w’(0) = 0 so that w’ vanishes of order r. Using the chain rule we obtain

||

oy (gt w®) =Y ciad] gt w) [ [w @) (5-4)
S =

for any g(z, w) € C*. Thus, for g = 9, f we find that
P (0) = ¢ (0) + 85182 £(0, x0, E0)w'(0) + - - - + 32 £ (0, x0, £)w®(0) = ¢ (0) =0

for k < r, since the other terms have some factor w’(0) =0, j < k, which implies that ¢; (¢) vanishes
of order r. Since w’ = A¢, we find that w’(¢) vanishes of order r, which gives the induction step and
the proof. g

Now, if f(f, wo) vanishes of order k then 9, f (f, wy) vanishes of order k — 1. Thus w’(¢) vanishes
of order k — 1 by Lemma 5.1, and since w(0) = wo we find that Aw(¢) vanishes of order k. Thus, we
find that f (¢, w(t)) — f (¢, wo) vanishes of order 2k — 1, so these terms vanish of same order if k > 1. In
the case k = 1, we shall use an argument of Hormander [1981] for the principal-type case. We obtain
from (4-6) that 9,(f (t, w(t))) = — Im w (¢); thus

Im wg (0) = —3, (0, wo) — 3¢ £ (0, wo) - & — 8x f (0, wo) - xg, (5-5)
where 9, f (0, wg) = —c < 0. We find from (4-7) that
£0(0) = Re w1(0)x(0) + 3¢ f (0, wo) Im w3 (0),

. . (5-6)
x(0) = (Im w2(0)) ™" (3, £ (0, wo) + 3 £ (0, wo) Re wy(0)).
If 9¢ (0, wo) = 0 then we find that x(/,(O) = (Im w>(0)) 19, £ (0, wp) and obtain
Im wg(O) =c — 0y f(0, wo)(Im wz(O))_laxf(O, wo) >c¢/2>0 (5-7)

by choosing Im w>(0) = « Id with « > 1. If 9¢ £ (0, wg) # 0 then we may choose Re w;(0) so that
dx (0, wo) + 9¢ £(0, wo) Re wo(0) =0. (5-8)
Then we find x;(0) = 0 and we obtain
Im wg(O) =c¢— 0 f(0, wo) Imw,(0)3¢ (0, wo) >¢/2>0 (5-9)

by choosing Im w5 (0) = k Id with 0 < k¥ < 1. Thus in both cases we find that d; f (¢, w(¢)) =Im w()(t) <0
att =0.
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We find that # — f (¢, w(?)) changes sign from + to — of order k as ¢ increases at t = 0. We may then
rewrite the equation as

Imwj(t) = t*e(), (5-10)
where c(¢) > 0 in a neighborhood of the origin. Since Im w;(0) > 0 we find that
s I PR I W 17 P T} (5-11)

Thus the errors that are O(|x —xo|*) in the eikonal equation will give terms that are bounded by C A ~M/2,

We shall also consider the case when ¢ — f (¢, x, &) changes sign from + to — of infinite order near I'.
If ' is not a point, then by reducing to a minimal bicharacteristic as in Section 3, we may assume that
f(t, x, &) vanishes of infinite order at I. We then obtain an approximate solution to the eikonal equation
by solving (4-7)—(4-9) with initial data w = (x, £) and wg(0), k > 2, which gives a change of coordinates
(t, w) — (¢, w(?)). If in any neighborhood of " = {(¢, xo, &) : ¢ € I} there exist points in f~!(0) where
d; f <0, then as before we can construct approximate solutions in any neighborhood of I" satisfying (5-11)
withk=1.If 3, f > 0on f~'(0) in some neighborhood of I', then by the invariance of condition (W) there
will still exist a change of sign of # — f (¢, w(¢)) from + to — in any neighborhood of I" after the change
of coordinates; see [Hormander 1985b, Lemma 26.4.11]. (Recall that conditions (2-8) and (2-11) hold in
some neighborhood of T".) Thus if F'(t) = —Im w(’)(t) = f(t, w(t)) then t — F(¢) has a local maximum
at some ¢ = t(, and after subtraction the maximum can be assumed to be equal to 0. By choosing suitable
initial value (xg, &) for (4-7) at t = 1y, we obtain

pihe(1.x) < e)»(F(t)—ch—xolz)’ Ix — xo0| < 1, (5-12)
where F’(t) = f (¢, w(t)) so that max; F(r) = 0 with F(¢) < 0 for some 7 ¢ I near 1.

