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CONVEX INTEGRATION FOR THE MONGE-AMPERE EQUATION
IN TWO DIMENSIONS

MARTA LEWICKA AND MOHAMMAD REZA PAKZAD

This paper concerns the questions of flexibility and rigidity of solutions to the Monge—Ampere equation,
which arises as a natural geometrical constraint in prestrained nonlinear elasticity. In particular, we
focus on degenerate, i.e., “flexible”, weak solutions that can be constructed through methods of convex
integration a la Nash and Kuiper and establish the related A-principle for the Monge—Ampere equation in
two dimensions.
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1. Introduction
In this paper we study the C!*® solutions to the Monge—Ampére equation in two dimensions,
Det Vv := —% curlcurl(Vv @ Vv) = f inQ C R (1-1)

Our results concern the dichotomy of “rigidity vs. flexibility”, in the spirit of the analogous results and
techniques appearing in the contexts of the low codimension isometric immersion problem [Nash 1954;
Kuiper 1955a; 1955b; Borisov 1959; 2004; Conti et al. 2012] and Onsager’s conjecture for Euler equations
[Székelyhidi 2013; De Lellis and Székelyhidi 2009; 2013; Constantin et al. 1994; Eyink 1994].

In the first, main part of the paper we show that below the regularity threshold o < %, the very
weak C1¥(Q) solutions to (1-1), as defined below, are dense in the set of all continuous functions
(see Theorems 1.1 and 1.2). These flexibility statements are a consequence of the convex integration
h-principle, which is a method proposed in [Gromov 1986] for solving certain partial differential relations

MSC2010: 35M10, 76B03, 76F02.
Keywords: Monge—Ampére equation, convex integration, s-principle, rigidity and flexibility, developable surfaces.

695


http://msp.org/apde/
https://doi.org/10.2140/apde.2017.10-3
http://msp.org
http://msp.org/apde/2017/10-3/apde-v10-n3-x06-Errata-Lewicka+Pakzad.pdf

696 MARTA LEWICKA AND MOHAMMAD REZA PAKZAD

and which turns out to be applicable to our setting of the Monge—Ampere equation as well. Here, we
directly adapt the iteration method of Nash [1954] and Kuiper [1955a; 1955b] in order to construct the
oscillatory solutions to (1-1).!

In the second part of the paper we prove that the same class of very weak solutions fails the above
flexibility in the regularity regime o > % Our results are parallel with those concerning isometric
immersions [Borisov 1959; Conti et al. 2012; Pakzad 2004], Euler equations [Constantin et al. 1994;
Eyink 1994], the Perona—Malik equation [Kim and Yan 2015a; 2015b], the active scalar equation [Isett
and Vicol 2015], and should also be compared with results on the regularity of Sobolev solutions to
the Monge—Ampére equation [Pakzad 2004; Sverdk 1991; Lewicka et al. 2017; Jerrard and Pakzad
2017], whose study is important in the context of nonlinear elasticity, and with the rigidity results for the

Monge—Ampere functions [Jerrard 2008; 2010].

The weak determinant Hessian. Let Q C R? be an open set. Given a function v € W]})’CZ(SZ), we define
its very weak Hessian (denoted by #} in [Iwaniec 2001; Fonseca and Maly 2005]) as

Det Vv = —% curl curl(Vv ® Vv),

understood in the sense of distributions. A straightforward approximation argument shows that if
v E Wl%)’cz then Llloc(Q) 5 Det V>v = det Vv a.e. in 2, where V?v stands for the Hessian matrix field
of v. We also remark that this notion of the very weak Hessian is distinct from the distributional Hessian
Det V2v = Det V(Vv) (denoted by Hu in [Iwaniec 2001; Fonseca and Maly 2005]), which is defined

through the distributional determinant Det,

Det Vi = — div(y, V1) = 8(Y2 3191) — 31 (Y2 datry)  for ¢ = (Y1, ¥2) € WH3(Q, RY).

Contrary to the distributional Hessian, the very weak Hessian is not continuous with respect to the weak
topology. Indeed, an example of a sequence v, € W!2(Q) is constructed in [Iwaniec 2001], where
Det VZv = —1 while v, converges weakly to 0. One consequence of the proof of our Theorem 1.1 below
is that Det V2 is actually weakly discontinuous everywhere in W12() (see Corollary 6.2).

Here is our first main result:

Theorem 1.1. Let f € L7/%(Q) on an open, bounded, simply connected 2 C R% Fix an exponent

1
O(<7.

Then the set of C1%(2) solutions to (1-1) is dense in the space C%Q). More precisely, for every vy € Q)
there exists a sequence v, € C*(), converging uniformly to vy and satisfying
DetVZv, = f inS. (1-2)

When f € LP(Q2) and p € (1, %), the same result is true for any o < 1 — %

I'We remark that the recent work of De Lellis, Inauen and Székelyhidi [De Lellis et al. 2015] showed that the flexibility

exponent % can be improved to % in the case of the isometric immersion problem in two dimensions. We expect similar

improvement to be possible also in the present case of equation (1-1); this will be investigated in our future work.
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In order to better understand Theorem 1.1, we point out a connection between the solutions to (1-1) and
the isometric immersions of Riemannian metrics, motivated by a study of nonlinear elastic plates. Since
on a simply connected domain €2, the kernel of the differential operator curl curl consists of the fields of
the form sym Vw, a solution to (1-1) with the vanishing right-hand side f = 0 can be characterized by

the criterion
Jw:Q — R?  such that %Vv@Vv+syme=O in Q. (1-3)

The equation in (1-3) can be seen as an equivalent condition for the one-parameter family of deformations
¢ =id+eves + 2w : Q@ > RS,

given through the out-of-plane displacement v and the in-plane displacement w (albeit with different
orders of magnitude & and £2), to form a second-order infinitesimal isometry (bending), i.e., to induce the
change of metric on the plate 2 whose second-order terms in € disappear:

(Vo) Ve —1ds = 0(e?).

In this context, we take the cue about Theorem 1.1 from the celebrated work of Nash [1954] and
Kuiper [1955a; 1955b], where they show the density of codimension-one C! isometric immersions of
Riemannian manifolds in the set of short mappings. Since we are now dealing with the second-order
infinitesimal isometries rather than the exact isometries, the classical metric pull-back equation

Y'8e=h

for a mapping y from (2, 4) into R? equipped with the standard Euclidean metric g, is replaced by the
compatibility equation of the tensor T (v, w) = %Vv ® Vv + sym Vw with a matrix field A that satisfies
—curlcurl Ag = f:

T (v, w) = Ayp. 1-4)
Note that there are many potential choices for Ag; for example, one may take Ag(x) = A(x)Idy with
A) = — f in Q. Again, equation (1-4) states precisely that the metric (V@,)! V¢, agrees with the given
metric 4 = Idy 4+ 262 Ao on 2, up to terms of order 2 The Gauss curvature « of the metric & satisfies

ik (h) = k(Idy 4 26?Ag) = —e? curl curl Ay + o(e?),

while k (V)T V) = —&? curl curl(%Vv ® Vv + sym w) + 0(g?), so the problem (1-1) can also be
interpreted as seeking all appropriately regular out-of-plane displacements v that can be matched, by a
higher order in-plane displacement perturbation w, to achieve the prescribed Gauss curvature f of €2, at
its highest-order term.

In this paper, similar to the isometric immersion case, we show that solutions to (1-4) are ample. We
design a scheme inspired by the work of Nash and Kuiper, which pushes a “short infinitesimal isometry”,
i.e., a couple (vg, wo) such that T (vg, wy) < Ag, towards an exact solution to (1-4) in successive small
steps. Note that both y*g, = (Vy)? Vy and the term Vv ® Vv in T (v, w) have a quadratic structure,
which is crucial in the analysis of [Nash 1954; Kuiper 1955a; 1955b] and also of this paper. Here, not only
does the presence of the linear term sym Vw in 7 (u, w) not destroy the adaptation of the Nash—Kuiper
scheme, but it actually allows for this construction to work.
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Convex integration for the Monge—Ampeére equation in two dimensions. As we will see in Section 4,
Theorem 1.1 follows easily from the statement of our next main result:

Theorem 1.2. Let Q@ C R? be an open and bounded domain. Let vy € C' (), wo € C1(Q, R?) and
Ag € COB(Q, R2X2), for some B € (0, 1), be such that

sym
dcg >0 such that Ao — (%Vvo ® Vg + sym Vwo) >coldy in Q. (1-5)
Then, for every exponent o in the range
O<a< min{%, %,8},

there exist sequences v, € Cch(Q) and w, € CH¥(Q, R?) which converge uniformly to vy and wy,
respectively, and which satisfy

Apg = %an ® Vv, +symVw, in Q. (1-6)

The above result is the Monge—Ampere analogue of [Conti et al. 2012, Theorem 1], where the authors
improved on the Nash—Kuiper method to obtain higher regularity within the flexibility regime. In our
paper, we adapt similar methods to the system (1-6).

