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DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION
FOR A STRONGLY COUPLED POLARON

RUPERT L. FRANK AND ZHOU GANG

Frohlich’s polaron Hamiltonian describes an electron coupled to the quantized phonon field of an ionic
crystal. We show that in the strong coupling limit the dynamics of the polaron are approximated by an
effective nonlinear partial differential equation due to Landau and Pekar, in which the phonon field is
treated as a classical field.

1. Introduction and main result

1A. Setting of the problem. In this paper we are interested in the dynamics of a strongly coupled polaron.
A polaron is a model of an electron in an ionic lattice interacting with its surrounding polarization field.
Frohlich [1937] proposed a quantum-mechanical Hamiltonian, given in (1-1) below, in order to describe
the dynamics of a polaron. In this model the phonon field is treated as a quantum field. The Frohlich
Hamiltonian depends on a single parameter o > 0 which describes the strength of the coupling between
the electron and the phonon field. Landau and Pekar [1948] proposed a system of nonlinear PDEs, see
(1-8), (1-9) below, to describe the dynamics of a polaron and used this in their famous computation
of the effective polaron mass (see [Spohn 1987] for an alternative approach). They treat the phonons
as a classical field. The derivation of their equations is phenomenological and they do not comment
on the relation between their equations and the dynamics generated by Frohlich’s Hamiltonian. Our
purpose in this paper is to establish a connection between the two dynamics and to rigorously derive the
Landau—Pekar equations from the Frohlich dynamics in the strong coupling limit @ — oo for a natural
class of initial conditions and on certain time scales.

In order to describe this result in detail, we recall that the Frohlich Hamiltonian acts in £2(R3) ® F,
where £2(R3) corresponds to the electron and F = F(£2?(R?)), the bosonic Fock space over £2(R3),
corresponds to the phonon field. The Hamiltonian is given by

i dk
p +\/_/ [ %% ay + ek %q *]W+/ aga, dk, (1-1)
where p 1= —iVy and x are momentum and position of the electron and g, and a; are annihilation and

creation operators in F satisfying the commutation relations
lay.a;] =8k —k'), [ax,ar]=0, and [aj,a;,]=0. (1-2)
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As mentioned before, the scalar o > 0 describes the strength of the coupling between the electron and the
phonon field and will be large in our study.
To facilitate later discussions we rescale the variables, as in [Frank and Schlein 2014],

x—a lx, k— ak, (1-3)

and find that the Hamiltonian in (1-1) is unitarily equivalent to azH Fwhere the new Hamiltonian H F
acting again in £2(R?) ® F, is defined as

A = p +/ [e” ’kxbk—i-e’kxbk] ] / by dk. (1-4)

The new annihilation and creation operators b, := al/ 2a4% and b,’: = al/2g* i satisfy the commutation
relations

[by. by = a~28(k —k'), [bg.bp’]=0, and [by. bi]=0. (1-5)

We emphasize the ¢-dependence in (1-5).
We will discuss the dynamics generated by H(f for initial conditions of the product form

Yo ® W(a?po) Q. (1-6)
Here, © denotes the vacuum in F and W( f) denotes the Weyl operator,
W(f) =70, (1-7)

so that W(a2¢) Q2 is a coherent state. This particular choice of initial conditions is motivated by Pekar’s
approximation [1946; 1951] to the ground state energy, which uses exactly states of this form. Pekar’s
approximation was made mathematically rigorous by Donsker and Varadhan [1983] (see [Lieb and
Thomas 1997] for an alternative approach)

Clearly, the time-evolved state e —iHyt Vo ® W(a?po) 2 with t # 0 will in general no longer have an
exact product structure. However, we will see that for large o (and ¢ of order one, or even larger) it can
be approximated, in a certain sense, by a state of the product form v¥; ® W(a?¢,) 2, where ¥, and ¢,
solve the Landau—Pekar equations

o) = [ =8+ [ [t + 5] 5 o (-8

K]
102300 (k) = g (k) + k]! /R (o) Pe dx (1-9)

with initial data ¥ and ¢g. Using standard methods one can show that for any o € H!(R3), ¢o € £L2(R3)
and o > 0, the system (1-8), (1-9) has a global solution (v, ¢;), which satisfies

Vel 2wy = Vol 2msy and  E(Wre, @1) = E(Yo,90) forallz € R

with the energy

—IlK-X KX = k
ey = [ VP ars [ ool [ (oot a) T ar [P dk. -0
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We refer to Lemma 2.1 and Proposition 2.2 for more details about the solution (v, ¢;). In the original
work of Landau and Pekar the equations are given in a different, but equivalent form, and we explain this
connection in Section 1D.

1B. Main result. In order to prove our main result we need the following regularity and decay assumptions
on the initial data. We denote by ™ (R?) the Sobolev space of order m and by

L3y R = LR, (1 + k)™ dk) (1-11)

the weighted £2 space with norm

1
2
Iollg,, = ( [ 0+ gt ak)
(m) R3
Our main result will be valid under the following:

Assumption 1.1. We assume o € H*(R>) and ¢g € 5%3)([R3) with [[Vo [l 2w3) = 1.

A first version of our main result concerns the approximation of the reduced density matrices of
_HF .
e~ Ha Ly @ W(a?gp) Q in the trace norm.

Theorem 1.2. Assume Vo and @o satisfy Assumption 1.1 and let (Y¢, @) be the solution of (1-8), (1-9)
with initial condition (Yo, @g). Define

article —iHF —i BF
yPele = Trr|e™ Ha tyo @ W(e?po) Q@) (e~ e Lo @ W(epo) |
_;gF _gF
yi = Trpzgay e o o @ Wiapo) Q) (e Ha Typg @ W(apo) 2.
Then, foralla > 1 and all t € [—a, a],

Trﬁz(R3)‘thmiCle— Ve ) (Wel| < Ca2(1+12),
Trr |y — [W(@?p) Q) (W(@?e:) Q|| < Ca™?(1 + 1),

particle

Note that y; , yIeld 1y ) (Y| and | W(a2r) Q) (W (a?@;) Q| all have trace norm equal to one
(in fact, they are nonnegative operators with trace one) and therefore Theorem 1.2 gives a nontrivial
approximation up to times ¢ = o(«). Already the approximation up to times of order one is significant
since this is the time scale on which ¥, changes. It is a bonus that the same approximation is in fact valid
for much longer times.

We emphasize that the Landau—Pekar approximation to the Frohlich dynamics depends on « (through
(1-9)). As we will explain in Section 1C, without allowing for an e-dependence one cannot approximate
yr article with accuracy o~ 2 for times of order one.

We next present a more precise result which comes at the expense of a more complicated formulation.
We approximate the state e~ Ha "o ® W(a?pp)Q itself in £2(R?®) ® F, and not only its reduced
density matrices. However, it turns out that up to the desired order a2 this is not possible in terms
of simple product states. Instead, we need to include an explicit nonproduct state of order o~! which
takes correlations between the particle and the field into account. The key observation is that this term
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satisfies an almost orthogonality condition, so that it does not contribute to the reduced density matrices
to order &~ L. For the statement we need the real scalar function @ defined as

o(t) = & Im(pr, 3:pr) + 911122 g3)- (1-12)

It will follow from Lemma 2.1 below that this function is uniformly bounded in ¢ € R.
The following is our main result.

Theorem 1.3. Assume o and @ satisfy Assumption 1.1 and let (¢, ;) be the solution of (1-8), (1-9)
with initial condition (Yo, o). Then there is a decomposition

Tty 8 W(aPgo) R = IOy @ Watp) 2 + R(0) (1-13)
and a constant C > 0 such that for all o > 1 and all t € [—a, ],
(@ W* (@0 RO)) 5| 2 sy < Ca1e](1+ 1)), (1-14)
[{ve. W= @0 R®) 2@ | = Ca? 111+ 12 (1-15)
and
IR 2@yer < Ca™ (1412 (1-16)
More precisely, (1-13) holds with R(t) = R1(t) + Rx(t) and with the bounds
(. W™ (@) Ri (1)) | o gy < Ca™ 2%, (1-17)
(W, W (@0 R1 (D) 23 || - < Ca ™21 (1-18)
and
1R2 () c2@eyor < Ca 211+ 1e]), RO 2@ypr < Ca™ (1 +t]). (1-19)

Similarly as before, we note that for # = o(«) the term R(¢) is of lower order than the main term
=i Jy 0(s) ds V: ® W(a?@,) 2, which has constant norm equal to one.

The message of Theorem 1.3 is that, while R(¢) is in general not of order a2 (for times of order
one), it can be split into a piece which is, namely R, (?), and a piece which satisfies almost orthogonality
conditions, so that it does not contribute to the reduced particle or field density matrices at order o~
either. The term R;(¢) is given explicitly in (2-16) below.

Theorem 1.3 implies Theorem 1.2 by a simple abstract argument, which we explain in Appendix D. In
the following we concentrate on proving Theorem 1.3.

In Section 1C we compare Theorem 1.3 with a similar approximation in [Frank and Schlein 2014] where
¢ is independent of . In Lemma 1.4 we show that this simpler approximation does not yield the same
accuracy in terms of powers of ! as Theorem 1.3. In this sense Theorem 1.3 derives the Landau—Pekar
dynamics from the Frohlich dynamics and answers an open question in [Frank and Schlein 2014].

While it is necessary to take the time dependence of ¢; into account, this dependence is still weak
for times of order « as considered in our theorems. The field ¢; changes by order one only on times of
order o2, and it would be desirable to extend Theorems 1.2 and 1.3 to this time scale, at least for a certain
class of initial conditions. This remains an open problem.
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The key point in Theorem 1.3 and novel aspect of this work are the almost orthogonality relations
(1-14) and (1-15). As we will see in Section 1C, they will be crucial for deriving Theorem 1.2. Inequality
(1-16) is not sufficient for this purpose. Let us discuss the motivation behind the almost orthogonality
relations in more detail. We introduce the function

Uy = et oo dsy, (1-20)

and consider the problem of approximating eI HY "0 ® W(a? o) Q by a function of the form 1}, ®
W(a2¢;)Q. (We do not assume at this point that v, and ¢, satisfy an equation.) Since W(a2¢;) is
unitary, this is the same as the problem of choosing v/, and ¢; so as to minimize the norm of the vector

W (@2gr)e ™ Bd Ly @ W(aPo) 2 — 1 ® Q. (1-21)
Clearly, for given v, go and ¢;, the optimal choice for v/, is
Ve =(Q, W* (@2 )e Ha o @ W (e 90) Q) ;. (1-22)

In order to determine ¢; we only solve the simpler problem of minimizing the norm of the projection of
(1-21) onto the subspace span{v/;} ® F. This norm could be made zero if we could achieve

Q= (1},, W*(azwt)e_iﬁoftlﬂo ® W(aztpo)Q)Lz. (1-23)

While it may not be possible to have exact equalities in (1-22) and (1-23), we will see that the Landau—
Pekar equations yield almost equalities. In fact, the almost orthogonality relations (1-14) and (1-15) in
our main theorem state exactly that:

P — (W @2p)e Ay @ W(ePpo) Q) = Op2 (¢ 2[t](1+2)). (1-24)
Q— (. W@ p)e a1y @ W(aPg0) Q) o = Or(a2]t](1+ It]). (1-25)

1C. Comparison with earlier results. The problem of approximating the Frohlich dynamics of a polaron
was studied before in [Frank and Schlein 2014]. There a different and simpler effective equation is
proposed in which only the particles move and the phonon field remains constant. In this subsection we
show that Theorem 1.2 is not valid for these effective dynamics from [Frank and Schlein 2014], in the
sense that the reduced phonon density matrix cannot be approximated to within an error o =2 for times
of order one. The fact that our Theorem 1.2 achieves an approximation at this accuracy is because the
phonon motion is taken into account in the Landau—Pekar equations. Technically this is reflected in the
orthogonality conditions (1-14) and (1-15).
To be more specific we recall that in [Frank and Schlein 2014] it was shown that

”e_iH‘ftWO ® W(O[z(po)Q _ e—l'||(00||%té-t ® W(a2¢0)9 H£2®}_ < Ca—l(eCItl — 1)%, (1-26)

where ; denotes the solution of the linear equation

dk

ity = [ =0+ [ [ 00+ e nth] i Jarco
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with initial condition 9. We stress again that in this approximation, ¢g does not evolve in time. An
anonymous referee, to whom we are most grateful, has explained to us that the method of [Frank and
Schlein 2014] actually leads to the bound

le = Hd g ® W(aPpo) @ —e 1907 ¢, © W(0P00) Q| 1o < CCIV™ — 12, (1-27)

which provides an approximation even up to times of order o(c). With his/her kind permission we
reproduce the argument in Appendix E.

