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SOME ENERGY INEQUALITIES
INVOLVING FRACTIONAL GJMS OPERATORS

JEFFREY S. CASE

Under a spectral assumption on the Laplacian of a Poincaré—Einstein manifold, we establish an energy
inequality relating the energy of a fractional GIMS operator of order 2y € (0, 2) or 2y € (2, 4) and the
energy of the weighted conformal Laplacian or weighted Paneitz operator, respectively. This spectral
assumption is necessary and sufficient for such an inequality to hold. We prove the energy inequalities by
introducing conformally covariant boundary operators associated to the weighted conformal Laplacian
and weighted Paneitz operator which generalize the Robin operator. As an application, we establish a new
sharp weighted Sobolev trace inequality on the upper hemisphere.

1. Introduction

Fractional GJIMS operators are conformally covariant pseudodifferential operators defined on the boundary
of a Poincaré—Finstein manifold via scattering theory which have principal symbol equal to that of the
fractional powers of the Laplacian [Graham and Zworski 2003]. Fractional GIMS operators can also be
understood as generalized Dirichlet-to-Neumann operators associated to weighted GIMS operators of a
suitable order defined in the interior [Branson and Gover 2001; Caffarelli and Silvestre 2007; Case and
Chang 2016; Chang and Gonzdlez 2011; Yang 2013]. In particular, one can identify the energy associated
to a fractional GJMS operator with the energy associated to a suitable weighted GIMS operator when
restricted to canonical extensions; see [Caffarelli and Silvestre 2007; Yang 2013] for the flat case and
[Case and Chang 2016; Chang and Gonzélez 2011] for the curved case.

In this article, we are interested in obtaining, as a generalization of known results in the flat case
[Yang 2013], a general relationship between the energy associated to a fractional GIMS operator and
the energy associated to a suitable weighted GJMS operator for arbitrary extensions. One reason for
this interest is the role of such relationships in establishing sharp Sobolev trace inequalities (see [Ache
and Chang 2015; Escobar 1988]) and in studying the fractional Yamabe problem (see [Escobar 1992;
Gonzélez and Qing 2013]). Indeed, this article is partly motivated by a subtle issue which arises in the
works of Escobar [1992; 1994] and Gonzélez and Qing [2013] on the fractional Yamabe problem of
order y € (0, 1). In both works, one tries to find a metric on a compact manifold with boundary which
is scalar flat in the interior and for which the boundary has constant mean curvature (in a sense made
precise in Section 3) by minimizing an energy functional in the interior subject to a volume-normalization
MSC2010: primary 58J32; secondary 53A30, 58J40.

Keywords: fractional Laplacian, fractional GIMS operator, Poincaré-Einstein manifold, Robin operator, smooth metric measure
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254 JEFFREY S. CASE

on the boundary. However, there is no guarantee that the energy functional is bounded below within this
class, an issue overlooked in [Escobar 1992; Gonzdlez and Qing 2013] and corrected in the special case
y = % in [Escobar 1994]. Proposition 5.1 corrects this issue by giving a spectral condition under which
the energy functional is bounded below.

The main results of this article are the following two theorems. These results establish, under spectral
assumptions on a Poincaré—FEinstein manifold, energy inequalities on suitable compactifications of the
Poincaré-FEinstein manifold which relate the energy of the weighted conformal Laplacian and the weighted
Paneitz operator to the energy of the fractional GIMS operators P5,, in the cases y € (0,1) and y € (1,2),
respectively. That equality holds for the special extensions U was established in [Case and Chang 2016].

Theorem 1.1. Fix y € (0, 1) and set m = 1—2y. Let (X"T1, M", g) be a Poincaré—Einstein manifold
satisfying A1(—Ag ) > %nz —y2. Let r be a geodesic defining function for M and let p be a defining
function such that, asymptotically near M,

p=r+CDr1+2y +0(r1+2y)

for some ® € C*®°(M). Fix f € C*®°(M) and denote by D}/ the set of functions U e C®(X)N C(X)
such that, asymptotically near M,

U=f+yp* +o(p™)

for some y € C®(M). Set g = p*>g+ and h = g|7p. Then
—1 2 -2
/ VU P+ ymy2) o ol > — 2L 95 fPay f dvolh—ud,,gg ®f2 dvol,| (1-1)
X 2 dy LIm 2 M

for all U € DY, where Jq;” is the weighted scalar curvature of (X, g, p,m, 1). Moreover, equality holds if
and only ifL'2”¢U =0.

Note that the left-hand side of (1-1) is the Dirichlet energy of the weighted conformal Laplacian L’Z”, o
of (X, g,p,m,1). See Section 2 for a detailed explanation of the terminology and notation used in
Theorem 1.1. The spectral condition in Theorem 1.1 holds for Poincaré—Einstein manifolds for which the
conformal infinity (M™, [h]) has nonnegative Yamabe constant [Lee 1995].

A key point is that the spectral assumption A1(—Ag, ) > %nz — 2 is necessary; see Proposition 5.1.
This corrects the aforementioned mistake in [Gonzélez and Qing 2013]. Observe also that the left-hand
side of (1-1) involves the interior L2-norm of U. This contrasts with the sharp Sobolev trace inequalities of
Jin and Xiong [2013] which instead involve a boundary L2-norm of f = U |: Given a Poincaré—Einstein
manifold (X”+!, M™, g.), a constant y € (0, 1), and a defining function p as in Theorem 1.1, there is a
constant A such that

—2y

/|VU|2p1—2V dvolg +A9§ 2 dvol > S(n,y)(gﬁ |f|ni’§y) ! (1-2)
X M M

for any U € DY := Uf D}/, where g = p?gy, f =U|m, and S(n, y) is the corresponding constant in
the upper half space [Gonzdlez and Qing 2013; Jin and Xiong 2013]. Under the spectral assumption
A(=Ag,) > %nz — 2, one can use the adapted defining function [Case and Chang 2016, Subsection 6.1]
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in Theorem 1.1 to eliminate the interior L2-norm of U; indeed, combining this with (1-2) yields the sharp
fractional Sobolev inequality

n—2y
d 2n n
§ et rad s2=-stswn (¢ 1117%)
M M 14 M
for all f € C*°(M) (see [Hebey and Vaugon 1996; Jin and Xiong 2013]).

Theorem 1.2. Fix y € (1,2) and setm =3 —2y. Let (X"T1, M", g.) be a Poincaré-Einstein manifold
satisfying A1 (=Ag, ) > %nz —(2—y)2 Let r be a geodesic defining function for M and let p be a defining
function such that, asymptotically near M,

p=r+ p2r3 + &r!t2Y L o(r1 12

for some py, ® € C°(M). Fix f € C®°(M) and denote by D}/ the set of functions Ue C®(X)NC%(X)

such that, asymptotically near M,

U=f+ £ +yp™ +o(p™)

for some fo, € C®(M). Set g = p>g+ and h = g|rp. Then for any U € D}/ it holds that

/ ((A¢U)2—<4P—(n—2y+2>J£’g)(VU,VU>+n_zng'Uz)
' 2

8y(y —1) n—2y 2
(- or). 0

where P is the Schouten tensor of g, J q;” and QZ’ are the weighted scalar curvature and the weighted
Q-curvature, respectively, of (X, g, p,m, 1), and integrals on X and M are evaluated with respect to
P dvolg and dvoly, respectively. Moreover, equality holds if and only if LT’ sU =0.

Note that the left-hand side of (1-3) is the Dirichlet energy of the weighted Paneitz operator LT’ o
of (X, g,p,m,1). See Section 2 for a detailed explanation of the terminology and notation used in
Theorem 1.1. The spectral condition in Theorem 1.2 holds for Poincaré—Einstein manifolds for which the
conformal infinity (M™, [h]) has nonnegative Yamabe constant [Lee 1995].

The proofs of Theorem 1.1 and Theorem 1.2 rely on three observations. First, we introduce conformally
boundary-covariant operators associated to the weighted conformal Laplacian and the weighted Paneitz
operator in the same sense as the trace and Robin operators act as boundary operators associated to
the conformal Laplacian (cf. [Branson 1997; Branson and Gover 2001; Escobar 1990; 1992]). Second,
we show that our conformally covariant operators recover certain scattering operators when acting on
functions which lie in the kernel of the corresponding weighted GIMS operator on a Poincaré—Einstein
manifold; this yields another approach to defining the fractional GIMS operators via extensions (cf.
[Ache and Chang 2015; Case and Chang 2016; Chang and Gonzalez 2011; Graham and Zworski 2003;
Guillarmou and Guillopé 2007]). Third, using conformal covariance, we characterize when the left-hand
sides of (1-1) and (1-3) are uniformly bounded below in terms of spectral data for the metric g4+. When
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these spectral conditions are met, the left-hand sides of (1-1) and (1-3) can be minimized, and the
identification of the minimizers follows from our extension theorem.

The second step in the above outline is a refinement of previous work in [Case and Chang 2016].
In that work, it was shown that the fractional GJMS operators are generalized Dirichlet-to-Neumann
operators for the weighted GJMS operators. For example, under the assumptions of Theorem 1.1, it was
shown that if L’2"’¢U =0and Ulpy = f, then

d}’ : m
Py f = ~3, 3135('0 nU —y(n—2y)®U);

see [Case and Chang 2016, Theorem 4.1]. In particular, equality holds in (1-1). The novelty introduced
in this article is to realize the right-hand side of the above display as the evaluation of a conformally
covariant boundary operator. This also allows us to establish the energy inequality of Theorem 1.1. A
similar comparison of our results to those in [Case and Chang 2016] holds in the case y € (1, 2).

As an application of our results, we establish a sharp Sobolev trace inequality on the standard upper
hemisphere

SQ’_H ={x=(x0,....Xn41) € R*+2 } Xn41>0, |x|=1}

with the metric induced by the Euclidean metric. To that end, let y € (1, 2) and set

Y . Y
DY = U D}
feco(sn)

for D}’ determined by the defining function x,4; for S” = BS_'FLI as in Theorem 1.2.

Theorem 1.3. Fix y € (1,2), choose 2y <n €N, and let (S _’ﬁ"’l, d6?) be the standard upper hemisphere.
Then

n—2y

‘3122))/ (¢ | /] = dvol) ’
Sl‘l
(n+3-2y)2-5

2 2
= [y [ @o0 4 EEE w0

1 _
F(Z(f +8-27)) Uz]x,ifly dvol (1-4)
F(i(n —2)/))

forall U € DY, where f = U |sn and

c@ _g T2V T(3(1+2y)) (p(%n))znv
v Ty) T(pe-2n)\T®) )

Moreover, equality holds if and only if

(Ap—F((n+3-2y)> =) (Ap — F(n+3-2y)*—9)U =0 (1-5)

and f(x)=c(l+a -x)_n_zzy for some ¢ € Rand a € R* T with |a| < 1.
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The corresponding result when y € (0, 1) is that

n—2y
n T FrAn+4-2 _
c,(llz, (¢ |f|n327 dvol) < / |:|VU|2 + (2(1 J/)) Uz]x;ﬁly dvol
T\ Jsn st [(3(n—2y))

for all U € DY with trace f = U|gn, where
2y
I(1—y) T(3(n+2y)) (F(%n)) "
L) T(3(n—2y))\ ')
This follows easily from [Gonzalez and Qing 2013, Corollary 5.3] and conformal covariance.
The key observation in the proof of Theorem 1.3 is that the right-hand side of (1-4) is the energy of

c,(ll)), =27

the weighted Paneitz operator on (.S _’ffl, do?, Xn+1,m, 1). The relation to the L%—norm of the trace
then follows from Theorem 1.2 and the sharp fractional Sobolev inequality [Beckner 1993; Cotsiolis and
Tavoularis 2004; Frank and Lieb 2012; Lieb 1983]. In fact, Theorem 1.3 can be extended to a much more
general class of functions U and a large class of conformally flat metrics on the upper hemisphere; see
Theorem 6.1.

This article is organized as follows:

In Section 2 we recall some facts about both the fractional GIMS operators as defined via scattering
theory [Graham and Zworski 2003] and smooth metric measure spaces as used to study fractional GIMS
operators via extensions [Case and Chang 2016].

In Section 3 we introduce conformally covariant boundary operators which, when coupled with the
weighted conformal Laplacian and weighted Paneitz operator, are formally self-adjoint.

In Section 4 we give formulae for our conformally covariant operators in terms of the asymptotics of
compactifications of Poincaré—Einstein manifolds and thereby obtain new interpretations of the fractional
GJMS operators via extensions.

In Section 5 we give characterizations for when the left-hand sides of (1-1) and (1-3) are uniformly
bounded below and also state and prove more refined versions of Theorem 1.1 and Theorem 1.2.

In Section 6 we prove the more general version of Theorem 1.3.

In the Appendix we prove a family of Sobolev trace theorems which are relevant to this article and
slightly different from the usual ones.

2. Background

Scattering theory. A Poincaré—Einstein manifold is a triple (X" 1, M™, g ) consisting of a complete
Einstein manifold (X%, g4 ) with Ric(g4+) = —ng+ and n > 3 such that X is diffeomorphic to the
interior of a compact manifold X with boundary M = dX. We further require the existence of a defining
function for M i.e., a smooth nonnegative function p : X — R such that p~1(0) = M, the metric
g 1= p?g+ extends to a C"~ 1% metric on X, and |dp|§, =1 on M. If p is a defining function for M,
then so too is e? p for any o € C°°(X), and hence only the conformal class [g|7as] on M is well-defined.
An element i € [g|Ta] is a representative of the conformal boundary, and to each such representative
there is a defining function r, unique in a neighborhood of M and called the geodesic defining function,
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such that g+ = r=2(dr? + h,) near M for h, a one-parameter family of Riemannian metrics on M with
hy =h+ h(z)rz + 4 h(n_l)r"_l +kr" +o0(r") if n is odd,
hy =h+ h(z)rz +-- 4 h(n_z)r”_2 +hyr"logr +kr" +o(r") if n is even,

where the terms /) for £ <n even are locally determined by & while the term k is nonlocal. For example,

1 1
hey = ——— [ Ricj, — Ryh
@ n—2( =) )

is the negative of the Schouten tensor of h. For further details, including a discussion of optimal regularity,

see [Chrusciel et al. 2005] and the references therein.

Given a Poincaré-Einstein manifold (X”*!, M", g, ), a representative / of the conformal boundary,
and a parameter y € (0, %n) \ N such that %nz — 2 does not lie in the L2-spectrum of —A g4» We define
the fractional GIMS operator P, as follows: Let s = %n + v. For any f € C°(M), there exists a
unique solution v, denoted P(%n + )/) £, of the generalized eigenvalue problem

—Ag v—s(n—s)v=0 (2-1a)

such that, asymptotically near M,
v=Fr"" +Gr’ (2-1b)

for F,G € C*®(X) and F|p = f. Then

22y F(V) )

I'(=y)
Among the key properties of the fractional GIMS operator Py : C®°(M) — C°°(M) are that it is
formally self-adjoint, that its principal symbol is that of (—A)Y, and that it is conformally covariant;

indeed, if # = €291 is another representative of the conformal boundary, then

Pyy(f)=e 7f)

for all f € C°°(M). In fact, this definition extends to the cases y € N by analytic continuation, and in

_n+2y n—2y
2 UPZy(e 2

these cases the operators P, recover the GIMS operators. For further details, see [Graham and Zworski
2003].

A useful fact about the solution v of (2-1) is that, up to order r?, the Taylor series expansion of F
(resp. G) is even in r and depends only on 4 and F'|ps (resp. G|as). For example,

1 - -
F:f—|-m(—Af+%(l’l—2)/)ff)l"2+0(l’2), (2-3)
where J is the trace (with respect to /) of the Schouten tensor P and we adopt the convention that barred
operators are defined with respect to the boundary (M", h).
The fractional GJIMS operators P») can be interpreted as generalized Dirichlet-to-Neumann operators
associated to weighted GIMS operators. To state this precisely and in the widest generality in which we

are interested requires a discussion of smooth metric measure spaces.
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Smooth metric measure spaces. A smooth metric measure space is a five-tuple (X" *1, g, p, m, 1) formed
from a smooth manifold X" ! with (possibly empty) boundary M” = 39X, a Riemannian metric g on X,
a nonnegative function p € C%°(X) with p~1(0) = M, and a dimensional constant m € (1 —n, 00). Given
such a smooth metric measure space, we always denote by X the interior of X. Heuristically, the interior
of a smooth metric measure space represents the base of a warped product

(X"t x §™ ¢ @ p?dh?) (2-4)

for (§™, d6?) the m-sphere with a metric of constant sectional curvature one; this is the meaning of
the 1 as the fifth element of the five-tuple defining a smooth metric measure space. The choice of the
standard m-sphere allows us to partially compactify (2-4), though not necessarily smoothly, by adding
the boundary M of X. The model case is the upper half space (R4 x R”, dy? @ dx?, y,m, 1) for y the
coordinate on R4 := (0, 00); in this case the warped product (2-4) is the flat metric on R”t7+1\ {0},
and the partial compactification obtained from [0, co) x R" is the whole of R*T™+1,

The heuristic of passing through the warped product (2-4) is useful in that most geometric invariants
defined on a smooth metric measure space — and all which are considered in this article — can be formally
obtained by considering their Riemannian counterparts on (2-4) while restricting to the base X. More
precisely, when m € N, the warped product (2-4) makes sense and one can define invariants on X in
terms of Riemannian invariants on (2-4) by means of the canonical projection 7 : X*T1 x § — X7+1,
Invariants obtained in this way are polynomial in m, and can be extended to general m € (1 —n, 00) by
treating m as a formal variable. This is illustrated by means of specific examples below.

The weighted Laplacian Ay : C*°(X) — C*°(X) is defined by

AyU := AU +mp~ 1 (Vp, VU).

This operator is formally self-adjoint with respect to the measure p™ dvolg ; the notation Ay is used for
consistency with the literature on smooth metric measure spaces, where one usually writes p”* = e~%
and allows m to become infinite. In terms of (2-4), one readily checks that 7*AgyU = A(7*U) for A
the Laplacian of (2-4). The weighted Schouten scalar J g’ and the weighted Schouten tensor Pq;" are the

tensors
1
JM = ———(R—2mp 'Ap— —1)p2(IVp? = 1)),
8= 3oy B 2mp™ Ap—m(m = Dp~>(Vpl* ~ 1)
. 1 . —12

Denoting by P the Schouten tensor of (2-4) and by J its trace, one readily checks that J = 7*J q'b" and that
PIMZ,Z)=P(Z,Z)forall Z e TX, where Z is the horizontal lift of Z to X x S™. The weighted confor-
mal Laplacian Lg’¢ 1 C®(X) = C*®(X) and the weighted Paneitz operator LT¢ C®(X) > C*®(X)
are defined by

LY yU :=—AgU + 2 (m+n—1)J U,

L7 ,U = (=Ap)*U +84((4P) — (m+n—1)JJ'g)(VU)) + 3(m +n—3) 07U,
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where §p X =trg VX + mp~1(X, Vp) is the negative of the formal adjoint of the gradient with respect

to o dvol,

m+n—1
A

is the weighted Q-curvature, and Y = J (;” —trg P(;". Observe that the weighted conformal Laplacian

2
O == —Ag ' —2| P - E(Yé")z +

and the weighted Paneitz operator are both formally self-adjoint with respect to p™ dvol. These definitions
recover the conformal Laplacian and the Paneitz operator, respectively, of (2-4) when restricted to the base.

An important property of the weighted conformal Laplacian and the weighted Paneitz operator is
that they are both conformally covariant. Two smooth metric measure spaces (X" 1, g, p,m, 1) and
(X"t g, p,m, 1) are pointwise conformally equivalent if there is a function ¢ € C*®(X) such that
g =e2%g and p = e%p. This is equivalent to requiring that the respective warped products (2-4) are
pointwise conformally equivalent with conformal factor independent of S™. Under this assumption, it
holds that

L/ZHZ(U) _ e_m+£1+30Lr2n,¢(em+2n—loU), (2_5)
%(U) _ e_m+g+SUL5rl’¢(€m+;_3UU) (2—6)

for all U e C*°(X).

As defined above, the weighted conformal Laplacian and the weighted Paneitz operator are defined
only in the interior of a smooth metric measure space. The purpose of this article is to introduce and study
boundary operators associated to the weighted conformal Laplacian and the Paneitz operator, respectively,
which share their conformal covariance and formal self-adjointness properties. To do this in such a way
as to meaningfully study Poincaré-Einstein manifolds and the fractional GIMS operators requires us to
allow weaker-than-C °° regularity for both the metric g and the function p at the boundary of our smooth
metric measure spaces. This requires some definitions.

Definition 2.1. Let (X" g) be a Riemannian manifold with nonempty boundary M = 9X. Let
y €(0,%)\Nand set k = |y] and m = 1 + 2k —2y. The smooth metric measure space (X, g,r,m, 1)
is geodesic if |Vr|?> = 1 in a neighborhood of M and if
k .
g=dr’+ ) hapr¥ +o(r?) 2-7)
j=0

for sections A gy, ..., hk) of S2T*M.

The asymptotic expansion (2-7) is to be understood in the following way: Each point p € M admits
an open neighborhood U C X and a constant & > 0 such that the map

0,e) xV = U, (t,q) yq(1), (2-8)

is a diffeomorphism with image U, where V := U N M and yj is the integral curve in the direction Vr
originating at ¢. By shrinking U if necessary, we may assume that |Vr|?> = 1in U, and hence r (y,4 (1)) =1¢;
note that if M is compact, then we may take U to be a neighborhood of M. The composition of the
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canonical projection [0, &) X V' — V with the inverse of the diffeomorphism (2-8) givesamap 7 : U — V.
We then consider covariant tensor fields on V' as covariant tensor fields in U by pulling them back by 7.
Finally, since |Vr|? = 1 in a neighborhood of M, it is straightforward to check that there is a one-parameter
family h, of sections of S2T*M such that g = dr? + h, near M. The assumption (2-7) imposes the
additional requirement that &, is even in r to order o(r??). In particular, if y > %, then M is totally
geodesic with respect to g; if also y > % then the scalar curvature R of g satisfies d, R = 0 along M.
Note that if 7 is a geodesic defining function for a Poincaré—Einstein manifold (X1, M", g ) and if

m,y are as in Definition 2.1, then ()? ,r2 g+,r,m, 1) is a geodesic smooth metric measure space.

Definition 2.2. Let X"*! be a smooth manifold with boundary M = 9X and let y € (0, %) \ N. Set
k =|y] and m =1+ 2k —2y. A smooth metric measure space (X", g, p,m, 1) is y-admissible if it is
pointwise conformally equivalent to a geodesic smooth metric measure space (X, go, 7,m, 1) such that

k

E=" paiyr +or? +o(r?) (2-9)
j=0

for poy, - - - P2k), @ € C*°(M) and p(gy = 1.

Note that if (X, g, p,m, 1) is a y-admissible smooth metric measure space and there are two geodesic
smooth metric measure spaces ()? ,gi ri,m,1),i €{l,2}, as in Definition 2.2, then r, = r; near M (see
[Graham and Lee 1991, Lemma 5.2] or [Lee 1995, Lemma 5.1]); in particular, all asymptotic statements
about y-admissible smooth metric measure spaces (e.g., (2-9)) are independent of the choice of geodesic
smooth metric measure space in Definition 2.2. Combining the expansions (2-7) and (2-9), we see that if
(X,g,p,m,1) is a y-admissible smooth metric measure space with y > %, then M is totally geodesic
(with respect to g); if also y > % then d,R = 0 along M.

Given a Poincaré—Einstein manifold (X**!, M" g.) and y € ((), %) \ N, a defining function p is
y-admissible if (X, p>gy,p,m,1), m=1=2|y|—2y, is a y-admissible smooth metric measure space.
In particular, the extension theorems established in [Case and Chang 2016, Theorems 4.1 and 4.4] are all
stated in terms of y-admissible smooth metric measure spaces. An important example of y-admissible
smooth metric measure spaces which arise as compactifications of Poincaré—Einstein manifolds and for
which the function ® in (2-9) is not necessarily zero are obtained from the adapted defining function
[Case and Chang 2016, Section 6.1].

In light of both our weakened regularity hypotheses and the asymptotics of solutions to the Poisson
equation (2-1), it is natural to introduce the following function spaces.

Definition 2.3. Fix y € (0,1), set m = 1 — 2y, and let ()?"‘H, g, p,m, 1) be a y-admissible smooth
metric measure space. Given f € C°° (M), denote by C}' the set of all U e C*®(X) N C%(X) such that,
asymptotically near M,

U= f+yp? +o(p*) (2-10)

for some Y € C*°(M). Set

Y . Y
= cy. (2-11)
feC™ (M)
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The Sobolev spaces Wol’z()? ,p™ dvol) and W1-2(X, p™ dvol) are the completions of C(’)/ and C7, respec-
tively, with respect to the norm

||U||%V1,z = /X(WUI2 +U?)p™ dvol.

For notational convenience, in the case y € (0, 1) we sometimes denote by D? the space C¥ and by
HY the space W12(X, p™ dvol).

When y € (0, 1), the Sobolev trace theorem (e.g., [Triebel 1978]) states that there is a surjective
bounded linear operator Tr: W 12(X, p™ dvol) — HY (M) such that TrU = f for every U € C}/, where
HY (M) denotes the completion of C°°(M) with respect to the norm obtained by pulling back

2
Wy = [ s [ [ HOTOR

to M via coordinate charts.

Definition 2.4. Fix y € (1,2), setm =3—2y, and let ()? n+1 ¢ p,m, 1) be a y-admissible smooth metric
measure space. Given f,y¥ € C* (M), denote by C f v the set of all U e C*®(X) N C°(X) such that,
asymptotically near M,

U= f+yp" 7+ f2p> +¥20> +0(p*) (2-12)
for some f5, Y, € C°°(M). Set
Y ._ 4 :
= CYy (2-13)
fireC®(M)
R 14
D= | o (2-14)
feC>(M)

The Sobolev spaces Woz’z()? ,p™ dvol), W22(X, p™ dvol), and H? are the completions of C())/,o’ c?,
and DY, respectively, with respect to the norm

U122 = /X(WZU +mp 1 (8,U)2dp & dp|” + |VU [ + U?)p™ dvol. (2-15)

The particular modification of the Hessian used in (2-15) ensures that the integral is finite for all U € C?.

Given U € Cf,w’

term in terms of the L2-norm of A, U, lower-order interior terms depending on curvature, and boundary

the weighted Bochner formula (see the Appendix) allows one to rewrite this Hessian
terms involving only f and .
When y € (1, 2), the Sobolev trace theorem (see the Appendix) states that there is a surjective bounded

linear operator Tr : W22(X, p™ dvol) — HY (M) @ H?*~7 (M) such that Tr(U) = (f,y) for every
Ue C}/ v where HY (M) denotes the completion of C°°(M) with respect to the norm obtained by pulling

back ,
2 2 2 |3jf(x)—8jf(y)|2
= + |V dx + E / / dx d
||f||H)/(R ) /R"(f VI = Jan S |x — y|r+2r=2 Y

to M via coordinate charts.
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We conclude with two useful observations. The first is the following relationship between a defining
function for a Poincaré-Einstein manifold and certain weighted geometric invariants of the induced
compactification.

Lemma 2.5 [Case and Chang 2016, Lemma 3.2]. Let (X"T!, M", g.) be a Poincaré—Einstein manifold
and p be a defining function. Fix m > 1—n. The smooth metric measure space (X", g:=p?gy, p,m, 1)

has
J+p~ Ap = 5(n+1p (Vo> - 1), (2-16)
m
JP=J———J+p 'Ap), 2-17
P s [ +eAp) (2-17)
Py =P. (2-18)

Here P and J are the Schouten tensor of g and its trace, respectively.
The second is the following characterization of pointwise conformally equivalent y-admissible smooth
metric measure spaces in terms of the conformal factors.

Lemma 2.6. Fix y € (0,2) \ {1} and let (X", g, p,m, 1) be a y-admissible smooth metric measure
space withm = 1+ 2|y| —2y. Leto € C®(X) N C%X) and set § = ¢*°g and p = e°p. Then
(X"t g, p,m, 1) is a y-admissible smooth metric measure space if and only if o € DY.

Proof. Let (X, go.r.m, 1) and (X, g9, 7, m, 1) be geodesic smooth metric measure spaces associated to
(X,g,p.m,1)and (X, g,7,m, 1), respectively, as in Definition 2.2. Suppose first that (X, g, p,m, 1) is
y-admissible. We readily check that

whence o € D?. Conversely, if o € DY, we readily check that 7/r € DY, whence (X" *1, g, p,m, 1) is
y-admissible. O

For the remainder of this article, unless otherwise specified, the measure with respect to which an
integral is evaluated is specified by context: if a smooth metric measure space (X", g, p,m, 1) with
boundary M = 93X is given, all integrals over X are evaluated with respect to p” dvolg and all integrals
over M are evaluated with respect to the Riemannian volume element of g|7ys.

3. The conformally covariant boundary operators

In order to study boundary value problems associated to the weighted conformal Laplacian and the
weighted Paneitz operator — for instance, to study the fractional GJIMS operators as in [Case and Chang
2016] —it is useful to find conformally covariant boundary operators associated to these respective
operators. In the case of the Welghted conformal Laplacian L% With m = 1—2y, this means ﬁnding
conformally covariant operators B0 and B , such that Ly U V) = (L V,U) for all U V eker B 2v
or forall U, V €ker Bz;J// That is, the boundary value problems (3 5 B 2y) and (L% ‘5 B ) are formally
self-adjoint. In the case of the weighted Paneitz operator L7’ 40 w1th m=23-2y, th1s means defining



264 JEFFREY S. CASE

conformally covariant operators Bg v BZZ;,/_Z, 322 v 322);// such that (LT ¢U, V)= (LT ¢V, U)forall U,V
in the kernel of one of the pairs

By =(By".B)Y). By=(By.B3_). or B3= (B _,. B)).

That is, the boundary value problems (LT’ ' B;) for j € {1,2,3} are all formally self-adjoint. These
boundary value problems are all elliptic, as is apparent from the definitions of the operators given below,
and our definitions are such that the formal self-adjointness follows from simple integration-by-parts
identities; see Theorem 3.2 for the case of the weighted conformal Laplacian and Theorem 3.4 and
Theorem 3.7 for the case of the weighted Paneitz operator.

The existence of such operators when m = 0 is already known: B =n+ %H is a boundary operator
for the conformal Laplacian (see [Branson 1997; Escobar 1990]), while Branson and Gover [2001] have
constructed via the tractor calculus conformally covariant boundary operators associated to the noncritical
GJIMS operators and Grant [2003] derived the third-order boundary operator associated to the Paneitz
operator (see also [Chang and Qing 1997; Juhl 2009] for the case of critical dimension). As is apparent
from Definition 3.1, Bl1 = B, while the operators Bi:’ for k € {0, 1,2, 3} give explicit formulae for the
boundary operators associated to the Paneitz operator in the case of manifolds with totally geodesic
boundary; see [Case 2015] for the general case.

The case y € (0,1). The conformally covariant boundary operators associated to the weighted conformal
Laplacian are defined as follows.

Definition 3.1. Fix y € (0,1) and set m = 1 —2y. Let (X", g, p,m, 1) be a y-admissible smooth
metric measure space with boundary M = dX and let (X, go,,m, 1) be the geodesic smooth metric
measure space as in Definition 2.2. Set n = —2V&r. As operators mapping C¥ to C*(M),

2yyr . 217 . i oM n—2y
B,”U :=U|y, B,,U:=1 U Uén).
0 . By Jim (ﬁ +—, n)
where 67 := trg VE&n.

Note that 5 is the outward-pointing unit normal (with respect to g) vector field along the level sets
of r in a neighborhood of M. In particular, if y = %, then 67|y = H is the mean curvature of M with
respect to g. For this reason, we call

H3y = lim p™§
2y pgﬂ) pon

the y-mean curvature of M. Since ()? ntlogo,r,m, 1) is uniquely determined near M by ()? ,g,p,m,1),
the asymptotic assumptions of Definition 3.1 guarantee that the y-mean curvature and the operators Bg 4
and BZZ;/ are well-defined; indeed,

Hsy = —-2ny®,
2
B,’U = /,
2
By U ==2y(y +3(1=2)0f),
where p and U satisfy (2-9) and (2-10), respectively, near M.
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That the operators Bg Y and BZZ)},' are the conformally covariant boundary operators associated to the
weighted conformal Laplacian is a consequence of the following result.

Theorem 3.2. Fix y € (0, 1) and set m = 1—2y. Let (X"t g, p,m, 1) and (X", g, p,m, 1) be two
pointwise conformally equivalent y-admissible smooth metric measure spaces with § = e%° g and p = e p.
Then for any U € CY it holds that

B (U)=e" 2 ("2 o), (3-1)
B (U) = e RACE: oy, (3-2)
Moreover, given U,V € C?, it holds that
/X VLT U + 9§M By (VYB3 (U) = Qay(U. V) (3-3)
for Qay the symmetric bilinear form
02, (U, V) = /X((VU, V) + ) + 2 B2 (U)BY (V).

In particular, Q3 is conformally covariant.

Proof. Equation (3-1) follows immediately from the definition of Bg Y
By Lemma 2.6, we have that o € C?, and in particular p”no is well-defined. On the other hand, if 7
and 7) are as in Definition 3.1, then ) = ¢~ 5. Hence

2y

_n+
27" (U — 3(n —2y)Uno),
P8R = e P (§n + nno).

A A

P (e

Combining these two equations yields (3-2).
Finally, integration by parts yields (3-3). Combining (3-1) and (3-2) with (3-3) yields the conformal
covariance of Q. O

The case y € (1,2). The conformally covariant boundary operators associated to the weighted Paneitz
operator are defined as follows.

Definition 3.3. Fix y € (1,2) and set m = 3 —2y. Let (X"T1, g, p,m, 1) be a y-admissible smooth
metric measure space with boundary M = 3X and let 1 be as in Definition 3.1. As operators mapping
C” to C® (M),
BYU :=U,
2
By) LU = p™nU,
27/ 2y

2—
B22yU = —y—AU—i—(VzU(n n) +mp~ 1apU)+ U,

B;},’U: —p nAqu—ﬁAp nU + 837 oMU+ (P nJgHU.
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where
2—y - 32y - _
y—1 n+1
—2y  n42y—4\ 5 n-2y—4 G-2y)(n—2y+4) — _
Szy = " J P N — J IA P , 3_5
: ( 2 2()/—1)) TP 201+1) (J+p " Ap+P(n.m) (3-5)

and we understand the right-hand sides to all be evaluated in the limit p — 0.

Due to the length of the computations, we break the proof that the operators given in Definition 3.3 are
conformally covariant boundary operators associated to the weighted Paneitz operator on y-admissible
smooth metric measure spaces into two parts. First, we show that they are conformally covariant of the
correct weight.

Theorem 3.4. Fix y € (1,2) and set m =3 —2y. Let (X"t g, p,m, 1) and (X", g, p,m, 1) be two
pointwise conformally equivalent y-admissible smooth metric measure spaces with § = e?° g and p = e p.
Then for any U € CY it holds that

BY'U = T 0 BY ("F7 00, (3-6)
A~ _n+2y—4 n—=2y
BY ,U=e 7 MBI ("2 °U), (3-7)
BYU = =" olu g2 (0" T o), (3-8)
BYU = "o B2 (T, (3-9)

The proof of Theorem 3.4 is a somewhat lengthy computation. While such computations are routine in
conformal geometry (see [Branson 1985; Chang and Qing 1997]), they have not been carried out in this
form in the literature for smooth metric measure spaces, and so we sketch the details here.

Fix y € (1,2). An operator T : C¥ — C°° (M) defined on a y-admissible smooth metric measure space
(X"*1 g, p,m, 1) with boundary M = 0X is natural if it can be expressed as a polynomial involving
the Levi-Civita connection and the Riemann curvature tensor of g, powers of p, the outward-pointing
normal 7 along M = 90X, and contractions thereof. A natural operator 7 is said to be homogeneous of
degree k € R if for any positive constant ¢ € R, the operators T and T defined on (X"t g, p,m,1) and
(X"+1 g, p,m, 1), respectively, for § = c%g and p = cp, are related by

TWU)=ckrw)

for all U in the domain Dom(7’) of 7. Given a homogeneous operator T of degree k, a function o € DY,
and a fixed weight w € R, we define

9
(T(U)) := o (emwHhiolMT 50 (eV100)), (3-10)
t=0

where T,20, denotes the operator 7" as defined with respect to the smooth metric measure space
()? ntl 20 g,€¢%°p,m, 1). One readily shows (see [Branson 1985, Corollary 1.14]) that, given a natural
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operator T which is homogeneous of degree k and a fixed weight w, it holds that
Tp20g(U) = eW TR (e

for all 0 € DY and all U € Dom(T) if and only if (7' (U))’ = 0 for all 0 € D¥ and all U € Dom(T).

To prove Theorem 3.4, it thus suffices to compute the linearizations (3-10) of the operators given
in Definition 3.3 — which are all natural and homogeneous — with the fixed weight w = —%(n —2y).
We accomplish this through a pair of lemmas. We first consider operators which are homogeneous of
degree —2.

Lemma 3.5. Fixy € (1,2) and set m =3 —2y. Let ()?”'H, g, p,m, 1) be a y-admissible smooth metric
measure space with boundary M = 0X. Let 0 € DY and let U € C”. Fix a weight w € R. Then

(AU) = (n +2w—2)(VU, Vo) +wU Ao,
(V2UG. 1) +mp~'8pU) = (m + 1)(VU. Vo) +wU(V2a (n.1) +mp~'3,0).
(JU) =—-U Ao,
(UP@,m) =-UVZa (1),
(p~'UAp) = (Ao +V2a(n.0) + (1 + 1)p~" 0,0)U.
Proof. Let § = e?'9g. Tt is well-known that
P =P —1tV%c+ 0(:?),
V2U =V2U —1dU ®do —tdo @ dU +1(VU,Vo),g.
and similarly for quantities defined in terms of the induced metric on M. The conclusion readily follows. [J
We next consider operators which are homogeneous of degree —2y.
Lemma 3.6. Under the same hypotheses as Lemma 3.5, it holds that
(Ap"™nU) = 2m +n +2w—4)(Vp"nU, Vo) + (m +w —1)(p™nU) Ao,
(P"nAgU) = (m +n+2w—1)(Vp"nU, Vo) + wUp™nAyo
+ ((m +n4+2w—1)(Via(y, 1) — m,o_lapa) + wA¢o)pan,
(Up™nJg") = =Up™nAgo.
Proof. The first identity follows immediately from Lemma 3.5 and the homogeneity of p™n.
The conformal transformation formula for the weighted Laplacian [Case 2012] yields

(P"nAU) = p"n((m +n + 2w —1)(VU, Vo) + wUA40).
A straightforward computation shows that
P"((VU, Vo)) = (Vo, V" qU) + (Vo (. 1m) —mp~ "' 3,0)0™ nU,

from which the second identity follows.
Finally, the conformal transformation formula for the weighted scalar curvature (see [Case 2012,
Proposition 4.4]) yields the last identity. O
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Proof of Theorem 3.4. 1t is clear that (3-6) and (3-7) hold.
It follows immediately from Lemma 3.5 that the operator B ,, defined by

— n—+2w
By U :=—AU + T(VZU(n n) +mp1a,U)

(— n+2w-—2

—wlr-=—1== =
m+1

satisfies (B2, U)" = 0 for any w € R. This yields (3-8) upon observing that

2—y
1B2

It follows immediately from Lemma 3.5 and Lemma 3.6 that the operator By, ,, defined by

(P =2+ P 457 80U

2y _
B =

m+n+2w-—1
2m+n+2w—4

((m+w—1)(m+n +2w—l)
T2w-—

AP U + T p™nU — w(p"nJg")U,

w )J —(m+n+3w—1)P(y.n)
mm+n+w-—1)
n—+1

satisfies (Bzy,» U)" = 0 for any w € R. This yields (3-9) upon observing that B;;,’ = B2y _n—2y. O
C)

2m+n+2w—4
(J 4+ P(n.n)+p ' Ap)

We next show that the operators given in Definition 3.3 are boundary operators associated to the
weighted Paneitz operator, in the sense that the pairing

CY xC¥ 2 (U. V) (L, U V) + (B3YU. By V) + (BY U, ByY_,V)

is a symmetric bilinear form. Indeed, this form can be written explicitly, and is the polarization of the
energy associated to the weighted Paneitz operator on a y-admissible smooth metric measure space with
boundary.

Theorem 3.7. Fix y € (1,2) and set m = 3 —2y. Let (X"t g, p,m, 1) be a y-admissible compact
smooth metric measure space with boundary M = 0X. Given U,V € C?, it holds that

[ VLR + @ (B 0B W) + B (VB (V) = 0y (U.V) G-11)
for Qay, the symmetric bilinear form

QZJ/ (U’ V)

=/ [(A¢U)(A¢V)—(4P—(n—2y+2)]£1g)(VU,VV)+MQ$UV}
X 2

+55M[y ((VB"(U). VB3 _,(V) (VB (V). VB3 _,(U)))

n2y
2

In particular, Q2 is conformally invariant.

T3 (B (U) By, (V)+ By (V) B3y 2(U))+%(pmnfg’)Béy(U)Béy(m].
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Proof. Equation (3-11) follows from a straightforward computation using integration by parts, the

consequences
J=J+P(n.n),
(n.m) (3-12)
P(n.VU) = P(n,mnU
of the Gauss—Codazzi equations, and (2-17).
It follows immediately from Theorem 3.4 and (3-11) that Q3, is conformally invariant. O

4. Some asymptotic expansions

For Poincaré-Einstein manifolds, the fractional GJIMS operator P; can be interpreted as the Dirichlet-to-
Neumann operator for functions in the kernel of the conformal Laplacian [Chang and Gonzélez 2011].
There is another conformally covariant operator defined on the boundary with the same principal symbol
as Py, namely f — Bl1 U for U the unique extension of f in the kernel of the conformal Laplacian
[Branson 1997]. In fact, these two operators are the same [Guillarmou and Guillopé 2007].

The boundary operators introduced in Section 3 all give conformally covariant operators as follows: Fix
y€(0,2)\ {1} andsetk = |y| 4+ 1 and m = 2k — 1 —2y. Let (X"*!, M", g ) be a Poincaré—Einstein
manifold with n > 2y, let p be a y-admissible defining function, and consider (X, p?>g+, p, m, 1). Given
a function f € C®°(M), let U be the unique extension of f in C%_ such that L” , U = 0. Then the map

£,0 2k,¢
By (f) = 322;,' U is conformally covariant in the sense that

n+2y n—2y

Bay(f)=e= "2 MBy, (e 2 v fy

A

for all o € DY, where B is defined in terms of (X", ¢, p,m, 1) for § = ¢2% g and p = € p. The fractional
GJMS operators can also be regarded as generalized Dirichlet-to-Neumann operators associated to the
kernel of the weighted conformal Laplacian and the weighted Paneitz operator in the cases y € (0, 1) and

y € (1,2), respectively [Case and Chang 2016]. We show that, as in the case y = 5, the operators B,

1
2
and P, are the same.

The case y € (0,1). A direct computation using the definition of 322;,’ and [Case and Chang 2016,

Theorem 4.1] readily shows that the fractional GIMS operator P>, and the operator B>, defined above
are the same when y € (0, 1).

Proposition 4.1. Fixy € (0, 1) and setm = 1—2y. Let (X" 1, M™, g) be a Poincaré—Einstein manifold
such that %nz —y2 dopp (—Ag, ). Let p be a y-admissible defining function. Given f € C*°(M), let U
be the solution to the boundary value problem

Ly, U=0 in(X"* p2gy, p,m, 1), @-1)
U=f on M.
Then
d
Py f =—-LB3U. 4-2)

2y
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Proof. By conformal covariance, we may assume that p = r is the geodesic defining function associated
n—2
to g|7a. From [Case and Chang 2016, Theorem 4.1], we see that U =r~ 2 . P(%n + y)f. In particular,

UeCy and
d
Py f = —=L lim p"™nU
2y f 2y Am o7
for n = —d;, the outward-pointing normal along M. Tt is straightforward to check that r*§n — 0 as r — 0,
and hence (4-2) holds. O

The case y € (1,2). An argument similar to the one given in the proof of Proposition 4.1 shows that
B;’,’ U is proportional to Py, f if Ue C}/,o satisfies LZ »U = 0. However, much more can be said. Indeed,
this statement remains true if U € C}/’ v for any ¢ € C°°(M)! To make this more precise, we shall evaluate
the operators BS2 Y for s €{0,2y —2,2,2y} when acting on elements of the kernel of the weighted Paneitz
operator in terms of scattering operators.

We begin by investigating the asymptotic behavior of the summands which appear in the definitions of
the operators B 32 ¥ For our intended applications, it suffices to compute with respect to the compactification
of a Poincaré—Einstein manifold by a geodesic defining function. We first observe the following simple

asymptotic behavior of the interior scalar curvature.

Lemma 4.2. Fixy € (1,2) and set m =3—2y. Let (X"T1, M™, g.1) be a Poincaré-Einstein manifold and
let r be a geodesic defining function. Then, in terms of (X,r%gy,r,m, 1), it holds that, asymptotically

near M,
J=J+00?). (4-3)

Proof. A straightforward computation shows that
rYAr = =T + 0(r?).
The conclusion now follows from (2-16). O

We next compute certain derivatives of elements of C?.

Lemma 4.3. Fix y € (1,2) and set m =3 —2y. Let (X"T1, M", g.) be a Poincaré—Einstein manifold
and let r be a geodesic defining function. Let U € CY have the expansion (2-12) asymptotically near M.
Then, in terms of ()?, r2g+, r,m, 1), it holds that

lig})[r’"nU] =2(1—-y)¥, (4-4)
lim [V2U(n. 1) +mr~10,U] = 42 =) f2. (4-5)
lim [=r™nAgU] = 2(y = Dldyy2 + Ay =2(y = DI Y], (4-6)

Proof. Equation (4-4) is an immediate consequence of (2-12).
We next compute that

rYmo,(r"o,U)=4Q2—y) o+ 4)/1,027“2)/_2 + 0(r2y—2),

from which (4-5) immediately follows.
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Finally,
ApU =Af+42=y)fa+ (dyva+ Ay =20 = DI Y)r2’ 2 +0(r?2).
Differentiating yields (4-6). ([

Combining Lemmas 4.2 and 4.3 yields the following evaluations of the operators Bszy in terms of the
asymptotic expansion (2-12).

Proposition 4.4. Fix y € (1,2) and setm =3—2y. Let (X" !, M", g) be a Poincaré—Einstein manifold
and let r be a geodesic defining function. Let U € CY be such that (2-12) holds near M. In terms of
(X,r%gy,r,m, 1), it holds that

By'U = f 4-7)
By U =2(1-7)¥. 4-8)
By'U = )z/_T)I(—Ef-i-%(n—2y).7f)+4(2_y)f2’ (4-9)
BIU =8y(y — D2 —2y(—Ay + S(n+ 2y — 4 Ty). (4-10)

Proof. Equation (4-7) is obvious, while (4-8) is (4-4). Combining (3-12) and (4-3) yields that P(n,n) =0.
Hence, by (3-12) and Lemma 4.2,

[\

T2 ="""7. (4-11)

<
—

It then follows from (4-5) that (4-9) holds. Finally, Lemma 4.2 implies that
-2 2y —4\ =
s = (Lo 1)y
2 2(y—1)
Combining this and Lemma 4.3 yields (4-10). O

Applying Proposition 4.4 to solutions of the Poisson equation (2-1) yields the following interpretation
of the operators BS2 Y

Corollary 4.5. Fix y € (1,2) and set m = 3 —2y. Let (X", M™, g) be a Poincaré-Einstein man-
ifold such that %nz—yz, %112—(2—)/)2 & opp(—Ag, ). Let p be a y-admissible defining function with
expansion (2-9) near M. Fix f,y € C®°(M) and set u; = P(%n + )/)f and uy = P(%n +2-— y)w. Set
U= p_%(ul +uy). In terms of (X, p>g+, p,m, 1), it holds that

2
By’U = 7,
2
By LU =2(1-y)y,
42—
By =2C"p 4
2 8y(y — 1)
By U = —"——Py .

dy
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Proof. By conformal covariance, we may assume that p = r is the geodesic defining function associated
to g|7ar. That LZ’ U = 0 follows from conformal covariance and the factorization

(Ly et = ( Agy — %”2 +(@2- V)z) ° (_Ag+ - %”2 + Vz) (4-12)

of the weighted Paneitz operator of (X" *1, g, 1,m,1); see [Case and Chang 2016, Theorem 3.1].
Using the asymptotic expansion (2-3), we observe that

uy =" [f+ 1 — ( J. )r2+d;1P2yfr2V}
up = [w+d2 Paay (D 4 : )( M+W1w) ]

where we write A= Bif A—B = o(r ) SetUj =r — u; for j €{1,2}. Applying Proposition 4.4
to U; and U, and using the linearity of the operators By 2 fors € {0,2y —2,2,2y} yields the result. [

By appealing to the uniqueness of solutions to Lm U = 0 with suitable boundary conditions, we
obtain two extension theorems relating the fractional GJMS operator Py, to the operator B, y . The first
result is a reformulation of [Case and Chang 2016, Theorem 4.4].

Proposition 4.6. Fix y € (1 2) and set m = 3 —2y. Let (X"T1, M", g.) be a Poincaré—Einstein

manifold such that —n —y2, 4n2 (2—y)? & opp(—Ag,). Let p be a y-admissible defining function.
Given f € C®°(M ), let U be the unique solution to the boundary value problem

L7, U =0 in(X"*! p%¢1, p,m,1),
BYU=f onM, (4-13)
By ,U=0 onM.

Then

d__povy, (4-14)

Py f=—2 p
2/ Sy(y—1)" %

Proof. Letu = P(%n + )/) f and set U= p_n722y u. It follows from Proposition 4.4 and conformal
covariance that U satisfies (4-13). Hence, by uniqueness of solutions of (4-13), it holds that U = U.
Equation (4-14) now follows from Corollary 4.5. O

The second result is an analogous extension theorem formulated in terms of the iterated Dirichlet data
of a fourth-order boundary value problem.

Proposition 4.7. Fix y € (1,2) and set m = 3 —2y. Let (X", M", g.) be a Poincaré—Einstein

manifold such that %nz—yz, 4n2 (2—7)? €opp(— Ag,). Let p be a y-admissible defining function.

Given f € C®(M), let U be the unique solution to the boundary value problem
Lm¢U =0 in(X"T p2g..p,m, 1),
BYU=f onM, (4-15)
BY’U=0 onM.
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Then

dy 2y
= U 4-16
2yf g ( _ 1) ( )
Proof. Letu = P(%n + )/) f and set U = ,o_n_zzy u. It follows from Proposition 4.4 and conformal
covariance that U satisfies (4-15). Hence, by uniqueness of solutions of (4-15), it holds that U = U.
Equation (4-16) now follows from Corollary 4.5. O

Surprisingly, the fractional GIMS operator P, can be recovered from the boundary operator B;’,’
without finding a unique extension.

Proposition 4.8. Fix y € (1,2) and setm =3—2y. Let (X" !, M™, g) be a Poincaré—Einstein manifold
2

such that %nz—y , 4n2 2—y)? €opp(—Ag +)- Let p be a y-admissible defining function. Suppose that
U e C7 satisfies
LU =0 in(X"t pgq p,m, 1),

BgyU =f onM.

Then
dy
Py f = ﬁzﬁyy U. (4-17)
Proof. Set
1 2
=—B) U
YAy P

Let u; = P(%n + )/)f and up = P(%n +2— )/)w and set U = p_%(ul + uy). It follows from
Corollary 4.5 that U satisfies

Ly, U=0 in X,

BYU=f on M, (4-18)
-

BZ;’_ZU =2(1—y)y¥ on M.

By uniqueness of solutions of (4-18), we have U = U. Equation (4-17) now follows from Corollary 4.5. [J

5. The energy inequality

We are now ready to prove the energy inequalities stated in the Introduction. As throughout this article,
we consider the cases y € (0, 1) and y € (1,2) separately. Nevertheless, the basic ideas are the same. We
start by considering the energy functional &) : C¥ — R given by £, (U) = Q3, (U, U), where Q5 is
as in Theorem 3.2 and Theorem 3.7. Concretely, if y € (0, 1), then

—2y n—2
52y(U)_/ (|VU|2 . iy U2)+ 2ny§£M Hay (B U2, (5-1)
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while if y € (1,2), then

&2y (U) = /((A¢U) — (4P —(n—2y +2)J3'g)(VU, vU)+ Q{;’UZ)

+9§M(y (VB3 (U).VB3)_,(U))

+(n—29)T;" By (U)B3)_,(U) +2

2 (. Iy (ByY U)? ) (5-2)

Using the fact that Cy =U+ CO o for some, and hence any, fixed U € Cy we obtain a necessary

and sufficient condltlon for & to be uniformly bounded below in C Ly 10 terms of the bottom of the

L?-spectrum of L% 9 for k = |y | + 1. When &, is uniformly bounded below, we construct a minimizer
which necessarily solves (4-1) or (4-13). This construction together with Proposition 4.1 or Proposition 4.6,
respectively, yields the result.

The case y € (0,1). Following the outline above, we start by characterizing when &, is uniformly
bounded below on C}/ in terms of the bottom of the spectrum of —Ag, ona Poincaré—Einstein manifold
(X" 1, M", gy). This result generalizes an observation of Escobar [1994] in the case y = 5. and corrects
an error in the remark following the statement of [Gonzdlez and Qing 2013, Theorem 1.4].

Proposition 5.1. Fix y € (0,1) and set m = 1 —2y. Let (X"T1, M" g.) be a Poincaré—Einstein
manifold such that %nz —y2d opp(—=Ag, ). Let p be a y-admissible defining function and consider
(X, p?g+.p,m,1). Fix f € C®(M). Then

inf &, (U) > —o0 (5-3)
Uecy

if and only if
AM(=Agy) > tn?—y2 (5-4)

Proof. Fix U € CY¥, so that C¥ = U + C}. By definition,
A(LS ) =inf{& (V) |V ecy. [y VZ=1}.

Since (Lgf¢)+ =—Ag, — %nz + p2, we have that 1; (Lg”’(b) > 0 if and only if (5-4) holds.
Next, given any V' € Cg and ¢ € R, we compute that

Eay(U +1V) =12E2y (V) + 2t Q2 (U, V) + &2y (V). (5-5)

If (5-4) does not hold, then thereisa V' € Cg such that £, (V') <0. In particular, inserting this V" into (5-5)
and letting + — oo shows that (5-3) does not hold. If (5-4) holds, then Theorem 3.2 and (5-5) imply that

E2,(U+V) > A (LT ¢)/ V2+2(/ (L’2"¢U)) (/X V2)2+€2y(U)

forany V € Cg . An application of the Cauchy—Schwarz inequality yields a lower bound for £, (U + V)
which depends only on U. In particular, (5-3) holds. O
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We next implement the minimization scheme described at the beginning of this section to prove
Theorem 1.1. For convenience, we restate the result here.

Theorem 5.2. Fixy € (0, 1) and setm = 1—2y. Let (X"T1, M", g.) be a Poincaré-Einstein manifold
which satisfies (5-4). Let p be a y-admissible defining function with expansion (2-9) and consider
(X, p%gs.p,m,1). Forany f € C®(M), it holds that

1 2 )
/ (|VU|2 + MJq;"Uz)pm dvol > ——y[Sﬁ fPay f dvol -2 deyg of2 dvol] (5-6)
b's 2 dy [Jm M

2
forallUe WL2(X, p™ dvol) with TrU = f. Moreover, equality holds if and only if L’Z"’¢U =0.

Proof. From (5-1) and Proposition 5.1 we observe that the left-hand side of (5-6) is uniformly bounded
below in C}’. Let Ue W2(X, p™ dvol) be a minimizer. Necessarily U solves (4-1). Theorem 3.2 and
Proposition 4.1 then imply that

2
e V) ==L [P
Y

from which (5-6) immediately follows. O

The case y € (1,2). We again start by finding a necessary and sufficient condition for the energy &£, to
be uniformly bounded below on C}/ "

Proposition 5.3. Fixy € (1,2) and set m =3—2y. Let (X", M", g.) be a Poincaré—Einstein manifold

such that %nz—yz, %712—(2—)/)2 Zopp(—Ag ). Let p be a y-admissible defining function and consider

(X, p?g+.p,m,1). Fix f.yy € C®(M). Then

inf &,(U)>—o0 (5-7)
Uecy,,
if and only if
Al(LT,(b) > 0. (5-8)

Moreover, if A1(—Ag ) > %nz — (2—1y)?, then (5-8) holds.

Proof. Arguing as in the proof of Proposition 5.1, but using Theorem 3.7 instead of Theorem 3.2, yields
the equivalence of (5-7) and (5-8).
Suppose now that A1 (—Ag, ) > %nz —(2—y)2. It follows immediately from (4-12) that (5-8) holds. [

We next implement the minimization scheme to derive the following improvement of Theorem 1.2.

Theorem 5.4. Fixy € (1,2) and setm =3 —2y. Let (X"T1, M", g.) be a Poincaré-Einstein manifold
which satisfies (5-8). Let p be a y-admissible defining function with expansion (2-9) and consider
(X, p%gy,p,m,1). Forany f.v € C®(M), it holds that
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/ ((A¢U)2 —(4P —(n =2y +2)J'9)(VU.VU) + "= QZ’Uz)
X

8y(y —1) n—2y 2 dy
= dy (9§M szyf B 2 dy 9§M *f ) * 2y(y—1) 9§M a2y

s (150 + 2ED G a0 1) 59
M

forallUe W%2(X, p™ dvol) with Tr U = (f. V). Moreover, equality holds if and only ifLT’d)U =0.

Proof. From (4-8), (5-2) and Proposition 5.3, we observe that the left-hand side of (5-9) is uniformly
bounded below in C}’ " Let Ue W22(X, p™ dvol) be a minimizer. Necessarily U solves (4-18). Note
that the factorization (4-12) and the assumption (5-8) together imply that Z” 2_y2, 4n2 Q2-y)? ¢
0pp(—Ag. ). Therefore, by Theorem 3.7 and Corollary 4.5,

8V(V

£2,(U) = 1)55 FPay f +8(1—y)2—y)dy ygﬁ YPs 2.

The conclusion follows from (2—2). O

6. A sharp Sobolev inequality

As an application of Theorem 5.4, we prove the following sharp Sobolev trace inequality for y-admissible
compactifications of hyperbolic space with y € (1,2). This statement is more general than Theorem 1.3
in that it involves the full trace on C? and it allows for arbitrary y-admissible compactifications.

Theorem 6.1. Fixy € (1,2) and set m =3—2y. Choose n €N such that n > 2y and let p be a y-admissible
defining function on hyperbolic space (H"T1, 8™, g1). Then, in terms of (H, p>g+, p,m, 1),

n—4+42y

n—2y
2n_\ " _2n n
&y (U) = C(z) (é” |f|”_2”) + ‘1‘6,52; y(én |¢‘|n—4+27)

forall U € CY, where f is the trace of U, ® is as in (2-9), and

CQ)=8nyFQ—y)F@Or+2w)(F6n*ff
n,y I'(y) F(%(n_zy)) T(n) .

4 4
Moreover, equality holds if and only if LT’¢U =0and both f1=2v (p>gy)|Tsn and Y 1=3¥2v (p>g4)|Tsn
are Einstein with positive scalar curvature.

Proof. Since A1(—=Ag ) = %nz, Theorem 5.4 implies that

8y(y — 1) dy
52y(U)ZTgén sznyrmygn VP4 2y Y (6-1)

for all U e C?, where f and v are as in (2-12). The conformal covariance of the fractional GIMS operators
and the sharp fractional Sobolev inequality [Beckner 1993; Cotsiolis and Tavoularis 2004; Frank and
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Lieb 2012; Lieb 1983] together imply that

—2y

r(l(n+2y))(r(ln))2ny( 2 )
> 2y v 2 2 n—2y 6-
fén P f 227 = T ) 1] (6-2)

with equality if and only if f =7 (p?>g+)|Tsn is Einstein with positive scalar curvature. Combining (6-1),
(6-2) and the corresponding result for P4—») yields the desired result. O

Proof of Theorem 1.3. 1t is straightforward to check that (SS’F’LI, d0?, x,+1,m, 1) satisfies

Ly = (=Bg+5(m+n)? = D) (=2g + F((m +n)>-9)).

Since g+ = x,. -42-1d 62 satisfies Ricg, = —ngy, we see find that x4 is a y-admissible defining function
for hyperbolic space. Applying Theorem 6.1 then yields the desired conclusion. O

Appendix: Proof of the Sobolev trace theorem

The proof of Theorem 5.4 requires the Sobolev space W2:2(X"+1 o™ dvol) and its trace onto H” (M) &
H?~Y(M). Since our definitions of W22(X"+1 p™ dvol) and the trace via the space C¥ are nonstan-
dard — the usual approach is via completions of C*°(X) [Triebel 1978]— we prove the existence of the
trace map.

Theorem A.1. Fixy € (1,2) and set m =3 —2y. Let (X"t g, p, m, 1) be a y-admissible smooth metric
measure space with nonempty boundary M = 0X. There is a unique bounded linear operator

Tr: W22(X, p™ dvol) - HY (M) & H* 7 (M)

such that Tr(U) = (f, ¥) forall U € C}fy " Moreover, there is a continuous mapping
E:H"(M)® H* V(M) - W>2(X, p™ dvol)

such that Tr oE is the identity map on HY (M) & H*~7(M).

The proof of Theorem A.1 involves two steps. First, we prove the corresponding result in upper half
space (W, dy? ® dx?,y,m, 1) for R'_fl = (0, 00) x R" and y the standard coordinate on (0, o).
Second, we use coordinate charts to pull the Euclidean result back to y-admissible smooth metric measure
spaces. Indeed, the second step is routine, and the proof will be omitted. The first step is carried
out via the extension theorems for the fractional Laplacian [Caffarelli and Silvestre 2007; Yang 2013].
To that end, define C}/’ " and C? as in Section 2 using Schwartz functions to obtain the completion
W22 ([R’j_“, y™ dvol), and recall that the H”- and H?~”-norms defined in Section 2 are equivalent to
the ones defined via Fourier transform.

Theorem A.2. Fix y € (1,2) and set m = 3 —2y. There is a unique bounded linear operator

Tr: W22(RH y™ dvol) - HY (R") @ H* 7 (R") (A-1)
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such that Tr(U) = (f, ¥) for any U € C}’ " Moreover, there is a bounded linear operator
E:HY(R")® H* 7 (R") —» W>R} 1, y™ dvol) (A-2)
such that Tr o E is the identity map on HY (R") @ H?7Y (R™).

Proof. Combining Theorem 5.4 and the proof of [ Yang 2013, Theorem 3.1], we find that for any U € C}/ "
it holds that

8y(y —1) y =, = d 2—y
@07 = TEZDCa)k G ad (9L 4 0T R )
R} y R y(y—1)
with equality if and only if U is the unique solution to
AéU =0 in (0, 00) x R",
U0,x)= f(x) for all x € R", (A-4)

limy 0 y"0,U(y,x) =2(y — 1)y forall x e R"

with Ay = A +my~1d,. Using integration by parts, it is straightforward to check that
[ vvemTaurdeal= [ | @u0r-s0-n¢ L)
Ri"t‘l Ri-i—l R7

for all U e CY.

o Combining this with (A-3) yields

—1)? y d Y
UL N0 B+ ATV as)

8
/ |V2U +my~1(3,U)* dy ® a’y}2 > d
R{l‘r“l‘l y

with the same characterization of the equality case. It follows from (A-5) that Tr: C” — HY @ H?>77 is
a bounded linear operator, and hence can be extended uniquely to a bounded linear operator as in (A-1).
Moreover, the map E( f,¥) = U obtained by solving (A-4) is linear and, by (A-5), bounded, whence can
be extended to a bounded linear operator as in (A-2). O
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EXACT CONTROLLABILITY FOR QUASILINEAR PERTURBATIONS OF KDV

PIETRO BALDI, GIUSEPPE FLORIDIA AND EMANUELE HAUS

We prove that the KdV equation on the circle remains exactly controllable in arbitrary time with localized
control, for sufficiently small data, also in the presence of quasilinear perturbations, namely nonlinearities
containing up to three space derivatives, having a Hamiltonian structure at the highest orders. We use
a procedure of reduction to constant coefficients up to order zero (adapting a result of Baldi, Berti
and Montalto (2014)), the classical Ingham inequality and the Hilbert uniqueness method to prove the
controllability of the linearized operator. Then we prove and apply a modified version of the Nash—-Moser
implicit function theorems by Hérmander (1976, 1985).
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1. Introduction

A question in control theory for PDEs regards the persistence of controllability under perturbations. In
this paper we study the effect of quasilinear perturbations (namely nonlinearities containing derivatives
of the highest order) on the controllability of the KdV equation. We consider equations of the form

Ur + Uxxx —|—N(X, Uy Uy, Uy, Uxxx) =0 (1-1)

on the circle x € T :=R/2n7Z, with ¢t € R, where u = u(t, x) is real-valued, and N is a given real-valued
nonlinear function which is at least quadratic around u = 0. For solutions of small amplitude, (1-1) is a
quasilinear perturbation of the Airy equation u; + u,,, = 0, which is the linear part of KdV; then the
KdV nonlinear term uu, can be included in V.

Motivated by a question, which was posed in [Kappeler and Poschel 2003], about the possibility of
including the dependence on higher derivatives in nonlinear perturbations of KdV, equations of the form

MSC2010: 35Q53, 35Q93.
Keywords: control of PDEs, exact controllability, internal controllability, KdV equation, quasilinear PDEs, observability of
PDEs, HUM, Nash—Moser theorem.
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(1-1) have recently been studied in [Baldi, Berti, and Montalto 2014; 2016a; 2016b] in the context of
KAM theory. In this paper we study (1-1) from the point of view of control theory, proving its exact
controllability by means of an internal control, in arbitrary time, for sufficiently small data (Theorem 1.1).

Most of the known results about controllability of quasilinear PDEs deal with first-order quasilinear
hyperbolic systems of the form u; + A(u)u, = 0 (including quasilinear wave, shallow water, and Euler
equations); see, for example, [Li and Zhang 1998; Coron 2007, Chapter 6.2; Li and Rao 2003; Coron,
Glass, and Wang 2010; Alabau-Boussouira, Coron and Olive 2015]. Recent results for different kinds of
quasilinear PDEs are contained in [Alazard, Baldi, and Han-Kwan 2015] about the internal controllability
of 2-dimensional gravity-capillary water waves equations, and in [Alazard 2015] about the boundary
observability of 2- and 3-dimensional (fully nonlinear) gravity water waves. For a general introduction
to the theory of control for PDEs, see, for example, [Lions 1988; Micu and Zuazua 2005; Coron 2007],
while for important results in control for hyperbolic PDEs, see, for example, [Bardos, Lebeau, and Rauch
1992; Burq and Gérard 1997; Burq and Zworski 2012].

Regarding the KdV equation, the first controllability results are due to Zhang [1990] and Russell
[1991]. Among recent results, we mention the work by Laurent, Rosier and Zhang [2010] for large data.
A beautiful review on the literature on control for KdV can be found in [Rosier and Zhang 2009]. For
more on KdV, see the rich survey [Guan and Kuksin 2014], and the many references therein.

1A. Main result. We assume that the nonlinearity N'(x, u, uy, Uy, Uyyy) is at least quadratic around
u = 0; namely the real-valued function A" : T x R* — R satisfies

IV (x, 20,21, 22, 23)| < Clz]* Yz =(20.21.22.23) € R, [z < 1. (1-2)

We assume that the dependence of N on uy,, u,., is Hamiltonian, while no structure is required on its
dependence on u, u,. More precisely, we assume that

N(xa W, Uy, Uy, Uxxx) =N1(x, W, Uy, Uy, Uxxx) +N0(x, u,Uy), (1-3)
where

M (X, Uy Uy, Uy, Uyyy) = 0x { (0 F) (X, 1, uy)} — axx{(aux]:)(x» u,uy)}
for some function F : T x R* —» R. (1-4)

Note that the case N'=N7, NMy=0 corresponds to the Hamiltonian equation d;u = 9,V H (1), where the
Hamiltonian is

H(u):%/vuidx—i-/v}'(x,u,ux)dx (1-5)

and V denotes the L?(T)-gradient. The unperturbed KdV is the case F = —%u3.

Notation. For periodic functions u(x), x € T, weexpand u(x) =), _, u,e'™, and, for s € R, we consider
the standard Sobolev space of periodic functions

HY = H'(T,R):={u:T—R:uly <o}, [ulf:=> |us*(n)*, (1-6)

nez
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where (n) := (1 +n?)"/%2. We consider the space C([0, T'], H}) of functions u(z, x) that are continuous
in time with values in H;. We will use the following notation for the standard norm in C ([0, T'], H}):

lullr.s == lullcqo,ry.msy == sup [u(@)lls. (1-7)
t€l0,T]

For continuous functions a : [0, T] — R, we will define
lalr := sup{la(®)|: ¢ € [0, T]}. (1-8)

Theorem 1.1 (exact controllability). Let T > 0, and let w C T be a nonempty open set. There exist

positive universal constants r, s1 such that, if N in (1-1) is of class C" in its arguments and satisfies (1-2),

(1-3), (1-4), then there exists a positive constant 8, depending on T, w, N with the following property.
Let uin, ueng € H*' (T, R) with

”uin”sl + ”uend”sl < x.
Then there exists a function f(t, x) satisfying
ft,x)=0 forallx ¢ w, forallt €0, T],

belonging to C([0, T], H}) N c'qo, 11, H)f_'”) NC3([0, T, H)f_6)f0r all s < sy, such that the Cauchy
problem
{ut+uxxx +N(X7 U, Uy, Uxx, uxxx):f v(t, X)E[O, TIxT, (1_9)

u(0, x) = ujn(x)

has a unique solution u(t, x) belonging to C([0, T1, HS) N C'([0, T1, H!~3) N C2([0, T1, H:~%) for all
s < §1 which satisfies
u(T, x) = uenq(x). (1-10)

Moreover, for all s < sq,

llu, f”C([O,T],Hj.’) + [|0¢u, atf”C([o’T],H;‘*) + ||, attf”C([(),T]’H;'%) < Cs(luinlls; + lluenalls,) (1-11)
for some Cy > 0 depending on s, T, w, N.

Remark 1.2. In Theorem 1.1 there is an arbitrarily small loss of regularity: if the initial and final data
Uin, Uend have Sobolev regularity H;', then the control f and the solution u are continuous in time with
values in H; for all s < s1. Such loss of regularity is in some sense fictitious: it is due to our choice
of working with standard Sobolev spaces, but it could be avoided by working with the (slightly “worse-
looking”) weak spaces E/, introduced by Hormander [1985] (see Appendix B). What we actually prove is
that, if the initial and final data are in the weak space (H;')’ (i.e., the weak version a la Hsrmander [1985]
of the Sobolev space H;'), then f and u are continuous in time with values in the same space (H.')". (I

Remark 1.3. Our proof of Theorem 1.1 does not use results of existence and uniqueness for the Cauchy
problem (1-9). On the contrary, our method directly proves local existence and uniqueness for (1-9)
(see Theorem 1.4). This situation occurs quite often in control problems (see Remark 4.12 of [Coron
2007]). O
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1B. Description of the proof. It would be natural to try to solve the control problem (1-9)—(1-10) using
a fixed point argument or the usual implicit function theorem. However, this seems to be impossible
because of the presence of three derivatives in the nonlinear term. A similar difficulty was overcome
in [Alazard, Baldi, and Han-Kwan 2015] by using a suitable nonlinear iteration scheme adapted to
quasilinear problems. Such a nonlinear scheme requires solving a linear control problem with variable
coefficients at each step of the iteration, with no loss of regularity with respect to the coefficients (i.e.,
the solution must have the same regularity as the coefficients). In [Alazard, Baldi, and Han-Kwan 2015]
this is achieved by means of paradifferential calculus, together with linear transformations, Ingham-type
inequalities and the Hilbert uniqueness method.

As an alternative method, in this paper we use a Nash—Moser implicit function theorem. The Nash—
Moser approach also demands the solving of a linear control problem with variable coefficients, but it has
the advantage of requiring weaker estimates, allowing losses of regularity. The proof of such weaker esti-
mates is easier to obtain, and it does not require the use of powerful techniques like paradifferential calculus.
In this sense our Nash—-Moser method is alternative to the method in [Alazard, Baldi, and Han-Kwan 2015]
(for a discussion about pseudo- and paradifferential calculus in connection with the Nash—-Moser theorem,
see, for example, [Hormander 1990; Alinhac and Gérard 2007]). On the other hand, the result that we obtain
with the Nash—Moser method is slightly weaker than the one in [Alazard, Baldi, and Han-Kwan 2015]
regarding the regularity of the solution of the nonlinear control problem with respect to the regularity of the
data: the arbitrarily small loss of regularity in Theorem 1.1 is discussed in Remark 1.2, while Theorem 1.1
of [Alazard, Baldi, and Han-Kwan 2015] has no loss of regularity also in the standard Sobolev spaces.

Nash—Moser schemes in control problems for PDEs have been used in [Beauchard 2005; 2008;
Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]. A discussion about Nash—Moser
as a method to overcome the problem of the loss of derivatives in the context of controllability for PDEs
can be found in [Coron 2007, Section 4.2.2]. Beauchard and Laurent [2010] were able to avoid the use
of the Nash—Moser theorem in semilinear control problems thanks to a regularizing effect. We remark
that Theorem 1.1 could also be proved without Nash—Moser (for example, by adapting the method of
[Alazard, Baldi, and Han-Kwan 2015]).

Now we describe our method in more detail. Given a nonempty open set v C T, we first fix a
C° function yx,(x) with values in the interval [0, 1] which vanishes outside w, and takes value y, = 1
on a nonempty open subset of w. Thus, given initial and final data u;y,, #eng, We look for u, f that solve

P(u) = X f>
u(0) = utin, (1-12)
u(T) = ttend,
where
P () i= s+ sy + N, t, Uy, Uy, Urry). (1-13)
We define
P(u) — xof
D, f):= u(0) (1-14)

u(T)
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so that problem (1-12) is written as

D(u, f) = (0, Uin, Uend)-

The crucial assumption to verify in order to apply any Nash—Moser theorem is the existence of a right
inverse of the linearized operator. The linearized operator @ (u, f)[h, ¢] at the point (u, f) in the
direction (A, @) is
P')[h] — Xwp
' (u, fHlh, ¢]:= h(0) - (1-15)
h(T)

Thus we have to prove that, given any (u, f) and any g := (g1, g2, g3) in suitable function spaces, there
exists (h, @) such that

'(u, flh, ¢l =g. (1-16)

Moreover we have to estimate (%, ¢) in terms of u, f, g in a “tame” way (an estimate is said to be tame
when it is linear in the highest norms; see (B-13) and (4-41)).