The term convex integration usually refers to a collection of approaches that allow for constructing
anomalous solutions to nonlinear PDEs; in particular, flexibility-type results for the isometric immersion
problem were obtained via the above-mentioned iteration scheme of Nash and Kuiper. From a geometric
perspective, they are special cases of h-principle, a notion which was developed by Gromov [1986]
for studying partial differential relations; see also [Eliashberg and Mishachev 2002]. From another
perspective, one seeks weak solutions of a differential inclusion Lu(x) € K in 2 by investigating certain
classes of subsolutions, e.g., functions u that satisfy Lu(x) € conv K, where the original constraint set K
is replaced by its convex hull conv K [Tartar 1979; Dacorogna and Marcellini 1997; Miiller and Sverak
2003]. This approach leads to the density of very weak solutions, satisfying Lu € L°°(2), in the set of
subsolutions. When K is a continuum, the regularity may be improved to Lu € C°(S2) by applying the
correcting iterations.

Recently, similar techniques were advanced in the context of fluid dynamics and yielded many interesting
results for the Euler equations. De Lellis and Székelyhidi [2009] proved the existence of weak solutions
with bounded velocity and pressure, their nonuniqueness and the existence of energy-decreasing solutions.
In [De Lellis and Székelyhidi 2013], using iteration methods & la Nash and Kuiper, they proved the
existence of continuous periodic solutions of the three-dimensional incompressible Euler equations,
which dissipate the total kinetic energy. These results are to be contrasted with [Constantin et al. 1994;
Eyink 1994], where it was shown that C%% solutions of the Euler equations are energy conservative
if ¢ > % There have been several improvements of [De Lellis and Székelyhidi 2009; 2013] recently,
towards a proof of Onsager’s conjecture, which puts the Holder regularity threshold for the energy
conservation of the weak solutions to the Euler equations at C 0.1/3 [Isett 2012; 2013; 2016; Buckmaster
et al. 2013; 2015; 2016; Choffrut and Székelyhidi 2014]. The stationary incompressible Euler equation
has been studied in [Choffrut and Székelyhidi 2014], where the existence of bounded anomalous solutions
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has been proved. The authors indicate that in two dimensions, the relaxation set corresponding to the
appropriate subsolutions is smaller than in the case of the evolutionary equations. In this context, we
noticed a connection between our reformulation of the Monge—Ampeére equation and the steady-state
Euler equation, which lead to our modest Corollary 4.1.

In this paper we use a direct iteration method to construct exact solutions of (1-1). The recasting of the
statement and the proof in the language of convex integration might shed more light on the structure of
the Monge—Ampére equation, but it would not improve the results and therefore we do not address this
task. We note, however, that constructing Lipschitz continuous piecewise affine approximating solutions
to (1-6) for Ag = 0 is quite straightforward and could be used to prove a convex integration density result
via the Baire category method, as was done in [De Lellis and Székelyhidi 2009] for the Euler equations
(see also Figure 1 and the corresponding explanation).

Rigidity versus flexibility. The flexibility results obtained in view of the A-principle are usually coupled
with the rigidity results for more regular solutions. Rigidity of isometric immersions of elliptic metrics for
¢ isometries [Borisov 1959; De Lellis and Székelyhidi 2009] with @ > %, or the energy conservation
of weak solutions of the Euler equations for C%¢ solutions with o > % are results of this type. For the
Monge—-Ampere equations, we recall two recent statements regarding solutions with Sobolev regularity:
Following the well-known unpublished work by Sverak [1991], we proved in [Lewicka et al. 2017] that
if v € W22(Q) is a solution to (1-1) with f € L'(Q) and f > ¢ > 0 in €, then in fact v must be C'
and globally convex (or concave). On the other hand, if f = 0 then likewise v € C 1(€) and v must be
developable [Pakzad 2004] (see also [Jerrard 2008; 2010; Jerrard and Pakzad 2017]). A clear statement
of rigidity is still lacking for the general f, as is the case for isometric immersions, where rigidity results
are usually formulated only for elliptic [Conti et al. 2012] or Euclidean metrics [Pakzad 2004; Liu and
Pakzad 2015; Jerrard and Pakzad 2017].

In this paper, we prove the rigidity properties of solutions to (1-1) in the Holder regularity context
when f = 0. Namely, we prove:

Theorem 1.3. Ler Q C R? be an open, bounded domain and let

2

If v € CH¥(Q) is a solution to Det Vv = 0 in Q, then v must be developable. More precisely, for all
x € Q either v is affine in a neighbourhood of x, or there exists a segment l, joining <2 on its both ends
such that Vv is constant on 1.

We also announce the following parallel rigidity result for f > ¢ > 0, which will be the subject of the
forthcoming paper [Lewicka and Pakzad > 2017]:

Theorem 1.4. Let Q C R? be an open, bounded domain and let

2
§<a<l.

If v € C*(Q) is a solution to DetV*v = f in Q, where f is a positive Dini continuous function, then v
is convex. In fact, it is also an Alexandrov solution to det Vv = f in Q.
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In proving Theorem 1.3, we use a commutator estimate for deriving a degree formula in Proposition 7.1.
Similar commutator estimates are used in [Constantin et al. 1994] for the Euler equations and in [Conti
et al. 2012] for the isometric immersion problem; this is not surprising, since the presence of a quadratic
term plays a major role in all three cases, allowing for the efficiency of the convex integration and
iteration methods. Let us also mention that it is still unknown which value of « is the critical value for
2

the rigidity-flexibility dichotomy, but it is conjectured to be %, % or 5.

2x2

sym> We denote the cone

Notation. By [Rigyxn% we denote the space of symmetric 2 x 2 matrices, and by R
of symmetric, positive definite 2 x 2 matrices. The space of Holder continuous functions CK*(£2) consists
of restrictions of functions f € C5%(R?) to Q C R? Then, the C*() norm of such a restriction is denoted
by || fllx, while its Hélder norm Ch(Q) is | fllx..- By C > 0 we denote a universal constant which is

independent of all parameters, unless indicated otherwise.

2. The C! approximations: preliminary results

In this and the next section we prove a weaker version of the result in Theorem 1.2. Namely:

Theorem 2.1. Let Q C R? be an open and bounded domain. Let vy € C*°(R2), wy € C°(RQ, R?) and
Ag € C®(Q2, R2X2) be such that

sym
dcog >0 suchthat Ay— (%Vvo ® Vg + sym Vwo) > cold, in Q. 2-1)

Then there exist sequences v, € C Q) and w, € C(Q, R*) which converge uniformly to vy and wq
respectively, and which satisfy

Ao =3Vv, ® Vv, +symVuw, inQ. (2-2)

We start with a series of preliminary lemmas whose details we provide for the sake of completeness.
The first is an observation in convex integration, pertaining to solving an appropriate differential inclusion
to be used for constructing the one-dimensional oscillatory perturbations in v, and w,. As always, C > 0
is a universal constant, independent of all parameters, in particular independent of the function a below.

Lemma 2.2. Let a € C*(R2) be a nonnegative function on an open and bounded set Q@ C R% There exists a
smooth 1-periodic field T = (I'y, Ty) € C®(Q x R, R?) such that the following holds for all (x, 1) € Q x R:

T(x,t+1)=TD(x,1),

(2-3)
S0 Ty (x, D7 4 9, T2 (x, 1) = a(x)?,
together with the uniform bounds
TG, D1+ 10, T1(x, )] < Calx),  [Vil'i(x, )] = C|Va(x)], (2-4)

ITa(x, )] +18,Ta(x, )] < Ca(x)’,  |ViTa(x, )] < Cla(x)||Va(x)|.

Proof. Firstly, note that there exists a smooth 1-periodic function y € C*°(R, R?) such that for all # € R,

1
y+1)=y@, fy(r)dr=(0,0>, y eP:={(1.)eR  si+s=1, Is1] <2}.
0
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P={s;=1-1s7}

7[ ~ \r‘gl

Figure 1. The parabola P in the one-dimensional convex integration problem of Lemma 2.2.

The existence of y is a consequence of the fundamental lemma of convex integration, since the intended
average (0, 0) lies in the convex hull of the parabola P (see Figure 1). Indeed, one can take

y(t) = (2 cos(2mt), — cos(471t)) e P.

It is now enough to ensure that 9;I"; = a(x)y;(x) and 9,[', = a(x)%y»(x) to obtain (2-3). Namely

aw) a)?
x,n= sin2wt), TI(x,t)=— sin(4mt).
T 4
We see directly that the bounds in (2-4) hold. O

To compare with the problem of isometric immersions, note that in that context, a one-dimensional
convex integration lemma is similarly proved in [Székelyhidi 2013, Figure 2, p. 11], where instead of a
parabola, the constraint set consists of a full circle.

We will also need a special case of [Conti et al. 2012, Lemma 3] about decomposition of positive
definite symmetric matrices into rank-one matrices.

Lemma 2.3. There exists a sufficiently small constant ro > 0 such that the following holds. For every

positive definite symmetric matrix G € ngxn%yy

functions {®y, : Rfyﬁ — RY_, such that for any G € Rfyxnf we have

there are three unit vectors {&;, € [R?3},3c:1 and three linear

3
VGeRY?Y, G=) ®(G)E®E&, (2-5)
k=1

and each ®y is strictly positive on the ball B(Gy, r(Gg)) C R2X2 with radius r(Gg) = r0/|G0_1/2|2.

sym
Proof. (1) First, assume that Go = Id;. Set
1

1, 1).
ﬁ( )

1 1
= —Q24V2,24V2), O=—=(—2++2,2++2),
q m(+ +V2), & JE( + +v2), &

In order to check that the matrices

1 [6+4v2 2 1 [6-4v2 2 _1fr1
wou=g |57 Coal eee=g "8 () wee=i]) ]
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form a basis of the three-dimensional space Rfyxn%, we validate that
6+4v2 6-4v2 6
det | — -2 -2 6| ] #0.