As an aside we note that we recover a similar bound as a simple consequence of Theorem 1.3. (In fact,
our new bound is better by a power of ™2 for times ¢ > 1.) Namely, (1-16) says that

_iHF [t _
le™ ety @ W(aPpo) 2 — e o WISy @ W(aP0) R pogr < Co (1 +1t]).  (1-28)

(In [Frank and Schlein 2014] weaker regularity and decay assumptions are imposed on ¥ and ¢g, but
we emphasize that (1-16) is also valid under weaker assumptions than those in Assumption 1.1. In fact,
the latter assumption is needed to bound R (¢), whereas for (1-16) one can avoid the use of Duhamel’s
principle in Proposition 2.3.)

For the reduced density matrices, inequalities (1-26) and (1-27) give, using (D-1) and possibly changing
the value of C,

article . _ 1 1
Trpo [y — 18) (¢l < € minfa = (€1 —1)2, (€l —1)2},
Tra |y — |W(ap0) Q) (W(Pp0) Q| < C minfa™ (€M —1)3, (€I« —1)3}.

These bounds behave like o~! for times of order one.
The next result shows that in this approximation of )/,ﬁeld by a time-independent ¢ the order o~ (for
times of order one) cannot be improved in general.

Lemma 1.4. In addition to Assumption 1.1 suppose that po # —0y,, in the notation (2-2). Then there are
£>0,C >0andc >0 such that for all |t| € [Ca™',e]l and all o« > C /s,

Trz |y = W (@?90) Q) (W (@?p0) Q| = ca™1].

This lemma should be contrasted with Theorem 1.2, which says that the time-dependent approximation
|W(a?@;) Q) (W(a?@p,) 2| is correct to order o2 (for times of order one). This argument shows the
importance of the orthogonality conditions (1-14) and (1-15). Indeed, if we would only use (1-16),
we would arrive at (1-28) and this would again only give an approximation to order o~ (for times of
order one).

Since Theorem 1.2 is a consequence of Theorem 1.3 and since we showed that one cannot replace ¢
by ¢¢ in Theorem 1.2, the same applies also to Theorem 1.3.

Let us consider our problem from a wider perspective. We have a composite quantum system 1 ® H,
and a Hamiltonian which couples the two subsystems. Each system has an effective ‘“Planck constant” and
the characteristic feature of the problem is that the Planck constant of one system goes to zero, whereas
that of the other system remains fixed. Thus, one of the systems becomes classical, whereas the other one
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remains quantum-mechanical, and Ginibre, Nironi and Velo [Ginibre et al. 2006] used the term “partially
classical limit” in a closely related context. (For us, the “Planck constant” of the phonons is @2, as can
be seen from the commutation relations, whereas that of the electron is of order one.) A prime example
of such a problem is the Born—Oppenheimer approximation, where the inverse square root of the nuclear
mass plays the role of the small Planck constant.

Here, however, we consider the case where H; ® H; has infinitely many degrees of freedom. As is
well known, our Hamiltonian is the Wick quantization of an energy functional on an infinite-dimensional
phase space and the notion of “Planck constant” has a well-defined meaning through the commutation
relations of the fields. (We emphasize that in our problem we can imagine that we have also a field W for
the electrons, but that we only consider the sector of a single electron.)

Although there is an enormous literature concerning the classical limit, starting with Hepp’s work
[1974], and although we believe that the question of a partially classical limit is a very natural one which
appears in many models, we are only aware of the single work [Ginibre et al. 2006] prior to [Frank and
Schlein 2014] on this question, and it studies fluctuation dynamics. Closer to our focus here are the
works [Falconi 2013; Ammari and Falconi 2014] about the Nelson model with a cut-off where, however,
a classical limit on both systems is taken. On the level of results, one obtains equations similar to the
Landau—Pekar equations (without the factor «? in (1-9)), but the proofs are completely different, as
[Ammari and Falconi 2014] relies on the Wigner measure approach from [Ammari and Nier 2008; 2009].

The polaron model, in contrast to the Nelson model, does not require a cut-off, although this is not
obvious since the operator [ e’®*p|k|~" dk and its adjoint are not bounded relative to the number
operator. Lieb and Yamazaki [1958] devised a method to deal with this problem in the stationary case,
but it is not clear to us how to apply their argument in a dynamical setting and we consider our solution of
this problem as a technical novelty in this paper. Our methods apply equally well to a partially classical
limit in the cut-off Nelson model and, in fact, the proofs in that case would be considerably shorter.

1D. An equivalent form of the Landau—Pekar equations. Often the Landau—Pekar equations are stated
in the form

10:9: = (=A + |x| ™" % Py, (1-29)
a*®? Py = — P, — 2)2 |y, ? (1-30)

for a real-valued polarization field P;; see, e.g., [Landau and Pekar 1948; Devreese and Alexandrov
2009]. Let us show that this pair of equations is equivalent to the pair of equations that we discussed so
far. In fact, assume that v; and ¢; solve (1-8) and (1-9) and define

Pi(x) = (27)"! Re/ k|@: (k)e ™ ** dk,
R3
as well as the auxiliary function

0:(x) = () m [ IKlgr )~ .
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If we multiply (1-9) by |k| and integrate with respect to e "'%¥*X, we obtain

i0®0;(Pr +iQ1) = Pr +i0Q; + 2m)? |y
Since P; and Q; are real, this equation is equivalent to the pair of equations
0?0 Pr= Qs @3;0r=—Pr—Qu)* |yl

Here we can eliminate Q; by differentiating the first equation and arrive at (1-30).
Moreover, the inversion formula

o0 (k) = 2m) 2 k]! f (Py +i00)e % dx
R3
implies
dk

-1
= * Py,
k| | x| t

43 (e—ik~x¢t(k) +eik'xM)

which yields (1-29).

2. Outline of the proof

2A. Well-posedness of the Landau—Pekar equations. We begin by discussing the well-posedness of the
equations for ¥; and ¢; in (1-8) and (1-9). We use the following abbreviations for the coupling terms in
these equations,

dk

2-1
] -1

Vo(x):= /3[e_ik'x<p(k) + eik'x(ka)]
R
and
oy )= 7! [ e ax. @)
R3
The following lemma, which is proved in Appendix C, states global well-posedness in the energy space
HIU(R3) x £L2(R3).

Lemma 2.1. For any (Y, o) € H1(R3) x LZ(R3) there is a unique global solution (¢, ¢;) of (1-8),
(1-9). One has the conservation laws

Vel 2 = Woll.2 and  E(We, 1) = E(Wo.@o) forallt € R.

Moreover, for all @ > 0 and all t € R,

IWellyr ST llorlle2 <1 (2-3)

and

10:0:ll 2 Sa2, Nloe—@sllz Sa 2t —s|, oy, ll2 < 1. (2-4)

In the proof of our main result we need to go beyond the energy space #! (R?) x £2(R3). The following
proposition states that if the initial conditions have more regularity and decay then, at least for a certain
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(long) time interval, we have bounds on the solution in the corresponding spaces. We will also need some
bounds on the auxiliary functions g : R — C defined by

o dk
goa(x) i= [ 0 () — sG]k 2K 2-5)
" ]
and g : R3 — C defined by
g5(x) 1= —By g4 (x) = / ikx g0 0) X (2-6)
" |k|

The following proposition will also be proved in Appendix C.

Proposition 2.2. Let v > 0. If (Yo, po) satisfies Assumption 1.1, then for all « > 0 and for all t,s €

[—ta?, ta?] we have
Ve llgga <o 1, ”‘/’t“g(%) <ol (2-7)
Moreover,
10:Yella2 S 1, 10r0y, o2 o 1 (2-8)
and
lgs.lloo Sz 2t =5l lgslloo S (2:9)

2B. Decomposition of the solution. We now decompose the solution e~ ay o ® W(a?pp)Q as
claimed in Theorem 1.3. In order to state this, we need to introduce some notations.

It will be convenient to work with the function 1}; from (1-20). Clearly, the bounds from Lemma 2.1
and Proposition 2.2 hold for ¥, as well. (For the bounds on d,V; we use the fact that |w(¢)| < 1 by
Lemma 2.1.) Moreover, we note that v/, and ¢, satisfy the modified equations

o0 = =8+ [ [+ a0 v o . o

o g1(l) = o)+ kI [ (0P dx @-11)
Next, we define for y € £2(R3) with ||| = 1 the orthogonal projections in £2(R?3),
=)Wl Pyi=1-Py=1-[y)(yl.
The effective Schrodinger operator Hy, in £2(R3) is defined by
Hy:= —A+V¢,+/R3 lp(k)|* dk (2-12)
with V,, from (2-1). Moreover, let us introduce the operator
H, = W*(?p)HE W(a?p) (2-13)

in £2(R3) ® F. Using the commutation relations (see Lemma A.1) we find that

i, =H¢+/W[e"k'Xb; —’kka]W+[ [o(k)b} +<p(k)bk]dk+/ bibedk.  (2-14)
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Finally, we introduce the vector

o . dk
Frs:=P3 / [(EEWH @)W po)bls @ Q) T (2-15)
S JR

and define ,
Dy ::/ eiH“’tsF,,s ds
0
and

t—s i . - dk
/ (el 0 (5+51) i 'Xb]’:e—l ‘”SIFt,s)stl ds,
R3

(eiﬁ‘/” (s+sl)e—ik'kae_iH(ﬂ[sl FI,S) % dsl ds7
3

I
)
bl
t pt—s o~ .
D3:= / / / (e Hot SHsV g (k)bFe HosS1 F, () dk dsy ds,
0 JO R
S
L

Dy = (! Aor 50 o )by e ™ Horst Fy () dk dsy ds.

3

t pt—s - _
Ds = / / / (e’Hw (””sl)b,’c"bke_’H‘ﬁts1 F,,s) dk dsy ds.
o Jo Jgr3

While these definitions might seem formal, we will show in Theorem 2.5 that each of Dy, ..., Ds belongs
to L2(R3) ® F.
With these notations, the promised representation formula for the solution looks as follows.

Proposition 2.3. Assume that (V;, ;) satisfy (2-10), (2-11) with initial conditions (o, @o) where
Woll? = 1. Then for any t € R one has the decomposition

e HE Yo @ W(aPp0) 2 =T ® W(ePp) R + Ri (1) + Ra(t)
with
Ry (1) := —iW(a?g,)e " Her' Dy
and B
Ra(t) := —W(a*@;)e " Het!(Dy + Dy + D3 + Dy + Ds).
Clearly, in terms of the original function v, the term R; is explicitly given by
Ri(1) =

o s : dk
_iW(OlZ(pt)/ |:e—let(t—S)—l lo w(Sl)dS1PVJI_S/3(elk-xW*(O[Z(pt)W(aZQDS)b;:wS@Q) W] ds. (2-16)
0 R

The proof of Proposition 2.3 makes use of equations (2-10), (2-11) for (1},, @) as well as the Duhamel
formula. We single out the use of the equations in the following lemma.