Proposition 5.2. Assume that t — f(t, xo, &) changes sign from + to — as t increases near 1 and that
a,kagaff(t, Xx0,&0) =0 forall t € I when |I| # 0. Then we may solve (4-1) in a neighborhood 2 of
I ={(t, x0, &) : t € I} modulo O(|x —xo(t)|M) for any M, with w(t, x) given by (4-2) such that the curve
t = (xo(1), &(2)), t € (11, 1), is arbitrarily close to T, wi(t) € C*°, Imw;(t) > ¢ > 0whent € (11, o),
ming, ) Imwo(t) =0 and Imwy(t;)) =c >0, j =1,2.

Observe that since Im wg > 0 we find that f (ty, xo(%), &0 (f9)) = — Im wé (1) =0 at a minimum f( €
(t1, 1). As before, the errors that are O(|x —xo|") in the eikonal equation will give terms that are bounded
by CyA~M/2 for all M. Observe that cutting off where Im wq > 0 will give errors that are O(A~¥) for
all M.

6. The transport equations

Next, we shall solve the transport equations given by the following terms in (3-15):
D¢+ 0, B(t, x, y, 920, 0)D}p/24 A(t, x, y, 0 x, 0) Dyp

+ide f (1, x, @)Dy + ) AR (1,3, 7. Diey)d (6.1
j=0
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near I' = {(¢, xo0, Y0, 0, &0, 0) : ¢ € I}. Here Ro(t, x, y) = Fy(¢, x, y, 0; x», 0) and when m > 0 we have
that R, (¢, x, y, D; x,y) are differential operators of order j in ¢, order k in x and order £ in y, where
Jj+k+4¢<m+2. Assuming the conclusions in Proposition 5.2 hold, we shall choose suitable initial
values of the amplitude ¢ at ¢ = fy, which is chosen so that Im wq(f9) = 0. Observe that the second-order
differential operator given by the first four terms in (6-1) need not be solvable in general. Instead, by
Lemma 6.1 we can treat the D, and D, terms as perturbations, using condition (3-6) in the infinite
vanishing case.

Since the phase function w (¢, x) is complex-valued, we will replace the values of the symbols at
(t,&) = 9, xw(t, x) by finite Taylor expansions at (Re w()(t), &o(1)). By (4-3) and (4-4) this will give
expansions in powers of x — xo(f) and Im w(/)(t) = —f(t, x0(t), & (¢)). Then, we shall solve the transport
equations up to arbitrarily high powers of x — x(¢) and f. Since the imaginary part of the phase function
Im w > 0 vanishes of second order at x = xo(¢), we will obtain by Lemma 6.1 below that this will give a
solution modulo any negative power of A.

We shall use the amplitude expansion

¢, x, )= 0 gu(t,x,) (6-2)
k=0
and solve the transport equation recursively in k. Here ¢, depends on o but with uniform bounds in a
suitable symbol class, and ¢ = A!/¥ with N to be determined later. By doing the change of variables
(t,x,y)— (t —t9, x —x0(t), y — yo), we find that D, changes into D, — x()(t)Dx, which does not change
the order of R; as differential operator. Thus we may assume 7y =0, xo(¢) =0 and yo = 0.
Next, we apply (6-1) on ¢ given by (6-2). Since o = A!/N

Dig+ Ao(t, ) Dy + Ar (1, x, Y) Dy + As(t, x, D3¢+ Y 0 VRi(t,x,y, Dy ), (6-3)
j=0

, we obtain the terms

where

Ao(t, x) = idg f (2, x, Eo(t) + 0 (1, x)) — x(2),
Ai(t,x,y) = A(t,x, y, do(t, x), &) + o (t, x), 0), (6-4)
Ax(t,x,y) =0 By(t. x, y, o (t, x), &(t) + o (1, x),0) /2. (6-5)

Here o (¢, x) is given by (4-4) and 0, (¢, x) by (4-3), where the expansion will be up to a sufficiently
high order in x. Observe that after the change of variables we have o (¢, 0) = 0. The values of the symbols
will as before be defined by finite Taylor expansions in the 7- and &-variables, which gives expansions in
powers of x and f (¢, 0, &(1)).