Problem (1-16) is a linear control problem. We observe that the linearized operator P’(u)[h] is a
differential operator having variable coefficients also at the highest order (which is a consequence of
linearizing a quasilinear PDE). Explicitly, it has the form

P'(u)[h] =3k + (1 +a3(t, X)) rxh +az(t, X) dexh +ai (¢, x) dh +ao(t, x)h.

We solve (1-16) in Theorem 4.5. Note that the choice of the function spaces is not given a priori: to fix a
suitable functional setting is part of the problem.

Theorem 4.5 is proved by adapting a procedure of reduction to constant coefficients developed in
[Baldi, Berti, and Montalto 2014; 2016a]. Such a procedure conjugates P’(u) to an operator Ls (see
(2-57)) having constant coefficients up to a bounded remainder. This conjugation is achieved by means of
changes of the space variable, reparametrization of time, multiplication operators, and Fourier multipliers.
Using the Ingham inequality and a perturbation argument we prove the observability of £5. Then we
prove the observability of P’(u), exploiting the explicit formulas of the transformations that conjugate
P’(u) to Ls. The linear control problem (1-16) is solved in Lﬁ by the HUM (Hilbert uniqueness method).
Then further regularity of the solution (%, ¢) of (1-16) is proved by adapting an argument used by Dehman
and Lebeau [2009], Laurent [2010], and Alazard, Baldi, and Han-Kwan [2015].

To conclude the proof of Theorem 1.1 we apply Theorem B.1, which is a modified version of two
Nash—Moser implicit function theorems (Theorem 2.2.2 in [Hormander 1976] and the main theorem
in [Hormander 1985]; see also [Alinhac and Gérard 2007]). With respect to the abstract theorem in
[Hormander 1985], our Theorem B.1 assumes slightly stronger hypotheses on the nonlinear operator, and
it removes two conditions that are assumed in [Hormander 1985], which are the compact embeddings in
the codomain scale of Banach spaces and the continuity of the approximate right inverse of the linearized
operator with respect to the approximate linearization point. This improvement is obtained by adapting the
iteration scheme introduced in [Hormander 1976]. On the other hand, the Nash—Moser implicit function
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theorem in that work holds for Holder spaces with noninteger indices, and it does not apply to Sobolev
spaces (in particular, Theorem A.11 of [Hormander 1976] does not hold for Sobolev spaces).

This method is not confined to KdV, and it could be applied to prove controllability of other quasilinear
evolution PDEs.

The use of Ingham-type inequalities and the HUM is classical in control theory (see, for example,
[Haraux 1989; Micu and Zuazua 2005; Komornik and Loreti 2005; Kahane 1962] for Ingham-type
inequalities and [Lions 1988; Micu and Zuazua 2005; Coron 2007; Komornik 1994] for the HUM).
As mentioned above, the Nash—Moser theorem has also been used in control theory (see, for example,
[Beauchard 2005; 2008; Beauchard and Coron 2006; Alabau-Boussouira, Coron and Olive 2015]). It
was first introduced by Nash [1956], and then several refinements were developed afterwards; see, for
example, [Moser 1961; Zehnder 1975; 1976; Hamilton 1982; Gromov 1972; Hormander 1976; 1985;
1990; Berti, Bolle, and Procesi 2010; Berti, Corsi, and Procesi 2015; Ekeland 2011; Ekeland and Séré
2015]. For our problem, Hormander’s versions [1976; 1985] seem to be the best ones concerning the loss
of regularity of the solution with respect to the regularity of the data (see also Remark 1.2). As already
said, the theorems in [Hormander 1976; 1985] cannot be applied directly, but they can be adapted to our
goal. This is the content of Appendix B.

1C. Byproduct: a local existence and uniqueness result. As a byproduct, with the same technique and
no extra work, we have the following existence and uniqueness theorem for the Cauchy problem of the
quasilinear PDE (1-1).
Theorem 1.4 (local existence and uniqueness). There exist positive universal constants r, so such that, if
N in (1-1) is of class C” in its arguments and satisfies (1-2), (1-3), (1-4), then the following property holds.
For all T > 0 there exists 8, > 0 such that for all u;, € Hy® and f € C([0, T], H®) N C' ([0, T], HO™%
(possibly f = 0) satisfying

lwinllso + 11 fll 7,50 + 1100 fll7,50—6 =< 8x, (1-17)

the Cauchy problem

{ut + Uyxx +N(xa U, Uy, Uy, Uyyy) = f, (£, x)€[0,T]xT,
M(Oa x) :uin(x)

has one and only one solution u € C([0, T, H}) N cl(o, 11, H;*3) N C2([0, T, H)f*é) forall s < sp.
Moreover, for all s < sy,

(1-18)

“u”C([O,T],H;) + ”8tu”C([0,T],H§*3) + ||8ttu||c([0,T],H;'*6)
= Cs(”uin”so + ”f”C([O,T],HjO) + ”8tf”C([O,T],H,fO_6)) (1-19)
for some C; > 0 depending on s, T, N.

Remark 1.5. Theorem 1.4 is not sharp: we expect that better results for the Cauchy problem (1-18) can
be proved by using a paradifferential approach. O

Remark 1.6. The loss of regularity in Theorem 1.4 is of the same type as the one in Theorem 1.1; see
the discussion in Remark 1.2. ]
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1D. Organization of the paper. In Section 2 we describe the transformations that conjugate the linearized
operator P’(u) to constant coefficients up to a bounded remainder, and we give quantitative estimates
on these transformations. In Section 3 we exploit these results to prove the observability of P’(u). In
Section 4 we use observability to solve the linear control problem (1-16) via the HUM (Theorem 4.5) and
we fix suitable function spaces (4-36)—(4-37). In Section 5 we prove Theorems 1.1 and 1.4 by applying
Theorem B.1. In Appendix A we prove well-posedness with tame estimates for all the linear operators
involved in the reduction procedure. These well-posedness results are used many times in Sections 3,
4, and 5. In Appendix B we prove our Nash—Moser theorem, Theorem B.1. In Appendix C we recall
standard tame estimates that are used in the rest of the paper.

2. Reduction of the linearized operator to constant coefficients

In this section we consider some changes of variables that conjugate the linearized operator to constant
coefficients up to a bounded remainder. This reduction procedure closely follows the analysis in [Baldi,
Berti, and Montalto 2014; 2016a], with some adaptations.

The linearized operator P’(u) is

P/(u)[h] =0h+ (14 a3z) dxxxh 4+ az 0xxh + ay 0h + aoh, (2-1)
where the coefficients @; =a; (¢, x), i =0, ..., 3, are real-valued functions of (¢, x) € [0, T] x T, depending
on u by

a; =a;(u) ;= (az,-N)(x’u’ Uy, Upy, Uyxy), 1=0,...,3 (2-2)

(recall the notation N = N (x, zo, 21, 22, 23)). Note that a, = 20, a3 because of the Hamiltonian structure
of the component N; of the nonlinearity; see (1-3)—(1-4).

Lemma 2.1. Let N € C"(T x R*, R) satisfy (1-2). Forall 1 <s <r—3, and for allu € C*([0, T], H:*™3)
such that |\u, d;u, 3 ulT4 <1, the coefficients a; (u) satisfy

llai (), 8:ai(u), drai w)llr,s < Cllu, 0pu, peutll7 543, i=0,1,2,3. (2-3)
Proof. Apply standard tame estimates for composition of functions; see Lemma C.2. (I

Now we apply the reduction procedure to any linear operator of the form (2-1) where
ar(t, x) = ¢ dxa3(t, x) (2-4)

for some constant ¢ € R (note that P’ () has ¢ = 2 because of the Hamiltonian structure of N7). Regarding
the loss of regularity with respect to the space variable x, the estimates in the sequel will be not sharp. In
the whole section we consider T > 0 fixed, and, unless otherwise specified, all the constants may depend
onT.

Remark 2.2. Given a linear operator Lo of the form (2-1), define the operator £ as

ﬁgh = —0/h — Oxxx {(1 +a3)h} + 0xx (azh) — 9y (a1h) + aph. (2-5)
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Note that —Lj is still an operator of the form (2-1), namely

—L§ =0+ (1 +a3) Oyxx + a3 dxx +aj 3 +ag, (2-6)
with
ay = as, ay :=3(a3), —as,
: o e
a) = 3(a3)xx — 2(a2)x +ay, ap = (@3)xxx — (a2)xx + (a1)x — ao.

It follows from (2-6), (2-7) that if Ly satisfies (2-4), then also —Lj satisfies (2-4) (with a different constant),
namely a3 = (3 —¢) dya3. In particular, if Ly satisfies (2-4) with ¢ =2 (which is the case if £y = P'(u)),
then — L satisfies (2-4) with ¢ = 1. O

2A. Step 1: change of the space variable. We consider a 7-dependent family of diffeomorphisms of the
circle T of the form

y=x+B(, x), (2-8)

where f is a real-valued function, 2w periodic in x, defined for ¢ € [0, T'], with | B, (¢, x)| < % for all
(t,x) € [0, T] x T. We define the linear operator

(Ah)(, x) :=h(, x+ B, x)). (2-9)

The operator A is invertible, with inverse .A~!, transpose .A” (transpose with respect to the usual Lﬁ—scalar
product) and inverse transpose .A~7 given by

(A7) y) = v(t, y + BT, ),
(AT, y) = (L+ Byt ) v(t, y+ B2, y)), (2-10)
(AT ), ) = (1+ B (6, ) h(t, x + B (2, x)),
where y — y + B(t, y) is the inverse diffeomorphism of (2-8), namely
x=y+B(ty) = y=x+B(x). Q2-11)
Given the operator
Lo:=9 + (1 4a3(t, x)) Oxxx +as(t, x) 0yx +ai(t, x) dx +ap(t, x), (2-12)
with ay (¢, x) = ¢ dya3(t, x), we calculate the conjugate ALy A. The conjugate A laA of any multi-
plication operator a : h(t, x) — a(t, x)h(t, x) is the multiplication operator (A1) that maps v(t, y) to
(A7 'a)(t, y) v(t, y). By conjugation, the differential operators become
AT {A=0+ AR Yy, ATTAA={ATA+B} .
Then A~!8,, A= (A" 3, 4)(A"! d,.A), and similarly for the conjugate of d,,,. We calculate
Ly:=A""LoA =0 +ast, y) dyyy +ast, y) dyy +as(t, ) dy +az(t, ), (2-13)

where
ag = A" {(1+a3)(14+B,)°), as = A" Yar(148,)*43(1+a3) Bex (1480},

(2-14)
as = A" B+(14a3) Brxx+azBrxt+ar(148)}, a7 =Aay.
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We look for B(z, x) such that the coefficient a4(z, y) of the highest-order derivative 9y, in (2-13) does
not depend on y; namely a4 (¢, y) = b(¢) for some function b(¢) of ¢ only. This is equivalent to

(1 +as3(t, ) (1 + By (t, X)) = b(2); (2-15)
namely
Bx=po, polt,x):=b(®)"*1+a3t, x)"?~1. (2-16)

Equation (2-16) has a solution 3, periodic in x, if and only if fwr po(t, x) dx = 0 for all ¢. This condition
uniquely determines

1 _3
b(t) = (_/(1 +as(t, x)) "3 dx) : (2-17)
2w T
Then we fix the solution (with zero average) of (2-16),
B, x) == (3; ' po) (¢, x), (2-18)
where 3! is the primitive of /& with zero average in x (defined in Fourier). We have conjugated £y to
L= A_IEO-A = 0 + ay4(1) ayyy +as(t,y) ayy +ae(t, y) ay +az(t,y), (2-19)

where a4(t) := b(t) is defined in (2-17).
We prove here some bounds that will be used later.

Lemma 2.3. There exist positive constants o, 8, with the following properties. Let s > 0, and let
as(t, x), ax(t, x), a|(t, x), ap(t, x) be four functions with a, = c dras for some c € R. Moreover, assume
8[[613, 81(13, as, atala ai, ap € C([O’ T]a H;+0)' Let

8(w) = ||0y,a3, 0,a3, az, d,ay, ar, aollr,u+0 Y1 € [0, s]. (2-20)

If 8(0) < 8, then the operator A defined in (2-9), (2-18), (2-16), (2-17) belongs to C([0, T, L(HL)) for
all n €10, s] and satisfies

IARN 7, < Cu(Ihll7,0 +8GOIRNT0) YR € C(O, T1, HY), (2-21)

for some positive C,, depending on 1. The inverse operator A~L the transpose AT and the inverse
transpose AT all satisfy the same estimate (2-21) as A.

The functions a4(t) =b(t), as(t, y), as(t, ¥), a7(t, y), B(t, x), B(t, y) defined in (2-17), (2-16), (2-18),
(2-14), (2-11) belong to C ([0, T1, HY) for all . € [0, s] and satisfy

I8, B, as, das, ag, dias, az || 1.+ lag — 1, a4l < C,8(w). (2-22)

Finally, the coefficient as(t, y) satisfies

/a5(t, y)dy=0 Vtel0,T]. (2-23)
T
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Proof. The proof of (2-21) and (2-22) is a straightforward application of the standard tame estimates for
products, composition of functions and changes of variable; see Appendix C.

To prove (2-23), we use the definition of b(¢) in (2-17), the equality a, = ¢ d,as, and the change of
variables (2-11), and we compute

/Tas(t,y)dy=/T[a2(1+ﬂx)2+3(1+a3)/3xx(1+ﬁx)](1+ﬁx)dx

=b(t){cfmdx+3 de}
1 1+as(t, x) T 14 Be(t, x)

:b(t){c/ oy log(1 4+ as(t, x)) dx—l—S/ oy log(1 4 B, (¢, x)) dx} =0. (]
T T

2B. Step 2: time reparametrization. The goal of this section is to obtain a constant coefficient instead
of a4(t). We consider a diffeomorphism v : [0, T] — [0, T'] which gives the change of the time variable

Y=t < 1=y (0, (2-24)
with ¥ (0) =0 and Y (T) = T. We define
Bh)(, y) :=h( @), y), B o), y) =v@ (@), . (2-25)
By conjugation, the differential operators become
B'9B=p()d,, B'aB=20d, p:=B8"'®Y"), (2-26)
and therefore (2-19) is conjugated to
B'LiB=pd; + (B ay) dyyy + (B as) dyy + (B ag) 9y + (B~ 'ay). (2-27)

We look for v such that the (variable) coefficients of the highest-order derivatives (d; and 9,,,) are
proportional; namely

(B~ ay)(v) =mp(v) =mB~ ")(0) (2-28)
for some constant m € R. Since B is invertible, this is equivalent to requiring that
as(t) = my'(1). (2-29)
Integrating on [0, 7] determines the value of the constant m, and then we fix v:
1" 1
m:= —/ as(t)dt, Y(t):= —/ as(s)ds. (2-30)
T Jo m Jo
With this choice of ¥ we get

B'LiB=pLs, Ly:=3d +mdyy+as(z,y)dyy +ao(z, y) dy +ai(z, y), (2-31)
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where

1 1 1
as(t,y):=—— (B~ las)(r,y), ao(t,y):=—— B lag)(z,y), ai(r,y):=—— (B ar)(z,y).

p(1) p(7) p(7)
(2-32)

Note that for all T € [0, T'] one has
1 1

WVdy=—— [ (B! ,y)dy = f ,y)dy =0. 2-33
/T“S(’ Dy = /T( (e ) dy = S [ aste. ) dy (233)

By straightforward calculations, we prove the following lemma.

Lemma 2.4. There exists &, > 0 with the following properties. Let ay € C([0, T], R) with |as(t) — 1] <,
forallt € [0, T]. Then the operator B defined in (2-25), (2-30) is an invertible isometry of C([0, T], H)
for all s > 0; namely,

IBhliz,s = lhllzs YheC(0,T], Hy), s = 0. (2-34)

Moreover there exists a positive constant o with the following property. Let as € C'([0, T1, R), with
las(t) — 1] < 64 and |ajf(t)| <1 forallt €[0,T]. Lets >0, and as, 0,as, as, d;as, a7 € C([0, T], H})
with f1T as(t,y)dy =0 forallt € [0, T]. Then the functions ag(t, x), ag(t, x), ajo(t, x), ¥ (), p(t) and
the constant m defined in (2-32), (2-30), (2-26) satisfy

lm—1|+ ¢ —1, p— 1|7 + |las, d;as, a9, d-a9, aiollr.s < Cllas, d,as, ac, d:a¢, a7l|7.s, (2-35)

where C is independent of s. Moreover one has
/ ag(t,y)dy=0 Vtrel0,T] (2-36)
T

2C. Step 3: multiplication. In this section we eliminate the term ag(t, y) d,, from the operator £,
defined in (2-31). To this end, we consider the multiplication operator M defined as

Mh(t, y) :=q(t, y) h(z,y), (2-37)
with ¢ : [0, T] x T — R. We compute

MTLM =3, +m dyyy +an (T, ¥) yy +ann(r, y) dy +aiz(z, y), (2-38)
with 3 2asqy +3 c
q q q
We want to choose g such that a;; = 0, which is equivalent to
3mgqy + agg = 0. (2-40)
Thanks to (2-36), equation (2-40) admits the space-periodic solution
1 .-
4(.y) = exp| =30 an)(z. |- (2-41)

As a consequence, we get

L3:= M LM =3, +mdyyy +ain(z, y) dy +aiz(z, y). (2-42)
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The proof of the following lemma is straightforward.

Lemma 2.5. Lets > 0 and let ag € C([0, T'1, H}) with f1I ag(t,y)dy =0 forall Tt € [0, T). Then for all
u € [0, s, the operator M defined in (2-37), (2-41) and its inverse M belong to C([0, T], L(H!)).
Note that M = M.

Furthermore, there exist two positive constants 8., c with the following properties. Assume that
ag, d,as, ay, dag, ayp € C([0, T1, H:T7) and let

d(w) = |las, d;ag, ag, d;a9, arollT,jto- (2-43)
Then if 8(0) < 8, for all u € [0, s] the operator M and its inverse M~ satisfy
IM* RNz < Cu(Ill7.0 +8GIRNI70) VYR € C(0, T1, HY), (2-44)

for some positive C,, depending on ju. Moreover, the functions ai>(t, y), a13(t, y), q(t, y) defined in
(2-39), (2-41) satisfy
lg —1, a2, 9;a12, azllT,n < Cud(). (2-45)

2D. Step 4: translation of the space variable. We consider the change of the space variable z = y+ p(7)
and the operators

Th(Tv )7) = h(TvY+p(T)), T_IU(T’ Z) = U(T7Z_p(r))v (2_46)

where p is a function p : [0, T] — R. The differential operators become T_IByT = d; and T8, T
= 0, + p’(1)9,. This is a special, simple case of the transformation A of Section 2A. Thus

La:=T "L3T =8, +md.;+aia(r, 2) 8, +ais(t, 2), (2-47)
where
a14(t,2) := p'() + (T lan)(t,2),  ais(r,2) == (T 'a3)(z, 2). (2-48)

Now we look for p(t) such that aj4 has zero space average. We fix

1 T
p(r) = ——/ /alz(s, y)dyds. (2-49)
2 Jo Jr
With this choice of p, after renaming the space-time variables z = x and T = ¢, we have
£4:at+m axxx +a14(t’x) ax +a15(t’x)a /a14(t’x)dxzo Vte [O’ T] (2_50)
T

With direct calculations we prove the following estimates.

Lemma 2.6. Let ajp € C([0, T], L)Z(). Then the operator T defined in (2-46) and (2-49) belongs to
C([0,T], L(H})) forall s € [0, +00). In fact T is an isometry, namely

IThllrs =llklirs YheC(0,T], Hy). (2-51)

Moreover, T is invertible and its transpose is TT =T .
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Lets > 0, and let ay», 0;a12, a13 € C([0, T, H;H) with ||ai2ll1.0 < 1. Then the functions a4, as, p
defined in (2-48) and (2-49) satisfy

sup |p®)|+ llais, 9;a14, aislr,s < Cllaiz, 9;a12, aizllr,s+1, (2-52)
1€[0,T]

where C is independent of s.

2E. Step 5: elimination of the order one. The goal of this section is to eliminate the term a14(z, x) 0y.
Consider an operator S of the form

Shi=h+y(t,x)d ' h, (2-53)

where y (¢, x) is a function to be determined. Note a;lax = 0y 8;1 =1y, Where moh :=h — % fT hdx.
We directly calculate
L4S — S0 +mdyry) = a16 0, +ar17+aig 9y, (2-54)

where
aie :=3myy +ay, a17:=ais+ Gmyxx +a14y)mo, 18 := Vi + MYuxx +a14yx +aisy.  (2-55)

We fix y as

1 .
yi=—3-0; au, (2-56)

so that aj = 0. By the following Lemma 2.7, S is invertible, and we obtain
L5:=8'L48=04+mdy,+R, R:=8 Yays+agd ). (2-57)

Lemma 2.7. There exist positive constants o, &, with the following properties. Let s > 0, let a14, a;s be
two functions with a4, d;a14, a1s € C([0, T, H;Jr”) and fwam(t, x)dx =0. Let

() = |lars, 9,a14, arslr,uro Yo €0, s]. (2-58)

If 8(0) < 8, then the operator S defined in (2-53), (2-56) belongs to C([0, T1, L(HL)) for all u € [0, s]
and satisfies

ISAI 7 < Cu(hll7,n +8GO RN T0) ¥R € C(0, T1, HY), (2-59)

for some positive C, depending on . The operator S is invertible, and its inverse S —1 its transpose ST
and its inverse transpose S~ all satisfy the same estimate (2-59) as S.
The operator R defined in (2-57) belongs to C ([0, T, L(HL)) for all i € [0, s] and it satisfies

IRRNI7. < Cu(8O)IAllT, + () Ikli7.0) VR € C([0, T1, HL). (2-60)
The transpose RT belongs to C ([0, T, L(H!)) and satisfies the same estimate (2-60) as R.

Proof. Estimate ||y 0 'h 7, by the usual tame estimates for the product of two functions (Lemma C.1),
then use Neumann series in its tame version. U
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3. Observability

In this section we prove the observability of linear operators of the form (2-12). Such an observability
property will be used in Section 4 in order to prove controllability of the linearized problem. We split the
proof into several simple lemmas, starting with a direct consequence of the Ingham inequality. Since we
actually need observability of a Cauchy problem flowing backwards in time (see Lemma 4.2) with datum
at time 7, we will accordingly state our lemmas.

Lemma 3.1 (Ingham inequality for d; 4+ m 0y.y). For every T > 0 there exists a positive constant C1(T)
such that, for all (wy,),ez € 2(Z,C), allm > 1

T _
/ § : wnelmn t
0

neZ
Proof. See, for example, Theorem 4.3 in Section 4.1 of [Micu and Zuazua 2005]. The fact that the
constant C{(7T") does not depend on m is obtained by closely following the proof in the above-mentioned

2
dt = C{(T) ) lwal.

nez

work, and taking into account the lower bound for the distance between two different eigenvalues
imn3 —mk®| >m > 1 foralln,k € Z, n #k. O

The following observability result is classical (see, e.g., [Russell and Zhang 1993] for a closely related
result); for completeness, we also give here its proof.

Lemma 3.2 (observability for d; + m 0yxx). Let T > 0, and let ® C T be an open set. Let vy € L*(T),
m > % and let v satisfy

0V +moyyv=0, v(T)=vr. (3-1)
Then

T
//|v<r,x>|2dxdzzczanniz, (3-2)
0 Jo *

with Cp := C(T)|w|, where C{(T) is the constant of Lemma 3.1, and |w| is the Lebesgue measure of .

Proof. Letvr(x) =), 7 ape™, so that v(z, x) = > ez Wn (x)eimn3t, where w, (x) 1= anei(nx—mn3T)' By

Lemma 3.1, for each x € T we have

/T Z wn(x)eimn3t
0

neZ
Then we integrate over x € w. |

2
dt > C/(T) Y |wu ()P = Ci(T) Y lan* = CL (D Ior 21,

nez nez

Lemma 3.3 (observability of L5 :=9; +m 0yxx +R). Let T > 0, let o C T be an open set and let m > %
Let R € C([0, T1, L(L2)), with |R(t)h|lo < rollhllo for all h € L%, all t € [0, T1, where r is a positive
constant. Let vy € L*(T) and let v € C([0, T], L)zc) be the solution of the Cauchy problem

v +mo,v+Rv=0, v(T)=vr, (3-3)
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which is globally well-posed by Lemma A.2(iii). Then

T
/ f l(t, x)I*dx dt > Csllvr 7.,
0 w *

with C3 := JTCZ, provided that rq is small enough (more precisely, rq is smaller than a constant depending
only on T, Cy, where C; is the constant in Lemma 3.2).

Proof. Let vy be the solution of d,v| +m dyxrv; =0, v{(T) = vy, and let v, := v — vy. Then v, solves
(0 +m Oxxx + R)v2 = —Ruvy,  0a(T) =0. (3-4)

By (A-10), applied for s =0, « =0, f=—"TRuv;, we get
lv2liz,0 < 24774T | Rvi lI7,0 < 247" 4T rolvr o (3-5)

Using the elementary inequality (a + b)? > %az —b>foralla,b eR,

T 1 (7 T
/ /lvlzdxdtz—/ /|vll2dxdt—/ /|U2|2dxdl.
0 Jo 2 0 Jo 0 Jo

The integral of |v; |? is estimated from below by (3-2). The integral of |v2)? is bounded by T'|| v2||2T70; then
use (3-5). O

Lemma 3.4 (observability of £4 := 0; + m 0xxx + a14(¢, x) 0x + a15(¢, x), aj4 with zero mean). There
exists a universal constant o > 0 with the following property. Let T > 0, and let w C T be an open set.
Letm > % and let aj4(t, x), a15(t, x) be two functions, with a4, d;a14, a15 € C([0, T], HY),

/ ais(t,x)dx =0 Vre[0,T], llais, 0;a14, aisllr,0 <8. (3-6)
.

Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lyv=0, o(T)=vr, (3-7)

which is globally well-posed by Lemma A.3. Then

T
/ / l(t, x)[*dx dt > Callvr|2,,
0 Jo *

with Cy 1= %C3, provided that § is small enough (more precisely, § is smaller than a constant depending
onlyon T, C3).

Proof. Following the procedure of Section 2E, we consider the transformation S in (2-53), (2-56), which
conjugates L4 to
Ls: =84S =08 +mdx +R,

where the operator R is defined in (2-57), (2-55); it belongs to C ([0, T1], E(Li)), and satisfies the bounds
in Lemma 2.7. Let v be the solution of (3-7), and define ¥ := S~'v. Then ¥ solves L5 =0, (T) = dr,
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where 97 := S~!(T)vr, and therefore Lemma 3.3 applies to ¥ if 8 is sufficiently small. By Lemmas 2.7
and A.3 and Remark A.8 we get

T
f f I(S™' = DvlPdxdt < TI(S™' = Dl < C8vl7o < C'8 vzl
0 D)

for some constant C’ depending on 7. We split # = v + (S~! — I')v, and we get

T T
/ /|17|2dxdt§2/ /|v|2dxdt+2C/52||vT||%.
0 w 0 w

Moreover ||vr|lo = IIS(T)vrllo < 2||vr|lo, and the thesis follows for § small enough. U

Lemma 3.5 (observability of L3 := 9, +m 0xxx+a12(t, x) Oy +ai3(t, x)). There exists a universal constant
o > 0 with the following property. Let T > 0, and let o C T be an open set and let m > % Let aj(t, x),
a3(t, x) be two functions, with a2, d;a12, a13 € C([0, T, HY),

llaiz, 9;a12, azllr,s < 9. (3-8)
Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
‘C?}v = 07 U(T) =T, (3_9)

which is globally well-posed by Lemma A.4. Then

T
//|v<z,x>|2dxdrzcs||vr||iz (3-10)
0 Jo *

for some Cs > 0 depending on T, w, provided that é in (3-8) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cy).

Proof. Following the procedure of Section 2D, we consider the transformation 7 defined in (2-46), (2-49),
which conjugates £3 to

Lq:=T "L3T =8 +mdyry +ais(t, x) 3, +ais(t, x),

where a4, a5 are defined in (2-48), and fTF ays(t, x)dx = 0. By (2-52), the function p defined in (2-49)
satisfies | p(#)] < Cd for all t € [0, T']. Let v be the solution of the Cauchy problem (3-9). Then v := Tl
solves £40 =0, 9(T) = T (T)vr. Let w; = [a1, Bi1] be an interval contained in . For § small enough,
one has

lar —p@), pr —pO] S [a1 =48, 1 +8] Cw Vi e[0,T]

The change of variable x — p(¢) =y, dx = dy gives

T T pp1—p@) T
f |ﬁ(r,x)|2dxdz=// |v(r,y>|2dydrsf f|v(z,y)|2dydt.
0 w] 0 a;—p(t) 0 175}

By (2-52), for § small enough, Lemma 3.4 can be applied to v on the interval w; and the thesis follows,
since [5(T)llo = 1T~ (T)vrllo = llvr llo. O
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Lemma 3.6 (observability of £y := 9; +m 0yxx + ag(t, x) 9xx + ao(t, x) 0x + ajo(t, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let ® C T be an open set and let
m > % Let ag(t, x), ay(t, x), aio(t, x) be three functions, with ag, d;ag, ag, d;a9, ajo € C([0, T'], HY),

/ ag(t,x)dx =0 Vtel0,T], las, 0;ag, ag, 0;ag, aiollr,c <9. (3-11)
T

Let vy € L*(T) and let v € C([0, T, L)ZC) be the solution of the Cauchy problem
Lov=0, v(T)=vr, (3-12)

which is globally well-posed by Lemma A.5. Then

T
| [ of axar = coor, (3-13)
0 Jo .
for some Cg > 0 depending on T, w, provided that § in (3-11) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cs).

Proof. Following the procedure of Section 2C, we consider the multiplication operator M defined in
(2-37), (2-41), which conjugates L, to

MTULoM = L3, L3=08 +m dpxx +ain(t, x) &, +aiz(t, x),

where a3, a3 are defined in (2-39). Let v be the solution of the Cauchy problem (3-12). Then v := My
solves £30 =0, 9(T) = M~Y(T)vr. Using (2-45), we have

T T T
f /lv(t,x)lzdxdt:/ /|6|2dxdt+/ /|5|2(|q|2—1)dxdzz(CS—C3)||UT||§.
0 w 0 w 0 w

The first of the two integrals has been estimated from below by applying Lemma 3.5 to £3 (by Lemma 2.5,
this can be done provided that § is sufficiently small). The second integral has been estimated using
the bound (2-45), since |¢(t) — 1| < Cllg — 1|l7.1 < C’8. Moreover, we have used the inequality
I9ll7.0 < Cllur|lo from Lemma A.4. The thesis follows with C¢ := %C5 by choosing § small enough. [

Lemma 3.7 (observability of L] := 0, + a4(t) dxxx + as(t, x) 0xx + as(t, x) 0y +az(t, x)). There exists a
universal constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ay, as,
ae, a7 be four functions, with ay € C'([0, T, R) and as, d,as, as, d;a¢, a7 € C([0, T, HY?), satisfying

/as(t,x)dxzo Vi € [07 T]7 ”05,ataj,ClG,ata6,a7”T’g+|a4_1,a£‘_|T 58 (3_14)
T
Let vy € L*(T) and let v e C([0, T, L%) be the solution of the Cauchy problem

Liv=0, v(T)=vr, (3-15)

which is globally well-posed by Lemma A.6. Then

T
/f|U(f,x)|2ddeZC7||UT||iz (3-16)
0 Jo *
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for some C7 > 0 depending on T, w, provided that é in (3-14) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, Cé).

Proof. Following the procedure of Section 2B, we consider the reparametrization of time B defined in
(2-25), (2-30), which conjugates L to

B'LiB=pLy, Lo=0;+mdyy+asg(t,x)dry +as(t, x)d; +aio(t, x),

where p, ag, ag, ajg are defined in (2-28), (2-32) and fv ag(t,x) =0 for all T € [0, T]. Let v be the
solution of the Cauchy problem (3-15). Then v := B~ solves £,0 =0, o(T) = B~Y(T)vr. Using
(2-35), we have

T T
/ /lv(t,x)|2dxdt=/ /|f)(w(t),x)|2dxdt
0 w 0 w

T
_ /0 / B (1), PV (1) + (1 — y/ ()] dx di

T T

:/ /|a(r,x)|2dxdr+/ /|5(w(t),x)|2(1—x//(t))dxdt
0 w 0 1)

> (Co— CO)|lvr |12,

The first of the two integrals has been estimated from below by applying Lemma 3.6 to £, (by Lemma 2.4,
this can be done provided that § is sufficiently small). The second integral has been estimated using

the bound (2-35) for |¢'(¢) — 1] and also the inequality ||0]7,0 < C||o7]lo from Lemma A.5. The thesis
follows with Cy := %C6 by choosing § small enough, since ||v7]o = 1B=X(T)vrllo = llvrllo. [l

Lemma 3.8 (observability of Ly := 9; + (1 + a3) dxxx + a2 9xx + a1 dx + ag). There exists a universal
constant o > 0 with the following property. Let T > 0, and let o C T be an open set. Let ¢ € R and
as(t, x), ar(t, x), a1 (¢, x), ag(t, x) be four functions with a, = c d,as,

10s:a3, d:as, as, d,ay, ai, aollr,s < 8. (3-17)
Let vy € L*(T) and let v e C([0, T, Li) be the solution of the Cauchy problem
Lov=0, v(T)=vr, (3-18)
which is globally well-posed by Lemma A.7. Then

T
f/|v<r,x>|2dxdrzcg||w||iz (3-19)
0 w *

for some Cg > 0 depending on T, w, provided that § in (3-17) is sufficiently small (more precisely, § is
smaller than a constant depending on T, w, C7).

Proof. Following the procedure of Section 2A, we consider the transformation .4 defined in (2-9), (2-16),
(2-17), (2-18), which conjugates L, to

AT LoA = L1 =8, + ag(t) dyxx +as(t, X) dgx + as(t, x) 3 +a7(t, x)
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(see (2-19)), where aq, as, ag, a7 are defined in (2-14) and f1T as(t,x) =0 forall r € [0,T]. Letv
be the solution of the Cauchy problem (3-18). Then v := A~'v solves £17 = 0, #(T) = ¥y, where
o := A" (0)vg. Let w; = [, 1] C w. By (2-22) in Lemma 2.3, for § sufficiently small Lemma 3.7
applies to v on w1, and

T
/ B2 dy di = Cllir I
0 Jw;

By Lemma 2.3, |jvrl|lo = A(T)vr|lo < Cllvr]lo- The change of integration variable y = x 4 S(z, x),
dy = (14 B,(t, x))dx gives

T T
f P dy dt = f/wr o)t )P dy dt
0 Jwp

t 2 T
f / LG dxdt§2/ /|v(t,x)|2dxdt,
w) (1) 1+:3x(t X) 0 Jow

where w, (1) :={x : x + B(¢, x) € w;}. We have used the fact that, for § small enough, w,(¢) C w, and the
bound (2-22) for |8, (t, x)| < Cl|Bll7.2 < C'S. O

4. Controllability

In this section we prove the controllability of the linearized operator Ly, using its observability (Lemma 3.8),
by means of the HUM. We also prove higher regularity of the control.

Lemma 4.1 (controllability of Lgy). Let T > 0, and let w C T be an open set. Let as, a, ai, ag be four
Sfunctions of (t, x) with a, = 20,as satisfying (3-17). Let Ly be the linear operator

Lo =0 + (1 +a3) 0xxx + a2 9xx + a1 9x + ao. (4-1)

(1) Existence. There exist constants &y, C such that, if § in (3-17) is smaller than &y, then the following
property holds. Given any three functions g,(t, x), g2(x), g3(x), with g, € C([0, T], LJZC) and g3, g3 € L%,
there exists a function ¢ € C([0, T, L:‘;) such that the solution h of the Cauchy problem

Loh = g1+ Xy, h(0) =g (4-2)
satisfies h(T) = g3. (Note that the Cauchy problem (4-2) is globally well-posed by Lemma A.7). Moreover
lellr.o < CUgiliTo+ 118210+ 11831l0)- (4-3)

(i) Uniqueness. Let Lj be the linear operator
Loy = =0 — 0xex (1 + a3) ¥} + 0xx(a2¥) — O (a1y) +aoy. (4-4)

The control ¢ in (i) is the unique solution of the equation Ly = 0 such that the solution h of the Cauchy
problem (4-2) satisfies h(T) =

The proof of Lemma 4.1 is given below, and it is based on the following classical lemma. In this
section we use the standard notation (u, v) fT uvdx.
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Lemma 4.2. Let a3, az, a1, ag be functions satisfying (3-17) and ay = 20xas. Let L be the operator
defined in (4-4). For every (g1, &2, &3), with g1 € C([0, T, Li) and g3, 83 € L%, there exists a unique
@] € Lﬁ such that for all yr| € Li, the solutions ¢, Y € C([0, T], Li) of the Cauchy problems

{53*‘) =0 and {53’/’ =0 (4-5)
o(T) = ¢ v(T) =¥
satisfy
T
/0 (81+ Xow, ¥) dt + (g2, ¥(0)) — (g3, ¥(T)) =0 (4-6)

(note that the global well-posedness of the Cauchy problems (4-5) follows by Lemma A.7 and Remark A.8).
Moreover ¢ satisfies (4-3).

Proof. Given ¢, {1 € L%, let ¢, ¥ be the solutions of the Cauchy problems (4-5), and define

T

T
B@h%%=A<M%WML me=@awnw4&wm»—A¢&wML 4-7)

The bilinear map B : L)% X Lﬁ — R is well-defined and continuous because |y, (x)| <1 and, by Lemma A.7
and Remark A.8, [l¢|l7.0 < Cll¢1llo, and similarly for y». Moreover B is coercive by Lemma 3.8 and
Remark 2.2. The linear functional A is bounded, with

AW = Cligliroll¥illo Yy €L, Igllz,0 :== llg1llz,0 + llg2llo + llg3llo-
Thus, by Riesz representation theorem (or Lax-Milgram), there exists a unique ¢; € L2 such that
Blgi, y1) = AG1) VY € L. (4-8)
Moreover [l¢1llo < CllAllzz2.m) = C'ligllT,0- Since [l¢liz,0 < Cllgillo, we get (4-3). U

Proof of Lemma 4.1. (i) Let ¢ € L% be the unique solution of (4-8) given by Lemma 4.2. Consider any
Yy € Li, and let ¢, ¥ € C([0, T], LJZC) be the unique solutions of the Cauchy problems (4-5). Recalling
(4-6), (4-2) and integrating by parts, we have

T
0=£ (81 + Xo@s V) di + (g2, ¥ (0)) — (g3, Y(T))
T
=A<@th+@me—@Lwn>

T
= (h(T), (1)) — (h(0), ¥ (0)) +/0 (h, Loy)dt + (g2, ¥ (0)) — (g3, ¥(1))

= (h(T), ¥(T)) — (g3, ¥(T))
= (h(T) — g3, Y1),
from which it follows that ~(T) = g3.
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(ii) Assume that ¢ € C([0, T], L?) satisfies L5¢ =0 and it has the property that the solution & of the
Cauchy problem (4-2) satisfies h(T') = g3. Let ¢, := @(T'). The same integration by parts as above shows
that B(¢1, ¥1) = A(Y) for all ¥ € Li. By the uniqueness in Lemma 4.2, ¢; = ¢;. O

Lemma 4.3 (higher regularity). Let T, w, as, az, ai, ag, Lo, &1, &2, 83 be as in Lemma 4.1. There exist
two positive constants 8, o with the following property. Let s > 0 be given. Assume that ay, a1, az, a3 €
C%([0, T1, H:*%). Let

sSw= Y l0failrue, wmelo,s].
k=0,1,2, i=0,1,2,3
Let ||gllTs :=lIg1llT.s + I182lls + 11831ls < 00. If 6(0) < b4, then the control ¢ constructed in Lemma 4.1
and the solution h of (4-2) satisfy

e, hllrs < Csllgllrs +(s)ligllz.0) (4-9)

for some positive Cg depending on s, T, w. Moreover, if g| € Cl([O, T1, H}), then

18:0, 3P lI7.543 + 1910, BrehllT.s < Cs{liglTsre + 1381175 +8()IIglT.6}- (4-10)

Proof. Let g1 € C([0, T], H}) and g», g3 € H;. Let ¢, h € C([0, T], Li) be the solution of the control
problem constructed in Lemma 4.1, namely

Lop =0, Loh=xop+g. hO0) =g, T)=gs. (4-11)

To prove that i, ¢ € C([0, T], H), it is convenient to use the transformations of Section 2, to prove
higher regularity for the solution /2, ¢ of the transformed control problem, and then to go back to /, ¢
proving their higher regularity. Recall that

Lo=ABpMTSLsS 'T M ' BT A, (4-12)
where L5 = 0; +m 0,xx + R and A, B, p, M, T, S are defined in Section 2. In particular,

» A is the change of the space variable (Ah)(t, x) = h(t, x + B(t, x)) (see (2-9)), where § is defined
in (2-18), (2-16), (2-17);

B is the reparametrization of time (Bh) (¢, x) = h(¥ (), x) (see (2-25)), where ¥ is defined in (2-30);
e p(?) is the function defined in (2-26);

e M is the multiplication operator (Mh)(t, x) = q(¢t, x)h(t, x) (see (2-37)), where ¢ is defined in
(2-41);

7T is the translation of the space variable (7 h)(t, x) = h(t, x + p(t)) (see (2-46)), where p is defined
in (2-49);

« § is the pseudodifferential operator (Sh)(t, x) = h(t, x) + y (¢, x)ax_lh(t, x) (see (2-53)), where y
is defined in (2-56) and 9 7 is the primitive of 4 with zero average in x (defined in Fourier);

e R is the bounded operator defined in (2-57).
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Let
LEi= =8 —mdpx +RT, (4-13)

where RT is the L2-adjoint of R. Let
h:=(ABMTS) ', g1 := (ABpMTS) g1,
8= (ABMTS) Y02, &= (ABMTS) i1 g, (4-14)
G=8TTTM'B'ATp, K¢ :=(ABoMTS) ' ((STTIMTBLAT) ).
Note that, except for S~!, S~7, the operator K is a multiplication operator; namely
Kg=8"'¢8T¢), where(r,x):=p 'T "M 2B A7 [(1 + o) xol. (4-15)

Since h, ¢ € C([0, T, Li), and g; € C([0, T'], H}) and g, g3 € H}, by (4-14) and the estimates for
A, B, p, M, T, S in Section 2, one has

h.¢.K¢eC(0, T LY, £ eCU0.TLH). & & €H,.
Since h, ¢ satisfy (4-11), one proves that /2, ¢ satisfy
59=0, Lsh=K¢+g. hO)=2z, hT)=2z. (4-16)

The last three equations in (4-16) are straightforward. To prove that £5¢ = 0, we start from the equality

T
((ﬂ(T),v(T))—(w(O),v(O))=/0 (¢, Lov)dt YveC®(0,T]1xT)

(which is a weak form of L{j¢ = 0), we recall (4-12), and apply all the changes of variables A, B, M, T, S
in the integral. Thus &, ¢ solve this control problem:

Given g1, 82, &3, find ¢ such that the solution A of the Cauchy problem 4-17)

Lsh =K@+ g1, h(0) = g, satisfies 2(T) = g3, and moreover @ solves Lip=0.
The function ¢ is the unique solution of (4-17). To prove it, assume that @5 € C ([0, T, Li) solves (4-17),
and let hp;s be the solution of the corresponding Cauchy problem £5ﬁbis = K@pis + &1, ﬁbis 0) = g».
Define

hpis .= ABM TSilbis, Obis := A_TBM_TT_TS_T(,ZMS.

Then hpis, @pis solve (4-11). By the uniqueness in Lemma 4.1(ii) it follows that ¢pis = @, hpis = h.
Therefore @pis = ¢ and hyis = h.

Now we prove that h, ¢ e C([0,T], H}). We follow an argument used by Dehman and Lebeau [20009,
Lemma 4.2], Laurent [2010, Lemma 3.1], and Alazard, Baldi, and Han-Kwan [2015, Proposition 8.1].
First, we prove the thesis for g =0, g3 = 0. Consider the map

S: L2 — L%, S@ =h(0), (4-18)
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obtained by the composition ¢ — @ — h — h(0), where @, h are the solutions of the Cauchy problems
{c;@:o, {Lﬂl:l{@,

@(T) = @1, h(T) =0. (19

From the existence and uniqueness of ¢; € L)% such that ¢ solves (4-17), it follows that S is an isomorphism
of L2. The initial datum g, is given, so we fix ¢; € L2 such that S¢; = g,. We have to estimate
IA*@1llo < C|ISA*@1lg, where A’ is the Fourier multiplier of symbol (£)* := (14 £%)*/% s > 0. To
study the commutator [S, A*], we compare (A°¢, Asfz) with (@, h) defined by

Lip =0, Lsh =K@,
{_5‘/) ) {_5 v (4-20)
o(T) = Ao, h(T) =0.
The difference A*@ — ¢ satisfies
LEAG— @) = T, - y
{ 5§~ v @) =7 where Fy := [£%, A*]¢ = [RT, A*1§. (4-21)
(Ao —9)(T) =0,

From Lemma A.2 and Remark A.8, |A*¢ — ¢ll1.0 < C||Fill1,0- We recall the classical estimate for the
commutator of A¥ and any multiplication operator h + ah:

ILA*, alhllo < Cs(llall2lllls—1 + llalls+1llRllo)- (4-22)
By (4-22) and formulas (2-53), (2-56), (2-57), the commutator F; = [RT, A*]¢ satisfies

IFillr.0 < Cs(llais, a17, a1l 7.0 1@l 7,51 + laa, ar7, asllrs+o 1@l 7.0)

(4-23)
< (8@l 7.5—1 + 8 @ll7.0)-
The difference ASh — h satisfies
{(Ejiggs_h}_l_)g)::if/\sé O Ghere B = [RT, AT+ (A%, KT (4-24)
We have |[K(A*¢ —@)|l1.0 < CIA°*® —¢llr.o < CllFill1.0, and therefore, by Lemma A.2,
IA*h —hliz.0 < C(IFilI7.0+ | F2ll7.0)- (4-25)
Using (4-22) and (4-15), we get
1F2ll7.0 < Co(Ih, @751+ 8()IA, Gli7.0)- (4-26)
By (4-23), (4-25) and (4-26) we deduce that
1A% —hllz0 < Co(I, @lir.s—1 +8()l, @li70)-
By (4-19), Lemma A.2 and Remark A.8,
17, @ll7.p < Cr(I@ll7,p + 8 @N7,0) < Cu(I@1 11+ 8GN @1ll0), 1= 0. (4-27)

Therefore
(A h =) (0)]lo < IA*h = hll7,0 < Cs(1@1lls—1 + ()1 @11l0)- (4-28)
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Since S¢; = h(0) = g2, we have ASh(0) = A* g2. Moreover, by the definition of S in (4-18)—(4-19),
h(0) = SA*@,. Thus

ISA*@1llo < (A R —h)O)llo + 1A 2O [lo < Cs(I@1lls—1 +8) It llo) + 18215 (4-29)

Since S is an isomorphism of Li, we have ||[A*@;]lo < C||ISA*@]lo, whence

1@11ls < Cs (182115 + @1 1ls—1 +8() @1 l0)- (4-30)

Since ||@1]lo < Cl|&21lo, by induction we deduce that

@111y < Cs(I1g21l5 +8s)l1&21l0)- (4-31)

By (4-27), we obtain
I, @lirs < Cs(I&2lls +8()M18210), (4-32)

which is the thesis in the case gy =0, g3 =0.
Now we prove the higher regularity of 4, ¢ removing the assumption g§; = 0, g3 = 0. Let g; €
C([0,T], H}) and g, g3 € H}, and let h, ¢ be the solution of (4-17). Let w be the solution of the problem

Lsw =g, w(T)=gs.
By Lemma A.2, w € C([0, T'], H}), with

lwliz,s < Co{ll&ilz,s + 183lls +8()UIg1lI7.0 + 1831l0)}- (4-33)

Let v:=h — w. Then
Lsv=Kp, v0)=g —w(©), vT)=0.

This means that v, ¢ solve (4-17) where (g1, g2, £3) are replaced by (0, go — w(0), 0). Hence (4-32)
applies to v, ¢, and we get

v, @li7,s < Cs (1182 — wO) s +8(s) 182 — w(O) o). (4-34)
We estimate ||g2 — w(0)|ls < [|&2]ls + lwl7,s; we use (4-33) and IAllz.s < llvli7.s + |wllr.s to conclude

1, @li7.s < Cs{lgllrs +8)N2lro}, (4-35)

where we have denoted, in short, [|g|l7.s := [Ig1ll7.s + |&2ls + |&3ls. This proves the higher regularity
for the transformed control problem (4-17). By the definitions in (4-14),

lliz.s < Cs(I1@ll7.s + 8NN 70),  Nhlzs < Co(llhll7.s +8()llT.0)
12ll7.s < Cs(llglr.s +8(s)lglr0),
and the proof of (4-9) is complete.

The bound (4-10) is deduced in a classical way from the fact that /, ¢ solve the equations Lj¢ =0,
Loh = Xwp + 81 O
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Remark 4.4. Another possible way to prove higher regularity for 4, ¢ is to apply the argument of
[Dehman and Lebeau 2009; Laurent 2010; Alazard, Baldi, and Han-Kwan 2015] directly to the control
problem for L, instead of passing to the transformed problem (4-17), applying that argument, and then
going back to £, ¢. Such a more direct method adapted to the present case would require the construction
of two operators A, B such that

(1) Cillvlls = 1Asvllo < Callv|ls (equivalent norm in H*),
(2) the commutator [Lg, A;] is an operator of order s — 1,
(3) the difference By Lj— LAy is also of order s — 1.

The construction of such A;, By is possible, but probably the proof given above is more straightforward,
and it fully exploits the advantages of conjugating Ly to £s5 (Section 2). The main point is that the
commutator [L5, A®] is of order s — 1 (because Ls has constant coefficients up to a bounded remainder),
while [Lg, A®] is of order s 4+ 2 (because Ly, which was obtained by linearizing a quasilinear PDE, has
variable coefficients also at the highest order), so that a modified version Ag of A is needed. ]

In view of the application of the Nash—Moser theorem in Section 5, we define the spaces

E,:=X,xX,, X,:=C(0,T], Hncl(o0,T], H ) NnC*(o0, T, H), (4-36)

Fo:={g=1(g1,82 8):¢ €C(0, TI, H;**)NC'(0, T, Hy), g2, g3 € H*°} (4-37)
equipped with the norms

lu, fllg, == llullx, + 11 fllx,  Nullx, = lullrs+6 + 10uliT.s+3 + 19ullrs, (4-38)

lgllF, := lgillT.s+6 + 119:g1liT.s + 82, &3lls+6- (4-39)

With this notation, we have proved the following linear inversion result.

Theorem 4.5 (right inverse of the linearized operator). Let T > 0 and w C T be an open set. There exist
two universal constants T, o > 3 and a positive constant &, depending on T, w with the following property.

Let s € [0, r —t], where r is the regularity of the nonlinearity N (see Lemma 2.1). Let g = (g1, g2, g3) €
Fs and let (u, ) € Esio, with ||u] x, < 6« Then there exists (h, ¢) : =V (u, f)lgl € Es such that

P )[h]— xop =81, h(0)=g2, h(T)=gs, (4-40)
and

I, @lle, < Cs(lglr, + lullx,., lIglls), (4-41)

where C depends on s, T, w.

S. Proofs
In this section we prove Theorems 1.1 and 1.4.

5A. Proof of Theorem 1.1. The spaces defined in (4-36)—(4-39), with s > 0, form scales of Banach
spaces. We define smoothing operators Sy in the following way. We fix a C* function ¢ : R — R with
O<ep=1,

p@G)=1 Vi§I=1 and  @()=0 V|§ =2
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For any real number 6 > 1, let Sy be the Fourier multiplier with symbol ¢ (£ /6), namely
Sou(x) =Y g ok/0) ™, where u(x) =) ize™ e L*(T). (5-1)
keZ keZ
The definition of Sy extends to functions u(f, x) = Y, ., (1) elkx depending on time in the obvious
way. Since Sy and 9, commute, the smoothing operators Sy are defined on the spaces Es, F defined in
(4-36)—(4-37) by setting Sy (u, f) := (Spu, Sp f) and similarly on g = (g1, g2, g3). One easily verifies
that Sy satisfies (B-1)-(B-4) on E; and F;. We define the spaces E,, with norm || - ||, and F, with | - ||},
as constructed in Appendix B.
We observe that @ (u, f) := (P(u) — xo f, u(0), u(T)) defined in (1-13)—(1-14) belongs to F; when
(u, f) € Eg13,5 € [0, r —6], with |lul|74 < 1. Its second derivative is

P"(u)hy, ho]

(I)//(I,t, f)[(hl’ 901), (hZ’ (02)] = 0
0

For u in a fixed ball |lu||x, < d¢, with §p small enough, we estimate
1P @ lh, willr, < Cy(Illx, lwlix,s + 1Alx lwlix, + el lhlx lwlx) — (5-2)
forall s € [0, 7 —6]. We fix V ={(u, f) € E3:|[(u, f)llg; <0}, 61 =8,
ap=1, wnu=3, a =0, a=p=20, aye Bo,r—r], (5-3)

where 8, 0, T are given by Theorem 4.5, and r is the regularity of N in Theorem 1.1. The right
inverse W in Theorem 4.5 satisfies the assumptions of Theorem B.1. Thus by Theorem B.1 we obtain
that, if ¢ = (0, uip, tenq) € F, é with || gll/Fﬁ < 8, then there exists a solution (u, f) € E|, of the equation
D(u, f)=g, with |u, f||’Ea < C||g||/Fﬂ (and recall that 8 = o). We fix s1 :=«a 4 6, and (1-11) is proved.
In fact, we have proved slightly more than (1-11), because ||g||/Fﬂ <CllgllF, and ||u, fllg, < Callu, f||’Ea
for all a < «.

We have found a solution (u, f) of the control problem (1-9)-(1-10). Now we prove that u is the
unique solution of the Cauchy problem (1-9), with that given f. Let u, v be two solutions of (1-9) in
E;_¢ for all s < s;. We calculate

1
Pu)—P() = / P'(v4 A —v)[u — v]dr =: Lo[u — v,
0

where ~
Lo =0+ (1 4+az(t, x))0cxx +ax(t, x)0xx +ai(t, x)ox +ao(t, x),

1
G (t, x) :=/ a:(v+A(u— )¢, x)dr, i=0,1,2,3,
0

and a; (u) is defined in (2-2). Note that a, = 29,a3 because ay(v + A(u — v)) = 20 a3(v + A(u — v))
for all A € [0, 1]. The difference u — v satisfies Zo(u —v) =0, (u—v)(0) =0. Hence, by Lemma A.7,
u —v = 0. The proof of Theorem 1.1 is complete. U
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5B. Proof of Theorem 1.4. We define

E,:=C(0,T], H% ncl(0, T1, HS ) nc*(o, T, HY), (5-4)
Fy:={g=(g1.8):8 €C(0, T, H*®)NC'([0, T, H), g» € H:*®} (5-5)

equipped with norms

lullg, == llullrs+e6 + I0rullr 543 + 0 ull7s, (5-6)
IgllF, == lg1llT,s+6 + 10:g1ll7,s + lI821l5+6, (5-7)
and ®(u) := (P(u), u(0)). Given g := (f, uin) € Fy,, the Cauchy problem (1-18) becomes ®(u) = g.
We fix V, 61, ap, 1, ay, a, B, as as in (5-3), where the constants o, §, are now given in Lemma A.7 and
T =0 +9 by Lemma 2.1 combined with Lemma A.7 and the definition of the spaces E;, Fy. Assumption
(B-13) about the right inverse of the linearized operator is satisfied by Lemmas A.7 and 2.1. We fix

5o := a 4+ 6. Then Theorem B.1 applies, giving the existence part of Theorem 1.4. The uniqueness of the
solution is proved exactly as in the proof of Theorem 1.1. U

Appendix A: Well-posedness of linear operators

LemmaA.l. LetT >0, meR, seR, feC([0,T], H}), with f(t,x) = Znez fu()e'™. Let A be the
linear operator defined by Af := v, where v is the solution of

{atv +micv=f V(t,x)el0,T]xT, (A-1)
v(0,x) =0.
Then t
AL = L AN, AP0 = [ @ (A-2)
neZ
Af belongs to C([0, T1, H)NC'([0, T1, H:~3), and
IAf 7,y < TN fll7,s- (A-3)

Proof. Formula (A-2) simply comes from variation of constants. By Holder’s inequality,

, 12
(A ()] < ﬁ(f |fn<r)|2dr) Vi € [0, T]
0

and therefore, for each ¢t € [0, T],

LAF O =D WA <Y /0 | (@O dT(n)®

neZ neZ
t t
<t f D@ m)> dr =1 / 1L @z dT < 1 10,015
0 0 ’
neZ

Taking the sup over ¢ € [0, T'] we get the thesis. ]
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We remark that for s < 3 the operator A is well-defined in the sense of distributions. We also recall
that £(H}) is the space of linear bounded operators of H; into itself, with operator norm ||L || z(gs) :=
sup{[[Lhlls - h € H, ||hls = 1}.

Lemma A.2. (i) LWP). Let T >0, s € R, R € C([0, T1, L(H?)), and let

rs == Rllcqo ey = sup RO Nccayy,  Ls =0 +mdxxx +R. (A-4)
t€[0,T]

Leta € H; and f € C([0, T], H). If Try < % then the Cauchy problem

Lsu = f,
su = f. (A5)
u(0, x) =au(x)
has a unique solution u € C([0, T], H}). The solution u satisfies
lullrs = (L+2Tr)llells +2T 1 fliz,s <2 alls + TN fll7,s).- (A-6)

(i) (tame LWP). Let T >0, s € R, s; e Rwiths > s1,andlet R € C([0, T], L(H})) N C([0, T], L(H}")).
Assume that
IR@® Al < cillhlls +cslblls,,  IR@®AlN, <cilhlls, Yhe H, (A-T7)

forallt € [0, T], where ci, cg are positive constants. Let a« € H}. If

Tey <1, (A-8)

then the solution u € C([0, T'], H;") of the Cauchy problem (A-5) given in (i) belongs to C([0, T], H3),
with
lullrs <2T | fllrs + (A +2Tc))llells +4Tcs (T f 7.5, + llells;)- (A-9)

(iii)) (GWP). Let T > 0, s e R, R € C([0, T], L(H})), and let ry be defined in (A-4). Let « € H;. Then
the Cauchy problem (A-5) has a unique global solution u € C([0, T], H}), with

lullzs <277 (lalls +4T | fllT.s)- (A-10)

(iv) (tame GWP). Let T >0, s € R, s1 e Rwith s > s1,and let R € C([0, T, L(H};)) N C([0, T], L(H}")).
Assume that (A-7) holds for all t € [0, T], where c1, ¢y are positive constants. Let o € H:. Then the global
solutionu € C([0, T1, H}) of the Cauchy problem (A-5) given in (iii) satisfies

lull,s <247 (lally + 4T cllells, + 2T 11 fllzs + 4T3l fli7s)- (A-11)
Proof. (1) Write u = v + w, where v(t, x) is the solution of
0V +moy,v=0, v(0,x)=alx). (A-12)

Hence u solves (A-5) if and only if w(¢, x) solves

w4+ moyxw+Rw=-Rv+f, w(,x)=0. (A-13)
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By Lemma A.1, (A-13) is the fixed point problem
w=WY(w), (A-14)
where W (w) := A[f —R(v+w)]. Let B, :={w € C([0, T], H) : |ullr.,s < p}, p = 0. Then
IW@)lizs <TUfllrs +rsllells +rsp), W (w) —WY(w)llrs < T rsllwy — wallrs (A-15)

for all w, wi, wy € B,. By assumption, Tr; < % Therefore, for any p > 2T (|| fll7.s + rsllells), W is
a contraction in B,. In particular, we fix p = pg := 2T (|| f|l1,s + rsllalls). Hence there exists a fixed
point w € By, of ¥, with ||lwl7s < po < 2T || fli7,s + llalls. As a consequence, there exists a solution
ue C([0, T, HY) of (A-5) with |lu|lrs <2(T| fllT,s + ll|ls). By the contraction lemma, the solution u
is unique in any ball B,, p > po, and therefore it is unique in C([0, T'], H}).

(i) By assumption, Tc; < %, and therefore, by (i), there exists a unique solution u € C([0, T'], H}").
It remains to prove that u satisfies (A-9). By construction, u = v + w, where v € C([0, T], H}) is the
solution of (A-12), with [|v(#)|ls = |la|ls for all € [0, T'], and w € C([0, T'], H;') solves (A-14). By
the iterative scheme of the contraction lemma, w is the limit in C([0, T'], H;') of the sequence (wj),
where wg := 0, and w4 := ¥ (w,) for all n € N. By (A-7) and (A-3), ¥ maps C([0, T'], H}) into itself;
therefore w, € C([0, T'], H}) for alln > 0. Let h,, := w, — w,_1, n > 1, so that w, = ZZZI hi. One has
hpe1 = —ARhA, for all n > 1, and

”hn—H”T,s =< TCIth”T,s +Tcs||hn”T,slv ”hn-H”T,sl =< TCIth”T,sl Vn > 1.
Hence, by induction, for all n > 1 we have
InllT.s < (Ter)" Mhillzs + (0 — D(Te)" > Teglhillirg.  hallzg < (Te)* hilrg. (A-16)

Also, |hilirs = TN fllrs + Teillells + Teslleells, and allz,s, < T fll7,s, + Terlleells, . Therefore

nllzs < (Te) T\ fllrs + (Te) llalls + o — D)(Te)" " Te T fliz.s,
+n(Te))" " Tegllells,s  (A-17)
nllzs, < (Te)" TN fllzs, + Te)lalls,  Vn=>1.

Since Tcy < %, the sequence w,, = Zzzl hy converges in C([0, T'], H}) to some limit w € C([0, T'], H}).
Since w, converges to w in C([0, T'], H}'), the two limits coincide, and w € C([0, T'], H}). Since
lwliz.s < pey lhliz.s, we get

lwlzs <2T (I flrs +cillalls) +4Tes (T fllzs, + lells)- (A-18)

Since u = v + w, we deduce (A-9).

@) If Try < %, the result is given by (i). Let Try > % and fix N € N such that 2Tr, < N < 4Tvr;.
Let Tp := T/N, so that % < Torg < % Divide the interval [0, T'] into the union /3 U --- U Iy, where
I, :==[(n —1)To, nTo]. Applying (i) on the time interval I} = [0, Tp] gives the solution u; € C(Iy, H}),
with [luillcc, 1) < bllalls + 2Tl f 17,5, where b := 1+ 2Tyrs. Now consider the Cauchy problem on I,
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with initial datum u (7o) = u1(Tp). Applying (i) on I gives the solution u € C(I», H}), with
luzll ey, mgy < Bllur (To)lls +2Toll fll7.s < B> lleells + (14 B)2Toll f |1 7.5-

We iterate the procedure N times. At the last step, we find the solution u defined on Iy, with

1
lunlicay.m = bVl + G = De——=2Tol f 17,

We define u(t) :=u,(t) for t € I, and the thesis follows, using that b < 2.

V) IfTc < < 5, the result is glven by (ii). Let Tcy > 5, and fix N € N such that 27c; < N <4Tc;. Let
To:=T/N, so that 7 =Toc =< 1 Split [0, T] =11 U---Uly, where I, :=[(n — 1)Ty, nTp]. Perform the
same procedure as above. Using (A-9), and 1 4+ 27pc; < 2, by induction we get

lunllca, m < 2" leells + Q" = D2Toll fll7,s + 12" 4Tocllelly, +[2"(n = 1) + 114Tocs Toll £l 7.,
litnlleg, gy < 24Nl + @ = D2Tol flizs,.
This implies (A-11), recalling that Toc; < % and also NTo, =T, N > 1. O

Lemma A 3. There exist universal positive constants o, 8, with the following properties. Let s > 0,
let m > 3, and let ay4(t, x), ais(t, x) be two functions with ays, d;a14, a15 € C([0, T], H;Jr”) and
fT ay4(t, x) dx =0, and let L4 := 0; +m 0xxx +a14 0y + ays. Let

S(u) := llas, 0rara, arslr,ure  Yu €10, s].
Assume 6(0) <8y Let f € C([0, T], H}) and a € H;. Then the Cauchy problem
Liu=f, ul)=« (A-19)
admits a unique solution u € C([0, T'], H}), with
lullzs < Co{l fllzs + lllls + 86 UL fllT.0 + llello) }- (A-20)

Proof. Following the procedure given in Section 2E, we define S := 1 + y (¢, x)a_1 (see (2-53)) with
y(t,x) = 3m 0 “lai4(t, x). We have that u solves (A-19) if and only if i := S~ !u satisfies

Lsi=f, a0)=a,
where f:=8"'f, @ =S ' (0)« and L5 = 3; + m dyxx + R, With
R=8"Hais + (aray — (@) mo+ (Lay) ;' }.
Then the thesis follows by Lemmas A.2 and 2.7. O

Lemma A.4. There exist universal positive constants o, 8, with the following properties. Let s > 0,
let m > l and let aj;(t, x), a13(t, x) be two functions with ay,, 0;a12, a3 € C([0, T], H;Jr"), and let

E} = 8; +m axxx +a]2 a +al3' Let

S(w) = |larz, 9rar2, aizlir,u+0 Y €0, s].
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Assume §(0) < 6,. Let f € C([0, T, H}) and a € H}. Then the Cauchy problem
Lyu=f, u0) =« (A-21)
admits a unique solution u € C([0, T, H}), with

lullzs < Cs{llfllzs + lllls + 8 f 0 + lleello) }- (A-22)

Proof. Following the procedure given in Section 2D, we define Th(z, x) := h(t, x + p(t)) (see (2-46)),
with p(t) := —% fot [ ai2(s, x) dx ds. We have that u solves (A-21) if and only if it := 7~ 'u satisfies

Lii=f, 1(0)=«

(note that 7 (0) is the identity), where f =TV f, and L4 = 8, + m dyxx + a14 0 + ars, with ays, a5
given by formula (2-48). Then the thesis follows by Lemmas A.3 and 2.6. O

Lemma A.5. There exist universal positive constants o, 8, with the following properties. Let s > 0, let
m> %, and let ag(t, x), ay(t, x), a1o(t, x) be three functions with ag, d;ag, ag, d;ag, ajo € C([0, T'], H;Jr")
and fT ag(t,x)dx =0, and let L := 0; +m 0yyx + ag dxx + a9 0y + ayg. Let
8(w) = |lag, 0;ag, ag, d;a9, arollT,u+o Yu €[0,s].
Assume §(0) < 8,. Let f € C([0, T, H}) and a € H;. Then the Cauchy problem
Lou=f, ul0) =« (A-23)

admits a unique solution u € C([0, T], H}), with

lullzs < Cs{ll fllzs + lleells + 8 FllT0 + llerllo) }- (A-24)

Proof. Following the procedure given in Section 2C, we define MA(z, x) := q (¢, x)h(¢, x) (see (2-37)),

with g (¢, x) := exp{—i(ax_lag)(t, x)}. We have that u solves (A-23) if and only if u := M~y satisfies

3m
Lyi=f, @0)=a,

where f = M_lf, & := M"Y 0)a, and L3 = 8; +m dyrx + a12 9y + a3, with az, a3 given by formula
(2-39). Then the thesis follows by Lemmas A.4 and 2.5. (Il

Lemma A.6. There exist universal positive constants o, &, with the following properties. Let s > 0 and
let as(t), as(t, x), ag(t, x), a7 (t, x) be four functions with a, € C'([0, T, R) and as, d,as, ag, d;a¢, a7 €
C([0,T], H:*?) and fv as(t,x)dx =0, and let L1 := 0; + a40xxx + a50xx + agdyx +ay. Let

S(u) == sup las(t) — 1|+ sup |ay(0)| + llas, d:as, as, dia6, a7llT,u+0 Vi € [0, s]. (A-25)
t€l0,T] 1€(0,T)

Assume 6(0) <8y Let f € C([0,T], H}) and a € H;. Then the Cauchy problem

Liu=f ul0)=« (A-26)
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admits a unique solution u € C([0, T, H}), with

lullzs < C{llf Iz + llells +8) U f 0 + llerllo) }- (A-27)

Proof. Following the procedure given in Section 2B, we define Bh(t, x) := h(ir(¢), x) (see (2-25)), with
Y1) =1 [ ay(s) ds, where m := L [ as(r) dr. We have that u solves (A-26) if and only if it := B~'u
satisfies

Loii=f, i0)=a

(note that B(0) is the identity), where f =B f,and Lo = 8, +m dyrx + ag dyx + ag d + ayo, with ag,
ag, ayp given by formula (2-32) (see also (2-26)). Then the thesis follows by Lemma A.5 and 2.4. [

Lemma A.7. There exist universal positive constants o, §, with the following properties. Let s > 0 and let
as(t, x), ar(t, x), a|(t, x), ap(t, x) be four functions with as, d;as3, o;;az, ay, d;a1, ag € C([0, T], H;Jr")
and ay = c dya3 for some c € R. Let

8(u) = llas, 9,a3, dyas, ay, drar, aollr,uvo  Yiu €10, s]. (A-28)

Assume §(0) < 6,. Let Lo :=0; + (1 +a3) Oxxx +a2 0xx + a1 0y +aop. Let f € C([0, T], H}) and o € H}.
Then the Cauchy problem
Lou=f, ul0)=« (A-29)

admits a unique solution u € C([0, T, H}), with

lullzs < Cs{llfllzs + lleells +8) A fllT0 + llerllo) }- (A-30)

Proof. Following the procedure given in Section 2A, we define (Ah)(¢, x) := h(t, x + B(¢, x)) (see (2-9)),
with B(t, x) := (0, 1p0)(t, x), where pg is defined in (2-16)—(2-17). We have that u solves (A-29) if and
only if ii := A~ 'u satisfies

Lu=f, a0)=a

where f =A" f, @:= A" (0)a, and £| = 3, + a4 dcxx + as dxx + ag dx + a7, with ay not depending
on the space variable x and with a4, as, ag, a7 given by formula (2-14). Then the thesis follows by
Lemmas A.6 and 2.3. O

Remark A.8. Consider the operators Ly, ..., L5 defined in Lemmas A.2-A.7. Define
Loh = —03th — dxxx[(1 + az)h] + dx (a2h) — dx(arh) + aoh,
Lih := —0:h — a4dyxxh + dxx (ash) — 3y (ach) + azh,
L5h := —08:h — mdyxxh + dyx (agh) — dx (agh) + aioh,
L3h := —8;h —mdyxch — 0y (ar2h) + aizh,
Lih = —08:h — mdyxxh — 0y (a14h) + aish,
Lih = —8h —mdyh+Rh.
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It is straightforward to check that Lemmas A.2—A.7 also hold when the operator £ (k =0,...,5) is
replaced by L£;. The crucial observation is that for all k =0, ..., 5 (see Remark 2.2 for the case k = 0)
the operator —£; has the same structure as £; (one might need to worsen the constants o since the
coefficients of — L7 involve space derivatives of the coefficients of £y). It is also immediate to verify that
the same estimates also hold for the backward Cauchy problems

{ﬁku - f, {c;;u — 7,

k=0,...,5. (A-31)
M(T) =, M(T) =,

Appendix B: Nash—Moser theorem

In this section we prove a Nash—Moser implicit function theorem that is a modified version of the theorem
in [Hormander 1985]. With respect to that paper, here (Theorem B.1) we assume slightly stronger
hypotheses on the nonlinear operator ® and its second derivative. These hypotheses are naturally verified
in applications to PDEs. We use the iteration scheme of [Hormander 1976] (called the discrete Nash
method by Hormander), which is neither the Newton scheme with smoothings used in [Berti, Bolle,
and Procesi 2010; Berti, Corsi, and Procesi 2015; Baldi, Berti, and Montalto 2016a], nor the scheme in
[Hormander 1985; Alinhac and Gérard 2007]. The scheme of [Hormander 1976] is based on a telescoping
series like in [Hormander 1985], but some corrections y, (see (B-15)) are also introduced. In this way the
scheme converges directly to a solution of the equation ®(u) = ®(0) + g, avoiding the intermediate step
in [Hormander 1985] where the Leray—Schauder theorem is applied. This makes it possible to remove
two assumptions of Hérmander’s theorem [1985], which are the compact embeddings Fj, < F, in the
codomain scale of Banach spaces (F}),>0, and the continuity of the approximate right inverse W (v) with
respect to the approximate linearization point v. We point out that, unlike Theorem 2.2.2 of [Hormander
1976], our Theorem B.1 also applies to the case of Sobolev spaces.
Let us begin with recalling the construction of “weak” spaces in [Hormander 1985].

Let E,, a > 0, be a decreasing family of Banach spaces with injections E, < E, of norm < 1 when
b>a. Set E,g =(),~0 Ea With the weakest topology making the injections Eo, — E, continuous.
Assume that Sy : Eg > E for 6 > 1 are linear operators such that, with constants C bounded when a
and b are bounded,

ISoullp < Cllull if b<a, (B-1)

ISoully < COP=|lull, if a<b, (B-2)

llu — Seullp < COP~||ull, if a>b, (B-3)
d L

‘%Seu bsceb Ml (B-4)

From (B-2)—(B-3) one can obtain the logarithmic convexity of the norms

lullrara—ap < Cllullfllul, ™ if 0<i<1. (B-5)
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Consider the sequence {0;}jen, with 1 = 6p < 6; < --- — 00, such that 6,,,/6; is bounded. Set
Aj = 9j+1 —9]' and
S So.. . u— Sp.u
Rou:= 2" Rui=Un= 00T i, (B-6)
Ag Aj
By (B-3) we deduce that, if u € E}, for some b > a, then
x
u:ZAjRju (B-7)
j=0
with convergence in E,. Moreover, (B-4) implies that, for all b,
IRjully < Caf) ™" ulla- (B-8)
Conversely, assume that a; < a < ap, that u; € E,, and that
lujlly < MOP“"" it b=aj or b=aj. (B-9)

By (B-5) this remains true with a constant factor on the right-hand side if a; <b <as, sothatu =) Aju;
converges in Ej if b < a.