12
6—4v2 64442 6

Consequently, there exist linear mappings {Wy : R32 — R};_, yielding the unique decomposition

3
VG eRYZ, G=) WG ® . (2-6)
k=1

Now, since Id, = %E 198+ %{2 RO+ %{3 ® ¢3, the continuity of each function Wy implies its positivity
in a neighbourhood of Id; of some appropriate radius ry.

(2) For an arbitrary G € Rsz';ni> we set
1

k= —Tm3
Gyl
Then, in view of (2-6) we obtain (2-5):

Vk=1,...,3, G0 and ©u(G) = |G 2w Gy 266 ).

3 3
VG eRY2, G=G,'’ (Z (G, *6Gy P ® ;k>G§/2 =Y oG)E ® &
k=1 k=1

Finally, if |G—Go| <r(Go) then |G, />G G " ~1dy| <G, /*12 |G — Go| < ro, and s0 indeed @4 (G) >0,

since W (G, *GGy %) > 0. O
The above result can be localized in the following manner, similar to [Székelyhidi 2013, Lemma 3.3]:

Lemma 2.4. There exist sequences of unit vectors {n; € [Rz},fil and nonnegative smooth functions
{r € CO (R )Ye2, such that
(o)
VGeRYym ., G=Y $i(G) m®mn 2-7)
k=1
and such that:
(1) Forall G € Rg;rr%,>’ at most Ng terms of the sum in (2-7) are nonzero. The constant Ny is independent
of G.

(ii) For every compact K C [Rif;(ni>, there exists a finite set of indices J(K) C N such that ¢y (G) = 0 for
allk ¢ J(K) and G € K.
Proof. (1) Let ry be as in Lemma 2.3 and additionally ensure that
ro < §. (2-8)
Recall that for each G € Rs2 . we have defined r(G) = ro/|G™'/?|* and that B(G, r(G)) C R} .. We
first construct a locally finite covering of [Rif;;f} with properties corresponding to (i) and (ii).

Since the set Rfyxn? . is a cone, we have

R o = J2C. whereCo={GeRya_ :1<IG <1} 29

sym, > sym, >
keZ
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The collection {B(G, r(G))}gec, covers the sector Cy by balls that have uniformly bounded radii r (G) <
rolG|/~/2 < ry. Hence, by the Besicovitch covering theorem, it has a countable subcovering Gy = UZOZI gg »
consisting of o € N countable families {GJ }7°_, of pairwise disjoint balls.

Note that for all ¢ > 0 one has r (cG) = cr(G) and so B(cG, r(cG)) =cB(G, r(G)). Consequently, the
collections g,g = {2kB :Be gg } each consist of countably many pairwise disjoint balls, and G = Ugozl gy
is a covering of the dilated sector 2€Cy for every k € Z. Define

Vo=1,....,00, Ghem=|Jo% and Go= |J 9. (2-10)
2|k 2|(k+1)

2x2

Clearly, in view of (2-9), the 20p families in (2-10) form a covering of Rsym},

00 0o
g= U ggven U U ggdd'
o=1 o=1

We now prove that each of the families in G consists of pairwise disjoint balls. We argue by contradiction.

namely

Assume that
3G € B(Gy,r(G1) N B(G2,7(Gy)) for some B(Gy,7(G1)) € Gy, B(G2,7(G2)) €G3,
Without loss of generality we may take k; =0 and k, = k > 1, so that
1<IGi<1 and 2%7'<|Gy| <2

This yields a contradiction with (2-8), in view of

221 _1 < |Gyl = |G| < 1G2— G| <|G2— G|+ |G — G4

1 1 ro 2%
EF(G2)+F(G1)=70( e )S—(|G2|+|G1I)§ro(2 +1).
Gy PR 16, PR T V2

(2) Note that G can be assumed locally finite, by paracompactness. We write G = {B; = B(G;, r(G))}72,

and let {0; € C2°(B;)}2, be a partition of unity subordinated to G. For each i € N, let {§; ¢, }2:1 and
{®.G,}3_, be the unit vectors and the linear functions as in Lemma 2.3. Then

3
VGeRYZ.. G=)Y 6:(G)G=) Y 6:(G) P Gk bk,
ieN ieN k=1

and we see that (2-7) holds by taking

Nik=é&g and @ = (0;Prg,).

Since supp ¢; x C B; and since each G belongs to at most 20y balls B;, we see that (i) holds with Ny = 60y.
On the other hand, condition (ii) follows by the local finiteness of G. O

3. The C! approximations: a proof of Theorem 2.1

The first result in the approximating sequence construction is what corresponds to a “step” in the
terminology of Nash and Kuiper.
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Proposition 3.1. Let Q C R? be an open and bounded set. Given are functions v € C*®°(Q) and w €
C®(Q, R?), a nonnegative function a € C*(RQ), and a unit vector n € R Then, for every A > 1 there
exist approximations ¥y, € C*(Q) and W, € C*(Q, R?) satisfying the bounds

H (%Vﬁ,\ ® Vv, + sym Vﬁu) — (%Vv ® Vv +sym Vw +a2n ® n) Ho
C C
= Zllallo(IVallo+ IV?vllo) + 551 Vallf,  (3-D)

~ C - C
10 —vllo = llallo and  Jwx —wllo = llallo(lallo + Vvllo), (3-2)
and for all x € Q,

V5, (x) = Vo) = Ca) + S Vallo,
(3-3)
V:6) = V()| < Ca@)(lallo + 1V lo) + < (lalloIVallo + 1920]0) + [ Valoll v1l).

Proof. Using the 1-periodic functions I'; from Lemma 2.2, we define v, and w, as A-periodic perturbations
of v, w in the direction 7:

.00 = v() + 3 T1 (@ 2 ),
1 1 (34
wy(x) =w(x) — XFI (x, Ax -n)Vo(x) + XFZ(X’ Ax-mn.

The error estimates in (3-2) follow immediately from (2-4). The pointwise error estimates (3-3) follow
from (2-4) in view of

Vi, (x) = Vv(x)+%VxF1(x, Ax-n)+0, ' (x, Ax-mn,

Vi (1) = V() = 3 Vo) @ Vel (6, Ax) =371 (v, e @ V(0 — 1T (&, o ) V20 ()

@V (x, 2 )+ o, Ak )@,

Finally, we compute

3 Vi) @V, (x) =3 Vo () ® Vu(x)

= %sym(Vv(x)®VxF1(x,kx~n))+8tl“1(x,kx-n) sym(Vo()®@n)|+| | 519, T1 (x, ax-m)*n@n

1 1
501G, Axen) sym(n@Vi L (x Axom) + 55 VaDi G, Ax-m) @ Vil e, Ao,

and

YV, (0)—symVuw (x) =| —3 sym(Vo(0) @Y1 (x, o) =T (&, 2oeo) sym(Vo (1) @)

1 1
—Xrl(x,)»x'n)vzv(x)-i-xSym(U®VxF2(xJnx'77))+ (8, T2 (x, Ax-n)n®n]|.
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We see that the terms in boxes cancel out, while the terms in double boxes add up to ax)’n®n by (2-3).
Consequently,

(3 V() ® V1, (x)+sym Vb, (x)) — (3 Vo(x) ® Vo (x) +sym Vw (x) +a(x)*n®n)
1
= z(atrl(x, Ax-n) sym(n®@ Vil (x, Ax 1)) =T (x, Ax ) V2o (x)+sym(n® Vi 2 (x, Ax 1))

1
tom Vel Ax-m@ Vil (x, Ax-n),

which implies (3-1) in view of the bounds in (2-4). Il
We now complete the “stage” in the approximating sequence construction.

Proposition 3.2. Let Q C R? be an open and bounded domain. Let v € C® (), w € C*(Q, R?) and
A € C®(Q, R2X2) be such that the deficit function D defined below is positive definite in Q:

sym
d¢ >0 suchthat D=A-— (%VU ® Vv +sym Vw) >cld, in Q. (3-5)

Fix & > 0. Then there exist v € C*(Q) and W € C*® (2, R?) such that the new deficit D is still positive
definite, and bounded by ¢ together with the error in the approximations v, w; namely,
3¢>0 suchthat D=A—(3Vi®Vi+symVi)>éld, inQ, (3-6)

IDlo<e and || —vllo+ % —wllo < e. (3-7)

Moreover, we have the uniform gradient error bounds

~ 1/2 1/2
IV — Voo < CN/*IDIl/
12 1/2

IV — Vwllo < CNo([IVvllo+ DNy DIIDIly"

(3-8)

where the constant Ny € N is as in Lemma 2.4.