We are going to construct solutions ¢ (¢, x, y) = ¢« (, x, 0y) so that y — @ (z, x, y) € C;° uniformly
in o, which gives localization in |y| < o ~!. Therefore we shall choose gy as new y-coordinates. Then (6-3)
becomes

D;¢+ Ao(t, x) Dy +0Ai(t, x, y/0) Dy + 0 As(t, x, y/0) Db

+Y 07 VRj(t.y/0. x. Dy, Dy, @Dy)¢.  (6-6)
j=0
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By Proposition 5.2 the phase function ¢/**-*) gives the cut-off in x, and we shall expand the symbols
in powers of x. Now the Taylor expansion of x — 02A,(z, x, y/0) will give terms that are O(p%x).
Therefore we take o”x as new x-coordinates, which gives

D,¢ + 0> Ao(t, x/0*) Dxdp +0A1(t, /0%, y/0)Dyd +0* Ax(1, x /0%, y /@) D}¢p
+> 0 VR;(t.y/0.x/0*. D;. 0’ Dy, 0Dy)$. (6-7)
j=0

Now the phase function e**@-% is O(e=¢""'1*") in the new coordinates. So if we take N > 4, it
suffices to solve the transport equation up to a sufficiently high order of x; then we may cut off where
|x| < 1, which corresponds to |x| < 072 in the original coordinates. Thus we expand in x:

Gi(t, %, 3) =Y dralt, )X Pralt,y) € CFF, (6-8)
k,o

Ao(t, x/@) Dy = Ao (1) !x“ Dy,

a,j

Aj(t,x/0% y/0) =) Ajalt,y/0)0 ?*x",  j>0,
o

Ri(t.x/0% y/0.0Dy. @*Dx) = Y Riaewnlt.y/@)o @ MHe DD DY (6:9)
o, b, v,

Here £ + |v] + || < k + 2 so we have at most the factor o?/VI*1#l < o%+4 in (6-9). When k = 0 we have
£+ v+ || =0and
Ro(t,x/0% y/0) = Rou(t.y/0)o *"!x".
o

Observe that the coefficients in the expansions are given by expansions in powers of f(t, 0, £(¢)). After
cut-off in x we find in the original coordinates that ¢ (t, x, y) = @i (t, 0°x, 0y), where ¢ for any 7 is
uniformly bounded in C§°.

We shall first apply (6-7) on ¢ and expand in x. Then we find that the terms that are independent of x are

Do o—io* ZAO,O,]' (1)o.c;+0A10(t,y/0) Dyo.0+0> Az o(t, y/Q)D§¢o,0+R0,o(l, y/0)$o,0. (6-10)
J

We shall need the following result, which gives estimates on f and A ; on the interval of integration. It will
be proved in the next section. In the following, we shall denote f () = f (¢, 0, &y(¢)) and F () = fot f(s)ds.
Observe that f(0) = 0 since Im w6 0)=0.

Lemma 6.1. Assume that the conclusions in Proposition 5.2 hold and that (3-6) holds if t — f(t) vanishes
of infinite order at 0. Then there exists € and C > 1 with the property that if N > C, o = AN > C and

If(t)l-F‘/0 |Ao(s, 0)] +141(s, 0, y/0)| + [ Aa(s, 0, y/0) | ds| = C /o’ (6-11)

holds for some |y| < o/C, then AF(s) < —A%/C for some s in the interval connecting 0 and t.
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Observe that if Lemma 6.1 holds for some ¢ and C, then it trivially holds for smaller ¢ and larger C.
We shall assume that ¢ < 1 and that both N and A are large enough so that the conclusion in Lemma 6.1

holds. Since (6-11) does not hold when ¢ = 0, we can choose the maximal interval / containing O such
that (6-11) does not hold in 7; thus

t
If(f)|+‘/o |Ao(s, 0)| +141(s, 0, y/0)| + | Aa2(s5, 0, y/0) | ds| < C/o®, 1€, (6-12)

when |y| <o/ C. By definition we obtain that (6-11) holds for some |y| <o/C whent € 91, so Lemma 6.1
gives that AF < —Af at 31, for some open interval Iy C I that contains 0. This means that ¢/*®*0) =
W < Cya~N for any N at 31y when A > 1. Since F’ = f is uniformly bounded and the left-hand side
of (6-12) is Lipschitz continuous, we may cut off near Iy with x (t) € S(1, AN dt?) c S(1, A>~2¢d¢?) for
N > 1 so that x(0) #0, AF () < —A% in supp x’ and (6-12) holds with some C when ¢ € supp x and
|y] < o/C. Then as before, the cut-off errors can be absorbed by the exponential and the expansion in
powers of f(¢,0,&(0)) = f(¢) is justified. In fact, f(¢) = O ?) in supp x, which gives errors of any
negative power of ¢ = A!/"N. The bound on the integral in (6-12) means that we can ignore the A j terms
in (6-10) in supp x modulo lower-order terms in g. In the following we shall change the notation and let
I = supp x. We need to measure the error terms in the following way.