Let E/, be the set of all sums u =) Aju; with u; satisfying (B-9) and introduce the norm ||u/||/, as the
infimum of M over all such decompositions. It follows that || - ||/, is stronger than || - ||, if a > b, while
(B-7) and (B-8) show that || - ||/, is weaker than || - ||,. Moreover (i) the space E/ and, up to equivalence,
its norm are independent of the choice of a; and ay; (ii) E}, is defined by (B-8) for any values of b to
the left and to the right of ; (iii) E,, does not depend on the smoothing operators; (iv) in (B-3) we can
replace |u]l, by ||ul|/,, namely,

lu — Spullp < C, ,0" “Null, ifa>b, (B-10)

if we take another constant C;, »» which may tend to oo as b approaches a. These four statements (i)—(iv)
are proved in [Hormander 1985].

Now let us suppose that we have another family F, of decreasing Banach spaces with smoothing
operators having the same properties as above. We use the same notation also for the smoothing operators.
Unlike [Hormander 1985], here we do not need to assume that the embedding F;, < F, is compact for
b>a.

Theorem B.1. Let ay, ay, o, B, ag, i be real numbers with
0<ay<u<a, a1+%,3§a<a1+ﬁ§a2, 20 < a1 +ap. (B-11)

Let V be a convex neighborhood of 0 in E,,. Let ® be a map from V to Fy such that ® : VN E,;, — F,
is of class C? forall a € [0, ay — ], with

10" @), wllla < C(Nvlla+pllwllay + 10llag 1w llatse + et llatse lVllao 1w llag ) (B-12)
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forallu e VNE,,, v,we E,q,. Also assume that ' (v) for v € Eo NV belonging to some ball
lvlla, <81 has a right inverse W (v) mapping Fu, to E,,, and that

¥ @Wgla < C(Igllatp—a + liglollvliars) Ya € [ar, azl. (B-13)

There exists § > 0 such that, for every g € F;} in the ball ||g||}3 <§, there exists u € E[,, with |lu|,, < C||g||}3,
solving ®(u) = ®(0) + g.

Proof. We follow the proof in [Hormander 1985] where possible, but we use a different iteration scheme.
Letf;:=j+1,sothat A; =1forall j. Let g € Ff; and g; := R;g. Thus

[e.¢]
g=> 8. lgillb=Cot/ " ligly Vb el0,+00). (B-14)
j=0

We claim that if || g ||;3 is small enough, then we can define a sequence u; € V N E,, with ug := 0 by the
recursion formula

Ujt] 3=Mj+hj, v 1= nguj, hj = \IJ(vj)(gj +yj) Vj>0, (B-15)
where yg := 0,
j—2
yii=—Speo.  yji=—Spei1—Ri_1Y e Vj=2. (B-16)
i=0
and ej := ej’. + e,
e} = CID(uj—l-hj)—(D(uj)—CD/(uj)hj, e]/-’ = (dD/(uj)—dD/(vJ-))hj. (B-17)

We prove that for all j > 0,

lhilla < Killglly 677" Va €lai, aal, (B-18)
lvjlla < Kallgllg 677  Ya €lar+ B, ax+ Bl (B-19)
luj —vjlla < K3liglg 67" Vael0,al. (B-20)

For j =0, (B-19) and (B-20) are trivially satisfied, and (B-18) follows from (B-14) because h¢o = ¥ (0)go
and 6y = 1.

Now assume that (B-18), (B-19), (B-20) hold for j =0, ..., k, for some k > 0. First we prove (B-20)
for j =k+ 1. Since uyy; = Zl;':o hj, the definition of the norm of E,, and (B-18) for j =0, ..., k imply
that [lug1lly, < K1llglls- By (B-10) one has

kst — virllo < CK1llgl 0, (B-21)

where the constant C depends on . From now until the end of this proof we denote by C any constant
(possibly different from line to line) depending only on ay, az, «, B, i, ag, which are fixed parameters.



316 PIETRO BALDI, GIUSEPPE FLORIDIA AND EMANUELE HAUS

From (B-18) with j =0, ..., k we get

k
lueilla < Killgly Y0777 Va e lar, arl. (B-22)
j=0
We note that L
et < %e,fH Vp > 0. (B-23)
j=0

For a = ay, by (B-1) one gets ||vk+1lla, < Clluk+1lla,. Thus, using (B-23) at p =ar —«a,

k1 = Vitillay < Cllurrilla, < CK1llglg05" (B-24)

Using (B-5) to interpolate between (B-21) and (B-24), we get (B-20) for j =k + 1, for all a € [0, a3],
provided that K3 > CK.
To prove (B-19) for j =k + 1, we use (B-2), (B-22) and (B-23) and we get

k
—a)— —a— +B—a—1 _
loeslla < CO P et lass < COLE P Kallgly Y 607" < CKy gl 675
j=0

for all a € [a; + B, a» + B]. This gives (B-19) for j = k + 1 provided that K> > CK].
To prove (B-18) for j = k + 1, we begin with proving that

yis1lls < CK1(Ky + K9 glF6,f ™ Vbel[0.ay+B—al. (B-25)

Since uj, vj, uj +h; belong to V forall j =0, ..., k, we use Taylor’s formula and (B-12) to deduce that,
for j =0,...,kand a € [0, a, — ],
lejlla < C(Ijllapllhjllatp + lwjllaspllhj II§0 + 1 hjllapllv; — ujllatp

i lat sy — lla + Nt la i laollv; — ujlla)-  (B-26)
Hence at j = k, using (B-2) and then (B-26), we have

1S60s1€kllar+p—a < COL Ly lexllarsp—a—p
< COL (NhellaollPiclly + ||uk||q||hk||§0 + akllagllve — uilly
+ il vk — tllag + Ntk llg I allao llve — ukllag), — (B-27)

where p ;= max{0,8 —a+u}and g :=a,+ B —a — p+ u. Note that ap + 8 — o — p > 0 because
ax > . Since g < ap, using also (B-23) we have

k—1 k—1
litelly < Nuellas < Y Mhjllas < Kallglly D 07277 < CKyllgllp0> ™. (B-28)
j=0 j=0

By (B-28), (B-18), (B-20), and since a¢ < ay, the bound (B-27) implies that

—Da—1 _3a—
1S4 €k llay+8—a < CK1(K1+ K3)Igl767, (0 77271 4o t2a—3 1y
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provided that K ||g||:3 < 1. We assume that
Killglly <1. (B-29)

Both the exponents a;+qg—2a—1 and ay+2a; —3a—1 are < ap—a—1—p because a; < o and
a;+ B+ <2«. Thus

I1So 1 €xllay+p—a < CK1(K1 + Ka)llgll’ﬁ29fi]“7l- (B-30)
Now we estimate || S, exllo. Since ag, u < ay, by (B-1) and (B-26) we get
186, exllo < Cllexllo < C(L+ llugll) UlAklZ, + Nailla, 1ok — wicllay)- (B-31)
By (B-18) and (B-29),

k—1 o0
il < Nkl <D Mhjlla, < Kiliglly D057 = CKy gl < C. (B-32)
j=0 j=0
We use (B-18), (B-20) and (B-32) in (B-31), and the bound 6, >*~" <6, /"', to deduce that
—p—1
IS0, exllo < CK1(Ky + K3)lgll26 /" (B-33)
Using (B-5) to interpolate between (B-30) and (B-33), we obtain
16, exlls < CKL(K1+ K3 gl 7000 Ybel0,ax+B—al. (B-34)

Now we estimate the other terms in y;+; (see (B-16)). By (B-8), (B-26), (B-18), (B-20) and (B-23),

k—1 k—1

b—ay+p—1
D IReeills <> CO T eillay—y
i=0 i=0

k—1
< CK (K + K3)|[glfo, =ty grte2e! (B-35)
i=0
for all b € [0, a» + B — «]. Since a; 4+ a; — 2« > 0, we apply (B-23) to the last sum in (B-35). Then,
recalling that 6y /61 € [% l], and using the bound a; 4+ 8 + u < 2a, we deduce that
k—1
> lReeills < CKy(K1 + K3)lIgl 7051 Vb el0.ar+p—al. (B-36)
i=0
The sum of (B-34) and (B-36) completes the proof of (B-25).
Now we are ready to prove (B-18) at j =k 4 1. By (B-1) and (B-22) we have ||vit1la; < Cllug+1lla, <
CKillgllg, and we assume that CKi|lglls < 81, so that W (vk41) is defined. By (B-15), (B-13), (B-14),
(B-25), (B-19) one has, for all a € [ay, a3],

lheslla < Cligllp {1+ (K1 + K)Kiliglly} 6778 (B-37)

provided that I(2||g||;g < 1. Bound (B-37) implies (B-18) provided that C{l + (K1 + K3)K; ||g||;3} <Kj.
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The induction proof of (B-18), (B-19), (B-20) is complete if K, K7, K3, ||g||;g satisfy
K3 > CoK1, Ky>=CoKi, CoKilligly <1, Kallglly <1, Co{l+(Ki+K3)Kilgly} < K1,

where C is the largest of the constants appearing above. First we fix K| > 2Cy. Then we fix K, and K3
larger than CyK, and finally we fix §o > O such that the last three inequalities hold for all ||g||;3 <.
This completes the proof of (B-18), (B-19), (B-20).

Bound (B-18) implies that the sequence (ux) converges in E, for all a € [0, &). We call u its limit.
Since u = Z?io hj and each term h; satisfies (B-18), it follows that u € E, and |Ju|, < K ||g||;3 by the
definition of the norm in E,.

Finally, we prove the convergence of the Nash—-Moser scheme. By (B-16) and (B-6) one proves by
induction that

k k—1
Z(ej—i-yj):ek + 7y, where r = (I_SGk)Zej» Vk > 1.
j=0 j=0

Hence, by (B-15) and (B-17), recalling that ®'(v;)W (v;) is the identity map, one has

k k

D (up 1) — Do) = Y _[D(uj1) — Pl =Y (e + g +) =G +ex+ri,
j=0 j=0

where Gy, := Z/;ZO gj- By (B-14), |G —glly — 0ask — oo forall b € [0, B). Leta € [a; — p, a — ).
By (B-22) and (B-29) we get ||uj |41+, < C. By (B-26), (B-18) and (B-20) we deduce that

lejlla < CK1(K1 + K3)llglf o Hr =2, (B-38)

Hence |lex]|l, — 0 as k — oo because a; +a + u — 2o < 0, and, moreover, Zj‘ozo llejll. converges. By
(B-3) and (B-38), for all p € [0, a) we have
k—1 k—1
rell, < DU = Sgejll, <C Y0 “llejlla < COL, (B-39)
j=0 j=0
so that ||r¢|l, — 0 as k — oo. We have proved that || ® (ux) — P (ug) — gll, — 0 as k — oo for all p in

the interval 0 < p < min{ae — i, B}. Since uy — u in E, for all a € [0, ), it follows that @ (uy) — P (u)
in Fp forall b € [0, o — w). U

Appendix C: Tame estimates

In this appendix we recall classical tame estimates for products, compositions of functions and changes
of variables which are repeatedly used in the paper. Recall the notation (1-6) for functions u(x), x € T,
in the Sobolev space H® := H*(T, R).

Lemma C.1. Let 59, 51, 52, s denote nonnegative real numbers, with sy > % There exist positive con-
stants Cs, s > 8o, with the following properties.



EXACT CONTROLLABILITY FOR QUASILINEAR PERTURBATIONS OF KDV 319

 (embedding and algebra) For all u, v € H®,

lullLe < Coollullsy,  Nuvlls, = Cpllullsy vl (C-1
« (interpolation) For 0 <s; <s <sp and s = As; + (1 — A)so, forallu € H*?,

leells < el Naell ;™ (C-2)

« (tame product) For s > sg, forallu,v € H",
luvlls = Cyollulisllvlls, + Csllulisllvlls, (C-3)

and for s € [0, sol, forallu € H* and v € H?,

luvlls = Coollullsy 101l (C-4)

Proof. The lemma can be proved by using Fourier series and the Holder inequality. Otherwise, for
(C-2) see, e.g., [Alinhac and Gérard 2007, p. 82] or [Moser 1966, p. 269]; for (C-3) adapt [Berti,
Bolle, and Procesi 2010, Appendix] or [Alinhac and Gérard 2007, p. 84]. For (C-4) use the bound
Zjel (n)> ()~ (n— j)=20 < Cy, forall n € Z, all 0 < s < 50, which can be proved by splitting the two
cases 2|j| < |n| and 2|j| > |n]|. O

A function f : T x B — R, where B :={y € R?*! : |y| < R}, induces the composition operator

Fa)@) = f(x, u), u' &), u” (), ..., u'? (x)), (C-5)
where u® (x) denotes the k-th derivative of u(x). Let B, be a ball in W”*°(T, R) such that, if u € B,
then the vector (u(x), u'(x), ..., uP (x)) belongs to B for all x € T.

Lemma C.2 (composition of functions). Assume f € C"(T x B). Then, forallu € H*? N B p» s €[0,7],
the composition operator (C-5) is well-defined and

If@)ls < CllfllerUlullssp + 1),

where C depends on r, p. If, in addition, f € C" 12 then, foru,h € HYP withu,u+h € B, one has

If@+h)— F@lls < Cll fller (1allstp + 1Rl weee [ullstp),
I fu+h)— f) — f@ihllls < Cllfllersz Mhllweee (1rllstp + 1Rl wese [ullstp)-

Proof. For s € N see [Moser 1966, pp. 272-275] and [Rabinowitz 1967, Lemma 7, pp. 202-203]. For
s ¢ N see [Alinhac and Gérard 2007, Proposition 2.2, p. 87]. U

Lemma C.3 (change of variable). Let p € W (T, R), s > 1, with || pllyie < % Let f(x) =x 4+ p(x).
Then f is invertible, its inverse is f~(y) = g(y) =y +q(y), where q is 2 -periodic, g € W (T, R),
and ||q||ws.e < C||p|lws., where C depends on d, s.

Moreover, ifu € H (T, R), then uo f(x) =u(x + p(x)) also belongs to H®, and

lwo flls +lluoglls = Clulls 4+ pllwsoellull1). (C-6)
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Proof. For s € N see, e.g., [Baldi 2013, Lemma B.4], where this lemma is proved by adapting [Hamilton
1982, Lemma 2.3.6, p. 149]. For s ¢ N the lemma can be proved by studying the conjugate of the
pseudodifferential operator | D, |* by a change of variable, either by Egorov’s theorem, see [Taylor 1981,
Chapter VIII, Section 1, p. 150] and [Alazard, Baldi, and Han-Kwan 2015, Appendix C, Section C.1], or

by an asymptotic formula, see [Alinhac and Gérard 2007, Proposition 7.1, p. 37]. ]

Remark C.4. For time-dependent functions u(¢, x), u € C([0, T'], H*(T, R)), all the estimates of the

present appendix hold with ||ul[ replaced by |ul|7,s := sup,cjo. 7y lu(®) ;- O
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OPERATORS OF SUBPRINCIPAL TYPE

NILS DENCKER

In this paper we consider the solvability of pseudodifferential operators when the principal symbol vanishes
of at least second order at a nonradial involutive manifold ¥,. We shall assume that the subprincipal
symbol is of principal type with Hamilton vector field tangent to X, at the characteristics, but transversal
to the symplectic leaves of X,. We shall also assume that the subprincipal symbol is essentially constant
on the leaves of X, and does not satisfying the Nirenberg—Treves condition (W) on X,. In the case when
the sign change is of infinite order, we also need a condition on the rate of vanishing of both the Hessian
of the principal symbol and the complex part of the gradient of the subprincipal symbol compared with
the subprincipal symbol. Under these conditions, we prove that P is not solvable.

1. Introduction

We will consider the solvability for a classical pseudodifferential operator P € W7 (M) on a C* manifold M.

This means that P has an expansion p,;, + pu—1+ - -, where p; € Sﬁom

all k, and p,, = o (P) is the principal symbol of the operator. A pseudodifferential operator is said to

is homogeneous of degree k for

be of principal type if the Hamilton vector field H),, of the principal symbol does not have the radial
direction & - 9¢ on p,,'(0), in particular H,, # 0. We shall consider the case when the principal symbol
vanishes of at least second order at an involutive manifold X;; then P is not of principal type.

P is locally solvable at a compact set K € M if the equation

Pu=v -1

has a local solution u € D'(M) in a neighborhood of K for any v € C°°(M) in a set of finite codimension.
We can also define microlocal solvability of P at any compactly based cone K C T*M; see Definition 2.6.

For pseudodifferential operators of principal type, it is known [Dencker 2006; Hormander 1981] that
local solvability is equivalent to condition (W) on the principal symbol, which means that

Imap,, does not change sign from — to + along the oriented bicharacteristics of Re ap,, (1-2)

for any 0 £ a € C*°(T*M). The oriented bicharacteristics are the positive flow-out of the Hamilton vector
field Hreqp,, 7 0 on which Re ap,, = 0; these are also called semibicharacteristics of p,,. Condition (1-2)
is invariant under multiplication of p,, with nonvanishing factors, and symplectic changes of variables;
thus it is invariant under conjugation of P with elliptic Fourier integral operators. Observe that the sign
changes in (1-2) are reversed when taking adjoints, and that it suffices to check (1-2) for some a # 0 for
which Hgeqp # 0, according to [Hormander 1985b, Theorem 26.4.12].
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For operators which are not of principal type, the situation is more complicated and the solvability
may depend on the lower-order terms. When the set X,, where the principal symbol vanishes of second
order, is involutive, the subprincipal symbol oy, (P) = p,,—1 is invariantly defined at ¥,. In fact, on X,
it is equal to the refined principal symbol; see [Hormander 1985a, Theorem 18.1.33].

In the case where the principal symbol is real and vanishes of at least second order at the involutive
manifold, there are several results, mostly in the case when the principal symbol is a product of real
symbols of principal type. Then the operator is not solvable if the imaginary part of the subprincipal
symbol has a sign change of finite order on a bicharacteristic of one the factors of the principal symbol;
see [Egorov 1977; Popivanov 1974; Wenston 1977; 1978].

This necessary condition for solvability has been extended to some cases when the principal symbol is
real and vanishes of second order at the involutive manifold. The conditions for solvability then involve
the sign changes of the imaginary part of the subprincipal symbol on the limits of bicharacteristics from
outside the manifold, thus on the leaves of the symplectic foliation of the manifold; see [Mendoza and
Uhlmann 1983; 1984; Mendoza 1984; Yamasaki 1983]. This has been extended to more general limit
bicharacteristics of real principal symbols in [Dencker 2016].

When 3 is not involutive, there are examples where the operator is solvable for any lower-order
terms. For example when P is effectively hyperbolic, then even the Cauchy problem is solvable for any
lower-order term; see [Hormander 1977; Nishitani 2004]. There are also results in the cases when the
principal symbol is a product of principal-type symbols not satisfying condition (W¥); see [Cardoso and
Treves 1974; Gilioli and Treves 1974; Goldman 1975; Treves 1973; Yamasaki 1980].

In the present paper, we shall consider the case when the principal symbol (not necessarily real-
valued) vanishes of at least second order at a nonradial involutive manifold ¥,. We shall assume that
the subprincipal symbol is of principal type with Hamilton vector field tangent to X, at the charac-
teristics, but transversal to the symplectic leaves of X,. We shall also assume that the subprincipal
symbol is essentially constant on the symplectic leaves of X, by (2-8), and does not satisfy condition
(W); see Definition 2.4. In the case when the sign change is of infinite order, we will need a con-
dition on the rate of vanishing of both the Hessian of the principal symbol and the complex part of
the gradient of the subprincipal symbol on the semibicharacteristic of the subprincipal symbol; see
condition (2-11). Under these conditions, P is not solvable in a neighborhood of the semibichar-
acteristic; see Theorem 2.7, which is the main result of the paper. In this case P is an evolution
operator; see [Colombini et al. 2003; 2010] for some earlier results on the solvability of evolution
operators.

2. Statement of results
Let o (P) = p € S}, be the homogeneous principal symbol. We shall assume that

o (P) vanishes of at least second order at X, 2-1)

where

Y, is a nonradial involutive manifold. (2-2)
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Here nonradial means that the radial direction (£, d¢) is not in the span of the Hamilton vector fields
of the manifold, i.e., not equal to Hy on X, for some f € C ! vanishing at ¥,. Then by a change of
homogeneous symplectic coordinates we may assume that

T ={=0}, £=(¢,&)eR xR (2-3)

for some k > 0; this can be achieved by conjugation by elliptic Fourier integral operators. If P is of
principal type near X, then, since solvability is an open property, we find that a necessary condition for P
to be solvable at ¥ is that condition (W) for the principal symbol is satisfied in some neighborhood of 3.
Naturally, this condition is empty on X,, where we instead need some conditions on the subprincipal
symbol

ps:pmfl'i‘lzzaxjasjp’ (2-4)
J
which is equal to p,,—; on X, and invariantly defined as a function on ¥, under symplectic changes of
coordinates and conjugation with elliptic pseudodifferential operators. (In the Weyl quantization, the
subprincipal symbol is equal to p,,—1.) When composing P with an elliptic pseudodifferential operator C,
the value of the subprincipal symbol of CP is equal to cp; + %i H,c =cp;, at Xp, where c =0 (C). Observe
that the subprincipal symbol is complexly conjugated when taking the adjoint of the operator.
Let TX§ be the symplectic polar to T X5, which spans the symplectic leaves of X,. If X = {§' = 0}
and x = (x’, x”) € R¥ x R"7*, then the leaves are spanned by 9. Let

T°%,=T%,/TX7, (2-5)
which is a symplectic space over X;, which in these coordinates is given by
T7 %, = {((x0, 0,&)): (0,5",0,7)) : (v, n") e T*R*}. (2-6)

Next, we are going to study the Hamilton vector field H,,, | at X,. If H,, , C T, at X, then we find
that dpy vanishes on T X7 so dpy is well defined on 77 %;. In fact, p; = p,,—1 on X; so if we choose

coordinates so that (2-3) holds, then H,,, , C T % is equivalent to

m—1
Hpm—lg/ = _8x/pm71 = _3x’ps =0 when 5/ = Oa (2-7)

which is invariant under multiplication with nonvanishing factors when p; = 0. Let H), be the Hamilton
vector field of p,; with respect the symplectic structure on the symplectic manifold 7° 3. In the chosen
coordinates we have

HP: = a%-//psax// — ax//psag//

modulo 9, which is nonvanishing if d,7¢» ps # 0. Since p; = p,;,—1 on X, the difference between H),, |
and H), is tangent to the leaves of X,. Actually, since the subprincipal symbol is only well defined on %,
the vector field H), is only well defined up to terms tangent to the leaves.

Because of that, we would need that the subprincipal symbol p; is constant on the leaves of %,, but
that condition is not invariant under multiplication with nonvanishing factors when p; # 0. Instead we
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shall use the invariant condition
|dpslrL| < Colpsl (2-8)

for any leaf L of ¥,. Then p; is constant on the leaves modulo nonvanishing factors, according to the
following lemma.

Lemma 2.1. If dps|rox, # 0, then condition (2-8) is equivalent to the fact that py is constant on the
leaves of X, after multiplication with a smooth nonvanishing factor. Thus, if X = {§' = 0} then (2-8)
gives ps(x,0,E") =c(x,&Ng(x",€") with0 #£ ¢ € C*™.

Proof. Choose coordinates so that ¥, = {&’ = 0}. If p; # 0 at a point wy € X, then (2-8) gives that
0y’ log ps is uniformly bounded near wy, where log p; is a branch of the complex logarithm. Thus, by
integrating with respect to x” in a simply connected neighborhood starting at x" = x{;, we find that

Ps ()C, O’ s//) = C(X, SH)C](X//a é,-://)s (2'9)

where g (x”, ") = ps(x{, x",0,£") € C*, 50 0 # c € C* satisfies c(xy, x”, ") = 1. When p; =0 we
find that d Re zpg|7+5, # 0 for some z € C\ {0} by assumption. Thus we obtain locally that

ps(x,0,&") = ca(x,§M)qe(x", ") on Sy ={ERezp;(x,0,§") >0},

where g1 (x", £") = py(x(, x”,0,£"), 0 # c+ € C* and c+(xy, x”,£”) =1 on Si. Then we find that
p; 1(0) is independent of x’ and

0%,00,q: (x" &) = 9%,00, p(x(. ", 0, ") Vo, B, on Sy,

so by taking the limit at S = {Rezp, = 0}, we find that the functions g4 extend to g € C*°. Since
c+q =c_q = ps at S, we find that ¢, = c_ at S when g # 0. When ¢ =0 at S, we may differentiate
in the normal direction of § to obtain c_0,q = c4.0,¢q, and since 9d,g # 0, the functions c1 extend to a
continuous function c. By differentiating and taking the limit, we find that

Ve_q+cVg=Vp;=Vciqg+cVg ats,

which similarly gives that Vc_ = Ve, at S, so ¢ € C!. By repeatedly differentiating c.q, we find by
induction that ¢ € C*°, so we get smooth quotients ¢ and ¢ in (2-9). ([

Now, a semibicharacteristic of p; will be a bicharacteristic of Reap; on T ¥,, where C* 3 a # 0,
with the natural orientation. Observe that condition (2-7) is only invariant under multiplication with
nonvanishing factors when p; = 0.

Definition 2.2. We say that the operator P is of subprincipal type if, when p; = 0 on X, the following
hold: H),, |5, € T X,

dps|ros, #0, (2-10)
and the corresponding Hamilton vector field H), of (2-10) does not have the radial direction. We call

H, the subprincipal Hamilton vector field and the (semi)bicharacteristics are called the subprincipal
(semi)bicharacteristics on X».
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Clearly, if (2-3) holds, then the condition that the Hamilton vector field does not have the radial
direction means that d¢» ps # 0 or 3y ps Y €” when p; =0 on £, = {§' = 0}.

In the case when the principal symbol p is real, a necessary condition for solvability of the operator
is that the imaginary part of the subprincipal symbol does not change sign from — to + when going in
the positive direction on a C* limit of normalized bicharacteristics of the principal symbol p at ¥,; see
[Dencker 2016]. When p vanishes of exactly second order on 3, = {&’ = 0}, such limit bicharacteristics
are tangent to the leaves of Y. In fact, then Taylor’s formula gives H, = (B&’, 8,/) + O(|€'|?), where
B # 0, so the normalized Hamilton vector fields have limits that are tangent to the leaves. When the
principal symbol is proportional to a real-valued symbol, this gives examples of nonsolvability when the
subprincipal symbol is not constant on the leaves of ;. Thus condition (2-8) is natural if there are no
other conditions on the principal symbol.

Remark 2.3. If p; is real-valued, then by the proof of Lemma 2.1 it follows from (2-8) that p, has
constant sign on the leaves of X;, since then ¢ > 0 in (2-9).

Definition 2.4. We say that P satisfies condition Sub(W) if Im ap,; does not change sign from — to +
when going in the positive direction on the subprincipal bicharacteristics of Re ap, for any 0 # a € C*.

Thus, condition Sub(W) is condition (V) given by (1-2) on the subprincipal symbol p;. Observe that
since p; is only defined on ¥, the Hamilton vector field H), is only well defined in 773, =T %,/ T X7 ;
thus it is well defined modulo d,-. But if (2-8) holds then we find that Sub(W) is a condition on p;
with respect to the symplectic structure of 77 X,. In fact, by the invariance of condition (V) given by
[Hormander 1985b, Lemma 26.4.10], condition Sub(¥) holds for any a # 0 such that Hge 4, # 0, so we
may assume by Lemma 2.1 that p, is constant on the leaves of X.

Since condition Sub(W¥) is invariant under symplectic changes of variables and multiplication with
nonvanishing functions, it is invariant under conjugation of the operator by elliptic Fourier integral
operators. Observe that the sign change is reversed when taking the adjoint of the operator.

Recall that the Hessian of the principal symbol Hess p is the quadratic form given by 82 p at X5, which
is defined on the normal bundle N X, since it vanishes on 7 X,. By the calculus, Hess p is invariant,
modulo nonvanishing smooth factors, under symplectic changes of variables and multiplication of P with
elliptic pseudodifferential operators.

Next, we assume that condition Sub(W) is not satisfied on a semibicharacteristic I' of p;; that is,
Imap, changes sign from — to + on the positive flow-out of Hgeqp, 7 0 for some 0 # a € C*°. Now
if the sign change is not of finite order, we shall also need an extra condition on the rate of vanishing
of both the Hessian of the principal symbol and the complex part of the gradient of the subprincipal
symbol on the subprincipal semibicharacteristic. Then, we shall assume that there exists C > 0, ¢ > 0
and 0 # a € C™ so that d Re ap;|rs, # 0 and

IHess p|| + |dps Adps| < C|ps|° when Reap; =0 on X, (2-11)

near I'. Since (2-11) also holds for smaller ¢ and larger C, it is no restriction to assume ¢ < 1. The
motivation for (2-11) is to prevent the transport equation (6-1) from dispersing the support of the solution
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before the sign change of the imaginary part of the subprincipal symbol localizes it; see Remark 3.1. We
also find that V py is proportional to a real vector when p; = 0 since then dpg A dp; = 0.

Remark 2.5. Condition (2-11) is invariant under multiplication of P with elliptic pseudodifferential
operators, and symplectic changes of coordinates. If (2-8) also holds, then we obtain

|d Hess plre| < Cilps|*/? (2-12)

for any leaf L of ¥, when Reap; = 0 near I'.

In fact, multiplication with an elliptic pseudodifferential operator with principal symbol ¢ changes the
principal symbol into cp, the Hessian of the principal symbol into ¢ Hess p and the subprincipal symbol
into .
i
2

where the last term vanishes at 3, and contains the factor Hess p, modulo terms vanishing of second

cps + HpC at Yo,

order at ¥,. Now we have
\depy Adepyl < |c|*ldps Adps| + Clpsl.

Thus we find that (2-11) holds with p replaced by c¢p, ps replaced by cps; and a replaced with a/c.
If (2-8) also holds and we choose coordinates so that X, = {&’ = 0}, then we obtain from Lemma 2.1 that
|ps(x’, x”,0,8")| = | ps(x, x”,0,&")| when |x" — x| < c. Thus (2-11) gives

[Hess p(x', x",0,8")|l < Calps(xp, x",0, ") when |x" —xg| <c.

To show (2-12) it suffices to consider an element b jx (x’, x”, 0, ") of Hess p. Clearly |b;«| < |Hess p|l,
so by adding C;|ps(xo, x”, 0, £”)|?, we obtain

0<bj(x',x",0,&") <2Ca|ps(x0, x”,0,&")°  when |x" — x| <c.

Then we find that

18D i (x0, X", 0, E")| < C/bjr(x0, X", 0, E") < C'| py(x0, x", 0, E") [/

by [Hormander 1983, Lemma 7.7.2].
We shall study the microlocal solvability of the operator, which is given by the following definition.
Recall that H%?f(X ) is the set of distributions that are locally in the L? Sobolev space H)(X).

Definition 2.6. If K C S*X is a compact set, then we say that P is microlocally solvable at K if there

exists an integer N so that for every f € H(11°\,C) (X) there exists u € D’'(X) such that K "\WF(Pu — f) = @.

Observe that solvability at a compact set M C X is equivalent to solvability at $*X |, by [Hormander
1985b, Theorem 26.4.2], and that solvability at a set implies solvability at a subset. Also, by [Hormander
1985b, Proposition 26.4.4] the microlocal solvability is invariant under conjugation by elliptic Fourier
integral operators and multiplication by elliptic pseudodifferential operators. We can now state the main
result of the paper.
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Theorem 2.7. Assume that P € W (X) has principal symbol that vanishes of at least second order at
a nonradial involutive manifold ¥,, is of subprincipal type, does not satisfy condition Sub(¥) on the
subprincipal semibicharacteristic ' C X, and satisfies (2-8) near I". In the case the sign change in
Sub(W) is of infinite order, we also assume condition (2-11) near I'. Then P is not locally solvable at T.

Example 2.8. Let
P =DD>+ B(x, Dy) (2-13)

with B € \I’cll. Then o (B) is the subprincipal symbol on ¥, = {§; = & = 0}. Mendoza and Uhlmann
[1983] proved that P is not solvable if Im o (B) changes sign as x; or x; increases on X, and they proved
in [Mendoza and Uhlmann 1984] that P is solvable if Imo (B) # 0 on X,. From this it is natural to
conjecture that the condition for solvability of P is that Im o (B) does not change sign on the leaves of X,
which are foliated by dy, and dy,. But the following is a counterexample to that conjecture. Let

P=D1Dy+D;+if(t,x, Dy) (2-14)

with real and homogeneous f (¢, x, &) € Sﬁom satisfying d,, f = O(| f]) for j =1, 2. This operator is of
subprincipal type and satisfies (2-8). Then Theorem 2.7 gives that P is not solvable if t — f(¢, x, &)
changes sign of finite order from — to +, but observe that f has constant sign on the leaves of X,
by Remark 2.3. Thus the solvability of the operator P in (2-13) also depends on the real part of the
subprincipal symbol at 3. In fact, with the above conditions one can prove that D1 D, +if (¢, x, Dy) is
solvable.

Example 2.9. The linearized Navier—Stokes equation

du+ Y aj(t,x)dgu+Awu=f, ajx)eC, (2-15)
j

is of subprincipal type. The symbol is
i+ Y ai(t0E — € (2-16)
J

so the subprincipal symbol is proportional to a real symbol on ¥, = {§ = 0}. Thus condition Sub(¥) is
satisfied.

Now let S*M C T*M be the cosphere bundle where |£| =1, and let ||u|| ) be the L? Sobolev norm of
order k, u € Cg°. In the following, P* will be the L? adjoint of P. To prove Theorem 2.7 we shall use the
following result.

Remark 2.10. If P is microlocally solvable at I' C S*R”", then [Hormander 1985b, Lemma 26.4.5] gives
that for any ¥ € R” such that ' C §*Y, there exists an integer v and a pseudodifferential operator A so
that WF(A) NT" = @ and

lull-ny < CIP*ullwy + Null(-n—ny + 1 Aull @), u € CG(Y), (2-17)

where N is given by Definition 2.6.
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We shall prove Theorem 2.7 in Section 8 by constructing localized approximate solutions to P*u =0
and use (2-17) to show that P is not microlocally solvable at I". We shall first find a normal form for the
adjoint operator.

3. The normal form

Assume that P* has the symbol expansion p,, + p,,—1+- - -, where p; € St{om is homogeneous of degree j.
By multiplying P* with an elliptic pseudodifferential operator, we may assume that m = 2. Choose local
symplectic coordinates (¢, x, y, T, &, n) so that ¥ = {n = 0}, which is foliated by leaves spanned by 9, .
Since p; vanishes of at least second order at X, we find that

pat.x.y. T E ) =Y Bj(t, x,y, T, & m)nji,
Jjk
where B is homogeneous of degree O for all j, k.
The differential inequality (2-8) in these coordinates means that |3, pi| < C|p1| when n = 0, which by
Lemma 2.1 gives that

P, x,y,7,6,0=q, x,y,t,8)r(t,x,1,8)

near I, where ¢ is a nonvanishing smooth homogeneous function. By multiplying with pseudodifferential

operators with principal symbol equal to ¢!

on X, we may assume that ¢ = 1 and that p; is constant
on the leaves of ;. The Hamilton vector field of p; is then tangent to X, by (2-7).

We have assumed that P does not satisfy condition Sub(¥) on a semibicharacteristic I" of p; on X,.
Since we are now considering the adjoint P* this means that Imap; changes sign from + to — on the
flow-out I" of Hgegp, On Re apl_1 (0) for some 0 # a € C°°. By the invariance of condition Sub(¥) given
by [Hormander 1985b, Lemma 26.4.10], it is no restriction to assume that a is homogeneous and constant
in y. By multiplication with an elliptic pseudodifferential operator having principal symbol a~!, we may
assume that a = 1. Since Im p; changes sign on I, there is a maximal semibicharacteristic I’ C T" on
which Im p; = 0. Here I'’ could be a point, which is always the case if the sign change is of finite order.

Since P is of subprincipal type, we find that 9; . ; ¢ Re p; # 0 on I'” by (2-10), so I'" is transversal
to the leaves of ¥,. Since Im p;|r has opposite signs near the boundary of I'’, we may shrink I" so
that it is not a closed curve. Since Hge p, is tangent to X, we can complete T = Re p; to a symplectic
coordinate system in a convex neighborhood of I'' so that n = 0 on X;, which preserves the leaves. In
fact, this is obtained by solving the equation H;n = 0 with initial value on a submanifold transversal
to H;. The change of variables can be then done by conjugation with suitable elliptic Fourier integral
operators.

Now, using Malgrange’s preparation theorem in a neighborhood of I'" in X,, we find that

pl(tvxv Y, T, S’O) ZQ(f7x, T, S)(r+r(t,x,§)), q #0,

near I, since p; is constant on the leaves of ¥,. In fact, on I we have p; = 0 and dp; # 0, so the
division can be done locally and by a partition of unity globally near I after possibly shrinking I". Then
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using Taylor’s formula on p;, we find since g # 0 that

pi(t,x,y, T, &) =q(t,x,T.6)(T+r(t,x, &) + A, x,y, 7.6, 1n) 7). (3-1)

By multiplying P with an elliptic pseudodifferential operator, we may again assume g = 1. Since p;
vanishes of second order at X», this only changes A with terms which have Hess p; as a factor and terms
that vanish at X,.

We can write r = r| +ir, and A = A| + i A, with real-valued r; and A;, j = 1, 2. Now we may
complete

Repi=t+nr(t,x,6)+A1(t,x,y,7,6,n)n

to a symplectic coordinate system in a convex neighborhood of I'. Since Hg. , € T X5 at X, we may
keep > = {n = 0}, which preserves the leaves of X, on which p; is constant. Thus, we find that

pr=t+if(t,x, &) +iAt,x,y, 1., 1) n, (3-2)
where f =r, and A = A, are real-valued. We also find that
F:{(t7x0’ )’0’0, 50’ 0)}7 te I’ (3_3)

where [ is an interval in R. The symplectic change of coordinates can be made by conjugation with
elliptic Fourier integral operators, which only changes A with terms having Hess p, as a factor and terms
that vanish at X,. Observe that A need not be real-valued after these changes.

We have assumed that condition Sub(W) is not satisfied for P on the subprincipal semibicharacteristic I'.
Thus the imaginary part of the subprincipal symbol of P* on X,

t— f(t, xo0,50) (3-4)

changes sign from + to — as 7 increases on I C R. Similarly, we have f =0 on I'), where I'’ is given
by (3-3) with I replaced by I’ C I. By reducing to minimal bicharacteristics on which r — f(t, x, &)
changes sign as in [Hormander 1981, p. 75], we may assume that f vanishes of infinite order on a
bicharacteristic I'’ arbitrarily close to the original bicharacteristic, if I'" is not a point (see [Wittsten 2012,
Section 2] for a more refined analysis). If I'” is not a point then it is a one-dimensional bicharacteristic
by [Hormander 1981, Definition 3.5], which means that the Hamilton vector field on I'” is proportional to
a real vector.
In fact, if f(a, x9, &) > 0 > f(b, x¢, &o) for some a < b, then we can define

L(x,§)=inf{t —s:a <s <t <b suchthat f(s,x,§) >0> f(r,x,§)}

when (x, &) is close to (xo, §0), and we put Lo = liminf(y ¢)— (x,,5) L(x, &). Then for every & > 0 there
exists an open neighborhood V; of (xg, &) such that the diameter of V; is less than ¢ and L(x, §) > Lo—¢/2
when (x, &) € V,. By definition, there exists (x., &) € Ve anda < s, <t, <bsothatt, —s, < Lo+¢/2
and f(se, xe, &) > 0> f(t, xc, &). Then it is easy to see that

0% f(t, xe,6)=0 Va,p whens,+e<t<t,—e (3-5)



332 NILS DENCKER

since else we would have a sign change in an interval with length less than Ly —¢/2 in V,. We may
choose a sequence ¢; — 0 so that Se; = S0 and le; = Io. Then Lo =ty — s¢ and (3-5) holds at (xg, &) for
So <t <.
We also obtain the following condition from (2-11).
Remark 3.1. If the sign change of t — f(z, x, &) is of infinite order on I', then we find from assump-
tion (2-11) that
I{Bji}jkll + 1Al +|df] S1f1° near T on %, (3-6)

for some ¢ > 0. Here a < b (and b 2 a) means that a < Cb for some C > 0.

In fact, terms having Hess p;|s, = { B} jx as a factor can be estimated by (2-11), so we may assume
that (3-2) holds with real A. The subprincipal symbol is equal to ps = p;+i Y jk 8yj B jinx modulo terms
that are (9(|n|2), SO ps = p1 on Xy. By Remark 2.5 and (2-8), we can estimate the terms 8yj Bjidni in
dps by replacing ¢ with /2 in (2-11), so we may replace p; by p; in the estimate. Let 0 Aa =a; +ia;
with real-valued a; in (2-11) so that d Reap|rs, # 0. We have dp; =dt +i(df + Adn) on %, so

ldpi Adpi| = |df+]A]  on X.

Thus we find from (2-11) that |df |+ |A| =0 on I'. Since d Reap|rx, # 0, we find that a; # 0 on I'"
On X, we have Reap; =a vt —ay f =0 when t = a; f/a;. We obtain

Imap) =at+a f = |a|2f/a1 when Reap; =0 on X, near I/,
which gives (3-6) from (2-11).
We obtain the following normal form for these operators of subprincipal type:
P*:DI+F(t9x7y7Dl‘vavDy)a (3_7)

where F ~ F, + Fi + - -- with homogeneous F; € C*(R, S}{om)- Here F, vanishes of at least second
order on X, = {n = 0}, so we find by Taylor’s formula that

Pyt x,y. 1.6, =Bt x, y. .6, =) Bje(t.x, y, 1. &, ) (3-8)
jk
with homogeneous Bj;. Then {Bi} jk|s, = Hess F»(t, x, y, 7, §, 0). Also we have that Fy vanishes on
the semibicharacteristic I’ and

Fl(tv-x’ Yy, T’S’ r])=if(t,x,§)—|—A(t,x,y,r,€, 77)77 (3'9)

Here f is real and homogeneous of degree 1 and Ay, = 3, Fi|x,. We have that the principal symbol o (P*)
is equal to F>, and the subprincipal symbol og, (P*) is equal to T4i f on ;. Thus we obtain the following
result.

Proposition 3.2. Assume that P satisfies the conditions in Theorem 2.7. Then by conjugation with elliptic
Fourier integral operators and multiplication with an elliptic pseudodifferential operator, we may assume

P*=D;+ F(t,x,y, Dy, Dy, Dy) (3-10)
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microlocally near I' = {(t, xg, Y0, 0, &0,0) : t € [} C Xy, where SCZ1 SF=FR+F +--- withF; € Sl{
is homogeneous of degree j and

om

Fy(t.x,y, 1.6, =Y Bji(t,x, y. 7.6, 10,k € Spopy
Jjk

vanishes of second order on ¥,. We may also assume

Fl([,x’y’f,f’ 77):if(EX,S)‘i‘A(t,x’va,s’ 77)77

is homogeneous of degree 1 and f is real-valued such that t — f(t, xo, &) changes sign from + to — as
t increases on I C R. If f(t, xo, &) = 0 on a subinterval I' C I such that |I'| # 0, then we may assume
that 8,"8)‘3‘ aff(t, x0, &) =0 forall k, «, B, fort € I If the sign change of f is of infinite order then (3-6)
is satisfied near I'.

For the proof of Theorem 2.7, we shall modify the Moyer—Hormander construction of approximate
solutions of the type

w (1, x,y) = ™Y i, x, AN, A=, (3-11)
Jj=0

with N to be determined later. Here the phase function w (¢, x) will be complex-valued, but Im w > 0 and
dRew # 0 when Imw = 0. Letting z = (z, x, y), we therefore have the formal expansion

p(z, D)(exp(ilw)p) ~ exp(iiw) Z 3¢ p(z, 20,0 (2))Ra (@, A, D)$(2) /e, (3-12)

o

where Ry (w, A, D)¢(z) = D3, (exp(ikd)(z, w))¢(w))| nd

w=z a
o(z, w) =wWw) —w(@)+ (2 —w)dw(z).
Observe that the values of the symbol are given by an almost analytic extension; see Theorem 3.1 in
Chapter VI and Chapter X:4 in [Treves 1980]. This gives
e P p = (M +A B, x,y, 0r.x y@)Fidf (1, X, 0,0)—A0; B(1, X, y, 0y 1 yw) 930 /2)
+Di 410, B(t, X, y, 0y x,y@) Dyp+0, B(t. Xy, 01 x,y@) D32

+ioe f(t,x,0,w) D p+A(t, x,y, Bt,x,ya))quﬂ—Z AT R;(t,x,y,D:xy)¢p, (3-13)
j=0
where Ro(t, x,y) = Fo(t,x,y, 0;x,yw). Here the values of the symbols at (7, x, y, 9, yw) will be
replaced by finite Taylor expansions at (¢, x, y, 0, x,y Re w). In fact, the almost analytic extensions are
determined by these Taylor expansions.
Because of the inhomogeneity coming from the terms of B, we shall use a phase function w(, x)
which is constant in y so that

w(t, %, y) = 0N (0, TN, =1 (3-14)
j=0
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When 9, = 0 the expansion (3-13) becomes
e M P*e M p = h(Byw+if (1, X, 050))p+Dyp+0; B(t, X, y, 0 x,0) D3 /2

+A(t. X, Y, 050,0)Dy+ids f (1, x,0,0) Dxp+ Y A7 R;(t.x.y, Dy x )b, (3-15)
j=0
where Ry(t, x,y) = Fo(t,x,y, 0; y®,0), and R, (¢, x,y, D;, ) are differential operators of order j
in ¢, order k in x and order £ in y, where j +k + ¢ < m + 2 for m > 0. In fact, this follows since
07 8?85 Fy € Sk=i=1el=I1Bl by homogeneity.

4. The eikonal equation

We shall first solve the eikonal equation approximately, which is given by the highest-order term of (3-15)

dw+if(t,x, dyw) =0, 4-1)

where t — f(t, x, &) changes sign from + to — for some (x, £) as ¢ increases in a neighborhood of
I'={(¢, xo, &) :t € I} on which f (¢, x, &) vanishes. If || # 0 then by reducing to minimal bicharacteristics
as in Section 3, we may assume that f vanishes of infinite order at I. We shall choose the phase function
so that Imw > 0 and 32 Im® > O near the interval. By changing coordinates, it is no restriction to
assume 0 € /. We shall use the approach by Hormander [1981] in the principal-type case and use the
phase function to localize in ¢ and x. Observe that since @ does not depend on y, the localization in the
y-variables will be done in the amplitude ¢.
We shall take the Taylor expansion of w in x:

(t, x) = wo(t) + (x —xo(2), Eo (1)) + Z wq (1) (x — x0(1))* /. 4-2)
2<|a|<K
Here o = (o, a2, ... ), witha; €N, a! = ]_[j a;!and || = oy +ap +---. Then we find that

dro(t, x) = wy(r) — (xo(1), Eo(1)) + (x — x0(1), £(1))
+ Y WG —x0@) el = Y Ware (D —x0(1) xh () el (4-3)
2<|a|<K I<|a|<K-1
k
where ¢, = (0,...,0,1,0,...,0) is the k-th unit vector. We also find
Byt ) = E0;(N+ Y Ware, (D —x0(0)* /! = &0, (1) + 0 (1. x). (4-4)
I<|a|<K-1

Here & () = (§0,1(?), ...) and o = {0/}, is a finite expansion in powers of Ax = x — xo. We define the
value of f(t, x, d,w) by the Taylor expansion

ft, x,00) = f(t,x, & +0)
= f(f,x,fo)+zasjf(f,x,$o)0j+Zaéj3§kf(f,x,So)Uij/z‘l‘"' . (4-5)
J

jk
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Now the value at x = xg of (4-1) is equal to w()(t) — (x(/)(t), Eo(t)) +if(t, x0(t), &(2)). This vanishes if
Re wy (1) = (x((1), &o(1)),
Imwy (1) = — f(t, x0(t), &(1)),

so by putting wo(0) = 0, this will determine wg once we have (xo(t), £o(2)).
We shall simplify the notation and put wy = {wuk!/a!} o=k so that wy is a multilinear form. The

(4-6)

first-order terms in x — xg of (4-1) vanish if

£0(t) — wa(t)x( (1) + i (0x f (1, x0(1), §0(1)) + 0 f (£, x0(1), E0(1))wa (1)) =0.
We find by taking real and imaginary parts that

£y = Rewyxj+ 3¢ f (1, X0, &) Im w, @7
xo = (Imwy) ™' (3, £ (¢, X0, 0) + 05 f (¢, X0, £0) Re wy)
with (x9(0), £&0(0)) = (x0, &0), which will determine xo(z) and &y(¢) if | Im w;| # O.
The second-order terms in x — xg vanish if
wh/2 — w3xg/2+i (3 fws/2 + 07 /24 0:0¢ fwa + w2dF fwa/2) =0,
which gives
wh = w3xg— i (g fws + 0f f + 20,0 fw) + w207 fw2) (4-8)
with initial data w,(0) such that Im w,(0) > 0.
We find that the terms of order k > 2 vanish if
wy, — wr1X = Fr (2, x0, &0, {w;}), (4-9)

where we may choose w(0) = 0. Here Fy is a linear combination of the derivatives of f of order < k
multiplied by polynomials in w; with 2 < j <k+1. When k = K we get w}, = Fx (¢, X0, &, {w;}), where
J < K. The equations (4-7)—(4-9) form a quasilinear system of differential equations, which can be solved
in a convex neighborhood of 0. In the case when || # 0, we have assumed that Bf"x’ £ f(t, xp,&0) =0
for all &, for t € I. Then we find from (4-7)—(4-9) that xg, & and wy are constant in ¢ € I, so we may
solve (4-7)—(4-9) in a convex neighborhood of /. Observe that the higher-order terms cannot change the
condition that Im 32w > ¢ > 0 and Imw (¢, x) > 0 if [x — xo(¢)| < 1. Summing up, we have proved the
following result.

Proposition 4.1. Let I = {(t, x9, &) : t € 1} and assume that Bfagaff(t, X0, &0) =0 forallt € I in the
case |1| # 0. Then we may solve (4-1) with w(t, x) given by (4-2) in a convex neighborhood 2 of T’
modulo O(|x — xo(1)|M) for any M such that (xo(t), &(t)) = (xo, &) when t € I and wi(t) € C™ such
that wo(t) =0, Imwy(2) > 0 and wi(t) =0, k > 2, whent € I.

Then we obtain Imw (¢, x) > c|x — xo(t)|? near I, with ¢ > 0, so the errors that are O(|x — xo|Y)

M2

in the eikonal equation will give terms that are bounded by CyA™"/<. But we have to show that

t— f(t,xo(t), Eo(¢)) also changes sign from + to — as ¢ increases for some choice of (xg, &). This
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problem will be studied in the next section, with a special emphasis on the finite vanishing case. By (4-6) we
then obtain that # — Im wq(¢) has a local minimum on / which can be equal to 0 by subtracting a constant.

5. The change of sign

We have assumed that condition Sub(W) for P is not satisfied near the subprincipal semibicharacteristic
' ={(¢, xo, &) : t € I}, so that t — f (¢, x, &) changes sign from + to — for some (x, £) as ¢ increases
near I. But after solving the eikonal equation, we have to know that ¢ — f(t, xo(¢), §0(¢)) has the
same sign change, possibly after changing the starting point (xg, &). In order to do so, we shall use the
invariance of condition Sub(W), but note that condition (3-6) is only assumed when the change of sign is
of infinite order. Therefore we shall first consider the case when the sign change is of finite order and
show that this condition is preserved after solving the eikonal equation. Thus assume that

O f (0, x0, &) <0 and 3/ f(to, x0,€0) =0 for j <k (5-1)

for some odd integer k, where we may assume 79 = 0. Now, if the order of the zero is not constant in
a neighborhood of (xg, &) then in any neighborhood the mapping ¢ — f (¢, x, £) must have a zero of
odd order with sign change from + to —, and the order of vanishing is constant almost everywhere on
£~1(0). We obtain this because 8[‘ f#0, t— f(t,x,&) goes from 4 to — and the set where the order
of the zero changes is nowhere dense in f~'(0) since it is the union of boundaries of closed sets in the
relative topology. By possibly changing (%, xo, £9), we may assume that (5-1) holds with #y = 0, and that
the order of the zero is odd and constant near (xg, &). Then the zeros form a smooth manifold by the
implicit function theorem. Using Taylor’s formula, we find that f (¢, w) = a(t, w)(r — fo(w))%, where
k>1lisodd, w=(x,§&), to(wg) =0 and a < 0 in a neighborhood of (0, wg) = (0, xg, £&o). Then we find

3y f = Bualt — 1) —ak(t — 1)~y 10, (5-2)
which vanishes of at least order k — 1 in ¢ at f~1(0). Let w(r) = (xo(¢), &(7)). Then

f (@, w(@)) = f (2, wo) + 0 f (1, wo) Aw(t) + O(| Aw(1)]?),

where Aw(t) = w(t) — wg. Now ¢ — f (¢, wo) vanishes of order k in # at 0 and 7 — 9, f (¢, wo) vanishes
of at least order kK — 1, so if t — Aw(¢) vanishes of at least order k > 1 then by (5-2) we find that
t — f(t, w(t)) vanishes of order k. Since (d/dt) Aw(t) = w’'(t), we will need the following result.

Lemma 5.1. Ler (xo(t), &o(t)) be the solution to equation (4-7) with Im w,(0) # 0 and assume that
t — 0y f(t, x0, &) vanishes of orderr > 1 att = 0. Then (x(’)(t), E(’)(I)) vanishes of order r and Aw(t)
vanishes of order r+1 at t = 0.

Proof. By (4-7) we have
w'(1) = (xp(1), §5(1)) = A()dy, f (£, w(t)),  w(0) = wo. (5-3)

Here we have |A(0)| # 0 if Im w»(0) # 0; in fact w’(0) =0 then gives 9 f (0, wp) =0 and 9, f (0, wo) =0
by (4-7).
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Now we define ¢ (1) = 3y, f (£, wo) and ¢1(t) = 9y, f (t, w(r)). Then we have w'(r) = A()¢1(¢) and
the condition is that ¢g(¢) vanishes of order r > 1 at 0. We shall proceed by induction, and first assume
that » = 1. Since w(0) = wy we find ¢;(0) = ¢¢(0) = 0 and thus w’(0) = 0.

Next, for r > 1 we assume by induction that w’(¢) vanishes of order r — 1 at 0 so w®(0)=0fork <r,
and then we shall show that w” (0) = 0 so that w’ vanishes of order . Using the chain rule we obtain

||

gt wm) =Y cjadld%gt, wo) [w™ @) (5-4)
s =

for any g (¢, w) € C*. Thus, for g = d,, f we find that
o (0) = ¢ (0) + 85182 £(0, x0, E)w'(0) + - - - + 32 £ (0, x0, £)w®(0) = ¢V (0) =0

for k < r, since the other terms have some factor w'(0) =0, j < k, which implies that ¢; (#) vanishes
of order r. Since w’ = A¢, we find that w’(¢) vanishes of order r, which gives the induction step and
the proof. (I

Now, if f(z, wg) vanishes of order k then 9, f (¢, wo) vanishes of order kK — 1. Thus w’(¢) vanishes
of order k — 1 by Lemma 5.1, and since w(0) = wg we find that Aw(¢) vanishes of order k. Thus, we
find that f(z, w(t)) — f (¢, wo) vanishes of order 2k — 1, so these terms vanish of same order if k > 1. In
the case k = 1, we shall use an argument of Hormander [1981] for the principal-type case. We obtain
from (4-6) that o, (f (¢, w(t))) = —Im wg(t); thus

Im wg(0) = —3, £ (0, wo) — 5 f (0, wo) - £ — 3x £ (0, wo) - x¢, (5-5)

where 9; f (0, wg) = —c < 0. We find from (4-7) that

£,(0) = Re w2(0)x((0) + 3¢ 1 (0, wo) Im w7 (0), (5-6)
x0(0) = (Imw(0)) ™" (3 £ (0, wo) + 3 £ (0, wo) Re wy(0)).
If 9¢ £(0, wo) = O then we find that x(/)(O) = (Im w»(0)) 19, f(0, wp) and obtain
Im wg(O) =c— dy f(0, wp)(Im wz(O))_laxf(O, wo) >c/2>0 (5-7)

by choosing Im w>(0) = « Id with « > 1. If 9¢ £ (0, wo) # 0 then we may choose Re w;(0) so that
0y f(0, wo) + 9¢ £ (0, wo) Re wp(0) =0. (5-8)
Then we find x{(0) = 0 and we obtain
Im w( (0) = ¢ — 3 f (0, wo) Im w1 (0)3 £ (0, wo) > c¢/2 >0 (5-9)

by choosing Im w; (0) =k Id with 0 < k¥ < 1. Thus in both cases we find that J; f (z, w(¢)) =Im wé(t) <0
atr =0.
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We find that # — f(¢, w(#)) changes sign from + to — of order k as ¢ increases at t = 0. We may then
rewrite the equation as

Im w)(t) = t*c (1), (5-10)
where c(¢) > 0 in a neighborhood of the origin. Since Im w,(0) > 0 we find that
eHo0) < gmeod =) ey 1L i << 1, o > 0. (5-11)

Thus the errors that are O(]x —xo|™) in the eikonal equation will give terms that are bounded by Cp;1~M /2,

We shall also consider the case when ¢ — f (¢, x, &) changes sign from + to — of infinite order near I.
If I" is not a point, then by reducing to a minimal bicharacteristic as in Section 3, we may assume that
f(t, x, &) vanishes of infinite order at I. We then obtain an approximate solution to the eikonal equation
by solving (4-7)—(4-9) with initial data w = (x, &) and w(0), k > 2, which gives a change of coordinates
(t, w) — (t, w(t)). If in any neighborhood of T" = {(¢, xo, &) : t € I} there exist points in f~!(0) where
d; f <0, then as before we can construct approximate solutions in any neighborhood of I" satisfying (5-11)
withk=1.If 3, f > 0on £~'(0) in some neighborhood of I, then by the invariance of condition (W) there
will still exist a change of sign of ¢ — f (¢, w(¢)) from + to — in any neighborhood of I" after the change
of coordinates; see [Hormander 1985b, Lemma 26.4.11]. (Recall that conditions (2-8) and (2-11) hold in
some neighborhood of T'.) Thus if F'(t) = —Im w(’)(t) = f(t, w(?)) then ¢t — F(¢) has a local maximum
at some ¢ = t(, and after subtraction the maximum can be assumed to be equal to 0. By choosing suitable
initial value (xg, &) for (4-7) at t = ty, we obtain

e < ek(F(t)—c\x—xolz)’ Ix — xo| < 1, (5-12)
where F’(t) = f (¢, w(t)) so that max; F(z) = 0 with F(¢) < O for some 7 ¢ I near d1.

Proposition 5.2. Assume that t — f(t, xo, &) changes sign from + to — as t increases near I and that
8,]‘8)‘;‘8§f(t, x0,&0) =0 forall t € I when |I| # 0. Then we may solve (4-1) in a neighborhood 2 of
I = {(¢, x0, &) : t € I} modulo O(|x —xo(t)|Y) for any M, with w(t, x) given by (4-2) such that the curve
t = (xo(1), &(1)), t € (11, 1), is arbitrarily close to T, wi(t) € C*, Imwy(t) > ¢ > 0 whent € (11, t2),
ming, ) Imwy(t) =0 and Imwy(t;)) =c >0, j=1,2.

Observe that since Im wy > 0 we find that f (79, xo(t9), &0(tp)) = — Im w(’)(t) = 0 at a minimum #y €
(t1, t2). As before, the errors that are O(|x —xo|*) in the eikonal equation will give terms that are bounded
by C uA~M/2 for all M. Observe that cutting off where Im wg > 0 will give errors that are OMM) for
all M.

6. The transport equations

Next, we shall solve the transport equations given by the following terms in (3-15):
Dip+ 3, B(1. X, y. 8,50, 0) Dyp/2 + A(t, x. y, By x0, 0) Dy

+i0 f (1,2, 0:0) D+ ) AR (1. x, 7. Diy)d (6.1
Jj=0
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near I' = {(¢, xo0, Y0, 0, &9, 0) : ¢ € I'}. Here Ry(¢, x, y) = Fy(¢, x, y, 0; x», 0) and when m > 0 we have
that R, (¢, x, y, D; x,y) are differential operators of order j in #, order k in x and order £ in y, where
Jj+k+4€<m+2. Assuming the conclusions in Proposition 5.2 hold, we shall choose suitable initial
values of the amplitude ¢ at ¢ = g3, which is chosen so that Im wq(f9) = 0. Observe that the second-order
differential operator given by the first four terms in (6-1) need not be solvable in general. Instead, by
Lemma 6.1 we can treat the D, and D, terms as perturbations, using condition (3-6) in the infinite
vanishing case.

Since the phase function w(t, x) is complex-valued, we will replace the values of the symbols at
(r,&) = 0, xw(t, x) by finite Taylor expansions at (Re wé(t), &o(1)). By (4-3) and (4-4) this will give
expansions in powers of x — xo(¢) and Im w/o(t) = —f(t, xo(t), En(¢)). Then, we shall solve the transport
equations up to arbitrarily high powers of x — x((¢) and f. Since the imaginary part of the phase function
Im w > 0 vanishes of second order at x = xo(¢), we will obtain by Lemma 6.1 below that this will give a
solution modulo any negative power of A.

We shall use the amplitude expansion

¢, x, )= 0 qult, x,y) (6-2)

k>0

and solve the transport equation recursively in k. Here ¢, depends on g but with uniform bounds in a

suitable symbol class, and ¢ = A!/V

with N to be determined later. By doing the change of variables
(t,x,y) = (t —ty, x —x0(t), y — yo), we find that D, changes into D, — x(/)(t)Dx, which does not change
the order of R; as differential operator. Thus we may assume 7y =0, xo(#) =0 and yo = 0.

1/N

Next, we apply (6-1) on ¢ given by (6-2). Since o = A'/", we obtain the terms

Di¢ + Ao(t, x)Dxp + A1(1, X, ) Dy + Aa(t, x, Dy + Y0 /NR;(t, %, y, Dix )b, (6-3)

j=0
where

Ao(t, x) =id: f(t, x, Eo(t) + 0 (1, X)) — x4(2),
Ai(t,x,y) = A(t,x,y, do(t, x), &) +o(t, x), 0), (6-4)
Ax(t,x,y) =0 By(t, x, y, o (t, x), &(1) + o (1, x),0)/2. (6-5)

Here o (¢, x) is given by (4-4) and 0,w (¢, x) by (4-3), where the expansion will be up to a sufficiently
high order in x. Observe that after the change of variables we have o (¢, 0) = 0. The values of the symbols
will as before be defined by finite Taylor expansions in the - and &-variables, which gives expansions in
powers of x and f (¢, 0, £(1)).

We are going to construct solutions ¢y (¢, x, y) = ¢« (¢, x, 0y) so that y — ¢ (¢, x, y) € C5° uniformly
in o, which gives localization in |y| < 0. Therefore we shall choose oy as new y-coordinates. Then (6-3)
becomes

D;¢+ Ao(t, x) Dy +0A1 (1, X, y/@) Dyp +0* Ax(t, x, y /@) Db

+Y 0 /"R;(t,y/0.x, D;, Dy, 0Dy)$. (6-6)
Jj=0
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By Proposition 5.2 the phase function e/**(-*) gives the cut-off in x, and we shall expand the symbols
in powers of x. Now the Taylor expansion of x — 02As(t, x, y/0) will give terms that are O(p%x).
Therefore we take o”x as new x-coordinates, which gives

Di¢ + 0> Ao(t, x/0*)Dxp +0A1(t, /0, y/0) Dyd +0* Ax(1, x /0%, y/0) D}
+> 0 /R;(t.y/0.x/0". Di. @* Dy, 0Dy)¢. (6-7)

Jj=0
Now the phase function e/**%) is ©(e=¢"'1*") in the new coordinates. So if we take N > 4, it
suffices to solve the transport equation up to a sufficiently high order of x; then we may cut off where
|x| < 1, which corresponds to |x| < o072 in the original coordinates. Thus we expand in x:

Gt x.0) =Y Pralt, ))x*  $ralt,y) € CF, (6-8)
k,a
Ao(t, x/@*) Dy =" Agaj (0 XDy,
a’j

Aj(t,x/0% y/0) =) Ajalt,y/0)0 ?*x", j>0,
o

Ri(t.x/0% ¥/0.0Dy. @*Dx) = > Riwiwult.y/@)o 2@ pipi DI (6:9)
o, b, v, 1L
Here £ + |v]| + || < k + 2 so we have at most the factor o?/VI*1#l < o%+4 in (6-9). When k = 0 we have
£+ |v|+|u| =0and

Ro(t,x/0% y/0) = _ Rou(t, y/@)o 2!x".

o

Observe that the coefficients in the expansions are given by expansions in powers of f (¢, 0, £(¢)). After
cut-off in x we find in the original coordinates that ¢y (¢, x, y) = @i (f, 0°x, 0y), Where ¢, for any 7 is
uniformly bounded in C{°.

We shall first apply (6-7) on ¢ and expand in x. Then we find that the terms that are independent of x are

Dipoo—io® ZAO,O,j (1)o.e;+0A10(2, ¥/0)Dydo.0+0* Az o(t, )’/Q)D§¢0,0+Ro,o(t, y/@)$o,0. (6-10)
J

We shall need the following result, which gives estimates on f and A ; on the interval of integration. It will
be proved in the next section. In the following, we shall denote f(¢) = f (¢, 0, &y(¢)) and F () = fot f(s)ds.
Observe that f(0) = 0 since Im w;,(0) = 0.

Lemma 6.1. Assume that the conclusions in Proposition 5.2 hold and that (3-6) holds if t — f (t) vanishes
of infinite order at 0. Then there exists € and C > 1 with the property that if N > C, o0 = AN > C and

|LfO+

/0 |Ao(s, 0)| +141(s, 0, y/0)| + 1 Aa(s, 0, y/0) | ds| = C/o® (6-11)

holds for some |y| < o/C, then LF(s) < —\?/C for some s in the interval connecting 0 and t.
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Observe that if Lemma 6.1 holds for some ¢ and C, then it trivially holds for smaller ¢ and larger C.
We shall assume that ¢ < 1 and that both N and A are large enough so that the conclusion in Lemma 6.1
holds. Since (6-11) does not hold when ¢ = 0, we can choose the maximal interval / containing O such
that (6-11) does not hold in 7; thus

t
If(t)IJrV0 |Ao(s, 0)] +141(s, 0, y/0)| + | Aa(s5, 0, y/0) | ds| < C /o>, t€l, (6-12)

when |y| < o/C. By definition we obtain that (6-11) holds for some |y| <o/C when t € 1, so Lemma 6.1
gives that AF < —Af at 31, for some open interval Iy C I that contains 0. This means that ¢/**"0) =
e < Cya~N forany N at 31y when A > 1. Since F’ = f is uniformly bounded and the left-hand side
of (6-12) is Lipschitz continuous, we may cut off near Ip with x (¢) € S(1, AN G2y ¢ S, A*722dt?) for
N > 1 so that x(0) #0, AF(r) < —Af in supp x’ and (6-12) holds with some C when ¢ € supp x and
|y] < o/C. Then as before, the cut-off errors can be absorbed by the exponential and the expansion in
powers of f(¢,0,£(0)) = f(¢) is justified. In fact, f(¢) = 0(@‘3) in supp x, which gives errors of any
negative power of ¢ = A!/V. The bound on the integral in (6-12) means that we can ignore the A j terms
in (6-10) in supp x modulo lower-order terms in . In the following we shall change the notation and let

I = supp x. We need to measure the error terms in the following way.
Definition 6.2. For a(t) € L°°(R) and « > 0, we say that a(t) € I (k) if fot a(s)ds =O(k) forallt € I.

For example, f(¢) € I(0>), and since the integral in (6-12) is O(0o ) in I, the integrand is in 7 (0 >).
Then according to (6-12) it suffices to solve

D;¢o,0 = —Ro,000,0, €1, (6-13)

to obtain that the terms in (6-10) are in (Q_l); here Roo(f, y/0) € C* uniformly since ¢ > 1. Now we
can solve (6-13) with ¢ 0(0, y) = ¢(y) € C;° uniformly with support where |y| < 1 such that ¢ (0) = 1.
In fact, the solution is ¢ o(¢, y) = E(t, y)¢(y), where

t
E(,y)= exp(—i/ Ro.o(s, y/0) ds), tel,
0

is uniformly bounded in C*. Thus ¢¢ o(¢, ¥) € C* uniformly and by choosing ¢ (y) with sufficiently
small support, we obtain for any ¢ € I that ¢ o(z, - ) has support in a sufficiently small compact set in
which (6-12) holds.

The coefficients of the terms in (6-7) which are homogeneous of degree o # 0 in x are

Dipo.utRo0(t, y/@)b0.a—i Y Aop i (1) (@j+1—B)Po.are,—p+ Y Arp(t,y/0)Dipou—p (6-14)

IB1=1 |Bl=1
J

modulo 7 (o™ 1). Letting @4 ; = {Pk o }joj=j and @y = {Py ;}; for k, j > 0, we find that (6-14) vanishes
if @ satisfies the system

D;®g i = Sé,o%,k + Sg,lcbo,kq, (6-15)
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where Sgﬁo(t) is a uniformly bounded matrix depending on ¢, and Sg’l (t, y/o, Dy) is a system of uniformly
bounded differential operators of order 2 in y when |y| < 0. Let Eg x(¢) be the fundamental solution to
D, Eox = S§ o Eo.x so that Eg(0) =1d. Then letting

Dor(t, y) = Eor(t)Wor(t,y),

the system (6-15) reduces to

DWox(t, y) = Eg 1 St 1 EoxWoi-1(t, ).

This is a recursion equation which we can solve uniformly in / with W (¢, y) having initial values
Wy x(0,y) =0 for 0 < k < M. Observe that since the initial data ®¢ ;(0, y) has compact support, we
find that ®¢ ¢ (¢, y) € C* uniformly. For any ¢ we find that ®g (¢, y) has support in a sufficiently small
compact set so that (6-12) holds for any ¢ € 1.

We shall now apply (6-7) to ¢ given by the full expansion (6-8). We find that the coefficients of the
terms in (6-7) which are homogeneous of degree o # 0 in x are equal to

Q_1<Dt¢l,a+RO,0(tay/Q)¢l,a_i E Ao,,s,j(f)(a,/+1—,3j)¢1,a+e,-—ﬂ+E Arp(t.y/Q) D1 a—p
1B1=1 1B1=1
J

+ > ALp(t,y/0)D3doa—p—ic’ Y Aooj((@j+1)poate,+0 A2 0(t, y/@)D§¢o,a> (6-16)
|B1=1 J

modulo 7 (0~2). We find that (6-16) vanishes if ®; satisfies the system
D@y =S o ®rx+ S @1 ko1 +AJD, (6-17)

where S{‘,O(t) is a uniformly bounded matrix depending on ¢, S{"l (t, y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < ¢ and A? is a differential operator in y of order 2
with coefficients in 7 (1) because of (6-12). By letting @ x = E; W x with the fundamental solution E j
to D/Ey = S]f,oEl,k’ E1 x(0) =1d, this reduces to the equation

DW= E ST Epi—1 W1 -1 + E] A Do

Thus we can solve (6-17) in [ recursively with uniformly bounded @ ; having initial values @ (0, y) =0,
k > 0. But observe that ®; is not in C* uniformly; instead we have D,JCD1 = (’)(93) if j > 1, since
|8t]A?| < C;o? for all j by (6-16). For that reason, we shall define SS C C*™ by

18/ 0% (1, y)| < Cja0® V)@ (6-18)

when ¢ € Sg. Observe that ¢ € Sg if and only if ¢ (¢, y) = x (0’t, y), where x € C* uniformly, and that
the operator 03D, maps Sg > SS. Note that the expansion of the symbols also contains terms with
factors Q3fk, k > 1, which are uniformly bounded in SS for t € I by (6-12). Since fot A(l) dt € SS in 1,
we find that ®; € SS in 1.
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Recursively, the coefficients of the terms in (6-7) that are homogeneous in x of degree « are

0" (Dz¢k,a—i Z Ao,pj () (ej+1=Bj)Prr2-218),a+e;—p
B#0

+Z Ay p(t, Y/Q)Dy¢k+1—2|ﬁ\,a—ﬁ+z Az p(t.y/Q) Dirsa—2ipla—p
B0 B0

—ig’® Z A0,0j @+ DBk 1.ate;+0° A10(t, ¥/0) Dydi—2.a+0> A20(t, ¥/0) Dyi—1.a
J

+ Z Q_jNRj,ﬂ,z,u,u(f,y/Q)Ca,ﬁ,uQ_zlﬁHzlvH”IHHE(Q_3Dt)(D’yL¢k—i,a+v—ﬂ>
L+v|+|pnl<j+2
(6-19)
modulo 7 (0™*~1). Here the last sum has £+ |v| + || = 0 when j =0, (0=>D,)* D} maps SS > Sg and
the values of the symbols are given by a finite expansion in powers of f ().
Since ¢; € SS we obtain that the terms in (6-19) are in [ (Q_k_l) if

Dy —i Y Aop (@) + 1= B Gira-2iprate,—p+ D ALp(t, y/Q) Dydis1-ipl.a—p

B#0 B#0
+ Z Az p(t, y/@)Drs2-21pl.a—p — iQ° Z Ao,0,j (@) + Dk—1,a+e;
B#0 J
+0 A10(t, y/0)Dypr—2.4 + 0> Az o(t, y/Q)ng)k—l,a
=— > Rjp.twu(t, y/0)Capv(@ D) Dlidiiayvp. (6-20)

430420 |+u|=j N+2|8]
L+l ul=j+2

When j =0 we find that £ + |v| 4+ || =0, i = 2|8]| and we only have an expansion in § in the last sum.
Nowif j >0, £+ |v|+|u| <j+2andi+3€+42|v|+ |u| = jN + 2|B]| then we find that

JN <i+30+2v|+|p|l <i+3(+2),
which givesi > j(N —3) —6> N —9>1if N > 10. Thus we find that (6-20) can be written as
D @y = Ay +Af Dy +ASD o+ -, (6-21)
where fot A’; dt is a uniformly bounded differential operator on SS fort € I and j > 0. We have
(A§Pe)j = S, 0P + S, Prj1.

where S,{’O(t) is a uniformly bounded matrix depending on ¢, and S ,f 1z, y/0, Dy) is a system of uniformly
bounded differential operators of order 2 when |y| < . By letting & ; = Ej ;W ; with the fundamental
solution Ey ; to D/ Ey ; = S,{’OEk, j» Er j(0) =1d, (6-21) becomes a system of recursion equations in j
and k. Thus (6-21) can be solved in I with &, € SS having initial values ®;(0) =0, k£ > 0. We find
from (6-8) and the definition of SS that ¢ (t, x, y) = ¢ (Q3t, sz, 0y), where ¢ € C* uniformly when
t € 1. Thus we can solve the transport equation (6-1) up to any negative power of L. Observe that by
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cutting off in 7 and x, we may assume that ¢ € Cg° has fixed compact support in (x, y) and support
where |¢| < o3. It follows that the support of ¢ can be chosen in an arbitrarily small neighborhood of T
for large enough A. Changing to the original coordinates, we obtain the following result.