Proof. (1) Note that the image D(2) is a compact subset of R2*> _. By Lemma 2.4 and rearranging the

sym,>*

indices, if needed, so that J(D(2)) = {1, ..., N} in (ii), we get

N
VxeQ, D)= b(x)’m ®m. where b =g oD eC™(RQ). (3-9)
k=1

Let now a; = (1 —8)'/2b, with 8§ > 0 so small that

N
D-Y aim®@m=38D and §|Dlo < je. (3-10)
k=1
We set v; = v, w; =w. Fork=1, ..., N we inductively define viy; € C®(R) and w1 € C®(2Q, R?),

by means of Proposition 3.1 applied to vg, wg, ar, nx and with A, > 1 sufficiently large, as indicated
below. We then finally set v = vy and W = wy 4.
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(2) To prove the estimates (3-6)—(3-8), we start by observing that since by Lemma 2.4(i) at most Ny terms
in the expansion (3-9) are nonzero, we have

N N N 1/2
Y =Y b < NJ”(Z bk<x)2) = Ny/*(Trace D(x))"/?
k=1 k=1

1/2|

< Ny2(W2 D)) < Ny IDII . (3-11)

Further, by (3-1) and (3-10),
(( Vv®Vv+syme) ( Vv®Vv+syme))

N
=D— Z Vvk+1®Vvk+1+sym VwkH)—(%Vvk@Vvk—l—sym Vwk))
k=1

=z

N

=(D Zaknk®nk> Z((%Vvk+1®Vvk+1+Symek+1)—(%Vvk®Vvk+Symek+a£nk®nk))
k=1 k=1
N

—6D+ZO( (laklloll Vaxllo+1I Vac 15+ laxlloll V vkno))

Choosing at each step Ay sufficiently large with respect to the given a; and the already generated vy, we
may ensure the smallness of the error term in the right-hand side above and hence the positive definiteness
of D in (3-6), because of the uniform positive definiteness of 8D > ¢8Id, in Q. Likewise, the first
inequality in (3-7) follows already when the error is smaller than %8.

The same reasoning proves the error bounds on v — v and W — w in (3-7), in view of (3-2):

N N
50) = () = " (k1 () = () = Y O3l o).
k=1 k=1

N N
D) = w0) = Y (e () = we@) = 3 OG- (lacl + 1 Vacloll Vuelo).
k=1

(3) To obtain the first error bound in (3-8), use (3-3) and (3-11):

V() — Vo] < Z Vv () = V)| < € Zaku) + ZO(—nakno) <Ny IDIy,
k=1 =1

where again, by adjusting A at each step, we ensure the controllability of the error term with respect to

1/2 1/2
SNy

the nonnegative quantity N, Likewise,

k—1
Vk=1,....,N, [Vyx)|=<|Vu(x)] +Z IVvip1(x) = Vo (x)] < [[Vollo+ CN,
i=1

12 1/2

D1y

and obviously by (3-11),

~
|
_

12 1/2

A

ar(x) a;i(x) < CN,""|IDJ|,

Il
—
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which by (3-11) yield
N

Zak(x)(||ak||0+||vvk||0)<C(||VU||O+N D1l Zak(X)<CNo(IIVv||o+IIDII
k=1 k=1

1/2 1/2 1/2 1/2

Dl

Consequently and by (3-3), we get the last gradient error bound in (3-8):

IV (x)—Vw(x)|
N

< Z Vw1 (x) = Vwg (x)]
k= 1

<cZak(x)<||ak||o+||Vvk||o)+2 ( " (laxlo I Vaillo+ llalo 72w llo+ 1| Vai o 1V vk o))

k=1 k=1
1/2 1/2
< CNo(|Vullo+1IDlIy DDl

This concludes the proof of the stage approximation construction. U
We now finally give:

Proof of Theorem 2.1. (1) Fix & > 0. It suffices to construct v € CH(Q) and w € C' (2, R?) such that

Ag=3Vv®Vv+symVw inQ (3-12)

and
lv—wollo + llw —wollo < é. (3-13)
The exact solution (v, w) of (3-12) will be obtained as the C! limit of sequences of successive approxima-
tions {vx € C®(Q), wi € CX(L, [Rz)},fio, where vy and wy are given in the statement of the theorem and

satisfy (2-1), while vgy1 and wy4| are defined inductively by means of Proposition 3.2 applied to vg, wy
and &; > 0, under the requirement

Zsk <e¢ and 281/2 <1. (3-14)

In agreement with our notation convention, we introduce the k-th deficit Dy, which is positive definite
by (3-6):
Vk >0, Dy:=Ag— (3Vor ® Vg +sym Vuy) € C°(Q, RIS ).

sym, >

By (3-7) it follows that

k—1 k—1

o
llve = vllo + llwe — wllo < Z lvis1 — vy ||o+Z lwigr —willo <Y & <Y e
i=1

i=1

Thus, {vk}72, and {wg}72,, converge uniformly in Q, respectively, to v and w which satisfy (3-13) in view
of (3-14).
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(2) We now show that this convergence is in C!. Indeed, by (3-7) | Dkllo < &k, so by (3-8)

m—1 m—1 m—1

1/2 1/2 1/2 1/2
IVkim — Voillo < D 1V0i1 = Voillo < CNy? Y T IDillg* < CNy? > &2, (3-15)
i=k i=k i=k

In particular, in view of (3-14) the sequence {||Vvillo}2, is bounded, so we further have

m—1 m—1 m—1
1/2 1/2 _~ 1/2
IVwesm—Vwelo< Y IVwipi—Vwilo<CNo Y (IVvillo+HIDillg HIDilly> <CNo D ¢, (3-16)

i=k i=k i=k
where the constant C is independent of k and m. Through the above assertions (3-15) and (3-16), in
view of the second condition in (3-14), we conclude that {v;}7 , and {wy ]2, are Cauchy sequences that
converge in C L(Q) tov e (Q) and w € CH(Q, R?), respectively. Finally,

[40 = (GVv@ Vvt symVw) [, = Tim [Dello < lim & =0

implies (3-12) and completes the proof of Theorem 2.1. (]

Remark 3.3. In addition to the uniform convergence postulated in Theorem 2.1, one also has

1/2
Vi, [[Vuallo < [[Vollo+ C Ny’

Using notation as in the proof above and recalling (3-15) and (3-14), this bound follows by

k—1
. . 1/2 1/2 1/2
IV = Vuollo = lim [V = Vvollo < kgrgo(czvo/ > e/ ) <CNy"

i=0

4. The C* approximations: a proof of Theorem 1.1, preliminary results
and some heuristics towards the proof of Theorem 1.2

Theorem 1.1 follows easily from Theorem 1.2, which will be proved in the next section.

Proof of Theorem 1.1. Since C'(Q) is dense in C°(2), we may without loss of generality assume that
v € C! (S_Z). Set wy=0and Ag=(A+c)lde cO8(Q, ngxnf), where c is a constant and A is constructed
as follows.

Extend the function f to f € L”(2,) defined on an open smooth set Q. O Q and solve
—AL=f in g, A=0 ond%Q;.

Since A € W>P(Q,), Morrey’s theorem implies that A € Cc%(Q) for every B € (0, 1) when p > 2, and
for =2 — % when p € (1,2). Also, for ¢ large enough, condition (1-5) on the positive definiteness of
the defect is satisfied. On the other hand,

—curlcurl Ag=—-A(A+c¢) = f,

so the result follows directly from Theorem 1.2, since %(2 — %) > % is equivalent to p > %. |
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Our next simple corollary concerns the steady-state Euler equations with the exchanged roles of the
given pressure g and the unknown forcing term V- g.

Corollary 4.1. Let Q C R? be an open and bounded domain. Let g € C%#(Q) for some B € (0, 1)
and fix ¢ > 0. Then for every exponent « in the range 0 < a < min{%, % ,B}, there exist sequences
{u, € CO*(Q, [RRZ)}ZO:1 and {g, € CO""(Q)},‘;":l solving in Q2 the system

div(u, ®u,) —Vqg=Vtg,, divu,=0, (4-1)

and such that u, = V+v, and gn = curlw,, where each v, € Cch(Q) and w, € CH(Q, R?), while the

o]

sequence {v,})° | is dense in CO(Q) and |lw,|lo < & foreveryn > 1.

Proof. As before, since C! () is dense in C%(Q), it is enough to take vy € C 1(Q) and approximate it by a
sequence {v, € Cl*"‘(S_Z)}flo

¢ > 0 be a sufficiently large constant, so that (g + ¢)Ids — Vv ® Vy is strictly positive definite in Q. By

, with the properties as in the statement of the corollary. Let wo = 0 and let

Theorem 1.2, there exist sequences v, € ch9(Q) and w, € C*(Q, R?) which converge uniformly to vy
and wo and which satisfy

(g +c)ldy = Vv, ® Vv, +2sym Vw, in Q.
Taking the cofactor of both sides in the above matrix identity, we get
(g +o)ldy = Vi, @ Vi, + 2 cof(sym Vwy,).

Taking the row-wise divergence, we obtain (4-1) with u, = V-4, and g, = curl wy, since div cof Vw,, =0,
while (div cof(Vw,)T)+ = —V(curl w,). O

Towards a proof of Theorem 1.2 we will derive a sequence of approximation results, and then combine
them with Theorem 2.1 in Section 6. For completeness, we first prove a simple, useful result:

Lemma 4.2. Let Q C R? be an open and bounded domain. Given are functions f € CN(Q, R") and
Y € C®°(R", R™). Then
Vk=0,....,N, Vo fllk=Mlflk

where the constant M > 0 depends on the dimensions n, m, the differentiability order N, the domain 2, the
norm || || x on the compact set f () and the norm || f ||o, but it does not depend on the higher norms of f.