Definition 6.2. For a(t) € L°°(R) and « > 0, we say that a(¢) € I (k) if fot a(s)ds =O(k) forall ¢ € I.

For example, f(t) € 1 (9_3), and since the integral in (6-12) is O(Q_3) in /, the integrand is in / (Q_3).
Then according to (6-12) it suffices to solve

D:¢o.0=—Roob00, tel, (6-13)

to obtain that the terms in (6-10) are in I (0~'); here Ro o(t, y/0) € C* uniformly since o > 1. Now we
can solve (6-13) with ¢¢,0(0, y) = ¢(y) € C;° uniformly with support where |y| < 1 such that ¢ (0) = 1.
In fact, the solution is ¢ o(f, y) = E(¢, y)¢(y), where

t
E(t,y):exp(—i/ Ro,o(s,y/g)ds>, tel,
0

is uniformly bounded in C°. Thus ¢ (¢, y) € C* uniformly and by choosing ¢ (y) with sufficiently
small support, we obtain for any ¢ € [ that ¢ o(¢, - ) has support in a sufficiently small compact set in
which (6-12) holds.

The coefficients of the terms in (6-7) which are homogeneous of degree o 7~ 0 in x are

Di¢o.a+Ro0(t, y/0)p0.a—i Y, Ao j()@;+1=B)Poare,—p+ Y, Arp(t,y/0)Didoa—p (6-14)
1B1=1 1Bl=1
J

modulo (o™ 1). Letting ®; ; = {¢r,a}ja|=j and Oy = {Py ;}; for k, j > 0, we find that (6-14) vanishes
if @ satisfies the system

D@y = Sg,ofbo,k + S(’§,1<I>o,k71, (6-15)
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where S(])(,o(f) is a uniformly bounded matrix depending on ¢, and Sé,l (t,y/0, Dy) is a system of uniformly
bounded differential operators of order 2 in y when |y| < 0. Let E () be the fundamental solution to
D, Eqx = S§ o Eo.x so that Eg ;(0) =1d. Then letting

Do (2, y) = Eo k() Wox(t, y),

the system (6-15) reduces to

Do (1, y) = Eoi/lSISJEO,k‘IJO,k—l , ).

This is a recursion equation which we can solve uniformly in / with Wy (¢, y) having initial values
Wy (0, y) =0 for 0 < k < M. Observe that since the initial data ®¢ (0, y) has compact support, we
find that ®g ¢ (¢, y) € C* uniformly. For any # we find that ®g 4 (¢, y) has support in a sufficiently small
compact set so that (6-12) holds for any 7 € 1.

We shall now apply (6-7) to ¢ given by the full expansion (6-8). We find that the coefficients of the
terms in (6-7) which are homogeneous of degree « # 0 in x are equal to

0! <D,¢1,Q+Ro,o<t,y/g)«bl,a—i > Aop i (D)@ 1=B)Grate,—p+ Y A2 p(t.y/Q)Did1a—p
1B1=1 18]=1
J

+ Y ALp(t.y/@)Didoa-p—i0> Y Aoo.;(0)(@j+1)p0.ute;+0> Aot y/Q)D§¢0,a) (6-16)
1BlI=1 J

modulo / (Q_z). We find that (6-16) vanishes if ®; satisfies the system
D;®q =S]f,o<1>1,k+51f’1<1>1,k—1 + A%y, (6-17)

where S{"O(t) is a uniformly bounded matrix depending on ¢, S{“l (t,y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < ¢ and A? is a differential operator in y of order 2
with coefficients in 7 (1) because of (6-12). By letting @ = E WV x with the fundamental solution E ¢
to D/E1 = S’f’OEl,k, E1 x(0) = 1d, this reduces to the equation