Lemma 2.4. Assume that (¢, @;) satisfy (2-10), (2-11) with initial conditions (Yo, po) where ||o]|? = 1.
Then for any t € R one has

_ t L~
e Ha o @ W(a2g0)Q = P ® W(ap)Q —i / e Ha OW (g Fr ds. (2-17)
0
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Proof of Lemma 2.4. Applying the operator e A4t 1o both sides of (2-17) we see that we need to prove

5 .
Vo ® W(a?o) Q2 = elH“Ftl//t Q W(a?p:) Q2 — i/ elHaFSW(azgot)Ft,s ds.
0

This is clearly true at # = 0 and therefore we only need to show that the time derivatives of both sides
coincide for all #; that is, in view of definition (2-15) of F; g,

0=l fa [i HE Ui @ W(@P0)Q+ 300 © W(e0r) Q2 + Y ® 3, WP o) Q
k
—iweory, [ @i @ )
This is, of course, the same as
iﬁ(f‘}t ® W(pr)Q + 0: Y ® W(a?0) Q + ¥ ® 9 W) Q2

S dk
=iWeoP} [ (@b o) T

, (2-18
] (2-18)

which is what we are going to show now.
We begin by rewriting the first term on the left side. Using (2-13) and (2-14) we obtain

o ~ ) . . dk
iHy Ve @ W(eP9)Q = iHy, it @ W(eP9r) Q + W’W(azwt)[ib ot l/ R k] ]Q

In order to rewrite the third term on the left side of (2-18) we use the formula for 9, W(a2<p,) from (A-4)
below and find

Vi ® 0: W) Q = i (Im(ps. ,00) ¥ @ W(ap)Q + &Y @ W(a?p)b* (3:9:) Q.
Thus, recalling the definition of w in (1-12), we have shown that
PHE G @ W20 @+ 00 @ W(eP0r) 2+ T ® 8 W(epr) Q2
=[0; +i(=A+Vy, + (1) @ W(a?e)Q (2-19)
+ W(oz2<p,)|:oe2b*(8tg0t) +ib*(¢;) + i/R3 etkxpx %](% ® Q). (2-20)

At this point in the proof we use the equations for 1/~/t and ¢;. It follows from (2-10) that line (2-19)
vanishes identically. For line (2-20) we use (2-11) to obtain

PHF @ W2p) @+ 30 ® W(a2e) 2 + T ® 9 W) Q
. - . k7 -
_ iW(azgot)[ / (— / e Pe® dy + e””‘)bi: W]wt ®9)

=iW(a so)Plf (e @ 9) 2k i (2-21)
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Here we used the fact that ||| = ||¥o|l = 1 by assumption and Lemma 2.1, and therefore
Pé‘{ =1- |&t>(¢t|
Equation (2-21) proves (2-18) and completes the proof. O

Having proved Lemma 2.4 we turn to the proof of Proposition 2.3.

Proof of Proposition 2.3. It follows from Lemma 2.4 and (2-13) that

3 .
e He o @ W(aPp0) @ = Y @ W(e2g)Q2 —iW(Ol2<Pt)/ N
0

In the time integral on the right side we use Duhamel’s principle and (2-14),

_ t—s ~
e_iHWt(t_s) :e_iH‘ﬂl(t_s)—i/(; e_iHW(t_s_Sl)(/l;p[ ik- xb +e —ik- xbk W_'_/ bkbk dk

[ o b+ ) e ) Hert s
R3
Proposition 2.3 now follows easily from the definition of Dy, ..., Ds. O

2C. Reduction of the proof of the main result. In the remainder of this paper we will prove the following.

Theorem 2.5. Assume that o and @g satisfy Assumption 1.1, let (1},, @) be the solution of (2-10), (2-11)
with initial condition (o, @o) and let Dy, ..., Ds be as in Proposition 2.3. Then there is a constant
C > 0 such that foralla > 1 and t € [0, 052],

IDoll 297 < Ca™ ' (1 +1), (2-22)
ID1l 27 < Ca™2t(141), (2-23)
ID2]l 2gr <@ 2t(14+0)(1+a™ 1), (2-24)
ID3)l 2or < Ca2t(1+1)(1+a™ 1), (2-25)
ID4ll 27 < Ca2t2(1 +a 1), (2-26)
IDs|| 207 < Ca3t(1+1)(1 +a™2t?), (2-27)
(@, e7He! Do) | @y < Ca 2%, (2-28)
(0. e et Do) 2y || - < Ca21%(1 + a7212). (2-29)

This theorem (and its analogue for ¢ € [—a?2, 0]), together with the decomposition from Proposition 2.3
and the fact that the operators W(a2¢;), e ""Hei? and e~ He:? are unitary, implies Theorem 1.3. In fact,
(2-22) implies the second bound in (1-19), (2-23)—(2-27) imply the first bound in (1-19), (2-28) implies
(1-17) and (2-29) implies (1-18).

We emphasize that Theorem 2.5 is valid up to times o2. (In fact, since the proof only relies on
Proposition 2.2, it is valid up to times a? for an arbitrary > 0 with C depending on 7.) Consequently,
the bounds in Theorem 1.3 are also valid up to times «?. However, since the evolved state and the main
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term in the approximation both have norm one, the bounds are only meaningful for times up to e« for
some small & > 0.

The basic intuition behind the bounds on Dy, k = 0,...,5, is that each annihilation or creation
operator is of order &~ ! and therefore Dg, which contains only one creation operator, is of order o™ !,
D1, D, D3, D4, which contain two creation or annihilation operators, are of order a2 and D5, which
contains three creation or annihilation operators, is of order 3. We illustrate this intuition in more detail
in Section 2E with the simplest possible terms.

While this basic principle is true, it is oversimplifying the situation considerably as it does not take the
slow-decaying terms |k|~! into account. The operator | e’ k-x b;{‘|k|_1 dk and its adjoint are not bounded
relative to the number operator | byb, dx. In fact, the treatment of these operators is the major difficulty
that we have to overcome here.

At this point we have reduced the proof of Theorem 1.3 to the proof of Theorem 2.5, and the remainder
of the paper is concerned with this. We bound Dy in Section 3, D; in Section 4 and D, in Section 5.
The terms D3, D4 and D5, which are easier to bound than D and D5, are briefly discussed in Section 6.
Finally, the bounds (2-28) and (2-29) will be proved in Subsections 7A and 7B, respectively.

2D. A further decomposition. Using the fact that P 1/5; = 1—|v;) (V] (see the proof of Lemma 2.4), we
t
have the decomposition

Fug = O F

t,s >

where

73 ~ dk
Ft(,ls) = /2(€lkxW*(azgot)W(aztps)b;ws ®Q)m
R,

and, with the notation oy, from (2-2),
F2) =15 @ W* (@200 W(ePp)b* (0, ) 9.
Correspondingly, we define
D;i =D;j1y—Dj, fori=0,1,2,3,45.

In general, the terms D; are easier to deal with than the terms D;;. The reason for this is that e!¥* |k |~! &
L?(R3), whereas 0g, € L?(R?) by Lemma 2.1, so the operator [ eik'xb;; k|~ ' dk in Ft(’? is harder to
control than the operator b* (05,)in F, g).

For k =1,...,5, both operators D;; and D;5 involve an operator b;, bk or b,’:bk to the left of Ft(,?

or F t(fv), which in turn involves an operator W* (a2, )W (a2 ). We now have the decomposition
Di; = Djj1 + Djj> fori=1,2,3,4,5and j =1,2,

where Djj1 denotes the expression with by, b;” or b;’b, commuted through the operator W* (CRBVACKD!
and D;;> denotes the expression coming from the commutator. To be explicit, we display some exemplary
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cases,

t t—s ~
D111=/ / [ / o Hoy (s+51) yik-x j=iHy, 51 ik -x
o Jo R3 JR3 dk’ dk

xW* (@) W (0 )biby s ® Q T K] dsids, (2-30)

t t—s ~ . . - dk
D121=/ / /3€le’(s+s1)€lk'xe_lH“’tslW*(Olz@t)W(az(Ps)b]’:b*(0%)%@)Qmdslds, (2-31)
o Jo Jr

t t—s ~
1 / . —7 1 /.
D211=/ / / / ele,(s—i-sl)ezk P letsle’k X
0 JO R3 JR3 /

~ dk’ dk
xW*(azwt)W(achs)bkb,t/l/fsz Q ] Tk dspds, (2-32)

t pt—s o~ . . B dk
D2z =/ / / e/ Hlor 550 o Tkx o =tHo SUW* (o2 ) W (P ps)bicb™* (0 )5 ®Q 7 dsyds. (2-33)
o Jo Jm3 y
The commutator terms can be computed with the help of Corollary A.2. Recalling the definition of the
function gy in (2-5), we have, for instance,

t pt—s . _ _ N dk
D12 = —/ / / e Ho BT g W (a2 ) W(aPps)e  Hors1e!K X pr oy @ Q Il dsids, (2-34)
0o Jo Jmrs

t t—s ~ . ~
Dipy=— / f Mot CHD g W (@0 ) W(@Pps)e™ Hor® 1 b* (0, )irs ® Q ds ds, (2-35)
0 JO

t pt—s ~ . . - dk
D312 = —/ / / e Hoi(sts) g W*(azfpt)W(az%)e_le’slelkixblt‘/’s ® Q T dsy ds, (2-36)
0o Jo Jr3

t t—s ~ . ~
Do ==[ [ et Ig W @ W ge e b o i w Qs ds. 230)
0o Jo

2E. Some warm-up bounds. In order to prepare for the rather technical sections that follow, we will
first focus on the terms that do not include a term of the form |k| ™, that is, on the terms Dg>, D33, D>

and Ds5. We hope that this explains the underlying mechanism of our proof and the intuition that each

annihilation or creation operator is of size o~ 1.

Bound on Dgj. We recall that
Doz = /0 (eHers ) @ (W (o) WiaPgy)b* (05, )©) d
and, therefore, by Lemma 2.1,
I1Doz2]l 207 = /Ot 1Wsll2l1b* (05 ) Q7 ds = o™ /Ot log ll2ds Sa'r. (2-38)
Bound on D3;. We have

t opt—s ' _
Daai= [ [ el rs0 (o ) @ (W (@0 W@ p)b” (00" (7, 2) di ds
o Jo g
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and, according to Corollary A.2,

t opt—s - ' 3
D3pp = —/ / e HoiS+s1) (o= Hois1950) @ (g1 — s, <pt)W*(a2(p,)W(a2<ps)b*(01; )2) dsi ds.
0 O s

By the bounds from Lemma 2.1 we have

1

[6*(@)b* (05 )2 5 = 2 (lgelZlog, 13+ I(gr 05 ))? Sa 2,

and therefore, using also the conservation of the £2-norm of g,

D321l 297 < a2,

On the other hand, the bounds from Lemma 2.1 imply

1b*(og ) Qlr=a"og 2 S (@r—¢s, 00 S @2t =],

S
and therefore, using again the conservation of the £2-norm of Vs,
-3.3
D322l 2gr S 717
Thus, we have shown that

D32l c20 7 <a22(1+a ). (2-39)

Bound on D4;. We have

t opt—s - . B
Dupy = / / e/ Mot 6t51) (e Hors1 ) @ (W* (P 0) W(aP )b (p:)b* (0, ) Q) dsi ds
0 0 s

and, according to Corollary A.2,

t opt—s -~ ' 3
Dig == [ B0 ) & (01— )W @0 W@ 0)b" (07,) 2) s s
0 O 5

We commute once again and obtain

t opt—s - . _
Dari =/ / elH(pz (S+S1)(e—lH<pzSI ws) ® (a_z((Pt,Olp )W*(azwt)W(cngos)Q) dsy ds.
0o Jo 5

According to Lemma 2.1 we have |(¢y, 0%)| < 1. This and computations similar to those in the bound of
D32 yield

2.2

%, ||Danzll2gr S0

[Daz1ll p20r S @

Thus, we have shown that

IDazl 2 r S o 2t2(1 +a11). (2-40)
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Bound on Ds3. To simplify the notation, let us introduce

N:=/ b,’:bk dk. (2-41)
R3
We have

t opt—s . . _
P21 = / / e/ oy (5 s0) (¢ 7Hart1 ) @ (W (o200 W(oPgs) N b7 (0,) 2) ds1 ds.
0 JO

Moreover, by Corollary A.2,

[NV W* (@20 W(ePps) | = —W* (a0 ) W 0s) (b (1) —b(¢5))
—W* (@) W (0 @s) (b* (1) —b™* (05))+ W * (0?01 ) W (0 95) | 0r— @2 |13,
SO
Dayy = /l‘ /t—s eiﬁ(ﬂt (s+s1)(e_iH<ﬂts1 ‘Z.s)
0 0
& (W* (@@ W(@05) (~b(01 —p5) = b* (91 = 95) + lpr — 92113)b" (0, ) Q) dsy ds.

We use Nb*(av;s) = b*(alr,;s)/\/' + a_zb*(av;s) and obtain

t t_s - . ~
Dsy1 =a™? / / e HorCH) (= Horst ) @ (W (P o) W (0P p5)b* (0, ) ) disy ds.
0o Jo :

Therefore, much as before,

3.2

D521l p2r S 717

For D535 we commute again to get
topt—s - . .
Dsza= [ [ eletrs0 et ) @ (W @p) Wia )
o Jo
X (—a 2 (g1 — 05,05, )R = b (91 — )b (05, )2 + ot — 9213 6% (0,) Q) ) disi ds.
For the second term on the right side we compute
1
|6* (00 —0)b* (05, ) @ - = a2 (llgr — esl3 105, 113 + (01 — @5, 05 )1%) 2.
Using the bounds from Lemma 2.1 for ||¢; — ¢s||2 we obtain that
IDs22ll 27 S * (1 +a™0).
Thus, we have shown that
IDs2ll 2 < @212 (1+a720%). (2-42)
3. Bound on D

We have already controlled Dg; in (2-38), so it remains to consider Dyj.



DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION FOR A STRONGLY COUPLED POLARON 395

Bound on Dg1. We recall that

dk
/ eiHors [ ’ka (Ot o) W(a (Ps)bkws(X)Q) |k|

The main difficulty here, which we will encounter in various forms throughout this paper, is the unbound-
edness of the operator [ e,>"k'x19;€‘|lc|_1 dk (for any fixed x € R3), since e"k'f‘k|k|_1 & L2(R3).
KX

To overcome this difficulty we make use of the oscillatory behavior of e via the formula

ikx _ 1—ik-Vy ik-x
1+ |k|?

and aim at integrating by parts with respect to x. However, this integration by parts creates a new difficulty:

(3-D

the resulting operator Vy is unbounded and has to be controlled.

To overcome this new difficulty, it will be desirable to have an operator (—A + 1)~! somewhere in the
expression of Do so that we can use it to control Vy, since obviously Vy(—A + 1)~! is bounded. It is
equivalent and technically more convenient to work with (Hy, + M )~1, where M > 0 is a large constant
(independent of « and ¢), instead of (—A + 1)~ In order to create this term we first integrate by parts
in s and make use of the identity

etHorS — _i(Hy + M)~ e ™My [ HortM)s), (3-2)

We obtain, using the fact that H,,, commutes with W(a?g),

dk
DOl = lelH(Dtt(H +M) / lkxbkwl‘ ®Q |k|
dk

W@ W) e+ M) [ o @ @
R

dk
+M/ IHWZSW (Ol (pt)W(a (ps)(H(pt+M) / lkxbkws®9 |k| d

~ . . dk
—i—i/ .ngwsW*(05290,)W(oczgos)(Hwt—i—M)_I/3 e’k'xb,’:3s1/fs ®Q—|k| ds
0 R

. , - dk
+i/ ezH(p,sW*(azwt)(asW((Xz(ﬂs))(Hwt+M)_I/I;@ elk.Xwas(ngds
0

= Do11 + Do12 + Do13 + Do14 + Do1s,
where the terms D are defined in a natural way. We will prove the following lemma.

Lemma 3.1. Foru € H'(R3?) and f € £L2(R?),

. d
H (—A+1)"2 /3 ¥ pru®Q—
R

501_1 u
i el

L2QF

R

and

U ks s dk -
”(—A—i-l) 2/R3"’kxb (f)bu®Q—— S o2 ully LS 12

|k L2QF
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We defer the proof of this lemma to the end of this section and first show how to use it to control Dyj.
By Corollary B.2 and Lemma 2.1, we can choose M large enough so that (H,, + M)_%(—A + 1)% is
bounded uniformly in ¢ € R. Moreover, by Proposition 2.2, ¥; and ;Y belong to H!(R?) and have
uniformly bounded norms for ¢ € [0, o%]; see also the remark at the beginning of Section 2B concerning the
bounds on d;v;. These facts, together with the unitarity of e!e:5, W*(a2¢,) and W(a2¢s), imply that

-1 -1
[ Do11 ||£2®]-‘ Sa ||D012||£2®]-' Sa

and

-1

[Do13ll2er S 2, ||Dol4||£2®;5cx_1t.

In order to deal with the term D15 we make use of (A-4) and find

t ) . - dk
Do15 = _/ (Im(gs, azasﬂos))eletsW*(azgat)W(aZ(ps)(prt + M)_1/ elk.xbltl/fs ® Q W ds
0 R3

r . ~ dk
+l/ eletSW*(a2(pt)W(a2gos)(H<p,+M)_1[3elk'xb*(azas%)b;c“/’s ®des
0 R

t . ~ dk
_ i/ ele’SW*(az(Pt)W(az(pS)(H‘pt + ]M)_l/‘3 €lk'xb(0!28s(ps)b;1ps ® 2 W ds
0 R

= Do151 + Do152 + Do153.

From Lemma 2.1 we know that |(¢y, a2d5¢5)| < 1 and ||a2d;¢s| < 1. Thus, the first and the second
bounds in Lemma 3.1 imply, respectively,

-2

Do1sill2eor S 't ||Doisz2llp2gr S 2.

For Dy153 we use the commutation relations to rewrite it as
t
Dorsa =1 [ eHers W (@2 p) W(a?gu) (Hy, + M) g © s
0

with g from (2-6). Therefore, Proposition 2.2 yields

2.

[Doisall p2er S
To summarize, we have shown that
IDo1ll2gr S @ (1 41). (3-3)

Proof of Lemma 3.1. For any y € £2(R?) ® F and (®y)eg3s C F, we use (3-1) to find

) dk ik ik-x
<%(—A+1)‘5/ e’k'xu®<l>k—> =<V(—A+1)‘5y,/ L1,¢®c1>kdk>
R3 L2QF

k| r3 [k|(1+]k[?) L2QF
+<( At1)2 / ikett (Vu)®® dk>
- Vo | e (V) @9
r3 [k [(1+1K]?) L2QF
ik-x

1 e
+{(=A+1)"2 / ———u®d dk> .
< o TR R J



DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION FOR A STRONGLY COUPLED POLARON 397

Clearly,

_1 1
IV(A+ D2yl 2er S 1Vl 2er and (A + D72y 207 < IV 207

SO

H (—A+ 1)z / thexy & dp — dk
R3 k|

L2QF
ikelkx eikx
< |l ]l441 sup( —@kdkH + / —— O, dk )
T cere s 1|1+ [k[2) 7 I1Jrs 1K1+ [K[2) F

If &) = b2, we use the fact that

1

k 2 3
KA+ kR kA e <& @)

to conclude that, uniformly in x € R3,

ikeik-x lkx .
B I e [
‘/W k| (1+ [k[?)* g3 k(14 [k[?) * F

This proves the first bound in the lemma. If &y = b* ()b} 2, one can similarly show that

ike'k> 1/ 1l2 ‘ eikx 1/ 1l2
— b (H)bQdk| <=, / —— b Qdk| < .
| i s v et s marwn” VR S0
This proves the second bound in the lemma. O
4. Bound on D
Bound on Dy11. We recall equation (2-30) for D;1;. In this equation, we commute e’ kx with e~ Hers,
Thus, if we introduce the operator
Hy(k) = e'** Hye K% = (iVy + k)2 4V, + /W lp(k)|? dk, (4-1)
we obtain
t t—s ~
D111 :/ / / / eiH“’l (s+s1)e—iH¢,t (k)slei(k-i-k’)-x
0 JoO R3 JR3 dk’ dk
x W* (o) W(a® (Ps)bkbk/‘ﬂs ®Q— e |k| —dsyds.

Controlling D11 is harder than controlling Dg; because there are two slowly decaying terms |k|~! and
|k’|~L. The beginning of the proof, however, is similar; namely, for a large constant M > 0 to be specified,
independent of ¢ and o, we integrate by parts in s using

oiHors — _j (1‘~1¢t+ M)~lemiMs [8sei(ﬁ¢t+M)s]_



398 RUPERT L. FRANK AND ZHOU GANG

In this way we obtain

Diyy = —l/ / / ZH‘/’lt(H +M) 1 —szl(k)sl i(k’+k)x
R3 JR3

dk’ dk
xW* (05 (Pt)W(O‘ Pr— sl)bkbk/‘/ft 51 QR mmdsl
+l/ / / IH‘”ISI(H —l—M) sz[(k)sl i(k’+k)-x
rR3 JR3 dk’ dk

x W* (@ )W (e 0o)bibi o ® 2 —

k'] |k|
t t— B
+M/ / S/ / el'sz(S-i-Sl)([:i +M)_le_iH‘ﬂt(k)slei(k/-i-k)-x
0 0 R3 R3 dk/ k
X W (@) W (@ @s)bib s ® Q2 ] Ty s
+l/ /f S/ / o o S0 (4 1y~ oiHer ()51 1 '+
RrR3 JR3 o
x W* (o) W(a? )b b [0s 1Ps]@QWmdsl ds
+l/ f / / lH(pz(S+Sl)(H -|-M) 1 _lHWt(k)Sl i (k' +k)x
RrR3 JR3 o
W@l W@ b s © 9 [ T i s

We now use (2-13), which implies
(Hop,+ M) W* (@20 W(e?@s) = W*(@Pp) (HE + M) W(a?gy)
= W*(@?p)W(aPps) (Hp,+ M),

in order to commute (Fl(pt—i— M)~ ! to the right through W * (a?¢; ) W (a?@5). Moreover, we use Lemma A.3
to compute 95 W(a2¢s). In this way we obtain

t _
D11 = —i/ e Hotl w* (a2 ) W(a%ps) Q1 ds
0
t ~
“/ e HoiStw* (20 W (o 90) Q2 dsy
0
topt—s -
M / / ¢ ot GHSDW* (620 Wi(aPp5) O3 dsi ds
0 0
t opt—s -
4 / / ¢ Bt G017 (0200 W (0P 0) O dis1 dis
0 0

topt—s
+ i/ / e Ho (S+SI)W*(azgot)W(a2<ps)Q5 dsy ds
o Jo

with
01 = (A, + M)_1/ / i (D= i 03 Qd_k/ﬁ
‘ Rr3 JR3 k| |k
~ . L - dk’ dk
QZ = (H(po + M)—l/ / e—let (k)slel(k +k).xb;b;/w0 R 7 7’
R3 R3 | | | |
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dK dk

K1 1k |

dk' dk

K] Ike|”

Qs := (Hp+ M)~ / . / (e o O EHOX (b (0 0505) — b D)
R> JR

+ i Im(gs, Olzas(ﬂs))b]tb]’:/‘;s ® Q2

0s:= (gt )™ [ [ oot 0
R3 JR3

Q4= (Hp+ M) / . / (e o O KX b [951)]) © ©
R> JR

dk" dk

1K'] Tkl
(Here, we suppress the dependence on 7, s and s1 in the notation of the Q;.)
In the remainder of this section we shall show that, uniformly for 0 <s,s1 <7 < o2,
10/l p2er Sa™? if j =1,2,3,4,5. (4-2)
This will imply that
1Dl 2er S @ ?1(1+1). 4-3)

Since the operator (I-I(ps + M)~ (—=A + N + M) is not bounded, bounding the O ;j is rather involved.
(Here N was introduced in (2-41).) With the notation

dk

Zpi=Vy+ [ )P dk + / (T Ty e i Ho@ ).
R R

we abbreviate (2-14) as
Hy=—-A+N+Z,.
Defining
Zpi= (A +N+ M) 2Zy(—A+N + M),

we have
(Hpt M) = (—AHN+M) 2(14+Z,) L (—A+N+M) "2
= (AN +M) V(AN +AM) 21+ Z) (= A+N+M) "2 Zy(—A+N+M) L.
It is not difficult to see that for every € > 0 and A > O there is an M such that
1Zoll 207> 20F <€ (4-4)

for all ¢ with |¢]| ;2 < A; for details of this argument we refer to [Frank and Schlein 2014]. Thus, using
the bound on [|¢;|| 2 from Lemma 2.1, we can choose M in such a way that

7 1
| Z g, ||l:2®]-'b—>£2®F =5 for all s > 0.

Therefore, the operator 1 + Z o, in the above formula for (H,,+ M)~ is invertible. We use this formula
to decompose

01= (1= 8N+ (14 Zo 7 AN+ (Vo [ s kbl +5700) ) 0o

—(—AN+M) 2 (14+Z4) " (0 11+012) (4-5)
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with
Q10:=(—A +N+M)_1/R3 /R3 ¢ 1Hor ()=9) i (K +Ryxprpx 1 o fkﬁ %
O11:i= (A +N+M)™2 (/R% Y le]f,/;)(—A + N+ M)
x /R3 /R3 ¢ Ho ()t=5) i K+ prps ka_ﬁ%
O12:= (A + N+ M)~2 (/R3 ik, fk’f,/l/)(—A +N+M)!
x /R3 /R3 ¢ Hor RYa=9) i (6 +Ryx it G Q%%

Using (4-4), the fact that (—A + N + M )_% (b(¢s) + b*(ps)) is bounded uniformly in s, as well as the
estimates ||V, |loo < 1 (from (C-1) and Proposition 2.2) and [|¢s||2 < 1 (from Lemma 2.1), we conclude
from (4-5) that

1011207 S 1Q10ll 207 + Q111207 + 11 Q12 20 -

We now bound the three terms on the right side separately.

Bound on Q1¢. To control Q1o we prove an analogue of Lemma 3.1 for the case of two singularities.