Proof. The statement is obvious for k =0. Fix k € {1, ..., N} and let m = (my, ..., my) be any k-tuple
of nonnegative integers such that Zle im; = k. Defining |m| = Zle m; and using the interpolation
inequality [Adams and Fournier 2003]

, L=i/ky poi/k
Vi=1,....k Ifli < Mol flly " 11"

valid with a constant My > 0 depending on n, N and €2, we get

k k

i i i—im;/k im; [k m -1
[TV £1g < mg™ TG 1 = g™ e 1g" = 0 f N
i=1 i=1
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with |m| :=m + - -- +m;. Calculating the partial derivatives in Vi o f) by the Faa di Bruno formula
gives hence the desired estimate

k
IV @ o Ollo =M D TTIV FIIG" < M.
m =1

Above, the summation extends over all multiindices m = (my, ..., my) with the properties listed at the
beginning of the proof. U

We recall the following estimates which have been proved in [Conti et al. 2012]:
Lemma 4.3. Let ¢ € C2°(B(0, 1), R) be a standard mollifier supported on the ball B(0, 1) C R", that is,

a nonnegative, smooth and radially symmetric function such that fR" ¢ = 1. Denote

1 X
vVie(0,1), ¢&x)= l_"(p(7>

Then, for every f, g € C*(R") we have

V20, f il < (42)

k20, I %= Sk = gl (43)

Ve e 0. 11 1/ %@~ fllo < CII Fllo (4-4)

Ve e O.11, If %@l < gl flo (4-5)
V20 Ve e 0.1, (9 ko~ r@rol, < 7o I/ loa lglow,  @-6)

with the uniform constants C > 0 depending only on the smoothness exponents k, j, .

Proof. The estimate (4-2) follows directly from the definition of convolution. To prove (4-3), note that for
every x € R",

VA= 0| = )/R w (VA fx=y) =V f () dy'

1
= 'fR Vi (fxr=y) - fx)d ‘ =%

G R,lﬁvkg”(?)’x(y)dy & s O < =51l

xeR|yl<l

1
—Vk<P<X> (VL) y+re(y) dy

Rll ln l

=

~

where we integrated by parts, discarded the contribution with the symmetric term V f(x) - y, which
integrates to 0, and estimated the Taylor’s formula remainder term

() =f&=y) = f@O)=Vf@)-y=[f100y).
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The proof of (4-4) follows similarly by

/ o (Iy* Sl y)a_ S dy
R |yl
while for (4-5) we write

/f( )L v (L) ay| =]
W T YO\ T ) T

_ 1 y C
<cr 1||f||0,a/ - V@z(;)‘d}’ < 75 1 o
R

n [

\VE(fx@— )| =

< CI fllo fR 0 () dy < CI F o,

IV(f*o)(x)| = Vel 5

R |yl L

f—y) = f&) |y~ 1 (X) dy‘

Finally, for the crucial commutator estimate (4-6) we refer to [Conti et al. 2012, Lemma 1]. ([l

A heuristic overview of the next two sections. Let us attempt to follow the construction in Sections 2
and 3, but with the goal of controlling the higher H6lder norms of the iterations, and hence also quantifying
the growth of the C? norms of v, w. Let A € C*°(Q, Rfyﬁ) be the target matrix field and let v; € C®(Q),
w; € C®(R2, R?) be given at an input of a “stage”. As in Proposition 3.2, we decompose the defect
D=A-— (%Vv 1 ® Vv + sym le) into a linear combination Z,iv:l a,% Nk @ Nk of rank-one symmetric

matrices with smooth coefficients given by Lemma 2.4. We define

1 1 1
V1 (%) = ve(0) + 5 T (0, Ax i), Wit (6) = we(x) — T (v, Ax - i) Vo (0) + 5 To (e, Ax - i)
This yields, by applying Lemma 4.2 to ¥ (x) = x% and f = a,

Vm=0,....3, V01— V"0llo <C Y flallin? ™",

i+j=m
0<i,j<m
j—1 j—1 s+1
Vm=0,...,2, [V"wi1—V"wilo <C Y lalli A7 +C > Naeli A 1V ugllo,
i+j=m i+j+s=m
0<i,j<m 0<i,j,s<m

On the other hand, applying Lemma 4.2 to ¢ = ¢ defined in Lemma 2.4 and to f =D, we get
Vk=1,...,N, lall2 < C(lvill3+ lwillz + | All2).

Now, in order to control the C1** norm of vy through interpolation, we need to control the norm
lvy+1ll2, which in turn depends on ||ax||2. The above estimate shows that at the end of each stage, the
C? norm of a; is determined by the C> norms of the given v; and w, of the previous stage. Further, the
C? norm of wy is only controlled by the C* norm of vy and also of all the a;. One might hope to
control ||ag||3 if the deficit D is small enough, but the dependence of ||wy1]l2 on ||vg||3 cannot be easily
bypassed. Recalling that we need infinitely many stages in the construction, this implies that a direct
estimate cannot be obtained in this manner, unless we deal with analytic data similarly to [Borisov 2004].
We thus need to modify the previous simplistic approach.

The appropriate modification is achieved by introducing a mollification before each stage. This
technique was first introduced in [Conti et al. 2012] for the isometric immersion problem, in order to
control the loss of regularity through the stages and to improve on results in [Borisov 2004]. Indeed, we
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note that the loss of derivatives in the above estimates is accompanied by a similar gain in the powers
of A, in a manner such that the total order of derivatives, plus the order of powers needed to control
luys1ll2 and |[wy1|l2 is constant. If we replace v and w; by their mollifications on the scale [ ~ A~
each derivative loss can be estimated by one power of A, and ||vg||> and |jwg]|2 will control ||vy 1|2 and
lwy+1]l2- One problem still remains to be taken care of: does the deficit D decrease at the end of each
stage? As the calculation below will show, a mollification of order A~! does not suffice to this end, and
we need to mollify at a larger scale of [ > A ™\,

This is indeed how we want proceed. In practice, we let the mollification scale be / = §/M and we
treat Vv “like a”, controlling its j-th norm by 8/=/. We then “sacrifice” one [ in order to gain one §;
instead of [|[V(v*¢))|l; < Cllvllil=/, we use |V (v x|l < C(||v|l20)I~/, choosing I such that I||v], < 8
and obtaining the desired bound (5-2).

Finally, note that the loss of N powers of Al > 1 in the control of the C> norms at the end of each stage
is the main reason why the described scheme does not deliver better than C'-!/7 estimates, even for the
optimal N = 3 from the decomposition in Lemma 2.3.

5. The C1'* approximations: a ‘“‘step” and a “stage” in a proof of Theorem 1.2

In this section, we develop the approximation technique that will be used for a proof of Theorem 1.2 in
the next section. The first result is a variant of Proposition 3.1 in which we accomplish the “step” of the
Nash—Kuiper construction with extra estimates on the higher derivatives.

Proposition 5.1. Let Q C R2 be an open, bounded set. Given are functions v € C3(Q), w e C*(Q,R?), a
nonnegative function a € C3(Q) and a unit vector n € R% Let 8,1 € (0, 1) be two parameter constants
such that

8 P
lally < 7 Ym=0.....3. and Vol < Ym=1.2. (5-1)

=m

Then for every A > 1/1 there exist approximating functions vy, € C3(Q) and W, € C*(Q2, R?) satisfying the
following bounds, with a universal constant C > 0 independent of all parameters:

. . . 52
H (%va ® Vv, + sym Vw,\) — (%Vv ® Vv +sym Vw +a2n ® n) Ho < C)»_l’ (5-2)
155, — vl < CSA™ ' Vm=0,...,3, (5-3)
[, — wllw < CEA" (14 [[Vullg) Vm=0,...,2. (5-4)

Proof. We define v,, w; as in the proof of Proposition 3.1:
500 = 000 + 3T m), () = w() = LT (x, Vo) + 1T, Ax )

Firstly, (5-2) follows immediately from (3-1) in view of (5-1), because Al > 1:

Liallo(1Valo+ 1920l0) + < val <228 4 L& 5%
I Loz <088 188
5 1eliodivalio vllo) 57 0= 72 =y
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To check (5-3), we compute directly as in Lemma 2.2:

C C  C S .
V(P — < = ||V"T{(x, Ax - < = A< = —amt < s
U =)o < XII 1(x, Ax-mlo < . i+§j:mlla||j =5 lzzoi /i =

0<i,j<m

by (5-1) and noting again Al > 1. Similarly,

i c
V™ (W, — w)llo < K(IIV’”Fz(x, Ax o+ IV Ti(x, Ax - ) Vollo)
c
sx( ST+ ) llall anns)
i+j=m i+j+s=m
0<i,j<m 0<i,j,s<m
c
51< llxm ot Z x’" <'+S) —+ > —/\J||W||o>
0<t+s<m i+j=m
0<i,s<m 0<i,j<m
C(&8
< I(Z l—ixm—‘)a + 14 [Voll) < C8A" ' (1+ (| Vv]lo),

where we applied Lemma 4.2 to ¥ (x) = x% and f = a in view of (5-1) yielding ||allo < 1, so that
la?ll; < Cllall; < C8/1. This achieves (5-4) and completes the proof of the proposition. U

We now accomplish the “stage” in the Holder regular approximation construction.

Proposition 5.2. Let Q C R? be an open, bounded domain. Let v € C*(Q), w € C*(Q,R?) and A €
COB(Q, R2X2) for some B € (0, 1) be such that the deficit D is appropriately small:

sym
D=A—-(3Vv®Vv+symVw), 0<|Dllo<d < 1. (5-5)
Then, for every two parameter constants M, o satisfying

M > max{|[v]2, [wll2, 1} ~and o >1, (5-6)

there exist v € C2(Q) and W € C*(2, R?) such that the following error bounds hold for v, W and the new
deficit D= A — (V8 ® Vi +sym Vib):

~ 1A, 1
||D||0§C< ’3||D||ﬂ/2+—||1>||0, (5-7)
15—l <CIDIY* and % —wl < C(1+[Vullo)IDl (5-8)
5], <CMo> and |w]y < CA+||Volo)Mo>. (5-9)

The constant C > 0 is universal and independent of all parameters.