DV =E[ St Evg1Vii—1 + E; Al

Thus we can solve (6-17) in [ recursively with uniformly bounded & ; having initial values ®; ¢ (0, y) =0,
k > 0. But observe that ®; is not in C* uniformly; instead we have Dt] o = (’)(93) if j > 1, since
10/ Af| < Cjo? for all j by (6-16). For that reason, we shall define S3 C C* by

18/0%p(t, )| < Cja0® Vj,a (6-18)

when ¢ € Sg. Observe that ¢ € Sg if and only if ¢ (¢, y) = x (01, y), where x € C* uniformly, and that
the operator 03D, maps SS > SS. Note that the expansion of the symbols also contains terms with
factors Q3 fk, k > 1, which are uniformly bounded in SS for t € I by (6-12). Since fot A(l) dt € SS in/,
we find that ®; € SS inI.
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Recursively, the coefficients of the terms in (6-7) that are homogeneous in x of degree « are

o™ <Dt¢k,a_i Z Ao,p,j (Dt j+1=B))Pkr2-218l.a+¢;—p
B#0

+> Ap(t.y/0) Dydiri-2ipla—pt Y A2 p(t. ¥/0) Didrs2-2pla—p
B0 B0

—ig’ Z A0.0.j () (@j+1D)Pr—1,a+e; +0°A1,0(t, y/0) Dypr—2.a+0° Az 0 (t, Y/Q)D§¢k—l,a
J

+ Z 0 NR; gt y/Q)Ca,/S,VQ2|ﬁ|+2|v+|m+i+3£(@SDt)KDg(bk—i,oH-v—ﬂ)
L+|vl+Hpl<j+2
(6-19)
modulo I(Q*kfl). Here the last sum has € + |v| 4 || = 0 when j =0, (Q*3Dt)ZD§‘ maps SS — Sg and
the values of the symbols are given by a finite expansion in powers of f(¢).
Since ¢; € SS we obtain that the terms in (6-19) are in / (Q_k_l) if

Do —i Z Aopj ()t + 1= Bj)Pri2-2pl.a+e;—p + Z A1p(t, y/0) Dybrt1-2ipl.a—p

B#0 B#0
+) " Arp(t. y/Q)Didira-aipla—p =i D Ao (@) + D tate,
B#0 J
+0°A10(t, y/0)Dypr—2.4 + 0> Az o(t, y/Q)D§¢k—1,a
=— > Rjpowult.y/0)Capv(@ D) Dipiasv—p. (6-20)

i+30+2|v|+|p|=jN+2|B]
v+ pl=j+2

When j =0 we find that £ 4 |v| 4 |u| =0, i =2|8| and we only have an expansion in § in the last sum.
Nowif j >0, £+ |v|+|ul <j+2andi+3¢+2|v|+ |u| = jN +2|B8| then we find that

JN <i+3042v|+|u|l <i+3( +2),
which givesi > j(N —3) —6> N —9>1if N > 10. Thus we find that (6-20) can be written as
D, @ = Af®; +Af Dy +AF D o+, (6-21)
where fot NJ‘. dt is a uniformly bounded differential operator on SS fort € I and j > 0. We have
(AP = 8L 0Py + S, Prjo1.

where S,{’O(t) is a uniformly bounded matrix depending on ¢, and S,{’ (&, y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < 0. By letting & ; = Ej ;Wi ; with the fundamental
solution Ey ; to D, Ey j = S,f’OEk, j» Er j(0) =1d, (6-21) becomes a system of recursion equations in j
and k. Thus (6-21) can be solved in [ with ®; € SS having initial values ®;(0) =0, k£ > 0. We find
from (6-8) and the definition of SS that ¢ (¢, x, ¥) = ¢ (0°t, 0%x, 0y), where ¢, € C* uniformly when
t € I. Thus we can solve the transport equation (6-1) up to any negative power of A. Observe that by
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cutting off in # and x, we may assume that ¢, € C3° has fixed compact support in (x, y) and support
where |¢| < 3. It follows that the support of ¢ can be chosen in an arbitrarily small neighborhood of T
for large enough . Changing to the original coordinates, we obtain the following result.