Proposition 6.3. Assume that the conclusions in Proposition 5.2 hold, and that (3-6) is satisfied near I'
when the sign change of t — f(t, xo, &) is of infinite order. If 0 = AN for sufficiently large N,
then for any K and M we can solve the transport equations (6-20) for k < K and |o| < M near
{(¢, xo(t), yo) : t € [t1, 12]}. By (6-8) this gives

G, x,y) = ¢ (0t —19), 0*(x —x0(1), 0(y —30)), k<K,

where ¢y (t, x, y) € C™ uniformly, has support where |x|+ |y| S 1 and |t] < Q3, and ¢p(0,0,0) =1 for
some ty € (11, tp) such that Im wy(ty) = 0.

7. The rate of change of sign

We have showed that t — f (¢, x, &) changes sign from + to — on an interval /. Then

t t
F(I)Zf f(s,XO(S),So(S))dSZ/ f(s)ds (7-1)

has a local maximum in the interval. By choosing that maximum as the starting point, we may assume it
is equal to O so that F(¢) < 0. By changing ¢-coordinate, we may assume F'(0) = 0. We shall study how
the size of the derivative f affects the size of the function F.

Lemma 7.1. Assume that 0 > F(t) € C* has local maximum at t =0, and let I, be the closed interval
joining 0 and tg € R. If
max |F'(0)]=|F' ()=« <1

0

with |ty| > «© for some ¢ > 0, then we have minlro F(t)<-C QK1+Q. The constant C, > 0 only depends
on o and the bounds on F in C*,

Proof. Let f = F'. Then since F(t) = F(0) + fot f(s)ds < fot f(s)ds, it is no restriction to assume the
maximum F'(0) = 0. By switching ¢ to —¢, we may assume fy < —k€ < 0. Let

g() =k f (g +1xc?). (7-2)
Then |g(0)| =1, |g(t)|<1for0<t <1 and
g™ @01 =1 F M (@ + 16| < Cy
when N > 1/p for 0 <t < 1. Using the Taylor expansion at t =0 for N > 1/0, we find
g(®) =p®)+r(), (7-3)

where p is the Taylor polynomial of order N — 1 of g at 0, and

1
r (1) =sz gM sy —s)Nds/(N —1)! (7-4)
0
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is uniformly bounded in C* for 0 <t < 1 and r(0) = 0. Since g also is bounded on the interval, we
find that p(¢) is uniformly bounded in 0 < ¢ < 1. Since all norms on the finite-dimensional space of
polynomials of fixed degree are equivalent, we find that p®(0) = ¢g®(0) are uniformly bounded for
0 < k < N which implies that g(¢) is uniformly bounded in C* for 0 < < 1. Since |g(0)| = 1, there
exists a uniformly bounded § —1 > 1 such that lg(t)| = % when 0 <t < §; thus g has the same sign in that

interval. Since g(s) = Kflf(to + 5k%), we find
to+38k°
K_Q/ N AOY

s
/ g(s)ds
0 to

Since fy 4+ 8x¢ < 0, we find that the variation of F () on [fo, 0] is greater than 8x'7¢/2 and since F <0,
we find that the minimum of F on I, is smaller than —&i!%¢ /2. g

Proof of Lemma 6.1. As before we let F(¢) satisfy F(0) =0 and F’(¢t) = f(¢), where f(t) = f(t, 0, & (1))
satisfies f(0) = 0. We have assumed that the estimate (3-6) holds near I' if f(¢) vanishes of infinite order
at t = 0. Observe that the term x(’)(t) in Ag can be estimated by |9y, f (¢, 0, &y(¢))| by (4-7), which gives
that |Ag(z, 0)| < [0y f(2, 0, & (1))|. We find from (4-3), (4-6) and (4-7) that

190 (r, 0)| S 1f (D] + 10w £ (2,0, §o(1)].

§/2 < . (7-5)

Thus (6-11) follows if

| fO1+

/0 | £ ()| + Ao(s, 0) + Ai(5, 0, y/0) + Aa(s, 0, y/0) ds| Z 07, (7-6)

where

Ao(t) = 18, £ (1,0, £(1))],
Ai(t,y/0) = A, 0, y/0,0,&(1), 0)], (7-7)
Ay(t,y/e) =10, B(t,0, y/0. 0. &(1). 0)]. (7-8)

In the following we shall suppress the y-variables in (7-6); the results will be uniform when |y| < co for
some ¢ > 0 since (3-6) holds near I'. Observe that if | f(s)| and A;(s) are K 03 for0< j <2 whens is
between 0 and ¢, then (7-6) does not hold.

We shall first consider the case when | f ()| = |¢|™ vanishes of finite order at + = 0. Then the order
must be odd so we find F () = fot f(s)ds <0andc < |F(t)|/t2k < C <0 for some k > 0. Thus we find

0% ‘f | £ ()] + Ao(s) + A1(s) + Aa(s) ds| S 1t S TF @)/ (7-9)
0

implies that | F ()| > 0~ Since A = ¢", we then obtain AF(¢) < —oV =% < —p =AYV if N > 6k. The
case when [t~ = | f(1)| = 073 gives that [t] > 073/ Ck=D 50 AF (1) < —oV /=D < _pif N > 6.
Now one of these cases must hold if (6-11) holds, so we get the result in the finite vanishing case.

Next, we consider the infinite vanishing case. Then we have assumed that condition (3-6) holds, which
means that

2
A0 SIFOF,

j=0
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which implies that A;(0) = 0 for all j. Now we assume that (7-6) holds at 7; by switching 7 and —¢, we
may assume ¢ > 0. Then we obtain for some s € [0, ¢] that | f(s)| > CQ_3 orAj(s) > CQ_3 for some ¢ > 0
and j. Now we define f( as the smallest #yp > O such that | f(#p)| = CQ_3 or Aj(ty) = CQ_3 for some j;
then ry < t. Then we obtain from condition (3-6) in the first case that cg_3 =1ft)| <1 f(t)|° and in
the second case that

co™ = A;(to) S| f(to)lf. (7-10)

/N

Since o = A /"', we find in both cases that

AN — e <l fto)l, ¢>0, (7-11)

where A > 1 if and only if ¥ < 1. By taking the smallest #y > 0 such that (7-11) is satisfied, we find that
| f ()] <|f(t)] for 0 <t <ty. Since f(¢) vanishes of infinite order at t =0, we find using Taylor’s formula
that | f(t)] < Cp|t|M for any positive integer M. (Actually, it suffices to take M = 1.) Condition (7-11)
then gives

M )M S ol (7-12)

so using Lemma 7.1 with o = 1/M, we find that

min F(s) < —TYM = 3 S3AFYM/EN 5 s 1. (7-13)

0<s<rty
Thus we find that ming<; <, F(s) S — 1 forsome ¢ > 0if 3(1+1/M)/eN <1, thatis, N >3(14+1/M) /¢,
which gives Lemma 6.1. O

8. The proof of Theorem 2.7

We shall use the following modification of [Hormander 1985b, Lemma 26.4.15]. Recall that ||u|| ) is the
L? Sobolev norm of order k of u € C{° and let Dp. = {u € D' : WF(u) C T'} for I' € T*R".

Lemma 8.1. Let

M
. (x) = A 2 exp(ide () Y ¢ Px)nTIe =1, (8-1)
j=0
witho >0, 0 <8 <1, w € C*(R") satisfying Imw > 0, [dRew| > ¢ > 0, and ¢; € C°(R"). Here w
and ¢ ; may depend on A but uniformly, and ¢ ; has fixed compact support in all but one of the variables,
for which the support is bounded by CA°. Then for any integer N we have

luall oy < €AY, A= 1. (8-2)
If ¢o(x0) # 0 and Im w(x9) = 0 for some xq then there exists ¢ > 0 so that
lusll =y > ca™N=n/2HE=D2 5 > 10 v, (8-3)
Let 2=, U ;supp¢; (A% -) and let T be the cone generated by

{(x, d0(x)) :x € T, Imw(x) =0}. (8-4)
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Then for any k we find X*u;, — 0 in Dr., so A Auy — 0in C® if A is a pseudodifferential operator such
that WE(A) NT = &. The estimates are uniform if w € C* uniformly with fixed lower bound on |d Re w,
and ¢; € C$° uniformly with the support condition.

In the expansion (8-1), we shall take o = 1/N and § = 3/N with N > 3, and the cone I" will be
generated by

{(t. x0(0), y0.0,&(1),0) : 1 € T}, (8-5)

where I = {t : Imwp(t) = 0}. Observe that the phase function in (4-2) will satisfy the conditions in
Lemma 8.1 near {(¢, xo(¢), yo) : t € I} since &y(¢) # 0 and Im w (¢, x) > 0 by Proposition 5.2. Also, we
find from Proposition 6.3 that the functions ¢, will satisfy the conditions in Lemma 8.1 with § =3/N
after making the change of variables (¢, x, y) — (t — ty, x — xo(t), y — yo) since ¢o(ty, xo(to), yo) = 1.
Observe that the conclusions of Lemma 8.1 are invariant under uniform changes of coordinates.

Proof of Lemma 8.1. We shall modify the proof of [Hormander 1985b, Lemma 26.4.15] to this case. We
have

M
ﬁA(S) — )\'(n—l)S/Z Z)\—jé / ei)»w(x)—i(x,é)(bj ()»SJC) dx. (8-6)
j=0

Let U be a neighborhood of the projection on the second component of the set in (8-4). When £/A ¢ U,
for A > 1 we find that

Jsuppg; (3% ) 3 x > (Go(x) — (x. £))/ (L + [E])

J

is in a compact set of functions with nonnegative imaginary part with a fixed lower bound on the gradient
of the real part. Thus, by integrating by parts we find for any positive integer k that

|05, (8)] < CA D28 G 1enTR g U, o>, (8-7)

which gives any negative power of A for k large enough, since § < 1. If V is bounded and 0 ¢ V then
since u;, is uniformly bounded in L% we find

f ) ()1 + &)V de < cya?N, (8-8)
A

which together with (8-7) gives (8-2). If x € C3° then we may apply (8-7) to xu,; thus we find for any
positive integer k that

X1, (&) < CA =D G ey gew, a1, (8-9)

if W is any closed cone with (supp x x W) NT" = &. Thus we find that A*u; — 0 in Dy for every k. To
prove (8-3) we may assume that xo = 0 and take ¢ € C;°. If Imw(0) = 0 and ¢(0) # O then since § < 1,
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we obtain

kn—(n—l)S/Ze—iARew(O) (u)“ w()\‘ . )) — f ei)»(w(x/)\)—Rew(O))v/(x) Zd’j()"(s_]x))\-_js dx
J

N f e ReB0OX) ()b (0) dx, K —> 00, (8-10)

which is not equal to zero for some suitable ¥ € C°. Since
Il () llwy < CvaN =72, (8-11)
we obtain from (8-10) that 0 < ¢ < AN+#/2=(=D5/2) || _ v which gives (8-3) and the lemma. O

Proof of Theorem 2.7. By conjugating with elliptic Fourier integral operators and multiplying with
pseudodifferential operators, we obtain that P* € \IJC21 is of the form given by Proposition 3.2 microlocally
near I' = {(¢, xo, y0, 0, &9, 0) : ¢ € I}. Thus we may assume

P*=Dl‘+F(ta-xayaD19DX’Dy)+R7 (8_12)

where R € II/C21 satisfies WE(R)NT" = @.

Now we can construct approximate solutions u, of the form (3-14) by using the expansion (3-15). By
reducing to minimal bicharacteristics, we may solve first the eikonal equation by using Proposition 5.2 and
then the transport equations (6-20) by using Proposition 6.3 with ¢ = A/ for N > 3. Thus after making
the change of coordinates (¢, x, y) — (¢ —ty, x — x0(¢), ¥y — Yo), we obtain approximate solutions u; of
the form (8-1) in Lemma 8.1 with o =1/N and § =3/N. For N large enough, we may choose K and M
in Proposition 6.3 so that |(D; 4+ F)u,| < A~ for any k. Now differentiation of (D, + F)u; can at most
give a factor A since § < 1, and a loss of a factor x — x((¢) gives at most a factor 1!/ 2, Because of the
bounds on the support of #;, we may obtain

I(D; + F)uslloy = 007N (8-13)

for any chosen v. Since ¢ (ty, x0(f), yo) =1 by Proposition 6.3 and Im w (g, xo(#p)) =0 by Proposition 5.2,
we find by (8-2)—(8-3) that

)\.—N—}’l/z < A—N—n/2+(n—1)5/2 S ||u||(—N) S )\‘—N VN, A > 1. (8'14)

Since u; has support in a fixed compact set that shrinks towards {(¢, xo(¢), yo) : t € I} as L — 00, we
find from Lemma 8.1 that ||Ru]|(,) and ||Aul|) are O(X~N=") if WF(A) does not intersect I". Thus
we find from (8-13) and (8-14) that (2-17) does not hold when A — o0, so P is not solvable at I" by
Remark 2.10. O

References

[Cardoso and Treves 1974] F. Cardoso and F. Treves, “A necessary condition of local solvability for pseudo-differential equations
with double characteristics”, Ann. Inst. Fourier (Grenoble) 24:1 (1974), 225-292. MR Zbl


http://dx.doi.org/10.5802/aif.499
http://dx.doi.org/10.5802/aif.499
http://msp.org/idx/mr/0350233
http://msp.org/idx/zbl/0273.35058

OPERATORS OF SUBPRINCIPAL TYPE 349

[Colombini et al. 2003] F. Colombini, L. Pernazza, and F. Tréves, “Solvability and nonsolvability of second-order evolution
equations”, pp. 111-120 in Hyperbolic problems and related topics, edited by F. Colombini and T. Nishitani, International
Press, Somerville, MA, 2003. MR

[Colombini et al. 2010] F. Colombini, P. D. Cordaro, and L. Pernazza, “Local solvability for a class of evolution equations”, J.
Funct. Anal. 258:10 (2010), 3469-3491. MR Zbl

[Dencker 2006] N. Dencker, “The resolution of the Nirenberg—Treves conjecture”, Ann. of Math. (2) 163:2 (2006), 405—444.
MR Zbl

[Dencker 2016] N. Dencker, “Solvability and limit bicharacteristics”, J. Pseudo-Differ. Oper. Appl. 7:3 (2016), 295-320. MR
Zbl

[Egorov 1977] J. V. Egorov, “Solvability conditions for equations with double characteristics”, Dokl. Akad. Nauk SSSR 234:2
(1977), 280-282. In Russian; translated in Sov. Math. Dokl. 18 (1977), 632-635. MR Zbl

[Gilioli and Treves 1974] A. Gilioli and F. Treves, “An example in the solvability theory of linear PDE’s”, Amer. J. Math. 96
(1974), 367-385. MR Zbl

[Goldman 1975] R. Goldman, “A necessary condition for the local solvability of a pseudodifferential equation having multiple
characteristics”, J. Differential Equations 19:1 (1975), 176-200. MR Zbl

[Hormander 1977] L. Hormander, “The Cauchy problem for differential equations with double characteristics”, J. Analyse Math.
32 (1977), 118-196. MR Zbl

[Hormander 1981] L. Hormander, “Pseudodifferential operators of principal type”, pp. 69-96 in Singularities in boundary value
problems (Maratea, Italy, 1980), edited by H. G. Garnir, NATO Adv. Study Inst. Ser. C: Math. Phys. Sci. 65, Reidel, Dordrecht,
1981. MR

[Hormander 1983] L. Hormander, The analysis of linear partial differential operators, I: Distribution theory and Fourier
analysis, Grundlehren der Mathematischen Wissenschaften 256, Springer, Berlin, 1983. MR Zbl

[Hormander 1985a] L. Hormander, The analysis of linear partial differential operators, III: Pseudodifferential operators,
Grundlehren der Mathematischen Wissenschaften 274, Springer, Berlin, 1985. MR Zbl

[Hormander 1985b] L. Hormander, The analysis of linear partial differential operators, 1V: Fourier integral operators,
Grundlehren der Mathematischen Wissenschaften 275, Springer, Berlin, 1985. MR Zbl

[Mendoza 1984] G. A. Mendoza, “A necessary condition for solvability for a class of operators with involutive double
characteristics”, pp. 193—-197 in Microlocal analysis (Boulder, CO, 1983), Contemp. Math. 27, Amer. Math. Soc., Providence,
RI, 1984. MR Zbl

[Mendoza and Uhlmann 1983] G. A. Mendoza and G. A. Uhlmann, “A necessary condition for local solvability for a class of
operators with double characteristics”, J. Funct. Anal. 52:2 (1983), 252-256. MR Zbl

[Mendoza and Uhlmann 1984] G. A. Mendoza and G. A. Uhlmann, “A sufficient condition for local solvability for a class of
operators with double characteristics”, Amer. J. Math. 106:1 (1984), 187-217. MR Zbl

[Nishitani 2004] T. Nishitani, “Effectively hyperbolic Cauchy problem”, pp. 363—449 in Phase space analysis of partial
differential equations, vol. 2, Scuola Norm. Sup., Pisa, 2004. MR Zbl

[Popivanov 1974] P. R. Popivanov, “The local solvability of a certain class of pseudodifferential equations with double
characteristics”, C. R. Acad. Bulgare Sci. 27 (1974), 607-609. In Russian. MR

[Treves 1973] F. Treves, “Concatenations of second-order evolution equations applied to local solvability and hypoellipticity”,
Comm. Pure Appl. Math. 26 (1973), 201-250. MR Zbl

[Treves 1980] E. Treves, Introduction to pseudodifferential and Fourier integral operators, vol. 2: Fourier integral operators,
Plenum Press, New York, 1980. MR Zbl

[Wenston 1977] P. R. Wenston, “A necessary condition for the local solvability of the operator PnzZ (x, D)+ Py _1(x, D)”, J.
Differential Equations 25:1 (1977), 90-95. MR Zbl

[Wenston 1978] P. R. Wenston, “A local solvability result for operators with characteristics having odd order multiplicity”, J.
Differential Equations 28:3 (1978), 369-380. MR Zbl

[Wittsten 2012] J. Wittsten, “On some microlocal properties of the range of a pseudodifferential operator of principal type”,
Anal. PDE 5:3 (2012), 423-474. MR Zbl


http://msp.org/idx/mr/2056845
http://dx.doi.org/10.1016/j.jfa.2009.12.004
http://msp.org/idx/mr/2601625
http://msp.org/idx/zbl/1203.35009
http://dx.doi.org/10.4007/annals.2006.163.405
http://msp.org/idx/mr/2199222
http://msp.org/idx/zbl/1104.35080
http://dx.doi.org/10.1007/s11868-016-0164-x
http://msp.org/idx/mr/3529174
http://msp.org/idx/zbl/06643404
http://msp.org/idx/mr/0460861
http://msp.org/idx/zbl/0373.35059
http://dx.doi.org/10.2307/2373639
http://msp.org/idx/mr/0355285
http://msp.org/idx/zbl/0308.35022
http://dx.doi.org/10.1016/0022-0396(75)90027-3
http://dx.doi.org/10.1016/0022-0396(75)90027-3
http://msp.org/idx/mr/0380171
http://msp.org/idx/zbl/0305.35085
http://dx.doi.org/10.1007/BF02803578
http://msp.org/idx/mr/0492751
http://msp.org/idx/zbl/0367.35054
http://msp.org/idx/mr/617227
http://msp.org/idx/mr/717035
http://msp.org/idx/zbl/0521.35001
http://msp.org/idx/mr/781536
http://msp.org/idx/zbl/0601.35001
http://msp.org/idx/mr/781537
http://msp.org/idx/zbl/0612.35001
http://dx.doi.org/10.1090/conm/027/741048
http://dx.doi.org/10.1090/conm/027/741048
http://msp.org/idx/mr/741048
http://msp.org/idx/zbl/0539.35085
http://dx.doi.org/10.1016/0022-1236(83)90084-8
http://dx.doi.org/10.1016/0022-1236(83)90084-8
http://msp.org/idx/mr/707206
http://msp.org/idx/zbl/0516.58041
http://dx.doi.org/10.2307/2374435
http://dx.doi.org/10.2307/2374435
http://msp.org/idx/mr/729760
http://msp.org/idx/zbl/0567.58027
http://msp.org/idx/mr/2208880
http://msp.org/idx/zbl/1117.35040
http://msp.org/idx/mr/0350234
http://dx.doi.org/10.1002/cpa.3160260206
http://msp.org/idx/mr/0340804
http://msp.org/idx/zbl/0266.35060
http://msp.org/idx/mr/597145
http://msp.org/idx/zbl/0453.47027
http://dx.doi.org/10.1016/0022-0396(77)90181-4
http://msp.org/idx/mr/0470443
http://msp.org/idx/zbl/0356.35011
http://dx.doi.org/10.1016/0022-0396(78)90134-1
http://msp.org/idx/mr/0473493
http://msp.org/idx/zbl/0389.35048
http://dx.doi.org/10.2140/apde.2012.5.423
http://msp.org/idx/mr/2994504
http://msp.org/idx/zbl/1264.35295

350 NILS DENCKER

[Yamasaki 1980] A. Yamasaki, “On a necessary condition for the local solvability of pseudodifferential operators with double
characteristics”, Comm. Partial Differential Equations 5:3 (1980), 209-224. MR Zbl

[Yamasaki 1983] A. Yamasaki, “On the local solvability of D% + A(xp, D)”, Math. Japon. 28:4 (1983), 479-485. MR Zbl

Received 23 Nov 2015. Revised 18 Sep 2016. Accepted 1 Nov 2016.

NILS DENCKER: dencker@maths.lth.se
Centre for Mathematical Sciences, University of Lund, Box 118, SE-221 00 Lund, Sweden

mathematical sciences publishers :'msp


http://dx.doi.org/10.1080/0360530800882138
http://dx.doi.org/10.1080/0360530800882138
http://msp.org/idx/mr/562542
http://msp.org/idx/zbl/0436.35080
http://msp.org/idx/mr/717519
http://msp.org/idx/zbl/0558.35008
mailto:dencker@maths.lth.se
http://msp.org

ANALYSIS AND PDE
Vol. 10, No. 2, 2017

dx.doi.org/10.2140/apde.2017.10.351

ANISOTROPIC ORNSTEIN NONINEQUALITIES

KRYSTIAN KAZANIECKI, DMITRIY M. STOLYAROV AND MICHAE WOJCIECHOWSKI

We investigate the existence of a priori estimates for differential operators in the L' norm: for anisotropic
homogeneous differential operators 71, ..., T;, we study the conditions under which the inequality

¢
1T fll, ey S Z 175 £, e

j=2
holds true. Properties of homogeneous rank-one convex functions play the major role in the subject. We

generalize the notions of quasi- and rank-one convexity to fit the anisotropic situation. We also discuss a
similar problem for martingale transforms and provide various conjectures.

1. Introduction

In his seminal paper, Ornstein [1962] proved the following: let { Tj}ﬁ.:] be homogeneous differential
operators of the same order in d variables (with constant coefficients); if the inequality

¢
1T f ey S Y NT5 Il @)
j=2

holds true for any f € C(‘)X’([F\Rd), then 7' can be expressed as a linear combination of the other T;. Here
and in what follows “a < b” means “there exists a constant ¢ such that a < c¢b uniformly”; the meaning
of the word “uniformly” will be clear from the context. For example, in the statement above, the constant
should be uniform with respect to all functions f. The aim of the present paper is to extend this theorem
to the case where the differential operators are anisotropic homogeneous; see also [Kazaniecki and
Wojciechowski 2014], where partial progress in this direction was obtained by a simple Riesz product
technique.

To formulate the results, we have to introduce a few notions. Each differential polynomial P(d) in
d variables has a Newton diagram which matches a set of integral points in R? to each such polynomial. The
monomial ad{"' 35" - - - 3;'* corresponds to the point m = (my, my, ..., mg); for an arbitrary polynomial,
its Newton diagram is the union of the Newton diagrams of its monomials.

Let A be an affine hyperplane in R? that intersects all the positive semiaxes. We call such a plane
a pattern of homogeneity. We say that a differential polynomial is homogeneous with respect to A (or
simply A-homogeneous) if its Newton diagram lies on A.

Stolyarov was supported by RFBR grant no. 14-01-00198.
MSC2010: 26B35, 26B25.
Keywords: Ornstein noninequalities, Bellman function, martingale transform.
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Conjecture 1. Let A be a pattern of homogeneity in RY and let {T; }i'zl be a collection of A-homogeneous
differential operators. If the inequality

l
1Ty fleywey S DNl wey

j=2
holds true for any f € C3° (RY), then T, can be expressed as a linear combination of the other T;.

This conjecture may seem to be a simple generalization of Ornstein’s theorem. We warn the reader that
sometimes the anisotropic character of homogeneity brings new difficulties to inequalities for differential
operators (the main one being the lack of geometric tools such as the isoperimetric inequality, or the
coarea formula, etc.). For example, the classical embedding

W (RY) — Laja-1

due to Gagliardo and Nirenberg was generalized to the anisotropic case only in [Solonnikov 1972] and
additionally considered in [Kolyada 1993]; if one deals with similar embeddings for vector fields, the
isotropic case was successfully considered in [ Van Schaftingen 2013] (see also the survey [Van Schaftingen
2014]), but there is almost no progress for the anisotropic case (however, see [Kislyakov et al. 2013; 2015]).

The method we use to attack the conjecture differs from that of Ornstein (though there are some
similarities). However, it is not new. It was noticed in [Conti et al. 2005] that Ornstein’s theorem is
related to the behavior of certain rank-one convex functions (for some special operators this link had
already been known; see [Iwaniec 2002]). The case d =2 was considered there. As for the general case
of Ornstein’s (isotropic) theorem, its proof via rank-one convexity was announced in [Kirchheim and
Kristensen 2011] (and the proof is now available in the very recent preprint [Kirchheim and Kristensen
2016]). In a sense, we follow the plan suggested in [Kirchheim and Kristensen 2011]. However, the
notions of quasiconvexity, rank-one convexity and others should be properly adjusted to the anisotropic
world; we have not seen such an adjustment anywhere. For all these notions in the classical setting
of the first gradient, their relationship with each other, properties, etc., we refer the reader to the book
[Dacorogna 2008]. There are certain problems in the general anisotropic case that are not present in the
classical setting. For example, the existence of the elementary laminate is not quite clear; at least, the
classical reasoning does not work. Quasiconvexity still implies the rank-one convexity, but this requires a
new proof. The approach of rank-one convexity reduces Conjecture 1 to a certain geometric problem about
separately convex functions (Theorem 14) that is covered by Theorem 1 in [Kirchheim and Kristensen
2011] (Theorem 1.1 in [Kirchheim and Kristensen 2016]). We give a simple proof of this fact, which
is the second advantage of our paper (though our proof does not give the more advanced Theorem 1 of
[Kirchheim and Kristensen 2011]). We did not know of the preprint [Kirchheim and Kristensen 2016]
until shortly before the publication of the present text, and did our work independently. Discussion with
the authors of this preprint has shown that though the spirit of our approach in the geometric part is
similar to theirs, the presentation and details appear to be different.

We will prove a particular case of Conjecture 1, which still seems to be rather general (in particular, it
covers the classical isotropic case).
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Theorem 2. Let A be a pattern of homogeneity in R and let {Tj}ﬁ.:1 be A-homogeneous differential
operators. Suppose all the monomials present in the T; have the same parity of degree. If the inequality

I4
1T ey S DT f e (1)

holds true for any f € C3° (RY), then Ty can be expressed as a linear combination of the other T;

We note that the differential operators here are not necessarily scalar; i.e., one can prove the same
theorem for the case where operators act on vector fields. It is one of the advantages of the general
rank-one convexity approach. However, to facilitate the notation, we work on the scalar case.

We outline the structure of the paper. We begin with restating inequality (1) as an extremal problem
described by a certain Bellman function (if inequality (1) holds, then the corresponding Bellman function
is nonnegative). We also study the properties of our Bellman function (they are gathered in Theorem 6),
the most important of which is the quasiconvexity. All this material constitutes Section 2. It turns out that
quasiconvexity leads to a softer, but easier to work with, property of rank-one convexity. The proof of
this fact is given in Section 3; see Theorem 9. So, the Bellman function in question is rank-one convex.
In Section 4, we prove that rank-one convex functions homogeneous of order one are nonnegative, which
gives us Theorem 2. In fact, it suffices to show a similar principle for separately convex functions on R,
which is formalized in Theorem 14. This theorem is purely convex geometric. Finally, we discuss related
questions in Section 5.

2. Bellman function and its properties

Inequality (1) can be rewritten as

inf (Z 1Tl 2, @) —chlgonLl(Rd)) 0, )

9eC5e(10,119)

where c is a sufficiently small positive constant.

Definition 3. Suppose 3% o € A, are all the partial derivatives that are present in the 7; (thus A is a
subset of A NZ%). Consider the Hilbert space E with an orthonormal basis e, indexed with the set A.
For each function ¢ and each point x, we have a mapping

[0. 11 5x = VIpl(x) = ) | 8°[¢]()eq € E.

aEA

We call the function V[¢] the generalized gradient of ¢.
The operator V[ -] is an analogue of the usual gradient suitable for our problem.

Example 4. Let 7; = d,; for j =1, ..., d. In this case the generalized gradient turns out to be the usual
gradient on the Euchdean space [R{d.
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Example 5. Let us take the differential operators
Tilp) = 9% Vlp] =9 Vp),  Talpl =04V, T3lp]=9CVp).  Tulpl=0"*?[gl. (3)
We can list all the partial derivatives present in the operators:
A= {3(0,0,2)’ 9060 540.0) 5©.3.1) 8(2’0’1)}.

All the operators 7; are A-homogeneous, where A = {x € R?: (x,(3,2,6)) = 12}. In this case the
generalized gradient is of the form

Vil = (8©02[g], 8©60g], 8+ g1, 83V g], 8@V [e]) € R®.

We also consider the function V : E — R given by the rule

14

V(e) = (Z | Tjel —c|T1e|), )

j=2
where the T; are the linear functionals on E such that Tj(e) = 3", ¢y jeq if Tj = 3, co. ;0% With this

bit of abstract linear algebra, we rewrite formula (2) as

inf / V(V]ipl(x))dx =0.
9eCe (10,11 Jio,11¢

The main idea is to consider a perturbation of this extremal problem, i.e., the function B : E — R given
by the formula

B(e) = inf / Vie+ Viplx))dx. ®))
9eCe(0,11) Jio,1}¢

Theorem 6. Suppose that inequality (2) holds true. Then, the function B possesses the properties listed
below.

(1) It satisfies the inequalities —|e|| < B(e) < |le]| and B < V.
(2) It is one-homogeneous; i.e., B(le) = |A|B(e).
(3) It is a Lipschitz function.

(4) It is a generalized quasiconvex function; i.e., for any ¢ € C5°([0, 11%) and any e € E the inequality
B < [ Bt Viplw)dx ®)
(0,1

holds true.

Proof. (1) We get the upper estimates on the function B by plugging ¢ = 0 in the formula for it:

B(e)</0 Vie+ VgD = V(e) < el
[0,134
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We obtain the lower bounds on the function B from inequality (2) and the triangle inequality:

/ <Z |7 (e+V]¢] )|—c|71(e+V (p])l) f (Zﬂ (e+V]g] )|—c|11(v 90])|—CIT1e|)
[0,1¢ .
f[oud(z| (e+VieD] Z” (v <P])I—c|T1e|>

14

B /[0 1 (Z(lfj (e+VIeD|~IT;(VIgD])—c| T1e|)

j=2
l

= |Tjel—c|Tiel.
j=2

where ¢ € C;°([0, 11%) is an arbitrary function. We take infimum of the above inequality over all
admissible ¢:

¢
—llell S =Y |Tjel = c|Tie| < B(e).
j=2
(2) Since V is a one-homogeneous function, the following equality holds for every A # O:

B()\e) = inf / Vire+ V[p]) = inf / |A|V(e+V[A_l<p]).
@eCee(10.11%) Jo,174 9eC((0,119) Jio,11¢

We know that A~ Gy ([0, 11% = Gy ([0, 11%) for every A # 0; therefore

B(le) = inf / |A|V(6+V[k_1g0])= [A] inf / Vie+ V[p]) = |1|B(e).
@eCee(10.11) Jio, 14 @eCs (10,114 J0, 1)

(3) In order to get the Lipschitz continuity of B, we rewrite the formula for it:
forallee E, B(e)= inf Vo (e),
eC((0,119)
where

Vo(e) = f V(e+ V[pl(x))dx.
[0,1¢

It follows from the Lipschitz continuity of V that every function V,, is a Lipschitz function with the
Lipschitz constant bounded by L, where L is the Lipschitz constant of the function V. For every two
points vy, v2 € E, we can find a sequence of functions V,, such that B(v;) = inf,cn Vy, (v;) for j € {1, 2}.
We define

fie)= min V().

,,,,,,

For every k € N the function f;, is the Lipschitz function with the Lipschitz constant bounded by L. Hence

|B(vi) — B(v2)] =klijolo | fe(v1) — fi(v2)| < Lllvg — vzl
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(4) Before we prove the generalized quasiconvexity of this function, we need to introduce some notation.
We know that all « € A have common pattern of homogeneity A; thus we can find a vector y € N? and a
number k € N such that {(«, y) = k for every o € A.

For every A € R and x € R?, we define

X = (AMxp, Axp, .., AYxy).

For every A € N we define the partition of the unit cube [0, 1]¢ into small parallelepipeds:

d
Oy,=y+ 1_[[0, AVi] forevery y €Y,

j=1

where
Y=lye0 19 y= (<1, 22 X)) fork; e NU{O) and ic; < AV
=\ ’ Y= v AT v J J )

Here Y is the set of “leftmost lowest” vertices of the parallelepipeds Q,. The parallelepipeds Q, are
disjoint up to sets of measure zero and Uer 0, = [0, 114 Let us fix @ € C3°([0, 119). Since Vie] is
a uniformly continuous function on [0, 1]¢ and the diameter of the parallelepipeds Q, tends to zero
uniformly with the growth of A, we can choose A sufficiently large to obtain

forall y € Y, forall z, v € Q,, W[(p](z) — V[(p](v)’ < % (7

where L is the Lipschitz constant of the function V. Let {1/, },cy be a family of functions in C§° ([0, 119).
For these functions, we use the rescaling

Yy () = 275y ((x = ¥)3).

Let us observe that the rescaling (x — y); transforms the cube [0, 1]¢ into Qy; thus supp ¥, 3 C Q.
Moreover, we know that

8% [y 51 00) = A A T2 ) g [y 1 — y)2) = 99Ty, 1((x — 3)3)
for every o € A. By (5), we have
B(e) < /0 1 V(e +) VYl + V[go](X)) dx=>)_ / V(e+ V[, ]x) + Vpl(x)) dx.
0,13 yey yeyY Qy

We assumed that (7) holds; therefore, for arbitrary v, € Q, we have the estimate

/ V(e+ VI, l(x) + Vigl(x)) dX<f V(e+ VI, 1(x) + Vigl(vy)) dx + | Qy|
Qy Q}'

_ /Q V(e+ T, 1((x — )2 + VIpl(vy)) dx + |0y .

y

d
Since 2~ (X527 = |0, |, we have

/ V(e+VIyyl((x = y)1) + Vigl(vy)) dx = Q,| /[0 l]dV(e-l-V[lﬂy](Z)-i-V[w](vy)) dz

Qy
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for z = (x — y),. Now for every y € Y and v, € Q, we can choose ¥, such that

| V(e 1@ + 91610 dz < Blet Vighw) e
[0.1]
(this choice depends on vy, however, we treat v, as of a fixed parameter). We obtain
B(e) < Z |Qy[B(e+ VIpl(vy)) +2¢
yeY

from the above inequalities. We take mean integrals of this inequality over each cube Q, with respect
to vy, which gives us

B(e) < Zf B(e+ V]p] (v)))dvy+2e—/ B(e+ V]p](x))dx + 2e¢.

yeY [0,11¢

Since ¢ was an arbitrary positive number, we have proved the generalized quasiconvexity of B. ([

The proof of the fourth point seems very similar to the standard Bellman induction step (see [Nazarov
et al. 2001; Osgkowski 2012; Stolyarov and Zatitskiy 2016; Volberg 2011] or any other paper on the
Bellman function method in probability or harmonic analysis); moreover, the function B itself is, in a
sense, a Bellman function and inequality (6) is a Bellman inequality. We suspect that this “similarity”
should be more well-studied.

3. Rank-one convexity

Inequality (6) looks like a convexity inequality. Sometimes that is really the case.

Definition 7. We call a vector e, € E a generalized rank-one vector if it is of the form
Zzl"‘lﬂc“)' Ye x € RY, ap € A.
acA

Remark 8. In Theorem 2, we only consider the case where every o € A has the same parity as the other
elements of A. Therefore, i/*I*1®l ¢ R for every a, @ € A. Hence the coefficients of the generalized
rank-one vector are real.

Theorem 9. The function B is a generalized rank-one convex function; i.e., it is convex in the directions
of generalized rank-one vectors.

To prove the theorem, we need two auxiliary lemmas.

Lemma 10. For every x € R and every €,8 > 0, there exists a function I, . 5 € C3°([0, 11%) and a set
B C [0, 11¢ such that the following hold.

(D VI eslll < llexll +&.
(2) Bl =1-4.
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(3) The function V|l ¢ s]|p with respect to the measure | = |B|~'dx|p is equimeasurable with the
function cos(2mt)e,, t€[0, 1]; i.e

w({Vl.es1€ W) = |{r €10, 1]: cos2mt)ex € W}|
for every Borel set W in E.

Proof. For a given x € R? we take the same y and k as in the proof of the fourth point of Theorem 6. We
consider the function

d
Les®) =17 cos(Z tyf‘xjsj)@@),
j=1
where @ is the smooth hat function:

1, £e28,1-287,
®(E) =10, £ €[0, 119\[8, 1 8],
®(&) e[0,1], otherwise

for &' sufficiently small (in particular, we need 2(28")¢ < 8). Similarly to the fourth point of Theorem 6,
we define the set of proper parallelepipeds

d .
tYix;
:Q 0 = (kjv))jm,.. Uo wj], kjE{l}U{kjeN:kj< 271]_1}},

where v; = w; =27t~ fo 1fo #0and v; =48, w; = (1 —28") otherwise. For any &', we can choose ¢
to be so large that

' U Q'>1—5.

QeY,
oc[28,1-28"1¢

We put B to be this union, i.e., the union of the parallelepipeds Q from the family Y; that belong to
[268', 1 —28']¢ entirely.
If ¢ is sufficiently large, then for every B € N“ satisfying 0 < (B, y) < k, we have

sup |t7'aP[@)(E) <€ ®)
£€[0,1]¢

For any 8 € N¢,
d d
3P [cos(Ztfojéj)] =187 xP 3P [cos] (Zt’”ijgj).
j=1 Jj=1

Since all @ € A have the same parity, we either have 3%[cos](£) = (—1)!*//2 cos(&) for every a € A
or 8%[cos](x) = (—1)I«+D/25in(&) for every o € A. Without loss of generality we may assume 2 | ||,
because the functions sine and cosine are equimeasurable on their periodic domains. Therefore, for every
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& €0, 11¢ and @ € A we have

d d
0% [l .51(€) = D (£)9° [r‘k cos(Z tyijsj)} + Y capt o [cos(Z 1§ (x))]aﬁ [®]
= BE000) =
d d
= & (&)x¥8%[cos] (Z szxjgj> + > cup z<°‘”V>—"a“’[cos]<Z tYixjE; (x)) PD]
j=1 o' +B=a j=1
80,0, ...,0)
d
= (=1)I*/2x% cos (Z tyijéj) + error, )
j=l1

where the coefficients ¢,/ g come from the Leibniz formula. The error is O (¢’) in absolute value by (8) and
is equal to zero on the set [28', 1 — 268’ 1¢ (because the function ® is constant there). For every & € [0, 114
we have

aeA aeA

d
Vil e s1E) =) 0%z es1E)eq = Z((—l)“'”x“ cos(Z ryijsj) +error)ea
j=1

d

= ey COS (Z tyijéj) + error.

j=1
Thus, for every & € [0, 114 and &’ sufficiently small, we obtain
IVIe.es1E) < llex || + llerror|| < [lex || +&.

Since the error is equal to zero on the set [28', 1 —28']¢, it follows from (9) that for every & € B we have
d
Vllg,e,51(6) = cos (Z 1 x; Ej) e..
j=1

We note that the function COS(Z?: | tVix€ j)ex restricted to any Q € Y; is equimeasurable (with respect
to the measure dx/|Q| on Q) with the function cos(2nt)e,, t €[0, 1] (one can verify this fact using an
appropriate dilation). Since B is a union of several parallelepipeds Q, the same holds with Q replaced
by B. O

Lemma 11. Suppose v : R — R is a Lipschitz function such that
1
v(x) é/ v(x +Acos(2rt)) dt (10)
0

for any x, . € R. Then v is convex.

Proof. We are going to verify that v is convex as a distribution, or equivalently, that the distribution v”
is nonnegative. For that, we multiply inequality (10) by a positive function ¢ € C;°(R). Since v is a
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Lipschitz function, we can integrate it over R:
1 1
/ v(x)p(x)dx < f / v(x +Acos2mt))p(x)dtdx = / f v(x)p(x —Acos(2mt))dt dx
R R J0 rRJO

1
= f v(x) / (p(x) — Acosr)g (x) + 127 cos? 2 )" (x) + 0(A?)) dt dx
R 0

1
= / (v(x)(p(x)—I—U(x)go”(x)%)uz(/ cosZ(Znt)> —i—o(kz)) dx.
R 0

1 ! 2 " 0()‘2)
0<§ /()COS 2mt) dt /Rv(x)(p (x)dx—i—T.

Letting A — 0, we show that v” as a distribution satisfies v”(¢) > 0 for all ¢ € C{°(R) and ¢ > 0. From
the Schwartz theorem it follows that v” is a nonnegative measure of locally finite variation. Thus v’ is an

Therefore,

increasing function and therefore v is convex. ]

Proof of Theorem 9. The function B is a generalized quasiconvex function; hence it satisfies (6) for every
¢ € C5° ([0, 119). Let us fix x € R% 1 € R. We plug Al . s into (6). We get (for every e € E)

B(é)é/ B(6+V[Mx,g,s])=/B(e+V[>»lx,g,s])+/ B(e+ V[Alxes])
[0,13¢ B [0,119\B

< / Ble+ Viyes)) + O(h(lle] + el + £)9)
B

by Lemma 10. Since V[/; . s]| g is equimeasurable (B equipped with the measure dx /| B|) with cos(2mt)e,,

d
/B(e+vwx,g,5])—x=/ B(e + i cos(2mt)ey) dt.
B Bl Jio.1

Therefore,

B(e) < |B] B(e+Acos2mt)ey) di + O (A(llell + llex|l + €)8).
[0.1]

Since for § — 0, we have |B| — 1, we get
B(e) < / B(e+ Acos(2mt)ey)dt. (11)
[0.1]
For a fixed e € E, consider the function R > s — B(e + se,). By (11),

B(e+sey) < / B(e+se, +Acos(2mt)ey) dt.
[0,1]

Thus, by Lemma 11, the function R > s — B(e + se,) is convex (one simply applies the lemma to this

function). Since e € E and x € R, A € R were arbitrary, this proves the generalized rank-one convexity

of the function B. U
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4. Separately convex homogeneous functions and proof of Theorem 2
Lemma 12. Generalized rank-one vectors span E.

Proof. Since E is a finite-dimensional Hilbert space, every functional on E is of the form ¢*(-) =

<ZaeA Ay, ) We get
P*ex) =Y agxi'Itl

a€A

for every x € RY. If E is not a span of generalized rank-one vectors, then there exists a nontrivial ¢* such
that

0=¢*(ey) = Zaaxailal-i-laol

aeA

for every x € R%. However, x® are linearly independent monomials. Therefore, a, = 0 for every « € A.
Hence ¢* = 0 and the generalized rank-one vectors span E. ]

We recall that our aim was to show that 7 is a linear combination of the other 7;. By comparing the
kernels of the Tj, it is equivalent to the fact that V > 0 everywhere. By the evident inequality B <V, it
suffices to prove that B is nonnegative. By Lemma 12 and Theorem 9, this will follow from the theorem
below. Hence it suffices to prove Theorem 14 to get Theorem 2.

Definition 13. A function F : R? — R is separately convex if it is convex with respect to each variable.

Theorem 14. A function F : R? — R that is separately convex and homogeneous of order one is
nonnegative.

Before moving to the proof, we cite [Dacorogna 2008, Theorem 2.31], which says that a separately
convex function is continuous. This fact will be implicitly used several times in the reasoning below.

Proof. We proceed by induction. Suppose the statement of the theorem holds true for the dimension d — 1.
We then prove it for the dimension d. Construct the function G : R?~! — R by the formula

G(x)=F(x,1), xeRL

This function is separately convex and convex with respect to radius, i.e., for every x € RY~! the function
R+ > ¢+ G(tx) is a convex function. Indeed, the function F is one-homogeneous and separately convex;
thus for 7, > 0 and 7 € (0, 1) we have

tGitx)+(1—-0)GOrx)=1tF@x, )+ 1 —-1)F(rx, 1)

ttF(x, %) + (- t)rF(x, %)
tt+ (1 —7)r )

= (tt+(1 —r)r)(

1
>(Tf+(1—f)r)F(X,m>

=F(@t+(1-0r)x, 1) =G((rt + (1 — 1)r)x).
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We claim that for each x € R?~!, the function R 5 # — G(rx) is convex. Since the function G is
continuous, it suffices to prove that G(¢x) + G(—tx) = G(0) for all r € R. Consider another function V:

V(x) = lim G(tx)+G(—tx) — 2G(0)’
t—0+ t

e R,

The limit exists due to the convexity with respect to radius. This function V is one-homogeneous and
separately convex. However, it may have attained the value —oo. Fortunately, this is not the case. If there
exists x € R such that V (x) = —oo then

2V (0, xp, ..., x) S V(x1,...,xq0)+ V(=x1,...,x4) = —00.

Therefore V (0, xo, ..., xg) = —00. We repeat the above reasoning with x, ..., x4 instead of x; and we
get V(0) = —oo, but from the definition of V' we know that

V(0) = lim G0)+G0)—-2G(0) _0
t—0+ t

Hence V (x) is finite for every x € R?~!. Thus, by the induction hypothesis, V is nonnegative. So,
R >+ G(tx) is a convex function.

By symmetry, G(x) + G(—x) = 2F (x, 0). On the other hand, lim,, 1o G(tx)/t = F(x, 0). So, the
convexity of ¢ > G (fx) gives the inequality |G (x) — G(—x)| < 2F (x, 0). Adding these two inequalities,
we get F(x,1) > 0. O

Proof of Theorem 2. Assume that inequality (1) holds. Then, by Theorem 6, the function B given by (5)
is Lipschitz, one-homogeneous, generalized quasiconvex, and satisfies the inequality B < V, where the
function V is given by formula (4). Then, by Theorem 9, B is a generalized rank-one convex function.

Let e € E be an arbitrary point. By Lemma 12, e is a linear combination of generalized rank-one
VECtors ey, €y,, ..., ex,. We may assume that they are linearly independent. Consider the function
F : R¥ — R given by the rule

F(z1,22, ..., 2k) = B(z1ex, + 20ex, + - -+ Zkey,).

By the generalized rank-one convexity of B, we see that F is separately convex. It is also one-

homogeneous; thus F > 0 by Theorem 14. Therefore, B(e) is also nonnegative for arbitrary e € E.
Since B > 0, we have V > 0. In such a case, it follows from formula (4) that Ker Tl D ﬂﬁzz Ker f}

Therefore, T} is a linear combination of the other 7. O

5. Related questions

5.1. Towards Conjecture 1. The following statement plays the same role in view of Conjecture 1 as
Theorem 14 plays in the proof of Theorem 2.

Conjecture 15. Let F : R?? — R be a Lipschitz homogeneous function of order one. Suppose that for
any j =1,2,...,d the function F is subharmonic with respect to the variables (x;, xj1q). Then, F is
nonnegative.
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Indeed, plugging the cosine function into (6) as we did in the proof of Theorem 9 leads to “sub-

harmonicity”!

of the function B in the directions of projections of a generalized rank-one vector onto
subspaces generated by odd and even monomials in A correspondingly. Therefore, Conjecture 1 follows
from Conjecture 15.

We are not able to prove Conjecture 15. However, we know the following: in the case d = 1, the
function F is not only nonnegative, but, in fact, convex (i.e., a one-homogeneous subharmonic function is
convex). On the other hand, there is not much hope for simplifications: a subharmonic one-homogeneous

function in R3 (and thus in R4, d > 3) can attain negative values; e.g., in R* one may take the function

2 2 2 2
x| x5 +x5—x;

2 2 2
1/xl +x2 +x3

There are also reasons that differ from the ones discussed in the present paper that may “break”
inequality (1). One of them is a certain geometric property of the spaces generated by the operators 7;.
Not stating any general theorem or conjecture, we treat an instructive example. Consider the noninequality

18302 f NI, S 107 £llL, + 1185 i, (12)

Conjecture 1 suggests that it cannot be true. We will disprove it on the torus T2 and leave to the reader
the rigorous formulation and proof of the corresponding transference principle, whose heuristic form is
“inequalities of the sort (1) are true or untrue simultaneously on the torus and the Euclidean space”. Consider
two anisotropic homogeneous Sobolev spaces W1 and W,, which are obtained from the set of trigonometric
polynomials by completion and factorization over the null-space with respect to the seminorms

I llw, =107 Flle, 183 Flleys I fllw, = 18302 f L, + 187 FllL, + 193 fllL,-

If inequality (12) holds true, then these two spaces are, in fact, equal (the identity operator is a Banach-
space isomorphism between these spaces). However, it follows from the results of [Pelczyniski and
Wojciechowski 1992] (see [Wojciechowski 1991; 1993] as well) that W, has a complemented translation-
invariant Hilbert subspace,2 whereas W; does not, a contradiction.

Martingale transforms. Let S ={S,},, n € {0} UN, be an increasing filtration of finite algebras on the
standard probability space. We suppose that it differentiates L (i.e., for any f € L;(2) the sequence
E(f | Sp) tends to f almost surely). We will be working with martingales adapted to this filtration.

Definition 16. Let « = {«,}, be a bounded sequence. The linear operator

T[f1=) aj1(fj = fi-1), [ ={fulaisan L, martingale,
j=1

is called a martingale transform.

IThe “subharmonicity” means that DB > 0 as a distribution, where D is an elliptic symmetric differential operator of second
order (with constant real coefficients); one can then pass to usual subharmonicity by an appropriate change of variable.

2That means that there exists a subspace X C Wj such that g € X whenever g(- +1) € X, t € T2 X is isomorphic to an
infinite-dimensional Hilbert space, and there exists a continuous projector P : Wy — X.
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Our definition is not as general as the usual one, and we refer the reader to the book [Osgkowski 2012] for
the information about such operators. We only mention that martingale transforms serve as a probabilistic
analogue for the Calderén—Zygmund operators. Here is the probabilistic version of Conjecture 1.

Conjecture 17. Suppose o', o, ..., a' are bounded sequences. Suppose that the algebras S, uniformly

grow; i.e., there exists y < 1 such that each atom a of S, is split in S,+| into atoms of probability not
greater than y |a| each. The inequality

4
1T flley S M £l (13)
j=2

holds for any martingale f adapted to {S,}, if and only if a' is a sum of a linear combination of the o’
and an ¢ sequence.

We do not know whether the condition of uniform growth fits this conjecture. Anyway, it is clear that
one should require some condition of this sort (otherwise one may take S, = S, =--- = S,4¢ very
often and lose all the control of the sequences a/ on these time intervals). Again, we are not able to prove
the conjecture in the full generality, but will deal with an important particular case.

2

Theorem 18. Suppose o', a?, ..., o' to be bounded periodic sequences. The inequality

4
1T ey S YT fly

j=2
holds if and only if o' is a linear combination of the other /.

Proof. To avoid technicalities, we will be working with finite martingales (denote the class of such
martingales by M). The general case can be derived by stopping time. Assume that inequality (13) holds
true. Consider the Bellman function B : R® — R given by the formula

l
B() = ];gjfw(;nxj + T 1], =l + Tal[f]”Ll)'

It is easy to verify that this function is one-homogeneous and Lipschitz. Moreover, B is convex in the

2

2 ..., at) for each n (by the assumption of periodicity, there is only a finite number

direction of (),
of these vectors); the proof of this assertion is a simplification of Theorem 9 (here we do not have
to make additional approximations; however, see [Stolyarov and Zatitskiy 2016, Lemma 2.17] for a
very similar reasoning). Thus, by Theorem 14, B is nonnegative on the span of {(a,ﬁ, oz,%, ey aﬁ)}n.
1

Since B(x) < ) i>2 |x;| — c|x1], the aforementioned span does not contain the x;-axis. Therefore, " is

a linear combination of the other /. O

Case p > 1. Inequality (1) may become valid provided one replaces the L; norm with the L, one,
I < p < o0. Let ¢, be the best possible constant in the inequality

e
p P
ITf 1] gty <€ D NTFNT g (14)
j=2
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It is interesting to compute the asymptotics of ¢, as p — 1. Some particular cases have been considered
in [Berkson et al. 2001]; we also refer the reader there for a discussion of similar questions.

Conjecture 19. Let A be a pattern of homogeneity in R¢ and let {T; }‘;:1 be a collection of A-homogeneous
differential operators. If Ty cannot be expressed as a linear combination of the other T;, then ¢, 2, ﬁ.

The conjecture claims that if there is no continuity at the endpoint, then the inequality behaves at least
as if it had a weak type (1, 1) there (it is also interesting to study when there is a weak type (1, 1) indeed).
First, we note that this question is interesting even when there are only two polynomials. Second, this is
only a bound from below for ¢,,. Even in the case of two polynomials, ¢, can be as big as (p — -
(and thus the endpoint inequality may not be of weak type (1, 1), at least when d > 3); see [Berkson et al.
2001] for the example.

Conjecture 19 will follow from the corresponding geometric statement in the spirit of Theorem 14.

Conjecture 20. Let F :R? — R be a separately convex p-homogeneous function (i.e., F (Ax) = |A|P F (x)).
Suppose F(x) < |x|P. Then, F(x) 2 (1 — p)|x|P.

Conjecture 19 is derived from Conjecture 20 in the same way as Theorem 2 is derived from Theorem 14:
one considers the Bellman function (5) with the function V' given by the formula

¢
V@»=G¢§jﬁﬁW—+ﬁdﬂ,
j=2
proves its generalized quasiconvexity, which leads to the generalized rank-one convexity, and then uses
Conjecture 20 to estimate ¢, from below.
It is not difficult to verify the case d = 2 of Conjecture 20. Therefore, there exists a C3°-function f),
such that

(p— D012 foll, @2y 2 (197 foll o, ey + 103 £pll L, o)
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A NOTE ON STABILITY SHIFTING FOR THE MUSKAT PROBLEM, II:
FROM STABLE TO UNSTABLE AND BACK TO STABLE

DIEGO CORDOBA, JAVIER GOMEZ-SERRANO AND ANDREJ ZLATOS

In this note, we show that there exist solutions of the Muskat problem which shift stability regimes in
the following sense: they start stable, then become unstable, and finally return back to the stable regime.
This proves the existence of double stability shifting in the direction opposite to (as well as more difficult
and more surprising than) the one shown by Cordoba et al. (Philos. Trans. Roy. Soc. A 373:2050 (2015),
art. id. 20140278).

1. Introduction

In this paper, we study two incompressible fluids with the same viscosity but different densities, p™*
and p~, evolving in a two-dimensional porous medium with constant permeability «. The velocity v is
determined by Darcy’s law

e vr(?)

where p is the pressure, © > 0 viscosity, and g > 0 gravitational acceleration. In addition, v is incom-

pressible:
V.v=0. (1-2)

By rescaling properly, we can assume ¥ = u = g = 1. The fluids also satisfy the conservation of mass
equation
op+v-Vp=0. (1-3)

This is known as the Muskat problem [1937]. We denote by Q* the region occupied by the fluid with
density p* and by Q7 the region occupied by the fluid with density p~ # p*. The point (0, 00) belongs
to Q7, whereas the point (0, —o0) belongs to Q. All quantities with superindex & will refer to Q*
respectively. The interface between both fluids at any time ¢ is a planar curve z( -, t). We will work in the
setting of horizontally periodic interfaces, although our results can be extended to the flat-at-infinity case.

A quantity that will play a major role in this paper is the Rayleigh—Taylor condition, which is defined as

RT(x,1) =—[Vp~(z(x. 1) = VpT(z(x, )] 0y z(x, 1),

where we use the convention (u, v)* = (—v, u). If RT(x, t) > 0 for all x € R, then we say that the curve
is in the Rayleigh—Taylor stable regime at time ¢, and if RT(x, #) < 0 for some x € R, then we say that
the curve is in the Rayleigh—Taylor unstable regime.

MSC2010: primary 35Q35; secondary 35R35, 65G30, 76B03.
Keywords: Muskat problem, interface, incompressible fluid, porous media, Rayleigh—Taylor, computer-assisted.
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One can rewrite the system (1-1)—(1-3) in terms of the curve z = (z, 2%, obtaining

o —pt 2, =2y, 0
ha(e. 1) =" P.V./[R TR t)|2(8xz(x, 1) — 3,2(y, 1)) dy. (1-4)

In the horizontally periodic case with z(x + 27, t) = z(x, t) + (27, 0), the formula

1y 1 - 2y

~cotz = — _—

22 y+l;y2—(2nn)2
can be used to show [Castro et al. 2012] that the velocity satisfies

p_—p+/ sin(z!(x, 1) — 21 (v, 1)) (8 z(x, 1) — dyz(y, 1))
4 Jy cosh(z2(x, 1) — 22(y, 1)) —cos(z! (x, 1) — 21 (y, 1))

A simple calculation of the Rayleigh—Taylor condition in terms of z yields

dz(x, 1) = dy. (1-5)

RT(x, 1) = (0~ — p")d:z' (x, 1).
When the interface is a graph, parametrized as z(x, ) = (x, f(x, t)), equation (1-4) becomes

p~—p" / sin(x =)@ f(x, 1) =3, f (¥, 1))
4r T cosh(f(x, 1) — f(y,1)) —cos(x —y)
and the Rayleigh—Taylor condition simplifies to

O fx,1)=

(1-6)

RT(x,t)=p —p™.

The curve is now in the RT stable regime whenever p™ < p~; that is, the denser fluid is at the bottom.
From now on, we assume that p~ — p* = 47, which can be done after an appropriate scaling in time.

The Muskat problem has been studied in many works. A proof of local existence of classical solutions in
the Rayleigh-Taylor stable regime in H? and ill-posedness in the unstable regime appears in [C6rdoba and
Gancedo 2007]. See also [Constantin et al. 2016b] for an improvement on the regularity (to W>? spaces).
In the one-phase case (i.e., when one of the densities and permeabilities is zero) local existence in H?>
was proved in [Cheng et al. 2016].

A maximum principle for ||0, f (-, t)||z~ can be found in [Cérdoba and Gancedo 2009]. Moreover, the
authors showed in [Cérdoba and Gancedo 2009] that if ||d, follL < 1, then ||0y f (-, £)|lLe < ||0x follLe
for all ¢+ > 0. Further work has shown existence of finite-time turning [Castro et al. 2012] (i.e., the curve
ceases to be a graph in finite time and the Rayleigh—Taylor condition changes sign to negative somewhere
along the curve). The gap between these two results (i.e., the question whether the constant 1 is sharp or
not for guaranteeing global existence) is still an open question, and there is numerical evidence of data
with |9y foll e = 50 which turns over [Cérdoba et al. 2015].

As was demonstrated in [Castro et al. 2013], the curve may lose regularity after shifting from the stable
regime to the unstable regime. However, the possibility of it recoiling and returning to the stable regime
has not been excluded. The occurrence of this phenomenon is the main result of this note, Theorem 2.1.
(In Theorem 2.3 we also extend this to a proof of existence of the quadruple stability shift scenario
unstable — stable — unstable — stable — unstable.) In [Cérdoba et al. 2015] we showed that there
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exist curves which undergo the unstable — stable — unstable transition, so this settles the question about
existence of double stability shift scenarios in both directions. We stress that existence of the stable —
unstable — stable scenario is in fact by no means expected, as well as considerably more challenging to
establish than the unstable — stable — unstable one.

More general models, which take into account finite depth or nonconstant permeability, and which
also exhibit (single) turning were studied in [Berselli et al. 2014; Gémez-Serrano and Granero-Belinchén
2014]. The estimates in [Gémez-Serrano and Granero-Belinchon 2014] were carried out by rigorous
computer-assisted methods, as opposed to the traditional pencil and paper ones in [Berselli et al. 2014].

Concerning global existence, the first proof for small initial data was carried out in [Siegel et al. 2004] in
the case where the fluids have different viscosities and the same densities (see also [Cérdoba and Gancedo
2007] for the setting of the present paper — different densities and the same viscosities — and also [Cheng
et al. 2016] for the general case). Global existence for medium-sized initial data was established in
[Constantin et al. 2013; 2016a]. In the case where surface tension is taken into account, global existence
was shown in [Escher and Matioc 2011; Friedman and Tao 2003]. Global existence for the confined case
was treated in [Granero-Belinch6n 2014]. A blow-up criterion was found in [Constantin et al. 2016b].

Recent advances in computing power have made possible rigorous computer-assisted proofs. Of course,
floating-point operations can result in numerical errors, and we will employ interval arithmetics to deal
with this issue. Instead of working with arbitrary real numbers, we perform computations over intervals
which have representable numbers as endpoints. On these objects, an arithmetic is defined in such a way
that we are guaranteed that forevery x € X,y €Y,

xxyeXxY

for any operation . For example,

[x, X1+ [y, 7] =[x +y, T+ 7],

[x, %] x [y, ] = [min{xy, x¥, Xy, Xy}, max{xy, xy, Xy, XJ}].
We can also define the interval version of a function f(X) as an interval I that satisfies that for every
x € X, we have f(x) € I. Rigorous computation of integrals has been theoretically developed since the
seminal works of Moore and many others (see [Berz and Makino 1999; Kramer and Wedner 1996; Lang
2001; Moore 1979; Tucker 2011] for just a small sample). For readability purposes, instead of writing
the intervals as, for instance, [123456, 123789], we will sometimes instead refer to them as 123?’38.

This note is organized as follows. In Section 2 we prove Theorems 2.1 and 2.3, and in Section 3
we provide technical details regarding the performance and implementation of the computations. The
appendix, found in an online supplement, contains a detailed derivation and enumeration of all the
necessary integrals which have to be rigorously computed, their enclosures, and the performance of the
computations.

2. The main result

The following theorem is the main result of this paper (see also Theorem 2.3 below).
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1.5

Figure 1. The curve z.(x, 0) from Lemma 2.2 with A(¢) = 1.08050. Inset: closeup
around x = 0. Thick curve: & = 107, thin curve: ¢ = 0. We remark that both curves are
indistinguishable at the larger scale.

Theorem 2.1. There exist T > y > 0 and a spatially analytic solution z to (1-5) on the time interval
[T, T] such that z( - , t) is a graph of a smooth function of x when |t| € [T —y, T] (i.e., z is in the stable
regime neart = £T) but z( -, t) is not a graph of a function of x when |t| <y (i.e., z is in the unstable
regime near t = 0).

The intuition behind this result comes from the numerical experiments which were started in [Cérdoba
et al. 2015]. These suggested existence of curves which are (barely) in the unstable regime, and such that
the evolution both forward and backwards in time transports them into the stable regime. (We note that
neither the velocity nor any other quantity was observed to become degenerate in these experiments). We
remark that this behavior is purely nonlinear and thus nonlinear effects may dominate the linear ones
under certain conditions. The following lemma constructs a family of such curves (see Figure 1).

Lemma 2.2. Let ¢ > 0 and consider the initial curve z.(x,0) = (z; (x,0), zg(x, 0)), with
Z; (x,0) =x —sin(x) —esin(x) and zg(x, 0) = A(e) sin(2x).

(1) Forany € € [0, 107°], there exists A(e) € (1.08050, 1.08055) such that if z. solves (1-5) with initial
data z¢(x, 0), then
89,2 (0,0) = 0.

(2) There are T > 0 and C > 1, independent of e, such that for any ¢ € |0, 10~%] and A(¢e) Jrom (1),
there is a unique analytic solution z. of (1-5) on the time interval (—T, T) with initial data z.(x, 0),

and it satisfies
319,21 (0, 0) > 30, 2-1)
as well as
19,8,z (x, 1)+ 18,832 (x, 1) + 1870221 (x, )] + 188zl (x, )| < C (2-2)
foreach (x,t) e T x (—T,T).

Proof. The proofs of (1) and (2-1) are computer-assisted, and the codes can be found in the online
supplement.
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Let us start with (1). Since 9o, sz; (0, 0) (i.e., the spatial derivative of the first coordinate of the right-
hand side of (1-5) at (x, t) = (0, 0)) is a continuous function of A(e), it suffices to show that the signs of
3,8xz; (0, 0) for A(e) = 1.08050 and for A(e) = 1.08055 are different for each ¢ € [0, 10~°]. This holds
because for each such & we obtain the bounds

3,8,2.(0,0) €0.000))  for A(e) = 1.08050,

1 28 (2-3)
0;0x2,(0,0) € —0.000y; for A(e) = 1.08055.

Existence and uniqueness of the solution z. in (2) follows directly from the proof of Theorem 5.1 in
[Castro et al. 2012], which proves local well-posedness for (1-5) in the class of analytic functions of x.
The time 7" > 0 is then uniform in all small ¢ (and sup, 7 || 8fzg( -, )|l is also uniformly bounded for
each k) because the same is true for all the estimates in that proof.

Then (2-1) follows by taking A(e) = [1.08050, 1.08055] (the full interval, since we do not know A(¢g)
explicitly) and propagating this interval in the relevant computations. Specifically, we obtain

819,210, 0) € [38.706, 48.787].
The proof of Theorem 5.1 in [Castro et al. 2012] shows that the chord-arc constant

sup |yl
x,y€T, y#0 |ze(x, 1) — ze(x — y, 1)]

(where T = [—m, m] with +7 identified) is bounded uniformly in all &, f under consideration (provided
T > 0 is small enough). Thus there is D < oo such that

1 - D
cosh(z2(x, 1) — z2(x — y, 1)) —cos(z) (x, 1) —z (x — y, 1)) | ~ »?

for all these ¢, and all x, y € T. This allows us to obtain (2-2) by brute force, differentiating and
estimating all the resulting terms separately. The most singular term in 9, 9; z; x,t)(j=1,3)is

/ sin(z e, ) =z e =y, @ 2 e ) — 3T e — . )
T cosh(z2(x, 1) —z2(x —y, 1)) —cos(zl(x, 1) — zL(x — y, 1))

dy <2xD|3{ "z (-, 1)~ < C

&

for some C which is uniform in & due to the above-mentioned uniform bounds on ||8)’§zg( )| L.
Analogously, the most singular term in 3232z} (x, #) is given by

/ sin(z (x, 1) — 2y (x =y, 0)) (3,872, (x, 1) = 89}z, (x — y, 1))
T

dy <27 D|8,0%7! D || oo,
cosh(z2(x, 1) —z2(x — y, 1)) —cos(z}(x, 1) — zl(x — y,1)) y= 19:9yze (- D12

and the last term can be bounded by a uniform C in the same way as 9,82z. (x, ¢). Finally, the most
singular term in 939,z} (x, 7) is

f sin(zl(x, 1) —z (x —y, )32z} (x, 1) — 3202z} (x — y, 1))
T cosh(z2(x, 1) —z2(x — y, 1)) —cos(zl(x, 1) =zl (x — y, 1))

dy <2 D|92332 (-, 1) || o,

1

which is bounded by a uniform C in the same way as 8792z]

(x, t) (with the bound this time involving
the uniformly bounded quantity || 8; z;( FES O
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Proof of Theorem 2.1. Let T, C be from Lemma 2.2. Then (2-2) shows that for any small enough ¢ > 0
and any |f| < /¢ and |x| € [2C/2eV/* 7] we have axz; (x,t) > 0. Indeed, this is because

1—(1+¢)cos2C' ey —C /e >0

when ¢ > 0 is small (since C is fixed).
Next let |t] < /e and |x| < 2C!/2¢!/4. Then there are |x*|, |x**| < |x| and |#*| < /¢ such that

drzp (x, 1) =Bz, (x, 0) + 10,0520 (x, 0) + 31207 0,24 (x, 0) + £°8] 9,24 (x, %)
= —ecos(x) + [1 —cos(x)] +1[3,8x2} (0, 0) +x3,92. (0, 0) + $x28,87z} (x*, 0)]
+ 312[070:22(0, 0) + x8797 2, (x, 0)] + 1178 0,20 (x, %)
> —e+x7(3 = 3Clrl) +12(15 = 3Clx| = Clel),

where we used the estimates from Lemma 2.2 and also that 9, afz; (0, 0) = 0 by oddness of z.. Since
lt] < /¢ and |x| < 2C1/2g1/4, taking small enough ¢ > 0 now yields axzi(x, 1) > 1412 — ¢ > 0 for all
] € [%ﬁ, J&] and |x| <2C!/2¢"/4. The theorem then follows with z = z,, T = /&, and y =¢/(2C)
for such ¢ (here we also used (2-2) and sz; 0,0) = —e¢). O

We next show that our approach allows for the proof of existence of solutions which exhibit even more
complicated stability shifting. We will construct a solution with an unstable — stable — unstable —
stable — unstable stability regime profile.

We start by noticing that it suffices to consider solutions to (1-4) with periodicity of the form

72(x +8Nm,t) =z(x,t)+ (8N, 0)

for some integer N > 1, because then zZ(x, t) =1/(4N)z(4Nx, 4Nt) also solves (1-4) and Z(x + 27, 1) =
Z(x, t) 4+ (2w, 0). Our initial data will be a perturbation of the 8 N -periodic extension of the odd function

2(x, 0) = Za0)(X) xp0,871(1x ) + Z1.08055(X) X (N, 3871 (IX]) + Z1.08050 (X) X 3, an1 (| X ]), (2-4)

with zp(x) = (x —sinx, B sin(2x)) and A(0) € (1.08050, 1.08055) from Lemma 2.2. If N is large, the
estimates from the lemma and its proof show that at time ¢t = 0, the corresponding solution wants to make
the shifts stable — unstable — stable at x = 0, stable — unstable at |x| = 2N, and unstable — stable
at |x| =4Nm. An appropriate perturbation of this initial data, which makes the unstable phase of the
first shift last a positive length of time, delays the second shift, and brings the third shift forward in time,
would then achieve our goal.

We will also need this perturbation to resolve some other issues. Specifically, the initial condition
must be analytic so that we can solve the PDE both forward and backward in time, and the solution must
remain stable near x = 2nm for any integer n with |n| € (0, 2N) \ {N} (note that the tangent to z( -, 0) is
vertical at these points). For any large N we therefore let

By, a(x)
=[A+(1.08055—A)¢ (Ix|—N7) ]| xj0.3571(|x ) +[ 1.0805040.00005¢ BN 7 +1—|x ) | x 3nvr.4n21 (1X]),
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1.08055 1

1.08052 |
1.0805
_4N7  —2N7 0 INT ANT
X

Figure 2. By A(x) for A = 1.08052.

with A € [1.08050, 1.08055] and 0 < ¢ < 1 smooth such that ¢ (y) =0 for y <0and ¢(y) =1 for y > 1,
and we extend By, 4 to R periodically (with period 8N). See Figure 2 for a depiction of By 4(x). Next
we let §, be the delta function at y € R, and define the 8 Nr-periodic odd functions

Zn.a(x) = (x —sinx, By 4(x) sin(2x))

and
N Arac(,0) =P xZya+ P1*(aBn,o+ cBnong + BN, 2Nz + Bnanx, 0),
with
P.(x) 1 r
X)=———
" T x24r?

the Poisson kernel for the half-plane (note that P, x Idgr = Idg) and By, ,(x) = By (x — y), where By is
the (unique and 8 N -periodic) primitive of

1
% - Z 881\’7‘[}1

nez

which has fffﬁn Bn(x)dx = 0. This and the smoothness of ¢ means zy 4 rq4.c(-,0) can be extended
analytically to the strip S, = R x [—r, r] and this extension satisfies for each k > 0,
sup 192N, A rac (- +iL, 0)]| L < 00.

N>1, A€[1.08050,1.08055]
r,a,cel0,1/2], ¢ |<r

Before we continue, let us discuss the different components of the function zy 4 rq.c(-, 0). First, Zy 4
is just a smooth version of the function from (2-4), and we convolve it with P, because we need the
initial condition to be analytic. Since BXZ]]\L 4 = 0, this yields 9,zn,4,r,a,c(+, 0) > 0 for any r > 0. That
would mean that for a short (positive and negative) time, the solution would remain stable everywhere —
in particular, near x = 2ns for any integer n with |n| € (0, 2N) \ {N} as we want (see above). However,
we do not want this to be the case near x € 2N Z, which is where the term P; * (- - -) comes in. It is
analytic and we will choose a, ¢ to be close to the unique ay, > 0 such that (2-9) and (2-10) below
hold. In fact, we will have a = ay, —§ and ¢ = ay, — ¢ for some small 0 < ~3¢/(8N — 1) K 1,
chosen so that axz,lv’A’,’a’C(x, 0) >0 forx € 2NnZ \ 8NnZ and (2-12) holds. We will then finally
choose A = Ay 5., € (1.08050, 1.08055) so that (2-11) also holds, and all this will ensure that zy 4 r.q.c
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undergoes the stability shifts described after (2-4). We note that we will first have to choose N large and
r > 0 small so that (2-5), (2-6), and (2-8) below hold for all a, ¢ & ay,, (which is small if r is). This will
then specify ay,,, after which sufficiently small €, § will be chosen and they will determine Ay ;5.
The proof of Theorem 5.1 in [Castro et al. 2012] shows that for each r > 0 there is 7, (depending only
on r) such that (1-4) has a unique analytic solution zy 4 4. On the time interval (=7, 7,) with initial
condition zy, A r.q.c(-, 0) (moreover, d;Zy.4.r.q.c 1 also analytic), and this satisfies for each k > 0,
sup (19¥zn, A racC s Dl +19:952N A rac (- DllLx) < 00.