Lemma 4.1. For u € H*(R3?), f € £2(R3?) and s € R,

dk’' dk
H( A+1) /R3 /R3 —iHy, (k)s l(k+k)xb bk/ UR D ———

—2
S o ullze.
|k'[ ||

L2QF

Before proving this lemma we show how to use it to bound Q9. Note that, since Q19 involves only
by by, 82, the operator (—A +N + M )~ in its definition can be replaced by (—A +2a~2 4+ M)~ This
observation, together with Lemma 4.1 and the uniform boundedness of v/ in H2 for s € [0, 2] (see
Proposition 2.2), proves that

1010l 2er Sa™2 (4-6)

Proof of Lemma 4.1. We shall show that for any y € £L2(R3) ® F,

_ _; i n. dk' dk _
‘<V’ (—A + 1) 1/%3 /I;gs e lH(p,(k)Sel(k-i-k)Xb;b;/u ® |k/||k| >' 2”)/”,62(8]-"”””7-[2

We integrate by parts twice in x and use (3-1) with k replaced by k + k’. A typical term that is obtained
in this way in the inner product on the left side is

<€iH<ﬂz 0,00, (A + D)7y, / / o EH X b u @ Q
R3 JR3

Since dy; dx, (—A + 1)~! is bounded and e'He: ®)s jg ynitary, the vector on the left side of the inner

(ki + k]) (k; +k]’.)dk’dk>
[kl 1k"] (1 + [k +&'[2)2

product is bounded in norm by ||y ;2. We now show that the vector on the right side of the inner
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2

product is bounded as well. We compute
. ’ . ’
‘ / / ity oo KiTRDK TR
R3 JR3 kZk |k| |k/| (l + |k +k/|2)2 [:2@]:
(ki + k)% (k; +k%)?
zza—4||u||§/ / L gk dk.
w3 Jrs |k 2K/ 12(1+ [k + k')
The desired bound now follows from the fact that the double integral on the right side is finite. Other
terms that arise in the integration by parts are controlled similarly and we omit the details. O

Bound on Q11. By considering the number of involved field particles, we can replace N in the definition
of 011 by numbers and obtain

o dk”
O = (—A+oe_2+M)_% (/ e K xp,, |k”|)(_A+2a_2+M)_l
R3
. iy ~ dk’ dk
—iHy, (k)(t—s) ,i(k +k)'xb*b*/ Q- "
“Jo e ‘ KOs ® 2 T
Next, by commuting by~ to the right,
01 =a2(-A+a2 +M)—%/ ((V—K)?+ 2072+ M)
R3
_ ‘ - ~ dk’ dk
—ik'x ,~iHg, (k)(t—s) i (k'+k)-
+a—2(—A+a—2+M)—%/ ((V—k)?+2072 + M)
R3
dk’ dk

[ omiex gmiHa (=) i/ +h)x dk” dk
" Vs @R R

It remains to compute the norm of this expression. Since this is considerably easier than for Q1,, we
omit the details and only state the final result,

10111l 2gr S (4-7)

Bound on Q13. In the same way as for Q11, we can replace N/ by a number, so that

1 N
Qrz2=(-A+3a>+M)2 /R* e KX pE, (—A 2072+ M)T!

' % __dk dk
_le (k)(t_s) l(k +k)xb*/b* Q -
XfRs/Rae e w0V ® G k]

Next, we commute ¢'%¥”* and ¢! ®'+Kk)X {6 the right and obtain

D=

Q12 = / / b;b;/b;//ei(k+k/+k//)-x ((lv —k _k/ _k//)2 _|_ 3a—2 + M)_
R3 JR3 JR3

dk" dk' dk
K| K| k|

% ((lv —k _k/)2 + 20(_2 + M)_le—int (_k/)(t—S)-&s ® Q
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We now compute the norm of this expression. For the part of the norm over F, we use the fact that
a®(Q, b, bk2bk3b,’:4b,’:5b;6 Q) =8(k1—ka)8(kp—ks)d(ks—ke)+6(k1—ka)d(ka—ke)S(kz—ks)
+8(k1—ks)8(ka—ka)8(ks—ke)+8(k1—ks)S(ka—ke)S(ks—ka)
+8(k1—ke)S(ka—k4)S(kz—ks)+8(k1—ke)S(ka—ka)S(kz—ke)
to write
101211720 = ¢ (X1 4+ + Xe), (4-8)

where, for instance,
X1:= / / / <e—"er(—"’)("s’¢s,((iV—k—k/—k")2+3a—2+M)‘1
R3 JR3 JR3

1 /
x((iV—k—k/)2+2a_2+M)_2e_iHWz(—k’)(’—s)1}3> dk” dk’ dk

k712 [k |2 k|2

and
Xp:= / / / <e—wa,(—k”)(t—s)¢s,((iv—k—k’—k”)2+3a‘2+M)‘1
R3 JR3 JR3

" /
_ Y k
X((1V—k—k" Y+ 20724 M) (1 V—k—k')? 420724 M) e Hin RO g ) dk” dk’ d

k712 1k')2 [k |2

By the Schwarz inequality we have |X»| < X and, similarly,
|IX;|<X1  forall j=1,....6. (4-9)

Thus it suffices to control X7;.
WEe first perform the k" integral and then the k integral. We make use of the following bounds.

Lemma 4.2. One has the operator inequalities

/ ((GV—=k")?+1)! di <1 (4-10)
R3 |k”|2 ~

, _, dk _
/R%((lvx—k)z-i-l) 2—|k|2 <(-A+1D)7L (4-11)

Before proving the lemma, let us see that they provide the desired bounds on X. First, conjugating
(4-10) with ¢! (k+k'yx and assuming that M + 302 > 1, we obtain, uniformly in k, k" € R3,

4

. / 11N\2 -2 -1
/RB((zV—k—k —k")* +3a7+ M) Wsl. (4-12)
Similarly, conjugating (4-11) with e’ k"x we obtain, uniformly in k’ € R3,
2 dk
[ (Ve —k—k)? 42272+ M) > P < (V=K +1)7L (4-13)
R3

Inserting (4-12) and (4-13) into the definition of X, we obtain
dk’
k12

X; < [ (e_iHWt (—k’)(t—s)&s’ ((1V _k/)2 + 1)_1e_iH¢’t (_k/)(t_S)KZS)
R3
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Since (—A +1 -3 (Hp,+ M )% is bounded, uniformly in ¢ (by Corollary B.2 and Lemma 2.1), we also
know that ((i V —k’)? + 1)_% (Hy, (k') + M)% is bounded, uniformly in ¢. Thus,

dk’

|k'[?

X0 % [ (T M RN (Hy, (') + My Hor KO0 )
R3

dk’
|k'[?

!/

- /RM, (Hy, (=K) + M) ™" )

- ~ . dk

< iV —k')?+ M) .

N/W(ws,((z 2 M)

Applying (4-10) again, we see that the latter expression is bounded by a constant times ||/ ||%2 =1 by
Lemma 2.1. This, together with (4-8) and (4-9), implies that

1012l 2r S (4-14)
Proof of Lemma 4.2. We only prove (4-11), since the proof of (4-10) is similar and simpler. By applying
a Fourier transform, we see that we need to prove

[0+ 20 <2+ torp e

|k

We split the integral into the regions 4|k| > |p| 4+ 1 and 4|k| < |p| + 1. In the first region we bound
k|72 < 16/(]p| + 1)? and note that

/ (p+k)*+1)2dk < / (p+k)*+1)2dk = f (k2 +1)"2dk < oo.
{4k|>|pl+1} R3 R3

In the second region we distinguish the cases |p| < 1 and |p| > 1. In the first case we bound

dk dk dk
/ (kP02 = [ Besf Mo
{4lk|<|pl+1} 14 (alkl<ipl+1y |kl (lki<1iy |k|

For |p| = 1 we note that in the second region we have 2|k| < |p| and therefore (p + k)* > § p? > k2.
Thus,

(P+R2+D2<(tp2+1) K2+ )7t
Since (k? 4 1)7!|k| ™2 is integrable, we obtain again a bound of the required form. O

Bounds on Q3,...,0Qs. Theterms Q5,..., Q4 are controlled in exactly the same way as Q1. (For Q4
we use the fact that |9 Vs 2 S 1 for t < a? by Proposition 2.2.) The argument for Qs is also similar.
In fact, the term involving Im(gy, @?d;¢s) is controlled as before. For the term involving b* (a?d;¢y)
we have to prove a simple extension of Lemma 4.1 where we have operators b*( f)b; by, with f € L£?
(similarly as the second part in Lemma 3.1). Finally, the term involving b(?ds¢s) can be commuted to
the right and therefore becomes a less singular term which can be controlled already with Lemma 3.1.
These arguments prove (4-2) and complete the proof of (4-3).
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Bound on Dq13. The term D113 in (2-34) contains only one factor |k’ |_1 and can therefore be controlled
essentially by the same method as D1, based on Lemma 3.1. In order to create a factor of (Hy,, + M )7,
we integrate by parts in s1. This, however, will create a factor of ITIW in one of the terms. When dealing
with D511 we will explain how to remove this term by integrating by parts in s. Since ||gs.¢ [lco <o 2|t —s]
and ||05gs.¢ oo = || €slloo < @2 by Proposition 2.2, this factor behaves well in the bounds. When applying
Lemma 3.1 we also use ||ds Vs |41 < 1 from Proposition 2.2; see also the remark at the beginning of

Section 2B concerning the bounds on 9;1;. Without going into details we state the final result,
ID112]l 207 S @2 12(1 +1). (4-15)

Bound on D131. Also the term Dq51 in (2-31) contains only one factor of |k|_1 and can be controlled
as just sketched for D1, and as explained in detail for D5;1. In order to control the terms that appear
when integrating by parts in s we make use of ”8501/75 .2 <1and |0 Vs l4,1 < 1 from Proposition 2.2 in
addition to the bounds from Lemma 2.1. Moreover, we need an obvious extension of Lemma 3.1 to the
case with b*( f1)b*(f2)b;, which is proved in the same way. Combining all this, we end up with

ID121ll 2gr S @21 (1+1). (4-16)

Bound on D133. The term D15, contains no |k| ™! term. Using ||gs.¢ /oo S 2|t —s| for0 <s <t < a?
by Proposition 2.2 and [|b(0;, ) Q2|7 = @ -1 log N2 < o~ ! by Lemma 2.1, we obtain immediately

ID122]l 2 S @1, (4-17)

5. Estimation on D,

Bound on Dj11. We recall equation (2-32) for D311. In this equation we commute eikx through
e~Hoi51 which introduces again the operator Hg, (k) from (4-1), and we commute b, with b;,. In this

way, we obtain

- dk
Dy =a” / / / ot Hoy (s+51) g=iHo, ()51 * (@)W (@) s ® Q —— dsy ds.
R3

k|2

The difficulty in controlling D11 comes again from the k-integral. It is not enough to bound the norm of
the integrand as it stands, since |k|~2 is not integrable. Thus, we need to gain some extra decay from
e "o (K)s1 o get this decay, we integrate by parts in s using

e—int (k)sy — ieiMsl (H(/Jt (k) + M)—IBSIe—i[Hwt (k)+M]s; (5_1)

with a large constant M > 0 independent of & and ¢. We obtain

dk
Dy =ia [ [ et (b, ) 4 by e e O g i @0 ds

. b s dk
—ia 2/0 /W e'HeS(Hy, (k) + M)W (a2<p,)W(a2<ps)ws®Qst



DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION FOR A STRONGLY COUPLED POLARON 405

t pi—s -
—I—a_zM/ / / el Hoy (s+s1)(H¢, (k)+M)_1e_iH<”t(k)sl
0 Jo R3

~ dk
X W* (a2 ) W (e p5) s ® Q B dsy ds

t t—s ~
+0(_2 / / [ eiH‘Dt (S+Sl)ﬁ(01 (H(pz (k) + M)—le—l'H(pt (k)s1
o Jo R3

N ~ dk
X W* (a2 ) W (e p5) Vs ® Q e dsyds

= Ds111 + D2112+ D2113 + D2114.

where Doy1x, kK = 1,...,4, are naturally defined.

We first show how to deal with the terms D2111, D2112 and D5;113. The term D5j14 is harder because
of the additional factor of 1-7%.

The following lemma quantifies in which sense the operator (H,,+ M)~ ! leads to additional decay in k.