Proposition 6.3. Assume that the conclusions in Proposition 5.2 hold, and that (3-6) is satisfied near I'
when the sign change of t — f(t, xo, &) is of infinite order. If 0 = X'V for sufficiently large N,
then for any K and M we can solve the transport equations (6-20) for k < K and |o| < M near
{(t, xo(t), yo) : t € [t1, 12]}. By (6-8) this gives

oi(t, x,y) = ¢ (0°(t — 10), 0% (x — x0(1)), 0(y — y0)), k<K,

where ¢y (t, x, y) € C™ uniformly, has support where |x| +|y| < 1 and |t| < 03, and ¢0(0,0,0) =1 for
some ty € (11, tp) such that Im wy(ty) = 0.

7. The rate of change of sign

We have showed that t — f (¢, x, &) changes sign from + to — on an interval /. Then

t t
F(t)=/ f(S,XO(S),So(S))dS=f f(s)ds (7-1)

has a local maximum in the interval. By choosing that maximum as the starting point, we may assume it
is equal to O so that F(¢) < 0. By changing ¢-coordinate, we may assume F(0) = 0. We shall study how
the size of the derivative f affects the size of the function F.

Lemma 7.1. Assume that 0 > F(t) € C* has local maximum at t = 0, and let I, be the closed interval
joining 0 and ty € R. If

II}aXIF'(t)I =|F' ()=« =<1
0

with |to| = k© for some ¢ > 0, then we have min;, F (1) < —CQK”Q. The constant C, > 0 only depends
on o and the bounds on F in C*.

Proof. Let f = F'. Then since F(t) = F(0) + fol f(s)ds < fot f(s)ds, it is no restriction to assume the
maximum F(0) = 0. By switching ¢ to —¢, we may assume fp < —k©¢ < 0. Let

g(t) =" f(to+1k°). (7-2)
Then [g(0)| =1, |g(t)|<1for0<t <1 and
8™ 01 =1V M @+ 16)] < Cy
when N > 1/p for 0 <t < 1. Using the Taylor expansion at t =0 for N > 1/0, we find
g®)=p@®) +r(), (7-3)

where p is the Taylor polynomial of order N — 1 of g at 0, and

1
r (1) =IN/ gM sy —s)Ntds/(N —1)! (7-4)
0
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is uniformly bounded in C* for 0 <¢ < 1 and r(0) = 0. Since g also is bounded on the interval, we
find that p(¢) is uniformly bounded in 0 < ¢ < 1. Since all norms on the finite-dimensional space of
polynomials of fixed degree are equivalent, we find that p® (0) = g®(0) are uniformly bounded for
0 <k < N which implies that g(¢) is uniformly bounded in C* for 0 < < 1. Since |g(0)| = 1, there
exists a uniformly bounded § —1'> 1 such that lg(t)| > % when 0 <t < §; thus g has the same sign in that
interval. Since g(s) = k! f(to + s«?), we find
to+3k°
K_Q/ kL f () dt
fo

s
/ g(s)ds
0

Since 7y + 6x© < 0, we find that the variation of F(¢) on [#g, 0] is greater than Silte /2 and since F <0,
we find that the minimum of F on I, is smaller than —8x !¢ /2. g

Proof of Lemma 6.1. As before we let F(t) satisfy F(0) =0and F'(z) = f(¢), where f () = f(¢, 0, &(2))
satisfies f(0) = 0. We have assumed that the estimate (3-6) holds near I" if f(¢) vanishes of infinite order
at t = 0. Observe that the term x(’) (t) in Ag can be estimated by |9, f (¢, 0, &o(¢))| by (4-7), which gives
that |Ag(z, 0)| < [0y f (2, 0, &(1))]. We find from (4-3), (4-6) and (4-7) that

100 (2, )| S 1f ()] + 10w f (2, 0, &0 ()]

§/2 <

: (7-5)

Thus (6-11) follows if

| f O+

t
/ | £ ()] + Ao(s, 0) + A (s, 0, y/0) + Aa(s, 0, y/0) ds| 2 07, (7-6)
0
where
Ao(1) = 0, f (2,0, E0(1)],
Ai(t, y/0) =1A(t,0, y/0.0, £(t), 0)], (7-7)
Ax(t,y/e) =10, B(t,0. y/0. 0. &(1). 0)]. (7-8)

In the following we shall suppress the y-variables in (7-6); the results will be uniform when |y| < co for
some ¢ > 0 since (3-6) holds near I". Observe that if | f(s)| and A (s) are < o3 for0<j<2whensis
between 0 and ¢, then (7-6) does not hold.