N=>1, A€[1.08050,1.08055]
r,a,ce[0,1/2], |t|<T,

Below we always consider A € [1.08050, 1.08055] and r, a, ¢ € [0, %].
This means that the bound (2-2) extends to each zy 4 4. and (x, t) € R x (=T,, T,) (where Tp = 0),
with a uniform C. We also have

N 0xZN A rac@NT, 00> 107 and  3dczy 4 g (F2N7, 0) < —107°, (2-5)

as well as
310x2y 1.08050.r.0,c(0-0) = 107 and ;9.2 1 08055.1,4,(0- 0) < —107°, (2-6)
both when N ! +r 4+ a + ¢ is small enough. This follows from the bounds (2-3) and from
198zn A rac (-2 0) = 3 Znallieay >0 as N'+r+a+c—0 2-7)
for each k, where Iy = Unez(ZN”” — N,2Nnmn+ N). Similarly, (2-2) and (2-7) also prove
31dx 2y A r.ac(0,0) =20 (2-8)

for small enough N~ +r 4+ a + ¢. Fix now N so that (2-5), (2-6), and (2-8) hold for all small enough
r+a+c.

We next notice that for each » > 0 we have axz}v, A,r,0,0(x) =1 — (P, xcos)(x), which is a 2 -periodic
function with a positive minimum at x = 0 (independent of N, A). Thus there is a unique ay, > 0 (small
if r > 0 is small) such that

TN A ray,.ay, @N7TR, 0) =0 (2-9)
for each n € Z, and
022N A ranay, X2 0) > 0 (2-10)

for x ¢ 2NnZ. Finally, for any §, € € [0, ay ) let Ay ;5.6 € (1.08050, 1.08055) be such that
R PN (NOE) @-11)

which exists due to (2-6) and the continuity of 9, axz,l\,’ Aran,—8.ay,—& (0,0) in A.
For the sake of simplicity of notation, define z = zy Ay, ;..r.ay,—6.ay,—e- We now let r > 0 be small
enough, and then pick &, ¢ € (0, ay,) small enough (we will need ¢ K 10~°T7,, see below) such that

L min 8,2'@N7n, 0)]

2
C ne{-1,1,2) ’

0 < —0,2'(0,0) <<[ (2-12)



A NOTE ON STABILITY SHIFTING FOR THE MUSKAT PROBLEM, II 375

with C the constant from (2-2) for zy 4 r.q.c- (Thatis, ¢ > 0 is chosen small and § slightly smaller than
the value that makes 9,z'(0, 0) = O for this &, which means that

3e g
§ = -0l —=;
8N —1 N2

moreover, then all three values inside the min are ~ ¢/7.) Then we claim that this z is the desired solution.

Indeed, 9,7 (0, 1) < O for all small enough |¢| and the argument from the proof of Theorem 2.1 shows
that 3,z'(x, #) > 0 for all x € R when
e
18,210, 0)|"? < |t < —.
Crn
Finally, (2-5) and a uniform bound on Bfaxz}\,’ Ara.c (obtained similarly to (2-2)) show that
3.z @Nm, —1t) <0 and d,z' (£2Nm, 1) <0

for all r & 10% if &€ <« 107°7} is small enough (because 3,z (4Nm, 0) ~ ¢/m ~ 3,z (£2N 7, 0)).
We thus proved the following result.

Theorem 2.3. There exist T > T’ > y > 0 and a spatially analytic solution z to (1-5) on the time interval
[—T, T] such that z( -, t) is a graph of a smooth function of x when |t| € [T —y, T+ ylbut z(-,t) is
not a graph of a function of x when |t| € [0, y]U[T —y, T].

3. Technical details of the numerical implementation

In this section, we give some technical details of the implementation of the computer-assisted part of
the proof of Lemma 2.2. In order to perform the rigorous computations we used the C-XSC library
[Hofschuster and Kramer 2004]. We refer the reader to the appendices, found in the online supplement,
to see a detailed expression of the integral terms involved in the calculations. For the sake of readability,
we kept the same names for the integrals in the paper and in the code. The code can also be found in the
online supplement.

The implementation is split into several files, and many of the headers of the functions (such as the
integration methods) contain pointers to functions (the integrands) so that they can be reused for an
arbitrary number of integrals with minimal changes and easy and safe debugging. For the sake of clarity,
and at the cost of numerical performance and duplicity in the code, we decided to treat many simple
integrals instead of a single big one.

We start discussing the details of the first part of Lemma 2.2, corresponding to the one-dimensional
integrals. The three integrals can be found in Appendix A. We split them into two parts: a nonsingular
one over the interval [, 7] and a singular one over the interval [0, §]. The nonsingular part is calculated
using a Gauss—Legendre quadrature of order 2, given by

b b—a( . (b—a~3 b+a b—a~3 b+a 1 s 4
[Cronane P2 (25 1)+ (<P0 S ) + g @ - 0,

Moreover, the integration is done in an adaptive way. For each region, we accepted or rejected the result

depending on the width in an absolute and a relative way. It is important to notice that because of the


http://msp.org/apde/2017/10-2/apde-v10-n2-x05-supplement.zip
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uncertainty in ¢ and/or overestimation, division by zero might occur, even in small integration intervals.
We used § =2 and tolerances AbsTol and Re1Tol equal to 107°.

In the singular region, the singularity around y = O is integrable; hence the integral is finite. We
performed a Taylor expansion around y = 0 in both the numerator and denominator (resp. of orders 2,
2 and 4 for A, A and A3z), simplified the powers of y and then integrated. Potentially this could fail
because the uncertainty in the parameters or overestimation could yield a Taylor series in which 0 belongs
to the coefficient of the first nonsimplified power of the denominator. Whenever this happens, we try to
integrate instead using a Gauss—Legendre quadrature of order 2.

The maximum number of subdivision levels was 18 (2'® intervals) for the bounded region and 12
(2'2 intervals) for the singular one. The splitting of the intervals is done in an arithmetic way; i.e, we split
an integration interval [a, b] into [a, %(a + b)] and [%(a +b), b].

In the second part of Lemma 2.2 we have to deal with 41 two-dimensional integrals (see Appendix B
for a detailed list of them and their derivation). The first step is to exploit the symmetry of the integrands
in (y, z)-variables to integrate only over the region [0, 7] x [—m, w]. We will distinguish four different
regions labeled in the following way: nonsingular ([§, 7] x [§, w]) U ([, =] x [—m, —48]), singular-
first-coordinate ([0, ] x [§, w]) U ([0, 8] x [—m, —8]), singular-second-coordinate [§, ] x [—§, ] and
singular-center [0, 8] x [—§, §].

The nonsingular region was integrated as before, using a 2D Gauss—Legendre quadrature of order 2. The
singular-center region was integrated in the following way. Assuming sign(a) = sign(b), sign(c) =sign(d)
and that we expand up to orders num_y, den_y, num_z, den_z:

num Y

/ / Num(y Z) dydz c / / v y'num 5 } anum <“Num(A, B)y"m-yhum.z e
Den(y, z) aden )8den ~Den(A, B)yden_yzden 2 4

den_ylden_z! y'den z!

1 den_y!den_z!

1 +num_y —den_y 1+ num_z — den_z num_y!num_z!
dy "' oMm<Num(A, B)
99" 9%"<Den(A, B)

z=d | y=b

1+num_y—den_y z 14+num_z—den_z

El

y=a

i=c

where A is the convex hull of {0, @, b} and B is the convex hull of {0, ¢, d}. For the singular-first-coordinate
and singular-second-coordinate regions the same procedure was applied taking num_z = den_z = 0,
B =[c,d] and num_y =den_y =0, A = [a, b] respectively. A detailed list of the orders of each of the
integrals can be found in Table 1 in Appendix C. Whenever the Taylor-based formulas failed because of 0
being enclosed in the denominator terms, we tried to integrate using 2D Gauss—Legendre of order 2.

In this two-dimensional setting, we used a geometric splitting (in both coordinates) in the nonsingular
region, arithmetic in the singular-center and singular-first-coordinate and hybrid in the singular-second-
coordinate (see below). The geometric splitting consists in splitting by the geometric mean as opposed
to the arithmetic one (i.e., assuming a and b have the same sign and are nonzero, we split [a, b] into
[a, Jab sign(a)] and [\/% sign(a), b]). While the arithmetic division minimizes the length of the longest
piece after the division, the geometric one minimizes the piece with the biggest ratio between its endpoints.
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This can be particularly useful in many cases: for example in order to avoid divisions by zero for integrands
of the type 1/(y — A sin(y)), which is a simplified version of some of the denominators that appear in all
the terms. Detailed results of the breakdown by region and by term can be found in Table 2 of Appendix C.

We chose 8§ = 27>, and AbsTol and RelTol equal to 10 We changed the number of maximum
subdivision levels depending on the region and (possibly) depending on the terms. For the nonsingular
region, the maximum number was 10 (2%° intervals). In the singular-first-coordinate, the maximum
number of subdivisions was 8 (2!° intervals), and that number was also used in the singular-center region.
The singular-second-coordinate region was treated differently: all terms other than B4; and Bss were
further split into three subregions: [§, 0.65] x[—§, 6], [0.65, 0.95] x[—4, §] and [0.95, 7] x [—§, §] and
setting the maximum number of subdivisions to 9 in each subregion. The first and second subregions
were computed using arithmetic splitting, whereas the third one was split geometrically only in the first
coordinate, and arithmetically in the second.

The singular-second-coordinate regions of the terms B4; and Bss are highly singular because of
the cubic denominators and they required special precision. They were subdivided into six subre-
gions: namely [4, 0.325]x[—4, §], [0.325, 0.65]x[-$, &], [0.65,0.775]x[—4, 8], [0.775, 0.95]x[-$, &1,
[0.95, 1.5]x[—4, 8] and [1.5, w]x[—§, 6]. The maximum number of subdivisions was 10 in each subregion.
The last two subregions were split geometrically in the first coordinate, arithmetically in the second. The
other four subregions were split arithmetically in each of the coordinates.

The simulations were run on the NewComp cluster at Princeton University. Each of the programs was
run on a core of 2 Xeon X5680 CPUs (6 cores each, 12 in total) at 3.33 GHz and 8 GB of RAM. The total
runtime was about 3.5 min for the first part of Lemma 2.2. For the second part, the different runtimes are
summarized in Table 3 of Appendix C.
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DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION
FOR A STRONGLY COUPLED POLARON

RUPERT L. FRANK AND ZHOU GANG

Frohlich’s polaron Hamiltonian describes an electron coupled to the quantized phonon field of an ionic
crystal. We show that in the strong coupling limit the dynamics of the polaron are approximated by an
effective nonlinear partial differential equation due to Landau and Pekar, in which the phonon field is
treated as a classical field.

1. Introduction and main result

1A. Setting of the problem. In this paper we are interested in the dynamics of a strongly coupled polaron.
A polaron is a model of an electron in an ionic lattice interacting with its surrounding polarization field.
Frohlich [1937] proposed a quantum-mechanical Hamiltonian, given in (1-1) below, in order to describe
the dynamics of a polaron. In this model the phonon field is treated as a quantum field. The Frohlich
Hamiltonian depends on a single parameter o > 0 which describes the strength of the coupling between
the electron and the phonon field. Landau and Pekar [1948] proposed a system of nonlinear PDEs, see
(1-8), (1-9) below, to describe the dynamics of a polaron and used this in their famous computation
of the effective polaron mass (see [Spohn 1987] for an alternative approach). They treat the phonons
as a classical field. The derivation of their equations is phenomenological and they do not comment
on the relation between their equations and the dynamics generated by Frohlich’s Hamiltonian. Our
purpose in this paper is to establish a connection between the two dynamics and to rigorously derive the
Landau—Pekar equations from the Frohlich dynamics in the strong coupling limit @ — oo for a natural
class of initial conditions and on certain time scales.

In order to describe this result in detail, we recall that the Frohlich Hamiltonian acts in £2(R3) ® F,
where £2(R3) corresponds to the electron and F = F(£2?(R?)), the bosonic Fock space over £2(R3),
corresponds to the phonon field. The Hamiltonian is given by

i dk
p +\/_/ [ %% ay + ek %q *]W+/ aga, dk, (1-1)
where p 1= —iVy and x are momentum and position of the electron and g, and a; are annihilation and

creation operators in F satisfying the commutation relations
lay.a;] =8k —k'), [ax,ar]=0, and [aj,a;,]=0. (1-2)

MSC2010: 35Q40, 46N50.
Keywords: polaron, dynamics, quantized field.

379


http://msp.org/apde/
http://dx.doi.org/10.2140/apde.2017.10-2
http://dx.doi.org/10.2140/apde.2017.10.379
http://msp.org

380 RUPERT L. FRANK AND ZHOU GANG

As mentioned before, the scalar o > 0 describes the strength of the coupling between the electron and the
phonon field and will be large in our study.
To facilitate later discussions we rescale the variables, as in [Frank and Schlein 2014],

x—a lx, k— ak, (1-3)

and find that the Hamiltonian in (1-1) is unitarily equivalent to azH Fwhere the new Hamiltonian H F
acting again in £2(R?) ® F, is defined as

A = p +/ [e” ’kxbk—i-e’kxbk] ] / by dk. (1-4)

The new annihilation and creation operators b, := al/ 2a4% and b,’: = al/2g* i satisfy the commutation
relations

[by. by = a~28(k —k'), [bg.bp’]=0, and [by. bi]=0. (1-5)

We emphasize the ¢-dependence in (1-5).
We will discuss the dynamics generated by H(f for initial conditions of the product form

Yo ® W(a?po) Q. (1-6)
Here, © denotes the vacuum in F and W( f) denotes the Weyl operator,
W(f) =70, (1-7)

so that W(a2¢) Q2 is a coherent state. This particular choice of initial conditions is motivated by Pekar’s
approximation [1946; 1951] to the ground state energy, which uses exactly states of this form. Pekar’s
approximation was made mathematically rigorous by Donsker and Varadhan [1983] (see [Lieb and
Thomas 1997] for an alternative approach)

Clearly, the time-evolved state e —iHyt Vo ® W(a?po) 2 with t # 0 will in general no longer have an
exact product structure. However, we will see that for large o (and ¢ of order one, or even larger) it can
be approximated, in a certain sense, by a state of the product form v¥; ® W(a?¢,) 2, where ¥, and ¢,
solve the Landau—Pekar equations

o) = [ =8+ [ [t + 5] 5 o (-8

K]
102300 (k) = g (k) + k]! /R (o) Pe dx (1-9)

with initial data ¥ and ¢g. Using standard methods one can show that for any o € H!(R3), ¢o € £L2(R3)
and o > 0, the system (1-8), (1-9) has a global solution (v, ¢;), which satisfies

Vel 2wy = Vol 2msy and  E(Wre, @1) = E(Yo,90) forallz € R

with the energy

—IlK-X KX = k
ey = [ VP ars [ ool [ (oot a) T ar [P dk. -0



DERIVATION OF AN EFFECTIVE EVOLUTION EQUATION FOR A STRONGLY COUPLED POLARON 381

We refer to Lemma 2.1 and Proposition 2.2 for more details about the solution (v, ¢;). In the original
work of Landau and Pekar the equations are given in a different, but equivalent form, and we explain this
connection in Section 1D.

1B. Main result. In order to prove our main result we need the following regularity and decay assumptions
on the initial data. We denote by ™ (R?) the Sobolev space of order m and by

L3y R = LR, (1 + k)™ dk) (1-11)

the weighted £2 space with norm

1
2
Iollg,, = ( [ 0+ gt ak)
(m) R3
Our main result will be valid under the following:

Assumption 1.1. We assume o € H*(R>) and ¢g € 5%3)([R3) with [[Vo [l 2w3) = 1.

A first version of our main result concerns the approximation of the reduced density matrices of
_HF .
e~ Ha Ly @ W(a?gp) Q in the trace norm.

Theorem 1.2. Assume Vo and @o satisfy Assumption 1.1 and let (Y¢, @) be the solution of (1-8), (1-9)
with initial condition (Yo, @g). Define

article —iHF —i BF
yPele = Trr|e™ Ha tyo @ W(e?po) Q@) (e~ e Lo @ W(epo) |
_;gF _gF
yi = Trpzgay e o o @ Wiapo) Q) (e Ha Typg @ W(apo) 2.
Then, foralla > 1 and all t € [—a, a],

Trﬁz(R3)‘thmiCle— Ve ) (Wel| < Ca2(1+12),
Trr |y — [W(@?p) Q) (W(@?e:) Q|| < Ca™?(1 + 1),

particle

Note that y; , yIeld 1y ) (Y| and | W(a2r) Q) (W (a?@;) Q| all have trace norm equal to one
(in fact, they are nonnegative operators with trace one) and therefore Theorem 1.2 gives a nontrivial
approximation up to times ¢ = o(«). Already the approximation up to times of order one is significant
since this is the time scale on which ¥, changes. It is a bonus that the same approximation is in fact valid
for much longer times.

We emphasize that the Landau—Pekar approximation to the Frohlich dynamics depends on « (through
(1-9)). As we will explain in Section 1C, without allowing for an e-dependence one cannot approximate
yr article with accuracy o~ 2 for times of order one.

We next present a more precise result which comes at the expense of a more complicated formulation.
We approximate the state e~ Ha "o ® W(a?pp)Q itself in £2(R?®) ® F, and not only its reduced
density matrices. However, it turns out that up to the desired order a2 this is not possible in terms
of simple product states. Instead, we need to include an explicit nonproduct state of order o~! which
takes correlations between the particle and the field into account. The key observation is that this term



382 RUPERT L. FRANK AND ZHOU GANG

satisfies an almost orthogonality condition, so that it does not contribute to the reduced density matrices
to order &~ L. For the statement we need the real scalar function @ defined as

o(t) = & Im(pr, 3:pr) + 911122 g3)- (1-12)

It will follow from Lemma 2.1 below that this function is uniformly bounded in ¢ € R.
The following is our main result.

Theorem 1.3. Assume o and @ satisfy Assumption 1.1 and let (¢, ;) be the solution of (1-8), (1-9)
with initial condition (Yo, o). Then there is a decomposition

Tty 8 W(aPgo) R = IOy @ Watp) 2 + R(0) (1-13)
and a constant C > 0 such that for all o > 1 and all t € [—a, ],
(@ W* (@0 RO)) 5| 2 sy < Ca1e](1+ 1)), (1-14)
[{ve. W= @0 R®) 2@ | = Ca? 111+ 12 (1-15)
and
IR 2@yer < Ca™ (1412 (1-16)
More precisely, (1-13) holds with R(t) = R1(t) + Rx(t) and with the bounds
(. W™ (@) Ri (1)) | o gy < Ca™ 2%, (1-17)
(W, W (@0 R1 (D) 23 || - < Ca ™21 (1-18)
and
1R2 () c2@eyor < Ca 211+ 1e]), RO 2@ypr < Ca™ (1 +t]). (1-19)

Similarly as before, we note that for # = o(«) the term R(¢) is of lower order than the main term
=i Jy 0(s) ds V: ® W(a?@,) 2, which has constant norm equal to one.

The message of Theorem 1.3 is that, while R(¢) is in general not of order a2 (for times of order
one), it can be split into a piece which is, namely R, (?), and a piece which satisfies almost orthogonality
conditions, so that it does not contribute to the reduced particle or field density matrices at order o~
either. The term R;(¢) is given explicitly in (2-16) below.

Theorem 1.3 implies Theorem 1.2 by a simple abstract argument, which we explain in Appendix D. In
the following we concentrate on proving Theorem 1.3.

In Section 1C we compare Theorem 1.3 with a similar approximation in [Frank and Schlein 2014] where
¢ is independent of . In Lemma 1.4 we show that this simpler approximation does not yield the same
accuracy in terms of powers of ! as Theorem 1.3. In this sense Theorem 1.3 derives the Landau—Pekar
dynamics from the Frohlich dynamics and answers an open question in [Frank and Schlein 2014].

While it is necessary to take the time dependence of ¢; into account, this dependence is still weak
for times of order « as considered in our theorems. The field ¢; changes by order one only on times of
order o2, and it would be desirable to extend Theorems 1.2 and 1.3 to this time scale, at least for a certain
class of initial conditions. This remains an open problem.
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The key point in Theorem 1.3 and novel aspect of this work are the almost orthogonality relations
(1-14) and (1-15). As we will see in Section 1C, they will be crucial for deriving Theorem 1.2. Inequality
(1-16) is not sufficient for this purpose. Let us discuss the motivation behind the almost orthogonality
relations in more detail. We introduce the function

Uy = et oo dsy, (1-20)

and consider the problem of approximating eI HY "0 ® W(a? o) Q by a function of the form 1}, ®
W(a2¢;)Q. (We do not assume at this point that v, and ¢, satisfy an equation.) Since W(a2¢;) is
unitary, this is the same as the problem of choosing v/, and ¢; so as to minimize the norm of the vector

W (@2gr)e ™ Bd Ly @ W(aPo) 2 — 1 ® Q. (1-21)
Clearly, for given v, go and ¢;, the optimal choice for v/, is
Ve =(Q, W* (@2 )e Ha o @ W (e 90) Q) ;. (1-22)

In order to determine ¢; we only solve the simpler problem of minimizing the norm of the projection of
(1-21) onto the subspace span{v/;} ® F. This norm could be made zero if we could achieve

Q= (1},, W*(azwt)e_iﬁoftlﬂo ® W(aztpo)Q)Lz. (1-23)

While it may not be possible to have exact equalities in (1-22) and (1-23), we will see that the Landau—
Pekar equations yield almost equalities. In fact, the almost orthogonality relations (1-14) and (1-15) in
our main theorem state exactly that:

P — (W @2p)e Ay @ W(ePpo) Q) = Op2 (¢ 2[t](1+2)). (1-24)
Q— (. W@ p)e a1y @ W(aPg0) Q) o = Or(a2]t](1+ It]). (1-25)

1C. Comparison with earlier results. The problem of approximating the Frohlich dynamics of a polaron
was studied before in [Frank and Schlein 2014]. There a different and simpler effective equation is
proposed in which only the particles move and the phonon field remains constant. In this subsection we
show that Theorem 1.2 is not valid for these effective dynamics from [Frank and Schlein 2014], in the
sense that the reduced phonon density matrix cannot be approximated to within an error o =2 for times
of order one. The fact that our Theorem 1.2 achieves an approximation at this accuracy is because the
phonon motion is taken into account in the Landau—Pekar equations. Technically this is reflected in the
orthogonality conditions (1-14) and (1-15).
To be more specific we recall that in [Frank and Schlein 2014] it was shown that

”e_iH‘ftWO ® W(O[z(po)Q _ e—l'||(00||%té-t ® W(a2¢0)9 H£2®}_ < Ca—l(eCItl — 1)%, (1-26)

where ; denotes the solution of the linear equation

dk

ity = [ =0+ [ [ 00+ e nth] i Jarco
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with initial condition 9. We stress again that in this approximation, ¢g does not evolve in time. An
anonymous referee, to whom we are most grateful, has explained to us that the method of [Frank and
Schlein 2014] actually leads to the bound

le = Hd g ® W(aPpo) @ —e 1907 ¢, © W(0P00) Q| 1o < CCIV™ — 12, (1-27)

which provides an approximation even up to times of order o(c). With his/her kind permission we
reproduce the argument in Appendix E.

As an aside we note that we recover a similar bound as a simple consequence of Theorem 1.3. (In fact,
our new bound is better by a power of ™2 for times ¢ > 1.) Namely, (1-16) says that

_iHF [t _
le™ ety @ W(aPpo) 2 — e o WISy @ W(aP0) R pogr < Co (1 +1t]).  (1-28)

(In [Frank and Schlein 2014] weaker regularity and decay assumptions are imposed on ¥ and ¢g, but
we emphasize that (1-16) is also valid under weaker assumptions than those in Assumption 1.1. In fact,
the latter assumption is needed to bound R (¢), whereas for (1-16) one can avoid the use of Duhamel’s
principle in Proposition 2.3.)

For the reduced density matrices, inequalities (1-26) and (1-27) give, using (D-1) and possibly changing
the value of C,

article . _ 1 1
Trpo [y — 18) (¢l < € minfa = (€1 —1)2, (€l —1)2},
Tra |y — |W(ap0) Q) (W(Pp0) Q| < C minfa™ (€M —1)3, (€I« —1)3}.

These bounds behave like o~! for times of order one.
The next result shows that in this approximation of )/,ﬁeld by a time-independent ¢ the order o~ (for
times of order one) cannot be improved in general.

Lemma 1.4. In addition to Assumption 1.1 suppose that po # —0y,, in the notation (2-2). Then there are
£>0,C >0andc >0 such that for all |t| € [Ca™',e]l and all o« > C /s,

Trz |y = W (@?90) Q) (W (@?p0) Q| = ca™1].

This lemma should be contrasted with Theorem 1.2, which says that the time-dependent approximation
|W(a?@;) Q) (W(a?@p,) 2| is correct to order o2 (for times of order one). This argument shows the
importance of the orthogonality conditions (1-14) and (1-15). Indeed, if we would only use (1-16),
we would arrive at (1-28) and this would again only give an approximation to order o~ (for times of
order one).

Since Theorem 1.2 is a consequence of Theorem 1.3 and since we showed that one cannot replace ¢
by ¢¢ in Theorem 1.2, the same applies also to Theorem 1.3.

Let us consider our problem from a wider perspective. We have a composite quantum system 1 ® H,
and a Hamiltonian which couples the two subsystems. Each system has an effective ‘“Planck constant” and
the characteristic feature of the problem is that the Planck constant of one system goes to zero, whereas
that of the other system remains fixed. Thus, one of the systems becomes classical, whereas the other one
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remains quantum-mechanical, and Ginibre, Nironi and Velo [Ginibre et al. 2006] used the term “partially
classical limit” in a closely related context. (For us, the “Planck constant” of the phonons is @2, as can
be seen from the commutation relations, whereas that of the electron is of order one.) A prime example
of such a problem is the Born—Oppenheimer approximation, where the inverse square root of the nuclear
mass plays the role of the small Planck constant.

Here, however, we consider the case where H; ® H; has infinitely many degrees of freedom. As is
well known, our Hamiltonian is the Wick quantization of an energy functional on an infinite-dimensional
phase space and the notion of “Planck constant” has a well-defined meaning through the commutation
relations of the fields. (We emphasize that in our problem we can imagine that we have also a field W for
the electrons, but that we only consider the sector of a single electron.)

Although there is an enormous literature concerning the classical limit, starting with Hepp’s work
[1974], and although we believe that the question of a partially classical limit is a very natural one which
appears in many models, we are only aware of the single work [Ginibre et al. 2006] prior to [Frank and
Schlein 2014] on this question, and it studies fluctuation dynamics. Closer to our focus here are the
works [Falconi 2013; Ammari and Falconi 2014] about the Nelson model with a cut-off where, however,
a classical limit on both systems is taken. On the level of results, one obtains equations similar to the
Landau—Pekar equations (without the factor «? in (1-9)), but the proofs are completely different, as
[Ammari and Falconi 2014] relies on the Wigner measure approach from [Ammari and Nier 2008; 2009].

The polaron model, in contrast to the Nelson model, does not require a cut-off, although this is not
obvious since the operator [ e’®*p|k|~" dk and its adjoint are not bounded relative to the number
operator. Lieb and Yamazaki [1958] devised a method to deal with this problem in the stationary case,
but it is not clear to us how to apply their argument in a dynamical setting and we consider our solution of
this problem as a technical novelty in this paper. Our methods apply equally well to a partially classical
limit in the cut-off Nelson model and, in fact, the proofs in that case would be considerably shorter.

1D. An equivalent form of the Landau—Pekar equations. Often the Landau—Pekar equations are stated
in the form

10:9: = (=A + |x| ™" % Py, (1-29)
a*®? Py = — P, — 2)2 |y, ? (1-30)

for a real-valued polarization field P;; see, e.g., [Landau and Pekar 1948; Devreese and Alexandrov
2009]. Let us show that this pair of equations is equivalent to the pair of equations that we discussed so
far. In fact, assume that v; and ¢; solve (1-8) and (1-9) and define

Pi(x) = (27)"! Re/ k|@: (k)e ™ ** dk,
R3
as well as the auxiliary function

0:(x) = () m [ IKlgr )~ .
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If we multiply (1-9) by |k| and integrate with respect to e "'%¥*X, we obtain

i0®0;(Pr +iQ1) = Pr +i0Q; + 2m)? |y
Since P; and Q; are real, this equation is equivalent to the pair of equations
0?0 Pr= Qs @3;0r=—Pr—Qu)* |yl

Here we can eliminate Q; by differentiating the first equation and arrive at (1-30).
Moreover, the inversion formula

o0 (k) = 2m) 2 k]! f (Py +i00)e % dx
R3
implies
dk

-1
= * Py,
k| | x| t

43 (e—ik~x¢t(k) +eik'xM)

which yields (1-29).

2. Outline of the proof

2A. Well-posedness of the Landau—Pekar equations. We begin by discussing the well-posedness of the
equations for ¥; and ¢; in (1-8) and (1-9). We use the following abbreviations for the coupling terms in
these equations,

dk

2-1
] -1

Vo(x):= /3[e_ik'x<p(k) + eik'x(ka)]
R
and
oy )= 7! [ e ax. @)
R3
The following lemma, which is proved in Appendix C, states global well-posedness in the energy space
HIU(R3) x £L2(R3).

Lemma 2.1. For any (Y, o) € H1(R3) x LZ(R3) there is a unique global solution (¢, ¢;) of (1-8),
(1-9). One has the conservation laws

Vel 2 = Woll.2 and  E(We, 1) = E(Wo.@o) forallt € R.

Moreover, for all @ > 0 and all t € R,

IWellyr ST llorlle2 <1 (2-3)

and

10:0:ll 2 Sa2, Nloe—@sllz Sa 2t —s|, oy, ll2 < 1. (2-4)

In the proof of our main result we need to go beyond the energy space #! (R?) x £2(R3). The following
proposition states that if the initial conditions have more regularity and decay then, at least for a certain
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(long) time interval, we have bounds on the solution in the corresponding spaces. We will also need some
bounds on the auxiliary functions g : R — C defined by

o dk
goa(x) i= [ 0 () — sG]k 2K 2-5)
" ]
and g : R3 — C defined by
g5(x) 1= —By g4 (x) = / ikx g0 0) X (2-6)
" |k|

The following proposition will also be proved in Appendix C.

Proposition 2.2. Let v > 0. If (Yo, po) satisfies Assumption 1.1, then for all « > 0 and for all t,s €

[—ta?, ta?] we have
Ve llgga <o 1, ”‘/’t“g(%) <ol (2-7)
Moreover,
10:Yella2 S 1, 10r0y, o2 o 1 (2-8)
and
lgs.lloo Sz 2t =5l lgslloo S (2:9)

2B. Decomposition of the solution. We now decompose the solution e~ ay o ® W(a?pp)Q as
claimed in Theorem 1.3. In order to state this, we need to introduce some notations.

It will be convenient to work with the function 1}; from (1-20). Clearly, the bounds from Lemma 2.1
and Proposition 2.2 hold for ¥, as well. (For the bounds on d,V; we use the fact that |w(¢)| < 1 by
Lemma 2.1.) Moreover, we note that v/, and ¢, satisfy the modified equations

o0 = =8+ [ [+ a0 v o . o

o g1(l) = o)+ kI [ (0P dx @-11)
Next, we define for y € £2(R3) with ||| = 1 the orthogonal projections in £2(R?3),
=)Wl Pyi=1-Py=1-[y)(yl.
The effective Schrodinger operator Hy, in £2(R3) is defined by
Hy:= —A+V¢,+/R3 lp(k)|* dk (2-12)
with V,, from (2-1). Moreover, let us introduce the operator
H, = W*(?p)HE W(a?p) (2-13)

in £2(R3) ® F. Using the commutation relations (see Lemma A.1) we find that

i, =H¢+/W[e"k'Xb; —’kka]W+[ [o(k)b} +<p(k)bk]dk+/ bibedk.  (2-14)
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Finally, we introduce the vector

o . dk
Frs:=P3 / [(EEWH @)W po)bls @ Q) T (2-15)
S JR

and define ,
Dy ::/ eiH“’tsF,,s ds
0
and

t—s i . - dk
/ (el 0 (5+51) i 'Xb]’:e—l ‘”SIFt,s)stl ds,
R3

(eiﬁ‘/” (s+sl)e—ik'kae_iH(ﬂ[sl FI,S) % dsl ds7
3

I
)
bl
t pt—s o~ .
D3:= / / / (e Hot SHsV g (k)bFe HosS1 F, () dk dsy ds,
0 JO R
S
L

Dy = (! Aor 50 o )by e ™ Horst Fy () dk dsy ds.

3

t pt—s - _
Ds = / / / (e’Hw (””sl)b,’c"bke_’H‘ﬁts1 F,,s) dk dsy ds.
o Jo Jgr3

While these definitions might seem formal, we will show in Theorem 2.5 that each of Dy, ..., Ds belongs
to L2(R3) ® F.
With these notations, the promised representation formula for the solution looks as follows.

Proposition 2.3. Assume that (V;, ;) satisfy (2-10), (2-11) with initial conditions (o, @o) where
Woll? = 1. Then for any t € R one has the decomposition

e HE Yo @ W(aPp0) 2 =T ® W(ePp) R + Ri (1) + Ra(t)
with
Ry (1) := —iW(a?g,)e " Her' Dy
and B
Ra(t) := —W(a*@;)e " Het!(Dy + Dy + D3 + Dy + Ds).
Clearly, in terms of the original function v, the term R; is explicitly given by
Ri(1) =

o s : dk
_iW(OlZ(pt)/ |:e—let(t—S)—l lo w(Sl)dS1PVJI_S/3(elk-xW*(O[Z(pt)W(aZQDS)b;:wS@Q) W] ds. (2-16)
0 R

The proof of Proposition 2.3 makes use of equations (2-10), (2-11) for (1},, @) as well as the Duhamel
formula. We single out the use of the equations in the following lemma.

Lemma 2.4. Assume that (¢, @;) satisfy (2-10), (2-11) with initial conditions (Yo, po) where ||o]|? = 1.
Then for any t € R one has

_ t L~
e Ha o @ W(a2g0)Q = P ® W(ap)Q —i / e Ha OW (g Fr ds. (2-17)
0
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Proof of Lemma 2.4. Applying the operator e A4t 1o both sides of (2-17) we see that we need to prove

5 .
Vo ® W(a?o) Q2 = elH“Ftl//t Q W(a?p:) Q2 — i/ elHaFSW(azgot)Ft,s ds.
0

This is clearly true at # = 0 and therefore we only need to show that the time derivatives of both sides
coincide for all #; that is, in view of definition (2-15) of F; g,

0=l fa [i HE Ui @ W(@P0)Q+ 300 © W(e0r) Q2 + Y ® 3, WP o) Q
k
—iweory, [ @i @ )
This is, of course, the same as
iﬁ(f‘}t ® W(pr)Q + 0: Y ® W(a?0) Q + ¥ ® 9 W) Q2

S dk
=iWeoP} [ (@b o) T

, (2-18
] (2-18)

which is what we are going to show now.
We begin by rewriting the first term on the left side. Using (2-13) and (2-14) we obtain

o ~ ) . . dk
iHy Ve @ W(eP9)Q = iHy, it @ W(eP9r) Q + W’W(azwt)[ib ot l/ R k] ]Q

In order to rewrite the third term on the left side of (2-18) we use the formula for 9, W(a2<p,) from (A-4)
below and find

Vi ® 0: W) Q = i (Im(ps. ,00) ¥ @ W(ap)Q + &Y @ W(a?p)b* (3:9:) Q.
Thus, recalling the definition of w in (1-12), we have shown that
PHE G @ W20 @+ 00 @ W(eP0r) 2+ T ® 8 W(epr) Q2
=[0; +i(=A+Vy, + (1) @ W(a?e)Q (2-19)
+ W(oz2<p,)|:oe2b*(8tg0t) +ib*(¢;) + i/R3 etkxpx %](% ® Q). (2-20)

At this point in the proof we use the equations for 1/~/t and ¢;. It follows from (2-10) that line (2-19)
vanishes identically. For line (2-20) we use (2-11) to obtain

PHF @ W2p) @+ 30 ® W(a2e) 2 + T ® 9 W) Q
. - . k7 -
_ iW(azgot)[ / (— / e Pe® dy + e””‘)bi: W]wt ®9)

=iW(a so)Plf (e @ 9) 2k i (2-21)
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Here we used the fact that ||| = ||¥o|l = 1 by assumption and Lemma 2.1, and therefore
Pé‘{ =1- |&t>(¢t|
Equation (2-21) proves (2-18) and completes the proof. O

Having proved Lemma 2.4 we turn to the proof of Proposition 2.3.

Proof of Proposition 2.3. It follows from Lemma 2.4 and (2-13) that

3 .
e He o @ W(aPp0) @ = Y @ W(e2g)Q2 —iW(Ol2<Pt)/ N
0

In the time integral on the right side we use Duhamel’s principle and (2-14),

_ t—s ~
e_iHWt(t_s) :e_iH‘ﬂl(t_s)—i/(; e_iHW(t_s_Sl)(/l;p[ ik- xb +e —ik- xbk W_'_/ bkbk dk

[ o b+ ) e ) Hert s
R3
Proposition 2.3 now follows easily from the definition of Dy, ..., Ds. O

2C. Reduction of the proof of the main result. In the remainder of this paper we will prove the following.

Theorem 2.5. Assume that o and @g satisfy Assumption 1.1, let (1},, @) be the solution of (2-10), (2-11)
with initial condition (o, @o) and let Dy, ..., Ds be as in Proposition 2.3. Then there is a constant
C > 0 such that foralla > 1 and t € [0, 052],

IDoll 297 < Ca™ ' (1 +1), (2-22)
ID1l 27 < Ca™2t(141), (2-23)
ID2]l 2gr <@ 2t(14+0)(1+a™ 1), (2-24)
ID3)l 2or < Ca2t(1+1)(1+a™ 1), (2-25)
ID4ll 27 < Ca2t2(1 +a 1), (2-26)
IDs|| 207 < Ca3t(1+1)(1 +a™2t?), (2-27)
(@, e7He! Do) | @y < Ca 2%, (2-28)
(0. e et Do) 2y || - < Ca21%(1 + a7212). (2-29)

This theorem (and its analogue for ¢ € [—a?2, 0]), together with the decomposition from Proposition 2.3
and the fact that the operators W(a2¢;), e ""Hei? and e~ He:? are unitary, implies Theorem 1.3. In fact,
(2-22) implies the second bound in (1-19), (2-23)—(2-27) imply the first bound in (1-19), (2-28) implies
(1-17) and (2-29) implies (1-18).

We emphasize that Theorem 2.5 is valid up to times o2. (In fact, since the proof only relies on
Proposition 2.2, it is valid up to times a? for an arbitrary > 0 with C depending on 7.) Consequently,
the bounds in Theorem 1.3 are also valid up to times «?. However, since the evolved state and the main
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term in the approximation both have norm one, the bounds are only meaningful for times up to e« for
some small & > 0.

The basic intuition behind the bounds on Dy, k = 0,...,5, is that each annihilation or creation
operator is of order &~ ! and therefore Dg, which contains only one creation operator, is of order o™ !,
D1, D, D3, D4, which contain two creation or annihilation operators, are of order a2 and D5, which
contains three creation or annihilation operators, is of order 3. We illustrate this intuition in more detail
in Section 2E with the simplest possible terms.

While this basic principle is true, it is oversimplifying the situation considerably as it does not take the
slow-decaying terms |k|~! into account. The operator | e’ k-x b;{‘|k|_1 dk and its adjoint are not bounded
relative to the number operator | byb, dx. In fact, the treatment of these operators is the major difficulty
that we have to overcome here.

At this point we have reduced the proof of Theorem 1.3 to the proof of Theorem 2.5, and the remainder
of the paper is concerned with this. We bound Dy in Section 3, D; in Section 4 and D, in Section 5.
The terms D3, D4 and D5, which are easier to bound than D and D5, are briefly discussed in Section 6.
Finally, the bounds (2-28) and (2-29) will be proved in Subsections 7A and 7B, respectively.

2D. A further decomposition. Using the fact that P 1/5; = 1—|v;) (V] (see the proof of Lemma 2.4), we
t
have the decomposition

Fug = O F

t,s >

where

73 ~ dk
Ft(,ls) = /2(€lkxW*(azgot)W(aztps)b;ws ®Q)m
R,

and, with the notation oy, from (2-2),
F2) =15 @ W* (@200 W(ePp)b* (0, ) 9.
Correspondingly, we define
D;i =D;j1y—Dj, fori=0,1,2,3,45.

In general, the terms D; are easier to deal with than the terms D;;. The reason for this is that e!¥* |k |~! &
L?(R3), whereas 0g, € L?(R?) by Lemma 2.1, so the operator [ eik'xb;; k|~ ' dk in Ft(’? is harder to
control than the operator b* (05,)in F, g).

For k =1,...,5, both operators D;; and D;5 involve an operator b;, bk or b,’:bk to the left of Ft(,?

or F t(fv), which in turn involves an operator W* (a2, )W (a2 ). We now have the decomposition
Di; = Djj1 + Djj> fori=1,2,3,4,5and j =1,2,

where Djj1 denotes the expression with by, b;” or b;’b, commuted through the operator W* (CRBVACKD!
and D;;> denotes the expression coming from the commutator. To be explicit, we display some exemplary
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cases,

t t—s ~
D111=/ / [ / o Hoy (s+51) yik-x j=iHy, 51 ik -x
o Jo R3 JR3 dk’ dk

xW* (@) W (0 )biby s ® Q T K] dsids, (2-30)

t t—s ~ . . - dk
D121=/ / /3€le’(s+s1)€lk'xe_lH“’tslW*(Olz@t)W(az(Ps)b]’:b*(0%)%@)Qmdslds, (2-31)
o Jo Jr

t t—s ~
1 / . —7 1 /.
D211=/ / / / ele,(s—i-sl)ezk P letsle’k X
0 JO R3 JR3 /

~ dk’ dk
xW*(azwt)W(achs)bkb,t/l/fsz Q ] Tk dspds, (2-32)

t pt—s o~ . . B dk
D2z =/ / / e/ Hlor 550 o Tkx o =tHo SUW* (o2 ) W (P ps)bicb™* (0 )5 ®Q 7 dsyds. (2-33)
o Jo Jm3 y
The commutator terms can be computed with the help of Corollary A.2. Recalling the definition of the
function gy in (2-5), we have, for instance,

t pt—s . _ _ N dk
D12 = —/ / / e Ho BT g W (a2 ) W(aPps)e  Hors1e!K X pr oy @ Q Il dsids, (2-34)
0o Jo Jmrs

t t—s ~ . ~
Dipy=— / f Mot CHD g W (@0 ) W(@Pps)e™ Hor® 1 b* (0, )irs ® Q ds ds, (2-35)
0 JO

t pt—s ~ . . - dk
D312 = —/ / / e Hoi(sts) g W*(azfpt)W(az%)e_le’slelkixblt‘/’s ® Q T dsy ds, (2-36)
0o Jo Jr3

t t—s ~ . ~
Do ==[ [ et Ig W @ W ge e b o i w Qs ds. 230)
0o Jo

2E. Some warm-up bounds. In order to prepare for the rather technical sections that follow, we will
first focus on the terms that do not include a term of the form |k| ™, that is, on the terms Dg>, D33, D>

and Ds5. We hope that this explains the underlying mechanism of our proof and the intuition that each

annihilation or creation operator is of size o~ 1.

Bound on Dgj. We recall that
Doz = /0 (eHers ) @ (W (o) WiaPgy)b* (05, )©) d
and, therefore, by Lemma 2.1,
I1Doz2]l 207 = /Ot 1Wsll2l1b* (05 ) Q7 ds = o™ /Ot log ll2ds Sa'r. (2-38)
Bound on D3;. We have

t opt—s ' _
Daai= [ [ el rs0 (o ) @ (W (@0 W@ p)b” (00" (7, 2) di ds
o Jo g
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and, according to Corollary A.2,

t opt—s - ' 3
D3pp = —/ / e HoiS+s1) (o= Hois1950) @ (g1 — s, <pt)W*(a2(p,)W(a2<ps)b*(01; )2) dsi ds.
0 O s

By the bounds from Lemma 2.1 we have

1

[6*(@)b* (05 )2 5 = 2 (lgelZlog, 13+ I(gr 05 ))? Sa 2,

and therefore, using also the conservation of the £2-norm of g,

D321l 297 < a2,

On the other hand, the bounds from Lemma 2.1 imply

1b*(og ) Qlr=a"og 2 S (@r—¢s, 00 S @2t =],

S
and therefore, using again the conservation of the £2-norm of Vs,
-3.3
D322l 2gr S 717
Thus, we have shown that

D32l c20 7 <a22(1+a ). (2-39)

Bound on D4;. We have

t opt—s - . B
Dupy = / / e/ Mot 6t51) (e Hors1 ) @ (W* (P 0) W(aP )b (p:)b* (0, ) Q) dsi ds
0 0 s

and, according to Corollary A.2,

t opt—s -~ ' 3
Dig == [ B0 ) & (01— )W @0 W@ 0)b" (07,) 2) s s
0 O 5

We commute once again and obtain

t opt—s - . _
Dari =/ / elH(pz (S+S1)(e—lH<pzSI ws) ® (a_z((Pt,Olp )W*(azwt)W(cngos)Q) dsy ds.
0o Jo 5

According to Lemma 2.1 we have |(¢y, 0%)| < 1. This and computations similar to those in the bound of
D32 yield

2.2

%, ||Danzll2gr S0

[Daz1ll p20r S @

Thus, we have shown that

IDazl 2 r S o 2t2(1 +a11). (2-40)



394 RUPERT L. FRANK AND ZHOU GANG
Bound on Ds3. To simplify the notation, let us introduce

N:=/ b,’:bk dk. (2-41)
R3
We have

t opt—s . . _
P21 = / / e/ oy (5 s0) (¢ 7Hart1 ) @ (W (o200 W(oPgs) N b7 (0,) 2) ds1 ds.
0 JO

Moreover, by Corollary A.2,

[NV W* (@20 W(ePps) | = —W* (a0 ) W 0s) (b (1) —b(¢5))
—W* (@) W (0 @s) (b* (1) —b™* (05))+ W * (0?01 ) W (0 95) | 0r— @2 |13,
SO
Dayy = /l‘ /t—s eiﬁ(ﬂt (s+s1)(e_iH<ﬂts1 ‘Z.s)
0 0
& (W* (@@ W(@05) (~b(01 —p5) = b* (91 = 95) + lpr — 92113)b" (0, ) Q) dsy ds.

We use Nb*(av;s) = b*(alr,;s)/\/' + a_zb*(av;s) and obtain

t t_s - . ~
Dsy1 =a™? / / e HorCH) (= Horst ) @ (W (P o) W (0P p5)b* (0, ) ) disy ds.
0o Jo :

Therefore, much as before,

3.2

D521l p2r S 717

For D535 we commute again to get
topt—s - . .
Dsza= [ [ eletrs0 et ) @ (W @p) Wia )
o Jo
X (—a 2 (g1 — 05,05, )R = b (91 — )b (05, )2 + ot — 9213 6% (0,) Q) ) disi ds.
For the second term on the right side we compute
1
|6* (00 —0)b* (05, ) @ - = a2 (llgr — esl3 105, 113 + (01 — @5, 05 )1%) 2.
Using the bounds from Lemma 2.1 for ||¢; — ¢s||2 we obtain that
IDs22ll 27 S * (1 +a™0).
Thus, we have shown that
IDs2ll 2 < @212 (1+a720%). (2-42)
3. Bound on D

We have already controlled Dg; in (2-38), so it remains to consider Dyj.
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Bound on Dg1. We recall that

dk
/ eiHors [ ’ka (Ot o) W(a (Ps)bkws(X)Q) |k|

The main difficulty here, which we will encounter in various forms throughout this paper, is the unbound-
edness of the operator [ e,>"k'x19;€‘|lc|_1 dk (for any fixed x € R3), since e"k'f‘k|k|_1 & L2(R3).
KX

To overcome this difficulty we make use of the oscillatory behavior of e via the formula

ikx _ 1—ik-Vy ik-x
1+ |k|?

and aim at integrating by parts with respect to x. However, this integration by parts creates a new difficulty:

(3-D

the resulting operator Vy is unbounded and has to be controlled.

To overcome this new difficulty, it will be desirable to have an operator (—A + 1)~! somewhere in the
expression of Do so that we can use it to control Vy, since obviously Vy(—A + 1)~! is bounded. It is
equivalent and technically more convenient to work with (Hy, + M )~1, where M > 0 is a large constant
(independent of « and ¢), instead of (—A + 1)~ In order to create this term we first integrate by parts
in s and make use of the identity

etHorS — _i(Hy + M)~ e ™My [ HortM)s), (3-2)

We obtain, using the fact that H,,, commutes with W(a?g),

dk
DOl = lelH(Dtt(H +M) / lkxbkwl‘ ®Q |k|
dk

W@ W) e+ M) [ o @ @
R

dk
+M/ IHWZSW (Ol (pt)W(a (ps)(H(pt+M) / lkxbkws®9 |k| d

~ . . dk
—i—i/ .ngwsW*(05290,)W(oczgos)(Hwt—i—M)_I/3 e’k'xb,’:3s1/fs ®Q—|k| ds
0 R

. , - dk
+i/ ezH(p,sW*(azwt)(asW((Xz(ﬂs))(Hwt+M)_I/I;@ elk.Xwas(ngds
0

= Do11 + Do12 + Do13 + Do14 + Do1s,
where the terms D are defined in a natural way. We will prove the following lemma.

Lemma 3.1. Foru € H'(R3?) and f € £L2(R?),

. d
H (—A+1)"2 /3 ¥ pru®Q—
R

501_1 u
i el

L2QF

R

and

U ks s dk -
”(—A—i-l) 2/R3"’kxb (f)bu®Q—— S o2 ully LS 12

|k L2QF



396 RUPERT L. FRANK AND ZHOU GANG

We defer the proof of this lemma to the end of this section and first show how to use it to control Dyj.
By Corollary B.2 and Lemma 2.1, we can choose M large enough so that (H,, + M)_%(—A + 1)% is
bounded uniformly in ¢ € R. Moreover, by Proposition 2.2, ¥; and ;Y belong to H!(R?) and have
uniformly bounded norms for ¢ € [0, o%]; see also the remark at the beginning of Section 2B concerning the
bounds on d;v;. These facts, together with the unitarity of e!e:5, W*(a2¢,) and W(a2¢s), imply that

-1 -1
[ Do11 ||£2®]-‘ Sa ||D012||£2®]-' Sa

and

-1

[Do13ll2er S 2, ||Dol4||£2®;5cx_1t.

In order to deal with the term D15 we make use of (A-4) and find

t ) . - dk
Do15 = _/ (Im(gs, azasﬂos))eletsW*(azgat)W(aZ(ps)(prt + M)_1/ elk.xbltl/fs ® Q W ds
0 R3

r . ~ dk
+l/ eletSW*(a2(pt)W(a2gos)(H<p,+M)_1[3elk'xb*(azas%)b;c“/’s ®des
0 R

t . ~ dk
_ i/ ele’SW*(az(Pt)W(az(pS)(H‘pt + ]M)_l/‘3 €lk'xb(0!28s(ps)b;1ps ® 2 W ds
0 R

= Do151 + Do152 + Do153.

From Lemma 2.1 we know that |(¢y, a2d5¢5)| < 1 and ||a2d;¢s| < 1. Thus, the first and the second
bounds in Lemma 3.1 imply, respectively,

-2

Do1sill2eor S 't ||Doisz2llp2gr S 2.

For Dy153 we use the commutation relations to rewrite it as
t
Dorsa =1 [ eHers W (@2 p) W(a?gu) (Hy, + M) g © s
0

with g from (2-6). Therefore, Proposition 2.2 yields

2.

[Doisall p2er S
To summarize, we have shown that
IDo1ll2gr S @ (1 41). (3-3)

Proof of Lemma 3.1. For any y € £2(R?) ® F and (®y)eg3s C F, we use (3-1) to find

) dk ik ik-x
<%(—A+1)‘5/ e’k'xu®<l>k—> =<V(—A+1)‘5y,/ L1,¢®c1>kdk>
R3 L2QF

k| r3 [k|(1+]k[?) L2QF
+<( At1)2 / ikett (Vu)®® dk>
- Vo | e (V) @9
r3 [k [(1+1K]?) L2QF
ik-x

1 e
+{(=A+1)"2 / ———u®d dk> .
< o TR R J
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Clearly,

_1 1
IV(A+ D2yl 2er S 1Vl 2er and (A + D72y 207 < IV 207

SO

H (—A+ 1)z / thexy & dp — dk
R3 k|

L2QF
ikelkx eikx
< |l ]l441 sup( —@kdkH + / —— O, dk )
T cere s 1|1+ [k[2) 7 I1Jrs 1K1+ [K[2) F

If &) = b2, we use the fact that

1

k 2 3
KA+ kR kA e <& @)

to conclude that, uniformly in x € R3,

ikeik-x lkx .
B I e [
‘/W k| (1+ [k[?)* g3 k(14 [k[?) * F

This proves the first bound in the lemma. If &y = b* ()b} 2, one can similarly show that

ike'k> 1/ 1l2 ‘ eikx 1/ 1l2
— b (H)bQdk| <=, / —— b Qdk| < .
| i s v et s marwn” VR S0
This proves the second bound in the lemma. O
4. Bound on D
Bound on Dy11. We recall equation (2-30) for D;1;. In this equation, we commute e’ kx with e~ Hers,
Thus, if we introduce the operator
Hy(k) = e'** Hye K% = (iVy + k)2 4V, + /W lp(k)|? dk, (4-1)
we obtain
t t—s ~
D111 :/ / / / eiH“’l (s+s1)e—iH¢,t (k)slei(k-i-k’)-x
0 JoO R3 JR3 dk’ dk
x W* (o) W(a® (Ps)bkbk/‘ﬂs ®Q— e |k| —dsyds.

Controlling D11 is harder than controlling Dg; because there are two slowly decaying terms |k|~! and
|k’|~L. The beginning of the proof, however, is similar; namely, for a large constant M > 0 to be specified,
independent of ¢ and o, we integrate by parts in s using

oiHors — _j (1‘~1¢t+ M)~lemiMs [8sei(ﬁ¢t+M)s]_
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In this way we obtain

Diyy = —l/ / / ZH‘/’lt(H +M) 1 —szl(k)sl i(k’+k)x
R3 JR3

dk’ dk
xW* (05 (Pt)W(O‘ Pr— sl)bkbk/‘/ft 51 QR mmdsl
+l/ / / IH‘”ISI(H —l—M) sz[(k)sl i(k’+k)-x
rR3 JR3 dk’ dk

x W* (@ )W (e 0o)bibi o ® 2 —

k'] |k|
t t— B
+M/ / S/ / el'sz(S-i-Sl)([:i +M)_le_iH‘ﬂt(k)slei(k/-i-k)-x
0 0 R3 R3 dk/ k
X W (@) W (@ @s)bib s ® Q2 ] Ty s
+l/ /f S/ / o o S0 (4 1y~ oiHer ()51 1 '+
RrR3 JR3 o
x W* (o) W(a? )b b [0s 1Ps]@QWmdsl ds
+l/ f / / lH(pz(S+Sl)(H -|-M) 1 _lHWt(k)Sl i (k' +k)x
RrR3 JR3 o
W@l W@ b s © 9 [ T i s

We now use (2-13), which implies
(Hop,+ M) W* (@20 W(e?@s) = W*(@Pp) (HE + M) W(a?gy)
= W*(@?p)W(aPps) (Hp,+ M),

in order to commute (Fl(pt—i— M)~ ! to the right through W * (a?¢; ) W (a?@5). Moreover, we use Lemma A.3
to compute 95 W(a2¢s). In this way we obtain

t _
D11 = —i/ e Hotl w* (a2 ) W(a%ps) Q1 ds
0
t ~
“/ e HoiStw* (20 W (o 90) Q2 dsy
0
topt—s -
M / / ¢ ot GHSDW* (620 Wi(aPp5) O3 dsi ds
0 0
t opt—s -
4 / / ¢ Bt G017 (0200 W (0P 0) O dis1 dis
0 0

topt—s
+ i/ / e Ho (S+SI)W*(azgot)W(a2<ps)Q5 dsy ds
o Jo

with
01 = (A, + M)_1/ / i (D= i 03 Qd_k/ﬁ
‘ Rr3 JR3 k| |k
~ . L - dk’ dk
QZ = (H(po + M)—l/ / e—let (k)slel(k +k).xb;b;/w0 R 7 7’
R3 R3 | | | |
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dK dk

K1 1k |

dk' dk

K] Ike|”

Qs := (Hp+ M)~ / . / (e o O EHOX (b (0 0505) — b D)
R> JR

+ i Im(gs, Olzas(ﬂs))b]tb]’:/‘;s ® Q2

0s:= (gt )™ [ [ oot 0
R3 JR3

Q4= (Hp+ M) / . / (e o O KX b [951)]) © ©
R> JR

dk" dk

1K'] Tkl
(Here, we suppress the dependence on 7, s and s1 in the notation of the Q;.)
In the remainder of this section we shall show that, uniformly for 0 <s,s1 <7 < o2,
10/l p2er Sa™? if j =1,2,3,4,5. (4-2)
This will imply that
1Dl 2er S @ ?1(1+1). 4-3)

Since the operator (I-I(ps + M)~ (—=A + N + M) is not bounded, bounding the O ;j is rather involved.
(Here N was introduced in (2-41).) With the notation

dk

Zpi=Vy+ [ )P dk + / (T Ty e i Ho@ ).
R R

we abbreviate (2-14) as
Hy=—-A+N+Z,.
Defining
Zpi= (A +N+ M) 2Zy(—A+N + M),

we have
(Hpt M) = (—AHN+M) 2(14+Z,) L (—A+N+M) "2
= (AN +M) V(AN +AM) 21+ Z) (= A+N+M) "2 Zy(—A+N+M) L.
It is not difficult to see that for every € > 0 and A > O there is an M such that
1Zoll 207> 20F <€ (4-4)

for all ¢ with |¢]| ;2 < A; for details of this argument we refer to [Frank and Schlein 2014]. Thus, using
the bound on [|¢;|| 2 from Lemma 2.1, we can choose M in such a way that

7 1
| Z g, ||l:2®]-'b—>£2®F =5 for all s > 0.

Therefore, the operator 1 + Z o, in the above formula for (H,,+ M)~ is invertible. We use this formula
to decompose

01= (1= 8N+ (14 Zo 7 AN+ (Vo [ s kbl +5700) ) 0o

—(—AN+M) 2 (14+Z4) " (0 11+012) (4-5)
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with
Q10:=(—A +N+M)_1/R3 /R3 ¢ 1Hor ()=9) i (K +Ryxprpx 1 o fkﬁ %
O11:i= (A +N+M)™2 (/R% Y le]f,/;)(—A + N+ M)
x /R3 /R3 ¢ Ho ()t=5) i K+ prps ka_ﬁ%
O12:= (A + N+ M)~2 (/R3 ik, fk’f,/l/)(—A +N+M)!
x /R3 /R3 ¢ Hor RYa=9) i (6 +Ryx it G Q%%

Using (4-4), the fact that (—A + N + M )_% (b(¢s) + b*(ps)) is bounded uniformly in s, as well as the
estimates ||V, |loo < 1 (from (C-1) and Proposition 2.2) and [|¢s||2 < 1 (from Lemma 2.1), we conclude
from (4-5) that

1011207 S 1Q10ll 207 + Q111207 + 11 Q12 20 -

We now bound the three terms on the right side separately.

Bound on Q1¢. To control Q1o we prove an analogue of Lemma 3.1 for the case of two singularities.

Lemma 4.1. For u € H*(R3?), f € £2(R3?) and s € R,

dk’' dk
H( A+1) /R3 /R3 —iHy, (k)s l(k+k)xb bk/ UR D ———

—2
S o ullze.
|k'[ ||

L2QF

Before proving this lemma we show how to use it to bound Q9. Note that, since Q19 involves only
by by, 82, the operator (—A +N + M )~ in its definition can be replaced by (—A +2a~2 4+ M)~ This
observation, together with Lemma 4.1 and the uniform boundedness of v/ in H2 for s € [0, 2] (see
Proposition 2.2), proves that

1010l 2er Sa™2 (4-6)

Proof of Lemma 4.1. We shall show that for any y € £L2(R3) ® F,

_ _; i n. dk' dk _
‘<V’ (—A + 1) 1/%3 /I;gs e lH(p,(k)Sel(k-i-k)Xb;b;/u ® |k/||k| >' 2”)/”,62(8]-"”””7-[2

We integrate by parts twice in x and use (3-1) with k replaced by k + k’. A typical term that is obtained
in this way in the inner product on the left side is

<€iH<ﬂz 0,00, (A + D)7y, / / o EH X b u @ Q
R3 JR3

Since dy; dx, (—A + 1)~! is bounded and e'He: ®)s jg ynitary, the vector on the left side of the inner

(ki + k]) (k; +k]’.)dk’dk>
[kl 1k"] (1 + [k +&'[2)2

product is bounded in norm by ||y ;2. We now show that the vector on the right side of the inner
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2

product is bounded as well. We compute
. ’ . ’
‘ / / ity oo KiTRDK TR
R3 JR3 kZk |k| |k/| (l + |k +k/|2)2 [:2@]:
(ki + k)% (k; +k%)?
zza—4||u||§/ / L gk dk.
w3 Jrs |k 2K/ 12(1+ [k + k')
The desired bound now follows from the fact that the double integral on the right side is finite. Other
terms that arise in the integration by parts are controlled similarly and we omit the details. O

Bound on Q11. By considering the number of involved field particles, we can replace N in the definition
of 011 by numbers and obtain

o dk”
O = (—A+oe_2+M)_% (/ e K xp,, |k”|)(_A+2a_2+M)_l
R3
. iy ~ dk’ dk
—iHy, (k)(t—s) ,i(k +k)'xb*b*/ Q- "
“Jo e ‘ KOs ® 2 T
Next, by commuting by~ to the right,
01 =a2(-A+a2 +M)—%/ ((V—K)?+ 2072+ M)
R3
_ ‘ - ~ dk’ dk
—ik'x ,~iHg, (k)(t—s) i (k'+k)-
+a—2(—A+a—2+M)—%/ ((V—k)?+2072 + M)
R3
dk’ dk

[ omiex gmiHa (=) i/ +h)x dk” dk
" Vs @R R

It remains to compute the norm of this expression. Since this is considerably easier than for Q1,, we
omit the details and only state the final result,

10111l 2gr S (4-7)

Bound on Q13. In the same way as for Q11, we can replace N/ by a number, so that

1 N
Qrz2=(-A+3a>+M)2 /R* e KX pE, (—A 2072+ M)T!

' % __dk dk
_le (k)(t_s) l(k +k)xb*/b* Q -
XfRs/Rae e w0V ® G k]

Next, we commute ¢'%¥”* and ¢! ®'+Kk)X {6 the right and obtain

D=

Q12 = / / b;b;/b;//ei(k+k/+k//)-x ((lv —k _k/ _k//)2 _|_ 3a—2 + M)_
R3 JR3 JR3

dk" dk' dk
K| K| k|

% ((lv —k _k/)2 + 20(_2 + M)_le—int (_k/)(t—S)-&s ® Q
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We now compute the norm of this expression. For the part of the norm over F, we use the fact that
a®(Q, b, bk2bk3b,’:4b,’:5b;6 Q) =8(k1—ka)8(kp—ks)d(ks—ke)+6(k1—ka)d(ka—ke)S(kz—ks)
+8(k1—ks)8(ka—ka)8(ks—ke)+8(k1—ks)S(ka—ke)S(ks—ka)
+8(k1—ke)S(ka—k4)S(kz—ks)+8(k1—ke)S(ka—ka)S(kz—ke)
to write
101211720 = ¢ (X1 4+ + Xe), (4-8)

where, for instance,
X1:= / / / <e—"er(—"’)("s’¢s,((iV—k—k/—k")2+3a—2+M)‘1
R3 JR3 JR3

1 /
x((iV—k—k/)2+2a_2+M)_2e_iHWz(—k’)(’—s)1}3> dk” dk’ dk

k712 [k |2 k|2

and
Xp:= / / / <e—wa,(—k”)(t—s)¢s,((iv—k—k’—k”)2+3a‘2+M)‘1
R3 JR3 JR3

" /
_ Y k
X((1V—k—k" Y+ 20724 M) (1 V—k—k')? 420724 M) e Hin RO g ) dk” dk’ d

k712 1k')2 [k |2

By the Schwarz inequality we have |X»| < X and, similarly,
|IX;|<X1  forall j=1,....6. (4-9)

Thus it suffices to control X7;.
WEe first perform the k" integral and then the k integral. We make use of the following bounds.

Lemma 4.2. One has the operator inequalities

/ ((GV—=k")?+1)! di <1 (4-10)
R3 |k”|2 ~

, _, dk _
/R%((lvx—k)z-i-l) 2—|k|2 <(-A+1D)7L (4-11)

Before proving the lemma, let us see that they provide the desired bounds on X. First, conjugating
(4-10) with ¢! (k+k'yx and assuming that M + 302 > 1, we obtain, uniformly in k, k" € R3,

4

. / 11N\2 -2 -1
/RB((zV—k—k —k")* +3a7+ M) Wsl. (4-12)
Similarly, conjugating (4-11) with e’ k"x we obtain, uniformly in k’ € R3,
2 dk
[ (Ve —k—k)? 42272+ M) > P < (V=K +1)7L (4-13)
R3

Inserting (4-12) and (4-13) into the definition of X, we obtain
dk’
k12

X; < [ (e_iHWt (—k’)(t—s)&s’ ((1V _k/)2 + 1)_1e_iH¢’t (_k/)(t_S)KZS)
R3
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Since (—A +1 -3 (Hp,+ M )% is bounded, uniformly in ¢ (by Corollary B.2 and Lemma 2.1), we also
know that ((i V —k’)? + 1)_% (Hy, (k') + M)% is bounded, uniformly in ¢. Thus,

dk’

|k'[?

X0 % [ (T M RN (Hy, (') + My Hor KO0 )
R3

dk’
|k'[?

!/

- /RM, (Hy, (=K) + M) ™" )

- ~ . dk

< iV —k')?+ M) .

N/W(ws,((z 2 M)

Applying (4-10) again, we see that the latter expression is bounded by a constant times ||/ ||%2 =1 by
Lemma 2.1. This, together with (4-8) and (4-9), implies that

1012l 2r S (4-14)
Proof of Lemma 4.2. We only prove (4-11), since the proof of (4-10) is similar and simpler. By applying
a Fourier transform, we see that we need to prove

[0+ 20 <2+ torp e

|k

We split the integral into the regions 4|k| > |p| 4+ 1 and 4|k| < |p| + 1. In the first region we bound
k|72 < 16/(]p| + 1)? and note that

/ (p+k)*+1)2dk < / (p+k)*+1)2dk = f (k2 +1)"2dk < oo.
{4k|>|pl+1} R3 R3

In the second region we distinguish the cases |p| < 1 and |p| > 1. In the first case we bound

dk dk dk
/ (kP02 = [ Besf Mo
{4lk|<|pl+1} 14 (alkl<ipl+1y |kl (lki<1iy |k|

For |p| = 1 we note that in the second region we have 2|k| < |p| and therefore (p + k)* > § p? > k2.
Thus,

(P+R2+D2<(tp2+1) K2+ )7t
Since (k? 4 1)7!|k| ™2 is integrable, we obtain again a bound of the required form. O

Bounds on Q3,...,0Qs. Theterms Q5,..., Q4 are controlled in exactly the same way as Q1. (For Q4
we use the fact that |9 Vs 2 S 1 for t < a? by Proposition 2.2.) The argument for Qs is also similar.
In fact, the term involving Im(gy, @?d;¢s) is controlled as before. For the term involving b* (a?d;¢y)
we have to prove a simple extension of Lemma 4.1 where we have operators b*( f)b; by, with f € L£?
(similarly as the second part in Lemma 3.1). Finally, the term involving b(?ds¢s) can be commuted to
the right and therefore becomes a less singular term which can be controlled already with Lemma 3.1.
These arguments prove (4-2) and complete the proof of (4-3).
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Bound on Dq13. The term D113 in (2-34) contains only one factor |k’ |_1 and can therefore be controlled
essentially by the same method as D1, based on Lemma 3.1. In order to create a factor of (Hy,, + M )7,
we integrate by parts in s1. This, however, will create a factor of ITIW in one of the terms. When dealing
with D511 we will explain how to remove this term by integrating by parts in s. Since ||gs.¢ [lco <o 2|t —s]
and ||05gs.¢ oo = || €slloo < @2 by Proposition 2.2, this factor behaves well in the bounds. When applying
Lemma 3.1 we also use ||ds Vs |41 < 1 from Proposition 2.2; see also the remark at the beginning of

Section 2B concerning the bounds on 9;1;. Without going into details we state the final result,
ID112]l 207 S @2 12(1 +1). (4-15)

Bound on D131. Also the term Dq51 in (2-31) contains only one factor of |k|_1 and can be controlled
as just sketched for D1, and as explained in detail for D5;1. In order to control the terms that appear
when integrating by parts in s we make use of ”8501/75 .2 <1and |0 Vs l4,1 < 1 from Proposition 2.2 in
addition to the bounds from Lemma 2.1. Moreover, we need an obvious extension of Lemma 3.1 to the
case with b*( f1)b*(f2)b;, which is proved in the same way. Combining all this, we end up with

ID121ll 2gr S @21 (1+1). (4-16)

Bound on D133. The term D15, contains no |k| ™! term. Using ||gs.¢ /oo S 2|t —s| for0 <s <t < a?
by Proposition 2.2 and [|b(0;, ) Q2|7 = @ -1 log N2 < o~ ! by Lemma 2.1, we obtain immediately

ID122]l 2 S @1, (4-17)

5. Estimation on D,

Bound on Dj11. We recall equation (2-32) for D311. In this equation we commute eikx through
e~Hoi51 which introduces again the operator Hg, (k) from (4-1), and we commute b, with b;,. In this

way, we obtain

- dk
Dy =a” / / / ot Hoy (s+51) g=iHo, ()51 * (@)W (@) s ® Q —— dsy ds.
R3

k|2

The difficulty in controlling D11 comes again from the k-integral. It is not enough to bound the norm of
the integrand as it stands, since |k|~2 is not integrable. Thus, we need to gain some extra decay from
e "o (K)s1 o get this decay, we integrate by parts in s using

e—int (k)sy — ieiMsl (H(/Jt (k) + M)—IBSIe—i[Hwt (k)+M]s; (5_1)

with a large constant M > 0 independent of & and ¢. We obtain

dk
Dy =ia [ [ et (b, ) 4 by e e O g i @0 ds

. b s dk
—ia 2/0 /W e'HeS(Hy, (k) + M)W (a2<p,)W(a2<ps)ws®Qst
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t pi—s -
—I—a_zM/ / / el Hoy (s+s1)(H¢, (k)+M)_1e_iH<”t(k)sl
0 Jo R3

~ dk
X W* (a2 ) W (e p5) s ® Q B dsy ds

t t—s ~
+0(_2 / / [ eiH‘Dt (S+Sl)ﬁ(01 (H(pz (k) + M)—le—l'H(pt (k)s1
o Jo R3

N ~ dk
X W* (a2 ) W (e p5) Vs ® Q e dsyds

= Ds111 + D2112+ D2113 + D2114.

where Doy1x, kK = 1,...,4, are naturally defined.

We first show how to deal with the terms D2111, D2112 and D5;113. The term D5j14 is harder because
of the additional factor of 1-7%.

The following lemma quantifies in which sense the operator (H,,+ M)~ ! leads to additional decay in k.

Lemma 5.1. Foru € H?(R3),

dk
/R3H(|iv+k|2+1)_1quW§ l[]]342- (5-2)

Proof. By Fourier transform, we have

H(|iV+k|2+1)_1uH§:/ :

PAVARS 2

‘We now observe that
1 1

<
(L+[p+kP)>(1+1p)> ™ 1+ [k]?)?

This can be proved by considering separately the regions where |p| < %|k| and | p| > %|k |. Thus,

1
14iV + k2 + D73 < e e

and the claimed bound follows by integration over k. O

Let us return to the terms D111, D2112 and D5113. It follows from Corollary B.2 by conjugating
with the unitary e’¥** that there is an M > 0 such that the operator (Hy, (k) + M)"L(|iV + k> + 1) is
uniformly bounded in « and ¢. This, together with the boundedness of Vg in %2 for s € [0, &?] from
Proposition 2.2, yields

17 dk
/%3H(H¢t(k)+M) lwsH2W§1’

and therefore

ID2111ll29r St 1Dzl 2er St D211zl p2gr So?