Lemma 5.1. Foru € H?(R3),

dk
/R3H(|iv+k|2+1)_1quW§ l[]]342- (5-2)

Proof. By Fourier transform, we have

H(|iV+k|2+1)_1uH§:/ :

PAVARS 2

‘We now observe that
1 1

<
(L+[p+kP)>(1+1p)> ™ 1+ [k]?)?

This can be proved by considering separately the regions where |p| < %|k| and | p| > %|k |. Thus,

1
14iV + k2 + D73 < e e

and the claimed bound follows by integration over k. O

Let us return to the terms D111, D2112 and D5113. It follows from Corollary B.2 by conjugating
with the unitary e’¥** that there is an M > 0 such that the operator (Hy, (k) + M)"L(|iV + k> + 1) is
uniformly bounded in « and ¢. This, together with the boundedness of Vg in %2 for s € [0, &?] from
Proposition 2.2, yields

17 dk
/%3H(H¢t(k)+M) lwsH2W§1’

and therefore

ID2111ll29r St 1Dzl 2er St D211zl p2gr So?

2. (5-3)
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We now turn to the term D514, which contains the operator prt' The idea is to remove this operator
by integrating by parts in s using

A, e Hers = _jyeiors (5-4)
This leads to

dk
Doi1a=— / / lH(p,t(H (k)+M) 1 —le[(k)(t Sl)W (O[ (7] )W(a @sl)wsl®9|k|2d

dk
f / e o3t (Hoy, (k)+ M)~ e~ Hor 0091 17 (020 W (02 00) 0@ 2 17>

Ikl2
zoz_Z// /€iH‘”’(s+s1)(H¢t(k)—i—M)_le_iH‘ﬂf(k)sl
o Jo R3

dk
XW* (@)W (e 05)0s s ®Q——

|k |2
t t—s ~
za_2// /eiH(ﬂt(s+sl)(H(pt(k)+M)_le_iH(ﬂt(k)sl
0o Jo R3

* ~ dk
XW™ (@00 0 Wi g Vs ® Q1o

The first three terms on the right side can be bounded by Lemma 5.1 together with the uniform
boundedness in %2 of s and 9 in [0, 2] from Proposition 2.2; see also the remark at the beginning of
Section 2B concerning the bounds on 9 t@;. For the fourth term on the right side we use the formula (A-4)

ds1ds

dsids.

for s W(a?¢s). Then the term can be bounded by proceeding in the same way as for Dg;5 and using
Lemma 5.1 together with the fact that a2dy¢; is uniformly bounded in £? for all times by Lemma 2.1.
To summarize, we obtain

ID2114ll 2 r S @ 2t (1 +1), (5-5)

and, because of (5-3),
D211l 2gr S @ 2t(1+1). (5-6)

Bound on D313. The term D5, involves a single difficult operator [ b;,eik/'x |k’|=! dk’ and can be
controlled using the technique from bounding Dg;. We first integrate by parts with respect to 51 using
(5-1) (with k = 0) to create a factor of (Hy,+ M )~ L. Using this factor we can apply Lemma 3.1 as in the
bound of Dy;. In one of the terms, however, the integration by parts creates a factor I-I¢t. We remove
this operator via (5-4) by integrating by parts in s. The factor g5, and its derivative dsg5; = —gs are
bounded by Proposition 2.2 and do not create any problems. Eventually, this shows that

ID212]| 207 S @2 12(1 +1). (5-7)

Bound on Dj31. The term Djpq appears in (2-33). We use bkb*(G&S)Q = a_20~ (k)SZ By the

Schwarz inequality, (C-2) and Lemma 2.1 we have ” |k|_1aipv(k)52 ”1 < ||chY ||£%1) < ||1ps||H1 < 1. From
this one easily concludes that

—2.2

[ D221l 2@r S o™ 17
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Bound on D333. The term Djp; appears in (2-37). Using the bound on gg ; from Proposition 2.2 and
the fact that b("wk) Q has norm of order @~ ! by Lemma 2.1, one obtains

-3.3

D222l p2r S 717,

6. Bounds on D3, D4 and D5

We recall that we have already controlled D3,, D4y and D55 in (2-39), (2-40) and (2-42). The remaining
terms D31, D41 and Ds; have at most a single term |k|_1 and can be bounded using the methods we
have already developed. Therefore we will be rather brief.

For each of the terms D311, D312, D412, Ds11 and D5y, we first integrate by parts in s to generate
a factor of (Hy, + M )~1, which allows us to apply Lemma 3.1. One of the terms, however, will
involve ITI(,,, , which we have to remove by integrating by parts in s. Using the bounds from Lemma 2.1
and Proposition 2.2 we obtain

D311l 2gr Sa2t(1+1), |D312llp2er S@ 3 t2(1+1), ||Darallpegr Sa3t2(1+1),

IDs11ll p2er Sat(1+1), | Dsiallppgr So (1 +1 +a't?).

The remaining term D411 can be immediately bounded by

2.2

[Dar1ll p2or S 1%

7. Proof of the almost orthogonality relations

7A. Proof of (2-28). We recall that

4 e : . dk
<sz,e—le’Do>f:<sz,/ e—lez(f—”P%/ (e‘k'xW*(azwt)W(aZ(ps)b;:lﬁs®Q)st> .
0 s JR3 F

We commute the operator b;’ to the left and use by € = 0. For the commutator we obtain from Corollary A.2
(with the definition (2-5) of g ;)

t
(Q,e—lefDO)f = <Q/ e Hy, (1=5) Pv%' gs,tW*(azwt)W(cngos) Vs @ Q ds>
0 s F

t
= / e_le’(t_s)P;; gs,th<Q, W*(azgot)W(Olz(ps) Q)}- ds.
0 s
Thus,

[(Q.e o' Do) £ | o < sup llgs. looll Vs 2.
0<s<t

Thus, by the bound on g, , from Proposition 2.2 and the conservation of the £? norm of &s, we obtain
the claimed bound (2-28).
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7B. Proof of (2-29). For ® € F, let

Op(t) == (V; ® ®.eHei! Do) o
~ ro _ - ~ dk
— <1/f, ® q>,f o 1Ho, (t=5) P]/Jj-‘ f ("X W* (20 ) W(aPp)bi s ® Q) T ds> .
0 RS kl - r2er
We shall show that
O0(D)] Sa (1 +a721%) | @] . (7-1)
which by duality implies (2-29).
Our goal will be to derive an ordinary differential equation for ®¢. We use the presence of the
operator P 5‘ to obtain (with inner products in £? ® F)

- t . ~ dk
a,®¢=<atw,®q>, / oMo t=) ps / (e"”W*(a%»W(azws)b;ws®9)st>
0 S JR3

t .
+ <‘/~ft ® q’»/ (e~ Hor (t_s))Pé' /
O N

R3

- _ dk
(€W @) Wb © 2) T ds>
. r ) ~ dk
+ <Wt ® P, /0 e o (t_S)Pﬂli /R3 (e (3, W* (@2 p0) W(aP )b} s @ Q) Il ds>.

For the first term we use equation (2-10) for d,v;. In the second term, we compute, using Duhamel’s
formula,

t—s
ate_lH‘”’ @—s) —_ _Z-H(pte—let (t—s) —i/ e—lHq;t (t—s—sl)(atHwt)e—letsl dsy
0

t—s
= —i(Hy, + (t — )3 s [3) e Hor =) —i f e o (=780 3,y e He 1 d,.
0

Note that the part involving H,, will cancel the contribution from the first term, except for part of the
constant w(¢). Finally, for the third term we use Lemma A.3 and Lemma A.1 to obtain

Ot W* (@) W (a® gs)
= azW*(azq),)[b(a,(p,) —b*(0:¢1) + i Im(gy, 3t<ﬂt)] W(a?ps)
= OlZW*(Olzfﬂt)W(Olzfl’s)[b(at%) —b*(3r91) + 2i Im(3; 97, @5) + i Im(z, 0101 |
= W2W*(052<Pt)W(az%)[b(atfpt) —b*(3rr) + 20 Im(d; @1, 05 — @1) + 1 Im(3, 91, @) .

Putting all this into the above formula, we obtain
000 = M1 + M> + M3,
where the terms M1, M, and M3 are defined, using the notation

Dy = W (2P p5) Wi )P,
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by
Mi(t):= —l/ / <Wt®q>st e 1Ho, (t—s— sl)(a V, )e—letslpJ_/ (ezkxbk%@m) |k|>dS1dS,
2 7 —iHy, (t—s) pL ik-x dk
Ms(t) =« Wt®<bs,t,€ ot Pl/; 3( (b(3r¢1)—b" (3t§0t))bk‘ﬂs®9) |k|
0 s JR
t
Ma(0)i= [ m(diw e, e pd [ @ npgime)
0
with
m(s, 1) = =i (t =) | @e |15 + 2i0? Im(3; 01, 05 — @)
Since B4 (0) = 0, we conclude that
t
Oo(t) = [ (M(5)+ Ma(s) + Ma() s (7-2)
0
Below we shall show that
M ()] Sa 22| @7 IMa(@)| Sa 2t @)z IM3()] S a3t D 5. (7-3)

Together with (7-2) this will prove (7-1) and therefore (2-29).

Bound on Mi. Using the fact that P 5 = 1— |¥s) (V5] (see the proof of Lemma 2.4), we have the
decomposition ’

My =My —Ma,
where
t opt=s|_ _ , dk
Mll([)iz_i/ / <Wt®q)s,t»e_le’(t_s_sl)(atV(pz)e_letsl/ (lkxkas(X)Q) > dsyds
o Jo R3 k|| 207

and, with 0, from (2-2),

t pi—s . . 5
My (1) = _i/ / (&t»e_lHW (t_s_sl)(atV(pt)e_lH(MSst)L‘z(q)s’t’ b*(o'v;s)Q)]__ dsy ds.
0 JO

The second term is easy to control. In fact, the a priori bounds from Lemma 2.1 together with [|0; Vy, || oo <
a2 from (C-8) imply

|<&t’ e_iH(pt (t_s_SI)(at th)e—l'Hq;,S] lpé‘)[ﬂ ‘ 5 05_2

and
(@5, 0% (05, )2) 2| S @] 7.

This yields a bound of the form (7-3).
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We now bound the integrand in M7;. We have

‘<¢t®®st e o t=5=51) (9,1, )e—le,n/ (" b ®Q) |k|>

L2QF

= ” (H¢t+M)%¢f®CDSJ H H(H<Pr+M)_%(afV¢t)(H‘/’f+M)% ” H(H(pt—‘_M)_2 /[Rs (eik.xb;&“@g) k| H

By Corollary B.2 and an easy modification of its proof, for M sufficiently large (but independent of ¢
and o), the operators (Hy, + M )i% (A + l)jF% are both bounded uniformly in #. Therefore Lemma 3.1
and the a priori bounds from Lemma 2.1 yield

dk

|k|>£2®}'

S Pl 19 (=A + D720, Vi )(=A + 12 | [ Vs |0
a P E | (—A + 1)@ Vo ) (—A + 1)3 ]

‘(w,ms,, ~iHo t=5=51) (3,1, e ot / € b ® Q)

Finally, using the fact that |V, Vy, [lco < @2 (see (C-8)), we obtain that the operator appearing in this
bound has norm < 2. Thus, we finally obtain

< 3

~ ’

(7 0us et @y e o [ @i me il

L2QF

which, when integrated over s; and s, leads to the bound in (7-3).
Bound on M. As for My, we use Pj; =1 —|s) (Vs to get the decomposition

My = M>1 — M>;

with

t. . _ " dk
MZl(t) — Ol2/ <wl ® q)s,t’e iHg, (¢ S)/3( lkx(b(a;gﬂ;) b* (at(pt))bk ws ® Q) |k| >d
0 R
and, with 0, from (2-2),
t . ~
M (1) := OlZ/ (Ve e~ Hor (t_s)‘ﬁs>£z<q>s,t, (b(3:r91) —b*(at(Pt))b*(Ul/}s)Q)f ds
0

Once again the bound on M;; is straightforward. Namely, we commute b* (0 ) to the left through
b(0;¢) —b*(d;¢;) and obtain

(®s,z. (b(Dr9r) —b™ (3:901)) D™ (0 )Q) —(®s,, 0" (050" (9:90)R) - + o 2001, 05 ) (s Q) F.
V¥s

By similar computations as, for instance, in the bound on D35 and by the a priori bounds from Lemma 2.1,
we obtain

|(q)sta(b(at(/)t) b* (3t¢t))b (0 )Q) } _2||¢||F||01ps||||3t§0t||5‘1_4”@”?-
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By the conservation of the £2 norm of 1}, we conclude
|Maz(1)] S @21 @] 7,

which is of the form claimed in (7-3).
We now discuss M5;. Again we commute b,’: to the left through b(d;¢;) —b*(d;¢;) and obtain

M1 = M11 + M>2,

where

ty. . . ~ dk
M311(t) == —Olzf <Wr ® Dy,p, e Hor 179) /3(elk.xbltb*(3t§0t)% ®Q) ds
0 R

|k| >£2®J-‘
and, with g from (2-6),

t
Ma12(t) 1= / (vr. e~ Hor (t_s)gsWS>Lz(q)s,t, Q) rds.
0
Since || gslloo < @2 by Proposition 2.2, we obtain immediately
|Ma12(1)] S ™t @] 7.