Proof. Analogously to [Conti et al. 2012, Proposition 4], the proof is split into three parts.
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Part 1: mollification. Let ¢ € C2°(B(0, 1)) be the standard mollifier in two dimensions, as in Lemma 4.3.
Since v, w and A can be extended on the whole R?, with all their relevant norms increased at most C times
(C depends here on the curvature of the boundary 0$2), we may define

172
v=vkxg, wW:=wxg, A:=Axg withl_”]ﬂ[ <1.

Applying Lemma 4.3 and noting (5-6), we immediately get the following uniform error bounds for v, tv,
2l and for the induced deficit ©® =2 — (%VU ® Vo 4 sym Vm):

12
llo — vl + lIto — wlly < CI(|vll2 + llwll2) < CIDIly

120 — Allo < CIP|| Allo.p,
(5-10)
1D < ||D*<oz||m +[(Voxg) ® (Vokg) — (V@ Vo) x|

< —||D||+

= [m = 2||v||2_ T ||D||0 Vm=0,...,3.

In the proof of the last inequality above, we used (4-6) with the Holder exponent o = 1.

We note that so far we have simply exchanged the lower regularity fields v, w, A with their smooth
approximations, at the expense of the error that, as we shall see below, is compatible with the that
postulated in (5-7)—(5-9). The following estimate, however, reflects the advantage of averaging through
mollification that results in the control of the C? norm of v by the C? norm:

12
Vm=1,2, [[Voln <|0llns1 < lvll2 = l—IIDII / (5-11)

- [m— Tm—1
where again we used Lemma 4.3 and (5-6). Note that the scaling bound (5-11) is consistent with the
second requirement in (5-1) of Proposition 5.1. We also record the simple bound

w2 < Cllwll2 < CM. (5-12)

Part 2: modification and positive definiteness. Contrary to the ‘“stage” construction in the proof of

Proposition 3.2, we do not know whether the original defect D (and hence the induced defect 2)
is positive definite, so that Lemma 2.4 could be used. In any case, we need to keep the number of terms
in the decomposition (3-9) into rank-one matrices as small as possible.

We now further modify tv in order to use the optimal decomposition in (2-5). Let ry be as in Lemma 2.3

and define

Do+ ID
' = 1o 2 U EIPI0) 3y o o (10 @ Vo + sym V).
ro

Clearly, by (5-10) we get
Ivo" —tll2 < C(IDllo + IPllo) < ClIPllo- (5-13)

Note now that

(1Dl + IDllo) (Dl + 1Dllo) ro _
@’(x) =2— I +DHx)=2——— (Id + @) x € Q
ro 2 ro >T23191ll0 + 1210
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By Lemma 2.3 we may apply (2-5) to the scaled defect
70
D
2(I®1lo + I Pllo)

G=Id, +

and arrive at

3 3
D D _
o= Y 2P g Gt os =Y dwaos e G4

k=1 k=1

D 1/213
{ak _ (2(||©||o+ Dllo) o, OG) }
ro k=1

are positive smooth functions on Q. We claim that

where

Vk=1,...,3,Vm=0,...,3, lasllm < - ||D||‘/2. (5-15)
Indeed, for m = 0 this inequality follows directly by || Do < C||D|lp. Form =1, ..., 3 we use Lemma 4.2
on each ¢ = CI>1/ % and f = G, where noting that ||G||p < C and recalling (5-10) yields
(UDlo+ 1PN\
lakllm < (2— ClIGllm
ro
ro
<C(IDllo+ ||D||o)1/2<c+ ||©||m)
2(1D1lo + IDlo)
1 1 12 12
<c(UDlo+ 1Dl + IIDIIO) (uDu ||D|| (5-16)
( (IDllo + IDllo) /2 Im

and hence achieves (5-15). Note that the scaling bound (5-15) is consistent with the first requirement in
(5-1) of Proposition 5.1.

Part 3: iterating the one-dimensional oscillations. We set v; = v, w; = tv and inductively define vy €

C3(Q) and wy4; € C*(R, R?) for k =1, 2, 3 by means of Proposition 5.1 applied to vy, wy, the function ay
and the unit vector & appearing in (5-14), with the parameters

LT S A
e b1

and with the remaining three parameters

83> 6, > &1 = max {{"||Vv],,} + max {lm||ak||m} (5-17)
=12 rl?—? """ 3

as indicated below. We then finally set v = v4 and W = wjy.
We start by checking that the assumptions of Proposition 5.1 are satisfied. Namely, we claim that
3k, I € (0, 1), together with

8
Vm=0,...,3 and [Vl < = Vm=1,2, (5-18)

— |m

k
at each iteration step k = 1, 2, 3, if only the constant dy in (5-5) is appropriately small.

lallm < -7
k
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Indeed, 8, < C||D||y* in view of (5-11) and (5-15), s0 8; < 1 if only 8y < 1. Further, by the definition

(5-17) it follows that

. 5 8
lakllm = 171 lakllm < T = i

so the first assertion in (5-18) holds. For the second assertion, we see directly that it holds when k =1, as
1 81
IVuillm = ﬁlmIIVUIIm =
On the other hand, using induction on k and exploiting (5-3), we get

Ok
IVUstllm < IVl + VU1 = Vgl < - + C8iAy

1 C 5 8
Sgk(lm_+lm—> :clm_"glfni Vm=1,2, ¥k=1,2.
k+1 k+1 k+1 k+1

The proof of (5-18) is now complete for the choice 81 = Cdy, where C > 1 is, as always, an appropriately
large universal constant. Consequently, §,, §3 < C ||D||(1)/ 2 1if only §p < 1.

(4) We now directly verify the concluding estimates of Proposition 5.2. We have, in view of the definition
of ®" and (5-14),

D=A —A+D + (%Vvl ® Vv 4 sym le) — (%Vv;; ® Vvs+sym Vw4)
3
—A—A— Z((%Vvkﬂ ® Vgt +sym V1) — (3 Vg ® Vg + sym Vg + are ® &),
k=1

and thus by (5-10), (5-2) and the definition of [, (5-7) follows:

3 2 3
Dlo<lA—Alo+CY - <c(PAlog+ 63
IDllo < 114 = 2Allo éxklk— ( 1Allo.6 3;%

2 2
(M1 a3 < (P21 sk L),
< G ) o)~ MB ’ o

We now check (5-8), using (5-10), (5-13) and (5-4):
3 3
~ 1/2 1/2
15—l < lo—vli+ Y oesr — vl < CIDI*+C Y8 < CIDIl”,

k=1 k=1
3

1% —wilh < o —wlli + ' =l + D fwepr —willy

3 3 (5-19)
< C<||D||§/2 +IDllo+ Y 81+ ||Vvk||o>) < C||D||é/2(1 +y° ||VUk||O)
k=1 5 k=1
< C||D||é/2(1 +HIVollo+ o =i+ Y lvess —vknl)

k=1
1/2 1/2 1/2
< CIDI >+ 1Vvllo + ID1Y%) < CIDIY (1 + [V vllo).
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Finally, the first bound in (5-9) follows by (5-11) and (5-3),
3

3

1/2

15112 < ||n||z+Z||vk+1—vk||z<—||D||/ +CD S
k=1 =

3
C ok C
< <Dl +C85 Y — < DIy *(1 +0°) < CMo?,
! — T
while the second bound is obtained by
3 3
1Dz < lIwollz + 0" = wlla + > lwis — willa < C(M+ 1D+ Sihe(l+ ||wk||o))
k=1 k=1

< C<M+83 Z—(l + ||Vvk||o>) < CM(l +0% +0° Z ||wk||o)

k=1
3

< CMo—3(1 + ||Vvk||o) < CMo’(1+[Vuljp)
k=1

in view of (5-12), (5-13) and reasoning as in (5-19). [l

6. The C'** approximations: a proof of Theorem 1.2

We are now in a position to state the final intermediary approximation result, parallel to [Conti et al. 2012,
Theorem 1].

Theorem 6.1. Assume that Q@ C R? is an open, bounded domain. Given are functions v € C*(R),
w e CX(Q, R?) and A € COP(Q, RZX2) for some B € (0, 1), such that the deficit D below is appropriately

sym
small:

D=A—(3Vv®Vv+symVw), 0<]Dlo <8 < 1. (6-1)
Fix the exponent
0 <o <min{i, 18}. (6-2)
Then, there exist v € C*(Q) and w € CV*(Q, R?) such that
IVi® Vi +sym Vi = A, (6-3)
I5—vli <CIDly”>  and b —wli < CA+[Vil)IDl,> (6-4)

where C > 0 is a constant depending on o but independent of all other parameters.

Proof. The exact solution to (6-3) will be obtained as the C!** limit of sequences of successive approxi-
mations {vx € C*(Q), wi € C*(2, RH)}2,.