2. (5-3)
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We now turn to the term D514, which contains the operator prt' The idea is to remove this operator
by integrating by parts in s using

A, e Hers = _jyeiors (5-4)
This leads to

dk
Doi1a=— / / lH(p,t(H (k)+M) 1 —le[(k)(t Sl)W (O[ (7] )W(a @sl)wsl®9|k|2d

dk
f / e o3t (Hoy, (k)+ M)~ e~ Hor 0091 17 (020 W (02 00) 0@ 2 17>

Ikl2
zoz_Z// /€iH‘”’(s+s1)(H¢t(k)—i—M)_le_iH‘ﬂf(k)sl
o Jo R3

dk
XW* (@)W (e 05)0s s ®Q——

|k |2
t t—s ~
za_2// /eiH(ﬂt(s+sl)(H(pt(k)+M)_le_iH(ﬂt(k)sl
0o Jo R3

* ~ dk
XW™ (@00 0 Wi g Vs ® Q1o

The first three terms on the right side can be bounded by Lemma 5.1 together with the uniform
boundedness in %2 of s and 9 in [0, 2] from Proposition 2.2; see also the remark at the beginning of
Section 2B concerning the bounds on 9 t@;. For the fourth term on the right side we use the formula (A-4)

ds1ds

dsids.

for s W(a?¢s). Then the term can be bounded by proceeding in the same way as for Dg;5 and using
Lemma 5.1 together with the fact that a2dy¢; is uniformly bounded in £? for all times by Lemma 2.1.
To summarize, we obtain

ID2114ll 2 r S @ 2t (1 +1), (5-5)

and, because of (5-3),
D211l 2gr S @ 2t(1+1). (5-6)

Bound on D313. The term D5, involves a single difficult operator [ b;,eik/'x |k’|=! dk’ and can be
controlled using the technique from bounding Dg;. We first integrate by parts with respect to 51 using
(5-1) (with k = 0) to create a factor of (Hy,+ M )~ L. Using this factor we can apply Lemma 3.1 as in the
bound of Dy;. In one of the terms, however, the integration by parts creates a factor I-I¢t. We remove
this operator via (5-4) by integrating by parts in s. The factor g5, and its derivative dsg5; = —gs are
bounded by Proposition 2.2 and do not create any problems. Eventually, this shows that

ID212]| 207 S @2 12(1 +1). (5-7)

Bound on Dj31. The term Djpq appears in (2-33). We use bkb*(G&S)Q = a_20~ (k)SZ By the

Schwarz inequality, (C-2) and Lemma 2.1 we have ” |k|_1aipv(k)52 ”1 < ||chY ||£%1) < ||1ps||H1 < 1. From
this one easily concludes that

—2.2

[ D221l 2@r S o™ 17
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Bound on D333. The term Djp; appears in (2-37). Using the bound on gg ; from Proposition 2.2 and
the fact that b("wk) Q has norm of order @~ ! by Lemma 2.1, one obtains

-3.3

D222l p2r S 717,

6. Bounds on D3, D4 and D5

We recall that we have already controlled D3,, D4y and D55 in (2-39), (2-40) and (2-42). The remaining
terms D31, D41 and Ds; have at most a single term |k|_1 and can be bounded using the methods we
have already developed. Therefore we will be rather brief.

For each of the terms D311, D312, D412, Ds11 and D5y, we first integrate by parts in s to generate
a factor of (Hy, + M )~1, which allows us to apply Lemma 3.1. One of the terms, however, will
involve ITI(,,, , which we have to remove by integrating by parts in s. Using the bounds from Lemma 2.1
and Proposition 2.2 we obtain

D311l 2gr Sa2t(1+1), |D312llp2er S@ 3 t2(1+1), ||Darallpegr Sa3t2(1+1),

IDs11ll p2er Sat(1+1), | Dsiallppgr So (1 +1 +a't?).

The remaining term D411 can be immediately bounded by

2.2

[Dar1ll p2or S 1%

7. Proof of the almost orthogonality relations

7A. Proof of (2-28). We recall that

4 e : . dk
<sz,e—le’Do>f:<sz,/ e—lez(f—”P%/ (e‘k'xW*(azwt)W(aZ(ps)b;:lﬁs®Q)st> .
0 s JR3 F

We commute the operator b;’ to the left and use by € = 0. For the commutator we obtain from Corollary A.2
(with the definition (2-5) of g ;)

t
(Q,e—lefDO)f = <Q/ e Hy, (1=5) Pv%' gs,tW*(azwt)W(cngos) Vs @ Q ds>
0 s F

t
= / e_le’(t_s)P;; gs,th<Q, W*(azgot)W(Olz(ps) Q)}- ds.
0 s
Thus,

[(Q.e o' Do) £ | o < sup llgs. looll Vs 2.
0<s<t

Thus, by the bound on g, , from Proposition 2.2 and the conservation of the £? norm of &s, we obtain
the claimed bound (2-28).
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7B. Proof of (2-29). For ® € F, let

Op(t) == (V; ® ®.eHei! Do) o
~ ro _ - ~ dk
— <1/f, ® q>,f o 1Ho, (t=5) P]/Jj-‘ f ("X W* (20 ) W(aPp)bi s ® Q) T ds> .
0 RS kl - r2er
We shall show that
O0(D)] Sa (1 +a721%) | @] . (7-1)
which by duality implies (2-29).
Our goal will be to derive an ordinary differential equation for ®¢. We use the presence of the
operator P 5‘ to obtain (with inner products in £? ® F)

- t . ~ dk
a,®¢=<atw,®q>, / oMo t=) ps / (e"”W*(a%»W(azws)b;ws®9)st>
0 S JR3

t .
+ <‘/~ft ® q’»/ (e~ Hor (t_s))Pé' /
O N

R3

- _ dk
(€W @) Wb © 2) T ds>
. r ) ~ dk
+ <Wt ® P, /0 e o (t_S)Pﬂli /R3 (e (3, W* (@2 p0) W(aP )b} s @ Q) Il ds>.

For the first term we use equation (2-10) for d,v;. In the second term, we compute, using Duhamel’s
formula,

t—s
ate_lH‘”’ @—s) —_ _Z-H(pte—let (t—s) —i/ e—lHq;t (t—s—sl)(atHwt)e—letsl dsy
0

t—s
= —i(Hy, + (t — )3 s [3) e Hor =) —i f e o (=780 3,y e He 1 d,.
0

Note that the part involving H,, will cancel the contribution from the first term, except for part of the
constant w(¢). Finally, for the third term we use Lemma A.3 and Lemma A.1 to obtain

Ot W* (@) W (a® gs)
= azW*(azq),)[b(a,(p,) —b*(0:¢1) + i Im(gy, 3t<ﬂt)] W(a?ps)
= OlZW*(Olzfﬂt)W(Olzfl’s)[b(at%) —b*(3r91) + 2i Im(3; 97, @5) + i Im(z, 0101 |
= W2W*(052<Pt)W(az%)[b(atfpt) —b*(3rr) + 20 Im(d; @1, 05 — @1) + 1 Im(3, 91, @) .

Putting all this into the above formula, we obtain
000 = M1 + M> + M3,
where the terms M1, M, and M3 are defined, using the notation

Dy = W (2P p5) Wi )P,
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by
Mi(t):= —l/ / <Wt®q>st e 1Ho, (t—s— sl)(a V, )e—letslpJ_/ (ezkxbk%@m) |k|>dS1dS,
2 7 —iHy, (t—s) pL ik-x dk
Ms(t) =« Wt®<bs,t,€ ot Pl/; 3( (b(3r¢1)—b" (3t§0t))bk‘ﬂs®9) |k|
0 s JR
t
Ma(0)i= [ m(diw e, e pd [ @ npgime)
0
with
m(s, 1) = =i (t =) | @e |15 + 2i0? Im(3; 01, 05 — @)
Since B4 (0) = 0, we conclude that
t
Oo(t) = [ (M(5)+ Ma(s) + Ma() s (7-2)
0
Below we shall show that
M ()] Sa 22| @7 IMa(@)| Sa 2t @)z IM3()] S a3t D 5. (7-3)

Together with (7-2) this will prove (7-1) and therefore (2-29).

Bound on Mi. Using the fact that P 5 = 1— |¥s) (V5] (see the proof of Lemma 2.4), we have the
decomposition ’

My =My —Ma,
where
t opt=s|_ _ , dk
Mll([)iz_i/ / <Wt®q)s,t»e_le’(t_s_sl)(atV(pz)e_letsl/ (lkxkas(X)Q) > dsyds
o Jo R3 k|| 207

and, with 0, from (2-2),

t pi—s . . 5
My (1) = _i/ / (&t»e_lHW (t_s_sl)(atV(pt)e_lH(MSst)L‘z(q)s’t’ b*(o'v;s)Q)]__ dsy ds.
0 JO

The second term is easy to control. In fact, the a priori bounds from Lemma 2.1 together with [|0; Vy, || oo <
a2 from (C-8) imply

|<&t’ e_iH(pt (t_s_SI)(at th)e—l'Hq;,S] lpé‘)[ﬂ ‘ 5 05_2

and
(@5, 0% (05, )2) 2| S @] 7.

This yields a bound of the form (7-3).
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We now bound the integrand in M7;. We have

‘<¢t®®st e o t=5=51) (9,1, )e—le,n/ (" b ®Q) |k|>

L2QF

= ” (H¢t+M)%¢f®CDSJ H H(H<Pr+M)_%(afV¢t)(H‘/’f+M)% ” H(H(pt—‘_M)_2 /[Rs (eik.xb;&“@g) k| H

By Corollary B.2 and an easy modification of its proof, for M sufficiently large (but independent of ¢
and o), the operators (Hy, + M )i% (A + l)jF% are both bounded uniformly in #. Therefore Lemma 3.1
and the a priori bounds from Lemma 2.1 yield

dk

|k|>£2®}'

S Pl 19 (=A + D720, Vi )(=A + 12 | [ Vs |0
a P E | (—A + 1)@ Vo ) (—A + 1)3 ]

‘(w,ms,, ~iHo t=5=51) (3,1, e ot / € b ® Q)

Finally, using the fact that |V, Vy, [lco < @2 (see (C-8)), we obtain that the operator appearing in this
bound has norm < 2. Thus, we finally obtain

< 3

~ ’

(7 0us et @y e o [ @i me il

L2QF

which, when integrated over s; and s, leads to the bound in (7-3).
Bound on M. As for My, we use Pj; =1 —|s) (Vs to get the decomposition

My = M>1 — M>;

with

t. . _ " dk
MZl(t) — Ol2/ <wl ® q)s,t’e iHg, (¢ S)/3( lkx(b(a;gﬂ;) b* (at(pt))bk ws ® Q) |k| >d
0 R
and, with 0, from (2-2),
t . ~
M (1) := OlZ/ (Ve e~ Hor (t_s)‘ﬁs>£z<q>s,t, (b(3:r91) —b*(at(Pt))b*(Ul/}s)Q)f ds
0

Once again the bound on M;; is straightforward. Namely, we commute b* (0 ) to the left through
b(0;¢) —b*(d;¢;) and obtain

(®s,z. (b(Dr9r) —b™ (3:901)) D™ (0 )Q) —(®s,, 0" (050" (9:90)R) - + o 2001, 05 ) (s Q) F.
V¥s

By similar computations as, for instance, in the bound on D35 and by the a priori bounds from Lemma 2.1,
we obtain

|(q)sta(b(at(/)t) b* (3t¢t))b (0 )Q) } _2||¢||F||01ps||||3t§0t||5‘1_4”@”?-
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By the conservation of the £2 norm of 1}, we conclude
|Maz(1)] S @21 @] 7,

which is of the form claimed in (7-3).
We now discuss M5;. Again we commute b,’: to the left through b(d;¢;) —b*(d;¢;) and obtain

M1 = M11 + M>2,

where

ty. . . ~ dk
M311(t) == —Olzf <Wr ® Dy,p, e Hor 179) /3(elk.xbltb*(3t§0t)% ®Q) ds
0 R

|k| >£2®J-‘
and, with g from (2-6),

t
Ma12(t) 1= / (vr. e~ Hor (t_s)gsWS>Lz(q)s,t, Q) rds.
0
Since || gslloo < @2 by Proposition 2.2, we obtain immediately
|Ma12(1)] S ™t @] 7.

To control M>11 we bound

) _ . . dk
‘<wt ® (I)s,t, e—le[ (t—S)[ (elk-xb;:b*(at(pt)ws ® Q) _>
R3 k| L2QF

_1 Kx %k ~ dk
R

< H(Hw,-i-M)%l}t ®q>s,t}

As for M1, we use Lemma 2.1 and Corollary B.2 (and a simple extension of its proof) to choose M
large enough, but independent of ¢ and «, so that (Hy,+ M )i% (—A+ l)jF% are both bounded uniformly
in t. Therefore Lemma 3.1 and the a priori bounds from Lemma 2.1 yield

-2 7 7
So T Yella 1 RUF 8@l 22 1¥s [l

Sa o x.

- : . _ dk
K‘ﬁt@@s,t,fr’_l}l‘p’ (t_s)/ (elk'xbzb*(3t¢t)¢s®9)_>
R3 k|l 207

This, when integrated over s and multiplied by «?, leads to the bound in (7-3).
Bound on M3. The a priori bounds from Lemma 2.1 yield
m(s, )] S a2t —s|.

Moreover, applying Lemma 3.1 as in the bound on M>; we find that the absolute value of the inner product
in the integral defining M3 is bounded by a constant times o~!||®|| 7. This yields the bound in (7-3).

This concludes the proof of (2-29).
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Appendix A: Some properties of the Weyl operators

In this appendix we collect some standard properties of the Weyl operators W( f) defined in (1-7) in

terms of b(f) and b*(f'). They are well known, but we provide proofs for the sake of completeness. We

recall that the commutation relations for b i and b,’: involve a factor a2

Lemma A.1. The operators by, by and W( f) satisfy the following relations,

bW () =W()bx +a72f(k)) and bEW(f)=W( )by +a 2 f (k). (A-1)
Proof. For t > 0 we consider the operators
=W(f) = ! " ()=b(), (A-2)

which satisfy
0 Fr =0 (/)=b(fNFi, Fo=Id.

Multiplying by by and using the commutation relations, we obtain the following equation for by Fy:
b Fr = (0™ (f) =b(f Wi Fr + a2 f(k)Fr, by Fo = by.

Therefore, by Duhamel’s principle applied to the latter equation,
t
by Fy = OO UNp, 4 oz_zf(k)/ =G N=bUN g,
0

Recalling the definition of F; in (A-2), we can rewrite this as
by Fy = Fyby +ta™2 f(k)F;. (A-3)
At t =1 we obtain the first identity in the lemma. The second one is proved similarly. O
By applying Lemma A.1 twice, we obtain:
Corollary A.2. bk W*(HIW ()] = —a72(f (k) = g(k)W* (fIW(g),
[, W*(IW(@)] = —a72(f (k) — g(k)) W*(/)W(g).
Next, we’ll consider the case where f depends (differentiably) on a parameter.
Lemma A.3.
IW(f) = 50 2((f2.0: f1) = @ fr. fO)YW () + W) (b (s f) —b(D: f7)). (A-4)
IW(fy) = — 2 2((f1. 00 f1) = O fr. fO)W(S2) + (b (s f2) — B(3: f1))W( f). (A-5)
Proof. For s > 0 we consider the operators
F(s,1) :=W(sfr). (A-6)

which satisfy
IsF(s.1) = 0" (fr) =b(f1)F(s.1), F(0.1) =1d.
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We differentiate this equation with respect to ¢ and obtain

050 F(s,1) = (b*(f1) =b(f1))9: F(s. 1) + (b (0; fr) —b (0 f1)) F (s, 1),
3 F(0,1) =0.

Therefore, by Duhamel’s principle,

80 F(s.1) = / B UD=BUDG=SD (h* (3, £,) = b(D; £2)) Fls1.1) dsy
0

s
= [ W50 £ b @0 0~ b(@: F) W1 £ .
0
In order to simplify the integrand we now use Lemma A.1 and obtain

(b* @ f1)=b@; fO)W (s1.fe) =2 W(s1 f)s1((f1, 8¢ f)—= @1 oo J0))+Ws1 f0)(B* Be f1)—b(B1 f1))-
If we insert this into the above formula for d; F'(s, t), we obtain
0t F(s, 1) = CY_Z%SZW(Sft)((ft, ¢ f1) — O fr. f2)) + sW(sf)(B* (0s f1) —b(3; f1)).
At s = 1, we obtain the first identity in the lemma. The second one is proved similarly. O
Lemma A.4. Forany f.g € L2,
(Q, W*(@)W(f)Q) = ple?Im(g, -2l f—gl?/2.

Proof. Let fy :=tf + (1 —t)g and F(t) := (Q,W*(g)W(f;)R2). By Lemma A.3, using that
Im(f;,0: f¢) =Im(fz, f —g) =Im(g, f),

0 F(1) ={Q W @QW(f)(b"(f —g) +ie ?Im(g. £))).
Next, by Corollary A.2, since (g — f7. f —g) = —t| f —gl%

WX QW(f)b*(f =) =b*(f =W (W (f) +a (g — fi. f =W (@W( /o),
o)
0 F(t) = (—a%t|l f —gl* +ia> Im(g, f))F(0).
Since F(0) = 1, we conclude that

F(t) = e~ 2121 f=gl?/2+ia 2t Im(g, /)
which, at ¢ = 1, gives the assertion. 0

Appendix B: The effective Schrodinger operator

In this appendix we investigate the operator and form domains of the effective Schrodinger operator H,
from (2-12) with potential V,, from (2-1).
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Lemma B.1. For every A> 0 and & > 0 there is an M > 0 such that if ||¢|| < A, then for all € H'(R3),
1 1
[Vel2v | = el (-a+M)2y|

and for all Y € H*(R3),
Vov |l < ell(—=A + M)yr||.

Proof. As in [Frank and Schlein 2014, Section 2.1], the Hardy-Littlewood—Sobolev inequality implies
Vells < llell2- (B-1)

This implies, by the Holder and Sobolev inequalities,

1 3
/W Volly|? dx < IIlelalllﬁllz%z Slel2IVylls vz

and
1 3
/RS Vo2 1w 12 dx < Vol w3 S lelZIAvlZ v 3.

These bounds easily imply the assertions of the lemma. O

Corollary B.2. Forevery A> 0 there are M >0 and C > 0 such that if ||@||2 < A then for all f € £L?>(R?)

I(Hp+ M) ™3 fla <Cl(=A+1)"2 f||2
and
(Hy+ M) flla <Cl(=A+ D)7 f .

Proof. To prove the first assertion, we write
(Hp+ M) = (=A+ M) 2(1+ (=A+ M) 3V, (=A+ M)"2) " (=A+ M)~2
and note that according to Lemma B.1 we can choose M such that ||¢| < A implies
I(—A+ MY 3V (A + M)"5|| < €2,
Similarly, for the second assertion we write
(Hp+M)™"' = (14 (=A+M)"WV,) (A + M)~!

and choose M such that ||¢| < A implies ||[(—A + M)V, || <e. O

Appendix C: Well-posedness of the Landau—Pekar equations

In this appendix we prove Lemma 2.1 and Proposition 2.2. Recall that the weighted spaces L‘%m) =
L2(R3; (1 + k2)™ dk) were introduced in (1-11). We begin with some bounds on the coupling terms V,,
and oy introduced in (2-1) and (2-2).
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Lemma C.1. We have
3
10°Volloo S li¢ll 2, forall B NG, (C-1)

lowllz, S I Nowlez, < 112 (€2

Proof. By the Schwarz inequality,

Ik[2081=D) gk )5

B |Bl—1
P00 <2 [P oo dk <2l (R3(1+k2)2(m|+1)

1B1+1

and the last integral is finite.
We have

2 2 2
ot [ WP, g,
2 R3xR3 |x — |
By the Hardy-Littlewood—Sobolev inequality, we know this is bounded by a constant times H |y |2‘

1 ik
loy 3 = HW fR @ dx

[ =

l¥[11,, which, by the Sobolev embedding theorem, is bounded by a constant times ||/ ||;‘{1. Moreover,
by Plancherel,

oy 12 gpm = | kPO Jy2e** ax
(kP = s 3

In particular, for m = 1 we get ||1/f||i, which by Sobolev is controlled by ||1/f||72_l| . For m = 3, the claimed

2
dk = Qr)*([y 2, (=8)" "y ?).

bound follows easily using [|¥|lco < [|¥ 42 and again Sobolev. O

Proof of Lemma 2.1. Local well-posedness in 7! x £? follows by a standard fixed-point argument and
one sees that ||| and E(, ¢;) are conserved. One can use (B-1) and the Sobolev inequality to show
that [Frank and Schlein 2014, Section 2.1],

1 3
EW. @) = IVY I3+ llel3 = ClelIVy I3 vl (C-3)

for some universal constant C > 0. This, together with conservation of £(¥, ¢;), yields global well-
posedness as well as the uniform bounds (2-3).
According to (C-2) and the first bound in (2-3), we have |oy, || < ||V ||72{1 < 1, which is the third
bound in (2-4).
By equation (1-9) for ¢; we have
le?dr@ell2 < llgell2 + lloy, |12

and therefore, by the second bound in (2-3) and the third bound in (2-4), we obtain the first bound in (2-4).
Finally, ¢; — @5 = fst 0s,¢s, dsi, so for t > s, by the first bound in (2-4),

t
oo =pela = [ Non ladsy Sl sl
N
This proves the second bound in (2-4) and completes the proof of the lemma. O

Before dealing with H* x Eé)—regularity in Proposition 2.2, we need to establish H? x E%l)—regularity.
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Lemma C.2. If (Yo, ¢o) € H2(R3) x E%l)([RP), then (Vs @r) € H*(R3) x £%1)(|R3) forallt € R and

Wil S 1+l gl sy S 1+l
with implicit constants depending only on the initial data. Moreover,

19: el 2 S1+a™2fel, 9;0y,ll2 S T4+a72)1]. (C-4)
If, in addition, ¢ € E%m)([RZ’), m=2,3, then ¢; € £%m)([R3)f0r allt € R and

—61,3
||<Pt||[;(2m)(qu3) S1+a ).

Proof. By a standard fixed-point argument one can show local existence of solutions in H? x E%l). In the
following we will construct a functional, which is equivalent to the 4 norm of v and which grows in a
controlled way as time increases. This will prove, in particular, that ¥, belongs to 72 for all times.

We claim that for every A > 0 there is a constant M > 0 such that

2
EDW.0) = |(=A+ Vo + M)V
satisfies
1
sVl < €2 We)2 < 31l (C-5)
for all ¥ € #? and all ¢ satisfying ||¢ |2 < A. In fact, much as in the proof of Corollary B.2, we have
(A + Vo + M)Ylla = (A + MY 2| < [Vo(=A+M)TH[(=A + M)y |2

and according to Lemma B.1 we can choose M such that the first factor on the right side is less than ¢
for g2 < A.

According to Lemma 2.1 there is an A > 0 (depending only on |¥g| 1 and [|@o| ;2) such that
losll .2 < A for all t. We choose M corresponding to this value of 4 and compute, using the equation

for vy,

315(2)(%, @t)
=2Re((=A + V, + M)V, (=4 + Vg, + M)3:91) +2Re((=A + Vo, + M)V, (3: Vi )¥1)
=2Re((—A + Vy, + M) Y1, (3: Vi, ) ¥1t).

By the Schwarz and the Holder inequalities,

1
3O e, p1) < 2EP W, 90) 2 10 Ve s 1V .

By (B-1) and Lemma 2.1, [|3;Vy, ll6 < [19:¢¢]l2 < @2 and by the Sobolev inequality and Lemma 2.1,
[Vells < ¥l < 1. Thus,

3,ED Wy, 1) Sa 2ED W, 00)2.

which implies (€@ (v, (p,))% <1+a~2|t|. According to (C-5), this implies the claimed bound on ||1/¢|;,2.
The remaining bounds are proved in a straightforward way. We have

10:ellz < | = Aell2 + Ve, Vell2 < Vel + 1V, ll6 1 V2 ]l3-
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By the bound on || |42 together with (B-1) and the bounds from Lemma 2.1, we obtain the first bound
in (C-4). Moreover,
i, =21 [ Re@idipoe dx
R3

and so, by the Hardy-Littlewood—Sobolev inequality as in (B-1),

18c0y, ll2 S 1¥:9:¥elle =< 1¥ell3l10eWell2-

By the first bound in (C-4) and Lemma 2.1, we obtain the second bound in (C-4).
In order to deduce the bounds on ¢;, we use Duhamel’s formula:

. t .
(k) = e_”/“2<p0(k) — ioz_Z/ e_’(t_s)/azaws (k) ds. (C-6)
0

If go € L',%m), m = 1,2,3, we deduce that ¢; € £%m) provided we can bound [|o, || 2, This quantity
can by controlled by Sobolev norms of 15 according to (C-2). ([

Proof of Proposition 2.2. The basic strategy is the same as in the proof of Lemma C.2, except that
verifying the properties of the functional is more complicated in this case. Again we do not give the
details of the local existence via a fixed-point argument.

We claim that for every 4 > O there is a constant M > 0 such that

EDW.0) = (A +Vy + M)y
satisfies

iyl < ED @002 < 39 s (C-7)

for all ¢ € H* and all ¢ satisfying ||¢|| 2, < A. To show this, we first observe that, as in the proof of
Lemma C.2,

(=A+ Vo + MY 2= (A + M)(—=A +Vy + M) | 2]

< IVo(=A+ M) [(=A+ M)(=A + Vo + M)Vl
and that ||V,,(—A + M) ™! | can be made arbitrarily small for ||¢|| -2 bounded by choosing M large. Thus,
it suffices to show that ||(—A + M)(=A + V, + M)y ||2 is equivalent to || (—A + M)y ||2. We compute
(=A+M)(=A+ Vo + M) 2 = I(=A + Vo + M)(=A + M) |2

< 1QVVe-V + AVp) (A + M) [(=A + M)y .
According to (C-1), the first factor on the right side can be made arbitrarily small for ||¢|| 2 bounded
by choosing M large. We conclude by applying the argument in Lemma C.2 again to compare
[(=A+Vy+ M)(—A + M)¥|2 o |(=A + M)?y||». This proves the claim.

According to Lemma C.2, for every v > 0 there is an A > 0 (depending only on | ¥ol42, [|¢oll 2
and 7) such that ||¢;|| 2, < A for all |t| < ta®. We choose M corresponding to this value of A and
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compute, using the equation for ¥,
8:ED (W1 01) = 2Re((—A + Vi, +M)* Y1, (=D + Vy, + M)*0:1)
+2Re((—A + Vi, + M)*Yrs, (0:Vip, ) (= A + Vi, + M)
+2Re((—A + Vo, + M) Y1, (A +Vy, + M)(3:Vy, ) Y1)
= 4Re((—A+ Vi, + M) Y1, (0: Vi, ) (A + Vi, + M) Y1)
—2Re((—=A + Vy, + M)*Yr, 2V Vi, -V + A3V, ) Y1)
Therefore, by the Schwarz inequality,

3D (Y. 1)
1
<2V Wr.90)2 218V, ool (= A+Vi, + M)t 2420V Vo llool V2 241 A3 Vo, oo ¥ ]12).
According to Lemma C.2 and (C-5), all terms involving ¥, here are bounded by a constant for |¢| < T
Assume that we can prove that all terms involving ¢, here are bounded by a constant times a2 for
|t| < ra®. Then we will have shown that

0D Wy 1) Sa2ED Wy, 0))?

for |¢| < ta?, which implies that (€@ (v, (p,))% <1+a?|t] <1 for |t| < ta? According to (C-7),
this proves that |||y« < 1 for [7] < Ta?
Thus, it remains to prove that for all multi-indices g with |B| <2,

1020,V lloo Sa2 for |1] < ta™2 (C-8)

If we insert the equation of ¢, into the definition of V,,,, we find

dk
k|

(Note that the contribution from oy, cancels.) Using this formula, we obtain

00V () = =02 [ (e g00) = ) ©9)

B < y—2
0% 0¢ Vo, lloo < ™l s ”,/;‘Zﬁl_"_l

in the same way as we obtained (C-1). This implies (C-8) in view of the bounds on ¢; from Lemma C.2.
It is straightforward to deduce the remaining bounds claimed in the proposition. The bound on ||¢x || 2,
follows from Lemma C.2. Because of the equation for v;, we have

10 Vel < = Al + WV, Vel < 1Wellys + 32 108 Vg, lloo 1t lga-
1Bl=<2
Using the fact that |||+ <1 and ||(pt||ﬁ(23) < 1, which by (C-1) controls ||9# Vo, lloo for |B| <2, we
conclude that ||0;Y]|,2 < 1. The second bound in (2-8) follows from Lemma C.2.
Finally, we need to prove the bounds on g5 and g, ;. By the Schwarz inequality as in the proof of
(C-1) together with the equation for ¢ we find

—2
lgslloo < ”as‘Ps”g(zl) o (||(/7s||[;(2]) + ”UIIISHL%”)-
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According to (C-2) and Lemma 2.1 we have |0y, ||£(21) < s < 1. Moreover, if |¢], |s| < ta?, then

I3
Lemma C.2 implies ”%”5(21) < 1. Thus,

-2
llgslloo S,

. t
as claimed. Moreover, g5 = fs gs, dsi,sofort >

t
125 lloo < / s, oo ds1 < a™2(t ).
N
This proves (2-9). O

Appendix D: Reduced density matrices

Here we show how the approximation of e~ Ayt Vo ® W(a?gp) Q2 in Theorem 1.3 yields approximations
to its reduced density matrices in Theorem 1.2. The argument relies on the following abstract lemma.

Lemma D.1. Let Hi and H, be Hilbert spaces; let ¥, ® € H1 Q@ Hy and f € Hy and g € Hy such that
U= f®g+,

1/ ll7 =€, Mgl =€, [ @lli0m, = Ce,
(g, ®)rrllss < C&%, (S @y 0o < C&?
for some C > 0 and ¢ > 0. Define
y1 = Try, [WHW[,  y2 =Ty, W) (V]
Then
Try, [y1 — 1gll5, 1) (1] <3C%%, Tr,lva— 11/ 13, 1g)(gl| <3C?&.

Before proving this lemma, let us use it to derive Theorem 1.2 from Theorem 1.3. We apply the lemma
.ol
with Hy = L2(R?), Ho = F, f=e i hoo®dsy, o¢=Q,

W =W @e)e Ty @ WePpo) R, &= W*(@p)R().
Then Theorem 1.3 implies that the assumptions of the lemma are satisfied with e = =1 (1 + |¢]). We
have || £ 12 = [y lI> = ll¥ol> =1, llgl*=1121> =1 and | £){f|=¥:}(y|. Moreover,

Trag, [OY (W] =y Tryg, [W)(0] = W* (@200 y W (0P ).

Thus, the conclusion of Theorem 1.2 follows from the lemma.
We now turn to the proof of the lemma. It relies on the bound

Tray | T 191) (2l < 191 130, @90 Y2 120 @70 (D-1)

valid for any vectors W1, W, € H1 ® H,. For the proof of (D-1) recall the variational characterization of
the trace norm,

Try, |K| = sup ReZ(ej,Ke})Hl,
(e_/),(e}) J
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where the supremum is over all orthonormal systems (e; ) and (e}) in Hy. Thus, if (bg) is an orthonormal
basis in H5, then

Re Y (e, (Try, [W1)(Wal)e}),,, =Re D (e & br, W1)a, 0% (W2, €] ® bi) i@

J Jsk
3 3
< (Z!(ej ® by, ‘1’1)%@7{2}2) (Z\(‘Pz,e} ®bk)m®m\2)
J.k J.k

< W1l @m2 Y2117 @32 s

where the last inequality comes from the orthonormality of (e; ® bx) and (e]’. ® by). Therefore the
variational characterization of the trace norm yields (D-1).

Proof. Since Try, | £ ® g)(®] = | /)({g. ®)#, . we have

i =gl 1/ 1= 118 @)asl + (P, 8)3) (f |+ Tr2 | ) (D],

By (D-1) and the assumptions the trace norm, each one of the three operators on the right side is bounded
by C?¢2. This proves the first inequality in the lemma. The second one is proved similarly. O

Finally, we show that the =2 error bound in Theorem 1.2 (for times of order one) is due to the fact
that ¢, is time-dependent. The proof makes use of the fact that for arbitrary normalized vectors a and b
in a Hilbert space #H one has

1
Try|la)(a] = b)(b]| = 2(1 = [{a, b)[*)2, (D-2)
as is easily verified.

Proof of Lemma 1.4. Because of Theorem 1.2, it suffices to prove that there are ¢ > 0 and ¢ > 0 such that
forall |t{| <eandall @ > 1,

Trr || W(? @) Q)W (@ 0r) Q| = [W (e 00) Q) (W(@®90) Q| = ca™ 1]
According to Lemma A.4 and (D-2), this is equivalent to
1 — e~ @llor—pol3 — 1 _ |(Q, W*(azgog)W(ozzgo,)QHZ > %cz(x_ztz.

Since ||¢; — @oll2 < @2|¢| by Lemma 2.1, it suffices to prove that there are € > 0 and ¢’ > 0 such that
forall || <eandall @ > 1,

lpe —@oll2 = c'a™?[t].
Since ¢ + oy, # 0, this will clearly follow if we can prove that for all |¢| < «? and « > 1,
ler — o +ia™?t(po + oyy)||, < Ca™1>. (D-3)

To prove this, we use equation (1-8) for ¢; to write

t t
@t —@o = / Osps ds = —ia-2/ (¢s +0y,) ds = —ia "t (g0 + Oyy) + 714
0 0
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with
t s
=2
ryi=—ia / / (0s, @5, + 8510‘/%1 )dsy ds.
0o Jo

By Lemma 2.1 and Proposition 2.2, the £2-norm of the integrand of r; is bounded by a constant uniformly
in |s;| < @? and o > 1. This yields (D-3) and completes the proof. O

Appendix E: Improving the result of [Frank and Schlein 2014]

We now show how the techniques from [Frank and Schlein 2014] can be extended to times |¢| = o(«). This
argument is due to an anonymous referee, whom we thank for kind permission to include it in our paper.

Proposition E.1. Let ¢ € L?(R3) and ag > 0. Assume that ¥ € L?(R3) ® F satisfies
(P> + N+ DU <M, [(p*+ 1D2NT| < Ma™2
Then for all @ > ag and all t € R,
”e_iﬁopft W(azgo)\IJ — e_iH‘”tW(azgo)\IJ‘|2 < M2(1 + Za_l)(eclt|/(2“) -1,
where C depends only on oy and an upper bound on || ¢/ q2.

Note that this result can be applied, in particular, to ¥ = ¢ ® Q with ||y |,,1 < M. We also recall that
the effective Schrodinger operator Hy, was defined in (2-12).

Proof. Let A(t) := “e_iﬁtS’W(ach)\IJ — e_intW(az(p)\IJ“z. It is shown in [Frank and Schlein 2014,
Proposition 9] that A’(¢) = f(¢) + g(¢) with

T
7(6) < CMa—"A(1)%, / (1) dt < CM2aT.
0

where C depends only on g and an upper bound on ||¢|| -2. We bound f(¢) < %Coz_l (A(t) + M?) and

therefore
T T T
A(T) 5/ f(t)dt +/ gt)dr < %Coz_I/ A) dt + %CMzoz_l(l —|—2oz_1)T.
0 0 0

Thus,
T
AT)+M>*(1+2¢ ) < M?*(1+ 207 ") + 2Ca™! / (A(t) +M>(1 +207")) dt
0
and, by Gronwall’s inequality, for all # > 0

A(¢)+M2(l+2a_1) §M2(1+2a—1)e(:t/(2(x)' -
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Note added in proof

After this work was accepted for publication, the preprint by M. Griesemer [2016] appeared on the
arXiv. This preprint studies the dynamics generated by the initial conditions given by the minimizing pair
(¥, @x) of the energy functional £(v, @) under the constraint ||y|| = 1 up to times of order o(a?).
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TIME-WEIGHTED ESTIMATES IN LORENTZ SPACES AND
SELF-SIMILARITY FOR WAVE EQUATIONS WITH SINGULAR POTENTIALS

MARCELO F. DE ALMEIDA AND LUCAS C. F. FERREIRA

We show time-weighted estimates in Lorentz spaces for the linear wave equation with singular potential.
As a consequence, assuming radial symmetry on initial data and potentials, we obtain well-posedness of
global solutions in critical weak-L? spaces for semilinear wave equations. In particular, we can consider
the Hardy potential V(x) = c|x|~2 for small |c|. Self-similar solutions are obtained for potentials and
initial data with the right homogeneity. Our approach relies on performing estimates in the predual of
weak-L?, i.e., the Lorentz space L&D,

1. Introduction

We are concerned with the linear wave equation with potential

Ou+Vu= f(x,1), (x,1) e R" xR, (1-1)
u(0) = (u(0,x),0,;u(0,x)) = (0,0), xeR",
and the semilinear wave equation
Ou+Vu=plu?u, (x,t)eR"xR, (1-2)
ﬁ(()):(uo,ul), XER”,

where 0=02—Ay, n>50dd, p€{+1,—1} (focusing or defocusing case) and p > (n>+n—4)/(n(n—?3)).
The problems (1-1) and (1-2) are addressed in the radial setting.

The semilinear wave equation (1-2) with V' = 0 has three notions of critical nonlinearity, namely the
Strauss critical power p = pg,, conformal critical power p = pcons and energy critical power p = pe.
The former pg, is the positive root of

m—Dp*—@m+1)p—-2=0.

Strauss [1981] conjectured about the existence for p > pg, or nonexistence for 1 < p < py., of global
solutions for (1-2) with small compact support initial data. The conjecture of Strauss has a nice history
(see, e.g., [Wang and Yu 2012]) and was completed by [ Yordanov and Zhang 2006; Zhou 2007] (see also
[Lai and Zhou 2014]). The conformal power pcons is linked to the conformal symmetry map

X 4
t2—|x|2’ t2—|x|2

n—1
Ll(x,[) = uconf(x7[) = ([2 - |x|2)_2u(

) for |x| < [¢].

Ferreira was supported by FAPESP-SP and CNPQ, Brazil .
MSC2010: primary 35L05, 35L71, 35L15, 35A01, 35B06; secondary 35C06, 42B35.
Keywords: wave equations, singular potentials, self-similarity, radial symmetry, Lorentz spaces.
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More precisely, Ucons solves (1-2) with V' = 0 if u does and p = pcons = (n + 3)/(n — 1) for n > 2. The
power p. = (n+2)/(n—2) (pe = oo if n = 2) is connected to the scaling invariance of the conserved
energy. In fact, for p = p. and V = 0, the conserved energy
Eu, du) = & / Veu|? dx + L / Beul? dx + —2— [ Pt dx
2 P + 1 R7

is invariant by the scaling map

u(x,t) = uy(x,t):= yﬁu(yx,yt), y >0, (1-3)
namely
E(uy. dguy) =y 7T 2 E(u, du) = E(u, dyu).

We refer the reader to the classical papers [Grillakis 1990; 1992; Shatah and Struwe 1993; Struwe 1999]
for results about solutions with finite energy.

A solution is called self-similar when it is invariant by (1-3), that is, u(x,#) = u,(x,t). For a
homogeneous function V' of degree —2, equation (1-2) presents the same scaling as in the case V = 0.
Taking ¢ = 0, the map (1-3) induces the scaling for the initial data:

2 ptl
(o (x), u1 (X)) = (y P Tuo(yx), y 7= Tur (yx)). (1-4)
In other words, self—similar solutions of (1-2) are associated to initial data uy and #; homogeneous of
degrees —pi and — respectlvely, that is, homogeneous functions of the form
__2_ _p+l1
uo(x) =ecylx|"7=1 and uy(x) =ecy|x| =T, (1-5)

where ¢q,c; € Rand € > 0.

For V = 0, there are a number of results about self-similar solutions in different frameworks. The
first work is due to Kavian and Weissler [1990], where the authors proved the nonexistence of radially
symmetric self-similar solutions with finite energy E(u, d;u) for n > 3 and p. < p < co. Working in the
infinite energy space of all Bochner-measurable functions u : (0, co) — L” (R") such that

sup P ||u (-, 1)l Lr @y < o0, (1-6)
>0

Pecher [2000a] showed the existence of self-similar solutions for ¢ > 0 in (1-5) sufficiently small by
considering n = 3 and p; < p < Ppcont, Where pq is the larger positive root of

n?=n)p*—m*>+3m=2)p+2=0.

The parameters § > 0 and r > 2 are taken in such a way that the norm (1-6) is scaling invariant. The
approach in [Pecher 2000a] is based on 1.9 — L” dispersive estimates for the wave group

o(t) = (—A) 2 sin(t(—=A)?). (1-7)

In fact, the case of nonradial homogeneous data also was considered in [Pecher 2000a]. Moreover,
replacing L” by suitable homogeneous Sobolev spaces HF! with k > 0, the upper condition p < pcont
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was removed by him. Still for n = 3, Pecher [2000b] obtained self-similar solutions (not necessarily radial)
in the range pgy < p < peont and showed that the lower bound pg, is sharp in the sense that in general no
nontrivial self-similar solution exists even in the radial case when p < pg,. Unlike [Pecher 2000a], the
paper [Pecher 2000b] developed pointwise estimates related to the weights |x| £ ¢ and a norm due to
F. John and did not employ L?, Sobolev or Besov spaces. Hidano [2002] complemented these results by
showing scattering and existence of self-similar solutions for (1-2) when n = 2, 3 and py < p < Pcont-
The result of [Pecher 2000a] was proved to be true for n = 2, 3,4, 5 by Ribaud and Youssfi [2002],
recovering in particular n = 2,3. Moreover, for n > 6 they considered p € (p1, Peont] U [2,00) or
P € (P1, Peonf]l U (p2,00), where p, is the larger positive root of

2+ D)p?—m*+3n+4)p+@n*+5n+2)=0.

Note that py < p1 < Peonf < p2 for all dimensions in which these parameters are defined.
The weighted Strichartz estimate in L ’°°)([R{i+”)

1= 152wl oryiny = CIIE =151 oot -

was obtained by Kato and Ozawa [2003] for f radially symmetric in x-variables, 2 <r <2(n+1)/(n—1)
and suitable powers a, b. By using (1-8) and assuming n > 3 odd, they proved existence and uniqueness
of radially symmetric self-similar solutions for (1-2) with initial data (1-5) provided that ps < p < Pcont
and ¢ > 0 is small enough. In [Kato and Ozawa 2004], they extended their results to the case n > 2 even.
By employing spherical harmonics and Sobolev spaces over the unit sphere, the condition of radial
symmetry on u# and f was removed in [Kato et al. 2007] for 2 <n < 5. In the case p €N, p > pconr and
V' = 0, Planchon [2000] showed global well-posedness and existence of self-similar solutions for (1-2) in
L*((0, 00); B;”’oo) for small data (uqg,u;) € B;”’oo X B;fo_ol with s, = % —
results do not contradict the nonexistence result in [Kavian and Weissler 1990] because the obtained

%. Notice that the above

self-similar solutions have infinite energy.

Wave equations with singular potential arise in the study of stability of stationary solutions for a number
of systems of PDEs, for example, wave-Schrodinger and Maxwell-Schrédinger ones (see, e.g., [D’ancona
and Pierfelice 2005]). Unlike the case p > pg: and V = 0, where no blow-up occurs for (1-2), Strauss
and Tsutaya [1997] proved blow-up of solutions when n =3, p>1and V € C'(R*) N L>®(R?) decays
like ¢/]x|?~#) as |x| — oo for 0 < & < 2. Also, they showed global existence for ¢ <0, p > py and

|

small enough. Still considering small, smooth and rapidly decaying potentials, Yajima [1995] obtained

(1 +1xD> Y [0V ()]

lo|<2

oo

LP — L1 dispersive estimates for the linear wave equation (1-1). The borderline case &€ = 0 corresponds
to V homogeneous of degree 0 = —2. In this case, the perturbation Vu has the same scaling of Au and
cannot be dealt with as a simple perturbation of lower order because it does not belong to the Kato class

K= {V € Liwi IVl = swp [ 1=y PVl dy < o0 n = 3}, (1-9)

x€eR"
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where || - || is called the global Kato norm. Taking n =3, %(0) = (0,u;) and f =0 in (1-1), Georgiev
and Visciglia [2003] proved the dispersive estimate

_n—1
(D)l oeny < €Tl 31 (1-10)
for potentials V' that are Holder continuous in R*\{0} satisfying

C
0<V(x)<— —
|x|2—6‘+|x|2+£

for all x € R,

D’ancona and Pierfelice [2005] improved the class of potentials to nonresonant V' € K and obtained,
in particular, the estimate (1-10) for V' € Li8nL3t+s ¢ L(%’l) C K with small § > 0. Planchon
et al. [2003a] proved (1-10) in the radial case for the critical potential V(x) = ¢/|x|? with ¢ > 0. In the
same work, they also proved a modified version of (1-10) for negative potentials —((n —2)/2)* < ¢ < 0.

Moreover, they showed that the classical L°° — L! estimate
_n—1 n—1
u(-, Ol Loo@ny =Ct™ 2 [(=A) * urllprwn

does not hold when ¢ < 0 and V(x) = ¢/|x|? In particular, this estimate is false for general V € L(5:00),

Burq et al. [2003] considered Strichartz estimates for (1-1) and showed

I(=A)ullprpa = Clluoll gy + llurll gry—1) (1-11)

for o, p, q, y satistfying suitable conditions. See also [Planchon et al. 2003b] for the radial case and [Burq
et al. 2004] for a more general class of potentials satisfying V € C!(R"\{0}) and sup,.egn |X|? |V (x)| < 00,
2

among some other conditions. Using (1-11), for n > 2, p > pconf, Sp = % — o1 and

/ +(n—2)2>n—2 2 N { 1 2 }
c — maxy —, ——— ¢,
4 2 p—1 2p (mn+D(p—-1)

the authors of [Burq et al. 2003] also showed global well-posedness of (1-2) provided that (¢, 1) €

H*» x H*»~1 is small enough. This result has been extended to the range
A
m—1Dm+1)

in [Miao et al. 2013] for » > 3 and small radial initial data.
In this paper we obtain estimates for solutions of (1-1) in weak-L" (L0 spaces for the case of

< P < Dconf

small radial singular potentials V € L(5:00) Examples of those are Hardy potentials V = c¢|x|~2 with |c|
small enough (see Remark 3.2(I)). More precisely, for certain conditions on r, s, we prove the estimate

U|| [ oo(R:T.(roo)y = o0 (R: L(5.00)), (1'12)
ll]] oo (r; L0000 T=KColV I oram | /1l oo ; L6500y

where Cy and K are positive constants and V, f and u are radially symmetric in the x-variable. In our
results, the potential V' can have indefinite sign. Notice that taking V' = 0 in (1-12), one also obtains, in
particular, an estimate for the linear wave equation (u = f. The estimate (1-12) can be regarded as an

endpoint-inhomogeneous Strichartz-type estimate in weak-L? spaces, specifically, from Lil ng’oo) to
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L L§C’"2’°°) in the case (/1,m;) = (00, 00), which is important because it corresponds to the natural
persistence space in existence results. Even when V' = 0, notice that (1-12) cannot be obtained as a
consequence of the inhomogeneous Strichartz estimates by Keel and Tao [1998] and Taggart [2010].

In order to obtain (1-12), we need to show a time-weighted estimate for the wave group (1-7) in the
predual of L ’°°), i.e., the Lorentz space L /’1), which is of its own interest (see Lemma 4.1). As will
be seen below, this estimate will lead us to global well-posedness results for (1-2) in critical spaces. We
denote the solution of the Cauchy problem for the linear homogeneous wave equation by

Li0)(0) = w(Ouy + o()ug, where o(r) = drw(t), (1-13)
and consider the space of initial data

Traa = { (0. U1) € S}pg X Sfyg * L)1) € L®(R: LIS (R™))}. (1-14)

rad

where 1y = @

defined as

and the subindex “rad” means space of radial distributions. The norm |- |z, is

1o, )l 2 = sup | Loy (Dl ; r.00)- (1-15)
teR rad

Applying the estimate (1-12), we obtain global well-posedness for (1-2) in the scaling-invariant space
E = L*°(R; L(ro’oo)(lR”)) provided that n > 5 odd, p > (n?> +n—4)/(n(n —3)) and ||(ug, u1)||z.,

rad
is small enough (see Theorem 3.3(1)). The continuous inclusion (B;”OOXB;” o_ol)rad C Zraq holds true
and so, in the radial case, our result extends the initial data class in [Planchon 2000]. In fact, we have
n(p—1)

By c LU*57:%) (see Remark 3.4(I)) and

?lelgHLﬁ(O)(f)llL(mTfnm) <C fgﬁ”Lﬁ(O)(l)”B;‘,’m < C|[(uo, ”1)||B§1?00x1'3§1?;" (1-16)

where the second inequality in (1-16) can be found in [Planchon 2000, estimate (29), p. 815]. Also, we
have K & L(%:%) and then our class of potentials is larger than the Kato one in the radial setting (see
Remark 3.4(I1)). Note that

n?>+n—4

Dstr < Peonf < Pe < I’l(}’l——3)

and our range of admissible powers p differs from those of [Kato and Ozawa 2003; 2004; Planchon
2000; Ribaud and Youssfi 2002]. Finally, as a byproduct, we obtain the existence of radially symmetric
2 p+1

£ and —2, respectively

self-similar solutions when u, #1 and V' are homogeneous of degrees — =10~ p=1

(see Theorem 3.3(I)).
This paper is organized as follows. In Section 2, we recall the definition of Lorentz spaces and some
of their properties. Our results are stated in Section 3 and proved in Section 4.
2. Lorentz spaces

We start by recalling the decreasing rearrangement of a measurable function f : R” — R,

S¥(@) =inf{s > 0:ds(s) <t} fort>0,
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where df(s) = |{x eR™: | f(x)| > s}| is the distribution function of f. The Lorentz space L(7?) =
L2 (R") is the vector space of all measurable functions f : R” — R such that

[fom(z%[f*(t)])zé]f <oo for0<p=<oo, 1=<z<oo,

. 2-1
”fH(P’Z) Supzz%[f*(t)]<oo for 0 < p < o0, z=00. D

t>0
The space L(%0:2) s trivial for 1 < z < 0o. Also, L(P:P) is the Lebesgue space L? with ||f||’(kp »n= I llzr

and L(7-%) is the so-called weak-LP?. The quantity | / ||’(“p 2) defines a complete quasinorm on L (7-?)
that in general is not a norm. Considering the double rearrangement

=g s

one can define the norm || f[|(p,z) on L9 by replacing f* by f** in (2-1). For 1 < p < oo, we have
the inequality

P
Il - ||z<p,z) =l = p—1 I ||ka,2)’

and then ||-[|(p,z) and ||- [[{, ;) are topologically equivalent. The pair (LD . l(p,z)) is a Banach space.
From now on, we consider L% endowed with || - l(p,z) and || - ”>(kp,z) whenl < p<oocand 0 < p <1,
respectively. The continuous inclusions

L@ C L(p:71) cLPC L(P-22) C L(P>0) (2-2)

hold true for 1 <z; < p <z; <ooand 1 < p < o0. Lorentz spaces have the same scaling as L?-spaces,
namely

18N oy =€ 71/ 1 (p.2)s

where §; stands for the operator .( f)(x) = f(cx).
Let 0 <6 <1and 1 <z =< oo. Consider the interpolation functor (-,-)g , constructed via the
Ky, ,-method and defined on the categories of quasinormed and normed spaces. For 0 < p; < py < o0,
1-6

% = + % and 1 < zq, zp < 00, we have (see [Bergh and Lofstrom 1976, Theorems 5.3.1 and 5.3.2])

(L(Plszl), L(Pz,zz))&z — L(P.2) (2-3)

Moreover, (-,-)g,; is exact of exponent 6.
The pointwise product operator works well in Lorentz spaces; i.e., Holder inequality is verified in this
setting (see [Hunt 1966; O’Neil 1963]). Let 1 < pq, p2, p3 < oo and 1 < zy, 25, z3 < 0o be such that
1

1 1 1 1 1
1, 1 1, 151
p3 pi1 +P2 and Z] +Zz —23'Then

1/8l(p3,z3) = CllLS Npr,z0) €11 (p2,z2) (2-4)
where the constant C > 0 is independent of f and g.

Finally, we recall that the dual space of L2 is L("Z) for 1 < p, z < 0o (see [Grafakos 2004, p. 52]).
Taking z = 1, we have (L(®-D)" = L") for | < p < oo.
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3. Main results

Throughout the paper, the subindex “rad” means space of radial functions or distributions. For instance,

L(rsz)

rad

= {u e L' : y is radially symmetric}. (3-1)

We define the open triangles Ap, p, p, and A p, p, p. Whose vertices P; are
1 1 1 1 1 1 1 1
b= (§+n+1’§_n+1)’ b= (E_n—l’i_n—l)’
1

1 11 _on—l B
P3_(2+n—1’2+n—1)’ P“_(l’ Zn) and  Ps = (1. 1)

(see Figure 1). The vertices P, and Ps are defined as (0, 0) and (1, 1), respectively, when n = 1, 2.

(3-2)

Our first result consists in linear estimates in weak-L? for the linear wave equation with singular
potential.

Theorem 3.1. Let n > 5 be odd and A p, p, p5 be the open triangle defined by the points P, P4 and Ps
in (3-2). If

2(n—1) . 1 1 1 1_2
/ / e -
il < = wzth(l 1 S)eAp2p4p5 and ==, (3-3)
then there are K, Cy > 0 such that the solution u of (1-1) satisfies
K
sup [|u(-. 1) (r,00) = sup || /(- D)l ¢s,00) (3-4)
teR 1— COK”V”(%,OO) teR

forall e L®(R; L(s’oo)([R”)),provided that V € L(j’oo) and C0K||V||(% 00) < 1. The supremum in

rad rad
(3-4) is taken in the essential sense.

Some comments on Theorem 3.1 are in order.

Remark 3.2. (I) Let us point out that the range in Theorem 3.1 is not empty. In order to see this, set
1 1_1 : 1 1 : :
w=1-_and h= 5 — 7- Now notice that ( Tl E) € Ap, p, p5 18 equivalent to

1 1
(1—;,1—;)=(w,w—h)€Ap2p4p5. (3-5)
In turn, for (3-5) we need only that 0 < & < % holds true when /1 = % and n > 5.

(II) The critical Hardy potential V(x) = co|x|™2 € Lr(ag’oo) (R"™) is covered by Theorem 3.1 with
lco| < (COKH |x|~2 H (2 oo))_l. The constant Cy in (3-4) is that of the Holder inequality
2’

o1 2 01
1Vl s.00) = Coll VIl 00) 14llr.00) - With st

(III) Taking V = 0, Theorem 3.1 also provides an estimate for the linear wave equation Ou = f.

Let {w(t)}:er be the wave group w(t) = (—A)_% sin(t(—A)%) and define ¢( f) by

S x.1) =/O w(r—s) f(s)ds. (3-6)
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Formally, the IVP (1-2) is equivalent to the integral equation

where
N@) = p(ul?"'u) and  T(u) ==5(Vu).
Solutions of (3-7) are called mild solutions for the Cauchy problem (1-2).

We will look for solutions of (3-7) in the Banach space £ = L*°(R; ng’oo)) whose norm is

lull £ = sup [[u(-. D)l rg,00)- (3-8)
teR

The supremum in (3-8) is taken in the essential sense. This space is invariant by the scaling (1-3) and
allows the existence of self-similar solutions (i.e., u = uy).

1 1 2 -2
A= (2 P2 a4, = (1222,
2n—1) 2(n—1) n n

Let |41, A,[ be the open segment line. Notice that |4, Az[ € Ap, p, ps\Ap, p, p, foralln > 4.

Consider

Ps

»
/

Q=

/
/
P ’
3
2
.
7

SIES

Figure 1. ]A1 s Az[ S AP2p4p5\Apl P, P5-

Observe that p > (n> +n—4)/(n(n — 3)) is equivalent to

2 2p

Our well-posedness and self-similarity results for (1-2) are stated below.
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Theorem 3.3. Letn > 5 be odd, p > (n* +n—4)/(n(n—3)) and ro =n(p—1)/2. Suppose (uq, tt1) € Lrad
and V € Lr(ag’w).
(I) (Global well-posedness) There are ¢, Cy > 0 such that if ||(uo,u1)||z,, < €, then the IVP (1-2) has a

unique mild solution u € L*°(R; ng’oo)) satisfying

2¢
sup (- Ol = 1=

provided that n = C1 || V|| (2,00) < 1. Moreover, the solution u depends continuously on data (ug, u1)
and potential V.

(1) (Self-similarity) Under the hypotheses of item (1), the solution u is self-similar provided that

2 p+1
Ug, U1, V are homogeneous of degrees —5=1 =T and —2, respectively.

In what follows, we make some comments on Theorem 3.3.
Remark 3.4. (I) Taking V = 0, Theorem 3.3 provides a well-posedness result for semilinear wave

equations in odd dimensions n > 5. Moreover, we have the continuous inclusions (see [Bergh and
Lofstrom 1976, p. 154])

Hs s Bfl ~ s [(r2,00) (3-10)
where L —% = and r, > ry. In particular, for s, = 5 _ 21 We Obtaln S s szoo o L(n(ﬂz—l)’oo)‘

D c0) 1

In fact the 1nclu510ns in (3-10) are strict and then the space L( is larger than B;” o> 1-€-, the

one considered by Planchon [2000]. So, Theorem 3.3 extends the existence result of [Planchon 2000] in
the case of radial solutions and # > 5 odd.

(II) Let K be the Kato class of potentials defined in (1-9). In view of the continuous strict inclusions
L3703t 18D e (B0 550, (3-11)

our class for V is larger than /C in the radial setting. For JAC RPN IC, we can use Holder inequality (2-4)
to obtain

Vik=C

1
Hm (o a0 = EWV -

where
L=Cllx=y["" 2] 4

n— 2900)

is a positive constant. Next recall that f € LP:%) if and only if there is a constant C > 0 such that

|E|5‘1/E|f(y>|dysc (3-12)

for every Borel set E. The supremum of the left-hand side of (3-12) over all Borel sets gives an equivalent
norm in L®-%)_ It follows from (3-12) that K — L(%’oo). In fact, it is sufficient to check (3-12) for
every open ball £ = B,(x) = {y € R" : |y — x| < r}. For that, we estimate

rn—2 s
[ vmlas [ s veldy = Vs @l
Br(x) By (x) X =V

where |B,(x)| = (nz/F( + 1))r™ is the volume of By (x).
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4. Proofs

Collecting estimates in [Brenner 1975; Peral 1980; Strichartz 1970], we have that the wave group
{o(t)}ser is bounded from L1 to L2 at 1 =1, i.e.,

lo(MAlly, = MylAlly,. (4-1)

provided that ( Il ) € Ap, p, Py, Where X stands for the closure of X. It follows from scaling properties
of w(¢) and L?-spaces that

+1
lo@hll, < Myle ™G+ (4-2)
nterpolating the estimate (4-2) (see, e.g., [Bergh and Lofstrom , we get
Interpolating th i 4-2) ( g., [Bergh and Lof: 1976]) g
(L _ 1 +1
lo Ol < Malt T R0, 4-3)

where 1 < z < co. Assuming radial symmetry for £, the authors of [Ebert et al. 2016] extended the range
of (4-2) to the closed triangle AT% except for the semiopen segment line | Py, P4] (see Figure 1).
Thus, again by interpolation, for ( Il ) belonging to the open triangle Ap, p, p; and 1 <z < oo, we
obtain the estimate

lohl .z < Malel ™04 g, 2 (4-4)

for all h € L1 (Rm).
Yamazaki [2000] dealt with Navier—Stokes equations and Stokes and heat semigroups in weak-L?
spaces. The next estimate could be seen as a version of the Yamazaki estimate [2000, Corollary 2.3] for the

wave group {w(?)};er. Notice that it consists in a time-weighted estimate in preduals of weak-L? spaces.

Lemma 4.1. Let f be radially symmetric, n > 3 odd, and let A p, p, ps be the open triangle defined by
the points P2, P4, P5 in(3-2). If 1 <dy,dr <2(n—1)/(n—3) (00 if n =3) with (d 7 ) €Ap,p,Ps
then |t|" n(dr=a;)- a)(l)f e LY(R; L@2:D(R")) and there is C > 0 such that

n_n_»o
/thl"’1 2 () flldy.1y dt = Cll f @1 (4-5)
forall f e LUV @m),
Proof. Let py and p, be such that py <dy < p2, 7 _1 - é <1 and
1 1 .
<P_j’ d_z) € Ap,p,ps forj=12.

Using the estimate (4-4) with (/1,15,z) = (p1.d>. 1) and (I1,[5,z) = (p,, d,, 1), we obtain

14+ _n
lo@) fll@z,1) = Cielel 2 Pk [ fllpye,1y  for kb =1.2. (4-6)

Next consider the sublinear operator E as a map from Lfﬁf’l) N Lfﬁf’l) to a function E( f)(¢) in R
defined by

BN =110 % o) £l @)
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In view of (4-6), we can estimate
BN = Celt B2 BT £ oty = Gl DT Sl gy fork =12 @)
Hence, the operator E is bounded from Lfﬁl" 1) (R") to L6k (R), where i =1- (dl1 — ﬁ) Indeed,
it follows from (4-7) that
IE O Looormy = Cr Hlll_i HLuk,oo)(R)llfll(pk,l) < Ll Sl pre,1)» (4-8)

where Lg = Cre||[¢71/% || Lio.00 y K = 1,2
Take now 6 € (0, 1) suchthatd%:l;—]g—i—%. So,wehave%%—%: land 0 < sy <1 <s,. By
interpolation, it follows that

L(dlal) — (L(plal)’ L(pz’l))O,l and LI(R) — (L(Sl,OO)(R)’ L(SZ,OO)(R))O,I

rad rad rad

and then
IE)OllLi@ < miPmS 11 £l
<LI7OLSN fll a1y

where my, = | B (f)||Lf£k’1)—>L(°‘ks°°) < L. This gives us the estimate (4-5). d

Proof of Theorem 3.1. Let us rewrite {( f) in (3-6) as

o0
cnwn= [ [ Woemni-sfG.sdyds
—00 Rl’l
where the kernel W is given by

sin((r —s)|ED/1E]. 0 <s <1,
0

, otherwise.

Wt t—s) = {
Given a suitable function ¢ € C°(R"), we set

€0 = [ EDpE) d

Here all functions are considered to be radially symmetric. Using Tonelli’s theorem and the Holder
inequality (2-4), we obtain

G = [ (15Dl ot - sl

EC/_ ILF G Dl s,00) |0 = D)@l 57,1y d T (4-9)

In (4-9) we have proceeded somewhat formally but we are going to see that its right-hand side is indeed
finite, which justifies the above computations. Take (d1, d>) = (r’, s”) and note that
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Using duality in L%, the inequality (4-9) and Lemma 4.1 with (dy,d,) = (s, r’), it follows that
IENHC Doy = sup [(E(S). @)

ol 1y=1

0
<Csupllf(-.0)lsc)  sUP [ lo(t — D)l 1) de
1ER @l 1y=1J—00

< Ksup [l /(. Dllso0)  sup  Alldller,)}
1eR léllr =1

<K sup ”f( ’ t)”(s,oo) (4'10)
teR

for a.e. t € R. Next let f =f+4+Vuandu = Z(f~) be the mild solution of (1-1). Since % = n/% + % the
Holder inequality (2-4) gives

” V””(s,oo) <G ” V”(%,oo) ”u( ‘s l)”(r,oo)- 4-11)
Thus, in view of (4-10), we get

supl[u(-, )l (r.o0) < K sup | £ (-, )l ¢s.00)
teR teR
< Ksup || /(- D)ll(s,00) + KColl Vll (1 o) suPN1(- D)l r,00)-
ter 2 teR

which implies the desired estimate because KCo||V || (2.00) < 1. O

Proof of Theorem 3.3. Part (I). (Well-posedness) Take r = rg = w and s = %0, and note that

N |-
S o

= (-1 =
o

Uy | —

In view of (3-9), we have (1 — %, 1— l) € Ap, p, ps and then we can employ Theorem 3.1 with V' =0 in

N
order to obtain
1ECNE < KISy 009 (4-12)

Since % + % = %, it follows from (4-12) and the Holder inequality (2-4) that
IT@)=TWIe=ITu-v)|e= sup 15V (=)Dl (rg,00)
te
< Ksup [V(u=0)(-.D)ll (70 o)
teR p
= KGollVl(2 00y sup u(-, 1) = v (-, Dll(rg,00)
2 teR

=nllu—vllE, (4-13)

where n = C; ||V||(%’Oo), C1 = KCy, and Cy is the constant in the Holder inequality ||Vh||(r7o’oo) <
GollV | (2 .00) 1721l (,00)- Next recall the inequality

el P = — JuIP~ | < Clu—v| (P~ + o]~
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and let % = + Usmg the Holder inequality (2-4), we can estimate

H|u|f’—1u—|v|1’—1v

’O

(o, 00) = C |l —=vl(lul?~ Y Jul?” 1)} )
= Cllu=vlo.co| (7 + 17D 0 o)
< Cllu =]l rg.00) (115 oy + 1010 o)) (4-14)
Estimates (4-12) and (4-14) yield
IV @) = NlE = [E(ulP u =[P o) (-0 g
< K| (ulP u—o]?" )(-, t)HLOO(R;L::do/p,OO))

< Collu—vll(lully " + oI5, (4-15)

Let W(u) = L)) + N (u) + T (u) be defined in the closed ball Be = {u € E : |[ul|g < 2¢/(1 —n)},
where ¢ > 0 and n = C1 ||V [[(n/2,00) < 1. We are going to show that W is a contraction in B, for & small
enough. For u, v € B,, we have

W) —¥)E = IN@) NI+ Tu-TvlE

< Cllu—vle(lul g +vI% D +nllu—vle
2¢ p=1 2¢ p—l
<||”_U||E(C2(1 ) +C2( ) +;7)
U 1—n
S \Co———+n]llu—v|E. 4-16
(s + )l @16)
Choose ¢ > 0 in such a way that
c 2Pgp—1
7 <1 4-17
() @17

Moreover, taking v = 0 in (4-16), we arrive at

2p—lgp—l 2¢ - 2¢
(1—mr-!

1@z < L le + %@ - ¥ O]z <&+ (Cz ) P e
for all u € B,. Hence, the map W : B, — B, is a contraction in E. It follows that its fixed point in B is
the unique solution for (3-7) such that

2¢e

1—

lulle <

The continuous dependence follows naturally from the above estimates and fixed point argument. We
include its proof for the sake of completeness. Let u, v € B be the unique mild solutions associated
to data (ug,uy, V) and (vo, vy, U), respectively. Then, defining L;) (1) = w()uy + w(t)uo and
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L30)(1) = w(t)v1 + (#)vo, we have

lu—vllE = ILio) — Liwylle + IN@) —NOe+ ITw)—TW e
=1Lz — L llg + IN@) =N g + [ ¢(V =U)v+ V(u—v))| g
pop—1

(1—mr~1

pgp—l 2KCye
= [(uo —vo, u1 —vi)lzy + (C = +77)||”—U||E + ﬁ”V—UH(%,OO),

—
(I—m?*
which yields the desired continuity because of (4-17).

= L) = L llE + C2 lu—vllg + KCollV =Ull(x ooy IVl E +nllu—vllg
(5.00)

Part (II). (Self-similarity) First note that the homogeneous pair (¢, ¢1) is in Z;q. Due to the fixed point

(ro,

rad oo)) of the sequence

argument, the solution # in item (I) is the limit in £ = L*°(R; L
u =Ly and u®D = Li0,@) + N@®) +T@®) fork eN. (4-18)
Using the homogeneity properties of u¢, % and V, one can show that u®) is invariant by (1-3), that is,
u® = (u(k))y = yﬁu(k)(yx, yt).
Now, since (E, || - || g) is invariant by (1-3), a change of variable gives
1@®)y =@yl =10 ~w)y g = [u® —ulg -0, ask—oco. (4-19)

Since (u(k))y = u®), it follows that 1) also converges to (u)y. Then, u = (u), for each y > 0, as
required. O
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OPTIMAL WELL-POSEDNESS FOR
THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES SYSTEM
WITH GENERAL VISCOSITY

COSMIN BURTEA

In this paper we obtain new well-posedness results concerning a linear inhomogeneous Stokes-like
system. These results are used to establish local well-posedness in the critical spaces for initial density pg

and velocity ¢ such that pg — p € B;’/IP(W), ug € B;’/IP_I(W), p € (£.4) for the inhomogeneous

incompressible Navier—Stokes system with variable viscosity. To the best of our knowledge, regarding the
3-dimensional case, this is the first result in a truly critical framework for which one does not assume any
smallness condition on the density.

1. Introduction

In this paper we deal with the well-posedness of the inhomogeneous, incompressible Navier—Stokes
system
d¢p +div(pu) =0,
d¢(pu) + div(pu ® u) —div(u(p) D(u)) + VP =0,
divu =0,

Ulr=0 = Up.

1-1)

In the above, p > 0 stands for the density of the fluid, u € R” is the fluid’s velocity field, while P is the
pressure. The viscosity coefficient p is assumed to be a smooth, strictly positive function of the density,
while

D(u) =Vu+ Du

is the deformation tensor. This system is used to study fluids obtained as a mixture of two (or more) incom-
pressible fluids that have different densities: fluids containing a melted substance, polluted air/water etc.

There is a very rich literature devoted to the study of the well-posedness of (1-1). Briefly, the question of
existence of weak solutions with finite energy was first considered by KaZihov [1974] (see also [Antontsev
et al. 1990]) in the case of constant viscosity. The case with a general viscosity law was treated in [Lions
1996]. Weak solutions for more regular data were considered in [Desjardins 1997]. Recently, weak
solutions were investigated by Huang, Paicu and Zhang in [Huang et al. 2013c].

This work was partially supported by a grant of the Romanian National Authority for Scientific Research and Innovation, CNCS -
UEFISCDI, project number PN-II-RU-TE-2014-4-0320.
MSC2010: 35Q30, 76D05.

Keywords: inhomogeneous Navier—Stokes system, critical regularity, Lagrangian coordinates.
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The unique solvability of (1-1) was first addressed in the seminal work of Ladyzhenskaya and Solonnikov
[1975]. More precisely, considering uq € W2=2/p.p (2), with p > 2, a divergence-free vector field that
vanishes on 92 and py € C'(2) bounded away from zero, they construct a global strong solution in
the 2-dimensional case and a local solution in the 3-dimensional case. Moreover, if u is small in
W2=2/P-P (Q) then global well-posedness holds true.

The question of weak-strong uniqueness was addressed in [Choe and Kim 2003] for the case of
sufficiently smooth data with vanishing viscosity.

Over the last thirteen years, efforts were made to obtain well-posedness results in the so-called critical
spaces, i.e., the spaces which have the same invariance with respect to time and space dilation as the
system itself, namely

{(,Oo(X), uo(x)) = (po(/x), lug(Ix)),
(p(t, x),u(t,x)) —> (p(lzt, Ix), lu(l?t,1x), [> P(I*t, lx)).

For more details and explanations for this classical approach we refer to [Danchin 2003] or [Danchin and
Mucha 2015]. In the Besov space context, which includes in particular the more classical Sobolev spaces,
these are

0o—p€BYP and uy e BYP21 (1-2)

D1,r1 D2,r2

where p is some constant density state and # is the space dimension. Working with densities close (in
some appropriate norm) to a constant has led to a rich literature. In [Danchin 2003] local and global
existence results are obtained for the case of constant viscosity and by taking the initial data

n/2 n/2—1

po—peLmﬂB and uoeB

and under the assumption that || 09 — n2 is sufficiently small. The case with variable viscosity

Pl oon B
and for initial data
n/ p—1

,00—,663;’/11’ and ug eB ,

p €[1,2n), is treated in [Abidi 2007]. However, uniqueness is guaranteed once p € [1,n). These results
were further extended by H. Abidi and M. Paicu [2007] by noticing that py — o can be taken in a larger
Besov space. B. Haspot [2012] established results in the same spirit as those mentioned above (however,
the results are obtained in the nonhomogeneous framework and thus do not fall into the critical framework)
in the case where the velocity field is not Lipschitz. Using the Lagrangian formulation, R. Danchin
and P. B. Mucha [2012], established local and global results for (1-1) with constant viscosity when
Po—pE M(Bn/p 1) ug € BZ,/IP_I and under the smallness condition

where M(B"/ P~ 1) stands for the multiplier space of B”/ P~ 1n particular, functions with small jumps
enter this framework Moreover, as a consequence of thelr approach, the range of Lebesgue exponents
for which uniqueness of solutions holds is extended to p € [1,2n). In [Paicu and Zhang 2012; Huang
et al. 2013a; 2013b; 2013c¢] the authors improve the smallness assumptions used in order to obtain global
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existence. To summarize, all the previous well-posedness results in critical spaces were established
assuming the density is close in some sense to a constant state.

When the latter assumption is removed, one must impose more regularity on the data. For the case
of constant viscosity, R. Danchin [2004] obtained local well-posedness and global well-posedness in
dimension n = 2 for data drawn from the nonhomogeneous Sobolev spaces:

(/00 —,5,140) c Hn/2+a X Hn/2—1+ﬂ

with «, B > 0. The same result for the case of the general viscosity law is established in [Abidi 2007].
For data with non-Lipschitz velocity results were established in [Haspot 2012]. Concerning rougher
densities, considering po € L% (R?) bounded from below and u¢ € H2(R?), Danchin and Mucha [2013]
constructed a unique local solution. Again, supposing the density is close to some constant state, they
proved global well-posedness. These results are generalized in [Paicu et al. 2013]. Taking the density
as above, the authors construct a global unique solution provided that uo € H*(R?) for any s > 0 in
the 2-dimensional case and a local unique solution in the 3-dimensional case considering uy € H'(R?).
Moreover, assuming u is suitably small, the solution constructed is global even in the 3-dimensional case.

In critical spaces of the Navier—Stokes system, i.e., (1-2) there are few well-posedness results. Very
recently, in the 2-dimensional case and allowing variable viscosity, H. Xu, Y. Li and X. Zhai [2016]
constructed a unique local solution to (1-1) provided that the initial data satisfy pg — p € B (RZ) and

2/ P 1(IRz) Moreover, if pg—p € LP N BZ/ 7 (R?) and the viscosity is supposed constant their

Uy € B
solutlon becomes global. In the 3-dimensional 51tuat10n to the best of our knowledge, the results that are
closest to the critical regularity are those presented in [Abidi et al. 2012; 2013] (for a similar result in the
periodic case one can consult [Poulon 2015]). More precisely, in three dimensions, assuming

3/2 1/2

po—peLzﬂB and uOEB

and taking constant viscosity, H. Abidi, G. Gui and P. Zhang [Abidi et al. 2012] show the local well-
posedness of system (1-1). Moreover, if the initial velocity is small then global well-posedness holds true.
In [Abidi et al. 2013] they establish the same kind of result for initial data

3/A 3/p 1

po—pGL)‘ﬂB and ug EB ,

where A € [1,2], p €[3,4] are suchthat%%—% 2z and——%f ;

One of the goals of the present paper is to establish local well-posedness in the critical spaces
53/p—1
po—pe BT @), uoe BTN ®). pe($4)
for system (1-1)
¢ with general smooth variable viscosity law,

¢ without any smallness assumption on the density,

¢ without any extra low frequencies assumption. In particular, we generalize the local existence and
uniqueness result of [Abidi et al. 2012], thus achieving the critical regularity.
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As in [Danchin and Mucha 2012], we will not work directly with system (1-1); instead we will use its
Lagrangian formulation. By proceeding so, we are naturally led to consider the following Stokes problem
with time-independent, nonconstant coefficients:

diu—adiv(bD(u)) +aVP = f,

divu = div R, (1-3)

Ult=0 = Uop-
We establish global well-posedness results for system (1-3). This can be viewed as a first step towards
generalizing the results of Danchin and Mucha [2015, Chapter 4] for the case of general viscosity and
without assuming the density is close to a constant state. Let us mention that the estimates we obtain
for system (1-3) have a wider range of applications: in a forthcoming paper we will investigate the
well-posedness issue of the Navier—Stokes—Korteweg system under optimal regularity assumptions.