We shall first consider the case when | f(¢)| = |¢|™ vanishes of finite order at r = 0. Then the order
must be odd so we find F(¢) = f(; f(s)ds <0and ¢ < |F(t)|/t** < C < 0 for some k > 0. Thus we find

-3
0 S

/ | £ ()] + Ao(s) + A1 (s) + Ax(s) ds| S|t SIF ()| (7-9)
0

implies that | F(¢)| > 0. Since A = oV, we then obtain AF (r) < —oV %% < —o =AYV if N > 6k. The
case when [¢|*~1 = | f(r)| = 073 gives that [t| > 073/ Ck=D 50 AF (1) < —oV /=D < _pif N > 6.
Now one of these cases must hold if (6-11) holds, so we get the result in the finite vanishing case.
Next, we consider the infinite vanishing case. Then we have assumed that condition (3-6) holds, which
means that )
YA SIFOF,

Jj=0
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which implies that A;(0) = 0 for all j. Now we assume that (7-6) holds at 7; by switching 7 and —¢, we
may assume ¢ > 0. Then we obtain for some s € [0, 7] that | f(s)| > co™> or Aj(s) > co ™3 for some ¢ > 0
and j. Now we define f( as the smallest #y > O such that | f(#p)| = CQ_3 or Aj(tg) = CQ_3 for some j;
then 7y < ¢. Then we obtain from condition (3-6) in the first case that co > = | f (to)| <|f(t)|® and in

the second case that
o =A;(t0) SIf W)l (7-10)

1/N

Since o = A"/, we find in both cases that

1N =k <elfo)l, >0, (7-11)

where A >> 1 if and only if k¥ < 1. By taking the smallest #y > 0 such that (7-11) is satisfied, we find that
|f(@)] <|f(to)] for 0 <t <ty. Since f(¢) vanishes of infinite order at # =0, we find using Taylor’s formula
that | f(1)] < Cp|t|M for any positive integer M. (Actually, it suffices to take M = 1.) Condition (7-11)
then gives

KM < F o) MM S ol (7-12)

so using Lemma 7.1 with o = 1/M, we find that

Omin F(s) < —"HUM — ) 3A+MEN =5 s 1. (7-13)
=<s=Io

Thus we find that ming<s<;, F(s) S —x¢~forsome ¢ > 0if 3(1+1/M)/eN <1, thatis, N >3(1+1/M) /e,
which gives Lemma 6.1. U

8. The proof of Theorem 2.7

We shall use the following modification of [Hormander 1985b, Lemma 26.4.15]. Recall that ||u|| ) is the
L? Sobolev norm of order k of u € C$° and let D = {u € D' : WF(u) C '} for I’ € T*R".

Lemma 8.1. Let
M

. (x) = A7 2 exp(ide () Y ¢ (WPx)nTIe =1, (8-1)
j=0

withg >0, 0 <8 <1, w € C*(R") satisfying Imw >0, |[dRew| > ¢ >0, and ¢p; € C°(R"). Here w
and ¢ ; may depend on A but uniformly, and ¢; has fixed compact support in all but one of the variables,
for which the support is bounded by CA%. Then for any integer N we have

lusll-py < CA7N, A =1 (8-2)
If ¢po(xg) # 0 and Im w(xg) = 0 for some xq then there exists ¢ > 0 so that
s~y > A~ NTHEFO=D2 s v N (8-3)
Let ¥ =51 U, supp &; (A% .) and let T be the cone generated by

{(x,d0(x)) :x € £, Imw(x) =0}. (8-4)
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Then for any k we find A*u;, — 0 in D/-, so AXAu;, — 0 in C™® if A is a pseudodifferential operator such
that WE(A) NT = @. The estimates are uniform if w € C* uniformly with fixed lower bound on |d Re w|,
and ¢; € C$° uniformly with the support condition.

In the expansion (8-1), we shall take o = 1/N and § = 3/N with N > 3, and the cone I" will be
generated by

{(z. x0(0), y0.0,&(1),0) : 1 € I}, (8-5)

where I = {t : Imwgo(t) = 0}. Observe that the phase function in (4-2) will satisfy the conditions in
Lemma 8.1 near {(¢, xo(¢), yo) : t € I} since &y(¢) # 0 and Im w(t, x) > O by Proposition 5.2. Also, we
find from Proposition 6.3 that the functions ¢, will satisfy the conditions in Lemma 8.1 with § =3/N
after making the change of variables (¢, x, y) — (t —tg, x — x0(t), y — yo) since ¢o(fo, xo(t0), yo) = 1.
Observe that the conclusions of Lemma 8.1 are invariant under uniform changes of coordinates.