To control M>11 we bound

) _ . . dk
‘<wt ® (I)s,t, e—le[ (t—S)[ (elk-xb;:b*(at(pt)ws ® Q) _>
R3 k| L2QF

_1 Kx %k ~ dk
R

< H(Hw,-i-M)%l}t ®q>s,t}

As for M1, we use Lemma 2.1 and Corollary B.2 (and a simple extension of its proof) to choose M
large enough, but independent of ¢ and «, so that (Hy,+ M )i% (—A+ l)jF% are both bounded uniformly
in t. Therefore Lemma 3.1 and the a priori bounds from Lemma 2.1 yield

-2 7 7
So T Yella 1 RUF 8@l 22 1¥s [l

Sa o x.

- : . _ dk
K‘ﬁt@@s,t,fr’_l}l‘p’ (t_s)/ (elk'xbzb*(3t¢t)¢s®9)_>
R3 k|l 207

This, when integrated over s and multiplied by «?, leads to the bound in (7-3).
Bound on M3. The a priori bounds from Lemma 2.1 yield
m(s, )] S a2t —s|.

Moreover, applying Lemma 3.1 as in the bound on M>; we find that the absolute value of the inner product
in the integral defining M3 is bounded by a constant times o~!||®|| 7. This yields the bound in (7-3).

This concludes the proof of (2-29).



412 RUPERT L. FRANK AND ZHOU GANG

Appendix A: Some properties of the Weyl operators

In this appendix we collect some standard properties of the Weyl operators W( f) defined in (1-7) in

terms of b(f) and b*(f'). They are well known, but we provide proofs for the sake of completeness. We

recall that the commutation relations for b i and b,’: involve a factor a2

Lemma A.1. The operators by, by and W( f) satisfy the following relations,

bW () =W()bx +a72f(k)) and bEW(f)=W( )by +a 2 f (k). (A-1)
Proof. For t > 0 we consider the operators
=W(f) = ! " ()=b(), (A-2)

which satisfy
0 Fr =0 (/)=b(fNFi, Fo=Id.

Multiplying by by and using the commutation relations, we obtain the following equation for by Fy:
b Fr = (0™ (f) =b(f Wi Fr + a2 f(k)Fr, by Fo = by.

Therefore, by Duhamel’s principle applied to the latter equation,
t
by Fy = OO UNp, 4 oz_zf(k)/ =G N=bUN g,
0

Recalling the definition of F; in (A-2), we can rewrite this as
by Fy = Fyby +ta™2 f(k)F;. (A-3)
At t =1 we obtain the first identity in the lemma. The second one is proved similarly. O
By applying Lemma A.1 twice, we obtain:
Corollary A.2. bk W*(HIW ()] = —a72(f (k) = g(k)W* (fIW(g),
[, W*(IW(@)] = —a72(f (k) — g(k)) W*(/)W(g).
Next, we’ll consider the case where f depends (differentiably) on a parameter.
Lemma A.3.
IW(f) = 50 2((f2.0: f1) = @ fr. fO)YW () + W) (b (s f) —b(D: f7)). (A-4)
IW(fy) = — 2 2((f1. 00 f1) = O fr. fO)W(S2) + (b (s f2) — B(3: f1))W( f). (A-5)
Proof. For s > 0 we consider the operators
F(s,1) :=W(sfr). (A-6)

which satisfy
IsF(s.1) = 0" (fr) =b(f1)F(s.1), F(0.1) =1d.
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We differentiate this equation with respect to ¢ and obtain

050 F(s,1) = (b*(f1) =b(f1))9: F(s. 1) + (b (0; fr) —b (0 f1)) F (s, 1),
3 F(0,1) =0.

Therefore, by Duhamel’s principle,

80 F(s.1) = / B UD=BUDG=SD (h* (3, £,) = b(D; £2)) Fls1.1) dsy
0

s
= [ W50 £ b @0 0~ b(@: F) W1 £ .
0
In order to simplify the integrand we now use Lemma A.1 and obtain

(b* @ f1)=b@; fO)W (s1.fe) =2 W(s1 f)s1((f1, 8¢ f)—= @1 oo J0))+Ws1 f0)(B* Be f1)—b(B1 f1))-
If we insert this into the above formula for d; F'(s, t), we obtain
0t F(s, 1) = CY_Z%SZW(Sft)((ft, ¢ f1) — O fr. f2)) + sW(sf)(B* (0s f1) —b(3; f1)).
At s = 1, we obtain the first identity in the lemma. The second one is proved similarly. O
Lemma A.4. Forany f.g € L2,
(Q, W*(@)W(f)Q) = ple?Im(g, -2l f—gl?/2.

Proof. Let fy :=tf + (1 —t)g and F(t) := (Q,W*(g)W(f;)R2). By Lemma A.3, using that
Im(f;,0: f¢) =Im(fz, f —g) =Im(g, f),

0 F(1) ={Q W @QW(f)(b"(f —g) +ie ?Im(g. £))).
Next, by Corollary A.2, since (g — f7. f —g) = —t| f —gl%

WX QW(f)b*(f =) =b*(f =W (W (f) +a (g — fi. f =W (@W( /o),
o)
0 F(t) = (—a%t|l f —gl* +ia> Im(g, f))F(0).
Since F(0) = 1, we conclude that

F(t) = e~ 2121 f=gl?/2+ia 2t Im(g, /)
which, at ¢ = 1, gives the assertion. 0

Appendix B: The effective Schrodinger operator

In this appendix we investigate the operator and form domains of the effective Schrodinger operator H,
from (2-12) with potential V,, from (2-1).
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Lemma B.1. For every A> 0 and & > 0 there is an M > 0 such that if ||¢|| < A, then for all € H'(R3),
1 1
[Vel2v | = el (-a+M)2y|

and for all Y € H*(R3),
Vov |l < ell(—=A + M)yr||.

Proof. As in [Frank and Schlein 2014, Section 2.1], the Hardy-Littlewood—Sobolev inequality implies
Vells < llell2- (B-1)

This implies, by the Holder and Sobolev inequalities,

1 3
/W Volly|? dx < IIlelalllﬁllz%z Slel2IVylls vz

and
1 3
/RS Vo2 1w 12 dx < Vol w3 S lelZIAvlZ v 3.

These bounds easily imply the assertions of the lemma. O

Corollary B.2. Forevery A> 0 there are M >0 and C > 0 such that if ||@||2 < A then for all f € £L?>(R?)

I(Hp+ M) ™3 fla <Cl(=A+1)"2 f||2
and
(Hy+ M) flla <Cl(=A+ D)7 f .

Proof. To prove the first assertion, we write
(Hp+ M) = (=A+ M) 2(1+ (=A+ M) 3V, (=A+ M)"2) " (=A+ M)~2
and note that according to Lemma B.1 we can choose M such that ||¢| < A implies
I(—A+ MY 3V (A + M)"5|| < €2,
Similarly, for the second assertion we write
(Hp+M)™"' = (14 (=A+M)"WV,) (A + M)~!

and choose M such that ||¢| < A implies ||[(—A + M)V, || <e. O

Appendix C: Well-posedness of the Landau—Pekar equations

In this appendix we prove Lemma 2.1 and Proposition 2.2. Recall that the weighted spaces L‘%m) =
L2(R3; (1 + k2)™ dk) were introduced in (1-11). We begin with some bounds on the coupling terms V,,
and oy introduced in (2-1) and (2-2).
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Lemma C.1. We have
3
10°Volloo S li¢ll 2, forall B NG, (C-1)

lowllz, S I Nowlez, < 112 (€2

Proof. By the Schwarz inequality,

Ik[2081=D) gk )5

B |Bl—1
P00 <2 [P oo dk <2l (R3(1+k2)2(m|+1)

1B1+1

and the last integral is finite.
We have

2 2 2
ot [ WP, g,
2 R3xR3 |x — |
By the Hardy-Littlewood—Sobolev inequality, we know this is bounded by a constant times H |y |2‘

1 ik
loy 3 = HW fR @ dx

[ =

l¥[11,, which, by the Sobolev embedding theorem, is bounded by a constant times ||/ ||;‘{1. Moreover,
by Plancherel,

oy 12 gpm = | kPO Jy2e** ax
(kP = s 3

In particular, for m = 1 we get ||1/f||i, which by Sobolev is controlled by ||1/f||72_l| . For m = 3, the claimed

2
dk = Qr)*([y 2, (=8)" "y ?).

bound follows easily using [|¥|lco < [|¥ 42 and again Sobolev. O

Proof of Lemma 2.1. Local well-posedness in 7! x £? follows by a standard fixed-point argument and
one sees that ||| and E(, ¢;) are conserved. One can use (B-1) and the Sobolev inequality to show
that [Frank and Schlein 2014, Section 2.1],

1 3
EW. @) = IVY I3+ llel3 = ClelIVy I3 vl (C-3)

for some universal constant C > 0. This, together with conservation of £(¥, ¢;), yields global well-
posedness as well as the uniform bounds (2-3).
According to (C-2) and the first bound in (2-3), we have |oy, || < ||V ||72{1 < 1, which is the third
bound in (2-4).
By equation (1-9) for ¢; we have
le?dr@ell2 < llgell2 + lloy, |12

and therefore, by the second bound in (2-3) and the third bound in (2-4), we obtain the first bound in (2-4).
Finally, ¢; — @5 = fst 0s,¢s, dsi, so for t > s, by the first bound in (2-4),

t
oo =pela = [ Non ladsy Sl sl
N
This proves the second bound in (2-4) and completes the proof of the lemma. O

Before dealing with H* x Eé)—regularity in Proposition 2.2, we need to establish H? x E%l)—regularity.
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Lemma C.2. If (Yo, ¢o) € H2(R3) x E%l)([RP), then (Vs @r) € H*(R3) x £%1)(|R3) forallt € R and

Wil S 1+l gl sy S 1+l
with implicit constants depending only on the initial data. Moreover,

19: el 2 S1+a™2fel, 9;0y,ll2 S T4+a72)1]. (C-4)
If, in addition, ¢ € E%m)([RZ’), m=2,3, then ¢; € £%m)([R3)f0r allt € R and

—61,3
||<Pt||[;(2m)(qu3) S1+a ).

Proof. By a standard fixed-point argument one can show local existence of solutions in H? x E%l). In the
following we will construct a functional, which is equivalent to the 4 norm of v and which grows in a
controlled way as time increases. This will prove, in particular, that ¥, belongs to 72 for all times.

We claim that for every A > 0 there is a constant M > 0 such that

2
EDW.0) = |(=A+ Vo + M)V
satisfies
1
sVl < €2 We)2 < 31l (C-5)
for all ¥ € #? and all ¢ satisfying ||¢ |2 < A. In fact, much as in the proof of Corollary B.2, we have
(A + Vo + M)Ylla = (A + MY 2| < [Vo(=A+M)TH[(=A + M)y |2

and according to Lemma B.1 we can choose M such that the first factor on the right side is less than ¢
for g2 < A.

According to Lemma 2.1 there is an A > 0 (depending only on |¥g| 1 and [|@o| ;2) such that
losll .2 < A for all t. We choose M corresponding to this value of 4 and compute, using the equation

for vy,

315(2)(%, @t)
=2Re((=A + V, + M)V, (=4 + Vg, + M)3:91) +2Re((=A + Vo, + M)V, (3: Vi )¥1)
=2Re((—A + Vy, + M) Y1, (3: Vi, ) ¥1t).

By the Schwarz and the Holder inequalities,

1
3O e, p1) < 2EP W, 90) 2 10 Ve s 1V .