To summarize all the above, our main result reads:

Theorem 1.1. Consider p € (%,4). Assume that there exist positive constants (p, px, p*) such that

Po—p € B;,/IP(R3) and 0 < py < pg < p*. Furthermore, consider ug a divergence-free vector field

with coefficients in B;,/lp_l (R3). Then, there exists a time T > 0 and a unique solution (p,u, VP) of
system (1-1) with
- 53 53 53/ p—1 53/ p—1
p=peCr (BT @NNLFP (B ®). uecr (BT ®). @, V*u.VP)eLy(B)[I™ ®)).
One salutary feature of the Lagrangian formulation is that the density becomes independent of time.
More precisely, considering (p, u, V P) a solution of (1-1) and denoting by X the flow associated to the

vector field u,
t
X =+ [ ute X ) d.
We introduce the new Lagrangian variables

p(t,y) = p(t, X(t,¥)), a(t,y)=u(,X(t,y)) and P(t,y)= P, X(t,y)).
Then, using the chain rule and Proposition 3.23 we gather that p(z,-) = po and

podyit —div(1(po) Az Da, (i) + ALVP =0,
div(Azu) =0, (1-4)
L_llt:() = u()’

where Aj; is the inverse of the differential of X, and
Dy(it) = Dit Az + AL va.
Note that we can give a meaning to (1-4) independently of the Eulerian formulation by stating
t
X =+ [atyde
0

Theorem 1.1 will be a consequence of the following result:



OPTIMAL WELL-POSEDNESS FOR THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES SYSTEM 443

Theorem 1.2. Consider p € (%, 4). Assume there exists positive (p, px, p*) such that pg — p € B;/lp (R?)
and 0 < py < po < p*. Furthermore, consider uy a divergence-free vector field with coefficients in

B’;/lp_l (R3). Then, there exists a time T > 0 and a unique solution (ii, V P) of system (1-4) with

iecr(B)/FT\R®) and (3,a.V%a.VP)e LL(B)/?™ (R)).

Moreover, there exists a positive constant C = C(pg) such that

2
|u||L(;‘O(Bs,/1p_l) + ||(V u, VP)”LIT(BZGP_I) < ||u0||B;{]p—l exp(C(T + 1))
The study of system (1-4) naturally leads to the Stokes-like system (1-3). In Section 2 we establish the

global well-posedness of system (1-3). More precisely, we prove:

Theorem 1.3. Consider n € {2,3} and p € (1,4) if n =2 o0r p € (5, ) if n = 3. Assume there
exist positive constants (ax, by,a*,b*,a,b) such that a —a EB" p([R{”) b—b eBn/p(R”) and

O<ar<a<a*, 0<b,<b<b™

Furthermore, consider the vector fields uy and f with coefficients in B / . 1(IR”) and L} (Bn/ P 1([R”))

respectively. Also, consider the vector field R € (S'(R"))" with!

loc

QR eC([0,00); BYPTN(R™) and (3,R.VdivR) € Ll (B}~ (R"))
such that
divug = div R(0, -).
Then, system (1-3) has a unique global solution (u, VP) with
u e C([0.00). B PN (R") and d,u.V*u,VP € Liy(B) P (R").
Moreover, there exists a constant C = C(a, b) such that
”””L?O(Bﬁ./l"_‘) +[1@eu, V2u, vp)”L}(B}’}/{"')
= (||M0||BZ!/1H +[1(f. 9: R, Vdiv R)||L;(B;/1p71)) exp(C(r+ 1) (1-5)
forallt €0, 00).

The difficulty in establishing such a result comes from the fact that the pressure and velocity are
“strongly” coupled as opposed to the case where p is close to a constant; see Remark 2.11 below. The key
idea is to use the high-low frequency splitting technique first introduced in [Danchin 2007] combined
with the particular structure of the divergence-free part of aV P, i.e.,

PaVP) = P((a—a)VP) = P((a—a)VP)— (a—a)P(VP)
=[P,a—a]VP,

1D is the Leray projector over divergence-free vector fields, Q = Id — P.
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which is, loosely speaking, more regular than VP. Let us mention that a similar principle holds for u,
which is divergence free:> whenever we estimate some term of the form Q(hM (D)u), where b lies in an
appropriate Besov space and M (D) is some pseudodifferential operator, we may write it as

Q(bM (D)u) =[Q.b]M (D)u

and use the fact that the latter expression is more regular than M (D)u; see Proposition 3.21.

The proof of Theorem 1.3 in the 3-dimensional case is more subtle. Loosely speaking, in order to close
the estimates for system (1-3) one should work in a space on which the solution operator corresponding
to the elliptic equation div(@aVP) = div f is continuous. It is for this reason that we first prove a
more restrictive result by demanding extra low-frequency information on the initial data. Then, using a
perturbative version of Danchin and Mucha’s results [2015] we arrive at constructing a solution with the
optimal regularity. Uniqueness is obtained by a duality method.

Once the estimates of Theorem 1.3 are established, we proceed with the proof of Theorem 1.2, which
is the object of Section 3. Finally, we show the equivalence between system (1-4) and system (1-1) thus
achieving the proof of Theorem 1.1. We end this paper with an Appendix where results of Littlewood—Paley
theory used through the text are gathered.

We end this section with some observations regarding the global existence issue. As opposed to the case
when p is supposed to be a small perturbation of a constant state, when considering the linearized system of
the Lagrangian formulation, i.e., system (1-3), we obtain the estimates (1-5), which have a time-dependent
right-hand side term. This in particular prevents us from adapting the arguments from [Danchin and
Mucha 2012] to our situation and obtaining a global solution for system (1-4) and consequently for the
system (1-1). In fact, even if we were able to construct such a solution for system (1-4), it is not clear how
we could go back into the original formulation as passing from the Eulerian formulation to the Lagrangian

one needs some smallness condition on the || - -norm of the velocity.

Iy
2. The Stokes system with nonconstant coefficients
Pressure estimates. Before handling system (1-3) we shall study the elliptic equation
div(aVP) =div f. 2-1)

For the reader’s convenience let us cite the following classical result, a proof of which can be found, for
instance, in [Danchin 2010]:

Proposition 2.1. Consider a € L°°(R") and a constant a, such that
azax>0.

For all vector fields f with coefficients in L*(R™), there exists a tempered distribution P unique up to
constant functions such that VP € L*(R") and equation (2-1) is satisfied. In addition, we have

ax||VP| L2 = Q1 ll>-
2and thus Qu =0.
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Recently, regarding the 2-dimensional case, Xu et al. [2016], studied the elliptic equation (2-1) with the
data (a —a, f) in Besov spaces. Using a different approach, we obtain estimates in both 2-dimensional
and 3-dimensional situations. Let us also mention that our method allows to obtain a wider range of
indices than the one of [Xu et al. 2016, Proposition 3.1(i)]. We choose to focus on the 3-dimensional
case. We aim at establishing the following result:

Proposition 2.2. Consider p € ( ) and3q €[1, 00) such that — % < % Assume there exist positive
constants (a,ay,a*) such that a —a € B /a (IR3) and 0 < a, < < a < a*. Furthermore, consider [ €
B3/p=3/ 2([F%€3) Then there exists a tempered distribution P unique up to constant functions such that

D,2
VP e B 3/ p=3/ 2([R§3) and equation (2-1) is satisfied. Moreover, the following estimate holds true:

1 1 1
IVPl s < (5 +] 3 - 3] 5 {f,) (14 - la=all e )19 1 orp-sr2 (2-2)

Remark 2.3. Working in Besov spaces with third index r = 2 is enough in view of the applications
that we have in mind. However, similar estimates do hold true when the third index is chosen in the
interval [1, 2].

Proof. Because p < 2, Proposition 3.7 ensures that B3/ p=3/2
we get the existence of P € &’ (R?) with VP € L? and

— L2 = Bg,z and owing to Proposition 2.1,

ax||[VP| 2 = |12 |- (2-3)
Moreover, as Q is a continuous operator on L?, we deduce from (2-1) that
Q(aVP)=Qf. (2-4)

Using the Bony decomposition (see Definition 3.14 and the remark that follows) and the fact that
P(VP) =0, we write
P(aVP) =P(TYypla—a)) +[P, To—a]VP.

Using Proposition 3.16 along with Proposition 3.7 and relation (2-3), we get

. - - 1 _
IP(Tgp(a—a)ll g3/p-3/2 S IVPlp2 lla— all gssp—3r2 < o QS 2 lla—all gssa, (2-5)
p.2 p*.2 * q,1
where
1 1 1
— =4 —,
p 2 p*

Next, proceeding as in Proposition 3.20 we get
. 1 _
[P. TacalVP| g3rp—sr2 S IVall go/o-s52VPll 2 S —1Qf Ip2lla=all gsra.  (26)
p.2 p*.2 A x q.1
Putting together relations (2-5) and (2-6) we get

1 -
. < — — X
IP@YP) 3752 < 2-1Qf z2lla=al sy
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Combining this with (2-4) and Proposition 3.7, we find
1 -
[aVP 1 gyrp-srz < (14 7 -lla=all gora J1QS 1 -2

Of course, writing

VP = laVP,
a
using product rules one gets
1 _
1P 5 (5 + [ =3l o) (1 2Nl )10 I ggpms @)
This concludes the proof. O

Applying the same technique as above leads to the 2-dimensional estimate:

_ 1<

.Q

Proposition 2.4. Consider p € (1,2) and q € [1, 00) such that % Assume there exists positive
*

constants (a, ay,a*) such that a —a € Bz/q(IRZ) and 0 < a. 5 a<a’
‘B2/p 1

D2
VP e B 2/ - 1(IRJQZ) and equation (2-1) is satisfied. Moreover, the following estimate holds true:

Furthermore, consider f €

(R?). Then there exists a tempered distribution P unique up to constant functions such that

1
VP21 = (g o= gl o) (1 el 10 gz @)
Let us point out that the restriction p > 5 comes from the fact that we need — 5 < 0 1in relation (2-6).
In two dimensions, instead of = — % we will have 2 > 2, which is negative prov1ded p>1.

The next result covers the range of integrability indices larger than 2:

Proposition 2.5. Consider p € (2,6) and q € [1, 00) such that > % Assume there exist positive

q
constants (a,ay,a*) such that a —a € B3/q (R*) and 0 < a, 5 a < a*. Furthermore, consider f €
3/p 3/2([R3) and a tempered dlstrlbutlon P with VP € B3/p 3/2([R3) such that equation (2-1) is

satzsﬁed Then, the following estimate holds true:
1 1 1 1 -
\Y% ; — < (: H - — = H . )( — - ; ) 2 - . -
1Py 5 (5 + |4 =3l o) (14 2 N =@ JIQ gy 29

Proof. Notice that p’, the conjugate Lebesgue exponent of p, satisfies p’ € (9 2) and l
3/p -3/2

. Thus,
by Proposition 2.2, for any g belonging to the unit ball of S ﬂB there exists a P € §'(R?) with
VP, € SN B3/p ~3/2 quch that

div(aVPg) =divg
and

1 1
VPl g5 5 (5 + |2~ 3]

s (=)

(VP,g) =—(P.divg) = —(P,div(aV Py))
—(div Qf, Pg) = (Qf. VPy),

We write
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and consequently

(VP SRS N g3rp-32 IV Pell g3r—3/2
p. .

1 1 1 1 _
N —— = . 1 — — ' ) ' — .
~ (a + Ha a HB;/I")( T la a”B;./lq ”Qf”Bif./zp vz
Using Proposition 3.8, we get that relation (2-9) holds true. O

As in the previous situation, by applying the same technique we get a similar result in two dimensions:

Proposition 2.6. Consider p € (2,00) and q € [1, 00) such that + + > 5 1 . Assume there exist positive
constants (a, ay,a*) such that a —a € Bz/q (R?) and 0 < a, < < a 5 a*. Furthermore, consider [ €
B;/zp 1([F\Rz) and a tempered distribution P with VP € BZ/ - 1([R%z) such that equation (2-1) is satisfied.
Then, following estimate holds true:

1 1 1
o o< (Pt
IVPl 21 = (7 +] 5 - 3]

1 —
ora) (14 —=lla=all 2o )1Q 1 s2rp1- 21
o) (1 g la=al g )1 o0 2-10)

Some preliminary results. In this section we derive estimates for a Stokes-like problem with time-
independent, nonconstant coefficients. Before proceeding to the actual proof, for the reader’s convenience,
let us cite the following results which were established by Danchin and Mucha [2009; 2015]. These
results correspond to the case where a and b are constants:

Proposition 2.7. Consider ug € BZ/IP Y and (f.0:R,VdivR)e L} (B"/p 1) with QR € CT(B"/p 1)
such that
divug = div R(0,-).

Then, the system _
diu—abAu+aVP = f,
divu = div R,
Ujp=0 = Uo
has a unique solution (u, VP) with
uec([0.7): BYP™Y) and 9,u.V?u.VP e LL(BYP
and the following estimate is valid:

”u”Loo(Bn/p 1 +||(3tu abvzu ClVP)”Ll (Bn/p l)NHM()HBn/p 1+||(f atR CleleR)”Ll (Bn/p 1)

As a consequence of the previous result, one can establish via a perturbation argument:

Proposition 2.8. Consider ug € B)'?~" and (.9, R.V div R) € LL.(BM/P~") with QR € Cr (B)/F™")
such that
divug = div R(0, -).

Then, there exists an 1 = n(a) small enough such that for all c € B /P with

el gop <.
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the system B
diu—abAu+ (a+c)VP = f,
divu =div R,
Ujt=0 = U0

has a unique solution (u, V.P) with
uec(0.T): BYP™") and 9u.V?u.VP e LL(BYP)
and the following estimate is valid.:
||u||LL;O(BI,3/1,,_1)+||(atu,5115v2u,51v13)||L1 (B/ph < ||u0||Bn/p 1 +][(f, 3; R, abV div R)||L1 (B
In all that follows we denote by E), the space of (u#, V P) such that
uec(0.00): B/ and (Vu.VP)e LL(BYP™Y)x LL (BP0 BYPTY).
Additionally, we introduce the space E7 of u € Cr (BZ’/ lp _1) with V2u € L;(BZ’/ lp _1) and VP €
LIT(]!.?I’)',/ZP_’I/2 N BZ’/IP_I) such that

[, VP gr =

2
|u||L%o(B;z{lp—1) + ||V “”LIT(B%”‘I) + ||VP||L1T(Bs{2p—n/zﬂl'33{1p—1) < 00.
The first ingredient in proving Theorem 1.3 is the following:

Proposition 2.9. Considern € {2,3}and p € (1,4)if n=2o0r p € ( ) if n = 3. Assume there exist
positive constants (ay, by, a*,b*,a,b) such that a — a EBn/p([R”) b—b GB" p([R”) and

O<ay<a<a*, 0<b,<b<b"

Furthermore, consider uy, f vector fields with coefficients in Bn/p 1([R”) and L} (Bn/p n/z(IR”) N

B;/lp 1([R{”)) respectively and a vector field R € (S’ (R™))" with

loc

(3 R.VdivR) € LL(B)P"*®") 0 BYPTYRM) and QR e ([0, 00); BY P (R™))

such that
divug = div R(0, -).

Then, there exists a constant C,p, depending on a and b such that any solution (u, VP) € ET of the Stokes
system (1-3) will satisfy

2
”””L?O(Bg./lpfl) + ”V u”L}(BZ,/1p71) + ”VPHL,I(B;./Z”*”/ZQBQ/I”*U
= (”“0”31’7!!/11’—1 + (/.9 R, Vdiv R)”L}(B;{f‘”“nBZ{f‘U) exp(Cap(t +1))  (2-11)
forallt € (0, T].

Before proceeding with the proof, a few remarks are in order:
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Remark 2.10. Proposition 2.9 is different from Theorem 1.3 when n = 3. Indeed, in the 3-dimensional
case the theory is more subtle and thus, as a first step we construct a unique solution for the case of more
regular initial data.

Remark 2.11. The difficulty when dealing with the Stokes system with nonconstant coefficients lies in the
fact that the pressure and the velocity u are coupled. Indeed, in the constant coefficients case, in view of

divu = div R,

one can apply the divergence operator in the first equation of (1-3) in order to obtain the following elliptic
equation verified by the pressure:

aAP =div(f —9; R +2abV div R). (2-12)

From (2-12) we can construct the pressure. Having built the pressure, the velocity satisfies a classical
heat equation. In the nonconstant coefficient case, proceeding as above we find that

div(aVP) = div(f —d;R+a diV(bD(u))). (2-13)

Therefore the strategy used in the previous case is not well-adapted. We will establish a priori estimates
and use a continuity argument like in [Danchin 2014]. In order to be able to close the estimates on u,

we have to bound ||aVPI|L1(Bn/p—l) in terms of
13 p.1

1-8

: v? :
n/p—l)” u”L}(ng/lp_l)

p.1
for some B € (0, 1). Thus, the difficulty is to find estimates for the pressure which do not feature the time
derivative of the velocity.

In view of Proposition 2.7, consider (ur, VPr), the unique solution of the system

d;u—adiv(bD(u)) +aVP = f,
divu = div R, (2-14)
U|t=0 = Uo,
with
up €C([0.00): BMP7Y) and  (d,ur. VPur.VPL) € Ly (B)/F7).

Recall that for any ¢ € [0, c0) we have
T2 —
ezl Lo inrp=1y + 1 Q@rur. @bV ur. aVPL) |y nrp-1y
< C(luoll grro—1 + (£ 9 RGOV &iv Ry grrp-1)). - (2-15)
In what follows, we will use the notation
i=u—u;, VP=VP-VP]. (2-16)

Obviously, we have
divii = 0. (2-17)
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Thus, the system (1-3) is recast into

where

3,ii —adiv(bD(ii)) + aV P = f,
divii =0,

ﬁ|t=0 =0v

F=adiv(bD(ur)) —adiv(bD(ur)) — (a—a)VPy.

Using the last equality along with Proposition 3.17, we infer

1A g1 < |adiv(bD(up))—adiv(b D(ur))| gnso—1 +(@—a)VPL| gnsp—
p.1 p.1 p.1

< @la=al goro) G+15=Bl o) VL | oo+ la=all goro [VPLI oo

Let us estimate the pressure aV P. First, we write

”aVP”BZ,/IP_l = ||Q(aVP)||B;flv—l + ||73(‘1VP)||B;!/11’—1-

Applying the Q operator in the first equation of (2-18) we get

Q(aVP) = Qf + Qadiv(bD(i))).

Thus, we get

Let

||Q(aVF)||B§/ln—1 < ||Qf||3;z/ln—1 + || Q(a diV(bD(ﬁ)))llBZ/lp—l.

Q(adiv(bD(ii))) = Q(D(it) Sm(aVh)) + Q(Sm(ab — ab) Ai)
+ O(D (@) (1d — Sim) (aVh))
+ O((Id — Sy) (ab — ab) Aii),

where m € N will be chosen later. According to Proposition 3.17 we have

(D (i) Sm(aVh))| Bl S |Sm(aVb)| g2 IVl grrp=isa.

Owing to the fact that # is divergence free we can write

Q(Sm(ab —ab)Ait) = [Q, Sy (ab — ab)] A,

such that applying Proposition 3.21 we get

|Q(Sm(ab —ab)Adl) | Bl S |(Sm(aVb), Sm(bVa))| p/p=12 | A guro—sa

<[ (Sm(@Vb), Sm(bVa))| g2Vl grrp-is2.

(2-18)

(2-19)

(2-20)

(2-21)
(2-22)
(2-23)

(2-24)

(2-25)

(2-26)
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The last two terms of (2-21)—(2-23) are estimated as follows:
l2(d = Sym)(aVb)D(it)) + Q((1d — Sy)(ab — ab) Adl) | P (2-27)
p.
< (1(0d = Sm) @Vh) | grro—1 + |(Ad = Sy (@b — ab) | guso) IVl gnso. (2-28)
p.1 p.1 p.1
Thus, putting together relations (2-20)—(2-28) we get
1@V P ot SNQF 1 o1+ | (S (@V8). S (V@) | yry1/21IVitl o2

Vil g (104=Sin) @VB.6V@) | o1+ (1d=Syu) (@b=GB) | ). (2-29)

Next, we turn our attention towards P(aV ﬁ). The 2-dimensional case and the 3-dimensional case have
to be treated differently.

The 3-dimensional case. Noticing that
P(aVP) =P((d— Sm)(a—a)VP)+ [P, Sm(a—a)]VP,
and using again Proposition 3.21 combined with Propositions 2.2 and 2.5 we get
IV Pl garp=s/2 + IP@V P garp-s
SIVPI g3/p-3r2 + IP(Ad = Sm)(a = @)V P)| g3/0-1 + [P, Smla— @IV P garp—1  (2-30)
p.2 p.1 p.1
S 1d=Sm)a—a)| g3/o IV P g3ro-1 + (1 + [1SmVall gsro-1/2) IV P g3rp-32 (2-31)
p.1 p.1 .2 p.2

C _ 1 1 1
S 108 =Sm@=al e (7 + |5 =]

5 ./1”) 14 Pl g3/p-1 (2-32)

+C@(1+|SmVal Bsfzp_l/z)(|| il syp-v2 +lladivbD@)| B;,/Zp_m), (2-33)

where

co=(3+[3-4

1 _
B;./f)(l + o la=algye).
We observe that
la div(bD @)l g3/p-3/2 S (@+ a —C_l”B?)/p)(Z; + b —B||B3/p)||V17l||B3/p—1/z. (2-34)
p.2 p.1 p.1 p.1
Putting together (2-30)—(2-33) along with (2-34) we get
IV Pl gsrp=sr2 + [P@V P)l| ga/p=

: - 1 11
< 10d=Sw)@ =l g (5 + | — 3|

510V Pl gyipms +C@0 + 18 Vall 1)

x (||f||33'/2p73/2 +(@+la —‘_1||33(1p)(5 + 16 —5||B;{1p)||Vﬁ||33(1p71/2)- (2-35)
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Combining (2-29) with (2-35) yields
~ ~ . ~ 5 .
IV Pl g3rp=sr2 +1laV Pl g3p—1 S Tpla. D)|aV Pl gsrp—1 + T (@ D)l g3rp-3/2 p3ro1
+ T (@ DIV g1z + T (@, )| Vil garp,

where

1 B : _ 1, ,1 1
Tp(a.5) = 0d=Sw)a =)l ooz + 5 = 21 53 ).

Ton(a.b) = C(@)(1+ || SmVal] g3/p-172).
p.
T3 (a.b) = | (Sm(aVh), Sm(bVa))| P
[], - -—
+ C@)(I + ISmVal garp-1/2)(@+ lla—al g3/p)(b + 116 =Dl g3/p),
Dp.2 p.1 p.1
Ton(@.b) = |(Id— Sn)(@Vh,bVa)| gs/o—1 + (1d = Sp)(ab —ab)|| 43/
p.1 p.1

Observe that m could be chosen large enough such that 7} (a, b) and T4 (a, b) can be made arbitrarily
small. Thus, there exists a constant C,j depending on ¢ and b such that

”VP||B;,/2”_3/2”B,§./1"_1 =< Cab(||f||Bsfzn—s/zm33{11>—l + ||W‘||B;{f—1/2) + 77||Vﬁ||335/1m (2-36)
where 1 can be made arbitrarily small (of course, with the price of increasing the constant C,p). Let us
take a look at the B;’/f_yz-norm of f; we get

||]F||B3/[}73/2 < HadiV(bD(uL))—c_ldiV(Z;D(uL))” =32+ (@=a)VPL| g3/p-3/2
Dp.2 p.2 p.2

< tlla=al o) G+ 1651 o) IVuL | gyrpya+lla=al o [VPLI gz (2-37)

As uy, € C([0, 00), B;,/lp_l) NL! ([0, 00), B;’/fH) and Q is a continuous operator on homogeneous

Besov spaces from
div(ur, — R) =0,
we deduce
P(ur — R)=uyr — R,
which implies
Qur = QR.
By applying the operator Q in the first equation of system (2-14) we get

avPp = Qf —Qd,uy +abQAuy + abV div R
=Qf —Qd;R+2abVdivR
and thus

1 1 - .
||VPL||BS{2,773/2 < E||Qf||33{21;73/2 + a:||8, QR||33(2P73/2 + 2b||V div R||B;!/2pf3/z.
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In view of (2-36), (2-19), (2-37) and interpolation we gather that there exists a constant C,p such that

VP BP0 B3/
5Cab(||V“L||B;{117—1/2+||VPL||B;(§—3/2+||(VZUL,VPL)||B;{II7—1+||VQ||B§{lp—l/2)+77||Vﬁ||BS{1p (2-38)
<Cupl(Qf,0:QR,Vdiv R) “B3/2p—3/2 +Cqup ”uL”BS/lp—l (2-39)
p. D.
+Cap | (V2ur, VPL) | g3/o—1+Capllitll gsro—1 420 Vil 3o, (2-40)
p.1 p.1 p.1

where, again, at the price of increasing C,j, we can make 7 arbitrarily small.

The 2-dimensional case. In this case, using again Proposition 3.21 combined with Propositions 2.4 and 2.6
we get

||VF||Bj{2p_1 +||7D(avﬁ)||1§;/lp_1
SIVPI g1+ 10d=Sm) @) 210 IV Pl g2sp1 + [P, Smla=DIV Pl /-1
SNAd=Sm)(@=a)| g2/ IV Pl 271+ 41V Smatl g2/0) 1V Pl /o1
< ||(Id—Sm)(a—a)||B§./lp HVP”sz_/f’_l
+C @+ 1V Small g2rp)(1f 1| 211+ Qadivb D@N) | g21p-1)

where, as before

ca=(b+ ]

BZ/”)(I + — ||a alle/p)

As we have already estimated || Q(a div(bD (%))l g2/p—1 in (2-29), we gather
p.2

||VP||BZ/p 1+||aVP||Bz/,, < ,},(a,b)llaVFHBz/,,_l+T,,2,(a,b)||f||32/p_1

—i—T3 m(a b)||Vu||Bz/p 1/2+T4 mla, b)||Vu||BZ/p, (2-41)

2/1))’

p.1

where

Tyn(a.b) = ||(1d—Sp)(a— a>||32~’( +H

T2(a.b) = C(@)(1+]|VSmal z2/»).
p.2
Ty a1(@.b) = [(Sm(aVh),Sm(bVa))| B;/lp+6’<a)<1+||vsma|| 2| (Sh(@VB), Sp (BV)) | g
T a1/ (@.5) = (1d=Sm) @YD) || g2/p-1+| (d=Sym) (@b—ab) | 2/
pP. D.
+C (@14 VSmal 520 (10d=Sp) @VB) | garp—1 41| (1d—=Spr) (@b=b) | 52/-1).

First, we fix an 5 > 0. Let us fix an m € N such that T} (a, b)||aVP||Bz/p 1 can be “absorbed” by the
left-hand side of (2-41) and such that

1(0d = Sp)(@Vb)| g2/p-1 + [|(Ad = Sp) (@b — ab)|| y2/» < 31.
p.1 p.1
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Next, we see that by choosing M large enough we have
T;’M(a, b) <n.
Thus, using interpolation we can write
D D 2 ~ 2~
IVPl g2rp1 4+ 10V Pl grps = Cap (172, VPDN garo 411l oo )+ 201Vl o 242)

End of the proof of Proposition 2.9. Obviously, combining the two estimates (2-38)—(2-40) and (2-42)
we can continue in a unified manner the rest of the proof of Proposition 2.9. First, choose m € N large

enough such that . _
ab + Sm(ab —ab) > la.b..

We apply A j to (2-18) and we write
3¢ij—div((@b+Sm(ab—ab)) Vi)
= fi—Aj(@V P)+A; div((1d—Sm) (ab—ab) Vi) +div[A;, Sy (ab—ab)]| Vi
+Aj(DiSm(bVa))+A; (Di(1d—Sm) (bVa))+A; (Vi Sm(aVh))+A; (Vii(Id—Sy)(aVbh)).

Multiplying the last relation by |i; |71 sgnii j, integrating and using Lemma 8 from Appendix B of
[Danchin 2010], we get

. t t ~ t . o~ t . . —_
it lp+asbe2¥ C fo i o < /0 1 folle+ [0 1A @V )| Lo+ /0 [div[A;. Sm(ab—ab)Vi
t —_
+ / |A) div((1d—Sn)(@b—ab) Vi) |, ,
0
t t
+/0 ||A,-(DaSm(bVa))||Lp+/0 |A; (Dit(1d—Sp) (bVa)) | »

t t
+/ IA; (VﬁSm(aVb))lle-l—/ 1A (Vit(1d—Sp) (@Vh))| ; »-
0 0

Multiplying the last relation by 2/ (n/p=1), performing an £!(Z)-summation and using Proposition 3.19
to deal with |[div[A;, Sy (ab — ab)Vii|| gu/p—1 along with (2-38)~(2-40) and (2-41) to deal with the

.1

pressure, we get g
~ 2 ~
Il e gy Tt CIV L )
t t
S g+ C [ 10V Pl g+ [ 1Sm T, SO o 9] g

2~ .
4‘]—’m(asb)||V u”Lll(B;l./lp_l)

t
= Cab(1+l)(||“0||gz/ln—1+||(ﬁ d¢ R,V div R)”L}(Bﬁ/z”_"/zﬂl?;’/{’_l))+C“b/(; ||ﬁ||31r;/lp—l
2~

where

Tn(a,b) = || (I1d—S,,)(bVa)| g1+ || (1d—S,n) (@ Vb)| g1+ || (1d— S, ) (ab—ab)|| prip1e (2-44)
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Assuming m is large enough and 7 is small enough, we can “absorb” (T}, (a, b) + 17)||V2u||L 0
into the left-hand side of (2-43). Thus, we end up with

)

”u”LOO(Bn/p ) +aubs 2C||V2U”L (Bn/p 1y
= Cap(1+ t)(lluolan/n L+ 1(f,9: R, Vdiv R)| LB 2By )+ Can / ”u”Bn/p 1
such that using Gronwall’s lemma, (2-15) and the classical inequality

1 4+1% < Cyexp(t)
yields

~ 1 2 ~
Vel ooy + axbea CIV TRy sy
< Cap(lluo ”B,’ZG”’I +I(f,3; R, Vdiv R) ||L}(BZ/2,,7H/ZHB§/I,H)) exp(Cupt).  (2-45)
Using the fact that ¥ = uy + u along with (2-15) and (2-45) gives us
1 2
lellzoe ayrpmy + axbea CIV Ly ey
= Cab(”U() ”Bn/lp—l + “(](, atR, V div R)||Lt1(Bn/2p—n/2r]Bn/lp—l)) exp(CabZ). (2-46)
p. D. p.
Next, using (2-38)—(2-40) and (2-42) combined with (2-15), we infer
||VP”L}((B;l’/zp—ﬂ/ZmBg./lp—l)
< Ca ||aVPL ||Lt1(B;z’/2p—n/ZnBIr’1,/lp—l) + Ca ||aVP”L}(Bg,/zp_n/szZ,/lp_l) (2-47)
< Cap(lluo I gnrp—1 + 1S, 9: RV div R)||L;(Bn/2p—n/zngn/ln—1)) exp(Capt). (2-48)
p, p. D,
Combining (2-48) with (2-46) we finally get
2
”u ||L?O(BZ’/II)_1) + ”V u ”L; (BZ,/IP_I) + ”VP ”Ltl ((Bﬁ(zll—n/szZ’/lp—l)
=< (”1/1() ||B;p1./lp—1 + ||(f, B;R, V div R)||L}(B;1./2p—n/2nB;1’/lp—l)) eXp(Cab (Z + 1)) (2—49)

Obviously, by obtaining the last estimate we conclude the proof of Proposition 2.9.
Next, let us deal with the existence part of the Stokes problem with the coefficients having regularity
as in Proposition 2.9. More precisely, we have:

Proposition 2.12. Consider (a,b,uq, f, R) as in the statement of Proposition 2.9. Then, there exists
a unique solution (u, VP) € E\o of the Stokes system (1-3). Furthermore, there exists a constant Cyy,
depending on a and b such that

2
et oo gty H NIV ull pyguio=y HUVP N Ly nip=nrzn grio—t
< (HMOHB%"_I +[1(f. 9: R, V div R)||L;(ng”‘”/zﬂB,',’ﬁ”_l)) exp(Cap(r + 1)) (2-50)

forallt > 0.
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Proof. The uniqueness property is a direct consequence of the estimates of Proposition 2.9. The proof of
existence relies on Proposition 2.9 combined with a continuity argument as used in [Danchin 2014]; see
also [Krylov 2008]. Let us introduce

(ag.bg) = (1—0)(a.b) + 6(a,b)
and consider the Stokes system
dru—ag(div(bgD(u)) — VP) = f,
divu =div R, (Sp)
Ujr=0 = Uo.
First of all, a more detailed analysis of the estimates established in Proposition 2.9 enables us to conclude

that the constant Cgp,,
¢ = cgp. Indeed, repeating the estimation process carried out in Proposition 2.9 with (ag, bg) instead

appearing in (2-49) is uniformly bounded with respect to 8 € [0, 1] by a constant

of (a,b) amounts to replacing (¢ —a) and (b — b) with 6(a — @) and 0(b — b). Taking into account
Proposition 3.12 and the remark that follows we get that there exists

c:= sup Cg,p, < O00.

6€l0,1]

obo

Let us take 7" > 0 and consider £, the set of those € € [0, 1] such that for any (u¢, f, R) as in the
statement of Proposition 2.9 problem (Sg) admits a unique solution (1, V P) € Er which satisfies

2
el o =1y + IVl =ty + WVP Ny grip=nrze o1y
= (luoll o= + (/-0 RV div RY| 3 s pnrzgy i) exple(t + 1)) (2-51)

for all € [0, T']. According to Proposition 2.7, 0 € 7.
Suppose 8 € E. First we denote by (1g, VPy) € ET the unique solution of (Sy). We consider the space

Eray = {(5,VQ) € Er : divih = 0}
and let Sgg’ be the operator which associates to (w, V@) € ET 4y, the unique solution (i, VF) of

311 — ag(div(bg D(i1)) — V P) = gger (g, VPg) + goe (1, V 0),

divu =0, (2-52)
U|t=0 = 0,
where
goor(u,VP) = (ag —ag/)VP + ag div(bg: D(u)) — ag div(bg D (u)). (2-53)

Obviously, Sggr maps Ergiy into ET g;,. We claim that there exists a positive quantity ¢ = &(7") > 0
such that if |6 — 0’| < &(T') then Sgg- has a fixed point (ii*, VP *) in a suitable ball centered at the origin
of the space Er giy. Obviously,

(ii* 4+ ug, VP " + VPy)

will solve (Sg/) in ET.
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First, we note that, as a consequence of Proposition 2.9, we have

|@.VP)lg,
= (”gOO’(“H ’VPO)||L1T(Bﬁ_/2”_”/2nB,',”/f’_l)+”gee/(w’vQ)||L1T(Bﬁ_/2”_”/szl’jf{’_l)) exp(c(T+1)). (2-54)

Observe that
, -

| (@q _ae')vp||L‘T(B;’f2”_"/an;fl"_l) <|0—-0"|a _a”l‘;z’/ln HVP||L‘T(B§f2”_”/szZf1”_l)' (2-55)

Next, we write
agr div(bg: D(u)) —ag div(bg D(u)) = (ag: —ag) div(bg D(u)) + ag div((bg: — bg) D(u)).
The first term of the last identity is estimated as follows:
. / — 7 7

I agr —ag) divibg D)y jnroty <10 =61 la =l gurp (b + 16 = Bl o) | D)y -
Regarding the second term, we have

llag div((ber —bo) D@y nrp=1) =10 = 0'1b— blan/p @+ lla=all gn) I DGO Ly niry

and thus
|lagr div(bg D (1)) — ag div(bg D(u)) | LY

<10—0'l@+lla —c‘z||Bn/p)(15 + b —15||Bn/p)||Du||L1 @iy (256)

The only thing left is to treat the L} (B3/p 3/2) -norm of ag, div(bg: D(u)) — ag div(bg D(u)) in the case

where n = 3. Using the fact that Vu € L4/3(B3/p 1/2) we can write
(g —ag) divibe: D@y (j3/p-3/2)

< 16— 0/l lla—al o | divibo D)y 3o

<10 —6llla—all g3/p (b + 16 =Bl g3/p) 1 Dutll . sr-1v2, (2-57)
1/4 1/4 3/4

= 10— 6'llla =l gyrp B+ b =Bl gy T4l 2 oy 01 a1, 2-59)

=10 = 0'|C(T.a.b) (o g3romy +1V2ull 1y (o) (2-59)

and, proceeding in a similar manner, we can estimate Hag diV((bgr — bg)D(u)) ”L‘ (B3/P—3/2y-
T .2
Combining (2-55), (2-56) along with (2-59) we get '

lgoo: (u, VP) ||L1T(B;,/zp_3/2ﬂ33./1p_l)
! 2
= |6 -0 |C(T’ a, b)(”u”L%O(B;,/lp—l) + ”V u”LIT(B;‘/lp-i-l) + ||VP||L1T(Bs‘/2p—3/2mBs’/lp—1)). (2—60)
Substituting this into (2-54), we get

I, VP gy <16 —8'|C(T,a,b)(|(ug, VPo) | £7 + (B, VO) 7).
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and by linearity
-1 -~ ~1 ~2 ~1 2
|@' -a2 VP ~VP?)|, <|0-0'|C(T.a.b)|@' -2 V0 ~VO)|,, .
where for k =1, 2,
@, VP") = Sge/ (@', VQ")).

Thus one can choose &(7") small enough such that |6 — 6’| < &(T") gives us a fixed point of the solution
operator Sggs in Bg, . (0,2||(ug, VPg)| E7)-

Thus, for all T > 0, we have E7 =[0, 1] and owing to the uniqueness property and to Proposition 2.9, we
can construct a unique solution (1, VP) € E}o to (1-3) such that for all ¢ > 0 the estimate (2-11) is valid. O

The proof of Theorem 1.3 in the case n = 3. As discussed earlier, in dimension n = 3, Proposition 2.9
is weaker than Theorem 1.3, as one requires additional low-frequency information on the data

(f.0:R.VdivR)e Lj(B)]7?).

Thus, we have to bring an extra argument in order to conclude the validity of Theorem 1.3. This is the
object of interest of this section.

Existence. We begin by taking m € N large enough and owing to Proposition 2.8 we can consider
(u', VP), the unique solution with u! € C(R™; B3/p 1) and (0;u', VZu',VP') e L] (BB/P 1) of
the system

loc
d,u —ab div D(u) + (@ + S_m(a—a))VP = f,

divu = div R,

ult:() = MO’

which also satisfies

3=ty +[|(3;u’, abV?u',avp! )||L1(B3/p h

< c(||uo||33/lp_1 +I(f. 8, R, abV div R)||L1T(B;/l,,_1))

I e

for all 7" > 0. Let us consider
Gu',VPY = adiv(bD(u')) —adiv(b D(u')) — (1d — S_n)(a — a))VP'.

We claim G(u'. VP') € L] (BP0 B/P7"). Indeed

loc
adiv(bDu")) —adiv(bD(u")) = (a —a) div(bD(u")) + adiv((b — b)D(u'))
and proceeding as in (2-56) and (2-58) we get
. 1 - . - 1
Ha div(bD(u')) —adiv(bD(u')) "L}(BI‘:;{;fS/ZmBs'/lpfl)
< Cap U ("l ooy + Iy o)

= exp(Cap (1 + 1))(||u0||33(1p71 + (/. 9: R, V div R)||L;(33(1p71)). (2-61)
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Next, we obviously have

1((1d - S_)(a—a)) VP! |\L1(Bs/p71) <C|(a —a)||33/,, |VP! ||L}(B;/1,,71 (2-62)

)

3/p 1/2XB3/p 1_>B3/p 3/2

Using the fact that the product maps B , we get

1((1d - S_m)(a—a)) VP! LIBYP) < C|dd—S_p)(a—a)| Bsflp_l/z||VP1|| LIEYP): (2-63)

Of course

|0d=S-m)@=a)l ga/p-1/2 =C Y 27PN Aja=a) |2 = €22 37 2P A (a=a) .

jz—m j=z—m
< C2™2||a—al| g3/
p.1

so that the first term on the right-hand side of (2-63) is finite. We thus gather from (2-61), (2-62) and (2-63)

that G(u', VP') e L} (B3/p 32 B3/1J 1) and that for all 7 > 0 there exists a constant C,p, such that

loc

IG @', VPI)||L;(B;(217—3/20313)(1p—1) = (luoll gy/p—1 + 11/ 9 RV div R)| Ly g3/p-1)) exp(Cap (£ + 1))

According to Proposition 2.12, there exists a unique solution (#2, VP?) € E},. of the system
0:u —adiv(bD(u)) +aVP =Gu',VP),
divu =0,
u|t=0 = 0,
which satisfies the estimate
2 2,2 2
||M ”L?O(B;./lpil) + ”(V u=,Vp )||L}(BZ(IP*1)
1 1
= ||G(u , VP )“L}(B;'/ZP—NZQB;/IP—I) eXP(Cab (Z + 1))
< (ol gy/p—1 + 101230 R.V &V Ry ys7o-1)) exp(Cap(t + ).
We observe that
(u,VP):= (u' +u? VP! + VP?

is a solution of (1-3) which satisfies
. 2 .
”u”L?o(Bs,/lp_l) + [(VZu, VP)”L}(B;/{’—I)
= (||Mo||31§(lp—1 + (£, 9 R, V div R)||L}(Bg{11’—1)) exp(Cap(t +1)).  (2-64)
Of course, using again the first equation of (1-3) we get
2
||at”||L}(B;flp—1) = Capll(f. V7u, VP)llLtl(Bg’/lp—l)
and thus, we get the estimate
. 2 .
”1/[ ||L;>O(B;./lp_1) + || (atu’ v u, VP) ”L}(B;’/lp_l)
=< (||u0||33'/1p71 + (/.9 R,V div R)llL;(Bsflpfl)) exp(Cap(t +1)).  (2-65)
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Uniqueness. Next, let us prove the uniqueness property. Let us suppose there exists a 7 > 0 and a pair
(u, VP) that solves
diu—adiv(bD(u)) +aVP =0,
divu =0, (2-66)
u|t=0 = Ov
with
ueCr(B)P™") and (9,u. V2u. VP) € LL(B) 7).

Observe that we cannot directly conclude to the uniqueness property by appealing to Proposition 2.12
because the pressure does not belong (a priori) to LIT(B;,/;’ =3/ 2). Recovering this low-frequency
information is done in the following lines. Suppose 3 < p < 4. Applying the operator Q in the first
equation of (2-66) we can write

Q((@+ S—m(a—a))VP) = Q(adiv(bD(u))) — Q((1d — S—m)(a —a)VP),
where m € N will be fixed later. We observe that
|o(@+ S—m(a—a))VP)| L@
< [ Qladiv(bD@))| 11 By + |o((td— S_m)(@a—a)VP)| LY B2
STV @+ lla=al gap) b +11b bl go) IVl a2 o172,
HAd=S-m)(@ =)l gs/p-12IV P Ly 3701y

Consequently, we get
Q@+ S-m(a—a)VP) e Ly (B P72, (2-67)

Let us observe that the condition p € (3,4) ensures that B;/ lp is contained in the multiplier space of

5—3/p+1 _ p3/p'—2 : .
Bp’,2 = Bp,’2 . More precisely, we get:

Proposition 2.13. Consider p € (3,4) and (u,v) € B;’/lp X Bp_/?z/pﬂ. Then uv € B;/?z/pﬂ and

||uvllg;,?2/p+1 < ||u||33{1n ||v||3;,-?2/p+1-

33/11 3—3/p+1

Proof. Indeed, considering (u, v) € o1 X By and using the Bony decomposition we get

i . < .
[ Tyv ”B;;fz“’“ S llullzee ||v||B;,§£p+1 :

Next, considering
1

P *

0| —

1
??
Wwe sec
VI A Tl < 3 2P0 S, s Agul)
£>j—3

= D 2TPEDUTOTE S ) 12 2Y P A e
{=>j—-3
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such that, with the help of Proposition 3.10, we get

7 < . . < . .
IIT,,uIIB;/ng S ”v”H_”z”uHB,fiﬂ* S ||U||Bp—/?2/p+1 ||u||31§(1p. O

Proposition 2.14. Consider p € (3,4). Furthermore, consider a constant ¢ > 0 and ¢ € B;/ lp . Then
there exists a universal constant n > 0 such that if

lell 3o = .

then for any ¥ € B3/p 324 B;,/fz’ there exists a unique solution VP € B3/p 32 B;,/fzﬂ_z of the
elliptic equation
div((¢c 4+ ¢)VP) =div .

Moreover, the following estimate holds true:

”VP” 3/2 H~||QW|| 3/p —0>

where o € {%, 2}.

3/p

Proof. The proof is standard. Under some smallness condition on ¢ € B , the operator

VR— VP = EQ(w —¢VR)

has a fixed point in a suitable chosen ball of the space B 3/ P 32 B3/ 2 /_2. O

Choose m € N such that || S_,,(a —a)|| By is small enough that we can apply Proposition 2.14 with a
.1
and S_, (a — a) instead of ¢ and ¢, and we consider Y a vector field with coefficients in S. As the

3/p 3/2033/;; -2 3/p 3/2033/1' =

Schwartz class is included in B , let us consider VPV, € B , the

solution of the equation
div((@+ S—m(a —a))VPy) = div y,
the existence of which is granted by Proposition 2.14. Then, using Propositions 3.8 and 3.9, we can write?
(VP ¥)sxs
= (AjVP.Ajy) =) —(A;P.A;divy) (2-68)
J J
=Y —(A;jP.Ajdiv(@+ S—m(a—a)VPy)) =Y (A;VP.A;((@+ S_m(a—a)VPy)) (2-69)
J J
= (Aj(a+S-_ma—a)VP.A;VPy)=> (A;Q((@+ S_m(a—a)VP).A;VP,)  (2-70)

J J
<[ Q(@+Sma—anVP)| gyp-s2 Pyl yoyr—sr2 (2-71)
. P,
<[ Q(@+ S-m(a—ay)VP)| =32Vl gy—ara. (2-72)
: P,

3We define Aj = Aj_l +Aj +Aj+1.
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Taking the supremum over all ¥ € S with ||y || ;/p/ 3/2 < 1, by (2-67) and Proposition 3.8, it follows
that VP € L1(BY77*/%) and that

VP PUSTERS |Q((@+ S—m(a—a)VP)| LY (BP0

According to the uniqueness property of Proposition 2.12 we conclude that (u, VP) = (0, 0).

Observe that in the case p € ( 3] owing to the fact that B;/ LIREN B3/ =1 for any q € (3,4

and u € CT(B3/p ) along with (3;u, V2u, VP) € LT(B3/p 1) we get u € CT(B3/q ) along with
(0ru, V?u, VP) € LT(B3/q 1) Thus, by the uniqueness property for the case g € (3 4), we conclude
that (u, VP) is identically null for p € (£, 3].

3. Proof of Theorem 1.2

In the rest of the paper we aim to prove Theorem 1.2. Thus, from now on we will work in a 3-dimensional

framework.
The linear theory. Let us fix some notation. The space F T consists of (1, VQ) with w € Cr (B 3/p= 1)

and (3, W, V20, VQ) € LT(B;/IP 1) with the norm
ST ) 2 U225 VO . -
160 VO g5, = 19l 00 -ty + 1@, 20, VO 701 G-

For any time-dependent vector field v we define
t
X, x)=x+ / v(t,x)dr,
0

and Ay = (DX3)~L. Also, let us denote by adj(DX3) the adjugate matrix (i.e., the transpose of the
cofactor matrix) of DX3 and J; = det(DX3).
Before attacking the well-posedness of (1-4), we first have to solve the linear system

podyit —div(1(po) A5 Dy (i1)) + ATV P =0,
div(adj(DX3)it) = 0, (3-2)

Ujp=0 = Uo,
where v € CT(B3/p 1) with Vv € LT(B3/p) NnL2 (33/1’ 1) is such that
”VEHL%"(BS,/IP_I) + ”VEHLIT(B;,/IP) <2« (3-3)

for a suitably small «. Obviously, this will be achieved using the estimates of the Stokes system established
in the previous section; see Theorem 1.3. Let us write (3-2) in the form

sl — pl—o div(u(po) D(i1)) + %vf) = ;—OFﬁ(a, VP),

divi = div((Id — adj (DX{,))L_J),

12[=0 = Uy,
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with
F3(w, VQ) := div(1(po) A5 Dy (W) — 11(po) D(0)) + (Id — ATV Q.

Consider (u7, VPr) with uy € C(R™, Bz,/lp_l) and (0;ur,V?ur,VPr) e L] (B;’/lp_l), the unique

loc
solution of

dsur, — 5o div(1e(po) D(ur)) + 5=V P =0,
divuy =0, (3-4)

UL|t=0 = U0,
for which we know that
L. VPO 7 = lluoll g3/p—1 exp(Coo (T + 1))

Moreover, T can be chosen small enough such that

IVuLllpz 31y + 1@, Viur, VPO g garp-1y < e (3-5)
Following the idea in [Danchin and Mucha 2012], and owing to Theorem 1.3, we consider the operator

®(,V0) = (i, VP). (3-6)

which associates to (1, V@) eF T the unique solution (i, Vﬁ) eF T of

0ri — - div(1u(po) D(@)) + =V P = L Fy(up +1,VPL+VQ),
divii = diV((Id —adj(DXp))(up + u?)),
We will show in the following that for any R > 0 there exists a sufficiently small 7" > 0 such that there

exists a fixed point for ® in the ball of radius R centered at the origin of F r. More precisely, according
to Theorem 1.3 we get

|05, VO 7, = |+ Falur + . VP +VO)|
T Po

LY(BYP™Y
+ 1, (4 —adj( DX5)) wz + D)l 1 53701,
D.

+ || V div((1d — adj(DX3)) (ur + ) (-7)

) ”L}(B;j{{’“)'
We begin by treating the first term:

HpiFﬁ(uL +3.VPL+VD)|
0

LYB/Ph

I ) ~
5(/—3+“%—;HB;({,)HFU(M+w,VPL+VQ)\\L1T(B;,(1p1). (3-8)
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‘We write

T\ = div((po) A5 Doy +))—div (11(p0) D(u . +))
= div(1(po) (A5—1d) Dy (ur+))+div(e(p0) Dgy—1a(ur+w))
= div(1(p0) (A5—1d) D gy —1a(u+w)) +div(e (o) (As—1d) D (u L +1)) +div (1t (o) Dy —1a(u L +10)).

Thus, using (3-22) of Proposition 3.27 along with product laws in Besov spaces (see Proposition 3.17)
we get the following bound for 77:

17303, 3371 = Cooll A=Al o oy (14145100 e (y3im  (IVHL Iy iy + IV 1 o)
s C,Oo ”Vﬁ”LlT(BS./lP)(l"i_ HVI_}”LIT(B;./IP)) (”VLIL ”LIT(B;/IP)'{_ va ”LIT(B;,/lp))
< Cpoe(a+(B.VO) | Fr)- (3-9)
The second term is estimated as

i _ ] _
10d = ATYVPL+ VD)1 oy S IVOI 1 cvimy (I9PLI gy vy + IV Dy o)

<a(a+ 10, VO Fp) (3-10)

so that combining (3-8), (3-9) and (3-10) we get

< Cpoat(e 4[|, VO) || Fp)- (3-11)

1 - ~
o VP4V ‘ .
H 00 v(uL+w L+ Q) L%"(B;,/lp_l)

In order to treat the second term of (3-7) we use the estimates (3-23) and (3-24) of Proposition 3.27 along
with Holder’s inequality in order to obtain

[0 (1d—adj (DX L+ 1 (3701,
S N+ adi( DXy 571+ (1d—adi DXe)) @rur +0,D)] 1y 571, (3-12)
< ”8t adJ(DXI_)) ”L%"(Bs,/lp_l) ||ML+1I} ||L2T(BS./1H)+ ”Id_ad](DXl_)) ”L%O(B;!/lp) ”8tuL +0,w HLIT(B;,/{’_I)
< IIVﬁlleT(nglp—l)(04+||(u7,VQ)IIFT)+06(04+II(15,VQ)IIFT)
Sa(@+|@. VO rp)- (3-13)
Treating the last term of (3-7) is done with the aid of Corollary 3.24:

div((Id — adj(DX3)) (ur + 1)) = (Dug + Dib) : (Id— J; A5)
= Ji(Dup + Dw) : (Id— 43) + (1 — J3)(divug + divw).



OPTIMAL WELL-POSEDNESS FOR THE INHOMOGENEOUS INCOMPRESSIBLE NAVIER-STOKES SYSTEM 465

Thus, using the estimates (3-22) and (3-26) of Proposition 3.27, we may write
|V div((id - adi(DX3)) (L, + D)) | 1y (g2,
p.
< || Js(Dur + D) : (1d — Ap) HLIT(Bi/f’) +||(1 = Jp)(divuy + div ) ”LIT(BI?/D
< (1 + ||Jl_) -1 ||L<%0(BI§(1P)) ”Id_ Al_)”L%o(Bg’/lp) ”DuL + Dw“LlT(B;,/{’)

+ ”(JI_) - D”L%’?(B;/lp)” div ur + div w”LlT(B;/lp)

Sa(l+a) @+ @, VO ry). (3-14)
Combining the estimates (3-11), (3-13) and (3-14) we get
|e@. VO 7, <el@+[@.VOF,)- (3-15)

Thus, for a suitably small « the operator & maps the ball of radius R centered at the origin of F T
into itself. Due to the linearity of ®, one can repeat the above arguments in order to show that ® is a
contraction for small values of . This concludes the existence of a fixed point of ®, say (&z*, V P *) eFr.
Of course,

(@, VP)=G*VP")+ (ur,VPr)
is a solution of (3-2).

Proof of Theorem 1.2. Consider T small enough such that («7,, VP ), the solution of (3-4), satisfies
HvuL”L%_(B;q/lp—l) + ”vuL”L%"(B;/IP) =,
and consider the closed set
Fr(@) ={(#V0) € Fr : 9,=0=0, ||(3, VO)| £, < Re/}
with R sufficiently small such that
HVE”LZT(B;,/I’J_I) + ”Vﬂ”Llr(B;,/f’) <a. (3-16)
Let us consider the operator S which associates to (v, V@) eF 7 (@), the solution of

0,i1 — 2= div(1£(po) D(@)) + %vﬁ: A Fluy o) (ur +1i, VP + VP),
div(adj(DX,, 4+3)(ur + i) =0,
Ujp=o =0
constructed in the previous section. We will show that for suitably small 7" and «, the operator S maps
the closed set F- 7 (o) into itself and that S is a contraction. First of all, recalling that (i, Vlg) is in fact
the fixed point of the operator ® defined in (3-6) and using the estimates established in the last section,

we conclude that
|z, VP)IIFT =[S@,VO)|F; = Ra (3-17)

for some small enough 7.
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Next, we will deal with the stability estimates. For i = 1, 2, let us consider (;, V@ DS F 7 () and
(i, VP;) = S(;,VQ;) € Fr(a). Defining

(60.V8Q) = (11— 12, VO, —V0,).
(81, V8 P) = (ii; —iiy, VP —V P,),

Ww¢e Se€e
98— L div(1(00) D) + LVIP = LT,
div 8ii = div G,
5ﬁ|t=0 = Oa

where

F = Fi(80,ur +ii1) + Fi(ur + 9, 8i) + F> (89, VPL + VP1) + Fa(ur + 95, VS P),
G = —(adi(DX(uy +3)) —1d)87 — (adi(DX(uy +5,)) — adi(DX(uy +5,)) (UL +i82) := G + G,
and
Fy (0, W) = div(1(po) Ag Day (0) — p(po) D(W)).
F(5,V0) = 1d—AL)VO.

According to Theorem 1.3 we get
| (2, V(SP)”FT S CP<>(||F||L1T(B§(1”_1) + ||VdiVG||L1T(B§{IP—1) + ||3tG||L1T(B;(lzv—1))- (3-18)
Proceeding as in relations (3-8) and (3-9) we get
i . < 1 . 7 . 1 . 17 .
||F||L;(33(1P—1) ~ ”V(SUHL;(B;./IP)||vuL+Vu1 ”L;(B;./lp)—'_||VML+VUZ||L%~(B;/IP)||V8u||L%—(Bsq/lp)
+||V55||L1T(B;{1p)||VPL+VP1 ||L1T(B§f1”‘l)
+ ”VuL +Vu, ”L;(B;/lﬂ) ||V8P ”LIT(B;,/IP_I)

Sall(V85,V80) |1 p3rr)+ell i, VSP)| 7 . (3-19)
T T

n3/p
(Bp,l

Of course, we will use the smallness of « to absorb «||(Véiu, V4§ F)H LL(B3/P) into the left-hand side
T "p,1
of (3-18).

Next, we treat |V div G 1 . Using Proposition 3.23, we can write
L g rrop

B,
—div G, = div((adj(DX(u; +5,))—adj(DX(u, +5,))) (UL +ii2))
= div(adj( DX, +5,)) (UL +i12))~div (adi( DX 45,) (4L +12))
= Jup+5, Dup+uz) : Ay +5)—Jup +9) DUrL+iuz) : Aw; +5,)

= (Jup+5, =Sy +5)) DWr+u2) : Ay +50) Ty +i2) Dur+iz) : (A +5,) A +5,))-
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and thus, using Propositions 3.27 and 3.28 we get
IV div Galyy garm-1y
D,
< ||(JML+1~)1 - J(ML+52))||L%O(33/1F) ||(DML, Dﬁ2)||L%(B;/1P)(1 + ||Id_ A(ML-HN)]) ”L%O(Bs/lp))
+ (1 + ||(JML +v, — I)HL(%O(BI‘:’/I‘"))”(DML’ DﬁZ)”L%_(B;/lP) ||A(ML+1~)1) - A(uL-i-tN)z) ||L%O(B;/IP)
< ] .
S| V8ly gm,.

(3-20)
Next, using again Proposition 3.23 we see

—div G = div((adj(DX(, +5,)) — 1d)8i) = DSt : (Ju; +5, Ay +5,) —1d)
= Ju; +9 Déii : (A(uL-i-fu)_Id) + (JuL+51 —1)divéu
and consequently

”leVGl ”L%(BS./lp—l)

< [ Jup+5) Dbl (A, +5)~1d) HLIT(Bg{IP)JF | (Jup +5,— D divéi HLIT(B;/;’)

< (1+||JML+T)1 —1 ||L%~(B;/lp)) ||D8ﬁ : (A(uL'HN)l)_Id)||L1T(B;/lp)+”']u14 +v; —1 ”LIT(B;/]I)) ” leSa”L%(B;G”)

5a||(5ﬁ,V5P)||I7 . (3-21)

T

Combining (3-20) with (3-21) yields

1V div Gl gorp1, < @l V8Tl +a| 8t VSP) | 7 (3-22)

(B,1)

Again, we will use the smallness of « to absorb «||(Véi, V§ F) 1 into the left-hand side of (3-22).
T

B
Finally, we write

3[(adj(DX(uy +5,) — adj(DX(u; 15,))) (ur + ii2) ]
= (3; adj(DX(uL+51)) — 04 adj(DX(uL+52)))(uL + iip)
+ adj(DX(uL-i-lN)l)) - adj(DX(uL-i-f)z))(aluL + aﬂJZ)'

Using Proposition 3.28 gives us
|9 [@di (DX ur +50) ~ad) (DX Gy 4 (ur+ 8] 1, 5301
< || 9: adi(DX(uy +5,)) 91 adi(DX(wy +55)) ”LZT(B;‘QP”) Il Lz 30y
+1|0: adj(DX(u; +5,))—0: adj(DX (4, +)) ”L‘T(B,f,/{’) ”ﬁZHL%o(Bj{{’—I)
+ | adj(DX ) +5,))—adj(DX (4 +5,)) HL;O(Bj{{’) 01 p+0siis “L‘T(B;({"l)
Salll; o)
The conclusion is

”alG“L%‘(B;/IP*I) < a”Sﬁ”L%(B;/lp) (3-23)
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Combining (3-19), (3-22) and (3-23) we get if « is chosen sufficiently small then
(8@ VSP) | 5 < 3185, V80)) || £ (3-24)
Fr

and the operator S is also a contraction over F 7 (o). Thus, according to Banach’s theorem there exists a
fixed point (i*, V.P*) of S. Obviously,

(#,VP) = (up,VPr) + (i*,VP*)

is a solution of o _ o
podsit —div(p(po) Az Day () + AL VP =0,

div(adj(DXy)u) =0, (3-25)
l”_l|t=0 =Uyp.
In view of Proposition 3.26 we also get J; = 1. Thus, the second equation of (3-25) becomes
div(Azu) = 0.

The only thing left to prove is the uniqueness property. Consider (iz!, VP'), (12, VP?) € Fr, two
solutions of (3-25) with the same initial data u € B;/ lp ~! With (urp, VPr) defined above, we let

@, VP = @@, VP = (uy,VPr) fori=1,2
such that the system verified by (ii’, VP i) is

i’ = 55 AV (1(p0) D) + 35V P = 55 Fiyy iy (ur + ' VPL+ V),
div(A,, 47y (uL +i')) =0,

We are now in the position of performing exactly the same computations as above so that we obtain a
time 7" sufficiently small such that

@', vPYy = @* VvP* on[0,T].

It is classical that the above local uniqueness property extends to all of [0, T']. O

Proof of Theorem 1.1. Considering (pg, ug) € Bp’1

3/p o g3/p-1
bl —
a positive 7" > 0 such that we may construct a solution (iz, V P) to the system (1-4) in Fr. Then,

and applying Theorem 1.2, there exists
working with a smaller 7" if needed and considering X3, the “flow” of & defined by (3-17), by using
Proposition 3.26 from the Appendix, one obtains that Xj is a measure preserving C !-diffeomorphism
over R” for all ¢ € [0, T']. Thus we may introduce the Eulerian variable:

p(t, x) = po(X5 ' (t,x)), wu(t,x)=1i(t, X;'(t,x)) and P(t,x) = P(t, X; ' (t,x)).

Then, Proposition 3.23 ensures that (p, #, VP) is a solution of (1-1). As DX} —Id belongs to B;’/lp, using
Proposition 3.22, we may conclude that (p, u#, VP) has the announced regularity.

The uniqueness property comes from the fact that considering two solutions (o, u?, VP?) of (1-1),
i =1, 2, and considering Y, the flow of u®, we find that (ui(l, Y,i(t, ), VPi(t, Y,i(t, y))) are solutions
of the system (1-4) with the same data. Thus, they are equal according to the uniqueness property
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announced in Theorem 1.2. Thus, on some nontrivial interval [0, 7’] C [0, T'] (chosen such that condition
(3-19) holds), the solutions (o, 4, VP?) are equal. This local uniqueness property obviously entails
uniqueness on all of [0, T']. O

Appendix

We present here a few results of Fourier analysis used through the text. The full proofs along with other
complementary results can be found in [Bahouri et al. 2011, Chapter 2].
Let us introduce the dyadic partition of the space:

Proposition A.1. Let C be the annulus {é eR": % <l =< %} There exists a radial function ¢ € D(C)
valued in the interval [0, 1] such that

forall E€RN\{0}, > @778 =1, (A-1)
jez
2<]j—j'l = Supp(p2~/ )N Supp(p(2/")) = 2. (A-2)
Also, the following inequality holds:
1 )
forall § € R"\{0}, 3 =< ng Jg)<1. (A-3)
Jj€E

From now on we fix functions x and ¢ satisfying the assertions of the above proposition and denote by
h and /4 their Fourier inverses.
The homogeneous dyadic blocks A ;j and the homogeneous low-frequency cut-off operators S j are

Bju=p@ D=2 [ h@ pyutx - y)dy.
Rn

Sju= x(2~ Dyu = 27" ) h(2 yyu(x — y) dy
forall j €7. !
Definition A.2. We denote by Sl/l the space of tempered distributions such that
Jim [ $jull Lo =0.
j——o00
Let us now define the homogeneous Besov spaces:

Definition A.3. Let s be a real number and (p, r) € [1, oo]. The homogeneous Besov space B;’ , is the
subset of tempered distributions # € S }’l such that

el g o= [ Q1A z2)jez o gy < o0
The next propositions gather some basic properties of Besov spaces.

Proposition A.4. Let us consider s € R and p,r € [1, oo] such that

s< o s=%andr=1. (A-4)

Then (B;,r, Il ||B,§,r) is a Banach space.
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Proposition 3.5. A tempered distribution u € S }/l belongs to Bls)’ +(R™) if and only if there exists a sequence
(cj)j such that (2jsc]-)j e 0" (Z) with norm 1 and a constant C = C(u) > 0 such that for any j € Z we
have

IAullLr < Ce;.

Proposition 3.6. Consider s1 and s, two real numbers such that s1 < s and 0 € (0, 1). Then, there exists
a constant C > 0 such that for all v € [1, co] we have

6 1-6
||”||B<p9f'r1+(1—9)sz = ||”||B;}r ”u”f?;?r’
¢ (1 1 9 1-9
U|| 2051 +1—0)sy = —+ —— | |u]|%: ull s, -
il g s1-oms = (g + g Sy el?

Proposition 3.7. (1) Let 1 < p; < pp oo and 1 <ry <ry <00. Then, for any real number s, the

; . : . ps—n(1/p1—1
space By, . is continuously embedded in B};Z,’Zg /p1=1/p2)

(2) Let 1 < p < o0. Then, BZ/ lp is continuously embedded in (Co(R™), || - || Leo), the space of continuous
functions vanishing at infinity.

Proposition 3.8. Forall1 < p,r <ocoands € R,
{B;’r x B, =R,
(u,v) >3 i (Aju, Ajv),

where AJ- = Aj_l + Aj + Aj+1, defines a continuous bilinear functional on Bls,,r X B;,fr,. Denote by

Q;,Sr, the set of functions ¢ € SOB;,Sr, such that ||\@|| 3—s < 1. If u € S, then we have
] ) p/.r/

(3-5)

lullgy S sup (. g)sixs.
T geQs,

Proposition 3.9. Consider 1 < p,r < co and s € R. Furthermore, let u € Bg,,, v E B;,sr, and
pelL®n M(B’Is,,,) N M(B;,sr,). Then, we have

(pu.v) =) > (Aju. Aj(pv)) = (u. pv). (3-6)
i

The proof of Proposition 3.9 follows from a density argument. Relation (3-6) clearly holds for functions
from the Schwartz class: then we may write

fw puv = (pu,v) = (4, pu).

The conditions 1 < p,r < oo and s € R ensure that # and v may be approximated by Schwartz functions.
An important feature of Besov spaces with negative index of regularity is the following:

Proposition 3.10. Lets <0 and 1 < p,r < oc0. Let u be a distribution in S}’l. Then, u belongs to BIS,J if
and only if

Q73| SjullLr)jez € €7 (2).
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Moreover, there exists a constant C depending only on the dimension n such that

]
v =C(1+ m)”“”éz,r'

The next proposition tells us how certain multipliers act on Besov spaces.

e .
P Nl gy <[ @7 1SjullLe)jez

Proposition 3.11. Consider A a smooth function on R"\{0} which is homogeneous of degree m. Then,
for any (s, p,r) € Rx[1, 00)? such that

n n
s—m<— or Ss—m=—andr=1,
p

the operator* A(D) maps BIS,J continuously into Bls,_rm
The next proposition describes how smooth functions act on homogeneous Besov spaces.

Proposition 3.12. Let f be a smooth function on R which vanishes at 0. Consider (s, p,r) € Rx[1, oo]?
such that

0<s<ﬁ or s=£andr=1.
P p

Then for any real-valued function u € BIS,J N L, the function f ou is in Bls), » N L% and we have
I/ oullgy <CO ullz)lullg, -
Remark 3.13. The constant C( f”, ||u| L) appearing above can be taken to be

sup ||/ Ol oo (= ull oo .~ M ull 00D
i€el,[s]+1

where M is a constant depending only on the dimension 7.

Commutator and product estimates. Next, we want to see how the product acts in Besov spaces. The
Bony decomposition, introduced in [Bony 1981], offers a mathematical framework to obtain estimates of
the product of two distributions, when the latter is defined.

Definition 3.14. Given two tempered distributions u, v € S}, the homogeneous paraproduct of v by u is
defined as

Tuv:ZSJ-_WAjv. (3-7)
jez
The homogeneous remainder of u and v is defined by
R(u,v):ZAjuA;-v, (3-8)
J€EZ
where
A;- =Aj 1 +Aj+Ajyg.

YAD)Yw = F L (AFw).
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Remark 3.15. Notice that at a formal level, one has the following decomposition of the product of two
(sufficiently well-behaved) distributions:

uv = Tyv + Tyu + R(u,v) = T,v + Thu.
The next result describes how the paraproduct and remainder behave.

Proposition 3.16. (1) Assume (s, p, p1, p2,7) € Rx[1, 0o]* such that

lzi+i, S<ﬂ or s=%andr=1.

V2 4| D2 D

Then, the paraproduct maps LP! x Bls,z’r into Bls,’ , and the following estimate holds:
j .< ) -
1Trgllgy, < Uflleeiliglpy -

(2) Assume (s, p, p1, p2.1.r1,12) € Rx[1,00]® and v > 0 such that
1 1 1 1 1 1

V4 P1 D2 r r )
and

n n
s<——v or S=——v andr=1.
p p

Then, the paraproduct maps Bp Y X B;;“r’z into Bs and the following estimate holds:

DS < n—V Hs+v .
1778l sy, SIS g, gl e
(3) Consider (s1,52,p, P1, P2,V 71,72) € R2 x[1, 00]® such that
0<sl+s2<£ or sl—{—sz:ﬂandr:l.
p p

Sl+32

Then, the remainder maps Bp X sz ry into By and

1,71
N < . .
IR DN g < 170530, el

As a consequence we obtain the following product rules in Besov space:

Proposition 3.17. Consider p € [1, o0] and the real numbers vy > 0 and v, > 0 with

n n n
v1+v2<—+mm{— —}
p p

Then, the following estimate holds:

I7ell B 3 VA F B el ; Bl

Proposition 3.18. Consider 0 a C! function on R" such that (1 + |- |)0 € L. Let us also consider
p.q €1, 00] such that

T-Llyloy
;

|~

1
p
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Then, there exists a constant C such that for any Lipschitz function a with gradient in L?, any function
b € L4 and any positive A,

[[6(A~" D), a]b|

Lr SCA T Va Lo|lbllLa.
In particular, when 6 = ¢ and . = 27 we get

l[Aj.alb|,, < C277(Va| Lol La.

Proposition 3.19. Assume s, v and p € [1, o] are such that

n . [n n n

— and —l—mm{—,—/} <§s<——v.

p pp p

Then, there exists a constant C depending only on s, v, p and n such that for all | € 1,n we have for some
sequence (cj)jez with ||(¢j)jezll¢1z) = 1,

0<v<

[, Ajwll Ly < Ces27*IVall gup—s 1wl e
forall j €Z.

For a proof of the above results we refer the reader to the Appendix of [Danchin 2014, Lemmas A.5
and A.6].

Proposition 3.20. Consider a homogeneous function A : R"\{0} — R of degree 0. Let us consider s € R,
O<v=<landp,r,ry,ry €[1, 0] such that

1_1.1
r o r ry
and
n n
S<——v or SsS=——vand r,=1. 3-9)
p p
Moreover, assume w € Bf,";; and a € L*° with Va € Bo_o]jrl‘ Then, the following estimate holds:
[AD). Talw] g1 < IVall g N0l o (3-10)

As this result is of great importance in the analysis of the pressure term, we present a sketched proof
below (see also [Bahouri et al. 2011, Chapter 2, Lemma 2.99]).

Proof. The fact that @ € L°°, along with relation (3-9), guarantees that A(D)w € Bls,j" and that the
paraproducts T,w and TaA(D)w are well-defined. We observe that there exists a function ¢ supported

in some annulus which equals 1 on the support of ¢ such that one may write (of course it is here that we
use the homogeneity of A4)

[A(D). Talw =) "[(4§)27/ D). Sj_1a]Ajw.

J

But according to Proposition 3.18 we have
2N [(46)@7 D). SjmralAjw| , S 270NV S rallLee 2TV Ajwl o

The last relation obviously implies (3-10). O
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As a consequence of the above proposition and Proposition 3.16 we get the following:

Proposition 3.21. Let us consider a homogeneous function A : R"\{0} — R of degree 0, s € R, 0<v <1
and p,r,ry,ry €[1, 00] such that
1 1 1

r r ry
and

. n n n
—1—m1n{—,—}<s<——v or s=——vand r=ry=1. (3-11)

assume w € B;,";;’ and a € L*° with Va e Bgo‘jr ,- Then, the following estimate holds:

[[A(D). alw]

N
Properties of Lagrangian coordinates. The following results are gathered from [Danchin 2014] and
[Danchin and Mucha 2012]. More precisely, proofs of Propositions 3.22, 3.23, the estimate (3-26) of
Proposition 3.27 and the estimate (3-31) of Proposition 3.28 can be found in [Danchin 2014, pp. 782-786].
Propositions 3.27 and 3.28 can be found in the Appendix of [Danchin and Mucha 2012]. Proposition 3.26
is inspired by [Danchin and Mucha 2012].

Proposition 3.22. Let X be a globally defined bi-Lipschitz diffeomorphism of R* and —% <s=<
a — ao X is a self-map over B; | Whenever

(1) s €(0,1);

(2) s> 1and (DX —1d) € B;/{’.

3
7 Then

The following result interferes in a crucial manner in the proof of the well-posedness result for the
inhomogeneous incompressible Navier—Stokes system.