Proof of Lemma 8.1. We shall modify the proof of [Hormander 1985b, Lemma 26.4.15] to this case. We
have

M
5 (8) :A(”_I)S/ZZA_jS/ei)‘w(x)_i(xf)(bj()uax)dx. (8-6)
j=0

Let U be a neighborhood of the projection on the second component of the set in (8-4). When £/ ¢ U,
for A > 1 we find that

Jsuppg; (A° ) x> Qoo (x) — (x, )/ O+ &)

J

is in a compact set of functions with nonnegative imaginary part with a fixed lower bound on the gradient
of the real part. Thus, by integrating by parts we find for any positive integer k that

|05, (&) < CA DG enTR D ga ¢ U, AL, (8-7)

which gives any negative power of A for k large enough, since § < 1. If V is bounded and 0 ¢ V then
since u;, is uniformly bounded in L2 we find

/ 0 EPA+ ED Y e <y, (8-8)
AV

which together with (8-7) gives (8-2). If x € C3° then we may apply (8-7) to xu,; thus we find for any
positive integer k that

X0, (&) < CA=D2H G ek gew, A1, (8-9)

if W is any closed cone with (supp x x W) N T = @. Thus we find that Afu; — 0 in Dr. for every k. To
prove (8-3) we may assume that xo = 0 and take ¥ € C°. If Im w(0) = 0 and ¢(0) # O then since § < 1,
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we obtain

)Ln—(n—l)S/Ze—ikRew(O) <u)” '(/f()\. . )> — / eik(w(x/x)—Rew(O))w(x) Z¢] (Aﬁ—lx))\‘—j(s d.x
J

N /ei<Rean(O)’x>lﬁ(x)¢o(0) dx, AI— 00, (8—10)

which is not equal to zero for some suitable ¥ € Ci°. Since
Y O Hllwy < CyaN 72, (8-11)
we obtain from (8-10) that 0 < ¢ < AN+”/2_("_1)5/2||uk||(_N), which gives (8-3) and the lemma. O

Proof of Theorem 2.7. By conjugating with elliptic Fourier integral operators and multiplying with
pseudodifferential operators, we obtain that P* € \Dc21 is of the form given by Proposition 3.2 microlocally
near I' = {(¢, x¢, y0, 0, &0, 0) : t € I}. Thus we may assume

P*:D1+F(t»x»y,Dt,Dx»Dy)+R’ (8_12)

where R € \IICZ1 satisfies WF(R)NT" = @.

Now we can construct approximate solutions u; of the form (3-14) by using the expansion (3-15). By
reducing to minimal bicharacteristics, we may solve first the eikonal equation by using Proposition 5.2 and
then the transport equations (6-20) by using Proposition 6.3 with ¢ = A/ for N > 3. Thus after making
the change of coordinates (¢, x, y) — (¢ —ty, x — xo(¢), y — Yo), we obtain approximate solutions u;, of
the form (8-1) in Lemma 8.1 with o =1/N and § =3/N. For N large enough, we may choose K and M
in Proposition 6.3 so that [(D; + F)u;| < A for any k. Now differentiation of (D; 4+ F)u, can at most
give a factor A since § < 1, and a loss of a factor x — xo(¢) gives at most a factor 1172, Because of the
bounds on the support of u,, we may obtain

I(Dy + Fus |y = O N (8-13)

for any chosen v. Since ¢g(ty, xo(f9), yo) = 1 by Proposition 6.3 and Im w(#g, xo(p)) =0 by Proposition 5.2,
we find by (8-2)—(8-3) that

)\‘—N—n/z < )\‘—N—n/2+(n—l)6/2 S ||M||(—N) ,S )“—N VN, A > 1. (8_14)

Since u, has support in a fixed compact set that shrinks towards {(¢, xo(¢), yo) : t € I} as L — 00, we
find from Lemma 8.1 that ||Ru||(,) and ||Aul|) are O(X~N=") if WF(A) does not intersect I". Thus
we find from (8-13) and (8-14) that (2-17) does not hold when A — 00, so P is not solvable at I" by
Remark 2.10. O
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