Part 1: induction on stages. We set v9 = v and wg = w. Given v and wy, define vy and w4 by

applying Proposition 5.2 with parameters o and M} that will be appropriately chosen below and that
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satisfy

My > max{[[vll2, lwkll2, 1} and o > 1. (6-5)

Following our notational convention, we define the k-th deficit Dy = A — (%Vvk ® Vug 4 sym Vwk). In
view of Proposition 5.2, we get

Il Allo, ) 1
IDesllo < c(—ﬂﬁuDkug/ +—IDlo ), (6-6)

Mk o
loes —welh < CIDellY® and  Jlwggs — willi < CA + [[Vuullo) 1Dl (6-7)
lvesilla < CMo®  and  [lwgpilla < C(1+ | Vg llo) Mo, (6-8)

provided that (5-5) holds for each D;. We shall now validate this requirement, with the parameters
k
My = (€(1+[Vuollo)a™)" Mo. (6-9)

In fact, we will inductively prove that one can have

6
IDrllo < IDllo withany 0 <s < min{ P } (6-10)

1, ——
2-p
Fix s as indicated in (6-10). Clearly, (6-10) and (6-5) hold for k = 0. By (6-6) and the induction

assumption we obtain the bound

2—1 _ _ _
O_s(k+1) ”Dk—i-l ”0 _ C”A”O,ﬂ ”D”g/ o L (O-(l B/2)(s—6B/12—p)) )k N CGS—]
DIl — M(’)3 ¢hp (1 +[Vwollo)? '

O-sk

(6-11)

We see that in view of the condition on s in (6-10), both o*~! and o1 =#/2(=68/C=F) are smaller than 1.
Further, it is possible to choose o > 1 so that the second term in (6-11) is smaller than % and so that the
quotient term in parentheses above is also smaller than 1. Then, choose M so that (6-5) holds for k =0
together with

2—1
ClAlog IDIE> o8
B
MO

1
ok

This results in the first term in (6-11) being smaller than % if € > 1. Consequently, we get that
DD llo/IPlo < 1 as needed in (6-10).
Observe now that by (6-7) and by the established (6-10),

k—1 k—1

1/2
Vk =0, [[Voello < IVoollo+ Y i —vill < [Vuollo+C Y ID: 1/
i=0 i=0
=1
172 _ 1/2
<IVuollo+ C(ZO (,.y,-/z) IDllg"™ = 1Vvollo + 7—=751Pllo
1=

< [[Vuollo+ CIIDIIY (6-12)
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if only, say, o® > 4, which can be easily achieved through the choice of . Now, by (6-8) and (6-12),

lve+1ll2 <l C
Mit1 — €1+ IVuollo)’
12

lw1l2 - 1 CA A [Vkllo) - 1A+ Vuollo+IPllg™)
Mir — € (1+[Vulle) — € (I+IVuollo) '

Hence, taking the constant € >> 1 large enough, we see that both quantities above can be made smaller

than 1, proving therefore the required (6-5).

Part 2: ¢ control of the approximating sequences v, and w,. Let now « be an exponent as in (6-2).

Choose s satisfying (6-10) and
a(6+s)—s <O. (6-13)

It is an easy calculation that s satisfying (6-10) and (6-13) exists if and only if the exponent « is in the
range (6-2). Indeed, (6-13) is equivalent to @ < s/(6 + s), while (6-10) is equivalent to

s .
0< 61 <m1n{%, %ﬂ}

We will prove that the sequences {v, wi}2°,, are Cauchy in C1%(Q). Firstly, by (6-7), (6-12), (6-10),

172 C 12
o1 = vl < CIDely” = 75 1Pl
o (6-14)
12 C 12 1/2
lwirr —willt < CA+ [Vl Drlly ™ < yk/2(1+||VvoIIo+IID|IO Dl
p

so we see right away that they are Cauchy in C'(2). On the other hand, by (6-8), (6-12), (6-10),

k
V1 = Vil + 1 wiesr —wiella < CA+ [ Voello) Mo < C(A+[Vupllo+1Dllg ) (€ + [ Vvollo)o®) Mo,
so the sequences have the tendency to diverge in C?(2). Interpolating now the C** norm by [Adams and
Fournier 2003],

1—
I flloe < WAITNA NG
we obtain

1

IV @t = 00 llo.e + 1V Wipr = widlow = €5 (Coo™) " MG - Cy™* —mos

= CoME (CQ) (o 2@ E+) =k, (6-15)

where by Cyp we denoted an upper bound of all quantities involving C, vg, D. It is clear that choosing
o sufficiently large (so that Coo375/2 < 1), the resulting bound (6-15) implies that {Vvg, Vw,}2,, are
Cauchy in C 0. (Q), provided that (6-13) holds. We see that the choice of exponent range in (6-2) so that
the above construction technique works, is optimal.

Part 3: Concluding, we see that {v, wi ]2, converge to some v € ch¥(Q) and w € C*(Q, R?). Since
the defects in the approximating sequence obeys limg_, « || Dk llo = 0 by (6-10), we immediately get (6-3).
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Additionally, by (6-14),

[e.0] o0
_ 1 12 C 1/2 12
uv—whs}jme—vmlsc(Ejggﬁ)mmJ = — =Dl <CIDl”,
k=0 k=0

x o0
_ 1 12 12
nw—wms}]mﬂrﬂwmsc(kaﬁvavwwmm/saLwammmﬂ
k=0 k=0

completing the proof of (6-4). ]
We are now ready to give:
Proof of Theorem 1.2. Fix a sufficiently small ¢ > 0. We will construct v € () and w € C1%(Q2, R?)
such that
Ag=3Vi®Vi+symVi inQ (6-16)
and
[v—=wvollo+ lw—wollo <e. (6-17)
In order to apply Theorem 6.1, we need to decrease the deficit Ay — (%Vvo ® Vyp + sym Vwo) so that it
obeys (6-1). This will be done in three steps.
First, let Ty € C*(R), Wy € C*(2, R?) and A € C*(2, R%?) be such that

- - 5 2
lvo — voll1 + llwo — woll1 + Ao — Aollo < &7,

3¢9 >0 suchthat Ag— (3 Vo ® Vi +sym Ving) > Gold, in Q. (¢-18)
Second, by Theorem 2.1 and Remark 3.3, there exist v € () and w € C'(Q, R?) such that
Ay = %Vv@Vv—i—syme in Q, (6-19)
llv —Bollo + llw — wollo < &> and  [|[Vv— Vil < C.
Third, let ¥ € C>(R2) and w € C*(R, R?) be such that
lo =3l + llw— bl <& (6-20)
By (6-19), (6-20) and (6-18), we get
|40 — (5V0® Vi +sym V)|,
<l1Ao—Aollo+ | (3VE ® Vi +sym Vib) — (Vv ® Vv +sym Vw) |,
<140 = Aollo + (IVvllo + Vll0) Vv = Villo + [V — Vi o
<&+ @2||[Vugllo+22 4+ C)e* + &% < 8, (6-21)

as required in Theorem 6.1, if only ¢ is small enough. We now apply Theorem 6.1 to v, w and the original
field Ao, and get v € C1%(Q) and w € C'¥ (22, R?) satisfying (6-16) and such that

15 —vollo + 1 — wollo < C(1+[[VDlo) | Ao — (VD ® Vi + sym Vib) || + 3¢

lo
< C(14 &>+ |[Vuollo)*e® + 3¢
by (6-4), (6-21), (6-20), (6-19) and (6-18). Clearly (6-17) follows, if ¢ is small enough. O
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The following corollary is of independent interest:

Corollary 6.2. Let Q, f, p, a be as in the statement of Theorem 1.1. Let g >?2. Then, for all vo e W14 (),
there exists a sequence v, € C*(Q) weakly converging to vy in W'4(2), and such that Det Vv, = f
in Q.

Proof. Let v, € C Q) converge to vy in w4 (). For every v,, consider the approximating sequence
{vpreC 1""(52)},?1 , as in Theorem 1.1, converging uniformly to v,. Define now {v,} to be an appropriate
diagonal sequence, so that it converges to vg in L9(€2). We will check that {v,} is bounded in wha,

The boundedness of ||v, ||z« is clear from the convergence statement. On the other hand, the proof of
Theorem 1.2 gives, by (6-4), (6-18), (6-19), (6-20) and (6-21),

V0, (0)] < [V, ()| +262 + C+C8)/> < [Vi,(x)[+C  VxeQ.

Consequently, ||Vv,|lzs < |VUullLe + C < C, which concludes the proof. O

7. Rigidity results for o > %: a proof of Theorem 1.3

The crucial element in the proof of the rigidity Theorems 1.3 and 1.4 is the following result, which is the
“small slope analogue” of [Conti et al. 2012, Proposition 6]:

Proposition 7.1. Let Q@ C R? be an open, bounded, simply connected domain. Assume that for some
o € (% 1), the function v € Cl*"‘(S_Z) is a solution to

DetVv=f inQ,

where f € LP(2) and p > 1. Then the following degree formula holds true for every open subset U
compactly contained in Q and every g € L™ (R?) with supp g C R*\Vv(3U):

[ wovns=[ sordeavu.v. . )

Above, deg(V, U, y) denotes the Brouwer degree of a continuous function ¥ : U — R? at a point
y € R\ ¢ (3U).

Proof. (1) Fix U and g as in the statement of the proposition. We refer to [Lloyd 1978] for the definition
and properties of the Brouwer degree; recall first that deg(Vv, U, -) is well defined on the open set
R?\Vv(3U). In fact, this function is constant on each connected component {U;}7° of R>\ Vu(dU)
and it equals O on the only unbounded component Uy C R?\ Vu(U). Thus, without loss of generality, we
may assume that g is compactly supported and that supp g C | J;=; Ux. By compactness, there must be
suppg C U;{V:1 Uy for some N, and consequently the integral in the right-hand side of (7-1) is well defined.