By (B-1) and Lemma 2.1, [|3;Vy, ll6 < [19:¢¢]l2 < @2 and by the Sobolev inequality and Lemma 2.1,
[Vells < ¥l < 1. Thus,

3,ED Wy, 1) Sa 2ED W, 00)2.

which implies (€@ (v, (p,))% <1+a~2|t|. According to (C-5), this implies the claimed bound on ||1/¢|;,2.
The remaining bounds are proved in a straightforward way. We have

10:ellz < | = Aell2 + Ve, Vell2 < Vel + 1V, ll6 1 V2 ]l3-
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By the bound on || |42 together with (B-1) and the bounds from Lemma 2.1, we obtain the first bound
in (C-4). Moreover,
i, =21 [ Re@idipoe dx
R3

and so, by the Hardy-Littlewood—Sobolev inequality as in (B-1),

18c0y, ll2 S 1¥:9:¥elle =< 1¥ell3l10eWell2-

By the first bound in (C-4) and Lemma 2.1, we obtain the second bound in (C-4).
In order to deduce the bounds on ¢;, we use Duhamel’s formula:

. t .
(k) = e_”/“2<p0(k) — ioz_Z/ e_’(t_s)/azaws (k) ds. (C-6)
0

If go € L',%m), m = 1,2,3, we deduce that ¢; € £%m) provided we can bound [|o, || 2, This quantity
can by controlled by Sobolev norms of 15 according to (C-2). ([

Proof of Proposition 2.2. The basic strategy is the same as in the proof of Lemma C.2, except that
verifying the properties of the functional is more complicated in this case. Again we do not give the
details of the local existence via a fixed-point argument.

We claim that for every 4 > O there is a constant M > 0 such that

EDW.0) = (A +Vy + M)y
satisfies

iyl < ED @002 < 39 s (C-7)

for all ¢ € H* and all ¢ satisfying ||¢|| 2, < A. To show this, we first observe that, as in the proof of
Lemma C.2,

(=A+ Vo + MY 2= (A + M)(—=A +Vy + M) | 2]

< IVo(=A+ M) [(=A+ M)(=A + Vo + M)Vl
and that ||V,,(—A + M) ™! | can be made arbitrarily small for ||¢|| -2 bounded by choosing M large. Thus,
it suffices to show that ||(—A + M)(=A + V, + M)y ||2 is equivalent to || (—A + M)y ||2. We compute
(=A+M)(=A+ Vo + M) 2 = I(=A + Vo + M)(=A + M) |2

< 1QVVe-V + AVp) (A + M) [(=A + M)y .
According to (C-1), the first factor on the right side can be made arbitrarily small for ||¢|| 2 bounded
by choosing M large. We conclude by applying the argument in Lemma C.2 again to compare
[(=A+Vy+ M)(—A + M)¥|2 o |(=A + M)?y||». This proves the claim.

According to Lemma C.2, for every v > 0 there is an A > 0 (depending only on | ¥ol42, [|¢oll 2
and 7) such that ||¢;|| 2, < A for all |t| < ta®. We choose M corresponding to this value of A and
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compute, using the equation for ¥,
8:ED (W1 01) = 2Re((—A + Vi, +M)* Y1, (=D + Vy, + M)*0:1)
+2Re((—A + Vi, + M)*Yrs, (0:Vip, ) (= A + Vi, + M)
+2Re((—A + Vo, + M) Y1, (A +Vy, + M)(3:Vy, ) Y1)
= 4Re((—A+ Vi, + M) Y1, (0: Vi, ) (A + Vi, + M) Y1)
—2Re((—=A + Vy, + M)*Yr, 2V Vi, -V + A3V, ) Y1)
Therefore, by the Schwarz inequality,

3D (Y. 1)
1
<2V Wr.90)2 218V, ool (= A+Vi, + M)t 2420V Vo llool V2 241 A3 Vo, oo ¥ ]12).
According to Lemma C.2 and (C-5), all terms involving ¥, here are bounded by a constant for |¢| < T
Assume that we can prove that all terms involving ¢, here are bounded by a constant times a2 for
|t| < ra®. Then we will have shown that

0D Wy 1) Sa2ED Wy, 0))?

for |¢| < ta?, which implies that (€@ (v, (p,))% <1+a?|t] <1 for |t| < ta? According to (C-7),
this proves that |||y« < 1 for [7] < Ta?
Thus, it remains to prove that for all multi-indices g with |B| <2,

1020,V lloo Sa2 for |1] < ta™2 (C-8)

If we insert the equation of ¢, into the definition of V,,,, we find

dk
k|

(Note that the contribution from oy, cancels.) Using this formula, we obtain

00V () = =02 [ (e g00) = ) ©9)

B < y—2
0% 0¢ Vo, lloo < ™l s ”,/;‘Zﬁl_"_l

in the same way as we obtained (C-1). This implies (C-8) in view of the bounds on ¢; from Lemma C.2.
It is straightforward to deduce the remaining bounds claimed in the proposition. The bound on ||¢x || 2,
follows from Lemma C.2. Because of the equation for v;, we have

10 Vel < = Al + WV, Vel < 1Wellys + 32 108 Vg, lloo 1t lga-
1Bl=<2
Using the fact that |||+ <1 and ||(pt||ﬁ(23) < 1, which by (C-1) controls ||9# Vo, lloo for |B| <2, we
conclude that ||0;Y]|,2 < 1. The second bound in (2-8) follows from Lemma C.2.
Finally, we need to prove the bounds on g5 and g, ;. By the Schwarz inequality as in the proof of
(C-1) together with the equation for ¢ we find

—2
lgslloo < ”as‘Ps”g(zl) o (||(/7s||[;(2]) + ”UIIISHL%”)-
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According to (C-2) and Lemma 2.1 we have |0y, ||£(21) < s < 1. Moreover, if |¢], |s| < ta?, then

I3
Lemma C.2 implies ”%”5(21) < 1. Thus,

-2
llgslloo S,

. t
as claimed. Moreover, g5 = fs gs, dsi,sofort >

t
125 lloo < / s, oo ds1 < a™2(t ).
N
This proves (2-9). O

Appendix D: Reduced density matrices

Here we show how the approximation of e~ Ayt Vo ® W(a?gp) Q2 in Theorem 1.3 yields approximations
to its reduced density matrices in Theorem 1.2. The argument relies on the following abstract lemma.

Lemma D.1. Let Hi and H, be Hilbert spaces; let ¥, ® € H1 Q@ Hy and f € Hy and g € Hy such that
U= f®g+,

1/ ll7 =€, Mgl =€, [ @lli0m, = Ce,
(g, ®)rrllss < C&%, (S @y 0o < C&?
for some C > 0 and ¢ > 0. Define
y1 = Try, [WHW[,  y2 =Ty, W) (V]
Then
Try, [y1 — 1gll5, 1) (1] <3C%%, Tr,lva— 11/ 13, 1g)(gl| <3C?&.

Before proving this lemma, let us use it to derive Theorem 1.2 from Theorem 1.3. We apply the lemma
.ol
with Hy = L2(R?), Ho = F, f=e i hoo®dsy, o¢=Q,

W =W @e)e Ty @ WePpo) R, &= W*(@p)R().
Then Theorem 1.3 implies that the assumptions of the lemma are satisfied with e = =1 (1 + |¢]). We
have || £ 12 = [y lI> = ll¥ol> =1, llgl*=1121> =1 and | £){f|=¥:}(y|. Moreover,

Trag, [OY (W] =y Tryg, [W)(0] = W* (@200 y W (0P ).

Thus, the conclusion of Theorem 1.2 follows from the lemma.
We now turn to the proof of the lemma. It relies on the bound

Tray | T 191) (2l < 191 130, @90 Y2 120 @70 (D-1)

valid for any vectors W1, W, € H1 ® H,. For the proof of (D-1) recall the variational characterization of
the trace norm,

Try, |K| = sup ReZ(ej,Ke})Hl,
(e_/),(e}) J
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where the supremum is over all orthonormal systems (e; ) and (e}) in Hy. Thus, if (bg) is an orthonormal
basis in H5, then

Re Y (e, (Try, [W1)(Wal)e}),,, =Re D (e & br, W1)a, 0% (W2, €] ® bi) i@

J Jsk
3 3
< (Z!(ej ® by, ‘1’1)%@7{2}2) (Z\(‘Pz,e} ®bk)m®m\2)
J.k J.k

< W1l @m2 Y2117 @32 s

where the last inequality comes from the orthonormality of (e; ® bx) and (e]’. ® by). Therefore the
variational characterization of the trace norm yields (D-1).

Proof. Since Try, | £ ® g)(®] = | /)({g. ®)#, . we have

i =gl 1/ 1= 118 @)asl + (P, 8)3) (f |+ Tr2 | ) (D],

By (D-1) and the assumptions the trace norm, each one of the three operators on the right side is bounded
by C?¢2. This proves the first inequality in the lemma. The second one is proved similarly. O

Finally, we show that the =2 error bound in Theorem 1.2 (for times of order one) is due to the fact
that ¢, is time-dependent. The proof makes use of the fact that for arbitrary normalized vectors a and b
in a Hilbert space #H one has

1
Try|la)(a] = b)(b]| = 2(1 = [{a, b)[*)2, (D-2)
as is easily verified.

Proof of Lemma 1.4. Because of Theorem 1.2, it suffices to prove that there are ¢ > 0 and ¢ > 0 such that
forall |t{| <eandall @ > 1,

Trr || W(? @) Q)W (@ 0r) Q| = [W (e 00) Q) (W(@®90) Q| = ca™ 1]
According to Lemma A.4 and (D-2), this is equivalent to
1 — e~ @llor—pol3 — 1 _ |(Q, W*(azgog)W(ozzgo,)QHZ > %cz(x_ztz.

Since ||¢; — @oll2 < @2|¢| by Lemma 2.1, it suffices to prove that there are € > 0 and ¢’ > 0 such that
forall || <eandall @ > 1,

lpe —@oll2 = c'a™?[t].
Since ¢ + oy, # 0, this will clearly follow if we can prove that for all |¢| < «? and « > 1,
ler — o +ia™?t(po + oyy)||, < Ca™1>. (D-3)

To prove this, we use equation (1-8) for ¢; to write

t t
@t —@o = / Osps ds = —ia-2/ (¢s +0y,) ds = —ia "t (g0 + Oyy) + 714
0 0
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with
t s
=2
ryi=—ia / / (0s, @5, + 8510‘/%1 )dsy ds.
0o Jo

By Lemma 2.1 and Proposition 2.2, the £2-norm of the integrand of r; is bounded by a constant uniformly
in |s;| < @? and o > 1. This yields (D-3) and completes the proof. O

Appendix E: Improving the result of [Frank and Schlein 2014]

We now show how the techniques from [Frank and Schlein 2014] can be extended to times |¢| = o(«). This
argument is due to an anonymous referee, whom we thank for kind permission to include it in our paper.

Proposition E.1. Let ¢ € L?(R3) and ag > 0. Assume that ¥ € L?(R3) ® F satisfies
(P> + N+ DU <M, [(p*+ 1D2NT| < Ma™2
Then for all @ > ag and all t € R,
”e_iﬁopft W(azgo)\IJ — e_iH‘”tW(azgo)\IJ‘|2 < M2(1 + Za_l)(eclt|/(2“) -1,
where C depends only on oy and an upper bound on || ¢/ q2.

Note that this result can be applied, in particular, to ¥ = ¢ ® Q with ||y |,,1 < M. We also recall that
the effective Schrodinger operator Hy, was defined in (2-12).

Proof. Let A(t) := “e_iﬁtS’W(ach)\IJ — e_intW(az(p)\IJ“z. It is shown in [Frank and Schlein 2014,
Proposition 9] that A’(¢) = f(¢) + g(¢) with

T
7(6) < CMa—"A(1)%, / (1) dt < CM2aT.
0

where C depends only on g and an upper bound on ||¢|| -2. We bound f(¢) < %Coz_l (A(t) + M?) and

therefore
T T T
A(T) 5/ f(t)dt +/ gt)dr < %Coz_I/ A) dt + %CMzoz_l(l —|—2oz_1)T.
0 0 0

Thus,
T
AT)+M>*(1+2¢ ) < M?*(1+ 207 ") + 2Ca™! / (A(t) +M>(1 +207")) dt
0
and, by Gronwall’s inequality, for all # > 0

A(¢)+M2(l+2a_1) §M2(1+2a—1)e(:t/(2(x)' -
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Note added in proof

After this work was accepted for publication, the preprint by M. Griesemer [2016] appeared on the
arXiv. This preprint studies the dynamics generated by the initial conditions given by the minimizing pair
(¥, @x) of the energy functional £(v, @) under the constraint ||y|| = 1 up to times of order o(a?).
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