Proposition 3.23. Let m be a C' scalar function over R3 and u € R3 a C! vector field. Let X be a C!
diffeomorphism and we define J := det(DX). Suppose J > 0. Then, the following relations hold:

(Vm) o X = J~Vdiv(adj(DX)m o X), (3-12)
(divi)o X = J ™ div(adj(DX)u o X). (3-13)

Corollary 3.24. Let m be a C! scalar function over R* and u € R be a C! vector field. Let X be a C!
diffeomorphism and J := det(DX). Suppose J > 0. Then, we have

J~Vdiv(adj(DX)u) = Du : (DX)™!, (3-14)
J~Vdiv(adj(DX)m) = [(DX)~"]T Vm. (3-15)
Proof. In order to ease reading, we define F|, := F(x). Writingu asuo X o X ~1 using the chain rule
and Einstein convention over repeated index, we write
(divu), = 8k(ui o X)|X_1(x)a,~(X_1)|kx
=D(u OXv)|X—1(x) : D(X_1)|x

= D(uoX)|X—1(x) : (DX)[Xl—l(x)a
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and thus, we get
(divu)o X = D(uo X): (DX)". (3-16)
Then, using (3-13) and (3-16) we get
J 1 div(adj(DX)u) = J ' div(adj(DX)uo X 1o X) = (divuo X o X
=DuwoX 'oX):(DX) ! = Du:(DX)"".
In a similar manner we prove (3-15). O

For any v a time-dependent vector field we set
t

X,—,(z,x):x—i-/ v(t,x)dt (3-17)

and we define ’
A; = (DXL (3-18)
It is crucial to know (in order to pass back in Eulerian coordinates, for instance) when X7 is a global
diffeomorphism. In order to achieve this, we will use the following theorem due to Hadamard:
Theorem 3.25 (Hadamard). Let X : R" — R” a function of class C. Then, the following are equivalent:
(1) X is a local diffeomorphism and im0 | X (x)| = oo.
(2) X is a global C'-diffeomorphism over R™.
For a proof of this result one can consult, for instance, [Katriel 1994].

Proposition 3.26. Let us consider v € Cy, ([0, T1], B;/lp_l) with 0,0, V20 € L;(B;/lp_l). Then, there
exists a positive a such that if
1Vl orm, < o (3-19)

then, for any t € [0, T'], we have X3(t,-) introduced in (3-17) is a global C'-diffeomorphism over R® and
det(DX3) > 0. Moreover, if
div(adj(DX3)v) =0 (3-20)

then, Xy is measure-preserving, i.e.,

det DXz = 1. (3-21)
Proof. Differentiating X3, we obtain
t
DX5(t,-) = Id+/ Dv(z,-)dt
0

and because of the embedding of B;/ lp into the space of continuous functions, see Proposition 3.7, we

conclude X3 € C1([0, T] x R?). We observe that

t
I1DX5(,-) =1d]| ooy = | [[DO(z,-)[|Lee dT
0

< ClIVolly gy < C.
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Thus choosing « sufficiently small ensures that X3 (z, - ) is a local C!-diffeomorphism over R3. The second
condition of Hadamard’s theorem is verified in the following lines. Using the triangle inequality we get

t t
Xo(t.2)] |x|—/ 5(z. x)|dt > |x|—/ 15z, | Lo d
0 0
t
ZIxI—C/ 15z, )| yorv dt
0 p.1
> I3l = Vil sy

The conclusion is that X3(z, - ) is a global C!-diffeomorphism over R3. Let us define J := det DX # 0.
Using Jacobi’s formula we get

Jit.x) =1+ /t tr(D(z, x) adj(DX3)(1, x)) d.
0

Recall that according to [Danchin and Mucha 2012, Lemma A.4] we may write

t

t
Id—adj(DXf,)=/ (DD—divz')Id)dr—i—Pz(/ Dl_)dt),
0 0

where the coefficients of the matrix P, : M, (R) — M, (R) are at least quadratic polynomial functions of
degree n — 1. Using this identity combined with the embedding L°° < B;/ lp and the smallness condition
(3-19) we get J; > 0. In order to prove the second part of the proposition, let us define

u(t, x) = o(t, X3 (¢, x)).
Using relation (3-20) combined with (3-13) we get
0 = J; ' div(adj(DX3)) = div(i o X; ') o X5,

which implies
divv =div(io X; ') = 0.

Since X3 can be viewed as being the flow of v, using Jacobi’s formula we can conclude the validity of
(3-21). Indeed, we have

X5(t,x) = x—l—/t v(r,x)dt
Ot
:x+/ ﬁ(T,Xl—)_l(T,Xﬁ(‘E,X)))d‘E
0

= x—i—/t v(t, Xp(t,x))d.
0

Then, Jacobi’s formula implies

det(DX3)(t, x) = exp(/t(div v)(t, X5(z, x))) =1. O
0
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Proposition 3.27. Consider v € Cp ([0, T], B;/lp_l) with 3,0, V*1 € LT(B3/IP_1) satisfying the small-
ness condition (3-3). Let Xy be defined by (3-17) and Ji; = det DX§. Then for allt € [0, T,

||Id—A5(z)||BS'/1p p ||VE||L}(B§(1”)’ (3-22)
||Id—ﬂdj(DXﬁ)(l)||Bs’/lp < ||V5”L}(BS,/1”)’ (3-23)
10 adji(DX5) (Ol g3/—1 S IV 31 if p <6, (3-24)

19, adj(DX5) (D) g3/p S IVIWDI g3/ (3-25)

1550 = W garp S IVl Ly gy, (3-26)

In order to establish stability estimates we use the following:

Proposition 3.28. Let vy, U, € Cp([0,T], B 3/p_l) with 3,01, 0;V2, V201, V21, € LT(B3/IP_1), both
satisfying the smallness condition (3-19) and §v = v, — v1. Then we have

145, = Av, [l Lo 370y S VOV L1 (30 (3-27)

I adi(DX5,) — i (DXs) oy S 19801 13 gy (3-28)

”at ad_](Dle) at adJ(Dsz)“Ll (B3/P) ~ ||V5'U||L1 (Bg/l’)’ (3'29)

”at adJ(DXv ) — 0t adJ(Dsz)”LZ (33/1’ hy~ ||V5U||L2 (B3/I’ 1y if p<6, (3-30)
+

190 = T oo 5 19800 1y garmy (331
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GLOBAL DYNAMICS BELOW THE STANDING WAVES
FOR THE FOCUSING SEMILINEAR SCHRODINGER EQUATION
WITH A REPULSIVE DIRAC DELTA POTENTIAL

MASAHIRO IKEDA AND TAKAHISA INUI

We consider the focusing mass-supercritical semilinear Schrodinger equation with a repulsive Dirac delta
potential on the real line R:

i0:u+ 202u +ySou+ [ulP"'u =0, (t,x) eRxR,
u(0, x) =up(x) € H'(R),

where y <0, §p denotes the Dirac delta with the mass at the origin, and p > 5. By a result of Fukuizumi,
Ohta, and Ozawa (2008), it is known that the system above is locally well-posed in the energy space H ! (R)
and there exist standing wave solutions ¢’ Q,, ,(x) when ® > %yz, where O, , is a unique radial
positive solution to —%8)26 0+w0—y80=|0Q|P~1Q. Our aim in the present paper is to find a necessary
and sufficient condition on the data below the standing wave e'®’ Q, ¢ to determine the global behavior
of the solution. The similar result for NLS without potential (y = 0) was obtained by Akahori and Nawa
(2013); the scattering result was also extended by Fang, Xie, and Cazenave (2011). Our proof of the
scattering result is based on the argument of Banica and Visciglia (2016), who proved all solutions scatter
in the defocusing and repulsive case (y < 0) by the Kenig—Merle method (2006). However, the method
of Banica and Visciglia cannot be applicable to our problem because the energy may be negative in the
focusing case. To overcome this difficulty, we use the variational argument based on the work of Ibrahim,
Masmoudi, and Nakanishi (2011). Our proof of the blow-up result is based on the method of Du, Wu, and
Zhang (2016). Moreover, we determine the global dynamics of the radial solution whose mass-energy is
larger than that of the standing wave e/®’ Q, . The difference comes from the existence of the potential.
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2. Minimizing problems and variational structure 486
3. Proof of the scattering part 495
4. Proof of the blow-up part 508
Appendix: Rewriting the main theorem into a version independent of the frequency 510
Acknowledgments 511
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1. Introduction

1A. Background. We consider the focusing mass-supercritical semilinear Schrodinger equation with a
repulsive Dirac delta potential on the real line R:
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i0;u + %aiu +ySou+ulPlu=0, (t,x) eRxR,

u(0,x) =up(x) € H'(R), (SNLS)

where y <0, 8¢ denotes the Dirac delta with the mass at the origin, and p > 5. The system (§NLS)
appears in a wide variety of physical models with a point defect on the line; see [Goodman et al. 2004]
and the references therein. We define the Schrodinger operator H, as the formulation of a formal
expression —%8)26 — ydo:

Hy:=—302¢, ¢ €D(H,),
D(Hy) = {pe H' R)NH*(R\{0}) : dx¢(0+) — 0xp(0—) = —2y¢(0)}.

H, is a nonnegative self-adjoint operator on LZ(IR) (see [Albeverio et al. 2005] for more details), which
implies that (SNLS) is locally well-posed in the energy space H ' (R).

Proposition 1.1 [Fukuizumi et al. 2008, Section 2; Cazenave 2003, Theorem 3.7.1]. For any ug € H'(R),
there exist T+ = T+ (|uo||g1) > 0 and a unique solution

ueC((-T-,T4): H'R) N CH((-T-, T4); H'(R))
of (NLS). Moreover, the following statements hold:

* (blow-up criterion) T+ = 00, or T+ < 0o and limy—+1, [|0xu(t)|| 2 = 00, where the double-sign
corresponds.

e (conservation laws) The energy E and the mass M are conserved by the flow; i.e.,
E(u(r)) = E(uo), M(u(r)) = M(uo) foranyt e (=T-,T4),

where for ¢ € HY(R), we define E and M as

_ 1 2 1 2 1 p+1
E(p) = Ey(¢) = z[10x0l72 — 37|0(0)|" — m”‘/’HLHn (1-1)
M(p): = 3llol7-- (1-2)

We investigate the global behaviors of the solution. By the choice of the initial data, ({NLS) has various
solutions, for example, scattering solutions, blow-up solutions, and so on. Let us recall the definitions of
scattering and blow-up. Let u be a solution to (§NLS) on the maximal existence time interval (—7_, T4 ).

Definition 1.1 (scattering). We say that the solution u to (NLS) scatters if and only if 71 = oo and
there exist u4+ € H(R) such that

|l (2) —e_”H”uiHHl —0 ast— Foo,
where {e~"*f7} denotes the evolution group of i d,u — Hyu = 0.

Definition 1.2 (blow-up). We say that the solution u to (SNLS) blows up in positive time (resp. negative
time) if and only if T < oo (resp. T— < 00).
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Since a pioneer work by Kenig and Merle [2006], the global dynamics without assuming smallness
for focusing nonlinear Schrodinger equations have been studied. For the focusing cubic semilinear
Schrodinger equation in three dimensions, Holmer and Roudenko [2008] proved that |Jug||;2||Vuo| 2 <
1O1lz21IV Q|2 implies scattering and, on the other hand, |uo| z2[|Vuollz2 > |Qll12]IV Q|2 implies
finite-time blow-up if the initial data ug € H!(R?) is radially symmetric and satisfies the mass-energy
condition M (ug) E(ug) < M(Q)E(Q), where Q is the ground state. For nonradial solutions, Duyckaerts,
Holmer, and Roudenko [Duyckaerts et al. 2008] proved the scattering part and Holmer and Roudenko
[2010] proved the solutions in the above blow-up region blow up in finite time or grow up in infinite
time. Fang, Xie, and Cazenave [Fang et al. 2011] extended the scattering result and Akahori and Nawa
[2013] extended both the scattering and the blow-up result to mass-supercritical and energy-subcritical
Schrodinger equations in general dimensions.

Recently, Banica and Visciglia [2016] proved all solutions scatter in the defocusing case. On the other
hand, in the focusing case, (§NLS) has blow-up solutions and nonscattering global solutions. Thus, their
method cannot be applicable to our problem.

1B. Main results. To state our main result, we introduce several notations.
Let w be a positive parameter that denotes the frequency. We define action S, and a functional P as

1
Sw (@) = Sw.y(9) == E(@) + oM(p) = {11007 — 3710(0)]> + Jolle|7, — mlkﬂllfﬂ], (1-3)
— 1 2 1 2 p—1 p+1
P(p) = Py(p) := 3110x¢ 72 — 3710 (0)]" — m”‘ﬂ”yﬂm (1-4)
where P appears in the virial identity (see [Le Coz et al. 2008]).

We often omit the index y. We sometimes insert O into y, such as Sy o and Py.
We consider the three minimizing problems

new = inf{Sy(p) : g€ H' (R)\ {0}, P(p) =0}, (1-5)
ro :=inf{S, () : o € Hy(R)\ {0}, P(p)=0}. (1-6)
lo 1= inf{Sw,0(¢) : p € H' (R)\ {0}, Po(¢) =0}, (-7

where Hrid(R) ={pe HY(R) : p(x) =¢p(—x)}.
Equation (1-7) is nothing but the minimizing problem for the nonlinear Schrodinger equation without
a potential, and /,, is positive and is attained by
1
(r+Do  H((p—Dvo, |77
T sech 5 | x| ,

Qa),O(x) = { \/—

which is a unique positive solution of

-1920+w0 =01P7'0. (1-8)

For n,, and r4, we prove the following statements, some of which were proved by Fukuizumi and
Jeanjean [2008].
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Proposition 1.2. Let y be strictly negative. Then the following statements are true:
(1) ney = ly and ny, is not attained.

(2) ny <rge and
Fo =2y if0<a)§%y2,
Fo <2y if o> %yz.

3) If > %yz, then ry, is attained by

_ _ [+ Do 2((1)—1)@ (L))}
Quw(x) = 0p,y(x):= { 5 sech 7 |x| + tanh T ,

which is a unique positive solution of —%3% O +wQ—y80 =|0|P~1Q. On the other hand, r, is
not attained if 0 < w < %yz.

The function e’®? Q,, with @ > %yz is a global nonscattering solution to (§NLS), which is called the
standing wave. The fact that n,, # r, comes from the existence of the potential, which means that the
following main result in the radial case does not follow from that in the nonradial case.

By using the minimizing problems, we define subsets in H!(R) for @ > 0 as follows:

N = {pe H'(R) : Su(p) <ng, P(p)=0},

Ny =1{pe H'[R) : Sp(p) <ne, P(p) <0},
d
N ,R’a-i)_ = {(pEHrLd([R) 1 Sw(@)<re, P(p)>0},

Ry =19 € Hyy(R) : S (@) <ro. P(p) <0}

We state one of our main results, which treats the nonradial case. We classify the global behavior of
the solution whose action is less than 7.

Theorem 1.3 (nonradial case). Let w > 0. Let u be a solution to (NLS) on (—T—, T+) with the initial
data ug € H'(R).

(1) If the initial data ugy belongs to N‘j', then the solution u scatters.
(2) If the initial data ug belongs to N, then one of the following four cases holds:

(a) The solution u blows up in both time directions.

(b) The solution u blows up in a positive time, and u is global toward negative time and

limsup |[0xu(?)]|z2 = oo.
t—>—00

(c) The solution u blows up in a negative time, and u is global toward positive time and
limsup |[0xu(t)]|z2 = oo.
t—>00
(d) The solution u is global in both time directions and

limsup |[0xu(?)]|2 = oo.
t—=+o0
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Proposition 1.2 and a direct calculation give n,, = [, = ®2?=D 1 ¢(Q1,0). By these relations, we
can rewrite the main theorem in the nonradial case into a version independent of the frequency w.

Corollary 1.4. We define the subsets N+ in H'(R) as

Nti={peH (R): E(9)M(9)° <Eo(Q1,0)M(Q1,)°, P(p)>0},
NT:={peH'R): E(0)M(p)° <Eo(Q1,0)M(Q1,0)°, P(p) <0},

where o := (p+3)/(p—>5). Let u be a solution to (SNLS) on (—T—, T4) with the initial data ug € H'(R).
Then, we can prove the same conclusion as in Theorem 1.3, where Nf is replaced by Nk, respective of
the sign.

The equivalency is proved in the Appendix.

Next, we state the other main result for radial solutions. If we restrict solutions to (SNLS) to radial
solutions, then we can classify the global behavior of the radial solutions whose action is larger than n,
and less than r,.

Theorem 1.5 (radial case). Let w > 0 and u be a solution to (SNLS) with the initial data ug € Hrzd(lR).
Then, we can prove the same conclusion as in Theorem 1.3, where ./\/CjE is replaced by sz respective of
the sign.

Remark 1.1. Even if solutions to (6NLS) are restricted to radial ones, the possibility that (b)—(d) (grow-
up) occurs cannot be excluded since we consider one spatial dimension. In [Le Coz et al. 2008], it was
proved that if the initial data satisfies xug € L? and P(ug) < 0, then the solution blows up in a finite
time in both time directions.

1C. Difficulties and idea for the proofs. Our proof of the scattering part is based on the argument of
Banica and Visciglia [2016], where they proved all solutions scatter in the defocusing case. We also use a
concentration compactness argument (see Sections 3C-3E) and a rigidity argument (see Section 3E). In
the focusing case, it is not clear that each profile has positive energy when we use profile decomposition.
To prove this with y = 0, the orthogonality property of the functional Py was used in [Fang et al. 2011;
Akahori and Nawa 2013]. However, it is not easy to prove the orthogonality of the functional P, because
of the presence of the Dirac delta potential (y # 0). To overcome this difficulty, we use the Nehari
functional /, , (see (2-7) for the definition) instead of P,. Then we can prove that the subsets for the
data defined by I, instead of P are the same as the subsets N, {jE (see Proposition 2.15) using an argument
similar to that of [Ibrahim et al. 2011].

Theorem 1.5 (radial case) does not follow from Theorem 1.3 (nonradial case) since we treat solutions
whose action is larger than or equal to n, in Theorem 1.5. Recently, Killip, Murphy, Visan, and Zheng
[Killip et al. 2016] also considered a similar problem and extended the region to classify solutions under
radial assumption for NLS with the inverse-square potential. They used the radial Sobolev inequality, which
is only effective in higher dimensions, to prove a translation parameter in the linear profile decomposition
is bounded. However, this method cannot be applied to our problem. In the one-dimensional case, it is
not clear whether the translation parameter is bounded or not. To avoid this difficulty, we use the fact that
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the translation parameter —x;, appears in the profile decomposition if x, appears (see Theorem 3.5 for
more detail).

Next, we explain the blow-up results. Holmer and Roudenko [2010] proved a blow-up result for the
cubic Schrodinger equation without potentials in three dimensions by applying the Kenig—Merle method
[2006]. Recently, Du, Wu, and Zhang [Du et al. 2016] gave a simpler proof for blow-up, in which they
only used the localized virial identity. We apply their method to the equation with a potential.

1D. Construction of the paper. In Section 2, we consider the minimizing problems from the viewpoint
of variational argument. We prove the existence and nonexistence of a minimizer for r,, and n4, and that
the subsets for the data defined by /,, instead of P are the same as the subsets in H ! (R) defined by P in
this section. In Section 3, we prove the scattering results by a concentration compactness argument and a
rigidity argument. We explain the necessity of the Nehari functional /,, instead of P. In Section 4, we
prove the blow-up results, based on the argument of Du et al. [2016].

2. Minimizing problems and variational structure
2A. Minimizing problems. Let («, ) satisfy the conditions

a>0, 20—B>0, 20+B>0, (a,pB)F#(0,0). (2-1)
We set
po=max{2a — B, 20 + B},  w:=min{2e —f, 20 + B}.

We define a scaling transformation and a derivative of functional as

o3P (x) = e p(ePry), 22)
£5P8(0) 1= 0,5(05 P ) a=2,- (2-3)
2P S(p) = L5 P S(p) (2-4)

for any function ¢ and any functional S : H!(R) — R. We define functionals K%# by

K2P (9) = K25 (p)

1= L% S, (¢)
= 0350 p(eP* )12
(p+Da+p +1
= 12— PB)ox¢ll7, + F0Qa + B¢l . — yalp)> — Tllwllfﬁl- (2-5)
We especially use the following functionals:
P(p) = Py(p):=KZ (p) =3l0x0ll7. — 2vIe0)]> — m||¢”£p+l’ (2-6)

+1
Lo(9) = Iy (@) := K% (@) = 310x0172 = YO + olel7. — lel? i (2-7)
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Remark 2.1. Both the functional P, which appears in the virial identity (3-2), and the Nehari functional /,,
are used to prove the scattering results. It is proved in Proposition 2.15 that P and [, have same sign under
a condition for the action. To prove this, we introduce the parameter («, ) based on [Ibrahim et al. 2011].

We also use Jg’ﬂ defined by

KSP
I ) = I ) = Sule) - =0 eR)

Lemma 2.1. We have the relations

0 if B=<0,
—2B3x¢l1Z> if B>0,

(L ) 0xp]2, = {
{2mwm; if B <0,

%P —mllel?,

if >0,
Ble(O)> i B=0.
mmwﬁ if >0,
p—Da+2B)el7 L i B =<0,
nﬂmﬁﬂl if B> 0.

(L~ e =

_ +1
P —ll? T, =
In particular,

_ _ . (p—95a 1
ISP = (- £%P) S0 (p) = 1Bl min{L0x0l2,. 0llll2,} — 1v1BlI0(0)* + ﬁ”@”ij+l'

Moreover, we have

_ _ lell7 -
e =P = )Sut) = (€ = e = ) (o) + 2 L)
1 2, (p—Sa +1 _ (p=Sap +1
2 =3y IBP IO + -2 L P lol T = S el

Proof. These relations are obtained by simple calculations. We only note that
(p—Da+28=(p—5a+2Qa+p)>(p—>5«. O
By this lemma and p > 5, we find that ch’f’ﬂ (¢) > 0 for any ¢ € H'(R). Next, we see that Kg’ﬂ is
positive near the origin in H 1 (R).
Lemma 2.2. Let {@, nen C H(R)\{0} be bounded in L*(R) such that ||0x@n||;2 — 0 as n — oo. Then
Kg’ﬂ (¢n) > 0 for large n € N\
Proof. By y <0, p > 5, and the Gagliardo—Nirenberg inequality, we have

(p+Da+p (p—1)
mﬁw»zam—mmWw;——G:T—cmWwﬂ’

for sufficiently large n € N, where C is a positive constant. O

|2(p+3) >0

ln|
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We define the following minimizing problems for w > 0 and («, B) satisfying (2-1):

ngl = inf{Sw (@) : 9 H' (R)\ {0}, K&P (9) =0}, (2-9)
reP = inf{Su(¢) : g € Hag(R)\ {0}, K& (9)=0}, (2-10)
12 .= inf{Sy,0(p) : g€ H (R)\ {0}, K2 (9) =0}. 2-11)

If (o, B) = (% —1), these are nothing but n,, ry, and /,. We prove that these minimizing problems
are independent of (&, B) and Proposition 1.2 holds in the following subsections.

2B. Radial minimizing problem. First, we consider the radial minimizing problem rg’ﬂ . For y <0,
So : Hrg 4(R) — R satisfies the following mountain pass structure:

(1) Sp(0) =0.

(2) There exist §, p > 0 such that S, (¢) > § for all ¢ with ||¢| g1 = p.

(3) There exists Y € Hrld([R) such that S, (¥) <0 and ||Y| g1 > p.

a

Indeed, (1) is trivial, (2) can be proved by the Gagliardo—Nirenberg inequality, and (3) is obtained by a
scaling argument.

Let
C:={c e C([0,1]: Hyy(R)) : ¢(0)=0, Se(c(1)) <0},

b:=inf max S,(c(?)).
c€C tel0,1]

Lemma 2.3. The identity b = r* holds.

Proof. First, we prove b < rg’ﬁ . To see this, it is sufficient to prove the existence of {c¢,} C C such that

max;e[o,1] Sw(cn (1)) — rg’ﬂ as n — oo. We take a minimizing sequence {¢, } for rg’ﬁ, namely,

Sew(n) — rg’ﬂ as n — 0o and KZ‘)"B (pn) =0 forall n e N.
We set ¢, (1) := E%’ﬂ @n for A € R. Then, we see that S, (¢,(A)) < 0 for large A. Moreover,

max S, (Cn(1)) = Su(En(0)) = Sw(pn) > rg? asn— o0
€eR

since Kg’ﬂ (¢n) = 0 for all n € N. We define ¢, (¢) for t € [-L, L] such that

En(t) if —3L<t=<L,

TV G Ma ) i -Lsr<iL

% is continuous in H ! (R) and we have S, (%, (L)) <0 and maxse(—1,,1] So (¢n(t)) = Swlen) — rg’ﬂ
when L > 0 and M = M (n) are sufficiently large. By changing variables, we obtain a desired sequence
cp € C. Next, we prove b > rg"B . It is sufficient to prove

([0, 1)) N {pe HigR)\ {0} : K&FP (9)=0} #2 forallc eC.
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We take an arbitrary ¢ € C. Now, ¢(0) = 0 and S, (c(1)) < 0. Therefore, Kff,’ﬁ (c(t)) > 0 for some
t € (0,1) by Lemma 2.2 and Kg’ﬂ (c() <((p+ Do+ B)Su(c(1)) <0. By continuity, there exists
to € (0, 1) such that Kg’ﬂ (c(t9)) = 0. Thus, we get b = rg’ﬂ. O

Next, we prove the existence and nonexistence of a minimizer for the minimizing problem rg’ﬂ .

See [Fukuizumi and Jeanjean 2008, Lemmas 15, 19, 20, 21, and 25] for the proofs of the following
Lemmas 2.4, 2.5, 2.6, 2.7, and 2.8, respectively.
The following lemma means that it is sufficient to find a nonnegative minimizer.

Lemma 2.4. If ¢ € H(R) is a minimizer of rg"B, then |¢| € HY(R) is also a minimizer.

Definition 2.1 (Palais—Smale sequence). We say that {@y }neny C H(R) is a Palais—-Smale sequence for
S, at the level c if and only if the sequence {¢y, }nen satisfies

Sw(gn) —>c and  SL(py) =0 in H'(R)  asn— oo.

B

By the mountain pass theorem, we obtain a Palais—Smale sequence at the level b = rg”. We may

assume that the sequence is bounded.

Lemma 2.5. Any Palais—Smale sequence of S, considered on Hrlld([R{) is also a Palais—Smale sequence
of S considered on H'(R). In particular, a critical point of S, considered on Hrfld(R) is also a critical
point of S,, considered on H'(R).

Lemma 2.6. Let {@, nen C HY(R) be a bounded Palais—Smale sequence at the level ¢ for S,,. Then there
exists a subsequence still denoted by {@, } for which the Jfollowing holds: there exist a critical point go
of S, an integer k > 0, for j =1, ...k, a sequence of points {x;} C R, and nontrivial solutions v’ (x)

of the equation (1-8) satisfying

On — @o weakly in Hl(IR),

k
Sw(@n) = ¢ = Su(@0) + Y Sw o),
j=1
k . .
¥n — ((,00 + Z v/ (x —x; )) —0 strongly in H'(R),
ji=1

|x,{|—>oo, |x,{—x£,|—>oo for1<j#i<k
as n — oo, where we agree that in the case k = 0, the above holds without v/ and x,ﬁ .

Lemma 2.7. Assume that
rg’ﬂ < 213”3.

B

Then the bounded Palais—Smale sequence at the level ro" admits a strongly convergent subsequence.

Lemma 2.8. If ¢ € H'(R)\ {0} is a critical point of Sy, that is, ¢ satisfies

1920+ wp —ydop = lp|? g (2-12)
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in the distribution sense, then it satisfies
p e CTR\{ODNCR). j =12,
5030 +wp =[P, x#0,
dx@(0+) — dxp(0—) = —2y¢(0),
0x@(x),p(x) >0 as|x| — oo.
Lemma 2.9. There exists a unique positive classical solution ¢ of (2-12) if and only if © > %yz. It is
nothing but Qy. If 0 <w < %yz, then the classical solution does not exist.

Proof. We have a unique positive classical solution Qo of (1-8). If w > %)/2, then we get a classical
solution ¢ of (2-12) by the translation of Q0. See [Fukuizumi and Jeanjean 2008] for more detail. [

Lemma 2.10. The inequality rg’ﬂ < 213"3 holds when @ > %yz.

Proof. When o > %yz, we know Q,, is well defined. We find that 0, satisfies Kg’ﬂ(Qw) = 0 and
Su(0p) < 213"3 by direct calculations. O

By Lemmas 2.7 and 2.10, we find that when w > %yz, the function Q, attains rg’ﬁ .
Lemma 2.11. If 0 <w < %)/2, then rg’ﬂ = 215”’ holds.

Proof. Suppose that rg’ﬂ < 213’3 . By Lemmas 2.7 and 2.8, we have a unique positive classical solution
of (2-12), which contradicts Lemma 2.9. Thus, it suffices to show rz’ﬁ < 2[3"3 for all w > 0. Let
n(x) = Quw,0(x —n)+ Qp,o(x +n).

Then, Sy (¢n) — 2ls and Kg,ﬂ (¢n) — 0 as n — oo. Thus, there exists a sequence {A,} such that
Kg:ﬂ()kn(pn) =0and A, — 1 as n — oo. Therefore, we have S, (An¢n) — 2l, as n — oo and
Kg)’ﬂ (An@n) = 0 for all n € N. This means that rg"B < 2]3’/3_ O

Remark 2.2. The rearrangement argument implies

198 = inf{S,.0(p) : p € HL R\ {0}, K&h () =0}.

Therefore, the arguments in Section 2B do work for lg’ﬂ .

a,p

- lg’ﬂ and n," is not attained.

2C. Nonradial minimizing problem. In this subsection, we prove ng,
Lemma 2.12. We have
198 = joP = inf{J2E (p) - p e H' )\ {0}, KZh (p) <0}
Proof. First, we prove jg’ﬂ < lg’ﬂ :
j&P <inf{J50 (@) 9 H R\ {0}, KoG () =0}

= inf{Su.0(p) : g€ H' W\ {0}, K35 (¢) =0}
— B

w
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Next, we prove lg’ﬂ < jg’ﬂ. We take ¢ € H!(R)\ {0} such that KZ”O (p) <0.If Kz’,o (¢) =0, then
12 < Su0(p) = I35 (@).
If Kg’,o (¢) < 0, then there exists A« € (0, 1) such that Kg’,o (Axp) = 0. Indeed, this follows from
continuity and the fact that Kg’,g (A¢) > 0 holds for small A € (0, 1) by Lemma 2.2. By A, < 1,
18P < Sy 0(hup) = Tk (Map) < T3E (0).

Therefore, we have lg’ﬁ <J 35 (¢) for any ¢ € H'(R)\ {0} such that Kg:g (¢) < 0. This implies

lg’ﬂ < jao,"'B. Hence, we get lg’ﬁ =jo". O

Let 7y¢(x) := ¢(x — y) throughout this paper.
Proposition 2.13. The identity n%? = 1%# holds.
Proof. First, we prove ng;ﬂ > lg’ﬂ. We take an arbitrary ¢ € H(R)\ {0} such that Kg’ﬂ (¢) = 0. Since
Kz:g (p) < Kg’ﬂ (p) = 0due to y <0, by Lemma 2.12, we then have
128 < 138 () < IZP (),

which implies
12F <inf{12P (p) : pe H'(R)\ {0}. K%P (9)=0}

= inf{ Sy, (¢) : p € H (R)\ {0}, K&P (9) =0} = n%P.

Next, we prove nZ,’ﬂ < lg’ﬂ . We note that Q, o attains lg’ﬂ . Then, there exists a sequence {y, }nen With
Yn — 00 as n — oo such that Sy (1y, Qw,0) = Sw,0(Qw,0) = lg"B as n — oo. For this {y,},

K22 (1), 00.0) = K&h (1, 00.0) = Koh (Qw.0) =0

holds for all 7 € N. Since K%? (Aty, Qw,0) < O for large A > 1 and KoP (ty, Qw,0) > 0, there exists
An > 1 such that Kg’ﬂ (AnTy, Qw,0) =0 by continuity. For this {A,}, we have A, — 1 as n — oo. Indeed,
since

0=K%P(An1y, Qw.0)
_12¢/(1 2 1 2 2
=2, (3Qa = PB)10x1y, Qw,0l72 + 50Qa + BTy, Qwoll72 — vl Ty, Qw.0(0)]?)

_Ap+1(P+1)a+:3

+1
173, Qw.oll7 41+

and Kg’,o (ty, Qw,0) =0, we have

0= %(20[ = B)ll9x Ty, Qw,0||1242 + %0)(20‘ + By, Qw,O“iz —yalty, Qw,0(0)|2

1@+ Dat+p +1
12 p
n p+1 ”TJ’n Qw,olle—i-l
e+ Da+p +1
=(1-27 Y b+ 1 7y, QO),O”{}J-‘,—I —vyalty, Qw,0(0)|2
e+ Da+p +1
=(1-27 1) ||Qw,0||£p+1 —vyalty, Qw,0(0)|2-

p+1
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Therefore, A, — 1, since |1y, Qw,0(0)| = 0 as n — oo. Hence, Sy (An 1y, Qw,0) = Sw,0(Qw,0) = lg’ﬂ
as n — oo and K,‘f,’ﬁ (AnTy, Ow,0) = 0 for all n € N. This implies ng,’ﬂ < lg’ﬂ. O
’ﬂ

Proposition 2.14. For any w > 0, the minimizing problem ng,
exist ¢ € H(R) such that Kw’ﬂ () =0and S, (p) = na,"B.

is not attained; namely, there does not

Proof. We assume that ¢ attains nz,’ﬂ. If ¢(0) =0, then S,0(¢) = Sw(p) = nw"B =g %8 and K "B 0(@) =
Kg’ﬂ (¢) = 0 holds; that is, ¢ also attains lg’ﬂ . By the uniqueness of the ground state for /g’ p , we know
@ = Q0. However, Q4 ,0(0) # 0. Therefore, ¢(0) # 0. Now, |¢(x)| — 0 as x — oo since ¢ € H }(R).
Hence, |¢(0)| > |¢(y)| for sufficiently large |y|. Thus,

K2 (r,0) < K3P (9) =0,

Since Kg’ﬂ (Aty@) > 0 for small A € (0, 1) by Lemma 2.2 and Kg’ﬂ (typ) <0, there exists A« € (0, 1)

such that Kg’ﬁ (A«Ty@) = 0 by continuity. By the definition of nffjﬂ ,

n%P < J2B (Mtyp) < 12 (1y0) < J2P (9) < n%P.
This is a contradiction. O

SlnceSwO(Qwo)—laﬂ—na’gandSa,y(wa)—rw if o> 1y2, and 2l L ﬂlfa)<1 y2 hold,

we find that 7y’ o.p L1y %8 and an are independent of (c, ) and so we denote 7y’ o.p e # and noy ﬂ by 7w,

l, and n, respectively and obtain Proposition 1.2.

2D. Variational structure. We define subsets N A£ and R(‘f)’ﬂ 0 B (R) such that

NGB+ = {g e H'R) : Sulp) <nw, K3P ()20},
NZP~ = {pe H'(R) : Sulp) <no, K&F (9) <0},
REPH = {pe HL(R) 1 Su(9) <ro, K& ()20},
REP™ = {pe HYyR) : Sulp) <rw, K& (9) <0},

1_ 1
We note that NF = N2’ L% and RE=RZ Y% From now on, let (mw,/\/la’ﬁ’i) denote either
(New» Ny 8. jE) or (ry, Re B, jE) The following proposition implies that P and I, have same sign if
S <M.

Proposition 2.15. For any («, B) satisfying (2-1), ./\/laﬂ)E = ./\/lff,’ﬂ o+

Proof. 1t is easy to check that ./\/lff,"6 * are open subsets in H ! (R) because of Lemma 2.2. Moreover,
we have 0 € MZ’ﬁ’JF and Mff,’ﬂ’+ U /\/lff,’ﬁ’_ is independent of (o, 8). And Mff,"B’Jr are connected if
1 > 0 by the scaling contraction argument (see the proof of Lemma 2.9 in [Ibrahim et al. 2011]). Then
/_\/laﬂ oM @Bt for(a ,B);é(oz B’) such that 20— >0, 2+ > 0and 2o’ — ' >0, 2o’ + B’ > 0.
Of course, then Mw = ./\/la,
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We take {(an, Bn)} satisfying 20, — B, > 0 and 2w, + 8, > O for all n € N and (o, 85 ) converges to
some (a, B) such that = 0. Then KoPr . k%P and so
B, £ n>Bn,t
MEPE | | MePro
neN

Since each set in the right-hand side is independent of (e, ), so is the left. ([
Let [l¢l3; := gl13x017, + z0l0ll7, — 7710 O)
Lemma 2.16. If P(p) > 0, then

p—1
Sa)(QD),
p—>5

Sw(@) <llel3, <

which means that S, (@) is equivalent to ||(,0||12L11
Proof. The left inequality is trivial. We consider the right inequality:
0=<2P(p)

p—1 +1
< ll0xell7 > — ¥1p(0)]* — ﬁllwllfm

=—3(P=3)8x0172 + 5 (P =3P O + (p = D E(9)
<=3 =5)8x¢l72 + 3(r(p = 5@ + (p — DE(p).
Therefore, we have
1P =9Nx0ll72 = 37 (p —3)eO)* + 3(p —ollel;. < (p— DE(@) + (p — 5w M(p)
=(@—-D(E(p) +oM(p)).
Hence, we obtain

p_

1
lell3, < p Sw(@). O

-5

Lemma 2.17. If ug € M}, then the corresponding solution u stays in M for all t € (=T—, T4).
Moreover, if ug € M, then the corresponding solution u stays in M, forall t € (=T_,Ty).

Proof. Letug € M. Since the energy and the mass are conserved, u(1) € M UM forallz € (—=T—, Ty).
We assume that there exists 4% > 0 such that u(tx«) € M. By continuity, there exists t« € (0, #4x4) such
that P(u(t«)) = 0 and P(u(t)) <O for ¢ € (t«, tx«]. By the definition of m,,, if u(tx) # 0, then

Mo > E(uo) +oM(uo) = Eu(tx)) + oMu(t+)) = me.
This is a contradiction. Thus, u(#«) = 0. By the uniqueness of solution, u = 0 for all time. This contradicts
u(txx) € M. By the same argument, the second statement can be proved. O

Lemmas 2.16 and 2.17 imply that all the solutions in M, are global in both time directions.

Proposition 2.18 (uniform bounds on P). There exists § >0 such that for any ¢ € H'(R) with Sy, (¢) <me,

we have

P(p) = min{2(mew — Su(9).8ll@l3} or P(p) < —2(mw— So(9)).
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Proof. We may assume ¢ # 0. Now s(1) := S (¢?) and n(1) := ||o* ||Lp+1, where ¢ (x) := e%kcp(ekx)
for A € R. Then 5(0) = S, (¢) and s’ (0) = P(¢), and we have

p—1

e 2 +1 p=1 +1
s =3¢ 1x¢ 12+ 300072 —3ve e O P =—llell [y n@)=e 2 el f5,
/ 1 24 2 1. A 2 epT_u(P—l) p+1 1 p+1
S =3 0x0l—2ve o) P ————— ]2 7} W ()=4e"T A p-DlplZS L
2(p+1)
L_IA 2
e 2 *(p-1) +1
" (M) =502 —Lyerp(0) P ——————lll? 7. ') =L T A (p=1)2elIZ L.
4(p+1)
By an easy calculation, we have
-5 p—>5
s" =25+ 1 0 2 P72 n <2 — ———n' <25
O =5G22 T S

First, we consider P < 0. We have s’(1) > 0 for sufficiently small A < 0. Therefore, by continuity, there
exists Ag < 0 such that s"(1) <0 for Ag <A <0 and s"(Ag) = 0. Integrating the inequality on [A¢, 0], we
have

s'(0) —5'(A0) = 2(s(0) —5(20)).

Therefore, we obtain
P(p) = =2(my — Su(9)).

Next, we consider P > 0. If
b — 1 p+1
4p > —-——r ,
((,0) - 2(p+ 1) ||§0||Lp+l
then, by adding

p—

B P— +1
P pgy=r2 p
) (p) = ||‘P||7-¢ B

m 1||</’||Lp+1

to both sides, we get
4+ 300 =5}P) = 5(p—3)llelF

Thus, we get P(¢) > 8||<p||%{ If

D— 1 p+1
4P < — ’
then
-5
0<ds’ < L2 (2-13)
2(p+1)
at A = 0. Moreover,
" / / p— 5 / /
s <45 —2s n <-2s

2(p+ 1)
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holds at A = 0. Now let A increase. As long as (2-13) holds and s’ > 0, we have s” < 0 and so s’ decreases
and s increases. Since p > 5, we also have

n”>2n">4n>0

for all A > 0 Hence, (2-13) is preserved until s’ reaches 0, which it does at finite A1 > 0. Integrating
s" < —=25" on [0, A1], we obtain

s'(A1) =5"(0) < =2(s (A1) — 5(0)).
Therefore, by the definition of m,,

P(¢) >2(mey — Sw(p)). O

3. Proof of the scattering part

3A. Strichartz estimates and small data scattering. We recall the Strichartz estimates and a small data
scattering result in this subsection. See [Banica and Visciglia 2016, Sections 3.1 and 3.2] for the proofs.
We define the exponents r, a, and b as

g2 2=+ S 2D+
' p+3 7 (p-D2=(p-1)—4

r=p+1,
Then we have the following estimates.
Lemma 3.1 (Strichartz estimates). We have
—itH
le™" " ollLary < el

—itH
le™ @l p=1 100 S l@lla1.

t
/ e 1= Hy F () ds SIFl
A t

4 9
LYL), L

SIFlly

t
—i(t—s)H
/(; e 1 ) )/F(S) ds Lfc/’

Ly
where b’ denotes the Hélder conjugate of b, namely, 1/b’ +1/b = 1.

Proposition 3.2. Let the solution u € C(R : H'(R)) to (§NLS) satisfy u € L4(R : L".(R)). Then the
solution u scatters.

For the proof of Proposition 3.2, see [Banica and Visciglia 2016, Proposition 3.1].
The analogous statement to Proposition 3.2 for the following semilinear Schrodinger equation without
potentials is well known:

idsu+ %chu +uP"lu=0, (t,x) eRxR,

1 (NLS)
u(0,x) =up(x) € H' (R),

where p > 5.
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Proposition 3.3 (small data scattering). Let ¢ € H(R) and u, v denote the solutions to (SNLS), (NLS),
respectively, with the initial data ¢. Then, there exist ¢ > 0 and C > 0 independent of ¢ such that u and v
are global and they satisfy ||ullpepr. ) < Cllellgr and [viLerrwy < Clellg. if llellgr <e.

For the proof of Proposition 3.3, see [Banica and Visciglia 2016, Proposition 3.2].

3B. Linear profile decomposition and its radial version. To prove the scattering results, we introduce the
linear profile decomposition theorems. The linear profile decomposition for nonradial data, Proposition 3.4,
is obtained in [Banica and Visciglia 2016].

Proposition 3.4 (linear profile decomposition). Let {¢y, }nen be a bounded sequence in H(R). Then, up
to subsequence, we can write
J :
on= ety LWl vieN,
j=1
where l,{ eR, x,{ eR, ¥/ € HY(R), and the following hold:
e For any fixed j, we have

either t,{ =0 foranyneN, or t,{ — +o0 asn— oo,

either x,{ =0 foranyneN, or x,{ — +00 asn— oo.
e Orthogonality of the parameters:
|t,{ —Z,’fI + IX,{ —x,’f| —00 asn— o0, Vj #k.
e Smallness of the reminder:

Ve>0,3J = J(e) €N suchthar limsup |le " Hr WnJ||L§>oL§o <e.

n—00
e Orthogonality in norms: for any J € N,
J J
lenll7> =D 10717 + W 172 +0n(D), NleallFy = Y e W/l + IW 17 +on(D),
j=1 J=1

where ||v||12q = %||8xv||]242 —y|v(0)|2. Moreover, we have

J
. .
lenllfa =Y e e/ 11+ 1W] 11s +on(1). g€ (2,00), VIeN,
Jj=1
and in particular, for any J € N,

J )
So(en) = Y Sl e y)) + Su(W,)) +on(D),
j=1
J - .
Ia)((pn) — Z Iw(eltn H)/-L—x'{ w/) + Ia)(WnJ) +0n(1)
j=1
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Proof. See [Banica and Visciglia 2016, Theorem 2.1 and Section 2.2]. O

Remark 3.1. It is not clear whether

J .
Plgn) =Y P "o y)) 4 PW]) +0,(1) VJeN
j=1

holds or not. That is why we use the Nehari functional /,, to prove the scattering results.

We introduce the reflection operator R such that Re(x) := ¢(—x).
Proposition 3.4 is insufficient to prove the scattering result for radial data. We need the following
linear profile decomposition for radial solutions, which is a key ingredient.

Theorem 3.5 (linear profile decomposition for radial data). Let {¢n}nen be a bounded sequence in
Hrid([R{). Then, up to subsequence, we can write

| —

J
on =75y (" eyl w et RyT) 4 W AR vIeN, (3-1)
j=1

where l,{ eR, x,{ eR, ¥/ e H'(R), and the following hold:
e For any fixed j, we have

either Z,{ =0 foranyneN, or t,{ — +oo asn— oo,

either x,{ =0 foranyneN, or x,{ — +00 asn— oo.
e Orthogonality of the parameters:
J_ 4k J_ vk J k i
It] —t;| > 00, or |x)—x,|—>o00 and |x; +x,|—>00 asn—o0, VjF#k.
e Smallness of the reminder:

Ve>0, 3J =J()eN suchthat limsup |e " WnJ||L§>°L§;° <e.
n—00

e Orthogonality in norms: for any J € N,

J

lenl2s = Y |5y v7 + R + |30 +RWD| 72 + 0a()),
j=1

J
lenll = Y |3 v/ + Ry D + 1500+ RW[F + o ().
j=1

Moreover, for any g € (2, 00), we have

J _
lonllds =Y |2e™ ™ (x o/ +o_ Ry L, + |3 +RWH|T, +ou() VIEN,
j=1
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and in particular, for any J € N,

J )
Swlgn) = Y Su(3¢" ™ (x v/ +1_RYD)) + S (50, +RW,) + 0n (1),
j=1

J A
. j . .
To(pn) = ) To(3¢" (! + o RYD)) + Lo (300 + RW,))) +o0a(1).
j=1
Proof. Since {@,} is bounded in H!(R), we can apply the linear profile decomposition without the
radial assumption, Proposition 3.4, and obtain the following: for any J€ N and j € {1,2,...,J},upto
subsequence, there exist {#;) }nen, {X Inen, and ¥/ € H!(R) such that we can write

J
. .
On = Ze”" HV‘EX}{ v/ + Wn".
Jj=1
Since ¢, is radial,

20n(x) = @n(x) + @n(x) = @n(x) + @n(—=x) = n(x) + Ren(x).

By combining the identities, we get

J ) J )
20n(x) = Zeit’{H”Tx;{l//] + WnJ —i—R(Z e”’iH”txzw] + an)

Jj=1 j=1

J
. . . .
=Y (e eyl el e Ry )+ W+ RW
j=1

where we have used Re!'n Hy = ¢/tn HyR and Rt, = 7_, R, which gives (3-1).

We only prove the orthogonality of the parameters. If x,{ + x,’f — x € Rand t,{ = t,]f for j <k, then we
replace ¥/ + Tz Ryk by ¥/ and 0 by vk and regard the remainder terms as WnJ . By this replacement,
we have |x,4 - x,’f| — oo and |x,4 + x,’f| — 00 as n — oo when t,{ = t,’f. The orthogonality in norms
follows from the orthogonality of the parameters by a standard argument. O

Lemma 3.6. Let k be a nonnegative integer and, for | € {0,1,2, ...k}, we have ¢; € H'(R) (or
@] € Hrzd(R)) satisfying

k k k
Sw(Zw) <mgy—3, Sw( <P1) > Sulgr) —e.
k k k
Iw(z(pl) = &, Iw( ‘/’l)lew(‘pl)+8
1=0 =0 1=0

for 8, ¢ satisfying 2e < §. Then ¢ € M} foralll €{0,1,2,...,k}. Namely, we have 0 < Sy, (¢;) < my
and Iy(¢;) >0 foralll €{0,1,2,...,k}.
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Proof. We assume there exists an / € {0, 1,2, ..., k} such that 7, (¢;) < 0. Then, we have Jal,’o(w) > M.
Indeed, there exists A« € (0, 1) such that /,(A«¢;) = 0 since 1, (¢;) < 0 and I, (A¢;) > 0 for small
A € (0,1) by Lemma 2.2. Thus, we obtain

Mo < Swser) = T3 Qpr) < I3 (01).

By the positivity of J, = Jal,’0 and the assumptions, we obtain

k
My < Ju(pr) < ZJw((pl)
=0

(Solon =2 1uten)

M:r

l

Il
<)

M~

k
Sw(@) =3 2 Tu(g1)
l =0

k k
ESw(Zwl) +8—%(lw(2§01)—£‘) <Mep—0+e+e<mg.
=0

=0

Il
<)

This is a contradiction. So, I, (¢;) >0 forall/ € {0,1,2,...,k}. Moreover, for any [ € {0,1,2,....k},
we have

So(@1) = Jo(@1) + 310(@1) = 0,

and
k k
Sule) <3500 = So( X 01) +e <mu =845 <m.
Therefore, we get ¢; € M} foralll €{0,1,2,...,k}. O

3C. Perturbation lemma and nonlinear profile decomposition. We use a perturbation lemma and lem-
mas for nonlinear profiles. The proofs of these results are the same as in the defocusing case (see [Banica
and Visciglia 2016]).

Lemma 3.7. For any M > 0, there exist ¢ = ¢(M) > 0 and C = C(M) > 0 such that the following
occurs. Let v e C(R: HY(R)) N L4(R: L".(R)) be a solution of the integral equation with source term e:

(i) =e Mg i [ PR (017~ v(s)) ds +e(2)
0

with ||v||Lerr, < M and |le||Lapr, <e. Moreover assume o € HY(R) is such that ||e_”HV(po||L;zL§C <e.
Then the solution u(t, x) to (SNLS) with initial condition ¢ + ¢y,

u(t) =e " (¢ + go) +1i [ i, (lu ()7~ u(s)) ds,
0

satisfies u € LY L and moreover ||u —v|papr < Ce.
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See [Fang et al. 2011, Proposition 4.7] and [Banica and Visciglia 2016, Proposition 3.3] for the proof.
Following Lemmas 3.8, 3.9, and 3.10 can be proved in the same manner as [Banica and Visciglia 2016,
Propositions 3.4, 3.5, and 3.6], respectively.

Lemma 3.8. Let {x, }nen be a sequence of real numbers such that |x,| — oo as n — 0o, ug € H'(R)
and U € C(R: HY(R)) N LY(R : L".(R)) be a solution of (NLS) with the initial data wo. Then we have

t
Un(t) = e_”HyTxnuo +1i / ¢TIt Hy (lUn(S)lp_lUn(s)) ds + gn(1),
0

where Uy (t, x) = U(t, x — xp) and ||gn|[Lar;, — 0 asn — oo.

Lemma 3.9. Let ¢ € H'(R). Then there exist solutions Wy € C(Ryx : HY(R)) N L4(R4 : L.(R)) to
(6NLS) such that
[Wi(t,)—e ™ol g1 =0 ast — +oo.

Moreover, if {ty}nen is such that t, — Foo as n — oo and Wy is global, then

t
Wan(t) = "y, +i / e I (W (9)|P 7 W (5)) ds + S (2),
0

where @, =e'nfr g, Win(t,x)=We(t —tn,x), | fxnllLerr, — 0 as n — oo, and the double-sign
corresponds.
Lemma 3.10. Let {t,}neN, {Xn}nen be sequences of real numbers such that t, — Foo and |x,| — 00

asn— 00,9 € HY(R) and Vi € C(Rx : HY(R)) N LR : L".(R)) be solutions of (NLS) such that

||Vi(l,')—e_itH°g0||H1 —0 ast— +oo.

Then we have
t
Vin(t.x)=e 1 tHrg, +i / ey (VL 4 (5) [PV () ds + e (1. ).
0

where @ =e'nHy Tx, @ Van (6, X) =V (t—tn, x—Xp), [lex,n Lo L7, — 0 asn — oo, and the double-sign
corresponds.

3D. Construction of a critical element. We define the critical action level S for fixed w as
S& :=sup{S : Su(p) < S for any ¢ € M} impliesu € L{L%}.

By the small data scattering result Proposition 3.3, we obtain S¢ > 0. We prove S¢ = m,, by contradiction.

We assume S¢ < mg,. By this assumption, we can take a sequence {@n}nen C M such that
Sow(pn) > Sg asn — 00, and [un||Le 7 () = oo for all n € N, where uy, is a global solution to (SNLS)
with the initial data ¢,. Then, we obtain the following lemma.

Lemma 3.11 (critical element). We assume S&, < mg,. Then we find a global solution u® € C(R : H'(R))
of (SNLS) which satisfies u°(t) € M} for anyt € R and

So) =85, |ullLarr@ = oo
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This u€ is called a critical element.

Proof. First, we consider the nonradial case.

Case 1: nonradial data. By ¢, € NV} and Lemma 2.16, we have

lenllFn < llenll% < E(@n) +0M(pn) <ne

for all n € N. Since {¢,} is a bounded sequence in H!(R), we apply the linear profile decomposition,
Proposition 3.4, and then obtain

J ,
. j .
gn= e Her,,l»wJ +w] vJeN.
J=1
By the orthogonality of the functionals in Proposition 3.4, we have

J

Solgn) = Y Sule ™ e iy)) + Su (W) +on(),
j=1

J
. .
To(pn) = D L@ e p7) + 1o (W) + on(1),
j=1
where 0, (1) — 0 as n — oo.
By these decompositions and Sy, (¢, ) < 1, we can find 8, & > 0 satisfying 2¢ < § and

J .
Swlgn) <70—8, Su(en) =Y Sule eyl +S,(W,)) —e,
j=0
J

Lolpn) ==&, lo(gn) < Y Lol Hre y)) + Ly(W]) + e
j=0

for large n. Therefore, by Lemma 3.6, we see that
¢l Hy T Y/ e NS and W] eN forlargen,
which means that, by Lemma 2.16,

Sw(eit’{ Hyrxz ¥v/)>0 and Sw(WnJ) >0 for large n.
So, we have
S¢ =limsup Sy, (¢n) > lim sup Z Sw(e”" HV‘C wf)

n—-oo n—>oo . =1

it HV‘L’ w/) for some j. We may assume j = 1 by

for any J. We prove S¢ = limsup,_, ., Sw(e
reordering. If this is proved, then we find that J = 1 and W*’ — 0in LH]} as n — oco. Indeed,
lim sup,,_, oo Se (W,!) = 0 holds and thus lim sup,,_, o, [|W,} | 71 = 0 holds by || W,} || 1 & Se(W,}) since

1 — 1 —ity Hy ]
W,! belongs to N for large n € N. On the contrary, we assume SS = lim sup,,_, o, Se (e ™7 T Y/)
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fails for all j. Then, for all j, there exists 6 = §; > 0 such that

hmsupSw(e””H”r wj)<SC s.
n—00

By reordering, we can choose 0 < J; < J, < J3 < J4 < Js5 < J such that

1<j=<Ji: t,{=0 Vn, x,{:O Vn,
L+1<j<J: =0 va, lim |x/| = oo,
L+1<j<J3: limt] = +oo, xp =0 Vn,
n—>00 .
Ja+1<j<Jy: lim t] =—o0, xj; =0 Vn,
n—>oo .
Ja+1<j<Js: lim t/=+oo, lim |x;| = oo,
n—>oo n—>oo .
Js+1<j<J: lim 1] = —oo0, lim |x]| =00
n—>oo n—>o0

Above we are assuming that if a > b, then there is no j such that a < j < b. Notice that J; € {0, 1} by
the orthogonality of the parameters. We may treat only the case J; = 1 here. The case J; = 0 is easier.
We have 0 < S, (¥1) < S5 — 8 by (t,{ , x;{ ) = (0,0) and the assumption. Hence, by the definition of S,
we can find N € C(R: H'(R)) N L4(R : L".(R)) such that

t
N(tx) = eyt [T (N )N ) ds
0

For every j such that J; +1 < j < J, let U/ be the solution of (NLS) with the initial data y/. Since
we have 7_; ¥/ € N, we know ¥/ satisfies

Sw,O(wj) = Sw(f ﬂﬁj) = Scf) <Ny =ly

and Po(y¥/) > 0. (since 0 > Po(¥/) = limy 00 P(z, J ¥/) > 0if we assume Po(¥/) < 0.) Therefore,
we see that the solution U/ scatters by [Fang et al. 2011 Akahori and Nawa 2013]; that is, U/ (¢, x) €
C(R: H'(R)) N L4(R: L”(R)). We set U/ (1, x) := U’ (t. x — x}}).

For every j such that J, + 1 < j < J3, we associate with profile ¥/ the function

W(t,x) e C(R_: H'(R)) N LY(R_ : L".(R))

by Lemma 3.9. We claim that W/ (t, x) eC(R: H' (R)N LY ([R{ L".(R)). Indeed, by the assumption,
we see that S, (W) = lim, 00 Sw(e”” Hyyly < S¢, since eltin Hy v/ — W7 in H'(R) with t;, — oo
as n — oo. Therefore, by the definition of Sg,, we obtain W/(t,x)e CR: HY(R)) N L4(R : L”.(R)).
We set W/ ,,(t Xx):= WJ(t—t,,,x)

For every j such that J3 4+ 1 < j < J4, we associate with profile 1/ the function

W/(t,x) e C(Ry : H'(R) N LERy : LL(R))

by Lemma 3.9. And the same argument as above gives us that W] (t,x) e C(R: HY(R))NL4(R: L.(R)).
We set Wj LX) = Wj (t—1t],x).
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For every j such that J4 4+ 1 < j < Js, we associate with profile 1/ the function
VI(t,x) e C(R-: H'(R)) N L4R—: L".(R))
by Lemma 3.10. We will prove V7 (¢, x) e C(R: HY(R)) N LR : L7.(R)). Now,

lim sup Sw(e”” HVr wj) <S85—6
n—0o0

holds by the assumption. Here, since e "/*H» is unitary in L?(R) and conserves the linear energy, and

y <0, we have

Swle ety = B e -wf)+wM(e”'4Hyf v

H +1
= |z, Mﬂj 13— +1 He”” 't Mﬁ ||£p+1
1 H +1
> 410e (e, w2, + 4 wuuwan e B g1,
1 2 1 112 H i P+1
= 2110xv¥7 17> + z0lv/ lI7- — L et Hy R [y

p—H

p+1

Lo+l ™ 0 as n — oo by [Banica and Visciglia 2016, Section 2,

_ ; » -
Since t;, — 0o, we have e/ Hy TVl

n
(2.4)]. Therefore, we obtain

1y 172 + 3ollv /117, < S5 -4
Since ¥/ is the final state of V./, we have
Swo(VL) = g10:x97 172 + 301197 17> < 6 —8 <no = lo.

By [Fang et al. 2011; Akahori and Nawa 2013], we have V/(t,x) e C(R: HY(R)) N L4(R: L".(R)). We
set V2 (1, x) 1= VJ(t—tn,x xn)
For every j such that Js + 1 < j < J, we associate with profile ¥/ the function

Vi, x) e CRy: H'R) N LRy : LL(R))

by Lemma 3.10. And the same argument as above gives us that VJ (t,x) e C(R: HY(R))NL4(R: L".(R)).
We set VJ L1 X) = Vj(t t,x—x3).
We deﬁne the nonlinear profile as

I I3 Ta Js Jo
J
Zi=N+ D> U+ Y W+ Y Wi, + Y VIi+ > Vi,
j=J1+1 j=J2+1 j=J3+1 Jj=Ja+1 j=Js+1

By Lemmas 3.8, 3.9, and 3.10, we have

7z = e_”H"(sDn - WnJ) + iZnJ + rnJ,

n
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where ||”nJ||L§‘L; — 0asn — oo and

Z (1) = / I (N ()P N () ds
0

- [ e ot ud o) ds

Jj= J]-H

s / SOy (W1 () [PIWI () ds

Jj= Jz+1

Ly [ e o w60 ds

Jj= J3+1

- [ e (v V00 ds

Jj= J4+1

s [ (v 1 o) ds
j=Js5+1
‘We also have

—0 asn — o0.

t
z] —/ eIy (170 (5)|P=1 27 (5)) ds
4 LYLY

Therefore, we get
t
Zy = e gy - W) +i / e U= Hy (12T (5)|P71 2] (5)) ds +5;]
o

with ||s;1’ ||Larr — 0 as n — oo. In order to apply the perturbation lemma, Lemma 3.7, we need a bound
=X
on sup ; (limsup,, _, o, ||Z,{ lLarr). We have

J2 J3
J
limsup(I1Z;/ g zr)? 20N fapr +2 D MU N ap, +2 D W1 aps
neo j=J1+1 j=Ja+1
Ja . Js J
jyp jnP jyp
+2 3 IWIZepe 42 D V2N e +2 D0 IV
j=J3+1 j=J4+1 Jj=Js5+1

where we have used Corollary A.2 in [Banica and Visciglia 2016]. For simplicity, an denotes 2| N ||? LoLt
ifl <j<J, 2||UJ “L”L’ =2|U/ ”L” r if J1 +1 < j < J,, and so on. Then, the above mequahty

means
J

timsup(1Z] lzg15)” < 3o
j=1

There exists a finite set 7 such that ||/ || 71 < o for any j ¢ 7, where &g is the universal constant in
the small data scattering result, Proposition 3.3. By Proposition 3.3 and the orthogonalities in H-norm
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and L2-norm,

hm sup(||ZJ lLarr)? <limsup Z a) = limsup Z a + lim sup Z al

n—>oo n—o00 n—-oo

j= JEJ JE€T
< lim sup Z a’ + lim sup Z ||e”” HVT E/f] ll#
n—00 JET nee JE€T
< limsup Z al + limsup || @ ||
n—o0o jeg n—00

§1imsup2a,{ +ny < Zaj +ny <M,
n—>oo je] JEJ
where M is independent of J.
By Lemma 3.7 and Proposition 3.4, we can choose J large enough in such a way that
lim sup ||e_”HV WnJ lLarr <e,
n—>oo
where & = (M) > 0. Then, we get the fact that u, scatters for large n, and this contradicts |[un | a7, = co.
Therefore, we obtain J = 1 and
(pnze”'iHer}qwl+Wnl, S¢ = limsup S, (e’ nHy 11& ), wl -0 inL®H!.
n—->oo
By the same argument as [Banica and Visciglia 2016], we get x} = 0. Let u® be the nonlinear profile
associated with ¥1. Then, S ¢ = Se»(1®) and the global solution u¢ does not scatter by a contradiction
argument and the perturbation lemma (see the proof of Proposition 6.1 in [Fang et al. 2011] for more detail).

Case 2: radial data. We only focus on the difference of the proof between the radial case and the nonradial
case, which is in the profiles. By the linear profile decomposition for the radial data Theorem 3.5, we have

| —

J
j . . . 1
=5 Z (¢! o gu! +entre G Ry)+ oW +RW) VIeN.

For every j such that J1 +1 < j < J,,letU J be the solution to (NLS) with the initial data %wj .
Since we have

1 /Ll : J +
zfxéw +2T_x’4Rw ERw,

W/ satisfies Sw,o(%wj) <1, and Po(%wj) > 0. Indeed, if we assume Sw,o(%wj) > l,, then by
Theorem 3.5 and y <0,
o > S5 > limsup S, (¢n) > limsup(Se, (‘L’x’{ %Wj) + Sw(r_xljz‘R%wJ))

n—o00 n—oo

> lim sup(Sw,O(rx’{ %wj) + Sw,o(f_x’,;R%Wj))
o0

n—

= S,0(3¥7) + Swo(3¥7) > 21,
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This contradicts r,, < 2[,. Moreover, we see that

2Po(3y7) = limsup(Po(c,; 5¥7) + Po(t_,/R5¥7)) =limsup P(z ;397 +1_ ;R3y7) 2 0.

n—-oo n—-oo

Therefore, by [Fang et al. 2011; Akahori and Nawa 2013], we have
U/(t,x) e CR: HY(R)) N L4[R: L"(R)).
We set U,{(t,x):z Uj(t,x—x,{). '
For every j such that J4 + 1 < j < J5, we associate with profile ¢/ the function
VIt x) e C(R-: H'(R)) N LY(R_: L’.(R))

by Lemma 3.10. We prove V7 (¢, x) € C(R: H'(R)) N L%(R: L”.(R)). Now, by the assumption, we have

lim sup 2Sw(%e”'4 Hl’rx’{ wj) = lim sup{Sw(e”'{ Hy T %wj) + Sw(Re”é Hy T %wj)} <S5 —34.

n—0o0 n—>oo

In the same argument as that for ¥/ in the nonradial case, we obtain
b 197 2+ S 397 |22 = 355 —5)
4119x2 L2 T 2%2 L2 = 2o :
Now, since 1/ is the final state of V./, we have
. . 2 . 2
Soo(VD) = 3[0x397 |12 + 30 397 [ 12 < 3085 =8) < 370 < lo.

By [Fang et al. 2011; Akahori and Nawa 2013], we have VI(t,x) e CR: HY(R)) N L4R: L".(R)).
We set V2, (¢, x) :=VI(t —t;,x —x;).
Other statements are the same as in the nonradial case. O

3E. Extinction of the critical element. We assume that [|u“||L¢((0,00):L;) = 00, Where such u® is called
a forward critical element, and we prove u¢ = 0. In the case of ||u€|| L4((~00,0):L%) = 00, the same
argument as below does work.

Lemma 3.12. Let u be a forward critical element. Then the orbit of u, {u(t, x) : t > 0}, is precompact in
H(R). And then, for any € > 0, there exists R > 0 such that

/ |8xu(t,x)|2dx—|—/ |u(t,x)|2dx+/ lu(t,x)|P ™ dx <& foranyt € Ry.
|x|>R |x|>R |x|>R

This lemma is obtained in the same way as the defocusing case (see [Banica and Visciglia 2016]).
Now, we prove u = 0 by the localized virial identity and contradiction. Let u # 0. For ¢ : R4 — R,
we define a function / by

1) = /R o(xDlu(t. ) dx.
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Then, by a direct calculation and using (§NLS), we have

I'()=Im / 0y (p(x )t )dxu(t, x) dox.
R

1"(t) = RG/R 3% (@(Ix)13xu(t, x)1> dx =y 3% (p(x])|x=olu(z, 0)[?

p—1 1
Ref 03 (@(IxI)[u(, x) [P dx — —RC/ 0% (@(IxI)[u(r, ) dx
p+1 Jr 4 Jr
— 2y Re{0x (¢(Ix)[x=0u(r, 0)xu(z, 0)}.
Taking ¢ = ¢(r) such that, for R > 0,

4
0<g<r? @IS 19" <2, |¢(4>|sﬁ,
and

- r2, 0<r <R,
r) =
¢ 0. r>2R.

we obtain
17(6) = 4P (1) +Re / @@ (x])-2)|35u(t. )P dr—L "L Re [ @ (|5 )= lur.2)|7+ dx
R p+1 R

~4Re [ o@Dl 0P dx = 4P@O)+ Ri+ Rat R, (3-2)
R

where

Ry :=Re /R (@2 (o (1x])) = D) [dxu(t, x) dox.

Ry:= —;’;11 Reé(aiwuxm—2)|u(z,x)|1’“ dx.

Ryi= =k Re [ od(o(x))lut P dx.

By the property of ¢, we have

|R1| = ReA{ai(w(IXI))—2}|8xu(t»X)|2 dx

< cf 9z, )P dx,
|x|>R
p—1
|Ry| =

2 — +1
P Re [ {82001 = 2t

< c/ lu(t, x)|PT dx,
|x|>R

Ra| = |1 Re [R 0 (o ()t x) dx

<C lu(t, x)|* dx.
|x|>R
Therefore, we obtain

1"(t) = 4P(u(t)) - C (/

|x|>R

|0u(t, x)|* dx +/

|x|>R

lu(t, x)|* dx +/

|x|>R

lu(t, x)|Pt1 dx).
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We note that there exists § > 0 independent of ¢ such that P(u(z)) > & by Proposition 2.18 since u belongs
to M. Therefore, by Lemma 3.12, if we take ¢ € (0, 38), then there exists R > 0 such that 1 (¢) > § for
any ¢ € R4. On the other hand, the mass conservation law gives /(¢) < R2||u(t)||i2 < C, where C is
independent of ¢, for any € Ry. Hence, we obtain a contradiction.

4. Proof of the blow-up part

To prove the blow-up results, we use the method of Du et al. [2016]. On the contrary, we assume that the
solution u to (SNLS) with ug € M, is global in the positive time direction and sup, ¢p N 101 (2)]| iz <
Co < oo. Then, we have sup;cg, [[u(t)[Ls < oo for any ¢ > p + 1 by energy conservation and the
Sobolev embedding.

For R > 0, we take ¢ such that

0, 0<r<1iR
r: b 2 b
@(r) %1’ > R.
0<gp<l1 d<i.
—_— _R

By the fundamental formula and the Holder inequality, we have

t t
un:um+[1ﬁym§nm+/|ﬂ@ms
0 0
<1(0) + 1)@/ [|Leo llu()]|7 2 0xu@)I7 »
glmy+@ﬂ§£ﬂ.

Here, we note that 1(0) < f|x\>R/2 [u(0,x)|?> dx = og(1) and f|x|>R lu(t, x)|> dx < I(t). Therefore,
we obtain the following lemma.

Lemma 4.1. Let 1o > 0 be fixed. Then, for any t < noR/(8Mu)Cy), we have

/| P dx oR(1) 4o
X|[>

We take another ¢ such that

4
0<e=<r? |¢I<r l¢'l<2, |¢(4>|sﬁ,
and
- r2, 0<r <R,
r) =
¢ 0. r>2R.

Then we have the following lemma.

Lemma 4.2. There exist two constants C = C(p, M(u), Co) > 0 and 84 > 0 such that

bq

1"(t) < 4P () + C llull 3o gy + CRZ Ul 21115 )
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Proof. By (3-2), we have
I"(t) =4Pu(t)) + R1 + Ra + R3.

First, we prove Ry < 0. By the definition of ¢, we see that
Ry = Re [ @ (xD) = 2)fosue. 0P dx =Re [ (o () = 2l0su(e.0) dx <0,
R R
Next, we consider R,. By the Holder inequality, we have

p-l 2 - p+1
pHRe/R(Bx(w(IXI)) 2)[u(t, x)|P ! dx

< cf lu(t, x)|P T dx
|x|>R

Ry=—

1-6, 0
< Cllull Lo x> ry 141l 2 121> R
0

where ¢ > p+ 1 and 0 < 67 < 1, since sup, g, [[u(?)||Ls < oc. Finally, we consider R3:

Ry =—4Re fR D (@(|xD) (. 0)] dx < CR™2 /IM u(t. ) dx = CR2|ulF2 1y gy O

Proof of Theorem 1.3(2) (and Theorem 1.5(2)). Since u(t) belongs to M, there exists § > 0 independent
of ¢ such that P(u(t)) < —§ for all t € R4 by Proposition 2.18. Therefore, we obtain

0 -2 2
2(x>r) T CR M2 x> Ry

I"(t) < —48 + Cllu|
We take 1o > 0 such that Cngq + Cn% < §. By Lemma 4.1, for t € [0, 70 R/ (8 M (u)Cyp)], we have
1"(t) < =38 +og(1).
Let T :=noR/(8M(u)Cy). Integrating the above inequality from O to 7, we get
I(T) < 1(0)+ I'(0)T + (=38 + or (1)) T2
For sufficiently large R > 0, we have —36 + og(1) < —24. Thus, we get
I(T) < 1(0) + I'(0)no R/ (8M (1) Co) — o R?,
where ¢ := 87]%/(8M(M)C0)2 > 0, and we can prove 1(0) = og(1)R? and 1’(0) = og(1)R. Indeed,
2 2 2 2
1(0) = /kaﬁ X[ Juo(x)|” dx + /\/ﬁqum X[ Juo(x)|” dx
SM(u)R—i—RZ/ luo(x)|? dx

VR<|x|
=og(1)R?,
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and

1'(0)E/lxkﬁeIw’(IXI)IIuo(X)Ilaxuo(X)ldx+/\F 9" (Ix D 1o (x)[10xuo0(x)] dx

R<|x|<2R

= Ox d +/ Ox d
/|x|<ﬁIXIluo(X)|| uo(x)| dx JR<lx|<2R |x[ o (x)[[dxr0(x)] dx

< ol VR + R [f 0 ()] [x10 (x)] dx

R<|x|
=oRr(1)R.
Therefore, we see that

I(T) <or(1)R? —agR%

For sufficiently large R > 0, we have og(1) —a¢ < 0. However, this contradicts

I(T) = /R o(xDlu(T. )] dx > 0.

This argument can be applied in the negative time direction. O

Appendix: Rewriting the main theorem into a version independent of the frequency

We prove Corollary 1.4. To see this, it is sufficient to prove the following lemma.
Lemma A.1. Let ¢ € H'(R). The following statements are equivalent:

(1) There exists w > 0 such that S, (@) < ly = ng.

(2) @ satisfies E(p)M(¢)° < Eo(Q1,0)M(Q1,0)°.

Proof. If ¢ = 0, the statement holds. Let ¢ € H!(R)\ {0} be fixed. +We define f(w) :=lp — S (p).
Then, (1) is true if and only if sup,,. o f (@) > 0. Noting that /,, = w21 S1,0(01,0), we know f has a

maximum at @ = wg, Where
2(p=1)

wo = ( M(w) )_ e >0
26,—-'__31)51,0(Q1,0)

Therefore, (1) is equivalent to f(wg) > 0. Now, since

p+3 2(p—=1)

M(g) T M(p) =

)=( ) S,(Q,)—( ) M(g) — E(p)

i T I)SIO(QIO) PO T 1)51 0(Q1,0) v Y
-

_ (2(p l)S1 O(QIO)) 7 CE(p)> 0,

pP+3

M(p)»—3

we have
2(17 1)

(5255510010) 7 = B
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Noting Q1,0 satisfies

p+3 p+1
101,017, = 2(p— )||3 x010l72 = 2 +1)||Q 1,0ll7 p41
we have
+3 2(p—51) p+3
(2f )SIO(QIO)) = Eo(Q1,00M(Q1,0) 775. O
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