Let now {gi € CZ?O(L_J,ZCVZ1 Uk) }loil be a sequence pointwise converging to g and such that ||g;[lo < || gll L=
for all i. It is sufficient to prove the formula (7-1) for each g; and pass to the limit by the dominated
convergence theorem. To simplify the notation, we drop the index i, and so in what follows we assume

that g € C°(R?\Vv(dU)).
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As in the proof of Theorem 1.1, let A € WP () NC%#(Q) be such that curl curl A = — f. Here, we
take g = min{2 — %, oz} € (0, 1). Consequently, in view of the simple connectedness of €2, there exists
w € CF(Q, R?) such that

A= %Vv & Vv +sym Vw.

For a standard 2-dimensional mollifier ¢ € C2°(B(0, 1)) as in Lemma 4.3, define
Vie 0,1), v=vxg, w=wxkxg, A =Axgq,

and apply the degree formula (change of variable formula [Evans and Gariepy 1992; Ambrosio et al. 2000])
to the smooth functions g and Vu;, noting that for sufficiently small /, we have g € C2° (R? \Vy(dU)):

/ (g0 Vr) det V2 = / () deg(Vo, U, y) dy. (7-2)
U R2

We see that Vv, converge uniformly to Vv, so by [Kavian 1993, Proposition 2.1] we obtain that for /
sufficiently small, and for all y € supp g, we have deg(Vv, U, y) = deg(Vv;, U, y). Thus

lim f o(y) deg(Vuy, U, y) dy = / () deg(Vv, U, ) dy.
1—0 R2 R2

Another proof of integrability of the Brouwer degree, in a more general context, can be found in
[Olbermann 2015]. Now, to conclude the proof in view of (7-2), it suffices to show that

lim/ (go V) det V2 :f(gon)f. (7-3)
[—0 U U

(2) Following [Conti et al. 2012; Constantin et al. 1994] we use a commutator estimate to get (7-3). As
f = —curlcurl A, we have

/ (goVy) detVZUZ—(gon)f‘ <
U

/(gonl)(detVzvl+curlcurlAl)
U

+

/(gonl)curlcurl(Al—A)‘—i—‘/ ((gonl)—(gon))f‘. (7-4)
U U

The second term above is bounded by C fU |V2A; — V2A| < C|A;— Al w2.r(q)» hence it converges to 0.
The third term also converges to 0 by the dominated convergence theorem, since goVv; converges to go V.
In order to deal with the first term in (7-4), observe that det V2v; = — curl curl(%Vvl ® Vu; + sym le)
and integrate by parts, in view of go Vy; =0 o0n 0U:

/ (g o Vuy)(det V2v + curl curl A;)
U

/ <VL(g o V), curl(%Vvl ® Vuy; +sym Vw; — AZ))
U

< C[IVgllo IV2urllo | Vv ® Vi, — (Vo ® Vo) x|,

2 ! 3
IVUllge = Cr=g 1VVlg o (7-5)

=C 12—305

< Cog 1 Vvloa-

ll—Z(x

where we used Lemma 4.3. Clearly, for o« > % the right-hand side in (7-5) converges to 0 as [ — 0. By
(7-4), this implies (7-3) and concludes the proof. U
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Below, we present all the details of the proof of Theorem 1.3. The proof of Theorem 1.4 will be
postponed to [Lewicka and Pakzad > 2017].

Proof of Theorem 1.3. (1) By Proposition 7.1 it follows that for all open sets U C U C 2,
deg(Vu,U,y) =0 VyeR*\VvU). (7-6)

We would like to conclude [Pogorelov 1956; 1973] that the image set Vv (U) is of measure 0. This will
result in the developability of v, by the main statement of [Korobkov 2007]. However, we note that
(Maly, personal communication, 2016) for each « € (0, 1), there exists a map in C%*(Q, R?) whose local
degree vanishes everywhere, but whose image is onto the unit square. This example can be constructed
through a similar approach to that in [Maly and Martio 1995, Section 5]. Therefore, we will additionally
exploit the gradient structure of Vv, using ideas of [Kirchheim 2001, Chapter 2], in combination with the
commutator estimate technique of the proof of Proposition 7.1.
Let v; = v * ¢ be as in the proof of Proposition 7.1 and for every § > O define

urs(x1, x2) = Vur(xy, x2) +6(—=x2, x1),  us(x1, x2) = Vo(xy, x2) + 8(—x2, x1).

Fix an open set U with smooth boundary and compactly contained in Q. Let g € C°(R*\Vv(3dU)), and
use the change of variable formula to g and u; s:

/ (g 0 101.5)(det V2; +82) = f &) deg(ur . U, y)dy. (7-7)
U R

where we noted that det Vu; s = det V2v; + 82 The integral in the right-hand side of (7-7) is well defined
for sufficiently small / and &, because then y € supp g implies y & u; s(dU).
Passing to the limit, we immediately obtain

llirr(l)/zg(y) deg(u; 5, U, y)dy = /zg(y) deg(us, U, y)dy, (7-8)
- R R

while to the left hand side of (7-7) we apply the estimate

' f (g oup 5)(det Vv + 8%) — (g o us)8>
U

< ‘/ (gou[,a) detVzvl
U

—i—‘/(gou;,(g—gou,;)éz .
U

The second term above clearly converges to 0 as / — 0, because u; s converge to us. The first term also
converges to 0 as o > %, where we reason exactly as in (7-4) and (7-5), keeping in mind that f = 0. We
hence conclude

limf (g ouys)(det Vv +8%) = / (gous)s>
[—0 U U
In view of (7-8) and (7-7) this implies

V0 <8« 1, /(goua)(?z:/zg(y)deg(ua,U, y)dy.
U R

Consequently,
VO<d§ K1, Vyeus(U)\us(0U), deg(us,U,y)>1. (7-9)
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(2) We now claim that
Vu(U) C Vv(dU). (7-10)

To prove (7-10) we argue by contradiction, assuming that for some xy € U there is yo = Vv(xg) €
Vu(U)\Vv(aU). Note that for § small enough, we have yy ¢ us(dU), because us converges uniformly
to Vv as § — 0. We distinguish two cases:

(i) There exist sequences {x; € U}2, and &§; — 0% as k — oo such that yp = ug, (x;) for all k. In view
of (7-9) we get deg(us,, U, yo) > 1, contradicting (7-6).

(i1) For all § small enough, yg & us(U). In this case, we must have deg(us, U, yo) = 0. But on the
other hand, there exists a ball B(yy, 2r) C R2 \Vu(aU), so also B(yg,r) C R? \ usg(oU) for all
small 6. Consequently, continuity of the degree yields that deg(us, U, z) = 0 for every z € B(yo, r).
In particular, deg(us, U, us(xp)) =0, because lims_. g us(xg) = Vv(xp) = yo. This finally contradicts
(7-9), as us(xo) € us(U) \us(dU).

Our claim (7-10) is now established. Since the set Vv(dU) is the image of a Hausdorff one-dimensional
set 9U under a C%% o« > %, deformation Vv, it has Lebesgue measure O (see [Conti et al. 2012, Lemma 4]).
Thus Vu(U) must have measure O for every smooth U compactly contained in Q2. The same then must
be true for the entire set €2, i.e., |Vv(£2)| =0, and we consequently obtain

Int(Vu(R2)) = @. (7-11)

(3) By [Korobkov 2009, Corollary 1.1.2], condition (7-11) implies that every point y € €2 has a convex
open neighbourhood €2, such that for every point x € €2, there is a line L, passing through x so that
Vv is constant on L, N 2,. The same result in the present dimensionality has been first established in
[Korobkov 2007]; see also the footnote on p. 875 in [Korobkov 2009] for an explanation.

We now prove that v is developable. Fix xg € Q and let [y, z] C Q be the maximal segment passing
through xo on which Vv = Vu(xg) is constant. Assume that [y, z] does not extend to the boundary 92,
i.e., y € Q. We will prove that then Vv must be constant in an open neighbourhood of x¢. In fact, we will
show that

V =Int((Vv) " (Vu(xo))) D (¥, 2). (7-12)

Let (p,q) = L, N 2,. By the maximality of [y, z], the segment (p, g) is not an extension of (is not
parallel to) [y, z]. Also, Vv = Vu(xp) on (p, g). Take any y; € (y, z) N2, and define the open triangle
T =Int(span{p, ¢, y1}). It is easy to notice that every line passing through any point x € 7" must intersect
at least one of the segments (p, g) or (y, y1). Since T C €2y, it follows that Vv(x) = Vv(xo). Hence

(y,ynCcrcv

and, in particular, the set V in (7-12) is nonempty.
To prove (7-12) assume, by contradiction, that there exists y, € [y;, z) so that

(y,y2)CV but (y,y3)ZV Vy;e(y,2). (7-13)
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Now, the intersection €2y, NV contains an open arc C crossing the segment (y, y2) N €2,,. As above, we
argue that every point in a sufficiently small open neighbourhood of the segment I = (y, z) N €2y, must
have the property that every line passing through it intersects C or I, where Vv = Vv (xg). Consequently
I C V, contradicting (7-13) and establishing (7-12). O
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